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Abstract

In this thesis we study the arithmetic degree theory of polynomial ideals. The main
objectives are: (i) to show whether we can generalize a lower bound on the arith-
metic degree of monomial ideals to the arithmetic degree of arbitrary homogeneous
ideals; and (ii) to explain whether some known bounds for the geometric degree can
be restated in terms of bounds on the arithmetic degree. We give a negative answer
to all questions raised by constructing counterexamples. In some cases we provide
a general method for constructing such counterexamples. Concerning properties
of the arithmetic degree, we give a new Bezout-type theorem. Finally we take a
brief look at open problems concerning the arithmetic degree under hypersurface

sections.
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CHAPTER O

Introduction

0.1 Degrees of an ideal

A degree of an ideal I in a polynomial ring S is an integer which best represents
I in’'S. In some sense it is the measure of the size of I over S. Which integer
best represents I depends on what information we are trying to extract from /.
In general, a degree of I is formed by attaching a cycle div(I) = ¥i_, Li[pi] to I,
where [; are positive integers and [p;] are prime ideals, both derived from I. We
then associate a degree to div([).

The oldest and most studied notion of the degree of an ideal I is the classical
degree, denoted by deg(I). In this degree, [; is the length-multiplicity, mult;(p;),
of the primes p; of dim(S/I) in the primary decomposition of I, weighted by the
degree of p;. That is,

deg(I) = imult;(pi) - deg(p:)-

As an invariant the classical degree has had many uses, one of which has been to
prove several Bezout-type theorems which provide information about the number
of intersection components of an ideal’s associated projective subvariety in n-space.
(For details on relationships between geometric and algebraic notions, please see
Appendix A.)

Computational complexity issues in algebraic geometry necessitate refinements
in this notion of the degree. Two such refinements are the geometric degree and

the arithmetic degree. The geometric degree of an ideal I is given by an expression
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similar to that of the degree of I, however, it takes into consideration contributions
made by all of the minimal prime ideals of I. The arithmetic degree of I is the
most recent of the notions of the degree and it represents contributions made by
all prime ideals.

These new notions of degree were initially developed to provide new bounds
for invariants which could not be bound by the classical degree. For example, the
classical degree was not helpful in providing an upper bound for the reduction
number of an ideal as it proved not to be large enough. In [Vas96], the author has
used the arithmetic degree to provide such an upper bound.

The geometric degree and arithmetic degree have also been used to improve
bounds already given by the classical degree. Improved bounds have been found
for several invariants. For example, in [BM93], the authors provide the following

lower bound to d([/), the maximum of the degrees of a minimal set of generators of
I.

PROPOSITION 0.1.1 Let k be any field and let I C k(zo,...,z,]. Then

n+l

geom-deg(I) <> d(I)'.

1=0
It is shown in [BM93] that the arithmetic degree cannot be used to further im-

prove this bound. However, the arithmetic degree is used to provide the following
improved lower bound for the Castelnuovo-Mumford regularity of I, m([).

THEOREM 0.1.2 Let k be any field and let I C k[zo, . ..,Zn]). Then

arith-deg(I) < E ( L) -1—7. =3 ) = %m(!)".
i=0 i i=0
[STV95] provides us with an improvement on the Hilbert Nullstellensatz using the
geometric degree.

Once developed to provide new and improved bounds on invariants, it was noted
that this new idea of the arithmetic degree was interesting in its own right. It takes
into consideration contributions made by all associated primes of an ideal and may
therefore provide us with more information about the ideal than the geometric
degree or the classical degree.

In studying properties of the arithmetic degree we have returned to problems
studied for the classical degree and looked at how the arithmetic degree can be used
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in these problems. Such problems include: finding upper and lower bounds for the
arithmetic degree; studying the arithmetic degree under hypersurface section; and
studying properties of the arithmetic degree of the sum of two ideals, that is,
studying Bezout-type theorems for the arithmetic degree. One or more of each

of these problems has been studied in each of the following papers on arithmetic
degrees: [STV95], [MV96], [MVY96].

0.2 This work: an outline

[BM93] raises the question of finding bounds on the geometric degree and the
arithmetic degree of an ideal in terms of its generators. [STV95] proves the following
lower and upper bounds on the arithmetic degree of a monomial ideal I in terms
of generators of /.

THEOREM 0.2.1 Let I be a proper monomial ideal in S = k[zy,...,z,] with
minimal set of monomial generators my, my, ..., ms, and let e := dim(I) + s — n.
Then ,

maz{deg(m;) : i =1,...,s} < arith-deg(I) < [] deg(m;) — e.

i=1
It is shown that the upper bound in this theorem does not generalize to arbitrary
homogeneous ideals. In Chapter 2 of this thesis we show that the lower bound
also does not generalize to arbitrary homogeneous ideals. Hence, the question of
bounding the arithmetic degree of an arbitrary homogeneous ideal in terms of its
generators remains open.

In Chapter 3 we look at bounds proven for the geometric degree, as taken from
Section 5 of [STV95], and show that similar bounds do not hold in general for
the arithmetic degree. In Section 3.2 we look at an improvement on the Hilbert
Nullstellensatz which uses the geometric degree. Through the detailed calculation
of a counterexample, we show that the arithmetic degree cannot be used to further
improve the given bound. In Section 3.3 we look at a Bezout-type theorem for
the geometric degree and show through a counterexample that in this Bezout-type
theorem, the geometric degree cannot be replaced by the arithmetic one. Finally,
in Section 3.4 we look at an algebraic version of a corollary to the Bezout-type
theorem given in Section 3.3 and show that once again the geometric degree cannot
be replaced by the arithmetic one. Each of these cases illustrates a need for study

of the relationship between the geometric and arithmetic degrees.
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In Section 0.1 we stated that one problem used to determine properties on
the arithmetic degree was the problem of finding Bezout-type theorems for the
arithmetic degree. [MV96] provides a Bezout-type result for the arithmetic degree
via iterated hypersurface sections. In Chapter 4 we use properties of the arithmetic
degree as discussed in Section 3.4 to provide another Bezout-type theorem and two
corollaries. There the ideals are assumed to be pure dimensional.

In Chapter 5 we consider Bezout-type theorems for the arithmetic degree of
an arbitrary scheme cut by a hypersurface; that is, we study the arithmetic de-
gree under hypersurface section. We take a brief look at an open problem on the
arithmetic degree under hypersurface section and use Corollary 2.7 of [MVY96] to

provide a new result concerning the arithmetic degree under hypersurface section.



CHAPTER 1

Preliminaries and Notation

As stated in Chapter 0, this thesis is concerned with the arithmetic degree of an
ideal and with the bounds on such a degree. Chapter 1 is an assembly of the basic
definitions and results (without proofs) needed to define this degree. It is intended
as a review and for quick reference. Further details can be found in the sources:
[Nor53], [Eis95], [2S58], [2S60], and [BM93], where a general ring theory and its
connection to algebraic geometry is given.

For the purpose of this thesis we are interested mainly in those definitions and
results which relate to ideals in the polynomial ring in n variables. Therefore,
throughout this chapter let S := k[z,,...,z,|, where k is a field, be a polynomial
ring in n variables.

The arithmetic degree of an ideal is defined in terms of ideals, their primary
decompositions, and the length multiplicities of associated primes. Hence, we begin
by reviewing the definition of an ideal.

1.1 Ideals

An ideal I in a commutative ring R is an additive subgroup of R such that if r € R
and s € [ then rs € I. An ideal I in the polynomial ring S is defined to be
homogeneous if it is generated by homogeneous polynomials of S, that is, if there
are forms (homogeneous polynomials) f,..., fs € S such that any element a € I
can be written in the form a = f,9; + ...+ fagn, where g;,...,9, € S. In this case
we write I = (f,..., f;). We study here only homogeneous ideals in S.
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An ideal P in R is said to be prime if P is proper and if ab € P implies a € P
or b € Pfor a,b € R. A proper ideal @ in R is a primary ideal if for a,b € R,
ab € Q and a ¢ Q we have b" € @ for some 7 > 0. All prime ideals are primary.
The radical of an ideal Q is defined to be /Q = {z : z" € Q for some r € Z*}.
The radical of a primary ideal is prime. If @ is a primary ideal and P = /@, then
we say that @ is P-primary.

1.2 Primary Decomposition

As stated previously in order to define the arithmetic degree we must first de-
fine primary decomposition. The theory of primary decomposition states that in
S := k|[zy,...,z,] 2 homogeneous ideal I can be decomposed into an intersection
of primary ideals: I = N]_,Q;. If none of the Q; can be dropped, the decomposition
is said to be irredundant. An irredundant decomposition in which the /Q; = P;
are distinct is called a normal decomposition. Every primary decomposition can
be refined into one which is normal. Therefore, from now on we assume that all
primary decompositions are normal. Although an ideal may have many normal
primary decompositions, the set of all prime ideals P, = /Q; in a primary decom-
position of I depends only on I. This set is denoted by Ass(S/I) and its elements
are called associated prime ideals belonging to I. Note that all P;, Q; raised in this
way are homogeneous.

Let I be an ideal in S and P a prime ideal belonging to I. P is said to be a
minimal prime ideal of I if no other prime ideal belonging to I is strictly contained
in P. The minimal prime ideals of I are said to be isolated and the prime ideals of

I which are not minimal are said to be embedded.

1.3 Monomial Ideals, Their Primary Decompo-

sition, and the Splitting Lemma

When finding examples and counterexamples to problems which require a primary
decomposition of an ideal, it is often simplest to work with monomial ideals (when
possible). The splitting lemma is a useful tool for finding the primary decomposi-
tion of a monomial ideal. With a few tricks, it may also be used to find the primary

decomposition of some homogeneous ideals generated by monomials and a linear
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Q]!sz---,QS 3.I'e the

primary components of the decomposition.
We say @; belongs to P; and Q; is P;-primary.

( | )

Py, Py, ..., P; are the prime ideals belonging to I.
{P1, Py, ..., P} = Ass(S/I).

Figure 1.1: Primary decomposition of an ideal I.

form.

A monomial is a product of variables: ajm‘i‘:cgz ...z, where i,1s,...,1, are
non-negative integers and a; is any element of k. Amonomial ideal is then an ideal
generated by monomials. That is, / = (my,...,ms), where m; are monomials for
all = 1., ey 8.

The following propositions describe the structure of monomial prime and pri-
mary ideals.

PROPOSITION 1.3.1 Let P be a monomial ideal in k[z,,...,z,]. Then P is a
prime ideal if and only if P = (Z4;+-.,%:,); wheret; € {1,...,n} forj =1,...;7

PROPOSITION 1.3.2 Let P={i50s5%8); % € {Lywecs B Jor 1= Liuny¥;

be a prime ideal. Then a monomial ideal Q of k[zy,...,z,| is P-primary if an
only if Q@ = (zf},...,2{ ,m1,my, ..., m;) where p; > 1 for j=1,...,7 and my are
monomials in Z;,,...,%;, forl=1,...,8.

ﬂ".j

i
My m

and 7 = 2, ° ...z, ", where ng,, ..., N, My, ..., Mg, > 0, then {z;,...,2:,} N

Two monomials A and 7 are said to be relatively prime if, when A\ = :z:::" e
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{Zky,- -+ Tk, } = 0. The following lemma gives an algorithm for finding the primary

decomposition of monomial ideals.

LEMMA 1.3.3 (Splitting Lemma) Let A,7,m,,...,m; be monomials in S :=

klzy,...,zn]. If A and T are relatively prime, then
(A Ty My e s W) = (X, My v M) OV (T, Mo - TG

We now look at an example illustrating how to find a primary decomposition

of a monomial ideal using the splitting lemma.

EXAMPLE 1.3.4 Let I = (2%y,z%z,zy% zy2?) C k[z,y,z] where k is a field.
Then, by several applications of Lemma 1.3.3, a primary decomposition of I is
found as follows.
I' = (@%y2%,29°, sy
= (g%2%. 320 20 Ny 22200 22 (by Lemma 1.3.3)
(z?, zy?, 2y2®) N (y,2%2)
= (2%, z,zy2?) N (22, 4%, zy2%) N (y,2*) N (y,2z)  (by 2 applications
of Lemma 1.3.3)
= (z)N(z% 9% zy2®) N (y,2%) N (3, 2)
= (z)N(z?%9%z) N (2% v% ¥2%) N (y,22) N (y,2) (by Lemma 1.3.3)
(z) N (z,3%) N (2%, 4%, 92%) N (y,2%) N (3, 2)

(z) N (2% 9% y2*) N (y,2°) N (g, 2) (as (z) C (z,y?))
(z) N (2%, 9%, y) N (2%, 9%, 2%) N (y,22) N (y,2) (by Lemma 1.3.3)
= (2)N(y,2) N (z?y) N (2% 97 2%).

By Proposition 1.3.2, (z), (y,2), (z%,¥) and (22,32 2?) are all primary and the
associated primes of I are (z), (y,2), (z,y) and (z,v, 2). No primary component
may be dropped from this intersection and the primes are all distinct. Therefore
we have a normal primary decomposition for I. Also, we have (z) and (y, z) are
isolated, and (z,v) and (z,y, z) are embedded. O

EXAMPLE 1.3.5 In this example we look at how the splitting lemma may be

used to find a primary decomposition of a homogeneous ideal generated by mono-

mials and a linear form.
Let S = k[z,,...,z5] and

(2 2 2
I = (z1z3, T{T4, T1T5, T1T2T3, T1T2T4, T1Z2Ts5, L) — T3) C S.
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Let I* = I/(z, — z3) < k[z2,...,25]. Then

% 3 .02 2 2
I' = (373,$3$4;$3$5,$2$3,$2$3$4s I2$3$5)

which is monomial. Therefore, we can use the splitting lemma on /* to obtain the

following.
I* = (z3,73x4,13xs, 1273, ToT324, To23T5)
(xgs ToZT3Z4, :EQ-IS-IS) N (l‘ga T4, $§$5: 32-'5%, 3:23:3:65)
= (g, 3) N (23, zas; Bazems) N (&3, T4, To%sxs) N (23, 2y, T5, T2T3)
= (IQ::E%) N ($2:$§r$3$4) N (mgam:ixfl: $3$5) N (3:2:3%1:54) n ($§1$41$3$5)
n(:rg: To, T4, $5) N (3731 Ty, 5:5)
= (z2,22) N (z3) N (23, 24, T5) N (23, 24) N (23, T2, Z4, T5)
= (z3) N (z3,22) N (22, 24, 75) N (23, 25, %4, Ts)-
Therefore,
I = (z3,71 — z3) N (22,23, 21 — z3) N (22, T4, 75, 71 — T3)

3
n(I3, Zo,Ty4,Ts5,T1 — 3:3)

= (z1,73) N (22,23, 71 — z3) N (23, 24, T5, 71 — 23) N (23,22, 24,25, 71 — 23). O

1.4 Dimensior_l

A proper prime ideal P is said to be of coheight d if there exists an ascending chain

of d + 1 prime ideals P = Fy C P, C ... C P, where all inclusions are strict;

and if, at the same time, there is no such chain with d + 2 members. Let I be an

ideal in S

with associated primes P, P, ..., Ps. Then the coheight of I, denoted

by coht(I), is defined to be the largest of the coheights of P}, P,, ..., P;. The Krull
dimension of S/I is defined to be the coheight of I and is denoted by dim(S/I).
An associated prime P of an ideal I C S is said to be top-dimensional if

dim(S/P)

= dim(S/I). If dim(S/P) = dim(S/I) for all associated primes P of I,

then I is said to be pure dimensional or unmized.

EXAMPLE 1.3.4 (revisited)
We have

I = (2,12 7Y% 7y2?)
= (z)N(y,2) N (2% y) N (2?7 22).
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(z) C (z,y) C (z,y, 2) is a maximal strictly increasing chain of proper prime

ideals containing (z). Hence,
dim(S/(z)) = 2.

Similarly, (y,2) C (z,¥,2) and (z,y) C (z,y,2) are maximal strictly increasing

chains of proper prime ideals containing (y, z) and (z,y) respectively. Therefore,
dim(S/(y, z)) = dim(S/(z,y)) = 1.
There are no proper prime ideals of S which strictly contain (z,y, z), so
dim(S/(z,y,2)) = 0.
Thus,
dimi(S/1) = max{0,1,2} =2.

We have dim(S/(z)) = dim(S/I). Hence (z) is top-dimensional. The Krull dimen-
sions of S/(y, z), S/(z,y) and S/(z,y, z) do not equal the Krull dimension of S/I.

Thus (z) is the only top-dimensional prime of I and I is not pure dimensional. O

The Krull dimension of a ring R, denoted dimR, is the supremum of lengths
of chains of distinct prime ideals in K. Therefore the Krull dimension of § =

k[z1,...,Zn] is n.

1.5 Length-Multiplicity

Let Q@ C S be a P-primary ideal. Then the length multiplicity of @, denoted
mult(Q), is the length [ of a maximal strictly increasing chain of P-primary ideals

Q=JCJ1C...Cchy=P.

Hence, the length multiplicity of a prime ideal is one.

Let I be a homogeneous ideal of S. Given any homogeneous prime P in S,
let Jp be the intersection of the primary components of I with associated primes
contained strictly in P. If there are no primes p belonging to I with p C P, then let
Jp = S. The length-multiplicity of P with respect to I, denoted mult;(P), is then
the length of a maximal strictly increasing chain of ideals

L ChC diaC ... Cda C.dyCilp,
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where each Ji, k = 1,...,[, equals gx N Jp for some P-primary ideal ¢.. We have
mult;(P) > 0 if and only if P is an associated prime of I, and, if P is an isolated
prime of I, then mult;(P) = mult(Q) where @ is the P-primary component of .

The following is an algorithm for finding the length multiplicities of monomial
ideals, as taken from [HV94].

ALGORITHM 1.5.1 Let Q be a P-primary ideal belonging to I.
STEP 1 Take a marimal strictly increasing chain of primary ideals from @Q to P.
O C s Tl CREC oo TR
STEP 2 Intersect each primary ideal in the above chain with Jp.
o T A O ol N O o N N B -

STEP 3 Eliminate duplicates in order to obtain a strictly increasing chain of

ideals.

Uidpi=d C dea T ..o Ty T dp.

Then mult; P = (.

EXAMPLE 1.3.4 (revisited)
We have
I = (lya%z 20 005%)
= (z)N(y,2) N(z%y) N (2% 9% 2%).

We have () and (y, z) are isolated and prime. Hence mult;(z) = mult(z) =1
and mult;(y, z) = mult(y, z) = 1. We have (z,y) is the associated prime of (z2, y)
and (z,y) is embedded. Therefore Ji;,) = (z). A maximal strictly increasing chain
of (z,y)-primary ideals from (z?,y) to (z,y) is (z%,y) C (z,y). Intersecting each
ideal in this chain with Ji;,) we obtain (z%,zy) C (z). Thus, mult;(z,y) = 1. We
have (z,y, z) is the associated prime of (22,2, 2?) and (z,y, z) is embedded. Hence
Jzy2) = () N (y,2) N (22, y) = (zy,z%2). A maximal strictly increasing chain of

2

(z,y, z)-primary ideals from (z?,y?, 2?) to (z,y, 2) is

€ [=r.2®) c (&, &9) C (B
C (24.2%).
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We have
(22,5°,2%) N Juws = [(59%52°) N (@Y, 5%2)
= (z%y,2%2, zy?, Ty2?) = I'=J
a2 ays) N Jegsy = (25,958 2y2) Ny, 2%
(z%y, %z, zy?, 2y 2) = Ji
(292, 0y) 0N Jugs = (259%28,29)N(zy,2%2)
= (zy,2%2) = Jayz)-

As (22,12 2%, zy) N Jzy,z) = J(zp.2), We have the intersection of any ideal in our
chain containing (22, y?, 2, zy) with Jiz4z) iS J(z,4,:)- Therefore, intersecting each

ideal in our chain with Ji; ;) and eliminating duplicates gives
I = (2Py, 2 2,297, ay2”) € (2Pg.2% a9’ 0ye) € (2y2%2) = Ty

and mult;(z,y,2) = 2. O

1.6 Degree, Geometric Degree, and Arithmetic

Degree

We are now able to define the degrees of an ideal.
The earliest notion of the degree is the classical degree which was first defined
in 1890. Its definition is as follows.

deg(I) :== > mult(Q) - degP

where @ is P-primary and the sum is taken over all top-dimensional prime ideals
P belonging to I.

The classical degree takes into consideration contributions made only by top-
dimensional primes, and ignores those made by other isolated and embedded primes.
The notion of the geometric degree is relatively new and takes into consideration

contributions made by all isolated components of an ideal. It is defined as follows.
geom-deg(I) := Y _ mult(Q) - degP

where @ is P-primary and the sum is taken over all isolated prime ideals P belong-
ing to I.
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The notion of the arithmetic degree is the most recent of the notions of the
degree and it takes into consideration contributions made by all components of the
ideal. It is defined by

arith-deg(I) :=>_ mult;(P) - degP

where the sum is taken over all prime ideals P belonging to I.

EXAMPLE 1.3.4 (revisited)

We have
I = (2%,4%2, 2% zy2%)
= (z)N(y,2) N (2% y) N (2?97 2%).
Therefore,
deg([I) = muli(z)-deglz) =1-1=1,

geom-deg(I) = mult(z) - deg(z) + mult(y, 2) - deg(y, 2)
1-1+1-1=2, and
arith-deg(I) = mult;(z) - deg(z) + mult;(y, z) - deg(y, 2)
+mult;(z,y) - deg(z,y) + mult;(z,y,z) - deg(z, y, 2)
= 1-14+1:14+1-141:-2=5.0
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CHAPTER 2

On a lower bound for the
arithmetic degree

In the paper Bounds on degrees of projective schemes by B. Sturmfels, N.V. Trung,
and W. Vogel [STV95], a lower and an upper bound on the arithmetic degree of a
monomial ideal in terms of its generators are found. [STV95, Section 3] is devoted

to proving the following theorem.

THEOREM 2.0.1 Let I be a proper monomial ideal in k(z,, ..., z,] with minimal

set of monomial generators my,my, ..., ms, and let e := dim(S/I) + s — n. Then

maz{deg(m;) : 1 =1,...,s} < arith-deg(I) < f_[ deg(m;) — e.
i=1

It is proven, by way of example, that the upper bound in this theorem is gen-
erally false for an arbitrary homogeneous ideal. Whether or not the lower bound
generalizes to arbitrary homogeneous ideals is said to be unknown.

The purpose of this chapter is to show that the lower bound of Theorem 2.0.1
is not true in general for arbitrary homogeneous ideals.

We recall the definition of the sum and product of homogeneous ideals. Let
I=(fi,---sfr)yJ = (g1...,9s) be homogeneous ideals in a ring R. The sum of
I and J, denoted by I + J, is defined to be I +J = (f1,..., fr,91,---,9s). We
sometimes write I + J = (I, J). The product of I and J, denoted by IJ, is defined
tobe IJ = {3 i, a;b;: t € Z*,q,...,a; € I,by,...,b, € J}. Let I,...,I, C R. If
I=1foralli=1,...,r, we write [[}_, I; = I".
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THEOREM 2.0.2 Let F,G be forms of equal degree in k(z3, ..., Z,|, where k is a
field and n > 4. Let H be an irreducible form in k(zy, . . ., z,] which can be ezpressed
as

H=z,-F—1z5-G.

Let P = (z1,23) and Q, = (P7, H) where r > 2. Then:

(1) Q. is P-primary,
(73) Q. has length-multiplicity r, and
(712) arith-deg(Q,) = .

PROOF: (i) We have Q, C P and P" C Q,. Hence +/Q, = P and P is an
associated prime of @),. Assume that @, is not P-primary. Then there exists a
g € P\Q, and an f ¢ P such that ¢ - f € Q,. Consider g, f as elements in
(k[zs,...,za))[z1,22] and Q, as a homogeneous ideal in this ring. We may write
g = gi +...+ gi,, where g;; ¢ Q, is a form of degree i; in z;,z, (we write
deg(z, z,)9i; = %) and, as P C Q,, i) < ... <4y < 7 — 1. We may also write
f=fo+...+ fi where fo # 0. Since g- f € Q,, we have fy-g¢;, € Q,. The forms h
of @, with deg(z, z,)h < r must be the multiples of H; hence, f, - g;, € (H). Since
H is irreducible and fy € P, g;, € (H) C Q,. This is a contradiction.

(ii) Suppose 7! € Q. Then there exists fo,..., fr+1,90 € S such that z]~! =
foxi+ fiz{ " za+. . .+ fr1zh+goH. We have deg(z, z,) foT] > 7, deg(z, z0) f12] 22 >
Ty« o+, and deg(z; z5) fr4175 2 1. Hence fo = fi = ... = fr41 =0 and we have L=
9oH = go(z1 F — 22G) = goz1 F — go22G. As G € k[zs,...,z,], we have gyzoG =0
which implies g = 0. Hence z]~! = 0 which is a contradiction. Therefore, 27" ¢
Q. Similarly we find 2772 ¢ (Q,,z77),...,2? ¢ (Q,,23) and z; ¢ (Q,,z?). Thus

Q- C (Qr,i’{_l) ST (Q,—,$f) L (.’L‘l,.’Eg) =R

By [ZS58, Corollary 2, p.237], we have that this is a saturated chain of P-primary
ideals and the length of Q; is r.

(iii) @, is P-primary by (i). Also, deg(P) =1 as P is a monomial prime ideal.
Therefore

arith-degQ, = degQ:
= mult(Q,) - degP
=g ] by part (ii)
=T. O
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Theorem 2.0.2 provides counterexamples which show that the lower bound of

Theorem 2.0.1 is generally false for an arbitrary homogeneous ideal. We state one.
EXAMPLE 2.0.3 Take r = 2 in Theorem 2.0.2. We have
Q2 — (P2= H) = (:L.E'.lml‘r?‘.l x%: H)

and
arith-degQ, = 2

by Theorem 2.0.2(iii). In order to obtain the required contradiction we need only
to take H such that degH > 3. For instance, n = 4 and H = 2,23 — z,23. O
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CHAPTER 3

Remarks on the division
problem and Bezout-type
theorems

3.1 Introduction

In [STV95, Section 5], the authors proved two theorems and a corollary involving
bounds on geometric degrees. It was claimed there that these bounds proven for
geometric degrees do not hold in general for the arithmetic degree. However there
was no detailed proof. In this chapter we give a detailed computation of [STV95,
Example 3.2] which provides a necessary counterexample to the bounds in terms
of arithmetic degrees. We also give better stated counterexamples for a similar
problem arising from [STV95, Corollary 5.4].

The following example is taken from [STV95] and will be referred to throughout
the rest of this chapter.

EXAMPLE 3.1.1 Let I be the ideal in k[z,, z,, z3, z4] generated by the forms

- B - s
[ :=mizy —zyrs, gr=ma; "ad-z3, hi=g)—=gl™

for any integers b > a > 0. Then
geom-deg(I) = deg(I) =a+0b
and

arith-deg(I) =a+ b+ ( b_§+1 ) .
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For b >> a, the arithmetic degree of I exceeds deg(f) - deg(g) - deg(h) = 2b%. O

3.2 Remark on Hilbert Nullstellensatz

If f, fi,..., fm are polynomials in S such that f € (f1,..., fm) then f = g1 fi+.. .+
9mfm for some g1,...,9m € S. In order to construct gi,..., gn it is important to
have a bound on deg(g; f;). Using the geometric degree, [STV95, Section5] provides

the following version of the so called effective Hilbert Nullstellensatz:

THEOREM 3.2.1 Let f, f1,..., fm be polynomials in S := k[z,,...,z,| such that
f€(fi,..., fm) and the homogenized ideal I := (" f1,...,"* f) in R := k[zo, ..., Ty)
has no embedded components containing zo. Put d; = deg(f;) and suppose dy >
sie 2 s 2 iy Then there exisls grovos @ € 8 such thet T = gif1 +vsi + i
with

deg(gif;) < didy...d, — geom-deg(I) + deg(f)

if dim(R/I) > 0, where t is the mazimal height of an isolated prime of I and I
is the intersection of all primary components of I whose associated primes do not

contain xg.

Here the homogenization of f is defined to be # f := zg"g(” # T By o 5 = 5 B T
and the height of a proper prime ideal P, denoted by htP, is defined to be the
supremum of lengths of chains of distinct prime ideals strictly contained in P.

As geom-deg(I) < arith-deg(I), it is natural to ask whether we can replace
geom-deg(I) by arith-deg(I) in the above theorem. The purpose of this section is

to provide a negative answer to this question.

Consider
Hi = 7124 — T273,
fa = z%%—28 and
i b b—a o
fi = z3-zizy € ki o5mi] =5,

We have d, = 2,d, = band d3 = b, and dy > d3 > d; as required by Theorem 3.2.1.
Let I = (*fi," fo,* f3) = (f1, fa, f3) - R C R = k[zo,.. ., 24]. Therefore I has no

embedded components containing z, as required.

We claim I = PN Q, where P = (z,Z4 — Z373, T3 °z3 — 25, 250" 1g2+!

b1 = -y R
— 25y, 22y — 25 b0 28 22287%) is prime and /Q = (21, T2, T3, T4).

In order to prove our claim we need the following definition and lemmas.
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Let A, B be ideals in a ring K and let C' C B. Then the ideal quotient A : C is
defined by A: C ={k € K : kC C A}.

LEMMA 3.2.2 Let J be anideal in S = k[zy,...,z,] with primary decomposition
J=PnNqnN...Nq, where each q is p;-primary. Let m = (zy,...,2,). If P =
Urs1J :m', thenpy=...=p =m

PROOF: Let P=U;s1J :m" =Upsi(PNgiN...Ngq) :m

Consider ¢; : m" = {zr € S:z-m" C ¢;} fori = 1,...,! and for some r > 1.
If p; = m, then ¢; : m" = S by the definition of p;-primary. Suppose p; # m. Let
z € q;:m. Then z-m C ¢q; C m. Hence, z € ¢; and ¢; : m = g;.

Therefore, we have

r S m=p;
Ur>1qi t m =
g mFp;

Without loss of generalization, assume m =p; fori=1,...,s— 1, and m # p; for
i=5,...,t. Then P=U (PN N...Nq) : m" = PNg,N...N¢q where p; #m
{6t 9= 8. il

Thus, P C p; for j =s,...,t. Also, p; € Ass(S/J). Therefore, p; = Ann(z) =
J : z for some z € S/J. Suppose z ¢ P. Let y € J: 2. Theny-z € J C P and
y € P. We have p; = J : £ C P and P C p;; hence p; = P. Suppose £ € P. Let
y € m. As P = U,»;J : m", there exists an r = ry such that y™ -z € J. Hence

y™ € J : z = p;. Since p; is prime we have y € p;. Hence p; =m. O

LEMMA 3.2.3 Consider the following ideals in k(zy, T2, T3,4] :

i b b—a
J = (z174 — 2233, 7, %28 — 25, 25 — 23257%),

o= b —-a b b—a-1_a+1 b-1 b—1 a+1 b—-a-—l
P = (Zizy— 25T3;T) T3 — To, Ty = X3~ =Ty Thy.eey BTy = — T3 -

-'53 = 1?2354 ~*);

m = (xI) Z,Z3, 34)-

Then P C U, J : m".
The following result will be needed in the proof of Lemma 3.2.3.

LEMMA 3.2.4 Let J be defined as in 3.2.8. Then ziz§ — z3z§ € J for all s > 1.
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PROOF: We have

o3zi — 2575 = (2124 — Toz3)[(2174)° 1 + (2124)° "2 (2273) + (2124)° 3 (2223)?

4.+ (z0z3)* € J. O

PROOF OF LEMMAZ3.2.3: In order to prove P C U,>,J : m", we show that
for some 7 >> 0 we have p-a € J for all p € P and for all a € m". For any r > 0,

we have (2,24 — z923) - a € J for all a € m". Hence, we must show
r —j, k. 1 _d—k=l; b-a—i,_a+i b—i_.1
et el A e

for some r >> 0, where

g = 01,....0=d,
7 1 R— 1
B = Dl
[ = 0,1,...,7—k.
We have
Il I2I3IJ —k— I( b— a—il.g+t &Ug 13":1)
"-:r‘; —j+b—a— ‘:r’;x%““f =k~ mr =] k+b zmgzrﬂ —k—l —s A

Consider the following cases.

Case 1:

l
A = o7 2kl 2h 008 —ab) 4 g bl

3:; Jl,12c+b 1I3$!4+J —k—1

= & :rgzrg"":z,‘,’; - I(371 z3 — b) _-73; S 35'3’2C+b ' If Ll I(:L'lx&l 3:5335)

Therefore, by Lemma 3.2.4 and the definition of J, A € J provided r —i — j > 0.

Case 2:

= = k—i_l i+j—k—=l; b—a
A = z{ 723" ziq; (z77%x§ — 28) — 2]

—j+b—
+$r Jj+b—a— ‘$§$3+t+1d —k—1

r—j+b—a k-;xaq-l i+j—k—1

- k—i |, i+i—k—l r—j+b—a—i_k—i_a+l, j—k—l/ i i i
= a{ Izl el Rt R R T 'z %y - (ziah —axial).

Therefore, by Lemma 3.2.4 and the definition of J, A € J provided k — i > 0.
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Case 3:
bk r—j+b—a—i_k _i+l—(b—a)_j—k-l;/ _p b—a
A = =z TaZ3 T (z3 — 25747
—j—b+a—i k _t+l—(b—a) (b—a)+j—k-I 2 k4+b— i+j—k—1
_}_zq J :E%*" 4 (b—a) ( — 1 -7 2+ ‘:ch4 J
. —j+b—a—i k 1+i (b—a) j—k-— I b b—a
= I JIJ (g — 2824 ")
r—7j . a+k H'!-(b"ﬂ) k—l+is_b—a—i_b—a—i b—a—i_b—a—1i
+T Ty T3 55'31 i — I3 I3 ).

Therefore, by Lemma 3.2.4 and the definition of J, A € J provided i+{—(b—a) > 0.

Case 4:

= r—j k+b—a—i, | i+j—k—I-(b—0a)
A = 7z, T3Ty (3

j—k—!
+$r j+b—a— zzgxa+1+ll_g

—a -7 k+bazb+l 1+Jkl(b a)
33234 J L3 T4

i r=3 k+b a—1 [ ‘1+J—k ~l~(b~a) b—a
= I ZL3Z (2§ — 2324°°)
+ —k—l—(b—
-f'.'L' IQIa+1+II1 J—h—l=( ﬂ)(:r({ a— zzg a—1 —Ig a-— ng a— z)_

Therefore, by Lemma 3.2.4 and the definition of J, A € J provided i +j — k — 1 —
(b—a)>0.

Let r = 4(b — a).

Then, by Case 1, A € J for all j such that 3(b — a) > j. By Case 2, A € J for
all k such that £ > b — a, and, by Case 3, we have A € J provided [ > b — a.

We have left to show that A € Jfor 3(b—a) < j <4(b-a),0 <k < b—q,
and 0 <l <b—a.

Suppose 3(b—a) < j<4(b—a),0<k<b-—a,and 0 <! < b— a. By Case 4,
A € J provided i+ j—k —1— (b—a) > 0. Therefore, using 0 <7 < b—a along with
the assumed conditions, we have A € J if 0+3(b—a)—(b—a)—(b—a)—(b—a) > 0.
This is true.

Hence, for r = 4(b — a), A € J for all possible values of i, j, k, and .

Therefore P C U,sqJ : m™. O

By Lemma 3.2.2 and Lemma 3.2.3, J = (f1, f2, f3) = PNQ C S = k[zy, ..., x4,
where P = (z,24—23%3, 27 %28 —x5, 27 12§t -2 xy, . .., 22t — 28 2l 0L 28—
z%x57%) is prime and V@ = (z1,Z2, T3, 74). Therefore I = (f1, fa, f3)-R=PNQ C
R = k[, ..., z4] as claimed.

We have dim(R/I) = dim(S/J)+1 > 0 (actually one can show that dim(S/J) =
2), and I satisfies all conditions of Theorem 3.2.1.
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We have I = I. Hence, by Example 3.1.1,
. b—a+1
arith-deg(l) = arith-deg(l) =a+ b+ ( z )

and for b >> a, arith-deg(I) > 2b°.

P is the only isolated prime of I and htP = 2.

Let f = f1 € (f1, f2, f3)- Then the left side of Theorem 3.2.1 is greater than or
equal to deg f while d,dy —arith-deg(I)+degf < 2b—2b*+degf < degf forb >> a.
This means in general the inequality deg(fig;) < dids — arith-deg(I) + degf is not
true and the upper bound of Theorem 3.2.1 cannot be improved by replacing the

geometric degree with the arithmetic one.

3.3 Remark on a Bezout-type theorem, Part 1

The second bound on the geometric degree taken from [STV95] which we want to
consider is a Bezout-type theorem for the geometric degree. First we recall the

following notions.

A sequence ay,...,a; of elements of a ring A is called a reqular sequence if
the following conditions hold: (i) (ai,...,a:) # 4; and (ii) (a1,...,a;—1) : a; =
(ay,...,a;—1) for 2 = 1,...t. The maximal length of all regular sequences of A is

called the depth of A and is denoted by depthA. If P is a prime ideal of A, the
localization of A at P, denoted by Ap, is the ring consisting of all elements a/z,
where a € A and z ¢ P. We say A is Cohen-Macaulay if for all prime ideals P in
A we have depthAp = dimAp.

THEOREM 3.3.1 Let I,,...,I. be homogeneous ideals in S such that Sp/I;Sp
1s Cohen-Macaulay for all isolated primes P of I +...+ I, andi=1,...,r. Then

geom-deg(I, + ...+ I,) < [] geom-deg(IL;).

i=1

The purpose of this section is to show that in this Bezout-type theorem one
cannot replace the geometric degree by the arithmetic one.

Consider the ideals I} = (z,54—z223), [ = (z2"°z%—13), and I3 = (2} —z3x57°)
in S = k[z, 22, T3, T4].

Let P be an isolated prime of (I; + I + I3) = (T124 — Tox3, 23 %z$ — 28,28 —
73757%). Sisa Cohen-Macaulay ring by [Eis95, Proposition 18.9]. Hence (S/(z;z4—
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22%3)-S)p = (Sp/11-Sp), (S/ (2} *23~23)-S)p = (Sp/L2-Sp) and (S/(z} —z3z™°)-
S)p = (Sp/I; - Sp) are Cohen-Macaulay by [SV80, Lemma 1.1(ii)] and [Eis95,
Proposition 18.8]. Therefore I, I and I; satisfy the assumptions of Theorem 3.3.1.

I, I, and I; are all principal ideals and principal ideals are unmixed. There-
fore, by [Vog84, 1.35], arith-deg(l,) = geom-deg(l;) = deg(l,) = deg(z1z4 —
Tox3) = 2, arith-deg(ly) = geom-deg(ly) = deg(l,) = deg(zb"‘mg —z8) = b, and
arith-deg(I3) = geom-deg(I3) = deg(l3) = deg(z} — z3257%) = b.

We have b > a. Therefore, geom-deg(l; + I + I3) = a+b < 2b < 2b? =
deg(I) - deg(I;) - deg(I3) as required by Theorem 3.3.1.

However, for b >> a, arith-deg(I; + I, + I3) > 2b*> = deg(l;) - deg(l) -
deg(l3). Therefore, even under the assumptions of Theorem 3.3.1 the inequality
arith-deg(I; + . I,) < TIi., deg(I;) does not hold in general.

3.4 Remark on a Bezout-type theorem, Part 11

Corollary 5.4 of [STV95] provides a geometric interpretation of Theorem 3.3.1. We
present an algebraic version of this corollary. A table detailing the relationships
between relevant geometric and algebraic concepts is given in Appendix A.

First we recall the following notion. Let I be an ideal in the polynomial ring
S = k[zy,...,z,). I is said to be locally Cohen-Macaulay if (S/I)p is Cohen-

Macaulay for all homogeneous prime ideals P # (z;,...,%,) in S.

COROLLARY 3.4.1 Let I,J C S := k[zy,...,Z,) be locally Cohen-Macaulay
ideals with dim(S/I) + dim(S/J) > n+ 1. Then

geom-deg(I + J) < geom-deg(I) - geom-deg(J).

The purpose of this section is to show that under the same assumptions of Corol-
lary 3.4.1 the arith-deg(I + J) is not necessarily less than or equal to arith-deg([)-
arith-deg(J). We first show how Example 3.1.1 can be used to provide a counterex-
ample to Corollary 3.4.1 when restated in terms of arithmetic degrees, but only if
we consider the so-called cone construction; that is, only if we add a new variable
which does not appear in any element of minimal sets of generators of the ideals I

and J. Then we provide another counterexample which does not require the use of
cone constructions.

We need the following definition and fact.
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DEFINITION 3.4.2 Let I be an ideal generated by the elements fy, ..., f; in the
polynomial ring S. If (f1,..., fi=1) : fi= (f1,..., fiz1) foralli =1,...,t, then I

1s a complete intersection.

FACT 3.4.3 Let S = klz1,...,za)- I = (f1,--., ft) C S is a complete intersection
if and only if dim(S/I) =n —t.

Consider the use of Example 3.1.1 in providing the necessary contradiction to
Corollary 3.4.1 restated in terms of arithmetic degrees.

Let S = k[zy, Zo, T3, T4). Let I = (f,9) = (124 — ToT3, 20 %28 — 28) and J =
(h) = (2} —2z%z57*). Then I and J are both complete intersections and are therefore
locally Cohen-Macaulay. However, the dimension condition is not satisfied as, by
Fact 3.4.3, we have dim(S/I) =4 — 2 = 2 and dim(S/J) = 4 — 1 = 3. This gives
dim(S/I) + dim(S/J) =2+ 3 =5 = n+ 1. Hence we must work in a polynomial
ring of higher dimension.

Let I = (f,9),J = (k) C k[z),Z2, 3,24, T5] where f, g, and h are as before.
Both ideals are still complete intersections and hence locally Cohen-Macaulay. The
dimensions are now dim(S/I) = 5 — 2 = 3 and dim(S/J) = 5 — 1 = 4 giving
dim(S/I)+dim(S/J) =7 > 6 =n+1. I and J have only top-dimensional primes.
Therefore, arith-deg(I) - arith-deg(J) = deg(I) - deg(J) = 2b* and for b >> a,
arith-deg(I + J) exceeds 2b%.

Thus this provides a counterexample to Corollary 3.4.1 stated in terms of arith-
metic degrees. However, we would like an example which does not require the use

of cone constructions.

REFINED PROBLEM 3.4.4 Let I,J C S = k[zy,...,Z,| such that I is not
generated by I N k[yi,...,ym|, where m < n and y; is a linear combination of
Zy,...,Tp fori=1,...,m. IfI and J are locally Cohen-Macaulay and if dim(S/I)+
dim(S/J) > n+ 1, then is arith-deg(I + J) < arith-deg(I) - arith-deg(J)?

In general this inequality is false. Take I,J C S = k[z;,...,z,]| such that
the following conditions are satisfied: I and J are locally Cohen-Macaulay, all
variables z,,...,z, appear at least once in the forms defining a minimal basis of
I, dim(S/I) > 3, J = (l) where [ is a linear form defining a non-zero divisor on
S/I, and I + J has an embedded component. Then, dim(S/I) + dim(S/J) >
34+ (n—1) > n + 1. Hence our assumptions are satisfied. I and J are pure
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dimensional, so arith-deg(I) - arith-deg(J) = deg([) - deg(J). By applying [Vog84,
1.36(iii),p.47], deg(I)-deg(J) = deg(I+J). Since I+J has an embedded component,
deg(I+J) < arith-deg(I+J). Therefore, under these conditions, arith-deg(I+J) >
arith-deg(I)-arith-deg(J), and we have the required counterexample to our refined
problem.

[HSV91, Example 10, p228], provides a surface X whose defining ideal satisfies
these conditions for I.

Consider the surface X of P} given parametrically by (uwv?, uv?w, v*, v3w, vw?®, w).
Let I be the defining prime ideal of X in S := k[z;, o, Z3, Z4, T5, Tg|. Then a run
of the computer program Macaulay [BS90] provides the following:

I = (z9z3 — T1T4, ToTs — T1T6, T4Ts — TaTe,Tg — ToLs, ToTs — T1T3Ts, ToTq —
1275, T372 — 2316, T) 22— T9T4T6, T2 —1473), dim(S/I) = 3,deg(I) = 5 = codim(S/I)+
2, and depth(I) = 1, where the codimension of S/I is defined to be the minimum
of the heights of the associated primes of I, and the depth of I is defined to be
the length of any maximal regular sequence in I. (See Appendix B for computer
output.) Therefore, by [HSV91, Theorem B(ii)], I is locally Cohen-Macaulay. We
may also note that the variables z,, ...,z are all used in defining I.

Let J = (z4). We have z4 ¢ I. Therefore, z4 is a linear form defining a non-zero
divisor on S/I.

We have dim(S/J) = 5. Therefore, dim(S/I) +dim(S/J)=3+5=8>7=
n+ 1.

Hence, I and J satisfy the necessary conditions.

I and J are unmixed primes. Therefore, arith-deg(I) - arith-deg(J) = deg(I) -
deg(J) =5-1=5.

= 3 2
I+d = (11','21'3 — T1T4,T2T5 — T1T6,X4Ts — T3T6, Ty — T3Ts,
2 2 2 2 2 2
IoTy — T1X3T5,T5T4 — T7T5,T3T5 — TyTe, T1T5 — T2T4Ts,
3 2
I3 — T4T5, T4)

s 2 2 2 2 3
= (z4,Z2T3,T2T5 — T1T6, T3T6, T3Ls5, T1T3Ls, T1L5, T3Ts, T1 L5, L3).

We have z325z; € I+J fori =1,...,6. Thus, 2325 € [I+J]: (21, 22, Z3, Z4, T35, Tg)-
However, z3z5 ¢ I+J. Hence, I+J C [I+J] : (21, z2, Z3, T4, T5, T6) , and by [Nor53,
Theorem 6, Chl], (z,, 22, 23, z4, 75, 25) € Ass(S/[I + J]).

Therefore I + J has an embedded component and arith-deg(I + J) > deg(I +
J) = deg(I) - deg(J) = arith-deg(I) - arith-deg(J).
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CHAPTER 4

A Bezout-type theorem for
the arithmetic degree

4.1 Introduction

In Chapter 3, Section 3 we posed the following refined problem.
REFINED PROBLEM 3.4.4 Let I,J C S = klzy,...,2,) such that I is
not generated by I N k[y1,...,Ym), where m < n and y; is a linear combina-
tion of T1,...,Z, for i = 1,...,m. If I and J are locally Cohen-Macaulay and
if dim(S/I) + dim(S/J) > n + 1, then is arith-deg(I + J) < arith-deg(I) -
arith-deg(J)?

It was shown that this is not true in general. In this chapter we will look for
conditions under which we have the reverse inequality in Refined Problem 3.4.4.

First we introduce the following definitions.

DEFINITION 4.1.1 Let A be a local ring (that is, A has a unique mazimal ideal)
of dimension d with mazimal ideal m. A system {fi,..., fa} of d elements of m

such that m* C (f1,..., fa) for t >> 0, is called a system of parameters of A.

DEFINITION 4.1.2 Let R be a ring and I an ideal in R. A sequence {fy,..., ft}

of elements of R is called an R/I-sequence if

1. (fi,---»ft)-(R/I)# R/I, and
2. Fori=1,...,t, f;is a nonzero divisor on (R/I)/(fi,..., fi-1) - (R/I).



Chapterd. A Bezout-type theorem for the arithmetic degree 27

4.2 New Results

Let k be a field and S := k[z;,...,z,] be the polynomial ring in n variables over
X,

THEOREM 4.2.1 Let I,J be pure dimensional homogeneous tdeals of S such
that dim(S/(I + J)) = dim(S/I) + dim(S/J) — n. Then we have

(i)  arith-deg(I) - arith-deg(J) < arith-deg(I + J).

(22) If I+J is not pure dimensional then
arith-deg(I) - arith-deg(J) < arith-deg(I + J).

(131) arith-deg(I) - arith-deg(J) = arith-deg(I + J)
if and only if I+J is pure dimensional and (S/I), and (S/J),
are Cohen-Macaulay for all isolated components P of I + J.

COROLLARY 4.2.2 Let I be a pure dimensitonal homogeneous ideal of S and
let J C S be an ideal generated by a part of a system of parameters of S/I. Then

we have

(z)  arith-deg(I) - arith-deg(J) < arith-deg(I + J).
(i2) If I+J is not pure dimensional then
arith-deg(I) - arith-deg(J) < arith-deg(I + J).
(242) arith-deg(I) - arith-deg(J) = arith-deg(I + J)
if and only if I+J is pure dimensional and (S/I),
1s Cohen-Macaulay for all isolated components of I + J.

COROLLARY 4.2.3 Let I be a pure dimensional homogeneous ideal of S and
let J C S be an ideal generated by a mazimal S/I-sequence of length t.

(i) Ift < dim(S/I) then arith-deg(I) - arith-deg(J) < arith-deg(I + J).
(i1) Ift = dim(S/I) then arith-deg(I) - arith-deg(J) = arith-deg(I + J).

The proof of Theorem 4.2.1 will make use of the following lemma.

LEMMA 4.2.4 Let I,J be pure dimensional ideals in S. If dim(S/(I + J)) =
dim(S/I) + dim(S/J) — n, then

deg(I) - deg(J) < deg(I + J).
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PROOF This follows from [AHV85, Corollary 2(i)]. O

PROOF OF THEOREM 4.2.1

(i) arith-deg(I +J) = X,eass(s/a+s)) Multrss(p;) - deg(p:)

Y dim(S/pi)=dim(s/(1+J)) Multrs(p:) - deg(p;)

+ dem(sfp.-)¢dz‘m(5/(f+m multry s (p;) - deg(p;)

deg(I + J) + Laim(s/p:)dim(s/(1+J)) Multrs s (pi) - deg(p:)
degl - degJ + 3 gim(s/pi)£dim(s/(1+J)) Multrys(p;) - deg(p;)
(by Lemma 4.2.4)

> degl - degJ (%)

= arith-deg(I) - arith-deg(J).

[l

Il

v

(ii) If I+ J is not pure dimensional then there is at least one p; with dim(S/p;) #
dim(S/(I + J)). Hence we have the strict inequality in (*).

(iii) By (ii) the equality holds only if I + J is pure-dimensional. In this case
arith-deg(I + J) = deg(I + J). Therefore the last statement follows from [AHV85,
Corollary 2(iii)]. O

EXAMPLE 4.2.5 Let

5 = k[.‘I.'l,...,.’L's],

- 3 % -8 _ .3 9 _ .2
I = (z3z4 — T2Zs, Ty — T3%5, T3 — T5T4, TaTs — T3Ts),
‘] = (I2: $5)'
Then
- 3 2 3 _ .2 2 .2
I+J = (z3z4 — 2975, 7 — T3T2, T3 — T5T4, ToT3 — T5Z5, T2, Ts)

. 3 3
= (z3z4, 23, 73, %0, T5)

which is (zo,...,zs)-primary. Therefore, I + J is pure dimensional. We have
dim(S/I) = 3, dim(S/J) = 3, and dim(S/(I + J)) = 1. Thus dim(S/I) +
dim(S/J) —n=3+3-5=1=dim(S/(I + J)) as required.

3 3 2
($3$4,$4,$3,3§2,$5) C ($3$41$£1$g)$21x5) C (I3I4:$41$§a£21$5)

= ($§,$4,$2,$5) - (‘T2!T‘3:I4:$5)
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is a maximal strictly increasing chain of (z2, z3, 24, z5)-primary ideals from I + J

to (zs, 73, x4, x5). Therefore,

mult;, 5 (x2, 23,24,25) = 5,

arith-deg(I + J) = mult;y (T2, 23, T4,25) - deg(z2, T3, 4, Ts)
= 5:1=5,

arith-deg(I) = deg(I) =4, and

arith-deg(J) = deg(J)
= mult;(zs,zs5) - deg(zg, z5) = 1.

Therefore, arith-deg(I) - arith-deg(J) = 4 < 5 = arith-deg(I + J) and I + J is

(k[s*, s°t, st%,¢"])z,....z) Which is not a Cohen-Macaulay ring. O

The proof of Corollary 4.2.2 will make use of the following lemma, facts and

propositions.
LEMMA 4.2.6 Let I and J be two homogeneous ideals of S. Then
dim(S/(I + J)) 2 dim(S/I) + dim(S/J) — n.

PROOF Let P € Ass(S/I) with dim(S5/P) = dim(S/I) and let Q € Ass(S/J)
with dim(S/Q) = dim(S/J). Then I + J C P + Q and dim(S/(I + J))
dim(S/(P + Q)). Therefore by [ZS60, Theorem 27, ChVII], dim(S/(I + J))
dim(S/(P + Q)) > dim(S/P) + dim(S/Q) — n = dim(S/I) + d&im(S/J) — n. O

>
2

FACT 4.2.7 Let J C S be the ideal generated by the forms Fy,...,F, € S. Then
dim(S/J) > n—t.

FACT 4.2.8 Let I be a homogeneous ideal of S and let J C S be an ideal gener-
ated by a part of a system of parameters of S/I of length t. Then

dim(S/(I + J)) = dim(S/I) - t.

PROPOSITION 4.2.9 Let I be a homogeneous ideal of S and let J C S be an
ideal generated by a part of a system of parameters of S/I of length t. Then

dim(S/J) =n—t.
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PROOF We have dim(S/(I + J)) > dim(S/I) + dim(S/J) — n by Lemma 4.2.6
and dim(S/(I + J)) = dim(S/I) — t by Fact 4.2.8. Therefore, dim(S/I) —t >
dim(S/I) + dim(S/J) —n and n — t > dim(S/J). We also have dim(S/J) > n—t
by Fact 4.2.7. Hence, dim(S/J)=n—t. O

PROPOSITION 4.2.10 Let I be a homogeneous ideal of S and let J C S be an
ideal generated by a part of a system of parameters of S/I of length t. Then

dim(S/(I + J)) = dim(S/I) + dim(S/J) — n.

PROOF We have dim(S/J) = n —t by Proposition 4.2.9 and dim(S/(I + J)) =
dim(S/I) — t by Fact 4.2.8. Therefore, dim(S/I) + dim(S/J) — n = dim(S/I) +
(n—1t) —n=dim(S/I) —t =dim(S/(I + J)). O

PROOF OF COROLLARY 4.2.2 Let J = (F,...,F;). Thendim(S/J) = n—t
by Proposition 4.2.9. J is therefore a complete intersection by Fact 3.4.3. Hence
J is pure dimensional and S/J is a Cohen-Macaulay ring. Also, dim(S/(I + J)) =
dim(S/I) + dim(S/J) — n by Proposition 4.2.10 so all assumptions of the theorem

are satisfied. Hence,

(7) arith-deg(I) - arith-deg(J) < arith-deg(I + J).
(22) If I + J is not pure dimensional then
arith-deg(I) - arith-deg(J) < arith-deg(I + J).
(i12) arith-deg(I) - arith-deg(J) = arith-deg(I + J)
if and only if I+J is pure dimensional and (S/I),

is Cohen-Macaulay for all isolated components of I + J.O

The proof of Corollary 4.2.3 will make use of the following additional lemmas.

LEMMA 4.2.11 An S/I-sequence is a part of a system of parameters of S/I.

PROQOF Let fy,..., fi € S be an S/I-sequence. Then, by the Definition 4.1.2, f;
is a non-zero divisor on (S/I)/(fi,-.., fi-1)-(S/I) fori = 1,...,t. Hence, by [ZS60,
Corollary 2, ChVIIL, p290], dim(S/I - (f1)) = dim(S/I) — 1, dim(S/I - (f1, f2)) =
dim(S/I- f,) -1, and by induction dim(S/I(f1,. .., fi)) = dim(S/I) —t. Therefore,

by [Nor53, Theorem 2, p64], f,..., f; is a part of a system of parameters of S/I.
O
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LEMMA 4.2.12 Let I be a homogeneous ideal of S and let J C S be an ideal

generated.by a mazimal S/I-sequence. Then
I+ J has an (zy,...,z,)-primary component.

PROOF Let fi,...,f: be a maximal S/I-sequence in (zi,...,z,) - S/I. Sup-
pose (fi,...,f:) has no (zi,...,z,)-primary component. Let Pj,..., P, be the
prime ideals belonging to (fi,..., ft). Then by [Nor53, Proposition 6, Chl], there
exists fiy1 € (z1,...,Zn) such that f,.; ¢ P; for all ¢ = 1,...,s. Therefore
(fiy---y ft) = fre1 = (f1y-- -, ft) by [Nor53, Theorem 6, Chl] and f,4,; is a non-zero
divisor on (S/I)/((f1,..-,ft) - (S/I)). Hence fi,..., fi, ft+1 is an S/I-sequence.
This contradicts the fact that fi,..., f; is a maximal S/I-sequence. Therefore
(fi,---, f:) has an (zy,...,z,)-primary component. Let F; € S be a fixed repre-
sentative of f; forall j =1,...,t. Let J = (F,..., F}). Then (I, F,...,F,) has an

(z1,...,z,)-primary component. O

PROOF OF COROLLARY 4.2.3 Let J = (Fy,..., F;). Then dim(S/J) = n—t
by Proposition 4.2.9. Hence, J is a complete intersection and pure dimensional.
Also, dim(S/(I + J)) = dim(S/I) + dim(S/J) — n by Proposition 4.2.10 so all
assumptions of the Theorem 4.2.1 are satisfied.

(i) We have dim(S/(I + J)) = dim(S/I) —t by Fact 4.2.8 and dim(S/I) > t by
assumption. Hence, dim(S/(I + J)) > 0. Also, I + J has an (z,,...,z,)-primary
component by Lemma 4.2.12. Therefore, (I 4+ J) is not pure dimensional and by
part (ii) of Theorem 4.2.1

arith-deg(I) - arith-deg(J) < arith-deg(I + J).

(i) Ift = dim(S/I) then S/I is a Cohen-Macaulay ring, I +J is an (zy,. .., Z,)-

primary ideal (hence pure dimensional), and by Corollary 4.2.2 we have

arith-deg(I) - arith-deg(J) = arith-deg(I + J). O
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CHAPTER 5

Arithmetic degree under
hyperplane section

In this chapter we consider the following problem.

PROBLEM 5.0.1 Let S := k[zo,...,Zy), k a field. Let I be a homogeneous ideal
of S and let f be a homogeneous element of S. Is it possible to bound arith-deg(I+

(f)) by degf - arith-deg(I)?

Consider the following examples.

EXAMPLE 5.0.2

Iet § = k[mo,:ﬁh’m"zaIs]a
I = (:B%Il,mgxg,Ig$3) = (xﬂ) N (11?3, 3:2) a (I1=$21x3)' and
_f = I3.

Then

(Iaf) = (3351:30172:53) = ($01$3) N (3:333:2::53) N (1'111:2’:53),

arith-deg(I, f) =

arith-deg(I) =

degf =

mult(; 5y (zo, z3) + mult(s 5)(zo, T2, Z3)
+mult(r 5y (z1, T2, T3)

1+14+1=3,

mult () (zo) + multr) (2o, T2) + mult () (1, T2, 3)
1+14+1=23,

deg(z3) =1, and
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arith-deg(I + (f)) = degf - arith-deg(I). O

EXAMPLE 5.0.3

Let § = kizs,z1,25,%3);
I = (ziz;, 2079, 213) = (20) N (23, T2) N (21, Z2,Z3), and
f = Ty~
Then
(I,f) = (x3z1,Z0%2,T5T3, To — T2)
= (23,70 — T2).
Therefore,

arith-deg(/, f) =2 < 3 = degf - arith-deg(/). O

EXAMPLE 5.0.4

Let § = Klzg, 21,25, 25, 34)s
I = (ziz3,23T3, Ti%q, ToT1T2, ToT1T3, ToTiTs)
= (z0) N (3, z1) N (z2, 3, 74), and
f = zo-1zo.

e Tl 2 2
Then (I, f) = (IOSL'Q, IyT3,TyT4,ToL1T2,ToT1T3,ToT1T4,To — 1'2).

Let (1, f)* = (1, f)/(zo — z2) < k[z1, ..., 24]
Then

(Ia f)* = (Ig: -’fgl'a, 35%334, xlzr%, T1T2Z3, $1-'L'2$4)

== (I2) N (31,33) N ("E%! 3313:4) N (3731 T, I3, $4)'

Therefore,

(I, f) = (zo,z2)N(z1,73,20 — z2) N (23, Z3,Z4,To — T2)

N(z3, z1, T3, T4, To — T2).
In order to compute the arithmetic degree of (I, f), we must first determine

mult (s r) (2o, T2), mult (s 5y (zo, 21, T2), mult(r gy (2o, T2, T3, T4),

and mult p (o, 71, T2, Z3, T4).
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It is easily seen that
mUlt(J,_{}(i‘?D,iﬁz) = mult(;‘f)(l'o, Iy, I2) = mUlt(],n(x[},-Tg, $3,I4) =1

Computing mult(; s (2o, Z1, T2, T3, 24) is more difficult. Using Algorithm 1.5.1 we

' have
Q = (23, 3,735,534, 20— 73),
P = (zy, %1%, Ts:Tq); and
Jp = (zo,z2) N (21,22, 20 — 22) N (23, 3, T4, To — T2)

— a2
= (23, Z122%3, T1Z2T4, To — T2).
A maximal strictly increasing chain of ideals from @ to P is
3 2
(1) (23,21, 23, %4, To — T2) C (23,21, T3, L4, To — T2) C (%o, L1, T2, T3, Ta).
Intersecting each primary ideal in (1) with Jp we obtain

. i 3
QNnJp = J; = (le'g:5‘32553,$2$41$1$2$3=$1I2$4:$2:3¢0 — )
C (23, 212273, 212274, ToT2 — T3)

T2, 717973, T1T9T4, To — T3)

Jp.

There are no duplicates in this chain, hence mult(; s (zo, 71, 72, 23, 74) = 1.

Using this information we have

arith-deg(I, f) = mult(s 5 (xo, z2) + multy, s (To, 21, Z2)
+mult (s, ) (To, T2, T3, T4) + mult (s, (2o, T1, T2, T3, T4)
= 14+1+4+1+1=4,
arith-deg(I) = mult)(zo) + multry(zo, 1) + mult(r)(z2, 3, 24)
1+1+1=23, and
4 > 3 =degf - arith-deg(I). O

Il

arith-deg(I, f)

These three examples show that

arith-deg(I, f) > degf - arith-deg(l),
arith-deg(I, f) = degf - arith-deg(I), and
arith-deg(I, f) < degf - arith-deg(I)

are all possible.
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PROBLEM 5.0.5 Find necessary and sufficient conditions for each of the above

three inequalities.
Below we give a sufficient condition for the inequality
arith-deg(I + (f)) > deg(f) - arith-deg(I).

First we recall the following refined definition of the arithmetic degree. Let r
be an integer with r > —1. The r-th arithmetic degree of an ideal I, denoted by
arith-deg,(I), is defined to be

arith-deg,(I) := > mult;(P) - degP
where the sum is taken over all prime ideals P belonging to I with dim(S/P) = r+1.

PROPOSITION 5.0.6 Let I be a homogeneous ideal of S := k[z, . .., z,] having

no (zo,...,Zn)-primary component. Let f be a non-zero divisor on S/I. Then
arith-deg(I + (f)) > deg(f) - arith-deg(I)
PROOF By [MVY96, Corollary 2.7]
arith-deg,_,(I + (f)) — deg(f) - arith-deg,(I) > 0

for all r > 0. Therefore

i arith-deg,_1(I + (f)) > deg(f) - i arith-deg,(I).
r=0 r=0
Thus
arith-deg(I + (f)) > deg(f) - arith-deg(I) — deg(f) - arith-deg_,([).

We have arith-deg_;(I) = 0 as I has no (zo,...,Zs)-primary component. Hence,

arith-deg(I + (f)) > deg(f) - arith-deg(I). O
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CHAPTER 6

Conclusions and suggestions
for future work

This thesis has been concerned with the study of bounds on the arithmetic degree
of an ideal. A question previously posed by [STV95] on the possible generalization
of a lower bound on the arithmetic'degree of a monomial ideal to the lower bound
on the arithmetic degree of a homogeneous ideal has been answered in the nega-
tive. Detailed calculations of counterexamples to bounds on the geometric degree
restated in terms of bounds on the arithmetic degree have been given. Finally,
a new Bezout-type theorem for the arithmetic degree of ideals under certain con-
ditions has been found. While it is hoped that each of these contributions will
help further the understanding of bounds on the arithmetic degree of an ideal,
considerably more research is needed in this area.

In Chapter 2 we show through a class of counterexamples that the lower bound
of Theorem 2.0.1 for the arithmetic degree of monomial ideals does not generalize to
a lower bound for the arithmetic degree of arbitrary homogeneous ideals. However,
very often examples show that the lower bound of Theorem 2.0.1 does hold for some
homogeneous ideals. This raises the question: What are necessary and sufficient
conditions for

maz{deg(g;) : i =1,...,s} < arith-deg(I),

where I is a homogeneous ideal generated by gy,...,9s?
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In Section 0.1 we noted that the upper bound on the geometric degree in Propo-
sition 0.1.1 does not generalize to an upper bound on the arithmetic degree. The-
orem 2.3 and Proposition 4.1 of [STV95] show that the arithmetic degree goes
up under Grobner basis computations while the geometric degree goes down. In
Chapter 3 of this thesis we provided counterexamples to the possible use of the
arithmetic degree in three known results concerning bounds on the geometric de-
gree. Each of these examples illustrate the need for future study on the relationship
between the arithmetic degree and the geometric degree of an ideal. As the geo-
metric degree and the arithmetic degree are two basic measures of the complexity
of an ideal, the understanding of relationships between the two is important to the
field of algebraic geometry.

Theorem 4.1 of [MV96] and results in Chapter 4 of this thesis provide a begin-
ning to the study of Bezout-type theorems for the arithmetic degree of ideals. Our
theorem, however, is quite restricted in its assumptions. A next step might be to
look at what happens when the ideals I and J are not pure dimensional, but have
no embedded components, and then to look at what happens when I and J have
embedded components. Another avenue of investigation might be to look at the
relationship between the arith-deg,(I + J) and arith-degs(I) - arith-deg,(J) where
the index 7 is related to s and ¢ in some way.

Finally, the work done in Chapter 5, gives us some information on the arithmetic
degree under hypersurface sections, but leaves us with the open problem of finding

necessary and sufficient conditions for each of the following:

arith-deg(I, f) > degf - arith-deg(I),
arith-deg(I, f) = degf - arith-deg(I),
arith-deg(I, f) < degf - arith-deg(I).

In conclusion, this thesis has brought together a discussion of bounds on the
arithmetic degree of ideals as begun by [BM93], [STV95], [MVY96], and [MV96].
The work was fruitful in terms of broadening the understanding of some problems
raised by these papers, but as we have seen, much work has yet to be done. It
is hoped that future research will help solve these important and difficult prob-
lems, and that the work in this thesis may serve as a signpost for such future
developments.
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APPENDIX A

Some relationships between
geometry and algebra

Geometry Algebra
P!, n-dimensional projective space. k(zo,...,Zs], polynomial ring in n + 1
unknowns.
X C Pp, scheme defined over k. I(X) C k[zo,...,z,), homogeneous
ideal generated by the forms defining
X

Table A.1: Some relationships between geometry and algebra.
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Geometry

Algebra

X 1is reduced.

X is irreducible.

X is a subvariety (or variety.)

X is a pure dimensional scheme.

X is a scheme, C'is an irreducible com-
ponent of X; that is, C is reduced and

irreducible with C C X.

YNZ Y and Z schemes.

C'is an irreducible component of YN Z.

The projective variety Y is a

hypersurface.

The degree of X.

The geometric degree of X.
The arithmetic degree of X.
The dimension of X.

X C P! is Cohen-Macaulay.

X C P! is locally Cohen-Macaulay.

I(X) is the intersection of prime ideals.
I(X) is a primary ideal.

I(X) is a prime ideal.

I(X) has only top-dimensional primes.
I(C) is a minimal prime ideal belonging
to I(X).

I(Y)+ I(Z), I(Y) and I(Z) defining
ideals of Y and Z respectively.

I(C) is a minimal prime belonging to
I(Y)+1(Z).

Y is the zero set of some irreducible
homogeneous polynomial f of positive
degree in k[zo, . ..,z

The degree of I(X).
The geometric degree of I(X).
The arithmetic degree of I(X).

The Krull dimension of S/I(X) — 1.

(k[zoy ..., za)/I(X))p is
Cohen-Macaulay for all primes P.

I(X) C k[xo, 2
Macaulay;

that is (k[zo, ..., zs)/I(X))p is Cohen
Macaulay for all homogeneous prime
ideals P # (zo, ..., z5) of k[zy, . .., Z,].

.-, Zp] is locally Cohen-

Table A.2: More relationships between geometry and algebra.
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APPENDIX B

Computer output

In section 3.4 we considered the surface X of PP given parametrically by

(wv?, wtw, v*, v3w, vw?d, w?*) and it’s defining prime ideal [ in

S := k[z1, 2, 3, T4, T5, Te|. We claimed that I = (zoz3 — T1T4, L2275 — T1T6, TaTs —
T3Te, T3 — TaTs, ToTs — T1T3Ts5, ToTy — T2T5, T\ T2 — ToTe, T1T2 — ToT4Te, Ts — T4T2),
dim(S/I) = 3, deg(I) = 5 = codim(I) + 2, and depth(S/I) = 1. This information
was obtained by a run of the computer program Macaulay [BS90], the output of
which follows.

% ring R

! characteristic (if not 31991) 7

! number of variables ? 9

! 9 variables, please ? uvwx[1]-x[6]

! variable weights (if not all 1) 7 1:3 4:6
! monomial order (if not rev. lex.) 7 36

; largest degree of a monomial : 512 471

% ideal J

! number of generators 7 6
' (1,1) 7 x[1]-uv3

' (1,2) ? x[2]-uv2w
' (1,3) ? x[3]-v4

' (1,4) ? x[4]-v3w
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' (1,5) 7 x[5]-vw3
' (1,6) 7 x[6]-w4

% std J J
; 4[126k]5.6.7.8.9.10.11.12.13.14.15.16.17.
; computation complete after degree 17

% elim J 1

% type I
; x[5]3-x[4]x[6]2 x[4]x[5]-x[3]x[6] x[4]3-x[3]2x[5] x[3]x[5]2-x[4]2x[6]

» x[2]x[5]-x[1]x[6] x[2]x[4]2-x[1]x[3]x[5] x[2]x[3]-x[1]x[4]

; x[2]2x[4]-x[1]2x[5] x[1]x[5]2-x[2]x[4]x[6]

% deg 1

; warning: no standard basis. Using initial terms of matrix
; codimension : 3

; degree : 5

% res I p

; computation complete after degree 30
% pres p

; x[4]3-x[3]x[5]2 x[3]x[4]-x[2]x[5] x[3]3-x[2]2x[4] x[2]x[4]2-x[3]2x[5]

; x([1]x[4]-x[0]x[5] x[1]x[3]2-x[0]x[2]x[4] x[1]x[2]-x[0]x[3]
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: x[1])2x[3]-x[0]2x[4] x[0]x[4]2-x[1]x[3]x[5]
.0 0 0 0 0 —z[0] 0 0 0
; z[0]  z[1] 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
. 0 0 0 _z[0] 0 0 0 0 0
; —z[2] —=z[3] z[0]z[4] O z[2|z[4] z[3]z[5] O 0 z(1]z[3]
) 0 0 0 —z[5] 0 0zl 0
; z[4 z[5] O z[3]z[5] —z[4]2 O z(1]z[3] z[0]z[4] O
.0 0 —z[5] 0 0 0 —z[2)  —z[3] -—z[4]
s 0 0 —z[1]  z[2] —z[3] z[4] 0 0 —z|[0]
; 0 0 0 0 0 —z[2] 0 —z[l] —z[3]
= 0 0 0 0 z[2]z[4] =z[3]z[5] =z[3]2 0O z[4]2
= z[0] =i 0 0 —z[5] 0 —z[4] 0 0
; 0 0 —z[0] —-=z[1] -z[3] =z[4] —z[2] 0 z(5]
i 0 0 z[3]2 0 0 0 0 z[4]2 0
; —z[2] —=z[3] -—-z[4 0 0 0 0 0 0
. z[3]2  z[2]z[4] ,0 z[d4]2 0 0 0 0 0
; 0 0 0 0 0 0 0 0 0
2 g 0 0 z[3] 0 0 0 z[5) 0
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; 0 z[3]2 0 z[3]z[5] =z[4]2 O 0 0 0 0

; z[4]2 0 0 0 z[3]z[5] =z[2)z[4] =z[3]2 O z[3]z[5] 0O

= 0 0 0 0 0 0 0 0 0 0

; 0 0 0 —z[d] —z[5] 0 —z[3] 0 —z[5] 0

.0 0 0 0 0 23 0 0 —z[4] 0

.00 0 z2] z[3] 0 0 0 0 0

.0 0 0 0 0 0 0 0 0 z[3]

s 0 0 0 0 0 0 0 —z[4] 0 —z(2]

; 0 0 0 0 0 0 0 z[3] 0 0

;0 —z[4] 0 0 0 0 0 0 0 —z[1]

;0 0 0 0 0 —z[5] —z[4] O 0 z[0]

; 0 z[2] O 0 0 0 z[3] —z[1] z[5] 0
—z[5] 0 0 0 —z[4] z[3] z[2] =z[0] -—z[4 O

;0 0 —z[4] O 0 -z[l] 0 0 0 0

e i 0 —z[3] —z[0] -z[1] O 0 0 —z[l] 0

. 0 —z[0] z[5] O 0 0 —z[1] 0 0 0

; z[3] O 0 0 z[2] 0 0 0 z(2] 0

; —z[1] 0 z[2] 0 —z[0] O 0 0 0 0
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 af2)a(4
¢ 0
;0

; z[3]
; z[2]
0
;0
;0

: 0

;. —z[5]
£ 0

: 0

v

;. —z|0]
AL

«
5 %
0

—z[1]z[3] 0
z[0]z[3) O

0 —z[4]
—z[0] 0

0 0

0 —z(1]
z[4] 0

0 0
—z(2] z[5]
0 0

0 0
z[0] 0

0 0

0 0

0 0

0 0

0 z[0]
0 0

0

0
—z[2]
—z[1]
z[0]

0

z[5]

—z(1]z[4]
z[0]z[4)
z(3]

| © o | ©
8 8
= =

ae i o SR o= RN e S o S o= H = RN e N o Y s ]
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y 0 z[0] O 0
;0 0 —z[l] 0
2 o 0 0 0
: 0 0 0 —z(1]
5y 10 —z[1] 0 0

; z[0] O 0 0

s —z[3] 23] —z[2] 2[4]

;:r[5] 0 z[4] 0

i —z[1] 0 0 0
L0 0 —z[3] —z[3]
;0 —z[3] 0 =1

; —z[3] 0 0 z[4]
; —z[2] —z[4] 0 0

; x[4]
; -x[2]
; -x[5]
; x[3]
; x[0]
; -x(1]

—z[3]

(oo [ = oo B s (Y == R s
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% betti p

]

1

23 ¢

18

15 6

1

1

By [Eis95, Theorem 19.9] we have depth(I) is equal to the number of variables

in S less the length of the free resolution of I. Therefore, using the above we have

depth(I) =6—-5=1.



codimension, 25, 41
Cohen-Macaulay, 22, 39
coheight, 9

complete intersection, 24

cone construction, 23-24

degree, 1, 12
arithmetic, 1-3, 13
classical, 1-2, 12-13
geometric, 1-2, 12-13

depth, 22, 25, 46

dimension, 9-10, 23-24, 39
Krull dimension, 9-10, 39
pure dimensional, 9-10

top-dimensional, 9-10, 39

form, 5, 38
height, 18, 25

ideal, 5
homogeneous, 5
homogenization of, 18
ideal quotient, 19
monomial, 7

P-primary, 7-8

prime, 7-8
primary, 6
P-primary, 6
prime, 6
associated, 6
embedded, 6, 8
isolated, 6, 8
minimal, 6
product of, 14

sum of, 14

length-multiplicity, 10-12

Index

with respect to I, 10-12

local ring, 26

localization, 22

locally Cohen-Macaulay, 23, 39

monomial, 7
ideal, 7
P-primary, 7-8
prime, 7-8

relatively prime, 7-8

primary decomposition, 6-9

irredundant, 6
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normal, 6, 8

regular sequence, 22
R/I-sequence, 26-27, 30-31

splitting lemma, 6-9
system of parameters, 26-27, 29-30
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