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Abstract 

Srinivasa Ramanujan ( 1 887-1920) was one of the world's greatest mathemat­

ical geniuses. He work extensively in a branch of mathematics called "q-series". 

Around 19 1 3, he found an important formula which now is known as Ramanujan's 

1 'l/Jl summation formula. 

The aim of this thesis is to investigate Ramanujan's 1 'l/J1 summation formula and 

explore its applications to number theory and combinatorics. First, we consider 

several classical important results on elliptic functions and then give new proofs of 

these results using Ramanujan's 1 'l/Jl summation formula. For example, we will 

present a number of classical and new solutions for the problem of representing an 

integer as sums of squares (one of the most celebrated in number theory and com­

binatorics) in this thesis. This will be done by using q-series and Ramanujan's 1 'l/Jl 

summation formula. This in turn will give an insight into how Ramanujan may 

have proven many of his results, since his own proofs are often unknown, thereby 

increasing and deepening our understanding of Ramanujan's work. 

11 



Acknowledgments 

I am deeply grateful to my chief supervisor Dr. Shaun Cooper, for his pa­

tience, consistent encouragement, and guidance throughout this thesis. This thesis 

would not have been possible without him. 

I am also grateful to my second supervisor Professor Robert McKibbin for his in­

valuable moral support. 

I greatly acknowledge Professors Bruce Bemdt, Heng Huat Chan, and Mike Hirschhom 

for their valuable suggestions, encouragement and support. 

I would like to thank Professor Heng Huat Chan and Mr Adrian Swift for patiently 

proofreading this thesis. 

I would also like to thank the Institute of Information and Mathematical Sciences 

for giving me the opportunity to teach. This has helped me to gain financial sup­

port, some professional development, and experience. 

I wish to express my appreciation to my friends and staff at the Institute of Infor­

mation and Mathematical Sciences for their love and support. 

Finally, I would like thank my wife Katherine Lam, my daughter Flora Lam, and 

iii 



my parents Ching Lam and Suk Yee Chow Lam for their patience, love, uncondi­

tional support, and emotional encouragement. 

IV 



Contents 

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 

2 Preliminary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  7 
2. 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  7 

2.2 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  7 

2.3 Ramanujan's 1 'ljJ1 summation formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  8 

2.4 The lordan-Kronecker function . . . . . . . . . . . . . . . .  � . . . . .  " . . . . . . . . . . . . . . . . . . . . .  1 3  

2.5 Four functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 6  

2.5 . 1  Fourier series expansion for fo, il , 12 ,  and h . . . . . . . . . . . . . . . . . . . . . . . . .  1 7  

2.5.2 Infinite products for il , 12, h . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 8  

2.5.3 Elliptic functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  19 

2.5.4 Zeros, poles, and residues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21  

2.6 The Fundamental multiplicative identity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  22 

2.7 The Weierstrass p function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  28 

2.8 Fourier series for squares of four functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  31 

2.9 Derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  35 

2.9. 1 The derivatives of fo, f1' 12, and h . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  35 

2.9.2 The second derivatives of fo, il , 12, and h . . . . . . . . . . . . . . . . . . . . . . . . . . . .  36 

2 . 10  Higher derivatives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  39 

2. 1 1  The functions z, x, K, and E . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 

v 



Contents vi 

2. 1 2  Reciprocals and quotients of the functions /I, 12 ,  and !J ...... ................ 47 

2. 1 3  J acobian elliptic functions .............. ........................... ... ...... 49 

2. 1 4  Special values .......................... .................................... 52 

2. 1 5  Addition formulae ...................... ............................. ....... 52 

2. 1 6  Summary ............... . ...... ........ .......... . . . . ... . . . . . .. .. . ..... .... 54 

3 Transformations............................................................ 56 
3 . 1  Introduction .............. . .. . ..................... ........... . ............. 56 

3 .2 The Gauss transformation 7 ---+ T + 1 .. ... ...... . ............................ 56 

3 .3 The Landen transformation T ---+ 27 ......... ....... . ........................ 57 

3.4 The modular transformation T ---+ -:;.1 .... ........... ... ............... ... .... 58 

3.5 Seven transformations satisfied by z , x , 1 - x, and E ........... . . ........... 63 

4 Sums of squares and triangular numbers. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 68 
4. 1 Introduction ............ . .......................... ...... ........... ..... ... 68 

4.2 Sums of squares .... . . . ......... ........ .... .. .. .. . .............. " . . . . . . . . .  71 

4.3 Sums of triangular numbers ...... ................ .. ............... . ......... 84 

4.4 Remarks ........ . ................. . .......... ....... .. ... . . . ..... .......... 93 

5 Sixteen series theorems. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 97 
5. 1 Introduction . . ... . . . . . . . . .. . . . . . . . . . . ... . . . . . . . . . . .... . . . . . . . . . . . . . ... .. . . . .  97 

5.2 Sixteen recurrence formulae .......... . ....... ..... .. ..................... .. 98 

5.3 The first few values of sixteen Lambert series in terms of z, x, and dz/ dx .. .. 105 

5 .4 Sixteen Lambert series in terms of z, x, and dz/dx .. .................. ...... 1 1 6 

5.5 Proofs of some of Ramanujan's results . ............ . ... " . . . . . . . . . . . . . . . . . .  1 24 



Contents VB 

6 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  126 

6. 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 26 

6.2 Proofs of ten Lambert series identities . . . . . . . . . . . . . . . . .  , . . . . . . . . . . . . . . . . . . . . 1 28 

6.3 Additional findings on sums of squares and triangular numbers . . . . . . . . . . . . . .  1 33 

6.4 Several results involving both sums of squares and triangular numbers . . . . . . . 144 

7 Eisenstein series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  155 

7. 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 55 

7.2 Sixteen series in the form of trigonometry . . . . . . . . . . . . .  , . . . . . . . . . . . . . . . . . . . . 1 55 

00 00 

7.3 Sixteen series in the form of L: L: 8+�+nT"'" . . . . . . . . . . . . . . . . . . . . . . 1 57 
n=-oom=-oo 

7.4 Sixteen series in the form of Eisenstein series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  159 

8 Conjectures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  163 

8 . 1  Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  163 

8 .2 Conjectures for sums of 2t squares and triangular numbers . . . . . . . . . . . . . . . . . .  164 

8 .3 The first few values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  168 

8 .4 Proof of the first few cases of the conjectures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  172 

9 Summary and conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  175 

9 . 1  Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  175 

9.2 Future research . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  177 

A Fourier series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  179 

B Infinite products . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  180 



Contents Vlll 

C Squares functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  182 

D Jacobian elliptic functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  184 

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  185 

Index of Symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  193 


