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Abstract

This thesis provides a thorough analysis of the theoretical foundations and
properties of the Spectral Warping Transform. The spectral warping trans-
form is defined as a time-domain-to-time-domain digital signal processing
transform that shifts the frequency components of a signal along the fre-
quency axis. The z-transform coefficients of a warped signal correspond to
z-domain ‘samples’ of the original signal that are unevenly spaced along the
unit circle (equivalently, frequency-domain coefficients of the warped signal
correspond to frequency-domain samples of the original signal that are un-
evenly spaced along the frequency axis). The location of these unevenly
spaced frequency-domain samples is determined by a z-domain mapping
function. This function may be arbitrary, except that it must map the unit

circle to the unit circle.

It is shown that, in addition to the frequency location, the bandwidth,
duration and amplitude of each frequency component of a signal are affected
by spectral warping. Specifically, frequency components within bands that
are expanded in frequency have shortened durations and larger amplitudes
(conversely, components in compressed frequency bands become longer with

smaller amplitudes).

A property related to the expansion and compression of the duration of
frequency components is that if a signal is time delayed (its digital sequence
is prepended with zeroes) then each of the frequency components will have
a different delay after warping. This time-domain separation phenomenon

is useful for separating in time the frequency components of a signal. Such
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separation is employed in the generation of spectrally flat chirp signals. Be-
cause spectral warping will generally expand the duration of some frequency
components within a signal, the transform must produce more output sam-
ples than there are (non-zero) input samples in order to avoid time-domain

aliasing. A discussion of the necessary output signal length is presented.

Particular attention is given to spectral warping using all-pass mapping
function, which can be realised as a cascade of all-pass filters. There exists
an efficient hardware implementation for this all-pass SW realisation [1, 2].
A proof-of-concept application-specific integrated circuit that performs the

core operations required by this algorithm was developed.

Another focus of the presented research is spectral warping using a piece-
wise-linear mapping function. This type of spectral warping has the ad-
vantage that the changes in frequency, duration and amplitude between the

non-warped and warped signals are constant factors over fixed frequency
bands.

A matrix formulation of the spectral warping transformation is developed.
It presents the spectral warping transform as a single matrix multiplication.
The transform matrix is the product of the three matrices that represent
three conceptual steps. The first step is to apply a discrete Fourier transform
to the time-domain signal, providing the frequency-domain representation.
Step two is an interpolation to produce the signal content at the desired
new frequency samples. This interpolation effectively provides the frequency
warping. The final step is an inverse DFT to transform the signal back into
the time domain. A special case of the spectral warping transform matrix
has the same result as a linear (finite-impulse-response) filter, showing that
spectral warping is a generalisation of linear filtering. The conditions for the

invertibility of the spectral warping transformation are derived.

Several possible realisation of the SW transform are discussed. These
include two realisation using parallel finite-impulse-response filter banks and

a realisation that uses a cascade of infinite-impulse-response filters.

Finally, examples of applications for the spectral warping transform are
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given. These include: non-uniform spectral analysis (and signal generation),
approximate spectral analysis in the time domain, and filter design.

This thesis concludes that the SW transform is a useful tool for the ma-
nipulation of the frequency content of digital signals, and is particularly
useful when the frequency content of a signal (or the frequency response of
a system) over a limited band is of interest. It is also claimed that the SW

transform may have valuable applications for embedded mixed-signal testing.



viil



Contents

Nomenclature Xix
1 Introduction and Motivation 1
1.1 Signals . . . . . . .. 3
1.2 Continuous-Domain and Discrete-Domain, Analogue and Digital 3

1.3 Sinusoids and Complex Exponentials . . . . .. .. ... ... 5)
1.4 Real Exponentials— Decaying Signals . . . . . . . . ... ... )
1.5 Impulses . . . . . . . 5)
1.6 Impulse Responses . . . . . . . . . ... ... .. .. ..... 7
1.7 Sampling and Reconstruction . . . . .. ... ... ... ... 8
1.8 Important Properties of Systems . . . . . . . ... ... .... 12
1.8.1 Stability . . . . .. ... 12

1.8.2 Finite and Infinite Response . . . . . . . .. .. .. .. 12

1.8.3 Linearity and Superposition . . . . . . .. .. .. ... 12

1.8.4 Time (Shift) Invariance . . . . . . ... ... ... ... 13

1.8.5 Invertibility . . . . .. .. ... 14

1.9 Transforms . . . . . . . . . ... 14
1.10 Time and Frequency Domains and the Fourier Transform . . . 15
1.11 The z-Transform . . . . . . .. . ... ... ... ... .... 16
1.12 The Spectral Warping Transform . . . . . . ... . ... ... 17
1.13 Motivation for Investigating the SW Transform . . . . . . .. 17

2 Analysis of the SW Transform 19
2.1 Digital Spectral Warping . . . . . . .. .. ... ... ... 19

1X



CONTENTS

2.1.1 The Frequency Warping Function . . . . . . . ... .. 22
2.1.2  First-Order All-Pass Mapping . . . . . ... ... ... 23
2.1.3 Higher-Order All-Pass Mapping . . . . . ... ... .. 30
2.1.4 Piecewise-Linear Mapping . . . . . . . ... ... ... 32
2.2 Bandwidth, Time and Amplitude Distortion . . . . . . .. .. 33
2.2.1 Bandwidth Distortion . . . ... ... ... ...... 34
2.2.2 Time Distortion . . . . . .. ... ... ... .. .... 39
2.2.3  Amplitude Distortion . . . . . .. ... ... ... ... 44
2.3 Matrix Representation . . . .. ... ... ... ... ..... 44
2.3.1 The z-Transform Matrix . . . . ... .. .. ... ... 45
2.3.2 The Spectral Warping Matrix . . ... ... ... ... 46
2.3.3 The Frequency Interpolation Matrix . ... ... ... 49
2.3.4  SW a Generalisation of Linear Filtering . . . . . . . .. 50
2.3.5 Sinc Interpolation . . . . . .. ... 51
2.3.6 Interpolation in the Frequency Domain . . . . . . . . . 52
2.3.7 Sampling the Frequency Domain at Arbitrary Locations 58
2.3.8 Constructing the Interpolation Matrix . . . . .. . .. 59
2.3.9 Other Interpolation Functions . . . . . . .. ... ... 62
2.3.10 Imvertibility . . . . . .. ... ..o 68
2.4 Effects Due to Sequence Length . . . . . . .. ... ... ... 69
2.5 SW using the Non-Uniform DFT . . . .. .. ... ... ... 71
Realising the SW Transform 75
3.1 Direct Multiplication Realisation . . . .. ... .. ... ... 75
3.2 SW Using Filters . . . . . ... .. .. oo 76
3.2.1 Filtering Using Columns of S . . . . .. .. ... ... 76
3.2.2 Filtering Using Rowsof S . . . . . ... .. ... ... 79
3.3 Designing a SW Realisation . . .. .. ... ... ... ... .. 79
3.3.1 An Example SW Realisation Design . . . . . . . . . .. 83
3.4 TIIR Method Implementation . . . . . ... ... ... ..... 86
3.4.1 All-Pass Filter Realisation . . . . . ... .. ... ... 87

3.4.2 The Oppenhiem-Johnson Implementation . . . . . . . . 87



CONTENTS xi

3.5 ASIC Implementation . . . . ... ... ... ......... 88
3.5.1 DMotivation . . . . . ... ... 88

3.5.2 Methods . . . .. ... 89

3.5.3 Results. . .. ... ... 90

3.6 MATLAB Simulations . . . . . . . ... ... ... . ... 90
3.6.1 Experiment Set-Up . . . . . . ... ... ... .. ... 90

3.62 Results. .. ... ... ... 92

4 Applications of the SW Transform 97
4.1 SW Applications in Analogue and Mixed-Signal Testing . . . . 98
4.2 Non-Uniform Freq Resolution Generation/Analysis . . . . . 98
4.2.1 Alternative Non-Uniform Resolution Spectral Analysis 101

4.3 SW Chirps Used to Find Frequency Response . . . . . . . .. 105
4.4 Evaluation of Dependency between ENOB and Freq ... . 110
4.5 Using SW for Filter Design. . . . . . .. ... ... ... ... 111
4.6 Harmonic Distortion Measurement . . . . . .. .. ... ... 114
4.7 Other Applications . . . . . . . ... .. ... ... ... ... 114

5 Conclusions and Future Work 115
5.1 The Types of SW Transforms . . . .. ... .. ... ..... 115
5.2  Matrix Representation . . . . . . . ... ... ... .. ... . 116
5.3 The Uses of SW Transforms . . . . . ... ... .. ... ... 116
5.4 Realisation and Implementation . . . . . . ... .. ... ... 117
5.5 ALU Core ASIC . . . . . . . . .. ... ... ... ... 118
5.6 Future Work . . . . . . . ... 118
5.7 Final Conclusions . . . . . . . ... .. .. ... ... ..., 119

A SW ALU ASIC Data Sheet 121
A1 Acknowledgements . . . . . .. ... ... . 122
A2 SW ALU Core Overview . . . . . . . .. ... .. ... .... 122
A.2.1 ALU Input and Output Nodes . . . . . . .. ... ... 123

A.2.2 Top-Level Functional Blocks . . . . . .. .. ... ... 123



xii
A.2.3 Operation . . ... ... ... ... .. ..
A24 Supply . ... ...
A25 Clocking . . . ... ... ... ... ...,
A26 Reset. . ... ... ... ... .......
A.2.7 Design Tools. . . . .. ... ... .. ...
A.3 Circuit Components . . . . ... ... ... ...
A3.1 BasicBlocks . . ... ... ... ......
A32 ControlUnit. . ... ... ... ......
A.3.3 Multiplier . . ... .. ...
A34 Adder . ... ... ...
A.3.5 Two’s Complementors . . ... ... ...
A3.6 Registers. . .. .. .. ... .. .. ....
A.3.7 multiplexers . . . . ...
A.4 Experimental Set-Up . . . . . ... ... .. ...
A.4.1 Elementary Testing . . . . ... ... ...
A.4.2 Functional Testing . . .. ... ... ...
A.5 Floorplanning of SW ALU Core . . . . ... ...

A.6 Schematic Diagrams of SW ASIC Components

A.7 Naming Conventions Used in SW ASIC . . . . ..
A.7.1 Labels in Microwind . . . . ... ... ..
A.8 Simulation Tests . . . . ... ... ... ... ..
A.8.1 Microwind Tests . . . ... ... .. ...
A9 Test Board Design . . . . ... ... ... ....
A.9.1 Interface Circuit Design . . . . . . . . ..
A9.2 PCBLayout . .. ... ... ... .....

B List of Abbreviations

C Matlab Scripts to Produce Figures

CONTENTS



List of Figures

1.1 Types of signals: continuous and discrete. . . . . . ... ... 4
1.2 A simple decaying signal. . . . . . . . .. ... 6
1.3 An example impulse response signal. . . . . . ... ... ... 8
1.4 The sampling process in the time and frequency domains. . . . 10

1.5 A sinc signal used for reconstructing continuous signals from

their discrete sequence representation. . . . . . . . . . . . ... 11
2.1 The steps involved in spectral warping. . . . . . . . .. .. .. 22
2.2 Warping of the z-plane using a real first-order all-pass map-

ping function. . . . . .. .. Lo o 23
2.3 Warping of the z-plane using complex first-order all-pass map-

PING. . . . 24
2.4 First-order all-pass warping of the frequency axis with a real

warping parameter. . . . . . . . ... ..o 27
2.5 Frequency warping functions for two real values of a. . . . . . 28
2.6 A complex first-order all-pass frequency warping function. . . 29
2.7 A second-order all-pass frequency warping function. . . . . . . 31

2.8 A complex-conjugate second-order all-pass frequency warping
function. . . . . ..o 31

2.9 A complex-conjugate second-order all-pass mapping of the z-

domain. . . ... ... 32
2.10 A piecewise-linear frequency warping function. . . . . . . . .. 33
2.11 Distortion of a signal’s bandwidth. . . .. ... .. ... ... 35

X111



Xiv

2.12
2.13
2.14

2.15

2.16
2.17
2.18

2.19

2.20
2.21
2.22

2.23
2.24
2.25

2.26

3.1
3.2
3.3
3.4
3.5
3.6

3.7

LIST OF FIGURES

The bandwidth stretching function. . . . . . .. ... .. ... 37
The error € resulting from using the approximation S(wg). . . 38
Different frequency components within a signal are stretched/

compressed and shifted by different amounts. . . . . . . . . .. 40
Time domain plot and spectrogram of the result of spectrally

warping a unit impulse . . . . . ... ... 43
Some columns of a SW transform matrix. . . . . . . .. .. .. 48
The modified sinc interpolation function . . . . . .. .. ... 54
The modified sinc interpolation function used to resample a

discrete-time signal. . . . . . .. ..o 56
The simplified interpolation function (M = 4) used to resam-

ple a discrete-time signal. . . . . . . ... ... o0, 57
Two example rows of a 64 x 16 interpolation matrix . . . . . . 60
One row of an interpolation matrix. . . . . . . . .. .. .. .. 61
Rows of the interpolation matrices C for all-pass and piece-

wise-linear SW. . . . . ..o o 63
Rows of the modified-sinc and linear interpolation matrices. . 64
The result of SW using different interpolation matrices. . . . . 66
Spectrograms of warped signals from different interpolation

matrices. . . . . ... 67
The result of spectrally warping a unit impulse using too few

output samples. . . . . . . ... 70
SW as matrix multiplication. . . . . . . . ... ... ... ... 7
SW as a bank of N length-M filters. . . . . . . ... ... .. 78

MATLAB code for spectral warping using columns of S as filters. 80
SW as a bank of M length-N filters. . . . . .. ... ... .. 81
MATLAB code for spectral warping using rows of S as filters. . 82
Block diagram for an FIR implementation of an all-pass SW

transform. . . . . . . ... 85

Converting a parallel filter bank into a cascade of filters. . . . 86



LIST OF FIGURES XV

3.8 Second filter of the cascade implementation of an all-pass SW

transform. . . . ... L Lo 86
3.9 SW using a cascade of all-pass filters. . . . . . ... ... ... 87
3.10 The SW network hardware implementation. . . . . . . .. .. 88
3.11 MATLAB implementation of a SW network. . . . . . . . .. .. 91
3.12 High frequency emphasis filter PSPICE netlist . . . . . . . .. 93
3.13 Band-pass filter used to test SW chirp system technique. . . . 94
3.14 Frequency response of PSPICE simulated filter. . . . . . . .. 95

4.1 DSP-based testing of an analogue/digital mixed-signal device. 98

4.2 SW-based testing arrangement. . . . . . . ... .. ... ... 100
4.3 The subband DFT algorithm. . . . . ... ... ... ... .. 102
4.4  Chirp z—transform sample locations in the z-plane. . . . . . . 104

4.5 z-domain samples from a chirp z-transform equal to the DFT

for frequencies between w/4 and 37/4. . . .. ... L. 104
4.6 A chirp signal generated by warping a time-shifted impulse

with a warping factor of a =0.5. . . . . ... ... ... ... 107
4.7 Envelopes of a chirp and chirp response. . . . . . . ... ... 109
4.8 A SW chirp compared with a linear chirp. . . . .. ... ... 111

4.9 A SW chirp compared with a Parks-McClellan low-pass filter. 112
4.10 Magnitude frequency response of the SW chirp filter compared

with the linear chirp and the Parks-McClellan filters. . . . . . 113
4.11 Group delay of the SW chirp, linear chirp and Parks-McClel-

lan filters. . . . . . . ... 113
A.1 ASIC ALU dataflow. . . . .. .. .. ... ... ... ..... 126
A.2 Power supply routing. . . . .. ... 131
A.3 Microwind trace showing the effect of setting notLDA = 0 on

the overflow latch and the output register. . . . . . . .. . .. 134
A.4 CAD tools used in developing the design. . . . . . . ... ... 134
A5 RS-latch. . . . .. . ... 135

A.6 Rising edge-triggered D-latch. . . . . ... .. ... ... ... 135



xvi LIST OF FIGURES

A.7 D-latch with clear. . . . . . . . ... ...
A8 Halfadder. . . ... .. ...
A.9 Half-adder with inverted inputs. . . . . . . ... .. ... ...
A0 Full adder . . . . . ... .
All4-bitadders . . . . . .. ..
A.12 multiplexer using transmission gates. . . . . . . .. .. .. ..
A.13 Transmission gate. . . . . . . . . .. .. ... ...
A.14 multiplexer designed at the transistor level. . . . . . . . . . ..
A.15 Control unit. . . . . . ...
A.16 Array multiplication using the “paper-and-pencil” algorithm. .
A.17 Multiplier (least significant bits truncated). . . . . . . . . . ..
A.18 5-bit adder with disable-add control line. . . . . . . .. .. ..
A.19 Two’s complementor. . . . . . . . .. . ... ... ... ...
A.20 Inverter and signed-binary magnitude to two’s complement
converter. . . . .. ..o
A.21 Two’s complement to signed-binary magnitude converter. . . .
A22aregister. . . . . ...
A.23 Sum register. . . . ...
A.24 Output latch and register. . . . . . . .. ... ... ... ...
A.25 The ALU in place in a spectral warping network. . . . . . ..
A.26 The basic concept of using a PC to perform functional tests. .
A .27 Layout diagram of the SW ALU ASIC. . . .. ... ... ...
A.28 Control unit (expanded). . . . . . ... ... oL
A.29 Five-bit adder (expanded). . . . . . ... ... ... ... ...
A.30 Signed binary to two’s complement converter with inverter
(expanded). . . . . . ...
A.31 Optimised two’s complementor. . . . . . ... ... ... ...
A.32 Signed binary to two’s complement converter without inverter
(expanded). . . . .. ...
A.33 a register (expanded). . . . ... oL
A.34 Sum register (expanded). . . . . ...

146



LIST OF FIGURES xvil

A.35 Output register (expanded). . . . . ... ... ... ... ... 167
A.36 Output latch (expanded). . . . ... ... ... ... ... .. 168
A.37 Select control logic for the input multiplexer. . . . . . . . . .. 169
A.38 Simulation trace of inputs and outputs (a). . . . . .. .. ... 177
A.39 Simulation trace of inputs and outputs (b). . . . . .. ... .. 178
A.40 Simulation trace of inputs and outputs (¢). . . . . . . ... .. 179
A 41 Simulation trace of inputs and outputs (d). . . . . . . ... .. 180
A.42 Simulation trace of control unit outputs. . . . . . . . ... .. 181
A.43 Simulation trace of pre-adder two’s complementor outputs. . . 182

A .44 Simulation trace of pre-multiplexer two’s complementor outputs. 183

A .45 Simulation trace of pre-multiplier two’s complementor outputs. 184

A.46 Simulation trace of multiplexer outputs. . . . . . . ... ... 185
A .47 Simulation trace of adder outputs. . . . . . . ... 186
A .48 Simulation trace of multiplier outputs. . . . . . .. ... ... 187
A.49 Simulation trace of a register outputs. . . . . ... ... ... 188
A.50 Simulation trace of sum register outputs. . . . . . . . ... .. 189
A.51 Simulation trace of output register outputs. . . . ... .. .. 190
A.52 Simulation trace of overflow latch outputs. . . . . . . .. ... 191
A .53 Interface circuit — power supply. . . . . . . .. ... .. ... 192
A.54 Interface circuit — level translator. . . . . . .. .. ... ... 193
A.55 Interface circuit — connectors to ProTest tester. . . . . . . . . 194
A .56 Interface circuit — SW ALU ASIC. . . . ... ... ... ... 195

A.57 PCB layout for test adaptor board. . . . . .. ... ... ... 196



xviii LIST OF FIGURES



Nomenclature

The following is an index of symbols used in this thesis, with the page number

of their first occurrence.

a Spectral warping factor. May be complex, but is real for most

practical situations. . . . . . .. ... oL 23
a* Complex conjugateof a. . . . . . .. ... oL 23
A, Ag,0g Parameters for the chirp z-transform. . . . ... ... ... ... 103
A1, Ay Constants. . . . . . . .. 13
an n™ zero of a high-order all-pass mapping function. . . . ... ... 30
ar The imaginary component of a. . . . . . . . ... ... ... ... 25
aRr The real component of a. . . . . . . .. ... ... 25
B(wmax,wmin)  Unwarped signal’s bandwidth. . . . ... ... ... ... 34
B(2)  An M'"-order all-pass function. . . . . .. ... ... ... ..... 72
B (Wmin, Wmax)  Warped signal’s bandwidth. . . . . . ... ... ... ... 34
Bhanning Width of main lobe of a Hanning window function. . . . . 36
Cy,ny The N x M frequency interpolation matrix. . . . . ... ... ... 49
Cmn The n't element of the m'™ row of Cpyn. « o v v v v v oo oo 59
Dy The M-point DFT matrix. . . . . .. .. .. ... ... ... .... 46
o(t) Dirac-delta (impulse) function. . . . .. ... ... ... ... ... 6
o[n] Unit impulseat n=0. . . . . . ... .. ... L. 7
E(x,z) Error ratio between some function z and its approximation Z, de-

fined as le=Z|/z. . . . oL 35
F{}  The Fourier transform operator. . . .. ... ... ......... 15
F(w)  Discrete-time Fourier transform of fin]. . . ... .. ... ... .. 36
fln] Discrete-time input (unwarped) sequence. . . . . . .. ... .. .. 20

Xix



XX NOMENCLATURE

F~1{} The inverse Fourier transform operator. . . . ... ......... 16
flm]  Discrete-time output (warped) sequence. . . . . . .. .. ... ... 20
f. fn Input vector. . . . . . . . L 47
G[m|]  Discrete Fourier transform of gjm]. . . . . . ... ... ... 45
G[m]| A single sample in the warped frequency domain. . . . . . . . . .. 49
glm] m:]ZDiscrete-time output (warped) sequence. . . . . . ... ... .. .. 46
g,gm  Warped output vector. . . .. ... oL oL oo 47
Hy;ny The M x N SW z-transform matrix. . . . .. ... ... ... ... 46
|H,(w)| Magnitude gain response for N*'-order warping; N = 1 if omitted. 44
i,k Integers. . . . . . . oL L 54
Iy The N x N identity matrix. . . . . . . .. . .. . ... ... .... 68
L Length of window sequence. . . . . . . ... ... ... ... ... 36
M Integer number of output samples. . . . .. .. .. ... ... ... 29
m Vector of row (output) indices. . . . . ... ... ... L. 47
N Integer number of input samples. . . . . .. .. ... ... 47
n Integer used as a discrete time domain index; typically used for
input (unwarped) sequences. . . . . . .. ... 20
Ny, N1, N»  Specific sample locations of the input sequence. . . . . .. .. 36
No, ]\71, N, Specific sample locations of the output sequence.. . . . . . . . 40
Nﬁrst The location of the first non-zero sample of the output sequence. . 42
Niast The location of the last non-zero sample of the output sequence. . 42
w Angular frequency in the z-domain. . . . . . . ... ... 20
wo Centre frequency of a narrow-band signal. . . . . .. .. .. .. .. 35
Wi, Wm The m™ element of the vector w or @, respectively. . . . . . . . .. 30

w[m]  The sequence of frequencies at which the Fourier transform of the
input signal is evaluated. . . . . . .. ..o o000 45

w Angular frequency in the 2-domain. . . . . . . ... ... 20

Wmin, Wmax ~ Lowest and highest frequency components of a unwarped signal. 34

w[m] The sequence of warped frequencies at which the Fourier transform

of the output sequence is evaluated. . . . . ... ... ... .... 59
Wmin, Wmax  Lowest and highest frequency components of a warped signal. 34
w,®  Vector representation of the sequences w[n] and w[m]. . . .. ... 29

S (Wmaxs Wmin) Bandwidth distortion function for first-order real warping. 34



poel

S (Wmaxs Wmins @maxs Pmin) Bandwidth distortion function. . . . . . . . .. 34
Sm,y  The N x M spectral warping transform matrix. . . . . . . ... .. 47
SM,n The n'" column of S MN-  + o e e e e 76
smy  Them™rowof Spry. o o oo 79
SN (Wmins Wmax) N th_order duration distortion function; N = 1 if omitted. 39

S(wo) Approximate bandwidth distortion function for first-order real warp-

ING. . . . o e 35
Sn(wo) Approximation of SN (Wmin, Wmax)- - « « « « « 0 o e e e e e 39
T Time shift. . . . . . ... o 13
T,T The non-zero duration of unwarped and warped signals, respectively. 39
T The sample period. . . . . . . . ... oo 52

On(w) N''-order z-domain mapping (warping) function; N = 1 if omitted. 20
On(w) Nt order frequency mapping (warping) function; N = 1 if omitted. 20

U The non-uniform DFT matrix. . ... . ... ... ... ... ... 72
W, Wy, ¢g Parameters for the chirp z-transform. . . . ... .. .. .. ... 103
Wi M 46
X Matrix representation of X|[zg]. . . . . . ... ... ... ... 72
x Matrix representation of z[n]. . . . . . . ... o000 72
x(t) Continuous-time (output) signal. . . . . . . . ... ... ... ... 13
X(z)  Fourier transform of x[n]. . . . . ... ..o 72
X(2)  Warped Fourier transform of z[n]. . . . ... ... ... ... ... 72
x[n] A discrete-time sequence. . . . . ... ... L 71
X[zr]  The non-uniform DFT of z[n]. . . . ... ... ... ... ..... 71
2, x¥ Element-wise vector/matrix exponent operation. . . .. ... ... 29
X[k]  Warped DFT of z[n]. . . . . .. ... ... .. 73
y(t) Continuous-time (input) signal. . . . . . .. . ... ... ... ... 13
y[m)| A discrete-time sequence. . . . . ... ... L 13
Z The set of all complex numbers. . . . . . ... ... ... ... ... 45
z The complex frequency variable. . . . . . . ... ... ... .... 20
z The warped complex frequency variable. . . . . . . ... ... ... 20

® The convolution operator. . . . . . . .. ... ... .. ... .. .. 9



