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ABSTRACT 

A search fo.r an estimator of B in the Normal Linear Model which has 

be tter mean squared error properties than the usual leas t squa r es 

es timator is undertaken . The p roperties of some classical 

t ec hnique s such as restricted least squares, which inc l udes the 

selection of a subset of the independent variables , are examined , 

along with more r ecent techniques such as ridge regression and 

Bayes ian estimators . Most of these can be shown analytical l y to 

improve over least squares only when the true parameter vecto r 13 is 

in some subspace of the parame ter space . Empirical Bayes 

est i mators are in general diffic ul t to handle analytically , and so 

several of these are studied by Monte Carlo methods . A particulnr 

modif ic ation of one of these empirical Bayes estimators is found to 

improve over l east squares nver a large region of the par2.mcter 

space, and it's use ls demonstrated on a snnl l data set, Some 

suggestions for further i.t:1provenent of th ir; esL.mator arc giv0n .:md 

some t e chniques for further 1:;tudy of e:s ti..m ators by Ponte Carlo 

~ethod s are recommended. 
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1. INTRODUCTION 

This thesis is concerned with estimators of S in the Normal Linear 

Model , 

y :; X(3 + F, 

where y is an nxl vector of observed variables, Xis an nxp matrix 

of kno\,m constants, Bis au unobservable pxl vector of coefficients 

and F, is an nxl vector of unobservable random errors assumed to be 

independently and identically Normally dl.stributed with zero me,m 

;:i.nd constant, but generally unknoi:-m variance a2. This is written 

Th(' mo r e gc>ner;d case ,-,here t;, - N(O, o2V) wi L l not be c:,pli.i:-itl y 

discussed here since, if V is of :-ul.1 r;11\ , t!ic 1r.odcl c;-.n be 

rcµ:=iramete rised to confor;:1 t,> t!1e :, i1a pler ~:ormal Linc,1, Model 

It ls we) l \:;:1o wr, that nmcng unbi3scd estint;to::-s of i~, t:hc lc1::-t 

squa ccs cr;t lmntc 

ho (XT V)-1,_.T, .. .., , .. ) 

h,1!": minimura varl-1nce . Ho¼2v er th i ~; doc~; not g u.-i ran tee that the 

var lance of the least squares estimate will be small and it is for 

this reason that some biased estimation techniques are considered 

here. The criterion adopted as a measure of the goodness of an 

estimator will be mean squared error , mse or MSE, where for a 

particular estimator b, 

mse(b) E(b - B)T(b - 8) 

and MSE(b) = E(b - B)(b - B)T. 

E has the usual meaning of "the expected value of". It is hoped to 

find an estimator which has good mean squared error properties when 
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compa r ed with least squares . 

Various biased es tima t o r s, including some coffimonly used variants of 

least squares, ar~ discussed in Chapter 2 . The emphasis is on 

their mean-squared error perfo r mance over different regio ns of the 

p,uamete r space for S and cr 2 • Then in Chapter 3, sc~ver.:11 

s imulatio n expe rime nts arc reported. These experiments investig.1.tc 

the mean-squared error performance of two Stein- type estimators and 

sever al stochastic ridge es t imators over .1 wide range of the 

paramete rs. As the experiments progress a heuristically modified 

s t ochastic ridge es t irr:a t or is dev eloped which .:ippears t o have good 

mean-squared error properties. A numerical example demonstrating 

the use of this estimator is g iven in Chapter 4. Finally a 

sum1aary, includ:i.ng s uggestions for further st udy of stochastic ridge 

estimato rs and a discussion of se veral aspects of simulation studies 

and mean- squared error performance of estimators l s presented in 

Ch..ip ter 5 . 
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2. BIASED ESTIMATORS 

2.1 Li.near Estimators : 

For a ny fi.xed p.s . cl . matrix Z, I ·· Z p . s.d ., the estimator Zb
0 

of f3 

in the Normal Linear Nodel y - N(Xf3,o 2 I) \,;here b
0 

is the usual 

least squa res estimator , has mean squared erro r matrix 

T T 
( Z - I)B/3 (Z - I)-. 

Now 

and hence MSE(b
0

) - MSE(Zb 0 ) is positive semi-definite if, and only 

if 

m 'I' 'f -1 T -1 'T' -1 · r Pl(Z - I)-f'V V) - ?'v·y) -z~' ('7 - I))~ oL , (,1. ,\ f,\'1- ., • J ,,~ p 

( by t he appendix in R. W. Farebrothcr (1 976) ) . Tha t is to s.1y 

Zb
0 

has be tter m0,rn squnrecl error properrle~; than b
0 

only for fl and 

0 2 · · · f ' Al . • 111 a ccrt:nn region o t,1c p;:irametPr sp:1ce . tcrnattvc1y, a 

sui t ab l0 choice of Z for irnprovcd mean squared error depends on the 
') 

unknown f3 nnd o' if we wish to gun r an t ec reduced medn squared error. 

Therefore, for fixed or non- stochastjc Z, '.Jc can o,1ly hope t o 

improve uniforml y upon b
0 

if we have some prior know} edge about G 

and o2 • If we have no prior kn owl edge then we can have no 

gua rantee that any b iased linea r estimator will do better (or worse ) 

than b
0

• Under this si t uation of no prior knowl edge it seems that we 

must either use b
0 

or look to non-linear estimators . 

2 . 2 Non-Linear Estimators : 

Under this heading are included the Stein type estimators of the 
T 

form ( I - A/(b
0 

Cb
0

))b
0 

where A and Care pxp positive definite 

matrices , and estimators of the form zb
0 

where the matr ix Z is 

chosen after inspection of the data. The Stein estimators are 



already well documented, so we shall have a brief look at some 

" da t a - chosen" linear estimators . 

2. 21 Restricted Least-Squares 

or Preliminarv Test Estimators: 

4 . 

In the Normal Linear Model the unrestricted least-squares estimator 

is b
0 

and the restricted least- squares estlmator ( subject to the 

restric t ion Hi3 = h , where H is mxp of rank m ) is 

Now MSE (bRLS) 

where Z 
l 'r l 'l' l I-· S- Ir(rlS- H~)- H 

u S-ll:T(HS - lllT)-Jh 

~V:T X. 

TJ t ' !!Sl''] ) ·- o 2 zs-lzT + rL(Z - I)/5 + u] r_(Z - I)i3 + - Hl is, , _, , )HLS - . 

,Hld therefore tlS!': (bo) l!SE(br,T") i·; 
l'\ .1.) 

T -1 
[ ( Z - I)C. t u] [S -

or, in this case 

eo~i ti Vl' 

<=> [Hl3 - h)T (l!S-l!IT)-l [Ef3 - hJ < 0/ 

which is only true for certain values of 13 and o 2 • 

2. 211 Biased Linear Estimators 

as Restricted Least-Squares Estimators: 

T 
u] 

T 
Cons i der es t imators of the form zb

0 
where Z commutes with XX, i.e. 

T 
has t he same eigenvectors as X X, and Z has all it's eigenvalues in 

t h e r an ge (0, 1). This se t of estimators includes many of the 

biased linear estimators which have been proposed in the literature 

bu t not Principal Components or Generalized Inverse as these have 
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one or more eigenvalues equal to zero or one.( see Reynolds (1977) 

Tables 4. 1 and 4 . 2 ) 

Let II be any pxp matrix such that AT. = XTX(Z-l - I) then, because 

of the above restrictions on the eigenvalues of Z, ATA i s p.d . 

(non-singular). For example in ordinary ridge regression A = r\1. 

Now consider the augmented model 

(X 0\ r' el (E, 1 \ 
I / + \I / 

\ 0 A) \ 0, + i f, 2 / 

subject to the restriction 

( I -I ) / e) = 

\ o) 

where 

The unrestrict ed lea st-squares estir:wtors arc 

N ((0.\ , 0 2 .·r 0\\ 
\lo \o r) 

;md -Lt is easy to shnw thilt the n'stricted cstinwtcs arc 

' 'b \ 
l ~ I 
\q,r.1.s . 

ZbO \ 

\ Zbo I 

It is also clear that the unbiase d estimate of o 2 from the 

unres t ricted model is 

i.e . the same as in the non-augmented model. 



The usual F-ratio used to test the restriction is 

F (RSS 
restricted 

RSS . ) /ps 2 
unrestricted 

- [(y - XZbo)T(y - XZbo) + 

= [b/(1 - z/xTX(I - Z)bo 

T 
Note that since A A is p . d. this F ratio is greater than 

6 • 

(for b
0 

'f 0) the F ratio, b
0
T(I - Z)TXTX(I - Z)b

0
/ps 2 , for the 

increase in RSS due to Zb
0 

in the non-augmented model which is used 

.b Ob h · ( 197 7) ' h · "A · t d P b b · 1 · t " f Zb y E:•nc ain in is ssocia e ro a.ii y o~ • 
0

• 

Under the augmented model , F has a non-central F-distribution ,rlth p 

and n-· p degrees of freedom and non-central :Lty parame ter 

where here 11 

S* 

[ I -1], f3*T 

0 

0 
T 

A ,\ 

(B, e), lt -- 0 ond 

If the restriction is true then$= O. As , .ras sl101,m ii, the 

rrevious section MSE(l.s.) - MSE(r.l.s.) is p.s.d. if, and only if, 

¢ <.; 1. Fomby and .Johnson ( 1977) suggest testing whether t, < l by 

using the tables of Toro-Vizcarrondo and Wallace, (1969) . 

is too strict a test in the sense that 

MSE (b) 

( q) l.s . 

MSE (b) 

(q)r .1.s . 

But this 

involves 8 , a vector o f parameters in which we have no real interest 

unless 8 = 8 in which case F has a central F-distribution and Zb
0 

is 

an unb iased estimate of f3 ! 



2.212 Preliminary Test Estimators: 

These are of the form 

b 
p 

b 
RLS 

HF~c 

b if F > c 
LS 

7 • 

v.-1lere F is the r-ratio used to test the restriction HB = h, c is 

some pre-chosen critical value against which F is compared, and bRLS 

is the restricted least-sauarcs estimator, b the unrestricted 
· LS 

estimator. As we have seen, many linear biased estimators can be 

considered as restricted least-squares estimators in an augmented 

model and hence could be candidates for a preliminary test 

estimator . 

Brook ( 1976) has shown (equation 4. 3) that the mean-squared-error 

m, trix of a preliminary test estimator is still a function of the 

unknown parameters unless c = 0 and does not uniformly dominate 

Least-squares. He suggests hoHever that hy using a su:i table value 

o[ c , about 2, that the prelininary test estimator will improve on 

lcast- squ~res in certain regions of the para~eter space and will not 

fare too badly over the rest of the parameter sp,1cc. Once a):'ain, 

in the somcwha t contrived situation where we> can regard a J. in car 

biased estimator as a restricted least-squares estimator purtiun of 

a preliminary-test estimator , a value for c of about 2 mny ba too 

stric t in the sense that we are not interested in the performance of 

any estimator of e. However the approach taken by Brook could be 

followed in the case where our preliminary-test estimator is of the 

form 

b 
p 

if F, c 

if F > c 

with F a suitably defined function of b
0

, Z and s2 . 
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Indeed this approach could be extended to a " continuous" preliminary 

test estimator such as 

where k is chosen so that F is identically equal to c, and for 

example 

F (b - b ?xTX(b - b
0

)/ps 2 
cp O cp 

2 . 22 Incorporation of Prior Information : 

Suppose we have a prior belief ( or prior information ) that i3 is in 

some pre-specified region R. Classical statistics would 

i ncorporate this pri.or. belief by the use of a prel iminnry-test 

estimator . That is the estimate bRLS in R which maximises the 

likelihood function , (minimises th2 re sid ual. sum of squares) would 

be calculated and then ;:i choice 1r.ade between the re::;tric ted and 

unrestricted estimates on the basis o[ the value of an appropriate 

function of both - usually the likelihood-ratio statistic, £, or a 

monotonic function of£. In th~ cc1se where the reg ion is defined 

by a certain number of independent linear restricc-ions the s tatistic 

t1S-=d is the F-ratio, .:is we l1.:1vc seen. Tt is also clear that for 

any pre-specified region R which is independent of o2 the likelihood 

ratio statistic is a monotonic functic,n of 

(RSS - RSS . ) / RSS . • 
restricted unrestricted unrestricted 

Once again it would seem unlikely that the use of prior information 

in this manner would improve upon least-squares for all possible 

values of P, but certainly we could find appropriate critical values 

for the likelihood r atio statistic in each case so that the 

improvement over least squares in certain regions of the parameter 

space is balanced against the deficit in other regions. 
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Another method of incorporating prior information is to put a 

measure on our belief that /3 is at any particular point in the 

parcmeter space. The usual way to do thj s is to assign to S a 

"probability density function" over the parameter space. This does 

not necessarily mean that we believe S is a random variable, but i.n 

order to proceed it is convenient to treat Sas though it were a 

random variable with a "user given" prior distribution and that the 

true random variable y has a conditional distribution given S ~1ich 

is normal ._,j_th expected value XS and variance o2I. This approach, 

especially i.f one does consider S a random variable, is known as the 

Bayes ian approach. 

We could as~;ur.ic that B has a uniform prior distribution over a 

certain region of the pctrameter space, but this wot1ld utterly 

exclude S from the rest of the r:.-irumeter sp.1ce . It is co nv en ic n t 

to assign to fl o nonnal prior c!Jstribution with menn f1, the va] ue we. 

c-onsi.der most J 1kely for fl, and with v.1rL'1ilCP r:wtrix [ :-cfl.ccting 

our degrcP of hclief in IJ as the most 1. ikcly v.--:ilue for (3. 

\·!c proceed by finding the· condition,11 di.strJbution for G given y . 

r,y Hayes Theorc-m 

f ( (3: y ) = f ( y : fl) • f ( 3) / f ( y) 

c:: f ( y : S) • f ( G) 

This last expression can also be viewed as the joint likelihood 

function for y and S• 

[ given, 

In the case where f( !3) is N( µ, I:) with µ and 

and so 

where bB 

f ( y: 13) 

f( B) 

T 
a: exp(-(y - XS) (y - X B)/2 cr2J 

a: exp(-( B - µ? r.-l ( S - µ)/2) 

f ( s: y ) a: f ( y : B) • f ( s) 

a: exp (- ( B - bB) T (XT X/ cr2 + 1:- l )( S - bB) /2] 

T -1 -1 T 2 
(X X/ o2 + [ ) (X y/ er + µ) is the conditional 

MASSEY IVERSITY 
LIBRARY 



expectation of f3 given y. Tha t is, with respect to the prior 

information , b
8 

is an unbia sed estimate of B. 
regard f(y: 8 ).f( S) as a likelihood function: 

Similarly we can 

L(y, B:µ, E,o2
) ~ exp[-(y - xB )T(y - xB )/202 

+ (!3 - P)TC
1

( 13 - P)/2) 

and it is clea r tha t bB maximises the likel ihood func tion for S. 

2 . 221 Ridge Regression as a Bayesian Es timator: 

It can be shown that ordinary r ld ge regres s ion where 

T -1 T 
= (XX + kl) X y fo rk> 0 

is e quivalent to assig ni ng to 8 a prior normal dis tr ibution with 

10. 

? 
me an O and variance (a-/).:)I. That is , we could ass11::1c t hat firstly 

6 is genera t ed by the mechanism of ti1e prior distribution, and then, 

with thi s valt•e of (l fixed, U 1e obser·,.rcd vector y ls genernLed by 

the condit:io r:a l distribution for y given G. UnJei: thl s assmr.pt lon, 

it scct11s unnatur-nl. to ,ne that the prior (unc.onditlonnl) variance for 

S should be rclnlcc to the v.:1ri . .1nc1.:: of the:: ns yet unobservc'd y 

through 0
2 • It nlsu lt'avc.; the ciio.ice of ,1 su_;_tab lc \',,11-.;c of k 

undPtcrrnincd, nlthough Lhl~rc h;1ve been many i3Ufgestiom:; for fi.nc.linz 

a suitable value of k proposed in the literature. 

2. 222 Another "Ra vc sia n" Es t ima tor: 

Suppose we plan to centre and scale X and y so that the elements of 

XTX and XTy are simple correlations between the variables. This 

goes a long way towards reducing unnecessary ill-conditioning in the 

model , and the coefficients in 8 could be regarded as the partial 

derivative of the expected change in yin standard deviations for a 

unit standard deviation change in the corresponding input variable, 

in the presence of the other input variables . 
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Under this situation a natural prior distribution for 8 in the 

absence of any better information would seem to be 8 ~ N(O, I) . 

Under this prior distribution the coefficients are independent of 

each other and the expected length of Bis 

T 
E( 8 8) tr (I) P• 

That is, if all the input varinblcs in X arc equally important we 

would expect a priori that the p coefficients would all be about 

pl us or mi.nus one . 

The resulting estimators for B and o2 are: 

and 

b 

s2 

This is a form of rid ge regr2ssion whcr.t., the ridge constant 1-: ls 

chosen by the data in a r eadily identifiable form and hence 

eliminates t he problems of " guessing " a suilable value of k. In 

practice the ~stima tes would hnve to be calculated by iteration, but 

that is no problem on modern computers . 

What about the pcrform.:mcc of the estimotor? If we nre true 

Baycsians, there is nothing further to say, ns b is the c1 posteriori 

mean for ~- It is instructive, how~vcr, to look at the performance 

of b if we regard S as a fixed but unknown vcc tor, and o2 known. 

In this case 

b = (XTX + o2I)-lXTy 

and MSE(b) (XTX + o2r)-l( a0?x + o4 si)(XTX + o2r)-l 

while MSE(b
0

) = cr 2(XTX)-l. 

Hence, as in Farebrother (1976), MSE(b
0

) - MSE(b) is p.s.d 
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T 
which i s guaranteed by f3 S (, 2 . However MSE(b

0
) - MSE(b) can still 

be p .s.d. for f3Tf3 as large as 2 + cr2/A . , where A is the 
nnn min 

smallest eigenvalue of XTX , if S is proportional to the eigenvector 

corresponding to A • • 
m:.Ln 

Under these conditions every component of b 

has mean-squared error at leas~ as small as b
0

• 

average mean-squared error then 

If we look at 

rr.se(b) 'mse(b
0

) 

<=> BT(XTX + 0 21)-ZB 'tr[(XTX)-l - XTX(XTX + o2r)- 2J/o2 . 

Let XTX have eigenvalues A == >, ;;. A ;;. A = A > 0 
IDR.X l 2' p min • 

Then sufficient conditions for the average mean-squared error of b 

to be less than or equal to that of b
0 

are 

r \ 2 2 
.; L'.p" / Amax 

min 
,:; 2 + o2 / >-. . 

min 

Proof : 

(1) 

( 2) 

multiplier and 

=> 6 = l.p., where 1 is a constant Hnd p
1 

is the i'th 
T i 

eigenvector of XX . 

2 
1 and 

<=> 1
2 

'- (A . 
min 

'- d for all i 

+ a2 ) 2 .tr[(XTX)-l - XTX(XTX + o2I)-2]/o2 (3) 

But the right-hand sides of inequalities 1 and 2 are both less than 

the right-hand side of 3 . 



2.223 Numerical Example : 

The data of Longl2y (196 7) with p = 6 regressors, n = 16 

observations and response y = "total derived employment" were 

centred and scaled to correlation form. Iteration was done by 

13 • 

using an ordinary rid ge regression program with initial value fork 

of zero, and successive values of k were calculated by divid:!.ng the 

residual sums of squares from the previous f it by the degrees of 

freedom 9. This converged to 3 signif:l.cant figures in just six 

iterations, with s2 (least-squares )= . 0005 converging to a final 

value for s2 = . 000595 . 

(diagonal element of (XT X 

Th e maximum "variance inflaU.on factor" 

+ kl)-l when XTX is in correlation form) 

dropped from i 788 to 2 74 . The coefficients for the least squares 

fit and the fi.nRl fit are given below: 

bo • 0.!1 -1.0 - • .53 -.20 - • 10 2 . 5 

bk --. 009 -. 07 -·. 1,0 -. 1 7 -.JO 1.7 

The first has changed sign, both the first nnr: second have gone 

el l.most to zero, the fifth h.-:is tripled in nngn·itudc, while th<' other 

three have been reduced in size by up to 30 percent. 

fTt 

Y.1c Esigenvc1lues of X1.X we.re calc ulated c.nd umped [ rorn L1.6 down to 

. 00038. This suggests 

mean-squared error, for 

.0005 in equation (3). 

that bk improves over b
0 

in average, 

vc1luc.s of ST G upto at least J . L14, using o 2 = 

Fut b
0

Tb
0 

= 7.6 while bkTbk = 3.2, so it is 

perhaps questionable whether or not bk improves over b
0 

in 

mean-squared er ror for all components. 

Discussion: 

A problem arises in the study of this estimator due to the scaling 

of y to have unit length. Thus, for Jrno\.m a2 , the centred but 

unscaled model is y - N(X 6, a2(I - l lT /n), while the estimators from 



the scaled model are: 

and 

T -1 T T 
b O = (X X) X y / ./ ( y y) 

, T -1 T T 
b( 0 2) = (XX+ 0 21) X y/./(y y). 

T 
These can both be said to be estimates of s/ ./(y y) and hence uc 

should be looking at 

This is difficult since the es timates no longer have a normal 

distribution. 

We can circumvent this problem by centering but not scaling y, 

14 . 

( scaling y does not affect the conditioning of the problem), but 

then it is no longer ndtura] to assign a known value to the J.ength 

of Sin its prior distribution , s1.ncc r.iultipl.icntJ.cn of y by :rn 

:1rbitrary constant would also iJ. ultlply f~ by the same constant. 

2.224 Ravesi30 Estimator for _Unsc alcd y: 

Suppose we assign to !3 the prior- distribution N(O, , 21) with -r 2 

unknown. This, from a !3ayesian point of view, gives 

E( f.3:y) T -1 T 
(X X + o2/ , 21) X y. 

Regarding f(y: S) .f( 8) as a ] ikelihood function and maximising this 

for the unkno\-m parameters gives: 

b = 

s 2 = 

t 2 = 

(XTX + s 2/t 4)-lXTy 

T 
(y - Xb) (y - Xb)/n 

T 
b b/p. 



This system of equations could be solved iteratively or else we 

could use the least- squares values : 

ComparJ.son of b with Stein's estimator: 

Writing (n- p- 1) = \) V S 2 , • 0 

that b c an be writ t en as 

b 

ifrlcn XTX = I 

-1 T 
ex I) X y 

-- 1 T 
cxl) X Xb

0 

b (1 ) - 11.. ' + ex ''o 
(1 cx/(1 + cx))h _, 

l, 

S, C p/v, and x 

whereas Stein's csti1:1:itor, f o r XTX I is 

bs (p - 2)/ (V + 2). 
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Stein (1966) showed that for any constant c between O and 2c
0 

the 

estimator b = (1 - cx)b
0 

uniformly dominates b
0 

in average 
T 

mean- squared error when X X = I and p > 3, and that the choice of c 

= c
0 

minimises this average mean-squared error independently of S. 

This suggests that perhaps we should modify the constant in the 

empir i cal Bayes estimator above to c
0

• 

In 1964 Baranchik showed that the estimator 
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dom inates bs i.n average mean-squared error for all (3 , where 

+ a a , a > 0 

0 , a ,;; 0 . 

No ting t hat 

-I-

( 1 - x) ' < ( l ·- x/ ( l + x)) -. l for all x ) 0 

we might suspect that our es tima t o r ( using c
0 

), should have 

+ a v eragt?. mean- squar ed e i:-ror lyi.ng between that of bs and b
0

, i.e. it 

x1 x = I. 1111s iB di. fficult to sho ul d un:J.formly domin a te b
0 

fo r 
T g uaran te e an alyt ically, and would be even more so fo r X X 

non-orthogonal. Acconiingly it was decided to perform a 

Mon t e-Ca rlo study to investigate the mean-squared-error p2rformance 

of b. 



3. 1 

3, SIMULATION OF THE mse 

PERFORMANCE OF THE 

VARIOUS ESTIMATORS 

Experimental Design For the Simulation Study: 

1 7 • 

Since the proposed estimators bave the form of a ridge estimator, 

but with k stochastic, it is instructive to look at the performnnce 

of a non-stochastic ridge estimator ,dth k fixed. 

Let :?x = PJ\PT where P is the matrix of eigenvectors of XTZ and let 

u = J\- l l be the vector of reciprocals of the eigenvalues of XTX . 

A1 sc, let Y = PT S. Then , as in F2 r eb rother (1976), 

? ,mse(bk) -~mse(b0 ) 

< = > k .. (Y / o/ ( J\ + k I ) 2 ( Yi a) < tr [ f..- 1 - fl ( A + ::r ) - 2 ] 

Therefore • .. ;e 1-muld expect bk to perform pourly with respe~~t to b
0 

when 

1..) YT Y/ a2 = p,T ,1.,1 a2 . 1 ..., :!_S arpe 

ii) the correlation squared between Y c:ind u, 

('/11//(';r'Y.uTu), is close to 

Since a appears only with Y, we can without loss of generality set 

o 2 =land look at the effects of i) and ii), under varying degrees 

For the purposes of this study it will be 

been scaled to correlation form so that tr( A) 

of non-orthogonality. 

presumed that XT X has 
T = tr(X X) = p and the non-orthogonality of 

T 
XX will be defined by 

the size of tr( A-l). 



The design is a full factorial with: p 4 , 02 = 1 , and 

3 levels of non-orthogonality : 
-1 

4 100 , 1000 tr( A ) - , 

3 levels of corr .-squa red ( Y ,u) 0, • 5, 1 

4 levels of 
T 

0, 4, 1. 00, 1000 y y 

2 levels of V 2' 10 

- the degrees of fr ced om for C, ( v. s 2) • .., 

The low levels of p and v are chosen in the hope that we can 

identify whether it is be.st to use p/v or (p ·- 2)/( v + 2) in the 

calculation of k. 

APPENDIX. 

3 . 11 ?-fethod : 

The ac tual values of y used are given in the 

For any esti;,1ator b, let g 

'I' 

::risc(b) E (b - 13) ~ (b - S) 

r: ( g 
T 'T' 

y) y) p- r(g -
E ( r, 

T 
y) y) (g -

18 • 

It can be ~cen that, for the p11rposcs of th Ls c.xpc.rirn,~nt, \,,. do . ,)t 

nc.ecl to know tlte matrix P. 

It is proposed to look at S estimators : 

where x 

and xl 

go 
gs 

gs 

gl 

g2 

== PTb 
0 

(1 - x)g 
+ (1 

+o 
= - x) g 

-~ (A+ xI) Ago 

"" (A+ 
-1 

xl I) Ag
0 

T 
( p - Z)S/((v+ 2)g

0 
g

0
) 

T 
ps / < \go go) • 

2 -1 Since , with CJ = 1 , g
0 

- N ( Y, A ) , we can generate each element 

g
0

(i) of g
0 

using a unit-normal Random number generator ( given in 
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the APPENDIX ) , dividing by h(i) and adding y{i) . Similarly we 

can generate the random chi-squared variable S with v degrees of 

freedom, by taking the Slli~ of squares of v further independent 

unit-normal random variables. For each cell in the experiment, 

1000 random vectors g
0 

were generated and from each of these the 

various estimators were calculated. The mean squared errors of the 

estimators were est imated by calculating the mean of the 1000 values 

of (g - Y)T(g - Y) for each estimator, including g
0

. 

Sinc.e the obj ec. t of the experiment was to compare the msc' s of the 

various biased estimators with the mse of least-squares, the ;:ictunl 

values of the mse's are of no direct interest to us. RGther it ls 

the mse performance of the estimators r elative to least--square~~ that 

we are interested in . Accordingly for each cell in the experiment 

the mse of eac.h estima tor ,,as divided by the msc for least-squares 

in that cell. The resulti.ng ratio js CiJ.lled the, ''relative ( to 

least-squares ) mean squarr2d error " of an estimator. Thus rel2.tive 

mean squared errors less than 1 indicate that an estimator has 

outperformed least-squares in mse, while values larger than 1 

indi.cate the reverse. 

It i.s recommended that the results of future simuli,ti.on studies on 

biaced estimators should report the relntive mean squared errors 

rather than the actual mse:' s, as it is much easier to assess the 

overall performance of an estimator. 

3.2 Analysis of the Relative Mean-Squared Errors 

from the Simulation Study : 

Since the biased estimators were calculated from g
0 

in each cell, a 

split-plot analysis was performed , using the four biased estimators 

as the subplots . The factors in the subplot analysis were 

es t imators, E, and all the first and second order interactions of E 

wi t h the other m;:iin effects : non-orthogonality N; correlation-

s qua red , C; length- squared, L; and degrees of freedom for 

chi- squared, D. The error term in the ANOVA had 120 degrees of 
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freedom . Apart from L x D x E and C x D x E (both non-significant) 

and N x D x E (significant at 5% level) everything else was highly 

significant at the .1 % level. This suggests that a 1 inear, 

additive model is not a good one for the relative mse's. 

Nevertheless, the various means from the analysis of variance do 

tell their own sto r y . For example, increasing the degrees of 

freedom for chi-squared from 2 to 10 improved all the biased 

estinwtors in every case (though not by a constant amount). 'fois 

agrees with intuition. 

The effect of most interest was the N x L x E interaction for which 

the means are given in Table 1. 

TABLE l 

RELATIVE MEAN-·SOUARED - f.RRORS. --·-·--
( 

,., 
<JL 1 ' p ·- 4 \ 

I 

Estimators T y/::;2 -1 
L '{ H CT ( 1\ ) 

0 .~ 10() 1000 

gs • (, 7 • 85 . 99 1. 00 
+ • 56 • 83 . 99 1.00 gs 

gl . 65 • 83 . 99 1.00 4 

g2 • 41 . 70 l. 01 J.00 

gs .98 • 98 .99 1.00 
+ • 97 • 98 . 99 1.00 gs 

gl . 49 .49 .69 1.05 100 

g2 • 2 7 .28 .54 1. 22 

gs 1.00 1.00 1.00 1.00 
+ 1.00 1.00 1.00 1.00 gs 

gl • 50 • 50 .52 .69 1000 

g2 • 28 • 27 .30 • 54 
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From the table we see th a t the mse of each es timator approache s that 

of least-·squares from below as the length of ·ly increases relative 

to o 2 • This is to be expected from the form o f t he estimator es 
T both x and xl tend to zero with probability one as y·y/ 0 2 t ends to 

infinit y . Both o f the ridge-type es tima tors were better than the 

two Stein e stimato rs on the non-orthogo nal models, except f or 

N = 100, 1 "' 1000, which was to be expec t e d since they take account 
'T' 

of the eigenvnlue s tructure of x·x . However, it was surprising to 
T 

see that g2 also outperformed b oth of the Stein estimators when X X 

= I, at least for the range of paramete rs considered here. The 

only exception was at L = 100 where g2 perfo rmed s lightly wo rse than 
-1 

the Stein estimators . However the figure of 1.22 for g2 a t tr(A ) 

= 100 and yTy/ o2 = 1000 s ugges t that per-haps g 2, and t o a lesser 

extent gl , is overshrinking the e stimates . 

It was decided to inves t igate• the bch:.iviour of the two ridge-t ype 

estima t ors more c losel y , and als::, to i.nclude another 'Jflri,'.:!nt . 

Return ing to the Bayesian derivation o f these two ost j mators 1:herc 

we 3SStmed for (3 a non1al prior di s tribution N(O, ,2I), 1,c E,ee that 

there is theorcticnlly n better csti.mc1tc available for 

ln the cc1nonicn} f orm of the mod0l 1:c ,H;su·no : 

y -N(0,,21) 

2 -1 
gO : y - N ( y, o fl ) 

The estimate we have b een using for T 2 is boTbo/p 
T 

The Bayesian expectation for g o go is 

E ( l y + o 2• tr ( A- l)) 

= 2 2 ( -l pT + o.tr/\ ). 

2 
l • 

When XTX is ill-conditioned we could be grossly over-estimating T 2 

T 
by using go go/p. 



However, 

EE(g T/\g) = E(lAy + po 2) 
0 0 

tr(A).1 2 + po2 

22. 

= p(-·,:-2 + o2) when x1 x is in correlntion form. 

should be a much better estiCTate of , 2 • 

We shall use S/g/r,g
0 

multiplied by (p - 2)/(v+ 2) and p/vas the 

additive eigenvalue "constant" for our two new ridge-type estimators 

g3 and g4 . Of course, when XTX I these estimators are identic Al 

to gland g2 respectively. The estimator g4 is actually the same 

as the estiraator proposed by Lawless and Wang (1976). 

TI1is second study looked at estimators gl to g4 under the snrnQ 

eigenvalue structures and t::-u,~ coefficients y as Study 1, but with 

the degrees of freedom for S fixed at 2 , and five lengths- s quared 
T 

for \ y/ 0 2. These were 0, 10, 100, 1000, J0,000. As ln the first 

study 0 2 =0 1 3nd the three levels 0, 1/2 and 1 were retained for the 

correlation squared between \ and the vector of reciprocal s o f tho 

eigenvalues, u. 

3.3 R1~sults of Study 2: 

As in study 1, for each cell in the experiment, the mean-squared 

errors for each estimator over 1000 values were calculated and 

divided by the mean-squared error for least-squares in that cell, to 

give the "relative mean squared errors". 

Unfortunately there were occasions when g4 was up to 46 times worse 

than least-squares! Specifically, g4 was found to be very 

sensitive to the correlation between y and the reciprocals of the 

eigenvalues, as is evident in Table 2. 



TABLE 2a 

Relat-Lve mse 
, 

s at y er U 

T 1 

Estimators y y/ a2 tr(A-J.2 

0 10 100 1000 10 000 

,d • 73 • 93 • 99 1.00 1.00 

* g2 • l16 . 89 1. 02 1.00 1.00 4 

gl .57 . 61. • 85 1 0 2 5 1.03 

g2 . 30 . 38 . 76 i. 90 l. 20 100 

g3 .07 • 16 • 84 6.4 19. 2 

g4 • 03 . 13 • 93 8.6 46.3 

gl .59 .59 . 63 • 82 1.2 

g2 • 32 .33 .39 • 7 l1 I. p. 1000 

g3 • 01 . 02 • 11 • 92 9. 0 

g4 . 002 • 01 • 10 • 95 9. 7 

-;.: g3 and g4 are identical to gl and g2 ,,,hr; n :?x I. 

From the present study, (Table 2) we sec th,1t p!1 perfurmcJ very \,·0: Jl 

when y was not oriented in the direction of u. The v:orst relative 

mse for g4 in other directions was 1.38 at correlation- squared 
-1 T 

(y,u) = 1/2, tr(A ) = 100 and y y= 10,000. Taking a closer look 

at Table 2a we see that g4 performed satisfactorily even for yin 

the direction of u provided l y/ o2 was less than or equal to 
-1 

tr( A ) , and under these conditions g4 was the best estimator in 

these studies. In view of the excellent performance of g4 in these 

regions perhaps we should use g4 after a preliminary test on the 

size and direction of y. 



3,4 Testing the size and direct ion of Y: 

The following work is not to be confused with the ideas of R. L. 

Obenchain ( 1975), who provides a test of the hypothesis that the 

"optimal" p-parameter generalised ridge-estimate ( Hoerl and 

Kennard, (1970 a.)) is in the one parameter fam il y of Mayer and 

llilke (1973), under which t he Y(i/. A(i) are c:.11 equal. 
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TI1e aim here i s to test whether or not the true coefficient vector Y 

lies in a region in which we could expect the stochastic ridge 

estimator g4 to improve upon least-squares 1n mean-squared error. 

From th e present studies it appear s that in this r egion g4 is not 

only supe r ior to least - squa r es but a l so to the other biased 

estima t ors considered here, and outside t his region the other 

estiriato r s considered here perform about as Hell. , or as poorly, as 

least-squares. That is to so.y the present studies indicate tliat it 

is only insirle this region that we ccn expect any substantial 

improvement on lcnst - squ~rcs from any of the cstioators consl~cred. 

3.41 Tostjng the, djroction of Y: 

Suppose that we set up the hypothesis 

y c . u for some unknown c. 

Under H
0

, Y lies in the direction where, if -?·Yfo2 is too large, we 

c ould expect g4 to perform poo rly. Now , i f H
O 

is true , 

go = Y + c;., 

= c.u + c;. 

=> tA(i).go(i) = c/lA{i) + h(i) . E;.(i) 

and we can rewrite this last equation in t erm s of a one-parameter 

vector linear model : 

h = C .x + 1/J, 
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Thus the residual sum of squares from this model, with c estimated 

by c
0 

= (xTx)·-lxTh is 

which Js distributed as 0 2 . x2 , • 
p-1 

Theorem : 

The residual sum of squares from the model above, RSS ( c
0
), is 

distributed independently of the residual sum of squares 

S = /CI - X(XTX)-lXT)y , from the original model y - N(Xp, o2I) . 

Proof: 

l.Jith the eigenvalue decoP1position XTX 

clear th:it h = Al/2i'Tbo, x = ,\- 1121. 

T 'T' 

p N.' and go = P",._bo, it is 

It follov:; that 

T T T 
h . ( I -· XX / X X) h 

y T > (::r X) - l [XT Y l 1 T / ( 1 Tc? X) - l . 1) l o? :'0 - l XT y 

T 
y Ay say , 

T l T (I_ "("T,.)-1 ... T,, and since (I - X (X X)- ·x )X = n, it fol lows that .t, -'· " ,. 111 

= 0 and hence the two resldl,al sums of squares are independent. 

Note: this is true whether or not 11
0 

is true. Tf n
0 

is true, 

FSS(c
0

) has a central x2 distribution, and otherwise it has a 

non-central x2 distribution with non-centrality parameter 

Since RSS(c
0

) and S are independent, we can test H
0 

at level a by 

comparing 

[RSS(co)/(p-1))/[S/(n-p)] 

against F • p-1,n-p;a 
If we reject H

0 
at probabil ty level a, the 
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results of the previous simulation studies sugges t that we can quite 

safely use g4 as our estimato r of Y. On the other hand if we 

accept E
0 

then we must find some means of testing whether or not 

yTy;a
2 > tr(i\- 1 ). Before we proceed to find a test for the length of 

Y one could ask: " Gi ven that we have accepted H
0 

in any particular 

situa tion , that is we are prepared to bel eve that Y c.u f o r SOT'lC 

c , wh y not estimate Y by c
0

. u where c
0 

is given above ? " 

Sine e rnse ( g
0

) 

under H
0 

i s : 

If .:?x 

TI1 LIS if 

Z -1 a • tr ( A ) we have that the relative mse of c
0

• u 

rnse(c0 . u)/rnse(g
0

) 
,-2 f\- 1 2 

tl'.'( 11 )/(tr( )) • 

1/p (provided H
0 

is true ). 

has a much smaller 

mean- squa r ed error than lecJst-squarcs or any of the estimntors 

cons ider ed in these simulation studies , as shown in Table 1. 
T 

However, for non-orthogonal X X, rmse(c
0

. u) approaches 1. Fo r 

example, for the two non- orthogonal XTX in the studies the formula 

above gives rm se (c
0

.u) = .94 at tr(A-
1

) = 100 and . 83 at 

tr(A-
1

) = 1000. Compa ring these figures with tho se in Tab l e b.(H
0 

is true for all of Table ~. we see tha t g4 in particular can do 

much better than this, provided tha t yTy;o2 < tr(A- 1 ). 
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3.42 Testing the Length of y : 

For the pr esen t purposes, we are interes t ed in testing 

af ter having accept ed 

c . u for some c. 

In terms of c, H
1 

becomes 

T 
X X . 

Under H
0 

we have that h ~ N(c . x , 0 2 1), thus 1?11 - a2 .x2 (p,<P) ,;,Jhcrc 

cj, == c 2 .xTx/o 2 • 

Also , 
T 

h h 

with y from the original model. 

T 
It fo llows t hat h h is dist ributed independently of 

and therefore (hTh/p)/(S/V) ~ F' (p,v,¢). 

In terms of¢ , H
1 

becomes 

ij> > (xTx/ /uTu 

= (tr(A- 1)) 2/tr(A- 2) 

= ct>
1 

say . 
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Now, because of the poor performance of g4 when H
1 

is true, (given 

n
0
), we would like to safeguard ourselves by ensuring that the 

probability of rejecting H
1 

when H
1 

is true is small. Accepting H 
1 

when H
1 

is false means that we will use least-squares insteRd of g4 

and at least we will be no worse off than before. 

Suppose that we reject H
1 

if v.hTh/pS, C some critical value. 

Then , 

Pr[ reject H
1 

: H
1 

is true ] 

Pr[ F'(p,v,ct,) < C : ¢ ;;, ¢
1 

,;; Pr[ F'(p,'-1 ,<!>
1

) < C 

,;;; Pr[ F(p,v) < C since c;>
1 

I- O. 

* 

* By the properties of the non-central F-dis tr ibution 

( Graybill (1976)) 

'l1rns if we cho ose C = r'(p,v, ¢. ;1-a) or C 
l 

Pr[rcjcct H
1 

: l\ tt·ue] < a . 

F(p , v;l-o.) then 

T 
?or ill.-conc.litinn,•d XX the choice of C = F(p,'J ;l-,.() will not Le t()u 

c on t= P r v a t :l. v e , s i n r c then ¢ 
1 

w i.l 1 ln: o n 1 y :; l i g h t l y l.:ir g c r t 1 , 'll1 l • 
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3.43 Modified Estimator : 

The modified estima tion rule now consi sts of several steps, given g
0 

and S, which are outlined below : 

1 . Calculate: 
T 

go Ago 

k4 = pS/V g/ AgO 

g4 (A + k4I) -· 1Ag
0 

( 

T 
1 go T 

( = X h) 
T 

go = 1 80 /p 
tr(A-1) ( 

tr(A- 2 ) ( 

T 
XX) 

T 
u u) 

cp
1 

= (tr(A- 1 )//tr(A-2 ) 
T T 2 -1 ~ 

FO = v [go Ago - (1 go) /t:r(A )) /(p--1 ) ::, 

Fl l/k4 

2 . If FO > F(p-l,V;u
0

) L~en reject n
0 

and use g4 as the est.Lnwtc. 

Otherwise proceed to step 3. 

-i If ,... l -;, "' ' ' 'J -~ •· • 1 · • r (, p , , 'i' l ; 1--0 ) 
1 

then clCCCpt Jl, and as the es timate . 
1 

Otherwise proceed to step 4. 

T 
4 . lf X X = I the a use g

0
• 1 ( 

o th erwise use g4 . 

3. 44 Performance of the modified estimator : 

This new estimator was l abelled g5 . Another simulation was done 

under the s a me conditions as previously , with a 
O 

set to . 1 and a 
1 

to 

. 5. 

The worst relative (to l east-squares) mean-squared er ror was 3 . 3 

und er the conditions wh ich gave rise to a figure of 46.3 for g4 . 

The preliminary tests were protecting the estimator to a reasonable 

extent , but were ha ving an undesirable effect when Y was zero . The 
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figures for gS at Y = 0 correspo nding to those in Table 2, were .54 
T 

at X X = I, • 55 and • 45. These are muc h higher than the 

co rresponding figures for g4 . 

No te that when Y = 0, the hypothesis H
0

: Y = c.u for some c, is 

true , and so for small Y, the estim~to r gS uses least-squares too 

often . Pe rhaps gS could have been improved by t esting the length 

of Y first, and then the direction, but this was decided against 

a fter re-examining t he t!lean-squa red error for a non-stochastic r i dge 

es timator with parameter k. 

3.5 Mean Squared Error for Non- Stochastic Rjdge rst i mation : 

For a giv e n consta nt rid 8e parameter k , th e mean-·squared-error of a 

ridge estimator in canonical form is 

T 
For fixed Y Y = 1, we find, by differentiation of rnse(k) usin~ a 

L•p ran g e nultiplier, th,1t rnse(k) is a r:iaxir,ium when Y = +/- c·;;, 
_) 

where e. is the jth column of the identity nwtrix. 
J 

That is, tlwre 

are 2p " wo r st <lircctions " , 

is the smallest eigenvalue . 

the worst of which arc Y = +/-e ,,hen ,\ p, p 

From this, and the results of the 

previous sirnulntion studies , it ;ippr'ars to be J3nr,erous to use ridge 

regress i on when any component of Y is large in absolute value 

compared with the others, particularly if that c omponent corresponds 

to a small eigenvalue. Needless to say, directions intermediate 

between the 2p worst directions can be bad also. Fo r instance, by 

direct substitution in the formula for mse(k) abov e , we see that 

mse(k) increases as Y changes from e
1 

to (e
1 

+ ej)/12 to ej when 

Aj < Ai . We also note that when one component of Y is much larger 

than the rest, that the elements of Y look very little like a sample 

from an N(0 , , 2) population. However this observation on its o~m 

does not explain why the performance of ridge regress ion is poorest 

when it is the last component of Y that is particularly large. 
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Several statistics were formulated and used to try to protect g4 

from use in these "dangerous" situations. The best method so far, 

seems to be to estimate the mean-squared error by substituting in 

the formula for mse(k) the additive eigenvalue factor used for k, 

i.e. ps 2/g
0

TAg
0

, and estimates of o 2 and y. Here again the problem 

arises as to whether to use the biased or unbiased estimate of y. 

IE we always use g
0 

as our estimate of y we tend to overestimate the 

mean-squared er-ror and hence use l east-squares in situations where 

lt would be safer to use the biased estimates. Conversely, if we 

always used the biased estimates in our estimate of the mean-squared 

error, then, in the dangerous situations described nbove , we would 

tend to under e stimate the mean-squared error and hence use the 

biased estimates when it would be safer to use least squares . In 

an attempt to overcome this difficulty a preliminary statistic, R, 

was calculated and, on the basis of the value of R, a choice \,·as 

made to us: g
0 

or g4 in the esU.m'1te of the me:rn - squarcd error.- . Th,, 

statistic R is: 

R 

Now , when the conq,oncr~ts of y arc l.nq·,e in rn1gnitudc:, the 1:-('lntjvc 

error in estim:1ting y by g
0

, jf; mn;dl , ;rnd so R :is tlwn a n•as0nablc 
~, T 

e stimate of y .. y/y 1\-y = R. As the compom'nts of y corresponding to 

small eigenvalues increase re lative to the others , R will increase, 

reaching .:i maximum of 1/).. when all components but the l ast arc 
p 

zero. Similarly, if all the components of s
0 

were about equnlly 

significant, then i would be approximately tr (t,,-l) /p. 
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3. 51 Modified Estimator g6: 

Using both of these statistics, i . e. Rand an estimate of the mean 

squared error of g4 the new modification, g6 , of the estimator g4 

becomes: 

T T -1 
1. if R ( = g

0 
g

0
/g

0 
J\gO) > tr( II )/p 

then use_g
0 

as the estimate of yin the estimated mean-squared 

error, mse, otherwise use g4 as the estimate of yin mse . 

-1 
2. if r1se > s2.tr(A -) 

( the estimated mse of least-squares) then use g
0 

as the estimate 

of y, otherwise use g4. 

3.52 Performance of the Modified Estir.;ator : 

In Table 3 ore displayed the mean-squarccl errors rcL:itLvc to least 

squares of the resulting estimator g6 for each point in the 

experimental design. Table 3a gives the corresponding percentage 

of tinr2s, out or 1000, thGt least-squares was used. 111c d cg rces of 

freedom for S \,c:-c held fixed at ?., so that the figures in the tc1ble 

for a correlation--sqwuc<l of l between y and u can be compared 

directly with those for rA in Table 2. 
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TABLE 3-

Re lative Mean Squared Error s 

T y/ 02 y 

c2 0 10 100 1000 10 , 000 
-1 tr ( ;\ ) 

0 . 46 . 89 1.03 1. 00 l. 00 

. 5 . 46 • 90 1. 02 1. 00 1.00 4 

1 . 46 . 88 1. 05 1. 00 l . 00 

0 • 70 . 55 • 24 . 50 • g7 

. 5 .71 . 58 . 57 1. 70 1. 20 100 

1 .67 . 79 l. 13 l.. 14 l. 00 

0 . 67 • 18 . 13 . 39 . 77 

. 5 . 6 7 . 17 • l G • 5 7 1 . 07 1000 

1 • 66 , 69 . 71 1. 07 L 11 

TAU J,F: Ja . --------

Percentage of t irr:es lcast- ~~u.-lres v11s used 

T / ,,, y r 0'-

2 0 100 1000 10 , 00(! 
-1 

C 10 tr ( 1\ ) 

0 0 0 0 0 0 

• 5 0 0 0 0 0 L1 

1 0 0 0 0 0 

0 30 18 6 2 0 

• 5 30 17 10 32 93 100 

1 27 33 48 97 100 

0 31 5 5 6 0 

.s 29 5 4 8 11 1000 

1 28 29 28 52 97 



3.53 Discussion of Table 3 : 

By comparison of Tables 2 and 3, we see that the worst relative 

mean- squared error has been reduced from 46 to 1 . 7 - a vast 

3 5 • 

improvement . The worst value now occurs at a correlation-squared 
A- 1 T 2 of .5, tr( ) = 100, and Y Y/ 0 = 1000 . The preliminary tests 

seem to be pro t ecting g6 fairly well , particular ly when the 

co rrelation- squared is 1. The rel a ttve mean-squared errors at Y 

0 have increase d (but are sttll less than 1), due to the fact that 

when Y = O, the components of g
0 

corresponding to small eigenvalues 

will tend to be l a r ge r i n magni tude than the others, and this is 

reflect ed in the percentage of times least squares was used then . 

I n cl usion of a n F- test for Y = 0 was incorporated , using various 

O--levels , but ,1 though this reduced the use of least-squares ,<it Y 

0, it had an undesirable effect clst~whcre . 

Increasing the deg r ees of freedo:n for S frol'l 2 t o lG generally 

iriproved the results , p.ivinr, A best figurt. of .03 at ,?·<102 :, Jon, 
2 

C • 5 , tr(A-l) = 1000 , but t he worst figure nc,r1hcd -:it l. 7. 

Th is war:; 
T 2 ~ _1 

again .:Jt y--y;a 1000, cL = .5, tr(J\ ~) ,._, 100, but the use 

of least-squ.:Jres there had dJ:opped fror.' 32~~ of thL~ ti1;ie to lP.;; . 

3 . 6 Recommended Estinator : 

TI1i.s last modification of the estimator gl1, given in J.51, was the 

final estimator studied by Monte-Ca rlo methods, a nd appears to be 

the b est of those studied. It is the estimntor recommended here, 

and for clarity the estimation rul e is given below in non-canonical 

form . 



3 , 61 Recommended Estimation Rule: 

In non-canonical form, the estimation rule is 

l: Calculate bO (XT X)-1 XTy 

s 2 (y - Xb
0

)T(} Xb
0

)/(n-p-1) 

Freg'"" b
0
T:?xb

0
/ps 2 

k = 1 /Freg 

bk= (XTX + kl)-lXTy 
~ T T T 
R = b

0 
b

0
/b

0 
x xb

0 

2 : If R > 
'Y' --1 

tr(X~X) /p tlten set b 

otherwise set b = bk. 

3: Estir.atc the 

rnsc ( k) 

mean squar eJ e~ror of b~ by 

·- 2 - , vTx (XrX kl'-~ ) - s . tr ( ·'- • . . + J + :c T .T -2 k . b (~ X + kI) b 

an<l of 
~ 2 T. -J 

b
0 

by mse(O) = s - .tr(X }.) • 

4: If msc(k) ;-, m~:c(O) then uc;l~ ;"JO as the estimate nf 1'., 

Otherw.i SL'. U'oC 

'1ote : The individual ter.ms cor,, pri~;in?, the~ trace of (>?x)-l or 

36 . 

XT . T kl)-2 L xTv ' . 1 - d , XlX X + · w,1en _., 1.s 1.n corre .'.ltion torr.. are terr.,e the VIF's 

or variance inflation factors, after }brquardt and Snee (1975). 
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4. Numerical Example : 

In order to demonstrate the techniques involved in the stochastic 

ridge estimator advocated here, we take the data given in Chapter 8 

of Daniel and Wood (1971). The problQm consists of estimating 

gasoline yields from various characteristics of the crude oil and a 

characteristic of the gaso line produced. Daniel and Wood, in their 

very careful analysis of the data, observed that the fourth 

independent variable was nested within the c rude oils, and thus that 

there were only ten crudes rather than thirty-two. Their final 

equation inv olved only two of the original four variables, with 

error es timates for between and witl1in crude variation in the 

response. In the analysis to follow, we shall purposely ignore the 

nesting and initially fit a full quadratic model in the 
,. 
,:our 

indepcn<lC'nt variables, so that gs wel1 :1~; dcmonf;tratinv, the 

techniques, we sliall get some ided of how well, or poorly, the 

estimato r performs. 

4.1 An:~.lysis: 

In order to fit the full quadratic model the original [our variables 

were centred by subtract'ing theJr means before calculating the 

variables for the quadratic and cross-product (i.nteraction) terms. 

This can greatly reduce the correlations between the indcpenrlent 

variables. 

Thus 

xl crud e oil gravity, O API - 39.25 

x2 = crude oil vapour pressure, psi - 4. 18 

x3 = crude oil ASTM 10% point, OF - 241. 5 

x4 gasoline end point, Of - 332.1 

Variables 5 to 14 are then respectively xl2, x22, x32, x42, xl.x2, 

xl . x3 , xl . x4 , x2 . x3, x2 . x4, x3.x4. The 14 independent variables 

were then all centred and scaled so that XTX was a correlation 

matrix, and y was centred so that 
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y = gasoline yield as% of crude - 19,66. 

l;,2 Pass 1 : 

The model at this stage was y = X C + ~. where X is 32 x 1£. . Since 

y has been centr ed and X is in correlation form, we are not directly 

fitting a constant term but nevertheless the degrees of freedom for 

error are 32 - 14 - l - 17, The stochastic ridge estimator uses as 

the ridge "constant" , 

k 1/Freg, 

where s 2 is the es timate of o 2 fr om the }cast-squares fit with n-p-1 

= 17 degrees of freedom. The estimated mc;--n-squared-erro.:- of the 

ridge estimator is 

msc == s 2 .tr(XTX + kI)-lX":'X(''.TX + l<r:)-l + ;.-_L ,bT(::~·x + kl)- 2h 

s2.( rotal of t!lC' ;:ic!ge \'Tr'~) + J-.in,;--squn.rcc1 

variance + bins-s~unrcd 

\,here b == b
1
,, the ridr,0 es t:Lr-1.'.ltor, 

T -1 ,, 
tr (X X ) /p, otl!C!r\./isc b is hO. 

Table 4 gives th~ coefficients and summary statistics for the full 

14-term mod el • The variance inflation factors in the table are 

given to two significant figures, the coefficients to three for 

clarity, a l though the computer program used gave at least 6 figure 

dCCuracy , using Householder transformations and iterative refinement 

( Fl e t che r (1975)). 



TABLE 4. 

Variable Coe ff ic ien ts 

1 

2 

3 

/f 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

L. S. P..IDGF 

xl -5. 27 6 . 115 

x2 - 3(,0 8 . 55 

x3 -519 -28 .3 

x4 61.6 58.5 

xl 2 - 4 7. 6 1. 89 

x2 2 - 2 94 - 3. 18 

x3 2 -- 721 2. 64 

x4 2 5.43 4.61 

xl . x2 - 878 2. 91 

xl.x3 - 992 1. 32 

xl. xl1 -0 . 6 7 P. 1. lf0 

x2 . x] - %6 0 . 594 

x2 . x4 - 1. 90 -1 . 76 

x3 . x4 - 9.22 -6 . 35 

average! 

RSS : 52 . 3 llfl . 2 

R2 : • 985 • 96 7 

Freg: 81. 5 k 

s2: 3.()8 

R = 
T T T b

0 
b

0
/b

0 
x xb

0 
1,053 

var : 223 , 000 -
bias 2 : 0 

mse : 223,000 

229 

78.3 

308 

39 • 

VIF ' s 

L . S. nrnrr-: 

l 7 4. 9 

2300 "'· 7 
4100 7. p 

]. 6 1. L1 

91 5. 9 

1400 7. 9 

9800 7. 9 

2. 0 1.7 

17, 000 7. 1 

22 , 000 4. l 

2 . 3 ;,: . 0 

16,000 3" 8 

11 5. i' 

1 7 8. 6 

5174 5. 3 

1 /Freg - . 0123 

< tr((XTX)- 1 )/p 5, 17 4 

• 001 
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4 . 21 Interpretation of Table 4 : 

- T T T 
Since R = bO b

0
/b

0 
X ·xb

0 
is r;mall compared wit11 the average VIF for 

'T' -] 
least-squares, t r((X"X) )/p, we conclude that it is s;:ife t,) use the 

stochastic rid ge estimates in the estimate of the mean-squared 

erro r. Tnen, si.nce the ratio of the cst:i·'.wled msc for ridge• to 

that for l . s . is very nuch less than one , it wou]d appear that ther,: 

is much to he gained by using the ridge estimator as our estimate of 

I, . 21 1 Variable selection: 

The varic,nce inflation factors for t he ridge estimates are all 

relat1vely small and si~ilar in size, and therefore the ~agnitudos 

of the coefficients should ?i.vc an indication of tr.r~ r 0 l t1ti.vc 

impor t ance of the vari ables . (1 n this ba~s ·Ls, it i s cl e ar c;: ,, t 

variable's 3 and 4 .1 r e cc1sll:.r the ,:1ust important. 

could remove all of the other vnric1bles , but , being of cautious 

nature , only variables 5, 10, ll, 12 and 13 \lere del1~tcc.l f._H Pnss 2. 

The resul. ts of Pass 2 a re shown in Tab le 5 . 
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TABLE C: .., . 

Variable Coefficients VIF' s 

L . S. RIDGE L. s. RIDGE 

1 x l 4. 27 6 . 05 9.2 4. 3 

2 x2 s. 80 9 . 19 16 G. 3 

3 x3 -33. 5 -2 8 . l 20 8.5 

!+ x4 GO . 0 58 . 6 1.4 1.3 

6 x2 2 -. 632 -2 . 12 12 7. 1 

7 x3 2 • 946 . e89 ll1 6 . 9 

8 x4 2 4 . 77 4.36 1. 7 1.6 

9 xl .x2 2 . 91 3 . 04 l 8 9 . 1 

1/; x3 .x4 -5. 65 -5 . !+ 8 2. 3 2 . 1 

RSS : 11 7 . 5 120. 2 

R2: • 96 7 • 966 

Freg: 71. 7 k 1 /Frcg . 014 

s 2: 5 . 34 

R b Tb /b TYT "b 0 0 0 ., /,. O 1 o. 5 

var: 506 252 
-

bias 2 : 0 22 . 1 

mse: 506 2 74. 1 . 54 

4.3 Interpretation of Table 5: 

TI1e sum of the VIF ' s of the least- squares coefficients has dropped 

markedly from 223,000 t o 506 , while the r esidual mean-square has 

only increased from 3 to 5 . Applying the same rules as before, we 

conclude once again that the ridge estimate is safer to use than 

least squares, although there is relatively less to be gained this 

time, as is also evidenced by the closer agreement between the two 

estimators . 
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No t e also the close agreement between the ridge estimates in Tables 

4 a n d 5 and the huge disparity, for mos t of the coefficients, 

between the least-squares estimates in Tables 4 and 5 . 

Variables 3 and 4 are still the most i mpo r tdnt , and so for 

completeness we will rcr.,ov e frorr. the model all but these tvo 

variables . The~,e are the two variables ur;ed by Daniel and 1/ood in 

their final equn tion . 

Table 6 . 

The results of t his P1ss 3 are shown in 

Vari:Jble 

3 x3 

Freg: 

TABLE 6. 

Cocffich·nU: 

L.S . 

-4 3 . 75 

60 . 52 

RFlCE 

- !, 3 . !; 7 

fiO . 1 9 

1 70. 6 1 70 . / 

.9 '.i2 . 952 

288 .4 k 

VIF ' s 

L . S. 

J . 20 

1. 20 

1 /Fr t'': 

RDGE 

J. 19 

1. 10 

• 003 5 

R 
T -i 

~ 1. 643 > tr((X X) )/p 1. 205 

var : 14.175 14.038 

bias 2: 0 .1 86 7 

mse: 14.175 14 .2 25 

4.4 Interpretation of Table 6: 

T T T 
This time, R = bO b

0
Jb

0 
X XbO is greater than the av erage VIF for 

least-squares, and so we should use b
0 

in our estimate of the 

squared bias for the ridge estimator, even though there is very 
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li t t l e difference between the two . Then we see that the estimated 

mse for ridge is worse ( but only marginally ) than that for 

least- squares and so we conclude that the best estimate of B is 

least- squares. This is not surprising considering that we are only 

dealing with two coefficients :.ind that the 1/lF ' s for least-squares 

iJre neorly one, i . e . XTX i~_, 1,ell - conditioned . 

Thus the final equation is : 

y - 19 . 66 - 43.75(x3) + 60 . 52(x4) 

or , in terms of the original uncentred and unscaled v.:1riables, X3 

and X4, 

" J 19 . 66 

70 . 21 

L13.75(X3 - 241.5)/209 + 60.52(X4 - 332)/388.4 

. 200(X3) + . 156(X4 - 332) 

which coupares well with the fin;:il equation of Tlanlel and 1.!ood; 

y 70 . 84 - . 2l2(XJ) + . 159(X4 - 332) 

4.5 Conclusions : 

Although there are arguments for .:incl against removal oi v,1ri2,blcs 

fro1"!l a prcdicLion equation, 1ve sec by this example tlwt the 

s t ochastic ridge estimator proposed here, used carefully, can 

pinpoint the most influential variables very well even uhen the XTX 

matrix is highly ill·-condi t ioned , or as other authors would say , in 

t he pr esence of a high degree of multicollinearity. In this 

exampl e , we see t ha t t he ridge coefficients for x3 and x4 from the 

f ull model (Table 4 ) are both far, far closer to the coefficients in 

the ( drastically) reduced final model than are the least - squares 

coeffic i en t s . Also , in th r ee passes from a 14- term original model, 

we r eached t he same f i nal conclusio n as did Daniel and Wood in 10 

passes from an or i ginal 4-te r m model . This is not intended to 

suggest t hat s uc h t h ings a s nest ed data should b e ig nored , b ut 
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merely that the s t ochas t ic ridge es timator can help p r otect us from 

failure t o observe nes ting as well as from mul ticollinearity in the 

ind ependent variables . 
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5 . SL'HMARY and DISCUSSION 

It is a demonstrable fact that non-stochaslic biased estimators of B 

in the Normal Linear Model can do worse tl1nn lea st - squrircs in 

mean- squared error for B in certain rer,ions of the parai::ieter space . 

Therefore it was decjded to investigate s01:1e stochastic biased 

estimators over a wide range of parameters . 

The Bayesian approach of ussigning to B a prior distributibn 

provides a suitable framework for the formation and study of various 

stochastic estimators . It also introduce s a two- layer outlook to 

the problem : f i rst] y we have the gener-a tion of a particular ;, by the 

111cchanisrn of the prior distribution , and, from th1t ;3 , the 

observation vector y is assur.ed to have been generated by the t-:orrn,~l 

distribution for y given fL Sir:iiL:irly \JC can lo,Jk at t\:u 1 n!:;;SCS 

fl,r 2n cstimnto r: firstly how well it pcrfun7s for a givc.n :, ~:hich 

is d1at Rao (1976) calls "Individual ' s Los -· ", and secondl/ hn1: 1:cll 

it pcrfnn1s t>VL'r the 1,i1olc- r:Hu;e of t ' s gcnc•rntr'd by the prjor 

ci i i, t r i h u l i o n - Rao ' s " S t ~1 l i s t i c j i1 n ' •.; I.n s ~; " • 

Our interest h~i,-; been in lndividw:.l ' s Loe; <- (IL) rallwr tlun in 

St.:itist i cLrn ' s Los~, (SI.) for the fnJ1nwin1\ reason . 

;in cstimcitor which c;in be shown to h;ivP srn:11 ler Sr. th:rn J east 

~;qua res . This does not gu.1r;int,2e thit it \: il1 linve smnllcr Tl than 

least - squares , and nlthouhh , a:; rointod oul by />J1toniak and Effron 

(1976), an individual um reap his own rewards hy repeated patronage 

of a sta ti s ticia n using this estimator , he muy never wish to see 

that s t a tistician again if he ever discovers that he has been " had ". 

On th e other hand if we have an estimator with uniformly smaller IL 

t ha n leas t squares, it follo~IB that the SL , which is t he average IL , 

is a lso smaller, and thus both parties benefit . 

Ordinary ridge regression, apa rt from being a non- stochastic biased 

es timator, for fixed k , can be viewed as arisi n g from assigning to 

B, the normal prior distribution N(O,( cr 2 /k)I) , but it would seem 
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more natural to allow the prior clistribution of S to be unrelated to 

the posterior distribution of y , through o 2 , by assigning to San 

N(0,, 2I) prior distribution. This lea<ls to estimators of the fom 
T -1 T 

(X X + (o 2/, 2 ) . I) X y, which are in general unoperat.i.onal. 

Replacing o 2 and -r 2 by estimates leads to what rnicht be called 

empir ical Bayes est:!.rnntors . The Steln-James estimator is one of 
'T' 

this class , and when X' X is orthogonal has uniforr:1ly smaller 

mean-squared error, or Individual's Loss, than least squares. 

However, when Y.T X is not orthogonal an analytic expression for tbe 

mean- squR.red c-rror of this or any other empi rical Bayes cst:imator 

has not yet been obtained. Thus it was decj_ded to perform some 

simulation studies on the mean squared er r or ( Individual's Loss ) 

performance of several empiric al Bayes estimators. 

The simulation studies showed that one of tho2 estimators considered, 

a form of ridge regression ... ~1ere the ridpe pnrc~mcter is chosen t o he 

the inverse of the F-statistic for the signif;rnce of the 

least-squares regression, perforncd vc•ry w,: 11 unless the trne 

coefficJ.ent vector 8 was large in the (!ircctions of le;i ~, t 

informa ti.on. Tt was also found tlwt this estimator cou 1d be 

reason.:ibly well protectet, from use in t:hese situ.1tions by ;:i 

preliminary test on its expected r,,rft1 r1:1ancc , or mc a n- s qui.lred e rr o r. 

It is envisngcd that thLs e~-:timator would be particuLir1.y C'~eflll 

when XTX is ill-conditioned, and the result'ng lcc1st-squares 

estimates suffer fro~ large variances . 

In conclusion it would seem t hat we h ave not yet found an estimator 

that can be routinely used in every situation that can be guaranteed 

to outperform least-squares, but the stochastic ridge estimator 

recommended here comes close . Its performance could no doubt be 

further improved by better tests of when it can be safely used , 
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6. l Ejgenvalue s a nd True Co,_.ffic:icnts r 

lJsl.'d in the Si r.1ula tion Studks : 

I11c Y' s given belm: \Je re scnlcd by <.1n c1;,propric1t<"· consr-ant to '·ivc 

the various r n tios of l'Tl' Lo 01 ( ~0 l ) usec! in Llte C':-:pc>ri.111cnts. 

The column headed C rives th e> correL~Lion-sc;uarcc. b-.!t\JCl'n tl.e 

ell'r:ents of Y a nd t he recipro-:;:ils of t:hc e:igeuvnlues . 

\- l 
Lr( • ) C coefficients 

'1' 
I 

0 

. 5 

I, -1, 1, - 1 

l, 1 
4 ' 

1, 1, 0, I, () 

I, l ' i , 

() ') ( 

·- . ) ' -1 , I I 7. 7, 2 . '"1 

I ( ll) . 5 2 . 5, I, '} 1 , > , 1 
' 

.. 
I, 2 . 'i, ) . l l , .'Ml. t, 

1000 

6 . 2 

0 

. 5 3 • 'i , • ,, E 7 h , . 0 l l :I , . 00 1 1 

Random Unit Normal Generator : ----

- I ~ • I> tr , -1 Cl , -J O, 

I, I - , 

l, 7.1 8 , 'lll'J . 7 , IP.' 

The random normal generator used throuP,hout the simulation studies 

used an cxac t method given in Jansson ( 1966): If u
1 

and u
2 

are two 

independent random variables with a rectanr, ular distribution on 

[0,1), the n the variables y
1 

and y
2 

given by 

y
1 

• (-2ln(u
1
)) 112 .cos(2nu

2
) 

and y
2 

= (-21n(u
1
)) 11 2 . sin(2nu

2
) 
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a r e i ndependen tly di st r ibuted as N(0, 1). 

The rectangular generator used was the internal rnndom number 

genernto r on the n. s. r.P./ D.R . I. PDP!1/L15 computer at Palmerston 

North . 
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