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Abstract

Fractional and generalised derivative equations have proven to be a powerful tool
in the modelling of anomalous diffusion within complex fluids [ 1-3]. The suitability
of these equations arises from to their capacity to include memory effects prevalent
in the fluid [4], as well as allowing for the inclusion of external forces or relevant
boundary values. Fractional derivative equations may be derived from underlying
continuous-time random-walk models and these fractional derivative equations (and
their generalisations) are simpler to deal with [5]. This thesis will investigate the
ability of fractional derivative equations (and their generalisations) to model long
timescale anomalous diffusion phenomena observed in some visco-elastic polymer
networks. Recent work [6, 7] has suggested that within certain physical polymer net-
works there is a tendency for internal stresses to continuously build and dissipate.
This phenomenon manifests itself within recordings of probe-particle mean squared
displacements at long time scales. The dynamic behaviour of these networks paral-
lels behaviour observed in earthquakes, earning the phenomena the name gel or cyto
quakes [6, 8]. This link suggests that statistical features involved in other stress driven
events may provide insight into the modeling of gel quakes. Both temporal and spa-
tial considerations relevant to these quaking systems will be outlined and modelled

within this work.
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1

Outline

Physical gels are characterised by dynamic cross-links which may be broken and reformed based
on environmental factors. In recent years it has been observed that physical polymer gel net-
works can exhibit restructuring events, suggested to arise as internal stresses redistribute within
the network [6, 7, 9]. Systems of this kind possess these internal stresses as a result of the net-
work formulation and differing degrees of node binding strengths [6, 10]. These events have
been coined gel quakes [6] and are driven by the liberation of stresses in the system causing rup-
turing of the network which subsequently reforms. It is these non-equilibrium events that are the
initial motivation for this thesis. This thesis will develop mathematical descriptions of these dif-
fusive behaviours, and outline possible experimentally accessible parameters. Given the diffusion
takes part within a visco-elastic system it is expected that Doob’s theorem and the central limit
theorem will not hold [11]. Both of these theorems have assumptions which are not valid upon
the occurrence of temporal correlations, beyond the instantaneous approximations of Markov. A
suitable candidate for framing dynamics of this kind is to use the approaches found within the
field of generalised diffusion. This field expands upon the classical descriptions of diffusion in
terms of the Fokker-Planck equation, by incorporating non-Markovian features. To summarise

the intentions of this work we aim to,

* Explore and develop a possible generalised diffusion model for the quaking dynamic ob-

served in some physical polymer gels.
* Incorporate both spatial and temporal features of these quakes.

* Provide estimation and predictions for possible experimentally accessible parameters and

characteristic features of the diffusive behaviours.



The thesis is structured as follows: Chapter 2 introduces relevant concepts, Chapter 3 introduces
the modelling approach in a broad sense, and the latter portion of this Chapter presents the model
incorporating the temporal features. Chapter 4 presents the first of two frameworks considered
for the incorporation of the spatial features. Finally, Chapter 5 describes a second approach con-
sidered for encoding spatial features. The thesis then concludes with an outline of the future
possible directions such work may take, considering both experimental and theoretical investiga-

tions, some predictions are also made for experimentally accessible parameters.



Introduction

2.1 Diffusion

Diffusion is a transport phenomena observed in a large number of natural systems. The phenom-
ena itself refers to the tendency of certain quantities to flow down concentration gradients. A
range of exotic scenarios can be described within the framework of diffusion such as chemical re-
actions [12], communication patterns [ 13] and economics [ 14] as well as the orbital energy and
angular momenta of stars in close proximity to super massive black holes [15]. The mathemat-
ical formulation of diffusion is often described in terms of either a random walk [16], Langevin
equation [17] or deterministic diffusion equation [18]. These formulations will be briefly out-
lined in this Chapter and further details will be provided regarding the random walks and the

deterministic diffusion equation due to the particular relevance they have to the present work.

2.1.1 Historical Account

As early as 1785 the Dutch physicist Jan Ingenhousz observed the small flickering of coal dust
particles on the surface of alcohol. The Scottish botanist Robert Brown observed [19] a similar
pattern of irregular motion in his study of small pollen grains suspended in water. It was at a
similar time that the famed mathematician Joseph Fourier formulated the heat conduction equa-
tion [20], which provided the basis for A. Fick to establish the diffusion equation in 1855 [18].
The erratic motion of Brown and Ingenhousz was formulated mathematically through the work

of Christian Wiener in 1863 [21]. The work of Wiener was validated by the experimental findings



of Guoy, thus establishing the kinetic theory explanation Wiener provided. It was Albert Einstein
who first unified the stochastic description of Wiener with the deterministic diffusion equation by

his derivation of the following relationship [22],

D =f (x(to)x(to—t))dt. 2.1)
0

Eq. (2.1) relates the diffusion coefficient (associated with the diffusion equation) to the velocity
autocorrelation function (ensemble averaged, denoted in this document by the used of the angled
brackets (...)) for the diffusing particle, which in turn relates back to the stochastic force utilised
in the approach of Langevin. Jean Baptiste Perrin managed to validate the work of Einstein
through his own independent research [23]. Einstein’s work also set the scene for the Fokker-
Planck, Smoluchowski and Klein-Kramers theories and work later still by Ornstein and Uhlenbeck,
Chandrasekhar, Montroll as well as others [24-27]. Still the mathematical treatment of Brownian
motion is for the most part due to the work of Norbert Wiener who went on to demonstrate the
continuous everywhere, differentiable nowhere (motivating approaches such as the Ito calculus
[28]) nature of the Wiener motion (the model of natural Brownian motion). This work led to the

understanding of the motion as a fractal or self-similar process in the spatial sense.

2.1.2 Langevin Approach

Langevin opted to describe things in a different way to the probabilistic approach of the diffusion
equation, developing instead an approach based on the Newtonian dynamics of particles. His
work in 1908 described the equation of motion for the particle, under the influence of a stochastic
force. His formulation of the theory marked the beginnings of a field of mathematics known
as stochastic differential equations [29]. Langevin’s equation of motion included a systematic
force —¢ %x(t) attributed to the dissipation due to friction generated by the environment, as
well as a rapidly fluctuating random force Fz(t) again arising from the environment (Brownian
fluctuation). Thus his equation appears as,
d? d

m@x(t) =—Cax(t)+FR(t), (2.2)



where the fluctuating random force, Fz(x) has the following properties

<FR(t1)FR(t2)) = F(S(tl - t2)2,

where 6(t) is the Dirac delta function,

<FR(t)> =0,

and I' = 2mCkgzT, kz being Boltzmann’s constant, m being the mass of the diffusing object, {
being the friction coefficient of Langevin and T the temperature. Notably this relationship links
the friction coefficient { to the strength of the environmental fluctuations and hence represents
a manifestation of the famed fluctuation dissipation theorem [22]. One of the highlighted short
comings of the standard Langevin approach is that it utilises what has been referred to as a local or
Markovian friction coefficient {. The implication of this is that the environment by which friction is
generated responds instantaneously to the motion of the particle. A modification to the Langevin
equation which accounts for the non-instantaneous response of the system (non-Markovian) may

be presented in the following generalised Langevin equation

2

d f nd
mﬁxm__fo J(t—t )Ex(t )dt" + Fg(t). (2.3)

This equation was also derived in the work of Zwangzig and Nordholm [30], as well as in the
model by Caldeira and Legget [31]. The difference in the generalised Langevin approach is that
the dissipation term depends on the past. The generalised Langevin equation aligns closely with
the standard Langevin equation in the instance where the timescale of the memory kernel {(t)
is much smaller than any other timescales of the system. In this scenario the following local

approximation is satisfactory,

t nd o nd o, d
L C(t—t)ﬁx(t )dt NCL 5(t—t)@x(t)dt —Cax(t) 2.4



2.1.3 Fokker-Planck Approach

As mentioned an alternative approach to that of Langevin is to consider the time evolution of the
position probability density function (PDF) underlying the diffusive process. This involves the
use of deterministic equations such as the Fokker-Planck equation which reduces to the diffusion
equation in the absence of an external force. The diffusion equation has been derived a variety

of ways, and verified experimentally [32-34]. The equation itself appears as,

2

%, 0
ZP(X, t) —DﬁP(x,t). (2.5)

Where in Eq. (2.5), P(x,t) is the PDF describing the PD at each position x at time t and D is
the diffusion coefficient. The solution to this equation (in the one dimensional Cartesian space,
for an initial Dirac delta profile in x and P(+£o00,t) = 0) is of the following Gaussian form. The

process it describes is often referred to as Gaussian (or normal) diffusion

1 32
P(x,t)= NoTor: exp (Z;t) . (2.6)

The second moment of this probability density function may be found via the following relations

(%) 82 R
2 —
J_Oo x“P(x,t)dx = _8kzp(k’ t) - 2.7)
In the case of the Gaussian solution we have,
J x%P(x, t)dx = (x*)(t) = 2Dt. (2.8)

When the diffusion is unbiased or without external force, the second moment and the mean
squared displacement (MSD) are the same. Thus, a characteristic trait of Gaussian (or Fickian)
diffusion is the linear time evolution of the second moment or MSD . In contrast, non-Fickian
(anomalous) diffusion demonstrates non-linear time dependence for the MSD [35], (however, it
is conceivable for the Gaussian form to still remain) [36]. Fickian diffusion brings with it further
properties such as being Stationary and Markovian. We now explain these properties, whilst also
deriving the previously mentioned Fokker-Planck equation. This equation describes diffusion in

the presence of drift due to outside forces, and will set the stage for later comparison to the

6



generalised forms more suited to the description of anomalous diffusion.

Continuous Stochastic Processes

The mathematical modeling of diffusion phenomena may be constructed using stochastic pro-

cesses.

Definition 2.1.1. A function X(t) is defined to be a continuous time stochastic process if X is a
stochastic variable and,

X(t);teT}

where t denotes time, and the set T is not finite nor countable.

Let f(t) to define a continuous time stochastic process, as in Definition 2.1.1 [37]. The state space
of the process f (t) is the entirety of values accessible to the process f (t). The statistical properties
of the process may be specified by an infinite set of multiple time-joint probability densities, which
describe the chain of events occurring the in process. Take the following three event chain as an

example,

P(fsa ts; fo, tz?fptl)df?,dfzdfl- (2.9)

which provides the probability of the three events occurring at the three particular times provided.
The multiple time-joint probability density function may be expressed as a product of a conditional

PDF and an n—1 joint-time PDF as follows

P(f3>t3§f2, tz§f1:t1) :P(f3>t3|f2> t2§f1,t1)P(f2: t2§f1:t1) (2.10)

Markov Processes

A Markov process is a stochastic process in which the memory is restricted, thus the conditional
probability density function is influenced only by the event immediately preceding the current

event. If we take the previous three event example we have

P(f3; t3|f2; t23f1:t1):P(f3, t3|f2, tz)- (2.11)



Stationarity

Moreover, a stochastic process may be stationary such that the statistical properties of the process

are time independent. As an example we have,

P(fz: t2|f1:t1):P(f2: tz_t1|f1)- (2.12)

Thus, the conditional PDF depends on the time difference between events rather than the times

the events occur.

Chapmann-Kolmogorov Equation

The joint-time PDF describing the chain of events in the instance of a stationary Markovian process

may be written as follows

P(fSJtS;fZ’tZ;flatl):P(f39t3|f29t2 f2at2|f1: f1: )

Integrating both sides over the intermediate event f, removes the dependence of the left hand

side on that event occurring. Rearranging and employing the stationarity leaves us with,

P(fsats_t1|f1):f (fort3— tz|f2 (forta— t1|f1 dfy (2.13)
Eq (2.13) is known as the Chapmann-Kolmogorov equation or Chain equation.

Master Equation

In its current state the chain equation is non-linear in the conditional PDFs, however, in this
derivation we follow along the path outlined by [38] in order to produce, ultimately, a more
manageable equation. The approach begins by tidying up the notation, setting f = f5, t = t3—t,,

f"=f,, fo=f; and t’ = t,, the chain equation is then,

P(f,t|fo) = f (f.e=t|F)P(f, ' |fo)df (2.14)



If we consider the time difference to be small such that, t—t' = §t << 1 then we can approximate

P( f,ot | f ’) with a Taylor expansion about 6t =0,

OP(f,ot|f’
P(f,5t|f")~ P(f,0|f")+ 5t op(£.5¢)f") for &t<<1. (2.15)
a5t 6t=0
Inserting a Dirac delta function as the initial condition,
P(f,0[f")=6(f — " (2.16)
and defining
aP(f,5t|f’)
W, f)=| —5=F—— . (2.17)
( ot St—0
Normalising Eq. (2.15) over f yields,
JP(f,5t|f’)df =1 +5tJ W(f,fHdf +5tJ ao(f)8(f —fdf =1. (2.18)

The term involving a,(f) is inserted to satisfy the normalisation condition. Through rearranging

Eq. (2.18) ay(f) can be identified as,

ao(f)= f W(x', f)dx’. (2.19)

x’ playing the role of the integration variable representative of the other states, shortly we will

set x’ = f’ when appropriate. Thus we now have,

P(f,5t|f") = (1—6tag(f)(f —f) +8tW(f, f') (2.20)

Plugging this back into the chain equation, we have

P(f,t|fo) =f ((1—=6tag(fNE(f —F) +8tW(F, f)) P(f',t'|fo)df’

=(1—8tao(f)P(f,t'|fo) + f StW(f, fIP(f,t'|fo)df’

P(f,t' +5t|fy) —P(f.t'|fo)
ot

:—fW(f',f)df’P(f, t']fo) + f W(F, FIP(F, ¢ |fo)df! 2.21)



Taking the limit 6t — 0 and using the definition,

9 ney_ o PULE+6tlfo) —P(f, t'lfo)
EP(f, t'lfo) = 51%r_r)10 5t (2.22)
after setting t’ = t, we have
W = f W, fOP(f' t|fo) =W, FIP(f, t|fo)df, (2.23)

where Eq. (2.23) is known as a Master equation, with W(f, f’) defining the flow of probability
associated with the process transitioning from event f’ to f. The equation represents a probability
balance equation. The name arises from its first occurrence [39], where it was employed as a
general equation from which more specific results were derived. We are now closing in on the final
Fokker-Planck equation structure and have already employed the properties of both Markovian
and Stationary processes. The final few steps begin with an expansion known historically as the
Kramers-Moyal expansion [40]. In order to prepare the master equation for expansion via the
Kramers-Moyal expansion, first the transition probability W(f, f) is expressed as a function of
the starting state and the size of the jump between states such that W(f, f') — W(f’, Af) where
Af = f — f’. With these alterations, and the substitution f’ = f — Af, the master equation (Eq.

(2.23)) becomes,

w = f W(f —Af, AFP(f — Af, t|fo) =W, AFP(f, t|fo)dAS. (2.24)
The Kramers-Moyal expansion represents a Taylor series expansion of P( f—Af,t ) about the
state f (for details see Appendix A), which results in
f t|fo Z (= 1)n f(())[ wa(F) P(f,t )]. (2.25)
where, the moments are found in the usual way via,
b, (f) = f_Z(A fYW(f,Af)dAS. (2.26)

10



2.1.4 Fokker-Planck Equation

The first two terms of the expansion in Eq. (2.25) represent drift and diffusion terms and typically
for most situations it is a valid approximation to neglect higher order terms in Af. In a more
rigorous sense this approximation is valid due to Pawula’s theorem which asserts that if any of
the even moments uy, ;, where [ > 1, vanish then all the moments uy,, for n > 3 vanish and
the expansion terminates after the second term [41]. A consequence of Pawula’s theorem is that

there are only three possibilities of the Kramers-Moyal expansion,

* uw = 0, the expansion then terminates after the first term. This corresponds to a situation

of drift only.

* One of the higher order even moments vanishes such that the expansion terminates after

the second term
* The expansion does not terminate at any finite order and it remains an infinite series.

The second of these scenarios is the most significant to physical studies. A whole class of processes
known as Diffusion Processes are described by Kramers-Moyal expansions that terminate after the

second term. In such scenarios the expression takes the following form,

op(f.tlf)) o

_9 157
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This equation is known as the Fokker-Planck equation, perhaps one of the most widely used forms

of the master equation in the context of continuous Markov processes.

Classifications of the Fokker-Planck Equation

There are several ways to classify the various forms of the FPE that may be generated [42]. The
equations may be linear or non-linear, depending on the nature of the moments, u,, . Specifically
if the moments are functions of the PDF the equation is non-linear. There also exists a classifica-
tion based on the so-called dimension of non-linearity, d which is employed when the moments
mentioned depend not on the PDF but on a number, n of it's moments, implying a non-linear
FPE with dimension d = n (the previous situation of dependence on the PDF implies a non-linear

dimension d = o0). It is also clearly useful to distinguish between univariate and multivariate
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FPE’s, as well as to distinguish between FPE’s subjected to different boundary conditions. Non-
linear FPE’s may be derived in variety of ways and are often regarded as N-dimensional linear

FPE’s describing many body systems involving N sub-systems in the limit as N — oo [43].

2.1.5 Applications of the Fokker-Planck Equation

Nonlinear FPE’s have been applied across a great number of scenarios typically where collective
phenomena are of importance. These equations have seen application in surface physics, study-
ing growth and roughening phenomena [44, 45]. Wetting processes on surfaces have also been
described utilising non-linear FPE’s [46]. Within the field of plasma physics non-linear FPE’s have
also arisen as useful tools to describe the evolution of the velocity distribution for plasma particles
[47-50] (transient and stationary solutions have been studied) and to describe the distribution
of bunch particles within particle beams [51-54] among other phenomena [55, 56]. In terms
of non-linear hydrodynamics non-linear FPE’s have been used to describe flows in porous media

[57, 58] and polymer fluids [59].

2.2 Anomalous Diffusion

The previous section has discussed aspects of what may be considered standard diffusion pro-
cesses, describing the most prevalent stochastic and deterministic approaches to these systems.
Specifically in the instance of a stationary Markovian process a derivation of the Fokker-Planck
equation was presented. The standard diffusion equation describes Gaussian diffusion where
the PDF solution possesses a second moment which grows linearly with time. When these fea-
tures are not present, the diffusive behaviour is deemed anomalous. Anomalous diffusion is a
transport process observed in a large variety of systems, across many length and time scales. As
specific examples, it has been observed in charge carrier transport in amorphous semiconductors
[60, 61], in flow in porous systems [62], in quantum optics [ 63, 64], as well as many other systems
[65, 66]. Mathematically there are two main avenues for the treatment of anomalous diffusion,
which amount to generalisations of the two main approaches to standard diffusion: either to con-
sider the stochastic description afforded by the Langevin equation or to study the deterministic

Fokker-Planck equation, where the latter encodes information regarding the evolution in time of
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the position PDE Diffusive behaviour is most commonly characterised by the temporal behaviour

of the second moment of the PDF [67],

(x?)(t) o< t°. (2.28)

The exponent, a is used to distinguish between the characteristic regimes. The behaviour is
referred to as sub-diffusive (a < 1), Fickian or normal (a = 1) and super-diffusive (a > 1). In
other cases the exponent may vary in time known as transient diffusion [67]. All of these diffusive
behaviours may be found in systems throughout the physical world [68-70]. One important
consequence of the change in temporal behaviour of the second moment (caused by changes in
the underlying dynamics) is the change in the form of the PDF from Gaussian to non-Gaussian.
Gaussian forms are the expected consequence of the sums of independent identically distributed
random variables, by virtue of the central limit theorem. Therefore in the context of anomalous
diffusion there must be some fundamental features present which invalidate the use of the central
limit theorem (CLT). However, before the discussion of these concepts, we first highlight the

foundations of the CLT.

2.2.1 Central Limit Theorem

Consider the summation,
€ tet...g,
B

¢n —A,, (2.29)

n
where €, represents a sampled random variable and the € occurring in the summation are inde-
pendent and identically distributed. There exists a well known limit theorem, namely the central
limit theorem (CLT) which states that A, and B, will tend to v/nu/c and o +/n, respectively for
large n [71, 72]. Where u and o are the mean and variance of an appropriately scaled Gaussian
distribution function. Thus, the Gaussian solution of the standard diffusion equation (Brown-
ian diffusion) represents a consequence of the central limit theorem, in which the displacements
represent the stochastic variables. Equivalently given a summation of the form above, one may
inquire as to under what conditions the distribution functions underlying the random variables e
will combine to a stable distribution of {, (see Definition 2.2.1). The conditions of convergence

to a stable distribution are referred to as the Domain of Attraction for said stable distribution. The
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domain of attraction of the Gaussian distribution is outlined in Theorem 2.2.1.

Theorem 2.2.1. Domain of Attraction for the Normal Distribution:

If we consider the distribution function F(x) to be the limit distribution of the normalised sum

€ teyt...€,
B

Cn —A,, (2.30)

n

where the € represent independent identically distributed random variables. For suitably chosen
constants A,,,B,, > 0 [73]. The distribution function F(x) belongs to the domain of attraction of

the normal distribution if the following relationship holds as X — oo

X2 f|x|>x dF(x)
f|x|<X x2dF(x)

(2.31)

This feature of the underlying distribution functions is the essence of the central limit theorem

[73]. Within this domain of attraction A,, and B,, tend to v/nu/c and o /n, respectively.

Failure to Satisfy the Conditions of the Central Limit Theorem

In the instance of anomalous diffusion the conditions leading to the central limit theorem are not
satisfied, which can occur as a consequence of three fundamental effects. These effects are known
as the Moses, Joseph and Noah effects. The Joseph and Noah effects were outlined by Mandelbrot
in his efforts to decompose the nature of anomalous diffusion into its root causes [ 74]. His work
demonstrated the dominant causes to be either long time increment correlation (the Joseph effect)
or due to increment distributions having heavy tails (the Noah effect). The Moses effect has been
identified more recently in the work of Chen et al. [75], this effect is defined as the increment
distributions being non-stationary. A somewhat recent piece of research carried out by Meyer
et al. [76] discussed the relationship between the so-called Joseph, Noah and Moses exponents
(defined within) and the well known Hurst exponent [77]. In carrying out this work they probed
the diffusive behaviour of the modified Pomeau-Manneville map [78] both with analytic results
and simulation. The results illustrated that the dominant exponent varied, which implied that
the cause of the anomalous diffusion of this artificial system varied over various exponent values,

a phenomena that may occur amongst natural systems as well.
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2.2.2 Generalised Central Limit Theorem

Due to the breakdown of the CLT anomalous diffusion relies on another limit theorem namely,
the Lévy-Gnedenko generalised limit theorem [73], (for the domain of attraction to a general
stable law see Theorem 2.2.2). The theorem removes the necessity of zero mean and finite vari-
ance on the sequence of random variables, the result of which is the convergence to an a-stable

distribution (see Eq. (2.35) and the convergence is not confined to the Gaussian distribution [ 79].

Stable Distributions

Definition 2.2.1. A stochastic variable X is considered to be stable (or Lévy a-stable [80]) in

the broad sense if the following relationship holds for some positive constants, a, b,c,g € R
aX, +bX, < cX +g, (2.32)

where X, and X, are independent copies of the stochastic variable X. If the above relationship

is satisfied with g = O the variable is deemed strictly stable.

While stable distributions may also be defined in other equivalent ways, the above definition
relies on the equivalence in distribution, L. Perhaps the most concrete way to characterise stable
distributions is through the associated characteristic function of the distribution. If we have a
probability density function, P(x) the characteristic function is the Fourier transform of P(x),

denoted ﬁ(k) (see Appendix C). This characteristic function is defined as,

Bl = (e ) =" J (_in#)np(x)dx -3 (_:l’f)n M,, (2.33)
n=0 J —oo : n=0 :
M, , =J x"P(x)dx (2.34)

As can be seen the characteristic function represents a generating function for the moments of the
distribution. The definition of a stable distribution in terms of a general characteristic function
typically appears in the following form, known as the canonical form [73].

k

InP(k) =—|k|“{1+i/3|k|

wlk,a), —-1<f <1 and 0<a<2 (2.35)
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where w is given by

tan(%a) if a#l
w(k,a)= (2.36)

2loglk] if a=1
Stable distributions are of note because they allow for features such as skewness and heavy tails
to be incorporated into the probability density function. Aside from the generalised central limit
theorem, one of the main reasons to use stable distributions for the statistical description of nat-
ural phenomena is the simple fact that there is a wide range of empirical evidence supporting it

[81, 82].

2.2.3 Mathematical Models for Anomalous Diffusion

As alluded to in the initial outline regarding anomalous diffusion, there are two main branches
of mathematical investigation into anomalous diffusion, the stochastic realisation (Langevin) and
the deterministic ensemble (Fokker-Planck). Within these branches there are a variety of ap-
proaches to the modeling of anomalous diffusion (in the presence or absence of an external force
field). Historically, the most prevalent have been, fractional Brownian motion [83], generalised
diffusion equations (in the sense of O’'Shaughnessy) [84], continuous time random walks (CTRW)
[85-89], Langevin equations [90-92], generalised Langevin equations (GLE) [93, 94], or gener-
alised master equations [95, 96]. For anomalous diffusion only the CTRW and GLE capture the
combination of system memory and consideration of the form of the relevant PDF(s) underlying
the dynamics. However, in the CTRW framework it is not straightforward to incorporate external
force fields, boundary problems or to consider phase space dynamics. An alternative approach
to those mentioned has garnered significant attention over the past few decades [97], the ap-
proach is to make use of fractional derivative equations. Fractional derivative (or generalised
derivative) equations allow for the simple incorporation of boundary value problems as well as
external fields, moreover even in the original works it was noted that these fractional derivative
(or generalised) operators naturally account for memory effects which are associated with many

complex systems.
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Theorem 2.2.2. Domain of Attraction to a Stable Distribution:
The wider class of distribution functions of which are limit distributions for the infinite sum of Eq.
(2.29) are known as stable distributions. In order that the distribution function F(x) belongs
to the domain of attraction for a stable law with a characteristic exponent 0 < a < 2 (see Eq.
(2.33)) it is necessary and sufficient that [73 J':

F(—x) o)

a 00, 2.37
1—F(x)_)c2 o (2.37)

and for every constant, k > 0

. 1—F(x)+F(—x)
1 = k¢ 2.38
500 1— F(kx) + F(—kx) as x—oo (2.38)

The form of B, in Eq. (2.29) must satisfy the following conditions:

nF(B,x) — ﬁ (x < 0), (2.39)
X a
n(1—F(B,x)) — % (x > 0), (2.40)
2
ling lim n J x*dF(B,x)— (f xdF(an)) =0. (2.41)
e-fn=o0 Ix|<e Ix|<e

The form of A, in Eq. (2.29) takes on one of the following forms, dependent on the value
of a (see Eq. (2.33)):

A = B£J xdF(x) for 1<a<2 (2.42)

An:nlm{lnf(Bi)} for a=1 (2.43)

n

where f is the characteristic function of F.

A,=0 for a<l1 (2.44)

The convergence of these underlying distributions to a stable distribution, forms the essence of

the generalised limit theorem and provides a basis for anomalous diffusion.

4Specifically, see page 175, with details of A, highlighted in the footnote.
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2.3 Fractional Calculus

While fractional calculus has existed as long as integer order calculus, the applications of frac-
tional calculus were not immediately apparent. A common difficulty of fractional (or more ac-
curately arbitrary [98]) order calculus is the lack of a simple geometric interpretation, which is
present with the integer order counterpart. Indeed, many have attempted to capture the geo-
metric essence of these operators [99] though a consensus on the matter is, for the most part,
unavailable. Perhaps the most widely utilised forms of the fractional operators in the temporal
sense, are the Riemann-Liouville (RL) and Caputo operators. The RL fractional derivative follows
from generalising Cauchy’s repeated integral formula whilst the Caputo form follows from gener-
alising the Laplace transform (see Appendix C) expression for the derivative. The RL and Caputo

derivatives may be defined as follows [99].

Definition 2.3.1. The fractional derivative of Riemann and Liouville, for arbitrary order a,

applied to the function f(t) is defined as

RL nha — 1 d e t /\yn—a / /
o th(t)—m(a) JO (t—l') f(l' )dt, (2.45)

forn < a < n+ 1 where n € Z°*.

Definition 2.3.2. The fractional derivative of Caputo, for arbitrary order a, applied to the

function f(t) is defined as

t

1 foe)

I(n—a) J, (t—t)t+en """

IO (2.46)

forn—1 < a < n where n € Z°*.

There is an intimate connection between these two formalisms which can be made apparent

through the following manipulation. f a =1—f and 0 < 8 < 1, then n =0 and

d (' ’
RipIPf() = %IB)EJO —(ti(tt/))l_ﬁdt’. (2.47)
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Due to the convolution theorem, after Laplace transformation of Eq. (2.47), it appears as

IR ;B G TP B R
g[F(/ﬂ)dtL (t—t’)l—ﬁdt]_ r(ﬁ)ul F(w). (2.48)

Applying the Laplace inversion yields,

—_— Ly
uP (uF(u))] = 1"(1/3) L f )+f(0)dt', (2.49)

_ 1
< l[r(/s) (t— )

which is the Caputo fractional derivative plus a power law decaying contribution from the initial
conditions [ 100]. Inspection of the form of the Caputo fractional derivative in Eq. (2.49) reveals
that it generates an infinite sum of weighted infinitesimal contributions of the process over [0, t].
This integral represents the memory of the system and is of great importance to non-Markovian
processes. Thus far we have encountered two formulations of the fractional derivative operators.
In recent times many more generalisations have begun to emerge, a selection of these may be
connected with a so-called memory Kernel embedded within the RL fractional derivative form
[101]. Whilst others, that present entirely new forms, still are referred to as fractional derivatives

[102].

2.3.1 Strict and Wide Sense Fractional Derivatives

Ortigueira and Machado presented an article in 2015 that was designed to directly address the
issues with the number of generalisations emerging, the paper was titled "What is a fractional
derivative" [103]. Their discussions outline the lack of any concrete framework from which frac-
tional derivatives may be categorised, they present some historic discussions on the matter by

Bertran Ross in 1975. His criteria (*P) consisted of the following key points.

1P1 The derivative of an analytic function is analytic.

P2 when the order is integer the fractional derivative reduces to the ordinary derivative.

(Backwards compatibility)
e 1P3 The zero order derivative of a function returns the function itself.

* 1P4 The operator must be linear.
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* 1P4 The index law holds, that is, D*DP f (t) = D**F f(t) for a < 0 and 3 < 0.

Ortigueira and Machado observe that these criteria were outlined at a time when many of the
existing developments within the field of fractional calculus had yet to occur and with this in
mind they extended the criteria above to the sets 2P and 3P. Their 2P are outlined as follows and

they refer to these criteria as the wide sense criterion (WSC)

2P1 Linearity: The operator should be linear.
* 2Pp2 Identity: The zero order derivative of a function returns the function itself.

* 2P3 Backward Compatibility: If the order of the fractional derivative is of integer value the

result should align with that of the integer derivative counterpart.

* 2P4 Index Law: The index law should hold,that is, D*DP f(t) = D*"P f(t) for a < 0 and

B <0.
e 2P5 Generalised Leibniz Rule:

pe| s |=>| [ ppie

i=0 i

The 3P criteria are referred to as the strict sense criterion (SSC). The SSC has all the same points

as the 2P,however, 3P4 becomes the following
 1P4 Index Law: The index law should hold,that is, D*D” f (t) = D**P £ (t) for any a and 3.

Their paper concludes by discerning whether common fractional derivatives such as the Grunwald-
Letnikov, Riemann-Liouville and Caputo fit their criteria, the first two identified as satisfying the
SSC and the third the WSC. They also test another so-called fractional derivative, the conformable

fractional derivative, defined as

f(t+et1‘“)—f(t)_

€

T, =lim (2.50)
e—0

This fractional derivative is identified as satisfying neither the SSC or the WSC and is hence iden-

tified as not being a fractional derivative. The conformable derivative was identified again as not
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being a fractional derivative by Tarasov where he demonstrated the requirement of non-locality
for fractional derivatives in his paper "No Nonlocality. No Fractional Derivative" [104]. An addi-
tional critique of the conformable derivative was produced by Abdelhakim and Machado in their
paper "A critical analysis of the conformable derivative" [105] where they demonstrated the in-
timate relationship between conformable and integer derivatives using three theorems proved
within, thus "trivializing a large number of proofs and results obtained in the context of con-
formable derivatives". More recently an article titled "Desiderata of Fractional Derivatives" [106]
was published providing a differing mathematical description of desired properties for fractional
derivatives. This article touches on similar concepts to those listed above, but provides more care-
ful analysis as to the domain of definition. They also make the point of not requiring a generalised
Leibniz rule to hold but rather assert that the standard Leibniz rule hold at integer orders. The
subject is still heavily discussed with many articles appearing to address the issue [107, 108]. It
is, however, suggested that the best stance on these matters is to motivate the use of a generalised
derivative in some form by allowing these physical system to provide clues for it’s use. Thus, stud-
ies on the many different tools available within the field of generalised diffusion are meritable
as it is conceivable physical systems exist within which these operators will most appropriately

account for the non-Markovian features.

2.3.2 Generalised Diffusion

A branch of anomalous diffusion studies exists known as Generalised Diffusion and is concerned
with the study of Generalised Fokker-Planck equations (GFPEs). In fact, fractional diffusion exists
within the umbrella of this field. Most commonly the generalised derivatives utilised in this field

are generalised time derivatives. These GFPEs appear as,

iP(x t)= 2 t%(t—t’)a—2p(x tdt’ (2.51)
ot 7 ot |, ox2 ’ ‘

where % (t) has been called the memory kernel. The notion of memory is common in the pursuit
of mathematical descriptions for anomalous diffusion, having appeared in both Langevin and
FPE approaches. As mentioned above, the field of generalised diffusion is built upon diffusion
equations with varying memory kernels. This field has it’s origins around the early 2000s [ 109-

111], though since that point it has continued to grow. In the years since there have been many
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differing memory kernels explored based on the Mittag-Leffler function and it’s generalisations
[112-116] (which have links to the generalised Cattaneo equations [117]). There have also been
several forms connected with the notion of distributed polynomial orders in the kernel [118-120].

We now take a brief look at two forms,

Caputo-Fabrizio

The so called Caputo-Fabrizio [121] generalised derivative is defined with a memory kernel of the

following form

(1) = 1f

at

exp (— ) , (2.52)
1—a

for a € [0,1]. The influence this alteration has on the fractional diffusion process is to induce

confined diffusion, aligning with results obtained via the over-damped Langevin equation [122].

The solution and time evolution of the second moment of this function were obtained by Tateishi

et al. [101]. The documented relationship this operator has with stochastic resetting is also

discussed therein.

Atangana-Baleanu

Another example of a non-local operator has following memory kernel [123],

#(t) = bE, (— 1“_taa), (2.53)

for a € [0,1], where E,(t) is the Mittag-Leffler function (see Appendix B), which interpolates
between the Lorentzian and exponential functions. The diffusive behaviour introduced via this
operator is that of transient diffusion transitioning between normal diffusion and subdiffusion.

This operator was also explored by Tateishi et al. [101].

2.3.3 Fractional Derivative Equations

Models incorporating fractional derivatives began receiving significant attention leading up to the
21st century when their application to anomalous transport processes was widely investigated.
During this development a variety of research articles were published relating to fractional relax-

ation equations [124-127], fractional rheological models [128], fractional diffusion equations
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[129, 130], fractional diffusion-advection equations [130, 131], and fractional Fokker-Planck
equations [ 131, 132]. Fractional derivatives in time naturally incorporate memory effects of the
same kind observed in nature, thus making them well suited in the treatment of non-Markovian
diffusion processes. Moreover, these fractional diffusion equations are related to the hydrody-
namic limit of continuous time random walks [ 133], thus in a sense they account for some of the

limitations of CTRW mentioned earlier.

2.3.4 Continuous Time Random Walks

The continuous time random walk (CTRW) theory considers the motion of a walker as it progresses
through time continuously. The framework was first described by Weiss and Montroll, and has
been utilised to describe an enormous variety of stochastic processes [134]. In a CTRW the walker,
or object of interest, progresses by taking steps of size x, after which it waits a time t prior to taking
the next step. Both variables x and t are distributed according to a probability density function

W(x,t). If the sizes of the steps and waiting times are uncorrelated the following expressions hold

Alx) = J W(x,t)dt, (2.54)
0
w(t) = J W(x,t)dx, (2.55)

where A(x) and w(t) are the step-length and waiting time probability density functions, respec-
tively. Equally, in the decoupled framework ¥(x,t) factors into the independent distributions
A(x) and w(t). From these quantities one may construct an arrival probability density, n(x, t)

describing the probability density of arriving at various positions x in time t, defined as

n(x,t)= J J n(x’, t)A(x — xNew(t — t")dt'dx" + 6(x)6(t). (2.56)
—o00 JO

This expression contains two terms, the first describes the probability associated with a walker at
x’ at time t’ having made a jump of length x —x’ in the remaining time t —t’, summed over all x
and causally relevant t. The second term represents the initial conditions here, that at time t =0
the walker is at a location defined by 6(x) (here at t = 0 we assume the process begins at the

origin, more generally we could use 6(x — x;)). The position PDE, P(x, t) is then defined as the
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probability density of arriving and remaining at a position x at time t, defined as,

P(x,t)= f n(x, t)®(t —t')dt’, (2.57)
0

where ®(t) is referred to as the survival PDF which provides the probability density for a waiting
time longer than t, defined as

o(t)=1 —f w(t))dt'. (2.58)
0

Thus, Eq. (2.57) represents the probability density associated with a walker remaining at the
position x for the at least the time t — t’. At this point it is easier to manipulate the series of
equations by passing into the Fourier ( & : A(x) — i(k)) Laplace (& : w(t) — @(u)) space,
by virtue of the convolution theorems for these transforms [135]. Transforming Eq. (2.56) and
Eq. (2.58), then substituting into the Fourier-Laplace equivalent of Eq. (2.57) gives the following

form for the probability density [136],

1—w(u) 1

Pk, u) = _ .
Pliu) U 1—2A(k)a(w)

(2.59)

Power Law Waiting Time Distribution

The functional forms of A(x) and w(t) strongly influence the nature of the diffusion process. As

an example of this suppose the function, w(t) satisfies the power law distribution,
T a+1
w(t) ~ (?) ,ds t — 00, (2.60)
The Laplace transform of this expression is provided as [137],
o) ~1—(ur)*,as u—0. (2.61)
Thus, the expression for the position PDF in the Fourier-Laplace space becomes
1 Pyk)

B(k,u) =~

— (2.62)
U1+ ek
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P,(k) being the Fourier transform of the initial condition P(x, t)|,_,. Rearranging Eq. (2.62) and

taking the inverse Fourier-Laplace transform yields

2

P(x,t)—P(x,0) =K, OD;“%P(JC, 0.

Taking the derivative of both sides with respect to t yields

iP(x t)=K Dl_“a—zP(x t) (2.63)
gt T 0T g2 T '

K, is the generalised diffusion coefficent, we have moved away from the D notation to avoid
confusion with the generalised derivative operator. Eq. (2.63) is also known as the Riemann-
Liouville fractional diffusion equation [138]. The Riemann-Liouville fractional derivative inserts
a memory into the diffusive process connecting the present moment dynamics to dynamics that
have occurred in the past. The order of the equation effects the amount of weighting the past

receives. By manipulating Eq. (2.63) it may be cast in the following form

2

ODf‘[P(x, t)— PO(X)] = oDfP(x,t)— Py(x) = Kaa—P(x, t). (2.64)
ta ox2

rl—a)

This equation highlights the power law decay of the initial conditions, rather than only influenc-
ing the moment, t = 0. There are various approaches amongst the literature to solving fractional
diffusion equations involving analytic or numerical approximations [139-143]. Historically so-
lutions have been presented in terms of the Fox H-function (see appendix D), and this result is
usually arrived at via inversion of both the Fourier and Laplace transforms. In certain examples
amongst the literature a Mellin transform [ 144, 145] has been employed (see appendix C). As an

example of the type of closed form solutions obtained in this fashion, consider the following Fox

H-function,

1 10[ |x| (1—a/2,a/2)]

P(x,t)= H> . (2.65)
V4K, t* bt VK, t? 0,1)
The second moment for this function evolves sub-diffusively as follows,
2K

Ht)=—"2—t" 2.66
O =5t (2.66)
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where if a — 1 the usual Gaussian statistics are obtained in terms of both P(x, t) and (x2)(t).

Lévy Jump Length Distribution

By modeling the jump length PDF using a Levy distribution it is possible to obtain the following
form in the Fourier space,

—~ u
A(k) = exp (- %lkl“), (2.67)

with the following hydrodynamic limit approximation being valid,
Ak ~1—c"k* as k—0 (2.68)

Inserting this expression into the Fourier-Laplace space equation for P(k,u) gives us

Py(k)

P(k,u) = W

Laplace inversion of this provides the characteristic function discussed earlier for the Gnedenko
generalised limit theorem. Alternatively, rearranging the expression before evaluating the double

inversion leaves the following,

%P(x, t) = K, —ooDEP(x,t),

where _, D" is the Riesz-Feller [ 146] fractional derivative which aligns with the Caputo fractional
derivative with the lower limit in the integral set to —o0, and K, is the generalised diffusion con-
stant. The use of the space fractional derivative introduces a connectedness in space that portrays
the influence surrounding regions have on the dynamics of a given region. One of the short com-
ings of this approach, or one of the challenges, is that the second moment under this regime is

divergent. This has motivated some to consider alternative moments such as the fractional,

J xPP(x, t)dx = (x")(t). (2.69)

—0Q

Although the physical interpretation of a moment of this kind becomes a bit unclear. An alternative

approach is to define the second moment through time dependent integral limits, such that it is
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considering the dynamics within a growing region,

Lyt!/H
f x%P(x, t)dx = (x?) ,(t) (2.70)
L

ltl/u

It is possible to extend this model to incorporate space and time fractionality, however, this doesn’t

resolve the non-existence of the second moment.

Relationship Between the Memory Kernel and the Waiting Time Probability Density Function

Mentioned earlier was the structure of a general fractional derivative which can be defined as

follows

G, f(x,t)= % J f(x, o, (t—t)dt’, (2.71)
0

where #,(t) is referred to as the memory kernel of this generalised fractional derivative. As was
mentioned earlier it is known amongst the literature that GFPEs may be related to CTRW based

approaches. Consider the generalised diffusion equation

%P(x, t) =K,G,P(x, t). (2.72)

The Fourier-Laplace space solution becomes,

Py(k)
u(l + K, (wWk?)

Plk,u) = (2.73)

In the article produced by Tateshi et al. [101] they explored the role fractional derivative operators
play in diffusion. One of the results they provided will be presented now, as it further identifies
the link between CTRW processes and FDE. Firstly we must recall the Fourier-Laplace expression

identified previously from the decoupled CTRW approach,

A-o@) _ 1

Blk,u) = _ - L
11+ A0BwW)  (1+K,2wk?)

(2.74)

w(u) _x k2
Aw(A-6w)  “(1-2Ak)
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After some final rearrangements this leaves us with

A (W
o(u) = - T (2.75)
A(k)=1—K,7 k> (2.76)

where 7. is the so-called characteristic time associated with the waiting time PDF in the underlying
CTRW process. Thus, it becomes apparent that the various memory kernels alter the underlying

waiting times of the CTRW process and therefore capture differing non-Markovian effects.

2.3.5 Fractional Fokker-Planck Equation from a CTRW

We will now describe a connection highlighted by Barkai et al. between the FFPE and the CTRW
[5]. Their derivation begins with identifying some of the usual distributions that occur in CTRW
theory. They define the survival probability, ®(t) in the usual fashion which results in the proba-
bility of i jumps occurring in time t. Q,(t) appears in the Laplace space as

1—ow(u) -

Qi(u) = Tco(u)i. 2.77)

They then go on to define the probability of finding the particle at site n at time t to be P(n,t)

and P;(n) to be the probability of being on site n after step i, then
P(n,u) = .‘f[ i Pi(n)Qi(t)](u) = 1—Ta~)(u) i Pi(n)a(u)'. (2.78)
i=0 i=0
The recurrence relation for p;(n) as described in [5] appears as
P, ;(n)=R(n—1)P(n—1)+ L(n+1)P(n+1), (2.79)

where R(n) and L(n) are the probabilities of the walker moving right or left at the site n [5]. The
authors then transition to the continuum limit of the equation for P;(n) such that P;,(n) — P;(x),

where it is now a probability density. The two terms of the above equation may be expanded
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about a point a as follows (using R(n —1)P;(n— 1) as an example)

2 2

R(x —a)P,(x —a) =R(x)P(x) + aa—x[R(x)Pi(x)](—a) + %[R(X)Pi(x)]% +...  (2.80)

The authors omit terms of higher order and assume the system to be close to thermal equilibrium,

permitting them to use the relationships

R(x)~ L(x)~1/2 (2.81)

aF(x)

R(x)—L(x) ~ ok, T

(2.82)

F(x) being some external force field. Taking the above into account, and inserting the truncated

Taylor series forms into Eq. (2.79) results in the following expression,

P =P+ S ope0 - 2 (H:p ) | @83

Rewriting Eq. (2.78) as (again having transitioned to the continuum limit),

B(x,u) = %Mpo(x) + 1_7‘3(“)23(@5(11)2 (2.84)
- —& 92 o
Py = 1= 2p () w(”)Z[pl 0+ L [ pia(x)— (iix)pl )] |awr.
(2.85)

Note that
1_—a)(Ll)Zpi_1(x)o3(u)i_1¢3(u)1 = P(x,u)&(w). (2.86)

u i=1
This gives
— 2

Peew = 1= )+ [P(x u) + —[%p( u)— a—(l;;(b")p( u)):|:|63(u). (2.87)

The authors then define the waiting time distribution behaviour for large t to be,

aA
w(t) ~ F(l——aa)tu'a (2.88)
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as t — 0o, where a < 1. The Laplace transform of this expression is,
ou)~1-A,u* as u—0. (2.89)

If a < 1 the first moment of w(t) will diverge. Inserting this expression into Eq. (2.87) gives us,

a

P =22 g (x0)

+[5(x,u) + g[aa—;N(x,u) — ;—x(

)

The authors then consider the limit as a — 0 noting that in the standard diffusion approximation
this limit is only meaningful when the average waiting time and the lattice spacing a approach
0. Considering the current discussion includes the possibility of diverging moments the authors
assert the following ratio to be finitely bounded whilst a and A, — 0, this defines K, within their
work,

li — =K,. 2.91
a2—>01,I,12a—>0 2Aa @ ( 9 )

K, being the generalised diffusion coefficient we have met previously. Multiplying Eq. (2.90) by
(A u)™* yields

0x2 0x k,T

P(x o(x) Kau_"‘[ o 9 F(x)]ﬁ(x,u), (2.92)

which upon Laplace inversion and subsequently taking the partial derivative with respect to t

gives us,
02 d F(x)

iP(x t)=K Dl_“[———
gt 0 e | ax2 Ax kT

]P(x, t), (2.93)

which is the noteworthy fractional Fokker-Planck equation.

Generalised Non-Local Fokker-Planck Equation from a CTRW

It is perhaps worth pointing out that based on the hydrodynamic limit relationship between the
CTRW waiting time distribution and the generalised memory kernel, as in Eq. (2.71), one may de-
rive a generalised Fokker-Planck equation, this alternative derivation is not in the literature. This

derivation follows the derivation outlined above, however, presents the waiting time distribution
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as
1

Te *
H (W)

&(u) =

1+

Inserting this expression into Eq. (2.87) gives

C

H(w)

P(x,u)= %po(x) + [P(x u)+ —Z[aa—zzp(x u)— ;—X(I;{S;)ﬁ(x,u))ﬂ 1 +1 =

) gives

u)=

u%() dx? dx\ k,T

Simplifying and rearranging yields,

ﬁ(x,u)—@ :J’f(u)zaj [ ” 5 u 4 (F(X)N x,u))],

defining

a2-0, 1,—0 ZTC

Taking the Laplace inverse followed by the partial derivative with respect to t gives

d _ N A d (F(x) , ,
Ep(x’t)_K J%(t t) P( t')— 8x(kaP(x’t)):|dt'

Po(X)+[P(x u)+ —Z[a—ZP( u)— —(F(X)ﬁ(x,u))]].

(2.94)

. (2.95)

(2.96)

(2.97)

(2.98)

(2.99)

Eq. (2.99) may be thought of as a generalised Fokker-Planck equation, where K, is a generalised

diffusion coefficient. In fact, non-Markovian FPE similar to this have a history dating back to

the early works of Zwanzig. Since the work of Zwanzig, presenting a generalised framework

for the non-Markovian FPE, the FFPE has occurred as a manifestation of these early insights.

Interestingly, in recent times strong connections between GFPE and subordination approaches

have been established and studied. The series of connections in this vein can be traced to the

work of Sokolov [ 147] who with the aid of Chechin [148] established a collection of conditions

upon which subordination schemes and generalised FPEs are equivalent.
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Waiting Time Probability Density Functions Associated with Stress Redistributing Events

As has been mentioned already, the diffusive behaviour occurring at long timescales in the physical
polymer systems we are interested in is suggested to be a quake-like phenomena. The study of
both natural quaking events as well as simpler systems designed to mimic their features, has been
a longstanding scientific field. A result of their widespread study is that many statistical properties
of quakes have been documented, and in some cases universalities have been suggested. In terms
of the temporal distribution of waiting times between events, it was proposed in 2004 [149] that
natural quaking phenomena universally appear to adhere to a generalised I' distribution. The

generalised I" distribution has the functional form,

o t 2.100
w(t) = WGXP(—;). 2. )

This functional form encapsulates the shorter timescale correlated aftershocks as well as the longer
timescale main shock behaviour, (the latter becomes Poissonian upon a — 1). It’s appearance
more broadly in both physical and model systems has been noted since Corral’s original article
[150-155]. It is therefore suggested that this is a suitable distribution to insert into the CTRW in
our own diffusive modelling efforts. Of note also is the work of Hainzyl and Holler [156], who
constructed a model network within which stress redistributing events may occur. They observed
that the waiting time distribution function actually changed between a handful of functional
forms, and that the gamma (or generalised gamma) distribution existed when the value of stress
transfer was relatively large and the value of the noise intensity relatively small. Whilst their model
is rather simplistic it does highlight potential trends that may be relevant to physical systems such

as polymer gel networks.

2.3.6 Applications of Fractional Calculus

We now discuss some prior research where fractional derivative operators and their generalisa-
tions have been employed to describe aspects of polymer systems. Early work in applying frac-

tional calculus to physical systems was motivated by the fact the stress-strain experiments on
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visco-elastic bodies [128, 157, 158] produced the following empirical law
o(t)oct™®, (2.101)

which represents an inverse power law of the stress function o(t). The use of fractional calculus
was associated with the knowledge that a pure Hookean solid possessed the following stress-strain
(e(t), being the strain) relationship

o(t) o< e(t), (2.102)

whilst in a Newtonian fluid the stress was proportional to the first derivative of the strain

o(t) o< %e(t). (2.103)

Thus the following relationship was proposed for visco-elastic materials

a

dte

o(t) o< e(t), a€[0,1]. (2.104)

Experimental results under the condition of constant strain align with the relationship above if the
Riemann-Liouville derivative is employed. Throughout the late 80s and early 90s interest grew
in considering the generalisation of the diffusion equation to fractional order derivatives, initially
time derivatives. These efforts were related to formulating and solving the Cauchy problem for the
fractional diffusion equation. Again this work was motivated through experimental observations

in which the mean squared displacement of a diffusing quantity evolves sub-linearly in time as,
(x2)(t) o< tiv. (2.105)

The exponent characterising the evolution depends on d,, which is defined to be the anomalous
diffusion coefficient where d,, > 2 (just another means of characterising diffusion as mentioned
in Eq. (2.28)). Early on a combination of theoretical, experimental and computer simulations
provided the motivation for some researchers to propose that the PDF P(x, t) satisfies the condi-
tion,

P(x,t)] oct?, (2.106)

x=0
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where, d, = zdﬁ is the spectral dimension. d; is the Hausdorff dimension [159], providing a link
to the fractal nature of the system. Also proposed by the same researchers was the following

asymptotic behaviour for the PDE,

dw

X

P
P(x,t)~t %% (V <X2(‘)>) , for x/4/{(x2)(t)>>1 as t— oo, (2.107)

From these considerations the appropriate differential equation appears as

az/dw

——P(x,t)=x'%

o, ixds_lip(x, t). (2.108)

Jdx Jdx

This equation reduces to standard diffusion in the instance d,, = 2. This early fractional diffusion
equation was solved in the work of Metzler et al. [160] and the solution took the form
d |(1—d; /d,,,1)
P(x,t) oc t~4/dwg>) | X : (2.109)
T la-dp/dyd,/2),0.d,/2)

This result foreshadows the important role Fox H-functions play in solving fractional diffusion
equations. Around the early 2000’s several researchers [146] had established the link between
the continuous time random walks framework of Montrol and Weiss to the fractional diffusion
equation. Gorenflo and Mainardi [ 146] explored the space-time fractional diffusion equation sur-
veying some of the general theory as well as demonstrating that time fractionality was due to an
underlying non- Markovian CTRW. In 2007 Dubbeldam et al. [161] provided one of the earliest
explicit descriptions of polymer dynamics via fractional diffusion in their paper describing poly-
mer translocation through a nanopore. They outlined a PDF P(s,t) describing the probability
density associated with a segment of a polymer, s being located in the nanopore at time, t. The
evolution of the PDF was provided through the Riemann-Liouville fractional diffusion equation,
introduced due to their estimation that the second moment (s?)(t) evolved sub-linearly. They
obtained their solution through an eigenfunction summation approach with reflecting-absorbing
boundary conditions with an initial condition of P(s,0) = 6(s —s,). They went on to obtain the
solution, then identified the first- passage time and compared it with Monte-Carlo simulation re-

sults, which demonstrated good agreement. They also suggested their scheme could be extended
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to include drag forces acting on the polymer strand.

Again in 2007 Li et al. [162] described the process of drug release from a polymer matrix
through fractional diffusion. Their research followed on from their earlier work (2004) [162]
which represented the first time this approach had been utilised, however, didn’t consider it’s
application to polymer matrix systems. They described the process through a moving boundary
scenario, whereby the boundary represented the diffusion front. They described the concentration
C(x, t) through a space-time fractional diffusion equation. They were also interested in finding
the form of the underlying flux of diffusion from a generalised non-local Fick’s law relationship.
They solved the fractional diffusion equation in a dimensionless form and identified the form of
the dimensionless flux in several different cases.

The FPE with the inclusion of a sink term has been used frequently to describe reaction pro-
cesses. In 2008 Seki et al.[163] extended this approach to the instance of non-Markovian pro-
cesses by the inclusion of the Riemann-Liouville fractional derivative. They looked predominantly
at the behaviour of the survival PDF defining the probability density associated with a particle
remaining in the described space. They considered their system contained within a harmonic
potential surface and that the sink be localised. They considered both barrier-less and high ac-
tivation energy arrangements. In the high activation energy case they demonstrated departure
from the Kramers-Smoluchowski picture as exponential decay did not appear.

A slightly more technical paper was published in 2010 by Yu Luchko [164], this paper estab-
lished a total of five theorems pertaining to the time fractional diffusion equation in the Caputo
sense. Beginning with a random walk framework the fractional diffusion equation was first ex-
tracted under the usual considerations. With the equation in hand he then progressed to the con-
sideration of some initial boundary value (IBV) problems, ultimately proving a suite of theorems
(in some instances the proofs are included in his prior publications), most notably establishing
the uniqueness of the solution of the time fractional diffusion equation in the Caputo sense for
the given IBV problem. The nature of the IVB problem discussed is rather general and allows
for the adaption to a wide variety of physical systems, thus establishing the capacity of this time
fractional diffusion equation to provide meaningful results in such settings.

A paper by Basu et al. [165] published in 2012 addressed the diffusion of the density of ions

in a gelatin-LiClO, network, over varying concentrations of the lithium salt. Their work was mo-
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tivated by the recent focus away from polyethylene oxide towards more environmentally friendly
polymer electrolytes with gelatin falling into this category. They go on to acknowledge other
models which describe the impedance results for the system through construction of an equiv-
alent circuit, they make the observation that models of this nature often have a "considerable
number of free parameters" of which "it is difficult to interpret the physical significance of". This
observation is of note because a similar approach exists amongst the study of visco-elastic systems
and perhaps falls victim to the same shortcomings these authors have put forth. Fractional diffu-
sion models are widely known to benefit from fewer parameters (that may also be experimentally
fixed) than many of the mathematical counterparts in the anomalous diffusion realm, especially
those of the nature outlined above. The researchers also benefited from the prior adaption of the
fractional diffusion framework to the study of impedance spectroscopy of electrolytic cells. Basu
et al. [166] were able to model impedance data across a wide range of lithium salt concentra-
tions, extracting from these models a selection of model parameters including the Debye length.
However, they observed the deterioration of their model in the regime of lithium concentrations
> 12.5 (wt/wt), suggesting some additional features have been neglected in their modeling. Nev-
ertheless, the article provides a step away from models with limited interpretability in terms of
impedance data, towards a model with a smaller selection of experimentally accessible parame-
ters. Fractional diffusion appeared again in 2016 in the context of polymer systems when it was
utilised by Krasnov et al. [167] to describe the anomalous diffusion of hydrogen atoms in spider
silk under varying external strains. The anomalous diffusion described in this article was detected
across picosecond timescales and nanometer length scales, accessible with the employment of in-
coherent neutron spectroscopy. The modeling incorporated a fractional diffusion equation in the
Caputo sense, describing the time evolution of the position PDE They identified that the gener-
alised diffusion coefficient in this scheme was independent of the scattering vector obtained, over
the length scales investigated, they noted that it was monotone increasing (as was the anomalous
exponent) with increasing applied tensile strain. Interestingly they note their fractional frame-
work implicitly incorporates both diffusion due to absorbed water and due to the polymer chains
themselves. However, these processes must occur at similar temporal regimes such that the dif-
fusion does not become transient but rather remains sub-diffusive, unlike the quaking pectin gel

system investigated in this thesis.
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2017 saw the application [168] of the fractional diffusion equation to another gel system,
the cross-linked polysaccharide gel beads known as Sephadex™. They looked specifically at the
diffusion dynamics of water protons utilising magnetic resonance imaging. Their equation was
fractional in both time and space, they record the values of both exponents and the generalised
diffusion coefficient over 27 — 200ms. The space fractionality in the system is shown to rather
rapidly return to the standard value of two whilst the time exponent decreased throughout the
probed times. They are able to assert that their anomalous exponents and generalised diffusion
coefficient capture the porosity and tortuosity of the gel structure in the diffusion dynamics though

the relationships between these quantities aren’t explicitly provided.

2.4 Pectin Polymer Network Quakes

Pectin denotes a range of polysaccharide structures found abundantly within plant cell walls and
plays a key role in the mechanical properties of the wall. Pectin polymer gels form under various
conditions, the most abundant form consisting of polymer strands interacting via mediating cal-
cium ions in a structure referred to as the egg box model. A less studied variant was explored in
2013 by Mansel et al. known as an acid induced gel [10]. The key binding between pectin chains
in these acid induced gels is hydrogen bonding and they require a more particular pH environ-
ment to form. Structurally this polyelectrolytic polysaccharide alternates in solution between a
two-fold extended helix and a more compact three-fold helical structure, based on the distribution
of charges on the pectin chains. Dynamics (of the polymer network, and of probe microparticles)
within this particular type of pectin gel was investigated by diffusive wavelength spectroscopy
and multiple particle tracking, ultimately highlighting a particular diffusion phenomena appar-
ent among many other out of equilibrium systems. The diffusion phenomena was studied by
measuring the time of decorrelation of scattered light passing through the gel and allowing the
behaviour of the mean squared displacements of probe particles to be obtained. The phenomena
was discussed briefly within the same article where it was ruled out that the phenomena could
be attributed to pore hopping, as had been observed in F-actin networks [169].

This motivated a follow up article to be produced, focusing again on long timescale dynamics,
this time in terms of the ion induced gel system. Mansel et al. [6] were able to demonstrate

that increasing the length of the binding junctions between polymer strands did not guarantee
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greater stability but rather could also enhance the driving of internal dynamics. Their work also
highlighted the long spatial correlations apparent within the internal dynamics which remain cor-
related over length scales of up to millimeters. This process is not driven by thermal breakage of
weak bonds but rather the competition of strong bond formation in multiple locations disrupting
the network. Stress redistribution of this kind is believed to be closely tied to the same physical
considerations that govern other non-equilibrium dynamics such as earthquakes. Experimental
MSD data from quaking pectin gel systems may be seen in Fig. 2.1, where beyond values of t of

the order 10! seconds the emergence of the new diffusive dynamic is revealed.
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Figure 2.1: The graph displays experimentally obtained values for the MSD, as was published in
[7]. Data is obtained by way of either diffusing wave spectroscopy (DWS) or multiple particle
tracking (MPT). Also included in the figure is MSD data corresponding to data collected at the
time of solution formation (¢t = 0) as well as at a time (t = 24h) when the polymer structure
has formed. 7(s) represents the lag time measured in seconds, the lag time being the difference
between the timestamps of the first and last position measurements.
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Modelling Quaking Diffusion

In the system of primary interest in this research, the overall diffusive behaviour is proposed to
arise from two separate underlying behaviours. The first is Brownian motion within a semiper-
meable polymer network, whilst the second contribution occurs as the network itself fluctuates
as internal stresses redistribute (junctions rupture and reform). By considering the position PDE
P(x,t) associated with diffusion within this system to be the result of these two independent

behaviours, P(x, t) may be constructed as,

P(x,t) = J Por(x —x', t)Pg(x’, t)dx’, 3.1

—00

where Pgp(x, t) and Pg(x, t) are the stress redistributing and Brownian contributions, respectively.

3.1 Brownian Contribution

In this section the contribution due to Brownian motion within the network is discussed, and a
model framework is proposed.

To motivate the model of choice we now outline the key influences acting upon a diffusive pro-
cess within this system: The polymer strands provide a restoring force to the diffusing particle,
and due to the viscoelastic nature of the system the diffusive process should be non-Markovian.
The combination of these features can be encoded in a straightforward manner, within the Orn-
stein Uhlenbeck (OU) process of a FFPE [170]. Thus, we make use of this established framework

to provide a description of the Brownian motion in the network, which dominates the short to

39



intermediate timescale behaviour.

This framework has been studied in the past, it amounts to the scenario of diffusion that
is impacted by the past gradient and restoring forces. In this scheme there exists a potential,
U(x) o< x%. This equation has been studied in some detail dating back to 1984 in the works
Weiss [171]. The solution as they demonstrated can be presented in the following way, obtained

via separation of variables.

mw? w— 1 nt® maw? maw? x? mow?
Pp(x,t)= Z E,\— |H,| x H,| x exp| —— ,
2mky T < 2n! T 4rtkg T 4rtkg T 2 4nkgT

(3.2)

With H,, being the Hermite polynomials and E, the Mittag-leffler function. Such a PDF relaxes
anomalously (with a non-Gaussian profile) from an initial position x, towards a Gaussian profile
at the origin, this Gaussian profile is the stationary solution to the FFPE in the OU setting. The
MSD corresponding to this form is displayed alongside experimental data below in Fig. 3.1, and

the model can be seen to capture the first part of the observed data well.
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Figure 3.1: Time evolution of the MSD of the FFPE in the OU scenario (red) compared with the
experimental MSD data of Mansel et al. [7]. The PDF plots are also adapted from the works of
Mansel, and the vertical dashed lines indicate the times corresponding to the sampling of the Van
Hove plots indicated on the RHS of the figure.
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3.2 Stress Redistribution Contribution

This section will cover the diffusive implications of having the network itself restructure as in-
ternal stresses are liberated. In order to develop a mathematical description of this behaviour
we begin with the CTRW process. The CTRW framework has been outlined in the introduction,
and Eq. (2.59) represents a common starting point when constructing anomalous diffusion mod-
els. By altering the functional forms of the distributions, ®(u) and i(k), non-local features, in
both time and space can be incorporated in the corresponding generalised diffusion equation. A
variety of models ranging in complexity have been described in the literature that attempt to cap-
ture statistical aspects of stress redistribution processes, akin to those of plate tectonics and more
broadly in stick-slip systems [172, 173]. As mentioned in the introduction a common feature of
both simulated and real world statistical data is that the waiting time distribution between suc-
cessive events appears to be contained within the functional form of a generalised T distribution

[174, 175]. The generalised T distribution is defined as,

ty—l —t@
w(t)= m EXP( ~a ) . (3.3)

In this Chapter the influence of waiting times of this form on diffusive processes is explored, with
a =1 and y € [0,1]. Thus, the events exhibit random behaviour in the long time regime. The
motivation for exploring this is the expectation that stress redistributing events within polymer
networks will produce similar statistical signatures. The development of internal stresses and
these restructuring events are expected to contribute to the dynamics of the system. The Laplace

transform of Eq. (3.3) is,

1
ou)=———. (3.4
W Tr (% +u)r
Substituting Eq. (3.4) into the Eq. (2.59), under the following conditions
P(x,t)=6(x) as t—0,
P(x,t)=0 as x — oo,
yields
= 1= TY(11+u)Y Po(k)
P(k,u) = - (3.5)

u 1—A(k)—

T (L +u)r
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As a brief aside we note here (and from this point forward) that P(x, t) corresponds to Psz(x, t)

in Eq. (3.1).

Gaussian Jump Distribution

After inserting this new functional form of @(u), the effects of a Gaussian jump distribution A(x)
are considered. This distribution may be represented, in the Fourier space, by the following

approximation for small k (hydrodynamic limit),
Ak)~1—c%k?, as k—0 (3.6)

where o2 represents the variance. With some rearranging of Eq. (3.5),

= 1 1
P(k,u) = Z Py . (37)
I+ Scw—D

By defining the ratio 02/ 1" to be the generalised diffusion coefficient D,, with units m? /s’ (where

y — 1 recovers the standard diffusion coefficient),

= 1 1
R

3.2.1 Second Moment Behaviour

The transient nature of the process driving the temporal evolution of the system is apparent in
the second moment of the PDE The second moment, u,(t) is related to the mean squared dis-

placement (MSD) in the following way,

pa(t) = (x*)(£) + (x)*(t). (3.9)

Thus the MSD and second moment are equivalent in the present work, where (x)(t) = 0, by
virtue of beginning with a bias free CTRW. The second moment of the PDF in Eq. (3.8), may be

obtained from the Laplace inversion of the relation

2 ~

%,
(x2)(w) = —wP(k,u)lk:o- (3.10)
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After Laplace inversion of Eq. (3.10)

oo

k Y
(x2>(t):DYexp (—%)Z(%) t"E, 144k (%) (3.11)

k=0

where E_ ;(t) is the generalised Mittag-Leffler function [176]. Fig. 3.2 displays the behaviour
of this expression. The processes evolves sub-diffusively (x?)(t) o< t?, for t < T, prior to tran-

sitioning to Fickian behaviour, (x?)(t) o< t, for t > 7 as the random nature of long time scale

events begins to manifest.
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Figure 3.2: Second moment behaviour for P(x,t), found in Eq. (3.12). With T = 0 = 1 and
y = 1/10. The parameter 7 plays the role of determining the approximate temporal scale on which
the process relaxes to a Fickian process. The parameter y corresponds to the inverse power law

scaling on short time scales, and is therefore responsible for the sub-diffusive character apparent
in the figure for small ¢.

3.2.2 Diffusion Equation

Applying the inverse Laplace and Fourier transforms to Eq. (3.8), the following generalised dif-

fusion equation is obtained,

t . Y 2
9 pxty=n.2 =0 (t t)y) 9" p(x,t)dt' (3.12)

t—t' ) E
ot rot oeXp T X ) ”( TY d x2
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Generalised diffusion equations have been investigated recently by Tateishi et al. [177] and have
been shown to describe a range of different diffusive behaviours. Within this work Tateishi et
al. also discuss the concept of a memory kernel, % (t), which represents the function being in-
volved in the convolution with the standard diffusive component, HH—;P(X, t) as mentioned in the

introductory Chapter. The form of the memory kernel relevant to this work appears as
A (t) =exp(—t/T)t"'E,  (t7/77). (3.13)

The memory kernel describes the influence past diffusive behaviour has on the present dynamics.
The notion of a memory kernel has emerged historically in other frameworks, such as the gener-
alised Langevin equation [22]. Fig. 3.3 highlights the comparison of this memory kernel with
that found in the Riemann-Liouville fractional diffusion equation. The y-axis of Fig 3.3 refers
to the value of the memory kernel, the phrase memory weighting is a reference to the following

(equivalent) interpretation of the role of the memory kernel

2 2

f %(t—t)—P(x t"dt’ _J %(t—t)a—%P(x t"dt’ +J{(t)a—P(x 0), (3.14)

when expressed in this fashion it is possible to describe £ (t —t’) as a memory weighting which is
involved in the infinite sum of the infinitesimal past diffusive components aXzP(x t")dt’. For
small values of t the functions have the same dependence on t, thus they account for the recent
memory in the same way. However, as the value of t grows the two kernels deviate in behaviour,
with the kernel of interest to this research decaying to a constant value. This reflects the transition

back to a Markovian process on these timescales and the return to Fickian dynamics.

3.2.3 Probability Density Function

To obtain the PDF of interest in x-t space requires the Fourier-Laplace inversion of the following

equation

= 1 1
P(k) u) = - O'zk2 J

u - s r
I+ S5

(3.15)

which has been developed through a CTRW framework, with a Gaussian jump distribution and

gamma waiting time distribution. This equation has been discussed once prior [ 178]. However,
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Figure 3.3: Comparison of the RL memory kernel (red) and memory kernel of Eq. (3.12) (blue).

Here t =0 =1and y = % The parameter T determines the relaxation time for the memory
kernel from the RL behaviour back to a constant value. The relaxation to a constant value is

realised in the plot above for ¢t > 1.

in the application to physical systems, the Fox H-function solution, the short and long timescale
asymptotic behaviour, and the means by which the Gaussian solution may be recovered upon
setting v = 1 are described for the first time. First the Fourier inverse transform of the expression

is performed, readily identified by a common Fourier inversion result [179]

Blx,u) = 9—1[§(k, u)] _ 9—1[1 102k2 ] (3.16)

u _ o%kt
L

Evaluating the Fourier transform gives us the following expression, in x-u space

T3 |1 1 x|tz ], 1 1
5(x,u)=—\J(—+u)Y——exp — \J(—+u)Y—— . (3.17)
2uo T T T T

o
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Taking the inverse Laplace transform yields,

T e |x|2 "r1 2+3 1 2+ 1
wa[a;(— ;) () (“ﬁ) e

(3.18)

Taking out the 1/u factor as the t space definite integral over [0, t].

_ t —1’5_%Oo _|X|T% " 1 2+ _ 1 o 1 INA L
p(x,t)_JOz [ZU;( - )((Tﬂly) (1 ﬂ(%ﬂ)y) F(n+1):|(t)dt.

(3.19)

Invoking the shift theorem of the Laplace transform and utilising the binomial theorem leaves us

with the expression

P(x t)=ftexp(——)$ [T i x|zt n(uY)%+§§: T2 +1)
, 0 20 4= o I'(m+1)rE+2%—m)

m=0

1 \" 1 N
X(_ﬂw) Tt D) (tHdt'. (3.20)

This expression can be cast as a Fox H-function [180], by virtue of its series expansion [181].
Recognising the Fox H-function form allows for more straight forward manipulations, with re-
gards to the inverse transforms and reduction to known results. For these reasons and others
the H-function sees regular employment within the realm of fractional and generalised diffusion

equations [ 182-186]

}(t’)d t'.

(3.21)
The Laplace inversion of the Fox H-function, followed by the use of Eq. (D.15) in Appendix D, is
now employed. Due to the flexibility of the coefficients, a; and «;, (by virtue of the value of p in

the H-function) it can be cast in the following form,

5 1OH.0mb)

e\ 11 |x|T ,
P(x,t)= —fo exp(——)z s Tm+ 1)( ) mpHi’g ~ dt’. (3.22)

Ot2 |(m1),1,1)
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The behaviour of this solution across a range of timescales and y values is portrayed in Fig. 3.4.
This solution describes a system exhibiting short timescale sub-diffusive behaviour which transi-
tions on longer time scales to normal diffusion and thus may capture many real world systems

with this stress-redistribution phenomenology.

Summation Form

In Eq. (3.17) we invoke the shift theorem, then prior to the evaluation of the inverse Laplace
transform we make use of the binomial theorem, before finally reforming the H-function structure

and inverting. Carrying this out gives,

or/2 & &2 1 TY/2|X|
P t)= —t RS e H1,1|:
(x,0) = exp(—t/7) 20 ZO Z 4T (m+ 1)( ) t5 (’r) 22| otr/2

(—1/2,1/2)(1+j+7’m—7’/2:7’/2):|

(0,1)(m—1/2,1/2)

(3.23)
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Figure 3.4: PDFs corresponding to increasing values of y in Eq. (3.22), where X is dimensionless,
X = x/o. The value of y ranges from y = 1/6 (a), to y =1 (f), in increments of 1/6. The colours
correspond to units of time, t/7, within the open range (0, 5) (light blue to black). These figures
have used the values T = o = 1. 7 plays the role of determining the time scale upon which
relaxation to a Fickian process occurs. The anomalous exponent y is associated with the short
time scale fractional diffusion and it’s impact is apparent through the PDF possessing a cusp like
nature at the origin. For smaller values of y the ensemble spreads slower than for larger values.
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3.2.4 Recovery of the Gaussian Probability Density Function

We can test the behaviour of this result in several different ways, firstly by setting y = 1 in Eq.
(3.22), this should cause the solution to return to the solution of the normal diffusion equation.
This change immediately allows for the reduction of the H-function by way of Eq. (D.12) of
Appendix D. After the reduction, there is no longer any occurrence of the index m within the H-
function structure, thus all that remains is the series form of the exponential function. Carrying

out these steps leaves the form,

t / / 11(0,3)
t 'y 11 x|tz |2
P(x,t)=] exp exp —g° x| dt’, (3.29)
2 /L1 2
0 T |x| t ot'2 (1,1
where the exponential functions cancel one another, leaving,
t 1100,3)
11 x|tz 2
P(x,t)= | =———H?} x| . dt’. (3.25)
0 2|X| t > otz (1,1)

We now utilise Eq. (D.14) in Appendix D, and use it in conjunction with Legendre’s duplication

formula for the gamma function. These steps produce the following result,

2 (0,1)

P = de'. 3.26
(e, 0)= Va Jlxlt’ 12 4o2t’ ‘ (3.26)

(3.1),(1,1)

Next Eq. (D.16) of Appendix D, is used in combination with taking the partial derivative with

respect to t of both sides of the equation, thus producing,

1)
3 1 —-11 4,

—P(x,t) = ——-H"
at( ) Var x|t 12

(3.27)

2
402t {1 1),(1.0)

By virtue of the known differential results for the H-function covered in Appendix D (specifically,

Eq. (D.18)), the following result can be derived,

iP(xt)— 1 81H10 x2T
at JarV o2t vyt | 402t

:| (3.28)
(0,1)
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Taking the antiderivative of both sides, and utilising the initial conditions discussed earlier, namely

the initial Dirac delta form over x, provides,

P(x,t) = —— \/7 H X't
Varn «/_ ot

which is the H-function form of the Gaussian PDF as expected.

} ) (3.29)
(0,1)

3.2.5 Long Timescale Asymptotics

The H-function, present in Eq. (3.22), in its series form as defined in the article by Metzler,

Tomovski and Sandev [181, 187] is,

x|

2,0
H2,2

D,(ym, L oo n
C2OmD | 2 (1 —2m—2n) (—1)" (x%?)’"*
mhan | SThm—ym+n)r(—m—n)(n+ 1)(T(3)) \ o2t

or(rm Y(1+n))F(———§)F(n+1) ot ) -

L
otz

Because = 0 for m,n € Z°", only the second term contributes. Inserting this result back

I‘(mn)

into Eq. (3.22) yields,

P(x,t)I%fo exp(— )ZF(m+1)(i:)

(3.31)
11w r'(m—3(1 +n)) 1) (ler )(Hn)dt,
|x| t —T(ym—y(1+ n))I‘( —3)I(n+1) ot'2 '
Expressing the series over m as a Fox H-function,
v\ 1+n (2+21)
1 —1)" T3 11 (7|27
P(x,t)== | ex p(——)Z =) ('X' ) —=HG [ —— dt'
2 Jo I(—;—5T(+1)\ ot |x| ¢ T 00),a+5+2 )
1 (=1)" NEAREE! er (G275
=5 ex p(__)z n ( /L ) Tl 47 1| — dt/’
2J)o FT(—3—HM(n+1)\ ot x| t 2 I
(3.32)

where ,¥, is the Wright function [188]. The asymptotic behaviour of this function is described in

the article by Wright published in 1940 [189]. For the Wright function of interest, these parame-
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ters take on the following values, which are defined in the work of Wright [189],

K=7y
h=y7"
1 n y vyn
0=———+-+—
2 2 2 2
t t
Z=y(yT =) =~
Y T
n_y_yn o lyy.rn lyn
AO:YZ 2 2)/2‘*2"‘2 :')/2"'2
_l_n,r m M-1
t AR t t—m t—™M
()-(8) () (En ()0 ET)) e
T T )\~ T T

In the article by Wright, M is free to be chosen so long as M € Z. Therefore M = 1 is chosen, but

the terms O(ﬁ_l) are neglected, given the fact t — oo. Thus,

t £\ 2TEtErE t\/ 1.
(2)=(5) e(5)0): 334

P(x,t) appears in this regime as,

t y \ 1+n
1 1" 1 |x|72 t’ ,
P(x,t) == ——)—— 1| = |de
(X ) ZLGP( T)|X|t/Z _n)r(n+1)(o_t,_ T

_1( (__) 11 Z (-1)" fpd )RR

2 ), ’ x|t/ & r(—1 —3r(n+1) \ ot'h T
xexp(t )(}/2 Z)dt’

oo 1 1+n
2 J, x|t —-—-)F(n+1) ot's ’

where, expressing the series in its Fox H-function form yields,

[

0,3)

1 (11 | rx]e2 ,
P(x,t)=§ ——Hp, - dt', as t— oo (3.36)

0 |X|tl ’ otz

(1,1)

This arrives at a Gaussian PDF in the same manner as demonstrated from Eq. (3.25). Interestingly
the remnants of the prior non-Gaussian behaviour are visible in the occurrence of y in the standard

deviation of the resulting Gaussian.
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3.2.6 Short Timescale Behaviour

It can be shown that in the regime where exp (—%) ~ 1 (or t < 7), taking the m = 0 term of the
summation (m = 0 being the dominant term in the series, for small t) yields the solution to the

RL fractional diffusion equation. Under these conditions Eq. (3.22) is approximated by,

dt’. (3.37)

t 1 1(0,%)
1 11 x|tz | 2
J 1o | Il

Pl m | L1

Making use of the properties of the H-function (specifically Eq. (D.12) and Eq. (D.16)) [190],

the following form of Eq. (3.37) can be found

£ 100,5),(1,%)
0 1 11 |x|Tg 2702
—p(r,0) = (CDH | S

t t|x| otz (1,1,(1,3)

(3.38)

The right hand side can be identified as the partial derivative of the RL solution (see Eq. (D.18)
in Appendix D), with respect to time. Given the Dirac delta initial condition for P(x,t), the RL

solution appears after integration of both sides

el |7

11
P(x,t) = E—H}f (3.39)

|X| ’ O'tg (1,1

3.3 Discussion

A functional form of the waiting time distribution, widely associated with the timing of stress
driven displacements, was inserted into the CTRW. The corresponding generalised diffusion equa-
tion was then obtained, by making use of the small k approximation. The memory kernel of this
equation was plotted in Fig. 3.3, where it was compared against the power law decay of the
Riemann-Liouville kernel. The memory kernel represents the functional form of the weighting
of past diffusive contributions. The memory kernel described within this Chapter exhibits power
law decay which tails off to a constant value: this represents the transition from sub-diffusive
behaviour towards standard diffusion. The MSD was obtained as well, plotted in Fig. 3.2, the
behaviour is transient in nature, moving between sub-diffusive and diffusive regimes. The early

sub-diffusive behaviour can be attributed to the power law decay observed on short timescales
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for the underlying waiting time distribution. This power law decay is indicative of a correlation
of events on shorter timescales. The recovery of Fickian behaviour is a direct consequence of the
exponential decay on longer timescales for the waiting time distribution. The solution to the gen-
eralised diffusion equation was obtained as an integral over an infinite series of Fox H-functions.
The solution was arrived at through a combination of Fourier and Laplace transforms used in
conjunction with the known properties of the H-function. It was further shown that the solution
reduced to known and expected results across the relevant regimes of short and long timescale,
as well as in the instance that the anomalous parameter y took on the Fickian value of 1. This
Chapter explores the implications of stress-redistribution type timing, on diffusion behaviour. Re-
structuring events, which may be described in this manner, have been observed amongst a range
of soft materials such as dense colloids, foams, gels and granular fluids [9, 191-194]. It is there-
fore suggested that the diffusive contribution outlined in this article may be found across these
systems. As such it is expected this model will provide a good description of diffusive behaviour

in the system outlined in the outset of this work [7].
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4

Lévy processes

4.1 Overview

In the previous chapter a generalised diffusion equation was derived from an underlying CTRW,
which possessed a timing distribution associated with stress redistributing systems. The intention
of that work was to explore the ability of fractional or non-Markovian models to describe dynamics
within polymer systems with stress redistributing features. It could be said that the temporal
implications of gel quakes have been considered. We now turn to the spatial implications which
may follow from stress redistributing processes within polymer systems. In order to capture these
spatial features we employ non-Gaussian distributions of the displacements in the underlying
CTRW framework. Specifically we look now to stable Lévy distributions, for the PDF describing

jump lengths.

4.2 Lévy Flight

If the CTRW contains a Lévy stable distribution for the displacements then such behaviour corre-

sponds to the following Fourier space, small k approximation

A(k) ~ 1 —aH|k[* (4.1)

55



with u € [1,2]. Inserting this into Eq. (2.59) yields the following expression for the PDF in the

Fourier-Laplace space

1 1

u D, kw7’
T -5

Blk,u) = (4.2)

where D, ,, = ‘T’—Z is the generalised space-time diffusion coefficient.

4.2.1 Generalised Diffusion Equation

From Eq. (4.2) we can derive a generalised diffusion equation. The generalised diffusion equation

is of the form

3 o (" (t—t)) (t—t), o
—P(x,t)=D,,— — t—t')Y'E P(x,t")dt 3
7 PCe0) a,uatLexp( =) () PG e, (43)
where 8|a:|“ is the Riesz space-fractional derivative defined
T f ) = 2 Ik () (44
d|x|» ’ ’

which in the x space is (for 1 < u < 2),

" )= ——2 Lo (7t (T
3|X|Mf(x)_2COS(7'C‘LL/2)F(2—.M)8XZ (fwmdx +£ de). (4.5)

Eq. (4.3) therefore represents the extension of the non-locality to include both temporal and

spatial domains.

Probability Density Current

There exists a well known connection between the diffusion equation and the continuity equa-
tion. The continuity equation states that the total change in concentration at a location (proba-
bility density in this case) and the divergence of the concentration current at the same location
(probability density current in this case) must be zero. Another way of expressing it is to state

that in the instance of a conserved quantity the change in the amount in a region must be equal
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and opposite to the amount leaving the region,
0
Pt(xn t) = ——J(x, t)) (4~6)
dx

where J is the probability density current (PDC). Eq. (4.6) provides a useful starting point for

investigations into how a generalised diffusion equation varies from the standard or normal case,

u—1

J(x,t)=—,G}" 9 P(x,t), 4.7)

d|x|w—1

where the operator ,G, " is defined as,

t

G0 =5, [ et

0

(t—=t')
TY

_(t=t)

T

)e—t)YE, ( )f(¢)Hdt'. (4.8)

In the form of Eq. (4.7) itis no longer accurate to describe the PDC as moving down the gradient of
the PDE In order to establish precisely what this PDC is sensitive to, we outline the mathematical

relationship between it and the PDF

-1
s (20)

and D! are the left and right Riemann-Liouville fractional

J(x, t) =—GI" (_eoD*'P(x,t)+ D 'P(x, 1)) | . (4.9)

—1
Where the operators _ ., DY

derivatives (with 0 < u—1 < 1) [195], respectively,

- 1 1 2 P, t) * P(x,t)
J(x,t) =y G - 0 gy — | /L gy’
=6 cos(@)r(z_“)ax (le (=2 g fx (x/—=x)"™ X)
(4.10)

Thus, there is still a gradient that the PDC will be directed down, however, the gradient is of the

factor ( f foo (:_(,)53;)—1 dx’ — f:o (xp:(:;' );)_1 d x’). This object is positive or negative depending on the
position x being considered, which follows from the symmetry of P(x, t). Equally, Eq. (4.10)
outlines a measure of the non-local allocation of probability density, it constructs a difference

from the weighted sum of probability above and below the point of interest x. It is the gradient

of this non-local description that guides the path of the flow of probability density. The presence
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of the generalised time derivative captures the non-local behaviour in time which persists over a
regime connected with 7. The occurrence of the non-local behaviour in time has been motivated
in the previous Chapter, as for the appearance of spatial non-local behaviour, that is motivated in

a simple manner by the observation that the dynamics originate from a network.

4.2.2 Probability Density Function

Beginning with Eq. (4.2),the first modification made is to express it as a Fox H-function,

= _ 1o ul
Plw= H“[(( ruy— 1)

(0,1)
]. (4.11)
u

(0,1)

Taking the inverse Fourier (cosine) transform, and following up with the inverse Laplace transform

yields,

1 1,1
1 21[(uy—g)IXI“( )

t
1 t
P(x,t)= —J exp(——)ﬁf‘l{—H : ]}(t’)dt’ (4.12)
2vm J, T x| L 24D )LL)

1o
As a brief aside here it is pointed out that if only the Fourier inversion is evaluated, it is possible

1
(3.5

to construct an integral decomposition precisely as described by Chechin et al. [148], however,
rather than a decomposition involving the Gaussian propagator it now involves the Lévy prop-
agator (using the same Laplace-type transform structure). To our knowledge this has not been
described in the literature. Prior to the full inversion of the Laplace transform above, we first
rearrange the H-function. We achieve this by first expressing the H-function in its series form as

described in the text by Mathai and Saxena [187]. This gives us the following result;

(1,1)
]}(t) -
(3.5,

> (1——(2+n)) ( (%4‘“))(_1)” T x|H(ur — 112G
w2 ey T o))
17
)

N l——(1+n))1“(1+n) . TV x| (ur — 17\
Z;( ((1+n))T(1+n) = 1)( ough ) )}(t)- (4.13)

3—1{iH2,1[(uY - %)|x|u

|x| 24D, ,
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Now we use the binomial theorem to expand the (u" — %Y) terms,

oo

17 1 A 13\
u—=Y=ut(l-—)Y'=u" (— ) , 4.14
— V=ut- ) =t ) = (4.14)

m=0

A
where ( ) are the generalised binomial coefficients. Thus we have,
m

(1——( +m))T(2(2+n))

(1,1) o oo
(t)= { (
(%}%)(1’1)(1’%)]} ZZO +Tl F(n+1)F(m+1)

n

r(3G+m+1) (—1)"(TY|X|~urz)n(z+n>)(_ 1 )m

F(H(1+n)+1—m) 3\ 2¢oru urey
+ii( r(2—41+n))T(1+n)T(2+n) (_DH(WWUY)HHX_ 1 )m}(t)
= F(E(l+n))F(1+n)F(m+1)F(2+n—m) 2ugh urty '

(4.15)

_%_1{ 1 Hz’l[(uy_%)lxllu
1,3
u|x| 24D, ,

Which when put back into the Fox H-function form, and evaluating the Laplace inversion provides

t %) u
1 t’ 5 t"\" 1 TV x|
P(x,r)=—Jexp(——)§:;(——) , Héji[ <
2ym ), T /)T (m+1) Tr ) t/|x| Loht’r

The behaviour of this solution for a range of u and y values can be seen in Fig. 4.1.

(1,1)(0,1)(ym,y)
Jae

(3.50,11,5)(m,1)

(4.16)

Normalisation

The normalisation of Eq. (4.16) can be demonstrated using the Mellin transform, as shown before
in the work of Sandev et al. [118]. After the evaluation of the Mellin transform, Eq. (4.16)

becomes,
oo

t ¢ 1 '\ 1 1
P(x,t) = Tr)&arm+\o) v 1 w7
(x,t) fo exp( T)mzzor(m‘l'l)(ﬂ) t'T(ym)T(1—m) t 7

Eq. (4.17) has an equivalent form in terms of the Fox H-function, after expressing it in this manner

and taking the Laplace transform reveals

“HY| - =—(1+———) == (4.18)
u - (u+rt) zr ©.1.(Ly)
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Reduction y =1

If y =1, Eq. (4.16) should reduce to the standard Lévy solution. The first step is to remove the
factor (—1)™ from the Fox H-function followed by taking the factor (—1) into the Fox H-function,

both via the relations discussed in Skibinski et al. [190]

11|:TY|X|M

(0,1)
. 4.19
2ugit! ] ( )

(3,505

Plx.t)= \/_f e

Laplace transforming this to resolve the integral, provides the following expression for P(x, u)

(0,1)

1 (-1) 2,1[TY|X|HU
C JTulx] YL 2veom

]. (4.20)
)(LE)

0,1)(3.%

The inversion of this followed by bringing the factor (—1) back into the H-function, enables the

cancellation of the coefficient pair (0, 1)

1 1 [t |x|”
P(x,t)= __le[zuoﬂt

(1,1)
. 4.21
/7] ] (4.21)

(3.5)01.5)

From this expression you may simply remove u from the Fox H-function (see known properties D),
insert a symmetric coefficient pair (1, %) followed by the employment of the Legendre duplication
formula on the coefficient pairs (1, ) and (2, 2) to complete the extraction of the standard Lévy
form, as required [196].

1 1,1 T|x|
P(X, t):sz,z[ I

ote

(1,3)(1,3)
]. (4.22)
(1,113

Reduction y = 2

If u = 2 the Gaussian propagator should be recovered and that is now demonstrated. Starting

from Eq. (4.16) we set u = 2 which gives,

oo

t' 1 £\ 1 22[ TV x2
P(x,t)= - — | —H*| ———
(x,£) = sz exp )Zr(mﬂ)( = e TR

(1,1)(0,1)(ym,y)
]d t

(3.1)(1,1)(1,1)(m,1)
(4.23)
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We then combine coefficients by way of the Legendre duplication relation, and then reduce the

H-function to give,

f oo EANICE CER )
1 t' 1 t"\" 1 T2|x|| 2 2
rer=2 [ on(~ )5 () L e aae
2 ), T m:01"(m+1) tr ) t'/|x| “°L otz 11)m L)

This is the integral form identified for the Gaussian CTRW case. An alternate form may be found

by first using the shift theorem for the Laplace inversion, rather than removing the 1/u factor

1

u—

as an integral from 0 — t. Keeping it in the u-space, it becomes — and inverting the Laplace

T

transform in it’s entirety

t 3 tY) (t)]1/7'f Zz[ﬂlxl“
P(x,t)=exp| — — 2 () (=) iR
(x, 1) exp( T)ZZF(m+1)( TY B) t|x| 3*| owtr

m=0 j=0

(1,1)(0,1)(1+j+ym,y)

]. (4.25)

(3,5)1,1D1,5)(m,1)

Mean Squared Displacement

One short coming of this particular Lévy approach (in the context of physical walkers), is the
difficulty in quantifying a traditional growth of the process, in terms of a physical space explored.
As the second moment of the PDF is not defined and hence the area explored by the process is
also not quantified in that manner. There exist extensions to this Lévy flight construction which
provide an ability to maintain the second moment, however, still capture the Lévy flight aspects

and hence super-diffusive behaviour.

4.3 Lévy Walk

The Lévy walk represents an extension of the Lévy flight framework, which allows for the second
moment to be maintained. It has been described previously as the proper connection between Lévy
type dynamics and the considerations of a physical system [67]. The point of difference between
the Lévy walks and flights schemes is to impose the fact that it must take a finite amount of time
to traverse a given displacement, and to remove the possibility of infinitely large displacements.
Mathematically this is conditioned by way of a Dirac delta coupling between the displacement

x and the waiting time t, such that given a time t the displacement is |x| = vt where v is the
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Figure 4.1: PDFs corresponding to increasing values of y and u in Eq. (4.25), where X is dimen-
sionless, X = x/o. The value of y ranges from y = 1/4 (first row), to y = 3/4 (third row), in
increments of 1/4 and u ranges from 3/2 (first column) to 5/2 (third column) in increments of
1/2. The colours correspond to units of time, t /7, within the open range (0, 5) (light blue to dark
blue). These figures have used the values of T and o to be T = o0 = 1. These PDFs similar to
those displayed for Eq. (3.22), are guided in their relaxation from RL type behaviour to Fickian
(or Lévy) by the parameter . The additional parameter u, associated with the Lévy stable dis-
tribution in the underlying CTRW, determines the degree of super-diffusive character. For larger
values of u the ensemble spreads more rapidly resulting in PDFs with larger tails.
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magnitude of the characteristic velocity associated with the transit.

The Lévy walk framework outlines walker motion as consisting of trajectories during which
the walker has a defined and constant velocity. At the end of this trajectory a new direction of
motion is selected and the process repeats. Outlining this Lévy walks framework requires two
features, the PDF for duration time of the motion, v(t), and a PDF describing the frequency of

the change in velocity v, p(x, t). The construction of p(x, t) is as follows,

p(x,t) = f f ¢y, t)p(x—y, t —t)dt'dy + & (t) Po(x), (4.26)
—o0 JO

where P,(x) = P(x, t)|,—,- The transition probability density, ¢ (x, t) is coupled which constrains
only walkers at a location x —vt or x+vt will reach x in the time t, and then change the direction

of their velocities. The coupling is outlined as,

B, = 55 (1Yl =) Y1) (427)

The second term in Eq. (4.26), outlines the initial conditions for the framework. For any given

location the number of walkers in that location is given by

P(x,t) = f f d(y,t)p(x—y, t—t)dt'dy. (4.28)
—00 JO

Here ®(x’, t") describes the probability density associated with the time required to traverse the
spatial distance x’ being larger than the value t’. The PDF &(y, t) is constructed from the prod-
uct of the Dirac delta function (as in Eq. (4.27)) and the survival PDF ¥(t). By utilising the
transformation properties of convolutions for both Fourier and Laplace transforms the following

expression for the time dependent position PDF can be written,

[@(u +ikv)+ @ (u— ikv)]ﬁo(k)

Bk,u) = (4.29)

2— [;/J:(u +ikv) + ;/J:(u— ikv)]

Through the use of differing functional forms of v(t), a variety of equations capturing differing

diffusive behaviours can be obtained, such as the well known Telegrapher’s equation.
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Lévy Walk With Rests

The Lévy walk framework as outlined above, describes a walker or particle in continuous motion.
Another framework can be constructed which takes this flight motion and interrupts it with inter-
mittent resting periods akin to the CTRW motion. This is aptly referred to as the Lévy walks with
rests model (LWWR). The IWWR framework results in a natural splitting of the ensemble into
two separate states which are resting, P; and flying P;. Thus, the PDF for the position of a walker
in this framework, exists as the sum of these two states. In the LIWWR model we first construct
the PDF v(x, t) describing the number of particles which have finished their rest period and are

once again moving out of a given location x. This PDF is defined as

v(x, t):f J wR(T)J oy, TV ix—y, t—1—1)dTdTdy +YPR(t)Py(x), (4.30)
—00 JO 0

where ¢ is once again the coupled transition PDF of the standard Lévy walks model and (t) is
the waiting time PDF between flights. The flying and resting state position PDFs, are constructed

as

Py (x, t)=f f ®(y,7)v(x—y,t—71)dTdy (4.31)
—00 JO

and

Pr(x, t):J J \P(T)J : oy, T)V(x—y, t —T—1)dtdTtdy + Vr(t)Py(x), (4.32)

respectively, where & is the survival density of the Lévy walks and ¥(t) the probability that the
walker is still in a resting state. As mentioned the total density is constructed from the sum of the

two states and this sum can be expressed in the Fourier-Laplace space as,

[0k, w0+ Fw) | B
1-j@elew)

Bk, u) = (4.33)

There is an interesting interplay that exists between the two states, highlighted by Zaburdaev and

Chukbar [197] which is succinctly expressed by,

Pr(x,t) = (%) Pi(x,t). 4.34)
R
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Figure 4.2: Simulated Lévy glass structure, adapted from [198]. The figure
displays the path of light (red) within the Lévy simulated glass structure. The
scattering of the light within the scale free structure results in Lévy like diffu-
sion occurring.

This relationship is realised at longtime scales, and highlights how the average durations in each

state ((7,) or (1) Jultimately dictate the balance between the states.

4.3.1 Physical System Examples

Prior to delving into an LWWR model of our own, we first provide a brief overview of the history

of the subject.

Brief History

The Lévy walk (IW) is a coupled framework (either jump size to waiting time or vice versa),
which has been in the literature since around the 80s. The early applications for the framework
incorporated phenomena such as turbulent flows and chaos. Some early work in this regard was
carried out by Schlesinger et al [199], with the coupling introduced via a Dirac delta function
linking the PDF for jump lengths to the time, t. They were able to identify the form of the
MSD for both turbulent and chaotic systems by considering the particular forms that the spatially
dependent velocity fields may take. Their work recovered some known features of turbulent flow
such as the t° scaling of Richardson’s law. Their discussions on chaos revolved around Josephson

junctions, where the velocity field is independent of the spatial variable, and in fact the spatial
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Figure 4.3: Lévy glass structure viewed via electron micrograph, adapted from
[198]. Of note in the figure is the apparent scale free structuring of the glass,
as was highlighted in the simulated glass structure.

variable is exchanged for a parameter connected to voltage fluctuations. Through the end of the
80s and into the early 90s research in the realms of both chaotic and turbulent systems continued
to grow. Works in this vein were well contextualised in the review article by Klafter et al. titled
Strange Kinetics [200]. This review article delved into the nature of chaotic dynamics and its
propensity to generate what they refer to as strange kinetics. The chaotic systems in question
are viewed in terms of their phase space, the strange kinetics being the tendency of fairly stable
regions of the phase space to trap the particle between the border of the stable orbit and the
edges of the chaotic sea. This behaviour is connected to Lévy walks due to the fact that along
the long boundary structures motion is flight-like, whilst otherwise the motion is relatively more
restricted. However, on top of these explorations into chaotic dynamics, new frontiers emerged
for LWs in the form of biological systems [201]. Research into descriptions of DNA structures as
well as new and peculiar surface diffusion dynamics were some examples of these new frontiers
[202, 203]. There was a marked growth in the number of publications on LWs throughout the
late 90s with the previously discussed themes carrying on, but the number of investigations in
new topics such as finance and living organisms grew [204-208]. In the late 90s connections
were beginning to emerge between fractional Fokker-Planck equations and underlying stochastic
frameworks [209]. Similar connections were also being drawn between LW frameworks and

slightly more exotic DEs such as the Telegrapher’s equation. The dynamics of the LW model
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(both in its standard form and extended frameworks) are in many cases connected with more
sophisticated equations than the decoupled CTRW. The decoupled CTRW at this point in time was
garnering attention as it became apparent its connection with fractional diffusion. Equally the
connection between IW style diffusion and disordered media was emerging as a key direction
of future studies. A key paper in terms of Lévy diffusion studies emerged in 2008 authored by
Barthelemy et al. [198] proposing a connection between Lévy flights and the diffusion of light
through disordered media. Specifically they developed a material called Lévy Glass which they
required to have self-similarity across many scales in a fractal manner. A simulated example of
this structure is seen in Fig 4.2, with the Lévy flight path appearing in red. Their efforts were
successful in generating Lévy glass materials and highlighting the descriptive power of the Lévy
framework in the context of these materials. They later explored the structures further via electron
microscopy as seen in Fig. 4.3. The study of Lévy diffusive systems only continued from this point.
Shortly after the Lévy glass work of Barthelemy et al., Vezanni et al. considered the similarities
between Lévy walks and random walks on inhomogeneous superdiffusive media. In particular
the random walk was occurring on a Cantor graph, one-dimensional graphs that were found
to induce Lévy type behaviour through their fractal nature [210]. The diffusion of cold atoms
through an optical lattice was covered by Barkai et al [211], in which the Lévy statistics were
applied and developed. Barkai et al. paid close attention to the appropriate Langevin description
for the equation of motion of a single atom, using this as a guide for their excursion into a Lévy
probabilistic description. As alluded to in previous works relating to disordered media, there is a
strong connection between Lévy statistics with their scale-free attributes. This attribute of Lévy
walks has been drawn upon in multiple articles [212-214]. Another important theme that appears
in disordered media is the concept of criticality [215]. Criticality is the notion that as a system
approaches a location in the phase space where a phase transition will occur, there is a breakdown
in the scale of the system. There are believed to be many useful features of maintaining a system at
a state of criticality, such as optimal dynamic ranges, high sensitivity and improved computational
power [217, 218].

In fact it is suggested that many of the most complex systems amongst the natural world may rely
on self-organized criticality, to remove the shackles of a scale restricted environment and allow

scale invariant events to take place [219]. As may be anticipated, the scale-invariant nature
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Figure 4.4: Occurrence of Lévy walks in relation to the order parameter
value, as the critical point is approached, adapted from [216]. The figure
demonstrates the intimate relationship between scale free structuring and
Lévy walks. As the system begins to lose the scale separation of structures (en-
croaches upon the critical point), a sharp increase in the ratio of Lévy walks
occurs. As the phase transition is completed the Lévy walks once again vanish.

of systems in criticality has been well mapped to Lévy behaviours such as the Lévy walk. It
was identified in [216] that the prevalence of Lévy walks is greatly increased as criticality is
approached, an adapted figure from their work may be seen in Fig. 4.4. Whilst the mathematical
structure we touch on in this Chapter is explored in a general sense, we are still motivated through
the initial foray into describing quakes in a polymer system. It is likely that the system exhibiting
quaking phenomena may be verging on criticality and may enjoy scale invariant features. Coupled
with other precursors, covered for Lévy walk behaviour, this provides sufficient motivation to
warrant exploring this framework as an archetype for the quaking dynamics whether that is in gel

systems or in other systems of a similar variety.

4.3.2 Stress Redistribution IWWR

We now examine a LIWWR framework ultilising a I' distribution for the waiting times between
flights. This once again connects this framework with a possible description of stress redistribution
driven diffusion. In this scenario the spatial behaviour is altered away from Gaussian distributed

displacements to a delta function mediated coupling, as with the standard LW model.
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4.3.3 Second Moment
The second moment for the process may be revealed by utilising the following relationship,

2 ~

| 97 %
<X2>(t):—2 l[wp(k,u)

] (t). (4.35)
k=0

Evaluating the Laplace inversion in this expression provides the following expression for the sec-
ond moment of the LIWWR model above. We consider the difference between the inverse of the
characteristic time of flight duration and rest periods to be defined as A = % — %, and begin

initially in the case A = 0. Thus, for A =0, we find

t 1+y+k t 1+y
(x*)(t) = 2v? (;) tE1 4y 34y+k ((—) ) . (4.36)

T

Notably the behaviour begins in a superdiffusive regime with a characteristic exponent of 2 + y
(green plot of Fig. 4.5), however, as time elapses the exponent relaxes back to a value of 1

suggesting a possible recovery of Fickian dynamics (red plot of Fig. 4.5).
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Figure 4.5: Second moment behaviour for P.(x, t), found in Eq. (4.36). With T =1/4,v =4 and
y = 3/4. Green dashed line is indicative of the super-ballistic short time diffusion, whilst the red
dashed line is highlighting the eventual relaxation to a linear growth of the second moment, the
timescale of relaxation is encoded by 7.
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4.3.4 Probability Density Function

We now look to obtain the full PDF Ps,(x, t) = Prjjgn, + Pres- For simplicity beginning with A =0,

5= o 1 1 (1) + K
Py(k,t) =exp(—t/7t)¥ ™! — + —|1- 5 . (437
(%) + k2 (u o ;) Tt (%) + k2 — vzlfrl(_lj-r)

Beginning with the Fourier inversion, this leaves,

1—y 1 1 1 v
— —_ -1 u - =
PZ(xa t) _eXp( t/’l,')g |:(V2T(1+Y) (u)z_ ul-r * (u__)(l TYHY)( (E 2 ulr

vy 27+

V2
- (;) R )exp ~hl (;) y2+) (u—— oy 5(x) |,
(4.38)

which after converting the exponential function to its H-function form, and invoking the Legendre

duplication theorem in conjunction with an expansion theorem for the H-function leaves

1 _ u1+yT1+y 1 1
Py (x, t)=ﬁeXP(_t/T)‘$ [ (1+y)z T(r+1) ( +(u—%)(1_ﬂu7))

H2O | x2 (1)2 PN P 5(x) |. (4.39)
0.2 2v (u— l)r TYurY '
(0,1),(1/2+r,1) T

Evaluating the inverse Laplace transform, via known H-function properties gives us

9 (y+r+yr,2)

1 Ce (5 1 .
t Tl+y
Py(x,t) = ﬁ exp(_t/T)T(lw) Z (?Hfg x (ﬂ)

I'r+1
=0 ( ) (0,1),(1/2+r,1)
(1+y+k+r+yr) (1+2y+k+r+yr,2)
) k 2 2
t 2’0 2 1 tY 2’0 2 1
*Z(;) (H x (ﬂ ~oth |5
k=0 (0,1),(1/2+r1,1)

(0,1),(1/241,1)
t tv t
+6(x)—exp (—;) ;El,lw (;) o(x). (4.40)

The behaviour of this solution is displayed in Fig. 4.6 and it can be demonstrated that it recovers
the solution obtained in Chapter 3. Notably with the A = 0 case, whilst the Gaussian form

is realised between the ballistic fronts, the short time cusp like behaviour is not present. This
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appears to be due to timescale overlap, and we will now explore the A # 0 case, to determine

whether this cusp-like behaviour may be revealed.

4.3.5 Asymptotic Behaviour t — oo

Due to the similarity in structure of the three H-functions present in Eq. (4.40), we first explore the
asymptotic nature of the first H-function and use this asymptotic form to gain an understanding

of how the other two appear in the same regime. The first step in this process is to expand the

1 v & (%) (1 [
T 2,0 | 2

—exp(—t/T —HY, [ X7 5
& P )T(HY) ; F(r+1) ( e (ZVt) (0,1),(1/2+7,1) )

1 R ( t/T) Z (il-ﬁ—);) i(_( x )2)” F(1/2+r—n)

. f P (1+y) r(r+1)\ & 2t T(n+1)T(y+r+yr—2n)

9 1/2+r+n F(—1/2—r—n)
Z( (ZVt)) F(n+1)1“(y—r+}fr—2n))

The first series can be represented as an H-function via the first series form outlined in [187],

H-function in its series form,

whilst the second series is expressible as an H-function as per the second form outlined in [187],

in both cases it is the summation over r that is used. Making these adjustments leaves,

5 (y+r+yr2) )
(0,1),(1/2+r,1)
(1/2+n,1)

Y

1 L exp(=t/7) Z( )n 1 (Hl 1 it
X 2 —
(1+)/) 1,2 1+y
t I (2v t) I'(n+1) T (0,1),(14+2n—y,147)

(y+r+yr,2)

x| 11 of 1 2

+v_tH2’1 —X _21/1‘_ gy (4.42)
(0,1),(1/2+r,1)

For the first H-function above, we can make use of the Wright function asymptotics as outlined

1fexp( t/7) MZ (TIIZJ)(H%S X(ﬁ)

in [189]. We use the same approach as in Chapter 3, of setting M = 1. Using these results

yields asymptotic behaviour of (1 + y)" (%)n_yﬂ/ 2

exp (%) For the second H-function we can use
the asymptotic results contained within [179], which outlined the fact that this H-function form

tends to 1 for large t. Hence the second H-function form is suppressed in the asymptotic regime
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and it’s only the former which contributes giving

[

( (1t )" )
Tl+r 1
2,0 2 ( )
’ vt

Y (+y+r+y1,2)

1 t

——exp(—t/T H

t V7 P-t/M) Ty rZ_O: r(r+1n\ ©.1),(1/2+71) )
= ’ ’ r,

1 S | £ \"r2 i t
?7 exp(—t/7) <1+Y>Z( o) ) F(n+1)(?) (1+7) eXp(?)
1 21 +7)\ [T\ V2

= ﬁexp (—W) (?) ast— o0, (4.43)

This behaviour can be observed also in Fig. 4.6, where eventually the bounding behaviour of
|x| < vt outpaces the growth of the ensemble as the framework naturally relaxes back to a Fickian

one.

4.3.6 P(x,t), Without A = 0 Enforced

The prior derivation of Py(x,t) was under the assumption that the characteristic times T and
7, of the flight and rest times, were equivalent. We now explore the situation where they are
different being cognizant of the fact the following derivation does require that the relationship

< 27 holds. This relationship connects with the first moments of the respective flight duration
and resting time PDFs as follows (t,) =y, < 2(t;). So if we have y < 1, then the average resting
time is no larger than twice the average flight time. We now present the implications of relaxing

the requirement to 7, < 27, letting A = % - Ti we have

e (i) ()
eXp(—t/Tr)-%_[ rz(u I‘(r)+(1) )(1+(u—1%)(1_;‘”))

r= r
2
1+2
X2u2 u
1%

1 1
i (=2t (1 - TYuY)é(X)](t)' (4.44)

Py(x,t) =

-

T

N

N o
1

(0,1),(1/24r,1)
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We now look to use the generalised binomial theorem for the factors

1
A
a+3)r

where r > 1. The

term when r = 0 is pulled out and evaluating this leaves

-r
Py(x,t) = % eXp(—f/Tr)-‘f_{vL;Tr (1 + (u_li)(l a TYluYD

(0,2)

o0
m=0

(_é)m 1 30 x2u?
u) T(m+1) 3| v2

- (m,2)(0,1),(1/2,1)

y & (—1 y)r(é)n T(n+r)
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+ u YZ u TT n r 1
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() Fm |5 .
I\ u) T(m+1) % | 2
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TR N (P
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1 1

(4.45)

All that remains is to inverse the Laplace transform which then provides,

1 (—Aat)" 3,0

1
'(m+1) v*r*rf(t 23

Pu(x,t) = —=exp(~t/7,) ) |
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X t”
2,3 V2 tz - _)r/
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(4.46)
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In Fig. 4.7, the time evolution of this solution is plotted from several values of y. It can be seen

now that this solution does allow for the occurrence of the cusp like central peak observed in the

solution described in Chapter 3. Comparing the behaviours in Fig. 4.7, we see that the ballistic

fronts are more heavily populated for smaller values of v, this can be related back to the small

y values inducing a more pronounced inverse power law peak about small waiting times. Thus,

when the Dirac delta coupled function samples this regime it results in a larger portion of the
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ensemble possessing Lévy type behaviour.

4.3.7 Corresponding Differential Equations

We now look to probe the connection between the IWWR structure explored above, and the

corresponding differential equation, which is expected to be of the generalised variety

(4.47)

1NN 2
() © 1( 1 ) (@) e
V2T 1+y 1 _

Polkwy=| S5 — 0 y :
(£2) e ) ) (DY et

This, as we know, exists as the sum of the PDFs for both flying and resting members of the en-

semble, we therefore explore the form of the equations pertaining to these sub states. Firstly we
will look at the connection between the states, expressing the dynamics of Py in relation to Py
highlighting how movement between states is characterised,

= 7 /;P ~
Pp(k,u) = f L+ 3.P,. (4.48)

B

By virtue of our underlying exponential flight duration PDFs, we have ¢ (t) = ®(t)

~

Pp(k,u) =9,P, + T P, (4.49)

Substituting the appropriate forms in for ¥,, and rearranging

uth (k,u) = ——1 P+ -—— 1 s (4.50)
e Tr(u+ )y )" Tr(u+ Ly )Y '

For small u this relationship reduces down after inverting the Fourier transform, to the following
form in t-space,

%, 0
EPR(X, t)= YEPF(X, t). (4.51)

This relationship amounts to the same description provided by Zbaeraev et al, and represents a
steady fluctuation between states, where the exponent y determines the ratio of the two. If the
characteristic times are unequal (A # 0) it is expected that they make an appearance in this

expression. For short time scales the dynamics of the resting state are bolstered by a source term
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connected to the flight state, but reduced by an RL type derivative taken on the sum P, + P,. This
is indicative of growth via the source but as time elapses this growth is stunted somewhat via this
fractional derivative type term. This is especially the case in an initialized state of a Dirac delta
function for the rest PDF and zero for the flight. Which is to say, the ensemble initiates in the
rest state, therefore the source contribution far outweighs the memory term on small time scales.
It’s not until the flight state populates that the dynamics of the rest state are impeded. The full

expression over all times can be expressed in the following way,

= 1 /7= ~ 1 1 = ~
T T\ 1r(u+ ?)Y
d 1 10 t t7 !
EPR(X, t) = ; (PF + PO) — ;E (exp(—;)7) * (PF + PO) . (4.53)

Again as outlined above in the long-time RL case, we see a balance between a P, source term and
a generalised derivative sink type term. For completeness we now outline the full form of the DE
governing the dynamics of the IWWR model system. Rearranging Eq. (4.47), and carrying out

both Laplace and Fourier inversions, the following differential equation is recovered,

1 [ 8%Ps(x,t) 23Pg(x,t) Py(x,t) 1 ( t) 72
— = 2 + — —— | ——— | Py(x, ¢
vz( ot2 T Ot T2 2o | PUTT r(y—1) *Palx, )

2
- : g(xz’ 2 + f1(x, £). (4.54)
X

The function f;(x, t) is defined as follows,

t

e =ep(-L)er( LDt p B (L)) P+ R 59)

t2v2T1+Y

Eq. (4.54) bears the form of a generalised Telegraphers equation. The generalisation away from
the more typical structure appears due to the convolution type source term, as well as the link to
the initial condition via f (x, t). Interestingly the original Telegraphers type equations can be rear-
ranged to be the equation of Cattaneo, of which date back to 1948. The Cattaneo form is arrived
at by modifying Ficks first law to include a time derivative of the probability current. The combi-
nation of this modified form with the continuity equation leads to the Telegraphers equation. The

Cattaneo equation has been generalised to incorporate fractional derivatives, and several forms
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of this equations can be seen in the literature. The first generalisation was presented by Nonnen-
macher [220], and this alongside two subsequent forms were outlined in the work of Compte and
Metzler [221]. A fourth form was also put forward in a more recent survey published in 2020
by Metzler and Awad [222], within which they covered the prior three forms as well as some
conditional solutions for these equations obtained as series over H-functions. They also noted
the characteristic evolution of the second moment of the PDFs constructed from these equations
which, depending on the type, tend to be some form of super diffusive behaviour which relaxes
back to either Fickian or subdiffusive behaviour. The Cattaneo form of the generalised Telegra-

phers equation for our LIWWR model can be expressed as,

1( 2 2 1 (" 1 t t
/ / —1
= (EJ(x, t)+ ;J(x, t)+ ;JO J(x,t’),dt ) ~acin (exp (—;) t” El,y(;)) xJ(x,t)
02P.
s - G710 B, (4.56)
Jx2

where f,(x, t) is defined by

t t2r—4 t3r-3 73 27 213 2r—4
falx, t) = | Polx)dx | exp (_;) pATI42y  phr2e2y + VAT pArleey + VAT2H2r  pArley

P
— aO(x) exp (—E) t"Eq 14y (E) . (4.57)
x T T

Eq. (4.56) deviates from the original form presented by Cattaneo, and also from the four general-
isations. The deviations are the appearance of the integral over J(x, t), as well as the occurrence
of both the convolution with J(x, t) and the intricate connection with the initial state of P, which
is encapsulated within f,(x, t). The convolution integral over J(x, t) can actually be shown to be
the sum of two Prahbakar type derivatives, which have been briefly studied within the context of

generalised diffusion by Sandev et al. [223].
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1.0 -

1.2
Figure 4.6: Time evolution of P(x, t) from Eq. (4.40), y = 1/2,7 = 1. For early times the peaks
at the boundary of the expansion are more pronounced, reflecting the fact that a larger portion
of the ensemble is experiencing Lévy like motion for smaller times.
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P(x,t)

P(x.,t)

P(x.,t)

Figure 4.7: PDF solutions for A # 0, in Eq. (4.46). Top to bottom corresponding to y = %, %, %,
respectively. 7, = 27, T = 1/2, 0 = 1,v = o /1. The impact of 7, and 7 is to define the
characteristic rest and flight periods, respectively. The interplay between 7, and 7 in this case
where 7, > 7 is to reveal the RL type features of the PDF solution within the bounds enforced by
the Lévy coupling.
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Coupled CTRW Model

This Chapter investigates the impact of a transient coupling in a CTRW between the PDF for
displacements and the waiting time. The coupling is such that as the waiting time grows the
coupling eventually dissipates. This coupling is proposed to be of physical relevance as it mimics
the storage of energy prior to a disruptive event, the longer the period of internal stresses evolv-
ing the larger the potential displacement. However, the transient nature represents the fact the
process has some limit as to how much storage is possible. The generalised diffusion equation
(GDE) corresponding to this CTRW is then derived. The solution to this GDE is identified and the
temporal behaviour of the second moment is presented. The asymptotic behaviour of the solution

is explored, and the relaxation back to the uncoupled solution is demonstrated.

5.0.1 Coupled Continuous Time Random Walks

The CTRWs full description can be seen in the introductory Chapter. As alluded to, the coupling
of the CTRW occurs through the distributions A(x) or w(t), where they become the conditional
distributions A(x|t) or w(t|x). The precise manifestation of this conditional coupling has been
explored in a few different ways historically [224-226]. One prominent approach is the so called
Lévy walks framework which has been discussed in the previous Chapter. An alternative approach,
first outlined in the discrete random walk of Wong et al. [227], has been extended in recent

times by the work of Liu [228-230]. This particular coupling is introduced through the following
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conditional relationship for A(x|t),

2

Al = e (_x_
T Vzmog@) T\ 20%(0)

), g(t)>0 (5.1)
By taking the Fourier transform of this expression and considering the diffusion limit (k << 1),

i(klt) becomes,
Ak|t) ~1—o%k?g(t), as k—0 (5.2)

Combining this relationship with the Fourier-Laplace expression for the CTRW position PDF in

Eq. (2.59)

= 1 1
P(k,u) =~ 0ol (5.3)
Uy 4 goge e

One interesting possibility of this mode of coupling, is that it allows for Fickian diffusive behaviour
to be produced without the traditional decoupled signatures. Specifically, rather than requiring

the waiting time to decay exponentially, it requires the following connection between g(t) and

w(t)

ot =) ) g
w(t) = exp fl( 8(e') )dt (5.4)

>

where if g(t) is a constant, then the waiting time distribution decays exponentially. However, in
the coupled case, we can observe non-exponential waiting time decay whilst producing Fickian
diffusion. A consequence of the interplay between the anomalous properties of the two underlying
distributions is the coming together to produce linear growth of the second moment as well as

Gaussian spreading.

5.0.2 Transient Coupling

The present Chapter explores a transient coupling of the jump distribution, A(x) to the wait-
ing time, t. The coupling is such that the width of the distribution function for displacements
grows with t, eventually reaching a constant width as the growth plateaus. The specific coupling

function explored in this instance is,

g(t)=1—exp(—ta) (5.5)
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This function grows initially prior to tapering off, representative of the decoupling of the frame-

work.

5.0.3 Generalised Diffusion Equation

Once again the waiting time distribution, w(t) takes the form

tr ! t
w(t)= T (Y) exp (—;) . (5.6)

The influence of this particular waiting time distribution has been explored in Chapter 3. Rear-
ranging and inverse transforming Eq. (5.3), with the respective functional forms of both g(t) and

w(t) inserted, provides the following generalised diffusion equation:

2 2 o0 T(n+y+1) 52
—P(x,t)= exp(—— t"E, 10 ( ) —P(x,t—t")dt'.
P = J p( Z 1“(n+2)1"() pne| = |5 P t=1)

5.7)

The memory kernel contained in Eq. (5.7) is plotted in Fig. 5.1 in black. For small ¢t it grows
indicating the past is weighted more heavily than the present, a consequence of the fact that within
the time t < % a portion of the ensemble will be diffusively enhanced via the coupling built into
the underlying CTRW. Thus, the contributions in dynamics from the coupled regime have a strong
influence on present dynamics, but this connection fades and the decay to a constant value, as

observed in the decoupled case.

5.0.4 Second Moment

The corresponding second moment for the PDF appears in u space as,

2 (w) = 1${g(t)63(t)}(U)' 5.8)

u 1—o(u)

In order to evaluate this second moment the Laplace transform of the right hand side must be

evaluated
(7t

7T (y)

L{g(t)w(t)}Hu) =Z{(1—exp(—ta))( exp( ))}(u) (5.9
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Figure 5.1: Comparison of the Riemann Liouville memory kernel (red) and
memory kernel of Eq. (5.7) (black). Here t =0 =1,a=15and y = % The
green dashed line represents the small t power law growth of the kernel, with
the exponent gamma. Powerlaw growth in a memory kernel is indicative of
super-diffusive behaviour as it implies the process is being enhanced in some
manner proportional to its duration. The coupling and enhanced nature exists
for a time period defined in association with the parameter a, after which the
RL memory kernel form is maintained for some period prior to an eventual
relaxation to a constant value. The duration of the intermittent RL memory
kernel is confined by the relative values for a and 7.
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Figure 5.2: Second moment behaviour for P(x, t), found in Eq. (5.11). Witht =0 =
1,a =2 and y = 1/2. The green dashed line reflects growth according to 1 + y whilst
the red dashed line represents linear growth in time. The duration of the enhanced
diffusion characteristics is associated with the parameter a, likewise the following sub-
diffusive regime exists for a duration associated with 7T prior to an eventual relaxation
to Fickian behaviour for longer time scales.

Expressing the exponential function in it’s series form, and adjusting the summation leaves

o _ n+1 1
£L{g(Dw(t)}H(uw) = —Zg{ (r(;i)z) (T:;(Y) exp(— %))}(u). (5.10)
n=0

Substituting this back into the expression for (x?)(t), and evaluating the Laplace transform gives

) - ¢ oo (_a)”[‘(n+y+1) Lins (t_’”)
. )(t)—exp( T)n;()a T(n+2)T(y)7r C By TY (5.11)

In Fig.(5.2) the behaviour of the second moment is displayed. The second moment evolves from
an initial characteristic exponent of 1+ to eventually relaxing back to a slope of 1 as time elapses.
Depending on the relationship between a and 7, there is some suggestion from the memory kernel

that a fleeting sub-diffusive regime may exist.
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5.0.5 Probability Density Function

The investigation into the t-x space form of the PDF begins with the Weiss equation, which can

be expressed in the form of an H-function as,

= 1 k2022 {g(t)w(t)}| "
Blku) = 1p | KT ZleDe(t) (5.12)
T 1—aw(u) ©0.1)
Substituting the functional forms for g(t), w(t) and w(u),
lyy
k202 (1 — &) ©1)
~ 1 1
Blku)= 27! | =H}! otz +al (5.13)
UL

Evaluating the inverse cosine Fourier transform and inverting the argument of the H-function,

VT a0 | Xt D = 3)

(5.14)
ulx| 92 402(1 (u+)

1
P(x,t)= %2_1

(1/2,1),(1,1)

The Legendre duplication formula is now invoked, in order to combine to gamma functions

present in the H-function structure. This modification is followed by the expansion (formula

I in appendix D) of the H-function, with n = (1— —)"2,
P(x,t) 1 e p( { ).‘Z‘l[ ! Uil
——expl| —
) 1 1/2
2 T (u_?)cf(l—((i)y )
u+a)Y
I~ ~1/2,1/2)
m x|u’? (
> ( uw) Hy, ] T ] (5.15)
u _
=0 o (1 — (u+a)r) (0.1).(m-1/2,1/2)

The next modification makes use of an expansion formula (formula III in appendix D) once

73, its use constrains the values of u in the following fashion,

D S
wr
(1_ (u+a)Y )

more,with n =

>1/2, (5.16)

(uta)r
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which can be re-written as,

cos(2) (1—cos(Z)) -sin? (£)
(1-eos(2)) s (5)

which holds for any a > 0. In addition to the use of this expansion formula mentioned above, the

R{u/a} > , (5.17)

removal of exp(—at) through the shift theorem and an additional expansion formula (formula II

in appendix D) with n = (1 — %)Y/ 2 are applied. All this leaves the following form,

1 1\ [l (e+)\@—a? (. (u—a)
e oo ()27 (-5

k=0
i ( 1 )m( a)j 1 1 w—a)\ 1
L\ u r(j+1)l"(m+1) (W)’ r'(r+1)
H,’; x| ](t). (5.18)
O lo,0,0m-1/2,1/2)(ym+j,r/2)

The final step prior to the inversion of the Laplace transform is the employment of the binomial

theorem for the factors containing (1 — %),

exp (—t (a + %))2—1[%2((0‘ : %))k éu}//z

i a\" 1 F(}/r+}//2+1) F(}/r+3y/2+1)
S0 o )

P(x,t)=

N

I\ u) T+ \r(yr+y/2+1—n) T(yr+3y/2+1—n)
5 () (2 e
L\ wrT u 1"(]'+1)F(m+1)F(r+1)
lur /2 (ym,y/2),(=r—1/2,1/2)
| B ](t). (5.19)
G o m=1/2,1/2)(m+jr/2)

Evaluating the inverse Laplace transform and multiplying by a factor of 2, due to the evaluation

of the integral over half the x space due to symmetry.
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Figure 5.3: PDF plot corresponding to the solution to Eq. (5.7). Plot (a) corresponding
to y = 1/4, whilst (b) to ¥y = 3/4. In both cases T = 1,a = 5. What is apparent from
the comparison between the two plots is the more rapid spreading of the ensemble in
the case of a larger value for gamma.
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Figure 5.4: P,(x,t) ranging between t = .05 (cyan) to t = .5 (purple), as outlined
in Eq.(5.22). The trend overall in the plot is that the magnitude of P, reduces with
increasing t, reflecting the decoupling of the system. In general the impact of the cou-
pling appears to relocate PD closer to the origin. However, since the PDF still expands
super-diffusively this redistribution of PD results in a broader shape about the origin.

P(x,t)=exp (—t (a + %)) 201”/2 i ((a + %) t)k

k,n,m,j,r=0

(—at)"( T(yr+y/2+1) T(yr+3y/2+1) )
r

I'(n+1) (yr+}f/2+1—n)_F(yr+3y/2+1—n)

(ym,y/2),(—r—1/2,1/2)(A+k+n+ym+j—y/2,v/2)

. tY m
(—at) (_7) 1 L2 | x|
r(j+1)Tm+1)T(r+1) > | oer2

(5.20)

(0,1),(m—=1/2,1/2)(ym+j,y/2)

5.0.6 Coupling Impact

The solution to the diffusion equation associated with the small k approximation of a CTRW with
a I' distribution for the waiting time PDF has been identified in Chapter 3, in the absence of

coupling. This result (Eq. (5.20)) can be extracted from the obtained form for the PDF solution
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discussed in Chapter 3,

_ (Y, 1 WS 1\ 1
P(x,t)—eXP(_;)'g 1[(,1_%)7 Z (_(u)yﬂ) r(m+1)

m,r=0

IO

(o)

1,1
H

1,2

](r) £ P, 0) (5.21)
(0,1),(m—1/2,1/2)

1 1 > 1 ‘ (—at)" (_at)j
P,(x,t) =exp (—t (a + ;)) 20 7/2 Z ((a * ;) t) I'(n+1) I‘(j + 1)

r,k,n,m,j=0

(—%)m F(yr +3y/2+ 1)
T(m+1)T(yr+3y/2+1—n)

(ym,y/2),(—r—3/2,1/2)(1+k+n+ym+j—y/2,y/2)

( 1 12| Ix]
3,3
r(r+2) T2 | 0,1, (m=1/2,1/2)(ym+].7/2)

_ 1 12 | Ix|
T'(r+1) 3| otr/2

(ym,y/2),(—r—1/2,1/2)(A+k+n+ym+j—y/2,7/2)
) (5.22)

P,(x,t) represents the redistribution of probability density due to the new dynamics introduced
through the coupling and it’s integral over x is zero as expected (this can be shown by using the
Mellin transform properties of the H-function [179]). In Fig. 5.4 we can see how the introduction
of coupling has adjusted the allocation of probability density across the position variable x. We
see in earlier times (cyan) a bolstering of central peak, and an increase of PD about the shoulders
of the peak. This is at the expense of the wings of the position PDE This effect ultimately decays

away rapidly as the framework self decouples.

5.0.7 Long Time Asymptotic behaviour

We expect P, — O for large t. Expanding up the H functions into series form then constructing
the H-function associated with the sum over "n" followed by taking the asymptotic behaviour for
that function as t >> a reveals exponential decay sensitive to a. So as time elapses the only
contribution that remains is the solution to the decoupled equation discussed previously. In the
instance that the decoupled behaviour dies away first we still see the same asymptotic form for

P, though now the underlying decoupled solution is already in its Gaussian form as discussed in
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Chapter 3 is

1 1 - 1)\ (—at)" (—at)
P,(x,t) =exp (—t (a+ ;)) e r’k’n’zm;j:o((a+ ;) t) [t DT(j+1)
(—%)m F(yr+3}f/2+1)
T(m+1)T(yr+3y/2+1—n)
i F(l—ym+yp/2)
T(p+1)r(3/2—m+p/2)T(1—j—ym+yp/2)
1
F(1+k+n+ym+j—y/2—yp/2)

x| \(T(5/2+r+p/2) T(3/2+r+p/2)
_ ( _ ) (5.23)
otr/2 r(r+2) r(r+1)
Compressing the series over n into an H-function structure leaves,
oo k ; e \™
1 1 1 —at) 7w
P,(x,t)=exp| — (a+ ) Z (a+—)t (—at) ( Y)
20012 A T r(j+1)r(m+1)
i T(yr+3y/2+1)T(1—ym+yp/2)
=0 I‘(p+ 1)F(3/2—m+p/2)F( —j—}/m+}fp/2)
Ix| p(F(5/2+r+p/2) (3/2+r+p/2))
otr/2 I'(r+2) r'(r+1)
(yr+3y/2+1,1)
Hig[at ] (5.24)
(0,1)(y/2=k—=ym—j+yp/2,1)

Plugging in the asymptotic behaviour for the H-function for t >> a, leaves the form

1 1 S (1" 1)
P,(x,t) =exp( (Za + = )) 20 e kzj: O(E) ((1 + ;))
(-1) (_a_) Z yr+3}//2+1) (1—}/m+yp/2)

I‘(]+1 F(m+1) p+1 3/2 m+p/2) (1—j—ym+)/p/2)

(_|x|ay/2)P( (5/2+ r+p/2) B r(3/2+r +p/2))
I'(r+2) r(r+1) )

(5.25)
o
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Because we have large t we can further simplify the expression by considering only the dominant

tetmr =0

Pa(x,t)=exp( (2“1))% i ((Hi))k
e

m,j=0

1y (-5) Z r(3r/2+1)T(1—ym+7p/2)
r(j+1)r(m+1) 4= T(p+1)r(3/2—m+p/2)r(1—j—ym+yp/2)

(—|x|ay/2)"( (5/2+p/2)

o r)

—F(3/2+p/2)) (5.26)

5.1 Discussion

This Chapter explored the implications of transient coupling between the jump probability den-
sity function and the waiting time within a CTRW framework. The implications were considered
initially in terms of the generalised diffusion equation. The memory kernel was identified and
plotted in Fig. 5.1, where it was compared against the memory kernel in the case of no cou-
pling [196]. The memory kernel corresponding to Eq. (5.7) attributes relatively large weights to
contributions within the coupled regime, prior to relaxing to a decay in line with the uncoupled
case as obtained in Chapter 3. The kernel then continues its decay to a constant value, which is
indicative of a relaxation to Fickian dynamics. The implications of this behaviour in the memory
kernel is realised within the MSD as outlined in Fig. 5.2. The characteristic diffusion exponent
transitions from a regime of super-diffusive behaviour towards return to a linear growth. The en-
hanced diffusion is generated as a result of the coupling in the underlying CTRW, and this fades
to reveal a return to linear growth. The full solution to the generalised diffusion equation, Eq.
(5.20) was obtained through the use of the Fox H-function. The solution required the employ-
ment of both transformation properties of this special function as well as a variety of general
properties of the H-function. The resulting solution was expressed as several infinite series over
Fox H-functions, and is displayed in Fig. 5.3. The solution includes the anomalous parameter
gamma which regulates the nature of the anomalous waiting time in the CTRW, if y — 1 the
waiting time distribution decays exponentially on all timescales. The characteristic coupling time
a occurs as well, it provides a measure for how quickly the coupling decay occurs. Given the prior

results of the present CTRW framework in the absence of coupling highlighted in Chapter 3, the
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impact of coupling was able to be explicitly isolated. The coupling impact was labeled P, and
its asymptotic behaviour was explored. It was identified that this contribution does indeed decay
away to zero, in an exponential manner sensitive to a as demonstrated in the exponential decay
factor in Eq. (5.26). The decay of this portion leaves the decoupled form as described in Chapter

3.
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Future work

6.0.1 Summary

In this thesis we constructed three frameworks, each of which can encode aspects of both temporal
and spatial features of the dynamics in stress-redistributing (SR) systems, with polymer networks
in mind. The universality of the timing of SR events was used to construct a new generalised
diffusion equation and for the first time provide a detailed description of it’s form and asymp-
totic behaviour using the Fox H-function and its properties. A new Lévy walks with rests (LWWR)
framework was then constructed which incorporated the SR waiting time PDE The LIWWR model’s
position PDF and second moment were extracted using the Fox H-function properties. The asymp-
totic expansion of the LWWR model’s solution was given, and the generalised diffusion equation
(GDE) form was demonstrated. The connection between the GDE and generalised forms of the
Cattaneo and Telegraphers equations was also discussed. The final model proposed a new mode
of transient coupling between the displacements and waiting times in the CTRW. The position
PDF and second moment were obtained using transformation methods and theorems relating to
the Fox H-function. It is our hope that these solutions and frameworks will inform and stimulate

future work in the interpretation of non-equilibrium quaking events and their manifold effects.

6.0.2 Future Work

There are several different paths for possible future extensions to this work: either continuing
on the theoretical side, probing the model behaviours with simulations or testing the connections

of the models with experimental results. On the theoretical front we believe that it would be of
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interest to extend the results to consider the ergodic properties of these frameworks. Many works
on the topic have provided insight into the particular nature of ergodicity breaking that occurs
within frameworks of a similar kind [231]. There are also interesting avenues to explore in ex-
tensions to the LIWWR frameworks, such as those which explore the implications of distributed
velocities [232]. Distributed velocities may be a more physically relevant mode of modelling, in
contrast to the constant magnitude velocity included in Chapter 4. Simulations have proved to be
a useful tool in other works and serve as a somewhat pseudo experimental perspective. There may
be benefits to employing a simulation approach to bridge the gap between the analytic and the
experimental. Experimentally it would be of great benefit to gather data on the waiting time PDF
for the quaking phenomena and to do the same also for the displacements. In addition, more
precise Van Hove plots (position PDFs) would allow limits to be placed on relevant parameter
values. Many of the parameters are tied in with the displacement and waiting time distributions
and accessing that information would experimentally fix these parameter values and ensure accu-
rate model evaluation. These experimental investigations will aid greatly in reducing the current
flexibility of the model parameters. Preliminary predictions for the model parameters can be

generated from some existing data and these value will be discussed in the following subsection.
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6.0.3 Parameter Predictions

Parameter | Value
a 0.75
k 20 &2
T, 0.0005 s

Table 6.1: Parameters from the Brownian contribution described in Chapter 3. These parameters
originate from the FFPE formalism, a being the characteristic exponent present in the fractional
derivative, k the spring constant associated with the gel network and 7, the characteristic time
associated with relaxation in this framework.

Taking the model proposed in Chapter 3, we can attempt to fit the experimental MSD data ob-
tained in [9]. The Brownian component of the diffusion within the gel network was proposed to
be well modelled by the FFPE in the instance of a linear restoring force and the extracted parame-
ters associated with the modelling of this component are included in Table 6.1. The parameter a
governs the characteristic exponent for small t, as such it is constrained by experimental values to
be 0.75, a value known to be associated with small deformations of polymer chains. The param-
eter k represents the spring-constant associated with the gel network and although the value of
20?';—211 seems small when comparing to stretching experiments, carried out on individual polymers
(that might be an order of magnitude or two higher) the deformations occurring are unlikely to be
directly equivalent to a straightforward longitudinal stretching experiment and some difference
here isn’t too surprising. The parameter 7, represents the characteristic time associated with a
relaxation from some initial MSD value to the thermal equilibrium value [170].

The SR component of the system manifest at longer times can be modelled using the framework
derived in Chapter 3 and the parameters required for the successful capturing of the experimental
data are found in Table 6.2. The parameter y reflects the degree of short timescale correlations be-
tween quaking events, smaller values reflecting a greater deviation away from random behaviour.
The value of y identified here is 0.275 which is less than half the figure identified for tectonic event
timings (0.60) [149], but is larger than the value of a traditional block-slider model which has
y = 0 [233]. The characteristic time 7, identified here is 170s, the mean time between events,

(t) is given by (for the I' distribution)

(t) =yT, =46.75s. (6.1)
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Therefore, the expected time between redistribution events in the gel network is 46.75s. Finally

17 m*
ty 2

we have the generalised diffusion coefficient D, which takes the value 3.9 x 10~ which is
in the range of normal diffusion coefficients for glassy polymers. These parameters, determined
through the fitting of acquired MSD data-allow for the prediction of the functional forms of the
both the position PDF for particles confined within the gel, as well as for the waiting time PDF of
the SR events themselves. Future studies on experimental PDF forms and the waiting time PDFs

for the quaking events will allow the predictions of these models to be tested.

Parameter Value
Y 0.275
T, 170 s

_ 2

D, 3.9x10717 %

Table 6.2: Parameters from the SR contribution described in Chapter 3, y is the characteristic
exponent of the T distribution associated with correlations between successive quake events, T,
is the characteristic time upon which quakes transition from correlated to uncorrelated and D, is
the generalised diffusion coefficient associated with transport driven by the SR dynamic.
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Figure 6.1: Top: Theoretical model (solid line) fitted to experimental values (blue points).
Middle (left): PDF plots generated from the model described in Chapter 3 for t = 0.8,10 and
13. Middle (right): The waiting time PDF corresponding to the fitted values. Bottom: The
comparison of the PDF at t = 0.8 for y = 0.275 and y = 1, y = 1 corresponds to a Gaussian
profile which allows examination of where the greatest differences between a Gaussian PDF
and the PDF of Chapter 3 would lie and thus helps guide further experimental enquiry.
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Appendix A

Kramers-Moyal Expansion of the Master

Equation

Before progressing with the derivation, we should briefly note that in casting the Master equation
in the following form [38],

oP(f,
M:fW(f—Af,Af)P(f—Af)f|fo)_W(f’Af)P(f’t

fo)dAf (A1)

f
ot

we have employed the integral relationship below

[ere) f—o0
f P(f’)df’=—J P(f —Af)dAf

—00 f+oo

:_J P(f —Af)dAS =f P(f —Af)dAf.

oo
As supporting assumptions [38] for the Kramers-Moyal expansion we consider that the changes
in state occur in small increments such that W(f, Af) is sharply peaked in jump size but varies
slowly in initial state dependence. The final assumption is that the PDF P(f, t| fo) also varies
slowly with the state f, and that the moments of the transition probability W(f, Af), uy.,(f)

exist. These moments are found in the usual way via,

bw(f) = f (Af)'W(f,Af)dAf. (A.2)

The Kramers-Moyal expansion is based on the following Taylor series expansion

2 R 4™

g(x+h)= , T

g(x). (A.3)
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We expand the first term of the Master equation as follows

o n a(n)
fW(f—Af,Af)P(f—Af,t|fo)dAf:Z( ilf) afm
n=0 ’

[ J WE, AP(f, e[fo)daS |

o (—1)" 3(”) X 1y\n a(n)
:nzz(;( nl!) 8f(n)UW(f,Af)(Af)"dAf P(f,t|f0)] :Z%W[“W’”m P(f,t|f0)]

X 1y a(n)
| J W, afdaf (el |+ D S
n=1 ’

| a0 PO |

Substitution of this result back into the Master equation yields the Kramers-Moyal expansion of

the master equation

f |fo o (—1)" 9™

fW(f Af) P f t|f0 dAf+Z n! af(n)
n=1

() P e150)]

f t|fo Z( 1r aw

nl ofm [“W,n(f) P(f, f|fo)] (A.4)
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Appendix B

Mittag-Leffler Function

B.0.1 Definitions

The Mittag-Leffler function is defined as [234]

o0 k

Z
Ea(z)—;m,aec,éﬁ(a)>0,zec (B.1)

with the generalised Mittag-Leffler function defined as

e k
V4
Ea,/a‘(z) = kE:O m, a,/5 eC, Si(a) >0, m(ﬂ) >0,z €C. (B.2)

The three parameter Mittag-Leffler function appears as

o0 k

. T(y +k) z
Eg’ﬂ(z)—; ) F(ﬁ+ak),a,[3e(C,Sﬁ(a)>O,S‘£([3’)>O,§)t(}f)>O, z€C. (B.3)

The Mittag-Leffler, E, function interpolates between a stretched exponential at small values and
and inverse power law behavior at large values. This function is general in nature and reduces to

other, simpler functions at certain values of its parameters.

B.0.2 Some Special Cases:

E;’l(z) =E,(z) = E,(2) (B.4)
E,(2*) = L lz| <1 (B.5)
E,(z2) = ) (B.6)

T (o LR ey
Ea’/j(z )= TY)HLZ Z onpa (B.7)
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B.0.3 Laplace Transform:

u®r=~
(z2Fn)’
withu,a, B,y € C,R(a) > 0,R(B) > 0,R(y) >0, R(u) > 0.

K% [zﬁ_lE;’ﬂ(:i:nza)] (u) = (B.8)

103



Appendix C

Integral Transforms

C.1 Fourier Transform

In the one-dimensional case, the Fourier transform of a function f(x) of a real variable x € R =
(—o0, 00) is defined as [235]

oo

F [f(x)] (k)= f(k) = J exp (—ikx) f(x)dx, keR, (C.D

oo

whereas the inverse Fourier transform is given by

oo

FHF®R)] ) =f(x) = % f exp(ikx) f(k)dk, k€R. (C.2)

oo

The existence of the transform )?(k) is guaranteed if f(x) is an integrable function and the in-
tegral converges. A sufficient (but not necessary) condition is to require that f (x) be absolutely

integrable, i.e., the integral

f |f ()|dx (C.3)

—0Q

exists. In this case, j?(k) is absolutely convergent and, thus it is convergent.

C.2 Laplace Transform

The Laplace transform of a function f (t) of a real variable t € R* = (0, 00) is defined as [235]

oo

.%[f(t)](u)zf(u):f exp (—ut) f(t)dt, seC. (C.4)

0

For its existence, the function f(t) must be such that

exp(—at)|f(t)| <M, for all te[0,00), (C.5)
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where M is a positive constant R(a) > 0, indicating that the function f(t) must not grow faster
than a certain exponential function when t — oo. The inverse Laplace transform is given for
t € R* by the formula

y+ioo
2 Fw]=£(0)= ﬁf exp(ut) f(wdu, y=R(w)> o, (C.6)
y—i00

where o is the infimum of u values for which the Laplace integral Eq. (C.4) converges, known as
the abscissa of convergence.

C.3 Mellin Transform

The transform and inverse formula of Mellin are [? ]

3(p) = J tP1o(t)d ¢ (C.7)
0
C+ioco
1 ~
®(t) = z—mf ®(p)t~Pdp (C.8)
C—ioco

C.3.1 Mellin Transform of the Fox H function

o0 (apAp " T(b;+Bs)[[_. T(1—a, —A;s
f xs_lH;";I” ax dx=a"* lq_[]_l ( S )l_[]_1 p( L ) (C.9)
0 ’ by,By j=mi1 L (1 —b; _Bjs) j=nt1 L (aj +A1‘5)

. b; 1-R(a;
where a,s € C; —min; ., m(B—j) <R(s) < maxlSiSn(%), |arga| < %na, a>0.
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Appendix D

Fox H-Function

The definition of the Fox H-function appears in terms of the Mellin-Barnes type integral as follows
[187],
(alﬁAl)) R (ap:A )]

H™"(z) = Hm’”[z
P P4 "|(by,By),...,(b

p’ P)

1

9(5)2 ds, (D.1)
27'c

where 6(s) is the ratio of products of gamma functlons, hence the mention of Barnes in the integral

name. Specifically we have

]_[;an(b‘—B-s)l_[? 1F(1—a-+Ajs)

0(s) = .
?:m+1 ( b +Bs)l—[] n+1 _Ajs)

(D.2)

With the parameters defined such that, 0 < n < p,1 < m < q,a;,b; € C,A;,B; € R,i =
1,...,p,j = 1,...,q. The integration contour, € is chosen to run from ¢ —ico — ¢ + ico such
that it avoids the poles of 6(s). There is a very useful expansion for the Fox H-function given in
[236], it appears as

HPn(z) = Hmn[ (a1,4),..., (a4, )]

(bljB) (bp5 p)
_iz Tl;#hr( ' bh+k)n; T(1—a; +A4 h+k)( 1)z e .3)
h=1 k= on] me11(1—=b;+B; bh+k)1_[1 ne1l J_Ajb}}a:k) kiBy

These functions are of great importance to anomalous diffusion as they provide a closed form in

which to represent the non-Gaussian distributions that occur [237].

D.0.1 Expansion Formulae

Let m,n, p, and q be non-negative integers such that 1 < m < q,0 < n < p. Further, letA;,j =
1,...,pandB;,j =1,...,q be positive numbers and a;, j = 1,...,p and b;, j = 1,...,q be complex
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numbers and y > 0 where

p p

j=1 j=1
Then if w and 7 are complex numbers such that w # 0 and 1 # 0, then the following results
hold:

Formula I

(a1,A; )s'“:(ap >Ap)

Hm,n ,nw :,n 1

i (D.5)

1 r
(alyAl)s'“:(apAp) S (1 — T]E)
7 Z A

(b1,B1),..5(bg,By) r=0 (b1+7,B1),-..,(bg,Bq)

where 7 is arbitrary for m = 1, and for m > 1 |n% —1| < 1, arg(nw) = Bl,arg(nBLl) + arg(w),
and |arg(n™ )| < §

Formula II
(a1,A1),--5(ap,Ap) by oo ( By — 1) (a1,A1),(ap,Ap)
Hyy | ne =nh > g™ o (D.6)
(b1,B1),,(bg.By) =0 (b1,B1),..,(by+7,B,)
1 1 1
where ¢ > m,|n™ —1| <1 arg(nw) = B,arg(n™) + arg(w), and |arg(n™)| < 5
Formula III
1 r
(a1,41),.-.(ap.Ap) a1 0 (1 — ’)’)_A_l) (a1—1A1),-...(ay,4p)
H™" | new =nh -— 2 H™ [ w (D.7)
P l P
(b1,B1),--+(bgBy) =0 (b1,B1),---,(bgBy)
1 1 1
where n > 0, R (n/*_l) > %, arg(nw) = A, arg(n) + arg(w), and |arg(n)| < 5
Formula IV
.
(a1,A1),.--,(ap.Ap) ag— © ( 5 - 1) (a1,A1),-(ap—14,)
m,n _ m,n
H™ | e = Z 2 Hm (D.8)
(b1,B1),--,(bgBy) =0 (b1,B1),--+(bgBy)

where p > n, R (n%) > %, arg(nw) =A, arg(n*‘_lp) + arg(w), and |arg(n/%)| <3

D.0.2 Some Identities

Let m,n,p, and q be non-negative integers such that 1 < m < q,0 < n < p. Further, letA;,j =
1,...,pandB;,j =1,...,q be positive numbersand a;,j = 1,...,pand b;,j = 1,...,q be complex
numbers.Further, let r be a non-negative integer, 6 and y positive numbers, and p and T complex
numbers where p satisfies,

(p—1-7)/6#(a;—1-2)/A; (=1,...,;;v,A=0,1,...). (D.9)
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It is also assumed that either, u > 0 and z # 0 in the Fox H function, where u is defined in Eq.

(D.4), or
p q
o<lz| <] [a"][B)=1/B for u=o.

j=1 j=1

Then, as detailed in [190],

(p’é)’(alAl) """ (ap>Ap) (a17Al) ----- (apyAp)
m,n+1 — )
(B1,B1)se(by,By ) (p55) (b1,B1 ) (b, By)
(a1,41),..-(ap4,),(p,0) (a1,A1),(ap,Ap)
m+1,n _ m,n
Hp+1,q+1 [Z ] B Hp,q ]’
(0,8),(b1,B1),.(by,B) (b1,B1)(by,B,y)
(a1,41),-5(ap,A,) (a1+A1T,A1),5(ap+A, TAp)
Zer,n|:Z f— Hm,n[z j|)
pPq pP,q
(b1,B1),v(by,B,) (by+B17,B1),0n (b, +B, 7,B,)
(alAl)"":(ap’Ap) (al’Al}/) ..... (ap,Apy)
ammg|s B ]
(b1,B1),.. (by,By) (b1,B17),o(by,By7)
(0,6),(a1,A1);---,(ap,Ap) - (a1,A1),(a,,4,),(0,6)
;n+1 +1,
H 2 = T2 (b <q)
(b1,B1)se(by,By),(1,5) L 1(1,6),(b1,B1),-(b,.B,)
(a1,A1),--5(ap,Ap),(1—1,6) - - 1 (1-1,6),(a1,41),.-,(ap,4,)
+1, _ ,n+1
HE s = (CIHL |5 | w<a.
(1,6),(b1,B1)se(by,By) A L [(by,B1),..(b,,B,),(1,6)

D.0.3 Successive Derivatives

(D.10)

(D.11)

(D.12)

(D.13)

(D.14)

(D.15)

(D.16)

Let m,n, p, and q be non-negative integers such that 1 < m < q,0 < n < p. Further, letA;,j =

1,...,pandB;,j =1,...,q be positive numbers and a;, j = 1,...,p and b;,j = 1,...,q be complex

numbers.Further, let r be a non-negative integer, 6 be a positive number,

dr
w" _Hm,n|:W5

(a1,41),--5(ap,A,)
dwr PA4 :|

_ Hm,n+1 |:W6

(0,6),(a1,A1);---(ap,Ap)
T Tip+lg+1 ]

(bl,B]),...,(bp,Bp) (bl’Bl) ..... (bp,Bp),(r,b')

Now suppose that w # 0,00 For u>0and 0 < q/|w’| < 1/p for u=0. Then

r

(a1,A1)es (ap)Ap)
w' ]

(1_r’5):(a1 ’Al ))""(ap,Ap)
Hmzln |: 1 /W6 ]

=(—1 er,n+1 |:W5
dwr P =1

p+1l,g+1

(b1,B1)sees(Dp,By) (b1,B1)s--(bp,B,),(1,6)
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D.0.4 Transformation properties
Laplace Transform

Let either a > 0,|argal < %na or a = 0 and R(6) < —1. Further assume that a > 0;p,a,u €
R(b;)

C,o > 0, satisfy the condition: R(p) + aminlSjSm[ ] > 0 fora > 0ora=0,u>0; and

R(p) + om1n1<]<m[ + m(5)+2] > 0 for a = 0 and u < 0. Then for R(u) > 0, there holds the
formula,
(ap,Ap) (ap,Ap)
L | tP 1H;1q”+1 at’ W =uPH"" [au™ (D.19)
(bq:Bq) (bq’Bq):(l_p:U)
for R(u)>0,ueC.
With the inverse given by
(ap.Ap) (ap.45)
L7V uPH™ | au™® (t)=tP7'H™" p1lg at? (D.20)
(bg:By) (bg:By).(1-p,0)
where p,a,u€ C,R(u) > 0,0 > 0,R(p) + o0 max, ., [Al — m(a)] > 0, |arg(a)| < 3 n@ 6 =
Fourier Cosine Transform
oo (apAp) 271/ (%52,9)(a,A,)(552,9)
f xP~tcos(ax)H,7,, | bx? dx = HS U bao2°
p.g ar Hyirq
0 (bquq):(l_p’a) (bq:Bq)7(1_p>0)
(D.21)

where a,a,0 > 0,p,b € C;|argb| < %na;

&) 5
R(p)+o mmm 3 > 0;R(p)+ o max <1
j

1<j<n Aj
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