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LETTER FROM THE EDITORS IN CHIEF
We are pleased to introduce the first issue of Volume 19 of PVLDB – the Proceedings of the VLDB Endowment. PVLDB 
continues to publish original, high-quality research advancing the broad field of data and information management, 
processing, and analytics. Our scope encompasses foundational theory, novel data models, forward-looking system 
architectures, new techniques and applications, and  comprehensive assessment of real-world deployments at scale. In the 
research track, PVLDB welcomes contributions in four equally important categories: (a) regular research papers, (b) 
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ABSTRACT
Modern data lakes have become essential for storing, managing,
and analyzing massive amounts of heterogeneous data. As produc-
tion data increasingly exhibits multimodal storage characteristics
and multi-purpose access patterns, efficient management of such
complexities becomes critical. However, current hybrid storage
system-based data lakes face persistent challenges, including syn-
chronization overhead, data correlation disruption, and escalating
storage costs due to the involvement of multiple underlying storage
systems. While columnar storage, central to data lakes, addresses
hybrid-system inefficiencies, it struggles with the complexities of
multimodal data storage and multi-purpose access.

To tackle these challenges, we analyze access patterns across
various scenarios and assess the issues in storing multimodal data.
Based on these insights, we propose FlatStor, a FlatBuffers-based
columnar Storage format with embedded indexing. It supports point
access through indexing and handles multimodal data by vertically
partitioning and treating each modality as a byte stream for stor-
age. It also applies FSST compression, reducing storage overhead
significantly. Benchmark evaluations reveal that FlatStor reduces
the access latency by 99.6% and the storage overhead by 91.3%
compared to Parquet in inference workloads. Furthermore, FlatStor
outperforms LanceV2 with a 41.3% latency improvement, maintain-
ing minimal additional overhead.
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Figure 1: Modern production data landscape

1 INTRODUCTION
In the big data era, enterprises increasingly struggle with storing
and analyzing massive, heterogeneous data. Data lake technology
has emerged as an effective solution [43, 53], providing distributed
storage for raw data while integrating modern query engines to
enable efficient data management and analysis [24–28, 30, 38]. At
the core of this technology lies columnar storage, with mainstream
formats like Parquet [7] and ORC [6, 44] becoming de facto indus-
try standards. These formats are widely supported by distributed
storage systems (e.g., HDFS [62], S3 [2] and processing frameworks
(e.g., Spark [8], Flink [5]), as well as major cloud data warehouses
including Redshift [33, 42, 58] and Snowflake [23, 39].

Recent studies underscore inherent limitations of conventional
columnar storage in meeting emerging application demands [45, 51,
64]. Figure 1 highlights two key characteristics of modern produc-
tion data at petabyte scale: themultimodal nature at storage and the
multi-purpose access at the application layer, where identical data
serve multiple departments for diverse purposes. Multimodality
introduces distinctive storage challenges, including massive aggre-
gate volumes, numerous small items, and predominantly item-level
access. Existing solutions mitigate these complexities by integrat-
ing specialized storage systems for different modalities alongside
columnar architectures. For example, H2O [31] deploys mixed lay-
outs and dynamically adjusts formats at runtime. Nevertheless,
this approach has notable drawbacks. First, it incurs considerable
synchronization overhead due to frequent format transformations.
Second, it disrupts data correlations by dispersing data across sys-
tems, requiring intricate metadata management to maintain holistic
relationships. The fundamental challenge is achieving efficient mul-
timodal storage while preserving accessibility and integrity.
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The data utilization patterns in Figure 1b highlight another chal-
lenge: in production, identical data are often reused across multiple
organizational units for three main functions—analytical process-
ing by BI teams, model training by ML engineers, and real-time
inference in operational systems (e.g., RAG scenarios using inter-
nal data). This tripartite usage produces varying access patterns,
from batch-oriented analytical queries to latency-sensitive point-
access inference, all on shared data. Current implementations rely
on department-specific copies, causing substantial storage over-
head—each unit maintains independent replicas, often with extra
copies for high availability—leading to 3–5× higher raw storage
needs. Interconnected workflows exacerbate latency due to contin-
uous synchronization across isolated storage, reducing throughput.
These inefficiencies highlight the need for storage architectures
that support diverse access patterns while ensuring data integrity,
optimizing resources, and reducing operational complexity.

Given the proven success of columnar storage in data lake imple-
mentations for analytical and model training workloads [32, 55, 66],
it is natural to explore whether its architecture can be extended
to natively support multi-purpose multimodal data storage. A uni-
fied columnar approach simplifies system design and offers the
potential to: (1) eliminate unnecessary data synchronization, (2)
preserve critical data correlations, and (3) reduce storage costs by
minimizing redundant replication. The key challenge is enabling
columnar systems to efficiently support diverse, dynamic access
patterns for multimodal data while retaining benefits such as low
storage overhead and high query performance. This challenge can
be distilled into two core problems: 1) identifying and managing
access patterns across applications and 2) analyzing multimodal
data layouts to uncover inefficiencies in columnar usage.

To address limitations in existing multimodal storage, we pro-
pose FlatStor, a storage format based on FlatBuffers that extends
columnar storage with embedded indexing and multimodal-aware
partitioning. Unlike prior work treating multimodal data as isolated
vectors or using coarse partitioning, FlatStor applies fine-grained
vertical partitioning, dividing data into modality-specific columns
and treating each data item as a byte stream, enabling unified,
efficient storage of heterogeneous data. It also embeds an index
for point access, reducing inference latency without sacrificing
throughput. Additionally, FlatStor uses FSST for deduplication, bal-
ancing storage efficiency with fast decoding and access.

Our contributions are fourfold: 1. summarizing common multi-
modal data access patterns across applications; 2. revealing limita-
tions of existing hybrid methods in handling such access; 3. propos-
ing FlatStor, a columnar layout with embedded indexing addressing
point access and multimodal storage challenges; 4. implementing
and evaluating FlatStor on multiple benchmarks. Experiments show
that, in inference scenarios, FlatStor achieves significantly lower ac-
cess latency than Parquet and LanceV2 [18], with minimal overhead.
These results validate FlatStor as a practical, effective solution for di-
verse multimodal data access, bridging the gap between traditional
columnar storage and modern workload demands.

The remainder of this paper is organized as follows: Section 2
presents background and motivation; Sections 3 and 4 describe the
design and implementation of FlatStor; Section 5 presents experi-
mental results and analysis; Section 6 discusses related work; and
Section 7 concludes.

2 INSIGHTS & MOTIVATIONS
This section analyzes application access patterns, evaluates existing
hybrid schemes and their limitations for multi-purpose multimodal
data, examines issues in columnar storage with multi-granularity
access, and highlights challenges in multimodal data.

2.1 Access Patterns Across Diverse Applications
By analyzing the I/O processes of various application categories,
we summarize their key characteristics as follows:

Data Analytics. In big data analytics, I/O is dominated by batch
access, where systems sequentially read and process large data
volumes for operations like aggregation and filtering, involving
continuous high-volume reads with minimal random access.

Model Training. During training, data are accessed via batch-
based requests. Each batch retrieves a contiguous subset of data,
which is shuffled locally for randomness before GPU training. The
I/O pattern follows a periodic batch access pattern, as batches are
requested at regular intervals.

Model Inference. Inference tasks like RAG [50] often start by re-
trieving a few relevant records—facts, memories, or documents—via
vector search. These top-k results point to scattered data entries,
producing random point-access patterns. Such fine-grained, unpre-
dictable access is essential for context-aware, accurate responses.
Inference also spans multiple levels, from point access for fact
lookup to batch access for complex reasoning [67], showing that
multiple I/O granularities coexist in these scenarios.

In summary, despite varied applications, I/O falls into two types:
batch access and point access. This classification guides storage
system design to balance batch tasks (like analytics) and real-time
inference (like RAG [50]).

2.2 Limitations of Existing Approaches
We divide current storage schemes into two types: Discrete Stor-
age (DS) and Aggregated Storage (AS). DS involves minimal
preprocessing before direct storage, as in file, object, and key-
value stores like MinIO [19], Redis [21], and RocksDB [22]. AS
aggregates and processes data before storage, including row- and
column-based formats such as Parquet [7], ORC [6], Arrow IPC [4],
SnowFlake [23], RedShift [33], DuckDB [11], PostgreSQL [20], and
Aurora [63]. Based on access pattern analysis in Section 2.1, we
evaluate AS and DS using the LAION-Aesthetics dataset [60, 61],
following Section 5. Raw data is stored in MinIO (DS) and aggre-
gated into Parquet (AS), accessed via Arrow [3], enabling evaluation
of hybrid system performance across multiple schemes.

Overall Performance. Although training workloads are gen-
erally constrained by throughput, latency remains a critical factor
during cache warm-up phases and in environments with resource
contention, both of which affect training stability. As shown in
Figure 2, during model training (batch query), AS reduces latency
by 46% compared to DS. Conversely, during inference (point query),
DS reduces latency by 97% relative to AS. This significant contrast
indicates that neither AS nor DS alone can fully satisfy the latency
and throughput requirements across different usage scenarios, un-
derscoring the necessity for a unified and flexible storage solution.
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Table 1: Comparison between AS and DS

Discrete Storage Aggregated Storage
Storage Overhead High Low
Metadata Overhead High Low

Management Difficulty Medium Medium
System Portability Medium High
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Figure 2: I/O performance of AS vs DS across applications

Data Synchronization Overhead. Data conversion experi-
ments show that converting the dataset from AS to DS takes 4,800
CPU hours, while the reverse takes 7,400 CPU hours. Since
LAION-Aesthetics is a small subset, overhead grows with scale.
This reveals a key flaw in hybrid systems—their inability to adapt
to changing needs without heavy resources. The problem worsens
when data serves both analysis and inference, as repeated conver-
sions create bottlenecks and complexity. These results highlight
the need for a unified storage system that supports diverse access
patterns without repeated conversions.

Disruption of Data Correlation.While hybrid storage solu-
tions can meet diverse access needs, they often cause Loss of Data
Correlation. When data is fragmented across formats, cross-field or
cross-row analysis becomes more complex. Frequent migrations
also increase overhead and risk data integrity, reducing query effi-
ciency. In contrast, a unified format can preserve data relationships,
enabling efficient multi-dimensional analysis and complex queries,
offering a more robust solution.

Substantial Storage Overhead. Hybrid multi-storage schemes
often require maintaining separate high-availability replicas for
different formats to ensure functionality during failures. This re-
dundancy multiplies storage overhead, as the same data must be
stored in multiple formats. For example, supporting both analytical
and inferential workloads may demand full data copies in both
KV and columnar storage, driving up a typical 3-5× increase in
storage overhead. A unified storage format eliminates redundant
replication, cutting costs and simplifying system design.

Table 1 compares additional metrics, showing that DS incurs
higher storage and metadata overhead due to independent data
item management, which complicates compression. In contrast,
AS offers greater portability with consistent data definitions and
standardized interfaces like Schema and SQL, ensuring adaptability
across infrastructures. Based on these findings, AS is the preferred
solution. It can be divided into row- and columnar formats. Given
the superior efficiency of columnar storage in filtering and tasks
essential for analysis and model training via selective access and
better compression, it is chosen as the final format.
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Figure 3: Point query performance between Parquet and ORC

2.3 Constraints of Columnar Storage
2.3.1 Poor point access performance. In Section 2.2, we an-
alyze limitations in current hybrid approaches and explain the
rationale for choosing columnar storage as the base solution. This
section also investigates key factors affecting point access perfor-
mance. Figure 3 presents performance of mainstream columnar
formats under point access and their metadata loading overhead,
using the same setup as Figure 2. In Figure 3a, the green dashed line
indicates baseline performance when accessing raw data directly
from remote object storage such as MinIO. Results show that in-
creasing row group (or ORC stripe) size lowers metadata overhead
but significantly worsens access performance. Due to small test
case scale, ORC stripe count varies less than Parquet row groups,
leading to smaller metadata size and better access performance
for ORC. Because a column chunk within a row group is the mini-
mal accessible unit, smaller row groups reduce chunk size and I/O
amplification, narrowing the gap with raw data. Based on the con-
nection among chunk size, I/O amplification, and observed results,
we conclude that I/O amplification is the primary factor behind
degraded performance. This conclusion broadly holds for columnar
formats like Parquet, ORC, Arrow IPC, Snowflake, Redshift, and
DuckDB, all using the row group concept.

2.3.2 Layout-related motivations. An intuitive way to improve
point query performance is by reducing column chunk size, but this
is constrained by the row group configuration, which applies uni-
formly across the table. Once data is written, changing this setting
typically requires reloading and rewriting the table, causing high
overhead and leaving row group size mostly fixed. Many analytical
applications favor large row groups for sequential loading—Parquet
recommends 512 MiB to 1 GiB, while ORC defaults to 64 MiB to
match HDFS [62] block sizes. Existing systems also rely on column
chunks for metadata like Bloom filters and dictionaries. Smaller
chunks increase metadata overhead, explaining the sharp rise in
metadata loading seen in Figures 3a and 3b as chunk size shrinks.
Additionally, current columnar layouts inherit legacy structures
from relational databases, using row groups originally to parti-
tion tables for easier management. While this enables partitioning
without detailed schema knowledge, it mismatches columnar us-
age—users seldom access entire tables or row groups but rather
specific columns or chunks. This misalignment, combined with
tight coupling of row groups to I/O, leads to excessive I/O amplifica-
tion in point access. These problems highlight the need to decouple
data management from access granularity to better support efficient
point queries and flexible access, such as inference.
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(a) SQuAD (b) VoxCeleb (c) Aesthetics (d) ActivityNet

Figure 4: Multimodal data size distributions across datasets

2.4 Inside Multimodal Dataset
2.4.1 Data characteristics. Our work focuses on efficient storage
and access of multimodal data items such as single images, audio
clips, or video segments, while tasks like video segmentation and
alignment are performed upstream and lie outside the scope. To
analyze data characteristics, we select four representative datasets:
SQuAD [59] (text QA), VoxCeleb [56] (speech), LAION Aesthetics
(images), and ActivityNet [36] (video). Figure 4 shows item size
distributions, with even video rarely exceeding 6 MiB. Total storage
ranges from hundreds of GiB to several TiB, implying vast numbers
of items. Due to semantic alignment challenges [41], multimodal
data is usually processed via single-modality training and late-stage
fusion, so most datasets contain no more than three modalities (text,
image, audio). In summary, modern datasets exhibit three traits:
small item size, large volume, and limited modalities, posing two key
challenges: storage efficiency and multimodal support.

2.4.2 Data storage efficiency. Data storage efficiency addresses
the challenges of large volumes of small data items in current
datasets, aiming to minimize storage costs. These costs consist
of metadata and data. In Section 2.2, columnar storage is selected
as the foundational solution through comparative analysis, with
Table 1 demonstrating its lower metadata costs. Consequently, the
primary remaining challenge lies in reducing data storage costs.

In columnar storage, data in the same column often share similar
types and characteristics, making compression a common and effec-
tive way to reduce storage costs. Compression methods generally
fall into two types: dictionary-based and statistic-based. Dictionary-
based compression replaces repeated symbols with references from
a dictionary. The algorithm builds a dictionary of unique symbols
and assigns each an index. Repeated symbols are then replaced with
indices, reducing overall size. Decompression restores the original
data using the dictionary. Statistic-based compression uses data
properties such as frequency and symbol probabilities to assign
shorter codes to frequent symbols, minimizing encoded length. An
encoding table is created for compression, and decompression uses
it to restore the original data.

Both compression algorithms typically process large datasets
globally for optimal compression ratios, requiring global decom-
pression to restore the original data. Figure 5 shows the size of
Parquet files generated from part of the LAION-Aesthetics dataset
using different compression algorithms, along with point access per-
formance for a specified column. While compression reduces data
size, it can degrade access performance due to global decompres-
sion. Recent studies [49, 64] suggest that as storage costs decrease,
compression methods should prioritize decompression efficiency to
improve access performance. Emerging algorithms like FSST [35]

Table 2: Challenges and Corresponding Solutions in FlatStor

Challenges Solutions
Balancing fine-grained access with
metadata overhead

Vertical partitioning enables indepen-
dent access granularity per column and
overcomes row group limitations.

Relatively large data storage overhead Random-accessible compression pre-
serving granularity and access storage
efficiency.

Row group explosion due to atomic ac-
cess requirements for modality data

Multi-level fine-grained metadata de-
sign reduces redundant metadata over-
head.

(a) Compressed & Transfer data size (b) Data query performance

Figure 5: Parquet query performance under different com-
pression algorithms

support random access and partial decompression, but rely on ex-
plicit boundary information during data retrieval. Poor metadata
design can lead to the loss of boundary information, forcing random
queries to load entire compressed blocks, even if decompression
itself is not the bottleneck.

2.4.3 Multimodal support. Current methods for storing multi-
modal datasets typically save data URLs as strings while storing raw
data in separate systems, as exemplified by LAION, JourneyDB [57],
and HuggingFace [15]. In Section 2.2, we analyze the shortcomings
of hybrid storage systems and advocate for a single columnar stor-
age solution. However, directly storingmultimodal data in columnar
formats leads to the row group explosion problem, where atomic
multimodal data (e.g., videos, images) cannot be column-split or
selectively accessed. Fine-grained atomic access necessitates small
row groups, resulting in excessive metadata overhead.

2.4.4 Data-related motivations. Based on the above analysis,
regarding data storage efficiency, directly applying compression
algorithms in columnar storage may introduce extra access con-
straints beyond the row group issue, further degrading performance
in inference scenarios. Thus, metadata design should support ran-
dom accessible compression methods and store explicit boundary
information to enable advanced compression. For multimodal data
storage, this concern aligns with the fine-grained access perfor-
mance issues analyzed in Section 2.3, further emphasizing the core
role of row groups in current designs and the need to decouple data
management from access in columnar storage. To address this, we
introduce a vertical partitioning method that treats each modality
type as an independent column. Each column can adopt its own
management strategy and data access granularity, free from unified
row group constraints. This ensures that even with reduced gran-
ularity, the row group explosion problem is avoided. More details
are provided in Section 3.2.
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Figure 6: Workflow Generation in FlatStor

3 FLATSTOR
In this section, we first provide a brief overview of the generation
process of FlatStor, a FlatBuffers-based columnar Storage format
with embedded indexing for efficient multimodal data access. This
is followed by a detailed explanation of each step in the workflow,
covering all stages from Section 3.2 to Section 3.4.

3.1 Overview
FlatStor introduces a novel columnar layout that enables efficient
point queries and multimodal data storage, while preserving the
benefits of traditional columnar formats and minimizing overhead.
This is achieved by addressing three key challenges: 1) supporting
multimodal data, 2) reducing storage overhead, and 3) enabling
efficient point access without significantly increasing metadata
overhead, thus avoiding the problem illustrated in Figure 3. To
this end, FlatStor adopts three core designs: Prioritized Vertical
Partitioning, Random Accessible Deduplication, and Serialization
with Metadata Compaction, as shown in Figure 6. A brief overview
is provided below:

(1) Vertical Partition for Multimodal Data: To support multi-
modal storage, FlatStor adopts column-based vertical par-
titioning over row-based horizontal partitioning. This en-
ables independent management of each column by data
type, free from unified table constraints, and allows better
optimization for heterogeneous data.

(2) Random Accessible Data Deduplication: To reduce storage
overhead, FlatStor uses FSST [35] as its core compression
method for efficient and fast data encoding. FSST com-
presses data more effectively than LZ4 [68, 69] and supports
random access, ensuring that compression does not hinder
fine-grained access granularity or performance.

(3) Point Query with Manageable Metadata: To enable efficient
point access with controlled metadata overhead, FlatStor
serializes column chunks. During serialization, data offsets
are recorded via an embedded index to facilitate point ac-
cess. Metadata is organized in three tiers (table, column, and
column-chunk levels) and compacted by scope, reducing
unnecessary overhead through reuse.

By integrating these methods, FlatStor achieves configurable ac-
cess granularity, manageable metadata overhead, and support for
multimodal data storage. Figure 6 illustrates the workflow, and the
subsequent sections provide detailed designs for each step.

3.2 Vertical Partition for Multimodal Data
In current columnar storage, tables are typically divided horizon-
tally into smaller subtables called row groups, which are further
split by column to form column chunks. This partitioning reduces
data management costs and improves concurrency and reliability.
However, it forces the entire table to share the same horizontal par-
titioning, requiring column chunks to align with row groups. Since
each column stores different data types, configurations should vary.
Uniform horizontal grouping makes it difficult to ensure stable
performance across columns or meet specific needs of diverse data
types. For instance, differences in data scale and encoding between
string and image columns prevent optimizing I/O performance for
both, favoring only one grouping size. Furthermore, partitioning is
typically done once in both directions, so the number of rows in a
chunk is set by horizontal partitioning. Row groups often contain
multiple rows for management efficiency, limiting fine-grained ac-
cess to column chunks and creating a tradeoff between data access
performance and metadata overhead, as shown in Figure 3.

To address limitations of globally consistent row groups in the
current design, FlatStor redefines table partitioning by reversing
the order of horizontal and vertical partitioning. This adjustment
introduces several key benefits: Simplified Data Hierarchy: Prior-
itizing vertical partitioning conceptualizes the table as a collection
of column units, aligning naturally with columnar storage prin-
ciples. Customized Horizontal Partitioning: Each column indepen-
dently determines its horizontal partitioning size based on its data
characteristics, such as modality. Combined with modality-specific
configurations (e.g., encoding, indexing), this ensures optimal per-
formance per column. Granular Metadata Design: Managing data
at both table and column levels enables more detailed metadata,
supporting efficient and flexible data management. Further details
on metadata design are discussed in Section 3.4.

Although columnar organization is preferred by default in Flat-
Stor for easier storage, input tables from other systems are often
row-organized, requiring conversion. Depending on table type, we
apply different strategies to process records and fields from the
original table to generate the FlatStor schema:

• Table with schema. This type of table is already properly
formatted, allowing direct extraction of descriptive infor-
mation from the original schema. Typical examples include
DataFrames or relational database tables. We can directly
retrieve column names, data types, and other field details
and convert them into column descriptions to generate a
new schema in FlatStor.
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(a) IMG with different compres-
sion methods

(b) PNG with multiple compres-
sion techniques

Figure 7: Comparing Parquet’s image storage efficiency
across compression algorithms

Figure 8: The compression process of FSST

• Table without schema. Another scenario involves receiv-
ing tables without column descriptions—for example, frag-
ments from CSV files or table-structured data parsed from
network byte streams. In such cases, we cannot directly
obtain column information for a FlatStor schema. Instead,
we assign placeholder names like "Column N" by record
order. To infer data types, we perform random sampling on
each column, initially treating all columns as string, then
adjust types based on sampled data features—for instance,
assigning double if decimal points appear. This enables con-
struction of a basic FlatStor schema.

Once the schema for FlatStor is obtained using the above meth-
ods, we create vectors for each column to temporarily store its
data. By iterating through the table row by row, we parse each
record and append values to the corresponding vectors. This yields
the schema and associated column vectors in FlatStor, completing
vertical partitioning. Each column is now stored independently,
allowing tailored management and configuration. Although mul-
timodal data is stored as byte streams, original encoding formats
include magic numbers as identifiers, distinguishing string from
modal data and resolving modality at the storage level. The upper
layer can define access interfaces for different modalities, but such
designs lie beyond the scope of this paper.

3.3 Random Accessible Data Deduplication
After resolving multimodal data storage challenges, the next issue
is storage overhead. As noted in Section 2.4.1, most datasets in-
clude no more than three modalities—typically text, images, and
audio [41]. To address storage overhead for modality-specific com-
plex data, we use image data as an example and apply the method
in Section 3.2, storing it as string data in Parquet files for analysis.
Figure 7 shows our results. For raw image data (BMP in Figure
7a), mainstream compression methods in columnar storage fall far
short of image-specific techniques. Some methods (e.g., Lz4, Brotli)
even fail on images, showing that modality-specific data requires
specialized encoding or deduplication to reduce storage overhead.
Moreover, Figure 7b shows that after converting images to PNG,

Table 3: Parquet file sizes for the same dataset under varying
row group configurations

Row group Size 1 10 100 1,000 10,000
File Size 5.4 GiB 941.3 MiB 404.5 MiB 346.7 MiB 333.0 MiB

Figure 9: Serialized data layout with FlatBuffers-enabled ran-
dom access

no compression method achieves further reduction, indicating that
once modal data undergoes format-specific deduplication, general-
purpose compression offers no additional gains.

For simple modality data like string, FlatStor primarily uses FSST
(Fast Static Symbol Table) for compression. FSST is a lightweight,
efficient algorithm for string data, employing a static symbol table
to encode frequent substrings, achieving high compression ratios
with fast compression and decompression. Unlike traditional dic-
tionary methods, FSST allows access to individual items within a
compressed block without traversing the entire block, making it
ideal for low-latency scenarios. Figure 8 shows the FSST compres-
sion process. During compression, FSST records each item’s length,
converted to a global offset within the data chunk. Because the
dictionary is static, decompression uses these offsets to locate and
decompress the needed item directly, enabling random access.

It is important to emphasize that the data deduplication method
in FlatStor is applied independently to each modality-specific col-
umn, which are managed separately. This independent dedupli-
cation does not cause loss of correlation between modalities, be-
cause modalities remain aligned at the record level through unified
schema definitions and row index consistency. The schema explic-
itly records correspondences between modalities, similar to how
Parquet handles the LAION dataset. The deduplication method
in FlatStor combines the two approaches mentioned above. As de-
scribed in Section 3.2, after vertical partitioning, independentlyman-
aged columns and their corresponding vectors are obtained. Magic
numbers determine whether data in each vector is modality-specific
complex data and apply the appropriate deduplication method. For
modality-specific complex data, deduplication treats each data item
independently within the same column, without comparing dif-
ferent items. After deduplication, the number of items remains
unchanged, and each item remains independently accessible. For
simple modality data like string, FSST ensures random access after
compression, relying on offsets, which may fail with poor layout,
and row group limitations can hinder access. Therefore, the data
format is adjusted to accommodate offsets and avoid row group
restrictions, as discussed in Section 3.4. For other simple types, such
as int and double, compression methods supporting random access
are similar to FSST, so specific methods are not detailed here.
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3.4 Point Query with Manageable Metadata
The final major challenge for FlatStor is supporting random point
access in inference scenarios while minimizing metadata over-
head. Table 3 shows Parquet file sizes for the same data sample
under different row group sizes. As noted in Section 2.3, the row
group is the core design element in most current columnar storage
systems [1, 4, 6, 7, 11, 39], with the column chunk inside a row
group as the smallest unit for management and access. This design
causes metadata overhead to rise sharply as access granularity de-
creases—smaller chunks mean more chunks to manage for the same
data volume. The core issue stems from tight coupling between data
management and access mechanisms in existing systems. Therefore,
addressing this requires decoupling data management from data
access in columnar storage.

Inspired by KV storage and FSST, FlatStor uses a serialization-
based embedded indexing method to decouple data management
from access granularity. Traditional KV systems support basic set
and get operations, limiting direct access to data inside values. By
serializing values in a specific format, internal data becomes acces-
sible, treating a column chunk as a value and each row as internal
data within it. FSST’s offset recording similarly enables direct ac-
cess via offsets. FlatStor embeds offset indices for each row within
a column chunk using serialization, enabling random access while
retaining block-based management. The VTable records offsets of
each item within the serialized data, enabling random access. Since
offsets are stored in a pre-generated static lib file, parsing avoids
reading irrelevant VTable data, reducing overhead.

After decoupling data management from access in FlatStor and
stabilizing management overhead regardless of access granularity,
we further reduce metadata overhead through consolidation. Be-
sides the growing number of column chunks, uncontrolledmetadata
records cause significant redundancy. For example, data columns
often use dictionary encoding to improve storage, but metadata suf-
fers from two redundant designs: 1) at the row group level, where
each row group maintains multiple dictionaries; and 2) at the data
page level, where each page uses an independent dictionary. These
ignore data similarity within columns, causing duplicate dictionar-
ies and extra I/O overhead, especially at the page level. Thus, we
propose that metadata components should be set at appropriate
scales to improve efficiency. We classify metadata types as follows:

• Schema: A schema describes the overall structure of a two-
dimensional dataset, such as a table. It defines a sequence
of fields with names, data types, and optional metadata. For
multimodal data, the schema preserves alignment seman-
tics by assigning each modality to a dedicated field and
enforcing consistent row-wise ordering. Cross-modal rela-
tionships—such as temporal or semantic alignment—can be
encoded through schema metadata to support coordinated
interpretation and access.

• Dictionary: The dictionary is used for dictionary encod-
ing, a technique that represents data values by referencing
unique entries in a dictionary. This method is particularly
effective when data contains many duplicate values. Dur-
ing encoding, values are represented by an array of non-
negative integers that index the corresponding entries in
the dictionary.

Figure 10: Integrating FlatStor with storage system

• Statistics: Statistical information includes data such as
maximum and minimum values, as well as the number of
rows in a column chunk. During a range query, a Bloom
filter can efficiently sift through column chunks that meet
the criteria based on the statistical information, thereby
enhancing data retrieval efficiency.

• Others: Other information, such as data addresses, data ver-
sions, and other customized configurations, should also be
included in the metadata. This type of information pertains
to user-defined configurations.

FlatStor organizes metadata into three tiers: Table, Column, and
Column Chunk. The Schema belongs in table-tier shared meta-
data. Dictionaries may reside in table-tier metadata if column
data types are similar; otherwise, they are in column or column
chunk metadata. Statistics belong to column or column chunk
metadata. Others are placed according to their association with
the data. As noted in Section 2.3, most columnar storage systems
require loading and rewriting the entire dataset for updates, leading
to poor write performance. Consequently, updates and deletions
(which may trigger metadata changes) are infrequent, and although
FlatStor’s metadata compaction increases modification cost, the
impact remains acceptable.

After completing data deduplication in Section 3.3, we observe
that for a column chunk vector, regardless of the deduplication
method, we obtain a deduplicated vector matching the original
length. For example, during FSST compression, its output can be
adjusted to form a vector of compressed row data based on recorded
offsets. Deduplicated vectors from different columns are integrated
using the serialization method described here, ensuring each col-
umn has the same VTable-Serialized Data structure. In serialization,
original FSST offsets can be replaced by a VTable with the same
function, enabling synergy with FSST format design. Deduplicated
vectors from modality-specific complex data require no special han-
dling. We then consolidate metadata across columns; for instance,
encoding dictionaries from various chunks are traversed to extract
common parts into column-level metadata, leaving only unique
parts in chunk metadata, which are reconstructed during decoding.

4 PUT IT ALL TOGETHER
After processing a table through the generation workflow described
in Section 3, we have obtained metadata structured into three tiers,
along with several serialized and compressed column chunks. Since
serialization is a widely adopted technique for both metadata man-
agement and data format definition [9, 14], we consistently apply
unified serialization to efficiently handle and store both the three-
tier metadata and the corresponding data chunks across the system.
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(a) SQuAD (Text) (b) VoxCeleb (Audio) (c) LAION Aesthetics (Image) (d) ActivityNet (Video)

Figure 11: Query latency of different formats under inference workload scenario

(a) SQuAD (Text) (b) VoxCeleb (Audio) (c) LAION Aesthetics (Image) (d) ActivityNet (Video)

Figure 12: Query amplification of different formats under inference workload scenario

Figure 10 (left half) shows the final physical layout of FlatStor
after serializing three-tier metadata alongside data, following a
bottom-up hierarchy. At the lowest level, vectors correspond to Col-
umn Chunks, with metadata stored alongside (Column Chunk tier).
Multiple column chunks form column data, with metadata com-
pleting the Column tier. Columns combine into table data, stored
adjacent to table metadata (Table tier). The Global VTable records
offsets of each table part, enabling efficient random access. The
right half illustrates FlatStor integration with storage systems (e.g.,
data lakes), replacing existing data formats and extending access
interfaces for point access, supporting inference while remaining
compatible with traditional workflows.

5 EVALUATION
In this section, we evaluate our design using various metrics, includ-
ing data access performance across different workload scenarios,
ablation studies, and overhead analysis.

Methodology. Our baselines include Parquet [7] and ORC [6],
two widely used columnar formats, along with IPC and Feather [4].
IPC is the columnar format in Arrow [3], while Feather is its serial-
ization format using FlatBuffers. We also compare with LanceV2,
the format used by LanceDB [17, 18], a container-based database
optimized for multimodal data. As LanceV2 is still under develop-
ment, we implement its core container design based on available
documentation for testing. To ensure consistency across formats,
Arrow is used as the default data access tool during evaluation.

Metrics. We compare performance across multiple metrics: I/O
performance in inference, analytics, and model training scenarios;
data skipping access efficiency; prioritized vertical partitioning
impact; deduplication effectiveness; serialization impact; Arrow
integration adaptability; sensitivity analysis; and overhead analysis
of I/O requests, metadata storage and access latency.

Platform. We deploy a MinIO [19] storage cluster as remote
storage and use a compute node for access experiments. The cluster
has four machines, each with dual Intel® Xeon® E5-2620 CPUs, 64

GiB memory, and 23.8 TB HDD, running Ubuntu 20.04.6 LTS with
GNU/Linux 5.15.0-105-generic x86_64, connected via 100 Mbps
LAN. The compute node has dual HiSilicon KunPeng 920 CPUs, 128
GiB memory, 4 TiB HDD, and 4 TiB NVMe SSD, running Ubuntu
20.04.6 LTS with GNU/Linux 5.4.0-193-generic aarch64. Network
bandwidth between the compute node and cluster is 1 Gbps. For
local experiments, tests run directly on the compute node with local
storage. System buffers and network caches are reset before each
round to eliminate caching effects.

Dataset. We evaluate using the datasets in Figure 4, prepro-
cessed via byte-stream conversion from Section 3.2 to meet exper-
imental requirements. SQuAD [59] is a large-scale reading com-
prehension dataset with crowdworker-generated questions and
text-extracted answers from Wikipedia. VoxCeleb [56] contains
celebrity speech recordings from YouTube. LAION Aesthetics [60],
a subset of LAION, includes images rated for aesthetic quality. Ac-
tivityNet [36] is a large-scale video understanding dataset with
annotated videos of diverse human activities.

Configuration. The default configurations for different file for-
mats, based on the datasets above, are as follows: Parquet, IPC, and
Feather (via Arrow) use a row group size of 100,000 for SQuAD and
VoxCeleb, or 250 for LAION Aesthetics and ActivityNet to control
file size, while ORC’s stripe size matches Parquet’s row group count.
Other settings, such as encoding and pre-cache strategies, follow
Arrow’s defaults. FlatStor uses the same configurations as Parquet.
LanceV2’s container size is set to 4 MiB. File sizes for all formats are
kept below 1 GiB, and compression algorithms are avoided unless
explicitly stated to prevent access performance degradation.

5.1 Inference Workload Testing
Many inference pipelines, especially retrieval-augmented ones (e.g.,
RAG [50]), use top-k vector search to find relevant items from
a preprocessed corpus, with retrieved IDs resolved into full data
entries, causing random point access. We use FAISS for vector re-
trieval, converting top-k results into data accesses via a reverse
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Figure 13: TPC-H benchmark results of FlatStor, Parquet and LanceV2

Table 4: MLPerf Storage benchmark results of FlatStor, Par-
quet and LanceV2

Workload Dataset Size / GiB Samples #. / s
Parquet LanceV2 FlatStor

Unet3D 270 16.728 17.102 16.875
CosmoFlow 211 798.598 809.136 803.613

index to raw data in remote storage. Vector retrieval is common
across methods and excluded from our results. Figures 11 and 12
show average access latency and read amplification for various
datasets and formats. Parquet, ORC, IPC, and Feather exhibit poor
access due to high read amplification and excessive I/O. LanceV2
accesses fixed-size containers, yielding stable latency but worse
amplification for small objects (SQuAD, VoxCeleb). FlatStor sup-
ports random access via VTable, maintaining low read amplification
and reducing data transfers, lowering latency by approximately
99.6% versus traditional methods and 41.3–61.6% versus LanceV2,
demonstrating superior efficiency.

5.2 TPC-H Benchmark
In this subsection, we use DuckDB to run the TPC-H benchmark.
Table data with scale factor sf=100 is generated and converted into
various file formats. For each query, Arrow reads files directly or
converts data into Arrow Tables. Relevant tables are loaded into a
new DuckDB instance to avoid interference from existing tables,
and SQL is executed. Results cover the entire process, from reading
data in different layouts to completing TPC-H tasks. Figure 13
shows results for Parquet, LanceV2, and FlatStor. FlatStor performs
similarly to Parquet.While LanceV2’s container size is optimized for
storage I/O, frequent offset retrieval reduces access performance. In
contrast, FlatStor keeps detailed index info for column chunks and
columns in the VTable, enabling efficient reading and consistently
strong analytical performance.

5.3 MLPerf Benchmark
This subsection uses MLPerf Storage [34] to benchmark training
workload performance. Due to limited format support in MLPerf,
we enhanced compatibility of its underlying dlio_benchmark [10]
for testing. Experiments run on a single nodewith four A100 acceler-
ators. Table 4 shows the size of pre-generated training sample files,
ensuring datasets prevent DRAM caching effects. MLPerf Storage
measures performance in samples per second (samples/s). Results
in Table 4 show FlatStor maintains a consistent sample loading rate
compared to Parquet and LanceV2, preserving columnar storage
benefits for training workloads.

Table 5: Access performance of different storage methods
combined with serialization.

Storage Methods Point Access / ms Batch Access / ms

Caption Image Caption
(1,000 Rows)

Image
(100 Rows)

Row-based 5.13 36.47 95.34 3731.82
Horizontal

(row group 100) 5.45 36.98 83.23 3429.81

Horizontal
(row group 1,000) 5.22 37.92 69.47 3594.76

FlatStor 5.34 37.34 72.76 3448.43

5.4 Impact of Prioritized Vertical Partitioning
This subsection evaluates the improved flexibility in data manage-
ment and access granularity enabled by prioritized vertical parti-
tioning. Deduplication and serialization methods from Section 3
are also applied to row-based and traditional prioritized horizontal
partitioning systems, for which demo versions are created. Using
10,000 caption-image pairs from LAION-Aesthetics, we assess point
and batch access for specific columns. In prioritized horizontal parti-
tioning, row groups are uniformly set to 1,000 or 100, while FlatStor
sets caption column chunks to 1,000 and image chunks to 100. Ta-
ble 5 shows performance results. Although serialization enables
point access in all approaches, row-based storage performs worst
for batch access due to row-by-row parsing. Traditional prioritized
horizontal partitioning, with a single row group configuration, only
supports efficient batch access for one column at a time. In contrast,
FlatStor’s prioritized vertical partitioning allows independent con-
figuration of batch access granularity per column, enabling efficient
batch access across multiple columns simultaneously.

5.5 Data Skipping Access
This subsection evaluates data skipping performance across file
formats. Data skipping, a key advantage of columnar storage, en-
ables quick column retrieval via column names or Bloom filters
on column chunks. The caption column from LAION Aesthetics
is shuffled into a 10-column, 1,000,000-row table with unique col-
umn names, pre-converted into multiple uncompressed formats and
stored in a remote cluster. Row group size is 100,000, with LanceV2
container size 4 MiB. Figures 14a and 14b show total latency for
accessing column chunks and columns. Feather does not support
column chunk access. LanceV2 returns data at container granular-
ity during chunk skipping, with increased filter overhead. FlatStor
achieves performance comparable to Parquet and other formats,
preserving the benefits of columnar storage.
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(a) Data skipping for column chunk (b) Data skipping for column

Figure 14: Data skipping access performance of different file
formats

(a) Compressed file size (b) Writing table (c) Reading table

Figure 15: Compression efficiency compared to Parquet with
different compression algorithms.

5.6 Data Deduplication Efficiency
This subsection evaluates the effectiveness of the data deduplication
and compression scheme in FlatStor. The encoding and compres-
sion methods for modality-specific complex data follow standard
practices and apply to formats like converting PNG to JPEG or using
H.265 for videos. Thus, the compression process in FlatStor is con-
sistent with conventional approaches. The focus is on how the FSST
algorithm reduces storage overhead. Figure 15 compares file size
and read/write performance using FSST in FlatStor with Parquet
using no compression, gzip, lz4, zstd, and BtrBlock, based on the test
table from Section 5.5. FlatStor reduces file size by 33.5%, improves
compression by about 17%, and maintains access speed close to LZ4.
BtrBlock achieves higher compression but with longer decoding
time, making FlatStor more suitable for balanced workloads.

5.7 Impact of Serialization
In this subsection, we select the raw string data from the caption
column of LAION Aesthetics. By randomly sampling sentences and
truncating them, we generate data items of varying sizes (16B, 64B,
256B, 1KiB, 4KiB) and create five single-column tables of length
100,000 based on these items to evaluate the impact of item size
on serialization.Additionally, we generate single-column tables of
lengths 1, 10, 100, 1,000, 10,000, and 100,000 based on 4KiB-sized
items to assess the impact of item count on serialization. Figure 16
presents our test results. The overhead caused by the FlatBuffers
serialization in FlatStor depends solely on the number of items.
Using 32-bit storage, maximum additional overhead per table is
approximately 𝑟𝑜𝑤𝑛𝑢𝑚 × 𝑐𝑜𝑙𝑢𝑚𝑛𝑛𝑢𝑚 × 4 bytes. Since columns in
FlatStor are managed independently, it is possible to configure
whether each column requires embedded indexing to support point
access. In scenarios where indexing is not needed (e.g., treating
column chunks or column as a single data block), the additional
overhead will be lower than the estimated value.

(a) Overhead with item size (b) Overhead with item count

Figure 16: Analysis of factors affecting serialization overhead

Figure 17: Integration capability testing of FlatStor and Ar-
row.

5.8 Adaptability to Arrow Integration
This subsection evaluates FlatStor integrated with Arrow using the
testing table from Section 5.5. Apache Arrow provides a standard-
ized columnar memory layout, enabling high-speed data transfer
and processing across computing frameworks without memory
copying, enhancing analysis efficiency and interoperability. Figure
17 demonstrates the performance of FlatStor with Arrow integra-
tion across access granularities. It achieves an 8.3% improvement in
column chunk access compared to Parquet, and maintains similar
column-level performance. It also excels in point access (row ac-
cess), outperforming Parquet by about 9.65x. These findings align
with prior experiments, confirming that integrating FlatStor into
existing database or analytical systems boosts overall capabilities.
This integration allows enterprises to support fine-grained access
in new scenarios while preserving their current toolchains.

5.9 Sensitivity Analysis
FlatStor stores modality-specific complex data as byte streams
(strings), making access to different data types equivalent to ac-
cessing string data (search is not discussed here). This subsection
analyzes sensitivity by focusing on the impact of column count,
rows per column, and size distribution on data I/O. Three sets of
local test cases use the method from Section 5.7: 1) tables with 1,000
rows and columns numbering 10, 20, 50, 100, 200, 500, and 1,000,
with fixed item size 1 KiB; 2) tables with 10 columns and rows
numbering 10, 100, 1,000, 10,000, and 100,000, fixed item size 1 KiB;
and 3) three single-column tables, each with 10,000 rows, data sizes
from 16 B to 4 KiB, following uniform, Zipfian, and Gaussian distri-
butions. Native Parquet lacks single item access, so to enable it, row
group size is set to 1, greatly increasing metadata overhead—used
as control. Except for the data distribution test (where Parquet row
group size is 10,000), reads are at the column level and writes at the
table level without compression. Results average multiple rounds.
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Table 6: I/O performance under varying conditions
(FlatStor demonstrates stable performance)

Column Num Writing Table / ms Reading Column/ ms
Parquet LanceV2 FlatStor Parquet LanceV2 FlatStor

10 591.62 587.34 639.31 560.35 527.85 544.94
20 1743.89 1711.75 1799.34 567.03 551.15 553.66
50 5735.29 5713.34 5857.65 552.23 545.44 549.36
100 9628.83 9632.56 9925.71 579.76 558.22 564.88
200 22799.64 22725.45 24214.45 556.45 548.23 547.88
500 62641.98 62623.45 66116.87 598.75 583.11 585.04
1000 112822.51 112691.12 125382.45 557.34 549.15 553.86

Row Num Writing Table / ms Reading Column / ms
Parquet LanceV2 FlatStor Parquet LanceV2 FlatStor

10 5.34 4.31 5.24 5.46 5.38 5.51
100 47.51 43.34 46.31 36.47 32.83 34.12
1000 591.34 587.45 609.31 529.85 512.08 514.39
10000 6948.31 6934.34 7025.34 5483.73 5290.13 5351.35
100000 79834.97 78681.45 80251.98 52082.09 51342.45 51752.93

Data Distribution Writing Table / ms Reading Item / ms
Parquet LanceV2 FlatStor Parquet LanceV2 FlatStor

Uniform 192.12 189.34 194.45 25357.892 46.653 19.652
Zipfan 112.45 101.89 108.54 23262.012 42.893 17.532

Gaussian 234.12 213.76 223.13 24693.456 44.423 18.982

Table 6 presents I/O performance results for Parquet, LanceV2,
and FlatStor under various column settings, row counts, and size
distributions. As the number of columns increases, FlatStor experi-
ences growing overhead from merging metadata across columns,
leading to greater write latency than the other two methods. This
higher write latency limits the applicability of FlatStor in scenarios
with large numbers of columns. Under the same column configu-
ration, all three methods show similar write latency, as shown in
the middle and bottom tables. For read latency, LanceV2 benefits
from its configuration of data access units based on containers,
achieving better I/O performance than Parquet and FlatStor across
different table shapes, while FlatStor consistently performs better
than Parquet. When handling varying data distributions, Parquet
must use a row group size of 1 to enable point access, which results
in high metadata read costs and poor read performance. LanceV2,
with containers holding multiple items as its minimum access unit,
performs worse in data access compared to FlatStor, which supports
finer-grained access to individual items.

5.10 Scalability Analysis
This subsection evaluates the scalability of FlatStor through two
parts. First, we analyze how dataset size impacts the data point
access performance of FlatStor, using subsets of the LAION-5B
dataset at different scales. Then, we also evaluate point access per-
formance under three network environments—1 Gbps, 10 Gbps,
and high-performance IPoIB—while keeping the rest of the con-
figurations same as Section 5.1. The results are shown in Figure
18. Figure 18a shows that access performance remains stable as
dataset size increases. This is due to a simple preprocessing strategy,
where large-scale data is pre-split into files of around 1–2 GiB be-
fore being stored in FlatStor, helping to maintain consistent access
performance. Figure 18b presents the performance under the three
network conditions. As network speed increases, data processing
latency becomes a more visible bottleneck, suggesting further opti-
mization opportunities in metadata handling and format parsing.

Table 7: Number of I/O operations of different formats for
data at different levels

I/O Operations
Number

Access Metadata Access DataTable Column Column Chunk
Parquet 1 1 / >1
LanceV2 1 2 / >1
FlatStor 1 2 3 >1

(a) Increasing Dataset Size (b) Scaling Network Bandwidth

Figure 18: Scalability under Increasing Dataset Size and Net-
work Bandwidth

5.11 Overhead Analysis
In this subsection, we evaluate the overhead of FlatStor from the
perspectives of the number of I/O operations, metadata storage,
and metadata access.

5.11.1 Number of I/O operations. Table 7 presents the number
of I/O operations needed by Parquet, LanceV2, and FlatStor when
accessing various file parts. The first two formats lack dedicated
column chunk metadata. In Parquet, metadata is stored centrally,
so only one access retrieves table or column metadata. LanceV2
manages data via containers; accessing table metadata requires one
container, while column metadata involves first obtaining and pars-
ing the table metadata container. In FlatStor, accessing metadata
at different levels requires sequential retrieval and parsing of the
Global Table, Table Metadata, and Column Metadata, involving 1, 2,
and 3 I/O operations for table, column, and column chunk, respec-
tively. Accessing actual data requires multiple I/Os proportional to
data scale. This reflects how metadata design impacts overall I/O
efficiency and access latency.

5.11.2 Total storage overhead. Based on previous analysis, stor-
age efficiency of columnar formats varies across configurations for
the same dataset. Several configurations are tested using the table
from Section 5.9. A row group size of 100,000 is chosen for balanced
data access, while a size of 1 assesses point query capabilities in
formats like Parquet. Table 8 shows file sizes under these row group
sizes. Results show a clear trend: as access granularity decreases,
file sizes increase. FlatStor minimizes storage overhead for point
queries by encoding row offsets in metadata. Metadata overhead,
shown in Figure 16, grows linearly with entries and becomes negli-
gible for larger datasets. Under point access in inference scenarios,
FlatStor reduces total storage overhead by 91.6% versus Parquet
with row group size 1, demonstrating higher efficiency. Compar-
ing FlatStor, IPC, and Feather (an IPC-based format serialized by
FlatBuffers) shows that even with identical serialization techniques,
different workflows lead to significantly different storage outcomes.
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Table 8: File sizes of the sameTable stored in different formats
different group size

Row Group
Size Parquet IPC Feather FlatStor

1 5562.0MiB 1860.3MiB 2195.3MiB 538.2MiB
10 941.3MiB 529.8MiB 481.2MiB 487.7MiB
100 404.5MiB 404.1MiB 275.1MiB 482.7MiB
1000 346.7MiB 392.4MiB 239.7MiB 482.6MiB
10000 341.2MiB 391.2MiB 237.2MiB 482.3MiB
100000 339.1MiB 391.1MiB 236.6MiB 482.1MiB

Minimum
Access Granularity Column Chunk Column Chunk Column Row

(a) Metadata latency of formats (b) Metadata latency with sizes

Figure 19: Metadata access latency of varying formats

5.11.3 Metadata access latency. In Table 8, when the row group
size is set to 100,000, the maximum storage overhead of FlatStor in-
creases by approximately 42.2% compared to mainstream solutions.
Since data compression is not used during writing, this overhead
mainly comes from metadata storage and management. Metadata
access overhead is evaluated by measuring the time to create a
data handler object, representing complete metadata access latency.
Figure 19a shows FlatStor reduces metadata access latency by 90.8%
and 66.1% compared to Feather and IPC, respectively. FlatStor first
initiates a small I/O request to obtain the footer offset (VTable), then
accesses the needed metadata level. The access time in the figure
includes the total time for these two I/O operations, representing a
typical metadata access process. Thus, although FlatStor involves
extra I/O operations, overall metadata access performance is not
significantly affected, as shown in Figure 19b.

6 RELATEDWORK
Columnar Layout. Currently, research on columnar storage fo-
cusing on AI scenarios is limited. Over the past decade, columnar
formats such as the Capacitor [16] format developed by Google
have been proposed and used in systems such as BigQuery [13] and
Napa [29]. This format, based on technologies from Dremel [54]
and Abadi [25], optimizes storage layout according to workload
behavior. In 2019, YouTube developed the Artus format [37] for
the Procella database management system, supporting adaptive
encoding without block compression and providing O(1) address-
ing time for nested schemas. The DWRF format [12], a variant of
ORC developed by Meta, offers improved support for reading and
encrypting nested data. Recent studies have highlighted new data
characteristics and I/O patterns in AI scenarios [52, 64]. However,
current storage format designs primarily target analytical work-
loads and do not effectively address inference requirements. Hybrid
systems like H2O [31] have explored the combination of multiple
storage layouts to adapt to varied workloads, yet such approaches

mainly target structured data and do not directly address challenges
of heterogeneous multimodal data.

Data Caching. Caching mitigates read amplification by replac-
ing amplified portions with data likely to be accessed soon, thereby
improving overall read efficiency. However, during model train-
ing, data is loaded randomly to reduce model bias, which conflicts
with caching’s reliance on data locality. Similarly, in inference, the
highly discrete and random nature of requests renders caching
largely ineffective. Although Shade [48] is specifically designed as
a cache for training workloads, its importance sampling method
is impractical [46, 47], since determining data importance requires
prior training, creating a paradox. NoPFS [40] optimizes training
by sharing the random shuffle seed with cache nodes, generating
the same sequence and enabling pre-caching to improve I/O perfor-
mance. However, it still does not fully address read amplification
during retrieval, as fetching blocks continues to load unnecessary
data, limiting overall efficiency gains.

Data Compression. Another approach to improving I/O per-
formance is data compression, which reduces read amplification by
lowering I/O volume and minimizing transfer overhead. FSST [35]
enables random access to compressed data using a static dictionary-
based table, eliminating full block decompression but struggling
with efficient random access in distributed storage due to lost bound-
ary information and inconsistent block alignment. Zhang et al. [65]
record index information within compressed data to enable GPU
random access and processing of compressed data, but this approach
is highly specific and incompatible with columnar storage systems.
Zeng et al. [64] argue that query bottlenecks have shifted from
storage to computation, suggesting future formats should avoid
block compression or heavyweight encodings unless justified, to
optimize both storage efficiency and computational performance.

7 CONCLUSION
This paper proposes a columnar format supporting multimodal data
and random point access, while maintaining efficient analytical
and training workloads. To our knowledge, no existing solution ad-
dresses such diverse demands within a unified columnar framework.
We analyze traditional columnar storage limitations and propose
key designs: vertical partitioning, random-accessible deduplication,
and metadata compression. These improve access efficiency and
reduce storage overhead. Compared to mainstream formats, our
solution cuts latency by 99.6% and total storage overhead by 91.3%
for random point access, while maintaining stable performance on
traditional workloads. Notably, FlatStor’s batch access performance
is comparable to existing formats, reflecting a deliberate trade-off
favoring low-latency point access over batch optimization. This
enables FlatStor to serve large-scale enterprises with multimodal
data and diverse usage, though its advantages may be limited in
workloads dominated by frequent writes or full scans.
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Fi g u r e 1: ( a) A n e x a m pl e of fi n a n ci al t r a n s a cti o n s wit h
ti m e st a m p s. Di ff e r e nt m o n e y-l a u n d e ri n g a n d g a m bli n g p at-
t e n s [6 , 2 8 ] i n cl u di n g ( b) 5- n o d e si m pl e- c y cl e; ( c) 6- n o d e
si m pl e- c y cl e; ( d) s c att e r- g at h e r; a n d ( e) bi p a rtit e.

P V L D B A rtif a ct A v ail a bilit y:

T h e s o ur c e c o d e, d at a, a n d/ or ot h er artif a cts h a v e b e e n m a d e a v ail a bl e at

htt ps:// git h u b. c o m/ p yj h z w h/ S p a n ni n g Tr e e S a m pli n g/.

1 I N T R O D U C TI O N

A c e ntr al t o ol i n t h e a n al ysis of l ar g e n et w or ks is m otif mi ni n g [2 8 ,
3 3 , 3 5 , 4 1 , 5 5 ]. A m otif is a s m all p att er n gr a p h t h at i n di c at es s o m e
s p e ci al str u ct ur e i n a l ar g er i n p ut gr a p h. M otifs o ff er v al u a bl e i n-
si g ht i nt o t h e gr a p h str u ct ur e, a n d ar e a n al o g o us t o q u eri es t h at
d et ail a s et of e d g e c o nstr ai nts. T h e al g orit h mi c pr o bl e m of m otif
mi ni n g, oft e n c all e d s u b gr a p h c o u nti n g/ fi n di n g i n t h e al g orit h ms
lit er at ur e, h as a ri c h hist or y i n t h e d at a mi ni n g lit er at ur e [5 , 3 6 , 5 2 ].
( S e e s ur v e y [ 5 0].)

M ost r e al- w orl d gr a p hs ar e t e m p or al, w h er e e d g es c o m e wit h
ti m est a m ps. T h er e is a s ur g e of r e c e nt w or k o n mi ni n g t e m p o-
r al gr a p hs, es p e ci all y s e ar c hi n g f or t e m p or al m otifs (r ef er t o s ur-
v e y [ 1 4 ]). T h es e w or ks s h o w t e m p or al m otifs c a n c a pt ur e ri c h er
i nf or m ati o n t h a n st a n d ar d m otifs [2 3 , 3 8 ]. Te m p or al m otifs h a v e
b e e n us e d f or us er b e h a vi or c h ar a ct eri z ati o n o n s o ci al n et w or ks [ 2 4 ,
2 6 , 4 1 ], d et e cti n g fi n a n ci al fr a u d [1 5 , 2 8 ], c h ar a ct eri zi n g f u n cti o n
of bi ol o gi c al n et w or ks [ 1 7 , 3 8 ], a n d i m pr o vi n g gr a p h n e ur al n et-
w or ks [ 8, 2 8].

15

https://doi.org/10.14778/3772181.3772183
https://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:info@vldb.org
https://doi.org/10.14778/3772181.3772183
https://github.com/pyjhzwh/SpanningTreeSampling/
https://www.acm.org/publications/policies/artifact-review-and-badging-current


M
5 

1

M
5 

3

M
5 

4

M
5 

5

M
6 

1

M
6 

3

M
5 

1

M
5 

3

M
5 

4

M
5 

5

M
6 

1

M
6 

3

M
5 

1

M
5 

3

M
5 

4

M
5 

5

M
6 

1

M
6 

3

1 0 0

1 0 1

1 0 2

1 0 3

1 0 4

N
or

m.
 r

u
nt

i
m

e

XX X

W T, 8 W S O, 8 W BI, 1 D

TI M E S T E v e r e s t ( G P U) P R E S T O A P R E S T O E

( a) R u nti m e o f p ri o r w o r k s n o r m ali z e d t o TI M E S T . TI M E S T h a s a n
a v e r a g e s p e e d u p of 2 8 × c o m p a r e d t o p r e vi o u s w o r k s.

M
5 

1

M
5 

3

M
5 

4

M
5 

5

M
6 

1

M
6 

3

M
5 

1

M
5 

3

M
5 

4

M
5 

5

M
6 

1

M
6 

3

M
5 

1

M
5 

3

M
5 

4

M
5 

5

M
6 

1

M
6 

3

0

2 0

4 0

6 0

8 0

1 0 0

Er
r
or

(
%)

0.
1

0.
7 6.

4

9.
4

0.
0

0.
7

0.
0

0.
8

0.
1

0.
3

0.
0

1.
4

3.
2

0.
1

0.
2

X X

W T, 8 W S O, 8 W BI, 1 D

TI M E S T P R E S T O A P R E S T O E

( b) R el ati v e e r r o r ( %) of a p p r o xi m at e al g o rit h m s. TI M E S T i s al m o st
al w a y s t h e m o st a c c u r at e w hil e al w a y s t h e f a st e st.

Fi g u r e 2: W e s h o w t h e r u nti m e i m p r o v e m e nt a n d e sti m ati o n
e r r o r s o f TI M E S T v e r s u s E v e r e st [ 6 5 ] ( G P U) a n d a p p r o xi-
m at e al g o rit h m s [ 4 7 ] (𝑃 𝑅 𝐸 𝑆 𝑇 𝑂 𝐴 a n d 𝑃 𝑅 𝐸 𝑆 𝑇 𝑂 𝐸 ) o n v a ri o u s
d at a s et s a n d m otif s. E v e r e st i s t e st e d o n a n N VI DI A A 4 0 G P U,
w hil e ot h e r s a r e e v al u at e d o n a C P U u si n g 3 2 t h r e a d s. " x"
m e a n s r u n o ut of m e m o r y ( O O M) o r ti m e o ut ( > 1 d a y).

A t e m p or al gr a p h c a n b e vi e w e d as a gr a p h d at a b as e wit h a ri c h
s et of attri b ut es s u c h as v ert e x/ n o d e l a b els a n d e d g e ti m est a m ps.
Mi ni n g m otifs i n t e m p or al gr a p hs is a n al o g o us t o e x e c uti n g q u eri es
i n tr a diti o n al d at a b as e s yst e ms.

1. 1 P r o bl e m D e fi niti o n

We s et s o m e n ot ati o n. T h e i n p ut is a m ulti gr a p h 𝐺 = (𝑉 (𝐺 ), 𝐸(𝐺 )),
wit h 𝑛 v erti c es a n d 𝑚 e d g es. E a c h e d g e i n 𝐺 is a t u pl e (𝑢, 𝑣, 𝑡 ) w h er e
𝑢 a n d 𝑣 ar e s o ur c e a n d d esti n ati o n v erti c es, a n d 𝑡 is a p ositi v e
i nt e g er ti m est a m p. F oll o wi n g pri or w or k [3 0 , 6 5 ], w e ass u m e t h at
e a c h t u pl e (𝑢, 𝑣, 𝑡 ) c a n a p p e ar o nl y o n c e. H o w e v er, t h e s a m e 𝑢, 𝑣
c a n h a v e m ulti pl e e d g es b et w e e n t h e m wit h di ff er e nt ti m est a m ps,
a n d t h er e c a n b e di ff er e nt t u pl es wit h t h e s a m e ti m est a m p. F or
a t e m p or al e d g e 𝑒 , l et 𝑡 (𝑒 ) t o d e n ot e its ti m est a m p. A t e m p or al
m otif i n v ol v es a st a n d ar d gr a p h m otif wit h a c o nstr ai nt o n t h e
ti m e wi n d o w t h e m otif o c c urs i n, a n d a c o nstr ai nt o n t h e or d er of
e d g es. We f or m all y d e fi n e t e m p or al m otifs a n d t e m p or al m at c h es,
f oll o wi n g P ar a nj a p e et al. [ 4 1].

D e fi ni ti o n 1. 1. A t e m p or al m otif is a tri pl e 𝑀 = (𝐻, 𝜋, 𝛿 ) w h er e
(i) 𝐻 = (𝑉 (𝐻 ), 𝐸(𝐻 )) is a dir e ct e d p att er n gr a p h, (𝑖𝑖) 𝜋 is a n or d er e d
s et/list of t h e e d g es of 𝐻 , a n d (iii) 𝛿 is a p ositi v e i nt e g er.

T h e or d er e d list 𝜋 s p e ci fi es t h e ti m e or d eri n g of e d g es, a n d 𝛿 s p e ci fi es
t h e l e n gt h of t h e ti m e i nt er v al i n w hic h e d g es m ust o cc ur.

A b usi n g n ot ati o n, f or a n e d g e 𝑒 i n t h e list 𝜋 , w e us e 𝜋 (𝑒 ) t o
d e n ot e its i n d e x i n t h e list.

D e fi ni ti o n 1. 2. C o nsi d er a n i n p ut t e m p or al gr a p h 𝐺 = (𝑉 (𝐺 ), 𝐸(𝐺 ))
a n d a t e m p or al p att er n 𝑀 = (𝐻, 𝜋, 𝛿 ). A n 𝑀 - m at c h is a p air (𝜙 𝑉 , 𝜙𝐸 )
1- 1 m a ps 𝜙 𝑉 : 𝑉 (𝐻 ) → 𝑉 (𝐺 ), 𝜙 𝐸 : 𝐸 (𝐻 ) → 𝐸 (𝐺 ) s atisf yi n g t h e
f oll o wi n g c o n diti o ns.

• ( M atc hi n g t h e e d g es) ∀( 𝑢, 𝑣 ) ∈ 𝐸 (𝐻 ), 𝜙𝐸 (𝑢, 𝑣 ) = (𝜙 𝑉 (𝑢 ), 𝜙𝑉 (𝑣 ))
• ( M atc hi n g t h e p att er n) ∀( 𝑢, 𝑣 ) ∈ 𝐸 (𝐻 ), (𝜙 𝑉 (𝑢 ), 𝜙𝑉 (𝑣 )) ∈ 𝐸 (𝐺 ).
• ( E d g es or d er e d c orr e ctl y) T h e ti m est a m ps of t h e e d g es i n t h e

m atc h f oll o w t h e or d eri n g 𝜋 . F or m all y, ∀ 𝑒, 𝑒 ′ ∈ 𝐸 (𝐻 ), 𝜋 (𝑒 ) < 𝜋 (𝑒 ′ )
i ff 𝑡 (𝜙 𝐸 (𝑒 )) < 𝑡 (𝜙 𝐸 (𝑒 ′ )).

• ( E d g es i n ti m e i nt er v al) All e d g es of t h e m atc h o cc ur wit hi n 𝛿
ti m e r a n g e. F or m all y, ∀ 𝑒, 𝑒 ′ ∈ 𝐸 (𝐻 ), |𝑡 (𝜙 𝐸 (𝑒 )) − 𝑡 (𝜙 𝐸 (𝑒 ′ ))| ≤ 𝛿 .

Fi g ur e 1 a s h o ws a n e x a m pl e of fi n a n ci al tr a ns a cti o ns, r e pr es e nt e d
as a gr a p h. We als o f o ur t e m p or al m otifs, w hi c h h a v e b e e n e x pli citl y
m e nti o n e d as i n di c ati o ns of m o n e y l a u n d eri n g [ 5 1 , 5 5 ]. N ot e t h at
t h e e d g es of t h e c y cl e m ust o c c ur i n t e m p or al or d er ( gi v e n t h e e d g e
l a b el), f or t his t o r e pr es e nt a v ali d c y cli c m o n e y fl o w. M or e t e m p or al
m otifs ar e gi v e n i n Fi g ur e 3. We n ot e t h at a n at ur al g e n er ali z ati o n
is t o i m p os e a p arti al or d er of ti m e c o nstr ai nts, w hi c h w e dis c uss
m or e i n f ut ur e w or k.

1. 2 T h e C h all e n g e

Te m p or al m otif c o u nti n g is p arti c ul arl y di ffi c ult b e c a us e of c o m-
bi n at ori al e x pl osi o n . T h er e c a n b e t h o us a n ds of t e m p or al e d g es
b et w e e n t h e s a m e v erti c es, w hi c h l e a ds t o a e x p o n e nti all y l ar g er
s e ar c h s p a c e f or m otifs. F or e x a m pl e, t h er e ar e trilli o ns of t e m p or al
5- cli q u es i n Bit c oi n gr a p h wit h 1 0 0 milli o n e d g es. E x a ct m et h o ds
b as e d o n e n u m er ati o n or e x pl or ati o n c a n n ot a v oi d t his m assi v e
c o m p ut ati o n [ 3 0 , 4 1 ]. M a n y t e c h ni q u es f or r e d u ci n g t h e s e ar c h
s p a c e usi n g gr a p h pr o p erti es li k e t h e d e g e n er a c y a n d d y n a mi c
pr o gr a m mi n g ar e t ail or e d f or si m pl e gr a p hs [ 9 , 4 4 , 4 9 , 5 0 ]. T h es e
t e c h ni q u es c a n n ot i n c or p or at e or d eri n g c o nstr ai nts o n e d g es. I n
g e n er al, w h e n t h e m otif h as f o ur v erti c es, n o e x a ct m et h o d is a bl e
t o g et r es ults o n gr a p hs wit h 1 0 0 M e d g es e v e n i n a d a y wit h c o m-
m o dit y h ar d w ar e [ 2 5, 4 1, 4 2].

T h er e ar e t w o a p pr o a c h es t o t e m p or al m otif c o u nti n g. T h e us u al
m et h o d is t o d esi g n g e n er al p ur p os e al g orit h ms t h at w or k f or ( p o-
t e nti all y) a n y m otif. E x a ct m otif c o u nti n g al g orit h ms r el y o n e x pli cit
s u b gr a p h e n u m er ati o n t h at s u ff ers a m assi v e c o m p ut ati o n al e x pl o-
si o n [ 3 0 , 4 1 , 6 5 ]. T h er e ar e g e n er al p ur p os e esti m at ors f or all ki n ds
of t e m p or al m otifs, li k e I S [ 2 9 ], E S [5 9 ] a n d P R E S T O [4 7 ]. H o w e v er,
t h e y t e n d t o p erf or m p o orl y o n l ar g er m otifs, si n c e t h e y r el y o n
e x a ct al g orit h m i n s u bs a m pl e d i nt er v als. F or e x a m pl e, o ur e v al u a-
ti o n s h o ws t h at P R E S T O r u ns f or m or e t h a n 5 h o urs esti m ati n g a
5- cli q u e ( i. e., 𝑀 5 − 5 i n Fi g ur e 3) wit h a hi g h 2 5 % esti m ati o n err or.

Ot h er m et h o ds a n al y z e s p e ci fi c m otifs a n d d esi g ns s p e ci ali z e d al-
g orit h ms. T h es e i n cl u d e 2 S C E N T [ 2 5 ] (f or si m pl e c y cl es), D O T T [4 2 ]
(f or tri a n gl es), G a o et al. [1 3 ] ( c at ers t o 2-, 3- n o d e, 3- e d g e m otifs),
a n d T E A C U P S [ 3 9 ] (f or 4- n o d e m otifs), al o n gsi d e ot h er s p e ci ali z e d
m otifs s u c h as bi-tri a n gl e [ 6 2 ], bi- cli q u e [6 4 ], a n d b utt er fl y [1 1 , 4 5 ]
m otifs f or bi p artit e n et w or ks. W hil e t h es e oft e n w or k w ell f or t h e
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Fi g u r e 3: C o n n e ct e d 4-, 5- a n d 6- v e rt e x t e m p o r al m otif s u s e d f o r e v al u ati o n.

t ail or e d m otif, t h e y d o n ot gi v e g e n er al p ur p os e al g orit h ms. C o m-
m o n m otifs wit h m or e t h a n 5 n o d es o c c urs i n m o n e y l a u n d eri n g
a p pli c ati o ns [ 6 , 5 1 , 5 5 ]. T h es e m otifs ar e s h o w n i n Fi g ur e 1, a n d
c a n n ot b e h a n dl e d e ffi ci e ntl y b y e xisti n g m et h o ds.

T his l e a ds t o t h e m ai n q u esti o n of o ur p a p er: d o t h er e e xist g e n er al
p ur p os e t e m p or al m otif c o u nti n g al g orit h ms t h at c a n sc al e b e y o n d
c urr e nt m otif si z es ?

1. 3 O u r R e s ult s

O ur m ai n r es ult is TI M E S T , a g e n er al a n d e ffi ci e nt r a n d o mi z e d ( a p-
pr o xi m at e) t e m p or al m otif mi ni n g al g orit h m. TI M E S T is a g e n er al
p ur p os e m et h o d t h at w or ks f or a n y m otif. As a c o n cr et e e x a m pl e, it
is a bl e t o e ffi ci e ntl y a p pr o xi m at e c o u nts f or all t h e e x a m pl e m otifs
i n Fi g ur e 3. We i ntr o d u c e a n e w t e c h ni q u e of t e m p or al s p a n ni n g
tr e e s a m pli n g t h at g e n er ali z es pr e vi o us t e m p or al r es ults [4 0 ] a n d
ol d er n o n-t e m p or al m et h o ds [ 2 1 , 4 9 , 6 0 ]. We list o ut s o m e s p e ci fi c
c o ntri b uti o ns of o ur w or k.

T e m p o r al s p a n ni n g t r e e s a m pli n g: O ur pri m ar y c o ntri b uti o n
is a n e w t e c h ni q u e of t e m p or al s p a n ni n g tr e e s a m pli n g, t h at g e n er-
ali z es a r e c e nt m et h o d of t e m p or al p at h s a m pli n g [ 4 0 ]. T o c o u nt
t e m p or al m otifs of ar bitr ar y si z e, w e fi n d a n a p pr o pri at e s p a n ni n g
tr e e of t h e m otif. T h es e s p a n ni n g tr e es s atisf y p arti al t e m p or al
c o nstr ai nts of t his m otif. We t h e n s a m pl e m a n y s u c h tr e es, a n d
esti m at e t h e fr a cti o n of t h e m t h at “ e xt e n d" t o t h e m otif.

A dir e ct t e m p or al s p a n ni n g tr e e w o ul d si m pl y t a k e a s u bs et
of t h e e d g es a n d t h e c orr es p o n di n g t e m p or al c o nstr ai nts. B ut it
is n ot cl e ar h o w t o e ffi ci e ntl y s a m pl e s u c h a tr e e wit h t h es e c o n-
str ai nts. We s h o w t h at b y a c ar ef ul r el a x ati o n of s o m e of t h e t e m-
p or al c o nstr ai nts, a n e ffi ci e nt s a m pl er c a n b e c o nstr u ct e d. T his
s a m pl er q ui c kl y pr e pr o c ess es t h e gr a p h a n d c a n o ut p ut a n y d esir e d
n u m b er of u nif or m r a n d o m s p a n ni n g tr e es.

S a m pl e r e d u cti o n t e c h ni q u e s: T o r e d u c e t h e s a m pl e c o m pl e x-
it y, w e d esi g n h e uristi cs t h at c h o os e t h e “ b est" t e m p or al s p a n ni n g
tr e e. We c a n f or m all y s h o w t h at t h e t e m p or al s p a n ni n g tr e e wit h
t h e f e w est m at c h es is t h e b est c h oi c e, b ut fi n di n g t his tr e e w o ul d
its elf r e q uir e a l ar g e n u m b er of m otif c o u nts. We d esi g n h e uristi cs
t o n arr o w d o w n o n t h e b est s p a n ni n g tr e e, w hi c h l e a ds t o l o w er
err or wit h t h e s a m e s a m pli n g b u d g et.

P r a cti c al e ffi ci e n c y of TI M E S T : We p erf or m a c o m pr e h e nsi v e
e v al u ati o n a cr oss v ari o us d at as ets ( T a bl e 2) a n d a l ar g e c oll e cti o n
of c o m pl e x m otifs ( Fi g ur e 3), u p t o 6 v erti c es. We c o m p ar e wit h
a st at e- of-t h e- art e x a ct al g orit h m t h at us es G P Us ( E v er est [ 6 5 ])
a n d v ersi o ns of t h e b est r a n d o mi z e d m et h o d ( Pr est o [ 4 7 ]). R es ults

ar e i n Fi g ur e 2 a. TI M E S T is al w a ys f ast er, wit h a t y pi c al 1 0 x- 1 0 0 x
s p e e d u p o v er b ot h e xisti n g m et h o ds. We n ot e t h at TI M E S T is
i m pl e m e nt e d o n a C P U, a n d still h as a n a v er a g e s p e e d u p of 2 8× o v er
hi g h- e n d N VI DI A G P U i m pl e m e nt ati o ns. We d o n ot gi v e r es ults
f or t h e m otifs 𝑃 6 − 4 a n d 𝑅 6 − 5 si n c e pr e vi o us m et h o ds ti m e o ut e v e n
aft er r u n ni n g f or a d a y. TI M E S T is a bl e t o g et a p pr o xi m at e c o u nts
e v e n f or t his m otifs. O n t h e s p e ci fi c m o n e y-l a u n d eri n g bi p artit e
m otif i n Fi g ur e 1, TI M E S T t a k es 4 mi n ut es o n a n e x a m pl e d at as et,
w hil e t h e b est e x a ct m et h o d t a k es t w o d a ys.

L o w e r r o r o f TI M E S T : D es pit e t h e v ari et y of c o m pl e x c o n-
str ai nts i n Fi g ur e 3, i n all c as es, TI M E S T h as si g ni fi c a ntl y l o w er
err or. We pl ot t h e err ors of pr e vi o us w or k a n d TI M E S T i n Fi g ur e 2 b.
TI M E S T t y pi c all y h as a n err or of l ess t h a n 5 %, w hil e pr e vi o us m et h-
o ds h a v e 2 0 % err or or m or e. T h e o nl y h ar d m otifs f or TI M E S T ar e
𝐸 5 − 4 a n d 𝑆 5 − 5 , w hi c h h a v e m or e t h a n 2 0 % err or. B ut ot h er m et h o ds
h a v e t wi c e as m u c h ( or m u c h m or e) err or.

T h e o r eti c al a n al y si s of TI M E S T : We gi v e a c o m pr e h e nsi v e
t h e or eti c al a n al ysis of TI M E S T , gi vi n g b o u n ds o n all r u n ni n g ti m e
st e ps, a n d a n a n al ysis of t h e s a m pl e c o m pl e xit y wit h r es p e ct t o
o ut p ut err or.

2 HI G H- L E V E L I D E A S I N TI M E S T

T h e fi n al TI M E S T al g orit h m is f airl y c o m pl e x wit h m ulti pl e m o v-
i n g p arts. I n t his s e cti o n, w e gi v e a n o v er vi e w of v ari o us pr o c e d ur es
i n TI M E S T . We will d e n ot e t h e i n p ut gr a p h as 𝑇 a n d t h e m otif as
𝑂 . A d e pi cti o n of t h e TI M E S T pi p eli n e is gi v e n i n Fi g ur e 4. T h er e
ar e t w o pri m ar y st e ps.

P r e p r o c e s si n g: T his is t h e m ai n n o v elt y i n TI M E S T . We first
c h o os e a n a p pr o pri at e s p a n ni n g tr e e of 𝐴 a n d i d e ntif y of a s et of
r el a x e d t e m p or al c o nstr ai nts. T his pr o c ess its elf r e q uir es c o m p ut a-
ti o ns i n v ol vi n g t h e i n p ut gr a p h 𝑃 . O ur ai m is t o s el e ct a t e m p or al
"s u b m otif " 𝑅 of 𝐸 t h at c a n b e q ui c kl y s a m pl e d. We s et u p t h e t e m-
p or al c o nstr ai nts t o all o w f or a d y n a mi c pr o gr a m mi n g b ott o m- u p
a p pr o a c h t o s a m pl e u nif or m r a n d o m i nst a n c es of 𝑆 . T his a p pr o a c h
r e q uir es c o m p uti n g a s eri es of e d g e w ei g hts, c all e d t h e s a m pli n g
w ei g hts . Si n c e t h er e ar e m ulti pl e t e m p or al e d g es b et w e e n t h e s a m e
p air of v erti c es, t h e e d g e w ei g hts c a n b e c o m pli c at e d t o c o m p ut e.

S a m pli n g: T h es e w ei g hts all o w us t o a p pl y a c o m m o n p ar a di g m
i n a p pr o xi m at e m otif c o u nti n g t h at i n v ol v es s a m pli n g a s u bstr u c-
t ur e, a n d e xt e n di n g t o t h e m otif [9 , 2 1 , 4 0 , 4 9 , 6 0 ]. We s h o w h o w t h e
w ei g hts c a n b e us e d t o s u bs a m pl e s u btr e es of 𝑇 , w hi c h c a n t h e n b e
i n cr e m e nt all y e xt e n d e d t o a u nif or m r a n d o m s a m pl e of 𝑂 . A q ui c k
v ali d ati o n v eri fi es t h at t h e s a m pl e s atis fi es t h e t e m p or al c o nstr ai nts
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2 𝜋

( e) C o n st r ai nt 3

Fi g u r e 5: A n e x a m pl e o f mi ni n g m oti f 𝛿 5- 3 . ( a) T h e st a n d a r d a p p r o a c h st ri ctl y e n f o r c e s all c o n st r ai nt s f o r a t e m p o r al m otif
m at c h. ( b) M ulti pl e s p a n ni n g t r e e s o f t h e m oti f e xi st, a n d w e u s e a h e u ri sti c t o s el e ct t h e o pti m al o n e t h at h a s t h e l o w e st
e sti m at e d s a m pli n g c o st ( E st c o st). W e t h e n r el a x s p e ci fi c c o n st r ai nt s a n d a p pl y t h r e e p a rti al c o n st r ai nt s t o t h e s p a n ni n g t r e e:
( c) e nf o r ci n g e d g e o r d e r a n d 𝑀 - wi n d o w c o n st r ai nt s f o r a dj a c e nt e d g e s; ( d) e n s u ri n g di sti n ct e n d v e rti c e s f o r a dj a c e nt e d g e s; a n d
( e) c o n st r ai ni n g all e d g e s t o f all wit hi n a 2 𝜙 ti m e wi n d o w.

of 𝑉 . T h e n e xt st e p is t o c o u nt t h e n u m b er of m at c h es t o 𝜙 t h at
i n v ol v e t h e s a m pl e d m at c h t o 𝐸 . A g ai n, t e m p or al gr a p hs bri n g i n
c h all e n g es. I n t h e t y pi c al s etti n g, a si n gl e 𝜙 c a n o nl y e xt e n d t o a
s m all n u m b er of m at c h es t o 𝑉 . H er e, t h e s a m pl e d 𝑉 c o ul d h a v e
m a n y t e m p or al e d g es g oi n g b et w e e n t h e v erti c es, a n d h e n c e a n
u n b o u n d e d n u m b er of m at c h es t o 𝐻 c o m e fr o m a si n gl e s a m pl e d
𝑉 . We d e vis e a n al g orit h m usi n g a c ar ef ul bi n ar y s e ar c hi n g o v er
v ari o us e d g e lists t o c o m p ut e t his n u m b er of m at c h es. T h e s a m pli n g
st e p is r e p e at e d f or a c oll e cti o n of s a m pl es. St a n d ar d r a n d o mi z e d
al g orit h ms t e c h ni q u es t ell us h o w t o r es c al e t h e t ot al n u m b er of
m at c h es f o u n d, t o g et a n esti m at e f or t h e t ot al c o u nt of 𝐺 .

We g o d e e p er i nt o t h e pr e pr o c essi n g st e p, w hi c h r e q uir es m a n y
n e w i d e as.

2. 1 A Cl o s e r L o o k at P r e p r o c e s si n g

C o nsi d er mi ni n g t h e t e m p or al m otif 𝜙 5- 3 as s h o w n i n Fi g ur e 5. We
fi x t h e s p e ci fi c s p a n ni n g tr e e s h o w n i n t h e fi g ur e. T h e ori gi n al
m otif i m p os es a n or d eri n g c o nstr ai nt o n t h e e d g es a n d a t ot al ti m e
wi n d o w c o nstr ai nt. It is n ot cl e ar h o w t o s a m pl e s u c h a s p a n ni n g
tr e e, s o w e r el a x s o m e of t h e c o nstr ai nts.

We r el a x t h e r e q uir e m e nts f or all e d g es t o b e or d er e d c orr e ctl y
a n d t o f all wit hi n a s p e ci fi e d ti m e i nt er v al fr o m D e fi niti o n 1. 2. T h es e
c o nstr ai nts ar e o nl y a p pli e d t o c ert ai n p airs of a dj ac e nt e d g es . T his
f or ms t h e b as e c o nstr ai nt ( C o nstr ai nt 1), as ill ustr at e d i n Fi g ur e 5 c.
I n c o m pl e x s p a n ni n g tr e es, t h es e c o nstr ai nts l e a v e o ut m ulti pl e
or d eri n g c o n diti o ns.

We n ot e t h at m ost e ffi ci e nt m e c h a nis ms t o s a m pl e tr e es us e d y-
n a mi c pr o gr a m mi n g, a n d t e c h ni c all y s a m pl e tr e e h o m o m or p his ms
( w h er e n o n- a dj a c e nt p att er n v erti c es c a n b e m at c h e d t o t h e s a m e
v ert e x i n 𝐸 ). T o a d dr ess t his, w e i ntr o d u c e a str ai g htf or w ar d c o n-
str ai nt e ns uri n g t h at t h e e n d v erti c es of a dj a c e nt e d g es ar e disti n ct.
T his a p pr o a c h mi ni mi z es m e m or y o v er h e a d a n d si g ni fi c a ntl y r e-
d u c es i n v ali d s a m pl es, m a ki n g it p arti c ul arl y e ff e cti v e i n s k e w e d
gr a p hs. T his is d es cri b e d as C o nstr ai nt 2 is ill ustr at e d i n Fi g ur e 5 d.

C o nstr ai nts 1 a n d 2 f o c us o n a dj a c e nt e d g es, w hil e C o nstr ai nt 3
i ntr o d u c es a gl o b al c o nstr ai nt of t h e ti m e i nt er v al. F or e x a m pl e, i n
t h e c h os e n s p a n ni n g tr e e of 𝐸 5- 3 , t h e s e q u e nti al ti mi n g c o n diti o ns
of C o nstr ai nt 1 i m pli es 𝐻0 < 𝐸4 ≤ 𝐺0 + 3 𝑢 , p ot e nti all y vi ol ati n g t h e
𝑣 ti m e i nt er v al c o nstr ai nt. ( We us e 𝐸𝐻 t o d e n ot e t h e ti m est a m p t h e
e d g e l a b el e d 𝜙.) T o r e d u c e t h e a ff e ct of t h es e vi ol ati o ns, w e a p pl y a
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2 𝑃 sli di n g wi n d o w a p pr o a c h, p artiti o ni n g t h e i n p ut gr a p h i nt o o v er-
l a p pi n g s u b gr a p hs b as e d o n ti m est a m ps. T his r es ults i n i nt er v als
li k e [0 , 2 𝑅 ] , [𝐸, 3 𝑆 ] , a n d s o o n, e ns uri n g t h at a n y t e m p or al m otif
m at c h es wit hi n a 𝑇 -ti m e wi n d o w m ust r esi d e e ntir el y wit hi n a si n-
gl e i nt er v al a n d will n ot s p a n a cr oss t h e b o u n d ar y of t w o i nt er v als.
T his a p pr o a c h e ff e cti v el y r e d u c es t h e ti m e wi n d o w l e n gt h t o 2 𝑂 ,
si g ni fi c a ntl y r e d u ci n g t h e o c c urr e n c e of i n v ali d m at c h es d u e t o
𝐴 - wi n d o w vi ol ati o ns. A n ill ustr ati o n of C o nstr ai nt 3 is pr o vi d e d i n
Fi g ur e 5 e. N ot e t h at t his a p pr o a c h l e a ds t o t h e u n d er/ o v er c o u nti n g
of s o m e t e m p or al m otifs d u e t o b o u n d ar y c o n diti o ns. Si n c e t his
o v er c o u nti n g f a ct or c a n b e d et er mi n e d f or a n y m at c h, w e c a n a p pl y
c orr e cti o ns t o t h e fi n al esti m at e.

All i n all, t h es e c o nstr ai nts cr e at e a s u bs et of m at c h es f or t h e
s p a n ni n g tr e e. We pr o v e t h at b y a m ulti- p ass pr e pr o c essi n g o v er
t h e gr a p h, w e c a n c o nstr u ct a n e ffi ci e nt s a m pl er f or t h es e m at c h es
of t h e s p a n ni n g tr e e. T his pr o c ess i n v ol v es a d y n a mi c pr o gr a m t h at
c o nstr u cts w ei g hts f or v ari o us s u btr e es, a n d t h e n c o m p ut es w ei g hts
f or l ar g er s u btr e es. T h e c o nstr ai nts dis c uss e d a b o v e all o w f or t his
d y n a mi c pr o gr a m mi n a p pr o a c h t o w or k.

C h o os e a S p a n ni n g Tr e e: T h e first st e p of pr e pr o c essi n g r e q uir es
s el e cti n g t h e b est s p a n ni n g tr e e. As s h o w n i n Fi g ur e 5 b, a m otif c a n
h a v e m ulti pl e v ali d s p a n ni n g tr e e c a n di d at es. We tr y t o d et er mi n e
t h e s p a n ni n g tr e e t h at will l e a d t o t h e f e w est n u m b er of s a m pl es
r e q uir e d f or c o n v er g e n c e. T his is a n i m p ort a nt disti n cti o n fr o m
pr e vi o us s p a n ni n g tr e e b as e d s a m pli n g w or ks t h at fi x a c h oi c e [ 2 1 ,
4 0 , 4 9 , 6 0 ]. T h os e m et h o ds c o ul d a ff or d t o d o t h at b e c a us e t h e y
d e al wit h s m all er a n d n o n-t e m p or al m otifs. We n e e d t o d esi g n
s o m e h e uristi cs t o s el e ct a s m all er p o ol of s p a n ni n g tr e es, a n d t h e n
e x a ctl y d et er mi n e t h e s a m pli n g c ost f or t h es e tr e es. B y s el e cti n g t h e
tr e e wit h t h e l o w est s a m pli n g c ost, w e e ns ur e e ffi ci e nt a n d a c c ur at e
m otif c o u nti n g d uri n g e x e c uti o n. T h e d et ails ar e el a b or at e d i n
S e cti o n 4. 5.

3 R E L A T E D W O R K

St ati c M otif Mi ni n g. T h er e h a v e b e e n a l ot of r es e ar c h i n st ati c m o-
tif mi ni n g, i n cl u di n g e x a ct c o u nti n g a n d e n u m er ati o n a p pr o a c h es
[1 2 , 1 9 , 2 0 , 3 1 , 3 2 , 5 3 , 5 6 , 6 1 ], a n d a p pr o xi m at e al g orit h ms [3 , 1 0 , 1 8 ,
2 1 , 2 1 , 2 9 , 4 3 , 4 7 – 4 9 , 5 7 – 6 0 , 6 2 – 6 4 ] Alt h o u g h st ati c m otif mi ni n g
c a n s er v e as a first st e p f or t e m p or al m otif m at c hi n g, as ill ustr at e d
b y P ar a nj a p e et al. [4 1 ], t his oft e n r es ults i n or d ers of m a g nit u d e r e-
d u n d a nt w or k [ 3 0 , 6 5 ] d u e t o t h e pr es e n c e of t e m p or al c o nstr ai nts.
E x a ct T e m p o r al M oti f Mi ni n g. Te m p or al m otif mi ni n g w as first
f or m all y i ntr o d u c e d b y P ar a nj a p e et al. [4 1 ], w h o s u g g est e d a n
al g orit h m t o list a n d c o u nt i nst a n c es of t e m p or al m otifs. A n e w er
e x a ct c o u nti n g m et h o d [ 3 0 ] i ntr o d u c e d a b a c ktr a c ki n g al g orit h m
b y listi n g all i nst a n c es o n e d g es s ort e d c hr o n ol o gi c all y. E v er est [ 6 5 ]
f urt h er r e fi n es t his a p pr o a c h, e m pl o yi n g s yst e m-l e v el o pti mi z a-
ti o ns o n G P Us t o e n h a n c e p erf or m a n c e s u bst a nti all y. T h er e ar e als o
n u m er o us al g orit h ms d esi g n e d f or g e n er al t e m p or al m otif c o u nt-
i n g [3 4 , 5 4 ] a n d ot h ers t ail or e d t o s p e ci fi c m otifs [7 , 1 3 , 2 5 , 4 2 ].
D es pit e t h es e a d v a n c e m e nts, s c al a bilit y r e m ai ns a si g ni fi c a nt iss u e.
A p p r o xi m at e T e m p o r al M otif Mi ni n g. T o a p pr o xi m at e t e m p or al
m otif c o u nts, v ari o us s a m pli n g- b as e d m et h o ds b al a n c e e ffi ci e n c y
a n d a c c ur a c y. T h er e ar e s e v er al g e n er al fr a m e w or ks f or esti m ati n g
t e m p or al m otifs. O ur w or k di ff ers f u n d a m e nt all y fr o m t h os e m et h-
o ds s u c h as I S [ 2 9 ], P R E S T O [4 7 ], a n d E S [5 9 ] i n h o w it h a n dl es m otif

T a bl e 1: S u m m a r y of n ot ati o n s

S y m b ol D e fi niti o n

𝑃 m a xi m u m ti m e wi n d o w
𝑅 = (𝐸, 𝑆, 𝑇 ) t e m p or al m otif
𝑂 i n p ut gr a p h wit h 𝐸 = |𝐺 (𝑉 )| e d g es a n d 𝐺 = |𝐸 (𝐺 )| v erti c es
𝑛 𝑚 , 𝐺𝑢 v ert e x m a p 𝑣 𝑡 : 𝑢 (𝑣 ) → 𝑡 (𝑢 ) a n d e d g e m a p 𝑣 𝑡 : 𝑢 (𝑣 ) → 𝑒 (𝑡 )
𝑒 (𝑀 ) ti m e st a m p of e d g e 𝐻
𝜋 s p a n ni n g tr e e of a t e m p or al m otif
𝛿 s a m pl e d e d g es fr o m 𝐻 t h at is m a p p e d t o 𝑉
𝐻 𝐸, 𝐻 s a m pli n g w ei g ht of e d g e 𝑖 i n 𝑖 t h at is m a p p e d t o 𝜋 i n 𝐻
𝛿 t ot al s a m pli n g w ei g hts

𝜋 , ˆ𝛿 gr o u n d tr ut h a n d esti m at e d m otif c o u nt

str u ct ur e a n d t e m p or al c o nstr ai nts. I S [ 2 9 ] p artiti o ns t h e ti m eli n e
i nt o n o n- o v erl a p pi n g i nt er v als a n d p erf or ms e x a ct m otif c o u nti n g
o n a s a m pl e d s u bs et of i nt er v als. Its p erf or m a n c e is hi g hl y s e nsiti v e
t o i nt er v al si z e a n d m a y miss cr oss-i nt er v al p att er ns. P R E S T O [4 7 ]
i m pr o v es u p o n I S b y a v oi di n g ri gi d p artiti o ni n g a n d i nst e a d usi n g
u nif or m s a m pli n g a cr oss t h e e ntir e gr a p h. W hil e m or e fl e xi bl e, it
still tr e ats m otif i nst a n c es i n a u nif or m s a m pli n g s p a c e a n d d o es
n ot i n c or p or at e str u ct ur al i nf or m ati o n. E S [ 5 9 ] s a m pl es i n di vi d u al
e d g es u nif or ml y a n d e n u m er at es all l o c al m otif i nst a n c es ar o u n d
t h e m. It d o es n ot e x pl oit t h e m otif’s t o p ol o g y b e y o n d l o c al n ei g h-
b or h o o ds, l e a di n g t o i n e ffi ci e n ci es a n d hi g h v ari a n c e f or l ar g er
m otifs. I n c o ntr ast, TI M E S T i ntr o d u c es a s p a n ni n g tr e e – b as e d s a m-
pli n g fr a m e w or k t h at l e v er a g es t h e m otif’s str u ct ur al b a c k b o n e a n d
p erf or ms w ei g ht e d s a m pli n g al o n g c o nstr ai n e d s u bs p a c es.

T h er e ar e m et h o ds t h at r el y o n a n e x a ct c o u nti n g f or s o m e
s a m pl e d gr a p h, s u c h as A h m e d et al. [4 ] a n d O d e N [4 6 ]. T h es e
ar e oft e n l ess e ffi ci e nt a n d h a v e l ar g e esti m at or v ari a n c e. T h er e ar e
m et h o ds t ail or e d t o t h e u ni q u e c h ar a ct eristi cs of s p e ci fi c m otifs. C ai
et al. [1 1 ] a n d P u et al. [4 5 ] s p e ci ali z e i n b utt er fl y m otifs i n bi p artit e
gr a p hs, O ett ers h a g e n et al. [3 7 ] e x pl or e 2- a n d 3- n o d e m otifs a n d
P a n et al. [ 4 0] f o c us o n 4- n o d e m otifs.

4 T H E A L G O RI T H MI C D E T AI L S O F TI M E S T

I n li n e wit h pr e vi o us w or k [3 0 , 6 5 ], w e st or e t h e gr a p h 𝑒 as a s ort e d
list of i n c o mi n g a n d o ut g oi n g e d g es b y ti m est a m p f or e ffi ci e nt
bi n ar y s e ar c h o p er ati o ns. F or e as e of al g orit h m e x pl a n ati o n, w e
a dj ust t h e ti m est a m ps of t h e e d g es i n 𝜋 t o b e gi n at ti m e 0. We
s u m m ari z e t h e i m p ort a nt s y m b ols i n T a bl e 1.

We st art wit h s o m e i m p ort a nt d e fi niti o ns f or t e m p or al gr a p hs.

D e fi ni ti o n 4. 1 ( T e m p o r a l o u t li s t s a n d d e g r e e s). F or a v ert e x
𝜋 a n d ti m est a m p 𝑒 a n d 𝐺 ′ , t h e t e m p or al o utlist Λ +

𝑉 [𝐺, 𝐸 ′ ] is t h e s et
of o ut e d g es (𝐺, 𝑀, 𝐻 ′′ ), w h er e 𝜋 is a n y v ert e x a n d 𝛿 ′′ ∈ [ 𝑀, 𝜙 ′ ] . T h e
t e m p or al i nlist Λ −

𝑉 [𝜙, 𝐸 ′ ] is d e fi n e d si mil arl y.
Wit h 𝜙 ∈ { + , − } , 𝑉 ∈ { < , > } a n d fi x e d 𝑉 , w e us e t h e n ot ati o n

Λ 𝐻
𝑉 [𝐺, (𝜙, 𝐸 )] t o r e pr es e nt Λ 𝐸

𝐻 [𝐸 − 𝐺, 𝑢 ] w h e n 𝑣 is < , a n d Λ 𝐸
𝐻 [𝜙, 𝐸 + 𝑢 ]

w h e n 𝑣 is > .
T h e t e m p or al o ut- d e gr e e 𝜙 +

𝑉 [𝑢, 𝜙 ′ ] = |Λ +
𝑉 [𝑣, 𝑢 ′ ]|. A n d t h e t e m p or al

i n- d e gr e e 𝑣 −
𝐸 [𝐻, 𝜙 ′ ] = |Λ −

𝑉 [𝑢, 𝜙 ′ ]|.

D e fi ni ti o n 4. 2 ( M u l ti- e d g e li s t). We d e fi n e m ulti- e d g e list
𝑉𝑣 𝐸, 𝐺 [𝜋, 𝑒 ′ ] as t h e c oll e cti o n of e d g es 𝑒 = (𝐸, 𝐻, 𝜋 ′′ ) wit h 𝑒 ′′ ∈ [ 𝜋, 𝑒 ′ ] .

To si m plif y t h e n ot ati o n wit h 𝑡 ∈ { + , − } , 𝜙 ∈ { < , > } a n d 𝐸 , w e us e
𝑒𝑡 𝜙

𝐸, 𝑒 [𝛿, (𝑒, 𝑒 )] ] t o pr es e nt di ff er e nt c as es. H er e, 𝐸 r e pr es e nts t h e e d g e
dir e cti o n: + m e a ns 𝐻 → 𝑡 dir e cti o n, a n d − m e a ns 𝜙 → 𝐸 dir e cti o n. 𝑒
s p e ci fi es t h e ti m e r a n g e: t h e ti m est a m p m ust f all i n [𝑡 − 𝜙, 𝐸 ] ( <) or
f all i n [𝑒, 𝛿 + 𝑀 ] ( >).
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D e fi ni ti o n 4. 3 ( M u l ti p li ci t y). Gi v e n a p air 𝑃, 𝑅 of disti nct v er-
tic es a n d ti m est a m ps 𝐸 < 𝑆 ′ , t h e m ulti pli cit y 𝑇 𝑂, 𝐴 [𝑃, 𝑅 ′ ] is t h e n u m b er
of e d g es (𝐸, 𝑆, 𝑇 ′′ ) w hic h s atisf y 𝑂 ′′ ∈ [ 𝐸, 𝐺 ′ ] . 𝑉 𝐺, 𝐸 [𝐺, 𝑛 ′ ] = |𝑚𝐺 𝑢, 𝑣 [𝑡, 𝑢 ′ ]|.
We d e n ot e t h e m a xi m u m 𝑣 - m ulti plicit y as 𝑡 𝑢 , d e fi n e d as m a x 𝑣, 𝑡,𝑢

𝑣 𝑒, 𝑡 [𝑒, 𝑀 + 𝐻 ] .

L et 𝜋 b e a s p a n ni n g tr e e of t h e m otif w e wis h t o c o u nt. We first
d e fi n e t h e n oti o n of a l e af e d g e. A n e d g e 𝛿 ∈ 𝐻 is c all e d a l e af e d g e
if a n y o n e of its e n d p oi nts h as 0 i n d e gr e e a n d o ut d e gr e e.

We i ntr o d u c e t h e pr o c ess of assi g ni n g w ei g hts t o e d g es 𝑉 . It will
b e c o n v e ni e nt t o r o ot t h e tr e e at a n e d g e (r at h er t h a n a v ert e x), a n d
w e d e fi n e p ar e nt/ c hil dr e n usi n g t his r o oti n g. N ot e t h at t his r o oti n g
is i n d e p e n d e nt of t h e a ct u al dir e cti o ns of t h e e d g es. T h e h ei g ht of
a l e af e d g e is s et t o z er o. T h e h ei g ht of a n e d g e is t h e l e n gt h of t h e
l o n g est p at h d o w n t h e tr e e t o a l e af. ( E q ui v al e ntl y, t h e h ei g ht of a n
e d g e is o n e pl us t h e m a xi m u m h ei g ht of its c hil dr e n.)

D e fi ni ti o n 4. 4. T h e d e p e n d e nc y list of a n e d g e 𝐻 ∈ 𝐸 (𝐻 ) c o nsists
of tri pl es ⟨𝑖 ′, 𝑖, 𝜋⟩ , w h er e 𝐻 ′ ≠ 𝛿 is a c hil d of 𝜋 , t h e p ar a m et er 𝛿 ( + or
-) d et er mi n es t h e dir e cti o n (i nc o mi n g or o ut g oi n g) of 𝑒 ′ wit h r es p e ct t o
t h e v ert e x at w hic h t h e y m e et a n d 𝜋 ( <, >) gi v es t h e r el ati v e ti m e- or d er
b et w e e n 𝜋 ′ a n d 𝑒 . We d e n ot e t his list b y 𝐺 (𝑉 ).

C o nsi d er t h e tr e e 𝐺 i n Fi g ur e 4, w h er e t h e e d g es 𝐸𝐺 is t h e e d g e
l a b el e d 𝑀. T h e n, 𝐻 (𝜋 1 ) = { ⟨𝛿 0 , + , < ⟩ }.

D e fi ni ti o n 4. 5. A s p a n ni n g tr e e of a t e m p or al m otif 𝑀 is r e pr e-
s e nt e d as a t u pl e 𝜙 = (𝑉, 𝜙, 𝐸 ), w h er e (i) 𝜙 is t h e list of e d g es i n 𝑉 (𝑉 )
t h at f or m t h e dir e ct e d s p a n ni n g tr e e of 𝐻 ; (𝑉𝐺) 𝜙 is a n or d eri n g of t h e
e d g es i n 𝐸 ; (𝐸𝐻𝐸) 𝐺 is t h e d e p e n d e nc y of t h e e d g es i n 𝑢 .

T h e or d er 𝑣 c a n b e a n y t o p ol o gi c al s orti n g b as e d o n t h e d e p e n-
d e n c y 𝐸 . N o w w e i ntr o d u c e t h e n oti o n of a p arti al m atc h t o a tr e e
i n 𝐻 , w hi c h will b e c e ntr al t hr o u g h o ut t h e p a p er.

D e fi ni ti o n 4. 6. A s u b gr a p h 𝜙 of 𝐸 is a 𝑢 - p arti al m atc h t o tr e e 𝑣
if t h er e e xists a p air 𝜙 = (𝑉 𝑢 , 𝜙𝑉 ) of m a p pi n gs s uc h t h at 𝑣 𝑢 : 𝑣 (𝐸 ) →
𝐻 (𝜙 ) a n d 𝑉 𝑢 : 𝜙 (𝑉 ) → 𝑣 (𝐸 ) wit h t h e f oll o wi n g pr o p erti es:

( 1) 𝐺 𝜋 (𝑒 𝑒, 𝐸𝐻 ) = (𝜋 𝑒 (𝜋 𝑒 ), 𝑡𝜙 (𝐸 𝑒 ))
( 2) (𝑡 𝜙, 𝐸𝑒 ) ∈ 𝛿 (𝑒 ) if a n d o nl y if (𝑒 𝐸 (𝐻 𝑡 ), 𝜙𝐸 (𝑒 𝑡 )) ∈ 𝜙 (𝐸 ), wit h

𝑒 𝛿 (𝑀 ) ≠ 𝜙 𝑉 (𝑣 )
( 3) S u p p os e 𝑒 1 = (𝑢, 𝑣 ) a n d 𝑒 2 = (𝑥, 𝑦 ) ar e d e p e n d e nt e d g es i n 𝑆 .

Ass u m e t h at t h e h ei g ht of 𝑒 1 > h ei g ht of 𝑒 2 . T h e n, if 𝑡 (𝑢, 𝑣 ) <
𝑡 (𝑥, 𝑦 ), t h e n𝑡 (𝜙 𝐸 (𝑥, 𝑦 )) ∈ [𝑡 (𝜙 𝐸 (𝑢, 𝑣 )), 𝑡(𝜙 𝐸 (𝑢, 𝑣 )) +𝛿 ] . Ot h-
er wis e, 𝑡 (𝜙 𝐸 (𝑥, 𝑦 )) ∈ [𝑡 (𝜙 𝐸 (𝑢, 𝑣 )) − 𝛿, 𝑡 (𝜙 𝐸 (𝑢, 𝑣 ))] .

( 4) F urt h er |𝜙 𝐸 (𝑢, 𝑣 ) ∩ 𝜙 𝐸 (𝑥, 𝑦 )| = 1

I n p arti c ul ar, a p arti al m at c h 𝜙 is a h o m o m or p his m ( pr o p ert y
(2 )) of 𝑆 i nt o 𝐺 , w hi c h r es p e cts t h e r el ati v e ti m e or d er b et w e e n
p airs of a dj a c e nt e d g es al o n g e v er y p at h fr o m t h e r o ot of 𝑆 t o a n y
of its l e a v es ( pr o p ert y ( 3), c orr es p o n ds t o C o nstr ai nt 1). It als o
e ns ur es t h at m at c h es t o a dj a c e nt e d g es i nt ers e ct o nl y i n o n e v ert e x
( pr o p ert y ( 4), c orr es p o n ds t o C o nstr ai nt 2). Gi v e n a p arti al m at c h
𝜙 , a n e d g e 𝑒 = (𝑢, 𝑣, 𝑡 ) ∈ 𝐸 (𝐺 ), a n d a n e d g e 𝑠 = (𝑥, 𝑦 ) ∈ 𝐸 (𝑆 ), w e
s a y t h at 𝜙 m at c h es 𝑠 t o 𝑒 if 𝜙 𝐸 (𝑥, 𝑦 ) = (𝑢, 𝑣 ). We will oft e n r ef er t o
𝑒 as t h e m atc h of 𝑠 i n 𝐺 u n d er 𝜙 .

O v e r vi e w: Fi g ur e 4 ill ustr at es t h e o v er all pr o c ess of esti m ati n g
t e m p or al m otif c o u nts f or a gi v e n m otif M i n a n i n p ut t e m p or al
gr a p h G. T h e al g orit h m b e gi ns b y s el e cti n g t h e b est s p a n ni n g tr e e
of m otif M t o o pti mi z e s a m pli n g e ffi ci e n c y ( S e cti o n 4. 5), t h e n d et er-
mi n es r el a x e d t e m p or al c o nstr ai nts ( S e cti o n 2. 1) a n d pr e c o m p ut es

e d g e s a m pli n g w ei g hts ( S e cti o n 4. 1). I n t h e s a m pli n g p h as e, it r e-
p e at e dl y s a m pl es s p a n ni n g tr e es fr o m G ( S e cti o n 4. 2), v ali d at es
t h e m a g ai nst r el a x e d c o nstr ai nts, a n d d eri v es l o c al c o u nts usi n g
d y n a mi c pr o gr a m mi n g ( S e cti o n 4. 3). T h e fi n al esti m at e is o bt ai n e d
b y s c ali n g t h e a g gr e g at e d l o c al c o u nts fr o m K s a m pl es ( S e cti o n 4. 4).
We e x pl ai n t h e s p a n ni n g tr e e s el e cti o n at t h e e n d, si n c e it r e q uir es
m a n y c o n c e pts fr o m t h e ot h er c o m p o n e nts.

4. 1 P r e p r o c e s s S a m pli n g W ei g ht s

D uri n g t h e pr e pr o c essi n g p h as e, f or e a c h e d g e of t h e i n p ut gr a p h,
w e c o m p ut e a s et of |𝐸 (𝑆 )| n o n- n e g ati v e w ei g hts, o n e f or e v er y o n e
of t h e |𝐸 (𝑆 )| e d g es i n t h e s p a n ni n g tr e e 𝑆 . We als o r ef er t o t h e r o ot
e d g e of 𝑆 as t h e c e nt er e d g e.

F urt h er m or e, f or a n e d g e 𝑠 ∈ 𝑆 , 𝑣 𝑠 d e n ot es t h e l o w er-l e v el e n d-
p oi nt of t h e e d g e 𝑠 a n d 𝑇 𝑠 t o d e n ot e t h e s u btr e e r o ot e d at 𝑣 𝑠 .

D e fi ni ti o n 4. 7 ( 𝑠 - w ei g h t o f e d g e 𝑒 𝑤 𝑠, 𝑒 ). Gi v e n a n e d g e 𝑒 =
(𝑢, 𝑣, 𝑡 ) ∈ 𝐸 (𝐺 ) a n d a n e d g e 𝑠 ∈ 𝐸 (𝑆 ), t h e 𝑠 - w ei g ht of 𝑒 is d e fi n e d as
t h e n u m b er of p arti al m atc h es (i n 𝐺 ) 𝜙 t o t h e s u btr e e 𝑇 𝑠 w hic h ar e
r o ot e d at 𝜙 𝑉 (𝑣 𝑠 ), w h er e 𝑣 𝑠 t h e e n d- p oi nt of 𝑠 wit h l o w er h ei g ht. We
will d e n ot e t h e 𝑠 - w ei g ht of a n e d g e 𝑒 b y 𝑤 𝑠, 𝑒 .

C o nsi d er 𝑆 i n Fi g ur e 4. S u p p os e 𝑒 = (𝑣 2 , 𝑣3 , 4 0 ) ∈ 𝐸 (𝐺 ) is a m at c h
t o 𝑠 1 = (𝐵, 𝐶 ). T h e n 𝜙 𝑣 (𝐵 ) = 𝑣 2 , 𝜙 𝑉 (𝐶 ) = 𝑣 3 . I n t his c as e, 𝑤 𝑒,𝑠 1 is t h e
n u m b er of p arti al m at c h es i n 𝐺 t o t h e s u btr e e 𝑇 𝐵 t h at ar e r o ot e d at
𝑣 2 . Si n c e t h e s u btr e e𝑇 𝐵 c o nsists of a si n gl e e d g e (𝐴, 𝐵 ) t h at h a p p e ns
b ef or e (𝐵, 𝐶 ), 𝑤 𝑒,𝑠 1 ass u m e a v al u e e q u al t o t h e n u m b er t h e i n e d g es
of 𝑣 2 wit h ti m est a m ps i n t h e i nt er v al [4 0 − 𝛿, 4 0 ] .

M or e g e n er all y, s u p p os e 𝑒 = (𝑢, 𝑣, 𝑡 ) ∈ 𝐸 (𝐺 ) is a m at c h t o t h e
e d g e 𝑠 = (𝑥, 𝑦 ) u n d er 𝜙 𝐸 . C o nsi d er a n ar bitr ar y tri pl e ⟨𝑠 1 , 𝛼1 , 𝛽1 ⟩
i n t h e list 𝐷 (𝑠 ). Ass u m e w.l. o. g. 𝜙 𝑉 (𝑣 𝑠 ) = 𝑢 . We cl ai m t h at a n y
m at c h t o 𝑠 1 i n 𝐺 u n d er 𝜙 𝐸 will eit h er b e a n i n- e d g e or o ut- e d g e of 𝑢
( d e p e n di n g o n 𝛼 1 ), t h at d o es n ot i nt ers e ct 𝑣 , a n d w h os e ti m est a m p
is eit h er i n [𝑡 − 𝛿, 𝑡 ] or [𝑡, 𝑡 + 𝛿 ] , d e p e n di n g o n 𝛽 1 . We d e n ot e t his
list b y 𝐿 𝑒,𝑠,𝑠 1 , w hi c h is f or m all y d e fi n e d b el o w.

C l ai m 4. 8. T h e p arti al m atc h 𝜙 𝐸 will m a p 𝑠 1 t o a n e d g e i n
Λ 𝛼 1

𝑢 [𝑡, (𝛽 1 , 𝛿)] \ 𝐸𝑙 𝑢 𝑣 [𝑡, (𝛽 1 , 𝛿)] if 𝜙 𝑉 (𝑣 𝑠 ) = 𝑢 .
T h e p arti al m atc h 𝜙 𝐸 will m a p 𝑠 1 t o a n e d g e i n

Λ 𝛼 1
𝑣 [𝑡, (𝛽 1 , 𝛿)] \ 𝐸𝑙 𝑣 𝑢 [𝑡, (𝛽 1 , 𝛿)] if 𝜙 𝑉 (𝑣 𝑠 ) = 𝑣 .

T h us, w h e n l o o ki n g f or t h e p ot e nti al m at c h es t o 𝑠 1 , it s u ffi c es
t o r estri ct t o t h e e d g e list gi v e n i n Cl ai m 4. 8. L et us d e n ot e t his
list 𝐿 𝑒,𝑠,𝑠 1 = Λ 𝛼 1

𝑢 [𝑡, (𝛽 1 , 𝛿)] \ 𝐸𝑙 𝑢 𝑣 [𝑡, (𝛽 1 , 𝛿)] ( w h e n 𝜙 𝑉 (𝑣 𝑠 ) = 𝑢 ) or
Λ 𝛼 1

𝑣 [𝑡, (𝛽 1 , 𝛿)] \ 𝐸𝑙 𝑣 𝑢 [𝑡, (𝛽 1 , 𝛿)] ( w h e n 𝜙 𝑉 (𝑣 𝑠 ) = 𝑣 ) f or si m pli cit y.
S u p p os e t h e list 𝐷 (𝑠 ) c o nt ai ns 𝑘 tri pl es ⟨𝑠 1 , 𝛼1 , 𝛽1 ⟩, · · · , ⟨𝑠𝑘 , 𝛼𝑘 , 𝛽𝑘 ⟩ .

T h e n a n y p arti al m at c h 𝜙 t o t h e s u btr e e 𝑇 𝑣 𝑠 c a n b e o bt ai n e d b y first
pi c ki n g a m at c h t o e a c h of t h e 𝑘 e d g es 𝑠 1 , 𝑠2 , . . ., 𝑠𝑘 , a n d t h e n e xt e n d
t h e m r e c ursi v el y i nt o p arti al m at c h es t o t h e s u btr e es 𝑇 𝑠 1 , · · ·𝑇 𝑠 𝑘

.

C l ai m 4. 9. S u p p os e t h e list 𝐷 (𝑠 ) c o nt ai ns tri pl es < 𝑠𝑖, 𝛼𝑖, 𝛽𝑖 > f or
1 ≤ 𝑖 ≤ 𝑘 . T h e n

𝑤 𝑠, 𝑒 =
∑︁

𝑒 ∈ 𝐿 𝑒, 𝑠, 𝑠 1

𝑤 𝑠 1 , 𝑒

∑︁

𝑒 ∈ 𝐿 𝑒, 𝑠, 𝑠 1

𝑤 𝑠 2 , 𝑒 . . .
∑︁

𝑒 ∈ 𝐿 𝑒, 𝑠, 𝑠 𝑘

𝑤 𝑠 𝑘 , 𝑒

P r o o f. L et M at c h( 𝑒 = (𝑢, 𝑣, 𝑡 ), 𝑠) d e n ot e t h e c oll e cti o n of p arti al
m at c h es t o t h e s u btr e e 𝑇 𝑠 , w hi c h ar e r o ot e d at 𝜙 𝑉 (𝑣 𝑠 ) i n 𝐺 . H er e
𝜙 𝑣 (𝑣 𝑠 ) ∈ {𝑢, 𝑣 } . T h e n M at c h(𝑒, 𝑠 ) = { ( 𝜙 1 , . . ., 𝜙𝑘 ) }, w h er e 𝜙 𝑖 is a
p arti al m at c h t o t h e s u btr e e 𝑇 𝑠 𝑖 i n 𝐺 . E v er y s u c h m at c h is r o ot e d
at a s uit a bl e e n d- p oi nt of s o m e e d g e 𝑒 𝑖 ∈ 𝐿 𝑒,𝑠,𝑠 𝑖 . T his e n d p oi nt
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Al g o rit h m 1 : P r e p r o c e s s ( S)

I n p ut: S p a n ni n g tr e e 𝑃 = (𝑅, 𝐸, 𝑆 )
O ut p ut : T ot al s a m pli n g w ei g ht 𝑇 ; 𝑂 𝐴 f or e a c h s u b gr a p h 𝑃 𝑅 ; 𝐸 𝑆,𝑇, 𝑂

f or 𝐸 i n 𝐺 𝑉 t h at ar e m a p p e d t o 𝐺 .

1: 𝐸 𝐺 𝑛 s u b g = ti m e s p a n of 𝑚 / 𝐺
2: f o r 𝑢 ∈ [ 0 , 𝑣 𝑡 𝑢s u b g ) d o ⊲ p artiti o n t o s u b gr a p hs
3: b uil d s u b gr a p h 𝑣 i w h os e ti m est a m p i n [𝑡 𝑢, (𝑣 + 2 )𝑡 ]
4: 𝑢 𝑣, 𝑒𝑡,𝑒, 𝑀 = P r e p r o c e s s S u b g r a p h (𝐻, 𝜋 𝛿 )

5: r et u r n 𝐻, 𝑉 𝐻, 𝐸𝐻,𝑖, 𝑖

Al g o rit h m 2 : P r e p r o c e s s S u b g r a p h (𝜋, 𝐻 i)

I n p ut: S p a n ni n g tr e e 𝛿 = (𝜋, 𝛿, 𝑒 ), a n d c urr e nt s u b gr a p h 𝜋 i

O ut p ut : 𝜋 f or t h e c urr e nt s u b gr a p h 𝑒 i; 𝐺 𝑉, 𝐺 f or e d g e 𝐸 ∈ 𝐺 i

m a p p e d t o e d g e 𝑀 ∈ 𝐻 .

1: f o r ℎ ∈ [ 1 , 𝜋] d o ⊲ s ki p l e af e d g es i n 𝛿
2: f o r 𝑀 = (𝜙, 𝑉, 𝜙 ) ∈ 𝐸 (𝜙 i) d o
3: f o r 𝑉 ∈ 𝑉 [ℎ ] d o
4: c al c ul at e 𝐻 𝑉, 𝐺 a c c or di n g t o Cl ai m 4. 9
5: if s is t h e " c e nt er" e d g e i n 𝜙 t h e n
6: 𝐸 + = 𝐸 𝐻, 𝐸

7: r et u r n 𝐺, 𝑢 𝑣, 𝐸

is gi v e n b y 𝐻 𝜙 𝐸 (𝑢 𝑣 𝜙 ). N ot e t h at t h e 𝑉 w ei g ht of 𝑢 is pr e cis el y t h e
si z e of t h e s et M at c h(𝜙, 𝑉 ) i. e. 𝑣 𝑢, 𝑣 = |M at c h (𝐸, 𝐻 )|. R e c all t h at t h e
n u m b er of p arti al m at c h es t o t h e s u btr e e 𝜙 𝑉 𝑢 , w hi c h c a n b e o bt ai n e d
fr o m a n e d g e 𝜙 i n t h e list 𝑉 𝑣,𝐸,𝐺 𝜋 , is e x a ctl y e q u al t o 𝑒 ’s 𝑒𝐸 w ei g ht.
H e n c e t h e n u m b er of p arti al m at c h es 𝐻 𝜋 wit h t h e gi v e n pr o p ert y is𝑒

𝜋 ∈ 𝑒 𝑡, 𝜙, 𝐸 𝑒

𝑡 𝜙 𝐸 , 𝑒.

As a r es ult, w e c a n c o n cl u d e t h at t h e n u m b er of t u pl es i n t h e s et
M at c h( 𝛿, 𝑒 ) is gi v e n b y𝑒

𝐸 ∈ 𝐻 𝑡, 𝜙, 𝐸 1

𝑒 𝑡 1 , 𝜙

𝐸

𝑒 ∈ 𝛿 𝑀, 𝜙, 𝑉 1

𝑣 𝑒 2 , 𝑢 . . .
𝑣

𝑒 ∈ 𝑥 𝑦, 𝑆, 𝑒 𝑒

𝑡 𝑢 𝑣 , 𝑡 . □

Cl ai m 4. 9 all o ws us t o us e d y n a mi c pr o gr a m mi n g t o e ffi ci e ntl y
c o m p ut e t h e 𝑥 𝑦, 𝑡 v al u es, w h er e t h e c h oi c es f or 𝜙 v ar y i n t h e i n cr e as-
i n g or d er of t h eir h ei g ht i n 𝐸 .

Fi n all y, l et 𝑥 d e n ot e t h e t ot al n u m b er of p arti al- m at c h es t o 𝑦 i n
𝑡 a n d 𝜙 b e t h e c e nt er e d g e of 𝐸 . T h e n,

C l ai m 4. 1 0. 𝑢 = 𝑣 ∈ 𝑡 (𝜙 ) 𝐸 𝑢, 𝑣 , w h er e 𝛿 is t h e c e nt er e d g e i n 𝑡

P r o o f. Si n c e a n y e d g e i n 𝜙 c o ul d p ot e nti all y b e t h e c e nt er e d g e
i n a m at c h t o 𝐸 , it f oll o ws t h at t h e t ot al n u m b er of m at c h es t o 𝑥 i n
𝑦 is 𝑡 ∈ 𝜙 (𝐸 ) 𝑢 𝑣, 𝛿 . T his c o m pl et es t h e pr o ofs. □

We d et ail t h e P r e p r o c e s s pr o c e d ur e i n Al g orit h m 1. First, w e
s e g m e nt t h e e ntir e ti m es p a n of t h e i n p ut gr a p h 𝑡 i nt o o v erl a p pi n g
i nt er v als of l e n gt h 2 𝜙 . L et 𝐸 = { [ 0 , 2 𝑢 ], [𝑣, 3 𝜙 ], . . ., [ (𝐸 − 2 )𝑢, 𝑣 𝜙 ] }
d e n ot e t h e r es ulti n g c oll e cti o n of i nt er v als. H er e 𝐸 = 𝑥 / 𝑦 w h er e 𝜙
is t h e ti m e s p a n of 𝑆 . E a c h i nt er v al 𝐺𝑆 c orr es p o n ds t o a s u b gr a p h 𝜙 𝑒 ,
c o nsisti n g of t h e e d g es i n 𝑢 w hi c h f all wit hi n t h e i nt er v al 𝑣𝑡 . N e xt,
w e i n v o k e t h e s u br o uti n e P r e p r o c e s s S u b g r a p h t o g et t h e o v er all
s a m pli n g w ei g ht 𝐸 𝐺 f or e a c h s u b gr a p h 𝑠 𝑥 , as w ell as t h e 𝑦 - w ei g hts
f or t h e e d g es i n e a c h s u b gr a p h. H er e 𝐸 v ari es a cr oss t h e e d g es of 𝑆 .

Al g o rit h m 3 : S a m p l e S u b g (𝜙, 𝑠 𝑒, 𝜙, 𝐸𝑥, 𝑦 )

I n p ut: S p a n ni n g tr e e 𝑢 = (𝑣, 𝑒, 𝑠 ), s a m pli n g w ei g hts 𝐺 f or
c urr e nt s u b gr a p h 𝜙 𝐸 , a n d 𝑆 𝐸, 𝑆 f or e d g es i n 𝑆 (𝑆 𝑠 )
O ut p ut : S a m pl e d e d g es 𝑆 w h er e 𝑣 [𝑠] is t h e e d g e i n 𝑠 (𝑇 𝑠 ) t h at is
m a p p e d t o 𝑣𝑠 i n 𝑠 , p arti al m at c h v ert e x m a p 𝑒 𝑤 a n d e d g e m a p 𝑠 𝑒 .

1: 𝑒 is t h e c e nt er e d g e i n 𝑢
2: S a m pl e c e nt er e d g e 𝑣 wit h s a m pli n g pr o b a bilit y 𝑡 𝐸 = 𝐺 𝑠, 𝐸 /𝑆 𝑠

3: 𝑒 [𝐺 ] = 𝜙 , U p d at e 𝑇 𝑠 a n d 𝜙 𝑉

4: f o r ℎ ∈ [ 𝑣, 0 ] d o
5: f o r 𝑠 ∈ 𝑣 [𝑠 ] d o
6: f o r ⟨𝑠 ′, 𝑠′, 𝑒′ ⟩ ∈ 𝑤 (𝑠 ) d o
7: Us e bi n ar y s e ar c h t o fi n d t h e 𝑒 𝑆,𝑒,𝑣 ′

8: 𝑣 𝐸 = 𝐺 ∈ 𝑠 𝐵, 𝐶, 𝜙 ′ 𝑣 𝐵 ′, 𝑣

9: C o m p ut e 𝜙 𝑉 ′, 𝐶 = 𝑣 𝑤 ′, 𝑒/𝑠 𝐺 f or 𝑇 ∈ 𝐵 𝑣,𝑇,𝐵 ′

1 0: S a m pl e 𝐴 𝐵 ′ usi n g s a m pli n g w ei g ht 𝐵 𝐶 ′, 𝑤

1 1: 𝑒 [𝑠 ′ ] = 𝑣 𝛿 ′ , u p d at e 𝑒 𝑢 a n d 𝑣 𝑡

1 2: r et u r n 𝐸 , 𝐺 𝑠 a n d 𝑥 𝑦

I n t h e P r e p r o c e s s S u b g r a p h pr o c e d ur e (i n Al g orit h m 2), w e
c o m p ut e t h e 𝜙 - w ei g ht f or e v er y e d g e 𝐸 ∈ 𝑠 (𝛼 ) a n d e v er y 𝛽 ∈ 𝐷 (𝑠 ).
T h es e w ei g hts ar e st or e d i n a 2 D arr a y a n d ar e c o m p ut e d i n t h e
or d er gi v e n b y 𝜙 . M or e c o n cr et el y, f or e v er y 𝑉 ∈ 𝑣 (𝑠 ), first w e
c o m p ut e its 𝑢 - w ei g ht f or e v er y 𝑠 ∈ 𝐺 (𝜙 ) w hi c h is at h ei g ht 1 i n
𝐸 . ( L e af e d g es wit h 0 h ei g ht ar e s ki p p e d b e c a us e t h e w ei g hts ar e
c o nst a nt 1s.) N e xt, f or e a c h e d g e, w e c o m p ut e its ass o ci at e d 𝑢 - w ei g ht
f or e v er y 𝛼 ∈ 𝑣 (𝑡 ) w hi c h is at h ei g ht 2 . We us e t h e r el ati o n gi v e n b y
Cl ai m 4. 9 t o d o s o. We r e p e at t h es e st e ps u ntil w e r e a c h t h e c e nt er
e d g e i n 𝛿 . T h e t ot al s a m pli n g w ei g ht f or t h e c urr e nt s u b gr a p h is
t h e n c al c ul at e d b y Cl ai m 4. 1 0.

4. 2 S a m pl e

T h e g o al of t h e S a m p l e pr o c e d ur e is t o s a m pl e a p arti al m at c h t o
s p a n ni n g tr e e 𝑡 fr o m gr a p h 𝑡 . First, w e s a m pl e a n i nt er v al fr o m 𝑡
wit h pr o b a bilit y pr o p orti o n al t o its o v er all w ei g ht 𝛿 𝛽 . N e xt, w e c o n-
str u ct t h e gr a p h 𝐿 𝑒 b y i n cl u di n g t h os e e d g es of 𝑠 w h os e ti m est a m p
b el o n gs t o t h e s a m pl e d i nt er v al 𝑠𝜙 .

T h e n w e i n v o k e t h e S a m p l e S u b g f u n cti o n o n 𝐸 𝑠 ( Al g orit h m 3). I n
t his s u br o uti n e, first w e s a m pl e a m at c h 𝛼 = (𝑢, 𝑡, 𝛽 ) ∈ 𝛿 (𝐸 𝑙 ) t o t h e
c e nt er e d g e 𝑢 of 𝑣 . T his is d o n e b y s a m pli n g a n e d g e 𝑡 ∈ 𝛽 (𝛿 ) wit h
pr o b a bilit y pr o p orti o n al t o 𝜙 𝑉, 𝑣 (li n e 2). N e xt, f or e v er y 𝑠 ∈ 𝑢 (𝜙 ),
w e us e bi n ar y s e ar c h t o g et t h e list of p ot e nti al m at c h es t o 𝐸 i n 𝑠 .
F or e a c h 𝛼 ∈ 𝑣 (𝑡 ), w e s a m pl e its m at c h i n 𝛽 b y pi c ki n g a n e d g e
fr o m t h e list of c a n di d at e m at c h es t o 𝛿 wit h pr o b a bilit y pr o p orti o n al
t h eir ass o ci at e d 𝐸 - w ei g ht. H a vi n g d o n e t his f or e v er y 𝑙 ∈ 𝑣 (𝑢 ), w e
r e c ursi v el y b uil d a m at c h t o 𝑡 , n o w b y s a m pli n g m at c h es t o t h e
e d g es i n 𝛽 (𝛿 ) f or e v er y 𝜙 ∈ 𝑉 (𝑣 ). N ot e t h at t h e or d er i n w hi c h w e
s a m pl e a m at c h t o t h e s p a n ni n g tr e e is e x a ctl y t h e o p p osit e of h o w
w e c o m p ut e t h e e d g e w ei g hts.

L et G := {𝑠 1 , 𝑣2 , . . ., 𝑠|𝐿 |} b e t h e f a mil y of s u b gr a p hs of 𝑒 o b-
t ai n e d fr o m t h e i nt er v als i n 𝑠 . F or a fi x e d 𝑠 𝛼 ∈ G c o nt ai ni n g 𝑢 , o ur
al g orit h m o ut p uts a u nif or m r a n d o m p arti al m at c h t o 𝑡 .

L e m m a 4. 1 1. Fi x a p arti al m atc h 𝛽 t o 𝛿 i n 𝐸 . If t his p arti al m atc h is
pr es e nt i n 𝑙 𝑢 - m a n y s u b gr a p hs of G , t h e n t h e s u br o uti n e S a m p l e S u b g
will o ut p ut 𝑣 wit h pr o b a bilit y 𝑡 𝛽 /𝛿 .
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Al g o rit h m 4 : V a li d a t e A n d D e ri v e C n t (𝑃, 𝑅, 𝐸 𝑆 , 𝑇𝑂 )

I n p ut: Te m p or al m otif 𝐴 , s a m pl e d s p a n ni n g tr e e 𝑃 , p arti al v ert e x
m a p 𝑅 𝐸 a n d e d g e m a p 𝑆 𝑇

O ut p ut : N u m b er of m otif i nst a n c es 𝑂 𝐸𝐺 t h at e xt e n d fr o m 𝑉 𝐺 (𝐸 )

1: Verif y if 𝐺 𝑛 is a 1- 1 m a p. If n ot, r et u r n 0
2: Verif y if e d g es i n 𝑚 𝐺 (𝑢 ) ar e i n 𝑣 ti m e r a n g e. If n ot, r et u r n 0
3: Verif y if e d g es i n 𝑡 𝑢 (𝑣 ) h a v e t h e c orr e ct e d g e or d er. If n ot,

r et u r n 0
4: r et u r n D e ri v e C n t (𝑡, 𝑢, 𝑣 𝑡 , 𝑢𝑣 ) /𝑒 𝑡

Al g o rit h m 5 : D e ri v e C n t (𝑒, 𝑀, 𝐻 𝜋 , 𝛿𝐻 ))

I n p ut: Te m p or al m otif 𝑉 , s a m pl e d s p a n ni n g tr e e 𝐻 , p arti al v ert e x
m a p 𝐸 𝐻 a n d e d g e m a p 𝑖 𝑖

O ut p ut : N u m b er of m otif i nst a n c es 𝜋 𝐻𝛿 t h at e xt e n d fr o m 𝜋 𝛿 (𝑒 )

1: F or e v er y e d g e 𝜋 of 𝜋 t h at’s n ot i n t h e s a m pl e d s p a n ni n g tr e e
𝑒 , us e bi n ar y s e ar c h t o fi n d t h e lists (i n G) of p ot e nti al m at c h es

2: N u m b er t h es e lists as 𝐺 1 , 𝑉2 , · · · 𝐺 𝐸 i n t h e ti m e or d eri n g.
3: Us e t h e Li s t C o u n t al g orit h ms ( Al g. 4 of [ 3 9]) t o c o u nt all

p ossi bl e c o m bi n ati o ns wit h o ut e n u m er ati o n.
4: r et u r n c nts

N ot e t h at 𝐺 𝑀 ≤ 2 f or e v er y p arti al m at c h 𝐻 t o 𝜋 . F or a fi x e d
𝛿 𝑀 ∈ G c o nt ai ni n g 𝜙 , o ur al g orit h m o ut p uts a u nif or m r a n d o m
p arti al m at c h t o 𝑉 .

4. 3 V ali d at e a n d D e ri v e t h e M otif C o u nt s

Aft er s a m pli n g a p arti al m at c h 𝜙 t o 𝐸 , w e v erif y if it r es p e cts all or-
d eri n g a n d t e m p or al c o nstr ai nts. If t h e s a m pl e d m at c h f ails t o m e et
a n y r e q uir e d c o n diti o ns, w e s et its c o u nt t o 0. Ot h er wis e, w e o bt ai n
t h e n u m b er of i nst a n c es of t h e t ar g et m otif i n d u c e d b y it. T his
c a n b e d o n e b y a c o m bi n ati o n of t h e m er g e-t e c h ni q u e us e d i n t h e
m er g e-s ort al g orit h m a n d d y n a mi c pr o gr a m mi n g D e ri v e C n t ( Al-
g orit h m 5), w hi c h us es t h e Li s t C o u n t al g orit h m ( Al g. 4 fr o m P a n
et al. [3 9 ]). Gi v e n a c oll e cti o n of ti m e or d er e d e d g e lists 𝜙 1 , 𝑉2 , · · · 𝑉 𝐻 ,
it c o u nts t h e n u m b er of c o m bi n ati o ns (𝑉 1 , 𝐺2 , . . ., 𝜙𝐸 ) w h er e f or all 𝐸,
𝐻 𝐸 ∈ 𝐺 𝑢 , a n d 𝑣 (𝐸 𝐻 ) < 𝜙 (𝐸 𝑢+ 1 ). T his is d o n e wit h p oi nt er tr a v ers als a n d
d y n a mi c pr o gr a m mi n g. N ot e t h at b y m o dif yi n g t h e D e ri v e C n t
f u n cti o n t o list t h e s a m pl e d m otif i nst a n c e t o r e c o nstr u ct i n di vi d u al
m otif i nst a n c es, o ur al g orit h m c a n b e a d a pt e d t o s u p p ort r a n d o m
m otif listi n gs. Fi n all y, w e r es c al e t his c o u nt t o e ns ur e t h at o ur es-
ti m at e is u n bi as e d at t h e e n d. T h e f ull pr o c e d ur e is d et ail e d i n
Al g orit h m 4.

4. 4 O v e r all E sti m at e P r o c e d u r e

I nt e gr ati n g t h e pr o c e d ur es d es cri b e d pr e vi o usl y, w e o utli n e t h e
E s ti m a t e pr o c ess i n Al g orit h m 6. First, a n al y z e t h e m otif a n d us e
h e uristi cs t o c h o os e a s p a n ni n g tr e e 𝑣 of t h e m otif. Gi v e n 𝜙 , f or
e v er y 𝑉 ∈ 𝑢 (𝜙 ) a n d 𝑉 ∈ 𝑣 (𝑢 ), w e c o m p ut e t h e w ei g ht 𝑣 𝐸, 𝐻 , as gi v e n
b y t h e P r e p r o c e s s s u br o uti n e. N e xt, w e i n v o k e t h e S a m p l e S u b g
pr o c e d ur e t o s a m pl e a p arti al m at c h t o 𝜙 a n d f e e d it as i n p ut t o t h e
V a li d a t e A n d D e ri v e C n t s u br o uti n e, w hi c h i n t ur n r et ur ns t h e
n u m b er of m at c h es t o t h e t ar g et m otif i n d u c e d b y t h e p arti al m at c h
t o 𝑉 . We r u n t h e pr o c e d ur e m ulti pl e ti m es, a v er a g e t h e i n di vi d u al
c o u nts, r es c al e t h e a v er a g e a n d r et ur n t h e fi n al r es ult.

Al g o rit h m 6 E s ti m a t e (𝑢, 𝜙, 𝑉 )

I n p ut: Te m p or al m otif 𝑣 , i n p ut gr a p h 𝐸 , a n d s a m pl e n u m b er 𝐺

O ut p ut : M otif c o u nt esti m at e 𝜋

1: Us e h e uristi c t o c h o os e a s p a n ni n g tr e e 𝑒
2: 𝑒, 𝐸 𝐻, 𝜋𝑒,𝜋, 𝑒 = P r e p r o c e s s (𝑡 )
3: 𝜙 𝐸 𝑒 s u b g = ti m e s p a n of 𝑡 / 𝜙
4: i nit s a m pl e c o u nts 𝐸 𝑒 𝛿 𝑒 𝑒 = 0 f or e v er y s u b gr a p h 𝐸 𝐻 , 𝑡 𝜙𝐸 = 0
5: f o r 𝑒 ∈ [ 1 , 𝑡] d o ⊲ s a m pl e s u b gr a p hs
6: S a m pl e 𝜙 𝐸 wit h pr o b a bilit y 𝑒 𝛿, 𝑀 = 𝜙 𝑉 /𝑣
7: 𝑒 𝑢 𝑣 𝑒 𝑥 + = 1

8: f o r 𝑦 ∈ [ 1 , 𝑆 𝑒 𝑒s u b g ] d o
9: f o r 𝑡 ∈ [ 1 , 𝑢 𝑣 𝑡 𝑥𝑦 ] d o ⊲ s a m pl e e d g e i n s u b gr a p hs

1 0: 𝑡, 𝜙 𝐸 , 𝑥𝑦 = S a m p l e S u b g (𝑡, 𝜙 𝐸, 𝑢𝑣, 𝑡𝜙,𝐸, 𝑢 )
1 1: 𝑣 𝛿𝑡 + = V a li d a t e A n d D e ri v e C n t (𝜙, 𝐸, 𝑥 𝑦 , 𝑡𝜙 )

1 2: r et u r n 𝐸 = (𝑢 𝑣𝛿 / 𝑡 ) · 𝜙

N e xt, w e s h o w t h at t h e esti m at e pr o d u c e d b y o ur al g orit h m is
u n bi as e d a n d b o u n d e d.

L e m m a 4. 1 2. L et 𝐸 d e n ot e t h e esti m at e pr o d uc e d b y TI M E S T a n d

𝑢 b e t h e tr u e m otif c o u nt. T h e n E [𝑣 ] = 𝜙 .

P r o o f. L et S d e n ot e t h e s et of p arti al m at c h es t o t h e s p a n ni n g
tr e e 𝐸 i n 𝑢 . F or e v er y 1 ≤ 𝑣 ≤ 𝜙 , l et 𝐸 𝑥 d e n ot e t h e p arti al m at c h t o 𝑦
o ut p ut b y t h e s u br o uti n e S a m p l e S u b g w h e n i n v o k e d f or t h e 𝜙-t h
ti m e. F or e v er y 𝑆 ∈ S , l et 𝐺 𝑆 b e t h e n u m b er of i nst a n c es of t h e
t ar g et m otif 𝜙 t h at e xt e n d fr o m 𝑒 , 𝑢 𝑣 b e t h e n u m b er of s u b gr a p hs
i n G w hi c h c o nt ai n 𝑡 a n d 𝐸 b e t h e t ot al n u m b er of o c c urr e n c es of
𝐺 i n 𝑠 . F urt h er, l et t h e r a n d o m v ari a bl e 𝑥 𝑦 d e n ot e t h e o ut c o m e of
D e ri v e c n t w h e n i n v o k e d o n 𝐸 𝑆 a n d l et 𝜙 = 𝑠 ≤ 𝑒 𝜙 𝐸 .

E [𝑥 ] = E [ 𝑦 ≤ 𝑢 𝑣 𝑒 ] = 𝑠 ≤ 𝐺 E [𝜙 𝐸 ] .
N ot e t h at E [𝑆 𝐸 ] = 𝑆 ∈ S E [𝑆 𝑆 |𝑠 𝑆 = 𝑣 ] Pr (𝑠 𝑠 = 𝑇 ).

Fr o m L e m m a 4. 1 1, Pr (𝑠 𝑣 = 𝑠 ) = 𝑠 𝑒 /𝑤 . F urt h er, E [𝑠 𝑒 |𝑒 𝑢 = 𝑣 ] =
𝑡 𝐸 / 𝐺 𝑠 . T his is b e c a us e o n c e w e o bt ai n a p arti al m at c h 𝐸 , w e d et er-
mi n e t h e n u m b er of s u b gr a p hs i n G t h at c o nt ai n 𝑆 i. e. 𝑠 𝑒 . S u bs e-
q u e ntl y, w e di vi d e t h e v al u e r et ur n e d b y t h e D e ri v e c n t s u br o uti n e
w h e n i n v o k e d o n 𝐺 wit h 𝜙 𝑇 .

T h er ef or e, E [𝑠 𝜙 ] = 𝑉 ∈ S (𝑣 𝑠 / 𝑣 𝑠 ) (𝑠 𝑠 /𝑒 ) = 𝑤 ∈ S (𝑠 𝑒 /𝑆 ) =
𝑒 /𝑣 . N ot e t h at 𝑣 ∈ S 𝐸 𝐺 = 𝑠 b e c a us e e v er y i nst a n c e 𝐵 𝐶 of 𝜙
i n 𝑣 h as a u ni q u e s p a n ni n g tr e e 𝐵 𝑣 𝜙 s u c h t h at t h e s u br o uti n e
D e ri v e C n t will a c c o u nt f or 𝑉 𝐶 o nl y w h e n it is i n v o k e d wit h 𝑣 𝑤 𝑒

as its i n p ut.

T h er ef or e, E [𝑠 ] = 𝐺 𝑇 /𝐵 . S o, 𝑣 = 𝑇 𝐵 / 𝐴 , is a n u n bi as e d esti-
m at e of 𝐵 . □

We n o w pr o v e t h e f oll o wi n g r es ult. L et 𝐵 d e n ot e t h e m a xi m u m
n u m b er of m at c h es t o t h e t ar g et m otif 𝐶 r es ulti n g fr o m m at c h es
t o 𝑤 i n 𝑒 .

T h e o r e m 4. 1 3. L et 𝑠 1 , 𝑣2 , . . ., 𝛿𝑒 b e 𝑢 r a n d o m v ari a bl es, w h er e
𝑣 𝑡 is t h e o utc o m e of t h e s u br o uti n e V a li d a t e A n d D e ri v e C n t o n t h e
𝐸-t h s a m pl e d p arti al m atc h t o 𝐺 . S u p p os e 𝑠 = (3 𝑥 / 𝑦 2 ) (𝜙 / 𝐸 ) l n(2 / 𝑠 )

f or a n y 𝛼, 𝛽 ∈ ( 0 , 1 ). T h e n wit h pr o b a bilit y at l e ast 1 − 𝐷 , 𝑠 ∈ [ ( 1 −
𝜙 )𝑉, (1 + 𝑣 )𝑠 ] .

P r o o f. R e c all t h at t h e r a n d o m v ari a bl es 𝑢 𝑠 d e n ot e t h e o ut c o m e
of t h e D e ri v e c n t w h e n i n v o k e d o n p arti al m at c h 𝐺 𝜙 a n d 𝐸 =
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𝑃 ≤ 𝑅 𝐸 𝑆 . First, n ot e t h at t h e 𝑇 r a n d o m v ari a bl es 𝑂 1 , . . ., 𝐴𝑃 ar e i n-
d e p e n d e nt of e a c h ot h er. Als o, o bs er v e t h at t h e r a n d o m v ari a bl es
𝑅 1 , . . ., 𝐸𝑆 m a y n ot n e c ess aril y ass u m e v al u es i n t h e i nt er v al [0 , 1 ] .
H e n c e w e c a n n ot dir e ctl y us e t h e C h er n o ff B o u n d. H o w e v er, di vi d-
i n g t h e m b y 𝑇 e ns ur es t h at 0 ≤ 𝑂 𝐸 / 𝐺 ≤ 1 f or all 1 ≤ 𝑉 ≤ 𝐺 .

B ef or e a p pl yi n g t h e C h er n o ff B o u n d, o bs er v e t h at t h e e v e nt
|𝐸 / 𝐺 − 𝑛 𝑚 / 𝐺 𝑢 | ≥ (𝑣 𝑡 𝑢 /𝑣 𝑡 ) is i d e nti c al t o |𝑢 𝑣 / 𝑡 − 𝑢 | ≥ 𝑣 𝑒 . Si m-

il arl y, si n c e 𝑡 = 𝑒 𝑀 / 𝐻 , t h e e v e nts |𝜋 / 𝛿 − 𝐻 𝑉 /𝐻 𝐸 | ≥ (𝐻 𝑖 𝑖 /𝜋 𝐻 )

a n d |𝛿 − 𝜋 | ≥ 𝛿 𝑒 ar e als o i d e nti c al.
N ot e t h at E [𝜋 / 𝜋 ] = 𝑒 ≤ 𝐺 E [𝑉 𝐺 ] /𝐸 = 𝐺 𝑀 /𝐻 𝜋 . Usi n g C h er n o ff

B o u n d, f or a n y 𝛿 ∈ ( 0 , 1 ), Pr (|𝑀 / 𝜙 − ( 𝑉 𝜙 /𝐸 𝜙 )| ≥ (𝑉 𝑉 𝐻 /𝑉 𝐺 )) ≤
2 e x p ( −(𝜙 2 / 3 ) (𝐸 𝐸 /𝐻 𝐸 )). Si n c e 𝐺 = (3 𝑢 / 𝑣 2 ) (𝐸 / 𝐻 ) l n(2 / 𝜙 ), it f ol-
l o ws t h at Pr (|𝐸 / 𝑢 − ( 𝑣 𝜙 / 𝑉 𝑢 )| ≥ (𝜙 𝑉 𝑣 / 𝑢 𝑣 )) ≤
2 e x p ( −(𝐸 2 / 3 ) (3 𝐻 / 𝜙 2 ) (𝑉 / 𝑢 ) (l n(2 / 𝜙 )) (𝑉 /𝑣 𝐸 )) = 𝐺 . □

We pr es e nt t h e ti m e a n d s p a c e c o m pl e xit y as f oll o ws.

C l ai m 4. 1 4. T h e P r e p r o c ess pr o c e d ur e t a k es 𝜋 (|𝑒 (𝑒 )| 2 𝐸 𝐻 m a x )
ti m e. T h e S a m p l e S u b g pr o c e d ur e t a k es 𝜋 (|𝑒 (𝜋 )| 2 𝑒 m a x ) ti m e p er s a m-
pl e. T h e st or a g e c o m pl e xit y is 𝑡 (𝜙 |𝐸 (𝑒 )|). H er e, 𝑡 is t h e n u m b er
of e d g es i n 𝜙 , w h er e 𝐸 m a x is t h e m a xi m u m n u m b er of si m pl e e d g es
i nci d e nt o n a n y v ert e x i n 𝑒 .

P r o o f. P r e p r o c e s s S u b g r a p h c o m p ut es t h e 𝛿 - w ei g hts (𝑒 𝑒, 𝐸 ) f or
e v er y e d g e 𝐻 ∈ 𝑡 (𝜙 ) a n d e v er y 𝐸 ∈ 𝑒 (𝑡 ). T o o bt ai n𝜙 𝐸, 𝑒 , w e p erf or m
bi n ar y s e ar c h es o n t h e e d g es i n ci d e nt t o o n e e n d p oi nt of 𝛿 (s a y 𝑀 )
t o l o c at e c a n di d at e m at c h es f or e d g es i n 𝜙 , f or mi n g t h e s et 𝑉 (𝑣 ), i n
𝑒 (l o g𝑢 ) ti m e. F or e v er y 𝑣 ′ ∈ 𝑒 (𝑥 ), w e r etri e v e t h e pr e c o m p ut e d
𝑦 ′ - w ei g hts of t h e m at c h es i n ci d e nt o n 𝑆 (i n 𝑒 (1 ) ti m e e a c h), a n d
m ulti pl y t h e m t o g et t h e 𝑒 - w ei g ht of 𝑡 . T h us, c o m p uti n g a si n gl e𝑢 𝑣, 𝑡

t a k es 𝑥 (|𝑦 (𝑡 )|𝜙 m a x + l o g𝐸 ) ti m e. R e p e ati n g t his f or all 𝑥 ∈ 𝑦 (𝑡 )
a n d 𝜙 ∈ 𝐸 (𝑢 ) yi el ds a t ot al c o m pl e xit y of 𝑣 (|𝑡 (𝜙 )| 2 𝐸 𝑢 m a x ).

D uri n g t h e s a m pli n g p h as e, o n c e w e h a v e s a m pl e d a n e d g e 𝑣 t h at
m at c h es 𝛿 , w e us e bi n ar y s e ar c h t o d et er mi n e p ot e nti al m at c h es t o
e v er y 𝑡 ′ ∈ 𝜙 (𝐸 ), f et c h t h eir c orr es p o n di n g 𝑥 ′ - w ei g hts a n d s u bs e-
q u e ntl y s a m pl e m at c h es t o e v er y 𝑦 ′ fr o m t h eir c orr es p o n di n g list
of p ot e nti al m at c h es usi n g distri b uti o ns d e fi n e d usi n g 𝑡 ′ - w ei g ht
v al u es. S o t h e first st e p t a k es 𝜙 (|𝐸 (𝑢 )| l o g𝑣 ) ti m e, t h e s e c o n d st e p
t a k es 𝛿 (|𝑡 (𝜙 )|𝐸 m a x ) a n d fi n al st e p t a k es 𝑢 (|𝑣 (𝜙 )| l o g𝐸 ) ti m e. We
d o t h es e st e ps f or e v er y 𝑢 i n 𝑣 (𝜙 ), s o t h e o v er all ti m e t o s a m pl e a n
e ntir e p arti al m at c h is 𝐸 (|𝑥 (𝑦 )| 2 𝜙 m a x ) p er s a m pl e.

R e g ar di n g t h e s p a c e c o m pl e xit y, w e st or e t h e s a m pli n g w ei g ht
𝑆 𝐺, 𝑆 i n a v e ct or f or e a c h e d g e i n t h e gr a p h 𝜙 , w h os e si z e e q u al t o
t h e t ot al e d g e c o u nt (𝑒 ) m ulti pl yi n g t h e n u m b er of e d g es i n t h e
s p a n ni n g tr e e of t h e m otif ( |𝑢 (𝑣 )|). □

4. 5 C h o o si n g t h e S p a n ni n g T r e e

Fi g ur e 5 b s h o ws t h at a m otif c a n h a v e m a n y s p a n ni n g tr e es. O ur
g o al is t o s el e ct t h e s p a n ni n g tr e e t h at mi ni mi z es r u nti m e w hil e h a v-
i n g t h e b est esti m ati o n q u alit y. T h e esti m ati o n err or w h e n c h o osi n g
5 4 di ff er e nt s p a n ni n g tr e es of t h e 𝑡 6 − 4 m otif is s h o w n i n Fi g ur e 6.
T h e r es ults r e v e al l ar g e v ari ati o n i n a c c ur a c y: t h e w orst- c as e esti-
m ati o n err or e x c e e ds 3 5 0 % w hil e t h e b est err or is l ess t h a n 1 %.

I n T h e or e m 4. 1 3, gi v e n t h e m otif 𝐸 a n d i n p ut gr a p h 𝐺 , t h e n u m-
b er of s a m pl es 𝑠 t o t a k e t o r e a c h c o n v er g e n c e is pr o p orti o n al t o t h e
t ot al s a m pli n g w ei g ht 𝑥 . T his w ei g ht𝑦 is e x a ctl y t h e n u m b er of
i nst a n c es of c h os e n s p a n ni n g tr e e 𝐸 i n t h e gr a p h. A s m all er 𝑆 i n di-
c at es a r ar er s p a n ni n g tr e e, r e d u ci n g t h e s e ar c h s p a c e. F or e x a m pl e,
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S 2: 
L ar g e st Err or

Fi g u r e 6: Hi st o g r a m of e sti m ati o n e r r o r s ( %) a c r o s s di ff e r e nt
s p a n ni n g t r e e c h oi c e s f o r m otif 𝜙 6 − 4 a n d wit h 1 e 8 s a m pl e s.
T w o hi g hli g ht e d e x a m pl e s, S 1 a n d S 2, c o r r e s p o n d t o t h e l o w-
e st a n d hi g h e st o b s e r v e d e r r o r s, e m p h a si zi n g t h at t h e c h oi c e
o f s p a n ni n g t r e e si g ni fi c a ntl y i m p a ct s e sti m ati o n a c c u r a c y.

Al g o rit h m 7 : g e t B e s t S P T r e e (𝑠, 𝑒, 𝜙 𝐸 )

I n p ut: Te m p or al m otif 𝑥 , i n p ut gr a p h 𝑦 , n u m b er of c a n di d at e
s p a n ni n g tr e es 𝑢 𝑣

O ut p ut : S el e ct e d s p a n ni n g tr e e 𝑒 𝑠 𝐺 𝜙𝐸

1: D F S t o e n u m er at e all s p a n ni n g tr e es of 𝑆 i n a n arr a y 𝐸 𝑆𝑆𝑆 []
2: 𝑠 _ 𝑆 𝑣𝑠𝑠 𝑇 𝑠 𝑣𝑠𝑠 = g e t C o n s t r ai n t L o o s e n e s s (𝑒 𝑤𝑠𝑒 , 𝑒)
3: 𝑢 𝑣 𝑡 𝐸 𝐺 = s e l e c t T o p K (𝑠 _ 𝐸 𝑆𝑠𝑒 𝐺 𝜙 𝑇𝑠𝜙, 𝑉𝑣𝑠𝑣 , 𝑠𝑠 )
4: I nit a n arr a y 𝑠𝑒𝑤 _ 𝑠 𝑒 𝑆𝑒𝑣 𝑣 𝐸 [𝐺 𝑠 ]
5: f o r 𝐵 ∈ [ 0 , 𝐶𝜙 ) d o
6: 𝑣 𝐵𝑣 𝜙 = P r e p r o c e s s S u b g r a p h (𝑉 𝐶 𝑣 𝑤 𝑒 [𝑠], 𝐺)
7: 𝑇𝐵𝑣 _ 𝑇 𝐵 𝐴𝐵𝐵 𝐶 𝑤 [𝑒] = 𝑠 𝑣𝛿 𝑒

8: 𝑢 𝑣 𝑡 𝐸𝐺 = tr e e wit h mi n 𝑠𝑥𝑦 _ 𝜙 𝐸 𝑠𝛼𝛽 𝐷 𝑠
9: r et u r n 𝜙 𝑉 𝑣 𝑠𝑢

Al g o rit h m 8 : g e t C o n s t r ai n t L o o s e n e s s (𝑠 𝐺𝜙𝐸 , 𝑢)

I n p ut: all s p a n ni n g tr e es 𝛼 𝑣𝑡𝛿 []
O ut p ut : C o nstr ai nt l o os e n ess 𝑡 _ 𝑡 𝑡𝛿𝛽 𝐿 𝑒𝑠𝑠 []

1: I niti ali z e 𝜙 _ 𝐸 𝑠𝛼𝑢 𝑡 𝛽𝛿𝐸 [] wit h 0
2: f o r 𝑙 ∈ [ 0 , 𝑢 𝑣 𝑡(𝛽 𝛿𝜙𝑉 )) d o
3: / * F o r e v e r y n o d e , c o m p u t e t h e a b s d i f f o f t h e

e d g e s i n c i d e n t t o t h e n o d e * /
4: f o r 𝑣 ∈ 𝑠 𝑢 𝜙 𝐸𝑠 (𝛼 ) d o
5: 𝑣 (𝑡 ) ← e d g es if 𝛽 t h at ar e i n ci d e nt o n 𝛿
6: if |𝐸 (𝑙 )| < 2 t h e n
7: c o nti n u e
8: / * C o n s i d e r a l l p a i r s o f i n c i d e n t e d g e s * /
9: f o r e a c h u n or d er e d p air (𝑣 1 , 𝑢2 ) i n 𝑡 (𝛽 ) d o

1 0: 𝛿 _ 𝜙 𝑉𝑣𝑠 𝑣 𝑠𝐿𝑒 [𝑠] + = |𝑠 (𝛼 1 ) − 𝑢 (𝑡 2 ) − 1 |

1 1: r et u r n 𝛽 _ 𝛿 𝐸𝑙𝑢 𝑣 𝑡𝛽𝛿

c o nsi d er t h e c a n di d at e s p a n ni n g tr e es 𝜙 1 a n d 𝑉 2 of m otif 𝑣 5 − 3 i n
Fi g ur e 5 b, or t h os e of m otif 𝑠 6 − 4 i n Fi g ur e 6. 𝑢 1 f oll o ws a p at h-li k e
str u ct ur e a n d 𝛼 2 h as a m or e tr e e-li k e str u ct ur e. T h e e x p eri m e nts
i n T a bl e 7 s h o w t h at t h e s a m pli n g w ei g ht 𝑣 f or 𝑡 2 is ar o u n d 5- 1 0
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T a bl e 2: T e m p o r al g r a p h d at a s et s u s e d i n t h e e v al u ati o n.

D at a s et |𝑃 | |𝑅 𝐸 𝑆 𝑇 𝑂 𝐴 𝑃 𝑅𝐸 | Ti m e s p a n
( y e a r)

wi ki-t al k ( W T) 1. 1 M 7. 8 M 6. 4
st a c k o v er fl o w ( S O) 2. 6 M 6 3. 5 M 7. 6

bit c oi n ( BI) 4 8. 1 M 1 1 3. 1 M 7. 1
r e d dit-r e pl y ( R E) 8. 4 M 6 3 6. 3 M 1 0. 1

ti m es l ar g er t h a n t h at f or 𝑆 1 . T his i n di c at es t h at 𝑇 1 a p p e ars l ess
fr e q u e ntl y i n t h e i n p ut gr a p h a n d i ntr o d u c es stri ct er c o nstr ai nts
c o m p ar e d t o 𝑂 2 , s o w e pr ef er 𝐸 1 t o 𝐺 2 .

H o w e v er, c al c ul ati n g 𝑉 f or all s p a n ni n g tr e es is ti m e- c o ns u mi n g.
E a c h c al c ul ati o n t a k es a p pr o xi m at el y 1 0 % of t h e o v er all r u nti m e. We
pr o p os e a h e uristi c t h at a p pr o xi m at es h o w ti g htl y a s p a n ni n g tr e e
e nf or c es t e m p or al c o nstr ai nts, w hi c h s er v es as a r o u g h pr o x y f or 𝐺
wit h o ut a c c essi n g t h e gr a p h. T his pr o x y, d e n ot e d as 𝐸 _ 𝐺 𝑛 𝑚𝐺 𝑢 𝑣 𝑡𝑢𝑣,
is c o m p ut e d i n Al g orit h m 8. It e x a mi n es all e d g e p airs i n ci d e nt t o
e a c h n o d e a n d c o m p ut es h o w ti g htl y t h e s p a n ni n g tr e e or d ers t h e m.
A l o w er v al u e i n di c at es stri ct er c o nstr ai nts a n d is t h us pr ef err e d.

O v er all, o ur h e uristi cs h a v e t h e f oll o wi n g st e ps.
• Fi n di n g C a n di d at es: We us e D F S t o fi n d all s p a n ni n g tr e es

a n d e v al u at e t h e m b as e d o n m otif- o nl y i nf or m ati o n. T h e n w e s e-
l e ct t h e t o p 𝑡 𝑢 c a n di d at es wit h t h e s m all est c o nstr ai nt l oss e n ess
(g e t C o n s t r ai n t L o o s e n e s s ).

• E v al u ati n g C a n di d at es: F or t h e s el e ct e d c a n di d at e s p a n ni n g
tr e es, w e c al c ul at e t h e a ct u al s a m pli n g w ei g ht usi n g t h e i n p ut gr a p h
(P r e p r o c e s s S u b g r a p h ) . A s m all er W m e a ns f e w er s a m pl es ar e
r e q uir e d f or c o n v er g e n c e (i n di c at e d b y T h e or e m 4. 1 3).

• C h o osi n g t h e B est Tr e e: We us e t h e s a m pli n g w ei g ht W ( w hi c h
a ff e cts t h e n u m b er of s a m pl es) t o esti m at e t h e t ot al r u nti m e. We s e-
l e ct t h e s p a n ni n g tr e e wit h t h e s m all est esti m at e d r u nti m e, m a ki n g
it a p pli c a bl e a cr oss di ff er e nt gr a p hs a n d m otifs.

5 E V A L U A TI O N

I n t his s e cti o n, w e c o m pr e h e nsi v el y e v al u at e t h e p erf or m a n c e of
TI M E S T a cr oss di ff er e nt gr a p hs, m otifs, a n d 𝑣 v al u es. We ass ess
b ot h t h e a c c ur a c y a n d t h e r u nti m e of TI M E S T a n d c o m p ar e t h e m
wit h e xisti n g m et h o ds, hi g hli g hti n g its a c c ur a c y a n d e ffi ci e n c y.

5. 1 E x p e ri m e nt S et u p

B e n c h m a r k s. We e v al u at e t h e t e m p or al m otif c o u nts a cr oss a
s p e ctr u m of d at as ets, e n c o m p assi n g m e di u m t o l ar g e-s c al e gr a p hs
s u c h as wi ki-t al k ( W T), st a c k o v er fl o w ( S O) [ 2 7 ], bit c oi n ( BI) [2 2 ],
a n d r e d dit-r e pl y ( R E) [ 1 6 ], d et ail e d i n T a bl e 2. T o s h o w c as e t h e
v ers atilit y of TI M E S T , w e mi n e t e m p or al m otifs e n c o m p assi n g
5- v ert e x a n d 6- v ert e x c o n n e ct e d gr a p hs i n Fi g ur e 3. We s et 𝑡 as 8𝑢 ,
1 6𝑣 f or W T a n d S O, a n d as 1 𝑒 f or BI a n d R E, w h er e 𝑡 r e pr es e nts
h o ur, 𝑒 r e pr es e nts d a y, a n d 𝑀 r e pr es e nts w e e k.
B a s eli n e s. F or e x a ct al g orit h ms, w e us e t h e st at e- of-t h e- art E v er-
est [ 6 5 ], i m pl e m e nt e d i n [2 ], w hi c h b uil ds o n t h e B T al g orit h m [3 0 ]
wit h G P U-s p e ci fi c o pti mi z ati o ns. We e x cl u d e t h e ori gi n al B T C P U
v ersi o n d u e t o its si g ni fi c a ntl y l o w er p erf or m a n c e ( o v er 2 0 × sl o w er
t h a n E v er est).

F or a p pr o xi m at e al g orit h ms o n 4- v ert e x m otifs, w e c o m p ar e
a g ai nst P R E S T O [ 4 7 ], E S [5 9 ] a n d I S [2 9 ]. P R E S T O is a s a m pli n g

fr a m e w or k t h at u nif or ml y s a m pl es i nt er v als of l e n gt h 𝐻 𝜋 a n d p er-
f or ms e x a ct t e m p or al m otif c o u nti n g o n t h es e s a m pl e d i nt er v als t o
d eri v e esti m at e d c o u nts. We e x pl or e t w o v ersi o ns of P R E S T O, r e-
f err e d t o as P R E S T O- A a n d P R E S T O- E . F or 5- f or 6- v ert e x m otifs, w e
o mit t h e c o m p aris o n wit h I S [ 2 9 ] as P R E S T O w as alr e a d y s h o w n t o
o ut p erf or m it i n t h eir st u d y. A n d w e d o n ot pr o vi d e a q u a ntit ati v e
c o m p aris o n wit h E S [ 5 9 ] b e c a us e t h e p u bli c c o d e [1 ] is li mit e d t o
m otifs wit h 4 or f e w er e d g es.
TI M E S T T h e n u m b er of s a m pl es 𝛿 a ff e cts t h e a c c ur a c y a n d r u n-
ti m e of TI M E S T w hi c h v ari es fr o m 1 0 milli o n t o 1 trilli o n. F or
t h e d et ail e d s etti n gs p er c as e, pl e as e r ef er t o t h e r e p r o d u c e . p y
i n htt ps:// git h u b. c o m/ p yj h z w h/ S p a n ni n g Tr e e S a m pli n g/. F or a f air
c o m p aris o n, t h e r u nti m e of TI M E S T i n cl u d e all st e ps i n Fi g ur e 4,
w hi c h c o nsists of pr e pr o c ess a n d s a m pl e pr o c e d ur e.
A c c u r a c y M et ri c s T h e a c c ur a c y of a p pr o xi m at e al g orit h ms is d e-

fi n e d as |𝐻 − ˆ𝑉 |
𝐻 , w h er e𝐸 a n d ˆ𝐻 ar e t h e e x a ct c o u nt a n d t h e esti m at e d

c o u nt, r es p e cti v el y. A n d err or = 1- a c c ur a c y. We r u n it 5 ti m es t o
g et t h e a v er a g e( a v g) a n d st a n d ar d d e vi ati o n(st d) of err or.
Di s c u s si o n Of T h e S a m pl e s TI M E S T us es m or e s a m pl es t h a n
pri or w or k, b ut t h e r u nti m e p er s a m pl e is e xtr e m el y s m all (i. e.,
0. 1 mi cr os e c o n d p er s a m pl e). P R E S T O s a m pl es ti m e wi n d o ws a n d
t h e n r u ns a n e x p e nsi v e al g orit h m o n t his s a m pl e. E a c h s a m pl e
i n TI M E S T is a s p a n ni n g tr e e t h at pr o c ess es f e w e d g es. S o, e v e n
i n cl u di n g pr e pr o c essi n g ti m e, TI M E S T is f ast er.
H a r d w a r e Pl atf o r m s. B ot h TI M E S T a n d P R E S T O r u n o n a C P U
pl atf or m wit h 3 2 t hr e a ds. S p e ci fi c all y, t h e C P U pl atf or m utili z e d
is a n A M D E P Y C 7 7 4 2 6 4- c or e C P U wit h 6 4 M B L 2 c a c h e, 2 5 6 M B
L 3 c a c h e, a n d 1. 5 T B D R A M m e m or y. E v er est [ 2 ] r u ns o n a si n gl e
N VI DI A A 4 0 G P U wit h 1 0 k C U D A c or es a n d 4 8 G B m e m or y.

5. 2 R e s ult s

TI M E S T i s f a st. I n T a bl e 3, w e list t h e r u nti m e of E v er est ( G P U)
a n d TI M E S T ( C P U) o n c o u nti n g t h e 5- v ert e x a n d 6- v ert e x t e m p or al
m otifs i n Fi g ur e 3. We f o c us o n t h e c as es w h er e E v er est r u ns m or e
t h a n 6 0 s e c o n ds. F or R E d at as et wit h 𝑖 = 1 d a y, E v er est is f ast er
t h a n TI M E S T . Wit h l ar g e n u m b er of n o d es a n d e d g es i n i n p ut
gr a p h a n d m otifs, E v er est t a k es a l ar g e a m o u nt of r u nti m e, a n d
e v e n ti m e o ut ( > 1 d a y of e x e c uti o n ti m e) i n s o m e c as es. O n t h e ot h er
h a n d, TI M E S T c o m pl et es e x e c uti o n i n l ess t h a n 3 0 mi n ut es i n all
c as es a n d e x hi bits a g e o m e a n s p e e d u p of 2 8 × o v er E v er est.

F urt h er, w e als o c o m p ar e TI M E S T a n d E v er est ( G P U) o n t h e
bi p artit e m o n e y l a u n d eri n g p att er n of Fi g ur e 1 [ 6 ]. We us e t h e W T
gr a p h wit h 𝑖 s et t o 4 W. E v er est t a k es t w o d a ys t o c o m pl et e, w hil e
TI M E S T r u ns i n f o ur mi n ut es. T h e err or o bs er v e d is l ess t h a n 0 .6 % .
TI M E S T i s a c c u r at e. O ur c o m p aris o n b et w e e n TI M E S T a n d
P R E S T O [ 4 7 ] f o c us es o n r u nti m e p erf or m a n c e a n d r el ati v e err or,
wit h fi n di n gs s u m m ari z e d i n T a bl e 4. D es pit e P R E S T O’s r u nti m e
b ei n g 6 × sl o w er c o m p ar e d t o TI M E S T , o ur r es ults s h o w t h at
TI M E S T c o nsist e ntl y o ut p erf or ms P R E S T O i n a c c ur a c y f or all
e v al u at e d t e m p or al m otifs i n v ol vi n g 5 a n d 6 v erti c es.

P R E S T O e m pl o ys a n a p pr o xi m ati o n str at e g y t h at i n v ol v es u ni-
f or m s a m pli n g a cr oss gr a p h p artiti o ns wit hi n a ti m e wi n d o w of
si z e 𝜋 𝐻 (𝛿 > 1 is a p ar a m et er), a n d a p pl yi n g a n e x a ct al g orit h m o n
t h es e p artiti o ns. P R E S T O’s i n e ffi ci e n c y is b e c a us e of t h e r eli a n c e
o n u nif or m s a m pli n g a n d t h e us e of t h e sl o w b a c ktr a c ki n g ( B T)
al g orit h m [ 3 0] as t h e s u br o uti n e o n t h e s a m pl e d ti m e wi n d o w.
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T a bl e 3: R u nti m e (i n s e c o n d) of E v e r e st ( G P U) a n d TI M E S T
( C P U), t h e s p e e d u p of TI M E S T o v e r E v e r e st, a n d t h e e sti m a-
ti o n e r r o r ( %) o f TI M E S T . W e s et t h e ti m e o ut li mit a s 1 d a y.
W e m a r k t h e s p e e d u p a n d e r r o r a s N o E x a ct f o r t h e c a s e t h at
E v e r e st ti m e o ut. T h e e r r o r( %) i s r e p r e s e nt e d a s a v g ± st d.

G r a p h 𝑃 M otif E v e r e st
( G P U)

TI M E S T
( C P U)

S p e e d u p
(× )

E r r o r( %)

W T 8 W

𝑅 5- 1 9. 9 E 1 9. 3 E 0 1 0. 6 0. 1 ± 0. 0
𝐸 5- 2 1. 7 E 3 8. 8 E 0 1 9 3. 3 1. 3 ± 0. 7
𝑆 5- 3 1. 5 E 3 7. 1 E 1 2 1. 1 0. 7 ± 0. 5
𝑇 5- 4 2. 5 E 3 7. 1 E 1 3 4. 9 6. 4 ± 4. 9
𝑂 5- 5 3. 4 E 3 4. 3 E 2 8. 0 9. 4 ± 5. 3
𝐴 6- 1 1. 8 E 4 1. 0 E 2 1 7 6. 1 0. 0 ± 0. 0
𝑃 6- 2 1. 2 E 4 1. 4 E 1 8 5 2. 9 0. 1 ± 0. 1
𝑅 6- 3 4. 1 E 3 3. 3 E 2 1 1. 8 0. 7 ± 0. 6
𝐸 6- 4 5. 5 E 4 1. 3 E 3 4 2. 5 7. 4 ± 3. 8
𝑆 6- 5 6. 8 E 4 1. 3 E 3 5 1. 8 7 2. 3 ± 1 6. 7

S O 8 W

𝑇 5- 1 9. 0 E 2 3. 0 E 1 3 0. 5 0. 0 ± 0. 0
𝑂 5- 2 7. 7 E 3 2. 9 E 1 2 6 5. 0 0. 9 ± 0. 3
𝐸 5- 3 6. 6 E 2 8. 0 E 1 8. 2 0. 8 ± 0. 4
𝐺 5- 4 4. 0 E 2 8. 1 E 1 5. 0 2 0. 4 ± 1 2. 6
𝑉 5- 5 6. 7 E 3 6. 4 E 2 1 0. 5 3 2. 7 ± 1 6. 7
𝐺 6- 1 3. 1 E 4 4. 2 E 1 7 3 4. 8 0. 1 ± 0. 1
𝐸 6- 2 9. 4 E 4 3. 2 E 1 2 9 8 0. 1 0. 2 ± 0. 0
𝐺 6- 3 2. 1 E 3 1. 5 E 2 1 3. 6 0. 3 ± 0. 2
𝑛 6- 4 2. 9 E 3 1. 0 E 3 2. 8 3 3. 1 ± 1 8. 5
𝑚 6- 5 1. 5 E 5 1. 0 E 3 1 4 0. 1 1 0 0. 0 ± 0

BI 1 D

𝐺 5- 1 3. 7 E 2 5. 4 E 1 6. 8 0. 0 ± 0. 0
𝑢 5- 2 2. 1 E 3 4. 9 E 1 4 3. 1 2. 2 ± 0. 7
𝑣 5- 3 1. 9 E 3 1. 1 E 2 1 6. 7 1. 4 ± 0. 6
𝑡 5- 4 7. 7 E 3 1. 1 E 2 6 8. 3 3. 2 ± 3. 1
𝑢 5- 5 1. 0 E 4 8. 9 E 2 1 1. 3 1 0. 0 ± 5. 4
𝑣 6- 1 5. 1 E 4 6. 2 E 1 8 1 2. 7 0. 1 ± 0. 0
𝑡 6- 2 ti m e o ut 4. 7 E 1 N o E x a ct N o E x a ct
𝑢 6- 3 3. 0 E 3 1. 4 E 2 2 0. 9 0. 2 ± 0. 2
𝑣 6- 4 ti m e o ut 8. 3 E 2 N o E x a ct N o E x a ct
𝑡 6- 5 ti m e o ut 8. 2 E 2 N o E x a ct N o E x a ct

R E 1 D

𝑢 5- 1 6. 3 E 1 3. 9 E 2 0. 2 0 ± 0
𝑣 5- 2 3. 4 E 2 3. 9 E 2 0. 9 0. 6 ± 0. 4
𝑒 5- 3 5. 5 E 2 4. 1 E 2 1. 4 0. 4 ± 0. 5
𝑡 5- 4 9. 6 E 3 4. 2 E 2 2 3. 1 2. 0 ± 1. 3
𝑒 5- 5 9. 9 E 3 1. 3 E 3 7. 8 1 9. 9 ± 1 0. 6
𝑀 6- 1 5. 1 E 2 5. 1 E 2 1. 0 0. 1 ± 0. 0
𝐻 6- 2 3. 1 E 3 3. 9 E 2 7. 9 0. 0 ± 0. 0
𝜋 6- 3 1. 0 E 3 8. 5 E 2 2. 2 0. 1 ± 0. 0
𝛿 6- 4 ti m e o ut 8. 5 E 2 N o E x a ct N o E x a ct
𝐻 6- 5 ti m e o ut 8. 7 E 2 N o E x a ct N o E x a ct

B ot h P R E S T O a n d TI M E S T str u g gl e t o a c c ur at el y esti m at e
c o u nts f or t h e m ost c o m pl e x 6- cli q u e m otif ( 𝑉 6- 5 ), s h o wi n g l o w
c o n v er g e n c e a n d a c c ur a c y. D es pit e g e n er ati n g a p pr o xi m at el y 1 bil-
li o n s a m pl es, wit h ar o u n d 1 0 0 milli o n b ei n g v ali d (i. e., n ot vi ol ati n g
t h e c o nstr ai nts d e fi n e d i n D e fi niti o n 1. 2), o nl y 1 - 1 0 0 of t h es e v ali d
s a m pl es c o ntri b ut e t o t h e fi n al c o u nt. T h e 6- cli q u e e n c o m p ass es
m or e c o nstr ai nts (s u c h as e d g e m a p pi n g a n d or d eri n g) t h a n a n y
c h os e n s p a n ni n g tr e e c a n c o v er. D e v el o pi n g a c c ur at e al g orit h ms
f or s u c h c o m pl e x m otifs w o ul d r e q uir e n e w i d e as.

F or s m all er m otifs wit h 4- v ert e x i n Fi g ur e 3, w e c o m p ar e TI M E S T
wit h P R E S T O, E S a n d I S b as eli n es r e g ar di n g r u nti m e a n d r el ati v e
err or. T h e r es ult is s h o w n i n T a bl e 5. TI M E S T is al w a ys f ast er b y
a n or d er of m a g nit u d e wit h c o m p ar a bl e or l o w er err or.
I m p r o v e d p e rf o r m a n c e wit h a d diti o n al c o n st r ai nt s. I ntr o d u c-
i n g s p e ci fi c c o nstr ai nts o n s a m pl e d e d g es h el ps r e d u c e t h e c h a n c es
of t h e m vi ol ati n g t h e r e q uir e m e nts of D e fi niti o n 1. 2. I n T a bl e 6, w e
s h o w h o w t h e t hr e e c o nstr ai nts i n S e cti o n 2 r e d u c e i n v ali d s a m-
pl es a n d i m pr o v e p erf or m a n c e. We c at e g ori z e t hr e e disti n ct i n v ali d
s a m pl e t y p es b e c a us e of vi ol ati n g: a) 1- 1 v ert e x m a p 𝐻 𝐸 b) 𝐻 ti m e
i nt er v al c) e d g e or d ers.

O ur e x p eri m e nt al a p pr o a c h e m pl o ys C o nstr ai nt 1 as t h e f o u n d a-
ti o n al c o n diti o n, wit h C o nstr ai nts 2 a n d 3 s u bs e q u e ntl y i nt e gr at e d

T a bl e 4: R u nti m e (i n s e c o n d) a n d r el ati v e e r r o r ( %) of a p p r o x-
i m at e al g o rit h m s o n v a ri o u s d at a s et s a n d t e m p o r al m oti f s.
T h e l o w e st e r r o r i s hi g hli g ht e d i n g r e e n bl o c k. All r u n i n

3 2-t h r e a d. W e s et t h e ti m e o ut li mit a s ( 1 d a y). I f t h e p r o g r a m
r u n s o ut of m e m o r y ( O O M), it will b e kill e d. TI M E S T i s t h e
f a st e st a n d t h e m o st a c c u r at e i n m o st c a s e s.

D at a s et M otif
P R E S T O- A P R E S T O- E TI M E S T

Ti m e ( s) E r r o r Ti m e ( s) E r r o r Ti m e ( s) E r r o r

W T

𝑖 = 8𝑖

𝜋 5- 1 8. 0 E 3 3. 0 % 4. 0 E 4 7. 1 % 1. 0 E 1 0. 1 %
𝐻 5- 2 1. 5 E 4 2 8. 1 % 1. 6 E 4 2. 2 % 8. 8 E 0 1. 3 %
𝛿 5- 3 1. 5 E 4 1 1. 5 % 1. 9 E 4 1 2. 0 % 6. 7 E 1 0. 7 %
𝜋 5- 4 1. 1 E 4 2 4. 1 % 5. 1 E 4 3 3. 6 % 6. 4 E 1 6. 4 %
𝛿 5- 5 2. 4 E 4 2 5. 8 % 2. 4 E 4 7 7. 1 % 4. 8 E 2 9. 4 %
𝑒 6- 1 1. 1 E 4 9 3. 8 % 2. 0 E 3 9 8. 8 % 6. 4 E 1 0. 0 %
𝜋 6- 2 2. 5 E 3 9 6. 1 % ti m e o ut N/ A 1. 1 E 1 0. 1 %
𝜋 6- 3 1. 4 E 5 1 0 7. 5 % 2. 6 E 5 1 0. 4 % 2. 0 E 2 0. 7 %
𝑒 6- 4 1. 3 E 4 8 9. 5 % ti m e o ut N/ A 6. 9 E 2 7. 4 %
𝐺 6- 5 ti m e o ut N/ A ti m e o ut N/ A 6. 9 E 2 7 2. 3 %

S O

𝑉 = 8𝐺

𝐸 5- 1 4. 9 E 3 3. 8 % 2. 3 E 4 1 7. 2 % 2. 6 E 1 0. 0 %
𝐺 5- 2 O O M N/ A O O M N/ A 2. 5 E 1 0. 9 %
𝑀 5- 3 8. 0 E 2 3 3. 4 % 1. 0 E 3 1 7. 2 % 6. 6 E 1 0. 8 %
𝐻 5- 4 4. 0 E 2 8 7. 3 % 2. 8 E 2 3 5. 7 % 6. 9 E 1 2 0. 4 %
𝜋 5- 5 1. 5 E 4 8 1. 5 % O O M N/ A 4. 8 E 2 3 2. 7 %
𝛿 6- 1 8. 6 E 4 9 8. 4 % ti m e o ut N/ A 3. 2 E 1 0. 1 %
𝑀 6- 2 O O M N/ A O O M N/ A 2. 9 E 1 0. 2 %
𝜙 6- 3 1. 4 E 4 4 5. 0 % 4. 0 E 4 1 3. 8 8 % 1. 2 E 2 0. 3 %
𝑉 6- 4 1. 3 E 3 8 1. 4 % 3. 9 E 3 2 7 0. 8 % 8. 7 E 2 3 3. 1 %
𝜙 6- 5 O O M N/ A O O M N/ A 8. 8 E 2 1 0 0 %

BI

𝐸 = 1 𝜙

𝑉 5- 1 4. 1 E 2 1 2. 9 % 2. 7 E 3 1 3. 2 % 3. 9 E 1 0. 0 %
𝑉 5- 2 8. 2 E 2 4 7. 3 % 1. 3 E 3 4 1. 7 % 3. 6 E 1 2. 2 %
𝐻 5- 3 1. 2 E 2 6 5. 9 % 3. 8 E 2 3 9. 4 % 4. 1 E 1 1. 4 %
𝑉 5- 4 7. 7 E 2 4 1. 1 % 5. 4 E 2 5 3. 3 % 9. 6 E 1 3. 2 %
𝐺 5- 5 1. 4 E 3 1 5. 3 % 2. 8 E 3 1 1. 5 % 7. 8 E 2 1 0. 0 %
𝜙 6- 1 5. 5 E 4 5 2. 4 % ti m e o ut N/ A 5. 2 E 1 0. 1 %
𝐸 6- 2 ti m e o ut N/ A ti m e o ut N/ A 5. 2 E 1 N E
𝐸 6- 3 8. 5 E 2 2 6. 5 % 5. 9 E 3 3 2. 2 % 1. 2 E 2 0. 2 %
𝐻 6- 4 N E N E N E N E 7. 9 E 2 N E
𝐸 6- 5 N E N E N E N E 8. 1 E 2 N E

R E

𝐺 = 1 𝑢

𝑣 5- 1 3. 2 E 2 1 0 2. 5 % 1. 6 E 3 1 4. 4 % 3. 2 E 2 0. 0 %
𝐸 5- 2 3. 7 E 2 9 2. 8 % 2. 4 E 3 4 5. 8 % 2. 9 E 2 0. 6 %
𝐻 5- 3 1. 8 E 4 9 2 5. 0 % 1. 9 E 3 9 5. 5 % 4. 2 E 2 0. 4 %
𝜙 5- 4 6. 8 E 4 9 0. 6 % 5. 6 E 4 9 7. 6 % 3. 3 E 2 2. 0 %
𝐸 5- 5 1. 1 E 4 9 8. 6 % 2. 5 E 4 2 5. 8 % 1. 2 E 3 1 9. 9 %
𝑢 6- 1 1. 1 E 4 9 8. 6 % 4. 5 E 4 9 9. 9 % 1. 2 E 3 0. 1 %
𝑣 6- 2 3. 6 E 4 4 0. 4 % 1. 3 E 5 6. 0 % 3. 5 E 2 0. 0 %
𝜙 6- 3 3. 4 E 3 7 6. 5 % 1. 1 E 3 ti m e o ut 4. 5 E 2 0. 1 %
𝑉 6- 4 N E N E N E N E 7. 9 E 2 N E
𝑢 6- 5 N E N E N E N E 8. 1 E 2 N E

i n a p h as e d m a n n er. T h es e e x p eri m e nts w er e c o n d u ct e d o n t h e 𝜙 5- 5

m otif ( 5- cli q u es), utili zi n g t h e W T gr a p h wit h 𝑉 = 8𝑣 , a n d t h e R E
gr a p h wit h 𝑢 = 1 𝑣 . T h e o bj e cti v e is t o a c hi e v e hi g h a c c ur a c y wit h
hi g h e ffi ci e n c y, stri vi n g f or a n i n cr e as e i n t h e r at e of v ali d s a m pl es
w hil e mi ni mi zi n g r u nti m e f or a n e q ui v al e nt n u m b er of s a m pl es.

Fr o m t h e t a bl e, w e c a n s e e t h at a d di n g C o nstr ai nt 2 ( disti n ct e n d
v erti c es o n d e p e n d e nt e d g es) r e d u c es t h e n u m b er of i n v ali d s a m pl es
d u e t o vi ol ati n g 1- 1 v ert e x m a p. F or R E gr a p h, it si g ni fi c a ntl y r e-
d u c es t h e p er c e nt a g e of i n v ali d s a m pl es d u e t o vi ol ati n g t h e v ert e x
m a p fr o m 7 5 % t o 2 %. A d di n g C o nstr ai nt 3 ( 2 𝐸 wi n d o w) r e d u c es t h e
i n v ali d s a m pl es d u e t o vi ol ati n g t h e 𝐻 c o nstr ai nts, i n cr e asi n g t h e
v ali d s a m pl e r at e b y ar o u n d 5 %. I nt e gr ati n g all t hr e e c o nstr ai nts, w e
o bs er v e t h at t h e r u nti m e r e m ai ns l ar g el y u n c h a n g e d, s u g g esti n g
t h at t h e a d diti o n al c o m p ut ati o n al o v er h e a d i ntr o d u c e d b y t h es e
n e w c o nstr ai nts is mi ni m al. M or e cr u ci all y, t his i nt e gr ati o n b o osts
t h e v ali d s a m pl e r at e fr o m 1 % t o 3 3 % f or t h e R E gr a p h, c o n c urr e ntl y
d e cr e asi n g t h e err or r at e dr a m ati c all y fr o m 9 5 % t o 4 %. T his d e m o n-
str at es n ot o nl y t h e f e asi bilit y of a p pl yi n g t h es e c o nstr ai nts wit h o ut
si g ni fic a nt e ffici e nc y l oss es b ut als o t h eir e ff e cti v e n ess i n e n h a nci n g
t h e pr e cisi o n of t h e s a m pli n g pr o c ess.
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T a bl e 5: R u nti m e ( s) a n d r el ati v e e r r o r ( %) of all al g o rit h m s o n e a c h d at a s et. T h e l o w e st e r r o r i s hi g hli g ht e d i n g r e e n bl o c k.

B e c a u s e n ot all s a m pli n g al g o rit h m s s u p p o rt m ulti-t h r e a di n g, f o r a f ai r c o m p a ri s o n, w e r e p o rt t h e r u nti m e f o r si n gl e-t h r e a d e d
i m pl e m e nt ati o n s. B e c a u s e TI M E S T o ut p ut c o u nt f o r 𝑃 4- 1 -𝑅 4- 4 at o n c e, w e c o n si d e r t h e r u nti m e of TI M E S T a s t h e t ot al r u nti m e
f o r 𝐸 4- 1 -𝑆 4- 4 . TI M E S T i s al w a y s t h e f a st e st.

D at a s et M otif
P R E S T O- A P R E S T O- E I S E S TI M E S T

Ti m e ( s) E r r o r Ti m e ( s) E r r o r Ti m e ( s) E r r o r Ti m e ( s) E r r o r Ti m e ( s) S p e e d u p o v e r
P R E S T O- A ( × )

E r r o r

W T, 𝑇 = 8 W

M 4- 1 3. 6 5 E + 0 3 3 1. 0 8 % 3. 6 2 E + 0 3 8. 6 5 % 1. 3 2 E + 0 4 1. 6 2 % 2. 2 2 E + 0 2 3. 6 4 %

5. 1 6 E + 0 1 2 9 2

0. 2 6 %
M 4- 2 3. 7 6 E + 0 3 4. 6 9 % 4. 0 4 E + 0 3 7. 9 2 % 1. 4 4 E + 0 4 0. 8 0 % 2. 7 1 E + 0 2 2. 4 2 % 0. 6 3 %
M 4- 3 3. 6 5 E + 0 3 7 5. 8 8 % 3. 9 6 E + 0 3 3 4. 4 5 % 1. 3 2 E + 0 4 0. 5 7 % 2. 3 5 E + 0 2 8. 3 4 % 2. 3 5 %
M 4- 4 3. 9 9 E + 0 3 7 7. 5 6 % 3. 7 4 E + 0 3 2 7. 5 4 % 1. 4 5 E + 0 4 1 2. 6 3 % 5. 0 1 E + 0 2 2. 2 7 % 4. 3 0 %

S T, 𝑂 = 8 W

M 4- 1 3. 6 9 E + 0 3 1 3. 1 6 % 4. 1 0 E + 0 3 1 9. 1 7 % 7. 9 9 E + 0 4 0. 6 8 % 1. 8 7 E + 0 3 0. 7 5 %

3. 7 0 E + 0 2 4 1

0. 2 4 %
M 4- 2 3. 8 8 E + 0 3 8 6. 3 6 % 3. 9 1 E + 0 3 1 2. 8 4 % > 1 D - 1. 5 0 E + 0 3 0. 5 0 % 0. 3 7 %
M 4- 3 3. 6 2 E + 0 3 3 8. 6 8 % 4. 0 1 E + 0 3 2 0. 2 9 % 8. 5 9 E + 0 4 1. 4 5 % 2. 2 4 E + 0 2 0. 9 5 % 1. 3 0 %
M 4- 4 3. 8 5 E + 0 3 0. 5 2 % 4. 0 7 E + 0 3 1 0. 0 5 % 8. 1 2 E + 0 4 0. 5 6 % 3. 1 2 E + 0 2 1. 7 6 % 4. 7 4 %

BI, 𝐴 = 1 D

M 4- 1 3. 6 2 E + 0 3 5. 3 3 % 3. 6 0 E + 0 3 1 9. 1 0 % 1. 8 0 E + 0 3 1. 8 1 % 8. 6 6 E + 0 3 2. 1 2 %

4. 6 0 E + 0 2 3 2

0. 0 7 %
M 4- 2 3. 6 5 E + 0 3 1 8. 5 0 % 3. 6 1 E + 0 3 8. 9 4 % 2. 0 1 E + 0 3 0. 2 3 % 1. 2 2 E + 0 3 1. 4 8 % 0. 5 3 %
M 4- 3 3. 6 4 E + 0 3 2 5. 3 9 % 3. 6 7 E + 0 3 1 9. 3 3 % 1. 7 9 E + 0 3 2 0. 5 6 % 5. 2 4 E + 0 2 6. 2 3 % 1. 8 4 %
M 4- 4 3. 6 7 E + 0 3 4 1. 7 1 % 3. 6 3 E + 0 3 3 1. 9 9 % 1. 6 9 E + 0 3 1 6. 6 1 % 6. 1 7 E + 0 2 6. 3 2 % 7. 6 0 %

R E, 𝑃 = 1 D

M 4- 2 3. 6 0 E + 0 3 2 6. 8 3 % 3. 6 1 E + 0 3 2 3. 1 7 % 3. 6 7 E + 0 3 3 8. 3 4 % 1. 8 5 E + 0 3 8. 9 0 %

2. 4 2 E + 0 3 6

0. 2 2 %
M 4- 3 3. 6 0 E + 0 3 1 6 0. 8 8 % 3. 6 0 E + 0 3 5 3. 6 6 % 5. 9 1 E + 0 3 2 1. 3 7 % 1. 0 8 E + 0 3 1. 4 5 % 0. 4 4 %
M 4- 5 3. 6 1 E + 0 3 8 9. 0 3 % 3. 6 1 E + 0 3 4 6. 3 5 % 4. 2 2 E + 0 3 3 3. 1 1 % 6. 0 4 E + 0 2 2. 9 6 % 1. 9 2 %
M 4- 7 3. 6 0 E + 0 3 1 0 4. 4 2 % 4. 5 4 E + 0 3 3 4 4. 6 2 % 7. 2 9 E + 0 3 1 5 1. 5 3 % 1. 0 1 E + 0 3 2 7. 9 4 % 4. 5 7 %

T a bl e 6: T h e p e r c e nt a g e of i n v ali d a n d v ali d s a m pl e r at e, r el a-
ti v e e r r o r, a n d r u nti m e w h e n e nf o r ci n g di ff e r e nt c o n st r ai nt s
( C) f o r e sti m ati n g t e m p o r al m otif c o u nt of 𝑅 5- 5 .

Gr a p h, 𝐸 WI, 𝑆 = 8 W R E, 𝑇 = 1 D
C o nstr ai nts C 1 C 1 + 2 C 1 + 2 + 3 C 1 C 1 + 2 C 1 + 2 + 3

I n v ali d s a m pl e

r at e ( %)

v ert e x m a p 4 2. 9 % 3 6. 3 % 3 6. 6 % 7 5. 5 % 2. 0 % 1. 9 %
𝑂 i nt er v al 1 4. 6 % 1 7. 1 % 1 0. 3 % 0. 8 % 2 3. 1 % 1 3. 6 %
e d g e or d er 3 4. 4 % 3 5. 8 % 3 9. 8 % 2 3. 0 % 4 5. 4 % 5 1. 1 %

V ali d s a m pl es r at e ( %) 8. 1 % 1 0. 8 % 1 3. 3 % 0. 8 % 2 9. 5 % 3 3. 4 %
Err or ( %) 5. 1 % 0. 9 % 2. 9 % 9 5. 9 2 % 1 2. 5 % 4. 0 %

R u nti m e (s) 3 2 0. 1 3 3 2. 7 3 6 1. 0 1 2 5 9. 2 1 2 2 1. 7 1 1 4 8. 1

T a bl e 7: S a m pli n g w ei g ht 𝐸 , e sti m ati o n e r r o r ( %) a n d r u n-
ti m e ( s) f o r c h o o si n g di ff e r e nt s p a n ni n g t r e e (𝐺 1 t o 𝑉 3 ) w h e n
e sti m ati n g m oti f c o u nt f o r 𝐺 5- 3 .

𝐸 𝐺
W E r r o r R u nti m e ( s)

𝑛 1 𝑚 2 𝐺 3 𝑢 1 𝑣 2 𝑡 3 𝑢 1 𝑣 2 𝑡 3

W T
4 W 1. 1 E 1 2 8. 9 E 1 2 1. 4 E 1 2 4. 9 % 9. 5 % 1 4. 5 % 9. 9 1 2. 4 1 1. 7
8 W 6. 5 E 1 2 5. 2 E 1 3 8. 0 E 1 2 0. 8 % 1 3. 4 % 3. 4 % 1 4. 2 1 6. 4 1 7. 7

S O
4 W 3. 1 E 1 2 2. 6 E 1 3 4. 0 E 1 2 3. 1 % 3 3. 1 % 5. 8 % 2 5. 4 1 9. 8 2 7. 0
8 W 1. 6 E 1 3 1. 5 E 1 4 2. 0 E 1 3 4. 4 % 2 1. 8 % 1 1. 4 % 3 0. 0 2 0. 7 3 1. 1

BI 1 D 2. 7 E 1 3 1. 3 E 1 5 1. 2 E 1 4 1. 2 % 1 1 0. 6 % 3. 9 % 4 2. 9 3 3. 6 4 8. 1
R E 1 D 7. 3 E 1 1 4. 9 E 1 2 5. 3 E 1 2 0. 3 % 3. 5 % 6. 8 % 3 2 7. 3 2 5 1. 5 3 3 6. 0

E ff e ct of di ff e r e nt s p a n ni n g t r e e s o n p e rf o r m a n c e. We e x a m-
i n e d usi n g t hr e e disti n ct s p a n ni n g tr e es f or m otif 𝑢 5- 3 , usi n g 2 0
milli o n s a m pl es e a c h f or o ur a n al ysis, as s e e n i n T a bl e 7. T h e tr e es
𝑣 1 a n d 𝑡 2 ar e dis pl a y e d i n Fi g ur e 5 b. T h e t ot al s a m pli n g w ei g ht
𝑢 is si mil ar f or 𝑣 1 a n d 𝑒 3 i n c ert ai n gr a p hs, b ut 𝑡 2 h as a 𝑒 v al u e
a b o ut 1 0 ti m es hi g h er. T h e or e m 4. 1 3 st at es t h at f or a gi v e n gr a p h
a n d m otif, t h e n u m b er of s a m pl es 𝑀 n e e d e d t o r e a c h c o n v er g e n c e
is pr o p orti o n al t o 𝐻 . S m all er𝜋 i m pli es t h e s a m e err or wit h f e w er
s a m pl es, w hi c h is c orr o b or at e d b y T a bl e 7.

R u nti m e c o m p aris o n, gi v e n e q u al s a m pl e n u m b ers, r e v e als mi-
n or di ff er e n c es b et w e e n t h e tr e es, wit h 𝛿 3 h a vi n g sli g htl y l o n g er
r u nti m es t h a n 𝐻 1 a n d 𝑉 2 . B e c a us e t h e V a li d a t e A n d D e ri v e C n t()
f u n cti o n h as ti m e c o m pl e xit y li n e ar t o t h e o v er all n u m b er of p o-
t e nti al c a n di d at es (s e e S e cti o n 4. 3). H er e t h e c a n di d at es r ef er t o t h e
n o n-s p a n ni n g-tr e e e d g es of t h e m otif.

T a bl e 8: P e a k m e m o r y u s a g e ( G B) f o r P R E S T O a n d TI M E S T .

D at a s et M otif P R E S T O- A P R E S T O- E TI M E S T

W T

𝐻 = 8𝐸

𝐻 5- 1 1. 5 3. 7 2. 9
𝑖 5- 3 1 5. 9 3 7. 2 2. 8
𝑖 6- 3 2. 7 6. 9 3. 0

S O

𝜋 = 8𝐻

𝛿 5- 1 1 2. 4 1 3. 1 2 0. 1
𝜋 5- 3 9 8. 1 1 1 1. 6 2 0. 1
𝛿 6- 3 2 6. 8 3 0. 8 2 1. 0

BI

𝑒 = 1 𝜋

𝜋 5- 1 4. 2 5. 1 4 0. 3
𝑒 5- 3 8. 3 1 9. 2 4 0. 3
𝐺 6- 3 5. 7 1 1. 9 4 2. 1

P e a k m e m o r y u s a g e I n T a bl e 8, w e s h o w t h e m a xi m u m R A M
m e m or y us e d f or v ari o us al g orit h ms i n a si n gl e r u n. We c a n s e e
t h at TI M E S T a n d P R E S T O h a v e c o m p ar a bl e p e a k m e m or y us a g e.
N oti c e t h at t h e p e a k m e m or y us a g e of TI M E S T d o es n ot gr o w
wit h t h e m otif’s c o m pl e xit y or t h e n u m b er of s a m pl es. B e c a us e
m ost of t h e m e m or y is us e d t o st or e t h e pr e pr o c essi n g w ei g hts.

6 C O N C L U SI O N A N D F U T U R E W O R K

T his p a p er pr es e nts TI M E S T — a g e n er al al g orit h m f or c o u nti n g
m otifs i n t e m p or al gr a p hs t h at is b ot h f ast a n d a c c ur at e. TI M E S T
w or ks f or a n y m otif wit h ar bitr ar y si z e a n d s h a p e. T h e k e y i d e a
b e hi n d TI M E S T is t o esti m at e t h e m otif c o u nts b as e d o n a n u n d er-
l yi n g s p a n ni n g tr e e str u ct ur e. T o i m pr o v e esti m ati o n a c c ur a c y a n d
a c hi e v e hi g h p erf or m a n c e, w e s h o w h o w t o i nt elli g e ntl y d esi g n
a c o nstr ai n e d al g orit h m a n d pr es e nt t h e h e uristi cs f or c h o osi n g
s p a n ni n g tr e es. TI M E S T is d esi g n e d u n d er t h e ass u m pti o n of t ot al
t e m p or al or d eri n gs f oll o wi n g t e m p or al m otif mi ni n g pr o bl e ms i n
pri or w or ks [ 3 0 ]. A n at ur al n e xt st e p is t o tr y t o c o u nt m otifs wit h
p arti al or d er ti m e c o nstr ai nts. I n s o m e s p e ci al c as es, t h e s p a n ni n g
tr e e of TI M E S T alr e a d y s u ffi c es, b ut f ull y s u p p orti n g ar bitr ar y
p arti al or d eri n gs r e m ai ns a n i nt er esti n g dir e cti o n f or f ut ur e w or k.

7 A C K N O W L E D G E M E N T S

B ot h O B a n d C S ar e s u p p ort e d b y N S F gr a nts C C F- 1 7 4 0 8 5 0, C C F-
2 4 0 2 5 7 2, a n d D M S- 2 0 2 3 4 9 5.
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ABSTRACT
Approximate Nearest Neighbor (ANN) search is widely used in
applications such as recommendation systems, search engines, and
natural language processing. Indexing techniques like the Inverted
File (IVF) o!er e"ciency at the cost of accuracy, yet lack formal
mechanisms to quantify or control approximation error. Existing
approaches that attempt to provide such guarantees typically rely
on restrictive assumptions about underlying data distributions,
which limits their generalizability. We introduce ConANN, the #rst
framework to provide formal, distribution-free error guarantees for
IVF-based ANN search by leveraging recent advances in Conformal
Risk Control. Empirical evaluation across #ve standard benchmarks
demonstrates that ConANN: (1) tightly controls approximation er-
ror, achieving a worst-case False Negative Rate deviation within
0.03 percentage points of the target; (2) provides formal guarantees
without requiring expansion of the search space, and in some cases
even reduces the number of probed clusters; (3) dynamically adapts
the cluster probes required per query; and (4) incurs negligible
overheads when compared to existing state-of-the-art baselines.
ConANN is integrated into the FAISS vector search library, facili-
tating adoption in real-world ANN systems.
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1 INTRODUCTION
The rise of unstructured data, such as text, images, and audio, has
transformed how we represent and process information. Today,
much of this data is encoded into dense vector embeddings, en-
abling powerful semantic similarity tasks across domains such as
search engines, recommendation systems, and natural language
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Context 1: “The Origin of 
Species, by Charles Darwin”

Q: “Who wrote the book The Origin of species?”

Context 2: “draft title page 
suggests On the Mutability of 
Species.[…]”

Context 3: “both genotypic 
and phenotypic, exists within 
all populations of […]”

Figure 1: Example of approximate IVF search in a RAG-based
LLMs using vector search for encoded passages. While an
exact kNN search (𝐿 = 1) successfully retrieves Context 1
as relevant, the IVF-based approximate index mistakenly
retrieves Context 2 if con!gured to probe only cluster (𝑀1).

Table 1: Accuracy of RAG-based natural query answering
using kNN and AkNN (𝐿 = 1) to retrieve the most relevant
context based on its embedding proximity to the query.

Setup Precision Recall F1 Search (ms)
LLM 0.051 0.209 0.082 0

kNN RAG 0.118 0.558 0.195 5.58
AkNN RAG 0.062 0.279 0.102 0.146

processing [12, 27]. The advent of large pre-trained large language
models has further ampli#ed the need to scale vector search within
massively large, high-dimensional embedding spaces and meet the
demands of modern applications [12, 41]. To address this need,
Approximate Nearest Neighbor (ANN) methods have become a key
component of data-intensive applications, striking a critical bal-
ance between computational e"ciency and retrieval accuracy, and
enabling scalable processing of billion-scale datasets [25, 26].
Modern ANN Methods, most notably, the Inverted File (IVF) in-
dex [6, 24, 44], are widely adopted in production vector-search
systems. IVF partitions the space into clusters, allowing the sys-
tem to narrow the search to a few centroid-neighboring partitions.
This design reduces search latency by avoiding computation across
the entire dataset. However, this e"ciency comes at the cost of
approximation error, as true nearest neighbors may lie outside the
probed clusters. Despite its practical impact, this trade-o! remains
fundamentally heuristic: the number of clusters probed is tuned
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Figure 2: Local uniformity empirical experiment for the
BERT and GPT-2 pre-trained embeddings.

manually, and there are no formal guarantees that the returned
neighbors meet any accuracy thresholds.
RAG and the Case for Reliable ANN. The consequences of
this trade-o! are particularly apparent in Retrieval-Augmented
Generation (RAG) pipelines, where approximate retrieval is used
to condition large language models (LLMs) on relevant external
knowledge [30]. In RAG systems, the semantic quality of the re-
trieved context directly in$uences the model’s output. Accuracy
losses in the retrieval accuracy can cascade into factually incorrect
or irrelevant query answers. Figure 1 illustrates a scenario in which
an IVF index, con#gured to search a single cluster, retrieves Con-
text 2 as the most relevant context to a query Q encoded in Cluster
C1, which the model then uses to answer the question. However,
Context 1 is the more accurate response.

To assess the real-world impact, we implemented a simple RAG-
based question answering system using the pre-trained LLaMA
model1. As our query workload, we selected a subset of around 12k
questions from the Natural Questions dataset [28], which consists
of real user-issued search queries and associated short answers.
We encoded both questions and candidate contexts using a dense
embedding model and compared the accuracy of approximate IVF-
based search against exact kNN retrieval. We con#gured the IVF
index with 100 total clusters. Table 1 shows that, while AkNN
achieved a 38→ speedup, it exhibited a considerable drop in accuracy,
measured here in Precision, Recall, and F1 score, showing that
e"ciency gains come at the cost of unpredictable accuracy loss. In
high-stakes domains like healthcare or #nance, even small drops in
retrieval reliability can undermine user trust, legal compliance, or
safety. This motivates a stronger requirement: ANN systems must
o!er statistical accuracy guarantees that are enforceable at runtime.
Limitations in Prior Work.While the interest in reliable ANN
search is growing, existing methods fall into two categories: best-
e!ort and bounded-error approaches. Best-e!ort methods, including
those that can be facilitated by widely-used vector search libraries
such as AnalyticDB-V [48] or Faiss [13, 25], as well as recent tech-
niques that terminate early to minimize query latency [21, 31], rely
heavily on sampling heuristics and empirically tuned parameters.
These approaches optimize for performance but lack formal guaran-
tees over standard metrics like recall or false negative rate, making
their accuracy unpredictable. Further, the lack of guarantees can
cause overly pessimistic results. In contrast, bounded-error meth-
ods aim to provide formal accuracy guarantees but do so under
restrictive and often unrealistic assumptions. For instance, Aun-
cel [50] assumes local uniformity in the distribution of data points
to derive theoretical error bounds. These assumptions are rarely
satis#ed, for example, in real-world embeddings generated by deep
language models like BERT or GPT, which are optimized for seman-
tic similarity tasks and often exhibit varying density and non-linear
1https://huggingface.co/ahxt/LiteLlama-460M-1T

structures across di!erent regions [37]. To empirically assess the
validity of the local uniformity assumption, we conducted a study
on embeddings from BERT and GPT-2, analyzing local uniformity
by comparing min-max normalized 𝐿 nearest-neighbor distances to
uniform distributions using a Kolmogorov-Smirnov (KS) test. Using
a signi#cance level of 0.05, we report the percentage of vectors
for which the null hypothesis of uniformity was rejected. Figure 2
shows that for the majority of vectors, the local uniformity assump-
tion is rejected, even for small values of 𝐿 , and the rejection rate
increases with larger neighborhoods. These #ndings question the
applicability of methods that depend on such assumptions.
Contributions. We address this gap by introducing ConANN, a
novel framework that leverages recent advances in uncertainty
quanti#cation for Machine Learning models [47] and Conformal
Risk Control (CRC) [4] to provide formal, distribution-free bounded-
error guarantees for IVF-based ANN search. ConANN treats ANN
search as a black-box predictive task and dynamically calibrates the
number of clusters probed per query to satisfy a user-speci#ed recall
tolerance. Unlike prior methods, ConANN makes no assumptions
about the underlying vector data distribution and adapts automati-
cally to varying query hardness and dataset structure. Furthermore,
it requires no adjustments to the core IVF search algorithm. Our
main contributions are the following:

• We adapt Conformal Risk Control to state-of-the-art Ap-
proximate Nearest Neighbor search methods, formulating
the search problem as a black-box machine learning task.

• We introduce ConANN, the #rst framework o!ering for-
mal recall guarantees for IVF-based ANN search, without
requiring manual tuning or distribution assumptions.

• We evaluate ConANN on #ve standard ANN benchmarks,
demonstrating tight recall control with a maximum devia-
tion of 0.03 FNR from target error rates.

• We show that ConANN achieves these guarantees without
increasing the search space relative to baselines, reducing
cluster probes by up to 62.8%, with runtime overhead below
1.97 ms and calibration time under 4 minutes.

• We integrate ConANN into Faiss, showcasing its generality
and ease of adoption in modern vector search systems.

2 PRELIMINARIES
This section reviews Approximate Nearest Neighbor (ANN) search,
then introduces Conformal Prediction (CP) and Conformal Risk
Control (CRC) as tools for principled error quanti#cation. Table 2
summarizes the main notations used.

2.1 Approximate Nearest Neighbor Search
Exhaustive nearest-neighbor search is prohibitive on today’s billion-
vector datasets, so production systems accept approximate answers
to cut latency. A standard choice for approximate search is the
Inverted File Index (IVF) [6, 25]. During index construction, a vector
quantizer (e.g., K-means) partitions the vector space into 𝑁 cells,
with the resulting centroids forming a coarse representation of the
space. The search procedure in IVF balances precision and speed
using a user-de#ned parameter, 𝑂 , where 𝑂 ↑ 𝑁 , which determines
the number of clusters to probe. For a given query vector x, the
algorithm begins by examining the cluster with the closest centroid
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Table 2: Summary of Notations
Notation Description
𝐿 Number of closest neighbors to be retrieved
x Query vector
𝑀 Total number of clusters
𝑁 Number of clusters searched
𝑂𝐿 The 𝑁-th closest centroid to x (Voronoi cell)
𝑃𝐿 ANN Search result after probing𝑂1, ...,𝑂𝐿
𝑃𝑀𝑁 Exact kNN result set
D Dataset of vectors
𝑄 |D |
𝑅 Vector dimensionality
𝑆 Calibration dataset size
𝑇 Error bound
𝑇𝐿 Error after probing𝑂1, ...,𝑂𝐿
𝑈 (x, 𝑉) The non-conformity score of input x with respect to label 𝑉
q(𝑂 ) The i-th element of the vector q

and retrieves an intermediate list of 𝐿 nearest neighbors. It then
continues probing additional clusters, one at a time, until 𝑂 clusters
are searched or the desired accuracy is achieved.

We denote the AkNN search as 𝑃𝑁 , aiming to approximate the
ground truth 𝑃𝑊𝑋 . The quality of approximation is evaluated using
recall, which quanti#es the fraction of retrieved results present in
𝑃𝑊𝑋 , or equivalently, the False Negative Rate (FNR). As 𝑂 approaches
𝑁 , the search space is expanded and the FNR approaches 0.

𝑄𝑅𝑆(𝑃𝑁 , 𝑃𝑊𝑋 ) = 1 ↓
|𝑃𝑁 ↔ 𝑃𝑊𝑋 |

𝐿
(1)

2.2 Conformal Prediction Methods
We build upon the Conformal Risk Control (CRC) framework [4],
an extension of CP that supports arbitrary loss functions while pre-
serving formal coverage guarantees. CP provides a model-agnostic
approach for constructing prediction sets under a user-speci#ed er-
ror rate. This section provides a brief introduction of both methods.

2.2.1 Conformal Prediction (CP). CP is a statistical framework that
provides distribution-free, model-agnostic uncertainty quanti#ca-
tion for predictive models [3]. The framework is applicable to both
classi#cation and regression problems, and allows for controlling
the error rate, by turning point predictions into set predictions, i.e.,
sets of class labels for classi#cation problems or prediction intervals
for regression problems. The framework guarantees that an output
set prediction will contain the true target (class label or regression
value) with a user-de#ned probability (con#dence level) (1 ↓ 𝑇),
where𝑇 , also known as signi"cance level, represents the error bound.
Originally, the framework was developed for an online, transductive
setting, requiring retraining and calibration for each new obser-
vation. A recent computationally cheaper framework variant [47]
known as inductive or split conformal prediction divides batches
of the training set into proper training and calibration sets. The
former is used to #t a model (using any algorithm), and the latter is
used to compute so-called non-conformity scores, which encapsulate
how unlikely a label 𝑈 is for input 𝑉 ; when forming a prediction set
𝑀 (𝑉M+1) for a test object, labels with a higher non-conformity score
than the (1 ↓ 𝑇) percentile (denoted 𝑊) are rejected. The prediction
sets are, therefore, de#ned as follows:

C(𝑉M+1) = {𝑈 : 𝑋 (𝑉M+1,𝑈) ↑ 𝑊} . (2)

For a given calibration set {(𝑉𝑌 ,𝑈𝑌 ), . . . , (𝑉𝑆 ,𝑈𝑆 )}, and a test
example (𝑉𝑆+1,𝑈𝑆+1), the framework guarantees that:

P(𝑈M+1 ↗ 𝑀 (𝑉M+1)) ↘ 1 ↓ 𝑇, (3)

This guarantee holds under the assumption of exchangeability,
i.e., any permutation of {(𝑉𝑌 ,𝑈𝑌 ), . . . , (𝑉𝑆+1,𝑈𝑆+1)} is equally prob-
able. It should be noted that the framework makes no assumptions
about the underlying algorithm and how the non-conformity scores
are computed. In other words, the coverage rate in Eq. (3) is guaran-
teed no matter how we choose to implement the framework. How-
ever, for the informativeness (de#ned as how narrow the prediction
sets are) of the prediction sets, the choice of learning algorithm
and de#nition of non-conformity may have a large impact. These
lenient requirements make CP broadly applicable across various
Machine Learning models, with use-cases including classi#cation,
regression, anomaly detection, and active learning [43].

The key to CP’s statistical guarantees lies in adjusting the predic-
tion set size to #t the desired con#dence level 𝑇 . Higher accuracy
requirements (lower 𝑇) result in larger prediction sets. The set size
is tailored to the speci#c test instance, based on its non-conformity.
Queries resembling the calibration data typically yield smaller, more
informative sets, while outliers or less familiar inputs produce larger
sets, re$ecting greater model uncertainty. As the error probability
is mathematically guaranteed, the e"ciency (informativeness) of
the predictions is critical for CP; a set containing all possible labels
ensures full coverage but lacks practical utility.

2.2.2 Conformal Risk Control. Traditional CP methods o!er cov-
erage guarantees, as de#ned in Eq. (3). Conformal Risk Control [4]
extends CP by generalizing the loss function to a broader class of
non-increasing loss metrics (i.e., monotonic functions where the
loss decreases as the prediction set size increases). This $exibility
enables CRC to address application-speci#c performance criteria.

The goal of CRC is to construct prediction sets𝑀𝑍 (𝑌𝑌 ) with user-
de#ned guarantees on a speci#ed loss function 𝑍 . Given a calibra-
tion dataset {(𝑉𝑌 ,𝑈𝑌 ), . . . , (𝑉𝑆 ,𝑈𝑆 )}, a test example (𝑉𝑆+1,𝑈𝑆+1),
and a prediction loss function 𝑍 (𝑉,𝑈), CRC ensures the following
expectation bound:

E
)︄
𝑍 (𝑀𝑍 (𝑉𝑆+1),𝑈𝑆+1)

[︄
↑ 𝑇, (4)

where 𝑇 ↗ (↓≃,𝑎] is a user-speci#ed risk upper bound. The
new parameter 𝑏 is optimized during calibration and controls the
conservativeness of the prediction set, balancing between tighter
predictions and stricter adherence to the loss constraint. To obtain
𝑏, CRC evaluates the empirical risk over the calibration set for each
candidate 𝑏 and identi#es the smallest 𝑏 such that the expected
calibration loss remains below 𝑇 . Formally, this involves solving:

𝑏 = inf

]︄
𝑏 ↗ [0, 1] : 𝑐

𝑐 + 1

𝑆⌊︄
𝑌=1

𝑍 (𝑀𝑍 (𝑉𝑌 ),𝑈𝑌 ) +
𝑎

𝑐 + 1
↑ 𝑇

⌋︄
(5)

The correction term 𝑎
𝑆+1 accounts for sampling variability in

the empirical risk estimate and ensures that the guarantee in Eq. (4)
holds under #nite-sample conditions. This adjustment prioritizes
the risk constraint, potentially at the cost of larger prediction sets.
Note that the correction term depends solely on the calibration set
size𝑐 and does not scale with the total dataset size 𝑅 . In practice,
𝑏 can be e"ciently computed using binary search.
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3 PROBLEM STATEMENT
We formulate the problem of providing statistical error guarantees
for the IVF search. We de#ne the optimization task and examine
applying conformal methods to IVF, highlighting their bene#ts,
prerequisites, and alignment with vector search requirements.

3.1 Objective
We reinterpret IVF search as a black-box approximation to the exact
kNN retrieval, akin to how machine learning models approximate
complex target functions. This analogy motivates the use of CP to
quantify the approximation error.

We formalize the problem of providing statistical error guar-
antees for the AkNN error in IVF. Let x be the query vector, and
𝑃𝑁 the AkNN result for 𝑉 with parameter 𝐿 , after probing clusters
𝑀1,𝑀2, ...,𝑀𝑁 . Our goal is to #nd 𝑃𝑁 corresponding to x such that the
expected FNR, as de#ned in Eq. (1), is bounded by a user-de#ned
threshold 𝑇 . At the same time, we aim to minimize 𝑂 , the number
of clusters probed, to reduce computation time.

Importantly, achieving an FNR much lower than 𝑇 is suboptimal
in this setting. Since FNR can always be reduced by increasing 𝑂 ,
overshooting the target leads to unnecessary computation without
improving statistical guarantees. Thus, in addition to satisfying the
constraint E[FNR(𝑃𝑁 , 𝑃𝑊𝑋 )] ↑ 𝑇 , we aim to match 𝑇 as closely as
possible from below. In summary, we formulate this as the following
constrained optimization problem:

minimize 𝑂

subject to E
)︄
FNR(𝑃𝑁 , 𝑃𝑊𝑋 )

[︄
↑ 𝑇⌈︄⌈︄𝑃𝑁 ⌈︄⌈︄ = 𝐿 ; 𝑂 ↑ 𝑁

(6)

This formulation naturally gives rise to three key desiderata.
First, the solution must guarantee validity: the expected False Nega-
tive Rate (FNR) across queries must remain below the user-speci#ed
threshold 𝑇 , ensuring statistical reliability. Second, the solution
should promote e#ciency by minimizing 𝑂 , the number of clusters
probed during search. Third, the solution should exhibit adaptivity,
adjusting 𝑂 dynamically based on the di"culty of each query rather
than relying on a #xed probing depth. We stress one #nal consider-
ation: since the computational cost in IVF is primarily determined
by cluster probes, reducing 𝑂 leads directly to faster query process-
ing. Therefore, the optimal solution must achieve tight calibration,
minimizing unnecessary computation by keeping the actual FNR
close to 𝑇 without overshooting.

3.2 Applicability of Conformal Methods to IVF
First, we discuss the applicability of conformal methods to IVF. The
design of IVF presents a unique opportunity for the application
of conformal prediction techniques. While common statistical or
learning-based methods for uncertainty quanti#cation (UQ), such
as ensembles [29] o!er no formal guarantees or require complex
assumptions about the underlying data distribution, conformal
methods are distribution-agnostic, meaning they do not impose
any assumptions about the distribution of the data. This makes
them particularly well-suited to applications like IVF search, where
the true distribution of the data is not known and is di"cult to
model due to high dimensionality and large data volumes.

The alignment of conformal methods with IVF systems goes be-
yond statistical bene#ts. Conformal methods require a calibration
phase, but this step can be carried out o%ine, concurrently with
the IVF index construction, and does not require constant updates
during runtime. IVF indexes are typically built o%ine and retrained
periodically, which aligns perfectly with the need for a #xed distri-
bution in conformal prediction. As a result, once the index is built,
the calibration step can be inherently embedded.

Regarding runtime overhead, conformal methods only require
the computation of non-conformity scores, which can be directly de-
rived from intermediary results already produced by the IVF search,
followed by a simple threshold comparison to decide when to stop
the probing. Conformal methods can treat the IVF search algorithms
as black-box processes, making minimal modi#cations and intro-
ducing negligible performance penalties. In contrast, alternative
UQ methods, such as Bayesian inference [17] or ensembles [29],
typically require multiple forward passes or model replications,
incurring substantial computational overheads that are often pro-
hibitive in latency-sensitive ANN systems like IVF.

However, conformal methods do introduce speci#c requirements.
Notably, conformal prediction assumes the data to be exchange-
able. The calibration dataset must mirror the distribution of query
vectors, which can be addressed at runtime by sampling from the
query distribution.

Lastly, we highlight why CRC aligns particularly well with IVF.
While standard inductive conformal prediction could, in princi-
ple, provide recall guarantees using class-conditional (Mondrian)
conformal classi#ers [47], doing so would require constructing a
separate calibration set per class (i.e., per IVF cluster). This is in-
feasible in practice due to (1) scale, as IVF systems may contain
thousands of clusters [25], and (2) sparsity, since many clusters
might have too few samples for reliable calibration [23]. ConANN
ultimately adopts Conformal Risk Control (CRC) as it is the only
practical UQ framework that satis#es all three criteria essential for
IVF integration: formal recall guarantees, distribution-free assump-
tions, and minimal runtime overhead.

4 CONANN OVERVIEW
Incorporating Conformal Prediction with CRC for AkNN Search
using Inverted File Indexing (IVF) presents two principal challenges.
The #rst challenge is to select an appropriate non-conformity score,
which must encapsulate the uncertainty inherent in the model with
respect to a given query x. The second stems from the structure
of IVF, which incorporates an intermediate classi#cation step that
departs from the standard conformal prediction setup. Speci#cally,
IVF #rst maps the query vector x to a subset of centroids, which are
subsequently probed to identify the k-nearest neighbors. In contrast
to conventional conformal prediction methods, which focus on
minimizing the size of the prediction set (i.e., the set of nearest
neighbors, in our case), IVF requires minimizing the number of
clusters probed while ensuring that the result set has size 𝐿 and
satis#es statistical error guarantees.

To address these challenges, we frame the IVF-based AkNN
problem as a multi-label classi#cation task, treating each IVF cluster
(Voronoi cell) as a distinct class. This enables the application of
Conformal Ranking Classi#cation with FNR as a function of search
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computation before regularization.
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Figure 4: Overview of ConANN.

depth. In this framework, each search result 𝑃𝑁 corresponds to a
speci#c FNR value, which asymptotically approaches zero as the
number of clusters probed 𝑂 increases. We propose an e!ective
calibration strategy and query algorithm to meet these challenges.

Figure 4 illustrates the full ConANN pipeline, containing an
o%ine calibration stage and an online querying stage. We begin
by training an IVF index on a sample dataset (Step 1). To com-
pute the FNR required by the calibration process, we also require
a $at index to obtain the ground-truth nearest neighbors for each
query. We then sample the calibration query vectors (Step 2) and
evaluate their approximate kNN results 𝑃1, . . . , 𝑃𝑀 , where each 𝑃𝑁
corresponds to probing 𝑂 clusters. For each query vector, we com-
pute the non-conformity score given the results 𝑃𝑁 at each search
depth (Step 3). CRC is applied to these scores to compute acceptance
thresholds 𝑏 𝑏 for di!erent user-speci#ed levels 𝑇 𝑏 (Step 4), as well
as hyperparameters (Step 5), which will be described later in this
section. At inference time (Steps 6, 7, 8), ConANN computes the
non-conformity scores of the query vector , evaluates them against
the optimized 𝑏 𝑏 , and returns the optimal set of kNN to meet the
guarantee. We now detail the key components of the system.

4.1 Non-conformity Scores
Wede#ne non-conformity scores tailored to IVF-basedAkNN search,
where each score quanti#es the quality of the result set 𝑃𝑁 obtained
after probing 𝑂 clusters. Rather than computing the scores over
all neighbors, we focus on a scalar summary: the distance to the
𝐿-th nearest neighbor in 𝑃𝑁 . This de#nition aligns naturally with
LLM retrieval scenarios. For example, as illustrated in Figure 1,
the embedding corresponding to Context 1 lies closer to the query
embedding, indicating higher semantic similarity and a greater
likelihood of relevance. In contrast, Context 3 is embedded farther
from the query, suggesting lower relevance. Further, this de#nition
reduces computational and storage overhead, as the number of
scores grows with the number of cluster probes 𝑁 instead of the
total database size 𝑅 .

Formally, let 𝑃𝑁 denote the set of database vectors retrieved after
probing the top 𝑂 clusters for a given query x. We de#ne the non-
conformity score 𝑋 ((x,𝐿), 𝑂) as the distance to the 𝐿-th nearest
neighbor in 𝑃𝑁 :

𝑋 ((x,𝐿), 𝑂) = min
v↗𝑃𝐿

(𝑑 (x, v)) (𝐿 ) (7)

This score serves as a proxy for approximation quality: as 𝑂 in-
creases, 𝑃𝑁 approaches the ground-truth set 𝑃𝑊𝑋 = 𝑃𝑀 , and the 𝐿-th
distance decreases accordingly. Larger scores indicate that relevant
vectors remain unretrieved, implying a lower likelihood that the
true 𝐿 nearest neighbors are present in 𝑃𝑁 . This behavior aligns
with prior #ndings that query vectors located near Voronoi cell
boundaries often require probing more clusters to retrieve their
true neighbors [50]. To ensure robustness across vector spaces of
varying scales and dimensions, we also apply min-max normaliza-
tion to 𝑋 (𝑒,𝐿) across all calibration queries. These scores are then
passed to the calibration procedure, but the same methodology is
also followed at query time.

Figure 3 illustrates the computation of non-conformity scores in
a 2-dimensional example using an IVF index with 𝑁 = 4 clusters and
a query vectorQ seeking 𝐿 = 4 neighbors. As clusters𝑀1,𝑀2, . . . ,𝑀𝑀

are probed incrementally, we compute intermediate result sets 𝑃𝑁
and record the distance to the 𝐿-th nearest neighbor in each set. In
our example, after probing 𝑀1 and 𝑀2, the closest four neighbors
found are 𝑌1, 𝑌5, 𝑌6, and 𝑌2, with corresponding distances of 0.12,
0.66, 0.71, and 0.86 to the query vector Q. Our algorithm, therefore,
records the distance to 𝑌2 to build the nonconformity score of Q
with respect to 𝑃2. The search process continues until all 𝑁 clusters
are probed or an early stopping criterion is met. Once 𝑃𝑁 contains
all ground truth neighbors (in this example, 𝑃3), the score stabilizes
and remains unchanged, even if additional clusters are probed.

4.2 Conformal IVF Search
The goal of o%ine calibration is to determine the CRC acceptance
threshold 𝑏 corresponding to a user-speci#ed error tolerance 𝑇 .
The procedure begins by sampling a calibration set of size𝑐 and
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computing non-conformity scores as described in Section 4.1. These
scores are subsequently passed to the CRC optimization routine
outlined in Figure 4. Prior to detailing the calibration algorithm, we
highlight a key empirical observation: direct application of CRC
often results in overly conservative prediction sets, a trend we re-
visit in Section 6. This behavior is consistent with prior work [5],
which observes that conformal methods tend to be conservative
when the number of classes is large (i.e., > 1000). In our setting, IVF
clusters are treated as class labels; thus, the e!ective label space
scales with dataset size. For example, with 1M vectors, 𝑁 should be
set to a value in the order of thousands2. Such settings pose chal-
lenges for classical conformal prediction techniques. To mitigate
this, we adopt the Regularized Adaptive Prediction Sets (RAPS)
framework [5], originally developed for multi-class classi#cation,
and adapt it to the ANN setting as detailed in Section 4.2.1. RAPS
penalizes the inclusion of low-ranked predicted classes, promoting
tighter, more focused prediction sets.

4.2.1 Regularization. Wenow describe the regularization step used
to improve ConANN’s e"ciency. Our approach builds on the RAPS
algorithm [5], originally developed for conformal classi#cation,
which adds lightweight regularization to conformity scores to pro-
duce more e"cient (smaller) prediction sets without sacri#cing
coverage guarantees. Given a test example (x,𝑈), the RAPS scores
are computed by summing up the predicted probability of a class
𝑈 (e.g., the softmax score returned by the model during inference)
with the following regularization term:

𝑓 (x,𝑈) = 𝑔 · (𝑕x (𝑈) ↓ 𝑖𝑐𝑑𝑒)+ (8)

The regularized term includes: (1) 𝑕x (𝑈), de#ned as the ranking
of 𝑈 among all the labels, given the scores 𝑋 , and (2) two hyper-
parameters 𝑔 and 𝑖𝑐𝑑𝑒 , which are designed to promote small predic-
tion set sizes. (𝑗)+ denotes the positive part of 𝑗. The hyperparam-
eters are tuned during calibration on a small data sample using a
grid search, where the conformal calibration procedure is run with
di!erent values to #nd the combination that minimizes prediction
set size. As shown in [5], RAPS is generally robust to the choice of
hyperparameters: the theoretical validity is maintained regardless
of 𝑔 and 𝑖reg, but good choices can substantially improve e"ciency.

In our setting, we adapt RAPS regularization to the IVF-based
AkNN search. The non-conformity score 𝑋 ((x,𝐿), 𝑂) for a query
vector x and candidate set 𝑃𝑁 is de#ned as the (normalized) distance
to the 𝐿-th nearest neighbor. To align with RAPS, which assumes
that higher scores are better, we take the complement 1↓𝑋 ((x,𝑈), 𝑂).
Our regularized non-conformity score 𝑋 ((x,𝑈), 𝑃𝑁 ) then becomes:

𝑋 ((x,𝐿), 𝑃𝑁 ) = (1 ↓ 𝑋 ((x,𝐿), 𝑃𝑁 )) + 𝑔 · (𝑂 ↓ 𝑖reg)+ (9)

Here, 𝑂 is the position (rank) of 𝑃𝑁 among all candidate clusters
or vectors. Crucially, in IVF search, the candidates are processed
in order of increasing distance (i.e., better matches #rst), so the
ranking 𝑕𝑓 (𝑈) is known in advance and simpli#es to 𝑂 directly.

This regularization promotes early termination by slightly penal-
izing candidates that appear later in the ranking, thereby reducing
computational cost without violating the formal risk guarantees of
CRC. As we will show in the following sections, this leads to faster
termination in the IVF search.

2According to the Faiss guidelines, 𝑀 should be set as O(
⇐
𝑄 ).

Algorithm 1 Calibration Phase (O%ine)
1: Input: Error bound 𝑇 , total number of clusters 𝑁 , calibration

vectors X = {𝑉𝑌 }𝑆𝑌=1, {𝐿𝑌 }𝑆𝑌=1, ground truths S = {𝑃𝑊𝑋 𝑂 }𝑆𝑌=1.
2: Output: Optimal acceptance threshold 𝑏.
3: for 𝑘 ⇒ 1 to𝑐 and for 𝑂 ⇒ 1 to 𝑁 do
4: 𝑃𝑌,𝑁 ⇒ IVF_scan(𝑉𝑌 , 𝑂)
5: Compute nonconformity 𝑋𝑌,𝑁 ⇒ score(𝐿𝑌 , 𝑃𝑌,𝑁 )
6: Fit hyperparameters 𝑔, 𝑖𝑐𝑑𝑒 using 𝑋 , S
7: for 𝑘 ⇒ 1 to𝑐 and for 𝑂 ⇒ 1 to 𝑁 do
8: 𝑋𝑌,𝑁 ⇒ (1 ↓ 𝑋𝑌,𝑁 ) + 𝑔 ·max(0, 𝑂 ↓ 𝑖reg)
9: for each 𝑏 in a discretized grid over [0, 1] do
10: for 𝑘 ⇒ 1 to𝑐 do
11: Find 𝑂⇑ ⇒ min{𝑂 : 𝑋𝑌,𝑁 ↑ 𝑏}
12: Select 𝑃𝑌,𝑍 ⇒ 𝑃𝑌,𝑁⇑

13: 𝑆𝑍,𝑌 ⇒ FNR(𝑃𝑌,𝑍, 𝑃𝑊𝑋𝑂 ) ↓ 𝑇 𝑆+1
𝑆 ↓ 1

𝑆

14: 𝑏 ⇒ infimum(𝑆𝑍, 𝑏 ↗ [0, 1])
15: return 𝑏

4.2.2 Calibration. The o%ine calibration phase computes an ac-
ceptance threshold 𝑏 to provide distribution-free guarantees on
the FNR during the AkNN search. Following the CRC framework,
we frame the IVF search process as a structured prediction task
and calibrate 𝑏 to satisfy a user-speci#ed risk level 𝑇 . Algorithm 1
summarizes the procedure.

Given a calibration set of vectors X, corresponding 𝐿 values,
and their corresponding ground-truth nearest neighbors S, we #rst
simulate the IVF search behavior (Line 4), which scans only the 𝑂-th
closest cluster to a given query vector. For each query 𝑉𝑌 ↗ X and
each possible number of probed clusters 𝑂 ↗ {1, 2, ..., 𝑁}, we record
the intermediate search result 𝑃𝑌,𝑁 and compute a non-conformity
score 𝑋𝑌,𝑁 (Line 5), as described in Section 4.1, measuring the search
quality relative to the ground truth. We employ a simpli#ed version
of the RAPS regularization to strengthen the relationship between
the number of clusters probed and the search quality, as described
by Eq. (9). 𝑔 and 𝑖reg are hyperparameters #tted to a sample of
1000 vectors of additional unseen calibration data (Line 6). The
regularization results in a matrix of scores, named non-conformity
matrix in Figure 4, which is then fed to the CRC Optimization step,
aiming to identify the optimal 𝑏 acceptance thresholds.

Next, we evaluate candidate thresholds sampled from a dis-
cretized grid over [0, 1], with arbitrary precision. For each query
and each candidate 𝑏, we select the smallest number of clusters 𝑂⇑
such that the regularized non-conformity score 𝑋𝑌,𝑁 ↑ 𝑏. We then
compute the corresponding empirical FNR across the calibration
set. To account for the #nite size of the calibration data, we adjust
the empirical risk using the CRC correction, with 𝑎 = 1 to denote
the upper bound of the FNR. Finally, we select the smallest 𝑏 that
satis#es the risk constraint, as de#ned in Eq. (5). Figure 4 shows the
selection of 𝑏 values for two error bounds 𝑇1 = 0.1 and 𝑇2 = 0.15.

This calibration step is performed once, at the IVF index build
time. It produces the acceptance threshold 𝑏 that governs the per-
query behavior during online search, and the RAPS hyperparam-
eters. For instance, the example provided in Figure 4 identi#es
𝑏1 = 0.85 for a requested FNR of 10%, and 𝑏2 = 1.12 for 15%. We
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Algorithm 2 IVF Search (Online)

1: Input: Query vector x, 𝐿 , optimal threshold 𝑏, calibrated hy-
perparameters 𝑔, 𝑖reg.

2: Output: Predicted output 𝑃𝑁 .
3: 𝑂 ⇒ 1
4: for 𝑂 ⇒ 1 to 𝑁 do
5: 𝑃𝑁 ⇒ IVF_scan(x, 𝑂)
6: Compute nonconformity score 𝑋𝑁 ⇒ score(𝐿, 𝑃𝑁 )
7: 𝑋𝑁 ⇒ (1 ↓ 𝑋𝑁 ) + 𝑔 ·max(0, 𝑂 ↓ 𝑖reg)
8: if 𝑋𝑁 < 𝑏 then
9: Break
10: return 𝑃𝑁

stress the following two aspects: (1) computing non-conformity
scores does not add extra cost because they are based on inter-
mediate results already produced by the standard IVF search, and
(2) although di!erent risk levels 𝑇 require di!erent thresholds 𝑏,
all optimizations (Lines 11–18) can reuse the same set of precom-
puted non-conformity scores. As we will see later, the most time-
consuming part of calibration is computing these scores.

4.2.3 Online IVF Search. The online search phase iteratively probes
the IVF index to #nd the 𝐿-nearest neighbors of a query x while en-
suring that the error guarantee, controlled by the calibrated thresh-
old 𝑏, is satis#ed. The procedure is summarized in Algorithm 2.

The IVF search is con#gured to scan all 𝑁 clusters. As each cluster
is probed, we compute the non-conformity score for the current set
of nearest neighbors using Eq. (7), and apply the regularization de-
scribed in Eq. (9). At every iteration, the regularized non-conformity
score of the 𝐿-th farthest vector in the current result set is com-
pared to 𝑏 (Line 8). According to the incremental nature of IVF
search, these scores are computed without extra overhead, enabling
early stopping: if the score drops below 𝑏, it indicates that the error
guarantee has been met, and the search terminates early, returning
the current set of 𝐿 nearest neighbors 𝑃𝑁 . This modi#cation allows
the CRC framework to minimize the number of clusters probed,
rather than adjusting the prediction set size, aligning with the op-
timization objective described in Eq. (6). As clusters are probed
sequentially, the search can terminate as soon as the guarantee
is met, minimizing 𝑂 . For example, in Figure 4, the search stops
after probing the third cluster, where the non-conformity score
(0.71) falls below 𝑏1 = 0.85. If the stopping criterion is not met, the
search continues probing one more cluster at a time until either the
threshold is satis#ed or all 𝑁 clusters are exhausted.

This procedure ensures that the search probes only as many
clusters as necessary to achieve the desired accuracy, reducing com-
putation time and adapting to the di"culty of each query. Moreover,
it naturally integrates with the standard IVF search process, since in-
termediate nearest neighbor results are already available as clusters
are incrementally scanned.

5 EXPERIMENTS
In the empirical evaluation, we aim to answer the following research
questions:

Table 3: Datasets summary.

Dataset 𝑑 𝑅 Query
BERT [12] 768 30522 10k

FASTTEXT [8] 300 1M 10k
GIST [24] 960 1M 1k

SIFT1M [33] 128 1M 10k
DEEP10M [42] 96 10M 10k

Figure 5: Validity results for Auncel.

(RQ1) Validity: Does ConANN accurately control the FNR across
varying con#gurations? How does it compare against state-of-the-
art Bounded-Error ANN methods and Best-E!ort ANN methods?
(RQ2) E"ciency: How does ConANN compare to the baselines in
terms of the average number of clusters searched? Does it expand
the search space to provide formal error guarantees?
(RQ3) Adaptivity: Is ConANN capable of adapting the search space
to the particularities of each query?
(RQ4) Overhead: What is the performance overhead of integrating
conformal methods into the IVF search?

5.1 Setup
The following section outlines the experimental setup, including
hardware and software con#gurations.

5.1.1 Hardware. The experimentswere conducted onGoogle Cloud
Platform (GCP) using a virtual machine with an Intel(R) Xeon(R)

CPU @ 2.80GHz, 64 vCPUs, 256 GB RAM, and Ubuntu 20.04.6 LTS.
The Intel-MKL SIMD instruction set was used throughout all the
experiments to speed up the computation.

5.1.2 Datasets. Weuse high-dimensional datasets, ranging from 96
to 960 dimensions and 30k to 10M vectors, widely used in ANN re-
search [19, 24, 40]. A summary is provided in Table 3. BERT [12] and
FASTTEXT [8] are pre-trained word embeddings. The SIFT1M [33]
and GIST [24] datasets are based on image data using their respec-
tive SIFT and GIST descriptors. The DEEP10M [42] dataset contains
image embeddings generated by a convolutional neural network.
Each dataset includes a uniform sample of 10k query vectors, with
the exception of GIST, where we sample only 1k query vectors due
to the prohibitively large dimensionality.

5.1.3 Baselines. Auncel [50], a Bounded-Error-type method, pro-
vides a di!erent type of error guarantee than our method. Speci#-
cally, it targets a bound on the maximum false negative rate (FNR),
whereas we provide guarantees on the average FNR. Despite this
di!erence, we include Auncel in our evaluation because it is the
only existing method that attempts to control the approximation
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Figure 6: Validity results. ConANN o"ers e"ective FNR control over the tested datasets.

error. Our evaluation uses the hyperparameters reported in the orig-
inal paper and tests the same datasets, as the tuning procedure is
not disclosed. Since no other existing system o!ers formal false neg-
ative rate (FNR) guarantees under arbitrary data distributions, we
compare ConANN against Faiss [25]. While Faiss does not natively
support FNR-constrained con#gurations, it can be adapted into a
best-e!ort baseline by tuning its probing strategy [50]. Speci#cally,
we perform an o%ine calibration on a con#guration query sample:
starting from a small number of clusters, we incrementally increase
the probe count until the empirical average FNR falls below the
target threshold 𝑇 . The smallest such probe count is then #xed and
applied uniformly to all test-time queries.

5.1.4 Configuration. ConANN is integrated into Faiss 1.9.0 and
uses Faiss’ core features like distance computation and memory
management. Parallel computing based on OpenMP is enabled with
60 threads for both ConANN and Faiss to ensure fairness. We used
the L2-squared Euclidean distance as the distance metric in all the
experiments. For the validity, e"ciency, and overhead experiments
the IVFFlat index was used, storing the vectors in their original
state inside the index. Similar to related studies, the number of
clusters 𝑁 was #xed to 1024, except for the BERT dataset, where
𝑁 was set to 128 clusters [50]. We trained the index on half of the
dataset in the interest of time. For all datasets, we choose 50% of the
query dataset for calibration and use the remaining for RAPS hyper-
parameter tuning (1000 query vectors) and testing. The min-max
normalization of the non-conformity scores uses 0 as the minimum
value. It approximates the maximum distance geometrically via the
diagonal of the hyperrectangle containing all vectors, considering
the dataset range and dimensionality. Exact distance computation is
also feasible but costly, requiring quadratic time relative to dataset
size. We use Brent’s numerical optimization method [9] to #nd the
optimal 𝑏. Without loss of generality, we calibrate and evaluate
ConANN on three #xed values of 𝐿 . However, the method’s guar-
antees hold beyond this setting. Additional experiments calibrating
over a range of 𝐿 values, demonstrating runtime robustness in case
of dynamic 𝐿 changes from one query to the next, are available in
our public GitHub repository.

5.1.5 Metrics. We measure empirical FNR using Eq. (1) to validate
the adherence to the theoretical bound. For each query, we log
the number of clusters searched to assess ConANN’s adaptivity
and compare its e"ciency against Faiss. Two metrics are used: (1)
the per-query cluster ratio, computed as ConANN’s reported 𝑂
divided by Faiss’ static 𝑂 , and (2) the average cluster ratio, de#ned
as Faiss’ static 𝑂 over ConANN’s average 𝑂 . For example, a ratio
of 1.2 implies Faiss searches 20% more clusters. We also measure
ConANN’s latency overhead by comparing end-to-end query times
where 𝑂 matches. Finally, we report ConANN’s calibration time.

5.2 Experimental Results
We evaluate ConANN on #ve standard ANN datasets under varying
𝐿 and FNR settings, and observe that it:

(1) Consistently meets user-de#ned FNR bounds across diverse
datasets and calibration sizes (Figure 6), whereas Auncel
and Faiss frequently deviate from the target FNR.

(2) Provides formal error guarantees proven empirically, with-
out increasing the search demand and even decreasing the
number of clusters needed to be probed up to 62.8% when
compared to Faiss (Figure 7),

(3) Dynamically adapts the search space per query (Figure 8),
regardless of dataset characteristics, and

(4) Introduces minimal latency (less than 1.97 ms in our exper-
iments, Figure 9), with calibration completing in under 4
minutes regardless of dataset size or complexity.

5.2.1 Validity. We begin by evaluating Auncel, which aims to guar-
antee a bound on themaximum false negative rate (FNR). Using the
hyperparameters reported in the original paper, we assess Auncel
on the SIFT1M and DEEP10M datasets, as no tuning method is
provided to test other datasets. As shown in Figure 5, Auncel fre-
quently violates its maximum FNR targets, particularly for 𝐿 = 10,
and o!ers no control over the average FNR. In fact, the average
FNR often approaches that of exhaustive search, indicating highly
conservative behavior. Due to these shortcomings, we omit Auncel
from subsequent comparisons.
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Figure 7: E#ciency results. ConANN matches or even reduces the probing depth when compared to standard methods.

We assess the validity of ConANN by measuring how well the
empirical FNR tracks the requested FNR. Figure 6 presents results
for 𝐿 ↗ {10, 100, 1000} and requested FNRs ranging from 5% to 50%.
The red dashed line indicates the ideal behavior, where empirical
FNR exactly matches the user-speci#ed threshold. ConANN closely
follows this ideal FNR across all conditions, indicating that it reliably
satis#es the used-de#ned constraint. Notably, ConANN maintains
this alignment even under challenging settings, and deviates at
most by only 0.03 percentage points. For instance, on the GIST
dataset with 𝐿 = 10, where calibration data is limited to 500 vectors,
ConANN still tracks the target line well.

In comparison, Faiss tends to undershoot the target FNR across
several settings, which is particularly noticeable on FASTTEXT,
SIFT1M, and DEEP10M for 𝐿 = 10 and 𝐿 = 100. This conservative
tendency leads to lower empirical FNRs than requested, indicating
unnecessarily large search spaces. While this preserves a pessimisti-
cally low FNR, it undermines e"ciency, as we will note in the next
section. The trend attenuates for larger values of 𝐿 , where both
methods converge more closely to the ideal.

On the BERT dataset, ConANN exhibits marginal deviations of
the requested FNR across targets. This behavior likely arises from
the nature of the non-conformity scores. Although the calibration
sample is large and uniformly drawn, the scores on BERT are less
discriminative, potentially due to dense, semantically clustered em-
beddings and small distances that cause precision losses during
the min-max normalization. As a result, the correspondence be-
tween quantile thresholds and true query di"culty can be slightly
weakened, leading to negligible perturbations from the target FNR,
bounded in expectation. This behavior aligns with the theoretical
expectations of CRC [4]. However, further investigations could help
re#ne the quality of the non-conformity scores.

Overall, these #ndings a"rm ConANN’s capacity to maintain
reliable FNR control, with only slight deviations that remain within
the expected probabilistic bounds of the CRC framework.

5.2.2 E!iciency. We measure the e"ciency of the methods using
the ratio of average clusters searched by each method to achieve
the desired FNR. First, we vary the requested FNR and the 𝐿 value.
The results are showcased in Figure 7.

Table 4: Average clusters ratio for ConANN against Faiss for
variable total number of clusters 𝑁 (𝐿 = 100, requested FNR
= 10%). A ratio of 1.1 indicates that Faiss searched 10% more
clusters on average than ConANN. Our results across datasets
show that ConANN is not sensitive to varying 𝑁 .

P fasttext sift1M deep10M gist

512 1.09 1.06 1.22 1.01
768 1.06 1.11 1.15 1.00
1024 1.07 1.04 1.17 1.02
1536 1.05 1.05 1.15 1.00
2048 1.01 1.02 1.13 1.00

Across all experiments, ConANN either matches or reduces the
search space compared to Faiss, achieving the same empirical FNR.
This demonstrates ConANN’s ability to adapt the search space size
based on the characteristics of each query vector. In contrast, Faiss
often searches more clusters than necessary. For instance, a Faiss-
to-ConANN ratio of 1.35 means Faiss searches 35% more clusters,
incurring unnecessary computational overhead without any gain in
accuracy. This ine"ciency stems from Faiss’s conservative strategy
for approximating the FNR. As illustrated in Figure 6 for the SIFT1M
dataset at 𝐿 = 10, Faiss’ deviation from the target FNR leads directly
to excess cluster searches. Speci#cally, while Faiss initially searches
only 7% more clusters than ConANN at a 5% requested FNR, this
gap widens substantially, to 52%, as the FNR target decreases. A
similar trend is observed for the DEEP10M dataset at 𝐿 = 10, where
Faiss searches twice as many clusters as ConANN for 50% requested
FNR because of the empirical FNR deviation.

ConANN’s e"ciency advantage is even more pronounced on
BERT, where the larger calibration data sample (about one-third
of the entire dataset) allows ConANN to better capture the data
distribution. For smaller calibration data sizes, the results remain
valid but are more conservative. For example, on GIST, where the
calibration sample consists of 500 vectors only, the CRC framework
is more conservative, leading to less e"cient search behavior. While
the validity property is still met, the e"ciency gains observed for
other datasets are not present on GIST. This is expected and consis-
tent with the design of the CRC framework, which prioritizes valid
coverage over aggressive optimization. However, the number of
clusters searched by ConANN does not deviate signi#cantly from
Faiss in our experiments, showing the e"ciency of RAPS.
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Figure 8: Adaptivity results (𝐿 = 100, requested FNR = 10%).
ConANN adjusts the search e"ort by query di#culty.

We also assess the robustness of our method across varying 𝑁
values, as shown in Table 4. We observe minimal changes in the
average clusters searched ratio compared to Faiss, demonstrating
that ConANN is not sensitive to 𝑁 . On the DEEP10M dataset, the
improvement becomes more pronounced as 𝑁 decreases, peaking
at a 22% ratio for 𝑁 = 512, suggesting that an optimal 𝑁 choice can
yield further e"ciency gains. However, since the data distribution
is unknown, selecting the ideal 𝑁 can be challenging. Nonetheless,
our results show that ConANN remains both e"cient and valid,
regardless of 𝑁 selection. Across diverse datasets and varying to-
tal number of clusters, ConANN’s empirical FNR deviates by no
more than 0.002 percentage points from the target, demonstrating
robustness across all conditions.

Our results demonstrate ConANN’s ability to guarantee the user-
de#ned error threshold without searching unnecessary clusters,
and, in many cases, even reducing the search space. This holds con-
sistently across di!erent values of 𝐿 , requested FNRs, and datasets.

5.2.3 Adaptivity. Figure 8 highlights ConANN’s ability to adapt
the size of the search space to meet a #xed FNR target across diverse
datasets. Speci#cally, we evaluate the ratio of the number of clusters
searched by ConANN to that of Faiss, under a requested FNR of
10% with 𝐿 = 100. This ratio, centered around the red dashed line
(baseline Faiss performance), quanti#es ConANN’s adaptivity: val-
ues below 1 indicate more e"cient search due to adaptive behavior,
while values above 1 imply overcompensation. We observe that
ConANN e!ectively tailors the number of clusters searched across
datasets. For example, on the BERT dataset, the method consistently
selects fewer clusters than Faiss, leveraging the availability of high-
quality calibration data, as discussed above. In contrast, datasets like
DEEP10M and SIFT1M exhibit a wider spread in the number of clus-
ters searched, re$ecting the intrinsic variability in query di"culty
and data distribution. Despite this, ConANN maintains an overall
balanced ratio below 1, indicating robust adaptivity without exces-
sive conservativeness. Interestingly, while FASTTEXT and GIST
show some outlier queries requiring substantially more clusters, the
median remains close to or below 1.0, reinforcing ConANN’s ability
to adapt to both easy and hard queries. The wide spread on GIST
is likely caused by the small calibration sample used, as discussed
above; the queries corresponding to the outliers are likely not well
represented in the calibration distribution, leading the method to
behave conservatively in order to maintain validity. These results
con#rm that ConANN dynamically adjusts the retrieval process
in response to query-level and dataset-level characteristics, rather
than relying on static thresholds.

Figure 9: Latency overhead (requested FNR = 10%). ConANN
introduces minimal latency overheads.

Table 5: Calibration breakdown per dataset, measured in
seconds (𝐿 = 100, requested FNR = 10%). ConANN completes
the calibration in under 4 minutes for all the tested datasets.
Step bert fasttext sift1m deep10m gist

Index Building 0.727 25.610 10.043 20.229 52.013
Compute Scores 2.107 68.268 33.874 212.666 20.807
Pick Hyperparameters 2.131 5.186 4.617 5.570 0.556
Regularize Scores 0.011 0.155 0.154 0.150 0.018
Optimize (sec) 1.015 5.021 3.981 6.270 0.821
Total 5.264 78.630 42.626 224.656 22.202

5.2.4 Runtime Overhead. As described in Algorithm 2, ConANN
extends the IVF search by adding a lightweight termination check
at runtime with a single if statement. We stress that the non-
conformity scores computation is already performed by Faiss, which,
by design, probes the clusters iteratively, starting from 1, and com-
putes intermediary steps. Therefore, the integration with ConANN
is straightforward. We #rst measure the runtime cost of ConANN
by measuring the per-query latency for a requested FNR of 10%
across di!erent values of 𝐿 and averaging the results. We chose
two datasets for this experiment, DEEP10M and GIST, to perform
the measurements on a very high-dimensional dataset (GIST) and
a large dataset with low dimensionality (DEEP10M). We compare
only the queries where both methods searched the same number of
clusters to quantify the overhead added by ConANN on top of the
index search. For the DEEP10M dataset, 727, 585, and 629 queries
were used for 𝐿 = 10, 100, and 1000, respectively. For GIST, 308, 38,
and 55 queries were found for 𝐿 = 10, 100, and 1000, respectively.
Figure 9 shows the total latency incurred by ConANN and Faiss,
with the annotated values indicating the additional overhead (in
milliseconds) introduced by ConANN relative to Faiss. On both
datasets, ConANN introduces minimal overheads, of a maximum
of 1.97ms on GIST for 𝐿 = 10. The measured overhead is always
negligible and can also be attributed to system-level factors such
as CPU scheduling, which is likely the case for the GIST dataset
at 𝐿 = 100 and 𝐿 = 1000, where we measure a negative overhead.
Overall, ConANN imposes negligible runtime latency overhead
across datasets and 𝐿 values, while providing formal error guar-
antees. This reinforces its practicality as a plug-in extension for
conventional ANN methods in latency-sensitive applications.

5.2.5 Calibration Overhead. We evaluate the one-time calibration
cost of ConANN by pro#ling the end-to-end time across its four
main stages: non-conformity score computation, RAPS hyperpa-
rameter selection, score regularization, and 𝑏 optimization. All mea-
surements are performed for a #xed con#guration with a requested
FNR of 10% and 𝐿 = 100. Table 5 shows a detailed breakdown for
#ve datasets. The total calibration time ranges from 5.26s (BERT)
to 224.66s (DEEP10M), with the compute scores step being the
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Table 6: RAPS improvement in terms of average number of
clusters searched. ConANN achieves notable reductions in
average number of clusters searched when employing RAPS.

Method bert gist1m deep10m

w/o RAPS 123.56 1008.03 991.5
ConANN 33.79 66.33 9.37

Figure 10: Validity under power-law skew on SIFT1M (𝐿 =
100). Skew controls the bias towards popular queries.

dominant contributor. Importantly, the score computation is in-
dependent of downstream optimization and can be reused across
multiple calibration runs, amortizing its cost. While calibration
for large datasets like DEEP10M incurs higher cost, it remains a
one-time o%ine process. For smaller or more structured datasets
such as GIST and BERT, the overhead is minimal.

6 DISCUSSION
The e"ect of regularization. The regularization step (RAPS) re-
#nes the non-conformity scores, enhancing their discriminative
power. As IVF search increases the number of cluster probes, relying
solely on the 𝐿-th nearest neighbor distance often results in many
equal non-conformity scores. RAPS mitigates this by distinguishing
between these probes. In our experiments, the regularization step
signi#cantly improves search e"ciency. Without RAPS, ConANN
is more conservative in the number of clusters searched, leading to
valid but less e"cient retrieval. As shown in Table 6, RAPS results
in notable reductions: from 123.56 to 33.79 on BERT (-72.7%), from
1008.03 to 66.33 on GIST1M (-93.4%), and from 991.5 to 9.37 on
DEEP10M (-99.1%). These #ndings align with previous work [5],
which reported up to 10x reductions in prediction set size, and con-
#rm that RAPS enhances e"ciency across various datasets while
maintaining ConANN’s adherence to FNR constraints.
Query Distribution Shift. As noted in Section 3.2, ConANN as-
sumes the calibration and test queries come from the same distri-
bution. To test robustness, we simulate a power-law skew in the
test queries (0.0 for uniform, up to a factor of 2) while keeping
the calibration queries uniformly sampled. Figure 10 shows that
ConANN can tolerate small drifts, but its empirical FNR increases
with skew, deviating from the target. At 10% target FNR, the ob-
served FNR rises to 22% under strong skew, and the gap grows at
higher targets. These results highlight the need for drift adaptation
techniques. A naive solution is to recalibrate periodically, ensuring
the calibration sample matches the current query distribution. More
principled alternatives could target drift detection, where a viola-
tion of the exchangeability assumption is detected using conformal
test martingales [47]. Others could leverage recent methods like
Weighted Conformal Prediction [7, 46] and Adaptive Conformal
Inference [20], which adjust nonconformity scores to account for
distribution shifts, for instance by penalizing the impact of old

queries. Integrating such techniques for ConANN is an important
direction for future work.
Personalized Querying. State-of-the-art methods for error bound-
ing in ANN often rely on sampling techniques that require the sam-
ple distribution to match the data distribution. In contrast, ConANN
operates by ensuring that the query distribution aligns with the cal-
ibration data, opening the door for personalized predictions based
on speci#c workloads. This distinction could enable ConANN to
adapt more e!ectively to varying query characteristics. Further ex-
periments are needed to explore this potential fully, as our current
setup follows the ANN literature to sample queries uniformly at ran-
dom. That said, this insight suggests opportunities for optimization
in real-world applications. For example, if an application frequently
queries vectors close to cluster centroids, ConANN could lever-
age this characteristic to reduce the number of clusters searched,
ultimately decreasing query latency and improving e"ciency.
Marginal Coverage. ConANN guarantees marginal coverage, sim-
ilar to other conformal methods: the false negative rate (FNR) con-
straint holds on average over the query distribution, not for in-
dividual queries. It is well-established that achieving conditional
coverage (i.e., for each query) without assumptions on the data
distribution, or with #nite calibration data, is provably impossible
for conformal methods [16]. While this limits #ne-grained control,
it is a necessary trade-o! for distribution-free guarantees. Crucially,
ConANN still provides practical, per-query adaptivity while en-
suring global reliability, addressing a gap in the literature where
state-of-the-art methods either provide formal guarantees or adapt
to data distributions, but not both. Therefore, ConANN represents
a step forward in error bounding for ANN systems.

7 RELATEDWORK
ErrorGuarantees forANN.Auncel [50] is the only knownmethod
o!ering bounded-error guarantees for IVF. It assumes a uniform
distribution of result vectors within a hypersphere around the
query, computing error by comparing the hypersphere’s volume
to that of searched clusters. As shown in Section 1, this assump-
tion breaks down on complex, non-uniform datasets (e.g., word
embeddings), limiting practical applicability. To date, no other ex-
isting method o!ers explicit recall guarantees for ANN search [14].
Prior work instead focuses on bounding distance errors, target-
ing primarily latency improvements. Locality-Sensitive Hashing
methods [11, 22, 35] follow this trend but su!er from high memory
overhead and poor recall in practice [14, 45]. Conceptually related
to LSH, ADSampling [18] leverages distance-based random pro-
jections and adaptive dimension sampling via hypothesis testing
to re#ne distance estimates, but lacks auto-tuning, hindering real-
world usability. RaBitQ [19] proposes a drop-in replacement for
PQ [24] with tighter distance bounds, but still does not address
recall guarantees directly, as even minor distance approximation
errors can lead to poor recall [14]. LEAT [31] predicts 𝑂 per query
to optimize e"ciency, introducing iterative probing later used in
Auncel and ConANN, though without error bounds. A recent de-
velopment, the Subspace Collision Framework [49], proposes an
ANN search method using random subspace sampling. It scores
vectors by their frequency as close neighbors across sampled sub-
spaces, selecting top candidates for re-ranking via exact distances.
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(a) (b)Figure 11: Validity (left) and e#ciency (right) results for IVF-
PQ on SIFT1M (𝐿 = 100). ConANN e"ectively controls the
recall of a quantized IVF index.

While o!ering theoretical guarantees without query sampling, it
assumes uniformly distributed distances across dimensions and is
incompatible with existing index structures.
Applications of Conformal Methods. Conformal prediction
methods have been widely used in applications such as medical
diagnosis [34], image classi#cation [5], and natural language pro-
cessing [15], where reliable uncertainty quanti#cation is critical.
Next, a related line of work applies conformal prediction with kNN
for regression tasks, as explored in prior research [38]. kNN-based
regression compares data points to their neighbors to quantify their
dissimilarity. In contrast, our work directly quanti#es the approx-
imation error introduced by the approximate kNN search. Lastly,
applications of conformal prediction to data-management problems
are still rare. dbET introduces a strategy to extend existing DBMS
query plan selection methods with conformal prediction [32]. Their
work produces execution time interval estimations guaranteed to
cover the true execution time with probability (1 ↓ 𝑇), which can
be later fed into query optimization techniques.
Approximate Query Processing. Approximate query processing
(APQ) with error bounds has been an active research area in rela-
tional DBMS systems [1, 10, 39]. BlinkDB [2] allows users to trade
accuracy for speed on a per-query basis. It uses a sampling strategy
that ensures su"cient representation of underrepresented data. The
sample size is dynamically adjusted based on user time constraints
or error bounds. This concept was extracted into a middleware
approach for VerdictDB [39], which uses query rewriting to apply
APQ on existing database systems such as SparkSQL. However,
these methods are not tailored for vector data.

8 FUTUREWORK
Improved Retrieval with Con!dence. A promising direction for
future work is the incorporation of con#dence-aware retrieval into
ConANN. Rather than returning nearest neighbors based solely on
vector similarity, ConANN could be extended to output calibrated
con#dence scores that quantify the likelihood of a result being rele-
vant to a given query. For instance, in IVF-based document retrieval,
this approach would allow ConANN to return not only top-ranked
candidates but also an associated measure of con#dence grounded
in prior knowledge. This departs from conventional distance-based
methods by enabling the system to di!erentiate between semanti-
cally ambiguous and highly relevant candidates, even if they are
similarly distant in the latent embedding space. Such con#dence esti-
mates could further support adaptive ranking or #ltering strategies,
down-weighting or excluding low-con#dence results to enhance
both the precision and interpretability of retrieval outcomes.
Applicability beyond IVF. ConANN’s core components, includ-
ing the non-conformity score and ranked cluster probing, naturally

extend to IVF-based indexing variations. This enables straightfor-
ward adaptation within the broader family of IVF methods. Our pre-
liminary experiments on the SIFT1M dataset show that ConANN
can e!ectively control the error rate even when IVF is used in
combination with a vector compression method like Product Quan-
tization [24, 26] (IVF-PQ)3, without incurring additional search
overheads, thereby demonstrating its plug-and-play nature. The
experiment, depicted in Figure 11, reveals several key observations.
First, due to the coarse quantization inherent to IVF-PQ, the mini-
mum achievable FNR is approximately 50%. Additionally, when the
requested FNR exceeds 80%, only one cluster needs to be searched.
At the 50% FNR level, both ConANN and Faiss search all clusters,
as this is the only way to ensure the target recall. As the allowed
error increases, ConANN begins to search fewer clusters, mirroring
trends observed in our main experiments. At the 80% requested
FNR, both ConANN and Faiss search only a single cluster per query.
However, ConANN exhibits a distinct behavior in this regime: to
satisfy the validity constraint, it abstains from searching on a subset
of queries (roughly 800), prioritizing a reliable expected guarantee.
The average cluster ratio in Figure 11 excludes these abstentions.
These preliminary results suggest that ConANN can generalize to
compressed and quantized search settings, which may enable scal-
ability to real-world billion-scale datasets. Nonetheless, the CRC
framework is a distribution-free wrapper for any black-box model
and is, therefore, not limited to IVF. This opens the possibility of
extending the approach to fundamentally di!erent ANN indexes,
such as Hierarchical Navigable Small World (HNSW) graphs [36].
Metric-agnostic Design.Moreover, ConANN is distance metric-
agnostic, meaning it can be used with diverse distance measures
beyond Euclidean distance, such as cosine similarity, Manhattan
distance, or even domain-speci#c metrics. This broad applicability
makes ConANN a versatile tool for improving reliability in nearest
neighbor search tasks, paving the way for adaptable, e"cient, and
robust retrieval systems across a wide range of domains.

9 CONCLUSIONS
We presented ConANN, the #rst distribution-free framework that
delivers formal error guarantees for IVF-based Approximate Near-
est Neighbor search. Leveraging Conformal Risk Control, ConANN
dynamically adapts search e!ort per query, ensuring rigorous error
control without assumptions on data distribution. Empirical results
demonstrate that ConANN reliably satis#es target error rates, re-
duces search costs, and incurs minimal computational overhead.
Integrated into the FAISS library, ConANN not only enhances the
robustness of ANN systems but also highlights the broader potential
of conformal methods in data management tasks beyond traditional
predictive models.
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ABSTRACT
Ray tracing (RT) cores are a new type of hardware that have been
actively integrated into modern GPUs. Recent studies have demon-
strated that RT cores can deliver much higher performance than
GPU CUDA cores and CPUs for general-purpose data processing
tasks like table scan. In this paper, we propose RayDB, the first
query engine that leverages RT cores to accelerate database query
processing. RayDB transforms the core part of the query execu-
tion that involves multiple operators into one single ray tracing
job. With a set of proposed encoding and ray launching techniques,
RayDB effectively exploits RT cores to accelerate diverse workloads.
Experimental results show that RayDB outperforms the state-of-
the-art GPU-based query engine by up to 18.3×.
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1 INTRODUCTION
With the ever-increasing data volume from applications, modern
processors have been intensively studied to enhance the perfor-
mance of database engines. Representative processors for which
database systems have been designed include GPU CUDA cores [4,
13, 32], Tensor cores [12, 15], and FPGAs [26, 33]. Specifically, GPUs
were originally designed to accelerate computer graphics. After they
were found useful in general-purpose computing for the massive
number of cores, the programming model evolved from OpenGL to
CUDA/OpenCL, and GPUs are used to accelerate a broad class of
data processing tasks. Crystal [32] is the state-of-the-art implemen-
tation of GPU databases, which has made a notable advancement
in utilizing CUDA cores. Experimental results show that Crystal is
16× faster than the GPU-based HeavyDB and 61× faster than the
CPU-based MonetDB. However, Crystal saturates more than 97% of
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the GPU memory bandwidth for queries in the Star Schema Bench-
mark (SSB). Since the approach has already tried to minimize the
amount of data accessed, it has become difficult to further improve
the query performance on CUDA cores.

Recently, commodity GPUs have incorporated ray tracing (RT)
cores to boost the real-time rendering of 3D scenes. As an important
type of computing resource, RT cores have been adopted in mobile,
desktop, and workstation processors, which are under fast develop-
ment. RT cores efficiently trace rays through a 3D space to identify
intersected objects. With user-defined functions (a.k.a., shaders),
RT cores can perform customizable operations upon ray-object
intersections, providing versatility for various tasks. RT cores have
been used to accelerate data processing tasks such as K-nearest
neighbor search [25, 38], scan operator [14, 21], and range mini-
mum queries [22]. Specifically, existing work like RTScan [21] has
shown that RT cores can bring up to 4.6× higher performance than
CUDA cores and CPU for database operators. Therefore, we be-
lieve that RT cores have the potential to become another critical
computing resource for general-purpose data processing tasks.

Unlike database implementations on CUDA cores, accelerating a
data processing program with RT cores requires the program to be
transformed into an efficient RT job. In an RT job, data records are
transformed into primitives, such as triangles or spheres, positioned
in a three-dimensional space with a bounding volume hierarchy
(BVH), while a query is converted into rays in a specified region. If
the task does not fit such a job transformation, or the mapping is
inefficient (e.g., lack of parallelism with a limited number of rays),
it may result in even lower performance than CPUs and CUDA
cores [14, 21]. Due to the above reason, exploring RT cores to
accelerate database queries is quite challenging because an operator
like Join or GroupBy is hard to transform into an independent RT
job. Moreover, since the execution of an operator depends on the
output of its previous operator in the query plan, the BVHs for
the following operators have to be built during query execution,
which is very time-consuming. Therefore, simply implementing
independent RT-based operators like CUDA-based databases cannot
exploit the performance advantage of RT cores.

In this paper, we propose RayDB, a query engine that utilizes
ray tracing cores to achieve unprecedented performance. Instead
of implementing an RT job for each operator, the main idea of
RayDB is to map the core query execution containing multiple
operators into a single RT job. To be specific, RayDB maps and
encodes the data attributes involved in the core operators, i.e.,
Aggregation, GroupBy, and Scan, to the coordinates x, y, z in the
3D space, respectively. RayDB pre-builds a set of BVHs for query
execution to select from. When building a BVH, the attributes
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Figure 1: Running Scan on CUDA-based database systems

involved are extracted and encoded as the primitive coordinates of
each data record.With a selected BVH for a query, rays in RayDB are
launched in the region specified by Scan so that they intersect only
with primitives that satisfy the predicates, significantly reducing
the amount of data accessed. For each primitive, the data attributes
involved in Aggregation and GroupBy are encoded in their 3D
coordinates, which can be accessed directly in query processing.
Therefore, another main advantage of RayDB is that it can retrieve
all the attributes of a data record needed for the three operators with
only onememory access, i.e., access to the coordinates of a primitive,
dramatically reducing the number of random memory accesses.
Moreover, the entire process is accelerated by ray tracing cores,
which are designed to perform tasks like this efficiently. After RT
processing, RayDB uses CUDA cores to execute other operators like
Having and OrderBy if any. In addition, RayDB natively supports
parallel execution on multiple GPUs by partitioning the 3D space
into independent regions. It enables flexible scaling out to support
workloads of any size.

The contributions of this paper are as follows.
• We propose RayDB, a query engine that leverages RT cores for

acceleration by effectively transforming the core part of a query
into a ray tracing job.

• We propose a set of encoding and ray-launching mechanisms
to enable efficient query execution across diverse workloads.

• We implement the prototype of RayDB, evaluate its performance,
and quantitatively analyze the advantages of RT cores.
Experimental results show that RayDB can significantly enhance

query performance. Compared with the state-of-the-art CUDA-
based method, RayDB improves the query performance by up to
18.3×. In addition to the substantial speedup, the usage of the mem-
ory bandwidth drops from 97.4% to only 36.7% on average, which
proves that RayDB has broken the limitation of memory bandwidth
in GPU-based query execution. To our knowledge, it is the first
work that demonstrates that RT cores can be effectively used in
building a database engine with unprecedented performance.

2 BACKGROUND AND MOTIVATION
2.1 An Analysis of GPU-based Databases
As a general-purpose computing device, GPU CUDA cores have
been intensively studied to build high-performance query engines,

such as Crystal [32], HeavyDB [13], BlazingSQL [4], etc. Among
them, Crystal is the state-of-the-art. Figure 2 compares the query
runtime of Crystal with HeavyDB and MonetDB [5] on SSB flat.
The GPU used in the comparison is NVIDIA GeForce RTX 4090,
and the CPU used is Intel Xeon Gold 5318Y. The results show that
Crystal is, on average, 16× faster than HeavyDB and 61× faster
than MonetDB.

The key to Crystal’s high performance is that its tile-based exe-
cution model aims at efficiently utilizing the GPU shared memory,
which has an order of magnitude higher bandwidth than the device
memory (36618 GB/sec versus 1008 GB/sec in the RTX 4090). Tak-
ing the Scan operator as an example, the traditional CUDA-based
database systems execute the operator in three steps, as shown
in Figure 1a. First, multiple CUDA threads are launched to scan
their assigned entries and count the matches, storing the results
in the count array. Then, prefix sums are computed over the count
array to produce the prefix sum array, which provides write offsets.
Finally, the same number of threads are launched to read the allo-
cated entries again and write matched entries to the result array
using the offsets. There are three main performance issues with
this approach, including 1) reading the input column twice from
the device memory, 2) reading and writing intermediate structures
like 𝑐𝑜𝑢𝑛𝑡 array and prefix sum array in the device memory, 3) each
thread writes to a different location in the 𝑟𝑒𝑠𝑢𝑙𝑡 array, resulting in
uncoalesced memory accesses.

Figure 1b demonstrates how Crystal works. Crystal uses a thread
block as the basic execution unit, with each block processing a tile
of entries. It first loads the tile from device memory into shared
memory. Threads then evaluate the predicate in parallel and record
match counts of each thread in the count array in shared memory.
A prefix sum is computed over the count array, and a global counter
is atomically updated to get the block’s output offset. Matched
entries are shuffled to form a contiguous array in shared memory,
enabling coalesced writes to the result array in device memory. By
leveraging shared memory, Crystal 1) avoids repeatedly reading
input columns from the device memory, 2) eliminates accesses to
intermediate structures in device memory, and 3) enables coalesced
memory access when writing the result array back to the device
memory, leading to significant performance improvements.

It is worth noting that existing CUDA-based database systems
generally do not use traditional indexes. This design choice is driven
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by the architectural and performance characteristics of GPUs: 1)
Avoid thread divergence. On GPUs, the SIMT (Single Instruction,
Multiple Threads) architecture requires all threads in a warp (typi-
cally 32) to execute the same instruction each cycle. When threads
diverge due to conditional branches (e.g., if), execution becomes
serialized, and inactive threads idle, reducing efficiency [3, 6, 31].
Traditional index structures like B+ trees cause severe divergence
because each thread follows a different search path based on its
key. As a result, threads within a warp execute different code paths,
making indexes poorly suited for efficient execution on GPUs. 2)
Avoid uncoalesced memory accesses. To amortize memory access
latency and improve bandwidth utilization, GPU hardware employs
memory access coalescing, which combines memory accesses from
multiple threads within a warp into one or a few large memory
transactions when the accessed addresses are contiguous. However,
in traditional index structures (such as B+ trees and hash indexes),
data and index nodes are typically scattered across memory. Each
thread accesses different paths and nodes depending on its query
key, resulting in highly irregular and non-contiguous memory ac-
cesses across threads. In such scenarios, memory access coalescing
fails, leading to a large number of small and fragmented memory
transactions. This causes severe memory bandwidth underutiliza-
tion and a significant drop in performance [6, 31]. As a result, full
table scans are generally preferred over indexes in CUDA-based
database systems.

Figure 3 shows the memory throughput of Crystal on the 13
queries of SSB flat. It can be observed that its memory throughput
is very close (an average of 97.4%) to the GPU device memory
bandwidth. As Crystal alreadymakes highly efficient use ofmemory
bandwidth, the potential for further optimization is minimal.

2.2 Background of Ray Tracing
Ray tracing is a rendering technique used in computer graphics to
simulate the way rays interact with objects in a scene. It works by
tracing the paths of rays as they travel through a 3D space. Objects
in the three-dimensional space are represented as primitives, whose
types include triangles, spheres, and even custom primitives. All
primitives in the space are wrapped by bounding volumes, which
are usually Axis-Aligned Bounding Boxes (AABBs). AABBs are then
organized hierarchically as a tree known as the Bounding Volume
Hierarchy (BVH). A ray tracing job utilizes a BVH to traverse the
space and find intersected primitives with the rays.

Although BVH avoids a large number of potential ray-primitive
intersection tests, the BVH traversal and intersection tests are still
time-consuming. Since the Turing architecture [27], NVIDIA GPUs
are equipped with dedicated hardware, i.e., RT cores, to speed up
BVH traversal and intersection tests. Taking the classic Turing
architecture as an example, each Streaming Multiprocessor (SM)
integrates one RT core, which operates alongside CUDA cores and
Tensor cores [27]. The RT core essentially adds a dedicated pipeline
(ASIC) to the SM. It can access the BVH and configure some L0
buffers to reduce the delay of BVH and triangle data access. The
request is made by SM. The instruction is issued, and the result
is returned to the SM’s local register. The interleaved instruction
and other arithmetic or memory I/O instructions can be concur-
rent. Because it is an ASIC-specific circuit logic, 𝑝𝑒𝑟 𝑓 𝑜𝑟𝑚𝑎𝑛𝑐𝑒/𝑚𝑚2

can be increased by an order of magnitude compared to the use
of shader code1. Besides the mainstream desktop and workstation
GPUs like NVIDIAs RTX 40 series and AMDs RX 7000, data center
GPUs like NVIDIA A40 and T4 also support ray tracing. Specifi-
cally, the NVIDIA RTX 4090 GPU integrates 128 RT cores. OptiX
programming model [29] is an application framework for building
ray tracing jobs. In OptiX, each ray is mapped to a CUDA thread.
CUDA threads generate rays with the specified ray origins and
directions. Then, the control is transferred to RT cores, which accel-
erate BVH traversal and ray-triangle intersection tests. For NVIDIA
GPUs, triangles are the built-in primitives, which allows RT cores
to accelerate intersection tests when the primitives are triangles.
When other types of primitives are used, control is transferred to
CUDA threads to perform intersection tests defined in the Inter-
section Shader. Overall, OptiX leverages both CUDA threads and
RT cores to achieve efficient ray tracing jobs. RT cores specialize in
accelerating BVH traversal/ray-triangle intersections, while CUDA
threads provide flexibility for custom intersection logic through
the Intersection Shader. This enables extensibility for complex ray
tracing scenarios.

2.3 Expedite Data Processing with RT Cores
RT cores have been utilized to accelerate various data processing
tasks like K-nearest neighbor search [25, 38] and range minimum

1https://www.reddit.com/r/nvidia/comments/97qogl/former_nvidia_gpu_architect_
what_is_rt_core_in (last accessed 2025/10/6)
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queries [22]. RTScan [21] and RTIndex [14] are pioneering imple-
mentations that leverage RT cores to accelerate the Scan oper-
ator. Specifically, RTScan [21] achieves significant performance
improvement by mapping the evaluation of entire conjunctive pred-
icates into a ray tracing process. Experiments show that RTScan
achieves up to 4.6× higher performance than BinDex [20], which
is the state-of-the-art scan approach on CPUs. Figure 4 demon-
strates the approach of RTScan when evaluating a query with
three predicates. For each data record, the three data attributes
involved in the predicates are used as the coordinates of the corre-
sponding primitive. Assuming that the conjunctive predicates are
(0 ≤ 𝑥 ≤ 𝑎∧ 0 ≤ 𝑦 ≤ 𝑏 ∧ 0 ≤ 𝑧 ≤ 𝑐), then the query area is a cuboid
with the origin as a vertex and three edges of length 𝑎, 𝑏, and 𝑐 as
shown in the figure. The data records satisfying the conjunctive
predicates are all in the query area. To reduce the computation
overheads on intersection tests, RTScan adopts Data Sieving, which
uses pre-stored results to filter most data records (the dashed area).
Then, RTScan launches rays in the remaining region to intersect
primitives with enhanced parallelism. These techniques add up to
form the performance improvement over CUDA cores and CPUs.
In addition, RTScan adopts Uniform Encoding to evenly distribute
data records in space, enabling it to achieve good performance even
under skewed data distributions.

After analyzing RTScan and other RT-based implementations,
we summarize three key aspects of efficiently mapping a data pro-
cessing task to a high-performance RT job. 1) Evaluating multiple
operators in one job: RTScan utilizes the 3D feature to evaluate three
predicates simultaneously within one RT job, whose execution time
is even lower than that of evaluating one predicate. 2) Reducing the
amount of data accesses: The evaluation of conjunctive predicates
and the Data Sieving technique dramatically shrink the querying
region, leading to a significantly smaller number of primitives for
intersections. 3) Enhancing the parallelism: RTScan segments a long
ray into several small rays with spacing, which aims at maximizing
the utilization of RT cores while balancing their load.

2.4 Challenges of Accelerating Query
Processing with RT Cores

For GPU acceleration with CUDA cores, operators are generally
implemented as separate CUDA kernels and executed sequentially.
RTScan demonstrates a standalone implementation of accelerating
Scan with RT cores. However, accelerating database queries with
each operator implemented as a separate RT job faces several critical
issues that are hard to address.
Difficulties in the three-dimensional mapping of operators:
In order to improve performance, a database operator needs to be ef-
fectively converted into a ray tracing job, or the performance advan-
tage of RT hardware cannot be effectively exploited. For instance,
a naive scan implementation on RT cores can be 2.3 × 104 times
slower than the state-of-the-art CPU-based implementation [21].
However, the natures of some database operators make it hard to
map the data in the 3D space and hard to convert operations into
ray intersections. Therefore, except Scan, other operators like Join
and GroupBy have not demonstrated superior performance on RT
cores so far.

Inefficiency of the execution of multiple operators: A ray
tracing job uses a BVH as its index, but building a BVH is a time-
consuming process that takes orders of magnitude longer time
than the RT job itself. For a dataset with 120 million tuples, the
average time to build a BVH is 227.84 ms, while the average time
to launch rays is only 0.75 ms. When the operators of a query are
executed sequentially on RT cores, the BVHs for the second to the
last operator can only be built online, resulting in an ultra-high
query processing latency.
A: SELECT AVG(Math)

FROM Score
WHERE English >= 60
GROUP BY Hometown;

We take the query 𝐴 as an example, which executes the oper-
ators in the following order: Scan → GroupBy → Aggregation.
For Scan, the BVH it traverses can be pre-built from the English
column directly. However, for GroupBy, the BVH it traversed is
built from the Hometown column filtered by the execution results
of Scan. Therefore, it can only start building the BVH after the
execution of Scan is complete and the results are obtained. The
above process is shown in Figure 5a. As a result, the BVH building
process for GroupBy has to be taken as part of the query execution,
which results in ultra-low performance. An alternative scheme is
shown in Figure 5b, where the BVHs for all operators have been
pre-built from their corresponding attributes. In this case, GroupBy
cannot get the filtered results from Scan and has to group all data
in the column. Moreover, the results of GroupBy have to be fur-
ther filtered according to the results of Scan. Consequently, this
scheme completely negates the performance benefit of RT cores
and is severely inefficient.

To conclude, due to the aforementioned issues, accelerating data-
base queries with RT cores to outperform CUDA cores and CPUs is
particularly challenging.

3 THE DESIGN OF RAYDB
3.1 Overview of RayDB
We propose RayDB, a high-performance query engine accelerated
by RT cores. Specifically, RayDB leverages RT cores to accelerate
three core operatorsAggregation, GroupBy, and Scanwhile dele-
gating the remaining parts of the query to CUDA cores. Instead of
implementing each operator as a separate RT job, RayDB maps the
execution of these three operators to one ray tracing job. The basic
idea is to use the attributes involved in these three operators as the
coordinates for a data record, i.e., the attributes in Aggregation,
GroupBy, and Scan are used as the X-coordinate, Y-coordinate, and
Z-coordinate, respectively.

The workflow of RayDB is illustrated in Figure 7. As denormal-
ization is widely adopted in data warehouses and favored by many
technology companies [1, 2, 11], RayDB is designed to accelerate
data warehouse queries on denormalized tables. During the offline
phase, it performs denormalization in initialization by joining all
relevant tables into a single flat table, thereby eliminating the need
for Join during query execution. Next, a set of BVHs is built of-
fline based on different combinations of attributes in the wide table.
For a given query, RayDB parses the attribute composition of its
three core operators and selects a pre-built BVH from the BVH
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set that covers all the required attributes. It is worth noting that
when a query involves excessive number of attributes such that
no BVH can fully cover all of them, RayDB can utilize a BVH that
includes only part of the required attributes to enable the query to
still benefit from the acceleration provided by RT cores (introduced
in Section 4.5). With the selected BVH, the RT cores are responsi-
ble for accelerating the execution of Aggregation, GroupBy, and
Scan, which are fused into a single RT job. The design is based on
the observation that these three operators appear consecutively in
the query plan after denormalization. It is worth noting that this
approach offers sufficient flexibility to remain effective even when
certain core operators are absent from the query. For example, in
queries without GroupBy, all records can be treated as belonging to
the same group. RayDB determines the corresponding query area
in the space based on Scan and launches a set of rays to intersect
all primitives in the area. By only accessing data records in the
query area defined by Scan, there is a significant reduction in the
amount of data accessed for a query. Based on the coordinates of
an intersected primitive, RayDB can obtain its data attributes for
GroupBy and Aggregation and then perform the corresponding
operations. For each data record, the data attributes involved in the
three operators are stored together as coordinates, which can be
retrieved by a single memory access. It dramatically reduces the
number of random accesses to the device memory. Once the RT
cores complete execution, the remaining operatorssuch as OrderBy

and Havingare handled by CUDA cores in a manner similar to
existing CUDA-based database systems.

Instead of building a BVH for every query, RayDB maintains a
few BVHs to support a wide range of queries. The encoding scheme
allows multiple attributes to be compressed into a single coordinate
(introduced in Section 4), where a query may use one or an arbitrary
combination of the encoded attributes, enabling each BVH to sup-
port more queries. Furthermore, based on our observation of real-
world queries, we find that certain columns tend to be used with
specific types of operators. For example, in TPC-H, l_shipdate
is predominantly used in Scan, while l_extendedprice is typi-
cally used in Aggregation. By pre-constructing BVHs for semanti-
cally meaningful combinations of attributes, RayDB is able to cover
common OLAP queries using a few BVHs. For queries with sub-
queries, RayDB can accelerate them if the optimizer rewrites them
into equivalent queries without subqueries through techniques like
unnesting or decorrelation. If such rewriting isnt possible, RayDB
currently does not support their execution.

3.2 The Mechanism of RayDB: An Example
In this subsection, we demonstrate how a BVH is constructed and
how an RT job is executed. Suppose there is a denormalized ta-
ble named 𝑆𝑐𝑜𝑟𝑒 , as shown in Figure 6a, that stores information
about students’ scores. Each row of the table corresponds to a stu-
dent, and the table has many attributes, among which the 𝑀𝑎𝑡ℎ,
𝐸𝑛𝑔𝑙𝑖𝑠ℎ, 𝐻𝑜𝑚𝑒𝑡𝑜𝑤𝑛, and 𝑌𝑒𝑎𝑟 are used to store students’ math
scores, English scores, hometowns, and academic years, respec-
tively. The course scores are in the range [0, 100] and are integers.
For each column, there must exist a data range that can be known
in advance (e.g., maintained as metadata). We use the execution of
query A (Section 2.4) as an example. The query obtains the average
math score of students in each hometown who have passed English.
Building the BVH: First, it should be clarified that the BVH con-
structed in this example is the most suitable one from the pre-built
BVH set for executing Query A. The key step in building a BVH
lies in mapping data records to primitives. Based on the idea of rep-
resenting data attributes involved in Aggregation, GroupBy, and
Scan by the coordinates in three-dimensional space, RayDB makes
the X-axis, Y-axis, and Z-axis represent the data attributes involved
in Aggregation, GroupBy, and Scan, respectively. In this way, each
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data record in the table corresponds to a primitive in space. For ex-
ample, row 0 of the table corresponds to (72, 7, 100) in space. Then,
using the point as its vertex, RayDB creates a right triangle as the
primitive. The reason why we choose triangles as primitives is that
only the ray-triangle intersection test is hardware-supported by RT
cores, while the intersection tests for other types of primitives are
software-based and offloaded to CUDA cores. Therefore, the use
of triangles allows RayDB to enhance performance by exploiting
hardware acceleration from RT cores. Specifically, if the coordinate
of a data record is (𝑎,𝑏, 𝑐), then the three vertex coordinates of the
right triangle we create are (𝑎,𝑏, 𝑐), (𝑎 + 𝑆𝑥 , 𝑏, 𝑐), and (𝑎,𝑏 + 𝑆𝑦, 𝑐),
where 𝑆𝑥 and 𝑆𝑦 are the two leg lengths of the right triangle. There-
fore, the projections of a primitive on the XZ-plane and YZ-plane
are a line segment 𝑆𝑥 and a line segment 𝑆𝑦 , respectively. In this
case, each data record in the table is mapped to a triangle in three-
dimensional space, as shown in Figure 6a. Once all primitives in
the space are determined, the BVH can be built.
Executing the RT job: With the selected BVH, RayDB initiates
the execution of the RT job by launching a set of rays. For query 𝐴,
RayDB launches a set of parallel rays starting from the𝑍 = 60 plane
to the 𝑍 = 100 plane, along the positive direction of the Z-axis, as
shown in Figure 6b. The rays launched should be dense enough
to intersect all triangles in the region. Rays are launched as a two-
dimensional array from the view of the XY-plane (𝑍 = 60 plane),
which have an interval of 1

2𝑆𝑥 along the X-axis and an interval of
1
2𝑆𝑦 along the Y-axis. Recall that when mapping data to primitives,
the two legs of right triangles have lengths 𝑆𝑥 and 𝑆𝑦 , respectively.
The design guarantees that a triangle can be intersected by at least
one ray. As shown in Figure 6c, primitives may intersect one ray
(triangle A) or three rays (triangle B), and in the limiting case
primitives intersect at most three rays (triangle C)2. If the interval
grows, there may be triangles that fail to intersect any ray. In turn, if
the interval gets smaller, it increases the probability that a triangle is
intersected by more than one ray, which degrades the performance.
Rays entirely cover the query area 60 ≤ 𝑍 ≤ 100, and triangles in
the query area are bound to intersect rays, while triangles not in
the query area are bound not to intersect any ray.

For students who pass the English examination, their triangles
are in the query area 60 ≤ 𝑍 ≤ 100. Thus, the set of triangles
intersecting a ray is the set of students that satisfy the predicate of
Scan. For each triangle that is intersected by a ray, the Y-coordinate
of its right-angle vertex is used to find the group to which it belongs,
while the X-coordinate is read to compute the aggregate function,
respectively. The aggregate function is AVG in Query A, so we
maintain two arrays in the Any Hit Shader function, whose pseudo-
code is shown in Algorithm 1. The sum array is to store the sum
of 𝑀𝑎𝑡ℎ for all students in each group, and the count array is to
store the number of students in each group. Indexing by the Y-axis
coordinate, RayDB appends the X-coordinate to the corresponding
element of the sum array and increments the corresponding element
of the count array by 1. The Any Hit Shader, which is executed
on the SM as part of the shader pipeline, will be called each time
a ray finds an intersection with a triangle. Therefore, the flag bit

2https://forums.developer.nvidia.com/t/what-is-the-limiting-case-of-ray-triangle-
intersection/309730/2 (last accessed 2025/10/6)

array 𝑉𝑓 𝑙𝑎𝑔 (line 3) is used to ensure that triangles are not double-
counted, and the atomic operation 𝑎𝑡𝑜𝑚𝑖𝑐_𝑎𝑑𝑑 (lines 5 and 6) is
used to avoid synchronization issues when tracing multiple rays in
parallel. After the BVH traversal is complete, the sum of the 𝑀𝑎𝑡ℎ
(𝑉𝑠𝑢𝑚) is divided by the number of students (𝑉𝑐𝑜𝑢𝑛𝑡 ) to obtain the
average score of 𝑀𝑎𝑡ℎ in each group. Since aggregate functions
share the common characteristic of operating on a group of values
to return a single scalar result, their implementations are generally
similar. As a result, RayDB supports all commonly used aggregate
functions, including AVG, SUM, COUNT, MAX, and MIN.

Algorithm 1 Pseudo-code of Any Hit Shader
Input: flag bit array 𝑉𝑓 𝑙𝑎𝑔 , result arrays 𝑉𝑠𝑢𝑚,𝑉𝑐𝑜𝑢𝑛𝑡
Output: result arrays 𝑉𝑠𝑢𝑚,𝑉𝑐𝑜𝑢𝑛𝑡
1: primIdx← get_prim_index()
2: [𝑎,𝑏, 𝑐] ← get_prim_right_vertex_coord(primIdx)
3: flag← atomic_bit_exch(𝑉𝑓 𝑙𝑎𝑔 [𝑝𝑟𝑖𝑚𝐼𝑑𝑥], 1)
4: if flag = 0 then
5: atomic_add(𝑉𝑠𝑢𝑚 [𝑏], 𝑎)
6: atomic_add(𝑉𝑐𝑜𝑢𝑛𝑡 [𝑏], 1)
7: end if

4 ENCODING OF MULTIPLE DATA
ATTRIBUTES

4.1 Challenges from Processing Multiple
Attributes

Query 𝐴 is a simple query where each operator involves only one
data attribute. However, in real-world queries, it is common for an
operator to involve multiple data attributes. When mapping Query
𝐴 in the space, a primitive directly uses the value in the correspond-
ing attribute as the coordinate on an axis. For instance, 𝐸𝑛𝑔𝑙𝑖𝑠ℎ
is used as the coordinate on the Z-axis. However, when multiple
data attributes are evaluated by one operator, the coordinate on
one dimension needs to represent all data attributes involved. For
instance, with the Where clause WHERE English ≥ 60 and Math
≥ 60, both English score and Math score should be represented by
the Z-axis. To address this issue, in RayDB, we propose to encode
multiple data attributes as the coordinate on each axis. In addition,
the encoding scheme brings an extra benefit: it compresses multiple
attributes into a single coordinate, allowing a query to utilize one
or an arbitrary combination of the encoded attributes. This enables
a single BVH to support a wider range of queries, thereby reducing
the number of pre-built BVHs required. However, since different
operators have different functionalities, an appropriate encoding
scheme needs to be chosen for each one. In this section, we study
how to encode attributes for Scan, GroupBy, and Aggregation.

4.2 Scan with Conjunctive Predicates
The encoding scheme for Scan needs to maintain the relative order
of the encoded data and specify the ray launching area to ensure
correct execution. A query generally contains multiple conjunctive
predicates, like 𝑝1 ∧ 𝑝2 ∧ · · · ∧ 𝑝𝑛 , and the attributes involved in
the predicates can be encoded in the same attribute.
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Data Encoding: RayDB adopts Bijection Encoding to encode mul-
tiple attributes in Scan as a coordinate. It treats all data attributes
involved in conjunctive predicates as n-tuples, where each n-tuple
is uniquely mapped to a natural number, and each natural number
uniquely corresponds to an n-tuple. Assume that conjunctive pred-
icates involves 𝑛 attributes 𝐴1, 𝐴2, · · · , 𝐴𝑛 , where 𝐴𝑖 ∈ [0, 𝑘𝑖 ) and
𝐴𝑖 ∈ Z (𝑖 ∈ [0, 𝑛]), then the encoding rule is as follows:

𝐼𝑛𝑑𝑒𝑥𝑧 =

𝑛∑︂
𝑖=1

[︄(︄
𝑛∏︂

𝑗=𝑖+1
𝑘 𝑗

)︄
𝐴𝑖

]︄
If the data type of an attribute is not INTEGER, for fixed-point data
types like DECIMAL(p, s) & NUMERIC(p, s), where p is the total
number of digits and s is the number of fractional digits, RayDB
uses Fixed-Point Encoding, which multiplies the decimal value by
a fixed scaling factortypically 10𝑠 to convert it into an integer; for
data types such as DATE, TIME, CHAR, VARCHAR, and ENUM, RayDB
adopts dictionary encoding, where each distinct value is placed into
a sorted dictionary and assigned an integer identifier representing
its position in the sorted set of values. Therefore, it supports a wide
range of data types. If the data range of an attribute is not of the
form [0, 𝑘), a dictionary encoding is used to convert it to the above
form. Taking the query 𝐵 as an example:
B: SELECT AVG(Math)

FROM Score
WHERE Year between 1 and 2 AND English >= 60
GROUP BY Hometown;

For simplicity, it is assumed that the attributes involved in Scan
are already encoded. Query 𝐵 contains conjunctive predicates as
its filtering conditions, which not only require students to have a
passing score in English but also require students to be from either
the first or second grade. RayDB assigns each (𝑌𝑒𝑎𝑟, 𝐸𝑛𝑔𝑙𝑖𝑠ℎ) tuple
with a natural number by the following rule:

𝐼𝑛𝑑𝑒𝑥𝑧 = 101 · 𝑌𝑒𝑎𝑟 + 𝐸𝑛𝑔𝑙𝑖𝑠ℎ

Here, 101 represents the range of 𝐸𝑛𝑔𝑙𝑖𝑠ℎ. Figure 8a depicts the
above process.
Ray Launching: After Bijective Encoding, the Z-axis represents
𝐼𝑛𝑑𝑒𝑥𝑧 generated by Bijective Encoding as an alternative. As a result,
the query area changes as well. In the example, the query area is
split into two parts, 161 ≤ 𝐼𝑛𝑑𝑒𝑥𝑧 ≤ 201 and 262 ≤ 𝐼𝑛𝑑𝑒𝑥𝑧 ≤ 302, as

shown in Figure 8a. Correspondingly, as shown in Figure 8b, RayDB
launches parallel rays from the 𝑍 = 161 plane to the 𝑍 = 201 plane
and from the 𝑍 = 262 plane to the 𝑍 = 302 plane along the positive
direction of the Z-axis to cover the entire query area.

4.3 GroupBy with Multiple Attributes
For data attributes involved in GroupBy, RayDB treats the 𝑛 data
attributes as n-tuples, where each distinct n-tuple represents a
different group. Take query𝐶 as an example, which groups students
according to two data attributes 𝑌𝑒𝑎𝑟 and 𝐻𝑜𝑚𝑒𝑡𝑜𝑤𝑛.

C: SELECT AVG(Math)
FROM Score
WHERE English >= 60
GROUP BY Year, Hometown;

For all distinct n-tuples appearing in the table, RayDB maps
them to natural numbers 𝐼𝑛𝑑𝑒𝑥𝑦 via dictionary encoding. The cor-
respondence between 𝐼𝑛𝑑𝑒𝑥𝑦 and n-tuples is maintained by a map-
ping table that allows efficient lookup. After dictionary encoding,
each natural number in 𝐼𝑛𝑑𝑒𝑥𝑦 represents a group, which serves
as the Y-coordinate. Taking query 𝐶 as an example, table 𝑆𝑐𝑜𝑟𝑒
is searched to find all distinct (𝑌𝑒𝑎𝑟, 𝐻𝑜𝑚𝑒𝑡𝑜𝑤𝑛) tuples. Figure 9
illustrates the above process. For simplicity of presentation, there
are only 4 data records in the table. In the table, there are three
different (𝑌𝑒𝑎𝑟, 𝐻𝑜𝑚𝑒𝑡𝑜𝑤𝑛) tuples (4, 7), (1, 2), and (1, 3), making
up a group set of size 𝐾 = 3. Then, RayDB performs dictionary
encoding to the group set, producing a coordinate 𝐼𝑛𝑑𝑒𝑥𝑦 ranging
from 0 to 𝐾 − 1. As shown in the figure, (1, 2) is assigned to 0,
(1, 3) is assigned to 1, and (4, 7) is assigned to 2. This encoding
scheme facilitates the implementation of aggregation because the
Y-coordinate can be directly used as the index to the array that
stores aggregate results for each group.

4.4 Aggregation with Multiple Attributes
For Aggregation, we choose to pack the bits of the attribute values
in a 32-bit float coordinate so that they can be directly used for
the aggregate function. For example, assume that there is a query
containing two aggregate functions AVG(Math) and SUM(English).
Considering that the data range of course scores is [0, 100], we
store 𝑀𝑎𝑡ℎ and 𝐸𝑛𝑔𝑙𝑖𝑠ℎ with 7 bits each in the X-coordinate. In
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Any Hit Shader, we obtain 𝑀𝑎𝑡ℎ and 𝐸𝑛𝑔𝑙𝑖𝑠ℎ by decoding the X-
coordinate and computing the two aggregate functions separately.
Given that the coordinates have 32 bits and 7 bits are sufficient
to store a single score, the X-coordinate can hold up to 4 scores.
Therefore, the encoding can support queries with up to 4 aggregate
functions, as shown in Figure 10.

For cases where an aggregate function contains multiple data
attributes, e.g., SUM(Math + English), the calculated result Math
+ English is directly encoded in the coordinate if the result does
not exceed the expression range of a float. Multiple queries in SSB
have such forms of aggregations. This scheme may help make
further compressions. In this example, the range of Math + English
is [0, 200], which only needs 8 bits instead of 14 bits when being
separately stored. RayDB adopts this optimization when possible
to store more attributes in a coordinate.

4.5 Breaking through the Encoding Limitation
RayDB converts all data types to INTEGER for encoding, while BVH
coordinates can only be represented using Float, which can ac-
curately represent integers only within the range of [−224, 224].
Under this limitation, the maximum number of attributes that can
be encoded into a single coordinate depends on the value range
of each attribute involved in the encoding. Taking attributes from
the SSB as an example, RayDB can encode up to four LO_QUANTITY
(with a value range of 150) or six LO_DISCOUNT (with a value range
of 010) into a single coordinate.

Although a coordinate can only encode a limited number of
attributes, RayDB can support queries with more attributes. From a
high-level perspective, when a BVH that covers all attributes in the
query is unavailable in the pre-constructed BVH set, RayDB can
utilize a BVH that encodes only part of the attributes to enable the
query to still benefit from the acceleration provided by the RT cores.
RayDB performs the RT job on the BVH, and upon detecting a ray-
primitive intersection, the Any-Hit Shader that is called uses the
primitive ID (i.e., row ID) to access the remaining uncoded attributes
from the denormalized table in the GPU memory and perform
the corresponding operations. Since reading attributes from the
GPU memory incurs extra memory accesses, RayDB selects the
optimal BVH by maximizing the attribute coveragei.e., choosing
the BVH that encodes the largest number of attributes involved in
the query. In particular, attributes in Scan are given higher weight,
as the presence of Scan can significantly reduce memory access
overhead. This selection process is formalized as max{ 𝑥 +𝑦+𝛼 ·𝑧 },
where 𝑥 , 𝑦, and 𝑧 represent the number of the matched attributes in
Aggregation, GroupBy, and Scan, respectively, and 𝛼 is the weight
assigned to Scan.

5 SCALING OUTWITH MULTIPLE GPUS
In RayDB, we store multiple BVHs in the device memory to support
various queries. When BVHs exceed the device memory size of a
single GPU, RayDB can only discard some BVHs. This results in
more queries failing to find a BVH that encodes all of their attributes
and instead choosing a BVH that covers only a part of the attributes,
as described in Section 4.5. This incurs additional memory accesses,
leading to performance degradation.

Figure 11: The workflow of parallel execution on multiple
GPUs

To copewith this dilemma, we design a parallel execution scheme
for RayDB on multiple GPUs, which can not only utilize the de-
vice memory of multiple GPUs to accommodate larger data sizes
but also utilize the RT cores of multiple GPUs to improve query
performance. The key idea is that the 3D space in RayDB can be
naturally partitioned into any number of independent regions for
parallel execution. First, all primitives can be divided into several
sets according to the X-axis (Aggregation), Y-axis (GroupBy), or
Z-axis (Scan) coordinates. After that, each set can be assigned to a
GPU and used to build a specific BVH, which can be viewed as a
sub-BVH. In this way, each GPU is supposed to intersect primitives
to get partial results for the query. After all GPUs have completed
processing, the final query result can be obtained by merging the
results from all GPUs.

Figure 11 shows the parallel execution workflow when partition-
ing the data space along the Y-axis (GroupBy). We evenly divide the
range of Y-axis coordinates into 𝑁 segments, and the primitives
located in the same segment are divided into the same group and
assigned to the same GPU to build the BVH. Spatially, the entire
data space is partitioned into a number of equal-sized subspaces
along the Y-axis, and each subspace is assigned to a GPU, and each
GPU launches rays in this subspace according to the same prin-
ciples as a single GPU. Since we are partitioning the space along
the Y-axis, the result obtained by each GPU is the query result for
the groups involved within the corresponding segment. The final
merge process is as simple as concatenating the results of each
GPU in order to obtain the final query result. Since each primitive
belongs to only one subspace, it is neither repeatedly accessed by
multiple GPUs nor omitted, which ensures the correctness of the
parallel execution result. In this way, all GPUs can be executed in
parallel without any dependency. This approach can not only solve
the problem of insufficient device memory but also accelerate the
execution of queries.

The obvious benefit of partitioning the data space along the Y-
axis is the simplification of merging. If we partition the space along
the X-axis (Aggregation) according to a similar principle and the
aggregate function is SUM as an example, the result obtained by
each GPU is not the sum of some groups but the partial sum of all
groups in the subspace. During the merge process, we need to sum

50



the result arrays of all GPUs together to get the query result, which
is more time-consuming. In addition, if the data space is partitioned
along the Z-axis (Scan), the query region may only be in a small
number of subspaces, which will cause a serious load imbalance. In
summary, we believe that partitioning along the Y-axis is a good
choice for most cases.

The denormalized table can also be partitionedsplit by attributes
and distributed across multiple GPUs. Unlike BVHs, each GPU may
need to access attributes stored on other GPUs during query exe-
cution. With technologies like NVLink and RDMA enabling direct
memory access between GPUs, RayDB can still support queries
involving an arbitrary number of attributes in a multi-GPU parallel
execution environment.

6 EXPERIMENTAL ANALYSIS
6.1 Experiment Setup
Hardware and Software We run most experiments on a machine
equipped with two Intel(R) Xeon(R) Silver 4316 CPU @ 2.30GHz,
128GB DDR4 DRAM, and an NVIDIA GeForce RTX 4090 with 128
RT cores, 16384 CUDA cores, and 24GB VRAM. The operating
system is 64-bit Ubuntu Server 20.04 with Linux Kernel 5.4.0-42-
generic. The GPU programming interface uses CUDA 10.1 and
OptiX 7.1.

In Section 6.3, we also compare the performance between RayDB
and Crystal on NVIDIA TITAN X (PASCAL), where OptiX 5.1 is
used for programming. The GPU was launched in 2015 and does
not have RT cores. Therefore, ray tracing jobs are only executed
on CUDA cores. The experiment aims to analyze the performance
benefits from RT core acceleration. In Section 6.8, to evaluate the
scalability of RayDB on multiple GPUs, the experiment was run on
a machine with four NVIDIA GeForce RTX 4080 SUPER.
Workloads Throughout the experiments, we adopt the Star Schema
Benchmark (SSB) [28]. There are a total of 13 queries in the bench-
mark, divided into 4 query flights. The industry usually flattens
SSB into a wide table model (SSB flat) to test the performance of
query engines. In our experiments, we run the SSB flat with a scale
factor of 1, 10, and 20 to evaluate the performance with different
data set sizes. When the scale factor equals 20, it will generate a
flat table with 120 million tuples.
Baseline We compare RayDB with Crystal [32]. Crystal is a re-
cently proposed state-of-the-art GPU database system that delivers
superior query execution performance compared to other systems.
It currently supports only queries from the Star Schema Bench-
mark (SSB). Specifically, Crystal implements a custom operator-
invocation program for each query in the SSB. For a fair compari-
son, we modify these programs by removing all Join. Besides, since
Cyrstal does not implement the OrderBy, we also remove it from
all queries.
Encoding In SSB, we adopt different encoding schemes for the
Aggregation operator. Three queries in Flight Q4 have the ag-
gregate function: sum(lo_revenue - lo_supplycost), and we
adopt the encoding optimization in Section 4.4 to make further
compression. The aggregate function of queries in Flight Q1 is
sum(lo_extendedprice * lo_discount). However, the range of
𝑙𝑜_𝑒𝑥𝑡𝑒𝑛𝑑𝑒𝑑𝑝𝑟𝑖𝑐𝑒 ∗ 𝑙𝑜_𝑑𝑖𝑠𝑐𝑜𝑢𝑛𝑡 is too large to be precisely repre-
sented as an integer by a 32-bit float. Therefore, in experiments, we

Table 1: Selectivity of queries in SSB

Query q11 q12 q13 q21 q22 q23

Sel.(%) 1.99 0.07 0.02 0.80 0.16 0.02
Query q31 q32 q33 q34 q41 q42 q43

Sel.(%) 3.67 0.14 5.76E-3 7.33E-5 1.59 0.38 0.04

use the approach in Section 4.5 to handle this situation. In evaluat-
ing Flight Q1, the X-coordinate only represents 𝑙𝑜_𝑒𝑥𝑡𝑒𝑛𝑑𝑒𝑑𝑝𝑟𝑖𝑐𝑒
while 𝑙𝑜_𝑑𝑖𝑠𝑐𝑜𝑢𝑛𝑡 is stored in the GPU device memory.

6.2 Evaluation of Query Performance
Figure 12 illustrates the performance comparison between RayDB
and Crystal. In order to ensure the fairness of the comparison
between systems, the query execution time in the experiment is
unified as starting after loading all input data into GPU memory
and ending after the results are calculated. RayDB shows excellent
performance on the SSB flat. At SF=1, RayDB is faster than Crystal
on all queries, on average, by 82.08%. At SF=10, RayDB is faster
than Crystal on 12 out of 13 queries and 5.4× faster on average.
At SF=20, the situation is similar to that at SF=10. RayDB is faster
than Crystal on 12 out of 13 queries, at least 1.0× faster and at
most 18.3× faster. Over the entire SSB flat, RayDB is on average
8.5× faster than Crystal. It can be seen that RayDB maintains its
performance advantage over Crystal in all SF cases. Considering
that Crystal is by far the state-of-the-art GPU database system
delivering superior query execution performance compared to other
systems, the performance improvement is reasonably satisfactory.

Table 1 records the selectivity of each query in the SSB flat.
Referring to Figure 12, it is observed that the query execution time
of RayDB has a certain positive correlation with the selectivity of
the query. The selectivity of q11, q31, and q41 is significantly higher
than the other queries, and their execution time is also longer. The
fundamental reason for the positive correlation between query
execution time and query selectivity under certain conditions is
that a lower selectivity implies a smaller number of data records
in the query area, that is, a smaller amount of data to be accessed.
Among the above queries, although q11 does not have the highest
selectivity (1.99%, the maximum selectivity is 3.67% of q31), its
execution time is particularly long, and it is even the only query
for which RayDB has a longer execution time than Crystal. The
reason is the particularity of Flight q1. The queries in Flight q1
do not include the GroupBy operator. In our implementation, we
treat such queries as if all data records belong to the same unique
group. Recall that atomic operations are used in Any Hit Shader
to avoid synchronization issues, but they also limit parallelism,
which affects performance. In the presence of only one group, all
atomic operations target the same scalar value, further preventing
the parallelism advantage of RT cores from being fully exploited
and slowing down the execution of q11. This is also confirmed by
the shift of the execution time of q11 from SF=1 to SF=20: when the
dataset is small (SF=1), there are also fewer atomic operations, and
the restriction of parallelism is not obvious. Therefore, RayDB is
faster than Crystal. When the dataset becomes larger (SF=20), the
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Figure 12: Query execution time of RayDB and Crystal
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Figure 13: Performance com-
parison of RayDB (pureCUDA)
and Crystal

atomic operations increase accordingly, and the disadvantage of
limited parallelism is further highlighted. At this time, RayDB is
inferior to Crystal.

6.3 The Performance Gains from RT Cores and
BVHs in RayDB

In order to disentangle the gains obtained from RT cores and BVHs,
we implement a pure CUDA version of RayDB where the entire
ray tracing process is computed by CUDA cores on the GPU. By
comparing it with Crystal, we can evaluate the performance impact
of the BVH index in the absence of RT cores, and then verify the
contribution of RT cores. To achieve this, we switch to OptiX 5.1,
which uses CUDA cores to compute BVH traversal and ray-triangle
intersection tests. Since OptiX 5.1 is an old version, it does not
support NVIDIA RTX 4090. Therefore, the experiments in this
subsection are performed on an NVIDIA TITAN X (Pascal). Limited
by the device memory size of TITAN X, we conduct experiments
with a scale factor of 1. The performance results are shown in
Figure 13.

On the 13 queries of SSB, RayDB (pure CUDA) is 258×-588×
slower than Crystal, and 423× slower on average. Recall that RayDB
is faster than Crystal on all queries with the same scale factor
as in Section 6.2. This demonstrates that the BVH index alone
does not work well due to the features of CUDA, and performance
gains can only be achieved by cooperating with RT cores. With
the application of hardware-accelerated ray tracing technology, the
BVH traversal and ray-triangle intersection tests that originally
needed to be computed by CUDA cores during the ray tracing
process are offloaded to the RT core, which is specialized hardware
designed for this purpose, freeing CUDA cores from thousands
of instructions per ray, which could be an enormous amount of
instructions for an entire ray tracing process. The presence of RT
cores considerably accelerates the ray tracing process and makes
the ray-tracing-based database possible.

6.4 GPU Memory Bandwidth Occupancy
Figure 14 presents a comparison of the memory throughput of
Crystal and RayDB on 13 queries of SSB flat. At SF=20, Crystal
achieves a memory throughput of 97.11% to 97.51% of the memory
bandwidth, with an average of 97.41%. The situation is rather similar
in other SF cases. It can be argued that Crystal saturates the memory
bandwidth. In contrast, at SF=20, RayDB’s memory throughput is
only 7.72% to 73.53% of the memory bandwidth, with an average of

36.74%. This ratio is even smaller in other SF cases. It can be seen that
the memory bandwidth occupied by RayDB is considerably smaller
than that of Crystal in all SF cases. This is due to the fact that RayDB
drastically reduces the amount of data that needs to be accessed and
the number of random memory accesses, freeing its performance
from the memory bandwidth constraints. Based on this, we identify
that the limiting factor for the performance of RayDB is the number
of RT cores. The latest RTX 4090 is equipped with 128 RT cores
versus 16384 CUDA cores. More RT cores mean that we can launch
more rays to expedite intersection tests, and the performance is
expected to be further enhanced. With the fast development of
the ray tracing technique, the number of RT cores has also been
increasing. The RTX 2080 Ti has only 68 RT cores, while this number
grows to 84 on the RTX 3090 Ti and 128 on the RTX 4090. Therefore,
since the memory bandwidth is no longer a limitation, RayDB is
expected to benefit from the evolving architecture and achieve
higher performance on future GPUs.

It is worth noting that there is no clear positive correlation
between query memory throughput and query selectivity, which
seems to contradict the conclusions we obtained. While RayDB
reduces the amount of data that needs to be accessed with the help
of ray tracing, it also increases the overhead of BVH traversal and
ray-triangle intersection tests. Since the BVH is stored in the de-
vice memory, BVH traversal and ray-triangle intersection tests also
require access to the memory, and this partial memory access is
closely related to the BVH structure. The BVH structures corre-
sponding to different queries show great differences, and their effect
on the memory throughput shows strong stochasticity, ultimately
shaping the results shown in Figure 14. Nevertheless, overall, the
query memory throughput is still significantly degraded.

6.5 BVH Construction Overhead
Figure 15 shows the time of building the BVH in RayDB on each
query of SSB flat for scale factors 1, 10, and 20. Experimental results
show that the BVH building time scales linearly with the dataset
size. From SF=1 to SF=10, the dataset size increases by about 9×,
and the average building time increases by 9.95×. The dataset size
roughly doubles from SF=10 to SF=20, while the average building
time also grows by 1.01×. At a certain dataset size, the BVH building
time is relatively stable, and the difference in building time between
different queries does not exceed 11%.

In the three cases of SF=1, SF=10, and SF=20, the average BVH
building time is 10.30 ms, 112.85 ms, and 227.84 ms, respectively,
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Figure 14: Query memory throughput of RayDB and Crystal
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Figure 15: BVH building time of RayDB

while the average query execution time is 0.26 ms, 1.58 ms, and 2.85
ms, respectively. Therefore, the average execution time is 2.50%,
1.40%, and 1.25% of the average BVH building time, respectively.
Due to the huge gap between the building time and the execution
time, it is imperative to construct the BVH in advance. In RayDB, we
build BVHs offline, which can be viewed as indexes or materialized
views. For a given query, RayDB chooses a BVH that covers the
attributes in the three operators.

6.6 Comparison between Query-Level and
Operator-Level Ray Tracing

In Section 2.4, we explain why we choose to use ray tracing to accel-
erate the entire query rather than each operator. In the following,
we conduct experiments to verify our conclusions. In view of the
fact that there have been few studies on accelerating a single oper-
ator using ray tracing, which mainly focuses on the Scan operator
(e.g., RTScan), we implement the Scan operator of the query by
RTScan and the other operators by RayDB. RTScan transmits its
execution result to RayDB in the form of a bit vector, where each bit
records whether the corresponding data record satisfies predicates.
RayDB enforces the Z-coordinate to be 0 for all primitives. Accord-
ingly, rays are launched at the 𝑍 = 0 plane as the query area. In this
way, all primitives will be intersected by rays, and RayDB needs
to use the bit vector to determine whether a data record satisfies
the predicates and should continue to participate in the follow-
ing computation. Since RTScan suffers from out-of-memory issues
when SF=20, we down-regulate SF to 16 in this experiment. The
performance comparison with the case where RayDB implements

the entire query is shown in Figure 16. The performance of ray
tracing for individual operators exhibits a noticeable decrease when
compared to ray tracing for the entire query. On the 13 queries of
SSB flat, ray tracing for the entire query is 13.3× - 555.1× faster
than ray tracing for individual operators and 194.9× faster on av-
erage. The reason for this staggering performance gap is that ray
tracing is used to accelerate Scan and other operators separately,
which means that RayDB (disable Scan) requires access to the en-
tire dataset, taking away the benefit of ray tracing. Overall, this
result is sufficient to demonstrate the inefficiency of ray tracing for
individual operators and the necessity of choosing ray tracing for
the entire query.

6.7 Comparison between Encoding and Splitting
In Section 4, faced with the case where a single Scan and GroupBy
operator involves multiple data attributes, we give a solution that is
encoding. However, there is a more intuitive way, which is to split
the data attributes involved in the operator into two parts. The first
part contains only one data attribute, which is still used for RayDB.
The data attributes in the other part are stored in device memory
in the form of arrays that can be accessed according to primitive
indices. We refer to this approach as splitting.

Figure 17 is a plot of the performance comparison between split-
ting and encoding on the Scan operator when SF=20. In the experi-
ments, splitting on Scan uniformly selects the first data attribute
involved in the Scan operator for RayDB and stores the remain-
ing data attributes in the device memory. When RT cores detect a
primitive that intersects a ray, the corresponding Any Hit Shader
reads from the device memory the remaining data attributes of
the corresponding primitive and determines whether they satisfy
the conjunctive predicates contained in Scan. Experimental results
show that encoding on Scan performs significantly better than split-
ting on Scan. on the 13 queries of SSB flat, encoding on Scan is 3.3×
to 176.9× faster than splitting on Scan, with an average of 31.1×.
The reason for such a large performance difference is the difference
in the amount of data that needs to be accessed. For example, if
the conjunctive predicates are 𝑝1 ∧ 𝑝2, 𝑝1 has a selectivity of 50%
and 𝑝2 has a selectivity of 20%, then encoding on Scan will access
50%×20%=10% of the data records, and splitting on Scan will access
50% of the data records. In this case, the amount of data they need
to access differs by a factor of 5. Due to the different selectivity
of each predicate in the conjunctive predicates, the performance
difference between encoding on Scan and splitting on Scan on each
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query of SSB flat also shows a large difference. Overall, however,
encoding on Scan outperforms splitting on Scan by a wide margin.

Figure 18 illustrates the performance comparison of splitting
and encoding on the GroupBy operator when SF=20. Splitting on
GroupBy is analogous to splitting on Scan. Since the queries in
Flight q1 do not involve the GroupBy operator, the experiment is
performed only on the remaining 10 queries of SSB flat. It can be
observed that the difference in performance between splitting on
GroupBy and encoding on GroupBy is smaller, 74.61% on average,
compared to the difference between splitting on Scan and encoding
on Scan, which is 31.1× on average. This is because splitting on
GroupBy does not change the amount of data records accessed
compared to encoding on GroupBy but only increases the overhead
of accessing the remaining data attributes stored in the device
memory. However, only the remaining data attributes of primitives
that intersect rays will be accessed, so this overhead is not apparent
in most SSB queries with generally low selectivity. Regardless, given
the slight performance benefit, encoding on GroupBy remains the
better option.

6.8 Scalability on Multiple GPUs
We evaluate the performance of RayDB on a single RTX 4080 SU-
PER and four RTX 4080 SUPER with a scale factor (SF) of 20, and
the experimental result is shown in Figure 19. In this section, we
only adopt the parallel execution strategy where the data space
is equally partitioned along the Y-axis as an example of parallel
execution. For the same reasons as in Section 6.7, we exclude Flight
q1 from our experiments. The experimental result indicates that
the performance of four GPUs working in parallel is 2.1× than that
of a single GPU on average and can reach 3.3× at most.

While parallel execution on multiple GPUs significantly en-
hances performance, further improvements are constrained by the
following two main factors: Firstly, the preparatory work before
launching rays (e.g., determining the query region) needs to be
performed on each GPU and cannot be parallelized. The time spent
in this part has small differences between queries and is relatively
fixed, approximately 0.07 ms in this experiment. As a result, for
queries with long execution times, the performance improvement
is large because the time taken for preparatory work is a small pro-
portion of the execution time and vice versa. Secondly, the simple
strategy of partitioning the space equally leads to a certain load
imbalance between each GPU, which ultimately affects the perfor-
mance. It is our future study to explore a more reasonable way of
partitioning to achieve load balancing among GPUs.

7 RELATEDWORK
Applications of RT cores Since RT cores are originally designed to
render physically correct reflections, refractions, shadows, and indi-
rect lighting in real time [27], there are numerous studies that lever-
age it to accelerate rendering workloads, including graphic render-
ing [8, 16], ambient occlusion [7], and simulation in physics [10, 37].
In addition, there are also many studies that creatively use RT cores
to accelerate non-rendering workloads such as data processing,
including K-nearest neighbor search [25, 38], database scan [14, 21],
range minimum queries [22], point location search [24, 34], and ren-
dering of unstructured meshes [23]. In summary, RT cores demon-
strate significant potential for accelerating both rendering and non-
rendering tasks.
Accelerating queries with GPUs GPUs offer strong parallelism
and high-bandwidth memory, making them an attractive candidate
for accelerating database queries. Therefore, GPU-accelerated data-
base systems have been widely and deeply studied for more than 10
years [9, 17–19, 30, 35, 36]. There are three types of computational
cores on the GPU: CUDA cores, Tensor cores, and RT cores. CUDA
cores are responsible for integer and floating-point operations, so
most GPU database systems are based on CUDA cores. Among
them, Crystal [32] is the state-of-the-art CUDA-based GPU data-
base that provides superior query execution performance compared
to other systems. Tensor cores provide significant speedups to ma-
trix operations. To leverage the computational power of Tensor
cores, TCUDB [15] maps query operators to efficient matrix op-
erators and implements a Tensor-based GPU database. RT cores
accelerate Bounding Volume Hierarchy (BVH) traversal and ray-
triangle intersection tests in ray tracing, and RayDB is the first
study to make use of them to accelerate database queries, filling
the gap in related directions.

8 CONCLUSION
In this paper, we propose RayDB, a query engine that accelerates
database queries with ray tracing cores. Instead of implementing
each operator independently like CUDA-based implementations,
RayDB maps the core operators in a query as one RT job. The
approach brings several performance advantages, including access-
ing data with an optimized sequential access pattern, reducing
the amount of data to be accessed, and exploiting the parallelism
of RT cores. RayDB breaks the memory bandwidth restriction on
query performance and significantly outperforms the state-of-the-
art CUDA-based GPU and CPU query engines.
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ABSTRACT
Graph Neural Networks (GNNs) are widely employed to learn rep-

resentations from graph-structured data. To support large-scale

graph training, researchers use distributed techniques, partition-

ing the graph across multiple computing nodes and performing

parallel training by exchanging dependency vertex information

via cross-node communication. However, existing GNN training

systems operate on statically partitioned subgraphs, making them

difficult to adapt to resource fluctuations. In practice, resource fluc-

tuations in cloud environments often cause variability in compute

and communication resources, posing challenges for aligning each

worker’s workload to its available resources during GNN training.

In this paper, we propose NeutronCloud, a system designed

for efficient GNN training in cloud environments. First, we adopt

a resource-aware workload adjustment strategy. It builds on hy-

brid dependency handling by obtaining dependency information

through both local computation and remote communication. Dur-

ing training, it dynamically adjusts the ratio between locally com-

puted and remotely fetched dependencies based on each worker’s

available resources, ensuring workload-resource alignment. Second,

we employ a dependency-aware partial-reduce approach reusing

historical vertex embeddings and skipping the stragglers during

gradient aggregation to address extreme resource fluctuations that

cause some workers to lag significantly behind others in the clus-

ter. Experimental results on the resource-fluctuating environment

demonstrate that NeutronCloud achieves 1.83×-4.43× speedup com-

pared to state-of-the-art distributed GNN systems.
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Figure 1: Normalized computational throughput (FLOPS)
and network bandwidth measured over 200 seconds on two
Alibaba Cloud shared GPU instances (each with a shared
NVIDIA A10 GPU and up to 10 Gbps bandwidth).
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1 INTRODUCTION
Graph Neural Networks (GNNs) have emerged as a fundamental ap-

proach for graph-based tasks such as social network analysis [5, 11],

link prediction [22, 31, 52], and recommendation systems [49]. The

GNN models iteratively perform neighbor aggregation and repre-

sentation updates for each vertex to capture complex topological

information. Distributed training methods are adopted to partition

graph data across multiple workers to handle large-scale graphs,

running GNN models in parallel. Most existing distributed GNN

training systems [3, 6, 10, 16, 24, 34, 37, 38, 42, 44, 51, 54, 57] assume

a stable resource environment, where computational and network

resources remain consistent during training. However, in reality,

resource fluctuations are ubiquitous in real-world applications.

Resource fluctuations can be categorized into computational re-

source fluctuations and network resource fluctuations. In cloud

environments, computational resources fluctuate due to contention

on shared physical hosts [35]. For example, burstable instances

(e.g., AWS T-series or Alibaba Cloud "shared-core" VMs) [1, 36]

may decrease CPU/GPU performance when neighboring VMs expe-

rience high demand. Likewise, network performance varies due to

congestion and bandwidth contention. Multi-tenant clusters often

face communication bottlenecks caused by overloaded data center

switches and cross-worker network contention [28, 47, 53]. To illus-

trate these fluctuations, we evaluate computational power (FLOPS,
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floating point operations per second) and network bandwidth over

time in a two-worker cluster on Alibaba Cloud’s shared GPU in-

stances. As shown in Figure 1, FLOPS and network bandwidth drop

by up to 90% and 35%, respectively.

Such fluctuations significantly impact the performance of dis-

tributed GNN training. When performing distributed GNN training

in a resource-fluctuating environment, the initially assigned work-

load becomes mismatched with the fluctuating resources, causing

computational and communication bottlenecks, and leading to the

emergence of slower workers (stragglers). In addition, GNN data

samples exhibit complex interdependencies, further exacerbating

this issue. In distributed GNN training, graph partitioning results in

local vertices needing to aggregate features from remote neighbors

(called remote dependency vertices), and all worker parameters

need to be synchronized at the end of each epoch. Thus, the de-

lay caused by stragglers propagates throughout the entire cluster

during training, slowing down the overall training performance.

We summarize that the key challenge in distributedGNN training

under resource fluctuations is how to quickly adjust each worker’s

computational and communication workload to match the available

resources. For Deep Neural Network (DNN) systems, there are no

dependencies among input samples. They mitigate resource-load

mismatches through real-time load migration to address resource

fluctuations [14, 56]. However, for GNN systems, the data depen-

dencies make workload migration difficult. Workload migration

requires not only transferring vertex features but also adjusting and

maintaining the dependencies between workers to ensure graph

consistency. This leads to substantial additional overhead and re-

duces the efficiency of workload adjustment. The overhead of mi-

gration can even offset the benefits of workload adjustment.

In this paper, we propose NeutronCloud, a distributed GNN

training system capable of resource-aware workload adjustment,

addressing the above challenge through two critical strategies.

First, we propose a resource-aware workload adjustment strategy

that adapts dependency handling based on real-time resource condi-

tions. The fetching of remote dependencies takes upmost of the time

in the entire distributed GNN training process [2, 12, 32, 37, 45]. We

propose a lightweight resource-aware workload adjustment strat-

egy based on the hybrid dependency handlingmethod. This strategy

dynamically adjusts the processing of remote dependency vertices

in the cluster to adjust computational and communication work-

loads. Specifically, we cache remote dependency vertices and their

multi-hop neighbors, obtaining embeddings through local compu-

tation to address the reduction in communication resources. When

computational resources are constrained, more remote dependency

vertex embeddings are fetched via cross-worker communication. To

enable flexible runtime adjustment, we trade additional storage for

adaptability by pre-caching remote dependency vertices and their

multi-hop neighbors during the preprocessing phase. This design

eliminates the need for workload migration during adjustment.

Second, when some workers face extreme resource degradation

(e.g., computation and communication resources decrease simulta-

neously), adjusting vertex dependencies processing is not enough to

reduce the serious delay caused by the synchronization of the severe

stragglers. To address this problem, we introduce a dependency-

aware partial-reduce strategy, allowing local computation using

cached historical embeddings when embeddings from severe strag-

glers cannot be received in time. Despite being slightly outdated,

these embeddings still provide useful information for computation

without stalling the process. During gradient aggregation, we syn-

chronize gradients only from faster workers, skipping the severe

stragglers. To ensure unbiased gradients and model convergence,

we adopt a dependency-aware weighted gradient aggregation strat-

egy and set a bound on severe stragglers that are skipped.

In summary, we make the following contributions.

• We propose a resource-aware workload adjustment strategy,

which dynamically adjusts the number of remote dependencies

for each worker by quantifying variations in computation and

communication resources, ensuring a better match between re-

source and workload.

• We propose a dependency-aware partial-reduce approach to re-

duce synchronization overhead. By using history embeddings,

we update only the faster worker’s parameters while setting a

bound to ensure convergence.

• We develop NeutronCloud, an efficient GNN training system

for resource fluctuation environments. The experimental results

show that NeutronCloud achieves 1.83× - 4.43× speedup com-

pared to state-of-the-art GNN systems.

2 BACKGROUND
2.1 Resource Fluctuations
Resource fluctuations are common in real-world applications and

are often caused by contention on shared physical hosts or net-

work contention. These resource fluctuations frequently impact

computing power and network bandwidth, significantly affecting

the performance of distributed GNN training.

To analyze the impact of resource fluctuations on the perfor-

mance of distributed GNN systems, we evaluate two GNN training

systems, NeutronStar [45] and Sancus [32], on resource-fluctuating

and resource-stable clusters using a two-layer GCN model. The

cluster consists of four workers, each equipped with NVIDIA T4

GPUs, interconnected via a 10 Gbps network.

Motivated by existing methods for simulating resource fluctu-

ations [25–27, 56], we emulate runtime fluctuations by injecting

sleep commands into workers. Specifically, in each iteration, each

worker incurs additional overhead with a 10% probability, equiv-

alent to twice the average epoch runtime. To emulate sustained

fluctuation patterns (as shown in Figure 1), each injected sleep

command lasts for 5 consecutive epochs.

As shown in Figure 2, the per-epoch runtime in a resource-

fluctuating environment is 3.5× slower than that in a resource-stable
environment. Distributed GNN training needs to synchronize data

across all workers in each epoch. Resource fluctuations on any

worker can impact the efficiency of the entire cluster. This indicates

that resource fluctuations can significantly degrade the efficiency

of distributed GNN training.

2.2 GNN Training
A graph neural network processes a graph as input, where each ver-

tex and edge is associated with high-dimensional features. Through
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Figure 2: Per-epoch runtime comparison of NeutronStar [45]
and Sancus [32] under stable environment (Stable Env) and
resource-fluctuating environment (Fluctuating Env) on four
datasets PUB (Pubmed), ARX (Ogbn-Arxiv), RDT (Reddit),
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multiple layers, GNNs iteratively propagate and aggregate infor-

mation from neighboring vertices, updating their representations

to capture the graph structure information.

In the 𝑙-th layer, the aggregation result 𝑎𝑙𝑣 of vertex 𝑣 is obtained

by collecting the embedding ℎ𝑙−1𝑢 of its neighboring vertex 𝑢 in the

(𝑙 − 1)-th layer, as shown in the following formula:

𝑎𝑙𝑣 = 𝐴𝑔𝑔𝑟𝑒𝑔𝑎𝑡𝑒 (ℎ𝑙−1𝑢 , 𝑢 ∈ 𝑁 (𝑣)) (1)

Subsequently, the update function uses the result 𝑎𝑙𝑣 and ℎ
𝑙−1
𝑣 ,

which is the embedding of the vertex 𝑣 in the (𝑙 − 1)-th layer, to

compute the representation ℎ𝑙𝑣 of the vertex 𝑣 in the 𝑙-th layer, as

shown in the following formula.

ℎ𝑙𝑣 = 𝑈𝑝𝑑𝑎𝑡𝑒 (𝑎𝑙𝑣, ℎ𝑙−1𝑣 ) (2)

The final-layer vertex embeddings are fed into downstream tasks,

where a task-specific loss is computed against ground truth labels.

This loss triggers backward propagation to calculate gradients via

automatic differentiation. These gradients drive parameter updates

through gradient-based optimizers like SGD or its adaptive variants

(e.g., Adam). The standard SGD update rule is:

𝜃𝑡+1 = 𝜃𝑡 − 𝜂∇𝜃L(𝜃𝑡 ) (3)

where the 𝜂 denotes the learning rate controlling the step size, the

∇𝜃L(𝜃𝑡 ) denotes the gradient of loss function w.r.t parameters.

2.3 Distributed GNN Training Approach
Distributed GNN training partitions the input graph across multi-

ple workers. Dependencies arise when vertices need to aggregate

features from remote neighbors. The critical aspect of distributed

GNN systems is efficiently handling remote dependencies.

We categorize existing dependency handling strategies into three

approaches. The Dependencies Communicated (DepComm) ap-

proach requires each vertex to gather its neighbors’ representations

from remote workers via cross-worker communication [17, 38], as

shown in Figure 3 (a). This method reduces storage consumption

but leads to significant communication overhead. The Dependen-
cies Cached (DepCache) approach caches the features of multi-hop

neighbors of remote dependency vertices on the local worker in ad-

vance for multi-layer computing [57], as shown in Figure 3 (b). This

eliminates inter-worker communication but results in significant

redundant computation and storage overhead.

As shown in Figure 3(c), the hybrid dependency-resolution scheme

assigns a subset of remote dependency vertices to DepCache (e.g.,

vertex 0 on worker 1) and the remainder to DepComm (e.g., vertex 1

on worker 1). The approach can balance the use of computational

and communication resources. Based on this hybrid design, we
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Figure 3: Hybrid dependency handling method of distributed
GNN training.

Algorithm 1 DepComm-DepCache Hybrid Training for 𝐿-layer

GCN

Input: 𝐺 = (𝑉 , 𝐸 ) , 𝐿, {h(0)𝑣 }𝑣∈𝑉 , {𝐿𝑣 }𝑣∈𝑉𝐿 ; partition {𝑉1, . . . ,𝑉𝑚 };
params {𝑊 (ℓ ) }𝐿

ℓ=1

Output: updated {𝑊 (ℓ ) }𝐿
ℓ=1

1: For worker 𝑖: 𝐸𝑖 ← {(𝑢, 𝑣) ∈ 𝐸 | 𝑣 ∈ 𝑉𝑖 }; 𝑁loc
(𝑣) = 𝑁 (𝑣) ∩ 𝑉𝑖 ,

𝑁rem (𝑣) = 𝑁 (𝑣) \𝑉𝑖
2: for each worker 𝑖 = 1, . . . ,𝑚 in parallel do
3: for ℓ = 1 to 𝐿 do ⊲ Forward

4: for each 𝑣 ∈ 𝑉𝑖 do
5: 𝑆

loc
← {h(ℓ−1)𝑢 : 𝑢 ∈ 𝑁

loc
(𝑣) }

6: 𝐹ℓ (𝑣) ← {𝑢 ∈ 𝑁rem (𝑣) : DepComm(𝑢, 𝑣, ℓ ) }
7: 𝐶ℓ (𝑣) ← 𝑁rem (𝑣) \ 𝐹ℓ (𝑣)
8: 𝑆

cache
← {CacheGet(𝑢, ℓ − 1) : 𝑢 ∈ 𝐶ℓ (𝑣) }

9: PullByOwner {h(ℓ−1)𝑢 : 𝑢 ∈ 𝐹ℓ (𝑣) } from owner(𝑢 )
10: 𝑆comm ← {h(ℓ−1)𝑢 : 𝑢 ∈ 𝐹ℓ (𝑣) }
11: 𝑆 ← 𝑆

loc
∪ 𝑆

cache
∪ 𝑆comm

12: 𝑎𝑣 ← Aggregate(𝑆 )
13: h(ℓ )𝑣 ← Update(𝑎𝑣, h(ℓ−1)𝑣 ;𝑊 (ℓ ) )
14: 𝐿̂𝑣 ← 𝑃 (h(𝐿)𝑣 ) for 𝑣 ∈ 𝑉𝐿,𝑖 ; 𝑙𝑜𝑠𝑠𝑖 ← Loss({𝐿̂𝑣 }, {𝐿𝑣 }) ; 𝑙𝑜𝑠𝑠 ←

AllReduceSum(𝑙𝑜𝑠𝑠𝑖 )
15: Backprop to obtain {∇h(ℓ−1)𝑣 } and {∇𝑊 (ℓ ) } for 𝑣 ∈ 𝑉𝑖
16: for ℓ = 𝐿 down to 1 do ⊲ Backward: send grads only for DepComm

neighbors

17: for each 𝑣 ∈ 𝑉𝑖 do
18: for each 𝑢 ∈ 𝐹ℓ (𝑣) do
19: Send ∇h(ℓ−1)𝑢 to owner(𝑢 )
20: for ℓ = 1 to 𝐿 do ⊲ Sync & update

21: ∇𝑊 (ℓ ) ← AllReduceSum(∇𝑊 (ℓ ) )
22: 𝑊 (ℓ ) ← OptStep(𝑊 (ℓ ) , ∇𝑊 (ℓ ) )

propose a dynamic adjustment mechanism that adaptively adjusts

the ratio between DepCache and DepComm during training. This

enables each worker to adapt its computation and communication

workload to fluctuating resources.

Algorithm 1 outlines the hybrid dependency handling. In the

forward pass (Lines 5–13), the worker collects local neighbors, par-

titions remote neighbors into DepComm and DepCache, computes

the DepCache branch locally, fetches DepComm embeddings via

communication, and then aggregates and updates. The per-worker

loss is computed and reduced across workers (Line 14). In the back-

ward pass (Lines 15–20), local gradients are computed on each

worker, and only gradients for DepComm remote neighbors are

sent to their owners, while DepCache neighbors are handled locally.

Finally (Lines 21–22), gradients are All-Reduced and parameters

are updated.

Therefore, the exchange of vertex embeddings and gradients

at each layer, combined with the synchronization of parameter

updates, creates layer-wise communication barriers, introducing

significant synchronization overhead to distributed GNN training.
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2.4 Existing GNN Systems in Fluctuating
Environments

Most existing distributed GNN systems are built on the assump-

tion of stable resource availability. Systems such as DGL [43], Ali-

Graph [57], MGG [46], ROC [17], and DGCL [2] rely on static, pre-

defined task allocation and communication–computation pipelines,

with optimizations for computation, memory, or communication

applied at initialization. These designs assume static resource con-

ditions and therefore cannot adapt to runtime resource fluctuations.

As a result, execution plans quickly become suboptimal, and delays

caused by stragglers can cascade across synchronization barriers,

leading to resource underutilization.

Some recent systems attempt to mitigate the impact of stragglers

caused by resource fluctuations. PipeGCN [41] adopts pipelined

execution with historical embeddings to overlap computation and

communication, while Sancus [32] introduces historical embed-

dings to reduce communication with stragglers. These approaches

can partially hide the latency introduced by stragglers. However,

they still rely on synchronous parameter updates (e.g., all-reduce),

which are bottlenecked by the slowest worker in each iteration and

limit adaptability under resource fluctuations.

While NeutronStar [45] also adopts a hybrid dependency han-

dling strategy, it lacks runtime resource awareness and cannot

adjust dependency handling based on dynamic execution condi-

tions. Moreover, its hybrid dependency handling method requires

evaluating the benefit of each dependency and performing global

sorting, which incurs high overhead and makes it unsuitable for

online adjustment.

3 SYSTEM OVERVIEW
We introduce NeutronCloud, a distributed GNN system capable

of handling resource fluctuations through two critical strategies.

First, NeutronCloud provides a resource-aware workload adjust-

ment strategy that adjusts the computational and communication

workloads of each worker to match the real-time resource con-

ditions. Second, NeutronCloud introduces a dependency-aware

partial-reduce approach to reduce synchronization overhead be-

tween fast and slow workers.

Resource-aware Workload Adjustment Strategy. Neutron-

Cloud employs a lightweight resource-aware workload adjustment

algorithm based on the hybrid dependency handling method. The

strategy consists of two phases. In the preprocessing phase, remote

dependency vertices and their multi-hop neighbors are cached in

local CPU memory. Additionally, the costs of different handling

methods for remote dependency vertices are computed, thereby

determining per-vertex adjustment priorities. In the online adjust-

ment phase, the algorithm continuously records the computation

and communication time of each worker per epoch and quantifies

resource fluctuations. Based on the adjustment priorities obtained

in the preprocessing phase, a binary search is performed to deter-

mine the handling method for remote dependency vertices in the

next epoch, thereby speeding up the adjustment process. Moreover,

no workload migration is required during the adjustment process.

Dependency-aware Partial-reduce Strategy. We propose a

dependency-aware partial-reduce method to address the significant
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Figure 4: An illustrative example of resource-aware workload
adjustment.

synchronization time caused by severe stragglers. This method con-

sists of partial computation and partial update. Partial computation

is applied to graph propagation (including both forward and back-

ward propagation), when computing remote dependency vertices

handled by the DepComm approach, if the severe stragglers fail

to provide timely embedding updates, we use the locally cached

historical embeddings of dependency vertices to continue forward

propagation. Similarly, historical gradients are used for backward

propagation. Additionally, a lightweight controller monitors em-

bedding and gradient staleness, ensuring they are used only if their

divergence from the latest embeddings is below a certain threshold.

Partial update limits gradient aggregation to faster workers and

skips the stragglers. A runtime controller monitors worker progress

to ensure that each update involves the majority of workers. To

maintain fairness and convergence, we ensure that all workers par-

ticipate in parameter updates within a bounded number of epochs,

and cached embeddings are periodically refreshed. Finally, we apply

dependency-aware weighted parameter synchronization to ensure

unbiased aggregation.

4 RESOURCE-AWARE WORKLOAD
ADJUSTMENT

In this section, we first analyze the impact of resource fluctuation

on GNN training. Then, we define an optimization objective that

minimizes the runtime of each worker under resource-fluctuating

environments by adjusting how dependencies are handled. Finally,

we propose a lightweight algorithm to approximate this objective

during training.

4.1 Impact Study of Resource Fluctuations
To design our workload adjustment strategy, we analyze how re-

source fluctuations affect each worker’s total runtime, including lo-

cal subgraph computation, DepCache computation, and DepComm

communication. Given the processing times of the two dependency-

handling approaches, we formulate an objective to minimize the

total runtime by adjusting their proportions.
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Training Time under Resource Fluctuations. We decompose

each worker’s training time under resource fluctuations into three

components: 𝑇 ′
local,𝑖

for local subgraph computation, 𝑇 ′
cache,𝑖

for

DepCache computation, and𝑇 ′
comm,𝑖

for DepComm communication.

This decomposition is expressed as:

𝑇 ′𝑖 = 𝑇 ′
local,𝑖

+𝑇 ′
cache,𝑖

+𝑇 ′
comm,𝑖 (4)

Impact of Resource Fluctuations on DepCache.DepCache improves

training efficiency by locally caching the features of multi-hop de-

pendency neighbors to reduce communication. For each vertex, this

results in a layer-wise recursive structure: at layer 𝑙 , the embedding

computation depends on its in-neighbors from layer 𝑙 − 1, and so

on. As shown in Figure 4(a), computing the embedding of Vertex 3

at Layer 1 in Worker 0 requires the Layer-0 embedding of Vertex 2.

Under resource fluctuations, the cost of processing cached de-

pendencies becomes sensitive to system performance. In particu-

lar, contention on compute and memory resources affects vertex

and edge operations, which is reflected in the runtime-aware per-

dimensional costs𝑇 ′𝑣 and𝑇
′
𝑒 of processing each vertex and edge. Let

𝑉
(𝑙 )
cache,𝑖

and 𝐸
(𝑙 )
cache,𝑖

denote the cached vertices and edges at layer 𝑙

on worker 𝑖 . Since multi-hop dependencies are cached across layers,

the overall DepCache cost for worker 𝑖 is computed by accumulat-

ing costs across multiple layers:

𝑇 ′
cache,𝑖

=

𝐿−1∑︁
𝑙=1

(
|𝑉 (𝑙 )
cache,𝑖

| ·𝑇 ′𝑣 + |𝐸
(𝑙 )
cache,𝑖

| ·𝑇 ′𝑒
)
· 𝑑 (𝑙 ) (5)

where 𝑑 (𝑙 ) is the feature dimension of layer 𝑙 .

Impact of Resource Fluctuations on Local Subgraph Computation.
Similar to DepCache computation, the local subgraph computation

time under resource fluctuations is also composed of the multi-

layer vertex and edge processing costs, as shown in the following

equation:

𝑇 ′
local,𝑖

=

𝐿∑︁
𝑙=1

(
|𝑉 (𝑙 )
local,𝑖

| ·𝑇 ′𝑣 + |𝐸
(𝑙 )
local,𝑖

| ·𝑇 ′𝑒
)
· 𝑑 (𝑙 ) (6)

where |𝑉 (𝑙 )
local,𝑖

| and |𝐸 (𝑙 )
local,𝑖

| represent the number of vertices and

edges in the local partition of worker 𝑖 .

Impact of Resource Fluctuations on DepComm.TheDepCommcost

arises from cross-partition dependency vertices when a vertex must

fetch feature vectors from remote neighbors of other workers. As

shown in Figure 4(a), computing the embedding of Vertex 2 on

Worker 1 of Layer 1 requires accessing the embedding of its remote

neighbor Vertex 1 located onWorker 0 of Layer 0. Such communica-

tion recurs across layers, as each GNN layer aggregates information

from the remote neighbors. Under bandwidth fluctuations, the per-

dimension communication cost between Worker 𝑖 and Worker 𝑗 is

denoted by 𝑇 ′
𝑐,𝑖 𝑗

. The total communication cost is given by:

𝑇 ′
comm,𝑖 =

𝐿∑︁
𝑙=1

©­­­«𝑑
(𝑙−1) ·

𝑚−1∑︁
𝑗=0
𝑗≠𝑖

𝑇 ′𝑐,𝑖 𝑗 · |𝑉
(𝑙−1)
comm,𝑖 𝑗

|
ª®®®¬ (7)

where |𝑉 (𝑙−1)
comm,𝑖 𝑗

| denotes the number of dependency vertices trans-

ferred from worker 𝑗 to worker 𝑖 at layer 𝑙−1, and𝑚 denotes the

total number of workers.

Optimization Objective. To support decentralized optimization

in resource-fluctuating environments, each worker independently

minimizes its own runtime-aware training time 𝑇 ′
𝑖
, which reflects

the current execution delay under resource fluctuations. This is

achieved by dynamically adjusting the assignment of dependency

vertices between DepCache and DepComm, based on locally avail-

able resource. Moreover, the additional memory consumption for

DepCache must respect the worker’s memory constraint 𝐶𝑖 . The

optimization problem for worker 𝑖 is formulated as:

min 𝑇 ′𝑖 = 𝑇 ′
comm,𝑖 +𝑇

′
cache,𝑖

+𝑇 ′
local,𝑖

(8)

𝑉
cache,𝑖 ∪𝑉comm,𝑖 = 𝑉depend,𝑖 (9)

𝑉
cache,𝑖 ∩𝑉comm,𝑖 = ∅ (10)∑︁
𝑣∈𝑉cache,𝑖

𝑠 (𝑣) ≤ 𝐶𝑖 (11)

where 𝑉
depend,𝑖 denotes the complete set of dependency vertices

required by worker 𝑖 , and 𝑠 (𝑣) denotes the storage cost of vertex 𝑣 .
The storage cost 𝑠 (𝑣) of a dependency vertex 𝑣 is determined

by the number of neighbor vertices and edges it introduces across

layers when cached locally. Formally, we define:

𝑠 (𝑣) =
𝐿−1∑︁
𝑙=1

(
|𝑉 (𝑙 )
𝑖
(𝑣) | + |𝐸 (𝑙 )

𝑖
(𝑣) |

)
· 𝑑 (𝑙 ) (12)

where |𝑉 (𝑙 )
𝑖
(𝑣) | and |𝐸 (𝑙 )

𝑖
(𝑣) | denote the number of vertices and

edges introduced by 𝑣 at layer 𝑙 .

4.2 Lightweight Resource-aware Workload
Adjustment

NP-hardness. We show that the dependency adjustment problem

in our formulation is NP-hard by a polynomial-time reduction from

the Cardinality-Constrained Knapsack Problem (CCKP). Given any

CCKP instance, we map each item to a dependency; the item size

maps to the storage cost, and the item profit maps to the reduction

in runtime variation. The capacity constraints are preserved. Under

this mapping, selecting items in CCKP to maximize total profit is

equivalent to selecting dependency handling method to minimize

runtime variation subject to the memory budget. Since this reduc-

tion is in polynomial time and CCKP is NP-hard, our problem is

also NP-hard.

Lightweight Adaptive Adjustment Algorithm. We propose a

workload adjustment algorithm to address this NP-hard problem.

The algorithm dynamically adjusts the handling of the dependen-

cies to align the computation and communication load of each

worker with its available resources. As shown in Figure 4, when

a worker faces limited CPU resources, more dependencies are re-

trieved using the DepComm approach (upper part of Figure 4(b)).

Conversely, when a worker suffers from limited communication

bandwidth, the DepCache approach is preferred (lower part of Fig-

ure 4(b)). The algorithm initially sets all dependency vertices to use

DepComm, and then selects the vertices with the highest benefit to

convert them to DepCache. The algorithm consists of two stages:

preprocessing and online adjustment. The preprocessing stage is

executed before training starts to cache essential data and prior-

itize dependency vertices through sorting by their computation
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Algorithm 2 Preprocessing Phase

Input: vertex subset𝑉𝑖 , edge subset 𝐸𝑖 ; set of remote dependency vertices

𝐷 ; number of remote workers𝑚;𝑇𝑣,𝑇𝑒 .

Output: {V𝑖,𝑗 }𝑚𝑗=1: remote dependency vertices owned by worker 𝑗 , sorted

by𝑇
cache,𝑖,𝑗 (𝑣) ;

{N𝑖,𝑗 }𝑚𝑗=1: arrays aligned with V𝑖,𝑗 . For each 𝑣, N𝑖,𝑗 (𝑣) .V = #

multi-hop neighbor vertices, N𝑖,𝑗 (𝑣) .E = # multi-hop neighbor

edges, N𝑖,𝑗 (𝑣) .S = per-vertex storage cost;

{S𝑖,𝑗 }𝑚𝑗=1: prefix-sum arrays of storage cost over V𝑖,𝑗 , i.e.,

𝑆𝑖,𝑗 [𝑘 ] =
∑𝑘

𝑡=1 N𝑖,𝑗 (V𝑖,𝑗 [𝑡 ] ) .S.
1: for 𝑗 = 1 to𝑚 do
2: V𝑖 𝑗 ← { 𝑣 ∈ 𝐷, 𝑣 ∈ 𝑉𝑗 }
3: for each 𝑣 ∈ V𝑗 do
4: 𝑇

cache,𝑖 𝑗 (𝑣) ← N𝑖 𝑗 (𝑣) .𝑉 · 𝑇𝑣 + N𝑖 𝑗 (𝑣) .𝐸 · 𝑇𝑒
5: sort (V𝑖 𝑗 ) by𝑇cache, 𝑗 (𝑣) (ascending)
6: reindex N𝑖,𝑗 accordingly

7: S𝑖 𝑗 [1] ← N𝑖 𝑗 (V𝑖 𝑗 [1] ) .𝑆
8: for 𝑘 = 2 to |V𝑖 𝑗 | do
9: S𝑖 𝑗 [𝑘 ] ← S𝑖 𝑗 [𝑘 − 1] + N𝑖 𝑗 (V𝑖 𝑗 [𝑘 ] ) .𝑆
10: return {V𝑖,𝑗 }𝑚𝑗=1, {N𝑖,𝑗 }𝑚𝑗=1, {S𝑖,𝑗 }𝑚𝑗=1

overhead. The online adjustment stage dynamically adjusts depen-

dency handling approaches based on real-time resource feedback.

By offloading expensive operations to preprocessing, the online

adjustment remains lightweight and efficient during training.

Preprocessing Phase. Each worker 𝑖 precomputes two ordered ar-

rays, N𝑖 and S𝑖 . Array N𝑖 groups remote dependency vertices by

their owner 𝑗 intoV𝑖, 𝑗 and, for each 𝑣 ∈ V𝑖, 𝑗 , stores the counts of
multi-hop neighbor vertices/edges and the per-vertex storage cost.

Array S𝑖 contains prefix-sum arrays 𝑆𝑖, 𝑗 of the storage costs for

eachV𝑖, 𝑗 . We group by owner because vertices from the same re-

mote worker share the same per-feature-dimension communication

time𝑇c,𝑖, 𝑗 (Algorithm 2, Lines 1–2). Using the measured per-feature-

dimension processing costs 𝑇𝑣 and 𝑇𝑒 , we compute 𝑇
cache,𝑖, 𝑗 (𝑣) for

𝑣 ∈ V𝑖, 𝑗 (Line 4), sortV𝑖, 𝑗 accordingly and reorder N𝑖, 𝑗 (Lines 5–
6), then build 𝑆𝑖, 𝑗 (Lines 7–9). These precomputations enable fast

lookups during online adjustment. Although 𝑇𝑒 and 𝑇𝑣 may fluc-

tuate, they typically scale proportionally; hence the relative order

of 𝑇
cache,𝑖, 𝑗 (𝑣) is empirically stable across epochs. This is because

compute-bound (e.g., GEMM, related to 𝑇𝑣 ) and memory-bound

(e.g., SpMM, related to 𝑇𝑒 ) operations degrade proportionally un-

der GPU contention. We validate this proportional degradation

through experiments, with detailed results available in the techni-

cal report [4] due to the page limit. Therefore, these arrays only

need to be generated once before training, significantly reducing

the adjustment overhead.

Online Adjustment Phase. During training, worker 𝑖 adapts the

handling of remote dependencies to resource fluctuations while

keeping the cached set within budget 𝐶𝑖 (Algorithm 3). For each

owner 𝑗 , since 𝑇 ′
comm,𝑖, 𝑗

is constant over 𝑣 ∈ V𝑖, 𝑗 and V𝑖, 𝑗 is
sorted by𝑇 ′

cache,𝑖, 𝑗
(𝑣), we locate the positive-benefit region𝛾𝑖, 𝑗 (𝑣) =

𝑇 ′
comm,𝑖, 𝑗

−𝑇 ′
cache,𝑖, 𝑗

(𝑣) > 0 by binary search (Lines 2–6). From the

prefix-sum array 𝑆𝑖, 𝑗 [·] we obtain its storage 𝑠𝑖, 𝑗 = 𝑆𝑖, 𝑗 [𝑘 𝑗 ] (Line 7)
and the total demand 𝑆𝑖 =

∑𝑚
𝑗=1 𝑠𝑖, 𝑗 (Line 9). If 𝑆𝑖 ≤ 𝐶𝑖 , convert

all positive-benefit vertices to DepCache and leave the rest Dep-

Comm (Lines 12–13). Otherwise allocate budget proportionally,

Algorithm 3 Online Adjustment Phase

Input: {V𝑖,𝑗 }, {N𝑖,𝑗 }, {𝑆𝑖,𝑗 }; updated costs𝑇 ′𝑣 ,𝑇 ′𝑒 ,𝑇 ′c,𝑖,𝑗 ; total storage con-
straint𝐶𝑖 ; number of remote workers𝑚.

Output: {Vcache

𝑖,𝑗
}𝑚
𝑗=1

, {Vcomm

𝑖,𝑗
}𝑚
𝑗=1

.

1: Initialize: Vcache

𝑖,𝑗
← ∅, Vcomm

𝑖,𝑗
← ∅ for 𝑗 = 1, . . . ,𝑚

2: for 𝑗 = 1 to𝑚 in parallel do
3: for each 𝑣 ∈ V𝑖,𝑗 do
4: 𝑇 ′

cache,𝑖,𝑗
(𝑣) ← N𝑖,𝑗 (𝑣) .V · 𝑇 ′𝑣 + N𝑖,𝑗 (𝑣) .E · 𝑇 ′𝑒

5: 𝛾𝑖,𝑗 (𝑣) ← 𝑇 ′
c,𝑖,𝑗
− 𝑇 ′

cache,𝑖,𝑗
(𝑣)

6: BinarySearch in V𝑖,𝑗 for largest index 𝑘 𝑗 s.t. 𝛾𝑖,𝑗 (𝑣) > 0

7: 𝑠𝑖,𝑗 ← 𝑆𝑖,𝑗 [𝑘 𝑗 ]
8: // 𝑘 𝑗 is the last vertex with positive benefit.

9: 𝑆𝑖 ←
∑𝑚

𝑗=1 𝑠𝑖,𝑗

10: if 𝑆𝑖 ≤ 𝐶𝑖 then
11: for 𝑗 = 1 to𝑚 in parallel do
12: Vcache

𝑖,𝑗
← first 𝑘 𝑗 items of V𝑖,𝑗

13: Vcomm

𝑖,𝑗
← V𝑖,𝑗 \ Vcache

𝑖,𝑗

14: else
15: for 𝑗 = 1 to𝑚 do
16: 𝐶𝑖,𝑗 ←

(
𝑠𝑖,𝑗 /𝑆𝑖

)
· 𝐶𝑖

17: for 𝑗 = 1 to𝑚 in parallel do
18: 𝑘 ′

𝑗
← max{ 𝑘 ≤ 𝑘 𝑗 | 𝑆𝑖,𝑗 [𝑘 ] ≤ 𝐶𝑖,𝑗 }

19: Vcache

𝑖,𝑗
← first 𝑘 ′

𝑗
items of V𝑖,𝑗

20: Vcomm

𝑖,𝑗
← V𝑖,𝑗 \ Vcache

𝑖,𝑗

21: return {Vcache

𝑖,𝑗
}𝑚
𝑗=1
, {Vcomm

𝑖,𝑗
}𝑚
𝑗=1

𝐶𝑖, 𝑗 = (𝑠𝑖, 𝑗/𝑆𝑖 )𝐶𝑖 (Lines 15–16), and for each 𝑗 take the largest

prefix ofV𝑖, 𝑗 that fits 𝐶𝑖, 𝑗 using 𝑆𝑖, 𝑗 (Lines 18–20). This prioritizes
high-benefit conversions under the memory constraint.

Complexity Analysis.We fuse benefit computation into the

binary search to avoid extra passes. Each adjustment performs

at most (𝑚 − 1) binary searches (one per remote owner 𝑗 ≠ 𝑖)

over sorted lists V𝑖, 𝑗 . Let 𝑁dep
=
∑
𝑗≠𝑖 |V𝑖, 𝑗 |. The online time is∑

𝑗≠𝑖 𝑂 (log |V𝑖, 𝑗 |) = 𝑂
(
𝑚 log(𝑁

dep
/𝑚)

)
in the balanced case, and

𝑂 (𝑚 log𝑁
dep
) in general. The preprocessing is a one-time step

before training that sorts and builds prefix sums over 𝑁
dep

items,

costing 𝑂 (𝑁
dep

log𝑁
dep
).

Approximation guarantee. Ourmethod achieves a
1

2
-approximation

guarantee as it is equivalent to that of the default greedy algorithm

of CCKP, which ranks items by their benefit-to-cost ratio 𝛾 (𝑣)/𝑠 (𝑣)
and selects the largest feasible prefix, achieving a worst-case

1

2
-

approximation [19]. Our algorithm adopts a simplified strategy that

ranks vertices by 𝛾 (𝑣) and selects the Top-K vertices under the

memory budget. In our design, ranking by 𝛾 (𝑣) is effectively equiv-

alent to ranking by 𝛾 (𝑣)/𝑠 (𝑣), as vertices with higher 𝛾 (𝑣) typically
induce lower neighborhood memory costs 𝑠 (𝑣). This allows us to
omit 𝑠 (𝑣) from the ranking criterion.

5 DEPENDENCY-AWARE PARTIAL-REDUCE
5.1 Overall Workflow
Motivation. The previously proposed resource-aware workload

adjustment strategy generally mitigates the impact of resource

fluctuations. However, under extreme resource degradation (e.g.,

simultaneous drops in compute capacity and network bandwidth),
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Figure 5: Partial-reduce for GNN. "Comm" indicates commu-
nication, "Comp" indicates computation, and "Sync" indicates
synchronization.

some workers may lag significantly behind the rest of the cluster.

When such degradation persists, workload adjustment alone may

be insufficient to mitigate severe stragglers.

Challenges of Partial-reduce in GNNs. In distributed DNNs,

partial-reduce (a variant of all-reduce) reduces synchronous over-

head caused by severe stragglers by synchronizing gradients among

only a subset of faster workers in each epoch. However, due to

complex dependencies between training samples (vertices), partial-

reduce faces the following challenges in distributed GNN training.

First, partial-reduce only works on the parameter synchroniza-

tion stage. Yet workers must exchange embeddings and gradients

of dependency vertices at every layer, creating implicit synchro-

nization points. Thus, each epoch includes additional layer-wise

synchronizations in addition to parameter synchronization.

Second, the number of workers involved in parameter updates

may vary across iterations in partial-reduce, leading to unstable gra-

dient scaling and slower convergence [8, 23, 33].In distributed DNN

training, this is typically handled by weighted gradient averaging,

with each worker’s contribution proportional to its number of local

training samples [59]. However, the number of training vertices

for different workers is different, and the aggregation operation

collects non-training vertices embeddings, which will also generate

gradients for these non-training vertices during backward com-

putation, as shown in Figure 6(a). Simply performing a weighted

averaging of parameters across workers based on the number of

training vertices may result in significant convergence bias.

A Two-stage Solution: Partial Computation and Partial Up-
date. We propose a dependency-aware partial-reduce method

for GNN, consisting of partial computation and partial update, as

shown in Figure 5. Partial computation reuses historical vertex

embeddings and gradients for forward/backward computation. Fig-

ure 5(b) illustrates that during the backward computation of the

first epoch, Worker 0 and Worker 1 proceed without waiting for

the gradients from the straggling Worker 2. Partial update collects

the gradients from each worker based on corresponding weight

values, which are computed from the number of training vertices

participating in each layer. Specifically, a Breadth-First Search(BFS)

traversal is initiated from the training vertices to collect the number

Layer 0
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Figure 6: BFS-based partial update.

of neighbor vertices per worker at each layer. These counts are used

to compute the normalization weights for gradient aggregation.

5.2 Partial Computation for Forward/Backward
We adopt a partial-computation mechanism in which workers use

locally cached historical embeddings instead of waiting for remote

embeddings when communication delays occur. In addition, we

introduce a layer-wise timing constraint to limit the maximum

runtime of each layer.

Concretely, for each GNN layer 𝑙 , we estimate a baseline runtime
𝑇
(𝑙 )
0

from a short warm-up run of a few epochs and keep it fixed

throughout training. We then set an adaptive slack Δ𝑇
(𝑙 )
max

= 𝛼𝑇
(𝑙 )
0

,

with 𝛼 = 0.5 by default, which serves as the maximum tolerable

waiting time (elapsed runtime minus pure compute time) for remote

vertex embeddings. Whenever a worker’s elapsed time for layer 𝑙

at an iteration exceeds 𝑇
(𝑙 )
0
+ Δ𝑇 (𝑙 )

max
, it stops waiting and instead

uses cached historical embeddings for the unresolved vertices.

To ensure embedding version consistency, we design a dynamic

staleness control mechanism to track the staleness of embeddings

on each worker. The controller dynamically controls the maximum

allowable delay for remote embedding synchronization. Specifically,

when a worker’s cached embeddings fall behind by more than 𝐾

iterations, the system forces the worker to wait for the latest remote

embeddings. This approach ensures that the embeddings used in the

computation remain up-to-date, preventing approximation errors

due to outdated embeddings.

5.3 Partial Update for Parameter
Synchronization

Workflow of Partial Update. Partial update employs a dual

mechanism of dynamic grouping and bounded staleness constraints,

as shown in Figure 5(b). The lightweight controller monitors the

per-iteration runtime (aggregated across all layers). Let 𝑇0 denote

the iteration-level baseline runtime (e.g., the sum of𝑇
(𝑙 )
0

over layers)

and let Δ𝑇 be the corresponding slack (e.g., 𝛼𝑇0). When the current

iteration’s elapsed time reaches 𝑇0 + Δ𝑇 , if the number of ready

workers is ≥ 𝑀/2+ 1 (𝑀 is the total number of workers), it triggers

a weighted parameter synchronization within the temporary group

of ready workers (e.g., workers 0–1 synchronize while bypassing

worker 2). Otherwise, the controller continues waiting until the

threshold is met.

To prevent parameter drift when some workers have not partici-

pated for a long time, all workers are required to join parameter syn-

chronization every𝐾 iterations. The controller checks participation
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every𝐾 iterations; if any worker is absent, the next synchronization

round is performed across all workers in the cluster.

BFS-based Gradient Weighting Strategy. To address conver-

gence degradation caused by varying worker participation across

iterations and the uneven distribution of training vertices in par-

tial update, we propose a BFS-based gradient weighting strategy.

The key idea is to normalize each worker’s gradient contribution

according to the number of training-related vertices.

Let 𝑛
(𝑙 )
𝑘

denote the number of vertices contributing to gradients

at layer 𝑙 on worker 𝑘 . These vertices are determined through a

backward BFS traversal starting from the training vertices. Each

worker computes its local normalized gradient as:

𝑔
(𝑙 )
𝑘

=
1

𝑛
(𝑙 )
𝑘

∑︁
𝑣∈V (𝑙 )

𝑘

∇L𝑣, (13)

where V (𝑙 )
𝑘

is the set of training-related vertices on worker 𝑘 at

layer 𝑙 , and ∇L𝑣 is the gradient of the loss with respect to vertex 𝑣 .

The parameter update rule then becomes:

𝜃
(𝑙 )
𝑡+1 = 𝜃

(𝑙 )
𝑡 − 𝜂 ·

∑
𝑘∈S𝑡 𝑛

(𝑙 )
𝑘
· 𝑔 (𝑙 )
𝑘∑

𝑘∈S𝑡 𝑛
(𝑙 )
𝑘

, (14)

where 𝜂 is the global learning rate and S𝑡 is the set of workers

active at iteration 𝑡 . This dependency-aware normalization adjusts

each worker’s contribution by the number of vertices involved in

the backward computation (training vertices and their dependen-

cies), stabilizes gradient scaling across iterations, and improves the

convergence rate under dynamic worker participation.

Bias Elimination under Partial-reduce. We demonstrate that

the proposed vertex-weighted gradient aggregation yields an un-

biased estimate of the global gradient. We take expectations on

both sides and assume the vertex-level gradients are unbiased, i.e.,

E[𝑔 (𝑙 )
𝑘
] = ∇L(𝜃𝑡 ), we have:

E


∑
𝑘∈S𝑡 𝑛

(𝑙 )
𝑘
· 𝑔 (𝑙 )
𝑘∑

𝑘∈S𝑡 𝑛
(𝑙 )
𝑘

 =
∑
𝑘∈S𝑡 𝑛

(𝑙 )
𝑘
· E[𝑔 (𝑙 )

𝑘
]∑

𝑘∈S𝑡 𝑛
(𝑙 )
𝑘

=

∑
𝑘∈S𝑡 𝑛

(𝑙 )
𝑘
· ∇L(𝜃𝑡 )∑

𝑘∈S𝑡 𝑛
(𝑙 )
𝑘

= ∇L(𝜃𝑡 ) .

(15)

In contrast, traditional GNN training directly sums local gra-

dients across active workers without normalization, which leads

to biased gradient estimates when only a subset of training ver-

tices is covered at each iteration. The expected aggregated gradient

becomes:

E


∑︁
𝑘∈S𝑡

𝑔
(𝑙 )
𝑘

 =
𝑁
(𝑙 )
𝑡

𝑁 (𝑙 )
∇L(𝜃𝑡 ), (16)

where 𝑁 (𝑙 ) =
∑𝐾
𝑘=1

𝑛
(𝑙 )
𝑘

is the total number of training vertices at

layer 𝑙 , and 𝑁
(𝑙 )
𝑡 =

∑
𝑘∈S𝑡 𝑛

(𝑙 )
𝑘

is the number of vertices contribut-

ing to gradients at layer 𝑙 among all workers involved in gradient

aggregation. The factor 𝑁
(𝑙 )
𝑡 /𝑁 (𝑙 ) reflects incomplete training sig-

nal coverage and causes systematic underestimation of the true

gradient.

Table 1: Dataset description.

Dataset |V| |E| #F #L #H
Yelp (YP) 716,874 13,954,819 300 100 128

Reddit (RDT) 232,965 114,615,892 602 41 128

Ogbn-products (OPT) 2,449,029 61,859,140 100 47 64

Amazon (AMZ) 1,598,960 132,169,734 200 107 128

Therefore, by incorporating dependency-aware normalization,

our method eliminates this bias and ensures unbiased gradient

estimation under resource fluctuation and imbalanced participation.

The convergence of the method is formally established, and the

detailed proof is provided in the technical report [4] due to space

constraints.

6 EXPERIMENTS
6.1 Experimental Setup
Environments. Our experiments are conducted on Aliyun ECS

cluster with 16 GPU nodes. Each node has 16 vCPUs, 155GB DRAM,

and 1 NVIDIA Tesla T4 GPU, running Ubuntu 20.04 LTS OS. The

network bandwidth is 10 Gbps.

Datasets and GNN Algorithms. Table 1 lists the four graph

datasets used in our evaluation: Reddit [13] is based on user in-

teractions in a social network. Ogbn-products [15] originate from

similar relationships between products in an e-commerce platform.

The Yelp [50] dataset is constructed from user reviews of local

businesses. The Amazon [6] dataset is derived from product co-

purchasing graphs, with nodes representing products and edges

capturing frequently co-reviewed or co-purchased items. The ver-

tex feature dimensions, the number of labels of datasets, and hidden

layer dimensions are listed in Table 1. We use four popular GNN

models, including Graph Convolutional Network (GCN) [21], Graph

Attention Network (GAT) [39], GraphSAGE [13], and TAGCN [9]

to evaluate the performance, all of them are in a 2-layer structure.

The Systems for Comparisons. In our experiments, we com-

pare NeutronCloud with two types of systems: mini-batch sys-

tems and full-graph systems. For the mini-batch system, we choose

DistDGL [55] as the baseline. DistDGL reduces computational and

memory overhead through sampling. In our experiment, DistDGL

samples up to 10 first-hop neighbors per seed node and up to 15

second-hop neighbors per first-hop neighbor. For the full-graph

system, we compare NeutronCloud with NeutronStar [45] and

Sancus [32].NeutronStar adopts a hybrid dependency-handling

approach designed to balance computation and communication

workload, enabling high-performance GNN training. Sancus uses

historical embeddings to reduce cross-worker communication. In

NeutronCloud, we follow the graph partitioning strategy used in

NeutronStar, adopting a chunk-based [58] approach that divides

the vertex ID space into contiguous ranges. Vertex features and

labels are colocated with their corresponding vertices, while edges

are assigned to partitions based on their destination vertex. By

default, we set the staleness bound 𝐾 = 3 in both accuracy and

runtime performance evaluations, meaning that each worker is

allowed to compute with cached embeddings and delay gradient

synchronization for up to 3 epochs. All experimental results are
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Figure 7: Per-epoch runtime of different systems on different
models. "OOM" indicates the out-of-memory error.

presented in terms of the runtime per epoch, which refers to the

time for forward and backward propagations, of all vertices in the

graph. The results are obtained by averaging over 100 epochs. A

shorter runtime per epoch indicates that the model takes less time

to achieve the same accuracy.

Heterogeneity Simulation. Inspired by existing heterogeneous

training methods [25–27, 56], we simulate a resource-fluctuating

environment in the experiment. Specifically, for each worker, we

independently add a certain probability of sleep time in each epoch

to reflect resource dynamic. Specifically, each worker has a 10%

probability of adding 5 seconds of sleep timewithin an epoch, which

is partially added to both forward and backward propagations.

6.2 Overall Comparison
We compare the performance of NeutronCloud by running GCN,

GAT, GraphSAGE, and TAGCN on a 16-node cluster. Recording the

average runtime and the average increased training time caused by

resource fluctuations (called fluctuation-induced delay time) per

epoch. The experimental results are summarized in Figure 7 and

Figure 8 respectively.

Per-epoch Time Comparison. Compared to NeutronStar, Dist-

DGL, and Sancus, NeutronCloud demonstrates superior perfor-

mance across all datasets. For the average runtime per epoch, it

also achieves speedups of up to 2.10×, 2.97× and 4.15× (Figure 7).

Sancus periodically performs a full broadcast of the local em-

beddings of each worker to all workers, usually every few itera-

tions, regardless of whether other partitions actually need them.

This design introduces substantial redundant communication and

lengthens waiting times, further degrading end-to-end performance.

Thus bandwidth fluctuations exacerbate delays and harm training

efficiency. NeutronStar adopts a pipeline parallelism strategy. In

each worker, the workload is partitioned into multiple chunks, and

chunk-level scheduling is applied to overlap the communication

and compute tasks. It exhibits better adaptability and performance

compared to Sancus and DistDGL in most datasets under resource-

fluctuating environment.

The static workload allocation method used by DistDGL, Neu-

tronStar and Sancus cannot match fluctuating available resources,

leading to mismatches between workload and available resources.

The advantages of NeutronCloud stem from two main factors: (1)

the resource-aware workload adjustment strategy enables dynamic

changes in workload to match the continuously changing resources;
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Figure 8: Fluctuation-induced delay time of different sys-
tems on GCN and GAT models. "OOM" indicates the out-of-
memory error.

(2) the proposed dependency-aware partial-reduce method, which

effectively alleviates the negative impact of extreme resource fluc-

tuations on training efficiency.

Fluctuation-inducedDelay TimeComparison. The fluctuation-
induced delay time can directly reflect the impact of resource vari-

ability on distributed GNN training. For the average fluctuation-

induced delay time per epoch, compared to DistDGL, NeutronStar,

and Sancus, NeutronCloud achieves speedups of 3.89×, 4.81× and

3.87×, respectively, as shown in Figure 8. Sancus reduces commu-

nication overhead by reusing historical embeddings, making it less

affected by communication resource fluctuations compared to Dist-

DGL and NeutronStar.

6.3 Preprocessing Overhead Analysis
We compare the preprocessing time, including prioritizing depen-

dent vertices through sorting and counting the number of training

vertices, to the execution time of running GCN for 100 epochs.

Table 2 shows the results. The preprocessing phase adds an average

overhead of 3.91% to NeutronCloud. This overhead gradually de-

creases as the graph size increases (e.g., 5.66% on Yelp vs. 2.84% on

Amazon). And this is typically amortized during training, while the

techniques applied in this phase contribute to an average speedup

of 2.08× for NeutronCloud.

Table 2: Preprocessing vs. training time breakdown (seconds
and portion of total) for 100 epochs. Baseline denotes the
training time before applying our approach.

Dataset Training(Baseline) Preprocessing Training Total

Yelp 675.00 18.74 / 5.66% 312.00 / 94.34% 330.74

Reddit 683.00 16.62 / 4.77% 332.00 / 95.23% 348.62

Products 750.00 8.94 / 2.39% 365.00 / 97.61% 373.94

Amazon 879.00 10.86 / 2.84% 372.00 / 97.16% 382.86

6.4 Scalability Analysis
Performance with varying cluster sizes. In this experiment,

we compare NeutronCloud with other systems when training GCN

on four datasets across varying cluster sizes. Figure 9 reports per-

epoch runtime across cluster sizes, where NeutronCloud consis-

tently outperforms other systems. Specifically, compared to Dist-

DGL, NeutronStar, and Sancus, NeutronCloud achieves average

speedup ratios of 2.53×-2.65× when scaling from 4 to 16 workers.

As the number of workers increases, the overall training time of

distributed GNNs is expected to decrease. However, for full-graph

systems such as Sancus and NeutronStar, the training time not

only fails to reduce but instead increases due to resource fluctu-

ations. In contrast, NeutronCloud experiences a slight reduction

in training time because dynamic workload allocation methods
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Figure 9: Per-epoch runtime of different systems with different cluster sizes on different datasets.
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Figure 10: Per-epoch runtime of different systems on Ogbn-
Products with varying model configurations.

can better match fluctuating available resources. Sancus exhibits

poor scalability, possibly due to reliance on serial global broad-

casting and broad, repeated embedding transfers. In large-scale

clusters, growing workers amplify communication overhead and

network bottlenecks, which limits Sancus’s scalability. In contrast,

NeutronCloud employs a dependency-aware partial-reduce method

that better handles severe stragglers under resource fluctuations in

large-scale clusters.

Performance with varying model layers. In this experiment,

we compare NeutronCloud with baselines when training GCN with

different model layers over Ogbn-products in a 16-node cluster. For

the 2, 3, and 4-layer models, the DistDGL sampling strategies were

set to (25,10), (25,15,10), and (25,20,15,10), respectively. The results

are shown in Figure 10(a) We observe that the performance advan-

tage of NeutronCloud over other baselines gradually increases with

the model depths. For the 2-layer model, NeutronCloud achieves

an average speedup of 2.40×. For the 3-layer and 4-layer models,

the speedups were 3.15× and 3.42×, respectively.
Performance with varying embedding dimensions. In this ex-

periment, we compare NeutronCloud with baselines when training

GCN with different embedding dimensions on a 16-node cluster.

As shown in Figure 10(b), NeutronCloud consistently outperforms

baselines, and its advantage increases with the embedding size.

Specifically, NeutronCloud achieves average speedups of 2.81×,
3.57×, and 5.02× over all baselines for 128-, 256-, and 512-dimensional

embeddings, respectively. Larger embedding dimensions increase

communication volume; NeutronCloud reduces this overhead by

(i) limiting embedding exchange via partial-reduce and (ii) shifting

dependency communication to local computation through resource-

aware adjustment.

6.5 Performance Tolerance to Parameter
Staleness (𝐾)

We study GNN training’s tolerance to parameter staleness. In our

setting, historical embeddings are reused for computation, and only
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Figure 11: Accuracy for different parameters 𝐾 .
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Figure 12: Time-to-accuracy.
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Figure 13: Time-to-loss.

a subset of gradients participates in parameter synchronization.

We evaluate the convergence performance of the systems on a

cluster with 16 workers and show the accuracy curves for the GNN

models (GCN, TAGCN) on NeutronCloud, NeutronStar, DistDGL,

and Sancus under different parameters 𝐾 , as shown in Figure 11.

Results indicate that increasing 𝐾 reduces average per-epoch time,

with a modest decrease in accuracy; when the value of parameter 𝐾

is 3, the model achieves a relatively ideal balance between accuracy

and training overhead.

6.6 Convergence Analysis
We evaluate the convergence of NeutronCloud, NeutronStar, Dist-

DGL, and Sancus on a 16-worker cluster using a GCN model for

node classification, and show the accuracy curves on two datasets

in Figure 12.
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Figure 14: Epoch-to-accuracy.
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Figure 15: Performance gain analysis. "RAS" indicates the
resource-aware workload adjustment strategy, "DPR" indi-
cates the dependency-aware partial-reduce strategy.

The results show that in the early stages, NeutronCloud experi-

ences accuracy fluctuations caused by severe stragglers. After 100

epochs, the test accuracy stabilizes, and NeutronCloud achieves the

same test accuracy compared to other systems while reaching the

target accuracy faster than all other systems. Similarly, Figure 13

presents the training loss over time. At convergence, NeutronCloud

attains a training loss comparable to that of the baselines.

However, Sancus exhibits a long convergence time, which may

be due to its cross-worker communication. It does not immediately

transmit vertex embeddings after each update but instead transmits

them at fixed epoch intervals. NeutronCloud employs a bounded

control mechanism in partial computation, limiting the staleness

of historical embeddings to at most 𝐾 iterations, ensuring that

deviation does not accumulate indefinitely. Additionally, periodic

All-Reduce in partial update is performed, ensuring that all workers

complete parameter synchronization within 𝐾 epochs, preventing

the model from degrading due to severe stragglers. As a result,

NeutronCloud achieves higher accuracy.

Figure 14 shows the accuracy curves of the GCN model on

NeutronStar, NeutronCloud, DistDGL, and Sancus across train-

ing epochs. We observe that under the same number of epochs,

NeutronCloud achieves slightly lower model accuracy compared

to other systems, but it eventually achieves convergence accuracy

comparable to that of other systems. This is because it uses his-

torical (stale) embeddings for forward computation and performs

parameter synchronization only among a subset of workers in each

iteration. However, since NeutronCloud executes each epoch faster,

the system still achieves faster convergence in terms of overall

training time.

6.7 Performance Gain Analysis
Training efficiency analysis. To validate the effectiveness of Neu-
tronCloud’s key designs, we conduct experiments on GNN models
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Figure 16: Test accuracy over time for the RDT and OPT
datasets under three settings: Baseline, Baseline+RAS, and
Baseline+RAS+DPR.
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Figure 17: The distribution of overhead associated with
T_local, T_cache, and T_comm during a 100-epoch training.

(GCN, GAT) across four datasets, evaluating the impact of resource-

aware workload adjustment strategy (RAS) and dependency-aware

partial-reduce (DPR) on system efficiency. To ensure a fair compar-

ison, we start with a foundational framework established on the

NeutronCloud codebase and gradually integrate the two optimiza-

tion methods.

Figure 15 shows the average fluctuation-induced delay time per

epoch. Compared to the Baseline, the Baseline+RAS achieves an

average speedup of 1.40×. Figure 17 shows the per-epoch distri-

bution of 𝑇
local

,𝑇
cache

, and 𝑇comm during a 100-epoch training of

GCN on the Amazon dataset under Baseline+RAS. And the𝑇
local

in-

cludes the injected sleep time used to simulate resource fluctuations.

By dynamically rebalancing the workload between DepCache and

DepComm, NeutronCloud effectively mitigates the performance

degradation introduced by these fluctuations.

Compared to the Baseline+RAS, the Baseline+RAS+DPR achieves
an average speedup of 2.64×. The dependency-aware partial-reduce
strategy includes two levels of mechanisms, reducing the impact

of severe stragglers on overall training progress from both layer-

wise synchronization and parameter synchronization dimensions

under extreme conditions. It significantly reduces the prolonged

synchronization overhead caused by severe stragglers.

Accuracy evaluation and analysis. To validate the effectiveness

of NeutronCloud’s designs, we evaluate the convergence perfor-

mance of the Baseline and two optimization variants. Figure 16

shows the accuracy curves of the GCN model on the Reddit and

Ogbn-products datasets. After 100 epochs, the test accuracy sta-

bilizes, and both Baseline+RAS+DPR and Baseline+RAS achieve

accuracy comparable to that of the Baseline.
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Figure 18: Per-epoch runtime comparison under real cloud
heterogeneous setting.

6.8 Performance on Real Cloud GPUs
To evaluate our method in a real heterogeneous environment, we

further conduct experiments on commercial cloud platforms that

support GPU sharing. With the improvement of single-GPU per-

formance, public GPU cloud providers have started offering virtual

GPU containers, such as Vultr[40] and Alibaba Cloud[7], allowing

multiple users to share the same physical GPU resources. By lever-

aging GPU virtualization technologies such as NVIDIA MIG[29]

or SR-IOV[30], these platforms allocate independent computing

instances to each user. These cloud providers typically allow users

to request GPU resources on demand, renting computing power at

a finer granularity (e.g., 1/2, 1/4, or even 1/20 of a single GPU). This

approach improves the overall utilization of GPU resources while

effectively reducing user costs.

Specifically, we launch 16 GPU instances on Alibaba GPU cloud

provider to validate the adaptability of our method, each instance

provisions a virtual GPU container with 1/3 of an NVIDIA A10 GPU

and up to 20 Gbps network bandwidth. Since the computational

performance of shared GPUs is affected by cluster scheduling poli-

cies, we observed significant dynamic heterogeneity among these

instances. We run the GCN model on four datasets to compare the

execution speed of NeutronCloud with other systems. To account

for the variability of real cloud environments and ensure statis-

tical reproducibility, we repeat each experiment multiple times

across three independent periods and report the average per-epoch

runtime. Figure 18 presents the experimental results with error

bars that indicate the standard deviation between numerous exper-

iments. The result demonstrates that NeutronCloud achieves stable

performance across repeated trials, confirming the reproducibility

of our results. Compared to DistDGL, NeutronStar, and Sancus,

NeutronCloud achieves average speedup ratios of 3.90×, 1.83×, and
4.43×, respectively.

7 RELATED WORK
Existing Distributed GNN Systems. Several distributed GNN

training systems have been proposed to address the scalability chal-

lenge of graph learning. Sancus [32] reduces synchronization over-

head by using historical embeddings, but adopts a broadcast-based

communication scheme where each worker sequentially sends all

local embeddings to all others, regardless of actual demand. This

incurs redundant communication and prolonged synchronization

delays. NeutronStar [45] performs full-graph training with pipeline

parallelism and chunk-level scheduling to accelerate training by

overlapping communication and computation. However, it cannot

adapt to environments with fluctuating resources due to the pa-

rameter synchronization approach of All-Reduce and static load

distribution. DistDGL [55] adopts mini-batch training and reduces

overhead through neighborhood sampling. However, its reliance

on static METIS [18] partitioning can cause load imbalance under

resource fluctuations, leading to unstable performance in resource-

dynamic environments.

The Partial-Reduce Strategy for Distributed DNNs. Deploy-
ing deep learning workloads in heterogeneous environments (e.g.,

public clouds) exacerbates communication latency and straggler

effects. Synchronous All-Reduce, originally designed for homo-

geneous clusters, becomes a performance bottleneck under such

heterogeneity. To mitigate stragglers, recent work relaxes strict

synchronization: partial-reduce [26] skips delayed workers during

gradient aggregation; DPAR [20] adapts synchronization to node

capacity; and RNA [48] allows nodes to update at their own pace.

These relaxations reduce computation and communication over-

head and improve throughput for distributed DNNs. While effective

for distributed DNNs, these techniques cannot be directly applied

to GNNs due to inter-sample dependencies between workers.

Distributed DNNs in Resource-fluctuating Environments. In

multi-tenant cloud environments and shared clusters, compute

and network capacity fluctuate over time, making fixed task as-

signment and strict synchronization ineffective. SDPipe [27] intro-

duces a semidecentralized framework that couples heterogeneity-

aware scheduling with dynamic gradient synchronization, adapting

computation and communication to instantaneous worker capac-

ity. This reduces straggler-induced stalls and synchronization la-

tency and improves pipeline utilization for model-parallel DNNs.

However, the design does not carry over to GNNs: models are

small and trained in a data-parallel regime, and the dominant cost

is dependency-driven communication (cross-partition neighbor-

feature retrieval and consistency), not gradient synchronization.

Consequently, SDPipe yields limited benefit for GNNs unless com-

bined with mechanisms that reduce dependency communication.

8 CONCLUSION
We present NeutronCloud, a system designed for efficient GNN

training in cloud environments with dynamic and fluctuating re-

sources. Its performance and adaptability are enabled by two key

components: (1) a resource-aware workload adjustment strategy

that dynamically matches computational and communication work-

loads to real-time resource conditions, and (2) a dependency-aware

partial-reduce strategy that reuses historical vertex embeddings

and skips stragglers during gradient aggregation to improve train-

ing efficiency. Compared with existing distributed GNN systems

such as DistDGL and Sancus, NeutronCloud achieves end-to-end

training speedups ranging from 1.83× to 4.43× in the real cloud

environments.
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ABSTRACT
The ever-growing amount of sensor data from machines, smart de-
vices, and the environment leads to an abundance of high-resolution,
unannotated time series (TS). These recordings encode recognizable
properties of latent states and transitions from physical phenom-
ena that can be modelled as abstract processes. The unsupervised
localization and identification of these states and their transitions
is the task of time series state detection (TSSD). Current TSSD al-
gorithms employ classical unsupervised learning techniques, to
infer state membership directly from feature space. This limits their
predictive power, compared to supervised learning methods, which
can exploit additional label information. We introduce CLaP, a new,
highly accurate and efficient algorithm for TSSD. It leverages the
predictive power of time series classification for TSSD in an un-
supervised setting by applying novel self-supervision techniques
to detect whether data segments emerge from the same state. To
this end, CLaP cross-validates a classifier with segment-labelled
subsequences to quantify confusion between segments. It merges
labels from segments with high confusion, representing the same
latent state, if this leads to an increase in overall classification qual-
ity. We conducted an experimental evaluation using 405 TS from
five benchmarks and found CLaP to be significantly more precise
in detecting states than six state-of-the-art competitors. It achieves
the best accuracy-runtime tradeoff and is scalable to large TS. We
provide a Python implementation of CLaP, which can be deployed
in TS analysis workflows.

PVLDB Reference Format:
Arik Ermshaus, Patrick Schäfer, and Ulf Leser. CLaP - State Detection from
Time Series. PVLDB, 19(1): 70 - 83, 2025.
doi:10.14778/3772181.3772187

PVLDB Artifact Availability:
The source code, data, and/or other artifacts have been made available at
https://github.com/ermshaua/classification-label-profile.

1 INTRODUCTION
The study and analysis of long-running biological, human-
controlled, or physical processes, such as human activities or indus-
trial manufacturing, is of great interest in their respective domains.
The field of human activity recognition, for instance, aims to detect
falls in the elderly [71]. To achieve this, human motions are concep-
tualized as an abstract process of distinct activities that transition

This work is licensed under the Creative Commons BY-NC-ND 4.0 International
License. Visit https://creativecommons.org/licenses/by-nc-nd/4.0/ to view a copy of
this license. For any use beyond those covered by this license, obtain permission by
emailing info@vldb.org. Copyright is held by the owner/author(s). Publication rights
licensed to the VLDB Endowment.
Proceedings of the VLDB Endowment, Vol. 19, No. 1 ISSN 2150-8097.
doi:10.14778/3772181.3772187

from one to another. Data acquisition and analysis workflows are
employed to detect activities from mobile sensors and report falls.
Similarly, in industrial manufacturing, CNC machines are mon-
itored by pre-installed IoT devices to detect tool wear [60]. The
condition of a tool can be abstracted as either normal or faulty,
and wear detection is realized by recognising the transitions in-
between. From a computational perspective, such phenomena can
be modelled as abstract processes with discrete states and pairwise
transitions between them. The core property of these processes is
that the states are distinct and can be observed and measured over
time by instrumentation.

Recent advances in the digitalization of measurement devices
have greatly facilitated the acquisition of biological and physi-
cal process data. Sensors, such as those in smartphones, indus-
trial machinery, or earth observation stations, continuously record
high-frequency real-valued observational data, termed time series
(TS) [34, 43, 69]. State changes in the observed processes lead to
variations in the recorded signals, which form the basis for anal-
ysis. Sensor data capture the unique characteristics of states as
subsequences, distinguishable by either their shape or statistical
properties. These distinct parts of TS are commonly called segments,
and each contains the recognizable properties of the observed pro-
cess state. The transitions between segments, also called change
points (CPs), mark the time points in a recording, at which the ob-
served process changes state. The identification of segments, CPs,
and state labels forms the foundation for activity recognition [18],
health assessment [38], or condition monitoring in IoT [60].

Formally, the task of recovering the sequence of discrete state
labels from a TS of observations is called time series state detec-
tion (TSSD). It acts as a complex, unsupervised preprocessing step
between data collection and TS knowledge discovery [65]. TSSD
annotates each data point in a TS with a label that corresponds
to a state in the data-generating process. Consecutive stretches of
the same label mark segments, while different neighbouring labels
indicate CPs. TSSD requires the analysis of observations to identify
signal shifts, which are assumed to result from state changes in the
observed process. This creates consecutive segments of data points
that are homogeneous within themselves, yet sufficiently distinct
from their neighbours. These segments are further compared to
each other to assign equal labels to those sharing the same state
and unequal labels to those representing different states. State la-
bels from segments are then propagated to individual data points
to form the annotation, a state sequence. Contrary to supervised
problems, such as TS classification (TSC), the labels in TSSD (e.g.
0,1,2) are discovered by an algorithm, abstract, and primarily used
to differentiate observations based on state affiliation. They can be
mapped to semantic labels (e.g. walk, jog, run) when appropriate
domain knowledge is available [2].
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Figure 1: Top-3: human activity recording showing X-axis ac-
celeration, gyroscope, andmagnetometermeasurements [18]
of different motions. Activities are consecutive, differently
coloured sequences. 2nd from bottom: state sequence pre-
dicted by CLaP, assigning each data point one of three possi-
ble activity labels (1 for resting, 2 for squats, and 3 for loos-
ening legs). Bottom: state sequence from competitor method
Time2State, with 10 (too many) predicted labels.

A popular approach to TSSD is a combination of TS segmen-
tation (TSS) and clustering techniques [65]. A baseline approach
could, for example, use the ClaSP (Classification Score Profile) al-
gorithm [20] to compute a TSS and cluster the resulting segments
using Time2Feat [6] to predict state labels. The central limitation
of this pipeline is its reliance on distance calculations in clustering,
which are known to show limited performance compared to su-
pervised methods used in TSC [49]. Unsupervised distance-based
methods determine the state membership of segments solely within
the feature space, whereas supervised techniques could also uti-
lize the label space in this computation. This issue prevails to all
state-of-the-art methods [28, 33, 42, 47, 66].

We present CLaP (Classification Label Profile), a domain-agnostic
TSSD algorithm that uses self-supervised change analysis to lever-
age the predictive power of supervised classification algorithms
to the unsupervised TSSD problem. It is accurate, scalable, and
capable of processing both univariate and multivariate TS. CLaP
is hyper-parameter-free and learns all information from the data
at hand. The routine first computes a segmentation with ClaSP,
which internally uses a binary self-supervised classifier to differ-
entiate segments based on differently shaped subsequences. CLaP
then cross-validates a multi-class classifier with segment-labelled
subsequences to measure the confusion between segments. This
information is central to labelling segments that share the same
state or not. In a subsequent merging procedure, the algorithm
iteratively combines confused labels, representing the same state,
using a novel merge criterion called classification gain. By design,
CLaP automatically determines the number of states in a TS; an
otherwise difficult to set hyper-parameter.

Unlike competing approaches, which use classical unsupervised
techniques, CLaP is the first method to tackle the TSSD problem
with supervised learning methods, by explicitly framing it as a
self-supervised task. Segments are modelled directly in label space,
which is more discriminative than feature space, used in earlier

algorithms. CLaP introduces a novel merging procedure that learns
states by fusing segment labels according to their mutual confusion.
This process is guided by a new score that enables fair comparisons
across classification problems of differing complexity.

Figure 1 shows an example of how CLaP and a state-of-the-art
competitor Time2State [66] annotate a multivariate time series
(MTS) with a state sequence. The recording captures smartphone
sensor readings of a 30-year-old female resting (blue), performing
squats (orange), resting again (blue), loosening her legs (green),
and resting again (blue) [18]. CLaP accurately identifies the transi-
tions between activities and correctly assigns 3 distinct labels to
the 5 segments (segments with the same activity are visualized as
equally high flat lines; ones with different activities appear as lines
at varying levels in the visualization). Time2State, in comparison,
correctly identifies the resting periods, but overestimates the total
number of activities being 10 separated by 12 transitions.

In summary, this paper’s contributions are:
(1) We present CLaP, a new domain-agnostic and hyper-

parameter-free TSSD algorithm that leverages self-
supervised TS classification for segmentation and labelling
to predict state sequences of multivariate TS. We provide
technical descriptions, a computational complexity analysis,
examples, and a Python implementation.

(2) We propose two technical novelties that make TS classifiers
applicable for TSSD: confused merging, a mechanism to
reduce a TS state labelling to a minimal required set of
labels; and classification gain, which quantifies the increase
in F1 score of a classification compared to a random one.

(3) We assess the accuracy and runtime of CLaP and six state-
of-the-art competitors (Time2State, HDP-HSMM, E2USD,
ClaSP2Feat, TICC, AutoPlait) on 405 TS from five bench-
marks. CLaP significantly outperforms all rivals in accu-
racy and has the best accuracy-runtime tradeoff. It achieves
the highest mutual information of 60.4% with ground truth
annotations, an increase of 16.1 percentage points (pp) com-
pared to the second-best competitor Time2State.

To foster the reproducibility of our findings, we created a sup-
porting website [11] that contains all source codes, our evaluation
framework, Jupyter notebooks for exploratory analysis, raw mea-
surements, scores, and visualizations. The remaining paper is or-
ganized as follows: Section 2 introduces the necessary definitions
and background of this work. In Section 3, we present CLaP and its
technical novelties in detail. Section 4 shares the results of extensive
accuracy and runtime experiments of CLaP and the competitors. In
Section 5, we review related works, and Section 6 concludes.

2 DEFINITIONS AND BACKGROUND
We formally define the concepts of abstract processes, time se-
ries, subsequences, state sequences, the time series state detection
(TSSD) problem, and introduce ideas of TS change analysis.

Definition 1. An abstract process 𝑃 = (𝑆, 𝑅) consists of one
or more discrete and distinct states 𝑠1, ..., 𝑠𝑙 ∈ 𝑆 that are pairwise
separated by transitions (𝑠𝑖 , 𝑠 𝑗 ) ∈ 𝑅 ⊆ 𝑆 × 𝑆 , with 𝑠𝑖 ≠ 𝑠 𝑗 .

Following the definition of Wang et al. [65], states refer to dis-
tinct phases of real-world processes observable through sensor
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measurements. We assume each state has a stationary, recognizable
property that persists over time and makes it distinguishable from
other states. Examples include human activities or machine con-
ditions. This definition excludes processes with homonym states,
that emit indistinguishable signals, and synonym states, which can-
not be recognized by observation. It also excludes states that have
drifting semantics over time.

Transitions are, by definition, changes between states and consti-
tute the links among them in processes. We assume that a transition
leads to a change in the observations of a process. Gradual changes,
such as trends, can be modelled as separate states. We make no
assumptions about transition causes, i.e., whether they occur ran-
domly or systematically.

For analysis, we consider measurements emitted by one or multi-
ple sensors observing outcomes or byproducts of a process. Human
activity, for instance, can be tracked by inertial measurement units
(IMUs) in smartphones [43] and industrial machinery can be moni-
tored with IoT devices [64], which results in temporal data.

Definition 2. A time series (TS) 𝑇 is an ordered sequence of
𝑛 × 𝑑 ∈ N2 dimensional vectors 𝑇 = (𝑡⃗1, . . . , 𝑡⃗𝑛) ∈ R𝑛×𝑑 that simul-
taneously measures 𝑑 observable outputs of a process 𝑃 .

Each 𝑡𝑖 has 𝑑 dimensions, or channels, one for each sensor. Its
values, also called data points ormeasurements, are equi-distant and
ordered by time, e.g. 1 data vector is recorded every 10 milliseconds.

Definition 3. Given a TS 𝑇 , a subsequence 𝑇𝑠,𝑒 of 𝑇 with start
offset 𝑠 and end offset 𝑒 is the 𝑑-dimensional slice of contiguous obser-
vations from 𝑇 at position 𝑠 to position 𝑒 , i.e., 𝑇𝑠,𝑒 = (𝑡⃗𝑠 , . . . , 𝑡⃗𝑒 ) with
1 ≤ 𝑠 ≤ 𝑒 ≤ 𝑛. The length of 𝑇𝑠,𝑒 is |𝑇𝑠,𝑒 | = 𝑒 − 𝑠 + 1.

We use the terms subsequence and window interchangeably, and
refer to their length as thewidth. A state from 𝑆 yields its observable
properties as a subsequence with shapes or statistics distinguish-
able from others. We call these core structures temporal patterns,
since they provide the necessary information to recognize the same
state and distinguish it from others. Temporal patterns can drift
or suddenly change over time, indicating a switch from one pro-
cess state to another. Note, however, that local parts of channels
contribute differently to the signal, for instance in amplitude.

Definition 4. Given a TS 𝑇 of size 𝑛 that captures a process
𝑃 = (𝑆, 𝑅), the corresponding state sequence 𝑄 = (𝑠𝑡1 , . . . , 𝑠𝑡𝑛 ) ∈ 𝑆𝑛
contains the states 𝑠𝑡𝑖 ∈ 𝑆 that are captured at time points 𝑡𝑖 ∈ 𝑇 .

A change point (CP) denotes an offset 𝑖 ∈ [1, . . . , 𝑛] for 𝑡𝑖 ∈ 𝑇
that corresponds to a transition between states 𝑠𝑡𝑖−1 to 𝑠𝑡𝑖 in 𝑄 ,
where (𝑠𝑡𝑖−1 , 𝑠𝑡𝑖 ) ∈ 𝑅 and 𝑠𝑡𝑖−1 ≠ 𝑠𝑡𝑖 . For notational convenience,
we consider the first and last values in 𝑇 as CPs. We call the subse-
quence between two CPs a segment with variable size. A segmenta-
tion of 𝑇 is the ordered sequence of CPs in 𝑇 , i.e., 𝑡𝑖1 , . . . , 𝑡𝑖𝑛 with
1 ≤ 𝑖1 < · · · < 𝑖𝑛 ≤ 𝑛 at which the process 𝑃 changes state.

Definition 5. The problem of time series state detection (TSSD)
is to recover the latent state sequence 𝑄 of a process 𝑃 , only by
analysing the time series 𝑇 , emitted by 𝑃 .

The TSSD problem, as defined here, is unsupervised and twofold:
We need to find a segmentation of 𝑇 that captures the state transi-
tions 𝑅, as well as the distinct states 𝑆 from all segments, in order

to predict a state sequence 𝑄̂ . An optimal result yields a 𝑄̂ that
is isomorphic to 𝑄 , because an algorithm does not have access to
the actual state labels. To evaluate the quality of a predicted state
sequence, we can measure its alignment with the ground truth
annotated by domain experts — e.g., by inspecting Covering [63]
or the mutual information [51] of segments.

2.1 Self-supervised Change Analysis
To label TS with their states, CLaP computes segments of 𝑇 and
iteratively relabels them based on mutual similarity. Contrary to
classical clustering approaches, we do not compare distances, but
build on self-supervised TS change analysis, first proposed by Hido
et al. [29], that we shortly introduce next.

Self-supervised learning is an unsupervised learning variant, in
which the data itself is used to generate supervision labels. Consider
two data sets, 𝑋𝐴 and 𝑋𝐵 , representing subsequences from differ-
ent segments. We assign label 0 to samples from 𝑋𝐴 and 1 to ones
from 𝑋𝐵 , enabling a binary classification evaluation using cross-
validation. A TS classifier, trained on the labelled subsequences,
predicts labels for unlabelled instances. 𝑘-fold cross-validation eval-
uates the classifier by training it on (𝑘 − 1) parts of the data and
testing it on the remaining one. This process repeats 𝑘 times, cov-
ering all combinations, with the average of the 𝑘 evaluation scores
(e.g., F1-scores) representing the classifier’s predictive power. This
value measures the classifier’s ability to distinguish between data
sets 𝑋𝐴 and 𝑋𝐵 . A high score implies high dissimilarity and unique
characteristics between the segments, indicating they represent
different states. Conversely, a lower score indicates similarities,
suggesting the segments may belong to the same state.

3 CLAP - CLASSIFICATION LABEL PROFILE
We propose the Classification Label Profile, short CLaP, a novel
algorithm that formulates TSSD as a self-supervised classification
problem. We first provide an overview and example of the main
concept, before we explain in detail how to implement it for state
detection in Subsections 3.1 to 3.3.

Definition 6. Consider a process 𝑃 = (𝑆, 𝑅), captured by a TS
𝑇 of size |𝑇 | = 𝑛, and a window size 𝑤 . A CLaP is a tuple (𝐿, 𝑐)
that annotates 𝑇 with a label sequence 𝐿 ∈ {1, . . . , 𝑘}𝑛−𝑤+1 and an
associated cross-validation score 𝑐 ∈ [0, 1].

The label sequence 𝐿 links all the 𝑛 −𝑤 + 1 overlapping subse-
quences 𝑇𝑖,𝑖+𝑤−1 with one of 𝑘 labels, which are used to represent
the states in 𝑆 . CLaP is computed from a subsequence classification
problem with 𝑘 classes, whose discriminatory power is summarised
in the score 𝑐 . We derive 𝐿 from a self-supervision mechanism (see
Subsection 3.1) and calculate 𝑐 as the F1-score from a 5-fold cross-
validation with the ROCKET classifier [12], using the subsequences
from𝑇 as data and 𝐿 as artificial ground truth labels. Low scores of
𝑐 indicate CLaP is not able to accurately differentiate similar from
dissimilar subsequences, while high scores show that it constitutes
distinguishable windows.

Figure 2 shows an example of three different CLaPs. The top part
illustrates a triaxial human activity recording from a 23-year-old
male, switching between horizontal (blue) and downstairs (orange)
walking. The true state sequence of this recording assigns, for exam-
ple, 1s to the blue data points and 2s to the orange measurements.
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Student commutes to university

(a) CLaP: random label arrangement (F1-score: 57%)

(b) CLaP confused classes between states (F1-score: 67%)

(c) CLaP: labelling matches states (F1-score: 98%)

Figure 2: Top: excerpt of triaxial mobile phone acceleration
recording frommale student commuting to university, show-
ing horizontal (blue) and downstairs (orange) walking mo-
tions [18]. 4th from top to bottom: three CLaPs with different
labellings (green and red) and associated F1 cross-validation
scores. Profiles (a to c) incrementally align more with the
true state sequence, which leads to increasing F1 scores.

The bottom part displays three different CLaPs (a to c). The se-
quence of green and red dots shows the label configuration 𝐿, with
the associated F1-score 𝑐 annotated. CLaP (a) presents a random
label configuration that does not match the true state sequence,
resulting in poor cross-validation performance (57% F1-score). The
profile in (b) somewhat aligns with 𝑄 but confuses some instances
(67% F1-score). In contrast, CLaP in (c) perfectly resembles the
true state sequence of the human activity recording, leading to a
near-optimal performance (98% F1-score).

The true state sequence𝑄 of a TS𝑇 constitutes a CLaP that scores
the highest discriminatory power compared to all possible sequence
permutations. Our implicit assumptions thereby are three-fold: (1)
Process states can be conceptualized as classes of TS windows, (2)
subsequences (of appropriate length) can serve as class exemplars
with distinctive features, (3) and a TS classifier cross-validation
score correlates with the quality of the label configuration. With
these concepts, we can tackle an unsupervised problem with the
predictive power of TS classification (TSC) algorithms. Much re-
search interest continues to increase accuracy and efficacy for the
task (see Middlehurst et al. [49] for a survey). However, searching a
high-quality state sequence prediction 𝑄̂ using CLaP is non-trivial.

The naive approach of enumerating all 𝑘𝑛−𝑤+1 candidates and
choosing the highest-scoring one (according to 𝑐) is computationally
inefficient and yields further challenges. For instance, the number
of classes 𝑘 is typically not known in advance. Also, the large
collection of label combinations makes the cross-validation score
incomparable for different values of 𝑘 . We propose efficient and
accurate solutions to prune the candidates and make their scores
comparable in Subsections 3.1 and 3.2, bridging the gap to enable
TSC methods to be directly applicable for TSSD. Subsection 3.3
analyses the runtime and space complexity of CLaP.

3.1 Confused Merging
The TSSD problem can be divided into a segmentation followed
by clustering. We use this formulation to drastically prune the
amount of potential CLaPs. First, we compute a segmentation of a
TS 𝑇 . This enables us to label only few segments, instead of many

Algorithm 1 Classification Label Profile

1: procedure clap(𝑇 )
2: 𝑤 ← learn_subseqence_width(𝑇 ) ⊲ Run SuSS
3: 𝑐𝑝𝑠 ← compute_segmentation(𝑇 ) ⊲ Run ClaSP
4: 𝑋, 𝐿 ← create_data_set(𝑇,𝑤, 𝑐𝑝𝑠)
5: 𝑦𝑝𝑟𝑒𝑑 ← cross_val_clf(𝑋, 𝐿) ⊲ 5-fold ROCKET CV
6: for 𝑖 ∈ [1, . . . , ∥𝑐𝑝𝑠 ∥] do
7: 𝑚𝑒𝑟𝑔𝑒𝑑 ← 𝑓 𝑎𝑙𝑠𝑒

8: 𝑙𝑎𝑏𝑒𝑙𝑠, 𝑐𝑜𝑛𝑓 ← calc_confused_labels(𝐿,𝑦𝑝𝑟𝑒𝑑 )
9: for (𝑙1, 𝑙2) ∈ rank(𝑙𝑎𝑏𝑒𝑙𝑠, 𝑐𝑜𝑛𝑓 ) do
10: 𝐿̂ ← replace(𝐿, 𝑙1, 𝑙2) ⊲ Merge labels
11: 𝑦̂𝑝𝑟𝑒𝑑 ← replace(𝑦𝑝𝑟𝑒𝑑 , 𝑙1, 𝑙2)
12: if cgain(𝐿̂, 𝑦̂𝑝𝑟𝑒𝑑 ) ≥ cgain(𝐿,𝑦𝑝𝑟𝑒𝑑 ) then
13: 𝐿,𝑦𝑝𝑟𝑒𝑑 ← 𝐿̂, 𝑦̂𝑝𝑟𝑒𝑑 ⊲ Update labels
14: 𝑚𝑒𝑟𝑔𝑒𝑑 ← 𝑡𝑟𝑢𝑒

15: break
16: end if
17: end for
18: if 𝑚𝑒𝑟𝑔𝑒𝑑 ≠ 𝑡𝑟𝑢𝑒 then break ⊲ Early stopping
19: end for
20: return (𝐿, score(𝐿,𝑦𝑝𝑟𝑒𝑑 )) ⊲ Calc. F1-score
21: end procedure

single data points. Secondly, we propose a novel agglomerative
self-supervision mechanism, that greedily clusters confused state
labels with a new bespoke merge criterion. The entire process,
called Confused Merging, combines several design choices, that we
fixed using ablations (see Subsection 4.4). For each component,
we considered multiple domain-agnostic methods and chose the
best-performing one. CLaP is hyper-parameter-free, automatically
learns the number of 𝑘 classes and stops as soon as no classes
must be merged. Pseudocode is provided in Algorithm 1 and the
workflow is illustrated in Figure 3.

Preprocessing:Algorithm 1 receives a TS𝑇 as user input (line 1)
and starts by learning its subsequence width𝑤 (line 2), needed to
compute the sliding window in CLaP. Multiple techniques are avail-
able for this task and based on the idea that temporal patterns of
similar size repeat throughout TS, an assumption we share in CLaP.
We choose SuSS (Subsequence Summary Statistics), one of the best-
performing procedures, according to [19]. For multidimensional
TS, we compute one window size per dimension and then compute
their average. The CLaP algorithm continues to compute a segmen-
tation of𝑇 with the ClaSP method [20] (line 3), which can partition
multivariate TS [21] from different domains [23, 70] and has an ex-
tension for very large and streaming data [22]. This preprocessing
step removes the need to label individual data points in CLaP and
instead only requires assigning classes to entire segments.

Self-supervised Classification: The procedure creates an ini-
tial labelled data set from 𝑇 by creating a sliding window 𝑋 (width
of 𝑤 , stride of 𝑤

2 ) and labelling the resulting subsequences with
their corresponding segment ranks in 𝐿, i.e. label 1 for the first
segment, label 2 for the second one, label 3 for the third, and so on
(line 4). Subsequences that overlap neighbouring segments with at
least 𝑤

2 values are disposed. The motivation behind this labelling is
twofold: it encodes the CPs (from the segmentation) as a labelling
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Figure 3: Workflow of CLaP for a water circuit [36]. TS cap-
tures fluid circulation flow with opened (blue and green) and
closed valve (orange). Preprocessing: ClaSP segmentation di-
vides TS into three segments, SuSS learns the subsequence
width. Self-supervised Classification: labelled subsequences
constitute the data set; grey ones are disposed; ROCKET clas-
sifier computes initial predicted cross-validation labels.Merg-
ing: labels are combined based on confusion as long as cgain
increases. Final CLaP with artificial ground truth labels and
F1-score of 83% is returned.

and first assumes all segments to capture distinct states. This en-
ables the later merging, which fuses labels from segments sharing
state. CLaP evaluates the ROCKET classifier, which is fast and accu-
rate [4], with the labelled data set in a 5-fold cross-validation and
stores the predicted labels in 𝑦𝑝𝑟𝑒𝑑 (line 5). This creates an initial
measure for the quality of the labelling. Compared to the artificial
ground truth 𝐿, segments representing single states are expected
to mostly match. Conversely, multiple segments sharing state, are
expected to confuse labels, facilitating their identification.

Merging: CLaP uses the initial labelled data set (𝑋, 𝐿) and its
cross-validated prediction labels 𝑦𝑝𝑟𝑒𝑑 to iteratively fuse segments
representing the same state (lines 6–19). To achieve this, the pro-
cedure greedily merges highly confused labels, as their associated
subsequences are difficult to separate. For every unique label 𝑙1 from

𝐿, CLaP determines its most confused counterpart 𝑙2, according to
𝑦𝑝𝑟𝑒𝑑 (line 8). This information is directly derived from a confusion
matrix. The algorithm iterates the most confused label pairs with
descending confusion to check if they can be merged (lines 9-17).
Specifically, it creates temporary label vectors 𝐿̂ and 𝑦̂𝑝𝑟𝑒𝑑 , where
𝑙2 is replaced with 𝑙1 (lines 10–11), and checks if their classification
gain (see Subsection 3.2 for details) is greater (or equal) to the one
from 𝐿 and 𝑦𝑝𝑟𝑒𝑑 (line 12). In this case, the method updates the
current with the merged labelling (line 13) and stops merging; oth-
erwise, it continues with less confused label pairs. After a successful
merge iteration, CLaP starts another round with updated artificial
ground truth and predicted labels. Once no label pair can be further
merged (line 18), the procedure stops and returns the current label
configuration 𝐿 and its associated cross-validation score, according
to 𝑦𝑝𝑟𝑒𝑑 , constituting CLaP (line 20). The central mechanism of this
process is confused label pair selection. We exploit the fact that
segments sharing state are confused by the classifier, because of
similar temporal patterns that are differently labelled. Hence, we
use it as a selection criterion, implementing it in an agglomerative
fashion, to learn the amount of states and stop as soon as possible.
Classification gain (see Subsection 3.2) regularises the merging to
ensure that only labels from sufficiently similar segments are fused.

Workflow: Figure 3 illustrates the confused merging algorithm
for water flow circulation in a testbed [36]. The preprocessing (blue
frame) divides the TS into three segments (blue, orange, green),
capturing two states; namely open and closed valve. It also com-
putes the subsequence width of 20 with SuSS. The self-supervision
mechanism (green frame) creates labelled subsequences using seg-
ment ranks (1, 2, 3) and uses ROCKET to compute initial predicted
cross-validation labels 𝑦𝑝𝑟𝑒𝑑 that show high confusion between
label 1 and 3. Merging (purple frame) finds label 3 to have the
highest overall confusion (with label 1) and fuses both, increasing
classification gain (from 32% to 33%). Merging even further to one
class would reduce cgain to 0%, hence the procedure stops. The
resulting artificial ground truth 𝐿 and it’s 83% F1-score constitute
CLaP and correctly capture the latent states.

The procedure is hyper-parameter-free and it learns two model-
parameters from the input TS: the subsequence width 𝑤 and the
number of classes 𝑘 . By default, CLaP uses five folds for cross-
validation and draws at most 1k randomly sampled, labelled subse-
quences from the full data set to control runtime.

3.2 Classification Gain
Confused merging relies on a merge criterion that decides if two
confused classes should be combined or not. In agglomerative clus-
tering, this is typically achieved by thresholding the distance compu-
tation. For CLaP, we could translate that into enforcing the F1-score
(or e.g. cross-entropy loss) of the label configurations (Algorithm 1,
line 12) to pass a minimal (maximal) value. However, this is disad-
vantageous for three key reasons: (a) the F1-score (also accuracy,
ROC/AUC, or entropy) depends on the classifier and data; ren-
dering threshold selection use case dependent. (b) Comparing F1-
scores of classification problems with different label distributions
is meaningless; more labels increase problem complexity, resulting
in generally lower F1-scores. (c) The F1-score does not reflect the
improvement of one labelling over another, just their total qualities.
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To address these challenges, we propose a new merge criterion
called Classification Gain, which measures the increase in F1-score
over its expected random score, thereby normalizing for problem
complexity. It isolates predictive power from classification difficulty,
facilitating performance comparisons across different problems.

Definition 7. Given a ground truth labelling 𝑦𝑡𝑟𝑢𝑒 ∈ 𝑈𝑛 of size
𝑛, with unique classes 𝑈 ⊂ N, the random F1-score is defined as:

𝑓 1𝑟𝑎𝑛𝑑 (𝑦𝑡𝑟𝑢𝑒 ) :=
1
∥𝑈 ∥

∑︂
𝑙∈𝑈

2 ·𝑇𝑃 (𝑙)
2 ·𝑇𝑃 (𝑙) + 𝐹𝑁 (𝑙) + 𝐹𝑃 (𝑙) (1)

The random (macro) F1-score provides an unbiased estimate of
classification difficulty based on the label distribution 𝑦𝑡𝑟𝑢𝑒 . It can
be computed efficiently using probability theory in the following
way: in a random classification, we expect each instance labelled
𝑙 ∈ 𝑈 to be mapped to its own (or any other) class according to its
likelihood of occurrence.

𝑃 (𝑦𝑡𝑟𝑢𝑒 = 𝑙) := #(𝑦𝑡𝑟𝑢𝑒 = 𝑙)
∥𝑦𝑡𝑟𝑢𝑒 ∥

(2)

𝑃 (𝑦𝑡𝑟𝑢𝑒 ≠ 𝑙) := 1 − 𝑃 (𝑦𝑡𝑟𝑢𝑒 = 𝑙) = #(𝑦𝑡𝑟𝑢𝑒 ≠ 𝑙)
∥𝑦𝑡𝑟𝑢𝑒 ∥

(3)

These class priors enable us to define the true positives (TPs) as
the expected amount of instances that are randomly assigned to
their class (Equation 4), the false negatives (FNs) as the expected
number of samples that are mapped to another class (Equation 5),
and the false positives (FPs) as the expected amount of misclassified
examples that actually belong to a given class (Equation 6).

𝑇𝑃 (𝑙) := #(𝑦𝑡𝑟𝑢𝑒 = 𝑙) · 𝑃 (𝑦𝑡𝑟𝑢𝑒 = 𝑙) (4)
𝐹𝑁 (𝑙) := #(𝑦𝑡𝑟𝑢𝑒 = 𝑙) · 𝑃 (𝑦𝑡𝑟𝑢𝑒 ≠ 𝑙) (5)
𝐹𝑃 (𝑙) := #(𝑦𝑡𝑟𝑢𝑒 ≠ 𝑙) · 𝑃 (𝑦𝑡𝑟𝑢𝑒 = 𝑙) (6)

Given the random macro F1-score for 𝑦𝑡𝑟𝑢𝑒 as an estimate of prob-
lem difficulty, we can decouple it from the performance of a classi-
fication to make it comparable across problems.

Definition 8. Given a ground truth labelling 𝑦𝑡𝑟𝑢𝑒 ∈ 𝑈𝑛 and
associated predictions from a classifier 𝑦𝑝𝑟𝑒𝑑 ∈ 𝑈𝑛 of size 𝑛, the
classification gain, short cgain, is defined as:

𝑐𝑔𝑎𝑖𝑛(𝑦𝑡𝑟𝑢𝑒 , 𝑦𝑝𝑟𝑒𝑑 ) := 𝑓 1(𝑦𝑡𝑟𝑢𝑒 , 𝑦𝑝𝑟𝑒𝑑 ) − 𝑓 1𝑟𝑎𝑛𝑑 (𝑦𝑡𝑟𝑢𝑒 ) (7)

It reflects the improvement in macro F1-score of the classifica-
tion over the expected random one. The central idea of 𝑐𝑔𝑎𝑖𝑛 is
to normalize F1-score with the associated classification problem
complexity to make the measure comparable for different label
distributions. By comparing 𝑐𝑔𝑎𝑖𝑛 in CLaP (line 12), we enforce
that the merge operation steadily improves classification quality,
while not relying on thresholds. This addresses the problems (a) to
(c) that suffer from greedily maximising performance.

Note that cgain is different from gini gain [8], which measures
the discrepancy in purity between data sets. Classification gain mea-
sures the quality for a given classification considering its difficulty,
estimated by random classification.

Example: Figure 4 (top) illustrates a satellite image TS capturing
sensor observations of 3 different crops (coloured in blue, orange,
green) as 9 segments. A correct segment state sequence (one label
per segment) would be: 1,2,3,1,2,3,1,2,3. CLaP tries to find such se-
quence by merging classes from its initial sequence: 1,2,3,4,5,6,7,8,9.

Satellite image time series of different crops
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Figure 4: Top: TS capturing 9 time spans of 3 different crops
(blue, orange, green) [56]. Bottom: CLaP run on TS with dif-
ferent merge criteria (scores and negative losses); dashed red
line marks optimal amount of 6 merge operations, reducing
9 initial classes to 3. Only cgain accomplishes this; other mea-
sures misjudge label configuration quality and either merge
too few (Entropy) or too many (F1, AMI, Hamming) classes.

In Figure 4 (bottom) we use different merge criteria in CLaP (line 12)
for this computation and show their values for themerge operations.
Generally, merging should increase the measures for 6 iterations
(red dashed line) and then stop, as they begin to decrease. It pro-
trudes that F1-score, adjusted mutual information score (AMI) and
(negative) Hamming loss steadily increase, reducing the state se-
quence with 8 merges to just one state, namely 1. This is due to
the fact that none of the measures considers problem complexity
and overestimates label configuration quality with decreasing num-
ber of classes. Negative cross-entropy loss underestimates quality
and merges only 3 times, as its value would decrease for a fourth
iteration (line 12), resulting in the sequence: 1,2,3,1,2,4,1,5,6. Our
proposed classification gain is the only criterion that merges ex-
actly 6 times and would decrease in value thereafter; producing the
ground truth result and stopping automatically.

3.3 Computational Complexity
The scalability of state detection algorithms is critical as the size of
sensor recordings steadily grows. The complexity of CLaP mainly
depends on the segmentation (Algorithm 1, line 3), self-supervised
classification (line 5) and merging (lines 6-19).

For a TS 𝑇 with 𝑑 channels of size 𝑛, the initial computation
of the window size 𝑤 (line 2) with SuSS is in O(𝑑 · 𝑛 log𝑤) [20].
Locating 𝑐 CPs in 𝑇 with ClaSP (line 3) is in O(𝑑 · 𝑛2 · 𝑐), which
involves cross-validating a self-supervised 𝑘-nearest neighbour
classifier multiple times. The entire preprocessing complexity is in
O(𝑑 · 𝑛 log𝑤 + 𝑑 · 𝑛2 · 𝑐) which reduces to O(𝑑 · 𝑛2 · 𝑐) as𝑤 ≤ 𝑛.

Creating the data set for self-supervised classification (line 4)
is in O(𝑑 · 𝑛 · 𝑤), as it only requires reorganising 𝑇 . Running a
single validation of the ROCKET classifier is also in O(𝑑 · 𝑛 ·𝑤);
it convolves the data set with a fixed set of 10𝑘 kernels for feature
generation and uses ridge regression for classification [12]. The
same complexity holds for repeating the procedure 5 times during
cross-validation (line 5), which leads to a total runtime in O(𝑑 ·𝑛 ·𝑤)
for the entire step. Note, that ROCKET’s runtime hides five-digit
constants for calculating convolutions with 10𝑘 kernels [12].
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Table 1: Technical specifications of TS used in experiments.

Name No. TS Length No. States (Segs.)
TS / Dims. Min/Med./Max Min/Med./Max

TSSB [20] 75 / 1 240 / 3.5k / 20.7k 1 (1) / 3 (3) / 7 (9)
UTSA [26] 32 / 1 2k / 12k / 40k 2 (2) / 2 (2) / 3 (3)
HAS [18] 250 / 9 340 / 5k / 41.5k 1 (1) / 3 (4) / 12 (15)
SKAB [36] 34 / 8 745 / 1.1k / 1.3k 2 (2) / 2 (3) / 2 (3)

MIT-BIH [50] 14 / 1 57k / 258k / 650k 2 (3) / 2 (8) / 5 (16)
Total 405 / 9 240 / 4.8k / 650k 1 (1) / 3 (3) / 12 (16)

The confused merging calculates a confusion matrix (line 8) for
the ⌊ 2· (𝑛−𝑤 )𝑤 ⌋ + 1 labels from the cross-validation in O(𝑛); which
only involves incrementing counts. The same complexity holds for
replacing labels (lines 10–11) and calculating classification gain
(line 12), which is mainly based on computing the confusion matrix
for the random F1-score; counting labels and calculating likelihoods.
This process is repeated, in the worst case, for 𝑐 + 1 confused label
pairs in descending order which requires O(𝑛 · 𝑐 log 𝑐) time. The
entire process (lines 6–19) can be repeated up to 𝑐 times, resulting
in a total runtime complexity of O(𝑛 · 𝑐2 log 𝑐).

Considering the sum of all steps, CLaP requires O(𝑑 ·𝑛2 ·𝑐)+O(𝑑 ·
𝑛 ·𝑤)+O(𝑛 ·𝑐2 log 𝑐) time, which simplifies to O(𝑑 ·𝑛2 ·𝑐+𝑛 ·𝑐2 log 𝑐)
for computing 𝑛 state labels with maximal 𝑐 + 1 unique classes. This
runtime complexity allows for CLaP’s application to medium-sized
and large TS in the batch setting. For streaming purposes, however,
further advancements are needed.

The space complexity mainly depends on the data set size and
confusion matrix, which is in O(𝑑 · 𝑛 ·𝑤 + 𝑐2).

4 EXPERIMENTAL EVALUATION
We evaluated the accuracy, runtime, and scalability of CLaP against
six competitors on five large benchmark data sets (405 TS) to assess
its performance on real-world TS data. Subsection 4.1 presents the
data sets, evaluation metrics, and competitors. In Subsections 4.2
and 4.3, we present accuracy and runtime results of CLaP and
its competitors. Subsections 4.4 and 4.5 analyse the results of an
ablation study with different design choices for CLaP and sensitiv-
ity experiments, with varying data quality. Finally, Subsection 4.6
discusses strengths and weaknesses of CLaP and Subsection 4.7
showcases a real-world use case. All experiments were conducted
on an Intel Xeon 8358 with 2.60 GHz, 2 TB RAM, 128 cores, running
Python 3.8. All of our experimental results, figures, raw measure-
ments per data set, codes, Jupyter Notebooks, and TS used in the
evaluation are available on our supporting website [11] for inspec-
tion and to ensure reproducibility.

4.1 Experiment Setup
Data Sets: We evaluated CLaP and its competitors on a total of
405 small to very large-sized (240 to 650k) TS from five public
segmentation benchmarks (see Table 1). Ground truth CPs and
states, annotated by domain experts, are available and were used
for evaluation. The benchmarks can be divided into two groups:
cross-domain and single-domain use cases.

Table 2: List of competitors for experimental evaluation.

Competitor State Detection Method
AutoPlait [47] Hidden Markov Models

CLaP Self-supervision
ClaSP2Feat Self-supervision
E2USD [42] Deep Learning

HDP-HSMM [33] Hidden Markov Models
TICC [28] Expectation Maximization

Time2State [66] Deep Learning

UTSA [26] and TSSB [20] consist of 75 and 32 univariate TS,
representing a diverse collection of cross-domain problem settings
featuring biological, mechanical, and synthetic processes from sen-
sor, device, image, spectrogram, and simulation signals. Conversely,
HAS [18] contains 250 9-dimensional TS from smartphone sensors,
capturing indoor and outdoor motion sequences from students.
SKAB [36] consists of 34 8-dimensional TS from machine sensors
observing a water circulation testbed with pumps, tanks, and valves,
undergoing both normal and anomalous conditions. MIT-BIH [50]
features 14 univariate high-resolution ECG recordings from patients
with normal cardiac activity and prolonged types of arrhythmias.

All TS combined capture versatile processes from natural phe-
nomena, humans, animals, and industrial machinery. The number
of distinct states per process varies between 1 and 12, occurring
in 1 to 16 segments. In 65% of all data sets, the number of states
and segments match; in 15% a single state reoccurs, 9% show two
reoccurrences, and the remaining 11% exhibit three to 14 reoccur-
rences. It is worth noting that the data sets vary greatly in problem
complexity, which tends to increase with the number of states and
transitions in the processes.

Evaluation Metrics: TSSD combines the segmentation and
state identification tasks. We assessed both aspects separately with
own scores, namely Covering [63] for segmentation and Adjusted
Mutual Information (AMI) [51] for state identification.

Covering measures how well the predicted and annotated seg-
ments overlap in location, disregarding the specific state labels of
the segments. This allows for the comparison of segmentations of
different sizes (including empty segmentations). Let the interval
of successive CPs [𝑡𝑐𝑖 , . . . , 𝑡𝑐𝑖+1 ] be a segment in𝑇 , and let 𝑠𝑒𝑔𝑠𝑝𝑟𝑒𝑑
and 𝑠𝑒𝑔𝑠𝑇 be the sets of predicted and annotated segmentations,
respectively. Additionally, we set 𝑡𝑐0 = 0 as the first and 𝑡𝑐𝑛+1 = 𝑛+1
as the last CP to include the first and last segments. The Covering
score reports the highest-scoring weighted overlap between pre-
dicted and annotated segmentations (using the Jaccard index) as a
normalized measure in the interval [0, . . . , 1], with higher scores
being better (Equation 8).

Covering =
1
∥𝑇 ∥

∑︂
𝑠∈𝑠𝑒𝑔𝑠𝑇

∥𝑠 ∥ · max
𝑠′∈𝑠𝑒𝑔𝑠𝑝𝑟𝑒𝑑

∥𝑠 ∩ 𝑠′∥
∥𝑠 ∪ 𝑠′∥ (8)

Mutual Information (MI) reports the similarity between two
different labellings of the same data. It is invariant to specific label
values and allows us to quantify the agreement between predicted
and annotated states, disregarding their locations. The measure is
adjusted to account for chance, as the score naturally increases with
a larger number of states. Let 𝑠𝑡𝑎𝑡𝑒𝑠𝑝𝑟𝑒𝑑 and 𝑠𝑡𝑎𝑡𝑒𝑠𝑇 represent the
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Figure 5: Covering ranks (top) and box plot (bottom) on 405
TS for CLaP (lowest rank) and six competitors.

sets of predicted and annotated states, respectively, and let𝐻 denote
the entropy function. AMI measures the adjusted, weighted overlap
between pairwise clusters as a normalized score within [−1, . . . , 1],
with higher values indicating better agreement (Equation 10).

𝑀𝐼 =
∑︂

𝑠∈𝑠𝑡𝑎𝑡𝑒𝑠𝑇

∑︂
𝑠′∈𝑠𝑡𝑎𝑡𝑒𝑠𝑝𝑟𝑒𝑑

∥𝑠 ∩ 𝑠′∥
∥𝑇 ∥ log( ∥𝑇 ∥ · ∥𝑠 ∩ 𝑠

′∥
∥𝑠 ∥ · ∥𝑠′∥ ) (9)

𝐴𝑀𝐼 =
𝑀𝐼 − 𝑬 [𝑀𝐼 ]

avg(𝐻 (𝑠𝑡𝑎𝑡𝑒𝑠𝑇 ), 𝐻 (𝑠𝑡𝑎𝑡𝑒𝑠𝑝𝑟𝑒𝑑 )) − 𝑬 [𝑀𝐼 ]
(10)

To compare different methods across multiple data sets, we ag-
gregate scores into a single ranking. First, we compute the rank of
the score for every algorithm and TS. Then, we average the ranks
per method across data sets to obtain overall mean ranks. We vi-
sualize these values with Critical Difference (CD) diagrams [15]
(see, e.g., Figure 5 top) which include an assessment of statistical
differences between methods. The best approaches, with the lowest
average ranks, are shown to the right of the diagram. Groups of
algorithms that are not significantly different in rank are connected
by a bar, based on a pairwise one-sided Wilcoxon signed-rank test
with 𝛼 = 0.05 and Holm correction. Besides CD diagrams, we
discuss summary statistics, box plots [62], and specific examples.

Competitors: We compare CLaP against six state-of-the-art
state detection competitors (see Table 2). All implementations are
openly available on our supporting website [11]. As a baseline,
we extract segments with ClaSP [20] and learn their labels using
Time2Feat [6], which extracts and selects features from TS seg-
ments before clustering them. We call this approach ClaSP2Feat.
We report results for two competitors based on Hidden Markov
Models (HMMs). AutoPlait [47] uses so-called multi-level chain
models to learn states and applies the minimum description length
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Figure 6: AMI ranks (top) and box plot (bottom) for CLaP
(lowest rank) and six competitors on 405 TS.

(MDL) principle to automatically select the best-fitting model.
HDP-HSMM [33] is a Bayesian extension of traditional HMMs
with efficient state sampling. Another statistical method we com-
pare against is TICC [28], which formulates state detection as a
covariance-regularized maximum likelihood problem and computes
it using a greedy heuristic. From deep learning, we report results for
Time2State [66], which learns an encoder from TS windows using a
latent state encoding loss and clusters the embeddings with a Gauss-
ian mixture model (DPGMM) to predict states. E2USD [42] first
creates a compact and informative TS embedding using Fast Fourier
Transform (FFT) compression and decomposition techniques com-
bined with contrastive learning, and then also uses DPGMM.

To prevent overfitting, we adopt the default hyper-parameters
reported in the original publications or reference implementations:
for HDP-HSMM we set 𝛼 = 10𝑘 and 𝛽 = 20; for TICC we use the
annotated subsequence widths, 𝜆 = 0.001, 𝛽 = 2200, a convergence
threshold of 10−4, and a maximum of 10 iterations; Time2State and
E2USD set a sliding window of 256 and step sizes of 10 and 50, re-
spectively. HDP-HSMM, TICC, Time2State, and E2USD output only
state sequences, so we derive CPs by locating offsets at changing
states. ClaSP2Feat and TICC require the number of states as a hyper-
parameter. We set this value from the ground truth annotations.
Note that it provides an information advantage to both methods,
which is, however, necessary to run them. All other competitors
infer the number of states automatically.

4.2 Comparative Analysis
We evaluated the average (Covering / AMI) rank of CLaP and the six
competitors on all 405 TS to assess overall performance. Figures 5
and 6 (top) show the results. For both measures, CLaP (2.34 / 2.55)
leads with a significant advantage, followed by ClaSP2Feat (2.85
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Table 3: Summary performances for CLaP (highest scores)
and six competitors on 405 TS.

Covering / AMI

average (in %) median (in %)
CLaP 72.9 ± 21.6 / 60.4 ± 30.9 76.0 / 67.0

ClaSP2Feat 68.4 ± 22.9 / 44.1 ± 34.4 68.1 / 43.9
TICC 57.2 ± 24.2 / 24.4 ± 34.8 53.4 / 3.1
E2USD 50.0 ± 23.3 / 42.0 ± 27.3 49.1 / 45.4

Time2State 43.9 ± 22.6 / 44.3 ± 23.3 40.7 / 46.3
AutoPlait 45.8 ± 25.0 / 17.5 ± 32.9 39.6 / 0.0

HDP-HSMM 38.7 ± 24.1 / 41.5 ± 27.9 35.7 / 43.9

/ 3.93) and TICC (3.79 / 4.85) for Covering, and Time2State (4.83 /
3.52) as well as HDP-HSMM (5.29 / 3.66) for AMI. CLaP’s lead in
Covering, compared to ClaSP2Feat, confirms the substantial advan-
tage of confused merging over clustering, as both methods utilize
ClaSP for segmentation. Interestingly, the competitors’ differences
in average rank are not consistent across the measures. Consider-
ing the five benchmarks separately, CLaP also achieves first place
for each collection, except in SKAB, where HDP-HSMM leads and
CLaP scores third place because it detects wrongly located CPs
that cannot be properly corrected by confused merging (see [11]).
CLaP’s wins in Covering are not statistically significant, except
for HAS. Conversely, its wins in AMI are statistically significant,
except for MIT-BIH.

Looking at individual data sets, CLaP wins or ties 204 / 193 out
of 405 data sets (Covering / AMI), followed by ClaSP2Feat (146 /
94) and TICC (86 / 62). Note that the Covering counts exceed the
total number of data sets because of ties (see [11]). For the 37 TS
with only one state, TICC achieves the best results. However, for
the 154 data sets with two states and the 214 TS with three or more
states, CLaP leads by a significant margin. In a pairwise comparison
of CLaP against every competitor, it outperforms each method in
at least 38.3% / 56.0% of cases for Covering / AMI. In summary,
the rankings show that CLaP on average surpasses state-of-the-art
algorithms in terms of accuracy across the five benchmarks.

The summary statistics in Figures 5 and 6 (bottom) and Ta-
ble 3 confirm the rankings. On average, CLaP scores 72.9 ± 21.6 /
60.4 ± 30.9 for Covering / AMI, representing an increase of 4.5 /
16.1 pp over the second-best competitor, ClaSP2Feat / Time2State.
The differences in median are even more pronounced. Across both
measures and all benchmarks, CLaP achieves the highest scores,
except for SKAB, which aligns with the rankings.

4.3 Runtime and Scalability
Wemeasured the runtime of CLaP and its six competitors on the 405
TS to determine the time needed for TSSD, the accuracy-runtime
tradeoff, as well as the scalability of CLaP.

Runtime: Figure 7 (left) shows the runtime distributions of the
methods on all data sets. AutoPlait (median of 0.05 seconds) leads
with a substantial advantage over all other competitors due to its
linear runtime complexity (with respect to TS size). Additionally,
the main part of its implementation uses fast C code, while all
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Figure 7: Runtime distribution (left) and accuracy-runtime
tradeoff (right) on 405 TS for CLaP and six competitors.
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Figure 8: Scalability of CLaP considering AMI performance
(top left), subsequence width (top right), TS length (bottom
left), and number of CPs (bottom right).

other methods are implemented in Python. E2USD (8 seconds) and
ClaSP2Feat (26 seconds) rank second and third. CLaP (38 seconds)
secures fourth place. Its segmentation step takes 25 seconds, while
the self-supervised classification and confused merging require 13
seconds. TICC (59 seconds) and HDP-HSMM (72 seconds) rank fifth
and sixth, followed by Time2State (103 seconds) at last place. The
distributions of all methods scatter widely, due to the large spans in
TS lengths. CLaP is faster in median than three of its six competitors,
but trades more computational costs, than e.g. AutoPlait, for higher
accuracy. If runtime is a critical concern, users may choose to use
the fast streaming implementation of ClaSP [22] or an even faster
classifier, e.g. QUANT [14], which may, however, decrease accuracy.

Accuracy vs. Runtime:We investigated the tradeoff between
accuracy and runtime of the approaches. Figure 7 (right) depicts
the median runtimes vs. AMI scores. The optimal solution is a fast
and accurate algorithm (top left), while a poor algorithm is slow
and inaccurate (bottom right). CLaP (pink star), ClaSP2Feat (brown
plus), and E2USD (red triangle) all exhibit traits of fast and accurate
algorithms. However, CLaP stands out with a solution that is only
12 seconds slower but 21.6 pp more accurate. It offers, by far, the
most desirable tradeoff between accuracy and runtime compared
to the competitors on the considered TS.
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Scalability: Figure 8 illustrates how CLaP’s (log) runtime scales
concerning four different variables, namely: AMI score, subse-
quence width, TS length, and number of CPs. For the first two
variables, we do not observe clear relationships. As expected, CLaP
becomes slower with increasing TS length. For instance, it requires
less than 5 minutes to process up to 20k data points and less than 3
hours for up to 200k values. Its quadratic runtime complexity with
respect to TS length can be roughly observed in the experimental
runtimes. For an increasing number of CPs, CLaP also requires
more runtime. However, the values are more dispersed compared to
TS length. In summary, CLaP produces results for TS with tens of
thousands of data points in minutes. For much larger data, runtime
may become an issue, as for all other methods, except AutoPlait. In
future work, we will investigate TS partitioning and hierarchical
merging to further improve scalability.

4.4 Ablation Study
CLaP has four main components, namely: (a) a window size selec-
tion algorithm, (b) a segmentation procedure, (c) a classifier, and (d)
a merge mechanism. We evaluated different approaches for each
component, fixing the others to defaults, on 20% of randomly cho-
sen TS (21 out of 107) from TSSB and UTSA. To prevent overfitting,
we excluded the remaining 86 out of 107 data sets, as well as the
298 TS from HAS, SKAB, and MIT-BIH from the ablations. The fol-
lowing analysis reports the summarized results. See the box plots
for visualization and more evaluations on our website [11].

(a) Window Size Selection: To determine the window size
for a TS in CLaP, we tested two whole-series-based methods: the
most dominant Fourier frequency (FFT) and the highest autocor-
relation offset (ACF) from [19]; as well as two subsequence-based
algorithms: Multi-Window-Finder (MWF) [32] and Summary Statis-
tics Subsequence (SuSS) [20]. Our experiments show no significant
differences in average rank between the methods, which aligns
with the results from [19]. We choose SuSS for WSS in CLaP, as it
achieves the highest average scores for Covering of 80.5% ± 17.4%
and AMI of 76.1% ± 27.5%.

(b) Segmentation Procedure:We evaluated three optimization-
based approaches for segmentation, namely BinSeg [61], PELT [39],
andWindow [61], as well as the density-based approach FLUSS [26],
the density ratio estimator RuLSIF [31], and the self-supervised
algorithm ClaSP [20]. For both metrics, ClaSP leads in average rank,
with an insignificant advance for Covering (2.12) and a significant
one for AMI (1.98). Hence, we use ClaSP in CLaP.

(c) Classifier: For self-supervised classification in CLaP, we
tested six state-of-the-art classifiers according to [49], namely: the
feature-based approach FreshPRINCE [48], the interval-based al-
gorithm QUANT [14], the shapelet-based method RDST [27], the
dictionary-based procedureWEASEL 2.0 [58], and two convolution-
based techniques, namely ROCKET [12] and MR-Hydra [13]. Our
experiments show only differences in tendency between the av-
erage ranks of the classifiers. We choose ROCKET, as it has the
highest-scoring median Covering of 81.6% and AMI of 87.2%.

(d) Merge Score: To implement the merge mechanism, we eval-
uated four scores: our proposed cgain, F1, ROC/AUC, and AMI; we
also assessed two loss functions: log and Hamming. Classification
gain leads for both metrics in average rank, with an insignificant
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Figure 9: Sensitivity analysis of CLaP regarding sampling
rate (left) and noise level (right).

advance for Covering but a significant difference to unnormalized
F1 and both losses in AMI. It achieves an increase in Covering (AMI)
of 2.2 (4.1) percentage points. Therefore, we use cgain in CLaP for
confused merging.

In summary, the choice of window size and classification algo-
rithm results in only negligible differences in performance, whereas
the segmentation procedure and merge score have a substantial im-
pact. This may be partially due to the interconnections between the
components; for example, imprecisely located CPs can negatively
influence self-supervised classification, and improper merging can
easily degrade the entire state detection process.

We investigated whether CLaP’s two phases, segmentation and
state identification, substantially contribute to TSSD by comparing
each phase with a random baseline while keeping all other settings
fixed. For segmentation, we ran CLaP with uniformly drawn CPs
(without replacement), which lowered the average Covering score
by 20.2 pp and AMI by 31.8 pp. For state identification, we assigned
uniformly drawn labels to the segments (with replacement), causing
Covering to drop by 20.5 pp and AMI by 40.9 pp. These pronounced
declines show that both phases are essential to CLaP’s performance;
omitting either one sharply degrades accuracy.

4.5 Sensitivity Analysis
Real-world TS data are collected at different sampling rates and
often contain noise introduced by sensor artefacts or external events.
We evaluated how these factors affect CLaP’s performance on the
data sets from the ablation study to assess its robustness to changes
in data representation.

Sampling Rate: Figure 9 (left) plots CLaP’s average Covering
and AMI scores when the data sets are resampled to 10% up to
190% (in 10 pp steps) of their original size. Both metrics increase
steadily from 10% to roughly 50% and then plateau. This suggests
that CLaP requires a minimum temporal resolution (30% to 50% for
these data sets) to identify process states accurately, but maintains
stable performance at higher resolutions.

Noise Level: Figure 9 (right) shows how CLaP’s performance
changes when white noise with increasing standard deviation is
added to the standardised data. Performance remains quite stable
up to a noise level of 0.5, after which it declines sharply. Thus, CLaP
is resilient to moderate noise but struggles to differentiate process
states under very high noise levels.

These experiments show that CLaP is robust to variations in
sampling rate and tomoderate noise.When data become excessively
coarse or noisy, performance degrades gradually, indicating that
the method’s performance scales with data quality.
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4.6 Discussion
CLaP’s central strength is its high accuracy. The comparative anal-
ysis shows that it is significantly more accurate compared to six
state-of-the-art competitors on the five benchmarks. We carefully
designed this edge by splitting TSSD into a two-step process: seg-
mentation and state identification; optimizing each part separately:

(a) Segmentation: We use ClaSP for segmentation, which is
one of the most accurate TSS algorithms for univariate and mul-
tivariate [21] batch data as well as streaming TS [22]. Except for
ClaSP2Feat, the other competitors either do not use a dedicated
segmentation procedure (e.g. Time2State) or use one with inferior
detection accuracy, such as AutoPlait.

(b) State Identification: Our proposed self-supervised classifi-
cation and confused merging procedure leverages the predictive
power of classification algorithms [49], which are more accurate
than classical clustering strategies that do not use TS-specific fea-
ture engineering or label information, as i.e. implemented in TICC.
Others rely on distance calculations [30], or use limited statistical
models with assumptions (e.g. Time2State).

Both components substantially contribute to the overall perfor-
mance, as the ablation study indicates for (a) and CLaP’s advance
over ClaSP2Feat shows for (b). Despite its strengths, CLaP has
several weaknesses. First, it assumes that subsequences can fully
capture the distinctive properties of process states. This assumption
holds for TS with homogeneous segments that contain similar tem-
poral patterns, but performance degrades when intra-state diversity
is high, e.g. in the presence of high noise (see Figure 9, right) or
concept drift. Second, CLaP’s runtime is quadratic in both the TS
length and the number of CPs. For very long sequences with many
CPs, this leads to high latency and limits its direct use in streaming
contexts. Although a streaming version of ClaSP exists [22], further
work is required to make confused merging viable for real-time
processing. Consequently, the current CLaP implementation is best
suited to batch TS with homogeneous segments.

4.7 Satellite Image Data Use Case
We revisit the satellite image example from Subsection 3.2 in Fig-
ure 10. The TS (top) illustrates sensor data for 3 different crops
(coloured in blue, orange, and green) across 9 segments. We com-
puted the state sequences of CLaP, ClaSP2Feat, and Time2State
(2nd from top to fourth). A well-fitting output annotates one dis-
tinct number to each observed state (e.g., 1 for blue, 2 for orange,
and 3 for green). CLaP accurately identifies the boundaries of each
segment and assigns correct state labels, resulting in the sequence:
1,2,3,1,2,3,1,2,3. ClaSP2Feat does not differentiate between the blue
and orange segments and erroneously assigns different labels to
the green segments. However, it correctly identifies some CPs. The
result of Time2State is noisy and largely overestimates the total
number of states. Nonetheless, it correctly labels many data points
and identifies correct repetitions of segments. Figure 10 (bottom)
shows the state sequences as diagrams, with nodes representing
states and edges depicting transitions. The start and end states
appear in green (blue), and transition probabilities are labelled. It
protrudes that only CLaP’s graph is isomorphic to the ground truth.
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Figure 10: TS (top) shows satellite image data for 3 different
crops (blue, orange, green) [56]. State sequences (2nd from top
to fourth) shows results of CLaP, ClaSP2Feat, and Time2State.
Bottom diagrams show graphical representations of ground
truth and competitor results.

This use case demonstrates the accuracy of CLaP for long and com-
plex time series data (20.7k data points, 9 segments, 3 states). Its
results are also interpretable for human inspection.

5 RELATEDWORK
The rapid growth of sensor data from IoT devices in smart appli-
cations, such as healthcare and factories, has driven a substantial
boost in research of TS management and mining [41]. TS storage
solutions include specialized databases [54], indices [17], and com-
pression algorithms [44]. Unsupervised data analytics process the
acquired data to automatically extract anomalies [7], motifs [57],
or clusters [53]. This enables domain experts to make data-driven
decisions, such as health professionals conducting gait analysis [73].

TSSD is a complex preprocessing step in a typical TS analysis
workflow. Its main components, TS segmentation and clustering,
have been researched both independently and in combination [65].
TSS can be formalized as an optimization problem, where each
segment incurs a cost based on a discrepancy measure (e.g., mean-
shift [52] or entropy [55]), and the number of segments [61] is
penalized. Exact or approximate solvers, such as PELT [40] or Wild
BinSeg [25], then compute the optimal segmentation. Adams et al.
model segments as probability distributions and use a recursive
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message-passing algorithm to infer the most recent CP [1]. This
approach can be extended to detect short gradual changes [16], an
extension of the original TSS problem [9]. A central limitation of
these techniques is their dependence on domain-specific parame-
ters, such as assumed value distributions or fitting cost functions. To
overcome this, Katser et al. propose ensembling strategies, which in-
crease robustness and accuracy [35]. Other domain-agnostic meth-
ods include FLUSS [26] and ClaSP [20], which achieve top-ranking
results on recent TSS benchmarks [18, 23] and are capable of pro-
cessing multivariate and streaming data. FLUSS measures the den-
sity of similar subsequences in potential segments as an arc curve,
from which it extracts local minima that represent CPs [26]. ClaSP
frames TSS as a collection of self-supervised subsequence classi-
fication problems and reports the segmentation with the highest
cross-validation performance [20]. We use ClaSP in CLaP because
it is hyper-parameter-free and makes few assumptions about seg-
ments, such as being mutually dissimilar.

After segmentation, individual segments must be assigned cor-
rect state labels, which can be achieved by clustering, for instance,
by extracting equal-sized subsequences from segments, where the
individual data points define the feature space. Partition-based algo-
rithms, such as Lloyd’s algorithm [45], PAM [37], or k-Shape [53],
randomly partition the data and iteratively refine it until some
convergence criterion is met [30]. Specifically for TS, the data is
commonly assigned to clusters based on minimal distances to their
centres, such as medoids. Holder et al. evaluated the accuracy of
different distance measures and found MSM [59] and TWE [46]
to be good choices [30]. Different classical clustering approaches
include density-based methods, e.g., DBSCAN [24] and OPTICS [3],
as well as hierarchical approaches, such as BIRCH [72]. These can
be applied to the raw TS segments. However, Bonifati et al. report in
a recent study that extracting and selecting features from TS before
clustering improves performance [6]. Specifically, they compute
statistics with tsfresh [10] from the data and calculate similarity
measures between sequences. Features without variance are filtered,
and the remaining ones are clustered. We use this approach in our
baseline ClaSP2Feat, which combines an accurate segmentation
and clustering procedure and achieves top-ranking results.

Besides the independent segmentation and clustering, the liter-
ature also contains integrated TSSD approaches [65]. HMMs, for
instance, can model single TS with a limited number of states and
probabilities for initialization, transition, and output [5]. By de-
sign, HMM states model single data points, not prolonged events.
Matsubara et al. tackle this by grouping HMM states and learn-
ing transitions between groups, which reveals their CPs. Auto-
Plait implements this idea by iteratively refining the segmentation
to optimize a cost function [47]. HDP-HSMM uses a different ap-
proach: it incorporates explicit-duration semi-Markovian properties
to model flexible HMM state durations and employs a hierarchical
Dirichlet process prior to learn the number of states from the TS
directly [33]. Hallac et al. propose characterizing TS using a sliding
window instead of modelling single data points. Each subsequence
belongs to a cluster that is characterized by a correlation network.
In TICC, the assignment of subsequences and the update of cluster
parameters are iteratively refined using an expectation maximiza-
tion algorithm [28]. The recent method Time2State also builds a
sliding window but uses it to train a deep learning encoder by

minimizing (maximizing) distances of intra-state (inter-state) sub-
sequences. The resulting embedding is clustered using DPGMM to
assign subsequences to state labels and to automatically learn their
amount [66]. E2USD implements a similar deep-learning TSSD ar-
chitecture, transforming each sliding window through compression,
trend–seasonal decomposition and contrastive learning into a com-
pact embedding that is subsequently clustered via DPGMM [42].

Our proposed CLaP also processes subsequences, but differs
substantially from the existing methods. It is the first TSSD method
that uses self-supervised learning [29] to exploit the predictive
power of TS classification algorithms, which are more accurate than
the unsupervised models used by the aforementioned methods that
rely on classical techniques sensitive to hyper-parameters or TS
characteristics. CLaP merges confused classes as long as their cgain
increases, which clusters segments automatically in label space
rather than in feature space.

Apart from state detection in single TS, current research also
investigates the relationships among dimensions in MTS and across
different data sets. Wang et al. examine high-dimensional TS in
which a subset of channels must be automatically selected for accu-
rate TSSD. They propose ISSD, an algorithm that identifies a subset
of TS dimensions with high-quality states, quantified by channel
set completeness, and solves this selection in an optimization prob-
lem [68]. StaCo is another algorithm designed to measure overall,
partial, and time-lagged correlations between states in heteroge-
neous TS. It produces a state correlation matrix, from which state
affiliations across data sets can be derived [67].

6 CONCLUSION
We proposed CLaP (Classification Label Profile), a new time series
state detection algorithm that uses self-supervised classification
techniques for segmentation and labelling. Our experimental eval-
uation shows that CLaP combines high-scoring design choices,
leading to a statistically significant improvement in accuracy over
six competitors on 405 univariate and multivariate TS from five
benchmarks. CLaP also offers the best tradeoff between accuracy
and runtime. It computes state labels for tens of thousands of data
points in just a few minutes, providing a useful TS annotation that
can be employed as input for advanced data analytics or as decision
support for domain experts.

Limitations of CLaP include its sensitivity to the segmentation
provided by ClaSP. While confused merging can correct false-
positive CPs, it cannot relocate imprecise ones. It also has a qua-
dratic runtime complexity with respect to TS size and the number of
CPs. Some TS applications, such as predictive maintenance, require
data analysis solutions capable of processing streaming data.

In future work, we plan to explore sampling, batching, and hier-
archical techniques to improve the scalability of CLaP. We want to
explore the incorporation of domain knowledge to CLaP to guide its
TSSD. Experts often have specific information from visual inspec-
tion or access to exogenous data which could increase the quality
of state detection, e.g. by indicating some CPs or state labels of
single measurements. We further aim to investigate state detec-
tion in TS collections to identify recurring states and transitions
across instances, potentially revealing even more semantics of the
data-generating process.
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