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Abstract

This Thesis is a fundamental investigation of minimax approaches to robust control. The
minimax games considered here are for bounded classes of uncertain plant where the perfor-
mance i8 measured by a quadratic cost function. These games are between the controller and
a group of uncertainty, disturbance and measurement noise signals with the possible inclusion
of the initial condition of the plant.

An H, with transients problem is presented where a non zero initial condition and struc-
tured uncertainty are permitted. Necessary and sufficient conditions for the existence of
controllers that solve this problem for state feedback and measurement feedback are given.
The optimal solution to the state feedback problem may be found by a convex optimisation.
These results represent an extension of [Khargonekar et al., 1991].

A state feedback minimax problem is presented where the initial condition is known
and multiple channels of uncertainty, each satisfying an integral quadratic constraint, are
permitted. Necessary and sufficient conditions for the existence of a minimax controller are
given and the design is shown to be the result of a convex optimisation. These results are
an extension of [Savkin and Petersen, 1995]. Similar measurement feedback problems are
also discussed. Comparisons and special cases of the minimax and H,, with transients and
structure problems are presented. Also, expressions for the worst case uncertainty, disturbance
and measurement noise signals are given.

Finally, a set valued estimation problem is considered for closed loop uncertain plants.
The initial condition of the plant is constrained to lie in an ellipsoid and the uncertainty is
permitted to be structured and satisfies a type of integral quadratic constraint. Given the
history of measurements from the initial time to the current time, a method for determin-
ing the set of possible current states is presented. This result represents an extension of
[Savkin and Petersen, 1995a] and [Bertsekas and Rhodes, 1971] to permit structured uncer-
tainty. It is also shown how the set valued estimator may be used as a model invalidator for
models with bounded uncertainty.
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Notation

The following notation will be used throughout the Thesis: Signal norms will be represented
as follows

||a(t)||2 e (t) ( ) A squared Ly norm,
la(t)||3 M I a(t) ) A weighted squared L, norm,
lla(t)||? b M Jy a(t) Ma(t) dt A weighted time integral.

The L, induced norm, or infinity norm for a linear system, will be denoted using the same
notation as for the Ly norm of a signal;
G|l SUPy(t)0 “—Cﬁ%%m The L, induced norm.

The following acronyms will also be used

ARE Algebraic Ricatti Equation,
RDE Ricatti Differential Equation,
LQR Linear Quadratic Regulator,
LQG Linear Quadratic Gaussian,
IQC llw; (t)12 < ||z:(¢)||> + d; Integral Quadratic Constraint,

along with some additional notation

a da Time derivative,

() () le=o A derivative of a scaling matrix 7, in some
direction. See equations ( 3.24) to ( 3.27)
for details.

n* The set of real vectors of dimension n x 1.



Chapter 1

Introduction

1.1 Robust control

Mathematical models are frequently used for Controller design. Inevitably, there will be a
discrepancy between the plant and the mathematical model of the plant. This discrepancy
means that a controller which performs well when applied to the plant model will not neces-
sarily perform well when applied to the real plant. If the plant model is extended to a class
of plant which contains a description of the real plant then a controller which guarantees a
certain level of performance for all members of the class of plant is said to be robust since this
level of performance is guaranteed for the control system corresponding to the real plant. This
problem may be extended to find a controller which optimises the performance for the ‘worst’
or most badly performing member of the class of plant. The solution to such a problem is a
minimax controller, the design of which is the subject of this Thesis.

1.2 The history of some existing methods for robust controller
design

Robustness is considered in classical control by the specification of suitable gain and phase
margins. The classical methods were satisfactory for the design of controllers for single
input/single output systems but more flexible methods are required to deal with multi-
variable controller design. The Linear Quadratic Regulator (LQR) and Linear Quadratic
Gaussian (LQG) multivariable controller design methods emerged in the 1960’s, allowing
the design of an optimal controller for a nominal linear plant [Kwakernaak and Sivan, 1972],
[Anderson and Moore, 1989]. However, neither the LQR method, for state feedback controller
design, nor the LQG method, for measurement feedback controller design, explicitly consid-
ered robustness. [Safonov and Athans, 1977] showed that a controller designed by the LQR
method has some desirable robustness properties but [Doyle, 1978] showed that an LQG con-
troller has no a priori guaranteed robustness properties. Doyle’s result highlighted the need
for a multivariable controller design method with a prior: guaranteed robustness properties.

There are two main approaches to multivariable robust control which have been partic-
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ularly successful; the operator theoretic approach and the guaranteed cost approach. The
development of the operator theoretic methods and the guaranteed cost control methods will
be treated separately.

1.2.1 The operator theoretic approach

The Small Gain Theorem of [Zames, 1963] provided the foundation for the operator theoretic
approaches to robust control. The measure of the gain of a linear system used by Zames was
the Hy, norm which is the Ly induced norm of a linear system; suppose a system G has input
signal w(t) so the output is G(w(t)). The Ly induced norm is defined as the ratio of the Ly
norm of the output signal to the Ly norm of the input signal,

a @@
I91= e, Tt

If the system G is linear then it may be represented by its transfer function G(s) and the H,
norm may be written as

IG(3)lloo = supa(G(jw))

where & denotes the maximum singular value. Notice that, for a single input/single output
system, the Hy, norm is the maximum gain value that appears on the magnitude Bode plot.

The Small Gain Theorem states that the closed loop system of Figure 1.1 is stable if the
product of the Ly induced norms ||G|| and ||A|| is less than 1. Thus, any signal injected into
the loop will be attenuated.

A K

G

Figure 1.1

The Hy control problem was posed by [Zames, 1981]. The problem was to design a
controller X such that the system shown in Figure 1.2 is sable for all A such that ||A|| <y~ L.
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Figure 1.2

The system A may be used to represent uncertainty in the plant model so that the linear
plant G and the uncertain system A, together, define a class of plant. Since A is constrained
to satisfy an Ly induced norm bound, the class of plant is a continuum of nonlinear systems.
If the real plant is a member of this class then a controller which stabilises the system shown
in Figure 1.2, for all members of the class, will also stabilise the real plant.

Elegant and tractable solutions to the state feedback and measurement feedback H, prob-
lems were given by [Doyle et. al., 1989]. They presented necessary and sufficient conditions
for the existence of a controller which stabilises the system shown in Figure 1.2. An algorithm
to synthesise one such controller was also given for the case when a solution exists.

Following the solution of the Hy, problem, extensions and generalisations of this problem
emerged. One such extension allowed a structured uncertainty description where multiple
channels of uncertainty are permitted. Such a structured uncertainty description is shown in
Figure 1.3.

W] """"""" i 21

w, A1 o 2

W e ",5 -------------- 7

k I
5 G

AT

K

Figure 1.3
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The structured uncertainty, A, is described by a finite number of L, induced norm bounded
systems A;. These systems satisfy the L, induced norm bounds ||A;|| < 7, for i =1...k.
The solution to this problem was given by [Shamma, 1994] in terms of the solution to a scaled
H, problem. Details of how this scaling works will be presented later in this Thesis during
an investigation of similar problems, however, a brief explaination is offered here:

Firstly, notice that if the structure of the uncertainty blocks A;, shown in Figure 1.3,
is ignored such that the uncertainty operator is no longer restricted to be diagonal then a
standard Hy, problem is recovered. Therefore, a standard H,, problem may be solved to
give a conservative solution to the Hy, problem with structured uncertainty. To recover this
conservatism consider a scaling applied to the system of Figure 1.3, as shown in Figure 1.4.
For the class of scaled systems shown in Figure 1.4 to be equivalent to the class of systems
shown in Figure 1.3, it is required that the operators 7; are such that

vl o, Dl )
i Cza)ll — llll
This equivalence is valid if the operators 7; are constant scalar multipliers.

The structured uncertainty in the scaled system of Figure 1.4 may also be ignored to
give a conservative solution to the H, problem with structured uncertainty. [Shamma, 1994]
showed that there exists a set of scaling scalars 71, 73 ... 7% > 0 such that the solution to the
H,, problem with structured uncertainty is equivalent to the (unstructured) Ho, problem for
the scaled system. That is, Shamma gave necessary and sufficient conditions for the existence
of a solution to the structured H,, problem in terms of the solution to a scaled H,, problem.

} MONE N

K

Figure 1.4

More restrictive classes of uncertainty have also been considered; the problem where the
uncertain systems A; (Figure 1.3) are constrained to be linear, time invariant and satisfy
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||Aillcoc < 1 is the complex structured singular value problem, also known as the complex u
problem. This problem has been solved conservatively using a bound on a system property
known as p, described in [Packard and Doyle, 1993]. The conservative solution to this prob-
lem requires an iterative procedure known as D — K iteration, where D represents a scaling
operator (similar to the operators 7; of Figure 1.4) and K is a controller. Unfortunately, this
iteration is not guaranteed to converge and, as the solution is approached, the order of the
controller generally increases and may approach infinity.

Since the uncertain systems A; are constrained to be linear, a class of scaling operators,
larger than those used for the structured H, problem, may be used. If there are k uncertainty
channels then the scaling operator D is made up of k time invariant linear systems so DA =
AD which implies ( 1.1). [Poolla and Tikku, 1995] showed that the controller which optimises
the bound on g is the solution to a problem where the uncertain systems A; are permitted
to be arbitrarily slowly time varying linear systems rather than time invariant.

Another even more restrictive class of uncertainty is also permitted within the y frame-
work; repeated scalar uncertainty blocks are required to have the form A; = 6I, where § € R.
Thus, this uncertainty description may be used to represent memoryless uncertainty. Some
progress has been made towards a solution to this problem, known as the real y problem,
however, it remains unsolved. Indeed, there are a number of ways to describe uncertainty
and the appropriateness of each uncertainty class is problem specific.

Performance requirements may be encoded into robust controller design problems by the
introduction of a fictitious uncertainty block which causes the plant to become unstable if
the performance bound is violated. Such problems, with uncertain plant and performance
requirements, are known as robust performance problems. For more information on posing
and encoding robust performance problems see [Postlethwaite and Skogestad, 1996).

An optimal solution may be sought for all of the robust control problems described so
far. The optimal controller permits the largest bound on the uncertainty or the strictest
possible performance requirement. The solution is approached by successively enlarging the
uncertainty class or strengthening the performance requirement until the (scaled) ARE criteria
of [Doyle et. al., 1989] are no longer satisfied. This process is known as <y iteration and the
optimal controller corresponds to the largest uncertainty class or the strongest performance
requirement for which a solution exists.

Unfortunately, the Hy, problem, with or without structured uncertainty, gives an imprac-
tical solution for the optimal case; for state feedback, as v approaches its optimal value, the
maximum singular value of the gain matrix of the controller approaches infinity. A similar
problem occurs for measurement feedback; the filter gain matrix approaches infinity as -y
approaches its optimal value.

The Hy with transients results of [Khargonekar et al., 1991] offered an interpretation
of the benefit of using suboptimal values of «y; if a nonzero initial condition is included in
the uncertainty description for the state feedback H,, problem then the optimal solution
corresponds to a suboptimal solution of a standard H,, problem. However, the optimal
solution for the measurement feedback H,, with transients problem specifies a filter which,
initially, has finite gain but, at some time, the maximum singular value of the filter gain matrix
approaches infinity. Although the Hy with transients problem of [Khargonekar et al., 1991]
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resulted in an impractical optimal measurement feedback controller, they presented a method
for designing a time invariant suboptimal controller with finite filter gain.

Summarising the robust control methods discussed thus far, the H,, solution of
[Doyle et. al., 1989] formed a foundation which has been generalised to allow a structured
uncertainty description and various uncertainty classes. The H,, with transients results of
[Khargonekar et al., 1991] offer some justification of the use of a suboptimal solution to the
H, problem in terms of robustness to initial conditions.

1.2.2 Guaranteed cost approaches

Concurrent to work stemming from the H,, problem of, for example, [Zames, 1981), extensions
to the LQR and LQG methods to explicitly consider robustness were emerging. The LQR
and LQG methods may be used to design a controller which minimises a linear quadratic cost
function for a nominal plant model [Anderson and Moore, 1989]. A guaranteed cost controller
guarantees that a cost function will be less than some upper bound for all members of a class
of plant and, therefore, explicitly considers robustness.

[Chang and Peng, 1972] wrote a pioneering paper on guaranteed cost control where they
described a state feedback guaranteed cost controller which guaranteed a bound on a cost
function. The uncertainty was permitted to be time varying and satisfied a Euclidean norm
bound, that is, an uncertain parameter in the model was instantaneously bounded in Eu-
clidean norm at every point in time. [Petersen and McFarlane, 1994] also considered a state
feedback guaranteed cost control problem where the uncertainty satisfied a Euclidean norm
bound and, unlike the operator theoretic problems, the initial condition was not assumed to be
unknown or zero but was, instead, given as problem data. They gave a sufficient condition for
the existence of a guaranteed cost controller and a cost bound in terms of a scaled ARE with a
single scalar scaling parameter. [Savkin and Petersen, 1995] showed that this guaranteed cost
controller was minimax for a larger class of uncertainty described by the Integral Quadratic
Constraint (IQC) of [Yakubovich, 1973]. The IQC is a generalisation of the Ls induced norm
bounded uncertainty description used in the H, type designs and the optimality of the con-
troller was proven using a result known as the ‘S procedure’ [Megretsky and Treil, 1990] and
[Yakubovich, 1992]. The guaranteed cost approaches have also been extended to measurement
feedback by [Petersen, 1995] and [Savkin and Petersen, 1996a). These approaches culminated
in the paper [Savkin and Petersen, 1997] where necessary and sufficient conditions for the ex-
istence of a guaranteed cost controller were given for a plant with IQC bounded uncertainty.
The initial condition was treated as unknown but non zero intial conditions increased the
allowable cost bound.

It is interesting that the Ho, type methods, originating from the problem of [Zames, 1981]
and the minimax and guaranteed cost problems which are, historically, extensions of the
LQR and LQG problems to accomodate robustness have converged to very similar prob-
lems. The state feedback H, problem with structured uncertainty specifies Ly induced norm
bounded uncertainty and a zero initial condition whereas the state feedback minimax problem
of [Savkin and Petersen, 1995] allows an IQC uncertainty description which is a superset of
the Ly induced norm bound. This minimax problem also allows a non-zero initial condition.
The solutions to both the state feedback H,, with structure problem and this state feedback
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minimax problem require the existence of a set of real positive scaling scalars such that a
scaled ARE satisfies the state feedback Hu, solution requirements of [Doyle et. al., 1989).
However, for the minimax problem, the scaling parameters should be optimised to minimise
a cost bound which is a function of the initial condition of the state, z(0). Also, the (im-
practical) optimal solution of the structured Hy, problem is equivalent to a special case of
the minimax problem of [Savkin and Petersen, 1995]. For this special case the uncertainty is
described by an Ls induced norm bound rather than the more general IQC except for one
channel which satisfies an arbitrarily large Ly norm bound such that the transient effect of
the initial condition is negligible.

Similarly, for measurement feedback, the operator theoretic approach and the guaranteed
cost approach have yielded similar solutions. The measurement feedback H,, with transients
solution of [Khargonekar et al., 1991] is similar to the measurement feedback guaranteed cost
results of [Savkin and Petersen, 1997]. Both problems allow an initial condition which incurs
a cost depending on its distance from the origin in state space, however, the guaranteed cost
controller allows an IQC uncertainty description whereas the uncertainty for the Hy, with
transients case satisfies an Ly induced norm bound. The solutions to both problems require
the existence of a set of real positive scaling scalars such that there exist suitable solutions
to a scaled ARE and a scaled RDE.

1.2.3 A game approach

All of the problems described so far may be viewed as two player games, a concept which
will be used throughout this Thesis. The Hy, control problem represents a game between the
controller u and the uncertainty/disturbance/measurement noise signal w. The w player seeks
to maximise some cost function, denoted J(u,w) while the controller u seeks to minimise this
cost.

One player in a two player game plays first so, generally, the second player, knowing the
first player’s strategy, has an advantage. Therefore,

infsupJ > supinf J
W 3 iy U

where the first infimum or supremum represents the player that plays first. A minimax
problem is one where inf, sup,, J(u,w) is sought, so the controller plays first.

For some games the order of play is unimportant so inf, sup,, J = sup,, inf, J. Such
games are said to have a saddle point. Saddle points are useful because the problems are
generally more tractable and the solution is independent of the order of play. Saddle point
solutions exist for the optimal case of the Hy, problem with and without structure, the Hy,
with transients problem and the minimax problem of [Savkin and Petersen, 1995]. They also
play an important role in this Thesis. For more information on the game approach to the
H, problem see [Basar and Bernhard, 1995).
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1.3 Main contributions of this Thesis

There are two main contributions of this Thesis. Firstly, a controller synthesis method is
presented for an Hy, problem with structured uncertainty and transients. Secondly, a state
feedback minimax controller synthesis method is presented which permits structured un-
certainty. Convexity and existence results ensure the optimisation required to design the
minimax controller is tractable. A Set Valued Estimator (SVE) is also presented for systems
with structured uncertainty and may be applied as a model invalidator.

A method for controller synthesis for the problem of H,, with transients and structured un-
certainty is presented in Chapter 3. It is a generalisation of the H, with transients method of
[Khargonekar et al., 1991] and the Hy, with structure problem of [Savkin and Petersen, 1996].
The uncertainty is permitted to be structured and is described by an arbitrary number of Lo
induced norm bounds. The initial condition is permitted to be non-zero but incurs a cost
which depends on its distance from the origin. Necessary and sufficient conditions for the
existence of state feedback and measurement feedback controllers are given. A state feedback
controller may be designed by a convex search but the design of a measurement feedback con-
troller is the result of a search over a set of scaling parameters which are not necessarily convex
or compact. The results presented in Chapter 3 are presented in [Milliken et al., 1999a]

The state feedback minimax results presented in Chapter 4 give a slightly strengthened
version of [Savkin and Petersen, 1995] with a proof using only standard mathematical tools.
Necessary and sufficient conditions for the existence of a minimax controller are given and
an algorithm for designing a minimax controller is presented. Furthermore, it is shown that
the design of the minimax controller may be achieved by the result of a convex search.
This ensures the optimisation is tractable. The results of Chapter 4 were presented in
[Milliken et al., 1999].

In Chapter 5, a Set Valued Estimator (SVE) is developed for systems with structured un-
certainty where the uncertainty is represented by an arbitrary number of finite time Integral
Quadratic Constraints (IQC’s) which must be satisfied for all time. This result is an exten-
sion of [Bertsekas and Rhodes, 1971] and [Savkin and Petersen, 1996a] to permit structured
uncertainty. The set valued estimator may be used (generally conservatively) as a model
invalidator for models with bounded uncertainty. The results of Chapter 5 were presented in
[Milliken and Marsh, 1998].



Chapter 2

Preliminaries

2.1 Preliminaries

For the sequel, consider uncertain systems of the form

i) = Az(t) + Biw(t) + Bou(t) 2.1)
2t) = Ciz(t) + Digul(t) (2.2)
y(t) = Coz(t) + Dayw(?) (2.3)

where z(t) € R"™ is the state vector, u(t) € R™ the control input vector and y(t) € R" is
the measurement vector. The disturbances, measurement noise and uncertainty are rep-
resented by w(t) = (wp(t), w1 (t), w2(t) ---wk(t)") € RP with wy(t) € RP the distur-
bance/measurement noise inputs and w;(t) € R?: the uncertainty inputs. The performance
and uncertainty outputs are z(t) = (zp(t), z1(t)’, 22(t)’ - - - 2(t)")’ € RP with z,(t) € RP? the
performance output and z;(t) € RP¢ the uncertainty outputs.

The matrices By, C}, D3 and D;; may also be written in terms of channels; B} =
[Bi, Bi, Bi,---By), Ci = [C], C|, C,---C\,]', Dia = [Diy, Diy, Di,,---Di,,]" and
Dyy = [Day, D21, Day, --- D2y, -

It is also required that the nominal system [A, Bs] be stabilisable and [A C3] be detectable.

2.2 An algebraic Riccati equation comparison theorem

In this Section an algebraic Riccati equation (ARE) comparison Theorem is presented. The
Theorem presented here may be found in [Ran and Vreugdenhil, 1988] and is instrumental
in the proofs of many of the results presented in this Thesis so is included for completeness.
Firstly, some preliminaries are presented, followed by the ARE comparison Theorem without
proof.

Suppose a function of X, R(X), is defined such that

R(X)=A'X+XA-XBR'B'X+Q (2.4)
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where (4, B) is assumed to be stabilisable, R > 0 and @ is Hermitian.
Two sets M and N are considered such that

M={X=X:R(X)>0} (2.5)
and a subset of M,

N={X=X":R(X)=0} (2.6)

Theorem 2.2.1 Assume M s not empty. Then there ezists an X, € N such that X, >
X for all X € M. Then, in particular, X, is the mazimal Hermitian solution of ( 2.6).
Moreover, all the eigenvalues of the matriz A— BR™'B'X_ are in the closed left half plane.

Proof: For a proof of this Theorem consult [Ran and Vreugdenhil, 1988]. O

Theorem 2.2.1 will be used extensively in this Thesis to compare Hy type ARE’s. An
example of how this Theorem may be applied follows. Consider the two ARE’s (2.7) and
(2.8), where 8 > 0.

AX+XA+X (v BB - 3235) X+0lC (2.7)

A'Xp+ XpA+ Xp ((v+ B)"2B1B} — B B}) X + C{Cy (2.8)

Pre and post multiplying ( 2.7) by X!, pre and post multiplying ( 2.8) by X ) ! and multi-
plying by —1 gives

0=X"1(-A)+(-A)X'-x"'c|C,X ' —+2B,B| - BB} (2.9)

and

0=Xz'(-A") + (-A)Xz' - X5'CiC1X5" — (v + B)"°B1B] — BB, (2.10)

From Theorem 2.2.1, if there exists X ! > 0 then there exists X 5 1> X-1 >0 with -4’ —
CiCiXg ! stable. Now, ( 2.10) may be rearranged to give

0=X;'(-A'-CiC1X;")+ (-4 -CIC1 X5 ") X5 + X5 ' CLC1 X5 ! — (v+B8) *B1B] —(BgBé,

2.11
Since —A' — C{CIXEI is stable, by a Lyapunov argument, XElC{ClX,;'l —(vy+B)™2B,B] -
B3B3 > 0. Immediately, C{C; — X5 ((y + 8) ~2B1B} — B2B} > 0) X5 > 0. Now, ( 2.8) may
be rearranged to give

0 = (4+ ((v+8)2B.B} - B:B}) Xp) X5+ X5 (4 + ((v+5)?B1B, - BaB}) Xp)
—Xpg ((v+ B)"2B\B} - ByB}) X + C|C (2.12)
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So, by another Lyapunov argument, A + ((y + 8)~2B; B} — B2B}) X5 is stable. Therefore,
if there exists a solution X > 0 to ( 2.7) then there exists Xg satisfying ( 2.8) such that
X > Xg > 0and A+ ((v+ B)"2B1B] — B2Bj) Xp is stable.
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Chapter 3

H~ with Transients and Structure

3.1 Introduction

The objective of the standard Hy, problem, introduced by [Zames, 1981], was to design a
controller such that the infinity norm of the closed loop plant was less than some pre-specified
value, 7. However, if the designer seeks to minimise 7y, the H,, norm bound of the plant, the
solution is not practical; for the state feedback case, as v approaches the optimal value, the
maximum singular value of the gain of the controller approaches infinity. A similar problem
occurs for measurement feedback where the filter gain approaches infinity as -y approaches its
optimal value. A controller with an infinite gain or infinite filter gain is not practical. This
problem of an impractical solution for optimal =y is also experienced when the H, problem
is extended to allow structured uncertainty [Savkin and Petersen, 1996].

The problems associated with the H, solution for optimal v were typically avoided by
choosing a sub-optimal value of +. The ‘Hy, with transients’ results of
[Khargonekar et al., 1991] give an interpretation of the benefit of sub-optimal 7 in terms
of robustness to initial conditions. [Khargonekar et al., 1991] extended the game between the
controller and the disturbance/measurement noise to a game between the controller and the
disturbance/measurement noise and initial condition pair. For state feedback and optimal
v, this extension gave a solution for which the controller was static with finite gain. The
solution for optimal « for measurement feedback gave a filter with time varying gain. The
filter gain is initially finite, however, at some time, the maximum singular value of the filter
gain approaches infinity. Although the problem of [Khargonekar et al., 1991] resulted in an
impractical controller for measurement feedback, they presented a method for designing time
invariant sub-optimal controllers with finite filter gains.

The main contribution of this Chapter is to extend the ‘Hy, with Transients’ method
of [Khargonekar et al., 1991] to allow a structured uncertainty description. The structured
uncertainty may be dynamic, time-varying and nonlinear and is represented by an arbitrary
number of Ly induced norm bounded operators in perturbation feedback loops around the
plant. These results are also an extension of [Savkin and Petersen, 1996], allowing uncertainty
to enter the measurement equation. This merger of the robust performance method with ‘Hy
with Transients’ provides a powerful and flexible framework.
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In Section 3.2, some additional preliminaries for state feedback are presented. Section 3.3
presents the main results for state feedback; the optimal controller involves the solution to
a parameter dependent algebraic Ricatti equation which is a convex function of the scaling
parameters. Section 3.4 is a discussion of the state feedback case. Section 3.5 presents
additional preliminaries for the measurement feedback problem where uncertainty in the
measurement equation and measurement noise are allowed. Section 3.6, presents the main
results for measurement feedback which involve the solution to a parameter dependent ARE
and a parameter dependent RDE. Finally, section 3.7 is a discussion of the measurement
feedback results.

3.2 Preliminaries for state feedback

For state feedback, uncertain systems of the form ( 2.1), ( 2.2) are considered. The uncer-
tainty inputs w;(t) are related to the uncertainty outputs z;(¢) by L2 induced norm bounded
operators; thus w(t) € W where

W={w(t) : wp(t) € Ly, lwi@)]| < llzs()ll,i =1...k} (3.1)

For the sake of simplicity of exposition, it is required that D}, D13, > 0 and Di,C; = 0.
These two standard assumptions may be relaxed with some additional complexity of the
results presented in the sequel.

The performance is measured by the cost function

T3 (u(8), w(2), 2(0)) = lizpll? = v* (lwp|I? + 2(0)' Rz(0)) (3-2)

where R > 0 is a specified weighting matrix.
The following algebraic Riccati equation plays an important role in the sequel:

0= A'P+ PA+ P(B,7,B| — B2R™'Bj)P + C{77'C). (3.3)

The matrices 4, By, By, C; and D3 are from the system ( 2.1), ( 2.2), R(7,7) = Diy7" ' D12,
and 7, € RP*? i a scaling matrix of the form

7_2Ipp 0
0 nl, 0
i 01 1 o ’ (3.4)

0 'Tkka

. : 7 o A . A
where I, is the p; X p; identity matrix and 7; € R > 0. Also, 7 =7, withy=1and 79 = 7,
with y~2 = 0.

Definition 3.2.1 A solution P to ( 3.3) is stabilising if and only if A+ BK is stable, where

A=A+ B7,B\P (3.5)
K =-R71B\P (3.6)
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Definition 3.2.2 For a given value of v, the set of matrices 7 > 0 for which there exists a
stabilising solution P to ( 3.3) such that 0 < P < 7%R will be denoted I'sr (7).

3.3 Main results for state feedback

Theorem 3.3.1 Consider the system ( 2.1), ( 2.2) where the state is available for feedback.
Given v > 0, the following statements are equivalent

1. Tsp(y) is non-empty.

2. There exists a state feedback controller such that the cost function ( 3.2)
Jy (u(t),w(t),z(0)) <0, for all w(t) € W and for all (0). Furthermore, the static
controller u(t) = Kz(t) will achieve this performance where K is defined in ( 3.6).

Proof: 1 = 2: For brevity of notation, the dependence of the signals u, w and z on t will be
omitted. A ‘completing the squares’ argument, similar to [Khargonekar et al., 1991}, is used.
Pre and post multiplying ( 3.3) by z’ and , respectively, and integrating from zero to infinity
gives

(o o] =
0= / 2 (A'P + PA+ P(By7,B} — ByR'B})P + Cl771Cy) z dt (3.7)
0

which may be rewritten as

(o ]
0 = / ' (A'P + PA) z + 2'PBiw + w'B! Pz + o' PBu + u'B4YPT +
0

z'P(B,7,B] — ByR™'Bj)Pz + zC{77'Ciz — o' PBjw —
w'B} Pz — ' PByu — u'ByPz dt (3.8)

This equation may be simplified using ( 2.1) ,

(o ) =
0 = / &' Pz + 2' Pi + ' P(B,7,B| — BoR™'Bj)Pz + zC{7~'C1z —

0
7'PByw — w'B] Pz — ' PByu — ' B}Pz dt. (3.9
Since
(o o] y (o o] d
/ #'Pg+z'Padt = / % (a'P1) = 2'(00) P2(00) — 2(0) Pa(0) (3.10)
0 0

( 3.9) becomes,

-~ _
0 = z'(00)Pz(00) —z(0)'Pz(0) + / z' P(B17,B] — BoR™'B)Pz +
0
zC{77'C1z — o' PByw — w' B} Pt — 2'PByu — u' B} Pz dt. (3.11)
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Now, define
D T,,B{Pz (3.12)
i —-R7'B})Pz (3.13)
X Y*R-P>0 (3.14)

So, ( 3.11) may be written as

0 = z'(c0)Pa(o0) — z(0) (YR — X)2(0) +llw — b7 _, = llwlz, _,

_”u B IallzD'lzT_lDlg + “z”g—l dt (3.15)
Therefore,
Jy(w,w,2(0) = Nzl = 7* (w2 + 2(0) Rz (0)
= llu—alidy -1y, — o = @l2-0 = (el = ol )
—x(O)’XT(O) —1 :L"(OO)PZ'(OO) (316)

Now, consider the controller 4 = 4. Since ||w;|| < ||z;|| then, from ( 3.16), J,(u,w,z(0)) <0
for all w € W and for all z(0), as required.

2= 1:

Since, for structured uncertainty there is no guarantee that lim,_,o, I'sr () is non empty,
consider two cases separately:

Case 1. lim,_,o 'sp(7) is non-empty.
Case 2. lim,_,o'sr(7) is empty.

Case 1:

Begin with an overview of the proof. Firstly an ordering on « is established: for 71 > 7o,
if there exists 7 € I'sp(y2) then 7 € I'sp(y1). Secondly, it is shown that there does not
exist 7 € limy_o'sr(7). This leads to the existence of Ymin such that I'sp(¥min) is non
empty but, for all ¥ < Ymin, ['sr(7) is empty. Next, the existence of w € W and z(0) such
that J, ;. (u, w,z(0)) > 0 for all controllers u is established from which it is shown that, for
Y < Ymin, there exist w € W and z(0) such that J,(u,w,z(0)) > 0 for all u. Thus, it may be
deduced that not 1 = not 2 s0 2 = 1.

Begin with the following Lemma.

Lemma 3.3.1 Consider v, > 72, if there exists T € T'sp(v2) then 7 € T'sp(m).

Proof: Define I1 = P~!. Pre and post multiplying ( 3.3) by II and multiplying through by
—1 gives

0 = II(—A)’ + (—A)I —II (G{f”’Cl) Il — B, 7,B)} + ByR™'B} (3.17)
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Defining II; = P(vy2)~! > 0, and II; = P(y;)~}, if it exists, and using ( 3.17) gives two
equations

0 =10 (~A4) + (—~A)L — 1 (C{7~'C1) Ty — Byry, B} + ByR™' B (3.18)

0 < Bip(12-1?) Bl
= Hg(—A)’ + (_A)H2 = H2 (0{7_10’1) H2 - Bl'r-h B{ + BQR_IBé (319)

By Theorem 2.1 of [Ran and Vreugdenhil, 1988], if there exists a solution Il to ( 3.19) then
there exists a solution II, to ( 3.18) where IT; > II; > 0 (so P, > P; > 0) and —A-II,C}7~!C;
is stable. Since 0 < P < P, < 72R < 7?R then P, is allowable if it can be shown that
A+ (By7y B] — BoR™!B) P, is stable.

Since —A—TII,C}7~1C, is stable then, rearranging ( 3.18) and using a Lyapunov argument
gives

II,; (—A -1II; (CiT_IC1))I + (—A —1II; (C{T_lcl)) I, =-II; (Ci’l‘_lcl) I+
Bi7yy B} — BaR™B, < 0 (3.20)

So, —C{7~'C\ + P, (B17,,B} — BoR™!B}) P, < 0. Now with v = 7, ( 3.3) may be written
as

(4+ (Bimy B} - ByR™'B)Py) Py + Py (A+ (B B, — BRT'BY)P) = —Clr™'Ci+
Py(B17y B} — BoR™'B})P; <0 (3.21)

So, by a Lyapunov argumnent, A + (B;7, B} — BoR™!B})P; is stable. This completes the
proof of the Lemma. O

Now it will be shown that there does not exist 7 € lim,_,0'sp(-y). Since it is required
that 0 < P < lim,_,o7%R, then 0 < P < 0 is required which contradicts the existence of a
scaling matrix 7 € lim, o I'sp(y).

Since lim,_, oo I'sF(y) is not empty by assumption in Case 1, limy_,o I's7(7) is empty and
Lemma 3.3.1 gives an ordering, so there exists ymin such that I'sp(ymin) is not empty but
T'sr(y) is empty for all v < ymin. Also, suppose the scaling matrix 7, corresponding to Ymin,
is denoted 7(Vmin) € I'sF(Ymin)-

Lemma 3.3.2 There ezist w € W and z(0) such that J,_,, (u, w, z(0)) > 0 for any controller
u.

Proof: For the proof of the Lemma, P(7, ) will be used to denote a solution to ( 3.3), explicitly

showing the dependence on 7 and . Now, some properties of ymin Will be established.
Consider a vector e(7,) such that e(,7y) is an eigenvector corresponding to the minimum

eigenvalue of X (7,7) ( 3.14). Also, suppose that, for v fixed, 7 = #(-y) is such that
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e(?,7) X(#,7)e(#,7) > e(r,7)' X (7, 7)e(r,7) (3.22)

for all 7. So, ¥ maximises the minimum eigenvalue of X(7,). This is consistent with the
definition of 7(ymin)- Since Ymin is the smallest value of v such that I'sp(7) is non-empty
then, from Lemma 3.3.1, e(#,Ymin) 18 an eigenvector corresponding to a zero eigenvalue of
X(7,Ymin) > 0. Therefore,

3(1‘;: 'Ym:'n),X(%a 'Ym‘l'ﬂ)e(%'! 'Tmin) =0 (3-23)

Now, consider the following representation of the scaling matrix 7 = 7 + e where n € A
defines an arbitrary direction in 7 space with

0 Iss 0 k

A Mip

A={n:n= L =1 (3.24)
0 . 0 i=1

0 7klpixps

where 0y, is a p, X pp zero matrix.
Also, since the solution P to ( 3.3) is a continuous function of 7 at Ymin,

d . R .
de [e(Ta 'Tmin)rx('r: Ymin)e(T, 'Tmin)] le=0=0 (3-25)

for all directions 7 in 7 space. Using ( 3.14), the product rule and the fact e(,¥Ymin) is an
eigenvector corresponding to the zero eigenvalue of X (#,Ymin), ( 3.25) may be written as

e(i-a 7min)’p(7‘;, 'anin)e(%, 'Ymin) == O (3‘26)

for all , where (‘) denotes é‘;(~) |e=0. Now, let the initial condition £(0) = e(Ymin, 7). So,
2(0)' P(%, Ymin)z(0) = 0 (3.27)
( 3.27) may now be written as
5 o ’
Using the fact that whenu =4 and w =w
g=A+ (Bﬁ.,m,.nB{ - BgR‘lBg) P(#, Ymin) (3.29)

which is stable, then, ( 3.28) becomes

’

2 —_
0 = /0 z’((A+ (Blﬁ,m,."B{ —BzR-IBQ) P(%,fym,-,,)) P(%, Ymin)

+P(#, Ymin) (A + (Bifymin B — BaR™1B}) P(#, Ymin)) ) z dt (3.30)



CHAPTER 3. H,, WITH TRANSIENTS AND STRUCTURE 18

Now, differentiating the ARE ( 3.3), with 7 = 7 and ¥ = Ymin, With respect to € at € = 0
gives

0 = (A+ (Bify,,B| — B.R™'B}) P)' B+ P (A+ (Bify,, B} - BaR™'B}) P)
+P (BinB| — B;R™'D}y# "'y~ D1y R™'By) P - Ci#~'ni~'Cy (3.31)

Pre and post multiplying by =’ and z, respectively, integrating from zero to infinity and using
( 3.30) gives

w e —
0= / o' (P (BB, - ByR™' Dyt~ 'n#" D1, R\ By) P — Cl#~'n#~1C1 )zt (3.32)
0
8o,

o0 o0
/ B 25 i b (#) dt = / 235\ 2 dt (3.33)
0 0

for all n € A for u = 4(%,Ymin) ( 3.13), w = W(%, Ymin) ( 3.12) and z(0) = e(%, Ymin)-
Therefore, w € W. Using ( 3.33) and ( 3.23) in ( 3.16) gives J, . (@, W, e(7, Ymin)) = 0.

Now, consider any controller u (not necessarily %). Define 7 = F(7) : ||Wi(7(7), Ymin)|| =
ll2:(7 (), 7)ll 80 (7 (), Ymin) € W only if iy (7 (7), Ymin) € L. Letting w = (¥ (Ymin), Ymin)
and z(0) = e(#(Ymin), Ymin), ( 3.16) becomes

i (4, D(7), €(F, Ymin)) = |lu — ﬁ"% -7, 'Ymin)’X(f'a Ymin)e(F, Ymin) (3.34)

where the dependence of 7(Ymin) ON Ymin has been omitted. Since 7 is such that

e(7, Ymin )’X (7, 'Ymin)e('i'a Yrnin)

is maximised,

e(%, 'Ymin)’X(fa Yrmin)e(F, Ymin) < e(?, 'Ymin)’X('f'a '7min)e('f'a Ymin) =0

Also, |lu — 4% > 0so

Srmin (u, W(7), (%, Ymin)) = llu — '&”2})} =Xe(, 'Ymin)’X('f', Ymin)€(%, Ymin) > 0

as required. O
Now, consider some vy < Ypmin. Using Lemma 3.3.1 and Lemma 3.3.2,

Jy (u, "D('F(’Ymin),’)’min)a e("‘('Ymin),'Ymin)) = "2})”2 - 72||wp('f'(7min)a'7min)“2 -
72e(f‘(7min), Ymin) Re(F (Ymin), Ymin)
> ”zp”2 - 'erm'n”wp(f'('Ymin)a'Ymin)llz -
'ernine('f' (Ymin), 'Ymin)’Re('f('Ymin)a Ymin)
Jtmin (u, w(f.('Ymin), Yrmin)s €(F (Ymin), Yrmin))
0 (3.35)

Il

v
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Therefore, there does not exist a controller such that J,(u,w,z(0)) < 0 for all w € W and
z(0) for ¥ < Ymin-

It has been shown, from the definition of ymin, that not 1 = v < ymin and for such v
there does not exist a controller u such that Jy(u, (¥ (Ymin)), €(7(Ymin), Ymin)) < 0 = not 2.
So, not 1 = not 2 which is equivalent to 2 = 1, as required.

Case 2:

For Case 2, consider a system where the effect of the signal w is scaled-down by a factor
of a € R > 1 giving a system representation

z= Az + o 'Byw + Bau (3.36)

and ( 2.2), with cost function

J2 (4, w,2(0) = [Izpl|2 — 7* llwyll® + o*z(0) Rz(0)) (3.37)

where it is required that w € W ( 3.1).
The ARE corresponding to this modified problem differs from ( 3.3) only through the
scaling of the ‘B;’ term,

0= A'Py+ P,A+Ci77'Cy + Pa(a2B7yB] — BoR™'B})P, (3.38)

Definition 3.3.1 Given a and 7, the set of scaling matrices 7 > 0 for which there exists a
stabilising solution Py to ( 3.38) such that 0 < P, < a?y?R will be denoted I'¢x (7).

Since it is assumed that lim,— o, I'sF(7y) is empty then it may be inferred from the ordering
on v that I'sp(v) is empty for all finite y. Thus, not 1. If it can be inferred that there does
not exist a controller such that J2(u, w, z(0)) |a=1< 0 for all w € W and z(0) then not 2
will be established and 2 = 1 would follow for Case 2. Firstly an ordering on «, for any
7, is established. For a2 < ay, if there exists 7 € I'gk(y) then 7 € T'5h(y). Secondly,
it is shown that an LQR ARE is recovered in the limit as @ — oo, 80, limg—00 ['Sp(7) i8
non-empty. Since, for all v, by assumption for Case 2, I'§r(y) |a=1 is empty then it follows
that there exists amin(y) > 1 such that, for all @ < amin(7), I'§p(7) is empty. Then it is
shown that there exist w € W and z(0) such that J$™" (u, w, z(0)) > 0 for all u which, by a
similar argument to the proof for Case 1, leads to the non existence of a controller such that
J¥ (4, w,2(0)) |a=1< 0 for all w € W and z(0) so not 2.

Begin with the following Lemma that performs a similar role to Lemma 3.3.1

Lemma 3.3.3 Consider a; > az and vy fized, if there ezists T € Tgh(7) then T € Tgk(7)-

Proof: The proof is similar to the proof of Lemma 3.3.1. Pre and post multiplying ( 3.38) by
I, and multiplying through by —1, where I, = P;! gives

0 =TMa(—A) + (A, — 4 (C{T-lol) I, — a~2B;7,B} + BoR™'B) (3.39)

Denoting P! = I,,, and P! = Il if it exists, and using ( 3.39) gives two equations
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0= Hm ("'A)“r +* (—A)Hm - HQIC{T‘l(J'le - ai-2BlTTBi + B?-R_IBE (340)

0 < B (a;2 - 01_2) B
= g (—A) + (—A),, — 0,077 C1 1y, — o] 2B174B} + Bo,R™!B)  (3.41)

From here the proof follows the same procedure as the proof of Lemma 3.3.1, resulting in
the existence of a solution P, such that 0 < P, < P, < a37°R < ofy?R with A +
(o] 2B17yB} — BoR™'B})P,, stable. O

Taking the limit as @ — oo in ( 3.38), an LQR ARE is recovered for which there will exist a
positive stabilising solution lim,_, o, Py for all scaling matrices 7 > 0 [Anderson and Moore, 1989].
Since it has been established that, for all finite v > 0, limg—;00 I'¢z(7) is non-empty, I'§(7) la=1
is empty and Lemma 3.3.3 gives an ordering on « then there exists amin > 1 such that

I'$%™(7) is non-empty and for all @ < amin, ['¢r(7) is empty. The dependence of amin(7)
on vy has been omitted for brevity of notation.

Lemma 3.3.4 There ezists w € W and z(0) such that Jg™ > 0 for any controller u.

Proof: Similar to the proof of Lemma 3.3.2, some properties of am;, will be established; there
exists a vector e(, @) such that, for fixed v, @ and 7,

e(7, @) Xq (7, a)e(7, ) (3.42)
is minimised, where X, (7, a) is given by
X, (1,0) = a*42R — P,(1,a) (3.43)
Also, suppose that, for fixed a and fixed vy, 7 = 7(a) such that

e(7(@), a) X (7(), @)e(f (a), @) > e(1,@)' X (1, a)e(r, @) (3.44)

for all scaling matrices 7.
Now, a perturbation of the scaling matrix 7 may be represented as 7 = 7#+¢n, withn € A
( 3.24). A similar argument to the proof of Lemma 3.3.2 gives

3(0)'}5&,“.‘“ (%(amin))z(o) =0 (345)

for 2(0) = e(#(amin), @min) where () denotes £(-) [c=o. Now, ( 3.45) may be written as

0= z(m),pamin(%(amin))z(w) - Aoo ‘i;’Pam.-n ('f'(amin))z & zlpam.-,. (%(amin))-'t dt (3'46)

Using the fact that when u = 4(#(amin)) ( 3.13) and
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= 5% B o %
W = Wa,p,in (T(amin)) = amin'r'r(amin)B{ Pamin (T(Qmin))m
( 3.36) becomes

& = A+ (02, Briy(amin) B} — ByR™'B}) Papy, (F(amin)) (3.47)

min

Now, differentiating the ARE ( 3.38) with respect to € at € = 0 gives

— [ » =
0 = (A + (@ 2By7, B, — BzR—lBg)Pa) B+ P, (A + (a~2By7,B, — BgR'lBé)Pa)
+P, (a‘zBmB{ - Bzﬁ—lDizr-lm-lDuR-lBg) P, - Cir~Inr1cy (3.48)

Now, pre and post multiply ( 3.48) by z’ and z, respectively, let @ = amin and let 7 = 7(amin).
Integrating from zero to infinity and using ( 3.47) gives an equation similar to ( 3.33)

00
/0 'lbam.-n (%(amin))’i’o (amin) _1Ui'0 (amin) _1"1’amin ('f-(aﬂu'n)) dt =

)
/ Zl’f'O(amin)_l"TfO (amin)_lz dt (3-49)
0

where 14 (7) = a 7B Paz. So, W, € W.
Now, consider #(a) : ||a, (7(c))|| = ||2;|| Vi, where i denotes the i*F channel of a signal.
Letting w = Wq,,;, (T (@min)) and z(0) = e(7(@min), ®min), ( 3.37) becomes

nyl"'"" (4, Wapm, (F(@min)); €(F (@min), @min)) =

”u - ﬁ”?’{ - e(f(amin): amin),Xam.'" ('71 f(amin))e(f(amin)a amin) (3-50)
Similar to the proof of Lemma 3.3.2, it may be established that
e(%(amin)a amin)fxam.-n (f(amin)}e('?(amin)s amin) =0
and
e(%(amin)a amin)fXam.-,. (f(amiﬂ))e('f’(amin): amiu) =0
Also, similar to the proof of Lemma 3.3.2, it may be estabished that
e(f(amin)s amin)fXam.'n (f(amiﬂ))e(f(amin)s amiu) S 0

for all control signals u. Since ||u — 11||"'I’—z >0,

J::min (‘U, tﬁamin (f(amin))'l e(amiﬂ, %(amin))) 2 01
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as required. O
Now, consider some a < amin. Using Lemma 3.3.4,

I3 (U By (F(@min)); e(amins T(amin))) = N1zl = & (v b, (F(@imin)) I -
&(@min, T(min))' Re(Qmin; T(amin)))
> Nzpll? = 02 (VI Dapminy (Flamin)) 12—
e(@min, F(¥min))' Re(@min, F(atmin)))
ngi" (u, (7 (amin)); e(Amin 7(0tmin))
> 0 (3.51)

Therefore, for @ < amin, there does not exist a controller such that J$(u,w, z(0)) < 0 for
all w € W and z(0). Since amin > 1 then there does not exist a controller u such that
J3 (u, w, 2(0)) |a=1= Jy(u,w,z(0)) <0 for all w € W and z(0).

Therefore, it has been shown that not 1 = not 2 which is equivalent to 2 = 1, as required.
This completes the proof of the Theorem. O

Theorem 3.1 gave necessary and sufficient conditions for the existence of a controller which
solves the H,, with transients and structure problem. Furthermore, a formula for one such
controller was given. However, the design of the controller involves a search over the scaling
matrix 7. The following Theorem establishes the convexity of I'sg(y) which ensures that the
optimisation is tractable.

Theorem 3.3.2 The set I'sp(7y) is convez.

Proof: 1If T is a member of the set I'sp(v) then P(7) satisfies the ARE ( 3.3) and is such that
0 < P(1) < 7y2R. Therefore, to prove convexity of the set I'sz(7), it is sufficient to show
P(7) is a convex function of 7. To prove the convexity of P(7) consider a perurbation of 7;
T + en. where n € A ( 3.24). So 7 represents an arbitrary direction in 7 space and ¢ is the
magnitude of the perturbation. The convexity of P(7) will be established if it can be shown

that "’—j:&il le=0=> 0 for all n € A. Now, define

2 p(r)! (3.52)
Differentiating ( 3.52) twice with respect to € and evaluating at € = 0 gives
d*P d*11 o
rEl le=0= P le=o P + 2PIIP (3.53)

where (‘) denotes %(-) le=o0. From ( 3.53), if it can be shown that "'ng |e=0< 0 then %’;— le=0> 0
and the convexity of P(7) will have been established.
Now, consider the ARE ( 3.3). Pre and post multiplying by II gives
0 =TIA' + All + B,7,B} — BoR™'B}) + IIC|7~'C, 11 (3.54)
Now, differentiating the ARE ( 3.54) twice with respect to € and evaluating at € = 0 leads to
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d*11

a7 % le=0 (A + HC{T”lcl)’ - (A + I'IC{'r‘ICl) C:Tg le=o=

(lel — n‘r'lclﬂ)r'r_l (lel - 171"1011'1)
+2B,R™' D}, 1y (T_l - T_]'DIQR_lDJizT_l) nr DR B}, (3.55)

after some manipulations. Since 77! — 771D12R™1D},7~! > 0 then the right hand side of
( 3.55) is also greater than or equal to zero. Now, if it can be shown that —A — IIC|7~!C; is
stable then a Lyapunov argument may be used to show the required result %H[ le=0< 0.

The ARE ( 3.3) may be rearranged to give

0 = (A+(BiryB! - B,R™'B}) P) P+ P (4 + (Bi7yB| - B,R™'B}) P)
—P (BB} - ByR™'B}) P+ Cl7™'Cy (3.56)

Since P is the stabilising solution to ( 3.3) then A+ (B;7,B} — BoR™1B}) P is stable so, by
a Lyapunov argument, —P (By7,B| — BoR™'B}) P + C{7~!C; > 0. Immediately, B, 7,B] —
ByR™!B} — TIC]7~!C,11 < 0. Now, ( 3.54) may be rearranged to give

0=1II(A+IIC{7C1) + (A+1IC{7Cy) 11 + By7yB, — BoR™'B}) —IC{t~'Cil1  (3.57)

Now, using another Lyapunov arugment — (A + IIC]7C;) is stable, as required. This com-
pletes the proof of the Theorem. O

3.4 Discussion for state feedback

The State feedback H, with transients and structure problem may be solved by the solution
of a parameter dependent ARE. The solution is a static state feedback controller which is the
result of a convex optimisation problem.

To design a controller which approaches the optimal controller the following procedure
may be followed: Begin with some (large) value of v for which there exists 7 € I'gp(y). It
should be noted that I'sp(y) may be empty for all values of v, in which case, lim, 0o I'sr(7)
would be empty so the system would not be robustly stabilisable. That is, there would not
exist a state feedback controller which stabilises the system ( 2.1) for all w(t) € W and z(0).
If the system is robustly stabilisable then once 7 € I'sp(vy) is found, successively reduce 7
until Fgr() becomes empty. The smallest value of v such that I'sg() is non-empty is the
optimal value of 4. This optimisation is tractable since P, the solution to the ARE ( 3.3) is
a convex function of the scaling matrix 7 which is proven in Theorem 3.3.2.

The controller which is the solution to the state feedback H,, with transients and structure
problem, for optimal -, generally, has finite gain. This is because P, the solution to the ARE
( 3.3), must be such that 0 < P < 72R. Conversely, the maximum singular value of the gain
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matrix of the controller which is the solution to the non-transients case (R approaching ooly,),
for optimal v, will tend to infinity. This is a consequence of the ordering on P(vy) presented
in the proof of Lemma 3.3.1.

For optimal v, the class of worst case initial conditions z(0) is any eigenvector corre-
sponding to the eigenvalue of 2R — P which is approaching zero. The worst case un-
certainty/disturbance signal is w(t) = 7,B{Pz and the optimal controller u(t) is @(t) =
—R~!'B}Pz. The worst case uncertainty signal w is proportional to the state vector z. This
suggests the method for H,, with transients and structured uncertainty may be applied to
problems with smaller uncertainty classes, such as Euclidean norm bounded uncertainty,
without incurring unacceptable amounts of conservatism.

The choice of R, the penalty on the initial condition, determines the robustness of the
resulting design to non-zero initial conditions. The state feedback H, with structure problem
of [Savkin and Petersen, 1996] may be recovered by letting R approach ool in ( 3.2). Thus,
in the game between u(t) and the [w(t), z(0)] pair, a non zero initial condition on the state
would incur an infinite penalty for the [w(t), z(0)] player. Therefore, the initial condition z(0)
would be forced to zero and the resulting design would have no a prior: guaranteed robustness
to non-zero initial conditions.

Also, the state feedback Hy, with transients results of [Khargonekar et al., 1991] may be
recovered by ignoring the structure in which case the scaling matrix 7., becomes 7~2 and 7
becomes identity.

3.5 Preliminaries for measurement feedback

For the measurement feedback case, systems of the form ( 2.1), ( 2.2), ( 2.3) are considered
where the measurement noise and uncertainty signals are bounded by ( 3.1). For simplicity
of exposition it was assumed that Dg;, D3, > 0 and D3, By = 0 where Dy, can be written
in terms of the channels of w as Dy = [Da1, D21, Do, --+Dg;,]. These two standard
assumptions may also be relaxed with some additional complexity of the resulting equations.
The performance is measured by the cost function ( 3.2). It was also required that the nominal
system [A C3] be detectable.

The following RDE is important in the sequel

0=2(t)+ A'Z(t)+ Z(t)A + K'RK — C3Q™"C, + Z(t)B17,B] Z(t) (3.58)

with initial condition Z(0) = 721? — P where P > 0 is the stabilising solution to the ARE
( 3.3), A is defined in ( 3.5) and Q = Do 7, Dj;.

Definition 3.5.1 A solution Z(t) to ( 3.58) is antistabilising if and only if the unforced
time-varying system

£(t) = (A+ Biry B{Z(1)) £(¢) (3.59)

18 antistable.
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Definition 3.5.2 For given vy the set of matrices T € I'sp(7y) for which there also ezists an
antistabilising solution Z(t) to ( 3.58) such that Z(t) > 0 for allt > 0 will be denoted I prp(7y).

3.6 Main results for measurement feedback

Theorem 3.6.1 Consider the system ( 2.1), ( 2.2) , ( 2.8) where the measurement y(t) is
available for feedback. Given v > 0, the following statements are equivalent

1. TpmF(7y) is non-empty.

2. There ezists a measurement feedback controller such that the cost function ( 3.2)

Jy(u(t),w(t),z(0)) <0, for all w(t) € W and for all (0). Furthermore, the dynamic
controller

i) = ( BQK) )+ Z(t)"1ChQ ! (y(t) — Cai(t)) (3.60)

with £(0) = 0, achieves this robust performance.

Proof: 1 = 2:

Again, a ‘completing the squares’ argument will be used, similar to [Khargonekar et al., 1991].
The existence of 7 € I"ps () will be assumed and it will be shown that the controller ( 3.60),
( 3.61) satisfies the desired robust performance.

Pre and post multiplying the RDE ( 3.58) by (£—z)’ and £ —xz, respectively, and integrating
from time zero to infinity gives

0y &= /0 00(:% —-z) (z'(t) +A'Z(t)+Z(t)A+ K'RK—
ChQ 1+ Z(t)Blr.,B{Z(t)) (2 — z)dt (3.62)

which may be rewritten as,

o= / &— 2 (2() + A2(0) + 2())A) (& — 2) - (& - 2)'Z By (w — )~
(w—w)’ Blz(z -z)+ (2—-2)'CoQ 7 (y — Cof) + (y — Ca2)' Q™ Ca(2 — ) +
& —z) ZBl(w W) + (w — )'B,Z(& — z) — (2 — 2)'CHQ " (y — Ca) —
(y — Co2)'Q7'Ca(2 — 1) +
(& —z)' (K’RK C4Q1Cy + Z(t)Bi7,BLZ (¢t )) ( —z)dt (3.63)

Now, subtracting the state equation ( 2.1) from the filter equation ( 3.60) gives
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(& —%)=A(& —z) — Bi(w — ) + Z(t)~'CHQ ' (y — Ca) (3.64)
with initial condition £(0) — £(0) = —z(0). Using ( 3.64), ( 3.63) may be written as,

m C - -
0 = /0 G- 2)Z()(& — 1) + (& — 2) Z()(& — 7) + (& — ) Z(1) (3 — &) dt
+||(w — ) + 7B Z(t)(2 - $)||3;1 + lu —all% — llw — ﬁ’lli—n
—[IC2(2 — z) + (y — C22) 151 + lly — Call5- (3.65)

Since,

/0 Y3 -2 Z(t)E - 1)+ @ - ) Z(W)E —2) + (@ — 2 2(2)(5 — &) dt

= [F L @- 2006 -2) a

— (&(00) — 2(00))' Z(00) (3(s0) — z(o0)) — (2(0) — 2(0))'Z(0)(3(0) - z(0), (3.66)
#(0) =0 and Z(0) = X = y2R — P, ( 3.65) becomes

0 = (#(00) — 2(0))'Z(00)(#(00) — 2(00)) — 2(0)' Xz(0)
+(w = ®) + 7, BIZ(#)(E — 2)II}-1 + llu — allf — llw - QIllli—n
—ICa(@ - 2) + (4 — Co#)lGo1 + ly — Call3- (3.67)
Now, using ( 2.3), Co(Z — z) + (y — C2%) = y — C2z = Dojw so ( 3.67) may be written as

0 = (&(00) — 2(00))'Z(00)(2(00) ~ z(00)) — z(0)' Xz(0) + [lu — @llf + ll(w — @) +

B Z(t)(Z — 2)|2-1 — llw - 11’||27—1 — IDa1wl|3-1 + lly — Cozl|F-s (3.68)

o) T.

D) w may be written as Dy ((w — @) + 7,B} Z(t)(£ — z)) since, by assumption, D2, B] = 0.
Therefore, ( 3.68) may be written as

0 = (&(00) — 2(00))'Z(00)(3(00) — 2(00)) — 2(0) Xa(0) + [[u — 6% + I|(w - ®) +
BBIZ ()& 2P _p, gy — 1w = 0l + Iy - Cotly (369)

Recognising ( 3.16), ( 3.69) becomes,

J = lizpl® =2 (lhwpll® + 2(0)' Rz (0) )
= —2(00)' Po(00) — (&(00) — 7(00))' Z(00) (&(0) — (o)) = lly = Calif-1 —
l(w = ®) + B2 = D)2-1_p, ooy, = (l2l2or = Tloll2s) (3.70)
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Since w € W ( 3.1) then ||z||3_1 - ||w||3_1 > 0. Also, 77! — D21 Q~'DY > 050 J <0 for all
0 0

w € W and all z(0), as required.

2= 1.

As for the state feedback case, for structured uncertainty there is no guarantee that
limn, 00 I'amrr(7y) is non empty, so, two cases will be considered seperately:

Case 1. lim,,0o I'pr(7) is non empty.
Case 2. lim,—o ['rr(7y) is empty.

Case 1:

Again, begin with an overview of the proof which follows a similar argument to the proof
for state feedback. Firstly, an ordering on 7 is established such that, for v, > 2, if Tarr(v2)
is non-empty then I'prr(71) is also non-empty. Secondly, it is shown that limyo'mr(7) is
empty. This leads to the existence of Ymin such that I' s (Ymin) is non empty and I'prp(7y) is
empty for all ¥ < Yin. Next, it is shown that there exists w € W and initial condition z(0)
such that J,(u,w, z(0)) > 0 for all control signals u generated by a measurement feedback
controller and for v < Ymin- So, it is deduced that not 1 = not 2, thus 2 = 1.

Begin with the following Lemma.

Lemma 3.6.1 Consider v, > 72, if Taprr(72) is non empty then T pp(71) is also non empty.

Proof: Begin by making a new Riccati differential Equation. Adding ( 3.58) and ( 3.3),
multiplying through by =2 and defining

E(t) 2472 (P + Z(2)) (3.71)

gives

. -1 -1
0= E(t) + A'Z(t) + E()A + E()Biv’1, BiE(t) + CL (v*7) " C1 — Ch (DurPyDyy)” G
(3.72)

Definition 3.6.1 A solution Z(t) to ( 3.72) is antistabilising if and only if the unforced
time-varying system

£(t) = (A+ Biry BIE(1)) £(2) (3.73)

is antistable.

Differentiating the RDE ( 3.72) with respect to € at ¢ = 0 gives

’

0 = E(#,t)+ (A+ B#,BlE(7,1)) (7, 1) + E(7,t) (A + B1#,B{E(7, 1)) +
Y*E(%,t)BinBiE(7,t) — v 2C| #1977 C1 + v 2CLQ ' D1 D5, Q71 C2 (3.74)
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where 7, defined in ( 3.24), represents an arbitrary direction in 7 space and (°) denotes
£(-) le=o. Since a perturbation of v is not allowed, then 7 is zero in the performance channel.

Therefore 77 'n7! = 75 'n7g" = 7719771 s0, ( 3.74) may be written as

é(“ t) + (A + B\, BIE(#,1)) E(7,t) + E(7,t) (A + B1#%B{E(7, 1)) =
772 (=(Z(#,1) + P(7))Buty 5 ' nig ia BY(Z(7,1) + P(7)) —
ci0~ D21T—7T0 Ny 17y Dy Q@ 1Cy + Cl~tyi~ 101) (3.75)

This RDE will be used later in the argument.

Now, an alternative definition for I'psr(7y) is ‘the set of matrices 7 € I'sp(y) for which
there exists an antistabilising solution Z(¢) to ( 3.72) with Z(¢) > y~2P for all ¢t > 0’. Suppose
theQre exists 7 = 7 € 'y (72). Letting P, denote P(7y,) and multiplying ( 3.3) through by
75 ¢ gives

o = # () + (57) A i o)
>2p,) ( Biy27,, B, — B, D}y (127 1.D "By (2P 3.76)
Yo 2 1727 By 2 YT 12 2]\ 72 2 3.
L
Define II, = (72_ 2P2) . Pre and post multiply ( 3.76) by II; and multiply by —1 to give
/ ¢ (2=t
0 = Tp(-A) +(-A) T (C} (47) C1) T -
2 / ! 2_\~! e i
31727-72B1 + B"_) (D12 (’YQT) D12> B2 (3.77)

Now, the ARE ( 3.3) is considered with v = v, and 7,, = %if.,z. So, letting P; denote
1

P (%?’fn) and multiplying through by v, 2 gives

0=4 (+°R) + (v*R) A+ Cl (7)€ =G, (13— 7?) €, + (1R

-1 -1 .
<B1'y§inB'1 - B, (D;2 (437)" D12 - Dly, (132 - 7% Dw,) Bg,) (v22P2) (3.78)

Define IT; = y;2P;. Pre and post multiply ( 3.78) by II; and multiply by —1 to get

=1
0 = I(—A) + (-4, - I (c{ (¥7)” a-cf, (w?-n?) clp> I —

-1 =l
B1Y27, B} + By (D'12 (v37)™ D= DYy, (% - %) D12p> By  (3.79)
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( 3.77) may be rewritten as

-1
0 = Ha(—A) + (-A), -1, (c{ (7)) a-al, (w?-1?) cl,,) 1, — B1737, B} +
-1 =)
B; (Diz (’Y%‘f) D2 — Djy, (’72—2 - 71_2) Dlzp) By-Q (3.80)
where

Q = B ((D'12 (73’?)—1D12 - Di, (’72_2 —'71_2) Dl?p)-l -

(Dta (37) ™ Dua) _l> By + 11z (Cly (177 = 177) €, T

Since @ > 0, then from Theorem 2.1 of [Ran and Vreugdenhil, 1988], there exists a solution
Hl to ( 379) with Hl Z H2 and

—A-TI <c{ (¥7) " a+C, (w2 - i?) Clp)

stable. Rearranging ( 3.79) gives

!
-1 _ .
O:Hl (—A—Hl (C{ (’)‘3‘7’) C’l—C{p (722—’)’1 2) Clp)) +
-1 _
(~a-m (ct (37) " i~ 0, (5" - %) ) )
=1
+I1; (C{ (’)’37_') C,— C{p (’)'2—2 = '71—2) Cl,,) II;
o8 ¢ (.2=\"1 / -2 _ -2 Y
—B173%,, B} + B; (Dm (v37) " D12 = Diy, (v - %) D12p> By (3.81)
So, by a Lyapunov argument,

= | =1
_Bl'}'g‘ﬁmB; + .BQ (Di2 ('}’g’f) D12 — D‘izp (72—2 = 71—2) D12p) Bé

+ (0 (7)™ €= ¢, (172 = 77) €1, ) T 20

So, immediately,

- (vm) (Bw%fn Bj - B <D’12 (v37)™ Diz - Di, (732 = 7?) Dlz,) B Bé) (vR)

+(cl () a-al, (=) 0y,) 20 (3.82)
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Rearranging ( 3.78) gives

0= 4, (172P) + (12R) 4c+ O} (37) " G =€), (132 = 77%) O, — (47%P1) x
(Bw%’fqui - B, (D’m (7)™ Di2 - D, (132 = 4%) " Dlz,,) Bg) (v22P:) (3.83)
where
A=A+ (Bugr By~ Ba (D (7)™ Dia— iy, (15 = 7i*) D, ) B3) (17°P)

Using ( 3.82), ( 3.83) and using a Lyapunov argument, A, is stable. Also, since IT; > II; >0
then 75 2Py > 2P, > 0.

Now, consider an ARE with v = 7, and 7 = 7 and with solutions =;. It will be shown
later that one of the solutions =, approaches the solution to the RDE ( 3.72) with 7 = 7o
and T =T as t = oo.

o = = = -1 -1
0= A'Z, + A+ E:B177, BiZ + O] (137) C1—Ch (DaBruDi) G (389)

2 _
Consider the same ARE with v = 4, and 7,, = %1%?—,2 and with solution =;. Multiplying
through by —1 gives

0 = (—A)E+Ei(-4) - E1B17,BiE - Cf (B7) C1+C}, (%°-1%) 0,
~
+C; (D217%‘F12D;!1) Cy {3:85)

Multiplying ( 3.84) by —1 and rearranging gives

s 2 = = -1
0 = (—4)E;+Ey(-4) - E:B1937, B|E, - C} (B7) C1+C, (12— Oy, +
-1
Cy (Durm, D)~ Co =G, (52 -72) (3.86)

So, using Theorem 2.1 of [Ran and Vreugdenhil, 1988] to compare ( 3.85) and ( 3.86), if
there exists =, then there exists a unique maximising solution to ( 3.85) Z; = = such
that Zf > S, and —A4 — B1737,, B{E] is stable. Since 7 € I'nmr(7y2) then Z3 > v, °Ps s0
5125 21%2PR 2P >0.

Now, it remains to be shown that lim; o, Z1(t) = Z] and that Z1(t) > 0 for all ¢ > 0.
Firstly, it will be shown that a sufficient condition for Z1(¢) > 0 for all ¢t > 0 is Z;(¢) > Z3(¢)
for allt > 0.

Begin with Z(t) > Z3(¢) V¢t > 0. From the definition of Z(t) ( 3.71),

[1) (1)
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24 > %°Z) +7 P =1 P
=172Z1(t) > v%Z,(t) >0
since v, 2P, —y{2P; > 0. Immediately, it would follow that Zy(t) > 0 for all t > 0. For
2
notational simplicity, Z(7y,,t) will be denoted Z3(t). Similarly, = (3%1':,2, t) will be denoted
Z1(t). Now, define A(t) = Z;(t) — ZE2(t). Subtracting ( 3.72) with 7., = 7,, from ( 3.72) with

2
Mo .
Ty = 4Ty, gives
7= 32T

0 !
0 = A(t)+ (4+ B, BiZ2() At) + A1) (4 + Bin7, BiZa(t))
+A() B, BIAW) - C, (132 - 772) C, (3.87)
with A(0) = 0. Evaluating ( 3.87) at t = 0 gives
A©0) =1, (137 =12 Cip >0

Now, using a contradiction argument, suppose at some time ¢ = T, there exists a vector g
such that, ¢'A(T;)g = 0 and ¢g'A(T.)g < 0. Therefore, at some time t > T, A(t)g < 0.
Substituting into ( 3.87) and pre and post multiplying by ¢’ and g, respectively, gives

0=g'AT)g - gCl, (152 -1?) Cug (3.88)
So,

gA(T)g=g'Cl (¥32—17?) Crg >0

which contradicts the assumption that g’A(T.)g < 0. Therefore, A(t) > 0 for all ¢ > 0. Now,
since ( 3.87) is an LQR ARE when t = oo, then the positive solution lim; ,o, A(t) is unique
(see, for example, [Anderson and Moore, 1989]). Also,

tl_i)xg:oA+Bl’Yz?‘?_'-rzBi (Za2(t) + A(2)) = t]-:l:}Ing + B173 7y, B1E1(2)

is stabilising. Therefore, lim; o0 =) () = Ef, as required. Thus, 357"72 € I'pr(v1) This
completes the proof of the Lemma. O 1

Since, for the proof of Theorem 3.3.1, it was shown that lim,_,o ['sp(7) is empty then
lim,_,o 'y p(7y) is also empty. Also, by assumption for Case 1, limy_,o0 ' prF(7) is non empty.
Lemma 3.6.1 gives an ordering so there exists Ymin such that I'prp(7Ymin) is non empty but
Iy r(7y) is empty for all ¥ < Ymin-

Lemma 3.6.2 There exist w € W and z(0) such that Jy(u,w, z(0)) > 0 for any controller u
and for v < Ymin-
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Proof: Since ¥ < “Ymin, there exists some time t = T(1) > 0 at which Z(r,T(7)) develops a
zero eigenvalue. The eigenvector corresponding to the zero eigenvalue of Z(r,T(7)) will be
refered to as e(7). It is not necessary to consider the case where Z(r,0) has a zero or negative
eigenvalue because P(7) £ 72R so 7 & T'sp(7). Therefore, by Theorem 3.3.1, there does not
exist a state feedback controller which gives the desired performance. Thus, there also does
not exist a measurement feedback controller so, for the remainder of the argument, T'(7) > 0
will be considered.
Notice from the definition of T'(7) that

e(r) Z(1,T(1))e(r) =0 (3.89)

for all T € Tsr(7)
Now, 7 is defined such that T'(7) > T'() for all 7. Therefore, 7 is such that

T |emo=0 (3.90)

for all 5. Where 75, defined in ( 3.24), represents an arbitrary direction in 7 space, so the
above expression defines a stationary point in 7 space.

Since # maximises the time at which Z(r,t) takes a zero eigenvalue, differentiating ( 3.89)
with respect to € at e =0 at ¢ =0 when 7 = 7 gives

d
7
for all 7 € I'gp(v) and for all directions 7 in 7 space. Expanding ( 3.91) gives

e(?)'Z(#,T(7))e(?)) le=o=0 (3.91)

6(7)'Z(7,T(7))e(?) + e(?) Z(%, T(%))e(F) + e(?)' Z(#, T (7))é(%) (3.92)
where (°) denotes £(-) |c=o. Using the fact that Z(r,T(r))e(r) = 0, ( 3.92) becomes

e(?)'Z(#,T())e(?) =0 (3.93)

Now, consider a disturbance/measurement noise/uncertainty signal

w(t) wmF(T,1)

{(T7B{(Z('r,t)+P(T))—T,YD{,I(Dng,YDél)‘ng):L'(t), tE(0,T(r) (3,
7,B! P()z(t), t € [T(r),00) ™

1>

and an initial condition z(0) = zo(7) such that z(T'()) = e(7). Notice that wprp(7,t) is such
that y(t) = 0 for ¢t € [0,T(7)). Now, it will be shown that if y(t) = 0 for t € [0,T'(7)) then
u(t) # 0 for ¢t € [0,T] will not satisfy J, < 0 for all w € W and z(0) compatible with y(t) = 0

for t € [0,T(7)). To show this consider u© # 0 and w = 0, (0) = 0. Substituting into ( 3.2)
gives

Jy(u # 0,w = 0,z(0) =0) = ||u||§,,m Dygp > 0 (3.95)
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Therefore, if y(t) = 0 for ¢t € [0,T(7)) then it is required that u(t) = 0 for t € [0,T(7)) to have
a possibility to satisfy robust performance. Now, consider w(t) = wapr(7,t), 2(0) = zo(7)
and any control signal u(t) which is zero for t € [0,T(7)) and which is such that the system
(2.1), ( 2.3) is stable. An expression for the cost Jy, defined in ( 3.2), that is separated into
two parts will be considered; the cost incurred during the interval ¢ € [0,T(7)) and the cost
incurred during t € [T'(7),00). Still considering v < Ymin and using manipulations similar to
those which gave ( 3.70) for the time interval t € [0,T(7)) gives

Iy = —(&T(r)) - 2(T(7))) Z(7, T)(&(T (1)) — =(T(7))) — =(T(7))' P(r)=(T(7)) -
llw = (75) + 73 B1Z(7,8)(&(8) = (D)1 _p, g-1ps, — I8 = CoBW 1,01
(” ”[207( Sk "w”;,m)]fo“) 12l oy = 7 M0l (08

Using manipulations similar to those which gave ( 3.16) for the time interval t € [T(7), 00)
gives

b o= —(@T() - o(T()) 2, T)ET(r) - =(T(r))) -
llw — () + 7y By Z(7, t)(&(t) — x(t))"i-l_Dzlé—lDl = |ly — C22(t )"[0 r(enQ-1
o (C O ¥ ) = @), pryreiDrg
o= o), = (1l o=l ) (3.97)

Substituting for w = wpr(7) and z(0) = zo(7) gives
_ 2
-1 = |lwmr(T )||[0 il 1)

. 2 2 _ 2
Hlu =8, i = (N1 ) et — onr IR, 1) (3.8

(T(r),00

[0,7(r))To

T (u(t), wmp(7),z0(r)) = —e(r)' Z(r, T)e(r) - (n 12

Now, consider 7 = ¥ such that ||z (u(t), wmF(,t))|| = |lw;mF(F,t)|| for £(0) = zo(7). Recog-
nising that €'(¥) Z(#,T(7))e(#) = 0, ( 3.98) becomes
Iy (u(t), watr (), 20(r)) = lu = 6(EIZ, ot -1 (3.99)

Since it is not possible for a measurement feeback controller to produce the output of the
optimal state feedback controller 4(7), at the instant ¢ = T'(#) when the measurement signal
y(t) becomes non zero, then

Jy(u(t), wmr(7,t),zo(7)) > 0

for all measurement feedback controllers.
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Now, it must be shown that if "sr(7) is non-empty then #(umr(7), wmr(F),zo(F)) €
Psr(v). To do this, it will be shown that #(upmr(7), wMmF(7),zo(7)) = 7. Differentiating
( 3.71) with respect to € at € = 0 and substituting for Z(#,T(7)) in ( 3.93) gives

0 = 72e(?)'E(F,T())e(?) — e(7) P(7)e(F) (3.100)

Letting the initial condition z(0) = zo(7), u(t) = umr(F,t) and w(t) = wmr(F,t), ( 3.100)
may be written as

0 = ~ / T'E(F, 1)z + &'E(F, )z + ='E(F, t)E dt + / P(#)z + o' P(7)zdt
+2(0)'E(7)(0)z(0) — z(o0)' P()z(0) (3.101)

and the state equation ( 2.1) becomes

i(t) = (A+Blfy2'h, {E(%,t)) z(t), teo,T()) (3.102)
(A 4 (BI%,,B{ L BQR-IBQ) P(#)) z(t), t€[T(#),00) (3.103)

].
—~~~
o~
N

Il

Recognise that since Z(0) = R then Z(0) = 0. Substituting ( 3.102) and ( 3.103) into ( 3.101)
gives

0 =

2

€ /OT z' (é('f‘, t) + (A +Bl"/2'f7BiE('f,t)) E(‘F t)+
£(#,1) (A+ Biy*hBiE(#,1)) ) zdt + / (A+ (B1#B) - B.R'BY) P(#))
P(#) + P(?) (4 + (B1%,B] - BoR™ 'B}) P(f ))) z dt — z(00)' P(+)z(c0) (3.104)

Noticing that z(oo0) = 0 since ( 3.103) is stable and using the RDE ( 3.75) and the ARE
(1 3.3), ( 3.104) may be written as

T
0 = [ 2 (~(21) + P(*)Batyty 'nii 1y BU(Z(7,) + P(7)) -
IO‘—I 1 = o
CHQ ™ Dar 75 i 4, Dy Q7' Co + Cltg i G ) ot — / z' (P(7)x
T

(Bﬁv'fo‘ tnig 1y B] — Bzﬁ_l‘?o_lnfo‘lfi‘lBé) P(#) — Clig 0ty cl) z dt(3.105)

Now, ( 3.105) may be written as

0 = |z (wmp(7), 20(P) Il 1 iimist = NoMp() g o ataast +

Iz (uner (), wrer (), 20D |, stgrt — o ()] rorgzot (3:106)
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Therefore,

0 = llz (umr(7), wpr (7), 20(7)) 3= 1ps-1 = lwmp (P51 51 (3.107)

which is equivalent to the definition of # for u = upp(#), w = wapp(#) and z(0) = zo(7)

Therefore, it has been shown that, for 7 < 7min, if there does not exist 7 € I'sp(7)
then, by Theorem 3.3.1, there does not exist a state feedback controller and therefore a
measurement feedback controller which gives the required performance. Secondly, if there
does exist 7 € I'sp(y) then there also does not exist a controller which statisfies robust
performance. This completes the proof of the Lemma. O

It has been shown, from the definition of y.,in, that not 1 = v < Ymin and for such vy
there does not exist a measurement feedback controller such that Jy(u(t), wmr(7),e(F))) <
0 = not 2. So, not 1 = not 2 which is equivalent to 2 = 1, as required.

Case 2:
The modified problem that will be considered is a system where the effect of the signal w
is scaled-down by a factor of ! € R > 0 giving a system representation ( 3.36), ( 2.2) and

y = Coz + a_iDzlw (3108)

with cost function ( 3.37) where it is required that w € W ( 3.1).
The ARE corresponding to this modified problem is ( 3.38) and the RDE corresponding
to the modified problem differs from ( 3.58) through a scaling of the B; and Dy, terms by
—
a L

0 = Zo(t) + AL Zo(t) + Za(t)Aq + KLRK, — a®C4Q 7 Cy + 07224 (t) B17,B| Zo(t) (3.109)

where 4, = A+ a~2B,7,B| P,. The initial condition for the RDE is Z,(0) =_a2'72R - P,
where P, > 0 is the stabilising solution to the ARE ( 3.38) and where K, = —R™!B}P,.

Definition 3.6.2 Given « and v, the set of scaling matrices 7 € I'§p(+y) for which there exist
antistabilising solutions Z,(t) to ( 3.109) such that Z,(t) > 0 for all ¢ > 0 will be denoted
T3er(7)-

Since it has been assumed that lim,_,o, I'arp(7) is empty then it is possible to infer from
the ordering on v that ' p(7y) is empty for all finite . So, automaticially not 1 is established.
If it can be inferred that there does not exist a controller such that J$(u,w, z(0)) |a=1< 0 for
all w € W and z(0) then not 2 will be established and it will have been proven that 2 = 1
for Case 2. Firstly an ordering on a will be established for any . For a2 < a;, if there exists
7 € I'$?p(7) then 7 € T'3}p(7). Secondly, it will be shown that, in the limit as @ — oo, an
LQR ARE and an LQG RDE are recovered 8o limg—,0 '§y5(7y) is non-empty. Since, for all -,
by assumption for Case 2, I'{;r(7) |a=1 is empty then it follows that there exists amin(v) > 1
such that I'$7%" () is non-empty but, for all @ < @min(7), [$;p(7) is empty. It is then shown
that there exist w € W and z(0) such that J%(u, w, 2(0)) > 0 for @ < ;s and for all u which
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leads to the non-existence of a controller such that J$(u, w, (0)) |a=1< 0 for all w € W and
z(0) so not 2.
Begin with the following Lemma which performs a similar role to Lemma 3.6.1.

Lemma 3.6.3 Consider a; > ay and v fized, if there ezists T € T$2p(7) then T € Tip (7).
Proof: The proof follows a similar argument to the proof of Lemma 3.5.1. Begin by considering

a new RDE given by adding ( 3.38) and ( 3.109) and multiplying through by a~?2

0 = Ea(t) + A'Ea(t) + Ea(t)A + Ea(t) Biry B Zalt) +a~2Cl77'C1 — Cy (D Dhy) ™ o
(3.110)
with Z4(0) = 0 and where

(1]

olt) = a7? (Pa + Za(t) (3.111)
Now, an alternative definition for I'§; () is ‘the set of matrices 7, € I'§r(y) for which there

exist antistabilising solutions Z4(t) to ( 3.110) with E4(t) > a~2P, for all t > 0.’
Differentiating the RDE ( 3.110) with respect to € at € = 0 gives

0 = E4(7,t) + (A+ Bi17yB\Eqa(%, 1)) Ea(7, 1) + Eq(7,t) (A + Bi1yB|Eal(7, 1)) +
Za(7,t)BinB. Ea(r,t) — a 2C| 7 197 71C + C4Q ™ DD, Q7 C, (3.112)

Since a perturbation of <y is not allowed, 7 is zero in the performance channel. Therefore
B Mry = 79 1yt = 7= 1p7! s0, (1 3.112) may be written as

Za(T, 1) + (A + B17,B|Ea(7, 1)) Ea(7)t) + Ea(7, 1) (A + Bi7yB|Eq(7,1)) =
Y72 (=(Za(7,t) + Pa(7)) Bity Ty 175 7y B} (Za(7, 1) + Pa(T)) —
a2C§Q"1D217770_17710_177D'21Q_lcg + C’{T'Im'_lCl) (3.113)

This RDE will be used later in the argument.

Now, suppose there exists 7 € 'y} (). Immediately, 7 € I'gk (), so from Lemma 3.3.3,
7 € I'gp(7)-

Now, consider an ARE with 7 € I'{?1.(7) and a = a2 and with solution Z,. It will later
be shown that one solution =,, approaches the solution to the RDE ( 3.110) with the same
values of 7, v and a for ¢ approaching infinity.

= = = - -~ -1 -1
0 = A'Eq; () +Za, (t)A+Eq, (1) B1Y? 7y B Za, (t) + a3 2C} (727) C1—C; (DQI’)’ZT—,Dél) C,
(3.114)
Also, consider the same ARE but with @ = a; and with solution Z,,. Multiplying through
by —1 gives
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- - - - -1
0 = (—AYEq(t) +Ea, (t)(—4) — Ea, () B17*7yB]Ea, (t) — a7 2CY (1P1) C1
-1
¥E. (Dglfy?'r.,D'm) C (3.115)

Multiplying ( 3.114) by —1 and rearranging gives

- - = = =1
0 = (—A)E0;(t) + Eay(t)(—A) — Eay () B17*7yB{Z0, t) — 07 °CY (V1) O
=1 1
+Cy (D217277D51) Cy - (cq?2 - afz) C} (721') Ci (3.116)

So, by Theorem 2.1 of Ran and Vreugdenhil, if there exists a solution Z,, to ( 3.116) then
the maximal solution Eq, = Ef, to ( 3.115) is such that =%, 2 E and A + BIT.,BI_.

is antistable. Smce X el Mp(’)’z) then there exists Sq, > @327, Pa, 80 5 > Z,, >
a; 23 2P,, > a72y%P,, > 0. Now, it remains to be shown that lim;_,e0 Sq, (t) = :zl and
that Z,, (t) > 0 for all t > 0. It will be shown that =g, (t) Za2(t) for all ¢ > 0 which implies

Zg4, (t) > 0. From the definition of Z4(t) ( 3.111), Z4, > Z4, > 0 s0

a2_ZZa2 (t) + g Paz - 2Pa1
@322y, (t) >0 (3.117)

al_ZZal (t)

>
= a[2Z,,(t) >

since ay 2Py, — ] 2Py, > 0. Immediately, it would follow that Z,, (t) > 0 for all ¢ > 0. For
notational simplicity, Zq,(7,,t) will be denoted Zq,(t). Similarly, =4, (7,t) will be denoted
Zq; (t). Now, define A, (t) = Eq, (t) — Zq, (). Subtracting ( 3.110) with a = a3 from ( 3.110)
with a = a; gives

0 = Aq(t) + (A+ BiryBiZa (1)) Aa(t) + Aa(t) (A + Bi7yB{Eas(t))
Aa(t)Bln,BiAa(t)—(a{z—al )C{T-lc1 (3.118)

with Ay (0) = 0. Evaluating ( 3.118) at t = 0 gives
Aa(0) = (02—2 - a';?) clr1c, >0

Now, using a contradiction argument similar to the proof of Lemma 3.6.1, suppose at some
time ¢ = T, there exists a vector g such that, g'Aq(T,)g = 0 and ¢’ A4(T, ) g < 0. Therefore,
at some time t > T, g'A4(t)g < 0. Substituting into ( 3.118) and pre and post multiplying
by ¢’ and g, respectively, gives

0=gAu(T)g—¢ (02'2 - afz) CitCig (3.119)
So,
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g'Aa(T)g = g' (a7? — a7?) Ci77'Crg > 0

which contradicts the assumption that g’A(T:)g < 0. Therefore, Aq4(t) > 0 for all ¢ > 0.
Now, since ( 3.118) is an LQR ARE when t = oo, then the positive solution lim;_,o, Aq(t) is
unique (see for example [Anderson and Moore, 1989]). Also,

Jim A+ B17yB (Bay(t) + Aa(t) = Jlim A+ B17yB{Eq, (1)

is stabilising. Therefore, lim;_,o Zq, (t) = £} , as required. Thus, 7 € I'}}z(7v) This completes
the proof of the Lemma. O

Taking the limit as @ — oo in ( 3.38) and ( 3.110), an LQR ARE and and LQG RDE
are recovered, respectively. Therefore, since [A B;] is stabilisable and [A C9] is detectable,
there exists a positive stabilising solution limg_,00 P, to ( 3.38) and a postive antistabil-
ising solution lim;_,o, Z4(t) to ( 3.110) for all scaling matrices 7 > 0. See, for example
[Anderson and Moore, 1989)].

Since it has been established that, for ally > 0, limg—y00 I'$y 5(y) i non-empty, I'y g (7) la=1
is empty and Lemma 3.6.3 gives an ordering on a then there exists amin > 1 such that
L37%" () is non-empty but, for all @ < amin, ['§;r(7) is empty. For brevity of notation the
dependence of amin on -y has been omitted.

Lemma 3.6.4 There ezist w € W and z(0) such that J5(u,w,z(0)) > 0 for any controller
u, for any v and for a < amin-

Proof: Since a < amin, there exists some time ¢t = T, (7) > 0 at which Z,(7, T,(7)) develops
a zero eigenvalue. The eigenvector corresponding to the zero eigenvalue of Z, (7, T (7)) will
be refered to as eq(7). It is not necessary to consider the case where Z,(7,0) has a zero
or negative eigenvalue because P,(7) £ a?y?R so 7 & I'¢r(7). Therefore, by the proof
of Theorem 3.3.1, there does not exist a state feedback controller which gives the desired
performance. Thus, there also does not exist a measurement feedback controller so, for the
remainder of the argument, T, (7) > 0 may be considered.
Notice from the definition of T, (7) that

ea(7)' Zo (7, Ta(7))ea(r) =0 (3.120)
Now, define 7(a) such that T, (7(a)) > T,(7) for all 7. Therefore, 7(a) is such that

Talf(e)) le=0=0 (3.121)
de

for all 5, where 7, defined in ( 3.24), represents an arbitrary direction in 7 space, so the above

expression defines a stationary point in 7 space. Since 7(a) maximises the time at which
Zy(T,t) takes a zero eigenvalue, it follows that

% (ea(T (@) Za(7(a), Ta(7(a)))ea(T(a))) |e=0=0 (3.122)
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Expanding ( 3.122) gives

0 = éa(""(a))’Za(i—(a)aTa(%(a)))ea(%(a)) + ea(’?(a))'z’a('f'(a)aTa(%(a)))ea(i'(a)) +
ea(7(@))' Za(7 (@), Ta(7(@)))éa(7(e)) (3.123)

Since Z,(7(a), T(7(a)))eq(7(a)) =0, ( 3.123) becomes

ea(7(@)) Za(#(e), Ta(#(@)))ea(F(a)) = 0 (3.124)

For notational convenience, the dependence of 7(a) on a will not be shown explictly for the
remainder of the argument.
Now, consider a disturbance/measurement noise/uncertainty signal

w(t) = wmr, (1,t)

a [ (a7lr,Bi(Z4(1,t) + P(7)) — @7y DYy (Da174D4,) 1 C2) z(t), t € [0,Ta(7))
_{a {1 BLPa(r)a(0), TR T e i), o)

and an initial condition z(0) = zo(7) which is such that z(T,(r)) = eq(7). Notice that
wWMF, (T,t) is such that y(¢t) = 0 for t € [0, T,(7)). A similar argument to the proof of Lemma
3.6.2 may be used to show that if y(t) =0 for t € [0, T,(7)) then it is required that u(t) =0
for t € [0,T(7)) to have a possibility to satisfy robust performance. So u(t) =0 is the only
sensible control strategy for t € [0, T, (7)).

Now, consider w(t) = wmr, (7,t), £(0) = zo(7) and any control signal u(t) which is zero
for t € [0,T,(7)) and which is such that the system ( 3.36) is stable. Also, consider an
expression for the cost JY, defined in ( 3.37), which is separated into two parts; the cost
incurred during the interval t € [0, T, (7)) and the cost incurred during t € [T, (7), 00). Still
considering @ < @i, and using an argument similar to that which gave ( 3.99) gives

T3t (7),20(7) = I = 4N oy yp@ripie (3126)
where 7 = #() is such that ||z;(u(t), wmE, (F(a), t))|| = ||lw;mF. (F(a, t)|| for £(0) = zo(F(a)).

For notational convenience the dependence of #(a) on a will not be shown explicitly. Since
it is not possible to design a measurement feeback controller which produces the output of
the optimal state feedback controller %(#), at the instant t = T,(#) when the measurement
signal y(t) becomes non zero, then

J5 (u(t), wmr, (F(a), t), 2o(7(a))) > 0

for all measurement feedback controllers.

Now, it must be shown that if I'§z(7y) is non-empty then 7(o, upmr, (7), wmF, (7), o (7)) €
I'¢r (7). To do this it will be shown that #(a, umF, (7), wmFE, (), To(7)) = 7(a). Begin with
( 3.124). Substituting for Z,(#, T, (7)) from the definition of Z, ( 3.111) and differentiating
with respect to € at € = 0 gives
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0 = o?eq(#()) Eal?, T,

a(7))ea() — ea(T)rP (7)ea(T)
Letting the initial condition z(0) = zo(7), u(t) = upmr, (7, t) and w(t) = wymr, (7, t), ( 3.127)
may be written as

(3.127)

0 = 052f “z Eo(F, 1)z + £'54(F, 1)z + /2o (7, t)E dt + f &' Py (7)z + z' Py (7)z dt
0 T
+2(0)'Ea()(0)2(0) — 2(00)' Pa(#)z(c0)

and the state equation ( 3.36) becomes

(3.128)
#(t) =

(A+ B17yB|Ea(f, 1)) 2(t), t €[0,Ta(7))

(3.129)
(4+ (a72B1#y(0) B} — ByR™'BY) Pa(#)) 2(t), t € [Ta(#),00) (3.130)
Substituting ( 3.129) and ( 3.130) into ( 3.128) gives

= | '(Ha(r, t) + (A + Bi#, BlZa (7, 1)) Eal?, )+
1]

2, (F,1) (A+Bl'?,,(a)B{Ea(1”' ) zdt

+ / ( o~ 2B%,(a)B] — BQR—‘B;) Pa(v‘-))' P, (7)+

Pa(7) (4 + ( 2Bﬁ~,(a)B{ — ByR7'By) P, (#))) @ dt — z(00)' Ba(#)z(c0)
Noticing that z(o0o) = 0 si .

( 3.38), ( 3.131) may be written as

(3.131)
) = 0 since ( 3.130) is stable and using the RDE ( 3.113) and the ARE
0= / Zo(#,1) + Pa(#))Bi#y5 iy L2y Bl (

Zo(T,t) + Po(7)) —
202Q LD 7,75 'ty 1, D Q71 Cy + Clig iy

o )
Cl) zdt_[Ta z’ (Py(T) %
(a B\ 7y 1o nfg Ty Bj BgR-lfglnfglk-lBg)P( ) — Ci75 g Cl)wdt (3.132)
Now, ( 3.132) may be written as

0 = |lz(wmr,(7),z0(7)) ||

0,7a ()70 Mo

~1 = [lwmr, (7]l
Iz (usmp, (7), wrr, (7), 2o (7)) |
Therefore,

-— a=—1
[0,Ta (#))T0 I'J""o T

lwsrr (B, )l . s tgs1 (3:133)

am1_o—1 —
(Ta,0)T0 70
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0 = Iz (untra (7), wrtry (), 20() 51 gpct = lonemy Pl gt (3:139)

which is equivalent to the definition of ¥ for u = upmp, (7(@)), w = wmr, (F(a)) and z(0) =
To(7(a))

Therefore, it has been shown that if there does not exist 7 € I'§z(7) then, by Theorem
3.3.1, there does not exist a state feedback controller and therefore a measurement feedback
controller which gives the required performance for @ < ampmin- And, if there does exist
T E I“s’fp('y) then there also does not exist a controller which statisfies robust performance.
This completes proof of Lemma. O

It has been shown, from the definition of am;y, that not 1 = a < anpin and for such a there
does not exist a measurement feedback controller such that J$(u(t), pr(7(a)), eq(7(a)) <
0= not 2. So, not 1 = not 2 which is equivalent to 2 = 1, as required. This completes the
proof of the Theorem. O

The ARE

0=A'Zy+ ZoA+ K'RK — C4Q7'C3 + ZooB17/B} Zo (3.135)
which is the time invariant form of the RDE ( 3.58), is used in the following Corollary.

Corollary 3.6.1 If v is large enough such that there exists T € U'sp(y) such that Z(1,t =
0) > Zy, then there exist time invariant, dynamic, measurement feedback controllers which
satisfy statement 2 of Theorem 3.6.1. One such controller is u(t) = K&(t) ( 3.61) where Z(t)
18 given by the time invariant filter

3(t) = (A - ByR™"ByP) (t) + 2 CHQ ™" (y(t) — Cai(2))
with £(0) = 0.

Proof: A ‘completing the squares’ argument is used, similar to the 1 = 2 argument of Theorem
3.6.1. The proof is almost identical to this argument except the proof begins with the ARE
( 3.135) rather than the RDE ( 3.58). O

3.7 Discussion for measurement feedback

The measurement feedback H, with transients and structure problem may be solved by
the solution to a parameter dependent ARE and a parameter dependent RDE. The solu-
tion is generally a time varying dynamic controller and, unlike the state feedback problem,
the measurement feedback H, with transients and structure problem involves a non-convex
optimisation.

To design a controller which approaches the optimal controller the following procedure
may be followed. Begin with some (large) value of y for which there exists 7 € I'prr(y). Note
that if lim, oo Carp(7y) is empty then the system is not robustly stabilisable, that is, there
does not exist a measurement feedback controller which will stabilise the system ( 2.1), ( 2.2),
( 2.3) for all w(t) € W and all £(0). Once a 7 € I'pyr(7) is found, successively reduce
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until I'ysz(7) becomes empty. The smallest value of 4 such that I'psp(7y) is non-empty is the
optimal value of 7. Since I'psp(7) is not generally a convex set in 7 space, the optimisation
may be computationally difficult and a local minimum of « will not necessarily be a global
minimurin.

The maximum singular value of the filter gain for the H,, with transients and structure
problem, for optimal -y, approaches infinity at some time. The solution for the non-transients
problem, for optimal v, gives a constant filter gain with an infinite maximum singular value,
so, the optimal solutions, with and without transients, are impractical. A Corollary was
presented which gave a suboptimal solution to the Hy, with transients and structure problem
with a time-invariant dynamic controller.

The worst case strategy for the [w(t),z(0)] player, for optimal -y, has been considered in
the limit as v approaches i, from below. In this limit, the worst case uncertainty signal
w(t) is such that the measurement signal y(t) is zero for all time up to time T' when Z(T'), the
solution to the RDE, takes a zero eigenvalue. From time T onwards the signal w(t) ( 3.12) is
used which is the worst case signal for the state feedback case. The worst case class of initial
conditions z(0) is such that z(T') is an eigenvector corresponding to the zero eigenvalue of
Z(T). Since y(t) = 0 from time zero to T, the controller has no information so the control
signal u(t) must be zero for this time interval. After time T the controller receives information
and the control signal can become non zero.

Similar to the state feedback case, the choice of R, the penalty on the initial condition,
determines the guaranteed level of robustness of the resulting design to non-zero initial con-
ditions. The structured Hy, solution may be recovered by letting R approach ool in ( 3.2).
Thus, in the game between u(t) and the [w(t),z(0)] pair, a non zero initial condition on
the state would incur an infinite penalty for the [w(t), z(0)] player. Therefore, the initial
condition z(0) would be forced to zero and the resulting design would have no guaranteed
robustness to non-zero initial conditions. This special case of Theorem 3.6.1 where R — ool
is a generalisation of [Savkin and Petersen, 1996], allowing for an uncertain measurement
equation.

Also, as was remarked for the state feedback case, the H,, with transients results of
[Khargonekar et al., 1991] may be recovered by ignoring the structure, in which case, the
scaling matrix 7, becomes y~2 and 7 becomes identity.
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Chapter 4

Minimax controller design

4.1 Introduction

In this Chapter, a state feedback minimax design problem is considered which, like the Hy,
with transients problem of Chapter 3, explicitly considers the effect of a non zero initial
condition of the state. However, in the minimax problem presented in this Chapter, the
initial condititon is not a player in the game but is given as problem data.

The minimax problem considered in this Chapter has its roots in the work of
[Chang and Peng, 1972]. Their work on guaranteed cost control provided an upper bound on
the value of a standard quadratic cost functional for a class of linear systems.
[Petersen and McFarlane, 1994] showed that it was possible to design controllers which opti-
mised such bounds; optimal guaranteed cost controllers. The class of uncertainty was called
Euclidean norm-bounded, so Euclidean, rather than L, norm bounds, were used to describe
the uncertainty. The design involves the solution of an Algebraic Riccati Equation (ARE)
dependent on a single scalar scaling parameter. The existence of a controller that would
provide a guaranteed cost bound or robustly stabilise the system was dependent upon the
existence of a suitable solution to a parametric ARE. Certain convexity and existence results
for the ARE ensured the optimisation was tractable.

These guaranteed cost controllers were shown to be minimax for a larger class of un-
certainty by [Savkin and Petersen, 1995]. The uncertainty class for which these controllers
were minimax was descibed by an Integral Quadratic Constraint (IQC) ([Yakubovich, 1973]
and [Rantzer and Megretsky, 1994]) and may be used to (conservatively) represent Euclidean
norm bounded uncertainty. By allowing for multiple channels of feedback, they permit-
ted structured uncertainty. Minimax optimality was proven using a result presented in
[Megretsky and Treil, 1990] and [Yakubovich, 1992] known as the ‘S procedure’.

The approach presented in this Chapter is based on that of [Savkin and Petersen, 1995).
The uncertainty inputs satisfy an arbitrary number of IQC’s. Only standard techniques
have been used to prove that the controllers are minimax for given initial conditions. The
multivariable optimisation problem is shown to be convex with a compact set of feasible
parameters, thus, the design is computationally tractable. The Hy, with structure problem
of [Savkin and Petersen, 1996] for state feedback and optimal vy is recovered as a special case
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of this minimax problem.

In Section 4.2 preliminaries for the state feedback minimax problem are presented. Section
4.3 details the main results; the design of a minimax controller which is shown to be a convex
optimisation problem. Section 4.4 investigates ways to apply the minimax design including a
receding horizon approach. Finally, a minimax problem is posed for measurement feedback,
although it appears to be intractable.

4.2 Preliminaries for state feedback

Uncertain state feedback systems of the form ( 2.1), ( 2.2) are considered where B, = 0.
Note that Bj, is defined in the preliminaries section of Chapter 2.

Each uncertainty input is bounded by an integral quadratic constraint, thus the uncer-
tainty input vector must lie in the set Wy, where

Wing = {w(t) : /0 ~ wh(t)wi(t) dt < [0 % a() zm(t) dt + d,»} (4.1)

with d; € R > 0. This set of uncertainty/disturbance inputs is the most general for which
our results apply. ‘Robust Performance’ type problems may be presented in this framework
by an appropriate delineation of the input channels into those representing uncertainty via
L, induced-norm bounded feedback perturbations and those representing L, norm bounded
exogenous disturbances. For channels representing uncertainty inputs one should set d; =
0, and for channels representing L, norm bounded exogenous disturbances, one should set
zi(t) = 0 with d; the Ly norm bound on wj;(t).

The system performance is measured with a quadratic cost function
J= 4 (4.2)
Izl :

where 2, is one channel of the signal 2, defined in (2.2) in the preliminaries section of Chapter
2. It is also required that C;, > 0 and D)5, > 0. It may be possible to remove the requirement
that all states be costed but this is of little practical significance since the costs may be
arbitrarily small.
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Uncertainty
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u(?) x(t)

Controller

Figure 4.1
The following algebraic Riccati equation plays an important role in the sequel:
0 = (A—=ByR(r)™'Diyr7'C1)'P + P(A - BaoR(t) "' Diym7!Cy)
+P(Bi1oB, — BoR(7)"' By)P + Cj77C, - Cr~' DiaR(r) ' Dipr™'C1, (43)

the matrices A4, By, B, C1, D12 are from the system ( 2.1), ( 2.2) and cost functional ( 4.2)
and R(7) = D{;77!'D12. 7 € RP*? is a scaling matrix, the definition of which is the same as
that which was used for the H,, with transients and structure problem of Chapter 3;
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.
0 Tlel 0
T = 0 T2Ip2 0 4 (4.4)
0 5 [0
0 Tkka

where I, is the p; X p; identity matrix and 7; € R > 0. To avoid confusion, it should be noted
that these parameters are similar to those used by [Petersen and McFarlane, 1994] but are
the reciprocal of those used by [Savkin and Petersen, 1995]. The set of matrices 7 for which
a solution P > 0 exists for ( 4.3) is denoted I". The matrix 7y is defined in the same way
as was done for the Hy, with transients and structure problem; the first element of 7y is a
Pp X Pp zero matrix rather than identity.

For notational convenience, the ARE ( 4.3) may be rearranged to give the following
equivalent ARE

0=A'P(1r)+ P(r)A+ P(1)XP(7) + Q, (4.5)
where
A = A-ByR(r)"'Di,r ¢y, (4.6)
X = BimB| - ByR(1)"'B), (4.7)
Q = Ci(r' =17'D1R(r)" D7 )Ch. (4.8)

4.3 Main results for state feedback

In this section a solution is given for a minimax optimal controller for the class of uncertain
systems ( 2.1), ( 2.2), ( 4.1) with given initial condition z¢ and cost functional ( 4.2). This
problem has been studied by [Savkin and Petersen, 1995]. In this Chapter an alternative proof
which uses only standard methods for linear systems is presented. [Basar and Bernhard, 1995]
provide a good background to the techniques used. Furthermore, it is shown that an optimal
controller may be designed by the solution of a convex optimisation problem.

Theorem 4.3.1 (A small extension of [Savkin and Petersen, 1995]). The minimaz cost for
the class of systems ( 2.1), ( 2.2), ( 4.1) with cost functional ( 4.2) and initial condition zo
18 given by

inf sup J(u(t),w(t)) = inf (:z:{,P(’r)zo + ZLIT;Id,-) (4.9)
u(t) w(t)EWms Ter

where P(7) > 0 is the stabilising solution to ( 4.3). Furthermore, a minimaz control strategy

18 given by the static controller

4

u(t) = e (7) = —R(F) "1 (B4P(7) + Dy~ 1C))z(t) (4.10)
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and the worst case uncertainty/disturbance input for this controller is given by

w(t) = Wz (1) 2 7B, P(#)z(t). (4.11)

where, 7 is the infimising value of T for the right hand side of ( 4.9).
Moreover, if ' is empty then there does not exist a controller which will guarantee a finite
cost for all w(t) € Wiz ( 4.1).

Proof: The proof begins with the presentation of two Lemma pertaining to the ARE ( 4.3).
These two Lemma extend the convexity and existence results presented by

[Petersen and McFarlane, 1994] to allow for a structured uncertainty description ( 4.1).

Lemma 4.3.1 Suppose 7 =7 €T, then B7g € I, where

ﬂ_lIPP 0
0 mlp, 0
T8 = 0 T2Ip2 0 :
0 . 0
0 TkIPk

with0 < < 1.

Proof: If, for some 7 = ¥ € T, there exists a solution P(7) > 0 to the algebraic Riccati
equation ( 4.3) then it will be shown that there exists a stabilising solution P(375) > 0 to
the algebraic Riccati equation ( 4.3) for 0 < 4 < 1 and thus 875 € I'.

Define I = P(7)~! and II; = %P(ﬂ‘?ﬂ)‘l. Pre and post multiplying ( 4.3) with 7 = 7
by II; gives

0 = IIj(A- ByR(7)7'D},71C,) 4 (A — BoR(7)"1 D771, +
(B170B] — BoR(7)"' BY)
+II; (C{‘T'_lcl = Cif_leR(’?)_lDiz’f_lCl) IIy; (4.12)

similarly, pre and post multiplying ( 4.3) with 7 = 73 by Il and multiplying through by 3
gives

0 = TIIx(A - BaR(75) ™' D175 C1)' + (A — B2R(75) "' Do ' C1)lIa +
(B170B] — B2R(73)” ' B})
+1I; (C}77'C1 — C}75 ' D12R(75) ™ Dip75'C1 ) Iy, (4.13)

Equation ( 4.12) can be recast as
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0 = II(A - BaR(75)"' Dip75'C1)' + (A — BaR(75) ' Dl 'C)IL +
(B170B] — B2R(75) "' BY)
+I (Cl75C - Ci75 DiaR(75) ™ Diy7y'C1) Th + H, (4.14)

where

I s — =
H = (By+Diyiz'cill) (R(7s)™ - R(F)™) (B2 + Diaf3 ' CiIL) + (1 - B)ILCY, G, T
0,

v

and because ( 4.3) has a solution P, > 0, equation ( 4.12) and thus ( 4.14) have a solution
IT1; > 0. Theorem 2.2 of [Ran and Vreugdenhil, 1988] can be applied to compare ( 4.14) and
( 4.13); since ( 4.14) has a solution II; > 0, ( 4.13) has a solution II; > 0. Furthermore
II; > II; and

>

A A — ByR(7) ™' D}75'C1 +

Iy (Ci75'C1 — Cl75' D1aR(75) "' Dia75' C1) (4.15)

is antistable. Now, it remains to be shown that A(873) + X (875) P(873) is stable. Since 4 is
antistable then, by a Lyapunov argument for ( 4.13), it follows that

B~ X (B75) — PII2Q(B75)Mz < 0 (4.16)
where X and Q are defined in ( 4.7) and ( 4.8). Pre and post multiplying ( 4.16) by P(G75)
and multiplying through by g gives

Q(B7p) — P(B75) X (B75) P(B75) > 0 (4.17)
So, by using a Lyapunov argument for ( 4.3) with 7 = 73 it follows that

A — ByR(B75) ™' D1a(B75) "' C1 + (B1S7B] — BoR™" (B7) ™" By) P(B75)
is stable. Therefore 374 is in I'. This completes the proof of the Lemma. O

Lemma 4.3.2 The function z)P(7)zo+X7; 'd; ( 8.10) is a convez function of (11,72,---,Tk)
onT.

Proof: As for the proof of Theorem 3.3.1, a small perturbation of 7 is considered; 7 + €7,
where n € A. The function z{P(7)zo + ET,-‘ld,- depends on the k& independent variables
(71,72, ..., 7k) and the convexity of z{ P(7)zo + 27, 1d; will be established if it can be shown
that the quadratic form
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E(n) = vk wk 7 & (:I:BP(T]EO + E‘r‘vld’.)
=n a=1%b=1"alb aTaa‘Tb

is non-negative for all choices of 7 € I" and all p € A ( 3.24). Since

(1

(1) = 2 (chP(r)z0 + B lemo

it suffices to show that the mequahty

d? (xBP(T):m + S‘r,-_ldg) .
dE2 |£:0_
is satisfied for all 7 € " and all € A.
Now,

d? (:L'BP(T):L‘O + ETi_ld,') , ({ZP(T)

) |e=0= zo_deT |e—0 To + 22:—1771 d 1)

and since 7?7 3d; > 0, the convexity of zj P(7)zo + b /e 1d; on T can be established if it can

be shown that QSI)- le=0> 0 for all 7 € T" and all n € A.
Now, P(7) satlsﬁes ( 4.5) which may be pre and post multiplied by II, where I = P(7)~!

giving
0=IA" + AIl + X + IIQTI, (4.18)

differentiating ( 4.18) twice with respect to € gives

d*1l d*11 d? d?
—— le=0 (A +T1Q)’ —(A+1'IQ)d2 le= 0_21'IA +2AH+Hd A|e_9+d2X le=0
d . d? i - d2
g leo T+ 25X | 0 +210QI + 2MQIT + 21QM + Q) |e=o TI, (4.19)

where, ¢ (%) * denotes £(-) |e=o, and

A = A-B,(D}, Dlzp)-1)31'°=1D’12.~T-lCIw
Q = C|,C,+Zk,CLT 0y,
A = By(Diy,Dis,) ' BE Dip, T~ x
T_ICL.,
—5A =0 = 2By(Diy Diz,)7 'Sk Dl T 'T T~ C,,

= ZF,ClL.T 'nT~'Cy,
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d? _
@Q lezo = 28E LCIT T~y T1C,,

X = BinBi — B2R(1)™' By,

@ _ _ 1 el e -
PX leco = Ba(Dip,D13,) 12?:1( o T ‘T T 1D12;)(D12,D12,) 'Bj.

where
T = 3¥_, 751y, + D2, (D}, D12,) "' D,

Note that alternative but equivalent expressions to those used in the proof of Theorem 4.3.1,

for A, Q, A and Q are used here. X is identical but included for completeness. Factorising
( 4.19) gives

211 e R LI X
N le=o (A+T1Q)' — (A + HQ)E}T |e=0= 2 (Z Ci 11+ 7T~ (C, 11 + Dig,;

i=1
! k )
(Dla, D1g,) ' Dly, ) T~ (z Co,l+ T~ (O I+ Du,,(D;ngu,)-'D;g‘_)) -
i=1
By(Dla, D1a,) 'Sk, (Dig, T ™' T~ 0T~ D13, ) (Dig, D1a,) ' B (4.20)

Recognise that the right hand side of ( 4.20) is positive semi definite and that —A — IIQ is
equal to —A, ( 4. 15), with 8 = 1. Recall that —A is stable, so, by a Lyapunov argument
4 Je=0> 0, 50 &4 | 9< 0. Since Il = P! then 2X | _o= 2MPIPI - nd P Je=o II
a.nd therefore, H—,— le=o II = 2IIPIIPII — d2H |le=0- Smce II >0and 25 dz“ |e= 0< 0 then
%@ ¢=0> 0. This completes the proof of the Lemma. O
Now, for the proof of the Theorem, 2 Cases will be considered separately

Case 1. T is non-empty
Case 2. I is empty.

Case 1:

Begin with an overview of the proof for Case 1. Firstly, a ‘completing the squares’ argu-
ment is used to develop an expression for the cost ( 4.2) in terms of the solution to the ARE
(4.3). Then a lower bound for infy ) Supyew,,, J(u(t), w(t)) is found and an upper bound
for supy(yew,,, infy() J(u(t),w(t)) is developed. Finally, employing a standard inequality
from game theory, the Theorem is proven for Case 1.

Begin with the ARE ( 4.3). Pre and post multiplying ( 4.3) by z’(¢) and z(t) respectively,
and integrating from ¢t = 0 to t = oo gives

0= / (4 - B2R(r) ™' Dipr='C1)'P + P(4 ~ BoR(r) " Dlyr™1C1)+

P(Bm]Bl ByR(1)™'By)P + C177'C1 — Ci7 7' D12 R(7)™! 127-101) z(t)dt (4.21)
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Using ‘completing the squares’ manipulations similar to those used for the 1 = 2 part of
the proof of Theorem 3.3.1 gives a factorlsatlon of J(u(t), w(t)). Completing the squares and
noting that, for stabilising u(t), f5° 4 (z(t)'P(7)z(t)) dt = —z)P(1)zo gives

Ju(t),wt) = zhP(T)T0 + [u(t) = g (1) Ggry — 10(t) = ma (7|21
= (Il=@N2-1 = lw(®)2-+) (4.22)
where the right hand side may be evaluated for any 7 € T, all of which yield the same value.
Now, given any stabilising control signal u(t), consider
T =% |[@ma; (F)* = [l ()| + di, Vi (4.23)
So ( 4.22) becomes

J(u(t)aw(t)) = ZL':)P( )(L‘o+2'_17‘ 1d +
lu(t) = Ama (F)lifry = () = Brma(F)IF-1 (4.24)

Now, a lower bound for the minimax cost will be developed;
inf sup J > inf J(u(t), Wmg (7)) (4.25)
u(t) w(t)eWmz u(t)
Using ( 4.24)

inf J(u(t), Bmg (7)) = inf (zhP(F)zo + E51 77 d; + lu(t) — dme(F)(D)lRs)  (426)
u(t) u(t)

Since 7 is a function of u(t) then zqP(#)zo + £F_, #7'd; is also a function of u(t) so

. . = -1
inf (26P(#)z0 + [[u(t) = tima () }gsy + Bhorfi7 ') > inf (26 P(7)e0 + BT, d;)

+ 1nf lu(t) — Gmz(F)(E )||1z(r)
= (‘COP (F)zo + Bho17'di)
= zhP(#)zo + =X 7id; (4.27)

From ( 4.25), ( 4.26) and ( 4.27) it follows that

inf sup J>z{P(F)zo+ Tk 7id; (4.28)
U(t) w(t)€Wma

Now, an upper bound for supy,)ew,,, infut) J(u(t), w(t)) will be found. Firstly, it will be
shown that 7(dmgz, Wmz) = 7. Consider a perturbation of the scaling matrix 7 + en where 7
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in A defines an aribitrary direction in 7 space with A defined by ( 3.24). Differentiating the
ARE ( 4.5) with respect to € at € = 0 gives
e/ - . A e 2 = 2
0=AP(1t)+A'P+ P(1)A+ PA+ PXP(1) + P(1)XP(1) + P(T)XP+Q (4.29)
where ()’ denotes % (-) |e=o and
= —BiR(T)"'Diyr In(r7! + 771 D1oR(7) 1 Dy 1) Oy,

= BinB| — ByR(1)"'Djyr 'nr~ D1 R(1) ™! By,
= —Ci(t7' = 77D R(7) D}y )y(r 7t - 77D R(7) 1Dy C).

Or > o

Since 7 is the infimising value of 7 then 7 is a stationary point for the right hand side of
( 4.9), so a zero gradient condition for 7 = 7 is satisfied,

0 = zhP(*)zo — BF_ 177 2nd; (4.30)

Using the fact that u(t) is assumed to be stabilising, ( 4.30) may be written as
[ 8 (P : 4.31
0= —/0 = (:z: P(’r)z) dt — =577 2nd; (4.31)

Now, consider u(t) = @pmz(7) and w(t) = Wpme(7). Thus, from ( 2.1), 2 = (A(F) +
X (7)P(7))z so ( 4.31) becomes

0=— /Ooo o' ((A(#) + X(?)P()) B(?) + P(#) (A(#) + X (?)P(#))) zdt — TE 7 *nd;

(4.32)
Substituting from the ARE (4.29) gives
0= / ( )+ P(T)A + P(T)XP + Q) cdt — £, 772nd; (4.33)
which may be written as
0 = [|2(fima (F))|3-1pp-1 — [ Bmaz(F)F-1-1 + Sbcr 7 >mids (4.34)

which is the definition of 7(@mz, Wmz), ( 4.23), for all n € A. Therefore 7(dmz, Wmg) = 7, the

infimising value of 7.
Now, an upper bound for sup,, ;e infu(s) J(u(t), w(t)) will be developed using ( 4.24).

sup inf J(u(t),w()) <  sup J(@mg(7), w(t))
w(t) EWpn U(t) w(t)EWmz

= sup (z{)P('F)zo—llw(t)—u‘)mz(v‘*)llg_l—
w(t)Esz

(lz@ma (F)IE-1 = lw(®)I2-1)) (435)
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Since it is required that w(t) € Wmnz, the supremum is acheived when w(t) = % (7)

sup  2hP(P)z0 — [0(t) = ma (F) (O — (IzEma(PIE-1 = [ (®)]E-1)
w(t)EWmz

= gy P(#)zo + Zk_, 77 1d; (4.36)

So, from ( 4.35) and ( 4.36)

sup infJ(u(t),w(t)) < sup J(Gmz(F),w(t)) = zhP(F)zo+ Tk, 77 ;i (4.37)
W(t)EWmz ¥(t) w(t)EWmaz

A standard result from game theory (see, for example, [Basar and Bernhard, 1995]) states
that

sup inf J(u(t),w(t)) <inf sup J(u(t),w(t)) (4.38)
w(t) EWnz 8(t) u(t) w(t)EWme

Substituting ( 4.28) and ( 4.37) into ( 4.38), gives

ThP(#)zo + BE 77 d; < inf  sup  J(u(t), w(t)) > zhP(7)zo + Th, 77 d; (4.39)
u(t) w(t)eWmaz

Therefore,
inf sup J(u(t),w(t)) = zpP(7)zo + T, 77 d; (4.40)
u(t) w(t)EWma
as required. This completes the proof of the Theorem for case 1.

Case 2:
The modified problem that will be considered is a system where the effect of the signal w
is scaled-down by a factor of 3 € R > 0 giving a system representation

&= Az + 7' Biw + Bou (4.41)

where it is still required that w(t) € Wy, ( 4.1) and the cost ( 4.2) for this system will be
denoted JB(u(t),w(t)). The ARE corresponding to this modified problem differs from ( 4.3)
only through the scaling of the ‘B,’ term,

0 = (A-ByR(r)™'Diy771C)'Ps + Ps(A— BoR(1) ' Diyr7'C1) +
P3(B~%B17B} — BoR(1)"!By) Ps + Cj77'C1 — C{77 ' D1aR(7) "' D]y C{(4.42)

Definition 4.3.1 Given B, the set of scaling matrices 7 > 0 for which there ezists a stabilising
solution Pg to ( 4.42) will be denoted T5.
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Now, it will be proven that, if I' is empty then there does not exist a controller which
will guarantee a finite cost for all w(t) € Wp;. Firstly an ordering on ( is established; if
there exists 7 € I'?2 then 7 € I'P1, for B, > B2 Secondly, it is shown that, in the limit as
B — oo, an LQR ARE is recovered so limg_; M is non-empty. Since, by assumption for
Case 2, I'8 |s=1 is empty then it follows that there exists Bmin > 1 such that, [Bmin i3 not
empty but, for all 8 < Brin, I'® is empty. It is then shown that there exist w € Wy, and z(0)
such that limg_,g_, J?(u(t), w(t),z(0)) = oo for all u(t) which leads to the non-existence of
a controller such that JA(u(t),w(t), z(0)) |g=1 is finite for all w(t) € Wp, and (0).

Begin with the following Lemma which performs a similar role to Lemma 3.3.1

Lemma 4.3.3 Consider B, > (3,. If there exists T € I'P? then 7 € TP,

Proof: The proof follows the same line of argument as the proof of Lemma 3.3.3 so will not
be repeated. O

Recognise that, in the limit as 8 approaches infinity, ( 4.42) approaches an LQR ARE for
which a positive stabilising solution is guaranteed since the system ( 2.1) was assumed to be
stabilisable (see, for example, [Anderson and Moore, 1989]). Since limg_,o, I'? is not empty,
rs |s=1 is empty by assumption for Case 2 and Lemma 4.3.3 gives an ordering, there exists
Brmin such that [Amin is not empty but I'? is empty for all 8 < Bmin Where 1 < Bpin < 0.
Furthermore, it follows from Lemma 4.3.1 that 7 € limg_,3,,;, I'A is such that the parameters
7; approach the origin for all i. Therefore, since d; > 0, limg,g,,;, 71 1d;, = oo, s0, from
( 4.40),

. . ﬂ _ . / A k A._l ”
ﬂ—l:lgﬁm tlll(lti; w(t?lelv%m S ult)wlt) = ﬁ—l»%g.-n (%P(T)xo + B d‘)
- (4.43)

For (3 approaching B, > 1, the disturbance/uncertainty signal w(t) is bounded by the
same class Wp,; ( 4.1) but has less effect on the system( 4.41) than for 8 = 1. Therefore,

inf sup JP(u(t),w(t)) |[p=1> lim inf sup JPmin(u(t),w(t)) = oo (4.44)
u(t) w(t)EWms B—Brmin u(t) w(t)eWms

as required for the proof for Case 2. This completes the proof of the Theorem. O

4.4 Discussion

The minimax controller ( 4.10), described in [Savkin and Petersen, 1995], is a non-dynamic
time invariant controller. The design of a minimax controller requires the minimisation of
the right hand side of ( 4.9) which was shown to be a convex problem on I' in Lemma 4.3.2
so any local minimum is a global minimum. To start the search a 7 € I' must be located.
Lemma 4.3.1 indicates that if such a 7 exists then it may be found arbitrarily close to the
origin, however, it is still necessary to consider the relative size of the parameters since not
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all positions close to the origin in parameter space are admissible. If the infimising value
of 7 is not found then the resulting controller, although not minimax, is a guaranteed cost
controller.

The remainder of the discussion considers various ways of applying the minimax controller
( 4.10). The minimax controller may be applied once at time zero or redesigned continuously
on the receding horizon.

The saddle point solution for the game between the controller and the uncertainty/ dis-
turbance is initial condition dependent so the controller gain matrix also depends on the
initial condition. Often the initial condition may not be known a priori, however, full state
information is available to the controller so, at time zero, the initial state becomes known
and the optimal controller may be designed. This minimax controller differs from H, type
controllers of, for example, Chapter 3 because the minimax controller gain matrix depends on
the initial state. Discrete events, such as making a step change in reference may be regarded
as incurring an initial condition on the plant at time zero and, in cases such as these, the
minimax controller may be applicable.

Often the time that is chosen as zero is arbitrary and not necessarily the beginning of
a significant transient effect. In this case, the H,, with transients results of Chapter 3 may
be a more appropriate formulation. However, there is another possibility: a receding horizon
implementation of the minimax state feedback controller also results in a controller that does
not depend on the choice of the initial time. To apply this strategy the current state is
regarded as the initial condition and the minimax controller ( 4.10) is recalculated at every
instant in time (or at least frequently relative to the dynamics of the closed loop plant).
The implementation of the minimax controller on the receding horizon is computationally
intensive and there are few formal results regarding its performance. However, the author
believes this control strategy will offer good ‘near future’ performance since the optimisation
of the controller gain at each instant of time is a function of the (initial) state at that time.
The compromise between focusing on regulating the transient effect caused by the current
state (near future performance) and rejecting the worst possible future L, norm bounded
disturbance is codified by the relative sizes of the d; terms of ( 4.1) and the current state.
Also note that, as the state approaches zero the controller will approach the optimal state
feedback H, controller which has infinite gain and is, therefore, impractical.

Rather than letting the initial condition approach zero to recover the optimal solution to
the state feedback structured Ho, problem of [Savkin and Petersen, 1996], their results may
be recovered by allowing the d; term of the IQC ( 4.1) to approach infinity such that the L,
norm bound for the plant disturbance approaches infinity. This makes the relative effect of the
initial condition negligible so the minimax controller is independent of the initial condition.
For this special case of the minimax problem, the optimal value of 7, is the minimal value of
772 for the equivalent structured H,, problem.

4.5 Illustrative example

This section presents a design example of a minimax controller for a given initial condition
to regulate a system with integral quadratic constraint uncertainty description. The benefit
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of explicitly using knowledge of the structure of the uncertainty in the design is apparent.

t
0 0
m,

w,© w(t)

-~
u (o) m, /ﬁ/\

D
D
D
D

2
=
]
M
=
|

Figure 4.2

Figure 4.2 depicts a system similar to the benchmark problem proposed by
[Wie and Berstein, 1992]. The control force u may be used to regulate the system from some
perturbed initial condition, Zg. A spring of stiffness k = 100 Nm~! connects two containers
with uncertain masses m; and mg. The system uncertainty may be represented by two chan-
nels of perturbation feedback, w;,ws each satisfying an integral quadratic constraint with
dy = d = 0. The nominal values of the masses are mnom = 1 kg and monom = 8kg. The
uncertainty class permits constant, static discrepancies in mass such that 0.59 < m; < 3.3
and 0.57 < my < 1.56, however the integral quadratic constraint does not put any finite limits
on the instantaneous values of the masses or their rates of change. Such dynamic uncertainty
in the masses may represent, for example, the presence of liquid in the containers.

The system may be described in the form ( 2.1), ( 2.2) with

0 10 0
k k !
- 0 0 1
A= Minom Minom =
00 1 ’ = (0‘ lnom,o’ 0) ’
k k
M2nom g = M2nom

!
(00700 (-k 0Kk O e
Bl_(oo 00.56)’01_(k 0 —k 0)’D‘2"(1’O)'

The uncertainty structure is such that the scaling matrix 7 is of the form

1 0 O
7=10 1 O ,
00 T2

and the system performance is measured with a quadratic cost functional ( 4.2) with D’mﬁD 12, =
1 and C{pClp = 10314, thus, all states and the control input are costed.
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Consider the initial condition, ¢ = 10~2(1,0, 1,0)’; i.e. both carts are displaced 10 mm
with zero initial speed. A minimax controller is given by ( 4.10) where the infimising 7 is
determined by a convex search to minimise z) P(7)zg + Y, 7; 'd; for this initial condition.
A plot of 2y P(7)zo + 2,_1 T 14; versus 7, and 7, is shown in Flgure 4.3, the minimum occurs

at
10 0
=|0 044 0 ,
0 0 0024

where =) P(1)zo + YF_, 77 'd; = 0.253. The resulting controller gain matrix is

(—616, —75.5, 558, 4.07)

If the structure for the uncertainty was ignored then 7 would be constrained to be of the
form 7 = 7113. Clearly the optimal value of 7 is not of this form and a conservative solution
would result with a higher cost.

‘‘‘‘‘‘
‘‘‘‘‘
-’

Figure 4.3
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4.6 The Measurement feedback Minimax problem

In this section, a measurement feedback extension to the state feedback minimax problem
of this Chapter is proposed. Unfortunately, the problem appears to be intractable. However, a
similar problem is described which has been successfully tackled by [Savkin and Petersen, 1997].
The solution to their problem has some of the desirable ‘near future’ performance or robust-
ness to transients properties of the state feedback minimax problem.

The minimax problem presented in Section 4.2 is a problem that generally cannot be
accommodated within the H,, with transients and structure framework. An important dif-
ference between the minimax problem of Section 4.2 and the H,, with transients and structure
problem is that a minimax controller gain is a function of the given non-zero initial condition.
To extend this problem to measurement feedback, the following problem is posed:

Consider the system ( 2.1), ( 2.2), ( 2.3) with uncertainty description ( 4.1) and cost
function ( 4.2). Suppose the initial condition is in an ellipsoid centred at zo;

xo = {2(0) : (2(0) — z0) Xo(z(0) — 7o) < 1} (4.45)

The minimax, causal, measurement feedback controller u(y(7) |,=[o,)) Will be sought. So, the
minimax cost is

inf sup J(u, w, z(0)) (4.46)
u(y) w(t)ew, z(0)exo
Unfortunately, this problem appears to be intractable. This is perhaps not surprising since the
location of the saddle point solution for the state feedback minimax problem is initial condition
dependent. However, some work has been done on similar problems. [Savkin and Petersen, 1997]
presented a necessary and sufficient condition for the existence of a guaranteed cost controller
for the cost requirement

/:o 7'Qz + +'Rudt < z(0)' Pz(0) (4.47)

where R > 0 and Q > 0, for all initial conditions z(0) # 0 and for w(t) satisfying the single
IQC.

lw @I < l2(2)II* + 2(0)’ D(0) (4.48)

where D > 0. Note that the left hand side of ( 4.47) is equivalent to |2p||* where C] C1, = Q
and Dlulegp = R. The standard simplifying assumptions similar to those made for the
Hy, with transients and structure are also made by [Savkin and Petersen, 1997); C{ D2 =
0, D21 Dy > 0 [A B] stabilisable, [A By stabilisable, [A C,] detectable and B\ D}, =
0. Furthermore, [Savkin and Petersen, 1997] presented a guaranteed cost controller for the
problem in terms of an ARE and an RDE scaled by a single scalar scaling parameter 7.
This minimax problem of [Savkin and Petersen, 1997] has some of the ‘near future’ per-
formance properties of the state feedback solution discussed in Section 4.4. The matrices P
( 4.47) and D ( 4.48) work to restrict the gain of the controller and the intial filter gain,
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providing robustness to non zero initial conditions. For a more detailed discussion of this
problem see [Savkin and Petersen, 1997].

The special case of this problem where the matrix D approaches zero in the IQC ( 4.48)
causes the IQC to collapse to an Ly induced norm bound. Therefore, this special case is
equivalent to the H, with transients and structure problem of Chapter 3 with one uncertainty
channel. Comparing the two problems, the cost bound matrix P of ( 4.47) is y2R in ( 3.2)
where w, = 0. To avoid confusion, it should be noted the scaling parameter, 7, used by
[Savkin and Petersen, 1997] is the inverse of 71 ( 3.4) of the Hy, with transients and structure
problem of Chapter 3.
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Chapter 5

Set Valued Estimation and model
invalidation

5.1 Introduction

In this Chapter, a set valued estimation problem is considered. The set valued estimator
produces the current set of possible states consistent with a history of measurements, a set of
possible initial conditions and an uncertain plant model. It is possible to apply the set valued
estimator as a model invalidator; if the set of states consistent with the uncertain model, a set
of possible initial conditions and the time history of measurements is empty then the model
is invalidated.

Model invalidation for uncertain systems where the uncertainty is described by L, induced
norm bounds or IQC’s is not possible. The L, induced norm bound and the IQC that are
used to describe the uncertainty in the Hy, with transients and structure methods of Chapter
3 and the minimax methods of Chapter 4 are infinite horizon bounds. Therefore, uncertain
models described by these bounds can not be invalidated within a finite time. However, if a
finite time IQC that is required to be satisfied for all time is used to describe the uncertainty
then set valued estimation and model invalidation are possible.

The class of uncertainty /disturbance/measurement noise considered in this Chapter is con-
strained by finite time IQC’s which must be satisfied at every instant of time. Multiple chan-
nels of uncertainty/disturbance/measurement noise are allowed and the initial condition is
constrained to lie in an ellipsoid, of arbitrary dimension, not necessarily centred at the origin.
The set of current states consistent with the plant model, uncertainty bounds, set of possible
initial conditions and measurements may be calculated on line. The results presented in this
Chapter are an extension of [Bertsekas and Rhodes, 1971] and [Savkin and Petersen, 1996a]
to allow structured uncertainty.

Uncertainty that is described by a finite time IQC that must be satisfied for all time is a
subset of uncertainty described by infinite time IQC’s as used in Chapter 4. Therefore, if a
plant had uncertainty that could be well represented by the finite time IQC’s that are used
in this Chapter then the Hy, with transients and structure methods of Chapter 3 and the
minimax methods of Chapter 4 may be used to (conservatively) design a controller for such
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a plant.

5.2 Preliminaries

Consider linear systems of the form ( 2.1), ( 2.2), ( 2.3). Since only closed loop systems are
being considered D15 = 0 and B; = 0, and the system representation simplifies to

#t) = Az(t) + Biw(t) (5.1)
z(t) = Ciz(t) (5.2)
y(t) = Coz(t) + Dy w(t) (5.3)

It is assumed, for simplicity and with some loss of generality, that the process disturbance
and measurement noise signals are distinct, i.e. B;Dj, = 0. This assumption may be relaxed
with some additional complexity of the results. The uncertainty input signal w(t) is bounded
by finite time integral quadratic constraints which must be satisfied for all time,

Wiy = {w(t) . /0 " i) wi(t) dt < /0 " 2@ () dt + di Vi € (1,2... K)Vs > o} (5.4)

where d; > 0. To utilise a channel to describe a process disturbance or measurement noise,
the appropriate C1; may be set to zero and to utilise a channel to describe an uncertainty
input, the appropriate d; may be set to zero.

The initial state is constrained to lie in the ellipsoid

xo = {2(0) : (2(0) — z0)' Xo («(0) — z0) < do (5.5)

where Xg € R**™ > 0 and dp > 0.
The set valued state estimation problem is to find the set, denoted xs, of possible states,
z(3), at any time s > 0 given measurements y(t) for 0 < ¢t < s and z(0) € xo-

5.3 Main results

The following Theorem extends the result of [Savkin and Petersen, 1995a] to allow for struc-
tured uncertainty.

Theorem 5.3.1 z(3) € x; Vw € Wgy where

k
xs = {z(s)=(z(s)—ﬁ(s))'X(s)(z(s)—:z(s))s«io+2rr‘di+

1=1

/0 ’ #(t)'CiT1C12(t) — (y(t) — Caz(t)) Dar77 1D}, (y(t) — Coi(t)) dt V7 > 0} (5.6)



CHAPTER 5. SET VALUED ESTIMATION AND MODEL INVALIDATION 62
where X (s) is the solution to the Riccati differential equation

0=X(t)+A'X(t)+ X(t)A+ X(t)BiB X (t) + Ci7~'C1 — C4Du 7' Dy C2 (5.7)

at time s with X (0) = Xo and, £(t) is given by the filter

i(t)=(a+ X" (cir'cr - CyDn 771 D5,C) ) £(t) + X (8) ' CyDan ™" Dipy(2) (5.8)

with initial condition £(0) = o and where

TIIpt 0
0 I, 0
T= k.o ) (59)
0 0

with 7; € R > 0Vi € (1,2... k).

Notice that the scaling matrix ( 5.9) differs from those used for the Hy, with transients and
structure problem ( 3.4) and the minimax problem ( 4.4) since, for the set valued estimation
problem, there is no performance channel.

Proof: The constructive proof for the Theorem begins with the following Lemma.

Lemma 5.3.1 The following statements are equivalent
1. z(0) € xo and w € Wsv
2. (z(0) —z0)' Xo(z(0) — zo) < do+ 3, 77 ld; +||z(t)||[20")1__, - ||w(t)||[20")r_1 forallT > 0.

Proof: 1 = 2
Multiply ( 5.4) by any 771 > 0 for i = 1,2...k, add these inequalities to ( 5.5) which
gives

k
(z(0) — 7o) Xo(z(0) — T0) < do+ D> _ 7 'di + ||Z(t)”(2°',)f—l - ||w(t)||ﬁ)")T_1,V'r >0 (5.10)
i=1
which is statement 2 of the Lemma.
2 = 1. Using a contradiction two cases will be considered. Firstly, suppose ( 5.4) is
violated for some i =v € {1,2,..., k} and consider the limit as 7, tends to zero. Since ( 5.10)
must be satisfied for all 7 > 0,

k
(#(0) ~ 20)' Xo(a(0) = 20) < lim (do + 3+ IR, - - ||w(t)||;,),_,)

=1

= Jim 757 (I Ollfo) = lws (t)lf, + ) (5.11)
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Since ( 5.4) is violated for i = v, the right hand side of ( 5.11) is negative. The left hand side
is clearly positive semi-definite which is a contradiction.

Secondly, suppose ( 5.5) is violated, a similar argument is used. Taking the limit as all of
the scaling parameters 7; tend to oo gives

((0) — 7o) Xo(z(0) — z0) < Tgorgwdﬁzf g, + / Yr12(t) — w(t) T~ w(t) dt
= dp (5.12)

which contradicts the violation of ( 5.5). Thus if Statement 2 is true then Statement 1 is true.
This completes the proof of the Lemma. O
Now returning to the proof of the Theorem, it will be shown that z(s) € x,. Given
z(0) € xo and w(t) € Wsy, then, from Lemma 5.3.1, inequality ( 5.10) holds. Let the filter
be of the form
&= A + f(&,y) (5.13)

with £(0) = z¢. Starting from

(z(3) — £(3))’ X (3) (z(s) = £(3)) — (2(0) — Z0) Xo (2(0) — z0) =

J{: c% (2(t) — () X (@) (=(t) - 2(2)) dt (5.14)

and making substitutions from the inequality ( 5.10), the filter equation ( 5.13), and the state
equation ( 5.1) leads to

k 8
(z(8) — £(3))' X (8)((8) — £(8)) < do + Z 7l + /0 2(t)' T 1z(t) — wt)' 77 w(t)+
=1

(A(z(t) — £(t)) + Biw(t) - f)' X (t )(-’B(t) — 2(t)) + (2(t) — £(t))' X (2) (A(=(t) — £(t))
+Brw(t) = f) + (2(t) — 2(2))' X (8)(2(t) — £(2)) dt (5.15)

Rearranging gives

k s .
(a(s) - () X(6)(2(6) - #(5)) S do+ Lr7'di + [ (o = 8 (X() + 4X()
i=1

+X()A+ClrI0L + X(t)BlTB{X(t)) (z(t) — £(t)) + £(¢)Ci7 C12(t) —
#(t)Cir™Ci((t) — £(t) — (= ()—f:(t))'CiT‘ICﬁ(t)—

(w(t) — TBI X (t)(x(t) — £(t))) 77" (w(t) — 7B X (£)(<(t) — £(2)))

—f'X (t)(2(t) — £(t)) — (z(t) — 2(t))’ (t)fdt (5.16)
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Writing the term

[ ) = mBIX @0 - 20)' 77 (w(t) - TBIX(O)(a(0) - 8(0) dt = T(s)+
[ (w®) - 7BIX@)(a(t) - 5(2)))' Dy Darr™" Dy Dan (w(®) = TBIX (B)(a(t) - 3()
where
T(s) £ lw(t) - 7B X ()2 (t) = 3NN, (,-1_py pyyr-1y, D)

which is positive semi-definite, gives

k . .
(a(s) = 2 X(6)(a(5) = &(6)) < do + o7 + [ (alt) = ) (X () + 4X(0)
i=1

+X(t)A + Cir™'C1 + X() BiTB{ X (1)) (a(t) — 3()) + 2(£)ClT~'C1a(t) -
&(t)'Cir~ Cu(z(t) — 2(t)) — (2(t) — 2(t)) Cl77 ' Cr(t) —

(w(t) ~ 7B X (t)(2(t) — £(2)))' Dy D17~ " Dy Dan (w(t) — 7B X (¢)(2(2) — £(2)))
—f'X(#)(z(t) — 2(t)) = (2(t) — £(2))' X (8)f dt — T(s)- (5.17)

Using ( 5.3) gives y(t) = Coz(t) + Dayw(t) = Ca(z(t) — £(t)) + Ca&(t) + D2yw(t) which may
be substituted into ( 5.17) to give

(a(s) = 2())' X (s)(z(s) — 5(s)) < do + zr i+ [ (a) - 20 () + A X0

+X()A+Clrlo + X(t)BerIX(t)) (z(t) — &(t)) + 2()Clr 1 C13(t)

—&(t) Clr1C1(2(t) - £(1)) — (2(t) — £(t))'Clr~LC12(2)
— (y(t) — Cai(t) — Ca(z(t) — £(t)))' D17 Dy (y(t) — Cod(t) — Ca(z(t) — £(2)))
—f'X(8)(z(t) — 2(t)) — (z(t) — £(t))' X (t) f dt — T(s). (5.18)

Now let f(y(t),2(t)) = X(t)~" (C37~ 1 (y(t) — Ca2(t)) — Ci7~'C14(t)), so ( 5.18) becomes

(a(s) = &(5))' X(5)(a(s) = 5(s) <d0+ZT i+ [ (a0 - 20) (X© + 4%
+X()A+ClrI0L + X(¢ )BerIX( )) (z(t) — £(t)) + 2()Cl7~1C14(2)
~ (u(t) — Co2())' Davr™" Dy (u(1) — Cad(t)) dt — T(s) (5.19)

Notice that the Riccati differential expression in ( 5.7) appears in ( 5.19). Substituting for
( 5.7) gives
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k ]
(2(s) — 5(s)) X (5)(x(s) — &(s)) < do+ 3 77'ds + fo #(t)Clr=1Cé(t)—
i=1
(y(t) — Ca(t)) Dar7~' Dy (y(t) — Cai(t)) dt — T(s) ¥r >0  (5.20)

and since, T'(s) is positive semi-definite then z(s) € x;. This completes the proof of the
Theorem. O

5.4 Discussion and model invalidation using the set valued
estimator

Model invalidation over a finite time interval is not possible for systems where the uncertainty
description is measured over an infinite time interval. The Hy, with transients and structure
results of Chapter 3 and the minimax problem of Chapter 4 have uncertainty descriptions
which are defined by infinite time integrals so, unfortunately, set valued estimation and model
invalidation are not possible for these systems. However, if the infinite time IQC used in
Chapter 4 is further restricted to a finite time IQC (5.4) which must be satisfied for all time
then set valued estimation and model invalidation are possible.

The derivation of a set valued estimator has been presented. Given a linear nominal
plant model, an uncertainty description, the set of possible initial states and the history
of the measurement signal, the set of possible values for the current system state may be
determined. This set, denoted s, is the intersection of the continuum of sets created from
the continuum of positive definite scaling matrices 7. In practice, a superset of x; can be
determined by the intersection of a finite selection of sets corresponding to a selection of
scaling matrices.

When X (s) is positive definite, the set, x,, is an ellipsoid in state space. The set x; is
characterised by three features: its centre £(s), its orientation X (s) and its size determined
by the right hand side of ( 5.6). The right hand side of ( 5.6) is dependent on the history
of the measurement signal and provides a method of model invalidation. If the measurement
y(t), for 0 < t < s, is such that the right hand side of ( 5.6) is negative then the set of states
consistent with the uncertain plant model, the set of initial conditions and the measurement
signal is the empty set so the model is invalidated. To fully test for model invalidation, an
exhaustive search of the space of scaling matrices is required. In practice, it may be possible
to test a model with acceptable reliability using a finite (small) selection of scaling matrices.

The set valued estimator may be used for control systems conservatively designed by the
H, with transients methods of Chapter 3. If the IQC uncertainty description ( 5.4) is further
restricted such that the d; terms are zero for i = 1... k then the uncertainty description is a
subset of the Ly induced norm bound used in the Hy, with transients and structure problem
of Chapter 3. Therefore, the results of Chapter 3 may be used to (conservatively) design a
controller for a system with such an uncertainty description.
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Chapter 6

Conclusions

Three problems were considered in this Thesis, firstly, an Hy, with transients and structured
uncertainty controller synthesis problem was presented in Chapter 3 and also in
[Milliken et al., 1999a]. Chapter 4 considered a state feedback minimax controller synthe-
sis problem that has been presented in [Milliken et al., 1999]. Chapter 5 detailed a set valued
estimator which may be used for model invalidation. The results of Chapter 5 also appeared
in [Milliken and Marsh, 1998].

The solution to the Hy, with transients and structured uncertianty problem provides a
powerful and flexible framework for the design of state feedback and measurement feedback
controllers. The uncertainty is permitted to be structured and is described by an arbitrary
but finite number of L, induced norm bounds. The plant is perturbed by a disturbance signal
in Ly and a, possibly non zero, initial condition.

For state feedback, necessary and sufficient conditions for the existence of a controller
that provides robust performance were given in terms of the solution to an ARE dependent
on an arbitrary number of constant scalar scaling parameters. Such a controller is a static
controller. For optimal v the solution is a static state feedback controller with a finite gain
matrix which differs from the optimal state feedback solution for the non-transients case
where the controller gain has an infinite maximum singular value. For state feedback, the
optimal controller may be designed by the solution to a convex optimisation problem.

For measurement feedback, necessary and sufficient conditions for the existence of a con-
troller that provides robust performance were given in terms of the solutions to an ARE and
an RDE, both of which depend on an arbitrary number of constant scalar scaling parame-
ters. One such controller has been presented and is a dynamic controller with a time varying
filter gain matrix. Unfortunately, for optimal -, the maximum singular value of the filter
gain matrix approaches infinity at some time giving an impractical solution. The optimal
controller may be designed by the solution to an optimisation that is not generally convex.
If v is sufficiently suboptimal then a solution with a finite constant filter gain matrix may be
found.

The H,, with transients and structure problem treats transients by imposing a cost on
any non zero initial condition. As the penalty on the initial condition approaches infinity the
H, with transients and structure problem approaches the non transients problem.
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If the initial condition on the state, for a robust controller design problem, is given as
problem data rather than being a player in the game against the controller, as was the
case for the Hy, with transients and structure problem, then a minimax problem may be
solved. For the state feedback minimax problem considered in Chapter 4, the plant uncer-
tainty/disturbances were bounded by an arbitrary number of IQC’s and the performance is
measured by a quadratic cost function. The minimax solution to this problem is a static
controller which generally has finite gain. The solution involves the solution of an ARE de-
pendent on an aribitrary finite number of scaling matrices. The optimisation has been shown
to be convex and the search may be begun arbitrarily close to the origin if a solution exists.

The state feedback Hy, with structure problem for optimal y may be recovered by allowing
one of the bounds on the disturbances to approach infinity so that the effect of the initial
condition becomes irrelevant.

The minimax controller gain matrix depends on the initial condition and, therefore, de-
pends on the time that is chosen to be zero. To remove the dependence of the controller on
the choice of zero time, the minimax controller may be applied on the receding horizon, which
involves redesigning the controller for the current (initial) state at each instant of time. The
author suspects that this implementation will focus on the rejection of transient behaviour
more than the H,, with structure problem and will, therefore, provide better performance
for the ‘near future’.

It appears that, generally, extensions of this minimax problem to measurement feedback
are intractable, however, [Savkin and Petersen, 1997] presented an extension to measurement
feedback which provides robustness to intial conditions. A special case of this problem was
shown to be a special case of the Hy, with transients and structure problem.

A set valued estimator was considered which, given an ellipsoidal set of possible initial
conditions, a nominal linear plant model and an uncertainty description produces the set of
current states compatible with the uncertain model and the history of measurements. The
uncertainty class is described by an arbitrary finite number of finite time 1QC’s which must
be satisfied at each instant of time. The uncertainty described by this class is a subset of
that described by infinite time IQC’s. Also, the set valued estimator may be used as a model
invalidator; if the set of states compatible with the uncertain model, the set of possible initial
conditions and a history of measurements is the empty set then the model is invalidated.
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