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Chapter 1

Introduction

This thesis embodies most of the research I have undertaken since the completion
of my Ph.D. dissertation in 1972. It seems appropriate, and is indeed a pleasure,
at this point to acknowledge the influences of others on my work over the years.
My interest in graph theory was originally stimulated in 1968 by Alfred Lehman,
who supervised my masterate at the University of Toronto. The resulting the-
sis consisted of the development and implementation of an algorithm for testing
the planarity of a graph. Although this masterate was in computer science, I re-
alised that it was the mathematical aspects of the work that most interested me.
Consequently I enrolled for a doctorate in graph theory at the University of Water-
loo, where I studied under the supervision of Dan Younger. There I focussed on
1 -factors of graphs, investigating in particular Kasteleyn’s method for enumerat-
ing them. I attempted to characterise those graphs for which Kasteleyn’s method
succeeds. Since the method was known to succeed for planar graphs, this work
was not far removed from my earlier interest in planarity. Consequently the two
themes of topological graph theory and matchings in graphs were prominent from
the early stages of my research career.

Following the completion of my degree at the University of Waterloo, in 1973
I secured an appointment at the Royal Melbourne Institute of Technology Ltd..
Here I had the great good fortune to be in contact with Derek Holton, now a pro-
fessor at the University of Otago. His office at the University of Melbourne was
only about a 15-minute walk from my own, and we often worked together. I in-
terested him in my ideas on planarity and together we succeeded in discovering a
characterisation of planar graphs. Alas Chemyak, working in Russia, beat us to
that result, but by the time his proof appeared Derek and I were already collabo-
rating on a generalisation. Derek was really a mentor for me at that early stage in
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my career, and I owe him a great deal.
My interests in topological graph theory and 1 -factors of graphs have been

maintained since my arrival at Massey University in 1982. My collaborators since
that time have included my masterate student Janet McCall, doctoral students Paul
Bonnington, All ister Campbell and Serguei Norine and postdoctoral fellows Hong
Wang and Feng Ming Dong. With Paul I wrote my first book, The Foundations
of Topological Graph Theory. Dong inspired many of us in the mathematics dis-
cipline at Massey with his enthusiasm for chromatic polynomials, and this topic
became a third theme in my research. More recently I have collaborated with
Bruce van Brunt and Kee Teo in writing a second book, The Number Systems
of Analysis. Of my other collaborators, special mention should be made of Use
Fischer, with whom I worked at the University of Klagenfurt during my period
of study leave in 1999. Together with her I characterised Pfaffian near bipartite
graphs, and this result represents what is probably my best work.



Chapter 2

Synopsis

As explained in the introduction, there have been three basic strands to my re-
search since the completion of my Ph.D. —matchings in graphs, topological graph
theory and chromatic polynomials. However there are also some papers that do
not fit into any of these categories. Accordingly the 60 papers presented in this
thesis have been placed into four classes according to topic. The papers are there-
fore presented in four appendices. The contents of these appendices are listed in
the next chapter. In addition to the papers, this thesis also contains the two books
mentioned in the introduction. They are presented in two further appendices. I
wish to thank the publishers of these books, Springer and World Scientific respec-
tively, for their kind permission for me to include the books in this thesis.

I now proceed to give an overview of the content of each appendix.

2.1 Appendix A: Papers on Matchings in Graphs
The papers in this appendix pertain to matchings in graphs, especially those match-
ings that are 1 -factors. My interest in this subject dates back to my Ph.D. thesis,
the topic of which arose from the work of the Dutch physicist Piet Kasteleyn on
crystal physics. The problem on which he was working required him to enumerate
the 1 -factors of certain planar graphs.

Before going any further, I need to explain the terms I am using. A graph
consists of a set of vertices and a set of edges joining certain pairs of vertices.
Such a graph may be drawn by representing each vertex by a point and each edge
by a line connecting the points that represent the vertices joined by the edge. A
graph is said to be planar if it can be drawn in the plane without lines crossing.
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An edge is said to be incident on the vertices it joins. A matching is a set of edges
of which no two are incident on a common vertex. Such a matching is a 1 -factor
if every vertex has an edge of the matching incident on it.

Kasteleyn achieved his goal of enumerating the 1 -factors of all planar graphs.
The method he devised also succeeds in enumerating the 1 -factors of certain non-
planar graphs. The obvious question then arises: which non-planar graphs? Be-
cause of the nature of Kasteleyn’s method and the tools needed to implement it,
the graphs for which his method works are referred to as Pfaffian. I attempted to
characterise Pfaffian graphs in my Ph.D. thesis, but succeeded only for bipartite
graphs. (Bipartite graphs are those whose vertices can be painted in two colours
so that vertices joined by an edge receive different colours.) The resulting paper
appeared in 1975 but is not included here. Instead, paper [17] in this appendix
gives a shorter proof than in the earlier paper. It is interesting to note that it was
29 years before this shorter proof was discovered despite the fact that the 1975
paper attracted considerable attention.

The topic of my Ph.D. thesis continued to interest me, and I studied the prob-
lem of characterising Pfaffian graphs from several different points of view. The
results of this study are found in the papers presented in this appendix. The main
achievement is found in paper [14] where Pfaffian near bipartite graphs are char-
acterised.

2.2 Appendix B: Papers on Topological Graph The-
ory

The relationship between Pfaffian graphs and planarity intrigued me from an early
stage in my career, and I continued to wonder whether embedding graphs in sur-
faces other than the plane would provide any clue as to how to enumerate their
1 -factors. These reflections led naturally to a consideration of how to characterise
planar graphs. Many such characterisations are in fact known, including a famous
theorem of Kuratowski, but during the 1970s I began to think that yet another
might exist. I had in my mind a picture of some weird kind of machine consisting
of a set of cogs arranged in a circle, each cog being interlocked with the two adja-
cent to it. The cogs are set spinning simultaneously. Because of the way the cogs
are interlocked, each cog must spin in the opposite sense (clockwise or anticlock-
wise) from both its neighbours. It follows that if the machine is to work then the
number of cogs will have to be even. It seemed to me that this fact is a manifesta-
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tion of a fundamental property of the plane. Because of Kuratowski’s theorem, I
could see that any non-planar graph contains within it a structure that is analogous
to a machine with an odd number (actually 3 or 5) of cogs. The converse of this
observation (the statement that no planar graph has such a structure), however,
was not so clear to me. The main difficulty lay in trying to decide just what sort of
structure in a graph is analogous to the kind of machine I had in mind. I worked
on this problem for a long period of time with Derek Holton. We made two erro-
neous attempts to find the right structure before succeeding. We then published a
conjecture which was proved by Chernyak, thus giving a new characterisation of
planar graphs.

By the time Chernyak’s proof appeared, however, Derek and I were aware of
the possibility of generalising our work so as to prove a theorem that is valid for all
graphs, not just planar ones. The mechanism is supplied by the concept of duality.
We may imagine a drawing of a planar graph as dividing a region of the plane into
countries. If we now endow each such country with a capital city and link each
capital city to those of the neighbouring countries by highways, we obtain a new
graph whose vertices are the capital cities and whose edges are the highways. The
new graph is said to be dual to the original one. Any theorem that is proved for
a planar graph will then have a dual theorem that holds in the dual graph. Derek
and I knew that if we could prove our conjecture for planar graphs then of course
its dual would also hold for planar graphs, but there appeared to be no obvious
reason why this dual should not hold for all graphs, planar or not. In fact it does:
the proof is found in papers [81 and [12] of this appendix.

Later on I became interested in another possible way to characterise planar
graphs. My interest was aroused by a paper of Rosenstiehl and Read in which
they showed that the edges of any graph can be partitioned into three classes in
a very natural way. Their proof involved only very elementary linear algebra. It
could have been discovered by undergraduates, and it is almost embarrassing that
this tripartition was not discovered much earlier in the history of graph theory.
Rosenstiehl and Read went on to use this concept to derive what they claimed to
be another characterisation of planar graphs. However an examination of their
paper reveals that their theorem characterises only those planar graphs whose tri-
partitions satisfy a certain condition (a specific class of the three being empty).
I began to wonder whether their theorem could be modified to be a true charac-
terisation of all planar graphs. In 1990 I was working with Dan Archdeacon at
the University of Vermont, and we studied this problem using ideas that I had al-
ready worked on with my doctoral student, Paul Bonnington. Several attempts to
find the right generalisation failed before we found the idea that succeeded. The
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resulting paper is number [16] in this appendix.
Much of my work in topological graph theory has therefore concerned pla-

narity. However I have also been interested in the logical foundations of the sub-
ject. Most of my papers in that area are not included in this appendix as they were
subsumed in a book written with Paul. This book is presented in Appendix E. A
fuller account of this work therefore appears in the synopsis of that appendix.

2.3 Appendix C: Papers on Chromatic Polynomials
In 1998 a new impetus to my research arrived in the person of Feng Ming Dong,
a postdoctoral fellow working with Kee Teo and me. Dong’s interests were quite
different from my own. He studied what are called proper colourings of the ver-
tices of a graph. These are colourings that satisfy the property that adjacent ver-
tices (vertices joined by an edge) receive distinct colours.

Proper vertex colourings have aroused a great deal of interest in graph the-
ory. Their study dates back to a famous problem originating in the nineteenth
century called the four colour conjecture. Given a map consisting of an area of
land divided into countries, it is natural to try to colour the countries so that those
sharing a common border are coloured differently. With how many colours should
a mapmaker equip himself to be able to guarantee success no matter what map is
presented to him? This innocuous sounding question stimulated immense cere-
bration. The answer was easily seen to be 4 or 5 ,  but which number is correct
remained a mystery for about a century despite the fact that some of the world’s
best mathematicians spent their entire careers trying to settle the matter. Eventu-
ally it was discovered by Appel and Haken that four colours suffice, but the proof
required enormous computing resources and even modern refinements of it are
beyond human capacity to check without the assistance of technology.

The relationship between this map colouring problem and proper vertex colour-
ings is easy to explain. The map can be regarded as a drawing of a graph in the
plane, and this graph has a dual as described earlier. The vertices of the dual
graph represent the capital cities of the countries. Given a colouring of the map,
we may colour each capital city with the colour of its country. This procedure
gives a colouring of the vertices of the dual graph. It is a proper vertex colouring:
since two capital cities are joined by a highway if and only if their countries have
a common border and are therefore coloured differently, it follows that any two
vertices of the dual graph that are joined by an edge must receive distinct colours.

Thus a great deal of interest attaches to proper vertex colourings of graphs.
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One problem that has attracted a great deal of attention is the enumeration of the
proper vertex colourings of a graph when a given number of colours are available.
It is not difficult to see that the formula for the number of proper vertex colour-
ings, for any given graph, will be a polynomial in the number of colours. This
polynomial is called the chromatic polynomial of the graph. It is then natural to
study the roots of this polynomial. For example, if it could be shown that 4 is
never a root of a chromatic polynomial of a planar graph, then it would follow
that any planar graph has at least one proper vertex colouring in no more than four
colours. Accordingly one could then conclude that our hypothetical mapmaker
would require only four hues. Note however that a root of a polynomial need not
be an integer. In this sense the study of chromatic polynomials is undertaken in a
setting that is more general than that of vertex colourings of graphs.

Problems involving chromatic polynomials often relate to their calculation, to
the determination of their roots and to the question of whether a given chromatic
polynomial defines a graph uniquely. These are all questions that have interested
Dong and his coworkers, and several of us addressed them during Dong’s time at
Massey. Most of the papers in this appendix are the result of work on these three
topics. Historically, progress in the area of chromatic polynomials has been rather
slow and is often the outcome of very detailed calculations. Much of our effort
was devoted to the development of new techniques, and this aspect of our work is
particularly evident in papers [3] and [4],

2.4 Appendix D: Other Papers
From time to time in my career I have met other people with interests a little
different from mine but nevertheless close enough to mine to enable effective
collaboration. Such collaborations have resulted in several single papers or small
sets of papers on topics that do not bear much relation to each other or to those
covered in the first three appendices. I have included in this appendix those that
have appealed to me the most.

Of these papers, [13] is the one to which I am most likely to return in the future
course of my research. It is related to the edge tri partition, due to Rosenstiehl and
Read, described in Appendix B. Together with Mike Henning I modified their
idea and discovered that this modification led to a partition of the edges of a graph
into two classes instead of three. Encouraged by the success of my joint work with
Archdeacon and Bonnington in using the tripartition to characterise planar graphs,
we wondered whether this bipartition would enable us to characterise those graphs
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that can be embedded in the projective plane. Though we did not succeed in
finding such a characterisation, this idea remains an intriguing possibility which I
would like to investigate further.

2.5 Appendix E: The Foundations of Topological
Graph Theory

This appendix consists of a book written jointly with Paul Bennington. The
concept of the book arose from my experiences teaching graph theory to advanced
students at both the Royal Melbourne Institute of Technology Ltd. and Massey
University. Specifically, I taught Kuratowski’s theorem to such students but was
unable to discuss a proof because of the amount of topology required. I was aware
that there existed a method, pioneered by Jack Edmonds, for studying embeddings
of graphs in surfaces (not necessarily the plane or sphere) by using cyclic order-
ings of the edges incident on a given vertex. This idea made it possible to study
embeddings of graphs in surfaces without using any topology. Although the con-
cepts used in this approach are elementary, the attractiveness of the approach is
circumscribed by the complexity of some of the arguments involved.

However, during the 1980s an idea due to Sostenes Lins caught my attention.
He studied a concept called a graph-encoded map, or gem. Gems were introduced
by Neil Robertson in his doctoral dissertation, but Lins pointed out their appli-
cability to some aspects of topological graph theory. A gem is actually a special
case of a more general concept called a 3-graph. In order to describe what a 3-
graph is, we need some more definitions. A graph is said to be cubic if every
vertex has just three edges incident on it. A colouring of the edges of a graph is
proper if any two edges incident on a common vertex receive distinct colours. A
3-graph is essentially a cubic graph endowed with a proper edge colouring using
just three colours. Most theorems about gems generalise to 3-graphs, and so the
more general concept attracts more attention.

It was Lins’s insight that a gem could be used to model an embedding of a
graph in a surface. In some ways it seems a more attractive concept to work with.
For instance, switching from a graph drawn in the plane to its dual amounts simply
to interchanging two colours in the corresponding gem.

I began to wonder how far this idea could be taken. For example, could it be
used to provide another proof of Kuratowski’s theorem, one that does not depend
on topology? Could it be used to prove the Jordan curve theorem? This theorem,
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notoriously difficult to prove, encapsulates the intuition that a closed curve drawn
in the plane without crossing itself divides the plane into two regions that have the
curve as their common boundary. I interested Paul Bonnington in these questions
and we obtained an affirmative answer to both. Stimulated by these results, we
decided to write a book to demonstrate the extent to which topological graph
theory can be studied by means of gems. This appendix is that book.

2.6 Appendix F: The Number Systems of Analysis
The history of this book bears some resemblance to the story behind the writing
of the book in the previous appendix. Once again it arose from my teaching. The
original idea, suggested by Bruce van Brunt, was to write a text to cover the mate-
rial taught to undergraduate students of analysis at Massey. Following discussions
that also included Kee Teo, we decided to expand this concept to include the con-
struction of the real number system. It was felt that some of the difficulties that
students often have with analysis arise from an inadequate understanding of what
real numbers are. We then realised that the development of the other number sys-
tems (natural numbers, integers, rational numbers and complex numbers) should
also be included. A thorough treatment of this development requires an under-
standing of sets. Sets, in turn, cannot be treated adequately without a grounding
in logic. By this time we decided to postpone our plan to write a book on analysis
as we realised that we already had plenty of material to cover in one book.

The book therefore begins with an account of the elementary logic required.
A chapter on sets and functions follows, and then the development of the various
number systems begins. A question still remained: where do  we stop? We decided
that the obvious goal was a proof of the fundamental theorem of algebra. This
theorem states that any complex polynomial must have a complex root. It does not
remain true if we restrict numbers to natural numbers, integers, rational numbers
or real numbers. Indeed it was this realisation that motivated the development first
of the integers and then, in turn, the rational, real and complex numbers. We were
then left with the problem of finding a way to prove the fundamental theorem
of algebra that did not require a great deal of material that had not already been
introduced for the construction of the number systems. Fortunately we were able
to find such a method and consequently this book includes a proof that we believe
to be new.
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