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Abstract

Globally, 14.5% of all anthropogenic greenhouse gases come from ru-
minants. One of these is methane, which is produced in the rumen of
ruminant animals. Feed is degraded by microbes to produce volatile fatty
acids (which are absorbed by the animal) and hydrogen (which is metab-
olized by methanogens to form methane). The dynamics of hydrogen pro-
duction and metabolism are subject to thermodynamic control imposed
by the hydrogen concentration. Existing models to estimate methane
production are based on calculation of hydrogen balances without con-
sidering the presence of methanogens and do not include thermodynamic
control. In this project, a model is developed based on glucose-hydrogen-
methanogen dynamics to estimate methane production and illustrates a
co-existence of microbes that employs different fermentation pathways
competing for the same food source in the rumen. Glucose was cho-
sen as an example of a fermentable feed component. A thermodynamic
term was integrated into a Monod-type model to represent the ther-
modynamic control of hydrogen concentration on the rates of hydrogen
generation and hydrogen metabolism. Results of this model suggest that
the microbial community composition and the combination of the dif-
ferent pathways are determined by the rumen environment, biological
parameters of the microbes and the feedback imposed by substrate and
product concentrations. The mathematical enunciation of this model is
therefore consistent with biological expectations. This model could be
expanded to include plant polymer degradation rate, feeding level and
feeding frequency to explore their effects on methane production. This
model could also be integrated into models of whole rumen function to

address more complex questions. It would also support experimentation



with animals for understanding factors that control methane formation

and to explore methane mitigation strategies.
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Chapter 1

Background

1.1 Methane

Methane comes from either natural systems (e.g., wetlands and lakes
[176], [187]) or anthropogenic sources. These anthropogenic activities
include some that are biological sources of methane and others that re-
lease methane through industrial processes. As the world’s population
passes seven billion [167], methane emissions due to anthropogenic activi-
ties are increasing. Major anthropogenic activities that produce methane
and have a biological source include rice cultivation in paddies [20]; waste
treatment, to maintain habitable surroundings [122] and ruminants-based
agriculture (e.g., cattle, sheep and goats) [52], to meet food demand (e.g.,
rice, milk, meat and other animal products).

After carbon dioxide, methane is the next most abundant greenhouse
gas (GHG) in the Earth’s atmosphere, followed by nitrous oxide and
ozone [11]. Over a 100-year time horizon, methane is 25 times more
effective than carbon dioxide, by weight, at absorbing long-wave radiation
[71]. This traps heat in the atmosphere resulting in global warming and
climate change.

Worldwide, 14.5% of all anthropogenic GHG come from ruminants
[137]. In 2013, ruminants-based agriculture produced about half of New
Zealand’s total anthropogenic GHG emissions [112]. Methane emissions
from ruminants contribute about 40% of all of New Zealand’s anthro-
pogenic GHG emissions [112]. Meanwhile, in 2013, about a third of
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2 Chapter 1. Background

New Zealand’s export earnings (nearly NZ $20 billion) came from animal
products [148]. New Zealand’s government has committed to reducing
GHG emissions to below their 1990 levels [111]. There is growing interest
in reducing GHG emissions from ruminants, especially methane, while
maintaining animal productivity and controlling global warming. Thus,
the long-term sustainable prosperity of pastoral agriculture requires the
development of strategies to reduce methane emissions, while maintain-
ing and even increasing animal product output to meet the requirements

of a growing human population.

1.2 Ruminants

1.2.1 Rumen, it’s microbial ecosystem and passage

rate

The digestive tract of ruminants has a four-compartment digestive fore-
stomach and stomach that digests feed before it enters the lower gastroin-
testinal tract. The four compartments of forestomach are the rumen,
reticulum, omasum, and abomasum (Figure 1.1). The first two com-
partments are often simply called the rumen, and are the major site of
microbial digestion of the ingested feed. Together, these make up about
64-69% of the total volume of the four compartments [35]. The omasum
serves to return large feed particles back to the reticulum, while smaller
particles and liquid can enter the abomasum [174]. The abomasum is
the true mammalian stomach in which food is broken down by enzymes
and microbes. The temperature of the rumen is around 39°C and it is
essentially anaerobic [67]. The rumen never empties, even during fasting.
The pH of a normally functioning rumen is between 5.6 and 6.7 [85]. The
rumen can contain 60-120 kg of contents in cattle and 4-8 kg in sheep
[174], and its contents make up 8-15% of the total animal weight [70].
Ruminants in agricultural systems are normally fed forages and grains,
both separately and as mixtures. The total daily feed intake of a rumi-
nant is about 1-3 times the volume of the rumen [70]. Food ingested by

ruminants is retained in the rumen, and there it undergoes microbial col-
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Figure 1.1: The gastrointestinal tract of an adult cattle. This figure was
modified from a raw image from Wikimedia Commons, original donated
by Pearson Scott Foresman.

onization, digestion and feed fermentation. The microbes in the rumen
act on the fermentable plant components in the feed, much of which is not
able to be digested by the mammalian digestive system. The particle size
of the feed is reduced by mastication and then subsequent rumination.
During rumination, digesta in the reticulum are regurgitated, re-chewed,
and returned to the rumen. Each milliliter of rumen liquid contains 10'°
to 10! bacterial cells, 10® to 10° methanogens, and 10° to 10° protozoa
[70]. These microbes make up a globally universal microbial ecosystem
in the rumen [55]. They appear to be specialists found only in the ru-
men, and in a few other functionally and physiologically similar digestive
systems, such as those found in camelids, macropods and hoatzin [55].
The proportions of the microbial species in the rumen change when dif-
ferent feeds are fed [43], [55]. Feed and microbes pass through the rumen
as ruminants keep ingesting feed (and/or drinking liquid and secreting
saliva), with the flow of material out of the rumen being commonly de-

scribed as the (fractional) passage or outflow rate. Large particles are
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4 Chapter 1. Background

retained in the rumen, while there is a preferential outflow of smaller
particles. When smaller quantities or less digestible feeds are eaten, the
passage rate is slower [105].

The microbes inhabiting the rumen need to reproduce at a rate that
replaces those washed out from the rumen, otherwise their populations
would be eliminated. Microbes gain energy from feed fermentation for
maintenance and reproduction. The microbes grow using an energy
source that is part of the feed ingested by the animal, or is derived by the
actions of other microbes on that feed. This energy source is commonly
referred to as the growth substrate or simply substrate. The steady
state is a dynamic equilibrium state where the reproduction rate of the
microbe (on average) matches the passage rate. For microbes, there is ex-
pected to be a dynamic but average steady state substrate concentration
(assuming the animal has a similar feed intake over time) that ensures
such an average growth rate [76], [133]. Microbial populations will also
maintain a quasi-steady-state size while the same feed is ingested. On
average, therefore, the rumen approximates a continuous culture system
with a turnover that determines a substrate concentration and allows a
microbial population that uses that substrate to reproduce at a rate that
maintains its population size while undergoing a continuously constant

fractional passage rate [133].

1.2.2 Hydrogen, methanogens and methane

The amount of feed consumed by ruminants is the major driver of methane
formation: the correlation between the methane production and the
amount of feed consumed is at least 90% [88]. Different combinations
of feeds result in different mixtures of end products that lead to dif-
ferent amounts of methane production per unit of feed [7], [80], [114].
The main end products from the primary fermentation of feed (Figure
1.2) are volatile fatty acids (e.g., acetate, propionate and butyrate, listed
in order of increasing carbon chain length), hydrogen (metabolized by
methanogens to form methane), carbon dioxide, ammonia, and micro-

bial cells. The result is that the feeds are transformed into products the
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w4 ruminants can use. For example, volatile fatty acids are absorbed across
s the rumen wall and either used as an energy source for the animal or
s converted into animal products, and the microbial cells are digested in
w7 the lower digestive tract as a source of protein for the ruminants [70].
s Acetate is normally the main volatile fatty acid produced in the rumen
0o [33]. The ratio of the different volatile fatty acids is important for an-
uo imal agriculture: the volatile fatty acids profile is associated with milk

u production and milk fat content [33].

- rumen I

" feed | fermenters methanogens
(e.g., glucose) » hydrogen ——— > methane
RS +
VFA
(e.g., acetate, passage rate
propionate _ N

\ and bllcyrate) /

animal maintenance
and production

Figure 1.2: Rumen fermentation.

112 In the rumen, methane is produced biologically as a result of the
u3  activity of microbes called methanogens, which can use hydrogen, for-
us  mate, methanol and other methyl donors, acetate, and a few alcohols as
us their energy sources. In contrast, in rice paddies [130] and waste treat-
us ment systems (wastewater treatment and landfill) [36],[56], methane is
ur formed mainly from the breakdown of acetic acid (between 60 to 70%)
us and that formed from hydrogen is a smaller part (between 30 and 40%).
1o Those microbes that degrade acetate cannot establish themselves in the
2o rumen at high densities, because they grow too slowly to maintain a

121 population due to the high passage rates in the rumen relative to rice
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paddies and wastewater systems [76]. It is interesting to note that in
high-passage-rate wastewater systems, acetate-using methanogens form
large visible multi-cellular granules that are preferentially maintained
against the flow [157]. This does not occur in the rumen. The hydrogen-
using carbon-dioxide reducing methanogens can often also use formate,
and appear to be the most abundant in the rumen, making up 78%
of the rumen methanogens [55]. Those that use methanol or methyl
groups can be hydrogen-dependent, meaning they require hydrogen plus
the methyl donor, or hydrogen-independent, which can grow just using
methyl donors. Worldwide, hydrogen-dependent methylotrophs make up
about 22% of rumen methanogens, and hydrogen-independent methy-
lotrophs are almost entirely absent [55]. Acetate-dependent methanogen-
esis is very important in most non-rumen methane-forming ecosystems
(waste treatment [36], [56]; rice paddies [156]), but these methanogens
appear to be very rare in the rumen [55]. The hydrogen-using car-
bon dioxide-reducing rumen methanogens, rather than the hydrogen-
dependent methylotrophs, are the focus of this project, although the
principles developed could be extended to include other methanogens as
well.

The numerically-dominant hydrogen-using rumen methanogens use
(dissolved) hydrogen formed from the primary feed fermentation in the

rumen [76]. The chemical reaction describing their metabolism is

Temperature variation has little impact on methane production in the
rumen because the temperature is maintained at about 39°C ([67]). In
contrast, methane production is linked to soil temperature in rice paddies
[66], [94]. In certain rice paddies, it had been observed that some of the
methane formed can be oxidized in the same soil where it was formed
[60], [141], [144]. This oxidation is, however, spatially separated from
the production, and occurs in zones where oxygen is available. Biologi-
cal methane production is an anaerobic process in the rumen, meaning

it occurs in the absence of oxygen. Thus, methane formed in the ru-
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men is not biologically oxidized in situ. Ruminants and rumen microbes
cannot use the methane, and it is emitted from the rumen to the atmo-
sphere as a GHG, mostly through belching (=~ 95%) with the remaining
lost in flatus [119]. Individual cattle emit approximately 150-420 L of
methane per day, while sheep emit approximately 25-55 L [27], [59],
[103]. Typically, 2-12% of the total energy intake of ruminants is lost
as methane produced and emitted to the atmosphere [80]. Therefore, it
would be environmentally and economically beneficial to develop strate-
gies that reduce methane emissions from ruminants-based agriculture,

without decreasing animal productivity.

1.3 Methane mitigation strategies

Methane emissions that come from the enteric (in the rumen) fermen-
tation are referred as enteric methane emissions. (See Figure 1.2). Ru-
minant enteric methane mitigation strategies have been reviewed exten-
sively [16], [23], [26], [61], [77], [79], [90], [101], [107], [128]. From these
review papers, approaches to reduce methane production in the rumen

can be classified into three categories.

1. Interventions that reduce the net amount of hydrogen that is gener-
ated from fermentation pathways (because nearly all the hydrogen

is rapidly converted to methane [68]).

2. Those that redirect the hydrogen elsewhere so that hydrogen is not

metabolized by methanogens to form methane.
3. Interventions that inhibit (or remove) the methanogens themselves.

The latter is expected to result in increased dissolved hydrogen concentra-
tions in the rumen, which in turn is expected to feed back on hydrogen-
forming steps to result in less net hydrogen formation (i.e., hydrogen
production becomes less favorable [76]). The dissolved hydrogen concen-
tration in the rumen can influence the rate of hydrogen generation and
volatile fatty acids production by differentially influencing the efficiency

of the different fermentation pathways and microbes that are active [76],
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[177]. Because different species of microbes that ferment feed compo-
nents produce different amounts of hydrogen (and volatile fatty acids)
per unit of feed fermented, selection for or against hydrogen-producers
by low or high hydrogen concentrations would result in different mixes
of species, and different net amounts of hydrogen (and hence methane)
formed. Less methane production is associated with a greater propionate
production relative to acetate and butyrate [76], because propionate is
more reduced. Propionate production serves as an alternative hydrogen
or electron sink (acceptor) in fermentation [166] and is associated with

less hydrogen formation and hence less methane emissions.

1.3.1 Reducing hydrogen generation rate

One method to reduce the hydrogen generation rate in the rumen is
to feed ruminants with cereal grain [93]. Grains, such as corn, contain
larger amounts of rapidly degradable starch. When more digestible feed
is eaten, the passage rate is greater [105]. A greater passage rate is
associated with a greater hydrogen concentration that leads to reduce
net hydrogen formation and hence less methane production [76]. This
apparently paradoxical effect is a result of a requirement for a greater
hydrogen concentration to allow for the greater growth rate needed by
the methanogen population to match the passage rate, as predicted by
Monod growth kinetics (Section 1.5) for microbes [115]. The greater
hydrogen concentration is postulated to result in thermodynamic feed-
back that slows the rate of hydrogen formation [76]. By feeding forage
brassicas (rape and swedes), the methane production from sheep was re-
spectively 23% and 25% less than that of ryegrass [151]. Sun et al. [151],
[152] concluded that this difference in methane production is due to rape
and swedes being more rapidly degradable than ryegrass, that is, they
behave like grain in the rumen.

Changing diet from forage to grain leads to lower rumen pH, even if
it does not result in acidosis [154]. Reducing the activity of methanogens
can be achieved by reducing pH. The growth rate and activity of rumen
methanogens are inhibited by pH values of less than 6.5 [136], [168].
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Thus, when grain is fed, the methane reducing effect is a composite of
the way the feed is fermented and a direct methanogens inhibition via
reduced pH. However, a pH of below 5.5 is life-threatening to ruminants,
resulting in depression of feed intake and ruminal acidosis [123].

The passage rate is greater when the level of feed intake is greater
[41]. From sheep trials, increasing the level of feed intake by one kg per
day of dry matter intake reduced methane production by 4.5 grams per
kg dry matter intake [54].

Blaxter and Clapperton [13] reported that there were differences in
methane emissions from individual ruminants receiving the same diet,
corrected for differences in intake. Pinares-Patino et al. [132] reported
that low methane emitting sheep had 11% less methane yield than high
emitting sheep on a grass diet, whereas on a grain-rich pelleted diet
the difference was 26%. The natural differences in methane production
between these animals could be due to intrinsic animal characteristics
such as retention time of particles in the rumen and/or to individual dif-
ferences in rumen microorganisms associated with the rate of degrada-
tion processes and fermentation parameters. The rumen capacity of low
methane emitting sheep is smaller, with shorter rumen retention times
than those of high emitting sheep [50]. A smaller rumen and shorter
rumen retention time leads to greater passage rate. Pinares-Patino et al.
[131] also observed that the passage rate of low methane emitting sheep
was greater than in high methane emitting sheep. That is, a greater pas-
sage rate is associated with less methane production. Kittelmann et al.
[83] reported that there was certain bacteria that were more dominant
in low methane emitting sheep than in high emitting sheep. Such bacte-
ria would ferment feed into less amounts of hydrogen (that leads to low
methane production). There were no natural differences in densities of
methanogens among low or high methane emitting sheep [83] but there
were differences in methanogen gene expression which were interpreted
as a response to lower dissolved hydrogen concentration in the rumen of
high methane emitting sheep [145]. That is, a lower dissolved hydrogen
concentrations leads to greater hydrogen production and then greater

methane production.
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Protozoa produces hydrogen and it has been estimated that 37% of
methanogenesis is associated with methanogen attached to the exterior
surface of protozoa in the rumen [44]. Removal of protozoa (e.g., de-
faunation by dietary treatment, starvation and chemical treatment with
calcium peroxide [179]) is another approach to reduce the hydrogen gen-
eration rate. However, defaunation has not been used routinely because
of toxicity problems to the rest of the rumen microbial population and
the host animals [179].

1.3.2 Redirecting the hydrogen away from methano-

gens

An example of redirecting the hydrogen away from methanogens is di-
etary nitrate supplementation in dairy cows with corn silage-based feed
[170]. Because nitrate reduction is more energetically favorable than
methanogenesis [164], nitrate-reducing hydrogen-using bacteria can out-
compete methanogens for hydrogen [24], decreasing the availability of
hydrogen for methanogens (i.e., less methane production). Dietary ni-
trate supplementation or infused nitrate can, however, lead to nitrate
toxicity [155], although this can be overcome or prevented by treatment
(methylene blue [172]) or feed management (ruminants should be fed
gradually with diets that contain dietary nitrate supplementation). Van
Zijderveld et al. [170] reported that the energetic benefit from the re-
duced methane production did not benefit the ruminants because milk
production was not affected.

So-called propionate enhancers (malate and fumarate) can be used
to redirect the hydrogen away from methanogens. When malate was
added in the diet of cattle, Foley et al. [45] reported that there was at
most a 9% methane reduction per kg dry matter intake. However, using
malate was associated with a lower dry matter intake [45] that could
negatively affect animal production. By adding 1% fumarate in the diet
of beef cattle, Beauchemin and McGinn [8] found that methane emissions
were not reduced. However, Wallace et al. [175] observed that methane

production from sheep was reduced by 75% with 10% fumarate in the
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diet. Fumarate may be converted into acetate instead of propionate
[165]. Acetate production from fumarate is thermodynamically feasible
in ruminal conditions even at very low fumarate concentrations so that
this may stoichiometrically increase methane production in the rumen
[165].

Stimulation of (reductive) acetogens can act as an alternative hydro-
gen sink: acetogens compete with methanogens for hydrogen, redirect-
ing the hydrogen away from methanogens. Lopez et al. [99] found that
methane production was reduced (by 5% after one day) when acetogens
(microbes) were added to rumen fluid in vitro. There was no persistence
of decreasing methane production [99] because acetogens cannot compete
for hydrogen against methanogens, without stimulating acetogens and
suppressing the activity of methanogens. Fonty et al. [46] demonstrated
that acetogens can only establish in the rumen when methanogens are in-
hibited. That is, stimulation of acetogens has the potential to use hydro-
gen in the rumen, only if reliable techniques for inhibiting methanogens

can be implemented and such inhibition effects maintained.

1.3.3 Methanogens inhibition

Adding methanogen inhibitors can reduce the activity of methanogens
[62], [95], [101]. Methanogen inhibitors are used to manipulate the
methanogen population density and methane production pathways, which
may increase hydrogen concentrations and cause a shift in fermentation
pathways [76]. Inhibitors can be naturally occurring, e.g., lipids (di-
etary fat) such as linseed and fish oil, or synthetic compounds, e.g., 2-
bromoethanesulfonate, chloroform and 3-nitrooxypropanol (3NOP) among
others. These inhibitors can directly inhibit the methane formation path-
way 1.1 or be toxic to methanogens to reduce methane production. Based
on 67 studies, Martin et al. [101] concluded that there is a mean de-
crease of 3.8% in methane from ruminants for each 1% addition of lipids
included in the diet. Goel et al. [48] reported that there was 78% de-
crease in methanogen population with saponin extracted from 5 grams

of dried ground plant leaves (Sesbania). There was no consistent re-
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sults of methane production being affected by saponin extract in witro
[127]. Some synthetic methanogen inhibitors (2-bromoethanesulfonate
and chloroform) can also inhibit the activity of other bacteria and so
may lead to lower animal productivity [95]. Hristov et al. [62] found
that methane production of dairy cows was reduced by 25% per kg of
dry matter intake when 3NOP was included in a prepared diet fed to
lactating dairy cows. This inhibitory effect persisted over 12 weeks with
no negative effect on feed intake or on milk production or composition
[62].

Another technology for reducing methane formation from ruminants
would be to vaccinate them with a vaccine that targets methanogens.
A methanogen vaccine should stimulate the ruminant’s immune system
to produce antibodies against the methanogens [185]. These antibod-
ies then could be transferred via saliva to the rumen where the activ-
ity of methanogens is diminished [185]. If such a vaccine can be devel-
oped and validated, then it would lead to smaller populations of rumen
methanogens and higher hydrogen concentrations that can cause a shift
in fermentation pathways [76]. There were severals attempts made by
Williams et al. [180], Zhang et al. [186] and Subharat et al. [153]. How-
ever, to date, a successful vaccine targeting rumen methanogens has not

been reported.

1.3.4 Mathematical models and mitigation strate-
gies

It is expensive to run animal trials and laboratory experiments to develop
and screen methane mitigation strategies. For example, it can take a
month to conduct an animal trial; it is expensive to source, purchase
and transport feed and it is labour-consuming to feed the ruminants and
collect data [150]. All possible variables cannot be controlled, and the
number of potential experiments even to test some simple hypothesis
can be very large. Some experiments may be impossible to perform

because factors cannot be varied independently in the animal system.
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An example of this is that changing diet from forage to grain is usually
associated with a change in passage rate and rumen pH, even if it does
not result in acidosis. Thus, suitable mathematical models of rumen
function can be effective tools to support experimentation with animals
for exploring mitigation strategies. For example, by allowing exploration
of a wide range of values for many variables (exploring ideas of what may
and may not work), without having to do all the experiments, the results
can be used to design more targeted experiments. Also, models allow an
assessment of the size of an impact, and thus help to decide whether an

experiment might give a measurable outcome.

1.4 Mathematical models of methane pro-

duction from anthropogenic activities

In response to global concerns over climate change and its impact on
people and the environment, there is a global interest in better under-
standing methane emissions from anthropogenic activities. As part of
that quest for understanding, mathematical models have been developed
for non-animal systems (rice paddies [65], [66], [94], [126] and waste treat-
ment systems [6], [25], [36], [56], [161]) and ruminants-based agriculture
(whole-farm [106], [149] and individual animal [39], [109], [114]). There
are two types of mathematical models of ruminal methane production
from individual ruminants: empirical and mechanistic. Empirical models
are developed by fitting equations to experimental data and estimating
methane production based on regression functions, e.g., Ellis et al. [39],
Kriss [88], Moe and Tyrrell [114], Ramin and Huhtanen [135]. Mechanis-
tic models, such as those developed by Baldwin [5], Benchaar et al. [10]
and Mills et al. [109], estimate methane production as a stoichiometric
function of the hydrogen balance of the rumen. The scope of this thesis is
modelling of enteric methane production. We start by reviewing existing

models of methane production from a whole-farm.
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1.4.1 Models of a whole-farm

There are differences in farm-to-farm methane emissions due to soil or-
ganic matter and crops of the farm, type and number of cattle, feeding
practices and manure management operations [149]. Stewart et al. [149]
developed a whole-farm model of methane production for beef because
cattle are significant sources of GHGs. These authors considered four
farms to represent four diverse climatic (e.g., temperature) and soil con-
ditions (e.g., soil type) of Canada. They estimated the methane produc-
tion of a farm as a linear function of methane production from rumen and
manure. That is, methane production from a farm is determined by the
enteric methane production from individual ruminants and the numbers
of ruminants in a farm. Both the methane production from rumen and
manure [149] was estimated as a constant proportion (i.e., conversion fac-
tor) of gross energy intake for all the animals in the farm. McGinn and
Beauchemin [106] applied a whole-farm model (commercial software us-
ing an inverse-dispersion technique) for three dairy farms (from 208 to 351
cows) in Canada. Methane emissions were estimated based on diet, type
of animals (lactating and nonlactating), field measurements of methane
concentration, and wind statistics (speed and direction). Despite the
limited dataset (because of poor wind direction for the instrumentation
orientation), for lactating cows, they found a mean methane production
(363 gram per day) that was similar to other reported values. They
also concluded that the enteric methane emission of individual animals
(and the number of animals) is the main contribution to the methane
emission of a farm. That it, the methane production of a whole-farm
can be estimated by multiplying the enteric methane production from
individual ruminants with the number of animals. Thus, in this thesis,
we will focus on developing a model of enteric methane production from
individual ruminants in an effort to fill the gaps in existing models for
individual ruminants. To identify such gaps, existing models of methane
production from individual ruminants will be reviewed in the following

two sub-sections.
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1.4.2 Models of individual ruminants
1.4.2.1 Existing empirical models

An early attempt to empirically model ruminal methane production from
individual ruminants was made by Kriss [88]. He found a linear relation-
ship between the amount of dry matter of feed consumed (DM) and
methane production based on experimental data. An empirical model
with a quadratic relationship of DM to methane formed was developed
by Axelsson [3]. The model of Kriss [88] overestimated mean methane
production, whereas the equation of Axelsson [3] underestimated it. In
another approach [135], dry matter intake, feeding level and dietary com-
position data were collected from 52 published papers (1960s to 2011 with
207 cattle and 91 sheep). Ramin and Huhtanen [135] developed linear
and quadratic functions of DM to calculate total methane production for
cattle. Methane production of this model [135] can also be estimated
as a linear function of acetate, propionate and butyrate, associated with
different coefficients based on volatile fatty acids stoichiometry. With
those collected datasets, there was 15% prediction error for their model
[135].

Blaxter and Clapperton [13] developed a linear model to describe
methane production as a function of digestibility of feed and feeding
level (expressed as dietary energy intake). They found that, with highly
digestible feeds, increasing feeding level (increasing passage rate) led to
less methane production per unit of feed. This is the case because a
greater passage rate is associated with less methane production [76].

A linear relationship between methane production and carbohydrate

digested (without explicit expressions of the hydrogen pool and methanogens)

was developed by Bratzler and Forbes [14]. They concluded that methane
production was closely related to the amount of carbohydrate digested.
Czerkawski and Breckenridge [28] demonstrated that methane produc-
tion in the rumen was not only related to the amount of carbohydrate
digested but to the nature of carbohydrate digested (e.g., hemicellulose
and cellulose). This observation was confirmed by Moe and Tyrrell [114]
with an extended range of dietary carbohydrate. From their model [114],
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methane production per gram of cellulose digested was nearly three times
more than that per gram of hemicellulose digested. These models all sug-
gested that there are not simple relationships between the amount of DM
ingested and the amount of methane formed. The chemical composition
of the feed appears to influence methane production.

Moraes et al. [116] presented an empirical model of methane produc-
tion using details such as gross energy intake, dietary level and animal
information. Their linear model could be used for the evaluation of green-
house gas inventories with different levels of details; e.g., animal informa-
tion such as lactating cows, non-lactating cows, heifers and steers. They
suggested that by including animal information it would be possible to
improve model fitness and better match the data.

Non-linear empirical models of methane production, introduced by
Mills et al. [110], adopted biologically sensible constraints, such as zero
methane production with zero intake of feed and an upper limit of methane
emission. An extensive database of methane production measurements
made on beef cattle in northern USA and Canada was used by Ellis
et al. [39] to develop both linear (ratio-based) and non-linear models
without explicit expressions of hydrogen pool and methanogens. They
suggested that the predictions of their models were better and could be
more suitable for modern production conditions of North American beef
cattle than for other ruminant-based agriculture systems outside North
America.

The coefficients and parameters of empirical models for ruminant-
based agriculture (reviewed in this section) need to be re-validated to
predict methane production any time there is a new dataset representing
different feed, microbes or animal type (cattle and sheep). A mechanistic
model of rumen function is based on biological properties of the rumen
that are universal across ruminants. Thus, in this project, a mechanis-
tic model of enteric methane production from individual ruminants will
be developed. The following section is a review of existing mechanistic

models of enteric methane production based on rumen function.
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1.4.2.2 Existing mechanistic models

Existing mechanistic models include/exclude different important features
of ruminant methane production. In general, a representation of the mi-
crobe and/or hydrogen pool may or may not be included in any given
model and methane production is then estimated based on different stoi-
chiometric representations of feed fermentation pathways. In this section,
to identify the gaps in mechanistic models for individual ruminants, ex-
isting mechanistic models are reviewed with a focus of these features.
Ulyatt et al. [163] developed a mechanistic model of cellulose diges-
tion in the rumen for ten feed elements (e.g., soluble carbohydrate, starch,
hemicellulose and cellulose) and a single microbe pool. Methane produc-
tion was estimated based on a stoichiometric function of glucose. The
methane production predicted by their model was 13% greater than lit-
erature data for sheep [69]. Because the equations of their model were
not explicitly presented in [163], this comparison of methane production
between their model and literature data, however, cannot be assessed.
The mechanistic model of (sheep) rumen function described by Black
et al. [12] is a system of linear equations. The predicted microbial growth
was estimated by total microbial mass with no distinction made among
microbes. A single pathway of fermentation was used for each substrate
considered. The assumption of this model [12] was that carbohydrates
were fermented to yield methane. Methane production was estimated
using stoichiometric functions [12]. To extend the model of rumen func-
tion from sheep to cows based on the model of Black et al. [12], Baldwin
et al. [4] developed a dairy cow model [5] named Molly95. There are
three options to estimate methane production in Molly95: the Blaxter
and Clapperton [13] equation, the Moe and Tyrrell [114] equation (both
of which have been described above), and an estimate based on a sto-
ichiometric function of the hydrogen balance of the rumen without an
explicit expression of methanogens. This hydrogen balance was defined
as the difference between the amount of hydrogen produced and used
in reactions occurring in the rumen. It is important to note that hy-
drogen consumption includes reactions that actually use electrons that

could have been used for hydrogen formation, as pointed out by Janssen
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[76]. From equation (1.1), the hydrogen balance in the rumen is simply
divided by four to get the methane production. This third option to
estimate methane production from the hydrogen balance in Molly95 was
used in the mechanistic model of methane production described by Ben-
chaar et al. [10]. The assumptions of this model [10] were that there was
continuous feeding and that methane was formed solely by the reduction
of carbon dioxide, which is present in excess, with residual hydrogen,
i.e., it was controlled by hydrogen availability. Similar to Benchaar et
al. [10], the hydrogen balance was divided by four to get the methane
production in [109]. Such hydrogen balance is the difference between
the amount of hydrogen produced and used in reactions occurring in the
rumen based on a stoichiometric function. Mills et al. [109] used a ru-
men function [31] other than Molly95 that caused different stoichiometric
values and so different methane estimation compared to Benchaar et al.
[10]. The rumen model described by Dijkstra et al. [31] consisted of
17 variables (e.g., volatile fatty acids) without an explicit expression of
methanogens. Volatile fatty acids stoichiometry developed by Bannink
et al. (2006, 2008) were later integrated into this model [158]. However,
there was no explicit expressions of hydrogen pool and methanogens in
their model and no thermodynamic feedback of hydrogen on the volatile
fatty acids stoichiometry. A key assumption of the approach of Mills et
al. [109] is that the hydrogen remaining after feed fermentation is used
solely and completely by methanogens. This assumption was also used
by Vetharaniam et al. [173] to modify Molly95 [5]. The improvement
of the model developed by Vetharaniam et al. [173] over Molly95 [5] in-
cluded an explicit dissolved hydrogen pool and an adjustment on the
stoichiometric function of hydrogen production under different sheep’s

rumen environments.

1.4.3 Summary

After reviewing existing models of enteric methane production from indi-
vidual ruminants, the gaps in existing models can be identified. Methane

production is directly related to the rate of hydrogen generation from
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rumen fermentation [68] which is subjected to thermodynamic control
imposed by substrate and product (e.g., volatile fatty acids and hydro-
gen) concentrations [84]. As concluded by Ellis et al. [38], a dynamical
hydrogen pool was required for improving models of rumen fermenta-
tions. This dynamic hydrogen pool was implemented in the study of
Vetharaniam et al. [173]. The dissolved hydrogen concentration is a key
controller of fermentation pathways [76], [84]. However, most existing
models for ruminant-based agriculture do not include an explicit expres-
sion of the hydrogen pool. Therefore, the feedback of hydrogen on the
selection of the various fermentation pathways can not be represented in
the model. A model that describes the interaction between methanogen
growth and hydrogen has utility beyond the estimation of methane, as it
provides an alternative approach to the current representation of fermen-
tation based on stoichiometric profiles from feed components (e.g., [4],
[31]). Such an approach could help overcome other known limitations of
current models of rumen function, such as the prediction of volatile fatty
acid profiles [38], [117]. The models of Baldwin [5] (Molly95), Benchaar
et al. [10] and Mills et al. [109] include the concept of balancing hydro-
gen production and consumption, and Offner and Sauvant [124] devel-
oped models with an explicit dissolved hydrogen pool and methanogens,
but their models do not directly describe the interactions between hy-
drogen and methanogens. That is, there is a gap in existing models of
ruminal methane production: there is not a representation of the in-
teraction between hydrogen and methanogen growth. Such interaction
(i.e., hydrogen-methanogen dynamics) can be modelled by employing an
explicit expressions of the hydrogen pool (for modeling hydrogen feed-
back on fermentation pathways) and the methanogens population pool
(for exploring strategies that directly target methanogens activity, e.g.,
inhibitors). Furthermore, in current models of rumen function (e.g., [4],
[31]), yield factors of volatile fatty acid profiles are predetermined for
different types of feed components leading to poor estimation of volatile
fatty acid profiles [38], [117]. Rather than predetermining stoichiometric
profiles from feed components, we wish to develop a model where the mi-

crobial growth kinetics and the thermodynamic feedback on this growth
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from the substrates and products of the fermentation (such as hydrogen
and volatile fatty acids) determine the composition of the rumen micro-
bial community, the fermentation pathway used, and the volatile fatty
acid profiles. The volatile fatty acid profiles can be calculated from the
population densities of the various microbes that use different fermen-
tation pathways leading to different ratios of end products (including
volatile fatty acids) and different yields of hydrogen per unit of ingested
feed. Thus, in this project, a bottom-up mechanistic modelling of enteric
methane production in the ruminants is developed starting with a base

of methanogens growth kinetics as a function of hydrogen concentration.

1.5 Methanogens growth kinetics

The change in the population density, as viable cells, of a microbial cul-
ture growing from a small number of cells under general laboratory con-
ditions that permits proliferation of the number of individuals has been
illustrated by Monod [115]. In this system, the cell number increases
because there is no removal of cells. The change in population density is
shown in Figure 1.3. Phases 1 and 2 are the lag and acceleration phase
that may be suppressed if the starting cells are from an already actively
growing culture. Phase 3 (the exponential phase) is the reproduction of
the population that can be described mathematically as follows. Let P,
be the microbial population density (cell, i.e., cell numbers) at time ¢,
of the exponential phase, and P, be the population density (cell) after

time t still in the exponential phase. The doubling time, ¢4 is then

t—1,
lg = ) 1.2
"~ Toa(P) — loa(P)) /& (® 2
The reproduction rate of the microbes is
log(P,) — log(P,
_ (loB(R) ~log(P) )

t—1,

which is the slope of the curve (Logy Microbial density) in phase 3 of
Figure 1.3.
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Growth rate
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Logs Microbial density

Figure 1.3: The phases of microbes growth based on Monod [115].

The rumen approximates a continuous culture system [133] so that the
microbes are effectively continuously removed in phase 3. Because the
microbial reproduction rate approximates the washout rate (the rate at
which the microbes are removed from the system, also known as the
fractional passage rate), the population density does not increase in the
rumen, although in reality it can be expected that the reproduction and
passage rates vary so that only on average they are equal. The retarda-
tion and stationary phases are sometimes too short to be noticed (phases
4 and 5). The last phase is decline, with a negative growth rate, at-

tributed to cell death through some combination of factors like starvation
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due to nutrient depletion or the accumulation of end products that make
the environment unfavorable for survival. These phases are expected to
be transient or absent in an environment that approximates a continuous
flow system, such as the rumen.

The energy source is often referred to as the limiting substrate for
growth. The reproduction rate of a microbe dependent on a single sub-
strate can be described by the Monod model [115].

/’LHIaXS
S) = . 1.4
() K15 (1.4)
Note that
dp Hmax s
A L A |
S = (K, + 92

Mathematically, p is strictly increasing: that is, the value of u(S) is

always increasing with respect to S as shown in Figure (1.4). Equation

>
S

Figure 1.4: A plot of Monod model p(5).

(1.4) indicates that the reproduction rate of the microbe increases rapidly
at smaller substrate concentrations, S, and slowly at greater substrate
concentrations. p(S) — fmax as S — 00, therefore fi,a, is a horizontal
asymptote. The Monod constant, K, is the substrate concentration
that results in half of the maximum specific reproduction rate (Figure

1.4). The maximum specific reproduction rate is specific for each type
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of microbe, substrate and environmental conditions such as temperature;
and the lag phase is not included in the Monod model.

Initially, the Monod model, as it related to microbial growth, was
found empirically. In enzyme kinetics, there is an equivalent specific
growth rate function called the Michaelis-Menten equation. There is
a standard mechanistic derivation of Michaelis-Menten enzyme kinetics
provided by Campbell [19]. Liu et al. [97] provided a thermodynamic
interpretation of the Monod model for microbial growth and proposed
that the magnitude of the Monod constant was the chemical equilibrium
position of a microbial growth process. Four theoretical approaches for
derivation of the Monod model were reviewed by Liu [98]. Insights into
the physical meaning of the Monod constant were also discussed by Liu
[98]. The conclusion was that the Monod constant differed with different
substrates for a single microbe.

Methane is produced by methanogens, using (dissolved) hydrogen
produced from the feed fermentation in the rumen as their major energy
source or substrate. Reproduction of any single methanogen cell occurs
by an increase in cell size followed by fission into new equal daughter cells.
The increase in size is fueled by energy gained from metabolic pathways
coupled to the formation of methane. The reproduction of methanogens
and hence growth of the methanogen population, is represented as de-
pendent on a single substrate, hydrogen, since carbon dioxide is present
in excess [104]. Typical concentrations are 5.9 x 10> (mol ml~") for car-
bon dioxide [76] and 1 x 107 (mol ml™") for hydrogen [70]. The Monod
model of microbial growth can be adapted as methanogens growth ki-
netics to model the rate of hydrogen metabolism by methanogens as a
function of the hydrogen concentration. The rumen approximates a con-
tinuous culture system [133]. A continuous culture system is a technique
used for growing microbes in a vessel, into which limiting substrates for
growth are continuously supplied at a constant rate, and from which
liquid, microbes and end products are continuously removed [89]. A con-
tinuous culture is also known as a chemostat with a continuous input
liquid (containing substrate) and output at the same rate to keep the

volume constant [146]. One feature of the chemostat is that microbes
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can be grown in a steady state under constant environmental parameters
(e.g., washout). Another feature of chemostat and continuous culture
systems is that they are well-mixed so that substrate and microbes are
randomly and uniformly distributed in the liquid. The rate of change of
the limiting substrate for growth for such chemostat can be modelled as

[146]
rate of change of substrate = -(consumption + removal rate) + input ,
and that of microbes can be modelled as

rate of change of microbes = growth - removal rate .

The growth term in this ‘standard’ theoretical model [146] is generally
based on the Monod model [115], expression (1.4), and the ratio of the
specific growth rate to consumption of the substrate is generally modelled
as a constant called the growth yield. The removal rate of the microbes
from the system is a sum of the death rate and washout. The model pre-
sented in this thesis adapts the framework of this ‘standard’ theoretical
model as described in Section 2.2.

Microbial growth can be influenced by inhibitors, pH and temper-
ature, and therefore a number of modifications to the Monod model
have been proposed [47]. The model presented in this thesis represents
methanogen growth using functions (the Monod model) similar to those
described for fermentative bacteria in the rumen models of Baldwin et
al. [4] and Dijkstra et al. [31]. An advantage of representing methanogen
growth using the Monod model [115] is that it allows a dynamic represen-
tation of the dissolved hydrogen pool in the rumen. Such an approach
could help overcome other known limitations of current models of ru-
men function, such as the prediction of volatile fatty acid profiles [38],
[173], because the hydrogen concentration influences, via thermodynamic

feedback, the fermentation pathways that produce volatile fatty acids.
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1.6 Research objectives and outlines

Globally, 14.5% of all anthropogenic GHG come from ruminants. Math-
ematical models of rumen function can be effective tools to support ex-
perimentation with animals for exploring methane mitigation strategies.
Existing empirical and mechanistic mathematical models of methane pro-
duction from rumen have 20% to 50% prediction errors (37% [37] for
Baldwin et al. [4]; 20% [37] for Dijkstra et al. [31]; 50% [82] for Moe
and Tyrrell [114]; 20% [82] for Baldwin [5]). For the models of Baldwin
[5] and Ellis et al. [39], the differences in the prediction methane be-
tween these models was up to 35% when applied to data from the same
production systems [92]. The prediction errors of existing empirical and
mechanistic mathematical models of methane production are too large to
explore methane mitigation strategies. A model of hydrogen-methanogen
dynamics could be introduced into current models to provide the basis
for both the prediction of methane and the representation of the feed-
back of hydrogen on fermentation pathways in the rumen. This model
includes explicit expressions of the hydrogen pool (for modeling hydro-
gen feedback on fermentation pathways) and the methanogen population
pool (for exploring strategies that target directly methanogen activity,
e.g., inhibitors). These are two aspects which existing models are not
capable of modeling and exploring. In this project, such a model and its
expansions are described.

In Chapter 2, an individual rumen model is developed with an explicit
representation of a dissolved hydrogen pool and methanogen population
to allow for investigation of hydrogen-methanogen dynamics. It employs
assumptions about rumen function such as that the methanogens and
hydrogen are uniformly distributed in the rumen liquid contents; hy-
drogen is solely metabolized by methanogens to produce methane as
shown in equation (1.1) and hydrogen is the limiting energy source for
methanogens. This model is expanded to become a more comprehensive
model in the later chapters. Namely, the feedback of products on sub-
strate (e.g., hydrogen) metabolism is implemented in Chapter 3, and the

feedback of hydrogen on fermentation pathways in the rumen is modeled
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in Chapter 4. Co-existence of multiple types of microbes metabolizing
the same substrate but using different fermentation pathways are ex-
plored in Chapters 5. The mathematical enunciation of a model with an
explicit representation of a dissolved hydrogen pool, methanogens pop-
ulation and hydrogen-methanogen dynamics and its expansion is tested
for consistency with biological expectations described in the conceptual

framework proposed by Janssen [76].



723

7

N
=

7

N

5

726

727

728

729

730

731

732

733

734

735

736

737

738

739

740

Chapter 2

Hydrogen-methanogen

dynamics

Based on the Monod model of microbial growth [115], we present a mech-
anistic system model of hydrogen-methanogen dynamics !. This model
includes an explicit expression of the hydrogen pool and the methanogens
population pool (for exploring strategies that target the methanogens
activity directly, e.g., inhibitors). We first list the assumptions that are

made for this model.

2.1 Assumptions

1. Methanogens and hydrogen are uniformly distributed in the rumen

liquid contents.

2. Methanogens capture hydrogen randomly with no competition among

methanogens for hydrogen.
3. No other microbes compete for hydrogen with the methanogens.

4. Hydrogen is the only energy source of methanogens, which instanta-

neously metabolize hydrogen to gain energy (i.e., adenosine triphos-
phate, ATP).

!This model has been published as Wang Y, Janssen PH, Lynch TA, van Brunt
B, Pacheco D (2016) J Theor Biol 393, 75 — 81.

27
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10.

11.

Each methanogen cell metabolizes hydrogen up to the same maz-
imum rate to generate ATP and needs the same amount of ATP

for maintenance.

The ATP gained is used either to maintain existing methanogens
or to reproduce, and new methanogens are biologically identical to

existing methanogens.

Methanogens cannot reproduce unless there is an excess of ATP

beyond what is needed for their maintenance.

Hydrogen is lost through consumption by methanogens or exiting

from the rumen (passage rate).

Methanogens are lost by exiting the rumen (passage) or “starva-

tion” (i.e., there are no predators).
The passage rate in the rumen is constant.

The hydrogen generation rate in the rumen is constant.

These assumptions are simplifications of what actually occurs in the ru-

men. For example, methanogens can attach to epithelium and feed par-

ticles with different passage rate than liquids; there are multiple types

of methanogens that compete for hydrogen and with different substrate

requirements [38]; hydrogen can escape the rumen by eructation and

absorption to blood; rates of passage and hydrogen generation are not

constant. The aim of this chapter, however, is to develop a model with

hydrogen-methanogen dynamics that can be expanded and implemented

into models of whole rumen function to address more complex assump-

tions.

2.2 Model formulation

Equation

4H, + COQ — CH4 + 2H20 ,
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is the chemical reaction of methane production from carbon dioxide and
hydrogen. There is an excess of carbon dioxide in the rumen [104],
and hydrogen is the limiting nutrient source for methanogens. Thus,
in our model, the reproduction of methanogens and hence growth of
the methanogen population is represented as dependent on a single sub-
strate, hydrogen (Hy). The Monod model of microbial growth [115] can
be adapted to model the rate of hydrogen metabolism by methanogens
as a function of the hydrogen concentration.

Let S), be the dissolved hydrogen concentration (mol ml™') and X,
be the methanogen population density (cell ml™") in the rumen liquid at
time ¢. S; (mol ml™" s7') and X! (cell ml™' s!), are then the rate of
change of hydrogen concentration and methanogen population density,
respectively. Here ’ denotes differentiation with respect to time. The
subscripts A and m indicate that the parameters are related to hydrogen
and methanogens, respectively. Let ¢ (mol cell™' s7') be the rate at
which a methanogen metabolizes hydrogen. From the Monod model, the

rate of hydrogen metabolism at a given hydrogen concentration is given

by

QmSh

m (mol CGH_I S_l) s (21)

q =
where ¢, (mol cell ' s7') is the maximal rate at which a methanogen can
metabolize hydrogen and K, (mol ml_l) is the hydrogen concentration
at half of ¢,,. Under assumptions 1 — 5, the rate at which the hydrogen
is consumed by X, methanogens is then

QmSh -1 -1
X, = —X,, (mol ml™" s )
q K 15 m )
Let o (s7!) denote the (fractional) passage rate through the rumen.
Then, the hydrogen concentration will decrease by a.S, per unit of time.
Let 3, (mol ml™" s7') denote the hydrogen generation rate. Thus, S} is
the sum of the rate at which hydrogen is metabolized by methanogens,

the rate at which hydrogen exits the rumen due to passage, and the rate
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at which hydrogen is generated. This leads to the equation

mS,
S) = —ﬁ){m — Sy + B (mol ml™! s71) .
Methanogens gain 7n,, (molyrp mol™) amount of ATP (energy) per
unit of hydrogen metabolized. The total ATP gained for the whole

methanogen population is

anmSh

me (HIOIATP Hll_l Sil) .

Let m,, (molarp cell ™! s71) be the maintenance requirement for ATP of
a single methanogen per unit of time. Assumption 5 indicates that the
total maintenance requirement of X,, methanogens is m,,X,,. The net
ATP available, A, is thus

m mS — —
= %Xm — M Xy = A Xy (molgrp ml™t 571
where
m mS — —
m = % — My, (IIlOlATp cell L S 1) .

The sign of A, at a given hydrogen concentration, A,,(S},), indicates if
the methanogen population meets the requirements for reproduction. If
A (Sy) > 0, then methanogens can reproduce (assumptions 6 and 7).
Let Y,, (cell mol 1) be the reproduction coefficient of a methanogen
cell i.e., the net apparent reproduction rate: the reproduction rate af-
ter deducting death due to natural causes (reproduction rate after non-
starvation death). Then

X! =AY X, —aX,, (cellml™ s71) . (2.2)

If A,,(Sp) < 0, the methanogens cannot reproduce. There is not
enough ATP available to meet the demand of maintenance and death

occurs in the population (assumption 9). The resulting shortage of ATP
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is expressed as a proportion of m,, as follows

Ao,
—— (unitless) .
Mm,

The rate of death among X,, methanogens is expressed as

d
Ap—X,, (cell ml™! s71)

m

where d,,, (s7!) denotes a death coefficient. By assumption 9, if A,,(S),) <
0,

dm _
X =Ap—"X, —aX,, (cellml™ s71) . (2.3)

m

The hydrogen-methanogen dynamics are thus modeled by the system

S) = —Kim—fh&le — Sy + B, (mol ml™t s71) | (2.4)
X! = ApEp Xy —aX,, (cellml™! s | (2.5)
where
= % — My, (molgrp cell ™t s71) |
and

Ym, if Am(Sh) >0,

Ep =
o A, (Sp) <0

The term A,, indicates the net ATP available after maintenance require-
ment of methanogens. If there is sufficient ATP over and above their
maintenance requirement, methanogens are in the reproduction mode
and otherwise they are in the decay mode as denoted by FE,,. We shall
refer to the system of equations given in (2.4) and (2.5) as the HM (hy-
drogen methanogen) model, where S}, is the hydrogen concentration and
X, is the methanogens population density.

Let St denote the positive hydrogen concentration needed to ensure
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that the maintenance requirement is met for the methanogen population.
In other words, it is the value of Sj, at which A,,(S}) changes sign, and
the right hand side of equation (2.5) changes. This critical concentration
is

K,m,

crit __
gerit . mTm
Ny Qm — My,

>0 (mol ml™") . (2.6)

There are two types of parameters in this model: ruminal parameters
related to rumen environment and biological parameters related to the
characteristics of methanogens. The ruminal parameters o and (3, are
non-negative. The biological parameters n,,, ¢n, K, My, d, and Y,
reflect characteristics of methanogens. Although these parameters may
be variable, for simplicity we will assume they are positive constants.
Assumptions 5 and 6 indicate that the biological parameters are con-
sidered the same for each methanogen cell. This model could, however,
be modified to represent multiple types of methanogen populations with

different biological characteristics and substrate requirements [38].

2.2.1 Comparison of the HM model and the ‘stan-
dard’ theoretical approach

Using the notation of the HM model, the ‘standard’ theoretical approach
[146] (Section 1.5) to modelling the growth of microbes with a single

growth limiting substrate in a chemostat is

QmSh

S, = _me — Sy + B, (mol ml™t s71) | (2.7)
X! =AY X —aX,, (cell ml™ s71) (2.8)
QmSh
Ay, = — — ) 2.
mn (Km + .55 mm) ( 9)

We refer to the system of equations (2.7), (2.8) and (2.9) as the ‘standard’
model. Note that the term m,, in the ‘standard’ model is interpreted as
a decay or death coefficient, whereas, in the HM model, it is interpreted
as a maintenance requirement and d,, is the decay coefficient.

The ‘standard’ model has been adapted in our HM model to more
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accurately represent the growth rate of methanogens. The reproduc-
tion rate of the microbes (e.g., methanogens) with sufficient substrate is
known to be different than that of the decay rate with insufficient sub-
strate [86]. From experiments, Konopha et al. [86] found that 50% to 90%
of total cell population in a biomass reactor is eliminated after 32 days
of starvation. For example, if we assume 50% of the total methanogen
population is eliminated after 32 days of starvation, we obtain a death
rate of d,, = 2.50 x 107 (s7!). However, with sufficient growth limiting
substrate, the apparent reproduction rate of methanogens can vary from
0.081 to 1.730 x 107* (s71) [129]. To account for this known difference in
reproduction rate between starvation and non-starvation mode, a switch-
ing term F, is used in the HM model. This switching term is new for
modelling the growth rate of microbes on a single growth limiting sub-
strate (e.g., modelling the growth rate of methanogens with respect to
hydrogen in the rumen).

In the ‘standard’ model, it is assumed that death occurs at the same
rate all the time. In the HM model, the switching term models death dif-
ferently depending on whether or not the microbes have sufficient energy
for maintenance or not. When the microbes have sufficient energy over
and above their maintenance requirement (i.e., A,, > 0) they go into
reproductive mode (assumption 7). The term Y, is the reproduction
coefficient for methanogens (which includes natural death). Note that in
the reproductive mode, the reproduction rate is greater than the natural
death of cells and so the net reproduction coefficient of a methanogen
cell, Y, (cell molyjp), is positive. When the microbes do not have suf-
ficient energy to meet their maintenance requirements, they go into the
decay mode where A, < 0. Here the reproduction coefficient is given by
dpp /My, a death coefficient of a methanogen cell due to starvation and
the unit of d,,, /m,, is the same as Y,,, so that the unit of equation (2.5) for
A,, <0 matches up with that of when A, > 0. Note that the biological
parameters (N, ¢m, Km, Mm, d, and Y,,) and Sy, are all positive. When
A, <0,

anmSh
— —my | <0.
(Km+Sh mn ) -
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From the HM model, equation (2.5) becomes

X! = <;CJ_+; - mm) X — X
m h m

Essentially, when A,,, < 0, the amount of ATP gained from metabolizing
hydrogen (n,,¢,,) does not meet the maintenance requirement (m,,) for
methanogens. That is, when A,, < 0, by assumption 7, methanogens

cannot reproduce and death occurs in the population due to starvation.

2.3 Steady state solutions

Mathematically, the long term hydrogen-methanogen dynamics can be
characterized by the steady state solutions of the model. These solutions
correspond to an equilibrium (critical) point for the dynamical system
that can be used to explore the behaviors of this model.

An equilibrium point for equations (2.4) and (2.5) is a point (S5, X))
at which S = X =0, ie.,

qmS;,

- X" —aS; =0 2.10
Km+S}t m «Q h+6h ) ( )
ApEnX: —aXh = 0. (2.11)

Evidently, (S;!, X*1) = (8,/a,0) is a solution to equations (2.10) and
(2.11). Suppose that X # 0. Then, equation (2.11) shows that A,, E,,, =
a, and since F,, and a are positive, we have A,, > 0, i.e., E,, = Y,,,
for any equilibrium point for which X # 0. In this case, A, E,, = «

implies
(Yo (Nn @ — M) — @) Sy = Kpy(Youm, + ) . (2.12)
If Y, (nm@m — my) — « = 0, then there are no solutions to equations

(2.10) and (2.11) apart from (S;', X:1). If Vi (nm@m — mm) — a # 0,

then, a second solution to equations (2.10) and (2.11) is

(2.13)

Km(Ymmm + CY) (ﬁh - QS:Lz)Ymnm)

Yo (MG — M) — @ Y, M +

(512, X72) (
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When the hydrogen concentration is smaller than St ie., A,, < 0,

there is another equilibrium point, (Sg3, X¢3)

Kpmoy, (d,, + ) (B — aSE3)dynm

m(nmqm - mm) — My 7 mm<dm + Oé)

(S;3, X13) = (d ) . (2.14)
As shown in the next subsection, this point is useful for understanding
some of the solution trajectories, it is not relevant to the long term dy-
namics of the system, since trajectories can not access it. Note that
Sp2 > St and Sp* > S It is possible that S;? < 0 and/or X2 < 0.
In such cases (S;%, X?) is of limited biological interest. Even if either
of these quantities is negative, it is nonetheless useful to classify them
because they do influence the geometry of solution curves that are in the

biologically relevant positive quadrant.

2.3.1 Stability of steady state solutions

The solutions to the equations (2.4) and (2.5), for an initial condition
(Sh(0), X,,,(0)) can be represented by a trajectory, i.e., (Sp(t), Xmn(t)),
in the SX-plane. The family of trajectories formed by different initial
conditions is the phase plane [57] that represents the interaction between
the hydrogen concentration and the methanogen population geometri-
cally. Equilibrium points dominate the long term behavior of solution
trajectories. We are interested primarily in the steady state behavior of
Sy, and X,,. The dynamics of (S, X,,) are determined (at least locally)
by the nature of the equilibrium points. Briefly, these points can be clas-
sified as stable or unstable. A stable steady state solution requires the
equilibrium point to be stable in a sense that any (55(0), X,,(0)) near a
stable equilibrium point will be drawn towards this point, and stay at the
stable equilibrium point. In this sense, a stable equilibrium point repre-
sents a stable steady state solution of the model. If the initial condition
happens to be an equilibrium point, i.e., S,(0) = S;, X,,(0) = X, then
the solution is the constant solution Sj, = S; and X,,, = X}, for all t > 0.
The stability of an equilibrium point can be deduced from the eigenvalues

associated with the point. Specifically, each equilibrium point has two
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eigenvalues, )\, and )\, and it is these values that determine the nature
of the equilibrium point. Let Re(\,) and Re(\;) denote the real part of
the eigenvalues, then (S}, X ) can be classified in the following way [9].

A stable, if both Re(),) and Re(),) are negative ;
B repelling, if both Re(\,) and Re(),) are positive ;
C saddle, if Re(),) and Re(),) have opposite signs ;

D a centre or unknown, if both Re()\,) and Re()\;) are zero.

The equilibrium point of scenarios B or C is an example of an unstable
point. Solution trajectories near a centre will neither be attracted to it
nor be repelled from it.

The eigenvalues are evaluated at the steady state solutions from the
Jacobian matrix of the system equations. For the HM model, the eigen-
values, A\, and A, are calculated by taking the partial derivatives of equa-
tions (2.4) and (2.5), and forming a 2 by 2 Jacobian matrix, J. Then,
the values of S, and X, at (S}, X,) are substituted in the Jacobian,

and the equation det(J — AI) = 0 is solved to get A, and A,.

_ qume — _ Qmsh
(Km+Sh)2 Km+sh
J = )
En i gm Km Xm NmqmSh
and
_ 4mBEm Xy — _4mSh_
(Komonyz — Q= A Ko +5n
det(J — \I) =
B 1 G Ko Xom, Nmqm Sh
(Km-+51)2 En(R sy — mm) —a—A

At (SiY, Xl) the eigenvalues are therefore

m




950

951

952

953

954

955

956

957

958

959

Chapter 2. HM model 37

At (S32, X?) and (S5, X2) the eigenvalues are

—(a+E) £/ (a+E)2 —4(Enmy, + a)=
2 Y

)\aQa >\62 -

where

Ko (B — aSy)
SH(Km+S;)

(11

and S; equals S;? or S;3. Notice that the nature of (S}, X?) and
(533, X*3) is the same: these two points are either both stable or both

unstable. The nature of the three equilibrium points are determined by
Ep (NG — M) — v (2.15)
and
B — aSy, (2.16)
Suppose first that S;? > 0 and X2 > 0. Then E,, =Y,
Yo (MG — M) — e >0, (2.17)
and
Bn—aSi?>0. (2.18)
This makes (S;!, X;!) a saddle point. If = > 0, and if
(a+2)? - 4Epmp,+a)2>0, (2.19)

then the eigenvalues Ay, and Ay, are real. Since

V(e +32)2 —4(Eumy, +a)Z < (a+E),
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we have

—(a+Z2)+V(a+Z2)2 - 4(Epm, +a)Z <0,

and thus both Ay, and Mg, are negative. In this case, both (S;?, X*?)
and (S;3, X?) are stable equilibrium points. If inequality (2.19) is not
satisfied, then the eigenvalues are complex, but Re(\y) = Re(Agy) =
—(a+Z), and thus (S;?, X?) and (S;3, X3) are stable.

Suppose both inequalities (2.17) and (2.18) are satisfied. When the
hydrogen concentration is below S the solution curve is attracted to
(533, X3). Mathematically, the solution trajectories is affected geo-
metrically by the presence of (S;* X?). However, when the hydrogen
concentration is greater than S5, the solution trajectories are governed
by expressions (2.4) and (2.5) with E,, =Y,, and thus attracted to (S;?,
X2). Thus, (S;3, X3) cannot be accessed by the solution trajectories
so that (533, X3) is omitted from further discussion. When both in-
equalities (2.17) and (2.18) are satisfied, the solution trajectories (Sy(t),
X (t)) approach (S;2, X?) as t > 0 with S;? > 0 and X? > 0. Since

Y., and « are positive, inequality (2.17) implies that
nmqm > mm Y

i.e., methanogens must gain energy faster than their maintenance re-
quirement. Inequality (2.17) also implies that S > 0. Inequality (2.18)
requires the hydrogen generation rate to exceed the rate of hydrogen loss
near ;2.

Let us plot phase plane diagrams for the system to investigate changes
in the stability of the steady state solutions for increasing values of pas-

sage rate. The nullclines representing X/ = 0 are given by
Xn=0, (2.20)
and

(2.21)
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s« The nullcline representing S} = 0 is

Ky + Sp)(Br — «Sy)
QmSh

x,, =\ , (2.22)
s assuming S, # 0. (Note S, = 0 and S; = 0 would require 5, = 0. We
ss assume the hydrogen input into the system is greater than zero, i.e., there
7 is a food intake by ruminants so that Sy, is non-zero). An intersection of
s nullcline (2.20) and (2.22) requires Sy, = B, /a. Note that the possibility
w0 of S, = —K,, is not in the domain of equations (2.4) and (2.5). An

9o intersection of nullcline (2.21) and (2.22) requires
Ym(anm - mm) >« )

o1 for positive substrate concentration. The intersection of the nullclines
w2 for X! =0 and S; = 0 are the steady states of the system, e.g., there
w3 are two steady states in this example.

904 From equation (2.22),

995 Bh < OéSh = %{fn_l giVGS Xm <0 )
Ym+a
996 Br = Sy gives X, = 0 (which is the trivial solution already
907 covered) ;
998 ﬁh > OéSh = #ﬂ;l gives X, >0.
C Ymta

a0 A bifurcation occurs at

ak,,

Ymnmqm _ 1 :
Y +tao

Br =

o Solving for the positive root of a (passage rate must be positive), aga,
wo  the passage rate threshold value so that methanogens will be eliminated

w2 due to shortage of food, and we can find this bifurcation occurs at

Qg =

_(Bh + Ymmme) + \/(Bh + Ymmme)2 + 4/Bth(Ymanm - Ymmm)
2K,, ’
(2.23)
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Let ator = Y (Mm@m — my,). From equation (2.23), we obtain

Bh
Bh + Kmasta + Ymmme

gty — ol - (224)
Because all the parameter values are positive 0 < agia < oo, We have

for

(a) 0 < @ < Qg
we have two steady states. The trivial solution is unsta-
ble, and the solution associated with non-trivial methanogen

population density (X,, > 0) is stable;

(b) asta < @ < Qo1
both steady states again exist but the solution associated
with non-trivial methanogen population is now unstable

(X, < 0) and the trivial solution is stable;

(c) ol <

only the trivial steady state solution exists and is stable.

In Figure 2.1, each of the three scenarios is shown. Parameter values
Ny =1, ¢ =2, K, =1, my, = 1, Y,, = 3 and , = 3) have been
arbitrarily chosen to illustrate each cases. For the given parameter values,
and for positive substrate concentration, bifurcations occur at ag, =
3(v2 — 1) and again at aio = Y (m@m — mym) = 3. In Figure 2.1(a),
a =09 < 3(v/2 1) and case (a) applies. In Figure 2.1(b), a = 1.5
so that 3(v/2 — 1) < a < 3 and case (b) applies and in Figure 2.1(c)
a =6 > 3 and case (c) applies. Dashed lines represent nullclines (2.20)
and (2.21) and the solid line represents nullclines (2.22). The S} = 0
nullcline in the negative .S;, quadrants is not shown as a negative substrate
concentration is not relevant in the rumen context. The intersection of
the nullclines for X! = 0 and S} = 0 are the equilibrium points of the
HM model. Closed dot is a stable equilibrium point and open dot is an
unstable equilibrium point. When both inequalities (2.17) and (2.18) are
satisfied, (S;? > 0, X2 > 0) is a stable point as illustrated in Figure
2.1(a). If one of inequalities (2.17) and (2.18) is not satisfied, (S;' > 0,
Xrl'=0) is the only stable equilibrium point (Figure 2.1(b) and (c)).
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For instance, suppose
Yo (Mm@ — mp) < @,

then Sy < 0. Then, inequality (2.18) is satisfied because both 3, and
a are non-negative. Then scenario where both inequalities (2.17) and

(2.18) are not satisfied is not feasible.

I
[ /1

Figure 2.1: The steady state diagram and direction field of the HM model
with parameter values (n,, = 1, ¢, = 2, K,, = 1, m, = 1, Y, = 3 and
fr = 3 together with appropriate values of «) were chosen arbitrarily.
(a) @ = 0.9 methanogens survive, X* > 0. (b) @ = 1.5 > ag, S0
that inequality (2.18) is not satisfied hence methanogens are eliminated,
X* = 0, due to insufficient food supply and (¢) o = 6 > a4, so that
inequality (2.17) is not satisfied hence methanogens are eliminated by

washout.

In a nutshell, (S;!, X*!) is either a saddle or a stable point depending
on parameter values and rumen environment. This is associated with

(532, X*?) as a stable point (either a focus i.e., both eigenvalues of (S},
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X*?) are complex or a node i.e., both eigenvalues are real) or a saddle,

respectively.

Figure 2.2: A typical phase plane for the system when S;? > 0 and
X2 > 0.

Figure 2.2 is generated in MATLAB [102] and depicts a typical phase
plane for the system with parameter values (n,, =1, ¢,, = 1, K,,, = 0.8,
my, = 0.6, Y, = 0.6, « = 0.1 and 8, = 0.4) were chosen arbitrarily
so that S;? > 0 and X;? > 0, and both eigenvalues of (S;?, X?) are
complex so that (S;?, X*?) is a focus. In this figure the equilibrium
points are represented by solid dots and each curve represents a solution
to the system for different initial values of S, and X,,. The horizontal
dashed line is S¢*. The characteristics of the equilibrium points influence
the solution curves, i.e., the arrows in Figure 2.2 show the evolution
of hydrogen concentration and methanogen population over time. For
any choice of initial conditions (Sy,(0), X,,(0)), such that S,(0) > 0 and
Xn(0) > 0, the curve moves towards the steady state solution (S;?, X?).
A zero methanogen population is never achieved, unless X,,,(0) = 0. In
this case, the hydrogen concentration stabilizes at S;' = f,/a. The
phase plane includes curves outside the positive quadrant. Although
such curves are not biologically relevant, they help to illustrate the global
dynamics of the system. Mathematically, it is possible to have a negative

methanogen population. The curves at the left of X,, = 0, however,
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cannot cross the line X, = 0 because (S;', X!) is a saddle point.

2.3.2 Estimation of methane production

As noted in Section 1.4.2.1, the existing mechanistic models use a net hy-
drogen balance, which is the difference between the amount of hydrogen
produced and used in reactions occurring in the rumen on a daily basis.
In contrast, our model uses the amount of hydrogen metabolized by the
methanogens to calculate methane. Not all hydrogen generated becomes
methane and the residual hydrogen contributes to a dynamic hydrogen
pool, which in turn is expected to feed back on hydrogen-forming steps
to result in less net hydrogen formation (i.e., hydrogen production be-
comes less favorable [76]). In contrast, for existing mechanistic models
(Section 1.4.2.1), there is no explicit expression of a dynamic hydrogen
pool because there is no residual hydrogen after estimating the methane
production based on these models. From the chemical reaction (1.1),
four moles of hydrogen metabolized yields one mole of methane so that

the methane production rate, M, is

1 QmSh

= Zme (mol ml™' s71) . (2.25)

In comparison to existing mechanistic models, there is an advantage to
calculating methane production using expression (2.25). This expression
allows one to calculate methane production for any time span with non-
constant rates of passage and hydrogen generation.

In this model, it is assumed that there are constant rates of passage
and hydrogen generation. If inequalities (2.17) and (2.18) are both satis-
fied, then there is only one stable, steady state solution, (572, X?), and it
is therefore reasonable to consider the steady state methane production,
M*, corresponding to this steady state solution. Substituting expression
(2.13) into expression (2.25) yields

86400

N oK, (Yom, + a
lw(f - 11 ([3}L - ( )

Ym(nm% — mm) _ &)Tc (Illol FUmen_l d_l) ’

(2.26)
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wss where there are 86400 seconds per day and 7. is the rumen liquid volume
wer in ml. Notice that aS;? is the proportion of hydrogen removed as part
s of the material passing out of the rumen at steady state. The biological
s expectation ([76], [68]) is that methane production is proportional to the
w0 net rate at which hydrogen is available in the rumen [68], i.e., 8, — @S;?
wo  as in this model.

1002 We evaluated the outputs of this model by using some typical pa-
w3 rameter values found in the literature (Table 2.1). The death coeffi-
o cient d,, (s7') was calculated by assuming 50% of methanogens cells
s are eliminated after 32 days of starvation [86]. Note that M* does not
we  depend on d,,. We estimated the hydrogen generation rate by conver-
wer sion of the amount of methane production reported by Wolin [182]:
wee  we assume the rumen liquid volume is 82000 ml and the amount of
we  methane produced in such a rumen is 8.3 mol rumen—" d ! (equivalent
oo to about 200 L of methane production per rumen). Kaster et al. [81]
1ot reported a metabolism rate of hydrogen by methanogens of 8.461 x 10~°
nee (mol gram™" s71), so with a cell mass of 4.44 x 1073 (gram cell ") [74]
ns we obtain g, = 3.76 x 1077 (mol cell ™' s71).

1104 Note that inequalities (2.17) and (2.18) are satisfied with the typical
nos parameter values. With these typical parameter values in Table 2.1, from
s equation (2.26), the methane production is 8.3 mol rumen~! d™'. The
nor rate [y is calculated from the methane production reported for a typical
ne animal [181] and leads to the expected M* = 8.3 mol rumen~" d~* with
noo  such Sy value. This exercise indicates that this model does not introduce
o any artefact that could change the magnitude of S} and/or X}, and then
un M*. With these typical parameter values, expression (2.13) indicates
u2  that

(S;%, X% = (1.1034 x 107*° mol ml™", 3.515 x 10% cell ml™") .

ms  The magnitudes of steady state hydrogen concentration and methanogens
s population are in agreement with those found in the literature (1.9 —
ms 11,7 x 1071 mol ml ™", 1.42 — 13.4 x 108 cell [30], [68], [70], [121], [138]).

1116 When (S;!, X1 is a stable point, the corresponding estimated methane
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Table 2.1: Parameter values used in the HM model.

Parameter Description Value

« passage rate through the rumen 3.50 x 107 (s 1) [150]

B rate of hydrogen generation 4.70 x 107 (mol ml~" s71) [182]

N energy captured from metabolizing 0.125 (mol o7, mol™") [160]
per mole of hydrogen

I maximal rate at which a methanogen 3.76 x 10717 (mol cell ' s71)
can metabolize hydrogen

K hydrogen concentration at half of g, 2.00 x 107 (mol ml™") [87]

Mo maintenance requirement of a methanogen 1.36 x 107 (molyrp cell ™ s71) [42]

dm death coefficient of methanogen 2.50 x 1077 (s71)

Yo reproduction coefficient of methanogen 2.28 x 10" (cell mol1p5) [160]

wiz  production is evidently zero. There is no hydrogen consumption when
s the methanogen population is absent and thus no methane production.
1119 The term M contains a number of parameters some of which are
20 difficult to measure accurately. It is thus useful to study the sensitivity of
uzn M to these parameters. A measure of the sensitivity of M to a parameter
uz ¢ is given by [171]

00) = 1755 -
23 This is called the relative sensitivity value. It represents the normalized
u2 influence on M to a small change in ¢. By calculating © for all ¢ in
ws M, we can determine the relative influence of a small change in ¢ on
we Mp. Using the parameter values in Table 2.1, we find that: M is least
2 sensitive to my,; M is, respectively, 7.9, 11.3, 12.3, 12.3 and 18.9 times
m2s  more relatively sensitive to K, Y., N, ¢m and o than it is to m,,; M is
20 most sensitive to Fy, at 190 million times more relatively sensitive than
u3 it is to my,.

1131 Finding the change in M, the estimated methane production given
uz  in expression (2.25), with respect to a given increase in any of m,,, K,
us Yo, N, Qm, @ and Sy, yields the actual sensitivity of M with respect
us to that variable. Considering a 10% increase in each of m,,, K,,, Y.,

s N, ¢m, @ and [, we explore the actual sensitivity of M with respect
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to each parameter. Using the parameter values in Table 2.1, the actual
sensitivity of M is, respectively, -0.104 x 1077, -0.821 x 1077, 1.017 x 1077,
1.103 x 1077, 1.103 x 1077, -2.178 x 10~7 and 1 with respect to m,,, K,
Yo, M, @m, @ and B,. A negative magnitude in the actual sensitivity
value of M with respect to a parameter indicates a decrease in estimated
methane production by increasing that parameter value. For instance,
increasing the maintenance requirement of a methanogen (m,,) and/or
passage rate («) will reduce the methanogen population density so that
less methane is produced. In contrast, a positive magnitude in the actual
sensitivity value of M with respect to a parameter indicates an increase
in estimated methane production by increasing that parameter value.
For example, doubling (,, also doubles M with steady state solution,
(532, X*?). The rate of methane production is proportional to the net
rate of hydrogen generation from feed in the rumen [68], because nearly
all the hydrogen is rapidly converted to methane. The implications of

these findings are discussed next.

2.4 Effects of changes in hydrogen genera-

tion rate

In this section we consider the effect of ), on X}, and hence M. We will
regard all other parameters as fixed. With no consumption of hydrogen,
X*l'= 0, and a larger hydrogen generation rate will result in a higher
hydrogen concentration in the rumen. Note that X*? depends on (3, but
S;? does not. This indicates that the steady state hydrogen concentration
is determined by the biological parameters associated with methanogens
and passage rate, but not on the ruminal hydrogen generation rate itself.
This observation is a consequence of using the Monod model [115] to
describe the rate of hydrogen metabolism at a given hydrogen concen-
tration, Equation (2.1) and, in fact, would also be true using any other
per-capita kinetic law that is a function of the limiting growth substrate
Sy, only [140]. Suppose now that we consider X*? for two different hy-

drogen generation rates, ¢, and (,, where c is a constant. We see that
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the term «aS;? is much smaller than f;,, assuming that the number ¢ is

not too small relative to (; hence,

X2(cBy) B — aS;? N

X2(8) a5 € (2.27)

This shows that, as long as methanogens can survive in the rumen, in-
creasing the hydrogen generation rate by a factor of ¢ roughly increases
the methanogen population, and hence methane production, by a factor

of c.

2.5 Effects of changes in passage rate

In this section, we discuss the predicted changes (based on the model) of
the reproduction rate of methanogens, steady state hydrogen concentra-
tion and methane production in response to changes in ruminal passage
rate. This is to test the mathematical enunciation of this model for

consistency with biological expectations.

2.5.1 Effect of passage rate on the reproduction rate

of methanogens

At the steady state (S;?, X*?), the reproduction rate of methanogens is

Si?

Biologically, this means that the methanogen population must reproduce
at a rate that exactly replaces those methanogens removed from the

rumen to maintain equilibrium. From equations (1.2) and (1.3),

ta = 10g(2)/pim

with typical parameter values, the doubling time of methanogens is t; =
143.35 minutes. This value is within the interval (between 29 to 623

minutes) of the doubling time of different types of methanogens reported
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by Pavlostathis and Giraldo-Gomez [129].

It is useful to explore the maximal passage rate that can be tolerated
by methanogens as predicted by the model. Let us define the tolerance
threshold as the maximum passage rate, oy, that methanogens can tol-
erate without being eliminated from the rumen, i.e., X** > 0. Using the

typical parameter values in Table 2.1, expression (2.17) implies
ol = Yo (M Gn — M) = 1.04 x 1074 74 (0.374 h71) .

Note that the passage rate in Table 2.1 is o = 3.50 x 107° < 1.04 x
10~* 57! so methanogens can survive with a positive methane production
in this setting. From equation (2.23), using the parameter values in
Table 2.1, the passage rate threshold value so that methanogens will be
eliminated due to shortage of food, oy, is 0.00046% less than o,y i.e.,
Qsta = (ol In Section 2.5, we explore the effect of varying the passage
rate, a, between 0 < a < aga. on the stable steady state methanogen
population, hydrogen concentration and methane production.

With £, = 4.70 x 107 mol ml™ s7!, if 0 < @ < aga, the only
stable equilibrium point is (S;?, X?) because both inequalities (2.17)
and (2.18) are satisfied. As passage rate increases towards ag,, a larger
proportion of methanogens will be removed from the rumen so that the
stable steady state methanogen population decreases (Figure 2.3). That
is, the methanogen population could be reduced if their reproduction rate
was made slower than the passage rate, which would reduce methane
production because less hydrogen will be metabolized. This reduction
in the reproduction rate could be achieved using chemical inhibitors or
vaccines [91]. The whole methanogen population will be eliminated when
o > ag,. However, a typical range of passage rate is 1 x 107°<a<hHx
107° s71 [150], [152]. Thus, practically the methanogen population will
not be removed by increasing the passage rate because ag, > 5x107° 7!
is greater than typical passage rate values in the rumen. If a > g,
inequality (2.18) is not satisfied and there is a bifurcation at a > g,
where the only stable equilibrium point becomes (S;', X*) instead of
the point (572, X 2), as predicted by the HM model.
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Figure 2.3: The stable steady state methanogen population for a range of
passage rate values with other parameter values in Table 2.1. There is a
discontinuity in the figure (o = ag, = 1.04 x 1074 s71). If 0 < o < g,
there is a stable positive population density of methanogens. Otherwise,

the methanogen population density is zero.

2.5.2 Effect of passage rate on steady state hydro-

gen concentration

When a = 0,

g2 = B ot (2.29)
Nmdm — Mm

For fixed biological parameter values of methanogens in Table 2.1, as
Qa — Qol, S;;Q — 00. This seemingly counterintuitive observation can be
explained from the Monod model. The Monod model requires a greater
Si? to allow a greater reproduction rate of methanogens. A greater pas-
sage rate leads to a greater reproduction rate of methanogens at steady
state. The steady state hydrogen concentration thus increases with an

increasing passage rate.
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With the same f3;,, as shown in expression (2.26)

lim M* =0,
Q—rQitol

because S;? — oo. Indeed, biological experiments have provided evi-
dence of increasing passage rate leads to less methane production. Sheep
that naturally produced less methane per unit of feed eaten have been
reported to have smaller rumens and faster ruminal passage rate [50].
Also, increasing feeding level results in increased rumen passage rate of
solids and liquids, with a concomitant reduction in methane per unit of
intake [54]. Ruminants fed with fresh forages produce less methane as
the amount of water in the feed increases, presumably as an effect of
acceleration of liquid passage rate in the rumen [125]. When developing
methane mitigation strategies, particularly those targeted at reducing
the activity of methanogens [91], this model could help us to understand
the behavior of methane production in terms of the biological charac-
teristics of methanogens, such as maintenance or reproduction rate, and
rumen environment parameters, such as passage rate.

From equation (2.24), aga < iol. As « tends towards agg, from the
right, the only stable hydrogen concentration S;* tends towards infinity
(illustrated in Figure 2.4(a)) and X? tends towards zero (Figure 2.3).
In this limit, & — s, the only physically meaningful stable solution is
(532, X2) because both inequalities (2.18) and (2.17) are both satisfied.
For a@ > aga or @ > aye, the stable steady state solution will change
from point (S;%, X*?) to (S}, X! = 0). That is, when a > ag, or
a > ay, the only stable steady state hydrogen concentration is Sj!
because inequality (2.18) or inequality (2.17) is respectively not satisfied.
Srl decreases as « increases. In the absence of methanogens there is no
consumption of hydrogen in the rumen, and a greater passage rate leads
to a smaller steady state hydrogen concentration through dilution (Figure
2.4(b)). A typical range of passage rate is 1 x 107° < a < 5 x 107> 57!
[150], [152]. Thus, in Figure 2.4, the hydrogen concentration associated
with o > 6 x 107 s7! will not be observed in the rumen. Based on

the HM model, the corresponding hydrogen concentration with respect
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toa =5x 107" s is at most 0.2 x 10~ mol ml™'. In the rumen, the

hydrogen concentration is approximately 1 x 107 mol ml™* [68], [177].

(a) (b)
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Figure 2.4: The stable steady state hydrogen concentration for a range
of passage rate values with parameter values in Table 2.1. (a) for
0 < a < aga. (b) for aga < a <2 x 107% s71. There is approximately
1000 difference in the magnitude of the stable steady state hydrogen con-
centration between (a) and (b). Note that S{"* = 5.959x 1072 mol ml™".

2.5.3 Significance of passage rate

When (S;?, X*?) is the stable steady state, methane production (Figure
2.5) at double the typical parameter value of passage rate is only 0.0016%
less than at the typical passage rate value. In contrast, the effect of pas-
sage rate on S;? is more noticeable (Figure 2.4). It is 2.89 times greater at
double the typical parameter value of passage rate. The rate of methane
production is proportional to the net rate of hydrogen generation from
fermentation pathways [68]. In the HM model the effect of passage rate
on methane production is negligible. However, when thermodynamic
control and feed fermentation pathways are introduced into the model,

we will demonstrate in Chapter 5 that passage rate can shift fermentation
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pathways leading to different hydrogen generation rates and the effect of
changing passage rate on methane production is more noticeable than

that of shown in Figure 2.5.

8.326 8
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< 8.324
£ 6
2 8.323
o
E 8322 S5
= ga21f 4
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S 8.32r 3l
8 8319
o 2r
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= i
2 8317 1
31 ‘ ‘ ‘
8315 0.5 1 o 15 2

x10™  passagerate (@), s” x107*
Figure 2.5: The methane production for a range of passage rate values
with other parameter values in Table 2.1. There is essentially one value

of methane production for o < ag, and another (0) for a > ayga.

2.6 Passage and hydrogen generation rates

This HM model can be used to explore how different combinations of
passage and hydrogen generation rates effect the dynamics system of
the microbe and growth substrate. In reality in the rumen, the hydrogen
generation rate depends on the ingested solid feed (and feed fermentation
pathways). Feed and microbes pass through the rumen as ruminants keep
ingesting solid feed, drinking liquid and secreting saliva, with the flow
of material out of the rumen being commonly described as the passage
rate. The passage is linked to solid feed, liquid and saliva in the rumen.
That is, the hydrogen generation rate is not independent of the passage

rate. However, in the HM model they are modelled as independent. In
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an extension of this HM model in Chapter 4, the passage rate can shift
feed fermentation pathways so that the passage rate directly affects the
hydrogen generation rate through selection of feed fermentation pathways
as demonstrated in Chapter 5. In Section 2.6, we investigate the effect of
changing the passage rate and hydrogen generation rate independently
on hydrogen-methanogen dynamics.

When 3, = aS;?, there is one stable solution

(Sh, X)) = (Bn/e,0) .

When 3, < aS;?, inequality (2.18) is not satisfied, so that the methanogen
population will be removed due to a shortage of their energy supply. This
is illustrated in the phase plane, Figure 2.6, which has two equilibrium
points: (Si!, X*1) is a stable steady state solution and (S;?, X?) is a

saddle point that cannot be accessed from the positive quadrant.

Figure 2.6: A typical phase plane for the system when 3, < a.S¢.

2.7 Summary

In this chapter, a model of the hydrogen-methanogen dynamics is ex-
plored by phase planes which demonstrate the interaction between hy-

drogen concentration and methanogen population. Analytical results
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show that (S;%, X*?) is the stable steady state solution of the model, if
and only if inequalities (2.17) and (2.18) are both satisfied. Equivalently,
there is a positive methanogen population, if and only if methanogens
can tolerate the passage rate and there is sufficient food supply for re-
production. The predicted effects (based on the model) of passage rate
agrees with the conceptual model postulated by Janssen [76]. That is,
a greater passage rate is associated with a greater reproduction rate of
methanogens (if & > ay,1, methanogens will be removed) and a greater
steady state hydrogen concentration. Decreasing the maximal rate of
hydrogen metabolism (g,,) or increasing the maintenance energy require-
ment (1m,,), would lead to the methanogen population decreasing towards
zero which reduces methane production as these approaches would result
in the left hand side of inequality (2.17) becoming smaller. Similarly,
other changes to ruminal parameters that lead to the left hand side of
inequality (2.18) becoming smaller, such as increasing the passage rate
or decreasing the hydrogen generation rate, would lead to less methane
production.

This HM model could be used to improve our ability to model the
dynamics of hydrogen in the rumen, which in turn influence aspects be-
yond methane formation, such as volatile fatty acid profiles. It could
be employed as a basis for developing a more comprehensive model that
includes thermodynamics (hydrogen concentration can thermodynami-
cally affect the metabolism rate of hydrogen [76], see Chapter 3), and
feed fermentation (see Chapter 4). Feed is degraded to produce hydro-
gen and volatile fatty acids and it is itself subject to thermodynamic
control imposed by hydrogen concentration dynamics [76], [84]. This
thermodynamic control causes a shift in production of volatile fatty acids
that could be beneficial for the ruminants [72]. Ultimately, such a model
could improve our ability to mathematically explore methane mitigation

strategies in the rumen.
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Hydrogen-methanogen
dynamics with

thermodynamic term

In Chapter 2, K,, (i.e., K, of the Monod model) is interpreted as a con-
stant that describes the saturation of a cell’s substrate transport capacity
with increasing substrate concentrations [18]. The rate at which a cell
can transform a substrate to products is limited by physical constraints of
the cell. There is the rate at which the substrate can be transported into
the cell, and the rate at which the cell can transform the substrate inside
the cell. This physical limitation of substrate metabolism is described by
q. The rate of substrate metabolism by the cell can also be limited by
thermodynamic control [78]: the concentrations of substrates and prod-
ucts can limit the rate of substrate metabolism. Existing models (listed
in [47]) described the substrate inhibition effect on metabolism rate by
using functions of substrate concentration. In this chapter, a represen-
tation of thermodynamic control (a thermodynamic term) is developed
that includes substrate and product concentration to describe the ther-
modynamic feedback on the rate of substrate transformation (e.g., the
chemical reaction of substrate metabolized by a microbe to its prod-
ucts). This term is then introduced into the HM model to model the
effects of thermodynamic feedback on the metabolism rate of hydrogen

by a methanogen species in the rumen. The differences between the HM

25
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model with and without the thermodynamic term are discussed.

3.1 Gibbs free energy and thermodynamic

term

Consider a reaction,
CL1A1 + CZQAQ -+ G3A3 e — blBl + b2B2 + b5B3 e (31)

The forward reaction is where the substrates A; are converted into prod-
ucts B;. The backward reaction is where products are degraded into sub-
strates. The coefficients a; and b; are, respectively, the amounts (moles)
of A; and B; required to balance the chemical equation. The reaction

quotient is

g S (32)

where [A;] and [B;] denote the concentrations of A; and B;, respectively.
The reaction quotient is calculated by substituting the actual concen-
trations of products and substrates, P and S into expression (3.2). At
chemical equilibrium, the net change of substrate and product concentra-
tions is zero. Substituting the chemical equilibrium concentrations
into expression (3.2) yields the equilibrium constant, K.

At a given temperature T', the Gibbs free energy change of a reaction,
AG7 (kJ mol™), is [21]

AGr =RT In(Q/K) ;
hence,
Q/K = eAC¢r/(RT) (unitless) . (3.3)

Here T is the ambient temperature (degrees Kelvin, K) at which the

reaction occurs. In this project, this is the rumen temperature. R
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(kJ mol™" K™') is the ideal gas constant. The ratio of Q/K indicates

the activity of a chemical reaction:
e If Q/K =1, a reaction is at chemical equilibrium.
o If Q/K < 1, substrates convert into products.
e If Q/K > 1, products degrade into substrates.

Therefore, if Q/K < 1, a reaction is capable of happening without need-
ing to be driven by an additional energy source (Similarly, work is re-
quired to make a reaction happen if Q/K > 1). Note that the unit of
AGr is the same as RT, i.e., the unit of Q/K is unitless. Also since
Q and K describe the same chemical reaction, the units for @ and K in
Q/K cancel out such that Q/K is unitless.

AGry can also be defined as [21]

AGr = AGS +RT In(Q) ,
so that
AGT = —RT In(K) ,

where AGS (kJ mol ') is the Gibbs free energy change at temperature
T under standard conditions (one bar of atmospheric pressure of gases,
dissolved substrates and products in units of one mole per liter, and
solid and water at an activity of one). Thus, Q is calculated on the ba-
sis of moles per liter to match up with the units of AG%. Rather than
units of moles per milliliter used to describe microbial growth kinetics
in Chapter 2, as we will see, the incorporation of the thermodynamic
term into the microbial growth model will be in a unitless form, so that
this difference in units is of no consequence. In living organisms, ATP
(adenosine triphosphate) is one form in which energy from a reaction
can be captured. Other forms, such as membrane gradients of protons or
sodium can be converted stoichiometrically into ATP (or generated stoi-
chiometrically from ATP). In this project, ATP will be used as the energy

currency for organisms, without assuming exactly which form (actual
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ATP or membrane gradients) is being used by the organism. Organisms
such as methanogens generate ATP from ADP (adenosine diphosphate)
to capture, temporarily, energy from a reaction (e.g., hydrogen metabo-
lized by methanogens into methane in the rumen). The reaction of ATP

formation is [1]
ADP?” + HPO; + H" — ATP* + H,O .

In order to do work, the concentration of ATP and ADP in the cell
are maintained away from chemical equilibrium, and the difference from
equilibrium can be described by a AG47rp for ATP formation. The for-
mation of ATP is driven by the energy released from the transformation
of the energy source (or substrate) into products, and so the amount of
ATP that can be formed is limited by the amount of energy released
from the substrate transformation via a chemical reaction. As well as
the thermodynamic effects of substrate and product concentrations, the
coupling of ATP to the reaction of substrate transformation reduces the
net free energy change, and ATP formation cannot require more energy
than is available from the energy-yielding reaction. That is, energy is
required to generate energy from a reaction and cannot generate more
energy than the amount of energy input. Let AG rp (kJ mol,1p) de-
note the amount of energy required to form one mole of ATP. The total
energy required to capture n (molyrp mol ') units of ATP per mole of
substrate or product of interest is n AGsrp. The net Gibbs free energy

for a reaction coupled to ATP formation is
AGT = AG% + RT hl(Q) +n AGATP . (34)

Organisms couple the Gibbs free energy change of the transformation of
their energy sources to the synthesis of ATP. These organisms then use
this ATP to drive reactions required for cell maintenance and growth.
The rate at which ATP is formed therefore determines the growth rate
of a microbial population. ATP formation is considered as part of the
overall chemical reaction, expression (3.1), of substrate transformation

to product by the organisms, and the driving force governing the rate of
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the transformation is the net Gibbs free energy change including ATP
formation. Combining expressions (3.3) and (3.4), we can let 6 denote a

thermodynamic term for a reaction
0 = Q/K = ACT/(RT) — g o(AGT+n AGarp)/(RT) (ypitless) . (3.5)

The equilibrium constant, K, is required for the mathematical representa-
tion of thermodynamic control in rumen fermentation developed by Kohn
and Boston [84] and Offner and Sauvant [124]. In the term 0, AG% can be
calculated from published data, for example from published tables, con-
verting for temperature, as widely described in standard textbook. The
actual concentration of a chemical reaction can be directly measured so
that Q of a chemical reaction is more accessible than IC. Note that 6 can
be calculated without knowing K such that the thermodynamic term
developed in this chapter is applicable to a wider ranges of chemical re-
actions than the approach to thermodynamic control developed by Kohn
and Boston [84] and Offner and Sauvant [124]. Importantly, in addition,
0 also accounts for the fact that living organisms need to use energy to
capture ATP from a chemical reaction.

Transformation of substrates to products can only occur if the overall
change of Gibbs free energy is negative. It is assumed that biochemical
evolution does not favor true reversibility, i.e., products are not degraded
into substrates, and that biochemical regulation does not allow true re-
versibility. That is, organisms do not transform products back into sub-
strates with the use of ATP. Thus, if AGr > 0, AGr is set to zero so that
0 < 6 < 1. In the rumen, products (transformed from substrates) are
absorbed (removed from the rumen) by the ruminants as energy source

so that the backwards reaction is negligible.

3.2 HM model with thermodynamic term

One underlying assumption of the Monod model [115] for microbial growth
is that the concentration of products is effectively zero [40]. As the re-

action progresses, the accumulation of products could affect the rate
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of chemical reaction. Thermodynamic control occurs when substrate

metabolism is limited by the concentration of products. The thermody-

namic feedback of a growth limiting substrate on the rate of its metabolism
can be modelled by modifying the Monod model (examples listed in [47])

to fit with experimental data. Such models do not take into account

thermodynamic feedback due to other substrates such as end products of
fermentation. The thermodynamic feedback of products on the rates of
substrate metabolism can be modelled by including a thermodynamic po-

tential factor [78]. Using reaction rates from transition state theory, and

average stoichiometric numbers of a chemical reaction, Jin and Bethke

[78] developed a thermodynamic potential factor with a value between

zero and unity. This factor can be multiplied by the Monod model [115]

to model the thermodynamic feedback of products on the rates of sub-

strate metabolism. van Lingen et al. [169] applied the thermodynamic

potential factor developed by Jin and Bethke [78] in this way to explore

the effect of hydrogen concentration on the rate of glucose metabolism.

They did this by finding the value of the thermodynamic potential fac-

tor at different hydrogen concentrations. This allowed them to explore

thermodynamic feedback without an explicit representation of the glu-

cose fermenter population pools. However, we know that fermentation

cannot take place without the microbes and changes in their population

size changes the rate at which substrate are converted into products, and

substrate and products inhibition in turn effects the growth rate of the

microbes. So the size of the microbes pool, conversion of substrate to

products, and production inhibition on microbial growth are all intercon-

nected.

In this project, we develop a model that includes microbe population
pool. Microbes can be considered analogues of enzymes because sub-
strates are converted into products by microbes the same as enzymes
do. The Gibbs free energy change affects the rate of transformation of
substrates into products through a pathway catalyzed by multiple en-
zymes [2], and here we consider a microbe performing such a conversion
to be an analogue of such a pathway. ATP is gained by microbes during

such reaction but not for enzymes. The enzyme kinetics developed by
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Haldane [53] and Plowman [134] and applied to microbial metabolism
by Hoh and Cord-Ruwisch [58] has been modified for the work that fol-
lows in this thesis. As this thesis was being completed, Grolkopf and
Soyer [51] independently derived a thermodynamically controlled growth
model based on the same basis of enzyme kinetics, but without explicitly
incorporating ATP formation.

In this section, based on a symbolic scheme of theoretically reversible
enzyme reactions proposed by Haldane [53], a growth kinetics model
for rumen microbes with a thermodynamic term (including the energy
used for the formation of ATP as part of the thermodynamic effect)
is developed. This adaptation of Haldane growth kinetics model with
thermodynamic term () is the first of its kind in the literature. The
inclusion of a thermodynamic term in the Monod model can be used to
model the effect of substrate and product concentrations on the rate of
energy source or substrate transformation via a chemical reaction. Based
on the symbolic scheme [53], Plowman [134] and Hoh and Cord-Ruwisch
[58] found the rate of transformation of a substrate with respect to the

concentration of all substrates and products is

q= 3(S —P/K)
K+ S8+ q3/@P/K’

(3.6)

where ¢3 is the maximal metabolism rate of substrate into products,
@2 is the maximal rate of transformation of products back to substrate
and K is the Monod constant. Both Hoh and Cord-Ruwisch [58] and
Plowman [134] assumed these two maximal rates are the same, i.e., g3 =

2, expression (3.6) reduces to

_ q3(S —P/K)
1=K, +S+P/K’

(3.7)

and substituting @ = P/S and § = Q/K into expression (3.7) yields

_ BS(1—-10)
1= K. +S1+0)

(mol cell ' s71) . (3.8)

Expression (3.8) can be used to model the rate transformation of
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a substrate by a microbe and the effect of all substrate and product
concentrations on the metabolism rate of that substrate. For example, as
more hydrogen is metabolized by methanogens into methane, it leads to
a higher concentration of products so that the concentration of products
could limit hydrogen metabolism. In particular, expression (3.8) can
be used to model the growth rate of methanogens subject to hydrogen
and the thermodynamic control of hydrogen concentration and products
on the rate of hydrogen metabolism. The HM model incorporates a
dissolved hydrogen pool that allows thermodynamic control through the
hydrogen concentration to be modeled in response to changes in the pool
size. Using 0 = 0,,, q3 = ¢, and K, = K,,,, expression (3.8) is
mSn(1 —06,,)

_ ~1 -1
q= Koot Si(Lt 0 (mol cell ™ s77) . (3.9)

Note that the subscript m of 6,,, denotes the calculation of 8 for the chem-
ical reaction of hydrogen metabolism to methane by the methanogens.
Thus, in expression (3.5), AGS = AG%, and n = ny, are used to calcu-
late 6,,.

Using the same assumptions, notation and arguments for model for-
mulation as for the HM model, equation (3.9) can be used instead of
equation (2.1), and this leads to the HM? model, which is the HM model
with a thermodynamic term

Sy, = _Kim—fhéi(zim@L)Xm —aS, + By (mol ml™t s7Y) | (3.10)

X! = ApEn Xy —aX,, (cellml™' s71) | (3.11)

where

- - Larp cell ™ 7!
m Km +Sh<1 +9m) mm (mo ATP C€E S ) )

is the net hydrogen concentration after the maintenance requirement of



1541

1542

1543

1544

1545

1546

1547

1548

1549

1550

1551

1552

1553

1554

1555

1556

1557

1558

1559

1560

1561

1562

Chapter 3. Thermodynamic term and HM’ model 63

methanogens have been met, and

B, - };m, if Am(Sh> >0 ;

do i NL(S) <0

For the reaction of hydrogen metabolizing by methanogens to methane
in the rumen, H, is used as the reference substrate to be consistent with

the unit of n,, (per mole of hydrogen). Then, Q is calculated from

1 1 1

and 0,, is given by

1 1
[H0]2[CHy] 1 (AGS, +nm AGarp)/(RT)

= —— € m

[Ho][CO,]

m

Note that [Hs] denotes the hydrogen concentration. Concentration in
mol ml™! are reported in the HM? model and, these must be converted
into mol L ™! to calculate 6,,. Expression (3.4) is used to calculate the net
Gibbs free energy for an overall reaction (3.12) where hydrogen in the ru-
men liquid is converted to methane in the rumen liquid by a methanogen
cell. For such overall reaction, there are three partial intermediate chem-

ical reactions:
1. Hydrogen is transported from the rumen liquid into a cell
2. Hydrogen is converted to methane inside a cell
3. Formed methane is then released to the rumen liquid.

The net Gibbs free energy of an overall reaction is the sum of the net
Gibbs free energy for the partial intermediate chemical reaction of that
overall reaction. That is, the sum of the net Gibbs free energy for these
three chemical reactions is the same as the net Gibbs free energy for the
overall reaction (3.12) where hydrogen in the rumen liquid is converted
to methane in the rumen liquid. Thus, the dissolved hydrogen, methane

and carbon dioxide concentration in the rumen liquid, rather than those
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153 inside a methanogen cell, is used to calculate expression (3.4) and 6,,.

The parameters used to calculate 6, are given in Table 3.1.

Table 3.1: Parameter values used to calculate 6,,, for the HM? model.

Parameter Description Value
[HyO] water concentration 1.00 (activity)
[CHy] dissolved methane concentration in the rumen 3.56 x 1077 (mol ml ™)
[COq] dissolved carbon dioxide in the rumen 5.9 x 107° (mol ml™") [76]
AGS Gibbs free energy of methane production —47.86 (kJ mol™") [21]

at temperature T" under standard conditions
AGurp  energy required to generate one unit of ATP 75 (kJ mol1.p)

R ideal gas constant 8.314 x 1073 (kJ mol ™' K1) [21]
T rumen temperature 312 (K) [67]

1564

1565 The concentration of water is approximated by the water activity

1566 and assumed constant [21]. The solubility of methane at one atmosphere
e (i.e., 100% methane) and 312 K is 11.48 x 1077 (mol ml™") [178]. It was
158 reported by Moate et al. [113] that 31% of the rumen headspace gas is
1se0 methane so that the dissolved methane concentration in the rumen is
570 3.56 x 1077 (mol ml™'). The thermodynamic term 6,, depends on the
s hydrogen concentration and this is certainly not constant in the HM?
52 model. To explore the effect of hydrogen concentration on hydrogen
153 metabolism, equation (3.9), the dissolved methane and carbon dioxide
1574 concentration are assumed to be constant although in reality they will
1575 vary over time. That could be included in future investigations using this
7 model. Under standard conditions, AG4rp = 32.5 kJ mol,;p [1]. The
577 reported AG 4rp for 6 different microbes ranged from 60 to 80 k.J mol ;7.p,
157 with a mean value of 75 kJ moly}, [15]. Although the concentrations
159 of ADP and ATP in cells vary, the changes appear to result in constant
150 values for AG 4rp even when the types of metabolism carried out is very
isa different [162]. Simulation was used to explore the effect of different
122 values of AG 47p on the rate of hydrogen metabolism by a population of
1553 methanogens. With all other parameter values as in Table 3.1, the effect
1ssa of AGarp on the rate of hydrogen metabolism was calculated and the

1ss results are depicted in Figure 3.1. There are differences in the rate of
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hydrogen metabolism at low hydrogen concentration if different values
of AGsrp are used. This should be explored in future to determine its
impact on the outcomes of the full model. For now, let us assume AG srp

is a constant with a value of 75 kJ mol}.p.

4x10
T B = R
T"’s.sf
o} 27
o
= 3t
[e]
Ei / ZS(3A777
£ L 1
gz.s / / ——325
[e]
ko] /1 60
m |
: 0 // ‘ I
S 1.5¢ / ‘ 8
2 /
© L /
2! /
s
2 0.5)
©
0 L L L L | L
24 22 20 -18 -16 -14 12 -10

natural log of hydrogen concentration, mol ml!

Figure 3.1: The effect of AG47p on the rate of hydrogen metabolism.
The values for AG4rp are in kJ molz% p- The left vertical dotted line of
the figure is a typical ruminal hydrogen concentration, 1 x 10~ mol ml™*
[70]. The right vertical line is the maximal possible dissolved hydrogen
concentration at one atmosphere and 312 K in the rumen [76].

Bearing in mind the reference concentration units we have that S, =

[H2]/1000; thus, under the above assumptions

Cin

6, = - 313
N (3.13)
where C,, (mol ml™") is given by
1 1
_ [H20] 2 [CH4] 4 e(AG%m+nm AGarp)/(RT) (314)

1000[CO,) ¥

is a positive constant that is independent of S;,. Finally, the estimated

methane production of the HM? model is calculated based on the amount
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of hydrogen metabolized by methanogens

= X Iml™'s™) . 1
1%, 7 511 0. m (mol ml™" s77) (3.15)

3.3 Effects of thermodynamic term

The effects of 6,, on the steady state solutions of the HM? model are
discussed here. For the purpose of this discussion, «, (3, and the biological
parameters of methanogens will be assumed to be fixed.

When the concentration of products is effectively zero, i.e., P = 0 then
0, = 0 and equation (3.9) reduces to equation (2.1). In this case, the
HM? model is the HM model. Suppose that methane production in the
rumen reaches its chemical equilibrium: methanogens stop metabolizing
hydrogen into methane even though there is sufficient hydrogen. This
rumen environment can be captured by the HM? model, i.e., 6,, = 1.
However, without a thermodynamic term, the HM model cannot describe
the rumen environment where there is any thermodynamic feedback at
all, i.e., the HM model is only applicable to 6,, = 0.

Substituting expression (3.13) into equations (3.10) and (3.11) yields
the system

5/ 4m 5 5 ) -1 1
S, = ——5,X,, — aSy + mol ml™" s77)
h K 15 h n+ Bn ( )

X! =ALEn X, —aX, (cell ml™' s7h) |
where

Sy =5, —C,, (mol ml™") |
K, = K,, +2C,, (mol ml™") |
B = B —aC,, (mol ml~! s71) .

If there is little impact of unfavorable thermodynamics (e.g., C,, = 0, =
0), the size of the apparent K,,, Kcm, will be largely determined by the
capacity of the cell to transport substrate into the cell, i.e., K,, will tend

to K,,. If the thermodynamic inhibition of substrate transformation



1616

1617

1618

1619

1620

1621

1622

1623

1624

1625

1626

1627

1628

1629

1630

1631

1632

1633

1634

1635

1636

1637

1638

Chapter 3. Thermodynamic term and HM’ model 67

increases (C,, > 0), then the contribution of K,, will diminish and the
thermodynamic control of substrate transformation will increase so that
K,, will tend away from K,,. This is consistent with the expectations of
Jin and Bethke [78], that under thermodynamically unfavorable rumen
environment there will be a decrease in the affinity of microbes for their
growth substrate and that thermodynamics rather than diffusion and cell
envelope architecture will play a major role in determining the rate of
substrate transformation.

Note that the form of the above system is the same as that for the HM
model. The analytical results from Chapter 2 can thus be readily adapted
to this system. By the same arguments given for systems (2.4) and (2.5),
systems (3.10) and (3.11) has two equilibrium points, (S2*, X9*). Table
3.2 lists the equilibrium points for both systems. Note that (S¢*1, X%1) =
(Sit, Xx1). These points describe where the initial methanogen popula-
tion is zero or methanogens cannot maintain themselves in the rumen so
that no hydrogen is metabolized into methane in the long term. Hydro-
gen concentration thus has no effect on the rate of hydrogen metabolism
(i.e., both points are independent of C,,). For the same parameters be-
tween the HM and the HM? models, because S%*? > S;2. less hydrogen
is metabolized by methanogens so that X%? < X*? and M? < M.

The eigenvalue of the HM? model, A\, and ), are calculated from the

Jacobian matrix, J, of the above system. From the analytical results of
the HM model,

QH116%1)(n1 qﬂmfih
—4mBmam __ n )\ — dmoh_
(}(ﬂl‘#é;h)Q Kpm+Sh
det(J — \I) =
Em”m‘]meXm E (”QOgh —-m ) — o — )\
m 2 3 m

(l(%14’5%1)2

Then, the values of S, and X, at (SZ*, X%) are substituted in the
Jacobian, and the equation det(J — AI) = 0 is solved to get A\, and ;.

For the HM? model, at (S7*!, X%1) the eigenvalues are therefore

Aal = —a,

_ { En(nmgm —mipn) — « 0
e < (K + Cr) + B > (=087 -
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w0 At (S92 X9*2) the eigenvalues are

—(a+E) £/ (a+E)2 —4(Enmy, + a)=

)\a2 > )\bQ - 9 5

140 where

(K +2C,)(Br — aSP?)
(82 = Co) (K + Sp2 + Cr)

—_
—
—

If the chemical reaction of methane production does not reach its chem-

Table 3.2: Equilibrium points of the HM and HM? models

Equilibrium  Equilibrium
point one point two

Ii:PVI IIl()(1(31 t;;:l g /3}L//(y :57:2 — lkfnq()/h177ln1‘F(l)

Ym(”QO—mm)—Ol

1 52 _ (Bn—0S;?)Ymnm
‘)(T771 - () A)(f7rl - Yimmm—+a

HM’ model | S{*! = B, /o Sf*2 = S;? 4 (nltmantmm)ta)Crn

Y (nm Qm —Mm ) —x

01 _ 9x2 __ (Bn—aSp*?)(Km+57*2+Cin)
Xm — O Xm — Qm(SZ*2_C’m)

1641

142 1cal equilibrium, then
S > 0, > 0. (3.16)
1643 Suppose that S*? > 0 and X%? > 0. Then E,, =Y,
Yo (RmGm — M) —a >0 (3.17)
164 and

By — S >0 . (3.18)
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From inequalities (3.16) and (3.18), yield

% >8> L >0. (3.19)

If both inequalities (3.17) and (3.19) are satisfied, then (S7*2, X%2) is the
stable steady state solution of the HM? model.

thermodynamic term (em)
© © © o o o o o o
— N w N 6] (2} ~ (ee] [de]
T T T T T T T T T
Il Il Il Il Il Il Il Il Il

O0 1 2

passage rate (o), s~ x 107

Figure 3.2: Thermodynamic term for a range of passage rate values and
typical parameter values found in the literature (Tables 2.1 and 3.1).

From equation (3.13), the thermodynamic term is a function of hy-
drogen concentration, which is a function of passage rate. Thus, the
thermodynamic term is a function of passage rate as illustrated in Fig-
ure 3.2. From Figure 3.2, for 0 < o < 3.272 x 107° s7%, 0,, = 1,
and no hydrogen can be transformed to methane by methanogens due
to the thermodynamic penalty. For o > 10.406 x 10~° s~!, the whole
methanogen population will be eliminated due to passage rate. Thus, no
hydrogen is metabolized into methane by methanogens and so there is no
thermodynamic feedback (6,, = 0). Each passage rate value is associated
with a hydrogen concentration. That is, hydrogen can be metabolized

by methanogens only when the hydrogen concentration is greater than a
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hydrogen concentration threshold, i.e., S, > C,,, so that 6,, < 1 based
on expression (3.13) and the chemical reaction occurs in the forward di-
rection allowing substrate to be metabolized for methanogen growth and
converted into products. With the same typical parameter values found
in the literature (Tables 2.1 and 3.1), C,, = 1.004 x 107'° mol ml".
Such hydrogen concentration threshold values have been measured for
a range of methanogens in laboratory experiments. These range from
0.206 x 1071° t0 0.737 x 10~'° mol m1 " [24], and are of the same order of
magnitude as C,,. The differences in the magnitude of ), versus results
from Cord-Ruwisch et al. [24] could be the result of temperature (37°C
constant in the rumen versus 28 — 34°C), different biological characteris-
tics of the methanogens, and environment (passage rate versus no passage
rate when working with pure cultures in test tubes). One novelty of the
HM? model is that the substrate threshold is an emergent property of the
model. The HM model (and existing models, e.g., [51]) does not result
in such hydrogen concentration thresholds. Substrate thresholds are a
major decider of competitive success in anaerobic systems [24], [100].

For the same parameters values between the HM and the HM? models,
it is possible that the stable steady state solutions of the HM model and
the HM? model are different. That is, the predicted behavior of these two
models could be different for the same rumen environmental condition.
When C,, > S22 and both inequalities (3.17) and (3.18) are satisfied,
(552, X2) is the stable steady state solution of the HM model. However,
from the HM? model, (S9*2, X%?2) is a saddle point. When C,, > S22,
for the HM? model, A,,(S;,) < 0 leads to

and
Em(nm%n - mm) —a<0 )

such that (S9*1, X9*1) is the stable steady state solution of the HM? model
instead of (S9*2, X%?2). That is, when the steady state hydrogen concen-

tration is less than the critical hydrogen concentration threshold imposed
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by thermodynamic control, no hydrogen is metabolized by methanogens
to gain ATP. Therefore, methanogens cannot reproduce and are in the
decay mode so that the methanogens population density becomes zero

over time due to passage rate.

3.4 Summary

Substrate and product concentrations in the rumen can shift fermenta-
tion pathways, resulting in different microbial community composition,
different amounts of volatile fatty acid (that are used by the ruminants
to produce meat, wool and milk) and change in methane production [84].
For instance, the hydrogen concentration can influence the rate of hydro-
gen generation in the rumen, by differentially influencing the efficiency
of the different fermentation pathways that are active [76].

In this chapter, a representation of thermodynamic control (by intro-
ducing a thermodynamic term #) is developed to improve modeling of
hydrogen dynamics. This is a proposed extension (listed in Section 2.7)
of the HM model. This refinement allows for thermodynamic feedback
using known values of AG for reactions, and accurate concentrations
of substrates and products. It yields a substrate threshold, equation
(3.14), below which a substrate cannot be metabolized; this threshold is
dependent on the concentrations of substrate and products. From the
HM model, there is a positive methanogen population, if and only if
methanogens can tolerate the passage rate (they are not washed out)
and there is sufficient food supply (they are not in starvation mode),
i.e., inequalities (2.17) and (2.18) are both satisfied. In addition to these
requirements, for the HM? model, there is a positive methanogen popula-
tion, if and only if the substrate threshold is also satisfied, e.g., S7* > C,,.
By equation (3.13) this guarantees that # < 1 and the chemical reaction
occurs in the forward direction allowing substrate to be metabolized for
methanogen growth and converted into products.

The HM? model can be further extended by modifying it to include
more microbes, including those that ferment the ingested feed to gen-

erate hydrogen via fermentation pathways. In such an extension, both
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rates of hydrogen generation and hydrogen metabolism are influenced by
the hydrogen concentration and products of other microbial fermentation
pathways. The thermodynamic terms of each of the fermentation path-
ways would capture this behavior. Such an expansion of the HM? model
would also be useful to explore methane mitigation strategies (i.e., strate-
gies that lead to a smaller methane production, M) via the hydrogen-
methanogen dynamics. In current models of rumen function (e.g., [4],
[31]), yield factors of volatile fatty acid profiles are predetermined for
different types of feed components leading to poor estimation of volatile
fatty acid profiles [38], [117]. An extended HM? model, could provide
an alternative to overcome these limitations of current models of rumen
function, where the microbial growth kinetics and the thermodynamic
feedback on this growth from the substrates and products of the fermen-
tation (such as hydrogen and volatile fatty acids) determine the com-
position of the rumen microbial community, the fermentation pathway
used, and the volatile fatty acid profiles. The volatile fatty acid profiles
can be calculated from the population densities of the various microbes
that use different fermentation pathways leading to different ratios of end
products (including volatile fatty acids) and different yields of hydrogen
per unit of ingested feed. Such a model is developed in Chapter 4.
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Glucose-hydrogen-
methanogen

dynamics

In the HM and HM? models (Chapters 2 and 3), the hydrogen generation
rate is an input parameter acting as a direct hydrogen “hose” into the ru-
men. In reality, hydrogen is generated from feed ingested by ruminants.
The microbes in the rumen ferment the plant structural material in the
feed, much of which is not able to be digested by the mammalian digestive
system. The main end products of the primary fermentation of feed are
volatile fatty acids (e.g., acetate, propionate and butyrate, listed in order
of increasing carbon chain length), ammonia, hydrogen, carbon dioxide
and microbial cells. The volatile fatty acids are absorbed by the rumi-
nants as energy sources for the animal or converted into animal products
such as meat, milk and wool. The hydrogen is used by methanogens to
produce methane, as modeled by the HM and HM? models. The amount
and rate of methane production is proportional to the net amount and
rate of hydrogen generation from fermentation pathways in the rumen
[68], because nearly all the hydrogen is rapidly converted to methane.
The rate of hydrogen production is determined by the activities of the
different microbes using different fermentation pathways. Importantly,
the amount of hydrogen formed from a given amount of feed depends

on the chemical nature of the feed and on the metabolism of the mi-

73
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wes  crobes fermenting the feed. For the same type of feed, different feed
wea  fermentation pathways lead to different end products, including differing
s amounts of hydrogen, and so to differences in methane production [76].
wes  Feed fermentation pathways are subject to thermodynamic control: if
ez the hydrogen concentration decreases, then this leads to more hydrogen
wes being generated from fermentation pathways and hence more methane
o production [76] and different microbial community composition [84]. In
7o this chapter, the HM and HM? models are extended to a model that

v includes examples of feed fermentation pathways.

= 4.1 Glucose fermentation pathways and glu-

- cose fermenters

e Ingested feed is first broken down to monomers such as glucose, which
s can then be fermented by multiple types of glucose fermenters. The
e following are two examples of glucose fermentation pathways. A more
1wz comprehensive discussion of glucose fermentation pathways can be found

s in Appendix B.

C6H1206 — CHSCHQCHQCOO_ + 2 H2 + 2 CO2 + HT ,
C6H1206 — CHgCOOi -+ CH:},CHZCOOi + H2 -+ COQ +2 HT .

w9 Here CgHi20g is glucose which comes from the feed and CH3COO™,
o CH3CHoCOO™ and CH3CHyCHo,COQO™ are the volatile fatty acids: ac-
a1 etate, propionate and butyrate, respectively. Let A, P and B represent
sz acetate, propionate and butyrate, respectively. Then, these chemical

73 equations can be written more concisely as

glucose — B +2 Hy +2 COy + H |
glucose = A+ P+ Hy +COy +2 H .

wse  Collectively, glucose fermenters are able to metabolize glucose using many
wes  different pathways, but individual types of glucose fermenters generally

wss  have a limited repertoire. For the purpose of this project, each type
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wer  of glucose fermenter is associated with one of the pathways. Let X;
e (cell ml™') denote the population density of each type of glucose fer-
e menter. These glucose fermenters gain ATP by metabolizing per mole
o of glucose, n; (molarp molfl), and n; can vary even for the same fer-
wo1  mentation pathway (See Appendix C). Different glucose fermentation
w2 pathways yield different amounts of hydrogen that affect the hydrogen-
13 methanogen dynamics [76], [84], which lead to different end product pro-
wes  files and methane production.

1795 Using glucose as a reference substrate, each glucose fermentation

s pathway can be generalized as

glucose + wy, HoO — wa, A + wp, P + wg, B + wp, Hy + weq,COy + wy+ HT |
(4.1)

oz where the w are the unitless stoichiometric coefficients of the chemical
wes  equation and the subscript ¢ indicates the glucose fermenter that uses this
o pathway. Namely, in every ml rumen liquid, glucose fermenter ¢ converts
100 each mole of glucose into wy, moles of A, wp, moles of P, wp, moles of B,
or Wy, moles of hydrogen (Hs), w.q, moles of carbon dioxide and wy+, moles
1802 of hydrogen ions. Note that Hy contributes to the hydrogen generation
1803 rate, [, and hydrogen ions contribute to the pH of the rumen. Not all
18os  fermentation pathways produce all of these end products so some of the
o5 stoichiometric coefficients could be zero. However, at least one of wy,,
106 Wp,, Wp, must be positive because one or more of acetate, propionate
107 or butyrate is always the main end products from glucose fermentation.
18os  Production of volatile fatty acid is subjected to thermodynamic control
100 [84]. In each glucose fermentation pathway (chemical reaction), the con-
0 centration of the products could limit the substrate (glucose) metabolism.
181 Just as a thermodynamic term, 6,,, was introduced to model thermody-
1812 namic control in the metabolism of methanogens with respect to chemical

13 reaction (3.12), this thermodynamic term, 6;, for glucose fermenter i is

[A]wAi [P]UIPZ‘ [B]wBi [HQ]’whi [CO2]wcdi [H'WUIH?% e(AG%i +n; AGarp)/(RT) (

b: = [glucose|[HyO]*wti

unitless) .

1814 Recall that 0 < 6 < 1 (Section 3.2). A glucose fermentation path-
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way with 6; = 1 is at its chemical equilibrium so metabolism of glucose
through that pathway will stop. A pathway with a greater value of 6; is
thermodynamically less favorable than one with a smaller 6;, as deter-
mined by the rumen environment. Through 6;, a greater concentration of
hydrogen, [Hy], will thermodynamically favor glucose fermentation path-
ways that produce less hydrogen (those with a smaller magnitude of wy,,).
Note that [Hs| is in the numerator of §; but is in the denominator of 6,,.
A lower hydrogen concentration favors glucose fermenters that produce
more hydrogen (i.e., those with a smaller 6;) but disfavors methanogens
(by increasing 6,,) so that more glucose will be fermented to produce
more hydrogen for methanogens, which in turn favors the methanogens
but disfavors glucose fermenters. This feedback mechanism can reach
an equilibrium where the net hydrogen concentration is stabilized at the
same level by methanogen population. This is where the amount of hy-
drogen generated from the glucose fermentation pathways is metabolized
into methane at any instant. In a more realistic rumen model with tem-
poral variation, the population of glucose fermenters and methanogens
would interact through the hydrogen pool and the effects of substrate

and product concentrations via #,, and 6;.

4.2 GHM?’ model

4.2.1 Objectives

A more comprehensive model of methane production in the rumen must
include representations of the interaction between glucose fermenters,
glucose, volatile fatty acids, methanogens and hydrogen. This is achieved
by extending the HM? model to include fermentation pathways and
glucose fermenters, to yield a mechanistic model of glucose-hydrogen-
methanogen dynamics with thermodynamic terms (the GHM? model).
Both rates of hydrogen generation and hydrogen metabolism are influ-
enced by the hydrogen concentration and products of feed fermentation
pathways, as captured by the thermodynamic terms. This GHM? model
is developed in this chapter.
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4.2.2 Assumptions

The assumptions of the GHM? model are adapted from the HM? model.
Between the assumptions of these models, one of the main differences
arises because the hydrogen generation rate is assumed to be a direct in-
put parameter in the HM? model but not in the GHM? model. Instead,
in the GHM? model, there is a glucose input parameter, which can be
considered as a rate of generation from feed breakdown, and hydrogen is
generated by the glucose fermenters. In the rumen, the glucose genera-
tion rate depends on the ingested solid feed. The breaking down of the
feed into glucose does not occur instantaneously in the rumen (because
of the nature of the feed). Feed and microbes pass through the rumen as
ruminants keep ingesting solid feed, drinking liquid and secreting saliva,
with the flow of material out of the rumen being commonly described as
the passage rate. That is, both rates of glucose generation and passage
are dependent on the amount and nature of solid feed. Also, glucose gen-
eration rate is not independent of the passage rate. However, the explicit
relationship between rates of glucose generation and passage is not known
for all the different amount and nature of feed digested. In this project,
for simplicity, we choose the glucose generation rate is independent of the
passage rate (i.e., the glucose generation rate and the passage rate are
modelled as independent) and independently explore these rates on the
effect of the microbial community and methane production against the
conceptual model presented by Janssen [76] and a chemostat experiment
conducted by Isaacson et al. [72] (Chapter 5). In future investigations,
the amount and nature of feed digested can be integrated into the GHM?
model, and both rates of glucose generation and passage can be esti-
mated based on different arbitrarily selected functions with respect to
the amount and nature of feed digested. That is, based on the amount
and nature of feed digested, both rates of glucose generation and passage

can be self-adjusted in such extension of the GHM? model.

1. Methanogens, hydrogen, glucose fermenters and glucose are uni-

formly distributed in the rumen liquid contents.

2. Methanogens randomly capture hydrogen, with no competition
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10.

11.

12.

13.

among methanogens for hydrogen, and glucose fermenters randomly
capture glucose, with no competition among glucose fermenters for

glucose.

No other microbes compete for hydrogen with the methanogens or

glucose with the glucose fermenters.

. Hydrogen is the only energy source for methanogens, which in-

stantaneously metabolize hydrogen to gain ATP, and glucose is the
only energy source for glucose fermenters, which instantaneously

metabolize glucose to gain ATP.

Fach methanogen cell metabolizes hydrogen at the same rate to
gain ATP and needs the same amount of ATP for maintenance, and
each glucose fermenter cell metabolizes glucose at the same rate to

gain ATP and needs the same amount of ATP for maintenance.

The gained ATP is used either to maintain existing cells or to repro-
duce, and new methanogens and glucose fermenters are biologically

identical to their existing cells.

Methanogens and glucose fermenters cannot reproduce unless there

is an ezcess of ATP beyond what is needed for their maintenance.

Hydrogen and glucose are lost through passage rate or consumption

by methanogens and glucose fermenters.

Methanogens and glucose fermenters are lost only by existing the

rumen (passage) or “starvation” (i.e., there are no predators).
The passage rate in the rumen is constant.

Hydrogen is only generated by glucose fermentation and there is

no other source of hydrogen in the rumen.
The glucose generation rate in the rumen is constant.

The absorption rates of acetate, butyrate and propionate in the

rumen are constant but do not have to be the same.
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14. From metabolizing substrates, the energy required for one mole
of ATP formation, AGarp, is constant and the same for both

methanogens and glucose fermenters.

15. The pH value in the rumen is constant.

These assumptions are simplifications of what actually occurs in the ru-
men. For example, the absorption rates of acetate, butyrate and pro-
pionate in the rumen are not constant. The pH value in the rumen is
not constant [22]. The amount of new cell material that is produced per
unit of ATP is different for methanogens and glucose fermenters [147],
[160]. As noted in Section 3.2., although the concentrations of ADP and
ATP in cells vary, the changes appear to result in constant values for
AG grp even when the types of metabolism carried out is very different
[162]. We therefore make assumption 14 for modelling purposes. How-
ever, the GHM? model can be expanded and implemented into models
of whole rumen function to address more complex assumptions. At this
stage, these simplifications are introduced to explore the model here and

analytically in the next chapter (Chapter 5).

4.2.3 Model formulation

Let subscript g, h, ¢ and m, respectively, indicate the parameters and
variables related to glucose, hydrogen, a type of glucose fermenter asso-
ciated with a particular fermentation pathway and the methanogens. For
instance, S, (mol ml~") denotes the (dissolved) glucose concentration, Sj,
(mol ml™") denotes the (dissolved) hydrogen concentration, X; (cell ml™")
denotes the population density of a type of glucose fermenter i and X,
(cell mI™") denotes the methanogen population density. Methanogens
and each type of glucose fermenter have the same set of biological pa-
rameters (n, ¢, K, m, d and Y') and these are distinguished for the
different microbial populations by their subscripts. In addition to those
listed in Tables 2.1 and 3.1, other parameters of the GHM? model are
listed in Table 4.1. Ruminal parameters «, v, vp, vp and 3, depend on

the rumen environment, and are non-negative. The biological parame-
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w3 ters of glucose fermenters may be variable. For simplicity we will assume

1030 these parameters are positive constants.

Table 4.1: Additional parameters used in the GHM? model.

Parameter Description Unit
YA VP VB absorption rate of s~
acetate, propionate and butyrate
By rate of glucose generation mol ml~" s !
n; ATP gained by glucose fermenter i mol47p mol ™
metabolizing per mole of glucose
Qi maximal rate at which glucose fermenter 7 mol cell ! 71
can metabolize glucose
K; glucose concentration at half of ¢; mol ml™!
assuming no thermodynamic feedback
m; maintenance requirement of glucose fermenter 4 mol 47p cell ™! g~
d; death coefficient of glucose fermenter ¢ 571
Y reproduction coefficient of glucose fermenter cell mol;p
[HT] hydrogen ion concentration mol ml ™"
AGY, Gibbs free energy of glucose fermentation kJ mol ™!
at temperature T' under standard conditions
wa, wp, wp,  moles of acetate, propionate and butyrate unitless
generated from each mole of glucose fermented
by glucose fermenter ¢
Wyt, Weq; wy+, moles of water, carbon dioxide and hydrogen ions unitless
generated from each mole of glucose fermented
by glucose fermenter ¢
Wh, moles of hydrogen generated unitless
from each mole of glucose fermented
by glucose fermenter ¢
1940 There is an excess of water (HyO) in the rumen and the water activity

w4 is assumed constant at one. Glucose is the growth rate-limiting substrate

w2 for glucose fermenter 7 in glucose fermentation pathway (4.1). Thus equa-

a3 tion (3.8) can be adapted to model the kinetics of glucose when glucose

10aa 18 significantly limited with respect to products (volatile fatty acid and

s hydrogen concentrations) or when the glucose fermentation pathway is

1w at its chemical equilibrium state such that no glucose is converted into

147 products. The interaction between glucose and multiple types of glucose
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s fermenters can thus be described by

SI — — qug(]- - 01)
g — K;+S,(1+6;)

X! = AEX; —aX; (cell ml™ s71) (4.3)

X; —aSy+ B, (mol mlI™" s71) | (4.2)

149 Where
o n:¢;Sy(1 — 6:)
COK + S, (1+6)
Y;, if A(S,) >0,
di i Ay(S,) <0,

m;’

—m; (molarp cell™* s_l) ,
Ei ==

1950 For the volatile fatty acids (VFA): acetate, propionate and butyrate,
w51 let Sy (mol ml™') denote the acetate concentration, and Sp (mol ml™*)
w2 denote the propionate concentration, Sg (mol ml™') denote the butyrate
ws3  concentration. That is, Sy = [A], Sp = [P] and Sg = [B] for 6;. The

1054 rate of change of acetate, propionate and butyrate are

—0;)
SA_Z“’ ZK +S (1+6;)

X; —yaSs —aSy (mol ml™' s71) | (4.4)

nn

/ qiSy(1 — ) -1 1
= . X; — — 1 ml 4.
Sp ;:1 wp, Kt S, 1 690 vpSp — aSp (mol ml™" s77) | (4.5)

r_ — Qng(l - 91) o . 1 1
SB = Z’LUBZ. KZ I Sg(l —I—HZ)XZ 'YBSB OéSB (mol ml S ) . (46)

i=1
1055 The interaction between hydrogen and methanogens is the same as
1956 the HMG model
QmSh(l - Om) -1 1
Sr = — X, — aS 1 ml 4.7
T TR Sy 6, o A fmolmEEs ()
X = AN En X, —aX,, (cellml™ s71) (4.8)

1057 where

o anmSh(l - em)
0

™= — My, (mol nts!
Ko+ 5015 0) My (Molarp ce s,
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Ym7 if Am(Sh) >0 ,

E, =
Lo if A (Sn) <0

Concentrations are reported as mol ml™" in the GHM? model, so these

must be converted into mol L™ to calculate 6; and 6,,. For methanogens,

0,, is the same as in the HM? model. In the HM? model, the hydrogen

generation rate, (5, was a direct input parameter. In the GHM? model,

the hydrogen generation rate is calculated from the glucose fermenter

population density and glucose fermentation pathways as follows:

_ S qZSg(l—HZ) ) -1 -1
By, = ;mei%—Sg(l%—@i)Xz (mol ml™" s77) .

From the HM model, the actual sensitivity value of methane pro-
duction with respect to hydrogen generation rate is one. The rate of
methane production is proportional to the net rate of hydrogen gener-
ation from feed in the rumen [68]. Glucose is fermented to hydrogen
then metabolized to methane (equation 3.15). In this GHM? model, the
ratio between the hydrogen generated rate and glucose generate rate at
a time ¢, (,/8,, is used as a measure to compare methane production
from different rumen environments: a lower ratio leads to less estimated
methane production.

Let us refer to the five equations, (4.2), (4.3), (4.4), (4.5), and (4.6) as
Part (1) of the GHM? model. Similarly, let us refer to the HM? model or
the two equations (4.7) and (4.8) as Part (2) of the GHM? model. Part (1)
models the processes associated with the glucose fermentation pathways
that yields volatile fatty acids, hydrogen and other end products. Part
(1) affects Part (2) via the hydrogen generation rate. Part (2) then influ-
ences Part (1) through the hydrogen concentration in the thermodynamic
term 6;. The GHM? model is new as no previous models in the literature
included dynamic pools of all of: the glucose, hydrogen and volatile fatty
acids substrate, multiple glucose fermenter populations each associated
with different fermentation pathways, and the methanogen population.
This GHM? model describes the interaction among glucose fermenters,

glucose, volatile fatty acids, methanogens and hydrogen in the rumen, as
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demonstrated in the flowchart Figure 4.1. The thermodynamic terms 6;
and 6,, link these variables and so model the effect of glucose and hydro-
gen concentration and other products of glucose fermentation pathways
on the rates of glucose metabolism, hydrogen generation and hydrogen
metabolism.

The GHM? model provides an alternative approach to current repre-
sentation of fermentation based on stoichiometric profiles from feed com-
ponents. In current models of rumen function (e.g., [4], [31]), volatile
fatty acid profiles (5%, S5 and S3) are estimated based on yield factors
for different types of feed components. However, such yield factors are
not adequate in estimating the volatile fatty acid profiles for all feed com-
ponents [38]. In contrast, the GHM? model could estimate the volatile
fatty acids profiles from glucose fermentation pathways without prede-
terming yield factors. Changing rumen environments would have differ-
ing impacts on glucose fermenters and methanogens. If multiple types of
glucose fermenters could co-exist as predicted by the GHM? model, but
their activities and population size changed in response to changes in ru-
men environments, the GHM? model could respond by altering volatile
fatty acid profiles and estimated methane production.

The next step is to examine the behavior of the GHM? model with
one type of glucose fermenter. Then expand it to two or more types
of glucose fermenters, to explore whether there is a stable co-existence
of glucose fermenters that respond to changing rumen environments by

altering the ratio of different products formed.



84 Chapter 4. GHM’ model

a rumen N\
i @ B » hydrogen )

h 4

fermenters methanogens

Keys:
Ll ;

Substrate Population End Substrate Thermodynamics,
pools of microbes products .and mlc.robe substrate and

interaction product feedback

e LN LA »
Ruminal Substrate : Substrate
. Absorption _

passage rate generation rate metabolism

Subscript keys:

g - glucose
h - hydrogen

Figure 4.1: Flowchart of the GHM? model.
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Chapter 5

Co-existence

5.1 Introduction

Multiple microbial populations are known to co-exist in the rumen. In
this chapter we investigate co-existence of various glucose fermenter pop-
ulations and methanogens. In this work the different glucose fermenter
populations are associated with different feed fermentation pathways, but
all have glucose as their growth limiting substrate. The methanogens are
modeled as one population associated with one fermentation pathway

(3.12) and hydrogen is their growth limiting substrate.

5.1.1 Competitive exclusion principle

The problem of co-existence of multiple fermenter populations compet-
ing for the same growth limiting substrate has been well studied in the
chemostat literature ([17], [29], [96], [140], [146], [183], [184]). In this
section, we summarize some of the results of this work rewritten in the
context of multiple glucose fermenter populations competing for the sub-
strate glucose. We use the notation established in Chapter 4. Note
that the chemostat literature does not include a thermodynamic term,
so 6; = 0 in the equations presented in this summary.

Let X; denote the population density of one type of glucose fermenter.
For the population to survive in the long term so that its steady state

population, X > 0, it must long term be in its reproduction mode so
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that it can maintain itself in the rumen, i.e., F; = Y;. With E; = Y; and
6; = 0, the equations (4.2) and (4.3) from Chapter 4 can be written as:

Qng

Yin;q; S,
X! = 22229 Yim,; — X; .
’ <Ki+sg " CY)

At steady state, (S;, X[), the reproduction rate of the glucose fer-

menter, (;, is given by

Z_—_}/; )
a K;+ 95, m

and is necessarily the same as the passage rate, i.e., yu; = «, for X; > 0.
We refer to p; as the break-even reproduction rate of the glucose fer-
menter population. For any positive value of passage rate «a, there is ex-
actly one positive value of steady state substrate concentration, denoted
as S;‘(z'), that guarantees glucose fermenter i survives at the steady state
(Figure 5.1).

>
Sg (1) S

Figure 5.1: Growth rate of a type of glucose fermenter i with a single
growth limiting substrate glucose (Sy).

Suppose there is another type of glucose fermenter with population

density denoted by X;. For glucose fermenter populations i and j to



2045

2046

2047

2048

2049

2050

2051

2052

2053

2054

2055

2056

2057

2058

2059

2060

2061

2062

2063

2064

2065

2066

2067

2068

2069

2070

2071

2072

Chapter 5. Co-existence 87

survive long term, they must be in their reproduction mode in the long
term in order to maintain themselves in the rumen, i.e., F; = Y; and
E; =Y;. With E; =Y, E; =Y and 0, = 6; = 0, equations (4.2) and
(4.3) become:

Qng
Yin;q; S,
X = 2222 _yom, — X,
’ (Ki + Sg " Oé)
Yjn;q;Sq
;Xi; _— <:—j§5;—:;—1;2;' - )<;77lj — X ;Xij .

At steady state, the existence of each fermenter population requires
its break-even reproduction rate, y; and i, to be the same as the pas-
sage rate (i.e., y; = p; = «). For any positive value of passage rate,
there is exactly one positive value of steady state substrate concentra-
tion, denoted S} (i) and S;(j), that guarantees glucose fermenter i and j,
respectively can survive. There is only one possibility for co-existence,
when S¥(i) = S;(j), which is where the two curves in Figure 5.2(b)
intersect such that p; = p1; = a. Otherwise, the glucose fermenter popu-
lation that survives is the one that can grow at the lowest growth limiting
steady state substrate concentration. Mathematically, the model predicts
that the glucose fermenter with the best traits for the given environment
(the one that can grow at the lowest growth limiting steady state sub-
strate concentration) will survive. For instance, in Figure 5.2(a), because
Si(i) < S3(j), glucose fermenter i will survive and glucose fermenter j
will die out. Note that we can add multiple types of microbes that all feed
on the same single growth limiting substrate into the environment and
this result will hold: the only possibility for co-existence of any two or
more fermenter populations, is in the unlikely case that their break-even
reproduction rates are the same and less than the break-even reproduc-
tion rates of the other fermenter population. Otherwise, the population
that can grow at the lowest growth limiting steady state substrate con-
centration will win and the others will die out in the long term. This

is known as the competitive exclusion principle [146]. The first mathe-
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matical proof is provided by Hsu et al. [63] and a simpler, elegant proof
using LaSalle’s extension theorem from Lyapunov stability is given in
[64]. Note that the competitive exclusion principle has been shown to
hold for a variety of other specific growth rate functions (e.g., Monod and
other monotone growth rate functions [17], [29], [96], [140], [146], [183],
[184]). A common feature of the specific growth rate functions studied
in each of these competitive exclusion studies is that they are functions

of the growth limiting substrate .S only.

Figure 5.2: Growth rates of two types of glucose fermenter i and j
that compete for the same single growth limiting substrate. (a) No co-
existence of glucose fermenter i and j. (b) Co-existence.

For the GHM? model presented in Chapter 4, if we consider only
the glucose fermenter populations (that is, the methanogen population is
zero) and no thermodynamic feedback (so that the thermodynamic term,
0; = 0), then the work done by Hsu et al. [63] shows that one type of
glucose fermenter will always win. That is, there can be no (stable) co-
existence of glucose fermenters in the rumen (except in the highly unlikely
case that all of the glucose fermenter populations grow at the same break-
even reproduction rate for the steady state substrate concentration which
can happen at most at one positive value of passage rate, o). However, it
has been observed that co-existence of glucose fermenters does occur for

more than one value of passage rate [70], [139]. Thus, the competitive
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exclusion principle concluded from this model is paradoxical. It is then
reasonable to ask if the inclusion of the thermodynamic term described
in Chapter 4 is able to model co-existence of multiple types of glucose

fermenters.

5.1.2 Thermodynamic term for co-existence

In the competitive exclusion models found in [29], [140], [146], the growth
rate of microbes are modeled as a function of the growth limiting sub-
strate (e.g., Monod model [115]). In the GHM? model, by including a
thermodynamic term (€), the specific growth rate of the microbe is mod-
eled as a function of the end products (to capture the inhibition effects
of end products on substrate metabolism) as well as the growth limiting
substrate. So it is reasonable to ask if including this thermodynamic
term in the GHM? model can model the co-existence of more than one
type of glucose fermenter at more than one value of passage rate.

Note that changing the passage rate does not change the outcome of
competitive exclusion when using the Monod growth rate model only (or
any other specific growth rate function that is a function of substrate
only) [146]. But different types of glucose fermenters are associated with
different fermentation pathways that lead to different end products, in-
cluding differing amounts of hydrogen, and so to differences in methane
production [76]. Thus, a co-existence of different types of glucose fer-
menter causes different methane production with the same glucose gen-
eration rate (i.e., the amount of feed). So it is also interesting to ask if
changing the passage rate in the GHM model with the thermodynamic
term (and so growth rate dependent on substrate and end product con-
centration), can lead to co-existence of different types and/or mixture of
glucose fermenters (and hence different methane production).

Note that as this thesis was being completed, GroBlkopf and Soyer
[51] used a thermodynamic term to show co-existence of two types of
microbes metabolizing the same single growth limiting substrate. How-
ever, they did not consider that energy is required to generate ATP (i.e.,

AG 4rp is not included in their model and thermodynamic term) and
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they only demonstrated a co-existence of two microbes utilizing fermen-
tation pathways that yield different end products without classifying the
stability of such a co-existence. In this chapter, the co-existence of two
types of glucose fermenters competing for glucose that share at least one

common end product is explored using the GHM? model.

5.1.3 Outline of the chapter

We start by looking at the case of one type of glucose fermenter associated

with the fermentation pathway
glucose — B +2 Hy +2 COy + HT |

and a methanogen population associated with pathway (3.12) to explore
co-existence of one glucose fermenter population with the methanogens.
As these two populations feed on different growth limiting substrates,
co-existence is generally expected. We will then extend our analysis to
explore co-existence for two types of glucose fermenters feeding on the
same growth limiting substrate, but associated with different fermenta-

tion pathways. These pathways share at least one common end product:

glucose — B +2 Hy +2 CO, + H |
glucose = A+ P+ Hy +COy +2 H .

We will model these cases using the GHM? model (Chapter 4). In both
cases, the stability of the equilibrium point(s) are examined from the
eigenvalues of the Jacobian matrix. These two glucose fermentation path-
ways are used as an example to demonstrate and explore the mechanism
of co-existence, as predicted by the GHM? model. The case of two gen-

eralized fermentation pathways is investigated in Section 5.4.1.
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5.2 One type of glucose fermenter

5.2.1 Analytical results

Suppose there is a type of glucose fermenter population that is labelled
as glucose fermenter 1. Let X; denote the population density of glucose

fermenter 1 associated with the pathway
glucose — B +2 Hy+ 2 COy + HT . (5.1)

The thermodynamic term for this pathway is

0. — [B][H]?[COo]*[H] o(AGH, 411 AGarp)/(RT) _ (SB)(Sh)*Cy
! [glucose] S, ’

where (' is a positive constant based on the assumptions that all the
following are constant in the rumen: the pH value (i.e., [HT]); the en-
ergy required for one mole of ATP formation by the glucose fermenter,
AG 4rp; the dissolved carbon dioxide concentration, [COs| and the rumen
temperature, 7. Let X,, denote the methanogen population associated
with the pathway given by equation (3.12). The thermodynamic term for
this pathway is equation (3.13). We are interested primarily in whether
this glucose fermenter population and methanogens can co-exist in the
long term (i.e., at their steady state population, X} and X, X} > 0 and
X} > 0). For this to occur, both glucose fermenter and methanogens
must long term be in their reproduction mode so that they can maintain
themselves in the rumen, i.e., £y = Y; and F,, = Y,,. Otherwise, they

will be eliminated. The GHM? model for this scenario becomes

(S, — (SB)(Sw*C)
K1+ S, + (S5)(Sn)2Cy

S = X, —aS, + 8, , (5.2)

, Yin1qi(Sy — (SB)(Sk)*Ch)
X! = —Y; — Xy, 5.3
! ( K+ S, + (Sp)(Sp2cy, 1™ ' (53)
’ Gm(Sn — Cin) 01(Sy — (SB)(Sk)?*Ch)
L/—_— X, — aS, +2 X1,
b UK, + S+ O O T R F 8, + (S5)(Sn)?Cy
r Ymanm(Sh B Cm)
Xm - ( Km T Sh T Cm Ymmm 04) Xm 5
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o 01(Sy — (SB)(Sk)*Ch)

= X, —vpSp —aSp .
BT KL+ S, + (Sp)(Sp)2C, 1 BOE T A0B

The long term behavior of solution trajectories is dominated by the equi-
librium point(s). The equilibrium point describing co-existence of glucose

fermenters and methanogens is

(S;’ Xik’ S;; X;w SE) =
(Kl(Ylml + @) + (Yinmq + Yimy + @) (S5)(S5)?Ch
Yinig — Yimi — «
(Bg — aS3) (K1 + S; 4 (S)(S3)°Ch) Koy (Y + @) + (YoslomGon + Yini + )G,
0(S;— (SpSiee) Vot — Yot — |

a1(S5—(SE)(S5)*C1) v« % *
<2K1+§;+(£§)(§;)201)X1 — aSy) (K + S; + Cn) B, — aS;*)

Qm(S;;_Cm) ’ 734-@

)

(5.4)

By substituting

Ki(Yimy + o) + (Yinigr + Yimg + a)(S5)(S5)*Cq

S* = ,
g Yinigi — Yimi — «
nto
ot _ By —asS;
=
B + «

this yields
By(Yinigr — Yimy — a) — oK (Yimy + «)

gt — .
((73 + o) (Yinign — Yimy — a) + (Ying + Yimg + a)(S;)2CI)

Note that S; is a function of the biological parameter of methanogens,
Cy, (a constant that can be evaluated using expression (3.14)) and a. It
is assumed that «, v and 3, are all constant so Sj can be evaluated and
(S5, X7, S5, X, Si) can be determined given the biological parameters
of the methanogens and fermenters and C,,, o, yp and f,.

Suppose glucose fermenters can tolerate the passage rate and so are



Chapter 5. Co-existence 93

ars not washed out, i.e., Y1(n1qgy —my) > a. Then,
Bg(Ylnlql — Y1m1 — Oé) — OéK1<}/im1 + Oé) >0 y (55)

a7 is required for a positive steady state butyrate concentration (S5 > 0).
ars Solving for the positive root of a (passage rate must be positive) in
a9 expression (5.5), apiy, we find the passage rate value that leads to zero
20 steady state butyrate concentration (8 —awyS; = 0). At this values, the
28 glucose fermenter will also be eliminated due to shortage of food. This

2182 Ooccurs at

—(By + Yimi K1) + /(By 4+ Yimi K1)? 4 48, K1 (Yinigr — Yimy)
2K, '

Opty =

23 Similar to expression (2.24), apy < Yi(n1g1—my). Overall, a passage rate
zsa in the range 0 < o < apyy < Yi(n1gn —my) is required so that the steady
a5 state butyrate concentration, glucose fermenter population density and
216 glucose concentration are all positive.

2187 Note that there are three other equilibrium points in addition to the
238 one that describes co-existence. The first such point represents the sce-
20 nario where glucose fermenters survive and methanogens die out (i.e.,
200 X7 >0and X} =0),

(Sg: X1:Shs Xy Sp) =
(Kl(Ylml +a) + (Ying + Yimy + o) (S5)(S5)*Ch

)

Yinigi —Yim; — «

01(55=(S5)(57)*C1) s .
(By — @Sy (K1 + S5 + (9p)(S0)?Ch)  2rivsirmspspren i By —aS) )

1(S; — (S5)(Sk)?Ch) ’ a T st

201 The long term survival of glucose fermenters and death of methanogens

2102 can occur due to one or more of the following;:

2103 1. The hydrogen concentration threshold is not satisfied so no hydro-
2104 gen can be metabolized by methanogens due to thermodynamic
2105 feedback, that is S} < C),;

2106 2. There is insufficient supply of hydrogen to support methanogens,
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(S5 —(Sp)(S})*C)

a1 * %,
2197 2K1+S;+(Sg)(SZ)QCl)X1 < OéSh,
2108 3. Methanogens cannot tolerate the passage rate and so are washed
2199 out, Ym(nmqm — mm) < .
2200 Another equilibrium point is the trivial solution,

By

9
«

(S;‘,XT,SZ,X;,S;)=< 0,0,0,0).

20 This point represents the scenario where both glucose fermenters and

20 methanogens are eliminated due to one or more of the following:

2203 1. The glucose concentration threshold is not satisfied so no hydro-

2004 gen can be metabolized by methanogens due to thermodynamic

2205 feedback, Sy < (S§)(S5)*Cy;

2206 2. There is insufficient supply of glucose to support the glucose fer-
* *\2

2207 menter population, /Bg < OzK1(Ylml+a)+3(/§?;1q12?n7?1_za)(53)(Sh) CIS

2208 3. Glucose fermenters cannot tolerate the passage rate and so are

2200 washed out, Yi(niqn —my) < o .

210 When glucose fermenters are eliminated, then no glucose is metabolized
»n to produce hydrogen and methanogens are then also eliminated due to
212 shortage of food supply.

2213 The fourth equilibrium point is then

(S; Xi: S;kw X:w S;’_;) =
(@ 0 Ko (Yoomm + ) + (YonmGm + Youmm + a)Cpy
T Y nmGm — Y, —
K+ S;+Cy, 0)
Qm(SZ - Cm) ’

)

—asS)

212 As noted previously, no hydrogen is generated in the absence of glucose
215 fermenters and yet this point suggests a zero glucose fermenter popula-
216 tion and non-zero methanogen population. Furthermore, suppose only

2217 methanogens survive i.e., X > 0, so that the hydrogen concentration
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218 threshold is satisfied and methanogens can tolerate the passage rate (are

210 not washed out). This is presented mathematically by
Sp>Ch
2220 and
Yo (Mm@ — M) > .

201 Because all the biological parameters are positive, these conditions yield
22 a negative methanogen population (X} ) which is a contradiction to the
2223 assumption that there is a positive methanogen population. Thus, the
224 fourth equilibrium point cannot occur and is omitted from further dis-

205 CUSSION.

= 9.2.2 Parameters

2207 For numerical study, parameter values used are from the literature:

my = 6.35 x 1072 moly7p cell ™t 57! [139] ,

q1 = 6.61 x 107" mol cell ' 5! [143] ,

Y] = 5.35 x 10" cell mol 1.5 [120] [160] ,

Ky =2x 107 mol ml™" [87] ,

n; = 3 molyrp mol™! [Appendix C] ,
AGS, = —191.963 kJ mol " [21] ,

v =130 x 107% s71[32] .

228 A theoretical glucose fermentation balance was calculated by Wolin [181]
57.5 glucose — 65A + 20P + 158 + 60CO4 4 35CH,4 + 25H50 .

a9 As four moles of hydrogen are converted into one mole of methane, equiv-

23 alently, 2.435 moles of hydrogen are produced for every mole of glucose
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fermented. Therefore, for the GHM? model, we assume £, is given by:
B, = Br/2.435 = 1.930 x 10 mol ml~'s™* .
The pH of the rumen is assumed to be constant at 6.5 [70], so
[H"] =10"%" mol L™' = 3.162 x 107*° mol ml™* .

It is assumed that the glucose fermenters and methanogens both need
the same amount of energy to gain one unit of ATP, ie., AGarp =
75 kJ mol,7p (assumption 14). Other parameters can be found in the
HM and HM? models (Tables 2.1 and 3.1).

5.2.3 Stability of equilibrium point

The stability of the three physically meaningful equilibrium points of the
GHM? model with one type of glucose fermenter can be explored numer-
ically. With typical parameter values (Tables 2.1 and 3.1 and Section
5.2.2), the only stable solution is

(Sg: X1, Sy X, Sp) =

(1.134 x 107*° mol ml™*, 8.067 x 10° cell ml™*,
3.215 x 1071 mol ml™*, 0.288 x 10° cell ml™,
5.316 x 107° mol ml™) .

The corresponding eigenvalues of the Jacobian matrix of the model, J;

(page 98), are
—10.9, —3.84 x 107°, —11.2, —3.81 x 107°, —3.63 x 107° .

The real part of these five eigenvalues are all negative so that (S}, X7, Sy,
X, Sp) is a stable point: (S7, X7, Sy, X, Sp) is the only stable steady
state solution of the GHM? model and there is a stable co-existence of one
type of glucose fermenter and the methanogens with typical parameter

values.
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Note that the eigenvalues associated with S; and S} are six orders of
magnitude greater than those associated with X7, X and S} indicating
that the glucose and hydrogen concentration will converge towards their
corresponding steady state values relatively quickly compared to the glu-
cose fermenters, methanogens and butyrate concentration. A closer look
at the equation with the typical parameter values shows why this is the
case. The eigenvalue of a matrix is solved at the equilibrium point from
det(J; — AI) = 0. The eigenvalue associated with Sg is given by

q1(Sn)?C1 (K1 + 25,) X1

T 1S, + Sp)Seone el

At the point (Sy, X7, Sy, X7, S%), the magnitude of

(h(Sh)QCl(Kl + QSg)Xl
(K1 + S, + (SB)(Sh)2Cy)% 7

is less than 1 x 107!% and —(yg+a) = 3.63 x 1077, so that the eigenvalue
associated with Sp is approximated by -(vg + «). Note that -(vg + «)
is in S%. It can similarly be shown that —(Yim; + a) = —3.84 x 107°
and —(Y,,m,, +a) = —3.81 x 107° are, respectively, in X| and X/ , and

dominate the eigenvalues associated with these variables.



Chapter 5. Co-existence

98

i (10¢("1s)(48)+P5+131)
0 — 4qlL — NCWAMWN+C~VAONA:WV§ —

2(10£("9)(d5)+55+T57)
1Y (P52+13) 10, (15) b

2(10(15)(45)+55+157)
Hkﬁmmm.tv: ﬂDmA:mvSEH\w

a(105(1)(T5)+ 5+ 131)
X (P52+131) 10, (Ms) 1D

wy gy
Wour 0
AT

O+ S+
(“D="g) b

s gy iy Uy

(10:(15)(48)+5+151)
Tx(Pse+1x) 10155 1hg

(“UO+1S+3T)
iy (WOgH YT ) bty

2(10£(9)(A5)+55+T31) +o— L(MDHUS )
x(Pse+ 1) 1DUs a5 by wx (OG- ) b
2(10(49)(A8)+55+131)

X (P + 1) 10 1s g hlulg

2(10(49)(A5)+ %5+ 131)
ﬂxﬁomm;vﬁvwv 1)4gdg1bg

1Dz(M8)(48)+55+ 131
(10,(M5)(d5)—="g)1h

1Dz(M8)(48)+55+ 131
(10,(M5)(d5)—="g) b

10¢(18)(48)+ 5+ 151

(105(15)(48)+5+137)
X (1D (Y9)(d8)e+>y) h

(105(15)(48)+5+137)
Ix (1D, (M9)(d8)e+1>r) g

(102(15)(45)+55+131)

U = MR = 105 i) (75)— Ty b Tutx

D(19)(A5)+06+Ts
(10¢(1s)(d5)—P5) b

X (1D4(19)(28)g+137) thTuly

(10:(18)(d5)+96+ 1)
X (1D (18)(d8)e+131)1h

0 —

'r

2263



2264

2265

2266

2267

2268

2269

2270

2271

2272

2273

2274

2275

2276

2277

2278

2279

2280

2281

2282

2283

2284

2285

2286

2287

2288

2289

2290

2201

Chapter 5. Co-existence 99

Suppose the initial value, (S,, X1, Sy, Xy, Sp), is in the neighborhood
of (S5, X7, Sy, X, Sp) such that the order of X is of the same magnitude
as X7, i.e., 1 x 10° cell ml™". Using the listed parameter values (Section
5.2.2), from equation (5.2), the metabolism of S, by glucose fermenters

Xy, is given by

01(Sy — (98)(S)*Ch)

— X ,
Ky + S, + (S5)(Sn)2C,

and is of the same magnitude as 57 (1 x 107" mol ml™!). The mag-
nitude of 3, is 1 x 1072 mol ml~! s7! which is ten times greater than
the magnitude of S;. Then, in one second, the rate of change in glu-
cose concentration, Sy, is about the same magnitude as S;. In contrast,
from equation (5.3), the change in the glucose fermenter population is

determined by

Yinqi(Sy — (Sp)(Sk)*C1)
K1+ S, + (SB)(Sh)?C4

_iflml_aa

which is of magnitude as 1 x 107° s7!. Then, in one second, the rate
of change of the glucose fermenter population, X7, is about 1 x 104, five
orders of magnitude smaller than the magnitude of X;. Because the rate
of change in glucose concentration is relatively quick (10° faster) as com-
pared to the glucose fermenters, the glucose concentration will converge
towards its corresponding steady state value relatively quickly as com-
pared to the glucose fermenters. This difference in the rates of change is
also shown in the difference in magnitudes of their corresponding eigen-
values. It can be similarly shown that, the hydrogen concentration con-
verges towards its corresponding steady state values relatively quickly
as compared to the methanogen population. Using the listed parameter
values, glucose and hydrogen could be metabolized instantaneously (in
one second) by glucose fermenters and methanogens, respectively. That
is in agreement with assumption 4 of the GHM? model. However, glucose
fermenters and methanogens cannot be removed by the passage rate in
one second, unless the passage rate is increased from a typical passage

rate value of 3.5 x 107® s=! by a factor of at least 10°. Such a passage



100 Chapter 5. Co-existence

»e rate (1 s71) is, however, beyond the range of passage rates observed in
203 the rumen (1 x 107° < a <5 x 107° s~ [150], [152]).

2204 From equation (4.6), the rate of change in butyrate concentration is
205 determined by the term —(yp + «) with a magnitude of 107°. In one
»e  second, the rate of change in butyrate concentration, S, is about 10~1°
27 which is five orders of magnitude smaller than the magnitude of the
20 steady state butyrate concentration, S3. Similar to glucose fermenters
200  and methanogens, there are no realistic absorption and passage rate val-
200 ues that would allow all the butyrate to be removed from the rumen
2501 in one second. Note that the butyrate concentration will converge to-
s wards its corresponding steady state value relatively slowly (10° slower)
2303 as compared to the glucose and hydrogen concentration. Unlike glucose
2300 and hydrogen, butyrate is an end product that is not metabolized by
2305 other microbes so that the rate of change in butyrate concentration is
206 similar to that of the glucose fermenters and methanogens that are also

2207 not consumed by other microbes in the GHM? model.

28 9.2.4 Simulation

200 Recall that there are three physically meaningful equilibrium points rep-
a0 resenting: co-existence of glucose fermenters and methanogens; survival
2 of glucose fermenters and methanogen extinction; and the trivial solution.
s For 0 < a < 1.026 x 1071 57! = Yi(n1q1 — my), the glucose fermenters
a3 can survive without being eliminated by washout. In addition, glucose
ans fermenters can survive with sufficient food supply when (see discussion

a5 in Section 5.2.1)

_ 2 _
g
(By + Yimu K1) + \/(By + Yimi K1)2 + 43, K, (Yiniq1 — Yimy)

< =
« bty 2K1
=6 Using parameter values listed in Section 5.2.2, apey = 1.026 x 107* s71 &~
a7 Y1(niqr — my). Overall, using typical parameter values (Tables 2.1 and
s 3.1 and Section 5.2.2), for 0 < o < 1.026 x 10~* 57!, the only stable equi-
2310 librium point is where there is a stable co-existence of glucose fermenters

a0 and methanogens. In this section we examine changes stability of in
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equilibrium point for varying passage rates, o, 0 < o < 1.2 x 107* 571,

When using typical parameter values (Tables 2.1 and 3.1 and Section
5.2.2), if a > 1.026 x 107* s7! = Yi(n1q; — my), the reproduction rate of
the glucose fermenters is insufficient to tolerate the passage rate so that
glucose fermenters are eliminated due to washout (see point 3, page 94)
or glucose fermenters are eliminated due to insufficient food supply. The
maximal passage rate that the methanogens can tolerate without being
eliminated from the rumen is 1.04 x 107* s7! (Section 2.5). However,
when a > 1.026 x 10~* s7!, methanogens are also eliminated because
there is no hydrogen generated from glucose fermentation in the absence
of glucose fermenters (i.e., lack of food source). Thus, the scenario where
there is stable survival of glucose fermenters without methanogens is not
feasible, when using typical parameter values.

For each value of passage rate, there is only one stable equilibrium
point. When 0 < a < 1.026 x 10™* s7!, there is stable co-existence of
glucose fermenters and methanogens. For o > 1.026 x 107* s7!, the
trivial solution is the only stable steady state solution. Figure 5.3 illus-
trates the stable steady state population densities for glucose fermenters
and methanogens. By increasing the passage rate, a larger proportion
of each population is removed so that the stable population size de-
creases, until both glucose fermenters and methanogens are removed by
the passage rate when o > 1.026 x 107* s7! (Figure 5.3). This leads
to less butyrate production and eventually no butyrate production when
a > 1.026 x 107* s7! as illustrated in Figure 5.5. When there is a sta-
ble co-existence of glucose fermenters and methanogens, increasing the
passage rate leads to an increase in both the steady state glucose and
hydrogen concentrations (S; and S;), and a decrease in the steady state
butyrate concentration, Sp, which is negatively proportional to S} (Fig-
ure 5.5 and the left panel of Figure 5.4). When the glucose fermenters and
methanogens have been washed out and the trivial solution is the only
steady state, the steady state glucose concentration is given by Sy = 3,/
and the steady state hydrogen concentration is zero as there are no glu-

cose fermenters to produce hydrogen (right panel of Figure 5.4).
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Figure 5.3: The stable population densities of glucose fermenters and

methanogens for a range of passage rate values. There is a discontinuity

in the figure (o = 1.026 x 10~

571 = apyy = Yi(mgr —my)).
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Figure 5.4: The stable steady

state substrate (glucose and hydrogen)

concentration for a range of passage rate values. The left panel is asso-

ciated with a stable co-existence of glucose fermenters and methanogens

and right panel is where both populations are eliminated.
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|
o
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~
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natural log of butyrate concentration, mol ml™’

0.2 0.4 0.6 0.8 1 1.2
passage rate (), s™' x107™

Figure 5.5: The stable steady state butyrate concentration for a range
of passage rate values. When the glucose fermenters are eliminated by
increasing the passage rate, there is no butyrate production so that
the corresponding steady state butyrate concentration is zero when
a > 1.026 x 107* s71. Note log(0) is negative infinity so zero concentra-

tion is not shown on graph.

From the HM model, the actual sensitivity value of methane produc-
tion with respect to the hydrogen generation rate is one. The rate of
methane production is proportional to the net rate of hydrogen genera-
tion from feed in the rumen [68]. Glucose is fermented to hydrogen then
metabolized to methane (equation 3.15). In this GHM? model, the ratio
between the hydrogen generation rate and the glucose generation rate
at time ¢, £,/ By, is used as a measure to compare methane production
from different rumen environments: a lower ratio leads to less estimated
methane production. Because there is only one type of glucose fermenter,
when X > 0 and #; = 0 each mole of glucose fermented yields two moles
of hydrogen that are metabolized by methanogens to form methane. By
increasing the passage rate, the hydrogen generation rate decreases due
to thermodynamic feedback (6; > 0) so that (),/8, decreases and, conse-
quently, so does methane production. By increasing the passage rate up
to a = 1.026 x 107* s71, 3,/8, = 1.9884 so that methane production is



2369

2370

2371

2372

2373

2374

2375

2376

2377

2378

2379

2380

2381

2382

2383

2384

2385

104 Chapter 5. Co-existence

n
o

N

-
— [$))
T T

o
&)
:

mole of hydrogen per mole of glucose generated

o

0.2 0.4 0.6 0.8 1 1.2
passage rate (a), s~ x107*

o

Figure 5.6: With a constant 3, = 1.930 x 107 mol ml~! s, B/ By of
the stable steady state is calculated over a range of passage rate values.
There is essentially one value of 3,/83, for 0 < a < 1.026 x 10~* s and
another (0) for a > 1.026 x 10~* s71.

reduced by at most (2 — 1.9884)/2 = 0.583%, as shown in the left panel
of Figure 5.6. In the HM model, from Figure 2.5, methane is reduced by
at most 0.099%. The effect of increasing the passage rate on methane
production becomes more significant when a glucose fermenter popula-
tion and its associated pathway is included in the HM model that yields
the GHM? model. In experiments on sheep, by increasing the passage
rate, the observed reduction in methane production was about 11% [132].
Note that there is only one glucose fermenter population associated with
one fermentation pathway in this GHM’ model. A reasonable question
to ask is, would including more fermentation pathways and associated
glucose fermenters lead to greater than 0.583% reduction in methane
production when increasing the passage rate? To explore this, and the
potential stable co-existence of different types and mixtures of glucose
fermentation populations, the next step is to introduce a second type
of glucose fermenter associated with a different fermentation pathway:.
This will also allow us to explore the mechanism for shifts in glucose

fermentation pathways, as predicted by the GHM? model.
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5.3 Two types of glucose fermenters

In this section, two types of glucose fermenter populations, each associ-
ated with a different fermentation pathway, and methanogens, associated
with pathway (3.12), are modeled using the GHM? model. This is done in
an effort to explore the potential for co-existence of fermenter populations
competing for the same substrate (glucose) as well as the mechanism for
such a co-existence as predicted by the GHM? model. The conclusions
of this section can be applied to any two types of glucose fermenter pop-
ulations that are associated with different fermentation pathways taking

the form given in equation (4.1).

5.3.1 Analytical results

Let X, denote the population density of the glucose fermenter population
1 given in Section (5.2) associated with the pathway (5.1). Let us intro-
duce another type of glucose fermenter population 2 with a population

density of X5 that is associated with the pathway
glucose = A+ P+ Hy +COy +2 H .

The thermodynamic term for this pathway is

[A][P][H,][CO,[H*]? o(AGE, 412 AGarp)/(RT) (S4)(Sp)(Sh)Cs

b2 = [glucose] Sy

Y

where () is a positive constant based on the same assumptions stated
in Section 5.2. In other words, the following are constant in the rumen:
the pH value (i.e., [H']); the energy required for one mole of ATP for-
mation by the glucose fermenter, AG s7p; the dissolved carbon dioxide
concentration, [CO,] and the rumen temperature, 7. The GHM? model

becomes

, Syl —0y) q254(1 — 03)
S = X, -

g K1+ S,(1+6y) Ky + S,(1 + 65)
<Y1nlqlsg(1 —01)

K+ S,(1+6,)

X2 - Ong + ,Bg 3 (56)

X{: —iflml—oz)Xl,
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YonaqaSy(1 — 03)
X, = g — Y5 — X
2 (K2+Sg(1+92) oMy — & 2
' GmSn(1 — Om) Q1Sg(1 —01) QQSg(l —0)
S, = — X,, —aS, 2 X X5,
T TR S 0 T T TR T S, 0 Ky 1 8,1t 6)
(5.7)
X = —-Y, — X .
" ( Km + Sh(]. + em) m!Ttm “ e (5 8)

Sy =

q254(1 — 0s)

Ko+ S,(1+6,)
g — q2594(1 — 03)

X2 _'YASA — aSA s

P Ky 4+ S,(1+ 6y)
qng(l —0

1)

Xy —vpSp — aSp

Spy =

Ky +S,(1+6y)

X1 — ’YBSB — OéSB .

For this system of equations, we are interested primarily under what

conditions there is co-existence of the two types of glucose fermenters 1

and 2 in the long term (i.e., at their steady state population, X; and X3,
X7 > 0 and X; > 0) and if this co-existence is stable. We denote this
equilibrium point by (53, X7, X3, S, X, 8%, Sp, Sp). This steady state,

.1 . ! !/ ! /I ! A [
or equilibrium, occurs where S; = X] = X, = Xj = X =S5 = 5p =

Sy =0.
S, = 0 yields

—aS* =
fo = ad, Ky 4+ S,(146,) """ Ky+ S,(1+6s)

QI(Sg(l —6y) X QZSg(l — 05)

Xs .

A physically meaningful population density cannot be negative, i.e., X;
or X, cannot be negative. We also have 0 < ¢; <1 and 0 <6y <1 and

all the biological parameters are positive. Therefore, the term

and

are non-negative.

q1(Sy(1 — 61)
K+ S,(1+64)

1,

q254(1 — 05)
Ko+ S,(1+6,)

2

Therefore, a sufficient glucose supply, 8, > aSj, is
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required to guarantee at least one type of glucose fermenters can sur-
vive. If there is insufficient glucose supply both types of glucose fer-
menters will be eliminated, for instance, if 5, = a5y, then X; = X5 =0
and/or 0, = 0, = 1. Note that #; = 0, = 1 indicates no glucose can
be metabolized by either type of glucose fermenter due to thermody-
namic feedback so that both types of glucose fermenters cannot reproduce
and will therefore eventually be eliminated by the passage rate. Thus,
(B4/,0,0,0,0,0,0,0) is the only solution of the GHM? model under this
condition.
X] =0, and X > 0 yields

Kl (Y1m1 + a)

Sh = . 5.9
g Y1n1q1(1 — 61) — (Y1m1 + Oé)(l + 91) ( )
X, =0, and XJ > 0 yields
K5 (Y5
S 2(Yoms + @) (5.10)

T Yanaga(1 — 02) — (Yama + @) (1 + )

For either type of fermenter to survive, the feed intake must be positive,
and so the substrate concentration, S; > 0, must be positive. The numer-
ators of equations (5.9) and (5.10) are positive. From the denominators

we have the following conditions for positivity of Sj.
Yinggi(1 —601) — (Yimu +a)(1+61) >0,
or
Yonaga(1 — 0g) — (Yama + @) (1 +62) > 0 .

These conditions ensure the individual fermenter populations are not
eliminated by passage rate and fermenter population 1 and 2, respec-
tively, can reproduce and maintain themselves in the rumen. For X; to
exist, 07 # 1 and for X, to exist, 65 # 1.

Note that S} in equation (5.9) is a function of the biological param-
eters of the glucose fermenter population 1. Similarly, S; in equation

(5.10) is a function of the biological parameters of the glucose fermenter
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population 2. We denote the steady state glucose concentration given in
equation (5.9) as S7(1) and that in equation (5.10) as S;(2) to indicate
its dependence on the parameters of glucose fermenter population 1 and
2, respectively. If S¥(1) < 0, then X7 = 0 because glucose fermenters 1
cannot reproduce fast enough to match up with the passage rate and/or
07 = 1. Similarly, if S7(2) < 0, then X5 = 0. As shown later in this
chapter, when S7(1) > 0 and S7(2) > 0, the comparison of S;(1) and
S5(2) determines whether X7 > 0 and X3 > 0.
At such an equilibrium point, from X] =0, and X7 >0

1S5 (1 —01) Yimi 4o

— — 4,
K1+S5<1+¢91) Y1n1 !
and from X} =0, and X; >0
G255 (1 — 02)  Yomo+ o 5
— — U2,

Ky + S;(1+ 62) Yong

where §; and &y represent a ratio of ATP used by a cell for overcoming
maintenance requirements and passage rate to reproduction. Note that
01 and ¢y are determined by the passage rate and biological parameters
for glucose fermenters 1 and 2, respectively.

S, = 0 yields

51Xik + (SQX; = Bg — OéS; s

and the conditions S’y = S = S5 = 0 lead to
(74 + @)S%y = 9 X5 (5.12)

(vp + a)Sp = 6 X5
such that

(ya+a)Sy = (vp +a)Sp (5.13)
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and
(v8 +a)Sp + (ya+a)Sh = B, — aS; . (5.14)

L, =0, and X > 0 yields

Om X, = 2(yp + @)SE + (ya + @)Sy — aS; (5.15)
where
5, — Y., m, + a
Yonm

X, =0, and X} > 0 yields

}Kfnléﬁvz + ((an + (srn‘)(jz7z

Sr = ,
" qm — (5771

(5.16)

provided

Cn

O = — .
Sh

Note that 4, represents a ratio of ATP used by a methanogen cell for
overcoming maintenance requirements and passage rate to reproduction.
If ¢, > 0, then S; > 0 and X}, > 0. Otherwise, methanogens are
climinated in the long term (X, = 0) because the required substrate
metabolism rate for a cell to survive is greater than its maximal substrate

metabolism rate. There are three other cases where X = 0: either
Sp < Cn

where the steady state hydrogen concentration is less than the hydrogen
concentration threshold imposed by thermodynamic control such that

0, =1; or
2(yp + @)Sp + (ya + @)Sy —aS; <0,

where there is insufficient hydrogen supply from glucose fermentation for
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methanogens; or methanogens cannot reproduce faster than the passage
rate. If X =0, then

2(yp + a)Sp + (ya + )5}
[0}

Sy =

Because S5 >0, S% > 0 and a > 0, S; > 0. Overall, S} > 0.
With S7%, Sp, Sp, and Sj, the steady state thermodynamic terms are

g (S)SC
1 )
S
g _ (SVEHSIC
2 é;; :

S%(1) and S;(2) become

Si(1) = Kid + (@1 ; 5_1)6(15%)@2)201 | (5.17)
51(2) = K565 + (g2 +q<i2)_(§§)(5;)(52)c2 . (5.18)

In equations (5.14), (5.17) and (5.18), there are three unknowns: S}, Sp
and S% because S} can be determined from S%. Equations (5.14), (5.17)

and (5.18) can be re-written as

. By yta, yata,
g =2-2 2 - S
Sy =& +mSp=5,(1),

Si =G+ m(S3)” = S(2) -

where
B K6,
51 - q — 51 )
(@ +00)(Sy)?Cy
=
@1 — 01
o KQ(SQ
§2 - go — 52 )
1y — (g2 + 02) (ya + @) (S;)Co

(q2 = d2) (7P + @)
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are all positive and are combinations of the passage rate and biological
parameters for these two types of glucose fermenters 1 and 2. Note
that & is the predicted steady state glucose concentration determined
by the biological parameters of glucose fermenter 1 and passage rate in
the absence of glucose fermenter 2 and without thermodynamic control.
m Sy is the shift to that steady state glucose concentration caused by
thermodynamic control. Similarly, & and 7,(S%)? are the corresponding
terms for glucose fermenter 2. Note that S; = & + n2(S%)? > 0. Glucose
concentration can only be one value regardless of whether there is co-
existence of glucose fermenters or not. If there is a co-existence of glucose

fermenters, then
& +mSp =5, =& +m(Sh)?,
or
Sy(1) = 55(2)

is required. Because Sp is only generated by glucose fermenter 1 and Sy
is only generated by glucose fermenter 2, if S3 and S are both positive
there is a co-existence of glucose fermenters 1 and 2 in the long term
(i.e., X7 >0 and X; > 0). Thus, we now need to determine under what

conditions Sj and S are positive. Since
& +mSp =55 =& +m(Sh)?,

S} is given by

g £ — &1+ 1(S55)?
B — .
Uit

Then, S% > 0 if

(94" > & —& . (5.19)
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Since

— é;* 2
n2(S;)2+g2:s;:@_VB+a <€z &1+ 12(5%) )_7A+a327

a a m

this yields

1(57%)? (1+73+a) +7A—|—Ozsz+ (vB + @) (& — &) +£2_& —0.
an any «

Note that the quadratic and linear coefficients of S% are positive. If

S% > 0, this requires

B mta)@=-8)
o o m

& | (5.20)

Expressions (5.19) and (5.20) can be satisfied with a range of values of
a and 3, that lead to X7 > 0 and X3 > 0. Thus, this example illus-
trates that the inclusion of a thermodynamic term in the GHM model
leads to the co-existence of two types of glucose fermenters for more than
one value of passage rate, unlike what is predicted by the Monod spe-
cific growth rate model. The inclusion of end product concentrations in
the specific growth rate has allowed for co-existence of fermenter popula-
tions competing for the same growth limiting substrate and competitive
exclusion is no longer the only outcome.

Suppose X7 = 0, then we will explore what conditions lead to X5 > 0
and vice versa. With X5 > 0, X} = 0 the steady state glucose concen-

tration is given by expression (5.18), i.e., Sy = & +12(S%)* > 0. From

* * ﬁ ’YB_I_Q IVA_‘_OK
m(Sh)° +&=5="2—

« «

Sg_ SZ:

this yields

By

+a .,
ik SA+€2_E:07

M (Sh)? +

because X; = 0 so that S = 0. If S > 0 so that X5 > 0, this requires

% > & . (5.21)
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In a similar manner, when X} > 0 and X = 0, the steady state glucose

concentration is given by expression (5.17) and

VB + @ 69

)SE—’—gl_E:O’

(m +

because X5 = 0 so that S% = 0. If S} > 0 so that X} > 0, this requires

—>& . (5.22)

When expressions (5.19), (5.20), (5.21) and (5.22) are all not satisfied
then the only possible scenario is where both types of glucose fermenters

1 and 2 are eliminated
(S;,XT,XJ,SZ,X;,S;,S}Z,Sg) = (B,/,0,0,0,0,0,0,0) .

Note that glucose fermenters 1 and 2 can all be eliminated by increasing
the passage rate so that ¢; < ¢; and ¢» < d5. That is, the required
substrate metabolism rate for a cell to survive is greater than its maximal
substrate metabolism rate.

The stability of an equilibrium point is determined by the eigenvalues
of the dynamical system of equations. For (57,0, X5, Sy, X\, S%, S5, Sp),
X{ =0 X} =0and X; > 0, all the elements in the second row of the
Jacobian matrix, Jo (page 116), are zero except the diagonal element,
J2(2,2).

The eigenvalue of a matrix is found by solving det(Jy; — AI) = 0.

Thus, one eigenvalue of (57,0, X5, 55, Xr,, S%, S5, Sp) is

Yimqi (S5 — (S5)(55)*Ch)
Ky + 55+ (Sp)(55)*Ch

—}qml—()é,

or

Yinigi Sy (1 —07)
Ky + S;(1+067)

—Yim —a. (5.23)

Because glucose fermenters 1 and 2 do not have exactly the same end

products and X; = 0 (i.e., there is no thermodynamic feedback from
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2 the glucose fermentation pathway associated with X; so that 67 = 0),

253 expression (5.23) becomes

Yinmaq S,
— =Y m —«.
Ki+S; U
2544 If
leqlS;‘
Ty a0
K15, 1M

s then one of the eigenvalues of (Sy,0, X5, Sk, X7, S4, Sp, Sp) is positive
s and (57,0, X5, 55, X, 8%, Sp, Sp) is an unstable point. Thus,

Yiniqi S

—Ym; —a<0, 5.24
Ki+8; (5.24)

x4 is required for (S, 0, X5, Sy, X7, S4, Sp, Sp) to be a stable equilibrium
2548 point.

2549 Solving expression (5.24) for S; yields

S* < Kl(Ylml + Oé) .
O Yimg — Yim — «

250 From X = 0 and XJ > 0, the positive steady state glucose concentration
51 1S given by
o _H(Yoms + ) + (Yanags 4+ Yoma + @) (S3)(Sp)(55)C2 .
S, = =5,(2) .

Yonoqs — Yoms — «

2552 ThUS,

Ky(Yoma + @) + (Yonags + Yoma + 0)(S3)(Sp)(S5)C2 . Ki(Yimu + o)
Yonagqe — Yama — « Yinigg — Yimy — «
(5.25)

2s3 is required for (57,0, X5, Sy, X7, S%, Sp, Sp), where X5 > 0, to be stable.
2554 Similarly, for the steady state equilibrium point where X; exists and
s Xy iseliminated, i.e., Xi > 0and X3 = 0, (S;, X7,0,5;, X, 5%, S5, Sg),
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from the third equation of the GHM? model, one eigenvalue is

Yanagqa S,
—Yoms —
Ky + 5 212
and
. Ki(Yimi 4 o) + (Y + Yimy 4 o) (Sp)(Sp)*Cr
S* = =5:(1).
g Yinign — Yimy — « I
Then,

K1 (Yimy + a) + (Yinig + Yimy + ) (Sp)(S5)*Ch - Ky(Yoma + )
Yinig — Yim; — a Yonoqe — Yomg —a’
(5.26)

is required for (S, X7,0, Sy, X, S4, Sp, Sp) to be stable.
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For X; > 0 and X} > 0
& +mSp =Sy =& +m(SH)? (5.27)
is required. At the steady state, expressions (5.25) and (5.26) become

52 + 7]2(52)2 < gl )
§1 + 7]15; < 52 .

Recall that ny, &1, n2, &2, S and Sj are all positive. Therefore

0 <& +m(Sh)° <& +mSy .
0 <& +mSy <& +m(Sh)?,

or

0<5;(2) <S5;(1), (5.28)
0<Sy(1) <S55(2) . (5.29)

Expressions (5.28) and (5.29) are, respectively, mutually exclusive with
each other and expression (5.27). Therefore, exactly one of (S;, X7, X3, S},
X, S4, Sp, Sg) where X{ > 0and X5 > 0, (S;,0, X5, Sy, X, S4, b, Sp)
where X5 > 0 or (S;, X7,0,5;, X,r,8%, Sp, Sp) where X7 > 0 is stable.
As shown, the stability of (S, X7, X3,.55, X, S%, Sp, SB), (S;‘, 0, X3,
Shs Xy S, Sp, Sp) or (S5, X7,0,85, X;r,, 84, Sp, Sp) is determined by
comparing S;(1) and S;(2). Recall that there are two components for
each of S¥(1) and S;(2): the steady state glucose concentrations found by
solving the systems without thermodynamic control, & and &, and the
shift to that steady state glucose concentration caused by thermodynamic
control, mS% and ny(S%)?. If there is no thermodynamic term, i.e.,
n9(S%)? = m2S% = 0, then this yields the same analytical result of Hsu
[64]: the glucose fermenter with the lowest positive predicted steady state

glucose concentration will outcompete the other one. In this case, there
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is a co-existence of two types of glucose fermenters 1 and 2 if £, = &,

Ki(Yimy+a)  Ky(Yoms +a)
Yinigg — Yimy —a  Yaonage — Yoy —

Equivalently, for the same set of biological parameters, there is exactly
one positive passage rate that allows co-existence (same as the conclu-
sion from Hsu et al. [63]). If S;(1) < 0, then X7 = 0 because glucose
fermenters 1 cannot reproduce fast enough to match up with the pas-
sage rate and/or 7 = 1. Similarly, if S7(2) < 0, then X7 = 0. For a

co-existence of glucose fermenters,
0 <.S5(1)=5;(2), (5.30)

is required. By including a thermodynamic term, there is a range of
positive passage rates (and biological and ruminal parameters) that allow

stable co-existence of glucose fermenters 1 and 2. This is achieved because
§i+mSp =09, =86+ m(Sh)?

can be satisfied with infinitely many combinations of & + .55 and
& + m2(S%)% When this is satisfied, there is a stable co-existence.
Grolkopf and Soyer [51] reported co-existence of two types of microbes
metabolizing the same single substrate that yield different end products
without classifying the stability of such co-existence. In contrast, there is
a stable co-existence of two types of glucose fermenters that are compet-
ing for the same substrate and sharing at least one common end product
(Sy,) from different fermentation pathways, as predicted by the GHM?
model for a range of biological and ruminal parameters.

Figure 5.7 indicates the region of stability for each of the four possible

steady state solutions.
1. Xy =0and X; =0,
2. X{=0and X; >0,

3. X7 >0and X =0,
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&1+ mSh =&+ m2(Sh)?

S;(2) A X:>0,X;>0
&+ 7]15% >
€2 +ma(S%)?
Xi>0, X5 =0
X:=0,X;>0

&1+ mSy < &+ m2(Sh)?

X;=0,X5>0
¢ >
Sq(1)
X;=0,X;=0 X:>0,X;=0

Figure 5.7: Regions of stable survival of glucose fermenter 1 or 2 or both.
Note that S3(1) = & +mSp and S5(2) = & + 12(5%)*.

4. X;>0and X >0.

In the first quadrant of the Figure 5.7, any point on the diagonal
except the origin is where the steady state glucose concentration, as
predicted by the biological parameters of both types of glucose fermenters
1 and 2 and the rumen environment, are the same and positive. That
is, this diagonal line is where there is a stable co-existence of two types
of glucose fermenters (i.e., X; > 0 and X; > 0). Above this line is
the region where only glucose fermenter 1 will survive (i.e., X7 > 0 and
X3 = 0). Below this line is where only glucose fermenter 2 will survive
(i.e., X{ = 0and X; > 0). With insufficient glucose supply, both types of
glucose fermenters will be unable to reproduce and maintain themselves

in the rumen at a rate that prevents them from being eliminated due to
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passage, equivalently S¥(1) < 0 and S;(2) < 0. If 0] = 1 and 05 = 1,
S5(1) < 0 by equation (5.9) and S;(2) < 0 by equation (5.10). In either of
these cases, the only stable steady state scenario is (5,/«, 0, 0,0, 0,0, 0, 0),
i.e., the third quadrant of Figure 5.7. If S;(1) < 0 and S;(2) > 0
(the second quadrant), then X = 0 and X > 0. In this case glucose
fermenter 1 cannot reproduce at a rate fast enough to maintain itself
in the rumen so that it is eliminated due to passage, and/or 07 = 1.
Similarly, If S7(1) > 0 and S;(2) < 0 (the fourth quadrant), then X7 = 0
and X > 0.

In summary, there are four physically meaningful steady state equi-
librium points in the GHM? model with two types of glucose fermenters.
Given any combination of biological (n, ¢, K, m, d and V) and ruminal
(a, By, va, 7p and yp) parameter values, there is exactly one stable equi-
librium point, (S;, X7, X5, S, X7\, S, Sp, Sp). Which of the four points

is stable is determined by comparison of Sj(1) and S;(2).

1. X7 =0and X3 =0,
if Sy(1) <0 and S;(2) <0 (both are washed out) ;

2. X{=0and X5 >0,
if Sy(1) <0 and S;(2) >0 (X; is washed out) or
if 0 < 55(2) < S;(1) (X outcompetes Xi) ;

3. X{>0and X5 =0,
if S;(1) > 0 and S;(2) < 0 (X3 is washed out) or
if 0 < S;(1) < S;(2) (X, outcompetes Xy) ;

4. X7 >0and X5 >0,if 0 < Si(1) = S3(2) .

5.3.2 Simulation

The stability of co-existence of two types of glucose fermenters 1 and
2 and methanogens can also be explored numerically. For simplicity,
we let the biological parameters of both types of glucose fermenters

1 and 2 be the same in the rest of this Section 5.2, i.e., m; = mo,
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G = @2, Y1 = Yy, Ky = Ky, ny = no. Then, & = & so that ex-
pressions (5.20), (5.21) and (5.22) are the same. This implies that the
minimum value of f,/« required for each of (a) co-existence, (b) X
to survive without Xi, and (c) X; to survive without X, is equiva-
lent. With & = &, expression (5.20) must be satisfied for either or
both types of glucose fermenters to survive in the long term. With
a typical passage rate a = 3.5 x 107° s7!, and other typical values
given in Section 5.2.2, expression (5.20) is satisfied when 8, > 3.970 x
107 mol ml™' s7. For 3, < 3.970 x 107 mol ml™" s7%, the only stable
point is (f,/«,0,0,0,0,0,0,0). A typical glucose generation rate in the
rumen is about 1 x 107 mol ml~! s™* (Section 5.2.2). Hence, with real-
istic parameters values and passage rate, (5,/a,0,0,0,0,0,0,0) is always
unstable.

The absorption rates of acetate and propionate are respectively [32]

Y4 =9.20x10"s",
vp=140x10"%s"1 .

It is assumed that all types of glucose fermenters need the same amount
of energy to gain one unit of ATP, i.e., AGrp = 75 kJ mol ;. Note
that X; and X5 are distinguished by

AGH, = —198.306 kJ mol " [21] ,
AGY, = —187.516 kJ mol " [21] ,

values that are associated with their glucose fermentation pathways.
Other parameter values used in this section can be found in Tables 2.1
and 3.1 and Section 5.2.2.

Note that S} can be evaluated numerically using equation (5.16) and
Tables 2.1 and 3.1. Because the glucose concentration can only be one
value, i.e., Sy(1) = S7(2), from equations (5.17) and (5.18)

(SE)(SH)C1L = (S3)(SE)Cy .
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Substituting in for S}, equation (5.13), and rearranging, we find

. | SB)SHCi(vp + )
S = \/ O (5.31)

By substituting expressions (5.17) and (5.31) into expression (5.14), Sh
can be found, and then S;, S, Sp, X7, X5 and X}, can be evaluated nu-
merically using equations (5.17), (5.31), (5.13), (5.11), (5.12) and (5.15)

With & = &, the same values of @ = 3.5 x 107° s™! and 3, =
1.930 x 107 mol ml™ s~! and other typical parameter values used in
Section 5.2.4, expression (5.20) is satisfied. Thus, there are three long

term possible scenarios under this rumen environment:
(S;a Xika X;: S}*m Xr*m SZ’ 8;7 SE) =
(1.134 x 107 mol ml™*, 7.068 x 10° cell ml™*, 0.998 x 10° cell ml™*,

3.215 x 107 mol ml™*, 0.270 x 10° cell ml ™,
0.665 x 107" mol ml™", 0.656 x 107% mol ml™", 4.658 x 10~ mol ml™") .

The corresponding eigenvalues of the Jacobian matrix, J, (page 116), are

—10.9, —0.263 x 107%°, —3.84 x 107°, —10.6, —3.81 x 107,
—3.59 x 107°, —3.64 x 107°, —3.63 x 107> .

Thus, (57, X7, X3, Sy, X, S4, Sp, Sp) is a stable point because the real

part of these eigenvalues are all negative.

(85,0, X5, 85, X5, S0, S5, Sp) =

(1.134 x 107*° mol ml™*, 0, 8.067 x 10° cell ml™*,
3.215 x 10719 mol ml™*, 0.144 x 10° cell ml ™,
5.373 x 107° mol ml™*, 5.302 x 107 mol ml™*, 0) ,

and the corresponding eigenvalues of the Jacobian matrix are

—5.62, —3.84 x 107°, 6.46 x 1072°, —10.9, —3.81 x 107°,
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—3.59 x 107°, —3.64 x 107>, —3.63 x 107° .

Thus, (57,0, X5, Sk, Xr,, S%, Sp, Sp) is an unstable point because one of

the eigenvalues has a positive real part. Also,

(Sg: X1,0, 55, X5, 54, Sp, Sp) =

(1.134 x 107*° mol ml™", 8.067 x 10° cell ml™*, 0,
3.215 x 10719 mol ml™*, 0.288 x 10% cell ml™*,

0, 0, 5.316 x 10™° mol ml™') ,

and the corresponding eigenvalues of the Jacobian matrix of the model

are

—10.9, 0.0380 x 107%°, —3.84 x 107° , —11.2, —3.81 x 107?,
—3.59 x 107°, —3.64 x 107>, —3.63 x 107° .

Thus, (S;, X7,0, Sk, X, S4, Sp, Sp) is an unstable point because one of
the eigenvalues has a positive real part.

In equilibrium point (S5, X7, X5,55, X1, 8%, 55, Sg), Xi > X5 and
X7 is associated with a smaller eigenvalue than that of XJ. That is, the
glucose fermenter population 1 will converge towards its corresponding
steady state value slowly as compared to the glucose fermenter population
2. This observations is the same for points (57,0, X3, S;, X, 5%, Sp, S%)
and (Sy, X7,0, 85, X, 8%, S5, Sp).

Note that the eigenvalues associated with S} are six orders of mag-
nitude greater than those associated with X ., S%, Sp and Sy indicat-
ing that the glucose and hydrogen concentration will converge towards
their corresponding steady state values relatively quickly compared to the
methanogens, acetate, propionate and butyrate concentration. Suppose
the initial value, (Sy, X1, Xa, Sh, X, Sa, Sp, Sp), is in the neighborhood
of (S;, X1, X5, 85, XS4, Sp, S5) such that the order of X; and X5 is of
the same magnitude as X; and X3, i.e., 1 x 10 cell ml ™', and the order
of X,, is of the same magnitude as X , i.e., 1 x 10% cell ml~'. Using the

typical parameter values, from equation (5.7), the metabolism of S}, by
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methanogens, is given by

. Qm(Sh _Om)
Km+Sh+Cm "

and is of the magnitude of (1 x 107 mol ml™"). The magnitude of
the hydrogen generation rate from glucose fermentation pathway is 1 x
1072 mol ml™* s~! which is ten times greater than the magnitude of
Sy. Then, in one second, the rate of change in hydrogen concentration,
L, 1s about the same magnitude as S;. Similarly, from equation (5.8),
the change in the methanogen population is of magnitude as 1 x 107°
s71. Because the rate of change in hydrogen concentration is relatively
quick (10° faster) as compared to that of the methanogens, the hydrogen
concentration will converge towards its corresponding steady state value
relatively quickly as compared to the methanogens. This difference in
the rates of change is also shown in the difference in magnitudes of their
corresponding eigenvalues.
Similar to the GHM? model with one type of glucose fermenter (Sec-

tion 5.2.3),

—(ya4 @) = —3.592 x 107
—(yp + ) = —3.640 x 1077 |
—(yp+a)=—3.630x 1077

are, respectively, in the equations for S, S and S% of the GHM? model
with two types of glucose fermenter, and dominate the eigenvalues asso-
ciated with these variables. For example, the rate of change in butyrate
concentration is determined by the term —(yp 4+ «) so that in one second,
the rate of change in butyrate concentration, S%, is about 107! which
is five orders of magnitude smaller than the magnitude of the steady
state butyrate concentration, S3. Similar differences hold for acetate
and propionate rates of change and concentration. Thus, the acetate,
propionate and butyrate concentration will converge towards their corre-
sponding steady state values relatively slowly (10° slower) as compared

to the hydrogen concentration.
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From equation (5.6), the metabolism of S, by either or both types of
glucose fermenters is of the same magnitude as Sj; (1 x 1071 mol ml ™).
The magnitude of 3, is 1 x 107 mol ml™" s=! which is ten times greater
than the magnitude of S;. Similarly to hydrogen concentration, in one
second, the rate of change in glucose concentration is about the same
magnitude as S7. That is, the glucose concentration will converge to-
wards its corresponding steady state value at about the same rate as
compared to the hydrogen concentration so that there is no difference in
magnitudes of their corresponding eigenvalues. Unlike glucose and hy-
drogen, all of acetate, propionate and butyrate are end products that are
not metabolized by other microbes so that the rate of change in acetate,
propionate and butyrate concentrations are similar to that of the glu-
cose fermenters and methanogens that are also not consumed by other
microbes in the GHM? model. By changing biological and ruminal pa-
rameters, this could leads to a new (S;, X7, X3, 55, X1, 5%, Sp, S) and
the glucose and hydrogen concentration will also converge towards their
new corresponding steady state values relatively quickly as compared to
the other variables. That is, by changing parameters, glucose and hydro-
gen concentration will response more quickly as compared to the other
variables.

Recall that 1, &1, m2, &, S and S are all positive. Also, we have
assumed that the biological parameters of the two types of glucose fer-
menters are the same which gives &, = &. Then if « = 3.5x107° s and
B, = 1.930 x 107 mol ml™" s7!, there are four possible steady state so-
lutions: (S7,0,0,5%, Xy, S4, Sp, Sp), (S5, X7, X5,55, X, S, Sp, Sp),
(85,0, X5,8, Xor,, S, Sp, Sp) and (S;, X7,0, S, Xov, S4, Sp,Sp). At
the beginning of this section we determined that the trivial solution is
always unstable. It remains to determine the stability of the other three

steady state solutions. Because & = &, the inequalities

& + 772(52)2 <&,
& +mSp <&,

cannot both be satisfied so that expressions (5.28) and (5.29) cannot both
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be satisfied. Therefore, the equilibrium points (S}, 0, X3, Sy, X, S4, Sp,
Sp) and (S;, X7,0, Sy, X;r,, %, Sp, Sg) are both unstable. Then there
must be a stable co-existence of two types of glucose fermenters 1 and
2, ie., (S, X7, X3,Sy, Xr,Sh,Sp,Sp) with Xi > 0 and X5 > 0 is
a stable steady state under the given assumptions. Note also that the
simulation values for S = S#(1) = 57(2) = 1.134x 107 mol ml~! which
is a confirmation that there is a stable co-existence of glucose fermenters
1 and 2 as expected from the analytical results (see equation (5.30)).
The magnitudes of X; and X3 are near the observed microbe densities
in the rumen [70], when using 3, = 1.930 x 107 mol ml~' s! that is
calculated from a theoretical glucose fermentation based on measured
product formation in the rumen [181], [182]. We have assumed that the
biological parameters of the two types of glucose fermenters are the same
which gives & = &. With 5, = 1.930 x 10~ mol ml ™ s7! and a typical
range of passage rate values 1 x 1075 < o < 5 x 1075 s~ [150], [152],
it can be shown numerically that (S}, X7, X5, Si, X7, S%, Sp, Sp) with
X7 >0 and X; > 0 is a node because its eigenvalues have no imaginary
part and the real part of the eigenvalues are all negative.

The effect of a feed and /or passage rate change in the rumen environ-
ment on the population densities of X; and X5 is explored numerically
through simulations with different combinations of 3, and a. Ruminants
keep ingesting feed so that the passage rate is never zero. A typical range
of passage rate values, 1 x 107> < o < 5x107° s~ [150], [152] is explored.
As shown in the above example, if 3, = 1.930 x 107 mol ml™" s, this
leads to glucose fermenter 1 becoming the dominant microbe. A range
of values of glucose generation rates is then used to examine whether
glucose fermenter 2 can dominate. Glucose generation rates that allow
fermenters 2 to dominate are lower that 2 x 107 mol ml™* s~ but ex-
pression (5.20) is satisfied. Figure 5.8 illustrates the simulation result.

Figure 5.8 indicates that increasing the passage rate reduces the pro-
portion of Xj. Importantly, over these realistic ranges of a and /3,
there is a stable co-existence of both types of glucose fermenters and
methanogens. Remember that the other rumen environment parameters

and the biological parameters of the microbes were obtained from the



2792

2793

2794

2795

2796

2797

2798

2799

2800

2801

2802

Chapter 5. Co-existence 127

—_

-
N >

—_

¢]

—_
N

1

e Lo 9
N o

glucose generation rate (B ), mol ml~" s~'

o
[

1 2 3 4 5
passage rate (o), s~ « 107

Figure 5.8: Proportion of X to total glucose fermenter population (X] +
X3) with different combinations of §, and a.

literature and not fitted to yield co-existence.
Increasing the passage rate reduces the proportion of X; (Figure 5.8).
Equivalently, the fermentation pathways are shifted from the pathway

associated with glucose fermenter 1
glucose -+ B+2 Hy +2 COy + HT | (5.32)
to the pathway associated with glucose fermenter 2
glucose = A+ P+ Hy + COy + 2 HY . (5.33)

For the same amount of glucose fermented (/3,), this shift in fermentation
leads to a greater propionate production, i.e., an increase in the propor-
tion of the steady state propionate concentration to the total volatile
fatty acids concentrations (Figure 5.9). This observation meets with the
conceptual model presented by Janssen [76] and a chemostat experiment

conducted by Isaacson et al. [72].
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Figure 5.9: Proportion of the steady state propionate concentration (S})
to the total volatile fatty acids concentrations (S% + S5 + Sp) with dif-
ferent combinations of 3, and a.
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Figure 5.10: Mole of hydrogen generated per mole of glucose generated
with different combinations of §, and .

2803 From pathway (5.32), each mole of glucose is converted into two moles

804 Of hydrogen by glucose fermenter X;. At small values of passage rate,
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there is an abundance of X; (Figure 5.8) and )/, ~ 2. For instance,
in Figure 5.10, with 3, = 2 x 107 mol ml™' st and o =1 x 1075 571,

the corresponding 3/, is

Bn  2X7+ X5

By By
=2x0.9541x0.05
=1.95.

A greater passage rate is associated with a greater hydrogen concentra-
tion. Increasing the passage rate causes a decrease in X; (Figure 5.8)
and a shift in glucose fermentation pathways from pathway (5.32) to
pathway (5.33) due to the thermodynamic feedbacks imposed by the hy-
drogen concentration (and other end products). This leads to a reduced
net hydrogen-formation (reduce f3,) and hence less estimated methane
production [76] because methane production is most sensitive to the
amount of hydrogen generated from fermentation [68]. That is, in the
GHM? model, methane production (measured by f3,/83, as illustrated in
Figure 5.10) is reduced by increasing passage rate values. This observa-
tion meets with the conceptual model presented by Janssen [76] and a
chemostat experiment conducted by Isaacson et al. [72].

Recall from the HM model where no glucose fermentation pathways
are included: with 3, = 4.70 x 107 mol ml™" s (3, = 1.930 x

1079 mol ml™" s! equivalent), at double of o = 3.5 x 107° 57!

, esti-
mated methane production is reduced by 0.0016%. However, given the
same 3, = 1.930x 1072 mol ml™" s~ from Figure 5.10, by increasing pas-
sage rate from o = 3.5x107° s tow = 5x107° s71, B3,/ 3, reduces from
1.9232 to 1.8684 (=~ 2.74 % reduction in estimated methane production).
This reduction of estimated methane production from the GHM? model
is greater than that of the HM model. A greater passage rate is associ-
ated with an increasing dissolved hydrogen concentrations in the rumen,
which in turn is expected to feed back on hydrogen-forming steps to result
in less net hydrogen formation and methane production (i.e., hydrogen

production becomes less favorable [76]). Thus, passage rate indirectly
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affects methane production by directly affecting the amount of hydrogen
generated from glucose fermentation pathways. By increasing the pas-
sage rate, this also reduces the population densities of X; and X, that
further reduces the hydrogen generation rate and estimated methane pro-
duction. With an increasing passage rate (sheep with smaller rumens),
the observed reduction in methane production from animal experiment
[132] was about 11%. Such differences in methane production from an-
imal experiments are greater than this simulation example (=~ 2.74 %
reduction in methane production). However, if more types of glucose
fermenters and glucose fermentation pathways were to be introduced,
greater effects of o and 3, on the methane formation could be achieved
so that the GHM? model could potentially approximate realistic rumen
function. This remains to be verified in the future work.

Next we will explore the steady state changes of glucose fermenters
and methanogens population densities (Figure 5.11), volatile fatty acids
(VFA) concentrations (Figure 5.12) and ),/ 3, ratio (Figure 5.13), over a
range of passage rate values (0 < o < 1.2x 107 s7!) at three specific val-
ues of glucose generation rate (3, = 1.930 x 107, 1 x 10™ mol ml™" s~*
and 0.5 x 107 mol ml™! s7!). Because there is a co-existence of glucose
fermenters 1 and 2 so that S; = S(1) = S;(2), i.e., the steady state glu-
cose and hydrogen concentrations over this range of passage rate values
for both glucose generation rates is the same as in Section 5.2.4 (Figure
5.4). Because the Monod model [115] is used in the GHM? model to de-
scribe the rate of substrate (glucose and hydrogen) metabolism at a given
substrate concentration, the steady state glucose and hydrogen concen-
trations are independent of the ruminal glucose and hydrogen generation
rate (section 2.4). That is, the steady state glucose and hydrogen con-
centrations are determined by the biological parameters associated with
glucose fermenters and methanogens and passage rate. Each value of
passage rate is associated with one value of steady state substrate con-
centration regardless how many types of glucose fermenters co-exist in
the rumen.

Note that the biological parameters of both types of glucose fer-

menters 1 and 2 have been assumed to be the same, and are the same
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Figure 5.11: The stable steady state population densities of two types
of glucose fermenters and methanogens for a constant 3, and a range
of passage rate values. (a) 8, = 1.930 x 107 mol ml™' s7'. (b) 3,
1x 1072 mol ml™" s, (c) B, = 0.5 x 107 mol ml™" s~'. A bifurcation
occurs in all cases when o = 1.026 x 10~ s~1 after which the stable steady
state changes from co-existence of both glucose fermenter populations
and methanogens to the trivial solution.

as presented in Figure 5.3. In Figure 5.11, we can see that increas-
ing the passage rate beyond a = 1.026 x 107% s7! = Yi(nign — my) =
Ys(neqa — msy), eliminates both types of glucose fermenters as they can-
not reproduce fast enough to match the passage rate, which in turn
eliminates methanogens due to no hydrogen being produced from fer-
If

a > 1.026 x 107* s71, the only stable equilibrium point is the trivial so-

mentation. This is illustrated in the discontinuity in Figure 5.11.

lution. Otherwise, there is a stable co-existence of both types of glucose
fermenters and methanogens. That is, for each value of passage rate,
there is only one stable equilibrium point and there is a bifurcation at
a = 1.026 x 107 s71. As noted before, in the rumen, the typical range
of passage rate values is 1 x 107> < o < 5x 107 7! [150], [152]. In this

12
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range for typical 3, values, the two fermenters in our example always
co-exist.

The effect of changing 3, on the stable co-existence of two types of glu-
cose fermenters and methanogens is illustrated in Figure 5.11. At a lower
value of 3, (Figure 5.11(b)), glucose fermenter 2 becomes dominate more
quickly with increasing the passage rate than it does for greater value of
B, (Figure 5.11(a)). With a 1.93 times lower (1.930 x 107%/1 x 1079 =
1.93) value of 3, (food supply) a lower glucose fermenter population den-
sity yields a roughly 1.93 times lower hydrogen generation rate so that
the methanogen population density is reduced roughly by a factor of
1.93 (Figure 5.11(a), (b)). Similar differences hold for Figure 5.11(b),
(c). This observation of differences in methanogen population density
for different values of glucose generation rate is in agreement with the
conclusion from the HM model (Section 2.4) that as long as methanogens
can survive in the rumen, decreasing the hydrogen generation rate by a
factor of ¢ roughly decreases the methanogen population density by a
factor of c.

With a lower feed intake, it is expected that the animal products (e.g.,
meat, milk) are reduced (by the same factor). The volatile fatty acids
(VFA) are absorbed by the ruminants as energy sources for the animal
or converted into animal products. With a 1.93 times lower (1.930 x
1077/1 x 1072 = 1.93) value of 3,, i.e., 1.93 times lower feed intake, the
steady state volatile fatty acids concentrations are (roughly) reduced by
the same factor. This is illustrated by the differences in Figures 5.12(a),
(b). Similar differences hold for Figure 5.12(b), (c).

By decreasing 5, = 1.930 x 10 mol ml™ s to B, = 1x107?
mol ml™! s, there is a factor of 1.93 decrease in the glucose generation
rate. This leads to a decrease in the hydrogen generation rate, 3, by
a factor of roughly 1.93 such that 3,/8, in Figure 5.13(a) is approxi-
mately the same (at most 9% greater) as that in Figure 5.13(b). Similar
differences hold for Figure 5.13(b), (c).

Although reducing the amount of feed (i.e., reducing f,) consumed
by ruminants can reduce methane production, this is not economical be-

cause this will also reduce VFA concentration (Figure 5.12(a), (b), (c))
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Figure 5.12: The stable steady state VFA concentration with a constant
3, and a range of passage rate values. (a) 3, = 1.930x 10~ mol ml™" s7*.
(b) By = 1 x 107 mol ml™" s7*. (c) B, = 0.5 x 107 mol ml™" st
The VFA concentration becomes zero (note log(0) is negative infinity so
zero concentration is not shown on graph) when both types of glucose
fermenters are eliminated, that is when o > 1.026 x 10~* s1.

and hence reduce animal productivity because the VFA are converted by
the ruminants into animal products. The more economical approach to
reduce methane production without reducing animal productivity is to
increase the passage rate, as illustrated in Figure 5.13. A greater passage
rate is associated with a greater hydrogen concentration. As illustrated
in Figure 5.8, increasing the passage rate causes a decrease in X; and so
a shift in glucose fermentation pathways from pathway (5.32) to path-
way (5.33) due to the thermodynamic feedback imposed by the hydrogen
concentration (and other end products). This leads to a reduced net
hydrogen-formation (reduced /3, and f3,/f, Figure 5.13) and hence less
estimated methane production [76]. That is, increasing the passage rate
leads to a shift in glucose fermentation pathways that produce less hydro-
gen: the passage rate indirectly affects methane production by directly

affecting the amount of hydrogen generated from fermentation pathways.
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Figure 5.13: The steady state [/, ratio with a constant §, and a
range of passage rate values. (a) 8, = 1.930 x 107 mol ml™" s7'. (b)
B, =1x 102 mol ml™" s7%. (c) B, = 0.5 x 1072 mol ml™" s*. There is
essentially one value of 3/, for 0 < @ < 1.026 x 10~* s7! and another
(0) for a > 1.026 x 10™* s~ where glucose fermenters are eliminated by
the passage rate so that no glucose is fermented to hydrogen, i.e., 5, = 0.

This observation from the GHM? model has been confirmed by theory
and animal experiment. In theory, one method to reduce the hydrogen
generation rate in the rumen is to feed ruminants with cereal grain [93].
Grains, such as corn, contain larger amounts of rapidly degradable starch.
When more digestible feed is eaten, the passage rate is greater [105]. A
greater passage rate is associated with a greater hydrogen concentration
that leads to a shift in fermentation pathways towards more propionate
production and reduce hydrogen generation rate and hence less methane
production [76]. From animal experiment, by feeding forage brassicas
(rape and swedes), the methane production from sheep was respectively
23% and 25% less than that of ryegrass [151]. Sun et al. [151], [152]
concluded that this difference in methane production is due to rape and
swedes being more rapidly degradable than ryegrass, that is, they behave

like grain in the rumen.

xi0*
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2001 By including glucose fermenters that can co-exist, the methane pro-
22 duction (measured by f),/8,) can be reduced by increasing the passage
2043 Tate that leads to shift glucose fermentation pathways towards less hy-
2aa  drogen generation rate, as shown in the differences in Figures 5.6 and
25 5.13. There are more than two types of glucose fermenters in the rumen.
246 Therefore, the analytical results for the co-existence of two types of glu-
27 cose fermenters are generalized to explore the mechanism of how more
2us than two types of glucose fermenter can co-exist, as predicted by the
i GHM? model. Also, by including co-existence of more than two types of

50 glucose fermenters, whether this can yield a lower 3;,/0,.

» 9.4  (Generalization

252 In this section, we explore the possibility of whether or not more than two
2053 types of glucose fermenters can co-exist in the rumen and if so what is the
205« mechanism leads to co-exist, as predicted by the GHM? model. Whether
2055 or not the methanogens can also survive is determined by the hydrogen
205 generation rate (food source) from glucose fermentation, the rumen envi-

2057 ronment and biological parameters of methanogens, as modelled by the
2958 GHM9 model.

x0 0.4.1 Two types of glucose fermenters with gener-

2060 alized glucose fermentation pathways

261 Before exploring the co-existence of more than two types of glucose fer-
262 menters, let us examine the stability of equilibrium points where there
2063 are two types of glucose fermenters ¢ and j that are associated with gener-
26s  alized glucose fermentation pathways, taking the form given in equation
2065 (4.1).

glucose + Wy, HoO — wa, A + wp, P + wp, B 4+ wp,Hy + weq,COg + wyp+ H
(5.34)

glucose + Wy, HoO — wa, A+ wp, P + wp, B + wy,Ha + weg, COs + wy+ HT .
(5.35)



2966

2967

2968

2969

2970

2971

2972

2973

2974

2975

2976

2977

2978

2979

2980

2981

2982

2983

2984

2985

2986

2987

2988

136 Chapter 5. Co-existence

Then
b _ [A]wA,L- [P]wpi [B]U’Bi [HQ]’whi [002]wcdi [HJr]wHﬂ e(AGOTf"ni AGarp)/(RT)

' [glucose|[HaoO]“wti ’
g — A" [P [B]™2 [Ha] ™ [COp ™ [HH o(AGS +n; AGarr)/(RT)
i = )

[glucose][HyO] ™"

The w are the unitless stoichiometric coefficients of the chemical equation
and the subscript indicates the glucose fermenter that uses this pathway.
So, for example, in every millilitre of rumen liquid, glucose fermenter ¢
converts each mole of glucose into w,4, moles of acetate, A, wp, moles
of propionate, P, wp, moles of butyrate, B, wj,, moles of hydrogen, Hs,
weq; moles of carbon dioxide, CO2, and wy+, moles of hydrogen ions,
H™". Not all fermentation pathways produce all of these end products
so some of the stoichiometric coefficients could be zero. However, at
least one of wyu,, wp, wp,, must be positive because one or more of
acetate, propionate or butyrate is always an end product from glucose
fermentation. In Section 5.3, the assumption was made that glucose
fermenters 1 and 2 had at least one common end product. In this Section,
importantly, we do not assume that the glucose fermentation pathways
have a common end product. Rather, glucose fermenter i and j are only
required to be associated with glucose fermentation pathways where the
value of stoichiometric coefficients balance the chemical equations (5.34)
and (5.35).

We are interested primarily in whether glucose fermenter ¢ and j can
co-exist long term (i.e., X > 0 and X7 > 0). For this to occur, both
types of glucose fermenter must be in their reproduction mode so that

they can maintain themselves in the rumen, i.e., £; =Y, and E; = Y].
The GHM? model then becomes

: qiSy(1 — ;) 491~ 0;)
= — ;XT —
& Ki+S,(1+6;,)"" Kj+S(1+9) — g By

)
, Yiniq;Sy(1 —6;)
X! — L VN e
: (K+S(+ 0;) i O‘) L

Yin;q;Sy(1 —0;)
X/ J1] J —Y o X
I (K +5,(1+6;) O‘) ,
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TR+ Sy (1+6;)" " TKj+ Sy(14+6;)" 7

/ Emnmquh(l — Hm)
X! = e )y
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TR S0+ 0 TR+ 8,(1+0))

This GHM? model with two types of glucose fermenters i and j is in the
same form as the GHM? model with two types of glucose fermenters 1
and 2 in Section 5.3.

From X/ = 0, in the absence of glucose fermenter j, the steady state
glucose concentration, Sy, is given by the biological parameters of glucose

fermenter ¢ and the rumen environment

I Yinigi(1 = 07) — (Yomi + o) (1 +67)

By substituting the steady state thermodynamic term, 6;,

gr _ (S0)" (95) 7 (Sp) "™ (87) ™ Ci
K3 S; ’

into S; so the steady state glucose concentration can be divided into two
components: the first is the steady state glucose concentration found
when there is no thermodynamic control (that is when 6; = 0), &; and
the second is the shift in this value due to thermodynamic control, o;.

There are given by

 Ki(Yim, + )
 Yinggi — Yim; — o
(Yinigi + Yim; + ) (53)" 4 (Sp) "% () "5 (Sp)"" C;
Yinigi —Yim; —a

&

i )
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where
S;(i) =& 405

Note that the concentration of water is approximated by the water ac-
tivity and assumed constant [21] and C; is a constant based on the same
assumptions as stated in Section 5.2 that the following are constant in
the rumen: the pH value (i.e., [H]); the energy required for one mole of
ATP formation by the glucose fermenter, AG orp; the dissolved carbon
dioxide concentration, [CO,] and the rumen temperature, 7.

Similarly, in the absence of glucose fermenter ¢, we can determine
the corresponding terms §; and o; for glucose fermenter j and Cj is a

constant.

¢ - K5(Yym; + a) |
Yinjq; — Yym; — «
(Yiniq; + Yym; + a)(S4)"% (Sp)™7 (Sp) " (S;)"" C;
Yin;q; — Yym; —

J

Sy(j)=¢&+aj .

Y

In Section 5.3, the comparison of S (1) and S (2) determined whether
there was a stable co-existence of glucose fermenter 1 and 2 in the long
term, e.g., expressions (5.28) and (5.29). Similarly, in this generalized
example with glucose fermenter i and j, it is the comparison of Sy (i) and
S%(j) that determines whether there is a stable co-existence of glucose

fermenter ¢ and j in the long term. That is,
0<S;(1) <S,(7), (5.36)

is required for (S;, X7,0, Sy, Xy, S, Sp,Sg), where X} > 0, to be a

stable equilibrium point;
0 < S5(4) < S,(i) , (5.37)

is required for (Sy,0, X7, Sk, Xy, 8%, Sp,Sp), where X7 > 0, to be a
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stable equilibrium point; and
0<S;(i)=S,0), (5.38)

is required for (57, X;, X7, Sy, X, 8%, S5, Sp), where X > 0 and X7 >
0, to be a stable equilibrium point and therefore for a co-existence of
X; and X;. Because only one of expression (5.36), (5.37) or (5.38) can
be satisfied only one of (Sy, X7,0,S5;, X, 5%, Sp, Sp) where X > 0,
(85,0, X5, 85, Xor,, S, Sp, Sp) where X5 > 0 or (S5, X7, X7, Sy, X, S,

P, Sp) where X > 0 and X7 > 0 is a stable equilibrium. If either S7(i)
or Sy(j) is negative, the respective glucose fermenter cannot survive in
the long term (i.e., it’s steady state population, X or X7, is zero).
This could occur due to washout from the passage rate or the glucose
fermentation pathways reaching chemical equilibrium (and therefore no
glucose is fermented). As at least one of the populations is wiped out,
there is not co-existence of glucose fermenter i and j when either or
both of their S values is negative. In summary, there are four possible
steady state scenarios and there is exactly one stable equilibrium point,
(S5, X7, X5, Sy, X, S4, Sp, Sp), for any combination of biological (n, g,

K, m, d and Y) and ruminal (o, §,, 74, 7p and yp) parameter values.

1. X7 =0and X! =0,
if Sy(i) <0 and S;(j) <0 (both are washed out) ;

2. X! =0and X7 >0,
if S;(i) <0 and S;(j) > 0 (X; is washed out) or
if 0 < S;(j) < S;(i) (X; outcompetes X;) ;

3. Xi>0and Xj =0,
if Sy(7) > 0 and S;(j) < 0 (X; is washed out) or
if 0 < S;(i) < S5(j) (Xi outcompetes Xj) ;

4. X;>0and X; > 0,if 0 < S:(i) = S:(j) -
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ws 9.4.2 Three types of glucose fermenter

su7 - By introducing another type of glucose fermenter, the analytical results
sus  of the GHMY model with two types of glucose fermenters i and j can be
s9 - expanded. Suppose now there is another glucose fermenter k£ associated

ss0 - with the generalized glucose fermentation pathway
glucose + Wy, HoO — wa, A + wp, P + wp, B + wy, Ha + weq, CO2 + wy+ HT |

ss1 - with the thermodynamic term

[A]wAk [P]“’Pk [B]ka [Hg]whk [Coz]wcdk [H+]wH+k e(AGOTk+nk AGarp)/(RT) .

b = [glucose| [Ho O]t

w52 Again, importantly, the glucose fermentation pathways of glucose fer-
w53 menters ¢, j and k are generalised and do not assume required a common
s end product. The only requirement for each glucose fermenter is that
055 it 1S associated with a generalized fermentation pathway in the form of
w56 equation (4.1), with stoichiometric coefficients that balance the chemical
ss7 - equations of the fermentation pathway.

3058 In the absence of glucose fermenter ¢ and j, the steady state glucose
ws0 concentration, Sy, predicted by the biological parameters of glucose fer-
s60 menter k and the rumen environment can be divided into two components

s61  as before:

~ Yingy — Yemy, —a
(Yerwgr + Yime + @) (53)" 4 (Sp) " (S5)*Px (S5) " Cr
Yineqr — Yeme — «

k

Y

Sy (k) =& + o

w62 Note again that the concentration of water is approximated by the water
w63 activity and assumed constant [21] and Cj is a constant based on the
w64 Same assumptions as stated in Section 5.2.

3065 We are interested primarily in whether glucose fermenter i, j and k
w6 can co-exist in the long term (i.e., their steady state populations, X/,

wor X7 and X are all greater than zero). For this to occur, all three types
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of glucose fermenters must long term be in their reproduction mode so
that they can maintain themselves in the rumen, ie., F; =Y;, E; =Y}
and E; = Y;. The GHM? model with three types of glucose fermenters
then becomes

o 450 -0) ¢S —-0) o aS(1— 0k

i X. —aS 7
¢ K+ S,(1+6)) Ki+S,(146,)"7 K+ S,(1+6,)° " Sy + fy

YiniqiS,(1 —6;)
;XT{ = }2 i —)(é )
! <K + Sy(1+6;) mn O‘)
Yin;q;S,(1 —0;)
X! = kY —Yim; —a ) X;
- (23 o)
/ YknquS 1 Gk)
X, = —-Y — X
k <Kk+S (110, FET) A
/ quh< em)
= — ;XT —
o TR T Sh(L By o T
w q:iSy(1 —6;) Sy(1 — ) Qi Sy(1 — O)
MK+ S,(1+0;) JK + sg<1 ) Whi g + S,(1+6)
X' = _ _
m ( Ko+ Sh(1+46,,) Emm —a
/ %Sg(l - 91') QJS 1 0, ) QkSg(l — 9k)
S = . X; X; X
S oy s R AL oy rwnn SRS omry T m S
—yaS4 —aSy,
, ¢Sy(1 — 0;) qjSy(1 = 6;) qrSy(1 — )
Sp = wp, X; _ X,
PR S a6 TR, 18,04 0,) ) T R R £ S, (1 0
—vpSp — aSp ,
/ %‘Sg(l 0;) %Sg(l - 9]‘) qiSy (1—6)
ShL = . X;
BB s a0y R, 18,010, T R+ 5,1+ )
— ’YBSB — OéSB .

There are eight possible stable scenarios that can be represented by
the equilibrium point, (57, X7, X7, X7, S, X, 8%, Sp, Sp), where

X;=0,X=0,X;=0,
X;>0,X=0,X;=0,
X:=0,X!>0,X;=0,
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X =0,X;=0,X;>0,
X >0,X]>0,X;,=0,
X;>0,X;=0,X;>0,
X =0,X]>0,X;>0,
X7 >0,X7>0,X;>0.

The stability of these equilibrium points is determined by the corre-
sponding eigenvalues of the Jacobian matrix for the dynamical system.
For (Sy, X7,0,0,55, X, 54,55, 58), X; =0, X =0, X >0, X7 =0
and X; = 0. When this is true, all the elements of the third and fourth
rows of the Jacobian matrix, J; (page 144), are zero except the diagonal
elements, J5(3,3) and J3(4,4). The eigenvalue of this matrix is solved
from det(J3—AI) = 0. There are two eigenvalues that can be determined
from X} and X with X7 = X =0 and X} > 0.

Yin;q;S;(1 — 05)
Kj+ S:(1+05)
YknquS;(l — 0;;)
Ky + 53 (14 6%)

—Ym; — o,

—Ykmk—oz.

At least these two eigenvalues must be negative to guarantee (S;, X7, 0,0,
Sy, X, S%, Sp, S5) is a stable point. That is,

Yin;q; Sy (1 — 05)
K+ S:(1+67)
YknquS;(l —0)
Ky + S (14 6%)

—Ym; —a <0,

—Ykmk—oz<0,

or equivalently
Sg < 550)
S, < S;(k),

are both required to guarantee (57, X, 0,0, Sy, X7, S%, Sp, Sp) is a sta-
ble point.
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Recall that in the absence of glucose fermenter j and k, (i.e., X; =
X = 0) the steady state glucose concentration, S, is predicted by S; (i),
i.e., S5 = Sy(i). Note that S;(7) is calculated based on the biological pa-
rameters of glucose fermenter ¢ and the rumen environment. Similar to
the GHM? model with glucose fermenter i and j, if any of Sx(i), S5(j) or
S;(k) is negative, then the corresponding glucose fermenter cannot sur-
vive in the long term (i.e., X7 = 0, X7 = 0 or X;; = 0). This could occur
due to washout from the passage rate or the glucose fermentation path-
way reaching chemical equilibrium (and hence no glucose is fermented).
Overall,

0 < 5;(0) < 5;() < S (k) |

is required to guarantee (S, X7,0,0,S;, Xy, 9%, S5, S), where X7 >
0, is a stable point, i.e., only glucose fermenter ¢ will survive in the
long term. If this inequality is not satisfied, then (S;, X7,0,0, Sp, X,
S%, S, S5), where X > 0, is unstable.

Similarly, if

0 < S;(j) < Si0) < S (k)

then (57,0, X7,0, Sy, X»,, S4, Sp, Si), where X7 > 0, is a stable equi-
librium point i.e., only glucose fermenter j will survive in the long term.

If
0< Si(k) < S:(i) < Si(j) ,

then (S;,0,0, Xy, Sy, X, 8%, Sp, Sg), where X > 0, is a stable equilib-
rium point. In this case, only glucose fermenter £ will survive in the long

term.
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For any two types of glucose fermenters to co-exist (Section 5.4.1),

equation (5.38) is required. Similarly, if
0 < S5(i) = S;(5) = S5(k) , (5.39)

then there is a co-existence of glucose fermenters i, 7 and k in the long
term, which is represented by the equilibrium point (S;,Xj,X;‘,X,’;,
Shy Xors 8%, 8p, Sp) with X7 >0, X7 > 0 and X} > 0.

Again, similar to the GHM? model with glucose fermenter i and j,
for the GHM? model with three types of glucose fermenter i, j and k, it

is the comparison among

S;(]) - gj +Jj )
Sy (k) =& + oy

that determines whether there is a stable co-existence of glucose fer-
menters and if so which types of glucose fermenters can co-exist. For

instance, suppose
0 < S;(i) = S, (j) < S;(k) .

Then, each of

0 < S;(i) < S,(J) (5.40)
0<S;(j) <S,(i) , (5.41)
0 < S;(k) < S, (i), (5.42)
0 < S;(k) <S,(5) (5.43)
0 < S;(i) =S, (k) , (5.44)
0<S;(j)=5S,k), (5.45)

and inequality (5.39) is not satisfied. Consequently,
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Steady state Reason of instability
(S5, X&' X5, X§, S5, X5, 5%, Sp, Sp)

X/ =0,X;=0X;=0 Sx(i) >0, Sy(j) > 0 and S;(k) >0

X/ >0,X;=0,X;=0 inequality (5.40) is not satisfied
Xi=0,X7>0X;=0 inequality (5.41) is not satisfied

X =0,X;=0,X;>0 inequalities (5.42) and (5.43) are not satisfied
X/ >0,X;=0,X;>0 inequality (5.44) is not satisfied
Xi=0,X7>0,X;>0 inequality (5.45) is not satisfied

X! >0,X;>0,X;>0 inequality (5.39) is not satisfied

Thus, if
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0 < 5;() = 53() < S (k) |

then there is a stable co-existence of glucose fermenters ¢ and j, and
glucose fermenter £ die out long term, i.e., X >0, X7 > 0, X; =0 and
(S;, X7, X5,0, 85, X,r,, 8%, Sp, Sg), for co-existence of glucose fermenters
¢ and 7 is the only stable point.

In summary, with any combination of biological (n, ¢, K, m, d and
Y') and ruminal (o, 5y, 74, 7p and yp) parameter values, there is exactly

one stable equilibrium point that is determined by comparison of S¥(i),
S(j) and S¥ (k).

1. X7 =0, X: =0 and Xj =0,
if Sy(i) <0, S:(j) <0 and S;(k) <0 (all are washed out) ;

2. X >0, X; =0and X} =0,
if Sy(i) >0, S5(j) <0 and S;(k) <0 (X; and X are washed out)
or if 0 < S5(i) < S;(j) < S;(k)
(X; outcompetes X; and Xj) ;

3. X =0, X;>0and X; =0,
if Sy(j) >0, S;(i) <0 and S;(k) <0 (X; and X}, are washed out)
or if 0 < S3(j) < S;(i) < Si(k)
(X; outcompetes X; and Xj) ;
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4. X7 =0, X7 =0and X; >0,
if S;(k) >0, S;(i) <0 and S;(j) <0 (X; and X; are washed out)
or if 0 < S5(k) < S;(i) < S5(5)
(X outcompetes X; and X;) ;

5. X >0, X! >0and X} =0,
if Sy(k) <0< S;(i) =S5;(j) (X is washed out) or
if 0 < .S5(i) = S5(j) < S;(k) (X; and X; outcompete Xj) ;

6. X7 >0, X: =0 and X; >0,
if S;(j) <0< S;(i) = S;(k) (X; is washed out) or
if 0 < S;(i) = S;(k) < S;(j) (X; and X}, outcompete Xj) ;

7. X7 =0, X*>0and X; >0,
if Sy(i) <0< S5(j) = S;(k) (X; is washed out) or
if 0 < .S5(j) =955 (k) < S;(i) (X; and X outcompete X;) ;

8. X;>0,X;>0and X{ >0,
it 0 < 52(i) = S:(j) = S (k)

From the analytical results of the GHM? model with two types of
glucose fermenter i and j; and the GHM? model with three types of
glucose fermenter ¢, 7 and k, there is a stable co-existence of glucose fer-
menters, if and only if these types of glucose fermenters are associated
with the same lowest positive steady state glucose concentration. Such
steady state glucose concentration is found from the biological parame-
ters of all these types of glucose fermenters and the rumen environment.
This analytical result can be extended to any number of types of glucose

fermenters.

5.4.3 Multiple types of glucose fermenters

Suppose there are nn types of glucose fermenters, ¢ € {1,...,nn}. Each
type of glucose fermenter is associated with a glucose fermentation path-
way given in the form of equation (4.1). It is not assumed that these
pathways must (or necessarily) have or not have a common end product.

The GHM? model with nn types of glucose fermenters is given in Section
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4.2. Different combinations of glucose fermenters and/or rumen environ-

ment leads to co-existence of different types of glucose fermenters. In this

section, we extend the analytical results of the GHM? model with three

types of glucose fermenter to any number of types of glucose fermenters.
With 57 = 0, equation (4.2) becomes

S qng(l — 0;) '
i=1 Ki+ Sg(1+6;)" "

By —aS;‘ =

Population density cannot be negative, i.e., X; > 0, Vi € {1,...,nn}. The
thermodynamic term, ¢;, 0 < #; < 1 and all the biological parameters

are positive so that

qi(Sy(1 — 6;) A
Ki+S,(1+6;,)" "’

is non-negative for all i. Therefore, a sufficient glucose supply, 8, > .5y,
is required to guarantee at least one type of glucose fermenter can survive.
So if there is insufficient glucose supply all types of glucose fermenters
will be eliminated. If 8, = aSj, then X; = 0 and/or 0; = 1, Vi €
{1,...,nn}. Note that §; = 1 indicates no glucose can be metabolized
by either type of glucose fermenter due to thermodynamic feedback so
that all types of glucose fermenters cannot reproduce and will therefore
be eliminated by the passage rate. Thus, (5,/a,0,...,0,0,0,0,0,0) is the
only solution of the GHM? model with nn types of glucose fermenters, if
there is insufficient glucose supply, 5, < aSj.

With X! = 0, from equation (4.3), in the absence of all types of
glucose fermenter except 7, based on the biological parameters and a given
rumen environment, the steady state glucose concentration predicted by

glucose fermenter ¢ is

K;(Yom; + «) N
¥ = =S5 1,... )
% = V(1= 67) — (Vs + o)L g o\ 1€ ALomn}

The term S} (i) can be expressed as

Sy(i) =& +oi, i €{l,..,nn} .
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Similarly to the GHM? model with two types of glucose fermenters
(Section 5.3), those types of glucose fermenters i associated with nega-
tive S (i) cannot survive, i.e., Xj < 0 such that X} — 0, as determined
by a given rumen environment. This would occur when the glucose fer-
mentation pathways associated with glucose fermenter ¢ are always at
chemical equilibrium (0] = 1) and/or glucose fermenter ¢ cannot tolerate
the passage rate. Then the types of glucose fermenters ¢ which could
survive are those with §; >0, o; > 0 and 0 < 07 < 1, so that S;(i) > 0
Vie ({1,...mm} C{l,...,nn}).

From the analytical results of three types of glucose fermenters, it
is the comparison among S (i), S;(j) and S;(k) that determines which
type of glucose fermenters can co-exist. By induction, for the GHM?
model with nn types of glucose fermenters, it is the comparison of S} (i),
i € {1,...,nn} that determines which type of glucose fermenters can co-
exist. Specifically, there is a co-existence of glucose fermenters and the
corresponding equilibrium point is the only stable point, if and only if
these types of glucose fermenters are associated with the same lowest

positive steady state glucose concentration.

Sy(mm +1) < ... <57 (nn) <0< S;(1) =... = 5(1l)
<S;(ll+1)<...< S (mm) . (5.46)

From the analytical results of three types of glucose fermenter, there is
exactly one stable equilibrium point for any number of glucose fermenters
with any combination of biological (n, ¢, K, m, d and Y) and ruminal
(a, By, 74, vp and yp) parameter values. If there is insufficient substrate
supply, i.e., B; —aS; < 0, then the only stable equilibrium point is where
all the types of glucose fermenters cannot survive. Suppose the biological
parameters of each type of glucose fermenter are known. With sufficient
glucose supply, i.e., B, —aS; > 0, the only stable equilibrium point
is then either there is a stable co-existence of glucose fermenters where
expression (5.46) is satisfied so X; > 0, ¢ € {1,...,1l} are those types of
glucose fermenters that co-exist among nn types of glucose fermenters

or only one type of glucose fermenter can survive in the long term, as
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predicted by the GHM? model.

From i € {1,...,nn} to ¢ € {1,....1l}, there are two situations in
which a type of glucose fermenter 7 can be eliminated: either by passage
rate and/or thermodynamic feedback of substrates and products or by
competition among glucose fermenters. Note that both situations are
related to S; (i), which is determined by both the biological and rumen
environment parameters (passage rate and thermodynamic control im-
posed by substrate and product concentrations that is captured by 6;).
Each type of glucose fermenter is associated with a S;(i). From expres-
sion (5.46), i € {mm + 1,...,nn} are those types of glucose fermenters
be eliminated by passage rate and/or thermodynamic feedback so that
Sy(mm +1) < ... < S¥(nn) < 0 and

0 < SH(1) = ... = SH(ll) < SH(U+1) < .. < S:(mm)

indicates that i € {1, ...,ll} types of glucose fermenters co-exist and also
outcompete i € {ll + 1,...,mm} types of glucose fermenters. That is,
X >0V e {1,..,1l} otherwise X} = 0 long term, as predicted by
the GHM? model based on the given biological parameters of all types
of glucose fermenters and the rumen environment. For different combi-
nations of initial glucose fermenters, it could mean that different types
of glucose fermenters can co-exist, i.e., the elements in the set {1, ...,1l}
could be different. If a new type of glucose fermenter nn + 1 is intro-
duced to the rumen, and/or there is a change in the rumen environment,
expression (5.46) can be used to determine whether this allows different
types of glucose fermenters to co-exist, i.e., whether those elements in
the set {1,...,1l} will change. This observation can be demonstrated by
the following simulation example.

Note that glucose fermenters X; and X, are introduced in Section
5.3. Let X3 denote the population density of a type of glucose fermenter
3 associated with the pathway

glucose +2 HoO =+ 2 A+4 Hy +2 COy +2 HT .

Let X, denote the population density of a type of glucose fermenter 4
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associated with the pathway
glucose +2/3 H,O — 2/3 A+2/3 B+8/3 Hy +2 COy +4/3 H' .

Let X5 denote the population density of a type of glucose fermenter 5
associated with the pathway

glucose — 2/3 A+4/3 P+2/3 COy+2/3 H,O+2 H' .

For simplicity, we let the biological parameters (m;, ¢;, Y;, K;, n;) of
these five types of glucose fermenters, X;, i € {1,...,5} be the same and
these five types of glucose fermenters need the same amount of energy to
gain one unit of ATP, i.e., AGrp = 75 kJ molj-p. These five types of

glucose fermenters are distinguished by n;

ny = 3 molypp mol™! [Appendix C] ,
ny = 3 molypp mol™! [Appendix C] ,
ns = 4 molyrp mol™* [Appendix C] ,
ng = 3.33 molyrp mol™' [Appendix C] ,
ns = 2.67 molsrp mol™' [Appendix C] ,

and AGY,

AGH, = —198.306 kJ mol ™" [21] ,
AGH, = —187.516 kJ mol ™' [21] ,
AGH, = —52.435 kJ mol ' [21] ,

AGS, = —148.124 kJ mol ™" [21] ,
AGS, = —229.748 kJ mol " [21] .

Let 0 < a < 1.2x 107 st and 3, = 1.930 x 107 mol ml~" s71. All
the ruminal parameters are the same as listed in Section 5.2.2 and used
in Section 5.3.2. Suppose initially only fermenters 1 and 2 exist. We
consider introducing one of glucose fermenters 3, 4 or 5 into the model

in the following three cases:



152 Chapter 5. Co-existence

3268 Scenario A. We start with X, X, and X3 (Figure 5.14).
3269 Scenario B. We start with X;, X5 and X, (Figure 5.15).
3270 Scenario C. We start with X;, Xy and X5 (Figure 5.19).

21 Scenario A: Recall that X; (cell ml™"') denotes the population den-
w2 sity of a type of glucose fermenter ¢. For any value of passage rate
ps 0 < a < 1.380 x 107* 57! = Y3(nzqz — m3), X3 cannot survive because
»n  its thermodynamic term is always one so that S7(3) < 0. That is, X3
275 is eliminated by the thermodynamic feedback imposed by the rumen
s276  environment and its biological parameters until it is eliminated by the
27 passage rate. For 0 < a < 1.026 x 10™* s71, there is a co-existence of
28 glucose fermenters 1 and 2, i.e., S3(3) <0 < S;(1) = 57(2), as predicted
2 by the GHMY model (see Figure 5.14). For passage rates a greater than
p0 1.026 x 1071 s71 = Yi(niqn — my) = Ya(naga — my), the glucose fer-
w1 menters X; and Xy are eliminated as they cannot reproduce fast enough
»s2  to match the passage rate, which in turn eliminates methanogens due
283 t0 no hydrogen being produced from fermentation. This is illustrated in
2es  the discontinuity in Figure 5.14. If o > 1.026 x 10~* s71, the only stable
2 equilibrium point is the trivial solution (S;(3) < S;(1) = S;(2) < 0).
sss  Otherwise, there is a stable co-existence of glucose fermenters X; and X,
»er and methanogens. For each value of passage rate, there is only one sta-
28 ble equilibrium point and there is a bifurcation at o = 1.026 x 10~% s71.

a0 LThese results are summaried in Table 5.1.

Table 5.1: Competition among X, X5 and X3.

Passage rate («) Reason for stability Stable steady state
(s7h) population densities
0<a<1.026x 107" Sr(3) <0< Si(1)=S:(2) X;>0,X5>0,X5=0

1026 x 1074 <a <12x 107 S:(3) < S:(1)=S:(2) <0 X;{=0,X5=0,X;=0
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Figure 5.14: The stable steady state population densities of glucose
fermenters 1, 2 and 3 and methanogens for a constant 8, = 1.930 x
1072 mol ml™' s~' and a range of passage rate values. A bifurcation
occurs when o = 1.026 x 1074 s71 = Y| (n1q1 — my) = Ya(naga —mo) after
which the stable steady state changes from co-existence of glucose fer-

menter populations X; and X and methanogens to the trivial solution.

Note that the population densities of glucose fermenters 1 and 2 in
Figure 5.14 are the same as Figure 5.11(a) as expected due to the elim-
ination of population X3. Figures 5.4, 5.12(a), 5.13(a) are, respectively,
the stable steady state substrate (glucose and hydrogen) concentration,
VFA concentrations and the f3,/f, ratio for scenario A.

Scenario B: For 0 < a < 1.026 x 107* s, S¥(1), S;(2) and S;(4)
are all positive (and are therefore not eliminated due to thermodynamic
feedback or washout), however, X; and X, are out competed by Xy, as

determined by the rumen environment and its biological parameters,
0<S;(4) <S5;(1)=5;(2),

and hence, there is no co-existence of X; and X, and X4. That is,

the glucose fermenter 4 will survive because it is the one with the best
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z01 traits for the given environment (the one that can grow at the lowest
s02 growth limiting steady state substrate concentration will survive and
503 the others will die out in the long term). If o > 1.026 x 107% s7! =
s0e Y1(n1qr —my) = Ya(naga — my), this eliminates both glucose fermenters
wos 1 and 2 (S;(1) = S;(2) < 0) and only glucose fermenter 4 will survive
s0s for 1.026 x 107 < o < 1.143 x 107* s71 = Y} (nyqq — my). A bifurcation
17 occurs when o = 1.143 x 107 s7! after which the stable steady state
ss changes from survival of glucose fermenter 4 and methanogens to the

00 trivial solution (Figure 5.15). These results are summaried in Table 5.2.

Table 5.2: Competition among X, X, and X}.

Passage rate («) Reason for stability Stable steady state
(s7h) population densities
0<a<1.026x 104 0<S:(4)<S;1)=255(2) X;{=0,X;=0,X;>0

1026 x 107" < a <1143 x 107" Si(1) = S;
1143 x 107 <a<12x107*  S:(1)=S5;

) <0 4) Xr=0X;=0,X>0
2) < SH4) <0 X;=0 X;=0,X]=

3310 In scenario B, glucose fermenter 4 is associated with a fermentation
su pathway that yields 2.66 moles of hydrogen per mole of glucose fermented
a2 leading to more hydrogen production (a greater hydrogen generation
ss rate) than in scenario A (which yields between one to two moles of
sns hydrogen per mole of glucose fermented) for the same amount of glu-
a5 cose generation rate. The greater hydrogen generation rate for scenario
a6 B can support a greater methanogen population than that of scenario
s A (as discussed in Section 2.4) and is illustrated in the difference be-
s tween Figures 5.15 and 5.14. In Figure 5.15, at a > 1.04 x 1074 s7! =
319 Yo (MmGm — My, ), methanogens are eliminated due to not being able to
a0 reproduce fast enough to match the passage rate, even though there is
s sufficient food supply. This is in contrast to Figure 5.14, scenario A
12 where at o > 1.026 x 107* s7! = Yi(nyq; — my), methanogens are elim-
1323 inated because of insufficient food supply due to both type of glucose
;24 fermenters 1 and 2 being eliminated and hence no hydrogen being pro-
ss duced from fermentation. Figures 5.16, 5.17 and 5.18 are, respectively,
sw6  the stable steady state substrate concentration, VFA concentrations and

sz [,/ B, ratios for scenario B.
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Figure 5.15: The stable steady state population densities of glucose fer-
menters 1, 2 and 4 and methanogens for a constant , and a range of
passage rate values. A bifurcation occurs when o = 1.143 x 107% s7! =
Yi(n4qy — my) after which the stable steady state changes from co-
existence of glucose fermenter populations and methanogens to the trivial
solution.
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Figure 5.16: The stable steady state substrate (glucose and hydrogen)
concentration for a range of passage rate values. For 1.04 x 1074 s71 <
a < 1.143 x 107* s7!, methanogens are eliminated by the passage rate
so that the stable steady state hydrogen concentration is fj,/a. For
1.143 x 107* s7! < @, glucose fermenter 4 is eliminated by the passage

rate so that the stable steady state glucose concentration is 3,/ .
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Figure 5.17: The stable steady state acetate and butyrate concentrations
for a range of passage rate values. When the glucose fermenters are elim-
inated by increasing the passage rate, there is no acetate and butyrate
production so that the corresponding steady state butyrate concentra-
tion is zero when o > 1.143 x 107% s71. Note log(0) is negative infinity

so zero concentration is not shown on graph.

Scenario C: For 0 < a < 0.910 x 107 s7! = Y5(nsqs — ms), the
thermodynamic term of Xy is not one, however, X5 is out competed
by X; and X5 and there is a co-existence of X; and X, because X;
and X, are the one with the best traits for the given environment (the
one that can grow at the lowest growth limiting steady state substrate
concentration will survive and the others will die out in the long term).
In terms of expression (5.46), this is where 0 < S7(1) = S;(2) < S;(5).
For 0.910 x 107* < a < 1.026 x 10~* s™!, X cannot reproduce fast
enough to match the passage rate and is eliminated due to passage, i.e.,
S¥(5) < 0 < Sy(1) = S;(2). Similar to scenario A (Figure 5.14), in
scenario C (Figure 5.19), for 1.026 x 107% s7! > a, the stable steady
state changes from co-existence of glucose fermenter populations and
methanogens to the trivial solution. These results are summaried in

Table 5.3. Note that the population densities of glucose fermenters 1
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Figure 5.18: With a constant 8, = 1.930 x 10~? mol ml~! s, Bh/ By of
the stable steady state with glucose fermenters 1, 2 and 4 is calculated
over a range of passage rate values. There is essentially one value of 3/,
for 0 < a < 1.143 x 107* s~ and another (0) for @ > 1.143 x 10~ s71.

s and 2 in Figure 5.19 is same as Figure 5.11(a). Figures 5.4, 5.12(a),
13 5.13(a) are, respectively, the stable steady state substrate (glucose and
sas hydrogen) concentration, VFA concentrations and the f,/3, ratio for

sus  scenario C.

Table 5.3: Competition among X, X, and X5.

Passage rate («) Reason for stability Stable steady state
(s71) population densities
0<a <0910 x 10~ 0 < 55(1) = S(2) < Si(5) X;>0,X5>0,X:=0

0.910 x 107" < v < 1.026 x 107*  S¥(5) <0< Si(1) = Si(2) X;>0, X5 >0, X =0
1026 x 107 <a<1.2x107"  Si(5) < Si(1)=S5:(2) <0 X;=0,X5=0,X:=0
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Figure 5.19: The stable steady state population densities of glucose
fermenters 1, 2 and 5 and methanogens for a constant 8, = 1.930 x
1072 mol ml™' s~! and a range of passage rate values. A bifurcation
occurs when a = 1.026 x 107 s71 = Yi(niq1 — my) = Ya(nage — my)
after which the stable steady state changes from co-existence of glucose

fermenter populations and methanogens to the trivial solution.

Now we explore the interaction among four types of glucose fer-
menters. Let 0 < a <1.2x107* s7! and 3, = 1.930 x 10~ mol ml™' s
All the ruminal parameters are the same as used in Section 5.3.2. Sup-
pose initially only fermenters 1 and 2 exist. Introducing two of glucose
fermenter 3, 4 or 5 into the model with glucose fermenters 1 and 2 leads

to one of three scenarios.

Scenario D. We start with X7, X5, X35 and Xj.

Scenario E. We start with X, X5, X3 and X5.

Scenario F. We start with X, X5, X, and X5;.
Scenario D: Note that for any value of passage rate 0 < a <
1.2 x 107% s71, X3 cannot survive because its thermodynamic term is

always one so that S7(3) < 0. As noted in Table 5.4. From Ta-

ble 5.4, there is no survivor except glucose fermenter 4 (X; > 0) for
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0 < o < 1.143 x 107 s71. Otherwise, the trivial solution is the stable
steady state solution. The stable steady state population densities for

glucose fermenters in scenario D are the same as in Figure 5.15 with
X;=0.

Table 5.4: Competition among X, Xo, X3 and Xj.

population densities
S:(3) <0< SH4)<Sy(1)=S5;(2) Xi=X5=X3=0,X;>0
S5(3) <S;(1)=55(2) <0< S;(4) Xi=X5=X5=0,X;>0

L3 x 1074 s 1 <a<1.2x107"  S5(3) < S;(1) =S5:(2) < S:(4) <0 Xj=X;=X;=X{=0
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Scenario E: As noted in Table 5.5. the only survivors for 0 < o <
1.026 x 107* s71 are glucose fermenters 1 and 2 (X7 > 0 and X; >
0). Otherwise, the trivial solution is the stable steady state solution.
The stable steady state population densities for glucose fermenters for

scenario E are the same as in Figure 5.19 with X35 = 0.

Table 5.5: Competition among X, X5, X3 and X5.

population densities
SE(3) <0< SH(1) =85;(2) < Sp(5) Xy=0,X5>0,X5>0,X;=0
S¥(3) < Sp(5) <0< Sp(1) =85;(2) X;=0,X5>0,X5>0, X;
1.026 x 107 s ! <a<12x10 S3(3) < Sp(5) < S;(1) =S;(2) <0 Xi=X=X;=X=0

Scenario F: If 0 < a < 0.910 x 107 s7! = Y5(nsqs — ms), X5 is out
competed by X, Xy and X,. Also, X; and X, are out competed by Xj.
That is, 0 < S;(4) < S;(1) = S;(2) < S;(5). If 0.910 x 107*<a<
1.026 x 107* s7! = Yi(n1q1 — my) = Ya(naga — my), X5 is eliminated due
washout, S¥(5) < 0, and X; and X are out competed by Xy, i.e., S5(5) <

* * . Qx* —4 -4 -1
0 < Sx(4) < Sy(1) = S;5(2). For 1.026 x 107* < o < 1.143 x 107* 57,
glucose fermenters 1, 2 and 5 are all eliminated by the passage rate, i.e.,

S5(5) < Sy(1) = S;(2) < 0, and only glucose fermenter 4 remiants, i.e.,
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0 < S;(4). If 1.143 x 107* s7' < «, glucose fermenters 1, 2, 4 and 5
are all eliminated by the passage rate. Table 5.6 is the summary for
scenario F. From Table 5.6, there is no survivor except glucose fermenter
4 (X} >0)for 0 <a<1.143 x 107* s71. Otherwise, the trivial solution
is the stable steady state solution. The stable steady state population
densities for glucose fermenters for scenario F are the same as in Figure
5.15 with X = 0.

Table 5.6: Competition among X, X, X4 and Xs;.

Passage rate («) Reason for stability Stable steady state
(s71) population densities
0<a<0.910x 107* s7! 0<Sx4) <Sx1)=5:(2) < S;(5) Xi=X5=X5=0,X;>0

0.910 x 1074 < a < 1.026 x 107 S5(5) < 0 < Si(4) < S5(1) = S3(2) Xi=X5=X:=0, X >0
1026 x 1074 <a < 1143 x 107 S5(5) < S5(1) = S;(2) <0< S;(4) X;=X;=X:=0,X;>0

L143x 1074 87! <a<12x 107" Si(5) < Si(1) = Si(2) < Si(4) <0 X{=X;=X;
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Now we explore the interaction among five types of glucose fermenters.
Note that for any value of passage rate 0 < o < 1.2x 1074 s71, X3 cannot
survive because its thermodynamic term is always one so that S7(3) < 0.
For glucose fermenters 1, 2, 3, 4 and 5, by combining S} (3) < 0 with the
second column of Table 5.6, this indicates that there is no survivor except
glucose fermenter 4 (X; > 0) for 0 < a < 1.143 x 107* s71. Otherwise,
the trivial solution is the stable steady state solution. That is, the sta-
ble steady state population densities of glucose fermenter for five glucose
fermenters in our example is same as in Figure 5.15 with X3 = X7 = 0.

These seven scenarios indicate that the GHM? model allows the sys-
tem to select which types of fermenters survive (based on rumen environ-
ment and biological parameters). While for these five types of glucose
fermenters at most two co-exist, by considering more types of glucose
fermenters and /or different parameters, it is theoretically possible to con-
struct /observe a stable co-existence of three or more types of glucose fer-
menters because a greater numbers of lowest positive equal steady state
glucose concentration in expression (5.46) is more likely to be satisfied

with a wider range of biological and ruminal parameter values provid-

=Xr=0
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ing more scenarios for co-existence of multiple glucose fermenters. For
instance, for the GHM? model with 30 types of glucose fermenters, by

sampling without replacement there are

30!

435
21(30 — 2)!

scenarios where there is a possible co-existence of any two types of fer-
menters. Similarly, there are 4060 scenarios for any three types of fer-
menters to potentially co-exist; 27405 scenarios for any four types and so
on. That is, there is a total of 1.0737 x 10? scenarios for at least any two
types of glucose fermenters to co-exist and only 31 where no co-existence
occurs (one scenario where all 30 types are eliminated and 30 scenarios
with sole survival of a single type of glucose fermenter) under any biolog-
ical and ruminal parameters. In contrast, there are only four out of the
eight possible scenarios that result in co-existence of at least two types of
glucose fermenters when starting with three types of glucose fermenters.

Recall that changing the passage rate does not change the outcome
of competitive exclusion when using the Monod growth rate model (or
any other specific growth rate function that is a function of substrate
only) [146]. However, by including a thermodynamic term, in the GHM?
model, changing the passage rate () and/or other rumen environment
parameters, (i.e., 8, 74, 7p and yp), substrate and product concentra-
tions can change which in turn change ¢; and S;(i) which in turn may
lead to a co-existence of different types of glucose fermenters based on
expression (5.46). Remember that each type of glucose fermenter is as-
sociated with a S7(i). That is, when including a thermodynamic term,
co-existence becomes possible for more than one value of passage rate,
and changing the passage rate can potentially change the outcome of how
many and which types of fermenters co-exist. This observation should
be explored in future by simulations. A co-existence of different types of
glucose fermenters could cause a shift in glucose fermentation pathways
that can lead to differences in volatile fatty acids profiles, hydrogen gen-
eration rate, methanogens population density and methane production

per mole of glucose. Such differences in methane could be explored using
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the GHM? model with more types of glucose fermenters where the GHM?
model will approximate a realistic rumen function.

If there is no thermodynamic term, o; = 0, ¢ € 1, ..., nn, and there is
exactly one passage rate that allows co-existence. For any other value of
passage rate, there is at most one type of glucose fermenter that can sur-
vive, which is the one with the lowest steady state glucose concentration
as predicted by its biological parameters and rumen environment. That
is the same analytical result presented by Hsu [64]. Under the Monod
model (without thermodynamic control), for multiple types of microbes
(e.g., glucose fermenters) competing for the same growth limiting sub-
strate, at most one of them will survive [63]. However, from expression
(5.46), by including a thermodynamic term, the GHM? model demon-
strates a mechanism of a stable co-existence and/or competition among
glucose fermenters for the same limiting substrate for growth under any
given rumen environment. That is, by including a thermodynamic term,
a stable co-existence of microbes competing for the same growth limiting
substrate can be constructed/observed. This analytical result of stable
co-existence is a breakthrough in theory. Essentially, the thermodynamic
term restrains the ability of any single fermenter to use all of the glu-
cose, giving a niche space for others with different end product leading to
potential co-existence. This analytical result can be extended to explain
the microbial diversity observed in other anaerobic microbial systems in
which microbes compete for the same limiting substrate. Essentially, co-
existence of microbes is determined by their biological parameters and
the environment parameters of these biological systems. There is a stable
co-existence of microbes if and only if the same lowest positive steady
state substrate concentration is predicted by their biological parameters
and the environment parameters (temperature, pH, etc). By considering
more types of microbes, it is more likely to construct/observe a stable
co-existence of microbes because expression (5.46) is more likely to be
satisfied with a greater number of lowest positive equal steady state sub-

strate concentration.
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Chapter 6

Discussion and conclusions

6.1 Thesis summary

In this project, a hydrogen-methanogen dynamic model, the HM model
(Chapter 2), was formulated to provide the basis for both the prediction
of methane formation and a representation of the feedback of hydrogen
on fermentation pathways in the rumen. The rate of hydrogen genera-
tion and volatile fatty acids production in the rumen can be differentially
influenced by the efficiency of the different fermentation pathways and
microbes that are active [76], [177] through the thermodynamic con-
trol imposed by the hydrogen concentration. A thermodynamic term,
0., with respect to the chemical reaction of metabolizing hydrogen into
methane by methanogens is derived. The HM? model (Chapter 3) was
formed by integrating 6,, into the HM model, for modeling the growth
rate of methanogens with respect to hydrogen, including the inhibition
effect of hydrogen concentration and products of hydrogen transforma-
tion on the rate of hydrogen metabolism. This HM? model was expanded
by adding in glucose fermentation pathways and their associated thermo-
dynamic control, #;, to model glucose-hydrogen-methanogen dynamics,
the GHM? model (Chapter 4). The hierarchy of equations for these mod-
els (the HM, the HM? and the GHMY models) can be found in Appendix
A. These models describe the interactions among substrate and product
concentrations (hydrogen, glucose, acetate, propionate, butyrate) and

microbes (methanogens and glucose fermenters) under different rumen
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environments.

Existing mechanistic models (Section 1.4.2.1) use a net hydrogen bal-
ance, which is the difference between the amount of hydrogen produced
and used in reactions occurring in the rumen on a daily basis. For existing
mechanistic models, there is no explicit expression of a dynamic hydro-
gen pool (a net hydrogen balance is used to estimate methane production
based on these models so there is no residual hydrogen after estimating
the methane production). In contrast, the amount of hydrogen metabo-
lized by the methanogen population is used to calculate methane produc-
tion for any time span in the HM, the HM? and the GHM? models. That
is, not all hydrogen generated becomes methane and the residual hy-
drogen contributes to a dynamic hydrogen pool. Importantly, the model
explicitly contains a dynamic hydrogen pool and the hydrogen concentra-
tion controls the rate of methanogen growth through the Monod growth
model and feedback on hydrogen production and metabolism through

the thermodynamic term.

6.1.1 The HM model

Without an explicit expression of the methanogen population pool, exist-
ing mechanistic models are not capable of exploring methane mitigation
strategies that target methanogens activity directly, e.g., using inhibitors.
In Chapter 2, the HM model includes explicit expressions of both a dy-
namic hydrogen pool and methanogen population pool. The estimated
methane production of the HM model is most sensitive to the hydrogen
generation rate. That is expected because the rate of methane production
is proportional to the net rate of hydrogen generation from feed in the
rumen [68] and nearly all the hydrogen is rapidly converted to methane.

The HM model suggests that the steady state hydrogen concentration
is determined by the biological parameters associated with methanogens
and the passage rate, but not on the ruminal hydrogen generation rate it-
self. This observation is a consequence of using the Monod model [115] to
describe the rate of hydrogen metabolism at a given hydrogen concentra-

tion, equation (2.1), in the HM model. The predicted effects of passage
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rate on the HM model agree with the conceptual model postulated by
Janssen [76]. A greater passage rate leads to a greater reproduction rate
of methanogens and a greater hydrogen concentration at steady state. If
the passage rate is greater than the maximal passage rate that can be
tolerated by methanogens, then methanogens will be removed because
they cannot reproduce fast enough to maintain themselves in the rumen.
A greater hydrogen concentration is required to allow a greater repro-
duction rate of methanogens. The steady state hydrogen concentration
thus increases with an increasing passage rate.

The HM model can potentially be used to study two approaches to
reducing methane production: those targeting the activity of methano-
gens, i.e., those that change the biological parameters of methanogens
through the use of inhibitors, and those that change the rumen envi-
ronment. Inhibitors have the potential to decrease the maximal rate of
hydrogen metabolism and/or increase the maintenance energy require-
ment of methanogens both of which lead to the methanogen population
decreasing towards zero leading to less methane production. The HM
model can be used to model such potential changes, both of which would
result in the left hand side of inequality (2.17) becoming smaller re-
sulting in a smaller population density of methanogens and hence less
methane production. Similarly, changing the rumen environment by, for
example, increasing the passage rate or decreasing the hydrogen gener-
ation rate, by for example changing the composition of the feed, leads
to less methane production. The HM model can again be used to in-
vestigate the effects of such changes. In the model these changes would
lead to the left hand side of inequality (2.18) becoming smaller so less
hydrogen will be metabolized into methane by methanogens. Biological
experiments have provided evidence that increasing passage rate leads to
less methane production. Sheep that naturally produced less methane
per unit of feed eaten have been reported to have smaller rumens and
faster ruminal passage rate [50]. Also, increasing feeding level results
in increased rumen passage rate of solids and liquids, with a concomi-
tant reduction in methane per unit of intake [54]. Ruminants fed with

fresh forages produce less methane as the amount of water in the feed
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increases, presumably as an effect of acceleration of liquid passage rate

in the rumen [125].

6.1.2 The HM? model

The rate at which a cell can transform a substrate to products is lim-
ited by physical constraints of the cell. These are the rate at which the
substrate can be transported into the cell represented by K,,, and the
rate at which the cell can transform the substrate inside the cell repre-
sented by ¢,,. The rate of substrate metabolism by the cell can also be
limited by thermodynamic control [78]: the concentrations of substrates
and products can limit the rate of substrate metabolism. The HM model
(as a function of K, and ¢,,) can only be used to describe the kinetic
control of substrate metabolism. In Chapter 3, a representation of ther-
modynamic control (a thermodynamic term, 6) is developed to describe
the thermodynamic feedback on the rate of substrate transformation.

The thermodynamic term developed in Chapter 3 is applicable to a
wider ranges of chemical reactions than the approach to thermodynamic
control developed by Kohn and Boston [84] and Offner and Sauvant [124]
because # can be calculated from the actual concentration of a chemi-
cal reaction without knowing the chemical equilibrium concentrations.
Importantly, 8 also accounts for the fact that living organisms need to
use energy to capture ATP from a chemical reaction. As this thesis was
being completed, GroBkopf and Soyer [51] independently derived a repre-
sentation of thermodynamic control, but without explicitly incorporating
ATP formation.

The HM model incorporates a dissolved hydrogen pool that allows
thermodynamic control through the hydrogen concentration to be mod-
eled in response to changes in the pool size. The HM? model, which is the
HM model with a thermodynamic term, can model the effects of thermo-
dynamic feedback on the metabolism rate of hydrogen by a methanogen
species in the rumen. When there is no thermodynamic feedback on the
rate of substrate transformation, i.e., 6,, = 0, the HM? model is the HM

model.
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From the HM? model, if the thermodynamic inhibition of substrate
transformation increases (0 < 6, < 1), then the contribution of K,
will diminish and the thermodynamic control of substrate transformation
will increase so that the apparent Monod constant will tend away from
K,,. When there is little impact of unfavorable thermodynamics (e.g.,
0, = 0), the size of the apparent Monod constant will be largely deter-
mined by the capacity of the cell to transport substrate into the cell, i.e.,
the apparent Monod constant will tend to K,,. This is consistent with
the expectations of Jin and Bethke [78], that under thermodynamically
unfavorable condition there will be a decrease in the affinity of microbes
for their growth substrate and that thermodynamics rather than diffu-
sion and cell envelope architecture will play a major role in determining
the rate of substrate transformation.

One difference between the HM model and HM? model is that the
HM? model can capture when methane production in the rumen reaches
its chemical equilibrium, i.e., 8,, = 1. However, the HM model cannot
describe conditions where there is any kind of thermodynamic feedback,
i.e., the HM model is only applicable to 6,, = 0.

Another difference between the models is that hydrogen can be me-
tabolized by methanogens only when the hydrogen concentration is greater
than a hydrogen concentration threshold, as predicted by the HM? model.
This hydrogen concentration threshold is an emergent property of the
HM? model and has been measured for a range of methanogens in lab-
oratory experiments [24]. The HM? model predicts hydrogen threshold
concentrations that are of the same order of magnitude as those reported
for methanogens. In contrast, in the HM model hydrogen can be me-
tabolized by methanogens at any hydrogen concentration, meaning that
the hydrogen threshold observed experimentally are not predicted by the
HM model. As a result, the predicted methanogens population density
of the HM model is greater than that of the HM? model and the pre-
dicted steady state hydrogen concentration of the HM model is smaller
than that of the HM? model. Thus, the estimated methane production
of the HM model is greater than that of the HM? model. In theory, a

decreased steady state hydrogen concentration in the rumen would be
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expected to feed back on hydrogen-forming steps to result in greater net
hydrogen formation and methane production (i.e., hydrogen production
becomes more favorable [76]). This thermodynamic feedback of hydro-
gen concentration on hydrogen-forming steps (i.e., hydrogen generation

rate) is explored in the expansion of the HM? model.

6.1.3 The GHM’ model

In the HM and HM? models, the hydrogen generation rate is an input
parameter acting as a direct hydrogen “hose” into the rumen. In reality,
hydrogen is generated from feed ingested by ruminants. The microbes
in the rumen ferment the plant structural material in the feed, much of
which is not able to be digested by the mammalian digestive system. The
main end products of the primary fermentation of feed (Figure 1.2) are
volatile fatty acids (e.g., acetate, propionate and butyrate, listed in order
of increasing carbon chain length), ammonia, hydrogen, carbon dioxide
and microbial cells. The volatile fatty acids are absorbed by the rumi-
nants as energy sources for the animal or converted into animal products
such as meat, milk and wool. The hydrogen is used by methanogens to
produce methane, as modeled by the HM and HM? models. The amount
and rate of methane production is proportional to the net amount and
rate of hydrogen generation from fermentation pathways in the rumen
[68], because nearly all the hydrogen is rapidly converted to methane.
The rate of hydrogen production is determined by the activities of the
different microbes using different fermentation pathways. Importantly,
the amount of hydrogen formed from a given amount of feed depends
on the chemical nature of the feed and on the metabolism of the mi-
crobes fermenting the feed. For the same type of feed, different feed
fermentation pathways lead to different end products, including differing
amounts of hydrogen, and so to differences in methane production [76].
Feed fermentation pathways are subject to thermodynamic control: if
the hydrogen concentration decreases, then this leads to more hydrogen
being generated from fermentation pathways and hence more methane

production [76] and different microbial community composition [84]. The
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GHM? model (Chapter 4) is an extension of the HM? model that in-
cludes glucose fermentation pathways (an example of feed fermentation),
a thermodynamic term with respect to each of the glucose fermentation
pathways and glucose fermenters.

The main three results of the GHM? model are demonstrated in Chap-
ter 5. Under a GHM model based on the Monod model, there is at most
one positive value of passage rate such that different types of glucose
fermenters can co-exist. Otherwise, the type of glucose fermenter with
the lowest positive steady state glucose concentration predicted by its bi-
ological parameters and rumen environment will outcompete the others.
This analytical result, known as competitive exclusion, has previously
been proved by Hsu et al. [63] and [64]. In contrast, the GHM’ model
which includes a thermodynamic term, predicts a range of values of pas-
sage rates that allow for a co-existence. This analytical result agrees with
biological observations in the rumen [70] and has not be demonstrated
in the existing mechanistic models.

GroBkopf and Soyer [51] recently reported co-existence of two types of
microbes metabolizing the same growth limiting substrate yielding differ-
ent end products without classifying the stability of such a co-existence.
In contrast, the GHM? model presented in this thesis demonstrates a
stable co-existence of two types of glucose fermenters associated with
different pathways that share at least one common end product for a
range of values of passage rate and glucose generation rate. This analyti-
cal result can be generalized for infinitely many different types of glucose
fermenters and could be used to explore and explain some of the ob-
served microbial diversity in other anaerobic microbial systems in which
microbes compete for the same growth limiting substrate. Also, with
the same growth limiting substrate, co-existence of glucose fermenters
is determined by the biological parameters (n, ¢, K, m, d and Y') of
the glucose fermenters and the rumen environment (o, S5y, 74, 7p and
~vg). That is, which types of glucose fermenters can survive associated
with thermodynamically favorable fermentation pathways are effectively
selected by the GHM? model based on biological and rumen parameters.

In contrast, there was no population pools or pre-detetmined population
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density for a feed type in existing models (Section 1.4.2.1).

There is exactly one stable equilibrium point for the GHM? model for
any combination of biological (n, ¢, K, m, d and Y') and ruminal («, 5,
va, 7p and yp) parameter values. If there is insufficient substrate supply,
Le., By — aS; < 0, then the only stable equilibrium point is where all
the types of glucose fermenters cannot survive. With sufficient substrate
supply, i.e., B, — aS; > 0, the stable equilibrium point is then either
one for which there is a stable co-existence of glucose fermenters among
any number of glucose fermenters or one in which there is a competitive
exclusion such that there is an extinction of all but one competitor, i.e.,
only one type of glucose fermenter can survive in the long term.

Under the Monod model (without thermodynamic control), for mul-
tiple types of microbes (e.g., glucose fermenters) competing for the same
growth limiting substrate, only one of them will survive [63], regardless
of the number of competitors [146]. However, by considering more types
of glucose fermenters, it is more likely that there is a stable co-existence
of multiple glucose fermenters as predicted by the GHM? model. That is,
by considering more types of glucose fermenters, it is more likely to con-
struct/observe a stable co-existence of multiple glucose fermenters from
the GHM? model because there are wider ranges of biological parameters
(n, ¢, K, m, d and Y') of the glucose fermenters and the rumen environ-
ment (o, By, 74, 7p and vp) that can lead to a greater numbers of lowest
positive equal steady state glucose concentration in expression (5.46).

The final main result of the GHM’ model is that changing rumen
environments and/or biological parameters of glucose fermenters allows
different types of glucose fermenters to co-exist with a shift in glucose
fermentation pathways that can lead to differences in volatile fatty acids
profiles and methane production. Note that by changing the rumen envi-
ronment via changing «, 8y, v, 7p and g, this could change substrate
concentrations that could change 6; so that S7(i) will be changed. With
an example of two types of glucose fermenter, by increasing passage rate,
it leads to less methane production and greater propionate production
that agrees with the conceptual model postulated by Janssen [76] and

a chemostat experiment conducted by Isaacson et al. [72]. By increas-
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ing passage rate, the differences in estimated methane production from
the GHM? model with two types of glucose fermenter is more noticeable
than the HM model. This is because increasing passage rate reduces hy-
drogen generation rate by switching glucose fermentation pathways via
thermodynamic terms. That is, passage rate indirectly affects methane
production by directly affecting the amount of hydrogen generated from
fermentation pathways. The reduction of methane production based on
the GHM? model with two types of glucose fermenters is ~ 2.74 %. That
is less than 11% which was reported from animal experiment [132]. This
can be improved in the future work such as by including more types of
glucose fermenters and glucose fermentation pathways so that the GHM?

model could potentially approximate realistic rumen function.

6.2 Future work

The GHM? model could be used to explore other anaerobic ecological sys-
tems in which microbes compete for the same growth limiting substrate,
for example, food processing with microbes; waste treatment and anaer-
obic digesters. In wastewater treatment [56], methane is formed mainly
from the breakdown of acetic acid (between 60 to 70%) and that formed
from hydrogen is a smaller part (between 30 and 40%). Those microbes
that degrade acetate cannot establish themselves in the rumen at high
densities, because they grow too slowly to maintain a population due to
the high passage rates in the rumen relative to rice paddies and wastewa-
ter systems [76]. The GHM? model (in particular expression (3.8)), could
be used to model the rate of transformation of a substrate to products by
methanogens and the effect of all substrate and product concentrations
on the metabolism rate of that substrate in the wastewater treatment.
In reality, values of the biological parameters (n, ¢, K, m, d and Y")
of the glucose fermenters and methanogens, and the rumen environment
(e, By, va, vp and yp) are not constant but occur over some range. Each
parameter value can be sampled once. With sampled parameter values,
whether there is a co-existence of glucose fermenters can be determined

from expression (5.46). By repeating over many samplings, one can cal-
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culate the likelihoods of observing co-existence of glucose fermenters.

It is assumed that the AGarp is the same for both methanogens
and all types of glucose fermenters. From Chapter 3, there are differ-
ences in the rate of hydrogen metabolism at low hydrogen concentration
if different values of AG arp are used. Different values of AGsrp for
methanogens and glucose fermenters [147], [159], [160] can be used to
explore their impacts on the outcomes (e.g., whether different types of
glucose fermenter can co-exist by altering AG arp) of the full model.

The GHM? model can be expanded by introducing more types of
methanogens (there are more than one type of methanogens). The fo-
cus of this thesis is on the hydrogen-using carbon dioxide-reducing ru-
men methanogens. There are other types of methanogens which can
use methanol or other methyl compounds. These different types of
methanogens use different pathways to produce methane in the rumen.
The biological parameters of these different types of methanogens can be
different from that of the hydrogen-using carbon dioxide-reducing rumen
methanogens. Competition among any number of types of methanogens
could lead to different estimated methane production. The principles
developed in this thesis could be extended to include these other types
of methanogens. The generalized analytical results of co-existence for
glucose fermenters from the GHM? (Section 5.4.3) can be adapted to
explore the competition among any number of type of methanogens.

There is a great diversity in fermentation pathways found in bac-
teria (Appendix B). For the same glucose fermentation pathways, the
ATP gained by different types of glucose fermenters (n;) can also vary
(Appendix C). The biological parameters of different types of glucose
fermenters can be different. Based on the generalized analytical results
of co-existence, the GHM? model is able to explore infinitely many dif-
ferent combinations of pathways and glucose fermenters that are capable
of maintaining themselves in the rumen. Future work should consider
a minimal selection of glucose fermenters in the GHM? model and their
parameters may need to be adapted to determine how to ensure that
the GHM? model approximates a realistic rumen function. Such GHM?

model can produce realistic methane production, calculated by expres-
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sion (3.15), and volatile fatty acids profiles and need to yield realistic
response in the rumen such as by increasing passage rate, whether this
would lead to less methane production and greater propionate production
that agrees with the conceptual model postulated by Janssen [76] and
a chemostat experiment conducted by Isaacson et al. [72]. Recall that
changing the passage rate does not change the outcome of competitive
exclusion when using the Monod growth rate model (or any other spe-
cific growth rate function that is a function of substrate only) [146]. In
these models ([17], [29], [96], [140], [146], [183], [184]), only one microbe
(among those competing for the same growth limiting substrate) can sur-
vive in the long term. From expression (5.46), changing the passage has
the potential to cause co-existence of different types and/or mixtures of
glucose fermenters and so different end product profiles and estimated
methane production per mole of glucose fermented, as predicted by the
GHM? model. Examples can be shown via simulations.

One assumption is that the pH value of the rumen is constant. A
non-constant pH (i.e., [HT]) can be used in 6; by allowing pH to vary
realistically in response to volatile fatty acid concentrations in the ru-
men. Changing 6; via varying pH, could reduce the activity of glu-
cose fermenters so that less glucose can be metabolized to hydrogen
for methanogens; and also lead to varying VFA concentrations that can
change the pH value of the rumen and a co-existence of different types
of glucose fermenters. Reducing the activity of methanogens can be
achieved by reducing the pH value of rumen. By modifying expression
(3.9), the effect of pH value on the activity of methanogens and hydro-
gen metabolism can be explored that could lead to a better estimation
of methane production.

The absorption rates of acetate, butyrate and propionate in the rumen
are not constant, and vary as the pH value of the rumen varies, for
example. Different absorption rates lead to different VFA concentrations
that could change the value of #;. The GHM? model could be used to
explore the impact of non-constant volatile fatty acid absorption rate
on the co-existence. A temporal variation in absorption rates can change

rumen environments (e.g., VFA concentration) that allows different types
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of glucose fermenters to co-exist with a shift in glucose fermentation
pathways.

Feed and microbes pass through the rumen as ruminants keep in-
gesting solid feed, drinking liquid and secreting saliva, with the flow of
material out of the rumen being commonly described as the passage rate.
That is, passage is linked to solid feed, liquid and saliva in the rumen
so that passage is not constant, and varies as feed intake and rumen
fill change during the day. The GHM? model could be used to explore
the impact of non-constant passage rate on the co-existence. Short-term
change in passage rate might allow even more glucose fermenters to co-
exist. Another assumption is that the glucose generation rate is constant.
The GHM? model can be expanded to explore the nature of feed digested,
feeding level and feeding frequency (that leads to different glucose gen-
eration rates) on methane production in the rumen. In the rumen, the
glucose generation rate depends on the ingesting solid feed. The break-
ing down of the feed into glucose does not occur infinitely quickly in the
rumen (this is affected by the nature of the feed). Note that passage
rate is dependent on the ingesting solid feed. That is, both rates of glu-
cose generation and passage are dependent on the amount and nature of
solid feed. In future investigations, based on the nature of feed digested,
feeding level and feeding frequency, both rates of glucose generation and
passage can be self adjusted by the GHM? model. From such an adapted
model, the predicted effects of nature of feed digested, feeding level and
feeding frequency on methane production need to be verified with data
from experiments.

Glucose is one component of feed that enters the rumen. Other com-
ponents of feed or substrate, e.g., different sugars, amino acids, etc. and
the associated microbes, could be introduced by modifying the GHM?
model. This can be achieved by constructing equations in the same
form as equations (4.2) and (4.3). The analytical results from Chapter
5 are applicable to the GHM? model with different pathways for other
sugars, amino acids, and other feed compounds, and their associated mi-
crobes. The effects of those substrate and feed compounds on methane

production needed to be verified. Then, such models (adapted from the
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GHM? model) can be integrated with models of whole rumen function
or farm systems to address more complex assumptions and such mod-
els may help with reducing prediction errors of mechanistic modelling of
enteric methane production. Existing empirical and mechanistic math-
ematical models of methane production from rumen have 20% to 50%
prediction errors (37% [37] for Baldwin et al. [4]; 20% [37] for Dijkstra
et al. [31]; 50% [82] for Moe and Tyrrell [114]; 20% [82] for Baldwin
[5]). These existing models ([4], [5], [31], [114]) did not have a represen-
tation of the interaction between hydrogen and methanogen growth (i.e.,
hydrogen-methanogen dynamics). Such interaction is included in the
GHM? model and can be modelled by employing an explicit expressions
of the hydrogen pool (for modeling hydrogen feedback on fermentation
pathways) and the methanogens population pool (for exploring strategies
that directly target methanogens activity, e.g., inhibitors).

Ultimately, a mechanistic model with these elements could improve
our ability to mathematically predict enteric methane production and
support experimentation with animals for exploring mitigation strate-
gies, at the methanogen cell level by exploring the effects of using in-
hibitors or vaccines and by altering the rumen environment. For exam-
ple, inhibitors and vaccines can be simulated by decreasing ¢,, and/or
increasing m,, and increasing d,,. Changes in methanogen parameters
will have feedback on the selection of the glucose fermentation pathways
and glucose fermenters via the hydrogen pool and 6;, further modifying
methane formation through favoring different pathways with different
hydrogen stoichiometries by changing rumen environment. For exam-
ple, by increasing the passage rate, this can shift fermentation pathways
that leads to a lower hydrogen generation rate and methane production.
The estimated methane production is calculated from expression (3.15)
of the model. The model can be used to screen strategies that can reduce
the magnitude of expression (3.15). Such methane mitigation strategies
can then be verified by animal trials and laboratory experiments before

implementing these strategies in the real world.
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Appendix A

The full model equations

All the equations are listed to show the interactions among parameters
and variables. This also demonstrates the bottom-up development of the

mechanistic modelling of enteric methane production in the rumen.

A.1 The HM model

Sy, = —Kim—thth — Sy + By (mol ml™! s71) |

X! = ApEp Xy —aX,, (cellml™' s7)

where

o anmSh

m — m — My, (mOlATp Cell_l S_l) s

and

Y. if Am(Sh) >0,
du AL (S)) <0

m

B, =

Methane production

1 QmSh

=P X, lml~!'s7h) .
4K, + Sy, (mol 1™ ™)
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Table A.1: Parameters used in the HM model.
Parameter Description Unit

o passage rate through the rumen s~

On rate of hydrogen generation mol ml™! s~!

. ATP gained from metabolizing mol 47p mol ™
each mole of hydrogen

Gm maximal rate at which a methanogen mol cell * 571
can metabolize hydrogen

K, hydrogen concentration at half of ¢,, mol ml ™!
assuming no thermodynamic feedback

Myn maintenance requirement of a methanogen mols7p cell ™t g1

dp, death coefficient of methanogen st

Yo, reproduction coefficient of methanogen cell mol;p

= A.2 The HM’ model

106 Here the thermodynamic term is incorporated to depict the effect of hy-

;07 drogen concentration on the rate of hydrogen metabolism. The methane

;08 production pathway is

1 1 1
Hy + - —-CHys + =-H
2+4C02—>4C 4—|—2 20,

300 The HM? model is

m

S =

W o(AGT,  +nm AGarp)/(RT) (

S,[CO,) 1
quh(l - em)
K+ Sh(1+6,,)

X =AnEn X, —aX, (cell ml™! s7h) |

s00 where

™ Ko + Sp(L+ 0,)

— My, (molggrp cell ™' s

unitless) ,

X —aSy + By (mol ml™t s71) |

_1) )
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Table A.2: Additional parameters used in the HM? model.
Parameter Description Unit
[HyO] water concentration mol ml ™"
[CHy] dissolved methane concentration in the rumen mol ml™!
[CO,] dissolved carbon dioxide in the rumen mol m]
AGY. Gibbs free energy of methane production kJ mol ™!
at temperature 7" under standard conditions
AGrp  energy required to generate one unit of ATP  kJ mol;p
R ideal gas constant kJ mol ™t K™!
T temperature K

and

Yo, if Ap(Sh) >0,

E, =
o if A (Sn) <0,

with methane production

4 K+ Sp(1+0,,)

X, (mol ml™ s71) .

A.3 The GHM’ model

Hydrogen is generated from glucose fermentation. Each type of glucose

fermenter X;, ¢ = 1,...,nn, is associated with a glucose fermentation

pathway

glucose + Wy, HoO — wa, A + wp, P+ wp, B + wp,Hy + weq, CO2 + wy+, HT .

The thermodynamic term 6,, affects the rates of hydrogen generation
and metabolism. The generalized GHM? model is the HM? model with

additional equations:

Hi:

(SA)“’Az‘ (Sp)sz‘ (SB)sz‘ (Sh)whz‘ [COQ]dei [H+]wH+i e(AGO
Sg [HQO]wwti

7,+ni AGarp)/(RT) (

unitless) ,
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g _ —  0iSg(1—6))

_ X — R
! — K+ Sy(1+0;)" " Sy + By (mol ml™ s7') ,

X! = AjEi Xy —aX; (cell ml™ s71) |

3910 where

Az(sg) _ 9( )

= —m,; (mol cell ™t s71) |
K; + S,(1+06,) (molare )

3911 and

Yi, it Aj(Sy) >0,
4 if A(S,) <0

m;’

3912

/ nn qug(l—Qz) o
B ' Xi— = I ml
= Y un gl Ty~ S aSi (ol 57,

I — qng(l — (91-)

i=1

/ - QiS (1_91') — —
Sp = ZwBiKi —I—gSg(l—I—Hi)Xi — S — aSg (mol ml™* s71) |

X; —vpSp —aSp (mol ml™! s71) |

i=1

3913 and

_ S qng(l _91> ' -1 -1
Br = ;whif(i—i-gg(l +9z‘>Xl (mol ml™" s77) .
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Table A.3: Additional parameters used in the GHM? model.
Parameter Description Unit
YA YP VB absorption rate of st
acetate, propionate and butyrate
By rate of glucose generation mol ml~* 57!
n; ATP gained by glucose fermenter i mol 47p mol ™
metabolizing per mole of glucose
i maximal rate at which glucose fermenter ¢ mol cell ! 571
can metabolize glucose
K; glucose concentration at half of ¢; mol ml™*
assuming no thermodynamic feedback
m; maintenance requirement of glucose fermenter ¢ molapp cell ™t g7t
d; death coefficient of glucose fermenter ¢ st
Y, reproduction coefficient of glucose fermenter cell mol j7p
[H] hydrogen ion concentration mol ml ™!
AGY, Gibbs free energy of glucose fermentation kJ mol ™!
at temperature 7" under standard conditions
wa, wp, wp, moles of acetate, propionate and butyrate unitless
generated from each mole of glucose fermented
by glucose fermenter ¢
Wyt, Weq; W+, moles of water, carbon dioxide and hydrogen ions unitless
generated from each mole of glucose fermented
by glucose fermenter ¢
W, moles of hydrogen generated unitless

7

from each mole of glucose fermented
by glucose fermenter ¢
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Appendix B

Fermentation pathways

In the rumen, there is a diversity in fermentation pathways of glucose,
glutamate, alanine and lactate etc [118]. There are more glucose fer-
mentation pathways than those listed in Section 4.1. For example, five

theoretical fermentation pathways

glucose +2 HyO =+ 2 A+4 Hy +2 COy +2 HT |

glucose +2/3 Hy,O — 2/3 A+2/3 B+8/3 Hy +2 COy +4/3 H' |
glucose — B +2 Hy +2 COy + H |

glucose — A+ P+ Hy +COy +2 HT |

glucose — 2/3 A+4/3 P+2/3 COy+2/3 H,O+2 H' |

were identified to explore fermentation thermodynamics [76]. Here A, P
and B, respectively, represent the volatile fatty acids: acetate, propionate
and butyrate. In reality, there five pathways are points on a continuum

glucose fermentation pathways.

B 23A+2/3B _ 2A A+P __ 23A+4/3P
2H2 8/3H2 4H2 H2

more B production most Hy more P production

production
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For simplicity, CO,, HT, and H,O are not shown. Each pathway within
this continuum regime could be associated with different types of glucose
fermenters and different ATP yields (Appendix C) that may be consid-
ered in the GHM? model.
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Appendix C

ATP yields from glucose

fermentation

For the GHM? model, each glucose fermenter is assumed to be associated
with one pathway. Each metabolic scheme for glucose fermentation will
be considered in three steps: glucose uptake, fermentation to pyruvate,

and further metabolism of pyruvate.

C.1 Glucose uptake

Four possible mechanisms of glucose uptake into the cell of glucose fer-

menters are considered, based on those reviewed by [73]. They are:

1. Glucose uptake coupled to the use of 1 ATP via an ABC trans-
porter, resulting in 1 glucose transported from outside to inside
the cell.

2. Glucose uptake coupled to the use of 1 cation (proton or sodium)
via a symporter, resulting in 1 glucose transported from outside to
inside the cell. The generation of the proton or sodium gradient
to drive the symporter requires 1/3 ATP per cation, although this
can vary from 3/8 to 3/11 [108|.

3. Glucose uptake via a facilitated diffusion transport mechanism, re-

sulting in 1 glucose transported from outside to inside the cell.
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4. Glucose uptake coupled to conversion of 1 phosphoenolpyruvate
(PEP) to 1 pyruvate using the phosphotransferase system (PTS),
resulting in the uptake of 1 glucose from outside the cells to form

1 glucose-6-phosphate inside the cell.

C.2 Fermentation to pyruvate

For the numerical study of the GHM? model, it is assumed that glucose
is fermented using the Embden-Meyerhof-Parnas pathway, as described
by [49]. It also allows the variation that the ATP used in the phospho-
fructokinase (PFK) step may be replaced by the use of pyrophosphate
(PPi), which has the net result of consuming 2 ATP in this step [75].
When glucose uptake is coupled to the use of PEP, no ATP is used in
the activation of glucose to glucose-6-phosphate because that product is
formed in the transport step, but 1 PEP is converted to pyruvate without

formation of ATP at the PEP kinase step. The variations are therefore:

1. Glucose fermentation to 2 pyruvate using ATP at the PFK step,
with the net gain of 2 ATP and 4 electrons. This can follow from

glucose uptake mechanisms 1, 2, and 3.

2. Glucose fermentation to 2 pyruvate using PPi at the PFK step,
with the net gain of 1 ATP and 4 electrons. This can follow from

glucose uptake mechanisms 1, 2, and 3.

3. Glucose-6-phosphate fermentation to 2 pyruvate using ATP at the
PFK step, with the net gain of 2 ATP and 4 electrons. This can

follow from glucose uptake mechanism 4.

4. Glucose-6-phosphate fermentation to 2 pyruvate using PPi at the
PFK step, with the net gain of 1 ATP and 4 electrons. This can

follow from glucose uptake mechanism 4.
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C.3 Further metabolism of pyruvate

The further metabolism of pyruvate can be oxidative (generating elec-
trons) or reductive (using electrons). Overall, the metabolic schemes
must balance electrons and carbons. For the purposes of these simula-

tions, the following uses of pyruvate are considered (based on [49)]):

1. Oxidation of pyruvate to acetate plus carbon dioxide, coupled to

the generation of 1 ATP and 2 electrons.

2. Reduction of pyruvate to propionate, coupled with the use of 4
electrons. This is the case in the acrylate pathway of propionate

formation.

3. Reduction of pyruvate to propionate, coupled with the use of 4
electrons and generation of 2/3 ATP [142]. This can occur in the

succinate or randomizing pathway of propionate formation.

4. Oxidation of pyruvate to butyrate and carbon dioxide. Formally,
this is described as 1 pyruvate being metabolized to 1/2 butyrate,
1 carbon dioxide, with no net formation or use of electrons, and
generation of 1/2 ATP.

A complete metabolic scheme for any single glucose fermenters will
have to balance carbon atoms in glucose and the various products (e.g.,
carbon dioxide, acetate, propionate, and butyrate), and the electrons
derived from oxidations and used in reductions. Glucose is a 6-carbon
compound, and pyruvate is a 3-carbon compound. The products of pyru-
vate metabolism considered here are carbon dioxide, acetate, propionate,
and butyrate, with 1, 2, 3, and 4 carbons respectively. Lactate is another
potential product, as are succinate, formate, ethanol and alanine. Excess
electrons are used to generate hydrogen, with 2 electrons being used to
generate 1 hydrogen. Hydrogen formation may not always be thermo-
dynamically feasible if the prevailing hydrogen concentration is too high
[34], and the GHM? model accounts for that, by penalizing glucose fer-
menters that use metabolisms that are unfavorable under the prevailing

conditions (measured by 6;). For each glucose fermentation pathway and
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its associated glucose fermenters, X;, there will be a net amount of ATP
generated per glucose molecule fermented, n;, that will be used in the
numerical study. For instance, in Section 5.2, for glucose fermenter X;

associated with pathway
glucose — B +2 Hy +2 COy + HT |

ny = 3 molyrp mol™ ' is used. This is the maximal ATP yield per mole
of glucose fermented via glucose uptake mechanisms 3 or 4 (no ATP
needed); followed by fermentation of glucose to pyruvate by variations
1 or 3 (2 molarp mol ™! generated per mole of glucose fermented), and
then metabolism of pyruvate to butyrate (1 molapp mol™' generated).
However, ny could also be as low as 1 mola7p molfl, if glucose is fer-
mented via glucose uptake mechanisms 1 (1 ATP required); followed by
fermentation of glucose to pyruvate by variations 2 or 4 (1 molsrp mol ™!
generated per mole of glucose fermented), and then metabolism of pyru-
vate to butyrate (1 molapp mol™ generated). Overall, the possible vari-
ety of glucose fermentation pathways and ATP yields is very large, and

glucose is of course only one component of feed that enters the rumen.
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