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Abstract 

Thi s the s i s  develop s  a detailed model for the posit ive 

e lectrode system o f  an i ndust rial l ead-acid t raction cel l . 

This i s  re ferred to a s  the VIAM model since it  relat e s  t he 

positive electrode voltage (V)  and cel l current ( I )  to  

i nternal distribut i ons o f  current , pote nt ial , a c i d  

concentrat ion and act ive mas s  (AM )  . The model can s imul at e  

both di s charge and charge for a wide range o f  practi c a l  

current s . T h e  model t akes account o f  mi crostructu r e , 

macrostructure and non- react ive structure in the p o s it ive 

active ma s s  (AM)  . It  al so takes account of other c e l l  

component s that affe ct t h e  supply o f  acid to the posit ive 

e l ectrode . The model has direct appl i cat ion to fundamental 

cell des ign ( for example AM development ) and ce ll syst ems 

de s i gn ( for example cell  charger des ign ) . 

The model is ba sed on e st abli shed experimental 

studi e s ,  theories of electrochemi cal interface react i o n s  

a n d  theories of ioni c t ransport in elect rolyte solut i o n . 

From thi s base , three e lemental model s  and an aggregate 

model are developed . The elemental mode l s  repres ent deta i l s  

o f  the microst ructure o f  the po s i t ive e lect rode AM . The 

aggregate model repre s ent s the e l e ct rolyte mas s  ( ac i d )  and 

charge t ransport system within the posit ive e l e ct rode and 

other cell component s .  The combination o f  the el emental and 

aggregat e model s  make up the VIAM mode l . The performance o f  

the VIAM model (and underlying mode l s ) i s  a s s e s sed by 

comparing model re sult s with findings from experimental 

studi e s  in the l iterature . I n  addition,  experiment s 

unde rtaken a s  part o f  this work are used t o  t e st the mode l . 

The model and experimental re sult s are in c l o s e  agreement . 
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Units and Symbols 

a )  Unit s . 

Normal S I  uni t s  ( Chi swell and Grigg ( 1 9 7 1 ) ) are u s e d  

throughout thi s t ext with t h e  fol l owing addit ions . 

i )  Hour ( s )  ( abbreviated t o  hr ( s )  ) i s  used as  a mea s u re 

o f  t ime ( 3 6 0 0  s )  . 

i i )  Ampere hour ( s )  ( abbreviated t o  Ahr ( s ) ) i s  used a s  

a measure o f  electri cal charge ( 3 6 0 0  A . s ) . 

i i i ) Watt hour ( s )  ( abbreviated t o  Whr ( s )  ) i s  used a s  a 

measure o f  energy ( 3 6 0 0  W . s ) . 

iv)  The gram ( abbreviated t o  g )  i s  used as  a measure 

o f  mas s  ( 1x 1 o -3 kg)  . 

The s e  addi t i ons are consistent with common pract i c e s  

i n  t h e  battery i ndust ry . 

b )  Symbol s  for unit s . 

Normal S I  unit symbols ( Ch i swe l l  and Grigg ( 1 9 7 1 ) ) 

are used throughout this t ext with the following addit i o n s . 

i )  Hr ( s )  for hour ( s ) . 

i i )  Ahr ( s )  for Ampere hour ( s ) . 

i i i ) Whr ( s )  for watt hour ( s ) . 

iv) g for the gram . 

v )  v fo r the volt . 
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c )  S ymbol s  f o r  variable s . 

Symbol s  for variable s  are ful ly defined in the body o f  

t ext where they are first used . 

d)  Symbo l s  for experiment de s ignations . 

An example des i gnati on for the experiments performed 

in t h i s  wo rk is AD 1 0 0R2 0 . Thi s  should be in int e rpreted as 

follows . 

i )  The fi rst characte r  (A )  i s  the cell  l abe l that 

de fines the cell involved (here cell  A) . 

ii ) The fol lowing four characters ( D l O O )  de fine the 

depth o f  di scharge (here 1 0 0  Ahr s )  . 

i i i ) The last three characters ( R2 0 )  de fine the rat e 

o f  di scharge (here 2 0  A )  . 



_C_h_ap_t_er 
__ 

l 
____________ �IL__ 

Introducti o n  r-

Thi s the s i s  i s  concerned with the normal working cyc l e  

o f  a pra ct i cal lead-acid cell . I t  s e t s  out t o  l ink t h e  

import ant external parameters o f  cell  voltage a n d  curre nt 

to the int e rnal parameter distribut ions o f  current , 

pote ntial , act ive mas s  (AM) and acid concent rat ion u s i ng 

suitable mode l s . 

The inte rnal parameters are de fined throughout t h e  

larger cell  component s and t h e  finely st ructured AM in the 

cell plat e s . D i rect experimental mea sureme nt s  cannot be 

made within the small dimensions o f  the plate AM without 

di s rupti ng the st ructure and the reaction proce s s es . T h i s  

dict ates t h e  u s e  o f  indirect experimental met hods a n d  

mode l s  t o  de s c ribe t h e  operat ion o f  t h e  plat e . 

As wel l  as providing an alternative t o  direct 

experiment al methods , an accurate cell model is a valuab l e  

research tool  i n  its own right . I t  enables  c e l l  de s igns and 

systems to be evaluated by s imulation , reducing the need 

for costly prototype test s . For example a cel l  model can be 
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used for the s imulation o f  di fferent di scharge / charge 

cycles t o  provide a bas i s  for the improvement of c e l l  

charging systems . An example of  a more fundamental natu r e  

i s  t h e  systemati c  improvement o f  cell  de s ign and 

performance using s imulat ion methods t o  evaluat e  new c e l l  

component s or mate rial s .  

The cell  model i s  only o f  u s e  in so far as  i t  properly 

repre s ent s the requi red deta i l s  of  the system concerned . 

The model set out in thi s t he s i s  represents the positive 

e l ect rode system o f  the lead-acid traction c e l l . It is not 

a general model but give s a detai l ed repre sent at ion of t h i s  

e lect rode system . The model i s  re ferred t o  as  the VIAM 

model since it connects voltage ( V )  current ( I )  and act ive 

mas s  (AM) di s t ribution for the po s it ive e l ect rode system . 

The VIAM model takes account o f  recent experimental 

studi e s  which ident i fy di stinct funct i on s  for two l eve l s  of 

positive AM structure ( Pavlov and Basht avelova 

( 1 9 8 4 , 1 9 8 6 ) ) .  This i s  one important feature t hat 

di stingui she s the VIAM model from other mode l s used t o  

repre s ent t h e  po s it ive e lect rode in the literature . Other 

di st inct ive feat ure s o f  the VIAM model include the 

repres entation o f  the non-part i c ipat i ng AM that develops 

over the l ife o f  the cel l , the repre s e nt ation of  s t ructural 

changes based on experimental obs e rvat i o n s , the 

repre s entation of acid t ransport e ffect s for the comp l e t e  

cell , operat ion f o r  both di s charge and charge conditions 

and operat ion over the wide range of  current involved in a 

pract i cal wo rk cycle . 

The VIAM model i s ,  in fact , a combinat ion o f  

unde rlying mode l s . Three o f  the s e  de s cribe the 

s t ructure o f  the AM. The s e  are the e l emental model s .  

four 

local 

The 

fourth model de s cribes the t ransport of charJe and mas s  

throughout the complete cell . Thi s  i s  the aggregate mode l . 

F i gure 1 . 1  i l lustrat e s  the relat ionship between the var i ous 

mode l s . 



F i gure 1. 1: The VIAM Mode l and Unde r lying Mode l s . 

3 

The elemental di s charge surface area mode l ,  the elemental 

charge surface area model and the aggregate model a re 

combined t o  give the comprehensive VIAM mode l . The 

e l emental di scharge capacity model i s  

a s sumption o n  whi ch the other model s  depend . 

an impli c it 

I n  the presentation that fol l ows , chapte r  2 introdu c e s  

t h e  l ead-acid t ract ion cell , reviews cell  development and 

cons ide r s  po s s ible approache s to improving the performan c e  

o f  t ract ion cell  systems . Thi s  explains t h e  background and 

mot ivation for the sub sequent work . 

Chapt er 3 reviews the pre sent unde rstanding o f  

l ead-acid cell  as  i t  relat e s  t o  the concern s  o f  the 

mode l . The work reviewed here provide s the foundation 

the development of  the underlying model s that make up 

VIAM mode l . 

t h e  

VIAM 

f o r  

t h e  
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The elemental mode l s  are set out i n  chapter 4 .  H e re 

qual i t at ive des c ript ions o f  st ructural change s in t h e  

p o s i t ive AM a r e  proposed based o n  the experimental wo rk 

reviewed in chapter 3 .  The s e  are then developed into t h e  

quant itat ive formulations t hat de fine t h e  element al 

di s charge capacity mode l , the e l emental di scharge surface 

area model and the e lemental charge surface area mode l . 

The aggregate model i s  set out in chapter 5 .  T h i s  

model repres e nt s  a l l  the cell  component s that in fluence t h e  

supply o f  a c i d  t o  t h e  po s i tive e lect rode . Thi s  include s  t h e  

s eparator region , the negative plat e s , t h e  re s ervoi r  regi on 

and the positive plat e s  themse lve s . The posit ive plat e s  a re 

furt her divided into mac ro s t ructure , mi crostructure and 

non-part i c ipat ing AM . Formulat ions are given t o  de fine the 

dime n s ions , e l ectrical characteri s t i c s  and mas s  t ransport 

o f  t he system o f  components that makes up the aggrega t e  

mode l . 

A series of  experiment s were per formed on a commerci al 

t ract ion cel l  t o  provide data for t es ti ng the VIAM mode l . 

Chapt e r  6 de s c ribe s the equipment , the cell and t he 

procedure used for these experiment s .  

An extens ive series o f  results i s  given in chapte r  7 .  

This include s re sult s for each o f  the elemental mode l s ,  the 

aggregate model , the VI AM model and the experiment a l  

work . The result s are al so di s cus sed in thi s chapte r . 

Chapter 8 concludes t he work pre s ented in t h i s  thes i s . 

The cont ribut ion of  the work i s  cons idered and pos s i b l e  

ext e n sions a r e  di s cus sed in this chapt er . 



Chapter 2 
Lead-Acid Traction Cells 
and Systems 

Thi s chapt e r  gives the background and mot ivation f o r  

t h e  posit ive electrode model s e t  out in thi s thesi s . The 

chapte r  begins with a bri e f  introduct i on to lead-ac i d  

t ract ion c e ll s . I t  then shows that c e l l  s e rvi c e  l i fe i s  a n  

important factor i n  the economy o f  t ract ion cel l  s y st ems 

and summa r i s e s  the proces se s  that reduce cell l i fe . Next , 

work aimed at improving cell l i fe by improving c e l l  de s ign 

is reviewed . A complementary approach t o  improving c e l l  

l i fe using c e l l  charging systems t hat employ suitable 

mode l s  is  then sugge sted . The devel opment o f  a model for 

this purpos e  is given as  an aim of  thi s work . The model 

i t s e l f  is  set out in lat e r  chapt e r s . 

The chapter content i s  summarised below . 

i )  An int roduct ion t o  lead-acid t ract ion cel l s  

( section 2 . 1 ) . 

i i )  Cel l  service l i fe and l i fe reducing proce s s e s  

( section 2 . 2 ) . 



i i i ) Cel l  centred approache s to improving c e l l  l i fe 

( sect ion 2 . 3 ) . 

iv )  A complementary approach for improving cell  l i f e  

( section 2 . 4 ) . 

v )  A cell  l i fe prolonging charger ( section 2 . 5 ) . 

vi ) A po s it ive elect rode model ( sect i on 2 . 6 ) . 

2 . 1  LEAD-ACID TRACTION CELLS . 

6 

Lead-acid t ract ion c el l s  are des igned t o  provide t h e  

mot i ve power f o r  electri cal vehi c l e s . Thes e  vehi c l e s  can be 

divided into three appli cation groups . 

i )  Indu s t rial veh i c l e s  such as  mine locomot ive s , 

indust rial t rucks and fork- l i ft t ruck s . 

i i )  On- road vehi c l e s  such as  electri c cars and t ruc k s . 

i i i ) Limited-range l i ghter vehi c l e s  such as  gol f  cart s 

and i nval id carriage s . 

Each o f  the se groups requi re s l i ght ly d ifferent c e l l  

de s igns . F o r  industrial vehi c l e  cell s ,  long l i fe and large 

e l ect rical capacity are important . Thi s r e sult s in 

phy s i cal ly robust single cell des i gn s . For on-road 

large , 

vehi c l e  

cell s ,  low we ight and c o s t  are important . Thi s re sult s i n  

c e l l s  with a minimum o f  elect rochemi cal material , moderate 

e l ectrical capacity and a s i ngle or mult iple c e l l  

const ruct i on . The l i fe o f  the s e  cell s i s  con s i de rably l e s s  

than that o f  i ndust rial vehi c l e  cel l s . Limited- range 

vehi c l e  c e l l s  are similar to the on- road vehi c l e  cel l s  but 

have a small electrical capacity . 
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The int e rnal cel l  construct ion i s  s imi lar for a l l  t h e  

appl i cat ion groups . The electrodes are shaped a s  

relat ivel y  thin rectangular plate s . Thes e  plates are 

as sembled together as element s with the out e r  plates both 

negat ive and the inner plat e s  alternatively po s it ive and 

negative . The plat e s  a r e  held apart by porous i nsulat i n g  

s eparat o r s . Two posit ive plate types a r e  common . 

i )  F l at pasted plate s . Thes e  are rectangular 

conduct ive grid-l ike frames ( grids ) f i l l ed with a 

porous AM o f  lead dioxide . 

i i )  Tubular plat e s . The s e  are a rectangul ar a s s embl y  

o f  adj acent cyl inde r s . The cyli nder s  con s i st o f  a 

porous insulating tube ( o r  tube s )  enclos i ng porous 

lead dioxide packed around a cent ral conduct ing spine . 

The negat ive plat e s  are flat pasted type s f i l le d  with 

porous l ead AM . 

T ab l e  2 . 1 :  S ome F e atures o f  Tract ion and S L I  Ce l l s . 

Feature I T ra ct ion Ce l l  I S L I  C e l l  
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S ome feature s o f  t raction c el l s  are compared with 

those for normal automot ive ( start ing-lighting-ignit ion o r  

S L I ) c el l s  in  table 2 . 1 .  

Thi s text i s  parti cularly concerned with t he 

i ndu st rial vehicle t ract i o n  c e l l s  with flat pasted po s it ive 

plate s .  

2 . 2  CELL SERVICE LIFE . 

Cell service l i fe i s  a ma j o r  factor i n  the e conomy o f  

t racti on cell systems . Thi s  point i s  illustrated when c e l l  

replacement cost i s  t aken together with e l e ct rical ener gy 

cost a s  the t rue cost o f  " fuel "  for an e l e ct r i c  vehi c l e  a s  

shown i n  figure 2 . 1 .  

It  i s  to  be expected that t raction cel l  l i fe i s  a 

functi on of  int ri n s i c  cell  propert i e s . I n  pract i ce ,  c e l l  

30�.-----.-----.-----.-----.-----.-----.-----.-----.-. 100 

25 

t5 15 
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0 
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Solid: cycle replacement cost (cents) (cell replacement cost / cell life) . 
Small dash: cycle energy cost (cents) (80 Ahr at 2.3 volts, 0.7 2 efficiency) . 
Large dash: cycle replacement to total (replacement+energy) cost ratio (%). 

Costs based on a 100 Ahr cell and 1988 New Zealand retail prices.  

Figure 2.1: C ell Energy and Replacement Cost per Charge Cycle . 
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l i fe i s  a l so det e rmined by the operat ing conditions impo s ed 

by both the vehi c l e  and the charger unit . Harsh condit i o n s  

provoke o r  accelerate harmful proces s e s  in t h e  c e l l  l eading 

t o  a dra sti cally reduced s ervi ce l i fe . 

2 . 2 . 1  The Influence of the Vehicle . 

The vehicle influences cell l i fe mai nly through t h e  

depth o f  di s charge it requi res . Li nden ( 1 9 8 4 ) gives t h e  

data i n  f i gure 2 . 2  whi ch shows a rapidly decreasing s e rv i c e  

l i fe with increasing depth o f  di scharge ( note the 

logarithmi c scal e )  . 

One proce s s  a s s o ciated with over-di scharge i s  t h e  

expans ion o f  t h e  AM. The molar volume o f  s o l id di s charge 

product i s  conside rably larger than that of the 

corre sponding charge product s ( 2 5 4 %  for the negat ive AM and 

1 8 1 %  fo r the p o s it ive AM) . Thi s  causes  the AM t o  expand 

during di s charge and cont ract during charge . The proce s s  i s  

2 

-----
� -
Q) 1 02 

..... ...... ....:! 
Q) ..... 5 () 
:>.. 

u 

ttl 
� ...... 
s 2 
0 

z 

1 0 1 
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Discharge Depth (%) 

Redrawn from Linden ( 1 984) . 
Discharge depth is percentage of 6 hour discharge capacity. 
Cycle life is percentage of nominal for 80% discharge depth. 

Figure 2.2: Traction C e ll Cycle Life and Discharg e Depth . 
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not perfect l y  reve r s ib l e  and a gradual net expans i on 

throughout the cell l i fe result s . Evidence supporting t he 

harmful e f fect o f  AM expansion i s  given by Takahashi et al 
( 1 9 8 3 )  and Al z ieu et al ( 1 9 8 7 )  . The i r  experime nt s  showed 

c e l l  l i fe improved dramat ically when plate expansion w a s  

l imit e d  b y  the appli cation o f  exte rnal mechani cal pre s su r e . 

With over-di s charge there i s  a consequent increase i n  

t h e  charge t ime needed to restore the AM to i t s  ful ly 

charged stat e . Thi s  means harmful e f fect s ,  whi ch 

supe rficially appear to be a result o f  di s charge depth , may 

in fact be the re sult of the increased charge t ime . The s e  

e ffect s are di s cus sed in relation to the charger unit 

below . 

2 . 2 . 2  The Influence of the Charger Unit . 

Cell s e rvic e  l i fe i s  decreased by two unde s i rabl e  

charge conditions . 

i )  Over-charge where charge i s  cont i nued beyond the 

ful ly charged stat e . 

i i )  Under-charge where the charge i s  prer t�turely 

terminated be fore the fully charged state is reache d . 

With over-charge , harmful proce s s e s  include posit ive 

grid corro s i on ,  positive AM shedding , non-part i cipat i ng 

posit ive AM, water lo s s ,  negat ive plate poi s oning and 

temperature el evat ion . With under-charge the harmful 

proc e s se s  include posit ive and negat ive plate sulphati o n . 

Thes e  proc e s s e s  are considered briefly below . 

a )  P o s it ive plat e  corros ion . 

On over- charge the posit ive plate grid is sub j ecte d  t o  

accelerated anodi c corro s ion . Corro s ion di rect ly redu c e s  

cell  capac ity by three mechani sms . 
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i )  By i solating port ions o f  AM from the grid with h i gh 

r e s i s tance corro s ion product ( P avlov ( 1 9 8 4 ) ) .  

i i )  By reducing the c ro s s- section o f  the grid and s o  

i ncreas i ng grid res i stance ( P avlov ( 1 9 8 4 ) ) .  

i i i ) In  ext reme cas e s , by the de struction o f  the 

mechani cal structure due to mechani cal s t re s s e s  and 

fracture s (Vi nal ( 1 9 5 5 ) ) .  

Correct charge rat e s  and the e l iminat ion o f  over-charge a r e  

important i n  minimi s ing corros ion . 

b )  Act ive mas s  shedding . 

When undergoing repeate d  di s charge/ charge cycling the 

AM become s loosely held in the grid structure . Thi s  c an 

l ead to the mat erial bei ng completely di spl aced from t he 

plate and falling t o  the bottom o f  the cel l  t o  form a 

sludge . The mat e rial lost in thi s way i s  obvious ly not 

avai lable for the cell reaction and a s  a result the c e l l  

capacity is  reduced . S ome cause s  for sheddir:g have been 

propo sed by Bode ( 1 9 7 7 )  including di s lodgrr tent through 

vigo rous gas sing and loosening through change s in t he 

structure o f  the AM during cycli ng . The l atte r  e ffect i s  

also dependent o n  the di s charge depth as  di s c u s s e d  above . 

Again correct charge rat e s  and e l iminat ion o f  over-charge 

are import ant in minimis ing shedding . 

c )  Non-part icipat ing act ive mas s .  

Detailed studi e s  o f  failed posit ive plat e s  have 

revealed the exi stence of s igni ficant portions of AM that 

no longer part i c ipat e  i n  the di scharge / charge react i o n . 

This phenome non i s  mo st l ikely a s sociated with change s i n  

AM s t ructure during cycl ing ( se e  Chang ( 1 9 8 4 ) ) .  Correct 

charging may well retard the devel opment of  non­

part i c ipating AM .  
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d )  Water l o s s . 

Near the end o f  charge both elect rodes are operat i ng 

at potent ial s whe re gas evolut ion reactions proceed rapi dly 

( oxygen at the po s i t ive e l e ct rode and hydrogen at the 

negat ive elect rode ) . The net e ffect is a l o s s  o f  water f rom 

the elect rolyt e . Water is also l o st as wat e r  vapour , 

part i cularly at the e levated charge t empe ratures . Wate r  

l o s s  can reduce c e l l  l i fe by two mechani sms . 

i )  By increas ing acid concent rat ion and further 

accelerat ing corro s i on and chemi cal attack on other 

cell components . 

i i )  By reducing the e l e ct ro lyte l evel and uncovering 

part o f  the electrode s . Thi s prevent s the as sociated 

AM from tak i ng part in the cell react ion . 

The problem of wat e r  l o s s  can be overcome with regular 

maint enance ( replacement o f  wat e r )  . 

e )  Negat ive plat e  poi soning . 

Negat ive plate poisoning i s  a s i de e f fe ct o f  p o s it ive 

grid corros ion . As the positive grid i s  corroded, a l l oy 

component s ( typi cally antimony ) enter the e l ectrolyte 

solut ion . The s e  component s then migrate and become 

depo s ited on the negat ive AM .  As a re sult the hydrogen gas 

evolution potent ial i s  reduced leading to increas e d  

gas s i ng, s e l f-di s charge and decreased charge e f f i c i ency o f  

t h e  negat ive . A recent study o f  thi s  e f fect i s  given by 

Mahato et al (198 5 )  . Negative plate poi s oning is reduced 

coincidentally when posit ive grid corros ion is  reduced . 

f )  Temperature E l evat ion . 

Any current flow in a cell cau s e s  heat ing due to the 

powe r di s sipated in the cel l  conductors . As a result the 

cell temperature increas e s  and cell react ion rat e s  (worst 
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corro s i o n )  increas e . Unnece s s ary t emperatu r e  

o c curs in t h e  c a s e  o f  over-charge . Thi s  c a n  be 

minimi sed with the e l imination of over-charge . 

g )  S ulphation . 

S ulphat ion occurs when not all  di scharge product ( l e a d  

sulphat e )  i s  converted t o  charge product during repeat ed 

charge cycl e s . The uncharged lead sulphate undergo e s  

i rrevers ible changes to become s o  called " hard" l e ad 

sulphat e . Thi s  material cannot be made to take any furth e r  

part in t h e  cell  reaction and i s  e ffectively a l o s s  o f  AM 

that result s in a reduction in cell  capacity . What 

character i s e s  the ' 'hard" l ead sulphate is not clearly 

unde rstood . In  a recent study Gibson and P et e r s  (198 2 ) 

cons ider part i c l e  s i z e  and solub i l ity as pos s ible facto r s . 

Sulphat i o n  can be avoided by e l iminat ing under-charge . 

2 . 2 . 3  Life Reducing Processes in Perspective . 

I n  con s i dering the proce s s e s  above it should be 

pointed out that not all are o f  equal importance . Corros i on 

i s  cited as a ma j or reason for cell failure ( fo r  examp l e  

S i mon ( 19 6 7 ) ,  Bode ( 197 7 ) , Rue s chi ( 19 7 7 ) , Linden ( 1984 ) , 

Bullock and Butler ( 198 6 ) ) .  Shedding i s  a l s o  given as  a 

common reason for cell  fai lure ( for examp l e  Bode ( 19 7 7 )  and 

Linden ( 1984 ) ) .  Non-part icipating AM is a more recently 

observed phenomenon ( se e  S imon and Caulder ( 19 7 5 ) ,  P av l ov 

and Bashtavelova ( 198 6 )  and Chang (1984 ) for example ) . The 

presence of  non-participat ing AM is di fficult t o  dete ct 

without s ci e nt i fi c  examination . For thi s reason it  i s  not 

menti oned i n  older failure data col l e cted from the f i el d .  

Improvement s i n  s eparator technology and p l at e  

manufacturing proce s s e s  have reduced the incident s o f  c e l l  

failure due to corro s ion and shedding . A s  a consequence t he 

signi ficance o f  cell failure due to non-participat ing AM is 

increasi ng . The other ma j or reason given for cell  failure 

is sulphat ion ( for example Bode ( 197 7 )  and Linden (1984 ) ) . 
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The other l i fe reducing condit ions ment i oned i n  s e ct i on 

2 . 2 . 2  are s e condary or minor . 

The ma j o r  l i fe reducing conditions o f  corro s i o n ,  

shedding and non-part i c ipating AM are di s cu s s ed further in 

the context o f  cell  cent red approaches to improving c e l l  

l i fe bel ow . Sulphati on i s  not discussed i n  thi s cont e xt 

s ince it can be avoided by correct c e l l  charging . 

2 . 3  CELL CENTRED APPROACHES TO IMPROVING CELL LIFE . 

Extensive research e f fort has been di rected at 

unde rstanding and improving the intrin s i c  propert i e s  of t h e  

cell . T h e  general a i m  h a s  b e e n  to improve cel l  s e rv i c e  

l i fe . Thi s work i s  summarised below under tht." headings o f  

fundamental studi e s  and technological improvement s .  The 

fundamental studi e s  concern the mechani sms and mat eria l s  in 

the c el l . The t echnological improvements concern t he 

construct ion and manufacturing o f  the c e l l . Comprehen s ive 

reviews covering both fundamental and t echnol og i c a l  

concerns a r e  given in t h e  works o f  Bode ( 19 7 7 )  a n d  P av l ov 

( 1984 ) . 

2 . 3 . 1  Fundamental Studies . 

a)  Corro s ion 

At potent i a l s  more pos itive than the lead dio x i de 

elect rode , the corro s ion reaction proceeds through a l ay e r  

o f  Pb02 . Experimental studie s  have shown thi s layer t o  

cons i s t  o f  a n  i nner part o f  den s e  material and a n  oute r  

part o f  porous mat erial ( for example S imon ( 19 6 7 ) ) .  P av lov 

and Rogachev ( 19 78 ) and Pavlov and D inev ( 198 0 ) sugge s t  

that the corro sion rate i s  determined by the di f fu s i o n  o f  

oxygen spe c i e s  through the dense Pb02 l aye r . Furt h e r  

t h e s e  autho rs propo s e  that thi s proceeds through i o n i c  
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defect s t rans forming the lead t o  PbO and a-Pb02 t i n  

stage s . Thi s  type o f  proce s s  i s  consistent with r e c e nt 

work ( Bu l l ock et al ( 1 9 8 3 , 1 9 8 6 ) ) .  

Corro sion rate i s  strongly influenced by the g r i d  

compo sition . Thi s  i s  con s i stent with a proce s s  involving 

ionic de fect s in c rystal st ructure as mentioned above . 

Lead/ ant imony ( Pb / Sb ) alloys are the mo st commonly u s e d  

grid mate rial . Many studi e s  have been performed t o  f i n d  

improved materials  that exhibit low corro s i on rat e s  but 

retaining acceptable mechanical and e lectrica� prope rt i e s . 

S ome recent examples include Bul l oc k  and Tiedemann ( 1 9 8 0 )  

comparing a l e ad/ strontium/ t i n /aluminium alloy with a l l o y s  

o f  l ead/ant imony and l ead/ calcium as  w e l l  a s  pure l e a d ,  

Papazov et al ( 1 9 8 1 )  examining corro sion of  pure l e a d  a n d  

lead/ ant imony a l l oy s  of  di fferent compo sition , a n d  Dac r e s  

et al ( 1 9 8 3 ) examining s everal lead fibre compo s it e s  and 

l ead al l oyed with cal cium, calcium/ t i n ,  t i n ,  and s i lve r . 

Al l cases  exhibited di fferent corro s ion characteri s t i c s . 

The nature of  the polari sat ion o f  the posit ive 

e lect rode has a marked e f fect on corro sion rat e . P apa z ov et 
al ( 1 9 8 1 )  showed that a long cont i nuous charge on lead/ 

antimony el ectrodes was conside rably more harmful than 

interrupted charge and charge / di s charge cycl i ng ( see f i gu r e  

2 . 3a ) . P avlov and Rogachev ( 1 9 7 8 )  have shown that corros ion 

current i s  also dependent on potent ial s a s s oc i ated with 

cell  charging ( see figure 2 . 3b ) . Thi s  is one place whe r e  

t h e  charge r  c a n  influence the po sitive g r i d  corros ion . 

t The two crystallographic forms o f  lead dioxide are 

orthorhombic a-Pbo2 and tet ragonal � -Pb02 ( Bode ( 1 9 7 7 ) ) .  
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The Pbo2 corro s ion film thi ckne s s  i nfluence s  t h e  

corro s i o n  rat e . T h e  corro s ion rate i nitially decreas e s  with 

increas i ng film thi ckne s s  and then sett l e s  to a s t eady 

value ( see Vale riote and Gall op ( 1 9 7 7 ) and Pohl and 

S chendl e r  ( 1 9 8 4 ) ) .  Thi s can be explained in t e rms of a 

l imit ing thickne s s  o f  dense Pb02 , beyond whi c h ,  it become s 

cracked and po rous becau s e  of increas i ng mechan i c a l  

stre s s e s  due to volume change s .  The thi ckne s s  o f  t h e  b u l k  

AM covering t h e  g r i d  al so h a s  a n  e ffect on t h e  corro s io n  

rate . P apazov et al ( 1 98 1 ) showe d  corro s ion rate decre a s ed 

with increasing AM thickne s s  on tubular plate s .  

b )  Shedding . 

Explanat i ons o f  shedding are rathe r t e ntat ive . T h i s  

may be because individual i nfluenc e s  are di f ficult t o  

i s ol at e  or that shedding i s  a secondary e ff e ct caused by 

some othe r  proce s s . S ome of the explanations o ffered in the 

literature are given below . 
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Bode ( 1 9 7 7 )  cites vigorous gas s ing a s  promot i n g  

shedding . Chang ( 1 9 8 4 )  sugges t s  gas s ing may break o f f  and 

carry out loosened parti cles . 

S t ructural change in the AM during cycling i s  a l ikely 

cau s e  o f  shedding . D e ep di scharge cycl ing in part i cular has 

been shown to cau s e  shedding . Bode ( 1 9 7 7 )  de s cribes how AM 

doe s  not return to i t s  original structural form on 

consecutive di s charge/ charge cyc l e s  due to nucleat i o n  

proc e s s e s  and di f fe rent current dens iti e s . Thi s ,  h e  

suggest s ,  leads to dendri t i c  growths whi ch may become 

detached from the conducting network and eventually be 

shed . Other authors ( for example Takahashi e t  al ( 1 9 8 3 ) , 

P avlov and Bashtavelova ( 1 9 8 4 ) ) have experiment a l l y  

ident i fied changes in the AM structure from a ret i culate t o  

a corall o i d  and finally to a uniform f i n e  parti c l e  form . It  

i s  suggested that the final form dec re a s e s  the cohes i on o f  

the AM part i c l e s  and i s  a l i kely cau s e  o f  sheddi ng . 

c )  Non-part i c ipat ing AM . 

Non-part i c ipating � -Pbo2 has been obs e rved in cyc l e d  

posit ive plate s .  Two explanat ions f o r  thi s a r e  given bel ow . 

Early work sugge sted non-parti cipat i ng � -Pbo2 may be 

due to the l o s s  of hydrogen spe c i e s  in the Pb02 c rystal 

structure ( S imon and Caulde r  ( 1 9 7 5 ) ) .  S ome latt e r  studie s  

have shown t h i s  to be an unl ikely reason a s  � -Pb02 taken 

from new and failed plat e s  show e s s ent i al ly the s ame 

crystal structure ( Hi l l  ( 1 9 8 4 ) ) .  Mo s eley ( 1 9 83 ) has shown 

that hydro gen is most l i kely accommodated as wat e r  droplet s 

within the pores or on the pore surface o f  the Pb02 
s t ructure . On the othe r hand, study o f  the pre sence o f  

hydrogen in the st ructure i s  cont inuing ( fo r  examp l e  

S antoro e t  al ( 1 9 8 3 )  and Hill  and Madsen ( 1 9 8 4 ) ) .  

Changes in the high l evel mechanical structure are 

also given as reasons for the appearance o f  non­

part i cipat ing AM .  The s e  change s have already been ment ioned 
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with regard t o  shedding . I t  has been sugge sted the s e  

change s cau s e  non-parti cipat ing AM in two way s  ( P avlov and 

Bashtavel ova ( 1 9 8 6 ) , Chang ( 1 9 8 4 ) ) .  A first effect i s  t hat 

the devel opment of  the uniform structure give s redu c e d  

mechani cal rigidity and a n  accompanyi ng increase i n  

resi stance between s o l i d  AM part i c l e s . A second e ffect i s  

that the redi st ribut ion o f  pore geomet ry with cycl i ng 

reduces  the numb e r  o f  larger pore s required to ensure mas s  

t ransport with low polaris at ion i n  the e l e ct rolyt e . The 

re sult is an i nc reas e in solution polari sation . Both the s e  

e ffect s would cause the cell t o  reach i t s  lowe st al lowed 

dis charge volt age whi l e  considerable amount s o f  AM have not 

yet part i cipat ed in the cell react ion . 

2 . 3 . 2  Technological Improvements . 

Many technol ogi cal improvement s in recent years have 

been aimed at reducing costs and increasing spe c i f i c  ener gy 

( reducing weight ) . Example s include the development o f  

polyethylene contai ners and microporous polyethy l e n e  

s eparator part s . 

Improvement s di rectly promoting longer l i fe centre on 

the pos it ive plat e . The s e  inc lude the adopt ion o f  tubu l a r  

plat e s  and improvement in s eparator de s i gn f o r  flat pas t e d  

plat e s . 

a )  Tubular plate s . 

Tubul ar plate s have been shown to reduce both 

corro s ion and shedding ( P avlov ( 1 9 8 4 ) ) .  Corros ion i s  

reduced by having the spine o r  grid completely surrounded 

by AM . Shedding is reduced by having the AM comp l et e l y  

enclo sed i n  an inner sleeve o f  woven gla s s  fibre t i ght l y  

held in a n  out e r  s l e eve of  perforated PVC tubing ( ot h e r  

arrangement s are also used s e e  Barak ( 19 8 0 } } .  
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b )  S eparators on flat pasted plat e s . 

Modern s eparat o r s  have e nabled cell  l i fe t o  incre a s e  

from 2 0 0  cycles  t o  over 1 5 0 0  cyc le s . The mai n  advancement 

has been through the use of polyme r-based mi croporous 

s eparators in place o f  wooden s eparator s . Thes e  h ave 

vi rtually el iminat ed short c ircui t s  through the s eparat o r . 

A woven glas s mat and a hard ribbed and perforated divi de r  

are two other components commonly used . The woven gla s s  mat 

is placed against the pos it ive plat e  to reduce sheddin g . 

The perforated divider i s  placed between the mat and 

mi croporous separato r  to increase the acid vo:_ume available 

to the p o s it ive plat e  ( other arrangement s are a l s o  used s e e  

P avlov (1984 ) ) .  

2 . 3 . 3  Expectations from Cell Centred Work . 

Con s i de rabl e  gains in cel l s e rvi ce l i fe can be 

expected if  fundamental improvement s in i nt r i n s i c  c e l l  

propert i e s  can b e  made , parti cularly propert i e s  affect i ng 

corro s ion , shedding and non-part i cipat ing AM . Fundamental 

studi e s  over the past 3 5  years or so have greatly 

knowledge o f  proce s ses in the cel l  but found 

improved 

l imit e d  

appl i cation in pract i ce . The most dramat i c  gains i n  batt e ry 

l i fe have come through t echnol ogical improveme nt s . 

2 . 4  A COMPLEMENTARY APPROACH TO IMPROVING CELL LIFE . 

Whi l e  large gains from cel l centred work are hoped 

for, they may be some t ime in coming . By compari son , t h e  

preceding di s cu s s ion sugge st s that given c e l l s  o f  t h e  

pres e nt design,  s i gnifi cant gains may wel l  be p o s s i b l e  

through care ful control o f  cell  charging . This i s  a 

compl ement ary approach to improving cel l  l if·:! whi ch h a s  

received l ittle attent ion . 



2 0  

I t  i s  di fficult t o  e s timate the gains to be made by 

this  approach . One ext reme might be s et by the l i fe 

obs e rved in cont rolled laboratory condit ions . Thi s can be 

up t o  5 0 %  higher than the ave rage l i fe obtained i n  pract i ce 

( P avlov ( 1 9 8 4 ) ) .  A study o f  c e l l  l i fe given di f fe re nt 

charging s cheme s would provide more ob j e ct ive dat a . 

Unfortunately these type s o f  studi e s  are few and 

inconclus ive . For example Weininger and S iwek ( 1 9 7 7 ) and 

S iwek ( 1 9 7 7 ) studied the e f fect o f  various chargers on 

smal l cells  and obtained large variations in cell  l i fe . 

However ,  the s e  result s could not be att ribute d  t o  charge 

e f fe ct s with any certainty becau s e  of the sma l l  sample s i z e  

involved . Some data exi s t s  for fixed charging scheme s whe re 

the charge t ime ( over-charge ) i s  adj u st e d . P avlov ( 1 9 8 4 ) ,  

re ferring to an earl i e r  worker , give s the data for S L I  

batte r i e s  reproduced i n  table 2 . 2 .  A gain o f  3 4 %  i s  

obtained i n  the case of  battery type 1 2 H  by reducing the 

charge time . 

T ab l e  2 . 2 :  E f fect o f  Charge on S L I  Ce l l  Life . 

C e l l  t ype 1 3HN 

Cell  type 1 2 H  

Charge factor
* 

CeJ l  l i fe
t 

1 . 1 5 403 

1 . 3 5 

Char ge factor 

1 . 1 5 

1 . 3 5 

3 6 6  ±35  

Ce l l  l i fe 

6 7 0  ±100 

500 ± 4 8  

* Cha rge factor is the ratio o f  cha rge to discharge 
Ampere hours . 

t Discharge / charge cycles to failure . 

Dat a quoted in Pavlov ( 1 9 8 4 )  . 
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I t  can be concluded that s igni fi cant gains i n  c e l l  

l i fe are likely with improved c e l l  charging . A proce s s  o f  

de fining and implementing a charging scheme that can 

achieve thes e  gai n s  i s  di s cus sed in the following s e c t i o n . 

2 . 5  DEVELOPING A CELL LIFE PROLONGING CHARGER . 

The development o f  a cel l  l i fe prolonging charger can 

be repre sented by the diagram in figure 2 . 4 .  A b r i e f  

explanat ion o f  t h e  component s shown follows . 

a )  Operat ing conditions . 

Normal concerns of  the industrial work place need to 

be t aken into account . The se include such things as  safety,  

const ruct i on standards , s ervi ce connect i ons and the l i k e . 

The s e  concerns will not be dwelt on here . O f  primary 

intere st for thi s di s cuss i on are operating conditions that 

Knowledge of life Operat ing conditions 

reducing processes 

t 
Direct measurement s � t 

Detection of life 
reducing processes 

, t 
St rategies to 
maximise life r t 

Technological 
implementat ion 

F i gure 2 . 4 :  Deve lopment of a Life  P r o l onging Charge r . 
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i n fluence the information input and cont rol respon s e s  o f  

the charge r . 

The harsh e nvi ronment o f  the indu s t ri a l  work p l a c e  

makes measurement s that require special i s e d  sensing devi c e s  

and connect ions on the cell o r  batte ry unit unde s i rab l e . 

I deally the charger should operate us ing only the normal 

charger connections (a heavy current carrying ci rcuit and a 

l i ght voltage s en sing ci rcuit ) . I nformat i on supplied by a 

human operator i s  a l s o  unde s i rable . Thi s i s  because 

unattended operat i o n ,  such as  overn i ght charge , i s  often 

called for . 

With the normal charger connect ions control re spo n s e s  

are r e s t r i cted to manipulating current or vo ltage . 

b )  D i rect measurement s .  

The normal charger connections ment ioned above l imit 

di rect measurement s to current and voltage only . The 

charger is also l ikely to measure time . 

c )  Knowl edge of  l i fe reducing proces s e s . 

A qualitat ive de scription o f  important l i fe reduci ng 

proc e s s e s  ha s already been given . Ideally , what i s  required 

i s  a quantitat ive l i nk betwee n  these proces s e s  and c e l l  

l i fe . With thi s informat ion , gains made b y  cont ro l l i ng 

part i cular condit ions can be properly a s s e s sed . I n  the 

absence of such l i nk s , el imination of the thrt'e conditions  

that accelerate the l i fe reducing proce s se s  has  been 

ident i fi e d  as  mo st important . The three conditions are 

over-di s charge , over-charge and under-charge . 

d) Detect ion o f  cell  l i fe reducing proce s s e s . 

The underlying l i fe reducing proce s se s  or the 

acce l e rat ing conditions must be det e cted if harmful e f fe c t s 

are t o  be minimi s e d .  For the three accelerat i ng conditi o n s  
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ment ioned above , the state o f  charge must be de fined . The 

stat e  o f  charge i s  fundamenta l ly the amount o f  uncharged AM 

i n  the cell . A suitable model i s  requi red to define t h i s  

quant ity from the di rect measurement s .  

e )  Charging s t rate gi e s  to maximi s e  c e l l  l i fe . 

Charging st rat egies that reduce harmful e ffect s and 

maximi s e  cel l  l i fe are requi red . Histori cal ly , thes e  have 

been l imit ed to s chemes that can be implemente d  with s impl e  

di screte charger hardware . Mode rn mi c rocompute r  ba s ed 

systems empl oying power e lectronic devi ce s provide t he 

opportunity for improved charging st rat e gi e s . I n  gene ral 

this wil l  al s o  requi re a mode l . 

f )  Technologi cal implementat ion . 

To be used in pract i c e  the component s above need t o  be 

i ncorporated into a suitable hardware device . Here aga i n ,  

cost and concerns o f  the industrial work place a re 

important . 

2 . 6  A MODEL FOR THE POSITIVE ELECTRODE SYSTEM . 

Thi s  work reco gni s e s  the important place o f  t h e  

charger in t h e  economy o f  lead-acid t ract ion cell  systems . 

I t  i s  mot ivated by potent ial gains i n  c e l l  l i fe achieved 

through improved charging approaches . I t  has been shown 

above that there i s  a conside rabl e  amount of work to be 

done in a fairly broad range of areas be fore these gai n s  

c a n  b e  ful ly real i sed . 

The scope o f  thi s work i s  l imit e d  to a small port i o n  

o f  the pos sible work . Speci fi call y ,  t h i s  work i s  concerned 

with the development o f  a model that connect s the 

current and AM ( the VIAM model )  o f  the posit ive 

for a pract i cal t raction cel l  during a normal 

voltage , 

electro de 

di s charge/ 
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charge cycle . 

Thi s model has appl i cat ion in defining the quant ity o f  

charge stat e  from voltage and current mea surement . The 

determinat ion o f  charge stat e i s  requi red for a charg e r  

unit that recogn i s e s  t h e  conditions o f  over-di s charge , 

unde r - charge and over-charge . I t  al so has appl i cat ion i n  

det e rmini ng such things a s  i nt e rnal e le ct rode potent i al 

di st ribut ion , int e rnal acid concent ration di stribut ion and 

gas s i n g  rat e . Thes e  quant i t i e s  relate di rectly to t he 

unde rlying l i fe reducing pro c e s s e s  di s cu s s ed above . 

I t  should al so be point e d  out that , whi l e  thi s work 

has  been placed in the context o f  improving c e l l  l i fe ,  t he 

model i s  o f  a fundamental nature and contribute s  t o  a 

general understanding o f  proce s s e s  i n  

elect rode of  the l ead-acid cell . 

the po s it ive 

I n  chapter 3 exi sting work i s  revi ewed to estab l i sh 

the foundat ion upon whi ch the model i s  based . Chapte r s  4 

and 5 give qualitat ive and quantitat ive de s c riptions o f  

four unde rlying model s  that t ogether make up the V IAM 

mode l . 



Chapter 3 
Foundations for a Positive 
Electr ode Model 

Thi s chapter reviews the behaviour o f  the posit i ve 

e l ect rode of  the lead-acid cell  as it i s  understood at 

present . 

foundation 

The purpo s e  o f  the review 

for the development of a 

i s  t o  e stab l i sh a 

det a i l ed e l e ctrode 

model ( the VIAM model ) .  This chapter makes u s e  o f  relevant 

exemplary or recent work only . For a broad t reatment t he 

reviews o f  Pavlov ( 1 9 8 4 ) , Bode ( 1 9 7 7 ) , Carr and Hamp s on 

( 1 9 7 2 )  concerning the lead-acid cell  and Pbo2 electro de , 

and Bockri s  and Reddy ( 1 9 7 7 ) , Vette r  ( 1 9 6 7 )  and Delah ay 

( 1 9 6 5 )  concerning general e l e ct rochemical matters , can be 

consulted . 

The mechanism for change in the AM i s  considered fi r st 

to int roduce important factors cont roll ing the e l e ctrode 

behaviour . Each of  thes e  factors i s  then di s cus s ed i n  

detai l . Gas evolut ion that accompanie s  the charge i s  

cons idered next . Thi s i s  fol lowed by a review of two common 

theoreti cal mode l s  for porous electrode systems . Dat a  from 

experimental studi e s  of  voltage , current and AM for both 

di scharge and charge are then pre s ented . Thi s dat a  is u s e d  

l ater ( i n  chapte r  7 )  to evaluat e the VIAM model resul t s . 

F inal l y ,  the development o f  the VIAM model i s  di s cus s e d . 



The chapt er content i s  summari sed below . 

i )  The charge and di s charge mechani sm ( section 3 . 1 ) . 

i i )  The mechani cal s t ructure o f  the AM ( s ect i on 3 . 2 ) . 

i i i ) The electrochemi cal reactions ( secti on 3 . 3 ) . 

iv)  Transpo rt o f  mas s  and charge in s olution 

( section 3 .  4) . 

v )  Gas evolut ion effect s  ( se ction 3 . 5 ) . 

vi ) Common e lect rode model s  ( section 3 . 6 ) . 

vii ) Experimental studi e s  o f  voltage , current and AM 

( se ction 3 .  7 )  . 

vii i ) The way ahead for the VIAM model ( se ct i on 3 . 8 ) . 

3 . 1  THE CHARGE AND DISCHARGE MECHANISM . 

3 . 1 . 1  A Description of the Charge and Discharge Mechanism . 

The electrochemi cal react ion at the positive electrode 

( s ee P avlov ( 1984 ) for example ) can be written as  

( 3 .  1 )  

During charge (oxidat ion ) the reaction proceeds towards the 

l e ft and s o l id PbS04 is  converted to s o l i d  Pbo2 . The 

rever s e  proce s s  o c curs during di s charge ( reduction ) . 

The mechanism by whi ch react ion 3 . 1  occurs i s  o f  

primary importance in understanding the ove rall operat i o n  

o f  the e l e ct rode . A solid- state or di s solut i on-

2 6  



precipitat ion mechan i sm i s  po s s ible . Work whi ch ident i f i e s  

the mechanism i s  di scussed below . 

Hattori et al (19 7 5 )  studied the same pin-point o f  

positive e l e ct rode with a s canning e l e ct ron mic r o s c ope 

( SEM) . They used a miniature (1 6 . 8 x 1 6 . 7  mm) electrode 

fitted into a small c e l l . The cell  was dj_ scharged and 

charged i n  stage s . The di scharge and charge rat e s  were 3 0  

rnA and 1 2 rnA respective l y  whi ch corre sponds t o  a curr e nt 

dens ity o f  about 1 0 7  and 43 A . m- 2 . t At each stage t he 

e lect rode was removed from the cel l ,  washed and mounte d  in 

the mi cros cope for examination . Crystals developed as  three 

dimensional structure s at preferred s it e s  for both char ge 

and di s charge proc e s se s . This i s  convincing evidence in 

favour o f  a di s s o lut ion-precipitation mechan i s m .  A uni fo rm 

two dimensional covering would be expected for a sol i d­

stat e  mechan i s m .  

Earlier , S imon et al (19 7 0 )  studied samples  t aken from 

AM o f  commercial posit ive plat e s  u s ing x-ray analy s i s ,  

di ffe rent i al thermal analys i s  and opt ical mi c ro s copy . The 

s amples  were taken at various stage s o f  constant current 

t In  thi s text di s charge and charge current will be de fined 

in one of two ways . The preferred de finit ion i s  as  a 

current per unit area o f  electrode ( o r  plat e )  surface 

(A . m-2 ) .  That i s , a current density . The plate surface area 

is used here s ince it is easily det e rmined . The t rue 

i nterface surface , on the other hand,  is often unknown . A 

current dens ity in the order o f  5 0  A . m-2 i �  a moderate 

current for a lead-acid cell . The second defi�it i o n  is as a 

t ime to ful l di s charge given the di s charge capacity . For 

example the 5 hour rate for a 1 0 0  Ampere hour capacity 

de fine s the constant current require d  for a 1 0 0  Ampere hour 

di scharge in 5 hours . That i s ,  1 0 0 / 5  o r  20  Amperes . Thi s i s  

a common de finition used i n  the battery indust ry . The 5 

hour rat e i s  a moderate current for a lead-ac i d  c e l l . 
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di scharge and charge . The dis charge and charge rates were 

3 and 1 Ampe re s re spectively and the plate capacity to 1 . 8 

vol t s  was 1 7 . 1  Ampere hour . The discharge was therefore at 

approximat ely the 6 hour rate . They found that the x- ray 

anal y s i s  and di fferent ial thermal analys i s  showed no 

variation in c rystal l attice s t ructure . S ome vari at i on 

would be expected with a s o l id state mechanism . On t he 

othe r hand , their opt i cal obs e rvat ions were consi stent with 

a di s solut ion-precipitation mechanism . 

It should a l s o  be mentioned that there i s  s ome 

evidence for a sol id-state mechan i sm . For example Dawson et 
al ( 1 9 7 8 )  conducted experiments with both di s c ,  wire a nd 

pasted plat e s  us ing constant potent i al steps and oth e r  

methods . They confirmed a di s s olution-precipitat i on 

mechani sm in the charge and di s charge direct ion . I n  

addit ion they t o o k  a n  increas ing current transient ( i  v s  

t 2 ) ,  obs e rved a t  large dis charge potent ial steps , as  

evidence of  a two dimens i onal progres sive nucleation and 

growth . Thi s type o f  growth would be expected with sol i d­

stat e  electrocrystal l i sat ion o f  PbS04 . 

In  general however ,  the few conditions for whi ch t he 

s o lid-stat e  mechanism has been observed are not the s ame as  

those normally experienced in the lead-acid cel l . I n  

cont rast , the di s s olution-prec ipitat i o n  mechani sm has been 

confirmed us ing a vari ety o f  techniques in s ituat i o n s  

s imi lar to those for the lead-acid c e l l . 

Pavlov ( 1 9 8 4 )  summarised the di s s olut ion-·precipitat i on 

mechanism in the charge di rection as follows . 

D i s s o lut ion o f  a PbS04 crystal 

with the formation o f  Pb2 + ions � 

di ffusion o f  Pb2 + ions ( most often on 

the surface o f  the Pbso4 crystal ) � 

oxidat ion o f  Pb2 + upon the Pb02 surface � 

depo s it ion of  Pbo2 . 
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A corresponding di s solut ion-precipitation sequence can a l s o  

b e  written for the di s charge direction . 

3 . 1 . 2  Conclus ions Regarding the Charge and Discharge 

Mechanism . 

The di s solut ion-pre cipitat i on mechani sm i dent i f i ed 

above sugge s t s  that at least three fact o r s  should b e  

cons idered i n  a comprehe n s ive de s c ript ion of  the electro de . 

The s e  are li s t ed below . 

i )  The mechanical s t ructure of  the AM . This de fines 

the system in whi ch the Pb2 + ions and acid component s 

move . 

i i )  The electrochemi cal reaction proces s .  Thi s  ( du r i n g  

charge ) i s  t h e  oxidat ion of  Pb2 + at the Pbo2 surface 

( Pb02 / s o lut ion interfac e )  . I t  de fines the current / 

overpotential characteristic  o f  the int erface . 

i i i ) The transport proce s s e s  in solution . Thes e  

dete rmine t h e  movement o f  charge ( current ) in  the 

solut ion . In  addition , they define the movement o f  

mas s  and therefore the concentrat ion of  the solut i o n  

speci e s . The s e ,  in  turn , affect such things as  the 

solution re s i stance and the e l e ct rochemi cal reac t i o n  

rat e . 

The sect ions 3 . 3  to 3 . 4 di s c u s s  the s e  fact o r s  i n  

deta i l . 
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3 . 2  THE MECHANICAL STRUCTURE OF THE AM .  

3 . 2 . 1  A Description of the Mechanical Structure o f  the AM .  

S ome aspect s o f  the mechani cal structure have alrea dy 

been des c ribed i n  section 2 . 3 . 1 .  I n  part i cular , changes i n  

s t ructure with cycling were ment ioned . The existence o f  a 

brain coral st ructure was a s s o ciated with high c e l l  

capacity . The change o f  t h i s  structure into a uni f o rm 

c rystall ine s t ructure marked cell  fai l ure . It  fol lows t hat 

short t e rm ( one-cycle ) cell  performance i s  largely 

dependent on the brain coral st ructure in whi ch t he 

di scharge / charge reaction o c curs . The uni form crystal l i ne 

s t ructure a l s o  plays a part s ince it const itut e s  a non­

reactive porous barrier that re stri ct s  the transport o f  

s o lut ion spec ie s . A s  thi s work focu s e s  on the one - cy c l e  

cell  performance , the brain coral structure i s  o f  primary 

concern . 

The AM s t ructure of  ful ly charged and ful ly di s charged 

SLI plat e s  has recently been examined by P avlov and 

Basht avelova (1984 , 198 6 ) . P late s  prepared from s everal 

different paste s 

hour rat e . The 

were examined . D i s charge was at the 2 0  

authors performed pore surface a rea 

measurement s , pore volume di st ribution mea surement s and S EM 

studi e s  to characterise  the st ructure . Surface area was 

determined u s ing BET t gas adsorpt ion t echnique s . P ore 

volume di st ribut ion was det e rmined us ing mercury 

poros imetry equipment . S amples  for S EM study were taken 

from the inner part s o f  the plat e s . Thei r  re sult s fo r pore 

volume and surface area dist ribut ion , for onE: plat e ,  are 

given in figure 3 . 1 .  Other plat e s  gave s imilar result s . 

t The BET method i s  named using the init ials o f  the auth o r s  

Brunauer ,  Ernrnett and Tel l er who developed t h e  theory . The 

theory and appli cation of thi s method is reviewed in Flood 

( 19 6 7 ) 
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Figure 3.1: Pore Volume and Surface Are a  Distribution. 
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It can be seen that the large pores ( say greate r  t han 

0 . 2xl o - 6 m) account for a large proport ion of the total 

pore volume , but only a small proportion o f  the t otal pore 

surface . Conversely,  the small pores ( le s s  than 0 . 2xl o - 6  m)  

account for a small proport ion of the total pore volume , 

but a large proportion o f  the total pore area . Thi s  l e d  

t h e  authors to suggest two l evel s  o f  structure : a 

mi cro structure with fine pore s provi ding a large surface 

area and a macrost ructure with larger pores providing 

e l e ct rolyte t ransport pas s age s . They argue that both l evel s  

o f  structure are nece s sary for effect ive elect rode 

operat ion . Chang ( 1 9 8 4 )  i n  a s imi lar study gives comparabl e  

r e sul t s  and also propo s e s  a two l evel structure . 

The volume change s  between the charged and di s charged 

condi t ions were found to be in good agreement with that 

calculated from the di fference in molar volume of the Pb02 
and PbS04 and the amount o f  e l ectric ity passed . 
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Mac ro s t ru cture Micros t ructure 
White lines lxl O - 6 m.  AM f rom t riba s ic lead sulphate paste . 
Reproduced from P avlov and Bashtavelova { 1 9 8 6 )  . 

F i gure 3 .  2 :  M i crographs o f  P o s it ive Act ive Mas s . 

The SEM studi e s  show the phy s i cal arrangement o f  the 

s t ructure . The mi crographs for the same plate as  used for 

f i gure 3 . 1  are given in figure 3 . 2 .  It  can be seen that the 

AM is arranged as  a s keleton o f  i nterconnect e d  agglomerat e s  

surrounded by mac ropores . The agglomerat e s  thems e lve s a r e  a 

mi croporous mas s  made up of  small rock - l i k� crystal l ite s . 

The micrographs give a three dimens ional pi cture o f  the 

brain coral st ructure ment ioned earlier . P avlov and 

Bashtavelova (1984 , 198 6 ) de s c ribe this as  an agglomerate 

s t ructure . 

E kdunge and S imons son ( 198 5 ) have performed charge and 

di scharge experiment s on commercial posit ive electrode s  and 

complete cel l s . The e lectrode s were cycled in a s o lut ion o f  

exce s s  5 0 0 0  mol . m- 3  H2 so4 . The cel l s  were made u p  with 

s even plat e s  and both wide and standard s eparators .  Various 

charge and dis charge rat e s  in the range 3 0  t o  3 0 0  A . m-2 

were used . Ekdunge and Simonsson ( 198 5 )  performed pore 

surface area measurement s , pore volume distribut ion 
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Figure 3.3: Pore Volume Distribution and Charge Stat e .  

measurement s and made SEM obs e rvations in s imilar fashion 

to P avl ov and Bashtavelova ( 1 9 8 4 )  . They reported the 

volume di st ribut ion (as poro sity)  for 0 ,  5 0  and 1 0 0 %  

pore 

o f  

full charge and surface area for 0 ,  2 0 ,  5 0  and 1 0 0 %  of  ful l  

charge . The i r  results for pore vo lume di st ribution are 

given in figure 3 . 3 . It  can be seen that the volume chang e s  

a r e  mainly in t h e  pore s of  sma l l  s i z e  ( the mi cropore s ) . 

The i r  re sult s for surface area are given i n  f i gure 3 . 4 .  The 

surface area is not only for the Pb02 surface but i nclude s 

the surface o f  any PbS04 crystal s  present . It  can be s e e n  

there i s  a rapid ri s e  in surface area a t  t h e  beginning o f  

charge . 

From SEM observat ions Ekdunge and S imons son ( 1 9 8 5 )  

found larger ( and consequently fewer ) PbS04 c rystals formed 

at low rate s  o f  discharge compared to tho s e  formed at h i gh 

rate s . This i s  con s i st ent with earl i e r  obs e rvations o f  
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Figure 3.4: Exp erimental Surface Area and Charg e Stat e .  

Wal e s  and S imon (198 1 )  . They a l s o  found the s i z e  of the 

PbS04 crystal s depended on the volume in whi ch they formed . 

At the surface and in large voids , large c l o s e l y  packed 

crystals could be s een . I n  the mic roporous int e rior the 

Pbso4 was randomly di stributed as  sma l l  c rystall i t e s . 

The wo rk out l i ned above has des cribed the AM at 

various charge stat e s .  At thi s point the way in whi ch the 

st ructure changes during charge and di s charge will be 

considered . 

It  has al ready been pointed out 

di scharge / charge reacti on proceeds through a 

that the 

di s solut i on-

precipitat ion mechan i s m .  Further it was s een that crysta l s  

grow ( at least init i a l l y )  as  three dimens ional structure s 

at various s i t e s  on the surface o f  the di s so lving material . 

I n  the i r  opt i cal studi e s  S imon e t  al  ( 19 7 0 )  made 

s everal additional obs e rvat ions . During deep di s charge , 
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PbS04 crystal s were seen to merge and to complete ly 

encapsulat e the Pb02 . Voi d  areas were a l s o  present at a l l  

t imes in the structure . During the initial stage o f  charge 

they found Pbo2 l obe s devel oped within the encapsulat i ng 

PbS04 . Thi s was taken as evidence that the Pb02 was part o f  

a n  e lectrically conducti ng framework which was suppl i e d  

with acid through the PbS04 layer . That i s ,  t h e  

encapsulat ing PbS04 d i d  not form a n  integral electri cal o r  

acid solution insulating layer on the Pb02 . As t h e  charge 

cont i nued Pb02 appeared at the PbS04 surface and grew on it  

unti l  the Pbso4 was completely consumed . The dens ity of  t h e  

PbS04 l ayer was dependent on t h e  state o f  charge . The s e  

obs e rvations were confirmed i n  later work employing a S EM 

( S imon e t  al ( 19 7 5 ) , S imon and Caulder ( 19 7 5 ) ) .  

Ekdunge and S imonsson ( 198 5 ) al s o  obs e rved change s i n  

the AM consi stent with that de s c ribed b y  S imon and e o ­

worke rs . However ,  in  many c a s e s  the growth of  the Pbo2 
during charge could not be relat e d  to the mac rost ructure o f  

the underlying PbS04 with any certainty . 

3 . 2 . 2 Conclusions Regarding the AM Mechanical Structure . 

i )  The AM involve s di fferent level s  o f  s t ructure . The 

microstructure provides a large react ion surface area 

whi l e  the macrost ructure provide s s olut i on t ransport 

paths . 

i i )  During di s charge , PbS04 forms primari ly in the 

micropore s of the AM . 

i i i ) At all  but the fully charged stat e , the Pb02 
surface area i s  not known with any certainty be cau s e  

o f  t h e  addi t i onal PbS04 surface are a . Thv total 

experimental surface area rapidly inc reas e s  at the 

beginning of charge . 
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iv)  The solid phase Pb02 i s  at a l l  t ime s part o f  a 

conducting network . That i s , the surrounding PbS04 
doe s  not electri cal ly i solat e  the Pb02 . 

v )  The s o l i d  pha s e  PbS04 forms a porous structure 

rest rict ing the supply of acid to the Pb02 / so lut ion 

int e r face , but not totally preventing such a supply . 

That i s , the PbS04 does not form an impervious l aye r 

on the Pb02 structure ( in contrast to what would be 

expected from a s o l i d  state mechani sm) . 

vi ) The reaction proceeds where the supply o f  Pb2 + 

ions i s  cont rol l e d  by a di s solution-pre c ipitation 

equ i l ibrium reaction o f  nearby PbS04 . Thi s i s  

con s i stent with the s i z e  and number o f  PbS04 cryst a l s 

that fo rm for various di s charge rat e s  and the growth 

o f  Pbo2 on the surface o f  PbS04 during charge . 

3 . 3  THE ELECTROCHEMICAL REACTION . 

The electrochemi cal reaction occurs in an extremely 

thin region at the s o l i d  Pb02 / solut ion int e r face . T h i s  

s e ct i on i s  concerned with setting out an adequate 

de script i o n  o f  the electri cal charact eri s t i c s  o f  t h i s  

region f o r  the purpo s e  o f  des c ribing the overall electrode 

behaviour . 

The Pb02 / solution i nterface forms a system at whi ch 

two electrochemi cal react ions occur . The mai n  react ion i s  

the charge/di scharge reaction involving Pbo2 and the P b2 + 

ion . The s econd reaction i s  the oxygen evolut ion react i o n  

where oxygen gas is  produced from wate r  i n  t he 

e l ect rolyt e . The s econd reaction wi l l  not be dealt with 

here but is di s cus sed further in the context o f  c e l l  

gas s i ng in s e ction 3. 5. 
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3 . 3 . 1  The Equilibrium Potential . 

The pot ent ial at the solid pha s e  o f  the interface i s  

the sum of the equilibrium potent ial and the current 

induced overpotent ial . That i s ,  

(3. 2 )  

where 

E (v)  is the total potent ial at the solid pha s e , 

Ee ( v )  i s  the interface equ i l ibrium potential and 

E� ( v )  i s  the interface overpotential . 

Both E and Ee are referred t o  some arbitrary e l e ctrode 

system ( for example the standard hydrogen electrode ) . 

The di s charge/ charge mechani sm o f  the AM has a l re ady 

been given . 

e lect rochemi cal 

It  consi s t ed of  di s s olut ion , di f fusi o n ,  

react ion and prec ipitat ion s t eps . Writ i n g  

the equat ion f o r  the overall e lect rochemi cal react ion s t ep 

give s 

(3. 3 )  

The Nernst equation for thi s reaction defines the 

e quil ibrium potential . The general Nernst e quat ion ( s ee 

Bock r i s  and Reddy ( 1 9 7 7 )  for example ) is  

where 

nF activity of  oxidi s e d  spec i e s  
E o + - ln ----------------

RT activity o f  reduce d  spe c i e s  
( 3 .  4 )  

E o ( v )  i s  the standard e l ect rode pot e nt i al , 

n i s  the number o f  electrons involved in the react i o n ,  

F (A . s . mol - 1 ) i s  the Faraday constant , 

R ( v . A . s . K . mol- 1 ) i s  the gas constant and 

T ( K )  is absolute t emperature . 

For the react ion o f  equat ion 3. 3 thi s give s 

Ee = 1 . 4 5 5  - 0 . 0 1 2 8 ln [ apb2+ J + 0 . 0 5 1 4 ln [ aH+ ] .  (3. 5 )  
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where 

aPb2+ is the act ivity o f  Pb2 + , 

aH+ i s  the activity o f  H+ and 

Eo is taken as 1 . 4 5 5  vol t s  ( P avlov ( 1 9 8 4 ) ) .  

The activity o f  wat e r  and solid Pb02 are t aken as  unity . 

A comparable equation could be written taking equat i o n  

3 . 1  as  the electrode reaction . O n  evaluation o f  t he 

activity of  component s this would give the same result as  

equation 3 . 5 , provi ded the Pb2 + activity at the int e rface 

i s  determined by the di s solut ion-precipitat ion equ i l ibrium 

react ion of  Pbso4 . This will only be accurat e where Pbo2 
and PbS04 are c l o s e  enough together to minimi s e  the effects  

o f  Pb2 + concentrat ion gradient s .  

3 . 3 . 2  The Current/Low Overpotential Characteristic . 

Defi ning the current /overpot ent ial charact e r i s t i c  o f  

the int e r face i s  more di fficult . I t  depends on t h e  net 

e f fe ct o f  the proce s s e s  occurring within the interface 

region . The s e  can include electro chemi cal charge t ran s fe r  

reaction s ,  chemi cal react ions , or s ome s e quence o f  the s e . 

I n  addit ion the s ituation can be compounded by ads o rpt ion 

o f  spec i e s  on the reacting surface and surface masking by 

component s .  Al l o f  the se pro c e s s e s  have been shown to o c cur 

t o  some extent at the Pb02 / solut i o n  interface ( s ee Dasoyan 

and Aguf ( 1 9 7 9 )  for example ) . 

Hamp son et al ( 1 9 6 7 , 1 9 6 8 , 1 9 6 9 )  studiE d the 

e lect rode in perchlorate 

e lectrolyte was used in 

electrolyt e s . Th� 

place of sulphuric 

perchlorate 

acid to 

e l iminate surface masking due to the format i on of  s o l i d  

PbS04 and to allow t h e  independent variat i on o f  H+ and P b2 + 

activit i e s . 

At low overpotentials ( ± 1 0mv) Hampson e t  al ( 1 9 6 7 )  

found evi dence o f  a single two elect ron charge t rans f e r  
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s t ep . The voltage / current relationship for thi s proc e s s  i s  

given by 

where 

i 

i 0 ( A . m-2 ) i s  the exchange current dens ity and 

a is the charge t rans fe r  coe ffi c i ent . 

(3. 6 )  

E quat ion 3. 6 i s  the common form o f  the But l er-Vol me r  

equat ion ( Bo ckri s and Reddy (19 7 7 ) ) . 

At low overpotent i a l s  the exponent i a l  t e rms i n  

equat ion 3. 6 can b e  approximated b y  t h e  first two t e rms o f  

the exponent ial series expans ion . Whe n  di ffe re nt i ated thi s 

approximat e form give s 

dE� / di = -RT / nF i 0 . ( 3. 7 )  

dE� / di i s  the gradie nt o f  the overpotent ial / current curve 

at z ero overpot ential and can be obtained 

This is one approach used to det e rmine i 0 . 

experimenta l l y . 

The right hand 

s i de o f  3. 7 is somet ime s  referred to as  the charge t rans f e r  

re si stance s ince it h a s  unit s of  ohms and is  approximate l y  

l inear f o r  small changes in overpotent ial . 

I n  gene ral the exchange current den s ity i s  dependent 

on the act ivity of the species involved in the charge 

t rans fer step . Thi s dependency can be written in analogous 

fashion to rate const ant s for chemical react ions . That i s ,  

where 

k i s  the homogeneous rate con stant , 

ai i s  the activity o f  the spe c i e s  involved and 

Y i is the react ion order of  the s e  specie s .  

( 3. 8 )  

I n  the case o f  ele ctro chemi cal react ions , the react ion 

orders a l s o  relate to the charge t rans fe r  coe f f i c i ent . The 

react ion o rde r s  can be e s t imated from the gradient o f  plot s 
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o f  l o g  i 0 against ai . For reaction 3 . 1  Hampson e t  al ( 1 9 6 7 )  

has given the exchange current as  

( 3 .  9 )  

Here act ivi t i e s  have been replaced by concentrat i o n s . 

Equat ion 3 . 9  shows that provided the homogeneous rate 

constant i s  known , the exchange current density can be 

calculat e d  for any concent rat ion o f  H+ and Pb2 + . 

Hampson e t  al ( 1 9 6 7 ) evaluated i 0 us ing e quat ion 3 . 7 .  

Furthe r ,  they evaluated the charge t rans fer coeffici ent by 

e s t imating the react ion orders for the exchange current 

dens ity and applying equation 3 . 9 .  Both i 0 and a were a l so 

evaluated by directly fitt ing equation 3 . 6  to  t he 

experimental data . Thei r  re sult s indi cate hydrogen 

adsorption at the interface surface . That i s ,  the value o f  

cH+ required i n  equation 3 . 9  needed to b e  considerab l y  

higher than the bulk value in t h e  e l e ct rolyte s olut i on to 

give the same result s for a as obtained by direct ly fitt i n g  

equat ion 3 . 6 .  

3 . 3 . 3  The Current/High Overpotential Characteristic . 

At high overpotent i a l s  ( up to ± 3 0 0  mv ) Hamp s on e t  al  

( 1 9 6 8 ) found the react ion proceeded a s  two conse cut ive 

s ingl e  e le ct ron charge t ransfer steps . Thi s can be 

repre s ent ed by 

Ox + e = X ( first step ) ( 3 . 1 0 a )  
and 

X + e Red ( s e cond step)  ( 3 . 1 0 b )  

where " Ox "  i s  the oxidi sed spe c i e s , " Red" i s  the reduced 

spe c i e s  and " X "  i s  the int ermediate spec ie s . 

I n  the following formulat ions parameters a s s oc i ated with 

the f i rst and s e cond charge trans fer steps w i l l  be denot ed 

by subscript s 1 and 2 respective ly . An equat ion of the form 

o f  equat ion 3 . 6 can be written for each of  the s e  s t ep s . 

That i s ,  
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i / 2  ( 3  . 1 1 a )  

and 
i / 2  = i 0 2  

Here each step i s  a s sumed t o  cont ribute half o f  the total 

current and only the act ivity of  the t rans ient intermediate 

speci e s  X is al lowed to vary ( from axo r for whi ch the 

exchange current s are defined, to  ax ) . 

The i ndividual exchange current dens i t i e s  in thi s c a s e  

c a n  be de fined as  

and 
i o 1 nFk1 ( aox ) 1 -a1 ( axo ) a1 

i o 2 = nFk2 ( axo ) 1 -a2 ( aRed) a2 

( 3 . 1 2 a )  

( 3 . 1 2 b ) 

The charact eri st i c  o f  the combined steps i s  found by 

e l iminat ing the term ax / axo from 3 . 1 1 .  This gives 

e- ( a1 + a2 ) FE� /RT _ e ( 2 -a 1 -a2 ) FE � /RT 
i 2 --------��--�=-�=-------------��-=� 

( 1 / i o 2 ) e ( 1 -a1 ) FE� /RT + ( 1 / i o 1 ) e-a2 FE� / RT 
( 3 . 1 3 )  

( Hurd ( 1 9 6 2 )  and Vett e r  ( 1 9 6 7 )  give a detailed t re atment ) . 

Equat ion 3 . 1 3 can be simp l i fi ed i f  one o f  t h e  

individual s t eps has a comparatively slow homogeneous 

react ion rate ( o r  small exchange current den s it y )  and 

there fore i s  the rat e determining step ( the s l owest s t ep 

that limi t s  the overall rate of  the complete sequenc e )  . I n  

the case where the first charge tran sfer s t ep ( equat i on 

3 . 1 0 a )  i s  as sumed t o  b e  the rate det ermi ning s t ep , thi s 

give s 

( 3 . 1 4 a )  

S imi l arly , i n  the case where the s e cond charge t rans f e r  

s t ep ( equati on 3 . 1 0b )  i s  assumed to b e  t h e  rat e dete rmining 

step ,  thi s gives 

( 3 . 1 4 b )  

Further s impl i ficat ions can be made for h i gh 

overpotent ial s s ince one or other o f  the exponent ial terms 

wi ll be dominant . Equation 3 . 1 4a become s  
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i 
and 

i 

2 i o 1 e-a 1FE� /RT 

-2 i o 1 e ( 2 -a1 ) FE � /RT 

( 3 . 1 5 a )  

( 3 . 1 6 a )  

for high cathodi c and anodi c  overpotent ial respective l y . 

E quation 3 . 1 4b become s 

and 
i 2 i o 2 e- ( 1 +a2 ) FE� / RT 

i = -2 i o 2 e ( 1 -a2 ) FE� /RT 

( 3 . 1 5b )  

( 3 . 1 6b )  

for high cathodi c and anodi c  overpotent ial re spect ive l y . 

These exponential current /overpotenti al relationships a re 

o ften refe rred t o  as Tafel relationships . t The i nt e rcept s 

and gradi ent s o f  plots o f  the l o garithm of i versus E� 
( Tafel plot s )  enable the exchange current den s ity and 

charge t rans fer coeffici ent to be est imat e d .  

Hamp s on et a l  ( 1 9 6 8 )  found numerically di fferent 

exchange current dens i t i e s  for the cathodi c and anodic 

plot s . Thi s  was taken as evidence o f  a di fferent rate 

det e rmining step for the cathodic and anodi c react i o n  

di rections . Further ,  from t h e  gradi ent s of  cathodi c and 

anodi c plot s ,  they det e rmined that the first charge 

t rans fer ( equation 3 . 1 0a )  was the rate det ermining step for 

the cathodi c di rect ion and the s econd charge t rans f e r  

( equation 3 . 1 0b )  was the rate dete rmining step for the 

anodi c di rection . Thi s means that equat ion 3 . 1 5 a  appl i e s  

for high cathodi c  overpote nt i a l s  and equat ion 3 . 1 6b appl i e s  

for high anodi c overpotent i al s . 

Hampson et al ( 1 9 6 8 ) went on to propose a part i cular 

react ion s equence and give numerical values for i 0 1 , 

a 1 and a2 for various H+ and Pb2 + ion concent rat ions . 

found the react ion order for Pb2 + was not constant 

i o 2 ' 
They 

but 

reduced with reducing Pb2 + concentrat ion and the react i o n  

o rder f o r  H+ was lower than expecte d ,  po s s ibly due t o  

hydrogen adso rpt ion . The parameter value s det e rmi ne d  by 

Hampson et al ( 1 9 6 8 )  are summari sed in table 3 . 1 .  

t An empirical formulation o f  thi s form was first publi shed 

by Tafel in 1 9 0 5 . 
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Table 3 . 1 :  Experimental Current /Overpotent ial P aramet e r s . 

·.·.·.�-�--�--�·?..9..� . .S. .... ·.·.·.·� .. ?. .. �,.� . .s.� .. �.E.<J..�.L ......... s .. � .. � .. � .... : 
Exchange current reaction o rder : 

Charge t ransfer coefficient : 

Exchange current : 

Anodic ( charge ) case . 
·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·=·:·:·:·: 

Exchange current reaction order : 

Cha rge t rans fer coefficient : 

Exchange current : 

F rom Hampson et al ( 1 9 6 8 )  . 

2 i  =k Fc l . S 
0 1  1 H+ 

* 

-2 * t 
2 . 5 0 A . m  

2 .  k F 1 -0 .  4 
�02 = 2 C

Pb2 +
C H+ 

* 

-2 * t 2 . 5 0 A . m  

* for cH+ 
=3 0 0 0  mol . m-2 , c

Pb2 + 
= 4 5  mol . m-2 . 

t for relative comparison only . Abs olute value uncertain . 

Lat e r  workers generally accept the ideas o f  Hampson e t  

al ( 1 9 6 7 , 1 9 6 8 ) as  giving a qualitative de s cript ion o f  the 

e lect rochemi cal proce s s e s  at the Pb02 / so lut ion interface 

( for example Bode ( 1 9 7 7 ) , Ekdunge and S imons son ( 1 9 8 5 ) ) .  

Unfortunately , thi s work cannot be applied direct l y  to give 

a quant itat ive de scripti on o f  the interface . S ome reasons 

for this are li sted below . 

i )  The uncertain surface area and there fore unc e rtain 

current den s ity o f  the e lect rode . 

i i )  The uncertain react i on orde r s  at the very low Pb2 + 

ion concent rat ions in the lead-acid cell . The s e  are 

typically a factor 0 . 0 0 1  lower than tho s e  used in the 

work de s c ribed above . 

i i i ) The ef fect o f  the sulphate ion . S everal worker s  

have report ed the presence o f  adsorbed sulphate 

spe c i e s  at the interface ( for examp l e  Carr et al 
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( 1 9 7 0 ) ) .  The s e  spe c i e s  are l ikely t o  affect the 

exchange reaction . 

Two other works whi ch give complementary quant itat ive 

data fo r the forms indicated by Hamp son e t  al  ( 1 9 6 7 , 1 9 6 8 )  

are cons i dered below . 

S imons son ( 1 9 7 3 )  performed experiments on e l e ct ro de s 

formed by anodi c oxidation o f  smooth lead sheet and 

e lect rodepos it ion o f  � -Pb02 on pol i shed platinum . The s e  

e lect rode s we re di s charged at s everal high overpotent i a l s  

i n  5 0 0 0  mo l . m-3 H2 so4 . The Ta fel plot s of  the init i a l  

current / overpotent ial result s gave t h e  same s l ope ( t ran s fe r  

coeffi cient ) for both elect rode s ,  but di f fe rent z e ro 

overpotent ial intercept s ( current exchange dens i t i e s ) . The 

di fference in exchange current dens ity was due to a rough 

surface on the oxidi sed l ead sheet . The cathodi c exchange 

current den s ity obtained for the e l e ctrodepo s i t i o n  

e lect rode was about 0 . 1  A . m-2 . The Tafel plot s involved i n  

t h i s  c a s e  a r e  given in figure 3 . 5  . 

. 1 
0 

.09 

........ .08 p 
.._., ..... .07 

.� ...., 
Q Q) .06 ...., 0 
0. 1-1 .05 Q) p 0 
0 

.04 
;s 0 .03 ..cl ...., <0 / 0 .02 / 

/ 
. 0 1  / 

/ 

-.5  0 . 5  1 1 .5 2 2 .5 3 
Log[current density (A.m-2) ]  

Solid: ,B-Pb02 on polished platinum. 
Small dash: extrapolation for exchange current density (at zero overpotential). 
Large dash: oxidised lead sheet. 

Redrawn from Simonsson ( 1 973) . 

Figure 3.5 :  C athodic Tafel Plots for Two Lead Dioxide Electro des. 
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E kdunge and S imonsson ( 1 9 8 5 )  have made measurement s o n  

conventi onal and flow-through Pb02 electrode s to det e rmine 

the concent ration dependence of the anodi c int e r f a c e  

react i on . The flow-through e l e ct rode was used to el iminate 

concentrat ion gradients within the e l e ct rode int e ri o r . 

For 5 0 0 0  mol . m- 3  H 2 so4 , an exchange current dens ity o f  

4 7x1 o - 3  A . m-2 was obtained ( cal culat ed from the elect ro de 

surface current den sity as suming the rati o  o f  t ru e  

interface surface t o  e lectrode surface was 1 0 4 ) . 

3 . 3 . 4  Conclus ions regarding the electrochemical reaction . 

i )  The equil ibrium potent ial of  the reaction is  known . 

Thi s can be written for Pb2 + and H+ spe c i e s  bas ed o n  

the react ion given in equat ion 3 . 3 .  

i i )  The general form and approximat ions for the 

current / overpot ential characteristic  are known . 

i i i )  The low overpotential react ion involve s a s ingle 

two elect ron charge t rans fer step . 

iv)  At the medium to high overpotent i a l s  the rea ct i o n  

proceeds as two consecut ive s ingle e l e ct ron charge 

t rans fe r  step s . 

v )  The rate dete rmining steps for anodi c  and cathodi c 

react ions are di fferent . Cons equent ly the exchange 

current den s i t i e s  for the anodi c  and cathodi c 

react ions are di ffe rent . 

vi ) Quant itat ive kineti c  dat a ( nume r i c  values for a 

and i o ) are not known with any c e rtainty . 
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3 . 4  TRANSPORT IN SOLUTION . 

Matters concerning the t ransport o f  mas s  and char ge 

are cons idered here . For simplicity the t re atment wi l l  be 

l imit e d  to the one dimensi onal case ( the x-dimens ion ) . 

Two common a s sumptions u s ed in analys ing the l e ad-a c i d  

c e l l  wil l  b e  adopt ed a t  t h e  out set . 

Firstly,  it wil l  be as sumed that the theory o f  dilute 

e lect rolyt e ( as pre s ented by Bockri s and Reddy (19 7 7 )  for 

exampl e )  app l i e s  to the transport o f  mas s  in this  cas e . 

Formulations based on thi s theory are used by many work e r s  

studying the l ead-aci d  c e l l  ( for example S imon s s on ( 19 7 3 ) , 

Turner and Mo se ley ( 198 3 ) ,  Kappus and Bohmann (198 3 )  and 

At lung and Fastrup ( 1984 ) ) .  It must be not ed however ,  t hat 

the theory of di lut e  electrolyt e s  is an approximation and 

mo re general theories are available ( fo r  examp l e  Mi l l e r  

( 19 6 6 ) , Micka ( 19 68 ) , Newman e t  a l  ( 19 6 5 ) ,  Newman and 

T iedemann (19 7 5 ) ) .  

100 

90 
-

80 - � 
_......._ ...... 
,.q 70 t>.O ..... Q) 
� 60 

� 
.:: 50 0 

:;; ·m 40 0 
0.. 
s 30 0 

u 
20 

1 0  

0
0 4 5 6 

Acid Concentration (x1 03 mol.m-3) 

Solid: undissociated acid % weight. 
Small dash: sulphate ion % weight. 

7 

---

8 9 

Large dash: bisulphate ion % weight. 
Typical concentration range in lead-acid cell 2 to 6 x 1 03 mol.m-3• 

Based on data from Bode ( 1 977). 

Figure 3.6: Disso ciation of Sulphuric Acid. 
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S e condly , it wi l l  be as sumed that the water/ sulphu r i c  

acid solution forms a bi nary electrolyte where t h e  charge 

carrying spe c i e s  are H+ and HS04 ions . The val idity of the 

binary e l e ct rolyte as sumpt ion can be j udge d  from figure 3 . 6  

which give s the di s s o c iation o f  sulphuric acid according to 

Bode ( 1 9 7 7 ) . 

S o lut ion components that wi l l  be cons idered in deta i l  

in the following di s cu s s ion are t h e  H+ i o n ,  the HS04
- i o n  

and t h e  e l ectrically neut ral H+ / H S 04
- i o n  pair repre sent i ng 

a " molecule " o f  aci d .  Paramete r s  as sociat e d  with these 

component s will be denoted by the subscript s + , - and ± 

re spective ly . 

3 . 4 . 1  Mass Flux Density . 

The i ndependent mas s  flux density o f  spec i e s  " i "  in  a 

dilute e l e ct rolyte can be written as  

where 

O C · Z • a �  l l J · -D · -- ci l i - + ciu ( 3 . 1 7 )  l l 
ax I Z i l ax  

J · 
l ( mol . m-2 . s -1 ) i s  the flux den s ity o f  the spe c i e s , 

D · 
l (m2 . s - 1 ) i s  the di ffus ion coe ffi c i ent o f  the 

spe c ie s ,  

ci ( mol . m-3 ) i s  the concentration o f  the spe c ie s , 

l i ( m . s - 1 . v- 1 ) i s  the ionic mob i l ity o f  the spe c i e s , 

z i i s  the charge number o f  the specie s ,  

a � / ax ( v . m- 1 ) i s  the potent i al gradi ent surrounding 

the species  and 

u ( m . s-1 ) is the solution velocity . 

The three terms on the right hand side repre s e nt di f fu s i o n ,  

conduction and conve ction proce s s e s . Writ ing equation 3 . 1 7 

for each o f  the three species  o f  int erest here gives 
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a c+ a �  
J+ = - D+ -- - c+ l+ - + c+u ,  

a x  ax  
( 3 . 1 8 a )  

a c_ a �  
J_ D -- + c_l_ - + c_u ( 3 . 1 8 b )  

a x  a x  
and 

a c+ 
J± = - D ± __ - + c±u .  

ax  
( 3 . 1 8 c )  

The migration t e rms for the H+ and HS04 spe c i e s  h ave 

oppo s ite s igns becau s e  of the i r  oppo s ite ionic charge . The 

migrat ion t e rm for the acid doe s  not appear s ince thi s 

spe c i e s  i s  regarded a s  e l e ct ri cally neut ral . 

3 . 4 . 2  Electroneutrality . 

The spe c i e s  in the solut ion are al so const rained by 

the requirement for elect roneut ral ity . This di ctat e s  t hat 

the net charge in any incremental volume of solution must 

be z e ro . In  thi s cas e ,  where the only charged spec i e s  are 

the s i ngularly charged H+ and HS04
- i ons , thi s  amount s t o  

( 3 . 1 9 )  

A s econd effect i s  that the two flux den s it i e s  J+ and 

J_ are not independent but coupled t ogether to ensure the 

condi t ion o f  e l ectroneut rality is maintained . In  the c a s e  

where there i s  no solut ion current flow the two flux 

den s i t i e s  are the same and equal t o  the acid flux density . 

That i s ,  

J± (when no solution current ) . ( 3 . 2 0 )  

Thi s ident ity allows the acid di f fus ion coe fficie nt to be 

written in terms of  the individual ion parameters ( se e  

Jordan ( 1 9 7 9 )  for exampl e )  . The procedure f o r  thi s i s  given 

be low . 

With no solution current , the potent ial gradie nt 

affect ing the two charged spe c i e s  i s  the driving force 

ensuring the coupl ing between the s e  specie s . Thi s potent ial 
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gradi ent can be found by combining equat ions 

3 . 1 8b using equat ion 3 . 2 0 whi ch gives 

3 . 1 8 a and 

( 3 . 2 1 )  

where a � c / ax ( v . m- 1 ) i s  the coupling potential gradie nt . 

S ubst itut ing equat ion 3 . 2 1 back i nto either equat i on 3 . 1 8 a 

or 3 . 1 8b and again u s i ng equat ion 3 . 2 0 gives 

Here use has been made of the Nernst -Einstein 

to relate the ionic mobilities  to the 

coefficient s . Thi s  relationship stat e s  

( 3 . 2 2 )  

relat ionsh ip 

di f fus i on 

( 3 . 2 3 )  

Equat ing the coeffi c i ent of  a c± / ax in equat ion 3 . 1 8 c  with 

that in equat ion 3 . 2 2 give s the required expr e s sion for 

the acid di ffusion coefficient . That i s ,  

( 3 . 2 4 )  

whi ch i s  commonly cal led the binary di ffus ion coe f f i c i ent . 

3 . 4 . 3  Charge Flux Density . 

The charge flux den s ity ( current den s i t y )  i s  de fined 

by summing the mas s  fluxe s taking into account the i r  

charge . That i s ,  

i 2 =F I Z · J ·  l l ( 3 . 2 5 )  

where i2 (A . m- 2 ) i s  the current density in the solut ion . 

S ubst itut i ng equations 3 . 1 8 a  and 3 . 1 8b into equat ion 3 . 2 5 

and us ing equation 3 . 1 9 give s 
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( 3 . 2 6 )  

The first t e rm on the right hand s ide represents the e f f e ct 

o f  the e le ct rical pote nt i a l  gradient whi l e  the s econd t e rm 

on the right hand side repres ent s the e ffect 

chemi cal pot ential gradient . Equation 3 . 2 6 i s  o ft e n  

i n  t h e  equivalent form 

a �  a c± 
K - - F ( D+ - D _ )  

a x  a x  

where K Fc± ( l+ + l _ )  

conduct ivity . 

( - 1  - 1 ) Q . m  i s  the solut ion 

o f  t h e  

writt e n  

( 3 . 2 7 )  

The potent ial gradient in equat ion 3 . 2 7 can be taken 

as  the sum of the potential gradient due to the coupl ing o f  

the charged species  as  given by equat ion 3 . 2 1  and t h e  

potential gradient due to current fl owing in t h e  solut i o n . 

That i s ,  

a �  a � c a � s - = -- + -- ( 3 . 2 8 )  
ax  ax ax  

where a � s l ax (v . m- 1 ) i s  the potent ial gradient due t o  

current flowing in the solution . 

Combi ning equations 3 . 2 1 ,  3 . 2 6 and 3 . 2 8 give s 

( 3 . 2 9 )  

which i s  the normal " ohms l aw" relat i onship for s o l ut i o n  

conductivity . 

3 . 4 . 4  An Alternative Form for Mass Flux Equations . 

Equat ion 3 . 2 6 can be used to e l imi nate the potent i al 

t e rms in equati ons 3 . 1 8 a-b . Thi s gives 
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t + i 2 a c+ 
J+ D ± __ 

- + c±u 
F a x  

( 3 . 3 0 a )  

and 
t _  i 2 a c+ 

J_ D± __ 
- + c±u 

F a x  
( 3 . 3 0 b )  

where 

t+ = 1+ ( 1 + + 1_}  i s  the t rans fe rence number for 

H+ and 

t _  1 -t+ i s  the transference number for Hso4 

Again the Nernst -Einstein relation ( equat ion 3 . 2 3 )  has b e e n  

u s e d  to re late the i o n i c  mobi l it i e s  to the di f fu s i o n  

coefficient s . 

3 . 4 . 5  Concentration Changes with T�e . 

The concentration change s o f  spec i e s  " i "  with t ime can 

be de fined by writing the mas s  balance for an incrementa l  

volume . This i s  o ften taken as a volume o f  unit square area 

and width dx ( see Cus sler ( 1 9 8 4 )  fo r examb l e ) . Here , 

however ,  the cro s s -s ectional area of  the incremental volume 

wi l l  be al lowed to vary in time and space so that the 

structural features that were reported in s e ction 3 . 2  can 

be explicitly represented in the t ransport equations . Under 

these circumstance s  the mas s  balance give s 

!_[A c · l = !_ [A J · l + P · 

at  
l 

a x  
l l ( 3 . 3 1 )  

where 

A (m2 ) is the area o f  the incremental volume normal t o  

the flux di rect ion and 

P i ( mol . m-1 . s -1 ) is the rate of react ion (product ion 

or depletion)  o f  species  " i "  per unit l ength 

normal to the flux direction . 

From l e ft to right the terms in equation 3 . 3 1 repres ent 

accumulat i o n ,  divergence and the reaction of mas s  in the 

i ncremental volume respect ively . Equation 3 . 3 1 can b e  
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written for each o f  the three spe c i e s  o f  interest here by 
sub s t itut i ng the rel evant expre s s ions for ma s s  f lux 
dens i t y  ( equat i o n s  3 . 3 0 a ,  3 . 3 0 b  and 3 . 1 8 c ) . P e r fo rm i n g  
t h e s e  sub s t itut i o n s  a n d  making u s e  o f  equat i o n  3 . 1 9 give s 

� [A 
a t  

!_+ a t  

and 

_
a [A 
a t  

c ±  l 
c ±  l 

_ _ a_[A [D+ 
a c± _ 

a x  - a x  

a [ [ a c + 
- - A D+ --- + 

a x  - a x  

c + ] = - _
a [A [D + 

a c ±  
+ 

- a x  - a x  

t + i 2 + c ± u ] ] + P + , ( 3 . 3 2 a )  
F 

t _  i 2 + c ± u ] ]  + P _  ( 3 . 3 2 b )  
F 

c ± u ] ]  + P ± . ( 3 . 3 2 c )  

S ince the l e ft hand s i de o f  e quat i on s  3 . 3 2 a - c a r e  
e qual , their right hand s i de s  c a n  be e quat e d . Th i s  give s 

p + =
�[A 

t + i 2 ] + p + = _ _ a_ [A 
t _  i 2 ] + p _ 

- a x  F a x  F 
( 3 . 3 3 )  

which i s  an i dent ity that re lates the re action t e rm o f  t h e  
acid t o  that for either o f  the i ndividual ions . 

3 . 4 . 6  Conclusions Regarding Transport in Solution . 

i )  The a s sumpt i o n  o f  di lute solut i o n  theory and b i n a ry 
e l e ct ro lyte a l l ows a conveni ent s impl i fi cat i o n  o f  t he 
general formulat i on s . 

i i )  Formulat ions for ma s s  flux ,  charge flux and 
c oncent r at i o n  change ba s ed on the theory o f  dilute 
e l e c t rolyt e s  are known . 

3 . 5 GAS EVOLUTION IN THE ELECTRODE AND CELL . 

Oxygen gas i s  evolved at the p o s i t ive e l e ct rode and 
hydrogen ga s is evo lved at the negat ive e l e ct rode o f  a 
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l e ad- a c i d  c e l l . The equ i l ibrium pot e n t i a l  f o r  the ga s s i n g  
react i on i s  c l o s e r  t o  z e ro than that f o r  the mai n  react i o n  
o f  t h e  p o s it ive and negat ive e l e c t rodes ( s ee P av l ov ( 1984 ) 

f o r  exampl e ) . Thi s cau s e s  gas t o  be evolved and a gradu a l  
e l ect rode s e l f  di s charge dur i ng open c i rcuit c ondit i o n s . 
The gas evolut i o n  rat e s  at open c i rcuit potent ial s are l o w . 
However ,  at the h i gh pot ent i a l s  near the end o f  charge , t h e  
evo l ut i o n  rat e s  a r e  high . I n  t h i s  di s cu s s i on i t  i s  o n l y  
t h e  e ffects o f  g a s s ing near the end o f  charge that a r e  o f  
interest . Th i s  i s  becau s e  t ract ion c e l l s  a r e  frequent l y  
charged and therefore sub j e cted t o  cons i derable h igh r a t e  
ga s s i ng but l i t t l e  ac cumu l at ive s e l f  dis charge . 

Gas s i ng dur i ng charge has s eve ral e ffects i n c l udi n g  
t h e  dive r s i o n  o f  current from t h e  mai n  re act i on into t h e  
ga s s i ng reac t i o n , the enhancement o f  e l e ct r o l yt e  ma s s  
t ransport , the i ncrease o f  e l e ctro lyt e  re s i s t ivity and 
i n t e r face s u r face ma ski ng . Each of the s e  e ffect s i s  
di s cu s s e d  brie fly be l ow . 

3 . 5 . 1  Current and the Gas Evolving Reaction . 

S ides and Tobias ( 198 0 , 198 5 )  have per formed 
expe rime ntal and theo ret i cal s tudi e s  o f  bubb l e  fo rmat i o n  o n  
p l anar e l e c t rode s t o  de f i ne the mechani sms involved and 
the current /potent i a l  di s t ribut i o n s  around i ndivi du a l  
bubbl e s . They report con s i de rabl e di s rupt i on o f  the current 
di st ribut ion and s i gni fi cant fluid mot i o n  at the g a s  
evolving surface . Fundamental studi e s  o f  thi s type have n o t  
b e e n  app l ied t o  the porous po s it ive e l ect rode o f  t h e  l e ad­
a c i d  cel l . 

Expe rimental current / overpot ential relat ionships f o r  
t h e  g a s  evo lut i o n  react i o n  a t  both t h e  po s it ive a n d  
negat ive e l e ct rode o f  t h e  lead- acid c e l l  are 
Bode ( 19 7 7 ) and P avlov ( 1984 ) .  The 

reviewed by 
net current / 

overpotent ial re lationships are repre sented by exponent i a l  
T a f e l  f o rms . Howeve r ,  t h e  paramet e r s  i nvolved a r e  not 
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c o n s t ant but vary with a c i d  concent rat i o n  and 
overpotent i a l . The explanat i o n s  given fo r the s e  variat i o n s  
r e l a t e  to change s i n  t h e  i nt e r fa c e  surface s t ructu r e . 
Un c e rt a i nt i e s  are a l s o  i nvolved in e s t imat i n g  the surface 
area o f  the e l e ct rode on whi ch gas is evo lve d . 

F i nal charging rat e s  f o r  indu s t rial ce l l s  show t hat 
the current divert ed i nt o  the ga s s i ng react i o n  i s  
s i gn i f i cant . Typ i cal l y ,  thi s i s  2 5  t o  5 0 %  o f  the 5 hour 
di scharge rat e ( s e e  Smith (198 0 ) ) .  

3 . 5 . 2 Electrolyte Mass Transport and Gas Evolution . 

due 
D e e s  

Mas s  t ranspo rt paramet e r s  are a f fe c t ed 
t o  gas bubble movement . S i de s and Tobi a s  

and Tobias (198 7 )  have re c ent ly studied 

by agit at i on 
( 198 5 ) and 

thi s on a 
mi cro s copi c  leve l . They found ma s s  t rans f e r  e f fe c t s  at t he 
inter face surface were enhanced by bubble coa l e s cence a n d ,  
t o  a l e s s e r  ext ent , b y  bubbl e  detachment . Mas s  t ran s fe r  
rate s i n c r e a s e d  b y  mo re than a n  o rde r o f  magnitude w i t h  t h e  
fo rme r e f fect . Again t h i s  type o f  e ffect h a s  n o t  b e e n  
a c counted for i n  t h e  po s i t ive e l ect rode o f  t h e  lead-a c i d  
c e l l . 

Apa rt from e f fe c t s  at the i nter face , ma s s  t ransport i n  
other c e l l  part s that suppl y  acid t o  po s it ive e l e c t ro de , 
woul d a l s o  be enhanced by gas s i ng . Rap i d  changes i n  a c i d  
concent rat i o n  with the o n s et o f  g a s s i n g  ( s ee Sunu a n d  
Burrows ( 198 1 ) ) sugge st t h i s  e f fect i s  s i gn i f i cant in t h e  
l ead- a c i d  c e l l . 

3 . 5 . 3  Electrolyte Resistivity and Gas Evolution . 

E l e ct ro lyte re s i s t ivity i s  i n c reased by the i n c lu s i on 
o f  non- condu c t i n g  ga s bubbl e s . Thi s e f fect h a s  been s tudi ed 
by many authors ( s ee Dukovic and Tob i a s  ( 198 7 ) ,  Krey s a  and 
Kulps ( 198 1 ) , Vogt ( 198 1 ) , Hine and Murakami ( 198 0 )  and 
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Nagy (19 7 6 )  for exampl e ) . The s e  studi e s  are genera l l y  
l imit e d  t o  the e f fect in the i nt e r-e l e ct ro de e l e c t ro lyte o f  
s i mp l e  e l ect rode s y s t ems . The e ffect o f  gas evo lut i o n  o n  
the res i s t ivity o f  the e l e ct ro lyte withi n the p o r o u s  
e l e ct rode o f  t h e  lead-acid c e l l  has n o t  b e e n  det e rmi ne d . 

3 . 5 . 4  Surface Masking and Gas Evolution . 

Surface mas king due t o  bubb l e s  attached t o  t he 
i n t e r face would be expe cted in the e l e ct rode s o f  the l ea d  
a c i d  cel l . T h e  studi e s  o f  S i de s  a n d  Tobi a s  ( 198 0 , 198 5 ) a n d  
Dukovi c  a n d  Tob i a s  (198 7 ) contribut e to the unde r s t andi n g  
o f  the me chani sms i nvolved . T h e  e f fect o f  s u r fa c e  ma sk i ng 
h a s  not been quanti fied for the po s it ive e l e c t rode i n  t h e  
l ead- acid ce l l . 

3 . 5 . 5  Conclusions Regarding Gas Evolution . 

i )  C e l l  ga s s i ng at the end o f  charge has a s i gn i fi c ant 
e ffect on the po s it ive e l ect rode behavi our by 
dive rting current from the mai n  react ion and enhanc i n g  
mas s  transport . Oth e r  e f fect s i n creas ing e l e ct rolyte 
resi stance and surface ma ski ng woul d  al s o  be expe ct e d . 

i i )  Tafel forms for the current / overpot ent i a l  
relat i o n ship f o r  the ga s s i ng react i o n s  c a n  be u s e d  but 
the paramet e r s  are unce rtai n . 

i i i ) Oth e r  ga s s ing e f fect s i n cl uding ma s E  t ranspo rt 
enhancement , increa s e d  e l ectrolyte re s i st ivity and 
surface mas ki ng have not been quant i fi e d  for the 
p o s i t ive e l e c t rode of the l e ad-a c i d  cel l . 
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3 . 6  COMMON MODELS FOR POROUS ELECTRODES . 

3 . 6 . 1  The Single Pore Model . 

With the s i ngle pore model the AM i s  repre s ented by a 
s o l i d  pha s e  conta i n i n g  ident i c a l , s o lut i o n - f i l l ed 
c y l i ndri c a l  pores arranged no rmal to the e l e ct rode s u r fa c e . 
I n  t h i s  way i t  i s  supp o s ed that the c omp l e t e  e l e c t rode c a n  
be charact e r i s e d  b y  analy s i ng a s i ngl e pore . D e  Lev i e  
( 1 9 6 7 )  give s a compreh e n s ive review o f  the s i ngle p o r e  

mode l . 

E l e c t ri c a l l y  the pore can be repre sented by t h e  
equivalent c i rcuit shown i n  f i gure 3. 7. Wri t i n g  t h e  
e qua t i on for thi s c i r cuit give s 

and 
a � s / a x  + i 2 R s = 0 

a i 2 / a x  + � s / Z s = 0 

solution resi stance 
a long pore axis \ 

Adapted from de Levie ( 1 9 6 7 )  . 

Interface impedance 
at pore wall 

( 3. 34 ) 

( 3. 3 5 )  

F i gure 3 . 7 .  The S in g l e  P ore Mode l E qu i va l ent C i r c u i t . 
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where 
� s (v)  i s  the pot ent ial i n  the s o lut i on , 
Rs ( Q . m- 1 ) i s  the s o lut i o n  r e s i s t ance per unit l ength 

and 
Z s ( Q . m- 1 ) is the e l e ct rode i nt e rface impedance pe r 

unit l e ngth . 

The s e  e quat i o n s  can be comb i ned to el imi n at e  one vari ab l e  
o r  t h e  other ( i 2 o r  � s ) . 

Much o f  the work with thi s mode l h a s  been aimed at 
de f i n i ng and s olving an analyt i c al equat i o n  of one var i a b l e  
f o r  a part i cular form or fun c t i o n  o f  Rs a n d  Z s . 

The s i ngle pore mode l has been appl i e d  t o  t h e  
di s charge o f  p o rous e l e ct ro de s  o f  s t o rage c e l l s  ( fo r  
examp l e  Win s e l  ( 1 9 6 2 ) ,  Lehning ( 1 9 7 2 ) and Runge ( 1 9 7 2 ) ) .  
The s e  early wo rke r s , without the advant age o f  l a t e r  
deve l opment s ,  u s e d  s impl i fied formulat i o n s  i n  s ome part s o f  
the i r  model s .  The cont ribut ions o f  W i n s e l  ( 1 9 6 2 ) and 
Lehni ng ( 1 9 7 2 ) wi l l  be ment ioned b e l ow to repres ent the 
work . 

W i n s e l  ( 1 9 6 2 ) incorporated t ime deper.dent e f fe c t s  
through the impedanc e  Z s whi ch was i n s t antaneou s ly s e t  t o  
i n fi n ity when t h e  lo cal di s charge reached a c e rt a i n  level . 
H i s  result showed the di s charge proceeded mo s t  rapidly n e a r  
t h e  p o re mouth where t h e  current i s  l a rge s t . 

Lehni ng ( 1 9 7 2 ) mode l l e d  the po s it ive , negat ive and 
inter- e l e c t ro de e l ect rolyte of the l ead-a c i d  c e l l . He u s ed 
di f fe rent ial equat i o n s  for t ransport along the l i ne s  given 
above , t o  i n c o rporate the t ime dependent e f fect s . He 
c a l c u l at e d  impedances on the ba s i s  o f  the concent r at i o n s  
t h e s e  e quat ions predi cted . However ,  t h e  i nt e r f a c e  
pote n t i a l  w a s  approximated b y  the e qu i l ibrium potent i a l  
negl e ct i ng t h e  i nt e r face ove rpot ential . Hi s re sult s showed 
the acid concent rat ion variations in the e l e ct rode f o r  
vari o u s  c o n s t ant current di s charge s . F rom thi s ,  c e l l  
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voltage and, t here fore , capac ity were predi cted and 
compared with the known c apacity dependence o n  curre nt . 

I n  re cent years the s i ngle pore model has l o st favo u r ,  
with mo s t  wo rke r s  preferring t h e  macrohomo geneous mo del 
out l i ned below . 

3 . 6 . 2  The Macrohomogeneous Model . 

The mac r ohomogeneous model views the porous e l e ct r o de 
on a c o a r s e  s c ale where e l ect rode propert i e s  can be de fi n e d  
a s  homogeneous ( average ) compo s i t e s  o f  the t rue n o n ­
homo geneous prope rt i e s . With thi s vi ew , the s t ructure i s  a 
superpo s it i on o f  s o l i d  and s o lut i o n  pha s e s  and i s  de s c ribed 
by volume ave rage quant i t i e s  such a s  po r o s i t y  and s u r f a c e  
a rea . T h e  volume average quant i t i e s  di s regard speci f i c  
geome t r i c  features o f  t h e  AM and a l l ow the same s et o f  
equat i on s  to de s cribe a l l  poi nt s i n  t h e  s y s t em . The s e  
att r ibut e s  are s e e n  a s  de s i rable and are a ma j or fact o r  i n  
the popularity o f  the model . Newman and T i e demann ( 1 9 7 5 )  
g ive a comprehens ive review o f  the ma c rohomo geneou s mode l . 

The macrohomogeneous model has been u s e d  with s ome 
s u c c e s s  to des c r ibe the h i gh current di s charge o f  t h e  
p o s i t ive e l e ctrode o f  t h e  lead acid bat t e ry ( fo r  examp l e  
Mi cka a n d  Rou s a r  ( 1 9 7 3 , 1 9 7 6 ) , S imon s s o n  ( 1 9 7 3 , 1 9 7 4 ) and 
Turn e r  and Mo s el e y  ( 1 9 8 3 ) ) .  

The approach o f  S i mo n s son wi l l  be given here t o  
i l lu s t rat e t h e  mode l . Turner and Mo s e l ey ( 1 9 8 3 )  f o l l owed a 
s imi l a r  approach whi l e  Mi cka and Rou s a r  ( 1 9 7 3 , 1 9 7 6 )  u s e d  
mo re general t ran sport equat ions but l e s s general int e r f a c e  
overpot ent ial re l a t i o n ship s . 

Starting with t ranspo rt equat i ons 3 . 2 7 and 3 . 3 2 a ,  
equat ions for the current and concent rat i on o f  a c i d  can be 
written a s  
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and 

i 2 = � [ {j E e d C± + 
a E11 l 

e o d C± dX dX 

d C± ( 3 - 2t + ) 
-- -

a t  F e:  

a i 2 1 a 
-- + - -
dX c: d X  

c: F ( D+ -D _ )  d C± ( 3 . 3 6 )  
e o dX 

c: D± d C± l -- -- + 
e o dX 

( 3 . 3 7 )  
2F c:  dX 

I n  e quat i on 3 . 3 6 t h e  current den s ity i2 i s  defined f o r  
t h e  current flowing th rough a unit s quare i n  a pl a n e  
para l l e l  to t h e  e l e c t ro de rather t h a n  the t rue int e r f a c e  
area . Al s o ,  the di f fu s ion coe f f i c i ent and conduct ivity a r e  
e f fect ive value s  that t ake i nt o  account the propo rt i o n  o f  
s o l i d  i n  the e l emental vo lume (by maki n g  u s e  o f  t he 
norma l i s ed poros ity c: / c: o ) .  Last l y ,  the potent i a l  gradi e nt 
has been rep l ac e d  by the part i a l  der ivat ive o f  the l o c al 
e l ect rode pot ent i a l  ( t he s e  are equiva l ent when there i s  no 
potent i a l  drop i n  the s o l i d  pha s e ) . Thi s latter pot e nt i a l 
i s  E=Ee+E11 whi ch on di ffe rent i a t i o n  g ive s the result shown . 

I n  e quat ion 3 . 3 7 ac count o f  the port i o n  o f  the s o l i d  
i n  the e l eme ntal volume has agai n been made ( a s  s een by t he 
appearance o f  the c: and c: 0 t erms ) . Al s o ,  the l o c al 
di s charge rat e per unit vo lume ( de fined a s  a i 2 / a x )  has b e e n  
i ntroduced . This a l lows t h e  react i on t erm to be writt e n  a s  
P H+ = ( 3 F / 2 ) a i 2 / a x  i n  a c co rdan c e  w i t h  F a raday ' s  law given 
the reac t i o n  of e quat i o n  3 . 1 .  In addit i o n ,  the ve l o c i ty 
t e rm has been obt ained from a c o n s i de ration o f  the volume 
change s o ccurring for thi s react i o n  ( hence the appearance 
of the mo lar volume s VmPbS04 and VmPb02 above ) . 

The l ocal di s charge rat e per unit volume i s  a l s o  given 
by the inter face current /vo l t age charact eri s t i c  u s i ng t h e  
approximat ion given i n  s e ct i o n  3 . 3 .  That i s ,  

( 3 . 3 8 )  

where 
E11 ( v )  is the overpot ent i a l  and 
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S ( m- 1 ) the l o c a l  surface area p e r  unit volume . 

S imo n s s o n  ( 1 9 7 3 )  de fines two addit i onal equat i o n s  t o  
embody t h e  s t ructural change s . 

X 

and 

1 J a i 2 
- - -- dt 

qo ax 
( 3 . 3 9 )  

( 3 . 4 0 )  

where 
X is the norma l i s e d  local degree o f  d i s charge , 
q0 ( A . s ) i s  the i n i t i al di s charge capac i t y ,  
s 0 ( m- 1 ) i s  the i n i t i al l o c a l  surface p e r  u n i t  vo lume 

and 
Xmax the max i mum mat e ri a l  ut i l i s at i o n  facto r .  

The f o l l owing boundary condi t i o n s  apply t o  thi s s e t  o f  
equat ions . 

where 

At t= O ,  c±=c o and X= O for all x ,  
at x= O ,  i 2= 0  for a l l  t and 
at x=L , c±=c 0 , i 2 = I  for all t 

c 0 ( mol . m- 3 ) i s  the i n it i al acid conc ent rat i o n ,  
x = O  ( m) def i n e s  the centre o f  t h e  e l e ct rode , 
x=L ( m )  de f i n e s  t he out e r  face o f  the e l e ct rode and 
I (A . m- 2 ) is the e l e ct rode current den s i t y . 

S imon s s o n  ( 1 9 7 3 )  so lved the s e  e quat i o n s  at i n c rement a l  
t ime s t e p s  u s in g  nume r i c a l  methods . I a n d  t were given a s  
i ndependent variab l e s  and di st ribut i o n s  f o r  c ± ,  i 2 , X , a n d  
E� obt a i ned at e a c h  t ime s t ep . T h e  di s charge vo l t a g e  
predi c t i o n s  obt a i ned b y  S imo n s son ( 1 9 7 3 )  a r e  given i n  
f i gure 3 . 8 . T h e  overpot ent i a l  r e su l t s  show a rea s onabl e  
agreement with experiment al ob s e rvat i o n s . 
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Figure 3.8: Macrohomogeneous Model Discharge Voltag e Predictions. 

The mac rohomogeneou s  mode l h a s  been c ri t i c i s e d  f o r  the 
s omewhat a rb i t rary formu l at i o n s  for the s t ructural e f fe c t s 
(Ashe r e t  al 198 0 ) . I n  part i cular , result s are s e n s i t ive t o  

t h e  fact o r  Xmax · 

Whyatt and Hampson (1979 ) have found that the 
mac rohomogeneous model doe s  not p redi ct a l o cal di s charge 
di st r ibut i on con s i stent with that ob s e rved experiment a l l y . 

The macrohomogeneous mode l does not t ake into a c c o u nt 
the spe c i f i c  st ructure o f  the AM and i n  part i cular do e s  not 
repre s ent the di f ferent l eve l s  of st ructu re recent l y  s ai d  
t o  be o f  ma j o r  importance ( s e c t i o n  3 . 2 . 1 ) . 

Final ly , the appl ication o f  the mac rohomogeneous mo del 
t o  the charge cycle of the p o s i t ive e l e ct ro de doe s  not 
appear t o  be reported in the l it e rature . 
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3 . 6 . 3  Other Models of Interest . 

a )  A mode l for a general st ructure . 

Krame r and Tomki ewi c z  ( 1984 ) have recently prop o s e d  a 
mode l whi c h  repre s ent s a gene ral porous e l ect rode st ruct u r e  
by a mat rix o f  s o l id a n d  s olution fi l l ed cube s . They g i v e  a 
nume r i cal calculation pro cedure for s o lving the s y s t em when 
sub j e cted t o  a l t e rnating current di s turbanc e s . This is a 
relat ive l y  s impl e  s ituat i on , and t ake s  no ac count o f  net 
changes in s t ructure or redi st ribut i o n  o f  spec i e s  i n  
solut i on . A s  a c o n se quen c e ,  t h e  mode l in i t s  p re s e nt form, 
is not suited t o  s imulating the worki ng cyc l e  o f  the 
p o s i t ive e l e c t ro de o f  the l e ad-a c id c el l . The model is of 
i nt e r e st , howeve r ,  because it att empt s t o  a c count f o r  
s t ru ct ural variat ions a n d  leve l s  i n  porous e l e ct ro de s . T h i s  
i s  i n  cont ra st t o  t h e  u n i f o rm s t ructure a s s umed i n  t h e  
mode l s  reviewed above . 

b )  A model for two l eve l s  o f  s t ructure in the p o s it ive 
e l e ct rode of the l ead-acid c e l l . 

B j o rnbom ( 198 7 ) has re cent l y  propo s e d  a c rude model 
for the pos it ive e l ect rode o f  the lead-a c i d  cell that 
al lows for the mi c ro st ructure and ma crost ructure of t h e  AM . 
This u s e s  s ingle pore model approximati o n s  t o  de f i n e  
charge current penetrat i o n  and volt age relat ion ships f o r  
the e l e ct rode . The model neither gives deta i l s  o f  chan g e s  
in a c i d  and AM di st ribut i o n  within t h e  e l e c t rode , n o r  
app l i e s  t o  the prac t i cal wo rking cy c l e . T h e  mai n  i n t e r e s t  
h e r e  i s  that a c ompound s ingle pore arrangement has been 
propo sed to repre s ent the porous s t ructure o f  the p o s i t ive 
e l e ct rode o f  the l ead-acid c e l l . 

3 . 6 . 4  Conclusions Regarding Porous Electrode Models . 

i )  The s i ngle pore mode l showed p romi s e  i n  predi c t i n g  
e l e c t rode behav i our in early wo rk . 
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i i )  The s ingle pore mode l h a s  been l e ft undevel oped i n  
recent t ime s and mo re work i s  requi red b e fo re i t  c a n  
u s e d  to a ccurat e l y  predi ct the di s charge a n d  cha rge 
behaviour o f  the p o s i t ive e l e ct rode . 

i i i ) The mac rohomogeneous model has been u s e d  t o  
predi ct the volt age behaviour o f  the po s i t ive 
e l e c t rode under c o n s t ant current di s charge . It di d not 
predict such a rapid drop i n  vo l t age at the e nd of t h e  
di s charge a s  found i n  pract i ce . 

iv)  The mac rohomogeneous mode l has s i mp l e  
app roxima t i o n s  f o r  repre s ent i ng t h e  s t ructural chan g e s  
i n  the e l e ct rode . 

v )  The macrohomogeneous mode l has not been appl i e d  t o  
the charge o f  the e l e ct rode . 

vi ) Con s i de rabl e  development rema i n s  t o  be done 
before the mac rohomogeneous mode l can be u s e d  t o  
accurat e l y  de s cribe both the charge and d i s charge 
behaviour of the p o s i t ive e l e ct rode . 

vii ) Compound s i ngle pore model s  have been p ropo s ed t o  
repre sent c omplex po rou s e l e ct rode s t ructure s . 
Con s i derable deve lopment i s  requ i re d  be f o re mode l s  o f  
thi s type can b e  used t o  ac curat ely de s c ribe both t h e  
charge a n d  di s charge behaviour o f  the p o s i t ive 
e l e ct rode . 

3 . 7  VOLTAGE , CURRENT AND AM EXPERIMENTAL DATA . 

Expe rimental work that give s the vo l t age and c u rrent 
charact e r i st i c s  and the state o f  the AM for var i o u s  c e l l  
c o ndi t io n s  i s  o f  int e re s t  here . The purpo se i s  t o  exp o s e  
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wo rk against whi ch the predi c t i o n s  from a VIAM model can be 
c ompared . Thi s  work i s  divided into two g roup s b e l ow . 

i )  Studi e s  o f  voltage and current . 

i i )  S tudi e s  o f  the AM di s tribut i o n . 

S tudi e s  u s i ng c o n s t ant current charge and di s c h a r ge 
s cheme s have been s el e ct e d  t o  facil itate compar i s on . T h i s  
i s  not a s i gn i fi cant l imit at i o n  a s  the s e  are t h e  mo st 
commo n type of s tudi e s  i n  the l i terature . 

3 . 7 . 1  Electrode Voltage and Current . 

The general forms o f  the volt age and c u r r e nt 
characteri st i c s  o f  a lead-a c i d  c e l l  are we l l  known ( s ee 
P avlov ( 1 9 8 4 ) and Li nden ( 1 9 8 4 ) for examp l e ) . What is of 
mo re int e re s t  f o r  this wo rk is the characteri s t i c s  o f  t he 
p o s i t ive p l at e  and t he sma l l  change s i n  t h e s e  
charact e r i st i c s  f o r  di ffe rent condit ions . 

Sunu and Burrows ( 1 9 8 1 ) have made mea s u reme nt s o f  
potent ial and a c i d  conc ent rat i o n  at di f f e rent point s i n  a 
modi fied f ive plate e l e c t r i c  vehi c l e  c e l l . Their exp e r ime nt 
made u s e  of lead wires in the grid and Luggin capi l l ary 
p robe s i n  the solut i o n  for mea su r i ng pot ential . Othe r tub e s  
were fitted t o  ext ract sma l l  amount s o f  a c i d  f o r  
c onc ent rat ion 
me asu rement s 

( de n s i t y ) measurement s .  Pot ent i al 
at hal f plate he ight and at the c e l l  

t e rmi nal s dur i ng constant current di s charge and charge ( two 
rat e s ) are shown in f i gure 3 . 9 .  The currents corre spond t o  
approximat e l y  1 0 7 ,  1 2 5 and 4 2  A . m- 2 f o r  the di s charge , 
i n i t i a l  and final charge rat e s  r e spectively . The r e l at ive 
c o nt r ibut i on o f  various c e l l  component s to t�e t ot a l  c e l l  
p o l a r i s at i on i s  shown here . 
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Figure 3.9: Experimental C e ll Polarisation C omponents. 

I t  c a n  be s een that during dis charge a n d  t h e  i n i t i a l  
port i o n  o f  the charge the p o s it ive p l ate i s  r e spo n s i b l e  f o r  
mo st o f  t h e  overpotent ial . Howeve r ,  i n  t h e  f i nal port i o n  o f  
charge , the po l ari s at i o n  o f  the negat ive plate rap i d l y  
incre a s e s  as the p l a t e  be come s f u l l y  charged . The s e  r e su l t s 
show the import ant part the p o s i t ive p l a t e s  play i n  t h e  
ove r a l l  c e l l  charact er i s ti c . They a l s o  show t hat o t h e r  
compo nent s a r e  s i gni fi cant , part i cul a rly t he negat ive p l a t e  
polari sat i on near t h e  e n d  o f  charge . 

Ekdunge and S imo n s s o n  ( 198 5 ) performed charge 
expe riment s on both comme r c i a l  po s i t ive e l e ct rode s and 
compl ete cel l s . The comme r c i a l  e l e ct rode s  were of a 
t h i ckn e s s  expected for S L I  cel l s  and were exami ned i n  a 
s o lut i on o f  exce s s  5 0 0 0  mo l . m- 3 e l ect ro l yt e . The c el l s  were 
made up with t hree po s it ive and four negat ive plates u s i ng 
st andard and wide separat o r  systems . 
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Figure 3. 1 0 :  Experimental Charge Voltage and Discharge Rat e .  

The po s it ive e l e c t rode s were di s charged at var i o u s  
rat e s  ( 3 0 - 1 0 0 0  A . m- 2 ) t o  a potent i a l  o f  0 . 9  ve r s u s  a 
Hg/ H g2 so 4 re ference e l e ctrode . The e l e ct rode s were then 
recharged at a rat e o f  2 0 0  A . m- 2 . Re s u l t s  o f  the s e  
exper iment s a r e  given in f i gure 3 . 1 0 .  

I t  should be pointed out that the di s char ge condi t i o n s  
we re severe given the abundance o f  a ci d .  They correspond t o  
a potent i a l  drop o f  about 0 . 2 6 vol t s . B y  c ompari s o n  a tot al 
potent ial drop o f  about 0 . 3 5 vo l t s  is the pract i cal l i mit 
i n  a t ract ion c e l l . Thi s i nc lude s the pot e nt i al drop due to 
a reduc t i on i n  acid concent rat i o n  ( t yp i c a l l y  0 . 1  vo lt s ) , 
negat ive plate polar i s at i o n  and r e s i s t ive vo l t age drops . 

The i n i t i al voltage peak s appear t o  relate s t rongly t o  
t h e  di s charge condi t i o n s  and therefore , pre sumably , the 
s t at e  of the AM .  The authors a s c r ibe the vo l t age peak s t o  
nuc l e at i on a n d  growth o f  l ead di oxide . Transp o rt 
r e s t r i ct i o n s  at the surface o f  the di s charged Pb02 due t o  
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Figure 3. 1 1 : Exp erimental Charge Voltage and Discharge D epth. 

the e ncap sulat ing Pbso 4 i s  a s econd l i ke l y  explanat i o n . The 
o c currence of the s e  peak s i n  a pract i cal s ituation may not 
be so marked s i nc e  the di s charge condi t i ons woul d  be l e s s  
s evere . 

Ekdunge and S imo n s s o n  ( 1 9 8 5 )  per formed expe rime nt s  on 
the e l e c t rodes di s charged to 1 0 0 %  and 2 0 % o f  ful l c ap a c i t y  
a t  2 0 0  A . m-2 . T h e  charge wa s t h e n  perfo rmed at 2 0 and 2 0 0  
A . m- 2 . Re sul t s  o f  these expe riment s are given i n  f i gure 
3 . 1 1 .  The po lari sat i o n  charact eri s t i c  fo r the l a s t  2 0 %  o f  
t h e  charge ( from t h e  7 5  Ahr s . m- 2 po i nt ) h a s  a s i gni f i c ant 
dependence on the preceding di s charge depth . The 
charact e r i s t i c  has l it t l e  dependence on past cha rge rate 
given the s ame preceding di s charge depth and the s ame 
p r e s e nt charge rat e and charge s t ate . 

The complete c e l l s  we re di s charged ( pre s umabl y  t o  
t h e i r  rated capacity ) a n d  recharged a t  vari o u s  rat e s  ( 5 0 -
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1 5 0  A . m- 2 ) .  Total c e l l  voltage readings were made dur i ng 
the charge . The s e  a re c o n s i st ent with the we l l  known dat a 
ment i oned above . The appl i cat i o n  o f  t h i s  data t o  the 
p o s i t ive e l e ctrode al one i s  l imit ed . It has a l r e ady 
shown t hat the negative e l e ct ro de cont ribut e s  a 
propo rt i o n  o f  the overpotent i al i n  the latter stage o f  

b e e n  
l a r ge 

the 
charge . Thi s is a l i ke l y  expl anat i on of the s t eepe r ri s e  i n  
volt age f o r  t h e  c e l l  compared to t h e  e l e ct rode . 

The work ment ioned above give s only l imi t e d  dat a f o r  
charact e r i s i ng t h e  p o s i t ive e l e c t rode i n  a pract i ca l  c e l l  
during charge . More det a i l e d  data f o r  t h i s  purpo s e  i s  
not ava i l ab l e  i n  the l i t erature . The empha s i s  there i s  
either t e chno logi cal , whe re total c e l l  charact e r i s t i c s  a re 
measured, o r  fundamental , where pract i c a l  c e l l  c ompone n t s  
a n d  condi t i o n s  a r e  ab s ent . 

3 . 7 . 2 Electrode AM Distribution . 

S ome a spect s conce rning the di st ribut i o n  o f  AM h ave 
a l ready been presented i n  the c o nt ext of di s cu s s in g  the 
me cha n i c a l  st ructure of the e l ect rode in s ec t i on 3 . 2 . The s e  
w i l l  not b e  repeated here where t h e  f o cus i s  on change s i n  
the di st r ibut i on o f  AM w i t h  s t at e  o f  charge . 

U s i ng e l e ctron mi c roprobe s ,  S imon s son ( 1 9 7 3 )  
det e rmined the di st ribut i o n  o f  PbS04 i n  di s charged p o s it i ve 
p l at e s .  S imon s s on ( 1 9 7 3 )  not ed that the re sult s obt a i n e d  
depended on the s ampl e  p repa rat i o n  procedu r e . T h i s 
exp l a i ne d  di f ferences i n  hi s re sult s comparect t o  earl i e r  
r e s u l t s  ( Bode et al ( 1 9 6 9 ) ) .  H e  exami ned plat e s  di s charged 
at rat e s  of 2 . 5  and 1 0 0  A . m- 2 t o  dept h s  of 0 , 2 5 ,  5 0 ,  7 5  
and 1 0 0 % di s charge . The resul t s  obt ained are given i n  
f i gure 3 . 1 2 a , b .  
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Figure 3. 1 2 :  Experimental AM Distribution in Positive Plat e .  

At t h e  1 0 0  A . m- 2 rate t he react i o n  wa s concentrated 
near the plate surfac e . At the 2 . 5  A . m-2 rate the react i on 
was i ni t i a l l y  fai rly uni f o rmly di s t r ibut e d  within the p l a t e  
but later became concentrat e d  near the p l at e  surface . The 
r e su l t s  show t hat the type o f  di s charge ( rate and depth )  i s  
e n co ded i n  the AM di st ribut i o n . 

Whyatt and Hamp s o n  ( 1 9 7 9 )  pe r fo rmed di s cha r ge 
expe riment s o n  p e l l et shaped porous Pb02 e l e ct ro de s . The 
e l e ct rode s  were c o n s t ructed by punching holes i n  lead s h e et 
and past ing c o nvent ional po s i t ive pa s t e  i n  t h e s e  hol e s . The 
l ead sheet wa s then mas ke d  and the AM cured and formed i n  
preparat i o n  f o r  the di s charge exp e riment s .  P e l l e t s  o f  1 . 0 , 
1 . 5  and 2 . 0  mm thickne s s  and up t o  8 mm diame t e r  w e re 
di s charged at rat e s  o f  2 0 0 , 8 0 0  and 2 0 0 0  A . m- 2 . The 
di s charged p e l l et s were removed, s e ct i oned l ongitudina l l y  
and sub j ected t o  SEM exami nat i o n . At the two h i gh e st 
di s charge rat e s ,  di s charged and charged AM wa s s e e n  a s  
st rip e s  with abrupt bounda ri e s  i n  l o w  magn i f i c at i on image s .  
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Mo re det a i l e d  exami nat i on showed no di spe r s i o n  o f  t h i s  
boundary for any current den s i ty . Thi s  wa s s ee n  a s  evide n c e  
o f  a n  almost layer b y  l ayer di s charge o f  AM f o r  t h e  h i gh 
current s u s e d  here . The results are con s i stent with t h o s e  
o f  S imon s s on ( 19 7 3 )  s it e d  above . 

Chang ( 1984 ) has recent l y  studied S L I  p o s it ive p l at e s  
during deep- di s charge c y c l i ng u s in g  a SEM and by o t h e r  
mean s . T h e  p l a t e s  we re di s charged a t  rat e s  c o r re sponding t o  
approximat e l y  9 0  t o  18 0 A . m-2 . He ob s e rved a prefe rent i a l  
di s charge at the out e r  regions a s  al ready seen . I n  addit i on 
he not i ced that , for the i n i t i al di s charge cycle s ,  only t h e  
out e r  two thi rds o f  AM t h i ckne s s  w a s  di s charged . As cyc l i n g  
proceeded thi s z one moved i nwards a s  non-part i c ipat i ng AM 
apparent ly formed in the oute r reg i on s . T h i s  give s an 
indi c at i o n  o f  a compl icating e f fect due 
part i c ipat ing AM as we l l  as s ome expe ctat i on o f  
( phy s i cal dept h )  o f  di s charged mat e r i a l  that 

to 
the 

can 

n o n-
ext e n t  

o c c u r  
du ring a s ingle deep dis charge o f  a pract i cal e l e c t ro de . 

Re s u l t s  showing the change i n  AM di st ribut i on dur i n g  
t h e  charge cycle appear to b e  ab s ent i n  t h e  l i t e rature . 

3 . 7 . 3 Conclusions Regarding Experimental Data . 

i )  The gene ral t rends for voltage and current 
charact e r i s t i c s  during di s charge and charge a re known . 

i i )  L imited dat a for t he vo ltage and current 
charact e r i s t i c s  of a po s i t ive e l e ct rode i n  a pract i ca l  
l ead-a c i d  c e l l  are ava i l able in t h e  l i t e rature . 

i i i ) The AM di st r ibut ion for e l e c t ro des d i s charged i n  
exc e s s  e l e ct rolyte i s  known . Thi s shows the di s charge 
react i o n  occurs p re fe rent i a l l y  from the out e r  surface 
o f  the e l ect rode at a l l  but the l owe s t  rat e s . At 
medium to h i gh rat e s  the boundary o f  di s charged and 
charged AM is very abrupt . 
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i v )  D at a  de fining the AM di st ribut i o n  du ring charge 
given di f ferent i n i t i al di s charge condi t i on s  are 
not ava i l able i n  the l i t e rature . 

3 . 8  DEVELOPMENT AREAS FOR A POSITIVE ELECTRODE MODEL . 

F rom the di s c u s s i o n  above i t  can be seen that t h e  
ove r a l l  charge / di s charge me chani s m  i s  known with s ome 
c e rt a i nty . Furt h e r ,  mat hemat i cal de s c ript i o n s  fo r t h e  
characteri st i c s  o f  the Pb02 / s olut ion inte rface and f o r  t he 
s o lut ion t ransport proc e s se s  are avai l ab l e . Howeve r ,  t he 
nume r i cal value o f  parameters in the s e  de s cript i o n s  i s  not 
known with c e rtainty i n  a l l  c a se s . 

work befo re Three ma j o r  areas 
quant itat ive de s c ript i o n s  
p o s i t ive e l e ct rode model 

require furt h e r  
requi red fo r a 

can be fo rmed . 
somp rehens ive 

The 
s t ructure 

f i r s t  
and 

area concerns the de s c ript i o n  of t h e  
s t ructural changes i n  t h e  AM .  Thi s can b e  

broke n  into t h r e e  part s 

i )  a de s cript i o n  o f  the mi cro s t ructure i n c luding 
volume and surface area changes dur i ng di s charge and 
charge , 

i i )  a de s cript i o n  o f  the mac r o st ructure ( it has been 
shown above ( se c t i o n  3 . 2 ) that vo lume and surface a r e a  
a r e  sma l l  i n  thi s st ructure ) and 

i i i ) a de s c ript i o n  of the non-part i c ipat ing AM 
s t ructure . 
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The 
charge . 
i s ,  

s e co nd area concerns the ga s s i n g  
Thi s should c on s i de r  a t  l ea s t  four 

e f fe c t s  dur i ng 
e ff e ct s . That 

i )  the current dive rted f rom the mai n  charge react i o n  
i n t o  t h e  ga s s in g  react i on ,  

i i )  the e nhancement o f  ma s s  t ran spo rt both within t h e  
pos i t ive e l e ct rode a n d  o t h e r  ce l l  compon e nt s  that 
exchange acid with the p o s i t ive e l e c t rode , 

i i i ) the increase o f  e l e ctrolyt e  re s i stance i n  the 
po s it ive e l e ct rode and 

iv) the surface mas ki ng i n  the p o s i t ive e l e c t ro de . 

The thi rd area concerns the e f fe ct o f  other c e l l  
component s on the po s i t ive e l ect rode behavi o r . T h i s  
i nclude s a l l  cel l component s that i n fl uence t h e  a c i d  supp ly 
to the po s it ive e l e ct rode . The se a re , 

i )  the s eparat o r , 

i i )  the negat ive plate and 

i i i ) the cel l r e s e rvoi r .  

I n  the deve l opme nt o f  the VIAM mode l that f o l lows t he 
f i rst and t h i rd ma j o r  areas are dealt wit h . Chapt er 4 

deve l ops quant i t at ive de s cript i o n s  f o r  the s t ru cture and 
s t ructural changes in the mi c ro s t ructure . Chapter 5 

deve l ops a quant itat ive de s c ript i o n  for a c i d  t ranspo rt in 
the po s i t ive e l e ctrode syst em . Chapter 5 also de fine s the 
e l ec t r i c a l  charact e r i s t i c s  o f  the sy stem . Chapt e r  6 
de s c r ibe s expe riment s pe rformed o n  st andard t ra c t i o n  c e l l s  
t o  prov i de s uppl ementary voltage / current data f o r  t hat 
revi ewed in section 3 . 7 . 1 .  Al l result s a re given i n  
chapt e r  7 .  
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Chapter 4 
Three Elemental Models for 
the Positive Electrode 

The s ingle pore and mac rohomogeneous model s  embody an 
i mpl i c it rep r e s e ntat i o n  of the e l e ct rode s tructure . I n  t h e  
case o f  t h e  s ingle pore mode l a s impl e  geomet ri c cyl inder 
is used ( s e e  s e ct i on 3 . 6 . 1 ) . I n  the c a s e  o f  t he 
macrohomogeneous mode l a porous mat rix charact e ri s e d  by 
average paramet e r s  is u s ed ( s ee s e ct i on 3 . 6 . 2 ) . In both 
case s the repres entat i on provide s  the framework i nt o  whi c h  
fact o r s  such a s  i nte r face polari s at i o n  and s o lut i o n  
t ransport can b e  i n c o rporated . T h e  purpo s e  i s  to accurat e l y  
repre s ent t h e  ove ral l  e l e ct rode behaviou r . The next t wo 
chapt e r s  set out a s e ri e s  o f  mode l s  that , t aken t ogethe r ,  
repre s ent the st ruct ure o f  the p o s i t ive e l e ct rode s y s t em 
f o r  t h i s  s ame purpo s e . 



The c omponents set out di ffer from the s i ngle pore a n d  
macrohomogeneous model s a s  f o l l ows : 

i )  the s t ructure and , i n  part i cu l ar , change s in 
s t ru cture are de fined by s imple mode l s  b a s e d  on t he 
obs e rved phy s i c a l  chang e s  i n  the AM ,  

i i )  t he mac r o  and mi c ro l evel s  i n  t h e  AM o rgani s at i o n  
are t aken into ac count , 

i i i ) the non-part i c ipat ing AM i s  taken i nt o  account 
and 

iv) other c e l l  component s t hat i n fluence the behavi o u r  
o f  t h e  p o s i t ive e l e c t rode a r e  t aken into a c count . 

D e s c ript ions o f  the st ructure a re deve l oped on an 
e l emental and aggregate l eve l . 

The e l ement a l  l evel concerns the s t ructur·e o f  a sma l l  
volume o f  part i c ipat ing AM .  Thi s  s t ructure v a r i e s  f r om 
point to point i n  the AM and therefore i s  charact e r i s e d  by 
l o cal parameters part i cular t o  the point in que s t i o n . 
E l emental mode l s  defining the di s charge capac ity , di s charge 
surface area and charge surface area are deve l oped i n  t h i s 
chapt e r . 

The aggregate l evel concerns the s t ructure o f  a l l  t h e  
c e l l  part s i nvolved i n  acid t ran sport . This i n c lude s t h e  
part i c ipat ing AM , the non-part i c i pat i ng AM , the s eparat o r  
t h e  negat ive plate and the c e l l  r e s e rvo i r  regions . An 
aggregat e mode l that rep r e s ent s the a c i d  t ra n sport , current 
and potent i a l  in the s e  part s is deve l oped i n  c hapt e r  5 .  
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The content o f  the pres ent chapt e r  i s  summari s e d  
be low . 

i )  The deve l opment o f  an el emental d i s charge cap a c i t y  
model ( s e ct i o n  4 . 1 ) . 

i i )  The devel opment o f  an e l emental d i s charge s u r f a c e  
a rea model ( s ect i on 4 . 2 ) 

i i i ) The development o f  an e l emental charge surface 
area model ( s ect i on 4 . 3 ) . 

4 . 1  AN ELEMENTAL D ISCHARGE CAPACITY MODEL . 

The di s charge capacity i s  take n  here t o  mean t h e  
maxi mum quantity o f  e l e ct ri cal charge ( Ampere hours ) t hat 
can be obt ained from an e quival ent gram t o f  part i c ipat i ng 
AM . A capacity l imit i ng mechan i s m  based o n  vo lume chan g e s  
i n  t h e  mi c ro st ructure i s  p ropo s e d  below . The di s charge 
capa c i t y  i s  formu l at e d  from the vo lume i de nt i t ie s  i nvo lved .  
A dimen s i o n l e s s  charge s t at e  fact o r  i s  de f i n e d  a s  s impl e  
exte n s io n s  o f  the di s charge capacity formu lat ion . 

4 . 1 . 1  The Microstructure : a Discharge Limiting Factor . 

a )  The role o f  the mi c ro s t ructure . 

The maximum di s char ge c apacity i s  obt a i n e d  at l ow 
di s charge rat e s  whe re there are n o  l imit a t i o n s  due t o  
s o lut ion t ransport e f fect s . The r e fo re the macro s t ructur e , 
whi ch p rovi de s s olution tran sp o rt p a s s ages ( s e e  s e c t i on 

t Note : an ' ' equival ent gram" quant ity i s  the quant i t y  
a s s o c iated w i t h ,  o r  de rived from, a g ram o f  dry Pb02 i n  t h e  
fully charged AM s t ructure . 
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3 . 2 ) ,  i s  not a fact o r . Con se quent l y ,  it can be a s s umed t hat 
the mi c r o s t ructure det ermi ne s the l o c a l  di s charge capac i t y . 
Furt he r ,  s i n c e  the mac r o s t ructure vo lume con s i s t s  o f  
s o lu t i on cont a i ne d  i n  t ransport p a s s a ge s ,  t h e  
mi c r o s t ru cture vo l ume c a n  b e  s a i d  t o  cont a i n  a l l  the Pb0 2 . 

b )  Volume l imitat i on s  i n  the mi c r o s t ructure . 

Given that s o l i d  PbS0 4 f o rms near the Pb0 2 from whi ch 
it i s  de rived ( s ee s e c t i on 3 . 2 ) ,  it can be a s sumed that t h e  
PbS0 4 t h a t  resul t s  from the di s charge o f  t h e  mi c r o s t ructure 
is contained within the vo lume o f  thi s s t ruct u re . Furth e r ,  
given that the Pbso 4 do e s  not f o rm a n  integral i ns u l at i ng 
l ayer on the Pbo2 ( s e e  s e c t i o n  3 . 2 ) ,  it can be a s sumed t hat 
the d i s charge wi l l  proceed unt i l  s o l i d  PbS04 and Pb02 
comp l e t e l y  o c cupy the vo lume o f  the mi c ro s t ru cture . 

I t  s hould be p o i nt e d  out that the a s s umpt i ons above 
repre s ent a s imp l i f i cat i o n  of the actual s it u at i o n . Vol ume 
e f fect s not ac counted for are : 

i )  the presence o f  s o lut i on f i l l e d  voids i n  the 
d i s charged s t ructure ( s ee s e c t i o n  3 . 2 ) ,  

i i )  the s l i ght me chanical expan s i on o f  the di s charged 
s t ructure ( s ee s e ct i o n  2 . 2 . 1 ) and 

i i i ) the re c ry s t a l l i s at i o n  of PbS0 4 i n  the 
mac ro s t ructure at the end o f  the di s charge ( P avlov and 
Basht avel ova (198 6 ) ) .  

4 . 1 . 2  Local Discharge Capacity Formulations .  

By adopting the a s sumpt i o n s  out l i ned above , the l o c a l  
di scharge capacity can b e  det e rmined from s o � i d  pha s e  a n d  
s o lut ion vol ume relat i onships in the mi c r o s t rttcture . 
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The total e quivalent gram volume o f  the charged 
mi c r o s t ru cture is the s um of the equiva l e nt g ram s o l ut i o n  
and s o l i d  Pb02 volume s . The latter quant i t y  i s  t h e  inve r s e  
o f  t h e  den s ity o f  s o l id Pbo2 . Thi s  gives 

( 4 . 1 )  

where 
V�Tot ( m3 . g- 1 ) is the total e quival ent gram volume o f  

charged mi c ro s t ructure , 
V� ( m3 . g- 1 ) i s  the e quivalent gram vo lume o f  s o l ut i o n  

in the charged mi c r o st ructure and 

P Pb0 2 ( g . m- 3 ) is the den s ity o f  s o l i d  Pb02 . 

As the di s charge proceeds the e quivalent gram volume 
of Pb02 and Pbso 4 s o l i d  pha s e s  are given by 

1 vmPb02 q 
VPb02 

P Pb02 2F 
( 4 . 2 ) 

and 
vmPbS0 4 q 

VPbS0 4 ( 4 . 3 )  
2 F 

r e sp e ct ive ly , where 
VPb02 ( m3 . g- 1 ) i s  the e qu ival ent gram voiume o f  s o l i d  

Pb0 2 , 
Vpb s o 4 ( m3 . g- 1 ) i s  the equivalent gram vo lume o f  s o l i d  

PbS0 4 , 
VmPb02 ( m3 . mo l - 1 ) i s  the mo l a r  vo lume o f  Pb02 , 
VmPb s o4 ( m3 . mo l - 1 ) i s  the mo lar volume o f  Pbs o4 and 
q ( A . s . g- 1 ) is the e quivalent gram di s charge . 

The required di s charge capac ity i s  the value o f  q ( t )  
obtai ned when the total s o l i d  vo lume i s  e qual to the t o t a l  
mi c r o s t ructure volume . Equat ing t h e s e  volume s u s i ng 
e quat i o n s  4 . 1  to 4 . 3  g ive s 

2 F V� ( 4 . 4 ) 
VmPbS0 4 - vmPb02 
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where qd i s  the e quivalent gram d i s charge capac i t y  
( A . s . g- 1 ) .  

Two other common di s charge capacity mea sures wi l l  be 
de fined in t e rms o f  the mi c ro s t ructure paramet e r s  b e f o re 
l eavi n g  thi s matte r . F i r st l y ,  the theo ret i cal di s charge 
c apac it y  can be de f i ned as the value of q when all t h e  
s o l i d  Pb02 i n  t h e  mi c ro s t ructure ha s been consumed . T h at 
i s ,  when VPb02 i s  z e ro . Applying e quat ion 4 . 2 give s 

where 

qT = 2F /MrnPb02 

qT (A . s . g- 1 ) i s  the theo ret i cal di s charge 
capacity and 

MrnPb02 ( g . mo l - 1 ) is the mol a r  ma s s  of s o l i d  Pb0 2 
( de n s i t y  x mol a r  vo l ume ) . 

( 4 . 5 )  

S e condl y ,  the Pbo2 uti l i s a t i o n  fact o r  at c omp l e t e  l o c a l  
d i s charge c a n  b e  defi ned b y  the rat i o  o f  qd/ qT which give s ,  

( 4 . 6 )  
vmPbS0 4 - vmPb02 

where Qd i s  the ut i l i s at i o n  fact o r  o f  Pb02 at. c omp l e t e  
di s charge . 

4 . 1 . 3  Charge State Formulations . 

The charge state can be conveni ent l y  written a s  a 
dime n s i o n l e s s  quantity i nvolving the di s charge at a 
part i cular t ime and di s charge capacity . That i s ,  

X = 1 - q/ qd ( 4 . 7 )  

where X i s  the charge stat e . 

I t  c a n  be s een that thi s quantity i s  unity at ful l  charge 
and r e du c e s  to z e ro at comp l e t e  di s charge . 
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4 . 2  AN ELEMENTAL D ISCHARGE SURFACE AREA MODEL . 

The di s charge surface area i s  t aken to mean t h e  
surface area o f  Pb02 i n  a n  e quival ent gram o f  
part i c ipating AM . Thi s i s  an imp o rt ant parame t e r  s i nce i t  
de fine s the int e rface area at which the e l e c t ro chemi c a l  
react i on take s  place . The surface area i s  known f o r  t he 
ful l y  charged state through BET surface area mea surement s . 
Unfo rtunat e l y  the BET surface measurement t e ch n i que c a n n ot 
di s t i ngu i s h  between Pb02 and PbS0 4 part i c l e s . T h i s  me a n s  
t h e  l ocal surface area at other states ( when PbS0 4 i s  
pres e nt ) i s  not known with any certainty . 

The approach u s e d  to quant i fy the di s charge s u r f a c e  
a rea i s  given below . 

i )  The surface a rea changes a re a s s umed t o  be 
det e rmi ned by change s i n  the mi crost ruct u re . Thi s i s  
c o n s i st ent with the role o f  the mi cro s t ru cture 
out l i ned in s ect i on 4 . 1 .  

i i )  A qua l i t at ive de s cript i o n  o f  l i ke ly changes i n  t he 
mi c ro s t ructure i s  deve l oped . Thi s  i s  ba s e d  o n  
expe rimental ob s e rvat ions out l i ned i n  s ec t i o n  3 . 2 . 

i i i ) The qual it at ive de s c ript ion i s  s imp l i fi e d  t o  g i v e  
an approx imat e formulat i o n  for the di s cha rge surfa c e  
a rea . 

4 . 2 . 1  A qualitative description of the discharge . 

The ful ly charged st ructure i s  made up o f  agglomerat e s  
cont a i ning a l arge number o f  i ndividual Pb02 crystal l i t e s . 
The c ry s t a l l i t e s  are highly angular , roc� - l i ke fo rms 
rang i n g  in s i z e from about 0 . 0 5 to 1 . 0  �m ( s ee! fi gure 3 . 2 ) .  

When the di s charge begi n s , Pbo2 di s s olves and P b S 0 4 
nuc l e i  f o rm randomly on the Pbo2 surface i ndi cat i ng a 
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u n i f o rm sur face pro c e s s  ( see s e c t i o n  3 . 2 ) .  The f i n e  P b o2 
s t ru ct ure s ,  with a l arge s u r face area t o  volume rat i o ,  
wou l d  be expected t o  b e  rap i dly converted t o  Pbso 4 w i t h  
t h i s  p r o c e s s .  As a cons e que n c e  the Pb02 woul d  exhibit a n  
i n i t i al rapid reduct i o n  i n  s u r face area . Thi s woul d  n o t  be 
measured experiment a l l y  since the fine PbS04 part i c l e s  t hat 
prec ipitat e a l s o  have a h i gh s ur face area to volume rat i o . 

As the d i s charge cont inue s ,  mo re Pb02 i s  converted t o  
Pbso 4 cau s i n g  s ma l l  part i cl e s  a n d  t h e  a n gular c o rn e r s  o f  
l a rger part i c l e s  to van i s h . As a result t he Pbo2 woul d  b e  
expe cted t o  t ake o n  t h e  form o f  agglomerates o f  feature l e s s  
part i c l e s  o f  fai rly uni f o rm s i z e ( tending towards sphere s )  . 
At the same t ime the PbS0 4 part i c l e s  w i l l  e n l a rge and b e g i n  
to i n t e r sect . The PbS0 4 part i cl e s  make the di r e c t  
expe r imental ob s e rvat ion o f  t h e  Pb02 part i c l e  s u r f a c e  
di f f i cult ( a s  n o t e d  by H a t t o r i  e t  al ( 1 9 7 5 )  f o r  exampl e )  . 

Dur i n g  the final s t age o f  di s charge , the featurel e s s  
Pb02 part i c l e s  woul d  be expe cted t o  reduce i n  volume and 
surface a rea i n  a s imi l a r  way t o  t rue spher e s  ( where t he 
surface a rea i s  proport ional t o  the vo l ume rai s ed t o  a 
frac t i onal powe r )  . The Pbso 4 would cont i nue to grow and 
form a den se st ructure that e n c l o s e s  the rema i n i ng Pbo2 . 

When completely di s charged, the mi c r o s t ructure wou l d  
con s i st o f  agglome rat e s  o f  feature l e s s  Pb02 part i c l e s  fu l l y  
e n c l o sed i n  PbS0 4 ( a s  de s c ribed i n  s e ct ion 3 . 2 ) .  There 
wou l d  be few vo ids i n  t h i s  s t ructure . The t ot a l  surface 
area o f  the s t ructure wou l d  be made up of equal part s from 
the surface o f  the Pb02 part i cl e s  and the surface o f  t h e  
PbS0 4 whi ch i s  pre s s i ng around these part i c l e s . 

The s e  changes i n  the mi c ro s t ru cture dur i ng di s cha rge 
are r epre s ented s c hemat i cally i n  figure 4 . 1 .  
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a )  Full Charge . Angular Pb02 
c rysta l lites only . 

c )  Full Discharge . Rounded 
Pb02 crystals encapsulated in 
me rged PbS04 crystallites .  

b )  Partial Discharge . Rounded 
Pb02 and PbS04 c rystallites .  

S o lution 

IM!�ijij Lead dioxide 

c==J Lead sulphate 

F i gure 4 . 1 :  A Repre s ent a t i o n  o f  the D i s charge P ro c e s s .  

4 . 2 . 2  Discharge Surface Area Formulations . 

The li kely surface area variat i o n  with di s charge 
sugg e sted by the de s c ript ion above i s  repres ented in figure 
4 . 2 . The Pbo2 surface area at full charge is known f rom 
expe r imental mea s urement s .  The Pb02 sur face area at f u l l  
di s charge i s  hal f t h e  t o t a l  s u r f a c e  a r e a  a t  f u l l  di s ch a r ge 
( the other hal f being the PbS04 surface a r e a )  . Thi s  i s  

l i ke l y  t o  be great er than hal f  t he the ful l di s charge a rea 
obt a i ned from expe rimental mea surement s s i nce s ome s u r f a c e s  
may be i na c c e s s ib l e  because o f  encap s u l a t i ng PbS0 4 ( s ee 
Ekdunge and S imon s son ( 1 9 8 5 ) ) .  Further e f fort to quant i fy 
the area variat i on wi l l  not be made here . As a fi r s t  
approximat ion t h e  di s charge a rea w i l l  be t aken a s  a l i n e ar 
func t i on of charge s t at e  between the ful l  charge and f u l l  
di s charge po i nt s . Thi s  i s  shown graphi c a l l y  i n  f i gure 4 . 2 . 
The f o rmu l at i on i nvolved i s  given below . 
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0 . 1 .2  . 3 .4 .5 .6 .7  .8 .9 
Charge State (full charge = 1 )  

Solid: Actual surface area variation as suggested by qualitative discription. 
Dash: Linear approximation to the actual area surface variation. 

Figure 4.2:  The Discharge Surface Are a  Model .  

1 

( 4 .  8 )  

where , 
SPb02 ( m2 . g- l ) i s  the equival ent gram e l emental 

di s charge surface area , 
SdPb02 ( m2 . g- l ) i s  the equival ent gram surface area at 

fu l l  di s charge and 
S cPb02 ( m2 . g- l ) i s  the equivalent gram surface area at 

ful l  charge . 

4 . 3  AN ELEMENTAL CHARGE SURFACE AREA MODEL . 

The charge sur face area i s  aga i n  t aken to mean t h e  
s u r f a c e  area quant ity i n  an equival ent gram o f  
part i c ipating AM .  I n  the charge case however ,  mo re that o n e  
quant ity i s  requi red . I n  part i cu la r ,  i t  i s  not only the 
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actual Pbo2 s u r face t hat i s  important but a l s o  t he 
p ropo rt i o n  o f  the actual s ur face where the e l ec t ro chemi c a l  
charge reac t i on i s  t aking p lace . The latter quant ity w i l l  
be known a s  t h e  e ff e ct ive Pb02 sur face area . T h e  
di fference between the actual a n d  e f fe c t ive quant i t i e s  i s  
c l early seen at the end o f  charge . Here the a ct ua l  Pb02 
surface a rea reache s a maximum whereas the e f fect ive Pbo2 
surface fal l s  t o  z ero . S u r face area quant i t i e s  are de f i n e d  
f o r  t h e  a ctual a n d  e f fect ive Pb02 charge surface a r e a  a s  
we l l  a s  for t h e  PbS0 4 charge surface a r e a  in t h e  work t h at 
f o l l ows . 

The dat a obtained from expe rimental studi e s  h a s  
a l ready b e e n  di s cu s sed ( s ee s e ct i o n  4 . 2 ) .  I t  i s  n o t  
s u f f i c ient for the det erminat i on o f  the i ndividu a l  
surface a r e a  quant it i e s  requi red here . The app roach u s ed t o  
det e rmine the s e  quant i t i e s  i s  given b e l ow . 

i )  The surface a rea changes are a s s umed t o  be 
det e rmined by change s i n  the mi c ro s t ructure . Th i s  i s  
c o n s i st ent with the role o f  the mi c r o s t ru cture 
out l i ned in s e c t i on 4 . 1 .  

i i )  A qual i t at ive de s c ript i o n  o f  l i ke ly changes i n  the 
mi c ro st ructure is devel oped . The de s c ript i o n  is b a s e d  
on the experimental observat ions summari s ed i n  s e c t i o n  
3 . 2 . 

i i i ) A charge model based on the qual it at ive 
de s c ript ion i s  formu l at e d . 

iv) The charge mode l i s  u s ed to s imul at e  the real 
system and det e rmine the quant i t i e s  requ i red . 

I t  can be s een that thi s i s  the s ame approach a s  u s e d  
f o r  the di s charge c a s e  i n  s ection 4 . 2 . I n  t h e  charge c a s e  
howev e r ,  a comprehen s i ve mode l i s  deve l ope d . 
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4 . 3 . 1  A Qualitative Description of the Charge . 

The ful l  di s charge s t ate w i l l  be a s sumed a s  t h e  
s t a rt i ng po i nt f o r  t h e  charge . T h i s  mea n s  t hat t h e  
s t ructure begi n s  a s  shape l e s s  agglome rat e s  o f  P b 02 

4 . 2 ) . part i c l e s  e n c l o s e d  i n  PbS0 4 ( a s  de s c r ibed i n  s ec t i o n  
T h e  Pbo2 part i c l es a l s o  have c ontact w i t h  other s imi l a r  
part i c l e s  t o  mai ntain t h e  e l e ct ri cal conduct ivity o f  t h e  
s t ru cture ( s e e  s e ct i o n  3 . 2 ) .  

As the charge proceeds , Pbso 4 near the Pbo2 part i c l e s  
wi l l  di s s olve l eavi n g  a void whi ch i s  f i l led by s o l ut i on 
and growing Pb0 2 cry s ta l l it e  lobe s . Throughout the charge 
the Pb02 surface wou l d  be expect ed t o  i n c re a s e  due t o  the 
growth of the addi t ional l obe area . I n i t i a l l y  the Pbs o 4 
surface area wou l d  show l itt l e  change a s  it maint a i n s  t h e  
s ame shape a n d  form but ret reat s fract i onal ly f r o m  t h e  
Pb02 . Lat er i n  t h e  charge t h e  PbS0 4 surface would b e  
expe cted t o  de c r e a s e  a s  e n cl o s ed v o i d  vo l ume s i nt e rs e c t  a n d  
t h e  dense PbS0 4 s t ructure begins to break down . 

a )  Ful l  Dis charge . Rounded b)  Part i a l  Charge . Angular 
Pb02 crystallites encapsulated Pb02 c ryst a l l ites surrounded 
in PbS0 4 . by receding PbS04 . 

c )  Full Charge . Angular Pb02 
crysta l lites only . 

Q S o lut ion 

ltm���] Lead dioAide 

c==J Lead sulphate 

F i gure 4 . 3 :  A Rep r e s en t at ion of t he Cha rge P ro c e s s . 
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At the end o f  charge the PbS0 4 woul d  be complet e l y  
c o n s umed and t h e  Pbo2 r e s t o red t o  i t s  o r i gi na l  form o f  
agglomerat e s  o f  rock- l ike c ry s t a l l it e s . 

The s e  changes i n  the mi c ro st ructure dur i ng charge a re 
repr e s ented s chemat i ca l l y  in figure 4 . 3 .  

4 . 3 . 2  A Simple Geometric Model at Full Discharge . 

T aki n g  ac c ount o f  the de s c ript i o n  o f  the ful l y  
di s charged AM above , the Pb02 wi l l  b e  repr e s ented by 
sphe r e s  encap s u l ated i n  boxe s o f  PbS0 4 . Further , each P b o2 
sphe re w i l l  touch four f a c e s  o f  the e n c l o s ing box to a l l ow 
e l e c t r i c a l  cont a ct with ad j acent part i cl e s . T h i s 
a rrangement i s  i l lust rat e d  i n  fi gure 4 . 4 . 

F i gure 4 .  4 :  A G e omet r i c  Mode l o f  the D i s che:, :::::ged AM . 
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Re ferring to f i gure 4 . 4  

Ro ( m )  i s  the sphere radius and hal f the box wi dt h ,  
Rx ( m )  t i s  hal f the box height and 
Nx ( g- 1 ) i s  the number o f  i de nt i cal box e s  i n  a gram 

equivalent o f  AM . 

The val u e s  o f  R0 , Rx and Nx c an be dete rmined f rom t h e  
volume a n d  surface a r e a  o f  t h e  di s cha rged AM . Writ i n g  
e quat ions for the total vo lume , the Pb02 volume and t h e  
Pb02 surface 

Vf.LTOt = 

vdPb02 

8 dPbo2 

area gives 

2 8 Nx R0 Rx , 

( 4 I 3 )  n Nx R0 3 

4 n f0 Nx R 2 0 

and 

( 4 . 9 )  

( 4 .  1 0 )  

( 4 . 1 1 )  

r e spectively , where 
VdPb0 2 ( m3 . g- 1 ) is the e quival ent gram volume of Pb02 

in the di s charged AM . 
SdPb0 2 ( m2 . g- 1 ) i s  the equival ent gram s u r fa c e  area o f  

the encapsulated Pbo2 part i c le s  and 
f0 is the rat io of the part i c le surface a rea t o  that 

o f  a perfect sphere (the sphere surface fact o r )  . 

VdPb02 i s  obt ained by sub stituing q from e quat ion 4 . 4  i nt o  
e quat i on 4 . 2 . S dPb02 i s  hal f  the fu l l  di s charge surface 
area a s  di s c u s s e d  above . 

Man ipul at ing equat i o n s  4 . 9  to 4 . 1 1 g ive s 

Ro = 3 fo VdPb02 / S dPb02 ' ( 4 . 1 2 ) 

Nx 3V dPb02 I ( 4 nRo 
3 ) and ( 4 . 1 3 )  

Rx = Vf.LT Ot / ( 8Nx Ro
2 ) ( 4 . 1 4 )  

which spe c i f i e s  the box/ sphere geomet ry . 

t Note : the symbol " x " w i l l  be u sed t o  denot e 
vari abl e s  a s s o ci ated with the box / sphe re geomet ry . 
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4 . 3 . 3  PbS04 Surface Area Formulations . 

The vo l ume o f  PbS0 4 i s  related t o  the l o cal di s charge 
by 

q ( 4 . 1 5 )  

where 
q ( A . s . g- 1 ) is the l o c a l  di s charge and 
VxPb s o4 ( m3 ) is the volume of Pbs o4 in a s i n g l e  box . 

The vo lume VxPbS0 4 can in t urn be u sed t o  det e rmine 
the PbS0 4 surface area within the box given that t he 
surface maint ains it s spheri cal f o rm and the fixed geome t ry 
o f  the box . The volume and surface area are mo st 
conveniently related by i nt rodu c i ng the radi u s  o f  t h e  
sphe ri cal s u r f a c e  as a common var i abl e .  This g ive s 

and 

where 

VxPbS 04 = 8Ro
2 Rx - ( ( 4 / 3 ) nR3

- Fv ( R ) ) 

SxPb S 04 = fo ( 4 n R2 - F s ( R ) ) 

R ( m )  i s  the radius o f  the PbS0 4 surfac e ,  

( 4 . 1 6 )  

( 4 . 1 7 )  

SxPbso4 ( m2 ) i s  the surface area o f  PbS0 4 at radius R 
in a s i ngle box and 

Fv ( R )  ( m3 ) and F s ( m2 ) account for the Pbso 4 volume 
and surface area l o s s ,  respect ivel y ,  due t o  the 
po rt i o n s  o f  the sphere o f  radi u s  R out s i de t he 
bounda r i e s  o f  the box .

t 

t 
The s e  are give n by geomet r i c  i dent i t i e s  for the sphe ri c a l  

caps a n d  s e gment s that occur a s  t h e  sphe re o f  radi u s  R 
i nt e r s ect s with the box boundari e s . The sphe r i c a l  c ap 
i dent i t i e s  were taken from Bronshte i n  and S emendyayev 
( 1 9 7 3 ) .  The sphe r i cal segment ident i t i e s  were 

by s imi l a r  i dent i t i e s  for cyl i ndri cal s e gment s 
by a surface curvature corre c t i on fact o r . The 

approximat ed 
mul t ipl i ed 

c y l i ndri c a l  
s e gme nt ident i t i e s  
S emendyayev ( 1 9 7 3 ) . 

were t aken f rom Bronsht e i n  a n d  
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Final ly the PbS0 4 s u r face area i s  given by 

( 4 . 1 8 ) 

where Spb s o4 ( m2 . g- l ) i s  the e qu ivalent gram surface area 
quant ity . 

4 . 3 . 4  Actual Pb02 Surface Area Formulations . 

Pb0 2 w i l l  be pre cipitat ed at s i t e s  on e x i s t i n g  P b o 2 
acco rding t o  the react ion given i n  e quat i o n  3 . 3 .  The suppl y  
o f  Pb2 +  ions dete rmines t h e  prec ipit a t i o n  vo lume s a n d  
there fore the s t ructure o f  Pbo2 l ob e s  grown o n  the init i a l  
Pbo2 sphe re . The requi red surface area variat i o n  i s  i n  t u r n  
found from the s t ructure o f  the s e  l obe s . The approach 
taken t o  quant i fy t h e s e  e ff e c t s  is s et out i n  two stage s 
below . F i r st ly ,  the Pb2 +  concent rat i o n  ( supp l y )  withi n  t h e  
box/ sphe re geome t ry i s  con s i de red . Th i s  c o i n c ident a l l y  
de fines t he dime n s i o n s  o f  t h e  Pb02 l obe s . S econdl y ,  t h e  
l obe dimens i ons a re u s ed to de fine the t o t a l  Pbo2 s u r f a c e  
area within a b o x  a n d  there fore t h e  requ i re d  actual Pb02 
surface . 

a )  The Pb2 +  Concentrat ion . 

Let the volume whi ch i s  supp l i ed by Pb2 +  i ons be 
repre sented by the rect angular s ystem shown i n  f i gure 4 . 5 .  
This i s  a reas onab l e  approximation t o  the sph e r i c a l  
s i tuat i o n  when t h e  radi a l  di stance i n  whi ch t h e  react i o n  
t ake s  p l a ce i s  sma l l  compared t o  Pbso 4 surface supp l y i ng 
the Pb2 +  i on s . At the beginning o f  charge thi s i s  the c a s e  
becau s e  o f  the sma l l  di s t ance between the Pbs o4 and Pb02 
surface s . At the end o f  charge t h i s  i s  a l s o  the case s i n c e  
t h e  Pb2 +  i o n  concentrat i o n  w i l l  rap i dly fal l t o  z ero away 
from the PbS04 surface due to the i ncreased demand but 
reduced supply o f  Pb2 +  i o n s . 
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· growing 
,. . . 2 +  Volume supplied by Pb 

Elemental volume 
si.lr.face of initial sphere (see Figure 4 . 6 ) 

F i gure 4 . 5 : A Re c t an gu l a r  S y s t em f o r  Lead D t o x i de Growt h . 

Re ferring to f i gure 4 . 5  

t ( s )  i s  the t i me from the s t art o f  charge , 
r ( m )  i s  the di stance from a fixed p o i nt ( R0 ) t o  

a n  arb i t rary p o i nt within t h e  supp l i ed volume , 
dr ( m )  i s  the width o f  an e l emental volume , 
R0 ( m )  i s  the po s i t i on o f  the PbS04 and Pb02 surface s  

at ful l di s charge , 
R1 ( t ) ( m )  i s  the po s i t i o n  a t  whi c h  the charge react i o n  

become s  z e ro , 
R2 ( t )  ( m )  i s  the po s i t i on o f  the movi ng PbS0 4 s u r fa c e  

dur i ng charge , 
R3 ( m )  i s  the p o s i t i o n  o f  the PbS04 s u r face at the e n d  

o f  charge and 
SxPbS04 ( t )  ( m2 ) i s  the PbS0 4 surface wi thin the box 

dur i ng charge . 

Con s i de r  next the det a i l s  o f  the e l ement a l  volume 
s hown in figure 4 . 5 .  The s e  are given in f i gure 4 . 6 .  
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r 
dr 

Pb 2 + diffus ion 
coefficient 
within volume 

D
P b2 +

( t )  

Pb 2+ 
concent ration 
within volume 

C
P b2 + 

( r , t )  

nv ( t )  
Number o f  lobes 
within volume 
( one shown )  

s o lution cro s s ing 
boundary at r 

Elementa l  Volume 

Lobe surface 
area within volume 

Sv ( r , t )  

Current 
dens ity 
on lobe 
surface 

iv ( r, t )  

Characte ristic 
radius o f  lobe 

Pb02 Lobe Cro s s -sect ion 

F i gu r e  4 .  6 :  An E leme n t a l  Vo lume for the Pb2 + Ma s s  B a l a n c e . 

Referring to figure 4 . 6  

Dpb2 + ( t ) ( m2 . s - 1 ) i s  the di ffus i o n  c o e f f i ci e nt f o r  t he 
Pb2 +  i o n  i n  sulphu r i c  acid s o l ut i o n , 

j Pb2 + ( r , t )  ( mol . m-2 ) i s  the flux den s it y  o f  Pb2 +  i o n s  
i n  s olut ion , 

cPb2 + ( r , t )  ( mol . m- 3 ) i s  the Pb2 +  i o n  c o n c ent rat i o n , 
nv ( t ) t i s  the numb e r  o f  growing Pb02 l ob e s  within t h e  

supp l i e d  vo l ume , 
rv ( r ,  t )  ( m) i s  the characte r i s t i c  radius o f  a l obe , 
sv ( r , t )  (m)  i s  the l obe surface area per unit l ength 

and 
iv ( r , t )  ( A . m- 2 ) i s  the current den s i t y  o n  the s u r f a c e  

o f  a lobe . 

t Not e : the s ymbol 11 v 11  ( vi sual i s ed a s  a downward p o i n t i n g  
l obe ) wi l l  be u s e d  t o  denote vari abl e s  a s s o c i at e d  w i t h  t h e  
Pb02 l obe geometry . 
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W r it i ng the mas s  balance for Pb2 +  i o n s  within the s o l ut i o n  
o f  t h e  e l eme ntal volume give s 

( 4  . 1 9 )  
2 F 

Equa t i on 4 . 1 9 as sume s the Pb2 + concent rat i on i s  cont ro l l ed 
by di f fu s i on with s imul t aneous react i o n . F rom l e ft t o  ri ght 
the t e rms repres ent ac cumu lat i on , di f fu s i o n  and react i on o f  
Pb2 +  respect ively . Migra t i on e ffects are not i n c l uded s i n ce 
potent i a l  gradi ent s in the s o lut i on wi l l  be cau s e d  by t he 
charge o f  the acid c omponent s and w i l l  not have a 
s y s t emat i c  e f fect on the Pb2 + movement. . S imi la r l y  
conve c t i o n  e f fe ct s are not incl ude d  s i n c e  bul k s o l ut i o n  
movement w i l l  not have a syst emat i c  e f fe c t  on the direct i o n  
o f  Pb2 +  movement . 

A mo re u s e ful form f o r  e quat ion 4 . 1 9 i s  found by u s i ng 
e quival e nt o r  l i ke l y  ident i t i e s  for j Pb2 + ( r , t ) , nv ( t ) , 
sv ( r , t )  and iv ( r , t ) . The s e  i dent i t i e s  are set out b e l ow . 

The flux o f  Pb2 +  i o n s  can be written i n  t e rms o f  t he 
conc entrat ion gradient a c cording t o  F i ck ' s fi r s t  l aw . T h i s  
give s 

j Pb 2 + ( r , t ) 
a cPb2 + ( r , t )  

-DPb2 + ( t ) 
a r  

( 4 .  2 0 )  

The numb e r  o f  l obes within the volume s upp l i e d  by 
Pb2 +  ions can be taken as being proport i onal to the a rea 
that enc l o s e s  that vo lume . That i s ,  
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where 

nvo nv ( t ) = ----
SxPbS04 o 

SxPbS0 4 ( t )  ( 4 . 2 1 )  

nvo i s  the numb e r  o f  lobe s it e s  at radi u s  R0 and 
SxPbS 04 o (m2 ) i s  the Pbso 4 surface at radius R0 . 

The surface area o f  the l obe can be r e l at e d  to t h e  
characte r i st i c  radi u s  o f  the l obe u s i n g  t h e  geomet r i c  
mode l i n  f i gure 4 . 7 .  Adopt i n g  the geome t r i c  model shown 
give s 

sv ( r , t )  
a rv ( r , t ) 2 

2 n fv rv ( r , t )  - n ----

a r  
( 4 . 2 2 ) 

where fv i s  the surface fact o r  for the l obe shape ( the l obe 
surface fact o r ,  unity fo r a c i rcular c ro s s - s e c t i on ) . 

. . 

. .  
. .  

dr dr 

Actual surface contours 

Surface area at r1 ( Sv ( r1 , t )  ) 
is approximated by the dark 
shaded area IMJ made up o f  the 
area on the circumference of 
the portion at r1 and the 
dif ference in cross- sectional 
are a  o f  the port ions at r1 
and r2 . 

F i gure 4 . 7 :  The Lead D i o x ide Lobe S u r face Area . 

9 2 



The current den s ity can be repre s ented by the p roduct 
of a concentrat i o n  dependent exchange current den s it y  and a 
pot e n t i a l  dependent e xponent i al t e rm ( see e quat i o n s  3 . 8  and 
3 . 6 ) . T aking the ex change current react i on o rder f o r  P b2 +  

a s  unity ( Hamp s o n  e t  a l  1 9 6 8 )  and combi ning other t e rms 
i nto a s i ngl e potent i a l  dependent rat e const ant g ive s 

where Ke ( t )  
const ant . 

( 4 . 2 3 )  

(A . m . mo l - 1 ) i s  the potent i a l  dependent r a t e  

S ub s t itut ing t h e  i dent i t i e s  de f i ned b y  e quat i o n s  4 . 2 0 
t o  4 . 2 3 i n  e quat i o n  4 . 1 9 give s 

� [ [
1 

_ n nvo rv ( r , t ) 2 l a cpb2 + ( r , t ) l 
a r  8 xPbS0 4 o a r  

a rv ( r , t ) 2 ] 
n ---- cPb2 +  ( r , t ) . 

a r  
( 4 . 2 4 ) 

Before e quat ion 4 . 2 4 can be s o lved for Cpb2 + , boundary 
c o ndi t ions and rv ( r , t )  must be known . The s e  are s et out 
below . 

At the PbS0 4 boundary ( R2 ( t ) ) two condi t i o n s  a r e  
known . F i rs t l y ,  t h e  concentrat i o n  a t  thi s boundary i s  t h e  
e qui l ibrium concent ration o f  Pb2 +  ions f o r  PbS0 4 i n  
sulphuri c acid s o l ut i on . That i s ,  

( 4 . 2 5 )  

where cePb 2 + ( t ) ( mol . m- 3 ) i s  the e qu i l ibrium concent rat i on . 
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S e c ondly , the rate o f  di s s o l ut i o n  o f  Pbso4 i s  r e l at e d  t o  
t h e  c o n c e nt rat ion gradient a t  thi s boundary b y  F i ck ' s f i r s t  
l aw . As sumi ng t h i s  i n  turn i s  cont ro l l ed b y  the t o t a l  
current into the box give s 

a cpb 2 + ( R2 ( t ) , t ) 

a r  

whe r e  Ix ( t ) i s  the t o t al current i nt o  the box ( A ) . 

( 4 . 2 6 )  

At the begi n n i n g  o f  charge the c o n c e nt rat ion i s  a l s o  t h e  
e qui l ibrium concentration . That i s ,  

Equat i o n s  
condi t i o n s .  

4 . 2 5 t o  4 . 2 7 are the 

( 4 . 2 7 )  

requi red boundary 

The radiu s  at any arbit rary point ( r 1 , t 1 say ) i s  
dete rmined by the vo lume o f  Pb02 depo s it e d  at r1 . Thi s ,  i n  
turn , i s  given b y  the t ime i nt egral o f  t h e  current den s it y  
a n d  surface area product a t  r1 . T aki n g  account o f  the s e  
relat i on s hips give s 

( 4 . 2 8 )  

Equat ion 4 . 2 8 needs t o  be qual i f ied further b y  
de f i n i ng t h e  maximum radi u s  po s s ib l e  as det e rmi ned by t h e  
volume i n  whi ch the l obe i s  e n c l o sed a n d  the i n i t i al 
s t ructure ( sv ( r , O )  and rv ( r , O ) ) .  

The limit i n g  condi t i on for the maximum radi u s  can b e  
written by c o n s idering when an elemental volume i s  
comp l et e l y  o c cupied by the l obe s wh i ch i t  c o nt a i n s . T h i s 
give s , 
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s ] 0 . 5  
xPbS04 o 

n nvo 
( 4 . 2 9 )  

where 
rvMax (m)  is the maximum radius and 
bv is t he volume ut i l i s at io n  fac t o r  ( approximat e ly 

unity ) . 

The i n i t i al st ructure i s  de fined by 

rv ( r , O )  = 0 for r * 0 and 

sv ( R0 , 0 ) = 4 n f0 R02 / ( nvo dr ) . 

( 4 . 3 0 a )  

( 4 . 3 0 b )  

( 4 . 3 1 )  

The t h i rd e qua t i on account s for the s u r face area o f  t he 
i n i t i a l  sphere . 

S o lving the set o f  e quat ions 4 . 2 4  t o  4 . 3 1 give s the 
concent rat ion di s t r ibut ion o f  Pb2 +  i o n s . At the same t i me 
the s t ructure o f  the Pbo2 lobes ( rv ( r , t )  and sv ( r , t ) ) i s  
a l s o  det e rmined . Thi s ,  i n  turn , means that the s u r fa c e  a r e a  
deve l opment du ring charge c a n  now b e  defined . Fo rmu l at i o n s  
for t h i s  s urface area are give n be low . 

b )  The Pbo2 Surface Area . 

The Pb02 surface area i s  made up o f  fol l owing two 
comp onent s .  

i )  The surface area o f  l obe s contained within the 
vol ume enclo s ed by the PbS0 4 surface and R0 ( fi gure 
4 . 5 ) . Thi s area is as s o c i at e d  with the Pb02 l obe s t hat 
are s t i l l  growi ng . 

i i )  The surface area o f  l ob e s  that have pas s e d  
out s i de t h e  volume enc l o s ed b y  the PbS0 4 surface a n d  
R0 a s  t h e  PbS04 surface has dimi n i shed . �·�i s a r e a  i s  
a s s o c iated with Pb02 lob e s  whi c h  are no l onger grow i n g  
( completed)  . 
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F o rmul at ions for the s e  component s at t ime t 1 are 

( 4 . 3 2 ) 

and 

( 4 . 3 3 )  

where 
s gPb02 ( t ) ( m2 ) is the surface area of growi n g  lobes 

and 
s cPb02 ( t ) ( m2 ) is the surface area of c ompl eted l ob e s . 

The t erms involving SxPbso4 i n  e qua t i on 4 . 3 3 repre s ent t h e  
proport i o n  o f  t h e  Pb02 surface pa s s i n g  o u t  o f  t h e  grow i ng 
volume i n  time dt . 

The total Pbo2 surface a rea within a box i s  given by 
the sum of the growi ng and completed surface s . That i s ,  

( 4 . 3 4 ) 

where SxPb02 ( t ) ( m2 ) i s  the total Pbo2 surfa c e  area w i t h i n  
a box . 

Finally the a ctual Pb02 surface area i s  given by 

( 4 . 3 5 )  

where SPb02 ( m2 . g- l ) i s  the e quivalent gram a ctual Pb02 
surface area quant ity . 

4 . 3 . 5  Effective Pb02 Surface Area Formulations .  

The e f f e ct ive charge s u r fa c e  area i s  t hE· p o rt i o n  o f  
the actual surface where the e l e c t ro chemi cal react i o n  rat e s  
are non z e ro . That i s ,  the surface area where the Pb2 +  i o n  
concent rat ion and current den s i t y  i s  non z e ro . The 
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given i n  s e c t i o n  4 . 3 . 4  show that t h i s  f o rmu l at i ons 
i n fo rmat i o n  c a n  be repre s ented a s  a one-dime n s i o n a l  
di st r ibut i on o f  surface a r e a  and current den s i t y . Whi l e 
t h i s  repres entat ion i s  s u f f i c i ent , it i s  not the mo st 
c o nveni ent repre s entat i o n  t o  int e grate with the aggreg a t e  
mode l component s that fo l l ows ( i n  chapter 5 )  . A n  e qu ival e nt 
repr e s entat i o n  whi ch reduces the one-dime n s i o na l  
di st r ibut ion t o  two parameters i s  given below . 

Before cont i nu i ng it should be noted t hat the conc ept 
of an e f fect ive s u r face area doe s  not app l y  t o  t h e  
di s charge ca s e . T h i s  i s  becau s e  t h e r e  i s  a lways a supply o f  
Pb2 +  ions t o  a l l  the s u r f a c e  a r e a  due t o  the uni f o rm 
cove ri ng o f  Pbso 4 nuc l e i  ( see s e c t i o n  3 . 2 ) .  As a r e s u l t  t he 
reac t i on proceeds on the actual surface area dur i ng 
di s charge . 

a )  I nt egrat ing the e l emental and aggregate model s .  

The aggregate mode l concerns have been mentioned i n  
t h e  i nt roduct i on thi s chapt e r . They relat e t o  t h e  t ra n s p o rt 
o f  ma s s  and cha r ge in the c e l l  component s .  The detai l s  o f  
area / current di s t ribut i o n  i nvolving Pb2 +  i o n c  need not be 
known for thi s . I t  is s u f f i c i ent for only the net current 
that contro l s  the movement o f  ma s s  and charge t o  be known . 
The net current c an be repre sented by volume average 
paramet e r s . I n  part i cular , the net current can be 
repr e s ented by an e f fe ct ive current den s it y  and an 
e f fe ct ive s u r face area . Thi s e ffect ive sur face area i s  
f o rmulated below by extending the actual surface a re a  
resul t s  o f  the pre ceding s e c t i on . 

b )  The e l emental e ffect ive surface area . 

The e f fe ct ive sur face area i s  de fined t 0  e n s u re t h e  
volume average a n d  spe c i fi c  s t ructural pa ramet e r s  g i ve 
i dent i cal current and ove rpotent ial r e s u l t s  for the s ame 
vo lume o f  AM ( one equivalent gram) . 
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C on s i der fi rst the e quivalent gram current . Thi s c a n  
be written a s  

I (t )  = SE ( t ) IE ( t )  ( 4 . 3 6 )  

where 
I ( t ) (A . g- l ) i s  the e qu ivalent gram o r  l o cal current , 
SE ( t )  ( m2 . g- 1 ) i s  the e f fect ive surface a rea and 
I E ( t ) ( A . m2 . g- 1 ) is the e ffect ive curre nt den s it y . 

This mu st be e qual t o  the current predi cted by the 
sphe re /box model . That i s ,  

I ( t )  = Nx I x ( t )  ( 4 .  3 7 )  

where I x ( A )  i s  the cu rrent i nt o  a s i ngle box given by 

I x ( t ) ( 4 .  3 8 )  

Equat i on 4 . 3 8 repre s ent s the summat i o n  o f  t h e  current at 
the s u r fa c e  of g rowi ng dendr i t e s  within a s i ngle box . 

Con s i der next the ove rpot ent i al at the AM s u r f a c e . 
The overpotent ial fo r the spe c i f i c  st ructure i s  repre s e n t e d  
b y  the t e rm Ke ( t ) i n  equat i o n  4 . 3 8 .  To rep r e s ent the s ame 
overpot e nt ial in the vo l ume ave rage quant i t i e s  the 
e f f e c t ive current den s ity can be written as 

( 4 . 3 9 )  

Comb i ning equat i ons 4 . 3 6 and 4 . 3 9 gives the requi r e d  
e f fe c t ive area . That i s ,  

4 . 3 . 6  The Elemental Charge Surface Area Model : A Practical 

Approach . 

The actual and e ffective Pbo2 surface areas can , i n  
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p r i n c i pl e ,  be det e rmined from the set o f  e quat i o n s  4 . 2 4  t o  
4 . 3 5 ,  4 . 3 8 and 4 . 4 0 .  The independent var i ab l e s  a r e  t ime , 
the e quivalent gram current I ( t ) , the lead i o n  e qui l i b r i um 
concent rat ion cePb2 + ( t ) and the lead i o n  di f fu s i on 
c o e f f i ci ent Dpb2 + ( t ) . The last three variab l e s  a r e  
det e rmined b y  t h e  aggregate mode l . I n  p ract i c e  the s e t  o f  
equat i o n s  does not l e nd i t s e l f to s o lut i o n  b y  analyt i ca l  
methods a n d  nume r i cal methods mu st be emp l oyed . T h e  s et o f  
equat i o n s  i s  reforme d for so lution b y  nume r i cal methods and 
the s o lution algor ithm i s  set out below . 

a)  P rel imi nary S impl i f ication s . 

Two s i mpl i fi c ations f o r  e quat ion 4 . 2 4  based o n  
the t ime depende n c e  o f  variab l e s  are made a t  the out s et . 

F i r s t l y ,  i f  changes i n  s t ructure are s l ow then , ove r a 
sma l l  t ime i nterval , equat i o n  4 . 2 4  can be con s i dered a s  a 
part i al di f fere nt ial equat i o n  for Cpb2 + ( r , t )  with c o n s t ant 
s t ructural paramet e r s . Th i s  is the case whe re t ime 
interval s in the o rde r of s e conds are u s e d  given the 
typi c a l  total charge t ime of e i ght hours . 

S e c o ndl y ,  i f  changes i n  i ndependent variab l e s  de f i n e d  
b y  the aggregate mo del a r e  s l ow compared t o  t he t r a n s p o rt 
o f  Pb2 +  the n ,  over a small t ime interva l ,  the t ra n s p o rt 
system can be cons idered t o  be at ste ady state . Thi s wou l d  
be expe cted to be t h e  case for a typi cal charging s ch eme 
where charge cu rrent redu c e s  by about one order o f  
magni t ude 
Dpb2 + and 

and the acid concentrat i o n  ( which 
cePb 2 + ) approximat ely doubles over 

det e rmi n e s  
the t o t a l  

charge t ime . The ste ady stat e  s imp l i f i cat i on means the l e ft 
hand s i de o f  equat i on 4 . 2 4  can be set t o  z ero and t h e  
part i a l  differential equat i o n  c a n  b e  rep l aced b y  an 
ordi nary di fferential e quat i o n  with con s t ant paramet e r s . 
The o rdi nary di f fe rent ial equat i o n  repre s e nt s the s i t uat i o n  
a t  o n e  p o i nt i n  t ime . The time dependence can b e  dealt with 
by updat i ng the equat i o n  parameters for each suc c e s s ive 
t i me st ep . 
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b )  The S o lut i o n  at One P o i nt i n  T ime . 

Tak ing account o f  the s impl i fi cat i o n s  above e qu at i o n  
4 . 2 4  becomes 

= 0 t 

V k dr k- 1 ( r ) 2 ] 
n cPb2 + ( r )  

dr 

( 4 . 4 1 )  

Equation 4 . 4 1 can now be s o lved in space u s ing f i r s t  
o rder di f fe rence approx imat ions for the concent rat i o n  and 
conce nt rat i o n  gradient . Rearranging the backwards 
di f f e rence approximation o f  the conc ent rat i o n  space 
gradi ent give s 

( 4 . 4 2 ) 

' n k · where Cpb2 + ' repre s e nt s  the concentrat i on space gradl e n t . 

t Not e : the point in t ime for whi ch the variable s above a r e  
de fined has b e e n  denot ed by the supe r s c ripL S invo l v i ng 
" k '' . The s e  shoul d be int e rpreted a s  t = k�t where � t  i s  
the di s c rete t ime int e rval . 

1 0 0  

t t  Not e : the point i n  space f o r  which the var i ab l e s  above are 
de fined has been denot ed by the sup e r s c r ipt s i nvo l v i ng 
" n " T h e s e  should be interpret ed a s  r = n�r where � r  i s  
the di s c rete spac e  interval . 



Rea r ranging the backwards di f ference approximat i o n  o f  t h e  
s e cond space derivat ive o f  t h e  concent rat i on a ft e r  e quat i ng 
t h i s  with the s econd order de rivative de fined by e quat i o n  
4 . 4 1 g ive s 

' n - 1 k CPb2 + ' ' n k k ' n k k n k ) cPb2 + ' + � r ( X  CPb2 + ' + y cPb2 + ' 

where 

yk 

( 4 . 4 3 a )  

and ( 4 . 4 3b )  

2 n fv rv
n , k - 1 + n (  ( rv

n- 1 , k - 1 ) 2 _ ( rv
n , k- 1 ) 2 ) / � r  

2 F DPb2 + k ( svO - n ( rv
n , k- 1 ) 2 ) 

( 4 . 4 3 c )  

The bounda ry condi t i o n s  ( equat i o n s  4 . 2 5 and 4 . 2 6 )  can a l s o  
b e  rewri t t en to ac count f o r  the now di s c rete t ime and spa c e  
i n t e rval s .  The s e  become 

de R2 ( k ) , k 
Pb 2 + 

dr 

and 

I k 
X 

( 4 . 4 4 ) 

( 4 . 4 5 )  

Equat ions 4 . 4 2  to 4 . 4 5 a re s u f f i c i e nt fo r t h e  
nume ri cal solut i o n  o f  t h e  concentrat i o n  di st ribut i on at o n e  
point i n  time . The s olut ion i s  obt a i ned by f i r s t  app l y i n g  
t h e  boundary condi t i on s  a t  R2 ( k ) t o  get c o n c e nt ra t i o n  a n d  
t h e  conc e nt rat i o n  gradi e nt at t h i s point a n d  t h e n  work i n g  
backwards t o  R1 ( k ) u s i ng equat i o n s  4 . 4 2  and 4 . 4 3 t o  de f i n e  
t h e  con centrat i on a n d  concent rat i on gradi ent a t  each new 
point . 

Unfo rtunately the so lut i o n  cannot be found by app l y i n g  
t h e  procedure s ugge sted above o n c e  at e a c h  point . Thi s  i s  
becau s e  the value o f  Ke

k i s  not expl i c itly known but rath e r  
impl i ed i n  t h e  relat i onship de fined b y  e quat i o n  4 . 3 8 .  T h e  
di s c rete form o f  thi s equat i o n  i s  
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I k 
X 

Equat i on 

R2 ( k ) 
Ke

k I ( sv
n , k cPb2 + n , k 6 r )  

R1 ( k ) 

4 . 4 6 a l l ows K k 
e and there f o re 

( 4 . 4 6 )  

the requi r e d  
concent rat ion t o  be found by an it erat ive s cheme . The 
s cheme u s e d  is summari sed in the steps below . 

i )  E st i mate the i n i t i al K k 
e 

i i )  Evaluate the concent rat i o n  di st ribut i on us i ng 
e quat i o n s  4 . 4 2 t o  4 . 4 5 .  

i i i ) Evaluat e the box current u s i ng e quat i o n  4 . 4 6 .  

iv)  Compare the current found at step i i )  with the 
known current ( from e quat ion 4 . 3 7 )  and adjust Ke

k 

t o  give a mo re favo rab l e  compari s on . 

v )  Repeat s t eps i i )  t o  i v )  unt i l  the current s agree to 
wit h i n  ac cept ab l e  l imit s . 

c )  Updat ing the S t ructural P aramet e r s . 

The concent rat i o n  di s t ribut i o n  obta i ned from t he 
formu l at i ons above i s  related to the current den s ity o n  the 
growing Pbo2 lob e s  by the di s crete f o rm o f  e quat i o n  4 . 2 3 .  
That i s ,  

( 4 . 4 7 )  

As suming that t h i s  current i s  con stant over the t ime 
interval 6t the change in st ructure ( rv

n , k ) can be found 
u s ing the di s c rete form of e quat i o n  4 . 2 8 .  Thi s  give s 

[V k ( t 1 ) ] 0 . 5 
rv

n ' k = mPb02 1 k 1 k 1 I ( i  r ' s r ' - 6 t ) . V V 2 n F  0 
( 4 . 4 8 )  

The l imi t in g  value for rv
n , k i s  rvMax a s  be fore . The 

i n it i a l  s t ru cture is given by di s c rete repre s ent a t i o n s  t h at 
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c o rre spond t o  equat i ons 4 . 3 0 and 4 . 3 1 .  That i s ,  

r 0 , 0  
V 

r n , O 
V 

s 0 , 0  
V 

rvMax ' 
0 f o r  n :f. 0 and 

4 n f0 R0 2 / ( nvo � r ) . 

( 4 . 4 9 a )  

( 4 . 4 9 b )  

( 4 . 5 0 )  

F i n a l ly , the surface area can be det e rmi ned u s i ng the 
geome t r i c  i dent i t y  de fined by e quat i o n  4 . 2 2 . The di s c r e t e  
repr e s ent a t i o n  o f  t h i s  e quat i o n  give s 

svn , k 
= 2 n fv rvn , k + n ( ( rvn- l , k- 1 ) 2 _ ( rv

n , k - 1 ) 2 ) / � r . 
( 4 . 5 1 )  

I t  should b e  pointed out that the s t ructural 
paramete r s  are updated f o r  the points n 1 t o  n ( R2 ( k ) ) . 
The parameters at n = 0 although de f i ned are i nvariant . 

d)  Computing the actual surface area . 

The proc edure given above de fines the surface a rea o f  
the Pb02 l obe s . Knowing t h i s  it i s  a s impl e  mat t e r  t o  apply 
the di s crete repre s entat i o n  o f  equat i o n s  4 . 3 2 t o  4 . 3 5 t o  
get the t rue l o cal s u r face are a . The di s crete 
repre sentat i o n s  are 

n ( R2 ) 
sgPb02 k = I  ( svn , k � r ) , 

1 

k S cPb02 
�l [ SxPbS0 4 k - 3xPbS0 4

k- l 

0 3xPbS0 4
k l  

k k k 3xPb02 s gPb02 + s cPb02 and 

for e quat ions 4 . 3 2 to 4 . 3 5 re spe c t ive l y . 

e )  Compu t i ng the e ffect ive s u r face area . 

Having eva luated K k 
e whi l e  

( 4 . 5 2 ) 

k l l S gPb02 ' ( 4 . 5 3 )  

( 4 . 5 4 ) 

( 4 . 5 5 )  

cal culat i ng the 
concent rat ion di st ributi o n  t h e  e f fect ive l ocal surface area 
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i s  readi ly found by applying the di s c re t e  f o rm o f  e quat i on 
4 . 4 0 .  That i s ,  

s k 
e 

f )  Cho o s i n g  the di s c rete t ime int e rval . 

( 4 . 5 6 )  

The o rde r o f  magnitude f o r  the di s c rete t ime i nt e rv a l  
has a l ready b e e n  di s cus s e d . Here t h e  part i cu l ar value f o r  
the t ime i nt e rval wi l l  be cons i dered . The obvious approach 
is t o  set a const ant t ime int e rva l . Unfortunat e l y  thi s w i l l  
result in the moving boundary a t  R2 k fal l i ng between t h e  
fixed s p a c e  int e rval s on many o c c a s i o n s . Thi s  can be 
avoi ded u s ing a sma l l  but var i ab l e  t ime interval . That i s ,  
the t ime i nt e rval can be a d j u st e d  to ensure that the movi ng 
boundary fal l s  
c o n s e cut ive ( but 

on c o n s e cutive space i n t e rva l s  f o r  
n o t  e qual ly spaced )  p o i nt s  in time . I n  

pract i c e  t h e  dependency c a n  be reve r s e d  with R a d j u s t e d  t o  
fixed i nt erva l s  i n  space and the t ime interval c a l c u l a t e d  
from t h e  PbS0 4 vo lume change ( de fined b y  e quat i o n  4 . 3 ) a n d  
t h e  known current us i ng Faraday ' s law . Thi s give s ,  

2 F 
( 4 . 5 7 ) 

vmPbS0 4 

where �VPbso 4
k can be evaluat e d  u s i ng equation 4 . 1 6 .  

The app roach o f  l e t t i ng the t ime interval vary w a s  
u s ed i n  the i n i t i a l  s imulations o f  charging the AM . 

g )  The c omplete computat i onal a l gorithm . 

The comput at ional met hod has been des c ribed i n  s ome 
detai l above . Th i s  i s  summari sed in the flow di agram given 
i n  f i gure 4 . 8 .  The system of e quat i ons repres ented h e re 
was c o nverted to a P a s cal comput e r  program and s o lved us i ng 
a Mi c roVAX I I  comput e r  clust e r . The program u sed i s  given 
in appendix 1 .  
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..V 
I Initialise structure and Ke I 

'" 
,, 

I Update PbS0 4 structure I 
I Update t ime and charge state I 

"' 
,, I Calculate the concent ration 

dist ribut ion us ing present Ke I n e xt 

I Estimate new Ke f rom known and I 
P b S 0 4 

implied current r a di u s  

! compare known and implied current 1 

1 s ame 
d i f f e r en t  

I Update Pb0 2 structure I 
I Ext ract results I 
I Test for full charge I not f u l l  charge 

'V F u l l  charge 

F i gu re 4 . 8 :  C a l cu l at ion of Charge S u rface Area . 

The re sult s for the e l emental charge surface a r e a  
mode l obt ained i n  thi s way a r e  given i n  chapt e r  7 .  

5 gives detai l s  o f  the aggregate mode l . 
Chap t e r  
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Aggregate Model for r­
the Positive Electrode 

The aggregate model repre sent s a l l  c e l l  part s i nvolved 
i n  the t ransportat i o n  of acid and charge t o  the Pb02 / 

s o lut i on i n t e r face o f  the AM mi c r o s t ru cture ( the a c i d  
t ransport s ys tem) . The mode l presuppo s e s  the e l emen t a l  
mode l s  o f  chapt e r  4 .  The aggregate model a n d  the e l ement a l  
mode l s  make up the needed component s o f  the VIAM mode l . 
That i s ,  t ogether they connect the voltage , current and AM 
s t ructure o f  the p o s i t ive e l e ct rode s y st em . 

The aggregat e model redu c e s  the real c e l l  part s o f  t he 
a c i d  t ransport s y s t em to a network 
component s .  The acid t ran spo rt 

o f  
and 

cylindr i c a l  
e l e c t r i c a l  

charac t e r i st i c s  o f  t h e  netwo rk are t h e n  t ake n  to rep r e s e nt 
the behav i our o f  the real s y s t em . The approach r e s ul t s  i n  a 
model that resembl e s  a compound s ingle pore model rat h e r  
than a mac rohomogeneous model ( s e e  s e ct i on 3 . 6 ) . The 
empha s i s  on s t ructural form is con s i s t ent with r e c e nt 
de s c r ipt i on s  o f  the o rgan i s a t i o n  o f  the AM 
s e c t i o n  3 . 2 ) . 
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The cont ent o f  thi s chapt e r  i s  summari s ed below . 

i )  A de f i ni t i on o f  the aggregate mode l based on the 
cel l part s that make up t he a c i d  t ra n sp o rt s y s t em 
( s ect i o n  5 .  1 )  . 

i i )  F o rmulations for the phy s i cal dimen s i.ons o f  the 
aggregate model component s ( s ect i on 5 . 2 ) .  

i i i ) Fo rmul at i o n s  for the e l e ct ri cal charact eri s t i c s  
o f  t h e  aggregate model c omponent s ( s e ct i on 5 . 3 ) . 

i v )  Formulat i on s  for the a c i d  t ranspo rt 
charact e r i s t i c s  o f  the aggregat e mode l c omponent s 
( s e c t i o n  5 .  4 )  . 

v )  The pract i cal approach u s ed t o  s olve the 
formulations given for the aggregate model ( s ec t i on 
5 .  5 )  . 

5 . 1  THE AGGREGATE MODEL . 
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The gene ra l i s e d  a c i d  t ransport s y stem i s  a three 
dime n s ional netwo rk o f  s o lut i on volumes with a variety o f  
s t ructure s ,  electri cal charact e ri s t i c s  and t ranspo rt 
e f fect s . The ana l y s i s  o f  thi s system i n  total i s  di f f i cu l t  
( i f  p o s s ible a t  al l )  because o f  the l arge number o f  poi nt s 

requi red t o  adequate l y  repre s ent it and the c omp l ex e ffect s 
i nvolved . F o r  examp l e  a void vo lume i n  the mi c ro st ruct u re 
i s  about 1 0 - 1 6  m3 . To repres ent a l l  such volume within even 
the s ma l l e s t  t ra c t i o n  cell would t ake in the o rd e r  of 1 0 1 4  

point s . 
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T o  make the system manageab l e  three s impl i fy i ng s t e p s  
are performe d . 

i )  The c omp l exity o f  the problem i s  reduced by 
divi ding the s y s t em i nt o  part s which have di s t i nct 
s t ructural feature s . 

i i )  The s ca l e  o f  the problem i s  reduced by t aki ng a 
mi nimum s et o f  the s e  part s t o  repre s e nt the 
comp l e t e  s y s t em . 

i i i ) A mode l o f  connected cyl indrical c omponent s i s  
defined t o  repre s ent the real s y stem part s and 
fac i l itate anal y s i s  u s i ng part i cular one -dimens i onal 
s y s t em e quat i on s . 

Each o f  the s e  simp l i fying steps i s  di s cu s s ed brie fly below . 

5 . 1 . 1  Transport System Parts . 

Four t ransport system part s are re adi ly i dent i f i ed 
from the c e l l  c o n s t ru ct i o n . The s e  are , the c e l l  re s e rvo i r  
regi o n ,  the c e l l  s eparat o r  regi o n ,  the c e l l  negat ive plate 
regi on and the c e l l  p o s i t ive p l ate regi o n . The po s it ive 
p l at e  region , howeve r ,  is known to c ontain AM in three 
s t ructural forms , each of whi ch plays an impo rt ant role in 
dete rmin i ng the ove ral l c e l l  performan c e  ( s e e  s e ct i o n  
3 . 2 . 1 ) . The s e  forms are , the homogeneous non-part i c ipat i ng 
AM, the part i c ipat ing AM mac r o s t ructure t ransport chann e l s  
and the part i c ipat ing AM porous mi cro s t ructure . A transp o rt 
s y s t em part can be a s s i gned to each o f  the s e  s t ructural 
f o rms . I n  total thi s gives s ix di s t i nct t ranspo rt s y s t em 
part s . The s e  a re i l l u st rated i n  f i gure 5 . 1 .  



region 
( vo l ume between t h e  p l at e s ) 

P a rticipat ing 
AM macrostructure 
t ransport channels 
( i n  plate inte r i o r ) 

Participat ing 
AM por :.:us 
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Re ferring to figure 5 . 1  the s i x  t ransport s y s t em part s a r e : 

i )  the part i c ipat ing AM porous mi cro s t ructure , 

i i )  the part i cipat i ng AM mac ro s t ructure t ran sport 
channe l s ,  

i i i ) the homo geneous non-part i c ipat i n g  AM , 

i v )  the s eparat o r  regi o n ,  

v )  t h e  negat ive plate region and 

vi ) the c e l l  r e s e rvo i r  region . 
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5 . 1 . 2  A Minimum Representation of the Acid Transpo rt 

System . 

The acid t ransport sy stem can be s i mp l i fi e d  i f  
parame t e r s  vary mainly with p l at e  thickn e s s  and show l it t l e  
dependence o n  plate height and width . Thi s a l l ows t he 
comp l ete plate behavi our t o  be det ermi ned by a s i ngle c o re 
s amp l e  t aken anywhere within the plate area . By compa ri s o n ,  
the gene ral case mu s t  account for the c ombined e ffect o f  
every such s ampl e  ove r the total plate area . The s impl i f i ed 
s ituat ion i s  almo s t  always a s s umed ( a s  i n  a l l  mode ll i ng 
work repo rted i n  s e c t i o n  3 . 2 . 3  for examp l e ) and wi l l  b e  
adopt e d  again here . I t  should be not e d ,  howeve r ,  t h a t  
expe rimental a n d  theo ret i cal studi e s  d o  show s ome 
dependenc e  on c e l l  h e i ght and width ( s ee S unu and Burrows 
( 1 9 8 1 ) and Shepherd ( 1 9 6 5 )  f o r  exampl e ) . For the s imp l i f i e d  

s ituat ion the que s t i o n  ari s e s  a s  to how sma l l  the s i n g l e  
c o re s ampl e  can be . The l imit i s  reached a t  the po i nt 
beyo n d  which import ant s t ructural features are l o s t . T h e  
s i z e  i s  therefore det e rmined b y  the l a rg e s t  s t ructu r a l  
feat u re i n  the po s i t ive AM .  Thi s i s  t h e  mac r o st ruct u re 
t ransport channel with i t s  surrounding p o r o u s  
mi c r o s t ructure . That i s ,  t h e  AM a s s o c iated with o ne 
mac ro s t ructure t ransport channel i s  the mi nimum s amp l e  t ha t  
c a n  be u s e d  to repre s ent t h e  t ran sport s y s t em in t h e  p l at e . 
This i dea can be extended beyond the region o f  the po s it iv e  
p l a t e  into t h e  s eparat o r , negat ive p l a t e  a n d  r e s e rvo i r  
region s . Here repres entat ive port i o n s  o f  t he s e  parts whi c h  
a r e  l ike l y  to exchange acid with t h e  part s i n  t h e  s i n g l e  
c o re s amp l e  c a n  be i n c luded . 

5 . 1 . 3  An Aggregate Model for the Acid Transport System . 

The part s that make up the minimum rep r e s e nt at i o n  o f  
the c omp l et e  acid t ransport s y s t em are f o rmaj ly spe c i f i e d  
a s  c omponent s o f  t h e  aggregate mode l b e l ow . 
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i )  A t ransport channel characteri s i ng the 
mac r o s t ructure t ran sport channel cont ained within the 
s ingle c o re s ampl e  ( the m-channe l ) .  Thi s channel ha s 
o ne open and one c l o sed e nd . The c l o s ed end i s  de f i n e d  
b y  t h e  p l ane o f  symme t ry a t  the centre o f  t h e  po s it ive 
plate th rough whi ch no ma s s  pas s e s . The open end i s  
defined by the boundary between the part i cipat i n g  a n d  
non-part i c ipat i ng AM . 

i i )  Many sma l l e r  t ran spo rt channe l s  charact e r i s ing t h e  
p o r e s  i n  t h e  aggl ome rat e mi c ro s t ructure o f  t h e  
part i cipat ing AM contained withi n  t h e  s i ngle core 
s amp l e  ( the � - channel s )  . The s e  channe l s  surround the 
m-chann e l  and have one open and one c l o s ed end . The 
open ends are attached t o  the m- channel . The c l o s ed 
ends are de f i ned by the point s o f  s ymmet ry within t h e  
mi c r o s t ructure th rough which n o  mas s  pa s s e s . 

i i i ) A t ran sport channel charact eri s i ng t he pore s i n  
the homogeneous st ructure o f  the non-part i c ipat ing AM 
cont ained within the s i ngle core sample { the h­
channel ) .  Thi s channel has both ends open . One end 
i s  attached to the open e nd o f  the m- channe l . The 
other end i s  de f i ned by the b oundary between the 
po s it ive plate and the s eparato r .  

iv)  A t ransport channel charact e r i s i ng the p o rt i on o f  
the s eparat o r  adj acent t o  the po s i t ive p l at e  core 
s ampl e  and cont aining a c i d  that affects t he behaviour 
o f  the c o re s ampl e  ( the s -channel ) .  Thi s channel has 
both ends open . One end is attached t o  the open end o f  
the h-channel at the po s i t ive p l ate boundary . The 
other end is de f i ned by the boundary between the 
negat ive plate and the s eparator .  

v )  A t ransport channel characte r i s i ng t h e  pores i n  t h e  
negat ive plate a d j acent t o  the p o s i t ive p l a t e  c o re 
s amp l e  and cont a i ni ng a c i d  that a f f e c t s  t he behaviour 
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o f  the c o re s ampl e  ( the n -channel ) .  Thi s chann e l  h a s  
one open a n d  one c l o sed end . T h e  ope n  end i s  att ache d  
t o  t h e  open end o f  the s - channel a t  the negat ive p l a t e  
boundary . T h e  c l o sed end i s  de fined by the p l an e  o f  
symmetry a t  t h e  c ent re o f  the n e gative p l at e  through 
whi ch no ma s s  pa s se s . 

vi ) A t ransport channel charact e r i s i n g  the p o rt i o n  o f  
t he r e s e rvo i r  whi ch cont a i n s  acid that a f fect s the 
behaviour of the po s i t ive plate core s ample ( the r­
channel ) . Thi s channel has one open and one c l o s ed 
end . The open end i s  att ached mi dway along the l ength 
of the s - channe l . The c l o s e d  end is de f i n ed by the 
boundary at the cell case . 

Together the component s spe c i fi e d  above make up t he 
aggregate model i l l u s t rated i n  f i gure 5 . 2 .  

F igure 5 . 2 :  The Aggregate Mode l Component s .  
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D et a i l e d  formul at ions f o r  dimen s i on s , e le ct r i c a l  
charact e r i st i c s  a n d  a c i d  t ran sport f o r  t h e  model a r e  given 
in the f o l lowing s ec t i o n s . 

5 . 2  PHYSICAL D IMENSIONS OF THE AGGREGATE MODEL . 

5 . 2 . 1  The m-channel Dimensions . 

The cro s s - s e ct i onal area o f  the m- chann e l  can be 
de fined from the equivalent gram vo lume and surface area 
valu e s  a s suming a cylindri cal form .  The i dent i t i e s  for 
t h e s e  quanti t i e s  a re 

where 

vm Nm am lm and ( 5 .  1 )  

Sm Nm f m 2 ( 1t  a ) 0 . 5  
m lm ( 5 .  2 ) 

V m ( m3 . g- 1 ) i s  the e quivalent gram vo lume of 
m-channe l s , 

Nm ( g- l ) i s  the equivalent gram numb e r  o f  m- channel s ,  
l m ( m )  i s  the m- channel lengt h ,  
am ( m2 ) i s  t h e  m- channel cro s s - s e ct i onal are a ,  
Sm ( m2 . g- l ) i s  the e quival e nt gram surface area o f  

m-chann e l s  and 
fm i s  the m- channel surface roughne s s  facto r . 

D ividing e quat ion 5 . 1  by equat i o n  5 . 2 and rearranging give s 

( 5 .  3 )  

The s u r face area o f  the m- channe l i s  made up o f  the surface 
area o f  the surrounding agglomerat e s  o f  mi c r o s t ructure 
crys t a l l i t e s  ( s ee f i gure 3 . 2 a ) . This s u r face area i s  
cons i derably greate r  than that o f  a cyli nde r o f  the s ame 
c r o s s - sect ional a rea and indi cat e s  that fm i s  much grea t e r  
than unity . The quant it i e s  Vm a n d  Sm make u p  part o f  t h e  
experi me ntal vo lume and surface a r e a  di s t ribut i o n  dat a  o f  
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the type given i n  f igure 3 . 1 .  That i s ,  t he part obt a i n e d  
a ft e r  the boundary f o r  t h e  mac ro a n d  mi cro s t ru cture h a s  
been set and an a l l owance has been made f o r  t he 
c o nt r ibut i o n  o f  the non-part i c ipating AM .  

The l ength o f  a m-channe l  c a n  be wri t t e n  a s  

( 5 .  4 ) 

where 
em is the m- channel tortuo s i t y  fact o r ,  
Xm i s  the proport ion o f  t he p o s i t ive plate 

thickn e s s  cont a i n i n g  part i c ipat i ng AM and 
sp ( m )  is hal f  the p o s i t ive plat e t h i ckn e s s  ( t h i ckne s s  

to the plane o f  symmet ry ) . 

The equival ent gram number o f  m- channel s in the AM c a n  
be obtained b y  dividing t h e  volume o f  a s i ngle m- chan n e l  
i n t o  t h e  equivalent gram volume o f  t h e  mac ro s t ructure . T h i s 
give s 

( 5 .  5 )  

Equat ions 5 . 3  t o  5 . 5  de fine the dime n s i ons o f  the m­
channel f rom experiment a l l y  observable quant it i e s . 

5 . 2 . 2  The �-channel Dimensions . 

The c ro s s - s e ct i onal area o f  the typ i cal � - channel i n  
i t s  fully charged state can b e  de fined i n  a s imi l a r  way t o  
that for the m-channe l . That i s ,  

where 

( 5 .  6 )  

a � 0 ( m2 ) i s  the ful l charge � -channe l  c r o s s - s e ct i on a l  
area , 

f � i s  the �- channel surface roughne s s  f a ct o r ,  
V� ( m3 . g- 1 ) i s  the equivalent gram volume o f  

� - channel s and 
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S � ( m2 . g- l ) i s  the equivalent gram surface area o f  t h e  

�-channel s . 

The symbol for the c ro s s - sectional area has a " 0 " appended 

to i ndicat e it i s  for the fully charged stat e . I n  gener a l , 

the �-channel cro s s- s e ct ional area w i l l  be a l l owed to v a ry 

to repre s ent the structural changes in the mic ro st ruct u re 

( t he s e  have al ready been di s cu s sed in section 4 . 1 ) . The 

surface area o f  the �-channel i s  made up o f  the surface 

area o f  the surrounding c rystallites  ( se e  figure 3 . 2b ) . A s  

with the m-channel ,  thi s surface area i s  conside rabl y  

great e r  than that o f  a cyl inde r o f  the same cros s - s e ct i o n a l  

area and indi cat e s  that f � i s  much great e r  t h a n  unity . The 

quant i t i e s  V� and s � make up part of  the experimenta l  

volume and surface area di st ribut ion data i n  the same way 

as  di d the corre sponding quant ities  for the m- channe l . 

The �-channel l ength can be de fined in t e rms o f  t h e  

solut i on and total volume s of  the mic rostructure as s o c i a t e d  

with a s i ngle m-channel . The s e  a r e  given by 

where 

of 

Vm� = V�/Nm and 

Vm�tot = V�tot /Nm 

( 5 .  7 )  

( 5 . 8 )  

Vm� (m3 ) i s  the volume o f  solut ion phas e  

mi cro s t ructure a s s o ciated with a m-channe l  and 

Vm�tot (m3 ) is the total volume of the mi crostructure 

a s s o ciated with a m-channel .  

Two approximat ions are made conce rning the arrangement 

the mi crostructure volume s around the m-chann e l . 

Firstly,  Vm�tot i s  taken as being contained in a 

cylindri cal sleeve around the m-channel . S econdl y ,  with i n  

this s le eve , the � -channel s  that make up the volume Vm� a r e  

taken as  radial cyl inders that extend throughout t h e  

thicknes s  o f  the s l e eve . Thi s  s ituat ion i s  i l lu s t rat ed i n  

figure 5 . 3 . 
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F i gure 5 . 3 :  �-channe l  Arrangement Around t he m-channe l .  

The combined c r o s s - sectional area of  the m-channel and 

surroundi ng cylindri cal s leeve is the cro s s - s e ct ional area 

o f  the core samp l e  for the minimum repre s ent ation o f  t h e  

a c i d  transport sy stem di s cus sed in s e ct i on 5 . 1 . 2 .  Thi s  i s  

given by 

( 5 .  9 )  

where ac ( m2 ) i s  the core sample cro s s -s e ctional area . 

The �-channel l ength i s  obtained by manipul at i ng 

geome t ri c  ident i t i e s  for the m-channel and core samp l e  

cros s - s e ctional areas . Thi s give s 

1 � ( 5 . 1 0 )  

where 

1 � (m )  is the �- channel length and 

e � is the �-channel t ortuos ity factor . 
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The number o f  �-channel s  a s s ociated with a s ingle m­

channe l  can be obtained by dividing the volume o f  one � ­

channel int o  the s o lut ion volume o f  the mi crostructure 

as s o ciated with a s i ngle m-channe l . That i s ,  

( 5 . 1 1 )  

where Nm� i s  the numb e r  o f  �-channel s  a s s o ci at ed with a 

single m-channel . 

The situation at full charge has now been de fined . 

Cons i der next the s ituat ion at the gene ral charge stat e  X 

( X=1 for ful ly charged AM and X=O for fully di scharged AM) . 

I f  the mi cro s t ructure at some arbitrary po sit i on along a � ­

channe l  i s  di s charged t o  thi s stat e then s olution volume at 

this pos i t ion wi ll be given by the fract ion X of the ful l y  

charged vo lume ( se e  the discus sion o n  di s charge capacity i n  

s e ct ion 4 . 1 ) . Further ,  i f  the volume concerned i s  o f  a 

constant incremental length then the cro s s - s e ct i onal a re a  

w i l l  be t h i s  same fract ion o f  t h e  ful ly charged area . T h i s  

give s 

a� ( X )  = a�0 x .  ( 5 . 1 2 )  

where a � ( X )  (m2 ) i s  the �-channel cro s s - s e ct i onal area at 

the general charge state X .  

The general charge stat e  i s  defined by the equivalent 

gram value s in equat ion 4 . 7 .  For the purpo se s of  thi s model 

it is neces sary to relate thi s to the Pb02 / solut ion 

inter face current in the �-channel . Thi s  can be done by 

writi ng the equival ent gram capacity in t erms o f  the t ime 

i ntegral of the equivalent gram interface current . The 

equivalent gram int e r face current is given by product o f  

the actual int erface current and the ratio o f  the 

equivalent gram to actual inter face surface are a . 

Subst itut ing expre s s ions for thes e  ident i t i e s  int o equat i o n  

4 . 7  give s the charge state a t  time t 1 as 



where 

1 - ( 5 . 1 3 )  

dx� (m)  i s  the increment of  �-channel l e ngth over 

whi ch the charge state is de fined and 

di � (A)  is the current flowing through the 

solution/ Pb02 boundary within that i ncrement . 
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Equat ions 5 . 6  and 5 . 1 0 t o  5 . 1 3 define the dime n s i o n s  

o f  t h e  �-channel f o r  t h e  ful l  charge and general charge 

stat e  from experimentally obs e rvable quant i t i e s  and the m­

channel structure . 

5 . 2 . 3  The h-channel Dimensions . 

Assuming the transport channel s  through the thi ckne s s  

o f  the plate cons i st o f  an h-channel connected t o  a m­

channel , the l ength of the h-channel can be written as 

( 5 . 1 4 )  

where 

lh (m)  is the h-channel l ength and 

e h is the h-channel tortuosity fact o r . 

The volume o f  the solut ion i n  the non-parti c ipat ing AM 

a s s o c i at e d  with a s i ngle h-channel can be taken as the 

product o f  the average poro s ity o f  the positive AM, t h e  

cro s s - s e ct ional area o f  the core s ampl e  and the proport i on 

o f  the p l ate thickne s s  occupied by non-participat ing AM . I f  

this  volume i s  equated with that o f  a s ingle transport 

channel o f  l ength lh then the cro s s - sectional area o f  t h i s 

channel i s  given by 

where 

ah ( m2 ) is the h- channel cro s s - s e ct ional are a ,  

P p i s  t h e  average po sitive AM porosity and 

( 5 . 1 5 )  
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e h i s  the h-channel tortuo s ity fact o r . 

E quat ions 5 . 1 4 and 5 . 1 5 define the structure o f  the h ­

channel in t erms o f  known parameters . 

5 . 2 . 4  The s-channel Dimensions . 

The s-channel l ength i s  equal to the s eparat o r  

thickne s s  and the s - channel cro s s - s e ct i onal area i s  equ a l  

to t h e  core sampl e  c r o s s - s e ct i onal a r e a  when corrected f o r  

t h e  area o f  t h e  plat e  g r i d  member s . That i s ,  

and 

where 

HP 
wP ac -------------------

( HP - Hg ) (Wp - Wg ) 

l s (m )  i s  the s - channel l engt h ,  

S s (m)  i s  t h e  s eparator thickne s s , 

a s ( m2 ) i s  the s -channel cro s s - s e ct ional are a ,  

Hp ( m )  i s  the plate height , 

WP (m )  i s  the plate widt h ,  

( 5 . 1 6 )  

( 5 . 1 7 )  

Hg (m)  i s  the combined height o f  all hori zontal grid 

members in the posit ive plate and 

Wg (m)  is the combined width of  all  vert i cal gri d  

members in the posit ive plat e . 

The s- channel cros s - s e ct ional area a l s o  de fine s t h e  

number o f  m-channels  p e r  unit plate area . That i s ,  

( 5 . 1 8 )  

h N (m-2 ) ' h mb 1 ' 
w ere ma 1 s  t e nu er o f  m-channe s per un1t plat e 

area . 

E quat ions 5 . 1 6 and 5 . 1 7 de fine the s-channe l  

dimensions in terms o f  other known parameters . They a s s ume 

that the dimensi ons of the s o l i d  separat o r  component s are 

negl i gible compared to the dime n s ions o f  the solut i on in 
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the s eparator region 

5 . 2 . 5  The n-channel Dimensions . 

The n-channel i s  defined to account for the a c i d  

present in the porous negat ive plate that a ffect s t he 

behavior o f  the adjacent component s in the positive plat e . 

It  i s  not the inte nt i o n  here to give a det ai l e d  de script i on 

o f  the negative plat e  system in i t s  own ri ght . With t h i s  i n  

mind, the negat ive plat e  i s  t reat ed as  a porous struct u re 

o f  uniformly di stributed crysta l l i t e s  and the n-chan n e l  

dimensions a r e  found in a s imi lar way as  tho s e  o f  t h e  h ­

channe l  above . That i s ,  

and 

where 

l n (m )  is the n- channel length,  

S n (m)  i s  hal f the negat ive plate thi ckne s s ,  

e n i s  the n-channel tortuos ity fact o r , 

( 5  . 1 9 )  

( 5 . 2 0 )  

ano (m2 ) i s  the n-channel cro s s - sectional area at ful l  

charge and 

P n is the ave rage negat ive AM poro s ity . 

As b e fo re the " 0 "  i s  appended to the n-channel cro s s ­

sectional area t o  indicate that i t  i s  de fined for the ful ly 

charged state . I n  pract ice the area vari e s  becaus e  o f  

volume change s i n  the negative active mas s . I n  this  s imp l e  

repre s entation o f  the negative electrode t h i s  variat i o n  

wi l l  b e  as sumed to b e  uni form along the n-channel l engt h . 

I t  can be calculated using Faraday ' s law ,  the known s o l i d  

pha s e  molar volume s and the current flowing into the n ­

channe l . That i s ,  the cro s s -sect ional area a t  time t 1 i s  

( 5 .  2 1 )  



where 

an ( m2 ) is the n-channel cro s s- s e ct ional area at the 

general charge stat e , 

VmPbso4 ( m3 . mol - 1 ) i s  the mol ar volume o f  Pbso4 , 

VmPb (m3 . mol - 1 ) i s  the molar volume o f  Pb and 

Ih (A) the current in the h- channel whi ch i s  equal t o  

the current flowing into the n-channel . 

1 2 1  

E quat ions 5 . 1 9 t o  5 . 2 1 de fine the st ructure o f  the n ­

channel for the ful l charge and general charge stat e  i n  

t e rms o f  known parameters . 

5 . 2 . 6  The r-channel D imensions . 

The r-channel i s  defined to account for acid in t h e  

re servoi r  region o f  the cell that affect s t h e  behaviour o f  

component s as sociated with a s ingle core s amp l e . Att e nt i o n  

to the detai l s  o f  t h i s  channel reveal s the ma j o r  weakne s s  

i n  the as sumpt ion that t ransport paramet e r s  have l it t l e  

dependence o n  plate height and width . Thi s  a s s umpt i o n  

requires that all  portions o f  the plate are a ffected to t he 

same extent by the acid in the reservo i r . I n  pract i ce 

however , portions near the plate edge are a f fe cted to a 

greate r  extent than port ions i n  the relative l y  inacce s sible 

interior . The approach taken here attempt s to de fine the r­

channel in such a way that overa l l  plate behaviour for t h e  

a s sumed case i s  equivalent to t h e  c a s e  in pra�t i c e . To t h i s 

end the r-channel length i s  defined for an ave rage p o s i t i o n  

i n  t h e  plate . In  spe c i fying t h i s  p o s i t i o n  it i s  convenient 

t o  represent the rectangular plate and surrounding 

rectangular cel l case a s  circular component s of  the s ame 

c ro s s - s e ctional area as the rectangular component s .  T h i s  

give s , 

and 
( HP wp/ n ) 0 . 5  

( Hco Wc/ n ) 0 . 5  

( 5 . 2 2 )  

( 5 . 2 3 )  



where 

RP (m)  is the c i r cular plat e  radius , 

Re (m )  i s  the c i rcular case radius , 

Hc o (m) i s  the height from the case bottom to the 

so lution l evel for the ful ly charged stat e  and 

We (m) is the case  width . 
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The average position o n  the plate i s  at a c i r cular radius 

o f  Rp/ � 2 whi ch when subtracted from the circular c e l l  

radius gives 

( 5 . 2 4 )  

where lr (m) i s  the r-channel length . 

The volume o f  s o lut ion in the r-channel at full charge 

can be found by divi di ng the total re servoi r  volume at ful l 

charge by the number o f  m- channel s  in the cell . This give s  

where 

VmrO (m3 ) is the volume of  r-channel a s s o ciated with 

an m-channel at ful l  charge , 

Np i s  the number of  pos itive hal f plates in the c e l l  

and 

S e (m )  i s  the c e l l  case thi ckne s s . 

The cro s s- s e ct i onal area of  the r-channel at full 

charge can now be given by 

( 5 . 2 6 )  

where ar o (m2 ) i s  the r-channel cro s s - sectional area for 

the ful l  charge state . 

Again it wi ll be noted that s everal symbols above have a 

'' 0 " appended to indi cate they are de fined for the ful ly 

charged state . In  general , they will vary in response to 

the changes in solution volume in the re servoi r .  The 
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s olut i on volume changes are due t o  the i n fl ow o f  solut i on 

cause d  by volume change s in the pos it ive and negat ive AM 

dime n s i o n s  and, to a much l e s ser degree , to  s o l ut i on 

density changes caused by changes in a c i d  concent rat i o n . 

Only the f i rst e ffect will be taken into account in t h e  

formu lat i ons whi ch fol low . I n  t h e  r-channel t h e  volume 

variat ion is account e d  for by allowing the r-channel radiu s  

t o  vary . As with the n-channel cro s s - sect i onal area thi s i s  

readi ly cal culated u s ing Faraday ' s  law ,  molar volume s f o r  

t h e  positive and negat ive AM and the total current pas s i n g  

into the �-channel s  and n-channel .  That i s  the r-channel 

radius at time t 1 i s  

where 

1 2VmPbS04 -vmPb02 -vmPb I t 1 
ar aro + - I h ( t ) dt ( 5 . 2 7 )  

l r 2F  t=O 

ar (m2 ) i s  the r-channel cro s s- s e ct ional area i n  the 

general charge case and 

VmPb02 ( m3 . mol- 1 ) is the molar volume of Pb02 . 

E quat ions 5 . 2 4 ,  5 . 2 6 and 5 . 2 7 de fine the dime n s i on s  o f  

the r-channel for the ful l charge and gene ral charge state 

in t e rms o f  other known parameters . 

Thi s compl etes the spec i f i cat ion o f  the phy s i c a l  

structure o f  t h e  aggregate mode l . Attention wi l l  now b e  

given t o  e l e ct r i cal characteri s t i c s  o f  t h e  component s 

through which current pas se s . 

5 . 3  AGGREGATE MODEL ELECTRICAL FORMULATIONS . 

The aggregat e model can be used to dete rmine t h e  

e l ectrical charact eri st i c s  that relate directly to t h e  k e y  

parameters o f  t h e  VIAM model o f  t h e  pos it ive electrode . 

Thes e  parameters are l i sted below . 



1 2 4  

i )  The di fference i n  potential betwee n  the s olut i on at 

the s -channel /h-channel j unction and the s o l i d  phas e  

Pb02 at the wal l s  o f  the �-channel s  whi ch gives the 

pot ential acros s the po s i t ive e l e ct rode . 

i i )  The current pas s ing i n  the h-channel whi ch when 

multiplied by the number of  such channel s  i n  the cel l  

give s the total cell current . 

i i i ) The local current di stribut i on i n  the �-

channel s  which give s the structural changes i n  the AM . 

The det e rminat ion o f  these charact e r i s t i c s  involve s 

the cal culat ion o f  the current and potent ial di stribut i on 

throughout the h-channel ,  m-channel and a l l  �-channe l s . 

The aggregate model can a l s o  be used to det e rmi ne 

the potential acro s s  the s eparator and the potent i al acro s s  

the negative electrode . The s e  are not s t r i ct ly 

character i s t i c s  o f  the posit ive elect rode but are u s e fu l  

f o r  providing data to compare with experimental studi e s . 

The pot ent ial acro s s  the negat ive e lect rode i s  based on 

a simpli fied repre sentat ion o f  thi s part . 

The elect rical characterist i c s  o f  the aggregate model 

t he can be found from the e lectrical characteri s t i c s  o f  

channels  pas s ing c e l l  current . All channels  but the r-

channe l  pas s current . The t ime depe ndent nature o f  t he 

e lect rical characteri s t i c s  come s from change s in a c i d  

concentrat ion determined b y  acid t ransport in a l l  s ix 

channels  and from the dimension changes in the �-channe l  

and n- channel with state o f  charge . 

The electri cal characterist i c s  can be analys e d  us ing a 

di st ributed network o f  equivalent c i rcuit component s t o  

repre s ent t h e  system ( an approach more general than , but 

not unl i k e ,  that used for the s i ngle pore model de s c ribed 

in s ect ion 3 . 6 . 1 ) . The system involve s the fol l ow i ng 

s ituat ions and repre s e ntat ive ci rcuit componer.t s .  



i )  Current pass ing through e lect rolyt e s0lut i on . Here 

potential di f fe rence i s  proporti onal to current ( se e  

equat ion 3 . 2 9 )  and the equivalent c i rcuit component 

can be a s impl e  res i stanc e . 
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i i )  Current pas s ing through a Pb02 / so lution int e r fa c e . 

Here potent ial di fferences due t o  both the l ocal 

interface e quil ibrium potent ial and the current 

i nduced overpot ential are i nvolved . The s e  e f fect s c an 

be repr e s ented by an ideal cell and a nonlinear 

res i stance re spectively . The latter e ffect i nvolves 

the surface area de fined by the el emental mode l s  s e t  

out in chapt e r  4 .  

i i i ) Current pas s ing through s o l id phas e  Pb02 . Here 

s ince the Pb02 has a very high conductivity compared 

t o  sulphuri c acid s olut i o n ,  the potenti al di f fe renc e s  

can b e  as sumed to b e  negl igible compared t o  tho s e  i n  

other component s containing acid solution ( t h i s  i s  a 

common as sumpt i o n ,  see Dasoyan and Aguf ( 1 9 7 9 )  for 

example ) . A conductor (wire ) o f  z ero re s i stance can be 

used as the circuit component here . 

I n  all but the last case the ci rcuit component s a re 

t ime dependent due t o  the change s in acid concent rat i on and 

dimens ions menti oned above . 

Detai l s  and fo rmulat ions for the equivalent c i rcuit 

component s in the h-channel ,  m-channel �-channe l s , s ­

channel and n-channel are given in the following sectio n s . 

I n  these formulations current flowing from the s o lut i o n  

towards t h e  s o l i d  phase Pb02 i s  taken as  po sit ive a n d  t h e  

potent ial at the s - channel /h-channel j unction 

arbitrarily taken as z ero . 

5 . 3 . 1  The h-channel Equivalent Circuit . 

i s  

I n  the h-channel current pa s s e s  i n  e l ectrolyt e  
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solut i on only . Als o , s ince there i s  n o  divergence o f  

current into the AM surroundi ng the h-channel ( it i s  

inact ive ) , the same current flows throughout the l ength o f  

the h-channel . Thi s means that the h-channel can be 

repr e sent e d  by a s ingle equivalent re s i stance . The value o f  

this r e s i s tance i s  obtained b y  dividing the h-channel into 

incremental segment s and summing the res i stance o f  each of  

thes e . Given that the segment s have a length of  dxh and an 

area of ah , the equivalent re s i stance i s  defined by 

where 

( 5 . 2 8 )  

Rh ( Q )  i s  the h-channel equivalent resi stance and 

P h ( Q . m ) is the s olution re s i stivity ( equal to 1 / K  

see equat ion 3 . 2 7 ) . 

The potent ia l / current relat ionship for the h-channe l  

can now b e  given by 

where 

( 5 . 2 9 )  

uh ( v )  i s  the pot ent ial at the h-channel /m- channel 

junction and 

I h ( t )  (A) i s  the current in the h-channel .  

The current in the h-channel i s  related to the total 

cell  current by 

( 5 . 3 0 )  

where I cell  (A )  i s  the total cel l  current and a uni form 

current di st ribution over the plate area i s  

as sumed . 
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5 . 3 . 2  The m-channel Equivalent Circuit . 

Like the h-channel ,  in  the m-channel current pas s e s  i n  

e lectrolyte s olut ion only . However ,  i n  t h i s  cas e ,  current 

diverges from the m-channel into the surrounding � ­

channe l s . Thi s means the m-channel cannot b e  repre sented b y  

a s i ngle re s i stance but rather b y  a s e r i e s  o f  resi stan c e s  

with s i de branches a t  t h e  �-channel opening s . The s i de 

branches al l ow for the current flow in the surrounding � ­

channel s . As suming t h e  �-channel s  a r e  equal ly spaced, the 

m-channel l ength naturally divides into Nm� di s crete 

segment s of  length �xm=lm/Nm� · D ivi s ion in this way giv e s  

r i s e  t o  Nm� series  re si stances and branche s .  Thi s  

arrangement i s  i l l ust rat ed i n  figure 5 . 4 .  The value o f  the 

series re si stanc e s  is  given by the resi stance o f  t h e  

solut ion segment s between each �-channe l . Given that the s e  

segments are o f  area am and taking the solution r e s i stivity 

( c oncentrat i o n )  to  be constant ove r  the sma l l  l engt h s  

invo lved the series  resi stance s a r e  defined by 

F i gure 5 . 4 :  The m-chann e l  E quival ent C i r cuit . 



where 

( 5 . 3 1 )  

the superscript " j '' de fines the position on the m­

channel ( j =1  at the n-channel /m-channel junct i o n  

and j=Nm� a t  t h e  closed end) , 

Rm ( Q )  i s  the series  re s i stance and 

Pm ( n . m) is the solution re s i st ivity . 
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The pot ential at po sition j 1 o n  the m-channel i s  giv e n  

by 

where 

j 1  

I R.mj ( t )  Im
j ( t )  

j = 1  

Urn ( v )  i s  t h e  m-channel potential and 

( 5 . 3 2 )  

I m
j (A )  i s  the m-channel current flowing between the 

j th and j + 1 th �-channel . 

The current along the m-channel axis i s  it sel f given by the 

current into the m-channel at the h-channel / m-channel 

j unct i on le s s  the current pass ing int o  the surroundin g  

�-channe l s . That i s ,  

j 1  
Ih ( t )  I Im�

j ( t )  
j = 1  

( 5 . 3 3 )  

where Im�
j (A )  i s  the current into the j th �-channel . 

5 . 3 . 3  The �-channel Equivalent Circuit . 

Current pas s e s  in solut i on along the axi s  o f  the � ­

channe l  and through the Pb02 / solut ion int erface at the 

surface o f  the �-channel where the e l e ct rochemi cal react i o n  

o c cur s . Thi s  i s  a di stributed proce s s  that doe s  not have 

the natural ly oc curring di s cret e division seen in the m­

channel case . I f ,  however ,  the �-channel is divi ded into 
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F igure 5 . 5 :  The �- chann e l  E quiva lent C ircuit . 

incremental segments o f  l ength dx� , it can be t reated in a 

s imi l ar manner to the m-channel .  That i s ,  a s  a series  o f  

incremental res i stances with s i de branches a l l owing f o r  

current pas s ing into incremental areas o f  Pb02 / solut i o n  

interface . Thi s  arrangement i s  i l lustrated i n  figure 5 . 5 .  

The value o f  each o f  the s e ri e s  i ncrementa l  

re s i st ances i s  given b y  the resi stance o f  each increment al 

volume o f  s o lut ion involved . Given that the s e  vo lume s a r e  

o f  l ength dx� and area a� 0  X t h e  series  i ncrement a l  

re si stances  are defined by 

where 

dx� p � ( x� , t )  

a�0  X (x� , t ) 
( 5 . 3 4 )  

x� (m )  de fines the position o f  the series  incrementa l  

re s i stance o n  the �-channel ,  
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dR� ( Q )  i s  the series incremental res i stance and 

p � ( Q . m) is the solution res i st ivity in the �-chann e l . 

Two circuit component s can a l s o  be as s i gned to t h e  

branche s . Conceptual ly the s e  component s connect point s i n  

t h e  solution o f  t h e  �-channel to t h e  s o l i d  pha s e  Pb02 o f  

the plat e . The component s are an ideal cell , repre s ent i ng 

the local equil ibrium potential o f  the solut ion/Pbo 2 
int e r fac e , and a nonl inear re si stance , repres enting t h e  

current / overpotent ial characte ri st i c  o f  t h e  i nterfac e . 

The ideal cell  potent ial i s  given by equation 3 . 5  

where the acid concentration i s  for the local poi nt 

concerned and the lead ion concent rat ion is  given by t h e  

PbS04 di s s olut ion-precipitat ion equi l ibrium react i on in t h e  

a c i d  a t  thi s point . 

Equat ions 3 . 1 5a and 3 . 1 6b can be written i n  terms o f  

the current through the Pb02 / so lution interface o f  an � ­

channel s egment of  length dx� . The resul t i ng equati o n s  

de fine the current / overpotent i a l  relat ionship of t h e  

nonl i near resi stance . The surface area invo lved i s  t h e  

fract ion dx�/ (Nm Nm� 1 � ) o f  the equival e nt gram quant i t y . 

Thes e  identities  give 

2 i o l  dx� 8Pb02 
e ( a 1F dU� ( x� , t ) /RT ) di � ( x � , t ) ( 5 . 3 5 )  

Nm Nm� 1 � 

and 
2 i o 2 SE dx� 

e ( ( l -a2 ) F  dU� ( x� 1 t ) / RT )  di � ( x� , t ) ( 5 . 3 6 )  
Nm Nm� 1 � 

for the di scharge and charge respect ively , where 

dU� (v)  is the overpote ntial at the Pb02 / so lution 

interface in the segment and 

di � (A)  is the current through the Pb02 / solution 

int erface area within the s e gment . 

An expl i cit form for the nonl inear re s i stance i s  not 

requi red . 
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The surface area SPb02 in equat i on 5 . 3 5 is a s impl e  

funct ion o f  charge state given b y  equation 4 . 8 .  As a result 

the cal culat ion o f  di � is relat ively st raight forward for 

the di scharge case . I n  contrast , the e ffective surface area 

SE i n  equat ion 5 . 3 6 is  a complex funct i on of  past 

di scharge / charge condit ions , present charge stat e  and 

present charge current . It  i s  determined by operating t h e  

e l emental charge surface area model s e t  out in chapte r  4 .  

As a re sult con s i derable e f fort i s  requi red to calculate 

di � in the charge case . Furthe r ,  it should be rea l i s e d  that 

this  e ffort i s  multiplied many t imes to find di � at enough 

point s t o  adequately define the complete system . I n  chapt e r  

7 however ,  i t  wi l l  be s een that SE i s  n o t  great ly 

dependent on the past di s charge/ charge condit i ons . Thi s i s  

a fortuitous re sult that means SE can be t reated a s  a 

funct ion o f  present charge state and pre sent charge current 

only . The e l emental charge surface model can be used t o  

give tabulated data f o r  thi s function thereby great l y  

reducing the e ffort requi red to de fine SE . 

The current /potent i a l  relat ionship at s ome point x� 1  
o n  the �-channel axi s i s  given b y  summing the potent i a l  

drops acro s s  the series  incremental re si stanc e s . Thi s giv e s  

where 

U� ( v )  is the �-channel pot ential and 

I � (A) is the �-channel axial current . 

( 5 . 3 7 )  . 

The �-channel axial current i s  i t s e l f  given by the current 

pas s i ng into the opening o f  the �-channel l e s s  the current 

passing through the Pb02 / s olution inte rface . That is , 

( 5 . 3 8 )  
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The potent i a l / current relat i onship along a branch i n  

the �-channel axis i s  given by the pote nt i al di fference 

acro s s  each branch ci rcuit component . That i s ,  

UPb02 ( t )  ( 5 . 3 9 )  

where 

Upbo2 (v)  is the potent i a l  at the Pb02 solid phas e  and 

E � (v)  is the potential acro s s  the ideal cel l . 

Upbo2 in equat ion 5 . 3 9 i s  independent of  pos i t ion since the 

potential di f ferences in the highly conductive solid pha s e  

are a s sumed t o  b e  negligible i n  comparison to tho s e  in the 

s o lut i on phas e . I n  addit ion,  s ince the potent i al at the h­

channe l  mouth on the plat e  surface has arbitrarily been 

defined a s  z ero , UPb02 i s  equal t o  the potent i al di ffere n c e  

acro s s  t h e  po sit ive e lect rode . 

5 . 3 . 4  �he Complete Equivalent Circuit . 

The 

figure 

complete 

5 .  6 .  It 

equivalent ci rcuit i s  

i s  formed b y  comb i ning 

i l lu s t rate d  in 

the individual 

c i rcuit component s de fined above . In  principle this c i rcuit 

can be solved by writing voltage l oop and current node 

c ircuit e quat ions and evaluat i ng the s e  s imultaneously . The 

independent variable is the cell  current . The solut i o n  

give s the current in all  the e quivalent c i rcuit component s 

and the potential at all component j unctions in the syst em . 

These re sult s enable the evaluat ion o f  the stat e  o f  charge 

u s ing e quat ion 5 . 1 3 and the acid t ransport formulati ons 

given i n  the fol l owing s ect ion . Thes e ,  in  turn , cont rol 

the time dependenc e  o f  the ci rcuit component s  and 

ultimately time dependent behaviour of the complete 

e lect rode system . 



F igure 5 . 6 : The Aggregate Mode l Equiva lent C ircuit . 

5 . 3 . 5  Supplementary Formulations for the s-channel and 

n-channel .  
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Although the e lectrical characteri s t i c s  o f  the s ­

channe l  and n-channel are not require d  t o  des c ribe t h e  

posit ive electrode , they a r e  given below a s  supplementa ry 

formulations that can be used where an e s t imation o f  t h e  

total voltage o f  a l ead-acid cell i s  requi red . 

The s - channel can be repre s ented by a s in g l e  

r e s i stance in t h e  same way as  t h e  h-channel above . Thi s  

give s 

1 rs 
Rs ( t ) - - P s ( xs , t ) dxs 

as X = 0  s 

( 5 . 4 0 )  

and 
Us ( t ) Ih ( t ) Rs ( t )  ( 5 . 4 1 )  



where 

Rs (n)  is s - channel e quivalent re si stance , 

P s ( n . m) i s  the s olut ion re s i stivity and 

Us ( v )  is the potent i al at the s - channel / n- channel 

junction . 
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The n-channel can b e  repres ente d  a s  a di stribut e d  

network o f  component s s imilar to that f o r  the �-channe l s  

above . However , thi s repre sentation 

un j u s t i fiable e f fort to gain a secondary 

requires 

result . 

an 

As a 

simp l e  alternat ive , the n-channel i s  represented by a 

s i ng l e  r e s i stance and s i ngle ideal c el l . The res i stance i s  

de fined for the channel segment from the s -channe l / n­

channel j unction to the midpoint o f  the n-channe l . The 

ideal cell i s  de fined at the midpoint of the n-channe l .  

This gives 

and 

where 

Rn ( Q )  i s  the n-channel equivalent r e s i stance , 

P n ( n . m) i s  the solut ion re s i st ivity , 

( 5 . 4 2 )  

( 5 . 4 3 )  

Upb ( v )  i s  the potent ial of  the s o l i d  phas e  Pb o f  t h e  

negative plate and 

En ( v )  i s  the equil ibrium potent ial for the negat ive 

electrode react i on at the midpoint o f  the n­

channe l . 

It  can be seen that the n-channel formulations negle c t  

the ove rpotential o f  t h e  negative e l ect rode . Thi s i s  a 

reasonabl e  approximat ion except near the end o f  charge ( se e  

Sunu and Burrows ( 1 9 8 1 ) ) .  
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5 . 4  AGGREGATE MODEL ACID TRANSPORT FORMULATIONS . 

Transport o f  acid in the aggregate model i s  def ined by 

general equation 3 . 3 1 .  Thi s equat ion can b e  made part icular 

t o  each o f  the model component s by taking into account t he 

i ndividual component characteri s t i c s . Thi s al lows t he 

equation to be simpli fied where the dependency o f  t he 

c ro s s - s e ct ional are a ,  bulk solution velocity or a c i d  

react ion rate i s  l e s s  general than i n  the o riginal 

formulat i o n . It  al s o  e nable s  expl icit formulat i o n s  for 

the s e  parameters to be given . The re sul t i ng equat ions can 

i n  principle be solved to give the acid distribut ion in 

space and time for the part icular component concern e d ,  

provi ded a suitable initial condit ion and two boundary 

conditions are known . 

The general t ranspo rt ,  general boundary condition and 

general initial condition equat ions are given bel ow . The s e  

are followed by the part i cular forms that apply t o  e a ch o f  

t h e  six mode l component s .  The equat i o n s  are developed 

as suming the st ructural det a i l s  given by the formulat i o n s  

in s ection 5 . 2  and the s olut ion current s found from t he 

formu l at ions in s ection 5 . 3 .  In  the notat ion employed " i "  

and " 3:: " are used a s  subs cript s to indi cate the general c a s e  

and t h e  channel prefix i s  u s e d  as  a sub s cript to indi cat e a 

part i cular case . When the m-channel i s  under cons iderat i on 

it  i s  a s s umed t o  be divided into Nm� di s cret e  s e gment s o f  

l e ngth �xm as  in s ection 5 . 3 . 2 .  

5 . 4 . 1  The General Transport , Boundary Condition and 

Initial Condition Equations . 

a )  The general t ransport equat ion . 

An expanded form of equat ion 3 . 3 2 compat ible with the 

formulat ions that are to fol low i s  



where 

and 

d C • ( X • , t )  l l 

a t  

M · ( x · , t )  l l 

N · ( X · , t )  l l 

0 ·  ( X • , t )  l l 

1 

- 1  

( 5 . 4 4 a )  

( 5 . 4 4 b )  

() ai (xi , t ) Di ( xi , t ) 

a xi 

" i ( xi , t ) ] , 
( 5 . 4 4 c )  [ a ai ( xi , t ) u i ( xi , t )  

+
a ai ( xi , t ) l l  

()xi a t  
( 5 . 4 4 d )  

( 5 . 4 4 e )  

b )  The general boundary condition equation . 
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The boundary condi t i on equat ion as sume s  conservat i o n  

o f  a c i d  flux . That i s ,  

where 

J · ( mol . s -1 ) i s  the acid flux on l e ft hand s i de of l 
the i - channel / i -channe l j unction and 

Ji ( mol . s - 1 ) is the acid flux on right hand s ide o f  

the i -channel / i - channel junction . 

Using Fick ' s fi r st law and known cro s s -s e ct i onal areas 

equat i on 5 . 4 5 can be written as  

( 5 . 4 6 )  
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c )  The initial condit ion equat ion . 

At the beginning o f  di s charge the concent rat ion o f  

a c i d  throughout the acid transport system w i l l  be as sumed 

to have reached a constant equil ibrium value . This giv e s  

t h e  i nitial condi t ion equation 

where 

( 5 . 4 7 )  

ci (mol . m-3 ) i s  the acid concent rat ion in any chann el ,  

xi (m )  i s  the space variable in any channel and 

c 0 ( mol . m-3 ) is the concent ration of acid in the ful ly 

charged cell  after rest . 

When applying equat ion 5 . 4 4 and 5 . 4 6 to the m-chann el ,  

finite di fference approximat ions replace the cont inuous 

space derivat ive s .  The initial condition equation app l i e s  

unchanged to a l l  channel s  of  the aggregate model . 

5 . 4 . 2  Acid Transport in the �-channels . 

The electro chemi cal react ion ( equat ion 3 . 1 ) occurs 

throughout the �-channe l s . Thi s react ion cau s e s  the 

movement of  acid components by three mechani sms . F i rstly , 

the reaction consume s or produce s  acid component s .  Thi s  

sets  up concent rat ion gradient s i n  the s olut ic·n which cause 

component movement by di ffu s ion . S econdly,  the r eact ion 

i nvolves the pas sing o f  an e lectri cal curre nt in the 

s olut ion . Thi s  set s up potent ial gradient s in the s olut ion 

whi ch caus e  component movement by migrat i on . Thirdl y ,  the 

react ion re sult s in solid phase volume changes whi ch are 

r e fl e cted as changes in the c ro s s - se ct ional area of the �­

channe l s . The s e  change s cau s e  the inflow o r  out flow o f  bulk 

s o lut ion inducing a nonzero solut ion velocity and component 

movement by convection . 

From the de s cription given above it  can be seen that 

c ro s s -s e ct ional are a ,  bulk s olut ion velocity and react ion 
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rate terms vary in the general way indi cated b y  e quat i o n  

5 . 4 4 .  However ,  s ome s impl i fication o f  the equat ion i s  

p o s s ible . By inspect ion i t  can be seen that the t e rm i n  the 

i nner bracket of  equation 5 . 4 4 d  is  indi cative o f  

conservat i on o f  volume within a s e gment boundary . I n  the � ­

channel c a s e  volume i s  conserved ( that i s ,  t h e  net volume 

flow out o f  a segment i s  equal to i t s  rate o f  change i n  

volume ) . A s  a consequence thi s t e rm and there fore the who l e  

e quation i s  ident i cally z e ro . 

The �-channel cro s s - sect ional area has al ready been 

shown to depend on state o f  charge in s e ct ion 5 . 2 . 2 .  and i s  

given by equat ion 5 . 1 2 .  

The �-channel bulk solut ion vel ocity at some arbitrary 

position x�1  i s  given by the rate o f  change o f  volume 

between x� 1  and the closed end o f  the �-channel divided by 

the cro s s -s e ct ional area at x� 1 . The rate of change o f  

volume i nvolved can be cal culated using Faraday ' s l aw ,  

molar volume s f o r  the po sitive AM and the current pas s i ng 

into the solut ion/Pb02 interface between x� and the c l o s e d  

e n d  o f  the �-channel . The result ing velocity equat ion i s  

( 5 . 4 8 )  

The acid react i on rate t erm can be found from either 

of the i onic react ion terms according to e quat ion 3 . 3 3 .  The 

ionic reaction t erms can be determined by tak i ng the change 

of current in the solut ion as  being e qual to the current 

pas se d  in react i on 3 . 1  ( conse rvat ion of  charge ) and 

applying Faraday ' s law to define the mas s  thi s produces  or 

consume s . In  the case of  the H+ ion this gives 

3 a i � (x � , t ) 
- -

2F ox� 

Applying equat ion 3 . 3 3 gives 

( 5 . 4 9a )  
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( 5 . 4 9b )  

As suming the t ransport at ion number i s  constant over t h e  

a c i d  concent rat ion range found in a pract i cal lead-ac id 

cell ( a s  per Simons s on ( 1 9 7 3 )  for examp l e ) e quat ion 5 . 4 7 

s imp l i fi e s  to 

3 -2t+ a i !! ( x!! , t )  

2F  ()x!! 

( 5 . 5 0 )  

The boundary condit ion equat ion for the c l o s e d  end o f  

the !!-channel can be formed by setting the ri ght hand s i de 

o f  e quat ion 5 . 4 6 to z e ro ( si nce z e ro flux can flow on t h i s  

s i de o f  t h e  boundary ) . Thi s give s 

0 .  ( 5 . 5 1 )  

The boundary condition equat ion for the open end o f  

the !!-channel i s  given by the general equat ion 5 . 4 6 whe re 

parameters on the right hand side of  the equation refer t o  

the !!-channel at x!!= O  and paramet e rs o n  the l e ft hand s i de 

refer to the m-channel segment int o  which the !!-chan n e l  

opens . I n  the l atter case the area parameter involved i s  

not the m-channel cro s s - s ectional area but rather the m­

channel area at segment circumfe rence through which f l ux 

flowing radially into the attached !!-channel pas s e s . That 

is the area given by 

where 

( 5 . 5 2 )  

am!! ( m2 ) i s  the segment circumfe rence area and 

j l ocat e s  the p o s ition on the m-channel where the 

!!-channel is attached . 
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5 . 4 . 3  Acid Transport in the m-channel . 

I n  the m-channel s  di f fusion,  migrat ion and bulk 

s o lution movement e ffect s occur as charge and mas s  a r e  

supplied t o  the mi crostructure . The c ros s - sect ional area i s  

constant ( given by equat ion 5 . 3 ) i n  thi s  case . The bulk 

s olut ion movi ng in and out of  the �-channel s cause a 

varying s olution velocity i n  the m-channel . There i s  no 

reaction as such i n  the m- channel .  The acid component s 

moving in and out o f  the �-channe l s  can , 

t reated us ing a react ion rate term . I n  t h i s  

channel s  can be cons idered to have mas s  

s imultaneous reaction e ffect s i n  a simi lar 

channels  above . 

From the de s cription above it  can 

equat ion 5 . 4 4 can be s impl i fied only with 

however ,  be 

re spect the m-

t ransport and 

way to the � -

be seen t hat 

regard to the 

constancy o f  the cro s s -section area . Volume i s  not 

conse rved in thi s case s i nce it can be supplied via 

attached � -channe l s .  

The m-channel bulk s o lut i on velocity at s ome arbitrary 

posit ion j 1 can be found in a s imilar way t o  that for the 

�-channel .  Here it is  given by the rate of change in volume 

o f  a l l  attached �-channel between j 1 and the c l o s e d  end o f  

the m-channe l divided b y  the m-channe l cros s - se ct ional 

area . The rate o f  change of  volume here can be cal culated 

using Faraday ' s l aw,  molar volume s for the p o s it ive AM and 

the t otal current pas s ing into the solut ion/ Pb02 interface 

o f  a l l  the �-channel s  involved . This total current is  equal 

to the current through the m-channel at the p o s it ion 

concerne d . The re sult ing veloc ity equation i s  

( 5 . 5 3 )  

The m-channel acid react ion term i s  det e rmined by the 

amount of acid flowi ng in or out o f  the attached � -chann e l . 
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The quantity per segment i s  given by the acid flux through 

the � - channel opening as defined by the boundary condi t i o n  

equation f o r  t h e  open e n d  o f  t h e  �-channe l . The requi red 

quant ity per unit length is obtained by dividing by the m­

channel s e gment length . This give s , 

( 5 . 5 4 )  

The boundary equat ion for the closed end o f  the m­

channel is e s s entially the s ame as  that for the c l o s e d  end 

of the �-channel . That i s ,  

0 .  ( 5 . 5 5 )  

The boundary condition e quat ion fo r the h-channel /m­

channe l  j unction i s  the general equat ion 5 . 4 6 where 

paramete r s  on the ri ght hand s ide of  the e quat ion refer to 

the m-channel at xm=O and parameters on the l e ft hand s ide 

refer to the h-channel at xh=lh . 

I n  the two boundary condition equat ions that apply in 

this  cas e ,  finite di fference approximations can repl ace the 

cont i nuous space derivatives with re spect to xm . 

5 . 4 . 4  Acid Transport in the h-channel . 

I n  the h-channel s di ffu s i o n ,  migrat ion and bulk 

s olut ion movement e ffect s are again pres ent as mas s  and 

charge i s  suppl i e d  to the m-channe l s . The cros s - s e ct i o nal 

area i s  constant in this channel ( given by equat ion 5 . 1 5 ) . 

I n  addit ion , the react ion rat e term i s  z e ro since the 

adjacent mas s  is inactive , the bulk s olution velocity i s  

dependent on t ime only s ince the cro s s -s ection i s  constant 

and there is  no supply of solution vo lume through attached 

s i de channel s .  

From the de scription above it can be s een that the 
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general t ransport e quati on 5 . 4 4 s impl i fi e s  through t he 

react ion rate t e rm 5 . 4 4 e  and the volume conservat ion t e rm 

5 . 4 4 d  both being z e ro , the constant cro s s - s e ct ional a rea 

and the bulk solut ion dependence on t ime only . 

The h-channel bulk s olution vel ocity i s  given by the 

product of the velocity o f  s o lution l eaving the m-channe l  

a n d  t h e  rati o  o f  the m-channe l  to h-channel cro s s - s e ct io nal 

areas . That i s ,  

( 5 . 5 6 )  

where um
1 (m . s -1 ) i s  the vel o c ity in the m-channel segment 

attached to the h-channel (position 1 )  . 

The boundary condition equat ion for the h-channel / m­

channel j unction has al ready been di s c u s s ed in s e ct i on 

5 . 4 . 3 .  

The boundary condit ion equat ion for the s - channel / h­

channel j unction i s  the general equat ion 5 . 4 6 where 

parameters on the right hand s ide of  the equat ion refer t o  

the h-channel a t  xh=O and paramet ers on the l E � ft hand s i de 

refer to the s -channel at xs=l s . 

5 . 4 . 5  Acid Transport in the r-channel . 

In the r- channel t ransport i s  by di ffu s ion and 

convection only . The r-channel cro s s - se ct ional area depends 

on t ime only ( given by equat ion 5 . 2 7 )  to account for the 

e ffect of  volume change s in the positive and negat ive AM 
with t ime . There i s  no react ion and volume i s  conserved i n  

t h e  r-channe l . 

From the de scription above it can be seen that the 

general t ransport equat ion 5 . 4 4 s impl i fi e s  through the 

reaction rate t e rm 5 . 4 4 e  and the volume conservat ion t e rm 

5 . 4 4 d  both being zero and the dependence o f  the cro s s ­

s e ct i onal area o n  time only . 
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The bul k  s o lut ion velocity i s  z e ro at the c l o s e d  e nd 

o f  the r-channel .  At the open e nd o f  the r- channel it  i s  

de fined by the rate o f  change of  volume i n  the posit ive and 

negative AM divided by the r-channel c ro s s -s e ct ional are a . 

Between the two ends the velocity di stribut i on i s  linear . 

Faraday ' s law and the positive and negat ive AM mo l ar 

volumes give the rate o f  change o f  volume requi red . The 

resulting vel o city i s  

xr 2VmPbS04 - vmPb02 - vmPb 
------- I h ( t ) . 

2F 
( 5 . 5 7 )  

The boundary condit ion equat ions for the r-channel a re 

comparabl e  to those for the � -channe l s . The equation f o r  

t h e  c l o s e d  e n d  o f  t h e  r-channel i s  

0 . ( 5 . 5 8 )  

The equation for the open end o f  the r-channel i s  

given by the general equat ion 5 . 4 6 ,  where parameters o n  the 

l e ft hand s i de of the equat ion refer to the r-channel at 

xr=l r and paramete rs on the right hand s i de refer to the s ­

channel paramet e r s  that cont rol the flow o f  flux from the 

r-channe l opening . The r-channel opening doe s  not span a 

sma l l  segment o f  the s -channel but rather spans the 

comp l et e  channel length . With thi s in mind,  s - channel 

paramete r s  for  the concent ration and di ffu s i o n  coeffi cient 

are defined midway along the s-channel length . Single 

parameters at  thi s po s i t i on are  assumed to repre sent t h e  

e ffect o f  t h e  distributed parameters a l o n g  the s -channe l 

length . The s -channel area through whi ch radial flux f rom 

the r-channel pas s e s  is the complete s - channel 

ci rcumference area . This  area is  

( 5 . 5 9 )  

where as r  (m2 ) i s  the s-channel ci rcumference area . 
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5 . 4 . 6  Acid Transport in the n-channel . 

I n  the n-channel di f fu s ion , migration and bulk 

solut i on movement e ffect s are  again pre s ent as mas s  and 

charge is supplied t o  the reacting surface of the negat ive 

AM . In thi s s impl i fied repres e ntat i on of  the negat ive 

e lect rode , the reaction rate is a s s umed t o  be const ant 

along the n-channel l ength . Thi s give s a cro s s - se ct ional 

area ( given by e quation 5 . 2 1 )  and reaction rate t erm t hat 

are dependent on t ime only . In the n-channel volume i s  

conserved s ince there are no attached channel s  repre s e nt i ng 

fine feature s of  the negat ive AM .  

From the de sc ription above it can be seen that t he 

general t ransport equat ion 5 . 4 4 s impl i fi e s  through the 

volume con s e rvat ion t erm 5 . 4 4 d being z e ro and t he 

dependence o f  the cro s s - s e ct ional area and react ion rate on 

t ime only . 

The bulk solution velocity for the n-channel i s  found 

t he in a similar way as that for the r-channel above . At 

c l o s ed end o f  the n-channel it i s  z e ro . At the open end of  

the n-channel it i s  de fined by rate o f  change of  volume in 

the negat ive AM divided by the n-channel c ros s - se ct io nal 

area . The velocity di st ribution between the two ends is 

l inear . Again Faraday ' s law and the negat ive AM mo lar 

volume give the rate o f  change o f  volume requ i re d . The 

resulting vel o city i s  

xn vmPbS04 - vmPb 
--- Ih ( t ) . 

2 F  
( 5 . 6 0 )  

The total acid react ion rate in the n-channel can be 

found from the total reaction rate for the overall l ead­

acid cell l e s s  the total reaction rate in the �-channe l s . 

Applying Faraday ' s  law to the overall cell  shows the 

overal l  acid reaction rate to be the fraction 1 /F of the 

current . In  the �- channel s  the react ion rate is the 

fract ion ( 3-2t + ) / ( 2 F )  of the current ( s ee e quat i o n  5 . 5 0 ) . 



The r e sult ing total react ion rate in the n-channel i s  

- 1 + 2t+ 

2F 
( 5 . 6 1 )  
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D ividing through by the n-channel l e ngth give s t h e  

required reaction rate per unit l ength . 

The boundary condit ion equat ions for the n-channel a r e  

comparable to tho s e  f o r  the m-channel s . The equation f o r  

t h e  closed e n d  o f  the n-channel i s  

0 .  ( 5 .  6 2 )  
axn 

The boundary condition equat ion for the n- channe l / s ­

channe l  j unction i s  the gene ral equat ion 5 . 4 6 whe re 

paramete r s  on the right hand s ide of  the equat ion refer t o  

the s - channel a t  xs= O and parameters on t h e  l e ft hand s i de 

refer to the n-channel at xn=ln . 

5 . 4 . 7  Acid Transport in the s -channel . 

The s-channel i s  in many ways simi l a r  t o  the h­

channe l . Again di ffu s i o n ,  migration and bulk solut ion 

movement e ffects are pre sent as  mas s  and charge i s  suppl i e d  

to both the h-channel and the n-channe l . Al so , t h e  s ­

channel cros s - s e ct ional area i s  constant ( given by equat i o n  

5 . 1 7 ) . The s igni fi cant di f ference between the s-channel and 

h-channel i s  a result o f  the attached r- channe l . For t he 

sake o f  s impl i fying the s-channel formul ati o n s  and t o  b e  

consi stent with t h e  boundary condition for t h e  open e n d  o f  

t h e  r-channel di scussed above , the r-channel i s  as sumed 

to be attached at a po s ition midway along the s - chann e l  

l e ngth . Here solution volume and a c i d  flux are exchanged 

with the attached r-channe l . The l atter e f fect can be 

t reated as  a reaction rate t e rm (as in  the corresponding 

case where �-channel s  were attached to the m-channel 

above ) . The bul k  solut ion ve locity is  z ero at t h i s  
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po s i t i on as solution move s radially t o  or from the r­

channe l . E l s ewhere along the s -channel l ength the react i on 

rate t e rm i s  z e ro and volume i s  conserve d . The bulk 

solut i on vel ocity has a space independent value each s i de 

o f  the position o f  r-channel attachment , since the c ro s s ­

s e ct ional area i s  constant . The value o f  thi s velocity i s  

o n  one s i de determined by volume changes i n  the po s i t ive AM 

and on the other side determined by volume changes in t h e  

negat ive AM . 

From the de s c ription above it can be seen that f o r  

mo st o f  t h e  s - channel length the general t ran sport e quat i o n  

5 . 4 4 simp l i f i e s  through the reaction rate t e rm 5 . 4 4 e  a nd 

the volume conservat ion t e rm 5 . 4 4 d both being z e ro and t h e  

constant cro s s- s e ct i onal area . However , at t h e  posit i on 

where the r-channel i s  attached the react i on rate term and 

volume conservat ion t e rm are both non- z e ro . 

The bul k  solut ion velocity on the h-channel s ide o f  

the pos it ion o f  r-channel attachment i s  given by t h e  

product o f  t h e  velocity o f  solut ion l eaving t h e  h-channel 

and the ratio of  the h-channel to s-channel cro s s - sectional 

areas . That i s ,  

( 5 . 6 3 )  

where u sh (m . s - 1 ) i s  the s -channel velocity between the h ­

channel and the posit ion o f  r-channel attachment . 

The bul k  solut ion velocity on the n-channel s ide o f  

the pos it ion o f  r-channel attachment i s  given by t h e  

product o f  t h e  velocity o f  solut ion l eavi ng the n-channel 

and the rat i o  of  the n-channel to s-channel cro s s - s e ct ional 

areas . That i s ,  

( 5 . 6 4 )  

where u sn (m . s -1 ) i s  the s -channe l velocity between the n ­

channe l and the po sition o f  r-channel attachment . 



1 4 7  

The total acid reaction t e rm for the s -channel i s  

given by the flux de fined by the boundary condit i on 

equat ion for the open end o f  the r-channe l . I f  the r­

channel attachment position cove r s  an s-channel segment o f  

length �xs then the require d  reaction t e rm p e r  unit length 

is  given by dividing the t otal t e rm by �xs . That i s ,  

1 
( 5 . 6 5 )  

The boundary condit ion e quat i ons for the n-channe l / s ­

channel and s - channel /h-channel j unct i ons have already b e e n  

de scribed above f o r  t h e  n-channel a n d  h-channel 

re spectively . 

Thi s completes the acid t ransport formu l at i ons for the 

aggregate model . The solution o f  the s e  and those de fining 

the elect ri cal characteristics  given in s e ction 5 . 3  i s  

dealt with in the fol l owing s e ction . 

5 . 5  OPERATING THE AGGREGATE MODEL : A PRACTICAL APPROACH . 

Operating the aggregate model amount s t o  solving a set 

o f  s imultaneous algebraic and part i al di fferent ial 

e quat ions . The s e  equat ions are those given for the 

s t ructure , el ectrical and transport charact e r i st i c s  in 

s e ct i ons 5 . 2 , 5 . 3  and 5 . 4  re spect ively . The s olut ion 

dete rmine s the elect ri cal and physi cal behaviour o f  the 

complete aggregate model in both spac e  and t ime . The 

equat ions do not lend themselves to s o lut ion by analyt i cal 

methods due to the number o f  equations and the complexity 

of functions involved . The solution i s  obtained through 

nume r i cal methods where di s crete approximat ions for the 

space and t ime int e rva l s  are used . Other approximat i o n s  

regarding the grouping o f  �-channel s  and the decoupl ing o f  

t h e  equat ions are made to reduce the computational e ffort 

t o  a real i s t i c  leve l . Detai l s  o f  approximat ions , di screte 



1 4 8  

e quation forms and solution procedure s are given below . 

5 . 5 . 1  Discrete Representations for Time and Space . 

I n  the di s cret e  equat ions that fol l ow the t ime 

interval wil l  be repre sented by k�t where k i s  an int eger 

equal to 1 at the start o f  di s charge . S imi larly,  the spa c e  

interval wi l l  be repres ented by j �x i n  t h e  general cas e ,  

and by j ��x� , jm�xm, j h�xh , j s�xs , j n�Xn and j r�xr for the 

spec i fi c  case o f  the �-channel ,  m-channel ,  h-channe l ,  s ­

channel , n-channel and r-channel respectively t . Here j i i s  

a n  integer equal t o  1 at the po s ition c l o s e st to xi= O and 

equal to j l i  at the posit ion c l o s e st t o  xi=l i . The 

notat ion used to de fine space ( po s it ion ) and time for 

parameters appearing in the di screte e quations wi l l  be the 

two supe rscript s " j i , k " ( space followed by time ) . If  the 

parameter concerned i s  independent of either space o r  t ime 

the corre sponding super s cript wi l l  be absent . 

5 . 5 . 2  A Practical Equation Set and Solution Procedure . 

Even though the aggregate model i s  based on a minimum 

repre sentation o f  the acid transport system, the number o f  

equat ions involved i s  st i l l  enormous . For example there are 

in the o rder of  1 0 6 �-channel s  openi ng on to a s ingle m­

channel ( see  table 7 . 3 ) e ach o f  whi ch requi r e s  a complex 

s et o f  equations to de fine the e lectri cal and t ransport 

propert i e s . The computing e f fort required to solve all  o f  

these equat ions i s  prohibit ive . The key probl ems are the 

number of equations involved and the s imultaneous nature o f  

t In fact the space interval for the m-channel has alre ady 

been treated in thi s way in secti ons 5 . 3 . 2  and 5 . 4 . 3  where 

�xm was set to lm/Nm� · The s i z e  of  �xm wi l l ,  however ,  be 

adjusted in the formulat i ons that fol low . 
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these equat i o n s . The first problem i s  rel i eved by a s suming 

that the condition o f  al l �-channel s  over a smal l l ength of 

m-channel is i dent i cal . Thi s allows a s ingl e  set of 

equat ions to be used to des cribe the behaviour of a group 

o f  �-channe l s . The number o f  equat i on s  involved in t he 

system can be reduced from hundreds o f  thousands t o  perhaps 

a few hundre d  by thi s approach . The final number o f  

e quat ions i s  determined by the number required t o  

adequately repr e sent the di stributed arrangement o f  � ­

channel s  along the m-channel l ength . The s econd problem i s  

rel i eved by decoupl ing some o f  the equat i ons . T o  thi s e nd 

e lect rical a l gebraic equat ions are s o lved using structural 

and t ransport parameter value s from the previous t ime step . 

Al s o ,  the part ial di fferential and algebraic equat ions for 

acid transport are so lved using structural and some 

t ransport parameter valu e s  from the previ ous t ime step . The 

decoupling doe s  not int roduce s igni fi cant errors provided 

the t ime step is small compared to the t ime taken for 

s igni fi cant changes in the parameter values held over from 

the previou s t ime step . These values rel at e  t o  the 

s t ructure and t ransport characterist i c s  of the aggregate 

mode l . The magnitude of the time step for thi s type o f  

s ituation has al ready been discu s s e d  with regard to the 

e l emental model in s e ction 4 . 3 . 6 .  The decoup l i ng de s cribed 

above a l l ows the reduced set of  equations to be s o lved in 

three stages for each time s t ep . 

i )  The e l ectrical equat ions are solved as  a s et o f  

s imultaneous algebraic equat ions u s i n g  previous t ime 

step paramet e r  value s .  

i i )  The t ran sport equat ions are solved as  simultaneous 

algebra i c  and partial di f fe rent ial e quations using 

previou s t ime step s t ructural parameter value s ,  s ome 

previ ou s t ime step t ransport parameter valu e s  and 

pre sent t ime step e l e ct ri cal and electrically de rived 

t ransport parameter value s .  

i i i ) The st ructural algebraic equat ions �re updat ed 
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using pre sent time step e lectrical parameter value s . 

Further detai l s  o f  the calculation procedure s and 

di screte equat ion forms for each of the three stages above 

are given in the s ections that fol low . 

5 . 5 . 3  Discrete Electrical Equations . 

The di s crete form o f  e quat i ons for the e l e c t r i c a l  

charact e r i st i c s  c a n  be written di rectly from t h e  cont inuous 

forms given in s e ct ion 5 . 3  u s ing the de finitions for the 

di s c rete t ime and spac e  interval s given above . 

The di s cret e form o f  equations for the h-channe l are 

( 5 . 6 6 )  

( 5 . 6 7 )  

and 
( 5 . 6 8 )  

which are de rived from equat ions 5 . 2 8 to  5 . 3 0 respect ively . 

Equat ions that relate t o  the m- channel need t o  t ake 

into account the �-channel groups di s cus sed above . If  there 

are N�g �-channel s in each group then the m-channel space 

is divided into Nm�/N�g segment s rather than Nm� as  be fore . 

As a result the di s c rete form o f  equat ions 5 . 3 1 to  5 . 3 3 can 

be written as  

R j m, k  = 

m N�g lm Pm
jm, k  / ( am N� ) ' ( 5 . 6 9 )  

U jm1 , k  
jm1 

R jm, t  I jffi' k u k L: m h m m 
jm=1 

( 5 . 7 0 )  

and 
jm1 

I jm1 , k  I h 
k N�g , L: Im�

jm, k  
m 

Jm=1 
( 5 . 7 1 )  

re spectively . 
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The di s c rete form o f  the equations for the �-channel 

are 

and 

2 i 0 1  �x� SPb02 
e ( a 1F �U�

j � , k ) /RT ) 

Nm Nm� 1 � 

2 i 0 2  �x� SE 
e ( ( 1 -a2 ) F  �U�

j � , k ) /RT ) 
Nm Nm� 1 � 

( 5 . 7 2 )  

( 5 . 7 3 )  

( 5 . 7 4 )  

( 5 . 7 5 )  

( 5 . 7 6 )  

( 5 . 7 7 )  

which are de rived from e quat ions 5 . 3 4 to  5 . 3 9 re spect ive l y . 

The equations that correspond to the supplement ary 

e quat ions 5 . 4 0 to  5 . 4 3 are 

and 

R k 
s 

u k 
s 

j l s  
( �xs l as ) I P s

j s , k , 
j n=1 

re spe ctively . 

( 5 . 7 8 )  

( 5 . 7 9 )  

( 5 . 8 0 )  

( 5 . 8 1 )  
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5 . 5 . 4  Computing the Electrical Parameter Values . 

a )  Overall electrical cal culation procedure . 

The iterative calculation procedure using I c e l l  as  t h e  

independent variable i s  summarised below . 

i )  Initial e stimation o f  Upbo2 based on the open 

circuit potential at the first �-channel group . 

i i )  Cal culat ion o f  the potent ial at the h-channel /m­

channel j unction from the potent i al drop in the h­

channel . Equations 5 . 6 6 to  5 . 6 8 define this . Equat ion 

5 . 6 8 al s o  de fine s the m-channel current at t h i s  

pos it ion . 

i i i ) Cal culation of  the potent ial at the given 

posit ion in the m-channe l  from the potential at the 

previous po s ition and the potent ial drop in the given 

segment of m-channel .  E quat ions 5 . 6 9 and 5 . 7 0 are 

relevant here . 

iv)  Cal culat ion o f  the current i nto the surrounding �­

channe l s . Equat ions 5 . 7 2 to 5 . 7 7 are relevant h e re . 

Thi s step i s  dealt with i n  more deta i l  below . 

v )  Calculat i on o f  the current at the next m-channel 

posit ion by combining the re sult s of step iv) with the 

known current at the given m-channel position . 

Equat ion 5 . 7 1 i s  rel evant here . 

vi ) Repetition o f  steps iii ) to  v )  unti l  parame t e r s  

have be cal culated f o r  t h e  last m-channel s e gment . 

vii ) Update o f  UPb02 t o  using a b i s e ction a l gorithm t o  

minimi s e  the current cal culated for the last m-channel 

segment by s t ep v )  . 



vii i ) Repet ition of  Steps i i )  to  vii ) unt il the 

current calculated at the last m-channel s e gment by 

step v )  i s  l e s s  than some prede f i ne d  maximum value . 

i x )  Adopt ion of  parameter value s as  the solution and 

the t ermi nat ion of the overa l l  e l ectrical calculat i o n  

procedure . 

1 5 3  

Thi s procedure dete rmines the current and potent ial 

paramete r s  for the h-channel ,  m-channel and all  �-channe l s . 

b )  Calculation procedure for �-channel parameters . 

The calculat ion o f  the current flowing into the 

surrounding �-channel s  ( step iv ) above ) employs a s econd 

it erat ive procedure us ing Urn calculated at s t ep i i i )  above 

as the independent variable .  Thi s  procedure i s  summari s e d  

below . 

i )  I nitial e s t imation o f  the current at the open end 

of the �-channel ( I �
l , k ) as suming the s olut i on 

pot ential drop in the � channel i s  negligible .  

i i )  Cal culat i on o f  the potent ial at the given 

position in the �- channel from the potential at the 

previous po sition and the potent ial drop in the given 

segment of �-channe l . Equat ion 5 . 7 7 is relevant here . 

i i i ) Cal culation of  the current into the Pb02 / solut ion 

int e r face within the given �- channel segment us ing the 

potent ial cal culated at step ii ) . E quat i o n s  5 . 7 3 and 

5 . 7 4 are relevant here . 

iv)  Cal culat ion o f  the current at the next �-channel 

pos it ion by combining the re sult s o f  step i i i )  with 

the known current at the given �-channe l po s ition . 

Equat ion 5 . 7 6 i s  relevant here . 



v )  Repetition o f  steps i i )  to  iv ) unt i l  parameters 

have be cal culat e d  for the last �-channel s e gment . 

vi ) Update o f  I l , k  initially us ing a b i s ect ion � 
algorithm and finally u s i ng a Newton-Rapson a l gorithm 

to minimi se the current calculated for the l ast � ­

channel segment b y  s t ep v )  . 
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vii ) Repetition o f  Steps ii ) to vii ) unt i l  the current 

cal culat ed at the l ast �-channel s e gment by step i v )  

i s  l e s s  than some prede fined maximum value . 

vii i )  Adopt ion o f  parameter value s as  the s olut ion and 

the termi nati on o f  the �-channel calculation 

pro cedure . 

Estimate UPb02 

impr oved e s t imate 

Calculate U h 
( P otential in h-chan n e l )  

next segment 

Calculate given U rn  
( P ot e n t i a l  in m-channel ) 

Calculate I m �  
( Current into � - channe l s )  

Calculate I m 
( Cur rent in next s egment ) 

Test for last m-channel 
segment ( j m= j lm ) 

Update U p bo2 t o . 
. . . J l m  mlnlmlse I m 

Test s i z e  o f  Ij lm 
m 

Calculate given U� 
( Pot ential in � -chann e l )  

Ca lculate di� 
inter face ) 

Calculate I� 
( Cu rrent in next s egment ) 

Test for last �-channel 
( j �= j l ) 

• �m ).!. to j l � 
mlnlmlse I1.t 

Test s i ze of I j l� 
� 

[:[ negl igible 

F igure 5 . 7 :  Calcu lat ion o f  E le ct r i ca l  P a ramete rs . 
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c )  The over-all calculat ion s cheme . 

The over-all calculation s cheme for finding t h e  

e l ectrical parameter value s i s  the combined arrangement o f  

the procedure s des cribed above . A flow diagram o f  t h e  

over-all s cheme i s  given in figure 5 . 7 .  

d)  The supplementary paramet e r s . 

The supplement ary parameter values are found by t he 

direct appli cation o f  equations 5 . 7 8 to  5 . 8 1 i f  requ i red . 

5 . 5 . 5  Discrete Acid Transport Equations . 

a )  The general t ransport , general boundary condition and 

general initial condit ion equat ions . 

5 . 4 4 

The 

i s  

di s c rete form o f  the general t ransport 

obtained by replacing the l e ft hand s i de 

e quat i o n  

b y  t h e  

backward di fference t ime approximation a n d  t h e  r i ght hand 

s i de by the average o f  the finite di fference space 

approximat ions at the pres ent and previous t ime s t ep s . T h i s  

i s  t h e  Crank-Nicol son implicit method ( se e  Smith ( 1 9 6 9 )  and 

Twi z e l l  ( 1 9 8 4 )  for exampl e ) . Furthe r ,  to  e ffect the 

decoupling o f  the equat ions di s cu s sed abov e ,  parame t e r  

value s othe r than the current derived react ion rat e and 

bulk solution ve locity t erms are del ayed by one t ime s t ep . 

This give s 



where 

+ [ -L · j , k  _ M · j , k ) c · j + l , k+ l  
l l l 

Li
j , x  = ( �t / 2�xi

2 ) D i
j i , k , 

( 5 . 8 2 a )  

( 5 . 8 2 b )  

M , j ' k 
l 

� [ai
j i+ l , k  

4 � x · 

D · j i+ l , k - a · j i- l , k  D · j i - l , k  
l l l 

l 2 �x · a · j i , k 
l l 

N ,  j ' k 
l 

-�

2

t [ ai
j i+ l , k  u i

j i +l , k  - ai
j i - l , k  u i

j i -l , k  

2 �xi ai
j i , k  

a · j i , k  
l 

and 
�t 

O · j , k  = ---- P · j i , k  
l 

2 a · j i , k l 
l 

+ 

( 5 . 8 2 c )  

( 5 . 8 2 d )  

( 5 . 8 2 e )  
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An equat ion o f  this  form can be written for every non­

boundary segment o f  the six channel s  o f  the aggregate 

mode l . The equat ion involve s  three unknown concent rat i o n  

t e rms on the l e ft hand s i de ( see 5 . 8 2 a ) . 

A di screte form o f  the general boundary e quation can 

be found by replacing the continuous space derivatives on 

the l e ft and right hand s i de o f  e quat i on 5 . 4 6 with backward 

and forward finite di fference approximat i ons re spective l y . 

However,  thi s form i s  unde si rable for two rea s on s . 

i )  The form invo lve s four unknown concent rat i ons i n  

the general cas e . An alte rnat ive form involving only 
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three unknown concent rat ions i s  pre ferabl e  t o  give 

equat ions of the same form as  the general t ransport 

equat ion above . Thi s al lows an e f fi c i ent solution 

algorithm to be u sed to solve the s et o f  s imultaneous 

equations . 

i i )  The form i s  unnec e s sarily i naccurat e . The di s crete 

form involve s finite length segment s whi ch i n  general 

contain acid consumpt ion or product ion react i on 

proce s s e s . Thi s  reaction i s  not account e d  for . 

To overcome thes e  unde s i rable featur e s  di f ferent approaches 

were used for the open end and clo s e d  end boundary cases . 

For the c l o s ed end boundary case the general boundary 

condi t ion equat ion has already been seen to reduce to a 

s ingl e  partial derivative equal to z e ro ( see equat ion 5 . 5 1 

for example ) . I n  the dis crete repre s entat ion a dummy 

s e gment i s  added next to the t rue boundary segment . The 

cont i nuous space derivat ive is then replaced by a finite 

di ffe rence s cheme involving the t rue and dummy boundary 

segment s .  Thi s  ensures that the correct boundary condit ion 

i s  maintained between the t rue and dummy segment s ,  but 

al lows the general transport equat ion to be appl i e d  to the 

t rue boundary segment . The general t ransport equat ion 

ac count s for any react ion rate t e rm .  The boundary condition 

e quat ion us ing thi s approach i s  

where 

( 5 . 8 3 )  

ci
b i s  the concent rat ion at the t rue boundary segment 

and 

ci
a is the concent rat ion at the dummy boundary segment 

adj oining the t rue boundary segment . 

For the open end boundary condit ion the di s crete 

s ituation i s  repre sented as  in  figure 5 . 8 .  
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Concent ration gradient . 

0 + 

F igure 5 . 8 : Boundary between Chann e l s  on Same Axi s . 

Re ferring to figure 5 . 8 , the true boundary i s  denoted by 

the sub s cript " 0 " and the boundary o f  the segment s t o  the 

l e ft and right o f  the t rue boundary are denot e d  by t he 

sub s c ript s " - "  and " + "  respectively . Con s e rvation o f  f l ux 

in the segment to the l e ft and segment to the right o f  t he 

t rue boundary requires that 

J_ + p . j l i , k LlXi = J o ( 5 . 8 4 )  l 
and 

Jo + p , l , k  ilx:�, = J+ ( 5 . 8 5 )  :!: 

re spectively . 

Cons i der now the flux J_ . Applying Fick ' s fi rst law with 

finite di fference repre sentations for the cont inuous 

part i al derivative s gives 
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( 5 . 8 6 a )  

or  
( 5 . 8 6b )  

( 5 . 8 7 )  

and i s  a measure of  the ease with whi ch flux can flow in 

re sponse to a di fference in concent rat ion ( analogous t o  

e l ectrical conductivity ) .  Combining equati o n s  5 . 8 6a and 

5 . 8 6b to e liminate the c_  term gives 

J_ = ( 5 . 8 8 )  

which i s  an expre s s i on for the flux which involve s only t h e  

parameter values normally defined for t h e  chann e l  s e gment s 

( t he addit ional valu e s  at the segment boundari e s  have been 

e l iminat e d )  . S imi lar expre s s ions can be found for t he 

remaining fluxes Jo and J+ . Subst itut ing the s e  expr e s s i o n s  

into equat ions 5 . 8 4 and 5 . 8 5 give s 

and 

+ 

[ gi
j l i -l , k  gi

j li , k  

-
gi

j l i - l , k  + gi
j l i , k 

gi
j li , k  g;i,

l , k  

gi
j l i , k + g;i,

l , k  

gi
j l i , k g;i,

l , k  

gi
j l i , k  + g;i,

l , k  

gi
j l i , k g:i: l , k  

gi
j l i , k  + g;i,

l , k  

[ gi
j l i , k g:i: l , k  

-
gi

j l i , k  + g;i,
l , k  

g:i: l , k  g:i: 2 , k  

g:i: l , k  + g:i:2 , k  

C • j li , k + l 

g:i: l , k  g;i,
2 , k  

g:i: l , k  + g;i,
2 , k  

= 

C • j l i , k  + l 

( 5 . 8 9 )  

( 5 . 9 0 )  
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respectively . The se are the de si red boundary condit i on 

equat ions . I t  can be seen they involve only three unknown 

concentrat ions and take account of any react i on t e rms . 

The i nit ial condition equat ion corre sponds di rectly t o  

t h e  cont inuous equation 5 . 4 7 .  That i s ,  

' 1 ci
J ' = c 0 ( for all values o f  j ) . ( 5 . 9 1 )  

The s impli fi cations given for the equat ions for e a ch 

o f  the s i x  channel s  o f  the aggregate model i n  section 5 . 4  

apply in the di s crete case and will not be di scus sed again 

here . The di screte form o f  the equat ions that app l y  

speci fical ly to each o f  t h e  six channels a re given below . 

b )  Formulations for part i cular channe l s . 

The equations that define the cro s s -s e ct ional are a ,  

bulk solution velocity and react ion rate term f o r  the � ­

channel are 

a j � , k  
� a�o x j � , k , ( 5 . 9 2 )  

u j �1 , k  
vmPbS04 - VmPb02 

j �1 
di j � , k  = 2: � 

2F  a j � 1 , k j �= j l ll 
� 

� 

( 5 . 9 3 )  

and 

p j � , k  
3- 2t+ L\ I j � , k  

� 
� 

2 F  L\X Il 

( 5 . 9 4 )  

re spective ly . The corre sponding cont i nuous equat ions a re 

5 . 1 2 ,  5 . 4 8 and 5 . 5 0 .  

The boundary condition equation for c l o s ed end o f  the 

�-channel i s  given by equation 5 . 8 3 .  

The boundary condition equat i on at the open end o f  the 

�-channel is given by equat ion 5 . 9 0 .  I n  this  case the 

sub s cript " :i "  should be replaced by " � " and the sub s cript 

" i "  replaced by "m� " . The subscript " m� "  is used to 

i ndi cate propert ies o f  the m-channel segment that cont rol 
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the flux flowing radially into the attached �-channe l . T h e  

m-channel propert i e s  involved are brought together i n  

equat ion 5 . 8 7 whi ch in thi s case become s  

g j m , k = 2 a D jm, k ;�x m� m� m m� ( 5 . 9 5 )  

where jm defines the pos it ion of  the �-channel attachment . 

The t e rms am� and �xm� de fine the ease with whi ch flux wi l l  

flow radially i n  response t o  the di fference i n  

concent rat ion i n  the m-channe l  prope r and the mouth o f  t he 

attached �-channel . They characterise  the surface area that 

the flux flows through and the radial l ength it t rave l s . 

The arrangement used to determine the se quant it i e s  i s  

i l lu s t rated in figure 5 . 9 .  The radial concent rat i on 

di st ribut ion i s  a s s umed to place the charact e r i s t i c  m­

channel concentration at the volume average position . T h i s  

i s  de fined b y  t h e  radius that enclos e s  hal f the m-channel 

volume . Thi s radius ( the hal f vo lume radius )  is  t h e  

surface where c jm and 
D jm a re def ined 

p o s i t i o n )  

m- channel 
( c r o s s - s e ct i o n ) 

surface where 
am� is defined 

flux f rom m- channel 
to � -channel 

� - channel 

F i gure 5 . 9 :  The m- channel/� - channe l  Boundary . 
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frac t i on 1 / � 2 of  the ful l m-channel radius . This give s t h e  

radial di stance for flux flow required above . That i s ,  

( 5 . 9 6 )  

The area through whi ch the radial flux flows i s  de fined at 

the cyl indrical surface hal f way between the ful l  volume 

and hal f volume radiu s . It i s  given by dividing the area o f  

this surface by the number o f  �-channe l s  adj acent to i t . 

That i s ,  

The equations that define the bulk s olution vel o c i t y  

and react ion rat e term f o r  t h e  m-channel are 

um 
jm1 , k  

and 
N�g 

P j m, k  
m 

L'lxm 

VmPbS 0 4  - VmPb02 

2F am 

gm� 
jm, k g 1 , k  

� 

g jm, k + g 1 , k  
m� � 

I m 
jm1 , k  ( 5 . 9 8 )  

[ [ c/ , k- l ] jm _ cm
jm, k- 1 ] 

( 5 . 9 9 )  

respectively . The corre sponding cont inuous equat ions are 

5 . 5 3 and 5 . 5 4 .  In  equat ion 5 . 9 9 the grouping o f  the � ­

channe l s  has been taken into account by the inclusion o f  

the N�g term .  

The boundary condition equat ion for the closed end o f  

the m-channel i s  given by equation 5 . 8 3 .  

The boundary condit ion equat ion for the open end o f  

the m-channel i s  given by equat ion 5 . 9 0 .  I n  thi s case the 

sub s cript " i "  should be replaced by "m" and the sub s c ript 

" i "  replaced by " h " . 

The equat ion that de fines the bulk s o lut j on velocity 

i n  the h-channel is  

( 5 . 1 0 0 ) 
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The corre sponding cont inuous equation i s  5 . 5 6 .  

The boundary condition equat ion for the h-channel / m­

channel end o f  the h-channel i s  given by e quat ion 5 . 8 9 .  I n  

t h i s  c a s e  the subscript " i "  should b e  replaced b y  "m"  a n d  

t h e  sub s cript " i "  replaced b y  " h " . 

The boundary condit ion equat ion for the s - channe l / h­

channel end o f  the h-channel i s  given by e quation 5 . 9 0 .  I n  

t h i s  c a s e  t h e  subscript " i "  should b e  replaced b y  " h "  a n d  

t h e  sub s c r ipt " i "  replaced b y  " s " . 

by 

The bul k  s olut i o n  velocity in the r-channel i s  given 

u j r , k = 

r ( 5 . 1 0 1 )  

which i s  derived from the cont inuous equat ion 5 . 5 7 .  

The boundary condit i on s  for the c l o s ed end o f  the r­

channel is given by equat ion 5 . 8 3 .  

The boundary condition equat ion fo r the open end o f  

the r-channel i s  given by equat i on 5 . 8 9 .  In  thi s cas e t he 

sub s cript " i "  should be replaced by " r "  and the sub s cr ipt 

" i "  repl aced by " s r " . The sub s cript " sr "  is used t o  

indi cate propert i e s  o f  the s - channel that cont ro l the f l ux 

flowing radially from the attached r-channel .  T h i s  

s ituat ion i s  di rect ly comparable to that f o r  t h e  boundary 

condi t ion equat ion for the open end of the �-channe l . The 

explanat ions used i n  that case  apply again here and w i l l  

not b e  repeated . The formulat ions comparable to equat i o n s  

5 . 9 5 to 5 . 97 are 

and 

g j s r , k = 2 a  D j s r , k ; �x ( 5 . 1 0 2 )  s r  sr  s s r ' 

�xs r / 2  = ( 1  - 1 / ...J 2 )  ..,J ( as / n )  ( 5  . 1 0 3 )  

( 5 . 1 0 4 )  
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re spectively,  whe re j s r  defines the po sition o f  the r­

channel attachment . 

The equations that define the bulk s olution vel o c i ty 

and react ion rat e terms for the n-channel are 

j r , k 
xr vmPbS04 - vmPb 

I k u r k h 
an l r 2 F  

( 5  . 1 0 5 )  

and 
1 - 1 + 2t+ p k I k 

n h 
ln 2F  

( 5 . 1 0 6 )  

The s e  are derived from the cont i nuous equat i ons 5 . 6 0 and 

5 . 6 1 .  

The boundary condition equat ion for the closed end o f  

the r-channel i s  given b y  equation 5 . 8 3 .  

The boundary condit ion equat ion for the open end o f  

the r-channel i s  given b y  equat ion 5 . 8 9 .  In  thi s c a s e  t h e  

sub s cript " i "  should b e  replaced by " n "  and the sub s c r ipt 

" i "  replaced by " s " . 

are 

and 

The bulk solution velocity equat i ons fo r the s - channel 

u k 
= u j ln , k a /a  sn  n h s ·  

( 5  . 1 0 7 )  

( 5 . 1 0 8 )  

Thes e  are derived from the cont i nuous equat ions 5 . 6 3 and 

5 . 64 .  

The acid react ion term equat ion for the s-channel at 

the position where the r-channel i s  attached i s  

p k 
s 

1 [ cr
hr , k ] i s r ] 

( 5  . 1 0 9 )  

which i s  derived from the cont inuous equat ion 5 . 6 5 .  
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The boundary condit i on for the s -channel /h-channel e n d  

o f  t h e  s - channel i s  given b y  equation 5 . 8 9 .  I n  thi s c a s e  

the sub s cript " i "  should b e  replaced by " h "  and the 

sub s cript " i "  repl aced by " s " . 

The boundary condit ion for the n-channel / s - channel end 

o f  the s -channe l i s  given by equation 5 . 9 0 .  I n  thi s c a s e  

the subs cript " i "  should b e  replaced by " s "  and t h e  

sub s cript " i "  replaced by " n " . 

5 . 5 . 6  Computing the Concentration Values from the Transport 

Equations . 

A �-channel has one equat ion written for each s e gment . 

The s e  include an open end and c l o s ed end boundary condit i o n  

equat ion and a general t ransport equat ion for each 

int e rmediate channe l segment . Thi s result s in an equat i o n  

s e t  with j 1 �+ 1 equations in all  ( s ince there a r e  j 1 �  
segment s proper and one dummy segment ) . Thi s equation s et 

i nvolves unknown concent ration terms for the j 1 �+ 1 � ­

channel segment s and a n  addit ional unknown concent rat i o n  

t e rm for the m-channel a t  the po sition whe re t h e  �-chann e l  

i s  attached . The addi t i onal term i s  i ntroduced b y  the 

boundary equat ion for the m-channel / �-channel junction . I n  

al l ,  thi s gives j 1 �+ 2 unknown concent rat i on terms . I n  the 

complete transport system representation there are j lm 
equat ion s et s  of  thi s type . 

The r-channel case i s  comparable with the �-channel 

case above . It  result s in j 1 r+ l  equat i ons and j 1 r+ 2 unknown 

concentrat ion t e rms . The concent rat ion terms in thi s c a s e  

include those for the r-channel segment s and an addi t i o nal 

t e rm for the s - channel segment whe re the r-channel i s  

attached . 

The remaining channel s in the t ranspo rt system can be 

taken together . As before one equation i s  written for e ach 

s e gment i n  remaining channel s .  The se i nclude two c l o s ed end 
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boundary 

condition 

condi t i on equat i on s ,  six open 

equations and a general t ransport 

end boundary 

equation f o r  

the intermediat e 

j l n+ j l s+ j lh+ j lm+ 2 

channel pos it ions . 

equat i ons in all  

Thi s re sult s i n  

( s ince there a re 

dummy s egment s ) . 

These equations involve unknown concentrat ion terms for t he 

s e gment s o f  the remaining channel s as  wel l  a s  additional 

concentrat ion terms for the segment s that have a �-channel 

o r  r-channel attached . The addit ional concent rat ion terms 

are int roduced by the s ource terms that account for f l ux 

from attached channe l s . I n  al l ,  thi s giv e s  

j ln+ j l s+ j lh+ j lm+ 2 plus j 1m+ 1 unknown concentrat i o n  t e rms . 

Taken together the three equation s e t s  de s cribed above 

result in j lm ( j 1 �+ 1 )  plus j lr+ 1 plus j ln+ j l s+ j lh+ j lm+ 2 

equat ions involving the same number of  unknown 

concentrat ion terms . The number of unknown concent rat i on 

t e rms i s  equal to the number o f  equations s ince t he 

addit ional concentrat ion terms in the � -channel and r­

channel equat i on set s coincide with segment concent rat i on 

terms in the equati on set for the remaining channel s  and 

vi ce versa . The concent rations can be found at each t ime 

step by solving the combined set o f  s imultaneous equat i on s  

above . In  the solut ion procedure used,  each o f  the three 

equat ion s et s  were dealt with in a s equent ial fashion that 

enabled them to be solved as t ri-diagonal systems by Gau s s  

e l imination ( see Smith ( 1 9 6 9 )  for detai l s  o f  Gau s s  

el imi nat ion of  tri -diagonal syst ems ) . The solut i on 

procedure i s  summarised in the steps below . 

i )  A forward eliminat ion was performed on each o f  the 

�-channel tri-diagonal equat ion set s to define s ingle 

equat ions that gave the concent ration i n  the s e gment 

at the open end of the �-channel in terms of the 

concent ration at the attachment position in the m­

channel . 



i i )  A forward el imination was performed on the r­

channel t ri -diagonal equation s et to de fine a s ingle 

equat ion that gave the concent ration i n  the segment 

at the open end o f  the r-channel in t erms o f  the 

concent ration at the attachment posit ion in the 

s-channel . 

i i i ) A subst itut ion in the source terms o f  the 

remaining chann e l s  us ing the equations defined in 

steps i )  and ii ) was made . This e l iminated additi onal 

unknowns in thi s set givi ng it a tri-di agonal form . 

iv)  A fo rward el imination and backward subst itut ion 

was performed on the t r i-diagonal equation s et for 

the remaining channel s  to get the solut ion for the 

concentrations of the segment s in thi s set . 

v )  A substitution o f  the solutions found in step iv ) 

int o  the equations de fined in steps i )  and i i ) wa s 

made to give the starting point for backward 

subst itut ion of the �-channel s e t s  and r-channel set . 
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vi ) A backward subst ituti on was performed o n  part ial ly 

solved �-channel equat ion sets to get the solution 

for the concent ration o f  all  the segment s in the �­

channel set s . 

vii ) A backward substitution was performed on the 

part ially s o lved r-channel equat i on s et to get the 

solut ion for the concentrat ion of all the segment s i n  

the r-channel . 

D et a i l s  o f  the part icular equat i on s  invo lved in t he 

the s o lution procedure are given in s ect ion 5 . 5 . 5 .  A f l ow 

diagram of the procedure i s  given in figure 5 . 1 0 .  



� next segment 
.J; 

Forward eliminat ion o f  
J.l. -channel equat ions 

Test for last m-channel 
segment ( jm = jlm ) n ot 

Forward eliminat ion o f  
r-channel equat ions 

Substitution in source 
terms of rema ining 
channel equat ions 

Forward eliminat ion of 
rema ining channel 
equations 

I 

.J, 
Backward subst itut ion 
of remaining channel 
equat ions 

Substitution in last 
equation of f.l. and 
r-channels 

I. next segment 
" 

Backward substitution 
of f.l. - channel equat ions 

Test for �a�� m-channel� 
segment ( Jm - J lm ) n o t  

Backward subst itut ion 
of r-channel equat ions 

J, 

F igure 5 . 1 0 :  Ca l culat ion o f  Transport Paramet e r s . 

5 . 5 . 7  Discrete Equations for Structural Change . 
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Changes i n  structure with charge and di s charge occur 

i n  the f.l.-channel ,  n-channel and r-channel only . I n  all  

cases this  i s  repre sented by changes in cro s s - se ct i o nal 

area . 

The f.l.- Channel cro s s -sect i onal area i s  dependent on 

state o f  charge ( s ee equat ion 5 . 1 2 ) . The state of charge is 

given by 

( 5 . 1 1 0 )  

which corresponds to the cont inuous equat i on 5 . 1 3 .  

The n-channel and r- channel cro s s - sectional areas a re 

given by 
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1 vmPbS04 -vmPb 
k 1  

an ano - �t I Ih
k ( 5 . 1 1 1 )  

ln 2F  k=1 

and 
1 2VmPbS 0 4 -vmPb02 -vmPb 

k 1  
ar aro + �t I Ih

k ( 5 . 1 1 2 ) 
l r 2 F  k=1 

re spectively . The s e  equat ions correspond to the cont inuou s  

e quat ions 5 . 2 1 and 5 . 2 7 .  

5 . 5 . 8  Computing the Structural Parameter Values . 

Comput ing the s t ructural parameter value s amount s t o  

applying equat ions 5 . 1 1 0  to  5 . 1 1 2 eve ry t ime step . E quat i o n  

5 . 1 1 0  is  applied to every segment in the �-channe l s . 

begin J, 
Init ialise st ructure and t ransport 

r 
Get cel l  current for present t ime 

Calculate electrical parameters 
( see procedure in figure 5 . 7 ) 

Ext ract required results ( for example 
voltage , current and AM distribut ion ) 

Calculate t ransport pa rameters 
( see procedure in figure 5 . 10) 

Update t ime and st ructure 
( equations 5 . 1 10 to 5 . 1 12 ) 

Test for end of s imulation 
n ot end 

end J, 
F i gure 5 . 1 1 :  Over- a l l  C a l culat ion P rocedure . 
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5 . 5 . 9  The Over-all Computational Procedure . 

The ove r-all computat ional procedure for operat ing t h e  

aggregate model con s i s t s  o f  applying t h e  procedure f o r  

calculat ing t h e  electrical parameter s ,  t h e  procedure f o r  

calculat ing t h e  concentration parameters and the procedu r e  

for calculat ing structural parameters in s equence fo r e a c h  

t ime step . A flow diagram for the over-all calculat i on 

procedure i s  given i n  f i gure 5 . 1 1 .  The system de sc ript io n  

repre sented here was converted to a P ascal compute r  program 

and solved on a MicroVax I I  c luster . The program used i s  

given i n  appendix 2 .  

The resul t s  obtained for the aggregate model are given 

in chapte r  7 .  Chapt er 6 de s cribes experiment s that were 

performed to col lect data to test the s e  result s . 



Chapter 6 
Industrial Traction Cell 
Experiments 

Thi s  chapter give s detai l s  o f  the equipment , cell  and 

procedure used in experiment s performed on a s ingle , 1 0 0  

Ampere hour ( 5  hour rate ) , indu s t rial t raction cell . The 

primary ob j ective of  the experiments was to obtain the data 

for the operat ion and evaluation o f  the VIAM model . The 

cell was sub j ected to a dis charge / charge cyc l e  cons i st i ng 

o f  

i )  a selected constant current di scharge to a selected 

di s charge depth , 

i i )  a z ero current rest t ime of  0 . 5  hours and 

i i i ) a 2 0  Ampere constant current , 2 . 60 0  volt upper 

voltage l imit , charge . 

The charge was terminated 5 hours after the cell voltage 

attained 2 . 4 0 0  volt s . 
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Four constant current di scharge rate s  o f  4 0 ,  2 0 ,  1 0  

and 5 Amperes were used . Three di s charge depths o f  1 0 0 ,  5 0  

and 1 0  Ampere hours were used . Conditioning charge cyc l e s  

were al s o  performed to ensure the c e l l  was ful ly charged 

when needed . The constant current di s charge / charge s cheme 

was used to mai ntain compat ibility with the ma j ority o f  

studie s  in the l iterature . Measurement s  taken during t he 

di s charge / charge cycl e s  were the cel l  di scharge current , 

the cel l charge current , the c e l l  voltage , the cel l  gas 

evolution rat e ,  the electrolyte spe c i f i c  gravity and the 

voltage di f ference between the posit ive plate post and a 

Pb02 reference elect rode post (the post volt age ) . The c e l l  

temperature was kept a t  2 5  ± 0 . 2 s · c  us ing a temperature 

cont rolled water j acket . 

The chapter content i s  summarised below . 

i )  A de s cript ion o f  the experimental equipment 

( section 6 . 1 ) 

i i )  A de s cription o f  the cell under test ( s ection 6 . 2 ) 

i i i ) A de script i on o f  the experimental procedure 

( se ct ion 6 . 3 ) 

The experiment al result s  are given t ogethe r with 

resul t s  for the elemental models , aggregate model and VIAM 

model in chapter 7 .  

6 . 1  THE EXPERIMENTAL EQUIPMENT . 

6 . 1 . 1  Equipment Overview . 

A block diagram o f  the experimental equipment i s  given 

in f igure 6 . 1 .  



Gas rate 
and 
temperature 
sensors 

Ce l l  
under 
test 
in 
water 
j a cket 

I--+� 

S ignal 
condit ioning 
interface 
circuits 

P rogrammable 
voltage 
source with 
voltage and 
current 
sensors 

Temperature 
cont roller 

Purp o s e  bui lt ha rdwa re 

Mic ro-compute r  

Floppy disk 
storage 

Mi c r o - c ompu t e r  dat a 
a cqui s it i on s y s t em 

F i gure 6 .  1 :  Block D i agram of Experiment a l  E qu ipment .  
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The data acqu i s ition system consi sted o f  a general 

purpo se mi cro-computer fitted with specia l i s ed i nput / output 

cards . The general purpose mi cro-computer a l l owed t he 

di scharge / charge algorithm to be written i n  a standard 

high-level programming language . It a l s o  provided a floppy 

di s k  faci lity for the storage o f  dat a  obt ained during t he 

charge /di s charge cycl e . The speciali s ed input / output cards 

provi ded digital to analog,  anal og t o  digital and pul s e 

accumulator interface ci rcui t s  for sending and receiv i n g  

s igna l s  to and from t h e  purpo se built hardware . 

The mai n  component o f  the purpo se bui lt hardware was a 

h i gh current programmable voltage source . Thi s was used t o  

both di s charge and charge the c e l l  under test . I n  addi t i on 

the purpose bui lt hardware included int e r face c i rcuit s t o  

condition the s i gnal s sent to the data acqui s i t i on system 

and a temperature controller to hold the cell t emperat u re 

constant . 
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6 . 1 . 2  The Data Acquis ition System . 

The data acqui s ition system used was the Laborato ry 

I nstrumentat ion System ( o r  " LI S " )  produced by the 

Department o f  P roduction Technology at Mas sey Universi t y . 

The " LI S "  s o ftware runs unde r  the CP /M operati ng syst em . 

The " LI S "  hardware has an extended i nput / output bus whi c h  

caters f o r  a variety o f  input /output cards . The s o ftware 

algorithm and hardware configurat ion that was used i n  t h i s  

appl i cat ion are de scribed below . 

a )  The di s charge / charge a l gorithm . 

The di s charge/ charge algorithm was written i n  the 

Turbo P a s cal programming language . A simpli fied flow 

diagram o f  the algo rithm i s  given in figure 6 . 2 .  A bri e f  

de script ion o f  the most important funct i ons i n  f i gure 6 . 2  

fo l l ows . 

Start main pr ogram 

Ent ry o f  cycle parameters , 
S et operat ion t o  discharge,  
Enable 1 second interrupt 

While Ahrs<specified 
write and save buffers 

Set ope ration to rest 

While rest time<O . Shrs 
write and save buffers 

Set operation to charge 

While termination t ime<Shrs 
write and save buf fers 

E n d  main program 

I n t e r rupt program 
( entered once per s e c )  

Increment time by lsec 

Input measurement s 

Calculate cont rol output 
according to cyc le st age 

Output cont rol output s 

Load display buffer 

I f  3 6sec load log buffer 

Ret u rn t o  main program 

F i gure 6 . 2 :  D i scharge / Charge Cycle Algor ithm . 
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All di s charge / charge cyc l e  parameters were entered v i a  

t h e  computer keyboard in response to prompt s on t h e  

computer di splay . The parameters i ncluded s e l ected 

di scharge current , selected di s charge dept h ,  rest t i me , 

charge current , charge voltage l imit and charge 

terminat ion t ime . In  addition maximum total cycle t ime and 

maximum gas s ing rate were a l s o  ent ered to ensure s a fe 

cycl i ng o f  the cel l . 

The mea surement s i gnal s input from the purpose bui lt 

hardware were cell di s charge current , cell  charge current , 

cell voltage , the po st voltage and cell gas s i ng rate . T ime 

and cell Ampere hours were cal culated by the compute r . The 

speci fi c  gravity of the cell electrolyte was recorded 

manually . 

The cont rol calculat i ons depended on the stage o f  the 

cycle . For the constant current di scharge stage the cont ro l  

cal culat ions changed the cont rol voltage a t  a rat e o f  0 . 0 0 2 

v . s - 1  t o  bring the di s charge current into a 0 . 2  Ampere 

dead- z one cent red on the selected value . For the rest stage 

the cont rol cal culat ions set the voltage enable cont rol 

inact ive . For the constant current part o f  the charge 

stage , the cont rol calculat ions operated in much the s ame 

way as for the constant current di s charge . The di f fe rence 

in this  case was that the dead- z one was centred on the 

charge rather than the di s charge current value: . In addi t i on 

a 5 hour t e rmination t ime-out was started when the c e l l  

voltage reached 2 . 4 0 0  volt s during thi s stage . F o r  the 

constant voltage part o f  the charge stage , the cont rol 

calculat ions changed the cont rol voltage at a rate o f  0 . 0 0 2  

v . s- 1  to bring the cell voltage into a 0 . 0 0 2  volt dead- z one 

cent red on the constant voltage charge value . 

Three control s igna l s  were output to the purpose bui l t  

hardware . Two o f  t h e  s ignals were derived from the 

calculated cont rol vo lt age and set the output voltage on 

the programmable voltage source . The se were the voltage and 
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o f f s et cont rol s .  The third s ignal was derived from t h e  

voltage enable cont rol . When inactive t h i s  s i gnal set the 

programmable voltage source into a high impedance stat e ,  

e f fectively di sconnecting the cel l . 

The computer di splay was updated each time the di splay 

buffer was loaded by the interrupt program . Thi s o c curred 

once per s econd . The di splay update gave the present val u e  

for cell voltage , p o s t  voltage , cell  current , c e l l  gas s i n g  

rate and time . Both the computer di splay and floppy d i s k  

were updated when the l o g  buf fer was loaded b y  t h e  

inte rrupt program . Thi s occurred once every 3 6  s econds ( o r  

0 . 0 1 hours ) . The values logged were the average ( over the 

prev ious 36 seconds ) cell  voltage , reference electr ode 

voltage , cell  current , cell gas s ing rat e ,  and the current 

cell Ampere hours and cycle t ime . 

b )  The hardware configurat ion . 

The " LI S "  system i s  based on a 4 MHz Z 8 0  CPU with a 

2 5 6K byt e  dynami c RAM memory and an B O OK byte 5 . 2 5 inch 

floppy di s k  drive . 

Anal o g  to digital and digit al to analog cards were 

used to input and output the cell current , voltage and 

cont rol s igna l s  once per second . The se were 8 -·channe l / 8 -bit 

uni t s  having an analog range o f  0 . 0 0 to  5 . 1 0 volt s . Tak i ng 

account o f  the s i gnal condit ioning performed by the purp o s e  

built hardware thi s corresponded t o  a range o f  1 . 7 0 0  t o  

2 . 7 1 0  volt s f o r  the c e l l  voltage s ignal s ,  a range o f  0 . 0  to  

5 1 . 0  Amperes for the cell current s igna l s  and a range of  

0 . 0 0 0  to 0 . 5 1 0  volts for the reference voltage s i gnal . The 

s i ngle bit resolution was 0 . 0 0 2  vol t s  and 0 . 2  Amperes for 

the voltage and current signals respect ively . 

A pul s e  accumulator card was used to input the c e l l  

gas s i ng rat e . Thi s count ed up to 2 5 5  pul s e s  and was read 

every 3 6  seconds . Taking into account the st rc ·ke o f  the gas 

metering pump u s ed for the gas rate measv.rement , t h i s  
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co rre sponded t o  a gas rate range o f  0 t o  2 . 3 6 1xl o - 6  m3 . s - 1 

in  increment s o f  9 . 2 5 9xl o - 9  m3 . s - 1 . 

6 . 1 . 3  The Purpose Bui lt Hardware . 

The programmable voltage source , measurement interface 

c i rcui t s  and temperature cont ro l l er part s of the purpo s e  

bui l t  hardware a r e  di s cus sed in turn below . 

a )  The programmable voltage s ource . 

Figure 

programmable 

6 . 3  gives a s chemat i c  diagram for the 

voltage source . The programmabl e  voltage 

source was a negat ive feedback ,  high current , voltage 

ampl i fi e r . The ampl i fier input was the requ i red c e l l  

voltage . Thi s  was determined b y  the voltage a n d  o ff s et 

cont ro l s  output from the data acqui sit ion system using the 

divide by ten, o f f s et source and unity gai n  o f f s et 

di fferent i al amp l i fi e r  ci rcuits . The feedback s i gnal was 

Volt age enable 
( 0 / S v )  

O f f s et 

O f f s et 
s o u r ce 

c o n t r o l  ( 0 / 5 v )  

O f f s et s e n s e  
( 1 . 7 / 2 . 2 v )  

V o l t age 
cont r o l  ( 0 - S v )  

Voltage s e n s e  
( 1 . 7 - 2 . 7 v )  

P o s it ive post 
s e n s e ( 1 . 7 - 2 . 7 v )  

C u r r e nt 
s e n s e ( ± O - O . Sv )  

S i g n a l  
common ( O v )  

C o nt ro l  C i rc u i t  

D r i ve r  I 1t 

·:·.· ·:·:· 

1!11 11!11 
llll lllll 
1!:1 1·111 

P ower 
F ET ' s  

3 phase 
t r an s f o r me r /  
rect i f ier set 

Cell 
under 
t e s t  

Current s e n s e  
r e s i s t ance 

( 0 . 0 1 o r  0 . 0 0 5il )  

P ower C i rcuit 

* Control s ignals from the data acqui s it i on s y st em 

Figure 6 .  3 :  P ro grammable Voltage S ource S chemat i c . 
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the actual cell voltage determined by the unity gain c e l l  

voltage di fferent ial ampl i fier . This amp l i fi e r  was requi r e d  

to el iminate any voltage drop acro s s  the 0 . 0 1n current 

s ens i ng res i stor . The actual and requi red voltages were 

compared in the h i gh gain error di fferent ial amp l i fi e r . Any 

e rror was s ensed by the driver c i rcuit which adjusted t h e  

actual voltage t o  nul l  out t h e  error . The net e f fect o f  t h e  

negat ive feedbac k  operat i on ensured that the actual c e l l  

voltage was equal to the required c e l l  voltage . The pow e r  

supply f o r  t h e  ampli fier was a 1 0 0  ampere ( average ) , 7 . 3  

volt ( average ) three pha se t ra n s former /bridge rect i f i e r  

set . The ampl i fi e r  output used three 3 5  Ampere power fie l d  

e f fect t ran s i st o r s  ( FET ' s )  i n  paral lel for both the uppe r  

and lower hal f o f  the ci rcuit . The ampl i fier output could 

be placed i n  a h i gh impedance stat e when the voltage 

enable control output from the data acqui s it i on system wa s 

inact ive . The programmable voltage s ource a l s o  provided 

current s ens e ,  voltage sense,  o f f set s e n s e ,  p o s i t ive p o s t  

sense and s i gnal common connect i ons t o  the measurement 

interface ci rcuit s .  

V o l t ag e  
s e n s e ( 1 . 7 - 2 . 7 v ) 

O f f s et 
s en s e  ( 1 . 7 / 2 . 2 v )  

Volt age 
( 0 -S v ) 

Voltage 
d i f famp 

I nt e r f a c e  

G a s  r a t e  

( 0 / S v p u l s e ) 

Switched 

Gas  
flow 

C u r rent s e n s e  
( ±0 - 0 . S v )  

Charge 
cu r r ent ( O - Sv )  

D i s charge 
c u r r e nt ( O - Sv )  

Current I n t e r f a ce 

P o s i t ive post  
s e n s e ( 1 . 7 - 2 . 7 v ) 

Re ference post 

s e n s e ( 1 . 7 - 2 . 2 v )  

Post  volt age 

( 0 - Sv ) 

Re fe r e nce 
d i f f amp 

P o s t  Inte r f a c e  

���j Gas Sens o r  Int e r face f: * Me as urem.e n:t . s i g na l s  t o  the 
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::;:::::::::::::::::::::::::::::::::::::::::::::::::::: data acqu � s � t � o n  s y s t em 

F i gure 6 .  4 :  Measurement Interface C ircuit s . 
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b )  The measurment interface ci rcuit s . 

S chemat i c  diagrams for the measurement int e r f a c e  

c i rcuit s are given i n  f i gure 6 . 4 .  T h e  voltage int e r f a ce 

c i rcuit subt ract ed the o f f set sense from the voltage s e n s e  

s i gnal and multiplied the result by ten using t h e  volt age 

di fferent i al ampl i fi e r . The current int e r face c i r c u i t  

mult iplied t h e  s e n s e  current b y  t e n  and minus ten t o  g i ve 

the charge and di s charge current re spect ive l y . I n  b o t h  

case s s impl e  single input ampli fiers were used . The p o s t  

voltage interface circuit subtracted t h e  re feren c e  

elect rode 

mul t iplied 

post sense from the pos i t ive post sense and 

the result by ten us i ng the post di f fe rent i a l  

ampl i fier . The refe rence Pb02 elect rode i t s e l f  was formed 

by charging a small grid segment . I t  was imme rsed in t he 

elect rolyte solut ion at the t op o f  the c e l l  and e lect r i c a l  

connection was made through t h e  c e l l  plug . The g a s  

measuring component s produced a pul s e  frequen c y  

proport i onal to t h e  g a s  evolut ion rat e of  t h e  c e l l  a t  

atmo sphe r i c  pres sure . The pul s e s  were derived from t h e  

filt ered output o f  a di fferent i al pres sure swit ch . Thi s  

swit ch cons i sted o f  an optical sensor arranged t o  det e ct 

very sma l l  changes in the fluid level o f  a sma l l  U-tube 

manomete r . The mete ring pump pul s e s  a l s o  act ivat ed t h e  

posit ive di splacement metering pump itsel f via a switched 

power supply . 

c )  The temperature controller . 

A s chematic diagram for the temperature cont rol ler i s  

given i n  fi gure 6 . 5 .  The cont rol ler had a feedback s ignal 

obtai ned using the cell tempe rature feedback s e n so r . The 

cont ro l l e r  a l s o  had a feed forward s i gnal der i ved from the 

charge or di s charge current u sing the current square/ s um 

ci rcuit . The feed forward s i gnal accounted for the heat i n g  

e ffect o f  the cell current . The i nput t o  the cont rol le r  w a s  

the tempe rature set point . The temperature s et point wa s 

compa red with the feedback s ignal t o  give a temperature 

error using the error di f ferential ampli fier . The error and 
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e r r o r  d i f f amp 

Tempe r a t u r e  
feedback s e n s o r  

F i gure 6 . 5 :  Temperature Cont r o l l e r  S chemat i c . 
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the feed forward s i gnal s were combined by the i nvert / s um 

ci rcuit and used t o  ope rate a pneumat i c  powered l i n e a r  

actuator . The l i near actuator,  in  t u r n ,  operated a hot a n d  

c o l d  wate r  mixing valve whi ch supplied t h e  c e l l  wate r  

j acket . The feedback control l oop was completed by t h e  

heat ing e ffect o f  t h e  water j acket whi ch dete rmined t h e  

t empe rature o f  t h e  cell e le ct rolyt e a n d  there fore t h e  

temperature o f  t h e  fee dback sensor . The gain s  o f  t he 

invert / sum c i rcuit and the feedback sensor posit ion w e r e  

s e l e cted by trial and error to rest rict t emperatu r e  

variat ions t o  ± 0 . 2 5 ° C  o f  t h e  s et point unde r condi t i o n s  

when t h e  ce l l  current w a s  stepped from 0 to 1 0 0  Ampe r e s . 

The temperature variat ions were measured u s i ng a 

thermometer inserted through the cell plug i nto t h e  

electrolyte solution a t  the top cent re o f  the cell . The 

feedback temperature sensor was placed in a glass t ube 

filled with thermally conduct ive grea s e . The gla s s  tube was 

i n serted diagonal ly th rough the cell plug into el ect rolyte 

s o lution at the top o f  the cel l . 
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Figure 6 . 6 :  The Purpose Bui lt Hardware . 

A photograph of t he purpose bui lt hardware i s  given in 

f i gure 6 .  6 .  The main equipment frame i s  seen in the cent re 

of the photograph . The three phase t rans former set used 

for the p rogrammable voltage source i s  o n  the back o f  this  

frame . The recti fier s  and FET ' s u sed for the volt age source 

are mounted on the water cooled heat s ink at the bottom of 

this frame . The elect ronic circuit s as sociat ed with the 

volt age source , the mea surement interface and t he 

t emperature cont roller are mounted on the upper port i on of 

the main equipment frame . The cell under t e st is seen in 

the l e ft hand foreground of the photograph . I t  i s  enclosed 

in the t emperature cont rolled water j acket . Mounted on t he 

front o f  the wat er j acket top plat e  i s  the gas metering 

pump and pres sure switch assembly . On top o f  the c e l l  i s  

the cell plug a s s embly containing the re ference e l e c t rode , 

feedback temperature sensor , thermometer and gas metering 

pump feed l i ne . The linear actuator and mixing valve used 

for t he tempe rature control l e r  are s een in the right hand 

background of the photograph . 
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6 . 2 THE CELL UNDER TE ST . 

6 . 2. 1  General Specification . 

The general spe c i fi cat i o n  o f  the c e l l  unde r  t e s t  i s  

given below . 

Manufacture r :  Chloride Batteries New Zealand Limited . 

Cell Des ignation : N7 . 

Nomin a l  capacit y : 1 0 0  Ahrs ( 5  hour rat e ) . 

Numbe r o f  plates : 3 po s i t ive and 4 negat ive . 

Approximate overal l  dimensions  ( x l 0 - 3m) : 3 5 9x 1 6 0 x 6 3  

(he ight x width x thickne s s ) . 

Approximate weight ( x 1 0 3 g ) : 1 1 . 0  (wet ) . 

6 . 2. 2  Phys ical Construction Details . 

The c e l l  wa s of  the convent ional flat p l ate type ( see 

chapt e r  2 ) . The c e l l  e leme nt was made up of alternate 

n e gat ive and pos itive plat e s  h e l d  apart by s ep a rator 

a s semb l i es .  Both the out side p l at e s  were r .egat ive . The 

plat e s  we re con structed using pasted lead ant imony grids . 

The s eparator a s semblies  i n c luded a gl a s s  fibre mat , a 

ridged mi croporous polyethy l ene separator and a flat 

mi croporou s polyethylene veneer . T h e  gla s s  mat rested 

aga i n st the positive p l at e ,  the ridged s eparator was placed 

next and the flat veneer res ted against the negat ive 

p l at e . The ridged s eparators on each s ide o f  a pos it ive 

p l at e  were welde d  t o gether and formed an e nvel ope around 

t h e  p late to reduce s hort i ng .  The e l ement was held t ogether 

by negative and pos itive busbars welded t o  the t op the 

p l at e s .  The busbars inc lude t he cell  te rminal post s . The 

e l ement wa s f i t t e d  i nto a polyethy l e n e  c a s e . �'hi s was made 

up of a c a s e  tank , an e l ement foot ing and a case top . The 

c a s e  top wa s fitted wit h  terminal  post  s ea l s  and a vent 

p l ug . 
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Figure 6 . 7 :  Ce l l  Grid and S eparator Component s .  

A photograph o f  the a s s embled cel l i s  given on the 

cove r page o f  t h i s  wo r k . A photograph showing the unpas t ed 

p l at e s  ( bare grids ) and s eparat o r  a s s embly part s i s  given 

in f i gu re 6 . 7 .  The plate on the right is the po s i t ive . The 

ri dged s eparator envelope wel d  in the foreground has been 

opened to give an improved view . The pos itive grid is a 

rectangular f r amework o f  both heavy and l ight membe r s . The 

negative grid is a rectangular f r amework o f  medium weight 

membe r s . 

Dime n s i o n s  o f  the component s des c ribed above are given 

in table 6 . 1 .  



T ab l e  6 . 1 :  Ce l l  D imen s i on s . 

Plate height : 
P late width : 
Positive plate thickne s s : 
Combined posit ive grid height : 
Combined posit ive grid width : 
Negat ive plate thickne s s : 
Separator glass mat thickne s s : 
Ribbed separator thicknes s :  
Separator flat veneer thickne s s : 
Average case thickne s s : 
Average case width : 
Cell container wall thickne s s : 
Electrolyte solution height : 

6 . 2 . 3  Grid and Paste Composition Details . 

Value ( x 1 0 - 3 m )  
·.·.·.·.·.:.;.:.:.y.·.·.·.:-·.·.:-·.·.·.·.·.•.·.·.·.:-:-·-·.·.:.·.·.·.·.·.:.y.:.·-·.·.:-· 

2 1 8  
1 3 6  

5 . 1  
2 1  
1 7  

4 . 1  
1 . 5  
1 . 7  
0 . 4  

6 6  
1 5 6  

2 . 0  
3 0 0  
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The det a i l s  given below are based o n  dat a  kindly 

supplied by the cell  manufacturer .  S ome det ai l s  have b e e n  

intent ionally omitted to protect commercial int e r e st s . 

The positive and negative grids were made from a l ea d­

antimony alloy . The alloy a l s o  contained sma l l  amount s o f  

other element s .  The alloy composition i s  given below . 

9 4 . 4  to  9 4 . 9 % l ead 

4 . 8  to 5 . 2 % ant imony 

0 . 1 5 to  0 . 2 0 %  arsenic 

0 . 1 0 to 0 . 1 4 %  t i n  

0 . 0 2 to 0 . 0 5 %  copper 
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The l eady oxide used for the po s itive and negat ive AM 

paste was produced by a Barton Pot proce s s . Tte plant gave 

7 0  to 8 0 %  t etragonal lead oxide part i cl e s . The rema i n i ng 

part i cles were l ead . 

For the production o f  po s it ive AM paste sulphuric a c i d  

and l eady oxide were mixed in the rat io o f  5 %  H2 s o4 / Pb0 ( by 

weight ) with measured quant it i e s  o f  water .  The mixi ng 

temperature started at about 1 8 · c  ( room temperature ) and 

rose to a peak of  5 5 · c .  The resulting paste contained 

mainly t ri-ba s i c  lead sulphat e with some ( about 1 5 % )  

re s i dual lead . The paste had a dens ity o f  4 . 3 5x1 0 6 g . m- 3 . 

After pasting into the grids the dens ity increased to 

4 . 5 5x1 0 6 g . m- 3 . 

The po s itive plates were cured in a 4 o · c , 8 0  to  1 0 0 %  

relat ive humi dity ( RH )  atmosphere for 2 4  hours . The plat e s  

were then dried in a 4 5 · c  atmo sphe re o f  reci rculat ing free 

air for a further 24  hours . The res i dual lead cont ent in 

the AM after curing was typically 2 t o  3 % . 

The cured plat e s  were formed in sulphuric a c i d  

solut ion ( speci f i c  gravity 1 . 1 9 0 a t  2 5 . C ) . The forming 

proce s s  i nvo lved constant current charge and di s charge 

cyc l e s  at moderat e rate s . Every few di s charge cycle s the 

cell capac ity was measured at the de s i gned 5 hour rate . The 

cyc l e s  were cont inue unt i l  the cell reached it s de s igned 

capac ity . 

Unfortunately the AM st ructure o f  the formed plat e s  i s  

not inve stigated by the manufacturer . To est imat e the 

s t ructural detai l s  required for the model s set out in 

chapt ers 4 and 5 measurement s for s imilar AM pub l ished in 

the l iterature were used . 

P avlov and Bashtavelova ( 1 9 8 4  and 1 9 8 6 )  performed 

poros ity and surface area di stribut ion measurement s on 

posit ive AM made from many di fferent pastes . They showed 

that the paste composit ion and manufacturing proce s s  



T ab l e  6 . 2 :  Comparison o f  AM P roduct ion P ro c e s s e s . 

P roduct ion ! AM produced AM produced 
P ro c e s s  ! b y  P avlov and for the c e l l  
P arameter i Bashtave l ova * under t e st 

�:����4������� 
• •-'Mt;T;�-�-�.9.2:.: . . . . .  w • • • • • • • • • • • • • • • • •  l·· · • • • • • • •'•"••••'-'�•�"•'"• • • • • • • • • • •"· ·"· • • · · ·"···I· · • • • • • • • • • • • • • • • • •W••?.� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . 
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* P avlov and Bashtavelova ( 1 9 8 6 )  
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cont rolled the character i st i c s  o f  the formed AM .  For one 

AM i n  part i cular , the paste composit ion and manufacturi ng 

proc e s s  was very similar to that used for the c e l l  under 

test . The s imi larity can be seen from the summary data 

given in table 6 . 2 .  Detai l s  of the pos itive AM formed from 

this paste were adopted as  a first e s t imat e  of the detai l s  

o f  the positive AM of the cell under t e st . Mea surement s 

reco rded by Pavlov and Bashtavelova ( 1 9 8 6 )  are given in 

f i gure 3 . 1 .  A SEM mi crograph of the pos i t ive AM concerned 

is given in figure 3 . 2 .  

Micka and Svata ( 1 9 7 9 )  performed poro s ity and 

t o rtuosity measurement s on plat e s  from SLI c e ll s . The 

negat ive 

r e su l t s  

porosity and positive and negat ive t ortuos ity 

they reported are adopt ed for the AM of the c e l l  

unde r  t e st . 
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6 . 3  EXPERIMENTAL PROCEDURE AND SCHEDULE . 

6 . 3 . 1  Discharge/Charge Cycle Procedures . 

a )  Calibration . 

Before starting the di s charge/ charge cycle the gas 

met e ring pump and t emperature controller cal ibrat ion were 

checked . I n  the case of the gas met e ri ng pump thi s was done 

by openi ng the pump feed l ine to the air , t i l ting the 

manometer t o  start the pump and counting the numb e r  of  

s t rokes required to di splace 4 0 0xl o - 6  m3 of  wat e r  from an 

inverted graduat ed cyl inde r . The pump wa s adjusted to 

di spl ace 0 . 3 3 3xl o - 6 m3 per s t roke when nece s s ary . I n  the 

case of the t emperature cont rol l e r  the actual c e l l  

t emperature was checked us ing t h e  cel l  plug thermometer and 

the t emperature controller set-point adjusted to bring thi s 

t o  2 5 ° C  when neces sary . 

b )  The di s charge / charge cycle . 

At regular int e rva l s  throughout the di s charge / charge 

cycle the gas met ering pump feed l ine was removed from the 

cell plug t o  allow acces s  t o  a float type hydrometer . The 

hydrometer was used t o  withdraw and measure the spe c i f i c  

gravity of  a small amount o f  c e l l  elect rolyt e . Upon 

completion o f  the mea surement the ele ct rolyte was returned 

to the cell and the met ering pump feed l i ne refitt e d . 

Measurements o f  this type were performed every 0 . 2 5 t o  0 . 5  

hours . All other measurement s were made automE,tically us ing 

the purpose bui l t  hardware and data acqui s it i o n  system 

de scribed above . 

c )  The condi t i oning charge . 

The c e l l  was occas ionally sub j ected to an addit ional 

condi t ioning charge to ensure it was i n  a ful l y  charged 

s t at e . Thi s  was performed at a constant 2 . 6 0 0  vol t s .  



T ab l e  6 . 3 :  Experimental S chedu l e . 

Exp e riment 
D e s i gnat ion 

Depth/Rate 
( Ahr s /A)  

Exp e riment 
Orde r  

T ime between 
Cyc l e s  ( days ) 

AD 0 1 0R4 0 
AD 0 1 0R2 0 
AD 0 1 0R1 0 
AD 0 1 0R 0 5  
AD 0 5 0R40  
AD 0 5 0 R2 0 * *  

AD 0 5 0R1 0 * 

AD 0 5 0R 0 5  * 
* AD 1 0 0R2 0  

AD 1 0 0R10  

1 0 / 4 0  
1 0 / 2 0  
1 0 / 1 0 
1 0 / 5  
5 0 / 4 0  
5 0 / 2 0  
5 0 / 1 0  
5 0 / 5  

1 0 0 /2 0  
1 0 0 / 1 0 

I n t e rp r e t at i on o f  t he e xper iment 

* S u cceeding condit i o n ing charge 

* *  P r e ceding c o n di t i o n ing charge 

6 . 3 . 2 The Experimental Schedule . 

4 
1 
2 
3 
5 
6 
7 
8 
9 

1 0  

1 
4 
1 
1 
1 

1 5  
2 
1 
1 
1 

de s ignat i o n : AD1 0 0R2 0 

J 1 TD i s ch a r g e  

C e l l  r at e  ( A )  
label 

D i s c h a r g e  

dep t h  ( Ah r s ) 
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The experimental schedule i s  summari s ed i n  t able 6 . 3 .  

Thi s give s the experiment des i gnat io n ,  the d i s charge depth 

and rate , the orde r  i n  whi ch the experiments were performed 

and the t ime between the l i sted experiment and the previ ous 

experiment . Three other cel l s  were also sub j e ct ed t o  a 

simi l ar s chedule and gave comparable result s . 

Chapte r  7 present s  the results for the e l emental and 

aggregate mode l s  based on paramete r s  for the cell under 

t e st . I n  addition the experimental result s obt a i ne d  from 

the s chedule above are compared with the VIAM model r e su l t s  

i n  chapt er 7 .  



_C_h_a_p_t_er 
__ 

7 
________________ � L__ 

Results and D iscussion r-

A series  o f  re sult s are reported in thi s chapt e r . 

F i rs t l y ,  the part ial results obt ai ne d  from the s t and-al o ne 

appl i cat ion o f  the three elemental mode l s  are given . The s e  

are foll owed by the part ial re sult s for the s t and-alone 

appl i cat ion o f  the aggregat e mode l . Both set s o f  part ia l  

r e sul t s  are di s cus sed in the l i ght o f  known dat a  whe r e  

p o s s ible . Next , t h e  more general results for t h e  VIAM model 

are given and di s cus sed . The VIAM model is  fo rmed by the 

s imul t aneous app l i cat i on o f  the three e l emental mode l s  and 

the aggregate mode l . Re sult s from t he cell t e s t ed 

experimentally are then given . Finally , the VIAM model 

results and the experimental resul t s  are compared and 

di scu s sed . 
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The parameters used for all the model s  are bas e d  o n  

the actual o r  adopt ed data for the cel l  t e s t e d  

experimental ly ( se e  s e ction 6 . 2 ) . 

The chapter content i s  summarised below . 

i )  Re sult s for the e l emental model s  ( se ct ion 7 . 1 ) . 

i i )  Result s for the aggregat e model ( se ct ion 7 . 2 ) . 

i i i ) Re sult s for the VIAM model ( section 7 . 3 ) . 

iv)  Experimental result s ( se ction 7 . 4 ) . 

v )  A compari son o f  the VIAM model and the experiment a l  

re sult s ( section 7 . 5 ) . 

7 . 1  THE ELEMENTAL MODELS . 

7 . 1 . 1  The Discharge Capacity Model Results . 

The di s charge capacity model i s  set out i n  s e ct ion 

4 . 1 .  The resul t s  for thi s mode l are obtained by solving 

equat ions 4 . 4  t o  4 . 6 .  These equations require the 

equivalent gram solut ion volume in the AM mi crost ructure to 

be known . 

a )  S olut i on volume in the mi crost ructure . 

The solution volume in the microst ructure i s  equat e d  

t o  the t ot al volume change s in t h e  AM fo r a ful l  di s charge 

of the adopted AM ( see s e ct i on 6 . 2 ) . Thi s is an average 

value t aken ove r  the total plate thickne s s . The average 

value may be quite di ffe rent from the requi red l o cal ful l  

di s charge value s ince , under normal di s charge condi t ion s ,  
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the AM near the plat e  surface i s  sub j e ct e d  t o  a ful l  

di s charge , whi le AM in the centre of  the plate i s  sub j e c t e d  

t o  a small di s charge only ( see s ection 3 . 7 . 2 ) . This i s  

i l lu s t rated i n  figure 7 . 1 .  I t  can b e  s e e n  that the ful l  

di s charge value i s  approximated by the product o f  the 

average value and the proportion o f  the plate thickne s s  

that i s  fully di s charged . 

The di s charge volume change for the adopte d  AM was 

0 . 0 4 4 x 1 o - 6  m3 . g- 1  ( P avlov and Bashtavel ova ( 1 9 8 6 ) ) .  The 

di scharge was t e rminat ed when the p o s it ive electrode 

potential reached 0 . 6  vol t s  versus a Hg/Hg2 so4 refere n c e  

e l ect rode . T h i s  corresponds t o  a vo ltage drop dur i ng 

di s charge of  some 0 . 7  vol t s  ( compared t o  0 . 3  volt s  for a 

normal di s charge ) and indicates a deep di s charge . The AM 

ut i l i sat ion facto r  for the di s charge was about 0 . 52 whi ch 

i s  h i gh ( 0 . 2  t o  0 . 5  are typi cal s e e  Smith ( 1 9 8 0 ) ) and a l s o  

i ndi cat e s  a deep di s charge . Given t h e  deep di s charge 

condit ions and the relat ively thin plat e s  of the SLI c e l l  
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t e st ed ,  it wi l l  be a s sumed that the plate was ful l y  

di s charged over it s e nt i re thickne s s . That i s ,  t h e  average 

and full di s charge volume changes in thi s case are e qual . 

The ful l di s charge volume change for the adopted AM i s  

the volume change per gram o f  di s charged AM (AM t hat 

contains  both Pb02 and PbS04 ) . The value required to def i ne 

the e quivalent gram solut ion volume in the mic r o s t ructure 

is the volume change per gram o f  o riginal Pb02 . The 

e quivalent gram value i s  obtaine d  by correct i ng the change 

in mas s  using Faraday ' s  law and the molar mas s  of PbS04 . 

This give s 

( 7 .  1 )  

b )  The di s charge capacity re sult s . 

The results for the e l emental di s charge capac it y  mode l 

u s ing the value o f  V� given above are , 

qd 
= 4 1 8  - 1 A .  s . g  , ( 7 . 2 a )  

qT 
= 8 0 7  A . s . g  - 1 ( 7 . 2b )  

and 
Qd 0 . 5 2 .  ( 7 . 2 c )  

7 . 1 . 2  The Discharge Capacity Model : a Discussion . 

One way the di s charge capac ity model can be t ested i s  

t o  u s e  the re sult s determined above t o  e s t imat e the 

propo rtion 

di scharge 

placed in 

of the plat e  involved in the rated 

of the cell  under t e s t . S ome confidence 

the model if  thi s i s  close  t o  typical 

found experiment a l ly . 

capacity 

can be 

val u e s  

I t  i s  po s s ible t o  calculate t h e  average AM uti l i sat i on 

fact o r  for the cel l  under t e s t  a s s uming tl ..e rated 1 0 0 

Ampere hour capacity .  This i s  given by the mas s  o f  P b02 
consumed in a 1 0 0  Ampere hour di scharge divided by the 

t otal mas s  o f  Pbo2 in the plat e s  of  the cel l . The former 
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quant ity i s  obtained directly from the theoreti ca l  

di scharge capacity and i s  equal t o  4 4 6 . 3  g .  The lat t e r  

quant ity i s  obtained by divi di ng the total p l at e  volume by 

the sum o f  the equivalent gram Pb02 s o l i d  and t otal p o r e  

volume s . Thi s give s a total mas s  o f  1 6 4 5  g .  T h e  average AM 

ut i l i sat ion facto r  for the cell  under t e st i s  theref o r e  

0 . 2 7 1 . Using t h e  AM ut i l i sat i o n  fact o r  as  det ermined b y  t h e  

di s charge capacity model above , t h e  proporti o n  o f  t h e  p l a t e  

fully di s charged in t h e  c e l l  unde r t e st i s  0 . 5 2 1 . 

Chang ( 1 9 8 4 )  performed experimental studi e s  where AM 

ut i l i s at ion was det e rmined by obs e rving the di fferent 

appearance o f  di s charged and charged AM within the plate 

thicknes s .  The proport ion of  the plate ful l y  dis charged was 

i n  the range 0 . 7 5 t o  0 . 6 6 .  Thi s  i s  somewhat larger t han the 

proportion calculat e d  u s i ng the discharge capacity mode l . 

The di fference i s  not unexpected and can be account e d  f o r  

as  follows . First l y ,  the cel l  under test was found t o  b e  

conservat ively rated . I n  t h e  experiment s performed t h e  

actual capacity was found t o  be about 1 1 0  Amp e re hour s . 

Calculat i ons bas e d  on thi s experimental capac ity show t h e  

proportion o f  plate thickne s s  fully di scharged t o  b e  0 . 5 7 3 . 

S e condly , the plat e s  Chang ( 1 9 8 4 )  t e s t ed were di s charged i n  

a n  exc e s s  of  electrolyte and were cons ide rably thinner t han 

t ho s e  o f  the cell under t e st ( 3x1 o - 3  m compared t o  5 . 1x1 o - 3  

m )  . A high AM ut i l i sation i s  expected i n  thi s  case s i n c e  

t h e  o c currence o f  t h e  normal end o f  charge overpotent ial i s  

delayed due t o  l ow so lut ion re s i st ance and short transport 

path s . Taken t o gether the s e  factors indi cate that t h e  

di scharge capacity model r e sul t s  and t h e  experimental 

re sul t s  reported by Chang ( 1 9 8 4 )  are comparab l e . 

The di s charge capacity model can be t ( : St e d  furth e r  

when it i s  combined with other model componen t s  and u s e d  

f o r  the VIAM model . The dis charge capacity model i s  

val i dated i f  there i s  a sati s facto ry agreement betwe en the 

VIAM model re sult s and the experimental re sult s .  
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7 . 1 . 3  The Discharge Surface Area Model Results . 

The di s charge surface area model i s  s et out in s ect i on 

4 . 2 .  The re sult s for thi s model are given by t he 

appl i cat ion o f  equation 4 . 8 .  Thi s  equat i on represent s  a 

s imp l e  l i near approximat ion to the variation o f  surface 

area with charge stat e . The equati on requires the P b o2 
surface area value s  for the ful ly charged and ful ly 

di scharged condi t ions t o  be known . 

a )  The full charge surface area . 

The ful l charge sur face area can be obt ai ne d  dire c t l y  

from t h e  adopt ed dat a  ( P avlov and Bashtavelova ( 1 9 8 6 ) ) . 

Thi s  give s 

- 3 6 0  2 - 1  s �c  - . m . g  . 

b )  The ful l  di s charge surface area . 

( 7 .  3 )  

The ful l di s charge surface area can be derived from t h e  

adopted data b y  correcting t h e  value given t o  t h e  

equivalent gram value ( a s  was done f o r  t h e  di s charge volume 

change in s e ction 7 . 1 . 1 ) . The requi red Pb02 surface area 

can then be found by as suming the corrected value is  made 

up of equal part s of Pb02 and PbS04 surface ( se e  s e c t i o n  

4 . 2 ) . The value given f o r  t h e  di scharge sur face i s  2 . 7 5 

m2 . g- 1 . When correct e d  thi s give s 3 . 1 3 m2 . g- 1 . The requi r e d  

Pb02 surface area i s  hal f t h e  corrected value . That i s ,  

- 2 - 1  s �d - 1 . 5 7 m . g  . 

c )  The di s charge sur face area result s . 

( 7 .  4 )  

The di s charge surface area result s obt ained by 

subst itut ing ful l  charge and ful l  di scharge value s i nt o  

equat ion 4 . 8  i s  shown i n  figure 7 . 2 .  
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The di s charge surface area model can b e  expected t o  

give only a first approximation t o  the actual surface area 

change with discharge . Thi s is  becau s e  the formulation u s e d  

i s ,  i t s e l f ,  a s impl e  approximat ion o f  t h e  complex change s 

in s t ructure des c ribed in sect ion 4 . 2 . 1 .  I t  i s  di f fi cult t o  

direct ly a s s e s s  the accuracy o f  the model becau s e , a t  a l l  

but t h e  fully charged stat e ,  two s o l i d  pha s e  spe c i e s  ( Pbo2 
and PbS04 ) cont ribute to experiment al surface area 

measurement s .  The model can only be t e sted i ndirectly when 

i t  is combined with other model component s and used for the 

VIAM mode l . Here , as  before , the agreement o f  the VIAM 

model and the experimental results would go some way i n  

validating the di s charge surface area model i n  i t s 

s impl i fied form .  
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7 . 1 . 5  The Charge Surface Area Model Results . 

The charge sur face area model i s  set out in s e ct i o n  

4 . 3 .  The surface area result s are obtained by operat ing t h e  

model according t o  t h e  procedure given in s e ct ion 4 . 3 . 6 .  

This amount s to solving the s et o f  s imul t aneous equati o n s  

( equations 4 . 4 2 to 4 . 5 6 )  t hat repre sent t h e  s t ructural 

changes des c ribed in s e ct i on 4 . 3 . 1 .  The re sult s give 

s everal quant i t i e s  including the actual and e f fe c t ive Pbo2 
surface area development with charge . The former quant i t y  

repre sent s  t h e  total Pbo2 surface and t h e  latter quant i t y  

repre sent s only the Pb02 surface area whe re t h e  charge 

react ion is occurring . Obviou s ly the s e  two quant it i e s  

di ffer greatly t owards the end o f  charge where the actual 

Pb02 surface reache s a maximum, but the e f fect ive Pb02 
surface t ends towards z e ro . The e f fect ive Pb02 surface area 

is  a key quant ity required by the VIAM model . 

a )  Model paramete r s . 

Lead ion t ransport paramete r s  including concent rat i o n  

and di f fu s i on coef fi cent a r e  required for the charge 

surface area mode l . The s e  depend on acid concent rat ion and 

are t aken from the data given in Danel and P l � chon ( 1 9 8 2 )  . 

Structural parameters including equival ent gram 

quant i t i e s  and geometric constant s are a l s o  required for 

the charge surface area mode l . The requi red equivalent gram 

quant i t i e s  are the solution mi cro s t ructure volume and 

di scharge total surface area . Thes e  are de fined by the 

adopted AM and have al ready been dete rmi ned for the 

previous elemental model s  above ( s ee equat i on s  7 . 1  and 

7 . 4 ) . The requi red geometric constant s  are the spher e  

surface facto r ,  lobe surface factor and lobe numb e r  p e r  

sphe r e . T h e s e  were determined as  fol lows . 

i )  The surface area factors were fixed . 1'he sphere 

surface factor was kept within the range 1 . 2  to 1 . 5  o f  

a no rmal spherical surfac e . Thi s i s  consi stent with 



the di s charge model des c r ipt i on whi ch sugge s t s  h i gh 

surface area feature s are l argely removed by the 

dis charge proce s s  ( s ee s e ct ion 4 . 2 ) . The lobe surface 

fact or was kept within the range 1 . 2  to 2 o f  a normal 

cylindrical surface . Thi s  acknowl edges t hat the lob e  

structure s grow i n  irregular high surface area forms . 
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i i ) The number o f  lobe s per sphere was s e l e cted by 

t rial and error t o  give a re sult for the equival ent 

gram sur face area at ful l  charge that was equal t o  t he 

value for the adopted AM . Thi s surface area value h a s  

already been dete rmined f o r  t h e  element al mode l s  above 

( se e  equation 7 . 3 ) . In the s tandard cas e ,  used for 

most of  the result s that fol l ow ,  the sphere surface 

facto r  was 1 . 2  and the lobe surface factor was 2 .  

b )  Typi cal model result s . 

Typi cal result s for the charge surface area model t hat 

show the surface area development during constant current 

charge are given in figure 7 . 3 . The vert i cal itxi s give s the 

equivalent gram surface area for the four area quant it i e s  

( PbS04 , actual Pbo2 , PbS04 +Pbo2 and e f fective Pb02 ) defined 

by the model . The hori z ontal axi s  gives the charge s t at e  

from ful ly di s charged t o  ful ly charged ( 0  t o  1 

re spect ively ) . 

I t  can be s een that the PbS04 surface area s l owly 

reduces  t hroughout most of the charge and then fal l s  

rapidly t owards the end o f  charge . The s l ow reduct ion i s  

cons i stent with the gradual consumpt ion o f  s o l i d  PbS04 . 

Towards the end o f  charge thi s will leave relat ive l y  l ow 

volume h i gh surface area part ic l e s . The rapid reduct ion in 

surface area at the end o f  charge i s  con s i s t ent with the 

consumpt ion of  part i c l e s  o f  thi s  type . The Pb02 surface 

increases  throughout the charge . The increase is s l i gh t ly 

more marked towards the end o f  charge . This is cons i st e nt 
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with the development o f  lobe s which grow mor e  rapidly in 

length as  the surrounding PbS04 retreats more rapidly i nt o  

t h e  corners o f  t h e  sphere /box geometry t owards t h e  end o f  

charge . The e ffect ive Pb02 surface follows above the PbS04 
surface throughout most o f  the charge . This i s  con s i s t e nt 

with the control l ing e ffect o f  the supply o f  i ons from t h e  

Pbso4 surface t o  t h e  adj acent Pb02 surfac e . T h e  e f fect ive 

Pbo2 surface fal l s  to z e ro at the end of charge as  the 

redu c i ng Pbso4 surface and a s s ociated ion supply vani she s . 

The total ( PbS04 +Pb02 ) s o l i d  phas e  surface area increas e s  

for mo st o f  the charge but decreas e s  t owards the end o f  

charge . 

The pro f i l e s  o f  lobe s at various stages o f  the surface 

area development are given i n  figure 7 . 4 .  The vert i cal 

axi s  give s the normalised l obe radius obtained by dividing 

the actual radius by the maximum pos s ible radius . The 

hori z ontal axi s  give s the normali sed lobe l e ngth obtained 

by dividi ng the actual length by the maximum pos s i b l e  

l engt h . The latte r  quant ity i s  t h e  radial di stance from t h e  

spher e  surface t o  t h e  box corner within tlte 

geome t ry . The hori zontal axi s  is an axi s  

through the cent re o f  the l obe . That i s , the 

sphere /box 

o f  symme t ry 

l obe i t s e l f  

can b e  vi sual i se d  by rotat i ng a given profile around t h i s 

axi s . 

I t  can be seen that the l obe s in figure 7 . 4  have g rown 

as  point e d  tent -like shape s .  As the charge proceeds the 

shap e s  get proport ionately longe r . Thi s indi c at e s  that l obe 

growth is favoured near the retreating PbS04 surface ( ne a r  

t h e  l obe point ) a s  t h e  charge proceeds . Thi s  i s  con s i s t ent 

with an increas i ng gradient in Pb2 + i on concent rat i o n  

caused by the increasing current density throughout the 

charge . The overall e ffect is that lobe s that continue t o  

grow unt i l  the e nd o f  charge have a larger surface area 

than tho s e  ful ly formed a t  an earl i e r  s t age . I t  mus t  be 

remembered when examining the lobe profi l e s  that the v a s t  

ma j ority of  lobe s in t h e  ful ly charged AM will b e  t h o s e  

formed during the early part o f  t h e  charge . O n l y  a few 
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lobe s would be accompanied by adj acent PbS04 and therefore 

able to cont inue to grow during the lat t e r  s t age s o f  t h e  

charge . Because of thi s ,  the surface area of l ob e s  at 

charge state s approaching unity have only a minor e ffect on 

the overal l  Pb02 surface area . 

F igures 7 . 3  and 7 . 4  give the result s for the charge 

surface area model in one part i cular case . That i s ,  t h e  

c a s e  o f  a low current charge in a n  a c i d  concent rat i on 

typi cal for a part ially charged cell  and with a part icular 

set o f  geometric constant s . Quest ions ari s e  as  t o  how the s e  

resu l t s  wi ll vary for di fferent charge current s ,  di fferent 

acid concent rat i ons and di f fe rent geomet r i c  constant s .  

Re sul t s  for the charge area mode l where t he s e  factors  a re 

varie d  are given below . 

c )  Model results for various charge current s . 

Figures 7 . 5  and 7 . 6  give the re sult s o f  the charge 

surface area model where the charge current is vari e d . 

From figure 7 . 5  it can be seen that at all  but very h i gh 

current s ,  the actual Pb02 surface area i s  alrrtos t  the s ame 

as the l ow current case . That i s ,  it i s  virtua l ly 

independent o f  current . At very high current s the surface 

area at the end of charge rapidly exceeds that of the l ow 

current case . The reason for the increase in surface area 

at h i gh current s can be s een i n  figure 7 . 6 .  At moderate and 

high current s the l obes develop a radial shel f  o f  large 

surface area near the ret reat i ng PbS04 surface . At moderate 

current s thi s shel f i s  only a minor feature on the few 

lobe s growi ng at the very end o f  charge . At high current s 

it i s  more extens ive , on more lobe s and forms earl i e r  t h an 

at moderate current s . No growth of  thi s type! i s  evident 

unti l  the charge i s  more than 7 5 %  complete . The development 

of rapidly growing finely structured lobe s as seen here i s  

typical o f  the dendritic growth t hat occurs whe n  

precipit at ion react ions are concent rated ont o a small area 

( see Bockri s and Reddy ( 1 9 7 7 ) ) .  I t  is  expected here a s  the 

Pb2 + ion concent rat ion gradi ent inc reas e s  with incre a s i ng 
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current density and ions are only available very near t h e  

retreating Pbso4 surfac e . The e f fect ive Pb02 surface a r e a  

s een in figure 7 . 5  reduces as  t h e  current increas e s  t o  

medium and h i gh value s . This e ffect i s  a l s o  expected as  t h e  

Pb2+ i o n  concent rat ion gradient increas e s  with increa s i n g  

current den s ity , restrict i ng t h e  supply o f  i o n s  t o  t h e  

lower regions o f  t h e  growing l obe s . T h e  e ffect i s ,  however ,  

counteracted t o  s ome extent by the growth o f  '' shelve s "  

o f  large surface area near the retreating PbS0 4 a s  al ready 

di scus sed . The overal l  result i s  that the reduct i o n  i n  t h e  

e f fe c t ive surface area with incre a s ing current i s  n o t  

part i cularly great . 

d) Mode l result s for various acid concent rat ions . 

Figures 7 . 7  and 7 . 8  give the resul t s  for the charge 

surface area mode l where the acid concent rat i o n  is vari e d . 

F i gure 7 . 7  shows that both the actual and e ffec t ive Pb02 
surface areas are only s l i ghtly e f fected by a c i d  

concent rat ion . Even then the larges t  e f fect i s  a s s o ciat e d  

with a very concentrated a c i d  solution which i s  unlikely t o  

be found in a pract i cal cel l . Figure 7 . 8  shows t h e  l obe 

profi l e s  for various acid concent rat ions . The appearance o f  

radial shelve s can b e  seen at high acid cc•ncentrat i o n s . 

Here the s e  shelves are always minor features on the few 

growing l obes at the end of charge . The lobe s are again 

expected as the Pb2 + ion concent rat ion gradient increas e s  

with increa s ing acid concent rat i on . Thi s  i s  becau s e  the 

Pb2 + ion di ffusion coefficient fal l s  as  the acid 

concent rat ion increas e s . 

e )  Model results for various geometri c constant s . 

Figure 7 . 9  and 7 . 1 0 give the re sul t s  o f  the charge 

surface area model where the geomet r i c  constant s are 

vari e d . The actual and e f fective surface area devel opment 

shown in figure 7 . 9  is virtually indeper .dent of the 

part i cular value s chosen . Thi s is a surpri s ir1g result i n  

t h e  l i ght o f  t h e  lobe profi l e s  shown in figure 7 . 1 0 .  Here  
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Figure 7.9:  Charge Surface Area for Various Geometric C o nstants . 
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i t  can 

e f fect 

be seen that the lobe surface 

on the l obe pro fi l e s .  The 

fact o r  has l it t le 

l obe pro fi l e s  a r e , 

however ,  st rongly dependent on the sphere surface facto r .  

This i s  a consequence o f  a change in the p roport i ons o f  t h e  

sphere /box geometry di ctated b y  thi s constant ( s e e  

equat ions 4 . 1 2 t o  4 . 1 4 ) . The surpri s ing point i s  that t h e  

different lobe shape and the change i n  sphere/box 

proportions work together t o  give an equival ent gram area 

that remains virtually independent o f  the sphere surface 

fact o r . For the purpose o f  de fining the e ffec�ive surface 

area di st ribution resu l t s  (as for the VIAM mode l ) the 

minor dependence s een above e l iminat e s  the need for preci s e  

e s t imate s  o f  the geometric constant s .  Thi s i s  fortunat e 

s i nc e  these constant s cannot be eas i ly defined from 

experimental studi e s . 

f )  The e ffect ive surface area and the VIAM mode l . 

The incorporat ion o f  the charge surface area model 

into the VIAM model will now be cons idered . Here it is  only 

the e ffective Pb02 surface area that is requi red . The 

results above show that thi s i s  vi rtual ly ir,1ependent o f  

acid concent ration and geometric constant s .  Thi s means the 

determinat ion o f  the e f fect ive Pb02 surface area can be 

s impl i fi e d . That i s ,  it can be taken as  a funct ion o f  

charge stat e  and inst antaneous current only , 

recourse t o  the general charge surface area mode l . 

without 

To implement thi s s impl i fi cati o n ,  the e ffe ct ive Pb02 
re sul t s  for low and high current s were fitted to polynomia l  

forms of  charge stat e . The required e f fect ive surface area 

was t hen defined by fixing the charge state and performi ng 

a l i near i nt e rpolation between the two curve s based on the 

i nstantaneou s current . The c l o s e  agreement o f  the re sul t s  

obtai ned by this procedure and actual mode l rssult s can be 

seen in figure 7 . 1 1 .  The procedure was adoptea for the VIAM 

model t o  reduce the required computat ional e f fort . The 

polynomi a l s  u s ed are given in appendix 3 .  
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Figure 7. 1 1 : Model and Fitte d  Effective Pb02 Charge Surface Area. 

7 . 1 . 6 The Charge Surface Area Model : a Discussion . 

The charge surface area model has already been 

di scussed in the cont ext o f  part i cular re sult s above . 

Quant itat ive model re sult s have been shown to be con s i st e nt 

with the qual itative de s c ript ions upon which the model i s  

based . At thi s point attention wil l  be given t o  compar i ng 

the model re sul t s  to the l imited dat a  avai l able f rom 

experime ntal studi e s . 

a )  The dimens ions of  structural feature s . 

The mode l repre sent s  the dimensions and s t ructure o f  a 

typi cal Pb02 cryst a l l ite within the microstructure o f  the 

AM . At ful l  charge , the overall dimensions are those o f  t he 

sphere /box 

dimensions 

arrangement ( see 

the crystal l ite 

figure 4 . 4 ) . Within thes e  

has many l ob e s  ( edges and 
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spire s )  surrounding a s o l i d  base structure s l i ght ly l ar g e r  

than the sphere o f  t h e  sphere /box arrangement . Thi s  

repre sentation can be compared with experiment al 

obs e rvat i ons o f  AM mi c ro st ructure . The model dimension and 

s t ructure for the re sult s shown in figure 7 . 3  a r e  

characteri sed by 

and 
R0 = 0 . 1 1 9x1 o - 6  m 

Rx 0 . 1 9 0x1 o - 6  m .  

( 7 . 5a )  

( 7 . 5b )  

where R0 i s  the sphere radius and hal f  the box width and Rx 
i s  half the box height . A S EM mi crograph o f  ful ly charged 

AM s imilar to the adopted AM is given in figure 3 . 2 .  It  c an 

be s een that the re i s  a wide range o f  c rystal l i t e s  with i n  

t h e  structure varying in radius from about 0 . 2 5 t o  0 . 0 3 

x1 0 - 6  m .  The s e  dimens ions compare wel l  with the dimensi o n s  

o f  t h e  model given above . 

b )  Trends in total surface area variation . 

The charge surface area model resul t s  give the total 

( PbS04 +Pb02 ) surface area variat ion with charge stat e . 

Ekdunge and S i mon s s on ( 1 9 8 5 )  performed experiment al 

measurement s o f  this  area at four poi nt s  in a charge cycl e . 

The i r  re sult s are given in f i gure 3 . 4 .  Unfortunat ely the AM 

involved in these experiment s is qui t e  di ffe rent from t h e  

adopt ed AM f o r  whi ch t h e  charge surface area model resu l t s  

are given . The di fference can b e  s e e n  in the numeri cal 

valu e s  for the surface areas in each case t Thi s 

inval idate s  a di rect compari son of  the model and 

experime ntal result s . None-the-l e s s ,  di s count ing numeri cal 

value s ,  some s imi larit i e s  would be expe c t ed . Both re sul t s  

show a s i gn i fi cant i ncrease i n  surface area in the f i r st 

t I n  the experiments o f  Ekdunge and S imons son ( 1 9 8 5 )  the s e  

were 6 . 4 0 and 1 . 2 5 m2 . g- 1  and in the adopte d  AM 3 . 6 0 and 

2 . 7 5 m2 . g-1  for the ful l  charge and ful l di s charge areas 

re spectively . 
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half o f  the charge cycl e  and little overall i ncrease in 

surface area there a ft er .  Two main differences are a l s o  

s een . F i rst ly , the initial experimental surface a r e a  

increase i s  very rapid compared to that f o r  t h e  model .  

Ekdunge and S imons son ( 1 9 8 5 )  account for thi s by sugge st i ng 

that Pbso4 encap sulat i on o f  Pb02 depre s s e s  the surface a r e a  

measurement value a t  ful l  di s charge . Thi s means that t he 

t rue experimental surface area value at ful l  di s charge 

should be adj u sted upwards t oward the model val u e . 

S e condly , the final experime ntal surface area shows no 

change compared to a decl ining value for the mode l . I n  fact 

Ekdun ge and S imons s on ( 1 9 8 5 )  as sume the form they repo rt 

and have no additional measurement s in thi s region . The 

as sumed form i s  reasonable given the original data but i f  

the value o f  the area at ful l  di scharge i s  adjusted as  

di scus sed above a form approaching the model result s is  

likely . 

c )  A direct compari son o f  total surface area var i ation . 

An alternat ive approach can be used to give a mor e  

di rect comparison between the model result s and t h e  

experime ntal r e s u l t s  o f  Ekdunge and S imons son ( 1 9 8 5 ) . T h i s  

involves de fining new model parameters for the part i cu l a r  

AM u s ed b y  Ekdunge and S imons s on ( 1 9 8 5 )  and u s i n g  the s e  t o  

obtain new model result s . T o  t h i s  end a new e�uivalent gram 

s o lut ion volume o f  the mi crostructure was found from t h e  

reported volume change s . I n  addi t i on ,  t h e  report e d  surface 

area re sult s were corrected to e quivalent gram value s on 

the bas i s  o f  the change o f  mas s  required to fill  t h i s  

volume during di s charge . The charge surface area model was 

operated with the new mic rost ructure solution volume 

( 0 . 0 3 7x1 o - 6 m3 . g- 1 ) ,  a sphere and l obe surface factor o f  

1 . 2  and 2 re spect ively and e s t imate s  for the Pb02 surface 

area at full di s charge and the number o f  l ob e s  per sphe r e . 

The e st imated parameters were changed by trial and e r r o r  

unt il the model area results agreed with t he correct e d  ful l  

and hal f charge experimental valu e s . The experiment a l  

value s a t  l e s s  than hal f  charge were not t aken i nt o  
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account because o f  the undetermi ned amount 
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o f  

encap sulated surface involve d . The model result s obtained 

in thi s way are given together with the corrected 

experimental results in figure 7 . 1 2 .  It  can be seen that a 

conside rabl e  upward adjustment o f  the experimental values  

in the i ni t i al part of  the charge is  s t i l l  required to 

al ign the two re sult s . Without further experimental work it  

cannot be determined whether or not the argument of  

encapsulat ed Pbo2 justifies this adj u stment . 

d) The e f f ect ive Pbo2 surface area . 

The e ffect ive Pbo2 surface area cannot be ' det e rmined 

from publi shed experimental data . 

S ome measure of  the val idity of  the model i n  genera l , 

and the e f fe ct ive area quant ity in part i cular , can be made 

by comparing the VIAM model ( which i ncorporat e s  the charge 

surface area mode l ) with the experimental re sult s . 
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7 . 2 THE AGGREGATE MODEL . 

The Aggregate model i s  set out in chapt e r  5 .  

7 . 2 . 1  Aggregate Model Dimensions . 

The model dimensions at full charge are found by 

solving e quations 5 . 1  to 5 . 1 2 ,  5 . 1 4 to 5 . 2 0 ,  and 5 . 2 2  t o  

5 . 2 6 .  The s e  equat ions can b e  s olved b y  sub st itut i o n  o f  t h e  

appropriat e aggregate model paramete r s . 

A numbe r of  aggregate model paramete r s  relate directly 

to the dimens i ons of  the cell unde r test a s  given in tab l e  

6 . 1 .  The s e  parameters are given i n  table 7 . 1 .  

The remaining aggregate model parameters relat e  t o  

detai l s  o f  the AM st ructure . Mo st o f  the s e  a r e  de fined by 

adopt ed data for the po s it ive AM ( see s e ction 6 . 2 ) . The 

model parameters were derived from this data a s  fol lows . 

Tab l e  7 . 1 :  S ome Aggregate Mode l P arameters . 

I:.f\f}�.m�.t�tf.,.,.,.,.£,�.,§.Si,E.,teS.,�S?.:B.,.,.,.,.,.t§)2TIR.211 
Number of posit ive half plates (Np ) :  

.€ .. �-E-�-�-�--�-.-�.E, ....... 9..�.-�,.5?..E .. � . .P..�.-�,.:?..�.-., ..... , .. �.-�.X,�.:?. .. �.-.t 
P late height ( H p ) : 
P late width (Wp ) :  
Half positive plate thicknes s  ( S p ) : 
Combined pos it ive grid height ( H g ) : 
Combined pos it ive grid width ( Wg ) : 
Separator a s s embly thickness ( S 8 ) : 
Half negat ive plate thickness ( Sn ) : 
Cell case width ( ins ide ) ( W e )  : 
Cell case thicknes s  ( ins ide ) ( Se )  : 
Elect rolyte solution height ( H eO ) : 

Value 

6 

Value ( x l o-3 m) 
·.�.·.·.·.:······-:-:-:.·.·.·.·.·.·.·.·.· . ..-.·.·.·.z.·.·.·.·.·.·.·.·.·.·.·.·.· ..... ·.·.•.•, 

2 1 8  
1 3 6  

2 . 5 5 
2 1  
1 7  

3 . 6  
2 . 0 5 

1 5 2  
62  

3 0 0  
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The equivalent gram �-channel volume was t aken a s  t h e  

equivalent gram mi crostructure p o r e  volume , whi ch h a s  b e e n  

defined f o r  t h e  di s charge capacity e lemental model i n  

s e ct ion 7 . 1 .  Subtract ing thi s volume from t h e  total p o re 

volume on the adopted accumulat ive pore volume curve 

( fi gure 3 . 1 ) , de fine d  the equivalent gram m-channel volume . 

This as sumed the volume of the h-channel was negl igible 

which i s  consi stent with the l ow cycle l i fe of the AM . The 

divi s ion of  microst ructure and macrostructure volumes by 

this approach occurred at a radius o f  0 . 3 5x 1 0 - 6  m .  

Tran s ferring thi s radius onto the adopte d  accumulat e d  p o re 

surface curve ( fi gure 3 . 1 ) , de fined the equivalent gram �­

channel and m-channel surface areas . The ave rage po s it ive 

AM poro s ity was cal culated from the adopte d  total p o re 

volume and solid volume for a gram o f  ful ly charged AM . 

The 

structure 

from the 

few remaining parameters that relat e  t o  t he 

o f  both the pos itive and negat ive AM are taken 

adopt ed data o f  Micka and Svata ( 1 9 7 9 ) .  

Spec i fically,  the h-channel tortuosity factor was taken as 

the value reported and the �-channel and m-chann e l  

tortuosity factors were taken as  a n  i ntermediate val ue 

between unity and the value reported . The i ntermedia t e  

value was u s e d  s ince the m-channe l / �-channel t runk/bra n ch 

structure inherently model s  a highly tortuous system whe re 

the i ndividual component s thems e lves need not have a large 

tortuosity fact o r . In addition t o  the positive AM 

parameters , the n-channel tortuo s ity and ave rage poros ity 

are t aken as the value s reported for the negat ive AM .  

The aggregat e model parameters de s c ribed above a r e  

summarised in table 7 . 2 .  When these a r e  substituted i nto 

the equat ions that define the aggregate model dime n s i o n s ,  

the r esult s summarised in tab l e  7 . 3  are obtained . 



T ab l e  7 .  2 :  Rema i n in g  Aggregate Mode l P aramete rs . 

.� .. �.E .. �.::::.� .. !: .. �.E. ......... ?..� .. � .. S.E. .. �.P!: ... � . .SP, ... ·.·.·.·t�.X.E:.;!?..S.,�.2., 
Average posit ive AM porosity ( Pp ) : 
Pos it ive macrost ructure 

Equivalent gram volume (x1 0 - 6 m 3 . g -1 ) (Vm )  
Equiva lent gram surface (m 2. g -1 ) ( S m) 
Surface roughnes s  ( fro ) : 
Tortuos ity ( 9 m ) : 

P o s it ive microst ructure 
Equiva lent gram volume (x1 0 - 6 m3 . g -1 ) (V� ) 
Equivalent gram surface (m 2 . g  -1 ) ( S �) 
Surface roughnes s  ( f� ) :  
Tortuosity ( 9� ) : 

Value 

* 0 . 0 6 6  
0 .  0 8  * 
1 .  2 * *  
1 .  3 t t  

0 . 0 5 0  * 

3 .  52 * 
2 .  0 * *  
1 . 3 t t  

Non-participat ing posit ive AM tortuosity (9 h ) :  2 . 1 9 t 

0 .  5 4 8  t 

1 . 1 8 t 
Average negative AM porosity ( Pn ) : 
Negative AM tortuosity ( 9 n ) : 

* Pavlov and Ba shtave l ova ( 1 98 6 )  
* *  E s t imat e f r om micrographs P avlov and Basht avel ova ( 1 9 8 6 )  . 
t Micka and Svata ( 1 97 9 ) 
t t  D i s counted value from Mi ck a  and Svata ( 1 97 9 ) . 

T ab l e  7 .  3 :  Aggregat e Mode l D imens ions . 

.. �.S .. 9.� ... � ...... .S.?..TP.?..!.: .. � .. ::,.t 
r-channel 
n-channel 
s-channel 
h- channel 
m-channe l 
J.l.-channe l 

.·�.�.::,.9-:.! .. �.·.·.·.·J.�) 

5 . 1 8x1 0 -2 

2 .  42x1 0 - 3  
3 . 6 0x1 o -3 

5 .  5 8x 1 0  -5 
3 . 2 8x1 0 -3 

2 . 8 3x1 0 - 6 

9 . 3 1x 1 o - 1 2  

2 . 5 3x1 0 - 1 1  

6 . 8 8x1 0 - 1 1  

1 . 2 9x 1 o - 1 1  

1 . 2 3x1 0 - 1 1  

1 . 0 1x1 o - 1 4 

�.;.:.;.;.;.;.;.;.;.;.;.;.;.;.;.;.;.;.;.;.:-:·:·:·:·:·:·:·:·:·:·:·:·:·:·:-:-:-:-:-:-;.;.;.;.;.;.;.;.;.;.;.;.;.;.;.;.;.;.;.;.;.:-:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:·:-;.;.;.;.;.;.;.;.;.;.;.;.;.;.;.;. 

J.l.- channels per m-channel :  
m-channel s  per equivalent 
m-channels per cell : 

gram : 

6 
1 . 0 7 x 1 0  
1 . 62x1 0 6 

2 . 5 9x 1 0 9 

2 1 2  
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Further re sult s for the aggregate model are not 

p o s s ible without the s imultaneous involvement of the thr e e  

e l emental mode l s . When these model s  are u sed t ogether t hey 

const itut e the VIAM model and the corresponding re sult s are 

given as  tho s e  for the VIAM model in section 7 . 3  below . 

7 . 2 . 2  Aggregate Model Dimensions : a Discussion . 

It i s  o f  int erest to compare the aggregate mod e l  

m-channel and �-channel cros s - s e ct i onal a r e a s  with t h e  

s ituation s e e n  in t h e  mi crographs of  figure 3 . 2 .  The mod e l  

cro s s - s e ct ional areas correspond to charact e r i s t i c  radii o f  

1 . 9 8 x 1 o - 6  m and 0 . 0 5 6 8 x1 o - 6 m for the m-channel and � ­

channel respectively . When pore s o f  the s e  dime n s ions a re 

superimposed on the mi crographs it can be seen that the m­

channel pores are typical o f  large voids betwee n  

crystall it e  agglomerat e s . In addit ion , it c a n  be s een t hat 

the �-channel pores are typi cal o f  large vo ids within t h e  

agglome rate st ructure and very small voids betw e e n  

agglomerat e s . I n  both cas e s  t h e  dimensions a r e  b i a s e d  

towards the larger voids i n  the structural feature s t h e y  

repre sent . Thi s  b i a s  can al so be s e e n  in the divi s i o n  o f  

mi crostructure and macrostructure a s  suggested by P av l ov 

and Bashtavelova ( 1 9 8 6 )  and as  det ermined for the aggregate 

model here . The former sets the dividing radius at 0 . 2 0 

x l o - 6  m based on vi sual obs ervat ions o f  the mi crograp h s . 

The model set s the dividing radius at 0 . 3 5xl o - 6  m bas e d  on 

e quat ing di s charge volume changes to void volume s in t h e  

mi crostructure , in  l ine with t h e  el emental di s charge 

capacity mode l . Thi s reveal s a s li ght s h i ft in t h e  

de finition 

t aken to 

agglomerat e s  

o f  t h e  �-channel volume . Unt i l  now it  has b e e n  

represent voids within t h e  c rystall i t e  

only . A s  determined by the a g�regate model 

parameters , however ,  it can be seen to inc ludE small po r e s  

between agglome rate s i n  addition t o  the voi ds within t h e  

agglomerat e s . 
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The number o f  �-channel s per m-channe l  can be seen t o  

be approximately 1 0 6 . Thi s  shows grouping �-channel s  to be 

a nec e s sary t echnique to reduce the computat i onal effort o f  

a practi cal model . 

The h ,  s ,  n and r-channel cros s - sectional areas have 

values s imi lar to the m-channel c ro s s - sectional area f rom 

which they are derived . The s e  chann e l s  a l s o  have l ength s  

that refl ect the dimensions o f  t h e  component L: o f  the c e l l  

unde r  t e s t  in which they are contained . 

7 . 2 . 3  Functions for the Aggregate Model . 

Before the aggregate model can u s ed, several a c i d  

concentrat ion dependent functions must b e  de fined . The s e  

are the equilibrium pot ential o f  the Pb02 e l e ct rode ,  the 

re s i s t ivity o f  H2 so4 solut i o n ,  the di f fus ion coeffici ent o f  

H2 so4 i n  solution and the anodi c and cathodi c  exchange 

current dens ity of the Pb02 ele ctrode . The first three 

funct ions were fitted to polynomi a l s  i n  concent rat ion u s i ng 

well known experimental data ( see appendix 3 )  . The two 

exchange current density funct ions are far from cert ai n  

( s ee sect ion 3 . 3 . 2  and 3 . 3 . 3 ) . The approach t aken here w a s  

to adopt the react ion orders sugge sted b y  Hampson e t  al  

( 1 9 6 8 ) with l ikely value s for the rate constant s . Thi s  gave 

wel l  def i ned,  if rather uncertai n ,  funct ions ( see appendix 

3 )  . When used with the aggregate model , these funct i on s  

were mult ipl i ed b y  a constant factor to al low adjustment o f  

the rate constant s . The react ion orders were not changed . 

In  pract ice the five funct ions des c ribed above were 

evaluated in advance for concent rations in the range 1 0 0  to  

1 0 0 0 0  mol . m- 3  us ing 1 0 0  mol . m- 3  step s . The re sult s were 

placed into a look-up table within the aggregate mode l . 

Funct ion evaluat i ons for an arbit rary concentration were 

performed us ing a l i near interpolat i on between adj acent 

table point s . The look-up table approach was used to 

i ncrease program execution speed . 
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7 . 3  THE VIAM MODEL .  

The VIAM model i s  the combinat i on o f  the three 

e l emental model s  plus the aggregate mode l . Re sult s for t he 

VIAM model are obtained by operat i ng the combinati o n  o f  

mode l s  s imultaneou s ly . In  practice the simult aneo u s  

operat ion 

e l emental 

was achieved by incorporating the s impl e  

model s di rectly into the aggregat 8 mode l . The 

incorporat ion o f  the di s charge capac ity model was imp l i c i t  

s i nc e  it  i s  a n  as sumption upon which t h e  aggregate model 

was bui l t . The incorporat ion of the di scharge surface area 

model requi red the addit ion o f  a one line formulation . I n  

principl e ,  the incorporation of  the s imp l i fied charge 

surface area model requi red the addit ion of two polynomial 

equat ions for the dependence on charge stat e  and a linear 

interpolation e quat ion for the dependence on current . I n  

pract i c e , the polynomial equat i ons were evaluated f o r  

charge stat e s  i n  t h e  range 0 . 0 1 to 1 . 0 0 u si ng 0 . 0 1 steps 

and the results were placed in a look-up tab l e  within the 

aggregate model . Funct ion evaluations for �n arbitrary 

charge stat e  were performed using a linear int e rpolat i o n  

between adjacent tab l e  point s . The l i near int e rpol at i on f o r  

the current dependence was retained . Again t h e  look-up 

table approach was used to increase program execut i o n  

speed . 

The VIAM model can be used with any di s charge / charge 

cycl e . For examp l e , int e rrupted di s charge , vari able r e st 

t ime and fast charge are cycle variat ions that can be 

exami ned . However ,  for the purpo s e s  o f  proving the mode l , 

the model operat ion has been l imit ed to the few ba s i c  cyc l e  

variations that follow . 

When cons idering the VIAM model results it  i s  helpful 

to keep in mind the di s crete nature o f  the mode l . The 

complete di s charge or charge o f  AM a s soci at e d  with one m­

channe l  segment , in some case s ,  re sult s in a sma l l  step i n  

t h e  voltage/t ime characterist i c . I f  de s i red,  the number o f  
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segment s can be increased t o  minimi s e  t h i s  e ffect with the 

cost o f  an incre a s e  in computing t ime . 

7 . 3 . 1  VIAM Model Results for a Standard Case . 

F i gures 7 . 1 3 to  7 . 2 0 pre s ent comprehens ive VIAM model 

re sul t s  for the standard c a s e  o f  a medium 2 0  Ampere full 

di scharge fol l owed by a 0 . 5  hour rest and 20  Ampere charge . 

The overall voltage / t ime characte ri s t i c s  predicted by 

the model are given in figure s 7 . 1 3 and 7 . 1 4 .  The internal 

di stribut i ons t for AM stat e , voltage and concent rat ion for 

the cell component s repre sented by the model are given in 

figure s 7 . 1 5 to  7 . 2 0 .  A des c ription o f  important featur e s  

f o r  the medium di s charge c a s e  and typical o f  other ca s e s  

foll ows . 

a )  The di s charge capacity . 

The po s i t ive plate voltage reached the end o f  

di scharge value o f  approximat ely 1 . 4 5 0  volt s in 4 . 0  hou r s  

( figure 7 . 1 3 ) . That i s ,  t h e  cell had a di scharge capac ity 

o f  80  Ampere hours at the 4 hour rat e . This corre sponds to 

an 8 9  Ampere hour capacity at the 5 hour rate o f  1 7 . 8  

Ampere s ( as suming typi cal de-rat i ng curves s e e  Linden 

( 1 9 8 4 ) ) .  

b )  St age s in the dis charge . 

The posit ive plat e  di s charge voltage /t ime 

characteristic  can be divided i nto ini t i al , intermedi a t e  

and final stage s . The s e  stage s a r e  conside red in turn 

be low . 

t I t  shoul d b e  noted when examining the figures for the 

internal di st ribut ions the solid,  small dash and large dash 

l i ne typ e s  are a s s ociated with the di s charge , re st and 

charge portions of the di s charge / charge cycle re spect ive l y  
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c )  The i nitial di s charge stage . 

The initial stage i s  marked by an instantaneous t h e n  

short but relat ively rapid plate voltage drop . 

Cons i de r  first the instantaneous volt age drop . Thi s i s  

a drop o f  0 . 0 2 2  vol t s  from the open-ci rcuit value o f  1 . 7 6 6 

volt s . Change in concent ration cannot occur instantaneous ly 

and there fore change in e l ect rode equilibrium potent i al i s  

not a factor here . F igure 7 . 1 8 shows the contribut i o n  o f  

the solut ion pot ent ial drop i s  between 0 . 0 0 1  and 0 . 0 1 0  

volt s depending on the po s i t i on in the plat e . By 

e l iminat i o n ,  

port i on o f  

thi s means that the remaining 

the instantaneous volt age is 

e l ect rode ove rpote ntial . 

( and l arge s t ) 

due t o  t h e  

Con s i de r  now t h e  short but relat ively rapid plate 

voltage drop . F i gure 7 . 1 8 indi cat e s  that the s olut i o n  

potent ial drop i s  e s s enti ally constant here . Howeve r ,  

observat ions o f  the model i n  operation show a relat ive ly 

rapid drop in acid concent rat ion in the plat e . Thi s 

concentrat ion drop e ffect s the e lect rode equi l ib r i um 

potent ial and overpotent ial . The elect rode equi librium 

potential decre a s e s  with dec reas i ng acid concent rat i o n  i n  

accordance with the Nernst equat ion ( equat iu .'l. 3 .  5 ) . The 

e lect rode overpotent ial increas e s  with decreas ing a c i d  

conc e ntrat ion becau s e  o f  the p o s it ive cathodi c  exchange 

current react ion o rde r . Together the s e  e ffect s account f o r  

t h e  drop in plate voltage s een here . T h e  rapid drop i n  

concentration i s  not sustained as  concent rat i on gradient s 

devel op and acid i s  supplied to the plat e  from t h e  

s eparator . For the c a s e  in point , the acid concentrat i on 

changes at the plat e  surface were 8 9 ,  5 9 ,  5 0 , 4 7 , and 4 5  

mo l . m- 3  for the first five 0 . 0 5 hour i nt e rva l s  o f  the 

di s charge . 
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d )  The intermediate di scharge stage . 

The ma j ority o f  the di s charge t ime i s  spent in t h e  

intermediate di s charge stage . Here t h e  plat e  voltage shows 

a gradual dec l i ne . Figure 7 . 1 8 shows that the potent i a l  

drop due to solution r e s i stance doe s  not change 

s igni fi cantly during thi s t ime . Reference to the i nt ernal 

acid concent rat ion ( figure 7 . 1 6 )  indicat e s  that a dec l i ne 

in acid concent ration and the e f fect that t h i s  has on t h e  

e lect rode equ i librium potent i a l  and overpotent ial , i s  agai n  

t h e  main mechani sm for voltage drop here . I n  t h i s  cas e ,  

however ,  

s l ower 

the decline in acid concentrat ion i s  s omewhat 

than before . It can be seen from figure s 7 . 1 9 and 

7 . 2 0 that the dec l i ne i n  acid concent rat ion is not a 

consequence o f  mas s ive depl etion in the total cell  a c i d . 

The dec l i ne i s  instead an e f fect of  re s t ri cted transport 

within the cell component s .  

e )  The final dis charge stage . 

I n  the final stage o f  the di s charge , the plate voltage 

shows a rapi d  drop . Three factors contribute t o  thi s 

voltage drop . 

Firstly,  the solution potential drop incre a s e s  at t h i s  

stage of  the dis charge . Thi s i s  due in part tn t h e  i n c r e a s e  

i n  acid resi stivity as  the acid concent rat i c·n approache s 

z e ro . It  i s  a l s o  due to the e ffect o f  the progre s s ion o f  

the reaction region i nto the plat e  interior . The 

progre s s ion can be seen by the moving front s for t h e  

di s charged plate AM and plat e  current in figures 7 . 1 5 and 

7 . 1 7 respective l y . This require s the di s charge current to 

pass through an acid s o lution component o f  i nc r ea s i ng 

l ength before reaching the di s charge reaction region . The 

i ncrease in l ength is reflect ed in an increase in 

e lect rical re s i st ance . The drop in solut i on potent ial t hat 

re sult s is approximately 0 . 0 2 2  volts ( fi gure 7 . 1 8 ) . 

S econdly , the e f fect o f  e l ect rode equil ibrium 
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potential di s cus s e d  above rapidly increase s  i n  magnitude a s  

the acid concentrat ion i n  the plate approach e s  z ero . The 

drop in this  potent ial i n  the last hour o f  the di s charge i s  

approximately 0 . 1 0 0  volt s . Thi s  i s  the same order a s  t he 

total potent ial drop for the first three hours of  t h e  

di scharge ( potent i a l s  e s timated from the concent rat i on 

change in f i gure 7 . 1 6 ) . 

Thi rdly , the e f fe ct o f  the overpotential as  di s cu s s e d  

above rapidly incre a s e s  in magnitude a s  the concentrat i o n  

approache s z ero . By eliminat i on thi s must b e  great e r  than 

0 . 1 0 0  volts at the end of the di s charge compared to 0 . 0 2 2  

volt s or l e s s  at the beginning o f  the di s charge . 

f )  The open ci rcuit re st stage . 

The rest st age i s  betwee n  di scharge and charge whe n  

there i s  no net cell  current ( t hat i s ,  when t h e  c e l l  i s  

open circuit ) . The voltage / t ime charact eri s t i c  here i s  

given i n  the early part o f  figure 7 . 1 4 .  I t  shows an 

instantaneou s then gradual r i s e  in plate volt age . 

Cons ider first the instantaneous voltage ri s e . As with 

the init ial di s charge stage di scussed above t he e l e ct r o de 

equi l ibrium potent ial cannot be a factor here . F i gure 7 . 1 8 

shows that some o f  the voltage rise  i s  due t o  a reduct i o n  

in solution potent ial drop as  t h e  cell current i s  

di scontinued . By e l imi nat ion , a reduct i on i n  e lectrode 

overpotential must account for the remainder o f  the volt age 

r i s e  seen here . 

Con s i de r  now the gradual voltage r i s e . F i gure 7 . 1 6 

shows the acid concentration within the plate gradual l y  

r i s e s  during the re st period as  a c i d  i s  supplied f rom 

out s i de the plat e . Thi s r i s e  in acid concent ration dictate s  

a gradual increase i n  equ i l ibrium potent i al fo r t h e  

e l ect rode . T h i s  account s for t h e  gradual ri s e  in t he 

voltage characterist i c  seen here . 
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A di scharge / charge reaction occurs i nt ernally with i n  

t h e  plate during the rest stage . Thi s reaction i s  driven by 

variations in equilibrium potent ial due t o  the non-uniform 

concent rat ion distribut ion ( se e  figure 7 . 1 6 ) . The non­

uni form concent ration i s  sustained by the supply of acid 

from the s eparator region . As a result AM near the plate 

surface cont inue s to di s charge and is balanced by an equal 

charge of AM in the plate int erior .  The current 

di st ribut i on in figure 7 . 1 7 and the redi s tribution o f  AM 

during the rest stage in figure 7 . 1 5 are evidence o f  thi s . 

g )  S tage s in the charge . 

As with the di s charge , the charge can be divi de d  i nt o  

an init i a l , int e rmediate and final s t age . Thes e  a re 

di scussed in turn below . 

h )  The initial charge stage . 

The init ial stage i s  marked by an i nstantaneous then 

relat ively rapid rise in plate voltage . The reasons for 

thi s are s imi lar to tho s e  given for t he init j al  stage of  

the di s charge . That i s ,  the instantaneous vol tage rise is  

due t o  s o lut ion potential r i s e  and overpotential and the 

relat ively rapid rise  that follows i s  due to a rise in a c i d  

concent rat ion and t h e  e f fect thi s h a s  on e l e ctrode 

e qui l ibrium potential and ove rpotent i al . In  thi s case  t he 

overpotential increas e s  with increasing acid concent rat i o n  

because o f  the negative anodi c  react ion o rder o f  t he 

exchange current den s ity . Again the relat ively rapid r i s e  

i n  a c i d  concent rat ion i s  unsustained . 

i )  The int ermedi ate charge s tage . 

I n  the i nt e rmediat e stage o f  the charge the voltage 

shows a gradual increa s e . This i s  a cont inuation o f  the 

i ni t i ally rapid effects seen at the beginning of  t he 

charge and i s  cont rolled by a gradual increase in a c i d  

concentrat ion ( s ee figure 7 . 1 6 ) . Again it compare s directly 
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t o  t he int e rmediate di scharge stage . The one difference i n  

the charge case i s  that the solution potent ial r i s e  

( compared t o  a fal l i n  the di s charge c as e )  reduce s with 

i ncreasing acid concent rat ion s ince the solut i on 

resi s t ivity reduces .  Thi s can be seen in figure 7 . 1 8 .  

j )  The final charge stage . 

The final stage o f  the charge shows a rapid r i s e  i n  

plat e  voltage . F i gure 7 . 1 6 shows that the a c i d  

concentrat ion h a s  n o  large increase a t  thi s stage . Thi s 

means the elect rode equil ibrium potential and the s olut i o n  

potential r i s e  do n o t  cont ribute i n  a ma j o r  way to t h e  

rapid voltage r i s e  here . In  fact , t h e  cont ribut i o n  o f  t h e  

s o lut ion pot ent ial r i s e  is  l e s s  at t h e  end than a t  t h e  

begi nning of  charge ( see figure 7 . 1 8 ) . B y  el iminat i o n ,  thi s 

l e av e s  the e lect rode overpote ntial as  the mai n  cont ribut o r  

to t h e  rapid voltage ri s e  here . The high overpote nt i al i s  

to  b e  expected s i nce the current den s ity increa s e s  rapidly 

as  the charge current i s  concentrated onto a vani shing 

react ion surface area (the e ffect ive Pb02 surface ) . 

7 . 3 . 2  Other VIAM Model Results . 

VIAM model results for five di fferent c a s e s  follow . 

Thes e  include cases for s low and fast di s charge rat e s , AM 

with increased tortuo s it y ,  AM with a s ignifi cant non­

part i c ipat ing portion and AM with an increased exchange 

current . In  all cas e s  the dis charge is followed by a 0 . 5  

hour rest and a 2 0  Ampere charge . Only the overal l 

vo ltage /t ime charact e r i s t i cs and the int e rnal di stribut i on 

for AM stat e  and plat e acid concentration have been given 

for the s e  case s . 

a )  VIAM mode l results for a s l ow di s charge . 

VIAM model re sult s for a s l ow ,  3 . 5  Ampere , full 

di scharge case are presented in figures 7 . 2 1 t o  7 . 2 3 .  The 
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Figure 7.24:  Plate Acid for 3 . 5  Ampere Full Discharge .  
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di scharge capacity here o f  1 3 4  Ampere hour s  i s  conside rably 

h i gher than that for the standard case  above . Thi s  come s 

about becau s e  o f  two polari s ation redu c i ng e ffect s .  

F i rstly,  the l ower di s charge rate allows more time for a c i d  

t o  di ffu s e  i n t o  t h e  plat e s  from e l s ewhere . As a re sult , t he 

plat e  acid concent ration i s  higher here than i n  t h e  

standard c a s e  given t h e  same di s charge depth . Thi s  gives a 

h i gher electrode equi l ibrium potential and a lower 

overpotent ial . S e condly , the l ower current here gives a 

l ower exchange current and there fore a lower ove rpote nt i al 

than in the standard case . 

The di s charge voltage / t ime charact e r i s t i c  ( figure 

7 . 2 1 )  shows the dominant role of  the electrode equi l ibrium 

potential . For example at the 3 0  hour mark the plate 

concent rat ion 

potent ial of  

voltage o f  

( fi gure 7 . 2 4 )  corresponds t o  a n  

1 . 6 4 5  vol t s  whi ch i s  very near 

1 . 6 3 0  volt s . It  i s  only at the 

equi l ibrium 

the plate 

e nd of t h e  

di s charge when the acid concentrat ion i s  very low that t he 

e l ect rode overpot ential become s s igni fi cant . 

The re st stage involve s only a sma l l  amount o f  AM 

redi s t ribution ( se e  figure 7 . 2 3 ) . Thi s  i s  because the sma l l  

concent rat ion gradients involved in the s l ow di s charge 

result i n  little electrode equil ibrium potent ial differe n c e  

within t h e  plate . A s  a consequence t h e  redi stribut i on 

current s are sma l l . 

The charge voltage /time charact e r i s t i c  i s  given in 

figure 7 . 2 2 .  The voltage at the beginning o f  the charge i s  

l ower than i n  the standard case becau s e  o f  a l ower plate 

acid concent rat ion at thi s t ime ( see figure 7 . 2 4 ) . Lat e r  in 

the charge , the plat e  acid concentrat ion becomes very h i gh 

a s  the large amount o f  acid produced i s ,  to some extent , 

contained in the plat e . As a re sult the plate vo ltage 

towards the end o f  charge i s  higher than that for t h e  

standard c a s e  given t h e  same amount o f  charge L O  restore . 
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b )  VIAM model re sult s for a fast di s charge . 

I nit ially the VIAM model was used to s imul at e  a 1 4 0  

Ampere di s charge with the s ame model parameters a s  i n  t he 

standard cas e . Thi s gave a very rapid drop i n  plate voltage 

and a cell capacity o f  only 28 Ampere hours . Typi c al 

de-rating curves based on the five hour capacity from t h e  

standard c a s e  predi ct a capacity o f  3 8  Ampere hours . At 

ful l  di s charge the l owest plate acid concentration was 2 3 3 7  

mol . m- 3 . Thi s  i s  not a part i cularly low value and shows 

that e l e ct rode equil ibrium potential and solut i on 

re si s t ance do not contribute in a ma j o r  way to the f u l l  

di scharge voltage . Thi s means the rather low capaci ty 

predi cted by thi s initial s imulat ion i s  due to a h i gh 

overpotent ial . 

A low exchange current density could explain t h e  

performance obtaine d  here . However ,  the 

density used was s e l e cted to give result s 

typi cal for the moderate and low current 

exchange current 

( overpotent ial s )  

case s . Even a 

small i ncrease in the exchange current reduce s t he 

overpotential contribut ion for the s e  cas e s  and giv e s  

unlikely re sult s . A more l ikely explanat ion i s  that t h e  

s ingl e  exchange current / overpotential rel ationship a s sumed 

in t he VIAM model ( actually in the underlying aggregate 

mode l ) introduces s igni ficant errors when applied to 

s ituat ions spanni ng 

studi e s  have shown 

overpotential react i ons 

a large current range . 

that di fferent l o� 

occur in both the 

e t  al ( 1 9 6 7 , 1 9 6 8 ) ) . 

Experiment al 

and h i gh 

cathodi c and 

I deally t h e  anodi c di rect ions ( Hampson 

model should repre s ent the di fferent react ions with 

di fferent forms for the exchange current / overpotent i al 

relat ionship , 

Although the 

rather than us ing a s ingle compromi s e  fo rm . 

model could be modi fied to incorporat e 

di ffe rent reactions thi s was not done . As an alternative , 

the exchange curre nt fo r the s i ngle form was adj us t e d  

upwards to repre sent a high overpotent ial exchange react i on 

and the 1 4 0  Ampere s imulation repeated . The re sult s for t h e  

s econd case  a r e  given in figures 7 . 2 5 to 7 . 2 8 .  



2.3 

2.2 

E 2. 1 
Q) 
00 2 ro .;...> 
0 > 1 . 9  
Q) 

"0 
0 1 . 8  ... 

.;...> 
0 
Q) 1 . 7  ..... 

r::::::l 

Q) 
1 . 6  > ..... .;...> ..... 

[/l 
0 

0.. 1 . 5  

1 .4 

1 . 3  0 .05 . 1  

Solid: Positive electrode voltage (v) . 
Large dash: Charge usage (Ahrs) .  

. 15 . 2  .25 .3 
Cycle Time (hrs) 

Small dash: Cell current (A) . 

Results for 140 A discharge, 0 .5  hr rest and 20 A charge .  

Figure 7.25:  Discharge Voltage f o r  1 40 Ampere Full Discharge .  

2.3 

2 .2 
,......, -.::- 2 . 1  

Q) 
00 
ro 2 .;...> 
0 > 1 . 9  
Q) 

"0 
0 1 . 8  ... 

.;...> 
0 
Q) 1 . 7  &3 
Q) 
> 1 . 6  ..... .;...> ..... 
[/l 
0 

0.. 1 . 5  

-
1 . 3  

. 5  1 

Solid: Positive electrode voltage (v) . 
Large dash: Charge usage (Ahrs) .  

-----
-----

----- .........._____ 

- - - - - - - - -
1 . 5  2 2 .5 3 
Cycle Time (hrs) 

Small dash: Cell current (A) . 

Results for 140 A discharge, 0 .5  hr rest and 20 A charge .  

2 3 0  

140 

_..... 

120  
'"' 3_ 
Q) 

1 0 0  m 
:::> 
Q) b{) 

80  
'"' "' 

..c: () 
'1J 

60  � 
_..... 

40 .$ 
.., 
Q Q) '"' 

20  '"' 
;:j () 
:::: 

0 Q) () 

-20 

140 

_..... 

120  
'"' 

..c: .$ 
Q) 

100  m :::> 
Q) b{) 

8 0  
'"' "' 

..c: () 
'1J 

6 0  Q "' 
3: 40 .., 
Q Q) '"' '"' 20  ;:j () 
:::: Q) 0 () 

-20 

Figure 7.26:  R est and Charge Voltage for 1 40 Amp ere Full Discharge .  



.9 

.6 

.5 

.3 

. 1  - ----- ----- -----

.00 15  .002 
Distance in Plate (m ) (Plate Surface at 0) 

Solid: discharge profiles at 0 . 1 ,  0 . 2  and 0 . 3  hrs bottom to top. 
Small dash: rest profile at 0 . 6  hrs. 
Large dash: charge profiles at 1 . 0 ,  2 . 0  and 3 .3  hrs top to bottom. 

Results for 1 40 A discharge ,  0 .5  hr rest and 20 A charge. 
Discharged AM at each m-channel position defined as: 1 -XAVERAGE· 

.0025 

Figure 7.27: Discharg e d  Plate AM for 1 40 Ampere Full Discharge .  
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The cell  capacity obtained in the s e cond case  was 4 9  

Ampere hours . I n  fact thi s capacity was attained with t h e  

di scharge cont inuing l onger than it  should . T h i s  i s  because 

the plate voltage as  modelled did not have the addi t i o nal 

volt age drop due to the low overpote nt i a l  react ion . The 

capacity would be s everal Ampere hours l e s s  and close to 

the expected value o f  3 8  Ampere hours had this  been t h e  

case . 

The di s charge voltage/t ime charact e r i st i c  has the s ame 

general feature s as in  the standard case . The AM 

di stribut i on ( fi gure 7 . 2 7 )  shows that the di s charge 

reaction i s  concent rat e d  near the front o f  the plate in 

this case . Thi s gives a ve ry abrupt boundary between 

di s charged and charged AM . It  al so means the e ffect o f  the 

s o lution potent ial drop ( re s i stanc e ) a s  the di s charge 

proceeds i nt o  the plat e  interior is somewhat greater here . 

This can be seen by the sudden drops i n  the voltage 

characteristic  as  the di screte model s e gment s are ful ly 

di scharged ( fi gure 7 . 2 5 ) . 

During 

rearrangement 

the rest stage there i s  a considerab l e  

o f  AM ( fi gure 7 . 2 7 ) . Thi s  due to 

concentrat ion gradi ent near the surface 

( fi gure 7 . 2 8 )  and the re sulting variat ion 

equi l ibrium potential which give s rise to 

rearrangement current . 

o f  

in 

a 

the 

the 

large 

plate 

el ect rode 

s igni ficant 

The charge voltage /t ime charact e r i s t i c  shows an 

unexpected rapid ri s e  part way through the charge ( fi gure 

7 . 2 6 ) . Re ference to the AM di st ribut i on shows thi s is due 

to a rapid l o s s  in charge surface area as the long port i o n  

o f  evenly dis charged AM in the plate i nterior i s  recharge d . 

c )  The VIAM model re sult s with a more tortuous s t ructure . 

It  i s  import ant to observe how the VIAM model results  

depend on structure . The dependence has impl i cat ions for AM 
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s e l e ct ion . To thi s end the model was ope rat ed with a more 

tortuous structure . 

The result s obtained for the more t o rtuous st ructu re 

di scharged at 2 0  Amperes are given in figure s 7 . 2 9 to  7 . 3 2 . 

The capacity o f  6 4 . 2  Ampere hours obtained here i s  

cons i derably le s s  than that o f  the standard case . Figure 

7 . 32 shows thi s is due to a more rapid drop i n  plat e  a c i d  

concent rat ion part icularly in the plate i nter1or . Thi s h a s  

t h e  usual adverse e f fe ct s  on e lectrode e qui l ibrium 

potential and overpotential . The drop in acid concent rat i o n  

i s  t o  b e  expected with the increased a c i d  t ransport 

di fficul t i e s  of the more tortuous st ructure . The a c i d  

t ransport diffi cult i e s  a l s o  have the e f fect o f  

concentrat ing t h e  di s charge react ion near the plate surface 

where the supply of acid is great e st . Thi s  is reflected in 

a sharper boundary betwee n  the di scharged AM in thi s c a s e  

( figure 7 . 3 1 )  compared t o  the standard case . I n  other 

r e spects the charact e r i s t i c s  s een here are s imi lar to tho s e  

o f  t h e  standard case . 

d) VIAM model result s with Non-part i c ipat ing 1\M . 

The dependence of  the VIAM model re sult on non­

part i cipat ing AM has important impli cat i ons for s e rv i c e  

l i fe ( see  Chang ( 1 9 8 4 ) f o r  exampl e ) . 

The plate parameters were adjusted to i ncorporate 2 0 %  

o f  non-part i c ipat ing AM at the plat e  surfac e . The re sul t s  

obtai ned for a 2 0  Ampere di s charge u s i ng thi s st ructure are 

given in figure s 7 . 3 3  to  7 . 3 6 .  A l ow capacity of 5 6 . 6  

Amper e  hours i s  obtained in thi s case . As with the more 

tortuous st ructure , the re sult i s  a rapid drop in a c i d  

concentrat ion in the plate interior . I n  t h i s  c a s e  t h e  a c i d  

must di ffuse through t h e  tortuous non-part i c ipat ing AM to 

reach the reacting AM in the plat e int e rior . A conside rab l e  

concentrat ion 

reduc ing the 

( figure 7 . 3 6 ) . 

gradie nt forms in the non-part i cipat ing AM 

acid concentrat ion at the react i ng reg i o n  

The reduced concent rat ion give s a l ow 
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Figure 7.35:  Discharge d  Plate AM with Non-p articipating AM. 
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e l ect rode equil ibrium pot ential and a h i gh overpote nt i a l . 

The high overpotent ial conditions are compounded by an 

i ncrease in exchange current density due to the redu c e d  

proportion ( area ) o f  reacting AM ( fi gure 7 . 3 5 ) . The non­

part i c ipat ing AM al so adds t o  the solut i on pot e nt ial drop 

s ince dis charge or charge current s must pas s through the 

resi s t ive solut ion whi ch the non-part i c ipati ng AM 

surrounds . I n  other respect s the charact e ri s t i c s  obtained 

here are s imi lar to tho s e  for the standard c a s e . 

e )  VIAM model re sult s and uncertain exchange current s . 

It i s  o f  intere st t o  a s se s s  the sensit ivity o f  the 

VIAM model result s t o  changes in paramet e r s  whi ch are mo s t  

l i ke l y  to di ffer from t h e  a s s umed value s .  The model 

parameters for the s ingle cathodi c and anodi c exchange 

current / overpotent ial re lat i onships certainly fall into 

this cat egory ( see the di s cu s sion for the fast di s charge 

above and s e ct ions 3 . 3 . 2  and 3 . 3 . 3 ) . Al s o ,  to a l e s s e r  

extent , t h e  incorporat ed e l emental model re sult s f o r  

di s charge surface area and e f fect ive charge surface area 

are s omewhat uncertain ( se e  s ect ions 7 . 1 . 2  and 7 . 1 . 3 ) . 

I n  pract i c e , a s s e s sing the sens it ivity o f  the model t o  

changes i n  the exchange current dens ity amour.t s to do i n g  

the same f o r  t h e  surface area . T h i s  i s  becau s e  when u s ed 

for calculat i ons within the mode l ,  the exchange current 

density and surface area t e rms are alway s mult ipl i e d  t o  

give a n  exchange current t e rm .  There fore , the model was 

operated with thi s s tandard exchange current t e rm 

multiplied by the constant facto r  1 0  t o  a s s e s s  t he 

sensitivity for both parameters . The re sult s obt ained are 

given in figures 7 . 3 7 to 7 . 4 0 .  

The di s charge voltage/ t ime characteri stic  ( figure 

3 . 3 7 )  shows l e s s  voltage drop t han in the s tandard case . 

This i s  because with the increased exchange current the 

overpotential i s  much smal ler . I t  i s  only at t he end o f  the 

di s charge , when the acid in the plat e s  i s  almo st comp l et ely 
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exhausted ( fi gure 7 . 4 0 ) , that the plate voltage rapidly 

drop s . The three e ffects of low equi librium potential , h i gh 

overpot ent ial and h i gh solut ion potent ial drop are a l l  

present at thi s t ime . The AM di stribut i on ( fi gure 7 . 3 9 )  

shows the high cathodi c exchange current give s a more 

di st i nct divi s ion between the di s charge and charged AM than 

is s een in the standard case . 

The charge voltage/time charact e r i s t i c  shows l e s s  

voltage rise  than in the standard case . This again i s  

becau s e  with the increased exchange current t h e  

overpotent ial i s  much small e r . It  i s  o n l y  when t h e  charge 

is almost complete that the plate voltage shows a rap i d  

rise . At thi s stage the rise  i s  due to t h e  overpotent i a l  

that re sult s from concent rating t h e  current onto the 

vanishing effect ive charge surfac e . 

7 . 3 . 3  The VIAM Model �-channel Component . 

Obs ervat i on o f  the VIAM model in operati on shows 

l i t t l e  variat ion of any re sult value with �-channel l engt h . 

For example , during the standard dis charge / charge cyc l e , 

the �-channel at the plate surface gave a maximum 

di fference i n  open and closed end charge stat e ( Xopen­

Xc l o s e ) and concent ration ( ( copen-cc l o s ed) / cinitial ) o f  

only 4 . 3xl o - 5  and 3 . 8xl o - 4  re spect ively . The sma l l  

variations s e e n  here are indi cat ive o f  t h e  small �-channel 

length and a low ratio o f  solution re s i stance to int er fa c e  

impedance within the �-channel . It  sugge s t s  that t h e  VIAM 

model can be s implified by t reating the complete �-channel 

as  a s i ngle segment for both the electri cal and transport 

analy s i s . 

7 . 3 . 4  The VIAM Model : a Discussion . 

S ome di s c u s s ion has already taken place i n  the context 

of reporting and expl aining the VIAM model result s . Here 
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the di s cus s i on i s  concerned with evaluat ing the val i dity o f  

the model by comparing the results obtained with oth e r  

known o r  expected re sult s . 

a )  The c e l l  capacity . 

The VIAM model parameters were s et for a cell  having a 

nominal capacity o f  1 0 0  Ampere hours at the 5 hour rat e . I n  

the s tandard case the model gave a very s imi lar capacity o f  

8 9  Ampere hours a t  t h i s  rate . 

The model showed that the capacity was l imit ed by a 

combinat i on o f  factors that re sult from acid deplet i o n . 

Close  examinat ion of  the acid concentraLion in t he 

di s charged cell  shows only a sma l l  proportion o f  t he 

re s e rvoi r  acid i s  u s ed ( fi gure 7 . 2 0 ) . Thi s suggest s t h e  

poor t ransfer of  a c i d  from the re s ervo i r  int o  t h e  s eparat o r  

and posit ive plate i s  a cau s e  for t h e  premature a c i d  

depletion . A l ikely reason f o r  the poor t ranspo rt r e su l t s  

i s  t h e  inappropriate u s e  o f  the a c i d  di ffusion coeffi c i e nt 

when cons ide ring the bulk solution o f  the res e rvoi r .  

During dis charge , acid o f  a low den s ity i s  produced 

within the plat e s  and gradual ly move s through the s eparat o r  

region into the re s e rvoi r  region . Thi s low den s ity a c i d  

r i s e s  t o  the top o f  the cel l  both in t h e  s eparat o r  and 

re s e rvoi r  regions and,  in doing s o ,  sets LP convect i o n  

current s . The s e  convection current s wi l l  greatly a s s i st t he 

di ffu s ion proce s s  that cont ro l s  the t rans fe r  of  acid from 

the res e rvo i r  into the s eparator and po s itive plate . Thi s 

i s  not taken i nt o  account in the standard mode l . It  can be 

s een that a case exi s t s  for using an e f fect ive di f fus i on 

coeffi cient in the reservoi r  region which i s  conside rably 

h i gh e r  than that for the standard case o f  non- c i rculat i ng 

bulk solution . Thi s would move the model capacity even 

c l o s e r  to the expected value of 1 0 0  Ampere hours . Thi s was 

done fo r the re sult s produced for comparison with the 

experimental results in section 7 . 5 . 
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Using the VIAM model re sult s for the slow , medium and 

fast di s charge ca s e s  ( fi gures 7 . 2 1 ,  7 . 1 3 and 7 . 2 5 

respectively ) the fit o f  the predi cted cell  capacity t o  

P euket ' s equation can b e  te sted . Peuket ' s equat ion can b e  

written as  

where I ( A )  i s  the constant di scharge current , 

T ( hrs ) i s  the ful l capacity di s charge t ime and 

n and c are constant s for a part icular cel l . 

( 7 .  6 )  

The ful l  capacity di s charge time was calculated as  

di scharge capacity divided by di s charge rate . The const ant 

" n "  was found to be in the range 1 . 2 5 to  1 . 3 0 depending on 

which two di s charge cases  were used to calculate it . Thi s 

i s  s e l f-cons i stent and c l o se to value s expected in pract i ce 

( see Asher e t  al ( 1 9 8 0 ) ) .  

b )  The di s charge voltage / t ime curve . 

The di s charge voltage/t ime curve has the no rmal f o rm 

o f  a slow decline for mo st o f  the di s charge whi ch rapi dly 

incre a s e s  towards the end o f  charge ( see for example P av l ov 

( 1 9 8 4 ) ) .  The mac rohomogeneous model doe s  not pre di ct such a 

rapid decl ine at the end o f  the di s char�e ( Simons s on 

( 1 9 7 3 ) ) .  

The experimental voltage /time dat a o f  Sunu and Burrows 

( 1 9 8 1 ) and data produced by the VIAM model are wel l  suited 

for direct and detailed compari s on . The s ituat ions are 

comparable i n  the following respect s . 

i )  S unu and Burrows used real i s t i c  e l ectric vehicle 

cel l component s .  The VIAM model i s  s et up for s imi lar 

t raction cel l  component s .  

i i )  S unu and Burrows ( 1 9 8 1 )  directly mea fured the 

pos it ive plate voltage drop . Thi s parameter i s  

obtained di rectly from the VIAM mode l . 
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i i i ) The di s charge rate used by Sunu and Burrows 

( 1 9 8 1 ) is very close  to the rate used for the VIAM 

mode l . The di scharge rat e s  corre spond to 0 . 1 9 and 0 . 2 3 

o f  the five hour capacity in Ampere s for the case o f  

Sunu and Borrows ( 1 9 8 1 )  and the standard mode l 

respect ively . 

Figure 7 . 4 1 give s the di scharge result s of  the VIAM 

model together with the re sult s o f  Sunu and Burrows ( 1 9 8 1 ) . 

The di s charge capacity o f  all  re sult s has been s caled t o  

1 0 0  Ampere hours . For the result s o f  Sunu and Burrows 

( 1 9 8 1 ) the initial voltage , whi ch is a funct ion of init i a l  

a c i d  concent rat i o n ,  h a s  been made equal to that for t h e  

VIAM mode l . 

It  can be seen that the model resul t s  agree c l o s e l y  

with t h e  expe rimental re sult s . T h e  o n l y  s i gn i f ic ant 

di fference i s  seen at the beginning o f  the di s char ge . Thi s 

could wel l  be el iminated i f  the VIAM model was modi fied t o  

account f o r  the l ow and high exchange current / overpot ent i a l  
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relationships . Thi s has al ready been di s cu s s e d  i n  t h e  

cont ext o f  the h i gh current di scharge case i n  s e ct ion 7 . 3 . 2  

c )  The charge voltage / t ime curve . 

The charge voltage/ t ime curve has the normal form o f  a 

s l ow r i s e  for mo st o f  the charge which rapidly increas e s  

t owards the end o f  charge ( see P avlov ( 1 9 8 4 ) ) .  However ,  two 

features are mi s si ng . Firstly,  a voltage peak at t h e  

beginning o f  charge i s  sometime s observed ( se e  E kdunge 

and S imo n s s on ( 1 9 8 5 ) ) .  Thi s  may well be due to Pb02 
encapsulat ion during deep di s charge , an e ffect note d  

not accounted for in the charge sur face area model 

s e ct ion 7 . 1 . 3 ) . S econdl y ,  the increasing pote nt ial at 

end o f  charge eventually l evel s  out . Thi s o c curs when 

charge current is diverted into the gas s ing reaction . 

VIAM model does not account for the gas s ing react ion . 

As be fore , the experimental voltage / t ime data o f  

and Burrows ( 1 9 8 1 ) and data produced by the VIAM model 
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wel l  suited for di rect and detailed compari son . I n  the 

charge cas e ,  S unu and Burrows ( 1 9 8 1 )  use a s l i ght ly higher 

current than in the di s charge which makes the actual charge 

rate virtually the same as  that used for the VIAM mode l . 

Unfortunately the data can only be compared for the fi r s t  

8 4 %  o f  the charge s ince at thi s stage t h e  experimental 

current was nece s sarily reduced becau s e  of gas sing . Figure 

7 . 4 2 give s the charge re sult s o f  the VIAM model together 

with the results o f  Sunu and Burrows . Again the capacity o f  

a l l  results have been s caled t o  1 0 0  Ampere hours and the 

initial voltage for the experimental case  has been made 

equal to that for the VIAM model ( here the rest voltage at 

the start of charge ) . Al so the initial voltage r i s e  in t he 

experimental case has bee n  adjusted for the same reason as 

in the charge case . 

It  can be seen that the model re sult s give reasonab l e  

agreement with t h e  experimental result s . D i f fe rences a t  the 

beginning o f  charge have al ready been di s c J s s e d  above . 

D i fferenc e s  throughout the charge may be due t . o  a di f ferent 

acid concent rat i on di stribut ion when the charge start e d . 

This i s  l ikely s ince S unu and Burrows ( 1 9 8 1 )  do not speci fy 

the r e st t ime be fore the charge began . A more sat i s fact o ry 

comparison o f  experimental and model re sult s can be made 

us ing the expe rimental charge data col l e cted for thi s work . 

This i s  done in s e ct i on 7 . 5 .  

d) The internal AM distribut i on . 

The VIAM model predict s a sharply de fined boundary 

between the di s charged and charged AM at hj .gh di s charge 

current s ( fi gure 7 .  2 7 )  . At lower di s charge current s the 

boundary i s  more graded ( fi gure 7 .  2 3 )  . Thi s i s  i n  good 

agreement with the experiment al obs ervat i ons ( see S imo n s s o n  

( 1 9 7 3 )  and Chang ( 1 9 8 4 ) ) .  

The VIAM model results for the 1 4 0  ampere di s charge 

and the experimental re sult s of Simons s on ( 1 9 7 3 )  for a 

s imi lar di s charge current den s ity are given in figure 7 . 4 3 .  
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I n  both cases  the maximum dis charged AM has been used t o  

norma l i s e  

di s charged 

i n s i de the 

the result s . Al s o  the start posit ion 

AM in the experimental case has been 

plate to coincide with the start of 

for the 

brought 

the m-

channe l  ( in s i de the non-parti cipating AM) . The c l o s e  

agreement of  the model and experimental re sult s can b e  s e e n  

here . It  i s  o f  intere st to note that the mac rohomo geneo u s  

model gave a more graded boundary a t  high di s charge rat e s  

( see S imo n s s on ( 1 9 7 3 ) ) .  

e )  The role o f  acid t ransportation . 

For the parameters used in the VIAM mode l , t h e  

t ransport o f  acid h a s  been s een to be the k e y  factor i n  

l imi t i ng the c e l l  capacity . Thi s i s  consi stent with rec e nt 

studi e s  o f  cel l s  with di fferent AM ( se e  P avlov and 

Bashtavelova ( 1 9 8 6 ) ) .  Thi s  re sult s e rves t o  i l lu s t rate t hat 

both high internal surface area and e f fect ive internal 

t ransport are nec e s s ary features of e ffect ive cel l  plat e s .  
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f )  The e ffect s o f  cycl ing . 

One case where non-part i cipat i ng AM was used t o  

repre s ent cycled AM has been given in s e ction 7 . 3 . 2 .  The 

VIAM mode l was also operated with di ffe rent quant it i e s  of  

non-part i c ipat ing AM and the e ffect on cell  capacity not e d . 

Thes e  re sult s are given with experimental result s f rom 

Chang ( 1 9 8 4 )  i n  figure 7 . 4 4 .  The experimental re sult s h e re 

are for a s imi lar dis charge rate t o  that for the V I AM 

model but the AM i s  di fferent . The 1 5 %  non-part i c ipat i ng AM 

case for the VIAM model and the 1 1 0  cyc l e  point for t h e  

experimental result s have b e e n  s caled to coincide s i n c e  

they both give a simi l ar capacity drop . 

It  i s  di ffi cult to draw any conclus ions by compar i ng 

the effect s  o f  cycl i ng as  modelled and obs erved 

experimentally . This is becau s e  experimental results show a 

wide variat ion in e ffect s ( see P avlov and Bashtavel ova 

( 1 9 8 4 )  and Chang ( 1 9 8 4 )  for exampl e ) . Most commonly,  aft e r  

the initial few di scharge / charge cyc l e s  where the capaci t y  
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may 

( s ee 

when 

plat e  

increase ,  there i s  a gradual dec reasing i n  capa c i t y  

Korde s ch ( 1 9 7 7 ) ) .  The initial increase in capacity , 

it occurs , i s  in  e f fect the complet i on o f  unfini s h e d  

formi ng . The VIAM model doe s  n o t  al low for any 

initial capacity increase of  thi s kind . 

g )  Addi t i onal model evaluat i on . 

The experimental re sults pre sented i n  the next s e ct i o n  

provide more data with which t o  evaluate the VIAM mode l . 

This i s  di scussed in section 7 . 5 .  

7 . 4  EXPERIMENTAL RESULTS . 

7 . 4 . 1  Calculations Performed on the Raw Data 

The raw data collected experimentalj J has b e e n  

de s c r ibed in chapte r  6 .  Various calculat i ons were performed 

on this  data to give forms suitabl e  for re sult s here . The s e  

are de scribed below . 

a )  Re con struction of  concent ration value s . 

Calculat ions were performed on electrolyt e  speci f i c  

gravity measurements to give a n  equa l l y  spaced data set in 

unit s of mol e s  per cubic met re . The manually c o l l e c t e d  

speci fic gravity measurement s were taken at various t ime 

interval s ranging between 0 . 2 5 and 0 . 5  hours . The s e  

measurement s were used for the interpolat i on c f  data at 0 . 1  

hour spacing s . The reconstructed values were t he n  conver t e d  

into concentration in mol e s  p e r  cubic met r e . 

b )  Generat ion of  reference potent ial value s .  

The equilibrium potent i a l  o f  the posit ive reference 

e lect rode and that o f  a hypothet i cal negat ive e l e ct rode a r e  

requi red for est imating t h e  pos it ive plat e port ion o f  t h e  
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t otal c e l l  voltage . The s e  were obtained for each o f  the 

reconstructed concentration values ment i oned above us i ng 

the e qui l ibrium potent ial formulation given i n  appendix 3 .  

c )  Data compres s ion . 

The data set collected by the automat ic data 

acqu i s it i o n  system was compre s s ed by el iminat ing nine out 

o f  every t en time steps to give data at 0 . 1  hour int e rva l s .  

d) Re cons t ruction o f  gas s i ng value s . 

When the cell was opened for spe c i fi c  gravity 

measurement s the gas s ing rat e was incorrectly recorded a s  

z e ro . Thes e  z ero value s were replaced with valu e s  

i nt e rpolat ed from correct adj acent point s  in the compre s s ed 

data set . 

e )  P o s it ive e lect rode voltage est imat ion : procedure one . 

r Negat ive 

F i gure 7 . 4 5 :  P ot e nt ial D i f ferenc e s  in Ce l l  Under T e s t . 
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The pos it ive electrode voltage i s  required f o r  

comparison with VIAM model result s . Unfortunate l y  this  w a s  

n o t  measured di rectly and must be e stimate d  b y  relat i ng 

various potent ial di fferences within the cell . The 

potent ial di f ference s  involved are shown in figure 7 . 4 5 .  

For procedure one the relationship used i s  de fined by 

where 

( 7 . 7 )  

UPb02 ( v )  i s  the required posit ive e lectrode voltage , 

Ucel l  ( v )  i s  the pot ent ial at the posit ive post les s 

the potent i a l  at the negative post , 

Upb ( v )  i s  the potential at the negat ive grid l e s s  

the potent ial i n  the s olut i o n  a t  t h e  negat ive 

plate surfac e ,  

I cell  ( A )  i s  the c e l l  current , 

Rsep ( Q )  i s  the s eparator re s i stance , 

Rgp ( Q )  i s  the posit ive grid and po st re : : i st ance and 

Rgn (Q) is the negat ive grid and po st r e s i st ance . 

Dce l l  and Upb were col lect e d  by the data acqui s it i on 

system . The remaining t e rms on the right hand side a re 

det e rmined indirectly as  des cribed bel ow . 

Uneg i s  e s t imat ed from the negat ive electrode 

equi l ibrium voltage given the reconst ructed concentrat ion 

data for measurement s made at the top o f  the cell . This  is  

a val id approximat ion provided three qua l i fying conditi o n s  

are met . 

Firstly,  the solut i on potential drop i n  the negat ive 

plat e  must be smal l .  This is the case  s ince the a c i d  

concentrat ion variat ions from the charged value are l imit e d  

and ther e fo re the solut ion re s i stivity i s  low . The a c i d  

concentrat ion variat ions are limited because only about 

2 0 %  of the acid is consumed here compared with 8 0 %  at the 

positive (as det ermined by the hydrogen ion t ransportat i o n  

number )  . 
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S econdly , the negat ive e l ect rode overpote nt ial must b e  

smal l .  This i s  the case except when the negat ive plate i s  

nearing complete charge ( se e  Sunu and Burrows ( 1 9 8 1 )  f o r  

examp l e ) . 

Thi rdly , the di f ference between the acid concent rat i on 

at the negat ive e lect rode and the acid concent rat i on at t h e  

t op o f  the cel l  must b e  smal l .  Thi s i s  t o  l imit t h e  

di fference in e quilibrium voltage calculated f o r  the a c i d  

a t  t h e  t o p  o f  t h e  cell  but a s sumed t o  repres ent a c i d  in t h e  

negat ive elect rode . The acid concent rat ion a t  t h e  top o f  

the cell i s  the low den s ity acid mo st recently rel e a s e d  

from the s eparator region . Thi s  means t h e  concentrat i o n  

measured here i s  c l o s e  to the s eparator concentrat i o n  

during di s charge and for the early part o f  t h e  charge . Al s o  

t h e  acid concent rat ion gradient in the sepa::�t o r  to t he 

negat ive plate i s  relatively small becau s e  o f  the moderat e 

acid consumpt ion in the negat ive e l ectrode ( as ment ioned 

above ) . As  a re sult the concent ration in the s eparator i s  

c l o s e  t o  the concent rat i on i n  the negat ive e l ect rode . The 

comb i nat ion o f  the effect s  here means that the a c i d  

concent rat ion a t  the top o f  the c e l l  i s  a reasonabl e  

repre s entation o f  the acid concent rat ion at the negat ive 

e lect rode for the di s charge and early part of the charge . 

Reviewing the three quali fying condition s  above , t h e  

e s timation u s e d  for Upb i s  s een t o  be val i d  for t h e  

di s charge and early part o f  t h e  charge only . 

Rsep ' Rgp and Rgn make up the i nternal r es i stance o f  

the cell . Rgp and Rgn are dete rmined by the r� s i s t ivity o f  

the l ead grid and post members i n  the cell and can b e  

t aken a s  constant . Rs ep i s  det e rmined by the r e s i stivity o f  

the acid solut ion in the s eparator region . Thi s can be 

as sumed to be approximat ely constant s ince , as  with the 

acid in the negative plat e ,  the concentrat ion variat i on 

here i s  l imited and has a smal l e f fe ct on the solut i o n  

re s i s t ivity . The combined e ffect gives a n  approximat e l y  

constant ce l l  resi stance . 
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The cel l  res i stance cannot be e s t imated from t h e  

init i al volt age drop a t  the beginning o f  t.he di scharge 

s ince thi s  is made up of  large contributions from the c e l l  

resi stance and the posit ive electrode over-potential . I n  

the cell te sted by Sunu and Burrows ( 1 9 8 1 )  the s e  

cont ribut i ons were 0 . 0 4 5  and 0 . 0 4 9  vol t s  re spect ively at 

about the 5 hour current rat e . The approach t aken here t o  

obtain the required value made u s e  o f  the s imilarity 

between the ce ll used by S unu and Burrows ( 1 9 8 1 )  and t h e  

c e l l  under t e st . A fi rst value w a s  obtained b y  di scount i ng 

the cel l re s i stance reported by the s e  author s  to account 

for the di fference in grid thickne s s  between the two 

cell s . Thi s gave a cell res i stance of 0 . 0 0 1 7  n .  Thi s  val u e  

w a s  then applied in con j unct ion with equation 7 . 7  to  t h e  

experimental data . It  wa s found that the c e l l  res i stance 

cont ribut i on was too l arge for UPb02 estimate s  at h i gh 

current s and gave voltages higher than the corresponding 

lower current re sult s . The cell re si stance was subsequent l y  

reduced unt i l  the resul t s  obtained f o r  di fferent current s 

gave a spread with the same propo rtions as that for t h e  

total c e l l  voltage . The value obtained i n  thi s way was 

0 . 0 0 1  n .  

The final equat ion used t o  estimate Upbo2 by procedu r e  

o n e  was 

where 

Epb ( v )  i s  the negat ive electrode equil ibrium 

potent ial de scribed above . 

( 7 .  8 )  

In  the results that follow, the e st imat ion o f  UPb02 by 

this procedure i s  used during the di scharge , re st and for 

approximately the first 1 0 %  o f  the charge . The di s cu s s i o n  

above has shown that beyond t h i s  t ime the re sult s obtained 

decrease in accuracy . As a consequence a second e st imat i o n  

procedure i s  required f o r  the rest o f  t h e  charge . Thi s i s  

presented bel ow . 
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f )  P o s it ive e lectrode voltage est imation : procedure two . 

The s econd e st imat ion procedure required for mo st o f  

the charge makes use o f  an alternative potent i al differe n c e  

relationship . Again t h e  potent ial di f ferences involved a re 

shown in figure 7 . 4 5 .  The alte rnat ive relationship i s  

de fined by 

where 

E re f ( v )  is  the reference e l e ct rode equil ibrium 

voltage , 

( 7 . 9 )  

udi ff ( v )  i s  the potential at the p o s it ive post l e s s  

the potent ial at the re ference post , 

Usol ( v )  s the potent ial in solution at the re ference 

e l ectrode l e s s  the potential in the solution at 

the po s itive plate surface and 

other quant ities  are as before . 

Udi ff was collected by the dat a acqui s i t i on syst e m . 

E ref i s  generated from the reconstructed concent ration data 

for the measurement s from the top of the cell . The 

potential drop e ffects o f  Dsol and Rgp are e s t imated a s  

de s c r ibed below . 

The di fference in solution pot e nt ial from part way 

down to the t op o f  the plate plus that from the top o f  t he 

plat e  to the reference e lect rode make up 0s o l · The f i r s t  

cont ribut ion i s  due to polarisat ion e ffect s with plate 

height . The s e cond contribut ion is due to current s flowing 

in s o lution directly above the plat e s . The approach taken 

here as sume s the first cont ribut ion is negligibl e . The 

s e cond cont ribut ion i s  assumed to be det e rmined by the 

potent ial in the solution at the surface of  the posit ive 

and negat ive plat e s  as  ave raged by the s olut ion resi stance 

above the plate . That i s , it is taken as hal f the pot ent i al 

drop due to s eparator solution r e s i st ance . Thj s mean s D s o l  
c a n  b e  written as  
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( 7 . 1 0 )  

The po sitive grid and post res i stance Rgp i s  as sumed 

to be equal to the negat ive grid and post re s i stance . Thi s  

i s  reasonabl e  given that the combined thi ckne s s  o f  t h e  

three po s it ive plat e s  i s  almo st equal to that o f  t h e  four 

negat ive plat e s . As a re sult Rgp can be written as 

( 7 . 1 1 )  

Sub s t ituting equat i ons 7 . 1 0 and 7 . 1 1 i nt o  equat i on 

7 . 9  give s 

It  can be s een that the combined res i stance t e rm in 

equat ion 7 . 1 2 i s  the cell  resi stance already di s cus s e d  

above . E quat i on 7 . 1 2 was the final form used t o  e s t imat e 

UPb02 by procedure two . 

Whi l e  the e s t imat ion procedures out l i ne d  above are not 

as  preci s e  a s  could be de s ired they are sat i s factory for a 

qualitative compari son o f  the VIAM model result s . 

7 . 4 . 2 Presentation of the Experimental Resultu . 

with 

Bode 

The experimental re sult s that follow general ly 

known result s for cell di s charging and charging 

( 1 9 7 7 ) and Linden ( 1 9 8 4 )  for exampl e ) . 

agree 

( s e e  

The 

presentat i on given below emphas i se s  only feature s that 

depart from expected results or are of parti cular i nterest 

in relat i o n  t o  the VIAM model re sult s . 

The graphi cal data given here i s  plotted at 0 . 1  hour 

inte rval s .  This has the e ffect o f  making rapid change s in 

voltage appear rather s l ow .  The one exception to this  is  

the cel l rest and charge voltage data given for the 1 0  

Ampere hour di scharge depth ( figure 7 . 5 9 ) . Thi s i s  plott e d  

a t  0 . 0 1 hour interva l s  showi ng the rapidity o f  some changes 

in cell  voltage . 
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7 . 4 . 3  Experimental Results for a Standard Case . 

Complete experimental re sult s for a 1 0 0  Ampere hour 2 0  

Ampere di s charge case are given i n  f i gure s 7 . 4 6 t o  7 . 4 8 .  

a )  Cell voltage . 

Figure 7 . 4 6 give s the variat ion of  c e l l  vo ltage with 

t ime . Thi s shows a departure from the expected form whe r e  

t h e  rate o f  decl ine in cell voltage i s  reduced part way 

through the di s charge . Re ference to the gas s i ng rate curve 

of f i gure 7 . 4 7 shows thi s is a s so ciated with gas s ing dur i ng 

di scharge whi ch pre sumably improve s acid supply to t he 

plat e . During the re st stage , the voltage rapidly ri s e s  to 

an open c i rcuit value cont ro l l ed by the acid concent rat i on 

in the plate s . During charge , the cell fol lows the expected 

form unt i l  the constant voltage limit is  reached . Thi s  

o c curs when the cell  has had approximately 9 0 %  o f  i t s  

charge returned . 

b )  E s t imated pos it ive e l e ctrode voltage . 

The est imate d  po s it ive e lect rode voltage i s  given in 

f i gure 7 . 4 7 .  During di s charge and rest , thi s fol lows the 

form o f  the t otal cel l  vo ltage but with the cell r e s i stance 

and negat ive electrode potent ial s removed . During charge 

this  al so follows the form of the c e l l  voltage unt i l  the 

onset of  gas s ing at about 8 hours . From this t ime the plate 

voltage t ends towards a constant value . The cell voltage , 

on the othe r hand , rapidly increas e s  unt i l  it reaches the 

vo ltage limit . The di ffe rence in form here i r. due t o  the 

rapid polari sat ion o f  the negat ive electrode ( Sunu and 

Burrows ( 1 9 8 1 ) ) .  It is o f  interest to note the range over 

which the po s it ive elect rode voltage e st imated by procedure 

one is val i d . The l imit i s  det e rmined by the onset of 

gas s i ng ( see figure 7 . 4 7 ) . 
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The re s e rvoi r acid concentration measured at the t op 

o f  the cell i s  shown in figure 7 . 4 8 .  During the di s charge 

and rest stage , acid concent ration changes fol low the a c i d  

consumpt ion i n  the plat e s  ( indicated by the c e l l  current ) 

although the t ime re sponse i s  s l ow .  During i nitial charge 

the acid concentrat i o n  change s are more gradual s ince t h e  

high den s ity a c i d  produced doe s  not readi ly reach the t op 

o f  the cell . The onset o f  gas sing,  however ,  cau s e s  mix i ng 

o f  acid and a rapid increase in the concent rat i o n  

measurement . Further concentrat ion variat ions wi l l  not be 

given i n  the cont ext of  the other cases that fol low . Al l 

gave the s ame form a s  seen in the standard case  but t h e  

magnitude o f  t h e  variat ions seen w a s  dependent on t h e  

di scharge depth . 
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d )  Cell  gas s ing . 

The cel l  gas s ing rate i s  given in figures 7 . 4 7 and 

7 . 4 8 .  The s omewhat surpri s ing feature here is the gas s i ng 

during the l atter part o f  the di scharge . Thi s he l p s  

maintain a high cell voltage as obs e rved above . The o n s et 

o f  gas s i ng during the charge i s  caused by hydrogen 

evolution at the polari sed negat ive plat e . Lat e r  in t h e  

charge when both positive and negative plates are charg e d ,  

both cont ribute to the gas s i ng . Further gas si ng r e su l t s  

will not b e  given i n  the context o f  the othe r cas e s  b e l ow . 

It  should be pointed out , however,  that gQs s i ng dur i ng 

di scharge occurred for all the di s charges with rate s  2 0  

Amper e s  o r  great e r . 

7 . 4 . 4  Other Experimental Results . 

a )  D i s charge cell voltage . 

The di s charge cell voltage and e s t imated posit ive 

e lect rode vo ltage are given in figures 7 . 4 9 to  7 . 5 4 .  The s e  

are arranged i n  pai rs giving cel l  and posit ive e l e ct ro de 

voltage for each o f  the three di s charge depths 1 0 0 ,  5 0  and 

10 Ampere hour s . 

It i s  o f  interest to compare the cel l  voltage r e su l t s  

for the same di scharge rat e s  but di f fe rent di s charge 

depths . It  would be expected that , at a given di s charge 

t ime , the vo ltage drops involved would be the same for t h e  

same current . I n  practi c e  s igni fi cant di f ference s c a n  b e  

s e en . For example a di fference o f  approximately 0 . 0 5 0  vol t s  

can b e  s een for the AD1 0 0R2 0  and AD 0 5 0R2 0 c a s e s  ( fi gu r e s  

7 . 4 9 and 7 . 5 1 respectively ) .  Thes e  di f ferences c a n  b e  

att ribut ed to di fferences in t h e  past di s charge / charge 

history of 

experiment 

preceding 

two week 

the cas e s  conce rned . For the examp l e  above , 

AD 1 0 0R2 0  was performed the da} aft e r  t h e  

experiment whi l e  AD 0 5 0R2 0 was per formed after a 

break from experiment ation with only a short 
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Figure 7 . 6 0 :  AD 0 1 0R0 5 - R40 Ele ctro de R e s t  and Charge Voltag e .  
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preparat ory charge . The history o f  the experiment s report e d  

here c a n  be obtained from t h e  experiment o rder given i n  

tab l e  6 . 2 .  

b )  Charge cell  voltage . 

The charge cell  voltage and e s timate d  posit ive plate 

voltage are given in figures 7 . 5 5 to  7 . 6 0 .  The s e  a r e  

arranged as  f o r  t h e  di s charge result s above . I n  addi t i o n , 

the results have been al i gned to have a charge start t i me 

o f  z e ro and the long constant voltage charge portion h a s  

been t runcated . 

charact e r i s t i c s  

s een . 

This allows di fference s 

for each di s charge depth to 

i n  

be 

charge 

readi ly 

The diffe rent di s charge depths are naturally the mai n  

charge t ime dete rmining factors . The di s charge rat e s  do , 

however ,  play a s igni ficant role i n  the t ime taken t o  reach 

the constant volt age limit . D i f ferences of  approximate l y  

half a n  hour can b e  seen in the case o f  t h e  5 0  Ampere hour 

di scharge ( fi gure 7 . 5 7 ) . Greate r  time variat i ons could be 

anti c ipat ed for the 1 0 0  Ampere hour di s charge case had it  

been tested over the same range o f  di s charge rate s .  

c )  E s t imated pos i t ive electrode voltage . 

The est imated posit ive electrode voltage fo l l ows the 

corre sponding cell  voltage in the same way as  for the 

standard case above . 

7 . 4 . 5  Experimental Results : a Discussion . 

As already mentioned, the experimental r e su l t s 

generally agree with known forms . However ,  s everal featur e s  

des erve further comment . 

past 

The variat ions 

di s charge/ charge 

in di s charge voltage drop 

history are not l i kely to 

with 

be a 
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consequen c e  o f  solution potent ial drop o r  el ectrode 

equi l ibrium potent ial . These e ffects are control l e d  by t h e  

acid concent rat ion whi ch i s  a t  a known constant value at 

the beginning of the di s charge . By e l imi nat i on t h i s  mea n s  

t h e  variations 

current s . This 

structure or 

uncertainty 

relat ionship . 

are due to change s 

may be the result 

react ivity . Thi s 

o f  the exchange 

in cathodi c exchange 

of a change i n  surface 

e ffect adds t o  t he 

current / overpotent i a l  

Results showing variat ions o f  charge characte r i st i c s  

for charge depths and rat e s  are s igni ficant . They 

i l lu s t rat e the di ffi cult i e s  involved in determining charge 

t ime from i n stantaneous voltage and current value s . F o r  

examp l e , i f  a voltage operat ed time-out t e rminat i o n  s cheme 

i s  u s ed for the 50 Ampere hour case , unnece s s ary over o r  

unde r  charge o f  up to hal f a n  hour i s  po s sibl e . Thi s 

point s to the need for suitable model s  and model result s t o  

provide a bas i s  f o r  improved charge performanc e . 

The gas s ing that occurred during moderate o r  higher 

di scharge rate s  i s  of int erest . This performance enhan c i ng 

e f fe ct warrant s further study . Such studie s  are l acking i n  

t h e  literature . 

The generat ion of  data for the posit ive e l e ct rode 

voltage estimat e s  i s  an important result in the context o f  

this work . This i s  used t o  test the VIAM model r e sul t s  i n  

t h e  following section . 



7 . 5  COMPARING VIAM MODEL AND EXPERIMENTAL RESULTS . 

7 . 5 . 1  Acid Diffusion and Exchange Currents for the VIAM 

Model . 

a )  E f fect ive acid di f fu s ion coefficient s . 

2 6 8  

I n  s ect i on 7 . 3  i t  was noted that s olution convect i o n  

in t h e  reservoi r  would give an e ffective a c i d  di f fus i o n  

coeffici ent considerably highe r than the value f o r  immobi l e  

el ect rolyt e . Thi s  would b e  increased even further by t h e  

presence o f  ga s s ing during di s charge ( let alone the gas s i n g  

during charge ) as obs e rved in some o f  the experiment a l  

c a s e s  in s e ction 7 . 4 .  I n  fact the gas si ng would aid a c i d  

t ransport withi n the plat e s  thems elve s .  Thi s provides a n  

argument for a high e ffect ive di ffu s ion coe ffi c ient f o r  

thes e  part s al so . In  the VIAM model implementation u s e d  f o r  

comparison with the experimental result s ,  only t h e  

r e s e rvoi r  di ffusion coefficient was altere d .  The value u s e d  

was chosen t o  give a di s charge capacity a t  the 5 hour rate 

o f  1 1 0  Ampere hours . Thi s i s  approximately the s ame a s  the 

capacity of the cell under t e st . The model att ai ne d  the 1 1 0  

Ampere hour capacity when the ratio o f  the e ffect ive t o  

immobile diffusion coe ffi cient was forty . 

b )  E xchange current s . 

The inaccuracy introduced through the VIAM model us i n g  

a s ingl e exchange current /overpotent ial relat i o n ship for 

both the cathodi c and anodi c reactions has been di s cu s s e d  

in s ection 7 . 3 . 2 .  One approach to reduce t h e  errors  

involved wa s to de fine new paramete r s  for high current 

case s . The uncertainty of the anodi c and cathodi c current 

dens ities  has al ready been di scus sed in s ect i on 7 . 3 .  I n  

addit ion the experimental re sults suggest that the cathodi c 

exchange current in part i cular i s  sensit ive to such things 

as  i dl e  time and nature of  the previous cycle . Together 

the s e  fact ors indi cat e that the exchange current paramete r s  



2 6 9  

should be det e rmined for each di fferent di scharge cycl e . I n  

the model re sult s that follow , this was not done . Rather 

the s ame react ion orders were used a s  before ( Hampson et al  

( 1 9 6 7 ) ) and the react ion rat e constant s adj u sted t o  give 

model re sult s that compared well with the 1 0 0  Amp e re hour /  

2 0  Ampere di s charge c a s e  of  the experimental result s . The 

adjustment was performed by t rial and e r ror . The react i on 

rate con stant s found in thi s way were used for all  othe r 

di scharge cas e s . The s e  are given in appendix 3 .  

7 . 5 . 2  The VIAM Model and Experimental Results . 

The VIAM model resul t s  for the ten experimental ca s e s  

are given in figures 7 . 6 1 to  7 . 7 0 .  Superimpo sed o n  the s e  

same figures are the corre sponding experimental e s timat i o n s  

f o r  the pos it ive electrode voltage . The t rends s e e n  when 

comparing the model and experimental results are s imi lar in 

all ten cases . These are des c ribed for the various stage s 

o f  the di s charge / charge cycl e  below . The di s charge / charge 

cycle stages are the same as  in  s ect ion 7 . 3 . 

a )  The initial di s charge voltage . 

I n  the initial di s charge stage the mode J predi ct s a 

vo ltage whi ch i s  somewhat higher than the experimental 

voltage . The di fference is in the orde r  of 0 . 0 5 0  vol t s  and 

is s een in all case s . Thi s same trend was noted when 

comparing the VIAM model result s with expe rimenta l  

o f  Sunu and Burrows ( 1 9 8 1 )  in  section 7 . 3 . 4 .  A s  

inst ance , the di fference can be att ributed 

inaccurac i e s  int roduced by t h e  VIAM mode l us ing 

exchange current /overpotent i al 

di scharge . 

relat i onship 

b) The intermediate discharge voltage . 

re sul t s  

i n  t hat 

t o  the 

a single 

for the 

The di s charge t ime for the 1 0 0  and 50  Ampere hour 

cases  ( fi gures 7 . 6 1 t o  7 . 6 6 )  are long enough to exhibit an 
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i nt ermediate di s charge stage . The model and experimental 

resul t s  generally have the same form and close to the s ame 

value for this  stage o f  the di s charge . The except ions are 

the 50  Ampere hour/ 4 0  Ampere and 50  Ampere hour / 2 0  Amp e re 

di scharge cases  ( fi gure 7 . 6 3 and 7 . 6 4 ) . Again the single 

exchange current form of the VIAM model doe s not properly 

represent the high current di s charge o f  the 50  Amp e re 

hour / 4 0  Ampere case . The 5 0  Ampere hour/ 2 0  Ampere c a s e  

involve s depres s ed experimental voltage value s .  

s ituat ion has been di s cu s s ed in section 7 . 4 . 4 .  

This  

c)  The  fi nal di s charge voltage . 

Only the 1 0 0  Ampere hour / 2 0  Ampere case ( fi gure 7 . 6 1 )  

reaches the final dis charge stage . The predi cted value is  

far lower than the experimental value . The h i gh 

experiment al value has been att ributed to the e f fect of  

gas s i ng during di scharge ( se ction 7 . 4 . 3 ) . The model doe s  

not account for gas s ing e f fe ct s . 

d)  The open ci rcuit rest voltage . 

I n  all cas e s  the model and experimental re sult s show 

excel lent agreement for the rest stage . It i s  o f  interest 

that during the re st stage overpotent ial e ffects that have 

been a ma j o r  factor in the di fferences in the model and 

expe rimental results are negl i gibl e . 

e )  The initial charge voltage . 

Fol l owing 

7 . 6 1 to 7 . 6 6 )  

a 1 0 0  or 5 0  Ampere hour di scharge 

the model predi ct s  a voltage 

( fi gures 

that i s  

cons i derably lower than the experimental e st imat e . Thi s  may 

i n  part be att ributed to an e l evated experimental e s t imat e . 

The errors a s sociated with the solution re si stance and 

negat ive plate and re ference e l ect rode equi l ibrium 

potential s used for the experimental e s t imate ( se e  s e ct ion 

7 .  4 .  1 )  are all  greatest at this stage of a medium t o  deep 

di s charge / charge cyc l e . It is unl ikely that the large 
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di fference i n  voltage i s  due t o  the experimental e s t imat e 

al one . Two other e ffect s t hat relate t o  the VIAM model a re 

al so l i ke ly t o  be signi ficant cont ributor s . The f i r st 

e f fect i s  again the result o f  the VIAM model using a s in g l e  

form f o r  t h e  exchange current / overpotent ial relati onship . 

I f  both a low and a high overpotential form were used t h e  

l arge init ial ove rpotential could be mode l l ed more 

accurate ly . The s e cond e f fect i s  that o f  Pb02 encapsulat i on 

( see s e ct ion 7 . 1 . 6  and 7 . 3 . 4 ) . This e ffect would be more 

marked i n  the medium and deep di s charge c a s e s . The model in 

its  pre s ent form doe s  not account for Pb02 encap sulat i o n . 

The VIAM model and experimental re sult s are i n  bet t e r  

agreement i n  the init ial s t age of  the 1 0  Ampere hour 

di scharge case s . With the shal low di s charge , the 

experimental e s t imat ion errors and Pb02 encapsulat i o n  

e ffec t s  are l e s s  s igni fi cant . 

f )  The i ntermedi at e  charge voltage . 

The charge t ime for the 1 0 0  and 5 0  Ampere hour c a s e s  

are long enough t o  exhibit an intermediate charge stage . 

The model and experimental results have c l o s e  t o  the s ame 

form and value for this stage of the charge . 

g) The final charge voltage . 

For the final stage o f  the charge 

predi cted by the model ri s e  rapidly whi l e  

experimentally l evel out . The reason for 

here i s  that the model doe s  not account for 

the vol tage s 

those obtained 

the difference 

gas s ing . The 

model a s sumes the ful l  constant current charge 

volta ge reaches the constant voltage l imit . I n  

unt i l  

fact 

the 

an 

increas ing propo rti on o f  the current i s  diverted into the 

gas s i ng react ion at thi s s t age of  the charge . I f  the 

current u s ed for the model wa s dis counte d  for gas s in g ,  t h e  

voltage would not exhibit t h e  same rapid rise  as seen here . 
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8 . 1 .  THE CONTRIBUTION OF THIS WORK . 

8 . 1 . 1 .  A New Positive Electrode Model . 

A detailed model for the po sit ive e lect rode o f  t h e  

lead-acid cell  h a s  been developed in thi s the s i s . Thi s i s  

the VIAM model whi ch connects voltage , current and AM 
di stribut i ons within the electrode . The model represents a 

pract i cal cell under likely di s charge and charge 

condit ions . The VIAM model i s ,  i t s e l f ,  made up o f  four 

unde rlying mode l s . The s e  are the el emental di s charge 

capac ity model , the e lemental di s charge surface area mode l ,  

the eleme nt al charge surface area model and the aggregat e 

mode l . The unde rlying mode l s  were developed from detai l e d  

expe rimental des c ript ions of  cell components .  Thi s appro a ch 

was taken to obtain an accurate elect rode des cript i on 

u s e ful i n  analysing and improving practical l ead-acid ce l l s  

and systems . 

The VIAM model di ffe rs from previous porous e l e ct r o de 

model s  ( di s cus sed in section 3 . 6 ) i n  the fo l lowi ng 

re spect s . 



i )  The model i s  based on recent experimental studie s 

showing microst ructure and macrostructure i n  the 

pos it ive AM ( se ct ion 3 . 2  and chapte r  5 ) . 

i i )  The model account s for non-part i c ipat ing AM 
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that ha s recently been shown t o  extend from the plate 

surface inward and increase with cell  cycling ( s ect i o n  

3 . 2  and chapte r  5 ) . 

i i i ) D i s charge capacity , di s charge surface area and 

charge surface area are defined from de s cript ions o f  

the AM us ing elemental model s ( s e ction 3 . 2  and chap t e r  

4 )  . 

iv)  The model i ncorporate s  the e ffect u f  acid 

t ransport in all cel l  component s  ( chapter 5 )  . 

v )  The model can be applied to di s charge , rest and 

charge s ituat ions ( chapte r  7 )  . 

vi ) The model can be applied over a wide range o f  

di s charge and charge current s ( chapte r  7 )  . 

8 . 1 . 2 .  Model Performance . 

The results 

unde rlying mode l s  and 

and pe rformance obtain�d for the 

the VIAM model are summari sed below . 

a )  The e leme ntal mode l s . 

Resul t s  for the e lemental dis charge capacity model 

were evaluated against typi cal cell  capacity and AM 
di stribut i on data . The re sult s obtained were real i st i c  ( se e  

s e ct i on 7 . 1 . 2 ) . 

The el emental 

fully devel oped . 

di s charge surface area model wa s not 

The formulat ions for the prese nt 

implementation give a first approximation to the surface 
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area variation with di scharge ( se e  s ection 7 . 1 . 4 ) . 

The re sult s for the e lemental charge surface area 

model showed l ittle variation with acid concent rat ion o r  

geometric parameters and were accurat ely represented as  a 

funct ion o f  charge state and current only . The resul t s  were 

in agreement with experimental studi e s  at all  but very deep 

di scharge condi t i ons . At deep di s charge the e ff e ct o f  

surface area masking due to Pb02 encapsulation b y  PbS04 may 

be a fact o r . The model in it s pre s ent form does not account 

for this  ( see  s e ct ion 7 . 1 . 6 ) . 

b )  The aggregate mode l . 

The dimensions o f  the aggregat e mode l were compared 

with experimental studi e s  of  the AM s t ructure . The 

dimensions were real i s t i c  although biased t owards the 

larger AM feature s they repres ent ( see s e ction 7 . 2 ) . 

c )  The VIAM mode l . 

The VIAM model wa s used to s imulate s everal di fferent 

deep di s charge/ charge cycle s . The r e sult s obt ained agreed 

c l o s e ly with expe rimental observati ons ( see  section 7 . 3 ) . 

The re sult s included electrode capacit y ,  electrode 

voltage/t ime charact e r i s t i c s  and AM di st ribut i on within the 

e l ect rode . Addit i onal re sult s includi ng potent ial , current 

and acid concent rat i on di st ribut ions within the el ectrode 

could not be substant iated s ince suitable experimental data 

is not available . 

The critical ro l e  o f  the exchange current / 

overpotent ial relationship was ident i fied . The u s e  o f  a l ow 

and high overpot ent ial relat ionship was di s cu s s e d  as  an 

alternat ive t o  the s i ngle relationship used ir . the pres e nt 

implementation o f  the VIAM mode l . The need to account for 

gas s i ng a s  it influences acid transport and charge current 

was ident i fi e d . 
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d )  The experimental result s . 

Experimental r e sult s for cell  voltage we re given f o r  

t e n  di ffe rent di s charge/ charge cycle s . In  addition , gas s i ng 

and cell  concent rat ion result s were given for a standard 

case . I n  general , re sult s were consi stent with well known 

forms ( se e  s e ct ion 7 . 4 ) . Minor except ions were att ribute d  

to gas s ing during di scharge and the e f f ect t h e  

di s charge / charge hi story o f  t h e  cell . E stim�t e s  for t he 

posit ive plate voltage were given to use in evaluati ng t h e  

VIAM model re sult s .  

e )  The VIAM model and experimental result s . 

The VIAM model re sult s and experimental e st imate s  gave 

the s ame form and s imi lar quantitative value s  over the w i de 

range o f  conditions involved ( see s ection 7 . 5 ) . Agreement 

for the intermediate stage of the di s charge and charge was 

close . D i fferences at other stages of the di s charge / charge 

cycle were mo st l ikely due to two e f fe ct s  not account e d  for 

in the mode l . These are the low and high overpot ent i a l  

exchange reactions f o r  both t h e  di s charge a n d  charge 

di re ct ions and the cell gas s i ng . Both the s e  e ffects 

be incorporated into a future implementation o f  the 

mode l . 

could 

VIAM 

I n  the mai n ,  the model and experimental result s were 

in close agreement . The exceptions noted above highl i ght 

areas for further development . The s e  are di s cu s s e d  i n  

section 8 . 2 below . 

8 . 1 . 3 .  Model Application . 

I n  presenting the background for thi s the s i s  ( chapte r  

2 )  a c a s e  was made for the u s e  o f  model s  to accurat e l y  

det e rmine the stat e  o f  the cel l  and suitabl e chargi n g  

s cheme s . The model developed h e r e  c a n  be used f o r  t h i s  

purpo s e . F o r  example the model can b e  used to simulate the 
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e f fe ct o f  di ffe rent di s charge conditions o n  the charge 

character i s t i c s . S imi larl y ,  it  can be used t o  s imulate the 

e ffect o f  di fferent charge s cheme s on charge t ime . 

The model a l s o  has important app l i cations in the area 

o f  c e l l  development . For  example the e ffect o f  di f fe re nt AM 

s t ructures and c e l l  constructi on can be studi e d . 

8 . 2 .  EXTENSIONS TO THE MODEL . 

8 . 2 . 1 .  Exchange Reaction Representation . 

The incorporat ion o f  l ow and h i gh exchange 

current / overpotent ial relat i onships into the VIAM model 

( actual ly the underlying aggregate mode l ) for both t h e  

cathodi c  and anodic di rections i s  de si rabl e  ( se e  s e c t i o n  

7 . 3 ) . Thi s i s  a relatively minor change that could be 

achieved by replacing the single interface impedance 

component with two component s in  paral lel ( se e  figure 5 . 6 ) . 

The component for the low overpot ent ial could have a l i ne a r  

current /voltage re lat ion ship ( constant re s i stance ) a n d  t h e  

component f o r  the high overpotent ial a n  exponent i a l  

current / overpotent ial relationship ( Tafel relationship s e e  

sect i on 3 . 3 ) . Thi s i s  in  accord with experiment al 

obs ervat ions ( se e  Hampson et al ( 1 9 6 7 , 1 9 6 8 )  for exampl e ) . 

8 . 2 . 2 . Cell Gassing . 

Cel l gas s i ng was responsible for the di fference 

between the model and experimental re sult s during the 

latte r  stages o f  charging . ( se e  s e ction 7 . 3  and 7 . 5 ) . 

Account i ng for thi s in the VIAM model i s  not a s impl e  

matt e r . Gas evolving e l e ct rode s  have been studied t o  a 

l imited ext ent ( see sect i on 3 . 5 ) . However ,  a con s i de rable 

amount o f  work remains to be done before the mo st 
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s i gni fi cant effects for a pract i cal lead-acid c e l l  are 

i dent i fied . These should include a local gas s ing rat e  model 

t o  account for current diverted i nto the gas s ing react i o n ,  

and a model for determining the e f fect o f  gas evo lut ion o n  

t ransport parameters in the various c e l l  component s .  

8 . 2 . 3 .  A Two Dimensional P late . 

The VIAM model t reat s the cell plate a s  a o ne 

dimensional structure , that i s ,  as  having thi ckne s s  only . 

This assume s that the plate character i st i c s  are independent 

of plate height and width . Experimental studi e s  have shown 

thi s to be an approximat ion ( see Sunu and Burrows ( 1 9 8 1 )  

for examp l e )  . The VIAM model could be modi fied to repre s ent 

the cell ( and plat e )  as  a cyl indri cal symmet r i c  syst em 

with axi s  o f  symmetry through the cent re o f  a c i rcu l a r  

plat e . The c e l l  h a s  al ready been con s i dered in thi s way t o  

de fine the reservoi r  component . Such a modi f i cation wou l d  

improve the representat ion o f  a c i d  di st ribut ion to t h e  

plate s . The c o st i s  addi t i onal computati onal e ffort s ince a 

compl ete radial segment would need to be represented .  The 

computat i onal effort could be o f f s et by as suming the 

mi cropore s have uniform current and acid dist ribut ion over 

their length ( see section 7 . 3 . 3 ) . 

8 . 2 . 4 .  Cell Temperature . 

The model and experimental work report ed here a l l  

as sume the c e l l  i s  a t  constant temperature . I n  pract i ce 

cell temperature may vary tens o f  degrees over a normal 

working cycl e  ( s ee Tomant schger ( 1 9 8 4 )  for examp l e )  This  

e f fects acid transport , equi librium potent i a l s  and 

overpotent ial s . It  would be de s i rabl e for the model to t ake 

account o f  thi s . A comprehensive model for temperature 

changes in a cell has been developed by Lee e t  al  ( 1 9 8 6 ) . 

I t  would be pos s ible to incorporate a model o f  thi s t ype 

i nto the VIAM model . 



Appendix 1 
The Elemental Charge Surface Area Model 
Program Listing 

The elemental charge surface area model i s  s et out i n  

detail in section 4 . 3 .  A Pas cal compute r  pro gram was 

written to solve the formulations that de fine the model . A 

flow diagram o f  the program i s  given in f i gure 4 . 8 .  As far 

as  is  pract i cable , the variable names used in the program 

corre spond to the names used in the text ( see sect ion 4 . 3 ) . 

The complete program l i st i ng i s  given bel ow . 

p rogram Elemental_Charge_Su rface_Are a_Model ( input , output ) ; 

const 
{ p rima ry phys ical constants } 

Pi=3 . 1 4 1 5 9 2 7 ;  F=9 . 6 4 8 E 4 ;  
VmPb02=2 5 . 8 6 E- 6 ;  VmPbS04=4 8 . 9 2 E - 6 ;  MmPb02=2 3 9 . 1 9 ; k=VmPb02 /VmPb S04 ; 

{ paramete rs for adopted AM } 
Mce l l= 1 6 4 5 ;  { g  mass o f  Pb02 i n  cha rged ce ll } 
Vu=O . O S O E - 6 ;  { m3 . g-1 equivalent volume o f  microstructure solution } 
SdPb02=1 . 5 7 ;  { m2 . g- 1  equivalent full discha rge Pb02 su rface } 

{ derived AM pa rameters } 
VuTot=Vu +VmPb02 /MmPb02 ; { m3 . g-1 total mi crost ruct ure volume } 
qd=2 * F *Vu/ (VmPbS04 -VmPb02 ) ;  { A . s . g-1 full di s charge capacity } 
VdPb02 =VmPb02/MmPb02 -qd*VmPb02 / ( 2 *F ) ; { m3 . g- 1  full dis cha rge Pb02 volume } 
VdPbS04 =VuTot-VdPb02 ; { m3 . g- 1  full di s cha rge PbS04 volume } 

{ system discretisation constan t s } 
nR= SO O ;  { number of s teps in radius for cha rge } 

var 
{ system pa ramete rs } 

I ce l l ,  { A  cell cu rrent } 
nvo , { initial numbe r of l obe s } 
fo,  { su r face factor for di scharged Pb02 particle s } 
fv, { l obe ci rcumference fact o r }  
D O ,  { m2 . s-1 Pb2 + diffu si on coe f f }  
e O ,  { mol . m- 3  Pb2 +  concentrat i on } 

{ model dimensions and con stant s }  
Ro, { radius for box width;  initial radiu s for PbS04 / sphe re } 
Nx,  { numbe r o f  boxes per gram } 
Rx , { radiu s  for box height } 
R Liml , { PbS04 radi u s  limit for t op / bottom sphe ri cal cap } 
R-Lim2 , { PbS04 radiu s  limit for sphe rical cap segment on t op /bottom edge s }  
R-L im 3 ,  { PbS04 radi u s  limit f o r  sphe rical cap segment on side edges } 
VxO , { initial vol ume of Pb02 in box } 
s SdPb0 2 ,  { su r face o f  Pb02 in box a t  f u l l  dis cha rge } 
s SdPbS04 , { su rface of PbS04 i n  box at full di scha rge } 
dR, { i nc rement in PbS04 radiu s }  

{ model variable s }  
R,  { Pb S04 radius in box } 
Vx,  { volume enclosed by PbS04 i n  box } 
I x ,  { total current in box } 
s SPbS04 , s S 1 PbS04 , { present and past PbS04 s u r face area within box } 
s SPb02 , { present total Pb02 surface a re a  in box } 
s ScPb02 , sSgl Pb02 , { completed and past growi ng Pb02 su rface a re a  in box } 
SPbS04 , { equ ivalent PbS02 surface a re a } 
SPb02 , { equivalent Pb02 su rface a re a } 
SEf fct , { e f fe ct ive Pb02 su rface a re a } 



t ,  dt , { time and time inte rva l }  
Ke , { reaction rate constant } 
q ,  { equiva lent charge } 
rv Max ,  { max imum lobe radius } 
svo { i nitial lobe s u rface } 

: doubl e ;  
rv, s v ,  cv : a r ray [ O  . .  n R ]  o f  double ; 

{ l obe radi u s ,  surface area and Pb2 + i on concentrat i on } 
Mv : a r ray [ O  . .  nR]  of i ntege r ;  { lobe max si ze switch } 
j R ,  j Rl ,  j R2 ,  Coll  : i ntege r ;  
key : cha r ;  

p rocedure I ni ti a l i se ; 
const Esc=chr ( 2 7 ) ; 
type String=va rying [ 4 0 ]  of cha r ;  

{ get function } 
function Get_para ( P rompt : St r ing; Nominal : double ) : double ; 
var 

Va l : doub l e ;  
St rval : st ring; 

begin 
write ( Prompt , ' ( nominal value = '  , Nomin al : 8 : 3 , ' )  
readln ( St rva l ) ; 
i f  St rval= ' '  then Val : =Nominal 

else ReadV ( St rval , Val ) ;  

> I ) i 

writeln ( Es c , ' [ 1 F ' , P rompt , ' ( nominal value = ' , Nominal : 8 : 3 , ' )  > ' , Val : 8 : 3 ) ; 
Get P a ra : =Va l ;  
endT 

{ p rocedure initialise } 
begin 
write l n ( E s c , ' [ H '  , Es c , ' [ J '  , ' CHARGE SURFACE AREA MODEL' ) ;  
write l n ;  

{ get parame t e rs } 
I ce l l : =Get para ( ' Ce ll curren t '  , 1 0 0 ) ; 
fo : =Get para { ' Sphere su rface fact o r '  , 1 . 2 ) ; 
nvo : =Get para ( ' Initial numbe r of lobe s '  , 4 ) ;  
fv : =Get pa ra ( ' Lobe sur face fact o r '  , 2 ) ; 
D 0 : =1 . 0E- 9 *Get para ( ' Pb2+ di ffusion coeff ( x 1 0 � - 9 ) '  , 0 . 2 1 6 ) ; 
c 0 : =1 . 0E-2 *Get-para ( ' Pb2 + concent ration ( x 1 0 � -2 ) ' , 0 . 4 2 8 ) ; 

{ set mode l dimen sions and constant s }  
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Ro : =3 * fo *VdPb02 / S dPb02 ; Nx : =3 *VdPb02 / ( 4 * pi * Ro* * 3 ) ; Rx : =VuTot / ( 8 *Nx* sqr (Ro)  ) ;  
R Lim1 : =Rx ; R Lim2 : =sqrt ( sqr ( Rx ) + sqr ( Ro ) ) ;  R Lim3 : =sqrt ( 2 l *Ro;  
VxO : =VdPb0 2 / Nx; s SdPb02 : =SdPb02 /Nx; s S dPbS04:=s SdPb02 ; 
dR : = ( sqrt ( 2 * sqr ( Ro ) +sqr ( Rx ) ) -Ro ) / nR;  
rv Max : =0 . 9 9 9 * sqrt ( sSdPbS04 / ( P i *nvo ) ) ;  svo : =s SdPb S04 / nvo;  
r x:=I cel l / (Mce l l * Nx ) ;  
s Sg1Pb02 : =s S dPb02 ; sS 1 Pb S04 : =sSdPb02 ; sScPb02 : =0 ;  
rv [ O ]  : =rv Max ; sv [ O ]  : =0 ;  Mv [ O ]  : =1 ;  
j R1 : = 0 ;  jR2 : =0 ;  C ol 1 : =0 ;  
qPt : =O ;  1Pic : =1 ;  
Ke : =1 ;  q : =O ;  t : =O ;  
write l n ;  
1-1ri t e l n  ( '  R o  
writeln ( ' Rx = 
writeln ( ' Nx = 
write l n ;  

1 1 Ro : 1 0 ) ; 
' ,  Rx : 1 0 ) ; 
1 , Nx : 1 0 ) ; 

write ( 1 P re s s  return to conti nue > 1 ) ;  
readl n ;  
end; 

p rocedure Update PbS04 S t ructure;  
const 

ff=0 . 0 8 5 0 1 ;  f ff=0 . 0 8 6 5 0 ;  
var 

Aa 1 1 Bb 1 ,  Alpha 1 ,  Aa2 1 Bb2 1  Alpha2 ,  S x  double;  
{ p rocedu re Update PbS04 St ructure } 

begin -
R : =Ro + j R 2 * dR;  

{ calculate volume enclosed by ret reating PbS04 1 Vx } 
Vx : = ( 4 / 3 ) * Pi *R*R*R;  { complete spherical volume } 
Vx : =Vx-4 * { P i / 3 ) * sqr ( R-Ro ) * ( 2 *R+Ro ) ; { le s s  4 side caps } 
i f  R>R Lim1 then 

Vx : �Vx-2 *  ( P i / 3 ) * sqr ( R-Rx ) * ( 2 * R+Rx ) ; { le s s  2 top/bottom caps } 
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i f  R>R Lim2 then 
begin { pl u s  8 cap segments at top and bottom edge s }  
Aal : =sqrt ( sqr ( R ) -sqr ( R  Lim2 ) ) ;  Bbl : =R-R Lim2 ; Alpha l : =arctan (Aa l / R Lim2 ) ; 
Vx : =Vx+ 8 *  ( 1 -Alpha l * ff ) *  

- -

( 2 / 3 ) * (Aa l *  ( 3 * sqr ( R) -sqr ( Aa l ) ) + 3 * sqr ( R ) *Alpha l * ( Bb l -R ) ) ;  
end; { i f  R>R Lim2 } 

i f  R>R Lim3 t hen 
begin { pl u s  4 cap segments at side edge s }  
Aa2 : =sqrt ( s q r ( R) -sqr ( R  Lim3 ) ) ;  Bb2 : =R-R Lim 3 ;  Alpha 2 : =arctan (Aa2 / R_Li m3 ) ; 
Vx : =Vx+ 4 * ( 1 -Alpha2 * ff ) *  

-

( 2 / 3 ) *  (Aa 2 * ( 3 * sqr ( R) -sqr ( Aa 2 ) ) + 3 * sqr ( R ) *Alpha 2 * ( Bb2-R) ) ;  
end; { i f  R>R Lim 3 }  

{ calculate the PbS04 s u r face area } 
S x : =4 * P i * sqr ( R ) ; { complete sphe rical surfa ce a rea } 
S x : =Sx-4 * ( 2 * P i ) *R* ( R-Ro ) ; { le s s  4 side cap s } 
i f  R>R Liml then Sx : =Sx-2* ( 2 *P i ) * R* ( R-Rx ) ; { le s s  2 t op /bottom c aps } 
i f  R>R

-
Lim2 then Sx : =Sx+ 8 * ( 1 -Alpha1 * f f f ) * 

4 * R* (Alphal *  ( Bbl -R) +Aal ) ;  { plus 8 cap segments at t op and bottom edge s }  
i f  R>R Lim3 then Sx : =Sx+ 4 * ( 1 -Alpha2 * f f f ) * 

4 * R* ( Alpha2 * ( Bb2 -R ) +Aa2 ) ;  { pl u s  4 cap segments at side edges } 
{ multiply by su rface factor to get PbS04 su rface } 

s SPbS04 : =f o * S x ;  
{ g ram equivalent PbS04 su rface } 

SPbS0 4 : =Nx * s SPbS0 4 ;  
end; 

p rocedure Update Time and Cha rge ; 
var ql : double ; 

- -

begin 
{ Calculate state o f  charge } 

ql : =q;  
q : = 2 * F * Nx* (Vx-Vx 0 ) /VmPbS04 ; 

{ calculate time } 
dt : = ( q-ql ) / ( ICell /MCe l l ) ; if dt <O then dt : =O ;  
t : =t+dt; 
end; 

p rocedure Update_Pb02 S t ructu re ; 
var 
ove rX , ove rX1 , SumC S ,  dCdR, dCdRl , E r rFac,  rv1 double;  
sv  Sum,  sv  Carry,  s SgPb02 , dsSPbS04 : double ; 
YOverX, ZOve rX : array [ O  . .  nR ] of double;  

{ procedu re Update Pb02 S t ructure } 
begin 

- -

{ setup for lobe growth at new bounda ry R2 } 
cv [ j R2 ] : =1 ;  
sv [ jR2 ] : =P i * sqr ( rv ( jR2-1 ] ) ;  
rv ( j R2 ] : =0 ; 
Mv ( j R2 ] : =1 ;  

{ setup for concent rat ion di st ribution solution } 
{ de fine constant factors } 
ove rX l : =svo-P i * sqr ( rv ( jR2- l ] ) ;  
for j R : = j R 2 - 1  downto j Rl + l  do 

begin 
overX : =svo-Pi* sqr ( rv ( jR-1 ] } ;  { i f overX=O then overX : = 1 . 0E- 6 * svo; } 
YoverX ( j R ]  : = ( overX l -ove rX ) / ( dR*ove rX ) ; 
Zove rX ( jR ]  : =Mv ( j R] * (Ke/ ( 2 *F * D0 ) ) *  

( fv * 2 * P i * rv ( j R ] -Pi* ( sqr ( rv ( j R ] ) -sqr ( rv ( j R- l ] ) ) / dR ) / overX; 
ove rX 1 : =ove rX; 
end; { for j R : = j R2 - l . . }  

{ i te rate for concentration di st ribution with constant Ke } 
repeat 

{ s olve for concent ration di stribut i on with estimated Ke } 
{ pa rameters at R2 boundary } 
dCdR1 : = I x / ( 2 * F * D O * sSPbS04 * c 0 ) ; 
SumCS : =sv ( j R2 ] *Mv ( j R2 ] ; 
{ p a ramete rs inside the R2 to t he R1 boundary } 
j R : = j R2 - 1 ;  
whi le j R>=jRl  do 

begin 
cv ( j R ]  : =cv ( j R+ l ] -dR*dCdR1 ;  
i f  cv ( j R ] <=O then 

begin 
for j R : = j R  downto j R1 do cv ( j R ]  : =0 ;  
j R : = j R l - 1 ;  



e nd 
else 

begin 
dCdR : =dCdR1 + dR * ( YoverX [ jR ) * dCdR1 + Z ove rX [ j R ) * cv [ j R )  ) ;  
i f  dCdR<O then dCdR : =O ;  
SumCS : =SumC S + cv [ jR ] * sv [ j R ] * Mv [ j R ] ; 
dCdR1 : =dCdR; j R : = j R- 1 ;  
end; { i f cv [ j R ] <=O } 

end; { while j R>=jR1  . .  } 
{ ad j u s t  Ke ( potent i al ) so PbS04 di s so lved equals Pb02 deposited}  
E r rFa c : = { I x -Ke * S umC S * sSPb S0 4 * c 0 / svo ) / Ix ;  
Ke : =Ke * ( 1 + E rrFac ) ; 
if Ke <1 . 0 E-3 then Ke : =1 . 0 E- 3 ;  i f  Ke >1 . 0 E 3 6  the n  Ke : =1 . 0 E 3 6 ;  

until ( abs ( E rrFac ) < 0 . 0 0 1 ) o r ( Ke = 1 . 0E 3 6 ) ; 
{ calculate su rface of a s ingle growing Pb02 l obe } 

sv Sum : = jR1 * fv * 2 * Pi * rv Max * dR;  { max si ze part } 
for j R : = j R2 downto j R1-do sv Sum : =sv Sum+sv [ j R ] ; { rema i -. ing part } 

{ multiply to get total s u rf ace fo r all growing Pb02 lobes } 
s SgPb02 : =sv Sum * s SPbS0 4 / svo;  

{ calculate su rface o f  Pb02 l obes passing out of the growing z one } 
dsSPbS04 : =s S 1PbS04-sSPb S04 ; { change in g rowing zone } 
i f  ds SPbS0 4 < 0  then dsSPbS04 : =0 ;  
s Sc Pb02 : =s S cPb02 + ds SPbS04 * s Sg1 Pb02 / s S 1 PbS04 ; { s u r face passing out } 
s S1 PbS04 : =sSPb S04 ; sSg1Pb02 : =sSgPb02 ; 

{ calculate total Pb02 surfa ce in box } 
s SPb02 : =s S cPb02 + s SgPb02 ; 

{ equivalent Pb02 surface } 
SPb02 : =Nx * s SPb02 ; 

{ e f fective Pb02 surface } 
S E f fct : = ( I ce l l / Mcell ) / ( Ke * c O ) ;  

{ update Pb02 lobe st ructu re } 
sv Carry : =O ;  
f or j R : = j R 1  t o  j R2 do 

begin 
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rv [ j R ]  : =sqrt ( sv Carry+ ( Mv [ j R ] * Ke *VmPb02 * c O * cv [ j R ] * sv [ j R ] *dt/ ( 2 * P i * F *dR) ) 
+ sqr ( rv [ j R ) ) ); 

if rv [ j R ) > rv Max then 
begi n -
sv C a r ry : =sqr ( rv [ j R ]  ) - sqr ( rv Max ) ; 
rv[j R ]  : =rv Max ;  Mv [ j R )  : =0 ;  -
end -
e l se sv Carry : =O ;  { i f rv [ jR ] > rv_Max }  

end; { for ]R : = jR1 t o  j R2 } 
{ move R1 bounda ry }  

while rv [ j R1 ] >=rv Max do j R1 : = j R1 + 1 ;  
{ l obe sur face a rea between R2 and R1 } 

i f  jR1=0 t he n  rv1 : =sqrt ( svo/Pi ) 
else rv1 : =rv [ j R1 - 1 ] ;  

for j R : = j R2 downto j R1 do 
i f  j R=O t he n  sv [ j R )  : =fv * 2 *P i * rv [ j R ] * dR+abs ( P i * sqr ( rv [ j R ] ) -svo)  

e l se sv [ j R ]  : =fv * 2 * P i  * rv [ j R] * dR+Pi * abs ( sqr ( rv [ j R ) ) -sqr ( rv [ j R-1 ] ) ) ; 
end; 

p rocedure D i splay Re sult s ;  
const Esc=chr (27 ) ; nCol=B O ;  nRow= 1 5 ;  
var Col , Row, Row 1 ,  j Row : intege r;  

{ gotoxy } 
p rocedure GotoXY (X, Y : i ntege r ) ; 
begin 
write ( E s c ,  ' [ ' , Y :  1 ,  ' ; ' , X :  1, ' H ' ) ; 
end; 

{ p rocedure Di splay Results } 
begin -
i f  jR2=1 t he n  { first calculation display headings } 

begin 
writeln ( E s c , ' [ H ' , E s c , ' [ J '  , ' CHARGE S URFACE AREA MODE L' ) : 
write l n ;  
writeln ( '  State ' , '  S Pb02 ' , '  SPbS04 ' , '  S Total ' , '  > E f fct ' ) ;  
end; 

{ st at u s  line } 
GotoXY ( 1 , 4 ) ; 
writeln ( '  ' , q/ qd : 6 : 4 , ' ' , SPb02 : 6 : 4 , '  ' , SPbS04 : 6 : 4 , ' 

( SPb02+ SPbS04 ) : 6 : 4 , ' ' , S E f f ct : 6 : 4 ) ; 
{ lobe profile } 
i f  ( ( j R2 -1 ) rem 1 0 ) =0 then 

begin 



j R : =l ;  Rowl : =l ;  Col : = l ;  
GotoXY ( 1 ,  7 ) ; w rite ln ( E s c , ' [ J ' ) ;  
repeat 

Row : =round ( nRow * rv [ j R ] / rv Max ) ; 
for j Row : =Rowl downt o Row+l do 

begin 
GotoX Y (Col-l , j Row + 7 ) ;  writeln ( ' * ' ) ;  
end; 

GotoXY ( C o l , Row+ 7 ) ; w riteln ( ' * ' ) ;  
Row l : =Row ; Col : =Col+ l ;  
j R : =round ( ( Col- l ) * nR/nCol ) + l ;  

until j R> = j R2 ; 
for Coll : =C ol l + l  to Col do 

begin 
gotoXY ( Co ll , 6 ) ; 
if ( Col l Rem 4 ) =0 then write ( ' + ' ) 

else w rite ( ' - ' ) ;  
end; 

w riteln ; Col l : =Col ; 
end; 

end; 

begin 
I n i t ia l i s e ;  
repeat 

j R2 : = j R2 + 1 ;  
Update PbS04 St ructu re ;  
Update-Time and Charge ; 
UpDate-Pb02-St ruct ure;  
D i splay Resul t s ;  

until ( j R2>=round ( 0 . 9 5 * n R )  ) or ( q/qd+O . O O O l >= l ) ;  
end . 
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Appendix 2 
The Aggregate Model Program Listing 

The aggregate model i s  s et out i n  detail in chapter 5 .  

A P a s cal computer program was written to s o lve t he 

formulat i ons that de fine the mode l . A flow diagram o f  t h e  

complete pro gram i s  given in figure 5 . 1 1 .  F l o w  diagrams o f  

the e l ectrical and t ransport solution part s o f  the program 

are given in Figures 5 . 7  and 5 . 1 0 re spectively . As far as  

i s  pract i cab l e ,  the variable names used in the program 

co rre spond t o  the names used in the t ext ( see chapt e r  5 ) . 

The complete pro gram l i s t ing i s  given below . 

[ i nherit ( ' s y s $ l ibrary : starlet ' ) ]  
program Aggregate_model ( i nput , output ) ;  

const 
{ p rima ry phys ical constants }  

pi=3 . 1 4 1 5 9 2 7 ;  F=9 . 6 4 8 E 4 ;  R=8 . 3 1 4 3 ;  T=2 9 8 ;  
VmPbS04= 4 8 . 9 2 E - 6 ;  VmPb02 =2 5 . 8 6E - 6 ;  VmPb=l 8 . 2 7E - 6 ;  MmPb02=2 3 9 . 1 9 ;  

{ measu rements f rom N 7  ce l l }  
Np= 6 ;  Sp=2 . 5 5E-3;  Hp=2 1 8 E - 3 ;  Wp=1 3 6 E- 3 ;  Hg=2 1 E - 3 ;  Wg= 1 7E - 3 ;  { positive plate } 
S s=3 . 6 E - 3 ;  { separat o r }  
Sn=2 . 0 5E - 3 ;  { negative plate } 
Sc=62E-3;  Hc 0 = 3 0 0 E - 3 ;  Wc=l 52E- 3 ;  { reservoi r }  

{ Agg regate mode l paramete rs } 
rho p=0 . 5 1 8 ;  { positive AM } 
Vm=0 . 0 6 6E - 6 ;  S m=O . O B ;  fm=l . 2 ;  theta m= { 2 . 1 9 } 1 . 3 ; chi m=0 . 9 9 ;  { m-channe l }  
Vu=O . O S OE- 6 ;  Su=3 . 5 2 ;  fu=2 ; theta u� { 2 . 1 9 } 1 . 3 ; { u-channe l }  
the ta h=2 . 1 9 ;  { h-channel } -
t heta-n=l . 1 8 ;  { negat ive AM } 
rho n�0 . 5 4 8 ;  { n-channel } 
c 0 =S . 7 E 3 ;  { i n i t ial acid concen t ration } 

{ system discret i s ation constant s }  
j lu=S ; j lm=2 0 ;  j lh= 3 ;  j l s=l O ;  j ln=l O ;  j l r= l O ;  
j li = j lm+ j l h+ j l s + j ln ;  j l s rs=round ( { j l s + l ) / 2 ) ; 
dt= 3 6 ;  

{ aggregate model dimensions } 
am= 4 * p i * sqr { fm *Vm/ S m ) ; l lm=the ta m* chi m * Sp ;  

dxm=l l m / j lm; { m-channel dimensions} 
Nme=Vm/ ( am * theta m * Sp ) ; { m-eh' s i  equivalent g ram } 
Vut ot=Vu+VmPb02 /MmPb02 ; { total u-st ruct u re vo lume /equivalent gram } 
Vmu=chi m*Vu / Nme ; { u -channel volume/ m-channe l }  
ac=am * thet a  m * ( l +Vutot/Vm ) ; { co re s ample a re a } 
au0=4 *pi * s qr ( fu *Vu / Su ) ;  l lu=theta u * ( sqrt ( ac ) - sqrt ( am )  ) / sqrt ( pi ) ; 

dxu=l l u / j l u ;  { u-channel dimension s } 
Num=Vmu /  (auO * l l u ) ; { u-ch ' s /m -ch ' } 
Nug=Num*dxm/llm;  { u -ch' s / group or u-ch ' s /m-ch' segment } 
Nma= ( Hp-Hg ) * ( Wp-Wg ) / ( ac * Hp* Wp ) ; { m-ch' s/plate area } 
ah=rho p * ac/ theta h; l lh=theta h* ( l -chi m ) * Sp; 

dxh�l lh/ j lh ;  -{ h-channel dimens ions} 
l l s =S s ;  dx s=l l s / j l s ;  as=l / Nma;  { s -channel dimen sion s } 
anO=rho_n * ac / t heta_n ; l l n=theta_n * Sn ;  



dxn=l ln/  j l n ;  { n-channel dimension s }  
Nmc=Np*Hp*Wp *Nma ; { m-ch ' s / ce l l }  
Vmr 0 = ( H c O * Wc * S c-Hp*Wp * ( 6 * Sp+ 6 * S s + 8 * S n )  ) /Nmc ;  { r-channel volume } 
Rp=sqrt ( Hp*Wp/pi ) ;  Rc=sqrt ( H c O * Wc/pi ) ;  { plate and cell radi i }  
l lr=Rc-Rp/ sqrt ( 2 ) ; dx r=l l r / j l r ;  arO=Vm r O / l l r ;  { r-channel dimensions } 
Ndue=Nme *Num* j lu ;  { u-channel d u  segment s / e qu ivalent gram } 
q0=2 * F *Vu/ (VmPb S04 -VmPb02 ) ;  { spec i f i c  discha rge capacity } 
Acid Tot=c 0 * ( 6 * rho p* Sp* ( Hp-Hg ) * ( Wp-Wg ) + 8 * rho n * S n * Hp * Wp +  

-6 * S s * Hp*Wp+VmrO * Nmc ) ;  { total a c i d  volume in cell } 
{ nume rical l imit s }  

dUPb02 =5 . 0E-2 ; { i nitial step u sed for tuning UPb02 } 
I m  j l m  Limit=0 . 0 1 /Nmc ; { precision for tuning Im [ j lm ]  ( A ) } 
I u-j l u-Limit=0 . 0 0 0 1 / ( Nmc*Num ) ; { preci sion for tuning I u [ j l u ]  (A) } 
X Limit= 1 . 0E-3 ; { mi nimum value for AM ( di scha rge ) s tate } 
uRe se t  Cnt=3 0 ;  uBest Cnt=1 3 0 ;  mBe st Cnt=1 5 0 ;  { count l imits f o r  tuning } 
R Key=l; E Key=2 ; D Key=3 ; i O c  Key=4; i O a  Key= 5 ;  SLo Key=6 ; SHi_Key=7 ; 

- { keys for ident ify ing l oo kup table s }  - -
i Oa Fact =3 0 ;  i O c  Fact=0 . 0 0 5 0 ;  

{factors for adj usting exchange curre nt reaction constant s }  
D r  Mu l t = 3 0 ;  { factor f o r  adj usting the reservoir di f fu s i on coe f f i cient } 
E sc=chr ( 2 7 ) ; 

t ype $ uword = [ word]  0 . .  6 5 5 3 5 ;  
$ quword = a r ray [ 1  . .  4 ]  o f  $ uword; 

var 
{ l ook-up tables } 

R Tbl , E Tbl , D Tbl , i O c  Tbl , i O a  Tbl , 
- SLo Tbl , S Hi-Tbl : array [ 1  . .  1 00] of rea l ;  

{ model variables } -
e r  : a rray [ O  . .  j l r ]  of real ; 
a r ,  vr j l r  : real ; 
L r ,  Mr- : a rray [ 1  . .  j l r-1 ] o f  re a l ;  
en : a r ray [ O  . .  j l n ] of real ; 
Lnn,  Mn : a r ray [ 1  . .  j l n - 1 ] of real ; 
On,  a n ,  vn j l n  : real ; 
c s  : a r ray{1 . .  j l s ] of real ; 
L s ,  Ms : a rray [ 2  . .  j l s - 1 ] of re a l ;  
N s ,  Os : rea l ;  { only non - z e ro at posit ion j l s r s } 
eh : a rray [ 1  . .  j lh ]  of real ; 
Lh, Mh : a rray [ 2  . .  j lh-1 ] of rea l ;  
Rh , v h  : rea l ;  
U h ,  I h ,  I h 1  : double ;  
c m  : a rray [ 1  . .  jlm+ 1 ]  o f  real ; 
Lm, Mm , Nm , Om : a r ray [ 2  . .  j l m ]  of real ; 
Rm, axvmu : a r ray [ 1  . .  j lm ]  of real ; 
I m ,  Urn : a rray [ O  . .  j lm ]  of double ; { 0  posit ion n-channel values } 
cu : a rray [ 1  . .  j l u + 1 , 1 . .  j lm ]  of real ; 
X : a r ray [ 1  . .  j lu , 1 . .  j lm ]  of re a l ;  
d i u , d i u 1  : ar ray [ 1  . .  j lu , 1 . .  j l m ]  of double ; 
Lu,  Mu,  Ou : a r ray [ 2  . .  j l u , 1 . .  j lm ]  of rea l ;  
k : intege r ;  
UPb02 : doubl e ;  
I ce l l  : real ; 

{ mi s e  variables } 
Data Source,  mTune Cnt : i ntege r ;  
Ahrs� Acid I S u m  : re a l ;  
SwitchOf f : boolean ; 
mBe st Tot , uBest Tot : i ntege r ;  
D a t a  File : texti Data F i l e  Name varying [ 2 0 ]  of cha r ;  
Key Ma s k ,  Key Chn : $ uwo rd; -
Key=Thi s_k : un signed; 

p rocedure D i splay Dimens i on s ;  
const -
qT=2 * F / MmPb02 ; 
qc=qO * ( 1 - rho p ) *Np* ( Hp-Hg) * ( Wp-Wg ) * Sp * MmPb02 /VmPb02 ; 

{ p rocedure Di splay D imen s ions } 
begin -
writeln ( E s c , ' [ H '  , E sc, ' [ J '  , ' AGGREGATE MODE L  D IMENSIONS ' ) ;  
write l n ;  
writeln ( ' Model ge omet ry : ' ) ;  
writeln ( ' Channel' : 1 0 ,  ' Length' : 1 5 , ' Are a ' : 1 5 ) ; 
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' : 5 , l l r : 1 0 , ' 
' : 5 , l ln : 1 0 , ' 
' : 5 , l l s : 1 0 , ' 
' : 5 , l lh : 1 0 , ' 
' : 5 , l lm : 1 0 , ' 
' : 5 , l l u : 1 0 , ' 

' : 5, ar 0 : 1 0 , ' 
' : 5 , an 0 : 1 0 , ' 
' : 5 ,  as : 1 0 )  ; 
I : 5 f ah : 1 0 )  ; 
' : 5 ,  am : 1 0 ) ; 
' : 5 , au 0 : 1 0 , ' 

gram : ' , Nme : 1 0 ) ; 
ce l l : ' , Nmc : 1 0 ) ; 

( i n it i a l  value ) ' ) ;  
( i n it i a l  value ) ' ) ;  

( i nitial va lue ) ' ) ; 

writeln ( ' r-channe l '  : 1 0 , ' 
writeln ( ' n -channe l '  : 1 0 , ' 
writeln ( ' s -channe l '  : 1 0 , ' 
write ln ( ' h-channe l '  : 1 0 , ' 
write l n ( ' m-channe l '  : 1 0 , ' 
write l n ( ' u -channe l '  : 1 0 , '  
w r i t e l n ;  
writeln ( ' m-channels p e r  
writeln ( ' m-channels pe r 
writeln ( ' u -channe l s  pe r 
writeln ( ' u -channels pe r 
writeln;  

m-channel : ' , Num : 1 0 ) ; 
m-channel segment :  ' , Nug : 1 0 ) ; 

write l n ( ' Speci f i c  capaci ty : ' , q0 : 1 0 , ' (A . s /g ) ' ) ;  
write l n ( ' Cell  capacit y : ' , (qc/ 3 6 0 0 ) : 1 0 , ' ( Ahrs ) ' ) ;  
write l n ( ' AM utili sation : ' ,  ( qO /qT ) : 1 0 ) ; 
wri t e l n ;  
write ( ' P re s s  Return t o  continue > ' ) ;  readln ; 
end; 

p rocedure Set Ope rating Mode ; 
begin - -
writeln ( E s c , ' [ H ' , E s c , ' [ J '  , ' SET OPERAT I NG MOD E ' ) ;  
writeln;  
wri teln ( ' Data 
wri teln ( '  

s ou rce opt ion s : 0 - key boa rd entry' ) ;  

write ( ' Select data source 
if Data Sou rce=1 then 

begin 
writeln;  

1 - data file ' ) ; 
> ' ) ;  readl n ( Data Source ) ; 

write ( ' Enter data file name > ' ) ;  readln ( D ata File Name ) ; 
open ( Data F i l e , File Name : =Data File Name , Hi story : �readonl y ) ; 
reset ( D ata Fil e ) ; - - -
end; -

1-1 ri te l n ;  
w r i  te l n ;  
write ( ' Enter I n itial Current to Start Simulation> ' ) ;  rea lln ( I Cel l ) ; 
writeln ( E s c , ' [ H ' , Esc, ' [ J ' , '  MODE L  OPERAT ING ' ) ;  
end; 

p rocedure Init Ope rate ; 
const -
Lr K=dt/ ( 2 * sqr ( dx r )  ) ;  Ln K=dt / ( 2 * sqr ( dx n )  ) ;  Ls K=dt / ( 2 * sqr (dxs ) ) ;  
Lh=K=dt / ( 2 * s qr ( dxh)  ) ;  Lm=K=dt/ ( 2 * sqr ( dxm ) ) ;  Lu=K=dt / ( 2 * sqr ( dx u )  ) ;  
var 
Key S  : unsigned ; 
R F i l e ,  E F i l e ,  D_F i l e ,  i O c_F i l e ,  i Oa_F i le , S Lo_F i l e ,  SHi File text;  
DO : reali 
j r , j n ,  j s ,  jh, J Jm ,  j u ,  Tbl Ptr : intege r ;  

{ procedu re Init Operate } 
begin -

{ in itial i se terminal channel for interactive keyboard ope rat i on } 
Key S : =$assign ( ' tt '  , Key C hn ) ; 
Key Mas k : =io$ readlbl k+io$m timed+ io$m n o f i l t r + io$m noecho ; 

{ read In lockup tables inhe re nt function s} -
ope n ( R  F i l e , ' [ ross . lead acid tables ) R  H2 S04 H20 . dat ' , readonly ) ;  
ope n ( E-F i l e , ' [ ros s . lead-acid-tables ) E-PB02 H2 S0 4 . dat '  , re adon ly ) ; 
ope n ( D-F i l e , ' [ ross . lead-acid-tables ) D-H2 S04 H20 . dat ' , readonl y ) ; 
ope n ( iOc F i l e , ' [ ros s . lead acid tables}i O c  H2S04 H20 . dat ' , ceadonly ) ;  
ope n ( i Oa-F i l e , ' [ ross . lead-acid-tables ] i0 a-H2 S04-H20 . dat ' , ceadonly ) ;  
ope n ( S Lo-F i l e , ' [ ross . e le ment ry-model s ] I l CS F I T . dat ' , re ado ily ) ; 
ope n ( SHi-F i l e , ' [ ross . e lement ry-model s ) I l OCS F I T . dat ' , readonly ) ;  
reset ( R  Fi le ) ; reset ( E  F i le ) ; re set ( D  Fi le ) ;  reset ( i O c  F i le ) ; 

re set ( i O a  F i le ) ; rese t ( SLo F i l e ) ; re set ( S Hi File ) ; -
for Tbl Pt r : �1 to 1 0 0  do -

begin 
readl n ( R  File , R Tbl [ Tbl P t r ]  ) ;  readln ( E_F i l e , E_Tbl [ Tbl Pt r )  ) ;  
readl n ( D-F i le , D-Tbl [ Tbl-P t r )  ) ;  
readl n ( iOc F ile�i O c  Tbl[Tbl Pt r ) ) ;  re adln ( i O a  File , i O a  Tbl [ Tbl_P t r )  ) ;  
i O c  Tbl [ Tbi Pt r ]  : =iOc F act *IOc Tbl [ Tbl Pt r ) ; - -
i O a-Tbl [ Tbl-Pt r )  : =i Oa-Fact * i Oa-Tbl [ Tb l-P t r ] ; 
readln ( SLo_Fil e , SLo_Tbl [ Tbl_Ptr] ) ;  readln ( SHi_Fi le , SHi Tbl [ Tbl_P t r )  ) ;  
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end; 
close ( R  F i le ) ; close ( E  F i le ) ; close ( D  F i le ) ; close ( i O c  F i le ) ; 

close ( i O a  F i le ) ; close ( SLo F i le ) ; close ( SHi F i le ) ; 
{ initial i se concent ration and past e ffect s } -

D O : =D Tb l [ round ( c 0 / 1 0 0 ) ) ;  
c r [ O ) :=c O ;  c r [ j l r )  : =e O ;  
f o r  j r : = 1 t o  j l r- 1  do 

begin 
cr [ j r )  : =e O ;  Lr [ j r )  : =L r  K* D O ;  Mr [ j r )  : =0 ;  
end; -

cn [ O )  : =e O ;  cn [ j ln ) : =e O ;  On : =O ;  
for j n : = 1 t o  j l n-1 do 

begin 
cn [ j n )  : =e O ;  Lnn [ j n )  : =Ln K*DO ; Mn [ j n )  : =0 ;  
end ; -

c s [ 1 )  : =e O ;  c s [ j l s ) : =e O ;  Ns : =O ;  Os : =O ;  
f o r  j s : =2 t o  j l s-1 do 

begin 
cs [ j s )  : =e O ;  Ls [ j s )  : =Ls K* D O ;  Ms [ j s )  : =0 ;  
end; -

ch [ 1 )  : =e O ;  ch [ j l h )  : =e O ;  
for j h : =2 t o  j l h- 1 do 

begin 
ch [ j h ]  : =e O ;  Lh [ j h )  : =Lh K* D O ;  Mh [ jh )  : =0 ;  
end; -

cm [ 1 ]  : =e O ;  cm [ j lm+ 1 ] : =eO ; 
for j j m : =2 to j lm do 

begin 
cm [ j j m )  : =eO ; Lm [ j j m ]  : =Lm K* D O ;  Mm [ j jm )  : =0 ;  Nm [ j j m )  : =0 ;  Om [ j j m )  : =0 ;  
end; -

for j j m : =1 to jlm do 
begin 
cu [ 1 , j j m )  : =e O ;  d i u 1 [ 1 , j jm )  : =0 ;  X [ 1 , j j m ]  : =1 ;  cu [ j lu+ l , j j m )  : =e O ;  
for j u : =2 t o  j l u  do 

begin 
cu [ j u ,  j j m )  : =e O ;  diu1 [ j u ,  j j m )  : =0 ;  X [ j u ,  j j m )  : =1 ;  
Lu [ j u , j j m ) : =Lu K*D O ;  Mu [ j u , j j m ) : =O ;  Ou [ j u , j jm ] : =O ;  
end; -

end; 
a r : =a r O ;  an : =an O ;  

{ i nitial i se mise variable s }  
Acid I S um : =O ;  Ih1 : =0 ;  
Ahr s:=o; 
k : =O ;  
Swi tchOf f : =fal s e ;  
mBest Tot : =O ;  uBe st_Tot : =O ;  
end; -

function Get Key : unsigned ;  
{ u sed to interrupt p rogram t o  ent e r  n e w  variable value f rom keyboa rd } 
var 

Key Val : uns igned; 
Status : $quwo rd; 
Key S : uns igne d ;  

begin 
Key Val : =O ;  
KeyS : =$qi ow ( , Key Chn , Key Ma s k , Statu s , , , %Ref Key_Val , 1 , 0 ) ;  
Get Key : =Key ValT -
endT -

function LookOp ( Tbl_Key : i ntege r ; I nde x : real ) : re a l ;  
var 

Base : real ; 
Pt r 1 ,  Ptr2 : intege r;  

begin 
if Tbl Key<=S then Ba se : =I ndex / 1 0 0  { concentrat i on dependent table } 

e l se Base : =Index * 1 0 0 ;  { charge state dependent table } 
i f  Base<1 then Base : = 1 ;  i f  Base > l O O  then Base : = 1 0 0 ;  
P t r 1 : =t runc ( Base+ 0 . 0 1 ) ; Pt r2 : =t runc (Base + l -0 . 0 1 ) ; 
case Tbl_Key o f  
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R Key : LookUp : =R Tbl [ Pt r l ] + ( R Tbl [ P t r2 ] -R Tbl [ Pt r l ] ) * { B ase-P t r l ) ;  
E-Key : LookUp : =E-Tbl [ Pt r l ] + ( E-Tbl [ Pt r2 ] -E-Tbl [ Pt rl ] ) * (Base-Ptrl ) ;  
D-Key : LookUp : =D-Tbl [ Pt rl ] + ( D-Tbl [ Pt r 2 ] -D-Tbl [ Pt r l ] ) * ( Base-Pt r l ) ;  

2 9 2 

iOc Key : LooKUp : �i O c  Tbl [ Pt r l]+ ( i O c  Tbl [ Ptr2 ] -i 0 c  Tbl [ P t r l ] ) * ( Base-Pt r l ) ;  
i O a-Key : LookUp : =i 0 a-Tbl [ P t r l ] + ( i 0 a-Tbl [ P t r 2 ] -i 0 a-Tbl [ P t r l ] ) * ( Base-Pt r l ) ;  
SLo-Key : LookUp : =S L o-Tbl [ P t r l ] + ( SLo-Tbl [ Pt r2 ] -SLo-Tbl [ P t r l ] ) * ( Base-Pt r l ) ;  
SHi-Key : LookUp : =SHi-Tbl [ P t r l ] + ( SHi-Tbl [ P t r 2 ] -SHi-Tbl [ P t r l ] ) * ( Base-Pt r l ) ;  
endi - - -

end; 

p rocedure Solve mElect ri c ;  
{ s olve f o r  the elect rical cha racte ristics o f  a m-channel / u-cnannel set } 

const 
alpha_c=9 . 0 E-l ; alpha_a=2 . 2 E-l ; 

var 
Eu , dRu , i O c ,  iOa,  Sdi s ,  SZr,  SHi : a rray [1  . .  j l u ,  1 . .  j l m l  o f  real ; 
mTune S ign, mTune Sign l , j m ,  uBest Ace intege r ;  
mTune-F rac,  Iu O , -UPb02 Best , Im Best : double;  
di u O : array [ l� . j l u ]  o f-double ; -
mSt raddled, dE_Limit : boolean ;  

p rocedure Start mElect ri c ;  
begin -
writeln ( Es c , ' [ H ' , ' E ' , E s c , ' [ H ' ) ;  
mTune Cnt : =O ;  mTune F rac : =l ;  
mSt raddled : = false ; -
dE Limit : = fal s e ;  
I m-Be s t : =2 ;  uBest Acc : =O ;  
end; -

p rocedure Get_I ce l l ;  
begin 
if Data Source=l then readln ( Data_Fil e , I c e ll ) ; 
I h : =dble ( I ce l l /Nmc ) ; 
end; 

procedure Ri_dRu_Eu_i O c_i O a_Sdi s SZr S Hi ; 
var 

Fact : rea l ;  
j h ,  j jm,  j u  : intege r ;  

{ di s charge surface area funct ion } 
funct i on Sdi s Fun ( X : real ) : re al ; 
{ di scharge surface area at dxu ; based on e lemental model } 
const 

SfPb02=3 . 6 0 ;  SdPb02=1 . 5 7 ;  { m2 . g- l } 
S fdis=S fPb02 /Ndue;  Sddi s=SdPb02/Ndue ;  

begin 
Sdi s Fun : = S fdis- ( 1 -X) * ( S fdis-Sddi s ) ; 
end; -

{ p rocedu re Ri_dRu i O c_iO a_Sdi s S Z r_SHi } 
begin 

{ h  chann e l  re sistance } 
-Rh : =O ;  

for j h : = l to j l h do Rh : =Rh+Loo kUp ( R  Key , ch [ j h ]  ) ;  
Rh : =l l h * Rh/ ( ah* j l h ) ; 

{ m  channe l re si stances } 
-Fact : =llm/ ( am* j lm ) ; 

for j jm : =l to j lm do Rm [ j j m ]  : =Fact * LookUp ( R_Key , cm [ j j m ] ) ;  
{ u  channel re si stance s } 

-Fact : =llu/ ( j l u * au O ) ;  
for j j m : =l to j lm do 

for j u : =l t o  j lu do 
begi n 

end; 

dRu [ ju, j jm] : =Fact* LookUp (R Key ,  cu [ j u ,  j j m ] ) /X [ j u ,  j j m ] ; 
Eu [ j u , j j m ]  : =LookUp ( E  Key , cu [ j u , j jm ] ) ;  
i O c  [ j u ,  j j m ]  : =LookUp (iOc Key , cu [ j u ,  j j m ]  ) ; 
i O a  [ j u ,  j j m ]  : =LookUp ( i O a  -Key ,  cu [ j u ,  j j m ]  ) ; 
Sdis [ j u , j jm ] : =Sdis F un (X [ j u , j jm ] ) ;  
SHi [ j u , j j m ]  : =LookUp ( SHi Key , X [ j u , j jm ] ) /Ndue ; 
S Z r [ j u ,  j j m ] : ( 1 0 / 9 )  * LookUp ( SLo Key , X [ j u ,  j jm ] ) /Ndue- ( 1 / 9 )  * SHi [ j u ,  j j m ] ; 
end; -



p rocedure Calc Uh ; 
var j jm : intege r ;  
begin 
Uh : =- I h * dble ( Rh ) ; 
Um [ O ]  : =Uh;  I m [ O ]  : =I h ;  
j jm : = l ; 
while ( d i u [ l , j j m ] =O ) and ( j j m < j l m )  do j jm : = j jm+ l ;  
i f  ( j j m= j lm ) and (diu [ l , j lm ] =O )  then j j m : =l ;  
UPb02 : =dble ( Eu [ 1 , j j m ] ) +Uh- ( j jm + 4 ) * I h * dble ( Rm [ 1 ]  ) ;  
end; 

p rocedure C a l c  Urn ; 
begin -
Um [ jm ]  : =Um [ jm-1 ] - Im [ j m-1 ] *dble ( Rm [ j m ]  ) ;  
end; 

p rocedure S olve uElect ri c ;  
{ s olve f o r  the ele ct rical cha racteristics o f  one u-channe l } 

const 

var 

Ecoe f f  c=Alpha c * F / ( R *T ) ; Ecoe f f  a=Alpha a * F / ( R* T ) ; 
dZu_Fact_c=R* T7 ( Alpha_c *F ) ; dZu_Fact_a=R*T/ (Alpha_a * F ) ; 

Uu , I u  : array [ O  . .  j l u ]  of double;  
j j u ,  ju,  Off Cnt : intege r;  
Iu 0 0 ,  Iu 0 1-;- I u  1 0 ,  I u  1 1 ,  uTune_F rac, I u_Step , I u_Be s t ,  

I u  o Best : double ; -
uTune-Sign, uTune Sign 1 ,  uTune_Cnt , uSt rad Cnt intege r ;  
uSt raddled : boolean;  

{ Charge sur face a rea function } 
funct i on Schg ( j u , j m : i n tege r ; di u : doubl e )  : double ; 
{ charge su rface a re a  e lemental model ,  fitted result s }  
const diu Fact=1 6 0 0 *Ndue / 1 0 0 0 ;  { 1 /d i u  Hi =Mce l l * Ndue / I cel l_Hi } 
var Rat i o-;- Chg Temp : double ; -
begin -
Rat i o : =di u  Fact * d i u ;  
i f  Rat io>1-then Ratio : =1 ;  
i f  Rat io<O then Ratio : =O ;  
Chg Temp : =Ratio *dble { SHi [ j u , j m ]  ) + ( 1 -Rati o ) *dble ( S Z r [ j u , j m ]  ) ;  
i f  Chg Temp<O the n  Chg Temp : =O ;  
S Chg : =Chg Temp ; -
end; -

procedure Sub Start_uElectric;  
const Prop=O . S/ j l u ;  
var dEu ,  dZu : double ; 
begin 
uTune Frac : = 1 ;  u S t raddle d : =fal s e ;  
dEu : == (dble ( Eu [ 1 , j m ] ) + Um [ j m ] -UPb02 ) ; 
i f  dEu <= O  then dZu : =dZu Fact c / dble ( Sdis [ 1 , j m ] * i 0 c [ 1 , j m ] ) { di scha rge } 

else dZu : =dZu Fact a7dble(S Z r [ 1 , j m ] * i 0a [ 1 , j m ] ) ;  { charge } 
I u  O : = ( dble ( E u [ 1-;-jmJ ) +Um [ j m ] -UPb02 ) / ( dble ( dRu [ 1 , j m ] ) +P rop*dZu ) ;  
e nd;  

p rocedu re Start uElect ric;  
begin -
S ub Start uElectric ; 
I u  Ste p : =abs ( I u  0 ) / 2 ;  
I u[O J : =I u  0 ;  Uu [ O ]  : =Um [ jm ] ; I u  Best : = 1 ;  
uTune Cnt:=o ; uSt rad Cnt : =O ;  Off_Cnt : =O ;  
end; - -

p rocedure Calc Uu ; 
begin 
Uu [ j u ]  : =Uu [ j u - 1 ] - I u  [ j u-1 ] * dble ( dRu [ j u ,  j m ] ) ;  
end; 

p rocedure Calc_di u ;  
var 

dE u ,  diu Fact,  d i u O O  : doub l e ;  
begin -
dEu : =- ( dble ( Eu [ j u , j m ] ) +Uu [ ju ] -UPb02 ) ;  
i f  dEu<=O then 

{ di scha rge } 
if X [ j u , j m ] =X_Limit then 
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begin { di scha rge s tate l imi t }  
Off Cnt : =Of f Cnt+ l ;  
diuO [ j u ]  : =0 ; -
end 
else 

begin 
dEu : =-dE u ;  
i f  dEu > l  then 

begin 
dEu : = l ;  dE_l imit : =t ru e ;  
end; 

diu Fact : =dble ( Sdis [ j u , j m ] * i O c [ j u , j m ) ) ;  
i f  dEu>Ecoe f f  c then diuO [ j u )  : =diu Fact* exp ( Ecoe f f  c * dEu ) 

e l s e  diuO [ ]u J  : =diu Fact *exp ( l ) *Ecoe f f  c * dE u ;  -
end - -

else 
{ charge } 

end; 

i f  X [ j u , j m ) =l t hen 
begin { charge s tate l imit }  
Off Cnt : =Off Cnt + l ;  
diuO [ j u ]  : =0 ; -
e nd 
else 

begin 
i f  dEu>l t he n  

begin 
dEu : =l ;  dE Limi t : =true ; 
end; -

diu F act : =SChg ( j u , j m , O ) *dble ( i O a [ j u , j m ]  ) ;  
i f  dEu>Ecoe f f  a then 

begin 
diu O O : =diu Fact * exp ( Ecoe f f  a * dE u ) ; 
diu Fact : =SChg ( j u , j m , diuO O)*dble ( i O a [ j u , j m ]  ) ;  
diuO [ j u ]  : =-diu Fact* exp ( E coe f f  a * dEu ) ; 
end - -
e l se 

end; 

begin 
d i u O O : =diu Fact *exp ( l ) *Ecoe f f  a * dEu ; 
diu Fact : =SChg ( ju , j m , d i u O O ) *dble ( i O a [ j u , j m ] ) ;  
diuO [ j u ]  : =-di u  Fact *exp ( l ) * E coe f f  a * dEu ;  
end; - -

procedure Calc_I u ;  
begin 
I u [ j u ]  : = Iu [ j u-1 ] -di uO [ j u ] ; 
end; 

function uTuned : boolean;  
var Key : cha r ;  

procedure uBisect ; 
begin 
if uSt raddled then 

begin 
uTune F rac : =O . SO l * uTune_F ra c ;  uSt rad Cnt : =u Strad_Cn t + l ;  
end; 

Iu O : =I u  O +uTune Frac* uTune Sign * I u  Step; 
e nd ;  - - - -

p rocedure uNewton ; 
var diu 1 : double;  
begin 
diu l : =I u  1 0 - I u  1 1 ;  
i f  di u 1 =0 then-I u  O : = I u  0 0  

e l se I u  O : = I u  00- ( I u  00 - I u  O l ) * I u  1 0 /diu 1 ;  
u S t rad Cnt:=uSt rad Cnt+l; -
end; - -

p rocedure uReset ; 
begin 
S ub Start uElect ric;  
u S trad Cnt : =uRe set Cnt+ l ;  
end; - -

procedure uBest ; 
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begin 
Iu O : = Iu 0 Be s t ;  
u Strad Cnt:=uSt rad Cnt+ 1 ;  
uBest Acc : =uBe s t  Acc+ 1 ;  
end; - -

begin 
uTune d : =fal s e ;  
{ writeln ( '  I u  O ' , Iu 0 , ' I u  j lu ' , I u [ j l u ] ) ; }  

{ setup cont rols fo r ad]u s ti ng-p aramete rs } 
i f  Iu [ j l u ] <=O then uTune S ign : =1 ;  { Iu 0 too sma l l } 
i f  I u [ j l u ] >O t hen u Tune Sign : =- 1 ;  { Iu-0 too la rge } 
i f  abs ( I u [ j l u ] ) <abs ( I u  Bes t )  then -

begin -
I u  Best : = I u [ j l u ] ; I u  0 Be st : =I u  0 ;  
end; - - -

i f  ( u Tune Cnt=O ) o r ( uS t rad Cnt=u Re set Cnt ) then uTune S ign1 : =uTune S ign ; 
i f  (not uSt raddled) and ( uTune S ign 1 < >uTune Sign ) then-u St raddled : =true ; 
i f  Iu [ j l u ] * I u  1 0 <0 then -

begin -
Iu 0 1 : = Iu 0 0 ;  Iu 1 1 : =Iu_l 0 ;  
end; - -
O O : =I u  0 ;  I u  l O : =I u [ j lu ] ; I u  

{ test 
i f  

for tuned t o-precis ion limi t } 
( ( abs ( I u [ j l u ] ) <I u  j lu Limit ) or ( Of f  Cnt= j l u )  ) or 

( u S t rad Cnt>uBest Cnt )  then uTuned : =t rue 
else -

case u St rad Cnt of 
0 0 0 2 :  
3 o o ( uRe set Cnt- 1 ) : 
uRe set Cnt: 
u Re set-Cnt + 1 o o uBest Cnt-1 : 
othe rwise 
end; 

{ s ave tune cont rols for next t ime } 
uTune Sign 1 : =uTune Sign; 
I u [ o ] := r u  0 ;  
uTune Cnt:=uTune Cnt+ 1 ;  
i f  Off Cnt = j lu then I u  0 : = 0 ;  
end; - -

{ p rocedu re solve uElectric } 
begin -
Sta rt_uElect ri c ;  
repeat 

j u : =1 ;  Of f_Cnt : =O ;  
repeat 

Calc Uu ; 
Calc-d i u ;  
Calc-I u ;  
j u : =]u + 1 ;  

until j u > j l u ;  
unt il uTuned; 
end; 

p rocedure Calc I m ;  
v a r  j u  : integer;  
begin 

uBisect;  
uNewton ; 
uReset ; 
uBi sect;  
uBest;  

for j u : =1 to jlu do diu [ j u , j m ] : =diuO [ j u ] ; 
Im [ jm ]  : =Im [ j m-1 ] -Nug * I u  0 ;  
end; 

function mTuned : boolean ; 

P rocedure mBi sect ; 
begin 
if mSt raddled then mTune F ra c : =O o 5 0 1 *mTune F ra c ;  
UPb02 : =UPb02 +mTune_F rac *mTune_S ign* dUPb02 ; -
end; 

p rocedure mBe s t ;  
begin 
UPb02 : =UPb02 Best ; 
mBest Tot : =mBe st Tot+ 1 ;  
wri teln ( E s c , ' [ 2 ; 40 H '  , ' Sub-optimum m-channe l solut ion' ) ;  
end ; 
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begin 
mTuned : = false;  
{ writeln ( mTune Cnt : 3 , '  UPb02 ' , UPb02 , ' Im j lm ' , I m [ j l m ]  ) ; }  

{ setup controls for ad j u st i ng parameters } 
i f  Im [ j lm ] <=O the n  mTune S ign : =1 ;  { UPb02 too smal l }  
i f  Im [ j lm] >O then mTune Sign : =- 1 ;  { UPb02 too l a rge ) 
i f  ( abs ( Im [ j lm ]  ) <abs ( I m-Be st ) ) and ( not dE Limit ) t he n  

begin - -
Im Be st : =Im [ j l m ] ; 0Pb02 Best : =UPb02 ; 
end; -

i f  mTune Cnt=O t he n  mTune Sign 1 : =mTune Sign ; 
i f  ( n ot mSt raddled) and ( mTune Sign 1 < >mTune Sign ) t he n  mSt raddled : =t r ue ;  

{ te s t  f o r  tuned t o  precision l imi t } 
i f  ( ( abs ( I m [ j l m ] ) < I m  j lm Limit ) and ( not dE Limit ) ) or 

( mTune Cnt>mBest Cnt ) then mTuned : =true 
else - -

case mTune Cnt o f  
0 . .  (mBest Cnt-1 ) : mBi Sect ; 
otherwise-mBest ; 
end; 

{ s ave tune cont rols for next t ime ) 
i f  mTune Cnt>mBest Cnt t he n  uBest_Tot : =uBest_Tot+uBest_Ac : ;  
dE Limit:=false ; uBest Acc : =O ;  
mTune Sign 1 : =mTune Sign; 
mTune-Cnt : =mTune Cnt + 1 ; 
end; - -

{ S olve mElect ri c )  
begin -
S t art mE lectric ; 
Get Ice l l ; 
Ri dRu Eu i O c  i O a  Sdis_S Z r_SHi ; 
Caic_Uh; 
repeat 

j m : =1 ;  
repeat 

Calc Urn; 
Solve uElect r i c ;  
Calc Im ; 
jm : =]m+ 1 ;  

unt i l  j m> j lm ;  
u n t i l  mTuned; 
end; 

procedure Ex_Re s u l t s ;  
var 
S ki p_Po s ,  j jm : intege r;  

fun ction cPe r ( c i : real ) : intege r ;  
begin 
cPe r : = round ( 1 0 0 * c i / c0 ) ; 
end; 

funct i on XPe r (Xi : real ) : intege r ;  
begin 
XPe r : = round ( 1 0 0 *Xi ) ; 
end; 

function IPe r ( I i : doub l e )  : i ntege r ;  
begin 
I Pe r : =round ( Nmc * 1 0 0 * I i / 2 0 ) ;  
end; 

funct i on AcPe r ( Ac i : real ) : intege r;  
begin 
AcP e r : =rou nd ( 1 0 0 * Aci /Acid Tot ) ; 
end; -

p rocedure Write_Ln; 
begin 
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writeln ( j j m : 3 , ' [ ' , cPe r ( cm [ j j m ] ) : 3 , '  
' ]  I ' , XPer ( X [ 1 , j j m ] ) : 3 , ' 
IPer  ( Im [ j jm-1 ] -Im [ j jm ] ) :  3 , ' )  ' ) ;  

end;  

{ p rocedu re Ex Res u lt s )  
begin -

I . .  ' , cPer ( cu [ j l u ,  j jm ] ) : 3 , 
' , XPer ( X [ j l u , j jm ] ) : 3 , ' ] ( Im : ' 

writeln ( E s c , ' [ H ' , ' R' ) ;  writeln ( Es c , ' [ J ' ) ;  
S kip Pos : = 1 ;  
while ( I m [ Skip Pos ] =I h ) and ( S kip Pos < j lm- 9 )  d o  S kip Pos : =Skip Pos + 1 ;  
i f  ( k  rem 1 )  =0-then writeln ( Esc-;' [ H ' , ( k* dt / 3 60 0 ) : 6;2 ) ; -
i f  ( k  rem 1 ) =0 then 

begin 
write l n ;  
write ( '  j n  +-----+ ' ) ;  writeln ( '  voltage : ' , UPb02 : 1 0 : 8 ) ; 
write ( ' 1 ' : 3 , ' ' , cP e r ( cn [ 1 ] ) : 3 , ' ] ' ) ;  

vlrite l n ( '  Ahrs : ' , Ahrs : 3 : 1 ) ; 
write ( j ln : 3 , '  [ ' , cPer ( cn [ j ln ] ) : 3 , ' ] ' ) ;  

writeln ( '  Ac i d :  ' , AcPer ( Acid_Tot +Acid_I_Sum ) : 1 ) ;  
writeln ( '  j s  +-----+ ' ) ;  
writeln ( ' 1 ' : 3 , '  [ ' , cP e r ( c s [ 1 ] ) : 3 , ' ] ' , j l r : 3 , ' . .  ' , ' 1 ' : 3 , ' j r  ' ) ;  
writeln ( j l s rs : 3 , ' [ ' , cPer ( cs [ j l s r s ] ) : 3 , '  I ' , cPe r ( c r [ j l r ] ) : 3 , ' 

cPe r ( c r [ 1 ] ) : 3 , ' ] ' ) ;  
writeln ( j l s : 3 , '  [ ' , cP e r ( c s [ j l s ] ) : 3 , ' ] ' ) ;  
writeln ( '  j h  +-----+ ' ) ;  
writeln ( ' 1 ' : 3 , '  [ ' , cPer ( ch [ 1 ] ) : 3 , ' ] ' ) ;  
writeln ( j lh : 3 , ' [ ' , cPer (ch [ j lh ] ) : 3 , ' ] ' ) ; 
writeln ( '  jm +-----+ . .  ' , j lu : 3 , ' ju ' ) ;  
i f  ( S kip Pos>1 ) and ( Skip Pos<=jlm- 9 )  then 

begin- -
j j m : =1 ;  W rite Ln ; 
for j j m : =Skip-Pos to S kip_Pos+S do Write Ln ; 
j jm : =j lm ;  Write Ln ; 
end; 

if ( S kip Pos=1 ) then 
begin-
for j j m : =Skip Pos to Skip Pos + S  do Write Ln;  
j j m : =j lm; W rite Ln;  
end; 

i f  ( S kip P o s > j lm-7 ) t he n  
begin-
j j m : =1 ;  Write Ln ; 
for j j m : =Skip-Pos to j lm do Wri te_Ln ; 
end; -

writeln ( '  +-----+ ' ) ;  

2 9 7  

writeln ( uBe s t  Tot : 1 , ' / '  , mBe s t_Tot : 1 , '  ' , mTune Cn t : 3 , '  ' ,  ( Im [ j lm ] / I h )  : 1 0 ) ; 
writeln ( E s c , ' [H' ) ;  
end; 

end; 

p rocedure Solve T ransport ; 
const t_plus�O . B ; 
var 
rUP : array [ O  . .  j l r- 1 ]  of doubl e ;  
rDI , rKK : a rray [ O  . .  j l r ]  o f  double; 
rLO array [ 1  . .  j l r ]  of double ;  
G r s  : re a l ;  { boundary pa rameter a t  j l s rs )  
sec : double ; { solution at position j l srs ) 
u UP : array [ 1  . .  j l u , 1 . .  j l m ]  of double;  
uD I ,  uKK : a rray [ 1  . .  j l u+ 1 , 1 . .  j lm ]  o f  double ;  
u LO : array [ 2  . .  j l u+ 1 , 1 . .  j l m ]  o f  double ;  
Gmu : array [ 1  . .  j l m ]  o f  rea l ;  
m C C  : array [ 1  . .  j l m ]  o f  double;  
j m  : i ntege r ;  

p rocedure Start e r ;  
const 
dxs rs=2*  ( 1 - 1 / sqrt ( 2 ) ) * sqrt ( a s / P i ) ; 

as rs=2 * Pi * sqrt ( a s / P i ) * ( 1 / sqrt ( 2 )  ) * l l s ;  { r s boundary parameters ) 
L r_K=dt/ ( 2 * sqr ( dx r ) ) ;  Mr_K1=dt / ( 4 *dx r ) ; Mr_K2=1 / ( 2 * dx r ) ; 
var 
jr : i ntege r ;  
vr_sum , grllb, grlb , gs rsb, Grl rea l ;  



v r ,  D r  : a rray [ O  . .  j l r ]  of real ; 
Fact : double ;  

begin 
writeln ( Es c , ' [ H ' , ' T ' ,  E sc , ' [ H ' ) ;  

{ cal culate present D r  and v r }  
v r  Sum : =- ( sngl ( Ih1 ) / ( 2 * F ) ) * ( 2 *VmPBS04 -VmPb02 -VmPb ) / a r ;  v r_j l r : =vr_sum; 
f or j r : = j l r  downto 1 do 

begin 
vr [ j r ]  : =vr Sum* j r/ j l r ;  Dr [ j r ]  : =D r  Mul t * LookUp ( D  Key , c r [ j r ] ) ;  
end; - - -

{ dummy bounda ry position values } 
c r [ O ]  : =c r [ 1 ] ; D r [ O ]  : =D r [ l ] ; vr [ O ]  : =-vr [ 1 ] ;  

{ l oad con stant ve ctor with past e f fe ct s }  
for j r : = 1 to j l r- 1  do 

rKK [ j r ]  : =dble ( Lr [ j r ]  -Mr [ j r ] ) *dble ( c r [ j r- 1 ] ) 
+ ( 1 + dble ( -2 * Lr [ j r ] ) ) *dble ( c r [ j r ] ) 
+dble ( Lr [ j r ] +Mr [ j r ] ) *dble ( c r [ j r + 1 ]  ) ;  

{ calculate present L r  and M r }  
for j r : = 1 t o  j l r- 1  do 

begin 
Lr [ j r ]  : =L r  K*D r [ j r ] ; Mr [ j r ]  : =Mr K1 * (Mr K2 * ( D r [ j r + l ] -D r [ j r-1 ] ) -vr [ j r ] ) ;  
end; - -

{ calcu late s / r  boundary e quation paramete rs } 
gs rsb : =2 * a s r s * LookUp ( D  Key , c s [ j l s r s ] ) /dxs rs ; gr1b : =2 * a r * D r [ j 1 r ] / dx r ;  
grllb : =2 * a r * D r [ j 1 r - 1 ] /dx r ;  

Grl : =grllb *grlb / ( grllb+grlb ) ;  Grs : =grlb*gs rsb / (grlb+gs rsb ) ;  
{ l oad tri-diagonal mat rix and constant vector } 

r D I  [ 0 ]  : = 1 ;  rOP [ 0 ]  : =-1 ; rKK [ O ]  : =0 ;  { cl osed end boundary equat ion } 
for j r : =1 to j l r-1 do { general equati ons } 

begin 
rLO [ j r ]  : =dble ( -Lr [ j r ]  +Mr [ j r ] ) ;  
rD I [ j r ]  : = l + dble ( 2 * L r [ j r ] ) ;  
rOP [ j r ]  : =dble ( -Lr [ j r ]  -Mr [ j r ] ) ;  
end; 

rLO [ j l r ]  : =dble (Grl/Grs ) ;  rDI [ j l r ]  : =- 1 +dble ( -Grl/Grs ) ; 
rKK [ j l r ]  : =0 ;  { s / r  boundary equation } 

{ pe r f o rm forward el iminat ion } 
for j r : =1 to j l r  do 

begin 
Fact : =r LO [ j r ] / rD I [ j r- 1 ] ; 
rD I [ j r ]  : =r D I  [ j r ] -Fact * rOP [ j r-1 ] ; 
rKK [ j r ]  : = rKK [ j r ] -F act * rKK [ j r-1 ] ; 
end; 

end; 

p rocedure Start_c u ;  
const 
dxmu=2 * ( 1 - l / sqrt ( 2 )  ) * sqrt ( am/Pi ) ;  

amu=2 * P i * sqrt ( am/Pi ) *  ( l / sqrt ( 2 ) ) * l lm/Num; { mu boundary pa ramate r s }  
L u  K=dt / ( 2 * sqr ( dx u ) ) ;  Mu K1=dt/ ( 4 *dxu ) ; Mu K2= 1 / ( 2 * dxu ) ; 

Ou_K=-dt * ( 3 - 2 * t_plus ) / (4*F*dxu*au0 ) ;  vu_K�- (VmPbS04 -VmPb02 ) / ( 2 * F * a u0 ) ; 
var 
ju : i ntege r ;  
vu sum , gu 1b , gu2b, gmmub, Gul  : real ; 
vu� D u ,  XO : a r ray [ l  . .  j l u+ l ]  o f  rea l ;  
F a c t  : doubl e ;  

begin 
for j m : =1 to j lm do 

begin 
{ ca lculate present Du and vu } 

vu Sum : =O ;  
for j u : =j l u  downto 1 do 

begin 
XO [ j u ] : =X [ j u , j m ] ; Du [ j u ] : =LookUp ( D  Key , cu [ j u , j m ] ) ;  
vu S um : =vu Sum+vu K* sngl ( d i u l [ j u , jm] ) ;  vu [ j u ]  : =vu S Jm/XO [ j u ] ; 
end; - -

-

{ dummy boundary value s } 
XO [ j lu+ l ]  : =XO [ j l u ] ; cu [ j l u + l ,  j m ]  : =cu [ j l u ,  j m ] ; 
Du [ j lu+ l ]  : =D u [ j l u ] ; vu [ j lu+ l ]  : =-vu [ j l u ] ; 

{ calculate vol ume moving across m/u bounda ry }  
axvmu [ j m ]  : =auO *XO [ l ] * vu [ l ] ;  

{ load constant vector with past e ffect s }  
for j u : =2 t o  j lu do 

begin 
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uKK [ j u , j m ]  : =dble ( Lu [ j u , j m ] -Mu [ j u , j m ] ) *dble ( cu [ j u -1 , j m ] ) 
+ ( 1  +db le ( -2 * Lu [ j u ,  j m ] ) ) * db le ( cu [ j u ,  j m ]  ) 
+dble ( Lu [ j u , j m ] +Mu [ ju , j m ] ) *dble ( c u [ j u + 1 , j m ] ) 
+ dble ( Ou [ j u , j m ]  ) ;  

end; 
{ calculate present Lu , Mu and Ou } 

for j u : =2 to j lu do 
begin 
Lu [ j u , j m ]  : =Lu K * Du [ j u ] ; 
Mu [ j u , j m ]  : =Mu-K 1 *  

( Mu K2 * (XO[j u + 1 ] * Du [ j u + l ] -XO [ ju -1 ] *Du [ j u -1 ] ) / XO [ j u ] -v u [ j u ]  ) ;  
Ou [ j u ,  ]m l : =Ou K* sngl (diu [ j u ,  j m ] ) /XO [ j u ] ; 
end; -

{ calcu late m/u bounda ry equation pa ramete rs } 
gmmub : =2 * amu* LookUp ( D  Key , cm [ jm ] ) / dxmu ; gu1b : =2 * au O * X0 [ 1 ] * Du [ 1 ] / dx u ;  
gu2b : =2 * au O *X0 [ 2 ] * Du [2] /dxu; 

Gu 1 : =gu 1b*gu2b / ( gu 1b+gu2b ) ;  Gmu [ jm ]  : =gmmub*gu 1b/ ( gmmub+gu 1 b ) ; 
{ load t ri-diagonal mat rix and constan t  vecto r }  

u D I  [ 1 ,  j m ]  : =- 1 + dble ( -Gu1 /Gmu [ jm ] ) ;  uUP [ 1 ,  j m ]  : =dble ( G u 1 /Gmu [ j m ] ) ;  
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uKK [ 1 ,  j m ]  : =db le ( ( 3 - 2 * t  plus ) * sngl ( d i u  [ 1 ,  j m ]  ) I ( 4 * F * Gmu [ j m ] ) ) ;  { m / u  boundary } 
for j u : =2 to j lu do {general e quation s }  

begin 
uLO [ j u ,  j m ] : =dble ( -Lu [ j u ,  j m ]  +Mu [ j u ,  j m ] ) ;  
uDI [ j u ,  j m ] : =l +dble ( 2 * Lu [ j u ,  j m ] ) ;  
uUP [ j u ,  j m ] : =dble ( -Lu [ j u ,  j m ] -Mu [ j u ,  j m ] ) ;  
uKK [ j u ,  j m ]  : =uKK [ j u ,  j m ]  +db le (Ou [ j u ,  j m ] ) ;  
end; 

uLO [ j lu + l , j m ]  : =- 1 ;  uD I [ j l u + 1 , j m ]  : =1 ;  uKK [ j l u + 1 , j m ]  : =0 ;  { c losed bounda ry } 
{ pe rform f orwa rd el imination } 

for j u : = j lu downto 1 do 
begin 
Fact : =uUP [ j u , j m ] / u D I [ j u + 1 , j m ] ; 
uDI [ j u ,  j m ]  : =u D I  [ j u ,  j m ] -Fact * u LO [ j u + 1 ,  j m ] ; 
uKK [ j u , j m ]  : =uKK [ j u , j m ] -Fact * uKK [ j u + 1 , j m ] ; 
end; 

end; 
end; 

p rocedure Cal c_cn_cs_ch_cm ;  
const 
Ln K=dt / ( 2 * sqr ( dx n )  ) ;  Mn K1=dt / ( 4 *dxn ) ; Mn_K2= 1 / ( 2 * dxn ) ; 

-On K=-dt * ( 2 * t  plus-1 ) 7 ( 4 * F * dxn* j l n ) ; 
Ls K=dt / ( 2 * sqr ( dxs ) ) ;  Ms K1=dt / ( 4 *dxs ) ; Ms K2=1 / ( 2 * dxs ) ;  

-Ns K1 =dt / 2 ;  Ns K2=-1 /(2 *dxs ) ;  
Lh K=dt / ( 2 * sqr ( dxh) ) ;  Mh K1=dt / ( 4 *dxh ) ; Mh K2=1 / ( 2 * dxh ) ; 
Lm-K=dt / ( 2 * sqr ( dxm) ) ;  Mm-K1=dt / ( 4 * dxm ) ; Mm K2=1 / ( 2 * dxm ) ; 

-Nm_K1=dt / 2 ;  Nm_K2=-1 /(2 *dxm ) ; vm_K=Nug/am; 
var 
jn,  j s ,  j h ,  jm,  ji,  b1,  b2 : intege r; 
ciO : array [ O  . .  j l i+ 1 ]  of rea l ;  
v m ,  Dm : a r ray [ 1  . .  j lm + 1 ]  o f  re a l ;  
v m  sum , gm 1b,  gm2b, G m 1  : re al ; 
Dh- : a rray [ 1  . .  j l h ]  of re a l ;  
g h 1 b ,  gh2b, ghllb,  ghlb, Gh1 , Ghl , Ghm rea l ;  
v s ,  D s  : a rray [ 1  . .  j l s ]  o f  rea l ;  
g s 1 b ,  g s 2 b ,  gsllb,  gslb, Gs1 , G s l ,  Gsh rea l ;  
vn,  Dn : a rray [ O  . .  j l n ]  o f  re a l ;  
vn s u m ,  gn llb,  gnlb , Gnl ,  G n s  : rea l ;  
F act : double; 
i UP : array [ O  . .  j l i ]  o f  doubl e ;  
i D I , i KK, i C C  : a rray [ O  . .  j li + 1 ] o f  double ;  
i L O  : a r ray [ 1  . .  j l i+ 1 ]  of double ; 

begin 
{ calculate present D i  and vi and move cm } 
{ m-channe l }  

vm Sum : =O ;  
f or j m : = j l m  downto 1 do 

begin 
vm Sum : =vm Sum+axvmu [ jm ] ; vm [ j m ]  : =vm K*vm Sum; 
Dm[jm ]  : =LookUp ( D  Key , cm [ j m ]  ) ;  - -
end; -

vm [ j lm+ 1 ] : =-vm [ j lm ] ; Dm [ jlm+ 1 ]  : =Dm [ j l m ] ; cm [ j lm+ 1 ] : =cm [ j lm ] ; { dummy pos } 
{ h-channe l }  

vh : =vm [ 1 ] * am/ah; 
for j h : = j l h downto 1 do Dh [ j h ]  : =LookUp ( D_Key , ch [ j h ] ) ;  



{ n -channel } 
vn sum : =sngl ( I hl ) * (VmPbS04 -VmPb ) / ( 2 * F * an ) ; vn j ln : =vn_sum; 
f or j n : = j l n  downto 1 do 

begin 
vn [ j n ]  : =vn sum* j n / j ln ;  Dn [ j n ]  : =LookUp ( D_Key , cn [ j n ]  ) ;  
end; -

vn [ 0 ]  : =-vn [ 1 ]  ; Dn [ 0 ]  : =Dn [ 1 ]  ; en [ 0 ]  : =e n  [ 1 ]  ; { dummy pos } 
{ s -channel } 

for j s : = j l s  downto j l s rs + 1  do 
begin 
vs [ j s ]  : =vh* ah/ a s ;  D s [ j s ]  : =LookUp ( D_Ke y , cs [ j s ] ) ;  
end; 

for j s : =1 to j l s rs-1 do 
begin 
vs [ j s ]  : =vn [ j ln ] * an / a s ;  Ds [ j s ]  : =LookUp (D_Ke y ,  cs [ j s ] ) ; 
end; 

vs [ j l s rs ]  : =0 ;  D s [ j l s r s ] : =LookUp ( D  Key , cs [ j l s rs ]  ) ;  { r-channel entry pos } 
{ l oad constant vector with past e f fect s }  
{ n-channe l }  

b l : =O ;  { boundary eqn position } 
for j n : =1 to j ln-1  do 

iKK [ j n ]  : =dble ( Lnn [ j n ] -Mn [ jn ] ) * dble ( cn [ j n - 1 ] ) 
+ ( 1 + dble ( -2 * Lnn [ j n ] ) ) * dble ( cn [ j n ] ) 
+dble ( Lnn [ j n ] +Mn [ j n ]  ) * dble ( cn [ j n + 1 ] )  
+dble ( On ) ; 

{ s -channe l }  
b1 : =b 1 + j l n + 1 ; 
for j s : =2 to j l s-1 do 

iKK [ b l + j s - 1 ] : =dble ( Ls [ j s ] -Ms [ j s ] ) * dble ( cs [ j s-1 ] ) 
+ ( 1 + dble ( -2 * L s [ j s ]  ) ) *dble ( c s [ j s ] ) 
+dbl e ( Ls [ j s ] +Ms [ j s ] ) *dble ( c s [ j s + 1 ]  ) ;  

{ ad j u s t  equation at t he r-channel ent ry position } 
iKK [ b 1  + j l s rs-1 ] : =iKK [ b 1  + j l s r s - 1 ] + db le ( N s * c s  [ j l s rs J )  +db le ( Os ) ; 

{ h-channe l }  
b1 : =b l + j l s ;  
f o r  j h : =2 t o  j l h- 1 do 

iKK [ b 1 + jh-1 ] : =dble ( Lh [ j h ] -Mh [ j h ]  ) * dble ( ch [ j h-1 ] )  
+ ( 1 + dble ( -2 * Lh [ j h ]  ) ) *dble ( ch [ j h ] ) 
+dble ( Lh [ j h ] +Mh [ j h ] ) *dble ( ch [ jh+ 1 ]  ) ;  

{ m-channel } 
b 1 : =b l + j lh ;  
f o r  j m : =2 t o  j lm do 

iKK [ b 1 + jm-l ] : =dble ( Lm [ jm ] -Mm [ jm ] ) * dble ( cm [ jm-1 ] )  
+ ( 1 + dble ( -2 * Lm [ j m ] +Nm [ jm ]  ) ) *dble ( cm [ jm ] ) 
+dble ( Lm [ j m ] + Mm [ jm ] ) * dble (cm [ jm + 1 ] )  
+dble ( Om [ j m ] ) ;  

{ calculate present L i ,  Mi and Ni l 
{ n -channe l }  

for j n : = 1 to j l n-1  do 
begin 
Lnn [ j n ]  : =Ln K* Dn [ j n ] ; Mn [ j n ]  : =Mn_K1 * ( Mn_K2 * (Dn [ j n + 1 ] -Dn [ j n-1 ] ) -vn [ j n ] ) ;  
end; -

{ s -channe l }  
for j s : =2 to j l s-1 do 

begin 
Ls [ j s ]  : =Ls K*Ds [ j s ] ; Ms [ j s ]  : =Ms_K1 * (Ms_K2 * ( D s [ j s + 1 ] -D s [ j s - 1 ] ) -vs [ j s ] ) ;  
end; -

Ns : =Ns K1 *Ns K2* ( vs [ j l s r s + 1 ] -vs [ j l s rs- 1 ]  ) ;  { r-channel entry pos } 
{ h-channel} -

for j h : =2 to j l h- 1 do 
begin 
Lh [ j h ] : =Lh K*D h [ j h ] ; Mh [ j h ] : =Mh_K1 * (Mh_K2 * ( Dh [ j h+ 1 ] -Dh [ j h- 1 ] ) -vh ) ;  
end; -

{ m-chann e l } 
for j m : =2 to j lm do 

begin 
Lm [ jm ] : =Lm K*Dm [ jm ] ; Mm [ j m ] : =Mm K1 * ( Mm K2 * ( Dm [ jm+1 ] -Dm [ jm- 1 ] ) -vm [ j m ] ) ;  
Nm [ j m ]  : =Nm-Kl * Nm K2 * ( vm [ j m+ 1 ] -vm [ j m-1 J ); 
end; - -

{ calculate bounda ry equat ion pa rameters } 
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gnllb : =2 * Dn [ j ln- 1 ] * an /dxn ; gnlb : =2 * Dn [ j ln ] * an / dx n ;  gs1b : =2 * D s [ 1 ] * a s /dx s ;  
gs2b : =2 *D s [ 2 ] * as /dx s ;  gsllb : =2 * D s [ j l s-1 ] * as / dx s ;  gslb : =2 * D s [ j l s ] * a s /dxs ; 
gh1b : =2 * D h [ 1 ] * ah/dxh; gh2b : =2 * Dh [ 2 ] * ah/dxh;  ghllb : =2 * Dh [ j lh-1 ] * ah/dxh; 
ghlb : =2 * Dh [ j l h ] * ah / dxh;  gm1b : =2 * Dm [ 1 ] * am/dxm;  gm2b : =2 *Dm [ 2 ] * am /dxm ; 

Gnl : =gnl lb *gnlb / ( gn llb+gnlb ) ; Gns : =gnlb*gs 1b / ( gnlb+gs 1 b ) ; 
Gs1 : =g s 1 b * gs2b/ (gs1b+gs2 b ) ; Gsl : =gs llb*gslb/ ( g s llb+gslb ) ; 
Gsh : =gslb*gh1b/ (g slb+gh1b) ; Gh1 : =gh1b*gh2b / ( gh 1b+gh2b ) ;  



Ghl : =ghl lb *ghlb / ( ghllb+ghlb ) ; Ghm : =ghlb*gm 1b / ( ghlb+gm1b ) ;  
Gm1 : =gm1b*gm2b / ( gm1b+gm2b ) ;  

{ n-channel source t e rm } 
On : =On K * s ngl ( I h ) /an;  

{ load t ri=diagonal mat rix and constant vector } 
{ n-channel } 

b 1 : =0 ;  b2 : = j l n ;  { boundary eqn position s } 
i D I [ b 1 ] : =1 ;  i UP [ b 1 ] : =- 1 ;  i KK [b1 ] : =0 ;  
f o r  j n : =1 to j ln-1  do 

begin 
j i : = j n ;  
iLO [ j i ]  : =dble ( -Lnn [ j n ]  +Mn [ j n ] ) ;  
i D I  [ j i ]  : =l + dble ( 2 * Lnn [ j n ] ) ;  
iUP [ j i ]  : =dble ( -Lnn [ jn ] -Mn [ j n ] ) ; 
iKK [ j i ]  : =iKK [ j i ] +dble ( On ) ; 
end; 

iLO [b2 ] : =dble ( Gn l /Gns ) ;  i D I [ b2 ] : =- 1 +dble ( -Gn l /Gns ) ;  iUP [ b.2 ] : =1 ;  
iKK [b2 ] : =dble ( ( 2 * t  plus-1 ) * I h / ( 4 *F * j l n * Gn s )  ) ;  

{ s -channel }  -
b 1 : =b 1 + j ln + 1 ;  b2 : =b2+ j l s ;  
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iLO [ b 1 ] : =1 ;  i D I  [ b 1 ] : =- l +dble ( -Gs1 /Gns ) ;  iUP [ b 1 ] : =dble ( G s 1 /Gns ) ;  i KK [b 1 ] : =0 ;  
for j s : =2 to j l s- 1  do 

begin 
j i : =b l + j s -1 ; 
iLO [ j i ]  : =dble ( -Ls [ j s ] +Ms [ j s ] ) ;  
i D  I [ j i ]  : = 1 +dble ( 2 * Ls [ j s ] ) ;  
iUP [ j i ]  : =dble ( -Ls [ j s ] -Ms [ j s ] ) ;  
end; 

{ ad j u s t  equat i on at the r-channel ent ry pos i t i on } 
j i : =b 1 + j l s rs-1 ; 
i D I [ j i ]  : =iDI [ j i ] + dble ( -N s ) +dble (dt*Grs / ( 2 * as * dx s )  ) * ( 1 + 1 / rD I [ j l r ] ) ;  
iKK [ j i ]  : =i KK [ j i ] +dble ( dt *Grs / ( 2 * as*dx s ) ) * ( rKK [ j l r ] / rD I [ j l r ] ) ;  
i LO [b2 ] : =dble ( G sl/Gsh ) ; iD I [ b2 ] : =-1 +dble ( -Gsl/Gsh ) ;  iUP [ b2 ] : =1 ;  i KK [b 2 ] : =0 ;  

{ h-channel } 
b 1 : =b 1 + j l s ;  b2 : =b 2 + j l h ;  
iLO [ b 1 ] : =1 ;  i D I  [ b 1 ] : =- l +dble ( -Gh1 /Gsh ) ; iUP [ b 1 ] : =dble ( Gh 1 / G sh ) ; iKK [ b 1 ] : =0 ;  
for j h : =2 to j l h-1 do 

begin 
j i : =b 1 + jh-1 ; 
iLO [ j i ]  : =db le ( -Lh [ j h ] +Mh [ j h ] ) ;  
i D I [ j i ]  : = 1 + dble ( 2 * Lh [ j h ] ) ;  
iUP [ j i ]  : =dble ( -Lh [ j h ] -Mh [ j h ] ) ;  
end; 

iLO [b2 ] : =dbl e ( Ghl /Ghm ) ; i D I [b2 ] : =-1 +dble ( -Ghl/Ghm ) ; iUP [ b2 ] : =1 ;  iKK [b 2 ] : =0 ;  
{ m-channe l }  

b 1 : =b 1 + j lh ;  b2 : =b2+ j l m + 1 ; 
iLO [ b 1 ] : =dble ( Ghm/ ( Ghm+Gm1 ) ) ;  

iD I [b 1 ]  : =-1 +db le ( -Nug*Gmu [ 1 ]  I ( Ghm+Gml ) ) * ( 1 +  1 /uDI  [ 1 1 1 ]  ) ; 
iUP [b1 ] : =dbl e ( Gm 1 / ( Ghm+Gm 1 ) ) ;  
iKK [b 1 ]  : =dbl e ( -Nug * Gmu [ 1 ] / ( Ghm+Gm1 ) ) * ( uKK [ 1 1 1 ] / u D I [ 1 1 1 ] ) ;  

for j m : =2 to j l m  do 
begin 
j i : =b l + j m- 1 ;  
i LO [ j i ]  : =dble ( -Lm [ j m ]  +Mm [ jm ] ) ;  
i D I [ j i ]  : =l +dble ( 2 * Lm [ jm ] -Nm [ jm ] ) 

+dble ( dt * Nug* Gmu [ jm ] / ( 2 * am* dxm ) ) * ( 1 - ( - 1 / uD I [ 1 1 j m ] ) ) ;  
iUP [ j i ]  : =dbl e  ( -Lm [ jm ] -Mm [ jm ] ) ;  
iKK [ j i ]  : =iKK [ j i ] +dble (dt * Nug*Gmu [ j m ] / ( 2 * am*dxm ) ) * ( uKK [ 1 1 j m ] / u D I [ 1 1 j m ]  ) ;  
end; 

i LO [b2 ] : =1 ;  i D I  [b2 ] : =- 1 ;  iKK [b2 ] : =0 ;  
{ j i : =O ;  writeln ( i D I [ j i ] : 1 0 1 i UP [ j i ] : 1 0 1 iKK [ j i ] : 1 0 ) ; 
for j i : = 1 to j l i  do writel n ( iLO [ j i ] : 1 0 1 iDI [ j i ] : 1 0 1 i UP [ j i ] : 1 0 1 i KK [ j i ] : 1 0 ) ; 
j i : = j 1 i + 1 ; write 1 n ( iLO [ j i J : 1 0 1 iD I [ j i J : 1 0 1 i KK [ j i J : 1 0 ) ; } 

{ perform el imination } 
for j i : = 1 to j l i + 1  do 

begin 
Fact : =i LO [ j i ] / iD I [ j i- 1 ] ; 
i D I  [ j i ]  : =i D I  [ j i ] -Fact * i UP [ j i - 1 ] ; 
iKK [ j i ]  : =iKK [ j i ] -Fact * iKK [ j i - 1 ] ;  
end; 

{ pe r f o rm back-substitut i on } 
i CC [ j li + 1 ]  : =iKK [ j l i + l ] / i D I  [ j l i + l ] ; 
for j i : = j l i  downto 0 do iCC [ j i ] : = ( i KK [ j i ] -iCC [ j i + 1 ] * i UP [ j i ] ) / i D I [ j i ] ; 

{ change preci s i on } 
for j i : =O to j l i + 1  do ci O [ j i ]  : =sngl ( iCC [ j i ] ) ;  

{ s ave concent ration } 
{ n-channe l }  



b1 : =0 ;  { o ffset pos i t i on s } 
for j n : =1 to j l n  do cn [ j n ]  : =ci O [ j n ] ; 

{ s -channel } 
b 1 : =b l + j ln ;  
for j s : =1 t o  j l s  do cs [ j s ]  : =ci 0 [ j s+b1 ] ;  
sCC : =iCC [ j l s rs+b1 ] ;  

{ h-channel } 
b1 : =b l + j l s ;  
for j h : =1 to j lh do ch [ j h ]  : =c i 0 [ j h+b1 ] ;  

{ m-channel } 
b1 : =b 1 + j lh ;  
f o r  j m : = 1 to j l m  do 

begin 
cm [ jm ]  : =ciO [ jm+bl ] ;  
mCC [ j m ]  : =iCC [ j m+b1 ] ;  
end ; 

end;  

p rocedure Finish_c r ;  
var 
rCC : array [ 1  . .  j l r ]  o f  doubl e ;  
j r : i ntege r ;  

begin 
{ pe r f o rm back-substitution } 

rCC [ j l r ]  : =  ( rKK [ j l r ]  -sCC ) / rD I  [ j l r ] ; 
for j r : = j l r- 1  downto 1 do rCC [ j r ] : = ( rKK [ j r ] -rCC [ j r+ l ] * rUP [ j r ] } / rD I [ j r ] ; 

{ change p recision and save concent ration } 
for j r : = 1 to j l r  do c r [ j r ]  : =sngl ( rCC [ j r ] ) ;  

{ calculate the past source term f o r  s-channel } 
Os : =- ( dt * G r s / ( 2 * a s * dx s ) ) * sngl ( sCC- rCC [ j l r ]  ) ;  
end; 

p rocedure Fini sh_cu;  
var 
uCC : array [ 1  . .  j l u ]  o f  double;  
j m ,  ju  : i ntege r ;  

begin 
for j m : =l t o  j lm do 
begin 

{ pe rf o rm back- subst itution } 
uCC [ 1 ]  : = ( uKK [ 1 ,  j m ]  -mCC [ j m ] ) / u D I  [ 1 ,  j m ] ; 
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for j u : =2 to j l u  do uCC [ j u ] : ( uKK [ j u , j m ] -uCC [ j u- l ] * u LO [ j u , j m ] ) / uDI [ j u , j m ] ; 
{ change prec i s i on and save concent rat i on } 

for j u : =l to j lu do cu [ j u , j m ]  : =sngl ( uC C [ j u ] ) ;  
{ ca lculate the past s ou rce term for t he m-channel } 

if jm>l then Om [ jm ]  : = ( dt * Nug*Gmu [ jm ] / ( 2 * am * dx m ) ) * sngl (uCC [ 1 ] -mCC [ j m ] ) ;  
end ; 

end; 

{ Solve Transport } 
begin -

Start er;  
S t a rt-cu ; 
Calc en cs_ch_cm; 
Fin ish er; 
Finish-cu; 

end; -

p rocedure Up_S t ructure ; 
const 
X_K=Nme * Num * l l u *dt/ (qO *dxu ) ; 
var 
X_Carry : array [ 1  . .  j l u ] of real ; 
j m ,  j u  : intege r; 

{ p rocedure Up St ructure } 
begin 

{ update s tate of cha rge } 
Acid I Sum : =Ac id I Sum-dt * Icel l / ( 2 * F ) ; 
Ahr s:=Ahrs + I ce l l*dt/ 3 6 0 0 ;  



for j u : =l to j l u  do X_Carry [ j u )  : =0 ;  
for j m : =l t o  j lm do 

for j u : =l to j lu do 
begi n 
X [ j u ,  j m )  : =X [ j u ,  j m ) -X K* sngl (diu [ j u ,  j m )  ) +X Carry [ j u ] ;  
X Ca rry [ j u )  : =0 ;  - -
if X [ j u , j m ) <X Limit then 

begin -
X Carry [ j u )  : =X [ j u , j m ) -X Limi t ;  
X[j u , j m )  : =X Limit ; -
end; -

if X [ j u , j m ) >1 t hen 
begin 

end; 

X Carry [ ju )  : =X [ j u , j m ] - 1 ;  
X[j u ,  j m )  : =1 ;  
end; 

{ update n -channel and r-channel ) 
an : =an-vn j l n * a n * dt / ( j ln * dxn ) ; 
a r : =ar-vr-j l r * a r * dt / ( j l r *dxr ) ;  

{ inc re ment time ) 
k : =k+ l ;  
I h 1 : =I h ;  
diu 1 : =di u ;  { a rray ass ign ) 
end; 

p rocedure Men u ;  
{ used t o  enter variable values a n d  commands during p rogram ope ration ) 

var Key : cha r ;  
Key S t r  : varying [ S )  o f  cha r ;  

begin 
Key Thi s  k : =Get Key ;  
i f  Key This k<>O then 

begin -
w rite ( E s c , ' [ 8 ;  4 0H '  , ' Switch o f f  simu l at ion ( 'f / N )  > ' ) ;  re adln ( Key S t r ) ; 
i f  Key S t r= ' ' then 

begin 
write ( E s c , ' [ 9 ; 4 0 H '  , ' Enter cell c u rrent (A) > ' ) ;  readln ( KeySt r ) ; 
i f  Ke yStr<> ' ' then readv ( KeySt r , I Ce l l ) ;  
e nd 
else 

i f  (Key Str=' 'f '  ) or ( Key St r=' y ' ) then SwitchO f f : =true; 
e nd ;  

end; 

function Te st Time : boolean;  
var Key : cha r ;  
begin 
Te s t  Time : =fal s e ;  
i f  (Data S ou rce=1 ) and ( eo f ( Data F i le ) ) then Test Time : =t rue ; 
i f  (Ah rs< ( - 5 * I ce l l * dt / 3 6 0 0 ) ) and ( I ce l l < O )  then Tes t_Time : =t ru e ;  
i f  Sv1itchOff then Tes t_Time : =t rue ; 
end; 

begin 
D i splay Dimension s ;  
S e t  Operat i ng Mode ; 
I n it Ope rate ; ­
repeat 

S ol ve mEle ctri c ;  
E x  Result s ;  
Solve Tran spo r t ;  
U p  Structu re ; 
Menu; 

until Te s t_Time ;  
end . 

3 0 3  



Appendix 3 
Functions for Various Models 

A3 . 1  EFFECTIVE CHARGE SURFACE AREA FUNCTIONS . 

The 

generate 

data for 

elemental charge surface area model was u s e d  t o  

ef fect ive Pb02 surface area versus charge state 

a 1 0 0  and 1 0 0 0  Ampere charge in 5 0 0 0  mol . m- 3  ac i d .  

This dat a wa s fitted to polynomi al functions o f  charge 

state to enable the surface area to be e st imat ed without 

recourse to the general model ( see  the end of s e ct i on 

7 . 1 . 5 ) . The polynomial functions obtained for the 1 0 0  and 

1 0 0 0  Ampere cases  are 

and 

SE = 1 . 5 7 7 7  + 1 . 2 5 2 5X - 8 . 2 4 9 8X2 + 3 1 . 2 1 2 2X3 

- 7 3 . 2 0 3 6x4 + 8 6 . 6 8 1 9x5 - 3 9 . 1 7 8 9x 6 

SE 1 . 6 0 0 6 - 0 . 1 2 6 2 X  + 5 . 1 2 9 4 X2 - 2 7 . 1 8 9 6X3 

+ 4 5 . 3 8 1 4x4 - 2 5 . 6 6 3 3x5 + 0 . 8 0 6 6x 6 

re spe ctively , where 

SE ( m2 . g-1 ) i s  the equivalent gram e f fect ive Pb02 
sur face area and 

X i s  the charge stat e . 

A3 . 2  THE LEAD DIOXIDE ELECTRODE EQUILIBRIUM POTENTIAL . 

The lead dioxide equil ibrium potent ial i s  required by 

the aggregat e model to determine the e lectri cal propert i e s  

o f  the posit ive electrode ( see section 7 . 2 . 3 ) . Thi s was 

de fined by the polynomial function given by Bode ( 1 9 7 7 )  and 

repeated below . 



where 

1 62 8 . 1 9 4  + 7 3 . 9 2 4 x  + 3 3 . 1 2 0x2 

+ 4 3 . 2 2 0x3 + 2 1 . 5 6 7x4 

EPb02 i s  in  mil l ivol t s  and 
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x i s  the l ogarithm ( ba s e  t e n )  o f  acid concent rat i on 

in molal ity (mol . kg- 1 ) .  

When used for the aggregate model the pot ential w a s  

converted t o  volt s  a n d  t h e  concent rat ion convert e d  to mo l e s  

per cubic met re . 

A3 . 3  THE ELECTROLYTE RESISTIVITY . 

The H2 so4 e l e ctrolyte s olut ion re s i st ivity i s  a l s o  

requi red by the aggregate model to det e rmine the e lectri c a l  

propert i e s  o f  t h e  po s it ive e l ectrode ( s e e  s e ction 7 . 2 . 3 ) . 

Thi s  was de fined by fitting a polynomial funct ion o f  

concentrat ion to conduct ivity data given by Bode ( 1 9 7 7 ) . 

The polynomial funct ion obtained i s  given below . 

where 

1 /R = - 3 . 6 1 0 1  + 5 4 . 7 61 5 c - 1 1 . 5 0 1 7 c 2 

+ 0 . 8 9 7 6c 3 - 0 . 0 2 5 5 c4 

R ( Q . m) i s  the solut ion resi stivity and 

c ( x 1 o - 3 mol . m- 3 ) is the acid concentrat ion . 

A3 . 4  THE ACID DIFFUSION COEFFICIENT . 

The acid di ffusion coe ffici ent i s  required by the 

aggregate mode l to determine the acid t ransport propert i e s  

o f  the po s it ive e l ect rode system ( see section 7 . 2 . 3 ) . Thi s 

was defi ned by the polynomial funct ion of  �oncent rat i o n  

given b y  Micka and Rousar ( 1 9 7 3 )  and repeated bel ow . 



where 

D = 1 . 4 8x 1 o - 9 + 0 . 1 2 5x1 o - 9 c 

D ( m2 . s - 1 ) i s  the acid di ffu s ion coe fficient and 

c ( x 1 0 - 3 mol . m- 3 ) i s  the acid concentrat ion . 

A3 . 5  THE LEAD DIOXIDE ELECTRODE EXCHANGE CURRENT . 

3 0 6  

The cathodi c and anodic exchange current den s i t i e s  at 

the Pb02 / solution int er face are requ i red by the aggregate 

model to det e rmi ne the e l ectrical charact eri s t i c s  o f  t he 

posit ive elect rode . The react ion orde r for the s e  curr e nt 

dens i t i e s  wa s taken from Hamp s on et al ( 1 9 6 7 ) and i s  shown 

in the general·  forms below . 

where 

ia = i o a 

i c i o c 

1 CPb2 + 

c 1 . 5  
H+ 

c - 0 . 4 
H+ 

ia (A . m- 2 ) i s  the concent rat ion dependent anodi c 

exchange current density,  

i c (A . m-2 ) i s  the  concent rat ion dependent cathodi c 

exchange current density , 

i o a (A . m-2 ) i s  the anodi c exchange current dens ity 

repre sent i ng the react ion rate constant , 

i o c (A . m-2 ) i s  the cathodic exchange current den s i ty 

repre s ent ing the react ion rate constant 

cPb2 + (mol . m- 3 ) i s  the lead i on concentration and 

cH+ ( mo l . m- 3 ) is the acid concentrat ion . 

D i f fe rent value s for i o a and i o c were used for the 

various result sets given in chapter 7 .  Thes e  are spe c i f i ed 

below . 

The value s o f  i o a and i o c used in section 7 . 3 for a l l  

cases  with di s charge rat e s  l e s s  than or e qual t o  2 0  Amp e r e s  



were 4 . 0 9 9xl 0 1 A . m-2 and 1 . 2 1 7 xl o -8  A . m-2 re spect ive l y . 

The value s o f  i o a and i o c 
1 4 0  Ampere dis charge case 

1 . 2 1 7xl o - 6  A . m-2 respectively . 

used in section 7 . 3  for 

were 4 . 0 9 9x1 0 1 A . m-2 

3 0 7  

t he 

and 

The value of i oa and i o c used for all c a s e s  i n  

section 7 . 5  were 2 . 7 3 3 x 1 0 1 A . m-2 and 5 . 3 5 6xl o - 9 A . m-2 

re spectively . 

An example of  the concentration dependent exchan ge 

current den s i t i e s  determined by these values can be 

obtai ned by subst itut ion in the general forms above . U s i ng 

i o a = 4 . 0 9 9xl 0 1 A . m-2 , i o c 1 . 2 1 7xl o -8  A . m-2 and 

cH+ = 5 0 0 0  mol . m-3 gives ia = 5 . 8 1 6xl o -3  A . m-2 and 

i c = 4 . 3 0 3xl o - 3  A . m-2 . Here the Pb2+ ion concent ration was 

taken as 0 . 4 2 8xl o - 3  mol . m- 3  as  determined by the solubil ity 

o f  PbS04 in 5 0 0 0  mol . m-3 aci d .  
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