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Abstract

The fundamental group of a link L is a group-valued link invariant that can
be defined by assigning a generator to each arc of a link diagram of L, and
introducing a relation between them at each crossing. Wada studied what
he called shift representations to look for other crossing relations that might
define group-valued link invariants. He found seven shift representations, two
of which he noted do not define group-valued link invariants. One of the seven
defines an infinite family G,, of invariants that includes the fundamental
group as GG, and these have since been shown to distinguish knots up to
reflection for m > 2. Wada showed that three of the remaining four give
no new information, leaving just his type seven invariant, which we call 5.
Sakuma showed that the seventh of Wada’s shift representations is isomorphic
to the free product of Z and the fundamental group of the double branched
cover of L, m (L), that is Wi(L) = m1(Ls) % Z. We will use graph theoretic
methods to give a new proof of Sakuma’s result.
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Chapter 1

Introduction

The fundamental group is a well-known and important group-valued invariant
of links and knots. It can be defined using a diagram of the link by introduc-
ing a generator for each strand of the link, and a relation at each crossing,
which is discussed more in Section 2. However, although the fundamental
group carries a lot of information about the link, it is unable to distinguish
between composite knots that differ by replacing a summand with its reflec-
tion. For instance, the granny knot GK and the square knot SK are both
connected sums of two trefoil knots. The granny knot GK is the connected
sum of a trefoil knot and its reflection, while the square knot SK is the
connected sum of two identical trefoil knots, and their fundamental groups
are isomorphic. This provides motivation to look for new group-valued link
invariants that might carry more information about the link.

With this aim in mind, Wada [11] studied shift representations to look for
group-valued link invariants. He started by introducing a generator for each
arc (rather than strand) of the link diagram. Then he looked for words u, v in
the free group Fy = (a, b) such that a — wu, b+ v, defines an automorphism
of Fy, and the crossing relations shown in Figure 1.1 define a group-valued
link invariant. Wada used a computer to test all pairs of words (u,v) with
lu + v| < 10. Up to two natural symmetries, Wada found seven types of
shift representations, five of which define link invariants, which we will call
W, for 3 < n < 7. It was later shown by Ito [4] that Wada’s list of shift
representations is complete.

First we will briefly look at each of the shift presentations.

Wada showed that the third type of shift representation, W5(L) is iso-
morphic to the free group F., where r is the number of components of the
link L, and thus it is not a new invariant.

The fourth type of shift representation, Wy, defines an infinite family
of invariants with crossing relations z = x™yx~"™ for the left crossing, and
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(a) z = u(z,y), w=v(z,y). (b) x = u(z,w), y = v(z,w).

Figure 1.1: Left and right crossings with Wirtinger generators.

z = x~™yz™ for the right crossing, as in Figure 1.2. The value m = 1
gives the fundamental group. For a link L the values m > 1 define new
invariants called the generalised link groups G,,(L), which were introduced
independently by Kelly [5]. Tuffley [10] showed that for m > 1 G,,(GK) and
G(SK) are not isomorphic by counting homomorphisms into a suitably
chosen finite group, confirming a conjecture of Lin and Nelson [6]. Nelson
and Neumann [8] subsequently showed that the generalised knot groups in
fact distinguish knots up to reflection. Al Fran and Tuffley [1] extended [8] to
show that the difference between the generalised knot groups of certain square
and granny knot analogues can be detected by counting homomorphisms into
a finite group.
Wada [11] also showed that for a link L

Ws(L) = (L) * Z, (1.1)

where (L) is the fundamental group of the double branched cover of L.
Hence W5(L) provides no new invariant. Wada also showed that Wg reduces
to W by conjugation in F,, and is therefore not a new invariant either. Wada
showed that Wy and W; have the same abelianisation, which led Wada to
wonder if the above relation is true for W7(L) as well. However, he reports
having done some calculations that indicated they were different. Sakuma [9]
showed that in fact the relation does hold for W7(L) too:

Theorem 1.1 (Sakuma [9]). Wada’s type 7 link invariant is determined by
the double branched cover:

Wo(L) 2 my(Ly) x Z. (1.2)

Sakuma proved the theorem by working directly with the shift represen-
tation, and used the m-orbifold [2] of the link with an additional unlinked and
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unknotted component added. We will work with a Wirtinger presentation
for W7(L) and use graph theoretic methods to give a new proof of the result.

(a) z = aMyz~™.

Figure 1.2: Wirtinger generators and crossing relations for Wy (L).



Chapter 2

Background

We will start with some basic definitions concerning links and knots. For
further reading see [7].

Definition 2.1. (Knot) A knot K is a finite simple closed polygonal curve
in R3.

Definition 2.2. (Link) A /ink L is a union of one or more disjoint finite
simple closed polygonal curves in R3.

The disjoint curves of a link L are called components. Thus a knot is a
link with one component. Two links are considered equivalent if space can
be continuously deformed in such a way as to carry one link to the other.
This is known as ambient isotopy. The components of the link being finite
polygonal curves restricts us to a class of links called tame links, and excludes
the class of links called wild links, which can have pathological behaviour.
For the remainder of this work tame links will simply be called links, and
components of links will be assumed to be tame.

Links can also have an orientation, where there is a direction of travel
specified around each component of the link. A link with an orientation
specified on each component or a knot with orientation specified is called
oriented.

A way to study links and to differentiate between links is to project them
onto a plane. A projection of a link onto a plane gives a link diagram as a
representation of the link. In order to not lose information when projecting
onto the plane, we will use regular projections.

Definition 2.3. (Regular projection) A link projection is regular if no three
points on the link project to the same point, and no vertex projects to the
same point as any other point on the link.
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A link crossing is a point of the regular projection where the projection
of the link crosses itself. Every crossing of a link diagram is the intersection
of two edges, and which edge of the link is on top and which is underneath
is indicated in the link diagram, as in Figure 2.2. The edge that passes over
is shown normally in the link diagram, while the edge that passes under is
broken at the crossing, to signify it passes under the other edge. The part
of the link that passes underneath is the undercrossing, while the part of the
link passing over the top is the overcrossing.

Definition 2.4. (Strand) A strand of a link projection is a section of the
link from one undercrossing to another.

Definition 2.5. (Arc) An arc of a link projection is a section of the link
from one crossing to another.

With these definitions each strand of the link can be split at a crossing
into two arcs, as in Figure 2.1, where the strand labelled x is split into the
two arcs z; and z,.

L1 Y
Z L2
(a) Strand labelled left crossing. (b) Arc labelled left crossing.

Figure 2.1: Left crossing with strands and arcs labelled.

With an oriented link the crossings also have an orientation. Consider
Figure 2.2, a figure-eight knot with two left and two right crossings. Crossings
are labelled as left or right depending on which strand of the crossing is the
over-strand. When oriented with both strands travelling downward, for the
left crossing the strand that comes from the left is the overcrossing, while for
the right crossing the strand that comes from the right is the overcrossing.

Next we will introduce the concept of faces of a link diagram.

Definition 2.6. (Faces of a link diagram.) Let L be a link with diagram D.
Consider the regular projection of D onto the surface of a sphere. The faces
of D are the areas of the surface of the sphere bounded by D.
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R1 R2

L,

Figure 2.2: A directed figure-eight knot with labelled left and right crossings.

With this definition the outer area of the link diagram is also a face.
Figure 2.3 shows the faces of a trefoil knot.

We will also make use of a type of colouring of a link diagram called the
checkerboard colouring, which we will now define.

Definition 2.7. (Checkerboard colouring.) The checkerboard colouring is a
two colouring of a link diagram where faces of the link diagram that meet
opposite each other at a crossing are the same colour, and faces that are
adjacent at a crossing are opposite colours.

The existence of the checkerboard colouring can be proved by considering
the parity of the sum of the winding numbers of the components around a
point in the face. Then faces adjacent at a crossing have opposite parities
and faces opposite at crossings have the same parities. Figure 2.4 shows how
the colours of faces that meet at a crossing relate. For the faces of Figure
2.3, faces two and five would be one colour, and faces one, three and four the
other colour.

Now we will introduce the concept of link invariants. A link invariaint is a
mathematical object such as a number, polynomial or group that is associated
with the link in such a way that the value depends only on the equivalence
class of the link. Many link invariants are defined using the link diagram,
and for such definitions we need to ensure that the value of the invariant
doesn’t depend on the choice of diagram used to calculate it. This can be
done using the Reidemeister moves. These are three types of deformations
that can be done to a diagram that do not change the associated link, shown
in Figure 2.5 on page 9. These moves affect an isolated part of the link, and
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Figure 2.3: A trefoil knot with numbered faces.

Colour 2

Colour 1 Colour 1

Colour 2

Figure 2.4: The checkerboard colouring of faces at a crossing.

leave the rest of the link unchanged. By Theorem 2.8 these Reidemeister
moves are sufficient to change any diagram of a link into any other diagram
of the same link, so they be used to check that a given definition of a link
invariant doesn’t depend on the diagram used.

Theorem 2.8. Any two link diagrams Dy and Dy for a link L are related by
a sequence of Reidemeister moves.

Next we will define the fundamental group.

Definition 2.9. (Fundamental group) The fundamental group of a link L is
the fundamental group of the link complement R3 — L, written as 7 (R — L).
The elements are homotopy classes of paths in the complement, where paths
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are considered up to deformation fixing the basepoint, where the operation
for the group is concatenation.

The fundamental group as defined in Definition 2.9 is clearly a link in-
variant. However, for practical purposes we need to be able to calculate it
from the link diagram. This is done using the Wirtinger presentation. We
associate a Wirtinger generator to each strand of the link L, and associate a
movement with the generator, as shown in Figure 2.6 on page 10. Each gener-
ator represents a path starting from the observer, passing through the plane
and around behind a strand before returning out through the plane back
towards the observer. The direction of the movement behind the strand is
determined by the right hand rule, where the thumb of the right hand is
in the direction of the strand and the fingers of the right hand are in the
direction of the movement behind the strand, with the palm facing out of
the plane.

The relations will come from the crossings, as shown in Figure 2.7 on page
10. The two paths shown at each crossing can be deformed into each other,
and thus a relation is formed between their associated Wirtinger generators.
The relation for the left crossing with the crossings labelled as in Figure 2.7
isy; = ykyjyk’l, and the relation for the right crossing is y; = y,;lyjyk. These
are the only relations between the Wirtinger generators.

Theorem 2.10. The Wirtinger presentation of a link complement is a group
presentation of the fundamental group of the link complement.

Thus, the fundamental group has a presentation consisting of a generator
for each strand of the link, and a relation for each crossing. The Wirtinger
presentation depends on the link diagram, and the Reidemeister moves can
be used to give an independent proof that the group defined by the Wirtinger
presentation is a link invariant.
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A
L 2

A
L 2

> =X T

Figure 2.5: Type I - III Reidemeister moves.
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(a) Left crossing. (b) Right crossing.

Figure 2.6: Crossings with Wirtinger generators and movements.

(a) Left crossing. (b) Right crossing.

Figure 2.7: Crossings with Wirtinger generators and equivalent movements.



Chapter 3

Definition and presentation of

W=(L)

3.1 Introduction

We will begin by defining W57(L). Recall that an arc of a link diagram is a
section of the link from one crossing to another

Definition 3.1. (W7(L)) Let L be an oriented link with diagram D. Intro-
duce a Wirtinger generator a; for each arc of D. Then W7(L) is the group
generated by the a;, with crossing relations ¢ = a?b, d = (ab) ' for the left
crossing and a = ¢?d, b = (cd)~'d for the right crossing, with the crossings
labelled as in Figure 3.1.

In contrast to the fundamental group, W7(L) has a generator for each
arc of the diagram, rather than each strand. It can be shown using the
Reidemeister moves that W,(L) is well defined.

) Left crossing. b) Right crossing.

Figure 3.1: Crossings with Wirtinger generators.

11
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Note that for the left crossing we have
cd = a®b(ab) b = ab, (3.1)
and for the right crossing we have
ab = c*d(cd)d = cd. (3.2)

At each crossing we introduce the crossing generator x = ab = cd. This
allows the relations to be rewritten as ¢ = ax,d = 1~ 'b for the left crossing
and a = cx,b = 27 1d for the right crossing.

The relations at a crossing can be considered as equivalent to move-
ments along the crossing from a Wirtinger generator on one of the arcs to a
Wirtinger generator on the other arc. For example, with the labellings as in
Figure 3.2, the relation d = 271b can be viewed as moving along the crossing
from b to d, where b and d are Wirtinger generators on two different arcs
connected at a crossing with generator x.

x! x!

(a) Left crossing with clockwise (b) Right crossing with clockwise
movement. movement.

Figure 3.2: Crossings with crossing generator signs for the indicated move-
ments.

For consistency, expressions will be written so the right hand side contains
the crossing generator and the Wirtinger generator started at, while the
left hand side contains the Wirtinger generator ended at. The exponent of
each Wirtinger generator is determined by the direction travelled around the
crossing, relative to the direction of the arc containing that generator. If the
movement is in the same direction as an arc, the exponent of the Wirtinger
generator for that arc is +1. If the movement is opposite the direction of
an arc, the exponent of the Wirtinger generator for that arc is —1. For the
left crossing relation d = x7'b, moving from b to d is moving in the same
direction as the arc containing b and then moving in the same direction as
the arc containing d, hence their exponents are both +1.
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With the manner of writing the expressions as stated above, and the
centre of the clock in the centre of the crossing, travelling clockwise puts the
crossing generator on the left of the Wirtinger generator in the right hand
side expression. Travelling anticlockwise puts the crossing generator on the
right of the Wirtinger generator in the right hand side expression. With the
labellings as in Figure 3.2, the relations between the Wirtinger generators at
the crossing are:

Left crossing:

Clockwise:

d=xz""b, bl =z"lq, al=xct, c=axd .
Anticlockwise:

bl =d 1zt al=bzt, c=ax, d=clz.

Right crossing:

Clockwise:

d = xb, bl =z"1q, al =zt c=xd L.
Anticlockwise:

bl =d 'z, a ' =bx, c=ax"", d=c 'z

3.2 Graphical representation of the presenta-
tion

The idea of movement around a crossing and movement along the link dia-
gram motivates building a properly defined graphical representation for the
link to understand the relations coming from the link. In fact we can define
a planar graph representation of the link directly from a link diagram, and
apply graph theory knowledge to derive some results about relations coming
from the link.

Definition 3.2. (Graph of W7(L)) Let L be an oriented link with a given
link diagram D. We can then associate an edge labelled directed graph with
D, called G(D), in the following way. For each arc of D we place a vertex
on each side of the arc, such that if a; is the Wirtinger generator for the arc,
a vertex labelled a; is on the left of the arc relative to the direction of the
arc in the link diagram and a vertex labelled a; ' is on the right of the arc.
These will be the vertices of the graph, with two types of edges:
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(a) Left crossing with graph ver- (b) Right crossing with graph
tices, edges and crossing genera- vertices, edges and crossing gen-
tors. erators.

1.

2.

Figure 3.3: Graph expression of a left and right crossing.

an edge from a; ' to a; for all 4,

a directed edge joining each pair of vertices in the same quadrant of
each crossing, for all crossings in D. The direction of these edges is
clockwise, where the centre of the clock is the centre of the crossing.

The two types of edges, with «;, a;,e € £1, encode relations in the fol-
lowing way:

1.

Qg

Edges from a to a; ** have the trivial relation a; * = (a$")~! for each

%
1.

Edges from a;" to a?j for i # j encode a relation of the form aj* =
xfai?, where x is the crossing generator of the crossing where the arc

7 )

containing a; and the arc containing a; meet.

Figure 3.3 shows the graph representation of the left and right crossings
from Figure 3.2, with labelled vertices and the signed crossing generator
associated with each edge.

Figure 3.4 shows the graph representation for the trefoil knot, with ver-
tices labelled in black and crossing generators labelled in purple.
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ay
a2
as ay
as Qe
(a) Trefoil knot with Wirtinger (b) Graph representation of tre-
generators. foil knot.

Figure 3.4: Graphical expression of trefoil knot.

3.3 Words and relations from walks in G(D)

Now we have defined a graphical representation of a link diagram for W7 (L),
we will consider the relations that arise from walks in G(D). Let L be a link
with connected diagram D. Then walks in G(D) will form relations involving
the Wirtinger generators associated with the beginning and ending vertices,
and the signed crossing generators associated with each of the edges in the
walks.

By construction of G(D), a; and a; ' are on opposite coloured faces of
the checkerboard colouring of D for all 7, so moving from one coloured face
to another will invert the current relation, and the crossing generators that
were on the left of the Wirtinger generator in the relation will move to the
right of it. This means the crossing generators associated with the edges
of a walk in G(D) can appear on both the right and left of the Wirtinger
generator in the right hand side expression. If the signed crossing generator
associated with the directed edge from vertex a; to vertex a; is xy, the relation
associated with the edge walk from a; to a; is a; = x,a;. Then the relation
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associated with travelling in the opposite direction along this edge from a;
to a; is a; = x,;laj. This means the sequence of signed crossing generators
associated with a walk in G(D) accounts for the direction travelled along
each edge, as well as the order of crossing generators encountered.

Lemma 3.3 shows the relation formed from a walk in G(D).

Lemma 3.3. Let L be a link, and let W be a walk in G(D) from a;* to
a?j where a;, o5 € {1,—=1}. Let a7, 272, ..., 2;° be the sequence of signed
crossing generators encountered along W on faces of the same checkerboard
colouring colour as aj*, and x*, x]2, ..., 2t the sequence of signed crossing
generators encountered along W on faces of the opposite colour to a;*, where

er, Mk € {1,—1} for each k. Then the relation formed from the walk W is

QA [8s .. €281 % =T =2 | 1B
a;) = [xls viwyta M x,. "7, (3.3)
where 8 = +1 if a;’ is on a face of the same colour as a;*, and B = —1 if
C!]' . .
a;’ is on a face of the opposite colour.

J

Proof. Consider a walk W of length n from a;" to a?‘j . For n = 0, the walk
is trivial, 7 = 7, no crossing generators are encountered and the relation is
a;" = a;". Assume the hypothesis is true for walks of length n = 0,1,2,... k.
Consider a walk W of length n = k + 1 from a" to aj’. Let W’ be the walk
of length % obtained from W by excluding the last edge. Let al* be the last

3 . .
vertex of W’. Let 7', 2;2,...,2;Y be the sequence of signed crossing gen-
11 )%lg ) lt’
erators encountered on faces of the same colour as a;* and ]!, 272, . .. ,:17;7;,’

the sequence of signed crossing generators encountered on faces of the oppo-

site colour to aj’, where s’ = s or s — 1, t' = t or t — 1. By the inductive

hypothesis:
Qu _ [.8s" €201 40 = 2 L e Y
au - [xlsx xlg xll a’i xrl x?"g xrt/t] ) (34)
where v = 41 if a%* is on a face of the same colour as a7, and v = —1 if al»

is on a face of the opposite colour to aj*. There are two cases for the last
edge.

1. The last edge of the walk is from a{* to a,**, where a,“* is on an
opposite coloured face to al* by construction of the graph of the link.
Then a?j =a, ", f=—y,s=5,t=1t and

Qaj — Qo

B D o I e 7 BNl / L/ Iy WA e
— [mlsl ragtagt e, M, ] (3.5)
— s L. €281 Q=T T2 B )
- [xls 'xlg xh A Ty Ty Ly, ] ’

as required.
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2. The last edge is not from a2* to a,**, so the expression for the last edge
is of the form a}’ = 9 a3 and a;” is on the same face as ag*. It follows
that 3 = ~, and 2, is the next crossing generator in the sequence of
signed crossing generators encountered on faces of the same colour as

(6] . .
a;’. The expression for W is

Q0 [Es L €2 081 Qi M 2 T Y

a;" = ay, v eyt ad e M x, . (3.6)

If v = +1 then af* and consequently a?j are on a face of the same

colour as a;*. Then = +1,t =1, s=5+1,ly=m and ¢, = 0. The

expression for W is
@

a; =z

)

m

R e T Sl LY I v A L
OMRREE i TR CRE N x, "]

0 o1 o (3.7)

— [Es ... M M2 . e B
- [xls xlg xll ai le :L‘TQ .',U” ] .

If v = —1 then a{* and consequently ajo-lj are on a face of the opposite
colour to a$. Then 22 is the next crossing generator in the sequence of
signed crossing generators encountered on faces of the opposite colour

toa, 0=—-1,s=¢,t=t+1 rn=mand n = 6. The expression
for W is
O 0 [0.Es L E2..81 QN a2 L 1
aj _xm[xls/ 1'12 xll a; xrl l’m xrt/ }
8 B2 E1 Q= 2 Ty 0]
- [a’;ls/ xlz a’;ll ai le ‘TT'Q ‘/L‘T't/t ‘rm ] (38)

€2 .61 O

— [gCs ... —M N2, )8
- [xls xlz xll ai x?“1 x’r‘g xT‘t ] .

O

Since we can form a walk from a single Wirtinger generator in G(D) to
any other Wirtinger generator on the same component of D, Lemma 3.3 tells
us we can express the Wirtinger generators of a component in terms of a
single Wirtinger generator in that component, and the crossing generators
that appear in that component. Then if the diagram D for L is connected
we can reduce to a single Wirtinger generator. Lemma 3.4 shows us we can
always form a connected diagram for a link L.

Lemma 3.4. Fvery link L has a connected diagram D.

Proof. Let L be link, and D a diagram for L with as few connected compo-
nents as possible. If D is connected we are done. If D is not connected, it
has at least two components, D; and Dy. We then perform a type 2 Reide-
meister on an arc of each of D; andDy to connect them, as in Figure 3.5.
Now D; and D, are a single component, and this new diagram D’ has fewer
components then D. This contradicts the choice of D, so D must in fact be
connected. 0
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IR

Figure 3.5: Two components joined by a type 2 Reidemeister move.

Since we can form a connected diagram D for a given link L, we can ex-
press every Wirtinger generator in W7(L) in terms of the crossing generators
and a single Wirtinger generator a;". This gives the following corollary:

Corollary 3.5. Let L be a link and let D be a connected diagram for L.
Then Wo(L) has a presentation that is generated by any single Wirtinger
generator and the crossing generators.

3.4 Faces and their relations in G(D)

We will begin by introducing the notion of a face walk:

Definition 3.6. (Face walk) Let L be a link with diagram D. A face walk
is a non-trivial simple closed walk in G(D) that involves no edge from a;" to
a; “ for any i. Such a walk necessarily travels around a face F' of the link
diagram.

Figure 3.6 shows the five face walks of the trefoil knot in red.

Figure 3.6: Trefoil knot with numbered faces.
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aq

Every face walk is a walk from some aj' to a3

give a relation of the form

which by Lemma 3.3 will

att = x5 - a2xtat (3.9)

J1 is 1211 g0

where the crossing generators all appear on the left of the Wirtinger generator
since all edges in the walk are on the same face. This relation can be simplified
to

it xast =1, (3.10)

is 12 i
or f; = 1, where the word f; is a product of crossing generators,
=i aal (3.11)
We call the relation f; = 1, the face relation associated with the face F} of
the link diagram.
What vertex is chosen for the start and hence end of a face walk does
not provide a different face relation for any face walk. Instead, it produces a

cyclic permutation of the crossing generators and thus a cyclic permutation
of fj =1.

Lemma 3.7. Let W be a simple walk around a face F', in a given direction,

starting and ending at ajo-‘ll, with relation

Q1 __ .Es €2 .61 01
ajl = xlrgag) (3.12)
Then
— € €2 .81 __
f=a - ate =1 (3.13)

is the face relation for F. Let W' be a walk on F, in the same direction
around F'as W, with face relation f', starting at a5?, where a3’ is r steps
around W from a$'. Then f" is a cyclic permutation of f, so f' =1 follows

from f=1. ’

aq

Proof. As aj} is r edges from aj' around W, we have

a®? = xf; Rl s o

J2 12741
g (3.14)
T
where v = 27" - - x;2x;!. Then W’ encounters the sequence of signed crossing
generators
Er+1 Es €1 €2 Ep
I T T T A (3.15)
so the relation for W' is
Qg __ Er | pn€2 .81 .85 | 82 0 .8r 1l
agl =al e rl T T i T ags (3.16)
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And the word related to f’ is

I pEr L €2 01 Es | B2 Bl
fr=agl g (3.17)

Since f’ is a cyclic permutation of f, f’ is conjugate to f. We see

=1 _ &r . 82,61 Es ...+l Er €2, .E1 Er .. €261 -1
vfvT =yl (xis Lip i Liy " Ly Ly )(; Liy iy ) (3.18)
Er .. ZEE2I€1Z‘€S . 57‘+2xa7‘+1 _ f/ :
— Vi i Vi1 Vig Gpg2 Vipgp1 .
Then since f = 1, it follows that " = 1. O

If the face walk is done in the opposite direction the relation formed will
be aj‘ll = fﬁlaé"l1 which reduces to f~! = 1. Thus, changing the direction of

the face walk does not provide a new relation.

Lemma 3.8. Let W be a simple walk around a face F', in a given direction,
starting and ending at a5 with relation

ajo-‘l1 = xf: . -xf;xflla?;. (3.19)
Let
f=ap - alr = 1. (3.20)

Let W' be the simple walk around F' starting and ending at a?‘ll , in the opposite
direction to W. Then the relation for W' is

ar __ .—€1,.7€2 —E€s41,,—€s QO
ajl =x; "y, v M al (3.21)
Let
! —€1,.—€2 |, —€s+4+1 _,—€g
f - xi1 xiQ :Es+1 T . (322)

Then f' = f=1, and since f = 1, f' = 1 follows from f = 1 and does not
provide a new relation.

Proof. Let W' be the simple walk around F' starting and ending at aj", in
the opposite direction to W. The walk W’ encounters the same crossing
generators as W but in the opposite order, and since W’ crosses the edges in
the opposite direction the signs of the crossing generators will be reversed.
Therefore the relation for W' is

a1 —€1,.—€2 —E€s+1,,—€s 001 __ BNt
a.jl — Y xiQ Ts41 1s a/jl - fajla (323)
SO
! —€1,.—€2 —€s+4+1 _,—€g
f - xil ajig ts4+1 zs (3 24)
— (lﬁs .. x€2x€1)—1 _ f—l ’
Wi 19 11 - )

Then since f =1, f' = 1 does not provide any new information. ]
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There are faces of G(D) that are not faces of D. These are faces that
surround a crossing of the link diagram, as in Figure 3.7. These faces have
associated simple closed walks that are not face walks, but do not provide
new relations, as shown in Lemma 3.9 below:

Lemma 3.9. (Cross face walk) The relation from a walk around a crossing,
a cross face walk relation, is trivial, and so provides no new information.

Proof. Consider the crossings as in Figure 3.7. There are two cases, according
to whether the crossing is a left or right crossing.

1. The walk W = a,b"%,b,d,d"t,c,c!,a™t, a around the left crossing is a
simple closed walk around a face of G(D) that is not a face walk. The
relations for each edge of this walk are:

bl =z"1q, d=xz""b, c=axd a ! =zct

Substitution gives:

bl=oYer ) =2 Had Yo =z a(b o)z = (@ 2)b (wa™ ) = b7,

and the relation from W provides no new informationl.

2. The walk W' = a,b"%,b,d,d"',c,c™!,a™ !, a around the right crossing
is a simple closed walk around a face of G(D) that is not a face walk.
The relations for each edge of this walk are:

bl =z"1q, d = xb, c=xd?, al=z"tct
Substitution gives
bl=aYer) =2 Had No=a 2(b o o = (a7 2)b (o) = b7,
and the relation from W' provides no new information.
O

Corollary 3.5 tells us that we only need one Wirtinger generator and
the crossing generators for a presentation of Wr(L). The next step will be
to prove that we can reduce the relations of the presentation to the face
relations, f; =1 for all . This will give us Theorem 3.10:

Theorem 3.10. Let L be a link with connected diagram D. Then
Wi (L) = (ap, 21,9, - . ., 2| f1, f2,- - i), (3.25)

where a, 1is the single Wirtinger generator, x1,%s,...,x, are the crossing
generators and fi, fa,... fi the face relations.
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(a) Left crossing with graph ver- (b) Right crossing with graph
tices, edges and crossing genera- vertices, edges and crossing gen-
tors. erators.

Figure 3.7: Graph expression of a left and right crossing.
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Graph theory preliminaries

We need a way to decompose more complex walks to show that their relations
can be derived from the face relations. We will start by defining a type of
walk that we will use in our decomposition.

Definition 4.1. (Lollipop) Let G be a graph drawn on a plane. A lollipop
is a walk on G that consists of a simple walk, called the stick, followed by
a simple closed walk, called the head, followed by the reverse of the initial
simple walk.

A simple lollipop is a lollipop where the head is a walk around a face
of the graph. Figure 4.1 shows an example of a non-simple lollipop and its
simple lollipop decomposition.

Figure 4.2 shows an example of a lollipop and a simple lollipop on the
trefoil knot. Lollipops will provide a way to decompose large closed walks
into simpler walks to understand their relations.

We will decompose walks into simpler ones using the notion of homotopy,
which we define as follows:

Definition 4.2. (Homotopic) Two walks W and W’ on a graph G are homo-
topic if one can be obtained from the other by a series of insertions and/or
deletions of cancelling edge pairs.

Definition 4.3. (Homotopically decomposed) A closed walk on a graph GG
can be homotopically decomposed if it is homotopic to a product of lollipops.

Definition 4.4. (Reduced) A walk on a planar graph G is reduced if it
contains no cancelling edge pairs.

Then from the definition of homotopic, any non-reduced walk is homo-
topic to a reduced walk.

23
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Figure 4.1: Non-simple lollipop and its simple lollipop decomposition, with
the sticks of the lollipops shown in blue and the heads of the lollipops shown
in purple.

Lemma 4.5. FEvery closed walk in a planar graph G can be decomposed
homotopically into a product of lollipops.

Proof. Let T be a spanning tree for a planar graph G. Let W be a closed
walk on GG, and let n be the number of edges in W not in T. For n = 1, we
can write W as UeV, where U is the walk in T" from the start of W to the
first vertex of e, and V' is the walk in T" from the second vertex of e back to
the start of W. U and V can be split up as U = gU’, V = V’'g~!, where ¢
is the walk in 7" from the start of W to the first point at which V' meets U.
It’s possible that g might be empty. Then g will be the stick of the lollipop,
and U'eV’ is the head.

Assume the hypothesis is true forn =1,2,3,..., k. Let n =k + 1. Then
we can decompose W into lollipops in the following way: walk W until we
reach the first edge e of W not in 7. Walk e, then follow the spanning tree
back to the beginning of W. Then retrace back to the second vertex of e and
resume W. This inserts a cancelling path in W, so the new walk is homotopic
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a2
12

aq
aq a:
ail 1

(a) A non-simple lollipop with (b) A zimple O}OlliPOP with stick
stick from aio‘ll to af‘;. from a;' to a;’.

Figure 4.2: A simple and non-simple lollipop walk on the trefoil knot, where
the sticks are shown in blue and the heads are shown in purple.

to W, and it can be split up as wiwsy, where w; has one edge not in T', and wy
has k edges not in T'. By the inductive hypothesis, w;, ws and consequently
wiwy can be homotopically decomposed into a product of lollipops, and thus
so can W, since it is homotopic to wyws. O

Lemma 4.6. Any lollipop on a planar graph G can be homotopically decom-
posed into the product of simple lollipops.

Proof. Let G be a planar graph. Consider a lollipop P on GG whose head is
made up of n faces of G. If n =1, P is a simple lollipop and is decomposed.
Assume the hypothsis is true for n = 1,2,3,...,k . Let P have n = k+ 1
faces of G. Then there is a walk WW that connects two vertices on the head of
P, and divides the region enclosed by the head of P into two regions, H; and
H,. Let g be the walk for the stick of P, and let W be from ajo-‘j to a;". Let
a;" be the vertex where the stick of P meets the head of P. Let P, be the
walk on P from a" to a?j, P, the walk from a?j to a;" on P, and Ps the walk
on P from a;" to a;, as shown in Figure 4.3. P is homotopic to the walk
gPiW Pyg~'gP; "W 1P, P3g~!. This walk is the product of two lollipops,
gPiW P3g~' and gP; "W ~'P,P3g~!, so P can be homotopically decomposed
into a product of two lollipops.
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Let d; be the number of faces of G in H;, and dy the number of faces of
G in Hy. Then dy +dy =k + 1, and dy,ds > 1, so di,ds < k+ 1 and by the
inductive hypothesis the two new lollipops can be decomposed into simple
lollipops, and hence the lollipop with k + 1 faces of G can be homotopically
decomposed into simple lollipops. O]

Figure 4.3: Lollipop decomposition, see proof of Lemma 4.6
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Proof of Theorem 3.10

We will begin with a lemma that relates the relations from homotopic walks

in G(D).

Lemma 5.1. Let L be a link with link diagram D, and let W and W' be
walks in G(D) such that W' is obtained from W by inserting a cancelling
edge pair. Then W and W' have the same relation.

Proof. Let W be a walk in G(D) such that W = wyw,, and W’ the walk in
G(D) such that W’ = wiee  w,, where e is an edge in G(D). Let W be from
ag to a;’, and let wy be from af* to afy. Then by Lemma 3.3 w; has a
relation of the form

a®m = (Lya$ir))P, (5.1)

m

where [; is the product of signed crossing generators from faces of the same
colour as a;", and r; is the product of signed crossing generators from faces
of the opposite colour to a;*. By Lemma 3.3 w, has a relation of the form

a?j = (lya%mry)P2, (5.2)

where [, is the product of signed crossing generators from faces of the same
colour as a%™, and 79 is the product of signed crossing generators from faces
of the opposite colour to afm.

The edge e can be one of two types.

1. The edge e is from a®™ to a,*™. Then the walk w;ee! has relation

adm — (lla?irl)(*lﬁﬁ — (lla?iTl)Bl, (5.3)

m

the same relation as the walk w;.

27
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2. The edge e is from a®" to a®" with relation a®* = x%a®". Then the
1

relation for wiee™" is

a®m = 27020 (la%r )™, (5.4)

which reduces to the relation for w;.

Then in both cases since w;ee~! has the same relation as w;, W and W’ have
the same relation. O

This gives us the following corollary:

Corollary 5.2. Let L be a link with diagram D. Then homotopic walks in
G(D) have the same relation.

Next we will look at the relation for a simple lollipop, and how it can be
reduced to its associated face relation or the trivial relation 1 = 1.

Lemma 5.3. Let L be a link with link diagram D. The relation for a simple
lollipop P in G(D) reduces to the face relation f; = 1 when the head of P is
the face walk f;, and is trivial when the head of P is a cross face walk.

Proof. Let a;" be the starting vertex for the lollipop. Let g; be the product
of crossing generators associated with edges of the stick on faces of the same
colour to a;*, and let g, be the product of crossing generators associated with
edges of the stick on faces of the opposite colour to a;".

Face walk head: By Lemma 3.3 the relation for a simple lollipop with head
fj can have two forms:

1. The face walk f; associated with the head of the lollipop is on a
face of the same colour to a;*. Then the relation for P is

al = g fiqmal g, g7, (5.5)

where 8 = +1 since the starting and ending vertex is the same,
and thus they are on the same face. This relation reduces to

fi=1

2. The face walk f; associated with the head of the lollipop is on a
face of the opposite colour to aj. Then the relation for P is

al = lg gl g, 7 r)”, (5.6)

where 8 = +1 since the starting and ending vertex is the same,
and thus they are on the same face. This relation also reduces to

fi=1
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Cross face walk head: If the head of P is a cross face walk, by Lemmas
3.3 and 3.9 the relation for P becomes:

a = g7 a9, 9,17, (5.7)

where 5 = +1 since the starting and ending vertex is the same, and
thus they are on the same face. This relation reduces to a;* = a3".

O

Now since any closed walk in G(D) is homotopic to a product of simple
lollipops, and the relation for a simple lollipop reduces to the face relation
f; = 1 associated with the face of the lollipop, the relations from closed walks
in G(D) are consequences of the face relations. This establishes Theorem 3.10
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Examples of presentations for

W=(L)

We will now find presentations for W7 (L) in three examples: the knot 63 and
two infinite families, the (2, k) torus knots and the k-twist knots with odd
numbers of twists.

6.1 The knot 65

We will start with finding the presentation for W5(63). Figure 6.1 on page
35 shows the graph representation for the 63 knot with labelled vertices,
crossings and faces.

Travelling anticlockwise around each face, with the center of the clock
being in the middle of the face, the next crossing generator will appear on
the left of the current product. The relations for each of the eight faces are
as follows:

1. Starting at as, the relation for Fj is:

fi=a gty = 1 (6.1)

2. Starting at ag, the relation for Fj is:

fo=mayt =1 (6.2)

3. Starting at a3 ', the relation for Fj is:

fg = (L’lfL’QIZlﬁg) =1. (63)

30
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4. Starting at a7, the relation for Fj is:

fo=xpxytay =1, (6.4)

5. Starting at ag ', the relation for Fj is:

fs = a5 o eyt = 1 (6.5)

6. Starting at a;;’, the relation for Fy is:

fﬁ = I6_1I4l’3 =1. (66)

7. Starting at ayy, the relation for F is:

fo=a5tws = 1. (6.7)

8. Starting at a1, the relation for Fy is:

fg = (L’gZEl_l.T5I6 =1. (68)

Each of the face relations equates a product of crossing generators to
one. We can form a group presentation of the knot from these face relations.
From Equation (6.2) we get the relation z; = z5. Substituting this into
Equation (6.1) gives:

-1 1 1 —-1,.-1 —1_1 -1 _ .2 2
)

Ty X3 Ty =X Ty X = T3 =Ty, T3 =Ty .
Next from Equation (6.4) we get:
:Egmglm = xlx%m =1, Ty = xl_3.
Then Equation (6.3) becomes:
1, _ 3 _ .5
1Ty Ty = T1X1T1Ts, Ty = Ty -

Then from Equation (6.7), 26 = 75 = ¥7°. Now from Equation (6.8):
w3w] 516 = xy 2w e’ = 1, rd =1,
Now substituting into Equation (6.6):

T lwgrs =1

Pt =1,
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which reduces to 1 = 1. Lastly we check Equation (6.5):

—1, -1, -1 _
Ty Ty w5 =1
535 _ 13 _
riryry = r” =1,
which provides no new information. We see that x; is a cyclic generator for
the set of crossing generators, and the relations reduce to the relation z13=1.
Then we can express every Wirtinger generator in terms of a; and z;, and

we conclude:
Wo(63) = (ay, m1|21® = 1) 2 Z x Zy3. (6.9)

6.2 The (2,k) torus knot

Figure 6.2 on page 36 shows the graph representation for the (2, %) torus
knot.

We consider what happens at a section of the torus knot to form a pre-
sentation for the torus knot with k& crossings. Consider the section of the
torus knot as in Figure 6.3 on page 37.

Each of the faces F; through Fj_; have relations of the form

-1
T, Tiy1 =1

I (6.10)
The face F}, has the relation:
T =1 (6.11)
T1 = Tg.
Then the middle face Fj; of the knot has the relation
ayltayt ot =1 (6.12)
Then with the relations F} through Fj_; we have
331_1331_1 .. '351_: =1 (6.13)
xy = 1.
The outer face has the relation
T1To -+ T = 1. (6.14)
Then with the relations F} through Fjy_; we have
fpen =1 (6.15)

k
.T1:17
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so the outer face provides no new information.
We conclude that:

Wo((2, k) torus) = (ay, z1|a% = 1) 2 Z * 7. (6.16)

6.3 The k-twist knot

Next we look at the k-twist knot with an odd number of twists, as in Figure
6.4 on page 38. It can be shown that the k-twist with an even number of
twists has the same group presentation.

To form a presentation we will look at a section and the clasp of the
k-twist knot as in Figure 6.5 on page 39. Note that the strands of the twist
section travel in opposite directions for the k-twist knot, while they travelled
in the same direction for the (2, k) torus knot.

The section of the twist shows the relations for the faces Fi through Fj_
alternate

—1,.—1
T x =1, Tip1Tite = 1,
which give
-1 _ .. o
T, = Tip Tit1 = Ty,

fori=1,2,...,k — 2. The relation from the face Fj,; is

ThyaTiyy = 1, (6.17)
which rearranges to
L+2 = Tkt1- (618)
Then the face F}), has relation
LpTp+1Tk+2 = 1. (619)
In terms of x;,; we have
T = T2 (6.20)

The large central face Fj3 has relation
1, -1 ~1 _
T Toky Ty, Ty = 1, (6.21)
and with the other face relations we get

2 2 2 2 2 _
Tl 1T 1 Thg1 ** Thp1 L1 Thop1 = 1

2%+l _
Tpyp = L

(6.22)
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Next we check the remaining two faces. From Fj, o we get:
T1Tpy1Thao = L. (6.23)

In terms of x;,1 we have
T =T (6.24)

which does not provide new information. From the outer face Fj.4 we get:
—1 -1 -1 _
T1Ty T3 T TRl = L. (6.25)
Then with the other face relations we get

—2 —2 —2 —2 —2 -1 _
T T 1 Zin T T Tpgg = 1

—(2k
z 2 =1 (6.26)
k
fifll =1,

and the outer face provides no new information.
We conclude that:

W7(k‘—tWISt) = <a1, l‘1|$%k+1 = 1> =27 % Z2k+1' (627)



CHAPTER 6. EXAMPLES OF PRESENTATIONS FOR W5(L)

Figure 6.1: Graph representation of the 63 knot.

35
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Fy, Frio

Figure 6.2: (2, k) torus knot.
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Figure 6.3: A section of the torus knot from Figure 6.2.

37
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Fia

-1
k+

T

Figure 6.4: k-twist knot.
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(a) A section of the twist knot. (b) The clasp of the twist knot.

Figure 6.5: A section of the twist knot and the clasp of the twist knot from
Figure 6.4.
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Presentation for the
fundamental group of the
double branched cover

7.1 Introduction

We will be starting with the fundamental group of an oriented link L, 7 (R?—
L). There is a homomorphism from 7 (R? — L) to Z, where every Wirtinger
generator y; € 7 (R® — L) maps to 1 for all 7. There is also a homomorphism
from Z to Zy. Then let ¢ be the composition of these homomorphisms,
mapping 7 (R? — L) to Zy. We are interested in a quotient of ker ¢. Let y;,
for i = 1,2,...,1 be the generators for 7, (R* — L), then let N be the normal
subgroup of m;(R? — L) generated by y? for all ¢; then the group we want is
(ker ¢)/N. This group is the fundamental group of a space associated with L,
its double branched cover Ly . We wish to find a presentation for this group.

Let the Wirtinger generators for m;(R?* — L) be yy,vs,...,%. Then ker ¢
is generated by products of an even number of the y;tl. So elements of ker ¢
have the form [y y”][yy]- - - [y~ y"], where n; € £1 for all i. Now
we introduce the relation y; = vy, L or y? =1 for all i, and we will use g; to
express we are working with the added relation y? = 1 for all i. Then we can
define z;; = y;y; for all 4, j, so that the z;; generate 771(1~}2).

Some of the z;; will be associated with a crossing. We will call them
crossing generators. Consider Figures 7.1 and 7.2. Then define a crossing
generator to be a generator zq, such that z,, = g9 for a,b € {i, 7, k} with
a #band {a,b} # {i,7}, as in Figures 7.1 and 7.2.

Our initial presentation will have the Wirtinger generators and the rela-
tions from the crossings, ¥; = Ury;Ur, as well as the relations y? = 1. Then

40
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Zkj Zik
— o~ — o~

U ™\ VR /)

(a) Left crossing. (b) Right crossing.

Figure 7.1: Crossings with crossing generators and horizontal movements.

7N

i Yk Yk i
N\ 7/ N\ 7/
(a) Left crossing. (b) Right crossing.

Figure 7.2: Crossings with crossing generators and vertical movements.

we replace the Wirtinger generators with the z;;. Then we have four families
of relations among the z;;. Each relation either comes from our inital cross-
ing relations or the relation 4> = 1; or from these relations and Wirtinger
generators associated with arcs that meet at a crossing. For the following
relations we will consider the left crossing and right crossing in Figures 7.1
and 7.2. With these labellings the relations for the left and right crossings
are the same.

1. Since §7 = 1 we see §;7;7;Uk = YilJ, SO
2iiZjk = Zik, (7.1)
for all 7, 5, k.
2. From the relation g7 = 1 for all i we see
zii =1, (7.2)

for all 7.
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3. At both a left and right crossing we see §; = Ury;Uk, OF Uik = YrUj-
Then since zj;, = ;Y and zi; = Yr¥y; we have

Zik — ij, (73)

whenever strands ¢, and k meet at a crossing as in Figures 7.1 and
7.2.

4. At both a left and right crossing y;yx = yx¥y;, and

YaYiUkUp = YaYrY;Yn

Zaifkb = ZakZjb)

(7.4)

whenever strands ¢,7 and k meet at a crossing as in Figures 7.1 and

7.2.
Note that from relations 1 and 2 we get z;;2;; = 2;; = 1, and we see z;; = zj_zl
These four families of relations along with the generators z;; will form our
initial presentation for 7 (Ls).

7.2 Definition of the graph for 7r1(f/2)

First we will define a graph for (L), as we did for Wr(L). Let L be a
link with diagram D. We will now define a graph for 7T1(I~/2), by modifying
G(D) in the following way. Contract the edges from a; to a;* for all i, and
label the new vertex y;. Each edge of this new graph will be from some y; to
some ¥/;, and we will associate a crossing generator to each edge, such that
the directed edge from ¥; to y; will have crossing generator z;;, as in Figure
7.3. Call this new graph G, (D).

Figure 7.3 below shows an example of a left and right crossing of G, (D),
where the directed red edges are the edges of G, (D).

With this construction any walk in G.(D) has an associated product of
crossing generators of the form

RirioRigiz """ Rimins (75)
where the sequence of crossing generators encountered is
Zivigy Zinizs -+ Fimins (7.6)

and the next crossing generator encountered appears on the right of the
product.
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(a) Left crossing. (b) Right crossing.

Figure 7.3: Left and right crossing of G.(D) with crossing generators.

The directed edge from g; to 4, will have associated generator z;,. Then
traversing the edge in the opposite direction, from ;. to y;, will have associ-
ated crossing generator zi’kl. Earlier we showed that zi;l = 2y, SO traversing
the edge from 7, to y; has associated generator z;, regardless of whether we
are travelling with or against the direction of the edge in G,(D). Figure 7.4
shows both graphs for the trefoil knot.

265

(a) G(D) for the trefoil knot. (b) G(D) for the trefoil knot.

Figure 7.4: G(D) and G, (D) for the trefoil knot.

With our earlier graph theory work and the following lemma and corollary,
we see that the product associated with any closed walk in G, (D) is equal to
the product associated with a product of lollipops, as we did with the G(D).
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Lemma 7.1. Let L be a link with a connected diagram D, and let W and W'
be walks in G.(D) such that W' is obtained from W by inserting a cancelling
edge pair. Then the products of crossing generators associated with W and
W' are equal in the free group on the crossing generators.

Proof. Let W be a walk in G.(D) such that W = W W,, and W' a walk
in G,(D) such that W' = Wiee 'W,, where e is an edge in G,(D). Let the
product associated with W be wq, let the product associated with W5 be
wo, and let the crossing generator associated with e be z,. Then W has
associated product wywsy, and W’ has associated product wy z.z; 'ws, and we
see the products of crossing generators associated with W and W’ are equal
in the free group on the crossing generators. O]

Corollary 7.2. Let L be a link with a connected diagram D. Then homotopic
walks in G.(D) have equal associated products as elements of the free group
on the crossing generators.

7.3 The faces and their relations in G, (D)

We will start with introducing the concept of face relations in G (D), for a
given link L with diagram D. As with G(D) we define a face walk in G, (D)
as a non-trivial closed walk that travels around a face F} of the link diagram.
From Lemma 7.3 below we see that the product associated with Fj, which
we will call h;, the face relation for F; in G.(D), is equal to 1.

Lemma 7.3. Let L be a link with diagram D. The product of crossing
generators associated with any closed walk in G,(D) is equal to 1 in m (Ls).

Proof. Let W be a closed walk of length n in G,(D). Let
Zivin Zinis Yigia " Fin_vin Zinia (7.7)

be the product of crossing generators associated with W. Then using relation
1 from page 41 we can reduce this product in the following way. If the
expression for the closed walk has more than two terms left, we use the
relation 2;,4,2i,is = Zi,i; from relation 1 to combine the first and second term
into a single term. Note that doing this will leave the last crossing generator
and first subscript of the first crossing generator unchanged:

Ziyia Zigis Zigia " * Zin—1in Finis (7.8)

becomes
ZiyisZigia " * Pin_1in Fini1- (7.9)
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Continuing in this way we reduce the relation to
Zitin Zinin = Zin = 1, (7.10)
by relations 1 and 2 from page 41. O]

Corollary 7.4. Let I be a face in G-(D) with associated product h. Then
h=11m 7T1(L2).

We will prove the following lemmas in the same way we did with W5 in
Lemmas 3.7 and 3.8 on pages 19 and 20.

We first show that what vertex is chosen for the start and hence end of
a face walk does not provide a different face relation for any face walk on
G.(D). Instead, it produces a cyclic permutation of the crossing generators
and thus a cyclic permutation of h = 1, where h is the product of crossing
generators associated with F' in G.(D).

Lemma 7.5. Let L be a link with diagram D. Let F' be a face of G.(D), and
let W be a simple walk around F starting at y;,, with associated product

h = ZiyisZigis " ** Zig_viaZiain = L. (7.11)

Let W' be a walk around F, in the same direction as W, starting at ;. , where
Ui, is v — 1 steps around W from y;,. Let the product associated with W' be
h'. Then h' is a cyclic permutation of h, so h' =1 follows from h = 1.

Proof. As y;. is r — 1 edges from ¢;, around W, let the product of crossing
generators associated with the walk from y;_ to y;, be

V= Zigipy1 " Zigtia Ziain - (7.12)
Then the product associated with W’ is
/ JR—
W= Zijio * ZigviaZiia Zinin " Zinis (7.13)

which is a cyclic permutation of h. Since h' is a cyclic permutation of h, A’/
is conjugate to h. We see

—1 -1
VO™ = (Zigips " Ziamria Ziair) Zinia Zigis """ Zia—tia Ziais (Zigirs1 " " Zia—tia Ziair)

/
- Zi'r'lr+l T Zia—liaziazlzlliQ e Zir—li'r - h .

(7.14)

Then since h = 1, it follows that A’ = 1. O
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If the face walk with relation A = 1 is done in the opposite direction the
relation formed will be h=! = 1. Thus, changing the direction of the face
walk does not provide a new relation.

Lemma 7.6. Let W be a simple walk of length n around a face F', in a given
direction, starting and ending at ¥;, with associated product

Ziyia Zigig " * " Bin_1in Finiy - (7.15)

Let W' be the simple walk around F starting and ending at y;, in the opposite
direction to W. Then W' has associated product

2 z;llz,z;zll =hn. (7.16)
Then I = h™t, so ' = 1 follows from h = 1 and does not provide a new
relation.

Proof. W' encounters the same crossing generators as W but in the opposite
order, and since W' crosses the edges in the opposite direction the crossing
generators will be inverted. Then the product associated with W' is

h/ _ 1 -1 - —1 Z_l

= Zini1 Fip_in " FigiaFizi (7.17)
_ -1 _ h—l '
= (ZiyinZinis * * " Zig—vinZinir) | = .

Then since h = 1, K’ = 1 does not provide a new relation. O]
The purpose of the next section will be to prove the following theorem.

Theorem 7.7. Let L be a link with connected diagram D. Then

7Tl(L2) = <Zl,22,...,Zn|h1,h2,...,hs>, (718)

where {z1, 29, ...2,} is a set consisting of a single crossing generator from
each crossing, and hi, ho,...hg are the face relations expressed in terms of
21,22y ... 2n-

7.4 Proof of Theorem 7.7

First we will show that 7T1([~/2) can be generated by only the crossing gener-
ators.

Lemma 7.8. Let D be a connected diagram for a link L. Let P be any
path from y;, to g, in Gr(D). Then z;, is equal to the product of crossing
generators associated with P.
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Proof. 1If P is a path of length 1 in G, (D), then there is an edge connecting
¥, and ¥;,, and the edge has associated crossing generator z;; . Thus the
lemma holds for paths of length 1. If P is a path of length greater than 1 in
G-(D) let the product of crossing generators associated with P be

ZiriaZigis " Zin1in- (7.19)

Then by relation 2 from page 41 we can reduce this product as we did in
Lemma 7.3,
ZirigZiziz " Bin_rin = Zitins (7.20)

and we have an expression for z;,;, in terms of a product of crossing genera-
tors. [

Now that we can express any product of an even number of the ; in
terms of crossing generators, we can reduce our generating set to only the
crossing generators.

Corollary 7.9. The generating set for the presentation of 7T1(£2> can be
reduced to the crossing generators.

Then with relation 3 from page 42 we can reduce the set of crossing
generators to a single crossing generator at each crossing. Let the crossing
be oriented downward, so that both strands are travelling downward, as in
Figure 7.3. Then we choose the generator related to the top edge as our
single generator for the crossing, for both left and right crossings. With the
labellings as in Figure 7.3, we would use z; for the left crossing and z;;, for
the right crossing. This will produce crossings as shown in Figure 7.5.

(a) Left crossing. (b) Right crossing.

Figure 7.5: Left and right crossings of G, (D) with a single crossing generator.

Now we have shown that relations 1-4 from Section 7.1 can be used to
reduce our generating set to only one generator arising from each crossing,
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and to derive the face relations. Next we will show we can do the reverse
of this process, and derive relations 1-4 from the face relations and a single
crossing generator from each crossing.

First we show that the face relations imply Lemma 7.3.

Lemma 7.10. Let L be a link with connected diagram D. Then the face
relations hy = 1 imply that the product associated with any closed walk in
G(D) is equal to 1 in m(Ls).

Proof. Let W be a closed walk in G.(D). From Corollary 7.2 we know that
homotopic walks in G, (D) have equal associated products in the free group
on the crossing generators. Then since every closed walk in G,(D) is ho-
motopic to a product of lollipops, we can write W ~ PP, --- P,, where
Py, P, ..., P, are lollipops. Let the associated product for P; be g;h; g; L
Then the associated product for Py Py - -+ P, in G.(D) is

g1l g1 92k 05 9l 0 = 9191 0290 gngy
(7.21)

=1,

since hj, = 11in G;(D) for all j, 7. From Corollary 7.2 we know that homotopic

walks in G.(D) have equal associated products in the free group on the

crossing generators, so the product associated with W is equal to 1. O

We can now derive Lemma 7.8 from the face relations in the following
way. Let g, and g, be two vertices in G, (D) not connected by an edge. Then
we define z,;, as a product of crossing generators associated with a walk in
G-(D) from 7, to gp.

Lemma 7.11. With this definition the product z., is well defined.

Proof. Consider two different walks from g, to 4, W1 and W5. Let the prod-
ucts associated with W; and W5 be w; and wo respectively. Then WyW, !
is closed so by Lemma 7.3 wywy ™! = 1 and w; = wy in 71(Ls). O

Note that the walk z;;2j; is closed, so we have the relation z;;z;; = 1 by
Lemma 7.3, and so z; = zj’il.

Now we are ready to prove that the four relations can be derived from
the face relations.

Lemma 7.12. The four relations from Section 7.1 can be derived from the
face relations, h; =1 for all 7.
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Proof. 1. We will start with deriving relation 1. Consider the product
associated with the closed walk W;;W;,Wy;, where Wy, is a walk from
Ja to 7. By Lemma 7.10 this product is equal to 1 in m(Ly). By
Lemma 7.11 this product is equal to z;;zp2zr; = 1 in ﬂl(zg). Then
2iiZjk = zk_il = 2z in 7r1(l~}2).

2. For relation 2 we have shown already that z;;z;; = 1, and then from
relation 1 we know z;;z;; = 2z = 1.

3. For relation 3 we introduce an extra crossing generator at each crossing,
and let it be equal to the generator we have for the crossing. With
both strands travelling downward, we let the new crossing generator
be associated with the left edge of the graph at the crossing, and label
it 24, Where the left edge travels from g, to 7,. Consider Figure 7.5.
Our new crossing generator would be z;,, and we set z;=zy;.

4. To derive relation 4 we will use Lemma 7.11 and relation 3 as follows.

From Lemma 7.11 the product z,;2zx, can be calculated using any path
from ¥, to y; and any path from 3 to g5. Let Py be a path from g, to
Uk, and Py, a path from g; to g,. Then P, zy; is a path in G (D) from g,
to g;, and zx; Pj is a path from gy, to g,. Then 242k = (Pakzki) (265 Pj)
and since z; = 2z, = zk’il by relation 3, we have

ZaiZko = (Pak ki) (2 Pjp)

= (Pyzp) (2 P
= Py b;
:Zaijb.
]

Now that we have one crossing generator per crossing for our presentation
of 1 (Ls), we will relabel our crossing generators to better match our crossing
generators for W7(L). Given a link L with connected diagram D, if the
crossing generator for a given crossing of G(D) is z;, we let the crossing
generator for the same crossing of G.(D) be z;. Thus our presentation for
71 (L) for a link with & crossings and ¢ faces is:

Lemma 7.13.
7T1(f/2) = <Zl,22,...,Zk|h1,h2,...,ht>, (723)

where zq, 29, ...,z are the crossing generators and hqy, hs, ..., hy are the face
relations, expressed in terms of z1, 29, ..., 2.
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Figure 7.6: G,(63).

Now as an example, we will work out the presentation for (L) for the
63 knot with labellings as in Figure 7.6, as we did with W7(63).

Now we will find the face relations for each of the eight faces. We travel
anticlockwise around each face, with the center of the clock being in the
middle of the face. Then the next crossing generator appears on the right of
the current product. The eight face relations are:

1. Starting at g, the relation for Fj is:

1

hy =2y tegteyt =1 (7.24)

2. Starting at ys3, the relation for F is:
hg = 2’221_1 = 1. (725)
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3. Starting at ys, the relation for Fj is:

hg = 25_1242’221 =1.

4. Starting at g7, the relation for Fj is:

hy = 242322_1 =1.
5. Starting at ¢y, the relation for Fj is:
hs = 25 2y tzs !t = 1.
6. Starting at y1, the relation for Fg is:

hg = 2324_126 =1.
7. Starting at 712, the relation for F% is:
hy = 25 25 = 1.
8. Starting at ¥, the relation for Fy is:
hg = zgz5zlz§1 =1.

Next we will reduce our face relations via substitution.

1. From hsy we get
29 = 21.

2. From h; we get

hy =2ttt =1, 23 =21 .
3. From hy
hy = z4zf2zf1 =1, 24 :zf.
4. From hs
hs = zglzf’zlzl =1, 25 :zf.
5. From h;

5
26 — %5, 26 = 21-

51

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)



CHAPTER 7. PRESENTATION FOR 7T1(f/2) 52

6. Then substituting into hg

hg = 20202127 = 21° = 1. (7.33)

Now checking the remaining two face relations:
he = 27227220 =1, (7.34)
and
hs = 27°2%2° = 2718 =1, (7.35)

which provide no new information. Thus our presentation for m (Ly) with
L= 63 is:

(z1]2° = 1) = Zys. (7.36)

Comparing (7.36) with the result (6.9) of Section 6.1 we see that for

L = 63 we have .

We will prove that this is always the case in Theorem 8.3 in Chapter 8.



Chapter 8

Proof of the main theorem,
Theorem 1.1

The purpose of this chapter is to complete our proof of the main theorem,
Theorem 1.1.

First we will restate our presentations for W5(L) and (L) for an ori-
ented link L with connected diagram D.

1. Our presentation for W7(L) for a link L with %k crossings and ¢ faces is

VV7<L>g <(lp,I1,ZE2,...,Ik‘f17f2,...,ft>7 (81)

where a, is a Wirtinger generator, x;, zs, ..., are the crossing gen-
erators and f1, fa, ..., fi the face relations. A face relation f,, is of the
form

fn = xfll S xl T (8.2)
where the a:f; are the signed crossing generators encountered by trav-
elling the face F,, in G(D) anticlockwise, by Lemma 3.3.

2. Our presentation for 7T1<I~JQ) for a link L with k crossings and t faces is
7T1(.Z2) = <Zl,22,...,Zk|h1,h27...,ht>, (83)

where 21, 25, ..., 2, are the crossing generators and hq, hs,...,h; the
face relations. A face relation Ay is of the form

_ a1 02 o
hy = 251257 -+ 257, (8.4)
where
a1 oo o
ER I (8.5)

is the sequence of signed crossing generators encountered by travelling
the face Fj, in G, (D) anticlockwise, by Lemma 7.13.

33
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We can see that the relations for both presentations are the corresponding
face relations, so if we can determine how the crossing generators relate we
can find an isomorphism between the presentations.

In Figures 8.1 and 8.2 we show our chosen crossing generators for W5(L)
and 7T1([~12> at a crossing of a link L with connected diagram D.

—1 —
at3 (Zt3

(a) Left crossing. (b) Right crossing.

Figure 8.1: Left and right crossing of G(D) with a single crossing generator.

(a) Left crossing. (b) Right crossing.

Figure 8.2: Left and right crossing of G, (D) with a single crossing generator.

We want an isomorphism between the two groups, so we will look at how
the crossing generator at a given crossing for W5(L) compares to the crossing
generator for 7 (L,) for the same crossing.

First we note that by Lemma 3.3 for a face relation for W7(L), the next
crossing generator appears on the left, while as discussed in Section 7.2 for a
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face relation for 7r1(l~}2) the next crossing generator appears on the right. To
compensate for this we will be inverting our relation for 71(Ls), so that the
orders of crossing generators for the relations match. Then if we want the
face relations to be identical once inverted we need the sign of the crossing
generator for a crossing in 7y (ig) to be the negative of the sign of the crossing
generator for the same crossing in W7 (L).

As an example, consider the relation for the fourth face of the 63 knot,
with labellings as in Figures 6.1 and 7.6. G(63) and G,(63) for this face are
shown in Figure 8.3 below.

(a) Face 4 of G(63). (b) Face 4 of G.(63).

Figure 8.3: Face 4 of the 63 knot from Figures 6.1 and 7.6.

Starting and ending at a; and travelling anticlockwise in G(63), the se-
quence of signed crossing generators encountered is x4, 75", 75. The face
relation for Wr(63) is

Towy ay = 1. (8.6)

Then starting and ending at g; and travelling anticlockwise for G, (63), the
sequence of signed crossing generators encountered is 24, 23, 25 !. Then the
face relation for m ((63)2) is

zzzy =1, (8.7)

or equivalently
gty =1. (8.8)

We take the inverse of the relation so that the order of the crossing gen-
erators in the products match. Since we will be inverting our relation for
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Wl(zg), we want the sign of the crossing generator in each quadrant of a
crossing for Wl(.f/Q) to be the negative of the sign of the crossing generator
for each quadrant of the corresponding crossing for Wr(L).

From Figures 8.1 and 8.2 we can see that the exponent of the crossing
generator in the bottom quadrant of the left crossing of G, (D) is the negative
of the exponent in the same quadrant of the left crossing of G(D), as required.
However, the sign of the exponent of the crossing generator for the right
quadrant of the left crossing of G,(D) is not the negative of the exponent
of the crossing generator of the same quadrant for the left crossing of G(D).
Thus the face relations will not hold under a map between them. However, we
can see that the exponent of the crossing generator at each of the quadrants
of the left crossing for G, (D) is the negative of the exponent of the crossing
generator at each of the quadrants of the right crossing of G(D). Likewise,
the exponent of the crossing generator at each of the quadrants of the right
crossing for G, (D) is the negative of the exponent of the crossing generator
at each of the quadrants of the left crossing for G.(L). Thus, if we switch all
the left crossings to right crossings and the right crossings to left crossings
for G.(D), the face relations will hold under our map, and we will have
an isomorphism, once we account for the extra Wirtinger generator in the
presentation for W(L).

We can switch the left and right crossings in the following way. Given a
link L, we can place a mirror behind the link L, and the reflection of L in
the mirror will have its crossings switched, so that left crossings will become
right crossings and right crossings will become left crossings.

We will introduce a theorem to show how we can switch the left and right
crossings without changing the associated fundamental group for a link L.
For further reading see [3].

Theorem 8.1. Homotopy equivalent spaces have the same fundamental group.

Since a reflection is a homeomorphism, and homeomorphic spaces are
homotopy equivalent, the fundamental group of a link L and the fundamental
group of its reflection L' are isomorphic. The fundamental group of the
double branched cover, Wl(ig), depends only on the fundamental group of
the link, 71(L). Then since the fundamental group of the double branched
cover constructed from the link, WI(EQ), is isomorphic to the fundamental
group of the double branched cover constructed from the reflection, m (L/5),
we have the following corollary:

Corollary 8.2. Let L be a link, and let L' be the reflection of L found by
placing a mirror behind L. Then m (Lg) = m(L'3).
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Now we need to account for the extra Wirtinger generator present in the
presentation for W7(L) that does not appear in 71(Lz). We do this by taking
the free product of m(Ls) and Z, and our presentation for this product is

<b721,22,...,Zk|h1,h27...,ht>, (89)
and so our isomorphism is:

Now we will restate our conclusion as a theorem and recap the discussion
as the proof.

Theorem 8.3. Let L be a link, then

m1(Ly) % Z. (8.11)

Il

W (L)

Proof. Let D be a connected diagram for L. By Theorem 3.10 our presenta-
tion for W7 (L) is
<ap>$lax27"'7$k|flaf27"'aft>' (812)

Let L' be the reflection of L made by placing a mirror behind L. By Lemma
7.13 our presentation for m (L'y) * Z is

<b721,22,...,Zk|h1,h2,...,ht>. (813)

Consider the face Fy of G(D), and let the sequence of signed crossing
generators associated with Fy in G(D) be

v,y (8.14)
Then by Lemma 3.3,
fs=a7 - alay) (8.15)

Then since the sign of the exponent of the crossing generator in each quadrant
of the left and right crossings of G, (D) is the negative of those of G(D), and
z; is at the same crossing as x;, the sequence of signed crossing generators
associated with Fy in G, (D) is

—&1 _—€9

Zil 7Zi2 P

T (8.16)

ir

and the relation for h, is

he = 2; 'z, 22, . (8.17)

11 12 ir
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Equivalently, by Corollary 7.4, hy, = 1 and

hg = 25"+ 22250, (8.18)

T 12 711

Then we can show that with a relabeling of the z; the face relations are
identical. We relabel z; to x;, then

hg = x5m - x2x5" = f,, (8.19)

ir 2 11

and we conclude that
<b, L1922y« sy Zk|h17 hg, “eey ht> = <ap,$1,$2, e ,l‘k’fh fg, ey ft> (820)

Thus
W7(L) = 7T1(L,2> * 7. (821)

Then by Corollary 8.2,

]
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