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ABSTRACT

A search for an estimator of g in the Normal Linear Model which has
better mean squared error properties than the usual least squares
estimator is undertaken. The properties of some classical
techniques such as restricted least squares, which includes the
selection of a subset of the independent variables, are examined,
along with more recent techniques such as ridge regression and
Bayesian estimators. Most of these can be shown analytically to
improve over least squares only when the true parameter vector g is
in some subspace of the parameter space. Empirical Bayes
estimators are in general difficult to handle analytically, and so
several of these are studied by Monte Carlo methods. A particular
modification of one of these empirical Bayes estimators is found to
improve over least squares over a iarge region of the parameter
space, and it’s use is demonstrated on a small data set. Some
suggestions for further Improvement of this estimator are given and
some techniques for further study of estimators by Monte Carlo

methods are recommended.
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1 INTRODUCTION

This thesis is concerned with estimators of § in the Normal Linear

Model,

Yoo KR E

where y is an nxl vector of observed variables, X is an nxp matrix
of known constants, B is 4an unobservable pxl vector of coefficients
and £ is an nxl vector of unobservable random errors assumed to be
independently and identically Normally distributed with zero mean

and constant, but generally unknown variance o2. This is written
£ ~ N(0,a21).

The more general case where £ ~ N(0,0“V) will not be explicitly
discussed here since, 1f V is of full rank, the model can be

reparameterised to conform to the simpler Normal Linear Model.

It is well knowa that ameng unbiased estimators of §, the least

squares estimate

T =11
X Xy

J

hO = (X
has minimum varilance. However this does not guarantee that the
variance of the least squares estimate will be small and it is fer
this reason that some biased estimation techniques are considered
here. The criterion adopted as a measure of the goodness of an
estimator will be mean squared error , mse or MSE, where for a

particular estimator b,

mse(b) = E(b ~ B)T(b - B)
and MSE(b) = E(b - B)(b - B8) .

E has the usual meaning of "the expected value of". It is hoped to

find an estimator which has good mean squared error properties when



compared with least squares.

Various biased estimators, including some commonly used variants of
least squares, are discussed in Chapter 2. The emphasis is on
their mean-squared error performance over different regions of the
parameter space for B and o2. Then in Chapter 3, several
simulation experiments are reported. These experiments investigate
the mean-squared error performance of two Stein-type estimators and
several stochastic ridge estimators over a wide range of the
parameters. As the experiments progress a heuristically modified
stochastic ridge estimator is developed which appears to have good
mean-squared error properties. A numerical example demonstrating
the use of this estimator is given in Chapter 4. Finally a
summary, including suggestions for further study of stochastic ridge
estimators and a discussion of several aspects of simulation studies
and mean-squared error performance of estimators is presented in

Chapter 5.



2. BIASED ESTIMATORS

AP | Linear Estimators:

For any fixed p.s.d. matrix Z, I ~ Z p.s.d., the estimator ZbO of B

in the Normal Linear Model y ~ N(XB,OZI) wvhere bO is the usual

least squares estimator , has mean squared error matrix

MSE(Zb,) = 225" T 4+ (2 - yselez - )T,

2 ‘LA
Now MSE(bO) = 07 (X"X)

and hence MSE(bO) - MSE(ZbO) is positive semi-definite if, and only
3

el Tl

S5 — & ¢
BT(Z - 1) [(XTX) . z:ij}:) Z°1 (z -1)8B <o

( by the appendix in R. W. Farebrother (1976) ). That is to say

el

Zb. has better mean squared error properties than b, only for E and

,0 0
o2 in a certain region of the parameter space. Al ternatively, a
suitable choice of Z for improved mean squared error depends on the
unknown B and 02 1f we wish to guarantee reduced mean squared error.
Therefore, for fixed or non—-stochastic Z, we can only hope to

R

improve uniformly upon bO if we have some prior knowledge about £
and o2, If we have no prior knowledge then we can have no

guarantee that any biased linear estimator will do better (or worse)
than bo. Under this situation of no prior knowledge it seems that we

must either use bo or look to non~linear estimators.

262 Non-Linear Estimators:

Under this heading are included the Stein type estimators of the
form (I - A/(bOTCbO))b0 where A and C are pxp positive definite
matrices, and estimators of the form Zb, where the matrix Z is

0
chosen after inspection of the data. The Stein estimators are



already well documented, so we shall have a brief look at some

"data-chosen" linear estimators.

2. 21 Restricted least-Squares

or Prelimiparv Test Estimators:

In the Normal Linear Model the unrestricted least-squares estimator

is bO and the restricted least-squares estimator ( subject to the

restriction H3 = h, where H is mxp of rank m ) is

b, . = b =8 Br@Es Hty L

RLS 0 -

0

LT 4+ (z - 08Tz - )T

2 -
J MSE w 0" 7
Now MSF(bRLS) ST e B .

+uB (2 - I) + (Z - 1)Bu + uu

1

-1.T -1 T -
where Z =1 -~ § "H (HS "H ) H
- T — —
R L aN e b
and S = XTX.
. 2. o=1,T ) . o1
That is, Isz;\bRLq) = 078 "Z27 4+ {((Z - I + ul[(Z - I)B + u]
and therefore NSR(bO) - NSE(bRLS) is positive definite
; -1 -1 T - p
<=> [(Z - 1)B + u]r[S T - 75 lz ] 1[(Z - I) 4+ u] < o2

or, in this case

<=> [HR - h] : (us"lur)"l[uﬁ - h] < o?

which is only true for certain values of B and g€ .

2:211 Biased Linear Estimators

as Restricted Least-Squares Estimators:

Consider estimators of the form Zb0 where Z commutes with XTX, i.e.
has the same eigenvectors as XTX, and Z has all it“s eigenvalues in
the range (0,1). This set of estimators includes many of the

biased linear estimators which have been proposed in the literature

but not Principal Components or Generalized Inverse as these have



one or more eigenvalues equal to zero or one.( see Reynolds (1977)

Tables 4.1 and 4.2 )

Let A be any pxp matrix such that ATA = XTX(Z—1 ~ 1) then, because
of the above restrictions on the eigenvalues of Z, ATA is p.d.

(non-singular). For example in ordinary ridge regression A = YkI.

Now consider the augmented model

and 1t is easy to show that the restricted estimates are

/b /Zb 1\
= )

\Q)r.l.s. kzbo;

2

It is also clear that the unbiased estimate of 0° from the

unrestricted model is
s = (y - XbO)T(y - Xby)/(n = p)

i.e. the same as in the non—-augmented model.



The usual F-ratioc used to test the restriction is

e Q e £ r*z
£ (Rdsrestricted RSdunrestricted)/po
- ; ,
= [y = Xzb )" (y - Xzb,) + by Z A AZb, = (n-p)s?]/ps’

Txa - Z)by + b

it

z - T,.’ 2
[b, (I ~ 2) Azby 1/ps

o
Note that since AFA is p.d. this F ratio is greater than
{ for bO # Q) the F ratio, b T(I - Z)TXTX(I - Z)bo/ps2 , for the

0

increase in RSS due to Zb0 in the non-augmented model which is used

by Obenchain (1977) in his "Associated Probability" of ZbO.

Under the augmented model, F has a noan-central F-distribution with p
and n~p degrees of freedom and non-centrality parameter

, il -1 T.-1 ;5

¢ = (HB* - h) " [HS* "H"] ~(HB* - h) /g%

where here H = [ I ~L], B* = (B, 8), h = 0 and

S* = [ XX 0 ]
I 0 AA ]
If the restrictiom is true them @ = 0. As was shown in the
>revicus section MSE(l.s.) - MSE{(r.l.s.) is p.s.d. if, and only if
P s 3 )

¢ < 1. Fomby and Johnson (1977) suggest testing whether § < 1 by
using the tables of Toro-Vizcarrondo and Wallace, (1969). But this

is too strict a test in the sense that

MSE (Q) - MSE (E)
(q)l.s. (¢)r.l.s.

involves 6§, a vector of parameters in which we have no real interest
unless 6 = B in which case F has a central F-distribution and ZbO is

an unblased estimate of g!



2.212 Preliminary Test Estimators:

These are of the form

where F is the F-ratio used to test the restriction HR = h, ¢ is
some pre-chosen critical value against which F is compared, and bRLS
is the restricted least-squares estimator, bLS the unrestricted
estimator. As we have seen, many linear biased estimators can be
considered as restricted least-squares estimators in an augmented

model and hence could be candidates for a preliminary test

estimator.

Brook (1976) has shown (equation 4.3) that the mean-squared-error
matrix of a preliminary test estimator is still a function of the
unknown parameters unless ¢ = 0 and does not uniformly dominate
least-squares. He suggests however that by using a suitable value
of ¢, about 2, that the preliminary test estimator will improve on
least-squares in certain regions of the parameter space and will not
fare too badly over the rest of the parameter space. Once again,
in the somewhat contrived situation where we can regard a linear
biased estimator as a restricted least-squares estimator portion of
a preliminary-test estimator, a value for ¢ of about 2 may be too
strict in the sense that we are not interested in the performance of
any estimator of 9. However the approach taken by Brook could be
followed in the case where our preliminary-test estimator is of the

form

b = Zb if F< ¢
p {70

bo £ F >«

with F a suitably defined function of b, Z and 2.

O,



Indeed this approach could be extended to a "continuous" preliminary

test estimator such as

b e (0% 4 kI) E%b
cp 0

where k is chosen so that F is identically equal to ¢, and for

example
_ T 2
F = (bCp bO) X X(bCp bO)/pS

2222 Incorporation of Prior Information:

Suppose we have a prior belief ( or prior information ) that B is in
some pre-specified region R. Clasgssical statistics would
incorporate this prior belief by the use of a preliminary-test

estimator. That is the estimate bR in R which maximises the

LS
likelihood function, (minimises the residual sum of squares)} would
be calculated and then a choice made between the restricted and
unrestricted estimates on the basis ¢f the value of an appropriate
function of both -~ usually the likelihood-ratic statistic, £, or a
monotonic function of L. In the case where the region is defined
by a certain number of independent linear restrictions the statistic
used is the F-ratio, as we have seen. It is also clear that for
any pre-specified region R which is independent of o the likelihood

ratio statistic is a monotonic function of

(RSS RSS ) /RSS

restricted unrestricted unrestricted’

Once again 1t would seem unlikely that the use of prior information
in this manner would improve upon least-squares for all possible
values of B, but certainly we could find appropriate critical values
for the likelihood ratio statistic in each case so that the
improvement over least squares in certain regions of the parameter

space is balanced against the deficit in other regions.



Another method of incorporating prior information is to put a
measure on our belief that R is at any particular point in the
parameter space. The usual way to do this is to assign to 53 a
"probability density function" over the parameter space. This does
not necessarily mean that we believe B is a random variable, but in
order to proceed it is convenient to treat f as though it were a
random variable with a "user given" prior distribution and that the
true random variable y has a conditional distribution given B which
is normal with expected value Xg and variance o?I. This approach,
especially if one does consider B a random variable, is known as the

Bayesian approach.

We could assume that g has a uniform prior distribution over a
certain region of the parameter space, but this would utterly
exclude B from the rest of the parameter space. It is convenient
to assign to 8 a normal prior distribution with mean u, the value we
consider most likely for B, and with variance matrix [ reflecting

our degree of belief in p as the most likely value for 8.

©w
o2

We proceed by finding the conditional distribution for riven y.

Ry Bayes Theorem

f(gy) = f(y:ﬂ).f(ﬁ)/f(y)
-3 f(y:s)nf( S)

This last expression can also be viewed as the joint likelihood
function for y and Rg. In the case where f(g) is N(p,I) with u and
L given,

£(y:p) «expl-(y - X (y - XB)/2 62
£(p) wexpl-(g- W 5 (g~ w/2]
and so
f(gy) « f(y:p).£(R
« expl-(g = b)) (X'X/ 62+ £ 1) (B~ by)/2]

1

where bB = (XTX/02-+ f')-l(XTy/02-+ n) 1s the conditional

MASSEY UNIVERSITY
LIBRARY
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expectation of B given y. That is, with respect to the prior
information, bB is an unbiased estimate of B. Similarly we can

regard f(y:B).f(B) as a likelihood function:

L(y,B:4,Z,0%) = exp[-(y - xB)T (y - x8) /202
+ (8- wirle - w2

and it is clear that bP maximises the likelihood function for 8.

>

2221 Ridgze Regression as a Bavesian Estimator:

It can be shown that ordinary ridge regression where

1

T -— T
b, = (X'X + kI) "X’y for k > 0

k
is equivalent to assigning to B a prior normal distribution with
mean 0 and variance (Gzlk)l. That is, we could assume that firstly
B is generated by the mechanism of the prior distribution, and then,
with this value of B fixed, the observed vector y is generated by
the conditional distribution for y given B. Under thils assumption,
it seems unnatural to me that the prior (unconditional) variance for
3 should be related to the variance of the as yet unobserved y
through 02. It also leaves the choice of a suitable value of k
undetermined, although there have been many suggestions for finding

a suitable value of k proposed in the literature.

2.222 Another "Bavyesian' Estimator:

Suppose we plan to centre and scale X and y so that the elements of
XTX and XTy are simple correlations between the variables. This
goes a long way towards reducing unnecessary ill-conditioning in the
model, and the coefficients in B could be regarded as the partial
derivative of the expected change in y in standard deviations for a
unit standard deviation change in the corresponding input variable,

in the presence of the other input variables.



1L =

Under this situation a natural prior distributicn for B in the
absence of any better information would seem to be 3 ~ N(0,I).

Under this prior distribution the coefficients are independent of

each other and the expected length of g is

That is, if all the input variables in X are equally important we
would expect a priori that the p coefficients would all be about

plus or minus one.

The resulting estimators for B and o2 are:

(X X + s ?-I)'ley

(y = x0) (y = XB)/(n = p - 1).

o
]

fi

This is a form of ridge regression where the ridge constant k is
chosen by the data 1in a readily identifiable form and hence

eliminates the problems of "

9uessing" a suitable value of k. in

> >

prac;ice the estimates would have to be calculated b iteration, but
2

that is no problem on modern computers.

What about the performance of the estimator? I1f we are true
Bayesians, there 1s nothing further to say, as b is the a posteriori
mean for £ It is instructive, however, to look at the performance
of b if we regard g as a fixed but unknown vector, and o¢2 known.
In this case

b= 0%+ oX) ixy
and  MSE(b) = (X'X + o) (o X + o*pf) (XX + o))"
while MSE(b) :

1

i

UZ(XTX)- .

Hence, as in Farebrother (1976), MSE(bO) - MSE(b) is p.s.d

1

<> g2/0a + &0 H e < o2
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which is guaranteed by BTB < 2. However MSE(bO) - MSE(b) can still

be p.s.d. for 878 as large as 2 + GZ/Xm , where Xmin is the

in
smallest eigenvalue of XTX, if B is proportional to the eigenvector

corresponding to Anin' Under these conditions every component of b
i

has mean-squared error at least as small as bO. If we look at

average mean-squared error then

mse(b) € mse(b

)
Op

<=> BT(XTX + 021)—28 < tr[ (X X)“1

) E
- XxTx + o%1y"%) /02,

x

Let X X have eigenvalues A = A P A =X . >0.
max 1 p min

Then sufficient conditions for the average mean-squared error of b

.
2’ 2

to be less than or equal to that of bO are

g 2 2
8T « 2p A //lmax (1)

e T omin

BB < 2 + o%/h (2)

min

Proof:
” i gy o 4PN L, et 2 =2, o ’
Maximising BB + L{(B (X"X 4+ 0°1) "B - &) where L is a Lagrange

multiplier and
) S R 9 Va2 sy L
d < tr{(xlk} 1 XTA(A X + OZL) ]/UZ

=> f = l'Pi’ where 1 is a constant and Py is the 1"th

eigenvector of XrX.

Hence BTB = l2 and
BL(X'X + 021)’28 = 12/(Ai % 02)2
<d for all 1
> 12 <A o+ D207 - X xxTx + 021)7%1/02  (3)

min
But the right-hand sides of inequalities 1 and 2 are both less than

the right-hand side of 3.
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20223 Numerical Example:

The data of Longley (1967) with p = 6 regressors, n = 16
observations and response y = '"total derived employment" were
centred and scaled to correlation form. Iteration was done by
using an ordinary ridge regression program with initial value for k
of zero, and successive values of k were calculated by dividing the
residual sums of squares from the previous fit by the degrees of
freedom 9. This converged to 3 significant figures 1in just six
iterations, with s2 (least-squares) = .0005 converging to a final
value for s2 = .000595. The maximum 'variance inflation factor"
(diagonal element of (XTX + kI)~1 when XTX is in correlation form)
dropped from 1788 to 274. The coefficients for the least squares

fit and the final fit are given below:

b : .04 =1.0 =.53 ~=.20 =,10 Zx 5
bk ! =009  -i07 ~u40 ~.17 ~.30 1:7
The first has changed sign, both the first and second have gone

almost to zero, the fifth has tripled in magnitude, while the other

rt

hree have been reduced in size by up to 30 percent.

Laal
P! . SR SS9 E - -
The eigenvalues of X X were calculated and ranged from 4.6 down to
.00038. This suggests that bl improves over bO in average
k o P
mean-squared error, for values of B B upto at least 3.44, using ¢? =

.0005 in equation (3). Rut b,'b. = 7.6 while kabk = 3,9, se it is

perhaps questionable whether or not bk improves over b, in

0
mean~-squared error for all components.

Discussion:

A problem arises in the study of this estimator due to the scaling

of y to have unit length. Thus, for known 02, the centred but

unscaled model is y “‘N(XB,OZ(I - llT/n), while the estimators from
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the scaled model are:

by = (X XY Mwd Mty
0 o -1.T T
and b(g2) = (XX + ¢2I) Xy//(yy).

These can both be said to be estimates of B//(yTy) and hence we

should be looking at

) ) g
E(b ~ 8//(y'y) (b = B/¥(y'y)) for b = by or b(c?).
This is difficult since the estimates no longer have a normal

distribution.

We can circumvent this problem by centering but not scaling vy,
( scaling y does not affect the conditioning of the problem ), but
then it 1s no longer natural to assign a known value to the length
of B in its prior distribution, since multiplicaticn of y by an

arbitrary coanstant would also multiply g by the same constant.

2224 Bayesian Estimator for Unscaled vy:

Suppose we assign to @ the prior distribution N(O, t2I) with <2
unknown . This, from a Bayesian point of view, gives
1)

E(Ry) = (XX + o 1) xTy.

Regarding f(y: ) .f( P as a likelihood function and maximising this

for the unknown parameters gives:

b = (XTX + 8t 2I)-.lery
s2= (y - Xb)T(y - Xb) /n

t2= bTb/p.
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This system of equations could be solved iteratively or else we

could use the least-squares values:

b, = (XTX)"ley

T
s9 = (yT— Xbo) (y - Xbo)/(n -p-1)
Ey = b9 bo/p B
L

b= (X X+ (sé/cg)l)“‘X‘y.

Comparison of b with Stein’s estimator:

Wrdting (n = p = 1) = V, U.sg =8, ¢ = p/V, and x = S/bOTbO we see
that b can be written as

b = (XTX + cxI)‘lxly
T —=1.T
= (X"¥ + exI) X Xbo.

When X'lX = 1
b

(1 + cx)‘lbo
(1 - ex/(1 + c:())ln(_‘

If

. : T ’
whereas Stein’s estimator, for X X =1 is

= (1 - ¢ .x it} = (p = 2)/(V+ 2).
bs (1 CO..)bO with <, (p Y/ (Y + 2)

Stein (1966) showed that for any constant c between 0 and 200 the

estimator b = (1 - cx)b0 uniformly dominates bO in average
mean-squared error when XTX =1 and p # 3, and that the choice of ¢
= < minimises this average mean-squared error independently of B.
This suggests that perhaps we should modify the constant in the
empirical Bayes estimator above to o*
In 1964 Baranchik showed that the estimator

+ +
bs = (1 - cox) bo
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dominates bs in average mean-squared error for all B, where

a+ = a, a>0
0, a < 0.
Noting that
+

(1 - x) ¢ (1 - x/(1 +x)) ¢1 for all x >0

we unight suspect that our estimator ( using CO ), should have

+
average mean—squared error lying between that of bs and b fses 1t

0,
should uniformly dominzte bo for XTX = 1. This is difficult to

T
guarantee analytically, and would be even more so for X X
non-orthogonal. Accordingly it was decided to perform a
Monte~-Carlo study to investigate the mean-squared-error performance

of b.
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3. SIMULATION OF THE mse
PERFORMANCE OF THE

VARIOUS ESTIMATORS

3.1 Experimental Design For the Simulation Study:

Since the proposed estimators have the form of a ridge estimator,

but with k stochastic, it is instructive to look at the performance

of a non-stochastic ridge

estimator with k fixed.

Let ¥ X = PAPr where P is the matrix of eigenvectors of XTX and let
3 - i

u = A "1 be the vector of reciprocals of the eigenvalues of X X.

Alse let Y = PTB. Then, as in Farebrother (1976),

mse(b, ) < mse(b.)
" ) k ¢
r -2 e
k(Y/0) (A + kI)

g3 (Y/o) < erlAt = ACA + kD)2

Therefere we would expect b, to perform poorly with respect to bo

k
when
érB/OZ

i) 'YT Y/ %

is large
ii) the correlation squared between Y and u,

T 9
(Y”u)“/({TY.uTu), is close to 1

Since O appears only with Y, we can without loss of generality set

02 = 1 and look at the effects of i) and 1i), under varying degrees

of non-orthogonality. For the purposes of this study it will be
presumed that XTX has been scaled to correlation form so that tr(H)
= tr(XTX) = p and the non-orthogonality of XTX will be defined by

the size of tr(A_l).



The design is a
3 levels
3 levels
4 levels

of cor
of YTY

2 levels of v

full factorial with: »p

of non-orthogonality: tr(Afl)

r.-squared (Y,u)

- the degrees of freedom

i

i
N O O B

]

-

»

for 8

o2

100,
.5, 1
4, 100,
10

( = ves?).

= 1, and

1000

1000

The low levels of p and v are chosen in the hope that we can

identify whether it is best to use p/v or (p - 2)/(v+ 2) in the

calculation of k.

APPENDIX.

3.11 Method:

For any estimator b,

mse(b)

it

i

i

iet g = P b, then
T
E(b - B) (b - B)
T_F
E(g~ V' PRP(g~ Y
T
E(g = v) (g~ ¥

It can be seen that, for the purposes of this experiment, we

need to know the matrix P.

It is proposed to look at 5 estimators:

T
&g = PDy
gs = (1 - x)gO
+ +
gs = (1 - x) g?
gl = (A+ xI) hg,y
g2 = (A+ xlI)~1AgO

where x = (p - 2)S/((Vv+ Z)EOTgO)
and x1 = pS/(\BOTgO)-

The actual values of y used are given in the

do

Since, with 0% = ) go "'N(Y,K-l), we can generate each element

18

not

go(i) of 8, using a unit-normal Random number generator ( given in
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the APPENDIX ), dividing by ¥YA(i) and adding y(i). Similarly we
can generate the random chi-squared variable S with v degrees of
freedom, by taking the sum of squares of v further independent
unit-normal random variables. For each cell in the experiment,
1000 random vectors 8y were generated and from each of these the
various estimators were calculated. The mean squared errors of the
estimators were estimated by calculating the mean of the 1000 values

of (g - Y)r(g ~ Y) for each estimator, including Bqe

Since the object of the experiment was to compare the mse’s of the
various biased estimators with the mse of least-squares, the actual
values of the mse’s are of no direct interest to us. Rather it is
the mse performance of the estimators relative to least-squares that
we are interested in. Accordingly for each cell in the experiment
the mse of each estimator was divided by the mse for least-squares
in that cell. The resulting ratio is called the "relative ( to
least-squares ) mean squared error" of an estimator. Thus relative
mean squared errors less than 1 indicate that an estimator has
outperformed least-squares in mse, while values larger than 1

indicate the reverse.

It is recommended that the results of future simulation studies on
biased estimators should report the relative mean squared errors

rather than the actual mse’s, as it is much easier to assess the

overall performance of an estimator.

3.2 Analysis of the Relative Mean~Squared Errors

from the Simulation Study:

Since the bilased estimators were calculated from g, in each cell, a
split-plot analysis was performed, using the four biased estimators
as the subplots. The factors in the subplot analysis were
estimators, E, and all the first and second order interactions of E
with the other main effects: non-orthogonality N; correlation-
squared, C; length-squared, L; and degrees of freedom for

chi-squared, D. The error term in the ANOVA had 120 degrees of
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freedom. Apart from L x D x E and C x D x E (both non-significant)
and N x D x E (significant at 5% level) everything else was highly
significant at the .17 level. This suggests that a linear,
additive model 1is not a good one for the relative mse’s.

Never theless, the various means from the analysis of variance do
tell their own story. For example, increasing the degrees of
freedom for chi-squared from 2 to 10 improved all the biased
estimators in every case (though not by a constant amount). This

agrees with intuition.

The effect of most interest was the N x L x E interaction for which

the means are given in Table 1.

TABLE 1

RELATIVE MEAN--SQUARED-ERRORS.

(g2 =1,p==4)

Estimators L=y y/o? E~:_£££A:£l
0 5 100 1000
gs 67 .85 «99 1.00
gs’ .56 .83 .99 1.00
gl .65 .83 .99 1.00 4
g2 41 .70 1.01 1.00
gs .98 .98 .99 1.00
gs’ .97 .98 .99 1.00
gl .49 .49 .69 1.05 100
g2 .27 .28 .54 1.22
gs 1.00 1.00  1.00  1.00
gs’ 1.00 1.00 1.00  1.00
gl .50 .50 .52 .69 1000

g2 .28 « 27 .30 « 54
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From the table we see that the mse of each estimator approaches that
of least-squares from below as the length of YTY increases relative
to <. This is to be expected from the form of the estimator as
both x and x1 tend to zero with probability one as {ry/gz tends to
infinity. Both of the ridge-tvpe estimators were better than the
two Stein estimators on the non-orthogonal models, except for

N =100, L = 1000, which was to be expected since they take account
of the eigenvalue structure of XTX. However, it was surprising to
see that g2 also outperformed both of the Stein estimators when XTX
= T, at least for the range of parameters considered here. The
only exception was at L = 100 where g2 performed slightly worse than
the Stein estimators. However the figure of 1.22 for g2 at tr(A”l)
= 100 and yTy/cz = 1000 suggest that perhaps g2, and to a lesser

extent gl, is overshrinking the estimates.

It was decided to investigate the behaviour of the two ridge-type

estimators more closely, and also to include another variant.

Returning to the Bayesian derivation of these two ecstimators wvhere
we assumed for g a normal prior distribution M(0, 121), we see that

there is theoretically a better estimate available for «2.

In the canonical form of the model we asgssume:

y ~ N(0, £21)

i
Byt Y ~ N(y,020 )

The estimate we have been using for 12 is bOTbO/p = gOTgO/p.

The Bayesian expectation for goT is

&0

T -1
EE(gO go) = E(YTY+ o2.tr (A 7))
=p1l + oz.tr(Afl).

When XTX is ill-conditioned we could be grossly over—estimating 12
T
by using g9 go/p.
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However,

T o
EE(g, Agy) = E(Y Ay + po?)
tr(A) .12 + po?

]

p('r2 + o?) when XTX is in correlation form.

it

Thus gOTAgO/p ( = ?T?/p) should be a much better estimate of T2.

We shall use S/gOT/\gO gultiplisd By (p = 23/{v+ 2) snd p/% as the
additive eigenvalue "constant" for our two new ridge-type estimators
g3 and g4. 0f course, when XTX = I these estimators are identical
to gl and g2 respectively. The estimator g4 is actually the same

as the estimator proposed by Lawless and Wang (1976).

This second study looked at estimators gl to g4 under the same
eigenvalue structures and true coefficients y as Study I, but with
the degrees of freedom for S fixed at 2, and five lengths-squared
for }iy/ozc These were 0, 10, 100, 1000, 10,000. As in the first
study g2 = 1 and the three levels 0, 1/2 and 1 were retained for the
correlation squared between <y and the vector of reciprocals of the

eigenvalues, u.

3.3 Results of Study 2:

As in study 1, for each cell in the experiment, the mean-squared
errors for each estimator over 1000 values were calculated and
divided by the mean-squared error for least-squares in that cell, to

give the "relative mean squared errors".

Unfortunately there were occasions when g4 was up to 46 times worse
than least-squares! Specifically, g4 was found to be very
sensitive to the correlation between Y and the reciprocals of the

eigenvalues, as is evident in Table 2.
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TABLE 2a

Relative mse’s at vy « u

Estimators ilx/og tr(A )
0 10 100 1000 10, 000
a2l w3 «93 .99 1.00 1.00
* o2 <46 .89 1.02 1.00 1.00 4
gl 2 <61 -85 1+25 1.03
g2 .30 » 3B . 76 1.90 1.20 100
g3 .07 «16 . 84 6.4 16.2
gh .03 .13 .93 8.6  46.3
gl «59 «59 .63 « 82 1.2
g2 «32 .33 <39 74 1.8 1000
23 .01 .02 .11 .92 6.0
b . 002 .01 - 10 +95 9.7

# g3 and g4 are identical to gl and g2 when XTY = 1,

From the present study, (Table 2) we see that g4 performed very well
when y was not oriented in the direction eof u. The worst relative
mse for g4 in other directions was 1.38 at correlation- squared
(vy,u) = 1/2, tr(A-l) = 100 and YTY = 10,000. Taking a closer look
at Table 2a we see that g4 performed satisfactorily even for y in
the direction of u provided yry/oz was less than or equal to
tr(K-l), and under these conditions g4 was the best estimator in
these studies. In view of the excellent performance of g4 in these
regions perhaps we should use g4 after a preliminary test on the

size and direction of Y.
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3.4 Testing the size and direction of Y:

The following work is not to be confused with the ideas of R. L.
Obenchain (1975), who provides a test of the hypothesis that the
"optimal' p-parameter generalised ridge-estimate ( Hoerl and
Kennard, (1970 a.)) is in the one parameter family of Mayer and

Wilke (1973), under which the Y(i)“.A(i) are all equal.

The aim here 1is to test whether or not the true coefficient vector Y
lies in a region in which we could expect the stochastic ridge
estimator g4 to improve upon least~squares in mean-squared error.
From the present studies it appears that in this region g4 is not
only superior to least-squares but also to the other biased
estimators considered here, and outside this region the other
estimators considered here perform about as well, or as poorly, as
least-squares. That is to say the present studies indicate that it
is only inside this region that we can expect any substantial

improvement on least-squares from any of the estimators considered.

3.41 Testing the direction of Y

Suppose that we set up the hypothesis

HO: Y = c.u for some unknown c.

Under HO, Y lies in the direction where, if YTNVOZ is too large, we

could expect g4 to perform poorly. Now, if HO is true,
go = Y+ & £ ~ (0, 02171y
= c.u + E

=> /A(i).go(i) = c/'N1) + YAH).&1)

and we can rewrite this last equation in terms of a one-parameter

vector linear model:

h=cex + Y ¥ ~N(0, 02I)
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Thus the residual sum of squares from this model, with ¢ estimated

by c, = (xTx)nleh is

0

.
RSS(c,) = BT = s feow)h

which is distributed as 02'X2p~1

Theorem:

The residual sum of squares from the model above, RSS(CO), is

distributed independently of the residual sum of squares

S = yT(I - X(XTX)—IXT)y, from the original model y ~ N(Xg, ¢2I).

Proof:
s " el T ¥l
With the eigenvalue decomposition X X = PAP” and By = P bO’ it is
clear that h = Al/ﬁﬁso, x = p 172, It follows that
hT(I - XXT/xTx)h
g - T i -] ] -]
= yixin Ty - nTratel o o alo iy
T

= y Ay say,

and since (I - X(xrx)“l}:j )X = 0, it follows that (I - :f:(>:l;<)"1:-:‘ YA

= 0 and hence the two residual sums of squares are independent.
Note: this is true whether or not HO is true. 1f HD is true,
RSS(CO) has a central X2 distribution, and otherwise it has a

non-central X2 distribution with non-centrality parameter

Lo 1i* el

T
o= (y Aoy- (1
Since RSS(cO) and S are independent, we can test HO at level aby

comparing

[RSS(cO)/(p-l)J /(S/(n-p)]

agalnst F . If we reject H

p-1,n-p; a at probabilty level ¢ the
» ’

0

.
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results of the previous simulation studies suggest that we can quite
safely use g4 as our estimator of Y. On the other hand if we
accept H_ then we must find some means of testing whether or not
YTY/02 > tr(A_l). Before we proceed to find a test for the length of

Y one could ask: "Given that we have accepted H, in any particular

0
situation, that 1s we are prepared to beleve that Y = c.u for some

¢, why not estimate Y by Cqel where cy is given above ?7".

If H, is true, then Y = c.u

0 -1
and < ~N(e, Y (g x) ")
=> mse(c,.u) = E(c..u - Y)T(c u =)
0 T 0 20
= uu.E(c. - ¢)
= u’ru.oz()t:Tx)-—1
= ol er (K72 fee (i
Since mse(go) = 02.tr(A—1) we have that the relative mse of Cyrl
under HO 183
rmse\cs.u) = mse(cg.u)/msefzi;@)2
= tr (A7) /(ex (A7 )",
If X'X = Ty rmse(cn.u) = 1/p (provided Hy is true).
Thus 1if XIX = I, ¢yeu ( = co.l in this case) has a much smaller

mean-squared error than least-squares or any of the estimators
considered in these simulation studies, as shown in Table 1.
However, for non-orthogonal XTX, rmse(co.u) approaches 1. For
example, for the two non-orthogonal XTX in the studies the formula
above gives rmse(co.u) = ,94 at tr(A_l) = 100 and .83 at

tr(A_l) = 1000. Comparing these figures with those in Table Zz(HO
is true for all of Table %), we see that g4 in particular can do
much better than this, provided that YTY/UZ < tr(ﬁ.l).



3.42 Testing the Length of y:

For the present purposes, we are interested in testing
By Yov/ 2 3 ee(a”h
after having accepted

HO: Y = c.u for some c.

In terms of ¢, H1 becomes

Hl: c?.uu/o? > tr(Avl) = xTx.

#

T B 3 g
Under H, we have that h ~ N{(c.x,0°I), thus h™h ~ O“,Xg(p,¢}

0

o = CZ.XTX/UZ.

Also, hlh = gOTAgO
T T

= b' X XbO

= y%x(xTx}"lx‘y

with y from the original model.

It follows that hTh is distributed independently of

§ = yT(I - x(xTx)“le)y

and therefore (h h/p)/(S/V) ~ F'(p,V,9).

In terms of ¢, Hl becomes

e ¢ (%) /ul
-1..2 -2
(e (A1) 2 er (a2

¢1 say.

"

i

28

where

=
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Now, because of the poor performance of g4 when H1 is true, (given

HO), we would like to safeguard ourselves by eunsuring that the

probability of rejecting Hl when Hl is true is small. Accepting H

when Hl is false means that we will use least-squares instead of g4

and at least we will be no worse off than before.

1

Suppose that we reject H if v.hlh/pS € C some critical value.

1
Then,
Pr[ reject Hl : H1 fis true )
= pel F'(p,V,9) € C 2 ¢ > ¢1 ]
< Prl F'(p,v,4) < C ] ’
< Pr[ F(p,v) < C ] since ¢y # 0.
* By the properties of the non-central F-distribution

( Graybill (1976))

Thus 1f we choose C = F'(p,v,¢i;1~a) or C = F(p,Vv;l-a) then
Prireject Hl % Hl true] < a.
For ill-conditioned XTX the choice of C = F(p,v;l-u) will not be too

conservative, since then ¢1 will be only slightly larger than 1.
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The modified estimation rule now consists of several steps, given g

and S, which are outlined below:

1.

Calculate: gOTAgO ( = h'h)
k4 = pS/vg TAg
0 “Bo,
gh = (A + k4I) Ago
1'g, ( = x'h)
- T
g~ = 1lg./p
o~ Fo .
tr(A77) { = % %)
er(A”2) ( = ulw)
0. = (er (A7) 2 eea72)
ré = vig. oA aTg )2 /er a1 2(p-1)8
= Vig, dgy - (1gy) /ex p~1)S
Fl = 1/k4

If FO > F(p~1,V;uO) then reject HO and use

Otherwise proceed to step 3.

1f Fl 2 F'(p,v,¢l; 1—01)
then accept Hl and use gy as the estimate.

Otherwise proceed to step 4.

1f XLX = 1 then use éo.l ( = co.u) as the

otherwise use g4.

3.44 Performance of the modified estimator:

This new estimator was labelled g5. Another

g4 as the estimate.

estimate,

simulation was done

under the same conditions as previously, with a_set to .l and a, to

«5.

0 1

The worst relative (to least-squares) mean-squared error was 3.3

under the conditions which gave rise to a figure of 46.3 for gi.

The preliminary tests were protecting the estimator to a reasonable

extent, but were having an undesirable effect when Y was zero. The
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figures for g5 at Y = 0 corresponding to those in Table 2, were .54
at XTX =TI, .55 and .45. These are much higher than the
corresponding figures for gi.

Note that when Y = 0, the hypothesis H Y = c.u for some c, is

o
true, and so for small Y, the estimator g5 uses least-squares too
often. Perhaps g5 could have been improved by testing the length
of Y first, and then the direction, but this was decided against
after re-examining the mean-squared error for a non-stochastic ridge

estimator with parameter k.

e b Mean Squared Frror for Non-Stochastic Ridge Fstimation:

For a given constant ridge parameter k, the mean-squared-error of a
ridge estimator in canonical form is

mse (k) = o2, er(ACA + k1)"%) + k2¥T(A + kD)%Y

For fixed YTY = 1, we find, by differentiation of mse(k) using a
Lagrange multiplier, that mse(k) is a maximum when Y = +/- e ;,
where ej is the jth column of the identity matrix. That is: there
are 2p "worst directions', the worst of which are Y = +/—ep, when .
is the smallest eigenvalue. From this, and the results of the
previous simulation studies, it appears to be dangerous to use ridge
regression when any component of Y is large in absolute value
compared with the others, particularly if that component corresponds
to a small eigenvalue. Needless to say, directions intermediate
between the 2p worst directions can be bad also. For instance, by
direct substitution in the formula for mse(k) above, we see that

mse(k) increases as Y changes from e, to (ei e ej)//2 to e, when

i J
A, < A,. We also note that when one component of Y is much larger

i i
than the rest, that the elements of Y look very little like a sample

from an N(O,Tz) population. However this observation on its own
does not explain why the performance of ridge regression is poorest

when it is the last component of Y that is particularly large.
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Several statistics were formulated and used to try to protect gé
from use in these "dangerous'" situations. The best method so far,
seems to be to estimate the mean-squared error by substituting in
the formula for mse(k) the additive elgenvalue factor used for k,

2

i.e. psz/gOTAgO, and estimates of ¢“ and Y. Here again the problem

arises as to whether to use the biased or unbiased estimate of Y.

If we always use go as our estimate of Y we tend to overestimate the
mean-squared error and hence use least-squares in situations where
it would be safer to use the biased estimates. Conversely, if we
always used the biased estimates in our estimate of the mean-squared
error, then, in the dangerous situations described above, we would
tend to underestimate the mean-squared error and hence use the
biased estimates when it would be safer to use least squares. In
an attempt to overcome this difficulty a preliminary statistic, R,
was calculated and, on the basis of the value of R, a choice was

made to use g, or g4 in the estimate of the mean-squared error. The

0
statistic R 1s:

"
4
<

~ / T
R =@ r I8 Bt
LO o 0 bO \)O

Now, when the components of y are large in magnitude, the relative

error in estimating y by Bg» is small, and so R is then a reasonable
estimate of yly/ylAy = R As the components of y corresponding to
small eigenvalues increase relative to the others, R will increase,
reaching a maximum of l/AF when all components but the last are

zero. Similarly, if all the components of g, were about equally

significant, then R would be approximately tr(A-l)/p.
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3+ 51 Modified Estimator gb:

Using both of these statistics, 1.e. R and an estimate of the mean
squared error of g4 the new modification, g6, of the estimator g4

becomes:

2 T T -1
1. if R ( = g go/go Agy) > tria )/ p
then use 8y 2s the estimate of y in the estimated mean-squared

error, mse, otherwise use g4 as the estimate of y in mse.

2. if mse > sz.tr(Afl)

( the estimated mse of least-squares ) then use g, as the estimate

of y, otherwise use gé4.

3 92 Performance of the Modifisd Estimator:

In Table 3 are displayed the mean-squared errors relative to least
squares of the resulting estimator gbé6 for each point in the
experimental design. Table 3a gives the corresponding percentage
of times, out of 1000, that least-squares was used. The degrees of
freedom for S were held fixed at 2, so that the figures in the table
for a correlation-squared of ! between y and u can be compared

directly with those for g4 in Table 2.
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TABLE

3.

Relative Mean Squared Errors

'1‘ -
Y v/ o?
0 10 100 1000 10, 000

46 .89 1.03 1.00 1.00
46 .90 1.02 1.00 1.00
46 .88 1.05 1.00 1.00
.70 .55 24 .50 .87
.71 58 .57 1.70 1.20
.67 79 1.13 1.14 1.00
BT .18 .12 .39 P
BT .17 16 .57 1.07
.66 .69 .71 1.07 1.13

TABLE 3a.

Percentage of times least-squares was used

Y ¥/ o?

0 10 100 1000 10,000
0 0 0
0 0 0 0 0
0 0 0 0
30 18 6 2 0
30 3.7 10 32 93
27 33 48 97 100
31 5 0
29 5 4 8 11
28 29 28 52 97

tr (A7)

100

1000

s

tx ( /

i

)

100

1000

34
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3.53 Discussion of Table 3:

Py comparison of Tables 2 and 3, we see that the worst relative
mean-squared error has been reduced from 46 to 1.7 - a vast
improvement. The worst value now occurs at a correlation-squared
6f 3, tr(Acl) = 100, and YTY/02 = 1000. The preliminary tests
seem to be protecting gb fairly well, particularly when the
correlation- squared is 1. The relative mean-squared errors at ¥ =
0 have increased (but are still less than 1), due to the fact that
when Y = 0, the components of g0
will tend to be larger in magnitude than the others, and this is

corresponding to small eigenvalues

reflected in the percentage of times least squares was used then.
Inclusion of an F-test for Y = 0 was incorporated, using various
0~levels, but although this reduced the use of least-squares at Y =

0, it had an undesirable effect elsewhere.

Increasing the degrees of freedom for S from 2 to 10 generally

i -
improved the results, giving a best figure of .03 at Y v/0? = 100,

2 -
€™ = w94 tr (A 1) = 1000, but the worst figure remained at 1.7.
il . , =
This was again at Y'Y/OZ = 1000, c? = w5, trli 1) = 100, but the use

a0

of least-squares there had dropped from 327 of the time to 18%.

3.6 Recommended Estimator:

This last modification of the estimator g4, given in 3.51, was the
final estimator studied by Monte-Carlo methods, and appears to be

the best of those studied. It is the estimator recommended here,
and for clarity the estimation rule is given below in non-canonical

form.
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3.61 Recommended Estimation Rule:

In non-canonical form, the estimation rule 1is

1: Caleulate b0 = (XTX)_ley
T
s? = (y = Xb) (y = Xb,)/(n-p-1)
T T ; )
Freg = bO % ,\,bo/ps2
k = 1/Freg
by, = x'x + kI)"ley
s T i
R = bO bo/bo X Xbo

= B
95 I B 5 {5 0 Y fp then set b = by»
otherwise set b = bk.

3: Estimate the mean squared error of b, by

mse(k) = sZ.tr( xTx.(xTx +kIY? )&+ kz.bm(xTx + kI)
- ]

and of b0 by mse(0) = sz.tr(XTX)* .

oy
P4

b

-~ -~

4: 1If mse(k) » mse(0) then use bo as the estimate of g,

otherwise use b, .
k

. . . IR Y |
Note: The individual terms comprising the trace of (X X) or
X R ~2 Te 5. = : SE————
X X(X"X + kI) when X X is in correlation form are termed the VIF s

or variance inflation factors, after Marquardt and Snee (1975).
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4. Numerical Example:

In order to demonstrate the techniques involved in the stochastic
ridge estimator advocated here, we take the data given in Chapter 8
of Daniel and Wood (1971). The problem consists of estimating
gasoline yields from various characteristics of the crude oil and a
characteristic of the gasoline produced. Daniel and Wood, in their
very careful analysis of the data, observed that the fourth
independent variable was nested within the crude oils, and thus that
there were only ten crudes rather than thirty-two. Their final
equation involved only two of the original four variables, with
error estimates for between and within crude variation in the
response. In the analysis to follow, we shall purposely ignore the
nesting and initially fit a full quadratic model in the four
independent variables, so that as well as demonstrating the
techniques, we shall get some idea of how well, or poorly, the

estimator performs.
4.1 Analysis:

In order to fit the full quadratic model the original four variables
were centred by subtracting their means before calculating the
variables for the quadratic and cross-product (interaction) terms.
This can greatly reduce the correlations between the independent
variables.
Thus

xl = crude oil gravity, OAPI - 39.25

x2 = crude oil vapour pressure, psi - 4.18

x3 = crude oil ASTM 10% point, UF - 241.5

x4 = gasoline end point, OF - 332.1

Variables 5 to l4 are then respectively x12, x22, x32, x42, x1.x2,
xl.x3, xl.x4, x2.x3, x2.x4, x3.x4. The 14 independent variables
were then all centred and scaled so that XTX was a correlation

matrix, and y was centred so that
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y = gasoline yield as % of crude - 19.66.

b 2 Pass 1:

The model at this stage was y = Xg + §, where X is 32 x l4. Since
y has been centred and X is in correlation form, we are not directly
fitting a constant term but nevertheless the degrees of freedom for
error are 32 - 14 - 1 = 17. The stochastic ridge estimator uses as

the ridge "constant",

i s
k = psz/bOTX‘Xb 1/Freg,

0

where 82 is the estimate of g2 from the least-squares fit with n-p-1
= 17 degrees of freedom. The estimated mean-squared—-errcor of the

ridge estimator is

I " i

T T _ o B
xe"x + kD™ + k20T oMx + k)

= . T .
mse = g4.tr (XX + kI)
s2.( total of the ridge VIF’s) + bias-squared

-~

il

= variance #F bias~squared
= R A
where b = b, , the ridge estimator, if by bn/hO X an is less than
T,-1,, ! S ‘
tr(X'X )/p, otherwise b is boe

Table 4 gives the coefficients and summary statistics for the full
l4~term model. The variance inflation factors in the table are
given to two significant figures, the coefficients to three for
clarity, although the computer program used gave at least 6 figure
accuracy, using Householder transformations and iterative refinement

( Fletcher (1975)).



Variable

xlix2
x1.x3
xl.x4
x2.%x3
x2..x4

x3.x4

R85
R2:
Freg:
s2:

-~

-~

var:
bias?;

mse:

39

TABLE 4.
Coefficients VIF's
Tolls RIDCE L.S.  RIDGE
-5.27 6.45 17 4.9
-360 8.55 2300 <
~-519 -28.3 4100 7.8
61.6 5803 1.6 1.4
=47.6 1.89 g1 5.9
=294 -3.18 1400 7.9
-721 2.64 9800 Fe:9
5.43 4.61 2.0 1.7
-878 2.91 17,000 7s1
-992 1.32 22,000 4.1
-0.678 1.40 2+3 2.0
-966 0.594 16, 000 3.8
-1.90 -1.76 11 5.8
-9.22 -6.35 17 8.6
average: 5174 5e 3
52:3 11852
. 985 . 967
81,5 k = 1/Freg = .0123
3.08

223,000
0
223,000

R = bOTbO/bOTXTXbO « 1,053 < ee({E %) 5y/p = 5,174

229
78..3
308 mse(bk)/mse(bo) = .001
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4e21 Interpretation of Table 4:

Since R = b Tbo/bOTXTXb is small compared with the average VIF for

0 0
least-squares, tr((X X)_l)/p, we conclude that it is safe to use the
stochastic ridge estimates in the estimate of the mean-squared
error. Then, since the ratio of the estimated mse for ridge to
that for l.s. is very much less than one, it would appear that there

is much to be gained by using the ridge estimator as our estimate of

8.

%210 Variable selection:

The wvariance inflation factors for the ridge estimates are all
relatively small and similar in size, and therefore the magnitudes
of the coefficients should give an indication of the relative
importance of the variables. On this basis, it is clear that
variables 3 and 4 are easily the most important. At this stage we
could remove all of the other variables, but, being of cautious
nature, only variables 5, 10, 11, 12 and 13 were deleted for Pass 2.

The results of Pass 2 are shown in Table 5.
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TABLE 5.
Variable Coefficients VIF’s
, I RIDGE L.S. RIDGE
1 xI 4.27 6.05 9,2 4.3
2 x2 5. 80 9.19 16 3
3 x3 N5 -28.1 20 8.5
JAA 60.0 58.6 1.4 1.3
6 %22 -~ 632 212 12 7.1
7 x32 <946 . 889 14 6.9
8 x4? 4.77 4.36 e? 1.
9 xl.x2 2 B 3.04 18 9. 1
14 x3.x%4 -5.65 -5.48 2.3 2.1
RSS: 117.5 120.2
RZ: .967 . 966
Freg: 717 k = 1/Freg = .0l4
s2; 5.34
- T i ) T =1
B = b bo/b0 X Xby = 1.4 << tr((X'X)"")/p = 10.5
var: 506 252
bias?; 0 22.1
mse: 506 274.1 msc(bk)/mse(bo) = o 54
4.3 Interpretation of Table 5:

The sum of the VIF“s of the least-squares coefficients has dropped
markedly from 223,000 to 506, while the residual mean-square has
only increased from 3 to 5. Applying the same rules as before, we
conclude once again that the ridge estimate is safer to use than
least squares, although there is relatively less to be gained this
time, as is also evidenced by the closer agreement between the two

estimators.
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Note also the close agreement between the ridge estimates in Tables
4 and 5 and the huge disparity, for most of the coefficients,

between the least-squares estimates in Tables 4 and 5.

Variables 3 and 4 are still the most important, and so for
completeness we will remove from the model all but these two
variables. These are the two variables used by Daniel and Wood in
their final equation. The results of this Pass 3 are shown in

Table 6.

TABLE 6.,
Variable Coefficients VIF's
L8 RIDGE Lie S RIDGE
3 x3 -43,75 43,47 120 1«19
4 x4 60.52 60.19 . 20 1439
RSS: 170.6 170.7
RZ: . 952 .952
Freg: 288.4 k = 1/Freg = .0035

e ?; S5« &8

1 i i T, -1
, = .20
R = bO bO/bO X kbo = 1.643 > tr((X X) )/p 1205

~

var: 14.175 14.038
bias?: 0 .1867
mse: 14.175 14.225 mse(bk)/mse(bo) = 1.004

4.4 Interpretation of Table 6:

o T
This time, R = b0 0

least-squares, and so we should use b0 in our estimate of the

bo/bOTXTXb is greater than the average VIF for

squared bias for the ridge estimator, even though there is very
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little difference between the two. Then we see that the estimated
mse for ridge is worse ( but only marginally ) than that for
least-squares and so we conclude that the best estimate of B is
least-squares. This is not surprising considering that we are only
dealing with two coefficients and that the VIF’s for least-squares

are nearly one, i.e. XTX is well-conditioned.
Thus the final equation is:
y = 19.66 = =43.75(x3) + 60.52(x4)

or, in terms of the original uncentred and unscaled variables, X3

and X4,

y = 19.66 = 43.75(X3 = 241.5)/209 + 60.52(X4 - 332)/388.4
= 70.21 - <209(X3) + .156(X4 -~ 332)

which compares well with the final equation of Daniel and Vood:
y = 7084 = .212(X3) <+ .159(X4 = 332)
4.5 Conclusions:

Although there are arguments for and against removal of variables
from a prediction equation, we see by this example that the
stochastic ridge estimator proposed here, used carefully, can
pinpoint the most influential variables very well even when the XTX
matrix is highly ill-conditioned, or as other authors would say, in
the presence of a high degree of multicollinearity. In this
example, we see that the ridge coefficients for x3 and x4 from the
full model (Table 4) are both far, far closer to the coefficients in
the (drastically) reduced final model than are the least-squares
coefficients. Also, in three passes from a l4-term original model,
we reached the same final conclusion as did Daniel and Wood in 10
passes from an original 4-term model. This is not intended to

suggest that such things as nested data should be ignored, but



merely that the stochastic ridge estimator can help protect us from

failure to observe nesting as well as from multicollinearity in the

independent variables.
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55 SUMMARY and DISCUSSION

It is a demonstrable fact that non-stochastic biased estimators of B
in the Normal Linear Model can do worse than least-squares in
mean-squared error for B in certain regions of the parameter space.
Therefore it was decided to investigate some stochastic biased

estimators over a wide range of parameters.

The Bayesian approach of assigning to B a prior distributibn
provides a suitable framework for the formation and study of various
stochastic estimators. It also introduces a two-layer outlook to
the problem: firstly we have the generation of a particular B by the
mechanism of the prior distribution, and, from that B, the
observation vector y is assumed to have been generated by the Normal
distribution for y given 8. Similarly we can look at two losses
for an estimator: firstly how well it performs for a given £, which
is what Rao (1976) calls "Individual”s Loss", and secondly how well
it performs over the whole range of £”s generated by the prior

distribution -~ Rao”s '"Statistician”s Loss'.

Qur interest has been in Individual®s Less (IL) rather than in
Statistician’s Loss (SL) for the following reason. Suppose we have
an estimator which can be shown to have smaller SL than least
squares. This does not guarantee that it will have smaller II. than
least-squares, and although, as pointed out by Antoniak and Effron
(1976), an individual can reap his own rewards by repeated patronage
of a statistician using this estimator, he may never wish to see

that statistician again if he ever discovers that he has been "had".

On the other hand if we have an estimator with uniformly smaller IL
than least squares, it follows that the SL, which is the average IL,

is also smaller, and thus both parties benefit.

Ordinary ridge regression, apart from being a non-stochastic biased
estimator, for fixed k, can be viewed as arising from assigning to

B, the normal prior distribution N(O,(Oz/k)I), but it would seem
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more natural to allow the prior distribution of B to be unrelated to
the posterior distribution of y, through %, by assigning to § an
N(0,121) prior distribution. This leads to estimators of the form
(XTX + (CZ/TZ}.I)_IXTy, which are in general unoperational.
Replacing 02 and 12 by estimates leads to what might be called
empirical Rayes estimators. The Steiln-James estimator is one of
this class, and when XTX is orthogonal has uniformly smaller
mean-squared error, or Individual’s Loss, than least squares.
However, when XTX is not orthogonal an analytic expression for the
mean-squared error of this or any other empirical Bayes estimator
has not yet been obtained. Thus it was decided to perform some
simulation studies on the mean squared error ( Individual’s Loss )

performance of several empirical Bayes estimators.

The simulation studies showed that one of the estimators considered,
a form of ridge regression where the ridge parameter is chosen to be
the inverse of the T-stacistic for the sipgnifance of the
least=squares regression, performed verv well unless the true
coefficient vector B was large in the directions of least
information. Tt was also found rhat this estimator could be
reasonably well protected from use in these situvations hy a
preliminary test on its expected performance, or mean—squared error.

It is envisaged that thls estimator would be particularly eseiful
when XTX is {ll-conditioned, and the resulting least—=squares

estimates suffer from large variances.

In conclusion it would seem that we have not yet found an estimator
that can be routinely used in every situation that can be guaranteed
to outperform least-squares, but the stochastic ridge estimator
recommended here comes close. Its performance could no doubt be

further improved by better tests of when it can be safely used.
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6. APPENDIX

6.1 Eigenvalues and True Coefficients Y

Used in the Simulation Studles:

The Y"s given below were scaled by an appropriate constant to give
. T, 2 ; >

the various ratios of Y ¥ to 9 ( = 1 ) used in the experiments.

The column headed C gives the correlation-squared between the

elements of Y and the reciprocals of the eigenvalues.

tr(ﬁﬁl) L eigenvalues Cociiiqi@1ts_li

0 13 -1, [ ]

4 3 L, ds Ly I i 0, Lis 0
L L Ly 1 ]
0 255, =7 [ L W o 4 4

100 .5 By 1, 4896, .0104 1, 2 W
1 Ly 245, 5«ll; 2&0.4
0 =] E. 6%, =10, =30, ]

1000 53 35 <4816, OLLF; D01l =3.72, L 2 4
l Iy ol 30907, I8

6.2 Random Unit Normal Generator:

The random normal generator used throughout the simulation studies
used an exact method given in Jansson (1966): If u1 and u, are two
independent random variables with a rectangular distribution on
[0,1], then the variables Y and ¥y given by

R (-21n(ul))1/2.cos(2ﬂu2)
and Py ™ (-2ln(u1))1’2.sin(2ﬂu2)
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are independently distributed as N(0,1).

The rectangular generator used was the internal random number
generator on the D.S.I.R./ D.R.1. PDPI11/45 computer at Palmerston

North.
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