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ABSTRACT 

Thi s  the s i s  descr ibes the con s truct ion , computer i sation 

and s imu lation of a ma thematica l  model of the runn ing athlete . 

The model  i s  i n  part biomechanical  and in part biochemical ,  

i n  par t  theoret i ca l  and in part empi r i ca l .  

A three variable ( f orce , veloci ty and d i s tance ) Newton ian 

biomechan i ca l  model o f  Kel ler ( 1 9 7 3 ,  1 9 7 4 ) is  examined , 

and extended to i nc lude a fourth variabl e , power deve loped . 

Thi s  mode l s egment i s  feed - f orwa rd l i nked by equating mech­

a n ical powe r deve loped to bioenerge t i c  powe r supp l i ed .  

A proposed three component bioenerget i c  model  of Margaria  

( 1 97 6 )  wa s examined i n  deta i l  ( Morton 1 9 8 4 ) , but  f ound t o  

b e  unsui table .  Thu s an emp i r i ca l  three component mode l 

segment wa s deve loped . :Oioenergetic  power i s  supp l i ed by 

three variables , oxygen uptake , and g lycoly t i c  a nd a lactic  

body energy s tore depletion s . The g lycolyt i c  proces s  i s  

o f  par t i cular  i nteres t ,  s ince the a ccumulat ion of lactic  

acid  i n  the worki ng mus c l e  can  i nduce fat igue . A two 

compartment , worki ng mus cle a nd blood volume , phy s iolog i ca l  

mode l s egment origina l ly deve loped by Freund and Zou loumian 

( 1 98 1 a ,  b )  for post 8Xerc i se is exami ned f or u s e  during 

exerc i se . Thi s  s egment takes as input the lactate produced 
' 

by the g lycolytic  energy process  and c i rculates i t  betwe e n  

compartments , or removes it  by biochemical breakdown . La ctate 

concentrations i n  the two compar tments are the mode l led 

variables  i n  this  segment . F i na l ly a negat ive f eedback 

l i nk in the who le model  i s  provided by a fatigue equat i on , 

where the maximum muscular force exe r table is constra i ned 

i nversely  by the lactate concentration increase in the work­

i ng musc les . The athlete of course can by choi ce operate 

at  a f orce be low the constra i n i ng l eve l , i n  which ca se the 

feedback l i nk does not operate . Sooner or l ater however , 

except for the l owe r workloads , muscular lactate w i l l  bui ld 

up to such a l eve l a s  to i nvoke the feed-back . 
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Pa rame ters of the whol e  model  i nc lude i ni t i a l  body e ne rgy 

s tores , max ima l mus cu lar strength , res i s ta nce to mot i on , 

d i f f us ion constant s for lactate ci rcu lat ion , bioenergetic 

parameters of the ox idat i ve , g lycoly t i c  and a lactic  e nergy 

proces ses , biomechan ical energy equ ivalents , body ma ss , 

fatigue coe f f i c ients , etc , twe nty four i n  numbe r . These  

parameters bind the relat ionships be tween the nine  variab l e s  

o f  the who le mode l ,  expres sed as nine s imu l taneou s d i f ferent­

i a l  equat ions w i th respect to t ime . Pa rame ter values were 

i n  some cases obtai ned by estimation from data on exe rc i s ing 

subj ec t s , spec ia l ly co l l ected for that purpose .  I n  other 

cases  values determi ned exper imenta l ly by o ther r e searche r s  

a nd publ i s hed in the l i terature were uti l i sed .  

S imu lation wa s performed us ing numerical  i ntegration me thod s 

provided by a computer programme f rom the NAG l ibrary o f  

rout ines ( NAG , 1 9 8 3 ) . S imulated resu l t s  o n  a l l  n ine 

variab l e s  are rea l i s t i c , conform i ng we l l  to those observed 

in the labora tory on exerc i s i ng s ubj ect s . There rema i n s  

s cope however f o r  future ref inements , in the ma i n  improving 

the theoret i ca l  content of the who le model and in  the proces s 

extending i t  to inc l ude the recovery per iod after exe rc i se . 
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CHAPTER 1 

I NTRODUCT I ON AND OVERV I EW 

INTRODUCTION 

Thi s  s tudy began with the de l i ght ful ly vague t i t l e : " The 

Appl icat ion of Quan t i tative Method s to the Study of Biolog­

i ca l  Movement" . Thus it wou ld initia l ly seem to be a study 

in the area known as biomechan i c s ; that is the appl i cat ion 

of the principles of mechani c s  and dynamics  to the s tudy 

of biological  movement . However ,  as my early  work progress­

ed and the  i deas c rysta l l i sed , it  became the appl i cation 

of those techn iques more spec i f ica l ly re f erred to collect­

ively a s  mode l l ing . Furthermore ,  thei r  app l i cati on wa s 

extended beyond biomechanics , to include phys iolog i ca l  

mode l l i ng ( bioenerget ic  and biochemical ) ,  but re stricted to 

human locomot ion . Hence the f inal t i t l e : " A  Mathema t i ca l  

and Computer S imulat ion Model o f  the Running Athlete " . 

Th i s  provided the most interes t i ng and cha l l eng i ng scope 

for invest igative research . 

The general i nterpretat i on of the word ' mode l ' i s : an 

imitat ion of the original , often in  mini ature , and bearing a 

strong resembl ence to that origina l . In  the scient i f i c  

context , a mode l i s  a n  abs tract ion wh ich faithfully  captures 

the e s sent i a l  f eatures of the or igina l , but not necessarily  

the deta i l s  of l es ser importance . More spec i f ica l ly a 

' mathematica l ' model i s  an abstrac t ion expres sed in  math­

emat i ca l  terms . In  the biological  context , it becomes 

a mathematica l  description of a biological system , in thi s  

case , the running athlete . Add ing the term ' computer ' ,  

imp l i e s  that a computer can , and ha s been , programmed with 

the mathematical  equations and relat ionships compr i s i ng 

the mode l . Adding a l so the term 's imu lation' , impl ies  
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that the results  obta ined by the computer when i n struc ted 

to i nvoke the programme , s imu lates the behavi our of the 

real proce s s  be ing described ; at  least to a reasonably 

accurate degree . Indeed , i t  is thi s  latter property which 

gi ves r i se to the most common u s e  of mathematica l  mode l s : 

s imu lating and then study ing the behaviour of a system 

wi thout the nece s s i ty to obta i n  real data through actual 

observat ion and experimentation . Thi s  i s  not to say that 

experimenta l data is in any way unneces sary . 

Many author s have a l ready c r i t i c i sed mode l l ing and simulat­

ion , favourably and otherwi se , for  exampl e  Stand ing and 

Tidba l l  ( 1 9 7 7 ) . Neverthel e s s  it is st i l l  useful to con s ider 

some of the f eatures of mathema t i ca l  mode l l ing . The math­

ematical mode l has the advantages tha t mathematics  is more 

e f f ic ient and l e s s  bu lky than the wr i tten word ; that i t  

i s  e spec i a l ly sui ted t o  the quantitative e l ements  of a 

system ; that i t  i s  more d i f f icult  to f a l s i f y a conc lus ion 

in a mathematica l  argument ; and that opt imal solut ions 

are pos s ible through analys i s . By u s i ng the abstract ion , 

we are able to con s ider certa in e f f ects , the obj ect being 

to see which of these account for gi ven observation s , and 

wh ich e f f ects  are immater ial . One ser ious c r i t i c i sm o f  

the combinat ion i s  that n o  new i nformat ion i s  obta i ned , 

for we can on ly obta in what i s  imp l i c i t  i n  the concepts , 

equations and numerical  data incorporated in  the mode l. 

Burghe s and Wood ( 1 9 80 )  have provided a useful  introduct ion 

to model s  and mode l l ing . They descr ibe the process  of 

model ling by the fol lowi ng d iagram : 



1 2 
Formulate the �-------+ 

"real" problem 
Assumptions made 

in the mode l 

6 
Val idate 

the mode l 

I .;,. � -I ... ' -

5 
Interpret the 

solution 

7 
Use the mode l to: 

predict, explain, dec ide, 
de sign, etc . 

3 

3 
Formulate the 

mathematical problem 

' - - ' - ' ' 

4 
Solve the 

mathematical 
probl em 

Arrows i nd i cate the f l ows of progre s s , inc luding l i kely 

c i rculation through var ious stages , though it is pos sible  to 

bypa s s  one or more stages . For example , in  a very s impl e  

s i tuat ion w e  may pa s s  d irectly f rom s tage 1 to s tage 7 .  

In  genera l , stages 1 ,  2 and 3 are referred to as formulat ion , 

4 a s  solut ion , and 5 ,  6 and 7 a s  app l i ca t i on of the model 

respective l y . 

The mathema t i c a l  equat ions i nvolved i n  

arrived a t  through two pos s ible  route s ,  

the theore t i ca l , and the two can , and 

stage 3 can be 

the empirical  and 

often are , mixed 

i n  a many -equation mode l .  The empirical  approach can be 

characteri sed by f it t i ng 

data . The equation i s  
that i t  f i t s  the rea l 

curves to exper imenta l ly obtai ned 

chosen for the s imple exped i ent 

s i tuation . These equations often 

have no theoretica l foundat i on and the i r  pa rameters have 

no meaningful biological  interpretation . The theoreti ca l  

approach can b e  cha racter i s ed by the u s e  of d i f f erent i a l  

equations ba sed o n  theoret i ca l  principles o r  a s s umpti ons . 

Though mathema t i ca l ly e l egant , solut ions to such equations 

may not be appl i cable to experimental s i tuations . I n  mos t  

such cases th i s  l eads t o  a rej ection o f  the d i f f erenti a l  
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equation , and i t s replacement by one which doe s y ield an 

app l i cable solution. Such is the case in  thi s  study a nd 

i n  other examples  c i ted below . A working mode l i s  usua l ly 

a bl end of both approaches , for some workers approach f rom 

one d i rect ion a nd others  f rom another , and the two meet . 

Any g iven mode l may contain  from a s  f ew a s  one , to a very 

large number of equa tion s . The former are s impl e  to under­

s tand , but lack deta i l , and vice versa for the l at ter . 

Once aga i n  a working mode l i s  a blend . 

Mathematical  mode l l ing i n  biology i s  an expans ive a rea 

of study , and i ntere s t i ng though i t  i s ,  it i s  neces sary 

to curta i l  a review of the l i terature to those of more 

obvious relevance . The fol lowing have prov ided i n s i ght 

but have been of l i t t l e  d i rect a s s i stance : a mode l of 

wa lking ( Mochon and McMahon 1 9 8 0 ) ; a model of swimming 

( Seireg and Ba z 1 9 7 1  ) ; a mode l of pole vau l t ing ( Wa lker 

and Ki rmser 1 9 7 3 ) ; mode l s  of long j umping ( Brearley 1 9 7 2 , 

Hatze  1 9 8 1 ) .  A l l  these are biomechan ical mode l s  of human 

movement . There are many mode l s  of human 

systems which f a l l  into the same category : 

human respirat ion , mod i f i ed to exhibit  the 

exerc i se , known as Macpu f f  ( D i ckinson 1 9 7 7 , 

venti l atory control ( Stegeman et a l  1 9 7 5) ;  

phys iological  

a model of 

e f fects of 

Jones 1 9 8 0 )  ; 

heart rate 

regulation duri ng exerc i se and recovery ( Haj ek et al 1 9 80 ) ; 

cardiovascular response to exerc i se ( St rerne l e t  a l  1 9 7 5 ) . 

There have of course been a large number of studies  which 

have been of con s iderabl e  a s s i stance in the con s truct ion 

of my model o f  the running athlete . These are cons i dered 

in depth in the later chapters . I have not been able to 

f ind reference to any study which has been both biornechan i c� 

and phy s iologica l .  Thi s  construct of  mine may therefore 

be the first  such model .  
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Thus i n  th i s  study , a compl ex ser ies  of mathema t i ca l  

equations are deve loped to descr ibe the biomechanical , 

bioenergetic , phys iological  and biochemi cal components 

of the sy stem . Some of these equations are empi r i ca l , 

but most theoret i cal . Some are borrowed from e l sewhere , 

amended i n  some ca ses , and others are newly created . Thei r  

combinat ion repre sent s a unif i ed new whole . A computer 

is uti l i sed to prov ide s imu lated results , stat i st ical  

procedures based on  the  analys i s  of exper imental data 

providing an i nput to the programming . A series  of simu l at ­

ed resu l t s  under d i f fe r i ng cond i t i on s , when compared to 

the actua l behaviour of runni ng athlete s , provi de the bas i s  

for va l idation o f  the mode l and define the boundaries of 

i t s  area of appl i cabi l i ty . 

OVERVIEW 

There have been many attempts to model running or runni ng 

performance ,  and these are revi ewed bri e f ly in  Chapter 

Two . With one except ion , none conta i n s  more than a s i ng l e  

equat ion though i t  may have a l ternat ive forms , and many 

attempts are solely graphical . One or two of the equation s , 

are neverthel e s s  quite comprehens ive , but even these are 

of l i tt l e  more than hi stor ical relevance . The one exception , 

which appear s  to be the only attempt to model a runner 

h imse l f , contains j u st  three equat ion s . It is ba sed on 

s impl e  Newton ian mechan i c s ; force , veloci ty , powe r , 

d i s tance and t ime . I t  i s  con s i dered a s  a problem i n  the 

context of optimal control theory , however ,  the i deas a re 

there and thus Chapter Three con s i ders thi s model  a s  a 

starting point . There it i s  c r i t i ca l ly examined , genera l ­

i sed and extended i n  a number of ways . 

The maj or extension , the s ubj ect of Chapter Four , i s  the 

replacement of a s ing l e  s impl e  energy ba lance equat ion 

by three new equat ions : one related to the oxidative energy 
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source , one to the g l yco lytic  source ( g lucose + g lycogen + 

lactic  a c id ) , and the third to the phosphagen ba sed source 

( a lact i c , based on the conversion of high-energy phosphates ) .  

A three- compartment hydra u l i c  model of these energy f lows 

ha s been proposed , but no mathematical  solut ion of f ered . 

Once I obtained the solut ion ( the subj ect  of Append ix 1 ) ,  

I f ound not only that the sugges ted graphical  solut ion 

of fered w i th the model wa s i ncorrec t ,  but that 
,
the actual 

solution and some of i t s  impl ication s , were not suf f i c iently 

true to l i fe to ut i l i se .  Thu s  I have re sorted to some 

� .  empirical  mode l l ing of my own . 

Chapter F ive con s iders an  ex i s t i ng two-compartment lactic  

acid ( l actate ) c i rculat ion mode l . Th i s  phys iolog ical  mode l 

i s  an excel l ent exampl e  of one arrived at f rom sound 

theoret i c a l  pr inciples a nd whose mathematical  solut ion 

f i t s  observed data very we l l .  The two compartments 

repre sent the ( previous ly ) working muscles  and the rema i nder 

of the body . F l ows of l actate i nto ( production ) ,  between 

( transfer ) ,  and out of ( ut i l i sat ion or breakdown ) the 

compartments are con s i dered for an athlete at rest , but 

starting immediately a f ter the cessat ion of exerc i se . 

Careful  examinati on of the model suggests no reason for 

s upposing any of the a s s umptions of the model to be inval id 

for an athlete at work , i . e .  runn i ng . Al l that i s  neces sary 

therefore i s  to replace one equa t ion , the product ion of 

l actate by the ( now ) working mus c l e s ,  by another , which 

is the one relating to the g lyco lytic  energy source ment ion­

ed above . Thi s  one of the three bioenerget i c  equat ions 

is the ' f eed - forward' l i nk between the two biomechanical  

and phys iological  components of the whole mode l .  

The ' f eedback' l i nk i n  the model  i s  the subj ect of Chapter 

S ix .  Fatigue a f ter pro longed exerc i se is pr imar i l y  caused 

e i ther by dep l et ion of body re serves , which is character­

i st i c  of  long- term exerc i s e  of  l ow i ntens i ty , or by the 

accumulation of ' poi sonou s ' catabol i t ie s , which is character-
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i st i c  of shorter term exerc i se o f  higher intens i ty .  S ince 

. thi s  study cons iders athletes per forming towa rd s the l im i t s  

of the i r  capabi l i ties , i t  i s  the la tter form tha t i s  

rel evant . I t  i s  the a ccumulat ion of l a c t i c  acid i n  the 

working mu sc l e , which , s i nce the body cannot tran s f er or 

break it down fast enough , causes the mus c l e  poi soni ng 

pa ins  so we l l  known to athlete s . Thus a r i se in  the lactate 

concentrat ion in the work ing mus c l e  compartment , wi l l  tend 

to i nhibit  the mu scular force whi ch the athlete can exert 

through h i s  legs . A large enough r i se wi l l  override the 

ath l ete ' s  own w i l l powe r and wi l l  compel h im to s low down . 

Th i s  means a l es ser energy requi rement , hence a l e s ser 

lactat�c product ion . Th i s  i s  the s e l f - correct i ng f eedback . 

Chapter Seven then cons iders the model a s  a l i nked whole ,  

where each segment f i t s  i nto the whol e ,  the relat ionships 

between them , etc . 

Chapters Ei ght a nd N i ne cover the col l ection of data and 

i t s  use  in parameter e s t imation . The i n f l uence of much 

of thi s  work i s  ev ident in var ious segments of the previous 

f ive chapters . The mos t  ava i lable  and suitable faci l i t i e s  

f o r  such a deta i l ed study of exer c i s ing athletes a r e  i n  

t h e  Respiratory Laboratory a t  the Princess  Margaret Hospi ta l 

( P . M . H . ) ,  Chr i s tchurch , New Zealand , and it wa s there that 

the data were co l l ected . S i x  athletes volunteered for the 

s tudy and a l l  completed a series  of tests . In add i t ion I 

subj ec ted my s e l f  to a series of tests . I t  wa s inconvenient 

to have · to go to Chri stchurch , money f or the study wa s 

l imi ted , and I wa s working on my own , a l l  of whi ch reduced 

the s cope of the exper imenta l s tudy . Neverthel e s s  I wa s 

we l l  sat i s f i ed w i th the support obtained at the P . M . H .  

Once the who le model wa s con structed and suitable parameters 

chosen , i t  wa s implemented on the computer and an extens ive 

set of s imu lat ion runs performed . These are the subj ect  

of Chapter Ten . They were des i gned w i th two main  purposes 
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i n  m ind . Firstly  they served as a source for the va l i da t i on 

of the mode l ;  

o f  parameters , 

actua l ly occur 

Second ly they 

that i s  to ensure that g i ven a norma l set 

the s imulat ion re sults  con form to what would 

to a rea l athlete under those cond i t i ons . 

served to define the boundar i e s  of norma l 

performance expectat ion , and hence acro s s  the boundaries , 

to ident i fy abnorma l or unrea l i s t i c  outcomes or combinations 

of parameter values . They a l so served to ident i fy the 

sensi ti vi ty of athlet ic  performance to changes (sma l l  or 

l arge ) in parameter values . 

These results  were of great interest 

i n  a d i scu s s ion in  the who le -mode l 

E l even . Included a l so in  this  the s i s  

and are cons idered 

context in Chapter 

is a bibl iography 

and attached are a select ion of computer outputs pertai ni ng 

to various segments of the study . 

La stly , s ince the athlete has the abi l i ty to w i l f u l ly 

control the muscular force exerted through h i s  legs , and 

thereby i nf luence a l l  the other variables in the system , 

at least up unt i l  the t ime he i s  overtaken by fat igue , 

one i s  natura l ly l ed to consider some form of optim i s at ion . 

I t  i s  acknowledged to be of great i nterest to d i scover 

opt imum per formances or optimum strategies for athletes 

in races , and a l so acknowledged that such d i scoveries  are 

pos s ible w i th this mode l .  Thi s  a spect however has not 

been a dr iving force in the study . Had thi s  been the case , 

a con s i derable recons tructing of the computer programming , 

and maybe of the mode l itse l f , may have been neces sary . 

Thi s  would probably have detracted from, or a t  l ea s t  a l tered , 

the flavour of the whol e  study . 



9 

CHAPTER 2 

PREV I OUS ATTEMPTS AT MODELL I NG RUNN I NG 

Performances i n  athletic runn i ng events  are recorded over 

set d i stances . The relationship that i s  usua l l y  adopted 

between the d i s tance run d and the t ime t it takes to 

cover the d i stance , i s  the average veloc i ty v = d / t . The 

locus of a l l  average veloc i t i e s  i s  cal led the runni ng 

curve . A w ider interpretation of the term runn i ng curve i s  

more usua l ly unders tood to i nclude veloc i ty / t ime and 

d i stance / t ime relationships . A number of i nvestiga tors 

have examined the behaviour of the runni ng curve over the 

l a s t  7 8 years w i th the a im of derivi ng an adequate model 

to fit the behaviour of the runni ng curve . 

The first  recorded i nve st igat ion wa s made by Kenne l ly ( 1 906) 
who s tudi ed hor ses  and humans , i n  various f orms o f  loco ­

moti on . H i s  approach wa s to plot the data on semi - log 

paper , and der ived for the d i s tance events 

v = 1 7.01/8/d 

which , because f i tted over a variety of standard a nd non­

standard di stance s for both amateurs and profess ionals , 

generated a large average relative deviat ion . 

Meade ( 1 916) and H i l l  (1925) present graphical  studies  

of the running curve . Kennelly  (1926) fol lowed up his  

earl ier arti c l e , aga in us ing the same equat ion , but once 

aga i n  f i tted graphi ca l ly . Meade ( 1926) fol lowed up a l so ,  

w i th another graphical  ana l ys i s ,  predi c t i ng that the exi st ­

i ng · 1 500m wor ld record shou ld b e  about 1 � t o  2 seconds 

le s s  than it was at that t ime . Shortly  a f terwards it wa s 

lowered by 1 .6 seconds!  
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H i l l  ( 1 9 2 7 a ) u sed graphical ana l y s i s  to d i scuss Kene l l y ' s 

· earl ier work and conc l uded i t  to be i nappropr iate . He 

later ( 1 9 2 7 b )  made a deta i l ed ana l y s i s  of sprint running 

and derived an exponent i a l  equation of form 

v = fg a ( 1 - e - t / a ) 

In  thi s equation , v i s  the instantaneous velocity of the 

runner , f is a dimensionless  constant character i s t ic of 

the bui ld , strength , ski l l  and f i tnes s of the s ubj ect , 

g i s  the acce lera tion due to gravity , and a i s  a constant 

with the dimensions of time and i s  l inked to the " res i s tance" 

or " v i scos i ty" of muscular contraction . Thi s  i s  the f ir s t  

occurrence of an equat ion of mot ion f or a runner , which 

w i l l  recur a number of t imes . I t s  der ivat ion , in  somewhat 

s impler terms wi l l  be di scus sed in  more detai l  in the next 

chapter . 

W i ssman ( 1 9 2 9 ) developed three equa tions wh ich f i t ted world 

records of the t ime quite wel l . 

t = 2 t d 1/( 2d ) 4 0 sprints 

t = 2 t d 11( 2d )
2 0 middle d i s tances 

t = 2 t 0 d 
1012d 

long distances 

The model was cumbersome and , for a more useful  treatment , 

one equation only wou ld be much better . 

Meade ( 1 9 3 4 ) , Al len ( 1 9 3 6 ) and Tei chs ( 1 9 3 9 , 1 9 4 1 ) a l l  

made graphical s tud ies o f  wor ld records . Franc i s  ( 1 9 4 3 ) 

derived a hyperbo l i c  equation claimed to be a good f i t  

t o  mid- t o  long-d i s tance wor ld records o f  the t ime . 

( log d - 1 . 5 )  (v - 3 . 2 )  = 6 . 0 8 1  
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The hor i zonta l a symptote a t  3 . 2m/ sec wa s cla imed to be 

the velocity  that cou ld be mainta ined inde f i n i tely wi thout 

t i r i ng , " i f it were not for l ack of s l eep , nour i shment , 

etc " . Horvath ( 1 9 4 8 ) u sed the Franc i s  hyperbola to ana lyse 

the per formances of the Swed i sh athl ete Gunder Hagg . 

Ulbrich ( 1 9 5 0 ) deve loped two d i f f erent models for the run­

ning curve . In h i s  f ir s t  model he deve loped a set of 

parabolas : one for the sprints , one for the midd l e  

d i s tances , and one f o r  long d i s tances . These equations 

are d i s tanc e / t ime relat ionships , spec i f ic a l l y  

t = 9 6 . 7d �  + 7 1 d  + 2 . 2  

t = 8 . 8 2d� + 1 4 8 . 4 1 d  - 1 4 . 7  

t = 1 7 . 2 3d �  + 1 7 2 . 0 7d - 3 3 . 0  

He of course rea l i sed that i t  wou ld be more des irable to 

formu late a s ing l e  equation to model a l l  di stances . H i s  

second model  wa s empirical  and when f itted by least squares 

to wor ld record data yie lded 

t = 1 7 . 2 3 - 9 1 . 7 8 5/d + 2 2 3 . 9 8 3d - 1 0 . 7 4 9 6d/d + 1 . 6 5 5 9 5d �  

which descr ibed the data very we l l . 

Henry and Tra f ton ( 1 9 5 1 ) u sed the ba s i c  f ormu la proposed 

earl ier by H i l l  ( 1 9 2 7 b )  to ana lyse the spr i nting port ion of 

the runn ing curve . They obtained 

-kt v = v  ( 1 -.e ) max 

Liet zke ( 1 9 5 2 ) generated a graphical solut ion for the run­

ning curve by pas s ing a smooth curve through the runni ng 

wor ld record s at the t ime . H i s  der ived equation for middle 

di stances took the form 

l og d = '.11gg m : + n  log t 



1 / 

though he did not solve the equat ion for the constants 

m and n .  For shorter distance s , and for very long distances , 

the equation i s  no better than that der ived by Franc i s  

( 1 9 4 3 ) .  

Henry ( 1 9 5 4 a , b )  publ i shed a two- and a f ive- term 

exponent ial  model for the running curve , wi thout derivation . 

The two term model 

-k t - .. 1 v = -a,.� 

appl ied to d i s tances up to 3 0 0  metres . I t s  expanded form 

adequately des cribed a l l  racing dis tances up to the marathon . 

The der ivat ion of this equation wa s subsequent ly pub l i shed 

( Henry 1 9 5 5 ) . 

The intent wa s that each term in the model shou ld represent 

a phy s iological  parameter . The f i rst  wa s a subtractive 

exponential  term to represent the accelerat ion factor . 

The second and third terms were to repre sent a lactic  and 

lactic oxygen debt incurred dur ing short and middle d i stance 

running . The fourth term wa s to represent g lycogen 

depletion and the f if th term to represent a l l  other 

metabo l i c  rates . He eva luated the exponents from graphical 

anal y s i s , obtaini ng ha l f - l ives for each of the phys iologica l 

rates . He stre s ses that each term does not in  i t self  

account for i t s  as soc iated metabolic  proce s s , but rather 

i s  a term emp loyed speci f i ca l ly for descr ibing the running 

curve , a nd ha s a t ime constant of approxima tely the s ame 

order a s  the a s soc iated metabolic  parameter . H i s  equation 

adequately describes world record data of the t ime . 



1 ... 

Other author s ; Lei t zke ( 1 9 5 6 ) , Meade and Liet zke ( 1 9 5 6 ) , 

Frucht ( 1 96 0 ) and Amado ( 1 9 6 2 ) , descr ibed the running curve 

by graphical  ana lys i s  but d id not derive any mathematical  

formulat ions . 

Lloyd ( 1 9 6 6 ) ,  fol lowing the ideas of H i l l , has c losely 

examined the runni ng curve , d i s secting i t  into s ix segments ,  

the sprint s , plus f i ve groups of d i s tance events .  The 

a l l -out e ffort i s  represented by 

where s0 
i s  an initial  energy store , R and A represent 

oxygen uptakes , B is a power-e f f i c i ency factor , t. t i s  a 

delay f actor and the last  term represents a kinetic energy 

factor. For l onger d i s tances the exponential term drops 

to zero , giving 

• 

d = s0 / B - ( R - A ) t.t / B - am ( d ) 3/ 2B + t ( R-A ) / B 

a s  a vers ion o f  the s imple equat i on 

d = So/ B  + t ( R - A ) / B 

he der i ved earl ier , where the d i f f erences represent delays 

due to the r i se in  oxygen uptake and the accelerat ion of 

the runner. 

Garc ia ( 1 9 6 8 , 1 9 6 9 ) made extens ive use of the parabola , 

taking the approach that on ly portions of the runni ng curve 

can have i nd ividual equat ion solutions . H i s  equat i on wa s 

e s t imated as 

t = . 7 7 1 4d 3 + 1 6 8 . 8 1 8d - 3 3 . 4 2 8  

app l icable to the middle  and longer d i s tances . 
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Zats iorsky and Pr imakov ( 1 9 6 9 ) uti l i se H i l l ' s  ( 1 9 2 7 b )  

exponent i a l  equation , but modi f y  i t  t o  i nc l ude 

runners speed when cros s i ng the start l i ne , thus 

-kt V = V . +. V��.,( 1 - 2-. ) �n  �.z 

V .  I �n the 

where v asy is  the asymptotic velocity reached over a nd 

above the initial  velocity . 

Rumball ( 1 9 7 0 , 1 97 3 ) and Col eman deve loped an express ion 

for mid and long d i s tances 

1/v = f i.n d + c 

The reciprocal of veloci ty i s  usual ly referred to a s  pace 

and the constant f as the " fa tigue coe f f ic ient " , s i nce 

on a semilog sca l e  it  represents the change in  pace . They 

ut i l i sed the coe f f icient to suggest a means of discover ing 

for which d i s tances athletes are mo st sui ted , and for which 

they can tra in appropr i a te l y .  Thei r  rel�t ionship breaks 

down at  a hint of ' anaerobic runn ing ' .  

Gardner and Purdy ( 1 9 7 0 ) developed the fol lowi ng equat ion 

where t 1 i s  a reference t ime and f ( d )  i s  the f ract ion o f  

t h e  event d i s tance r u n  o n  the curved part o f  the t rack . 

I t  wa s used a s  part of an a l gori thm for the generation 

o f  running event scoring tables , and wa s der i ved f rom some 

earl ier scor ing tables of Amado ( 1 9 6 2 ) . 

Kel ler ( 1 9 7 3 )  formu l ated a 3 - equation system for the run­

ning curve in terms of various phys iological  parameter s . 

He later publ i shed a mathematica l ly opt ima l solution to 

h i s  f ormu lat ion , giving the strategy required of the runner 

in order to complete any g iven d i s tance i n  m inimum t ime . 
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The method of solut ion i s  an example of optimum contro l 

theory . Th i s  formulat i on , and i t s  solut ion , represents 

the most sound l y  based approach to the ana ly s i s  o f  the 

running curve that I have been able to locate . His solution 

prescribes ; 

i ) Maxima l 

d i s tance 

e f fort for a l l  races 

d = 2 9 1  m,  or c 

l e s s  than a c r i t i ca l  

i i ) Maxima l acceleration for one or two seconds fol lowed 

by constant veloc i ty throughout the race and f ina l ly 

a s l ight s lowi ng down a t  the end o f  the race , for 

d i s tances longer than 2 9 1  m .  

Kel ler ' s  system has been both c r i t i c i sed and applauded . 

Thi s  sy stem ha s formed the start ing point for the bio­

mechanical segment of my mode l for thi s  study , and as  such 

forms the ba s i s  for the next chapter . The der i va tion , 

analys i s , this  c r i t i c i sm and my own further i nvest igat ion 

of Kel ler ' s  sys tem are fully  discus sed there . 

Purdy ( 1 9 7 4 ) has reformu la ted Henry ' s  f ive term exponenti a l  

equation with d rather than t a s  the independent vari able .  

and this  he has f i tted to 1 9 7 0  wor ld record data by non­

l i near least squares . The de scr ipt ion of three data sets o f  

wor ld record s at various times , i s  very good . 

Reigel ( 1 9 7 7 , 1 9 8 1 ) examined di stance / t ime reltionships , 

and for midd l e  to long d i s tances used the equation 

b t = a d 

for runn ing and other activities . He a l so examined the 

e f fects of  age on speed , and the quest ion of spec i f ic 

endurance . 
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Volkov and Lap in ( 1 9 7 9 )  

speedograph , for mea suring 

but s t i l l  use graphical 

bi -exponent i a l  mode l .  

introduce a new instrument , the 

sprinters ' t imes a nd veloc i t i e s , 

ana lys i s  to f i t  Henry ' s  ( 1 9 5 4 ) 

Henstock ( 1 97 9 )  examines the equation 

v = a + b/d 

for world  records a t  d i s tances f rom 4 0 0-5 0 0 0  m and it  f i ts 

we l l . He then derives a second equat ion , ba sed on physio-

logical arguments 

where E i s  an energy store and q i s  a rate of energy supply , 

a nd a and b are parameters . Thi s  equation , wi th chosen 

values of a ,  E and q f i t s  reasonably we l l  to wor ld records , 

but l e s s  we l l  than the s impl er equation . He makes no e f fort 

to f it the equa tion to data a nd e stimate a and b though 

he does make some as sumpt ions of the values of q and E .  

Alexandrov and Lucht ( 1 9 8 1 ) used the , by this  t ime 

acce.pt.e.d I exponent ial  veloc ity equation for sprinting 

derived origina l l y  by H i l l  ( 1 9 2 7b ) , and found exce l lent 

f i ts . Of  interest was  the i r  mod i f i cat ion to the equation 

f or sprints run on a curved track , and they eval uated the 

relative advantage ga ined by the runner on the outer l ane 

over the runner on the ins ide lane . S enator ( 1 9 8�has 

extended the theory used origina l ly by H i l l  ( 1 9 7 2 b )  and 

cons idered the ways in which the maximum asymptot ic veloc i ty 

developed i s  l imi ted . I n  so doing he obtains  a composite  

picture o f  the  ve loci ty curve , f or indoor and outdoor 

sprinti ng . 
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In s ummary therefore , the col lective l i terature on the 

study of runn ing curves ha s certai n  genera l character i s t i c s : 

( a )  Ear l i er work wa s character i sed by graph ical ana l yses. 

( b )  More recent work ha s been characteri sed by emp i r i ca l  

curve f i t t i ng , which seems t o  have been developed 

to about the l im i t  of plaus ible sophi st ication. 

( c )  The mos t  recent work , w i th the except ion of H i l l  

( 1 9 2 7 b )  who wa s we l l  ahead o f  h i s  t ime , i s  character­

i sed by a wi l l ingnes s  to inve st igate f rom theoretical  

principles , and to  at tach phy s i ological  rel evance 

to the solut ions so obtai ned . 

( d )  With the except ion of Kel ler ( 1 9 7 3 ) , none of the 

studies  cou ld be c la s s i f i ed as a mode l syst em , f or 

only h i s  has more than a s ingle equat ion . 

( e )  Throughout these studies  there has been a heavy 

rel i ance on wor ld record data ava i lable at the t ime 

of pub l i ca tion . Such data l eads the mode l to 

represent a compos i t e  i nd ividua l , rather than a 

part i cu l ar one. The latter i s  a more helpful approach . 

I t  follows then , that mode l l ing the running athlete a s  

a more complex biolog i ca l  sys tem rather than a mechanical 

one , is  a study topic  we l l  sui ted for development . 



CHAPTE R 3 

NEWTON I AN B I OMECHANICS 

BACKGROUND 

Thi s  chapter deal s  w i th those a spects  of the mode l commonly 

descr ibed as  Newtonian mechanics , but appl i ed to a biological  

ent i ty. I t  deals  w i th the  i nter -relat ionsh i ps between the 

fol lowing var i ables : 

f ( t )  or f :  the hori zontal p ropulsi ve force at t ime t which 

the runner can exert through h i s  legs. Thi s  i s  the 

control variable , 

of the runner , 

s i nce i t  i s  under the w i lful  contro� 

( except when he becomes fati gued ) .  

I t s  inf l uence permeates the whole sys tem of equat ions 

to be deve loped in th i s  and the next four chapters, 

m :  the ma s s  of the runner , i n  ki lograms ( kg ) , regarded 

as a cons tant for a particular i ndividua l , ( at lea s t  

for a rea sonabl e per iod o f  t ime ) ,  

v ( t )  or v :  the instantaneous velocity of the r unner , 

I - 1  i n  metres per second ( m  s or m. s. ) , 

dv/dt : the acce leration , i. e .  the derivative of v 

with respect to t ,  i n  metres  per s econd per s econd 
-2 ( m/ s 2  or m . s. ) ,  

D (  t )  or D :  

metres ( m ) ,  

the d i s tance trave l l ed by the r unner , i n  

P ( t )  or P :  the power deve loped by the runner , in watts  

( w )  , or  equivalently the  rate  of energy consumption , 

dE /dt i n  j ou les  per second , where E i s  the energy s tore 

in j ou l e s. P is referr�d to as externa l powe r , to 

d i s t i ngui s h  it f rom i nternal ( i. e. bioenerget i c ) power. 
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Firs tly cons ider the relat ionships between some of these , 

a s  postulated origina l ly by H i l l  ( 1 9 2 7 b ) , later by Henry 

and Traf ton ( 1 9 5 1 ) ,  then by Lloyd ( 1 9 6 6 ) and more recentl y  

b y  Ke l l e r  ( 1 9 7 3 ) . 

H i l l ' s  ( 1 9 2 7 b )  formulation wa s as  fol lows : 

Suppose a runner to be of mas s  � and h i s  weight i s  therefore 

given by mg , then s i nce the max imum force he can exert i s  

proportional t o  h i s  we ight , let F = frog , where f i s  a 

prope l l ing force to body we ight ratio . 

H i l l  supposed the l imit ing factor to continua l ly increasing 

veloc ity to be the "vi sco s i ty"  of the mu scles , tha t i s  thei r  

r e s i s tance t o  even fairly  s low contrac tion . Thi s  visco s i ty 

he a s s umed to be proportiona l to the speed of contraction 

and to the ma s s . He further a s s umed the veloc i ty o f  the 

runner to be d i rectly proportiona l to the speed of contract­

ion o f  the musc l e s . 

Thus R mv = 
a 

where R i s  res i s tance and a i s  a mu scle  vi scos i ty coe f f ici ent . 

By the second law of mot ion , Force = Mas s  x Acceleration , 

and s ince the force exerted in par t  goe s to accelerate the 

runner and in part to overcome the resi stance , we can deduce 

fm:g = IliA + inv 
a 

where A = dv/dt i s  the acceleration . 

t 

i . e .  dv f g  V i . e .  fga ( 1 -e. a ) dt 
= V = 

.a 

£:y and 1 S!Y fg 0 i . e .  fga[t -a ( 1 dt 2 + dt - = y = 
a 

whe re y i s  th e di stance covered. 

t --

-e. a ) ] 
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The main result is that v approaches its l im i t  a l ong an 

exponent ial  curve . 

H i l l  acknow ledged tha t at least two other factors may give 

r i s e  to resi stance ; unevenne s s  or frict ion on the ground and 

a i r  resi stance . The former he reckoned to be negl igible on 

a good track . At very low speeds ,  and even at higher speeds 

for s treaml ined bod ies and laminar a i r f low , a i r  resi stance 

is proport iona l to veloc i ty . For the sprint ing athlete 

he cons idered air resi stance proportiona l to ( velocity ) 3 • 

He regarded thi s  res i s tance to be neg l igible a l s o , though 

gauged it to be of importance in record breaking . Thus 

nei ther of the above factors were taken into account i n  

the above equation . 

H i l l  co l lected data f rom some runners ; over 6 0  yards f or 

one group , t imed at 1 ,  3 ,  6 ,  1 0 , 1 5 , 2 0 , 3 0 , 4 0 , 5 0  and 6 0  

yards , and over 2 0 0  yards for a second group , t imed a t  1 , 

3 ,  6 ,  1 0 ,  1 5 ,  2 0 , 4 0 , 6 0 , 80 , 1 0 0 ,  1 2 0 ,  1 4 0 ,  1 6 0 ,  1 8 0 and 

2 0 0  yards . The f i r s t  data set f i t s  the equa tion we l l , though 

no stat i s tical  ana l y s is was per formed . The f ' s  are deemed 

remarkably s imi lar for d i s s imilar individua l s , but the a ' s  

d i f fer not iceably . For the second group the f i t  i s  not 

so good as there is evidence of a dec l i ne in veloci ty after 

about 1 0 0 yards or so . Thi s , he argues , i s  due to the onset 

of fatigue in the muscles , s ince fat igued muscles have been 

shown to have higher " v i scos i ty" . 

The second piece of s ubstant ive work wa s due to Henry a nd 

Trafton ( 1 9 5 1  ) .  By thi s  time H i l l ' s  idea of the ' vi scos i ty "  

a s  a l imiting f actor t o  speed o f  musc le contract ion wa s 

no longer accepted and had been replaced by a " tens ion loss " .  

Regardless  of how i t  i s  descr ibed the postulat ion of some 

l imiting f actor proportiona l to velocity seems a reasonable 

a s s umption . 
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I n  an ana lagous deve lopment Henry and Trafton der ived a n  

equat ion of the same form as  H i l l ' s ,  

V = V m 

Henry and Trafton ' s  s tudy wa s to answer the que s t ion s : 

i )  does the curve rea l ly f i t  stat i stica l ly ?  

i i )  are there indiv idua l d i f f erences in curve cons tants ?  

i i i ) what i s  the re lat ive importance of the curve con s tants 

i n  determining the speed of a run? 

iv ) i s  H i l l ' s  v i sco s i ty con stant k related to metabo l i c  

e f f i c i ency? 

v )  what i s  the ro l e  of the constant k?  

They co l l ected data on sprinters and ana ly sed these  data . 

I n  doing so they note ( inter a l ia ) ; l i ttle or no i nter ­

corre l a t i on of error s ; tha t the rate of attaining an 

i ncreased o2 supply is slow ,  w i th a � t ime of about a minute , 

so the acceleration curve i s  not determined by o2 ava i l abi l ­

i ty ;  that reaction t ime of about . 1 3  sec . ( back foot f i r s t , 

f ront . 0 5 sec . l ater ) i s  of l i ttle  importance except over 

very short runs of 1 0 or 1 5  yards at mos t ; that s ince 

vm 
= fg / k ,  vm a nd k should be negatively correlated , but 

thi s i s  not found , and conc ludes that the force must drop 

o f f  as vm is approached . 

I n  answer to the five quest ions rai sed , they conc lude : 

( a )  the correlation between obse rved and pred icted t imes 

i s  very good and deviat ions are random ; except 

perhaps that t imes are slower than pred icted for 

the f ir s t  1 5  yards but then faster a t  2 5 yard s ; 

the f i t  of the formu l a  i s  i nappropr iate over about 

5 0  yards and sugges� a second subtractive exponential  

term . 
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( b )  there are decided ind ividua l d i f ferences in  k and 

vm ' but a lthough the v ' s  are more re l iabl e , no d i f fe r ­

ences a r e  stat i s tica l ly s ignif icant . 

( c )  the roles of  k and V in pred iction depend on the m 
d i s tance ; less  than 1 0 yards k i s  the important 

factor , from 1 0  to 2 0 yards V i s  more important , m 
and over 2 0  yards V m i s  the only determining factor . 

( d )  di scarding H i l l ' s  visco s i ty concept , they conclude 

that the velocity cons tant a is unre lated to any 

genera l factor that inf luences the e f f i c i ency of 

mu scular work . 

( e )  the coe f f i c ient k ,  unrel ated to other measured 

metabo l i c  coe f f ic ient s , is to be interpreted as a 

measure of the rate of attaining speed , and 

correspond s in t ime sense only to metabo l i c  measures 

( i . e .  ha s a ha l f - l i f e  of about the same order ) .  

The added exponential  term ( a  fatigue f actor ) s uggested 

above was exami ned by Henry ( 1 9 5 4a ) , as fol l ows 

-k  t 
e 1 ) 

and the ideas were extended ( Henry 1 9 5 4 b ,  1 9 5 5 , Purdy 1 9 7 4 ) 

to include several metabo l i c - r e l ated 

that the result ing equat ion appl ied 

sprint to the marathon . Spec i f i ca l l y  

V = 
+ 

fatigue factor s so 

over a l l  d i s tance s , 

negative and repre sents the acce l erat ion factor ; 

k2 repre sent s the a lactic  o2 debt ; a 3 , k3 repre sents 

the lactate o2 debt ; a 4 , k4 is a glycogen deplet ion f actor ; 

and a
5

, k
5 

represents other fatigue f ac tors . These f a tigue 



2 ..> 

factors however a re a l l  contrived and though they f ind a 

place in my mode l , it  i s  not in thi s  fashion that they earn 

i t. 

The third substantive piece of work wa s due to L loyd ( 1 9 6 6 ) . 

He approached t�e deriva tion of the equation o f  motion 

d i f f erent ly. Start ing f rom H i l l ' s  earl i er work the athlete 

has an initial  store of energy s0 and more energy i s  supp l i ed 

by breathing and c i rculat ion at some constant rate R ,  thus 

the ava i lable energy E i s  given by 

E = s0 + Rt 

We further suppose s0 runs down exponenti a l ly and \hat there 

is a delay in the r i s e  of the rate of energy supply f rom 

i t s  resti ng l evel A ,  to R. Thus 

E = s0 ( 1  - e-gt ) + Rt - ( R�A ) 6t • • • • • • • • • •  (3.1) 

where �t i s  the effective dela y .  

Now the power , P or rate of energy uti l i sat ion by the runner 

is given by 

E 
p = t = sO: 

t + R 

a nd s i nce the powe r i s  some func tion of veloc i ty , say f ( v ) �  

we can deduce that 

1 f(v ) -R 
t" = so 

Plott ing v aga i n s t  t' a series of very near ly stra ight l ines 

emerge , each set being races having Sa, 
and R i n  common . 

Thi s  impl i e s  that f ( v )  i s  a l inear function of v ,  say A+BV. 
Thus 

E = Pt = At + l3y 



where y i s  the di stance covered . But s i nce the runner in  

a n  actual  race has to accelerate h imsel f  a s  we l l  a s  cover 

a spec i f i ed d i s tance , h i s  actua l energy requ irement i s  

E = At + By + � a my � • • • • • • • • • • • • • • ( 3 • 2 ) 

where the latter i s  a k inetic energy term and a incorporates 

factors for mechanical  e f f i c i ency and interconvers ion of 

units . 

Thus el iminating E f rom (3.1 and 3 . 2 )  we get 

,, a d i f ferent ial  equat ion which seems d i f f icult  to i nte-

grate • • •  " , which i t  i s! 

However , f or a short s pr int we may a s s ume R = A ( and t = 

At ) thu s reducing the equa tion to 

2B 28
0 -gt 

am y =  -am (€ - 1) • • • • • • • � • • • • • • • • • • ( 3 • 3 ) 

Ana lytica l ly i t  appears i ntractible because of the exponent i a l  

t erm o n  the RHS , and t h i s  term cannot b e  omi tted . Thus 

we may attempt a numerical  solut ion . 

Lloyd g ives values for B = 6 4 . 8  ca lor i es / metre or 2 7 1 . 2 5 

newtons , m = 7 2  kg , s0 = 1 0 , 6 2 7  ca l or 4 4 , 4 8 5 j ou l e s  and 

- 1  g = • 0 4  S • I t  can eas i ly b e  deduced that a i s  about 3, 
thus we cons ider 

2 . 5y = 4 1 0 ( �-·0 4 t - 1) 

I t  wou ld appear at f i r s t  s ight that a solut ion could fairly 

read i l y  be obtained , but th i s  i s  found to be not so , because 

of  the non-ex i s tence of the derivative a t  zero . Thi s  
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req�ired a l i tt le manipulat ion to produce the fol lowing 

graphical  solut ion , F igure 2 .1 .  

metrea 
120 

• • 

100 • • 
• 

• 
• 

• 
• 

80 • 
• 

• 
• 

• 

60 • 

• 

40 • 

• 
• 

20 • 
• 

• seconds •• 

0 
5 10 15 20 25 30 

F IGURE 2 . 1 : Graphical Solut ion to L loyd ' s  Equat ion 

Though starting i n  the expected fashion as can be seen , 

the curve soon f l attens out and later curves downwa rds , 

s ugge st ing the r unner i s  going backwa rd s .  I t  appears that 

the f law i s  most l i kely caused by the error in mul t i ply ing 

P = A + Bv by t pa rticularly s i nce i n  sprint runni ng v i s  

chang i ng qu i te rapid ly . O f  cour se y i s  the i ntegra l of 

v dt , not s imp ly the product vt , but this  comp l i cates the 

who le procedure . 

The whole approach however suffers  f rom the same maj or 

drawback a s  before ; the fatigue factor i s  contrived , a l beit  

clever l y , a nd a s  such is  not appropriate for  thi s  s tudy . 
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The les son from these studies i s  clear and can be very s imply 

s ta ted : the most appropr iate solut ion to obtaining a 

comprehens ive representat ion of the running curve , i s  a s  

a solut ion t o  a model sys tem o f  equa tions , a nd not a s  a n  

i ngen iou s ly contrived s ing le equa t i on. There fore cons ider 

the only such example , due to Ke l l er ( 1 9 7 3 , 1 9 7 4 ) . 

The total d i s tance or l ength of a race D i s  related to the 

correspondi ng total  t ime T taken to run i t , by the equat ion 

T 
D = I v ( t )  dt • • • • . • • • • • • • • • • • • • • • • • • •  ( 3 . 4 )  

0 

where v ( t )  i s  the instantaneous veloc i ty o f  the runner a t  

t ime t .  

Thi s  veloc i ty v sat i s f ie s  the equation of motion 

dv v 
dt + T = f ( t ) • •  • • • • • •  • • • • • • • • • • • • • • • •  (3.5 ) 

where f ( t )  i s  the propu l s ive force per uni t ma s s  and i s  

contro l l ed by the runner . Part o f  i t  i s  used to overcome the 

interna l and external r e s i s t ive force per unit  mas s , vI T, 

and it i s  assumed that thi s re s i s tance i s  a l i near function 

o f  v and that the damping coe f f ic i ent T i s  a constant . 

The remainder of course produces the acceleration of the 

runner dv/dt . 

require 

Initia l ly the runner is  a t  rest , a nd so we 

v ( O )  = 0 
• • • • • • • • • • • • • • • • • • • • • • • • • • • • ( 3 • 6 ) 

The runner mus t  adj ust  f ,  so that T ,  determined from equat ion 

3 . 4  i s  a s  sma l l  a s  pos s i ble when v i s  the solut ion to equa t ­

i ons 3 . 5  and 3 . 6 .  There a r e  two restrictions o n  f .  F i r s t ly 

there i s  some maximum force per unit ma s s  that the r unner 

is able to exert , say F ,  and thus we must have 

f ( t )  :ii F 
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Secondly , the rate o f  doing work per unit mas s , f v, mus t  

equa l the rate at wh ich the body suppl i e s  energy , which 

i n  turn is  l imi ted by the oxygen supp l i ed by energy�releasing 

reactions , wh ich can be cons idered as  follows . 

I n i t i a l ly there i s  some quant i ty of ava i lable oxygen i n  

the mu sc l e s , denoted E0 , and more i s  suppl i ed by the resp i r ­

a tory and c i rcu latory systems . Denote a l so the energy 

equiva l ent of the ava i lable oxygen per unit mas s  a t  t ime 

t by E ( t ) , and the energy equ iva l ent of the rate at which 

oxygen is supp l i ed per unit mass over and above the non­

runni ng metabo l i sm by o. The equat ion of e nergy or oxygen 

balance i s  thus g iven by : 

dE 
dt 

= o - fv , 

or perhaps more conveniently by · 

fv = o - �� 
I t  i s  establ ished that E ( 0 )  = E

O , 

and i t  i s  c l ear a l so that E ( t )  � 0, 

and these f our equat ions are indirectly the second restrict­

ion on  f .  

Kel ler  sought to f i nd v (  t ) , f ( t )  and E ( t )  sat i s fying the 

above equations , so that T determined f rom equation 3 . 4  
wa s a s  sma l l  a s  pos s i ble . The four phys iological  constants 

T, F ,  E
0 and o are given , and of course D i s . known a l so .  

Kel ler ' s  system ha s been cr i t i c i sed , though i t  i s  we l l  formed 

and doe s fol low the observed racing data . One cri  t i c  i sm 

( Purdy , 1974 ) s eems to be that i t  has a di scon t i nu i ty that 

is neither exhibi ted by the facts  nor i s  s uggested f rom 

a phy s iological  bas i s . I t  could be argued however , that 
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the discontinu i ty i s  only i n  the acce l eration , nowhere e l s e , 

and that thi s  discont inuity i s  a property of a mathema t i ca l ly 

optimum sol ut ion only , and cannot be achi eved in practice . 

There i s  no observed data anywhere near the location of 

the di scontinuity , so i t  cannot be said to be " not exhibi ted 

by the fact s " . If the data did exi st , it might be . I t  

cou ld a l so be argued that on a phys iological  ba s i s , f a i r ly 

abrupt changes in  accel eration are in  fact suggested , though 

the magni tude of such changes might not be l arge . Athletes 

do make sudden changes in  the i r  accelerat ion , though o f  

course they cannot be instantaneous . 

A s econd cri t i c  i sm i s  that the system takes no account of 

varying tact ics  used by runners to win races ( Carey 1 97  4 )  • 

Thi s  of course i s  true , but the stratagem to win a race 

is not necessar i ly the same a s  the one requ ired to cover 

it in  the l east  time . A third , more relevant cri t i c  i sm 

( O ster l e , et a l  1 9 7 4 ) concerns the equivalence ( or not ) 

between the phys ics  and the phys iology . For exampl e  they 

calcu late that a 7 0  kg runner a t  8 m / s  has a power output 

of about 7 0 0 0  wa tts based on Kel ler ' s f i gures . They argue 

that work phys iolog i s t s wou ld not accept such a high f igure , 

having e s t imated about 1 6 0 0  w .  However s i nce i t  can be 

deduced , and ha s been shown empirica l ly ( Fukunaga , et a l  

1 9 8 0 ) , that the power i s  proportional t o  the square of the 

ve loc ity ,  thi s f igure equa tes to a power of 1 4 1 7  watts  a t  

3 . 6  m/ s .  Thi s  va lue i s  w i t h i n  the range observed by W i l l iams 

and Cavanagh ( 1 9 8 3 ) .  I t  doe s appear on the high s ide how� 

ever , and wi l l  be investiga ted later . Prothero ( 1 9 7 4 ) 

however does f ind a l l  Kel ler ' s parameter e s t imates to be 

o f  the right order of magni tude on independent ground s . 
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EXTENSIONS 

I n  considering extensions or a l terat ions to Kel ler ' s model ,  

i t  shou ld be noted tha t the ba s i c  exponent ial  veloc i ty 

equat ion f i ts the data very we l l ,  and that apart f rom the 

empirical  formu lae sugges ted by some a uthor s ( which of ten 

do not f i t  a s  we l l ) there has been no change in  this form 

of the equation . Thu s the importance of a res i s t i ve force 

proportional to veloc ity seems f i rmly establ i shed , but i t  

sha l l  not be omitted from further scrut iny .  

F i r s t ly however ,  equa t ion 3 . 4  above must b e  retained , which 

of course holds by def i n i t ion , though in  the context of 

a model  cons i s t ing of a sys tem o f  d i f f erential  equat ions , 

i t  i s  better wr i tten a s  

dD 
dt = V • • • • • • • • • • • • • • • •  • • • • • • • • • • • • • • • • A 

w i th the obvious initial  cond i tion on that 

D ( O )  = 0 

S econdly let  us  cons ider the equation of motion for the 

observat ion of Henry and Traf ton ( 1 9 5 1 ) that 

tendency for the runner s  to be • • • s l owe r • • •  

1 5 yards , and faster in  the region of 2 0 - 2 5  

may represent chance var iat ion , or i t  may 

observed fact that the track wa s • • • downh i l l  

f i rst  1 5 yard s and then uph i l l  t o  3 0  yards " ,  

may sugge st a pos s ible extens ion . I t  i s  unl i kely to be 

runner . An 

" there i s  a 

i n  the f irst  

yards . Th i s  

ref lect the 

i n  the 

chance var iation , though it  may be , and s i nce the i r  rea soning 

on the second suggestion appears perver se , i t  may be worth­

whi le to exam ine some plausible  a l ternat ives . Thus the 

s imple exponential  equation wa s f i tted to some of the data 

in Hi l l  ( 1 9 2 7b )  ment ioned previou s ly .  Thi s data i s  four 

repl i cates on the same runner , spr inting to 6 0  yard s , t imed 
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a t  1 ,  3 ,  6 ,  1 0 , 1 5 ,  2 0 , 3 0 , 4 0 , 50  and 6 0  yards . Exactly 

the same observat ion can be made on thi s data ; a fact not 

reported by Henry and Traf ton , though they do mention some 

of H i l l ' s  other data . In order to a s s e s s  thi s observa tion , 

a complete ANOVA o f  H i l l ' s  data was obta ined , to inves tigate 

thi s lack of f i t . The fol lowing i �  the resul t i ng tabl e . 

TABLE 2 . 1 : AoV of H i l l ' s  Repeated Data 

Source of Var iat ion d .  f .  

Exponent i a l  Regress ion 2 

Lack of Fit  7 

Pure Error 3 0  

Res idua l 3 7  

Tota l 3 9  

Mean Sq . F-ratio 

6 4 3 4 . 6 5 1 2 0 , 8 0 3*** 

. 1 7 2 5 5  6 . 7 8 5*** 

. 0 2 5 4 3  

. 0 5 3 2 7  

Thus , though the exponent i a l  equation f i t s  very we l l  

( R :z > . 9 9 9 ) the lack of f i t  term i s  s i gn i f i cant beyond the 

. 0 0 1  l evel ( F  7 , 3 0 ,  . 0 0 1  = 4 . 8 2 ) . Henry and Trafton do not 

reproduce the ir data so  it i s  not pos s ible  to subj ect  i t  

to the same ana lys i s , though i t  seems the conc lus ion i s  

l ikely t o  be the same . H i l l ' s  other data i s  for ten athletes , 

t imed once each , sprinting to 2 0 0  yards . The exponent i a l  

equation h a s  been f i tted to a l l  of the se and the res idua l s  

examined . Some show the observed lack of f i t  pattern , some 

show no pattern at a l l , and some show an oppos ite pattern ; 

an i nconc lusive resu l t . I t  might be poi nted out that the 

residua l s  may we l l  be expected to be autocorre lated , s ince 

an a th l ete ahead of predict ion a t  one t iming stat ion , i s  

quite probably ahead a t  the next a l so ,  and vice versa . 

Thus the addi t ion of a new term in  an 

the observed pattern can be cons idered . 

ua l s  having d i f f erent parameter va lues 

explain i t s  non-appearance in some case s . 

a t  tempt to explain  

D i f f erent individ­

i n  thi s term may 
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The f ir st l ine of thought i s  a s  follows : There cou ld be 

an addit iona l resist ive force , the motion of the l imbs , 

which depend s on the stride rate . S i nce speed increas e s  

a r e  usua l ly achieved by increasing stride l ength , thi s  

res i s t i ve force i s  i ndependent o f  v .  Thus i t  shou ld r i se 

f rom zero with t ime , to a constant value . That i s  a force 

of form 

-bt a ( 1  - e.  ) 

Thus the ba s i c  d i f f erential  equation becomes 

dv -bt 
dt 

+ a ( 1 - � ) + C V = F 

w i th a and b : > 0 .  

Thi s  equat ion has solut ion 

i . e .  

V - _9y - dt 
a ( 1  -bt ) F -a ( 1  -et ) = --- + e. + - e. c-b  c 

. a 1 e.-bt " = --- ( - + t - - ) � c-b b b 

-et F -a ( l 
_ t _ � ) 

c c c 

thi s equation has been f i tted to the four repl icates , and 

i t  a l so descr ibe s  the data very we l l . Examination of the 

residua l s  reveal s  the previous ly observed lack of f i t  pattern 

has been removed , and they are no longer autocorre l ated . 

However the e s t imated values of a and b are both negat ive , 

and incons i s tent there fore w i th the above rea soning . 

Est imated values of F a nd c are l i tt l e  changed . The equat ion , 

for what i t  i s  worth , i s  

V = 
9 . 3 9  - . 3 4 e. . 1 2 5 t  + 9 . 7 3  e. - . 8 1 6 t  

I t  shou ld b e  noted that this  does not s tand u p  t o  extra ­

polat ion for l arge t ,  s ince a f ter some t ime v dec l ines , 

becomes zero and then nega tive . I t  should be a symptotic  

to some pos i t i ve non- z ero value . Thus this  l ine of thought 

has not been pur sued . 
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A second l ine of inves t igation might be a s  follows . I t  

has been observed that athletes tend to settle  into a n  a lmos t  

constant stride rate , wh ich for themselves i s  individua l ly 

opt imum , thi s rate i s  probably some func tion of leg length . 

Variation in speed i s  a f f ected by var iat ion in stride length , 

a s  before . I t  seems rea sonable to suppose that i t  takes 

some short t ime to get to thi s opt imum stride rate , a nd 

f urther to suppose that the resist ive force of l imb mot ion 

is in some way inver sely proport iona l to the extent to which  

the  actual rate d i f fers f rom the opt imum . That i s , the 

force i s  minima l  at t = t 0 and larger away f rom t 0 • 

For exampl e ,  the force could be of form 

- c ( t - t  ) 2  
a { 1 � b � · 0 } 

i . e .  

a - - - - - - - - - - - - - - - - - -

. ' 

a ( 1 -b )  

t o 

a > 0 

0 ( b ( 1 

c > 0 

, but thi s i s  a symmetrical  s i tuation , which need not be the 

case . Alterna t ively we might have a force of form 

i . e .  

a � - ­\ 
I ' 

-d ( t + t0 > 
a { 1 - b (  t + t 0 ) c � } 

Note t0 has 

changed 
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In both these cases these  f orms are empirical  i n  nature , 

and have no phys iological  ba s i s , wh ich ba s i s  might be 

d i f f i cu l t  to establ i sh .  In both cases a l so they l ead to 

a dif f eren t i a l  equation which i s  not ea s i l y  sol ubl e . Further­

more i n  both cases i t  is physiologica l ly quite pos s ible 

that the magni tude of t!.-�e f orce a t  z ero ( or j u st  a f ter ) 

be higher than a ,  i . e .  graph i ca l ly 

a 

t o 
nei ther of wh ich i s  a l lowed by the two forms mentioned . 

Thus i t  wou ld seem that such an expl ana tion of the l ack 

of f it , whi l e  conceptua l ly plausibl e , cannot very ea s i ly 

be mathema t i ca l ly represented . 

There i s  one other angle worth pur suing . I t  has been estab­

l i shed ( Pugh 1 9 7 0 , 1 9 7 1 , Shanebrook e t  a l  1 9 7 6  and Davies  

1 9 8 0 ) tha t the aerodynamic drag experienced by runners  i s  

not a s  sma l l  a s  H i l l  ( 1 9 2 7b ) or igina l ly thought . The agreed 

value now seems to be that for sprinters about 1 4% of the 

energy cost of runn i ng is expended overcoming wind res i st ­

ance . For midd l e  d i s tance runners i t  i s  o f  the order o f  

7 % , and for marathon runner s ,  3 % .  I t  had a l so been c l early  

estab l i shed that thi s  resi stance is  proport iona l to  the 

square of the athlete ' s  veloc i ty . Thus we might cons ider 

a d i f ferential  equation of form 

dv 
dt + av + bv 2 = F 
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Thi s  i s  a Riccati equat ion , and the solut ion , though i nvolved , 

can fairly  read i ly be found , i t  i s  

where = 

V = 
,.- TAt r.:- -TAt ( 2vA+ a ) e  + ( 2 vA-a ) e  

hb 

• • • • • • • • • • • ( 3 • 7 ) 

Now the data of course i s  i n  terms of d i s tances and times , 

so thi s  equat ion must be integra ted . Th i s  i s  not so s impl e . 

Al ternatively , H i l l ' s  data can be used to e s t imate veloc i t i e s  

for the four rep l i cates by i nterpolat ion and equation 3 .  7 

f i tted . By way of a check on the sui tabi l i ty of thi s  

approach , the s imple exponential  equat ion wa s f it ted to 

these veloc i t ie s , and next to no change i n  the e s timates 

of parameters wa s observed f rom those e s t imates obta ined 

previou s l y  from the d i s tance data . 

Equat ion 3 . 7  has there fore been f i tted to these interpo lated 

veloc i t ie s . Th i s  set of data can of course no longer be 

regarded as four rep l i cate s , s i nce the observati ons were 

taken a t  equal d i stance interva l s , not equa l t ime i nterva l s  

and the d i s tance var iable has been e l iminated . The expect ­

a t ion wa s that i n  view o f  the good f i t  of  the s impl e  

exponent i a l  equat ion , the inclus ion o f  a term for v 2  would 

be unl ikely to cause much change . But  this  wa s not so . 

The changes can be summari sed as fol lows : 

i ) The parameter F dropped from 6 . 5 1 ± . 2 0 to 4 . 9 0 ± . 0 9 .  

i i ) The parameter a dropped f rom • 7 3 5  ± • 0 5 4  to zero . 

( I t shou ld be noted that the parameters a and b 

were f orced to be ;;: 0 i n  order to have them retai n  

a meaningful phy s ical i nterpretat ion ) .  

( i i i ) The estimated b va lue i s  . 0 6 6 0  ± . 0 0 1 9 .  
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( iv ) R 2  has increa sed f rom . 9 8 6  to . 9 9 3 . The reduction in  

res idual sum of squares f rom 4 . 4 0 7 6  to 2 . 2 0 0 1  on 

1 d . f .  i s  s ign i f i cant at the . 1 %  level ( F 1 , 3 6  = 3 6 . 1 2 ) .  

( v ) Removing the restrict ion on parameter a resulted 

in  a s l ight reduct ion of F ;  an a e s timate of - . 3 9 5  

± . 1 7  and a n  a lmos t  doub l i ng o f  the b estimate . 

Thus the conc lus ions seem to indicate that the original 

pos tulate of a re s i s tance proportional to v ,  cou ld perhaps 

be replaced by a res i stance proportiona l to v 2 • The former 

has always f i t ted the data we l l ,  perhaps too we l l  for anyone 

to quest ion i t , but the latter appear s  to f i t  the data better . 

The mus c l e  v i sco s i ty wa s the origina l  " explanat ion" of the 

re s i s tive force , but it wa s later shown that it could only 

be a compon�nt of  the re s i stance . No other accepted sugges t ­

ions have been put f orwa rd t o  explain  the remaining maj or 

component . Secondly the accepted s i tuation is that the 

wind resi stance is proport iona l to V 2 , but it is equal l y  

c lear that thi s i s  a l so only a component . I t  remai ns to 

be seen what might expl ain  the rema ining component ( s )  of 

this  res i st i ve force . 

Thus i f  we put a =  z ero , equation 3 . 7  s imp l i f i es  to 

v ( t )  = � Tanh I:Fb t 

with an u l t imate veloc i ty l im i t  of /f. Furthermore , this  

is  quite s imple to integrate to give the result  ( requi r i ng 

D ( O )  = z e ro ) 

D ( t )  = � P.n. [ Cosh IFb t ]  • . • . • • • • • • • • • • • • • • . • • • •  ( 3 .  8 )  

Now a much better compar i son between the s imp le exponential  

model a nd equation 3 .  8 can  be  performed wi thout the  need 

to i nterpolate veloc i ties , a nd u s ing a l l  the d i s tance/t ime 

data ava i lable .  The resu l t s  of the compari son are a s  fol lows . 
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With H i l l ' s  rep l i ca ted data set , the f i t  has improved , R 2 

has increased from . 9 9 9 8 4 7  to . 9 9 9 9 3 0 . The parameter F 

has decreased s ign i f icantly f rom 6 .  6 8 2  ± • 0 7  2 to 5 .  0 4 4  ± 
. 0 3 2 . The est ima ted va lue of b i s  . 0 6 8 2  ± . 0 0 0 7 . The lack 

of f i t  pattern ha s lessened , but there may sti l l  be a s igni f ­

i cant factor . H i l l ' s  data set on ten ind i vidua l s  shows 

mi xed conc l u s ions , in mos t  of them R 2 has decreased s l i ghtly , 

but i n  a f ew i t  has r i sen . I n  a l l  cases the est ima te o f  

F h a s  decreased s i gni f i cant l y . N o  cons i s tant l a c k  o f  f i t  

pattern i s  evident . Henry and Traf ton ' s  data on mean times 

has a l so been exami ned . The conclus ion is s im i lar to Hi l l ' s  

rep l i cated data , a s l ightly improved f i t . 

pattern i s  not rea l l y  evident a t  a l l . 

The l ack of f i t  

I t  has fortunately been possible  to 

persona l communicat ion w i th 

the 2 5  data sets of runner s  

Frank l i n  M .  

obta in a copy 

Henry himse l f ) 

( by 

of 

obtained by Henry and Trafton . 

Dupl i ca ted runs were 

1 5 , 2 0 , 2 5 ,  3 0 , 3 5 , 

made for a l l  runner s ,  t imed a t  5 ,  1 0 ,  

4 0 , 4 5  and 5 0  yards . A l l  2 5  data sets 

have been ana lysed , a s  we l l  a s  the pooled set . The new 

equation f i t s  better in a tota l of 1 8  of the 2 5  sets , a s  

wa s expected . The improvements a r e  not grea t , for there 

i sn ' t  a great deal of room , but they cannot unfor tunately 

be tes ted for stat i s tical  signi f i cance . On the other hand , 

when the f i t  i s  wor se , i t  i s  not by much e i ther , nor can 

it be shown stati st i ca l ly infer ior . The ana l y s i s  o f  the 

data i n  bu lk , y i e lds  an overa l l  improved f i t  for the new 

equation . I t  can be said though , that based on a s imple 

binomia l hy pothe s i s  of equa l i ty of f i t , this  resu l t  i s  

s igni f icant a t  2 �% .  That i s  for this  group o f  runners ,  

a r e s i s tance to mot ion wh ich i s  propor tiona l to V 2 only , 

represent s a better f i t . 

I t  i s  i nteres t i ng to note that Sena tor ( 1 9 8 2 ) ,  in a l lowi ng 

the res i s tance to mot ion to be proport iona l to any power 

of v ,  f i nd s  that he cannot reasonably e s t imate thi s  power 

w i th ava i lable wor ld record data . H i s  m�thod s are complex , 



3 7  

and apply to maximal sprint e f fort s , but might be able to 

produce a res u l t  ba sed on Henry and Traf ton ' s  data . 

Returni ng for a moment to the lack of f i t pattern , i t  i s  

c lear f rom the fol lowing exaggerated d i agram that a s impl e  

plaus ible explanation for the observed pat tern could be 

the reaction time of the runner . 

v ( t )  

0 

\ t '  t '  reac �on �me 

- - - - - - observat ions 

--------- f i tted c urve 

t 

Thus the integral form of the simp l e  exponent i a l  equation 

can be mod i f i ed to include a reaction t ime , t 0 • 

D ( t )  = FT ( t  - t0 ) 
- ( t  - t0 ) / T 

- FT 2 

and f i tted thi s  to H i l l ' s  rep l icated data . A s i gni f i cant l y  

better f i t  i s  achi eved . The reduct ion i n  res idual  s um o f  

squares o f  1 . 0 5 8  o n  1 d . f .  i s  s i gn i f icant beyond t h e  . 1 %  

l evel , ( F1 , 3 6  = 4 1 . 7 3 ) . The e s t imate of t 0 i s  . 1 2 6 seconds 
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( SD  = • 0 1  9 )  , a value con s i s tent w i th observed reaction 

t imes of athlete s . The lack of f i t  term which can be 

extracted has a s um of squares of • 1 6 on 6 d .  f .  and yi elds 

a non - s igni f i cant F6 , 3 6 value of 1 . 0 6 . 

Thi s  equation has a l so been tried on H i l l ' s  second set of 

data , the ten athletes timed once each . The results are 

mixed , a s  before . A couple of the runners appear to have 

s ucce s s fu l ly j umped the gun by as much as  . 1 6  second , but 

in  most cases t is not s igni f i cantly d i f f erent from zero . 0 

Add ing the reaction time and f i tting to Henry and Traf ton ' s  

2 5  data sets , gave fairly  con s i s tent resul ts , wi th mos t  

react ion t imes about . 1 3  seconds , and most s igni f i cantly 

d i f ferent from z ero . A few are not s ign i f i cant , and only 

one seems to have j umped the gun . It is interesting to 

note that 21 of the 2 5  have higher R2 values than with the 

s imple exponent i a l  equation . But in compari son to the V 2 
res i s tance equat ion i t  i s  only 1 4  to 1 1 .  

The conc lus ion therefore , having examined the avai lable 

data , i s  that though there i s  · some evidence to suggest the 

inclus ion of a react ion time in  the s impl e  exponenti a l  

equation , o r  a . change t o  the V 2 resi stance term , i t  i s  not 

very s t rong . Thus the appropr iate resi stance form can be 

taken as proportiona l to v ,  as has been done a l l  along . 

However , the form mus t  be mod i f ied s l ight l y  to include the 

mass , m ,  of the runner in  kg . Thus with f ( t )  now being 

the total  propu l s ive force exerted by the r unner , we have 

dv f ( t )  - m -- + a v - dt 

with the constant of proport iona l i ty a now in uni t s  of kg / sec . 

i . e .  dv 
dt 

= ( f  - av ) /m • • •  • • • • • • •  • • • • • • • • • • • • • • • • B 
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whi ch i s  the second equation of my mode l  system , having 

the i n i t i a l  cond i t ion of course that 

v ( .O )  = 0 

Keller ' s  energy balance equat i on 

dE fv - 6 - -- dt 

mus t  now be examined . 

As far a s  the LHS i s  concerned , P = fv i s  true by de f in i t i on 

i n  Newtonian mechani cs , but the cr i t i c i sms mentioned ear l i e r  

m u s t  b e  exami ned . Now the solut ion t o  equation B f o r  a 

constant force f i s  g iven by 

-at/m  I v = f ( 1  - � ) a 

and a l l owing for accelerat ion , v + f / a , constant a l so .  

That i s , s i nce av + f ,  av 2 + f v  = P .  I t wa s remarked 

ear l i e r  that Ke l ler ' s equation led to rather high values 

of P ,  of the order of 7 ,  000 watts  when v = 8 m/ s ec , a nd 

tha t a f i gure more l ike 1 6 0 0  wa tts  i s  appropr iate , a fraction 

between 1 / 4 a nd 1 / 5 .  As remarked a l so , Fukunaga et al ( 1 9 8 0 ) 

has found experimenta l ly that the powe r of a runner i s  

proportiona l t o  v 2 , w i th the cons tant o f  proport iona l i ty 

about . 4 3 6  on a per ki logram ba s i s , and with R 2  about . 9 6 .  

Thi s  for a 7 5 kg spr inter s uch a s  Ke l l er considered l eads 

to an e s t ima ted P = 2 0 9 3  wa tts  at 8 m/  sec , wh i ch seems a 

more rea sonable f igure , a reduc tion between 1 I 3 a nd 1 I 4 .  

Converting to a speed of 3 . 6  m / sec this  y ields  an e s t imated 

P = 4 2 4  watts , which is more l i ke the rea sonabl e  sorts of 

f igures W i l l i ams and Cavanagh ( 1 98 3 ) suggest . 
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I ndependent o f  thi s , there i s  the addi tiona l compl ication , 

that the powe r deve loped by r unning i s  much higher than 

that deve loped on a cyc l e  ergometer . Many e s t imates , and 

a great deal of study are based on cyc le ergometry , so thi s  

must b e  considered a l so .  Jone s et a l  ( 1 9 7  5 )  have provided 

a conver s ion appl icable to equating work on a treadmi l l , 

to work on a cycle  ergome ter . I t  provides a conver s ion 

f rom mph to wa tts , from wh ich it can be deduced for example 

that a speed of about 3 . 6  m / sec i s  equ iva lent to about 250 w 

on the ergometer . 

The appropriate action it  seems i s  to use  Ke l l er ' s  formu lat­

ion for  the external power developed by the runner and apply 

a convers ion factor when cons ideri ng the bioenergetics  in  

the next chapter . The above ari thmetical cons iderat ions 

s ugges t  the factor of t to be an approximate f igure , and we 

sha l l  return to thi s  in  the next chapter . 

Thus for the external power deve loped by the runner , s i nce 

P = fv by definition , we have 

dP 
dt = f dv 

dt + df V dt . . . . . . . . . . . . . . . . . . . . . . . . c 

with the initial  condit ion that P ( O )  = 0 .  Thi s  now i s  the 

third and last equation of the biomechanical segment o f  

the mode l ,  an d  we can shortly p roceed t o  the b ioenergeti cs . • 

an to this  chap t e r  
( pp . 4 0A - 4 0 F )  ha s b een a pp en d e d  ins i de the 
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CHAPTER 4 

MODE L L I NG BIOENE RGETICS 

BIOENERGY COMPONENTS 

Keller ' s  ( 1 9 7 3 ) model a s s umed a two- compartment energy suppl y  

f o r  the runner . F i r s t l y  a store in the body at the start of 

the race , of amount E 0 • Thi s  seems i nt u i t i ve ly obv iou s , 

but i t  i sn ' t  qu ite a s  s impl e  as  i t  sounds , and Ke l l er makes 

no ment ion of the na ture of t h i s  s tore . To this s tore i s  

added a constant rate of s upply , o , dur i ng the course 

of the race ; its nature bei ng through the respiratory and 

c i rculatory systems . The external power demand g i ven by 

the product of force and ve loc i ty , equates the i nterna l 

power ' s upply given by 

dE 
-

dt 
+ 0 

i . e . dE f dt = 0 - V 
w i th the ini t i a l  cond i t ion E ( O )  = E0 . 

As wi l l  be d i s cu s sed in deta i l  later in thi s chapter , 

there are yood reasons for rej ect i ng th i s  equation and 

replac i ng it w i th three others , for i t  i s  too s impl e  to 

be s uf f i c iently rea l i s t i c . In  the f i rst  place , the body 

store cons i s t s of two components ; the phosphagen ( hi gh ­

energy phosphates ) and glyco lytic  ( g lucose ) source s . 

Phy s iolog i s t s know qu i t e  a lot about them . There are other s , 

but the se are only of i mportance i n  exce s s ively prol onged 

exerc i se . S econdly , it i s  we l l  known that the rate of 

oxidative energy supply i s  not con stant . It can take up 

to two minutes to bui ld up from the resting l evel to a more 

stable s upply , a nd thi s  level reached i s  dependent on the 

power demand . Let us therefore exami ne these bioenergy 

sources , wi thout getting i nvolved to any ex tent in the bio­

chemical  deta i l s .  
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The most obv ious bioenergy source i s  oxidative energy , 

charac teri sed by an i ncreased oxygen con sumpt ion in response 

to exerci se .  The response , as j u s t  r.on�;u:' k t fJ , i rt q u i. tt' n l r1W 
and i t s  extent depends on the s e vo r i  ty o f  tho oxorci oo . 
The oxida ti ve source i s  of course not 1 imi ted i n  quan t i ty,  

though the rate of s u pp l y  i s ; a quant i t y r@qa rd@B a §  iffl�&t€= 
ant by exerc i s e  phys io logi s t s , known a s  vo2 max . 

The s econd source i s  the g lucose + g l ycogen + lactic a c i d  

mechan i sm ,  a l so known as the lac t i c  source . I t  i s  the latter 

conver s ion which is of maj or i nteres t ,  for whi le providing 

energy , the lactic  a c id is a harmf u l  by -product . I t  tend s  

to a ccumu late i n  the muscle  t i s sue , where , i f  n o t  removed 

fast  enough by d i f fus ion into the b loodstream , it wi l l  cause 

mu scul ar poi son i ng ; the fat igue pa i ns we l l  known to ath letes .  

The mechanism i s  a l im i ted source , a nd a l so ha s a max ima l 

rate of ut i l i sation , which i s  h igher than the maxima l  

oxidat ive rate . 

The thi rd , a nd most important source s ince i t  i s  avai lable 

on demand , is provided by the convers ion o f  var ious h igh­

energy phosphate compounds .  Th i s  phosphagen source is a lso 

known a s  the a lactic  source . The by -products of these 

convers ions are not harmful and are recycled by the oxida t ive 

and/or g l ycolytic  mechani sms . Th i s  third source i s  l imited 

i n  quant i ty and rate of uti l i sation also , though the max i ma l  

rate i s  quite large . 

The usual  i nvest iga tive approach to these matters taken 

by exerci s e  phy s iolog i s t s , has been to exerci se s ubj ects  

at  a known workrate ( power ) on  a cyc le ergome ter ( or tread­

mi l l ) . The tota l rate of energy usage is there fore known . 

The s ubj ect breathes through tubes which measure the oxygen 

consumpt ion , as we l l  as other respiratory pa rame ters . The 

energy equivalent , and the biomechanical  e f f i c i ency of the 

oxidat ive mechan i sm are known and so the oxida t ive component 

of the workload cou ld be c a l cu lated , and the s um o f  the 

other two components determined by s ubtract ion . The mode l ­

l i ng procedure has been t o  f i t  a curve t o  the oxygen consump-
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t ion over t ime . H i s tor ica l ly thi s  wa s f i r s t  done about 

3 0  years ago ( Henry , 1 9 5 1 ) and the curve f i tted very we l l .  

Count l e s s  equal ly good , or bet ter , f i t s  have been obtained 

s i nce ( Linnar son , 1 97 4 ;  Fox et a l , 1 9 8 0 ; Whi pp et a l , 

1 98 1 ) and th i s  model i s  now in s uch widespread u sage that 

i t  appears to be taken a s  fact . Of relevance to the math­

ema t i c ian is that i t  never had , nor ha s it s i nce been g iven, 

any publ i shed independent theoretical  bas i s . 

During l i ght to moderate exerc i s e , be low what i s  referred 

to as the 1 1  anaerobic threshold 1 1 , i t  has been estab l i shed 

that the glycolytic  mecha n i sm does not contr i bute to the 

energy s upply . Thi s  i s  ascerta i ned by insert i ng a sma l l  

need l e  i n  a vein and drawing sma l l  bl ood samp les  every m i nute 

or so during exerc i se . The bl ood i s  analysed for the 

presence of lactic  acid ; none above norma l resting levels 

having been found in such c i rcumstances . Thu s any d i f f erence 

determined above by s ubtract i on , can be attri buted to only 

one source , the alact i c , and so the emp i r i c a l  mode l l i ng 

can be done . 

In  heavy exerc i se , a l l  three mechani sms con tr ibute , and 

the d i f f erence referred to ha s both lactic  and a lactic  

components . I t  might be  thought that measuring bl ood lactic  

acid a s  descr ibed wou ld provide one of the  two , and the 

a lactic  component der ived by a second subtraction . Here 

we run i nto a number of d i f f iculties ; there i s  a we l l ­

establ i shed but quite variable t ime - lag between mu scle  and 

blood lactic acid l evel s ;  blood f lows around the body i n  

a compl ex though known , manner ; where shou ld t h e  need l e  

b e  i nserted , etc . For these rea sons and others , blood 

measurements though frequently taken , do not provide a very 

useful  indica tion of the rate of lactic  acid  production 

in the working musc le . The muscular concent ration can be 

accurate ly determi ned , by a need l e  biopsy , tha t is by insert­

ing a special  need le into the mu scle  t i s sue and wi thdrawing , 

by . powerful  suct ion , a sma l l  p i ece of the t i ssue i t s e l f  

f o r  s ubsequent ana lys i s .  Clearly th i s  proce s s  cannot be 

done repe t i tively , nor wh i le the mus c l e  i s  actual ly in use . 
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Thus physiolog i s t s  have done a great deal o f  work on the 

oxidat ive mechan i sm and becau se of the above d i f f iculties , 

l e s s  on the other two . Because of much emp i r i c i sm i t  wou ld 

seem that some theoret i cal means of making progress in mode l ­

l ing might b e  tried . A 3 -compartment hydra u l i c  mode l , 

postulated by Margaria ( 1 9 7 6 ) ,  might provide thi s progres s .  

Margaria ' s  Mode l 

Thi s  i s  the only a ttempt I have found to comprehensively 

mode l the energy proce sses  involved in mu scular exerc i s e . 

The model i s  only conceptua l ,  though diagrammatically  

de scribed and there is  no  deta i l ed attempt to quant i fy i t . 

A diagramma t i c  part - solut ion i s  o f f ered , but l i kewi se no 

a ttempt made to solve the mode l ana l ytica l ly at a l l . 

The hydra u l i c  mode l i s  shown in  F igure 4 . 1  be low : 

F I GURE 4 . 1 :  Marga r i a ' s  

- - - - - - - - - - - - - - - - -

p h B 
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The f luid in vessel  P ( represent i ng phosphagen ) is  directly 

connec ted wi th the out s ide through the tap T ,  which regu lates 

the f low ( tota l energy expenditure ) .  At rest , w i th T c losed , 

the upper leve l of f l u id in P i s  the same as  i n  the commun­

icating vessel 0 ( repre sent ing the oxidati ve source ) .  The 

vessel  0 i s  of i n f i ni te capacity and i s  connected through 

tube R 1 . The second commun icat ing ve ssel  L ( representing 

the g l ycolytic  source ) is of f i nite  capa c i ty , w i th upper 

l eve l the same as the bot tom leve l of ve s se l  0 ,  apart f rom a 

very narrow extension tube , B .  The f luid in B ,  corre sponding 

to the resting blood lactic  a c id , is of very sma l l  volume 

relat ive to L ,  and doe s not contribute to any f lows in a 

measurable amount . L i s  connec ted to P through a wider , 

but one-way tube R2 , and P i s  connected to L by another , 

but very much sma l ler one-way tube , R3 • 

I f  T i s  partly opened , corre spond i ng to a workload W ,  the 

level in P fa l l s , induc i ng a f low through R ( oxygen consump­

t i on , vo2 ) in accordance w i th the d i f ference in l evel s ,  

h , between the two vesse l s . Thi s  i nduced f low s lows the 

rate at wh ich the level in P f a l l s , and provided W is not too 

l arge , an equ i l ibrium wi l l  be reached at a l eve l above the 

out l et R1 . The l eve l in P is below the resting l eve l , and 

f luid f lows continuously  from 0 to P and out through T .  

I f  the equ i l ibrium l evel i s  exactly at the l evel of R 1 , 

then the oxidat ive mechan i sm i s  at i t s  maximum , denoted 

vo2 max . Once the equ i l ibrium is establ i shed , the only 

energy mechanism contribut ing is the oxidative ; the exerci se 

i s  pure ly aerobi c ,  and i n  theory could continue inde f i n i te ly . 

Prior to equ i l ibrium of course , P has contributed some of 

its supply , and the empty volume in P above the equ i l ibrium 

l eve l i s  known a s  the a lactic  oxygen debt . 

I f  T i s  now c losed , i . e .  exerc i se ceases , P wi l l  beg i n  to 

ref i l l  through R 1 , but a t  a s lower and s lower rate as the 

l evel in P returns to norma l . When i t  doe s so , the f low 

in R1 
ceases and the subj ect i s  said to have repa id h i s  

oxygen debt during thi s recovery period . 
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I f  T had been wide ly opened , ( s evere exerc i s e ) ,  the initial  

s i tuation wou ld be  a s  descr ibed above , but the l evel in  

P wou ld fa l l  below R 1 . Thi s  happen s a fter about 5 0 %  of 

the f l uid in  P ha s been u t i l i sed , and the subj ect i s  said 

to have crossed his  anaerobic threshold . As soon a s  this  

happens , two things occur ; the f low in  R 1 ha s reached and 

cont inues a t  i t s  max imum determi ned only by the height of 

the ves sel 0 ;  and a f low through R2 i s  induced . Th i s  f low 

i s  i n  accordance a l so with the d i f f erence in level s  between 

vess e l s  L and P ,  ( the l eve l in L lagging behind the l evel 

i n  P ) . The f low through R2 wi l l  s low the f a l l  o f  l evel  

in P ,  but  s i nce the f low through R 1 i s  i n suf f i c ient a nd 

the capacity i n  L i s  l imited , the l eve l s  in  both L and P 

wi l l  continue to f a l l . I f  exerc i se i s  prolonged , L and 

P wi l l  be empt ied and the subj ect wi l l  become exhausted . 

I f  T i s  c losed at or before exhaus tion , , P wi l l  aga i n  be 

ref i l l ed .  Initial ly i t  wi l l  be f i l led through R 1 a t  the 

max ima l rate , and through R2 unt i l  the lag in leve l s  between 

ves s e l s  L and P has been e l imina ted . Thi s  latter f low i s  

a de layed lactic  acid format ion which has been exper imenta l ly 

observed to occur a f ter cessat ion of exerc i se . Once the 

l eve l s  have been equated , P wi l l  f i l l  through R 1 , initia l ly 

a t  the maxima l  rate and thereaf ter at a progre s s ive ly slower 

rate as descr ibed previously . L wi l l  be re f i l l ed from P 

through R 3 a t  a rate in accordance with the d i f f erence i n  

l eve l s  between the two . Because R3 i s  so sma l l , the leve l 

i n  L wi l l  lag behind the l evel in P ;  the repayment of thi s , 

the lactic oxygen debt , i s  very slow .  Fina l ly , both P and L 

are ref i l led and the s ubj ect has f u l ly recovered . 

The f u l l  mathematical  solution to this model has turned 

out to be a maj or piece of work in  

been pub l i shed separately ( Morton 

i t s  own r ight , and has 

1 9 8 4 ) . Th i s  solut ion 

of cour se would have been required for components of my 

model  sy stem . I t  i s  included a s  Append ix 1 .  In add i tion 

to the solut ion , a number of other f eatures of  the model 
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are cons idered , and the result o f  these considerations i s  

the rej ection o f  the Margar ia model i n  i t s  present form . 

In  a nut she l l , th i s  wa s because the solut ion w�s not 

suff i c iently rea l i s t i c . In part icular the behaviour of 

the predi cted oxygen uptake and hence at l ea s t  one ( i f not 

both ) of the other two energy sources , is incorrect . Several  

structura l changes to the mode l would be neces sary to r i ght 

these i naccurac ies , and for a t  least one of them the requi r ed 

i nformat ion i s  unknown . 

The mathematical  solut ion to the res tructured mocie l would 

undoubted ly be more compl ex than the so lution to Margaria ' s  

original mode l .  

Be fore progress ing to the energy source mode l l ing there 

is one further concept that must be explored , and i t s  place 

( or lack of a place ) in thi s s tudy considered . That i s  

the vexed ques t i on o f  the anaerobic threshold . 

Anaerobic Threshold D i f f iculties  

The anaerobic threshold ( AT )  i s  def ined a s  tha t workload 

beyond which the blood lactic  acid level begins  to r i se 

above norma 1 • I t  has a l so been observed a s  that workload 

resu l t i ng in a changed pattern on oxygen uptake k i ne t i c s  

( Wa s serman e t  a l , 1 9 7 3 ) . I t  resul ts  from the f a i l ure of 

aerobic oxygen to supply all the energy need s of the exerc i se ,  

the balance ( apart f rom that supp l i ed by the phosphagen 

source ) ,  is suppl i ed through anaerobic glycolys i s , which 

i n  turn resu l t s  in accumulat ion of lactic acid in the blood 

and a marked i nc rease in co2 in the expi red breath . AT 

i s  thus a unique workload which unba lances the o2 demand / 

supp ly relat i onship ( Dav i s  e t  a l , 1 9 7 6 ) . AT i s  commonly 

adopted to descr ibe the maxima l i ntens ity o f  exercise  ( or 
• 

o f  vo2 l eve l ) a t  which a per son can work f or a sustained 
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period o f  t ime w i thout lactic  acid bui ld-up , ( Rusko e t  a l , 

1 9 8 0 ) , i . e .  the maxima l aerobi c capa c i ty i n  some sense . How­

ever some s tudies  have shown that subj ects can maintain a 

s l ight ly higher workload than thei r  AT for an ex tended per iod 

( Miyashi ta et a l , 1 9 8 1 ; La Fontaine et a l , 1 9 8 1 , Kindermann 

e t a l , 1 9 7 9 ) . 

AT i s  common ly expre s sed in var ious ways : a s  a workload i n  

watts , wh ich i s  perhaps the bes t  way for an i nd ividua l ;  a s  

a leve l o f  o 2 consumpt ion generated by tha t  workload ( presum­

ably the s teady s ta te consumpt ion , though nowhere spec i f ic - · 

. 

a l ly stated ) ; a s  a %  of vo 2 max , which i s  perhaps the best 

way for more general reference to AT . I t  can be detected 

by various means : 

( a )  by an i nc rease i n  blood l ac t i c  acid beyond rest i ng leve l 

( b )  by a decrease i n  arter i a l  b lood bicarbonate 

( c )  by a pronounced i ncrease in the respi ratory quot i ent , 

RQ = co 2 product ion � o2 consumpt ion , 

( d )  by a s teeper than l inear change in minute vent i lation , 
. 

VE , w i th increa s i ng workload , 

( e )  a �iri imum level i n  the venti lat ion equiva lent for oxygen , 

VE0 2 = VE 7 V02 • 

Wh i l e  method ( a )  a nd perhaps a l so method ( b )  are the 

appropri ate methods i n  terms of the defini t i on of AT , they 

are i nvas ive . The latter three methods are bloodles s and 

are better to use from the s ubj ect ' s  po int of v i ew ( and 

wi th modern equ ipment are eas ier  a l so ) . These three have 

been found to be r e l i able mea sure s of the former two 

( corre lations of the order of . 9 5 ) , and there i s  therefore 

no need for i nva s ive techniques , ( Na imark e t  a l , 1 9 6 4 ; 

Davi s et a l , 1 9 7 6 ; Renhard et a l , 1 9 7 9 ) . They a re rel iable 

measures o f  each other a l so ( We ltman and Ka tch , 1 9 7 9 ) , a nd 

do 'd i s t i ngui sh hyperventi lat ion from hypoxia . 

Of  the three non- inva s ive measur ing t echniques the two 

i nvolvi ng VE a re eas ier  to use , ( d ) being the mos t  popular . 
I 

The d i f f i cu lty w i th u s i ng RQ i s  that i t s  marked increase i s  
• 

transient ( Wassennan et al , 1 973 ) while the observed changes in V 
E 
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pers i s t . Te sts  des i gned to measure AT by these  means 

invar iably i nvolve i ncrementa l  workload ergome ter cyc l i ng .  

Workload i s  i ncreased d i screte ly by about 1 5  wa tts  each 

m i nute ( Wa s serman et a l , 1 9 7 3 ; Davis  et a l , 1 9 7 9 ;  Re inhard 

et a l , 1 9 7 9 ; Wel tman et a l , 1 9 7 8 ; Ru sko et a l , 1 9 8 0 ) though 

some increase faster ( Davi s et a l , 1 9 7 6 ; We l tman and Katch , 

1 9 7 9 ) and some s lower ( Miyashi ta e t  a l , 1 9 8 1  ) • Whipp e t  

a l  ( 1 9 7 4 ) tried a 1 5  wa tt i ncrement every 5 ,  1 0 ,  1 5  and 

3 0  second s , 1 min . and 4 min . The short dura t ions gave 

an overe st imate of AT , whi l e  the 4 m i n . dura t ion took too 

long . More recently a " ramp" test to measure AT a nd other 

important parameters of aerobic func tion has been devi sed 

( Whipp et a l , 1 9 8 1  ) .  Workload i s  i ncrea sed continuou s l y  

a t  the constant rate of 5 0  wa tt s / mi n . In a l l  the above 

tests , respi ratory mea surement s are made on a breath-by-

breath bas i s , and AT determi ned f rom these , by one of 

methods ( c )  , ( d )  or ( e ) . Recently 

a computer a lgor i thm 

AT ( Orr et a l , 1 9 8 2 ) . 

has been des igned to eva luate the 

The typical  AT range for norma l hea l thy ind ividua l s  i s  about 

4 5  to 1 8 0 Watts on the cycle c·rgometer ( Wa s serman et a l , 

1 9 7 3 ) . Lower va lues i n  thi s  range are typical  of sedentary 

unf i t  persons , whi le higher .values are typical  of active 

phy s i ca l l y  f i t  persons . Va lues be low 45 wa tts are typica� : 

of those wi th respi ratory or cardiac i l lness  ( Wa s serman 

& Mc i l roy , 1 9 6 4 ) , whi le very h igh values are obta i ned for 

except i ona l athletes ( cros s - country skier s , who show an 
. 

unusua l ly h igh vo2 max ; Rusko et a l , 1 9 8 0 ) . For the 2 0 - 3 9  

year age group o f  heal thy ( but not nece s s ar i ly very f i t ) 

persons , 1 wat t / kg i s  a reasonable rule -of - thumb to determi ne 
• 

AT ( Re inhard et a l , 1 9 7  9 )  • Expres sed a s  a % of vo2 max , 

AT i s  about 5 0 %  for untra i ned hea l thy i ndividua l s  ( We l tman 

et a l , 1 9 7 8 , Reinhard et a l , 1 9 7 9 ) , whi l e for f i t  runners 

and cyc l i s t s  it is o f  the order of 6 0 %  ( Davis et a l , 1 9 7 6 ; 

We l tman & Katch , 1 9 7 9 ; M i yashita et a l , 1 9 8 1 ) .  The AT 

can be i ncreased by endurance tra ining ( Dav i s  e t  a l , 1 9 7 9 ;  
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. 
Rusko et a l , 1 9 8 0 ) , 

. 
by up to 4 4 %  i n  abso lute vo 2 or 1 5 % 

of vo2 max ( which i t s e l f  AT i s  regarded 
. 

i ncreases a l so ) . 

as  a better measure of f i tne s s  than is vo2 max ( We l tman 

et al, 1 9 7 8 ) . 

AT va lues corre late w i th a number o f  other vari a te s . I t  
. 

dec l ines with age . I t  corre lates pos i t ively w i th vo2 max , 

but only when measured i n  absolute terms and not a s  a % .  

AT i s  higher i n  ma les  than i n  f ema l e s , but not when the 

AT workrates are weight- corrected . AT var i e s  w i th the type 
. 

of exerc i se being undertaken ; for arm c ranking 4 7 %  of vo2 
max , runn ing and cyc l i ng 6 0 % , cros s - country ski i ng 8 5 % . 

AT a l so corre lates w i th var ious mu s c l e  oxida t i  ve enzymes . 

The AT measured for an i nd ividua l ove r t ime i s  f a i r l y  

cons tant provided there i s  no s igni f i cant change i n  l i f e ­

s t y l e  o r  heal th . ( Wa s serman et a l , 1 9 7  3 ;  Dav i s  e t  a l , 

1 9 7 6 ; We l tman & Ka tch , 1 9 7 9 ; Rusko et a l , 1 9 8 0 ; Reinhard 

et a l , 1 9 7 9 ;  Davi s et a l , 1 9 7 9 ) . Recently the maxima l 

s teady state ( MSS = o 2 uptake , heart rate and /  or treadmi l l  

veloc i ty a t  which lactate concentrat ion i s  2 .  2 . . . m mol e /f. 

p l a sma ) has  been used to determine the maximum susta i nable 

workload i n  place of 

correlates we l l  w i th 

AT ( La Fontaine e t  a l , 1 9 8 1  ) • MSS 

pace in long-d i s tance runn ing , i n  

part icular over f i ve m i l e s , and wi th AT . 

The trans i t ion f rom aerobic to anaerobi c  metabol i sm ha s 

recently been revi ewed by Sk inner & McLe l lan ( 1 9 8 0 ) . I n  

addition t o  the d i scuss ion of the sort g iven prev iously , 

they examine a second AT a s  defined by another 11 s chool 1 1  

of researchers ( McDouga l l , 1 9 7 8 ; Green et a l , 1 9 7 9 ; K inder-

mann e t  a l , 1 9 7 9 ) • Thi s  point , occurr i ng a t  about 6 5 -8 5 %  
• 
vo 2 max , i s  marked by a further steeper change i n  venti l a tion 

and a l so i n  blood lactate , the % expired co 2 now begins  
. 

to drop , vo 2 max has been reached , and there i s  marked hyper-

ven t i l a t i on . The maj or d i s t i ngu i sh ing f eature is  the sharp 

r i se in b lood l actate f rom a l eve l of about 4 mM/f. • The 

controversy appears to be re la ted to the choice  of cri teria  

a nd to  the def in i t ion of anaerobios i s . ( Scheen et a l , 1 9 8 1 ) .  
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However , when l actate and the various vent i la tory measures 

are con s i dered together dur i ng progre s s ive exerc i s e  f rom 

rest to maxima l loads , i t  does appear that three phases 

can be d i s tingui shed . The trans i t ion f rom phase I to I I  

a t  about 2 mM/ .f.. lactate ( twice resting l eve l ) i s  the AT 

d i scus sed ear l i er , perhaps better referred to a s  the ( upp�r )  

aerobic threshold ( AeT ) . Phase I I  i s  a tran s i t i ona l stage . 

I t s  pa s sage to Phase I I I  at about 4 mrtJ./1.. lactate i s  the 

AT of McDouga l l  & Green , the " rea l "  a naerobic threshold 

in some sense ( Ari T )  . Mea surements of An T are a lmos t  

exclus ively based on i nvas ive techn i ques rather than on 

a gas exchange bas i s , usua l ly the steep lactate r i s e  ( Graham , 

1 9 7 8 ) . But s i nce lactate l eve l s  in the b lood lag behind l eveJs 

i n  the mus c l e , short workload durat ions shou ld be used care­

f u l l y  as  they are l i kely to lead to overe stimates . 

The whole process  i s  of course a continuou s one , and i t  

appears that perhaps a l i ttle  too much emphas i s  has  been 

placed on the approximately l inear rises  of variou s  respir­

a tory measures , and the " k inks "  therein that mark the changes 

from one pha se to another . I t  i s  c lear that l ac tate level s  

are the important determi nant , and thi s  i s  the cons iderat ion 

re levant to use as the mus c l e  f at igue induc ing factor i n  

m y  mathema t i ca l mode l . Thus the controversy i s  o f  l i t t l e  

s igni f i cance to this  work , a s  i t  i s  a formu l a  o r  equation 

for lactate r i s e  over the whol e  range that i s  requi red . 

In  summary therefore , i n  spite o f  the apparent s imp l i c i ty 

of the not ion of the anaerobic threshold , and the amount 

that i s  known about i t  due to the extens ive re search , the 

concept rema ins shrouded w i th d i f f iculties , highl i ghted 

recent ly by Yeh et al ( 1 9 8 3 ) . Thus it wou ld be d i f f icult  

to  see how i t  wou ld f ind a place  in my  model in s p i te of 

its obvious impor tance .  In  m i t i gat ion a l so , i t  w i l l  be 

seen i n  the next sections that the bioenergy mode l l i ng can 

be accomp l i shed f a i r l y  accurately  wi thout i t .  I bel i eve 

though , that in the f uture , it wi l l  return to a de served 

place , perhaps in a more thoeret i cal development than thi s 
s egmen t  of my s tudy . 
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MODELLING OXYGEN UPTAKE 

I t  ha s long been recogni s ed that , w i thin  certa i n  broad l imits , 

the uptake of oxygen by a runner var ies  w i th t ime . Regard ing 

some mea sure of workload ( e . g .  veloc i ty ) a s  constan t , and 

i gnori ng acceleration , the uptake r i s e s  f rom i t s  resting 

l evel to a steady s tate . Th i s  r i se may take two or more 

minutes to ach i eve . 

Henry ( 1 9 5 1 ) f i r s t  postula ted an exponential form f or h i s  

uptake , spec i f ica l l y  the equat ion 

• • • • • • • • • • • • • • • • • • • • • • • • • • ( 4 • 1 ) 

which seemed to f i t  h i s  data qu ite sat i s f actor i ly . The para­

meter a 0 is the s teady state uptake l evel above r e s t i ng , 

and k i s  a rate constant . I n  the ensu ing year s , thi s  form 

of exponent i a l  equat ion has ga i ned wide acceptance , 

( Cerrete l l i  e t  a l , 1 9 6 6 ; D i  Prampero e t  a l , 1 9 7 0 ; Henry 

and De Moor , 1 9 5 6 ; Fox et a l , 1 9 8 0 ; Linnar son , 1 9 7 4 ; 

Margar ia e t  a l , 1 9 6 5 ; Vol kov , 1 9 6 6 ;  Vo lkov et a l , 1 9 6 9 ; 

Was serrnan and Wh ipp , 1 9 6 5 ; Whi pp and Wa s s erman , 1 9 7 2 ) . 

There has however more recent ly become evident a second 

component to the curve . I t s  e f fect i s  a stat i s t i ca l ly 

s i gnif i cant r i s e  in uptake between the f i fth and 2 0 th minute , 

and there wa s an a ttempt to explain  this  observat ion by 

means of i t s  covar iates ( Hagberg et a l , 1 9 7 8 ) , but i t s  nature 

rema ins uncerta in . It is thought by some to be exponent i a l , 

( Cost i l l , 1 97 0 ;  Hagberg et a l , 1 9 7 8a ; Henry , 1 9 5 3 ; Vo l kov 

et a l , 1 9 6 9 ;  Whipp and Wa sserman , 1 9 7 2 ) , though more recently 

to repres ent some delay mechan i sm ,  ( Whipp et a l , 1 9 8 2 ) . 

At tempts were made i n  some of the se instances to model  thi s  

component , but the resu l t s  awa i t  general acceptance . Graph­

i c a l l y  i t  appear s  to be l inear , ( Hagberg e t  a l , 1 9 7 8 a ; 

Whi pp and Was serrnan, 1 9 7 2 ) . 
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Cons iderable  ef fort has gone i nto inves t iga t i ng the 

relat ionship between the workload as represented by the 

veloc i ty of the athlete , and the parameter a0 • Thi s  para­

meter is  of course bounded below by the resting o 2 uptake 

l eve l , regarded conventiona l l y as  a zero point of ref erence . 

I t  i s  a s s umed to be bounded above by a max ima l oxygen uptake 
. 

l eve l , denoted usua l ly vo 2 max . Thi s  upper bound i s  widely 

accepted a s  an important determi nant i n  the capabi l ity of 

endurance athletes . ( Miura e t  a l , 1 9 7 1 ; Henstock , 1 9 7 9 ; 

Saltin  and Astrand , 1 9 6 7 ; Shepherd et a l , 1 9 6 8 ; Whipp 

et a l , 1 9 8 1 ) .  I n  fact a recent study has shown i t  to be 

cons iderably superior to a whol e  host of cardiovascular 

parameters ( Crain et a l , 1 9 8 0 ) , most  of which show no sign i f ­

icant correlation at a l l ! I n  the ma in , the se invest igat ions 

( Henry , 1 9 5 1 ; Cost i l l  and Fox , 1 9 6 9 ; Cos t i l l  et a l , 1 9 7 3 a ; 

Danie l s  et a l , 1 9 7 7 ; Dres sendorfer et a l , 1 9 7 7 ; Mayhew , 

1 9 7 7 ; McMiken and Dani e l s , 1 9 7 6 ; Pugh , 1 9 7 0 ; Shepherd , 

1 9 6 9 ; Brans ford and How ley , 1 9 7 7 ) f i nd that over a moderate 

veloc i ty range , the re lationship between a 0 and v is l i near . 

I t  i s  remarkable the extent to which the s lope coe f f i c ients 

i n  these studies  agree amongst each other . The i ntercepts 

vary qu i te markedly , and are probably not s i gni f i cant . 

There have been a f ew studies  which show a curv i l inear 

relat ionship between a 0 
Fe l l ingham et a l , 1 9 7 8 ; 

and v ( Dani e l s  e t  a l , 1 9 7 7 ; 

van der Wa l t  and Wyndham , 1 9 7 3 ; 

Henry , 1 9 5 3 ) but the curvi l inear coe f f i cients are quant ­

i tat ively very sma l l . I n  a recent a ttempt to resolve thi s  

question , Hagan e t  a l  ( 1 9 8 0 ) . conc luded that when o 2 uptake i s  

expressed relative t o  body ma s s  ( i . e .  i n  m l / kg 1 m i n ) i t  

i s  l inea r l y  dependent o n  ve loc i ty only , but when expres sed 

in absolute terms ( i . e .  in L/m in ) it i s  dependent aga i n  

l i nearly o n  veloc i ty and o n  body ma s s . I n  the i r  rev i ew 

however ,  these author s omi tted to examine the quest ion of 

equa l i ty of s lope coe f f ic i ents , nor did they test  the inter­

cepts f or equa l i ty w i th the rest ing l evel a s  might have 

been ant i c i pa ted . Two gaps c learly rema i n ; exami nation 

of the relati onship for a wider range of workload , and for 

values of t prior to the atta i nment of the steady s tate . 
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Second ly there i s  the ques t i on of the rate constant k i n  

the equat i on above . Thi s  aspect of the k inet i c s  ha s received 

l e s s  a ttention , and the resu l t s  are con f l icting rather than 

i n  general agreement . In the or iginal  article  Henry ( 1 9 5 1 ) 

argues that k i s  a constant i ndependent of the workload . 

I t  i s  more common nowadays to use  the vo2 ha l f - t ime response 

as the parameter i ndicat ive of the speed of the i ncrease 

i n  oxygen consumpt ion . Thi s  ha l f - t ime re sponse is math­

emat i ca l l y  equal to . 6 9 3 / k .  Some f indi ngs agree w i th Henry 

( Correte l l i  e t  a l , 1 9 6 6 ; Margaria  et a l , 1 9 6 5 ) . S evera l  

others however have shown k t o  i ncrease w i th i ncrea s i ng 

workloads , i . e .  a shorter ha l f  - t ime response . The s teady 

s tate l eve l can be reached a f ter about one m inute for very 

severe workloads , but m ight take as l ong as 6 to 8 m inutes 

for l i ght exerc i s e , ( Di ·.Prarnpero et a l , 1 9 7 0 ; Astrand and 

S a l t i n , 1 9 6 1 ; Astrand and Rodahl , 1 9 7 7 ) . Yet a thi rd group 

sugge s t  the contrary , a lengthening of the hal f - t ime response 

w i th i ncrea s i ng workload , ( Henry and De Moor 1 9 56 ; . Whipp 

and Wa s serman , 1 9 7 2 ; Ba son et a l , 1 9 7 3 ; Hagberg et a l , 

1 9 78b ; H ickson et a l , 1 9 7 8 ; We l tman and Katch , 1 9 7 6 ; 

Fox e t  a l , 1 9 8 0 ) . Of the se , Hagberg et a l  ( 1 9 7 8b )  has found 

. 6 9 3 / k  to increase l i nearly w i th i ncreas i ng workload , part ­

i cu larly when the l a tter i s  expres sed a s  a percentage of 

vo2 
max . Whipp & Y"la s serman ( 1 9 7 2 ) have sugge sted that the 

d i f f erence in f i ndings might be accounted for by the durat­

ion of the exerc i se , or the length of t ime over which the 

data was a na ly sed , or both . In e i ther case however ,  a lmos t  

a l l  these stud i e s  found k i s  l arger ( or the ha l f - t ime shorter ) 

for trai ned athletes i n  compar i son with untr a i ned athlete s . 

A recent s tudy ( Di Prampero et a l , 1 9 8 3 ) sugges t s  that k 

depends in some way on the l evel o f  an oxygen s tore prior 

to exerc i se . 

I t  comes as  a surpr i s e  therefore , in view of the many studies  

quoted ( and others ) that there has been nothi ng publ i s hed 

( that I can f i nd )  which attempts to model  both these  a spects 

of 02 uptake kinetics  together . That i s , the oxygen uptake 
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a s  a funct ion o f  both t and v ,  o r  some other var iable 

representing the workload . Thi s  requ ires to be done . 

Fol lowi ng the above summary , the var ious a s pects of the 

oxygen uptake , together with some intu i t ively obv ious 

character i st i c s , can be a s s embled into the fol l owing : 

• 
( a )  Let vo2 ( v ,  t )  denote the oxygen uptake a s  a funct i on of 

both veloc i ty and t ime , v � 0 and t � 0 • 

• 
( b )  vo2 ( 0 ,  t )  = ur the resting l evel for a l l  t � 0 .  

( c )  
- f  2 ( v"' ) t 

- e ) for 

f i xed v = v• , and where f 1 and f 2 are pos i t ive functions 

of v .  

• 
( d )  For l arge t ,  V02 ( v ,  t )  i s  l inear i n  v ,  and hence f rom 

( a ) and ( b ) , i t  fol lows tha t ; 

f 1 ( V ) = bV 1 b ) 0 

. 
Problems o f  gas col l ect ion a nd ana lys i s  have l ead to vo 2 
readings being taken a t  f a i r ly wide t ime i nterva l s  and no 

. 
evidence has been reported on the f orm of vo2 when t i s  

. 
f i xed a t  some sma l l  va lue . More recently vo2 measuring 

apparatus ha s enabled breath-by -breath ana l y s i s  to be made 

and so i t  shou ld be pos s i ble to gather data for sma l l  t 

and d i f f e r ing v .  Such data doe s not appear a s  the subj ect 

of any pub l i shed inve st igat ion that I can f ind , however , 

some can be gleaned from i nd ividual source s .  Neverthe l e s s , 

because of the d i screte nature of the breath-by-breath 
. 

analys i s , vo2 cannot be measured for f i xed t .  Thus an area 
. 

of uncertai nty ex i st s  here . For sma l l  t ,  i s  vo2 st i l l  l inear 

i n  v ,  or curv i l inea r ?  It might be better to adopt the latter 

in such a form that l i near i ty is a spec i a l  case . 
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( e )  Resolving f 2 i s  a more knotty problem , i n  v i ew of the 

conf l i cting results  of var i ous studies . 

can be regarded as  two spec i a l  cases  of 

The two views 

and 

d f 2 ( V )  = C V 1 C ) 0 1 d � 0 

where f rom equat i on 
k i ncreases with v 

4 . 1 , p .  5 2  
( � t ime shortens ) when d > . 0 

k decreases w i th v < i  t ime l engthens ) when d < o �  

-ctvd 
One probl em of course i s  when d < 0 and v= O but then � , 

a s  t + oo and v + 0 ,  tend s to zero anyway a nd the l im i t  a s  v + Q +  
i s  Ur whi ch i s  the def i ned va lue for v=O , so the function i s  

cont inuous . 

( f )  Thi s  l eads to a mathematical  model which seems to f i t  

a l l  the research observations , o f  form 

. 
vo 2 ( v ,  t )  - c tvd 

= ur + b v ( 1  - � ) • • • • • . • • • • • • • • • ( 4 • 2 ) 

and the on l y  ambigu i ty i s  whether d < 0 or d > 0 .  

Astrand and S a l  t i n  ( 1 9 6 1 ) have some data , in graphical  f o rm 

which may g ive a l ead to f i t t i ng such a mode l . I t  needed 

to be extracted f rom the graph , and i s  i ndicated to g i ve 

d > 0 ,  but a t  least some ins ight can be ga i ned ( e . g .  con firm­

a tory values of the e s t imates of Ur and b ,  a nd R
2 

values ) .  

Reading o f f  the graph i s  no rea l problem , apart from the 

po ssibi l i ty of the introduct i on of errors ( whi ch may 

unconc i ou s l y  smooth the data ) . But there are other d i f f i c ­

u l t i es . 

Now the Astrand and S a l t i n subj ects were exer c i s i ng on a 

cycle ergometer , not a treadmi l l , and the workload i s  

measured i n  k i loponds . Thi s  f i gure mu st f i r s t  be converted 

to wa tts and then , u s i ng the equat i ons of Chapter 3 and 

i gnor i ng acce leration , be converted to m / sec before equation 

4 . 2  can be f i tted . Th i s  wa s done w i th data on three of 

the six s ubj e c t s  and y i e lded encourag i ng resul t s : 



( a )  

( b )  

( c )  
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R �  values around . 9 7 

U values very close to actual res t i ng va lues r 
Va lues of b wh ich agree f a i r l y  we l l  with other s tud i e s  

of the relat ionship between oxygen uptake and veloc i ty 

( e . g .  Mayhew , 1 9 7 7 ) . 

( d )  Va lues of d > 0 ,  but which differ  widely . 

One d i s turbing fact i s  that the veloc i t ies  are very low , 

2 . 2  to 3 m / sec which i s  rather surpr i s i ng s ince exhaust ion 

occurred at 3 m /  sec in about 2 minutes , yet such a pace 

is equ iva l ent to about 9 minutes for the m i l e , an easy one 

for a lmos t  any f i t  i ndiv idua l .  The cause must sure l y  have 

something to do w i th d i f fering biomechanical  e f f i c i enc i e s  

between running and cyc l ing . Th i s  can b e  inves t i g a t e d a s  

f o l l ows . S i n ce the e f f i c i ency of bipeda l mot ion ranges 

f rom about 1 2  to 2 0 %  ( Stuart e t  a l , 1 9 8 1 ; Z arrugh , 1 9 8 1 ) ,  

i t  f o l l ows that w wou ld increase by a factor of 5 to 8 ,  

and v by the square root . The higher e f f i c ienc i e s  are 

typical  of the fas ter speeds , thus I arbi trari ly chose a 

factor of 2 .  4 f or the i ncrease in v ( a  1 7 .  3 6 %  e f f i c i ency ) . 

Thi s  factor i s  of course ana l ogous to the one cons idered 

at 

2 = 

the 

14 
end 

wa s 

of the previous chapter , where a value of 

i ndicated . Ve loc i t i e s  now range f rom 5 .  3 to 

7 m / sec , about r ight . As expected , the f i t  wa s as good 

as or i g i na l ly and the parameter estimates were a lmos t  exactly  

those which could have been obta ined by  s imp l e  a lgebra i c  

subst i tut i on of 2 . 4v in place o f  v .  

• 
The a s sumpt i on that for l arge t ,  vo2 i s  l i near i n  v seems 

untenable over a wider range o f  v va lues . There are two 
. 

reasons for thi s . Most  obviou s l y  vo2 i s  bounded above by 
• 

a hori zontal  asymptote a t  vo2 max . Secondly , i n  the nine 

s tudies  quoted by Hagan et a l  ( 1 9 8 0 ) , there is  qu i t e  a strong 

nega t i ve corre lation between the s lope s and i ntercept s of 

the n i ne straight l i nes quoted . Th i s  suggests curvature 

as they conta i n  d i f ferent ranges of v va lues . Furthermore , 

plots of . the As trand and S a l t i n  ( 1 9 6 1 ) data sets , at  t = 1 5 ,  

4 5 , 7 5  a nd 1 0 5 s ec s , sugge st curvature even though there 
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are only f ive points t o  plot i n  each case and these va lues 

of . v are not we l l  chosen to show thi s  ef fect . An equat ion 

of s igmoid f orm may . be sui  table , a s  it has the neces sary 

characteri st i c s . Thi s  leads to an a l ternate to equation 

� � � �  

u r 
a - S / v ( 1  + e -

d - ctv e. ) • • • • • . • • • • • • • • • • • ( 4 • 3 ) 

Thi s  ha s been f i tted to the Ast rand and Sa ltin  data ( us i ng 

the higher velocities  ref lect ing 1 7 i% e f f i c i ency ) and obta in­

ed the h ighe st R 2 values  so far i n  all  three sets . The 

only probl em i s  that the a and S esti mates  do not appear 

to be the right order of magn i tude . 

As a f inal look at the Astrand and Sa l t i n  da ta , four i ndivid­

ual sets have been s tandard i z ed by subtracting the r e s t i ng 
. 

oxygen uptake Ur ' and divid ing by the d i f ference ( Vo2 ma x-Ur ) 

and converting to a percentage . ( Th i s  ha s been done by 

other resea rchers . )  Next , a l l  four sets of data were pooled 

and now we can more reasonably compare the two equa t i ons , or 

rather a s tandard i sed ver s ion of them , on overa l l  perform­

ance . The fol low i ng were the resul t s , over a l l  1 3 8 observat ­

ions . 

= - 1 . 5 9  + 1 6 . 2 3 v ( 1 -e. . 0 0 0 0 6 3 5 t  v 3 . 2
) 

w i th R 2 = . 9 2 6 7 . The f i rst  parameter ( which shou ld be zero ) 

i s  i n  fact not s igni f i cant ( t  = 0 . 6 6 ) . And : 

= - 1 . 7 6 + e 5 . 5 1 - 5 . 5 9 / v  ( 1 -e. . 0 0 0 0 4 9 t  v
2 • 9

) 

w i th R 2 = . 9 2 7 8 , a nd the f i r s t  parameter aga in not s igni f i cant . 

In  s um ,  equat ion 4 .  3 i s  cons i s tently better , f or a l l  four 

individua l s  and i n  aggregate , but not by a great deal . 

I t  i s  c l ear that a properly planned experiment i s  required 

to i nve s tigate how vo2 depends on v ,  for f ixed t .  There are 
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problems w i th thi s  approach s i nce the d i screte nature of 

the breath by breath ana ly s i s  makes it impo s s ible to f i x  

t .  An i nterpola ted � value may be the bes t  approach . 

There i s  another data set on o2 uptake , ( M .  Miya shi ta e t  

a l , 1 9 8 1  ) , though only two subj ects  a r e  represented graph-

i c a l l y  and not adequately_ at that . They are taken a t  work-

loads a t  an i ntermed i ate l evel so  i n  conj unc t ion w i th the 

Astrand and Saltin  data cou ld prove useful . 

Looki ng at one o f  the sets , the ear l i er conc lus ion that 

equation 4 .  3 i s  better than equa tion 4 .  2 ,  i s  uphe ld both 

for the raw data ( R 2 = . 9 9 5 0  and . 9 4 5 6  respect ively ) a nd 
• 

for the standard i sed form expressed a s  % o f  vo2 max ( R 2 

= • 9 9 4 9  and . 9 4 5 5  respectively ) .  However , the i nteres t i ng 

finding is .fuat the power for v i n  the exponent ial  oxygen uptake 

term of both equat ions is not s igni f i cantly d i f f erent f rom 

z ero , at least over this  range of workload s . Thi s  would 

appear to i nd i cate that the uptake rate constant k in the 

s imple expression of the form 

e i ther depends m v :in a comp lex manner , or not at a l l . 

Paus i ng at thi s  s tage , much of the above i s  rather shaky 

a nd it i gnore s  the second component of the oxygen uptake . 

Thi s  second component i s  c l early important i n  magni tude , 

and i t  seems l inear ; both facts being evident i n  the follow­

i ng plot of data f rom an exerc i s ing subj ect . 
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• m l / kg/min vo2 

0' 

FIGURE 4 . 2 : Oxygen uptake by Exerc i s ing Subj ect 

Source : s e l f  exerc i s i ng a t  1 7 0 0  kpm 

. 
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/( mi n. ). 

Taking this  i nto account removes the vo2 max bound on the 

l inear ity of V02 w i th v .  Genera l i s i ng f rom V to a workload 

w ,  le� us there fore postulate a mode l of form 

. vo2 ( w ,  t )  = ur + a ( w ) t  + -kt bw ( 1 - e. ) • • • • • • • • • • • •  ( 4 • 4 ) 

where a ( w )  and b ( w )  are l i near f unctions of w only . The 

exponent d i s  taken as z ero and hence d i sappear s  f rom the 

equat ion . Thi s  seems to represent the be st  empirica l  

compromise , s o  i t s  j u s t i f icat ion must be con s i dered , ba sed 

on a proper ly selected data set . 

I subj ec ted myse l f , ( a  f i t , hea l thy ma l e , never a trained 

athlete , aged 3 6  year s , height 1 .  7 8  metres , we ight 7 2 kg ) 

to a series  of e ight cons tant load exerc i s e  bouts on a cyc le 



time 
( sec . ) 
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ergometer , with the work loads rang ing f rom very m i ld , to 

qu ite severe ( 2 0 0  to 2 0 0 0  ki loponds/min . or 3 3  to 3 3 3  wa tts ) .  

These exerci ses  I performed under superv i s ion in the P r i ncess  

Margaret Hosp i ta l  respi ratory l abora tory . Because I had 

be l i eved the vo2 / workload relat ionship to be s i gmoid , the 

workloads chosen vrere 2 0 0 , 5 0 0 , 8 0 0 , 1 0 0 0 , 1 2 0 0 , 1 4 0 0 , 1 7 0 0  

and 2 0 0 0  kpm/min . Each bout con s i s ted o f  approximate ly 

two minute s of rest , followed by a t  l east  f ive minutes of 

exerci se ( or unt i l  exhaus t ion ) ,  fol lowed by f i ve m i nutes 

of recovery . Breath dura t ion in seconds , oxygen uptake 

i n  m f. / mi nute and other respiratory and cardiac data were 

recorded on a breath-by -breath ba s i s  during the entire bout . 

Exerc i se bouts were per formed in a randomi sed order on a l ter­

nate days . 

The f o l l owing table i s  summar i sed f rom the resu l t i ng e ight 
. 

computer f i les . vo2 a t  re st  i s  an average over ten breaths 

immed iately preced i ng the s tart of exerc i s e . In a l l  other 

cases it is the average of the three breaths stradd l i ng 

the t ime poi nt for wh ich the observation wa s required . 

Time i s  i n  seconds a fter the s tart of exerc i se , workload 

i s  in kpm / m in and vo2 i s  in l i tre s /min,  * i nd i cates  mi s s ing 

data ( exhaust i on intervened ) • 

. 

TABLE 4 .  1 : vo2 DATA SmllHARY w :  kpm/min  ( hundreds ) 

2 5 8 1 0  1 2  1 4  1 7  2 0  

rest • 5 1 1  . 569 . 6 27 . 5 7 3  . 5 3 1  . 496 . 4 7 4  . 51 2  

10 . 648 . 666 . 9 26 1 . 0 2 3  1 . 191 1 . 201 1 . 197 1 . 284  
20 . 6 71  . 7 3 1  1 . 1 1 2  1 . 1 3 2  1 . 2 18  1 . 4 5 4  1 . 599 1 .  7 3 5  
3 0  . 7 98 . 868 1 . 275  1 . 280 1 . 4 1 3  1 . 806 2 . 01 5  2 . 1 2 4  

4 5  . 8 3 1  1 . 064 1 . 661 1 . 495 1 . 8 1 3  2 . 307 2 . 479 2 . 7 3 2  
60 . 802  1 . 160 1 . 961  2 . 2 5 2  2 . 3 5 2  2 . 682 2 . 905 3 . 264 
90 . 807 . 1 . 307  2 . 05 4  2 . 4 38 2 . 466 2 . 859 3 . 07 4  3 . 4 7 2  

1 20 . 868 1 . 252  2 . 1 5 2  2 . 500 2 . 5 16 2 . 9 3 5  3 . 301 3 . 648 
180 . 900 1 . 1 87 2 . 05 4  2 . 449 2 . 690 3 . 1 30 3 . 526  3 . 894 
240 . 918 1 . 2 1 1  2 . 257  2 . 466 2 . 7 52  3 . 2 2 7  3 . 67 4  * 

300 . 9 37 1 . 3 7 5  2 . 1 90 2 . 64 2  2 . 80 1  3 . 387 3 . 894 * 
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I f  we now s tart from the assumpt ion that for f ixed t ( large ) , 
• vo2 i s  l inear in w ,  for which Whipp et a l  ( 1 98 1 ) has sugges t -

e d  some theoret ical  j us t i f i cat ion , then for w=O we s hou ld 
. 

f i nd vo2 =R ,  the resting leve l , and so on for w > o .  Starting 

f rom t = 3 0 0  and work ing back to t = 1 0 ,  we obt a i n  for l i near 

regre s s ions acros s the table above : 

TABLE 4 . 2 : REGRESS ING V AGAINST W 

t = 3 0 0  V = . 5 0 0  + . 2 0 2w ,  

2 4 0  V = . 4 9 6  + • 1 9 2w , 

1 8 0 V = . 5 5 4  + • 1 7 5w , 

1 2 0 V = . 6 7 8  + . 1 5 6 w , 

9 0  V = . 7 0 6  + . 1 4 6 w , 

6 0  V = . 6 6 1  + • 1 3 7 w ,  

4 5  V = . 5 9 1  + 1 1  Ow , 

3 0  V = . 5 5 8  + . 0 8 1 w ,  

2 0  V = . 5 1 8  + . 0 6 3 w ,  

1 0 V = . 5 8 8  + . 0 3 9 w ,  

These resu l t s  a r e  encourag i ng . 

r = . 9 9 5  

r = . 9 9 0  

r = . 9 9 2  

r = . 9 8 4  

r = • 9 8 1  

r = . 9 8 2  

r = . 9 8 0  

r = . 9 8 1  

r = . 9 8 7  

r = . 9 4 2  

. 
Thus i f  we suppose that for f i xed t ,  the vo2 funct ion can 

be wr i tten as 

• vo2 
= a + 13 ( t ) w  

we can i nvest igate 13 ( t ) by plot t i ng the s l opes aga inst  t ,  

for i t  seems that a i s  about the rest i ng l evel , R ,  or may ­

b e  s l i ght ly higher . Thi s  plot i s  shown below 
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13 ( t ) 

2 0 
0 

0 
0 

0 
0 

1 0 

0 
0 

0 

1 00 200 300 t 

F I GURE 4 . 3 :  S l ope s §( t ) ver sus t 

I n  summary , a t  a l l  non- zero va lues of t ,  a l i near re lat ion ­

s h i p  between V and w i s  highly s igni f i cant , a nd the s lope s 

do certa inly  appear to be some funct ion of t .  The i ntercept s , 

w i th a mean of 5 6 4  and a standard devi a tion of 9 6 . 3  appear 

to accurately re f l ect the resu l t i ng value u4 , where a mean 

of 5 4 4  and a standard deviat ion of 1 1 6  were observed . At 

t ime z ero , the slope coe f f i c i ent is not s i gn i f i cant l y  d i f fer­

ent from zero , a s  i s  to be expec ted . 

I t  appears that an equation of form 

f3 ( t )  · = a + bt - - At c.e. 

would provide a suitable f i t , and s i nce (3 ( 0 ) = 0 ,  it s impl i f ie s  

to : 
- At bt + a ( 1 -.e. ) 
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whi ch over the e l even observed points  f i t s  we l l , with R3 

= . 9 4 2 . 

Thi s  approach leads to the fol lowing 

• - At 
vo2 

=Ur + bwt + aw ( 1 -e ) 

a s  a two-d imens iona l expres s ion of the relat ionship between 

V ,  w and t .  

On the other hand , approachi ng f rom the other angle , where 

i t  wa s previou s l y  supposed that for constant workload w ,  
- At an equation of form R+h ( 1 -e ) had been genera l l y  accepted . 

To thi s  we can add a slope , w i th t ,  to ref lect the recently 

d i scovered r i s e , evident for larger t and larger w .  That 
- At , i s , U �  + g ( w ) t +h ( w ) ( l -e ) ,  where i t  supposed that 1\ i s  . I: 

constant , i ndependent of w .  ( Some authors d i sagree , some 

saying i t  i s  a decreas ing , other s  .an i ncrea s i ng f unctioh . )  

To examine g ( w ) and h ( w ) , 

suf f i c i ent . S i nce A i s  about . 0 4 ,  

to zero for t > 1 2 0 say . Thus in 

g ( w ) t .  It is requi red that h ( O )  

the previous table i s  not 
-A t we can approx imate h ( w ) e  

thi s case V = R+h ( w )  + 

= g ( 0 )  = 0 .  Going back 

to the original e ight computer data f i l es  and regres s i ng , 

i n  each case , V on t every f i f th breath f rom the end of  

exerc i se up to t = 1 2 0 ,  the fol lowi ng Table i s  obtained : 

TABLE 4 . 3 :  REGRESS ING V AGAINST t 

w = 2 0 0  . 9 2 9  + . 0 0 0 0 6 1 t ,  r = . 1 5 7  h ( w )  = . 4 1  8 

5 0 0  1 • 1 0 8  + . 0 0 0 6 5 6 t , r = . 2 4 2  h ( w )  = . 5 3 9  

8 0 0  1 . 8 3 5  + . 0 0 1 2 7 t  , r = . 2 1 4  h ( w )  = 1 • 4 0 8  

1 0 0 0  2 . 1 2 6 + . 0 0 1 4 8 t  , r = . 2 5 7  h ( w )  = 1 • 5 5 3  

1 2 0 0  2 . 3 2 7  + . 0 0 1 7 1 3 t , r = . 3 2 9  h ( w )  = 1 . 7 9 6  

1 4 0 0  2 . 7 6 6  + . 0 1 1 7 2 5 t , r = . 3 9 7  h ( w )  = 2 . 2 7 

1 7 0 0  2 . 9 6 1  . 0 0 2 7 1 5 t , r = . 5 6 9  h ( w )  = 2 . 4 8 7  

2 0 0 0  3 . 2 6 4  . 0 0 3 0 3 9 t , r = . 5 8 2 7 , h ( w )  = 2 . 7 5 2  
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Plott ing the s lopes g ( w )  and the values o f  h ( w )  against  

w ,  we  get  the fol lowing f igure : 

3000 3 
0 

6 

6 

2000 2 
6 
0 0 

6 
6 0 

0 

1 000 1 

0 
6 

6 

0 0 

200 500 800 1 000 1 200 1 400 1 700 

FIGURE 4 . 4 :  Plotting h ( w )  and g�w} aga i n s t  w 

From these we obtain 

g (  w )  = 

h ( w )  = 
- . 0 0 1 1 4  + . 0 0 0 1 5 6 w , r = . 9 8 8  

. 0 6 7  + . 1 4 3w ,  r = . 9 8 7  

0 

6 

h (W)= " 
g (w)= 6 

2000 w 

Linear i ty , through the or igin, looks acceptable in  both case s . 

Thus l etting g ( w )  = bw and h ( w )  = aw , then we obta i n  a s  

a n  express ion for the relat ionship between V ,  w and t :  

- 1-t bwt + a w ( 1 - � ) • • • • • • • • • • • • • • • •  ( 4 . 5 )  

which i s  exactly  a s  before . 
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The last  step i s  to consol idate a l l  the data into one large 

f i le and f i t  thi s  equat ion . I t  wou ld appear f rom the above 

that i n i t i a l  values for R ,  b ,  a and A might be chosen a s  

. 5 ,  • 1 4 ,  • 1 6  and • 0 3 , with adj ustments where nece s sary f or 

decima l  places . 

Th i s  conso l idat ion wa s performed as  fol lows : Time zero 
. 

( resting ) values were determi ned by taking the average vo2 
uptake over the last  ten breaths immed iately preceding the 

start of exerc i se , for each of the eight workloads . There­

a f ter an uptake wa s calcul ated a t , or a s  near a s  pos s ible 

to , 1 0 , 2 0 , 3 0 , 4 5 , 7 5 , 9 0  every 1 5  second s unt i l  the 

end of exerc i se . Thi s  wa s done by averaging over three 

breaths stradd l i ng each t ime po int , and taking t as the 

mid-point of that interva l , wh ich did not exactly  g ive 1 0  

or 2 0  etc , but came very close . Aga in this  wa s done for 

each of the e ight workloads . A tota l of 1 68 observat ions 

were generated . 

The l a s t  step i s  to f i t  the indi cated equat ion to the whole 

data set of 1 6 8 observations , reduced in  the manner descr ibed . 

Thi s  wa s done us ing the BMDP8 2  sta t i s t i ca l  package ( Di xon , 

1 9 8 2 ) . The result ing equat ion wa s :  

V ( t ,  w )  = • 5 4 1  + • 0 0 0 9 5 4  wt + 1 • 6 2 3 w ( 1 - e - • 0 2 5 t ) 

• • • • • • • • • • ( 4 • 6 ) 

w i th R 2 = . 9 7 3 , which i s  most encouraging . R 2  i s  of course 

higher than wou ld be the case on unreduced data because 

of the smooth ing e f fect of the reduct ion process  de scr ibed . 

A l l  the parame ters have e s timates o f  the r ight order o f  

magni tude . Thi s  equation , therefore represent s the best 

that can be currently achi eved i n  the way o f  curve f itting . 

I t  i s  shown a s  a response surface below . 
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seconds 300 

2000 

F IGURE 4 . 5 :  V02 Response Surface 

The maj or extens ion is of course the move to a second 

dimens ion whi ch provides a true response surface . The other 

a spect of the extension is the inc lusion of the l i near term 

to ref l ect the second r i s i ng component of oxygen uptake 

ment ioned previou s l y . There are two que st ions to a nswer 

here ; whether an add i t iona l term i s  warranted , and i f  so , 

whether that term shou ld be l inear , or exponent i a l  a s  some 

worker s have sugges ted . 

The ba se l ine f rom wh ich to j udge these  inclusions i s  the 

3 -parameter equation obtained by omi tt ing the l inear term 

completely f rom equation 4 .  5 and f i tt i ng thi s . Next can 

be added a second exponen t i a l  term of the same form as  that 

a lready included , resu l t i ng in a 5 -parameter equat i on , a nd 

f i tt i ng this  a l so .  An ana l y s i s  of var i ance on the res idua l 

sums of s quares relat i ng to these changes i s  g i ven i n  Table 

4 . 4  bel ow : 

\ \ 
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TABLE 4 . 4 :  ANALYSIS OF VARIANCE FOR ADDITIONAL TERMS 

Source of Res idua l Sum Degrees of Mean F ratio 
Variation of Squares Freedom Square 

5 -parameter model 4 . 7 9 1  1 6 3 . 0 2 9 4  

D i f f erence . 01 3 2 . 0 0 6 5  0 . 2 2 

Equation ( 4 . 5 ) 4 . 5 8 7  1 6 4 . 0 2 8 0  

D i f ference • 21  7 1 . 2 1 6 6  7 . 7 4** 

3 -parameter model 4 . 8 0 4  1 6 5 

I t  i s  seen that the inclus ion of a second exponential  term 

i s  not warranted , but tha t the inclus ion of an extra l i near 

term is stat i s t ica l ly signif icant at the 1 %  l eve l . It shoul d  

b e  mentioned in  pas s i ng , that the asymptotic l evel of the 

second exponent i a l  term i s  negat ive in the f i t . Thi s  i s  

contrary to expected and suggests convexity rather than 

the a lmost certa in downwards concavity . 

I t  fol lows therefore that the equation to adopt for the 

f ir s t  ( ox i dative ) component of the bioenergy source i s  o f  

the form of equation 4 .  5 above . However w e  requ ire some 

minor mod i f icat ions to get it in the r ight form . 

Firstly , s ince V i s  a bivariate funct ion , i t s  derivative 

w i th respect to t is of form 

dV a v  
dt = a w  

d w  
+ 

av  
dt  a t  

and of course i n  thi s  ins tance , the workload w i s  represented 

by the power deve loped 

i . e .  dv a v  
dt = a P 

dP av 
dt + a t 
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N dP . . bt . d ow dt 1. s  o a 1. ne f rom equa tion C 

rema inder from equation 4 . 5  above . 

i n  Chapter 3 (p 4 0). ancl.the 

\'le mu st  however make 

the adj ustment mentioned ear l i er , i . e .  i nclude the f actor . 

t to account for the shi f t  f rom runn ing to the cycle 

ergometer whence equation 4 .  5 wa s deve loped . We must take 

care a l so to correct for the un i t s  of measurement . Equa tions 

4 . 5  and 4 . 6  are ba sed on w ( or P )  in thousand s of ki lopond s 

and t i n  s econd s , and g ive V in 1/ min . I t  i s  more u sual 

to have V in m l / kg /min and P ( or w )  in wa tts . These  adj u s t ­

ments w i l l  b e  made later , in Chapter 7 .  Thus w e  obtai n  

dV b '  d P  a '  [ dP - At dP ) ]  dt = 4m [ tdt+ P ]  + 4m dt + e ( AP - dt • • • • • • • • •  • • • • D 

w i th the i n i t i a l  cond i t i on that V ' ( O , t )  = 6 m l / kg / m i n  say 

for any t i:i 0 .  

Note that embedded i n  adj ust ing for the change o f  uni t s  

of mea surement , i s  the energy equiva l ent of the oxidati ve 

energy source and i t s a s soc i ated biomechan ical  e f f i c i ency . 

I have used the f i gures 

ed by others , that 1 

e f f i c i ency this  f i gure 

b '  is in uni t s  of m l / 6 0  

j ou l e s . 

given by Marga ria  ( 1 9 7 6 ) and conf i rm­

m l  o 2 � 5 cal  � 2 1 j ou l e s . At 2 5 %  
reduces to 5 . 2 5 j ou l e s / ml . Thus 

j oules  and a '  i n  un i t s  of ml . sec / 6 0  

LACTIC AND ALACTIC ENERGY SOURCES 

I have a l ready mentioned ( Append ix 1 ,  p 3 ) , the d i f f i culties  

i n  making l actate deterrnina t ions , e i ther concentrations 

or f lows , during exerc i se . Even a t  rest , the techni ques 

for the former are inva s i ve , and a lternate non - i nva s ive 

techniques are i nd i rect and unre l iable . I cannot f ind 

reported any techn i ques to measure the f lows . The s i tuat ion 

i n  respect of the phosphagen based energy component is even 

worse . Apart f rom some i nva s ive technq iues f or measur i ng 

the body content of phosphagens ,  there i s  no other way of 

determi ni ng concentrat ions or f lows a t  rest  or during 
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exerc i s e . S i nce i t  i s  these quanti  t i e s  that are required 

for the model and so l i tt l e  is known , a heavy re l i ance must 

be p laced on emp i r i ca l  mode l l ing at thi s  stage . 

There i s, however , an extens ive l i terature on lactate 

accumulation a nd gl ycogen depletion , and i t  is con s i s tency 

w i th these that wi l l  determine the adequacy of the emp i r i ca l  

mode l l i ng . Apart f rom the biochemical  aspects  o f  the alactic 

energy source , which are not relevant here , there i s  no 

useful l i terature . Neverthe l e s s , let us cons ider the inform­

a t i on that is avai labl e .  

Lactate format ion occurs ( Jacobs 1 9 8 1 a )  when ( i )  a t  the 

onset of exer c i s e  the o2 supply mechan i sm i s  acce l era t i ng. 
though hypoxi a  i s  not a prerequi s i te for lactic acid product­

ion ( Graham , 1 9 7 8 ; Jacobs e t  a l , 1 9 8 1 a )  and ( ii )  during 

the steady state i f  exerc i se i s  suf f i c iently i n tense . I t  

i s  released ( at least  i n  part ) into the blood where i t s 

detect ion i s  a lmos t  immed iate ( Jorfe ldt , 1 9 7 0 ) . I t  may 

a l so a ccumu late i n  the mus c l e  ( Jacobs , 1 9 8 1  a )  particularly  

a t  the ear ly s tages of severe exerc i se when product ion ( and 

therefore concentrat ion ) i s  high , and exceeds release . 

Mus c l e  lactate wi l l  only equate to blood la ctate a f ter 

severa l m i nu tes ( Graham , 1 97 8 ;  Jorfeldt et a l , 1 97 8 )  but 

it has a l so been found that blood lactate need not imply 

pr i or mus c l e  l actate ( Graham , 1 9 7 8 ) . Fas t  twi tch ( FT )  

mus c l e  f ibres have been found to accumu late more lactate 

than s low twi tch ( ST )  f ibre s ( Jacobs , 1 9 8 1 a ;  Tesch , 1 9 8 0 ) . 

The general  pattern of lactic  acid  accumu lat ion at cons tant 

workloads seems to be we l l  estab l i shed , as  follows : 
. 

( a )  a t  1 i ght to moderate workloads of about 5 0 %  vo2 max : 

a r i se in l actate concentrat ion , then a return to about 

resting level ( J o r f e ldt , 1 9 7 0 ; Scheen et a l , 1 9 8 1 ; 

Tre f f ene et a l , 1 98 0 ; and othe r s ) .  
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. 

a t  moderate workloads to about 7 0 %  vo2 max : a r i se 

then a level l i ng of f at an e l evated , but not very high , 

l evel ( Herrnansen and Stensvold , 1 9 7 2 ;  Scheen et a l , 

1 9 8 1  ; Tref fene et a l , 1 9 8 0 ; and others ) .  

. 

a t  severe workloads over 7 0 %  vo2 max : a rapid and 

Jorfeldt 

a l , 1 9 8 0 ; 

susta ined r i se ( Hermanson and Stensvold , 1 9 7 2 ; 

1 9 7 0 ; Scheen et a l , 1 9 8 1 ; Tre f f ene e t  

and other s ) .  

Th i s  l atter r i se i s  regarded by many a s  be i ng exponent i a l  

( Davis and Gas s  1 9 8 1 ; Farre l l  e t  a l , 1 9 7 9 ; Jorfeldt , 1 9 7 0 ; 

and other s ) ,  though some regard i t  a s  l i near , i . e .  a constant 

rate of production ( de Bruyn -Prevost a nd Sturbo± s , 1 9 8 0 ; 

Jacobs , 1 9 8 1 a ;  Margaria , 1 9 7 6 ) . 

The dividing percentages in these  pha ses  were obtai ned for 

treadmi l l  runn ing and ergometer cyc l i ng , whi ch two do not 

d i f fer to a very great extent , though for swimming the 

percentages are not i ceably higher ( e . g .  over 9 0 %  for phas e  

c ) . At l east  one study ( de Bruyn -Prevost and S turboi s ,  

1 9 8 0 ) has noted a lag of an i n i t i a l  few second s i n  lactate 

produc t ion , regarded as  a ro le  pl ayed by phosphagens . The se 

three divi s ions seem rough ly to corre spond with the vent i lat­

ory a nd lactate anaerobic thresholds . The latter , of ten 

referred to as  the point of onset of blood lactate accumulat­

ion  ( OBLA ) ha s rece i ved cons iderable a ttenti on i n  the 

l i terature . I t  i s  c lear f rom thei r  lack of s imu l tane i ty 

( Dav i s  and Ga s s , 1 9 8 1  ; Scheen et a l , 1 9 8 1  ) that lactate 

concentration can not therefore be regarded a s  re spons ible 

for thi s  obs erved vent i la tory dr ive . 

Resul t s  f rom OBLA include the fol lowing : Runn i ng performance 
• 

corre lates h ighly w i th the %V02 and the treadmi l l  veloc i ty 

a t  which OBLA occurs ( Farre l l  e t  a l , 1 9 7 9 ; Jacobs , 1 9 8 1 a ;  

Jacobs et a l , 1 9 8 1 b ;  Sj odin and Jacobs , 1 9 8 1  ) .  OBLA occurs 

later f or a f a s t /  s low runni ng protocol ( provided it i sn ' t  

too f a s t ) than for a s low / fa s t  or s teady pace protocol 
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( Ar i yoshi e t  a l , 1 9 7 9 ) . V02 r i se i s  fa s t er , lactate product­

ion  i s  l ower a nd the rat i ng of perce ived exert ion i s  lower 

too , f or the f a s t /  s low protocol . OBLA i s  strong l y  re l ated 

to the muscle  respi ratory capa c i ty ( Ivy et a l , 1 9 8 0 ; Jacobs , 

1 9 8 1 a ) . 

Spec i f i c  f indings w i th regard to glycogen deplet ion revea l 

the fol lowing : G lycogen depletion increa ses  drama t i c a l l y  

w i th increa s i ng workloads ( Gol lnick et a l , 1 9 7 4a ) . A t  lower 

work loads the ST f ibres are depl eted f i rst  ( Cost i l l  et a l , 

1 9 7 3 b ;  Go l lnick et a l , 1 9 7 3 ; Go l l nick et a l , 1 9 7 4a ;  

Gol l nick e t  a l , 1 97 4b ) ; a t  moderate l oads both ST and FT 

f ibres are dep l eted together ( Go l lnick et a l , 1 9 7 4a ) ; whi l e  

a t  heavy loads the FT f ibres become depl eted f i r s t  ( Go l l nick 

et a l , 1 9 7 3 , 1 9 7 4b ) . 

G l ycogen deplet ion stud ies  have a l so been conducted w i th 

d ietary i nduced deplet ion . ( Asmus sen et a l , 1 9 7  4 ;  Jacobs , 

1 9 8 1  b )  whi ch con f i rm some of the above f ind i ngs . Glycogen 

can be depleted up to a point , yet s t i l l  produce norma l 

lactic acid l eve l s  when exerc i s i ng ( Jacobs , 1 9 8 1 a ) , but 

deplet ion beyond that point w i l l  result  in s igni f i cantly 

lower l ac ta te production ( Asmus sen et a l , 1 9 7 4 ; Jacobs , 

1 9 8 1 a ;  Jacobs et a l , 1 9 8 1 b ) . 

As I have a l ready remarked , there i s  no rel evant l i terature 

on phosphagen f lows , dep letion , etc , and thus some empirical  

mode l l i ng i s  requi red . 

Margaria  ( 1 9 7 6 ) ha s provided the only quanti ta t i ve hint 

for a pos s ible start . He  supposes the energy supply compon ­

ent attr ibutab le to the a lactic  source to be proport iona l 

to the amount o f  that s tore rema i ni ng . Thi s  i s  a n  i ntui t -

ively reasonable  suppos i t ion , and i s  common i n  a wide variety 

of other phenomena . Thus , knowing the power output of the 

runner , determined by equat ion C and the oxidative energy 

supply rate , determined by equation D ,  we can i nterpret 

h i s  supposit ion as  fol lows . The proport ion of the net energy 
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demand attr ibutable to supply by the a l act i c  source , i s  

proport i onal to the amount o f  a lactic  source rema i n ing . 

I t  i s  c l ear that at the start , s ince the oxidat i ve component 

begins at zero ( i . e .  the basal  metabo l i c rate ) , a l l  the 

energy supp l i ed is alactic . I t  fol lows then that the lactate 

based energy source can be determined by subtract ion . 

Thus for the a lactic  source , A ,  a d i f f erent i a l  equat ion 

o f  the fol low i ng form wou ld app ly 

dA • 

- dt / ( P - V02 ) = kA 

where dA/ dt i s  negative and k i s  the con stant of proport ion­

a l i ty . The i n i t i a l  cond i t ion is tha t A ( O ) = A0 , the norma l 

rest i ng value , and hence k = 1 /A0 • Thi s  equat i on can now 

be tidied up , taking i nto account the uni t s  of measurement , 

energy equi va lents and biomechan ical  e f f i c i enc ies  of the 

processes . 

A i s  usua l ly expressed i n  mi l l imo les  ( mM ) , and the phos phagen 

content of ske l etal mus c l e  is about 30 m M / kg , ( Bergstrom 

1 9 6 7 ; Kar l s son , 1 9 7 1 ; Margaria , 1 9 7 6 ) . Thus , s ince the 

mu scles  i nvo lved in runni ng are abou t 4 0 %  of the body mas s , 

the e s timated value o f  A 0 
i s  about 1 2m mi l l imo les , where 

m is the ma s s  of the runner in kg! W i l k i e  ( 1 9 6 8 ) and 

Margaria  

c l eavage 

Thi rdly , 

( 1 9 7 6 ) give the energy 

at about 1 1 , 0 0 0  calor i e s  

s ince i t  i s  only the 

equ iva lent of phosphagen 

per mo le , or 4 6  j ou l e s / mM .  . 
r i se i n  vo2 above rest i ng 

l evel that contr i butes to the energy supply , a correct ion 

w i th the a s sociated must be appl i ed , together of course 

energy equ iva l ent of oxygen , both mentioned i n  the previous 

section . 

Thus we can deduce 

dA 
dt = A ( 5

•
2 5m ( V- 6 ) - .E ) /552m 6 0  4 

w i th A ( O ) = A0 
= 1 2m mi l l i m6les . 

• • • • • • • • • • • • • • • • • • • • • • • • • • E 

* Assum ing uni form d i stribut i on through whol e  body ma s s  • . 
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The energy rate of supply f rom phosphagens i s  therefore 

g iven by 46 dA/dt j oules  per second , or watts . 

I t  i s  now a rela t i ve ly s imple matter to deduce a d i f ferenti a l  

equation for the lactic  energy component . B y  d i f f erence 

therefore it is of the form 

dL • dA 
dt = P - vo2 + dt 

where L is the lactate store , and dL/dt is negat i ve as  we l l  

a s  dA/ dt . The energy equiva l ent of l ac t i c  acid has been 

determined at around 2 4 0  calor i e s  per gram ( Ma rgar i a , 1 9 7 6 ; 

Cerretel l i  et a l , 1 9 6 9 ) , whi ch converts to 1 j ou l e  per 

mi l l i gram ( mg .  are used because one of the commones t  express­

ions  for  the concent rat ion of lactic  acid i s  mg  per  1 0 0 

ml) . The a lternat ive i s  i n  mM per l i tre , the convers i on 

f actor being a divi s ion by nine ) . Thus we obtain  

d
d
L
t 

_ 5 . 2 5rn ( V- 6 ) _ P _ 46  dA F - 6 0  4 dt • • • • • • • • • • • • • • • • • . 

The i n i t i a l  cond i t ion , s i nce the body conta ins  ( the equi v­

a l ent of ) about 1 • 1 2 grams of lactic  a c id per kg of body 

we ight ( Ma rgar i a , 1 9 7 6 ) i s  thus L ( O )  = 1 1 2 0m ·.mi l l igrams , 

where m i s  a�a i n  the body mas s  of the runner . 

CGriJ.fllENT 

Because 

and of 

of 

the 

the emp i r ical  nature of equations D ,  E a nd F 

ear l i er mode l l i ng a spect s of the bioenerge t i c  

proce sses  d i scus sed ear l i er i n  t h i s  chapter , there a r e  two 

obvious ques t i ons to cons ider . F i r s t l y , there i s  the 

ques t ion of whether these  three equat ions adequately de scribe 

what happens in rea l i ty .  S econd ly there i s  the quest ion 

of whether some mod i f i ca t ion or deve l opment of the Margaria  

model might y ie ld a more theoret i c a l  bas i s  f rom which to 

develop three a l ternate equat i ons . 
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I n  the f i r s t  instance , I have f u l l y  d i scussed the adequacy 

of equation D in mode l l ing the oxygen intake earl i er i n  

thi s Chapter , and so only equat ions E and F need be cons ider­

ed here . I n  regards to the la tter , s ince no d irect med ical  

techniques are ava i lable for maki ng measurements of lactate 

product ion i n  the work ing mu sc l e , its adequacy cannot be 

d i rectly a s ses sed . However it is pos s ible to ga in an in­

d i rect assessment . Thi s  i s  done by the use of a two-compar t ­

ment lactate c i rcu lation mode l , t o  b e  d i scus sed f u l l y  i n  

the next chapter . Compartment 1 i s  the working mu s c l e  where 

the f low or production is required to be measured but cannot 

be , and compartment 2 i s  the rest of the lactate space , 

repre sented by arter i a l  blood , where samp l i ng i s  relatively 

stra i ght- forward ( though i nva s i ve ) . I t  wi l l  be  seen later , 

that equat i on F ,  when coupled to th i s  mode l , produces 

s imu l ated lacta te concentrat i ons i n  the blood which over 

time do adequately descr ibe exper imenta l observat ions on 

exerc i s i ng subj ects wh ich have been made in the labora tory . 

Thus the adequacy of equat ion F can be inferred . I t  fol lows 

therefore , s i nce the power requi rement of the runner i s  

known , that the adequacy o f  equation E i s  establ i shed by 

subtraction . Th i s  i s  not to say however , that any improve­

ment is not pos s ible or shou ld not be sought ; nor to say 

that the equa t i ons may not a t  some t ime be replaced by a 

more theoretica l ly based set . 

Thi s  raises  the quest ion in the second i nstance , of whe ther 

a deve lopment of the Margaria  model is cal l ed for . Thi s  

quest ion i s  d i scus sed more f u l ly i n  the Append i x  1 .  On the 

face of i t , a development i s  c learly pos s i ble but i t  i s  

ne i ther br i e f  nor s impl e . Some aspect s  o f  the nece s sary 

development are fairly  c lear ly ind i cated by the resu l t s  

of recent research . Other aspec ts  mus t  awa i t  future research 

f i nd i ngs . Thu s a n  appropr iate deve lopment is not pos s ible 

a t  thi s  t ime . I am con f i dent however ,  that such an approach 

remains  as a prom i s i ng pos s i bi l i ty for the future . 
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CHAPTER 5 

LACTATE C I RCU LAT I ON MODE L L I NG 

The previous chapter has cons idered , among st other thi ngs , 

aspects of lactate production , and i t  i s  relevant to 

cons ider now , what is known about i t s c i rculat ion , break­

down etc , around the body , and to deve lop equations to 

cover these a spec ts  of the mode l .  

I t  i s  c lear that lactate produced in the anaerobic proce s s  

may ( i )  b e  relea sed to the blood , and /  or ( i i ) b e  removed 

by the a erobic process  by oxidation to H 2 0 and co2 w i th 

the re sult ing product ion of energy , and / or ( i i i ) accumu late 

i n  the mu s c l e  result ing in fat igue . ( Graham 1 9 7 8 , Jorf e ldt 

1 9 7 0 ) . Thi s  l atter considerat ion w i l l  be de ferred to the 

next chapter . The rates of these processes are higher 

during exerc i se . The terms release a nd remova l are both 

used , somet imes i nterchangably , in the l i terature , but 

I sha l l  impose the interpretat ions in ( i )  and ( i i ) . 

Lactate re lease to the bl ood rises  ( approximately l i nearly ) 

w i th mu scle  lactate concentrations up to an apparent l im i t  

( Graham 1 9 7 8 , Jorfe ldt e t  a l  1 9 7 8 , Wol l  and Record 1 9 7 9 ) . 

Th i s  l imi t , which ha s been est imated , i s  not attr ibutabl e  

to i nadequate bloodflow ( Jorfe ldt et a l  1 9 7 8 , Wo l l  and 

Record 1 9 7 9 ) . A sma l l  amount of thi s lactate i s  broken 

down in the l i ver and / or other organs ( Be l cas tro and Bonen 

1 9 7 5 , Wo l l  and Record 1 9 7 9 ) . The rema inder probably 

continues c i rculat ing or i s  returned for use in the aerobic 

mechani sm ( McGrai l et a l  1 9 7 8 ) or reconverted to glycogen 

a f ter cessa t i on of exerc i se ( Brook s and Gaesser 1 9 8 0 ) or 

i s  removed by other i nact ive musc l e , etc ( McGra i l  et a l  

1 9 7 8 , Poortmans e t  a l  1 9 7 8 ) . Remova l f rom the blood i s  

s lower than remova l from the mus c l e  ( Davi s and Gass  1 9 7 9 , 

McGra i l  et a l  1 9 7 8 ) , and i t  i s  the mus c l e  which i s  regarded 

as the ma i n  s i te for lactate remova l ,  ( Hermansen and 

S tensvold 1 9 7 2 ) . 
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Lactate remova l from the mus c l e  via  the aerobic mechan i sm 

i s  not re lated to lactate concentration ( Hermau sen and 

Stensvold 1 9 7 2 ) ,  but of course depends on the o2 mechan i sm 

and i t s  acceleration . In  th i s  mechan i sm ,  remova l can 

apparently keep pace w i th product ion up to about 6 5  or 

7 0 %  vo2 max ( Davi s and Gass  1 9 7 9 , Hermausen and Stensvold 

1 9 7 2 , Jor f e ldt et a l  1 9 7 8 ) and hence this  f igure can be 

regarded in some sense a s  the true anaerobic threshold . 

A fairly  large amount of study has been devoted to the 

evolut ion of bl ood lactate after the cessat ion of exerc i s e . 

In general i t  decreases  to , or nearly to , the original 

pre-exerc i se l eve l , and l i ght to moderate workloads ( <  6 5 %  

vo2 max ) hasten the decrease i f  undertaken duri ng the 

recovery period ( Be lcastro and Bonen 1 97 5 ,  Dav i s  and Gas s  

1 9 7 9 , Freund and Zou loum ian 1 9 8 1  , Herman sen and Stensvold 

1 9 7 2 , We l tman et al 1 9 7 9 ) . The opt ima l removal rate occurs 
. 

a t  around 3 0 - 4 0 %  vo2 max for runni ng and cyc l ing ( Be l ca s tro 

and Bonen 1 9 7 5 ,  Hermausen and Stensvold 1 9 7 2 , and others ) .  

In this  form of act ive recovery i t  i s  probably improved 

c i rculat ion and ra i sed aerobic f unction that has ten the 

decrease . However ,  it ha s been c l early demonstrated 

( Asmus sen 1 9 7 9 , and other s ) that other forms of active 

recovery ( e . g .  mental  activity ) a l so has ten the decrease , 

and these factors cannot operate i n  such cases . The nature 

of thi s decrease is regarded by many as  exponent ia l ,  e i ther 

mono , ( Margar i a  et al 1 9 3 3 , Wo l l  and Record 1 9 7 9 , and 

other s ) or 

Zouloumian 

doubl e  ( Freund and Gendry 

1 9 8 1 , Zoul oumian and Freund 

1 9 7 8 , Freund 

1 9 8 1 a ) . In  

and 

the 

s imple case the rate con stant depends on previous peak 

l actate leve l s  ( Wo l l  and Record 1 9 7 9 ) . In  the doubl e  model 

the same is a l so true of both rate constant s ,  v1hi ch are 

al so i nterrelated 1 ( Freund and Zou loumian 1 9 8 1 ) .  
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In  summary , lactate remova l rate ( above ba sal  turnover ) 

depends on the workload and on t ime , bu t also appears to 

be dependent on l actate concentration . Af ter 

lactate e l evation due to prior heavy exerc i se , the remova l 

has been found ( a )  at re st to fol l ow an exponent i a l  dec l i ne 

f rom a peak level ( the peak usua l l y  occurs af ter cessation 

of exer c i se ) ,  this  t ime course can be mod i f i ed to inc l ude 

a r i se to the peak , by inclus ion of a second exponent i a l  

term , ( b )  t o  show a higher remova l rate a t  l ight t o  moder­

a te exerc ise  l eve l s  dur ing recovery than at rest ( or than 

at a more strenuous recovery regimen l evel ) '1 ( c ) to 

show a higher removal rate when the peak concentrat ion 

had been h igher , in each case f or the corre spond ing work­

loads dur ing recovery in ( b ) . 

The doubl e  exponent i a l  mode l i s  the · s:>lution to a theoret i c a l  

construct by Freund and h i s  eo -worker s , so i t  i s  appropri a te 

to cons ider i t  in some deta i l . 

THE TWO-COMPARTMENT MODEL 

Freund and hi s eo -workers have constructed and mathema t i c ­

a l ly solved a two-compartment model f o r  lactate c i rculation 

a f ter exerc i se ( Freund and Gendry 1 9 7 8 , Freund and 

Zo uloumian 1 9 8 1 , Zoulonm ian and Freund 1 9 8 1 a , b ) . The mode l 

i s  ba sed on the law of mass  conservation i n  a volume , V .  

I t  a l lows for lactate production and ut i l i sation , and lact­

ate uptake f rom and release to other compartment s ,  ( i . e .  

lactate exchanges ) .  Thus i f  the t ime varying concentration 

of lactate i s  denoted by c ,  we have 

V�� = Product ion + Uptake - Uti l i sat ion - Release 

. . . . . . . . . . . . . . . . . . . . 5 .  1 

which i s  a d i f f erent i a l  equa t ion app l i cable to both compart­

ments of the  mode l at any t ime . 
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Diagrama t i ca l l y the mode l can be represented a s  f o l l ows : 

' k 1 

.J 
k6 Vs CS 

� 

M 

k3 V c m m 

k 2 V c m m 

F IGURE 5 . 1 : The Two -Compartment Lactate Model  

k 4  

s 

ks V s 

The f undamenta l a s s umpt i ons of the model are as  fol lows : -

1 .  The tota l lactate distr ibut ion space i s  composed of 

two compartments ; the previously work ing mu scles  M ,  

and the rema in ing lactate space S ;  having re spec t i vely 

the con stant volume s V m and Vs , i n  which the t ime ­

dependent concentrat ions Cffi and C5 preva i l . 

2 . The rates of l actate release  and uti l i sa tion i n  M 

and i n  S are proport ional to the lactate contents 
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o f  these compartmen ts , i . e . vrncrn and vs cs . The co­

e f f i c i ents of propor tiona l i ty in a l l  cases are pos i t i ve 

con stant s .  

3 .  The post-exercise lactate production rates in both 

M and S are pos i tive con stant s .  

4 .  Arter i a l  lactate concentration repre sents the average 

in S i e  C � C . • s a 

These a s sumpt ions are di scus sed and j u s t i f i ed at some length 

in Zou loumian and Freund ( 1 9 8 1 a ) . 

The purpose or values in having the mode l are given a s : -

( i ) I t  a l l ows abstract ions to be studied , using the math­

ematical  relat ionsh ips whi ch bind them . 

( i i )  A variety o f  exper imental s i tuations wh ich i nvolve 

lactate accumulat ion or d i s s ipation can be stud i ed 

under vary ing condit ions . 

( i i� S imulat ion studies can be ea s i ly carried out . 

( iv ) The mode l can be inserted i nto a wider phys iological  

s cheme . 

I t  i s  "the l a s t  which appl ies  in this  study . 

The mathematical  solution , uti l i s i ng L aplace trans forms , 

i s  given i n  Zou l oumian and Freund ( 1 9 8 1  a )  and the properties 

of the mode l are investi gated i n  deta i l  in Zoul oumian and 

Freund ( 1 9 8 1  b ) . None of thi s i s  of much concern in thi s 

study , except to note that the author s were not able to 

f i nd any plausible assumpt ions on parameter values or signs , 

which inva l i dated the mode l . 

I t  wi l l  have been noted of course tha t the mode l i s  proposed 

for lactate c i rculation a f ter exerc ise , and the ma in purpose 

for whi ch it i s  intended here , is for ci rcu lation dur ing 

exerc i s e . Thu s the a s sumpt ions mus t be examined for thei r  

appl i cabi l i ty dur i ng exerc i se . 
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DEVELOPMENT OF THE TWO-COMPARTMENT MODEL 

Assumpt ion 1 i s  una f f ected , except to note that compartment 

M can be the working musc les or the previously  work ing 

musc les , as the case may be . Assumpt ion 2 i s  a l so una f fect­

ed , bei ng independent of whethe r the subj ect is  working 

or not . During work , the lactate contents ( and concentrat­

ions ) of the compartments , par t i cularly of M,  wi l l  of course 

be higher than when at rest . Thi s  in no way a f fects the 

a s sumpt ion , only the consequence s of that a s sumption . 

Assumpt i on 3 on the other hand i s  in part very much a f f ected ; 

the rate of lactate product ion in compartment M i s  no longer 

constant ( though it may be at various t imes ) .  However , 

a production rate i s  obtainable from equat ion F of Chapter 

4 ,  where the three components of bi oenerget i c  mode l l i ng 

were cons idered . As f ar a s  the lactate product i on in 

Compartment S is conce rned , i t  seems plaus ible to as sume 

con stant product ion at the resting l evel a l l  the t ime . 

Thi s  seems a neces sary a s sumpt ion , but one whi ch could 

be quest ioned . To my know ledge there are no other demon-

st rated f acts  

As s umpt ion 4 ,  

dur ing 

which can c on f i rm o r  deny t h i s  a s s umpt i on . 

a s  v,rith 1 and 2 i s  aga in una f f ected , and holds 

work or recovery . Thu s the only change 

wh i ch must be made is to replace the assumed constant lactate 

product ion in compartment M,  by one obta inable +rom equa t ion 

F of Chapter 4 .  The rema ining a s sumpt ions can be sus'cained 

�nd as w i l l  be seen later � no incon s i stenc ies  a r i s e  from 

app l i ca t ion of the mode l to the exerc i se phase . 

•rhe work of Freund and hi s a s soc iates must therefore be 

adapted to der ive two 

for arter ial  ( blood ) 

Regard ing the muscle  

equations , for  mu scle  

la ctate , from equa tion 

compartment f i rst , the 

l actate and 

5 . 1  above . 

product ion 

a t  any t ime is given simp ly by the ba sal metabo l i c  l actate 

product ion , which is the constant post-exerc i se f i gure 

they assumed , plus that produced as  a result of any exerc i se , 

f rom equation F in the previous chapter . Therefore 

Mus c l e  l actate production = k1 - �� • . • • • • • • • • • • • • • • ( 5 • 
2 ) 



8 2  

The rates o f  uti l i sation and release , f rom a s s umpt ion 2 , 

are read i ly obta inable as  k2 V C and k3 V C respective ly , m m m m 

whi l e  the uptake by compartment M i s  the release f rom 

compartment s .  Regard ing compartment s ,  the product ion 

i s  constant at k4 , and 

s imilarly  k5 Vs Cs and k6 

the ut i l i sat ion and 

V C respectively . s s 

relea se are 

The uptake 

by s is the release by M .  The k1 . • • • .  k6 are the constants 

of proport iona l i ty .  Thus applying equation 5 . 1  to the 

two compartment s , and ut ilising 5 . 2 ,  equat ions of the f o l l ow­

i ng forms are obtained : 

V m 

dC 
vs d: = k4 + k3 vmcm - ( k5 + k6 ) vscs • • • • • • • • • • • • •  ( 5 . 4 )  

A great dea l of exper imental work by Freund and h i s  a s soc ­

iates has gone i nto obtaining data to estimate the para ­

meters i n  the ir  mode l , though not necessar i l y  the e i ght 

constants in the above pa i r  of equat i ons . An equ iva l ent 

undertaking f or th i s  s tudy wou ld not have formed part of 

the ma in theme of the work , and in any case wa s beyond 

the scope of the exper imenta l work able to be conducted � . •  

The est imates obta i ned by Freund and h i s  a s soc iates must 

therefore be used in this  study a l so , mod i f i ed only be 

convers ion into appropr iate uni t s . 

The two s implest  a re V and V m s given a s  1 3 . 5  and 2 8 . 6  

l i tres respec t i vely . These convert s imp ly to 1 3 5  and 2 8 6  

dec i l itres ( i . e .  uni ts  o f  1 0 0  ml ) .  Next , the two transfer 

coe f f i c ients k3 and k6 are est imated at . 4 2 and . 1 9 8 3  min - 1  

respectively , which convert s imply aga in t o  . 0 0 7  and . 0 0 3 3  

sec - 1  respec t i ve l y . Now a t  rest , the lactate concentrat i on 

i s  the same throughout both compartments , er say , which 

i s  about 1 0  mg / 1 0 0  ml ( Margaria 1 9 7 6 ) . We note then that 

k3v C = k6v C = 9 . 4 5 mg / sec m r s r 
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which means tha t a t  rest ( i . e .  t + 00 ) , the lactate transfers 

between compartments are i n  equi l ibr ium . Th i s  seems 

emi nen t ly rea sonabl e .  

Th i rdly , the uti l i sat ion coe f f ic ient i n  

of around 0 . 7 2 min - 1 , i . e .  k5 = . 0 0 1 2 

that only k 4 rema ins in equat ion 5 . 4 .  

when the concentrations are stable 

S is  g iven a value 
- 1  sec We now note 

Thu s at equ i l ibrium 

0 = k 4 + ( . 0 0 7 ) ( 1 3 5 ) ( 1 0 )  - ( . 0 0 1 2 + . 0 0 3 3 ) ( 2 8 6 ) ( 1 0 ) 

i . e .  k 4 = 3 . 4 2 mg / sec . 

Fourthly , Freund and h i s  a s sociates  g� ve a f i gure of 2 

m i l l imol e s  per l i tre per minute a s  the lactate product ion 

in compartment M .  Th i s  converts  to k 1 = 4 0 . 5  mg / s ec . 

Th i s  f i gure seems a l i tt l e  high , though � t  doe s seem reason­

able to expect a larger va lue than k 4 = 3 . 4 2 mg / sec . 

Unfortuna tely there appears to be no other value in the 

l i terature to serve as a check . 

La stly , we can now apply equati on 5 .  3 at equ i l ibr i um to 

obtain a value for k2 , i . e . 

i . e .  

0 = 4 0 . 5  + ( . 0 0 3 3 ) ( 2 8 6 ) ( 1 0 ) - ( k2 + . 0 0 7 ) ( 1 3 5 ) ( 1 0 ) 

- 1  sec 

Once again a k 2 f i gure in exce s s  of k 5 = • 0 0 1 2 m ight be 

expected , but this  va lue doe s seem a l i t t l e  high . As above , 

there appears to be no other reported values to serve a s  

a check . 

Thus we can obta in the two d i f ferent i a l  equations for the 

lactate c i rcu lat ion component of the whole mode l . They 

a re g iven by 

dC dL 
d� = ( 4 0 . 5  - dt + . 9 4 5  Cs - 4 . 9 9 5  Cm ) / 1 3 5 • • • • • • • •  G 
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and 

dC . 

dt
s = ( 3 . 4 2 + . 9 4 5  cm- 1 . 2 8 7  Cs

) / 2 8 6  • • . • • • • • • • • • • •  H 

These are the seventh and eighth equations of the sys tem . 
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CHAPTER 6 

FAT I GUE F E E DBACK MODE L L I NG 

S i nce no subj ect can ma i nta in a strenuous wor kload inde f in i te ­

ly , fatigue and exhaustion must enter the sy stem as  a f eed­

back mechanism a t  some stage . I t  wi l l  be assumed that the 

fatigue mechan i sm acts in some way on the tota l force · that 

the runner can exert through the legs . Tha t is it acts 

on f ,  rather than on the power P .  As the subj ect becomes 

a f f ected by the onset of fat igue , the wi l l  powe r to ma intain 

f a t  the chosen l evel ( or to increase i t )  wi l l  be ove r ­

ridden by bi ochemical  con tro l s , and f wi l l  dec l i ne . Th i s  

means i n  turn that the veloc i ty wi l l  dec l i ne , and so 

wi l l  P and the metabo l i c  energy demand . 

S i nce the body cou ld no longer sustain that metabo l i c  demand , 

the change i s  s e l f - r ight i ng . The subj ect can only ma intain 

f at the l evel the body a l lows , and f wi l l  cont inue to 

dimini sh unt i l  the energy demand ha s been lessened to a 

level that the body can accommodate ( such a l evel may 

be zero ) . The subj ect however cou ld foresta l l  the fat igue 

control , if  he / she knows the indicators of its incipience , 

by voluntar i l y lowering f .  Thi s  may be done a number of 

times , but un l e s s  

ually  intervene . 

a l l  together , and 

f i s  radica l l y ' reduced fat igue wi l l  event­

Al ternately the subj ect may cease exercise  

so  f = z ero . 

EXERCISE PRIOR TO THE ONSET OF FATIGUE 

I f  the subj ect undertakes exerc i se at the max ima l or " a l l ­

out "  l eve l , the on set o f  fat igue wi l l  be rapi d ;  2 0  o r  3 0  

seconds f or a f i t  hea l thy individua l .  However , i f  he/ she 

undertakes exerc i s e  at a lower l eve l , say a constant load , 

then the endurance i s  i ncrea sed many -fold . Thi s  sort of 

power -endurance relationship ha s been of some interest to 
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physiolog i sts  ( Tornva l l,  1 9 6 3 , Nordesj o 1 9 7 4 , Wi lkie 1 9 8 0 ) , 

but i s  not of fundamenta l importance i n  this  study . A curve 

depicting thi s  re lationship cou ld be obta i ned as  a pa rticular  

set of solutions to  the model system , i f  requi red . 

Consider the second s i tuat ion f i rst . ( s ince i t  i s  s imple 

to dea l w i th mathematica l l y ) . For cons tant workloads , or 

more correc t ly constant propu l s i ve force , we have 

df 
dt 

= o • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • I ( a )  

with an i n i t i a l  value f ( 0 )  = f 0 , sel ec ted by the subj ect . 

Now 0 :i f0 � F ,  where F i s  the max imum pos s ible in the resti ng 

s tate , · and F seems to be about eight t imes the ma s s  of the 

subj ect , in newtons , ( H i l l  1 9 2 7 b ,  Henry and Traf ton 1 9 5 1 , 

Ke l ler 1 9 7 3 , 1 9 7 4 ) .  

I t  shou ld be noted that equat i on I ( a ) , together w i th equat ­

ions B and C ( al l ow ing t ime f o r  acce leration ) imply that 

�� = 0 , i . e .  con stant workload . Many exerc i se test ing 

procedures as sume P i s  con stant on the cyc l e  ergometer ( or 

that v on the treadmi l l  i s  constant ) ,  and ignore accelerat ion . 

In a mathematical  treatment , such a simp l i f icat ion cannot 

be made . If fatigue acts  directly on P and not ind i rectly 

through f ( which may be arguab ly inferior on phys iological  

grounds ) , then f or a con stant workload equat ion I ( a )  should 

be replaced by 

�� = 0 with P ( O ) set at the desi red l eve l . However , 

s ince P = fv and the runner starts from rest , i . e .  v ( 6 )  = 0 , 

this  impl ies  f ( 0 )  + · .oo , which i s  c l ea rly  not pos s i ble . Thus 

it seems appropriate for constant load work prior to the 

onset of fat igue , to use equa ti on I ( a ) , w i th a chosen initial  

cond i t ion , f 0 . 

Prior to the onset of fatigue , there i s  no requi rement for 

f ( or the workload ) to be constant , s i nce f is under the 

w i l ful  control of the subj ect . Indeed Equation I ( a )  could 
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be repl aced by any suitable a l ternative . For example , 

another common form used in exerci s e  testing i s  the progre s s ­

ive , o r  ramp test , where P = rt . The pa rameter r i s  the 

ramp coe f f ic i ent , values of �- 1  wa tt per second being common 

on the cyc l e  ergometer . ( The s i tuat ion i s  somet imes comp­

l i ca ted mathema t i c a l l y  by u s i ng d i screte j umps ,  of say 3 0  

wat t s  per minute , rather than a conti nuous procedure . )  

In the true ramp tes t , we can  deduce 

�� = �ra / f  • . . . • • . • . . . . . . . . . . • . • . • . • . . . • I ( b )  

but we mu s t  take care that the i n i t i a l  cond i t ion f ( 0) = f.O 
doe s not inc l ude f 0 = 0 .  ( a  i s  the parameter f rom equation 

B i n  chapter 3 ,  the resi s tance parameter in the equation 

of mot ion ) . 

At the onset of fat igue there i s  a change , s ince equat ions 

I ( a )  or I ( b )  a re replaced by one in wh ich d f /dt < o .  I n  

order t o  der i ve such an equat i on we mu st · f i r s t  cons i der 

what is known phy s iologi ca l ly about fat igue . 

SOME PHYSIOLOGY OF FAT IGUE 

Asmus sen ( 1 9 7 9 ) d i f f erent iates between two ba s i c  mechani sms 

of fatigue ; centra l ( proximal to the motor neuron s , i . e .  

ma inly i n  the bra i n ) and per ipheral ( d i sta l  to the motor 

neurons , i . e .  ma inly  in the mu scles  themselves ) .  It i s  

the latter that i s  the maj or concern i n  this  work . He 

regards thi s  fat igue as  being due to the deplet ion of metab­

o l i tes  ( principa l l y  g lycogen ) and / or the accumu lat ion of 

catabol i tes  ( principa l ly lactic acid ) . The former i s  predom­

i nant in pro longed exerc i se of low to moderate intens i t i es , 

and the latter in shor t- term high- i ntens i ty exerc i se . Thes e  

v i ews a r e  shared and con f i rmed by many others ( Farre l l  e t  

a l  1 9 7 9 , Kar l s son et a l  1 9 7 5 , Li ndstrom et a l  1 97 0 , Simmonson 

1 9 7 1 , Tes ch 1 9 8 0 , Tre f f ene et al 1 9 8 0 , etc ) , and ref lect 

the accepted state of bel ie f  at present . 
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There is  a l l  round agreement that heavy lactate accumulat ion 

l eads to muscular fat igue , a t  least  i n  the short to med ium 

term , fol lowing heavy to severe workloads . Asmus sen ( 1 9 8 0 } 

refers to lactic  acid a s  a " fa ti gu i ng subs tance ' .  Mus c l e  

norma l ly functions i n  a n  a lkal i ne med ium , and i t  h a s  been 

long recogn i s ed that an ac idic med ium impa i r s  

the ab i l i ty both t o  contract repeatedly and t o  ma inta i n  

tens ion . Unfortunately there appears n o  pub l i shed quant­

i ta t i  ve measure of the relationship between the degree of 

impa irment a nd the concentrat ion of lactic acid ( or say 

the pH } .  

I t  i s  thought that the fatigue mechan i sm operates through 

a decrea se in Ca + +  ion ava i l abi l i ty ( Tesch 1 9 8 0 } . Several 

s tudies , wh i l e  not directly quantify ing the level of fatigue , 

have found, for example , that a rati ng of perceived exert ion 

corre lates strong ly w i th both blood and mu scle  l actate 

( Ar i yoshi e t  a l  1 9 7 9 , Jacobs 1 9 8 1  a } . Sma l l  to moderately 

e l evated lactate leve l s  have i n  some studies  ( We l tman et 

a l  1 9 7 7 ,  1 �7 9 )  been found to exert l i tt l e  •Or no demonstrable 

e f f ect on subsequent per formance of short -term maximal 

exerc i se , but i n  severa l others , the contrary result  wa s 

demonstra ted ( Karl s son e t  a l  1 9 7 5 , Stamford et a l  1 9 7 8 , 

and others ) ,  par t i cularly when the e l eva tion wa s pronounced . 

I t  shou ld be noted that , as with i ncomplete glycogen deplet­

i on , lactate level need not be  unu sua l ly high when exhaust i on 

a fter pro longed exerc i se occurs ( Farre l l  et a l  1 9 7 9 ,  Jorfeldt 

e t  al 1 9 7 8 } . In  such cases it is sugge sted that the mech-
. .  

anism may involve t."le inhibition of the free fatty acid metabo l i sm 

( Ivy et a l  1 98 0 , Jacobs 1 9 8 1 a ) . 

Glycogen i s  of course the ma i n  precursor of lactic  acid form­

a t ion ( Jacobs 1 9 8 1 a ) ,  and the impa i rment of s trength and 

the endurance of subsequent exercise  has been shown to depend 

on the pattern of prior dep let ion ( Jacobs et a l  1 9 8 1 a ) ; 

i . e .  on the l evel of prior exerc i s e  and the f ibre - type 

d i s tr i bution . However , deplet ion of g lycogen i s  not a 



8 9  

prerequ i s i te for exhaustion , for exhaus ted runners have 

been found to s t i l l  pos s e s s  a s i gni f i cant. , though reduced , 

g lycogen l eve l ( Cost i l l  et a l  1 9 7  3b , Go l lnick et a l  1 9 7  3 : 
Go l lnick e t  a l  1 9 7 4a ) , and thi s observa t ion a l so imp l i e s  

that the remai n ing gl ycogen store does not neces sar i ly 

therefore ref lect the metabo l i c  reserve s of the working 

f ibres ( Cos t i l l  et a l  1 9 7 3 b ,  Gol ln i ck 1 9 7 3 ) . Acute dep let ion 

however , wi l l  lead to impa i rment and reduced anaerobic 

capa c i ty ( Asmus sen e t  al 1 9 7 4 ) , particularly  in musc l e  rich 

i n  FT f ibre ( Jacobs 1 9 8 1 a ) . It  ha s been noted that lactate 

accumu lation matches g lycogen dep letion ( Gol l n i ck e t  a l  

1 9 7 3 , 1 9 7 4 b )  but g lycogen restorat ion does not match lac tate 

remova l ( Brooks and Gaes ser 1 9 8 0 , Go l lnick et al 1 9 7 4 b ) . 

I t  i s  a pity that , other than demon strate some form of 

s ign i f i cant reduct ion in mu scle  per forman ce , a l l  the stud ies  

have f a i led to addre s s  6r even answer t h e  relevant que s t i on :  

By what amount i s  the muscle  :s trength reduced i f  

the lactic  acid concentrat ion i s  X mg / 1  0 0  m l ?  

Maybe they have tried but wi thout succe s s . One study ( Tesch 

1 9 8 0 ) notes " I n  these exper iments :L t wa s not pos s ible  

to relate  exhaust i on t ime to a certai n  l eve l of l actate 

concentra t ion" . I can s ee that I sha l :. have to l ook hard 

at thi s  last  aspect of my mode l l ing . 

PROBLEMS OF FATIGUE EXPERIMENTATION 

On the face of i t , experimentation i n  order to relate the 

exhaus t ion times ( or rather the constant forces bei ng exerted 

unt i l  thos e times ) to the leve l s  of mu scular lactate concen­

trations , s eems f ea s i bl e . Th i s  is only comp l i cated by the 

i nvas i ve technique ( need le biop sy ) requi red to determine 

the mu scular lactate concentra t ion at the t ime of exhaus t i on . 

A l ternatel�, perhaps the lactate c i rculation model cou ld 

be u sed for backwards extrapola tion a f ter exerc i se , to 

e s t imate a Cm value a t  exhaust ion · f or each 

workl oad . . In  either case a p icture c ou ld be bui l t  up of 
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the relat ionship between force f and muscular lactate 

concentration Cm . The curve denotes the boundary of a work 

area w i thin  which the subj ect can work at wi l l  wi thout being 

overcome by fat igue . 

the a s soc iated C , and m 
cross ing tha t boundary . 

On the boundary , 

fat igue prevents 

f i s  maxima l 

the subj ect 

for 

f rom 

Based on the in formation in the previous section on the 

phy s iology of fatigue , the obvious f ea tures of such a bound ­

ary curve are a s  fol lows . I t  starts at the maximum 

propu l s i ve force , F ,  about 6 0 0  newtons , at rest when the 

muscular l actate concentrat ion is at the norma l rest i ng 

l evel of about 1 0  mg/ 1 0 0 ml . As Cm increases i t  i s  fairly  

f la t , decreasing only s lowly . I t  obviously  drops f a i r l y  

sharply near ing the 1 4 5  mg/ 1 0 0 ml mark ( Kar l s son e t  a l  

1 9 7 2 , Knuttgen and S a l  t i n  

a s  c m i ncreases  further , 

a constant , probably zero . 

such as  i n  F igure 6 . 1  be low . 

f 

1 4 5  

1 9 7 2 ) .  Thereaf ter it  mu st  drop 

and tend a symptot ica l ly towa rds 

Thi s  sugges t s  a s igmoi d  curve 

c m 

F IGURE 6 . 1 : A Suggested Fat igue Curve 
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There i s  however an important d i f f iculty i n  obtai n i ng a 

f u l l  data set from any exper imental procedure des igned to 

e s t imate such a curve . It is we l l  estab l i shed ( e . g .  Scheen 

et al 1 9 8 1 , Tre f f ene et al 1 9 8 0 , and others ) ,  that for any 

g iven workload , the lactate concentrat ion in the blood or 

muscles  wi l l  only ri se to a certa i n  peak va lue . Th i s  value 

may br i ng the on set of fatigue , in whi ch case it represents 

a po i nt on the requi red curve , or i t  may not , ei ther ma in­

taining a steady va lue or decrea s i ng , as  exerc i se cont i nues . 

I n  both these l atter cases , the poi nts repre sented l i e  at 

a l l  t imes below the requi red curve . Thi s  means that i t  

i s  exper imenta l l y  imposs ible to obta i n  some observat i ons 

on the curve . Th i s  area f a l l s  be low the peak-value curve 

whi ch can be superimposed on F igure 6 . 1  and the area i s  

shown shaded i n  F i gure 6 . 2  be low . 

f 

va lue curve 

1 0  1 4 5  3 0 0  

FIGURE 6 . 2 :  Fat igue and Peak Lactate Curves 
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Exper imenta l ly there seem only two ways around thi s  problem . 

One would be to arti f i c i a l l y i nduce a hi gh mus c l e  l ac tate 

concentration and then exercise  the subj ect , i n  thi s way 

depre s s i ng the peak va lue curve ( a s it appear s  graph i ca l ly 

in F igure 6 . 2 )  and so enlarging the exper imenta l l y feas ible 

region . Just whether thi s  approach i s  pract icable i s  itse l f  

a d i f f i cu l t  quest ion . The second pos s i bi l i ty wou ld be to 

work the subj ect unt i l  exhaust ion , and then , rather than 

cease exerci s e , let ( or coerce ) him/her to continue at the 

h ighe st leve l the body wi l l  al low . In  thi s  way , the subj ect 

tracks down the boundary curve ra ther than " f a l l s "  off i t  

a s  when exerci s e  ceas es . Th i s  approach has two requ i rements , 

some sort of cont i nuously adj us table ergometer , and a conti n ­

uous o r  at l e a s t  frequent , mon i toring of mus c l e  lactate 

concentra tion . The pract icabi l i ty of thi s  latter is open 

to quest ion a l so . 

Notwi ths tand ing the se d i f f iculties , the re sources for conduct­

i ng such exper imentation were unava i labl e . Thus some rather 

b l i nd emp i r i ca l  mode l l i ng mus t be under[l:.aken in a search 

for a sui table  fat igue curve . 

A FATIGUE FEEDBACK EQUATION 

S i nce we are i nvest igating a relat ionship between force 

f and mus c l e  lactate concentration c· an expre s s ion for m '  
d f / dC

m 
i s  requi red , to be used in 

df df 
dt = 9 C

rn 

dCm 
·dt • • • • • • • • • • • • • • • • • • • • • • • • • • ( 6 • 1 ) 

where the latter der ivative i s  obtained f rom equation G 
i n  Chapter 5 .  

There are  "two pos s ible 
l 

a sigmoi d  curve to suit . 

whose equat�on i s  known , 

empirical  approaches to obta ining 

The f i r s t  i s  to use a re lationshi p  

f rom which df I dc.m can b e  obt a ined 
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directly . The second i s  where d f / dC i s  postulated to fol l ow m 
a certa i n  form . I n  e i ther case , appropriate parameter values 

and initial  condi t ions mu st be ut i l i sed . 

A candidate for the f ormer approach might be an equation 

such as  

a I n f = -tJ. [ 1 - exp ( - f3 ( cm - 1  0 )  ) . . . . • . • . . . • • • • • • • ( 6 .  2 )  

Suppose for examp le F to be about 7 0 0 newtons , in  whi ch 

case a i s  about 6 .  5 5 . As far a s  parameters n and f3 are 

concerned , note that n determines the gradient of the curve 

( in a general sense ) , and that n and f3 together determine 

the i nf lect ion point . Try ing n = 1 ,  2 or 3 ,  and a s s uming 

an inf lect ion point at around the 1 4 5 mg/ 1 0 0 ml mark , 

determine f3 .  Sketching those three l eads to the fol lowing 

f igure for equat ions 6 . 2 . 

f 

7 0 0  

10  1 4 5 
F IGURE 6 . 3 :  Sketche s of Equat i ons 6 . 2  

1 

2 

3 
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Critical  examination o f  the se revea l s  that the cases for 

n = 1 and 2 do not drop sharply enough , and tha t n = 4 shou ld 

perhaps be tried . Two other reasons however , suggest  that 

thi s curve could not be man ipu la ted to give the right sort 

of shape . F i r s t l y , as  n i ncrease s , the rate of curvature 

prior to the point of inf l ect ion i s  becom i ng noticably more 

rapid , and the segment leading up to i t  is becom ing increas ­

ingly f la t .  For n = 4 ,  the s i tuation would be even more 

pronounced than in the above Figure . Th i s  wou ld mean that 

i ncreas i ng lactate concentration wou ld have no e f fect , and 

then fairly  suddenly , j ust  prior to the 1 4 5 mg/ 1 0 0 m l  leve l , 

the e f f ect would be rather abrupt . .Secondly , a lthough f 

a t  the point of i n f l ection i s  dropping , i ts value for n 

= 3 and probably for n = 4 a l so , i s  sti l l  too high , be i ng 

about 2 / 3  of F .  I t  wou ld seem more appropr iate to have 

a more gentle  drop in f ,  but one whi ch cont inues for a longer 

way before l eve l l i ng o f f . That i s , the value of f at the 

point of i n f l ect ion would more appropr iately be below say 

-1-F .  

A c andidate for the second empi r i ca l  approach m ight be to 

s uppose 

df 
dC m 

= k 1 f ::l  - k2 f . . • . • . . . . . . . . . . . . . . . . . . • • . . • •  ( 6 . 3 )  

where k 1 and k 2 a r e  sui tably chosen constants a nd f < k2 / k1 • 

Thi s  i s  s imply the decay version of a very common growth 

mode l , often used in popu lat i on s tudi es . I t s  solut ion i s  

a hyperbo l i c  tangent . 

k2 k2 
tanh ( -- C - C* ) + ---2 m 2 k1 

Where C* i s  a constant to suit  the i n i t i a l  condi t ions . 

The va lues of k 1 and k2 can a lways be selected la rge enough 

to make the curve as steep as requ i red , but the va lue o f  

f a t  the point of i n f l ect ion i s  a lways -1- F b y  symmetry o f  

the tanh funct ion . Thi s  can be seen i n  the fol l owing f igure . 
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f 

� F  inf lect i on 

FIGURE 6 . 4 :  Sketches of Equat ions 6 . 3  

I f  the form of  the d i f f erent i a l  equation i s  changed to 

or 

the 

the 

so 

be 

df 
dC m 

gradient 

value of 

change s i n  

seen in the 

• • • • • • . • • . • • • • . • • • • • • • ( 6 • 4 ) 

( 6 • 5 ) 

i s  s teepened ( f or the same k1 and k2 
) ' 

but 

f a t  the point of inf l ection rises  above � f  2 ' 

this  d i rect ion are i nappropr iate . Thi s  can 

fol l owing diagram . 
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f 

. 6 3 

. 5 8 

. 5  

} inf l ect i ons 

FIGURE 6 . 5 :  Sketches of Equat ions 6 . 3 - 6 . 5  

A change in the other d i rect ion m ight be appropriate , i . e .  

d f  I dCm of f oll'Ill f - ff, whi ch can a l so be made a s  steep as  
H 

requi red , but has i t s  i n f l ect ion poi nt a t  f below � F .  A 

compari son w i th some of the previous a l ternat ives i s  shown 

i n  F i gure 6 . 6  be low . 

F 

. 5 8 

. 5  

. 3 4 

- - - - -· 

// 2 ( f 3 - f )  

2 ( f 3 - f )  

f -/f 

FIGURE 6 . 6 :  Compari son of Fatigue Curves 

1 i n f l ect i ons 
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Th i s  suggests that a suitably chosen vers ion of a d i f fer­

ential  equat ion of thi s  form represents the preferred opt i on . 

As wi l l  be seen later , a s imulat ion of the fu l l  mode l  with 

thi s and some of the previous a l ternat ives , l eads to the 

same pre f erence . 

There are two l i tt l e  d i f f iculties  w i th a l l  the se forms of 

the d i f ferential  equat ion . The f ir s t  i s  that we cannot 

set f 0 = F ,  for the der ivative i s  then zero , and f never 

dec l i nes  i rrespect ive of the va lue of Cm · Secondly , i f  

we start a t  some f0 
< F ,  then we f i nd that the point of 

i n f l ect ion where the drop in muscular power i s  s teepest , 

i s  very dependent on the starting value chosen . I f  f0 i s  

not close enough to F ,  then i t  might occur a t  a va lue consid­

erably lower than the " tolerance va lue" of about 1 4 5 mg/ 1 0 0ml  

suggested by the l i terature � and vice versa . These d i f f i c ­

u l t i e s  d i d  not occur ear l ier when the actual equation wa s 

known . 

Thi s  suggests  we mus t 

i t s  analytic  solut ion 

solve the d i f ferent i a l  equat ion for 

to get around the problems . Thi s  

can be done s ince the equat i on i s  s imple . Thus suppose 

df k1 f k2
1f w i th dC 

= -

m 
f < 

k2 
:1 

--

k1 
:1 

• • • • • • • • • • • • ( 6 • 6 ) 

Putt ing y 2  = f w i th df /dCm 
= 2 y dy /dCm , then 

= 

which i s  a s imple f i r s t  order l ine or dif ferent i a l  equation 

w i th general  solut ion 

where P is a constant determined by the i n i t i a l  cond i t ions . 



9 8  

Thus w e  obta in 

and we must obta i n  values for k1 , k2 and P .  

We know that a t  rest , C = 1 0  and f = F ,  ( = 6 0 0  newtons say , m 
i . e .  F i s  known ) 

k2 5 k 1 :1 F = (� + P e. ) • • • • • • • • • • • • • • • • • • • • • • • • • • •  ( a )  

At i n f l ect ion , d f / dCm i s  a minimum , which can ea s i ly be 

found to occur at f = k2 2 I 4 k 1 2 •  We may now suppose that 

thi s occurs a t  . 4  F say , and hence 

= /1 . 6 F • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • ( b ) 

and hence from ( a )  and ( b ) we get 

p = ( 1  - 11:6 ) /F 
- 5k1 12-. • • • • • • • • • • • • • • • • • • • • • • •  ( c )  

Thirdly we might suppose that at Cm = 1 6 0 say , f ha s dropped 

to 1 / 2 0  F .  Hence 

k2 . O SF = ( -k 1 
+ 

and hence from ( b ) and ( d )  we get 

- a o k 1 P = ( IJfs - 11:6 > IF e. 

Equating ( c )  and ( e )  a nd solving for k1 , gives 

( d )  

( e )  



Hence from ( b ) , k2 = . 0 2 3 1  IF · 

and f rom ( c ) , P = - . 2 4 1 6 IF 
. 0 0 9 2  c 

f = F ( 1 . 2 6 4 9 - . 2 4 1 6 e m ) 2 . . . . . . . . . . . . . . . . 

or C = .l n  ( 5 . 2 3'5 5 - 4 . 1 3 9 lf / F ) } . 0 0 9 2  m 

9 9  

( 6 • . 6 ) "  
• ' · 

( 6 • 7 ) 

a nd note tha t at C = 1 0 , f t F  = . 9 9 9 9 , whi ch i s  rather high . m 

Therefore , prior to f a t i gue , we can use I ( a )  or  I ( b )  or 

some other sui table equa t i on f or df  I dt . At f a t i gue there 

is an i n terrupt , as determ i ned f rom equa t i ons 6 .  6 or  6 .  7 .  

Thereafter i f  the s ubj ect res t s , we mu s t  reset f to zero 

and cont inue w i th I ( a ) . I f  the subj ect cont inues at a non ­

z e ro but lower va lue of f ,  then I ( a )  can be used aga i n  unt i l  

the next i nterrupt , etc , with f being reset each t ime . 

I f  the s ubj ect wishes to track down the fat igue curve , i . e .  

to con t i nue to the best o f  h i s / her abi l i ty ,  we must use 

equat ion 6 . 6  w i th k 1 = • 02  and k2 = • 0 2 3  IF i n  equat ion 

6 . 1 , i . e .  

d f  
dt = 

de 
( .  0 2 : f - . 0 2 3 /Ff ) . d� I ( c )  

I n  an " a l l -ou t "  e f fort , where the s ubj ect beg i n s  w i th f 0 on ly 

j u s t  l e s s  than F ,  equa t ion I ( c )  must o f  cou r s e  be used ab 
\ 

i n i t i o . 

MIISSEY l ! t �JVERSity 
L: ·:; ;:: ,\:-Y 
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CHAPTER 7 

THE MODEL AS A WHO LE 

Equ a ti on s  A to I ,  w i th appropr i a t e  s e l e c t i on s  for equat ion I ,  

a s  descr i bed in Chapters 3 t hrough 6 ,  de f i ne the mode l sy s t em 

a s  a s e l f - cont a i ned whol e . Only variable f ,  the muscular 

force is  exogenou s to the s y stem l eading to the choice o f  

f orm for equat i on I .  The rema i n i ng e ight variables a r e  

endogenou s .  Even variable f ,  i f  the s ubj ect i s  exer c i s i ng 

" a l l -out " , i s  endogenou s ,  in  wh ich c a s e  the sy stem , g iven 

· appropr i a t e  ini t i a l  cond i t ions , i s  ent i r e l y  sel f -determi n i ng . 

A r e - orderin g o f  the equ a t i on s  however i s  neces sary before 

s imu l a t ion . 

S i nce each i terat ion in the simu l a t i on operates sequent i a l ly 

on the equations d e f i n i ng the system , we must take note 

of the fol lowing : 

( a )  

( b )  

( c )  

( d )  

( e )  

df / d t  e and dv/dt are requi red i n  order to determi ne 

dP / d t . 

d P / d t  i s  requ i red i n  order to determ i ne d\l) dt 0 

dA/dt is requi red in order to determ i ne dL/dt . 

dL/dt is  requi red in order to determi ne dC /dt . m 

dC / dt i s  requi red i n  order to determ i ne d f / dt , unl e s s  m 
a spe c i a l  form of d f / d t i s  used prior to f a t i gu e . 

I t  f o l lows that the s y s tem var i ab l e s  must be eva l ua ted , 

through the i r  der i vat i ve s , in  the f o l l ow i ng orde r : 

A , L 1: c , c . , f ' V ' p ' D ' V 
, m s 

] 
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that i s ,  the equa t ions in correspond i ng order 

E ,  F ,  G ,  H ,  I ,  B ,  C ,  A ,  D 

The f u l l  ma thema t i c a l  des c r i p t i on o f  the sys tem i s  thus · 

dA 
dt 

dL 
dt 

dCm 
dt 

dCs 
dt 

df  
dt 

dv 
dt 

= A ( 5 . 2 5m ( V - 6 ) / 6 0  - P / 3 ] / 5 5 2m • • • • • • • • •  

= 5 . 2 5m ( V- 6 ) / 6 0 - P / 3  - 4 6dA/dt • • • • • • • •  

= ( 4 0 . 5 -dL / d t  . + . 9 4 5Cs - 4 . 9 9 5Cm ) / 1 3 5 

( 3 . 4 2 . 9 4 5C 1 • 2 8 7 Cs ) / 2 8 6  = + - . . . . . . 
m 

= ( . 0 1 3 4 f - . 0 1 7 /FI ) dCm / d t  . . . . . . . . . . . 

or = 0 for con s t a nt load work . . . . .. .  

or = �ra / f  for ramp f unct i on . " . . . " . 

= ( f - av ) / m  . . . . . . . . . . . . . . . . . . . . . . . . . 

( 7 .  1 ) 

( 7 • 2 ) 

( 7 • 3 ) 

. ( 7 . 4 )  

( 7 . S a )  

( 7 . 5 b )  

( 7 . 5 c )  

( 7 • 6 ) 

dP 
dt = fdv / d t  + v d f / dt • • •  • •  • • • • • • • •  • • •  • • •  ( 7 . 7 )  

dD 
dt = V . . . . . . . . . . . . . . . . . . . ( 7 . 8 )  

dV 
dt = b ' ( t dP / d t  + P ) / 3m 

+ a ' ( dP / dt + e -A t ( A P - d P / dt ) ] / 3m ( 7 . 9 )  
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The parameters to be determi ned for use i n  these equa t i on s  

a re : 

( a ) m :  the ma s s  of  the subj ect in kg , obtainable s imply by 

we igh i ng . 

( b )  F :  the max ima l propu l s i ve force f or the s ubj ect i n  

newtons obt a i nable from a f i t  t o  spr i nt data . 

( c )  a :  the res i s tance to mot i on con s tant in kg / s ec , obt a i n ­

a b l e  a l so f rom the f i t  t o  s p r i n t  data . 

( d )  b ' i n  ml / j  x 6 0  and a '  i n  ml /wa t t s  x 6 0 , pa rameters 

of  the emp i r i ca l  oxygen uptake equa t i on , obta i nable 
. 

f rom a f i t  to vo2 data of the subj ect dur ing exerc i se 

( e )  A :  the rate cons tant for the oxygen uptake adj u s tment 

in  s e c - 1 , obta inable a l s o f rom the �02 data f i t . 

There are of  course a number of  other parameters i n  the 

sy s tem f or whi c h  pub l i shed exper imenta l values have been 
a s s umed , a� d e s c r i bed in the previous Chapter s .  Th i s  wa s 

done becau�e the exper imenta l pha s e s  of t h i s  s tudy d id not 

extend to the nec e s sary data for e s t imat ion . Th i s  does 

not mean such values cannot be mod i f i ed . 

The fol low i ng two chapters wi l l  descr i be the exper imenta l 

procedures u sed to ga ther data , and the techn i ques used 

,to es ti ma te the requi red parameters . Mor e data than required 

for estimati<;>n was collected1mi:h of the exce s s  to provide s upple­

mentary i nfon.1at i on aga i n s t  wh ich to j udge the adequacy 
of the mode l . 

1 1  
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DURING D I FFERENT LEVE LS OF EXERCISE 

INTRODUCTION 
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Th i s  resea rch thes i s , not be ing a pu rely theoret i c a l  deve lop­

ment , i nvolves in part the col l e c t i on and ana ly s i s  of data 

on exe r c i s i ng s ubj e c t s . The data i ts e l f  is to be us ed for 

parameter e st imat ion i n  the f i r s t  i n s tance a s  desc r i bed 

in the next Chapter , and a l s o for va l i da t i on o f  the s i mu la ted 

resu l t s .  Th i s  pract i c a l  a spect o f  the theoret i c a l  work 

ha s been con f i ned to the more ea s i l y ob ta i nable data , s i nce 

re sources o f  t ime , equ i pment , exper t i se and f i nance we re 

them s e lves l imi ted . However , suf f i c ient data ha s been 

obta i ned to provide a reasonab l e  i n s ight into the pra c t i c a l  

a spec t s  o f  the mode l . 

The requi red data f e l l  i nto two ca tegor i e s , that whi ch had 
to be a s s umed f rom pub l i shed exper imenta l resul t s , and tha t 

wh i ch  could be col lected u s ing the f ac i l i t i e s  i n  Chr i s t ­

church . Th i s  l a t te r  i t s e l f  f e l l  i nto two catego r i e s  a l so , 

the Newtonian b i omechan i c a l  data , and the b i oenerget i c  a nd 

b iochem i ca l data . 

The bi omecha n i c a l data i nc luded the subj e c t s ' we ight , u sed 

i n  severa l of the sy stem equat ions , together w i th spr i nt i ng 

da ta co l lected on the runn i ng track . The la tter provided 

e s ti ma t e s  f or the res i s ta nce to motion coe f f i c ient for 

equa t ion s ( 7 . 5 c )  and ( 7 . 6 ) , and the max imum propu l s ive force 

F for equat ion ( 7 . 5a ) . The re s i s t ance to mot i on coe f f i ci e n t  

i s  of par t i c u l a r  importance in the mode l , s i nce per f orma nce 

seems par t i cu l a r l y  sens i t ive to changes i n  i t s  value . The 

bioenerget i c  data inc l uded deta i l ed oxygen consumpt ion data 

over a w i de range o f  exerc i se leve l s ;  togethe r  w i th 

comprehe n s ive data on oxygen consump t i on , b lood l a ctate 
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c i rc ul a t ion and f a t i gu e  in  exerc i s ing subj e c t s . 

The f orme r i s  to e l uc i date the oxygen consumpt ion f unction 

and es tabl i s h  the sui tabi l i ty of equat i on ( 7 . 9 ) . The l at ter 

wou ld be u sed i n  parameter e s t imat ion and mode l va l ida t i on . 

I t  wa s not pos s ib l e  to obta in data on the o ther two hie­

energe t i c  func t i ons a s  d i s cu s s ed i n  Chapter 4 ,  and hence 

the emp i r i c a l  nature of  the mode l l i ng . The b i ochem i c a l  

( l actate ) d a t a  wa s not ut i l i s ed f o r  pa rameter e s t ima t i on ; 

bu t fo� i n s i gh t  into fat igue mode l l i ng ,  �nd mode l va l ida t i on . 

The data obta i ned from pub l i shed exper imenta l resu l t s  inc lud­

ed such th ings a s  the energy equ iv a l ent of the b ioenerget i c  

proc e s se s , body ene rgy s tores , d i f fu s ion coe f f i c ients i n  

the two- compar tment mode l , etc , a l l  d i s cu s sed i n  Chapters 

4 ,  5 and 6 .  

MATER IALS AND METHODS 

Subj e c t s : A s i ng le s ubj e c t , my se l f ; a f i t , hea l t hy , ma l e  

neve r a t r a i ned a th lete , aged 3 6  year s , he i ght 1 . 7 8 metre s , 

we ight 7 2  kg ; performed the exerc i s es to e s tabl i s h  the 

oxygen con s ump t i on funct ion de f i ned by equat ion ( 7 . 9 ) . 

For t he s tudy a s  a whol e ,  a homogenou s group of  a th l e te s  

wa s requi red . Through the conta c t s  made ea r l i e r , seven 

s ubj e c t s  ( 6  ma le and one f ema l e ) we re so l i c i ted , a nd a n  

e i ghth a greed to a c t  a s  s t and -by . Al l seven a t tended a 

prel i m inary s e s s ion a t  the Re s p i ra tory Laboratory togethe r 

wi.th mo s t  o f  the s ta f f  to be i nvolved i n  the exper imen t s . 

They we re g iven a d e s c r i pt ion of  the proposed protocol and 

of the med i c a l  imp l i c a t i on s  and e t h i c s  of  the tes t i ng . 

They i nve s t i gated the equ i pment and had a l l  the i r  que s t i on s  

a n swered . N o  s ubj e c t s  reques ted t o  wi thdraw f r om the 

prog ramme a s  a result of these d i s cuss ions . 
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A l l  s even s ubj e c t s  were g i ven a que s t ionna i re t o  compl e te 1 

Appendix 2 . 1 . F rom the i r  responses 1 a g roup o f  s i x were 

s e l e cted . A l l  s i x  were ma le , and f ive of  them f requen t l y  

t r a i ned and o f te n  competed together . The characte r i s t i c s  

of  a l l  s ubj e c t s  a r e  s umma r i sed i n  Append ix 2 .  2 .  Al l s i x 

were once aga in  i nterviewed , and s igned an inf ormed consent 

f orm p r ior. to tak i ng part in the i r  f i r st test ing s e s s ion , 

Appendi x 2. 3 • 

Exper i menta l Des ign 

The expe r i ment proper wa s de s igned for s i x s ubj e c t s  each 

doing four workload s , and a schedu l e  prepared for the 2 4  

runs over the e n s u i ng 1 6  day s . The s ched u l e  wa s determi ned 

by the number of vo l unteer s ,  the ava i l ab i l i ty of the labor a t ­

o r y  a nd i t s  equ ipment , a nd the demand p u t  o n  them by other 

u s er s , e tc . I t  wa s e st ima ted that we could s a t i s fa ctor i ly 

average three runs every two day s . The des ign i s  a s imple 

f a ctor ia l exper iment wi th respect to the workloads performed 

a nd oxygen uptake data col lected . For b lood l ac ta te s amp l i ng 
s i nce only two col lect ions cou ld rea sonably be made ( once 

i n  each a rm ) , the des i gn is a ba l anced i ncompl ete b l ock 

expe r i ment . The des ign and schedu l e  we re a s  fol lows : 

De s ign : 

Workloads 
Low Med H igh Max Name 

s 1 1 * 7 *  1 3 1 9  John K 
u 2 2 8*  1 4 * 2 0  Bruce H B 
J 3 3 9 1 5* 2 1 * Jame s R 
E 4 4 * 1 0 1 6 * 2 2  Dave K c 
T 5 5* 1 1  1 7 2 3 * Rob B 
s 6 6 1 2 * 1 8  2 4 * Rob McG 

kpm / m i n  1 2 0 0  1 6 0 0  1 8 5 0  2 1 0 0  .!. 6  . for wat t s  

Numbe r s  i nd i ca te " run' '  numbe r 
* i nd i ca t e  bl ood samp l i ng 
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Schedu l e : 

May 1 9 8 3  

Sun M Tu w Th F Sat 

4 th Arr iva l and 

Pre l iminaries  8* 1 * 4 * 3 
5 * 6 

2 1 5* 
1 3 1 1 Spare 1 4 * 

9 1 0  1 2 * 7 * 

1 8 1 6 * 
2 0  1 9 2 2  2 1 * 2 8 th 

2 3* 1 7 2 4 * Return 

Th i s  t imetable wa s not exactly adhered to , but variation s  

were m inor , on ly a day o r  s o  e i the r way i n  a few case s . 

Laboratory Exper imentation : 

A detai led experimental protocol wa s submitted to and 

approved by the E th i c a l  Comm i t tee of the North Canterbury 

Hosp ital Board , Append ix 2 . 4 .  

I n  

a s  

i n  

the event , 

demand i ng 

the de sign 

the actual experimental procedure s were not 

a s  the protocol sugge st s , a s  wa s i nd icated 

and schedu le . Two "dummy " runs were performed 

prior to the actua l commencement , as a check that experiment­

at ion cou ld proceed . 

At the t ime of f i r s t  attendance of each subj ect , Dr Stewart 

went through the protoco l once again , and a f ter checking 

the subj ect ' s  med ical h i story , both s igned the i nformed 

consent document , thus sat i s f y i ng ethical requirement s .  

Therea fter computer i sed spi rometry wa s performed to mea sure 

lung volumes and lung funct i on ( de ta i l s . Append i x  2 . 5 ,  p 2 0 0 ) . 
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A typical one of the 2 4  experimental ru ns , w i th Dr Stewart , 

myse l f  and others in  attendance , fol lowed a pa ttern thus : 

i The subj ect pre sented at the labora tory and wa s a l low-

ed a warm-up of several minute s . During 

the equipment wa s checked and ca l i brated 

s tart . 

thi s  t ime 

ready to 

( i i ) When ready , Dr S tew art at tached ECG l eads to the 

s ubj ect ' s  chest  and inserted a b lood sampl ing needl e  

w i th extraction tube and two-way tap into an arm 

vein near the wr i s t . 

( i i i ) The subj ect then seated himse lf  on the cycle ergometer 

in a comfortable pos i t ion , in serted the breath ing 

mouthpiece which wa s connected to the f low-meter 

and med ical gas ana lyser . A nose c l i p  wa s placed 

on his  nose and the ECG l eads plugged in to the hear t ­

r a t e  mon i tor . 

( iv ) When sett led , record i ng commenced at re st  ( see exampl e ­

to fo l low ) . Thi s  wa s a period dur ing which breathing 

rate , heart rate , etc were a l lowed to stabi l i se , 

and dur i ng wh ich a resting blood sample wa s taken . 

At the f ir s t  blood samp l i ng run , a separate s econd 

sample wa s taken at thi s  time f rom each s ubj ect , 

for a haemog lobin determination and blood count 

( de ta i l s  to fol low ) . Th i s  period usua lly lasted 

two to three minute s . 

( v ) The subj ect  wa s g iven the s igna l  to s tart peda l l ing 

and the t ime noted . He wa s instructed to ma i ntain  

a frequency of 60  r . p . m .  ( tachometer attached to  

cycle  handl e-bars with blue arc cover i ng 5 5  to 6 5  

r . p . m . ) ,  unt i l  told to s top ( at e ight minutes a f te r  

s tart ) or  unt i l  overcom� w i th exhaus t i on , i f  sooner . 

Dur ing this  per iod 
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o f  exerc i se , heart rate wa s moni tored cont inuously , 

and on the f i r s t  such bout a trace wa s actua l ly taken 

f or later examinat ion by Dr Stewart ( de ta i l s  to 

fol low ) . During thi s  t i me a l so , respirat ion wa s 

mon i tored on a breath-by - breath bas i s . A l so , a t  

4 0  second interva l s  a sample of b lood wa s taken , 

the se samples labe l l ed and kept for later lactate 

ana ly s i s .  

( v i ) At the end of exerc i se , a l l  moni toring and sampl ing 

continued for a min imum of four further m inutes , 

or unti l 1 2  minutes f rom the start of exerc i se i f  

exhau stion had oc curred . 

( v i i ) At the end of thi s period of recovery the record ing 

and sampl ing cea sed , the mouthpiece and nos e - c l i p  

we re removed , and ECG leads unpl ugged . D r  S t ewa rt 

then removed the needle and when ready , the subj ect 

d i smounted from the cyc le . 

( v i i i )  The subj ect wiped down w i th a towe l , res ted i n  a 

cha ir or on the bed , had the ECG leads removed and 

wa s' bri e f ly checked over by Dr Stewart . After severa l 

minutes ( recovery wa s usua l ly qu i te rapid ) the subj ect 

wa s a l lowed to shower i f  de s i red , dres sed again , 

and the run wa s complete . 

'
ix ) The total duration of the run wa s f rom 4 0  to 6 0  

m inutes , a l i tt l e  les s once a regular routine had 

developed . 

Note : Not a l l  the exercise  bouts involved blood 

sampl ing , but apart f rom th i s  a spect , they were no 

d i f f erent . 

Each subj ect performed f our 

biood samples ) ,  and at  least 

workloads ( two with 

4 8 

betwe en each , at  l ea s t  seven 

between the blood col lect ion runs . 

hours  ( 
days 

were 

bei ng 

a l lowed 

a l lowed 
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At the completion of exper imentat i on a l et ter of thanks 

was gi ven to each subj ect for the i r  a s s i s tance i n  the study . 

Data record i ng wa s a s  fol lows : the ECG mon i tor prov ided 

a v i sua l heart-beat trace on the VDU monitor and a d i g i ta l  

rate read-.out . The latter wa s a l so recorded on a d i s k  

f i le i n  the PDP1 1 / 3 4  m i n i - computer . The breath-by-breath 

ana l y s i s  provided measurements of du ra t i on of breath , oxygen 

consumpt ion , co2 product ion , expired volume , end tidal o 2 a nd 

co2 , and t ime ; a l l  recorded a long w i th the heart rate on 

the same compu ter d i s k . A rea l - t ime d i splay on a separate 

· vDU provided graph ica l repre sentat ion , of o 2 consumpti on ,  

of end t idal co2 and the respiratory exchange rat i o ;  RQ . 

( see some sampl e  copies attached ) .  Al l the disk f i le s  were 

later recorded on magne t i c  tape and then read onto my user-> 
code on the Ma ssey Prime Computer . 

The bl ood samp le s , a l l  coded , were precipi tated by perch loric 

a c id i n  2ml test  tube s on ice , capped , shaken and f rozen 

immed iatel¥ af ter the end of the run � They we re later 

analysed for lactate concentra t i on i n  one l arge ba tch , by 

the Phy s ical  Education Department at Ca�terbury Un iver s i ty .  

Each subj ect wa s g iven a copy of the rea l - t ime VDU output 

for that run , and had it explained to him . At a later stage 

.a data summary of hi s performances we re sent by post ( de ta i l s  

t o  follow ) . 

There were the occas iona l minor problems w i th the a ctua l 

runn ing of an exerc i se test . Twi ce the computer c ra shed , 

but wa s re- s tarted , resu l t i ng i n  about a minute ' s  gap o f  

recorded data . The exe r c i s i ng and blood samp l i ng were not 

i nte rrupted . The ECG record ing wa s not 1 0 0 %  r e l i able , 

but s i nce i t  wa s not a n  e s sent i a l  requi rement , no act ion 

wa s taken �at thos e t imes when i t  wa s errat i c , i nterm i t tent 

or j us t  not record ing . There were no I'(la l funct ions o f  the 
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ergome te r , ga s - f low measur i ng device or ma s s  s pectrome ter 
ga s analyser or any other equi pment - or the i r  operator s ! 

There were some probl ems w i th the blood sampl ings . On two 

occa s ion s the need le became d i s lodged f rom the vein dur ing 

exerc i se , resulting in a n  i ncomplete set of blood sampl e s . 

I n  a third run , c lotting took place short ly a f ter the end 

of exerc ise , and no further blood could be drawn . A l so , 

three i nd ividua l samples  were lost  due to s p i l lage . I n  

a l l  2 0 1  o f  the 2 2 8  samp l e s  we re sent for ana lys i s , a further 

two be ing lost dur ing that proce s s . 

I n  addi t i on , a s  mentioned 
. 

of proper ly co l l ected vo2 
bouts  over a wide range 

prev ious ly because of the absence 

data , I subj ected mysel f  to e i ght 

of workloads . The protoco l wa s 

exactly a s  above , but wi thout blood sampl ing , and exerc i se 

only cont i nued f or f ive m i nute s , or unt i l  exhaust ion , which 

occurred i n  only the severe s t  exerc i se . I was c learly 

ne i ther as  f i t nor a s  capable a s  the athletes , but i n  q on 
genera l shape I wa s to ld ! ECG data was · only col lected I ) J I .  
one or two occas ions . 

Append ices 2 . 5 ,  2 . 6 ( a ) - 2 . 6 ( f ) , 2 . 7 ,  2 . 8 ( a ) , ( b ) , 2 . 9 ( a ) , ( b ) 

summa r i s e  the l aboratory col lected data . 

Runni ng Exper imentation : 

Du r i ng the pre l iminary v i s i t  to Chr i s tchurch , the Phy s i c s  

Depa rtment techn i c ians at Canterbury Univers ity undertook 

to make a mul t i p l e - station i nf ra - r ed t iming dev ice  for run­

n i ng athletes . After some i n i t i a l  delays the equipment 

wa s funct i onal  a nd data co l lection could proceed . 

t 
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The spr inting data wa s col lec ted i n  the f o l l owing manner : 

The s ubj ects arr ived a t  the runni ng track together and the 

s impl e  protoco l wa s explained and d i scussed to everyone ' s  

sati sfaction . They were fami l i a r i sed w i th the equi pment 

and i ts f unctioning . Time wa s a l lowed for a l l  of them to 

warm up and make a few practice  runs whi le the equ i pment 

wa s checked . 

Each subj ect ran a 1 0 0  metre s pr i nt i n  one s t ra ight l ane 

of the runn i ng track . Tim ing to • 0 1  second wa s 

made throughout the spr int from the start and at ten t im ing 

stat ions placed at 3 ,  6 ,  1 0 ,  1 5 ,  2 0 , 3 0 , 4 0 , 6 0 , 8 0  and 

1 0 0 metres . The set of t imes for each run were r ecorded 

on f i le i n  the microcomputer . After each subj ect had made 

h i s  run , dupl icate runs were carr ied out .  Twe lve sets o f  

printed timings , output from the mic rocomputer , were suppl ied 

and entered i nto the Ma s sey Pr.lrne oomputer for s ub sequent 

ana lys i s . 

By way of ' a  summary and an indication of , thei r  per formances , 

the 1 0 0m bimes for the s i x  s ubj ects  are as  fol lows : 

Bruce H 1 4 . 1 7 ,  1 4 . 2 1 

Rob McG 1 4 . 2 5 ,  1 4 . 3 5 

John K : 1 3 .  2 1  , 1 3 .  3 1  

James R 

Rob B 

Dave K 

1 4 . 1 7 ,  1 4 . 2 5 

1 2 . 2 8 ,  1 2 . 3 4 

1 2 . 6 0 ,  1 2 . 7 2 
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C HAPTE R 9 

PARAMETER EST I MAT I ON 

The data gathered a s  descr i bed i n  Chapter 8 ha s enabled 

many of the parameters of the mod e l  to be e s t imated . For 

the most part these estimations have been as a r e s u l t  of 

computer i sed curve f i tt i ng . I n  a f ew cases the parameters 

were observed by d i rect measurement . 

The Ma s sey Un iver s i ty Priroe . computer wa s uti l i sed for a l l  

the curve f i tt ing , u s i ng the rou t i ne s  prov ided by the BMDP - 8 2  

( D ixon , 1 9 8 2 ) B i omed ical  Stat i s t i c a l  So ftware package . 

Programmes AR ( derivative - free nonl inear regre s s ion ) and 

3R ( non l i near regre s s i on ) were u sed . B�th routines prov ide 

lea s t  squares e s timates  o f  the parameter s i n  a non l inear 

regre s s i on function . The funct ion i t s e l f  must be spec i f ied 

i n  FORTRAN s ta tements i n  both c a s e s , and 3R requ i r e s  i n  

add i t i on the s pec i f i ca t i on o f  a l l  deriva tjves o f  the funct ion 

w i th re spect to i t s  parameters . AR is used if the der iva t ­

i v e s  are awkwa rd o r  a r e  cos t l y  t o  compute . Standard errors 

and correlation mat r i ce s  ( a s ymptot i c  i n  the case of AR ) 

of  the pa rameter e s t imate s , pred i cted values , res idua l s , 

and var iou s plot s are avai lable a s  output a l so . Both proced­

ures requ ire i n it i a l  e s t imate s of the parameter values a s  

star t i ng poi n t s  i n  the m i n imi s a t i n  i tera t ions , but the s e  

we re not d i f f i cu l t  to obta i n . 3R u s e s  a mod i f i ed Gau s s ­

Newton a lgor i thm , and A R  u s e s  a Lagrangian technique for 

the minim i sa t i on . 

The parameters requ i r i ng e s t ima ti on f rom the co l lected data 

ma s s , were as fol lows : 

body 1mas s ,  m : for equat ions 7 . 1 , 7 . 2 ,  7 . 6 ,  7 . 9  

re s i s_tance coe f f i c ient , a :  for equa t i on s  7 . 5b ,  7 . 6  
J 

max i mum force , F : for equat ion 7 . 5c 

oxygen uptake paramete r s , a ' , b '  a nd A :  for equat i on 7 . 9 
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I n  add i t i on the fol lowing i n i t i a l  value es timates  a re 

required for the s imu lat ion procedure : 

Body ( blood ) lactate concentration , C5 ( 0 ) : for equat ion 7 . 4  

which i s  a s sumed equa l to Cs ( O )  

mu scle  lactate concentra t i on , Cm ( O ) : for equat i on 7 . 3  

rest i ng V02 , R - · for equa t ion 7 . 9  e·
. 

E s t imates from Sprinting:  

The body mass parameter m ,  relevant here for equation 7 . 6 ,  

wa s recorded f or each subj ect by d irect meas urement a s  

descr ibed i n  Chapter 8 .  I t  i s  a s s umed that these  were 

the same a t  the t ime of the sprint i ng tests a s  they were 

at the t ime of the l aboratory test s .  

Cons ider then equation 7 .  6 for the runner ' s  v e loc i ty , a nd 

suppose that starting from rest , the cons tant maximum force 

F is exerted , at least for the durat ion of the 1 0 0m spr i nt . 

i . e .  dv ( F  av ) / m  d f  
= -

whi ch y i e lds as i t s  solut ion 

v ( t )  = F ( 1 _ e a t / m ) / a  

Cons idering next , equa t ion 7 . 8 ;  

dD 
= F ( 1  _ e

- a t / m ) / a d t  

whi ch y i e lds  a s  i t s  solu t i on 

D ( t )  = Fm (e. -at/m - 1 ) / a 2 + F t / a  • • • • • • • • •  ( 9 . 1 ) 

Equa t i on 9 � 1 can now be f i tted , w i th the appropriate value 

of m inserted , to the dup l i cated d i s tance-time data co l lect­

ed f rom each subj ect on the  runni ng t rack . Thi s  was done 
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us ing rou t i ne BMDP- 3R , a l lowing for the pos s ibi l i ty of 

a con s i stent react ion t ime in equation 9 . 1  ( as described 

in Chapter 3 ) . The fol lowing table summa r i s e s  the resul t s . 

TABLE 9 .  1 : SPRINT FUNCT ION PARAMETERS 

Sub j ect mas s  F+newtons re s i�tance reaction F/a - 1  a/m_
1 R

2 
Initials m kg - SD a - SD time m. sec sec 

BH 67 
494 . 5  64 . 7  

. 1 2 7 . 64 . 966 . 9999 
±26 . 0  ±3 . 67 

RMcG 65  
45 4 . 7  60 . 1  not 

7 . 56 . 9 25  . 9996 
± 1 1 . 4  ±1 . 95 signi f . 

7 3  
466 . 1  5 5 . 3 not 

8 . 44 . 7 57  . 9997 JK 
± 9 . 5  ±1 . 59 s igni f .  

JR 60 
3 49 . 4  4 4 . 8  

. 1 2 7 . 80 . 7 47  . 9998 
± 29 . 2  ±4 . 16 

RB 69 
526 . 1  58 . 8  not 

8 . 94 . 85 3  . 998 
± 8 . 9  ± 1 . 3 9 s igni f .  

DK 7 3  
52 4 . 5  60 . 0  not 

8 . 7 4 . 82 2  . 997 
± 10 . 6  ± 1 . 69 s igni f .  -

l 
Average 6 7 . 8  469 . 2  57 . 3  8 . 19 . 84 5  

-

These latter averages are taken a s  repre senta t i ve of  this  

group of  subj ects , for the purposes of  s imulat ion . 

Est ima tions f rom Oxygen Consumpt ion 

I n  Chapte� 4 ,  the der ivat ion of equa tion 4 .  wa s deta i led , 

based on the oxygen uptake data obtained exe r c i s i ng my s e l f  

a t  e i ght d i f f erent workloads . Data f rom the s ix subj ects  

o f  the ma in study wa s ut i l i sed to e s t imate pa rameters of 

the same funct ion , for each ind ividua l ly , u s i ng the computer 

routine BMI{P-AR . The fo l lowi ng tabl e  summarises  the resul t s  > 

( V02 i s  reeorded i n  l i tre s / m i n  and w i n  thousands of k i l o-
, 1  

ponds ) ,  for the equa tion 

VO 2 ( t , w )  = R
� 

+ a 1 wt + b 1 w ( 1 - e -A t ) 
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TABLE 9 . 2 :  vo2 FUNCTION PARAMETERS 

------------------------------------------------------------

Sub ject Re a '  b '  A R
2 

JK 
. 310  . 00082 2 . 162 . 0 301 

. 9704 
± . 0424  ± . 000 1 1 0  ± . 03 7 5  ± . 00 1 5 3  

BH 
. 301 . 00 1 1 5  1 . 906 . 0 3 2 1  

. 98 1 5  
± . 0 2 59 ± . 000062 ± .  0218  ± .  001 1 5  

DK 
. 5 20 . 00 1 26 1 .  760 . 0 3 2 7  

. 9698 
± . 0356  ± . 000097 ± . 0 3 3 0  ± . 00 2 10 

RB 
. 4 40 . 00168 1 .  744  . 0288 

. 97 4 0  
± . 0 3 1 2  ± . 000098 ± . 0301  ± . 00146 

JR 
. 468 . 00072 1 . 497 . 04 1 4  

. 8070 
± . 0789 ± . 000 2 2 1  ± . 06 3 3  ± . 00615 

RMcG 
. 396 . 00094 1 . 8 3 7  . 0269 

. 9790 
± . 0292 ± � 000108 ± . 0 3 3 1  ± . 00 1 3 1  

Average . 406 . 00110  1 . 818 . 0 3 20 

As above in Table 9 . 1 , the se averages wi �� serve a s  repre s ­

entat i ve of thi s group of subj ects . However they mu s t  
. 

be converted s uch that vo2 i s  expre s sed i n  m l / kg/m!i.l) a nd 
. � 

w i n  wa t t s . Th i s  y ie l d s  a r e s t i ng vo2 , the i n i t i a l  val ue 

for equa t i on 7 .  9 ,  of  5 .  9 4 m l  / kg . m i n . Parameters a '  a nd 

b '  convert to . 0 0 0 1 0 6  and . 1 6 1 respect ively for the c y c le 

ergometer ,  and A rema i n s  una ltered a t  . 0 3 2 .  A l l ow i ng i n  

turn for the f ract ion conve r s ion between power o n  the 

erg�me ter and power developed dur i ng running , the e s t imates 

for a '  and b '  for use i n  equat ion 7 .  9 become • 0 0 0 0 1  6 a nd 

. 0 2 5  respe c t ive l y . 

There i s  'One further i ntere s t i ng a spect to the ana l y s i s  

of the vo2 data . The s i x  sets o f  res idua l s  have been exam­

i ned , and for one subj ect , J . K . , a plot of average re s i dual 

( in each 3 0  second i nterva l )  versus  t ime y ie l d s  the fol low­

i ng f i gure : 
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L/Min. 
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.2 T\. 
. 1 \ 
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F IGURE 9 . 1  : ' Res idua l Plot,  Subject JK 

Th i s  cou ld be interpre ted as a d amped cyc l i c  mechan i s m , 

w i th a per iod i c i ty of 2 1 / 2 to 3 m inute s , w i th the ampl i tude 

redu c i ng to tha t  of r e s i dua l var i a t ion over about two to 

three cyc l e s . Such a cyc l e , if pre sent , cou ld specu lative l y  

b e  interpreted a s  evidence 

contro l mechani sm . The 

of some form of body respons e  

body i n i t ia l l y over- rea c t s  t o  

a st imulus , then over corrects i t s e l f  but b y  a les ser amount 

and so on in a convergent cyc l i c  manner unt i l  equi l i br ium .  

I n  thi s way a cycle o f  d imini s h i ng amp l i tude i s  c reated 

a s  the body seeks dynami ca l ly to contro l i t s  re sponse to 

the s t imul u s , u s i ng a ra ther s low and coarse mechanism . 

Control proc e s s e s  of thi s s ort are bel ieved to ex i st a s  

characte r i s t i c s  o f  other body responses to changes i n  the 

s tatus quo , ( So l lberger 1 9 6 5 , Bunn i ng 1 9 7 3 ) . 

The observa t i on depicted i n  F igure 9 . 1  however cou ld we l l  

be chance variation . There i s  insuf f ic i ent ev idence pre sent 

i n  thi s  data , and it cannot be further i nves t igated here . 
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OTHER ESTIMATES 

Es t ima te s of blood and mus c l e  lactate i n i t i a l  values are 

obta ined di rec tly from the resting determina tion s  l i s ted 

in Appiand i xi;' . .  2 . :6 .  For the f ive subj ects  whose resting 

lactate concentra t i ons were obtained , an average value 

o f  9 . 4  mg/ 1 0 0 ml is  taken a s  repre sentat ive of the group . 

There are severa l other parame ter est imates which , a s  

ment ioned ear l ier , 

mental  resul ts . 

are as sumed f rom other publ i shed exper i ­

The se i nc lude the var ious d i f fu s i on 

coe f f i c i ents and compartment volume s of the two -compartment 

lactate c i rculat ion mode l ,  as u s ed in equations 7 .  3 and 

7 . 4 .  Likewi se two i n i t i a l  values are assumed from pub l i shed 

result s , the body contents of phosphagens and of lactate 

equiva lent for equat ions 7 . 1  a nd 7 . 2 .  

Almost pure emp i r i c i sm wa s re?orted to i n  

the coe f f i c i ents i n  the f at igue f eedback 

The i n i t i a l  value for f in this  equa tion 

a s  determined above . 

La s t ly there are two parameters o f  choi ce . 

Chapter 6 f or 

equation 7 .  S e . 
i s  o f  course F 

They are the 

ramp coe f f i c ient for equat ion 7 . 5b ,  and the initi a l  muscular 

force f ( O )  f or equat ions 7 . 5a or 7 . 5b .  
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CHAPTER 1 0  

S I MULAT I ON RESU LTS 

KELLER ' S  MODEL AND EXTENSIONS 

In order to check the feas ibi l i ty of simulation at an early 

stage , Ke l l er • s s imple model o f  the runner wa s s imu lated 

on a mi cro- computer , both i n  i t s  or ig ina l form and an 

extended form . The programme wa s wr itte n  i n  BAS IC a nd 

uti l i ses a fourth order Runge-Ku tta integration s cheme . 

Programming wa s s imp le , and output wa s accurate . 

The programme 11RUNNER 1 11 f unct ioned as follows : 

A .  Parame ter Inputs 

( i ) resi stance constant a ,  where re s i s tance to mot i on 

i s  proport iona l to ve l oc i t y  of mot ion . 

( ii ) energy supply rate , o ,  for the cons tant rate 

of supply du ring exerc i se . 

( i i i ) 

iv ) 

V ) 

d i s tance of the race 

max imum number of steps for iterat ion 

t ime i nterva l for each s tep , . 1  sec for h igh 

accuracy - . 5  sec for fa ster computation t ime . 

( v i ) starting force exerted , f ,  maxima l or submaximal 
( v i i ) e nergy s tore at  star t , E0 •  

B .  Runn ing S imu lat ion 

( i ) prints t ime , force , ve loc i ty , energy s tore a nd 

d i s tance a t  each i teration 

( ii ) s tops because : race completed and / or 

energy exhau sted and / or 

f i na l iterat ion reached and /or 

operator intervention 



1 9 

A batch of three groups of runs of " RUNNER 1 "  were compl eted 

as a check on the val id i ty of the mode l  and the s imulation 

procedure . 

( i )  Generat ion of a running curve : An ind ividual w i th 

the fol l owing characteri s t i c s  wa s selected , 

Re s i stance cons tant a = 1 . 1 sec - 1  

o = 3 6  watts Energy supply rate 

Maximum force 

I n i t i a l  energy supply 

F = 1 0  newtons /kg 

E0 
= 2 0 0 0  j oules  

and t imed over both short and long d i s tances . For a l l  

d i stance s u p  t o  3 0 0m , the subj ect i s  running with maximum 

exertion and the t ime s cannot be improved upon . For the 

4 0 0m and l onger races the runner is not runn ing w i th 

uni formly maximum e f f ort . I n  thi s s i tuat ion the choice 

of starting force i s  important . An approxima tion , ignoring 

acceleration can be obta ined as  fol lows : 

Lett ing t be the t ime to exhaus t i on, t 

Now D = vt = 
f - o/v 

A l so the a symptotic veloc i ty reached i s  V = 

leads to a quadratic in  f with roots 

Eo + 
f = 

only one of wh i ch 

could be improved 

forces selected . 

lE 2 
0 
20 

2 + 4aD o 

i s  rea l i st i c . 

s l ight ly by sma l l  

Times f or 

changes in 

= f v  - o 

f / a , which 

these races 

the start i ng 

Al l thi s l ead s to the fol lowing tabl e ,  which when p lotted 

( D  ver sus v) y i e ld s  a runn ing curve of the expected shape . 
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TABLE 1 0 . 1 : S IMULATED DATA FOR THE RUNN ING CURVE 

D i stance Starting Time Average 
force Ve loc i ty 

1 0 1 0 1 • 9 0  5 . 2 6 

3 0  1 0 4 . 2 0 7 .  1 4 

6 0  1 0 7 .  5 1  7 . 9 9 

1 0 0  1 0 1 1  • 9 1  8 . 4 0 

1 5 0 1 0 1 7 . 4 5 8 . 6 0 

2 0 0  1 0 2 2 . 9 1 8 . 7 3 

2 5 0  1 0 2 8 . 4 5 8 . 7 9 

3 0 0  1 0 3 3 . 9 1 8 . 8 5 

4 0 0  9 . 2 7 4 8 . 3 7 8 � 2 7  

8 0 0  7 . 6 7 1 - 5 5 . 6 4 6 . 9 2 

1 0 0 0  7 .  4 1  2 - 2 9 . 6 9 6 . 6 8 

1 5 0 0  7 .  0 1  3 - 5 6 . 3 4 6 . 3 5 

2 0 0 0  6 . 8 2 5 - 2 3 . 4 9 6 .  1 8  

3 0 0 0  6 . 6 5 8 - 1 7 .  8 4 6 . 0 3 

5 0 0 0  6 . 5 0 1 4 - 7 .  1 3 5 . 9 0 

1 0 0 0 0  6 . 3 9 2 8  - 4 2 . 3 7 5 . 8 1 

( i i )  A de s igned exper iment . Four re sponses  were selected 

for mode l l i ng :  1 O Om t ime , 4 0 0m t ime , 1 O O Om time and the 

t ime to exhaust ion . The independent variables are : 

r e s i s tance cons tant , a ,  to vary between . 8  and 1 . 2 

energy supply rate , d ,  to vary between 32 a nd 4 2  

initial  energy store , E0 , to vary between 1 6 0 0  and 2 4 0 0  

s tarting force , f ,  t o  vary be tween 8 and 1 2 .  

A 2 4 - 1  factori a l , 1 I 2 repl icate design o f  re solut ion IV 

wa s chosen , and for each of the e ight s imu lations in  thi s  

design , the four responses  were measured . Ana l y s i s  o f  

each sugge sted the fol lowi ng : 
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1 0 0m time : The res i s tance constant , a ,  and the start­

i ng f orce , f ,  we re the only s igni f i cant 

de termi nant s ,  the former i n  the pos i t i ve 

d i re c t i on and the l at ter nega t i ve . 

4 0 0m time : The r e s i s t ance constant , a ,  wa s the only 

s ig n i f i cant f a c tor , again in the pos i t i ve 

d i rec t i on . 

1 0 0 0m t i me : The r e s i s tance constant , a ( + ) , and the 

energy rate , o ( - ) , were s i gn i f i cant , a nd 

the i n i t i a l  energy supply E 0 ( - )  l i e s  

j u s t  be low the 5 %  s igni f i cance leve l . 

Endurance : The start i ng f orce , f ( - ) , a nd i t s  inter­

a c t ions wi th the r e s i s t ance constant a nd 

the energy supp l y  rate were s igni f i cant 

determi nant s .  

Only one r e s u l t  i s  s urpr i s ing , E 0 doe � not appear a s  a 
s i gn i f i cant determ i nant o f  endurance . O f  course the ra nge s  

a nd d i s tances s e l ected may have an e f fec t , but these were 

chosen to be rea l i s t i c  f or mos t  good athlJtes . 

To extend the re spon se surface mode l a further n ine s i mu la t ­

i ons were added t o  the above e ight , comp r i s ing the r e s t  

o f  .a centra l compo s i te de s ign , a l lowi ng the f i tt ing of  

quadra t i c  terms . Genera l l y ,  the r e s u l t s  o f  these exper i ­

ment s are s im i l a r  t o  the 1 / 2 -rep l i cate , though some more 

s i gni f icances have been detec ted now that curvature has 

been more adequately a l l owed for . For examp l e , the s impl est 

c a se is  the 1 O Om t ime in which a s ur face g i ven by the 

equa t i on 

t 
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f i t s  the res ponses we l l , wi th R
2 = . 9 9 6 . 

surfaces have more compl i cated equation s , 

The other three 

with R
2 

values 

of • 9 4 5 , • 9 9 9  and • 9 2 4  re spec tively . The re s i s tance 

con s tant i s  a lway s  the most i mpor tant determi nant ; £
2 

appears  a s  the on ly squared term in con s idera t i on and E0 i s  

not i ceably absent . 

( i i i ) Sett i ngs outs ide the normal l im i t s : A large number 

of s imu l a t i on s  w i th unrea l i s t i ca l l y  h i gh or low parameter 

sett ings have been t r i ed i n  var ious comb inations . I n  

genera l ,  w i th the res i s tance con s tant too low , the athlete 

a ccelerates rapidly to a h igh veloc i ty , covers 1 0 0m in 

a f ew second s , but i s  burn i ng up energy very rapidly and 

so expi re s very soon . E 0 and o values outs ide the norma l 

range have a l e s s  spectacu lar e f f ect . One par t i cu l ar 

comb inat ion of relevance i s  how c lose the va lue of o i s  

to f 2 / a . I n  general o < f 2 / a , but i f  very much l e s s  the 

athlete expires too soon , however , i f  o � f 2 / a  the ath lete 

can run a t  top speed for ever ! I t  sho,u l d  be noted a l so 

that i t  i s  pos s i ble to choose combinat ions of parameter 

va lues , some or a l l  outs ide the norma l range s , and s t i l l  

get rea l i s t i c  times for runs a t  mos t  d i s tances . 

Thi s  s imple r unners mode l can be ex tended i n  two ma i n  

d i rect ions . 

i )  The f i r s t  mathema t i ca l  change i s  to mod i fy the energy 

ba lance equat ion to inc lude an exponential r is e  i n  

e ne rgy s upply . The s imulat ion pe rforms a s  expec ted , 

though it i s  not a s imp le ma tter to detect the changes 

d i rectly f rom observing the output . The ma in result  

is  that the endurance of the runner is  shor tened , 

s ince l arger demand s  on the f i xed e nergy s tore a re 

being made at the s tart of the race dur i ng the bu i ld 

up of the s upply rate to i t s  a syml?tot i c  l eve l . I t  
. .  

f o l lows that had e s t imat i on s  been performed on t h i s  

mod i f i ed mode l ,  they wou ld have led to a larger 



1 2 3 

e s t imated f i xed energy s tore , E0 • However , s ince 

E0 is a parameter that can be set by the u ser , t h i s  

pre sent s no problem . 

I t  i s  ant i c i pa ted that i n  further developments of 

the programme , thi s  energy s upply wi l be represent ed 

a s  the oxygen ba sed component o f  s upp ly , and w i l l  

have a corre spondi ng d i f ferent i a l  equat ion to de scribe 

i t s behav iour . 

i i ) The second and maj or mathematical  change i s  to intro­

duce a f a t i gue funct ion . Unfortuna te ly there had 

been l i t t l e  or no quant i ta t ive work in thi s area that 

can be u s ed as a ba s i s  for derivi ng equation s , so 

educated gues swork and an emp i r ic a l  approach of t r i a l  

and error i s  requ i red . As deta i l ed i n  Chapter 6 ,  
f a t igue i s  regarded a s  be ing due to the dep letion 

o f  metabo l i  te s ( pr i nc i pa l ly glycogen , a s  represented 

by E0 ) and /or the accumu lat ion of catabo l ites ( pr incip­

a l ly l ac t i c  a c i d ) . The former is  predomi nant in 

exten s i ve ly pro longed exerc i se 

whi le the latter i s  important i n  

exerc i s e . S i nce a metabo l i te 

a lready i nc luded i n  the mode l 

of lower i nten s i t ie s , 

shorter h i gh - i nten s i ty 

dep let ion proce s s  i s  

( dep letion o f  energy 

E0 ) ,  th i s  extens ion mu s t  include a l a c t i c  acid accum­

u la t i on proce s s . The fatique factor can then be based 

on a r i s e  in l a c t i c  a c i d  concentration ( or pos s ib ly 

a l so on E0 deplet ion i f  there i s  s u f f ic ient rea l i sm 

to extend the mode l to inc lude very pro longed exerc i se ) 

Thus cons ider a new variable L :  l ac t i c  a c id concent rat i on 

i n  grams / l i tre ( of blood ) , and suppo se s imply that 

dL 
dt = Lp - Lr = ( product ion ) - ( remova l )  
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( a )  Product ion i s  simp ly the anaerobic component of energy 

u se , 

i . e .  - �� converted to the correct uni t s  

i . e .  

where 

Lp dE = -k1 dt ' where k1 
1 1 1 = 

1 2 1 0  
= 

2 2 0  • 5 . 5  

2 2 0  j ou l e s / gram i s  the energy equivalent of 
lactic acid 

5 . 5  l i tres is the blood volume of an average 
ma le 

( b )  Removal i s  more " unknown" , but s tud ies  have s hown 

that it i s  pos i t i ve ly related to the actual concentra t ­

ion and to some mea sure o f  the workload . Thus we 

might pos tu late tha t : 

Lr = k2 L fv ( the product fv i s  the power output ) 

H owe ve r ,  there i s  no e s timate 

an educa ted gue s s  i s  required . 

be a rgued that in the 1 imi t 

f or k2 ava i lable and 

To th i s  end , i t  cou ld 

and in the absence of 

any fat igue , L tend s  to a constant , but e l evated leve l ,  

perhaps highly so . 

i . e .  dL 
dt 

= 0 = a - fv 
1 2 1 0  - k2 L fv 

I f  we a s sume that the a s ymptot ic energy supply rate 

a = 3 2 ,  and the constant of resi s tance due to motion 

i s  a = 1 , both of whi ch are fairly  accurate for trained 

a th le te s , then it can be argued as follows : 

f = 6 => V = 6 => fv = 3 6  � k2L 1 = . 0 0 0 0 9 1 8 3  

f = 8 => V = 8 =>  fv = 6 4  ::) k2L2 = . 0 0 0 4 1 3 2  

f = 1 0 =>  V = 1 0 = >  fv = 1 0 0 => k2L3 
= . 0 0 0 5 6 2 0 
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S i nce the h ighes t  observed mus c l e  lactate concentrat ions 

a re about 1 1 0mg / 1 0 0m l  or 1 . 1 g / 1 ,  th i s  suggests  k2 approx­

imately 2 0 0 0 . After a l lowing for a normal blood concentrat­

i on at re st of . 1 8  g / 1 ,  the se y ie ld equ i l ibrium concentrat­

ions of . 3 6 4 , 1 . 0 1  and 1 . 3 0  g / 1 respect ive l y . The se wi l l  

not neces sari ly be achi eved , s i nce fatigue w i l l  a lmos t  

certainly i ntervene and i nduce exhau s t ion . ( Note that 

the above sugges t s  that for supra -max ima l workload s ,  the 

highest equ i l ibrium 'concentration is about 1 .  83 g / 1 , though 

thi s i s  probably beyond phy s iolog i ca l limits ) .  

Thus the fol lowing lactic  acid accumulation equat i on has 

been i ntroduced 

dL 
dt = 1 dE 

1 2 1 0  dt 
Lfv 

2 0 0 0  

Th i s  approach ha s worked sat i s factor i ly , and looks a promi s ­

i ng s tart . However , lactic  acid concentration r i se s  too 

soon , and too s teeply , i n  compari son to observed data . 

Also , no a ccount i s  taken of the c leavage of high energy 

phosphates , a supply known to contr ibute to energy demands 

during the f i rst  s evera l s econd s o f  activity . Thus an 

amendment is  immed iately required to the above equation . 

Taki ng the phos phagen react ion into account may improve 

the s i tuat ion . 

Margaria ( 1 9 7 6 ) regard s the lactate product ion a s  zero 

unti l a l l  ( or very nearly a l l ) the phosphagens have been 

u t i l i s ed ,  whereupon it commences wi th a d i s cont inuous j ump . · 

Th i s  s eems unrea sonable , and the lactate product ion mus t  

be lagged in some way t o  take i nto account thes e  proce s se s . 

Th i s  has been done i n  such a way that , depend ing on the 

workload , i t  r i se s  s lowl y  f rom z ero , then more s teeply , 

then l eve l s  of f .  Th i s  i s  i l lu s trated in Fig . 1 0 . 1  bel ow .  
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Power 

Alactic  

Lact i c  

Oxidat ive 

2 0  4 0  6 0  8 0  1 0 0 1 2 0 

F I GURE 1 0 . 1 : Power Components 

The f i r s t  and mos t  obv ious approach i s  to cons ider a s impl e  

variant of the l a w  of ma s s  action , where the r a t e  o f  

phosphagen ba sed powe r supply i s  proport iona l to the 

phosphagen store rema ining . The ana ly t i c  form i s  a decl i n­

ing exponenti a l . Th i s  approach can be formul ated as 

f o l l ows : 

Power = fv = 5 . 2 5 o 2 + 1 2 1 0  Lp + 4 6  Pc 

i . e .  Power requ ired by Lp and Pc is f v  - 5 . 2 5 0 2 

Thus i f  the propor t ion of the requ irement supp l i ed by 

phosphagen c leavage is proport iona l to the amount rema i ning 

46 Pc P 

fv - 5 . 2 5 0 2 
= 

k3 P0 

where P i s  the phosphagen store ( in m M )  and P 0 = 8 1 0 mM i s  

the i n i t i a l  store . 



1 2 7 

S i nce as t -> 0 ,  a l l  requirement i s  met by Pc , thi s suggests 

that k3 = 1 .  

Al so Pc = dP 
dt , thu s 

dP 
dt = 

5 . 2 5 0 2 _ fv 
3 7 2 6 0  • p 

Hence the or iginal  g lycogen store E 0 , from whi ch the result­

ing l ac t i c  acid is  produced to complete the power require­

ment above is obta ined from 

dE 
dt = - 1 2 1 0  Lp = 5 . 2 5 0 2 + 4 6  Pc - f v  

Hence the lact ic  a c id accumu lation equation , which rema ins 

una l tered , is  given by 

dL 
dt = 1 dE 

1 2 1 0  dt 
Lfv 

2 0 0 0  

( In add i t ion , i n  order t o  genera l i se the simu lation bette r , 

the ma s s  of the runner i s  i ntroduced as  a f urther parameter . 

Al so ,  a s  i nd i cated ea r l ier , the oxygen uptake ha s been 

introduced at  thi s po int , that i s  the energy supply rate 

is represented by its own d i f ferent ia l equat ion . Some 

of the uni ts  of measurement have changed accord ing ly ) .  

Th i s  approach , works we l l  and looks prom i s i ng . F igures 

1 0 . 2 , 1 0 . 3  and 1 0 � 4 - am graphical  i l lustrat ions of s imulated 

outputs . I n  principle they conform to expectations based 

on research observat ions . 
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Power 

Alactic 

Lac t i c  

Oxidat ive 

1 0  2 0  3 0  

F IGURE 1 0 . 2 :  Power Component s Dur ing Sprint 

Alac t i c  

Lac t i c  

Oxidat ive 

1 0 2 0  3 0  

F I GURE 1 0 . 3 :  Power Components Dur ing Run 

c m Spr int 
1 50  

- - - Run 

1 0 0 

5 0  

1 2 8 

4 0  ( sec ) 

4 0  ( sec ) 
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There remains the fau l t , though l e s s  marked , that the lactate 

concentration r i s e s  too soon ( see previous page ) .  There 

a re several pos s ible  explanations : 

i )  the i n i t i a l  phosphagen store i s  actua lly higher than 

8 1 0 m M ;  

( i i )  the mechani sm for phosphagen c leavage i s  other than 

the mod i f i ed law of ma s s  act ion suggested ; 

( i i i ) the constant k 2 = 1 / 2 0 0 0  for lactate removal i s  too 

low . 

I t  i s  a s impl e  matter to i nve stigate ( i )  and ( i i i ) . Th i s  

wa s done by setting the initial  pho sphagen store to 1 2 0 0  m M ,  

and/or  setting k2 = 1 / 1 5 0 0 . Two s imulat ions were performed 

at maxima l  e f fort , and the output graphed in F igure 1 0 . 5 ,  

for compari son with F i gure 1 0 . 4 .  Changing P0 by + 5 0 %  had 

an e f fect in the right d i rect ion , but wa s insuf f i c i ent . 

Chang ing k2 by + 3 3 %  had a s imi lar e f fect i n  the r ight 

d irec tion , but its  ma in e f fect wa s to l ower the peak lactate . 

1 5 0 

1 0 0 

5 0  

1 0 

/ ., -
-
�r ig ina l 

- - phosphagen = 1 2 0 0  

· k2 = 1 I 1 5 0 0  

2 0 3 0 

FIGURE 1 0 . 5 :  Mu s c l e  Lactate Concentrations 

40 ( sec ) 
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I t  i s  l e s s  s impl e  to i nves t igate ( i i ) , for i t  i s  unc l ear 

what " l aw" to uti l i se . However a s l i ghtly d i f f erent approach 

can be tr ied . I n s tead of mode l l i ng phosphagen , the l actate 

can be empi r i ca l ly mode l l ed , to have a s igmoid shape of 

known form , simi lar to but steeper and to the left of those 

i n  F i gure s 1 0 .  2 and 1 0 .  3 .  The form o f  the l ag is g iven 

by : 
�k 4 / fvt 

e 

former requi rement of 

turns out that k4 i s  

Some s imu lat ions of 

and is appl i ed to the : 

L a nd P , i . e .  to fv - 5 . 2 50 2 • I t  p c 5 
quite large , of the order of 2 x 1 0  • 

l actate concentrat i on are attached a s  

F igure 1 0 . 6 ,  for compari son with F i gure s 1 0 . 4  a nd 1 0 . 5 .  

The se results are c loser to rea l i ty , and k4 cou ld be adj u sted 

further to th i s  end . 

1 5 0 

- sprint 

- - - run 

1 0 0 

- j og 

5 0  

6 0  1 2 0 ( sec ) 

FIGURE 1 0 . 6 :  Mu scle  Lactate Concentration s 

There i s  the danger however that ad hoc empi r i ca l  mod i f i ca t ­

i on s  o f  th i s  sort wi thout knowledge o f  the biolog i ca l  ba s i s , 

may give r i se to a sat i s factory solut ion , but which i s  tr ivia l .  
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The next stage , wh i ch ought t o  reso lve the above d i f f i cu l t i e s  

i s  t o  con s ider the two- compartmen t  lactate c i rculat ion mode l ,  

whi ch ha s been d i s cus sed f u l ly in Chapter 5 ,  and to i nc lude 

ear l ier deve lopments into the fu l l  model of Chapter 7 .  

THE NAG ROUTINE 

The s imulat ion of the whole mode l wa s performed u s i ng rou t i ne 

D02PAF of the NAG FORTRAN L ibrary of computer programmes 

( NAGFL IB , 1 9 8 3 ) . Th i s  rou t i ne advances the solution 

of a system of f i r s t - order ord i nary d i f ferent i a l  equat i on s : 

Y �  = F . ( T , Y ,  • • •  Y )  1 1 n i = 1 • • • • n 

ove r the range f rom T = X to T = XEND , w i th su i table i n i t i a l  

cond i t i on s , u s ing a number of s teps o f  Merson ' s  Runge- Kutta 

formu l a . The system of equat ions is  de f ined by a s ubrou t i ne 

and a variety of control opt ions are avai lable to the u se r .  

Fu l l  operat ing deta i l s  are provided i n  the above re ference . 

Equat ions 7 . 1  - 7 .  9 ,  together with i n i t i a l  values and other 

spec i f i ca t ion s , we re prepared in a ccordance wi th Chapters 

7 and 9 .  The resul t i ng programme is  FUM01 . F 7 7 , a copy of 

whi ch is  inc l uded in the accompany ing compu ter output folde r .  

FUM0 1 . F 7 7  wa s run wi th a wide var iety o f  parameter setting s , 

whi ch , together with the resu l t s , are detai led i n  the next 

sect ion . A s e lect ion of these results  are i nc luded i n  the 

a ttached computer output folder a l so . 

� ;  1 MULATION RESULTS 

The f i r s t  g roup of s i mu la t i on resul t s  repre sent a pre l im i na ry 

check on the per formance of the mode l .  They compri se a 

per iod of re s t  ( z ero work load ) , e ight mi nute s runn ing ( work-
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load approximately 1 2 0 0  wa t t s ) ,  s ix m i nutes hard r unni ng 

( load approximately 1 8 5 0  wat t s ) ,  two minutes max i mum sus t a i n ­

a b l e  ef fort , and a pe riod of ramp exerc i se . 

At re s t ,  the who l e  s y st em i s  in s table equ i l ibr ium , a s  i t  

s hou ld be , and there a re n o  changes t o  any of the variable 

value s . 

Parameters for the equat i on of mot ion ( and t he variables 
• 

with whi ch i t  i s  a s soc i a ted ) and the vo2 equat ion s im i l ar ly 

were derived by curve f it t i ng i n  Chapter 9 ,  where good 

explana t i on s  of the data we re ach ieved . That a spect o f  

con stant load work not cons idered so far i s  the l ac ta te 

informat ion . Observed b lood lactates ( averages over three 

subj ect s ) at 1 2 0 0  and 1 8 5 0  are plotted together w i th s i mu la t ­

e d  bl ood lactates in the fol l owing f i gure . 

Cm 
mg / 1 0 0ml  

6 0  

4 0  

2 0  

s imu l a ted 

0 actua l 

2 

0 

4 

0 1 1 8 5 0  

0 
0 

6 

0 
0 l 1 2 0 0  

8 ( mi n ) 

FIGURE 1 0 . 7 :  S imula tec and Actua l B l ood Lactates 
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The genera l shapes a re s imi lar , but t he actua l l actates 

a re be low the s imulated values . A compar i son o f  s imulated 

mus c l e  l ac ta te s wi th the previou s ly mentioned biopsy va lues 

i nd icate that actua l mus c l e  la ctates a re above s imu lated 

v a l ue s . There are obvious reas ons for thi s .  The parame te r s  

of t h e  two compar tment mod e l  were obta ined f rom pub l i shed 

values of the or i g i na l , and the se may not suit  the subj ects  

of th i s  s tudy . D i f f u s i on con s tants cou ld be changed , a nd 

s o  cou ld the compar tment vo lume s . I n  so doing , s imulat ed 

mus c l e  lactates cou ld be ra i s ed , and s imu lated blood lactates 

depre s sed , in such a wa y that a good ma tch coul d  be achieved . 

There appear to be no other e s t imates of these parameters 

ava i l able in the l iterature for the pu rposes of compa r i son , 

and so thes e  ad -hoc adj u s tmen t s  were not made . 

The a l l -out e f f ort produces exact ly the sort of powe r pro f i le 

or veloc i ty prof i le that i s  we l l -known to exerc i s e  phy s io­

log i s ts , It  i s  shown i n  the fo l l owing f igure . 

m / sec 

1 0 

5 

FIGURE 1 0 . 8 :  

2 0 0m 
2 1  • 3 

2 0  4 0  

A l l -out Ve loc i ty Prof i l e 

4 0 0  
5 1  • 6 

6 0  ( sec } 
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• 
More i ntere s t i ng i s  the ramp tes t ,  and i ts vo2 pro f i le i $  

p lotted i n  F i gure 1 0 . 9  below .  

m l / kgjm i n  

8 0  

4 0  

1 2 3 4 5 6 ( mi n ) 

F I GURE 1 0 . 9 :  Ramp Test V0 2 

Once aga in there i s  a pauc i ty of pub l i shed data wi th whi ch 
. 

to compa re the s imu la ted vo2 , but the pa ttern i s  a s  m ight 

be expected . 

I n  genera l ,  th i s  group of s imu l a t i on s  has not lead to a ny 

rea l doubt s about the mod e l  per formance . They are included 

in the accompany ing compu ter output folder . 

The second g roup of s imu l a ti on resu l t s  represents a compre­

hen s ive i nve s t i ga t i on on the sens i t ivity of the mod e l  system 

to change s in pa rameter values . There are twenty- f our para­

meters that cou ld be ex , m · ned . They are as fol lows : 
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Two energy s tore s , for the a la c t i c  and l ac t i c  energy 

proce s s e s , 

Three energy equ iva l ent s ,  for the three ener gy 

components , 

Two body compa rtment volume s , 

S i x  pa rameters of the 2 - compartment body mode l ,  

Two pa rame ters of the fatigu e  feedback l ink , 

Body mas s ,  

coef f i c i ent , 

maximum force , 

Four V02 funct ion pa ramete r s . 

r e s i s tance to moti on 

Two in i t i a l  lactate concentrat ions . 

Thi s  l i s t  can however be reduced con s iderably in the fol low­

i ng manner : 

( · i )  S i nce the b iochem i c a l  energy s tore s can be converted 

to mecha n i c a l  energy u n i t s  by mul t i p l icat ion by t he 

energy equ iva l ents , thi s  means that t he l a c t i c  a nd 

a l a c t i c  energy equivalents can be s ubsumed i nto the 

s i ze s  of the origina l  energy store s . 

( i i ) The volume of the lactate spa ce compartment , V , 
s 

i n  the two-compar tment model can be rega rded a s  a 

constant , s i nce i t  i s  e s sent i a l ly a b lood volume . 

I t  i s  �� ' the volume of exerci s i ng mus c l e s  whi ch 
· · '  

vary , not so much between i nd iv idua l s , but between 

type s of exe rc i se . 

( i i i ) The product i on , d i f fus ion and ut i l i sat ion coe f f i c i en t s  

i n  the two- compar tment mod e l  were obta ined f rom Freund 

and Zou loumi a n  ( 1 9 8 1  a )  and not e s t imated in any way 

from col l ected data . Some doubt ha s been ca s t  above 

on the magni tude of some of these , but wi thout further 

evidence , they cannot rea l i s t i ca l ly be changed , a nd 

are regarded a s  f i xed . 
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• 

( i v )  O f  t he f ou r  vo 2 parameter s , only b '  i s  r ea l l y  of 

relevance . The other s ,  the r e s t i ng l eve l , a '  a nd 

A can be regarded as cons tant . b '  correspond s fa i r ly 

c l osely wi th the not ion of vo 2 max , con s idered to 

be the most impor tant determ inant of performance , 

and i s  therefore retained . The imp l i ca t i on of t h i s  

i s  that we c a n  now a 1 so omi t  t he energy equi va lent 

of the oxidat ive proce s s , s i nce a h i gher equ i va lent 
• 

ha s the same e f fect a s  a h igher vo 2 max . 

Th i s  reduces the l i s t  of parameters which need further 

s tudy to e l even . 

The s econd g roup of s imu l a t ions a ims to i dent i f y  whi ch o f  

the se e leven variables are s ig n i f i cant determ i nants of 

performance . Three a spect s  of performance we re con s i de red : 

( A )  1 0 0m spr int t i me/ sec 

( b )  D i stance covered i n  9 0  sec a l l -out run ( metre s ) 

( C )  Endurance at 5m/ sec cons tant veloc i t y  ( mi n s ) 

The experimental des ign requi red for thi s  type of variable 

s creening procedure is one of the we l l  known P l a ckett a nd 

Burman ser i e s , in thi s  i n stance a 1 2 - run de s i gn for s creeni ng 

e l even var i able s .  

The e l even var i ab le s ,  w i t h  the i r  nomi nated va lues , and chosen 

h igh and low va lues are as f o l l ows : 



TABLE 1 0 . 2 :  Var iables I nve s t i ga ted f or S en s i ti v i ty 

Variable 

A 

B 

c 

D 

E 

F 

G 

H 

I 

J 

K 

Name 

Phosphagen s tore ( mM )  

G lycogen ( lactate ) s tore 
( g )  

Work i ng mu s c le volume 
( 1 0 0 m l ) 

Parameters o f  f a t igue 
equa t ion 

Body ma s s  ( kg )  

Maximum force ( Newton s ) 

Re s i s tance coe f f i c i ent 
( kg / sec ) 

b '  i n  Equation 7 . 9  

I n i t i a l  mu s c l e  l actate 
( mg % )  

I n i t i a l  blood l actate 
( mg % )  

The P lackett and Burman d e s i gn 

( - ) Low 

8 1 0 

7 6  

9 0  

. 0 5 
+ . 0 0 1  

i s  

5 0  

3 0 0  

4 5  

. 0 1 5 

8 

8 

shown 

Nom i nated 

1 3 6 0  

1 2 7 

1 3 5 

. 0 8 
+ . 0 0 2  

6 8  

4 7 0  

5 7  

. 0 2 5  

1 0 

1 0  

i n  the 

1 3 7 

H i gh ( + )  

2 0 0 0  

1 7 0 

1 8 0 

' • 1 
+ . 0 0 3  

1 0 0  

7 5 0  

8 0  

. 0 4  

3 0  

' 1 5 

f o l low i ng 

s cheme , t ogether w i th the observat ions f rom RUN 1 A ,  RUN 1 B ,  

RUN 1 C . . . .  RUN 1 2C i n  the attached computer output folder . 

TABLE 1 0 . 3 :  Origi na l P l ackett and Burman Des ign 

Run A B c D E F G H I J K Sprint D i s t  Endurance 
( sec ) � ( m )  ( mi n ) 

1 + + + + + + 1 7 � 0 5 5 4 5 . 9  9 . 2  

2 + + + + + + 1 6 .  2 1  5 2 6 . 0  6 . 9  

3 + + + + + + 2 7 . 2 5 3 2 9 . 2  0 . 0  

4 + + + + + + 7 . 1 5 8 1 0 . 5  1 2 . 4  

5 + + + + + + 2 8 . 0 1  3 3 0 . 0  o . o  

6 + + + + + + 1 1  • 9 1  4 8 7 . 4  1 . 0 5  

7 + + + + + + 8 . 7 2  7 1 6 . 3  2 0 . 0  

8 + + + + + + 2 7 . 6 6 3 3 5 . 7  0 . 0  

9 + + + + + + 1 6 . 2 7 3 6 7 . 7  . 7  

1 0  + + + + + + 1 2 . 0 6 4 8 3 . 0  1 • 7 

1 1 + + + + + + 8 . 5 4 5 6 7 . 6  3 .  1 

1 2 1 6 . 2 4  5 1 0 . 7  3 . 8  
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For each o f  the twe lve s e lect ions , the three a spect s  o f  

per formance are cons idered . The f i r s t  two c a n  b e  obta i ned 

f rom a s i ng le s i mu la t i on run , but the th i rd aspect requ i r e s  

further attent i on . 

The d i s advantage of P l ackett and Burman des igns are that 

they are sa turated , a nd of resolut ion I I I , that i s , ma i n  

e ffects a r e  a l ia sed with 2 factor i ntera c t i on s . The fold­

over theorem however can be uti l i sed to f ree th i s  confound i ng 

and produce a resolut ion IV des ign . The corre spond ing scheme 

for the fold-over ha l f  of the s imulat ion tr i a l s  i s  as fol lows 

together aga i n  w i th the observat i on s  from RUN 1 3A • • •  RUN 2 4C 

i n  the at ta ched computer output folder . 

TABLE 1 0 . 4 :  P lackett and Burman Fold�over Des iqn 

Run A B C D E F G H I J K Spr int D i s t . Endur�nce 
( sec ) ( m )  ( m1 n )  

1 3  + + 

1 4 + 
1 5 + 
1 6  + 

1 7  + + 

1 8  + + 

1 9 + 

2 0  

2 1  

2 2  + 

2 3  + 

2 4  

+ + 

+ 

+ 

+ 

+ 

+ + 

+ + 

+ + 

+ 
+ 

+ 

+ 

+ 

+ + 

+ 

+ 

+ 

+ 

+ + 

+ + 

+ + 

+ 

+ 

+ 

+ + + + 

+ 

+ + + + 
+ + + + 

+ + + 

+ 

+ 

+ 

+ 

+ 

+ 

1 2 .  1 2 

2 7 . 1 3  

1 6 .  1 1  

1 7 .  1 9 

7 . 3 6 

2 7 . 4 6  

1 7 . 2 7 

7 . 8 5 

5 7 6 . 2  

3 3 6 . 5  

5 1 7 . 6  

5 7 5 . 6  

5 9 7 . 9  

3 2 1  • 9 

5 5 4 . 7  

5 1 7 . 0  

2 8 . 6 4 2 9 3 . 8  

8 . 4 3 7 8 3 . 3  

1 2 . 6 0 4 9 1 . 2  

1 1 . 6 6 4 9 5 . 2  

2 0 . 0  

o . o  
3 . 7  

6 . 3  

3 . 5  

0 . 0  

2 0 . 0  

2 . 0  

0 . 0  

2 0 . 0  

1 . 8 

2 . 6  

The two halves of the exper iment can be ana l y s ed separatel y , 

a nd the e f fect of each var iable c a l cu l a ted . No a na l y s i s  

o f  vari ance i s  pos s ible because o f  the s a turated s y s tem , 

but the f a c tors can be ordered i n  " s i gn i f i cance" by the 

absolute magni tude of the i r  e f fects . The fold ove r  theorem 

doe s provide a " repl i . a t e "  e f fect , which in thi s  i n s t ance 

wa s mere l y  a dummy e f f ec t , wh i ch can in a sense be u sed 
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a s  a bench mark for the ca l cu la ted e f fe ct s . 

An overa l l  e f fect me calculated for each var iable by add i ng 

the effects from each hal f .  The fol lowing ana ly s i s  res u lted , 

( see page 1 4 0 ,  Tab l e  1 0 . 5 ) . 

1 0 0m Spr i nt E f f e c t s  

W i th respect to t h e  sprint t ime s , i t  can b e  read i ly seen 

that the only s igni f i cant e f f e c t s  a re G :  maximum force , 

which has  a very s t rong nega t i ve e f fect ( i . e .  l arger force 

means a s horter t ime ) and H :  re s i s tance coe f f i c i ent which 

has s trong pos i t ive e f f ec t . Tha t these a re the only two 

s eems hard l y  surpr i s ing .  The only i nteract i on i nd icated 

i s  the GH , wi th an e f fect of - 3 7 . 5 , wh i ch i s  probabl y  j us t  

s igni f i cant a l so . 

D i s tance Ef fect s : 

As far a s  the a l l -out n i nety s econd d i s tance i s  concerned , 

t he fol lowing four va r i ables  have obv ious e f f e c t s  

H :  

G :  

A :  

I :  

A further 

F :  

J :  

E :  

D :  

re s i stance coe f f i c i ent 

maximum force 

phosphagen s tore 
' 

"VO max" 2 

- 2 3 7 4  

+ 1 7 1 6 

: + 6 7 8  

+ 6 2 8 

four have e f fects whi ch mu s t  b e  regarded a s  margina l . 

body ma s s  + 4 3 6  

mu s c l e  l actate + 4 0 7  

) - 3 9 0  

) f a t i gue parame ters - 3 8 2 

H ,  G ,  A and I are much a s  expected , a s  are E and D ,  a t  lea s t  

i n  s i gn , bu t F and J have s i gn oppo s i te t o  expectat ion . 



TABLE 1 0 . 5 : E f f ects o f  a l l  I nve stigated Variables  on Re s ponses 

"/ar iable 1 0 0m E f fects ( sec ) D i s tance E f fects  ( m )  
Code p & B Foldover Overa l l  p & B Foldover Overa l l  

A - 1 2 . 3  5 . 6  - 6 . 7  3 56 3 2 2  6 7 8  

B 1 1  • 5 - 8 . 0  3 . 5  - 1 08 5 8  - 5 0 

c 0 . 7  - 6 . 7  - 6 . 0 9 4  2 0  1 1  4 

D - 1  . 9 6 . 9  5 . 0  - 7 3  - 3 0 9  - 3 8 2  

E - 1  • 8 7 . 4  5 . 6  - 3 4 9  - 4 1  - 3 90 

F 7 . 0  - 1  . 3 5 . 7  - 5 3  4 8 9  4 3 6  

'-.0 - 6 7 . 8  - 7 3 . 8  - 1 4 1 . 6  8 5 5  8 6 1  1 7 1 6  

H 4 9 . 4  4 5 . 4  9 4 . 8  - 1 3 4 3 - 1  0 3 1  - 2 3 7 4  

I 1 1  . 0 - 8 . 4  2 . 6  1 6 2  4 6 6  6 2 8 

J 2 . 4  - 7 . 8  - 5 . 4  4 4 0  - 3 3  4 0 7  

K 4 . 2  - 7 . 7  - 3 . 5  - 9 7  5 2  - 4 5  

Dummy N / A  N / A  3 . 3  N / A  N / A  - 5 1  

E ndurance E f fects ( mi n )  
p & B F oldover Overal l  

3 . 6 5 1 9 .  7 2 3 . 3 5 

- 8 . 0 5 1 8 .  1 1 0 . 0 5 

- 1 0 . 6 5 2 1 . 9 1 1  . 2 5  

1 8 .  1 5 1 1  • 1 2 9 . 2 5 

- 1 6 . 9 5 1 1  • 5 - 5 . 4 5 

9 .  1 5 5 6 . 3  6 5 . 4 5 

1 9 .  0 5  1 9 . 9  3 8 . 9 5 

- 5 1 . 9 5 - 3 1  • 1 - 8 3 . 0 5 

2 1  • 1 5 5 2 . 7  7 3 . 8 5 

2 6 . 4 5 - 1 2 . 3  1 4 .  1 5 

3 . 2 5 - 7 . 7  - 4 . 4 5 

N/ A  N / A  2 1  . 0 5  

� 
� 0 
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The s i x  i nd i ca ted i nteract i ons between H ,  G ,  A and I have 

a l l  been ca lculated . The three largest are : 

G I  = 5 8 2  H I  = - 5 5 9  

I n  add i t ion , s even other s wh ich 

i nteres t  have a l so been exami ned , 

a nd JK . The two large s t  are 

GA = 4 8 9  

i ntui t ively m i ght b e  of 

AB , BC , DE , DJ , EJ , FG 

BC = 5 0 5  a nd K = 3 7 6  

I nteraction e f fects genera l ly are o f  much sma l l e r  absolute 

value than the ma in e f fects , and can thus be cons idered 

only as of intere s t , ra ther than s i gn i f i cance . 

Endurance E f fect s : 

For endurance e f fects , runni ng a t  a cons tant 5m / sec , which 

is a f a i r l y  br i sk pace , there are some spec i a l  cons iderat i on s  

t o  note . 

F i r s t ly , s i nce v i s  constan t , we requ ire d f / dt to be zero , 

thus e l imina t i ng parameters D and E ,  except i n  a s  much a s  

they af fect the po int o f  exha u s t ion . That i s , the endurance 

t e s t  e nd s  when that mus c l e  lactate concent rat ion i s  reached 

beyond wh i ch the force requ i red to maintai n  5m / sec cannot 

be exerted . Th i s  value of C mu s t  be determined in the m 
four c a s e s  where D and E are l ow o r  h i gh and l ow or h igh 

r e spective l y . An i nterrupt mu s t  be inserted i n  FUM01 . F 7 7  

t o  cea se ca l�ulat ion when mus c l e  fat i gue i ntervene s a t  thes e  

value s . The values were extracted f rom among the previous 

twenty- four run s and used a s  appropr i a te as the i nterrupt . 

S econd l y , i f  mu s c l e  f a t i gue doe s not interrupt , the subj ect 

w i l l  run down h i s  ene rgy s tore unt i l  it  is  depleted ful ly . 

Thu s an a l ternate interrupt i s  i nserted to cea se calculation 

when the g l yco l y t i c  mecha n i sm i s  empty of energy s tore . 

The programme w i l l  cea s e  in fact whenever the f i r s t  i nterrupt 

C ()J i ti i t i on i s  saU s f i ed . 
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Third ly ,  when variable H ( re s i stance constan t ) i s  h igh , 

a force o f  4 0 0  newton s i s  requ i re'd to reach 5m/ sec , and 

thi s leve l cannot be achieved when va�i able G ( maximum force ) 

i s  at i t s  low value . Thu s 5m/ s e c  cannot be reached in the se 

s ix cases , and the endurance has  been set to z ero . ( H 

i s  high and G i s  low i n  run s 3 ,  5 ,  8 ,  1 4 , 1 8  and 2 1  ) .  

La s t l y , s ince i n  some o f  the i n s tances 5 m / s e c  can be 

achieved 

l arge ( or 

( V0 2 max ) 

e s s en t i a l ly aerobi ca l l y ,  the e ndurance i s  very 

even i n f i n i te ) • In s uch c a � e s  ( u sua l ly when I :  

i s  h i gh and H ( re s i s tance cons tant ) i s  l ow ) the 

endurance ha s been set to 2 0  m i nutes , except in those ca s e s  

where l actate tolerance wa s so low a s  to i n tervene before­

hand . 

The a na ly s i s  table i n  respect of the endurance a t  5m / sec 

revea l s  probably onl y  the fol low i ng rea l effects  

H :  

I :  

F :  

re s i stance coe f f i c i ent 

"vo max" 2 
body mass  

- 8 3 . 0 5 

. 7 3 . 8 5 

6 5 . 4 5 

with G :  maximum force 3 8 . 9 5 as margi na l . 

The f ir s t  two a re a s  m ight be expected both i n  s ign a nd 

magni tude , for we have prev iou s ly s een the importance o f  

H ,  and i t  has  of ten been remarked i n  the sport s  s ci ence 

l i terature that vo 2 max is one of the mos t  important determ­

i nant of endurance runni ng capabi l i ty . The emergence o f  

F i s  n o t  a l together s urpr i s i ng ,  though one might have 

expected the s i gn to be negat ive , for d i s tance runner s  are 

sma l l  i n  stature in compa r i son to spr i n ters . 

The ten i nteract i on s  i nd i cated by the f i r s t  f ive f actors 

in the rank ing we re i nve s t i ga ted a l s o . 

The l arge s t  four a re IG = 5 1 . 2 5 ,  FD = 5 0 . 1 5 , IF = 4 1 . 9 5 

and HI = - 3  6 .  3 5 .  A l l  mu s t  be regarded a s  margina l . ( Note 

tha t the fo ldover dummy e f fect is i t se l f  2 1 . 0 5 ) . 
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A t h i rd group o f  s imu lation s  cou l d  be performed to pus h  

t h e  mode l  t o  the l i m i t s , that wou ld be by s e l e c t i ng parameter 

values beyond the norma l range . Those se lected a bove are 

on the whole about the l im i t s  o f  the norma l range . There 

i s  no doubt , j udg ing by the i nd i c a t ions above , that a var ie ty 

of unrea l i s t i c  s imu lat ions wou ld have emerged . Thu s th i s  

group has  not been performed , for the e f fort woul d  not be 

product ive . 
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CHAPTE R 1 1  

CONCLUD I NG REMARKS 

D I SCUSS ION 

( i ) Parameter Mod i f i cat ion : 

A number o f  s imu lat ions of the f u l l  mod e l  we re i n i t i a l ly 

requi red t o  get the whole sy s tem f i ne ly tuned . Thes e  f ine 

tuning requi rement s resul ted in m inor mod i f i ca ti on s  of 

some parameter va lue s . The only changes implemented we re 

for some of those parameters whose va lues had been " borrowed" 

f rom other source s .  I n  the f ir s t  i ns tance , the i n i t i a l 

body energy s tore s , both l a c t i c  and a l a c t i c , we re r a i sed 

above the value given in Marga r i a  ( 1 9 7 6 ) .  In various place s 

i n  th i s  study ( e . g .  Append i x  1 p . 3 4 ) , there were ind i ca ti on s  

of thi s i nsuf f i c i ency and a n  i ncrea s e  o f  the order of 6 5 %  

seemed to lead to about the r ight t imes for the known endur­

a nce capabi l i t i e s  of the subj ects  in the s t udy . The s e  

rai sed l eve l s  were u s ed a s  i n i t i a l  v a l u e s  f or t h e  body 

e nergy s tores appropriate to equa tions 7 . 1  and 7 .  2 .  I t  

wa s noted in Chapter 1 0  a s  a resu l t  of the s imu l a t ion study 

that the s y s tem i s  not part i cu la r l y  sens i t ive to changes 

even of thi s magn i tude in the s e  two quant i t ie s . Thu s . a 

6 5 %  r i s e  does not have a s  great an e f fect a s  might be 

suspected . Margar ia's original  lower values we re thus not 

the nomina ted f igure s f or the s e  parameter s ,  but t he lowe r 

one s l i s ted in the sens i t iv i ty s imu l a t i on s tudy . 

S econd l y  the ques t ion o f  the " equiva lence factor" between 

the cyc le ergome ter work load and the power developed during 

r unni ng had to be resolved by f i ne tuning a l so .  A factor 

o f  1 / 3 to 1 / 4 had been i nd i cated ( p .  3 9 / 4 0 ) , a f igure 

i nf erred f rom va riou s  s tud ies as an average among f a i r l y  

wide rang ing l eve l s . F'or the s ubj ects  in thi s s tudy i t  

v1a s  found tha t a f i gu , o f  1 / 2 wa s much closer t o  the mark , 
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a nd thi s value wa s used where appl i cable i n  the mod e l  

equat ions . Th i s  f igure of 1 / 2 corre sponds more c l o s e l y  

to the work of Fukunaga e t  a l  ( 1 9 8 0 ) and the c ommen t s  o f  

P rothero ( 1 9 7 4 )  i n  re lat ion t o  Ke l l er ' s  ( 1 9 7 3 , 1 9 7 4 ) f ormul ­

a ti on , than to some of the other stud i e s  inve st igat ed ; 

Th i rd ly , the f a t igue f eedback coe f f i c ient s i n  t he f atigue 

f unct ion derived in Chapter 6 we re al so mod i f ied as a r e s u l t  

of f ine tuning . The se coef f i c i en t s  we re or i g i na l l y  chosen 

by emp i r i ca l  rea son i ng , so as  to sat i s fy a bas ic con stra int 

on the va lue of peak lactate . Th i s  va lue of 1 4 5 mg / 1 0 0  ml 

( p .  9 0 ) s eems rather h igh for the s ubj ects  o f  thi s s tudy , 

and a va lue around 1 1 0  mg / 1 0 0  m l  i s  more a ppropr iate . 

Thu s rev i s ion o f  t he s e  est imates towa rds the sor t s  of peak 

l ac ta te and fat igue t imes recorded for the subj ects  resul ted 

in those nomina ted va lues g iven i n  Chapter 1 0 ,  and the 

h ighe r and lowe r values used in the sen s i tivi ty s imulat ions . 

There i s  the furthe r relevant con s i dera t i on that the f orm 

o f  the f a t i gue curve chosen may have been s uch tha t  thes e  

changes 

i t  wa s 

became nece s sary . 

exe rci sed i n  good 

Th i s  cho i ce wa s empi r i ca l , but 

f a i t h  in the expec ta t i on that 

a rea sonably rea l i s t i c  s imu l a t ion wou ld be achi evable . 

La s t l y , a group of parame ter mod i f i ca t ions i nd ic ated during 

t he f i ne t un ing , but not undertaken , were some or a l l  o f  

t he parameters o f  the two compar tment l ac ta te c i rculat ion 

mode l .  With s i x  parameters i nvolved and w i th l i tt le o r  

n o  phy s iolog i c a l  or exper imenta l knowledge to make u s e  

o f , the degree s o f  freedom f o r  adj u s tment seemed too great . 

I t  would appear to be the case though , a s  men t i oned i n  

Chapter 1 0 ,  that had such adj u s tmen t s  been made t o  s ome 

or a l l  of the s i x  parameter s ,  some of the p revi ou s ly 

men t i oned adj u s tments ( e . g .  f a t i gue equa tion pa rameter s ) 

m ight e i ther not have been requ i red , or need not have been 

made to the same extent . 
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Further f i ne tuning i s  pos s ible c learly , but the margi na l 

returns are d imini sh ing . The performance of t he mod e l  

descr ibed i n  Chapter 1 0 h a d  reached a s tage where , w i t h  

the nomina ted ( e st imated , borrowed o r  mod i f ied ) parameter 

value s , t he s imulated var iable r e su lt s we re as c lose to 

rea l subj e c t  exerc i s e  data as cou ld rea s onably be expected . 

Thu s the f i r s t  group of s imu l a t ions we r e  performed to a s s e s s  

the ba s i c  va l i di ty and rea l i sm o f  the mod e l  a s  a who le . 

Apa rt from exami ning the se re s u l t s  i n  the a cc ompany ing 

compu ter output f o lder , and the i r  d i scu s s ion in Chapter 

1 0 , there i s  l i t t l e  further to note . Two sma l l  items which 

do come to mind f or exampl e  however ,  are that in the 

s imu l a t ion RUNFAST a t  a workload correspond ing to 1 8 5 0  kpm , 

exhaust ion occurred a t  6 m i n  4 0  s ec , which i s  very c lose 

to the average endurance for the s ubj e c t s  on the cycle 

e rgometer a t  thi s workload . A l so , exhaus t i on i n  the r amp 

t e s t  occurred a fter abou t 7 mins , a t  a work load of a round 

2 6 1 8 kpm whi ch a lthough not per formed by the s ubj ec t s , 

i s  probably an overe s t imate of the i r  capabi l i ty , e spec ia l ly 

wi th a pred ic ted lactate of 1 6 0 mg / 1 0 0  m l  ( i t s e l f  an over­

e s t imate ) , and s i nc e  no f a t i gue feedba ck wa s a l l owed i n  

that simu la t i on . 

The s econd g roup of s imulat ions wa s d e s i gned for t he t wo 

f o l d  purpose o f  f i r s t l y  t e s t i ng the s e n s i tivi ty o f  the 

s y s tem to changes in parameter va lues  whi le a t  the s ame 

t ime ensur ing that the r e s u l t ing s imu l a t i ons remai ned 

rea l i st i c , a nd second ly for the purpose of cons ider i ng 

boundary value s , or those beyond norma l phys iological 

l im i t s . Thu s a s  presented i n  the previous Chapten wi th 

respect to the C g roup of s imu l a t ions ( endurance at 5 m / s ec ) 

the se bound a r i e s  had been exceeded i n  a f ew i ns tance s , 

a t  both end s  of the s ca l e . At one e nd 5 m / s ec wa s a n  

unattainable speed , w h  · l e  a t  t h e  o ther end , 5 m /  s ec cou ld 

be ma inta ined i nde f i P ;  r: e l y . Thus the bounda r i e s  do s eem 
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to be f a i r l y  c l ear l y  i nd i ca ted i n  respect o f  seve r a l  o f  

t he parameters . Deta i l s  o f  the sens i t iv i t y  a na ly se s  are 

covered i n  Chapter 1 0 . 

I n  gene ra l  these r e su l t s  do not l ead to any unrea l i s t i c  

s imulated outcome s ,  and the s igni f i cant parameters t ha t  

eme rge f rom the ana lyses  for the mos t part con form to 

expecta t i on s . The on ly ex ceptions seemed to be the perver s e  

s igns of t he e f fe c t s  of F :  body ma s s  ( + )  , and J :  mus c l e  

lac ta te ( + )  i n  r e spect to t h e  B and C s imu l a t i on g roups . 

The se e f f ec t s , i f  regarded a s  real  ( ra ther than marg i na l 

or not s i gni f i cant , which i s  a pos s i bi l i ty ) ,  are d i f f i cu l t  

to expla in . One pos s i ble expl anat ion may be in the a lter­

nate view tha t several of  the variab l e s  used i n  the screen­

i ng exper iment shou l d  perhaps have been taken on a relat ive 

rathe r  than an abs olute s i z e . Thu s for exampl e the in i t i a l  

l a c t i c  and a la c t i c  body energy s tores s hould have been 

mea su red on a per k i l og ram ba s i s , and the absolute va lue 

adj u s ted accord ing to the s imulat ing of subj e c t s  o f  d i f fer­

i ng body ma s s e s . It  is  d i f f i cu l t  to see how t h i s  sugge st ion 

m ight apply to mu s c l e  lac tate , s i nc e  it i s  a lready mea sured 

a s  a c oncentra t i on , i . e .  mg / 1 0 0 m l . The expl anat ion here 

m ight be the pre s ence of an undetected or perhaps con founded 

i nterac t i on e f f ec t . 

i i i ) Res tructu r i ng 

Tak i ng those remarks expre s sed during the deve lopment o f  

the mod e l  a s  a whol e  ( Chapters 3 - 6 ) together w i t h  the 

r e s u l t s  deta i l ed i n  Chapter 1 0 , it i s  re levant to con s i de r  

whether the mode l could be res tructured i n  any wa y t o  improve 

i t s  r ea l i sm and perhaps its per formance . 

W i th respect to the Newton ian biomechan i ca l  mode l segment 

of Chapter 3 ,  no r e s tructuring i s  nece s s ary , for Kel ler ' s 

o r i g i na l  a pproach a ppea r s  qu i t e  s ound . The exten s i on , 
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a dd ing a f ourth equa t ion f or powe r deve l oped , does r ai s e  

the ques t i on o f  the measurement o f  mecha n i c a l  power dur ing 

r unning . There is  deba te i n  the l i terature , a s  ha s been 

d i s cu s sed , and the c a l cu la ted mechan ical powe r doe s not 

s eem to equate on a one- to- one ba s i s  w i th the c a l ibra ted 

powe r dur i ng c yc l e  ergometry . There i s  therefore s cope 

f or further i nve st igat ive work in thi s area to c l a r i f y  

the quest ion . 

The mode l l i ng of human bioenerget i c s  i s  one segment o f  

thi s  runner s mod e l  however wh ich woul d  bene f i t  f rom 

restructu r i ng ba sed on a theore t i ca l  approach . Marga r i a ' s  

( 1 9 7 6 ) mod e l  wa s rej ec ted , and wh i l e  sat i s factory equa t i on s  

can b e  emp i r i ca l ly derived t o  descr ibe t he proces ses 

i nvolved dur i ng exe rc i s e , they don ' t  apply after the ce s s a t ­

i on of exe rci se . A genera l i s a t ion o f  Marga r i a� mode l 

appea r s  to current ly o f fer the be s t  scope f or deve lopment 

o f  t h i s  mod e l  s egment . However such a genera l i zat ion wi l l  

certa i n ly be more compl ex than h i s  o r i g i na l . Some i dea s 

f or s uch a deve lopment are pres ented i n  greater deta i l  

i n  Append i x  1 , where the conclus ion wa s reached t ha t  

i n s uf f i c ient phy s i ological i nforma t i on i s  curren t l y  a va i l ­

able t o  make t he genera l i sa t i on with any rea sonable degree 

o f  ce rtainty . 

The two compar tment lac tate c ircu l a t i on mod e l  s eems t o  

be ba s ica l ly qu i te sound i n  i ts orig ina l ly proposed form . 

I ts app l i cabi l i ty i n  that f orm dur i ng exe rc i s e  h a s  not 

been d i rec t l y  t e s ted , though the s imu l a t ions in thi s  study 

do not l ead to any contradi ctory ind icat ions . Such d i re c t  

t e s t i ng ought n o t  to b e  t o o  d i f f icul t .  C a r e f u l  s tudy o f  

that mod e l  segment does s ugge s t  how an exper iment cou l d  

be d e s i gned to t e s t  t he model va l id i t y  dur ing exe r c i se , 

and to e st imate i t s  parameter s .  A t ime s e r i e s  o f  values 

o n  C s ( b l ood lactate ) can be taken during exe r c i s e  ( and 

a ft er ) , 

i mputed , 

l actate 

f rom whi ch a t i me series o f  values on Cm can be 

f rom which i n  turn a t i me dependent f unct ion o f  

production in ' l-1e  work ing mu sc le during exerc i s e  



1 4 9 

can a l so be imputed . Th i s  may turn out to be a much better 

way of u s i ng blood lactate as an  i nd i rect means of  e s t ima t ­

i ng l actate product ion dur ing exerc i s e .  ( Some o f  the 

d i f f i cu lt i e s  of this form of e s t ima t ion were ment ioned 

in Append i x  1 ,  and there is no uniquely recogn i s ed s ta ndard 

or protocol . Researchers d i sagree as to the u se fu lnes s 

o f  such a procedu re ) .  

The maj or a rea for re search and restructuring l i e s  i n  the 

mode l l i ng o f  f a t igue of the catabo l i  te a c cumu la t i on type . 

I am no more cert a i n  now of how to go about thi s , than 

at the start of Chapter 6 .  I do not fee l tha t I know a ny ­

thing l ike enough about the b i ochem i s try o f  f a t igue to 

make any rea sonable progre s s  beyond that a ch ieved in 

Chapter 6 .  I do feel con f ident however that a general i s at­

i on o f  Margar ia's ( 1 9 7 6 ) b ioenerg e t i c  model wi l l  be able 

to i ncorporate some f orm o f  f a t i gue f eedback bas ed on the 

metabo l i  te dep l e t i on pr inciple . L i kevli se I feel conf ident 

that any f a t igue mechan i sm ba s ed on l actate a cc umu l a t ion 

in t he working mu s c le wi l l  exh i b i t  the genera l behaviou r  

a s sumed and mode l l ed i n  Chapter 6 .  Apart f rom t he s ort s 

o f  approach a dopted there , i t  i s  unclear how t o  do any 

s ubstan t i a l  mode l l i ng o f  fa t i gue of thi s type . 

CONCLUS ION 

The two broad conc lus i on s  to th i s  study can be s ta ted qui te 

s impl y .  

The proj e ct wa s embarked upon because o f  a quan t i tat ive 

i ntere s t  in the ana l y s i s  of sports and exerc i s e  a nd hence 

a n  a rea open to th i s  s or t  o f  re search wa s i nvest i gated . 

The proj e c t  has been mos t  i ntere s t i ng and ha s ,  I bel ieve , 

made a contribu t i on to the furthe r i ng o f  knowledge in mode l ­

l ing the human exe r c :l  �• e proce s s e s . A s  i s  f requently the 

ca s e in resea rch proj . ' s ,  though many que st ions have been 
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a nswe red , t he work i t se l f  has g enerated a s  many i f  not 

more fur ther que s ti ons . Thi s  heightens the i nteres t  and 

the prev i ou s  sect ions of th i s  chapter have ind i ca ted var iou s 

avenues where fu rther deve lopment work can be undertaken . 

I expect to continue work in the immed iate future by under­

tak ing some of the s e  development s .  

Second l y , the proj ect ha s ach ieved i t s  obj ective o f  produc­

i ng a working and r ea l i s t i c  s imu l a t ion mode l o f  a runn ing 

a th le te , by a combi na t ion of theor e t i c a l  and empi r i ca l  

mode l l i ng .  A s  a mathema t i c i an , i t  might have been prefer­

rable in re trospect to have inc luded more theoret i c a l  mode l ­

l ing , but the reason s  f or thi s not bei ng pos s ible a r e  

evident i n  Chapters 4 a nd 6 .  The emp i r i c a l  mode l l ing o f  

fat igue wa s unavoidable , s ince phy s iolog i ca l  knowledge 

of the proce s s e s  i nvo lved i s  i n su f f i c i ent . The mode l a s  

a whole wa s never i ntended t o  be THE a n swe r . I t  i s  not 

so and the ind i ca t ions for re s tructur ing have been d i s cu s s ­

ed . Such re structuring w i l l  undoubted l y  improve the model's 

t heoret i c a l  content , though the s imulated output wi l l  

p robably not reveal maj or changes ex cept du r i ng the recovery 

a f ter exerc i se , v1here a d e f i n i te extens ion w i l l  have been 

made . 
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ABSTRACT 

In this monograph I examine a 3-compartment hydraulic model which has 

been proposed to represent the energy sources and flows during human 

muscular activity and recovery . Modelling work by exercise 

physiologists , in as much as it has utilised any mathematics and 

statistics , has been purely empirical . That is , there is an 

abundance of curve fitting , generally with no theoretical foundation . 

The only theoretical modelling approach to the bioenergetic processes 

is this hydraulic model , but it is only conceptual . Thus this 

monograph quantifies and solves the model mathematically , and 

illustrates the solution with a worked example using experimentally 

obtained data . In addition , implications of the model and its 

solution to maximum power , and to fatigue and exhaustion are considered .  

The model in part produces predictions consistent with observed results , 

and in part does not . 

development . 

It has some promise therefore , but needs further 



1 .  Introduction 

One can view the modelling of processes from two angles ;  the empirical 

1 

and the theoretical . The former can be characterised by fitting curves 

to data , and while such curves may correspond well with experimental 

observation , their equations often have no theoretical foundation . The 

latter can be characterised by the use of differential equations based 

on theoretical principles ,  which though mathematically elegant , may have 

little s�itability for application to experimental situations . One 

such process which illustrates these two angles is that of the energy 

processes of the human body during muscular activity . Exercise 

physiologists have taken to the empirical angle in large numbers , but 

mathematicians it appears have not taken to the theoretical angle in even 

quite small numbers . There is thus a noticeable gap to be filled , and 

tne purpose of this paper is to assist in filling that gap . 

The sources of energy for muscular activity in the short to medium term , 

are very well known . Without getting involved in the biochemical 

details , they are broadly as follows . The most obvious is the 

oxidatiYe energy source , and is characterised by an increased oxygen 

consumption in response to exercise . This response is quite slow , for 

it can take up to two minutes after the onset of exercise for a steady 

state to develop . The oxidative source is of course not limited � tho�gh. 

the rate of utilisation is . The second source is the glucose -+ glycogen 

-+ lactic acid mechanism , called the lactic or glycolytic source . It 

is the latter conversion that is of maj or interest , for the lactic acid 

is a harmful by-product . It  tends to accumulate in the muscle tissue , 

where , if not removed fast enough by diffusion into tbe bloodstream t o  

be broken down , it will cause muscular poisoning ; the fatigue pains 
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well-known to athletes . This mechanism is a limited source , and also 

has a maximal rate of utilisation , which is higher than the maximal 

oxidative rate . The third , and most important source , since it is 
' 

available on demand , is provided by the conversion of high-energy phosphate 

compounds . This is referred to as the phosphagen or alactic source . 

The by�products of this conversion are not harmful � and are recycled 

by the oxidative and/or glycolyt ic mechanisms . This source is  limited 

in quantity and rate of utilisation also , though the maximal rate is quite 

large . 

The usual investigative approach to these matters taken by exercise 

physiologists , is  to exercise subj ects at a known workrate ( i . e .  power) 

on a cycle ergometer or treadmill . The total rate of energy usage is  

therefore known . The subject breathes through tubes which measure the 

oxygen consumption , as well as other respiratory parameters . The energy 

equivalent , and the biomechanical efficiency of the oxidative mechanism 

is known and so the oxidative component of the workload can be calculated , 

and the sum of the other two components determined by subtraction . The 

modelling procedure is to fit a curve to the oxygen consumption over 

time . Historically this was first done about 30  years ago ( Henry , 1 951 ) 

and the curve fitted very well . Countless equally good , or better , fits 

have been obtained s ince ( Linnarson , 1 974 ; Fox et al , 1 980 ; Whipp et al , 

1981 ) and this model is now in such widespread usage that it appears to be 

taken as fact . Of relevance to the mathematician is that it never had , 

nor has it since been given , any published independent theoretical basis .  

During light to moderate exercise , below what i s  referred to as the 

"anaerobic threshold" , it has been established that the glycolyt ic 

mechanism does not contribute to the energy supply . This is ascertained 



by inserting a small needle in a vein and drawing small blood samples 

every minute or so during exercise . The blood is analysed for the 

presence of lactic acid ; none above normal resting levels having been 

found in such circumstances . Thus any difference determined above by 

subtraction , can be attributed to only one source , the alactic , and so 

the empirical modelling can be done . 

In heavy exercise , all three mechanisms contribute , and the difference 
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referred to has both lactic and alactic components . It might be thought 

that measuring blood lactic acid as described would provide one of the 

two , and the alactic component derived by a second subtraction . Here 

we run into a number of difficulties ; there is a well-established but 

quite variable time-lag between muscle and blood lactic acid levels ; 

blood flows around the body in a complex though known , manner ; where 

should the needle be inserted , etc . For these reasons and others , blood 

measurements though frequently taken , do not provide a very useful 

indication of the rate of lactic acid production in the working muscle . 

The muscular concentrat ion can be accurately determined , by a needle 

biopsy , that is by inserting a special needle into the muscle tissue and 

withdrawing , by powerful suction , a small piece of the tissue itself for 

subsequent analysis . Clearly this process cannot be done repetitively , 

nor while the muscle is actually in use . 

Thus physiologists have done a lot of work on the oxidative mechanism 

and because of these difficulties much less on the other two . As a means 

of progress therefore , it would seem that the theoretical angle might 

now be useful , but as r have mentioned , I have found very little such 

work . The only attempt to comprehensively model the processes involved 

is the hydraulic model , postulated by Margaria ( 1 976 ) . This model is 



4 

only descriptive , with no detailed a ttempt to quantify it , and none to 

solve it analytically . No others it appears have made such attempts 

either . Specifically then , the purpose of this paper is to undertake 

these tasks . 

2 . Margaria ' s  Model 

The hydraulic model is shown diagramatically in Figure 1 below : 

Figure 1 :  Margaria ' s  Hydraulic Model , Phase lA - 1 � - - - - - - - - - - - - - - -
��-; - - - -

B 

T 

w 



The fluid in vessel P ( representing phosphagen ) is directly connected 

with the outside through the tap T ,  which regulates the flow ( total 
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energy expenditure ) .  At rest , with T closed , the upper level of fluid 

in P is the same as in the communicating vessel 0 ( representing the 

oxidative source ) .  The vessel 0 is of infinite capacity and is 

connected through tube R1 . The second communicating vessel L 

( representing the glycolytic source ) is of finite capacity , with upper 

level the same as the bottom level of vessel 0 ,  apart from a very narrow 

extens ion tube , B .  The fluid in B ,  corresponding to the resting blood 

lactic acid , is of very small volume relative to L ,  and does not 

contribute to any flows in a measurable amount . L is connected to P 

through a wider , but one-way tube R2 , and P is connected to L by another , 

but very much smaller one-way tube , R3
. 

If  T is partly opened , corresponding to a workload W ,  the level in P 

falls , inducing a flow through R1 ( oxygen consumption , vo
2

) in accordance 

with the difference in levels , h ,  between the two vessels . This  

induced flow slows the rate at  which the level in  P falls , and provided 

W is not too large , an equilibrium will be reached at a level above the 

outlet R1 • The level in P is below the resting level , and fluid flows 

continuou�ly from 0 to P and out through T .  I f  the equilibrium level 

is exactly at the level of R
1

, then the oxidative mechanism is at its 

maximum , denoted vo
2 

max . Once the equilibrium is established , the 

only energy mechanism contributing is the oxidative ; the exercise is 

purely aerobic , and in theory could continue indefinitely , Prior to 

equilibrium of course ,  P has contributed some of its supply , and the 

empty volume in P above the equilibrium level is known as the alactic 

oxygen debt . 
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If T is now closed , i . e .  exercise ceases , P will begin to refill through 

R1 , but at a slower and slower rate as the level in P returns to normal . 

When it does so , the flow in R1 ceases and the subj ect is said to have 

repaid his oxygen debt during this recovery period . 

If  T had been widely opened , · ( severe exercise ) ,  the initial situation 

would be as described above , but the level in P would fall below R1 . 

This happens after about 50% of the fluid in P has been utilised , and 

the subj ect is said to have crossed his anaerobic threshold . As soon 

as this happens , two things occur ; the flow in R1 has reached and 

continues at its maximum determined only by the height of the vessel 0 ;  

and a flow through R2 is induced . This flow is in accordance also with 

the difference in levels between vessels L and P ,  ( the level in L 

lagging behind the level in P ) . The flow through R2 will slow the fall 

of level in P ,  but since the flow through R1 is insufficient and the 

capacity in L is limited , the levels in both L and P will continue to 

fall . If  exercise is prolonged , L and P will be emptied and the subj ect 

will be exhausted ! 

If  T is closed at or before exhaustion , P will again be refilled . 

Initially it will be filled through R1 at the maximal rate , and through 

R2 until the lag in levels between L and P has been eliminated . 

latter flow is a delayed lactic acid formation which has been 

experimentally observed to occur after cessation of exercise .  

This 

Once 

the levels have been equated , P will fill through R1 , initially at the 

maximal rate and thereafter at a progressively slower rate as described 

previously . L will be refilled from P through R3 at a rate in 

accordance with the difference in levels between the two . Because R3 

is so small , the level in L will lag behind the level in P ;  the 



repayment of this the lactic oxygen debt is very slow . Finally both 

P and L are refilled , and the subj ect is fully recovered !  

3 .  Quantification and Solution 

Figure 1 showed the measurements required to quantify the structure of 

the hydraulic model . Their units of measurement will be omitted 

until Sect ion 4 . The only assumption is the arbitrary one of 

convenience , that the height of vessel P is two units , and thus the 

height of both vessels 0 and L is one unit each . In addition the 

following are required to quantify the operation of the model : 

maximal flow through R1 
= vo2 max = MO 

maximal flow through R2 
= ML 

maximal flow through R3 
= MR 

cross-sectional area of P = Ap 

" " " of L = A1 

volume of vessel p = 2 Ap 

" " L = AL 

anaerobic threshold = e = M
O 

It is clear that a s ingle differential equation , of conservation of 
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energy , referred to as the equation of energy balance , is applicable to 

the model at all times . That is 

w = dP dL vo 2 -
dt -

dt 

and it is this equation , in a variety of forms , which will be 

investigated . ( P  and L denote the volumes of fluid in vessels P and 

L respectively ) .  
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3 . 1  Phase 1A : Consider , as is shown in Figure 1 , that shortly after 

T has been opened corresponding to a constant workload of W ,  the level 

in vessel P has dropped by a height h .  The form of equation � is now 

given by : 

which is a simple first order linear differential equation , having as its 

general solution 

= 

Mo 
- - ( t+c )) A e. p 

where c is an arbitrary constant to be determined by the initial 

conditions . These are simply that h = 0 at t = 0 . Thus the particular 

solution , starting from rest , is given by 

h = 

Thus if W � e = M0 , then for large t ,  we see that an equilibrium level 

is reached with h = W/M0 � 1 . Of more interest to the physiologists 

is v o2 , which , using equations � , �  and� , is given by 
�10 

�- t 
v o2 = W( 1 - e Ap ) , for t � o 

which , provided W � 8 = M0 , tends to W � M0 at equilibrium . That is , 

the workload is completely aerobic . The alactic debt at equilibrium is  

given by an  amount Ap W /M0 . It is of interest to note that equation 

� is of identical form to the one previously mentioned as having been 

in very common use by physiologists for many years . Of interest also 

is the fact that the exponential rate constant M0/Ap is independent of 

W ,  a subj ect of controversy among physiologists , ( Whipp and Wasserman , 

1972 ) . 



3 . 2 : Phase 1 R :  Suppose now at time t = t1 , when h. = 71.1 :s: W/M0 and . ,  

vo2 = v1 :s: W ,  as given by the solut ions of equations � and � , we 

change W to w1 . Equat ions 0 and 0 sti ll apply but with W changed 

to w1 , and initial condit ions h = h 1 or vo2 = v1 at t = t.1 respectively . 
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Of most interest to phys iologists is the particular solution for vo2 when 

w1 = 0 ,  i . e .  exercise has ceased and recovery commenced . This solution 

is given by 

= 

Again it is of interest to note that equation � is of identical form to  

the one which has been in common use by physiologists for the repayment 

of the oxygen debt , ( Henry , 1 9 51 ; Leger et al , 1 980 ) , for j ust as many 

years . The rate constant is independent of W and is the same value as 

in Phase 1 A ,  as has been observed experimentally ( Henry and De Moor , 1 9 56 ) . 

Phases 1A and 1R are shown diagramatically as part of a worked example in 

Section 4 . 

3 . 3 :  Phase 2A : Suppose that tap T 

opened to some constant W > 8 = M . 
0 

was opened wide at the start , i . e .  

During Phase 1 ,  equations 0 {� , 
� and � will apply , with appropriate initial conditions , but only up 

until some time t2 , when h = 1 and V02 = M0 
= V02 max . This time t2 is 

obtained as the solut ion of equations 8 or 0 by putting h = 1 or 

V02 = M0 respect ively , viz 

which is  only defined for W > M0 . 
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by nn amo11nt J, ,  wh nrfl , duo to the lag , 11 > J. + l .  

Equation � now becomes : 

and we note also that 

d.£ A : = 
-L dt 

p 

h 

B 



since the flow in R2 is  in accordance with the difference in levels 

between vessels L and P .  

i . e .  

and 

AL d.t h- = - - + 1 + .t M1 dt 

1 1  

Now substituting equat ion � into equation � and simplifying , yields 

an appropriate vers ion of equation �' viz : 

This is  a second order linear differential equation with constant 

coefficients , which has as its general solution 

.e - -

with the two arbitrary constants c
1 

and c2 , which can be determined by 

the initial conditions that at t = t2 , .t = 0 and d.t /dt = 0 .  This give s : 

.e = 

We note that as t + 00 ,  so also does .e .  That is , if severe exercise is  

prolonged , the ves sel  L will become empty , whereupon the subj ect can no 

longer call on the glycolitic energy source component . The question of 

when this occurs will be deferred for the moment , for it is not simply 

the solut ion of the transcendental equat ion @ when .t = 1 .  
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Because of the lag in t behind h ,  we must first consider when P become s 

empty , be cause then equat ion � no longer holds and therefore neither 

does equation @ . 

Thus let us consider the other energy sources in Phase 2A also , the 

behaviour of vo2 and of h .  The former i s  s imple , it is constant at 

The latter can be obtained from equat ions 0 and @ , 
which yield , 

h = 

for t � t2 : 

2 A1 ( W-M0 ) 

M1 ( Ap+AJ 2 [1 - .
-

ML ( �+AL ) 
( t-t 2 )

] 
Ap A1 

and we note that as t + oo ,  so also does h ,  and so vessel P will also 

become empty if exercise is  prolonged .  Just when this occurs must be 

deferred for it is not simply the numerical solut ion of the transcendental 

equat ion @ for h = 2 . We must cons ider the very real possibility that 

exhaustion may intervene beforehand . Such matters are discussed later , 

in Section 6 .  

However , suppose at t ime t 3 , prior to exhausti on or 

to the emptying of ves sels P or L ,  the workload is changed to w3 • At 

this t ime t = t 3 < 1 and h ;:: h3 < 2 obtainable from equations @ and 

3 . 4 : 
Phase 2R1 : 

@ respectively . Figure 2 and equation @ will still apply for t ,  

with W = w3 and appropriate in itial conditions . 

As before , of most interest to phys iologists is the recovery of the 

subj ect ' when w3 = 0 .  At first equation @ holds of course ,  with 

W = 0 and appropriate initial conditions , but only up unt il a t ime t4 , 
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when the levels in vessels P and L equate . Ves sel P of course starts 

to fill at t 3 , but L will cont inue to empty until t4 , and this is  the 

delayed lact ic aciJ format ion referred to earlier . Let us therefore 

cons ider this phase between t 3 and t4 • Equation @ now becomes 

- - - - - - @ 

The first initial condition is  that t = t 3 at t = t 3 as ment ioned above . 

The second is  that the derivat ive d� /dt is  continuous also at t3 , i . e . 

the derivat ive of equation @ at t = t 3 equals the derivative of 

equation @ at t = t 3 • The se two cond itions lead to 

J, = 

+ 
- - - - - - -

@ 

Hence from equat ions (D and @ we obtain 

h = 

During this time of course vo 2 = vo2 max = M0 , and this , t ogether with 

equations @ and @ describes the behaviour of the system between 

t = t 3 and t = t4 . 
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At t = t4 , the levels in L and P equate and the flow in R2 will stop . 

Th b f d h 1 . f f h . d£ 0 f us t4 can e oun as t e so utlon or t o t e equatlon dt = ram 

equation @ .  Hence we can determine the levels £4 and h4 of the fluids 

in vessels L and P at time t = t4 • Of course h4 = t4 + 1 at this time . 

The time t = t4 marks the boundary between Phase 2R1 and the next , Phase 

2R2 . 

3 . 5 :  Phase 2R2 : 

Once time t4 has passed , the flow in R2 has ceased , and a reverse flow , 

in R3 , has commenced , the lactic oxygen debt is now being repaid .  

3 below is appropriate .  

,- ... � � .� •'""' . . .  , 

Figure 

JJ 1 1 



During this phase the appropriate version of equation � is  

dfi: . d.t O = MO + A.p dt + AL dt 

d.t MR and we note that A1 dt = - :2 ( 1.+1-h ) 

2A1 
i . e .  h = 1. + 1  + - d.t - - - - - - - - - -

and 

Hence from 

MR dt 

an d.t 2 A1 i.t 
dt - -. - + dt M • 2  

R dt 

equat ions @ and @ 
d2.t -- +  ' 2  dt 

MR( Ap +A1) 
2 A A p L 

d.t -dt -

- - - - - - - - - -

we obtain 

MO MR 
- 2Ap A 1 

which is another second order different ial equat i on ,  with a general 

solut ion given by 

1 5  

@ 
@ 

The two initial condit ions requiring to be sat isfied are that at t = t4 , 

we have .t = .t4 and �� = 0 .  

by 

.t = 

Hence from equations � 
2 2A1 M0 

h = 

These lead t o  the part icular solut ion given 

and � above we can obtain [ MR ( Ap + AL ) 

l : 2 A  A ( t-t 4 ) M 
"' P 1 

-1 - --0 - < t-t . )  + h Ap+A1 
4 4 ® 

These two equations describe the behaviour of .t and h ,  i . e . the levels 

in vessels L and P respect ively during the second phase of recovery after 

strenuous exercise . During this t ime of course vo 2 is  constant at 

This state of affairs will not last long , only unt il h = 1 .  
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l'J.p;urn 'I· :  Model Phano 2 1 R 1  

- - - - - - - - - - - - - - - - - -

p h 

The appropri'ate vers ion of equation 0 in this phase i s  g iven by 

- - - - - - _; 

and we note that equations � and � still hold , which together with 

equation � yields 

B 



This. equation can be solved for l utilising the following details : 

( i )  Auxn�·ary 

having two negative roots r
1 

and r2 . 

( ii) Complimentary function : 

arbitrary constants 

( iii ) Particular integral by inspection :  J, = -1 
p 

( iv) 
r

1
t r2t 

General solution J, = c1 e + c2 e -1 

Hence using equation @ also , we can obtain 

and 

= 0 - - -

dJ, The constants c1 and c2 can be determined by setting l and dt 
from 

equation @ equal to J, and �� respectively from equation @ 
dh Q when t = ts_ ; or similarly for h and d
t at t = t

5 
in equations ® 

@ .  
It is interesting to note that equation @ is exactly of a form 

obtained by empirical means nearly thirty years ago by Henry and 

De Moor ( 1 956 ) . 

and 

1 7  

This phase 21R1 . is likely t o  last some time since the repayment of the 

lactic oxygen debt , i . e .  the refilling of vessel L ,  is so slow . 
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It  ends however at t ime t6 when vessel L is filled . This t ime can be 

determined as the solut ion of equation @ with appropriate c1 and c2 , 

when J., = 0 .  The corresponding value h = h6 at t = t 6 can be obtained 

from equat ion � . Now that the lact ic oxygen debt has been repaid ,  

the last phase of recovery can commence . 

3 . 7 :  Phase 21R2 : This phase is a repet ition of Phase 1 R  described 

before , but with init ial condit ions for h obtaine d as above , i . e .  

h = h 6 when t = t 6 , which from S ect ion 3 . 2 yields : 

and 

MO 
- _. (t-t ) 

h = 7i e AP 6 
6 

with J., = 0 after t6 of cours e .  

Phases 2A , 2R1 , 2R2 and 21R1 ape shown diagramatically as part of a 

second worked example in Section 4 to follow . 

4 . Worked Example 

@ 
@ 

Let us now cons ider the realities of the previous section , by putt ing 

known numerical values to the various symbols ,  and comparing where 

possible , the mathemat ical solution with what actually happens to 

exerci sing subj ects . Wherever pos s ible I have taken Mar>ga,;r'i.a '·'s own 

values , obta ined experimentally . In a few places I have used other 

values , deduced from known or normal values for adult humans . 

Suppos e we take a trained male distance -runner of 6 5kg in weight as the 

subj ect . He has a ( usable ) vo2 max of about 6 5 ml/kg . min which has a 

workrate equivalent of 37 0  watts , i . e .  8 = MO = 3 7 0  watts . 
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The energy available from the phosphagen source i s  about 1 1 7 . 6  calories 

per kilogram of body weight , and thus the volume of vessel P in energy 

units is about 32 , 000  j oules . Hence the cross-sectional area 

Ar· = 16 , o o o units . There is a maximal rate of energy utilisation 

;J,?o:r:' the phosphagen energy source , nearly four times vo2 max , about 1370  

watts .  This figure is really quite large , and is unlikely to be 

attained or nearly so , and thus it did not enter into the model solution 

in Section 3 .  However , some remarks are addressed to the question of 

maximum attainable power in Section 5 .  The energy obtainable from 

the glycolitic source is about 270  cal/kg , and so the volume of vessel L 

is about 7 3 , 465  j oules , and the area AL 
= 73 , 465  units . The maximal 

rate of energy utilisation of the glycolitic process is a little less 

than twice V02 max , M1 = 715 watts . As far as the repayment rate of 

the lactic oxygen debt is concerned , i . e .  the flow through tube R3 , 

little is known and I can find no figures . Based on the assumption 

that a marathoner exhausts , or nearly exhausts , vessel L ,  and takes 24 

hours to recovery fully , then it seems MR = 2 watts is a rough 

approximation . As noted earlier this is very much less than M0 or ML
. 

4 . 1 :  Light Exercise and Recovery: Let us first consider a bout of 

( for the subj ect ) light exercise , followed by recovery . Suppose 

W = 300  watts , which corresponds to a running pace of about 3 . 2m/sec or 

1 1 . 5  k/hr . S ince W <  M
0

, the equilibrium phase is aerobic , and the 

oxygen debt is alactic only . Thus we are only dealing with Phases 1A  

and 1R , and we  shall examine the behaviour of all three energy sources , 

i . e . of vo 2 , h and £ ,  

Equation �now becomes 

h = . 81 1 (1 - e
- · 0231t ) 
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and equation � becomes 

when expressed in watts , otherwise 

in units of ml/kg .min . 

Note in passing that the exponential rate constant of - . 0231  is of the 

right order of magnitude , ( Margaria et al , 1 965 ; Whipp et al , 1 9 82 ) .  

Suppose the subj ect exercises for five minutes , followed by recovery for 

another five . 

During recovery , from equation � we see that 

vo2 = 300 e
- . 0231 ( t-300 ) 

52 7 
• 0231 ( t-300 )  or = • e 

and it can easily be shown that 

h = . 81 1  e- . 0231 ( t-300 ) 

During all this time , l = 0 ,  since exercise is  aerobic . 

graphically , equations � - �yield 

Plotted 
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This figure is analagous to a part of Figure 1 . 27 in Margaria ( 1976 ) and 

reflects that model for oxygen uptake , which phys iologists have used 

emp irically for so many years . 

Actual results for my own vo2 , which I have obtained experimentally in a 

resp iratory laboratory are shown in Figure 6 below . The l ikeness to 

Figure 5 is excellent . 
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Figure 6 :  V0 2 for Exercising Subj ect ( Light Load) 

Note : This  figure shows total vo2 , including the basal metabolic rate 

evident in the 1� minutes prior to the start of exercise . 

4 . 2 : Heavy Exercise and Recovery : Suppose secondly that tho subj ect 

undertakes a bout of more severe exercise , beyond the anaerobic threshold . 

Suppose W = 2M0 = 740 watts , which corresponds to a running pace of j ust 

over 5m/sec , or a 1 5 00  metre in j ust under 5 minutes ,  which is quite good 

going . Suppose he runs at thi's pace for 2!:l minutes followed by a 9� 

minute recovery period . 

From equation (2) we find that the duration of Phase lA is given by 

t 
2 

= 3 0  seconds , and hence from equations G) and (D 
h = 2 ( l -e- . 02 31t ) 

and vo2 = 740 ( 1 -e- . 02 31t ) 

or 130 ( 1 -e - . 0231t ) 

and l = 0 

all for 0 S:: t S:: t c 3 0  f l l l O O I I d tl , 
?. 

watts 

ml/kg . min 
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At time t2 = 30 , h = 1 ,  vo 2 = 370  watts or 6 5  ml/kg . min , i . e .  M0 , and 

J, = 0 ,  and after t2 = 30 , Phase 2A begins . 

From equation @ we obtain 

J, = . 076 ( e- · 0544 ( t -30 ) _1 ) + . 0041 4 ( t - 30 ) - - - - - - @ 
and from equation @ we obtain 

h = . 34 9 ( 1 -e - · 0544 ( t - 30 ) ) + . 00414( t- 30 ) + 1 - - - - - e 
and of course vo 2 = M0 , all for 30  = t 2 � t � t 3 = 1 5 0 .  A t  the end of 

1 5 0  seconds , we can see from equat ions @ and @ , that .e3 = • 42 0 and 

h 3 = 1 . 845 . The latter i s  the first inkling that something might be 

awry , for a trained athlete should be able to manage this pace for at 

least twice this time , if .not longer still . Such matters however wi l l  

b e  de ferred to S ect ions 6 and 7 .  

The subj ect has now ceased exerci se and Phase 2R1 has begun . Equation 

@ for J, yields 

� - - ® 
while equation � for h yields 

h = . 69 8 e - . 0544 ( t-1 5 0 ) _ . 349e- . 0 544 ( t - 3 0 ) _ . 0041 4 ( t- 30 ) + 1 . 644 

and of course vo2 = M0 , all for 150 = t 3 � t :s; t4 . Time t4 marks the 
dJ, end of thi o ph<tno , when tho lovo lfl :i n vn nnnl r 1  r. nncl P nqunto 1 and dt 

from equation @ equnlo zero . rrom t h i n  dori Vil"t: i VO WO f :lnu 

t = 1 6 2 . 7  seconds . 
4 

We obtain , from equat ions @ that at this time 

J, = .e4 = . 4 42 , and of courn o  h = h lf 
= 1 , lf l l 2 .  '!' Id '' 1 1 1  n.•kn tht� nml of 
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Phase 2R2 now begins for t � t4 = 1 62 . 7  seconds . During this time the 

system is described by equat ions @ and @ which for our subj ect 

are given by 

l = 54 • 34 ( 1- e- . 00007 6 1 ( t-162 . 7 ) ) 

- .  00414 (  t-162 . 7 )  + . 442 

and h = 249 . S ( e- . 00007 61 ( t -162 . 7 ) _1 ) 

- .  00414(  t-16 2 . 7 )  + 1 .  442 

Of course ,  vo2 = M0 st ill . 

This phase ends when t = t 5 , the t ime when h. = 1 .  This time can be 

obtained
, 
from equation � , yielding t 5 = 1 81 . 8 ,  at which point from 

equation @ , l = .t 5 = • 441 5 , barely any change . Durinp, t h i s  phas , 

Phase 21R1 begins now at t = t 5 = 1 8 1 . 8 ,  and to obtain 

the appropriate vers ions of equat ions @- @ , we must first solve 

equation @ for roots r1 and r2 . This yields 

r1 = - . 02 31 9 and r2 = - . 00001 3 5 8  

Substituting these values and us ing the initial condit ions as 

prevailing at t = t 5 , we obtain 

and 

or 

.t = - . 03 9 7 �- . 02 3 2t + 1 . 446 e- . 00001 36t 1 

h = 67 , 5 60- . 023 2t + , 003390 - . 0 00013 6t 

V02 = M0h = 249 9 7 e- · 0232t + 1 . 2 5 e - . OOOOl 36t watts 

43nl  - , Q232t 2 2  - , 00001 36t l /k • 
: • o + • . n m r; .  nll.n 

As remarked earlier , this phase cont inues for an extended period of time , 

unt il l = .t6 = 0 .  From equat ion @ this occurs at t = t6 Fl:l 2 7 1 4 0 , or 

nearly 7� houro lator , at wh .i eh t l me h = lt = , 0 0 2 :1 ti  nml V O ,. = , l l •/ WA l' t R  0 " 



or . 1 5 ml/kg . min . [ For practical purposes , as far as h and V02 are 

concerned , we can see that approximations could be used . For h ,  an 

. - · 02 3 2t ld ff " d th h d t '  . 1 equat 1on 67 . 56e wou su 1ce , an e p ase ura 1on 1s on y 

another 3 or 4 minutes . 

equations @ or @ · ] 

vo2 can be s imilarly approximated from 

The final phase , 21R2 , is of the same ilk as Phase 1R , with initial 

conditions as p revailing at t = t6 . That is  

h = . 0023 5  e- . 02 31  ( t- 271 4 0 )  

II{Q2 = • 87  e.:. . o 231  ( t -27140 ) watts 

and J, = 0 .  

- - - - - - - -

2 5 . 

.. 

Now as t � m ,  the whole system returns to normal . [ In praot i. oal t erme , 

Now utilis ing all the above informat ion , we can diagramati cally 

represent the behaviour of our subj ects energy utilisation and 

restorative processes during the 2� minutes of exercise and subsequent 

recovery . This is shown in Figure 7 on the following page . 
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Figure 7 :  Model Solution Phases 1A , 2A , 2R1 , 2R2 and 21R1 
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- . .... .. .  ,_ . .  � .. .. 

In addition it is interesting to compile a diagram to show the three 

energy components and the ir contributions to the total workload during 
. dh dl exercise . That is , in addition to vo2 we �nclude AP dt and AL dt , the 

alactic and lactic energy sources . Furthermore this is continued 

through the recovery period to show the oxygen debt repayment mechanisms 

as predicted by the mode l .  This diagram , Figure 9 can b e  compared with 

Figure 1 .  28 in Margaria (1 976 ) .  

Figure 9 :  Model Solut ion to Energy Components. 
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It is  found that a superfic ial resemblance exi sts , but that there are 

some important differences .  These differences , di scussed further in 

Sect ion 7 , mean that the graphical presentation given by Margaria ( 1 9 6 8 )  

in Figure 1 . 2 8 ,  i s  not correct , for i t  does not represent the solution t o  

his hydraulic model .  Alternatively , i f  Figure 1 . 2 8 i s  taken t o  be 

correct , then his formulation of the hydraulic model is incorrect , 

5 . Maximum Power 

It is of interest to investigate Margaria ' s  model for the maximum 

attainable power at any instant , in the various phases discussed in 

Sect ion 3 . 

We have made as sumptions about the flows through R1 and R2 , but we must 

also cons ider how the alact ic flow is governed . Now it is  well-known 

that the final sprint in a long race cannot be performed at the same 

speed as when start ing from rest , as in a 100  metre race . Margaria 

et al ( 1 971 )  �ave shown experimentally that the maximal anaerobic power 
. l 

due to phosphagen , as well as the total energy available from the alactic 

process ,  are decreased when short bursts of very strenuous exercise are 

performed start ing not from rest , but from one of steady state exercise . 

This observation was not quantified in the terms required here , but its 

message is clear . In terms of the model , if P i s  part ly empty , then the 

maximal power cannot be achieved . It  would be consistent with the 

earlier approach to suppose that the maximal alactic power is  proportional 

therefore to the fluid leve l remaining in ve ssel P ,  i . e .  to ( 2-h) . With 

this assumption we can now turn to the determination of the maximum 

attainable power in any of the phases of act i vity or recovery . 



During phase lA when Figure 1 is appropriat-e , we see that the maximum 

power available , WM , for given h ,  is  

During Phase 2A ,  when Figure 2 is appropriate ,  we can see that the 

maximum power available is  given by 

Similarly , if we now apply these  ideas to the phases of recovery , to  

see  how the  maximum power available returns to its  resting level , we  

have 

Phase 2R1 : WM = M0 + MP( 2;h ) + ML ( h- 1 -.t ) , as equation @ 
Phase 2R2 : W.M 

= 
2- h) MO + Mp (-2- - - - - - - - - - -

21R1 : W.M 
2- h  } , as equation Phase = M0h + Mp(-2-) 

Phase 21R2 : W �I = 2-h M0h + Mp(-2-) 

It is of interest now to plot WM for our subj ect dUring his bout of 

heavy exercise at 740 watts , and his recovery , for it reveals some 

interesting observat ions . This plot is  shown below as Figure 1 0 .  

Pow.er (}fl 

1 000 

soq_ 

. . .  I • 

I 

1 
t2 

Figure 1 0 : · subj ects Maxiroum Available Power 

T . I  
I 

• I 
I I 

I I 
I I 
I I 
I I 

I I I 
I I I 
I I I 

J t  \ 
t3 t4 iS 

e 
@ 

t ( min )  



3 0  

It is  interesting t o  note that a t  the point o f  ces sation of exercise , 

WM = 7 8 0  watts , a value not much in excess of the 740 demanded of him . 

Thi s  suggests that he is  not far from exhaust ion , as alluded to earlier , 

and this will be dis cussed in the next sect ion , 

Of interest also in this Sect ion is to enquire of the solution to the 

model if the individual were to make an "all-out " effort , that is  if he 

were to keep up as great a workload as he possibly can , for as long as 

he pos sibly can . We will consider the act ive phases only , that is  

phases 1A and 2A ,  for there is  little interest in the question as it 

pertains to recovery ( though it could of course be done ) .  The solution 

is s imply obtained by putt ing WM for W in the two versions of equation � 
and solving for h and/or � and/or vo2 as the case may be . 

In  Phase lA , we obtain from equations � also 

i . e .  

which , s ince h = 0 at t = 0 gives as its particular solution 
M. 

_L t 

i . e .  

Hence 

h. = 2 ( 1..:e 2 AP ) 

MP - - t 
vo2 = 740(  1 - e 2 Ap ) 

M P  - - t 2 A 
1?· 

This is  a very interesting result , for if M� > 2 M0 ( which is  believed 

to be true ) then �M is decreasing with t during Phase 1A . If the 

inequality is reversed , then WM increases with t du�ing this phase .  
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Now Phas.e lA ends at t =- t2 when b.. = 1 ,  with 

In Phase 2A ,  from equations 0 and @ and simplifying 

which is identical to equation � · and therefore its solution , since 

the initial conditions match , is  also given by equat ion �·  Thi s 

means , that as far as the behaviour of h is concerned , the time t2 when 

the subj ect crosses the anaerobic threshold , is of no relevance at all . 

However , as far as vo2 and l i s  concerned , it is of relevance . During 

Phase 2A ,  vo 2 = M0 of cours e , and we must now consider the behaviour of 

l during this t ime . 

From equations � and � we can obtain after s implification that 
M.p M M - -·- t d.t + ....!! l = ....!! ( 1 - 2 e 2 A p ) 

dt AL AL 

which , s ince l = 0 at t = t 2 as given above , has the part icular solution 

AL Mp 
+ 2M A -A M L P L p 

MP 
- 2T t e r 

Hence from equat ions @ , @ and @ ,  we can obtain an expression 

for WM , given by 



32  

We could now plot a power component curve , as  in Figure 9 for our subj ect 

of the previous sect ion . 

6 .  Fatigue and Exhaustion 

This is a rather difficult area to deal with , for there seems to be no 

uniquely accepted definit ions among physiologists ,  though the general 

notions of fatigue and exhaust ion are qu ite clear . The two t erms are 

sometimes used interchangably , though in general the former is preferred . 

The situation is  complicated by the recognition of two types of fatigue . 

Central fatigue ( i . e .  proximal to the motor neurons ) is mainly of the 

brain and the body ' s  message carrying mechanisms . Peripheral fatigue 

( i . e .  distal to the motor neurons ) is mainly in the muscles themselves . 

They can occur separately or together . For a full discuss ion see 

Asmussen (1979 ) . It  is  the latter , muscle fatigue , that is of interest 

in this work ., 

The inability of the muscles to perform the work demanded of them can 
l 

aris:e in two ways : e ither the deplet ion of body metabolites , principally 

glycogen ; or the accumulat ion of cataboli.tes , principally laCtic acid . 

The former is  predominant in prolonged exerc ise of lower intensit ies , and 

the body in effect exhausts its fuel supplie s ,  or at least cannot supply 

fuel at a rate fast enough to maintain the demand . The latter is  

predominant in short-term high- intens ity exercise , and is the muscle 

poi soning referred to in Sect ion 1 .  Without gett ing engrossed in the 

physiological questions , the most suitable approach to take for this wo�k 

is the former ; that is  to say that the subj ect has succumbed to fatigue 

at any t ime when his body cannot sustain the workload demanded of it at 
1 

that t ime . This approach does not mean the inability to perform any 

worR. at all . Such a point might be described as "utter exhaustion" ! 
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In quantitative terms therefore , and in reference to 'the previous 

aect ion , the point of fatigue onset can be det ermined as that t ime when 

the workload demanded equals the maximum that the body could produce 

utilising the body stores as they exist at that time . We have s een in 

Sect ion 5 how the maximum available power can be calculated in t erms 

of the exist ing levels in the various compartments of the model during 

the various phases . Sect ion 5 in fact went further and actually 

obtained the maximum power/t ime curve repre sent ing an all-out effort 

by the subj ect , through the various phases . 

We now have a means of obtaining a predict ion of the endurance of the 

subj ect from the model , that is the length of t ime for which the subj ect 

could cont inue at a given workload . This leads to an endurance curve 

of the type cons idered by Wilkie (1 98 0 } , though a considerably more 

detailed one . All that is required is to express WM from equation �' 
subst ituting for h and l from equat ions @ and @ , and solving 

( numerically ) for t when W� = W ,  where W is the g iven workload . 

value of t determines the onset of fatigue . 

Thi s 

Once the onset of fat igue has occurred , the subj ect i s  forced to lessen 

his workload , for it can no longer be maintained . He may either follow 

the maximum power-time curve , such as in Figure 11 , from then on . On 

the other hand he may lessen the workload to a level below the maximum 

poss ible . This new level can then be maintained for a t ime unt i l  fat igue 

once more intervenes , I f  it i s  low enough , below the anaerobic thre shold , 

the subject will commence an act ive recovery , to a steady state , though 

as in Phase 21R1 the repayment of the lact ic debt takes a long time . 

Thus it  can be seen that the Margaria model provides a built-in fatigue 

feedback mechanism , of the longer term body metabolite depletion type . 
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This. is  an as.pect of the model not considered by Margaria , and can perhaps 

be regarded as a bonus for him . We have seen previously that it i s  the 

deplet ion of ves sel P that is the more relevant , rather than of vessel L 

as is  suggested by Asmus sen ( 1 97 9 ) .  The Margaria mode l doe s not provide 

a fat igue mechanism of the short term catabolite accumulation type . 

Such a cons ideration i s  a possibility as it can be based on the flow i.n 

R2 less some sort of diffusion out of the system . However this would 

create an inelegant appendage to the model . 

7 .  Criticisms 

This is a brief sect ion , to highlight those obvious areas where the 

Margaria model predict ions deviate from experimental observations on 

exercising subj ects . 

The first , the endurance of our subj ect in S ection 5 ,  can probably be 

dealt with fairly easi ly without structural change to the model . 

Margaria ' s  estimates of the body phosphagen and glycolitic energy contents , 

from which the volumes of vessels P and L were obtained ,  are based on 

normal adults . So too are the estimates of biomechanical efficiency . 

For a fit trained athlete ,  a 60% improvement in body energy stores , plus 

a 2 5% increase in efficiency does not seem unreasonable , and this would 

lead to an effective doubling of the volumes in P and L .  Furthermore a 

smoother and more efficient running style means a higher velocity 

is attained for the same power output . All the se factors , together 

perhaps even with a higher vo2 max , could well account for the earlier 

observation . 

A fundamental area where observat ion differs from the model assumptions 

is  that the anaerobic threshold 8 , equals V02 max , M 0 .  It seems to be 
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accepted now , that 8 < M0 • For trained distance runners 8 is about 60  

to  6.5% of  M0 , but for the untrained it  i s  less (Weltman & Katch , 1 97 9 ; 

Reinhard et al , 197 9 ) . The only way this can be taken into account is  

by mak ing a structural alterat ion to the mode l .  That is  by rais ing the 

top level of ves·sel L (refer Figure 1 ) to a he ight say 7 0% of the height 

of ves sel 0 .  This alterat ion of course means a completely different 

solution to that obtained in Sect ion 3 ,  but one which can nevertheless  

b e  obtained analytically in  the same manner . 

A second fundamental area of difference is  highlighted by Figure 8 ,  a 

figure which is  typ ical for an individual exercising to exhaustion . 

The illustrat ion suggests that vo2 max seems never to be reached . I do 

not mean vo2 max as is defined in the exercise physiology literature , but 

vo 2 max as a concept , represent ing the maximum oxygen uptake the body 

could theoretically reach . What this observat ion means in terms of 

the model is  that the level of tube R1 , the inflow from vessel 0 to vessel 

P is  indeterminate .  It  is  not opposite 8 as has j ust been shown , nor is  

it at the half-way point . ( Which also means 8 i s  not neces sarily 7 0  to 

7 5% of M0 at all , s ince M0 is now unknown ) .  Another structural alteration 

is required to account for this difficulty , but only the direction and not 

the extent of the �teration is known . No new solut ion could therefore 

be obtained unt il this indeterrninancy is  removed . 

A confirmation of the sugaest ion that vo 2 max is never reached is  evident 

from the recovery portion of Figure 8 ,  for it can be seen that vo2 commences 

an immediate decline . This is  contrary to the model prediction , which 

showed that vo2 max if reached , is  maintained for some t ime (over half a 

minute for our subj ect in S ect ion 4 ) , before declining , as can be seen in 

Figure 7 ,  
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Thus it is  clear , that although the mode l and its solution are a useful 

and interesting ent ity , the model requires several structural alterations 

to more properly repre sent reality . For at least one of these , the 

necessary information is as yet unknown , and so we must wait a while 

before making the attempt at improvement . 
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North Canterbury Hospital Board 

1 9 3 The Princess Margaret Hospital 
Cashmere Road, Christchurch, 2. New Zealand. Telephone 39-169 

Department of Resp i ratory Medic ine 
When replying please quote 

Res pira t o ry Phys iology Labora to 

APP:S:1DIX 2 . 1  
"C"  Bloc k 

Q U E S T I O N N A I R E 

A ) NAME : AGE : 

ADDRESS : 

PHO NE :  

HEIGHT: WEIGHT : 

B) Fitness Level : 

How would you rate your own present l evel of fitness , on a 
scale from 0 to 1 0 ; when z e ro represents utterly unfit and 
ten represents absolute peak fi tness? 

Wha t do you regard as your pres en t bes t  rac e  dis tance( s )? 

Wha t  would you e s t ima te to be your time fo r them if you 
were t o  run t oday under compe t i t ive conditions? 

(Yrs) 

B ri e fly des c ribe your curren t type o f  t ra ining schedul e :  ( e . g. numbe r of kilometres pe r week , predominant f o rm  o f  t ra ining e tc . ) 

R Hugh Morton 
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APPENDIX 2 . 2  

Name Ht . Wt . Current D i s tance Current 

Age 
Addre s s  Phone F i tness  Time Tra i n i ng 

Bruce HUNTER 2 6  Kon ini  S t  1 7 4 1 6 7  8 5 %  8 0 0  1 1 0 k /wk 

3 2  R i ccarton 4 8 6 - 0 0 3  1 - 5 5  m i xed 

Rob McGREGOR 7 0  C lyde Rd 1 7 4 1 6 5  5k 60 k / wk 

2 5  Chr i s tchurch 4 4 8 7 - 5 6 5  7 0 %  ? 

John KNIGHT 1 9  Rol leston et 1 8 3 I 7 3  1 5 0 0  1 2 0 k /wk 

2 3  Cambridge Tee . . ·. 7 9 6 - 1 4 9  
8 5 %  4 - 0 5  m i xed 

Jame s ROGAL 7 Julius  Tee . 1 7 2  1 6 0  8 0 0  9 0  k / wk 

1 9 R i chmond 8 5 3 - 7 4 9  
6 0 %  2 - 0 3  m ixed 

Rob BOYD 1 6  Be lmont S t  1 7 6  1 6 9  4 0 0  7 0  k /wk 

1 8  Wa inoni 8 8 9 - 4 8 7  
7 0 %  5 1  . 5 Fartl eks 

Dave KETT 1 0 8 Warden S t  1 7 7 1 7 3  1 5 0 0  1 0 0 k /wk 

1 7 R i chmond 8 5 3 - 7 0 7  
7 0 %  4 - 0 5  m i xed 

Hugh MORTON 1 8  Car l ton Ave 1 7 9 1 7 1  N /A 3 games 

3 6  Palmers ton Nth 7 1 - 1 1 0  
5 0 %  squash 

per week 
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PRC>• JEC'l' TI TLE : 
\ APPENDIX 2 . 3  

LACTATE KINET I C S  AND EXE RC I SE TOLERANCE IN THE EXERC I S I NG ATHLETE · 

INVESTIG/I.TORS : 

. Hr . R .  Hu gh Mor to n  Mas s e y  Un ive r s i ty 

Dr . Don a l d  E .  S tewa r t  The Pr ince s s  Margare t Ho s p i t a l  

VEI'TUE OF TRIAL : 

Unive rs i t y  ·o·f Can-te rbur y .  Run.nlng ·!"rack 1 Re spiratory Phys io l o gy Laborat ory TPMH 

AIM OF TRI AL OF NEI,J TREATr1ENT OR INVESTI GATION 

; . . . . .
. .. . . . . .. .. .. . .  . To ga in an unde rs tand ing of l ac ta te k ine t ic s  and the i r  re l a t ion�h ip t o  

e xe r c i s e  t<;> l e rance i n  the e xe rc i s i n g  a thl e t e .  

* *** SEE ATTACHED PROTOCOL**** 

DESCRIPTI On O:B' NATURE AND DURATION OF PATIEtiT ' S INVOLVEMENT : 

A s e r ie s  o f  sho r t  s pr in�s 2 - 3 h ours dur A t ion 

Seven s e s s i on s  o f  e xe r c i s e  a t  T PMH on a b i cyc l e  e rgoMe t e r , each on d i f f e r e n t  

drtys . 1 -i hour s pe r day 
--On .· t ;.ro of the above · occAs ions , b l ood \-: i l l  b e  take n  frc>rn. a ·  l m�·er a nr.  v e 1 n  

DESCRIP'l'IOH O F  I ITCOUVEHI ENCES O H  HAZ ARDS WHICH I·IIGHT B E  EXPEC·rED : 

( I ) Tran s i en t  mino r d i s comfo r t  wh i l e  i n t ravenous nee d l e  is i n s e r te d  i n t o  ---
the sk in . The r e  a f te r ,  b l ood t e s t s  w i l l  no t caus e fu rthe r d i s c omfo r t . 

( 2 )  No rmal d is comf o r t  a s s o c i at e d  w i th s trenuou s e f fo r t . 

STATEMENT BY p_t:_TI ErH' : ( TO BE SIG�TED E T  THE PRESENCE OF A DOCTOR ) 
· I HAVE READ THE ABOVE AtTD ff_.AVE HAD THE 0PPORTUNI TY FOR D ISC:USS I ON vliTH 

A DOCTOR . I U�;DERSTAND THAT THE PROCEDt'R.ES HAVE :OEEN APPROVED BY A 
SPEC iAL .  -n:oSPI'IAL COI"f.MITTEE AHD THAT I I'lAY HI THDRA\v' MY AGREE!'!ENT AT ANY 
TIME . I UKDERSTAND THI S HOULD :NOT AF:?ECT flfY CC·NTi r-1J ING 'fREATNENT OR 
CARE AT THE HOSPITAL . · I UNDERSTAND THJ-.T rvry DOC'I·ORS HILL DI SCONTINUE 
THE . TREATMENT OR I NVESTIGATION I :b� ANY tl"-RMFUL EFFECTS APPEAR . 
I AGREE TO. TAKE PART IN THI S STUDY OR TP-I AL OF TREATriENT . 

S i gnature o f  Pa� i ent D at e  .. 
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APPENDIX 2 . 4 :  PROPOSED PROTOCOL 

LACTATE KINETICS AND EXERCISE TOLERANCE IN THE EXERCIS I NG ATHLETE 

Introduct ion 

The exper imental work proposed forms part of the Ph D re search 

proj ect be i ng undertaken by Mr R .  Hugh Mor ton of the Mathema t i c s  

and S ta t i s t i cs Department of Mas sey Unive r s i ty . The proj e c t  

i s  t i tl ed " A  Mathematical  and Computer S imulat ion Mode l o f  

the Exerc i s ing Athlete"  and i s  j oi n t ly superv i s ed b y  Profes sor 

Ron Munford and Dr Alex s .  Davies  of the Phy s i ology a nd Anatomy 

Department , a nd Profes sor Brian Hayman of the Mathematics  a nd 

Statistics  Department . 

I n  an athlete exerci s ing at a work load exceed i ng h i s  anaerobic 

threshhold ( that i s , a l eve l a t  wh ich the oxygen s upply to 

the working mu scle is insuff icient to supply a l l  o f  the 
neces sary' force ) ,  fatigue rapidly deve lops . 

Current mathematical  mode l s  of athletes under cond i t ions of 

maxima l exertion have no prov i s ion for the inclus ion of fatigue 

i n  the f eed back i.Jrocesses . A feeCiback process  i nvolving l ac tate 

poi son i ng o f  the muscle  is proposed . Whi lst some data exi s t s  

o n  the k i net i c s  of l ac tate fol low i ng exerc i se , i nformat i on 

has not been publ i shed for l actate k i ne t i c s  during exerc i s e . 

Aims 

To co l l ec t  i n format ion regard i ng the parameters of maxima l 

and near -max ima l exerc i s e  i n  athletes a nd obtain i n format ion 

on l actate k i netics  to a l low inclus ion o f  a f eedback proce s s  

i n  the mode l s  ava i labl e . 
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Experimental  Protocol 

Subj ects : 

Consent : 

Exerc ise Regime 

E ight to ten ma l e  midd l e -d i stance ( 8 0 0 - 3 0 0 0m 

runners a t  a good l eve l o f  f i tnes s  ( s l ightly 

be low peak condi tion ) .  

Subj ects wi l l  be ful ly  informed of the nature 

of the proj ect  and the ir invo lvement by way 

of d i s cu s s ion and a copy of thi s document . 

Wri t ten consent wi l l  be obta ined on the 

o f f i c i a l  f orms ( enclosed ) for the section 

of the protoco l i nvolving cannu l a t ion . 

I n i t i a l  e s t imates of maximum pos s ible mus c l e  per formance 

wi l l  be obtained by accurate t iming of short ( 5 0 - 7 0  metre ) 

sprints on the running track a t  the Univers i ty of Canterbury . 

These measurement s wi l l  be under the superv i s ion of Mr John 

Edyvean of the Department of Phy s i c a l  Educat ion . 

Data co l lection at the Respi ratory Phy s i ology Laboratory 

at The Pr ince s s  Margaret Hospita l  wi l l  compr i se the remainder 

of the s tudy . 

An i n i t i a l  s e s s ion of exercise  on a bicycle ergometer wi l l  

b e  performed t o  a s certa in the l eve l o f  exerc i se a t  which 

anaerobic respi rat ion wi thin the exe rc i s ing mu scles  becomes 

a s igni f i cant factor . Th i s  sess ion wi l l  invo lve short bouts  

of exercise  a t  d i f ferent workloads . During these  bouts ,  

oxygen consumption , carbon d ioxide production , venti l at ion 

and hear rate wi l l  be moni tored u s i ng the PDP1 1 computer 

syst em at The Pri nce s s  Margaret Hospita l . A l l  such mea sure­

ments are non- i nva s ive . 
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Having determi ned the " anaerobic threshold" subj ects  wi l l  

be subj ected to s i x  separate bouts o f  exercise  on separate 

days a t  workloads a t  or above the i r  anaerob i c  threshold . 

Exe r c i s e  a t  each workload wi l l  continue for e ight minutes 

or unt i l  the workload cannot be ma i nta i ned , at which point 

exerc i se wi l l  cease . During exerc i se , and for four minutes 

subsequent ly , oxygen consumption , carbon d iox ide product i on , 

ven t i l a t ion and heart rate wi l l  be moni tored by the computer . 

The order i n  which the d i f f erent workloads are presented 

to a subj ect wi l l  be randomi sed . 

In  two of the six  bouts  of exerc i s e  blooo lactate l eve l s  w i l l  

be measured from venous samples  ( see below ) . Lactate ana ly s i s  

wi l l  b e  performed b y  the Univers i ty o f  Canterbury Phys i cal 

Education Department . 

Blood Lactate Sampl ing 

A 2 1  g i ntravenou s " butter f ly"  need l e  wi l l  be i nserted i nto 

a lower arm vein  by Dr D .  S tewart u s i ng s tandard s ter i le 

procedure . Venou s blood wi l l  be wi thdrawn v i a  a n  a ttached 

three -way tap and the need l e  wi l l  be period i ca l ly f lu shed 

u s i ng i soton ic sal ine . 

A 4 ml  blood s ample wi l l  be taken every twenty seconds f rom 

the commencement of exercise  to f our minutes pos t-exe r c i se 

( a  tota l of 1 2 minutes maximum ) • Total  blood remova l w i  1 1  
b e  a t  most 1 4 4  ml  ( 1 2  minutes x 3 samples  per m i nute x 4 

m l  per sample ) .  

Fo l lowing exercise  the need l e  w i l l  be removed . 

Exercise  bouts w i l l  be a rranged so that the subj ect has  a t  

least  one week between those bouts  i n  which b lood s amples 

are taken . 
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Superv i s ion 

Dur i ng a l l  exerc i s e  at The Princes s  Margaret Hospi tal , tech­

nical  s ta f f  trained in the exerc i s e  test ing of pat i ents wi l l  

be present . Dur i ng those bouts o f  exercise  i nvolving blood 

s ampl i ng , Dr D .  S t ewar t  wi l l  superv i se . 

R .  Hugh Morton 
Department of Mathema t i c s  and S ta t i stics  
Mas sey Un ivers ity 
PALMERSTON NORTH 
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.. APPENDI X  2 . 5 :  

Forced Lung Volume ( 1 )  

Pred icted Volume Range { ( 1 )  
' 
' 

i 
Predicted Max . Vent ilation ( 1 /min ) j 

i 
vo2 max ( m l/kg/min ) 

Haemoglobin 
Blood Test 

R & W Cell Vo lume 

Rest 
E . C . G .  

Exercise 

Pred . Max . Heart Rate I 

B . H .  

5 . 06 

4 . 36 
5 . 84 

148 

74 

Norma l 
Normal 

Good 
Good 

1 89 

- SUBJECTS ' INDIVIDUAL CHARACTERISTICS 

J . K .  Rob B .  J . R .  D . K .  Rob M .  H . M .  

7 . 09 ; 4 . 9 6 5 . 47 6 . 26 5 . 1 0 5 . 40 ' ' 
I 

5 . 1 1 4 . 76 4 . 57 4 . 9 1 4 . 50 4 . 28 
6 . 59 6 . 24 6 . 05 6 . 39 6 . 01 5 . 76 

204 1 50 1 54 1 86 1 39 1 5 5  

7 6  70 70 70 71 56 
; 

; ! 
Norma l 

; Good Normal Normal Normal 
Normal 

I Good Normal Normal Good 
I 

' 

Good i Good ! Good Good Normal Normal I 

I Good Good ! Good I Good Normal Norma l I 

I 1 95 i 1 98 I 1 9 8 I 1 99  1 94 1 29 I 
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APPEi·1DIX 2 .  6 a : . __ Bruce Hunter : Exercise Performance 
.. ..-

Workloads Rest 1200 • 1 600 

Duration (min ) - 8 8 

Peak V0 2 ( 1/min ) . •  27 ·_ 2 . 8 2 : 4- . 1 1  
. . 

Peak Ventilation ( 1/min ) 7 . 6  49 . -2 89 . 1  

0 2 Efficiency ( % )  1 7 27 22 . .  
Peak C02 output ( 1/min ) . • 2 1  2 . 3 8  3 . 9 0 

Peak Heart. Rate 56 1 3 5 Variable 

Blood Lactate ( 4 min . ) (mM/1 . 9  - Lost 

Peak Muscle Lactate (m.lloi/1: )  - - Lost 

Anaerobic Threshold About 1 7 00 
. .  

· , -: . ... ;· .; . 

1 850 2100 

8 4--01 

4 . 7 6 . 4- . 9 2 

1 2 0 . 4- 1 4- 0 . 9 

1 9  1 7  

4 . 8 9 5 . 8 5 

1 7 0  202 

8 . 2  -
. .  

23  -



N 0 
N 

l:.P?:S�I� I X  2_. 6b : � 

Workloads 

Duration (min ) 

Peak V02 ( 1/min ) 

Peak Ventilation ( 1/min ) 

02 Efficiency (%)  
Peak C02 output ( 1/min ) . 

Peak Hea-rt..: Rate 

Blood Lactate ( 4  min . ) (mM/1 

Peak Muscle Lactate ( mM/ 1 )  

Anaerobic Threshold 

- . 

Rob McG�egor : Exercise PerformanceS 

Rest · · 

-

. s s  

1 1 . 9  

22 

. 4 6 

. 70 
. . 
1 . 2  

-

. -

. 1200 • 1600 

8 8 

2 . 8 1 3 .  91 . 

48 . 8  1 01 . 2  

2 7  1 8  

2 . 4 5 3 . 7 S 

1 S 1  1 7 S  

- 8 . 02 

- 2 2  

About 1 7 0 0  

1850 2100 

6 - 1 4  - 3 - 0 S  

4 . 6 4 4 . D 6 

1 2 3 . 4  1 06 . 9  

1 8  1 7 . 

. 4 . 9 5 4 . 8 0 .
. 

1 83 1 7 6  

6 . 7  
' -

- 2 S  
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<:::·- �/ _ APPENDI X  2 .  6 c  -:John Knight : Exercise Perfor-mance 

Wor-kloads Rest 1 2 0 0  • 1 60 0  

Duration (min ) - 8 8 

Peak V02 ( 1/min ) . 62 2 . 82 . 3 .  8 3  

Peak Ventilation ( 1/min ) 1 3 . 8  5 2 . 6  80 . 3  

02 Efficiency ( % )  2 1  26 23 

Peak C02 output ( 1/min ) . 47 2 . 42 3 . 47 

Peak Heatt Rate 5 4  1 1 6  1 4 9  

Blood Lactate ( 4  min . XrrM/1 ) .• 9 5 . 8 7 . 9  

Peak Muscle Lactate ( rrM/ l )  - 1 5  2 1  . .  

Anaerobic Threshold 

.
· 

.

. 

1 850 2100 

8 4- 1 2  * 

5 . 23 4 . 64 

1 44 . 0 1 46 . 4  

1 7  1 5  

· 5 . 04 4 . 9 5 
. .  

1 7 3  Lost 
- -

- -

about 1950 

* Would have been longer , pedals obstructed . Thus data are probably underestimates . 
· I 
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Ai?PEHB I X  2 .  6d James Rogal : Exercise Performance 

Workloads Rest 1 2 0 0  • 1 6 00 

Dtrration (min ) - 8 8 

Peak V02 ( 1/min ) - . 5 4 3 . 06 3 .  9 6 . 

Peak Ventilation ( 1/min ) 1 1 . 6  7 8 . 3  1 0 6 . 4  

02 Efficiency ( % )  22 1 9  1 8  

Peak C02 output ( 1/min ) . •  42 2 . 70 3 .  7 7  

Peak Heart:���t-€ 5 8  1 5 0  1 7 6  

Blood Lactate ( 4 min . ) ( nV-1/ 1 1 . 2  - -

Peak Muscle Lactate (m�/1 )  - - -

Anaerobic Threshold About 1 65 0  

----------

* Could have been longer ; so figures are underestimate s .  

1 85 0  2 1 0 0  

3- 2 0  �': 4-06 

3 . 9 7 3 . 8 6 I 
1 1 3 . 7  1 3 8 . 3  

" 17 1 3  

4 . 49 4 . 34 

1 6 4  1 8 5  

7 . 0 2 Lost 

2 5  Lost 
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A?PENDI X  2 . 6e :  

Workloads 

Duration (min) . 

Peak V02 ( 1/min ) 

Peak Ventilation ( 1/min ) 

0 2 Efficiency ( % ) 
Peak C02 output ( 1/min ) 

Peak Heart� Rate 

B lood Lactate ( 4 min . ) (rrM/ _ ) 
Peak Muscle Lactate (mM/1 )  

Anaerobic Threshold 
- -- -------------

Rest 

-

. 49 . .  

1 2 . 4  

1 9  

. 40 

7 2  

Lost 

-

I . 

Rob Boyd : Exercise Performance 

1200 • 1600 

8 8 

3 . 40 4 . 47 

7 9 . 7. · 1 2 3 . 9  

2 0  1 7  

3 . 3 0 4 . 5 2 

1 7 9  1 9 2  

7 . 6 1 -

2 0  -
About 1 600 

----

1850 2100 

5 - 5 9  3 - 2 4  

4 . 6 5 4 . 5 5 

1 6 5 . 2  • 1 5 3 . 9  

1 4  . 1 4  

4 . 91 5 . 1 7 

2 2 1  1 9 4  

- 9 . 2 5 

- 2 8  

. .  
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Z.:..P?:;IIDIX 2 . 6f :  Dave Kett : Exercise Perforrr2�ce · 

. ·, 

Workloads Rest 1 2 0 0  • · 1 6 00 

Durat ion (min ) - 8 8 

Peak V02 ( 1/min ) . 4 7 3 . 07 4 . 1 2 

Peak Ventilation ( 1/min ) 10 . 2  6 7 .-0 107 . 2  

0 2 Efficiency ( % )  22 2 2  1 8  

Peak C02 output ( 1/min ) . 31 2 . 77 3 . 8 6 

Peak Hea·\� :-· - ::_ 61 1 44 1 6 3  

B lood Lactate ( 4 min . ) ( ��/1 1 . 0  6 . 9  -

Peak Muscle Lactate (iTM/ 1 )  - 1 8  � 

Anaerobic Threshold 
-- -- ------- ----------

1 850 2100 

8 s.:.o2 

4 . 88 4 . 8 7 

1 3 5 . 1  1 6 8 . 0  

17 · 1 4  

4 . 8 5 5 . 7 1 

171 1 8 5  

1 1 . 5  -

2 6  -
About 1 �50 

- -----· 



APPENDIX 2 . 7  

TYP ICAL COMPUTER FILE RECORDS 

Fortran f ormat 8F8 . 2  

Res pective l y : durat ion of breath ( sec ) 

o2 consumpt ion ( ml /min ) 

co2 production ( m l /min ) 

expired volume ( ml )  

e nd tidal o2 ( mm Hg ) 

e nd tidal  co2 ( mm Hg ) 

heart rate ( beats / mi n )  

t ime o f  l a s t  event ( sec ) 

The f i r s t  block shows trans i t ion f rom a rest ing per iod of a lmos t  

3 minutes ( 1 7 8 . 0 4 sec s ) , t o  constant workload exerc i s e  ( 1 7 0 0  kpm 

2 8 3  wa tts ) ,  cover ing j u st  over one minute ( 6 1 . 2 4 secs ) 

Note : i La s t  event i s  ac tua l ly timed a t  end o f  the breath 

dur ing whi ch the event occurred . 

( i i ) Note typical  " bump" on f i r s t  breath , but because of ( i ) 
above i t  i s  shown on last  breath of rest • 

. 

( i i i ) Marked r i s e  i n  vo2 , co2 output and expired volume . 

( iv ) Heart rate mon i tor not record ing . 

2 0 7  



2 0 8  

'�\�<:..-� (_� �Q_ ��.s-cl� - �f · @ ooo 4.....,... {-'IM..'-"" ; 
..--

3 .  50 582. 70 460. 69 797. 7 1  1 00 .  7 1  4 0 . 88 - 3 . 20 0 . 00 
3. 52 522. 87 4 1 8 . 1 3  83 5 .  74 1 02 . 44 4 0 . 22 -3. 46 0 . 00 
3. 64 5 8 2 . 97 482. 56 898. 96 1 0 4 .  1 8  39 . 3 5  - 3 .  46 0 . 00 
4 . 08 429. 88 367. 48 722 . 3 5  1 0 5 .  5 6  3 9 .  1 5  - 2 . 94 0 . 00 
4 . 20 28 1 .  00 236. 73 573. 06 1 03 . 83 39 . 66 - 3 . 73 0 . 00 
4 . 34 2 7 4 .  5 1  226. 73 5 5 7 .  1 2  1 0 1 .  4 0  4 1 . 8 1  - 3 . 46 0 . 00 
4 . 00 448. 47 3 6 5 . 24 729 . 84 98. 9 8  4 2 . 7 5  -3. 46 0 . 00 
4 . 34 549. 1 4  4 4 7 . 28 899. 1 9  1 00 . 02 4 1 . 92 -3 . 99 0 . 0 0  
4 . 38 6 4 0 . 6 5  520. 83 1 05 4 .  7 1  1 02 . 4 4  4 0 .  1 8  -3. 46 0 . 00 
4 . 32 3 3 9 . 20 273. 44 623 . 69 1 00 . 7 1  4 1 . 46 -3. 46 0 . 00 
4 . 26 290. 58 230 . 39 544. 3 7  1 00 .  7 1  4 1 .  1 9  - 2 . 9 4  0 . 00 
5 . 3 2 289 . 22 228 . 67 639 . 82 9 9 . 32 4 1 .  40 -3. 46 0 . 00 
4 . 98 297. 9 1  233. 1 1  58 5 .  1 9  9 9 . 32 4 1 .  46 - 3 .  46 0 . 00 
4. 74 4 :5 7 . 0 5  3 5 4 . 9 8  7 8 0 .  83 9 7 . 9 4  42.  1 9  - 3 . 46 0 . 00 
5 . 32 228. 8 8  1 7 5 . 94 523 . 74 9 8 . 28 4 1 . 36 -3. 46 0 . 00 
5 . 36 3 1 9 . 77 2 4 7 . 08 64 1 .  1 5  9 7 . 94 4 2 . 02 - 2 . 94 0 . 00 
5. 48 303. :57 233. 8 9  64 6. 2 2  98. 2 8  4 1 .  53 -3. 46 0 . 00 
5 . 00 4 2 7 .  74 326 . 0 1  7 5 4 .  78 9 6 . 90 4 1 .  8 5  - 3 . 46 0 . 00 
4 . 88 4 5 0 . 99 344.  1 8  790 . 03 9 8 . 28 4 1 . 0 5  - 3 .  73 0 . 00 
5 .  1 8  328 . 40 2 5 2 . 07 682 . 82 1 00 .  7 1  39 . 9 4  - 3 .  46 0 . 00 
5 . 84 32 5 . 82 2 5 8 . 20 74 1 .  20 1 0 1 .  06 4 0 . 08 -3 . 46 0 . 00 
4 .  60 3 4 4 . 36 273. 73 630. 02 1 0 1 . 40 39 . 9 4  - 3 .  46 0 . 00 
5 . 00 293. 77 232. 9 5  643 .  79 1 02 .  1 0  39 . 56 - 2 . 94 0 . 0 0  
4 . 9 8  2 58 . 74 206. 7 5  5 5 4 . 3 0  1 02 . 44 40. 1 5  -3. 99 0 . 00 
5. 06 2 6 6 . 06 2 1 2 . 88 568 . 66 1 00 . 02 4 1 .  1 5  - 3 .  73 0 . 00 
4 . 90 . 2 7 0 .  77 2 1 2 . 26 536 . 5 5  1 00. 36 4 1 .  1 2  -3.  46 0 . 00 
4 . 9 8  3 1 4 . 57 2 4 5 . 67 608. 20 1 00 . 02 40 . 9 :5 -3. 99 0. 00 
4 . 24 33 1 .  52 2 56 . 38 582 . 90 1 00 . 36 40. 70 -3. 99 0 . 00 
4. 52 292 . 2 1  227 . 23 579. 44 1 00 . 7 1  4 0 . 36 -3. 46 0 . 0 0  
5 .  2 8  236 . 99 1 86 .  56 543. 96 1 00 . 02 4 0 . 67 -3. 20 0 . 00 
4 . 90 4 1 9 . 1 3  33 1 .  66 758. 1 7  99. 32 4 1 . 22 -3. 46 0 . 00 
4 . 86 7 :5 9 .  75 6 1 0 . 46 1 22 4 .  06 9 6 . 9 0  4 2 .  78 - 2 . 9 4  0 . 0 0  
6 .  5 4  23 8 . 0 1  1 86 . 37 54 1 .  7 5  1 00 . 02 4 1 . 8 1 -3. 20 0 . 00 
5 . 02 3 4 6 . 32 274. :55 689 .  36 98 . 6 3  4 2 . 30 -3. 46 0 . 00 
4 .  42 338 . 9 5  262. 89 600. 06 97. 94 42. 7 8  - 3 .  4 6  0 . 00 
4 . 32 362 . 78 2l6. 52 639. 1 9  96 . 5 5  42. 6 1  -:-3 . 20 0. 0 0  
4 . 26 72 1 .  77 5 5 1 .  68 999. 3 1  9 5 .  5 1  4 3 .  58 -3. 46 0 . 0 0  

3· 48 1 67 0. 36 1 3 1 5. 80 1 9 1 4. 89 99.  3.2 __ 4 _1 ...!-:;33 __ -:3 ,_20 0 ,  00 
. 22 1435 . 26 1 206. 94 1 696. 82 1 03. 83 39. 84 -3. 46 1 7 8. 0 4  

3. 82 1 25 5 . 24 1 1 1 9. 39 1 783. 4 7  1 04. 52 40.  !5 0  -3. 46 1 78. 04 
2 .  7 4  1 2 1 6 . 90 1 1 1 1 . 46 1 4 1 0 . 84 1 07 . 64 39 . 39 -2. 94 1 78 . 0 4 
2. 84 1 1 63 .  9 1 1 1 1 1 . 3 9  1 47 5 . 35 1 09. 38 38. 90 -3 . 20 1 78 . 04 
2 . 94 1 03 0 . 96 973 . 3 5 1 307. 1 8  1 07 . 3 0  40. 2 5  -3.  46 1 78 . 04 
2.  76 1 57 5 . 30 1 424. 8 5  1 660. 4 3  1 04. 1 8  4 1 .  50 -3. 46 1 78 . 04 
2 . 92 1 3 5 9 . 82 1 1 76 .  1 1  1 489 . 39 1 03 .  1 4  4 1 . 64 - 2 . 68 1 78 . 0 4  
2 . 84 1 86 2 . 20 1 568. 3 1  1 807. 1 8 1 00 . 0 2  4 2 . 64 - 3 .  46 1 78 . 04 
2 . 84 1 6 5 7 .  1 9  1 3 42 . 06 1 54 4 . 84 9 6 . 9 0  4 4 . 03 -3. 20 1 78 . 04 
2 . 92 1 90 1 .  1 4  1 5 1 3 . 3 5 1 78 5 . 87 9 6 . 5 5  4 4 .  1 3  -2. 9 4  1 78. 0 4  
2. 82 2072. 98 1 6 4 1 . 59 1 773. 0 1  94.  1 2  46. 1 7  -2 . 94 1 78 . 04 
2 .  78 207 1 . 09 1 627. 0 4  1 704. 97 92. 7 4  4 6 . 9 4  -3. 46 1 78 . 04 
2 .  96 2 1 5 6 . 32 1 696. 69 1 867. 72 9 1 .  3 5  4 7 . 70 . -3. 46 1 78 . 04 
2 .  84 239 6 .  57 1 882 . 38 1 896. 9 1  90 . 3 1  4 8 . 22 -3. 46 1 7 8. 04 
2 . 96 233 5 .  1 3  1 8 4 1 .  06 1 900. 03 8 9 . 2 7  4 9 . 67 - 3 . 99 1 78 . 04 
2. 68 248 4 .  40 1 9 76 . 63 1 8 5 5 .  40 89. 62 4 8 . 9 4  -3. 46 1 7 8 . 0 4  
2 .  98 26 1 7 . 84 2 1 23 . 99 2 1 56 .  48 8 9 . 96 50 . 26 -3. 20 1 78 . 0 4  
2 . 78 2720. 1 8  2 2 54 . 70 2 1 7 5 . 42 9 1 .  7 0  49 . 78 - 3 . 20 1 78 . 04 
2 . 96 28 1 8 . 1 2  236 5 . 46 234 9 .  62 9 0 . 66 5 0 . 9 5  - 2 . 9 4  1 7 8 . 04 
2 . 82 2863. 1 2  2474. 89 239 5 .  09 92. 7 4 :50. 1 9  -3. 46 1 78 . 04 
2. 82 3059. 80 �7 1 8 . �0 �6 1 6. 97 9 5 .  1 6  49. 64 - tz . 94 1 78 . 04 

') 



The second block shows the tran s i t ion f rom the end of 5 minutes 

o f  exe rc i se ( 3 0 7 . 7 6 secs ) to the f i r s t  5 3  s econds of recovery . 

Note : i 

( i i ) 

( i i i ) 

( iv ) 

Breath durat i on much shorter at end of exerc i se ,  nearly  

constant • 

. 

H igh vo 2 , 
co 2 and expired volumes to end . 

• 

vo2 shows rapid decrease , not matched by co2 a nd 

expired volume s . 

End t ida l co2 goes up , decrea ses  late r . 

2 0 9  



... . uu 
1 .  90 
1 .  96 
1 .  98 
1 .  82 
2 . 00 
1 .  84 
1 .  94 
1 .  9 4  
1 .  9 2  
1 .  94 
1 .  88 
1 .  94 
1 .  94 
1 .  92 
1 .  92 
1 .  88 
1 .  98 
1 .  86 
1 . 96 
1 .  98 
1 .  eo 
1 .  92 
1 . 86 
1 .  86 
1 .  86 
1 .  90 
1 .  eo 
1 .  94 
2. 04 
2 . 00 
1 .  9e 
1 .  94 

1 .  94 
1 .  90 
1 .  90 
1 .  90 
1 .  92 
1 .  90 
1 .  80 
1 .  80 
1 .  86 
1 .  78 
1 .  90 
1 .  80 
1 .  92 
2 . 04 
2. 04 
2 . 02 
2 . 04 
2 . 00 
2 .  04 
2. 1 4  
2 .  04 
2 . 04 
2 . 00 
1 .  96 
2 . 08 
2 . 06 
2 . 06 ':) 1 �  

w f I V ,  '' .t. 
3938. �9 
376 1 .  1 4  
36 :5 5 .  5 1  
380 7 . 67 
3538. 32 
3 7 6 9 . 60 
36 5 1 . 83 
367 1 .  03 
3830. 63 
3728. 92 
386 1 . 66 
366 3 .  1 3  
370 7 . 74 
392 4 . 69 
398 5 . 78 
3802 . 93 
3 7 5 2 . 6 1  
408e . 37 
3796 . 74 
392 2 . 92 
366 0 .  7 1  
3 8 5 9 . 23 
36e 8 . 62 
4 0 5 2 .  1 2  
3828 . 48 
39 5 7 . 84 
3 9 5 6 . eO 
3826 . 2 5  
�se�. 1a 
36 1 0 . 8 1  
3 5 4 8 . 40 
332 5 .  70 

3359. 20 
3 1 1 6 . 49 
30 1 5 . 6 1  
3066. 66 
2998. 60 
293 6 . 67 
2926. 6 7  
263 9 . 6e 
2 5 7 4 . 36 
232 5 .  73 
238 9 .  7 1  
2282. 2 5  
2 1 4 7 .  63 
1 9 73. 6 1  
1 98 7 .  52 
1 92 7 . 6 4  
1 7 5 2 . 80 
1 7 7 7 . 5 5  
1 7 1 5 . 49 
1 56 2 .  1 1  
1 5 5 9 . 37 
1 50 4 . 06 
1 4 2 3 . 69 
1 3e l .  90 
1 3 1 4 . 73 
1 30 0 .  76 
1 2 5 0 .  1 0  1 1 L1 c:; 00 

ll, .. , "" " ' ·  ... ' ,. h f & * t' • ... A 
44 4 1 . ::.1u ::1::11 14 . 6 4  
4230. 1 3  ::;1:'11 c1 . 7 3  
4 1 32 . 70 3::�24. 4 :5  
43 1 2 . 02 3 1 73 .  78 
40 1 8 . 33 3 1 78 .  5 1  
4227 . 49 3086. 29 
4 1 20 .  55 322 4 .  6 1  
4 1 4 :5 . 29 320 1 .  48 
4246. 4 1  326 1 .  1 3  
4 1 53 . 06 3224 .  47 
428 4 . 66 322 7 . 3 7  
40 1 8 . 5 9  3 1 2 5 .  9 6  
4070. 26 309 1 .  0 1  
4269. 9 5  3 1 84 .  6 9  
436 4 . 36 3354. 93 
4 1 67 . 89 3 1 80 .  34 
4 1 26 .  1 9  3286 . 09 
4 4 5 4 . 90 3342. 59 
4 1 6 1 . 04 33 1 3 .  5 5  
4297. 69 3 402 . 09 
4024. 6e 304 9 .  7 7  
4263. 49 334 6 .  26 
4040. 6 1  307 6 .  1 7  
4399. 27 3339 . 29 
4 1 7 4 . 92 3203. 46 
4 3 5 6 . 27 336 1 . 2 5  
4336. 22 3203. 4 7  
4 2 1 4 . 83 3 3 1 1 .  06 
�2.5Q, Z3 3�·8S..JS 
3938 . 7 8  337 6 .  4 9  
39 1 0 . 43 3437. 3 1  
3739. 08 3240. 52 

3970. 75 3366. 5 1  
3667. 0 1  3222 . 66 
3 56 3 . 29 3054. e9 
3678. 9 1  3056. 3 4  
3647 . 5 6  3068. 1 7  
3687. 34 3 1 06 .  52 
38 1 2 . 84 308 1 .  7 1  
3 56 5 . 80 29 1 7 . 89 
3584. 33 3039 . 80 
33 1 8 . 03 282 9 . 6 1  
3424. 56 3004 . e4 
3333. 09 284 1 .  1 6  
3204 . 7 7  2902. 7 7  
29 8 5 .  5 1  287 5 .  43 
3038 . 89 2940. 99 
2976 . 9 1  292 4 .  70 
2 7 7 8 . 60 280 1 .  88 
2 8 5 9 .  5 1  288 4 .  1 1  
2826 . 26 294 1 .  52 
2 6 1 8 . 4 5  2838 . 5 1  
26 1 4 . 60 2e04.  63 
2 5 46 . 27 2767. 98 
2428 . 32 264 6 . 9 9  
2 3 7 0 .  1 4  2 5 4 7 . 68 
2274 . 1 4  2630. 69 
230 1 . 59 266 5 . 90 
2209 . 29 2572. 1 0  
1 n e;  1 "l r.  .-, -J"7 '"J  "7 "')  

A V I , \J twl  "'"t '-.ol 1  W t  .. l 
1 1 0 . 4· 1 4 2 .  23 
1 09 . 38 4 3 , ;].7 
1 1 0 . 4 1  42 . 3 7 
1 1 0 . 4 1  4 2 . 8 5  
1 09 . 3 8  4 3 .  5 1  
1 09 .  72 4 2 . 9 5  
1 09 . 3e 4 3 . 6 5  
1 1 0 .  0 7  42.  7 8  
1 09. 0 3  43. 20 
1 09 . 38 4 2 . 99 
1 1 0 . 4 1  4 2 . 23 
1 0 9. 0 3  4 2 . 92 
1 09 . 03 43. 09 
1 0 7. 99 43. 82 
1 09 . 7 2  4 2 . 37 
1 08 . 3 4  4 3 . 6 5  
1 09. 38 42 . 30 
1 09 . 03 43 . 27 
1 09 . 0 3  4 2 .  7 5  
1 09 . 03 4 2 . 92 
1 1 0 .  76 4 1 . 26 
1 1 0 .  0 7  4 2 . 43 
1 1 0 .  07 4 2 . 09 
1 09 . 03 4 2 . 33 
1 09 . 38 4 2 .  5 7  
1 09 . 3e 42 . 57 
1 1 1 . 1 1  4 1 .  1 5  
1 09 . 3 e  4 2 . 92 
11 Q, Q_l __ �l L_92 
1 1 1 . 1 1  4 0 . 60 
1 1 1 . 80 4 0 . 36 
1 1 3 . 53 39 . 2 1  

1 1 3 .  99 39. 60 
1 1 4 . 92 38. 6 9  
1 1 4 . 5 7  39. 70 
1 1 4 . 5 7  40. 08 
1 1 4 . 92 39. eO 
1 1 5 . 96 4 0 . 22 
1 1 7 . 3 5  39. 32 
1 1 8 .  73 3 8 . 83 
1 1 9 .  43 38. 73 
1 20 . 4 7  3 7 . 34 
1 20 .  1 2  3 8 .  5 6  
1 2 1 .  1 6  3 7 . 4 5  
1 2 1 . 8 5  37 . 3 1  
1 2 1 . 5 1  3 8 . 04 
1 22 . 5 5  3 6 . 93 
1 23 . 2 4  3 6 .  58 
1 2 4 . 28 35. 54 
1 2 5 . 32 3 4 . 68 
1 2 5 . 6 7  3 4 . 4 7  
1 2 5 . 6 7  3 4 . 26 
1 26 . 36 3 3 . 88 
1 2 7 . 0 5  3 3 . 22 
1 27 .  7 5  32. 1 9  
1 28 . 09 3 1 . 63 
1 28 . 4 4  3 1 .  49 
1 28 . 4 4  3 1 .  6 7  
1 28 . 4 4  3 1 . 32 
'1 ':" 0 " "  .., .. ...,..., 

,, , , ... '"' " ' "" · IJ ..,  
·- :i! .  94 1 78 . 04 
-3. 46 1 7 8 . 04 
-3. 20 1 7e . o4 
-2. 94 1 78 . 0 4  
-3. 2 0  1 7e . 0 4  
-3.  46 1 7e . 0 4  
-2. 94 1 78 . 04 
- 2 . 94 1 78 . 04 
-2. 94 1 78 . 0 4  
-3. 4 6  1 78 . 04 
-3. 46 1 78 . 0 4  
-3.  46 1 7e . 04 
-3.  73 1 78 . 04 
-3. 46 1 78 . 04 
-3. 46 1 7 8 . 0 4  
-3. 73 1 78. 04 
-3 . 20 1 78 . 04 
-3. 99 1 78 . 04 
-2. 94 1 78 . 04 
-3. 20 1 7e . 04 
- 3 . 46 1 78 . 0 4  
-3. 20 1 78 . 04 
-3. 99 1 7e . 04 
-3. 20 1 7e . 04 
-3. 99 1 78. 04 
-2. 94 1 7e. o4 
-3. 20 1 7 e . 04 
-2. 94 1 7e . 0 4  
-:.L_2CL_l_ 79 �.04._ 
-3. 20 4 8 5 . 8 0  
-2. 94 
- 3 . 46 

-3. 46 
- 3 . 4 6  
- 3 . 4 6  
-3. 46 
-2. 94 
-2. 94 
- 2 . 94 
-3.  46 
- 2 . 94 
-3. 20 
-3. 46 
-3. 20 
-3. 46 
- 2 . 9 4  
-3. 46 
-3. 73 
- 3 . 46 
-3 . 46 
- 3 . 20 
- 3 . 20 
- 2 . 94 
-2. 94 
- 3 . 20 
-3. 46 
-3.  73 
- 2 . 94 
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ADDENDUM 

Th i s  ch ap t e r  h as t aken a r a t h e r  s imp l i s t i c  ap p r o a ch to mode l ­

l i n g  New t on i an b i ome ch an i c s ; t h e  f i r s t i n s t an ce o f  t h e  

g e n e r a l  mode l l ing  p h i l o s ophy I h a v e  adop t e d  th roughout the 

t h e s i s . Such a s imp l i f i e d app r o a ch l1 a s  b e en t ak en i n  the  

main s o  a s  to  be  ab l e  to  p i e ce t h e  mod e l  s e gmen t s  more  

r e ad i ly t o g e th e r  into  a coh e rent  wh o l e . P a r s imon i ou s  

m o t i v e s  a l s o  app l y . I n d e e d , s uch c h a r a c t e r i s t i cs a r e  i n t r in -

s i c  t o  any m o de l ,  b u t  a re n o t  s o  s ev e r e  a s  t o  h ave  ren de re d  

t h e  m o de l a s  a wh o l e  down t o  a t r i v i a l  e x e rc i s e . 

F i r s t l y ,  I h ave app l i e d  Newt on ' s  l aws  i n  a r a t h e r  unc r i t i ca l  

way . I h ave s imp l i f i e d  b y  r e g ard ing  t h e  runn e r ' s  b ody , i n  

r e a l i t y  a c omp l e x  b o dy w i t h  h in g e s , a s  a p o int  mas s . The  

human b o dy du ring  l o como t i on h a s  b e en t h e  s ub j e c t  of  more  

d e t a i l e d  s e gmen t e d  k i nemat i c  s tu d i e s , ( e . g .  Capp o z z a  et  a l , 

1 9 7 6 ; Man s 6u r  e t  a l , 1 9 8 2 ; Wint e r  e t  a l ,  1 9 7 6 ) . S u ch 

s t ud i e s  h ave as  a p r ime c once rn ,  i n form a t i on re l a t in g  t o  

mo t i on an d e ne rgy c hang e s  of  t h e  v a r i o u s  b o dy s e gment s .  As 

s uch , v a r i ab l e s  of i n t e r e s t  i n c l u de in t e rn a l  and e x t e rn a l  

forc e s , t o rques , an gu l a r ve l o c i t i e s , a n d  s o  on . Th i s  l e ve l 

of  de t a i l e d  c omp l e x i t y i s  n o t  the  i n t en t i o n  o f  my t h e s i s . 

Neve r t h e l e s s , even in  t h e s e  and o t h e r  s i m i l a r  s tu d i e s , 

s imp l i fy i n g  a s s ump t i on s  o r  re s t r i c t i on s  a r e  made : ( i )  t h e  

h e a d , arms a n d  t o r s o  are  r e g a rded a s  a s in g l e  p o in t  m as s , 

( i i )  ro t a t i o n a l  k in e t i c  e n e rgy o f  b o dy s e gmen t s  i s  ne g l e ct e d , 

( i i i )  an a l y s i s  i s  re s t r i c t e d  t o  t h e  s ag i t t a l  p l ane , and ( iv )  

symme t ry o f  t h e  l e ft and r i g h t  l e g s  i s  imp o s e d . I n  s ome 

i n s t an c e s , r e a s ons o t h e r t h an for s imp l i c i ty are  g iven fo r 

s uc h  a s s ump t i on s . The s e  i n c l ude : t h a t  the  magn i t u d e s  o f  

the e ffe c t s  o f  inc l u d i n g  more va r i ab l e s  a r e  on ly o f  t h e  s ame 

o rd e r  as  the  l eve l o f  exp e r ime n t a l  a c c u r a cy ; and t h a t  the 

r e s u l t s  are not s en s i t ive to the i n c l u s i on ( o r e x c l us i on )  of 

t he s e  v a r i ab l e s . 

S e c ond l y ,  t h e  ove ra l l  force  v e c t o r e x e r t e d  th rough t h e  l e g s  

h a s  a t  l e as t  two c omponen t s . I n  a dd i t i on t o  t he ve r t i c a l  

an d h o r i z on t a l  c omponen t s , t h e r e  i s  a sm a l l  l a t e r a l  componen t ,  

n o t i c ab l e  a s  the c aus e o f  a s l i g h t  y aw i n g  mo t i on o f  t h e  h i p s . 

Coup l e s  a c t ing i n  va r i ous p l ane s  are  a l s o  p o s s ib l e .  
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Th roughout  t h i s  t h e s i s  I l1 ave t ak e n  t h e  e x e r t e d  f o rc e t o  r e fer  

to  the  h or i z on t a l c ompon e nt , and  t h e r e f o r e  c on s i de r  h o r i z on t a l  

mo t i on on l y . The vert i c a l  and o t h e r  c omp on en t s  g o  t ow a r ds 

k e e p ing t he cen t re o f  ma s s  "b oun c i n g " , and t owards t h e  

r e c ip r o c a t ing  m o t i on o f  t h e  arms a n d  l eg s , e l as t i c  s t o r a g e  

o f  en e rg y , e t c . The s e  an d o t h e r  comp on e n t s  a r e  d i ff i cu l t  t o  

de a l  w i t h . T h e  s imp l i f i e d app r o a ch I h av e  adop t e d  t o  de a l  

w i t h  t h e  p r e s en c e  o f  t h e s e  o t h e r  c ompon e n t s , i s  t o  s ub s ume 

t h em w i t h in  a m e c h an i ca l  e f f i c i en c y  c oe f f i c i en t . Th i s  is an 

app r oa c h  adop t e d  for ex amp l e  by Marg ar i a  ( 1 9 7 6 ) . T h a t  t h e s e  

compon e n t s  are  i n  a n  a s s umed c ons t an t  p r op or t i on o f  t h e  ove r ­

a l l f o r c e  ve c t o r  during the  l im i t in g  o r  c on s t an t  s pe e d p h a s e  

o f  mot i o n  i s  I b e l i eve a r e as on ab l e  as s ump t i on .  F o r  e x amp l e  

a i r  r e s i s t an c e  a c c oun t s  for  7 t o  1 4 %  o f  p ow e r  expend i tu r e  

( p 3 3 )  a t  m o de r a t e  t o  h i gh runn ing  s p e e d s . A l t h ough n e t  

v e r t i ca l  mov eme n t s  of  t h e  h ip s  a r e  s l i gh t  i n  runn e rs (McMahon 

an d G r e ene , 1 9 8 1 ) , s ay 2 cm ,  for a 7 S kg runn e r  w i t h  a s t r i de  

p e r i od o f  0 . 2  s e c , a p owe r output  o f  7 5  wa t t s  c an b e  

e s t imat e d . Th i s  rep r e s en t s  ab out  2 0 %  o f  t h e  t o t a l  p owe r 

g e n e r a t e d  a t  3 . 6  m/ s e c . Such c on s i d e r a t i on s  in d i c a t e  h ow 

t h e  t o t a l  p owe r c an b e  d iv i d ed  in t o  v a r i ou s a t t r i b u t ab l e 

p o r t i on s . 

Dur ing  t h e  a cc e l e r at i o n  p h a s e  howeve r ,  t h e  s i tu a t i on i s  

d i fferent ; a 1 r  r e s i s t an c e r i s e s  from z e ro ,  a s  d o e s  i n t e rn a l  

r e s i s t an c e , and s o  on . The f o r c e  av a i l ab l e t h r ough the  

runne r ' s l e g s  c an t h e r e fore be  e xp e c t e d  to  d im in i s h  t h r ough 

t h e  a c ce l e r a t i on ph as e , t o  a v a l ue s u ff i c i en t  t o  ove r c ome the  

" s t e a dy s t a t e " re s i s t an ce s  ab ove . 

an a l t e rn a t i ve formu l at i on . 

Le t u s  the re f o re e x am i n e  

I n  as s um i n g  ab ove a c on s t ant  ( p o s s ib ly m ax imum ) f o r c e , f ,  

and in  s o  d o i ng f i t t i ng the equat i on ( p 3 9 )  

- at/m v ( t )  = f ( l - e ) / a 

a c o e ff i c i en t  a s o  l ar g e  t h a t  the p ow e r  output at  c on s t an t  

s p e e d ,  f/ a ,  i s  phys i o l o g i c a l ly exhorb i t an t , i s  ob t ai n e d . 

I n s t e a d l e t us cons i d e r  a more n a t u r a l  p r o c e s s  o f  force  

va r i a t i o n  w h i ch takes  s ome a c c oun t o f  the  r unn e r ' s  ab i l i ty 
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t o  " g e a r "  h i s  outp u t . Th i s  i s  t o  a s s ume  c on s t an t  p mv e r  

r a t h e r  th an c ons t ant forc e , b u t  wh i l e  con t i n u i n g  t o  as s ume 

a comp ound r e s i s t an c e p ropo r t i on a l  t o  s p e e d . 

Thus , s i n c e  p ow e r  i s  t h e  p ro d u c t  o f  f o r c e  and  ve l o c i t y , and 

u t i l i s in g  equ a t i on ( B )  on p 3 9 : 

2 p - av = 

= 

dv m v d t  

1 
2 

m 
d ( v 2 ) 

dt 

wh i c h  l e ads  to t h e  ana lyt i c  s o l u t i on : 

v 2 = p ( l -
e

- 2 a t /m
) 

i . e . v ( t )  = ( p / a )
�

( l - e - 2 at /m )
� 

Now ob t a i n in g  p and a t o  su i t  typ i c a l  s p r in t  d a t a and 

p l o t t ing  as  on p a g e  3 7 , we o b t a i n : 

V ( t )  

- · - · - ·  

ob s e rva t i ons  

e qu a t i on G) 
e qu a t i on G) 

�---------------------------------------. t 
0 

The  rep r e s en t a t i on o f  the  d a t a app e a r s  as  g o o d  b y  equa t i on 

G) a s  i t  i s  b y  e qu a t i on (I). Furth e rm o re whe re a s  

a/m f':::: 0 . 5  un i t s  i n  e q uat i on Q) , i t  i s  n ow o f  t h e  o rde r o f  

0 . 1 5 un i t s  in  e quat i on ® . T h i s  l at t e r  o c cu r r e n c e  h as the 

imme d i a t e  cons e q uen c e  that the  powe r r e q u i r e d  t o  ove r c ome 

t h e  a i r  and oth e r  r e s i s t an c e s  i s  un de r one th i r d  of t h a t  

r e qu i re d  b y  t h e  Ke l l e r mode l . Th i s  may t h e re fo re b e  
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r e g ar d e d  a s  a po s s i b l e s o lu t i on t o  t h e  1 / 4 t o  1 / 3  r e du c t i on 

fac t o r men t ion e d  p r ev i ous ly , and the  d i ff i cu l t i e s  d i � cus s e d 

on p a g e s  2 8  and 3 9 . I n  addi t i on t h i s  app r o a ch p e rmi t s  

in i t i a l  £o rc e  t o  b e  h i gh , when ve l o c i t y  i s  l ow , an d t o  

de c l i n e  as  a " s t e a dy s t a t e " i s  app r o a ch e d . 

Wh i l e i t  m i gh t  a t  fi r s t  s i ght app e a r  t h a t  t he above a l t e rna ­

t iv e  h as g one a l on g  w ay in me e t in g  t h e  cr i t i c i sms o f  t h e  

Ke l l e r  mode l I h ave u s e d ,  the r e  a re n e v e rt he l e s s mat h emat i c a l  

d i f f i cu l t i e s i n  i t s  imp l ement at i on . T h e s e  � r e  h in t e d  a t  on 

p a g e  8 6 . 

Spe c i f i c a l l y  w i t h  p = fv a s sumed con s t an t , the  as s ump t i on 

l e ads  t o  a d i s c on t in u i t y  o r  ( p e rh ap s  m o r e  c o r r e ct l y )  a 

ve r t i c a l  a s ymp t o t e  for  f ( t )  at t = 0 .  The  r e a s on i s  s imp l y  

t h a t  a runn e r  s t ar t i n g  fr om re s t  mu s t  have in i t i a l  v e l o c i ty 

v ( O )  = 0 ,  in  wh i ch c a s e  t he i n i t i a l  f o r c e  f ( O )  i s  in f in i t e ly 

l a rg e . Th i s  i s  n o t  j us t  p hys i o l og i c a l l y  exhorb i t an t , i t  i s  
' 

impo s s i b l e . Two equ iva l ent avenue s o u t  of  t h i s  mathema t i c a l  

d i f f i c u l t y  a r e  p o s s i b l e , e i t h e r s e t  f ( O )  a t  s ome v e r y  l ar g e  

b u t  phys i o l og i c a l l y  po s s i b l e  va l u e  and t h en c a l c u l at e  v ( O )  

f o r  the c ho s en v a l ue o f  p ;  o r  vi ce ve r s a .  W i t h o u t  

i n s t i t u t ing  t he ne c e s s a ry equ at i on c h an g e s  an d re runn ing  

s imu l a t i ons , t h e  re s u l t s  o f  the  ab ove app� o a ch mus t r em a i n  

c onj e c t ure . 

I b e l i e ve howeve r ,  t h a t  s in c e  t h e  con s e quen c e s  o f  t h i s  

a l t e rnat ive  a r e  l i k e l y  ev i dent in on l y  t he f i r s t  s ay s even 

s e c on ds or s o , t he advan t a g e s  men t i o n e d  ab ove w i l l  ou twe i gh 

t h e  c ont r ived n a t ure of  t h e  in i t i a l � on d i t i on s . The  

e x c e p t i on to  th i s  b e l i e f  is  l i k e l y  t o  be  in  t h e  s p r i n t  mode . 

L a s t l y , the  impu l s ive  n a t u r e  o f  the  f o r c e  e x e r t e d  h a s  n o t  

b e en c l e ar l y d i s cus s e d . I h ave  a s s umed i t  t o  b e  c on t inuous , 

though i n  re a l i t y i t s  form i s  one of  a l a r g e  n umb e r  o f  

d i s cont i n u ous s u c ce s s ive  t hrus t s . 

N o  f o rc e at a l l  c an b e  exe r t e d  wh en t h e  runn e r ' s  f o o t  i s  n o t  

i n  c o n t a c t  w i th t he g r ound , and th i s  l e ad s  d i r e c t l y  t o  · t h e  

p r ob lem o f  t h e  me an in � fu l  i n c l u s i on o f  t he de r iva t iv e  d f /d t _ 

The s imp l i fy i n g  appro a ch t a ken  i n  t h i s i n s t an c e  h a s  b e en t o  
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app rox ima t e  t he s t ep fun c t i o n  p r o f i l e  o f  the h o r i z on t a l  f o r c e  

c omp on en t  by a sm oo t h  curve f o r  wh i ch a cont inuou s d e r iva t ive 

e x i s t s . That t h i s  b a s i c  l eve l of  s imp l i f i ca t i on i s  r e a s on ­

ab l e  c an b e  s e en  f o r  ex amp le  in  t h e  f or c e  and ve l o c i ty t ra ce s 

p r odu c e d  b y  t he s p e e do g r aph (Vo l k ov a n d  L a p i n , 1 9 7 9 )  wh i c h  

t hough w avy , d o  h ave  a smooth  t rend . 

A cknowl edgement : T h e  m at t e rs di s cus s e d  i n  t he ab ove  a ddendum 

h ave b e e n  r a i s e d  b y  the  e x a� i n ing  p an e l  and i t s  advi s e r .  I 

wou l d  l i k e  t o  t h an k  t hem for  draw i n g  t h e s e  ma t t e r s  t o  my 

a t t en t i on an d s u g g e s t in g  s om� p o s s i b l e  m e an s  of t he i r  re ct i ­

f i c a t i on . 
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