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A B S T R A C T

Towards the goal of extending the applicability of test cases to the context of existentially 
quantified propositions, the present study explores how test cases might support learners with 
refuting their incorrect existentially quantified propositions. We present and analyze data from 
two separate instances in which two in-service primary school teachers initially made incorrect 
existentially quantified propositions and then were asked to find a valid example of their 
respective propositions (i.e., an element of the subject that satisfies the predicate). The partici
pants were given, and sometimes generated their own, test cases which led to an iterative process 
of ruling out potential examples and classes of potential examples. Our analysis of this iterative 
process as it emerged within our specific research setting, comprising among aspects, particular 
researcher-participant interactions, sheds light on how these test cases afford and support the 
development and refinement of the learners’ respective existentially quantified propositions.

1. Research background and rationale

Counterexamples are particularly useful for helping learners refute incorrect propositions. In theory, counterexamples prompt 
learners to confront their current incorrect propositions, reject them, and construct universally correct propositions (Balacheff, 1991; 
Klymchuk, 2010; Peled and Zaslavsky, 1997). For instance, the proposition ‘multiplying any two real numbers a and b always yields a 
larger number c’, can be countered with a = 1/2 and b = 1/3. In presenting the learner with this counterexample, one hopes that the 
learner rejects their proposition and realizes that multiplying any two real numbers does not always yield a larger number.

The counterexamples approach to supporting students refute and revise their incorrect mathematical propositions can be thought 
of as an approach whereby particular cases (examples) are used to test the validity of the proposition. These test cases may or may not 
lead to the refutation and revision of the proposition. The present study is concerned with the use of these test cases in supporting 
students to refute incorrect existentially quantified propositions. To clarify and distinguish the present study’s context of interest from 
those that have been explored in past research, consider the following propositions: 

(1) a2 + 2ab + b2 < 0 for all real numbers a, b
(2) a2 + 2ab + b2 < 0 for any real numbers a, b such that a and b are greater than zero
(3) a2 + 2ab + b2 < 0 for some real numbers a, b
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The truth value of all three propositions is false. However, in the first two propositions, the domains within which the propositions 
are said to be true have been specified. In this study, we use the term domain of validity (DoV) to refer to this domain. In other words, the 
first two propositions are universally quantified (i.e., the statement is said to be true for all elements within a certain set). As such, in 
either of the first two propositions, one can ascertain a concrete counterexample—an element of the DoV for which the proposition is 
false (e.g., a = 2 and b = 3). While the respective DoVs are clear for the first two propositions, this is not so for the third proposition (i. 
e., “some real numbers”), which is existentially quantified. As such, for the third proposition, one cannot ascertain a single concrete 
counterexample because the DoV has not been specified. So, the third proposition represents a scenario that complicates the use of test 
cases, because a teacher for example cannot ascertain any counterexamples for the learner’s proposition.

So how might a teacher use test cases to support learners in refuting their incorrect propositions in situations where the DoV is 
unspecified? As we will summarize in the Literature Review, the situation represented by the first two propositions above has been 
explored throughout the literature, that is, in terms of using specific test cases (counterexamples) to support learners in refuting 
incorrect propositions. In contrast, much less is known about the applicability of test cases in situations represented by the third 
proposition. This gap in the literature was noted by Buchbinder and Zaslavsky (2019) who argued that the majority of past research 
that has explored how students use examples “have restricted their scope to universal (“for all”) statements, without attending to 
students’ understanding of the roles of examples in existential (“there exist”) statements” (p. 130). Buchbinder and Zaslavsky also 
referenced other studies (e.g., Barkai et al., 2008; Tabach et al., 2012) that found that both primary and secondary mathematics 
teachers were often not aware of existential quantifiers, and were unaware of how an example could prove or disprove an existentially 
quantified proposition. This aligns with our observation that secondary school students in our context of New Zealand have very little 
exposure to existential statements in the mathematics curriculum, and thus enter first-year university mathematics courses with little 
to no understanding of the fundamental position that existential quantifiers occupy in mathematical reasoning, and how examples 
could be used to reason about existentially quantified statements. Thus, we argue that there is a need for research to extend the 
applicability of the test cases (examples) approach to the context of existentially quantified propositions. More specifically, how do test 
cases (examples) impact students’ reasoning with respect to existentially quantified propositions?

As such, in this paper, we present and analyze data from two separate instances in which two learners (in-service primary school 
teachers) initially made incorrect existentially quantified propositions and then were asked to find a valid example of their respective 
propositions. The participants were given, and sometimes generated their own, test cases which led to an iterative process of ruling out 
potential examples and classes of potential examples. Our analysis of this iterative process as it emerged within our specific research 
setting, comprising among other aspects, particular researcher-participant interactions, sheds some light on how the learners respond 
to the test cases and how these test cases contribute to the development and refinement of the learners’ respective existentially 
quantified propositions.

2. Literature review

This section is in two parts. We begin by clarifying the key concepts used in the present study. Then, we summarize key findings 
from literature within which we situate our study, in addition to clarifying and distinguishing the focus of this study from those of 
previous related studies.

2.1. Key concepts

A proposition is a statement consisting of two related terms—a subject and a predicate—and is either true or false. For example, “even 
numbers are greater than or equal to three” is a proposition that connects the subject “even numbers” to the predicate “greater than or 
equal to three”. A proposition can include quantifiers (e.g., “one”, “all”, “some”) which indicate for how many elements of the subject 
domain, the predicate holds. There are two types of quantifiers. A universal quantifier indicates that the predicate holds for every 
element of the subject. An existential quantifier indicates that the predicate holds for at least one element of the subject.

We use the term domain of validity (of a proposition) to refer to the set of all elements of the subject (i.e., a subset of the subject) for 
which the predicate is proposed to be true. The DoV of a proposition is sometimes specified (i.e., the subject is universally quantified), 
that is, we can construct a concrete element of the DoV. Here, the DoV is equivalent to the subject. At other times, the DoV is un
specified (i.e., the subject is existentially quantified), that is, we cannot construct a concrete element of the DoV. In Table 1, the first 
two propositions have domains of validity which have been specified (i.e., they are universally quantified). However, for the last two 
examples, the domains of validity are unspecified (they are existentially quantified). Regardless of whether the DoV is specified or 
unspecified, the predicate holds for all elements of the DoV by definition. If a proposition is universally quantified, then the DoV is 
equivalent to the subject. If a statement is existentially quantified, it does not rule out the possibility that the predicate holds for all 

Table 1 
Examples of propositions.

Proposition Domain of validity Predicate

1. All cars have four wheels All cars Four wheels
2. All cars in New Zealand have four wheels All cars in New Zealand Four wheels
3. f(a, b) = a2 + b2 + 2ab < 0 for some real values of a and b Some real values of a and b f(a, b) < 0
4. The product of at least one pair of prime numbers is also a prime number At least one pair (a, b) of prime numbers a x b is a prime number
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elements of the subject.
Some propositions can include multiple quantifiers (e.g., “for every prime number x, there exists a real number y such that x = 2 y”) 

but this is beyond the scope of the present study. As a small exploratory study, we focus this study on propositions that have a single 
existential quantifier. In light of the definitions above, we can say that a counterexample to a proposition is an element of the propo
sition’s domain of validity for which the predicate does not hold. For instance, consider the following proposition: “Multiplying two 
numbers a and b always yields a number that is at least as large as both a and b, where a and b are both greater than 1.” The pair of 
numbers a = 1/2 and b = 5/6 is not a counterexample to the above proposition since it lies outside the DoV (i.e., a and b are both 
greater than 1). However, a = 1/2 and b = 5/6 would be a counterexample if the proposition is: “Multiplying two numbers a and b 
always yields a number that is at least as large as both a and b, where a and b are real numbers.” A counterexample can be ascertained 
only when the subject is universally quantified (i.e., the DoV is specified).

As this study is focused on existentially quantified propositions, we prefer to use the term “test cases” rather than “counterex
amples”. Test cases comprise the four classes of examples introduced by Buchbinder and Zaslavsky (2019). They claimed that with 
respect to every proposition made up of a subject S and a predicate P, we can distinguish between four classes of examples according to 
whether an example (x) is an element of the subject or not (x ∈ S or x ∕∈ S) and whether it satisfies the predicate or not (P(x) or ¬P(x)). In 
the context of existentially quantified propositions, the four types of test cases are: 

• test case is an element of the subject and satisfies the predicate
• test case is an element of the subject but does not satisfy the predicate
• test case is not an element of the subject and does not satisfy the predicate
• test case is not an element of the subject but it satisfies the predicate

Buchbinder and Zaslavsky (2019) refer to the first class above as confirming examples,because they confirm the validity of the 
existentially quantified proposition; the second class as non-confirming examples because they support but are insufficient for proving or 
refuting the validity of the proposition. They refer to the last two types of classes, as irrelevant examples because they are inconse
quential to the validity of the proposition. We prefer the term test case instead of example because the latter is ambiguous in multiple 
ways. Saying that something is an example, carries an assumption that it is an element of some set (namely the domain or the subject of 
the proposition). However, we see that in Buchbinder and Zaslavsky’s definitions, two classes of examples (irrelevant examples) 
include non-elements of the subject, in which case one is tempted to ask: what are they examples of? As such, the notion of a test case 
includes both elements and non-elements of the subject and applies to both existentially and universally quantified propositions 
(though the focus of the present study is the former). A test case is thus some sort of device that is used to test the validity of a 
proposition. It is not necessarily so that the test case would reveal a flaw in the proposition. In fact, the revelation of a flaw cannot to 
some extent be determined a priori; because even if in theory a test case should reveal a flaw, when learners conduct the test, it may not 
reveal a flaw to them. And even if the test case ought not to reveal a flaw, the test case might still reveal a flaw from the learner’s 
perspective.

2.2. Summary of findings from relevant literature

Many past studies have found that when learners are confronted with examples that contradict their propositions, learners do not 
always conduct revisions that result in correct propositions (e.g., De Bock et al., 2002; Moala, Yoon & Kontorovich, 2019; Peled & 
Zaslavsky, 1997; Tupouniua, 2022b; Zazkis & Chernoff, 2008; Zazkis et al., 2008). One explanation for this offered by Zazkis and 
Chernoff (2008) is that while all counterexamples have the potential to reveal incorrect propositions, not all counterexamples invoke 
cognitive conflict; moreover, counterexamples that motivate cognitive conflict do not necessarily facilitate conflict resolution. In other 
words, while some counterexamples may lead learners to acknowledge their incorrect propositions, the ensuing actions of learners do 
not always lead to correct propositions. Zazkis and Chernoff (2008) go on to suggest that some counterexamples are more effective 
than others in facilitating correct propositions. Larsen and Zandieh (2008) suggested that different learners may respond to the 
counterexamples differently. Larsen and Zandieh’s (2008) analysis focuses more on differentiating between how the students respond 
to the counterexamples, as opposed to distinguishing between the counterexamples themselves. They drew on Lakatos’ (1976) three 
notions of exception barring, monster barring, and proofs and refutations to explain these differences in students’ responses. Stylianides’s 
(2008) framework explains how the creation of mathematical knowledge involves activities such as identifying patterns, making 
conjectures, and providing proofs. He uses the collective term reasoning-and-proving to describe these activities. Stylianides’ framework 
distinguishes between two different kinds of proof: generic examples and demonstrations. A generic example is a proof in which a 
particular case represents a general case. A demonstration is a proof that does not rely on a particular representative case, but rather 
argumentation processes such as induction, contraposition, contradiction, and exhaustion. Dogan and Williams-Pierce (2021) further 
argue that using a specific case as a generic example requires that the learner focuses on characteristics that are applicable to a broader 
group (Mason & Pimm, 1984): “If a prover is using the number 4 as an example of the domain of positive integers, yet relies upon the 
divisibility by 2 as a component of their proof, they are in fact using 4 as a non-generic example. However, if the number 4 is an 
example of the domain of all even positive integers, divisibility by 2 indicates that the number 4 may, in fact, be a generic example” (p. 
134).

As previously mentioned, in our survey of relevant literature pertaining to the use of test cases to support the development of 
learners’ mathematical thinking, an overwhelming majority studies were concerned with universally quantified propositions. We 
present a few examples from the literature below: 
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• In Larsen and Zandieh (2008), the participants conjectured that any subset of a group that is closed under the group operation is a 
subgroup. Here the domain of validity is specified as any subset of the group that is closed under the group operation. The counter
example offered was: real numbers under addition, with the subset being positive numbers.

• In Komatsu (2016) two learners conjectured that for the sum ab + ba (where ab is any two-digit integer, and a and b are both 
integers between 0 and 9), the ones digit of the sum is always the same as the tens. The DoV is specified here as ab is any two-digit 
integer, and a and b are both integers between 0 and 9. The learners were given 85 + 58 as a counterexample.

• In Zazkis and Chernoff (2008), a learner conjectured that any two prime numbers multiplied with each other is a prime number. 
The specific DoV here is the set of any two prime numbers. The learner was then given 3 and 5 as a counterexample.

• In Tupouniua (2022a) two learners conjectured that when trying to find the larger of two simple fractions, for each fraction, 
multiply the numerator and the denominator; the fraction that has the bigger product is the larger fraction. They proposed that this 
conjecture was true for all fractions that were not equal (i.e., they had ruled out fractions such as 1/2 vs 4/8). The learners were 
given 19/23 vs 23/29 as a counterexample.

In each of the instances above, an external source (e.g., teacher, researcher) is able to identify a test case that is by definition a 
counterexample to the learner’s proposition because it exists within the specified DoV. However, this task of determining counter
examples becomes impossible the proposition is existentially quantified. As such, the question that we ask in this study is: how might 
test cases impact students’ thinking and the development of their propositions when the proposition is existentially quantified?

We found in our survey a few studies that have touched on existentially quantified propositions, though their aims and focus differ 
from ours. Some studies have focused on propositions with multiple (both existential and universal) quantifiers. For instance, Sellers 
et al. (2021) explored how students generally interpreted (without interventions) quantified propositions and the variables within 
these statements. Vroom (2022) examined students’ understanding of multiple quantified propositions and stressed the importance of 
developing students’ fluency with formal mathematical language. Dawkins and Roh (2020) studied the roles of syntax, semantics, and 
pragmatics in university students’ understanding of multiply quantified propositions. Piatek-Jimenez (2010) explored undergraduate 
mathematics students’ interpretations of and argumentation related to mathematical propositions involving multiple quantifiers, 
comparing interpretations of statements of the form “There exists … for all …” with interpretations of “statements of the form “For all 
… there exists …”. Ye’s (2012) study included some questions that were existentially quantified with a single quantifier (e.g., “some 
athletes won gold medals”). But their focus was on how students transform logically quantified statements into equivalent statements 
(e.g., “some athletes won gold medals” to “it is not the case that all athletes won gold medals”).

Despite the lack of literature focusing specifically on our phenomenon of interest – how students respond to test cases when they 
have incorrect mathematical propositions with a single existential quantifier, we were able to find and draw on a couple of studies and 
frameworks that we found particularly useful in theorizing about our study. Firstly, Buchbinder and Zaslavsky (2019) as discussed in 
the previous subsection introduced the Roles of Examples in Proving (REP) framework to explore students’ understanding of examples 
in relation to proving mathematical statements. From this framework, we draw on the four types of test cases (see previous subsection) 
that are relevant to existentially quantified propositions. One of Buchbinder and Zaslavsky’s main findings was that their participants’ 
reasoning processes were weakest in relation to non-confirming examples (i.e., examples which were elements of the subject but did not 
satisfy the predicate). Secondly, we draw on Ellis et al.’s (2019) CAPS (criteria, affordance, purpose and strategies) framework which 
explains the different ways that learners use examples in proving-related activities. The framework also provides a way of examining 
how the learners’ usage of examples evolves over time. The specific aspect of the CAPS framework that is most relevant to the present 
study is affordances which refers to “the gains or outcomes students experience from their example use, and address how working with 
examples can support students’ understanding, conjecturing, and proving activities” (p. 6). The other three aspects are less relevant 
because they rely on understanding students’ intentions and their reasons for choosing particular examples – which is beyond the scope 
of the present study.

3. Methods

The data on which this paper is based were collected as part of a study focused on generating plausible hypotheses about the 
influence of counterexamples on learners’ mathematical propositions (Tupouniua, 2022a; Tupouniua, 2022b). It was motivated by an 
observation made while collecting data on another study which explored the role of counterexamples in the development of 
student-invented algorithms (see Tupouniua, 2022a). One of the participants in Tupouniua (2022a) had created an algorithm for 
expanding binomials and claimed that the expression a2 + b2 + 2ab “will be negative for some numbers”. When asked, “where do you 
think it will be negative?” the participant replied, “I don’t know but I think it has to be negative in [sic] some numbers”.

In the following subsections below, we describe the participants, data collection procedures, instruments, and data analysis 
methods for the present paper.
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3.1. Participants and tasks

The participants whose work are analyzed in this paper were two in-service primary school teachers, who at the time of data 
collection were enrolled in a postgraduate diploma program2 in mathematics education at a large public university in New Zealand. 
Fascinated by the observation made during Tupouniua (2022a) we wanted to conduct a small study to observe how learners respond to 
test cases when they claim that a normatively false existentially quantified proposition such as “a2 + b2 + 2ab will be negative for some 
numbers” is true. Our intention was to conduct a very small exploratory, preliminary study that would lay the foundation for a larger 
study. One of the things we wanted to test in this preliminary study was whether the task, comprising multiple existentially quantified 
propositions (see below) would elicit instances in which the learners claim that a false existentially quantified proposition was true. 
The propositions in the task were all false existentially quantified propositions. They were also propositions that we, based on our 
teaching experiences, thought would not be too difficult given the mathematical background of the participants, but may still elicit 
some uncertainty from the participants regarding their truth values. For example, in the first author’s experience teaching mathematics 
education courses with both pre-service and in-service primary school teachers, he has come across many students who were 
convinced that that a2 + 2ab + b2 < 0 must be true for some values of a and b. Moreover, given that the goal of our study was to explore 
how the students respond to test cases in light of their incorrect existentially quantified propositions, it was decided that in instances 
where the students claimed that a proposition was true, we would immediately give them test cases and then observe the impact that 
the test cases had on their thinking.

The two participants, Max and Leo (pseudonyms) worked alone on the task (see Fig. 1) at separate times with the researcher. The 
task consisted of five propositions to consider and to determine whether they were true or false (see Fig. 1 below).

All propositions in the task are false. That is, for all the propositions one cannot construct an element of the subject that will satisfy 
the predicate. The participants were given all five propositions one by one and were asked to determine whether they were true or false 
and to provide justifications where possible. The two participants, Max and Leo, were given 30 minutes to work on all the propositions, 
but they were not required to complete all five. The participants were also told that they could work on the propositions in any order 
they liked; however, both of them worked on the task in the order presented in Fig. 1. Both participants made it to the fourth prop
osition, but only Leo made it to the fifth (on which he spent about three minutes before the session ended). Both participants answered 
“false” for the first two propositions and were able to provide valid justifications. One participant (Leo) answered false for the third 
proposition and justified his answer. The other participant (Max) answered true for the third proposition, but he could not immediately 
provide a concrete example to justify his claim. Max answered true for the fourth proposition and began to work on it, but did not get 
far before the 30 minutes was complete. Leo answered true for the fourth proposition but was not able to initially provide a concrete 
example for the DoV.

3.2. Researcher-participant interactions

In this paper, we draw on the works of Steinbring, 1997; Steinbring, 2007 on teacher-learner interaction to frame our under
standing of the data, which comprise interactions between a researcher and a research participant. Steinbring (2007) states that 
“education in school can be understood as an introduction of [learners] being guided [educators] into the culture of socially conveyed 
knowledge” (p. 95). Perhaps the most significant aspect of Steinbring’s ideas that we draw on is the communicative funnel pattern, 
which refers to “routinized, question developing, step-by-step regulated, strictly goal-dependent interactions between teacher and 
children. The funnel is a narrowing down of the action caused by the expected answer” (Steinbring, 1997, p. 92). As such, we view our 
data as two sets of guided explorations, in which the researcher guides and funnels the participant’s actions and thinking in the di
rection of a specific goal (our research goal). The researcher entered the data collection session with an interest mainly in situations in 
which the participants claimed that a proposition was true (which would make the existentially quantified proposition incorrect). The 
things that the researcher was able to notice during the session was very likely influenced by the aforementioned interest. Furthermore, 
when the participant claimed that a proposition was true, the researcher immediately swayed them in the direction of “let’s find an 
example (that would prove the proposition)” by trying out different test cases (i.e., plugging in specific numbers and seeing whether it 
results in a correct mathematical statement). Subsequently, a repeated pattern of interaction took place in the session, whereby the 
researcher would give the participants a test case, a pair of numbers, the participant would plug the test case into the proposition and 
then observe the output (a true or false statement). If the output was false (as it always was, given the truth value of each the 
propositions), the researcher gave the participant another test case.

Viewing the study through this particular frame, it is clear here that the researcher has a significant influence on the participants’ 
actions, and that any ‘impact of the test cases on paticipants’ thinking’ was influenced to a great extent by the researcher.

3.3. Data analysis

The overall analysis was guided by our purpose, which was to explore how the learners responded to the test cases and how these 
test cases, in conjunction with the influence of the researcher/interviewer (as explained above), may have stimulated the development 

2 A postgraduate diploma program in New Zealand involves taking Master’s level courses in a particular specialization (e.g., Mathematics edu
cation). Some students enroll in the program as a pathway to a Master’s degree in the specialization. Other students enroll in the program as a means 
of advancing their knowledge within the specialized area.

J.G. Tupouniua and J. Smith                                                                                                                                                                                        Journal of Mathematical Behavior 80 (2025) 101268 

5 



and refinement of their propositions. We acknowledge here that we did in fact give the students the proposition, which raises the 
question of whether or not the propositions were the learners’ (as we have alluded to previously). However, we argue that once the 
participants make a claim about the truth value of the proposition, we can regard it as the participant’s proposition. But of course this is 
to be understood as a nuance of this particular research setting, decided on by the researchers, and thus represents a situation that 
differs from say one in which the participant genuinely creates an incorrect existentially quantified proposition.

The data were analyzed via thematic analysis (Braun & Clarke, 2012). First, we read the interview transcripts from the video 
recordings several times and identified every moment in the transcript in which: a) the participant made a claim about the truth value 
of the proposition; b) we offered a test case, or the participant generated a test case; and c) the participants responded to the test case 
(irrespective of whether the participant modified their proposition or not). For clarity, some examples of the aforementioned moments 
that we identified are given in Table 2. Then, we examined these moments closely, looking for similarities and differences in how the 
students responded to the different test cases (e.g., what they did with the test case; what they said about the test case) and what they 
did or did not do to their proposition. This examination involved identifying changes (or no changes) in terms of the proposition’s 
subject, DoV, predicate and quantification.

Given the specific aim of this study—to explore how learners respond to test cases when they hold incorrect existentially quantified 
propositions—we will present in the next section only Max’s work on the third proposition and Leo’s work on the fourth proposition. 
We chose to focus on these parts of the data that were most relevant to the focus of our study—incorrect existentially quantified 
propositions—which in our study are the instances in which the participants claimed that a proposition was true. This corresponds to 
Leo’s work on the fourth and fifth propositions, and Max’s work on the third and fourth propositions. That is, these were the instances 
in which the participants made incorrect existentially quantified propositions. However, we focus mainly on Leo’s work on the fourth 
and Max’s work on the third proposition because these were the cases in which the iterative processes of students’ thinking and how 
they were responding to the test cases were most apparent.

Before proceeding to present Max and Leo’s working on the third and fourth propositions respectively, an important point needs to 
be made about the instances in which Max and Leo claimed that the proposition was false (i.e., these are instances in which Max and 
Leo made correct existentially quantified propositions) and the impact of the researcher. This occurred in the first two propositions for 
Max, and the first three propositions for Leo. We present Leo’s work on the first proposition and Max’s work on the second propositions 
as examples of these situations in Figs. 2 and 3 below. The impact of the researcher in conjunction with the goals of the research and the 
a priori-determined pattern of interaction are apparent in these examples. For instance, the researcher could have, but did not give the 
participants test cases, in either of the examples below, most likely because they had answered it correctly, which meant that the 
participants had made correct existentially quantified propositions (i.e., not the phenomenon of interest). This is perhaps a limitation 
of the current study and thus presents an avenue for future research. How might have the researcher offering the participants test cases 
affected the participant’s conviction in the validity of their claims? As we will see in the next section, the researcher immediately 
offered a test case in instances where the participant claimed that the proposition was true, which perhaps may have funneled the 

Fig. 1. Data collection propositions.

Table 2 
Examples of moments of interest in the data.

Type of moment Example

The participant makes a claim about the truth 
value of the proposition

Max [6:33]: What am I saying? [short pause]. Yeah…yes, it will be negative in [sic] some numbers, and 
positive for some other ones, but I don’t know which ones it’ll be positive for…or negative for. So, it’s true 
[pointing at a2 + 2ab + b2 < 0 for some values of a and b], but I just don’t know…

We offer a test case, or the participant generates a 
test case

Researcher [7:50]: Exactly! So, what happens if you have a equals two and b equals three?

The participant responds to the test case Max [8:07]: Umm…that’ll be positive. Yeah, I think if you have both positive numbers, then it’ll be positive. 
Actually, yes if they’re both positive numbers, then it’ll be positive…so they both have to be both not positive 
numbers.
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participants’ actions towards revision. In other words, giving them a test case may have signaled to the participants that they were 
incorrect. Similarly, perhaps giving them test cases in instances where they claimed the proposition was false may have also funneled 
the participants’ actions toward revising. Perhaps not giving them a test case may have signaled to the participants that they had made 
a correct proposition.

4. Results

In this section, we present and analyze first Max’s work on the proposition “a2 + 2ab + b2 < 0 for some real number values of a and 
b”, and then Leo’s work on the proposition “(a + b)2 – (a – b)2 < 0 for some negative numbers a and b”. Each subsection contains 
transcripts from the task-based interviews followed by our analysis.

4.1. Max: episode 1

1. Max: Oh, that’s the parabola one [pointing at a2 + 2ab + b2]! Yeah, so that’s the one that’s like a reverse U…like it goes from the 
positive side to the negative.

2. Researcher: What do you mean?
3. Max: It’s an upside down U graph [gesturing an upside down U], starts in negative and then goes up into the positive, and then 

curves back into the negative, I think.

Fig. 2. Leo’s work on proposition 1.

Fig. 3. Max’s work on proposition 2.
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4. Researcher: Interesting! So, are you saying, if you plug in some numbers, you’ll get…some negative and some positive, or all 
positive, or all negative?

5. Max: What am I saying? [short pause]. Yeah…yes, it will be negative in [sic] some numbers, and positive for some other ones, 
but I don’t know which ones it’ll be positive for…or negative for. So, it’s true [pointing at a2 + 2ab + b2 < 0 for some values of a 
and b], but I just don’t know…

6. Researcher: Ah, I see. Yep, so you’re saying there are some values for a and b such that this [a2 + 2ab + b2] will give you positive 
values and then some will give you negative values.

7. Max: Yeah, I can just visualize it. It’s a U, upside down one, so it will be like that [gestures an upside down U].
8. Researcher: OK, let’s explore that a bit. Cool. So, let’s try [and] determine the values that will give you the negative.
9. Max: Okay. Yeah, that makes sense…if I know which ones give me negative, then the rest will give me positive. Is that what 

we’re trying to do?
10. Researcher: Exactly! So, what happens if you have a equals two and b equals three?
11. Max: Umm…that’ll be positive. Yeah, I think if you have both positive numbers, then it’ll be positive. Actually, yes if they’re 

both positive numbers, then it’ll be positive…so they both have to be both not positive numbers.
12. Researcher: Okay. Not positive. What about if they’re both zero?
13. Max: Both zero…that will be…two…because that one [points at 2ab] will be two.
14. Researcher: Which one will be two?
15. Max: That one [points at 2ab]…two times…oh wow, that’s zero. So zero, all zero [laughs].
16. Researcher: What does that mean in terms of the numbers that will make it negative?
17. Max: Oh yeah! Ummm so not positive…not both zero…Yeah umm…oh yeah negative numbers. Maybe it will be negative if the 

numbers are both negative…some pairs of negative numbers will make it negative.

In the excerpt above, Max begins by visualizing the expression a2 + 2ab + b2, claiming that it is a parabola, part of which would 
take on positive values and part of it would take on negative values. Hearing this, the researcher (the first author) begins to funnel 
Max’s actions (see Line 4) towards a particular method of plugging values of a and b into the expression, observing the output, and then 
acting accordingly, depending on the value of the output). The beginning of Max’s response in Line 5 (“What am I saying?”) suggests 
that the method proposed by researcher does not exactly align with Max’s thinking. However, the subsequent interactions show that 
Max eventually realigns his thinking in the direction of the proposed method. Here, we can say that the researcher had communicated 
to Max what was an acceptable, expected approach and Max acts accordingly.

In line 7, Max reaffirms his claim that the proposition was true, but he could not specify any particular values of a and b that would 
make the proposition true (i.e., satisfy the predicate). At this point, the researcher’s goal was to try and help Max recognize that the 
proposition was false, by repeatedly trying and failing to construct an element of the domain of validity (i.e., some pair of real 
numbers) that would satisfy predicate, hence the remark in Line 8: “So, let’s try [and] determine the values that will give you the 
negative.” Again, we see that the researcher not only reemphasizes the specific goal towards which Max is expected to work, but also 
(perhaps less explicitly) communicates the acceptable method that Max is expected to use as he works towards this goal. In Table 3
below, we summarize the development of Max’s proposition and the affordances of the test cases offered by the researcher. We 
elaborate on this summary in the following paragraphs.

Upon being given the first case (a = 2, b = 3), Max tests and observes that this test case does not satisfy the predicate (Line 11). He 
then claims in Line 11 that the proposition will be false for any pair of positive numbers, thus ruling out this class of potential examples. 
As such this test case afforded, not just the ruling out of a specific case, but also a class of potential examples. That is, Max has 
categorized the single test case a = 2, b = 3 as a representative of all pairs of positive numbers. While we cannot ascertain why Max has 
done this, we hypothesize that Max may have recognized a specific property of this particular pair (i.e., they are both positive 
numbers). It is reasonable to suggest that Max could have just as easily categorized this case as “all pairs of real numbers (a, b) such that 
b = a + 1”. The idiosyncratic nature of this categorization is apparent when Max considers the next test case.

When Max, in Line 12, is given the next test case, a = 0 and b = 0, which is an element of the current search class (i.e., some pairs of 

Table 3 
Development and refinement of Max’s proposition in response to the test cases of episode 1.

Proposition Search class Test 
case(s)

Affordance(s) of the test case(s)

a2 + 2ab+ b2 < 0 for some pairs 
of real numbers (a, b)

Some pairs of real numbers (a, b) a = 2, b 
= 3

• Ruling out a potential concrete example: a = 2, b = 3
• Using a property of the test case (both positive) to create a class 

of potential examples:{(a, b) | a > 0 and b > 0}
• Ruling out a potential class of examples:{(a, b) | a > 0 and b 

> 0}
• Creating a new search class: some pairs of real numbers (a, b) 

where a and b are non-positive numbers.
a2 + 2ab+ b2 < 0 for some pairs 

of real numbers (a, b)
Some pairs of real numbers (a, b) where a 
and b are non-positive numbers

a = 0, b 
= 0

• Ruling out a potential concrete example: a = 0, b = 0
• Creating a new search class: some pairs of real numbers (a, b) 

where a and b are negative numbers.
a2 + 2ab+ b2 < 0 for some pairs 

of real numbers (a, b)
Some pairs of real numbers (a, b) where a 
and b are negative numbers

n/a n/a
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real numbers (a, b) where a and b are non-positive numbers) Max acknowledges that test case does not satisfy the predicate (Line 15). 
In Line 16, the researcher asks what seems to be a funneling question (trying to get Max to say something about the DoV of his 
proposition). As we interpret his response (Line 17), on the one hand one could argue that Max rules out another class of potential 
examples: all pairs (a, b) where a = 0 or b = 0 because of the search class that Max proposes next (i.e., pairs of negative numbers). 
However, on the other hand, we claim that Max only explicitly rules out the test case a = 0 and b = 0; and then immediately suggests 
searching for an example in the set of negative numbers (in Line 17). Note, Max’s response here differs from his earlier response in 
which he explicitly ruled out a class of potential examples (see Line 11): “if they’re both positive numbers, then it’ll be positive”. This is 
an important point to bear in mind for later in Episode 2 when Max claims that he has “tried everything”. Moreover, the idiosyncratic 
nature of the categorization (or in this case, no categorization), and consequently the class of examples (or in this case, a single 
example) that is ruled out is evident. It is not unreasonable to think that Max could have just as easily categorized the case (a = 0 and b 
= 0) as the class of all pairs such that one of a or b is zero.

4.2. Max: episode 2

18. Researcher: Okay so if they’re both negative…what about if a equals negative one and b is negative two?
19. Max: That will be … [writes out − 12 + (2 × − 1 × − 2) + -22 = 1 + 4 + 4 = 9] nine! Nine? Positive nine? What? [re-examines 

what he had written]. Okay, so that’s right, nine, positive nine. So even if they’re negative, it’s still positive? What?
20. Researcher: What about…?

Table 4 
Development and refinement of Max’s proposition in response to the test cases of episode 2.

Proposition Search class Test case and 
realization

Affordance(s)

a2 + 2ab+ b2 < 0 for 
some pairs of real 
numbers (a, b)

Some pairs of real numbers (a, b) where a and b 
are negative numbers

a = − 1, b = − 2 • Ruling out a potential concrete example: a = − 1, b = − 2
• Attending to the individual components (a2, b2, 2ab, and 

+) of the expression and gaining an insight into the 
collective effect of the components on the output

• Ruling out a potential class of examples: {(a, b) | a < 0 and 
b < 0}

• Creating a new search class: some pairs of real numbers (a, 
b) where one is positive and the other is negative

a2 + 2ab+ b2 < 0 for 
some pairs of real 
numbers (a, b)

Some pairs of real numbers (a, b) where one is 
positive and the other is negative

a = 1, b = − 1 • Ruling out a potential concrete example a= 1, b = − 1
• Attending to the individual components of the expression 

and gaining an insight into the conditions that the example 
(which he is trying to identify) must satisfy: a2 + 2ab+ b2 

< 0 if one of a and b is positive, the other is negative, and 
a2 + b2 < |2ab|

• Creating a new search class: some pairs of real numbers (a, 
b) where one number is between 0 and 1, and the other is a 
large negative number

a2 + 2ab+ b2 < 0 for 
some pairs of real 
numbers (a, b)

Some pairs of real numbers (a, b) where one 
number is between 0 and 1, and the other is a 
large negative number

a = 0.5, b 
= − 100

• Ruling out a potential concrete example a = 0.5, b = − 100
• Noticing a particular property of the test case (“maybe 

because b was big, that made b square big”) and ruling out 
a potential class of examples {(a, b) | one is positive, the 
other is negative, and a and b are too far apart in absolute 
value}

• Gaining insight into other conditions that might need to be 
satisfied by the variables in order to produce the desired 
result (“maybe… maybe because b was big, that made b 
square big…so maybe b shouldn’t be too big? Maybe they 
should actually be close to each other, but one is negative 
and the other is positive”)

• Creating a new search class: some pairs of real numbers (a, 
b) such that one is positive, the other is negative, and 0 < | 
a|, |b| < 1

a2 + 2ab+ b2 < 0 for 
some pairs of real 
numbers (a, b)

Some pairs of real numbers (a, b) such that one 
is positive, the other is negative, and 0 < |a|, |b| 
< 1

a = 0.5, b 
= − 0.5

• Ruling out a potential concrete example a = 0.5, b = − 0.5
• Ruling out a potential class of examples {(a, b) | one is 

positive, the other is negative, and 0 < |a| = |b| < 1}
• Producing a particular output (“0” – not positive) that 

motivates a feeling of “getting close” and thus further 
exploration

• Creating a new search class: some pairs of real numbers (a, 
b) such that one is positive, the other is negative, and 0 < | 
positive number| < |negative number| < 1

a2 + 2ab+ b2 < 0 for 
some pairs of real 
numbers (a, b)

Some pairs of real numbers (a, b) such that one 
is positive, the other is negative, and 0 < | 
positive number| < |negative number| < 1

a = 0.5, b 
= − 0.75

• Ruling out a potential concrete example a = 0.5, b 
= − 0.75

• Sensing that “[the output] is always positive” and that he 
[Max] has “tried everything”
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21. Max: Oh I get it. If they’re both positive…I mean both negative… If they’re both negative then… it’ll be just like they’re 
positive…because you’re squaring them there [points at a2 and b2] and [pointing at 2ab]…so I think one has to be positive and 
the other one is negative!

22. Researcher: Okay, I see! So how about if a is negative one and b is one?
23. Max: That will be [writes out − 12 + (2 × − 1 × 1) + 12 = 0]…zero. So it’s still not negative.
24. Researcher: What are your thoughts?
25. Max: I’m thinking there has to be one negative and one positive to make it negative… not that one [a = -1, b = 1] obviously… 

not one and negative one… but there has to be other number pairs that will make it negative.
26. Researcher: What if you try another pair?
27. Max: Oh, I think… I think a must… a can be positive… and b can be negative… so that will make that (pointing at 2ab) negative, 

and it must be bigger… like it must have more weight than a square and b square…since these squares have positive weight.
28. Researcher: Hmmm…okay.
29. Max: Yup…I think a…or b… it doesn’t matter…b can be, needs to be a big negative and a is a small positive like a decimal.
30. Researcher: Sweet…so how about if b is negative one hundred and a is positive zero point five? Is that an example of what you’re 

thinking?
31. Max: Yeah, that’s the one! [inputs the values] Far out…it’s still negative…I mean positive…it’s still positive. So the big negative 

and small positive combo doesn’t work. Maybe…maybe because b was big, that made b square big…so maybe b shouldn’t be too 
big? Maybe they should actually be close to each other, but one is negative and the other is positive.

32. Researcher: OK.
33. Max: Yeah [writes out “one number post, other number neg, a close to b”]… so we could make b less than one so that b is more 

than b square…and then make a less than negative one…like not less than negative one…but…you know what I mean? So that a 
is greater than a square.

34. Researcher: Nice…so how about if one, if b is negative half and the other, a, is positive half?
35. Max: [writes out 0.52 + -0.52 + 2 × -0.5 × 0.5]…that’s quarter plus quarter, plus minus half…which is zero! So still not 

negative but I think I’m getting close…I think this was zero because they were the same. Like negative and positive of the same 
number. I think the negative needs to be a little bigger than the positive aye? So if I make b three quarters…negative three 
quarters and a positive half. That’ll give me… [writes out calculations and uses calculator] … one over sixteen… [short pause] 
[laughing]. This is frustrating… [short pause]. I’m starting to think it’s never going to be negative! Mmmm, yeah… I think it’s 
always positive…I’ve tried everything.

36. Researcher: Okay…so as I said before, you decide…if you’re happy…you can move on…or work on this some more. I think we 
have a couple of minutes left.

37. Max: I’m going to move on to this and try this one before I run out of time.
38. Researcher: All good!
39. Max: Can I, or do you want me to keep working on that one?
40. Researcher: Whatever you feel comfortable with.
41. Max: Yeah, I’m gonna switch to this…I think I’ve done enough on that one.

We summarize the development of Max’s proposition and the affordances of the test cases offered by the researcher in Table 4
below. We elaborate on this summary in the following paragraphs.

The episode begins with Max considering the test case a = -1 and b = -2, upon which he determines that it does not satisfy the 
predicate and then in Line 19, the case affords a generalization–“even if they’re (the numbers in the pair are) negative, it’s (the 
output’s) still positive?”

In line 21, we see that this test case also affords Max an insight into, and justification for, why negative pairs always would yield a 
positive output (i.e., they are effectively equivalent to positive pairs because of the variables that make up the left-hand side of the 
expression (i.e., a2, b2 and 2ab) and the operation (i.e., addition). Max here seems to gain this insight through what seems to be a 
consideration of not a concrete test case, but rather a generalized case (in which both numbers in the pair are negative). We point this 
out because it seems to differ from the first time Max ruled out a general class of potential examples in the first episode (see row 1 of 
Table 4). In that first iteration, unlike what occurs in this Episode, Max does not explicitly consider, or test, a generalized case. 
Furthermore, this moment Max’s work in Line 21, also differs from his work in Episode 1 in the sense that Line 21 is the first time Max 
explicitly attends to the individual components of the expression and the effect they each have on the output.

At the end of Line 21, Max suggests the next search class: “one has to be positive and the other one is negative!” and the researcher 
responds by offering Max another test case a = - 1 and b = 1. Max tests the test case. Upon realizing that this test case does not satisfy 
the predicate, he rules it out of a = -1 and b = 1, but he does not immediately rule out a general class of potential examples, as he is still 
convinced that a pair in the current search class would satisfy the predicate: “I’m thinking there has to be one negative and one positive 
to make it negative”.

In Line 27, Max attends to the components of the expression and using not a concrete test case in his consideration (like a = − 1 and 
b = 1) but rather a generalized case in which a is positive and b is negative to gain insight into the structure of the expression and the 
effect that the components have on the output. This affords Max an insight into the conditions that the example (which he is trying to 
identify) must satisfy: one of a and b needs to be positive, the other negative, and a2 + b2 < |2ab|.

Though attending to the individual components of the expression is similar to what happened earlier in this episode (Line 21), it 
differs in a couple of ways. In line 21, Max tests a generalized case (a < 0, b < 0) and concludes that it will always be positive for the 
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general class {(a, b) | a < 0 and b < 0} under consideration. He rules out this general class and then suggests a different search class. 
However in Line 27, Max begins to test a generalized case (i.e., one number is positive and the other is negative) but he does not 
complete the testing. He notices the effect that the generalized case has on 2ab and the individual components but he does not reach a 
conclusion about a generalized output (as he did in Line 21). Instead, Max specifies a general condition that would make the output 
negative (i.e., a2 + b2 < |2ab|).

In line 29, Max goes on to suggest another search class “[one number needs] to be a big negative and [the other] is a small positive 
like a decimal”. In response, the researcher offers a test case a = 0.5, b = -100. Max tests the case and notices that the output is “still 
positive” and immediately declares that the “big negative and small positive combo doesn’t work”. So here, the test case affords the 
ruling out of a potential concrete example and also the immediate ruling out of a potential class of examples{(a, b) | one is positive, the 
other is negative, and a and b are too far apart in absolute value. We also see here (latter half of Line 31) that the test case affords Max 
some insight into other conditions that might need to be satisfied by the variables in order to produce the desired result. In considering 
the concrete test case (a = 0.5, b = − 100) Max attends to a property of this particular case (“Maybe…maybe because b was big, that 
made b square big”) that he thinks contributed to the undesirable result, hence he rules out a generalized class of potential example and 
then proposes “maybe b shouldn’t be too big…Maybe they should actually be close to each other, but one is negative and the other is 
positive.”

In line 33, without the researcher offering Max a test case. Max further narrows down the search class to “Some pairs of real 
numbers (a, b) such that one is positive, the other is negative, and 0 < |a|, |b| < 1”. Max arrives at this search class by attending to the 
individual components of the expression and gaining an insight into the conditions that the example (which he is trying to identify) 
must satisfy: “so we could make b less than one so that b is more than b square…and then make a less than negative one…like not less 
than negative one…but…you know what I mean? So that a is greater than a square.” Following this, the interviewer suggests a test 
case: a = 0.5, b = -0.5. Max tests this case and observes that the output is zero. The fact that the output is zero leads to a remark: “So 
still not negative but I think I’m getting close”. As such, this particular test case seems to afford Max a feeling that he is “getting close”. 
As he did in the previous iteration, Max uses a property of the test case to give him insight into why the output was zero – he attributes 
this to the fact that |a| = |b|. At this point, he implicitly rules out a general class and proceeds to suggest another search class, when he 
says, “think the negative needs to be a little bigger than the positive”. This is the first time Max generates his own test case, a = 0.5, b 
= -0.75, rather than being given one by the researcher. It seems that Max has fully taken on board the particular method that the 
researcher intended for him (as the beginning of the task session) to use.

Max proceeds to test his case (a = 0.5, b = − 0.75), observes that it does not satisfy the predicate, and it is at this point that he says 
“I’m starting to think it’s never going to be negative! Mmmm, yeah… I think it’s always positive…I’ve tried everything.” It is 
particularly interesting to analyze the point at which Max declares, “I’ve tried everything”. If we consider all the cases that Max tested, 
and explicitly ruled out, we find that he has not actually “tried everything” (i.e., comprehensively ruled out all classes of potential 
examples). For example, recall from the previous episode that Max did not explicitly rule out the class of examples where either a or b 
was zero; he only ruled out a = 0 and b = 0. However, what is true is that Max has considered and ruled out a small group of test cases, 
and in some situations, he categorized these individual test cases and ruled out the corresponding general classes. So when Max says, 
“I’ve tried everything” we interpret it as some sort of feeling about what he has generally done. That is, he has tried different alter
natives to support his initial claim, none of which have succeeded, at which point he considers the possibility that his initial claim was 
incorrect.

Furthermore, in lines 36–41, after Max declares that he has “tried everything” we get a sense of how the setting (the task etc.) and 
the researcher impacted the direction of Max’s activity. The researcher, in line 36 tells Max that he can stop here if he wishes. This is 
the first time during Max’s work on Proposition 3 that the researcher declares this as an option for Max. Is it a coincidence that it 
happens just as Max first explicitly begins to wonder about whether the output is “always positive”? We wonder what would have 
happened if the researcher had urged Max to continue, or if the researcher had pointed out the cases that Max had not considered. 
These interactions provide further evidence of the funneling that took place in this session. The researcher contributes to the decision 
as to whether or not Max has done enough, and whether it is acceptable to move on. What would have happened if the researcher had 
reminded Max of this (option to try the next proposition) prior to Max reaching this point? The limited time (30 min) also likely 
contributes to Max’s decision to move on (see line 37) – “move on to this [the next proposition] and try this one before I run out of 
time”. Perhaps if there were no other propositions to work on, Max would have continued. We also acknowledge that it can be 
misleading to interpret what is said in Line 36 as an indication that Max had total agency over their work and the direction his work 
takes. Instead, we again highlight the role of the researcher here—notice how the researcher chose to make this option (in Line 36) 
available at a specific time. Overall, the affordances of the test cases on the participant’s decisions must be understood in relation to the 
researcher’s influence and decisions.

5. Leo

Leo observes the proposition “(a + b)2 – (a – b)2 < 0 for some negative values of a and b”, then says: 

1. Leo: That’s true. I think you can make this part [points to (a - b)2] really large, then the whole thing will be negative, because you 
have to subtract the very large quantity from a smaller positive number. So, I’m pretty sure it’s true. Like, you can locate a 
couple of negative numbers that will make it true.

2. Researcher: OK. Let’s try and locate some numbers then. So how about a equals negative one and b equals negative one?
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3. Leo: Ummmm [writes on paper]…I got four minus…oh that’s zero [pointing at (a -b)]…so just four! And that is clearly not less 
than zero, hmmmm. Yeah okay, so we can maybe eliminate those negative numbers that are equal like negative one and 
negative one. But I still think you can find some negatives that will make the whole thing negative.

4. Researcher: So you are saying…correct me if I’m wrong please…that this [pointing at the conjecture] is going to be true for some 
pair of negative numbers, but you are ruling out the pairs that are equal? Am I understanding your…am I understanding you 
correctly?

5. Leo: Yes. Yes, that’s correct.
6. Researcher: OK. Good. So, if we try…how about if we try, say…hmmm…[writes a = -1, b = -2].
7. Leo: They are not equal and they are both negative… I’ll get [writes − 32 – 12 = 8]. I got eight! What? Woah, I didn’t expect that.
8. Researcher: Okay, what were you expecting?
9. Leo: Negative. Well, a… a minus b is going to be a positive number if a is bigger than b, both negative…So maybe it will work if 

the two negative numbers have a being less than b… because we want a negative number.
10. Researcher: Can you explain that again, please?
11. Leo: Yeah, that was confusing, eh? [laughs]. I was thinking if b is less than a, than a subtracting b is going to be positive because 

we are subtracting a negative…so we get a positive number. So, I think if we make a less than b, then we get a negative number.
12. Researcher: OK [in response to Leo’s claim in Line 11], so something like a = -9 and b = -1?
13. Leo: Yes.
14. Researcher: Can you try that?
15. Leo: Ten square minus negative eight square…thirty six. Still no. And it’s actually getting more positive. Oh, you’re kidding me! 

[Small period of silence ensues. Leo is seen writing down a = -0.9, b = -0.1].
16. Researcher: Are you trying another example there?
17. Leo: Yeah…that doesn’t work either [pointing at a = -0.9, b = -0.1]…because you get one minus point six four…and, that makes 

it zero point three six [0.36]. So, it doesn’t work if a is less than b. What about if b is less than a? That doesn’t work…we already 
tried that before…and, when they are equal negative numbers. Why? Maybe it’s always positive.

18. Researcher: Interesting.
19. Leo: Anytime a and b…Wait a minute, I don’t think it’ll…I think it…It will never be negative if a and b are both negative because 

a plus b looks like it will be always be larger than a minus b. Oh, maybe it will work for if a and b that [sic] are both positive…but 
you will need the difference between a and b to be big so that [writes -(a - b)] is a big number…. so b should be much larger than 
a.

20. Researcher: So how about a = 5 and b = 100?
21. Leo: I need a calculator. Can I use my phone?
22. Researcher: Of course!
23. Leo: Oh, I don’t need it because 105 squared is bigger than 95 squared. That was silly…a plus b is going to be larger than a minus 

b if they are both positive! Maybe if one is negative and the other is positive?
24. Leo: What’s this one? [points at fifth proposition]. This looks interesting…and confusing [laughs…then reads out the 

proposition].
25. Researcher: Want to have a go? Or you can continue working on the fourth one
26. Leo: I’ve had enough of that [points at fourth proposition].
27. Researcher: Fair enough.

As summarized in Table 5, right from the beginning of this episode in Line 1 Leo attends to the components, (a + b)2 and (a - b)2 that 
make up the expression, which he uses to establish the claim that a negative output is possible (i.e., it is possible to make (a - b)2 larger 
than (a + b)2). In line 2, the researcher funnels Leo’s work in the direction of trying to “locate some numbers” and offers the first test 
case a = -1 and b = -1. Leo tests the first case and subsequently rules out both the test case and a general class of potential examples: 
“negative numbers that are equal” (Line 3). The ruling out of the general class of potential examples here is done without actually 
explicitly testing a generalized case (like Max did in some instance in his work). In lines 4–6, the researcher further funnels Leo’s 
activity, establishing among other things, what one is expected to do if a test case does not satisfy the predicate, but one feels that there 
is a test case that satisfies the predicate—i.e., try another pair of numbers that does not belong to the class of potential examples 
previously ruled out. An interesting point to note here that differs from most our observations in Max’s work, is that after Leo (in Line 
3) rules out the first general class of potential examples, he does not immediately suggest a different search class. As such, the test case 
offered by the researcher in line 6 (a = − 1, b = − 2) is not an element of a search class suggested by Leo, but rather simply not an 
element of the class most-recently ruled out.

After noticing that the test case (a = − 1 and b = − 2) does not satisfy the predicate in Line 7, Leo attends to the components of the 
expression, and realizes that (a-b) is going to be positive if a is greater than b and they are both negative (see beginning of Line 11). He 
goes on to rule out {(a, b) | b < a < 0. In the second half of line 11, motivated by the class he has just ruled out, Leo explicitly states the 
next search class: some negative real number pairs (a, b) where a is less than b. Then, the researcher offers Leo a test case a = -9, b = -1 
in line 12, which Leo tests, and rules out. Leo then (in Line 15) immediately tries another test case: a = -0.9 and b = -0.1, which again 
does not satisfy the predicate. In line 17, Leo rules out the set of negative real number pairs (a, b) where a is less than b without testing 
the generalized case. He immediately wonders about looking within another search class: {(a, b) | b < a < 0}, but then he quickly 
realizes that he had already considered it, and also recalls that he had ruled out{(a, b) | a < 0 and b < 0; and a = b.

At this point (end of Line 17) he wonders, “maybe it’s always positive”. Here we see that these two test cases, a = -9, b = -1; a = -0.9 
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and b = -0 afford the ruling out of the general class of potential examples which these two cases represent—{(a, b) | a < 0 and b < 0; 
and a = b}. The ruling out of this general class, in conjunction with the realization that two other classes have been ruled out, which 
collectively make up the set of negative pairs affords the feeling that “maybe it’s always positive”.

In line 19, Leo attends to the components of the proposition, and tests the generalized case (a and b are both negative), upon which 
he realizes that if a and b are negative, a + b will always be greater (in absolute value) than a – b, which means that (a + b)2 – (a – b)2 

will never be negative. In essence, here Leo provides a justification for why he feels that the proposition is false (i.e., (a + b)2 will 
always be greater than (a – b)2 when a and b are negative). It is interesting to note here that this justification comes after Leo had 
exhausted and ruled out all classes of potential examples within the set of negative number pairs. However, at the end of Line 19 that 
Leo does not stop working, as he wonders “maybe it will work…if a and b…are both positive”, which in effect is a revised proposition. 
The new proposition contains the same predicate as the initial one, but the subject has changed from “some pairs (a, b) of negative 
numbers” to “some pairs of positive numbers (a, b)” and then subsequently to “some pairs of positive numbers (a, b) where b is much 
larger than a” which he arrives at by (see end of Line 17) attending to the components of the proposition and making explicit a 
condition that he claims needs to be satisfied (i.e., -(a - b) needs to be a big number). While we cannot ascertain whether Leo is aware 
that he has changed the proposition, we interpret that he is trying to locate a domain of validity within which he can construct a 
concrete example that satisfies the predicate. This differs from what happens in Max’s work, because Max never leaves the confines of 
the initial subject. This may be somewhat unsurprising given that in Max’s work, the initial subject of the propositions is the set of all 
real number pairs, while for Leo the initial class is a subset of real number pairs. So when Max feels that the initial proposition is false 
(and that he has “tried everything”), it effectively means that he feels he has ruled out the entire set of real number pairs. However, for 
Leo feeling that the initial proposition is false equates to ruling out only a subset of the set of real number pairs, thus allowing him to 
explore other subsets of real number pairs in which an example (that satisfies the predicate) could potentially exist.

In line 20, the researcher gives Leo a test case a = 5 and b = 100 which he notices (line 23) does not satisfy the predicate. Leo then 
attends to the components of the proposition, and tests the generalized class (where a and b are both positive), upon which he realizes 
that if a and b are positive, a + b is going to be larger than a – b, which means that (a + b)2 – (a – b)2 will never be negative. At the end of 
Line 23, Leo once considers another proposition, by again changing the subject (from pairs of positive numbers to pairs of numbers in 
which one is negative and the other is positive). This is ultimately the point at which Leo stops working on proposition 4.

The stopping point (see lines 24–27) in Leo’s work is again interesting to reflect on in relation to the overall interactions between 
Leo and the researcher within the context of this particular research setting. The fact that there was another proposition (proposition 5) 
that Leo had not reached perhaps meant that he felt he needed to at least attempt all of the propositions. The researcher does not 
explicitly push Leo in either direction (continue working on Proposition 4 or to move on to Proposition 5). However, it is interesting to 
note that Line 25 is the first time the researcher explicitly gives Leo the option of continuing or moving on, which just so happens to be 
the moment at which Leo considers a normatively correct proposition: a + b)2 – (a – b)2 < 0 for some pairs of numbers in which one is 
positive and the other is negative. We wonder what would have happened if the researcher had provided this option (to the next 

Table 5 
Development and refinement of Leo’s proposition in response to the test cases.

Proposition Search class Test case Affordances

(a + b)2 – (a – b)2 < 0 for some pairs of 
negative numbers (a, b)

Some pairs of negative 
numbers (a, b)

a = − 1, b 
= − 1

• Ruling out a potential concrete example: a = − 1, b = − 1
• Using a property of the test case (equal negative numbers) to 

create a class of potential examples
• Ruling out a potential class of examples: {(a, b) | a < 0 and b 

< 0; and a = b}
(a + b)2 – (a – b)2 < 0 for some pairs of 

negative numbers (a, b)
Some pairs of negative 
numbers (a, b) where a ∕= b.

a = − 1, b 
= − 2

• Ruling out a potential concrete example: a = − 1, b = − 2
• Attending to the components of the expression, testing of a 

generalized case ((a, b) 0 > a > b)
• Ruling out a class of potential examples: {(a, b) | b < a < 0}
• Creating a new search class: {(a, b) | a < b < 0}

(a + b)2 – (a – b)2 < 0 for some pairs of 
negative numbers, b)

Some negative real number 
pairs (a, b) where a is less 
than b

a = − 9, b 
= − 1 
a = − 0.9 and 
b = − 0.1

• Ruling out a potential concrete example: a = − 9, b = − 1
• Ruling out a potential concrete example a = − 0.9 and b = − 0.1
• Ruling out a class of potential examples {(a, b) | b < a < 0} 

without testing the general case.
• Wondering whether (a + b)2 – (a – b)2 is “always positive” for 

pairs of negative numbers (a, b)
• Attending to the components of the expression, testing of a 

generalized class (a and b are both negative), and ruling out a 
general class of potential examples: {(a, b)| a < 0 and b < 0)}

• Revising the subject of the initial proposition
(a + b)2 – (a – b)2 < 0 for some pairs of 

positive numbers (a, b) where b is 
much larger than a

Some pairs of positive 
numbers (a, b) where b is 
much larger than a

a = 5 and b 
= 100

• Ruling out a potential concrete example a = 5 and b = 100
• Attending to the components of the expression, testing of a 

generalized case (a and b are both negative), and ruling out a 
class of potential examples {(a, b)| a > 0 and b > 0)}

• Revising the subject of the current proposition
(a + b)2 – (a – b)2 < 0 for some pairs 

numbers (a, b) where one is positive 
and the other is negative

n/a n/a n/a
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propositions) earlier? Perhaps Leo would have moved on to Proposition 5 without reaching this point. Or what would have happened if 
the researcher encouraged Leo to continue with this proposition? Perhaps Leo reaches a proof or maybe even return to an incorrect 
proposition.

6. Summary and discussion of findings

Towards the goal of extending the applicability of test cases to the context of existentially quantified propositions, we explored how 
test cases might support learners with refuting their incorrect existentially quantified propositions. We presented and analyzed data 
from two separate instances in which two participants initially made incorrect existentially quantified propositions and then were 
asked to find a valid example of their respective propositions (i.e., an element of the subject that satisfies the predicate). The par
ticipants were given, and sometimes generated their own, test cases which led to an iterative process of ruling out potential examples 
and classes of potential examples. Our analysis of this iterative process as it emerged within our specific research setting, comprising 
among other aspects, particular researcher-participant interactions, sheds light on the affordances of test cases with respect to the 
development, refinement, and evolution of the learners’ existentially quantified propositions. We summarize the main findings below 
and discuss them with respect to relevant literature.

Firstly, the list below is a summary of the affordances (Ellis et al., 2019) of the test cases that we identified in Max and Leo’s work: 

• Afforded the ruling out of a potential concrete example (i.e., the test case)
• Afforded the ruling out of a class of potential examples. This did not always follow the ruling out of the test case because sometimes 

only a concrete example (the test case) was ruled out. Sometimes this affordance immediately followed the ruling out of the test 
case; and we inferred that the class of potential examples that was ruled out consisted of all potential examples that shared a specific 
property with the test case—a property that the participant was attending to in that particular moment. At other times, this 
affordance did not immediately follow the ruling out of the test case. Rather, after the ruling out of the test case, the learner 
explicitly tested a generalized case (e.g., if the test case was a = 1, b = − 1; and the class was “the set of all pairs of numbers such that 
the two numbers are equal in absolute value”; the generalized case was (a, b) where |a| = |b|), ultimately concluding that this 
generalized case did not satisfy the predicate and thus ruling out the class of potential examples represented by the test case and the 
generalized case. In all of the situations in which a class of potential examples was ruled out, the idiosyncratic nature of the 
categorization (of the test case) – the properties that the participant attends to is evident.

• Afforded the creation of a new search class. Sometimes the ruling out of a test case led to the ruling out of a class (of potential 
examples) and the explicit suggestion of a new search class. At other times, there was no explicit suggestion of a new search class, 
but it was implied that a potential example may exist in the class(es) that have not been ruled out.

• Afforded the production of a particular output that motivated a feeling of “getting close” and thus further exploration (trying other 
test cases). For instance, if the goal was to find an example (input) that produced a positive output, getting “0” as the output after 
previously getting negative outputs consistently gives one the feeling of “getting close”.

• Afforded attending to the individual components of the expression and gaining an insight into conditions that might need to be 
satisfied by the test case in order to produce the desired result or conditions that particular (prior) test cases did not meet and led to 
them being ruled out. This affordance was not a direct affordance of the test case. Rather, in certain situations the test case pro
duced an undesirable output, which then motivated the learner to examine the individual components of the proposition in order to 
understand better why that test case did not work.

• Afforded the feeling that “[the output] is always positive” and that one has “tried everything”. This was not a direct affordance of a 
particular test case, but rather of a collection of test cases and classes (of potential examples) that were ruled out. Even though the 
test cases in this present study did not lead to a proof, we argue that they were still useful because they provided an experience of 
failure; multiple failures likely motivated the learner to reconsider their initial conviction and consider the possibility that their 
proposition was incorrect.

• Afforded a revised proposition, specifically by changing the subject of the initial proposition. This was not the affordance of a single 
test case, but rather in conjunction with other factors (e.g., multiple test cases and classes of potential examples had been ruled out).

As evident in the list above, apart from the first affordance, all the other affordances are not affordances of a single test case. This 
observation perhaps suggests a different way of thinking about affordances, in the sense that an affordance that becomes apparent of a 
specific test case can rarely be attributed entirely to that test case—there tends to be other factors at play. As such we can think of test 
cases as part of a collection of factors that support the eventual refutation of an incorrect proposition.

In the CAPS framework (Ellis et al., 2019) there is a category under justification support called “revised conjecture”, which refers to 
how an example sometimes affords a narrowing of the domain of applicability (which seems to be equivalent to what we are referring 
to in our study as the domain of validity—the set of all elements that satisfy the predicate). On the one hand, we could say that the test 
cases in the present study led to the narrowing of the domain of applicability. On the other hand, however, we could also argue that 
these test cases did not narrow the domain of applicability because the domain of applicability is unspecified. Instead, what we can say 
is that the test cases narrowed the set within which the DoV could exist (i.e., the set within which potential examples could reside is 
iteratively narrowed). This iterative narrowing process bears similarities with Lakatos’ notion of exception barring, "reformulating [a] 
conjecture by restricting its domain to exclude the counterexample" (Larsen & Zandieh, 2008, p. 208). In the process of exception 
barring, the domain of validity (DoV) of a proposition is iteratively reduced by removing counterexamples and classes of counter
examples, in the search for a set all of whose elements satisfy the predicate. Similarly, for existentially quantified propositions, as the 
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learner rules out classes of potential examples, the area of the subject within which a potential example might exist also shrinks. 
However note, the iterative reduction process in exception barring is well-defined for universally quantified incorrect propositions, 
because for example a learner might begin with the DoV of “all real numbers” and then through exception barring reduces the DoV to 
“all positive numbers” or the empty set (for propositions where no element of the subject satisfies the predicate). However, for 
existentially quantified propositions we cannot ascertain a clear reduction of the DoV in each iteration. For instance, moving from 
“some real numbers” to “some positive numbers” does not give sufficient information about the actual sizes of the two DoVs. The only 
apparent reduction that takes place in the context of incorrect existentially quantified propositions is the transition from “some ele
ments of set X satisfy the predicate” to “no elements of set X satisfy the predicate”.

Using Stylianides’ framework (2008) in conjunction with Dogan and Williams-Pierce’s (2021) interpretation of generic examples, 
one could say that the participants in the present study were trying to find a generic example of their respective propositions (i.e., an 
element of the subject that satisfies the predicate thus representing the general class of “some number pairs (which satisfy the 
predicate)”). In each iteration of the revision process that Max and Leo undertook, the researcher offered a test case to the participant, 
the participant checked and acknowledged that the test case does not satisfy the predicate, and more often than not the ruling out of the 
single test case was followed by the ruling out of a class (of potential examples) of which the test case is an element. In this ruling out, 
we can also say that some test cases served as generic examples (of the respective classes that were ruled out). While we are not saying 
here that the participants were aware of looking for a generic example, it is not unreasonable to say that the way in which the test cases 
were ruled out and categorized seems to suggest that the participants were treating these test cases as generic examples (i.e. “a 
particular case which represents a general case”). The similarities between some of the test cases (in the present study) with generic 
examples, can also be drawn with Lannin’s (2005) notion of “empirical evidence”, which refers to justification that is provided through 
the correctness of particular examples. For instance, in order to prove that a rule is true within a particular domain, particular examples 
from that domain are chosen and are shown to satisfy the rule. As such, we could say that the participants in the present study had 
assumed that the proposition was true and thus were trying to find an empirical example to prove that it is true. We could also say that 
in some instances in which the participants ruled out classes of potential examples, the participants were making a claim that for a 
particular class of examples, no element of the class would satisfy the predicate of the proposition. The test cases which were ruled out 
as such served as empirical examples because these concrete cases were used to justify the truth of their claim.

We conclude this paper with some remarks about the limitations of the present study and some potential directions for further 
study. Further research with larger numbers of participants and from a wider range of educational settings are needed to provide more 
in-depth insights into the iterative process that we identified in this present study and the particular affordances that emerged. 
Furthermore, it is worth exploring whether more nuanced choices can be made a priori regarding the test cases that are offered to 
learners when they make incorrect existentially quantified propositions. The test cases used in this study were merely examples of the 
current search class (subsets of the subject that the learner was currently considering). It would be worth exploring how test cases that 
were non-examples of the subject would impact students’ propositions. It may also be worth exploring, in a manner similar to that in 
the research carried out by Zazkis and Chernoff (2008) (albeit in the context of existentially quantified propositions) whether test cases 
can be differentiated in terms of how they may motivate learners to revise their propositions, and also provide more nuanced ex
planations for how these test cases contribute to the classes that are ruled out in any revision iteration. It is also potentially useful to 
explore the other facets of the CAPS (criteria, affordances, purposes, strategies) framework, beyond merely affordances, with respect to 
incorrect existentially quantified propositions. For instance, what criteria do students use to choose or create particular test cases as 
they try to (dis)prove the validity of an existentially quantified proposition?

An obvious limitation of the present study was the massive influence that the researcher had on the participants’ work. As such, 
further research could explore what impact test cases have in research settings where the researcher has less influence, for example by 
allowing the participants to generate their own test cases, and to examine whether the affordances of student-generated test cases differ 
from those found in the present study. Moreover, another avenue for further study is perhaps to also allow for alternative approaches 
(that are not based on test cases) and to explore how these alternative approaches can be used together with test cases to support 
learners in refuting their incorrect existentially quantified propositions. For example, Max could have re-presented a2 + 2ab + b2 as (a 
+ b)2, which may (or may not) have led to a realization that it could never be negative for any pair of real numbers. Similarly, in the 
second case, (a + b)2 – (a – b)2 could have been represented as (a + b – a + b) (a + b + a – b) which equates to (2b)(2a). Speculating 
about why the learners did not try to re-express the two propositions is beyond the scope of this paper. This could be another avenue for 
further research.
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