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Abstract

Granular materials are an integral part of many processes vital to both nature and modern life.

Improving our understanding of the behaviour of flowing granular materials is important for a

wide variety of applications. Many models have attempted to capture the dynamics of granular

flow, including discrete element models which model individual particles, models which analyse

the stress in granular material, and models using the Navier-Stokes equation. Each of these

models have various advantages and disadvantages, and while they each can be used to give

unique insights into granular flows, no currently available model fully captures the multitude of

phenomena that granular materials exhibit. This thesis focuses on the µ(I) model within silos,

extending the model to capture more of the complexities of granular flow.

In this thesis, the µ(I) model is extended in a variety of ways. While the base µ(I) model is

incompressible, granular material dilates while flowing. This work extends the µ(I) model to be

pseudo-compressible. Another consideration is that the µ(I) model is also a purely local model.

In contrast, experiments done with flows down slopes and in Couette cells have shown that

granular materials exhibits nonlocal behaviour. To account for this, this work applies nonlocal

fluidity to the µ(I) model. Finally, granular materials are often composed of many components,

each with potentially different material parameters, so a model is developed to allow for multiple

material types mixing within a silo.

The interaction of these effects are tested within complex domains including the double

opening silo. The double opening silo is analysed, with the µ(I) model capable of replicating

the ‘flow rate dip’ behaviour seen in DEM and physical experiments. The extensions to the

µ(I) model also improve the dipping behaviour, allowing for greater replication of physical

behaviour. These extensions are also applied to silos with inserts, where the model shows strong

improvements in material mobility are possible within a silo with even small inserts.

The gestalt µ(I) model and the conclusions drawn within this thesis provide valuable in-

sights for a variety of essential industrial and scientific fields, and pushes forward our collective

understanding of continuum modelling for granular flow.

xiv



Acknowledgements

Firstly, I would like to thank my supervisors: Luke Fullard, Thomasin Lynch, Daniel Holland,

and Daniel Clarke. Your insights into granular flow have enabled to me to understand this field,

your helpful comments have made it possible for me to communicate my ideas clearly, and your

constant encouragement has enabled me to finish this work. Thank you.
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1

Nomenclature

All constants and variables are used in this thesis are defined when they first appear in the

text. For reference, these variables are named in the list below. In addition to symbols being

associated with different quantities, a few additional points of notation should be clarified.

A bold symbol indicates a vector or tensor quantity. The quantity ag indicates the gravity

associated with a direction, while ag indicates only the magnitude.

For tensors, the Einstein summation convention is used. For a tensor ϵ̇, then a repeated

index for an element of that tensor ϵ̇ii indicates a sum of all relevant repeated indices, i.e.

ϵ̇ii = ϵ̇xx + ϵ̇yy for a 2D system. The tensor norm is calculated as

|γ̇| =

√
γ̇ij γ̇ij

2
, (1)

The stress tensor σ with elements σij has a few related attributes. The pressure P can be

calculated as P = 1
2σii for 2D domains and P = 1

3σii for 3D domains, and the shear stress

tensor τ can be calculated as τ = σ − PI, where I is the identity tensor. The normal stress σ

and shear stress τ could be referred to as only the magnitude in situations where only a specific

axis is considered.

A dot accent on a symbol indicates a time derivative. Given velocity u, the acceleration

could be represented as u̇.

A circumflex accent on a symbol indicates the symbol is in another vector basis. Velocity

u may represent the velocity in xy-coordinates, while û represents the velocity in some other

coordinate set.

A tilde accent on a symbol indicates a normalised value. A length L might be relevant only

by comparison to some other distance d, so a normalised L̃ = L/d instead

ag Acceleration due to gravity

A Nonlocal strength parameter

B Kinematic model parameter

c Tracer

co Cohesion
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C Beverloo-Hagen flow rate parameter

d Particle diameter

ds Stochastic spot drift direction

D Strain rate tensor

E(t) Residence time distribution

F Force vector

F (t) Cumulative distribution

g Granular fluidity

gl Local granular fluidity

I Inertial number

I0 Parameter of µ(I) model, Inertial transition

I Identity matrix

k Beverloo-Hagen flow rate parameter

L Two opening silo separation distance

Ls Stochastic spot diameter

m Mass

p Momentum vector

P Pressure

q Deviatoric stress tensor

Q Silo flow rate

Q0 Two opening silo flow rate for degenerate zero separation case

r Radius

ts Stochastic time scale

Tg Granular temperature

u Velocity vector

Vλ Weighting function normalisation constant

W Silo opening diameter

Wd Distance between front and back wall for pseudo-2D silo

W (r) Weighting function on radius r
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Ws Width of the silo

α Angle of repose

αw Effective angle of repose at wall

γ̇ Shear rate

ϵ̇ Direct strain rate

η Viscosity

ηmax Maximum viscosity for regularisation

θ Angle

λ Characteristic length

λµ Stress strain constant

µ Coefficient of friction

µs Parameter of µ(I) model, static friction component

µw Coefficient of friction between wall and granular material

∆µ Parameter of µ(I) model, dynamic friction component

ρ Density

ρb Bulk density

ρs Stochastic spot density

σ Normal stress

σmaj Major normal stress from Mohr circle

σmin Minor normal stress from Mohr circle

τ Shear stress

ϕ Packing fraction

ϕmax Undilated packing fraction

ϕmin Minimum packing fraction

ϕg Dilatancy strength

ψ∗ Principal stress angle

Ω Entire modelled domain



Chapter 1

Introduction

Sand, soil, salt, and seeds are all examples of granular materials encountered in everyday life.

More precisely, granular materials are collections of many solid particles where interactions be-

tween particles lead to loss of kinetic energy. These powders, grains, soils, and other materials

are essential to nature and human activity, with an estimated 10% of energy consumption world-

wide being used to process granular materials [43]. Modelling these materials is essential to many

areas of science and industry, and although several models exist that capture particular areas of

granular mechanics these materials exhibit complex phenomena that make fully capturing their

complicated behaviour difficult.

Granular materials can exhibit behaviour similar to solids, liquids, or gases depending on the

forces applied to them. Early work done by Coulomb focused on understanding the stress and

yield conditions of stationary ‘solid-like’ granular materials, seeking to prevent soil movement

around structures [36, 110]. These principles were utilised by Jenike to understand mechanics

of flowing ‘liquid-like’ granular material in a radial silo [90]. Analysis has also been done for

‘gaseous-like’ granular materials where long interactions between granules become rare, such as

found in Saturn’s rings [23, 70]. This work focuses on understanding the ‘liquid-like’ phase of

granular flows, where the granular material is yielding yet still relatively dense in the area. The

various states of granular flow are discussed in more detail in Section 2.2

Silos and silo-like domains are widely used in a variety of industrial applications, most notably

in agriculture and mining. Silos also represent a complex domain where material can exhibit a

4
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variety of phenomena that can be difficult to model accurately. In different locations within a

single draining silo, the granular material could be exhibiting solid-like behaviour in the corners

of the silo or the center of a ‘plug’ flow, liquid-like behaviour in the majority of the silo where

the granular material is shearing as it approaches the orifice, and gaseous-like behaviour as the

orifice is reached and the granules begin to fall freely with fewer interactions between particles.

These dynamics can mean that many granular models are unsuitable for silos. Silos also exhibit

nonlocal effects [42], dilatancy [113], segregation [154], and other phenomena that are frequently

absent in models.

A basic granular silo is some contained volume of granular material with a single opening

at the base, which is allowed to drain under gravity. Factors which can further complicate the

already complex dynamics within the silo include: multiple openings from which the material

can drain, inserts used to improve mixing or flow behaviours, and heterogeneous material loaded

into the silo. For example, under certain conditions a silo with two openings can exhibit a ‘flow

rate dip’, where the flow rate for the case with a small separation between openings is slower

than the flow rate for both the case with no separation (i.e. a single large orifice) and a double

orifice case with a large separation between the openings [50]. Multiple openings are covered in

more detail in Section 4, inserts in Section 5, and heterogeneous material in Section 6.

Many models have been applied to granular flows, with the majority of models falling into

one of two categories - discrete element modelling (DEM) or continuum modelling. Discrete

element models track the motion of each granule individually, modelling collisions between each

particle and letting the aggregate motion form in the same manner that practical flows do.

This method is powerful and widely used in many applications, and gives many useful results.

However discrete element modelling is highly computationally expensive. With powerful modern

computers and sufficient time millions of particles can be simulated; however, many industrial

and natural processes involve on the order of billions of particles. DEM models are examined

more rigorously in Section 3.1.

The alternative to discrete element models is continuum models, such as the aforementioned

radial model [90], kinematic model [129, 132], stochastic model [99, 102], and µ(I) model [125,

111]. Continuum models imagine the granular material as a continuous ‘fluid’ rather than
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as discrete particles, modelling the aggregate flow directly. While these powerful models can

each give useful insights into granular flows with much less computational overhead than discrete

element models, they fail to fully capture the full dynamics of granular flows. Various continuum

model are described in Section 3.2 onwards.

Many continuum models have a flow rate which is determined by a single parameter, either

by directly inputting the expected flow rate or by choosing characteristic lengths and times.

Of the continuum models examined in this work, only the µ(I) model has a flow rate that can

not be determined by modifying a single parameter without affecting other aspects of the flow,

and as such can give flow rate predictions. This thesis focuses on the µ(I) model, testing the

capability of this model within a silo. The basic µ(I) model does not account for a variety

of granular phenomena, including dilatancy, nonlocal effects, and components with different

physical properties. This work extends the µ(I) model to account for these effects, and tests

this enhanced model in complex domains such as the double slot silo and silos with inserts.

Section 3.5 covers the µ(I) model more completely, with Section 3.6 explaining the extensions.

This thesis begins with a review of existing knowledge, with Chapter 2 covering some of

the many phenomena that granular materials can exhibit and Chapter 3 covering a selection of

dense granular flow models. These models are then applied to the granular silo and the double

slot granular silo in Chapter 4, discussing which phenomena are needed to capture the complex

flow behaviour exhibited in these domains. It is shown that the base µ(I) model predicts the

expected behaviour of the Beverloo-Hagen relation and the double silo flow rate dip, which is

further refined by the addition of dilatancy, nonlocal effects, and Hele-Shaw wall friction. In

Chapter 5 the µ(I) model is applied to silos with inserts, finding that dilatancy and nonlocal

effects are crucial for determining regions of the silo in which the flow is slow moving or static.

Finally, in Chapter 6 the mixing behaviour of silos is analysed, showing that the shape of

the domain is crucial for finding the mixing dynamics of a silo. It is also shown that granular

materials with multiple components that have differing properties can have significantly different

flow behaviour, which could impact the dynamics of segregation as well as industrial processes

involving combining different sources of materials.

The µ(I) model is an existing model that has been applied to silos [125], and the non-local,
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dilatancy, and Hele-Shaw wall friction extensions have previously been developed. The double

slot silo has been examined experimentally and using DEM [50, 181]. The original contribution

of this work includes combining these extensions, as well as applying them to the silo. Examining

the double slot silo using a continuum model is novel, as well as the examination of the effect of

different extensions and their parameters. Examination of silos with inserts using a continuum

model also appears to be novel. Finally, the two component model with different material

properties is also original.



Chapter 2

Properties of granular flow

This chapter discusses the general mechanics of granular material and the resulting phenomena

displayed in different granular systems. Many mechanics of standard fluids also apply to granular

flows and as such comparisons will be drawn often. Nonetheless, there are some key differences

that lead to some counter-intuitive results.

The focus is on treating granular material as a continuum, with emphasis on a silo or silo-

like domains. Some interactions at the granular level are examined, however the focus is on

the applicability to the large-scale phenomena relevant to modelling granular materials as a

continuum. Contact forces are discussed in detail in Section 3.1, though discussion of phenomena

like force chains [140, 76] are omitted as they are outside the scope of this thesis.

2.1 Yield stress

When stresses are applied to a fluid, it begins to deform. For a Newtonian fluid, the deformation

rate scales linearly with the shear stress applied, with the proportionality constant being the

viscosity of the fluid. Some fluids are shear-thinning (such as paint) or shear-thickening (such

as Ooblek), meaning their effective viscosity decreases or increases respectively as greater shear

stress is applied. For each of these fluids, any net force will cause some deformation [83].

By contrast, granular materials do not deform if a small shear stress is applied. Granular

material will resist deformation when any stress below a critical stress, known as the “yield

8
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stress”, is applied. Beyond this stress, granular material will flow analogously to a fluid, although

the effective viscosity can take a more complicated form than the linear response of a standard

fluid [133, 111].

An apt analogy for yield stress is friction. An object at rest on a table will not move if a

light force is applied, but once the force exceeds the static friction the object will accelerate at

a rate linearly related to the magnitude of the force. Similarly for a granular material, if the

shear stress, τ , does not exceed the yield stress (given by µσ, where µ is the friction coefficient

and σ is the normal stress) of the material, no deformation occurs. When the yield condition is

met, i.e. τ ≥ µσ, the result is a visco-plastic flow [96].

When analysing whether the yield condition is met, it is important to consider that granular

material does not just have one plane along which deformation might occur. Consider the soil

under a building: there is confining pressure equally applying to each of the sides from the

surrounding earth, and there is a larger confining stress from the load of the building above. If

a horizontal plane is considered there is no shear stress, and as such it would seem that the soil

could bear an arbitrarily heavy load. When we consider angled planes however, the soil fails

at some finite load even though the material will not fail along the horizontal plane. This is

covered in more detail in Section 3.2 and Appendix A, with a short description given here.

To examine the statics of granular material we consider a simple 2D case illustrated in

Figure 2.1. In this case there is a compressive horizontal stress σxx and a greater vertical

stress σzz with no shear stress τxy. When examining a line at angle θ to the horizontal plane,

Nedderman [133] shows there is an effective shear and normal stress of

σθ =
1

2
(σxx + σzz) +

1

2
(σzz − σxx) cos(2θ), (2.1)

τθ =
1

2
(σzz − σxx) sin(2θ). (2.2)

We then have the yield criterion which tells us that slip occurs along the line if τθ ≥ µσθ. Since

any angled plane is a possible slip plane, we must consider planes at all possible angles, and find

which maximises shear stress relative to normal stress. If and only if this line meets the yield
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Figure 2.1: An illustration of shear stress introduced by normal stress. Even though along the
xz-axis there is no shear stress, along a line at angle θ from horizontal there is an effective shear
stress τθ.

criterion will the material deform. The point at which yield occurs is then

σzz ≥
(1 + µ

1 − µ

)
σxx. (2.3)

In cases where there is shear stress in addition to compressive stresses, a change of coordinates

can be found in which all the shear stresses are eliminated and as such Equation 2.3 can also

be applied. Doing this analysis for all possible coordinate choices results in what is called a

Mohr circle [133]. A similar process can be applied for a 3D volume, where the correct choice

of coordinates gives three ‘principal stresses’, with the largest and smallest principal stresses

producing the yield condition when substituted into Equation 2.3. Further discussion of Mohr

circles and the derivation of Equation 2.3 can be found in Appendix A.

One result of this yield stress is that when poured into a pile, granular material will form a

cone with angle α called the angle of repose. When the pile is steeper than α, gravity causes the

yield criterion to be met and material will cascade down the slope. The angle of repose, α, is

related to the yield condition by µ = tan(α). It can also be the cause of some more complicated

behaviour in a silo, where some zones are stagnant, while other zones flow freely [133].



CHAPTER 2. PROPERTIES OF GRANULAR FLOW 11

It is important to note that flow can occur in locations where the yield condition is not met.

Granular material can form a block of material which flows as a coherent mass with no shear in

the inside of this block. In a silo this causes ‘mass flow’, where the center of the silo is mobilised

but the shear occurs only in the sides of the silo [161].

2.2 States of granular flow

Granular material can be thought of as having properties of a fluid and a solid, with different

properties being exhibited when different forces are applied. When shear stress is low relative to

the confining stress, the granular material does not yield, and exhibits solid-like behaviour. An

example of this is when walking on sand; the sand is capable of bearing the weight of a person

and one experiences the sand to be fairly solid. If the sand acted as a liquid then people would

sink to the point of neutral buoyancy. With a moderate shear stress relative to the confining

stress, the granular material acts more like a liquid. This results in phenomena such as being

able to ‘pour’ sand out of a cup. When shear stress is high relative to the confining stress, the

granular material can enter a gas-like state. To determine whether a given material will exhibit

‘solid-like’, ‘liquid-like’, or ‘gas-like’ features, a widely used way of classifying the state of the

flow is the dimensionless ‘inertial number’ [82, 38]. The inertial number (which is the square of

the Savage number [155]) arises from dimensional analysis performed on a simple shear cell [5].

The inertial number is given by

I =
γ̇d√
P/ρ

, (2.4)

where γ̇ =
√
DijDij is the norm of the strain rate tensor D with elements Dij , d is the particle

diameter, P = σii is the confining pressure, and ρ is the material density [125]. Low I (i.e. as

I → 0) is called the quasi-static limit and can be thought of as the ‘solid’ regime with plastic

deformations. High I (i.e. I ⪆ 1) is the kinetic or ‘gaseous’ regime where particles move past

each other relatively easily. In between these two extremes, moderate values for I indicate the

dense or ‘liquid’ regime. It should be noted that these are not formally defined regimes, and do

not have clear transitions in intermediate values.
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The value of the inertial number can be interpreted as a ratio of two timescales, the mi-

croscopic timescale d/
√
P/ρ and the macroscopic timescale, γ̇−1. The microscopic timescale

represents the time taken for rearrangements to occur, while the macroscopic timescale repre-

sents the time taken for deformations to occur [5]. When the microscopic timescale is dominant,

corresponding to low I, granules are forced into contacting other particles and ‘solid’ features

occur. When the macroscopic timescale is dominant, corresponding to high I, granules move

past each other easily and ‘gaseous’ features occur.

2.2.1 Quasi-Static regime

When a granular material is flowing slowly relative to the speed of grain rearrangements due

to confining pressure (I → 0), the flow is called quasi-static. The quasi-static regime is an

important and long studied part of granular flow [146]. Two important areas of investigation in

this regime are understanding what forces a static granular material can resist before yielding,

and understanding the slow plastic deformations that can occur when these forces are applied.

These factors are particularly applicable to soil, where engineers need to understand the load-

bearing capability of land used for construction projects.

A model often used in this regime is the Mohr-Coulomb model [133]. This model takes the

yield condition given by Equation 2.3 and makes the assumption that at every point the material

is at minimum shear stress where yield is possible. This is called ‘incipient yield’ and is given by

τ = µσ. From this relation, a plasticity rule can be defined to give the dynamics of a material

undergoing stress. The strain of the material is assumed to be linearly related to the deviatoric

stress τ , which is the stress σ of the material less the pressure P . This is known as a coaxial

flow rule [133] and gives the relation

ϵ̇ = λµτ = λµ(σ − PI) (2.5)

with some constant λµ and identity matrix I. This flow rule can be thought of as the material

expanding along the minor principal stress axis (the smallest normal stress), and contracting

along the major principal stress axis (the largest normal stress).
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Taking the norm of Equation 2.5, the value of λµ can be found to be ||ϵ̇||/||τ ||. Either

the Mohr-Coulomb or Drücker-Prager criterion can be used. The Drücker-Prager is chosen for

convenience. By assuming the Drücker-Prager criterion [41, 5], the deviatoric stress can be

found to be ||τ || = µP , which results in the relation

τ = µ
ϵ̇

||ϵ̇||
P, (2.6)

which when combined with the incompressibility assumption ϵ̇ii = 0 defines a plasticity flow

rule.

This plasticity flow rule results in a flow that is rate independent. Unlike a Newtonian fluid,

where λµ is constant, the form of λµ means that doubling the shear will double the flow velocity,

without otherwise affecting the flow behaviour.

The plasticity model is not without problems however. Some issues are:

• The coaxial flow rule predicts absurd results in some limit cases, such as the ‘active’ 2D

silo [102].

• The assumption of incipient yield at every point is questionable across an entire silo, or

other complex domain.

• The predictions of rate independence only hold for relatively slow flows (with faster flows

entering the dense or dilute regimes).

Nonetheless this plasticity model has been widely used, especially for soil mechanics, proving

accurate enough for many applications of quasi-static flow.

2.2.2 Dilute regime

When a granular flow is flowing rapidly compared to its confining pressure (I ⪆ 1), it is consid-

ered to be in the dilute regime [5]. One model describes dilute flow as taking the form of the

Navier-Stokes equations, but with an extra term in the energy equation to account for the dissi-

pation of energy by inelastic collisions [70]. However, this model does assume that the particles
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are relatively densely packed, and is not appropriate for when the packing fraction significantly

deviates from the static packing fraction [5].

Another model, the kinetic theory of granular flow, better models less dense flow [117, 5].

The kinetic theory is based on the Boltzmann equations and treats dilute granular flow similarly

to an ordinary gas, however ‘granular temperature’ is used instead of regular thermodynamic

temperature. In the same way that thermodynamic temperature represents the energy of the

random motions of molecules, granular temperature Tg represents the energy of the random

motion of granules, given by Tg = ⟨u′2⟩, where u′ is the deviation from the mean flow velocity,

and ⟨ ⟩ represents taking an average over an appropriate domain [25].

An important distinction from standard gas thermodynamic theory is that dilute granular

flow is not assumed to have elastic collisions. In a standard gas, collisions between particles

do not raise the temperature, with kinetic energy of the system and thermal energy being

indistinguishable. Because collisions in a dilute granular flow are not perfectly elastic, some

energy is dissipated as heat. Granules are relatively large compared to ordinary gas molecules,

and as such the fluctuations of velocity resulting from heat are negligible. These factors result

in kinetic energy being lost from the granular system.

The kinetic theory of granular flow has been successfully applied in a variety of situations,

such as fluidised beds, granular jets, and Saturn’s rings [157, 79, 80]. However, kinetic theory

is based on the assumption that collisions are instantaneous or near-instantaneous. This works

well in fluidised systems or systems with little constraining pressure, however many granular

systems involved prolonged contact between granules. This limits the usefulness of this theory

to applications where the granular material is predominately in the ‘dilute’ state.

2.2.3 Dense regime

When a granular flow is flowing rapidly compared to its confining pressure, the flow is said to

be in the ‘dense’ regime. Dense flows are found in a variety of situations. Agricultural product

storage, pharmaceutical production, and mining are examples of industrial operations in which

granular material is processed in the dense regime. In particular, flow in silo-like domains is

mostly in the dense regime.



CHAPTER 2. PROPERTIES OF GRANULAR FLOW 15

Some examples of experiment set ups that can display dense granular flow are: planar

shear, annular shear, vertical chute flow, inclined plane, heap flow, and rotating drum. Many

mathematical models have been developed in an attempt to describe granular flow in each of

these experimental setups. Some models are single purpose, only suiting a particular domain

such as the radial and kinematic models which apply to the silo [132, 90]. A comprehensive

model displaying all of the necessary phenomena for modelling complex dense granular flow has

yet to be designed, though the µ(I) model is a promising base model [125]. As this is the focus

of this work this regime is given more detail in Section 3, where some of the existing models

which have been developed are described in more detail.

2.3 Nonlocal effects

Local flows are flows that are determined solely by the state at any given point. If the relevant

properties (such as stress) are known at a point, then how the material flows at that point can

be determined and does not depend on the flow in nearby regions. In contrast, granular flows

can exhibit ‘nonlocal effects’, where the behaviour at a point is reliant on the flow characteristics

at nearby points [153, 98].

One domain where nonlocal effects can be observed is in a flow down a slope [5, 144, 153]. If

granular flows were purely local, then there would be a specific slope θ above which flow would

occur and below which flow would not occur (potentially related to the angle of repose). Instead,

the flow exhibits hysteresis, with a greater angle required to start flow down a slope than to

stop a flow. Experiments show that there are two distinct angles θstop < θstart, between which

the material can either flow or remain stationary. If the slope is above θstart, then flow will

always occur, and if the slope is lowered, flow will continue to occur until the slope hits θstop. If

the slope is below θstop, flow will not occur, and if the slope is raised then flow will only occur

when raised to the angle θstart. In this way, the behaviour of slopes of angles between θstop and

θstart are not solely determined by conditions at the point; if nearby granules are flowing, then

stationary granules may be excited into motion.

Nonlocal effects can also be seen in annular shear, where an annulus is filled with granular
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material and either the inner or outer wall is rotated with respect to the other [66, 101, 145].

In a wide channel with high shear rate a local model may give an accurate prediction. However

if the shear rate is low, local models fail to give accurate predictions. In the quasi-static limit,

where the shear rate approaches 0, a purely local model predicts an infinitely thin shear zone

(equivalent to slipping at the wall). However, experiments show that for very low shear rates

there is still a relatively wide zone where shear occurs. Nonlocal effects could also be important

for a silo. Silos can contain areas which remain static while other parts are flowing, which could

be provoked into flowing by nonlocal effects.

Models exist for nonlocal effects. In one such model the local µ(I) model is used to find

the ‘local’ flow, which acts as a source of ‘granular fluidity’ [98]. This granular fluidity diffuses

over the neighbourhood of the source, activating the particles and allowing flow where the local

model would predict no flow. For example, in the annular shear case, the local model predicts

flow only at the wall for the quasi-static limit. This creates fluidity, which diffuses to a region

near the wall, allowing for the wider shear zone seen in reality [166]. This nonlocal granular

fluidity model will be discussed in more detail in Section 3.6.3.

2.4 Segregation

Granular materials come in various sizes, from large icebergs to fine powders. Some granular

materials, such as rice and sand, have a relatively small size distribution, while others, such as

gravel, can have particle sizes multiple orders of magnitude apart.

One phenomena that arises in a granular material with multiple particle types is segregation,

where particles ‘self-sort’ and tend to form groups of similar particles. A typical example is the

‘Brazil nut effect’, where larger particles in an agitated material will accumulate at the top

of the material, resulting in the material being segregated by particle size, often studied in

drums [67, 77] or along slopes [179]. Particles can also be segregated by density, with heavier

elements sinking to the bottom of the flow [40, 126, 156]. The process of segregating can be

quite complex, creating chaotic patterns [136, 122].

Segregation appears in flowing material, such as a free surface in a rotating drum [174] or



CHAPTER 2. PROPERTIES OF GRANULAR FLOW 17

discharge from a silo [105, 6]. This can impact industrial uses, such as pharmaceuticals and glass

production, since a homogeneous material is generally desired for the production of consistent

products [31, 130, 103].

Segregation can also occur in a vibrating material, such as on a horizontal vibrating plate [2].

Under the correct conditions, an agitated plate with two different sizes of particles form clusters,

where the different types form crystal structures, or a ‘segregation liquid’ where particles are

segregated, yet the structures are constantly forming and breaking apart [147].

Several segregation mechanisms have been proposed. One such mechanism that causes size

segregation is that voids are temporarily created when a mixture is agitated. Smaller particles

can fit into these voids more easily, meaning there is a net flow of smaller particles flowing with

the body force (such as gravity), while the larger particles are displaced and move against the

body force [178].

Another mechanism that causes segregation is wall induced ‘convection’ [107]. This occurs

when wall friction causes a flow along the wall, inducing opposing currents in the rest of the

domain. The boundary flow is only a few particles thick, so while smaller particles may travel

along both the boundary flow and the induced convection flow, larger particles can only follow

the convection flow in the non-boundary region. As such, the larger particles tend to accumulate

at the edge of a boundary flow. The direction of the boundary flow, and hence the convection

currents, depends heavily on the shape of the container, and can force large particles in either

direction depending on the container geometry. Figure 2.2 shows a rectangular domain with

downwards wall currents, which forces small particles down the domain while large particles

which do not fit in the thin downwards current as easily are left to accumulate at the top of the

domain.

Segregation can also occur without a body force [12, 44]. In a bidisperse material, when a

large particle is surrounded by small particles, it is agitated in all directions, feeling no net force.

However, when a large particle is near another large particle, these particles interact less than

the small particles that would otherwise be in the place of that large particle. As a result there

is a net attractive force between the larger particles, which leads to clumps of large particles

surrounded by smaller particles.



CHAPTER 2. PROPERTIES OF GRANULAR FLOW 18

Figure 2.2: A sketch of convection currents in a rectangular domain. Thin downwards currents
at the wall can capture small particles while larger particles can only ‘fit’ in the upwards current,
leading to larger particles accumulating at the top of the domain.

One area of segregation that has not been well studied is the effect that segregation has

on the dynamics of a flowing granular material. Due to the rheology being modified by the

local mixture, a material with multiple components could require different physical parameters

to model than each of the components of the material, whether due to different friction, sizes,

densities, or other physical difference in the materials.

2.5 Dilatancy

Granular materials dilate when sheared [148]. When at rest, a granular packing will tend to

form a fairly tight packing. When this tightly packed material is sheared, the particles must

move other particles apart, loosening the packing slightly (Figure 2.3 gives an illustration of this

mechanism). As such, while the density of the granules remain constant, the bulk density (i.e.

the density of the mix of material and interstitial fluid, which for an interstitial fluid of air is

generally negligible density) changes depending on the flow conditions. Bulk density can also

exhibit ‘density waves’ in certain situations [139, 15].

A simple model for the packing fraction, ϕ, in dense flows is that it decreases linearly with

inertial number I (which is discussed in Section 2.2), i.e.

ϕ(I) = ϕmax − ϕgI, (2.7)
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Figure 2.3: An illustration of shear-induced dilatancy. As the tightly packed particles (left) are
sheared, they must move aside other particles, forming a less tight packing (right).

where ϕg is a constant and ϕmax is the packing fraction at rest in a silo [81].

Dilatancy could have a large effect on the mass flow rate in certain circumstances, however

this factor is often ignored in a lot of current continuum models. In a silo, there is a significant

difference in volume fraction near the orifice and away from it, with one study showing a transi-

tion from a volume fraction of approximately 0.58 away from the orifice to 0.4 at the orifice [48].

In a silo dilatancy is a significant factor for determining flow rate, and will need to be accounted

for to make a comparison between a model and experiments.

2.6 Jamming

Jamming is where flowing granules cease flow, even when conditions are normally conducive to

flow. The most common form of this is when an orifice in a silo is too small, allowing ‘arches’

to form over the orifice and blocking further flow [58], which is illustrated in Figure 2.4. This

phenomenon commonly occurs when the orifice has a diameter smaller than approximately 5

particle diameters [59].

Jamming can have interesting interactions when there are multiple openings or there is an

object inserted near the orifice. Spontaneous jamming and unjamming can occur, where one

orifice jams, then later unjams. This behaviour is likely due to the flow near the jammed orifice

perturbing the arch forming the jam, breaking the arch and allowing flow to resume [97, 109].
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Figure 2.4: An illustration of jamming in a silo. When the opening is too small, random flow
of granules can create a stable ‘arch’ (shown as the black circles) which is stabilised by the
surrounding material and blocks all flow.

2.7 Shape effects

For mathematical and computational simplicity, studies often assume that granules are spherical.

However most practical applications of granular materials involve highly irregular granules.

Differently shaped granules can have different properties, such as different effective Young’s

modulus, packing fraction, and rolling friction [11]. This can result in vastly different kinds

of flow behaviour, some of which can be undesirable. For example, in a silo shape effects can

contribute to ‘bridging’ (particles forming a bridge over the orifice which stops flow) and ‘rat-

holing’ (where the center of the silo is drained and material to the sides of the silo does not

flow), which are significant problems for industrial storage [30, 3].

Some researchers have applied discrete element models to ‘clusters’ of particles to simulate

the rough particles seen in reality [167, 92], while others have used irregular or elongated poly-

gons [138]. The roughness of particles is also going to interact with effective friction, and is

also important to consider when the particles are ‘wet’ and cohesive capillary forces could be

present [5].
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2.8 Preparation effects

With a standard liquid, the history of the liquid is not required to understand the current state

of the liquid. It does not matter whether it came from rainfall or seeped through the ground -

as long as it is the same substance in the same location, it will behave the same. This is not

true for granular materials.

Granular material can have a ‘memory’, where the preparation of the granular material affects

the stresses in the material [171]. Hysteresis can occur because of nonlocal effects as discussed

in Section 2.3, but it can also occur without current flow, when the material is completely

static. The stress distribution of a static pile of sand can be completely different depending

on preparation - a pile poured out of a funnel shows a bimodal stress distribution at the base,

while a pile prepared by sieving shows a more uniform stress distribution with one mode [5].

The packing density also can vary depending on preparation. A sample prepared by allowing

the particles to fall down like rain will be less dense than a sample which has been tapped [149].

A. Fall et. al. [45] found the packing fractions resulting from these preparation techniques to be

0.612 and 0.625 respectively.

While preparation effects are important in static materials and developing flow, they do not

seem to change the steady state. When mobilised, granular material prepared with different

methods can have quite different initial behaviour, however many different preparations will

rapidly converge to the same behaviour [45, 51]. When considering the long-term ‘steady’

behaviour of a draining silo, the preparation of the material can often be safely ignored as long

as the initial transient flow is omitted.

2.9 Janssen effect

In standard fluids, pressure at the base of a container of fluid depends linearly on the height

of fluid, taking the form P (h) = ρagh. In 1895 it was found by Janssen that pressure in a silo

‘saturates’ with increased height, with the increased load being borne by the silo walls [89, 162].
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This results in the pressure at the base taking the form

P (h) = λρag − (λρag − P (0))e−h/λ, (2.8)

where the characteristic length λ is given by λ = Ws/(4µwK), Ws is the silo diameter, µw

is the wall friction coefficient, and K is the proportion of horizontal stress to vertical stress

and is assumed to be approximately 1. For small heights, i.e. λ ≫ h, the pressure increases

approximately linearly with height similar to the hydro-static case, while for large heights, i.e.

h≫ λ, the pressure plateaus at λρg.

One related result is that flow out of a silo is only determined by the conditions near the silo

orifice, unlike traditional fluids which flow faster if more fluid is in the vessel. This results in a

flow rate mainly dependant on the diameter of the orifice W , where the flow rate is proportional

to W 5/2 (or W 3/2 in the 2D case) [71, 158]. A similar effect can be seen in ice melange, where

numerous chunks of ice float in a river, melting glacier, or similar domain. In these situations

the side walls provide ‘buttressing forces’ which can resist the enormous weight of upstream

material even when only constrained by the side walls [24].

2.10 Cohesion

Granular materials are often simplified in models to consider only solid contact forces and grav-

ity. However many flows exhibit other forces, in particular attractive force between contacting

granules. These forces are often created by capillary forces in a ‘wet’ granular media, but can

also be caused by electric charges on the granules (which can be created via rubbing against

other materials during handling), van der Waals forces (which is relevant for very fine material),

solid bridges (which can occur after long contact times), or other phenomena [5].

These cohesive forces can cause the material to keep its shape in unusual positions, such as

in a sandcastle [78]. Cohesion also causes problems for industrial processes via bridging or ‘rat

holing’ [173], and industrial materials stored in silos are often dry to avoid these problems.

The cohesion increases as more liquid is introduced to the granular material, however the

amount of cohesion plateaus very quickly, with a relatively small amount of liquid providing
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almost all of the cohesive strength possible from larger quantities of liquid [57].

When implemented in a continuum model, cohesion can be modelled as a constant co added

to the yield criterion, meaning the yield criterion becomes τ ≥ µσ + co [150]. However for the

purpose of the work done in this thesis, it is assumed the materials are ‘dry’ materials, and as

such are cohesionless.

2.11 Boundary effects

Any container for granular material will have some effect on the flow of material in the container.

The sides of the container are typically stationary relative to a flowing material, causing friction

upon the material. The sides of a silo or the base of a slope will rarely be made of the granular

material itself, so could have different frictional behaviour than the granular material. This

behaviour is associated with the boundary conditions for a continuum model.

Static boundary behaviour is relatively simple to study, and dilute flows can be modelled

via the Kinetic theory of granular flow, which has boundary conditions under certain assump-

tions [108, 17, 91]. In contrast, dense granular flow is somewhat more challenging to model.

Many studies are done or designed with the assumption of non-slip boundary conditions [96,

134, 88, 19], which is equivalent to a layer of glued particles along the boundary which cannot

move. While this is a easily controllable variable in an experiment, in many situations the

non-slip condition is not physically relevant. One possible alternative is the Coulomb friction

condition, which could be more physically relevant for certain domains [8, 9, 10, 69]. In general

boundary conditions are a poorly understood area of granular flows, and in many situations the

choice of boundary condition that is most physically relevant is not clear.

In order to reduce the impact of the choice of boundary condition, this work will focus on

silos with flat bottoms where little or no flow is expected along the base. This allows the use of

a non-slip boundary condition, since any flow that would occur is likely negligible. Care is also

taken that the walls of the silo are away from the orifice(s), such that the choice of boundary

condition at the wall is not as relevant to the flow behaviour. Nonetheless a boundary condition

must be chosen, so a non-slip boundary condition is used. Further work is required to examine
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whether another boundary condition is more relevant.

2.12 Summary

Granular materials behave in many complex and unintuitive ways. Each of these phenomena

can have an important impact on the flow behaviour in certain domains. As such, understanding

how a given domain interacts with these phenomena is necessary to develop a model for granular

material.

For this work the silo is the domain examined in detail. In a flowing silo, most of the material

should be in the ‘dense’ regime, with a possibility of the material approaching ‘dilute’ behaviour

near the orifice. This means that the main focus of this work is dense granular models. However,

silos can also have static regions so understanding the quasi-static limit behaviour of the model

is necessary for considering these regions.

Several of these phenomena become irrelevant or negligible with the right assumptions. With

the assumption of dry and relatively spherical granular material, we can omit cohesion forces

and shape effects. A silo with a sufficiently large orifice has a negligible chance of jamming. The

Janssen effect can actually be an advantage for the modelling of granular flow. The Janssen

effect means that only the behaviour near the orifice contributes to the flow out of the silo, with

behaviour far away not interacting with the pressure or flow near the orifice.

This work is focused on examining models of granular flow, capturing relevant quantities

such as velocity, flow rate, and pressure. This requires an approach for dense granular flow that

would need to account for the frictional yield behaviour, nonlocal effects, and dilatancy. A model

which would be extendable to include other phenomena such as shape effects and segregation

would be beneficial, however a model without these effects can still be useful for certain materials

and domains. For comparisons with experiments, we make the assumption that the material

is relatively spherical, homogeneous, and dry, which allows us to omit consideration for shape

effects, segregation, and cohesion. We also make the assumption that the domain is chosen such

that jamming does not occur, preparation effects are irrelevant to the long term behaviour of

the material, and that nonslip boundary conditions are suitable.
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In the next section, multiple different models are examined and compared to find a suitable

model to adapt for silo flows.



Chapter 3

Models of granular flow

There are two main approaches to examining the physics of granular materials. One approach is

to model each granule individually, while the other is to treat the material as a continuous field.

Modelling individual particles, known as discrete element modelling (DEM) [39], provides a way

of modelling granular material based on well understood physics and directly measurable particle

properties. While DEM is a powerful method for obtaining overall flow behaviour from the

individual particle physics, it is also very computationally expensive. While modelling thousands

of particles is feasible without specialised hardware, many industrial situations require millions

or more particles - a single cup of sand contains millions of particles. With powerful computers

or clusters, it is possible to simulate systems with millions or billions of particles [26, 175, 56].

However, this approach is only feasible for certain domains, and the computational cost of DEM

makes it less desirable for many applications. Continuum descriptions of granular flow are

much much less computationally expensive compared to discrete models. Nonetheless, as the

models for continuum flow are not derived directly from the physics of individual particles these

approaches can fail to model phenomena such as nonlocal effects [98].

This chapter begins by covering discrete element models in Section 3.1, though they are

not the focus of this thesis. Next, various continuum models are discussed, roughly in order of

when they were developed. Section 3.2 covers the Mohr-Coulomb model, Section 3.3 covers the

kinematic model, Section 3.4 covers the stochastic model. Finally, Section 3.5 covers the µ(I)

model and its extensions, which is our model of primary focus through the remainder of this

26
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thesis.

3.1 Discrete Element Modelling

The discrete element model (DEM) tracks the motion of particles by using Newton’s second law

of motion and Euler’s second law of motion to calculate the translational motion and rotational

motion of individual particles. The dynamics of large scale flows emerge from this model of

individual particles, with many studies finding that DEM has excellent predictive ability [184,

65, 104, 128, 29], with the caveat of large computational overhead. The quality of DEM is

dependant on the ability to accurately model pairs of particle collisions (which may be elastic or

inelastic). As such, the specification of the contact forces is vital for achieving accurate results

with DEM.

Two major collision models are the Hookean and the Hertzian models [39]. Each of these

models consider collisions between spherical particles. The Hookean model simplifies particle

contacts to obtain a linear model, while the Hertzian model describes the physics of elastic

sphere collisions in more detail [74, 94, 160, 37].

The Hertzian model gives the force between two spherical granules as

F =

√
δRiRj
Ri +Rj

[(knδnij −meffγnvn) + (kt∆st −meffγtvt)], (3.1)

where:

• δ is the overlap between spherical granules (i.e. depth of the depression made in the

granules),

• Ri and Rj are the radii of particles i and j respectively,

• kn and kt are the elastic constants for normal and tangential contact respectively,

• nij is the normal vector from particle i to particle j,

• meff =
mimj

mi+mj
is the effective mass, with mi and mj being the mass of particles i and j

respectively,
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• γn and γt are the damping terms for normal and tangential contact respectively,

• vn and vt are the relative normal and tangential velocity components respectively,

• ∆st is the tangential displacement vector.

The contact model has two main components, the normal component (knδnij −meffγnvn)

and the tangential component (kt∆st − meffγtvt), each of which have an elastic and inelastic

term.

The normal elastic term, knδnij , comes from the Hertzian contact model. A full calculation

can be found in [93]. Here a dimensional argument will be presented as in [5]. Consider two

spherical particles compressed by a force F , and assume that the force is sufficiently small

such that the compression depth δ is much less than the radius R of each particle. Here we

simplify and will assume the particles have identical properties for the presentation, however

the harmonic mean can be used in cases where they do not.

The particles will compress and form a ‘contact disk’ of radius a, with average force F/πa2

over this area. Strain is of order δ/a since deformations decay from contact over a distance

proportional to the contact size. Using the relation σ = Eϵ, where E is the Young modulus, σ

is the stress, and ϵ is the strain, we can arrive at the relation F ≈ Eaδ. For δ << R we can use

Pythagoras’ Theorem to find a ≈
√

2δR, giving the relation F ≈ E
√

2Rδ3. Given a constant of

proportionality kn (which Hertz theory gives as kn = 2E
3(1−ν2) where ν is the Poisson ratio of the

material), we obtain the equation

F =
√

2Rδknδ. (3.2)

If R is replaced by the harmonic mean of two radii, the desired term is found.

While elasticity and friction are modelled in almost all simulations using discrete element

models, some simulations also need to take cohesion forces into account. This is particularly

important for ‘wet’ granular material, where some liquid is introduced to the granular media (but

does not completely saturate the gaps between grains). In these wet flows capillary cohesion is

a major force that needs to be accounted for, however examples of other phenomena that cause

these cohesion forces are electrostatic effects, van der Waals forces, and solid bridges. Cohesion

forces are highly dependent on the roughness and size of the granules [72], as well as the amount
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of liquid connecting the granules, where the force transitions between different regimes as the

geometry of liquid bridges changes significantly.

3.1.1 Coarse graining

Discrete element modelling gives the behaviour of individual particles, but often what is de-

sired is an understanding of the overall behaviour. The result of a discrete element simulation

gives individual particle movements, however individual particle data can be ‘noisy’ with single

particles exhibiting behaviour that is not typical of the statistically average flow. This can be

particularly problematic if the simulation is run with fewer particles to save computation time.

As such, a method of converting individual particle movements into statistically average flows is

needed to understand flow behaviour. This method would also allow comparison to continuum

models discussed in later sections.

One method to achieve this is volume averaging, where the domain is split up into a grid and

the values of particles in these grid cells is averaged over the cell [106]. Another way of analysing

collective particle behaviour is by transforming DEM into continuous fields by a process called

‘coarse graining’. This allows discrete data from discrete element models, empirical data from

particle image velocimetry, or similarly discrete data to be used for finding an approximate

continuous model [4, 177].

Coarse graining requires a radial weighting function W (r) over a region V∞ which satisfies

the following conditions:

• Monotonically decreases with increasing r,

• Normalised, i.e.
∫
V∞

W (r)dV = 1,

• Infinitely differentiable and integrable over V∞.

Then continuous fields can be extracted from a collection of discrete particles Vp in the space

V∞. For particles i ∈ Vp with mass mi the continuous density ρ at point x can be calculated by

a convolution of the particle masses with the weighting function, giving the equation

ρ(x) =
∑
i∈Vp

miW (|x− xi|), (3.3)
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while other attributes can be calculated with an element-wise multiplication of the attribute

with the weighting function. An example of this is momentum p, which can be calculated from

the velocity ui of particles i ∈ Vp and is given by

p(x) =
∑
i∈Vp

uimiW (|x− xi|). (3.4)

The velocity can then be found from the density and the momentum via the relation

u(x) =
p(x)

ρ(x)
. (3.5)

Similar methods can be used for other attributes, such as granular temperature Tg and stress σ

and τ [62, 176].

For practicality the restriction on smoothness is often relaxed, and a piecewise function is

used with W (r) = 0 for r greater than some value, typically 3 ∼ 5 particle diameters. This

means than calculations only need to be done for particles in a small neighbourhood around a

point rather than the whole domain, which can reduce the computational complexity without

significantly affecting the calculated values. An example of a piecewise weighting function is a

truncated Gaussian [177], given by

W (r) =


V −1
w exp

(
−r2
2λ2

)
r ≤ c,

0 r > c,

(3.6)

where λ is the spatial averaging length scale often chosen to be λ = d, c is the cut-off point often

chosen in the range 3λ < c < 5λ, and Vλ is the normalisation constant given by

Vλ =

[√
2πλ erf

(
c√
2λ

)]3
, (3.7)

which ensures the weighting function is normalised.

While DEM can provide accurate models, the computational cost is prohibitive for many

scenarios. The most computationally demanding aspect of DEM is ‘neighbour searching’, i.e.
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finding which particle pairs are in contact (and hence exerting force). A brute force approach

scales with the square of the number of particles, i.e. O(N2). Efficiency gain can be achieved by

assigning particles to spatial bins to reduce the search space leading to computation time that

scales closer to O(N), with a hierarchical grid approach required when a mix of particle sizes is

modelled [168, 135].

Many simulations have been done with a few thousand particles [7, 111, 114]. Larger simula-

tions of several hundred thousand or millions of particles are possible, but these require a large

amount of computational power. Real situations typically involve many more granules, with a

single cup of sand containing millions of granules. While a simulation with fewer particles can

provide informative results for some industrial applications, a continuum model which reduces

the computational power and time required to model problems at full scale is desirable to avoid

issues when designs are scaled up.

3.2 Mohr-Coulomb analysis

The Mohr-Coulomb model describes a material which remains static relative to neighbouring

material until the yield stress is reached, at which point the material mobilises along the plane

where the yield stress is reached [133]. The analysis of what forces are required for yield and

what axis the material will fail on can be done using a Mohr circle. This can be used to model

stresses in granular material at the boundary of static and flowing material, but does not model

the flow of material itself. The stress analysis needs to be combined with other assumptions to

model flowing material. For a silo, two major assumptions are co-axiality, which assumes that

material expands along the direction where compressive forces are smallest and contracts in the

direction of highest compressive force, and radial flow, which assumes that all flow points in the

direction of a single point at the convergent point of an angled silo [90].

The yield criterion, analogous to the standard static frictional rule, is given by

τ ≥ µσ, (3.8)

where σ and τ are the normal and tangential stresses respectively, and µ is the friction coefficient
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Figure 3.1: An illustration of shear stress introduced by normal stress. Even though along the
xz-axis there is no shear stress, along a line at angle θ from horizontal there is an effective shear
stress τθ.

of the material. The material will slip if and only if the yield criterion is met along any possible

slip plane.

Consider a 2D element within a granular material as shown in Figure 3.1. There is a hor-

izontal normal stress σxx, and a vertical normal stress σzz with σzz > σxx, with shear stresses

τxz = τzx = 0. Then consider a line at an angle θ to the horizontal intersecting this point.

The horizontal (Fx) and vertical (Fz) force components for a section of area A can be found

to be
Fx
A

= σxxsin(θ),

Fz
A

= σzzcos(θ).

(3.9)

Projecting this force onto the line and the normal, we obtain the normal force σθ and tangential

force τθ for the line,

σθ =
Fx
A

sin(θ) − Fz
A

cos(θ),

τθ =
Fx
A

cos(θ) − Fz
A

sin(θ).

(3.10)
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By substituting Equations 3.9 into 3.10 we obtain

σ = σxxsin2(θ) − σzzcos2(θ),

τ = σxxsin(θ)cos(θ) − σzzcos(θ)sin(θ),

(3.11)

and by defining new variables

σ0 =
1

2
(σxx + σzz),

r =
1

2
(σzz − σxx),

(3.12)

we can simplify Equations 3.11 to

σθ = σ0 + rcos(2θ),

τθ = −rsin(2θ).

(3.13)

In this form, it is intuitive to see that varying θ forms a circle in the σ, τ coordinates, with centre

(σ0, 0) and radius r. This is called the Mohr circle.

The yield condition can be represented in σ, τ coordinates as a pair of lines through the

origin with slopes ±µ, with each point between these two lines being stable. This implies that

as long as every point on the Mohr circle represents a point where the yield condition τ ≥ µσ

is not met, the element is stable. However, when the circle intersects the yield condition lines,

this represents a slip plane where failure occurs.

From the Mohr circle, the critical vertical stress σczz for a given σxx can be found to be

σczz =
(1 + µ

1 − µ

)
σxx, (3.14)

which gives the yield criterion in terms of stress; if σzz ≥ σczz, the material will yield, otherwise

it will not.

The above analysis is done in the 2D case and with no shear stress, but it can be easily

generalized. For the case with shear stress, there exists an angle β where if θ = β then the shear

stress at that line is zero. Then using a rotated frame of reference, i.e. using θ+β in the place of

θ, the above analysis is valid. The normal stresses in this frame are called the principal stresses.



CHAPTER 3. MODELS OF GRANULAR FLOW 34

For the 3D case, we can rotate our frame of reference such that there is no shear stress in our

frame and the normal stresses obey σxx ≤ σyy ≤ σzz. Then the Mohr circle can be constructed

for each pair of coordinates. If each of these circles are plotted together, then the largest Mohr

circle (which will be from the xz plane) will contain the smaller two circles. Any combination

of forces which fall in these smaller circles will also fall within the large circle, and as such will

already be yielding. In this way, the Mohr analysis can find when yield occurs in the same way

as a 2D system without taking into account the intermediate normal stress.

It should be noted that the similar Drücker-Prager criterion, which is identical to the Mohr-

Coulomb criterion for a 2D case, takes into account this intermediate stress [5, 41]. The criterion

is that yield occurs for a given stress tensor σ when

q = µP, (3.15)

where the pressure P is given by P = 1
3tr(σ), and the deviatoric stress q is given by q = ||σ−PI||.

3.2.1 Radial model

The radial model uses the Mohr circle analysis for modelling flow through a hopper [90, 133, 85].

The model assumes that every point in the hopper is at incipient yield. This is combined with the

incompressibility assumption, the principle of co-axiality, as well as an assumption that flow only

occurs radially (which is a reasonable approximation in the lower half of conical hoppers [127]).

Using these assumptions a velocity field can be found.

Using spherical coordinates with radial distance r, polar angle θ, and azimuthal angle χ,

Jenike stress is given by

∂σrr
∂r

+
2σrr − σθθ − σχχ

r
+

1

r

∂τθr
∂θ

+
τθrcot(θ)

r
+ ρagcos(θ) = 0, (3.16)

∂τθr
∂r

+
1

r

∂σθθ
∂θ

+
3τθr
r

+
σθθ − σχχ

r
cot(θ) − ρagsin(θ) = 0, (3.17)

where σ and τ are the diagonal and off-diagonal components of the stress tensor respectively, ρ

is the bulk density, and ag is acceleration due to gravity. Mohr circles can be used to give the
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stress components

σrr = p(1 + sin(ϕ)cos(2ψ)), (3.18)

σθθ = p(1 − sin(ϕ)cos(2ψ)), (3.19)

σχχ = p(1 + sin(ϕ)), (3.20)

τθr = psin(ϕ)sin(2ψ), (3.21)

τrχ = τθχ = 0, (3.22)

where ϕ is the angle of repose of the material, p is the mean of the major and minor stresses,

and ψ is the angle from the x-axis to the major principal plane on the Mohr circle.

A dimensionless stress q can be defined by the equation p = ρagrq. It can also be noted that

both ψ and q are functions of θ only, so ∂q
∂r = ∂ψ

∂r = 0. Then the stress equations simplify to

A
dq

dθ
+B

dψ

dθ
+ C = 0, (3.23)

D
dq

dθ
+ E

dψ

dθ
+ F = 0, (3.24)

where A through F are given by

A = sin(ϕ)sin(2ψ), (3.25)

B = 2qsin(ϕ)cos(2ψ), (3.26)

C = cos(θ) + q[sin(ϕ)(4cos(2ψ) + sin(2ψ)cot(θ))], (3.27)

D = 1 − sin(ϕ)cos(2ψ), (3.28)

E = 2qsin(ϕ)sin(2ψ), (3.29)

F = qsin(ϕ)(4sin(2ψ) − [1 + cos(2ψ)]cot(θ)) − sin(θ). (3.30)
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Then the derivatives of q and ψ are given by

dq

dθ
=
CE −BF

BD −AE
, (3.31)

dψ

dθ
=
AF − CD

BD −AE
. (3.32)

L’Hôpital’s rule is used in the case where BD −AE = 0.

There are two boundary conditions for ψ, which are ψ = π/2 when θ = 0, and another

determined by the friction of the wall. However, there is no boundary condition for q. To solve

this problem, a shooting method can be used - the system is solved with an assumed boundary

condition for q, then the extra boundary condition for ψ is checked, and the assumed boundary

condition is adjusted if necessary.

With the stress field defined, the velocity can also be found. In spherical coordinates, the

assumption of incompressibility is given by

∂vr
∂r

+ 2
vr
r

+
1

r

∂vθ
∂θ

+
vθcot(θ)

r
= 0, (3.33)

the assumption of the principle of co-axiality is given by

(
∂vr
∂r

− vr
r

− 1

r

∂vθ
∂θ

)
tan(2ψ) = r

∂

∂r

(vθ
r

)
+

1

r

∂vθ
∂θ

, (3.34)

and the relationships between stress/strain and velocity are given by

ε̇rr = −∂vr
∂r

, (3.35)

ε̇θθ = −vr
r

− 1

r

∂vθ
∂θ

, (3.36)

ε̇χχ = −vr
r

− vrcot(θ)

r
, (3.37)

γ̇rθ = −γ̇θr = r
∂

∂r

(vθ
r

)
+

1

r

∂vr
∂θ

. (3.38)

From these, we make one further assumption - that the velocity is only radial. From that
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assumption and the equations above, the velocity can be shown to be in the form

vr = −f(θ)

r2
, (3.39)

vθ = vχ = 0, (3.40)

where f(θ) is some function of θ. From the Mohr circle, the relation

f ′(θ) = −3tan(2ψ)f(θ) (3.41)

can be found, which shows the function f(θ) to be

f(θ) = Gexp

(
−3

∫ θ

0
tan(2ψ)dθ

)
, (3.42)

where G is a constant of integration which is found using the volumetric flow rate.

To eliminate the constant of integration G, the model can be scaled to match the volumetric

flow rate Q. G can be found from

Q = −
∫ α

0
2πr sin(θ)vrrdθ = 2πA

∫ α

0
F (θ) sin(θ)dθ. (3.43)

3.3 Kinematic model for silo flow

The kinematic model is a model for silo flows based on the assumption that a difference in

vertical velocity causes horizontal velocity [132] (illustrated in Figure 3.2). This, combined

with incompressibility, gives a relatively simple model of granular flow. The two assumptions

combined give a differential equation in the form of the heat equation [124], the derivation of

which is given below.

Consider a section of granular material with a horizontal gradient of vertical velocities, as

depicted in Figure 3.2. After a short period of time, a flat layer of granular material will become

a ‘ramp’, inducing the layer of material above it to be pushed to the side. For the 2D kinematic
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Figure 3.2: An illustration of the main premise of the kinematic model. The bottom row
of particles have a vertical velocity differential, resulting in horizontal motion as the bottom
particles form a ramp for the particles above.

model, this assumption takes the form

u = −B∂v
∂x

(3.44)

where u and v are horizontal and vertical velocities respectively, i.e.

u =

u
v

 . (3.45)

We also assume incompressibility, given in 2D by

∂u

∂x
+
∂v

∂z
= 0. (3.46)

These two assumptions combine to give us a differential equation in the form of the heat equation

∂v

∂z
= B

∂2v

∂x2
. (3.47)

The flow can then be derived from the boundary condition set at z = 0. A simple choice of

boundary condition is the Dirac delta function, which gives the velocity for a 2D silo as

v =
−Q
4Bz

exp

(
−r2

4Bz

)
, (3.48)
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with r =
√
x2 + z2 and Q being the volumetric flow rate. The flow rate is needed to be given as

a parameter, which can be predicted from the Beverloo relation which relates flow rate to the

orifice size given some physical parameters [182]. A more natural boundary condition could be

a ‘step change’ condition, i.e. v(z = 0) = 1/2α, |x| < α with v(z = 0) = 0 for |x| > α for some

length α, representing a non-zero orifice width. While this seems like a significant difference,

this simply leads to a convolution of the Dirac delta solution; i.e. the velocity is the same as the

Dirac delta solution, just ‘spread out’ in the horizontal plane.

For a 3D silo, the vertical velocity v is

v =
−Q√
4πBz

exp

(
−x2

4Bz

)
, (3.49)

where Q is the mass flow rate (which is prescribed), B is a fitting parameter, and x, z are the

horizontal and vertical distance from the orifice, which is modelled as a single point.

While the model assumes the parameter B is constant, recent work has shown that is not

necessarily a valid assumption [27]. Along horizontal slices, the velocity profile of the kinematic

model can give a good fit with the correct choice of B. However, across different heights the

value of B needed to obtain a good fit varies. While it could be possible to obtain a better

model which accounts for varying B at different heights, the base kinematic model assumes that

B is constant for all heights.

The kinematic model, like the radial model, fails to give a prediction for flow rate and must

be scaled by the Beverloo relation. It also assumes incompressibility which does not hold over

the entire silo.

Note that even if the kinematic model gives a sufficiently accurate prediction for the qualita-

tive behaviour, a limitation of the model is that the flow rate is prescribed by Q and so provides

no prediction for flow rate. As such, when examining the flow rate behaviour the kinematic

model can only be used for comparing qualitative behaviour to other models which predict the

flow rate (such as the µ(I) model).

We expect that in the upper middle of the silo the flow transitions to plug flow, which the

kinematic model is unable to capture [132]. The kinematic model could give a closer fit for
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any particular height if the B parameter is varied, however this requires a height dependent B

parameter which is not justified by the assumptions of the kinematic model.

While the main assumptions of the kinematic model could be true in non-silo domains,

the kinematic model was developed in order to model granular silos rather than as a generic

granular flow model. As such, the kinematic model is not easily extendable into other domains.

The kinematic model also does not have a time component, so is unable to model any sort of

transient behaviour. While this is not a problem for obtaining the steady state behaviour, being

restricted in this manner greatly reduces its applicability to domains such as a granular collapse.

3.4 Stochastic model

The stochastic model is based on the Mohr-Couloumb plasticity rules, but replaces the co-axial

flow rule with an equation modelling the diffusion of ‘spots’ of relaxation which travel through

the domain. It also requires some assumptions about the timescales of drift and diffusion, which

Kamrin discusses in his thesis [102, 99]. For this analysis we will assume steady state flows.

The stochastic model assumes that flow occurs in ‘spots’ of local mobilisation. The material

is assumed to be static outside of spots, with spots travelling through the material in a direction

determined by some stochastic process. As many spots travel through the silo, the superposition

of many small local flows combine to make the large-scale flow of the bulk material. By capturing

the probability distribution of where spots are expected to be, the flow can be modelled. Note

that spots typically travel in the opposite direction of flow - in a gravity-driven flow, a spot of

local mobilisation allows a section of material to fall down slightly, which then mobilises the

section of material about it which is captured by the spot moving up.

The first step involves solving a Fokker-Planck equation for the probability density of spots

ρs(x, z), which for a steady state is given by

∇ · (ds(x, z)ρs) =
Ls
2
∇2ρs, (3.50)

where ds(x, z) is the spot drift direction and Ls is the spot diameter (assumed to be approxi-

mately 3-5 particle diameters). Given the spot probability density ρs(x, z), the velocity u(x, z)
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is given by

u(x, z) = −Ls
ts

∫ ∫
Ω
w(x, z, x′, z′)

(
ds(x′, z′)ρs(x

′, z′) − Ls
2
∇ρs(x′, z′)dx′dz′

)
, (3.51)

where ts is the timescale for a spot to drift to a new location (assumed to be equal to the

timescale for a particle to diffuse to a new location), Ω indicates the entire modelled domain, and

w(x, z, x′, z′) is the ‘spot influence function’, which controls how a spot affects its surroundings.

When calculating the velocity field, the ‘unconvolved’ velocity field u∗ is obtained, which is

equivalent to having a spot influence function of w(x, z, x′, z′) ≡ δ(
√
x2 + z2,

√
x′2 + z′2). This

treats the spots as if movement only occurs inside the spot, and outside the spot no movement

occurs. Using unconvolved velocity is a reasonable approximation for the final ‘convolved’ veloc-

ity if the shear zones are fairly large, such as in a silo, since the convolution step simply serves

to smooth out the sharper features of the flow. When dealing with small shear zones, such as

in a annular shear cell, the exact form of w(x, z, x′, z′) is important to determine, however for

the purpose of this report where the silo is the focus, the unconvolved velocity is sufficient and

the question of the correct form of the spot influence function is disregarded.

For a 2D silo, the drift vector points directly upwards. This simplifies equation 3.50 to

∂ρs
∂z

=
Ls
2

(∂2ρs
∂x2

+
∂2ρs
∂z2

)
, (3.52)

where we assume the silo is sufficiently wide that wall effects are irrelevant. It should be noted

that if the ∂2ρs
∂z2

term is neglected, the kinematic model is obtained.

The exact solution of Equation 3.52 is given by the Fourier integral

ρs =
1

2π

∫ ∞

−∞
eikxA(k)e

z
Ls

(1−
√

1+L2
sk

2)dk, (3.53)

where A(k) is the Fourier transform of the boundary condition at z = 0. For the smallest

possible opening, the boundary condition is ρs(z = 0) = δ(x), corresponding to A(k) = 1. A

wider opening could be considered, however a larger opening would only result in the velocity

being ‘smeared’ horizontally as the opening widens. For z ≫ Ls, we note that the vertical
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diffusion is insignificant and the resulting vertical velocity is approximately Gaussian

v(x, z) ≈ e−x
2/σ2(z)√

2πσ2(z)
, (3.54)

with variance σ2(z) ≈ Lsz + O(L2
s). This matches the kinematic model with B = Ls/2, giving

a fair approximation of idealized silo flow.

The stochastic model is a powerful model, capturing the basic behaviour of a silo while also

being capable of modelling other domains. The stochastic model is also capable of capturing

transient flow, which is important for certain domains. However for the silo in particular, the

stochastic model requires a choice in parameters which determines the flow rate. In order to

capture the flow rate information, another model is needed.

3.5 The µ(I) rheology

The µ(I) model, as described by [125] and extended to 3D by [96], is a powerful model capable of

modelling many kinds of domains. The µ(I) model has been applied to silos [163, 186] and silo-

like domains with side openings [182, 185] or multiple openings [53], shear beds [172], granular

collapses [111, 164, 1], and is the baseline model that we use to describe the granular flows we

are investigating. The model uses the incompressible Navier-Stokes Equations (3.55)

∂tu + u · ∇u =
1

ρ
[−∇P + ∇ · (2ηD)] − ag,

∇ · u = 0,

(3.55)

where u is the velocity vector, ρ = ϕρgranular +(1−ϕ)ρair is the density derived from the packing

fraction ϕ and the mix of material and gas density (ρgranular and ρair respectively), D is the

strain rate tensor given by D = [∇u+ (∇u)T ]/2, and ag is the acceleration due to gravity. The

numerical methods used to solve these equations are given in Appendix B.

These equations are combined with the µ(I) rheology, which assumes that the granular
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friction coefficient varies only on the inertial number I, which is given by

I =
|γ̇|d√
P/ρ

, (3.56)

where γ̇ is the shear rate tensor with elements γ̇ij given by

γ̇ij =
∂ui
∂xj

+
∂uj
∂xi

= 2Dij , (3.57)

and |γ̇| is the second invariant of the shear rate tensor given by

|γ̇| =

√
γ̇ij γ̇ij

2
=
√

2DijDij , (3.58)

d is the particle diameter, P is the pressure, and ρ is the material density.

While other formulations of the relationship of µ and I are possible [98], in this work the

assumption is made that the rheology is a kind of Coulomb friction with a coefficient of the form

µ(I) = µs +
∆µ

(I/I0 + 1)
, (3.59)

where µs, ∆µ, and I0 are fitting parameters. Equation 3.59 defines the friction, which is imple-

mented as an effective viscosity defined as

η =
µ(I)P

|γ̇|
, (3.60)

which is used in the Navier-Stokes equations. This gives us the basic µ(I) model [125].

In order to solve the incompressible Navier-Stokes equations from the µ(I) model we use the

numerical scheme described by Popinet [141], which is implemented by Lagrée & Staron [111]

with the framework Basilisk [143]. The Navier-Stokes Equations can be transformed using a

projection method into a Poisson equation and a Helmholtz equation. The simulation uses a

volume of fluid method representing the granular material as well as the air [116]. The boundary

conditions are no-slip at the walls and base, and zero pressure at the top of the silo and inside

the opening. More details are given in Appendix B
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Another complication posed when implementing the µ(I) model is the static zones. A static

region of material means that Equation 3.60 gives an unbounded viscosity, and in a flat-bottomed

silo there are some areas where there will be zero flow. To avoid divergent viscosity, a maximum

viscosity ηmax is enforced, i.e. the finite η∗ is used, given by η∗ = min(η, ηmax), where η is

the viscosity calculated from Equation 3.60 and ηmax is a large constant. This leads to a small

creeping flow in these regions which should be static in a physical silo. For our simulations we

use ηmax = 1800
√
ρ2d5a−1

g , which is sufficiently large such that the creeping flow is negligible

compared to the flow from the silo draining due to gravity.

It should be noted that this model assumes that the stress and strain rate tensors are aligned.

The µ(I) model relies on visco-plastic theory which assumes that these tensors are in the same

direction, which is not always the case [35]. Also, the model is not well-posed, so may fail for

some parameters and some domains [13, 75]. The parameters and domain studied in this thesis

do not display evidence of numerical instabilities, however caution should be applied when using

these models.

At the edge between the floor of the silo and the openings at the bottom of the silo, different

boundary conditions are applied for the ‘floor’ of the silo and the openings where material exits.

In order to avoid applying different boundary conditions within the length of a single discretised

cell, all lengths are chosen to be some integer multiple of the cell width. Due to the tree-based

discretization implementation used [170] the domain width contains 2n cells, so the orifice widths

are chosen as an integer divided by 2n. As a result boundary cells have either ‘wall’ boundary

conditions or ‘free surface’ boundary conditions, with no mix in the length of a cell.

3.6 Extensions to the µ(I) model

Each of the continuum models examined so far can give a decent approximation of the velocity

in a silo, however they share some common flaws. Physical granular flows dilate as they shear,

however none of these models capture the effect fluctuations in volume fraction has on the flow of

the material. In addition, all of these models are ‘local’ models, where flow conditions at a point
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do not account for the flow conditions nearby, which misses important dynamics when quasi-

static material is near flowing material. Finally, in an idealised 2D silo the granular material is

only affected by the base and the side walls of the silo, however for experimental 2D silos the

material also experiences friction from the front and back walls of the silo. While smart choices

of materials can greatly reduce this friction, nonetheless real experiments are done with some

non-zero ‘Hele-Shaw’ like friction which these models do not take into account.

It may be possible to account for each of these factors in all of these models, however in

order to reduce duplication of work, one model - the µ(I) model - is chosen to be extended.

3.6.1 Hele-Shaw friction

In implementing the µ(I) model in a 2D silo, we assume that the granular material is in a true

two-dimensional system. In reality, the experiments are done in a system that only approximates

two dimensions, with front and back walls being separated by a small non-zero distance [50].

It is possible to improve the comparison to experimental data by accounting for the friction

between the granular material and the front and back walls [183].

The friction at the front and back walls provides a force µwP , which is in the opposite

direction of the 2D flow, − u
|u| . Unlike a standard Newtonian fluid where we would expect

a parabolic velocity profile, for granular material with yield-stress properties we assume that

the variation of flow over the thickness is negligible (i.e. the flow is only displaying 2D-like

behaviour). By integrating between the front and back of the silo, the velocity can be updated by

calculating the Hele-Shaw friction which results in an extra term in the Navier-Stokes equations

∂tu + u · ∇u =
1

ρ
[−∇P + ∇ · (2ηD)] − ag − 2µwPu

Wd|u|
,

∇ · u = 0,

(3.61)

where µw is the friction coefficient between the granular material and the walls, Wd is the

distance between the front and back wall, P is the pressure, and u is the velocity [182].

To implement wall friction, we calculate the Navier-Stokes equations, then apply an update to

the velocity from the front and back wall friction [182]. We take the velocity already calculated,
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u, and calculate an update to the velocity term

∆u = −2µwPu∆t

Wd|u|
, (3.62)

with ∆t as the time step. If the update to the velocity is greater than the friction-free velocity

(which could result in unphysical upward flows), the velocity is instead set to zero. This cor-

responds to friction being greater than the other net forces and completely arresting the flow.

This updated velocity is then fed into the unmodified Navier-Stokes equations for the next time

step.

Note that the parameters µw and Wd are both constant and are not used elsewhere. There-

fore, in order to simplify the parameter set we combine them by choosing a parameter F = 2µw
Wd

which we vary to test the wall friction model. Then Equation 3.62 becomes

∆u = −FP∆t
u

|u|
. (3.63)

3.6.2 Dilatancy

The assumption that the granular material is incompressible is a first order approximation

that simplifies the numerical methods. In reality granular material is known to dilate when

sheared [5, 148]. Dilatancy introduces compressibility to the Navier-Stokes equations and in-

creases interaction with the interstitial fluid. As such, any model which fully takes dilatancy

into account would be computationally complex [14, 137, 20]. A simpler approach takes advan-

tage of the observation that over the range of inertial numbers relevant to a silo, the packing

fraction seems to linearly decrease with the inertial number I [81]. We can implement this linear

dependence as a simple model for dilatancy, with

ϕ = max(ϕmax − ϕgI, ϕmin) (3.64)

where ϕg is the linear gradient parameter, ϕmax is a constant representing the packing fraction

for a material that is not being sheared, and the minimum packing fraction is ϕmin. Since the

dominant effect of combined adjustments to both ϕg and ϕmax is only a change in effective
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density, ϕmax is set to a fixed value, ϕmax = 0.6, throughout this thesis. A minimum packing

fraction is used in order to prevent non-physical negative packing fractions. Throughout this

thesis the value of packing fraction approaches ≈ 0.4 at the orifice, so a value of ϕmin = 0.2 is

used throughout this thesis with minimal impact upon the simulations. While other formations

of the relationship of ϕ to I are sometimes used [151], for simplicity we limit our scope to only

consider linear dependence. This packing fraction is used to calculate the bulk density of the

material. With non-homogeneous density the incompressible assumption ∇ · u = 0 is replaced

with a ‘source term’, which is derived from conservation of mass. This source term is given by

∇ · u =
1

ρ

(
∂ρ

∂t
+ u · ∇ρ

)
, (3.65)

where ρ is the bulk density. The bulk density is dependent both on the material density as well

as the packing fraction of the granular material, determined by the linear dilatancy model in

Equation 3.64 (if there is no relationship between ϕ and I, the incompressible assumption is

recovered).

This new ’Source term dilatancy model’ takes the volume fraction ϕ(I) and feeds that into

the bulk density, and then numerically approximates the right hand side of Equation 3.65. This

approximation is then added into the projection method when the incompressible assumption

would otherwise be applied.

3.6.3 Nonlocal fluidity

The µ(I) model and extensions are all local models, meaning that the properties of flow at a

point are determined only by other properties at that point. However, granular material exhibits

nonlocal effects, meaning that the behaviour of the material around a given point can affect the

flow at that point. An example of a geometry which displays nonlocal effects clearly is flow

down a slope, where there is a difference between the angle at which flow stops when the slope

is lowered and the angle at which it starts when the slope is raised [145]. This difference exists

because the flowing particles agitate their neighbours, maintaining flow when a local model

would predict no flow is possible. Another example is an annular shear cell, where local models



CHAPTER 3. MODELS OF GRANULAR FLOW 48

predict flow sharply going to zero in the areas where the yield criterion is not met, while in

experiments an exponential decay is observed [73].

In order to capture these nonlocal effects, we use a granular fluidity model [101, 153, 47].

This model finds the local ‘fluidity’ (which can be conceptualised as an inverse viscosity), and

then ‘spreads out’ the fluidity into nearby regions, representing the agitation caused by flowing

particles in a neighbourhood that create nonlocal effects. The fluidity g (not to be confused with

gravity) is related to the µ value by the relation |γ̇| = µg. The fluidity has some local value gl,

which corresponds to the fluidity if there were no nonlocal effects. The local gl is then ‘spread

out’ by the Laplacian term

g = gl + ξ(µ(I))2∇2g, (3.66)

where ξ(µ(I)) is given by

ξ(µ(I)) = Ad

√
µs + ∆µ− µ(I)

∆µ(µ(I) − µs)
(3.67)

where A is a parameter which determines the strength of nonlocal effects with A = 0 correspond-

ing to a purely local model, and d is the particle diameter [101]. With the fluidity g calculated,

the relations γ̇ = µg and η = µP
γ̇ can be combined to give the effective viscosity as

η =
P

g
, (3.68)

which is used in Equation 3.55 in the same manner as the base µ(I) model. The choice of

boundary conditions is nontrivial, however the conditions used in this work are generally zero

fluidity, g = 0, at the walls (corresponding to infinite viscosity i.e. no-slip) and zero normal flux,

gn = 0, at the opening and top, although in Section 5.1 a small non-zero fluidity is used for the

insert walls.

3.7 Conclusions

Each of these models have unique advantages and disadvantages. For the scope of this thesis,

discrete element models will not be examined. In the first part of Chapter 4 each of the con-

tinuum models will be compared in the context of a single opening silo. As the µ(I) model
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is the well developed model capable of predicting flow rate and accounting for the extensions

discussed in Section 3.6, the µ(I) model and its extensions will be further examined throughout

the remainder of this thesis.

Each of these models have previously been applied to granular flow in silo-like domains [133,

5, 102, 165]. In addition, the extensions to granular flow incorporated into the µ(I) model

have been developed by other authors [98, 5]. This thesis adds original contribution by applying

these extensions to the silo, combining these extensions, and testing the combined model in more

complex domains such as the double slot silo and silos with inserts. The work done in Chapter 6,

using volume-of-fluid models to model material with multiple components with different material

properties, was developed by the authors and to our knowledge is original work.



Chapter 4

Application of continuum models to

silos

In this chapter we discuss continuum models in pseudo-2D flat bottomed silos with one and two

openings, the latter of which is sketched in Figure 4.1. While flows in silos and silo-like domains

have been well studied [27, 163, 53], multiple openings cause the silo to exhibit interesting

phenomena that require further study [50]. In particular, the double opening silo can exhibit a

‘flow rate dip’, where a small separation between openings creates less flow than either a larger

separation or a lack of separation (described in greater detail in Section 4.3). Studying these

systems is fertile ground for obtaining further understanding of granular flows and testing the

limits of continuum models.

Section 4.1 begins by examining continuum models, comparing the µ(I) model to the radial,

kinematic, and stochastic models. Section 4.2 then examines the extensions of the µ(I) model

in a single opening silo. Finally Section 4.3 examines the two opening silo [50]. The focus is on

the µ(I) model and extensions as the other models used for single silos are unsuitable for many

important metrics in the double opening domain.

Much of this chapter shares its contents with the paper “Capturing the dynamics of a two

orifice silo with the µ(I) model and extensions” [86].

50
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Figure 4.1: Diagram of a pseudo-2D flat bottomed silo with two openings.

4.1 Continuum models in a flat bottomed silo

4.1.1 Mohr-Coulomb radial model

The radial model, as outlined in Section 3.2, is a model based on the assumption that flow in a

conical hopper is radial. This means that the flow direction is always towards the point where

the conical hopper walls would meet if they were extended. This kind of flow can be empirically

observed near the orifice in conical hoppers, although further from the silo the flow transitions

into a plug flow regime [133, 33, 32, 159].

While this model is normally applied to a conical hopper, for a flat bottomed silo we make the

assumption that material below the angle of repose is stationary, and we treat the flat bottomed

silo as a silo with sides of slope equal to the angle of repose. The resulting velocity is shown in

Figure 4.2, with internal angle of friction and angle of repose α = 28◦, and wall angle of friction

αw = 15◦.

The shooting method is used to find the boundary condition for fluidity q at the center of

the silo given an excess boundary condition on principal stress angle ψ∗ at the wall of the silo
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Figure 4.2: Velocity magnitude for a single opening silo with a log scale for the radial model.
Material is assumed to have an angle of repose α = 28◦ which is used for the cone slope. While
the velocity is calculated to the tip of the cone, practically the silo would be truncated.

(quantities defined in Section 3.2). A value of q at the center of the silo is assumed, and the

resulting ψ∗ at the wall is compared to the given boundary condition. The resulting error is

shown in Figure 4.3. This process is repeated until a q boundary condition which minimises the

error in ψ∗ is found, which for this system is found to be q ≈ −0.74.

While in practice the shooting method appears to give stable results, the shooting method

may not be reliable. Figure 4.4 shows the q values over all angles in the silo θ with the boundary

condition given from the shooting method. For small θ, i.e. near the center of the silo, the q

value appears unstable. This instability could interfere with the validity of the shooting method.

The radial model has no obvious extension to a two opening silo. This, in addition to the

other questionable assumptions and prescribed flow rate, make the radial model limited in how

far it can be extended and adapted for various different domains. While the model can be

suitable for certain applications, it is not suitable as a basis for a general granular continuum

model.

4.1.2 Kinematic

The kinematic model, as described in Section 3.3, can be constructed from the assumption that

a horizontal gradient in vertical velocity creates a horizontal velocity (though there are a variety
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Figure 4.3: Error in ψ∗ boundary condition given initial q boundary condition with shooting
method.

Figure 4.4: The parameter q calculated using the shooting method across the range of the
spherical coordinate θ spanning from the center of the silo to the wall. Near the silo center the
parameter appears to be unstable.
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Figure 4.5: Kinematic model in a single opening silo. Velocity magnitude is displayed in a log
scale.

of equivalent constructions) [132]. This assumption takes the form

u = −B∂v
∂x
, (4.1)

where u, v are the horizontal and vertical velocity respectively, B is a fitted parameter, and x, y

are the horizontal and vertical distance from the opening respectively.

For a single opening 3D silo, Equation 3.48 gives vertical velocity for the kinematic model

as

v =
−Q
4By

exp

(
− r2

4By

)
, (4.2)

with r =
√
x2 + y2 and Q being the prescribed flow rate. The horizontal velocity can be

calculated from the assumption of the kinematic model. The resulting velocity magnitude for a

single opening silo is shown in Figure 4.5.

The calculation assumes an infinitely small opening which gives a Dirac delta boundary



CHAPTER 4. APPLICATION OF CONTINUUM MODELS TO SILOS 55

Figure 4.6: Kinematic model velocity in a two opening silo. Velocity magnitude is displayed in
a log scale.

condition for the base of the silo. However, a wider opening can be considered by using a more

‘spread out’ boundary condition such as H(x + W/2) − H(x − W/2), where W is the width

of the opening and H(x) is the Heaviside function. The resulting velocity is convolved with

this boundary condition, resulting in the same velocity distribution but averaged out over the

horizontal axis.

The same method can be used to extend the model to two openings. By using two Dirac delta

functions separated by some distance as the boundary condition, we get the velocity shown in

Figure 4.6. However, this fails to capture any influence of the separation of the orifices. The flow

rate is determined by the integral over the base boundary condition, so is completely independent

of the separation between the openings. As such, the kinematic model is unable to capture the

difference in flow rate between a single large orifice and two smaller openings, and is unable to

capture the variation of flow rate with orifice separation that leads to the flow rate dip.
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Figure 4.7: Stochastic model velocity in a single opening silo. Velocity magnitude is displayed
in a log scale.

4.1.3 Stochastic

The stochastic model shares similarities with the kinematic model and Mohr-Coulomb plasticity.

It assumes that flow occurs only in ‘spots’ which travel through the domain, and is static

otherwise. The flow can then be predicted by tracking the probability of a spot travelling

through the area. For a silo these spots are created at the orifice at a rate proportional to the

flow rate, which then diffuse up the silo to determine the velocity field. It combines this with

Mohr-Coulomb stress analysis to give a more thorough model of granular behaviour. Far away

from the orifice the stochastic model approximates the kinematic results, but closer to the orifice

the models diverge. The full details of the Stochastic model are given in Section 3.4. Figure 4.7

shows the calculated flow velocity for the stochastic model.

Like the kinematic model, the calculation assumes an infinitely small opening which gives a

Dirac delta boundary condition for the base of the silo. The stochastic model can use different

boundary conditions to spread out the flow, but the stochastic model can also have different

‘spot’ functions which spread out flow. Using two Dirac delta functions separated by some
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Figure 4.8: Stochastic model velocity in a two opening silo. Velocity magnitude is displayed in
a log scale.

distance as the boundary condition, we get the velocity shown in Figure 4.8. Note that for a

full application of the stochastic model, the spot convolution function would further smooth the

velocity.

Much like the kinematic model, the stochastic model has flow rate determined by the choice

of parameters Ls and ts. The spot probability density is also determined by the boundary

condition at the base in a similar way to the kinematic model, and is unable to capture the

influence of multiple openings and their separation on flow rate. This makes these models poor

choices when investigating phenomena related to more complicated silo domains.

4.1.4 The µ(I) model

By applying the base µ(I) model to the single orifice silo, we use the modelling software

Basilisk [143] to obtain the velocity profile shown in Figure 4.9. The silo is chosen to have

non-slip boundary conditions at the walls and base, and zero pressure at the opening. The

simulations are done with non-dimensionalised parameters, with the choice of parameters given
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Parameter Value

Relative density of air ρair/ρgranular 1.7 × 10−3

Orifice width W 9.375d

Domain width Wsilo 150d

Domain height Hsilo 150d

Initial fill height Hsilo 135d

Inertial number scaling I0 0.6

Maximum solid fraction ϕmax 0.6

Minimum solid fraction ϕmin 0.2∗

Solid fraction gradient ϕgrad 0.2∗

Nonlocal model strength A 0.5∗

Table 4.1: Parameters used throughout this chapter, with lengths being given as multiples of the
particle diameter d. An asterisk indicates the parameter is only relevant when the appropriate
extension is enabled.
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Figure 4.9: Velocity magnitude for a single opening silo, with a log scale (left) and linear scale
zoomed to the opening (right). The box in the log plot indicates the area covered in the linear
plot. The µ(I) parameters used are (µs, ∆µ, I0) = (0.62, 0.48, 0.6), with an opening diameter
of 0.625.

in Table 4.1. The parameters are chosen to demonstrate certain behaviours, however these pa-

rameters are similar to values other authors have found [95, 100]. The simulation is done with

a fixed volume of non-replacing material.

The resulting flow matches the qualitative behaviour we expect to see in a flat-bottom silo,

with static zones in the corners (with near-static creeping flow caused by the regularisation on

viscosity), high flow near the orifice decreasing rapidly as points further from the orifice are

considered, and ‘mass flow’ like behavior in the upper regions of the silo.

We also use the Nedderman Tüzün kinematic model [132] for comparison, which finds the
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vertical velocity v for a 2D silo to be

v =
−Q√
4πBy

exp

(
−x2

4By

)
, (4.3)

where Q is the mass flow rate (which is prescribed), B is a fitting parameter, and x, y are the

horizontal and vertical distance from the orifice, which is modelled as a single point. Note that

even if the kinematic model gives a sufficiently accurate prediction for the qualitative behaviour,

a limitation of the model is that the flow rate is prescribed by Q and so provides no prediction

for flow rate. As such, we use the kinematic model for comparing qualitative behaviour to the

µ(I) model before using the µ(I) model to examine the flow rate behaviours.

A comparison between the kinematic model and the µ(I) model is shown in Figure 4.10,

which shows the vertical velocity at various different horizontal slices in the silo. The µ(I)

velocity is calculated throughout the silo, and least squares fitting is used to find parameters for

the kinematic model for comparison. The µ(I) model predicts a ‘flatter’ velocity curve along a

chosen height far from the silo orifice than the kinematic model. We expect that in the upper

middle of the silo the flow transitions to plug flow, which the kinematic model is unable to

capture. This indicates that plug flow is a phenomena that the µ(I) model can capture that the

kinematic model cannot. While the kinematic model could give a closer fit for any particular

height if the B parameter is varied, this requires a height dependent B parameter which is not

justified by the assumptions of the kinematic model.

To further validate the µ(I) model we examine the effect of orifice width on the mass flow

rate. For a silo with a single orifice we expect that the flow rate follows the Beverloo-Hagen

relation, which for a 2D silo has the form [182]

Q = Cρ
√
ag(W − kd)1.5, (4.4)

where Q is the 2D mass flow rate, C and k are fitting parameters, ρ is the bulk density, ag is

gravitational acceleration, W is the orifice width, and d is the particle diameter. Experiments

show that k in the range 1 < k < 2 fits the data well, although some theories suggest that k

should be 1 exactly. This theoretical k = 1 value is due to particles occupying the width of
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Figure 4.10: Kinematic model (lines) compared with µ(I) model (points) in a single opening
2D silo. The vertical velocity from simulations and kinematic model are compared for various
different heights. One set of kinematic parameters is fitted over the entire silo.

a particle when passing through, meaning the effective orifice width is a particle diameter less

than the actual orifice width [18, 118].

In Figure 4.11 we see a comparison of the Beverloo relation with the simulated µ(I) silo.

The µ(I) simulations are done with a fixed volume of material and allowed to drain for a short

time before approaching a relatively steady state. The flow rate is measured by taking the mass

of granular material remaining over time and fitting a straight line (omitting the first time unit

of flow to avoid transitional effects from the initial conditions). For the k = 0 case we see results

consistent with the expected Q ∝ W 1.5 relationship. The kd term is often attributed to single

particle interactions, so we do not expect that it would be captured by this continuum model.

Nonetheless, the µ(I) model seems to capture this kd term with k ≈ 1.92, and the Beverloo model

has a clear discrepancy with the simulations when this term is omitted. This may suggest that

the kd term is not caused by individual particle interactions or the “empty annulus” theory, but

is instead primarily caused by friction effects near the orifice. Note that the low orifice widths

represent unphysical silos; for orifice widths less than approximately 5d, jamming becomes a

significant factor and no meaningful flow rate measurement can be achieved experimentally.

The µ(I) model gives non-zero predictions for the flow rate for all silos where the orifice width
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Figure 4.11: Flow rate Q̃ = Q/
√
agd5 compared to orifice width on a 2

3 flow rate scale (left) and
a linear scale (right), with k = 0 and fitted k = 1.92.

is greater than zero, a limitation of the µ(I) model and continuum models in general. In depth

examination of these small opening sizes requires consideration of jamming, often done with a

DEM or experimental method, which is outside the scope of this work [118, 97, 58, 187].

These simulations are done by discretizing the silo into a 2n by 2n grid of cells, with the value

of n determining the resolution of the simulation. To examine the effect this grid resolution has

on flow rate for a single opening silo, different choices of n shown in Figure 4.12. The flow rate

seems to converge to similar values for n = 7 and n = 8, with n = 6 approaching this trend.

Values of n = 9 lead to computation times that prohibitively long for this thesis. Throughout

this work, the resolution value is chosen to be n = 8, with this comparison validating that the

µ(I) model does converge in this parameter range.

We also consider the effect of varying µ(I) parameters. Figure 4.13 shows the effect on flow

rate of varying each µ(I) parameter individually. The value of the base parameters used are (µs,

∆µ, I0)=(0.62, 0.48, 0.6), with one of these parameters varied in each plot. These plots show

that, in this range of parameters, the flow rate is relatively insensitive to changes in the friction

differential ∆µ and inertial number scaling I0, while quite sensitive to µs. This insight leads us

to focus on variation of µs, however since µs and ∆µ are generally correlated with each other

in physical materials these are varied together in later tests. This sensitivity analysis shows us

that variation of ∆µ in this manner is likely to have little difference on the flow rate results.

The inertial number scaling is also likely low impact, although in the case where the scaling is

much lower than the range chosen here there is a possibility of a larger impact.
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Figure 4.12: Flow rate over time for different mesh resolutions. The single opening silo is divided
into a grid of 2n cells for simulation and the resulting flow rate is calculated from the velocity
flux at the opening. The finer resolutions of 27 and 28 seem to converge to approximately the
same result for long time periods. A finer resolution of 29 becomes prohibitively computationally
expensive.
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4.2 Extensions of the µ(I) model

The µ(I) model is a more general model, capable of capturing the dynamics of flow rate when

multiple openings are considered. However, there are some weaknesses of the model, and so the

extensions of nonlocality and dilatancy are added, as well as Hele-Shaw wall friction to account

for the pseudo-2D nature of the domain. Equations describing the model used for wall friction

are presented in Section 3.6.1, dilatancy in Section 3.6.2, and nonlocal fluidity in Section 3.6.3.

Nonlocality also requires fluidity boundary conditions, which are chosen as zero fluidity, g = 0,

at the walls and base (corresponding to infinite viscosity i.e. no-slip) and zero normal flux,

gn = 0, at the opening and top.

In Figure 4.14, the Beverloo relation is examined when combinations of nonlocal effects,

dilatancy, and/or wall friction are implemented. Nonlocal effects and dilatancy seem to decrease

the flow rate, with nonlocal effects having the stronger effect for these parameter values. While

wall friction also seems to decrease the flow rate for high orifice widths, yet for low orifice widths

it seems to increase the flow rate. This could theoretically be captured by decreasing the kd term,

however this require lowering the kd value well below what is observed in many experiments

and theories. It should again be stressed that this analysis is done including non-physical silos

with orifice widths too small to give consistent flow, and as such this analysis may have limited

application to physical silos.

In Figure 4.14 we also combine nonlocal effects with combinations of dilatancy and wall

friction. Adding dilatancy or wall friction when nonlocal effects are present decreases the flow

rate, but to a lesser extent compared to when nonlocal effects are absent. The increased flow

rate for low orifice widths also seems to be suppressed when nonlocal effects are present. Any

continuum model wishing to capture the flow rate accurately will need to account for each of

these effects.

4.3 Two opening silo

One interesting flow rate phenomena is the flow rate ‘dip’, which can arise when a silo has

multiple orifices. Previous experiments done with spherical steel beads in a two opening silo
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Figure 4.14: Mass flow rate Q̃ = Q/
√
agd5 for various single orifice widths with no extensions

(µ(I)) and combinations of nonlocal effects (NL), dilatancy (Dil), and wall friction (WF). The
points show the simulation, while the lines give the fitted Beverloo relation with k = 1.92. For
the extensions, the nonlocal strength is set to A = 0.5, dilatancy gradient is set to ϕg = 0.2, and
wall friction strength is set to F = 0.5.

have shown a monotonic decrease in flow rate as the orifice distance increases [180]. However,

experiments done using coarser, more industrially relevant materials result in a flow rate dip,

where the flow rate for a silo with two openings in close proximity to each other is lower than

the flow rate for a silo with larger separations between the openings [50]. A multiple orifice silo

has been modelled using the kinematic and plasticity models [123, 124], although the flow rate

dip could not be analysed due to the flow rate being prescribed by the choice of parameters.

4.3.1 Friction effect on dip

When examining the two opening silo over multiple separation distances, we find the µ(I)

parameters (given in Equation 3.59) have a big impact on the shape or existence of the flow rate

dip. We examine 3 different sets of parameters, with (µs, ∆µ, I0) being set to (0.47, 0.38, 0.6)

for a low friction simulation, (0.62, 0.48, 0.6) for a medium friction simulation, and (0.77, 0.58,

0.6) for a high friction simulation. The velocity profile of two opening silos using the medium

friction values for various different orifice separations is given in Figure 4.15, with low and high

friction both giving similar qualitative behaviour. For low separation distances, the fast regions

near the orifice merge together creating a single fast region, while for large separations the fast

regions stay relatively independent, and maintain higher independent speed.

The flow rates over different separations are shown in Figure 4.16 for different friction values
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Figure 4.15: Velocity in two hole silos with various different orifice separations. The white box
in the log plots indicate the area examined in the linear plots.
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Figure 4.16: Flow rate Q̃ = Q/
√
agd5 versus opening separation length for two opening silos

with different friction values. The left plot shows the raw flow rate, while the right plot shows
flow rate normalised by the zero separation case. The µ(I) parameters (µs, ∆µ) are (0.47, 0.38)
for low friction, (0.62, 0.48) for medium friction, and (0.77, 0.58) for high friction. Twice the
flow rate of a single orifice silo is provided using the Beverloo relation for theoretical comparison
in the normalised case (black dotted line), with only the medium friction case given for the raw
flow rate (orange dotted line). The normalised data also has experimental “Amaranth small”
data from [50] for comparison.

and some experimental data taken from [50]. The dotted line also shows the doubled flow rate

for a single opening case with the orifice width used for the double opening cases. This should

give the flow rate for arbitrarily large separations (since interactions between the orifices are

negligible, the silo will act as two single orifice silos). For the low friction case, we see that the

flow does not dip significantly, instead decreasing in what seems to be a monotonic pattern.

The low friction case does go below the expected infinite separation value; this could be because

of the side walls affecting the flow for large orifice widths. For medium friction values, the

flow rate dips in a similar manner to the experiment, though the dip is more gradual than the

experimental data, with the dip occurring over a greater separation range than the experiment

shows. The medium friction data also does not seem to have as large of a difference between

the minimum dip value and the large separation value. The high friction values seem to have

similar dipping behaviour to the medium friction values. Some tests with high friction values

are numerically unstable, and as such the ‘medium’ values are used as the default values when

not otherwise specified.
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Figure 4.17: Flow rate Q̃ = Q/
√
agd5 versus opening separation length for two opening silos

with different wall friction values. The raw flow rate dip is shown on the left, while on the right
the flow rate normalised by the zero separation case is shown.

4.3.2 Hele-Shaw wall friction

In Figure 4.17 we show the flow rate as a function of orifice separation for medium µ(I) pa-

rameters combined with various values of the wall friction parameter F . Accounting for the

Hele-Shaw wall friction given by Equation 3.63 has a significant effect. As intuitively expected,

increased friction decreases the overall flow rate for all separation values. The dipping behaviour

of the flow rate occurs for all of these different wall friction values, however greater wall friction

results in the dip deepening. For the normalised plot the flow rate seems to recover to the same

normalised point independently of the friction values, indicating that wall friction is impactful

when the separation between orifices is low while not changing the relationship between the zero

separation case and the infinite separation case.

4.3.3 Dilatancy

The effect of dilatancy on the relationship between mass flow rate and orifice separation distance

is shown in Figure 4.18. Increasing the dilatancy decreases the mass flow rate for all separations

as expected, with a realistic parameter of 0.2 [5] giving approximately 20% less flow than the

incompressible case. The flow rate dip occurs for all parameters tested, with the normalised

flow rate recovering with increased separation at similar rates. With increased dilatancy, the

normalised flow dips deeper, indicating that dilatancy heavily depends on the orifice size. Since

the flow rate dip recovery is somewhat consistent for the different parameters tested, dilatancy
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Figure 4.18: Flow rate Q̃ = Q/
√
agd5 versus opening separation length for two opening silos

with different strengths of dilatancy, determined by the value ϕg. The raw flow rate dip is shown
on the left, while on the right the flow rate normalised by the zero separation case is shown.

seems to primarily affect the flow rate dip by increasing the difference between the zero separation

case and the non-zero separation cases.

4.3.4 Nonlocal fluidity

In Figure 4.19, nonlocal effects have been implemented for a two opening silo. The nonlocal

effects are controlled by a single chosen parameter A. Increased nonlocal strength decreases the

flow rate greatly, with a feasible nonlocal parameter A = 0.5 [73] resulting in approximately half

of the flow rate compared to the local case. When examining the normalised plot, increased

nonlocal strength seems to counteract the flow rate dip. The dip occurs for all parameters

tested, however the dip is shallower when the nonlocal parameter A is greater. The normalised

flow rate seems to recover to the same value, which indicates that nonlocal effects have a similar

impact for the single opening with double width silo and the silo with two openings separated by

a large distance. Nevertheless, the nonlocal effects do have a large impact on the flow rate dip

when the distance between openings is low (but not zero). This indicates that nonlocal effects

are important for capturing the flow rate dip.

Figure 4.20 shows the strength of nonlocal fluidity, g, normalised by the local fluidity, gl,

over a silo, which we use to represent the influence of nonlocal effects. This Laplacian coefficient

is relatively large over most of the domain, however it drops rapidly near the orifices. This

behaviour is consistent with what we expect from Equation 3.67. Near the orifices I is large,
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Figure 4.19: Flow rate Q̃ = Q/
√
agd5 versus opening separation length for two opening silos

with different strengths of nonlocal effects, as determined by parameter A. The raw flow rate
dip is shown on the left, while on the right the flow rate normalised by the zero separation case
is shown.
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Figure 4.20: A log-scale contour plot of a two opening silo displaying the nonlocal influence g/gl,
which is used to show where nonlocal effects are strong compared to local effects.
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hence µ(I) approaches µs + ∆µ, meaning that ξ(µ(I)) approaches zero. This suggests that

nonlocal effects are dominant over most of the silo, however near the openings nonlocal effects

are negligible. Interestingly, in between the orifices there is a small zone for which g/gl is larger,

indicating an increased relevance for nonlocal effects. This zone may explain why nonlocal effects

decrease the impact of the flow rate dip for small separation values, since this zone may smooth

out the flow for small separations.

4.4 Conclusions

A synopsis of the topics covered in this chapter is provided in the following bullet points:

• Various continuum models have been tested in a single slot silo.

• The µ(I) model is capable of partially capturing Beverloo-Hagen relationships.

• Wall friction significantly affects the Beverloo-Hagen shift.

• The base µ(I) model with high friction partially captures the flow rate dip.

• Wall friction, dilatancy, and nonlocal fluidity improve the µ(I) fit to the flow rate dip.

In this chapter various continuum models are applied to a silo, with focus on a continuum

model based on the µ(I) rheology. The µ(I) model was also applied to two opening silos and

extended to account for wall friction, dilatancy, and nonlocal effects.

The µ(I) model was found to give comparable but distinct velocity profiles to other contin-

uum models, while also capturing flow rate information. The µ(I) model was found to follow

the expected behaviour described by the Beverloo-Hagen relation for a single opening silo, even

without modelling single particle interactions. Each of wall friction, dilatancy, and nonlocal

effects were all found to have a strong impact on the mass flow rate. Wall friction effects have

a significant impact on the −kd shift term in the Beverloo-Hagen relation, although caution is

necessary as this is partially based on theoretical data where physical silos would jam.

For a double opening silo, the base µ(I) model is capable of capturing the transition from a

monotonically decreasing relationship between flow rate and orifice separation distance for low
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friction materials to the more complex flow rate dip which is seen in more realistic higher friction

materials via the µ(I) parameters. This shows that the flow rate dip is a frictional phenomena,

with higher friction being required to obtain the flow rate dip.

Each of wall friction, dilatancy, and nonlocal effects also had unique impacts on the flow

rate dip. Wall friction strengthened the dip, nonlocal effects weakened the dip, and dilatancy

decreased the flow rate for the smaller orifice sizes used for non-zero separations. The extended

model incorporating these three effects matches the qualitative behaviour seen in experiments

better than the base µ(I) model.



Chapter 5

Granular flow around inserts

Granular material is used for many different industrial processes, and is often stored and pro-

cessed using silos or silo-like domains. While drawing material from silos several problems can

occur, such as jamming, rat holing, and stagnant zones [68, 187]. In order to reduce stagnant

zones [169], change mixing behaviour of the material [52], reduce segregation of mixed mate-

rial [34], or otherwise affect the flow of granular material in a silo [112], inserts of various shapes

are often used. Being able to model the behaviour of granular material in a silo with an insert

is highly relevant to many industrial processes.

There are some effects that the basic µ(I) model does not capture. One such effect is com-

pressibility. While the assumption of incompressibility greatly simplifies the numerical calcula-

tions, it is known that granular material dilates when sheared. The incompressible µ(I) model

can be extended to capture some dilatancy with a pseudo-compressibility model [5] which is

described in Section 3.6.2. Another factor to consider is that the µ(I) model is a purely local

model, while granular materials show evidence of nonlocal effects: where the flow of material at

a point is determined by the behaviour in a neighbourhood around that point rather than just

the conditions at that point. However, granular material exhibits nonlocal effects, meaning that

the behaviour of the material around a given point can affect the flow at that point. An example

of a geometry which displays nonlocal effects clearly is flow down a slope, where the angle at

which flow stops when the slope is lowered is different from the angle at which it starts when the

slope is raised [145]. This difference exists because the flowing particles agitate their neighbours,

72
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maintaining flow when a local model would predict no flow is possible. Another example is an

annular shear cell, where local models predict flow sharply going to zero in the areas where the

yield criterion is not met, while in experiments an exponential decay is observed [73]. The µ(I)

model can be extended with a nonlocal fluidity model [100], which spreads out the local flows

to capture the nonlocal nature of these flows. This fluidity model is described in Section 3.6.3.

Much of the material of this chapter is drawn from “The µ(I) model and extensions applied

to granular material in silo with inserts” [87]. A 2D silo is modelled with various inserts (as

shown in Figure 5.1) using the base µ(I) model and the dilatancy and nonlocal extensions.

The impact of insert size and insert shape is examined. We examine a silo with no insert and

compare to silos with diamond inserts, square inserts, triangular inserts (upwards pointing and

downwards pointing), and circular inserts. Examining the diamond insert in more detail we

test various insert sizes and parameter combinations. We test all these different silos for the

difference in size and shape of zones where the material is static or nearly static, as well as the

effect on flow rate.

5.1 Methods

A description of the numerical methods used is given in Equation 3.59, where we describe the

µ(I) rheology, how it applies to the Navier-Stokes equations, and how the dilatancy and nonlocal

fluidity extensions are implemented. The base parameters used throughout this chapter are given

in Table 5.1, with individual simulations deviating as noted in their description.

One difference in the simulations done in this chapter than the simulations in other chapters is

the nonlocal boundary conditions. The choice of nonlocal boundary conditions is zero fluidity g =

0 at the silo base and walls (corresponding to infinite viscosity i.e. no-slip) and zero tangential

flux gt = 0 at the opening and top. However for the insert boundary conditions, practically we

found that using a small fluidity (i.e. g = 10−3
√
agd) boundary condition avoided numerical

instabilities that caused the time step to approach zero for certain parameter combinations.

This small fluidity was found to have minimal impact on the flow behaviour in cases where both

converged. A possible physical analogy for this is that the insert could be creating a kind of
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Figure 5.1: Diagram of the system being studied. Granular material flows around the insert
(this case shows the diamond shape) and flows out of the outlet below. The silo is square with
Hsilo = Wsilo = 150d, and is initially filled to H0 = 135d. Material is not replaced during the
run-time of the simulation.
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Parameter Value

Relative density of air ρair/ρgranular 1.7 × 10−3

Orifice width W 9.375d

Domain width Wsilo 150d

Domain height Hsilo 150d

Initial fill height Hsilo 135d

Static friction µs 0.62

Friction differential ∆µ 0.48

Inertial number scaling I0 0.6

Maximum solid fraction ϕmax 0.6

Minimum solid fraction ϕmin 0.2∗

Solid fraction gradient ϕgrad 0.2∗

Nonlocal model strength A 0.5∗

Table 5.1: Parameters used throughout this chapter, with lengths being given as multiples of the
particle diameter d. An asterisk indicates the parameter is only relevant when the appropriate
extension is enabled.

fluidisation similar to fluidised beds [63]. However, due to the small value of fluidity used and

the low sensitivity we found to this value, fluidisation does not seem to be occurring. Boundary

conditions for granular flow, particularly nonlocal fluidity, is an area which requires additional

research and we forgo further study of them in this work.

5.2 Results

5.2.1 Insert shape

The geometry of the insert has a large influence on the flow behaviour. We first apply the base

µ(I) model to a variety of differently shaped inserts, looking at square, diamond, triangular

(upwards pointing and downwards pointing), and circular inserts, as well as comparing the silo

with no insert. Flow is started and allowed to develop until a ‘steady’ flow is reached, at which

point the velocity and other behaviour is examined (t =
√
d/ag was sufficient in all cases) [86].

Each insert is sized such that the lowest and highest point is 37.5d and 75d respectively. This

fixes the height of the inserts, but not the area (compared to the square insert, the area is reduced

by a factor of 4/π for circle inserts and by 2 for a diamond insert) or width of insert (which

is doubled for both triangular inserts when compared to the square insert). Figure 5.2 shows

velocity contours around various different shapes of insert. The case with no insert exhibits
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‘funnel flow’ behaviour, with a fast moving region in the center and large slow moving zones to

the sides. The circle, diamond, and triangle inserts all disrupt the funnel area, spreading the

flow out into otherwise near-static regions. Of these shapes, the circle appears to have a large

effect on spreading the flow to the sides, while the diamond appears to have the smallest.

It should be noted that the flat bottoms of the square and the triangle inserts may not

display realistic results directly underneath the insert. In a physical silo with a flat-bottomed

insert, we would expect a void zone with little to no material. However, the volume of fluid

method used to distinguish air and granular material in this work assumes the materials are

mutually impervious which is not true in practice. The unrealistic rapid horizontal flow directly

beneath the insert is likely an artifact of the continuum model not being designed to model

these void zones. It is possible that a true two-fluid model may be capable of modelling this

behaviour, however we leave this for future work [61]. These shapes could have improperly

modelled voidage, though these inserts still seem to give reasonable flows. However we limit the

analysis done on the square and upward triangle shapes, and future work involving these shapes

should be done using a model capable of capturing these void regions.

Granular pressure is also important to consider, with contours for each shape shown in

Figure 5.3. Each of these cases has higher granular pressure in the corners of the silo representing

the ‘hydrodynamic’ pressure, with lower pressure in the middle above the orifice. The inserts all

seem to widen the low pressure zone. The inserts also have a peak of pressure above the insert

itself and a decreased pressure zone directly below the insert.

Differently shaped inserts exhibit different flow rates. Finding an insert which reduces the

quasi-static area while also maintaining a high flow rate may be desirable for industrial appli-

cations. The flow rate is calculated by tracking the total mass of material in the silo over time

and taking a linear fit. The flow rates for different insert shapes are shown in Figure 5.4. The

case with no insert has the highest flow rate, with all inserts decreasing the flow rate somewhat.

Interestingly, the pressure does not seem to have a significant effect on the flow rate. Examples

of relatively high flow rates and low flow rates can be found for insert shapes with high pressure

in the corners (e.g. diamond and downward triangle) and low pressure in the corners (e.g. square

and circle).
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Figure 5.2: Velocity in silos for various different insert shapes. The square, diamond, and circle
inserts are sized to have height and width equal to the width of the silo opening, with the triangle
inserts having the same height and twice the width.



CHAPTER 5. GRANULAR FLOW AROUND INSERTS 78

0 50 100 1500

50

100

150

y/
d

0 50 100 1500

50

100

150

0 50 100 1500

50

100

150

0

1

2

3

4

5

Pr
es

su
re

, P

No insert Diamond insert Upwards triangle insert

0 50 100 150
x/d

0

50

100

150

y/
d

0 50 100 150
x/d

0

50

100

150

0 50 100 150
x/d

0

50

100

150

0

1

2

3

4

5

Pr
es

su
re

, P
Downwards triangle insert Square insert Circle insert

Figure 5.3: Granular pressure in silos with various different insert shapes. Pressure is nondimen-
sionalised by P = P∗/(ρagd

−2) where P∗ is the dimensional granular pressure, ρ is the density
of granular material with solid fraction 1, ag∗ is gravitational acceleration, and d is the granule
diameter. The square, diamond, and circle inserts are sized to have height and width equal to
the width of the silo opening, with the triangle inserts having the same height and twice the
width.
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Figure 5.4: Flow rate Q = Q̂/
√
agd5 for different shapes of inserts. The square, diamond, and

circle inserts are sized to have height and width equal to the width of the silo opening, with the
triangle inserts having the same height and twice the width.

Extensions

We can modify the µ(I) model to capture dilatancy and to capture nonlocal effects either inde-

pendently or combined. These extensions change the velocity pattern within the silo. Figure 5.5

and Figure 5.6 shows the velocity contour with base µ(I), dilatancy, and nonlocal effects. Dila-

tancy decreases the overall velocity throughout the silo, with peak velocity near the silo outlet

less than the peak velocity given in the case without dilatancy. However, dilatancy does not

greatly change the direction or shape of the flow pattern. In contrast, nonlocal effects seem to

increase the velocity slightly and also change the shape of the velocity contour. The nonlocal

case has slow moving regions that cover most of the areas near the bottom and side walls, re-

ducing the size of the quasi-static zones. This may be from the Laplacian in the fluidity model

‘spreading out’ the zero velocity resulting from the no-slip boundary conditions. These low flow

areas are displayed in some experiments [50], so nonlocal effects may be important for capturing

flow behaviour near the wall.

Figure 5.7 shows the flow rate in the silo, comparing the base µ(I) model, the model with
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Figure 5.5: Velocity for base µ(I), dilatancy, and nonlocal models in silos with various different
insert shapes. Dilatancy extension has dilatancy strength ϕgrad = 0.2 and nonlocal extension
has nonlocal strength A = 0.5. Base case is drawn from Figure 5.2. The square, diamond, and
circle inserts are sized to have height and width equal to the width of the silo opening, with the
triangle inserts having the same height and twice the width. Continued in Figure 5.6
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Figure 5.6: Velocity for base µ(I), dilatancy, and nonlocal models in silos with various different
insert shapes. Dilatancy extension has dilatancy strength ϕgrad = 0.2 and nonlocal extension
has nonlocal strength A = 0.5. Base case is drawn from Figure 5.2. The square, diamond, and
circle inserts are sized to have height and width equal to the width of the silo opening, with the
triangle inserts having the same height and twice the width. Started in Figure 5.5
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Figure 5.7: Flow rate Q = Q̂/
√
agd5 for different extensions, with dilatancy strength ϕgrad = 0.2

and nonlocal strength A = 0.5. The shape of the marker indicates the shape of the insert, with
the ‘x’ indicating no insert. The dotted line is the ‘x = y’ line, and the ‘base’ results falling
on this line by definition. The square, diamond, and circle inserts are sized to have height and
width equal to the width of the silo opening, with the triangle inserts having the same height
and twice the width.

dilatancy, the model with nonlocal fluidity, and the model with both dilatancy and nonlocal

fluidity added. These are also compared for each of the insert shapes studied (indicated by the

shape of the data points, with the ‘x’ shape indicating no insert). Dilatancy seems to decrease

the flow rate slightly when compared to the base µ(I) model, while nonlocal effects decrease

the flow rate compared to the base µ(I) model to a greater extent, with a combination of both

decreasing the flow rate more than both. These factors seem to be fairly consistent across the

different shapes, indicating that these effects do not interact with insert shape in a manner that

greatly affects the flow rate. The exception to this seems to be the inserts with flat bottoms,

which have results slightly inconsistent with the linear pattern in the ‘both’ case, indicating

there could be some interaction between nonlocal effects and dilatancy where there would be a

void zone.

We can also see the influence of nonlocal granular fluidity for a selection of inserts in Fig-

ure 5.5 and Figure 5.6, which shows the relative strength of nonlocal effects within the silo.
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Figure 5.8: Relative strength of nonlocal effects, as indicated by the ratio of nonlocal fluidity
to local fluidity gnl/gl with nonlocal strength A = 0.5. Strong nonlocal effects can be seen near
the boundaries of the lower insert and the base of the silo.

Nonlocal effects are predictably strong in the corners or above a flat insert where the material is

quasi-static. There is also strong nonlocal behaviour bands just below the slopes of the inserts.

This demonstrates that nonlocality has strong influence on flow past the inserts, widening the

effective channel that material can flow through (as seen in the flow past the diamond in Fig-

ure 5.5) and therefore resulting in higher flow rates. The insert cases also have strong nonlocal

effects near the orifice, whereas the no insert case has negligible nonlocal influence at the orifice.

All of these domains have shear gradients between the rapidly flowing material and the quasi-

static material in the corners, however the addition of inserts appear to greatly strengthen these

shear gradients at the orifice. While Figure 5.7 indicates that the interaction between inserts

and nonlocal effects has very little influence on the outputted flow rate, the interaction seems

to have strong influence on the flow behaviour within the silo with an insert.

Quasi-static zones

For a physical flat bottomed silo we would expect static zones in the sides, yet the µ(I) model

is incapable of truly static flow. True static regions would have divergent effective viscosity in

the static zone, and would have divergent nonlocal cooperativity length if nonlocal fluidity was

implemented. For numerical stability the effective viscosity is capped and zones which should

be static will exhibit “creeping” flow. Even if this limitation of maximum effective viscosity

was removed, physical silos display jamming behaviour, intermittent flows, and other frictional
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behaviour that this continuous model would not be able to capture. Despite this limitation,

we still expect the zones which are static in physical silos will also be very low speed in this

continuous model. Even if these zones are not truly static, very low speed areas would also result

in problems in industrial contexts as this may result in some stored material taking a long time

to pass through the silo and potentially deteriorating the quality of the product. As such, we

propose that quasi-static zones with very low speeds make a suitable analogy for static zones in

the continuum model.

The size of the quasi-static regions are dependant on the threshold velocity. The quasi-

static regions for different threshold velocities is shown in Figure 5.9. This figure shows that

the threshold value of 10−3
√
agd gives the balance between capturing static material and not

capturing flowing material that is expected in the no insert case. For the following results we

analyse the area of near-static zones with a threshold of 10−3
√
agd, i.e. any zone that has

velocity u < 10−3
√
agd. This quasi-static cutoff corresponds to a velocity that is less than 0.1%

of the velocity at the opening.

As shown in Figure 5.2, inserts change the shape and reduce the size of these quasi-static

zones. The proportion of the silo containing quasi-static material for each shape of silo using

the base µ(I) model is given in Figure 5.10. As expected, the insert-free case has the largest

proportion of the silo filled with quasi-static material. Both the downwards pointing triangle

and the square have significantly higher quasi-static proportions. In part this is due to the flat

surface at the top of the insert which creates an additional area where the material approaches

the quasi-static limit. The portion of quasi-static material in this region (which we define to be

y > 75d and |x−75d| < 75d/2) is shown in orange, while quasi-static material outside this region

is shown in blue. The flat surface almost completely explains the extra quasi-static material

for the down triangle, but the square insert has increased quasi-static proportion even without

this area. The upwards pointing triangle has a particularly low quasi-static proportion. This

is likely due to the wide base of the triangle forcing flow through the corners of the silo which

would otherwise be quasi-static.

The impact of extensions on quasi-static areas is also important to consider. Figure 5.11

shows the comparison of the base µ(I) model with simulations using combinations of dilatancy
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Figure 5.9: Quasi-static areas (blue) for different static thresholds. Static thresholds of
10−2, 10−3, and 10−4 are shown for both the no insert and diamond insert case. All of these
thresholds show a large reduction in quasi-static area due to the insert. The 10−3 threshold is
chosen as a balance between overestimating near-static material and avoiding capturing creeping
flow.
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Figure 5.10: Proportion of the material in the silo that is quasi-static by insert shape. The
quasi-static region is defined as any location where velocity is less than 10−3

√
agd. The quasi-

static material directly above the insert (y > 75d and |x − 75d| < 75d/2) is shown in orange,
while quasi-static material at the sides or base of the silo is shown in blue.
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Figure 5.11: Proportion of the material in the silo that is quasi-static for different extensions
by insert shape. The quasi-static region is defined as any location where velocity is less than
10−3

√
agd. The shape of the insert is indicated by the marker shape of the data (circle indicating

circle insert, square indicating square insert, etc, with the star indicating no insert), with the
colour indicating which extensions are enabled. The black points are by definition on the line
y = x (the dotted line), with vertical deviation indicating a difference caused by the extension(s).
Note that the ‘nonlocal’ and ‘both’ cases nearly overlap for the diamond insert and the no insert
cases, obscuring these points on the graph.

and nonlocal extensions. These show a much less consistent pattern than the flow rate shown

in Figure 5.7, with different shapes interacting with extensions differently. Dilatancy increases

the area of quasi-static material for both diamond and no inserts, but decreases it for circle and

square inserts. The nonlocal extension has almost no effect except for the no insert and the

square insert case, where it significantly decreases the quasi-static area. The presence of both

extensions decreases the quasi-static area for most tested insert shapes, but particularly for the

square insert and no insert cases.

5.2.2 Variable insert size

We have examined inserts of fixed size at a fixed height, however the size and location of inserts

will also affect the flow rate and quasi-static zones. For examining these parameters we limit

ourselves to the diamond shape insert, varying the location of the insert (measured from the



CHAPTER 5. GRANULAR FLOW AROUND INSERTS 88

0 20 40 60
Insert size Wi/d

0

1

2

3

4

5
Fl

ow
 ra

te
, Q

/1
00

0
Hi = 2.3d
Hi = 4.7d
Hi = 9.4d
Hi = 18.8d

0 20 40 60
Insert width Wi/d

0

1

2

3

4

5

Fl
ow

 ra
te

, Q
/1

00
0

Hi = 2.3d
Hi = 4.7d
Hi = 9.4d
Hi = 18.8d

(a) Local µ(I) (b) Nonlocal fluidity

Figure 5.12: Flow rate Q = Q̂/
√
agd5 vs different diamond insert sizes at different heights. The

base model is shown in (a), with (b) showing the flow rate when nonlocal effects are added.

height of the lowest point of the insert, Hi) and the size of the insert (indicated by the width

Wi).

The flow rate for variable insert size and location is shown in Figure 5.12. When the insert is

small the flow rate is relatively high with a larger insert decreasing the flow rate. This matches

our intuition of a large obstacle near the orifice reducing flow more than a small obstacle far

away from the orifice. This effect is stronger when the insert is located closer to the orifice.

This matches the intuitive idea that the dynamics of the region near the orifice are the most

important for determining flow rate.

For small inserts far away from the orifice in the local µ(I) model, the flow rate is actually

increased compared to the silo with no insert. This may be because when the insert is far away

it forces the flow to happen from the sides of the silo, which effectively mobilises more material

increasing the amount of material attempting to approach the orifice. This increased flow is not

seen when nonlocal effects are included. The flow rate of nonlocal silos is already higher than

that of local silos, so the benefit of more material being ‘mobilised’ by the insert might already

be provided by the nonlocal model spreading out the flow, explaining the difference between the

local and nonlocal cases.

The quasi-static zones proportion is shown in Figure 5.13. Looking at the base case, for

small widths (i.e. Wi ≈ 10d), the height has a large impact on the quasi-static area, with inserts

near the orifice showing almost no reduction in quasi-static area over the no insert case. For
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Figure 5.13: Static region vs different diamond insert sizes at different heights. The base model
is shown in (a), with (b) showing the flow rate when nonlocal effects are added.

larger inserts the height is less important, but still impactful. For these larger inserts, lowering

the insert gives a larger quasi-static area. This demonstrates that the insert has a maximum

effective height for reducing quasi-static area. Above this height, increasing the width of the

insert only increases flowing area by a small amount. The nonlocal case for large insert heights

shows a similar decreasing trend with insert size, but with less volatility than the base case.

The overall quasi-static values are also a lot lower since the fluidity works to spread out which

areas are flowing. However for inserts close to the outlet, increased insert size actually increases

quasi-static area. The flow rate in this case also becomes very low, indicating that the flow could

be moving too slow to make a meaningful distinction between quasi-static and flowing material

using this model. For the nonlocal model the flow rate depends on the insert height, while the

quasi-static zone is relatively independent of insert height. This implies that we can achieve

quasi-static zone reduction with minimal flow rate reduction by using inserts high in the silo.

5.3 Conclusions

A synopsis of the topics covered in this chapter is provided in the following bullet points:

• The µ(I) model was applied to silos with differently shaped inserts.

• Different shapes of inserts significantly affect the size and shape of quasi-static zones.

• Nonlocal fluidity and dilatancy were found to have complicated interactions with insert
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shape when considering quasi-static zones.

• Nonlocal fluidity and dilatancy were found to affect the flow rate independently of insert

shape.

• A small insert located high in the silo was found to greatly reduce quasi-static zone sizes

with minimal reduction in flow rate.

We have tested the µ(I) model with dilatancy and nonlocal effects in silos with inserts. This

model and extensions are capable of capturing information about the flow rate and quasi-static

zones of granular material around various different shapes and sizes of inserts in a silo.

This model shows that extensions have a significant effect on flow rate, with nonlocal effects

increasing the flow and dilatancy decreasing flow. Different shapes of inserts also change the

flow rate behaviour significantly. Each of these factors seem to be independent of each other,

with different combinations of extensions having approximately the same effect on flow rate for

a circular insert as for a diamond insert or any other shape of insert. By contrast, the size of

quasi-static area can change dramatically with different combinations of extensions and insert

shapes. This shows that nonlocal effects and dilatancy are vital to calculating quasi-static zones,

and any model wishing to accurately capture the effect on quasi-static zones would be highly

dependent on these extensions.

We also examined insert size, showing that there is a reasonably sized insert which greatly

reduces quasi-static areas without dramatically reducing flow rate, with larger inserts reducing

flow rate without improving quasi-static behaviour significantly. The examination of the dia-

mond insert indicates that when the insert is ≈ 10d above the opening and the insert is ≈ 20d

wide for this silo, a large reduction of quasi-static zone reduction is achieved with minimal flow

rate reduction. This information could be used to optimise silo flow in cases where static or slow

moving material is a concern.



Chapter 6

Mixing granular materials

The distribution of multiple distinct types of granular materials in a domain is an important

factor to consider for many applications of granular flow. In many industrial processes, it is

desirable to have a homogeneous product, and as such the material is mixed to achieve the

required consistency. Tracking the spread of material can be advantageous in case of contam-

ination occurring within some process. Certain materials can also degrade with time, and as

such ensuring material is processed in an adequate time frame is vital. In order to understand

these behaviours a continuum granular model that can be used to track phases of material is

desired.

Many mixing studies have been done in various domains, including flow down slopes [46],

rotating drums or blenders [64, 22, 121], and silos [55]. Mixing in many domains can be measured

directly [131], however for silos and silo-like domains much of the mixing that happens is due to

the geometry rather than diffusion or similar factors [28, 120, 97]. For many applications of silos

and silo-like domains, an important measure to understand is the residence time distribution [49,

115], which tracks the ‘exit time’ of material which starts partway up a silo [54, 84, 85] or in

other arrangements [152]. Silos can often be adjusted to modify the residence time behaviour,

particularly by the addition of inserts [34, 52, 119].

Different granular materials phases can also have different physical qualities. If a more

frictional type of material is inserted below a type of material which is more free-flowing, the exit

times of these materials could be significantly different. Segregation is a well known phenomenon,

91
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where two different kinds of material (typically different sized granules) end up separating as

they flow in drums [77], slopes [179], hoppers [105, 6, 103], and other complex domains [130, 31].

While the process of segregation is not modelled in this work, understanding the flow behaviour

of distinct types of materials has important industrial applications.

In this chapter, the µ(I) model is used to track the mixing behaviour of granular material

in a 2D silo. The domain is also extended to include multiple orifice silos; the impact of mixing

and residence time are measured and analysed in these more complex domains. The analysis is

also done in the presence of different types of material, with different parameters for the µ(I)

rheology and different strengths of extension parameters.

6.1 Residence time and cumulative distribution

In order to analyse the mixing behaviour of these silos we examine the cumulative distribution

F (t), which is closely related to the residence time distribution E(t). The cumulative distribution

can represent the mixture of material emitted at a given time for a silo with a ‘step change’ of

material, while the residence time distribution represents the distribution of time taken for a

‘pulse’ of material to travel through the domain. Each of these represents a measure of how long

it takes for material to transit through the silo (i.e. the distribution of residence times for given

units of material). These two distributions can be derived from each other by the relation [49]

F (t) =

∫ t

0
E(t) dt. (6.1)

The ideal residence time distribution can be measured directly from a steady state flow with

a tracer pulsed at time t = 0, and the flow of tracer measured until all of the tracer has passed

through the silo. The concentration of the material is measured at the exit point, with the

flow rate of tracer over time forming the residence time distribution. Given a concentration

of tracer over time C(t), the residence time distribution E(t) is just normalised concentration

distribution, i.e.

E(t) =
C(t)∫∞

0 C(t) dt
. (6.2)
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For a granular silo a true steady state is difficult to form, but C(t) can be approximated ex-

perimentally by placing a thin horizontal line of tracer material (which could be material which

is dyed a different colour or some similar process) in a silo some distance above the opening,

representing the pulse of material followed by the steady flow of non-tracer material.

The cumulative distribution can be found in a similar manner by considering a ‘step change’

in flow. Rather than a thin layer of material at a given height that is marked as a tracer material,

instead all material above that height is tracer material. This attempts to replicate a steady flow

of material where the type of material entering the silo after t > 0 is instantaneously switched

to the tracer. The flow rate of tracer over time at the exit point then forms the cumulative

distribution, with the test ending when the flow rate of tracer is sufficiently close to the flow

rate of the overall material.

For the purposes of this work, the step change is used to analyse the mixing behaviour. This

is demonstrated in Figure 6.1, with tracer displayed in yellow and non-tracer material displayed

in blue throughout the chapter. The step change experiment can mimic certain industrial

problems, such as a storage silo where new product is loaded above old product potentially

leading to degraded product contaminating newer product. Also if the second material has

different physical properties, such as more or less surface friction, the step change model can

account for these by modifying the model parameters where the tracer is present as discussed

in Section 6.2.2.

For the step change silos without replacement used in this work, there are expected limits

on what behaviour the cumulative function will show. In the limit of a perfectly mixed silo, the

cumulative distribution should be a constant value, with the exiting material always being a

perfect mix of the two components. For a perfectly unmixed silo (i.e. first material in is the first

material out), the cumulative distribution would be a step change from zero to a constant value;

the material emitted by the silo would initially be purely the non-tracer component, which

would continue until all the non-tracer material is drained, at which point the silo switches

instantaneously to emitting pure tracer. A realistic silo would be expected to have behaviour

between these two extremes, similar to a logistic curve with a smooth transition from zero up

to some non-zero constant. Another factor to note is that for a non-replacing silo, the flow
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rate is also not constant. After some time the silo drains to the point where the orifice is not

saturated with granular material, meaning the flow rate drops. The initial flow also requires a

small amount of time to reach the constant flow, although this is when the tracer is well away

from exit so the effect on the residence time is negligible. In order to account for the dropped

flow rate the total emitted material is used as a substitute for time. Nonetheless, most of the

flow happens before the silo drains and the flow rate drops, so the focus of the analysis is done

on the time before the drop.

6.2 Step change tracer simulations

The mixing behaviour is examined by implementing a ‘step change’ distribution of tracer. An

inert tracer is incorporated into the volume of fluid methods. The tracer ‘follows’ the material,

and tracks where the specific material moves in the silo via advection. The tracer is tracked

using the volume-of-fluid method as described in Appendix B.

The initial state of the silo is static material. The silo contains non-tracer material in the

bottom half (y < 75d) and tracer material to 90% full (75d < y < 135d). The top 10% is filled

with air. The µ(I) parameters (µs, ∆µ, I0) are set to be (0.62, 0.48, 0.6) respectively. Pressure

is initially set to hydro-static pressure, with a region of zero pressure near the orifice to aid

initial flow stability.

The flow vectors and tracer distribution at four key points in time are given in Figure 6.1.

Initially only the non-tracer material is emitted from the silo. The tracer is trapped above the

other material until approximately t ≈ 5
√
d/ag, where tracer begins to reach the orifice and

a mix of material is emitted. The portion of the orifice covered by tracer then widens until

it near-saturates at approximately t ≈ 10
√
d/ag. From here the amount of tracer in the silo

rapidly decreases until approximately t ≈ 20
√
d/ag, at which point most of the tracer within

the silo has drained. After this time, non-tracer material dominates the orifice and drains more

readily until the silo empties of all material.

We examine both the total emitted material and total emitted tracer from the silo over time,

shown in Figure 6.2. While the ideal cumulative distribution requires that the flow rate of the
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Figure 6.1: Tracer in silo over time. The tracer initially is placed in the top half of the silo and
allowed to drain. The arrows indicate the flow direction and magnitude. Tracer material has
identical properties to non-tracer material.
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Figure 6.2: Quantity of material emitted from the silo over time for both all material and
tracer material. The straight line for the material demonstrates the validity of the assumptions
required to use the tracer for the cumulative function.

entire material is constant, this is not the case for this domain since the material is not in motion

initially and as the silo drains the flow rate reduces. Fortunately the initial startup time is small

(t ⪅ 1), and occurs before tracer begins to be emitted from the silo. The total flow rate slow

down occurs after approximately t ≈ 30
√
d/ag, which is after the tracer flow rate begins to slow

as the tracer is almost fully expelled from the silo. For times 10
√
d/ag ⪅ t ⪅ 25

√
d/ag, both

total flow rate and tracer flow rate are nearly constant, with tracer flow rate slightly lower than

total material due to some non-tracer material being emitted. This validates the assumptions

required to use this simulation to form an approximation to the true cumulative distribution.

The cumulative distribution F (t) can be found by taking the first order numerical derivative

with respect to time of the distributions in Figure 6.2. This is given in Figure 6.3 for both tracer

and overall material. This shows the short startup time more clearly, and shows the decay after

t ≈ 30
√
d/ag. Also note that at t ≈ 30

√
d/ag the flow is slightly noisy. This occurs when

the orifice is no longer fully covered in granular material, causing the flow to oscillate slightly.
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Figure 6.3: Flow rate of emitted material in the silo over time for both all material and tracer
material, giving the cumulative distribution F (t).

However, the key area is between t ≈ 1
√
d/ag and t ≈ 30

√
d/ag, where the material flow is fully

developed and near-constant. This area gives the bulk of the tracer flow, and we can use this to

analyse the mixing of the material within the silo. The tracer flow rate rises quickly and reaches

near the total flow rate which is characteristic of a ‘first in, first out’ flow pattern where initially

lower material is always emitted before higher material, although some mixing does occur.

To account for the reduced flow rate after t ≈ 30
√
d/ag and the slight variations in flow

rate, the fraction of emitted tracer compared to emitted material is used. In addition we can

use the portion of total volume drained in place of time to allow for easier comparison to silos

with different flow rates. The resulting normalised tracer cumulative distribution is given in

Figure 6.4.
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Figure 6.4: Portion of emitted tracer material normalised by total emitted material as the silo
drains, giving the normalised tracer distribution.
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Figure 6.5: Tracer in a double slot silo (with separation L = 75d/4) at various times. The tracer
initially is placed in the top half of the silo and allowed to drain. The arrows indicate the flow
direction and magnitude. Tracer material has identical properties to non-tracer material.

6.2.1 Mixing in other modified silos

The two orifice silo, as discussed in Section 4.3, can exhibit some unusual flow behaviour. The two

opening silo shows a dip in flow rate, where any non-zero separation between orifices significantly

decreases flow rate but a small non-zero separation decreases the flow rate more than larger

separations. This more complex flow behaviour could have an impact on the mixing behaviour

as well.

Snapshots of the double slot silo at various times are given in Figure 6.5, while the normalised

tracer distribution for different separations is shown in Figure 6.6. The zero-separation (i.e.

single orifice with double width resulting in the highest flow rate) case has less material emitted

before tracer begins to drain than any of the other cases, with increased separation increasing

the volume of material that has to drain before the tracer begins to be emitted. This indicates

that multiple openings reduce mixing and contribute towards maintaining a ‘first in first out’
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Figure 6.6: Normalised tracer distribution for a double slot silo with various orifice separations
L/d. The dotted line indicates the theoretical ‘first in first out’ zero mixing case, with larger
deviations from this line indicating more mixing inside the silo.

flow pattern, with larger separations having a stronger impact. The monotonic shift in the start

point of the tracer flow indicates that unlike the flow rate (which can exhibit dipping behaviour),

the mixing behaviour seems to have a monotonic response to the separation of the orifices.

Triple opening silo

While many silo-like domains have one orifice, many important domains, such as draw-point

mines [124], are similar to a silo with multiple openings. The triple slot silo further develops the

pattern of increasing the number of openings from the two orifice silo. Snapshots of the tracer

in a triple opening silo with opening widths W = 75d/16 and separation distance L/d = 19 are

given in Figure 6.7.

The triple opening makes the tracer act more as a cohesive whole, with the interface between

the tracer and non-tracer coming down as a ‘line’ rather than as a ‘point’. This makes the silo

act more like a ‘first-in first-out’ unmixed silo, which is reflected by the steep slopes in the
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Figure 6.7: Tracer in triple opening silo over time. The tracer initially is placed in the top half
of the silo and allowed to drain. The arrows indicate the flow direction and magnitude. Tracer
material has identical properties to non-tracer material.
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Figure 6.8: Normalised tracer distribution for a triple slot silo with various orifice separations
L/d. The dotted line indicates the theoretical ‘first in first out’ zero mixing case, with larger
deviations from this line indicating more mixing inside the silo.

cumulative function shown in Figure 6.8. Both of the low separation cases (i.e. L/d = 9 or

19) give steeper slopes than the zero separation (i.e. single opening) case. However when the

separation is increased further to L/d = 38, the slope of the line is more similar to the zero

separation case. This could either be due to the orifices being far apart enough to have reduced

impact on the flows of the neighbouring orifices, or due to the influence of the side walls being

stronger when orifices are closer to the sides. A similar slope pattern occurs in Figure 6.6

with the double slot silos, indicating that this transition is not confined to just double or triple

opening cases.

Another impact of changing the separations is the amount of material that has to drain

before tracer starts to drain. Given the initial step change distribution of tracer chosen for

these simulations, the zero-separation and small-separation cases require approximately 20% of

the material drain before the tracer begins to drain, while the larger separation cases require

approximately 30% of the material to drain before the tracer reaches the orifice. This likely
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occurs due to the wider area of material that is strongly influenced by the orifices, leading to a

larger ‘plug’ of flow that needs to be drawn in before the tracer reaches the orifice.

Uneven double silo

Another possible domain that may need to be analysed is an uneven opening silo, where one

opening is wider than the other. This could occur in a double opening silo where one opening is

partially blocked, or could occur in a single opening silo where a ‘leak’ occurs. Snapshots of an

uneven silo with opening widths W = 75d/16 and W = 3 × 75d/16 (i.e. the 1 : 3 ratio of width

sizes) with separation between the orifices L = 75d/2 are given in Figure 6.9.

The differing opening widths lead to interesting interactions. Material is mostly drawn to the

larger orifice, while a smaller proportion of material is drawn to the smaller orifice. Figure 6.10

shows the cases of a silo with openings of width W = 2 × 75d/16 and W = 3 × 75d/16 (i.e. the

2 : 3 ratio case) and a silo with ratios W = 75d/16 and W = 3 × 75d/16 (i.e. the 1 : 3 ratio

case). The separation between the two openings are varied. The 2 : 3 ratio case mostly shares

characteristics with the ordinary double slot case, however for large separations the tracer seems

to have a double step change. The flow of tracer towards the larger orifice in proportion to the

overall material flow rate occurs at a similar rate as the ordinary double slot case, leading to

a similar ‘step change’ in the cumulative distribution at a similar point in the draining profile.

However, the smaller orifice also has a slower flow towards it. As such, the tracer reaches the

small orifice at a later point in the draining profile than the large orifice, creating two distinct

areas where the emitted tracer flow rate increases. The 1 : 3 case does not have a pronounced

step, which agrees with the contours in Figure 6.9 that show the wider orifice dominates the

flow and the tracer does not reach the smaller orifice. However, the large step change does not

reach the maximum value immediately, and the tracer flow rate increases significantly over the

drain cycle for the larger separations.

6.2.2 Differing material properties

When multiple loads of material with different sources are stored in a silo, there is a possibility

of these materials having different physical qualities that cause them to flow differently. This
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Figure 6.9: Tracer over time in double opening silos with different opening widths. The left
orifice is 450

32 d wide, and the right orifice is 150
32 d (3:1 ratio top) and 300

32 d (3:2 ratio bottom) The
tracer initially is placed in the top half of the silo and allowed to drain. The arrows indicate the
flow direction and magnitude. Tracer material has identical properties to non-tracer material.
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Figure 6.10: Normalised cumulative distribution for an uneven double slot silo. Both cases have
one orifice with width W = 3×75d/16, while the other orifice has width W = 2×75d/16 for the
2 : 3 case and W = 75d/16 for the 1 : 3 case. The tracer initially is placed in the top half of the
silo and allowed to drain, and tracer material has identical properties to non-tracer material.

can also occur with a single source of material, where segregation occurs in the processing of the

material before storing it in the silo which leads to areas with variation in the physical quantities

and distinct flow behaviour. As such, a model with different parameters for tracer, non-tracer,

and blends of materials is required to simulate these situations.

For this work, a blend of material is assumed to have a linearly weighted average of the

parameters of the two different materials [21]. A blend of two materials with different µ(I)

parameters (µs1 , ∆µ1 , I01) and (µs2 , ∆µ2 , I02) will have an effective µ(I) parameter set defined

by

µs = (1 − c)µs1 + cµs2 , (6.3)

∆µ = (1 − c)∆µ1 + c∆µ2 , (6.4)

I0 = (1 − c)I01 + cI02 , (6.5)

where c is the proportion of the second material in the blend of material, with c = 0 indicating

pure unblended material of the first kind and c = 1 indicating an area of purely the second kind

of material. A silo containing material with c = 0.5 everywhere in the silo would be identical to

taking an average of the parameters of the blended material. The linear relationship is assumed

based on simulations done in DEM shear cells [21]. While it is possible that a more complicated

domain may require a non-linear relationship in blended material, the focus of this section is
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Figure 6.11: Diagram of initial material distribution. A layer of low friction material is initially
laid over a layer of high friction material.

mixing of initially separated materials. While simulations involving highly blended materials

or modelling segregation could be sensitive to the model used for blended materials, this is not

the case for simulations done in this work. For the step change initial distribution used for

simulations in this work, the material remains almost completely unblended except along the

thin interface of the two materials. As such the impact of the model used for blended material

behaviour is minimal, meaning that the linear assumption suggested by the DEM is sufficient

for this work.

We simulate two different materials stacked on top of each other with low friction tracer

material stacked above high friction non-tracer material, as depicted in Figure 6.11. The µ(I)

parameters (µs, ∆µ, I0) of these materials are chosen as (0.47, 0.38, 0.6) for the low friction

tracer material, and (0.77, 0.58, 0.6) for a high friction material. The cumulative distribution is

given in Figure 6.12.

Contours of the high friction and low friction materials are given at key times in Figure 6.13.

The cumulative function shows that the low friction material is initially being trapped above

the high friction material, emitting material in an almost identical fashion to a silo with only

high friction material within. This continues until the low friction tracer reaches the orifice,

which happens at t ≈ 5. After the low friction material reaches the orifice, the total flow rate
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Figure 6.12: Cumulative distribution for a silo with initial material distribution of lower friction
tracer material above higher-friction non-tracer material.
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Figure 6.13: Materials with different frictional parameters layered on each other in a silo. The
lower friction material (µs, ∆µ, I0)=(0.47, 0.38, 0.6) is initially is placed in the top half of the
silo and high friction material (µs, ∆µ, I0)=(0.77, 0.58, 0.6) in the bottom half of the silo. The
arrows indicate the flow direction and magnitude.

rapidly increases as the lower friction material flows through the orifice more easily. Once the

bulk of the low friction tracer has been expelled at t ≈ 18, the flow rate returns to a similar

value as before the tracer broke through, before beginning to decay at t ≈ 23 as the silo runs

out of material.

Normalising the cumulative distribution in the same manner as done for the inert tracer case

(seen in Figure 6.4) allows for the comparison in Figure 6.14. The different material friction case

results in the tracer being emitted significantly sooner and at a higher proportion than the inert

tracer medium friction case. This higher proportion continues until about 60% of the material

is drained, at which point the proportion of tracer sharply drops for the different friction case.

Shortly afterwards the bulk of the silo is drained and the two cases exhibit similar behaviour as

the tracer proportions converge. This occurs as the flow rates decrease as the majority of the

material has left the silo and the emitted material slowly eases in from the side.
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Figure 6.14: Cumulative distribution normalised by flow rate for a silo with initial material
distribution of lower friction tracer material above higher-friction non-tracer material compared
to a silo with an inert tracer in a medium friction material.
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Figure 6.15: Tracer in silo over time for side-by-side split silo with different friction values.
The arrows indicate the flow direction and magnitude. The tracer (right) indicates low friction
material with (µs,∆µ) = (0.47, 0.38), while the non-tracer material (left) indicates high friction
material with (µs,∆µ) = (0.77, 0.58).

6.3 Side-by-side tracer distribution

Material can naturally become vertically segregated via a variety of physical phenomena, however

other distributions of material could occur. In this section we test the side-by-side split silo,

where the silo materials are different on each side of the silo.

We define a silo that is initially filled with tracer on the right half of the silo and non-tracer

material on the left half. The tracer is set to have lower friction parameters (µs,∆µ, I0) =

(0.47, 0.38, 0.6), while the non-tracer material has higher friction parameters (µs,∆µ, I0) =

(0.77, 0.58, 0.6). Contours for this side-by-side silo over time are shown in Figure 6.15 with

velocity vectors.

The flow rate behaviour for the split silo is shown in Figure 6.16. Initially the flow favours

the side with tracer, as the lower friction material gives less resistance to flow. As the flow
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Figure 6.16: Flow rate for tracer and total material for a side-by-side split silo. This uses the
same methodology as the cumulative distributions above, except with different initial tracer
condition. The tracer indicates low friction material with (µs,∆µ) = (0.47, 0.38), while the
non-tracer material indicates high friction material with (µs,∆µ) = (0.77, 0.58).

develops, the higher friction material ‘leans’ over the lower friction material as it drains faster

than the higher friction material. This ‘leaning’ behaviour leads to some avalanching behaviour,

causing layers of different types of material to form. As these layers approach the orifice the

proportion of different types of materials change rapidly, resulting in variable flow rates. This

can be seen in Figure 6.16 at t ≈ 20
√
d/ag, with the tracer flow demonstrating large swings in

flow rate, and the overall material flow rate showing smaller fluctuations. This time period also

demonstrates some instability in the total flow rate, possibly related to numerical instability

causing ‘gaps’ in the material as can be seen in the t = 15
√
d/ag case of Figure 6.15 After these

layers of material are expelled, the flow rates return to a more stable flow before slowing as the

silo fully drains.

One interesting aspect of this flow is the small gap that can be seen in the t = 15
√
d/ag case

of Figure 6.15 (also seen in Figure 6.5). Other simulations show ‘splashes’ of material at the
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free surface of the material, such as in Figures 6.1 and 6.13. These sporadic discontinuities seem

to occur at the bottom of the ‘valley’ made by the two sides of the free surface. The previous

simulations have all been symmetric, meaning these events have occurred along the center line,

however in Figure 6.15 the larger mass of high friction material ‘pushes’ the hole to the right of

the orifice, as well as interacting with the folds of different components that is seen in this case.

These interactions could be caused by fluctuations in the sideways forces at the free surface,

resulting in sometimes material being ‘squeezed’ and creating a splash above the silo material,

or being ‘pulled’ away and creating a gap which propagates down the silo. These effects have

minor impact on the flow rate while the free surface is away from the orifice, however as the

free surface nears the bottom of the silo these instabilities seem to create instability in the flow

rate. The interface between components may also cause these effects, as seen in Figure 6.16

from t ≈ 20
√
d/ag. While these effects seem analogous to cascading material along a granular

slope, the mechanisms between this granular model and discrete interactions in real granular

materials are quite different, so caution should be taken when applying conclusions drawn from

the instabilities seen in this model.

6.4 Conclusions

A synopsis of the topics covered in this chapter is provided in the following bullet points:

• Advective mixing in silos, including silos with multiple openings, were examined using the

µ(I) model.

• Distance between openings was found to affect the mixing behaviour.

• A model for examining material with multiple separated components with different mate-

rial properties was developed.

• Material with multiple unmixed components was found to act significantly differently from

blended materials.

The advective mixing behaviour of granular material in various silo-like domains has been

tested using the µ(I) model. Different domains can significantly change the dynamics of the



CHAPTER 6. MIXING GRANULAR MATERIALS 113

residence time within the silo.

Multiple openings with small separations have a very small effect on the mixing behaviour,

while large separations have a much larger effect on mixing. Two different and potentially

competing factors can determine to what extent a draining silo will mix: the larger area of

material that is drawn by larger separations which ‘delays’ the start of tracer draining, and the

blend of material at the orifice once tracer starts to drain. Large separation silos move towards

the theoretical perfectly unmixed case due to the first effect, however these simulations also

tend to have a smaller tracer fraction once the tracer begins to drain. The second factor could

become much more relevant in case of multiple partial drains interspersed with partial loadings.

Material with two unmixed components, each with different material properties were also

tested, showing significant differences in behaviour from the homogeneous case. This shows

the importance of modelling different material properties in cases where multiple different ma-

terials may be loaded into a silo. Furthermore, in material that segregates this could be a

significant factor and needs to be considered to accurately model granular segregation. To the

author’s knowledge, there is no other work using volume-of-fluid methods to examine interac-

tions between multiple types of materials. This model could potentially be extended to vary the

density, particle size, dilatation strength, nonlocal fluidity strength, or any other parameter of

the components, creating a powerful model applicable to a wide variety of situations.



Chapter 7

Conclusion

Understanding granular flow is vital for many areas of research and industry, and as such many

models have been developed to capture many of the various complexities of granular flow. Many

of these models work well to describe particular phenomena in simple geometries, however

these models can fail in more complex domains, miss other important phenomena, or become

computationally infeasible when scaled to realistic sizes. This work has explored and extended

the space of continuum models in silo and silo-like domains. The key achievements of this thesis

are:

• Applying the µ(I) model to the two opening silo and replicating the ‘flow rate dip’.

• Extending the µ(I) model to account for Hele-Shaw wall friction, dilatancy, and nonlocal

fluidity in one model.

• Examining the mixing and quasi-static behaviour of single opening silos, multiple opening

silos, and silos with inserts.

• Creating a model for materials with multiple components with different physical properties.

Combining all of these key achievements results in a powerful model widely applicable to a

variety of complex domains, exhibiting many unique granular flow behaviours, and capable of

handling combinations of different granular materials.

114
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7.1 Summary of work

The µ(I) model is capable of capturing many aspects of granular flow in a pseudo-2D silo. In

Chapter 4 the radial model, kinematic model, stochastic model, and the µ(I) model were applied

to the 2D silo. The µ(I) model, as a model capable of giving predictions for flow rate, was shown

to predict flow rates fitting with the Beverloo-Hagen relation. Each of Hele-Shaw wall friction,

nonlocal fluidity, and dilatancy extensions all significantly affected the base µ(I) flow rate in

different ways.

Chapter 4 also shows that the model was capable of capturing realistic frictional behaviour

in the presence of multiple openings, resulting in the ‘flow rate dip phenomena’ demonstrated in

practical experiments [50]. The model is also extended to include front and back Hele-Shaw wall

friction, nonlocal fluidity, and dilatancy. Each of Hele-Shaw wall friction, nonlocal fluidity, and

dilatancy extensions were found to have a significant impact on the dynamics of the flow rate

dip. This shows that a model incorporating all of these effects, such as the combination model

developed in this work, is required to accurately capture the intricacies of a complex domain

like the double slot silo.

In Chapter 5 the µ(I) model was also tested in more complex domains, i.e. silos with inserts.

The model was capable of predicting flow rate behaviour for a variety of insert sizes and shapes.

The portion of the silo with stationary or slow moving material was also examined. The flow

rate was found to be highly dependant on insert size and position, while the static proportion

was much less sensitive. As inserts are used in many industrial silos to avoid aging material,

this model could have applications in industries seeking to optimise material age homogeneity

without compromising flow characteristics of the silo.

Finally, the residence time of material within the silo was examined in Chapter 6. This

was used to track mixing behaviour of layers of material in silos, finding the impact of multiple

openings on the mixing in a draining silo.

Chapter 6 also extended the model to material with multiple components, each with different

material properties. Many processes can intentionally or unintentionally lead to material that is

separated by physical properties, and as such a model capable of extending our understanding
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of these kinds of domains is vital for optimising many industrial processes. Silos were filled with

material where the components were initially in distinct sections of the silo, and each component

had different material parameters. This configuration was shown to make a relevant difference

in mixing behaviour and will need to be accounted for when modelling processes which can lead

to separated materials. This could involve industrial processes where different types of material

are loaded into a silo at different times, but could also occur from an initially homogeneous

material which undergoes segregation as it is processed.

7.2 Potential future work

• While the µ(I) model is a powerful model and has been shown to fit experimental work,

regions of stability for this model have not been sufficiently studied. The base µ(I) model

has been shown to be well-posed only for certain combinations of I, I0, and ∆µ [13]. The

stability region can be extended with the incorporation of certain assumptions, such as

certain forms of compressibility [14, 60]. However, it is unclear what the stability region

is for the combined model used throughout this work. The author notes that instabilities

occurred in a variety of different simulations, especially when testing extreme values of

parameters suggesting that the model is not well-posed for all parameter values. Further

work is required to rigorously determine the limits of this model.

• Boundary conditions are also a field of study in need of further attention. Some work

has been done in the field [10], however it is unclear what the appropriate boundary

conditions are for these simulations. The choice of non-slip boundary conditions has been

used throughout this work, with the exception of Section 5.1 where a small non-zero

nonlocal fluidity greatly improved stability in the presence of inserts. No clear choice

for continuum boundary conditions is currently available, and at this stage the only way

to choose an appropriate boundary condition is by comparison with experiment or DEM

simulations. Further work could improve the selection of boundary conditions.

• Some of the insert shapes tested in Section 5.2.1 had flat bottoms. In a practical system this

would lead to a void, where the interstitial fluid (i.e. air) would replace granular material
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just below the insert. The formulation of the µ(I) model used here is not capable of

modelling these voids as the interstitial fluid is blocked by the modelled granular material

and the pressure is assumed to be positive. In this work the result is extremely rapid

velocities at the lower corners of the insert. While the flow rate did not seem to be

significantly affected by these disproportionate local velocities, future work examining

these shapes should involve a model capable of capturing these voids.

• While materials with different components were tested in Section 6.2.2, these materials

were initially unblended and remained relatively unblended throughout the simulations. In

reality, materials with different components often occur in a blended state, and can become

less blended through segregation [67]. This work shows that accounting for the individual

material properties of different components of the material can have significant effects,

however the model was not extended to account for the mechanics that actually cause the

separation of components. This work laid the foundation for a more complete segregation

model, where the segregated material acts differently than the blended material.

• The base µ(I) model is assumed to be incompressible, while granular materials are not truly

incompressible. While the dilatancy model improves on this assumption, a compressible

model could improve modelling of granular materials, particularly near low pressure high

speed areas such as material near a silo orifice.

It is hoped that future modelling work will improve upon these gaps in knowledge, further

pushing the boundaries of our collective understanding of dense granular flow.



Appendix A

Mohr-Coulomb stress

A Mohr circle describes the relationship between normal stress and shear stress for an element

of granular material. Combined with the yield criterion τ ≥ µσ, this can be used to determine

the force required to make the material yield, and the slip plane along which it will yield.

Consider a block of material, with a 2D example depicted in Figure A.1. The element

experiences shear stresses τij and normal stresses σii. With the assumption that the element is

not experiencing a net rotating force, then the shear stress is symmetric, i.e. τij = τji. Then

the stress σ can be represented as a matrix

σ =

σxx τxy

τxy σyy

 (A.1)

for a 2D case, or

σ =


σxx τxy τxz

τxy σyy τyz

τxz τyz σzz

 (A.2)

for a 3D case.

Because σ is symmetric, it is possible to find a rotation matrix which diagonalizes σ. This
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Figure A.1: An illustration of stresses in an arbitrary 2D element.
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means that a basis exists for which the stresses are only normal stresses, i.e. for a 2D case

σ̂ =

σ̂11 0

0 σ̂22

 (A.3)

or for a 3D case

σ̂ =


σ̂11 0 0

0 σ̂22 0

0 0 σ̂33

 . (A.4)

This enables us to define the major stress σmaj and minor stress σmin, which are the largest and

smallest normal stress, respectively, of the diagonalized stress matrix σ̂.

Given vectors in the direction of the major and minor stresses, a plane containing these two

vectors can be defined, as depicted in Figure A.2. Then consider a potential slip line/plane in

this plane at some angle θ. If the slip line is aligned with either the major or minor stress, i.e.

θ = 0 or θ = π/2, then along the slip line there is no shear stress by definition. For angles not

aligned with the major or minor stresses, there will be some non-zero shear stress τ with an

accompanying normal stress σ. This is given by

τ =

(
σmaj − σmin

2

)
sin(2θ), (A.5)

σ =

(
σmaj + σmin

2

)
+

(
σmaj − σmin

2

)
cos(2θ). (A.6)

The set of all possible values that τ and σ can take when plotted in the (τ, σ) space form a

circle, as depicted in Figure A.3. This circle is called the Mohr circle, and represents the forces

of possible slip planes. An intersection of any point on this circle with the yield criterion τ ≥ µσ

is a necessary and sufficient condition for the material to slip. The yield criterion in the (τ, σ)

plane is represented by a line through the origin with slope µ (or −µ), as represented by the

dotted lines in Figure A.3. Then the critical point at which the transition between stationary

material and yield can be calculated by considering the point at which the µ line lies tangent to
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Figure A.2: An illustration of shear stress introduced by difference in major and minor stresses.
In the directions of major and minor stresses there is no shear stress, however along angled
planes a combination of normal and shear stress is induced which may cause static friction to
be overcome.
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Figure A.3: The Mohr circle. The horizontal axis depicts the normal stress along a potential slip
plane, while the vertical depicts the shear stress. All possible slip planes for a block of granular
material fall on (or within) the Mohr circle. The yield criterion τ ≥ µσ is given by the dotted
line, and the material yields if and only if the Mohr circle intersects this line.

the Mohr circle. Given α = arctan(µ) and minor stress σmin, the critical major stress σmaj is

σmaj =

(
1 + sin(α)

1 − sin(α)

)
σmin. (A.7)

Note that while the analysis is done in the plane of the major and minor stresses, it is also

sufficient for other planes. This is because other planes will have equivalent (τ, σ) circles that

are contained within the larger Mohr circle, and so if the yield criterion is met along another

plane it will also be met in the plane of the major and minor stresses. As such, the yield analysis

of 3D systems simplifies to the 2D case.



Appendix B

Navier-Stokes numerical method

Many of the simulations done in this work are numerical solutions to the Navier-Stokes equations,

in particular the µ(I) model and its extensions. These simulations are done with the software

Basilisk [143]. This Appendix describes some of the mathematics underlying Basilisk [111, 141,

142]. Note that Basilisk uses methods originally developed for Gerris, which was made by the

same developers as Basilisk.

The Navier-Stokes equations with incompressible assumption are

∂u

∂t
+ u · ∇u =

1

ρ
[−∇P + ∇ · (2ηD)] − ag,

∇ · u = 0,

(B.1)

where u is the velocity vector, ρ is the density, D is the strain rate tensor given by D =

[∇u + (∇u)T ]/2, and ag is the acceleration due to gravity. In addition to the Navier-Stokes

equations, a volume-of-fluid (VOF) method is used to track the interface between granular

material and the interstitial fluid. Given a tracer c indicating the presence of granular material,

the additional equations

∂c

∂t
+ ∇ · (cu) = 0,

ρ = cρ1 + (1 − c)ρ2,

1

η
=

c

η1
+

1 − c

η2
,

(B.2)
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are added, where subscripts 1 and 2 indicate properties of granular material and interstitial

fluid respectively. The VOF method is also used to track advective tracers when these are

implemented, such as in Chapter 6, by using additional tracers to track components of the

material.

The discretization used by Basilisk is a staggered-in-time method, given by

cn+ 1
2
− cn− 1

2

∆t
+ ∇ · (cnun) = 0,

ρn+ 1
2

(
un+1 − un

∆t
+ un+ 1

2
· ∇un+ 1

2

)
= ∇ · (ηn+ 1

2
Dn+1) −∇Pn− 1

2
,

un+1 =
∆t

ρn+ 1
2

(
∇Pn+ 1

2
−∇Pn− 1

2

)
,

∇ · un+ 1
2

= 0.

(B.3)

The advection term un+ 1
2
· ∇un+ 1

2
can be approximated using the Bell-Collela-Glaz advection

scheme [16]. The third equation can be rearranged to give an equation in the form of the Poisson

equation:

∇ ·

(
∆t

ρn+ 1
2

∇Pn+ 1
2

)
= ∇ ·

(
un+1 +

∆t

ρn+ 1
2

∇Pn− 1
2

)
. (B.4)

The momentum equation can also be simplified to a Helmholtz problem which gives decoupled

scalar equations

ρn+ 1
2

∆t
un+1−

1

2
∇·(ηn+ 1

2
∇un+1) = ρn+ 1

2

(un
∆t

− un+ 1
2
· ∇un+ 1

2

)
−∇Pn− 1

2
+

1

2
∇uTn∇ηn+ 1

2
. (B.5)

This can be implemented into a solver based on Poisson solvers [142].
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Basilisk code

Here an example Basilisk script is given for those seeking to reproduce some aspect of this work.

This script is built upon an existing script, which can be found here: http://basilisk.fr/

sandbox/M1EMN/Exemples/granular_sandglass.c

bool s ou r c e d i l a tancy , w a l l f r i c t i o n , non l o ca l ;

#inc lude ”run . h”

#inc lude ” t imestep . h”

#inc lude ”bcg . h”

#i f EMBED

# inc lude ” v i s c o s i t y −embed . h”

#else

# inc lude ” v i s c o s i t y . h”

#end i f

s c a l a r rhov [ ] , rhov de lay [ ] ;

mgstats p r o j e c t a l t e r n a t e ( s t r u c t Pro j ec t q )

{

f a c e vector uf = q . uf ;

s c a l a r p = q . p ;

( const ) f a c e vec tor alpha = q . alpha . x . i ? q . alpha : un i t y f ;

double dt = q . dt ? q . dt : 1 . ;

int nre lax = q . nre lax ? q . nre lax : 4 ;

s c a l a r div [ ] ;

f o r each ( ) {

div [ ] = 0 . ;

f o reach d imens ion ( )

div [ ] += uf . x [ 1 ] − uf . x [ ] ;

d iv [ ] /= dt∗Delta ;

i f ( rhov [ ] > 0 . ) {

f o reach d imens ion (){

div [ ] −= ( rhov [ 1 , 0 ] − rhov [ ] ) ∗ uf . x [ ] / Delta / rhov [ ] ;

}
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div [ ] −= ( rhov []− rhov de lay [ ] ) / dt/ rhov [ ] ;

}

}

rhov de lay = rhov ;

mgstats mgp = poi s son (p , div , alpha ,

t o l e r an c e = TOLERANCE/sq ( dt ) , n re lax = nre lax ) ;

f o r e a c h f a c e ( )

uf . x [ ] −= dt∗ alpha . x [ ] ∗ f a c e g r ad i e n t x (p , 0 ) ;

boundary ( ( s c a l a r ∗){ uf } ) ;

return mgp ;

}

s c a l a r p [ ] ;

vec tor u [ ] , g [ ] ;

s c a l a r pf [ ] ;

f a c e vector uf [ ] ;

( const ) f a c e vec tor mu = zero f , a = zero f , alpha = un i ty f ;

( const ) s c a l a r rho = unity ;

mgstats mgp , mgpf , mgu ;

bool s toke s = fa l se ;

#i f EMBED

# de f i n e neumann pressure ( i ) ( alpha . n [ i ] ? a . n [ i ]∗ fm . n [ i ] / alpha . n [ i ] : \

a . n [ i ]∗ rho [ ] / ( cm [ ] + SEPS) )

#else

# de f i n e neumann pressure ( i ) ( a . n [ i ]∗ fm . n [ i ] / alpha . n [ i ] )

#end i f

p [ r i gh t ] = neumann ( neumann pressure ( ghost ) ) ;

p [ l e f t ] = neumann (− neumann pressure ( 0 ) ) ;

#i f AXI

uf . n [ bottom ] = 0 . ;

uf . t [ bottom ] = d i r i c h l e t ( 0 ) ; // s i n c e u f i s m u l t i p l i e d by t h e met r i c which

// i s z e ro on the a x i s o f symmetry

p [ top ] = neumann ( neumann pressure ( ghost ) ) ;

#else // !AXI

# i f dimension > 1

p [ top ] = neumann ( neumann pressure ( ghost ) ) ;

p [ bottom ] = neumann (− neumann pressure ( 0 ) ) ;

# end i f

# i f dimension > 2

p [ f r on t ] = neumann ( neumann pressure ( ghost ) ) ;

p [ back ] = neumann (− neumann pressure ( 0 ) ) ;

# end i f

#end i f // !AXI

#i f TREE && EMBED

void pres sure embed grad ient ( Point point , s c a l a r p , coord ∗ g )

{

f o reach d imens ion ( )

g−>x = rho [ ] / ( cm [ ] + SEPS)∗ ( a . x [ ] + a . x [ 1 ] ) / 2 . ;
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}

#end i f // TREE && EMBED

event d e f au l t s ( i = 0)

{

CFL = 0 . 8 ;

p . nodump = pf . nodump = true ;

i f ( alpha . x . i == un i ty f . x . i ) {

alpha = fm ;

rho = cm;

}

else i f ( ! i s c on s t an t ( alpha . x ) ) {

f a c e vector alphav = alpha ;

f o r e a c h f a c e ( )

alphav . x [ ] = fm . x [ ] ;

boundary ( ( s c a l a r ∗){ alpha } ) ;

}

#i f TREE

uf . x . r e f i n e = r e f i n e f a c e s o l e n o i d a l ;

#i f EMBED

uf . x . r e f i n e = r e f i n e f a c e ;

f o reach d imens ion ( )

uf . x . p ro longat ion = re f i n e embed f a c e x ;

for ( s c a l a r s in {p , pf , u , g}) {

s . r e s t r i c t i o n = r e s t r i c t i o n embed l i n e a r ;

s . r e f i n e = s . pro longat ion = r e f i n e embed l i n e a r ;

}

for ( s c a l a r s in {p , pf })

s . embed gradient = pres sure embed grad ient ;

#end i f // EMBED

#end i f // TREE

}

event d e f a u l t d i s p l a y ( i = 0)

d i sp l ay ( ” squares ( c o l o r = ’u . x ’ , spread = −1);” ) ;

double dtmax ;

event i n i t ( i = 0)

{

boundary ( ( s c a l a r ∗){u } ) ;

t ra sh ({ uf } ) ;

f o r e a c h f a c e ( )

uf . x [ ] = fm . x [ ] ∗ f a c e v a l u e (u . x , 0 ) ;

boundary ( ( s c a l a r ∗){ uf } ) ;

event ( ” p r op e r t i e s ” ) ;

dtmax = DT;

event ( ” s t a b i l i t y ” ) ;

}
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event set dtmax ( i++, l a s t ) dtmax = DT;

event s t a b i l i t y ( i++, l a s t ) {

dt = dtnext ( s toke s ? dtmax : t imestep ( uf , dtmax ) ) ;

}

event vof ( i++, l a s t ) ;

event t r a c e r adv e c t i on ( i++, l a s t ) ;

event t r a c e r d i f f u s i o n ( i++, l a s t ) ;

event p r op e r t i e s ( i++, l a s t ) {

boundary ({ alpha , mu, rho } ) ;

}

void p r ed i c t i on ( )

{

vector du ;

fo reach d imens ion ( ) {

s c a l a r s = new s c a l a r ;

du . x = s ;

}

i f (u . x . g rad i ent )

f o r each ( )

fo reach d imens ion ( ) {

#i f EMBED

i f ( ! f s . x [ ] | | ! f s . x [ 1 ] )

du . x [ ] = 0 . ;

else

#end i f

du . x [ ] = u . x . g rad i ent (u . x [ −1] , u . x [ ] , u . x [ 1 ] ) / Delta ;

}

else

f o r each ( )

fo reach d imens ion ( ) {

#i f EMBED

i f ( ! f s . x [ ] | | ! f s . x [ 1 ] )

du . x [ ] = 0 . ;

else

#end i f

du . x [ ] = (u . x [ 1 ] − u . x [ −1 ] )/ (2 .∗ Delta ) ;

}

boundary ( ( s c a l a r ∗){du } ) ;

t ra sh ({ uf } ) ;

f o r e a c h f a c e ( ) {

double un = dt ∗(u . x [ ] + u . x [ −1 ] )/ (2 .∗ Delta ) , s = s ign (un ) ;

int i = −(s + 1 . ) / 2 . ;

uf . x [ ] = u . x [ i ] + ( g . x [ ] + g . x [ −1])∗ dt /4 . + s ∗ ( 1 . − s ∗un)∗du . x [ i ]∗ Delta / 2 . ;

#i f dimension > 1

i f ( fm . y [ i , 0 ] && fm . y [ i , 1 ] ) {

double fyy = u . y [ i ] < 0 . ? u . x [ i , 1 ] − u . x [ i ] : u . x [ i ] − u . x [ i , −1 ] ;

uf . x [ ] −= dt∗u . y [ i ]∗ fyy / (2 .∗ Delta ) ;

}

#end i f
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#i f dimension > 2

i f ( fm . z [ i , 0 , 0 ] && fm . z [ i , 0 , 1 ] ) {

double f z z = u . z [ i ] < 0 . ? u . x [ i , 0 , 1 ] − u . x [ i ] : u . x [ i ] − u . x [ i , 0 , −1 ] ;

uf . x [ ] −= dt∗u . z [ i ]∗ f z z / (2 .∗ Delta ) ;

}

#end i f

uf . x [ ] ∗= fm . x [ ] ;

}

boundary ( ( s c a l a r ∗){ uf } ) ;

d e l e t e ( ( s c a l a r ∗){du } ) ;

}

event advect ion term ( i++, l a s t )

{

i f ( ! s t oke s ) {

p r ed i c t i on ( ) ;

//mgpf = p r o j e c t ( uf , pf , a lpha , d t /2 . , mgpf . n r e l a x ) ;

i f ( s ou r c e d i l a t an cy ) {

mgpf = p r o j e c t a l t e r n a t e ( uf , pf , alpha , dt /2 . , mgpf . n re lax ) ;

} else {

mgpf = pro j e c t ( uf , pf , alpha , dt /2 . , mgpf . nre lax ) ;

}

advect ion ( ( s c a l a r ∗){u} , uf , dt , ( s c a l a r ∗){g } ) ;

}

}

stat ic void c o r r e c t i o n (double dt )

{

f o r each ( )

fo reach d imens ion ( )

u . x [ ] += dt∗g . x [ ] ;

boundary ( ( s c a l a r ∗){u } ) ;

}

event v i s cous te rm ( i++, l a s t )

{

i f ( constant (mu. x ) != 0 . ) {

c o r r e c t i o n ( dt ) ;

mgu = v i s c o s i t y (u , mu, rho , dt , mgu . nre lax ) ;

c o r r e c t i o n (−dt ) ;

}

i f ( ! i s c on s t an t ( a . x ) ) {

f a c e vector a f = a ;

t rash ({ a f } ) ;

f o r e a c h f a c e ( )

a f . x [ ] = 0 . ;

}

}

event a c c e l e r a t i o n ( i++, l a s t )

{

t rash ({ uf } ) ;

f o r e a c h f a c e ( )

uf . x [ ] = fm . x [ ] ∗ ( f a c e va l u e (u . x , 0) + dt∗a . x [ ] ) ;
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boundary ( ( s c a l a r ∗){ uf , a } ) ;

}

void c en t e r ed g rad i en t ( s c a l a r p , vec tor g ) {

f a c e vector g f [ ] ;

f o r e a c h f a c e ( )

g f . x [ ] = fm . x [ ] ∗ a . x [ ] − alpha . x [ ] ∗ ( p [ ] − p [ −1])/ Delta ;

boundary f lux ({ g f } ) ;

t ra sh ({g } ) ;

f o r each ( )

fo reach d imens ion ( )

g . x [ ] = ( g f . x [ ] + g f . x [ 1 ] ) / ( fm . x [ ] + fm . x [ 1 ] + SEPS ) ;

boundary ( ( s c a l a r ∗){g } ) ;

}

event p r o j e c t i on ( i++, l a s t ) {

mgp = pro j e c t ( uf , p , alpha , dt , mgp . nre lax ) ;

c en t e r ed g rad i en t (p , g ) ;

c o r r e c t i o n ( dt ) ;

}

event end t imestep ( i++, l a s t ) ;

#i f TREE

event adapt ( i++, l a s t ) {

#i f EMBED

f r a c t i o n s c l e anup ( cs , f s ) ;

f o r e a c h f a c e ( )

i f ( uf . x [ ] && ! f s . x [ ] )

uf . x [ ] = 0 . ;

boundary ( ( s c a l a r ∗){ uf } ) ;

#end i f

event ( ” p r op e r t i e s ” ) ;

}

#end i f

#inc lude ” vof . h”

#de f i n e RHOF 1e−3

#de f i n e mug 1e−4

#de f i n e rho ( f ) ( ( f ) + RHOF∗ ( 1 . − ( f ) ) )

#de f i n e rho sd ( f , I ) ( d i l a t e ( I )/ phi max∗ f + RHOF∗ ( 1 . − ( f ) ) )

#de f i n e d i l a t e ( I ) (max( phi max−ph i g r ad i en t ∗ I , phi min ) )

#de f i n e LDOMAIN 5 .

#de f i n e LEVEL 6 //Determines maximum r e s o l u t i o n f o r t h e s imu l a t i o n

f a c e vector alphav [ ] , muv [ ] ;

s c a l a r f [ ] , eta [ ] , I a r r ay [ ] , D2 array [ ] , poi lambda [ ] , po i b [ ] , g non loc [ ] , g r an f l u [ ] ;

s c a l a r ∗ i n t e r f a c e s = { f } ;

double S ,D=1./30 , etamax=10000 ,mu s=0.62 , delta mu=.48 , I0 =.6;

double non l o c a l s t r e n g th = 0 .5 , phi min =0.2 , phi max=0.6 , ph i g r ad i en t = . 2 , muwall=0.4 ,WDOMAIN=2. ;
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double H0 ,R0 ,D,W, tmax ,Q,Wmin,DW,V=1. ;

char s [ 8 0 ] ;

FILE ∗ fp f ,∗ fwq ,∗ f f r ;

event i n i t g r a n u l ( t = 0) {

alpha = alphav ;

mu = muv ;

rho = rhov ;

}

// convergence ou t pu t s

void mg print ( mgstats mg) {

i f (mg. i > 0 && mg. r e sa > 0 . ) {

f p r i n t f ( s tder r , ”# %d %g %g %g\n” , mg. i , mg. resb , mg. resa , mg. resb > 0 ? exp ( log (mg. resb /mg. r e sa )/mg. i ) : 0 ) ;

}

}

event p r op e r t i e s ( i++) {

t rash ({ alphav } ) ;

s c a l a r fa [ ] ;

f o r each ( ) {

f a [ ] = (4 .∗ f [ ] +

2 .∗ ( f [ −1 ,0] + f [ 1 , 0 ] + f [0 , −1] + f [ 0 , 1 ] ) +

f [ 1 , 1 ] + f [ −1 ,1] + f [1 , −1] + f [ −1 , −1])/16. ;

}

boundary ({ f a } ) ;

i f ( non l o ca l ) {

f o r each ( ) {

eta [ ] = mug ;

po i b [ ] = 0 . ;

poi lambda [ ] = 0 . ;

i f (p [ ] > 0 . ) {

double D2 = 0 . ;

f o reach d imens ion ( ) {

double dxx = u . x [ 1 , 0 ] − u . x [ −1 ,0 ] ;

double dxy = (u . x [ 0 , 1 ] − u . x [0 , −1] + u . y [ 1 , 0 ] − u . y [ −1 , 0 ] ) / 2 . ;

D2 += sq (dxx ) + sq ( dxy ) ;

}

D2 array [ ] = D2 ;

i f (D2 > pow(10 , −30)) {// shou l d be (D2 > 0 . ) bu t very sma l l v a l u e s a l s o break t h e code ?

D2 = sqr t ( 2 .∗D2)/ ( 2 .∗ Delta ) ; // t h i s D2 i s s q r t (2 ) D2

double In = D2∗D/ sqr t (p [ ] ) ;

I a r r ay [ ] = In ;

double muI = mu s + delta mu∗ In /( I0 + In ) ;

double g l o c = D2/muI ;

g r an f l u [ ] = g l o c ;

double x i = non l o c a l s t r e n g th ∗D∗ sq r t ( ( mu s+delta mu−muI )/( delta mu ∗(muI−mu s ) ) ) ;

po i b [ ] = −g l o c /( x i ∗ x i ) ;

poi lambda [ ] = −1./( x i ∗ x i ) ;

}

}

}
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boundary ({ poi lambda , poi b , g non loc } ) ;

mgstats mgnlp = po i s son ( g non loc , poi b , lambda=poi lambda ) ;

mg print (mgnlp ) ;

f o r each ( ) {

eta [ ] = min (max(p [ ] / g non loc [ ] , s q r t (D∗D∗D)) , etamax ) ;

}

} else {

f o r each ( ) {

eta [ ] = mug ;

i f (p [ ] > 0 . ) {

double D2 = 0 . ;

f o reach d imens ion ( ) {

double dxx = u . x [ 1 , 0 ] − u . x [ −1 ,0 ] ;

double dxy = (u . x [ 0 , 1 ] − u . x [0 , −1] + u . y [ 1 , 0 ] − u . y [ −1 , 0 ] ) / 2 . ;

D2 += sq (dxx ) + sq ( dxy ) ;

}

D2 array [ ] = D2 ;

i f (D2 > 0 . ) {

D2 = sqr t ( 2 .∗D2)/ ( 2 .∗ Delta ) ; // t h i s D2 i s s q r t (2 ) D2

double In = D2∗D/ sqr t (p [ ] ) ;

I a r r ay [ ] = In ;

double muI = mu s + delta mu∗ In /( I0 + In ) ;

double etamin = sq r t (D∗D∗D) ;

eta [ ] = max(muI∗p [ ] /D2 , etamin ) ; // t h i s D2 i s s q r t (2 ) D2

eta [ ] = min ( eta [ ] , etamax ) ;

}

}

}

}

boundary ({ eta } ) ;

f o r e a c h f a c e ( ) {

double fm = ( fa [ ] + fa [ −1 , 0 ] ) / 2 . ;

muv . x [ ] = ( fm∗( eta [ ] + eta [ −1 ,0 ] )/2 . + ( 1 . − fm)∗mug ) ;

i f ( s ou r c e d i l a t an cy ) {

alphav . x [ ] = 1 ./ rho sd ( fm , I a r r ay [ ] ) ;

} else {

alphav . x [ ] = 1 ./ rho ( fm ) ;

}

}

f o r each ( ) {

i f ( s ou r c e d i l a t an cy ) {

rhov [ ] = rho sd ( fa [ ] , I a r r ay [ ] ) ;

} else {

rhov [ ] = rho ( fa [ ] ) ;

}

}

boundary ({muv, alphav , rhov } ) ;

}

event f r i c t i o n ( i++) {

i f ( w a l l f r i c t i o n ) {

f o r each ( ) {

double m = 2.∗ muwall∗dt∗p [ ] /WDOMAIN;
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double U = norm(u ) ;

fo reach d imens ion ( )

u . x [ ]= U > 0 ? max(U−m,0 )∗ u . x [ ] /U : 0 ;

}

}

}

//Boundary c on d i t i o n s

p [ top ] = d i r i c h l e t ( 0 ) ;

uf . n [ top ] = neumann ( 0 ) ;

u . t [ bottom ] = ( fabs (x−LDOMAIN/2−S/2)<= W/2 | | f abs (x−LDOMAIN/2+S/2)<= W/2) ? neumann ( 0 ) : d i r i c h l e t ( 0 ) ;

uf . n [ bottom ] = ( fabs (x−LDOMAIN/2−S/2)<= W/2 | | f abs (x−LDOMAIN/2+S/2)<= W/2) ? neumann ( 0 ) : d i r i c h l e t ( 0 ) ;

p [ bottom ] = ( fabs (x−LDOMAIN/2−S/2)<= W/2 | | f abs (x−LDOMAIN/2+S/2)<= W/2) ? d i r i c h l e t ( 0 ) : neumann ( 0 ) ;

uf . n [ r i gh t ] = d i r i c h l e t ( 0 ) ;

u . t [ r i gh t ] = d i r i c h l e t ( 0 ) ;

uf . n [ l e f t ] = d i r i c h l e t ( 0 ) ;

u . t [ l e f t ] = d i r i c h l e t ( 0 ) ;

f [ l e f t ]= neumann ( 0 ) ;

poi lambda [ r i gh t ] = d i r i c h l e t ( 0 ) ;

poi lambda [ l e f t ] = d i r i c h l e t ( 0 ) ;

poi lambda [ bottom ] = ( fabs (x−LDOMAIN/2−S/2)<= W/2 | | f abs (x−LDOMAIN/2+S/2)<= W/2) ? neumann ( 0 ) : d i r i c h l e t ( 0 ) ;

poi lambda [ top ] = neumann ( 0 ) ;

po i b [ r i gh t ] = d i r i c h l e t ( 0 ) ;

po i b [ l e f t ] = d i r i c h l e t ( 0 ) ;

po i b [ bottom ] = ( fabs (x−LDOMAIN/2−S/2)<= W/2 | | f abs (x−LDOMAIN/2+S/2)<= W/2) ? neumann ( 0 ) : d i r i c h l e t ( 0 ) ;

po i b [ top ] = neumann ( 0 ) ;

g non loc [ r i g h t ] = d i r i c h l e t ( 0 ) ;

g non loc [ l e f t ] = d i r i c h l e t ( 0 ) ;

g non loc [ bottom ] = ( fabs (x−LDOMAIN/2−S/2)<= W/2 | | f abs (x−LDOMAIN/2+S/2)<= W/2) ? neumann ( 0 ) : d i r i c h l e t ( 0 ) ;

g non loc [ top ] = neumann ( 0 ) ;

int main ( ) {

s ou r c e d i l a t an cy = true ; // ena b l e s d i l a t a n c y

wa l l f r i c t i o n = true ; // ena b l e s w a l l f r i c t i o n

non l o ca l = true ; // ena b l e s non l o c a l f l u i d i t y

L0 = LDOMAIN;

N = 1 << LEVEL;

DT = 0 . 0 1 ; // maximum t ime s t e p

TOLERANCE = 1e−3;

H0=4.5;

R0=20.000;

W = LDOMAIN/16 . ; // s i z e o f t h e open ings

DW = LDOMAIN/N;

S = W + LDOMAIN/32 . ; // s e p e r a t i o n between open ings

const f a c e vector g [ ] = {0 . , −1 .} ;

a = g ;

f f r = fopen ( ” f low . txt ” , ”w” ) ;
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f c l o s e ( f f r ) ;

tmax = 4 . ;

fwq = fopen ( ”outWQ” , ”a” ) ;

f p r i n t f ( fwq , ”\n” ) ;

f c l o s e ( fwq ) ;

Q = 0 ;

f p f = fopen ( ” i n t e r f a c e . txt ” , ”w” ) ;

run ( ) ;

f c l o s e ( f p f ) ;

fwq = fopen ( ”outWQ” , ”a” ) ;

f p r i n t f ( fwq , ”%l f \n” , Q) ;

f c l o s e ( fwq ) ;

}

event i n i t ( t = 0) {

s c a l a r phi [ ] ;

// t r a s h ({ I a r ray , u , uf , f , e t a } ) ;

f o r e a ch ve r t ex ( ) {

phi [ ] = min (H0 − y , R0 − x ) ;

I a r r ay [ ] = 1 ;

}

f r a c t i o n s ( phi , f ) ;

f o r each ( ) {

p [ ] = ( fabs (x−LDOMAIN/2)<= W && fabs (y)<= . 1 ) ? 0 : max(H0 − y , 0 ) ;

u . x [ ] = (LDOMAIN/2−x ) / 1 0 0 . ;

u . y [ ] = ( fabs (x−LDOMAIN/2)<= 1.2∗W && fabs (y)<= . 1 ) ? 1 . : 0 ;

uf . x [ ] = (LDOMAIN/2−x ) / 1 0 0 . ;

uf . y [ ] = ( fabs (x−LDOMAIN/2)<= 1.2∗W && fabs (y)<= . 1 ) ? 1 . : 0 ;

g non loc [ ] = ( fabs (x−LDOMAIN/2)<= 1.2∗W && fabs (y)<= . 1 ) ? 1 . / ( y+.1) : 0 ;

}

boundary ({ g non loc } ) ;

un r e f i n e ( ( ( fabs (x−LDOMAIN/2−S/2)<= W/2 | | f abs (x−LDOMAIN/2+S/2)<= W/2) | | (y>0.5)) && ( l e v e l > 6 ) ) ;

un r e f i n e ( ( ( fabs (x−LDOMAIN/2−S/2)<= W/2 | | f abs (x−LDOMAIN/2+S/2)<= W/2) && ( l e v e l > 7 ) ) ) ;

}

// convergence s t a t s

event l o g f i l e ( i++) {

s t a t s s = s t a t s f ( f ) ;

f p r i n t f ( s tder r , ”%g %d %g %g %g %g\n” , t , i , dt , s . sum , s . min , s .max − 1 . ) ;

mg print (mgp ) ;

mg print (mgpf ) ;

mg print (mgu ) ;

f f l u s h ( s t d e r r ) ;

}

event interface ( t = 0 ; t += 1 ; t <= tmax && V>=.25) {

ou tpu t f a c e t s ( f , f p f ) ;

char s [ 8 0 ] ;

s p r i n t f ( s , ” f i e l d −%g . txt ” , t ) ;

FILE ∗ fp = fopen ( s , ”w” ) ;

s c a l a r l [ ] ;

f o r each ( )

l [ ] = l e v e l ;

o u t pu t f i e l d ({ f , p , u , uf , pf , eta , I a r ray , D2 array , g non loc , g ran f lu , l } , fp , l i n e a r = fa l se ) ;
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f c l o s e ( fp ) ;

}

event deb i t ( t += 0.05 ) {

stat ic double Vold , Qinst=0;

Vold = V;

V = 0 ;

fo r each ( )

V = V + f [ ] ∗ Delta ∗ Delta ∗ d i l a t e ( I a r r ay [ ] ) ;

Qinst = −(V−Vold ) / . 0 5 ;

i f ( Qinst > Q){

Q = Qinst ;

}

i f ( t>=.1) {

f f r = fopen ( ” f low . txt ” , ”a” ) ;

f p r i n t f ( f f r , ”%l f %l f %l f %l f \n” , t ,V/L0/H0 ,W, Qinst ) ;

f c l o s e ( f f r ) ;

}

f f l u s h ( stdout ) ;

}

event stop ( t += 1) {

i f ( t > 1 . && V < . 25∗L0∗H0) {

return 1 ;

}

}
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and ill-posed behaviour of the-rheology for granular flow. Journal of Fluid Mechanics,

779:794–818, 2015.

[14] Thomas Barker, DG Schaeffer, Michael Shearer, and JMNT Gray. Well-posed continuum

equations for granular flow with compressibility and µ (I)-rheology. Proceedings of the

Royal Society A: Mathematical, Physical and Engineering Sciences, 473(2201):20160846,

2017.

[15] G William Baxter, RP Behringer, Timothy Fagert, and G Allan Johnson. Pattern forma-

tion in flowing sand. Physical Review Letters, 62(24):2825, 1989.

[16] John B Bell, Phillip Colella, and Harland M Glaz. A second-order projection method for

the incompressible navier-stokes equations. Journal of computational physics, 85(2):257–

283, 1989.

[17] Diego Berzi, James T Jenkins, and Patrick Richard. Extended kinetic theory for granular

flow over and within an inclined erodible bed. Journal of Fluid Mechanics, 885:A27, 2020.



BIBLIOGRAPHY 138

[18] Wim A Beverloo, Hendrik Antonie Leniger, and J Van de Velde. The flow of granular

solids through orifices. Chemical Engineering Science, 15(3-4):260–269, 1961.

[19] Daniel Bonn, Morton M Denn, Ludovic Berthier, Thibaut Divoux, and Sébastien Man-
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varo LGA Coutinho. Finite element simulation of complex dense granular flows using a

well-posed regularization of the µ(I)-rheology. Computers & Fluids, 188:102–113, 2019.

[61] Dimitri Gidaspow. Multiphase flow and fluidization: continuum and kinetic theory de-

scriptions. Academic press, 1994.

[62] Isaac Goldhirsch. Introduction to granular temperature. Powder Technology, 182(2):130–

136, 2008.

[63] MJV Goldschmidt, JAM Kuipers, and Willibrordus Petrus Maria van Swaaij. Hydrody-

namic modelling of dense gas-fluidised beds using the kinetic theory of granular flow: effect

of coefficient of restitution on bed dynamics. Chemical Engineering Science, 56(2):571–578,

2001.

[64] Shahab Golshan, Reza Zarghami, Hamid Reza Norouzi, and Navid Mostoufi. Granular

mixing in nauta blenders. Powder Technology, 305:279–288, 2017.
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[143] Stéphane Popinet and collaborators. Basilisk. http://basilisk.fr, 2015.

[144] Olivier Pouliquen. Scaling laws in granular flows down rough inclined planes. Physics of

fluids, 11(3):542–548, 1999.

[145] Olivier Pouliquen and Yoel Forterre. A non-local rheology for dense granular flows. Philo-

sophical Transactions of the Royal Society A: Mathematical, Physical and Engineering

Sciences, 367(1909):5091–5107, 2009.

[146] Farhang Radjai, Jean-Noël Roux, and Ali Daouadji. Modeling granular materials: century-

long research across scales. Journal of engineering mechanics, 143(4):04017002, 2017.

[147] Pedro M Reis, G Ehrhardt, A Stephenson, and T Mullin. Gases, liquids and crystals in

granular segregation. EPL (Europhysics Letters), 66(3):357, 2004.

[148] Osborne Reynolds. LVII. On the dilatancy of media composed of rigid particles in con-

tact. With experimental illustrations. The London, Edinburgh, and Dublin Philosophical

Magazine and Journal of Science, 20(127):469–481, 1885.

[149] Patrick Richard, Mario Nicodemi, Renaud Delannay, Philippe Ribiere, and Daniel Bideau.

Slow relaxation and compaction of granular systems. Nature materials, 4(2):121, 2005.
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Guazzelli. Rheology of mobile sediment beds sheared by viscous, pressure-driven flows.

Journal of Fluid Mechanics, 921:A20, 2021.

[173] Xuewen Wang, Zhaojian Yang, Xuefeng Shu, and Jiling Feng. The static contact statuses

between granular materials and flat-bottomed steel silos. Powder technology, 235:1053–

1059, 2013.

[174] Thomas Ward and William Hourigan. Granular segregation in a tilted-rotating drum.

Powder technology, 215:227–234, 2012.

[175] NS Weerasekara, MS Powell, PW Cleary, Lúıs Marcelo Tavares, M Evertsson, RD Mor-
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