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Abstract

Mechanisms of collective decision-making are an increasingly important topic, given that relevant data

and information are often distributed. Collective decision-making processes involve eliciting informa-

tion from multiple agents, aggregating the information, and mapping the aggregated information to a

decision. An obstacle to these processes is that information is often proprietary, held by self-interested

agents, and sometimes even too sensitive to share. Decision markets are mechanisms for eliciting and

aggregating such information into predictions for decision-making. A design for decision markets put

forward by Chen, Kash, Ruberry, et al. uses prediction markets to elicit and aggregate predictions

that are conditional to the available actions, and then uses a stochastic decision rule to determine,

based on the aggregated forecasts, which action to select. The design is incentive-compatible and uses

a decision scoring rule to evaluate and incentivise the self-interested agents for their forecasts.

The first part of this thesis (Chapter 2) describes a framework for security-based decision markets

that allows agents to make predictions by trading assets. Security-based decision markets are designed

to be user-friendly for participants familiar with trading in stock markets. For prediction markets,

such a framework is well studied. For decision markets, my results show there are important differences

between scoring rule based and securities-based implementation.

The second and third parts of this thesis (Chapters 3 and 4) investigate decision markets as

mechanisms of collective decision-making for multi-agent learning problems, thus building a bridge

between economic mechanisms and artificial intelligence. Chapter 3 provides a decision market based

algorithm that allows a principal to train multiple autonomous agents with independent and identically

distributed (iid) information to solve a contextual bandit problem. Simulation results demonstrate

that the proposed multi-agent systems can achieve performance equivalent to a centralised counterpart

without requiring direct access to the agents’ iid information, which is necessary for the centralised

counterpart.

Chapter 4 describes a set of mechanisms that allow avoiding stochastic decision rules to select

actions based on aggregated forecasts. This is important because committing to a stochastic (i.e.,

vii



randomising) decision rule means that sometimes suboptimal decisions have to be taken. The mech-

anisms outlined in this chapter require agents to collectively predict a proxy instead of conditional

outcomes. Simulations show that the performance is as good as a Bayesian model with access to all

distributed information.
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Chapter 1

Introduction

When facing a decision and aiming to achieve the desired outcome with the highest possible probability,

a decision maker wants to collect all the relevant information to assist the decision-making. However,

the decision maker, whom I refer to as the principal in this thesis, often does not possess all the

relevant information and cannot obtain it without a cost because the information is often distributed

and held by self-interested agents. Existing studies often describe such costs as incentives and use

so-called scoring rules to map a probabilistic forecast and the materialisation of the corresponding

future outcome to a score. When a future event is not conditional on a decision (for example whether

it will rain tomorrow) this problem is well investigated. That is, a prediction market can elicit the

information with incentives and aggregate the distributed information into a reliable forecast [2]–

[4]. Evaluating a prediction for a future that is conditional on a decision is mechanistically more

problematic.

1.1 Decision Markets

The mechanisms to resolve this problem are called decision markets [5]. The key problem for pro-

viding scores (or rewards) for conditional forecasts is that the counterfactual future outcomes are not

observable, and therefore scoring rules cannot evaluate the corresponding forecasts. Consider, for

instance, a doctor who wants to decide between two treatments for a patient. The doctor asks a group

of specialists for advice on two treatments and decides to treat the patient with the first alternative.

The outcome of the second treatment becomes counterfactual, and the advice for the second treat-

ment cannot be evaluated with scoring rules. A simple solution is to evaluate the forecasts for the

executed action and nullify the forecasts for the other actions. However, this solution will incentivise
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manipulative behaviours [6], where forecasters make inaccurate predictions to obtain a larger reward.

This problem can be mitigated with a stochastic decision rule, which maps the forecasts to a proba-

bility distribution with full support over all actions [1]. This solution ensures that regardless of which

action will be selected, forecasts for each action are assigned a score which maximises expectation if

the forecasts are accurate. However, a disadvantage of this solution is that the principal sometimes

has to select an action which is predicted to be sub-optimal because the action is sampled from a fully

supported distribution. The principal can mitigate the disadvantage by assigning a small probability

to the estimated sub-optimal actions, but this will result in a higher worst-case loss for the principal

because the worst-case loss grows with the inverse of the smallest action probability. Manipulations

and the related advantages and disadvantages are reoccurring themes throughout the thesis, and will

be discussed in much greater detail in the individual chapters.

1.2 Novel Contributions by Chapter

In real-world prediction markets, scoring rules are often implemented with securities trading as this is

favourable for participants familiar with securities trading interfaces as used for instance in stock ex-

change markets. Prediction markets that employ strictly proper scoring rules can be implemented in a

securities-trading manner by market scoring rules or cost functions [2], [7]. For decision markets, how-

ever, an investigation into implementations with securities trading has so far been missing. Chapter 2

is an extended version of a paper published under the title “Securities Based Decision Markets”, which

fills this gap [8]. The paper proposes a novel framework to implement decision markets with stochas-

tic decision rules that allow for securities trading. Compared to prediction markets, where scoring

rules and asset trading are largely equivalent, securities-based decision markets are shown to provide

additional flexibility for the principal to alleviate the worst-case loss even with small probabilities for

the estimated sub-optimal actions by specially designed contracts.

Decision-making is also heavily studied in the artificial intelligence community. Repeated decision-

making problems with incomplete information are studied under the framework of multi-arm bandit

problems [9]. The name comes from an analogy that an agent playing a slot machine with multiple

levers. Each lever (arm or action) is associated with an unknown reward distribution. The goal of

the agent is to accumulate as much reward as possible. Therefore, the agent needs to estimate a re-

ward distribution for each lever according to its experience and balance between making an informed

decision on which lever to pull next. The most frequently studied question in multi-armed bandit
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problems is how to balance between exploration for a better-estimated reward distribution and ex-

ploiting the existing knowledge. Sometimes, the reward distributions are non-stationary, and a piece

of side information (signal) is provided as a proxy for the reward distribution. Such a multi-armed

bandit problem extends to a contextual bandit problem. Consider, for example, that Netflix wants to

recommend a movie to a customer. Since different customers have different preferences, the reward

distribution of each movie recommendation for each customer is different. Therefore, the user profiles

serve as side information to the unknown reward distribution determined by whether the user will

watch the recommended movie. The reward helps the recommendation system to update its compu-

tational model and become more and more accurate in movie recommendations. Such a process is

referred to as bandit learning. Contextual information like data from user profiles is often proprietary,

distributed and sometimes sensitive in the real world. Building a user profile database is time and

finance consuming and accessing a proprietary user profile database, such as Netflix’s user profile

database, can be even more expensive, if not impossible. Therefore, a framework that allows eliciting

forecasts for decision-making from multiple self-interested sources is advantageous. For instance, a

startup shopping website could enquire with Google and Amazon for a joint recommendation about

its own goods based on their user profiles and recommendation systems, and pays a reward depending

on whether the customer purchases the recommended goods.

Chapter 3 is a preprinted paper titled “Decision Market Based Learning For Multi-agent Contextual

Bandit Problems” which outlines and investigates a novel system that uses decision markets in multi-

agent bandit learning [10]. The system can gather predictions from agents who possess information

inaccessible to the system concerning various alternative actions. The rewards allocated to these

agents are both incentive-compatible and structured in a manner that facilitates the agents’ ability to

learn from the rewards, enabling them to effectively map contextual information to accurate forecasts.

Incentive compatibility ensures that the reward can be seamlessly translated into monetary payoff,

fostering a collaborative synergy among rational human agents and artificial models in the creation of a

human-machine hybrid system. This feature is connected to Chapter 2, wherein we offer a user-friendly

interface for human forecasters. I investigate how efficiently such a system can be trained to make

collective decision, compared to a centralised counterpart that can access all the private information.

Simulations of the training process show that the multi-agent system can achieve a similar efficiency

to the centralised counterpart.

Researchers recently proposed to study, evaluate and express many classic economic problems,

such as optimal control and decision-making, in multi-armed bandit learning or reinforcement learning
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frameworks, because these frameworks do not require complex reasoning and expectation calculation

[11]. Bandit learning and reinforcement learning allow evaluating the dynamics of agent learning

in repeated games although reaching a global Nash equilibrium is not always guaranteed [12]. In

Chapter 3, I use the decision market based multi-agent learning system to investigate the dynamics

among agents in a decision market with a deterministic decision rule which is not incentive compatible

[6], [13]. I find a surprising result in a three-agent simulation where three agents make ‘strategically

distorted’ reports, but nevertheless, the aggregated reports are accurate.

Decision markets with stochastic decision rules have limitations because the principal has to commit

to a randomised decision rule, which is a barrier to practical applications [1]. It is in the principal’s

interest to always select the action predicted to yield the most desirable outcome. For instance, in the

previous treatment example, choosing a sub-optimal treatment based on predictions, when a better

alternative is predicted to exist, appears to be unethical. For elicitation of information from a single

agent, a recommendation rule has been proposed and formalised that allows the principal to select

the action deterministically [1], [6]. However, this mechanism lacks information aggregation. Chapter

4 proposes several novel, related mechanisms to fill this gap. I first assume the principal also has

information about at least one of the actions, and uses it as a proxy which is statistically correlated

with the outcome of the action. The distinction of the mechanism is that it requires the agents to

predict the proxy rather than the outcomes of the actions. This mechanism relies on ideas from peer

prediction mechanisms. Peer prediction mechanisms solve the problem of how to evaluate forecasts

without verification. Therefore, the agents’ rewards only depend on the information the principal

possesses and become independent of the specific decision the principal will make. I further propose

expanded mechanisms that lift the assumption that the principal possesses a suitable proxy. I use

the multi-agent learning system proposed in Chapter 3 to simulate the dynamics of learning in these

mechanisms, and obtain promising results. Chapter 5 concludes the thesis and discusses limitations

and future studies.

1.3 Examples and Use Cases

In this section, we will provide a more detailed explanation of the previous examples. There is

substantial common ground between decision markets, which originated in economics, and multi-

armed bandit problems from computer science, and we will use the previous example as bridges to

link the terminology from these two subjects.
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In the previous treatment example, we have a doctor who makes a decision between a treatment A

and a treatment B. The objective of the doctor is to select the treatment that maximizes the chances

of recovery within a certain time. The doctor knows the patient, and thus has some information

(i.e., private signals) about what treatment may work best for the patient. Note that the doctor’s

knowledge can be condensed into a conditional forecast for the patient’s recovery conditional on the

treatment. However, the doctor has limited expertise with the specific treatments, and thus consults

with an expert for treatment A and an expert for treatment B. In a decision market, the first expert

will revise the initial opinion of the doctor, and the second expert will further revise it. Given their

expertise, the first expert will particularly revise the prospective outcomes if treatment A is selected,

and the second expert will do the same for treatment B.

In a human/AI hybrid decision making process, the experts might be computational agents with

access to large datasets about treatments A and B, respectively, and importantly the agents do not

need to share their data, but solely need to share conditional forecasts to come to a joint decision.

In the context of computer science, the problem transforms into a multi-agent contextual bandit

problem. The doctor faces a two-arm bandit problem, with each of the two treatments representing

one arm, and with the contextual information being distributed over the doctor and the two (possibly

computational) experts. Each expert, in turn, faces a continuous contextual bandit problem, because

the revised conditional probabilities are typically continuous. Once the doctor reviews the aggregated

report, they will apply a decision rule to correlate the combined information with an appropriate

treatment. Subsequently, the doctor will monitor the patient’s condition after the treatment and can

determine a reward for each specialist involved. For human specialists, the reward could be monetary,

while for artificial agents, the reward is a score can be utilised for learning purposes. Therefore,

decision markets can be utilized for hybrid system that can seamlessly collaborate with both humans

and AI.

The structure and constraints in this example resemble Federated Bandit Learning (FBL), a topic

which is receiving considerable interest. Federated Bandit Learning is a scheme in which multiple

agents collaborate to solve a multi-armed bandit learning problem while maintaining their learning

data locally. Similar to our own scenario, the data is distributed diversely among these multiple

agents, and there are constraints in the sharing of data. A crucial distinction between our approach

and FBL is that we presume agents to be self-interested rather than collaborative.
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1.4 Final Considerations

As Chapters 2, 3 and 4 are published or prepared to be published as independent papers, each has its

own abstract, introduction, related work and conclusion sections, and some sections are overlapping.

Readers interested in scoring rules, prediction markets and decision markets, can find a detailed

introduction and related work at the beginning of Chapter 2. Multi-agent learning and multi-armed

bandit problems, and related work are introduced at the beginning of Chapter 3. In Chapter 4,

readers can additionally find related work about peer prediction. Since the chapters differ in their use

of notation, an overview of the notation used throughout the chapter is provided at the beginning of

each chapter.

There are many relations between the topics of these chapters. Chapter 2 provides an easy-to-

use securities trading interface targeting humans (with a provision for potential human/AI hybrid

systems). It also provides a channel for market makers to leverage financial tools to mitigate worst-

case losses in a securities-based setting. Chapter 3 describes a multi-agent learning system that covers

the AI side of potential human/AI hybrid systems. It offers a novel way to perform decentralised

learning without accessing the local data but still produces equivalent decision quality as a centralised

model that can access all the data. It also investigates the question of deterministic vs. stochastic

decision rules, and provides insights into the dynamics of learning agents in an incentive incompatible

market. Chapter 4 is about incentive-compatible decision-making with aggregated information in a

deterministic manner. In principle, this applies to both human and computational agents (therefore

relating to Chapters 2 and 3). It uses the same learning paradigm as Chapter 3 and eliminates the

need for stochastic decision rules, which are necessary in Chapter 2.
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Chapter 2

Securities based decision markets

Chapter 2 is an extended version of the paper ‘Securities based decision markets’ that was published

in the ‘Third International Conference on Distributed Artificial Intelligence’ in 2021. This chapter

describes an implementation of decision markets where forecasts are made through the trading of

securities. Such an implementation will facilitate a convenient way of using decision markets by

human participants, especially traders with experience in securities trading. This chapter serves as a

literature review for strictly proper scoring rules, prediction markets and decision markets, which are

the prerequisite contexts for the subsequent chapters.

Summary of Notation

Ω set of possible outcomes in a prediction market, Ω = {ω1, ω2, . . . , ωn}

ωi outcome with index i

ri probabilistic report for outcome ωi

r⃗ probabilistic reports over all outcomes in a prediction market

si(r⃗) scoring rule that quantifies the accuracy of r⃗ once ωi materialises

p⃗ forecasters’ belief

G(p⃗, r⃗) expected payoff of a forecaster who reports reports r⃗ and believes p⃗

∗r⃗ updated probabilistic reports in sequential reporting

q⃗ quantity of outstanding securities in a securities based prediction market

r⃗(q⃗)
security prices when outstanding securities are q⃗; this is equivalent to probabilistic

reports in a prediction market with sequential reporting

c(q⃗) cost of outstanding securities q⃗
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A set of available actions in a decision market, A = {α1, α2, ..., αm}

aj action with index j

Ωj set of outcomes for action aj in a decision market

ωj
i outcome with index i of action aj

ϕ⃗(r⃗) decision rule that depends on the final forecasts r⃗ in a decision market

r⃗j set of probabilistic reports for action aj in a decision market

Sj
i (r⃗j)

decision scoring rule that quantifies the accuracy of r⃗j when action aj is selected

and outcome ωj
i materialises; this decision score also depends on probability ϕj of

the selected action aj

G expected payoff of a forecaster in a probabilistic report based decision market

Ĝ expected payoff of a forecaster in a securities based decision market
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Abstract

Decision markets are mechanisms for selecting one among a set of actions based on forecasts about

their consequences. Decision markets that are based on scoring rules have been proven to offer in-

centive compatibility analogous to properly incentivised prediction markets. However, in contrast to

prediction markets, it is unclear how to implement decision markets such that forecasting is done

through the trading of securities. We here propose such a securities based implementation, and show

that it offers the same expected payoff as the corresponding scoring rules based decision market. The

distribution of realised payoffs, however, might differ. Our analysis expands the knowledge on fore-

casting based decision-making and provides novel insights for intuitive and easy-to-use decision market

implementations.
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2.1 Introduction

Prediction markets [2], [3], [14]–[22] are popular tools for aggregating distributed information into

often highly accurate forecasts. Participants in prediction markets trade contracts with payoffs tied to

the outcome of future events. The pricing of these contracts reflects aggregated information about the

probabilities associated with the possible outcomes. A frequently used contract type is Arrow-Debreu

securities that pay $1 when a particular outcome is realised, and otherwise pay $0. If such a security is

traded at $0.30, this can be interpreted as forecast for that outcome to occur at 30% chance. Potential

caveats with the interpretation of prices in prediction markets as probabilities have been discussed

in the literature [3], [18], but are not seen as critical for typical applications [2], [3], [18]. Prediction

markets have been extensively investigated in lab based experiments and real world settings [3], [14],

[16]–[19], [21], [23].

In many practical prediction markets applications, such as recreational markets on political events,

participants trade directly with each other, and one participant’s gain is the other participant’s loss.

Prediction markets can, however, also be designed to offer net benefits to the participants. Such

incentivised prediction markets can be used by a market creator who is willing to compensate the

market participants for the information obtained from the market [2], [15], [20]. Incentivised prediction

markets rely on market maker algorithms to trade with the participants, and on cost functions to

update prices based on past transactions. These functions are closely related to proper scoring rules

such as the Brier (or quadratic) scoring rule and the logarithmic scoring rule [24], [25], which measure

the accuracy of forecasts and allow rewarding a single expert based on forecast and actual outcome.

The market maker in an incentivised prediction market subsidises the entire market rather than single

experts; its worst-case loss is finite and its expected loss depends on how much the participants

‘improve’ on the information entailed by the initial market maker pricing [2].

Accurate forecasts, as obtained from prediction markets, can be of tremendous value for deci-

sion makers. Commercial companies, for instance, can benefit substantially from accurate forecasts

regarding the future demand for their products. However, many decision-making problems require con-

ditional forecasts [26]. To decide, for instance, between alternative marketing campaigns, a company

needs to understand how each of the alternatives will affect sales. In other words, it needs to predict,

and choose between, ‘alternative futures’. To implement such forecasting based decision-making, Han-

son [5] proposed so called decision markets. While it is non-trivial to properly incentivise participants

to provide their information in decision markets, it has been shown that this can be achieved [1], [6],

10



[13], [26], [27].

Properly incentivised decision markets work in a stepwise process to select one among a number of

mutually exclusive actions. First, forecasts about the expected future consequences of each action are

elicited in a step analogous to incentivised prediction markets. Second, a decision rule is used to select

an action based on the forecasted consequences. Once an action has been selected, and its consequences

are revealed, payoffs are provided for the forecasts as elicited in the first step. Importantly, the decision

rule in properly incentivised decision markets is stochastic, with each action being picked with a strictly

positive probability [13], [26]. Payoffs are scaled up to ensure that the participants’ expected payoffs

in decision markets remain analogous to those made in properly incentivised prediction markets [13],

[26], and that game-theoretical results on strategic interactions between participants in prediction

markets [15] carry over.

The literature on decision markets has so far focused on implementations based on scoring rules.

For prediction markets it is well established how to implement properly incentivised forecasting such

that forecasts are made through the trading of securities. A similar securities based decision market

implementation has however not yet been described. Such an implementation is important because

participants in decision markets are likely familiar with ordinary asset trading, and it is thus convenient

for them to report their forecasts through a securities trading interface. Furthermore, securities based

decision markets simplify managing liabilities, because the payment for the purchased securities covers

the traders’ worst-case loss. We here propose such a securities based decision market setting, and

compare it to existing, scoring rule based decision markets.

The remaining manuscript is organised as follows: In section 2.2 we briefly introduce scoring rules,

sequentially shared scoring rules, prediction markets and scoring rule based decision markets. In

section 2.3, we describe a securities based market design and compare it with the existing scoring rule

based decision markets. In section 2.4 we compare our design with the the scoring rule based decision

markets mechanism in terms of worst-case losses. In section 2.5, we discuss how trading in this setup

allows to re-allocate worst-case losses. Finally, in section 2.6, we conclude and discuss our future work.

2.2 Related Work and Notation

2.2.1 Scoring Rules

Let us define Ω as a finite set of mutually exclusive and exhaustive outcomes {ω1, ω2, ..., ωn}. A

probabilistic prediction for those outcomes is denoted by r⃗ = (r1, r2, ..., rn) with
∑n

x=1 rx = 1 and
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ri ∈ [0, 1]. A scoring function si(r⃗) allows to quantify the accuracy of prediction r⃗ once the outcome

ωi materialises [28].

Scoring rules allow to incentivise forecasters for predictions. Denoting the reported distribution

as r⃗ = (r1, r2, . . . , rn) and the forecasters’ belief as p⃗ = (p1, p2, . . . , pn), the expected payoff for a

forecaster is given by

G(p⃗, r⃗) =
n∑

k=1

pksk(r⃗)

A scoring rule is defined as proper if a forecaster maximises his/her expected payoff by truthfully

reporting what he/she believes.

G(p⃗, p⃗) ≥ G(p⃗, r⃗)

Furthermore, a scoring rule is strictly proper if G(p⃗, p⃗) > G(p⃗, r⃗) for all r⃗ ̸= p⃗.

2.2.2 Sequentially Shared Scoring Rules

Because information is often distributed across multiple agents, it is of interest to expand proper

scoring to elicit forecasts from groups of forecasters. In his work on incentivised prediction markets,

Hanson proposed a mechanism to sequentially elicit information from forecasters [2], [20]. The mech-

anism keeps a current report r⃗ and offers a contract for a new report ∗r⃗ to be scored as si(
∗r⃗)− si(r⃗)

if the outcome ωi is observed. Note that si(
∗r⃗)− si(r⃗) is a proper scoring rule if si is a proper scoring

rule. Once a forecaster accepts the offer, the decision maker will update the current report from r⃗ to

∗r⃗ and allow a next forecaster to further modify the new current report. Under such a sequentially

shared scoring rule, forecasters are scored for how much they improve or worsen the current report.

Such a mechanism uses incentives efficiently in that it avoids paying for the same information twice.

2.2.3 Securities based Prediction Markets

The mechanism described in section 2.2.2 involves a two-sided liability. The decision maker is liable

to pay each forecaster who improves a forecast, and forecasters are liable to pay the decision maker

if they worsen a forecast. It is often considered convenient to implement sequentially shared scoring

rules through the trading of Arrow-Debreu securities [2], [20]. In such an implementation, forecasters

purchase securities from the market maker and their payments cover their liabilities. Another reason

to use securities based trading is that the majority of existing real-world prediction markets, such as

recreational markets on sports or political events, are trading securities in a double auction process.

Traders who are familiar with these prediction markets will prefer an interface to be expressed in
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terms of trading with securities.

To incentivise traders, securities are bought and sold by a market creator. The market creator uses

a market maker algorithm which keeps track of past trades and sets security prices derived from a cost

function. The total amount spent on purchasing a particular quantity of securities can be calculated

from this cost function. We denote the quantity of outstanding securities as q⃗ = (q1, q2, . . . , qn) for

a market on n mutually exclusive and exhaustive outcomes Ω. Element qi represents the number of

securities sold by the market creator that pay if outcome ωi is observed. The instantaneous prices of

the securities with outstanding quantities q⃗ are denoted as r⃗(q⃗) and play the same role as reports in

scoring rule based markets.

Assume a trader wants to change the outstanding securities distribution from q⃗ to ∗q⃗ by buying

securities to change the price from r⃗ to ∗r⃗. The cost for the trader to purchase the amount of securities

∗q⃗− q⃗ can be calculated from C(∗q⃗)−C(q⃗), where C(q⃗) denotes a cost function. Once the final event,

i.e. ωi is observed, the market maker will resolve the market by paying $1 for each winning security.

If the trader holds ∗qi − qi securities when the market is resolved, his/her payout will be $(∗qi − qi).

Overall the realised payoff for the trader will be

(∗qi − qi)− (C(∗q⃗)− C(q⃗))

Chen and Pennock generalised the relationship between cost functions, price functions and scoring

rules, and proposed three equations that establish their equivalence [7]:


si(r⃗) = qi − C(q⃗) ∀i∑

i ri(q⃗) = 1

ri(q⃗) =
∂C(q⃗)
∂qi

(2.1)

Furthermore, Chen and Vaughan proved that there exist a one-to-one mapping between any strictly

proper scoring rule and cost function in securities based prediction markets and such a securities

based market is incentive compatible [29]. Elicitation through scoring rule based and securities based

prediction markets offers the same payoffs for participants when the markets start with the same initial

forecasts and end with the same final forecasts.

Cost functions C(q⃗) and price functions rk(q⃗) have the following properties:
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C(q⃗ + β1⃗) = β + C(q⃗)

rk(q⃗ + β1⃗) = rk(q⃗)

(2.2)

where β is a real constant [7]. These properties imply that the same report can be made through

different trades. If a trade ∗q⃗ − q⃗ changes market prices from r⃗ to ∗r⃗, so does a trade ∗q⃗ + β1⃗ − q⃗.

This permits the trader to make any report by buying contracts from the market creator. Short

selling is not required. The overall payoff will not be affected by the choice of β, because both costs

of purchasing the contracts, and the payout from the contracts at resolution increase by the same

amount.

2.2.4 Decision Markets

The design of decision markets expands prediction markets to use conditional forecasts for decision-

making. Decision markets consist of two components. The first component is a set of conditional

prediction markets, each of which elicits the forecasts for one of the actions. The second component

is the decision rule that defines— based on conditional prediction markets forecasts— how the final

decision will be made. An example is the MAX decision rule [6] which is to always select the action

that has the highest predicted probability for a desired outcome to occur.

Decision markets with deterministic rules such as the MAX decision rule do not always properly

incentivise a forecaster to truthfully report irrespective of the scoring rule it uses [6], [13]. An intuitive

example to illustrate how a trader can benefit from misreporting is given in [6]. Chen, Kash, Ruberry,

et al. described that a stochastic decision rule can myopically incentivise forecasters to truthfully

report [26]. This approach is rephrased in the following in the notation used throughout this paper to

allow for straight forward comparison with the securities-based implementation.

Definition 1. In a decision market, the market creator has a finite set of m actions A = {α1, α2, ..., αm}

to choose from. For each action αj, there is a set of possible outcomes Ωj = {ωj
1, ω

j
2, . . . , ω

j
nj}, which

nj is the number of possible outcomes for action αj. Both action set A and outcome sets Ωj are

collectively exhaustive and mutually exclusive. A stochastic decision rule ϕ⃗ assigns a probability ϕk to

each action αk with ϕk > 0 and
∑m

k=1 ϕk = 1.

Note that in our notation the outcome ωj
i for action αj can be unrelated to ωk

i for action αk. In

other words, outcomes can be specific to the actions. The sets for the outcome of two actions can be
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completely disjoint. The decision rule can take the final report into account, i.e. ϕ⃗ = ϕ⃗(r⃗1, r⃗2, . . . , r⃗m)

where r⃗1, r⃗2, . . . , r⃗m are the final reports over the m different actions. It can, for instance, approximate

the MAX decision rule by assigning high probabilities to actions with desirable outcomes.

Similar to scoring rules in prediction markets, decision scoring rules can be defined to map forecasts,

decisions and outcomes to a real number. For simplicity, we will denote this score as Sj
i (r⃗j) that the

selected action is αj and the observed event is ωj
i . Assume sji (r⃗j) is a strictly proper scoring rule for

conditional market j. A decision score for changing the current report from r⃗j to ∗r⃗j is given by:

Sj
i (

∗r⃗j)− Sj
i (r⃗j) =

1

ϕj

(
sji (

∗r⃗j)− sji (r⃗j)
)

(2.3)

The expected payoff G of a forecaster in a scoring rule based decision market as defined in definition

1 is given by:

G =

m∑
j=1

ϕj

nj∑
i=1

pji
1

ϕj

(
sji (

∗r⃗j)− sji (r⃗j)
)

=
m∑
j=1

nj∑
i=1

pji

(
sji (

∗r⃗j)− sji (r⃗j)
) (2.4)

where pji denotes the belief of the forecaster which will be identical to ∗r⃗j if the scoring rule is strictly

proper. The forecaster has the same expected payoff as if he/she participated in m independent and

strictly proper prediction markets. Moreover, findings on strategic interaction between traders and

incentives for instantaneous revelation of information from [15] apply as well.

Note that ϕj in equations (2.3) and (2.4) is the probability for the selected action in the decision

rule after the final report. Equation (2.4) shows that the value of ϕj does not affect the expected

payoff that risk-neutral forecasters seek to maximise. This is important because for scoring rules that

depend on the final report, no participant except for the final forecaster knows the value of ϕj . To

provide truthful forecasts forecasters do not need the decision rule ϕ and its dependence on the final

report as long as they can trust that the rule has full support.

An alternative method is to ask a single expert for a recommendation and use scoring rules to

align the incentives of the expert with the market creator’s interest [26], [30].

2.2.5 Empirical Work

There is a substantial body of empirical studies on prediction markets [3], [14], [16]–[19], [21], [23],

and a number of empirical studies on decision markets [31]. Some of these studies have addressed
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whether there are any differences in the efficiency of a scoring rule based mechanism vs. a securities

based mechanism. Jian and Sami conducted laboratory experiments and found the performance of the

two mechanisms is similar [32]; but they stated that further validation was required in ‘field settings’,

which familiarity with how to report forecasts may be an important factor. While similar experimental

comparisons in decision markets do not exist yet, it is worth noting that securities trading is frequently

used in the experimental literature about decision markets [31].

2.3 Strictly Proper Securities Based Decision Markets

In section 2.2.3, we discuss the advantages of implementing forecasting through the trading of secu-

rities. We here formulate a cost function for securities based decision markets that offers the same

expected payoff for participants as a scoring rule based decision market. In a prediction market, the

cost function and price function can be calculated by solving the equations (2.1) [7]. However, be-

cause only decision markets with a stochastic decision rule are myopically incentive compatible, the

stochastic decision rule needs to be accounted for.

2.3.1 Design

We adopt the cost function approach for prediction markets as described in section 2.2.3. To account

for the stochastic decision rule, the securities traded in this market have payoffs that depend on the

selected action.

Definition 2. In addition of the notation in definition 1, we denote q⃗j = (qj1, q
j
2, . . . , q

j
nj ) as outstand-

ing securities for the conditional market for action αj. Element qji represents the number of securities

sold by the market creator that pay if action αj is selected and outcome ωj
i is observed. The payout per

security is denoted by vj, and can depend on the selected action, but is the same for all traders and

does not depend on the observed outcome. The payout for all other securities is zero. Cost function,

price function and corresponding scoring rule for the conditional market on action αj and outcome

ωj
i , are denoted by Cj(q⃗j), r

j
i (q⃗j) and sji (r⃗j), respectively, and together fulfil equation 4.

Theorem 1. Let a trader in a securities based decision market as defined in definition 2 make a trade

∗q⃗j − q⃗j to move prices from r⃗j(q⃗j) to r⃗j(
∗q⃗j). Then the trader will have the same expected payoff

as a forecaster who makes the same forecast in a scoring rule based decision market as described in

equation (2.4) if and only if we set vj = 1/ϕj for all action αj.
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Proof. Let a forecaster in the a scoring rule based decision market change the reports from r⃗k to

∗r⃗k for any action αk. The expected payoff of the forecaster is denoted as G and is given in the

equation (2.4). Let a trader in our securities based decision market change the outstanding securities

distribution from q⃗k to ∗q⃗k for each action αk such that prices change from r⃗k to ∗r⃗k. Then the realised

payoff the trader gains from such a trade is given by:

vj

(
∗qji − qji

)
−

m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
)

where the selected action is αj and the observed outcome is ωj
i .

The expected payoffs of the trader is denoted as Ĝ and we obtain:

Ĝ =

m∑
j=1

ϕj

nj∑
i=1

pji

(
vj

(
∗qji − qji

)
−

m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
))

=
m∑
j=1

ϕjvj

nj∑
i=1

pji

(
∗qji − qji

)
−

m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
) (2.5)

Substituting equation (2.1) into the equation (2.5), we obtain:

Ĝ =
m∑
j=1

nj∑
i=1

pji

(
∗qji − qji

)
−

m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
)
+

m∑
j=1

(ϕjvj − 1)

nj∑
i=1

pji

(
∗qji − qji

)

=G+

m∑
j=1

(ϕjvj − 1)

nj∑
i=1

pji

(
∗qji − qji

)
︸ ︷︷ ︸

a

(2.6)

The expected payoff Ĝ in a securities based market is equal to the expected payoff G in a scoring

rule based market if and only if term a in equation (2.6) is zero. One way to achieve this for arbitrary

trades is to set the payoffs of the contracts vj to 1/ϕj . Thus G = Ĝ if vj = 1/ϕj .

An alternative with vj ̸= 1/ϕj would be to choose vj such that the vector (dot) product a⃗ · b⃗, with

vector element aj being defined as
∑m

j=1(ϕjvj − 1) and bj being defined
∑nj

i=1 p
j
i

(
∗qji − qji

)
, becomes

zero. This however, would require to make vj dependent on trade-specific quantities such as the ∗qji

and contradicts the properties of contract payoffs as defined in definition 2.
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2.3.2 Distribution of Realised Payoffs

Securities based decision markets and corresponding scoring rule based decision markets provide the

identical expected payoff for participants under the same conditions. However, the actual distribution

of payoffs for the participants are not necessarily the same. In this subsection, we will discuss the

difference between securities based decision markets and the corresponding scoring rule based decision

market in terms of realised payoffs for participants.

The realised payoffs for a forecaster who changes report r⃗k to ∗r⃗k in a scoring rule based decision

market is given by equation (2.3). In the securities based market, assume a trader makes a trade to

change the price for any action αk from r⃗k to ∗r⃗k . This trade changes the market creator inventory

from q⃗k to ∗q⃗k and has a cost given by Ck(
∗q⃗k)− Ck(q⃗k). Let the market creator select the action αj

to execute and observe the outcome ωj
i . Using equation (2.1) we obtain the realised payoffs for the

trader in the securities based decision market:

1

ϕj

(
∗qji − qji

)
−

m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
)

=
1

ϕj

(
sji (

∗r⃗j)− sji (r⃗j)
)
+

1

ϕj

(
Cj(

∗q⃗j)− Cj(q⃗j)
)
−

m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
)

︸ ︷︷ ︸
a

(2.7)

The term a in equation (2.7) shows that there is a difference in realised payoffs of participants between

the securities based decision market and the scoring rule based decision market. This difference cancels

out when computing the expected payoff of a participant. Although the sign of term a cannot be

decided easily, term a will increase when the trader spends more in the selected conditional market

and decrease when the trader spends more in the conditional markets that are not selected.

Equation (2.7) shows that the realised payoffs in our securities based decision market can be

rewritten as a scoring rule with an additional term a. This term can be interpreted as a ‘lottery’ that

costs I and returns I/ϕ at probability ϕ. Equation (2.7) can be generalised as:

1

ϕj

(
sji (

∗r⃗j)− sji (r⃗j)
)
+

1

ϕj
Ij −

m∑
k=1

Ik︸ ︷︷ ︸
a

(2.8)

Equation (2.7) is a special case of equation (2.8) where Ik equals to the total cost the trader spent in

conditional market k for each k. This can be interpreted as a forecaster making a report in a scoring

rule based decision market and simultaneously participates in a ‘lottery’ at a cost that depends on
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the report. Any securities based decision market can be seen as a market where the market creator

offers a scoring rule based decision market along with a ‘lottery’ with an expected payoff of zero. The

terms Ik can be chosen such that the payoffs from a scoring rule based decision market are the same

as for a securities based decision market. In the following we provide an example to illustrate the

differences between the payoffs in securities based and scoring rule based decision markets. In Section

2.4 and Section 2.5 we will show how the additional flexibility in the design of securities based decision

markets can be used to reallocate liabilities and worst case losses between traders and market creator.

Example: investment into a single conditional market.

To further detail the differences between a securities based decision market and the corresponding

scoring rule based decision market, we analyse an example where a trader invests in only one condi-

tional market, the market corresponding to action αk. We focus on a setting where forecasters do not

engage in ‘short selling’, and thus only hold positive positions, and the cost Ck(
∗q⃗k) − Ck(q⃗k) paid

to the market creator is positive. Assume the market creator to select the action αj and to observe

the outcome ωj
i . We will compare the realised payoffs between securities based decision markets and

corresponding scoring rule based decision market under two conditions.

The realised payoffs for a trader who invested into the selected market, i.e. j = k, can be found in

table 2.1. Naturally, the forecaster in corresponding scoring rule based decision market is also assumed

to report in the selected conditional market.

Table 2.1: Realised payoff difference between a decision scoring rule based decision market and the
corresponding security based decision market when participants invest into or report on the selected
action.

Market Type Realised Payoff

Scoring Rule Based 1
ϕj

(si(
∗rj)− si(rj))

Securities Based 1
ϕj
(∗qji − qji )− (Cj(

∗q⃗j)− Cj(q⃗j))

Using equation (2.1) for the realised payoffs of securities based decision market in table 2.1 we

obtain:

1

ϕj

(
∗qji − qji

)
−
(
Cj(

∗q⃗j)− Cj(q⃗j)
)

=
1

ϕj
(si(

∗rj)− si(rj)) +
1− ϕj

ϕj

(
Cj(

∗q⃗j)− Cj(q⃗j)
)

︸ ︷︷ ︸
positive

(2.9)

Assuming that traders can only hold positive positions, i.e. cannot ‘short’ securities, equation (2.9)
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shows that participants gain a larger payoff in securities based decision markets compared to scoring

rule based decision markets.

Table 2.2 shows the realised payoffs of the trader and the forecaster investing into, or report, on

an unselected conditional market, i.e. k ̸= j.

Table 2.2: Payoff difference between a decision scoring rule based decision market and the correspond-
ing security based decision market when participants invest into or report on an unselected conditional
market.

Market Type Realised Payoff

Scoring Rule Based 0
Securities Based −(Ck(

∗q⃗k)− Ck(q⃗k))

Changing the prediction for a conditional market corresponding to an action that is not selected

has a zero payoff in the scoring rule based decision market, regardless of how accurate the prediction

is. This is because in the scoring rule based decision market, unselected conditional markets will be

declared void. However, there is a cost for changing a prediction for an unselected market in the

securities based market because purchasing shares to changing a prediction is costly.

2.4 Worst-case Losses for Participants and Market Creator

An analysis of worst-case losses is crucial for practical implementation because it needs to be ensured

that all liabilities can be properly resolved. A common way to ensure that all parties can serve their

liabilities is through depositing escrows which can cover the worst-case scenario. A further purpose is

to understand how liabilities are distributed between market creator and participants.

2.4.1 Worst-case Loss for Participants

Consider a forecaster in a scoring rule based decision market who reports ∗r⃗k when the current pre-

diction is r⃗k for each conditional market k. The worst-case loss for this report is given by:

min
j,i

(
Sj
i (

∗r⃗j)− Sj
i (r⃗j)

)
= min

j,i

1

ϕj

(
sji (

∗r⃗j)− sji (r⃗j)
) (2.10)

From equation (2.10) we can tell that the worst-case loss for the forecaster depends on both the

decision rule ϕj and the report ∗r⃗j he/she made. The probability ϕj depends on the decision rule.

Small probabilities in the decision rule, which may be in the interest of market creator to approximate

deterministic scoring rules, increase the worst-case loss for the forecaster.
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A trader in a security based decision market purchase securities from q⃗k to ∗q⃗k. Assuming again

that forecasters cannot hold negative positions, the worst-case loss for the trader can be calculated as:

m∑
k=1

(
Ck(q⃗k)− Ck(

∗q⃗k)
)

(2.11)

Equation (2.11) shows that the worst-case loss for a trader in the securities based decision market

only depends on the cost the trader spent. In other words, the trader in the securities based market will

not be exposed to any liabilities beyond the costs already paid for purchasing the assets. Therefore a

securities based implementation has the advantage that it does not need to further track the liabilities

on the side of the traders. Moreover, the worst-case loss of trader does not depend on the decision

rule.

2.4.2 Worst-case Loss for Market Creator

The loss of a market creator mirrors the profits gained by the participants. Apart from the distribution

of realised payoffs for the participants, there is therefore a difference of the worst-case loss for the

market creators between a scoring rule based decision market and the corresponding securities based

decision market.

Carrying over the conditions from equation (2.3), the worst-case loss for a market creator of a

scoring rule based decision market is

min
j,i

(
Sj
i (r⃗j)− Sj

i (
∗r⃗j)

)
= min

j,i

1

ϕj

(
sji (r⃗j)− sji (

∗r⃗j)
) (2.12)

As we can tell from equation (2.12), the worst-case loss for a market creator depends on three

factors: initial report r⃗j and final report ∗r⃗j for the selected conditional market and the decision rule

ϕj . Among three factors, the market creator has control over the initial report r⃗j and the value that

decision rule ϕj can take, but does not have control over which action is being picked. Even though

the decision rule can be arbitrary as long as forecasters are convinced that it has full support, it is

the interest of the market creator to take the final forecasts of the market into account. For instance,

it does not fit the interest of the market creator to assign a small probability to the action that is

predicted to most likely lead to a desirable outcome. The relationship between decision rule ϕj and

the final score sji (
∗r⃗j) can be complex in that it depends on how exactly the final forecast determines
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the decision rule ϕ⃗. There is a suggestion about computing a minimal feasible decision rule for each

action according to the budget of market creator [1].

Using the conditions for equation (2.7), the worst-case loss for a market creator of a securities

based decision market is:

m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
)
−max

i,j

(
1

ϕj

(
∗qji − qji

))
(2.13)

In equation (2.13), the term
∑m

k=1(Ck(
∗q⃗k)−Ck(q⃗k))) is the income from securities sales for market

creator, which mirrors the cost spent by participants in order to move the inventory distribution from

q⃗k to ∗q⃗k in each conditional market k. The second term, maxi,j(
1
ϕj
(∗qji − qji )) in the equation is

the maximal payout that can be won by participants. In order to compare the worst-case losses, we

substitute the equation (2.1) into the equation (2.13) and obtain:

m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
)
−max

i,j

(
1

ϕj

(
∗qji − qji

))

=
m∑

k=1,k ̸=j

(
Ck(

∗q⃗k)− Ck(q⃗k)
)

︸ ︷︷ ︸
a

−max
i,j

(
sji (

∗r⃗j)− sji (r⃗j)︸ ︷︷ ︸
b

− (1− ϕj)

ϕj

(
∗qji − qji

)
︸ ︷︷ ︸

c

)
(2.14)

Term a of equation (2.14) is non-negative, and depends on the sales in all conditional markets

except for the one representing the selected action. Term b is the scoring rule that corresponds to

our cost function and is bounded. However, term c depends on final outstanding securities ∗qji and

(1−ϕj)/ϕj . While the market creator has control over ϕj , the final outstanding securities is not known

ex ante. Therefore no finite initial escrow can guarantee to cover the market creator’s liability. This

loss of a bound on the worst-case loss of a market maker differs from the the loss of a bound from low

probabilities in the decision rule as described in [1]. The final budget for a market maker in a decision

market does not have an upper limit because traders can buy arbitrarily large numbers of shares qji

on the selected action, while buying fewer (or no) shares on the other actions. Note that it is in the

interest for the market creator to assign a small probability ϕj to actions that are not preferred. The

term (1− ϕj)/ϕj increases rapidly as ϕj approaches zero. In summary, the advantage of a worst-case

loss for the participants that does not depend on the decision rule thus comes at the disadvantage

that the worst case loss for the market creator cannot be known ex ante.

22



2.4.3 Numeric Example for Worst-case Losses

Let us consider a numeric example that a market creator has two actions and each action has two

outcomes. The market creator uses simple logarithmic scoring rule with sj(
∗rj) = log(∗rj) for both

actions. The corresponding cost function is Cj(
∗q⃗j) = log((eq1 + eq2)/2). The markets start with an

initial report of rj1 = rj2 = 0.5 and qj1 = qj2 = 0 for each action αj . A forecaster reports as shown in

the table 2.3.

Table 2.3: The reports and the corresponding securities.
Report ∗r⃗j

∗r⃗j∗r⃗j
ω1 ω2

α1 0.88 0.12
α2 0.27 0.73

Securities ∗q⃗j
∗q⃗j∗q⃗j

ω1 ω2

2 0
0 1
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Figure 2.1: Worst-case loss comparison between the trader and the market creator in different decision
markets with a varying probabilities in the decision rule.

Figure 2.1 shows the worst-case loss for the trader and the market creator under a securities based

and scoring rule based mechanism in dependence of the decision rule. A trader in the securities based

mechanism faces a worst-case loss that does not depend on the decision rule. In the scoring rule based

market, his/her risk is higher and increases rapidly if the decision rule approaches 0 or 1. For the values

used here, the market creator in the scoring rule based decision market faces less risk than the trader

but the risk is still dependent on the decision rule probability. In securities based market, the market

creator, however, faces larger risks. The reduction of the worst-case loss of the forecaster comes with

an increased worst-case loss for the market creator. This feature of securities based decision markets

is preferred by market creators who are willing to sacrifice financial efficiency for more liquidity.
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2.5 Re-allocation of worst case losses between market creator and

participants

Compared to scoring rule based decision markets, securities based decision markets offer additional

flexibility to shape the distribution of realized payoffs. This flexibility arises because in a securities

based decision market, each report ∗r can be realized through infinitely many trades. As outlined in

equation (2.2), in prediction markets, if a trader purchases β security for each outcome, the cost will

be β. The prices, i.e. the current forecast for the probability distribution over the outcomes, remains

the same. The payout from these additional securities will be exact β regardless of outcomes, and the

net realised payoff for such a trade will be zero.

In a securities based decision market this is, however, not the case. Assume a trader in a securities

based decision market purchases a number of βk of each outcome in conditional market k, for any k.

We refer to such a trade as purchasing a ‘bundle’ of securities. Let the market creator select action

αj . Regardless of which outcome is observed, the realised payoff of the trader from these trades can

be obtained as:

1

ϕj
βj −

m∑
k=1

βk (2.15)

While the prices for each outcome in all conditional markets remains the same, the realised payoff for

the trader in a decision market is affected by these trades and depends on which action is selected.

This property allows a trader to adjust the distribution of realised payoffs through purchasing

bundles of securities without changing the reported probability distributions. Purchasing the same

number of βk of each outcome in conditional market k can also be viewed as the trader purchasing a

‘lottery’ ticket that costs βk and returns βk/ϕk at a probability of ϕk. The realised payoff of a trader

in a securities based decision market can be rewritten as:

1

ϕj
(∗qji − qji )−

m∑
k=1

(Ck(
∗q⃗k)− Ck(q⃗k)) +

1

ϕj
βj −

m∑
k=1

βk (2.16)

For each specific report there is a manifold of trading strategies that link to it each of which leading

to a different distribution of payoffs.

2.5.1 Standardised trades

For further discussion, we introduce a standardized trade as reference point in the trading strategy

space. We define a standardized trade for changing reports from r⃗k from ∗r⃗k as the trade with the
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smallest possible non-negative elements in the number of purchased shares for any k. The standardised

trade can be obtained from any arbitrary trade (∗q⃗k − q⃗k) as:

(∗q⃗k − q⃗k)−min
i
(∗qki − qki )× 1⃗k ∀k

An example is shown in table 2.4. An arbitrary and the standardised trade lead to the identical

report. A standardised trade is the least costly way to make a report without shorting in a securities

based decision market. As for any trade that does not involve short positions, traders will have no

liabilities once they have paid the cost for purchasing securities. On the other hand, the market creator

has a greater liability to resolve the outstanding securities after the action is selected and the outcome

is realised.

Table 2.4: Both the arbitrary trade and the standardised trade lead to the same report but result in
different realised payoffs.

Arbitrary Trades
ω1 ω2

α1 3 1
α2 1 2

Standardised Trades
ω1 ω2

2 0
0 1

2.5.2 Approximating the payoffs of scoring rule based decision markets

The flexibility to shape the distribution of realised payoffs can be used to design trades such that

the payoffs in securities based decision markets match exactly those in scoring rule based markets.

However, this requires the traders to accept negative positions, i.e. to short sell securities, and re-

introduces two-sided liabilities.

Let βk in equation (2.16) to be substituted by −
(
Ck(

∗q⃗k)− Ck(q⃗k)
)
for all k. The realised payoff

for such a trader can be obtained by:

1

ϕj
(∗qji − qji )−

m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
)
− 1

ϕj

(
Cj(

∗q⃗j)− Cj(q⃗j)
)

+
m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
)

=
1

ϕj

(
(∗qji − qji )−

(
Cj(

∗q⃗j)− Cj(q⃗j)
))

=
1

ϕj

(∗
sji (r⃗j)− sji (r⃗j)

)
(2.17)

With such a trade, a trader makes a report through longing securities that she/he believes are
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under-priced and shorting securities on over-priced outcomes to meet the cost. The net cost for such

a trade is zero. An example for the numbers of securities exchanged under such a trading strategy is

shown in Table 2.5.

Table 2.5: Traders can design their trades to achieve the same realised payoffs as the corresponding
scoring rule based decision market. However, this requires short selling.

Standardised Trades Scoring Rule
ω1 ω2 ω1 ω2

α1 2 0 2− ln (e2 + 1)/2 − ln (e2 + 1)/2
α2 0 1 − ln (e+ 1)/2 1− ln (e+ 1)/2

2.5.3 Market Creator Liability Free Decision Markets

We will conclude this discussion a with a design that allocates liabilities entirely to the side of traders.

Let the βk = maxi(
∗qki − qki ) in the conditional market which represents the action αk, we obtain

(∗q⃗k − q⃗k)−max
i

(∗qki − qki )× 1⃗k ∀k

The realised payoff from the market creator point of view can be obtained by:

m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
)
−

m∑
k=1

βk −
1

ϕj

(
(∗qji − qji )− βj

)
=

m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
)
−

m∑
k=1

max
x

(∗qkx − qkx)−
1

ϕj

(
(∗qji − qji )−max

x
(∗qjx − qjx)

)
=

1

ϕj

(
max
x

(∗qjx − qjx)− (∗qji − qji )
)

︸ ︷︷ ︸
Non-negative

−
m∑
k=1

(
max
x

(
skx(

∗r⃗k)− skx(r⃗k)
))

︸ ︷︷ ︸
Known ex ante

(2.18)

As demonstrated by equation (2.18), the term that depends on decision rules and quantities of

outstanding securities is guaranteed to be non-negative. As a result, the liability of the market creator

is guaranteed to be covered if the market creator can afford
∑m

k=1maxx
(
skx(

∗r⃗k) − skx(r⃗k)
)
which is

known ex ante.

Table 2.6: In this market, traders report probability distribution through short selling completely.
Standardised Trades Liability-free
ω1 ω2 ω1 ω2

α1 2 0 0 −2
α2 0 1 −1 0

In this setting, the market creator essentially purchases securities from the forecasters. The market

26



creator covers the worst case loss by paying for the securities.

βk = maxx(∗q k
x − q k

x )

βk = (
Ck( ∗⃗qk)− Ck(q⃗k)

)
βk = minx(∗q k

x − q k
x )

βk = 0

Market cre-
ator liability-
free

Scoring rule
based decision
markets equiv-
alent

Standardised
trades

Arbitrary
Trades

Figure 2.2: The liability is shifted with different choice of βk.

Figure 2.2 provides a graphical summary of the trading strategies discussed above. In the dark gray

area on the right side of the figure, traders cover their worst-case losses when paying for the purchased

securities. The worst-case loss for the market creator can become arbitrarily high. In contrast, in

the left, light gray part of the graph where traders engage solely in short selling, the market creator

will cover their worst-case loss when paying for the securities purchased from the forecasters, and

the traders will have liabilities to the market creator. The scoring rule based decision market sits in

between where the market creator and forecasters both have liabilities.

2.5.4 External Insurers

In previous sections, we use the trading of bundles βk in a conditional market k to better understand

how liabilities are allocated in different mechanisms. Consider we separate traders into two kinds:

regular traders report in standardised trading (thus change prices) with long position only; special

traders trade ‘bundles’ of securities (which does not change prices) with short position only. These

special traders can be considered as insurers. In this case, the liability can be separated from both

regular traders and the market creator. Thus the stochastic decision rule can further approximate

deterministic decision rules with a predictable worst-case loss for the market creator.

If an insurer accepts short positions at an amount equal to the costs of all regular traders’ out-

standing securities
(
Ck(

∗q⃗k) − Ck(q⃗k)
)
for each conditional market k, the realised worst-case loss of
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the market creator can be obtained by:

m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
)
− 1

ϕj
(∗qji − qji )

+
1

ϕj

(
Cj(

∗q⃗j)− Cj(q⃗j)
)
−

m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
)

=
1

ϕj

((
Cj(

∗q⃗j)− Cj(q⃗j)
)
− (∗qji − qji )

)
=

1

ϕj

(
sji (r⃗j)−

∗ sji (r⃗j)
)

The realised payoff will be identical to the scoring rule that the cost function is derived from. If we

change the insurers’ shorting position to maxx
(∗
qkx − qkx

)
to each conditional market k and substitute

equation (2.1) into the market creator’s realised payoff , then we will have:

m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
)
− 1

ϕj
(∗qji − qji ) +

1

ϕj
max
x

(∗
qkx − qkx

)
−

m∑
k=1

max
x

(∗
qkx − qkx

)
=

m∑
k=1

(
Ck(

∗q⃗k)− Ck(q⃗k)
)
−

m∑
k=1

max
x

(∗qkx − qkx)−
1

ϕj

(
(∗qji − qji )−max

x
(∗qjx − qjx)

)
=

1

ϕj

(
max
x

(∗qjx − qjx)− (∗qji − qji )
)

︸ ︷︷ ︸
Non-negative

−
m∑
k=1

(
max
x

(
skx(

∗r⃗k)− skx(r⃗k)
))

︸ ︷︷ ︸
Known ex ante

The insurer essentially offers a lottery. For real-world applications it might not be realistic to

assume that this is done without additional costs. However, paying a small additional fee to such an

insurer is might be in the interest of the market creator to reduce the worst-case loss, which in turn

will also to better approximate deterministic decision rules.

2.6 Conclusion and Discussion

We introduce a setting for securities based decision markets that can be conveniently deployed in

practical applications. In such a setting, a trader will report a forecast through trading securities.

For the securities that represent the selected action and observed outcome, a trader will receive 1/ϕj

payoff per share, where ϕj is the probability in the decision rule corresponding to the selected action.

Other shares pay zero, including those purchased in the unselected conditional markets. We prove

that under the same condition, specifically, the same action space and the same outcome space, a

securities based decision market in our setting has the same expected payoff for participants as the
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corresponding scoring rule based decision market.

We compare a securities based decision market under our setting and the corresponding scoring

rule based decision market in terms of realised payoffs for participants. The comparison demonstrates

that the difference depends on how much the participants report or trade in the selected conditional

market. We notably find that the forecaster in scoring rule based decision market will have no cost

for reporting in unselected conditional markets while this is not the case in the securities based

decision market. We further show that with an additional ‘lottery’, a forecaster in scoring rule based

decision market can have the identical realised payoffs as a trader in the corresponding securities based

decision market under the same condition. Similarly, the realised payoffs of a trader in a securities

based decision market can recover the realised payoffs of the corresponding scoring rule based market,

but this requires the forecasters to ‘short-sell’ securities, i.e. to hold negative positions.

By being equivalent to a scoring rule based decision market with an additional zero-mean ‘lottery’,

the securities based mechanism described here offers an additional set of parameters that allow to

shape the distribution of payoffs beyond what can be achieved based on scoring rules alone. This

allows to re-allocate liabilities and worst-case losses between forecasters and the market creator. As

illustrated in section 2.4, in a market where forecasters only purchase positive positions (no short

selling), their liabilities are covered when paying for the purchased securities. Moreover, in contrast

to scoring rule based decision markets, their worst-case losses do not depend on the probabilities

used in the decision rule. A securities based decision market design might thus be of advantage for

a market creator who aims to attract forecasters who are concerned about limiting their worst-case

losses. In Section 2.5, we show that the creator risks can be further mitigated by external insurers,

which allows to closer approximate deterministic decision rules. Further empirical studies will be of

value in determining how to shape trading to obtain the most accurate forecasts.
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Chapter 3

Decision Market Based Learning for

Multi-agent Contextual Bandit

Problems

Chapter 3 mainly comprises the paper titled ‘Decision market based learning for multi-agent contextual

bandit problems’ preprinted in https://arxiv.org/abs/2212.00271. In Chapter 2, I discuss the use

of decision markets with human traders, whereas this chapter investigates the adoption of decision

markets to solve a multi-agent learning problem with computational agents. Section 3.2.1 and 3.2.2

serve as a literature review for multi-agent systems and bandit problems, respectively. Section 3.2.3

overlaps with 2.2.

Summary of Notation

k number of available actions

m number of agents

T time step variable, T ∈ {1, 2, . . . , n}

A action variable, A ∈ {1, 2, . . . , k}

Ω(A) outcome of action A (Bernoulli variable)

E agent, E ∈ {1, 2, . . . ,m}

Pr(E) probabilistic reports from agent E over all actions, Pr(E) ∈ [0, 1]k

Pr(E,A) probabilistic reports from agent E about action A
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Pr(0) initial prior probabilistic reports

Pr(m) the final aggregated probabilistic reports

C(E) contextual information for agent E

ϕ(Pr(m))
decision rule, i.e., a probability distribution of the available actions,

depending on final report Pr(m)

Ŝ
(
Pr(E),Ω(A)

) scoring rule that quantifies the accuracy of Pr(E) once Ω(A) materi-

alises

S(Pr(E))

decision scoring rule that quantifies the accuracy of report Pr(E)

given that the selected action is A and the outcome is Ω(A); it scales

up the score by 1/ϕA(Pr(m))

Θ(E) learning parameters matrix of agent E

µ(C(E), P r(E−1),Θ(E)) parameters used to sample the log-odds reports from agent E

H(E) log-odds reports

G(E,T )

a matrix of approximated partial derivatives of the expected score of

expert E with respect to policy parameters

B(C(E,T ))
baseline function that does not vary with action A but only depends

on C(E,T )

F
number of pieces of experience within one ‘mini-batch’ used for learn-

ing
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Abstract

Information is often stored in a distributed and proprietary form, and agents who own this informa-

tion are often self-interested and require incentives to reveal it. Suitable mechanisms are required to

elicit and aggregate such distributed information for decision-making. In this study, we use simula-

tions to investigate the use of decision markets as mechanisms in a multi-agent learning system to

aggregate distributed information for decision-making in a contextual bandit problem. The system

utilises strictly proper decision scoring rules to assess the accuracy of probabilistic reports from agents,

enabling them to learn to solve the contextual bandit problem jointly. Our simulations show that our

multi-agent system with distributed information can be trained as efficiently as a centralised coun-

terpart with a single agent that receives all information. Moreover, we use our system to investigate

scenarios with deterministic decision scoring rules which are not incentive compatible. We observe

the emergence of more complex dynamics with manipulative behaviour, which agrees with existing

theoretical analyses.
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3.1 Introduction

In many decision-making tasks, the relevant information is distributed over multiple parties. To

optimise decision-making, multi-agent learning systems are required to obtain, aggregate and learn

from such distributed information. When the agents’ information is private and the objective is self-

interested, rewards may be required to induce the agents to reveal their information. For efficient

multi-agent learning in such a situation, the rewards must be designed so that as agents maximise

their rewards in the training phase, the system’s overall performance is also optimised.

Consider, for example, a recommendation system that aims to optimise advertisement targeting by

using information from multiple sources (e.g., Google, Facebook and Amazon). Such information could

involve the companies’ different user profile data for the targeted person, which the companies have

no interest to reveal. The system, therefore, needs to elicit information in a form that is agreeable

to the information source (e.g. recommendations for the task at hand, rather than complete user

profiles) and needs to provide fair rewards for these contributions. Such rewards can be monetary but

need to be designed such that each information source can learn from the realised rewards and while

maximising its rewards, the performance of the recommendation system improves as well.

In this work, we develop a multi-agent learning system that provides agents with rewards that align

the agents’ objectives with the system’s objectives. We test the system in simulations of learning in

a multi-armed Bandit problem where contextual information is distributed over multiple agents. Our

approach is based on decision markets, which are an extension of prediction markets. While prediction

markets are mechanisms of multi-agent forecasting, decision markets are mechanisms of multi-agent

decision-making where decisions are made based on forecasts. The contextual bandit problem we

study in the simulations can be seen as a one-step reinforcement learning problem.

This paper is organised as follows. In Section 3.2, we discuss relevant work from three related

topics: multi-agent learning (Section 3.2.1), bandit problems (Section 3.2.2) and decision markets

(Section 3.2.3). In Section 3.3, we introduce our research methodology. In Section 3.4, we present

simulation results, and in Section 3.5, we discuss future work directions.

Our results show that the decision market based multi-agent bandit system can optimise decision-

making without requiring individual agents to share their contextual information directly. We use

our system to examine the agents’ behaviour in a decision market with a stochastic decision rule

which provides proper incentives for accurate reporting by the agents, and in a decision market with

a deterministic decision rule which can be manipulated and exploited by the agents. We find that
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under a stochastic decision rule, agents quickly learn to provide accurate reports. Under the deter-

ministic decision rule, we observe interesting manipulative interactions that nevertheless often result

in surprisingly good decision-making.

3.2 Related Work

3.2.1 Multi-agent Learning

Multi-agent learning is an essential and rapidly growing research area in computer science field. Ac-

cording to the nature of the interactions between the agents, multi-agent learning algorithms can be

grouped into three categories [33]: purely cooperative, purely competitive, and mixed.

An example of a cooperative task is the wolf-pack game where two wolves chase prey. Because

the prey is faster than the wolves, the wolves need to learn a cooperative strategy to capture the prey

[34]. When either one wolf reaches the prey, the task is solved and the entire wolf-pack receives a

reward. In such a cooperative task, agents usually share an identical reward function and thus learn

to maximise the joint rewards of the system.

In competitive tasks, one agent’s gain is the other agent’s loss. In the wolf-pack game, for instance,

the wolf agents and the prey agent are in a competitive game. This kind of game is well-studied in game

theory. Optimal strategies can be learned with the min-max learning paradigm, which is guaranteed

to find the best policy under the worst-case assumption of the opponent’s move when the policy

searching space is manageable [35]. Recent attention has focused on deep reinforcement learning to

solve complex competitive games such as Go [36], [37].

Mixed tasks contain elements of the two extremes described above and the nature of games and

agents can be very diverse. For instance, some tasks involve two teams playing against each other [38],

and cooperation and competition co-exist in these tasks. Some studies focus on the dynamics of self-

interested agents’ interaction in such tasks [39]. In our work, the agents engage in a partial information

game that is neither purely cooperative nor purely competitive. It is not purely cooperative, because

the agents have individual reward functions and thus can be seen as self-interested, and they are not

purely competitive because the overall reward provided to the agents increases if the agents work well

together. To draw an analogy with the previous wolf-pack game, our game is essentially a wolf-crow

game where a group of crows has information about the location of numerous prey that the wolf would

benefit from obtaining. The wolf needs to reward the crows for their information, such that they learn

to guide the wolf to the most valuable prey.
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A further classification of multi-agent learning exists along the training methods dimension. A

significant share of attention focuses on a paradigm called centralised training decentralised execution

[34], [40]. On the other hand, some algorithms fall into the fully decentralised paradigm.

Centralised training with decentralised execution is suitable for agents that execute actions locally,

based on local information. During the training phase, however, all the local information is accessible

to a centralised ‘critic’ that can evaluate the agent’s actions from a higher level. This paradigm can

ameliorate two problems in multi-agent learning: the ‘coordination problem’ and the ‘non-stationary

issue’ [33]. The coordination problem arises when agents have to ‘match’ or coordinate their actions

to maximise rewards. The non-stationary issue arises when agents optimise in an environment that

is non-stationary because it contains other co-optimising agents [34], [40]. This paradigm, however, is

not suitable for our task, because the local information is private and is not readily shared.

Federated learning is a novel paradigm that aims to solve a centralised learning problem without

compromising the privacy of users. The federated bandit problem [41], [42] provides an important

framework for recommendation systems without central access to local data [43] and sometimes even

without a centralised model [44].

Another approach is to let agents learn local policies independently [45], [46]. This approach is

suitable when information is private, but learning can be affected by the non-stationary problem. In

our design, we use a mechanism from economics to decorrelate the relationship between the reward

for an independent agent and the peers’ actions and therefore expect to mitigate the non-stationary

problem.

3.2.2 Bandit Problems

Bandit problems provide a framework for studying optimal decision-making when several alternative

actions are available that yield rewards from an unknown, stationary distribution. Actions can be

discrete or continuous [47]. The rewards essentially quantify the quality of the selected action. Agents

act repeatedly and learn by taking a history of the rewards into account for decision-making in subse-

quent rounds. Agents need to balance the exploration for potential better action and the exploitation

according to the best knowledge so far [9]. For some problems, ‘hints’ or contexts exist and pro-

vide information about the reward distribution associated with an action. The reward distribution is

non-stationary and hints change accordingly. The bandit problem, therefore, extends to a contextual

bandit problem which is equivalent to a one-step reinforcement learning problem [48].

Contextual bandit problems are well-suited models for decision-making challenges based on current
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and past information. Many practical applications, such as product recommendations and advertise-

ment targeting, are based on bandit learning and categorised into recommendation systems. An

important use case of multi-agent bandit learning is cognitive radio. In cognitive radio, users want

to identify idle channels intelligently, which is often discussed along with a multi-agent environment

where two users want to avoid selecting the same idle channel [49]–[51]. Recommendation systems are

predominately investigated with centralised models, but with increasing regulation of data privacy,

security and access right, decentralised models that can utilise the private data on individual devices

are gaining relevance. In the system we are investigating, the agents learn locally from local contextual

data to help optimise decision-making in a multi-agent multi-armed bandit problem.

3.2.3 Decision Markets

Collective decision-making with distributed information is a familiar challenge in economics. In deci-

sion markets, this challenge is addressed by eliciting and assessing forecasts about the consequences

of the available actions. Specifically, a principal (decision maker) elicits forecasts from agents with

access to relevant information and then selects an action according to these forecasts. After execution,

the principal will compute scores for the agents’ contributions.

Scoring rules provide such an assessment of forecasts by assigning a numerical score to forecasts

depending on the realised outcome [25]. A proper score can guarantee the highest expected return if

the evaluated forecast aligns with the actual belief of the forecaster. In other words, a rational agent

maximising its expected score will under a proper scoring rule report the most accurate forecast it

can make. Proper scoring rules are suited to reward single agents for their forecasts and allow them

to learn to make forecasts more accurate.

While proper scoring rules provide proper incentives for single agents to make accurate forecasts,

properly incentivised prediction markets are mechanisms to elicit and aggregate forecasts from multiple

agents that have access to different pieces of information. The mechanisms of aggregation depend on

the implementation of prediction markets. Hanson proposes a proper prediction market mechanism

that allows agents to make direct probabilistic reports in a sequential order [2], and suggests market

scoring rules to price assets such that sequential reporting and trading in an asset market becomes

equivalent. Such a mechanism requires agents to make Bayesian updates based on the report from

the previous agent. Chen and Pennock further generalise market scoring rules and their relation to

scoring rules [7]. Implementations following this approach require a principal to provide liquidity for

a prediction market by an automated market maker algorithm that is always available to trade.
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While scoring rules assess single forecasts, and prediction markets provide a mechanism for aggre-

gating the forecasts from multiple agents, decision markets extend these approaches to evaluate and

aggregate forecasts for decision-making [5]. The challenge is to quantify the quality of forecasts that

are conditional on the actions. Because the realised future depends on the selected action, it is difficult

to assess forecasts about the other actions. Decision rules, which choose actions according to multiple

forecasts, are the core of the solution to this challenge. A naive way is to use a deterministic decision

rule that always selects the best action according to the forecasts. However, this approach may in-

centivise misleading forecasts since the forecasts directly determine the selected action [6], [13]. Chen,

Kash, Ruberry, et al. propose a stochastic decision rule that breaks this relation, and thus makes the

forecasts reliable [1], [26]. Wang and Pfeiffer extend the mechanism from direct probabilistic forecasts

to equivalent asset trading markets [8].

3.3 Algorithm

3.3.1 Problem Setup

We study a multi-agent multi-armed contextual Bernoulli bandit problem, where one agent (referred to

as the principal) decides between multiple alternative actions and receives a corresponding reward that

evaluates the quality of the decision. The context, however, is distributed over multiple self-interested

agents. In the system we investigate here, the principal uses a decision market to sequentially elicit

probabilistic reports for the Bernoulli outcomes of the available actions from the agents (see Figure

3.1). In each time step, the principal receives an initial set of prior probability distributions for the

outcomes of each action. It then selects an agent to alter this report. The agent will be scored for

this altered report using a decision scoring rule. The principal then adopts this report and selects the

next agent to alter it, and this process is repeated until the last agent has been selected. Once all

agents have been queried, the principal uses the final report (from the last agent) and a decision rule

to select an action. When the selected action is executed and the outcome is observed, the scores for

all agents can be calculated, and the time step concludes.

Note that while the principal faces a contextual Bernoulli bandit problem, every other agent

faces a continuous contextual bandit problem, where the agent’s action is its probabilistic report to

the principal (see Figure 3.1). To clearly distinguish between these two contextual bandit problems

and the, we refer to the context of the Bernoulli bandit problem as the system’s context, and the

context in the continuous bandit problem of the individual agents as the agent’s context. The agent’s
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Figure 3.1: Decision markets based multi-agent bandit system. Panel (A) shows a diagram
for a regular contextual bandit problem. An agent can choose an action after receiving contextual
information. The action results in a reward from the environment. Panel (B) shows a multi-agent
contextual bandit problem with a decision market, which is the main design of this paper. An action
is selected by a decision market, which aggregates distributed posterior probabilities reported from
agents. The decision market assigns a reward to each agent based on the quality of their reports.
Panel (C) shows a contextual bandit problem with a continuum-arm space in agent 3’s perspective.

context consists of the signals it receives from the system’s environment, and the previous report it

receives from the principal or the previous agent. The system’s context consists of all signals that

are received by the agents from the environment, including the priors that the principal receives from

the environment. The principal in this system cannot learn. However, the agents can learn to use

the context to generate reports that maximise the score they receive. We test if, in such a system,

the agents can efficiently learn such that the principal’s performance in the Bernoulli bandit problem

improves.

In the following, we provide the notation and properties of the Bernoulli bandit problem, the agents

and the context they receive, the principal’s decision rule and scoring rule, and the agents’ learning

algorithm.

3.3.2 Bernoulli Bandit Problem

We denote the time step as T ∈ {1, 2, . . . , n}. We assume that in each time step the principal selects

one action from a finite, discrete set of action A ∈ {1, 2, . . . , k}. The outcome Ω(A) ∈ {0, 1} of action

A is a Bernoulli variable. We assume Ω(A) = 1 is the outcome desired by the principal. Selecting one

action and observing the outcome will not reveal any information about the outcomes of the other

actions.

We consider m agents, which are denoted as E ∈ {1, 2, . . . ,m}. For each time step T , agent E will

privately receive a signal, which provides information about the outcome of the principal’s available

actions. The agent also receives a probabilistic report Pr(E−1) ∈ [0, 1]k from the principal when
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E = 1 or the previous agent. The agent’s context denoted by C(E) consists of the signals and the

report from the principal or the previous agent and is used by the agent to return a report Pr(E). The

probabilistic report about any specific action A is denoted as Pr(E,A).

3.3.3 Principal, Decision Rule and Scoring Rule

At the beginning of each time step T , the principal starts with an initial vector of probabilities Pr(0).

This can be seen as prior probabilities that are provided from the environment to the principal, which

is compatible with a common prior assumption that is often used in related work [4]. The principal

passes this initial report to the first agent, and the first agent returns an updated report denoted as

Pr(1). The principal passes the updated vector to the next agent and repeats this procedure until the

final report Pr(m) is received from the last agent m. After enquiring with all the agents, the principal

uses the final report and a decision rule to select an action. We define a decision rule as a function

which maps the final reports to a probability distribution over the available actions:

Φ : Pr(m) → ∆({A}) (3.1)

We denote ΦA

(
Pr(m)

)
as the probability of action A to be selected. The principal will sample an

action from the distribution A ∼ Φ
(
Pr(m)

)
and execute it. Afterwards, the principal observes the

outcome Ω(A) for the executed action and receives the corresponding reward. The principal will score

the report of agent E using a decision score function:

S : Pr(E) × Φ
(
Pr(m)

)
×A× Ω(A) → R (3.2)

to compute the score for the report Pr(E) from agent E given that the probabilities used to sample

the action are Φ
(
Pr(m)

)
, the selected action is A and the outcome is Ω(A). For simplicity, we will

omit the last three inputs and denote the decision scoring rule function as S
(
Pr(E)

)
.

The relationship between a decision scoring rule and a scoring rule is:

S
(
Pr(E),Φ

(
Pr(m)

)
, A,Ω(A)

)
=

1

ΦA

(
Pr(m)

) Ŝ (Pr(E),Ω(A)

)
(3.3)

where Ŝ
(
Pr(E),Ω(A)

)
is any strictly proper scoring rule, such as the logarithmic scoring rule or the

Brier score, and the decision rule Φ
(
Pr(m)

)
has full support. In other words, strictly proper decision

scoring rules calculate a proper score for a certain action and outcome by scaling up the inverse of
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the action’s probability from the decision rule. As a result, the expected scores from strictly proper

decision rules do not depend on the actions’ probabilities from the decision rule. We further define

S
(
Pr(E),Φ

(
Pr(m)

)
, A,Ω(A)

)
= 0 when ΦA

(
Pr(m)

)
= 0 to include decision rules without full

support, such as deterministic decision rules which we will discuss in Section 3.4.

3.3.4 Continuum-armed Contextual Bandit Learning

As outlined in Section 3.3.2, each agent receives a report from the previous agent (or the principal if the

agent is the first agent to report) and a private signal from the environment. Based on this context the

agents return an updated report which is scored. The updated report represents an agent’s action, and

therefore we can treat each agent as a continuum-armed contextual bandit agent. In many learning

algorithms, the continuum-armed bandit problem is discretised to a finite-armed bandit problem [47],

[52]. In this study, we treat this problem differently, by learning parameters which generate updated

reports with the policy gradient method that maximises the expected score E
[
S
(
Pr(E)

)]
of agent E

[53].

Formally, at time step T , we assume that agent E keeps a matrix of parameters Θ(E). Given the

context C(E) and the prior probability Pr(E−1), the agent will construct a k dimensional density func-

tion. We assume that the density function is a k-dimensional normal distribution

N
(
µ
(
C(E), P r(E−1),Θ(E)

)
, σ2
)
with the means µ

(
C(E), P r(E−1),Θ(E)

)
. After sampling a vector of

log-odds H(E) ∼ N
(
µ
(
C(E), P r(E−1),Θ(E)

)
, σ2
)
from this probability density, the agent computes

the updated probabilistic report as:

Pr(E,A) =
1

1 + exp
(
−H(E,A)

) (3.4)

for action A.

At time step T agent E updates its parameters to maximise the expected score by gradient ascent

Θ(E,T+1) = Θ(E,T ) + α
∂E
[
S
(
Pr(E,T )

)]
∂Θ(E,T )

(3.5)

where α is the learning rate. The approximation of the gradient from an agent’s experience follows

the methodology described in [53], [54]. Further detail is provided in Section 3.3.5.

40



3.3.5 Simulation Setup

In the simulations, we use the classic urn problem as the model for the Bernoulli bandit problem.

Specifically, the principal will face an environment which consists of k urns. Each urn represents

an action of the k actions in the Bernoulli bandit problem. There are two types of urns, which are

red type (1) and blue type (0), representing the possible outcomes of the action, i.e. the Bernoulli

variable. The type is hidden from the principal until the principal selects the urn. The type of the

other (unselected) urns, however, remains hidden.

At the beginning of each time step T , k prior probabilities Pr(0) will be sampled from a normal

distribution (in log-odds form), one for each urn. The Bernoulli type of urn A will be sampled using

the prior probability Pr(0,A). The prior probabilities will be given to the principal and they will be re-

sampled at each time step. Urns contain multiple balls of two colours, red and blue. The composition

is determined by the type of the urn and remains fixed for all time steps T . Simulations in section

3.4 are all conducted in an environment with two urns each of which can be Bernoulli type 0 or 1. A

Bernoulli type 1 urn contains 2/3 red balls and Bernoulli type 0 contains 1/3 red balls.

A number of J balls will be randomly sampled with replacement from one or multiple urns by an

agent. The colour of these balls constitutes the private signal of the agent from the environment. The

colour of the balls (and their origin), as well as the prior probabilities Pr(0) or the previous updated

report Pr(E−1) jointly form the contextual information vector C(E) of an agent. For our setting with

two urns to select from, two types of urns and balls, the context can be implemented as a vector with

6 elements (see equation 3.6), where cr1 represents the number of red balls drawn from urn 1. cb1

represents the number of blue balls drawn from urn 1, and cp1 is the log odds transformed prior report

for urn 1. Similarly, cr2, cb2 and cp2 represent the number of red and blue balls as well as the log odds

transformed prior report for urn 2.

The contextual information vector multiplied with the matrix of learning parameters Θ(E) of the

agent gives the means µ
(
C(E),Θ(E)

)
for a normal distribution N

(
µ
(
C(E),Θ(E)

)
, σ2
)
. The log odds

H(E) of the actual report will be sampled from this normal distribution. The computation of the

means for the updated report can be written as
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

cr1

cb1

cp1

cr2

cb2

cp2



⊺

×



θ
(1)
r1 θ

(2)
r1

θ
(1)
b1 θ

(2)
b1

θ
(1)
p1 θ

(2)
p1

θ
(1)
r2 θ

(2)
r2

θ
(1)
b2 θ

(2)
b1

θ
(1)
p2 θ

(2)
p2


=

(
µ1 µ2

)
(3.6)

The result of the multiplication µ1 is the mean log-odds transformed report for urn 1, and µ2 is

the mean log-odds transformed report for urn 2. The reported log odds for urn 1 and urn 2 will be

sampled from a normal distribution with this mean and a fixed variance, i.e., H1 ∼ N
(
µ1, σ

2
)
, and

H2 ∼ N
(
µ2, σ

2
)
.

We implement logarithmic scoring rules in the simulation. Therefore, the decision scoring rule can

be written as

S(Pr(E),Φ
(
Pr(m)

)
, A,Ω(A))

=



1
ΦA(Pr(m))

log
Pr(E)

Pr(E−1)
, if ΦA

(
Pr(m)

)
> 0 and Ω(A) = 1

1
ΦA(Pr(m))

log
1−Pr(E)

1−Pr(E−1)
, if ΦA

(
Pr(m)

)
> 0 and Ω(A) = 0

0, otherwise

(3.7)

This implies that an agent receives a difference in the logarithmic score between the agent’s score

and the previous report’s score. In other words, the agent is scored for how much the accuracy of

the preceding report is improved or worsened. In our simulation, we use a stochastic decision rule

that favours the type one urn. In other words, we assign the highest probability to the urn that is

forecasted to be most likely to be type one. In our two urns simulations, we assign a probability of

90% to selecting probability to the urn that is reported to be most likely type one and 10% to the

other. From the principal perspective, this is essentially an ϵ greedy two-arm bandit problem with

ϵ = 10%. A fixed exploration rate will cause a loss of performance, which is clear in our simulation

results in section 3.4.1. One can use bandit learning techniques to optimise the principal, but this is

not the focus of this work.

Agent E’s initial parameters Θ(E) is sampled from a standard normal distribution N (0, 1). At

time step T , we refer a tuple
(
C(E,T ), µ(E,T ), H(E,T ), S

(
Pr(E,T )

))
that consists of useful information
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for agent E to learn as an experience. We use the experience replay buffer technique as in [55], [56].

The difference is, in our simulation, each experience is independently and identically distributed, and

therefore we apply this technique only for the efficiency of the hardware usage. After agent E receives

the score, it will store the experience in its own experience replay buffer. If the existing experience

number exceeds a certain threshold, the latest experience will replace of the oldest one. Afterwards, a

fixed number F of experience tuples will be uniformly sampled from the experience replay buffer for

an update. Assume the experience tuple at time step I is within that F samples, the gradient for the

tuple can be obtained by

G(E,I) = C(E,I) ×
(
S
(
Pr(E,I)

)
−B

(
C(E,I)

))
×

H(E,I) − µ(E,I)

σ2
(3.8)

where B(C(E,I)) is a baseline function that does not vary with action A but only depends on the

contextual vectors [54]. Finally, an average gradient of a mini-batch will be computed by

G(E,T ) =
1

F

∑
I

G(E,I) (3.9)

to update the parameters of time step T as shown in equation 3.5.

3.3.6 Performance Evaluation

The principal’s objective is to select urns of type 1. To track the systems’ performance we, therefore,

use the sum of Bernoulli outcome variable
∑n

T=1Ω(A,T ) of the executed action A. Additionally, we

use the error of the final reports, defined as the mean squared residual between the final aggregated

reports that the principal receives from the sequential reporting and the correctly updated Bayesian

posterior P̂ r of an observer with access to the entire environmental context.

Er =
∑
A

(
Pr(m,A) − P̂ r

)2
(3.10)

This metric is used only for evaluation purposes as the signals are not accessible by the principal

during the training phase.
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3.4 Simulation Results

We use our simulation setup to investigate three different decision market scenarios. In the first set of

simulations (Section 3.4.1) we compare a multi-agent system with a centralised agent. In the multi-

agent system, signals are distributed across the individual agents, while in the centralised system,

there is a single agent that receives all signals. In both cases, a stochastic decision rule is used. The

results show that the multi-agent contextual bandit system performs as well as the centralised system.

In the second set of simulations (Section 3.4.2), we analyse decision markets with deterministic

decision rules, starting with a single agent. The results show that because such markets are not

incentive-compatible, agents can learn strategies that lead to reports which differ from correct infor-

mation aggregation. The agent’s behaviour resembles strategies described by Othman and Sandholm

[6]. However, in many cases, agents learn to provide accurate forecasts (despite receiving a lower

reward), which indicates that strategically inaccurate forecasting is difficult to learn with gradient

methods.

In the third set of simulations (Section 3.4.3), we are investigating decision markets with determin-

istic decision rules and multiple agents. We observe novel strategies leading to non-trivial interactions

between agents, with strategically distorted reporting by the agent who reports first. The results

show that while final reports are as accurate as for decision markets with stochastic decision rules, the

distribution of rewards for agents under stochastic decision rules is fairer compared to the distribution

under deterministic decision rules.

3.4.1 Decision Markets with Stochastic Decision Rules: Distributed vs. Cen-

tralised Systems

In this set of simulations, we compare the performance of a system with J individual agents, each of

which receives a single signal, with a corresponding centralised system where a single agent receives

J signals. The simulations follow the approach described in Section 3.3, with J being set to 3, 5, 9,

and 15. Each signal is a draw of a single ball (sampled with replacement) from one of the urns.

As shown in Figure 3.2, we observe that the mean square error (MSE) of the final report decreases

rapidly and stabilises close to zero in both multi-agent and centralised systems. The MSE declines

faster in the multi-agent system, compared to the centralised counterpart when the agent or signal

number is high. This is analysed in more detail further below. Once converged, the average rewards

for both systems are very similar, with the reward being defined as one when the selected urn turns
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Figure 3.2: System performance of multi-agent and centralised systems. Panel (A)-(D) show
simulations with 3,5,9 and 15 signals. In the multi-agent system, each agent receives one signal. In the
centralised counterpart, a single agent receives all signals. The black line and red line are the running
averages of the mean squared error of multi-agent and centralised systems, respectively. The green
line is the average received reward for a principal who chooses an action according to a posterior from
a correct Bayesian model that can use all available information. The blue line shows the actual reward
received for the multi-agent systems. The orange line is the reward received by the centralised systems.
The errors and rewards for the centralised and distributed systems are very similar. The rewards are
lower compared to the Bayesian model, with the difference arising from the use of a stochastic decision
rule in the multi-agent and centralised system.
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Figure 3.3: Final accuracy and time to convergence in multi-agent and centralised systems.
Plot (A) shows the mean squared error in the last 10,000 steps. Plot (B) shows the training iterations
required to reach a mean squared error below 0.005.

out to be of the preferred type (red), and zero when it is not. Note that the gap between the actual

reward and the ideal reward is due to the nature of stochastic decision rules, which assigns a positive

probability to select a sub-optimal action. The performance will be close to the ideal reward if we

account for the disadvantage of the stochastic decision rules.

We further analyse performance by investigating the time to convergence, and the average squared

residual error after convergence. We recorded the average MSE at the last 10,000 steps (see Figure

3.3A) and the number of training steps (see Figure 3.3B) required for a system to reach an acceptable

performance (here set to 0.005). Figure 3.3A shows the converged performance of both systems

increases similarly with an increasing number of signals. Figure 3.3B, however, indicates that the

steps required for the centralised system to reach an acceptable performance increase with the number

of signals it receives. In contrast, the multi-agent system does not show any relation between the

number of agents and the steps required for training to reach a MSE of 0.005. In other words, the

multi-agent system shows better scalability.

Figure 3.4 shows the progress of learning parameters Θ for a centralised agent (panels A and B)

and a distributed agent from a multi-agent system (panels C and D). As shown in the figure, the

learning parameters converge to theoretically ideal values. For a centralised agent, the parameters

that relate prior probabilities with reports converge slower than in the distributed counterpart. This

is because compared to the contribution of five balls to the final report, the information provided by
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Figure 3.4: Progress of the learning parameters for a centralised and distributed agent. Plot
(A) and plot (B) show the six parameters that determine the report for urn 1 and urn 2 respectively
for a centralised agent. Plot (C) and plot (D) show the parameters for a distributed agent. These
parameters are the left column in the matrix in equation 3.6. Specifically, the red line with the label

‘Red signal from urn 1’ in the legend is the history of θ
(1)
r1 and the parameter can be interpreted as the

weight of receiving a red ball from urn 1 for the posterior report of the urn 1. Similarly, ‘Blue signal
from urn 1’, ‘Red signal from urn 2’ and ‘Blue signal from urn 2’ show the weights corresponding to
the signal colour and which urn it comes from. The green lines labelled ‘Prior for urn 1’ and dark
green lines labelled ‘Prior for urn 2’ show the weights for prior probabilities passed by the previous
agent or the principal on the updated reports. The dash lines are the ideal value for the learning
parameters.
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the prior probability is less important. The time to convergence increases when the signal number

increases, while in the multi-agent counterpart each agent learns every parameter at a similar pace.

Overall, from the simulation results, we find that a multi-agent bandit system that uses a deci-

sion market with stochastic decision rule can learn to make highly accurate reports, similar to the

corresponding centralised system. The advantage of our multi-agent system is that the contextual

information an agent receives can remain private to the agent. More specifically, the agents reveal

how the contextual information they receive affects their probabilistic reports, but they do not need

to reveal the contextual information itself, or the weights that were used to link the context with the

report.

3.4.2 Decision Markets with Deterministic Decision Rules: Single Agent Simula-

tions

Section 3.4.1 demonstrates that decision markets with stochastic decision rules can elicit information

distributed over multiple agents. These agents can be computational and can use the decision market

score to learn using their information to make accurate forecasts. However, decision markets with

stochastic decision rules are inefficient because they entail that the principal sometimes selects an

action that is forecasted not to be the best possible action. It is in the interest of the principal to

use a deterministic decision rule and select the action that has the highest probability to achieve the

desired outcome.

Such a decision rule, however, is not incentive-compatible and has been theoretically shown to be

manipulatable by rational and myopic agents [6], [13]. From a reinforcement learning perspective, a

score derived from a decision market with a deterministic decision rule cannot be expected to allow

agents to learn providing reports that can be interpreted as accurate probabilistic reports. Othman

and Sandholm’s work discusses strategies of an agent who is the last to make a report and can benefit

from strategically inaccurate reporting, and show that there are situations where subsequent agents

with the same piece of information have no incentives to correct such inaccuracies.

We here investigate the strategies that are learned by a single agent with a single signal as specified

in Section 3.3. Further simulations with multiple agents with independent information are investigated

in Section 3.4.3.

We find that in our simulations of a single agent in a decision market with a deterministic decision

rule, depending on initial parameters different strategies are learned. In most simulations, agents

learn to make reports similar to those in the stochastic decision markets. The reports of the agents
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Figure 3.5: Progress of the learning parameters for a selectively underreporting and ac-
curately reporting agent. Plot (A) and (B) are weights for the log odds report from a selectively
under-reporting agent. Plot (C) and (D) are weights from an accurate reporting agent. The accuracy
is determined by if the posterior report agrees with the posterior Bayesian inference with all the signals
accessible.

represent accurately estimated probabilities for the outcomes, given the information available. Such

agents could be seen as ‘honest‘ agents. We also observe agents learn accurately report the probability

for one urn, but provide a report that is lower than the accurate report for the other urn. The weights

of an accurately reporting agent and a ‘selectively underreporting’ agent are shown in Figure 3.5.

While the weights for an accurate agent are the same as the ones learned by the agents in the deci-

sion markets with stochastic decision rule, the selectively underreporting agent differs in two weights.

These two weights are zero for the accurate agents but negative for the selectively underreporting

agent. One of these weights lowers the report for urn 2 when a red signal for urn 1 is received; the

other weight lowers the report for urn 1 when a red signal for urn 2 is received. This contrasts with

an accurate agent who would not lower a report for an urn for which no signal has been received.

A selectively underreporting agent can benefit from this strategy (see Figure 3.6) because if re-

porting accurately, the agent receives a larger payoff if the urn is selected from which the signal was

received. A single agent can therefore maximise its payoff by reporting accurately for the urn from
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which the signal was received, and submitting a report for the other urn that is sufficiently low such

that the former rather than the latter urn is selected. However, we only observe agents learn to selec-

tively underreport when obtaining a red signal. In principle, selective underreporting also maximises

the payoff for an agent who receives a blue signal. However, the blue signal lowers the probability for

an urn to be of the favourable type; therefore this strategy requires lowering the report for the other

urn much more. If underreporting is insufficient to change the choice of the urn, it is disadvantageous,

making selective underreporting difficult to learn with local, gradient-based methods when a blue

signal is received.

Figure 3.6: Reward distribution and performance of decision markets with stochastic
and deterministic decision rules. Plot (A) shows the average score ratio comparison between
individual agents in different reporting sequences and different decision markets. Plot (B) shows the
performance comparison between a three-agent system based on a decision market with a stochastic
and deterministic decision rule.

In summary, in our single-agent simulations, we find strategic manipulation similar to the strategies

expected by Othman and Sandholm. An agent can benefit from manipulating the final report and

misleading the principal to a sub-optimal action. However, such a strategy would be vulnerable to

subsequent agents with the same piece of the information who have incentives to correct previous

underreporting.

3.4.3 Decision Markets with Deterministic Decision Rules: Simulations with Mul-

tiple Agents

The multi-agent dynamic in a deterministic decision market has so far not been investigated. We here

use our system to investigate the interaction between three agents in a decision market with a MAX
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decision rule.

In Section 3.4.2, we observe agents learn to ‘game’ a decision market by ‘honestly’ reporting about

the urn that offers the larger expected reward to the agents while underreporting (or ‘trash-talking’)

the other option. This strategy maximises expected payoffs but could be exploited by subsequent

agents. Othman and Sandholm discuss a strategy where the final agent strategically inflates the final

report of the urn that offers a higher reward than accurately reporting to the agent under certain

conditions (see example 2 in [6]). Such a strategy can also be profitable, and it cannot be exploited

by subsequent agents with the same information. However, it is unclear what strategies are beneficial

when multiple agents with conditionally independent signals exist. To study this situation, we use

simulations with three agents. As in the previous simulations (Section 3.4.1), each agent will draw a

ball from a random urn and return it after privately recording the colour. The agents make sequential

reports.

Figure 3.7: Progress of the learning parameters for a three-agent system based on a
decision market with a deterministic decision rule. The 2 × 3 grid plots show the change of
weights from each agent. The dashed lines show the weights required for strict Bayesian updates like
reports. The weights in panels (A) and (B) show the weights of the first agent in a decision market
with a deterministic decision rule; (C) and (D) of the second agent; and (E) and (F) of the final agent.

Figure 3.7 shows the agents’ strategies in terms of the weights learned by the agent. The weights
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for the first agent are all increased compared to a Bayesian agent accurately reporting the probabilities

given the information. This means that the first agent strategically overreports. Subsequent agents

essentially correct this initial overreporting such that the final reports become quite accurate (see

Figure 3.8.). Intuitively, this strategy is beneficial because the first agent learns that the urn with the

highest probability will be selected. By providing increased reports on all outcomes, the first agent can

benefit from increasing all reports. The agent increases the report most when receiving a red signal,

but it also increases the reports for the urn from which no signal has been received. When a blue signal

is received, it provides the lowest report, though this report is still larger than one given by an accurate

Bayesian agent (see Figure 3.8.). Interestingly, this leads to a reward distribution that substantially

favours the first agent. While agents in the decision markets with stochastic decision rules receive very

similar rewards, under a deterministic decision rule, the first agent receives a much higher expected

score. Thus, while from the principal’s perspective the decision-making performance is very similar

to the strategies emerging in our simulations, the expected scores offered under a stochastic decision

rule can be seen as more ‘fair’ compared to the scores under a deterministic decision rule.

With the simulation, we reveal interesting dynamics in a multi-agent system with a deterministic

decision market. The first agent learns an overreporting strategy and takes the lion’s share of the

score. The subsequent agents correct the report of the first agent, which results in a surprisingly

accurate final report.

3.5 Conclusion and Discussion

In this paper, we investigate the use of decision markets, which are economic mechanisms for decision-

making based on distributed information, for contextual bandit learning in a multi-agent system.

Unlike existing multi-agent systems, we assume contextual information is distributed across multiple

self-interested agents who own their information and require incentives to reveal it and learn to in-

terpret it. This scenario is relevant for real-world commercial models because contextual information

such as user profiles or patient information is often proprietary and potentially too sensitive to be

made available to a centralised model. Rather than revealing contextual information, training data

and learned parameters, each agent solely need to reveal its predictions for the available actions.

Because a decision market offers a proper score for these predictions, it allows training multiple self-

interested models without accessing private contextual information. The score aligns the individual

agents with the system’s performance such that as the agents improve their individual scores, the
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Figure 3.8: Change of probabilistic reports in decision markets with deterministic and
stochastic decision rules. The plot has shown the change of the probabilistic report for urn 1
passed by each agent (the report for urn 2 is symmetric). A line labelled ‘Red signal from urn 1’
shows the change in the report after receiving a red ball from urn 1. The other labels follow the same
convention. A solid line indicates the ball is from urn 1 (the reporting urn) and a dashed line means
the ball is from urn 2 (the other urn).

collective decision-making efficiency improves as well.

Our simulations show that the decision market based multi-agent system can train self-interested

agents to achieve an equally efficient performance as a centralised trained counterpart with accessibility

to all pieces of the same contextual information. This result indicates that coordination problems and

the non-stationary issue that can arise in multiagent systems do not affect the performance of our

system in the simulations.

We use our system to investigate the dynamics of multi-agent interactions under different decision

rules. While decision markets with stochastic decision rules allow the agents to learn to make highly

accurate forecasts, the stochastic decision rule reduces the efficiency of decision-making. We, there-

fore, simulate how agents learn under a deterministic decision rule. In the one-agent system with a

deterministic decision rule, the agent, who learns with a gradient-based algorithm, can learn to selec-

tively diminish the probability of the action for which it does not have any information. Moreover,
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the agent benefits from this underreporting strategy because it ensures that the action is selected

for which the forecasts are expected to be scored higher. However, the learned strategies depend on

the initial values for the learning parameters, and often the agents learn to report accurately. This

highlights the limitations of gradient methods used in the simulations to find the global optimum.

In a three-agent system with a deterministic decision rule, we observe the first agent learn to

overreport for both actions and thereby gain a significant first-mover advantage. The subsequent

agents gradually correct the report which results in an accurate final report. The average scores for

individual agents are less equitably distributed under a deterministic decision rule, compared to a

stochastic decision rule. Our results suggest that our simulation-based approach to testing economic

mechanisms in a multiagent learning context can identify strategies that are beneficial to the individual

agents and their consequences for the overall system performance.

A future study could use global optimising techniques to find globally optimal strategies and

thereby help identify Nash equilibria. For instance, in Section 3.4.2 we mentioned that selective

underreporting for a blue signal is difficult to learn with local gradient-based methods. This is because

underreporting has to be sufficient to change the decision. Less strong underreporting does not

change the decision but reduces accuracy for the selected action and therefore reduces the score.

Global optimising techniques, however, have a much higher computational complexity. Another future

study direction is overcoming the limitation of stochastic decision rules, which sometimes require the

principal to select the action that is predicted to be sub-optimal. This requires a mechanism that

allows for a deterministic action selection while simultaneously maintaining incentive compatibility.

A promising approach might be to use peer prediction methods to resolve the decision markets.
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Chapter 4

Proxy Forecasting to Avoid Stochastic

Decision Rules in Decision Markets

Chapter 4 mainly consists of the paper titled ‘Proxy Forecasting to Avoid Stochastic Decision Rules

in Decision Markets’ preprinted in https://arxiv.org/abs/2303.10857 [57]. Both Chapter 2 and

3 use a decision market with a stochastic decision rule, which suffers from inefficiency due to the

randomness required in decision-making. This chapter describes several related mechanisms that can

lift this inefficiency and achieve collective deterministic decision-making.

Summary of Notation

k number of available actions

m number of agents

T time step variable, T ∈ {1, 2, . . . , n}

A action variable, A ∈ {1, 2, . . . , k}

Ω(A) outcome for action A (Bernoulli variable)

P principal

E agent, E ∈ {1, 2, . . . ,m}

D(P,A) the principal’s signal about action A (Bernoulli variable; used as proxy)

D(E,A) agent E’s signal about action A (Bernoulli variable)

Pr(E,A)

probabilistic report of agent E for principal P ’s signal (i.e., the proxy)

being D(P,A) = 1, Pr(E,A) ∈ [0, 1]

Pr(E) vector of reports from agent E over all possible proxies, Pr(E) ∈ [0, 1]k
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C(E)

contextual vector consisting of agent E’s own signal D(E) and previous

report Pr(E−1)

Θ(E) policy parameter matrix of agent E

µ(E,A)

parameters used to sample the log-odds report from agent E about action

A

X(E,A) actual log-odds sampled with µ(E,A)

µ(P,A) the principal preferences over action A as use for training the principal

ϕ(P )

the probability distribution over the actions used by the softmax function

for principal learning, ϕ(P ) ∈ [0, 1]k,
∑

ϕ(P ) = 1

s(Pr(E,A), D(P,A))
scoring rule that quantifies the accuracy of Pr(E,A) according to the prin-

cipal’s signal D(P,A)

G(E,T )

a matrix of approximated partial derivatives of the expected score of expert

E with respect to policy parameters

G(P,T )

a matrix of approximated partial derivatives of the expected reward of

principal P with respect to policy parameters

B(P,T ), B(E,T )

baseline functions that reduce the variances but do not change the means

of rewards

P̂ r(A)

Bayesian posterior probabilities for the principal’s signal given all the sig-

nals received by the agents, Pr
(
D(P,A)

∣∣D(1,A), . . . , D(m,A)

)
P̂ r′(A)

Bayesian posterior probabilities for the actions’ outcomes given the agents’

and the principal’s signals, Pr
(
Ω(A)

∣∣D(1,A), . . . , D(m,A), D(P,A)

)
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Abstract

Information that is of relevance for decision-making is often distributed, and held by self-interested

agents. Decision markets are well-suited mechanisms to elicit such information and aggregate it into

conditional forecasts that can be used for decision-making. However, for incentive-compatible elicita-

tion, decision markets rely on stochastic decision rules which entails that sometimes actions have to

be taken that have been predicted to be sub-optimal. In this work, we propose three closely related

mechanisms that elicit and aggregate information similar to a decision market, but are incentive com-

patible despite using a deterministic decision rule. Following ideas from peer prediction mechanisms,

proxies rather than observed future outcomes are used to score predictions. Proxies are observable

events that are statistically correlated with the future outcomes of interest. The first mechanism

requires the principal to have her own signal, which is then used as a proxy to elicit information from

a group of self-interested agents. The principal then deterministically maps the aggregated forecasts

and the proxy to the best possible decision. The second and third mechanisms expand the first to

cover a scenario where the principal does not have access to her own signal. The principal offers a

partial profit to align the interest of one agent and retrieve its signal as a proxy; or alternatively uses a

proper peer prediction mechanism to elicit signals from two agents. Aggregation and decision-making

then follow the first mechanism. We evaluate our first mechanism using a multi-agent bandit learning

system. The result suggests that the mechanism can train agents to achieve a performance similar to

a Bayesian inference model with access to all information held by the agents.
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4.1 Introduction

Consider a company that has developed two alternative product lines and needs to decide which one

to move into production. The decision maker (principal) has a noisy signal about the likelihood of

success of the product lines and also engages a group of experts who have their own independent noisy

signals. The aim of the decision maker is to make the best possible decision, given the experts’ and

her own signals. The experts are self-interested and require incentives to reveal their information.

The principal needs to design the incentives such that the experts cannot benefit from manipulative

strategies that result in larger rewards for inaccurate information.

Collective decision-making processes need to address two challenges. Firstly, a process needs to

incentivise self-interested participants to provide their information accurately. Secondly, multiple

pieces of information need to be aggregated and mapped to the final decision. Several options for

eliciting advice for decision-making have been discussed in [26]. One option is to elicit forecasts about

the consequences of the available actions and make a decision based on these forecasts. An alternative

is to directly solicit recommendations on which action to take.

Prediction markets are suitable mechanisms to elicit forecasts from groups of experts when realised

outcomes do not depend on the selected actions. However, when the future outcomes depend on the

choice of the principal, it is difficult to design proper incentives because the unselected actions become

counterfactual, and forecasts about their consequences cannot be evaluated by a strictly proper scoring

rule. A simple mechanism where the principal first elicits forecasts about the available actions and then

selects the action that is forecasted to be most beneficial is therefore prone to strategic manipulation

by self-interested experts [6], [13].

As a solution to this problem, proper decision markets have been proposed [1]. Proper decision

markets use strictly proper scoring rules to elicit forecasts, and then use a stochastic decision rule to

map the elicited forecasts to a probability distribution over the available actions. This probability

distribution needs to have full support, i.e., assign each action a non-zero probability of being executed.

Forecasts about the available actions can then be rewarded such that the expected payoff for a forecast

does not depend on which action is selected.

The stochastic decision rule required to properly incentivise decision markets means that the

principal needs to select actions that are forecasted to be suboptimal. This introduces inefficiency

in the decision-making process. While the probabilities assigned to suboptimal action can be made

arbitrarily small, small probabilities in the decision rule lead to reward distributions with high variance
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and to large worst-case losses for the principal [1], [8].

Naturally, the interest of the principal is to elicit collective forecasts for the available actions that

are as accurate as possible, and then deterministically select the action that is forecasted to be the

most desirable one. In this paper, we propose a set of mechanisms which fulfil these requirements

and thus fill a gap in the literature on collective decision-making. By eliciting forecasts for observable

proxies for the consequences of the available actions, these mechanisms separate the scores for experts

from the decision made by the principal and, therefore, can use deterministic decision rules. Such a

proxy is defined to be verifiable and statistically correlated with the desirability of the actions; in the

simplest case, this could be a signal held by the principal. The principal then elicits forecasts about

this proxy and uses the aggregated reports to deterministically select an action. Our work builds on

ideas from peer predictions, where peers provide proxies for an unobservable ground truth.

We illustrate our mechanisms with simulations of learning in a contextual bandit problem where

contextual information (i.e., signals) is distributed over multiple self-interested agents. Such a setting

was used previously to study multi-agent learning under a decision market mechanism [10].

This paper is organised as follows: In Section 4.2, we briefly discuss related work. In Section 4.3,

we propose a mechanism that allows a principal to aggregate distributed information and make the

decision deterministically with the assumption that the principal has an independent and identically

distributed signal. We then extend the mechanism and describe two variants that work under different

assumptions. In Section 4.4, we show simulation results to illustrate that one mechanism can be used

for multi-agent learning. In Section 4.5, we conclude the work and discuss future directions.

4.2 Related Work

The work presented here is related to work on strictly proper scoring rules, prediction markets, and de-

cision markets. Strictly proper scoring rules for probabilistic forecasts are described in [25]. Prediction

markets expand these scoring rules to aggregate information from multiple forecasters [4], [7], [20], [29],

[58], [59]. Decision markets are mechanisms to aggregate conditional forecasts for decision-making,

and are described in [1], [5], [6], [13]. An application of decision markets to multi-agent contextual

bandit system is described in Wang and Pfeiffer; detailed background on multi-bandit problems is

provided in [47], [54], [60].

The approach to using a proxy to verify forecasts for unobservable outcomes follows a well-

established strategy from peer prediction mechanisms [61]–[65]. In brief, peer prediction mechanisms
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incentivise participants to truthfully report a signal they have received. In a real-world application,

such a signal could be an experience in a restaurant, which is reported in a review and may serve as

a proxy for the restaurant’s quality. Peer prediction mechanisms use the correlation between different

agents’ signals to ensure truth-telling is a Nash equilibrium [61], [62]. When agents perform multiple

similar tasks, this mechanism can be designed to ensure that agreeing with another reference report is

rewarded while blind agreement is penalised [64]. A number of studies have expanded this mechanism

along different dimensions [63], [66]–[71].

Our work is closely related to [72] which proposes proper proxy scoring rules to incentivise a fore-

caster to truthfully reveal her probabilistic belief with a proxy instead of a future outcome. Witkowski,

Atanasov, Ungar, et al. use existing empirical data to evaluate their proxy scoring rules. Our work fol-

lows this work to avoid the disadvantages of a stochastic decision rule in proper decision markets. We

test our mechanism in simulations of a multi-agent bandit learning system that allows self-interested

agents to converge to optimal collective decision-making (more detail in Section 4.4.2).

4.3 Mechanism Design

This section will outline three closely related mechanisms that use proxies to avoid the disadvantages of

stochastic decision-making in proper decision markets. In the first mechanism, we assume that, similar

to related work on decision markets [1], [5], [6], a principal decides between multiple alternative actions.

Moreover, there is a group of agents each of which receives independent and identically distributed

(iid) signals about the likely outcome for one of the actions. Unlike previous work on decision markets,

we assume that the principal has her own signal about one of the available actions, which is iid from

the other agents’ signals. The principal elicits and aggregates the agents’ signals by using her own

signal as a proxy, i.e. she elicits forecasts from the agents about her own independent signal, and then

selects one of the available actions based on these forecasts. In the second mechanism, the principal

does not have an own signal, but recruits one of the agents as an advisor and uses the advisor’s signal

to elicit and aggregate the other agents’ signals. Because the principal requires only a single signal to

elicit all other signals, she can use a fraction of her own reward as an incentive to align the advisor’s

interest and retrieve the signal. Thirdly, the principal separates two agents from the rest of the agents,

uses peer prediction to elicit the signals from these two agents, and then elicits the remaining agents’

signals following the procedure of the first mechanism.

For simplicity, we assume for all mechanisms that each action has Bernoulli outcomes (e.g. Success;
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Failure), one of which is preferred by the principal. As long as probabilistic forecasts for the outcomes

allow to generate preference rankings over the actions, the outcome space can be extended to finite,

mutually exclusive sets, as has been considered in existing research [26]. Moreover, signals are assumed

to be binary (e.g. 0 or 1), and the probability of receiving a particular signal for an action depends on

the Bernoulli outcome for that action. However, in principle more complex signals can be considered

as well.

4.3.1 Principal with Own Signal

The principal aims to make an informed decision between alternative actions, and has a signal about

the Bernoulli outcome for one of the actions. The principal engages with a group of agents who also

have independent signals about an action. To make the best possible decision, the principal needs

to incentivise agents to reveal their information and aggregate the elicited information to select an

action. Instead of using the observed outcome to reward the agents for accurate forecasts, as is done

in decision markets and would require a stochastic decision rule, she uses her own signal as a proxy.

Rather than eliciting probabilistic forecasts for the Bernoulli outcomes for each action, agents are

incentivised to provide forecasts for her signal. Because the outcome from the action is not required

to score the agents, this allows for deterministically selecting an action.

Similar to prediction and decision markets, agents report a set of probabilities (one probability

for the signal being 1 for each action) in sequential order. The probabilistic reports depend on an

agent’s signal and the reports from the previous agent in sequence. The first agent uses uninformative

odds as prior (i.e., two 50/50s for a two-action scenario), or a common prior. After the last agent

makes the reports, the principal will use a strictly proper scoring rule and her signal as a proxy

for the corresponding action’s outcome to evaluate all probabilistic reports. As is done in properly

incentivised prediction markets and decision markets, the principal assigns a reward to the evaluated

report that is equal to the difference between the strictly proper score of the reports and the previous

reports to ensure efficiency in assigning rewards [1], [2]. This mechanism resembles peer prediction,

except that the peer evaluation uses the principal’s signal and the principal is assumed to resolve the

markets truthfully [62].

Evaluating with a proxy guarantees the incentive combability for agents as their rewards do not

depend on the principal’s decision. The principal can therefore use a deterministic decision rule that

maps her signal and the aggregated reports from the last agent to an action that is predicted to have

the highest chance of achieving an outcome desired by the principal. The best deterministic decision
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rule can be inferred by the principal if all priors and conditional probabilities are known, and can also

be learned, as is illustrated in the simulations of the contextual bandit problem, which are detailed in

Section 4.4.

4.3.2 Principal with One Agent Acting as an Advisor

Previous work has shown that offering a single agent a portion of the principal’s reward provides a

simple way to align the agent’s interest with the principal’s interest [6]. Such an alignment allows

the principal to deterministically select an action following the agent’s advice [26]. However, how to

provide incentives to multiple advisors who might, based on their signals, provide conflicting advice

is an open question.

Because the principal requires only one single signal to elicit all other signals, in cases where the

principal does not have access to her own signal, she can incentivise one agent to act as an ‘advisor’.

The principal then elicits the advisor’s signal, and uses this signal as a proxy for the ground truth.

Note that while in [26], the advisor recommends an action directly according to the received signal,

in our mechanism, the truthful announcement of the advisor’s signal is required. Since the advisor’s

and principal’s interests are aligned, the advisor can be expected to truthfully provide the signal.

The other agents, who are again assumed to have received independent signals, are incentivised to

make forecasts about the advisor’s signal. Similar to the procedure described in Section 4.3.1, the

principal then uses these forecasts to deterministically select an action. Note that for this mechanism

to function, the advisor cannot be allowed to participate, or collude with the other agents, in the

incentivised forecasting.

4.3.3 Principal with Two Agents Evaluated by Peer Prediction

The mechanism proposed in the previous section lifts the assumption that the principal has an iid

signal, similar to the agents. However, to incentivise the advisor, the principal requires the outcome

of the selected action to materialise. The mechanism will be more flexible if the iid signals can be

acquired without verification, as the outcome of actions may take a long time to materialise. There

is substantial research about peer prediction mechanisms eliciting information without verification

[61]–[66], [68], [69].

The setting of the principal and agents follows [10], in that the agents, but not the principal,

have access to iid signals. However, in the third variation of the proposed mechanism, we separate

two agents and refer to them as peers. Although any peer mechanism where truthfully announcing
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signals is a Nash equilibrium satisfies our requirements, the mechanism with the smallest possible

number of peers is best suited because peer signals cannot be aggregated in the market. We use

the mechanism proposed by [64] as an example to expand our mechanism with advantages inherited

from peer prediction mechanisms. At the procedure’s beginning, agents and peers sample the signals.

The peers are required to announce the signal to the principal. The principal will evaluate a peer’s

announcement with the other peer’s announcement, and will reward agreement. However, this does

not prevent agents from providing uninformative announcements, such as always making identical

announcements regardless of the actual signal. We, therefore, follow [64] and resolve this problem by

requiring peers to participate in multiple prior similar tasks to compute a statistic to penalise blind

agreements. In our problem, the multi-task requirement can be implemented with a memory of the

announcements in previous steps. Again, after the principal retrieves the announcement, which is an

iid signal guaranteed by peer prediction mechanisms, the procedure follows Section 4.3.1 using the

signal of one of the peers as a proxy. Note that the principal must ensure that the peers are not

colluding with each other, or with the agents who forecast one of their signals.

4.4 Simulations for Multi-agent Bandit Learning

In this section, we describe simulations of multi-agent learning based on the mechanism described in

Section 4.3.1. We model the decision-making mechanism as a multi-agent contextual bandit problem

with Bernoulli outcomes. A principal aims to decide among several alternative actions, while signals

about the quality of the actions are distributed among a group of self-interested agents. Agents and

the principal receive independent and identical distributed (iid) signals for one of the actions, this is

in contrast to the simulations of multi-agent learning with decision markets as discussed in Chapter

3, where the principal does not have her own signal. The agents sequentially forecast the principal’s

signal, conditional on their own signals, and they step-by-step aggregate the available information.

After the last agent makes the final forecast, the principal scores all forecasts with a strictly proper

scoring rule based on her proxy (i.e., her own signal). Once the principal has learned the correct

mapping, she deterministically maps her signal and the final reports to an action.

We model each agent as a contextual bandit problem with a continuous action space. For each

agent, the input constitutes of the signals and the reports from the previous agent. (The first agent

uses even odds, or a common prior as input.) The agents will receive a score from the principal

that correlates with their contribution to predicting the principal’s signal and perform a learning
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algorithm with it. Unlike in previous work [10] the principal is here assumed to learn with policy

gradient methods as well, to use her own signal and the forecasts for her own signal to select one

of the available actions. This is modelled as contextual bandit problems with discreet action space.

Afterwards, the principal observes the Bernoulli outcome of the selected action and updates the policy

accordingly.

4.4.1 Problem Setup and Notation

The problem setup of this paper generally follows the work by Wang and Pfeiffer [10] with several key

differences. The multi-agent contextual bandit problem arises repeatedly and agents can learn from

the score from previous rounds. We denote the time step as T ∈ {1, 2, . . . , n}. At the beginning of each

time step T , the principal P faces a finite and discrete action set and selects an action A ∈ {1, 2, . . . , k}

from it. The outcome space is a k dimensional Bernoulli vector Ω ∈ {1, 0}k and the outcome of arm

A is denoted as Ω(A) ∈ {1, 0}. The principal desires the actions A with outcome Ω(A) = 1. Each

agent E ∈ {1, 2, . . . ,m} and the principal receive iid signals about one of the actions A. The signals

are denoted as D(P,A) for the principal and D(E,A) for agent E. The signals are Bernoulli variables,

i.e., D(P,A) ∈ {1, 0}, and sampled with a stationary probability distribution according to the outcome

type of an action. If outcome Ω(A) for action A is 1, the iid signal D(P,A) or D(E,A) for that action is

1 at probability 2/3 and 0 at probability 1/3. If outcome Ω(A) for action A is 0, the iid signal D(P,A)

or D(E,A) for that action is 1 at probability 1/3 and 0 at probability 2/3. D(P,A) plays the role of the

proxy. It is statistically correlated with the outcome for action A, and is observable to the principal,

who can reveal it to the agents. The agents bet on the value of the proxy. The action space of agents

is therefore a multi-dimensional real number Rk, of which k is the cardinality of the principal’s action

set. We refer to an agent’s actions as reports, which can be in log-odds or in probabilistic format. We

denote the probabilistic reports of agent E as Pr(E) ∈ [0, 1]k and the report for a certain principal’s

action A as Pr(E,A), which is the probability that the principal receives a D(P,A) = 1 signal about the

action A. We denote the log-odds report of agent E as X(E,A).

Agents sequentially make reports to forecast the principal’s signal [2], after both the principal and

agents receive signals. Agent E receives reports Pr(E−1) from the previous agent E−1 in the sequence.

Both Pr(E−1) and signals D(E) composite the contextual vector that we denote as C(E). The first

agent uses even odds instead of received reports. Agent E maintains a policy parameter matrix Θ(E)

that maps the contextual vector to posterior reports Pr(E). The posterior reports Pr(E) are provided

to the principal for evaluation, and become part of the subsequent agent’s contextual vector. The
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procedure repeats until the last agent E = m in the sequence provides the final report Pr(m) to the

principal. The ideal final report is essentially an aggregated forecast of the principal’s signal based on

all the signals from agents.

In the simulations, we set k = 2. Agents keep a 6 × 2 policy parameter matrix with random

initialisation of weights. The contextual information vector C(E) is multiplied with the matrix of

learning parameters as follows:



cr1

cb1

cp1

cr2

cb2

cp2



⊺

×



θ
(1)
r1 θ

(2)
r1

θ
(1)
b1

θ
(1)
p1

θ
(1)
r2

θ
(1)
b2

θ
(1)
p2

θ
(2)
b1

θ
(2)
p1

θ
(2)
r2

θ
(2)
b2

θ
(2)
p2


=
(
µ(E,1), µ(E,2)

)
(4.1)

The contextual vector C(E) has six elements. The element cr1 is set to 1 if the agent receives signal

1 for action 1 (i.e., D(E,1) = 1); cb1 is set to 1 if D(E,1) = 0, and similarly cr2 and cb2 are set to 1

when the received signal is signal D(E,2) = 1, and D(E,2) = 0, respectively. Above elements remain

0 when there is no signal. The elements cp1 and cp2 are the prior log-odds transformed probabilistic

reports for the first and second actions. The result is a pair of parameters
(
µ(E,1), µ(E,2)

)
, where

µ(E,1) is used to sample a report for action 1, and µ(E,2) is used to sample a report for action 2. The

actual log-odds reports (X(E,1), X(E,2)) will be sampled from a normal distribution with the above

parameters
(
µ(E,1), µ(E,2)

)
as means, and a fixed variance to estimate gradients for learning. The

probabilistic reports (Pr(E,1), P r(E,2)) will be converted from log-odds reports (X(E,1), X(E,2)).

The principal evaluates the probabilistic reports of agent E using a proper scoring rule function

and her signal described in [25]:

s : Pr(E,A) ×D(P,A) → R (4.2)

The reward R(E) for an agent E is calculated by s
(
Pr(E,A), D(P,A)

)
− s

(
Pr(E−1,A), D(P,A)

)
. As

the latter part of the reward is not dependent on the agent E; therefore, at time step T , agent E

optimises the reward by updating the policy parameters with:

Θ(E,T+1) = Θ(E,T ) + αG(E,T ) (4.3)

where G(E,T ) is a matrix of approximated partial derivatives of expected score E[s(Pr(E,A), D(P,A))]
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with respect to policy parameters. Because the principal uses a proper score function, the expected

score maximises when agent E learns to report Pr(E,A) = Pr
(
D(P,A)

∣∣D(E,A), P r(E−1,A)

)
. The scores

for agents depend on agents’ reports and the principal’s signal and, therefore, are decoupled from

the principal’s decision-making. The principal can resolve the scores for agents immediately after

the aggregated report is available. The scores incentivise the agents to learn to accurately report

probabilistic reports for the proxy.

In the simulations presented here, the principal is a computational model as well, and maintains

a policy parameter matrix Θ(P ). In the simulation, the structure of the policy matrix is the same as

the agents’ policy matrix. We denote the contextual vector of the principal as C(P ), which constitutes

the principal’s signal D(P ) and the reports from the last agent. While the agent uses the output

of the multiplication of the context vector and the weight matrix to sample a report from a normal

distribution, the principal uses the output to sample an action using the softmax function. The result(
µ(P,1), µ(P,2)

)
can be considered as the preference of an action relative to the other actions. Using

the soft-max function, the probabilities of the two actions available in the simulations are given by:


Φ1 =

exp(µ(P,1))
exp(µ(P,1))+exp(µ(P,2))

Φ2 =
exp(µ(P,2))

exp(µ(P,1))+exp(µ(P,2))

(4.4)

The principal sample the action from the distribution Φ(P ) = {Φ1,Φ2} and executes it. At the

time step T , after observing the outcome of the executed action, the principal will update its policy

parameters to maximise the expectation of the desired outcome to materialise:

Θ(P,T+1) = Θ(P,T ) + αG(P,T ) (4.5)

G(P,T ) is a matrix of approximated partial derivatives of policy parameters with respect to the

expected rewards. In other words, the principal learns to interpret the signal D(P ) and the reports

from the last agent in sequence Pr(m) into an action distribution to select the action A that is most

likely to lead to an outcome ΩA = 1. Note that the computational model samples the action for

approximating gradients, which serves for the learning purpose in our simulations. A principal who

knows (or has learned) the relation between final report, her own signal, and outcomes, can use a

deterministically select action without changing the incentives for the agents.

In the simulation, we use a Brier scoring rule. Any proper scoring rules will have consistent results

here [20], [25]. Both the principal and the agents use an experience replay buffer technique to speed
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Agent Action Signal Prior Posterior Decision Score

1 1 1 (0.5,0.5) (0.67,0.5) −
2 2 1 (0.67,0.5) (0.67,0.67) 0

Principal 1 0 (0.67,0.67) Action 2 +

Table 4.1: Example decision-making process with two agents. In this example, the outcome
for action 1 is 0 and for action 2 is 1. Agent E = 1 receives a signal D(1,1) = 1 for action 1 and
agent E = 2 receives a signal D(2,2) = 1 for action 2. The principal P receives a signal D(P,1) = 0 for
action 1. Assuming the two agents and the principal are well-trained. Agent E = 1 updates the prior
(0.5, 0.5) to generate a posterior report (0.67, 0.5). Agent E = 2 does not change the report for action
1 but increases the report for action 2 and generates the posterior report (0.67, 0.67). The principal
decides to execute action A = 2 because her signal breaks the tie in favour of action A = 2. This is
a correct decision and that is rewarded by Ω(2)=1. While the expected payoff of agent 1 is positive in
this case, agent 1 receives a negative score because it makes the reports for the principal’s signal less
accurate. Agent 2 receives a score of 0 because the principal receives a signal for action A = 1 rather
than action A = 2.

up the training process [55], [56]. For agent E, a tuple
(
C(E,T ), µ(E,T ), X(E,T ), R(E,T )

)
consists of

the contextual vector, the mean log-odds, the actual reports and the reward at time step T is called

a piece of experience. For the principal P , the experience tuple
(
C(P,T ),Φ(P,T ),Ω(A,T ), AT

)
consists

of the contextual vector, the action distribution and the materialised Bernoulli outcome (which is

essentially a 1-0 reward). In each time step, the principal and agents randomly draw a mini-batch of

pieces of experience from the experience reply buffer. We assume the experience tuple at time step I

is within the mini-batch sampled at time step T . The gradient for the principal can be obtained by:

G(P,I) =


C(P,I)

(
Ω(A,I) −B(P,I)

) (
1− Φ(P,I) (AI)

)
−C(P,I)

(
Ω(A,I) −B(P,I)

) (
Φ(P,I) (a)

)
,∀a ̸= AI

(4.6)

The gradient for the agents can be obtained by:

G(E,I) = C(E,I)

(
R(E,I) −B(E,I)

) X(E,I) − µ(E,I)

σ2
(4.7)

In our simulation, C(P,I) and C(E,I) have 6 × 1 dimension and Φ(P,I), X(E,I) and µ(E,I) have 1 × 2

dimension. Therefore, the Gradients have the same dimensionality as the policy matrix. We use a

different time step notation I to emphasise that at time step T , the training does not necessarily use

the experience from time step T . In both equations 4.6 and 4.7, B(P,I) and B(E,I) are two baselines

functions that do not vary with the action. The baseline function should have no effect on the

expectation but influences variance and will speed up the training process. A popular choice of the

baseline function is a running average of the reward. Finally, both the principal and agents will learn
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Figure 4.1: Example decision-making process with two agents. The three panels show the
progress of the system. In Panel (A), the environment presents two actions. Agent 1 receives a signal
(1, -), where ‘1’ indicates a positive signal for action 1, and ‘-’ signifies the absence of information
regarding action 2. Agent 2 and principal also receive signals as indicated. Panel (B) illustrates the
sequence of reporting steps. Firstly, the principal shares the initial prior with the first agent. Agent 1
then adjusts the prior based on the received signal and subsequently transmits it to Agent 2. Agent 2
follows by making its adjustments and passing the final report to the principal. The principal checks
the report against the signal she received and rewards the agents accordingly. Panel (C) shows, finally,
the principal maps her own signal and the final report to an action (in this case A2) and then executes
it. The outcome of the execution is observed subsequently.

with the average of the mini-batch gradients.

In this work, we set a Bayesian updating model as a benchmark. At the first stage, the Bayesian

model receives all the same signals D(E) as the agents. The Bayesian model generates a posterior

according to the agents’ signals P̂ r(A) = Pr
(
D(P,A)

∣∣D(1,A), . . . , D(m,A)

)
. As once the accessibility of

distributed and proprietary signals is allowed, the problem become trivial. Therefore, we consider the

Bayesian update posterior as the ideal report that the agents can generate. We evaluate the mean

squared error between the aggregated report and the Bayesian updated posterior:

Er =
∑
A

(
Pr(m,A) − P̂ r(A)

)2
(4.8)

To evaluate performance in decision-making, we use a Bayesian model that will take both the

principal’s signal and the agents’ signals into consideration and compute the posterior to P̂ r′(A) =
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Pr
(
Ω(A)

∣∣D(1,A), . . . , D(m,A), D(P,A)

)
. We deterministically select the action A that has the highest

chance to have outcome Ω(A) = 1 according to P̂ r′(A), and record the frequency at which this procedure

selects an action with outcome 1. For comparison, we also record the average frequency that the

principal selected action’s outcome to be 1.

4.4.2 Simulation Results

This section will show the result of a multi-agent bandit learning system that employs our mechanism

for deterministic decision-making problems in the setting we mentioned in the previous section.

Figure 4.2: System performance of a three-agent system and the Bayesian inference. The
blue line is the mean squared error Er between the aggregated report Pr(m,A) from the market and

a Bayesian inference P̂ r(A) that uses the same information. The light cyan marks the range of the
actual error. The red and green lines are the average times the selected action’s outcome that the
principal desires.

Figure 4.2 shows that the multi-agent system’s error, calculated by equation 4.8, converges after

around 5 million steps. After the agents’ policy parameters converge, the decision quality of the

principal is as good as a Bayesian inference model that can access all the signals. The result suggests

that our mechanism achieves the most informed decision-making with a deterministic decision rule.

4.5 Conclusion and Discussion

This research proposes a set of closely related mechanisms to address a collective decision-making

problem. That is, a principal wants to decide between several actions, but most information about

the quality of the actions is distributed and privately owned by self-interested agents. To make

an informed decision, the principal needs to elicit the information with incentives and aggregate it

in a suitable way for subsequent decision-making. Existing collective decision-making mechanisms
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face a dilemma: either decision cannot be made deterministically without triggering manipulative

behaviours, or the information cannot be elicited from more than one agent to make a deterministic

recommendation [6], [26].

Our mechanisms address information elicitation and aggregation under a deterministic decision rule

through the prediction of a principal’s proxy. This approach resembles peer prediction mechanisms.

In peer prediction, such as scenarios involving experiencing a product and rating its quality, multiple

agents (typically more than three) observe signals that are conditional on the type (or quality) of the

product. The principal asks the agents to disclose their signals, but the agents do not necessarily

truthfully reveal their signal. The principal rewards the agents based on their disclosures. In this

scenario, an announcement strategy is considered a best response to the announcements of the other

agents if it results in the highest expected payment.

For any given agent, a reference agent will be randomly selected and assigned. The principal

then computes a conditional probability based on the agent’s announcement and the reference agent’s

announcement. The principal finally employs a strictly proper scoring rule to assess the probability

and determine the payment. Assuming the reference agent reports honestly, the best response for the

agent is also to report truthfully. A detailed and formal proof of incentive compatibility in this scenario

can be found in [62]. The key difference to our mechanism is that the principal also receives an iid

signal, just like the agents, and the principal’s signal serves as the reference for all the agents, and as

proxy for an outcome that is not necessarily observed. If the agents can trust that the principal will

accurately determine the payment based on the signal she receives, then a truthful Nash equilibrium

can be achieved. Another significant distinction in our simulations is that the conditional probability

is not assumed as prior knowledge and computed, but rather learned through a policy gradient method

by the agents. Finally, the principal learns to map her own signal and the aggregated report from

agents to conditional probabilities regarding the outcomes of actions, allowing for the application of

a deterministic decision rule.

We further expand this mechanism to two additional variants. The first expansion lifts the as-

sumption that the principal requires a proxy herself. The mechanism separates an agent from the rest

as an advisor. The principal can elicit the proxy from the advisor by providing a share of her reward

to align their interest. The second expansion employs a peer prediction mechanism and separates two

agents to predict the signal that the other party possesses. As long as one chooses a proper peer pre-

diction mechanism, the elicited signals are as if the principal owned the information. In both variants,

the information of the other agents is aggregated and used to make a deterministic decision. Note the
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principal must ensure that collusion does not occur between the advisor and the other agents, or the

two peers and the other agents.

We use a multi-agent contextual bandit system to simulate the dynamics of learning for our first

mechanism. The result shows that the average frequency of the selected action’s outcome desired by

the principal using our mechanism is as high as under a Bayesian inference model with identical infor-

mation. It suggests our mechanism solves the collective decision-making problem with a deterministic

decision rule.

There are several future study directions. An important direction is to employ the mechanisms

described here to solve a contextual bandit problem that involves multiple agents who are unwilling to

share raw signals, i.e., user profiles. Such a scenario fits into a growing research direction of federated

learning. Federated learning, unlike the traditional supervised learning model, forbids a centralised

party from directly collecting data for learning [73], [74]. Federated bandit problems fall into this

category, which train recommendation systems without accessing private user data. Our mechanisms

inherently do not require accessing the agents’ signals and potentially provide another direction to

solve the federated bandit problems.

In the mechanisms presented here, we distinguish between the principal and agents. For many peer

decision problems, there is no such distinction. All agents could, in principle, receive signals and get

into the position to execute an action. We can expand our mechanism to such a peer decision problem

by randomly selecting an agent as the principal at each time step, and the rest of the procedure follows

the first mechanism. This mechanism is most useful when the peers have no conflicting preferences

for the actions’ outcome. For instance, all agents prefer success over failure as the selected action’s

outcome. When the agents are not picked as the principal, they are self-interested in that they seek

to profit from their signals.

We validate our mechanism with self-interested computational agents. It remains to be studied how

well the mechanism works for a more complex action and outcome space. It is also worth investigating

how well the mechanism works, for instance, with human subjects in a laboratory setting, and how it

compares to alternative mechanisms of collective decision-making.
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Chapter 5

Conclusion

The conclusion chapter summarises the results from Chapters 2-4 and discusses opportunities for future

studies. Chapter 2 proposes a design for decision markets with stochastic decision rules that is based

on the trading of securities. The design ensures that participants have the identical expected payoff as

in Chen, Kash, Ruberry, et al.’s scoring rule based design for the same amount of information [1]. The

distribution of materialised payoffs, however, may differ. The securities-based decision markets allow

more flexibility in adjusting worst-case loss with specially designed contracts. The principal can even

outsource its liability by allowing some participants to ‘gamble’ over which action the principal will

select. Such a ‘side game’ reduces the principal’s liability, and the principal can better approximate

deterministic decision rules without facing a higher worst-case loss if the specially designed contracts

are set to hedge the risk. The securities-based implementation presented in this chapter makes the

mechanism more attractive to human forecasters.

Decision-making problems are studied in computer science as well, in particular in the rapidly

growing fields of machine learning and AI. A typical framework that studies optimising the decision-

making process in a repeated game is the multi-armed bandit problem [9]. Classic multi-armed bandit

problems, in which a single agent repeatedly makes a decision over the same action set, are well

investigated. Multi-agent bandit problems have gained much attention recently in the context of

multi-agent systems, because some problems in real-life are distributed in nature.

Chapter 3 presents a multi-agent bandit system that employs a decision market with a stochastic

decision rule to address a collective decision-making problem by learning. The chapter assumes a group

of self-interested agents make forecasts based on local and private information for a principal to solve a

contextual bandit problem. The principal evaluates the forecasts by a decision market with a stochastic

decision rule, and assigns rewards. The agent learns to map the private information to a forecast that
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maximises the expectation of the assigned rewards. Based on the nature of the decision market, such

a mapping can be accurate or strategic. Our simulations demonstrate that the multi-agent system

based on a decision market with a stochastic decision rule can achieve equivalent learning efficiency

to a centralised counterpart that can access all the local and private information. Furthermore, I

simulate the dynamics of single-agent and three-agent systems with deterministic decision rules. For

the single-agent system, I observed the strategic manipulation as described by Othman and Sandholm.

The interactions observed in three-agent systems are more complex. I observe a substantial first-mover

advantage and surprisingly accurate aggregated forecasts despite the fact that all three agents provide

‘manipulative’ reports.

Decision markets with stochastic decision rules require the principal to commit to a randomised

decision rule, which is not in her interest. Mitigation exists but comes with other limitations, such

as higher worst-case loss or more complex design. How to deterministically elicit and aggregate

information distributed among a group of self-interested agents remains an open question. Chapter 4

addresses this question with three proxy-based mechanisms. Firstly, I assume that the principal, like

the agents, has her own independent and identically distributed signal, which is a piece of information

that correlates with the outcome of one of the available actions and serves as a proxy. Instead of

requiring the agents to forecast the outcome of each action as is done in Chapter 3, the principal makes

the agents forecast the nature of her signal. The principal then evaluates the forecasts with her signal

and a strictly proper scoring rule. This guarantees that the agents maximise their expected reward by

accurately forecasting conditional on their local and private signals. The principal deterministically

maps the forecasts and her own signal to a decision.

In further mechanisms described in Chapter 4, I lift the assumption that the principal must have

her own signal: the principal separates one agent from the rest and incentivises it with a partial profit

to align the interests. The principal can then retrieve truthful information about the signal possessed

by the agent and use it as a proxy to elicit forecasts from the other agents. Alternatively, the principal

separates two agents from the other agents and uses a peer prediction mechanism to elicit accurate

information about signals possessed by these two agents. I extend the multi-agent bandit learning

system described in Chapter 3 to simulate the dynamics under the first mechanism. The simulation

result shows that the mechanism allows the system to make decisions as efficiently as a Bayesian

inference model with access to all private and local information.
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Limitations and future study

This research has several limitations, and corresponding directions to extend the work.

A substantial limitation of Chapter 2 is the use of stochastic decision rules, which may create a

barrier to applications. Because it is not in the interest of the decision maker to make a stochastic

choice once the forecasts have been elicited [26]. Therefore, it is crucial for the forecasters to ensure

that the principal is committed to such a choice. This can be implemented through a trusted third

party or a commitment without trusted third party. A future direction related to Chapter 2 is to

explore methods to implement securities based decision markets with smart contracts on blockchain.

It has inherent advantages to allow for an irreversible commitment by the principal. The limitation

from stochastic decision rules is further addressed in Chapter 4.

In Chapter 3, the artificial models for agents map the contextual vectors to forecasts in a linear

manner. As a result, the agents may fail to learn complex strategies, as this requires non-linear

mapping as is the case for decision markets with deterministic decision rules. Another potential

limitation is that the gradient methods only search locally. Therefore, learning may not find global

optima when the problem is non-convex or even non-smooth. This is because the agents may be

stuck in the local optima, when learning with gradient-based methods [75]. Multi-agent reinforcement

learning to find the global Nash Equilibrium is challenging for agents in such a situation, because

learning the global NE often requires the agents to explore learning parameters with lower expected

scores first [12], [76]. One can extend the work with a more sophisticated exploration strategy to help

the agents find the global NE.

In Chapter 4, the mechanism that separates two agents and uses a peer prediction mechanism to

retrieve the truthful signals, bears the inherent limitation from peer prediction mechanisms. That is

truth-telling is not a strict global NE point as so called ‘permutation strategies’ can always be another

global NE point[71], [77]. The ‘permutation strategies’ mean the agents always make the opposite

report given the signals, i.e., agents lower the probability after they receive type 1 signal instead

of increasing or vice versa. The limitation becomes more severe when multiple agents are learning

simultaneously.

Multi-agent learning is a rapidly developing field, and a recent development is federated learn-

ing. Federated bandit learning is a framework for solving bandit problems such that the contextual

information is from multiple sources and remains hidden while training the bandit models. Several
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solutions with different focuses have been proposed[41], [43], [44]. It is worth studying how decision-

market based designs, and designs with proxy forecasting can help to make good decisions when user

data sharing is restricted, but predictions can be shared.

Chapters 3 and 4 are based on economic mechanisms designed for humans. Note that, in economics,

humans are assumed to act risk-neutral and fully rational even though literature on human decision

making in real-world shows that this is often not the case [78]. Therefore, the multi-agent systems

described in Chapters 3 and 4 can work as well in a human-robot-mixed scenario. An interesting

direction would be designing experiments that allow humans and well-trained agents to decide jointly.

Such experiments would help investigating the impact of ‘irrational’ human behaviour on hybrid

decision making.
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