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Abstract 

Copula i s  used to model multivariate data, as i t  accounts for the dependence structure and 

provides a flexible representation of the mult ivariate distribution. Recently a large number o f  

Archimedean copulas have been proposed t o  deal with various dependence aspects i n  financia l  

risk management, which invokes several new questions in some i mportant yet under-researched 

areas. These questions, therefore, need further investigation. 

This d issertation comprises three essays and probes into three untouched q uestions a l l  

involv ing the Archimedean-copu la-based model s .  The first essay studies whether the 

Archimedean-copula-based portfo l io  value-at-risk ( PVaR) model outperforms the Gaussian­

copula-based PVaR model in out-of-sample forecasting. My empirical findings m this essay 

show that the Archimedean-copula-based PVaR model, especia l ly  the Clayton copula-based 

model, has better forecasting performance than the G aussian-copula-based PVaR model in most 

cases in both the in-sample and out-of-sample periods. ln addition, the data snooping problem 

( i . e . ,  model r isk) associated with the copula-based PVaR model i s  a lso explored. 

The second essay examines the question of how to evaluate the non-Gaussian 

multivar iate density forecasts. In this essay, I propose a test procedure, by using the likelihood 

ratio  test based on the Kullback-Leibler information criterion, to evaluate the Archimedean­

copula-based mult ivariate density forecasts, and apply the procedure to foreign exchange 

markets .  The test p rocedure is not only conducive to ful ly  ranking competing sophisticated 

models  with the non-Gaussi an-distributed mult ivariate densities, but also a l lows for model 

misspec ification in both marginal and copul a  functions under the null and the alternative 

hypothes is .  
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The third essay focuses on thi s  question : Wil l  the PVaR estimation be improved i f  the 

Archimedean copula  model takes into account conditional asymmetric ta i l  dependence and time­

varying i nvestors ' heterogeneous bel iefs? I use the conditional skewed-t distribution (as the 

marginal function) to represent time-varying investors ' heterogeneous bel iefs, and employ three 

two-parameter Archimedean copulas to investigate dynamic asymmetric tai I dependence 

between two of three Asian developed futures markets . My resul ts provide strong evidence that 

such conditional copu la  models can i mprove the PVaR estimation and so a greater amount o f  

divers ification benefits can be reaped a t  a h igher confidence level . 
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Chapter 1 Introduction 

Thi s  d issertation invest igates the estimation and evaluation of the Arch imedean-copula-

based models for portfo l io  value-at-risk, multi variate density forecasts and condit ional 

asymmetric ta i l  dependence. 

1.1 Motivation 

Tradit ional mean-variance-based portfo l io  theory assumes that risk factors are normall y  

(e l l ipt ica l ly) di stributed . Under this assumption, the standard deviation of  a port fol io i s  

used a s  a proxy o f  p011 fol io risk, and l inear correl ation as a measure o f  dependence 

between returns of risky assets constituting a portfo l io .  However, traditional portfol io 

theory often does not comport with abundant empirical evidence that portfol io returns are 

asymmetrical ly distributed with heavy ta i ls . 1 L inear correlation has also been found to be 

fi . 2 r:: quest ionable  in  expla ining · mancial market contagiOn.  The styl i sed 1act that the 

mult ivariate distribut ion of financial  time senes IS non-normal has cata lysed 

methodological changes in financial  model ing, uch as the use of copula models .  

A copula is  a multi variate d istribution function that connects marginal 

di stributions of  variables. 1t conta ins a l l  the information about the dependence structure 

1 A number of studies have addressed some of the non-norm a l i ty characteristics of portfol io returns. For 
i nstance, Ard illi and Levy ( 1 975)  and K.raus and Li tzenbergcr ( 1 976) model portfo l io relums by 
i ncorporat ing the effect of  skewness on valuat ion .  Lai ( 1 99 1 )  and Chunhachinda cl al ( 1 997) analyse the 
problem of  portfol io selection taking into account the skcwness of returns. Harvcy and S iddiquc ( 2000) 
present an asset pricing m odel that inc ludes conditional skewncs . In addit ion, Fang and Lai ( 1997)  find 
that investors arc compensated for by higher expected returns for bearing systematic cokurtosis r isk.  
2 For example, Erb et al ( 1 994), King et al ( I  994), De Sant is  and Gcrard ( 1 997), Longin and Solnik ( 1 99 5 ,  
200 1 ), Ang and Bckacrt ( 2002 ) and, Ang and Chcn ( 2002) uncovered that corre l at ions between 
international  equity markets is higher during bear markets than  during bul l  markets. These empirical results 
indicate the necessity to go beyond the l inear approach to address the existence of contagion . 



of the involved variables. In the last decade, copula models ,  especial ly the so-cal led 

Archimedean copulas, have become increasingly popu lar in fi nancial appl ications, such 

as measuring port folio 's market risk (Cherubini and Luciano (200 1 ), Glasserman et al 

( 2002 ), Embrechts et a! ( 2003 ) ,  Ane and Kharoubi (2003) ,  Malevergne and Somette 

(2004, 2006), Dowd (2005a),  J unker and May ( 2005 ) ,  and Rosenberg and Schuermann 

(2006)),  pricing multivariate contingent claims (Rosenberg (2003 ) and Bennett and 

Kennedy (2004) ) ,  and modeling extreme market comovement ( Patton (2006a), Rodriguez 

(2007) ,  and B artram et al (2007 )) .  This  is because Archimedean copulas are a powerful 

tool to model an anay of real-world multivariate distributions that exhibit various 

asymmetries of  dependence .  

Because of  the increas i ng popularity of Archimedean copulas, this d i ssertation 

contributes by further investigating their app l ications in some important yet under­

researched areas. Specifical ly, I probe into three q uestions as fol lows. 

First, does the Archimedean copula-based portfol io VaR ( PVaR)  model 

outperfonn the Gaussian copula-based PVaR model in out-of-sample forecasting? One of 

the  main tasks of  financial risk management i s  to evaluate and improve the  perfonnance 

of risk measurement models .  PVaR is a widely-used risk measure for a portfol io .  It i s  

defined a s  the loss i n  the portfol io 's  market value over a given time horizon that i s  

exceeded with a probabi l i ty 1 - � where ( is  a given confidence level .  Early studies on 

PVaR were based mainly on the extreme value method.3 However, one drawback of the 

extreme value method is that it uti l izes the information in the tail region, whi le missing 

the information contained in such non-normal i ty properties as co-skewness and nonl inear 

dependence which the entire portfol io return d istribution contains. The Archimedean 

3 See, for example ,  Jansen et a/ ( 2000), Consigl i  ( 2002), and Frey and McNeil (2002) .  
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copula-based PVaR approach can overcome this problem. Thus, not only the use of, but 

also the study on, this approach, has received growing interest. Many studies have found 

that in-sample fitting of the Archimedean copula-based PVaR model outperforms that of 

the Gaussian copula-based PVaR model ( See, for example, Ane and Kharoubi (2003 ) and 

Junker and May (2005 ) ) .  However, that a model best fits historical  data does not 

necessari ly  mean that it  w i l l  also provide the best VaR forecasts . Since ri sk managers are 

concerned with the future losses of por tfo l io  returns, out-of-sample forecasting evaluation 

of the two PVaR models should be of more relevance than in-sample one. 

Second, how can we evaluate the non-Gaussian multivariate density forecast? 

Multivariate density forecast is important for market risk measurement, especia l ly when 

the future portfol io return distributions are non-Gaussian. It i s  well known that most 

financia l  time series have persistent dependence in conditional variance and higher-order 

conditional moments. A fi nancial risk manager thus needs to go beyond conditional mean 

and variance and to get a complete p icture of financia l  return dynamics via density 

forecast. A density forecast is a prediction of the future probabi l ity d i stribution of a 

random variable. Recent ly, the need to consider the ful l  predictive density has made 

density forecast evaluation an increasingly important tool in assessing the performance of  

sophisticated risk measurement models .  Density forecast evaluation i s  to  see whether 

density forecasts are conect .  Thus, how well a constructed forecast ing model, e pecia l ly 

its density component such as the (portfo l io )  VaR measure and the (mult i variate ) option 

pricing), perform can be j udged by evaluating whether its density forecasts are coJTect . 

In the past few years, several methods for the uni variate density foreca t evaluation have 

been proposed, including Diebold et a l  ' s  ( 1 998) graphical method, Ber kowitz ' s (200 1 )  

3 



l ikel ihood ratio ( LR )  test method, Hong and Li ' s  (2005 ) and Egorov et a l  ' s  ( 2006) 

nonparametric method, and Corradi and Swanson ' s  (2005, 2006a and 2006b) conditional 

Komogorov test method. For the mult ivariate density forecast evaluation, there are very 

few methods proposed (e .g . ,  D iebold et a! ( 1 999)  and Clements and Smith (2002 ) ) .  

However, these methods are a l l  confined within the normal ity framework, and  so are not 

of much use in assessing whether a non-Gaussian mult ivariate density-based model,  such 

as the Archimedean copula-based model ,  is adequate. To fi l l  this gap, I propose a test 

procedure which can ful ly take account of the non-Gaussian property for evaluating the 

mult ivariate density forecast. 

Third ,  w i l l  the PVaR estimation be improved if the Archimedean copular model 

takes into account conditional asymmetric tai l  dependence and time-varying investors ' 

heterogeneous bel iefs as represented by the conditional skewed-t distribution? When 

hedging dependent risk, portfo l io managers should care not only about movements of  

individual markets, but  a lso about comovements among them. Fol lowing market 

integration and fi nanc ial l ibera l ization in the l ast two decades, asymmetric dependence 

among internat ional equity markets has become increasingly s ignificant : Negative shocks 

originating in one country are more l ikely to spread to other countries than positive 

hocks. This asymmetry suggests that downside dependent risk deserves particular 

attention of portfo l io  managers . Moreover, a number of studies reveal that i nvestors 

possess "loss aversion", which refers to the tendency for investors trongly to prefer 

avoiding losses than acquiring gains.4 Thi phenomenon, termed as investors ' 

heterogeneity, can be modeled by either preferences ( ut i l i ty functions) or bel iefs 

4 cc Kahncman and Tvcrsky ( 1 973 )  and Bcnartzi and Thalcr ( 1 995). 
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( probabi l i ty di stributions) .5 Levy (2007) shows that investors ' heterogeneity plays a key 

role in detennining the possibi l ity of financial disturbances . In their di fferences-of-

opinion theory, Hong and Stein (2003 )  demonstrate that there are large negative price 

changes during market dec l ines, and the negative-skewed returns are c losely associated 

with investors ' heterogeneity.6 Meanwh i l e, they further point out that large negative price 

changes are a contagious marketwide phenomenon, that is, a highly correl ated drop in the 

prices o f  an entire class of stocks. Hence, for international diversi fication and opti mal 

assets a l location, it is necessary to consider a PVaR model that ful ly takes account of  the 

conditional lower tai l  dependent risk a long with the factor of  time-varying investors ' 

heterogene ity. 

Throughout this dis ertation, I also consider "model risk" which is the risk ari sing 

from the use o f  an inadequate/mis-speci fied model .  For copula model estimation, there 

exist three methods: the ful l  parametric method (e .g. Patton (2006a), Jondeau and 

Rockinger (2006), and Rodriguez (2007 )) ,  the emiparametric method (e.g. Ane and 

Kharoubi (2003) ,  Chen and Fan (2006a, 2006b ), and Chen et al ( 2006)) ,  and the 

nonparametric method (e .g .  Fermanian and Scai l let (2003 ) ) . The semiparametric and 

nonparametric methods mainly rely  on the kernel density estimate. Although the kernel 

5 For instance, the asymmetric preference methods arc employed in Krau c and L i tzenbcrgcr ( 1 976) and 
Coni ne and Tamarkin ( 1 981  ), and the dynami c  heterogeneous bel iefs method is used by Hueng and 
McDonald (200 5 ) .  
6 Hong a n d  Stein's (2003 ) model assumes that di fference of opin ion ( a  private s ignal about a stock ' s  
terminal payoff) exist among two groups, bul l ish a n d  bearish groups, o f  investors, and that these investors 
face short-sale constraints. Furthermore, each of the two groups on ly pays attention to their own s ignals . 
When the d ifference between opin ions is large, it is more l i kely that bearish investors do not in i t ial ly  
part ic ipate i n  the market, and the ir  i n formation i s  not  ful ly incorporated into prices, because of thei r  short­
sale constraints. I f  the market receives positive news, bul l i sh investors' infonnation is st i l l  revea led in  
prices, whi le bearish investors ' information remains hidden. On the  other hand, i f  the  market receives 
negative news and the previous bu l l ish investors have changed their opinions and bai led out of the m arket, 
those previous bearish investors may become the "support buyers" and hence reveal more of their 
information.  Thus, accumulated hidden information tends to come out when the market is fall ing. That i s, 
given high investor heterogenei ty, volat i l i ty is h igher when returns arc low. This explains why returns arc 
negat ively skewcd. 
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density estimate may be used to overcome the distribution uncertainty problem, it 

nevertheless has the bandwidth selection problem (Wand and Jones ( 1 995)). In addition, 

using the semi parametric and nonparametric methods to estimate the PV aR measure 

makes it hard to calculate the quantile of the multivariate distribution. In view of these, I 

employ the full parametric method in the estimation of all copula functions throughout 

this dissertation. The full parametric method is implemented via two-stage maximum 

likelihood estimation (MLE) proposed by Joe ( 1 997, 2005). 

. }",(. ·,) 

1\fultivariate Distribution (Copula) 
(Unknown) 

Figure 1 . 1 

J 
Marginal Distributions 

(Unknown) 

Note: This figure plots the relationship between marginal distributions and the multivariate distribution 
(copula). F1(x1), F2(x2), and Fm(Xm) indicate the marginal distributions. 

It is well known that the copula is a flexible tool to model dependent data, as it 

enables one to separate the dependence properties of the data from their marginal 

properties and to construct multivariate models with marginal distributions of an arbitrary 
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form. Therefore, as shown in  Figure 1 . 1 ,  the difficulty with the full parametric method i s  

that both the true marginal and the true mult ivariate distributions are unknown. As far as 

model ing the marginal d istribution is concerned, Rosenberg and Schuerrnann (2006) and 

Rodriguez ( 2007) use the standard normal distribution, Patton (2006a) and Bartram et al 

( 2007 )  use the Student' s  t d istribution, and Patton (2004) s uggests using Hansen's ( 1 994) 

skewed-t distribution. Jondeau and Rockinger (2006) consider a l l  the three distributions, 

and employ a goodness-of-fit test to select and retain the "best" one while dropping out 

the other two for the marginals, when moving on to the estimation of  the copula 

parameters. In other words, a copula model i s  deemed to be  correctly specified once the 

best marginals have been determined. However, Jondeau and Rockinger ' s  (2006) 

approach is ,  i n  come cases, not very useful for making model-selection decisions.  Thi s  is 

because the selected marginal based on the goodness-of-fit tests i s  not necessari ly  the 

"best" one in the sense that i t  will lead to a correctly-specified copula.  Also, the test 

statistics for d ifferent di stributions can be all significant, or all insign ificant, or mixed. 

Based on these considerations, the criterion I used is  the forecasting performance of a 

candidate copula model ,  bearing in mind that a copula model that has the "best" 

marginals does not necessari ly  perform better in forecasting than another that has the 

"second or third best" marginals .  Thus, my approach to j udging on whether a copula i s  

correctly speci fied i s  different from those o f  the above c i ted studies. I retain al l  the three 

aforementioned marginal restrictions at the second stage of the two-stage MLE of  a l l  

candidate copulas. The advantage of my approach i s  twofold.  First, my approach al lows 

the two-stage M LE to be  perfonned in  the presence of  "misspec ification" of  both the 

margi nal and the copula models. Then a l l  copula-based model performances wi l l  final ly 
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be examined by the bootstrap-based test ( to be introduced later on). Second, with my 

approach one can i nvestigate how sensitive each candidate copula model's forecasting 

performance is  to d ifferent marginals chosen as the possible data generating processes. 

However, estimating d ifferent models by repeatedly  using the same dataset can 

cause the so-cal led "data snooping" bias. As White (2000) noted, "[  w ]hen such data reuse 

occurs, there i s  a lways the possibi l ity that any sat isfactory results obtained may simply be 

due to chance rather than to any merit inherent i n  the method yielding the results ." Data 

snooping is a serious  issue when a set of competing models are considered. Suppose we 

have several PVaR estimates yielded by d ifferent copula-based models with the same 

data set, and we choose one estimate whose underlying model is however misspec i fied. 

When a model i s  m isspeci fied, its PVaR estimates wi l l  be either too low or too high, in 

relation to the PVaR estimates of  the correct ly-spec i fied model .  A PVaR estimated too 

low could result  in a fi nancial institut ion having i nsufficient capi tal to cover future losses 

and hence having possibly financial  d i stress and even company fai l ure. The 1 99 8  fai l ure 

of Long-Term Capital Management ( LTCM) is a good example7. On the other hand, an 

7 L TCM was a hedge fund founded in 1994. Its board of directors once included Myron Scho1es and Robert 
C. Merton, the two academic heavyweights in finance who shared the 1997 Nobel Memorial Prize in 
Economics. The core strategy of LTCM was "relative-value" or "convergence-arbitrage" trades, trying to 
take advantage of small differences in prices among closely related securities. Initially, enormous success 

with annualized returns of over 40% in its first year made the new venture eminently profitable. Capital 
grew from $ 1  billion to more than $7 billion by 1997. This led LTCM to undertake trading strategies 

outsides their expertise by switching to extremely large positions in areas such as merger arbitrage and 

index options. The downfall of the fund started in May and June 1998 when net returns fell 6.42% and 
10.14% respectively, reducing its capital by $461 million. Meanwhile, LTCM failed to diversify the 

systemic risk, and relied on recent history to estimate risk while ignoring non-normal risk factors caused by 
rare but extreme events. The unexpected Russian government bond default on 17 August 1998 caused 

widespread shock waves across markets as investors panicked. The collapse of LTCM was sudden. By I 
August 1998, the firm's equity stood at $4. 1 billion, by I September 1998 it dropped to $2.3 billion, and 
over the next 21 days the fund's equity sharply slipped to $ 600 million: 85% of the equity was wiped out in 
54 days. For more details, see Jorion (2000), Dunbar (2000), and MacKenzie (2006). 
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excessive h igh PVaR estimate could resu l t  i n  a financial i nstitution tying up too much of 

i ts  capital i n  an unprofitable  fashion. 

Data snooping i s  not easy to detect. White (2000) proposes a "real i ty check" test 

w ith a stationary bootstrap method to correct for the data snooping bias. The app l ication 

of  the real i ty check test i n  finance can be found in Sul l ivan et a! ( 1 999, 200 I ,  2003) ,  

Gonzalez-Rivera et al (2004), and B ao e t  a l  (2007) among others. However, White ' s  

real i ty check test i s  conservative when a poor model i s  included i n  the set of  competing 

models  ( see Hansen (2005) and Hansen and Lunde (2005 ) ) .  As a modi fied version of  the 

real ity check test, Hansen' s  ( 2005 ) superior predictive abi l i ty (SPA)  test i s  more powerful 

and robust to the inclusion of poor and i rrelevant alternatives. In view of this, I have 

implemented the SPA test in  each research project. 

1 .2 Outline of the Dissertation 

The main body of this dissertation includes three essays, each related to one of the three 

questions detai led above. 

Chapter 2 briefly introduces the concepts of copula models  including 

Archimedean copulas and el l iptical copulas .  Also introduced in this chapter are the 

concepts of rank correlation and tai l  dependence. 

Chapter 3 contains Essay One and foc uses on the first research q uestion. The t i t le 

of the essay i s  "Evaluating the out-of-sample forecasting performances of the 

Archimedean-copula-based portfo l io  VaR models". In  this essay, I fit the PVaR model s  

t o  three intemational equity indexes ( FTSE I 00, N ikkei 225 ,  and S&P 500), the models 

being based on three Archimedean copulas (the Clayton, the Gumbel, and the B B  1 
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copulas) and one e l l iptical copu la  (Gaussian copula) .  The four copulas represent four 

possibi l i ties regarding to tai l  dependence :  Lower tail dependence only, upper tail 

dependence only, asymmetry between lower and upper tai l dependence, and no lower nor 

upper tail dependence.  For comparisons, I choose three d ifferent marginal d istributions 

( the Gaussian, the Student ' s  t, and Hansen's ( 1 994) skewed-t distribution) respectively as 

the possible underlying data generating processes for each copula. This i s  to investigate 

the sensitiveness of the copula-based PVaR measure to the choice of the marginals. For 

model evaluation, I sp l it whole sample into two subsets, the former being for in-sample 

model estimation while the latter for out-of-sample forecasting. To take account of the 

data snooping b ias, I conduct H ansen's (2005 ) S PA test based on the quantile loss 

function with stationary bootstrap to evaluate the in- and the out-of-sample perfonnances 

of  the copula-based PVaR models .  I show that, compared with the traditional PVaR 

models based on the ful l  Gauss ian copula ( the Gaussian copula with the G aussian 

marginals), the Archimedean-copula-based PYaR models, especial ly the C layton copula­

based model,  have better forecasting performances at both the lower and higher 

confidence levels  in most cases. 

Chapter 4 contains Essay Two and dea ls  wi th the second research question. The 

t it le of the essay is "A test for evaluating the Archimedean-copula-based multivariate 

density forecasts in foreign exchange markets". I n  this essay, I extend Vuong's ( 1 989) 

l ikel ihood rat io test based on the Kul lback-Leibler information criterion ( KLIC) loss 

function to evalu ate the densi ty forecasting performances o f  the Archimedean copula­

based multivar iate density models for foreign exchange markets. For multiple 

comparisons, I consider five Arch imedean copulas (the C layton, the Frank, the G umbel,  
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the B B  1 ,  and the BB7  copula) as well  as two e l l iptical copulas ( the G aussian, and the t 

copula) for the test. Again, I use three d ifferent margina l  distributions ( the standard 

nonnal,  the Student ' s  t, and Hansen 's  skewed-t distribution) respectively as the possible 

underlying data generating processes for each copula .  In order to avoid model 

misspec ification (data snooping), I implement Hansen 's  (2005 ) SPA test with stationary 

bootstrap to evaluate models'  dens i ty forecasting performances. Based on the 

bootstrapped p-values, I fin d  strong evidence that the multivariate densities modeled by  

the Archimedean copulas o utperform those modeled by the  Gaussian copulas in both in­

and out-of-sample periods . Previous studies of  the multivariate density forecast 

evaluation assumed that the multivariate densities are normal , and so their resu l ts cannot 

be applied to non-nonnal m ultivariate densities which are o ften the case in the real world .  

My study embraces both nonnal and non-nonnal mult ivariate densit ies,  and proposes for 

the first t ime a test procedure applicable in such a general c ircu mstance for density 

forecast evaluation. Moreover, my proposed test method i s  straightforward to use by  

financial r isk managers .  

Chapter 5 contains Essay Three and explores the third research question. The t it le 

of the essay i s  "Estimating dynamic asymmetric tai l  d ependences with t ime-varying 

investors ' heterogeneous  bel iefs in  Asian developed fut ures markets". In this essay, I 

employ three two-parameter Archimedean copulas ( the BB I ,  the B B4, and the B B 7  

copula) t o  investigate the dynamic asymmetric tai l  dependence between two of three 

index futures returns o f  Hang Seng, N ikkei 225, and M SCI SIN during the post-cris i s  

period . I first model the marginals by the condit ional skewed-t distribution and find that 

higher moments of  each fi l tered index futures return series are t ime dependent. Thi s  
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indicates that i nvestors ' risk preferences are t ime-varying. I next extend a c lass of two­

p arameter copul as by incorporati ng t ime-varying tail dependences to capture their 

dynamic asymmetries. The estimat ion results provide strong evidence in support of  t ime­

v arying asymmetric dependence across all Asian developed futures markets . Moreover, I 

implement the mult ivariate density forecast evaluation test developed in  Chapter 4 to 

j udge on the fits of the specified models. I find that the conditional BB7 copula for the 

Hang Seng-MSC I SIN pair and the conditional B B l copula for the N ikkei 225-MSCI 

SIN pair outperfonn the simple symmetric Gaussian copula .  Based on the model 

e valuation results, I select the best-fit models for estimating PVaRs and d ivers ification 

benefits at both the lower and h igher confidence levels .  S ince the selected models are 

found to provide a higher degree o f  diversificat ion benefits at a high confidence level, I 

t ake this to imply that, by taking into account conditional asymmetric tai l  dependence and 

t ime-varying investors' risk preferences, Archimedean copulas can improve the PVaR 

e stimation relative to the Gaussian copula .  These results should send a usefu l  message to 

financial risk managers . 

Finally, Chapter 6 summaries the key findings of the three essays and gives the 

outlook for future study. 
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Chapter 2 Copula, rank correlation, and 

tail dependence 

This chapter briefly i ntroduces copula models including e l l iptical and Archimedean 

copula , as wel l  as rank correlation and tail dependence. These concepts wi l l  be used in  

the research reported later on.  

2. 1 Defini t ion of Copula 

A copula function C(u�>u2, . . .  ,u111) i s  a multivariate di stribution function for an m-

dimensional vector (Y,, Y2 , ... , Ym) with support in [0,  1 ]  111: 

The fonnal definition of copula can be found i n  Nelsen ( 1 999, p39 ) :  

Definition 1 An m-di mensional copula is a funct ion C with the fol lowing properties: 

l .  Domain C = I m 
= [0, 1 ] "' where I is unit interval  [0, 1 ] . 

2 .  C is  grounded and m-increasing. 

3 .  Chas margins  C"' which sat isfy C"'(u)=u i f a l l coordinates ofuare 1 exceptu. 

An important theorem due to Sklar ( 1 959)  o ffers an easy way to analyze the 

dependence structure of a multivariate distribution:  
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Theorem 1 ( Sklar 's  theorem) Let F be an m-dimensional d istribution function 

w ith continuous marginals F1, F2 , ... F111• Then F has a unique copula for a lly: 

F(yl, Yz , ... , Ym) = C[FI (yl ), Fz (Yz ), ... , Fm (Ym )] (2 .2 )  

I f  each F;  ( i  = I ,  2 ,  . . . , m)  and C are differentiable, then the joint density 

where f (y;) i s  the density coiTesponding to F; (y;), and 

[F.( ) F ( ) F ( )]= o"'C[FI(yi),Fz(Yz), ... ,Fm(Ym)] 
c I yl ' 2 Yz , ... , 111 Ym oF. ( )oF ( ) oF ( ) 

i s  the density of  a copula. 

1 Y1 2 Yz . . .  m Ym 
f(yl 'Yz , ... , Ym ) = ------�--�--=-----

!; (yl) X fz (Yz) X . . .  X /,, (ym) 
(2 .4 )  

Throughout this dissertat ion, I study two groups of copulas. One i s  the  e l l iptical 

copula, and the other is the Archimedean copula .  

2 .2 Ell iptical Copulas 

The el l iptical copula contains a class of e l liptical d istributions where random variables 

are l i nearly c orrelated via Pearson's ( l inear) correlation coeffic ient pP . In  a bivariate 

case, for example,  

( 2 . 5 )  

The formal definition of the e l liptical d istribution can  be  found in Bradley and 

Taqqu (200 3 )  and Embrechts et al (2003) .  The el l iptical d istributions have tractable  

properties and can  be  used for model ing symmetric multivariate extremes. An early 
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example  of  applying the el l iptical d istribution to portfolio theory 1 s  Owen and 

Rabinovitch ( 1 983) .  

In empirical studies, two most popular e l l iptical copulas are the Gaussian and the t 

copula. Their formulas and densities are presented in panel B of Table 2 . 1 .  For graphical 

i l lustration, Figure 2 . 1 shows the contours, and the three-dimensional p lots, of the 

bivariate densities based on the Gaussian and the t copula respectively. One can see from 

the figure that both copulas have el l iptically-shaped contours which are radial ly 

symmetric .  However, the el l ipses o f  the t copula become "sharper" a t  the southwest and 

northeast ends than the e l l ipses of the Gaussian copula, which has implications for tai l  

dependence ( to be introduced later on) .  I t  is wel l known that a ful l  Gaussian copula,  i . e . , a 

Gaussian copula constructed by Gaussian (normal )  marginals, i s  another way to describe 

Markowitz 's mean-variance portfo l io  theory. 
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Model 

Clayton 

Frank 

Gum bel 

BB l 

BB4 

887 

Table 2 . 1 :  B ivari ate Co u las 

C ( u, u )  

( -a -a 1 f l l a u + v  -

I [ V" " - I )V" " - 1 ) ] - - In I + 
a e-a - 1 

exp� (C- I n ut + (- !n ut ra } 

{ I + [(u -a - 1 ) p + (u-a - I ) P t P } - l la 

{u-a + v-a - 1 - [(u-a - 1rP +(u-a -trPtiP}-<1+1 1a) 

1 - { 1 - [( 1 - ua rP + ( 1 - ua rP - 1 rl ! P } l la 

u = l - u , u = l - u  

c (u, u )  

Panel A.  Arch imedean Copu la 

( I +  a )(uuf<a+l ) (u -a + u -a - l f( 2+ 1 i a ) 

( I -a ) -a ( u+u ) a - e e 
[( I _ e -a ) _ ( I _ e -au )( 1 - e -au ) ] 2  

{ C(;w,hd · ( l og U · l og  V)"- '  } 
u u[(- log ut + (- log ut f-l la 

x { [ ( ·- log u) a + ( - log u) a ] l la + a - 1 } 

* 

* 

* 

Parameter 
Tai l  Dependence 

r '· T ll 

a E [- l , oo ) 2 - l l a 
a f:. O  

a E (- oo , oo )  -
a f:. O  

a E [ 1 , oo ) - 2-2 l l a 

a E (0, oo) 2 - l l( ap )  2-2 1 / P 
j3 E [ 1 ,  oo) 

a E [O, oo) ( 2 _ 2 - l l /.1 ) - l / a 2 - l i P 
j3 E (0, oo) 

a E [ 1 ,  oo) 2 -I I fJ 2-2 1 / a 
j3 E (0, oo) 
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Gauss ian <l> P (<l>- 1 (u), <l>- J (u)) 

Tp.o (T;t  (u) , To- 1 (u)) 

Panel B. E l l iptical Copula 

I --· X  �det( 'L) { (<D- 1 (u). cJ) -1 (u))'('L-1 _ /)(<D- 1 (u). <D-1 (v)) } exp -
2 

whcrc'L = [� �] 

p E [- 1 , I ] 

f[(o + 2) / 2] · f(o / 2) ( x 'L:- ' x ) -<6+2 ) 1 2  p E [- 1 , I ]  

� 1 +-- s: 
"UC:l�L) (f( (f5 + 1 ) / 2) ] 2 f5 U E ( 2, oo) 

{( 2 ) ( 2 ]} ( cY+ l ) / 2 

I X 1 X ? X + - · 1 + --
0 0 

where:<: = [� � J x = (x, , x, ) , 

x, = rc)-l (u), x2 = rc)-:' (u) 

Note : * The density functions of the BB I and BB7 copulas are too long to present in  this table. 

t Lower and upper tail dependence of the t copula are calculated as 
r' = r' = 2 x r,. ,(- (8 + 1 )( 1 - p) J . ( I + p)  

i" 

For the Gaussian copula, <D denotes the standard normal distribution. For the I copula, T,,. 1 denotes the Student's I distribution with [J + ! degrees of freedom. 

For more details see Joe ( 1997) and Nelsen ( 1999). 

t 
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Conloor of Joi,. eo..ity Induced t,. Gauoaion eo,uua (p • 0.80) 

>- 0 

-1 

l 
21 

H -

>- 0 

-2 

-3 

-4 -3 -2 -1 0 
X 

COntour of Joint Density Induced by Student-! Copula (p = 0.60, s = 6) 

-3 -2 
.. -1 0 

X 

Figure 2 . 1  

1 j 
0 ;  
1 

2 ' 

o I 
1 

Density of- Copula (p. 0.1!0) 

"" 
0.5 �" x-

0 0 

0.4 
0.2 

Densly o1 studenl-t Copula (p • o.60.o = e) 

'>... 
0.5 

0.2 
0. 4 

0.6 
0.6 

0.6 
0.6 

Note: The left column shows the contours of the bivariate densities based on the Gaussian and t copulas 
respectively. The right column shows the three-dimensional plots of densities of these two copulas 
respectively. 
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2.3 Rank Correlations 

Within  Markowitz ' s  framework, multivariate returns are assumed to be normal ly  

distributed .  For a mult ivariate normal d istribution, l inear correlation i s  an adequate means 

of describing the dependence between variables involved. However, when the jo int 

di stribution of two or more returns i s  not normal (especial ly not el l iptical ) ,  l inear 

conelation may become a very misleading measure of dependence. Embrechts et al 

(2000, 2002) demonstrate that Pearson' s  pP is a defic ient measure for financial risk 

management due to the non-nonnal ity of financial data. Poon et a/ ( 2004) also find that 

Pearson ' s  pP is a poor measure for asset pricing as far as tai l dependence between the 

multivariate returns is concerned. To overcome the shortcoming of l inear correl ation, 

Embrechts et al (2002 ) propose the use of one of the fol lowing two rank correlations, 

Speannan 's  p5 or Kendal l ' s  r �; ,  in  measuring conelation between non-el l ipt ical ly 

distributed variables. 

marginal distributions. The two rank correlations are given by: 

I I 

Ps = 1 2  J J C(u , u )dudu - 3 

0 0 
I I 

r�; = 4J J C(u, u)dC( u , u) - 1  

0 0 

(2 .6)  

Figure 2.2 displays li near correlation and the re lationship between each of the two rank 

correlations and l inear correlat ion. The di fferences between linear and rank correlations 

tern from the di fferences between the e l l iptical and non-e l l iptical multivariate 
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distributions. A class of copulas, known as Archimedaen copulas, can be used to 

characterize some of the non-elliptical bivariate distributions, to which I now turn. 

c 
.Q ro 
� 
0 (.) 

.:.: 
c 
m a::: 

Linear and Rank Correlations 
1 ,---o ar Kendall's 'K l Spearman's Ps 

0.6 � Pearson's Pp 

0.4 � 
0.2 r 

0 � 
-0.2 r 
-0.4 1 

-0.6 L 

-0.8 -

-1 L 
_�__ 

-1 -0.8  -0.6 -0 .4  -0.2 0 

p 

Figure 2 .2 

-, 

0.2 0 .4 
__j_ __j 

0.6 0 .8  1 

Note: The dotted line represents l inear correlation, i.e., Pearson's PP . The solid line shows the 

relationship between Spearrnan's Ps and Pearson's PP . The dashed line shows the relationship between 

Kendal l 's r K and Pearson's PP . 
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2.4 Archimedean Copulas 

One o f  the advantages o f  Archimedean copulas i s  that they enable one to model the 

dependence structure beyond l inear correlation, and so provide a high degree of 

flex ibi l ity in analyzing market comovements. The Archimedean copula has an important 

component known as generator <p :  

Defi n ition 2 (Nelsen ( 1 999), p90) Let <p be a continuous, strictly decreasing function 

from [0, I ]  to [0, oo] such that <p ( I )  = 0 .  The pseudo-inverse of <p i s  the function <pl-I J :  

[0, oo] ---+ [0,  1 ]  given by 

0 � t � <p(O),  

<p(O) � t � oo .  
(2 .7 )  

ote that <p1- 1 1 is continuous and decreasing on [0, oo ], and strictly decreasing on [0, 

<p (0)] . Moreover, <pl- I J  (<p(u ) )  = u on [0, 1 ] , and 

<p[ (/J[- 1 ]  (t ) ] = 
{t ' 

<p(O), 

Finally, if  <p(O) = oo ,  then <pi- I J = tp- 1 • 

0 � t � <p( O),  

<p(O) � t � oo .  

The fol lowing theorem defines the Archimedean copula: 

( 2 . 8 )  

Theorem 2 (Nelsen ( 1 999), p90) Let <p be a continuous, strictly decreasing function 

from [0 ,  1 ]  to [0, oo] such that tp ( l )  = 0, and let <p!- I J  be the pseudo-inverse of <p .  Let C 

be the function from [0, 1 ]  2 to [0, 1 ]  given by 

C(u, u) = <p-1 [<p(u) + <p(v)] \iu, u E [0, 1 ]  (2 .9)  

Then C is  an Archimedean copula i f  and only i f  <p i s  convex. 
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I n  this study, I employ three popular one-parameter Archimedean copulas :  the Clayton, 

the Frank and the Gumbel copula; and three two-parameter Archimedean copulas :  the 

BB 1 ,  the BB4 and the BB7 copula. The c losed forms of these copula functions are 

d isplayed in panel A of Table 2. 1 . The contours of the bivariate densities based on these 

s ix Archimedean copulas and the three-dimensional plots of  densities of these six copulas 

are exhibited in F igures 2.3 and 2 .4 .  The di fferences across the six copulas can be clearly 

seen from the fi gures, and wi l l  be discussed after the concept of tai l  dependence i s  

introduced i n  the next section. 
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Note: The left column shows the contours of the bivariate densities based on the Clayton, Frank and 
Gumbel copulas respectively. The right column shows the three-dimensional plots of densities of these 
three copulas respectively. 
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Note: The left column shows the contours of the bivariate densities based on the BB I ,  BB4 and BB7 
copulas respectively. The right column shows the three-dimensional plots of densities of these three 
copulas respectively. 
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2 .5  Tail  Dependence 

Studying tai l  dependence i s  an important app l icat ion of  the Archimedean copula. In  

fi nance, tail dependence can be  understood as the  probabi l ity of  an extremely large 

negative (positive) return on one asset given that the other asset has yielded an extremely 

large negative (posit ive) return .  Suppose the return of asset 1 i s  represented by Y1 with a 

d i stribution F1 ( • ), and the return o f  asset 2 by Y2 with a distribution F2 ( • ) . Upper tai l  

dependence is then defined as :  

,u = l im Pr( � > F;-
1 
( u )  \ Y2 > F2- 1 ( u ) )  

11 ---+1 

( 2 . 1 0) 

Upper tai l dependence can also be expressed using the copula function as fo l lows: 

u 1 . 1 - 2u + C(u, u )  
T - . t m ------

11 - > 1 1 - u 
('") 1 1 \ \ "- . l l J 

Simi larly, lower tai l  dependence is defined a 

I . C(u, u )  
= t m ____:__:__..:.. 

11 ->0 u 
(2 . 1 2) 

Now recal l  from the left column of Figure 2 .  1 the di fferent el l iptical shapes of the 

Gaussian and t copulas. This di fference actual ly reflects the fact  that the Gaussian copula 

does not have upper and lower tail dependence, wh i le the t copula has and tai l  

dependence is  symmetric between the upper and lower tai ls  ( For more deta i l s  see Panel B 

o f  Table 2 . 1 ) .  
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Regarding Archimedean copulas ,  the left column o f  Figure 2 .3 shows that, except 

for the Frank copula, the one-parameter copulas can only del ineate either lower or upper 

tail dependence, not both. However, correlation between financial markets may be 

asymmetric due to investors distinguishing between upside and downside risks. In th is  

case, asymmetric tai l  dependence may result . The two-parameter copulas, as  shown i n  the 

left column of Figure 2.4, can capture such asymmetry between upper and lower tai l 

dependence. 
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C hapter 3 Evaluating t he out-of-sample forecasting 

performances of the Arc himedean-copula­

based portfolio VaR models 

3. 1 .  I ntroduction and Literature Review 

The main purpose of the research reported in thi chapter i s  to investigate the relative 

performances of the bivariate Archimedean-copula- and Gaussian-copula-based models 

as outl ined in Chapter 2 i n  out-of-sample forecasting for portfol io Value-at-Risk 

(hereafter PVaR) .  

VaR has become one of  the most popular risk measures in quanti fying downside 

market risk .  For a given probabi l ity of, say, 1 %, the VaR of a portfol io is defined as the 

I %  quanti le  of the portfol io 's  return distribution such that we can be 99% certain the 

portfol io 's  returns wi l l  not be less than the VaR over a given time horizon. PYaR has 

been regarded as an alternative tool to the traditional mean-variance method for optimal 

portfol io selection and asset a l location. Unl ike the traditional mean-variance framework 

which focuses on the standard deviation (di per ion) around the mean of portfol io 

returns, the PVaR, by measuring extreme losses i n  the lower d istributional tai i ,R concerns 

the mean, di spersion and higher order moments of the portfo l io  return distribution .  

Recently, a number of  empirical studies show that portfolio returns have fatter 

di stributional tai l s  than the normal distribution, especial ly during market downturns .  See, 

for example, Chunhachinda et a l  ( 1 997 ), Harvey and Siddique (2000 ), Longin and Solnik 

R Sec Du ffic and Pan ( 1 997)  and G lasscrman et a l  ( 200 l ) .  

2 7 



(200 1 ), Ang and Chen (2002 ) ,  Prakash et al (2003) ,  and Sun and Yan (2003 ) .  To a l low 

for such tai l  fatness, several researchers suggest using the extreme value (EV) method to 

estimate the PVaR. See, for example, J ansen et al (2000) ,  Consigli (2002),  and Frey and 

McNeil ( 2002 ) .  Focusing on tai l  fatness and hence extreme values in the tai l  region, the 

EV method ignores the central part and possible skewness of a return di stribution when 

estimating the quant i le  as a key component of PVaR. However, the central part and 

skewness, as wel l  as possible non l inear relations between assets in a portfol io, conta in  

useful information. By model i ng the entire marginal and jo in t  d istributions, the copula­

based PVaR estimation method enables one to uti l ize the information omitted by the E V  

method in  estimating the quanti le,  and hence has received increasing attention b y  

researchers .  Appl ications of  this method can be found in  Cherubini and Luciano (200 I ) , 

Glassennan et al (2002 ), Embrechts et al ( 2003 ), Ane and Kharoubi (2003 ),  Malevergne 

and Somette (2004, 2006), Dowd (2005a ) ,  Junker and M ay (2005 ), and Rosenberg and 

Schuennann (2006 ) .  

As di scussed in  Chapter 2, a copula is a mult ivariate distribution function that 

connects marginal di stributions of i ndiv idual variables . Where marginal distribution 

functions are given but the multivariate distribution i s  unknown, copulas can be used in 

search for an appropriate fonn of the multivariate distribution. Therefore, the main 

advantage of  the copu la  method is that it can flexibly model the unknown mult ivariate 

distribution through testing several candidate copula functions regardle s of  whatever 

marginal d istributions are involved . This  then gives ri se to the need to compare the 

performances of alternative copulas, and a great deal of research effo11 has been devoted 

to this i sue in the l iterature . 
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Studies such as Ane and Kharoubi (2003 ) and J unker and May (200 5 )  have found 

that the in-sample fi tt ing performance of the Archimedean copula-based PYaR model i s  

better than the G aussian copu la-based PYaR model .  This seems to be unsurprising, since 

the Archimedean copula is able to capture the non-normali ty dependence structure of  

assets i n  a portfol io, such as  nonlinear association, co-skewness and co-kurtosis .  

However, out-of-sample forecasting performance should be more important and 

interesting than i n-sample forecasting perfonnance, s ince risk managers are more 

concerned with the jitture Ios es of portfol io returns. In view of these, I ask whether the 

A rchimedean-copula-based PVaR model also outperforms the Gaussian-copula-based 

PVaR model in making out-of- ample forecasts. 

My research focus on out-of-sample evaluation I S  motivated by the fol lowing 

considerations. F i rst, j ust because a model fits h istorical data does not necessari ly mean 

that it wi l l  also provide good forecasts into the future periods. Therefore, in-sample 

a nalysis should be accompanied with out-of-sample evaluation, especia l ly  when 

c omparing competing models .  Second, an accurate estimate of a risk measure is a key 

input for achieving risk divers ification and effective capital a l location. If  the PYaR is set 

too low, this would imply that a financial fi rm does not have sufficient capita l  to cover 

future losses, leading to financial distress and possibly company fai lure. On the other 

hand, if the PVaR is set too high, the fi rm would tie up too much of its capital which i s  

unprofitable. S o ,  as future losses are uncerta in ,  a port fol io manager cares about the 

accuracy of risk estimation, which requires the use of an adequate model . Out-of-sample 

forecast performance is often deemed to be the good standard of model evaluation. Third,  

a ri sk manager may tend to earch for a "best" model from a large set o f  candidate 
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models using the same dataset. The involved model uncertainty problem wi l l  l ikely lead 

to the so-cal led "data-snooping" bias ( see White (2000) ) .  Out-of-sample evaluat ion is an 

effective way to redress the data-snooping bias. 

1 evaluate the out-of-sample forecast performances of the Archimedean copula­

based PVaR models us ing Hansen ' s  (2005) superior predictive abi l i ty (SPA) test. The 

SPA test i s  an extension of White ' s  (2000) real ity check test, and deals with the data 

snooping bias result ing from a given set of data being reused for statistical inference or 

model selection . White (2000) notes, "when such data reuse occurs, there is a lways the 

possibi l i ty that any ati s factory resu lts obtained may simply be due to chance rather than 

to any merit inherent in  the method yielding the resul ts ." To al leviate the data snooping 

bias, White (2000) develops a real i ty check test with the stationary bootstrap method for 

model evaluation. However, Hansen (2005 ) and Hansen and Lunde (2005 ) demonstrate 

that White ' s  real ity check test may be manipulated by including poor and i rrelevant 

alternatives in the set of competing model s .  Compared with the real i ty check test, the 

SPA test is more powerfu l  and less sensiti ve to the inclusion of poor and irre levant 

alternatives . 

I apply the SPA test in  assessing four bivariate copula-based PYaR models '  

performances, using data on three international equity indexes ( FTSE 1 00, Nikkei 2 2 5 ,  

and S&P 500) which have been frequently studied in  the l i terature. The four copulas 

include the C layton copu la, the Gumbel copula, the B B  1 copula and the Gaussian copula .  

The first three belong to  the Arch imedean copula family and the last to the e l l ipt ical 

copula fami ly. The reason of choosing these four copulas is that they represent four 

po ible market comovements . Figure 3 . 1  presents the scatter plots of simu lated bivariate 
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random variables based on these four copulas, with each variable being a standard normal 

variate. Figure 3.2 shows the corresponding efficient frontiers of trade-off between these 

four copula-based PV aRs and expected returns at the 99% confidence level. 

81\ar!ate Random Vllriat»es -od tom Clayton Copula (, • 1.37) 8N!riale Random Vlf1allles Generated tom GurOOet Copula (, • 1.65) 
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Figure 3 . 1  
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Note: This figure shows the scatter plots of 5000 simulated realizations from four different bivariate copula 
functions with standard normal marginals. (a) Clayton copula with a =  1 .37. (b) Gumbel copula with a =  

1 .65. (c) BB l copula with a =  0.82 and P = 1 .67. (d) Gaussian copula with p = 0.65. 

As shown in Figure 3 . 1 ,  the Clayton copula captures lower tail dependence or 

extreme downside comovements only of two markets. The Gumbel copula exhibits an 
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opposite picture to the Clayton copula. The BB 1 copula characterizes asymmetry 

between lower and upper tail dependence, reflecting that extreme downside market 

comovements are different from extreme upside ones. Unlike Archimedean copulas, the 

Gaussian copula is elliptically shaped without lower and upper tail dependence, implying 

no joint extreme events in two markets. 

Efficient Frontier for Simulated Copula-Based Portfolio VaR (� = 0.01) 
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Note: Ln this figure, the copula-based PVaRs measured at the I - ( = 99% confidence level based on 
500,000 realizations where the parameter for each copula is the same as given in Figure I .  Each portfolio 

contains two risky assets whose returns fol low the normal distribution N( J.l, , a-n i = I ,  2 where p1 = 0.04, 

a-1 = 0.25 and j..i2 = 0.08, a-2 = 0.35. 

There are three methods to estimate the copula: the full parametric method (See, 

e.g., Patton (2006a), Jondeau and Rockinger (2006), and Rodriguez (2007)), the 
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semiparametric method ( See, e.g. ,  Ane and Kharoubi (2003), Chen and Fan (2006a, 

2006b), and Chen et al (2006)) ,  and the nonparametric method (See, e .g . ,  Fermanian and 

Scai l let ( 2003 ) ) .  The first two methods involve a two-stage est imat ion procedure 

proposed by Joe ( 1 997, 2005 ) .  Since I am i nterested in estimating the in-sample and the 

out-of-sample PVaR, the ful l  parametric method is employed. 

In previous studies which apply  the ful l  parametric method, researchers first 

determine marginals and then determine copulas with the marginals determined in the 

first tage, using various statistical tests. This  approach to achieving correct  speci fication 

of the copula model i nc l uding its marginals  may not necessarily ensure that the selected 

model wi l l  have superior forecast ing abi l i ty. There is a pos ibi l i ty that the 

d iscarded/unconsidered d istributions for marginals connected by an " inferior" copula 

(deemed to be so in the second stage) may actually have a better forecast i ng performance 

than the "superior" copul a  (deemed to be so in the second stage) which j oins  the retained 

d istributions for marginals  from the first stage. To a l low for this poss ib i l i ty, I adopt a 

d i fferent approach to j udging on correct model spec ification : The yardstick used i s  that a 

correctly spec i fied model should have a superior out-of-sample forecast ing abi l i ty, and 

statistical tests are selected to serve the purpose of assessing forecasting performance. 

This approach means that 1 try all possible combinations of d i fferent marginal 

d i stributions and different copulas in the estimation and testing process. Specifical ly, I 

c hoose the Gaussian, the Student-!, and H ansen ' s  ( 1 994) skewed-t distribution as the 

three possible forms of marginals, and jo in  the maginals  in each of these three form by 

each of the four copu las discussed earl ier. Thi way, I can reduce/el iminate the potential 
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bias in the resu l ts of model misspecification testing due to insufficient possibi l i t ies 

a l lowed for. 

The rema inder of  this chapter proceeds as fol lows. Section 3.2 presents the deta i ls  

o f  how to calculate the copula-based PVaR.  Section 3 .3 outlines the SPA test. The 

empirical results are provided in Section 3 .4 and conclusions are given in Section 3 . 5 .  

3 . 2  Copula-Based Portfolio VaR 

3. 2. 1 Portfolio VaR 

Consider a portfo l io  contain ing two or more ri ky assets without short-sales constraints. 

Portfolio returns are computed as: 

R1 = Y · W' ( t = 1 , 2,  . . . , n )  ( 3  . 1 )  

where Y = (y1 .1 ,  y2,1 , . . .  , Ym,� ) denotes a vector of ri sky asset returns, W = ( w1 , w2 , . . .  , w"' ) 

denotes a vector of portfol io weights subject to 2:;'�1 w, = I ,  and n is the sample size. 

Let � E (0 ,  1 )  be a given probabi l ity l evel ,  VI be a certain minimal expected 

portfolio return, and FR, be a cumulative distribution function (c.df ) of portfo l io  returns 

R1 • The PVaR i s  the � x 1 00% percenti le (e .g . ,  5% or 1 % )  of the distribution : 

( 3 . 2 )  

where P denotes the probabi l i ty of  R 1  being smaller than o r  equal t o  If. 

Alternatively, according to Bradley and Taqqu (2003 ), with f-IR, and a R, being the 

portfolio expected return and the portfolio variance respectively, the PVaR can be written 

as :  

( 3 . 3 )  
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where q � i s  the ( quanti le of  R1 = ( R1 - JlR, ) I CY  R, ( the standardized RJ: q � = -Fi_
1 (� ) , 

and hence termed "standardized quanti le" ( Rosenberg and Schuennann (2006)) .  Note that 

the PVaR estimated us ing Equation ( 3 . 3 )  is static rather than dynamic, s ince here I focus 

on how different copu la  models chosen will affect the PVaR estimates given JLR, and CY R, 

which are assumed to be constant .  Meanwhi le, Equation ( 3 . 3 )  also indicates that the 

standardized quanti le q ,  is a key component of PVaR. So, the next section introduces ' 

how to estimate q� using the copula method. 

3.2.2 Estimating the standardized quantile by copula method 

3. 2. 2. 1 Copulafimctions 

Recall from Chapter 2 that an m-dimensional copula function C (u � >u1 , . . .  ,u"' ) i s  defined 

as a d istribution function on [0, 1 ]"' with tandard un iform marginal distributions 

u; = F;. � (Y;, 1 ) (i = 1 ,  2 ,  . . . , m).  Redefine F as an m-dimensional distribution function with 

continuous marginals F1 _1 , F1_1 , . . .  , Fm ,l . It has a unique copula for all Y;_1 (Sklar ( 1 959 ) ) :  

F( y1 .1 , Y1.1 , . . .  , ym.l ) = C[ F1 .1 (y� .� ) ,  F2.1 ( y1.t ) ,  . . .  , F,, .l ( Ym ,l ) ]  · 

In this study, I consider three bivariate Archi medean copulas (whose general 

defin i tion was given i n  Chapter 2 )  and a bivariate Gaus ian copula for estimating the 

standardized quanti le. Let u = F1 _1 ( Y � .1 ) and u = F1_1 ( y1_1 ) be two marginal d istributions. 

The four candidate copu las have their functional forms as fol lows: 

The Clayton copula :  

C ( ) 
( 

-a -a J ) - 1 a 
Clm·to/1 u '  u; a = u + u - a E [ - 1 ,  oo)\ { 0 }  ( 3 .4 )  
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The Gumbel copu la :  

CGumhet (u , u; a ) = exp� [( - ln u ) a  + (- l n u) a ]1 1 a } a E [ 1 , oo) ( 3 . 5 )  

The B B  1 copula :  

The Gaussian copula:  i<l> 1 ( u ) i'D-1 (u ) 
1 { r/J2 _ 2pr/Jrp + rp

l } 
CGaussian (u, v; p) = 

�
exp - ? drjxirp (3 . 7 )  

-x- -00 21f-y 1 - p 2 2( 1 - p - ) 

where p E [ - 1 ,  I ]  is the l inear correlation coefficient, <D - I ( . ) is the inverse of the 

univariate standard normal distribution function, rjJ = <P -\u ) ,  and rp = <D - 1 ( u) . 

The parameters a, f3, and p in Equations ( 3 .4 )  to ( 3 . 7 ) are estimated via the two-

stage ful l  parametric maximum l i kel ihood ( M L )  estimator. In the first stage, I estimate 

the marginai d istribution modei specified as the threshoid GARCH ( 1 ,  i )  (TGARC H )  

process with respectively the fol lowing three possible distributions of the standardized 

( volati l ity-fil tered) returns: the Gaussian, the Student-!, and Hansen 's  ( 1 994) skewed-t 

di stribution. The TGARCH ( 1 ,  I )  model is included in the fol lowing system : 

Y, = p + e, 

e, = .Jh: · z, 

e,+ = max(e, ,0 )  

e,- = max( -e, , 0 )  

h ,  = ao + bo ( e,+_ l ) z + co ( e,-_ 1 ) 2 + do h,_ l 

(3 . 8 ) 

where Y, denotes the return series of  each price index, p is the unconditional mean, and 

z,  - N (0, 1 ), or z,  - Student-! ( f! ) ,  or z,  - skewed-/ (),, IJ ), denotes the tandardized 

returns . 
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The GARCH model combined with the normal or the Student-! distribution has 

been widely applied in the l iterature, but the appl ication of the GARCH model with 

Hansen 's  ( 1 994 ) skewed-t distribution i s  relatively young (See, for example, Jondeau and 

Rockinger ( 2003 ) ,  and Hueng and M cDonald ( 2005 ) ) .  So, i t  deserves some space to 

discuss the density of the skewed-t d i stribution defined as fol lows:  

fskJzl )  = 
B . c( t + _I_( B . zl + A )z J -<"+ I l / 2 

ry - 2 l - 4 

( I ( B · z1 + A ) 2 J-<
"+ 1 l 1 2 

B · C I + -- ------'--
ry - 2  1 + 4 

z1 < -A I  B 
i f  ( 3 . 9 )  

C = r( ( 77 + t ) l 2) 
� tr(ry - 2 ) f(ry I 2 )  

. The parameter 4 

introduces asymmetry to the standard Student-! distribution : I f  A =  0, then A = 0 and B = 

l ,  giving r ise to the tandard StudenH distribution which is symmetric .  I f - i < A, <  0 (0  < 

4 < 1 ) , the shape o f  fskl (zr) is negatively (posit ively) skewed. The parameter 17 (>2) 

measures the degree of freedom. A fini te 1 7 means positive excess kurtosis, and the 

smal ler '7 is, the fatter wi l l  be the distribution tails than the nonnal distribut ion.  When '7 

becomes infin ite, the normal distribution results .  

According to Jondeau and Rockinger ( 2003 ),  the c.d..f of the skewed-t distribut ion 

IS: 

( B · z1 + A�J 
( 1 - A ) · F · -51 ,I/ 1 - A '7 - 2 

( 1 - A ) · F · - � - - - A 
( 8 · 7 + A�7 J su, I + A '7 - 2 

z < -A I  B 
i f  I 

z1 � -A I  B ( 3 . 1 0 )  

where F51 ., i s  the c.dfof the standard Student-! distribution with '7 degree o f  freedom. 
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Figure 3 . 3  displays the density plots of  the standard normal ,  the Student-t and 

Hansen 's  skewed-t distribution, and the contours of the four copulas each with 

respectively the three distributions as marginals .  
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With the marginal d istributions u = F1 ,, ( zu ) and u = F2,, (z 2 ,� ) given, I further 

estimate the bivariate copula model C (u ,  u; B) in the second stage, before deriving the 

standardized quanti le q " from the copula model . ' 

3 .2 .2. 2  Standardized quantile estimation 

There are three ways in the l iterature to derive q� from the copula model : the Monte 

Carlo s imulation method suggested by Ane and Kharoubi (2003) ,  Geman and Kharoubi 

( 2004), Dowd (2005a), and J unker and M ay (2005 ), the discrete-sum approximation 

method proposed by Dowd (2005b), and the transfonnation method uti l i zed by 

Malevergne and Sornette ( 2006). The Monte Carlo method i s  computational ly demanding 

when the number of  competing models  i s  large, and the transformat ion method is  

practica l l y  intractable .  rotnpared \Vith the:n, Dovvd 's (2005b) discretc-suin 

approx imation method not only makes i t  easy to plug in  any copula functions, but also 

reduces computational burden. Thus, I employ Dowd's  method in this research .  The 

detai ls  of  the method are provided in  Appendix 3 . 1 .  

3 .3 H ansen 's  (2005) SPA Test 

This section outl ines Hansen ' s  ( 2005 ) S PA test, and I use the same notation as Hansen ' s .  

The purpose o f  the test is  t o  help compare various PVaR models '  out-of-sample 

forecasting abil i ty as well as their i n-sample fitting. Below I present the statistical loss 

function for the SPA test .  The stati stical loss function is  a quantile loss function 

sugge ted by Koenker and Bassett ( 1 978 ), and has been used by Bertai l  et al ( 2004), 
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Engle and Mangane l l i  (2004) ,  Gonzalez-Rivera et a! ( 2004 ) and Bao et a! (2007) m 

empirical studies. 

3. 3. 1 Loss function 

Let us spl i t  a sample of n observat ions into two parts :  an in-sample (train ing) part of size 

T and an out-of-sample (predict i ng)  part of s ize P, so that n = T + P. The predictive 

quanti le loss function ( Koenker and Bassett ( 1 97 8 ) )  at the c; level for a PYaR model is :  

(t  = T, . . . , n )  ( 3 . 1 1 ) 

where E [  · ] i s  the expectation operator. Now let d k .l = L0_1_� - Lk .l ,.; be the performance 

measure of the candidate model k (k = I ,  . . .  , g) relat ive to the benchmark model at time t, 

and stack these performance measures in  a vector to obtain d 1 = (dl .l , d 2 _ 1  , . . .  , d g .l ) ' . Then 

the mean vaiue of d •. 1 i s  J •. = p-' ) " d •. 1 , the mean vaiue of  d is d = P 1 ) " . d , 
· .t....J 1�T · I ,t._,;1� 1 I 

and the vector of the expected excess performance i s  p = E(d 1 ) . My interest i s  in  testing 

the nul l  hypothes is  that a l l  models are no better than a benchmark,9 that is ,  

3.3. 2 SPA test 

H 0 : max f1 :S 0 .  k=l . . . . .  g 
( 3 . 1 2 )  

B a  ed o n  the regularity condit ions g iven by Theorem 4. 1 in West ( 1 996),  the test ensures 

" 
P1 1 2 ( d - p ) � N( O, Q ) , where Q i s  an asymptotic g x g covariance matrix .  Then, the test 

stat is t ic  of the superior predictive abi l ity proposed by Hansen ( 2005 ) reads :  

9 T h i s  hypothesis is  a lso known a s  the m ult iple hypothesi s. S e c  Lee and Sal toglu (2002 ) and Gonzalcz­
Ri vcra et al (2004 ). 
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( 3  . 1 3 ) 

where the consi stent estimator wk i s  defined as wk = �var(P 1 1 2 dk ) .  The distribution of  

T 5"A i s  unknown, but  H ansen 's  Corol lary 3 shows that i t  can be approximated under the 

nu l l  hypothes i s  by the empirical distribution obtained us ing the so-called stationary 

bootstrap method (Pol i t i s  and Romano ( 1 994 ) ) .  The deta i l s  of the stationary bootstrap 

method are provided in Appendix C of Su l l ivan et a! ( 1 999). Now the bootstrapped 

statistic for the SPA test read : 

( 3  . 1 4)  

where z:.h = p- J  I:I=T z:./>.1 ( b  = I ' 2 ,  . . .  , B i the number of resamples ), and 

The bootstrapped e timator 

P-J P-1 

1 11 function gJ) I S  calculated as 

w;
2 

= Yo.k + 2 L_. K( P, i )fl .k where rl .k = p-J ''f ) dk . t - dk )(dk .j+l - dk ) (i = 0, ! , . . .  , P- 1 )  
1= 1 i=l  

d ( . ) p - i ( ) I i ( ) P-1 I k I are the empirical covan ances, an K P, 1 = p I - q + 
p 

1 - q are t 1e erne 

weights. ote that the bootstrap smoothing parameter q = t 1 is determined by the random 

block i ze I of the stat ionary bootstrap (conditional on the sample), rather than the 

deterministic block length .  Previous emp irical tudie on the stationary bootstrap, such as 

Gonzalez-Rivera et al ( 2004) and Bao and Lee ( 2006) ,  suggest the block size to be 4, i .e. 

q = 4- 1 = 0.25 . This  sugge tion, however, i s  only su itab le to the block bootstrap and 
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would lead the resampled senes to be nonstationary. 1 0  Therefore, to ensure the 

stationarity of  the resampled seri es, I employ Pol i t is  and White's (2004) method to 

estimate the random block size.  

Now the bootstrap p-value, to be used 1 11 ident i fying the supenor predict ive 

model, is given by: 

(3 . 1 5 ) 

The null  hypothes i s  that the benchmark PVaR model is superior to other PVaR models i s  

rejected by small p-values 1 1 . 

3 .4 Empi rical  Results 

3. 4. 1 Data 

To gauge the rel at ive performances of the four copulas i n  out-of-sample forecasting for 

PVaR, l use three dai ly stock price indexes FTSE I 00, Nikkei 225  and S&P 500 which 

represent the international equity markets among the best known. The sample period 

spans from 07 December, 1 987 to 29 June, 2006 ( total ing 4844 observat ions) for each 

price index, and the data were sourced from Datastream. 

I am part icularly interested in invest igat ing the forecastin g  abi l ity of the bivariate 

Archimedean copula-based PVaR model .  To thi end, I spl i t  the whole sample i nto an in-

1 0  As discussed in  Awartani and Corradi ( 2005 ) and Corrad i and Swanson ( 2006b, 2006c ), one imp011ant 
feature of the stat ionary bootstrap i s  that the resamplccl series ( conditional on the sample )  is stationary, 
whi le  a series resamplccl from the b lock bootstrap is  nonstationary, even if the original sample  is strict l y  
stationary. 
1 1 The p-va lue computed for the benchmark model in  White's ( 2000) rea l ity test and Hanse n ' s  ( 2005)  SPA 
test must be compared with other p-values computed when the remai n i ng models arc g iven a chance to be 
t h e  benchmark mode l .  The stat ist ica l  i n ference to be made here is not i n  a convent ional  sense that the p­
va l ue indicates a signi ficance level compared with, say, 5% or 1 %. 
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sample part (or tra ining set) for obtaining the coeffic ients, and an out-of-sample part (or  

test set), as fol lows: 

t = 07 Dec 1 987 ,  . . . . . .  , 1 6  Oct 1 997,  1 7  Oct 1 997 ,  . . . . . .  ,29 Jun 2006 

I n - Sample (2574 observations) Out - o f - Sample ( 2270 observations) 

With the latter set of data, I p lug in the coeffic ients, which are estimated by the fixed 

scheme 1 2  and obtained from the tra in ing set, to see how wel l  they perform with the new 

data set ( test set ) .  Note that my div ide ( 1 7  Oct, 1 99 7 ) between the in-sample and out-of-

sample periods fol lows Forbes and Rigobon (2002 ) .  Both of  the two subsample periods 

witnessed some extreme episodes. During the in-sample period, there were the Mexican 

peso cris is and the early episode of the Asian financial cris is  as two wel l-known 

examples. The out-of-sample period embraces the late epi sode of the Asian financial 

cris is ,  the col lapse o f  Long Term Capital Management, and the dot.com crash etc.  I 

expect to see that the Ar himedean copula-based PVaR models are superior to the 

Gaussian copula-based PVaR model in both in- and out-of-sample periods 1 3 . 

The dai ly returns of  each price index are calculated as Y1 = l 00 · log( X1 I X1_ 1 ) 

where X1 is the price i ndex. The usual descriptive stati t ics of the three index returns for 

the whole, in-sample and out-of-sample period are et out in Table 3 . 1 .  The three return 

series have common characteri t ics in the higher-order moments: All of them seem to be 

nonnonnally distributed with heavy tai l s  for both the whole and subsample periods . The 

LM statistics of Engle ( 1 982)  with up to I 0 lags i nd icate the presence o f  an ARCH e ffect 

1 2  There are three di fferent schemes to est imate in-sample coeffic ients, namely, recursive, rol l i ng  and fixed 
schemes. M ore discussions on these schemes can be found on page 8 1 9  of We t and McCrackcn ( 1 998) .  I n  
add it ion, the fixed scheme i s  a lso cal led the once-and-for-al l  d i v is ion .  
1 3 One may wonder whether the final eva luation results arc sensi t ive to the choice of  the sp l i t  point  for the 
two subsamplcs. To address this concern, I have tried extending in-sample observat ions by 200 whi l e  
reduci ng out-of-sample observat ions by 200. The evaluation resu lts ( not reported in this d issertation but are 
ava i lable upon request ) arc s imi lar to the ones reported i n  th is  chapter, leading to qual itat ive ly  the same 
concl usions. This suggests the robustness of the reported re u l ts .  
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in  each series. Table 3 .2 reports the l inear and rank correl ation coefficients between these 

return series  in the three periods. Interestingly, the l i near and rank correl ations for the 

out-of-sample period are h igher than for the whole and in-sample periods. Furthermore, 

the h ighly s ignificant rank correlation estimates reveal that the joint distributions of two 

return series are not el l ipt ical . Figure 3 .4-3 . 6  present the plots of the three i ndex return 

pairs and the corresponding scatter plots for the in-sampl e  and out-of-sample periods.  A 

common observation is that the scattered points for the out-of-sample period are more 

di sperse than for the in-sample period, indicating greater extreme gains and losses due to 

financial instabi l i ty. 
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Observat ions 
Max i m u m  
M i n i m u m  
M e a n  

Std . 
S kewness 
K u rtos i s  
E n g l e  ( I  0)  

Tab le  3 . 1 :  Summary Stat i st ics  of Pr ice I ndex Returns 
Whole Samp le  I n -Samp le  

( 0 7  Dece m ber 1 987 - 29 J une 2006 ) ( 07 December 1 987 - 1 6  October 1 997 )  
FTSE I 00  N i kke i225 S&P500 FTSE I 00 N ik ke i225  S&P500 

4844 4844 4844 2 5 74 2 5 74 2 5 74 
5 .9026 1 2 .4303 5 . 5733  5 .4396 1 2 .4303 3 .6673 
- 5 . 8 8 5 3  -7 .2340 -7 . 1 1 2 8  -4. 1 399 -6 .8267 -7 .0082 
0. 0266 -0.0083 0 .0354 0 .0465 -0.0095 0 .0556 
0 .9896 1 . 380  I 0.9876 0 .7923 1 . 3 1 5 3 0 . 7977 
-0. 1 3 82 0 . 1 598 -0 .2 1 22 0 .0563 0 .39 1 0  -0 . 5 1 08 
6 .2500 6 .9236 7 . 5738  5 .2203 9 .2009 8 . 8 1 1 1  
8 89.3 1 3 7*  3 1 7 . 1 759*  408 .6297* 77 . 8200* 1 92 . 1 592* 64 . 7449* 

Out-of-Sam ple  
( 1 7  October 1 997 - 29 J une 2006) 

FTS E I 00 N ik ke i225  S& P500 

2270 
5 .9026 
-5 . 8853  
0.0040 
1 . 1 736 
-0. 1 65 1  
5 .498 1 
452 .3209* 

2270 
7 . 6605 
-7 .2340 
-0.0070 
1 .4503 
-0 .0372 
5 . 0624 
1 5 5 . 8 1 32*  

2270 
5 . 5 73 3  
-7 . 1 1 28 
0 .0 1 27 
1 . 1 65 8  
-0 .05 8 7  
6 . 1 4 1 3  
23 1 .2863* 

Nole : The d a i l y  percentage price i ndex returns are calcu l ated a s  1 OO x log( X, f X, 1 ) .  Engle ( I  0)  represents t h e  LM test stat ist ic  of Engle ( 1 982) u s i n g  I 0 l ags for the 

presence of A RC H  effects . * i ndi cates s ign i fi cance at the 5% level . The critical value of the LM stat i st i c  at 5% is 1 8 .307.  
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FTSE 1 00 
N i kkei 225  
S& P 500 

FTSE I 00 
N i kke i 225  
S&P 5 00 

FTS E 1 00 
N i kkei 225  
S&P 5 00 

Table 3 .2 :  L inear and Non l i near Corre lat ions 
Whole  Samp le  

(07 December 1 987 - 29 J une 2006 ) 
FTS E  I 00 N i kkei225 S& P500 

0.2365 

0.2 1 55 

0. 1 473 

0.3990 

0. 1 1 2 1  

0.3598 
0. 1 207 

0.25 1 2  
0.08 1 7  

I n -Samp le  
(07 Decem ber 1 98 7 - 1 6  October 1 997 )  

FTSE I 00 N i k ke i225  S&P500 

Pane l A. Pearson ' s  p1, 

0.2309 0.3447 

0 . 1 058 

Panel B. Spearman ' s Ps 

0. 1 986 0.3069 
0. 1 0 1 7  

Panel C .  Kenda l l ' s r K 

0. 1 346 0.2 1 00 
0.0686 

Out-of-Samp le  
( 1 7  October 1 997 - 29 J une 2006 ) 

FTSE I OO N ik ke i225  S&P500 

0.2447 

0.2332 

0. 1 597 

0.42 7 1  

0. 1 1 85 

0.4068 
0. 1 378 

0.2888 

0.0932 

Note: The l i near correlation coeffi c i ent pi' is calculated as p,, = � . The rank correlation coeffi c i ents Ps and r J.: are calculated as 

(5X (5_\ 

1 2  11 n + l n + l  11 . 
( J-1 P.1. = 2 _ 

L: (rank(x, ) - -?-)(rank(y, ) - -?-) and r K = I sign[(x, - x 1 )(y, - y 
1 
)] respect i vely.  

n(n I ) ' " I  - - 2 b1 s 1s 11 

F i gures in bold type i ndi cate s ign i fi cance at the 5% leve l .  
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Note: This figure shows the time series plot of two index returns from 07 December 1 987 to 29 June 2006, 

and the corresponding scatter plots of in- and out-of-sample periods for the FTSE I 00-vs-N ikkei 225 pair. 
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Note: This figure shows the time series plot of two index returns from 07 December 1 987 to 29 J une 2006, 
and the corresponding scatter plots of in- and out-of-sample periods for the FTSE I 00-vs-S&P 500 pair. 
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Note: This figure shows the time series plot of two index returns from 07 December 1 987 to 29 June 2006, 
and the corresponding scatter plots of in- and out-of-sample periods for the Nikkei 225-vs-S&P 500 pair. 

50 



3. 4.2 In-sample model estimation 

The two-stage ful l  parametric M L  estimation method is used to estimate model 

parameters. Table 3 . 3  pertains to the first stage estimation. I t  reports the in-sample 

estimation results of the TGARC H  ( 1 ,  1 )  model with three univariate distributions for 

each index return series. All the estimated parameters are significant at the 5% level ,  

except for c0 in the standard normal and the Student-! distribution for the S&P 500 

returns, and ), in the skewed-t d istributions for the FTSE I 00 and the S&P 500 returns. 

Variance-stationarity i s  ensured, as the estimated parameters a l l  sat isfy the condition 

(b0 + c0 ) I 2 + d0 < 1 .  In  addition, the values of 7J in  both the Student-! and the skewed-t 

di stributions are est imated to be low for the N ik.kei 225 and the S&P 500 returns, 

demonstrating that these two series are distributed with heavy tai ls .  For a l l  the three 

return series, the skewness parameter A. in the skewed-t distribution is negative, revealing 

that large negative returns tend to occur more often than large positive ones in the in­

sample period. 

To make sure the marginal model fi ttings are rel iable, I also employ a goodness­

of- fi t  test suggested by Patton (2006a, 2006b) and Jondeau and Rockinger ( 2006) .  The 

goodness-of-fit test includes two parts . The first part i based on the idea of Diebold et a l  

( 1 99 8 )  who argue that if  a marginal d istribution is correctly specified, the marginal u, ( i  

= I ,  2 ,  3 indicat ing the normal ,  student-! and skewed-t distributions respectively) should 

be iid Uniform(O, I ) . Hence, I examine the serial correlation of the k1h centered moments 

of (u ; - u, ) k for k =  I ,  . . . , 4 by regressing it e lf  on 20 own lags. The LM test stat istic i s  

given by ( n - 20 ) · R 1 , where n and R 1 are the ( in- )sample size and the coefficient of  
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determination of the regression respectively, and i s  distributed as a xio under the nul l .  

The second part is to  test the null hypothesis that ui is Unifonn(O, 1 )  v ia Komogorov-

Smirnov ( henceforth K-S )  test .  In thi s  case, I fol low Jondeau and Roc kinger (2006) and 

cut the empirical and theoretical distributions into 20 bins .  Accordingl y, a 20-bin K-S test 

fanned on the in-sample 2574 observations hould have, on average, 2 5 74 I 20 = 1 28 . 7 :::::: 

1 29 observations in each bin. Therefore the 20-bin K-S statistic (denoted as K-S(20 ) )  i s  

20 

obtained from K - S( 20)  = L max I u Emp,iJt - u,1, I where u Emp ind icates empirical 
; ;I  

marginal d istribution, and t = I ,  2,  . . .  , 1 29 .  Under the nul l ,  the K-S(20 )  stat i stic is also 

distributed as xio . Table 3 .4 presents the p-values of the goodness-of-fit tests. As shown 

in th is  table ,  except for the third moment in Student ' s  t d istribution for the FTSE I 00 

series and in the normal and skewed-t d istributions for the S&P 500 series, all three 

di fferent marginal distribution model s  for each series pass the test at the 5% level . These 

results not only indicate that these marginal distributions are general ly adequately 

modeled, but a lso further confirm that there are three possible distributions for each 

senes. 

ln the econd stage, I undertake the in-sample estimation of copula parameters. 

Table 3 . 5  sets out the re ults of twelve compet ing copula models for each o f  the three 

pairs :  FTSE I 00 vs ikkei 225,  FTSE I 00 vs S&P 500, and ikkei 225 vs S&P 500. One 

can see that a l l  the est imated copula parameters are s igni ficant at the 5% level .  In 

addition, Table 3 .5 also reports the estimates of ta i l  dependence for Archimedean copulas 

(the definit ion of ta i l  dependence is given in Chapter 2 ) .  To interpret the tail dependence 

results, take the BB I copula with the normal marginals as an example .  The lower ta i l  
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dependence parameter K L  for the FTSE 1 00-vs-N ikkei 255  pair is estimated to be 0.907 1 ,  

mean ing that given FTSE 1 00 having a price drop below a certain value, the probabi l ity 

of N ikkei 225 having a price drop below a corresponding value is about 90. 7 1 %. The 

upper tail dependence parameter K u for the FTS E  1 00-vs-Nikkei 255 pair is estimated to 

be 0.0672, meaning that given FTS E  1 00 having a price jump above a certain  value, the 

probabi l ity of N ikkei 225 having a price j ump above a corresponding value is about 

6 .72% .  Interestingly, a l l  the three copula-marginal complexes of model ( i .e . ,  B B 1 -

nonnal ,  BB 1 -Student-t and B B  1 -skewed-t) yield ev idence for a l l  the three pairs of index 

ret ums that lower tai l  dependence is stronger than upper tai l dependence: K L  > K u . I n  

other words, the three intemational equity market are more l ikely to fal l  together than to 

rise together during the in-sample  period. 
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Table  3 . 3 :  l n -Samf!le ML Est imat ion of the TGA RC H  ( 1 , 1 )  Model  w i th D i fferent D istr i but ions of  Standard ized Returns 

Parameter 
FTSE 1 00 N ikkei  225 S&P 5 00 

Normal Student-! S kewed-r N ormal Student-! S kewed-t Normal  Student -t S kewed-r 

ao 0.0 1 63 0.0 1 26 0.0 1 25 0.0 1 60 0.0 1 60 0.0 1 52 0.0032 0.0039 0.0039 

( 0 .004 5 )  ( 0 .0048 ) ( 0 .0025 ) ( 0 .002 1 )  ( 0 .0036) (0 .003 1 )  (0 .0007) ( 0 .00 1 6) (0 .00 1 2) 

bo 0.0372 0.0246 0.0247 0.0 1 22 0.0 1 28 0.0 1 29 0.0230 0.0222 0.02 2 1  

( 0 .008 3 )  ( 0.0085 )  ( 0 .0070) ( 0 .0047) ( 0.008 1 )  (0 .0065) ( 0 .003 1 )  (0 .0085)  (0 .0065) 

Co 0.0278 0.03 1 0  0.0553 0. 1 33 1  0. 1 350 0. 1 487 0.0040 0 .0 1 80 0.0400 

(0 . 0 1 0 1 )  ( 0 .0 1 2 1 )  ( 0 .0079) (0 .0090) (0 .0  1 80)  (0 .0  1 26) (0 .0046) (0 .0  I 09) (0 .0063)  

do 0.9228 0.9389 0.9392 0.9 1 68 0.9 1 54 0.9 1 58 0.9700 0.9633 0.9633 

(0 .0  1 3 8 )  (0 .0 1 45 )  ( 0.00 1 4) (0 .0055 )  (0 .0097) (0 .0028) (0 .0028) ( 0.007 1 )  (0 .0002) 
'7 1 0.8920 1 0.8970 6.00 1 4  5.95 1 2  4.73 1 4  4.7380 

( I  .6688 ) ( 2 .0303 ) (0 .6547)  ( 0 .7548)  ( 0 .46 1 5 ) (0 . 55 1 4) 
A- -0 .0092 -0.0442 -0.00 1 1 

(0 .0  1 9 8 )  (0 .0 1 94)  (0 .0  1 43 )  

Logl i k  -297 3 . 3  -294 5 . 8  -294 5 . 7  -39 1 8 . 0  -383 8 . 8  -3 836.2 -2920 . 1 -2794 .6  -2794.6 

Note: This table  repo11s the in-sam ple max i mum l i ke l i hood est i mat ion results for the marg i nal models. The i n-sample period is  from 07 December 1 987  to 1 6  

October 1 997 .  The speci ti ed models for est i mation are : R = p + e e = Jh, .  - e · 
= max(e 0) e- = max(-e O )  h = a  + b (e·  / + c (e- )2 + d h , where z - N (0, I I • I I -I l f ' f '  • I ' I l • I 0 {) t - J  (J 1 - J  0 t - J  I 

I ), or ::: , - Student-/ ( !] ) ,  or z, - Skewed - t ( fl ,  A. I :F,_1 ) . Log l i ke denotes the log l i ke l i hood funct ion.  Standard errors are gi ven in parentheses. Figures in bold 

ind i cate s ign i ficance at the 5% leve l .  
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Table 3 .4 :  Goodness-of-Fi t  Test Stat i st ics for Differen t  D istributional Restrictions 
FTSE 1 00 Nikkei 225 S&P 500 

Panel A :  Normal distribution 
1 st Moment LM Test 0 .38  0 .58  0.06 
2nd Moment LM Test 0 . 1 5  0 . 1 0  0.05 
3rd Moment LM Test 0.05 0 .24 0.04* 
4th Moment LM Test 0 . 1 3  0 .27  0. 1 2  
K-S(20) 0 .65 0 .63 0.63 

Panel B: Student-t distribution 
1 st Moment LM Test 0 .38  0 . 56  0.07 
2nd Moment LM Test 0 . 1 7  0 . 1 0  0.07 
3rd Moment LM Test 0 .04*  0 .22  0.05 
4th Moment LM Test 0. 1 2  0 . 33  0 . 1 6  
K-S(20 ) 0 .66 0 .64 0 .65 

Panel C: Skewed-t distribution 
1 st Moment LM Test 0.40 0 .64 0.06 
2nd Moment LM Test 0 . 1 8  0 .05  0.08 
3rd Moment LM Test 0.05 0 .27  0.04* 
4th Moment LM Test 0. 1 2  0 .2 1 0.07 
K-S(20 ) 0 .65 0 .63 0.64 

Note: This table reports p-values of the goodness-of-fit test stat i st ics  for the normal,  the Student-/, and the 
sk w-d-t di tributional restrictions of the genera! univariate n1odel.  The test contains two parts . The first 
part of the test which is labeled as kth Moment L M  Test ( k  = I ,  . . . , 4 )  i n  each panel evaluates whether the 

kth centered moments of the transformed residuals  U; are seria l l y  correlated. I regress (u; - U; ) k on 20 

own lags. Under the nul l  of no autocorre lat ion of  the residuals, the stat ist ics ( n-20) . R '  i s  distributed as a 
' . . . . . Xio where 11 and R' are the sampl e  SIZe and the coefficient of determmat10n of the regressiOn .  The second 

part of the test which i s  labeled as  K-S(20) in each panel employs Kolmogorov-Smi rnov test within each 

b in  to evaluate whether u, are U n i form(O, I ), where the total number of  the bin is 20. Under the nu l l ,  the 

. . . . . , . . . . 
statiStics 1 · a l so dt stnbuted as a Xio . * Indicates s tgm ficance at the 5% level .  
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Table 3 . 5 :  ln-Sam�le ML Est imation of Co�ulas with Di fferent Marginals 
I ndex Return Pair 

Copula Marg inals  FTSE I 00 vs N i kkei  225 FTSE I 00 vs S&P 5 00 N ikkei 225 vs S&P 500 
{ 0 }  K L K u { 0 } K L K u { 0 }  K L K u 

C l ayton Normal 0.2022 0.0325 - 0.3009 0. 0999 - 0.0686 0.0000 
( 0 .0247) ( 0 . 0265 ) (0 .0 1 84) 

St udent-/ 0.3380 0 . 1 286 - 0.5847 0 .3056 - 0.2365 0.0534 
(0 .0343 ) (0 .03 75 ) (0 .03 74)  

Skewed-1 0.2432 0 .0579 - 0.4 1 6 1  0. 1 890 - 0. 1 252 0.0040 
(0 .0269) (0 .0292 ) (0 .0242) 

G u m  bel Normal 1 . 1 1 35 - 0 . 1 364 1 .2424 - 0 .2530 1 .0428 0.056 1 
(0 .0 1 5 8 )  ( 0 . 0  1 8 8 )  (0 .0 1 34 )  

Student-/ 1 . 1 9 1 0  - 0 .2 1 04 1 .3608 - 0 . 3 3 5 8  1 . 1 333 - 0. 1 566 
(0 .0203 ) (0 .0236)  (0 .02 1 4) 

Skewed-1 1 . 1 246 - 0. 1 478  1 .2429 - 0.2534 1 .0552 - 0.07 1 2  
(0 .0  1 54 )  (0 .0  1 79)  (0 .0  1 3 3 )  

BB I Normal 0. 1 479 0. 907 1 0.0672 0. 1 46 1  0 .9 1 63 0 . 1 805 0.05 1 5  0.9658 0 .0324 
(0 .0267) (0 .0  1 39 )  (0 .0 1 45 )  
1 .05 1 9  1 . 1 580 1 .0242 

( 0 .0  1 5 5 )  (0 .0  1 60) (0 .0 1 23 )  
Student-/ 0. 1 993 0 .8 826 0 . 1 293 0.2893 0 .8482 0 .2332 0. 1383 0.9 1 5 3 0 . 1 024 

( 0 .0420) (0 .0459)  (0 .0446) 
1 . 1 067 1 .2 1 79 1 .0820 

( 0 .0243 ) (0 .0295 ) ( 0 .0254)  
Skewed-1 0. 1 665 0 . 8968 0 .0763 0.2455 0. 860 1 0 . 1 520 0.0982 0 .9356 0 .0303 

(0 .03 1 6 ) (0 .0350)  ( 0 .0280)  
1 .0594 1 . 1 287 1 .0226 

(0 .0  1 67)  ( 0 .0209) (0 .0 1 3 6 )  
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Gaussian Normal 0.2 1 88 - - 0.3423 - - 0. 1 05 1  
(0 .0 1 83 )  (0 .0  1 64) (0 .0  1 93 ) 

Student-/ 0.2789 - - 0.4445 - - 0. 1 892 
(0 .02 1 7) ( 0 .0 1 7 1 )  (0 .0282)  

S kewed-t 0.2092 - - 0.3429 - 0. 1 080 
(0 .0 1 84 )  ( 0 . 0  1 64) (0 .0  1 93 )  

Note: This table reports the i n-sample two-stage maximum l i kel i hood est i mati on resul ts of copula funct i ons for each pai r of i ndex returns. The spec i fi ed models 

for estimation are presented in Sect ion 3 .2 .2 . 1 .  Standard errors are gi ven i n  parentheses. {fl} i nd i cates a set of the estimated parameters. K L 
and K u 

i n d i cate 
l ower and upper tai l  dependence. Fi gures in bold indi cate s igni ficance at the 5% level .  
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3.4.3 Copula-based P VaR estimation 

This subsection computes the one-day copula-based PVaRs. I n  order to focus on the perfonnance 

of the copula-based PYaR model, l let a portfol io consist of two indexes with a fixed weight 0 .5 

assigned to each index. This  gives me three equally-weighted portfol ios corresponding to three 

pairs of i ndexes. For ease of exposition, I denote each copula-marginal complex of model by 

c .. II{/III(' O(coplli(l ''. ''nome ofm{lrgina/"' ' For example, CC/aytoii-Normal denotes the Clayton copula constructed by 

the normal marginal distributions. I then use the discrete-sum approximation method proposed 

by Dowd (2005b) to est imate the standardized quanti le and compute the PVaR according to 

Equation ( 3 . 3 ) .  

The PYaR estimates for the three portfol ios a t  the 9 5 %  and 99% confidence levels are 

provided in Table 3 .6 for the in-sample period and in Table 3 .7  for the out-of-sample period. 

Taking a look at these two tables, we can see that copulas with the Student-t d istribution as 

marginals yield lower PVaRs than the same copulas but with the normal or the skewed-t 

d istribution as marginals. In particular, the model C0a,·ro"-s"'"""' -' yields the lowest PVaRs at both 

the 95% and 99% confidence levels for al l  the three portfol ios. Using the deci sion rule that 

favors the minimum-PYaR, one would be tempted to vote for Cct"yron-swdem-r as the best and use 

the lowest PYaRs generated by the model for risk management purposes. However, due to 

potential data snooping involved, the PVaR estimates yielded by Cc'"'·'o" -s'""""' -' could be spurious 

or overstated. Thus, i t  i s  necessary to check on the po sible spurious predictive abi l ity of the 

model caused by data snooping.  
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Table 3 .6 :  In-SamE le CoEula-Based PVaR Estimates ( x 1 0-2 ) 
Egual l� Weighted Portfolios 

FTSE 1 00 FTSE 1 00 Nikkei 225 
Copula Marginal vs .  V S .  vs .  

N i kkei 225 S&P 500 S&P 500 
95% 99% 95% 99% 95% 99% 

Clayton Normal -2 . 1 246 -3 .0992 - 1 . 6673 -2 .4645 - 1 .9049 -2 . 732 1 
Student-t -2 . 5 3 85 -4.02 1 8  -2 . 1 040 -3 .45 80 -2 . 5033  -4.0756 
Skewed-t -2 . 1 275  -3 . 3573  - 1 .6678 -2 .7 1 77 - 1 .9005 -3 .0470 

Gumbel onnal -2 .0366 -2 . 8569 - 1 .6 1 57 -2 .270 1 - 1 .8769 -2 .6447 
Student-t -2.4067 -3 .5933 - 1 .9765 -3 .0369 -2 .4069 -3 . 7 1 7 1  
Skewed-t -2 .02 75 -3 .0374 - 1 .5746 -2 .3964 - 1 . 84 1 9  -2 . 8553  

BB 1 Nonnal -2 . 1 220  -3 .0648 - 1 .6648 -2 .4034 - 1 .9 1 1 1  -2 . 7269 
Student-t -2 .5 1 64 -3 .9 1 1 7  -2 .0724 -3 . 3325  -2 .4930 -3 .9827 
Skewed-t -2 . 1 1 62 -3 .2943 - 1 . 65 1 6  -2 .63 78 - 1 .8979 -3 .0225 

Gaussian Nonnal -2 . 1 295 -2 .9977 - 1 . 6923 -2 .3947 - 1 .9295 -2 . 723 1 
Student-t -2 .4977 -3 .7680 -2 .07 1 2  -3 .2298 -2.46 1 8  -3 .8354 
Skewed-t -2 .0997 -3. 1 720 - 1 . 6464 -2 .5409 - 1 . 8830 -2 .9336  

Note: This table reports the i n-sample copula-based PVaR est imates us ing Dowd' s  ( 2005b) d iscrete-sum 
approximation method. 
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Table 3 .  7 :  Out-of-Sam121e CoJ2ula-Based PVaR Estimates ( x 10-2 ) 
Eguall� Weighted Portfo lios 

FTSE 1 00 FTSE 1 00 Nikkei 225 
Copula  Marginal vs.  vs.  V S .  

Nikkei 225 S&P 500 S&P 500 
95% 99% 95% 99% 95% 99% 

Clayton onnal -2 .6432 - 3 . 8443 -2 . 5963 - 3 . 8046 -2 . 3524 -3 . 363 1 
Student-! -3 . 1 533  -4 .98 1 6  -3 .2583  -5 .2 1 05 -3 .0836 -5 .0044 
Skewed-t -2 .6467 -4. 1 627 -2 .5969 -4. 1 884 -2 .347 1 -3 .7477 

Gumbe1 onnal -2 .5347 - 3 . 5457 -2 . 5 1 80 - 3 . 5 1 00 -2 . 3 1 82 -3 .2563 
Student-! -2 . 9909 -4.4535 -3 . 0649 -4.6720 -2 .9657 -4 .5664 
Skewed-t -2 .5235 -3 . 7683 -2 .4558  -3 .70 1 3  -2 .2755  -3 . 5 1 36 

BB ! ormal -2 .6399 -3 .8022 -2 .5923  -3 . 7 1 1 9  -2 . 3600 -3 . 3567 
Student-! -3 . 1 262 -4.8460 -3 . 2 1 02 -5 .0203 -3 .0709 -4 .8908 
Skewed-t -2 .6328 -4.085 1 -2 . 5 724 -4 .0673 -2.3440 -3 .7 1 79 

Gaussian Normal -2 .6492 -3 . 7 1 93 -2 .6329 -3 . 6987 -2 .3825 -3 . 352 1 
Student-! - 3 . 1 03 0  -4.6689 -3 . 2085 -4 .9647 -3 .0328 -4 . 7 1 09 
Skewed-t -2 .6 1 24 -3 .9342 -2 . 564 5  -3 .9205 -2 .3256 -3 .609 1 

Note: This  table reports the out-of-sample copula-based PVaR estimates using Dowd's ( 2005b) d iscrete-sum 
approximation method. 
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3.4. 4 In-sample fitting performance 

This subsection performs H ansen 's  (2005 )  SPA test to evaluate i n-sample fi tting for the copula-

based PVaR models . 1 4  Tab les 3 . 8  reports the estimated p-values of the SPA test for the in-sample 

period.  

The procedure of  the SPA test i s  as fol lows . G iven the twelve models avai lable, I first 

take each competing model as a benchmark model with which the remaining eleven models are 

to be compared. I then use the quant i le  loss function with stationary bootstrapping to make 

multiple model comparisons. The nul l  hypothesis to test i s  that the best of  the remaining eleven 

models is no better than the benchmark. The bootstrapped p-values of the S PA test stati st ic are 

computed with 1 000 resamples and the random smoothing parameter q is calculated fol lowing 

Pol i ti s  and White 's  (2004) suggest ion. The decision rul e  for determining the "best" model is 

based on the largest p-value. 

To i l l ustrate, take from Table 3 . 8  the portfolio of  the FTSE 1 00-vs- ikkei 225 pair ( at the 

95% confidence level ) for example. I first let CC/a

_

rlon - Normal be the benchmark model ,  and then 

compare i ts i n-sample PVaR fitting with that of each of the remaining eleven models 

CC/a_riOII - Simlenl-1 ' CC/m·lon-Skewed-1 , . . .  , CGausswn-Swdell/-1 ' CGaussian -Ske .. ·ed-1 . The comparisons are rnade by 

looking at the d ifferences in the quanti le  loss functions described by Equation ( 3 . 1 1 ) .  After 

stationary bootstrapping, the p-value for the compari ons with C
C

tarlon- Normal being the benchmark 

model is 0 .2840.  ext, I let  C0a
.
r

wn -swdenl -l be the benchmark model with wh ich the other eleven 

models are compared in tenns of in-sample PVaR fitting. This case yields a p-value of 0. 1 0 1 0. 

And so on and so forth. ln the end, I obtained twelve p-values.  Of these p-value , the l argest one 

1 4  A lthough White 's  ( 2000) rea l i ty  check test and H ansen's ( 2005) SPA test are designed for the out-of-sample 
appl ications, the in-sample appl ication of these two tests can also be found in  many empirical studies inc luding, for 
i nstance, Su l l ivan et al ( 1 999), Hsu  and Kuan ( 2005 ) and Hsu and Hsu ( 2006). 
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(0 .4980 ) is associ ated with CGwn&et-Normat , and so one cannot reject the null that the other e leven 

model s  is  no better than CGumbei-Normal .  This  al lows me to take CGumbei-Normal as the model wi th the 

best i n-sample PVaR fitting. By the same token, the same portfol io (comprising FTSE 1 00 and 

Nikkei 225)  finds, at the higher confidence level of 99%, that the PVaR models constructed by 

C88 1_ske" ecl -t has the best in-sample PVaR fitting, s ince the corresponding p-value o f 0.7750 i s  the 

largest one. 

Now let us turn to the in-sample results in Table 3 . 8  for other two portfol ios :  one 

comprising FTSE 1 00 and S&P 500, and the other Nikkei 225 and S&P 500. An observation i s  

that for the portfo l io of  FTSE 1 00 + S&P 500 and at the 95% confidence level, not only the best 

in-sample PVaR fitt ing perfom1ance belongs to C0"·' ·ton-Swdem-t , but also all the other eleven 

models demonstrate the "poorest" perfonnance as their p-val ues are al l  0 .  However, moving to 

the 99% level , we can that my in- ample perfonnance investigation rarLL::s No. 1 the C layton 

copula with the normal rather than the Student-t marginals,  whose p-val ue of 0 .8520 is the 

largest one. Regarding the portfol io of  Nikkei 225  + S&P 500, Table 3 . 8  shows that C 881_Normat 

has the best in-sample  perfonnance at the 95% con fidence level, whi le  CGumbet-Normat at  the 99% 

level . 

One summary result can be derived from the above discuss ions on Table 3 . 8 :  

C00
_
,.,1111 _5"'"""' -' i s  the "best" only in  one case but the "worst" i n  almost all other cases. This  i s  i n  

strik ing contrast with the result, i f  based on the "min imum-PVaR" rule, that Cctaytoii-Stude!lt -t i s  the 

"best" for all cases as shown by Table 3 .6 .  Such a contrast ari ses from the presence of the data 

snooping problem. I f  a ri sk manager ignores the problem and simply chooses Cc'"-"'""-s'""""'- ' and 

its PVaR estimates as the optimal ground on which to make risk management decisions, the 
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consequence would be a significant waste of resources.  To i l l ustrate, let us go back to Table 3 .6 

and cons i der the portfo l io  of FTSE 1 00 + N ikkei 225 for the 99% confidence level . When 

ignoring the data snooping bias, the PVaR estimate to use is 4.02 1 8  x 1 o-2 based on 

C0m.10,_5111c�em-l .  When correcting for the data snooping bias,  the PVaR estimate to use should be 

3 . 2943 x l 0 -2 based on C881_skeu ed-l (which is the most preferred according to Table 3 . 8 ) . I n  the 

former case, a risk manager would hold, unprofitably, an excess amount of capital equal to 

(4.02 1 8 x  1 0 -2 - 3 .2943 x 1 0 -2 ) x $ 1 0 8 = $727,500 for a portfolio of 1 00 mi l l ion dol lars . This 

indicates the importance of  correcting for the data snooping bias to obtain risk estimates which 

are neither overstated nor understated. 
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Table 3 . 8 :  Bootstrap p-Values of the In-Sample SPA Test 
Egual l� Weighted Port fo l ios 

Copula Marginal 
FTS E  1 00 FTSE 1 00 N ikkei 225 

vs .  vs .  vs .  
N ikkei 225 S&P 500 S&P 500 

95% Confidence Level 

Clayton Normal 0 . 2840 0.0000 0 . 7400 
Student-t 0 . 1 0 1 0  0.0570 0.0000 
Skewed-t 0 . 3220 0.0000 0 .6890 

Gumbel Normal 0.4980 0.0000 0 .3520 
Student-t 0 .0000 0.0000 0 .0000 
Skewed-t 0 .0000 0.0000 0 .0000 

BB ! Nonnal 0 . 2970 0.0000 0.7780 
Student-t 0 . 1 540 0.0000 0 .0000 
Skewed-t 0 . 2350  0.0000 0 .6 1 80 

Gaussian onnal 0 . 3080 0.0000 0 .6550 
Student-! 0. i 320 0.0000 0 .0000 
Skewed-t 0 . 2490 0.0000 0. 5620 

99% Confidence Level 

Clayton Normal 0 . 6620 0.8520 0.93 1 0  
Student-t 0 .0000 0.0000 0 .0000 
Skewed-t 0 .4760 0. 7860 0.4 1 40 

Gumbel onnal 0 .0000 0.0000 0.9960 
Student-t 0 . 1 260 0.2560 0 .0440 
Skewecl-t 0 . 5940 0.6960 0 .3 570 

BB ! Normal 0 . 7 1 80 0.8380 0 .9430 
Student-t 0 .0000 0.0000 0.0000 
Skewed-t 0.7750 0.8 1 1 0  0 . 1 900 

Gaussian Normal 0 .4630 0.4580 0.9280 
Student-t 0 .0000 0.0 1 30 0 .0000 
Skewed-t 0 . 7 1 20 0. 8400 0 .0680 

Note: This table reports the p-va l ues of the i n- ample Hansen's ( 2005)  PA test with stationary bootstrapping. The 
number of resample  is I 000. The sample block l ength for the stat ionary bootstrap is selected fol lowing Pol i t i s  and 
Whi te ( 2004). The p-val ues in bold indicate the most preferred model . 
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3.4. 5 Out-of-sample forecasting performance 

The analysis in the preceding section shows that the in-sample fittings of the Archimedean­

copula-based PVaR models genera l ly  are superior to those of the Gaussian-copula-based PVaR 

models  at both the 95% and 99% confidence leve ls .  A natural question is whether this conclusion 

will also hold for PVaR forecasting in the out-of-sample period. Table 3.9 provides the out-of­

sample  evaluation resu lts which I d i scuss in what fol lows. 

For the portfo l io of the FTSE 1 00-vs-Nikkei 225 pair at the 95% level, the ful l  Gaussian 

copul a  Ccausstan-Normat now is ranked the best PVaR forecasting model , as its p-value of 0 .6220 is 

the highest. In other words, other models either understate or overstate the risk.  However, for the 

same portfolio at the 99% confidence level , the model CC/ayrnn-Normat has the best forecasting 

performance, with the highest p-value of 0. 8070. This impl ies that CC!a.rron-Nornwt can, whereas 

Ccaussian .vormat cannot. provide the most adequate PVaR forecast when the equity markets in U . K. 

and Japan experience extreme downside comovements. 

Pertaining to the portfol io of the FTSE I 00-vs-S&P 500 pair, the out-of-sample results of 

the copula-based PVaR models are similar to their in-sample results at both the 95% and 99% 

confidence levels .  The SPA test picks the Clayton copula as the best, although its marginals ( the 

skewed-t di stribution )  for the out-of-sample period are not the same as those ( the Student-! 

distribution) for the in-sample period. This suggests that the Clayton copula-based PVaR model 

not only has an excell ent in-sample fitting abil i ty but also has an excel lent out-of-sample 

forecasting abi l ity, as far as the j oint extreme losses in the U.K. and U.S equity markets are 

concerned . 

The SPA stat ist ics for the portfolio of  the Nikkei 225 -vs-S& P 500 pair show that at the 

95% confidence level, C 88 1 _ ,,.0,111111 beats all other model s in terms of the out-of-sample 
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forecasting performance, consistent with the i n-sample fitting evaluation result .  However, at the 

99% level ,  the champion of out-of-sample contention goes  to the model Ccaussian-Skewed-t (not to 

Ccumbei-Normal as in in-sample content ion ) .  One possible explanation is that dependence in the 

extreme left tai l s  between the two markets is so low that using Archimedean copulas would 

overestimate the PVaR relative to using the Gaussian copu la. 1 5  This proposed explanation seems 

to be supported by Table 3 . 2  which shows that the rank correlation coeffic ients Ps and TK for the 

N ikkei 225 -vs-S&P 500 pair are all much smal ler relative to those for the other two pairs. 

The evaluation of out-of-sample  forecasting perfonnance yields the fol lowing mam 

results. F irstly, the out-of-sample forecasting performances of the Archimedean copula-based 

PVaR models are, in most cases, superior to those of the Gaussian-copula-based PVaR models .  

This is consistent with the in-sample fitting result .  The reason is easy to see : Arc hi medean 

copulas can capture joint extreme events whi le the Gaussian copula cannot. 

Secondly, a model which has the best in-sample fi tting perfonnance does not necessarily 

have the best out-of-sample forecasting performance, and v ice versa. Thi s suggests that it IS 

inappropriate to base risk-management decis ions only on in-sample analysis, and that i t  I S  

insufficient to evaluate a copular-based PVaR model only in  tenm of i t s  in-sample fitting. 

Thirdly, i t  seems that any type of copula with any type of marginals wi l l  have a chance to 

become the best in term of out-of- ample forecasting (as wel l as in-sample fitting) performance. 

Thus, in determining the "best" copula-based PVaR model, all po sible copula-marginal 

15 W hen l e ft ta i l  dependence is very low, say, zero, the probabi l ity that both asset returns have extreme downside 
movements i s  zero. This would mean that when one asset return fal ls ,  the other wi l l  not . The portfo l i o  o f  the two 
assets wi l l  have a PVaR which shou ld  be most accurately est i mated using the Gaussian copula. B ut if we use an 
Archimedcan copula that characterizes left ta i l  dependence, we arc actua l l y  forcing le ft ta i l  dependence to  be non 
zero. Non-zero le ft tail dependence would mean that the two asset returns have a certain chance to fal l  together. A 
portfo l io of such two assets should demonstrate a higher PVaR than the portfol io  whose const i tuent assets have no 
le ft tai l  clcpcndcncc. But this h igher PVaR is generated by wrongly using the Archimcdean copula, and so is 
purious. I n  th is  sense, we can say that Archimcdean copula may over-estimate PVaR when let ta i l  dependence is 

low. 
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complexes should be considered, and a test should be conducted for the copula and its marginals 

simultaneously. Test ing to select marginals first and then testing to select the copula with the 

marginals selected would lead to what I term as the "preselection omission" problem: It would 

great ly  reduce the number of candidate copula-marginal complexes from which the best i s  to  be 

identified. 

Finally, the model Cctayron-srudenr -r is inferior for out-of- ample PVaR forecasting in most 

cases according to Table 3 .9 .  This i s  largely consistent with the summary resul t  for in-sample 

analys is  of model-fitting perfonnances. This further confirms the presence of  the data-snooping 

bia which one cannot ignored. 
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Table  3 . 9 :  Bootstra� £-Values of the Out-of-Sam�le SPA Test 
Egually Weighted Portfol ios 

Copula Marginal 
FTSE 1 00 FTSE 1 00 N ikkei 225 

VS . vs .  vs .  
N ikkei 225 S&P 500 S&P 500 

95% Confidence Level 

C layton Nom1al 0 .5240 0.60 1 0  0 . 8600 
Student-! 0 .4370 0 .0000 0 .0940 
Skewed-t 0 .5840 0.6840 0 .7890 

Gumbel Nonnal 0 .4760 0 .3480 0 .3850 
Student-! 0 .0000 0.0000 0 .0000 
Skewed-t 0 .0000 0.0000 0 .0000 

B B 1 onnal 0 .48 1 0  0 .5650 0.9 1 20 
Student-t 0 . 3 750 0 .0000 0 .0900 
Skewed-t 0 .3 830 0 .5250 0 .7360 

Gaussian Nonnal 0.6220 0.4800 0 .88 1 0  
Student-t 0 .3590 0 .0000 0 .0530 
Skewed-t 0 . 3090 0.433 0  0 .6260 

99% Confidence Level 

C layton om1al 0.8070 0.22 1 0  0 . 8240 
Student-! 0 .0000 1 .0000 0.0000 
Skewed-t 0 . 7250 0 .0000 0 . 8950 

Gumbel Nom1al 0 .0000 0.9930 0 .0000 
Student-! 0 . 1 000 0 .0000 0 .0570 
Skewed-t 0 .6750 0.4960 0 . 8840 

BB I Nonnal 0 . 7860 0 .4850 0 .7230 
Student-! 0 .0000 0 .8500 0 .0000 
Skewed-t 0 .7 1 70 0 .0000 0 . 8940 

Gauss ian onnal 0 .3770 0 .6570 0.4500 
Student-! 0 .0000 0 .0000 0 .0000 
Skewed-t 0 .7870 0 .0 1 50 0.9 130  

No le: This table reports the p-values o f  the out-of-sample Hansen 's  ( 2005) S P A  test with stat ionary bootstrapping. 
The number o f  resample is 1 000.  The sample block length for the stationary bootstrap is selected fol l owing Pol i t i s  
and Whi te  ( 2004) .  The p-values in bold ind icate the most preferred model . 

68 



3.5 Su mmary and Conclu sions 

This chapter reports my research work which investigates the performances of  the Archimedean­

copula-based P YaR models relative to that of Gaussian copula-based PVaR model .  I am 

part icularly interested to see whether the former models  have a superior out-of-sample 

forecasting abi l i ty over the latter. This question has received l i tt le  attention in the I i terature 

where previous studies have been focused on these models '  in-sample fitti ng perfonnances. 

Exploring the research question, I employ Hansen 's  SPA test and Dawd' s  (2005b) discrete-sum 

approximation method, and adopt a mult ip le model comparison approach. The copula models 

studied include the Clayton, the Gumbel ,  the BB I and the Gaussian copula, and the marginal 

functions are selected from the normal, the Student-! and the skewed-t distribution. In empirical 

i nvestigation, I uti l ize data on three equity indexes ( FTSE I 00, Nikkei 225 and S&P 500) .  

My study has reached four main conc lusions. F irst, in most cases, the Archimedean­

copula-based PVaR model , especia l ly the C layton-copula-based model,  have better forecasting 

perfonnance than the Gaussian-copula-based PVaR model, for both in-sample fitting and out-of­

sample forecasting. Second, the discrepancy between the in-sample and out-of-sample evaluation 

results of the copula-based PVaR models suggests that in-sample analysis should be 

supplemented by out-of-sample evaluation.  Third, i t  is c ircumspect to check on the pec ifications 

of copula and marginal funct ions s imultaneously rather than separately, a otherwise some 

potential good candidate models would be omitted . Fourth, the data-snooping check is important 

in determin ing an appropri ate model to use, and simply relying on the minimum value of PYaR 

for model selection may be a hazard to risk management. 

Several other issues deserve further investigat ion and may include the fol lowing. ln this 

study, I use equally weighted portfol ios for examining the copula-based PVaR model . S ince 
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changing p011fol io weights wi l l  affect the PYaR of a portfo l io, i t  would also be interesting to 

evaluate the performances of the copula-based PVaR models over a set of portfol io weights, for 

the purpose of optimal asset al location. Another research d i rection in evaluating the copula­

based PYaR models may be to consider conditional higher-order moments and conditional 

copulas. The former al lows higher-order moments of marginal d istributions to be t ime-varying 

(See, for example, Jondeau and Rockinger (2003 ) ) ,  and the latter allows the dependency 

parameters in a copula to be t ime-varying ( See, for example, Patton (2006a) ,  and Jondeau and 

Rockinger (2006)) .  Incorporating conditional higher-order moments and conditional copulas may 

further improve the accuracy of the PVaR estimates/forecasts. 
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Appendix 3. 1 

Dowd's  (2005b) Discrete-Su m Approximation Method 

The detai ls  of Dowd ' s  ( 2005b) d iscrete-sum approximation method are as fol lows. Based on a 

vectors of  random variables, the probabi l i ty of  the worst case that the portfol io profit or loss 

w ·  Z1 + ( 1 - w) · Z2 exceeds the YaR at 1 -( confidence level can be expressed as 

I 

pl u Z, + ( I - w l·Z, ::;VaR , I = f 8 1 C( F;  (z) , F2 ( VaR .; - z ) )F1
, 
( z )dz ( A I )  

0 

where 8 1 refers to the partial  derivat ive with respect to the first argument in the copula function. 

Now denote c; = FJz) ,  de; = F1
, 
( z )dz and z = F1

- 1 
( c; ) where c; E (0,  I )  i s  taken in a specific 

increment s ize t..c; (e .g .  0 .00 1 ) .  Then the right-hand s ide of Equation (A I )  can be eas i ly 

approximated as 

I 

p! u·.Z, +( I - u· )·Z, ::; VaR , I = f a i C(c;, F2 ( VaR .; - Fl -l ( c; ) ) )dc; 
0 

::::: L )C( c;, F2 ( YaR .; - F1
- 1 (t; ) ) ) - C( (c; - t..c; ) ,F2 ( YaR .; - F1

- 1
(t; ) ) ) ]t..c; (A2)  

qe( O, I )  

Then the portfolio YaR can be worked out by a suitable root finding algorithm, such a s  b i  ection 

algorithm. 
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Chapter 4 A test for evaluating the Arc hi medean-copula­

based multivariate density forecasts in foreign 

exchange markets 

4. 1 Introduction 

While Chapter 3 was devoted to PYaR forecast evaluat ion, this chapter turns to mult ivariate 

density forecast 1 6  evaluation. Speci fical ly, I propose a ful l  ranking statistical test to evaluate non-

Gaussian multivari ate density forecasts via the Kul lback-Leibler infotmation criterion ( KLIC) .  

4. 1. 1 Motivations 

The motivation of this tudy i s  threefold.  First, pricing contingent c laims on multiple assets and 

estimating portfol io VaR are two issues of great concern to fi nancial practitioners and academic 

researchers. These two issues require an understanding of the joint distribution of returns on 

several assets in a portfol io . 1 7 It has been widely reported that this joint distribution is often non-

Gau ian, implying that lower-order moments, such as covariance, carry very l imi ted 

information about the ful l  dependence stmcture of asset returns. In other words, forec asts of 

lower-order moments can only provide part ia l  and hence inaccurate informat ion about the future 

comovements of these returns.  Therefore, forecasting the non-Gaussian multivariate density i s  

1 6  The density forecast is also ca l led the predictive density. In  this essay. the two tenns are used interchangeably. 
1 7  The theoretical and empi rical stud ies of the pric ing contingent c l a ims on multiple assets related to  the 
Arch imcdcan-copula-bascd mult ivariate density can be found in  Cherub in i  and Luciano ( 2002 ), Rosenberg ( 2003),  
Cherubini et  al ( 2004), and van den Goorbergh et a l  ( 2005 ), among others. 
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cal led for.  This  need cata lyzes the need of having a test for evaluating non-Gaussian mult ivariate 

density forecasts. 

Second, as wi l l  reviewed later on, the existing studies on density forecast evaluation have 

left some voids for further research to fi l l :  They only focused on the Gaussian mult ivariate 

density and they did not investigate higher-order moments of a multivariate density. My work 

thus attempts to contribute in these regards .  

Third, in practice, many risk and pot1fol io managers are often interested in  how a 

(parametric )  model is compared w ith another, and thus need a statistical means to that end. I t  i s  

therefore also the motivation of this study t o  provide financ ial practi t ioners with a testing 

procedure for companng alternative models in terms of non-Gaussian multivariate density 

forecasting performance. 

4. 1 .2 Literature review 

Den i ty forecast evaluation has been receiving increasing academic attention. A comprehensive 

survey can be found i n  Tay and Wal l i s  (2000) and Corradi and Swanson (2006c) .  The main body 

of th is  l iterature is devoted to univariate density forecast evaluation which, based on the 

probabi l ity integral transform ( P IT)  ( Rosenblatt, 1 952) ,  examines whether the transfonned 

"general ized res iduals" 1 8  are independent and identical ly di tributed uniform over (0, I )  ( i .e . ,  

i. i.d. U(O,  I ) ) .  An i. i.d. U(O,  I )  would imply that density forecasts have no deficiencies. In a 

pioneering study, Diebold et al ( 1 998)  observe that if the general i zed residuals are i. i. d. U(O, 1 ), 

the histogram of the general ized residuals should be close to uniform. Accordingly, serial 

corre lation in the correlograms of the power of the difference between the general ized residuals 

J R  The series of probabi l i ty integral transform is  actual ly the  cumulat ive distribution function of random variables. 
Hong and Li ( 2005 )  and Egorov et a/ ( 2006) tenn the series as "genera l ized residuals". 
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and their mean should vanish. Although this less inf01mal ,  graphical method I S  easy to 

implement, it does not provide guidance as to why a forecasting model is rej ected . 

To overcome the problem, Berkowitz ( 200 1 )  proposes a l ikelihood ratio ( LR )  test as a 

formal testing procedure for density forecast evaluation. The L R  test has been used by several 

researchers, including Sarno and Valente (2005) ,  De Raaij and Raunig (2005 ) and Christoffersen 

and Mazzotta (2005) .  H owever, the LR test first transforms the general ized residuals to the 

standard normal ly distributed variables, and then imposes an autoregressive (AR) process on the 

transformed variables to test i. i. d. uniformity of  the general ized residuals .  As such, i t  may not 

have power against non-normal distributions of the general ized residuals that exhibit, for 

example, asymmetric dependence (Chen and Fan, 2004) .  

Because the non-normal ity of fi nancial  returns has been w idely reported in empirical 

studies, there has appeared the need for developing appropriate techniques to evaluate non-

Gaussian density forecasting models .  Recently, several density forecast evaluation methods 

taking account of higher-order moments have emerged, including the parametric method via the 

copu la approach (Chen and Fan, 2004) 19  and the nonparametric method (Hong et a/, 2004, Hong 

and Li, 2005, and Egorov et a!, 2006) .  In addition, a number of studies have extended Diebold et 

al's ( 1 99 8 )  idea by u sing the hybrid transformed PIT method to evaluate density forecasts. For 

example, Corradi and Swanson (2005, 2006a and 2006b) employ the conditional Komogorov test 

with the stationary bootstrap method. Mitchell and Ha l l  (2005) ,  Bao and Lee (2006) and Bao et 

al (2006) use the KLIC measure with the stationary bootstrap method. 

There is another stream of the density-forecast-evaluation l iterature wh ich does not use 

the PIT framework. Sarno and Valente ( 2004) and Li and Tkack ( 2006) propose to evaluate an 

1 9  An empirical study of  Chen and Fan 's  ( 2004) method for the uni variate densi ty forecast eva luation is  found in  Li 
and Xu (2008) .  
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individual density forecast based on its ( integrated squared) distance from a nonparametric 

estimate of the density function. Simi larly, based on the KLIC distance measure, Zheng (2000) 

develops a consistent test for a parametric density function compared with a empirical kernel 

density estimators, and Fan et a! (2006) improve Zheng's  (2000) work by a kernel-based 

bootstrap test. F ina l ly, l ikelihood rat io test is a lso a useful tool outside the P IT framework, and a 

weighted version of  Vuong's ( 1 989) l ikel ihood ratio test can be found in Amisano and 

Giacomini (2007) .  

Whi le  univariate density forecast evaluation has been extensively studied, simi lar studies 

for multivariate density forecast evaluation are re latively fewer. The few studies include Diebold 

et a! ( 1 999) and C lements and Smith (2002) .  The method proposed in Diebold et a! ( 1 999)  is 

graphical, and the procedure suggested by Clements and S mith (2002) involve Monte C arlo 

comparisons based on both the PIT and the Komogorov-Smimov test. H owever, two more 

important points to note are that these studies only focus on Gaussian multivariate density 

forecast evaluation, and the issue of data reuse in the context of multivariate density forecast 

evaluat ion has never been addressed. 

4. 1. 3 Design of the test procedure 

In view of mult ivariate density forecast evaluation being st i l l  in a nascent condit ion, l opt 

to undertake research on this i s  ue. As exh ibited in Figure 4 . 1 ,  my obj ective is to choose a 

multivariate predictive density that provides the most accurate out-of-sample approximation of 

the true multivariate densi ty, g iven multiple multivariate predictive densities. As mentioned 

earl ier, in empirical appl ications of the multi variate predictive den ity, it is more common to 

consider several parametric models to fi t data and compare the results obtained from different 
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models .  To address the model selection issue in th is  case, I extend Vuong's ( 1 989)  l ikel ihood 

ratio t est and advance from a test for two competing models to a test for more than two 

competing models along the l ines of Hansen's (2005)  SPA test. 20 Hence, unl ike V uong ( 1 989) 

and Rivers and Vuong ( 2002), the nul l  hypothesis I entertain in  my test procedure i s  that the 

benchmark is not inferior to any of other alternative models in terms of the KLIC,  whi le i n  

Vuong ( 1 989) and Rivers and Vuong (2002 ) ,  the nu l l  hypothesi s  is that the two models perform 

equa l ly  wel l .  

1 °  Chen and Fan (2005, 2006b) propose a s imi lar test procedure along the l i n e  of White's ( 2000) real ity check test 
for sem iparametric copula model select ion,  and name the modi fied l i kel ihood rat io test as pseudo l ike l ihood rat io 
test. My test procedure i s  d i fferent from the i rs in  two aspects. F i rst, i t  is app l i ed to  the ful l  parametric copula-based 
mult ivariate density forecast eva luat ion .  Second, it uses Hansen's  ( 2005 ) S PA test to deal with the data snooping 
problem. 
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Note: The first row exhibits how the parametric joint density departs from the true (nonparametric) joint density. 
The second row shows the surfaces of the nonparametric and parametric joint densities. 

My testing procedure is in a similar spirit of Zheng (2000), but extends that work to the 

multivariate case along the following four steps shown in Figure 4.2: 
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• A1•1n·oximating the fl·ue nmlti,·:u-iate 
densif:\· b�- the non1•ara metric method. 

• E stimating the model im1•1ied mtdtiYa.-iate 
densif:\· Yia the copula functions. 

• C a lculating the KLIC'. 

• I mplementing H a nsen's ( 2005 ) SPA test with 
the �1ationa r�· boot�'fl·a p to e\· aluate the 
copula-ba sed multiY:u ·iate densif:\· foreca st 

1•erforma nces. 

Figure 4.2 

Note: This figure shows the test procedure of the copula-based multivariate density forecast evaluation. 

First, I estimate the true, but unknown, multivariate density empirically by the 

nonparametric kernel estimator. Then I allow the parametric multivariate density construction to 

go beyond the normality framework by using the Archimedean copula functions. Specifically, I 

consider five Archimedean copulas (the Clayton, the Frank, the Gum bel, the BB 1 ,  and the BB7 

copulas). These copulas have often been employed to capture the higher-order moments of 

portfolio returns in empirical studies. See Ane and Kharoubi (2003 ), Patton (2006a, 2006b ), and 

Rosenberg and Schuermann (2006) among others. For the sake of multiple model comparisons, I 

also include two elliptical copulas (the Gaussian, and the t copulas) in the set of candidate copula 

models. As in Chapter 3, the candidate distribution functions considered for marginals are the 

standard normal, the Student-t, and the Hansen's ( 1 994) skewed-t distribution. To avoid the 
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potential  "preselection omission" problem mentioned in Chapter 3 ,  however, I subject a l l  

possible copula-marginal complexes to tests. Therefore, the advantages of  my method are that 

the mult iple comparisons of copula-based mult ivariate densi ty (CBMD) models not only a l low 

for the marginal and copula models to be misspeci fied under both the null and the alternative 

hypothesis, but also enable me to see how different marginals chosen may affect multivariate 

density forecasts. 

In the third step, I calculate the KLIC 'd istance ' between the nonparametric multivariate 

density and the copula-model-impl ied multivariate density. 2 1  F ina l ly, to address the data 

snooping b ias, I perfom1 Hansen' s  ( 2005) superior predictive abi l i ty ( SPA)  test in multiple 

model comparisons to evaluate out-of-sample forecasting as wel l as in-sample model fitting. The 

detai Is of the data snooping problem and the SPA test were already given in Chapter 3 .  

I n  a word, this research plans to provide, to my best knowledge, the fir t-ever ful l  ranking 

statistical test for evaluating non-Gaussian mult ivariate density forecasts via the KLIC.  This 

proposed test should be practica l ly straightforward to use and i mp lement by financial risk 

managers . 

The rest of this chapter i s  organized as fol lows. Section 4 .2  explains the KLIC for 

multivariate density forecasting. The copula-based multivariate density i s  described in Section 

4. 3 .  Section 4.4 is  about the SPA test . Section 4.5 applies my proposed testing procedure to the 

exchange rate data and discu ses the results .  Section 4.6 di scusses the economic value of 

mult ivariate density forecast evaluat ion v ia  a numerical example of multivariate option pric ing. 

Conc luding remarks are made in Sect ion 4 .7 .  

2 1  Str ict ly speaking, the KLIC is  not a metr ic (d istance funct ion), i .e .  KL IC(/i :f2 ) f. K LI C(/2:/i ), as noted in Whi te 
( 1 994, p9) .  However, Bao et a l  ( 2007) demonstrate that the KLIC could be used as if it is a metric as long as the 
benchmark i s  fixed and al l other alternat ive models are compared against the benchmark. 

79 



4.2  KLIC for M ultivariate Density Forecast Model 

This  section explains the KLIC which wi l l  be used as a loss function in companng the 

forecasting performances of competing mult ivariate density models .  Throughout this chap ter, I 

denote the cdf of a random variable by an uppercase letter and the corresponding pdf by a 

lowercase letter. 

Consider a t ime senes { y, } ;�, which is  governed by a true but unknown density 

function .f0 (y, ) .  Since /0 ( y, ) i s  unknown, it may be characterized by a one-step-ahead density 

forecast model with a fin i te-dimensional vector of parameters q> E 0, where 0 is a compact 

parameter subset of the rea l  l ine R: 

;; ( y, ; q>) = a P ( y, ::; y;q>) l ay (4. 1 )  

where P denotes probabi l ity. According to Vuong ( 1 989) ,  the univariate KLIC distance measure 

b tw en the true density f0 (y, )  and the model- impl ied density !, (y, ;  <p )  is defined as :  

where E [ · ] denotes the expectation operator. Equation (4.2) is referred to as the univariate loss 

funct ion. The smal ler the loss, the better the model- implied density forecast . 

l now extend the univariate KLIC measure to the m-d imensional multivariate case. For a 

true multivariate density j� (Y1 ." y2v· · , Ym,, ) and a given model-implied multivariate density 

.!, (Y, ,, ,  y2,, , . . .  , Ym,, ; 8) , where 8 i s  a fin i te-dimensional vector of parameters assumed to be 

identified on 0, the multivariate K.LIC becomes : 
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M ;; r f 1.  
[ f� (Y, ,, , Y2,, , . . .  , y,,,, ) } KLIC, ( 0 : 1 , ; 8 ) = o (Y, ,, Y2,, , . . . , ylll , ) log j' ( · S) Y,, , dY2, . . .  dym,, 

R "'  1 YJ ,t ' Y2,1 , . .  ' '  Ym,t ' 

(4 . 3 )  

Equati on ( 4 .3 )  may b e  referred t o  a s  the multivariate loss function. The test of  interest i s  t o  see 

whether the multivariate loss function equals zero . Under the regularity conditions, Equation 

(4 .3 )  can be consistent ly  estimated by 

(4.4) 

See M itchel l and Hall  (2005 ), Bao and Lee (2006), and Bao et a l  (2007) .  

The model- impl ied multi variate density can be estimated v ia  a spec i fied copula function. 

The true multivariate density, however, can hardly be represented by a s imple mathematical 

function. Thus, in the spirit of Zheng (2000)22 and for the purpose of multiple compari sons o f  

compet ing models, I use the nonparametric multivariate kernel estimator suggested b y  Scott 

( 1 992 )  to approximate the true m ultivariate density: 23 

(4 .5 ) 

22 A s imi lar proposit ion of eval uat ing an individual model -impl ied density forecast based on i ts distance from a 
nonparamctric est imate or the true density function can a lso be found in Li and Tkacz ( 2006) and Corradi and 
Swanson ( 2006b) .  l n  addit ion, a scmiparamctric estimate of  the true density function for the univariatc K L I C  
calculat ion can b e  found in  B a o  a n d  L e e  ( 2006), and Bao e t  al ( 2007) .  
23 

According to Vuong ( 1 989) and  R ivers and Vuong ( 2003 ),  one may propose that, when comparing the 

perfonnancc of the KLI 11 between t wo competing models, there is  no need to estimate fo0'1 ." y2 ., . . . , Ym.1) 
nonparamctrica l ly. That is, 
KLIC\I(j'o: Ji .�; e, ) - KLIC11Uo: f1.1; ()2 ) 
= E[ log.fo(F , ., Y2., . . . , Ym.1) - l ogfi .,(J' ' ·" Y2., . . .  , y,.�; e, ) ]  

- E [ log.fo(l ' l .l, Y2., . . .  , Ym.,) - logf2..(y , "' Y2 .1, . . . , Ym.,; 02)] 
= E[ log.fo(l'u, J2., . . . , ym.�)J - E [ logji ..(y, ,,. J'2 ., . . . , .\'m.,; e, ) ]  

- E [ log.fo(FL, J'2., . . . , )'m.,) + E [log.h.,(I·, .,, Y2., . . .  , y,.�; ()2 )] 
= E [ log/2.,(1'1 ., Y2., . . .  , .1·,.�; ()2 ) ] - E [ log.f i  . .  (ru, Y2., . . . , y,,,; e, ) ]  
= E [ log.h . .  lvu, )'2 .h . . . , )'m.l; f:h ) - logfi . •  (J'I.I, Y2.h . . . , y,.�; e, ) ]  
However, as summarized in  Rivers a n d  Vuong ( 2003 ) ,  this proposit ion is  only appl icabl e  t o  t h e  painvise 

compari son, and not to the multiple comparison, of competi ng models . 
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where K( · ) denotes the Gaussian kernel, w; is the kernel bandwidth for each kernel densi ty, and 

Y; i s  the domain which i s  a set of  poin ts around Yu . According to Scott ( 1 992) ,  the kernel 

bandwidth is calculated as &; = [4 /( m + 2)] 1 1(m+4) · er; · n - l l(m+4) (i = 1 ,  2,  . . .  , m ) where cri i s  the 

standard deviation of Y;.r . 

4.3 Co nstructing the Copula-Based Mu ltivariate Density 

ow turn to the model- impl ied mult ivari ate density. It is constructed using the copula function. 

Recall from Chapter 2 that the copula-based multivariate density is :  

(4 .6 )  

where J, (YI , I ; ()1\11 ) is the density function corresponding  to the marginal distribution F, Cvl ,l ; BMi )  

( i  = I ,  2 ,  . . . , m ), 

a��� C[ F (y  · () ) F (y  · () ) F (y  · () ) · () ]  
c[F. ( ; · () ) F ( l  · () ) F ( · () ) · () ] =  I 1 .1 ' .1/ 1 ' 2 2.t > Al l , . . .  , Ill 111.1 ' Mm ' c 

I ) l .r '  M I  ' 1 ) 1.1 ' 11 / 1  , . . .  , Ill Ym.l ' .\/m ' c aF. ( . () )aF ( . () ) aF ( . () ) I YJ.r > M l  1 Yl.t > Al l · · ·  m Ym.r > Aim 
(4 . 7 )  

i s  the dens ity of a copula,  and e i s  a vector contain ing the parameters ()MI o f  marginal models 

and the parameters Be of copula model ,  i . e . e = { e,\11 ' Be } '  e E 0. 

study, 1 consider five bivariate Archimedean copulas ( the Clayton, the Frank, the G umbel ,  the 

BB I ,  and the BB7 copula)  and two bivariate ell iptical copulas ( the Gaussian, and the t copulas)  

for constructing the model-implied multivariate den · i ty. For the general definit ions of the 

Archimedean and the e l l i ptical copulas, one is  referred to Chapter 2 (or to elsen ( 1 999) and 
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Embrechts et a! (2003 ) ) .  The functional fon11S of the seven bivariate copulas and thei r 

corresponding densities are disp layed in Table 2 . 1 of Chapter 2 .  That table also summarizes the 

tail dependence  structures of  these copulas. An attractiveness of Archimedean copulas i s  that 

they are able to capture coskewness, cokurtosis and non l inear dependence simultaneously, 

whereas el l i pt ical copulas cannot capture these features of  a non-Gaussian mult ivariate 

d istribution. l t  is worth noting that the Frank copula is not a regular el l iptical copula a l though i t  

i s  symmetric w ithout tai l dependence. 

4.4 Hansen's  (2005) SPA Test 

The detai ls  of the SPA test have been introduced in Chapter 3 .  To avoid unnecessary repetition, I 

only mention the differences here. The loss function is now evaluated by the mult ivariate KLIC.  

For  the benchmark model i t  i s L0 = KLIC�� , and for the candidate model k (k = 1 ,  . . .  , g) i t  is 

L k = KL!Ci,1� . Then dk .t ' the forecasting performance of the candidate model k relative to the 

benchmark model at time t, is defined as dk , = L0 - Lk = KL!C��-� - KLic:.1, .  ow stacking dk.t 

i nto a vector of relat ive performance, d ,  = ( d1 . 1 ' d2.t ' . . .  , d !! · '  ) ' , we can formulate the nu l l  

hypothesis of interest as 

Ho : max E(dr) � 0 k=l . . . . .  g 
(4. 8 )  

Therefore, when w e  compare multiple models against a benchmark jointly, the nul l  hypothesis 

that the benchmark CBMD model is superior to other C B M D models is rejected by small 
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bootstrapped p-values 24 Note that the remaining part of  the S PA test i s  the same as that m 

Section 3 . 3  of Chapter 3 .  

4.5 E mpirical Res ults 

4. 5. 1 Data 

I obtained, from Datastream, data on the dai ly  spot exchange rates of four currencies : the 

Austral ia dollar (AD) ,  the British pound (BP) ,  the Japanese yen ( JY)  and the Swiss franc ( S F), 

all against the US dol lar. The reason for choosing these currenc ies is  that they are highly l iqu id  

in foreign exchange markets and have been frequently studied i n  empirical researches. The 

sample period spans from 0 I March, 1 986 to 3 1  October, 2005, a total of 5 1 72 observations. 

However, I spl i t  the whole sample i nto two equal sub-samples in empirical investigation. The 

first hal f, called the training set, is reserved for model estimation and in-sample fi tt ing 

evaluation. The second hal f, cal l ed the test set ,  i used for out-of-sample densi ty forecast 

evaluation based on the estimated parameters from the train ing set. Exchange rate returns are 

calculated a y, = I 00 log( X, I X,_ 1 ) , where X, denotes the exchange rate at time t. 

The results of prel iminary statistic analysis of the four exchange rate return senes for 

both the in-sample and out-of-sample periods are provided in  Panel A of  Table 4. 1 .  The four 

series have common stati stical profi les in higher order moments : All of them are asymmetrical ly 

di stributed with heavy tai ls in each sub-period. egative skewness is found for the AD rate in  the 

24 Chcn and Fan ( 2005 ) point out that some commonly used parametric c l asses of  copulas, such as the Clayton,  the 
Frank, the Gumbcl and the Gaussian copu la, arc general ized nested only when the c losest member to the true copu l a  
i n  each class i s  the i ndependence copul a  ( product copul a ). Otherwise, they are genera l ized non-nested. For the 
e l l ipt ical  copulas, such as  t he Gaussian and the t copula, they arc general i zed nested i f  the  c losest member to the true 
copu la  in the t copu la  fam i l y  is  the one with an i n fin i te degree of freedom ( i . e .  a Gaussian copula) .  Meanwhi le, Chcn 
and Fan ( 2005, 2006b) theoretical ly demonstrate that White's ( 2000) rea l i ty  check test is sui ted to both genera l i zed 
( footnote 20 cont inued)  non-nested and general ized nested copula-based m odels when doing the mult iple m odel 
comparison based on the KLIC. incc H ansen ' s  ( 2005 )  SPA test is an extension of  White 's  ( 2000 ) real i ty check test, 
the i mplementat ion of  the SPA test i n  my test procedure is therefore val id .  
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in-sample period, and for the BP rate in  both sub-periods. The LM stati stics of  Engle ( 1 982)  with 

up to 1 0  l ags reveal the presence of ARCH effects in each series . ln addition, l inear and rank 

correl ations between these return series in the two sub-periods are given in Panel B of Table 4 . 1 .  

The s ignificant rank  correlation estimates, including Speannan 's  p and Kendal l ' s  r, provide 

evidence that the joint d istribution for every pair of exchange rate returns is non-Gaussian. 
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Table 4. 1 :  Sum mar� Stat is t ics of  Dai l� Exchange Rate Returns 
I n -Samp le  Out-of-Samp le  

( 03 Januar� 1 986 - 0 I December 1 99 5 )  ( 04 December 1 995 - 3 1  October 2005 ) 
A D  B P  J Y  S F  A D  B P  J Y  S F  

Panel A .  Pre l i m i nar� Ana l�s i s  
Observat ions  2 5 8 5  2585  2585  2585  2585  2585  2585  2585  
Max i m u m  4 . 8502 3 . 4090 5 .42 1 7  5 .3 8 82 5 . 1 682 2 .0553  7 . 6773 3 .02 1 0  
M i n i m u m  -3 .9505 -4 .2758  -5 . 8305 -4 .8500 -3 .4808 -2. 1 953  -3 .9549 -2.4522 
Mean 0 . 003 1 0 . 0024 0 .0268 0 .02 1 8  0.0004 0.0055 -0.0054 -0.0038 
Std.  0 .6072 0 .7057  0 . 7306 0 .83 1 7  0 .68 5 7  0.4995 0.69 1 3  0.6700 
S kewness -0.6768 -0.24 1 4  0 .3433 0 .05 1 9  0 . 1 1 8 7  -0 .06 1 9  0 .8395 0 . 1 75 0  
Kurtosis 8 . 3 993 5 . 7572  9 . 8349 6 .0066 6 . 2006 4 .0360 1 1 . 7 8 1 3  4 . 1 664 
Engle ( I  0) 222.0 1 05 98.8335 78.4050 1 1 3. 1 627 40.5934 43.6706 88. 1 1 83 25.0 1 35 

Panel B .  L i near and Rank Corre lat ions 

Pearson ' s  p1, 
A D  - 0. 1 79 1  0.0647 0.0884 - 0.3385 0.303 1 0.3346 
B P  - 0.5 1 23 0.7 1 79 - 0.2693 0.6004 
J Y  - 0.6 1 20 - 0.3722 
S F  

Spearman ' s Ps 
A D  - 0. 1 749 0.0890 0. 1 024  - 0.3252 0.2732 0.33 1 2  
B P  - 0.5233 0.7 1 76 - 0.2885 0.5886 
J Y  - 0.6098 - 0.3830 
S F  
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Kenda l l ' s  T �-: 

A D  - 0. 1 1 98 0.0622 0.07 1 3  - 0.226 1 0. 1 896 0.2324 

B P  - 0.3744 0.5425 - 0. 1 987 0.4236 
J Y  0.4453 - 0.2668 
S F  

Note: The exchange rate returns are cal culated as I 00 x log(X, /X, _1 ) .  AD, B P ,  JY and S F  denote, respectively, the exchange rate o f  the Austra l i an dol l ar, the 

Brit ish pound, the J apanese yen and the Swiss franc, agai nst the US dol lar.  Engle ( I  0) represents the LM test o f  Engle ( 1 982 ) using I 0 l ags for the presence of 

ARCH effects. The crit i cal value of the L M  test i s  I 8 .307 at the 5% leve l .  The l i near correlation coeffi c i ent p, i s  calculated as PP = � .  The rank 

17,17)' 

. . . I ? " 
n + l  n + l  n ( J- 1 correlation coeffi c i ents Ps and T K are calculated as Ps = . ,- " s:(rank(x, ) -T )(rank(y, ) - -2-) and r K = 2 ts�s�ign[(x, - x 1 )(y, - y )] 

respect ively.  Figures in bold type i nd icate s ign i ficance at t he 5% leve l .  
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4. 5.2 In-sample ML estimation 

l use the two-stage ful l  parametric ML method with the fixed scheme (which has been mentioned 

in section 3 . 4 . 1  in Chapter 3 )  to estimate the model parameters in e.  I first model the single 

exchange rate returns by an AR( l )-GARCH ( 1 ,  1 )  process. This popular method has been 

employed in many empirical studies on foreign exchange markets. See H sieh ( 1 988 ,  1 989a, 

1 989b, 1 993)  for the univariate case, and Chen and Fan (2006b) and Patton (2006a, 2006b ) for 

the multi variate case. 

Regarding the first stage of model estimation, an AR( I )-GARCH( I ,  I )  process 111 

Equation ( 4. 9 )  below i s  specified to obtain standardized returns z,: 

Yt = f..Lt + et 

f..lt = aJ + rP · Y1-1 

et = .Jh: · zt 

ht = ao + boet2-l + coht-1 

(4 .9 )  

For the conditional d istribution of z,, I consider three di stributional restrictions as possible 

candidates: the standard normal d istribution, the Student-/ distribution, and Hansen ' s  ( 1 994 ) 

skewed-t d istribution. The deta i ls  of the pdf and cdf of Han en ' s  ( 1 994 ) skewed-t d i stribution 

were a lready provided in Chapter 3, and so are not repeated here .  The cdf of each restriction wi l l  

be then used as marginal d i stributions for copula estimation in the second stage. 

Table 4.2 presents the in-sample ML esti mation results of the marginal parameters 8,�11 111 

the AR( I )-GARCH( l ,  I )  model with di fferent distributions of standardized returns. S imi lar to 

Chen and Fan (2006b) and Patton (2006a, 2006b ), the parameters ( aJ and r/J) in the mean equation 

are not statist i cal ly sign i ficant in most cases, espec ia l ly  for the BP and the SF rate. This indicates 

that the exchange rate changes cannot be directly pred icted using the mean equation only. 

However, the parameters in  the variance equation are s ign i ficant at the 5% level, exhibi ting the 
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presence of  conditional heteroscedastic ity, in a l l  cases. The small values of  the unconditional 

kurtosis parameter 17 for both the Student-! and the skewed-t di stribution are also s ignificant, 

suggesting that the four exchange rate returns follow heavy-tai led di stributions.  The estimation 

results of the unconditional skewness parameter IL for the skewed-t distribution, on the other 

hand, are mixed. As far as the in-sample period is concerned, strong evidence of negative and 

posit ive skewness is found for the AD and the J Y  rate respect ively. ln contrast, such evidence i s  

not present for the  BP and the  SF rate, i ndicating that they are symmetrical ly di stributed. 

Meanwh i le, to investigate the adequateness of the marginal models, I perform the goodness-of-fit 

test proposed by Patton (2006a, 2006b) and Jondeau and Rockinger ( 2006) for the three 

d i stributions considered. The deta i l s  of the test have been described in Chapter 3 .  As shown in 

Table 4 . 3 ,  the test results are mixed for the L M  test. The best marginal model fitting is found in 

the SF  rate, fol lowed by the JY and the AD rate. For the SF rate, a l l  the marginal models pass the 

test, confirming that there are three poss ible distributions for it. For the BP rate in most cases, the 

second and the fourth centered moments seem to be non i. i. d.25 In despite of the mixed resu l ts 

mentioned above, the K-S test re ults of a l l  three di fferent marginal distributions for each series 

consistently accept the null that all marginals are uni formly d istributed. Since my test procedure 

i s  de igned for the presence of model misspec ification, I then retain all the three marginal 

restrict ions at the second tage of the two-stage MLE of a l l  candidate copulas, and assess al l  

CBMD model performances in the final step. 

15 For model ing the B P  return series, I have tried to add the lags up to I 0 in  the mean equation, i .e .  A R( I 0 ), for 
d i fferent marginal  d istributions. However, there is no i mprovement at a l l  i n  those model performances. 
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Table 4 . 2 :  I n-Sample M L  Estimation of  the AR ( 1 ) -GARCH ( 1 , 1 )  Model 
with Different Distributions of Standardized Errors 

Parameter 
A D  B P  

Normal Student-t Skewed-t Nonnal Student-t S kewed-t  

(1) 0 .0 1 57 0.03 7 1  -0 .0 1 44 0 .0 1 3 8 0.0208 0.0077 
(0 .0 1 1 0)  (0 .0090) (0 .02 1 3 )  (0 .0 1 24 )  (0.0 1 1 3 ) (0 .0204) 

rjJ 0 .0044 -0 .0 1 98 -0 .02 1 7  -0.0 1 49 -0.03 1 7  -0.0323 

(0 .02 1 2 ) ( 0. 0 1 84) (0.0 1 87 )  (0 .02 1 5 ) (0.0 1 84) (0 .0 1 83 )  

ao 0.0266 0.0 1 53 0.0 1 35 0.0064 0.005 1 0.0049 

(0 .003 3 )  (0 .0043 )  (0 .0033 )  (0 .00 1 3 ) (0.0023 ) (0 .00 1 7 ) 

bo 0. 1 036 0. 1 054 0.0999 0.0378 0.0432 0.0427 

(0 .0092 ) (0 . 0 1 98 )  (0 .02 1 5 ) (0 .0036 )  (0 .0085 )  (0 .0055)  

eo 0.8259 0.87 7 1  0.882 1 0.9494 0.9505 0.95 1 2  

(0 .0 1 5 1 )  (0 . 0 1 95 )  (0 .006 1 )  (0 .005 1 )  (0.0094) ( 0.0008)  

'1 3.3698 3.4475 4. 1 1 25 4. 1 3 1 4  
(0 .2945 ) (0.6074) (0.4227 )  ( 0.4939) 

A. -0.0609 -0.0 1 77 
( 0.02 1 4 )  ( 0.0228)  

Log1 ik -2232 -2059 -2054 -2664 -2554 -2553 

JY SF 
om1al Student-/ Skewed-/ Nonna1 Student-! Skewed-t 

(1) 0 .02 1 2  0 .0023 0 .0354 0 .0207 0.0 1 39 0.0278 
(0 .0 1 37 )  (0 .0  1 08 )  (0 .0 1 83 )  (0.0 1 53 )  (0 .0 1 43 )  (0 .0 1 95 )  

rjJ -0 .0 1 87 -0.0477 -0.0466 -0.0 1 65 -0.0 1 83 -0.0 1 92 

(0 .0203 ) (0 .0  1 72 )  (0 .0 1 74) (0.0200) (0.0 1 87 )  (0 .0 1 84) 

ao 0.0463 0.0287 0.0266 0.0 1 88 0.02 1 8  0.02 1 8  

(0 .0056) (0.0 I 02)  (0 .0022) (0 .0032 )  (0.009 I )  (0 .0038)  

bo 0.0749 0.0757 0.0685 0.0354 0.03 1 5  0.03 1 5  

(0 .0058 )  (0.0205 ) (0 .0072) (0.0047)  (0.0087 )  (0 .006 1 )  

eo 0.8405 0.9065 0.9043 0.9374 0.9392 0.939 1 

(0 .0  1 38 )  (0 .02 1 1 )  (0 .0043 ) (0 .0075 )  (0.0 1 84 )  ( 0 .00 1 6 ) 

'7 2.8540 3.069 1  4.5894 4.5998 
(0 .2293)  (0.406 1 )  (0.5060) ( 0.5573 ) 

), 0.0487 0.0245 
(0 .0230)  (0 .0238)  

Log1 ik -2787 -2559 -255 7  -3 1 38 -3048 -3045 

Note: This table contains the ML estimat ion results for marginal with d i fferent distributional restrictions. The 
spec i fied models arc given by Equation (4 .9 ) .  Logl ike is the log l ikelihood function.  tandard errors arc given in  
parentheses. Figures in  bold indicate signi ficancc at  the 5% leve l .  AD,  BP, JY and SF denote, re  pcct ivcly. the 
exchange rate of the A ustra l ian dollar, the British pound, the J apanese yen and the Swiss franc , against the U S  
doll ar. 
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Table  4 .3 : Goodness-of-Fit  Tests for D ifferent Distributional Restrictions 

Panel A: Normal distribution 
I st Moment L M  Test 
2nd Moment LM Test 
3rd Moment LM Test 
4th M oment LM Test 
K-S(20) 

AD B P  J Y  SF 

0.06 0 . 1 1  0 .06 0.46 
0 .27 0.002* 0 .56  0. 1 5  
0.6 1 0 . 37  0 .08 0 . 78 
0.07 0.0 1 * 0 .39  0 .24 
0.62 0 .65 0 .62 0 .64 

Panel B: Student-t distribution 
I st Moment L M  Test 0.05 0. 1 0  0 .03*  0.49 
2nd Moment LM Test 0.44 0.004* 0 .53  0. 1 2  
3rd M oment L M  Test 0.78 0 .34 0.05 0 . 83 
4th Moment LM Test 0.04* 0 .05 0 . 1 2  0 .20 
K-S(20 )  0.66 0.68 0 .67  0.66 

Panel C: Skewed-t distribution 
I st Moment LM Test 0.04* 0.08 0 .05  0 . 34 
2nd Moment L M  Test 0.76 0 .002* 0 .56  0 . 1 2  
3rd Moment L M  Test 0.40 0.24 0.07 0.78 
4th Moment LM Test 0.25 0.0 1 * 0 .67 0 . 1 3  
K-S(20 )  0.63 0.66 0 .63 0 .65 

Note: This  tab le  reports p-va l ues of  the  goodness-of-fit test statistics for the nonnal ,  the  Student-/, and  the  skewed-t 
distributional restrictions of the general univariate model .  The test contains two parts . The first part of the test wh!ch 
is labeled as kth Moment L M  Test (k = 1 , . . .  , 4)  in each panel evaluates whether the kth centered moments of the 

transformed rcsi duals u , are serial ly correlated. l regress ( u ,  - u
, / on 20 own lags. U nder the n ul l  of no 

) 
autocorrclation of the rcsid uals, the stat istics ( n-20) R ' is distributed as a X}o where 11 and R' arc the sample size 

and the coefficient of determination of the regression .  The second part of the test which is labelcd as K-S(20)  i n  each 

panel employs Kolmogorov-Smirnov test within each bin to eval uate whether U ; are Uni form(O, 1 ), where the total 

number of the b i n  is 20. Under the nul l ,  the stat ist ics is  also distributed as a Xio . * indicates s ign i ficance at the 5% 

level .  AD, BP,  JY and SF denote, respectively, the exchange rate of the Austra l ian dollar, the British pound, the 
Japanese yen and the Swiss franc,  against the US dol lar. 
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The second-stage estimation concerns the copula parameters Be in  the seven copula 

models under invest igation. l let each of them connect, respectively, the normal, the Student-/, 

and the skewed-/ marginals .  Table 4.4 reports the second-stage estimation results of the copula 

parameters. All estimated parameters are s ign ificant at the 5% level. However, statistical 

s ign ificance of model parameters does not necessari ly promise  that the model will have good (or 

relatively better) density foreca ting perfonnance, especial l y  in the presence of possible data 

snooping. One needs to employ Hansen ' s  SPA test to evaluate the in-sample fitting and out-of­

sample forecasting abi l i t ies of these twenty-seven mu lti variate densi ty models, before drawing a 

conclusion. 
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Table 4.4 :  l n-Sam�le M L  Est imat ion of Co�u las 

Copula Marg ina l  
Exchange rate �ai r  

A D-vs- B P  A D-vs-J Y A D-vs-S F  B P-vs-J Y B P-vs-S F J Y-vs-SF  

A rc h i medean Copu l a  

C layton ( a )  Normal 0. 1 0 1 5  0.0575 0.0559 0.6420 1 .3573 1 .0485 
(0 .0  1 70)  (0 .0  1 62)  (0 .0 1 59)  (0 .0368)  (0 .0492) (0 .0446) 

Student-/ 0.4497 0.5020 0.2966 1 .6049 2.4097 2 .0406 
(0 .04 3 3 )  (0 .05 1 8) (0 .044 1 )  (0 .05 7 8 )  (0 .0669) ( 0 .063 1 )  

S kewed-t 0. 1 866 0.0994 0.0986 0.8398 1 .5464 1 . 1 538 
(0 .025 1 )  (0 .0233 )  (0 .023 1 )  (0 .0363)  (0.048 1 )  (0 .04 1 2) 

Frank ( a ) Norm a l  1 .4063 0.80 1 9  0.7825 4.9260 7.7 1 92 6.02 1 1  
(0.  1 462) (0 . 1 5 8 8 )  (0 . 1 474) (0 . 1 509) (0 . 1 763 )  (0 . 1 5 84 )  

Student-/ 2.236 1 2.2923 1 .3 1 1 4  6.3897 8.80 1 1 7.3539 
(0 . 1 78 8 )  (0 .2 1 48 )  ( 0 .  1 96 8 )  (0 . 1 659)  (0 . 1 907 )  (0 . 1 7 3 2 )  

S kewed-/ 1 .0988 0.564 1 0.6252 3.9966 6.7436 5.0 1 3 1  
(0. 1 2 1 8) (0 . 1 224) ( 0 . 1 2 1 8) (0 . 1 3 6 1 )  (0 . 1 643 )  (0 . 1 448)  

Gumbel  (a )  Normal 1 . 1 225 1 .0453 1 .0638 1 .4929 2 . 1 086 1 .64 1 0  
(0 .0 1 68 )  (0 .0  1 30 )  (0 .0 1 4 1 )  (0 .0246) (0 .035 1 )  ( 0 .0274) 

Student-! 1 .3562 1 .3877 1 .2295 2 . 1 024 2.672 1 2.2667 
(0 .0279) (0 .03 1 5 ) (0 .0260) (0 .0380)  (0 .0460) (0 .0402) 

S kewed-/ 1 . 1 208 1 .0703 1 .074 1 1 .5562 2 . 1 032 1 .7343 
(0 .0  1 50)  (0 .0  1 3 3 )  ( 0 . 0  1 34 )  (0 .0243 )  ( 0 .0342) (0 .0276) 

B B I (a , fJ) N ormal 0.0527 0.0405 0.0293 0.2369 0.2603 0.4540 
(0 .0 1 68 )  ( 0 . 0  1 65)  (0 . 0203 ) (0 .03 3 3 )  (0 .0347)  (0 .0083 ) 
1 .089 1 1 .03 1 2  1 .0506 1 .345 1 1 .8756 1 .3820 

(0 .0  1 82 )  (0 .0  1 27 )  (0 .0  1 5 7 )  ( 0 .0282 ) (0 .042 1 )  (0 .0230)  
Student-/ 0. 1 330 0. 1 745 0.09 1 5  0.3922 0.50 1 7  0.6299 

(0 .0462) (0 .0496) (0 .0460) (0 .0569) (0 .058 1 )  (0 .065 1 )  
1 .29 1 3  1 .3 1 1 3  1 . 1 95 1  1 .8089 2.2087 1 .8073 
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(0 .0342)  (0 .0357 )  (0 .0302) (0 .05 1 0)  (0 .06 1 8) (0 .0526) 

S kewed-/ 0.0897 0.0390 0.0330 0.3235 0.4322 0.478 1 

(0 .0285 )  (0 .0254) (0 .0250) (0 .0406 ) (0 .0450) (0 .0452 )  
1 .0836 1 .0563 1 .0620 1 .3729 1 .7783 1 .4502 

( 0 .0 1 76) (0 .0 1 54) (0 .0 1 56)  (0 .0296) (0. 0422 )  ( 0 .0329) 

BB7 ( a, j3) N ormal  1 .09 1 5  1 .0279 1 .054 1 1 .3090 1 .9479 1 .32 1 6  

(0 .0223 ) (0 .0 1 38 )  (0 .0444) (0 .0327)  (0 .0536)  (0 .0355 )  
0.0834 0.05 1 7  0.0452 0.46 1 9  0.8068 0.8 1 77 

(0 .0 1 65 )  (0 .0  1 60) ( 0 .0  1 68 )  (0 .0376) (0 .0536) ( 0 .0486) 
Student-/ 1 . 4070 1 .4542 1 .2808 2 .0695 2.6403 2.0527 

(0 .0426) (0 .0446) (0 .03 79)  (0 .0630) (0 .0764) ( 0 .0669) 
0.3028 0.3659 0. 1 967 1 . 1 033 1 . 72 1 7  1 .5638 

(0 .0455 ) (0 .0607) ( 0 .0447 )  (0 .07 1 5 ) (0 .0902)  (0 .0806) 
Skewed-/ 1 . 1 042 1 . 0743 1 .0797 1 .4733 2.00 1 1 1 .5782 

(0 .0222)  (0. 0 1 96) ( 0 .0 1 97)  (0 .0370) (0 .0523 )  (0 .04 1 5 )  
0. 1 34 1 0.0644 0.06 1 2  0.6027 1 .0949 0.8824 

(0 .0262 ) (0 .0236) (0 .02 3 3 )  ( 0 .04 1 0 )  (0 .0566) (0 .0469) 

E l l i�t ical  Co�u l a  

Gaussian (p) N orma l  0. 1 792 0.0728 0.0934 0.5368 0.7305 0.62 1 1  
(0 .0  1 87 )  ( 0 . 0  1 95 )  ( 0.0  1 94) (0.0 1 23 )  (0 .0074) (0.0 I 03 ) 

Student-/ 0.4052 0.4 1 6 1  0.2630 0.7437 0.8279 0.7846 
(0 .0224) (0 .0250) (0 .03 1 4) (0 .0078 )  (0 .0050) (0 .0064) 

S kewed-t 0. 1 783 0.086 1  0.0993 0.5490 0.7343 0.6342 
(0.0 1 85 )  (0 .0 1 93 )  (0 .0 1 92 )  (0 .0  1 20) (0.0073) (0 .0099) 

I (p, b) Norma l  0. 1 747 0. 1 034 0. 1 036 0.55 1 8  0.7657 0.6432 
(0 .0230)  (0 .0243 ) (0 .0238 )  (0 .0 1 29)  (0 .008 1 )  (0 .0 I 05)  
5.4962 7.8888 4.9663 34.756 1 5.6550 32.890 1 

(0 .0974) (0 . 1 752)  (0 .0422)  (0 .6002 ) (0 .588 1 )  (0 .5756)  
Student-/ 0.2825 0.2374 0. 1 609 0.7382 0.8364 0.788 1 

(0 .03 1 9) (0.0504) (0 .03 3 1 )  (0 .0 1 1 4) (0.007 1 )  (0 .0084) 
2.4804 2.0 1 53 2.3596 3.9633 2.879 1 4.68 1 2  

(0 .2349) (0 . 3552 )  (0 . 1 946) (0 .6325)  ( 0 .3080) (0 .7 1 24)  
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S kewed-/ 0. 1 789 
(0 .0202) 
9.2728 

(2 .0507) 

0.0924 
(0 .02 1 7) 
5.4864 

(0 .7469) 

0. 1 0 1 8  
( 0 .02 1 1 )  
7.4827 

( 1 . 3 300) 

0.5547 
(0.0 1 44) 
5. 1 580 

(0 .6677) 

0.7482 
(0 .0094) 

3.5400 
(0 .3370) 

0.6434 
(0 .0 1 23)  

4.334 1 
(0 .4764) 

Note: Th i s  t a b l e  shows the i n-sample two-stage M L  estimation results of t h e  c o p u l a  functions for each pair  of exchange rate returns. T h e  c o p u l a  models are 

provi ded i n  Tab l e  2 . 1 of Chapter 2. Standard errors are gi ven in parentheses. Fi gures in bold indi cate s ignifi cance at the 5% leve l .  AD, BP, JY and SF denote, 
respecti vely.  the exchange rate of the Austral ian dol l ar, the Brit ish pound, the J apanese yen and the Swiss franc, aga i nst the US dol l ar.  
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4. 5.3 In-sample CBMD model performance 

I mplementing the SPA test, I calculate the KLIC distance measure between the "true" 

mult ivariate density and the copula-based multivariate density for each pair of exchange rate 

returns . This yields 2 1  estimates of the KLIC distance measure for each pair as there are 2 1  

candidate copulas. 

Based on Equation (4. 5 ), I approximate the true mult i variate density by the 

nonparametric multivariate kernel estimator. As a result, Figures 4. 3-4.6 display the three­

dimensional plots and contours of the in-sample and out-of-sample nonparametri c  mult ivariate 

kernel densit ies for the 6 pairs of returns. These nonparametric multivariate kernel densities are 

taken to be the "true" densities where the functional forms of their marginal d i stributions are 

unknown.  

When making mult iple model comparisons via the SPA test, I take in turn each of the  2 1  

model s  as a benchmark model and compare it with the remaining 20 models, in tenns of the 

KLIC d istance measure. The nul l  hypothes is  of the SPA test is that the best of the remaining 20 

models is  no better then the benchmark model .  In e t imating the bootstrap p-values of the SPA 

test stat i stic, the number of resampl ing i s  cho en to be I 000 and the random block size for 

stat ionary bootstrapping is estimated fol lowing Polit is and White's (2004) suggestion. The 

decis ion rule for detennining the "be t" in-sample model fitting is based on the largest p-value. 

Table 4.5 sets out the p-values of  the in- ample PA test statistic based on the KLJC loss 

function .  For ease of exposition, 1 wil l  use the name of  the copula and the name of  the marginal 

di stributions when referring to a copula-marginal complex. For example, a "C iayton-normal 

copula" refers to the C layton copu la with the normal distribution being marginals .  Now, 

according to the bootstrapped p-val ues, for the A D-vs- BP  pair o f  exchange rate returns, the best 
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i n-sample mult i variate density model fitti ng i s  found with the BB7-nonnal copula, as i t  has the 

largest p-value of 0.234. Thus, I cannot reject the nul l  hypothesis  that the other 20 copulas are no 

better than this one. Then, using the estimated parameters for the B B7-normal copula reported in 

Table 4 .4, 1 obtain its lower and upper ta i l dependence coeffi cients as r L  = 2- l tfJ = r 1 1 0 0834 = 

0 .0003 and ru = 2 - r 1 a = 2 - 1 1109 1 5  = 0. 1 1 29 .  This re u l t  implies that the bivariate d istribution 

of the AD and BP rates is asymmetric ,  with upper tai l dependence being much greater than l ower 

tai l  dependence . By the same way of inference, the AD-vs-JY pair has its bivariate density best 

characterized by the Clayton-skewed-t copula with lower tai l dependence T L = 2 - l / a = r 1 1 0 0994 

= 0 .0009 but no upper tai l  dependence. The remaining four pairs, AD-vs-SF,  BP-vs-JY, BP-vs­

SF  and JY -vs-SF, al l  pick the Gumbel copula as their best in-sample bivariate density fi tting 

model , albeit three with the normal and one with the Student-t distribution as marginals .  There is 

therefore no lower but upper tai I dependence for these four pairs in the in-sample period, and the 

upper tail dependence coefficients ( 2 - 2 1 a ) may be calculated as 0 .08 1 4  (the AD-vs-S F pair) ,  

0 .6095 (the BP-vs-JY pair) ,  0 .6 1 08 (the B P-vs-SF pair) and 0.4 744 ( the JY -vs-SF pair)  

respecti vely. 

In additi on, no Gauss ian copula with any one of the three marginal d istributions emerges 

as the best i n-sample fitting models for the six bivariate densities. ote also that with the 

skewed-t d istribution as marginals ,  the copula-based multi variate density models show the worst 

in-sample model fitting as the corresponding p-values are 0 .000 in most ea e . 

In summary, the bootstrapped p-values demonstrate that the i n-sample bivariate densit ies 

modeled by Archimedean copulas for the s ix pairs of exchange rate returns outperform those 

modeled by the Gaussian and t copulas. 
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4. 5. 4 Out-of-sample CBMD forecast evaluation 

I n  this section, I discuss the results of the out-of-sample copula-based multivariate density 

forecast evaluation . I n-sample analysis in  the preceding section shows that the non-nonnal i ty 

dependence structure of a mult ivariate density can be captured by Archimedean copulas. My 

interest here i s  to  see whether Archimedean copulas wi l l  do the same good j ob for forecasting the 

possible non-Gaussian multi variate density of exchange rate returns in the out-of-sample period. 

The evaluat ion results are reported i n  Table 4 .6 .  For the AD-vs-J Y pair, the Clayton 

copula-based density model consistently outperforms others for forecasting, a lthough its 

marginals are d i fferent from those in  the in-sample period. Interestingly, the remaining five pairs 

now favor the symmetric copula-based multivari ate density models .  For the AD-vs-SF pair, the t 

copula becomes the best bivariate density forecast ing model, whi le  for the AD-vs-BP, the B P-vs­

J Y ,  the BP-vs- S F  and the J Y-vs-SF pair, the Frank copula, constructed by either the normal or 

the Student-/ or the skewed-t marginals, i s  the champion . 

There exist discrepancies in the best copula-based multivariate density model 

performance between in-sample fitting and out-of-sample forecasting. This indicates that the data 

generating process might be di fferent between the two sub- ample periods. 

However, one thing in common is that Archimedean copulas dominate the Gaussian 

copula in model ing multivariate densities. Also consistent with the in-sample evaluation results, 

no single part icular form of the marginal distribution combined with any copula would always 

lead to the best density forecast ing performance. So my approach to testing all possible kinds o f  

copu la-marginal complexes has proved to be appropriate. 
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Final ly, some copula-based density models perfonn the worst for out-of-sample density 

forecasting: their bootstrapped p-val ues are 0.000. These zero p-values may be taken to imply 

that the corresponding models are seriously  misspecified. 
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Table 4 . 5 :  Results of  the In-Sample SPA Test Based on the KLIC Loss Function 

Copula Marginal Exchange Rate Pair 
A D-vs-BP AD-vs-JY A D-vs-SF B P-vs-JY BP-vs-SF JY -vs-SF 

Archimedean CoEula 

Clayton (a) N onnal 0 .025 0. 1 78 0 .030 0 . 1 98 0 .00 1 0 .034 
Student-! 0.075 0 .253 0.409 0 . 1 23 0 .000 0 .000 
Skewed-t 0.000 0.978 0 .000 0 .000 0 .000 0 .000 

Frank (a )  Normal 0 . 1 37 0 .385 0 . 1 78 0 .000 0 .00 1 0 .043 
Student-! 0 .084 0. 1 2 1  0 .225 0 .697 0 .000 0 .000 
Skewed-t 0.000 0.968 0 .000 0.000 0 .000 0 .0 1 8  

Gumbel ( a )  onnal 0. 1 7 1  0.429 0.445 0. 1 82 0.203 0 .300 
Student-! 0.008 0.086 0 .292 0.798 0.000 0 .00 1 
Skewed-t 0.000 0.000 0.000 0 .000 0 .000 0 .006 

BB I (a , fJ) Nonnal 0.0 1 1 0 .375 0 . 1 86 0 .000 0 .00 1 0 .00 1 
Student-! 0. 1 1 6 0. 1 43 0 .259 0 .6 1 1 0 .000 0 .000 
Skewed-t 0.000 0.000 0 .000 0.000 0 .000 0 .000 

BB7 (a ,  fJ) Nonnal 0.234 0.426 0 .270 0 .040 0.000 0 .0 1 7  
Student-! 0 .000 0. 1 67 0 . 353  0 .542 0 .000 0 .000 
Skewed-r 0 .000 0.000 0 .000 0.000 0 .000 0.000 

El l iEtical CoQula 

Gau si an (p) onnal 0 . 1 76 0. 1 8 1  0 .2 5 1 0 .000 0 .00 1 0 .000 
Student-! 0. 1 09 0.2 1 7  0 . 238  0 .000 0 .000 0 .000 
Skewed-t 0.000 0.964 0 .000 0 .000 0 .000 0 .000 

t (p, 6) Normal 0.0 1 3  0.067 0 .002 0 .040 0 .005 0 .000 
Student-! 0.000 0. 1 95 0 .3 1 5  0 .542 0.000 0 .000 
Skewed-t 0 .000 0.000 0 .000 0 .000 0 .000 0 .000 

Note: This table  exhib i ts the p-valucs of the i n-sample SPA test based on the K L I C  loss function with stat i onary 
bootstrapping.  The number of rcsamplcs i s  1 000. The choice of the random block length for the stat ionary 
bootstrapp ing is made fol lowing Po l i t is  and Whi te 's  ( 2004) .  The p-val ues in  bold i ndicate the most preferred model . 
AD, BP,  J Y  and SF denote, respect ively, the exchange rate of the Austral ian dol lar, the Bri t i sh 1 ound, the Japanese 
yen and the Swiss franc, against the US doll ar. 

l OO 



Table 4 .6 :  Results o f  the Out-of-Sample SPA Test Based on the KL I C  Loss Function 

Copula Marginal Exchange rate .eair 
AD-vs-BP A D-vs-JY AD-vs-SF BP-vs-JY B P-vs-SF JY -vs-SF 

Archimedean co12ula 

Clayton (a) ormal 0.250 1 .000 0.080 0. 1 58 0 .003 0 .007 
Student-/ 0 .000 0. 1 74 0.000 0 .0 1 0  0 . 1 47 0.07 1 
Skewed-t 0 .000 0 .000 0. 1 1 6 0.000 0 .000 0 .000 

Frank ( a) Nonnal 1 .000 0.002 0. 3 3 1 0.033 0 .003 0 . 1 65 
Student-/ 0.000 0 .003 0 .000 0.209 0.032 0. 1 82 
Skewed-t 0.000 0 .040 0 .000 0 .000 0.78 1 0 .000 

Gumbel ( a) Normal 0.000 0 .000 0 .000 0.008 0 .002 0 .002 
Student-/ 0.002 0.000 0.000 0 .000 0 .070 0 .057 
Skewed-t  0.000 0 .000 0.000 0 .000 0 .000 0 .000 

BB ! (o. , /3) Normal 0.000 0 .000 0.000 0 .0 1 6  0 .005 0 .000 
Student-/ 0.000 0 .000 0.000 0 .000 0 .000 0 .000 
Skewed-t 0.000 0 .000 0.000 0 .000 0 .000 0 .000 

BB7 (a., /3) Nonnal 0.000 0.000 0.000 0 .043 0 .00 1 0 .075 
Student-/ 0.000 0.000 0.000 0 .000 0 .209 0 .000 
Skewed-t 0.000 0 .000 0.000 0 .000 0 .000 0 .000 

E l l ij2tical co12ula 

Gaussian (p) om1al 0.000 0.000 0.000 0 .0 1 7  0 .000 0 .034 
Student-/ 0.000 0.000 0.000 0.079 0 .093 0 . 1 1 4 
Skewed-t 0.000 0 .0 1 2  0.000 0.032 0 .000 0 .000 

t (p, 6) onnal 0. 1 1 7 0 .000 0.438 0.007 0 .000 0 . 1 55 
Student-/ 0.000 0 .000 0 .000 0 .000 0 .0 1 2  0 .000 
Skewed-t 0.000 0.000 0.000 0.000 0 .000 0 .000 

Note: This table exh ibits the p-values of the out-of-sample SPA test based on the KUC loss function wi th  stationary 
bootstrapping. The number o f  resamples is I 000. The choice of the random block length for the stat ionary 
bootstrapping is made fol lowing Pol i t is  and White's  ( 2004) .  The p-val ues in bold indicate the most preferred model 
A D, BP, JY and SF denote, respectively, the exchange rate of the Austra l ian dollar, the Brit ish pound, the Japanese 
yen and the Swiss franc, against the U dollar. 
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4.6 The Economic Value of Arch imedean C B M D  Forecast Evaluation 

In th i s  section, I further investigate the economic value of Archimedean CBMD forecast 

evalu at ion by providing a numerical example of multivariate option pric ing. I consider a 

bivariate cash-or-nothing digital put option on the exchange rates of the Austra l ian dollar (AD)  

and the British pound (BP )  against the US dol lar. 

In itial ly, according to Rosenberg (2003 ), the price of a bivariate option, p, is calculated 

by 

K w K BP 

- ( r w -r.p )( T-1 ) f f D( X X ) r·  ( X  X I 9 )d'V d'V p = e . 
AD.t '  IJP.t . . AD.t ' IJP.t ./\ AD.t ./\ IJP.t 

0 0 

(4 . 1 0)  

where D( · ) i s  the payoff function, r110 and r8P are the ri sk-free interest rates of the two 

countries  respectively, T-t is the time until expiration, I* ( · ) i s the b ivariate pric ing kemel ( risk-

neutral density), X ,0_, and X BP.t are respectively the spot dol lar prices of the two currencies at 

t ime t, K ,0 and K BP are the strike prices for the univariate options, and 9 is the parameter set for 

the funct ion I* ( · ) .  For a bivariate cash-or-nothing digital put option, Equation (4 . 1 0 )  becomes 

K rf) KBP 
- D - ( r ,n-rBp )( T -1 ) f f j·* ( V X I 9 )d' V d' V p - . e /\ AD.r ' BP.r ./\ AD.t ./\ BP.t 

0 0 

( 4 . 1 1 ) 

where D is the predetermined cash payoff For i l l ustration, I a sume D = $ 1 ,  and r.w and r8p are 

identicaL  Then the price of the bivariate digital put option is imp l ified as 

K 10 K 8p 

P = f f I · c x,w_, , xBP.t 1 e )dx.w_, dx IJP.t 

0 0 

(4 . 1 2) 

Cherubin i  and Luciano ( 2002 ) demonstrate that, in a complete market and for a bivariate digital 

option pricing, the bivariate pric ing kernel is a bivariate probab i l i ty measure. Therefore, the 
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formul a  of  the bivariate d igital put option can be described by a pure bivariate cumulative 

distribution function and can be further expressed by a copula function: 

K,.w K BP 

P = f f f(XAD.t > X BP.r I O)dX AD,t dX BP.r = Pr( X AD.r � KAD , X  BP.r � K BP ) 

0 0 

(4. 1 3) 

where f ( · ) is the bivari ate obj ect ive density, and C( · ) is the copula function. From Equation 

( 4. 1 3 ) we can see that the price of the bivariate put option p and the bivariate obj ective density 

function f ( · ) are closely associated. Hence, the multivariate density forecast evaluation can 

provide an adequate basis for pricing the multivariate option. 

According to the evaluation results reported in Table 4 .6 ,  the best out-of-sample CBMD 

forecast for the AD-B P pair is  the Frank-copula-based density with the nonnal marginals whi le 

the worst one i s  the ful l  G aussian-copula-based density. This indicates that i f  an option ' s  pricing 

is based on the ful l  Gau s ian-copula-based density, the option wi l l  be mispriced. Therefore, for 

compari son, l calculate a Frank-copula-based digital put option price as wel l as a ful l  Gaus ian-

copula-based one. Since the marginals for both copulas are nonnal,  1 then estimate the marginals 

calculated using the equation of the univariate foreign currency put option based on the Black-

Schole formula (see more deta i ls  in Garman and Koh lhagen ( 1 983 ) ) :  

(4 . 1 4) 

In (  X BP,t I K BP ) +  [ 'us - rA0 - (o-;P / 2 ) ] · ( T  - t) 
d BP := ----------===-------

O"BP � 
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where rus i s  the risk-free i nterest rate in the United States, and CJ110 and CJ BP are the standard 

deviations of the two exchange rate returns. For numerical analysis, suppose that 

X AD.t = 0.75, X BP.t = 1 . 83 ,  

K ;ID = 0.78 ,  K BP = 1 . 88, 

(JAD = 0 .69, (JBP = 0.50, 

T-t = 3 months = 0.25 year. 

Then 

d.40 = [ln(0 . 75/0. 78) - (0 .69 2 /2 ) '0 .25 ]/(0 .69 ·  -Jo.25 ) = -0.2862 

d BP = [ ln( l . 83/ 1 . 88 ) - (0 .50 2 /2 ) · 0.25]/(0 .50 ·  -Jo.25 ) = -0 .2328 

Therefore u = F(-d110 ) = Cl>  ( -0 .2862 ) = 0 .6 1 62 ,  u = F(-d8p ) = C!> (-0.2328) = 0.592 1 .  

l f the returns of the US/ AD and US/BP rates are l inearly correlated within the tradit ional 

mean-variance framework, then the bivariate d igital put option can be priced by a ful l  Gaussian 

copula with a l inear correlation coefficient p. Suppose p = 0 . 5 .  Then 

p Gaussiau = C( ct>( -d BP ), et> (  -d JY ) ; p ) = c Gaussian (0 . 6 1 62, 0. 592 1 ;  0 . 5 )  

= et> p (0 .6 1 62 ,  0 .592 1 ;  0 . 5 )  

= 0.44 1 6  

(4. 1 5 ) 

However, i f  we extend bivariate model ing beyond the tradit ional mult ivariate normal distribution 

to a Frank copula, where bivariate returns are non l inearly associated, then the price of  the 

bivariate digital put option becomes 

Suppose the parameter 0 for the Frank copula is 2 . 5 .  Thus, 
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P
Frank = c Frank (0 .6 1 62, 0 .592 1 ; 2 . 5 )  

1 [ (e-o " - J)(e-0 u - 1 ) 1 1 [ (e-2 5x0 6 1 62 _ 1 )(e-25x0 592 1 - I) ] 
= - - In 1 +  = -- In 1 + _ 

e e-0 - 1 2 . 5  e-2 ) - I  
(4 . 1 6) 

= 0 .43 1 0  

o w  compared with the Frank copula, the Gaussian copula c learly overprices the put option. 

Next, suppose a portfol io (valued in the U S  dol lar) contains two foreign risky assets, and 

an i nvestor invest in 1 ,000,000 uni ts of the portfol io .  To hedge against simultaneous 

appreciations in the AD and the BP, the investor decides to buy a 3-month bivariate digital put 

opti on with a strike price equal to  $45 per unit of the portfol io .  The initial investment based on 

the Frank copula i s  1 ,000,000 x 0 .43 1 0  = $43 1 ,000, and that based on the ful l  Gaussian copula is  

I ,000,000 x 0.44 1 6  = $44 1 ,600. At the expiration date, if  the price per uni t  of the portfo l io  is  

lower than i ts  strike price, say $30, then the investor can sel l  the 3-month bivariate digital put 

option for $45 per unit to real ize a gain of $45 - $30 = $ 1 5  per unit .  When the init ial  cost of  the 

option is taken into account, the net gain based on the Frank copula is $ 1 5 ,000,000 - $43 1 ,000 = 

$ 1 4,569,000, and that based on  the ful l  Gaussian copula is $ 1 5 ,000,000 - $44 1 ,600 = 

$ 1 4, 5 58 ,400. Therefore, as the option is mispriced by the ful l  G aussian copula, the investor wi l l  

suffer a net loss which is $ 1 4,569,000 - $ 1 4,558,400 = 1 0,600. 
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4.7 Conclusions 

In this chapter, I report the research with an obj ect ive to  show the importance and the way of 

tudying, largely neglected, non-Gaussian multivariate density forecast evaluation. I propose a 

ful l  ranking statistical test ing procedure, which al lows for the presence of misspecification in  the 

mult iple models, in terms of the KLIC to evaluate the Archimedean-copula-based multivariate 

density forecast. My study uses data from foreign exchange markets. 

In comparing competing models ,  I consider fi ve Archimedean copulas (the Clayton, the 

Frank, the G umbel ,  the BB 1 ,  and the BB7 ones) and two e l l iptical copulas ( the Gaussian, and the 

t ones) as candidates for tests .  These copulas have been popularized in the l iterature. Meanwhi le, 

I speci fy three models as the possible forms of marginal  distributions : the standard nonnal ,  the 

Student-/, and Hansen ' s  ( 1 994) skewed-t .  Further, in order to avoid the data snooping problem, I 

conduct H ansen ' s  (2005 ) S PA test via the KLIC loss function to evaluate model performances. 

The main empirical re ults of my research are summarized as fol lows. First ly, 

Archimedean copulas o utperform the G aussian copula for modeling multivariate densities, in  

tenns of both i n-sample fi tting and out-of-sample forecast ing. This result provides evidence that 

the mult ivariate density of financial time series, at least of exchange rates studied in this chapter, 

may be non-Gaussian. H owever, the exist ing l iterature has paid attention only to the evaluation 

of Gaussian multivariate density forecast: a serious omission. So, non-normal ity should now 

become a focal issue for academic research on multi vari ate density forecast evaluation. 

Secondly, any possible copula-marginal complexes of model could become the best 

performer in density forecast .  This result  conveys a message to risk managers that care must be 

taken in selecting the copula-based mult i variate density forecasting models and comprehensive 

tests for both copula and marginal functions at the same time should be conducted . 
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Final ly, d iscrepancies between the in-sample and out-of-sample copula-based 

mul ti variate density model performances are present in most cases. This result indicates 

structural change in the data generating process from the in-sample to the out-of-sample period. 

Although lnoue and Ki l ian (2004) argue that i n-sample tests of  predictab i l ity are more powerful 

than out-of-sample tests after correcting for data mining, the former should be supplemented the 

latter which may sti l l  provide additional and usefu l  infonnat ion for model selection .  
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Chapter 5 E stimating dynamic asymmet ric tail dependences 

with time-varying investors ' heterogeneous beliefs 

in Asian developed futures markets26 

5. 1 I n troduction and Literature Review 

This chapter' s  focus is on estimating dynamic asymmetric ta i l  dependences in the Asian 

developed futures markets, using conditional two-parameter Archimedean copulas. Specifical ly, 

to model the marginal  distribution for estimating the conditional two-parameter Archimedean 

copula, I consider a conditional skewed-t di stribution in accordance with time-varying investors' 

heterogeneous bel iefs (See Section 1 . 1  of Chapter I for discussion on the l ink  between the 

skewed-t distribut ion and investors ' heterogeneous bel iefs ) .  The main purpose of this chapter i s  

to  see whether the  PVaR estimation can be improved by this model .  

My work i s  motivated by the fol lowing considerations. First, the dependence structure of 

international financial  markets i s  increasingly important in various fields of finance such as 

optimal assets a l location, multivariate asset pri c ing, and portfol io value at risk. In the real world, 

the market dependence structure i s  usua l ly  asymmetric due to investors ' heterogeneity. A 

number of  recent empirical studies have uncovered that correlations between international equity 

markets are h igher during market downturns than during market upturns. 27 This suggests that,  if 

al l  stock prices tend to fal l  together as tai l  events occur, the value of diversi fication might be 

26 A revi sed version o f  this chapter, t i t led ''Estimation of Dynamic Asymmetric Tai l  Dependcnces: An Empi rical 
tudy on Asian Developed Futures Markets", has been accepted by Applied Financial Economics for publication 

27 For instance, Erb et a l  ( 1 994), King et al ( 1 994), De Santis and Gcrard ( 1 997) ,  Longin and Soln i k  ( 1 995, 200 I ), 
Ang and Bckaert ( 2002 ) and, Ang and Chcn ( 2002) .  
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overstated by those not taking the increase in downside dependence into account ( Ang and Chen, 

2002) .  As a consequence, internationa l diversification is less beneficial  than expected . 

Second, when hedging dependent risk, portfo l io  managers should care not only about 

movements of  individual markets, but also about cornovements among them. Following financial 

l iberal ization and market integration in  the last two decades, asymmetric dependence among 

international equity markets has become increas ingly s ign ificant. This asymmetry suggests that 

downside dependent risk deserves part icular attention of portfol io managers. 

Third, many empirical researches have showed that investors' heterogeneity plays a key 

role in determining financial disturbances and contagions. 28 

Fourth, the As ian developed futures markets ,  such as the Hong Kong Futures Exchange, 

the Osaka Stock Exchange, and the Singapore Internat ional Monetary Exchange, have attracted 

an extensive research interest. However, previous studies mainly focus on individual index 

futures l i sted on these three futures markets. 29 Little attention has been paid to asymmetric 

dependence, especial ly  tai l dependence, between these markets. My work is therefore to fi l l  thi s  

void.  

Previous studies on dynamic dependence between markets are mainly based on the 

multivariate GARC H  method, where mult ivariate returns are assumed to be normal ly  distributed 

and l inearly correlated (e .g. De Sant is  and Gerard ( 1 997 ) and Kroner and Ng ( 1 998 ) ) .  However, 

this method is unable to capture both non-normali ty and asymmetric (ta i l )  dependence when rare 

events and market contagion occur. 1 n formally,  tai l  dependence can be understood as the 

probabil i ty of an extremely large negative (posit ive) return on one asset/port fo l io given that the 

2x See Hong and Stein ( 2003 ) and Levy (2007 ) .  
29 For example, Chen et a l  ( 1 999), Cheng et al ( 2000), K im et  a l  (2002), and o and Tse (2004) among others .  
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other asset/portfol io has yielded an extremely l arge negat ive (posit ive) return. Patton (2006a) 

shows that the multivariate GARC H  model with the nonnal or Student ' s  t distribution cannot 

capture (condit ional ) tai l dependence. He concludes that "a hedge constructed using l i near 

correl ation may not offer the degree of protection it wou ld under a mult ivariate normal  or 

Student ' s  t distribution". I t  is a lso worth noting that there exists another method, which is based 

on the multivariate extreme value theory, to estimate tai l  dependence (see Longin and Solnik 

(200 1 )  and B ae et a! ( 2003 ) ) .  This method assumes an asymptotical ly dependent structure 

between random variables in the tai ls of the mult ivariate d istribution. H owever, Poon et al (2004) 

points out that there is no evidence of asymptotic dependence in stock market returns for most 

countries. They further conclude that the multivariate extreme theory method based on the 

assumption of asymptotic dependence can lead to overest imating financial risk. 

In order to overcome the drawbacks mentioned above, an alternati ve way to deal with 

asymmetric ta i l  dependence i s  therefore cal led for. Recently, there has been a growing i nterest in 

applying copula theory in  finance. A copula is a multi variate distribution function which can 

ful ly  and flexibly capture tai l  dependence among two or more random variables. Major financial 

appl ications of  the copula model can be found i n  Bouye et a! ( 2000 ), Brad ley and Taqqu (2003 ), 

Embrechts et a l  (2003 ), and Cherubini et al ( 2004), among others. Although the copula model is 

a new tool for eva luating multivariate dependence, empirical fronts have been expanded in many 

fi nanc ial direction including asymmetric patterns of financial  market comovements. See, for 

instance, Cai l lautt and Guegan (2005 ), Patton (2006a), Hu (2006), and Rodriguez (2007 ) .  

ln  th i s  research, I use  Hang Seng i ndex futures ( Hang Seng for short ) traded on the Hong 

Kong Futures Exchange, ikkei 225 index futures (Nik.kei 225 for short ) traded on the Osaka 

Stock Exchange, and Morgan Stanley Capital I nternat ional index futures ( MSC l S lN for short ) 
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traded on the S ingapore International Monetary Exchange, as proxies of the Asian developed 

futures markets. The Hang Seng index is a value-weighted index consisting of 3 3  major H ong 

Kong stocks, which comprise approximately 65% of the total market value and trading volume. 

It  is the benchmark of the Hong Kong stock market and is  widely used by fund managers as their 

perfo nnance reference. The Hang Seng index futures provides i nvestors with a set of  effective 

instruments to manage portfol io risk and has developed gradual ly  into one of  the most active 

futures contracts in the world.  The Nikkei 225 i ndex is a price-weighted arithmetic average of 

the c urrent stock prices of 225 companies and i s  the most widely quoted barometer of the 

Japanese stock market. It i s  also the basis of the most popular fut ures contracts in  Japan in  terms 

of dai ly  average volume and open interest. The Singapore Morgan Stanley Capital International 

index represents about 50% of the underlying Singapore stock market and comprises of  a basket 

of 36 Singapore stocks. The Singapore Morgan Stanley Capital I nternational i ndex futures are 

more popular among investors and traders. Fund managers often use the index as a benchmark 

and hedge their equ ity stocks against the index futures .  

In the spiri t  of  Patton (2006a) ,  I a l low asymmetric tai l  dependence to be t ime varying v ia  

the conditional Archimedean copula  model .  However, my methodologies are d i fferent from 

Patton ( 2006a) and other studies in  three aspects. Fir t, when estimat ing the marginal 

d istribution, 1 parameterize the dynamics of the conditional third and fourth moments along with 

the threshold heterosceda ticity process by using H ansen ' s  ( 1 994) skewed-t model .  Compared 

with a large body of ex isting researches, which assumed that standardized innovations are 

subject to either a log-normal or a standard normal di tribution, my methods can ful ly  reflect the 

characteri tics of underlying returns. 
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Second, another novelty in  my methodology i s  that I employ t hree conditional two­

parameter Archimedean copulas known as BB 1 ,  BB4 and BB7,30 to trace the dynamics of  

asymmetric ta i l  dependence, rather than static one-parameter Archimedean copulas which have 

been popular in the existing l iteratures. As shown in  the left column of Figure 4 in  Chapter 2 ,  the 

advantage of the condit ional two-parameter Archimedean copu la is that i t  can simultaneously 

capture the dynamics of  upper and lower ta i l  dependence. This enables me to redress the possible 

biasedness or inaccuracy of the static one-parameter Arch imedean copula that assumes only one 

tail dependence (either upper or lower) between two random variables. To my knowledge, the 

conditional B B  1 and the conditional B B4 copula have never been employed in  previous 

empirical stud ies. 

Third, unl ike prevwus studies which commonly rely on the goodness-of-fit test to 

evaluate the performance of the estimated model, I implement a test procedure based on 

Hansen ' s  (2005 )  superior predictive abi l ity (SPA) test to assess model fitting. I compare the 

three sophisticated condit ional two-parameter Archimedean copula models with the ful l  

Gaussian copula model ( i .e .  Gaussian copula with standard normal marginals ) ,  using the loss 

function of  the Kullback-Leibler lnfonnation Criterion ( KLIC)  as a measure of di fferences 

between mult ivariate densities. This test procedure has been introduced in Chapter 4 and can 

help us to d i agnose the problem of model overfitting. 

Thi s  chapter is organized as fol lows. In Sections 5 .2  I introduce data and conduct 

prel iminary analysis .  The employed copula models and the estimation method are outl ined in 

Sections 5 . 3  and 5.4 respect ively. Section 5 . 5  presents and discusses empirical results .  Section 

5.6 investigates possible improvement in  the estimat ion of  PVaR based on the conditional two­

parameter A rchimedean copula model . Concluding remarks are given in Section 5 . 7 .  

30 The 8 8 7  copula i s  also cal led Joc-Clayton copu la  in  Patton ( 2006a ) .  
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5.2.  Data 

5. 2. 1 Preliminary Analysis 

Al l  daily price o f  the index futures are col lected from Datastream, from 07 September 1 998 to 28  

February 2005 .  Although my sample period begins after the Asian financia l  cri s i s  i n  1 997,  i t  sti l l  

contains several events which could lead to  t a i l  dependence of financial markets, such as the 

col lapse of the Long-Term Capita l  Man agement ( LTC M) in September 1 998,  the 91 1 1  terrorist 

attack in 200 1 ,  and the SARS triggered in March 2003 . To i l l ustrate, consider the 91 1 1  terrori st 

attack as an example .  The raw data indicates that, on the next day of the attack, the dai ly prices 

of the N ikkei 225 ,  the Hang Seng and the MSCI  SIN index futures all dropped, and by 4.97%, 

8 . 34% and 5 .27% respectively. This can be seen as init ial evidence that there exists lower ta i l  

dependence between these markets .  In  the fol lowing discussions of descript ive stat istics, I wi l l  

further present c rude estimates o f  lower and upper tai l dependence for a return pair. 

Panel A of Table 5 . 1  presents a range of descriptive statist ics for a l l  index future return 

series. The return is defined a Y, = 1 00 · log( X,  I X,_1 ) where X, ( t  = 1 ,  2 ,  . . .  , n, and n i s  the 

sample size) is  the price of an i ndex futures. The stat istics of fi rst and second moments of each 

return series indicate that empirical distributions are not standard normal .  Da i ly mean returns of 

Hang Seng and MSCI SIN are posi t ive around 0 .04%, in contrast to N ikkei 225 with a negative 

mean -0.0 I %. T he average of all uncondit ional standard deviations is  about 1 . 5 8%. The values 

of skewness ranging between -0 .0477 and 0 .2352 ,  and the va lues of  kurto is ranging between 

4 .855 1 and 6 .37 24, further reveal that each return series is asymmetrically distributed with fat 

tai l s .  Although the Ljung-Box stati stics ( Q, ) for up to 20 l ags calcul ated for each raw return 

show the absence of l inear autocorrelation, the results for quared returns ( Qu ) s trongly suggest 

the presence of non l inear autocorrelation . Meanwhile, the LM tests of Engle ( 1 982 ) a lso 
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sign ificantly exhib i t  a heteroscedastic effect in the data. Therefore, these two test statistics 

indicate that the three return senes are non-nonnally di stributed with a heteroscedasticity 

process. 

Panel B of Table 5 . 1 reports l inear and rank correlat ions between two of the three futures 

markets .  The first p art of panel B is Pearson 's  pP . Ernbrechts et a! ( 2000, 2002 ) point out that 

Pearson ' s  pP is on ly  a l inear correlat ion measure for ell iptical ly di stributed random variables, 

and i s  a deficient measure for financial risk management due to the non-normal ity of financi al 

data. Poon et al (2004) also find that Pearson's  correlation measure is a poor measure when 

takjng account of tail dependence.  Embrechts et a! (2002 ) thus propose to use rank correlation 

such as Speannan ' s  p5 or Kenda l l  ' s  r K instead of Pearson ' s  pP as a measure of  non l inear 

relations .  From the second and third parts of panel B, one can see that both statistics of  

Speannan 's  p5 and Kendal l ' s  r K are a l l  h ighly  s ign ificant indicating strong nonl inear relations 

between the return series, especial ly between the H ong Kong and Singaporean markets . 

5.2. 2 Informal Evidence ofA!)yllzntetric Tail Dependence 

I now turn to co-skewness and co-kurtosis of bivariate returns by employing a multivariate 

normal i ty  test proposed by Mardia ( I  970) .  The test stati tics reported in Table 5 . 2  for both co­

skewne s and co-kurtosis are highly s ignificant at the 5% level .  In particular, the strongest co­

skewness and co-kurtosis are found for the ikkei 225-vs-MSC I S I  pair. These results imply 

possible asymmetric comovements between the three markets . 

I next provide crude estimates of  asymmetric tai l  dependence for th is  return pair. For the 

ease of  exposition, Jet us define a ikkei 225 return extreme as being greater than 4% in absolute 

terms, whi le  a MSCl S I  return i s  taken to be a n  extreme i f  i t  exceeds 5 %  i n  absolute terms. The 
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two absolute threshold values (4% and 5%) approximately equal three times the corresponding 

standard deviations which are reported in panel A of Table 5 . 1 .  Now consider events in which 

bad news h i ts the MSC! S IN  market and causes its returns to fal l  below -5%. There are 1 5  such 

events, characterized by 1 5  negative extreme returns, for the MSC I  SIN market. Of these 1 5  

shocks, 1 3  spread to the Nikkei 225 market and cause its returns to fal l  below -4%. Thus, a crude 

estimate of lower tail dependence between the two markets is 1 31 1 5  = 0. 8667 . Regarding the 

upper s ide, consider events where good news hits the MSCI  SIN market and causes its returns to 

rise above 5%. 22 such positive extreme returns are found for the MSCI S I N  market. Of these 22 

shocks, 1 1  spread to the Nikkei 225 market and cause its returns to rise above 4%. Then, a crude 

estimate of  upper tai l  dependence between the two markets is l l /22 = 0.5000. 

Now turn to the case where good/bad news hits the N i kkei 225 market first, with 

contagion spread from the ikkei 225 market to MSC I S I N  market. By the same token, the lower 

and upper ta i l  dependence parameters may be calculated as 0. 7000 and 0 .3333 respectively. 

The above crude estimates provide informal evidence for the markets under my 

investigation that there i s  stronger dependence in the lower tai I of the bivariate return distribution 

than in the upper tai l .  In the next section, I wi l l  introduce a fonnal measure of asymmetric tail 

dependence via the two-parameter Archimedean copula model .  
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Table 5 . 1 :  Prel iminary Analysis of Index Futures Returns 

Observations 
Maximum 
Minimum 
Mean 
Standard Deviation 
Skewness 
Kurtosis 
Ljung-Box 

Q, (20 )  

Qu (20)  

Engle (20 )  

Pew·son 's pP 
H ang Seng 
Nikkei 225  
MSCI  S I  

SpeQ/'man 's Ps 
Hang Seng 

ikkei 225 
MSC I S I  

Kendall ' · T K 
Hang Seng 

ikkei 225 
MSC! S I  

Index Futures Returns 
Hang Seng N ikkei 225 MSCI SIN 

Panel A. Summary Statistics 

1 690 1 690 1 690 
8 .75 1 5  8 .0043 1 1 . 1 1 24 

-8 . 7 1 1 6  -7 . 5986 -7 .092 1 
0 .0352 -0 .0 1 37 0.0365 
1 . 7239 1 .49 1 0  1 . 5324 
0.0508 -0.0477 0 .2352 
5 .6085 4 .855 1 6 .3724 

24.4408 1 9 .6409 2 1 . 1 1 78 

3 1 2 .455 1 *  229.2490* 288 .09 1 4* 

1 34 .83 76* 1 1 8 .6739* 1 25 .3 843 * 

Panel B .  Linear and Rank Correlations 

0.4452 ( 0 .0000) 

0.4 1 62 ( 0 .0000 ) 

0 .2886 ( 0 .0000 ) 

0 . 5598 (0 .0000 ) 
0 . 3858  (0 .0000) 

0 .5003 (0 .0000) 
0 .3668 (0 .0000) 

0 . 3572 (0 .0000) 
0 .2566 (0 .0000) 

Note: Panel A reports the summary stati stics of the index futures return series on the three l eading Asian futures 
markets over the period 07 cptcmber 1 998 to 28 February 2005 .  The dai ly  percentages of the return series are 

measured as 1 00 x log( X, j X, 1 ) .  The Lj ung-Box statistics provides tests for the presence of autocorrelat ions of raw 

returns and squared returns as wel l as the LM test of Englc ( 1 982)  for the presence of ARCH effects. The crit ical 
value of the Lj ung-Box lest and the LM test of  Engle ( 1 982)  using 20 lag is  3 1 .4 1 0 . * indicates signi ficance at the 
5% leve l .  Panel 8 reports the l i near and the rank correlations between two of the three index futures returns. The 

Pcm·son 's  p1, i s  calculated as Pr = � - The Spcarman 's  Ps and the Kenda l l ' s  T K are calculated as 
o- , a \ 

Ps = 
1
,
2 t(rank ( x, ) -�)(rank (y, ) - n + I ) and r = (nJ 

' _L sign[ (x - .r )( I' - I ' )] respect ively.  The 
n ( n " - l ) , -1 2 2 • 2 , . ,5 ,.,  ' ' · • . , 

associated p-val ucs are provided in parentheses. 
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Hang Seng 
N i kkei 225 
MSC! S IN 

Hang Seng 
Nikkei 225 
MSCI S l N  

Table 5 . 2 :  Multivariate Normality Test for the B ivariate Returns 
Index Futures Returns 

Hang Seng Nik.kei 225 MSC! SIN 

Panel  A:  Statistics of  B ivariate Skewness Test 
bl .2 A bl .2 A bl .2 A 

0. 1 1 40 32 . 1 079* 0 . 1 682 47 .3745* 
0 .20 1 2  56 .6642* 

Panel B: Statist ics o f bivariate kurtosis test 
b2.2 g b2 .2  g b2.2 g 

1 3 . 6 1 76 2 8 . 9 1 60* 1 4 .5407 33 .6594* 
14 .7089 34 . 5238* 

Note: This table exhibits Mard i a ' s  ( 1 970) mult ivariate normality test which is to exam whether the mul t ivari ate  

skewness and kurtosis are sign i ficant at a cert a i n  l evel .  Panel A reports the stat ist ics ofb ivariate skewness test A =  11 

· bu /6 - X 2 (4), with a crit ical  va lue 9 .49 at the 95% confidence interval  where 11 is the sample s ize, and bu is a 

basic point for testing 2-demens i onal  mul t ivariate skewness. Panel B reports the stat is tics of bivariate ku1iosis test g 

= bu - S(n - I ) l( n + I ) - N ( 0, I ), with a cri t ica l  val ue 1 .96 at the 95% confidence i nterval where n i s  the sample .J64 / n 
size, and b2.2 is a basic point for test ing 2-demensional multi variate kUiiosis. * indicates sign i ficance at the 5% 

level .  

5.3 Models 

5.3. 1 Conditional Archimedean Copula 

An m-dimensional copula function C ( F1 (y � ., ) , F2 ( y2., ), • • •  , Fill (Ym .l )) is a multivariate d istribution 

function on (0, I ]"'  with standard uni form marginal d istributions F; ( Y;., ) ( i  = 1 ,  2, . . .  , m ) . A 

c lass of copulas, known as Archimedean copulas, enable us to model the dependence structure 

beyond l i near correlation, and provide a high degree of  flex ib i l i ty i n  analyzing market 

comovements . ote, however, that several one-parameter Archimedean copulas, such as the 

Clayton, Frank, and Gumbel copulas, are relevant only where there exists either lower or upper 

ta i l  dependence. Since both lower and upper tail dependence between the markets under my 
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investigation may be present and asymmetric ,  I employ three two-parameter Archimedean 

copulas referred to as the BB 1 ,  the BB4 and the BB7 copula .  The formulas of the three copula 

functions are g iven in panel A o f  Table 2 . 1 i n  C hapter 23 1 . 

For estimating the t ime-varying asymmetric dependence structure, Patton (2006a) 

extends the standard definition o f  copula to the conditional case, and defines the condit ional 

copula as a mult ivariate distribution of variables. Each variable has a uni form d istribution 

conditional on a s igma algebra :F generated by  a set of a l l  past information : 

:F1-1 = CJ{Y1 .1-1 ' Y2.1 - 1  , . . .  , Ym.l- 1 , Yu-2 ' Y2.r-2 , . . .  , Y m.r-2 , . . .  } for t = 1 ,  2, · · · , n. 

Let F be an m-dimensional distribution function with continuous marginal  

di stributions F1 , F2 , • . .  , F," . Then an extension o f S klar's ( 1 959) theorem is :  

If  each marginal F; and the copula C are d ifferentiable, one can obtain the density of  the 

conditional copula as: 

Cl [ FI ,1 (y l .1 i:F I-1 ) , F2.1 (Y2.r i:F r-1 ) , . 
· . , F,11 .1 ( Ym.l i:FI-1 ) i:Fr- 1  J 

= a
m 

cl [ FI .I ( .v l ,l i:F 1- 1  ), F2.1 ( y2.r i:F I- 1 ) , . . .  ' Fm _, (Ym .l i:FI-1 ) i:FI- 1 ] 
I [ aFIJ ( yl . l  i:FI-1 ) aF2.r ( Y2, 1  i:F 1-1 ) . . .  aFm.l ( Ym.l i :FI-1 ) ]  

Then the conditional joint density J; ( y1 .1 , y2_1 , . . .  , Ym .l i:F1_1 )  is  yie lded by 

J, (yl .1 > h.1 , . . . , y,_l i:F r-1 )  = J; .l ( yl.1 i:F I-1 ) X J�.l ( y2.r ic'FI-1 ) X · · ·  X J;,l .l (Y,.1 lc'F I-1 ) 

(5 . 2 ) 

X Cl [ Fl .r ( y l .r i:F 1-1  ) , F2.1 ( y  2.1 ic'F r-1 ) ' . .  · ' F,J ( Ym.r ic'F 1-l )i:F r-1 J ( 5 .3 ) 

where _!; _1 ( .v;_1 i:F r- � ) i the univariate conditional density. 

31 The funct ion of densit ies for the t hree two-parameter Archimedean copulas are very long. Matlab codes are 
avai !able from the author upon request . 
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5.3.2 Conditional tail dependence 

Now let Ui.t = F;_, (y;_, ) (i = I ,  2 )  denote the marginals .  Lower and upper ta i l  dependence are then 

defined as :  

T L  = l im Pr(UI .t :::; u I u 2.1 :::; u)  = l im Pr (U 2.t :::; u I u\ .1 :::; u )  = l i m  
C(u, u )  

11->0 11 0 11-->0 u 

u 1 . P (U I U  ) I . . P (U I U  ) I .  
l - 2u + C(u , u )  'f = lm  r I 1 > L/ J 1 > U = 1111 r J 1 > U I I > U = 1m ___ _____:.____:__:_ 

/1-)\ ' -· /1 I -· . U-)\ 1 - u 

( 5 .4 )  

The c losed forms o f  lower and upper tai l  dependence for the three two-parameter 

Arch imedean copulas are provided in panel A of Table 2 . 1 in Chapter 2. Note that these 

asymmetri c tail dependences l i  ted in the table are constant. To explore the poss ib i l i ty that they 

are t ime-varying and dynamic, I fol low Patton ( 2006a) by speci fying dynamic ta i l  dependences 

as an ARMA ( I ,  I )  process :  

( 5 . 5 )  

where u, and u, are marginal d i stributions, 6L r,�1 and 6u r,� 1 are autoregressive terms, 

lf/ L · I  u,_1 - u,_1 I and lf u  · I  u ,_ 1 - u,_1 I are forc ing variables, and A(k ) = I  /[ I + exp( -k )] ts the 

logi st ic transformation to ensure r,L , r,u E (0, l )  at a l l  t ime.  Moreover, for the three two-

parameter copulas, their parameters a lso become time-varying and are the functions of  

condit ional ta i l  dependences : 

B B I :  a, = - 1 1[,8, · log 2 ( r,'· )] 
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Once t hese parameters are determined, one can embed one o f  the three sets of  parameters 

m the corresponding copul a  function and then estimate the copula function by a two-stage 

estimation procedure. 

5.4 Estimation Method 

5. 4. 1 Two-stage m aximum likelihood estimator 

Joe ( 1 997, 2005 ) proposed a two-stage estimation procedure to estimate the unknown parameters 

of a copula .  I n  the fi rst step, for a sample size n with m observed random 

variables, ( Y1 ,1 , Y2.1 , • • •  , Y,,1 ) ;'= 1 , one can estimate the parameters of each marginal e M 

parametrical l y. 

11 Ill 

e .1/ = arg max L. L, l n  f./ ( Yi.l I :F t-1 ) 1 =1 i= l 
( 5 . 6 )  

Next, based on the e timated parameters e M and a given density o f  the copula, the parameter 

estimates of each copula e c  can be obtained via the maximum l ikel ihood method in the second 

step . 

11 

e c  = arg max L, ln cJ� . I (y,J I :FI-1 , eM ] ( 5 . 7 )  
t = l 

Joe ( 2005 )  shows that the two-stage estimation method general ly has good effic iency 

propet1ies. In  addition, to ensure the consi stency and the asymptotic normal i ty  of  the two-stage 

maximum l i ke l i hood estimat ion, the asymptoti c  covariance matrix is cons i stently estimated by 

the so-cal led "sandwich estimator" proposed by ewey and Mc Fadden ( 1 994) and White ( 1 994) .  

Thi s  method is a lso considered in Patton (2006b) 
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5.4.2 Marginal model 

I n  th i s  research, I estimate the marginals assumed to fol low Hansen 's  ( 1 994) skewed-t 

d i stribution with a threshold GARC H  ( 1 ,  I )  process: 

1't = Jl + e, 

e, = A · z, 

e,+ = max(e, ,0) 

e,- = max( -e, ,0)  

h, = ao + bo (e,+_1 ) 2 + co (e,-_1 )
2 

+ doh, _l 

(5 .8 )  

where J't = I 00 · log( X, I X,_1 ) , and skt denotes Hansen ' s  ( 1 994 ) skewed-t distribution. 

The formulas of the pdf and the cd.f of  Hansen 's  ( 1 994) skewed-t distribution were given in 

Chapter 3 .  For mode l ing the TGARC H  ( I , I )  process with the condi tional skewed-t distribution, 

I fol low Jondeau and Rockinger' s  ( 2003 ) proposit ion: 

77, = :=:( a I + bl e,+_ l + c l <- 1 ) 

A, = :=:(a 2 + b2e,+_ l + c2 e,-_ J ) 
( 5 . 9 )  

N ote that :::: (k )  = L + ( ( U - L )/( 1 + exp ( -k ) ) )  i s  a logistic function forcing 17, E ( 2 ,oo)  and 

A., E ( - I ,  I ) , where L and U are lower and upper bounds respectively. Accordingly, the 

standardized res iduals a re subject to the conditional skewed-t d i stribution, i .e . 

z, I :F,_1 - skt ( ry, , A-J .  
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5.5 Empirical Results 

5. 5. 1 Dynamic marginal distributions 

Table 5 . 3  presents the results  of the marginal models  i n  which asymmetries on condi t ional 

heteroscedastic i ty are a l lowed for and h igher moments are time-varying. Based on the robust 

standard enors, all parameters are h igh ly  s igni ficant. The autoregressive effect in the volat i l i ty 

spec ification i s  strong as d0 i s  around 0.9265 suggesting extreme clustering effects . The 

parameter of  negative returns c0 i s  posit ive and greater than the parameter of posit ive returns b0 

i ndicating the presence of the leverage-effect  for these three index futures returns. Meanwhi le, 

the condit ion for covariance-stationarity i s  sati fied since ( b0 + c0 ) I 2 + d0 < I  for a l l  the three 

series. To capture the dynamic nonnonnal i ty of the residuals,  l let the conditional skewness A, 

and the kurtosis  7], depend on past information of negative and pos i tive returns.  The s ign i ficance 

of the estimated results i mp l i es persi stent dynamics of the h igher-order moments over t ime. 

F igures 5 . 1 -5 . 3  exhibit  the condit ional dens i ty and the condit ional lower- and h igher-order 

moments for each fi l tered return series. 

Turn ing to panel A of  Table 5 .4, one can see that the average value of the t ime varying 

kurtosis parameter 77, is around 6.  1 896 with a range between 2 . 362 1 and 1 6, exhibit ing t ime-

varying leptokurtosis .  L ikewi e ,  the ranges of maximum and minimum val ues of the t ime 

varying skewness parameters /L, are between 0. 1 540 and 0 .4643 and between -0 .28 1 2  and -

0.0 1 99 respectively. The averages for A, are a l l  negative except for MSCl  SIN indicat ing that 

investors take care more about loss than about gain. For di agnosing the adequateness of the 

marginal model , 1 also employ the goodness-o f-fit  test suggested by Patton ( 2006a, 2006b) and 

Jondeau and Rockinger ( 2006) .  The deta i l s  of the goodness-of-fit  test have been introduced in 
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Chapter 3 and are not repeated again .  Panel B of  Table 5 .4 presents the p-values of the test . As 

shown in the table, the specified marginal model for each series passes the test at the 5% level 

except for the forth moment of the Hang Seng series .  These results i ndicate that these marginal 

d istributions are general ly adequate. 
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Table 5 . 3 :  Parameter Est imates o f  the TGARCH ( I  , I ) Model 
and the Conditional Skewness and Kurtos i s  

Parameter 
I ndex Futures Returns 

Hang Seng N ikkei 225 M S C I  SIN 

Condi t ional  
Variance 

ao 0.0080 0.040 1 0.02 1 5  

(0.000 1 )  ( 0 . 00 1 5 ) (0 .0007 ) 

bo 0.0069 0.0386 0.0644 

(0.0003)  (0 .00 1 1 )  (0 .0020) 

Co 0.0660 0. 1 270 0 . 1 082 

(0.0006) (0 .003 3 )  ( 0 .0027) 

do 0.9623 0.9084 0.9088 

(0.000 1 )  (0 .0025 )  ( 0.002 5 )  
Condi t ional  
K urtosis 

al 1 .8329 1 .062 1 1 .690 1 
(0 .0287) (0 .033 1 )  ( 0.04 1 8 ) 

bl 0.23 1 2  0.709 1 0.2 1 5 1  
(0 .0045 )  (0 .007 3 )  ( 0 . 0  I 04) 

cl 0.0 1 22 0.4305 -0. 1 542 
(0 .0045)  ( 0 . 0084) (0 .0094) 

Condit ional 
kewnc s 

a2 0.0398 0.0032 0.0729 
(0 .0002 ) (0 .0003 ) (0 .00 1 1 )  

b2 -0.0 1 82 0.07 1 7  -0.0974 
(0 .0006) (0 .000 I )  ( 0.0006) 

c2 -0.0400 0.0234 -0.0526 
(0.0005)  (0 .0007 )  ( 0.00 I 0 )  

Logl i ke 3 1 30 .5328 2967 .2045 29 1 8 .8259  

Note: This table contains resu l ts o f  maximum l ike l ihood est imator for marginal models .  The specified models arc 

Y, = ;..1 + e, , e, = .Jh: ·  ::, , e,' 
= max(e, ,O) ,e, = max(-e, ,O), h, = a0 + b0 (e,' 1 ) 2 + c0 ( e, 1 ) 2 + d0h,_ 1 

z, l :F 1_ 1 - skt ( IJ, , .?.J 
'7, = :=:( at + hte,' t + cte,-_ t ) ,A-, = :=:(a2 + ble,' t + c2e, _ t ) 
The asymptot ic  tandard errors arc calculated according to ewcy and McFaddcn ( 1 994) and White ( 1 994) .  Logl ike 
is log l i kel i hood. Figures in bold i ndicate sign i ficance at 5% leve l .  
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A, 

Maximum 0 . 1 540 
M i n i mum -0.0 1 99 
M ean -0.002 1 
Std. 
Skewness 
K urtosis  

I s t  M oment 

2nd Moment 

3 rd M oment 

4th M oment 

K-S (20)  

Table  5 . 4 :  Summary Stat i st ics  and Goodness-of-F i t  Test for the F i ltered Returns 
F i l tered I ndex Futures Returns 

Hang Seng N i kkei  225  

'7, z ,  

1 6 .0000 3 . 5737  
2 . 5847 -6. 1 508 
5 .4580 -0.0 1 1 9  

0 .9895 
-0.2658 
5 . 1 048 

0 .48 
0 .09 
0 .6 1 
0 .02* 
0 .66 

Pane l  A.  Sum mary Stat is t ics  

A, '7, 

0.0000 1 6 .0000 
-0.28 1 2  2 .0328 
-0.0276 6 . 7664 

Panel B. Good ness-of-F i t  Test 

0.64 
0 .58  
0 .88 
0 .85 
0 .67 

z ,  

3 . 8723 
-6 .8 1 5 8 
-0.0062 
0 .976 1 

-0.3296 
5 . 1 222 

A, 

0.4643 
-0.0364 
0 .0044 

MSC I S IN 

'7, 

1 6 .0000 
2 .4689 
6 .3444 

0 .68 
0 .73 
0 .58 
0 .6 1 
0 .65 

z, 

4 .775 1 
-5 .460 I 
-0.0 1 38 

1 .0038 
-0.0709 
5 . 1 1 43 

Note: Panel A repo11s the summary stat i st ics of the conditional skewness A1 , the condit ional kurtosis '7, , and the fi ltered returns z, . Panel B reports the p­
val ues of the goodness-of-fit test stat ist ics  for the condit i onal skewed-1 d istri butional restriction of the general uni variate model . The test contains two parts. The 
fi rst part o f the test, which is  labeled as kth Moment, i s  the kth Moment LM Test (k = 1 ,  . . . , 4)  evaluating whether the kth centered moments of the transformed 

residuals  u, are seria l l y  correlated. I regress ( u, - u, ) k on 20 own l ags . Under the nul l of no autocorrelation of the res iduals, the stat i st i cs (n-20) .  R' i s  

d i str ibuted a s  a X �0 where n a n d  R' are t h e  sample s ize a n d  the coeffi c i ent of determ i nat ion of t h e  regression. T h e  second part of the test, which i s  I abeled as K­

S(20),  employs Kol mogorov-S m i rnov test within each bin to eval uate whether u, are U n i form(O, I ), where the total number of the b i n  i s  20. Under the nul l ,  the 

stat ist i cs i s  also d i stri buted as a X�o . * indicates s ign i fi cance at  the 5% l evel . 

1 29 



-« 

ff 

P D F  o f  C o n d it io n a l  S k e w e d -t D is trib u t i o n  w it h  TG A R C H ( 1 , 1 )  
fo r H a n g  S e n g  

0 . 6  

0 . 7  

0 . 6  

0 . 5  

0 . 4  

0 . 3  

0 . 2  

0 . 1  

..l L 
-6 -5  -4 -3 -2  - 1  0 2 3 

S ta n d a rd iz e d  R e s id u a ls 

C o n d itio n a l  V o la tilities of TGA R C H  ( 1 , 1 ) S ta n d a rd iz e d  R e s id u a ls of T G A  R C H  ( 1  , 1 )  

o . 1 5 r 
o . 1  I I 

0 

5 0 0  1 0 0 0  1 5 0 0  

C o n d itio n a l  S ke w  n e s s  A, 
f o r  S a tn d a rd iz e d  R e s id u a ls 

0 
-2 
-4 1 
-6 L........ 

0 

5 

4 1 

Figure 5 . 1  
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Note: Plots of  the conditional density and the conditional lower- and higher-order moments for the filtered index 
futures returns of Hang Seng. 
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Note: Plots of the conditional density and the conditional lower- and h igher-order moments for the filtered index 
futures returns of N ikkei 225. 
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5. 5.2 Dynamic asymmetric tail dependences 

N ow let us investigate tai l  dependence with the s tatic two-parameter Arch imedean copulas . 

Panel A of Table 5 . 5  shows that unconditional tai l  dependence exhibits constant asymmetry. A l l  

the lower tai l  dependences are greater than the upper tai l dependences except for the Hang Seng­

N ikkei 225 pair in the BB7 model .  For mult ip le model comparisons in the next section, I a lso 

report the est imation results of the fu l l  Gaussian copula Ccallssian (u , u, ; p) = et> P (<l>-1 (u ), <l> - 1 (v ) )  

in  panel B of Tabl e  5 . 5  where the marginals are subject to  the standard nonnal di stribution. Note 

that the standardized residuals z, for the ful l  G aussian copula are fi l tered by the RiskMetrics 

mode l :  y, = f-1 + e, , e, = ..Jh: · z, , h, = 0 .36e,2 + 0.94h, , z, - N(O, 1 ) . 

l n  spite of the s ignificant stat ist ic values, however, information provided in Table 5 . 5  i s  

insuffic ient to  trace dynamic dependence. Tabl e  5 . 6 sets out  the  results of  the two-stage 

max imum l i ke l i hood estimation for the conditional two-parameter copulas .  Although the 

i ntercept of conditional lower ta i l  dependence OJL in the BB ! model for the Hang Seng-MSC I 

S I N  pa ir  i s  insign i fi cant, a l l  other parameters in both the BB I and the BB7  model are high ly  

s igni ficant based on  the asymptotic  standard errors, suggesting that tai l  dependence i s  time­

varying in a l l  cases. M eanwhi le, there are some common features between these two models  in 

condit ional upper ta i l  dependence, but d i fferent features in condit ional lower tai l  dependence. 

F irst, a l l  of  the intercepts m0 are negative. Second, the dynamic upper ta i l  dependence has a 

posit ive relationship with autoregressi ve terms ( 5u > 0)  and a negat ive relat ionsh ip  with forc ing 

variables ( 11/u < 0) .  For the lower ta i l  in  the BB I and the BB7 model,  the parameters of the 

forc ing variables lfi L are all negative except for the Nikkei 225-MSC I  S I  pa ir i n  the BB ! 

model .  
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The computation of  the dynamic B B4 model i s  somewhat d iffi cult. E ach parameter varies 

sensit ively with di fferent starting values selected. Results in Table 5 . 6  thus are obtained with my 

best effort. Among the mixed results, the best fit i s  only found in the Nikkei 225-MSCI S IN pair 

whi le  the s ignificant parameters are only in the condi tional lower tail dependences for the 

remammg pans. 

Table 5 .7 summarizes the estimation results for the conditional tai l dependence and t ime­

varying parameters . As displayed in the table,  the di fferent average values of the t ime-varying 

lower and upper tail dependences provide us with the infonnation of  dynamic asymmetries. Five 

of the nine cases show that the average lower tai l  dependence parameters are greater than the 

average upper tail dependence parameters. 
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Model 

B B !  

B B4 

BB7 

Gaussian 

Table 5 . 5 :  Parameter Estimates of the Unconditional Copulas 

Parameter 

a 

f3 

T L  
Tu 

Logl ike 

a 

f3 

T L  
Tu 

Log l ike 

a 

f3 

T L  
Tu 

Logl ike 

p 

Logl ike 

Hang Seng H ang Seng Nikkei 225  
vs. V S .  vs.  

Nikkei 225  M S C I  S IN M SC I  S IN 

Panel A :  Two-Parameter Archimedean Copula  

0.33 9 1  
(0.0039 )  

1 . 1 868 

(0 .004 1 )  
0 . 8204 

0 .2068 

- 1 87 .3493 

0.6023 
(0 .00 1 2 )  
0.03 1 6  

(0 .059 1 )  
0 .3 1 64 

2.9767 x 1 o-I IJ 
- 1 60.9679 

1 .2343 
(0 .0024) 
0.4830 

(0 .0003 ) 
0.23 8 1  

0 .2466 

- 1 84.9232  

0.4359 
(0 .0009) 

-200. 1 896 

0.45 1 7  
(0 .0039) 

1 .2484 

(0 .0043 ) 
0 . 77 82 

0 .2576 

-295 .7946 

0.8200 
(0 .00 1 7) 
0 .03 1 3  

(0 .0626) 
0 .4294 

2 .4 1 23 x  1 0- 1 0 
-252 . 5507 

1 .3 1 68 
(0 .0026) 
0.6666 

(0 .0004 )  
0 .3 5 3 5  

0 .3072 

-292. 8262 

Panel B :  Ful l  Gaussi an Copu la 

0.5234 
(0 .00 1 1 )  

-300.0 1 84 

0.3496 
(0 .0038)  

1 . 1 399 

(0 .0038 )  
0 .8085 

0. 1 63 1  

- 1 5 5 . 2 5 5 8  

0.5488 
(0 .00 1 1 )  
0 .03 1 5  

(0 .0634) 
0.2828 

2 .7765 X I Q - I O  
- 1 3 8 . 3 1 57 

1 . 1 763 
(0 .002 5 )  
0.458 1 

(0 .00004) 
0 .2203 

0 . 1 973 

- 1 53 . 8232 

0.3775 
(0 .0008 ) 

- 1 47 . 3 3 5 7  

Note: This table shows the est i mated parameters v i a  the two-stage maximum l ikel ihood estimates for both the 

uncondi tional two-parameter Archimcdcan and the Gaussian copulas. rand Tu are the uncondi t ional lower and 

upper tail dcpcndcnccs respectively.  Asymptotic standard errors arc given i n  the parentheses and calculated by the 
propositions of ewcy and McFaddcn ( 1 994) and White ( 1 994). Logl i kc represents log l i ke l ihood. F igures in  bold 
indicate sign i ficant at 5% leve l .  
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Table 5 . 6 :  Parameter Estimates o f  the Condit ional Two-Parameter Archimedean Copulas 
H ang Seng Hang Seng N ikkei 225 

Model Parameter VS.  vs.  vs. 
N ikkei 225 M SC I  S IN MSC I  S IN 

(() L  0. 1 69 1  -0.0086 -2.2256 
(0 .0 1 73 )  (0 .0 1 75 )  (0 . 1 002) 

fJ L  0.8676 0.8727 -0.2853 
(0 .0  1 25 )  (0 .0399)  ( 0 .0679) 

lf/ L - 1 .5320 -0.4759 0.9406 

BB 1 ( 0 .0024) (0 .0782)  (0 .0 1 23 )  

w u -0.587 1 -0.5755 -0.8652 
( 0 .0299) (0 .004 3 )  (0 .05 1 6) 

c5u 0.47 1 4  0. 1 426 0. 1 1 68 
( 0 .0 1 77)  ( 0.0036 )  ( 0 .0292) 

lf/ u  -0.5642 - 1 .5895 -2 .7935 

( 0 .0244 ) (0 .043 1 )  ( 0 .009 1 )  

Logl ike - 1 90.8 1 77 -299 .9736  - 1 59 . 1 086 

(()L -0.9998 -4.7465 - 1 .288 1 
( 0 .0 1 64)  (0 .078 1 )  ( 0 .0509) 

fJ L  0 .9984 0.99 1 8  0.9984 
(0 .0 1 64)  (0 .0 1 63 )  (0 .0 1 1 0) 

lf/ L -0.974 1 -4.4554 0.2964 
B B4 ( 0 .0 1 60) (0 .07 3 3 )  ( 0 .0308 ) 

wu 0 .9392 1 . 5 398  0.6420 
(0 .87 1 3 )  ( 1 .6326)  (0 .00 1 8 ) 

c5u 0 . 3500 -0.9537 -0.8627 
(0 . 5635 )  ( 0 . 1 1 1 5 ) ( 0 . 0 1 42 )  

lf/ u  0 .85 1 2  0 .9933  1 .6269 

(0 . 369 1 )  ( 1 .267 3 )  (0 .0089) 

Logl ike -9729. 1 1 1 9 - 1  0973 . 8094 -9507 .0763 

(()L 0 . 1 487 -0.2260 -2.2458 

(0 .0 1 3 1 )  (0 .00003 ) ( 0 .0094) 
fJ L  0.8758 0. 1 394 -0.8 1 42 

(0 .0 1 08 )  (0 .000 5 ) ( 0 .007 1 )  
lf/ L - 1 .203 1 - 1 .2675 -0.064 1 

BB7 ( 0 .0087)  ( 0 .002 3 )  ( 0.0094) 

wu -0.3658 -0.4062 -0.2008 
(0 .0 1 00)  ( 0 .0064) (0 .0283 )  
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5u 0.5224 0. 1 7 1 7  0.39 1 9  
(0 .0 1 49 )  (0.0062)  ( 0.0249 ) 

lf/ u -0.7457 - 1 .2 6 1 9  -3.0209 

(0 .0268)  (0 .0046) (0 .044 7 )  

Logl i ke - 1 89 . 3858  -296.6299 - 1 5 8 . 7936 

Note: This table reports t h e  estimated parameters of the condit ional two-parameter Archimedean copulas v i a  two­
stage maxunum l ikel ihood estimates. The condi tional tai l  dependences are speci fied as 

TL = fl.(ctJ' + t5L r L  + lfl '- l u  - U  1 \ r< = fl.(a/' + b"U TI . + lfll' · I LI - U  i) Where r and fU arC the COnditional lOWer 
I 1 - 1  /- 1  1 - 1  ), I I I 1 - 1  t-1 I I 

and upper ta i l  dependences respectively, fl.(k ) = 1 / [ I + exp(-k)] is the logistic transformation to ensure r,
u

, r,
L E ( 0, 

I )  at a l l  t i me. Asymptotic standard errors are g iven in the parentheses and calculated by the suggestions of Newey 
and McFadden ( 1 994) and White ( 1 994). Log l i ke represents log l i ke l ihood. F igures in bold indicate s ign i ficance at 
the 5% level .  
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Tab le  5 . 7 :  Sum maries of the Cond i t iona l  Tai l  Dependence and the Ti me-Vary ing Parameters 
for the Cond i t ional Two- Parameter A rch imedean Copulas  

Hang Seng vs.  N i kkei 225 Hang Seng vs .  M S C !  S I N  N i kkei  225 vs .  M SC !  S I N  

r, I. { I  r, a, {J, I. r, I '  a, {J, I. r, r, (! r, a, {J, 

Maximum 0 .5 793 0 . 5479 0 .9442 1 . 8582 0 . 5 793 0 . 5479 0 . 8663 1 . 8582 0 .5 793 0 .5479 0 .6832 1 . 8 5 82 

8 8 1 M i nimum 0 .0239 0 . 1 4 1 2  0 . 1 634 I ,  1 1 8 1  0 . 1 708 0 . 1 029 0 .3348 1 .0825 0 .096 1 0 .0229 0 .2375  1 .0 1 69 
Mean 0 . 1 989 0 .2037 0 .3689 1 . 1 84 1  0 . 2958 0 .2587  0.4560 1 .2545 0 . 1 774 0 . 1 590 0 .3549 1 . 1 407 

- < +  - > +  - > +  

Maximum 0 .5793 0 .9 1 22 0 .7426 7 . 543 1 0 . 5 793 0 .95 9 1  0 .7426 1 6 . 5905 0 . 5793 0 .9434 0 . 7426 1 1 . 8892 

8 84 M i nimum 0.0000 0 . 5000 0 .000 1 1 .0000 0 .0000 0 .206 1 0 .000 1 0 .4389 0.0000 0 . 2 1 23 0 .000 1 0 .4472 

Mean 0.0006 0 .8520 0 .00 1 1 4.4450 0 .0003 0 .6964 0.00 1 0  2 .4038 0.0006 0 .6262 0 .00 1 9  1 . 8 1 08 

- < +  - < +  - < +  

Maximum 0 .5638 0 .5 793 1 .9737 1 . 2094 0 . 5479 0 .5 793 1 .9737 1 . 1 520 0 .5479 0 . 5 793 1 .9737 1 . 1 520 

887 M i nimum 0 .0504 0 . 1 478 1 . 1 246 0 .23 1 9  0 . 1 897 0 . 1 552  1 . 1 3 1 9  0 .4 1 69 0 .0826 0.02 1 0  1 .0 1 55 0 . 2780 

Mean 0 .2535  0 .2430 1 .23 1 6  0 .5 1 97 0 .3602 0 .3079 1 .3223 0 .6853 0 .2235 0 . 1 9 1 8  1 . 1 8 1 1 0 .4629 

- > +  - > + - > + 
Notes: This  table provi des the summaries of cond i t ional lower and upper ta i l dependences and of t ime varying parameters based on the resu l ts of Table 5 .6 .  
Symbol "-" and "+" ind icate the average val ues o f  cond i t ional lower and upper t a i l  dependences respectively. 
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5. 5.3 Model evaluation 

I next u e the test procedure ( deta i led in Chapter 4) ,  based on the KL IC  measure of  

di fferences between a true mult ivariate density fr111e ( Y� ., , y2_t ' • . .  , y111 _, ) and a parametric 

mult ivariate densi ty f(YJ .t > Y2_, . . .  , y111 _ 1 ; e) (e = { e M , ec } ) , to evaluate the model fitting. 

The test procedure i s  designed for multiple comparisons via Hansen ' s (2005 ) SPA test. 

The nul l  hypothes i s  that the benchmark of the copula models is superior to others i s  

rejected by a sma l l  p-value. For the  test, the true and  the parametric multivariate density 

are estimated by the nonparametric and copula methods respect ively. Figure 5 .4 shows 

the three-dimensional plots and contours of the nonparametric kernel densities for the 

three index futures return pairs. Note that for the reason to maintain the power of the SPA 

test, one needs to have the subsample s ize reasonably large enough ( i .e .  n > 1 000) . 32 

However, in th is research, I only col lect 1 690 ob ervations. Meanwhile, l noue and Ki l ian 

( 2004 ) argue that the in-sample test of predictabi l i ty is  more powerfu l  than the out-of­

sample test after cotTecting for data snooping. 1 therefore only evaluate the in-sample 

model fitt ing. 

1 obtain the p-values of the SPA test by making mult iple model compansons . 

Along with the procedure of the test, each model i regarded as a benchmark model and 

then is  compared with the remaining three models .  For the stationary bootstrap, 1 set the 

number of bootstraps to be I 000. The estimated p-values are reported in Table 5 . 8 and 

the dec is ion rule is bas ical ly dependent on the largest p-value.  For instance, for the Hang 

Seng- M SC I  S fN  pa i r, the 887 model is the most pre ferred with the largest p-va lue 0 . 1 2 1 .  

Hence, 1 fa i l  to reject the null  hypothesis that the other remain ing three models are no 

-11 Sec Section 4 of Hanscn ( 2005 ) .  
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better than it. In  contrast, for the same patr, the models structured by the B B4 and 

Gauss ian copulas are c learly dominated by  the other remaining models with the smal lest 

p-value 0 .000. In  gene ra l ,  model overfitting is only found in the Hang Seng- ikkei 225  

pair. The B B 7  model for the Hang Seng-MSC I S I N  pa i r  and the B B  I model for the 

N ikkei 225-MSCI S I N  pair are al l  superior to the ful l  G aussian one. Figures 5 . 5  and 5 .6 

exhibit the condit ional tai l dependence parameters and the time-varying parameters for 

these two cases. Back to Table 5 .  7, the average values of  the conditional lower and upper 

ta i l  dependence parameters for the above two successful cases further reveal that the 

probabi l ity of  downside market comovements i s  greater than the probab i l ity of  upside 

market comovements between these markets. 

5.6 Portfol io VaR and Diversification Benefit 

Based on the above model evaluation, I now inve tigate whether the pot1fol io  VaR 

est imation can be improved by using more sophist icated copula models. 

5. 6. 1 Portfolio VaR 

The definit ion of PVaR i s  the same as in Chapter 3 .  H ere, I again fol low Bradley and 

Taqqu 's  ( 2003 ) suggestion to estimate the PVaR. 

( 5 . 1 0) 

where p 11, and a-11, are the portfol io expected return and the port fol io variance 

respectively .  In Equat ion ( 5  . I  0), q; is the ( quanti le of  the standardized version of R, , i .e .  
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I -
q;; = -Fi, ( c;' )  where R1 = ( R1 - Jl R, ) I CJ R, . Because there is no closed form for the 

standardized quanti le q < , I t hen approx imate i t  by the Monte C arlo simulation method. ' 

5. 6. 2 Monte Carlo simulation for the standardized quantile 

The first step o f  the standardized quanti le calculations invol ves the simulation of a vector 

of bivariate standardized random variables ( z1 .r ,  z 2 _1 ) whose dependence structure obeys a 

copula function. To start the s imulation, one should fi rst calculate the partial derivation o f  

the bivariate copula function C(u ,u) , i .e. C211 (u I u) = 8C(u ,  u )/8u where u and v are the 

marginal distributions.  For both the BB 1 and the BB7  copulas, it might be hard to work 

out  C211 (u I u) by hand. However, one can eas i ly  handle the problem in Matlab. For 

instance, for the B B 1 copula with parameters a ( in terms of a) and f3 ( in terms of b), one 

can obtain C211 (u I u) via the fol lowing commands :  

s yms C u v a b ;  

C = ( l + ( ( u � ( - a ) - 1 ) � b + ( v � ( - a ) - 1 ) � b ) � ( 1 / b ) ) � ( - 1 / a ) ; % The BB1 c opu l a . 
dC dv 

dC dv 

d i f f  ( C ,  1 v 1 ) ;  % C a l c u l a t i n g  C 2 \ 1  ( u  I v ) . 

( 1 +  ( ( u � ( - a )  - 1 )  � b +  ( v �  ( - a )  - 1 )  � b ) � ( 1 / b ) ) � ( - 1 / a )  * . . .  
( ( u �  ( - a )  - 1 )  �b+ ( v �  ( - a )  - 1 )  � b ) � ( 1 / b )  * ( v �  ( - a )  - 1 )  �b * . . .  

v �  ( - a )  / v /  ( v � ( - a )  - 1 )  I ( ( u �  ( - a )  - 1 ) �b+ ( v �  ( - a )  - 1 )  �b)  I 
( 1 +  ( ( u �  ( - a )  - 1 )  � b +  ( v �  ( - a )  - 1 )  � b ) � ( 1 / b ) ) 

Then the simulation procedure for the conditional BB 1 copula i s  as fol lows: 

I .  Generate v from U(O, 1 )  with the sample size n .  

2 .  Let s = C211 ( u  I u ) , and generate s from U(O, 1 )  with the sample size n .  

3 .  Obtain the copula-based standardized marginal u by  solving the Inverse 

conditional copula function u = c�: ( s  I u, e c )  where 9c = {a1 ,/31 } ( t  = I ,  2, . . .  , n ) .  

Because there i s  no  c losed form of the inverse conditional copu la function for the 
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B B  1 copula, I then calculate the mvers1on n umerical ly usmg the b isection 

method. 

4. Obtain the standardized returns z 1 1 and z 2 .� v ia  the inverse marginal d istributions 

of  the conditional skewed-t di stribution r:�/1 (u I e M .J and 1\�11 (u I eAI .J where 

� A 

9M .II = {7J, . t '
A-11) and aAf ,u = { lJu.t > A,uJ ( t  = 1 ,  2 ,  . . . , n ) . Then l calculate the 

standardized q uanti le by estimating the quant i le of  the sorted tandard ized 

portfol io returns w · z l .t + ( 1 - w) · z2.1 where w i s  the portfolio weight. 

5 .  Repeat the above steps r t imes and fina l ly  obtain  the approximated tandardized 

quanti le by the average of r s imulations. Then the PVaR is eas i ly  estimated v ia  

Equat ion ( 5 . 1 0 ) .  

Simi larly, I can also do the simulation of  q; for the conditional 887 copula. Figure 5 . 7  

presents the scatter p lots  of  the bivariate s imulated random variables generated from the 

conditional BB l copula  and the condit ional 887  copula with t ime-varying skewed-t-

distributed marginals respectively. 

Fol lowing the above procedure, l first s imulate the standardized quant i le  q " by 

generat ing n = 1 ,690 rea l izations with r = 1 0,000 tria ls ,  and then calculate the PYaR via 

Equation ( 5 . 1 0) .  ote that the portfol ios are a l l  equal l y  weighted. Panel A of Table  5 . 9  

reports the result o f  the conditional B B  I copula-based PVaRs for the ikkei 225 - M SC l  

S IN pai r  and the condit ional BB7 copu la-based PVaRs for the Hang Seng-M C l  S l N  pair 

as wel l  a the simple fu l l  Gaussian copula-based P Ya Rs at both the 95% and 99% 

confidence levels. Consi stent with the finding of Ane and Kharoubi (2003 ), the results 

show that at a lower confidence level the Gaussian copula-based PVaRs overest imate the 
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risk, and at a h igher confidence level the G aussian copula-based PYaRs underesti mate 

the risk. 

In addition, I a l so calculate the diversi fication benefit ,  which i s  the percentage 

decrease in the P VaR, using this formula :  \Gaussian copula-based PYaR - conditional 

copula-based PVaR \ I (Gaussian copula-based PVaR).  The diversi fication benefits 

reported in panel B of Table 5 . 9  c learly exhibit a high degree of conservatism associated 

with the ful l  Gaussian copula-based PVaR at the 99% level .  ln other words, the 

conditional Archi medean-copula-based PVaR estimations are improved, which implies 

that a greater amount of diversification benefits can be gained at a h igher confidence 

level . 
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Model 

B B ! 
BB4 
B B 7  

G aussian 

Table 5 . 8 :  Results of the SPA Test 
I ndex Futures Returns Pair 

Hang Seng H an g  Seng 
V S .  vs. 

ikkei 225  M SC I  S IN 

0 .329 0 .057  
0.000 0 .000 
0.68 1 0. 1 2 1  
0.765 0.000 

N ikkei 225 
vs .  

MSC I  S f N  

0.049 
0.000 
0 .037 
0.000 

Note: This table exhibi ts  the p-valucs of H ansen's  ( 2005 ) S PA test . The test i s  based on the KLIC loss 
function with stationary bootstrap. The number of the resample is I 000. The random sampl e  block length 
for the stationary bootstrap is determined by Pol i t is  and White's  ( 2004) suggestion.  Each model is regarded 
a a benchmark model comparing with other three models.  The p-valucs in bold indicate that the best of the 
remain ing models i s  no better than the benchmark model .  

Table 5 .9 :  Portfol io YaR and Divers ification Benefit 
Equal ly Weighted Port fol io of lndex Futures Returns 

Hang Seng- MSC! S fN  Nikkei 225 - MSC I S I  
95% 99% 95% 99% 

Panel A. Portfol io  YaR 

- 1 .99 1 5  ( B B 7 )  -3 . 3340 ( B B 7 )  - 1 . 7073 ( B B I )  -2 . 7842 ( BB ! )  
-2.0308 (Gaussian ) -2 .8803 (Gauss ian ) - 1 . 7088  (Gaussian) -2 .4 1 93 (Gaussian) 

Panel B. D ivers ification Benefit 

1 . 94% 1 5 . 75% 0 .09% 1 5 .08% 

Note: Panel  A reports the cond it ional copula-based portfo l io  VaRs estimated by the Monte Carlo 
simulation for the H ang Seng- M Cl SI and the ikkei 225- M Cl r N  pairs respect ively.  The portfol ios 
are al l  equal ly  weighted .  The Monte Carlo s imulation procedures are based on 5 ,000 rea l i zations with 
I 0,000 tr ia ls .  Panel  8 rcpo11s the diversi ficat ion benefits, which is the percentage decrease i n  the portfol io 
VaR, calculated by the va lue of  iGaussian copula-based p011fol io  VaR - condit ional copula-based portfol io 
VaRI I ( Gaussian copula-based portfo l io  VaR) .  
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Note: Plots o f  time-varying tail dependences and time-varying parameters o f  the conditional BB7 copula 
for the Hang Seng-MSCI SIN pair. 
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5.7 Concluding Remarks 

ln thi  Chapter, I employ three two-parameter Archimedean copulas ( B B  1 ,  B B4,  and 

B B 7 )  to investigate dynamic asymmetric tai l dependences between two of three Asian 

developed futures markets, Hong Kong, Japan and Singapore, during the post Asian 

financial cris is period. I use the Hang Seng, N ikkei 225, and Morgan Stanley Capital 

I nternational index futures ( M S C I  S IN)  traded on these three futures markets 

respect ively .  For the Archimedean copula estimation, I first model the marginals u ing 

condit ional Hansen 's  ( 1 994) skewed-t distribution, and find that the h igher moments of 

each fi ltered index futures return are t ime dependent . This  ind icates that i nvestors ' 

heterogeneous be l iefs are time-varying. I next extend a c lass of  two-parameter copulas 

with time-varying tail dependence to capture dynamic asymmetry. The estimated results 

provide strong evidence of asymmetric dependence acros all the Asian developed 

futures markets. Moreover, based on model evaluation, I find that the BB 7 copula for the 

Hang Seng-MSC I S I N  pair and the BB 1 copula for the ikkei 225-MSCI S IN pair 

outperform the s imple  fu l l  Gaussian copula .  These better-fitted models help to reveal that 

the probab i l ity of dependence in bear markets is h igher than in bul l  markets,  sugge ting 

downside dependent risk in these markets .  F inal ly ,  a fter model evaluation, I estimate the 

copula-based P VaRs and the divers i fication benefits at both the lower and h igher 

confidence levels .  The results ind icate that the condit ional-copula-based PYaR 

estimations are improved, and the models suggest that a greater amount of divers i fication 

benefits can be gained at a h igher confidence l evel .  Therefore, these sophisticated copula 

models are adequate and can be considered for financial risk management. 
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Chapter 6 Conclusions 

6. 1 Summ aries 

Traditional analysis o f  portfolio theory i s  l imited to that of  the first- and second-order 

moments of the mult ivari ate di stribution of asset returns. Within Markowitz ' s  ( 1 95 2 )  

mean-variance framework, asset returns are assumed to be l inearly correlated and 

normal ly  d istributed, so that investors ' beliefs are homogeneous (which impl ies that they 

view upside and downside risks with equal distaste) .  Whi le tradi tional portfol io theory 

provides a simple way to quanti fy the market risk, it often does not comport with 

empirical evidence. According to previous studies, portfolio returns often fol low 

asymmetric distributions with heavy ta i ls  rather than normal ones, and investors typical ly 

do dist inguish between upside and downside risks. The resul tant coskewness and 

cokurtosis in the mult ivariate return distribution cannot be accounted for by traditional 

portfol io theory. In the context of modem financial risk management, Lo ( 1 999) argues 

that optimal total ri sk management should be a synthes is of three P ' s, price ( for 

considering how much an agent must pay for hedging various risks),  probabilities ( for 

a sessing the l ikel ihood of various risks) ,  and preferences ( for deciding how much risk to 

bear and how much to hedge). So, there is a need to find reasonably good approx imations 

to various multivariate a set return d i stributions in the real world .  In response to such a 

need, many attempts have recently been made to fit copulas, especial ly Archimedean 

copula , to multivari ate financial data. Archimedean copulas enable pract it ioners to 

construct fl exible multi variate non-Gaussian distributions with nonlinear dependence and 

various asymmetries. 
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Although the Archimedean-copula-based portfol io theory has been acknowledged 

as an efficient tool over tradit ional one for financia l  risk management, several relevant 

questions remain untouched and unanswered. This dissertation deals with three of them, 

a l l  involv ing the Archimedean copula-based models .  The first is whether the 

Archimedean copula-based PVaR model outperfonns the Gaussian copula-based PVaR 

model in out-of-sample forecasting, and i s  studied in Chapter 3.  There, I fit  the PVaR 

models to three i nternational equi ty indexes ( FTSE I 00, Nikkei 225, and S&P 5 00 )  using 

three Archimedean copulas ( the Clayton, the Gumble, and the BB 1 copula)  and one 

el l iptical copula ( the Gaussian copula). These four copulas are considered to be able to 

capture four possible types of  market comovements between two of the three 

international equity markets .  To see how sensit ive the copula-based PYaR measure is to 

di fferent marginals speci fied, I choose for the marginal each of three popular 

di s tributions (the Gaussian, the Student ' s  t, and Hansen 's  ( 1 994) skewed-t d istribution) as 

the possible underlying data generating process for each copula .  In order to address the 

data snooping problem, 1 perform Hansen 's  (200 5 )  SPA test based on the quanti le loss 

function with stationary bootstrap when evaluating the in-sample and the out-of-sample 

copula-based PVaR model performance. My empirical findings carry three messages 

pertaining to the application of the copula-based PYaR model .  First, the Archimedean­

copula-based PYaR model ,  especial ly the C layton copula-based model ,  has better 

forecasting performance than the Gaussian-copu la-based PYaR model in most cases in  

both the in-sample and out-of-sample periods. Second, the disparity between the in ­

sample and the  out-of-sample evaluation results of the copula-based PYaR models clearly 

indicates that in-sample analysis should be combined with out-of-sample evaluation . 
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Third, choosing a port fol io model s imply based o n  the minimum value o f  PVaR without 

data snooping check can be potentia l ly  dangerous to risk management. 

The second question to which Chapter 4 is devoted is how to evaluate the non­

G aussian multivariate density forecast. In that chapter, I propose a test procedure, by 

extendi ng Vuong's  ( 1 989)  l i ke l ihood ratio test, to evaluate the Archimedean-copula­

based multivariate density forecasts, and app ly  the procedure to foreign exchange 

markets . My test procedure has three merits. F i st, it is conducive to ful ly  ranking 

competing sophist icated models with the non-Gaussian-distributed multivariate densities. 

Second, it a l lows for model misspeci fication in both marginal and copula functions under 

the nul l  and the a l ternative hypothesis. Third, it can investigate how sensit ive each 

candidate copula mode l ' s  forecasting perfonnance is to different marginal s  chosen as the 

possible data generating processes . To experiment on the test, I consider five 

Archimedean copulas ( the Clayton, the Frank, the Gumbel ,  the BB l ,  and the B B7 copula) 

and two el l iptical copulas ( the Gaussian, and the t copula) as candidates for the test. As in 

Chapter 3, I choose for the margin each of three d istributions ( the standard normal, the 

Student ' s  t, and Hansen ' s  ( 1 994 ) skewed-t distribution) as the poss ible underlying data 

generating process for each copula .  Further, in order to avoid model misspec ification 

(data snooping), I conduct Hansen ' s  (2005 ) SPA test via the KLIC loss function when 

evaluating model forecasting performance. The test results provide strong evidences that 

the multivariate densit ies modeled by Archimedean copulas outperform those modeled by 

ell iptical copulas in both the in-sample and out-of-sample periods. Unl ike previous 

studies on multivariate density forecast evaluation where the multivariate densit ies are 

assumed to be normal ,  my proposed test al lows the multivariate density to go beyond the 
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nonnal dependence structure, and moreover is practica l ly usefu l .  Thus, the test IS 

stra ightforward to apply in  fi nancia l  risk management. 

Chapter 5 studies the third quest ion :  Wil l  the PYaR estimation be i mproved if the 

Archimedean copula model takes into account conditional asymmetric tail dependence 

and t ime-varying investors ' heterogeneous belief as represented by the conditional 

skewed-t distribution? There, I employ three two-parameter Archimedean copulas ( the 

BB I , the B B4, and the B B 7  copula) to investigate dynamic asymmetric tail dependence 

between two of three Asian developed futures markets represented by the Hang Seng 

index futures, the Nikkei 225 index futures, and the MSC I S IN index futures, during the 

post-cri s i s  period. For model ing the marginal distribution, I consider H ansen ' s  ( 1 994 ) 

conditional skewed-t distribution and find that the h igher moments of each filtered index 

futures return are time dependent. This indicates that investors ' heterogeneous bel iefs are 

time-varying. I next mod ify the three two-parameter copulas by al lowing their tai l  

dependence parameters to  be  time-varying, in order to  capture possible dynamic 

asymmetries. The estimation results provide strong evidence of conditional asymmetric 

dependence across all the Asian developed futures markets .  Moreover, I apply the test for 

multi variate density forecast evaluation as proposed in Chapter 4 to the examination of  

model fitting. I find that the  BB7 copula for the Hang Seng-MSCI SI  pair and the BB I 

copu la for the ikkei 225-MSCI  SIN pair outperform the simple symmetric Gaussian 

copula. Based on the model evaluation results, I estimate PYaRs and diversi fication 

benefits at both the lower and higher confidence level . The results clearly show that the 

speci fied conditional copula models can improve the PYaR estimation, and a greater 

amount of d iversi fication benefits can be reaped at a h igher confidence level . 
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To sum up, my research work makes four contributions to the financial economics 

l iterature. F i rst, I provide important empirical evidence that the Archimedean copula­

based PYaR model genera l ly  has better forecasting performance than the Gaussian 

copula-based PVaR model .  Therefore, financial risk managers should consider the use o f  

the Archimedean copula-based PVaR model when attempting to forecast extreme 

downside dependent risk. 

Second, I propose a practicable method for evaluating multivariate density 

forecast based on the Archimedean copula functions. This method is useful not only for 

examining the quality of multivariate density forecast per se, but also for chec!Ung the 

misspecification of the forecasting model .  

Third, I show portfo l io  managers that  the conditional two-parameter Archimedean 

copula-based PVaR model outperforms the s imple ful l  Gaussian copula-based one at a 

higher confidence level, in the cases where tai l  dependence is dynamic and investors ' 

heterogeneity is time varying. So the fonner model should be preferred to the latter for 

the purpose of international d iversification. 

Fourth, regarding the ful l  parametric estimation of the copula-based model,  my 

work cautions risk managers not to overlook the problem of model risk .  The choice of the 

d istribution function for marginals does affect  the performance of the copula model .  I n  

addition, the di sparity between the empirical in-sample and out-of-sample results 

suggests that i n-sample model fitting should be supplemented by out-of-sample 

evaluation. In a word, the selection of the copula-based model needs to be done with care . 
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6.2 Limitations and Further Research 

I t  should be emphasized that my work reported in this dissertat ion is among the fi rst steps 

in the appl ication of Archimedean copulas to the problems of financial risk  management, 

and more research needs to be done on the app l ication and the estimation method of the 

copula-based model in the fol lowing four directions. First, in most previous researches 

(a l so including my studies presented in this dissertation), we saw that valuation solutions 

yielded by copula functions are easy to apply  and flex ible for the bivariate case - e.g., a 

portfol io only containing two risk factors. I n  rea l i ty, however, a risk manager might be 

interested in the dependence structure between multivariate ris k  factors in a portfol io for 

the purpose of r isk diversi fication. Therefore, the multivariate copula-based model i s  

desired. Notice that, t o  derive i t s  density function from the mult ivariate copula, i t  requires 

a substantial shi ft from a s imple c losed form to a more sophist icated method ( for 

instance, h igher-order partial derivatives), especial ly to the two-parameter Archimedean 

copula functions. Second, throughout the whole  dissertation, I have been only concerned 

with the equal ly  weighted copula-based portfo l io  model .  In practice, for the ut i l i ty 

max imization and optimal asset al location, inve tors might want to know whether a 

model which fits one portfol io the be t wi l l  a l so fit other portfol ios. Hence, it would be 

interesting to evaluate the perfonnances of the copula-based models over a set of 

portfol io weights. Third, although I have taken the data nooping bias into account 

throughout the whole dissertat ion to mitigate model risk, mode l risk can be a serious 

problem for exotic posi tions due to factor uch as unobservable variables (e .g .  

volati l i t ies), interactions between ri sk factors, and numerical approximations etc . As we 

have seen, the adequateness of  model fi tting directly affects the accuracy of the risk 
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measure .  Therefore, for the parametric copula model estimation, an al ternative way to 

mitigate model risk ( parameter uncertainty) is the Bayesian approach. In this context, we 

can employ the Markov Chain Monte Carlo (MCMC) technique w ith the Gibbs sampl ing 

method by setting up  conjugate priors for the parameters and draw one parameter from 

the prior d istribution conditional on  other given parameters. We then can obtain the 

parameter' s  posterior distribution by the product of the prior and the l i kel ihood function 

of the parameter, and further con fi nn its accuracy.  Fourth , for the copula model 

construction, it might be necessary to estimate risk measures across d iverse positions 

with two ( or more) d ifferent types of market risk. Although we all traditional ly assume 

that a portfol io contains same type of market risks ( that is, the distributions of risk factors 

in the portfol io are i dentical) ,  it i s  hard to sustain such an assumption in the real world .  

Hence, one may bui ld ( copula-based) models to  estimate the ri sk measures of two very 

diverse types of market risk. For ins tance, one marginal risk model might be based on a 

nonnal distribution and the other on, say, a skewed-t di stribution. However, the cost of  

these considerations might be increased by the  d i fficulty and the complexity of  

computation. I leave these challengin g  works for the future .  
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