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PRSFACE 

Th k f � db 
1 

d h" ll b t e wor o �ve erg an �s eo a ora ors 

in the early 1920's heralded the use of centrifugal fields 

for the study of macromolecular systems. Following this 

work the developments in both theoretical and experimental 

aspects have been dramatic, so much so that the majority 

of current researchers take the use of the analytical ultra­

centrifuge for granted as a basic tool for the determination 

of molecular weights of macromolecules. Th8 l�tter is just-

ified in view of the theoretical and experimental evidence 

to date, and reviews citing original references and covering 

the state of the art from its inception to the present day 
2-8 

are available. 

Physically, the problem associated with a study 

involving the analytical �ltracentrifuge is to obtain measure­

ments that will enable a specific solution of the Lamm
9 

equation to be obtained. For an ideal two-component system 

in which the partial specific volumes v (solvent) and 0 
v1 (solute) are constant the Lamm equation may be written

5 

1 
X 

() dX 
I 

2 2 i 
- S W X c1: 

-· 

(P1) 

where c1 represents the concentration of solute (component 1) 

with respect to solvent (component o), at a radial position 

x in a centrifuge cell. D and s represent the diffusion 

and sedimentation coefficients respectively for component 1, 

and (Jl is the angular frequency of the rotor. Lamm 1 s9 

original derivation of this second order partial differential 
10 

equation was non-rigorous, but the work of Goldberg using 

the concepts of irreversible thermodynamics has established 

clearly the conditions under which the equation applies. 

Similar equations exist for more complex molecular systems, 

but exact analytical solutions are difficult since the 

coefficients D and s are not constant but functions of 

the variables. Thus workers with the ultracentrifuge are 

confronted with the all too familiar problem in science of 

attempting the solution of partial differential equations 

with non-constant coefficients. Naturally, attempts have 

been made to derive analytical solutions to the Lamm equations 
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under specified conditi ons, and the monograph by 

Fujita5 cont ains a useful summary of work in this area . 

O f  particular interest b oth theoret ically and 

in the cont ext of t his present study is the concentrati on 

dist r ibut i on in a centri fuge cell at sedimentat i on-di f fusi on 

equilibrium . This is a thermodynamic equilibrium state 

and is de fined as the state in which the t ot al p otential of 

any component in a solut i on being cent ri fuged is constant, 

and where the temperature is uni form thr oughout the centri -

fuge cell . Experimentally, this state is achieved under 

isothermal conditi ons when t he concent rat i on distr i but i on 

no longer changes with t ime wi t hin the accuracy o f  the 

experiment . Obvi ously, this allows the time dependent 

terms in t he solut i on o f  the relevant equat i ons to be 

equat ed t o  zer o .  The lat ter condition greatly simpli fies 

the analysis and the solut i ons then obtained are the most 

rigorous theoretically . 

It is 2ho�n by Creeth and Pain6 and elsewhere3-5 that 

the ideal two  component system considered in equat i on (P1) 

is distributed at sedimentati on equilibrium according t o  

the expressi on 

(P2) 

where M is the molecular wei ght of the solute (comp onent 1 ) 
-

and � and v the chemical p otential and partial speci fic 

volume respect ively of the solute at concent rat i on c1 
( measured on a scale mass / unit volume) . The st andard 

relat i onshi ps between � and c lead t o  the fundamental 

expressi on that is used in all experiments at sediment ati on 

equilibrium 

1 dc1 t-�(1-vp)w 2 Mapp(1-vp)w 2 
i . e .  dx 

= xc1 RT(1�£ny
ld£nc1) k -

= 
RT 

Here R is the universal gas c onstant, T is 

the absolut e  temperature, y is the activity coefficient 

on t he c scale, and 

weight o f  the solute . 

M i s  the apparent molecular a pp 
The lat ter may be related to the 

(P3) 

true molecular weight by use o f  the thermodynami c  non-ideality 
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.en y = BMc + 

in which B is a n  empirical c oeffic ient and where higher 

terms i n  the seri es can frequently be neglected. 

Using equati ons (P3) and ( P4 )  we note that 

M = a pp 
H 

1 +Bt-'ic 

The imp ortance o f  equ�ti ons (P3) and ( P5 ) i� 

that the molecular weight ia determinable from measure� 

ments o f  c ( x) at equilibrium . 

(P4) 

(P5) 

The ultracentri fuge operator has the choice of 

three separate optical techniques in the �odern instrument 

for the evaluation of the c oncentration distribution in the 

centrifuge c ell. Firstly , there is the Schlieren system 

that relies on the refractometri c  pr operties o f  the soluti on 

and gives a rec ord o f  refractive index gradient versus radial 

positi on for a c ell . Here it is assumed that the inc rement-

al solution refracti ve index is pr oportional to the solute 

c oncentration . Sec ondly, there is the Rayleigh i nter -

ference system which a�ain relies on the refractometri c  

properties of the solution but gi ves a photographic rec or� 

of difference in refractive index between the soluti on and 

solvent ( solute c oncentration ) versus the radial p ositi on 

in the cell . The interference and S chlieren systems 

c ommonly share the same opti cal c omp�nents in  the ultra-

centrifuge . Finally , there is the ultraviolet absorption 

system that utilises the specific absorption of radiation 

at 254 nm by mac r omolec ules suc h  as nucleic acids and 

pr oteins as the sensing phenomena f or determining the 

solute c oncentration . 

The comparati ve merits of the three systems 
4 11 ;>3 have been evaluated by S c hachman ' ,_ but the inter ference 

system is the primary c oncern of the present study . It 
12 has been demonstrated adequately that the i nterferenc e  

system is c apable of giving simple and ac curate data 

that is suited parti c ularly f or sedimentati on diffusion 

equilibrium work. To a Physicist this is not surprising, 

sinc e  interferometry has pr ovided the means of maki ng some 

of the most precise measurements available to man. 

H owever, with the advent of the first operati onal gas laser 
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b y  J a van e t  a l1 3  i n  19 6 1 , t h e  who le f i e ld o f  i nt er-

ferometry has undergone a r e v o lut i on .  Thi s  t he si s  i s  t h e  

c ulmina t i on of a s tudy i ni t ia t e d  by  t he aut hor in  lat e 

1967 int o th e possible  appli cati ons of a gas laser t o  

i nt e r ference  studi e s  i n  the  analy t ic a l  ultrac e nt r i fuge . 

Dr. J .  �. Lyt t l e t on o f  the Appli e d  B i oc hemi stry 

D i vi sion , D.S.I.R., Pa lmer st on N orth , was  k ind e nough t o  

a l l ow t he us e of his  B e c kma n M od e l ' �' analyt i c a l  ultra­

c en t r i fuge t o  b e  used  f or t hi s  work , and a l s o  a gr e e d  t o  

a c t  as one o f  t h e  supervis ors f or the auth or when t h e  

w o r k  w a s  deemed appropriat e a s  a s t a f f  Ph . D • .  pr o j e c t  

by  Mass e y  Univers i ty . Obvi ous ly , t he ultra c entri fuge 

was in r outine labora t ory u s e , and any modi f i c a t i ons t o  

t h e  inst rument had  t o  b e  c ompatible with  this usage . 

In chap t er 1 ,  a t h e or et i c a l  st udy o f  the  

R ay l e i gh interferenc e opt i c s  in  the analyt i c a l  ultrac ent-

ri fugc i s  undertaken . Ext e nsive us e is made o f  the  

Fouri er  theory of opt i c s, and the  basis upon  whi c h  t he 

r e fract ome tric  me asur e ment s are  ma d e  in t he i ns t rument is 
firmly e st ablish e d . 

A discussi on o f  c oherenc e the ory i s  inc lud e d  i n  

c hapt e r  2. The t he or e t i ca l  findings are appli e d  t o  the  

c onvent i onal mercury source  and a h e lium-ne on gas  laser  

employe d in t he w ork , a l l owing a d e f in it i ve c ompari s on 

b e t w e e n  the two ligh t  s ourc e s  t o  be made . 

Chap t e r  3 inc ludes  a descr ipt ion o f  the a c t ua l  

i n strumentat i on t hat was de signed  and c onst ruc t ed b y  t he 

aut hor , for us e in  t he ult rac entri fug e .  A d i s c us s i on o f  

t he opt ical  ali gnment  pr oc e dur e i s  given and e xperi men t a l  

r e su l t s  obt aine d  b ot h  w i t h  t he modulat ed lase r  and me r c ur y  

s ourc e s  a r e  c ompare d  and d i s c ussed. 

T he d e s i gn and c onstruct i on o f  a new  type o f  

i nt er ferenc e c e ll i s  t h e  c onc ern of chap t e r  4 ,  t oge ther  

w i th t h e  t h e ory upon  which t he measurements using t hi s  

c e l l  a r e  ba s e d . A n c i l liary equipment nec e s sary for  t he 

u s e  o f  t he new c e ll i n  t he ultrac e ntr i fuge i s  de scrib e d , 

t oget h e r  w i t h  a c r i t i c a l  analysi s o f  the  r e s u l t s  s o  far 

ob taine d· . 

Chapt er 5 i s  a d et a i l e d  t he ore t i c al analysis 

o f  the e f f e c t s  o f  t he r e fr a c t ive index gra d ients on t h e  
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experimental data  derived fr om t he i nt er fer e n c e  syst em 

in t he analy t i c al ultr acentr i fuge . The study indi c at e s  

that t h e  e f f e c t s  ar e small f or t he assump t i ons made , but 

the analysis d oes pr ovi de c orr e c t i on pr o c e dur es  based on 

the raw  exp e r i mental  dat a  t hat c an be app l i e d  i n  prac t i c e .  

Finally , in  chap t er 6 t he e f fe c t s  of  c e l l  

dist or t i on i n  t he c e ntr i fuga l  fi e l d  ar e ev aluat e d  mat h -

emat i c ally . It s importa nc e  in  t he c ont ext of  th i s  t h e s i s  

is t hat  s e diment at i on e qui libr ium studi e s  fr e quent ly r eq u i r e  

a pre c i s e  know le d ge of  t he r adial  p osit i ons o f  t he me n i s c us 

and base  of  t he s olut i on c olumn . The t h e or et ic a l  and 

exper iment al w or k  shows that the la ser gi ves shar p er 

de fini t i on of  the meni s c i  t han does  t he mer c ury s our c e , 

and this  i n c r e as e d  pre c isi on gained  by t he laser  c ould  

w e l l  b e  lost  i f  t he menisc i posit i ons var y owing t o  

extr an e ous unknow n  fac t or s .  The w ork in  this  c hapt er 

has b e e n  publi she d 1 4  by t he aut h or in c on j unc t i on w i t h  

Pr o f e s s or N . F . B arber w h o  is a c t ing a s  a s e c ond sup er v i s or 

for this  pr o j e c t . A reprint o f  the  publicat i on i s  inc luded  

in an  app endix t o  t his w ork . 
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THE RAYLEIGH INTERFJt;REN C:S OFTI CAL SYSTEH IN THE ANALYT I CAL 
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1 .  H I S TORI CAL INTRODUCTION 

The Ray l e i gh I nt e r ferome t e r  was invent e d  by 

Lord Rayleigh15 in the lat e nine t e enth c entury for t h e  

study o f  t h e  r e frac t ivi t ie s  o f  argon and h e l iu m, and 

owing t o  his ingenuity  he was able t o  show by  his 

exp e ri ment s  that argon was not an a l l otr opi c  f orm o f  

ni t rogen a s  had been supp o s e d  errone ously a t  t hat t ime . 

A diagram of the bas i c  i nt e r feromet er is sh own in f i gure 
1: 1 ,  and it  should be not e d  that the asti gma t i c  c ylind­

rical lens used f or th e t e l e sc ope was int r oduc e d  int o t he 

ori ginal inst rument by Lord 3aylei gh t o  i mp r o v e  t he 

qualit y  of the fringe syst e m .  Thi s latt e r  l e ns give s 

di f f e r ential magni ficat ion of the horizontal and vert ical 

c oordinate s ,  and forms an i nt egral part of the S c hli eren/ 

Inter f erenc e opt i cal  sy s t e m  i n  modern analyt i c al ultra­

c e ntri fuges . Philpot  and C o ok16 
in �ngland were the 

first t o  adapt the  Ray lei gh Int e r f er omet e r  for use  direc t ly 

in t h e  ultrac entri fug e , and carrie d out p i on e e r  s edimen t ­

at i on measurements  w i t h  t h e ir int er f erenc e opt i c s .  

Conc urr ent ly with Phi lpot and C o ok, Svenssen1 7 • 1 8 

had int r oduced the same opt ical syst e m  f or e le c t r o ­

phor e t i c  and diffusi on s t udi e s  and t h e s e  syst e ms are 

e s s ent ially the same as exist in curr ent ana l y t i c a l  

u l t rac entri fugeB . A diagram of t he syst e m  u sed in 

the Beckman Model  '�' ult r�c ent ri fuge is d e p i c ted in 

f i gure  1-2 . 

Johns on and Kraus 1 9  were the  first  t o  appr e c i a t e  

t ha t  t he pr e c i s i on and ac c uracy of t he int e r ferenc e opt i c s  

w e r e  superi or to thos e o f  the  older Schli e r en opt i c s ,  and 

with S cat c hard
20

showed how � b�s e line could be obtained 

by running water  - water c entri fugat i ons in t he same c e ll 

a routine pr o c e dure in modern high prec i s i on w ork . 

R . h d d , h h 
21 

.L lC .ar s an �,c ac man mo.dc an initial critic!ll 
s tudy of t he Rayle i gh opt i c s  in the analyt i cal ultra­

c entri fuge using a s t andar d  suc r os e  solut i on and t hi s  was 

f ol l owed by a detai l e d  experiment a l  study o f  the  overal l  

s ys t em by LaBar12 wh o ext o l l e d  i t s  advanta g e s  ove r the  

o l d e r  S chli eren syst e m , that had  b e en t he s ubje c t  of a 

s tudy undertaken s o m e t ime previ ously by Van H olde and 

ld . 22 
Ba wln • 
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I to 1 1 D 1 2  h d n par lCU ar aDar s owe how t he i nt er-

ferenc e syst em  gave  si mp ler and more  a c c urat e measure­
ments that w ere suitable  part i c ul ar ly for sediment-
a t i on equili brium s t u di e s  which are very imp ort ant 
the or et i c al ly . Furthermor e , S c hachman23 has mad e  a 

c r i t i cal  apprai sal of t he v�rious opt i c a l  sys t ems i n  use  
c urrent ly i n  analyt ical ultrac entrifugat i on ,  and the 

reviews of Jilliams et a13 , Fujita5, and Creeth  and Pain6 
have e s tablishe d t he or e t i c a l ly the va lidity  of  observing 
s e dimentat i on u si ng i nt e r ference techni que s . 

2 .  THBo�·:'riCAL ANA1Y.SL3 OF BASIC RAYL_t:;IGH INTERF:ZROti;ST:SR 

Consider ini t ially the s ourc e and c ol li ma t i ng l ens e s  

11 and 12 ' sh own in figure 1-3 
The diagram de fines t he r e le vant c oor dinat e axes 

in both the pup i l  ( wave fr ont) and i mage plane s . It  i s  

shown by Born :s.nd '/olf24 that a Fouri e r-trans f orm relat i on 

holds be tween the c omplex ampl i t u d e  distribu t i on of  the 
electric  field vec tor in the pup i l  or wave fr ont d omai n  (xy) 

. I I and the c omplex ampli t ude  d i s t r i but i on at a point f(�)5 ) 
in the focal  p lane of  l ens 12 

i . e .  

where 

1':: ' ( ka, kA ) = p ,-

a - !.:. . fJ 
- f ' 

2 

pupil 

and k _ 2n 
1\ with 

being t he wavelength of  the radiat i on us ed . Using the 

not at i on of  Stroke25 it is use ful to de fine reduc e d  c o­

ordina t e s  such t hat 

u '  = kb and v '  = k V( 
I 

and equat i on ( 1 - 1 ) b e c ome s 

E ( u'v ' ) = S) f(xy) exp � ( u ' x + v ' y)-1 dxdy= 1 fr(xy)� 
pupll L J · � l .; 

,:;......,.,. where :.!fJ stands for ' Fourier t rans form of ' .  
As s een fr om figure 1 -3 an image of  t he s ource 

appears in t he focal  plane of  lens 12 • The physical  
significance of  the r e lati onship in e quation ( 1 -2 )  is 
t ha t  the i mage of  a p oint s ource located in t his p lane is 

( 1 - 1 ) 

(1 -2 ) 
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not a point s ourc e  as  indicated by the t he ory of ge o­
metrical optic s ,  but owing t o  the  electromagnetic nature 
of light and t he finit e dimensions of the pupil, the light 
from a p oint or line sourc e is spread out int o a diffrac tion 
p.<>,t t ern . 

A physical receptor ( e . g .  eye or phot ographic 
p l at e )  is sensitive t o  the electric fie ld and det e c t s  
int ensity ( Ip ' ) a t  best where 

I p ' = E E* = 

H ere  E* is the c omplex c onjugat e of E 

I n  general light from more than one sour c e  
p oint may reach any p oint in t h e  image and if  E1 
and are two  light a�plitude vect ors reaching t he 
p oint p' from two  different s ourc e  point s then f or 
a non- c oherent sour c e  tf used in t he current Schlieren/ 
I nt erferenc e syst em ( e . g . whit e light) . 

= 
2 2 

= + 

whereas for a c oherent s ourc e ( e . g .  laser ) , 

= 

Considering the c urrent system initially ( i . e .  non­
c oherent s ourc e )  the intensity distribution at p '  
f ollows from above t o  be  given by 

I p '  = s ( u I 'V I ) = 
t:.--1� I -¥ � f (  xy ) r  �-· ( I '- • .1 

where s ( u 1  , v 1 ) i s  known as the spread func tion and is  
( as we  shall see ) the  image of  a p oint s ourc e locat ed at 
infinit y .  

\'/hen  t he light intensity a t  a n  image p oint 
( ul , v ' ) in the presence  of spreading is c omput ed  it i s  

(1-3) 

(1-4) 

( 1 - 5 )  

( 1 -6 )  

0 0 25 c onvenient as shown by Stroke to  define the image f ormed  
by ge ometrical optic s or  perfect  lens sys t em O ( u 1  , v 1 ) 
in c on junc tion with t he spread func tion s ( u 1 , v 1 ) .  
�hence  it is shown25 that 
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.... � 

I(u' v') = ( (  O(u' v')"'(u'-u' v'-v')du1dv1 o' o Jl ' o ' o  
-� 

and eqlu.tion ( 1··7) is recognised :J.s a convolution 
integral which is conveniently written as 

I ( u' V') = 0( u' 'V')® ::; ( u' V I ) 0 0 

It is useful frequently in optics to analyse 
i��gc for�ation in �er�s of 'spatial Fourier space', 
or by analo gy with electronics the 'spatial frequency 
domain'. This is achieved by taking the Fourier trans-

(1-7) 

(1-7a) 

forms of c:quCJ.tions o.pplicable to the image domain ( "l_ 1 �') 
since this Fourier transfer� operation � ll transfer the 
above equations to the pupll or wavefront domain with 
coordinates (xy), This is particularly relevant for 
equation (1-7a) since 

Ji I ( U � 1 V�) 1= :f{o ( U 1 V 1 ) � S ( U 1 V 1 ) } = J[o ( U 1 V 1 ) 1 � £ S ( U 1 , V 1 ) 1 
where use has been �nde of the first form of the con­
volution t�eorem2 6 . Thus the Fourier transform of the 
image intensity distribution is given by the product of 

(1-8) 

the Fourier Transforms of the object intensity distribution 
with that of the spread function. For the noncoherent 
point or lin& source employed in the current interference/ 
Schlieren �ork we can consider the geometric image O(u') 
to be adoqu�tely represented by the Dirac delta function 
b(u•), where 

� (u') 
{+,2 

= liMl 1 du' s &� 0 t-�2 
and using this one dimensional form in equation (1-7a) 

we get 

I(u') = &(u')�s(u�") = t>(u1) 0 0 0 

i.e. the spread function is the image of a point source, 

as anticipated. 

(1-9) 

(1-10) 



' 
t'j 1 APe.�T\JRE.. I /l>'T�o�s a 

b 

l 
O&'l'EC:T (RA'IL.E\ Gt"" MA�\<) 

�) 
FIGURE 1-4. BASIC SYSTEM ·.VITH RAYLEIGH MASY.. 

""biH=�ACTIOo/ � � /.ro�n.R FcREHct; 

�H�� 

I 

rv 
0 
• 



2 1 .  

The fac t  that this  i mage o f  t he s our c e  s l i t  

i s  l oca t ed in  t he f o c a l  p lane o f  t h e  lens 1 2 whe n  t h e  

Ray l� i gh system i s  b e i ng used  was p oint ed o u t  by P h i lp ot 

and C o ok16 and is i mp ort ant a s  w e  shall lat e r  s e e  sinc e 

the  fringe pa t tern i s  a l s o  l oca t e d  i n  thi s p lane , and 

for this  r e a s on t he fri nge s observed  i n  the Ray l e i gh 

int e r f e r omet er are kn ow n  as s ourc e fri nge s .  

I f  now the  Ray l e i gh ma sk i s  inser t e d  int o t h e  

pup i l  as shown in  fi gure 1 -4 t h e n  the  int ensity  pat t ern 

obs e r v e d  i n  the  fo c a l  p lane o f  l ens 12 will be modi fi e d . 

For Ray l e i gh int er ferenc e work i t  i s  e s s e nt ial t hat  the  

e f f ec t i ve s ourc e should have  suf fi c i e nt spat i a l  and 

t e mporal  c oherenc e and as we shal l  see la t er t he lat t er 

r e quir e ment n e c e ss i t a t e s  the  u s e  of m onochr oma t i c  radiat i on 
16 

as  s t r e s s e d  by Phi lpot and C o ok • Aga i n  w e  sha l l  a l s o  

s e e  la t er t hat t h e  spat ia l  c oherence  is  a c hi e ve d  by  havi ng 

a point or line  s ource at  t he focal  po int of the  lens  1 1 , 

and for  a na lysis i t  is use ful t o  c onc eive  that t h e  

c oherent  s our c e  is now the ap ert ure o f  l ens 11 • Thus a s  

ca n b e  s e e n  from f igures  ( 1 -3 ) a nd ( 1 -4 )  t he ap e r t ure o f  

th e l ow e r  S c h li er e n  lens  1 1 ac t s  e ffect i ve ly a s  a sourc e  

o f  spa t i al ly and t emp orally c oh e r ent plane wa ve front s . 

N ow i f  an  ob j e c t  i s  p la c e d  i n  the pupi l ( xy )  o f  t h e  

l e ns L� t hen a Fraunh o f e r  d i f fra c t i on pat t ern o f  that c. 
ob j e c t  w i l l  be obs er v e d  in t h e  foca l  plane of t he lens  12 • 

I t  i s  shown by Bg rn and �o l f
24 

t hat the  Fraunhofe r 

di ffrac t i on pa t tern of an ob j e c t  f(y )  i s  given b y  the  

Four i e r  t rans form '� �f(y) 1 o f  that  ob j ec t  • . 
i . e , 3' �f (Y} = f<lf> ltY�.tll!t� 

_ .. 
where  u = k sin a a ka for small ang l e s  ( s e e  

e quat i ons (1- 1 )  and (1-2). N ow t h e  Rayl e i gh aperture  

mask i n  one dime nsi onal f or m  i s  depic t e d i n  fi gure 1 -4 

and i s  obvi ously an int ensit y  ob j ec t . The ape r t u r e s  

o f  width  ' a ' may b e  r eprese nt e d  by�T(y) as d e f i n e d  

in  figure  1 - 5 (a ) , w h e r eas t he Rayl e i gh a p e r t u r e  ma sk 

c an be r epresent e d  as t he c onvolut i on of t h e  apertur e  

func t i on ·j( (y) w i t h  a pair o f  & - func ti ons (,¥12 ) 

with a symmetrical  s epara t i on ' b '  - a s suming t h e  

( 1 -9 ) 
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Rayleigh mask to be  symmetrical . The pair o f  
& - functions are shown s chematically in figu re 1-5(b ) .  

. .  f ( y )  = 1T ( y ) ® �2 ( y )  (1-10) 

where  �2 ( y )  = � ( y-y2 ) and from figure 1 -5 ( b )  
y2 = = b/2 H enc e the c omplex amplitude of the 
electric field vector (E' in the focal plane of  lens 12 
is given by 

where  again use has b een made of the c onvolution 
inte gra126 , Using e quation (1-9) it may be shown 
that . (L�(() - ,. -d -::-:�.tn . 2 

(l�) 
where (1-12) represents  th e Fraunhofer dif frac ti on 
function for � single slit aperture. 

( 1 - 1 1 )  

( 1-1 2) 

N ow iub -iub ub = exPT + exp 2 = 2 c os (2) (1-13) 

and this repr esents the interference functi on .  
Substituting e quations (1-12) 3nd (1-13) 

into equati on (1-11) we  obtain the c omplex  amplitude of 
the electric field vector in th e focal p lane of  lens 12 , 

i . e .  = 
2a sin ( ¥ )  

(�) 2 

As usual the detected intensity 12 is given  by 
equation (1-3) 

i . e .  = 
4 2 . 2 ( ka sin o: )  a s l n  . ------,..-...;;2;;_._.- 2 ( k b Sl no: ) 

( ka sin a. )2 c os 2 
2 

in practic e a. is small  and he nce  sin a. = a. and 
e quation ( 1 - 15 )  b e c ome s 

Now b)''/a 

4a2sin2 (¥ ) 
12 = tkaci }2 

2 

2 ( k ba. ) c os -2-

and h enc e the inter ference ( c os2 ) term 
varies more rapidly than the diffraction term and the 

(1-14) 

( 1 -15 ) 

(1-16) 
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observed  int ensity pat t ern approximates  that of 

figure 1-6 where we  not e t hat physically the  i nt er­
ferenc e fringes are  intensity  modulat ed by  the single 
slit  di ffract ion pat t ern . I f  finer slit s are employ-

1 1 ed  as p roposed by Schachman one get s more fringes 
within the c entral maximum of  the di ffract ion envelope ,  
but nat urally owing to  the r e duced  aperture the over-

2 all int ensity whi ch  is  p roportional to a acc ording. 
to e quations (1-15) and (1-16), i s  reduc ed . 

An analysis  using an as)'.-netrical  mask as 
proposed  by Richards and Schachman21 

is of int erest and 
is  a c complished r eadily sinc e the ob j e c t  f ( y )  can 
sti ll be represent ed as a convolut ion of a symmet r i c al 
aperture-r\( y ) and two delta cS) funct ions . 

i . e .  
-· (" . --- ,-

f ( y ) = // ( y ) ;£ c'-; ( y )  + 11 ( y ) ® c· ( y-b ) 

and sinc e convolut io� i s  distributive over addit ion 
e quat ion (1-17) b ecome s 

f(y ) :rr ( y )  ® I�S ( y )  + ....-
r· l \ 

��: (y-b ) � 
_j 

whenc e 
, __ .y I 

---tt• t f ( yj = 

'-..) 
a . (� s1n 2 ---- -··;'-

t�) 
2 

[1 + exp iubl 
and the observed int ensit y  pat t ern i s  similar to  that 
gi ve n by equation (1-16) 

I = 

where sine A = 

4 2 . a s1nc 

sin  A 
A 

(1-17) 

(1-17a) 

(1-18) 

(1-19) 

( 1-20 ) 

Naturally , this  was to be  exp ec t ed  since  offs8t 
and symmetrical masks are  us e d  routinely i n  t he laboratory , 
and s imilar patt erns are observed . 

I f  now we  c onsider our aperture mask to  b e  the 
opt i cally act ive  element as proposed by S c hachman and 
introduc e a fille d t wo c ompartment call i nto t he pupil of 
the  lens 12 , it will have t he e ffect  of  produc ing a phase  
a dvanc e ( Q )  i n  the  radiation emanating from one of the 
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apertures  relative  to that  from the other . 

i.e. , Q 2n t = T n ( 1 - 2 1 ) 

Here  t = c e l l  thickness , n i s  the r e fra c t i ve index 
di fferenc e between the  s olut ion in one sec tor and solvent 
in the ot her, and � is the wavelength of t h e  radiat ion . 
In  pract i c e  n is  a funct ion of the solut e conc ent rat ion 
(c ) ,  with  t he functional re lat ionship being normally linear, 
�nd he�c e Q carri es  the relevant informat ion. 

A descripti ve diagram of a cell and aperture  is  
shown i n  figure 1 - 7.  Now the path  differenc e (6y ) for 
waves s catt ered  at a n  angle a from the solut ion aperture 
for point s distance y Gpart is  

/',_y = y sin a - t n 

and i f  each  point has a scatt ering amplitude f ( y )  then 
the wave di f frac t e d  at  angle 

' -4 ,- ,. i L- A ·. { . /1 '\ '!_ \ . 'f-' -=- \ C . (\ - ·K I _: ._, l = - I • I \..l -A���� . \ J 

( 1 - 22 )  

{ I-)�) 
The cell and solut ions above are assumed to 

const i t ut e  a pure phase  pb j e c t  and as such have an amplit ude 
t ransmission f�c tor (S) of 1 .0. Naturally , the  c e ll 
and Rayleigh aperture mask together c onst i t ut e  a simple 
amplitude  and phase ob ject  in the pup�l of lens 1 2 • 

Consider now the  offset mask as proposed  by 
Richards and 3chachman21 in  c on j unct ion wit h  the filled  
c ell . The complex ampli tude distribution of the  
electric  field vec tor in  the focal  plane of the  lens  12 
may b e  wri t t en down direc t ly from equat ions ( 1 - 17 and 
( 1 -2 3 ) . 

i . e. ,  

whe nc e  by trigonomet r i c  manipulation ( 1 -24 ) be come s 
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2 ( -ua ) \ ub+Q ub-Q • ( ub+Q . ub-Q

-/ E = a sin c 2 1 c os ( -
2-- ) c os ( -2- ) + l c o s  -2- ) s� n ( -2- �J l--

2 
The ob s er v e d  int ensity will  b e  ( E f  henc e 

I = E 4 2 . ? ( � )  2 ( ub-Q) = a SlnC 2 C OS -2-

and by sub s t i t ut i on o f  va lue s f o r  known t er ms above w e  

obtain 

I = 4 2 . 2 ( ua ) a s l nc 2 I ( b sin a - t n ) J 

( 1 - 2 5 )  

( 1 - 2 6 )  

( 1 -27 ) 

Equa t i on ( 1 - 27 ) depi c t s  explic i tly  t he b ehavi our 

o f  the R�yl e i gh inter f er ome t er and sh o� s t hat the  i n f or m-. 
2 at i on d e s ir e d  lies  in t h e  c os int er fer enc e t er m .  I n  

pr a c t i c e  t h e  aper t ur e s , s our c e  int ensity and c oher e nc e ar e 

c ho s e n  s o  as  t o  render t h e  i nt er fer enc e fr inges v i s i b l e  

fr om whi c h  t h e  pha se  de lay i nt r odu c e d  within the i n t er fer o­

me t er may b e  e valuat e d . 

I t  is  of i nt er e s t  t o  use  e quat i on ( 1 - 27 ) t o  

de t er mine the  l oc at i on o f  t he achr oma t ic whit e/l i gh t  

fr i nge s inc e this  only oc c ur s  w h e n  phase d i f fer en c e  b e tw e e n  

t h e  t w o beams pr oduc ing int er fer en c e  i n  t h e  int er fer ome t er 

i s  z er o  - pr oviding o f  c our s e  t hat  disper s i on i s  not  t oo 

s e ver e . 'Ji th out t h e  c e ll  i n  posi t i on w e  see fr om e qua t i on 

( 1 -19) t ha t  the a c hr oma t i c  fr i nge oc cur s  when a = 0 . · 

H owever , wi t h  the c e ll i n  p os i t i o n  w e  s e e  fr om eq uat i on 

( 1 - 27 ) t ha t  t h e  achr o�at i c  fr i nge will  o c c ur when 

s i n  a = a = t n 
b -s_· ' N ow a = 1 and s o  t h e  i ntr oduc t i on o f  t he fi l l e d 

" 2  
c e l l  int o t he int er fer ome t er has given ris e t o  a fr i nge 

displac e me nt in  the  focal  p lane o f  t he lens  1
2 

r· I f2t 
i . e .  s = 

b n 

( 1 - 28 ) 

( 1 -29 ) 

The above i s  a ba s i c  t h e or e t i c a l  analysi s  o f  

t h e  Ra y l e i gh i nt er fer enc e sys t em in  the analyt i c a l  u l tr a-

c entr i fuge . I n  pr a c t i c e  b and f2 ar e fixed wher ea s  

t he c h oi c e  o f  c e l l  dimensi ons t ma� b e  c h osen fr om a 
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gi ven range ( e . g . 3. 0 c m ,  1 . 2 c m ,  e t c . )  t o  suit  the  

c on c e n t rat i on o f  solut i on unde r  inve stigat i on .  dhen 

the  c e ll is  p lac ed i n  a rot or and sub j ec t e d  to  a c en t r i ­

fugal gravitat i onal f i e l d  t he s olut e sedi me n t s  in  t h e  

radial d ir ec t i on ( x )  gi ving r i s e  t o  a c onc e nt rat i on 

gradi ent, and t he re frac t ive incr ement ( n ) b e c omes  a 

func t i on o f  t h e  radial c oordina t e  ' x '  of t he rot or 

i . e .  n( x )  • 

H e n c e  the fundamental  problem i n  a given s e d ­

i mentat i on s t udy i s  t o  evaluat e n( x )  , a n d  we  n o t e  from 
I 

the ab ove that t he param e t e r  � whi c h  det e rmines t he 

dependent variable ( n ) i s  l o c�t ed at a di f f e r ent posit i on 

a l ong the  opt i c  axi s  ( if ) o f  the  opt ical  s ys t e m  from 

that of t h e  ind ependent variabl e  ( x )  - the s e  being the 

foc a l  plane of lens  12 and the  mid-plane o f  t he c e ll 

r e spe c t i ve ly . For t ui t ous ly , t 1 and x are  spat i a l ly 
) 

orthogonal an d as such may b e  c onsidered t o  exist i n  

t w o  independent channe ls whi c h  b y  means o f  t he asti gmat i c  

c ylinder l e n s  shown in fi gur e 1 - 2 a r e  r e c or d e d  independ­

ent ly and s i mu lt an e ously in  t he t w o  orthogonal dire c t i ons  

on a phot ographi c plat e , or  alt ernat ive ly m � y  be vi e w e d  in 

the  obs e r vat ion t e l e s c op e . 

3 . S UMMARY 

The basic  int e r f e renc e sys t em in t he analyt i c al 

ultrac entri fuge has b e e n  d e scribe d ,  t ogether with a bri e f  

survey o f  i t s  hist ory . A t h e or e t i cal  analysi s  has b e e n  

made o f  t h e  opt i c s  and t h e  ba s i s  upon whi c h  measur em e nt s 

ar e made ha s been  e s t ablish e d . Ext ensive use has b e e n  

made o f  t he F ourier  the ory o f  opt i c s  in t h e  abov e , a n d  this  

w i l l  b e  further  deve l op e d  and e mp l oy e d  i n  t h e  next  c hapt er  

of  this  w ork c oncerned  with t he li ght sour c e  c oheren c e .  
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TH E COMPARISON OF MERCURY ARC AN D HELIUM-NEON GAS 

LAS ER LIGH T S OURCES 
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I t  has been  pointed  out by Kuhn27 that the  most  
serious and inherent weakn e s s  of  the Rayleigh int erfer­
ome t e r  is  the  lack  of int ensit y  and visibilit y of  the  fringe s  

this  fault being aggravat ed further i n  t h e  ultra c e nt ri-
4 fuge owing t o  the mov e ment of  the c e ll • I n  chapt e r  1 

it was shown that t he mean phase differenc e s  c ontaining 
the desired  informat i on is measured by virtue  of fringe 
displac ement , and henc e fringe visibility is of paramount 
import anc e .  Basically , the  observed ffinge pat t ern c an 
be  improved by ( a ) inc reasing the c oherenc e of the  s ourc e  
illumination , ( b )  inc reasing the int ensity o f  t he int er­
feromet er  illumination , and ( c )  having a stati onary c e ll 
in the i nt erferometer . 

I n  general perfect  c oherenc e is not re quire d  
for inter ferometry , and light i s  c onsidered sufficient ly 
c oherent provided ( i ) it s t emporal c oherenc e l e ngth is 
large c ompared with t he optical path differenc e s  in t he 
int erferomet e r , and ( ii) that ade quat e spatial c oherenc e 
exis t s . I t  is well  known t hat the  existing Rayle i gh 
syst em  in t he analytical ultrac entrifuge employing the  
AH - 6  high pressure mercury lamp and fi lter t o  isolat e the 

546 . 1 nm e mission line , has insu f ficient t emporal c oherence  
whe n  c onc entrat ed s olutions are studied , and s ome f orm of 
c ompensat i on such as  t hat o f  Richards and S c hachman2 1  has 
to b e  emp l oy ed t o  achieve c lear fringes .  Furthermore ,  
the fringe pat t ern observed has very l ow int ensity owing 
to  the small s ourc e aperture , which as will be  shown is 
s o  nece ssary to  achie ve adequat e spatial c oherenc e with 
the mercury s ourc e . 

From the above it will be  appare nt that a know­
ledge of c oherenc e theory is e ss ential in any meaningful 
disc ussion or analysis of  an int erferomet er . I ndeed as 
stat ed suc cinct ly by S t e e 128 , the the ory of c oherenc e ex­
plains what an int erferome t e r  can measure , t he errors it 
c ommit s a nd how t hese  error s  may b e  c orre c t ed �  I n  
other words int erferometry i s  t h e  experiment al side o f  
c oherence  theory . Mie lenz29 has made a pertinent r e view 
of c oher e n c e  theory in c on junction with a relevant 
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d i s c us s i on on t he use  o f  gas laser s  and c onvent ional 

s our c e s  in  i n t er f�r ometr y ,  and is appr opriat e in t he 

c ont e xt of t he pr e se nt w or k .  

2 .  BAS IC  COHEREN CE TH EOR Y 

Br i e fly , c oher en c e  may b e  c onsider e d by using 

the opt i c a l  ar rangement d&pi c t e d  in figur e 2 - 1 . I f  t h e  

s our c e  i s  i nfini t e simally small  and the li ght emi t t e d  

i s  p er fe c t ly monochr omat ic , then  t he e l ec tr i c  f i e l d  

ve c t or s  ( E1 ( t )  and E2 ( t ) ) at t h e  two  aper t ur e s  o f  t h e  

Rayle i gh mask i n  t h e  pup i l  o f  l e ns L2 will  b e  i n  c ompl e t e  

agr e ement , since  they b e l ong t o  t h e  same wave fr ont at 

any instant of t i me . H e nc e , t h e  c ompl ex amplitude  o f  

t he e l e c tr i c  fie ld v e c t or ER ( t )  a t  a p oi nt P C § ' ) i n  

the  foca l  p lane o f  a p er fe c t  l ens L2 w i l l  b e  t he r e sult 

of the  super p osi t i on o f  t h0 tw o i nt er fe ring wav e s . 

i . e . , ER ( t )  = E 1 ( t )  + E2 ( t ) 

= , i ( tllt +k..6 1 + <i,) A i ( ult +kj.)2 + � ) H1 exp + 2 exp 

Wher e ' A '  and 'iJ 1 ar e t he r e sp e c t ive  amplit ud e  and path 

l engths in  the  i nt er fer om e t er , an d � i s  t he c ommon phase 

d i f f er ence  at t ime t = 0 • H er e  it i s  a s sume d t hat  

E1 ( t ) and E2 ( t ) have  a c ommon p lane of p o lar i zat i on . 

The obser va b l e  int e n s i t y  at P i s  

I = E
R

(t ) . ER
(t ) * 

i nt ens i t y  ( c feq ( 1 -3 ) ) gi ven by 

i . e . , t he t i me averaged  

( +T 

1 I = 
2T \ ER ( t ) . ER ( t )  * d t 

wher e  T > > T = 0 

H e nc e 

) -T 
2n 
{)) 

i n  whi ch .e = ...62--fi1 

t he p er i o d  of osc i l lat i o n .  

t h e  opt ical path d i f fer e n c e  

o f  t he t w o  inter fer ing waves at  P • 

( 2 - 1 ) 

( 2- 2 )  

( 2-3 ) 
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Obvi ously maxima o f  int e ns i t y , I - ( A  + A ) 
2 oc c ur s  max - 1 2 ' 

at  a l l  point s P for whi c h  l i s  an i nt e gr a l  multiple 

o f  the  wave length ( £  = NA ) or 

k£ = 2nN ( 2- 4 )  

wher eas  minima 

l = ( N + ·� ) A . 

2 
I . = ( A 1 - A  ) are obser v e d  whe re ver  m�n 2 

N ow int ermedi a t e  poi nt s  are c har a c t er i z e d  by 

t h e i r  order numb er ( m ) , whi ch has an i mp o r t ant r ole i n  

thi s e l ement ary discussi on of c oherenc e . 

m = f = �! = N + c ( 0 � c � 1 ) 
wher e  N and c are  the i n t e gral and frac t i ona l order  

numb e r  respe c t i ve ly . 

The v i s i b i l i tz o f  the patt ern i s  given by 

V = 
I - I . max m�n 
I + I . max m�n 

= 

and obvi ously i f  the  two  int e r fering wave s have e qual 

amp l i tude ( A1 = A
2

) then  maxi mum visibi l i t y  is a c hi e ve d 

throughout the f i e l d  o f  view , i . e . , V =  1 . 0 • 

( 2- 5 )  

( 2- 6 )  

Thi s i d e a l  c a s e  i s  never achi e v e d  i n  prac t i c e  

and although sharp fring e s  o f  reduced  vi s i b i lity  are f ound 

for small path d i f f e r e nc e s  l , and fringe s fade out as 

£ is inc rea s e d  f or obs e r vati on point s far t h e r  away fr om 

t he c e ntral  fri nge . The reas ons for t hi s  ar e e s sentially 

twof old in a real s ourc e ,  since  ( a )  any r e al s ourc e  ha s 

finit e ext ens i on , and ( b ) a lways e mit s l i ght o f  fini t e  

spe c t ral width . Thus the  assumpt i ons made i n  t he analysis  

o f  e quat i ons ( 2- 1 ) t hr ou gh t o  ( 2 - 6 )  above are i nvali d .  

N ow f or any real s ource  t here  exists  unc e rt ainty  in t he 

order number 

'I 
6 m  = 2 

whi c h  i s  associat e d  with  e very p oi nt of ob s e r vat i on 

( p )  • Equat i on ( 2 -7 ) i s  u s e ful s i n c e  it  shows t hat t he 

( 2 -7 ) 

unc e rtainty i n  t he order number ari s e s  from an unc ertainty 
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i n  path di f fe r e n c e  ( 6 £ ) c aused  by  t h e  fini t e ext ens i on 

of t he sour c e , and t h e  lack  o f  monochromat i c i t y  given 

by  the uncertainty in t he wavenumber ( 6k ) . Obviously , 

i f  l t m l � � ' no  i nt erference fringes will  b e  observed 

and the two  l i ght b eams are  said t o  be mut ually n onc oherent . 

For the limi t i n g  case  \ t m ' = J we obtain fr om e quat i ons  

( 2 - 5 ) and ( 2 -7 ) , t hat 

+ - n ( 2 - 8 )  

whi c h  defines  t he l i mi t  o f  c oherenc e . 

Nat urally , i f  / llm l � � i . e . , i s  small 

c ompared with the half width of the fringe s ,  then there  

will  be n o  Appre c iab l e  r e duc t i on i n  the vi s ibility  o f  t he 

fringes from the c oherenc e point o f  view , and this d e f i n e s  

t h e  desired  c oherenc e c on di t i on . 

i . e . , 

I f  e quat i on ( 2 - 9 ) i s  sat i s f i e d  t h e n  the two  l i ght be ams 

are said t o  be mut ually c oher9nt . 

I n  t hi s  analys i s  w e  will  c onside r  the  two 

limi t i ng cases s eparat e ly where 6 k  = 0 and .6£  = 0 

r e spe c t i ve ly . Thi s i s  e xperiment ally and t h e or e t i c al ly 

( 2-9 ) 

c onveni ent , and allows a meaningful c ompari s on of t he two  

i nt e r ferome t er sour c e s  und er discussi on to  b e  made . 
( a ) .:J P,:..TIAL COH[!;R ;�N CE 

I n i t i ally , c on s ider 

p e r f e c t ly mon ochr omat i c  l i ght 

the order numb er unc ertainty 

t he ext ens i on of the s ourc e ,  

an 

( 
( 6 m  

and 

ext ended s our c e  emitt ing 
r 0) . I n  t hi s  0 k = case , 

+ k.6£ ) i s  caused  by  = -

t he sour c e  i s  sai d t o  

have per f e c t  t e mp oral c oherenc e but limit e d  spa t ial c o­

herenc e . The c ondi t i on for spat i a l  c oher e n c e  was 

d e r i ved  by Verdet3 0  in 1 869 ,  and may be obtained r eadily 

from figure ( 2 - 2 ) . H er e  w1 and w
2 

repre sent t w o  

wave front s e manating  a t  a small angle a t o  each other 

from a point sour c e  at Q • C onside r  the  t w o  beams 

t o  i nt erfere  at  a d i stant point P and let £ be t h e  

path  d i fferenc e a t  P owing t o  the  fini t e  s o�rc e  p o i nt 

Q • N ow at t he ot her e d ge of the  s our ce  re mot e f r om Q 
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the  path  difference  b e t ween the two wave front s will be 

£ '  = i + X X ' = f + D8 a owing to t he sourc e  dimension o8 
i n  the dire ct ion normal to the line of int er s e c tion of 
t he two wave front s. �� enc e the path unc ertainty  at P 

owing to the out er sourc e  point s Q and Q ' is 
6 £  = :!:  � C i ' -£ ) = :!:  � D8 a . Using e quat ion ( 2- 9 )  we 
obtain the spat ial c oherenc e  condit ion 
. L e . , D8 a .:.:�<.. ";2 ( 2 - 1 0 ) 

From e quat ion ( 2 -8 ) we see  t hat the largest sourc e  size  
for which fringes may be observed is  given by 

DS ( coh ) = 

This result is  important in the  c ont ext of 
the Rayleigh r e fractomat er sinc e a i s  obviously a 

( 2- 1 1 )  

func tion of the geomet ry of the int erferome t er . Now the  
Rayleigh interferomet e r  i s  a division of wave front int er­
ferometer as will  be  apparent from chapter 1,  and henc e a 
being signi ficant ne c essitates  the use of a small sourc e  
width D8 and thi s  result s i n  the inherent  low int ensity 
of i lluminat ion in the  int erferomet er . 

O f  int erest  i s  the observat ion from figure ( 2 - 2 )  

t hat the two wave front s have a common int ersection for all  
points  of observat ion , and  so  a line sour c e  extending along 
this  int ersection will  produce  fringes of perfe c t  visib i lity . 
Naturally i n  prac t i c e  the sourc e width is  det ermined from 
e quat ion ( 2 - 1 1 ) , but line sour c e s  are fre quent ly employe d 
t o  improve t he int ensity of i nt erferomet er  i lluminat ion . 
However , i t  will  be appreciated  from the above that the  
a l i gnment of the slit  sour c e  is  c rit ical. 

Rempe13 1
, has used Young ' s  exp eriment as a 

t ypical division of wavefront int erferome t e r  to compare the 
per formanc e  of lasers  and conventional sources  in such an 
int erferometer  as the Rayleigh , and is appli cable with few 
modificat ions to  t he t ask in  hand . 
apparatus i s  shown i n  fi gure ( 2 -3 ) • 

A diagram of the  basic  

The laser  used  in  the  present work was  a s ingle 
mode helium-neon gas laser of output power . 

P = 4mw ( 2- 1 2 ) 
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The c onvent i onal high pressure ( AH - 6 )  mercury 
arc lamp has an appr oximat e radiant emittanc e 

M = 1 7  W/cm2 ( 2- 1 3 )  

in  a 1 0  nm range about 54 6  nm ( isolat ed by a gre e n  filt er ) . 
Assuming t hat t he arc l ength ( P )  i s  2 .  5 mm and t he slit 
width ( D5 ) is  as defined  by e quati on ( 2-1 1 ) ,  we obtain by 
ne gle c t ing slit edbe di ffrac t i on effect s ,  tha t  t he maximum 
p ower  derived from theo- arc lamp is  

!\� A.Mp P '  = ( .'.! )  p Ds sin a = 1t 1t ( 2- 1 4 )  

i . e . , ) ' = 0 . 1 m�V 

�ith  t he gas laser no s ource  slit i s  ne c e ssary , 
since  it  has been  shown  by Fox and Li32 and B oyd and Gordon33 

t hat  the  light from a gas las er in axial mode operati on is  
e f fe c t i ve ly spa c e  c oherent , and without limi t i ng apertures 
the  t otal laser  power  is  availabl e  for int er feromet er 
i l lumination ,  i . e . , P 1 

= 4 mW . Thus t his  simple as  er 
analysis has shown t hat laner light result s in muc h  bri ght er  
fringes , with  the  rat i o  p/p ' ,  being approximat e ly 40  for 
our c ase . 

A. more r igorous analysis by B &n and ':Jolf
24 and 

25 28 e lsewhere ' develops a partial  c oherenc e fac t or ( y 1 2 ) 
as  the quantitat ive measure of spatial  c oher enc e . Using 
the notat i on d e fined in e quat ion ( 2- 1 ) this part ial  c oher en c e  
fact or is given by 

= 
E E * 1 2 

whenc e equat i on ( 2-3 ) b e c omes  

= 

From  e quat i ons ( 2- 1 5 )  and ( 2- 1 6 )  we  see  
spatial c oherence  exists  
spatial c oherenc e exists  

when 
when  

I Y 1 2 : 

l y 1 2 t 
= 

= 

that 
1 .  o ,  

o ,  

i Q ' exp 

( a )  perfect  
( b )  no  

and 

( 2 - 1 5 ) 

( 2 - 1 6 )  
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( c ) p ar t i a l  spat i ::.. l c oh e r e n c e  e x i s t s  w h e n  0 < h · 1 2 ) < 1 • 

The l a t t e r i s  the u s u a l  c a s e  w i t h  t h e  o b s e rvat i o n  o f  
f r i n g e s  i n  t h e  Ray l e i gh i nte rTe r om e t e r  and phys i c a l ly 

f r om a b o v e  t he ma gni t u d e  I y 1 2 j i s  a m e a s u r e  o f  t h e  
c on t r a s t  o f  t he f r i n g e  s y s t e m ,  w h e r e a s  the pha s e G '  
i s  a m e a s u r e o f  t h e  pha s e  s h i f t  o f  t h e  f r i n g e  max i ma 
w i t h  r e s p e c t  t o  t h e  ph a s e  o b t a i ne d u s i n G  light w i t h  
per f e c t  s p a t i a l  c oh e r e n c e .  F o r t unat e ly ,  i n  t h e  
Ray l e i gh i n s t ru m e n t  t he s p a t i a l  c ohe r e n c e  o f  t h e  
r a d i a t i o n i n  t h e  pup i l o f  t h e  l e n s  L2 d o e s  n o t  vary w i t h  
t i m e  s i n c e  i t  i s  a f u n c t i o n  o f  t he i nt e r fe r om e t e r  g e om e t r y  
a n d  s o  f r i n ge s hi f t s  f r om t h i s  s ou r c e  a r e  n o t  a p r ob l e m l 

Fur t h e r mor e ,  it i s  s h own 2 4 1 2 5 t h at t h e  d e gr e e  o f  
p a r t i a l  c o h e r e n c e  ( y 1 2 ) b e t w e e n  t w o  p o i n t s ::> 1 a n d  

$ 2 ( s ay ) i n  t h e  p u p i l  o f  l e n s  L 2 i s  gi v e n  b y  F ou r i e r  
tra n s f o r m  o f  t h e  i n t e n s i t y  d i s t r i b u t i o n I0 ( a ,j3 ) o f  

t he s o ur c e  a s  s e e n  f r o m t h e  s 1 s 2 p l a n e . 

(,( ( + ?/"\ ) 
i . e . , 

1 1 I ( 
�. ) i k  ax y d"' d t) \ S a J.:j e xp Vv 0 s o ur c e; .� t 

( ) I8 C a , B ) s o u r c e' / de'(. 

a n d  t h i s  c a n b e  us e d  as shn w n  b e l ow i n  t h e  e va l u a t i on 
o f  t h e fr inge c on t r a s t  i n  t h e  pr e s e nt Ray l e i gh i nt e r ­
f e r o me t e r . 

Wi t h  r e f e r e n c e t o  f i gu r e  2 - 1  , l e t  
a c o n s t an t , ,.; h e r e I3 ( a ,j-3 i s  

( 2 - 1 7 )  

t he e n e r g y  p e r  u n i t  a n gu la r  area o f  t he s o u r c e  at a gi v e n  

A s s uming t h e  asymm e t r i c a l  Ray l e i gh mas k , t he 
i n t e n s i t y  o f  t he f r i nge p at t e r n  l o cat e d  i n  t he f o c a l  
p l a n e  o f  l e n s  L2 i s  g i v e n  b y  e quat i on ( 1 - 1 9 ) 

2 . 2 u a  2 u b 2 . 2 u a ) L- � ( 8 )  i . e . , I = 4a S l n c  c 2 ) c os (2)  = 2 a  s l nc ( 2  1 + c o s uJ 
2 - 1  

2.- 17 
Fr o m  ( �) t h e  c on t r a s t  i n  t h i s  f r i n ge s y s t e m  

may b e  o b t a i ne d as 

y ( x ) = S +amax . k l CX. X  I c exp dcx. 0 
-cx. max � +cx.max 

I 8  d ex. 
-cx.max 

= ( 2- 1 9) 



whence  

= 

37. 

sin( k exmax. x )  
k exmax x = 

l-2n ·-� . l - exmax x Sln _ A ..J 
2n 
T ex max . x  

Now x i s  measur e d  i n  the pupil  o f  lens 12 

( 2 -2G) 

and from ( 2-20 )  w e  see  that the fringe visibility depends 
on the s lit separation ' b '  and inc i dentally e quati on ( 2- 20)  
f orms th; the oretical  basis  of  a ste llar inter fer ometer . 

Now the data relevant to the interferometer used 
in the Beckman M odel  ' E '  analyti c a l  ultrac entri fuge are 
as f ol l ows : 

S ourc e  width c� ) = 2 . 5  X 1 0-3cm . S lit separati on ( b )  = o . 4c m  
�ave length ( A )  = 5 . 461  x 1 0-5c m . 
Focal length of the l ower  c ol limating lens ( f 1 ) = 58 cm  
N ow ex is  gi ven by max 

2ex = max 

Hence  by substituti on , 

2n 
A 

ex b = max 0 . 99 radians 

and = . - 6  8 °  sln  ;::; • 

0. 99 
= 

= 56 . 8 ° 

0 . 84 ( 2 .,. 2 2 ) 

Whereas for the laser sourc e employed which  
operate s i n  the axial rrode  the i llumination is  e f f e ctively 
spac e c oherent , 32 , 33 

i . e. ,  

The above analysis has i ndicated c lear ly that 
the fringe pattern obtained by the use of a laser  s ource 
should  be improved markedly in  c omparison with that achi eved  
with the c onve ntional AH-6 high pre ssure mercury  discharge 
lamp and filt er ,  owing to  ( a ) greater interferometer 
illumination inteLsity , and ( b )  improved spatial  c oherenc e. 
( b )  TEMPORAL COHE�ENCE 

Finally � c onsider an infinitesimally small s our c e  
which e mits a spe�trum o f  finite width ( S k ) . From the 
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above i t  will  b e  apparent that the  pat h di fferenc e � is  
c omplet e ly spe c i fied sinc e 6£  = 0 , but now the t i me 
spe c i fi cati on of the i nt er fering light will  be unc ertain 
owing t o  t he wavenumber  unc ertainty 6 k  = � � S k • This 
li ght is said t o  have perfect  spat ial coherenc e ,  but 
limi t ed t emporal c oherenc e .  From equat i on ( 2-7 ) the  

+ 1 c order number unc ertainty 6 m  = - 2 � � k  may b e  c onsidered 
to  ari s e  from the supposit i on of  many mut ually d i splaced  
fringe pat t erns in  the plane o f  observat i on . Again  fr om 
e quat i on ( 2-9 ) the li ght will  b e  effective ly t ime c oherent 
i f  

1t \ £ I << b k 

and indicat e s  that the  observat i on of whi te  light fringes 
or achr omat i c ·tfinge patt ern i s  p ossible at very short 
path differences  £ , as discussed previ ously . From 
e quat i on ( 2 - 8 ) we "obtain the  i mportant t e mporal c oherenc e 
length of  t he sourc e  whic h  i s  de fined by 

= 
2n 
S k 

I 
( '1 : 1 /1 

I { ' 

( 2-23 ) 

( 2- 24 )  

Michelson34  was t he first t o  explain t he e ffe c t  
of  spec t ral purity of t h e  sour c e  o n  t h e  path d i f ferenc e , 
and demonst rated with  his  i nt er ferome t er the dec rease in  
fringe syst em vi sibility  with  i nc reasing path  di f ferenc e . 
I t  i s  shown

24 , 25 t hat for  two beams with  c ollinear p olariz-
ati ons arriving at a point of  observation 
a c ommon point s ourc e  t hat 

P ( say ) from 

( 2-25 )  

where '"t: is  the t ime  delay , For t he Rayleigh instrument 

= tn  
c 

Whe r e  i n  this case  c is  the veloc ity  o f  light . As 

( 2-26 ) 

usual t he observed  int ensity  I ( t )  i s  given by e quat ion ( 2-2 ) 
and may be  shown t o  be  

I ( t ) = I ( ·� ) = I E ( t ) I 2 + I E ( t - "'t H 2 
+ 2 ' E ( t ) E ( t- "'t H 

( 2-27 ) 
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where the s our c e  i s  assumed t o  b e  s t at i onary . 
The t erms on t h e  R . H . S .  are r e c ognis e d  as  aut o ­

c or r e lat i on func t i ons , c onve n i e nt ly w r i t t e n  as 

I ( t ) = 2 ,0( o )  + 2 ,0( ·..-' ) • 

N ow from e quat i on ( 2- 3 )  and f or c onveni ence  as sumin g  
A 1 = A 2 = 1 w e  ge t f or a g i v e n  p o si t i on 

I ( ·y ) = 2 ( 1 + c os 2Tt J --c: ) 

where J i s  the freque nc y .  
N ow f or a p o lychr omat i c  n on-c oherent sour c e 

w i t h  a spec t ral energy d i s t ribut i on ,0( J ) p e r  unit  
f r e quency int erval 6 J e quat i on ( 2-29 ) b e c omes 

I ( c: ) = 2 s�( J ) L1 + c os 2n J 'l, _7d J  

( 2- 2 8 )  

( 2- 29 ) 

( j = 2j .0C v ) d J  + 2 ,0( .J ) c os2n J L: d J  ( 2 -30)  

..; v 
When c e  by c ompar i s on o f  e quat i ons ( 2- 2 8 ) and 

( 2-30 )  w e  obtain  t he varyi n g  quant i t y  to  be  %( 't ) = s%( J ) c os2n J 'i  dJ o  :fc t ,!( I) ) } ( 2 -3 1 )  

v 
Thi s s t a t e s  t hat t he aut oc orr elat i on func t i on 

o f  t he e le c t r i c  f i e l d  i n  t he li ght beam i s  e qual t o  t h e  
Four i e r  c osine  t ransf orm of t he e nergy distribut i on i n  
t h e  spe c t rum . Thus fr om a knowl edge of t h e  s p e c t ra l  
e n e r gy dist r i but i on i n  t h e  sour c e  t h e  t em p oral  c oherenc e 
l ength may be  d e t ermined by d i r e c t  applic at i on o f  e quat i on 
( 2- 31 ) .  I nc i den t ally , i n  experiment t he i n v e r s e  problem  
i s  t he more  c ommon sinc e e quat i on ( 2-31 )  forms  t h e  b as i s  
f o r  Fouri er -t rans f or m  s pe c t r os c opic analys i s .  H ow e v e r , 
mult i p l e  b eam int erferen c e me t hods have largely s up e r c e de d  
t w o  b e a m  i n t e r f e r e n c e  i n  t he prac t i c al a nalysi s  o f  s p e c t r a . 

Candler35 has s t at e d  t hat the t emporal c oh e re nc e 
o f  t he m e r c ury g r e e n  l i n e  ( f.  = 546 . 1  nm ) i s  l imit e d  b y  
hype r f i ne struc t ur e , and f or c ompari son w i t h  our l a s e r  
s our c e  i t  is  c onvenient  t o  c on s i d e r  the s p e c t r a l  e n e r gy 
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d i s t ribut i on to  b e  G0cussi an of  width 1 0  nm - this  b e i n g  

t yp i c a1
29 f or a high pressure  mercury a r c  lamp and f i l t e r  

as used  i n  t ha analyt i c a l  u lt rac e n t r i fuge . A diagram o f  

�( 0 ) i s  shown i n  fi gure 2- 4 ( a ) and may b e  repre s e nt e d  

mat hemat i c a l ly a s  the c onvolut i on o f  a delta  f unct i on w i t h  

t he r e l e vant Gaussian func t i on 

i . e . , 

N ow 

and 

H en c e  from e quat i on ( 2 - 3 1 ) and t he use of the c onvolut i on 

l t . h "  2 6 
" t  b h t h  t r e  a 1 ons 1 p  1 may e s . o�n a 

�( '"t' ) ..i2_ 
= 2a 

2 �- 2 

exp ( -rc 2 ) c os 2rc v
0

� 

whereas 

�( o ) 

a 

� f exp-a
2 J 2 

d \1  

..; 

= �  2a 

S ubst itut i ng e quat i ons ( 2 -34 ) and ( 2 - 35 ) i nt o 

( 2 - 3 1 ) 

( 2 - 32 ) 

( 2 - 33 ) 

( 2 - 34 ) 

( 2 -35 ) 

( 2 -30 ) w e  obtain t h e i nt e n s i t y  o f  the fringe pat t ern owing 

t o  l i mit e d  t e mporal c oherenc e 

i . e .  

whi c h  i s  d e p i c t e d  i n  fi gure ( 2 - 5a ) . I t  c an b e  s e en t hat 

the vi s i bi l i t y  curve of t h e  fringes is  the e n v e l op e  of 

the nor mal i s e d  i n t e n s i t y  c ur ve . 

i . e .  V( � ) = 
I max 
I max 

- I . m1n 
+ I . m1n 

= 
2 2 

e xp( -re }' ) 
a 

( 2 -36 ) 

( 2 -37 ) 

Thi s shows t hat t h e oret�cally t he frin ge s  ari s i ng 

from t he use  of a s our c e  w i t h  a Gaussian spe c t r a l  dist r ibut i on 
- rc2 <t  2 

are v i s i b le even when � i s  very large , s i nc e e xp ( 
2 ) 

a 
i s  never  zero . H oweve r ,  f or all  pract i c a l  p ur po s e s  t he 
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fringes van i sh f or 

� 0 = 1 
26 v 0 
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-:-r, 0 given by 

wh ere  2� J is the width of the Gaussian spec t ral 0 
energy distribut i on of  the s ourc e .  

N ow the t emporal c ohe renc e o f  the  las er sour c e  

u s e d  i n  t h e  analyt i c al u l t rac entri fuge under s tudy was 

limi t e d  by three  ( 3 ) axial  modes spac e d  45 0  Mhz apart 

( 2-38)  

c en t r e d  on  t he wave lengt h  /1. = 632 . 8 nm  The  normali s e d  0 
sp e c tral  e n e r gy distribu t i on i s  s� own in  figure ( 2 -4 h ) . 

I t  may b e  c on s i d e r e d  as the c on volut i on o f  a s ingle 

n�rrow spec t rum of  width 26 J with three � - func t i on s , 0 
whic h  i s  furt her c onvolut e d  with  a 6 - func t i on 

i . e .  �< 0 ) = g ® h ® ,e 

where the func t i ons g ,  h and ,e are d e fine d  as follows : 

g = 

h = 1T c v )  
and ,e = b< v )  + � < v + v · ( ) + S c v - v )  m m 

N ow from t h e  c onvolut i on t h e or e m 26 

I t  may b e  sh own by i nt e gral calc ulus t hat 

� t g� ) +CO = - a:>  g .  c o s 21t v "C  d J = c os 2n "C .J 0 

�c l h} 26 .j s i n  2n 6V  � 26 ..J ( 2n� V � )  0 sine = 
2n �\}-1:1 -= 0 0 0 0 

( 2 -39 ) 

( 2 -40 ) 

( 2- 4 1 ) 

( 2- 4 2 )  

( 2-43 ) 

( 2-44 ) 

( 2-45 ) 
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N ow 
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= 1 + 2 c os ( 2n; 't \) ) m 

s i n c e  ( 2 -47 ) represents  t h e  area under the spe c t rum 
S ub s t i t u t i n g  e quat i ons ( 2- 43 - ( 2-47 ) i n t o  

e quat i on ( 2- 3 0 )  we o b t a i n  t h e  d e s i r e d  fringe i nt ensity  
pat t ern  f or our  laser  s our c e . 

( 2-46 ) 

( 2 -47 ) 

i . e .  I ( "C )  = 1 26 J0 [ 1 + ; sine  ( 2n6 V0 11 )  [1 + 2c os 2 n t'�c os lrr-..t� 
( 2-48 ) 

and t h i s  i s  shown i n  f i gure ( 2- 5b ) . 
The d e si r e d  fringe v i s i b i l i t y  curve i s  8iven b y  

V(  1; ) 1 
= 3 sine  ( 2 - 50) 

H e r e  we n o t e t hat t he fringe vi s i b i l i t y  is c har ac t er i z e d  
by t he pr o duc t o f  t w o  dist i n c t  fun c t i ons giving r i s e  t o  
t w o  independent c oh e r e n c e  t i m e s  't. and G r e s p e c t i ve ly . o 1  o2 
Jhe re the c oherenc e t imes are de fined as the t ime d elays 
c or r e sp onding to zero vi s i b i l i t y . 

From sine ( 2n6 V '"t )  w e  det ermine � 1 t o  b e  given  0 0 
by 

= ( 2- 51 ) 

whereas from ( 1  + 2 c os2n "t' Vn{ we  find that L02 i s  given 
by  

1: - 1 ( 2 - 52 ) o2 - 3\7; 
I n  prac t i c e  V m )) ,'), V 0 and h e n c e  from e quat i ons  ( 2 - 5 1 ) 
and ( 2 -52 ) the t emp oral c oh e r e n c e  i s  char ac t e r i z e d  by 

'to2: 
Thus t he t e mp oral c oherenc e of the  c on v e nt i onal 

mercury arc  discharge and las e r  s ourc e s  may b e  c ompar e d  
by appli c at i on o f  e quat i ons ( 2- 3 8 )  and ( 2-52 ) r e sp e c t i v e ly . 

For t he m e r c ury s ou r c e  and assuming a wave lengt h  
s p r e a d  ( 6A )  o f  1 0  nm ab out the  546 . 1  n m  e:ni s s i on l i n e  



we get from e quati on ( 2-38)  that 

1 
A. 2 

1 0- 1 3 Lo 
0 ,...., 

= 
26 \1 

= c (6A. ) =-
s 0 

whereas  for our laser source  with � = 450 Mhz we m 
get from e quation ( 2 - 52 ) that 

't P2 = 1 
3v m 

- 1 0  
7 X 10 S 

( 2-53 ) 

( 2- 5 4 )  

Thus i t  will be  apprec iat ed  that  the  temporal coherence  
of the  laser  source  i s  orders  of magn i t ude great er t han 
the c onvent ional mercury arc lamp and filter , and so 
with re ference  to equat ion ( 2 -26 ) de fining t he coherenc e 
time for t he Rayleigh int erferome t er , the laser  w i l l  
allow greate r  r e frac t i ve increments  i . e .  s olute  conc en­
t rat i ons , t o  be  studied  without c ompensati on . 

S UivlHARY 
In this chapter  we have been conc erned with  a 

bri e f  survey of cohe rence  theory . The analys is has 
been  appli ed  t o  the mercury arc and laser s our c e s , and 
has enabl e d  a quant �t i ve comparison of the two to be  
made . The findings indicate that the laser sourc e  s hould 
ove rcome some of the inherent disadvantages assoc iat e d  
wit h the merc ury · arc . In  addit ion , as will be  shown in 
the next c hapt er , t he highly c ol limat ed and c oherent l aser 
beam lends i t s e lf to  e le c t ro-opt ical  shut t ering . The 
lat ter enables  the rot or to be  strobe d ,  a nd this  re sults 
i n  an e f f e c t i vely stat ionary c ell in the int erferome ter  
which  enhances  even further the clarity of  the fringe 
patterns whilst at the  same t ime giving great er instrumental 
f lexibility . 



CHAPT �R 3 .  

A MODULAT ED LAS ER S YS TEM FOR ANALYTICAL ULTRACENTRIFUGE 

I NTERFE�ENCE STUDI ES 



1 .  I NTRODUCTION 

46 . 

I t  h b h "1 2 I 2 1 ' ' t t h R 1 . h a s  e e n  s own � na _ e  ay G l g  int e r -

ferenc e opt i c al syst e m  in the  ar " 1yt i cal ult rac entri fuge 

yi elds  s i mp l e  and a c c urat e exp e r iment a l  data . H owever , 

the d i s c uss i on and analy s i s  i n  c hapt er  2 has i ndi c a t e d  

t hat t h e  current syst em using t h e  unmodulat ed AH- 6  merc ury 

arc d i scharge lamp and f i :ter suffe:-s  f:-om c e r t ai n  inhe r e nt 

di sadva ntage s .  The out c ome fr om t he ab ove i s  t hat t he 

fringe pat t e r n  observed from which p er t inent data a�e  

obtai n e d  can suffer  from a lack of vi s ib�lity an� ove re �l  

int ensity owing t o  ( a ) lack o f  c oh erenc e ( b oth spat ial 

and t emporal )  of the s our c e ,  and ( b )  moverr.ent of  t he 

i nt e r feren c e  c e ll  durinG t he r e c or�ing of the  fringe pat t � ru .  

The t h e or e t i c al analysi s  o f  c hap� er 2 h a s  indic a t e d  c lea�ly 

of s ourc e c oherence  and in" d o qu a t e  i �t c �fer c �e � or i l lu�i n · 

at i on . The problem o f  c e ll  movement duri n g  t he r e c ording 

w i t h  a suit ably synchroni s e d  l i g� t  c o � r c s . 
the  highly c ollirmt ed and mor. oc hro rr. B. t i c  las e r  light b � e.lY' 

lends i t se l f  readily t o  e l e c � � o - op t i c a l  mod u l a t i on as � i l l. 
be  d e s c r i b e d  b e l ow , and hence  a suitably modulat e d  las er  

sys t em shou l d  overc ome t he i nherent disaiv�ntages  o f  the  

c onvent i onal sys t em .  Furthermor e , the  vers&tility  o f  the 

inst rument Tiill b e  e nhanc e d  in t hat the mul t iple c e li 
r ot ors may be  us e d  ¥it hout w e dge windo�s with  t he ir  a s s oc iat -

e d  i na c c urac i e s . I n  t hi s  chap t er a syst e m  i s  e v olved 

wherein  a c ont inuous wave h e l i um-ne on gas l as e r  r e p lac e s  

t h e  c onvent i onal merc ury lamp i n  a Beckman Mode l E 
inst rument and the anc i llu::.·:; e qt:.;_�!:!e:.,_t ne c e s sary t o  pu1se  

modulat e this  l i ght i n  synchr onism with the  r ot or i s  

d e s cr ib ed . 

2 .  DES C R I PT I ON OF S YST El'1 ( se e  FRONTISPI �CE )  

Figure 3- 1  dep i c t s  a simD J i fi e d  block diagra� 

of t h e  basic unit s ,  in whi c h  t he Rayle� gh/S ch li er e n  and 

u ltravi olet  opt i c a l  sys t ems of the  analyt i c al u l t ra c ent ri · · 

fuge are s epara t e d  lat erally f or ease o f  p r e s ent a t �_on . 
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The  l as er ,  t ogethe r w i t h  the  E . H . T .  supply and opt i c a l  

modulati on uni t s  were  s i t uat e d  t o  the  l e ft o f  the  ultra­

c en t r i fuge whe n facing the  front of  t he mac hine , and were  

h ous e d  in a spe c ially c onstruc t e d  c up b oard used  for s t owing 

oth e r  uni t s  when they were  not in use . The laser  ( A ) , 

and the  e l e c t r o-opt i c  light modulat er  ( B ) were  aligne d 

on a triangular s e c t i on opt i c a l  bench  t hat was s e c ur e ly 

fas t ened t o  t he lab orat ory floor . S ou r c e  opt i c s ( C ) , 

assoc iat e d  with  t he pr oduc t i on o f  a line  sourc e  f or the 

sys t em were a l s o  align e d  on t hi s  bench ( when in  use ) , and 

all unit s  were held i n  a d j ustable  mount s f or alignment 

purposes . 

The laser l i ght entered  the ultrac ent r i fuge 

through a 1 "  diamet er hole  dri l l e d  t hr ough casing of  t he 

ult rac entri fuge and was de f le c t e d  t hr ough the c onvent i onal 

opt i cal sys t e m  ( H )  by an a d j ustable prism or d i f fusing 

d e vi c e  ( K ) . The r o t or p i ck-up ( E ) - s o  n e c e s sm·y f o e� 
sync hroni s m · ·  was housed near t h e  opt i c al t ra c k  o f  the  

ult ravi olet  sys t e m  ( I )  at the t op l e ft -hand side  of t he 

ultrac entri fuge . The removable li ght s our c e  ( J )  for t h e  

phot o- c e l l  s ensor w a s  fixe d in posi t i on ab ove t he u l t ra ­
violet li ght  sour c e  housing on a spec ial mount fixed t o  

one o f  the supp ort s  of t h e  c hain gui d e s  o f  the  rotor chamber 

li fting mechani sm .  A n  e l e c t r oni c c ont rol  unit ( F ) was 
s emi -port able and was c onveni e nt ly p l a c e d  near the viewing 

t e lesc op e  f or ease of manipulati on dur ing op erat i on .  A 
digital fre quency m e t e r  ( G )  use d  for m onit oring the  r o t or 

frequency was p la c e d  n ormally on the  bench  t op of  t he cup-

b oard . A more d e t ai l e d  descript i on of  t he opera t i on and 
c onstruc t i on of t h e  individual s p e c i a l  uni t s  i s  given 

b e low .  

I .  TH E  LAS ER 

Thi s  was a University Lab orat ori e s/S p e c t ra­

Physics M o de l  2 6 1 , p olar i s e d  helium-ne on gas las e r . I t  

was c onstruc t e d  w i t h  a c on- focal  c avity  and produc e d  

4 . 0  mw c ontinuous wave out put a t  a wavelength ( A. )  o f  

632 . 8  nm • A s  m e nt i on e d  i n  c hapt e r  2 ,  t h e  t emp oral 

c oherenc e was c h ara c t e r i z e d  by t hr e e  axia l  modes spac e d  

450 MHz ,  and t he spatial  c oherence  was c haract e r i z e d  by 



the fundamental  TEM 0 0  mode . The intensity distributi on 

across  a beam  d i amet e r  was Gaussian and t he diamet e r  a t  
1 the  apertur e  (-2 point s ) was 1 . 4 mm . 
e 

I I . THE ELECTRO -OPTI C  LIGHT MODULATOR 

This was obt ained  f r om I SOMET Corporati on ,  

Pali sades P ark , N ew Jersey , U . S . A . , and was their  mod e l  

EO LM 400 . An opt i cally mat c h e d  G lan-Thomp s on analyser  

was obta i n e d  also  fr om the  same  s ourc e .  An ele:nentary 

r e vi ew of t he appli c at i ons of t h e s e  d e v i c e s  t ogether w i th 

appropriat e r e f erenc e s  has b e en made by Golds t e i n3 8 
. 

Bri e fly , t h e  ac t i ve e le ment was a Pocke139 c e ll whic h  i n  

t h e  EOLM 400 c onsisted  o f  t w o  p r e c i s e ly ori entat e d  p o t as s ium 

dide�rium phospha t e  ( KD* P ) crystals enc l o s e d  in an 

herme t i ca l ly s ealed packa ge wit h ant irefle c t i on c oatings 

on the windows f or IS32 . 8 nm whi c h  gave an 8� inser t i on 

loss f or t he uni t s .  This uni t i s  d e s i gn e d  spec i f i c ally 

for lasers  and i t s  hal f-wave volt age was ab out 1 . 8 kV at. 

the wav e - l ength use d . 

The mode of operat i on of the  elec t r o- opt i c  shut t e r  

i n  t he pr 2 s ent sys t e m  � a s  as  f ollows . The p lane p o larised 

and highly c ollimat e d  monochr omat i c  light from the  laser 

was arran ge d  s o  t hat tt s dir e c t i on o f  polarisat i on was 

parallel to either  t he X- or Y - axi s of the c rystal . The 

Z- axis whi c h  was also t h e  opt i c  axis of the crystal  was 

the dire c t i on of propagat i on of t he ligh t . The d ir e c t i on 

o f  p o lar i zat i on o f  t h e  Glan-Th omps on analyser was p o s i t i oned  

paral l e l  to  t hat of t he las er  input . This orient a t i on 

gives a t ransmi ssion maximum when t here i s  n o  voltage 

appli e d  t o  t he crys t al . O n  app l i c at i on of a d . c .  

volt age t o  the crystal t h e  l i ght t ransmi t t e d  d e c r e as e d  

unt i l  a minimum w a s  reached  a t  t he so-c alled  hal f-wave 

r e t ar da t i on volt age . A t  t h i s v oltage t h e  ort h ogonal 

c omp onent s o f  the l i ght beam  had undergone a r e la t i ve 

phase shi ft  o f  1 80° i n  passing thr ough t h e  crystal  and 

in d oing s o  the p lane o f  p ol arizat i on had been  r ot a t e d  
0 t hr ou gh 9 0  • Thi s  new dire c t i on of p o lari zati on was 

n ow at 9 0° to t hat of t he G lan-Thomp s on analy s e r , and 

l i gh t  t ransmission was rest r ic t ed . 

I n  the c urrent system  the d . c . half-wave 
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v o l t a g e  was mai n t ai ne d  on t h e P o c k e l c e l l  from an E . D . T .  

sup p l y  u n i t  f o r  t h e gre at e r  p e ri o d  of t i me , t hu s  re s t ri c t ­

i n g  t ransmi s s i on o f  l i ght t o  a m i n i mu m  - i n d e e d  t h e l a s e r  

b e am w a s  e f f e c t i v e ly e x t i n gu i s h e d .  � l c c t ri c a l  p u l s e s  

t h a t  w e re s u i t a b l y  s yn c hron i z e d  t o  t h e  rot or f r e q u e n c y  

( ob t a i n e d  v i a  t he p h ot o c e l l  p i c k - u p , c on t ro l  u n i t  a n d  

E . H . T . Modu l a t or) w e r e  ap p l i e d  t o  t h e  P o c k e l  c e l l , re d u c i ng 

i t s  v o l t a ge t o  z e r o  f or c on t ro l l e d  p e ri o d s .  N a t ura l l y , 

t h e  l a t t e r a c t i on '12. d  t h 8  e f f e c t  o fJ:u l s e  m o d u la t i n g  t h e  

l i ght s ourc e a s  w a s  d e s ire d . A s c h e mat i c  d i a gram o f  t h e  

e l e c t ro - op t i c a l  s y s t e m  i s  s h ow n  i n  f i gure 3 - 2 . 
I I I . THE ROTOR P I C K -U P  

T h e  p urp o s e  o f  t hi s  u n i t  w a s  t o  pro vi d e  e l e c t ­

ri c a l  p ul s e s  t h at w ere sync hron i s e d t o  t h e  ro t or fre qu e n c y  

a n d  t h a t  w e re a l s o  shap e d  s u i t a b l y  f or a c c e p t a n c e  by t h e  

e l e c t r on i c  c o nt rol u n i t . The s e ns or t rans d u c e r  w a s  a 

gas p h o t o - t ub e  ( RCA 5582 ) mount e d  on an a d j u s t a b l e  me c ha n i c a l 

arm i ns ert e d  i n t o t h e  opt i c a l  t ra c k  o f  t h e  u l t ra v i o l e t  

s ys t e m o f  t h e u l t rac e n t ri fug e . The s e n sor l i ght w a s  a 

50W t u n g s t e n - h a l o g e n  pro j e c t or l a mp �TLAS A 1 /220 m ou n t e d  

a b o v e  t h e  n ormal u l t ra - v i o l e t  s ourc e , w i t h  t h e  c on v e n t i on -

a l  b a y o n e t  m ount e d  c h l orin e - bro m i n e  f i l t er re m o v e d  t o  e n h an c e  

t he p h o t o t u b e  i l lumi n a t i o n duri n g  op erat i o n . The h i gh 

o u t p u t  i mp e dan c e o f  t h e p h o t o t u b e  w a s  mat c h e d  t o  a s o l i d  

s t at e S c hmi t t  t ri gg e r  c i rc u i t  t hrough a F�T p u l s e  a mp l i fi er. 

T h i s  c i rc u i t ry was n e c c s s e ry t o  s t and ardi s e  in b o t h  h e i gh t  

a n d  w i d t h  t h e  puls e s  ari s i n g  from t h e  vari o u s  c e l l t yp e s  

a n d  c ou nt e r  b a la n c e s  e mp l oy e d  i n  a ro t or d uri n g  o p e rat i on .  

T h e  s e n s i t i v i t y  o f  t h e  s y s t e m  was a d j u s t e d  e l e c t ron i c a l ly 

s o  t hat e a c h  c e l l  p o s i t i on i n  a rot or produc e d  o n e  p u l s e , 

e . g. , d o ub l e  s e c t or c e l l s  h a d  t o  pro d u c e  o n e  p u l s e  o n l y . 

I V .  TH E ELECTRON I C  CONTROL UN I T  

T h i s  u n i t  m o d i f i e d  t h e s t an dard i s e d  p u l s e s  t ha t  

i t  re c e i v e d  from t h e  rot or p i c k-up unit b e f ore p as s i n g  

a s i gn a l  p u l s e  t o  t h e  E . H . T .  m o d u l a t or. � s s e n t i a l ly , 

t hi s  u n i t  s e l e c t e d  i n d i v i du a l  p u l s e s  by m e a n s  o f  ap propri a t �  

d i vi s i o n  c i rc u i t ry a n d  t h e n  t h e  p u l s e  w a s  d e la y e d  and 

m od i f i e d  in w i d t h  b y  c ont ro l l a b l e  e l e c t ro n i c means pri or 

t o  a c t uat i n g  the i nt erf erome t er i l lumi n a t i on c on t r o l  s y s t e m .  
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FIGURE 3-2. DI AGRAHS SHOWI NG THE MODE OF ACTION OF THE 
ELECTRO-OPTI C MODULATOR . 

- / O"PT-c:. A 'M. ' S 

�.H .. SE 

( a ) BAS I C  �XPERIMENTAL COMPONENTS . 

VOt.-rs . 

a:: � ( b )  TYP I C AL WAVEFORt4 CH ARACTERI S TI C S . 
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H ence t h i s  fac i li t y  allowe d i ndividual c e lls i n  a r o t or t o  be 

s e le c t e d  at w i l l  for observat i on ,  and the pulse delay and 

width c ontrol  permit t ed c on s iderable c ont r ol over the 

p osi t i on and t i me o f  vi ewing of the  c e l l  as it passed  

t hr ough the int e r ferome t er . 

The unit had an addit i onal out put fac i li t y  f or 

use i n  c on j unc t i on with a d i gi t a l  fr equ ency met e r  f r om w h i ch the 

mean r o t or frequency and i t s  f lunc t�at i ons c ould b e  det ermined  

ac c urat e ly at a l l  t i me s ,  and  moni t ored as  a r out ine measur e . 

The 1 �1arc oni 1 TF24 1 4  C ount er /Timer proved emi nent ly sui t able  

f or this  appl i c at i on ,  but any general purpose frequenc y me t er 

would suffic e .  

The only rot ors used  in  our lab orat ory were  t h e  

t w o  a n d  f our c e l l  vari e t i e s , and t h e  c ont rol unit was 

d e s i gn e d  around these . H owever , with appropriat e modi f i c a t i ons 

t o  the frequency division c i rc u i t ry t he syst e m  c ould be used  

with six  c e ll or  ot her mult i c e l l  r o t ors . 

The c i rcuitry was d e s i gn e d  and bui lt by the  auth or 

using discre t e  c omponents , and a b l oc k  diagram and legend 

i s  shown i n  f i gure 3-3 . Each b l oc k  repres ent s a c onven t i onal 

digi t a l  c ir c ui t  unit , and the variable  c omp onent s were  

d e s i gned  spe c i f i cally to  c over a l l  t he � ossible  speed  ranges 

of t he ultrac entri fuge w i t h  liberal overlap . I n  operat i on 

t he c oun t erbalanc e served as the  r e f e rence c e ll from w b i c h  

the i ndi vidual c e lls i n  the t w o  o r  f our c e l l  rot ors w e r e  

numb ered  a n d  t hence  s e l e c t e d  f o r  viewing and r e c ording by 

means of an appropriat e c e ll s e le c t i on swit c h .  

V .  TH� E . H . T . HODULATOR 
Thi s uni t  was d e s i gned  and built with  the  dual 

pur p ose  of pr oviding ( a ) the h i gh voltage n e c e s sary t o  

a c t uate  the  Pockel  c e l l , and ( b ) suitable modulat i on c ir c ui try 

that c ould be c ont rolled  by the  e l e c t roni c c ontrol  unit . 

A c ircuit  diagram of the unit i s  shown in f i gure 3-4 , and 

c onsi �t s b as i cal ly of a variable  high voltage supply obtained 

from a hal f-wave rec t i fi er and r e servoir c apacat or , in 

c on j unc t i on wit h appropriat e vacuum tube pulse c ir c ui t ry . 

The  former c ould be u s e d  i ndependent ly from t he modulat i on 

c ircuitry , and in  c on j un c t i on with  the laser and P o c k e l  

c el l  provided  a use ful means o f  c ontrolling manually t h e  

i n t e ns i t y  o f  the  int e r ferome t e r  light sour c e . The manual 
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c ontrol was achie ve d  c onveni ent ly by varying t h e  supply 

voltage by means of a variac aut ot rans f ormer to whi c h  a 

spec ial vernie r  c ontrol kn ob had b e e n  affixe d .  A 

cali brat i on graph of d . c . volt age versus verni er c ontrol 

posit i on was made as sh own in  figure 3- 5 ,  and this was 

used to e s t i mat e t h e  appr oximat e  half-wave r e t arda t i on 

voltage ( 1 . 8kV ) f o r  the Pockel c e ll , since  a s  ment i on e d  

a b o v e  t h i s  w a s  t h e  de sign e d  app li e d  voltage when t h e  

e quipme nt w a s  in ope rat i on . 

The vac uum t ub e  c i r c ui t ry c onsi s t e d  of a pulse  

c ontr o l  pre-ampl i f i e r  d e s i gned  around the twin tri ode 

( RCA 6707/6CG7 ) f o l l owed  by a break m odulat or e mp loying 

two high voltage t e trodes  ( AEI - 1 1 E2 ) . The E . H . T .  trans-

former and the hi gh voltage s i l i c on r e c t i fying di ode 

( Philips-BYX3 5 )  were  oi l immersed  in  the  same t ank . The 

former was obtained  from an obsolP- t e  foot X-ray machine 

by appropr i a t e  a lt erat i on to t he primary c ircuit windings 

and the  use o f  the  aforement i oned  variac aut otran s former t o  

produce the r e quir e d  s e c ondary voltage s . H owever , nat urally 

a c ommercial  high v oltage supply with suf f i c i e nt p ower and 

r e gulat i on c ould be su bstitut e d . The modulat i on unit 

de s cribe d was capable o f  applying high volt a ge pul s e s  t o  

the pockel  c e ll o f  variable durat i on i n  the  range from 

5 . 0 f.LS to less  t han 1 . 0 f.LS - the lat t er b e ing c ontr o l l e d  

from the  e l e c t ronic c on t r o l  unit as w a s  also  the pulse  

t iming . 

VI . THE S OURCE OPTICS 

The purp ose  of the s e  were  to make the  high ly 

c ollima t e d  laser b eam c ompat ible  with the Rayleigh Inter­

ferenc e opt i c s  in  the  analyt ic a l  ult racentri fuge . To t hi s  

end , i t  was n e c e ssary t o  e xpand t h e  beam and at the same 

t i me pr oduce an e ff e c t i ve s ourc e on the opt i c  axis i n  the 

focal  plane o f  t he l ower  c ol li mating lens 11 • During the  

d e v e l opment of t h e  syst em vari ous t e chniques w e r e  e volved 

t o  fulf i l  the  ab ove crit eria . The most suc c es s ful , and 

t hat in current use , involved  the use of a r i ght angle d  

glass prism i n  c on j un c t i on wit h a plan o - c �ncave lens , 

that were  align e d  and focussed  in a block similar t o  t hat 

housing the  c onvent i onal mercury sourc e . A phot ograph 
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of t hi s  s our c e  assembly i s  shown i n  figure 3 -6 ( a ) and 

i t s  mode of operat i on w i l l  be apparent from t h e  diagram 

in figure 3-6 ( b ) . The mount ing  o f  t he pri sm i n  this b l oc k  

assembly enabled  the  normal a d j ust�ble  s ourc e  mount s f o r  t h e  

inst rument t o  b e  u s e d  both f or t h e  c onvent i onal mercury s ourc e  

a s  well  as for the laser , and fac i li t a t e d  a rapid  and depend­

able  int erch�nge between the  two when desire d . 

Rempe1
40 has c onsidered  i n  s ome d e t a i l  the problems 

assoc iat e d  with t he f oc ussing of laser light in c omparison  

w i t h  t hat from  c onventi onal sour c e s , and  these  were taken 

int o a c c ount in the d e s i gn of the  spe c i al plana-c oncave lens . 

The lat t er simul�t e d  a point s ourc e  at the  foc a l  point of  

the  l ower c o llimating lens 1 1 and at the same t ime diverged  

the  laser  b ea m  s o  t hat the ap erture o f  lens 11 was i l lumina t e d  

ade quat e ly . For t he i ns t rument u s e d  t he f o c a l  length o f  

lens  11 w a s  59 . 4 c m  a n d  i t s  diame t er was about 3 c m . From 
40 ge omet r i c a l  opt i c s  and the w ork of Bempel a c entred  plana-

c oncave lens was d e s i gn e d  by the aut hor and manufac t ur e d  by 

Barnes Opt i cal C o . , Ltd . , �e l l i ngt on , N ew Zealan d . The 

adjustab l e  lens as sembly was als o d e s i gn e d  by t he author 

and manu f a c t ur e d  w i t hi n  t he phys i c s  department using a va ilalie 

t ec hni cal  a s s i stance . 

Prior t o  the int r oduc t i on of t he ab ove special  lens , 

a line s our c e  was used  with  some suc c e s s . This was pr oduc e d  

b y  a t e le s c ope arrangement c onsisting o f  a mic rosc ope ob j e c t ive  

and  perspex c y linder lens ( s e e  figure 3 - 1 ) .  This was  held  

i n  a d j ustable  mount s on  t he opt i c a l  track  f o l l owing the  

e l e c t r o - opt i c  modulat er . The ob j e c t ive expand e d  the  

laser beam , and  by  means of a t e le s c ope adj ustment and 

cylinder lens R sui t ably or i ent ed  line s ourc e  was e ffe c t i ve ly 

focussed  in t he focal  p lane of lens 1 1 and the laser l i ght 

was pr o j e c t e d  into the c onventi onal opt i c a l  sys t e m  by the 

prism depi c t e d  in f i gures ( 2- 1 ) and ( 2 - 6 ) . H ow e ve r ,  the  

focus sing and a l i gnment o f  this arrangement was  not as 

pr e c i se as t hat a t t aine d w i t h  t he plano-c oncave lens , 

although the  qua l i t at i v e  appearanc e of t he inter ferenc e 

pat t e rns obt ained  w e r e  c omparable . The l R t t e r  c ould  be 

at t r i but e d  to the  averaging e f f e c t  of t he line s our c e .  

Di ffu8 e s our c e s  t ogether w i t h  the  t e c hni ques 
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4 1 prop osed  by S t ee l  were  �lso  t r i e d  at vari ous s t ages i n  the  

deve l opme nt , but  t he s e  ha ve  met  with  only  l i mi t e d  suc c e s s . 

H owever , they are the or e t i c a l ly s ound and w i t h  more deve l op ­

ment may prove use ful sinc e t he y  may enable  one t o  use  the 

modulat e d  syst em w i t h  S c h l i cren opt i c s . 

The p r i s m  w a s  ad j uotable i n  a l l  p lanes by means 

of s c r ews and t he mi c rome t er shown i n  f i gure ( 3 -6 ) and these  

w e r e  used  i n  c on j uc t i on w i t h  t he a d j us t able  opt ic a l  mount s 

i n  the  opt i c a l  a l i gnment of  the  syst e m  as d e s c r i b e d  be l ow . 

3. TH E O P TI C � L  A L I GN M EN T �N D FOCUS S I NG 

The c orrec t a l i gnment and f o c us s i n g  of the i nt er ­

fere n c e  opt i c s  i n  t he analy t i c a l  ultrac e nt r i fuge i s  of para­

mount i mportanc e if  the  full  p o t e nt i al o f  the  syst e m  is  t o  

b e  r eal i se d . This  has b e e n  appr e c i a t e d  from e ar ly t ime s , 
. 2 1  42-46 , 

and numerous proc e dur e s  have b e en d e v 1 s e d  ' for 

opt imising the alignment and f o c us sing  of  t he var i ous 

opt i c a l  c omponen t s  in t h e  inst rument . I nd e e d  a pre c i s e  

and d e t ai led  proc e dure and analy s i s  has b e e n  publi she d 

t l  b R .  h d l 
47 • 48  

b t t h  t " l  b l  r e c e n  y y l C  a r  s e t  a , u ese  were  no  aval a e 

at the  t ime of  our al i gnmen t . 

The i n s trument i n  our lab orat ory was ali gn e d  and 

f oc u s s e d  a c c urat e ly a c c ording t o  t he p r o c e dures of LaBar and 

Ba ldwi n
44 

and Gropper
4 5 for use w i t h  the c onvent i onal mercury 

s ourc e , and was t es t e d for a c c uracy and final �d j us t ment 

using the b oundary - c an c e lling t e s t  i n  c on j un c t i on with the 

met hods pr op o s e d  by Jys on
46  

( s e e  phot ographs i n  appendi x ) . 

Having  c omple t e d  t he focuss ing and ali gnment for the  merc ury 

s our c e  as ment i oned above th e ob j e c t i ve was t o  replac e the  

merc ury s our c e  by t h e  las e r  s ourc e , and t hi s  was  a c c omp l i she d 

ac c ording t o  t he proc e dure out l i n e d  be l ow . 
( a ) LAS ER , ,LIGN M"SN T ON OP'ri C I\.XI S 

The int e r ferenc e opt i c s  in  t h e  ult rac entr i fuge 

had b e en ali gn e d  as me nt i oned above and so it wns c on­

veni ent  t o  us e the laser to de fine the opt i c  axi s of  t hi s  

a l i gned sys t em . T o  t h i s  end , t he merc ury s ourc e  was swi t c h e d  

o n  a n d  the  phase plat e a n d  c y l i nd r i c a l  l e ns were  remove d from 

the system  as they were  replac eable  owing  to be i ng mount e d  

on a c a librat e d  opt i c a l  t r � c k  i n  t h e  ins t r um ent . A s mall 

pinhole  was made i n  a black cnrd  and t hi s  was l i ght ly a ffixed  
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by rn a�ns  of t a p e t o  t h e  c am e r a lens holder  across  it s  

a p e r t ur e . The c a me r a  l e n s  � n d  h o l d e r  w e r e  l o os ene d an d 
m o v e d t owar d s  t h s p o s i t i on o f  t he phas e p lat e on the cal i brate d 

o p t i c � l  t r a c k , wh ere  a s harp i mag o  o f  t he p o i n t  mercury 

s our c e b e c ame a p par c ut o n  the c a rd . Th e c a mera lens and 

h o l d e r  were  t he n  f i x e d  in t h i s  p os it i on , and the  c a r d  was 

ad j us t e d so t ha t  t he p i n h o l e  and i mag e of  the s ourc e  were 

supe rimp os e d . T h e  s ma l l  50W t ungst en-hal ogen l i ght s our c e ,  

us e d  i n t he o p t i c a l p i c kup o f  t h e  modulati on sys t e m , was 

c la mp e d  on t h e  op t i c  u x i s  i n  � p os i t i on c l o s e  t o  t h a t  normally 

o c c up i e d  by the c ame ra l e n s . Whe n t hi s  was swi t ched  on an · 

i mage  o f  t h e  p i nhole  was in focus in t he ac t ual mercury 

s our c e  ap ertur e , and was c l e ar ly s e e n  in this p osi t i on 

whe n t he mer c ury s o ur c e  was swit ched  o f f . The merc ury 

s o ur c e  had b e e n  a c c ur a t e l y p os i t i on e d in t he focal  p lane o f  

t h e  l ow2r  c o l l i ma. t i n t:,  lens L 1  a n C.  o n  t h e  opt i c a l axi s o f  the 
45 syst em a c c or d ing t o  the pro c edur e o f  Gropper and s o  the 

opt i c a l axi s w a s  w e l l d e fi n e d  b y  t h e  posi t i on of t he pin-

hole  a n d  its  i ma g e  near t he me r c ury s ourc e .  

The  m e r c ur y s o u r c e  w a s  r e m o ve d by l oosening i t s  

l o c k i n g  s c r ew , a n d  r e p l a c e d  by t h e  pri sm i n  t h e  ass embly 

s i mi l ar to t hat o f  t h 2 me r c ur y  s ourc e  ( s e e  fi gure 3 -6 ) . 

H ow e v e r  th� beam e xpan d i n g  l e ns � n d  mount w e r e  r e m ov e d . 

The orient at i on of  t h �  p ri sm w a s  R d j uat e d , by means of  

t h e  sp e c i �l a d j us t m e n t  s c r e w s  i n  t h e  as s e mb ly , so  t hat 

t he image s o f  t h o  p i nh ol e s our c e  fr om the  t w o  prism fac e s  

a t  r i ght a n g l e s  w e r e  r e f l e c t e d bnck  t hr ouGh t he syst e m ,  

a l on g  t h s  s a ma p � t h .  Then t h e  pr i s m w�s l o c k e d  in  p osi t i on . 

Th e l as e r  w � s  n ow i n s c r t P d  ont o the opt ic al t r a c k  in i t s  

a d j u s t ab l e  mounts . A p i e c e  of  t i s su e  p a p e r  was p lac e d  

on t op o f  t h e  pri sm s o  t h �t an i mage o f  t he pinhole was 

c learly vi s i b l e ; .  T h 0  la se r was swit ched  on , and a d j us t e d  

by me ans o f  i t s  m ount s s a  t h2 t  t h e  b e a m  c oinc ided  wit h  the  

pi nho l e  i ma g e  me n t i o n e d  a b o v e  � n d  �t t he same t ime all  

spu�i ous r � flec t i ons from t h e  r i ght � nglcd fac e s of the 

pr i s m  were r e f l e c t e d b n c k  d own t ho laser be am . T h e  

l a s e r  w�s then  l o c k e d i n  p os i t i o n , a n d  t h e  t i s sue p�per 

removed from t h e  t op s ur fac e of the pri s m . A hi gh 

qua l ity  r i ght -angled glass prism was us e d in t h i s  work , 
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and t he ad justme nt s proved  s o  prc c i3e t hat i t  was f ound 

t ha t  the  hi ghly c ollima t e d  and int ense las e r  beam now 

pas sed  t hr ough the  actual  pinhole in t he c ard on t h e  c a mera  

lens mount . The t ungst en-haloge n lamp was swi t ched  off 

and r e moved f r om t he opt i c �l t rack , and the  spec ial  target 

provid e d  by Spinc o was inser t e d  at tho  c amera end  of t he 

opt i c al syst e m . Th e unde viat ed  laser beam proved t o  b e  

sligh t l y  off c entre  but a very small ad j ustment t o  t he 

4 5° mirror above the upper c ollimat ing lens 12 s oon remedied  

this  minor fault . 

The above adjust ment s had eff u c t i vely placed  t h e  

la s e r  on the opt i c  axi s of t h e  migned int erf e r e n c e  opt ical  

syst em i n  the  ult racent rifuge , and  t h 2  undeviat e d  laser  

beam  define d t h i s  axi s  pr e c i s e ly . I nd e e d  symme t r i c a l  and 

c irc ular int erf e r e n c e  fringes assoc iat e d  by r ef l e c t i on w i t h  

the  c ol l i m 'lt ing l e ns e s  1 1 and 12 were c learly visible  on 

the apert ure of the  laser . The patt ern a s s o c i a t e d  w i t h  

lens 1 1 was opt i mumly p lac e d  whereas t hat d u e  t o  t he 

upper  lens 12 was slightly  displac ed . The lat t er c ould 

not be impr oved upon , and since this las e r  t es t  i s  so 

c r i t i c a l  it  was assume d to be  c aused  by an inherent 

but nonc r ± t i c al ali gnment f�ult in the instrument . 

The laser b eam was used t o  check  t hat all  the  

opt i c a l  c omp onents were sy mmet ri c a l ly aligned on t he opt i c  

axi s ,  and it  was f ound t hat only very minor a d j us t ment s were  

r e qui red . 

( b )  A DJUSTME N T  OF ELECTRO-OPTIC MODU LATOR 

This was i n s e r t e d  with  i t s  a d j u s t able mount on the  

opt i c a l  track  i mme diat e ly f o l l owing the las e r , and  c onsi s t e d  

of t he EOLM 4 0 0  modulat er  and opt i cally mat ched  Glan-Thomp s on 

prism ana lyser . The alignment of this  d e vi c e  was achi eved  

by means of its  mounting  s o  that  t he laser beam p as s e d  t hr ough 

i t  on t he opt i c  axis of t hu syst e m  a s  desc ribe d above • . H ow e ve r  

t h e  r o t a t i onal position of t h e  p lane of p olar i zat i on was 

adjus t e d  so t hat  t he radia t i on e manat ing from the modulat e r  

i n  i t s  1 1  on " p os i t i on was aligned  radially when passing 

thr ough the  c e ll i n  the r ot e r . This p lane of p o lari za t i on 

was chosen  so  as t o  opt imi s e  t h e  fringe patt erns as sugge s t e d  

f t h k f ' . t 1
49 Th d . t t . t r om e w or o rinsevln e a • e a J U S  men n e c e s s l  -

at e d  a ve ry sma l l  rot a t i onal movement of the  la s e r , sinc e 
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t h o  d e s irabi l i t y  o f  t h i s  nddi t i on u l  c r i t erion ha d b e e n  

.::�.nt i c ip'lt e d  during t h e  init io.l  ali gnme n t  o f  t h•:: lns er i t s e l f . 

( c )  FO CUS S I NG T H �  LASEH LEN S OPTI CS 

The i n i t i � l  use o f  � r �dially inc line d line s o ur c e  

has b � o n ment i on e d  above  wherein a s u i t a b l e  s ourc e was obtained  

t hr ou gh the  u s e  o f  a mi c r o s c ope  ob j e c t ive  �nd cylindrical  

l e n s  i n  n t e l e s c ope  nrrnn g e m�nt  on  the  opt i c a l  t r� c k . Thi s  

s y s t e m  a l s o  p r o v i d e d  � p o i � t  s n ur c �  whe n the  c y li ndrical  lens  

w 'l s  r e p la c e d  by  s u i t 'l b l e  spherical  lens . The  f ocussing and 

a l i g�ment w n s  a c h i e v e d  by a d j us t me n t s  t o  t he t e l e s c op e  and 

t o  t he mount on which i t  was fixe d . The t e l es c op e  was i n s e r t e d  

ont o t he opt i c a l  t r a c k  i rnme di�t e ly f o l l owing t h e  modulat or . 

A l i gnment and f o c u s sing were  a c h i e v e d  by use o f  the  p i nhole  

.::tnd i ts  im�gc a s  ment i on e d  e a r l i e r . H e re the t e l e s c ope  was 

a l i gn e d  s o  t hat t he beam pas s e d  symme t r i c ally  t hr ough the  

p inhole  i t s e l f  'ln d i ts  im'lge on t h e  prism , ,::tnd  w a s  f oc us s e d  

s o  t hat  a sharp line o r  p oint i mage appeared on t he card  

c on tai ni ng  the  pi n hol0  in the  plane o f  the  S c hl i e r e n  diaphra gm . 

I n  t h i s  ad j ust ment , and  t h o s e  f o l l owing , the  c h r omat i c  variat i ons 

in  t h e  p o s i t i ons o f  f o c u s  lay w i t hin the p r e c i s i on of adj ust ­

ment f or the  opt i c al sys t e m  empl oye d . 

The c ur r e n t  opt i c s  employing the  s p e c ially d es i gne d 

p lan e- c on c ave lens abo ve  t he prism �s dep i c t e d  i n  fi gur� ( 3- 6 )  

was ali gn e d  and f o c u s s e d  b y  a d i f ferent a n d  more p r e c i s e  

pr o c e dur e . H e r e  t h .� l 'l t e r n.l p os i t i on 1.nd inc lin�J.t i on o f  t he 

lens w�s a d j us t e d  s o  t h � t  t h o  laser b eam e n t e r e d  t h i s  lens 

symm c t r i c � lly and the re f l e c t i ons from t h e  p lan a- sur fac e were 

r e f l e c t e d  b 1. c k  d ow n  t h e  l,ser b e a m . This b e i ng the case , the  

d i v e r ge d  b e n m  w a s  f ou n d  t o  i l lumin�t o t h e  a p e r t ure  o f  t h e  
l o•ver c ol l i !:1 2 t i nr•: le ns  1 1 i n  a uni form manne r , l'he  f oc u s s i nc; 

made use  o f  t h e  t unc;s t en -hal o,'5en  Lcmp :_m d pinhol<= u s e d  

previ ous ly . I n  t h i s  c ns e , the  li ght from t h i s  lamp 3nd 

pinhole s our c e  WRS p r o j e c t e d  b � c k  t hr ough the sys t e m  as 

d e s c r i b e d  earli e r . The  f o c us o f . t hi s  l e n s  was a d j u s t e d  by 

a ver t i c a l  s c rew ( s o c  f i gure 3 - 6 ) , and c or r e c t  focus was 

obtained  when a sharp i m�ge of t he i l luminat e d  pinhole was 

obtained  nt n l l  d i s t a n c e s  back along  t he opt i c al  t rack b e t w e e n  

t h e  pri s m  and t h a  l n s e r  s our c e . I nd e e d  a sharp image of  

t h i s  pi nhole  w n s  f orme d  w i t hin  t he ape rture  o f  t h e  las er  i t s e l f , 
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and t hi s  was substant ial  e vi d e n c e  that  the  sys t e m  was bot h 

a l i gn e d  and focussed  for t hi s  whi t e  li ght . By using r e d  

p e r s p e x  in  front o f  the  tungs t e n-halogen l amp the  syst e m  was 

foc u s s e d  f or red l i ght , but t he focus a d j us t me nt b e tween 

t he opt i mum pos i t i ons for t hi s  and  t he whi t e  li ght were  

f ound to  lie  at t h e  limi t s  of exp erimental pr e c i s i on . A 
mirror was inser t e d  between  the  modulat or and pri sm for 

the arrangement above whi c h  pr o j e c t e d  t he pinhole i mage 

across  t he laborat ory and thi s p r oved  a c onvenient and 

c r i t i c a l  t est  f or the f ocussing d e s c r ibe d . The pr o c e dure 

is base d  on t he fac t t hat if the lens is c orr e c t ly focussed  

in  t he syst em described  ab ove , then  reversed  l i ght from  t he 

p lana-c oncave lens should f orm a para l l e l  beam assuwing 
l i ght t o  be reversible  as r e quired  by t h e  the ory of ge ome t r i cal  

opt i c s . Obviously in  prac t i c e  a h i gNy coll i mat e d  and paral l e l  

las e r  b eam ent ers  t h e  sys t e m . 

( d )  ADJUS TMENT OF THE f\PERTURE HASK 

The plana-c oncave lens assembly was removable from 

the  prism b l o c k  on whi c h  i t  was locat e d  by means o f  s t e e l  

pi n s . Thi s  was c onveni e nt s i n c e  i t  gave ready a c c e s s  t o  

t he unde viat e d  l�ser beam whi c h  served a s  the re ference  t o  

the  opt i c al axis o f  the  syst e m . When used , i t  was found 

that the s ymme t r i c a l  Rayle i gh aperture mask , fixe d under  

the upper c ol l i ma t i n g  lens 12 , was not symme t r i c al about 

t he opt i c  axi s of the ins t rument . The  r ea s on for this  was 

s oon d i s c overed  when the mask a l i gnment t o ol was examine d 

and found t o  have a s l i ght c ur vat ur e . The e ff e c t  o f  t h i s  

i n  the  i n i t i a l  a l i gnment had been  t o  c au s e  an err or in  t he 

radial alignment of the mask , but this  had been  c orre c t e d  

in  t h e  b ound ary c anc e l ling t e s t  b y  a t rans lat i onal movement 
4 6 o f  the  mask as shown by t h e  work of Dyson  • This  was n ot 

s e r i ous  s i n c e  t he syst e m  was c orr e c t ly a l i gn e d  as shown by 

t he b oundary c an c e lling proc edure . H owe ver it  was irks ome 

and s i n c e  the las er had pr ovided  a , use ful ali gnment t oo l  

i t  w a s  d e c i d e d  t o  realign thi s ma sk symme tric ally upon t he 

opt i c  ax i s . The me t h o d  by whi c h  this  was acheived  i s  

d e s c r i b e d  in  chapt er 4 of this  t h e s i s  in whi c h  use was made 

of a t ri p l e - s l ot apertur e  mask and c e l l  a s s e mbly . The 

s l ot s in  t he apert ure mask and i n  the lower wind ow holder  
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were  rndially inc lined , und by use  o f  the  modulation 

syst em  with  the  cylinder  lens remove d for the ultracentr ifuge 
it was pos sible  to nd just the radial posit ion of this  mask 
with  it in i t s  opt imum t rans lat i onal pos i t ion on the opt i c  
axis. Furt her detni ls and photographs are inc luded in 
c hapt e r  4 and in nn appendix t o  this w ork . 

The alignment o f  the �perture mask achieved with  
the laser  sour c �  pr ov e d  compqtible with the mercury sourc e  
without further  ad just ment . The replac ement o f  the mercury 
sourc e  was a relat ively simple  proc edur e  in that the l ocking 
screw on t h �  conventi onal s ource b�seplat e was merely loosen­
ed  allowing the prism or mercury sourc e  to be int erchanged 
at will . 

During t he ali gnment , it  was freque nt ly found 
convenient t o  employ a laser beam of great ly r aduced  int ensity 
and this  was achieved  w i t h  t he sys t e m  using the modulator 
and t he variac aut ot r �ns f orme r . The laser has proved very 
use ful in the critical  alignment of  t he optical  system , and 
the author feels  t hat ali gnment is more important t han correc t  
foc u.s sing. The rensons for t hi s  are that an out of focus 
image is not nec e s sari ly inac curat e ,  whereas impaired ali gn­
me nt a lways r e s u l t s  in distort ion even with  good i mage qualit y .  

The camera/cylinder lens combinat ion was focussed  
on t he midplane o f  the  c e ll u s i n g  the  special  c e ll assembly 45 supplied  by Spinco and the procedure of Gropper • This 
focussing was adopted  us rout ine for all int erference  studie s  
sinc e t h e  loc �t i ons of t h e  meniscus and base 

43 defined as indi cat ed  by Traut man • 

are opt imumly 
the c hromati c  

variat ions i n  positions o f  f oc us o f  the  lenses  for t he red  
laser light ( A= 632 . 8 nm ) and the  green  merc ury light 
( A= 546 . 1 nm ) were  s t:i a l l  and t h e  same fixed focus pos ition 
was used  for both sourc e s . 
4 .  EXPERI MSNTAL 

To t est  the  above modulat e ti  laser sys t e m  in the 
analyt i c a l  ultrac entrifu8e , i t  was d�cided to use a st �ndard 
suc r os e  in  dis t i lled  wat er . Thi s  cri t i cal t est  i s  well  
est ablished 1 2 , 2 1 , 44 ' and i s  based on the physi cal  data 
of sucrose solut ions of  Gosting and Morris50 • 



( a ) MATl�RI AL AN D M�THOD 
S t andard s u c r ose was pur c ha s e d  fr om the  Nat i onal 

Bur eau of S t an dards , 1ashi ngt on , D . C . 2 0234 , u : s . A . , and was 
t h e i r  st andard sample 1 7 ,  l ot N o . 634 0 .  S olut i ons  w e r e  made 
up and c orre c t e d  for air bouyancy a c c ording t o  the  w e l l  
- e d  proc edure of  La Bar 1 2  H owever , owing t o  the  l on g  . 
c oh e r e: nc e o f  our laser s our c e  ( e quat i on 2 - 54 )  i t  was n ot 
n e c e s sary t o  c ompens� t e  the re f e r e n c e  s olut i on w i t h  a 
1 , 3 -But aned i o l , and t h i s  was an i mm e d i at e exp e ri mental 
advantar,e o f  laser usage . Fluor o-chemi c a l  FC 43 was 

d o c ument 
t emporal 

used as a base for the s olut i on c olumn , and a 2 . 5 °  d oub l e  
s ec t or e p oxy - r e s i n  c e l l  was f i l l e d  t o  the r e qui r e d  le v e l s  
ac c ording t o  t he proc e dures of Van H olde 5 1 and/or Chervenka52 • 

The s e d i ment at i on e qui l ibrium experiment s were 
carr i e d  out  with the t e mperature c ont rol  set  at 25°  and a 
two  c e ll An-D rot or was u s e d  w i t h  an appr opriat e ly w e i ght e d  
int e r f e r e n c e  c ount erbalanc e .  Sapphire windows were  used 
t hr ough out this w ork , and the  phy s i c a l  length of the  c e ll 
a l ong t he opt i c  axis  was a n ominal 1 . 2 c m .  The fringe pat t erns 

were phot ographed using I l f ord HP3 hype rsensit ive panchr omat i c  
bac ke d p lat e s . The r e a s on for using t h e s e  p lat e s  w e r e  that 
they were  obt a i na b l e  i n  New Zealand and c ould be use d  t o  
r e c ord both  the  laser  �nd mercury pat t e rns . H owever , the  
c h o i c e  w a s  an e xpedi ent c ompr omi se and the aut h or is  well  
aware t hat other high c on t r � s t  plat e s  should be m or e  suit e d  
t o  l a s e r  usage , and s ome th ought i s  b e i n g  given t o  t h i s  
problem w i t h  part i c ular r e f e r e n c e  t o  the  r e quir ement s o f  

the c e l l  d i s c us s e d  i n  c hant e r  4 .  
The c e ll s  w e r e  t or q u e d  t o  1 35  i p-lbs using a 

" t or qomet er " s e r i a l  numb er 1 460 . Th e l e ngth of t h e  c e l l  
c e nt repi e c e  w a s  measured a c c urat e ly in a mi c r ome t e r  and t he 

1 2  c ompr e s s i on was  assumed t o  b e  s i mi lar t o  t hat quot ed  by La Bar • 

The s e  me qsurement s were  us e d  i n  t he evaluat i on of  j
0

, the  
fringe number c orre sp onding t o  tho init ial c on c e nt rat i on u0 
whi c h  was  i t s e l f  c omput e d  from t h e  w e i ght s of s olut e and 
s olvent . In  the  e valuat i on of  j 0 i t  was assumed t hat the  
s p e c i f i c  re frac t i ve i n c r e ment of  suc r o s e  at t he wave length 
use d ( �= 632 . 8 nm)  , was the s �me , wit hin t h e  r e quired a c curacy 
of  the  experiment , a s  t hat  f or t he mercury gre e n  line  
( A= 546 . 1 n m )  • The just i fi c a t i ons f or this  as sumpt i on were  
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based on interferenc e boundary forming  experiment s with 
suc r os e  solut i ons of  l ower  c oncentrat i ons from that used  
in  t he ac tual experime nt s ( c 0� 5 . 4g/d2 ) , whi ch indicated  
this  to  be  the c ase . However , t h e  ac curacy of  t hese  measure -
oent s were  n ot of  the same order as  those of  G osting  and 
Morris50 whose value for the spe c i fic  r e frac t ive increment 
was 1 . 43 1  x 1 0- 1 m2/g under t he applied  c onditi ons . Further­
more , the result s obt ained in  the  suc rose  studies substant ­
i�ted  this  assump t i on , since  they were w it hin the  ant ic ipat ed  
accuracy . 

The plnt es  were  developed  a c c ording t o  the  
m�nufac t urers ' instruc t i ons , and  were measur e d  with  a 

Topcan M�Rsuring Pr o j e c t or Model  PP-30E f i t t e d  with  a Type D 

two dimensi onal mic romet er ob j e c t  t able . 'l'he  lat t er had 
a 50 x 25 mm movement with  a least c ount of  0 . 005 mm , and 
c ould be  revolved t hrough 360° with  a 2 1 angular reading . 
h spe cial  perspex holder and c lamps was design e d  and fit t e d  
t o  t h e  ob j e c t  table t o  take the 1 0 "  x 2 "  p lat e s  from the 
analytical  ult rac en tri fuge . In  �ddi t i on t he author had 
a c c e ss t o  a Gaertner  two  dimensi onal microc omparat or that 
was used in t he ear ly studi es . The pr ofile  pr o j ec t or was 
fit t e d  with  three  magn i fi ca t i ons  ( x1 0 , x2 0 , x50 ) with bayonet  
mount ed  proje c t i on lenses  in  a turret assemb ly for ease of  
change , and  t hese  pr o j e c t e d  ob j e c t  sizes  of  diame t e r  30 mm , 
1 5  mm and 6 mm respe c t ively ont o a screen  of  e f f e c t ive diameter  
300 mm  • 

The profil e  pro j e c t er was fi t te d  with  a phot o­
graphic at tachment that replac ed  the  pro j e c t i on scre e n , and 
t his  used 43;4" x 6� " plat es t hat were eminent ly suit ed  for the  
densimetric  measurement s described  in  chapt er 4 .  

The met hods o f  analysis and t he t h e ory upon which  
these  were  based  for  the sucrose  e qui librium studies are 

d l b - 1 2  d . l l  t a e quat e  y explained in  t he thesis  y LaEar , an w� no  
there f ore  be  repeated  here  in de tail . I ndee d  the analysis 
of  sedimentat i on-diffusion e qui librium studies  employing 
int erferenc e opt i c s  is  n ow suff i c i en t ly well established 

that it exists  as a r out ine procedure in most  laborat ories  
employing an  analyt ical  ultrac ent ri fuge . 

A suc rose equi librium fringe pat t ern t hat  is  
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FIGU.�E 3-7 ( a ) : S U C ROS �: E:Q.U I LI BRIDr'l RAYL�IGH INTERFEREN C E  

PATT SRN :HTH M O DULATED L.t'\S ER S OURCE . 
PHO TOG R A PH I C  EXPOSURE 3 S ECON DS . 

N ot e : P�t t ern i s  the mirror image o f  

t h e  observed pat t ern owin g  t o  

reproduc t i on error . 

- - . - - -

..... - - ---- ·- - --

FIGURE 3 -7 ( b ) : S UC RO.S E  E�)UI LI BRI Ut·J RAY:U:: IGH INTBRFEREN C E  

PATTERN ( AS A BOVE ) JITH N O N -MO DU LATED 

LA S ER S OUR CE . EXPOSURE 0 . 5 SEC ON DS . 

N ot e :  Pat t ern i s  again t h e  mirror 

i mage of  t h e · observed pat t ern 

i n  t he c entrifuge . 
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t y p i c � l  o f  t h o s e  o b t a i n e d  f or b o t h  t h e  m o du l a t e d  and n o n -

m o d u l a t e d  l a s e r  s y s t e m  i s  s h o w n  i n  f i gu r e  ( 3 -7 ) . U n f o r t unat e ly , 

ow i n g  t o  t h e  l i mi t e d  t e �p or a l  c oh � r e n c o  o f  t he m e r c ur y  s our c e  

i t  w a s  i mp o s s i b l e  t o  o b t a i n  a f r i n g e  pa t t e r n  w i t h  t h i s  s ou r c e 

f or c om p ar i s on , owi n g  t n  t h e  c o n c e n t r a t i on u s e d . H ow e ve r , 

t h o s e  fa m i l i ar w i t h  t he c o n v e nt i o n a l  i n t e r f e r e n c e  o p t i c s  w i l l  

a p pr e c i at e  t he a d d i t i o n a l  c l ar i t y  o f  t h e  m e n i s c i  as s o c i at e d  

w i t h  t h e  us e o f  t h o  l a s e r  w h e n  c ompar � d  w i t h m e r c u r y  p a t t e r n s . 

t o  t h e  

R u n  
. 0  

J = 

V = 
2 (j) = 

The r e l e v � n t  and t yp i c � l  e xp e r i m e nt a l  d a t a  a p p l i c ab l e  

s t u dy s h own a r e  '::t S f o l l o w s : 

N o  . 1 8 ; P l a t e  I I I ( e ) ; Da t e  27 . 2 . 70 ; 
1 46 + 0 . 6 f r i n �� e s  De n s i t y  o f  S o l ut i cm 1 .  086 g/m£ - p = 

0 . 6 1 8  

1 . 7447 
m.G/g ; T = 2 9 8  

X 1 07 -2 R s = 

2 R T  

2 - 2 
,,, ( 1 - v p ) ( r -b 

OK ( li j ) e q = 

8 . 3 1 4  X 1 07 

. 0  
J 

33 . 8 � 1 
• f r i n g e s . 

K - 1 m o l e  
- 1  

e r gs 

= 342 . •  8 ( �  0 . 5% ) 

( c f 342 . 3 )  

Th e m o r e  p r e c i s e  me t h od o f  3 n a ly s i s  u s i n g  t h e  
;;> 

s l op e  o f  t h e  ,.; n (  c )  v e r s u s  r·- graph gi v e s  .::..n e q t:a l l y  a c c e p t a b l e  

r e s u l t , b u t  t h e  m e t h o d  o f  m e a s u r i n g  t h e  t o t a l  c or r e c t e d  f r i n g e  

c o unt a c r o s s  t h e  s o l u t i on c o l umn a t  e qu i l i b r i u m ( � j ) e q  a n d  

t h e  sp r e a d  i �  i t s  value f or d i f f e r e n t  me a s ur e m e n t s o f  t h e  

same e xp e r i m e n t  i s  �l g o o d  quan t �t i v e  m e a s u r e  o f  t h e  p o s s i b l e 

e xp e r i m e n t a l  a c c u r a c y . An e x p e r i m e n t a l  s u r v e y  o f  t he a c c ur a c y  

w i t h  w h i c h  t h e  s o l u t i o n ba s e  ( r
b

) a n d  m e n i s c us ( r
m

) c ou l d  b e  

measu r e d  f r o m  d i f f e r � n t  p a t t e rn s  o f  t h e s a m e  e xp e r i me nt s h o w e d  

t h e s e  t o  b e  re:r'toduc i b l e  w i t hi n  t h  . .; p r e c i s i o n o f  t h e  i n s t r um e n t s ,  

a n d  i n d e e d  t h e ma j o r s o ur c e  o f  e r r or w a s  t h e e x a c �  l o c at i on 

o f  t h e  r e f e r e n c e w i r e  a n d  n o t  t h e  s o l u t i on me n i s c i . Th i s  

c o n t r a s t s  w i t h  t h e  mer c ury p a t t e r n s  i n  w h i c h  s om e  s u b j e c t i v e  

j ud g e m e n t  i s  r e q u i r e d  i n  t h · } d e t e r mi na t i on o f  t h e  e xa c t 

l oc a t i o n s  o f  t h e s e  i m p ,J r t ::m t p o s i t i on s , a n d  t h i s  i n t r oduc e s  

u n c e r t a i n t y  i n  t h e i r  l oc � t i o n . 

5 .  DI S CUS S I ON 

The s u c r o s e  e q u i l i b r i u m s t u d i e s  i n d i c at e d ,  t o  our 

s a t i s f a c t i o n ,  t hat t he m o d u l �t e d  l a s e r  s y s t e m  w a s  c ap a b l e  o f  

gi v i n g  a c c ura t e  e x p e r i me n t a l  d a t a  f r o m  p r e c i s e  me a s ur e m e n t s  
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of t h e  i nt er fe r e n c e  pat t erns . Indeed  t he ac c uracy with 
whic h  the  meniscus and base  c ou l d  be  det ermined on t h e  
pat t erns is  su ch  a s  t o  leave l i t t l e  t o  be  d e s i r e d  c ompared  
w i t h  the  experiment al  accu•Acy w i t h  whi ch  other  parame t ers  
may be  measured  current ly . It  w ould be  wrong to  i mply t hat 
the current ac curacy and exc e l lent  quant :ih t i ve r e sult s wer e 
achi e v e d  w i t h out any pr oblems . A l t h ough excellent  fringe 
patt erns were  obt ained for  t h e  sy st em from the  out s e t , t h e  
analys i s  r e v e a l e d  syst e mat i c  e r r ors  i n  b o t h  t h e  analysi s  
:< nd opt ic a l  al i gnmen t . H ow e ve r ,  by care ful and t horough 
c h e c king of t he inst rument and data ana�y s i s  t h e s e  have b e e n  
overc ome and t h e  auth or f e e ls t hat t h e  experimental data 
obta i n e d  fr om t h e  inst rumen t  is now n ot far from opt i mum 
w i t h  t h e  present u l t rac e nt r i fuge . 

The modula t e d  laser sys t e m  d e s c r i b e d  h e r e i n  
h a s  b e en i n  use  i n  t h e  ult rac e n t r i fuge s i n c e early 1 969 

i n  vari ous f orms . Duri n g  t h i s  t ime i t  has b e e n  us e d  i n  
many d i f f e r e nt mac romolec ular s t u d i e s  a n d  t he r e s ult s 
a c h i e v e d  have b e en c omparable and i n  most c a s e s  supe r i or 
t o  t h o s e  ob tained  w i t h  t h e  n on -modulat ed mercury s ourc e . 
I n  c e r t ai n  c a s e s  where the  fringe patt erns w i t h  the  merc ury 

sour c e  have b e e n  p o or and indist i nc t , the  polar i z e d  laser 
s ourc e has pr oduc e d  e x c e l lent  pat t erns from whi c h  quant :ih t i v e  
measurement s c ould be  made . Thi s has b e e n  par t i c ularly 
us e ful i n  h i gh spe e d  equili brium w ork when the  s t e e p  gradient s 
hav e  rendered  t h e  c ondi t i ons t oo s e vere for  the  mercury 
s ourc e ,  ( s e e  appendix f or Ypha n t i s  p2t t erns ) . 

A good e xamp l e  of  the use o f  t h e  laser syst e m ,  
f or c ompari s on w i t h  t he mercury syst e m , in  a l ow s p e e d  
equ i l ibrium s t udy i s  g i v e n  i n  Figure ( 3-8 ) . H ere  the  
sys t e m  was a chinese  gooseberry ( Kiwi frui t ) e nzyme 
prot e i n  ( M N 27 , 000 ) in a suit ab l e  buf f er . The p lat e s  
show t h e  equ i l ibrium pat t erns obtained b o t h  wit h  the  laser 
and the  merc ury s ourc e . The synthe t ic b oundary pat t erns 
used i n  t h e  e valuat i on o f  j0 f or the  sys t em are shown 
in fi gure ( 3-9 ) • The rat i o  of  t he fringe c ount s  j Dri e/Ne : j 0 Hg 
measu r e d  from t h e s e  pat t erns were f ound t o  b e  i n  t h e  same 
rat i o  as "-Hg : "-

H e/N e w i t hi n  
experimental  ac c uracy o f  t h e  exper iment . This i ndi c at es  
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( a )  ( b )  

CO�P 1JI C 0} OF THE MERCURY AN D LA S ER S OURCES US ING �N �N Z YMZ PROTEIN S E DI MENTAT I ON 

.JH'.D'US I ON EQU I LI 5RI UM EXPE�U M�NT . ( a ) C ON VEN TI ONAL fERCURY S OURC � AN D ( b )  MO DULh TED 

��Ll �M-NECN GAS LAS ER S OU R C E . N ot e  fringe pat t e rn s  i n  the a ir/s olvent and oi l/s olvent 

r e gi ons  owi n g  to  t he l ong t emporal c oheren c e o f  the  laser l i gh t  s ourc e .  

0'\ ():) 



F IGURE 3-9 
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( a ) ( b )  ( c )  

S YNTHETIC BOUN DJ:,RY PATTERN S FOR THE EN ZYME P ROTEIN DSPI CTED IN FIGURE 3 - 8 . 

( a ) MERCURY SOURCE ( b ) MODULATED LAS ER S OURC E . 

w a s  t aken w i t h out  a r e f e r e n c e  c e l l  p at t e rn .  

BOUN DARY Th.KEN ;nTH THE MERCURY S OUR C E .  

( c )  

N ot e  t hat t h i s e xp osure 

S CHLIEREN PATTERN OF THE 

. , 
a-. \.0 . 
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t hat for t h i s  prot e i n  syst e m , as was f ound for sucrose , 

that t he s p e c i fi c  r e frac t i ve increment has a ne glible  

chromat i c  variat i o n  b et w e en the gre e n  and r e d  r e g i ons of  

the  v i s i b le spe c t rum . The grap hs of log  j ( r ) v ersus r
2 

are drawn on  the  same d iagram i n  f i gure ( 3- 1 0 )  f or c ompari s on 

and are s e e n  t o  b e  linear <J.nd of  the  same s l op e  w ithin the 

error s  o f  e xp e r i me nt . H owever , the  upward c urvature at t h e  

meni s c us f o r  t h e  l a s er p l ot may be s i gni f i c ant s i n c e  t he 

l o g  c plot  i s  a c c ur a t e t o  within  ! . 006 and suggest s t hat 

l ow molec ular w e i gh t  c omp onent was present i n  v�ry small 

quant i t ie s . Thi s was not i mp ortant in  t h e  st udy be ing 

undertaken , but w ould  have been missed if the merc ury s ourc e  

alone had been  us e d , nnd i s  an indi cat i on o f  enhan c e d  sensit -

ivity  o f  t he opt i c s  w i t h  the laser s ourc e .  The lat t er 

measur e ment s were made  f o r  a c ol league , and s o  were  n ot 

pursued  by p e r f ormi ng the experiment a gai n at a h i gher s p e e d  

t o  t e s t  t h i s  i ni t ia l  findi ng . H owe ver , all  the  e xp er i mental 

p l ot s for t he suc rose  e qui librium work o f  log  c versus 
2 

r were c hara c t e r i z e d  by " p e r f e c t " linear i t y  from the 

e qui v3 lent base to  meniscus posit i ons , an� this subst ant iat e s  

i n  n s ma l l  measure t he c o n c l u s i o n drawn . 

At this  st age i t  i s  c onveni e nt t o  c onsi der t h e  

e ff e c t  of c hanging t he wave lengt h  of t he int erferome t er 

l i ght from the gr e e n  ( A= 546 . 1 nm)  t o  the r e d  ( A= 632 . 8 nm ) . 

Our s t ud i e s  have sh own fr om synt het i c  b oundary c e l l  measur e ­

ment s t ha t  t he sp e c i fi c r e fra c t ive  increment remains c onst ant 

within t � e  a c c uracy of t he experi ments . 

The c hanges  i n  c onc entrat i on at  a radial posi t i on 

x are me asur e d  in  t erms of fringe di fferenc e (6j( x ) ) given 

by 

6 j ( x )  = t . 6 n ( x )  
A 

H er e  t i s  the  c e l l  t hi c kness  ( of t e n  1 .  2 c m  i n  the  current 

w ork ) , A i s  the w�ve l e ngth u s e d  anJ 6 n ( x )  i s  t h e  

r e fract ive index di ff2rencc  c h2nge b e t w e en s olut i on and 

s ol vent c orresponding t o  a s olut e c onc ent rat i on c hange 

6 c ( x )  • Ob viously , 6 n ( x )  i s  given by 

( c} n 6 n ( x )  = dc) b c ( x ) 

( 3 - 1 ) 

( 3 -2 ) 
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whe re is  the spec i f i c  refrac t ive increment . I f  

the lat t er i s  a c onstant , a s  the  avai lable e vi denc e 
indi cat e s , it  will  be  apparent from e quati ons ( 3 - 1 ) and 
( 3- 2 )  that 

l'l j ( x ) a. 1 
A. ( 3 -3 ) 

for a given fixe d c on c ent rat i on change , and henc e t he 
sensit i vity  o f  the syst em i s  reduc e d  f or the  l onger wave lengths . 
In  a 1 . 2 c m  c ell  a displacement o f  1 fringe ( l'l j  = 1 )  c orresponds 
to a c onc entrati on change of  about 0 . 25 mg/m£ f or most pr ot eins 
when the merc ury gre en line ( A.  = 546 . 1 nm ) i·s used . The 
above analysi s  indic at es  that change o f  1 fringe with  the 
laser s ourc e  c orresponds t o  a c oncentrati on c hange of abo ut 
0 . 29 mg;fu.e , i . e . ,  a reduc t i on o f  ab out 8% in t he s ensitivity , 
sinc e for· b oth  systems the pre c i s i on of fringe measurement i s  
similar i . e . , � 0 . 02 frin�es . H owever , the advantages of 
t he laser , explained ab o ve , more than c ompensat e f or this  
inherent disadvantage . More over , the system  described  would 
be  c ompatible  w i t h  the use of the newly developed  he lium­
s e lenium las�cr53 whi ch  has suit able outputs  at 497 . 6n m ,  
4 . 99 . 3 nm , 506 . 9 nm , 522 . 8 nm and 530 . 5 nm . The blue laser 
l i ght would be  superi or to the mercury green , and have all  
the advantages of t he laser , 

The modulat i on facility  enables  individual s e c t ors 
in  the double  s e c t or c e ll to  be  vi ewe d independent ly during 
an experiment owing t o  t he v�ri ous permi ssible orient a t i ons 
between  the c el l  diaphragm in  the l ower window holder and 
the fixed aperture mask . Examples  of  the pat t erns achieved 
using t his faci lity are shown in figure ( 3- 1 1 )  f or int erest  
( s e e  also  figure 3- 1 2 ) . I n  part icular the "fine aperture " 
slit  pat tern should be  not ed ,  a n d  result s from an alignment 
between  c el l  and ap erture  mask s light ly be fore or after t he 
opt imum alignment i s  reache d .  I ndeed  the  opt i mum alignment 
e xp eriment a l ly , is charac t erized  by the narr owest  diffrac t i on 
envel op e ,  since  as the e f fe c tive  s li t  aperture decreas e s  the 
dif frac t ion enve lope widens and vice  versa , as  indicated  in  
the theory of c hapt er 1 of this  work .  

The ability  t o  view the  c e l l  i n  i t s  vari ous  



( a )  

FIGURE 3 - 1 1 
( b )  

TYPICJ'.L EXAMPLES OF THE MODULATION Fi' .. C I LI TY IN THE ULTRACEN TRI FUGE . 

( a ) VIE�'/ OF THE SOLUTI ON COLUMN ONLY IN A RAYLEIGH INTERFERENCE 
�XPERIM �N T .  N ot e  absenc e of frin g e s  and the n or mal int e r ­
f e ren c e  pat tern  t hat has b e e n  e xp o s e d  s e para t e ly on t h e  plat e . 

( b ) ' FIN E ' SLI T  INTERFER �N C E  PATTERN OBTA I N ED BY VI E�ING THE C ELL 
I N  THE INTERFEROMETER IN A POS ITION S LIGHTLY ;\ ."/AY FR0!-1: OPTIMUM . 

N ot e  n or mal int e r ferenc e pat t ern and ( in this  c a s e ) n onuni f orm 
li ght intensi t y . 

- .J  \ ,.j  
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( a )  

- ' ---- - - - ---
- - � - ::: -�---- --

( b )  

( c ) 

( d ) 

' 

FIGURE 3- 1 2  PATTERNS  OBTAINED JITH THE LASER SYSTEM 
DURING A V ERY HIGH SPEJ�D E�UI LIBRIUM 
EXPERIM�N T ,  SHO�ING TH � ORIGIN OF THE 

FLOGGING FLARE ASSOCIATED HITH ASYMMETRICAL 
APERTURE MASK USAGE . 
( a ) NON-MODULATED PATTERN . 

( b ) MODULi1.TED PATT:i:RN 
( c )  SOLUTI ON S ECTOR VI EWED THROUGH OFF-AXIS 

,\PERTURE . 
( d ) SOLVENT S ECTOR VI E. /ED 'rHROUGH R;,Dit,L 

1\P t;H·:rmm . 



-:----- - -

7 5 . 

orient a t i ons with t he fixed ape r t ur e  mask enab l e s  us t o  

explain a phenomenon s om e t ime s observed i n  high sp e e d  

e qui librium s t ud i e s  using the  asymme t r i c a l  mask . Thi s  was 

the app earanc e  of a f lare in t he r e c orded  pat t erns when 

ext r eme c onc ent rat i ons or s p e e d s  were being employed . 
This f lare was ob vi o us ly a s s o c i � t e d  w i t h  t he s t e ep 

c onc ent r � t i on gradi ent s present anJ wns t r oubles ome w i t h  

the me rcur y  syst em sinc e one was unc ertain of  i t s  ori gi n  

a n d  e f f e c t s  o n  the fringe dat a , a s  the  pat t e rns under t he s e  

c ondi t i ons w e r e  invarinbly p o or . A n  e xamp l e  of  the  o c c urenc e 

o f  t h i s  phenomenon i s  shown i n  f i gure ( 3- 1 2 )  i n  which a 

l ow s p e e d  e qui librium exper i ment was inadvert ent ly run 

at t o o  hi gh a sp a e d . I nd e e d  t h e merc ury sour c e  was 

incapable o f  giving a worthwhile  fringe pat t ern in t h i s  

c a s e  b u t  the  modula t e d  l a s e r  patt ern indi c at e s  the  fringe 

pat t e rn ( for what i t  i s  w orth ) , since  packing at  the base 

o f  t he s olut i on c o lumn is  e vi dent . H ow ever , the  non-

modulat e d  laser p�t t e rn ( a )  c learly shows t he f lare whereas 

in  t he modulat e d  pat t e rn ( b ) i t  i s  obvi ously absent . I t s  

ori gi n  i s  c l ear i n  pa t t ern ( c ) whi c h  i s  a p i c t ure  o f  the  

s olut i on se c t or viewed  thr ough the asymme t ri c a l  aperture 

of  the mask and is c aused  b y  R s t e e p  gradient viewe d by t he 

syst em non-r ad i a lly and o f f -axis . The sol vent se c t or view e d  

t hr ouGh t he radial ape r t ure  i s  s e en in pat t ern ( d ) , and 

i n  t h i s  case no f lare i s  pres ent . Thi s phen omena i s  

fre quent ly observed  i n  high spe e d  e qui libr ium s t ud i e s  

emp l oying the  multi channel  Y phant i s  type  c e lls w i t h  the  

asymme t r i c al aper t ur e , but  the  above experimental evi denc e 

has shown that i t  i s  only t r oublesome in that i t  masks the  

fringe p � t t ern , and  does  not u� et the basi c  r eliabi lity  of  

data  obtained  from the pat t ern . It  was  the  obs ervat i on 

of  this gradient  t oge ther  w i t h  the  d i f frac t i on e f f e c t s  at 

the  solut i on b a s e  t ha t  pr omp t ed the aut hor to unde r t ake  

the  t h e or e t i c a l  study r 0 c orded in c hapt er 5 o f  this  t he si s , 

c oncerned  with  the e ff e c t s  of  re frac t i ve index grad i e nt s . 

The r out ine monit oring o f  t he rot or f r e quenc y 

viu the  modulnt or unit and digital  frequency met e r  int ro­

duc e d  an  addi t i onal fn c i lity  f or t h e  per f ormance  of  t ime 

d ependent e xp erime nt s . This  i s  e s pe c i a l ly use ful in t he 

d e t erminat i on of  the diffusi on c oe f fi c i ents  from t he appr oach 
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t o  e quili br i um measur ement s by proc edures such a s  t hat o f  
1 2 

LaBar • The t i mi n g  o f  an e xperiment with the  syst e m  can 

be  d e t ermine d t o  an ac c urac y o f  a few s e c onds i f  desired  

with  t he phot o graphic exposur e s  r e quired b e i n g  about one 

s e c ond . Furt hermor e , the  e nhan c e d  pre c i s i on with  whi c h  

t he meni scus  and/or bas e p os it i on can b e  measur e d  holds 

pr omi s e  o f  appl i c at i ons  i n  vari ous prop o s e d  t echn i qu e s  for  

t he e valuat i on of molec ular w e i ght s at early t imes  i n  these  

regi ons b e f or e  the  systew  at t ains  e qui librium throu gh out . 

I n  addit i on ,  the  s ys t e m  s t r e s s e d  the  d e s irability  

of posi t i oning t he c e ll and  c ount erbalan c e  i n  p re c i s e  radial 

ali gnment in the r ot or . �e d o  n ot a s  yet  p o s s e s s  a mic r o­

s c ope aligning t oo l  ( Spinc o part 332 308 ) , and had t o  be  

c ont ent w i t h  aligning t he c e lls  and c ount erbalan c e s  a c c ording 

t o  t he s c ribe marks on the  vari ous  ass e mb li es . For the  

c o unt e rba lanc e sma l l  i na c c urac i e s  in the  alignment b e c ame 

apparent duri�g t he c ourse o f  experiment s ,  since i t  was 

f ound that opt i mum t i ming for t he inner r e ferenc e i nvariably 

did  n ot c oinc ide with that for out e r  referen c e  and t he order 

vari e d  from e xp e r i ment t o  e xperime nt . Am explanat i on f or 

t hi s  phenomenon i s  t ha t  t h e  r e fe re nc e c e l l  i s  slight ly n on­

radial , and the  variat i on in t imes betw een whi c h  t h e  two  

r e fer enc e holes  a r e  opt i mumly ali gned  i n  t he int erferome t er , .  

is  an  indicat i on of  the non-radiality o f  the  c ount erbalan c e . 

The e f f e c t  i s  obviously s mal l , and indi cat e s  t he s e ns i t ivity  

o f  t he modulat i on t i ming c ircuitry t hat allows such observa t i ons 

t o  be made , and infers  t hat c e l l  a l i gnment c ould be i mpr oved .  

Finally , i t  i s  appropriat e t o  ment i on s ome o f  the  

problems  associat e d  w i t h  opt i c a l  i maging using  the hi ghly 

c oherent lasur i l luminat i on .  The problems a s s o c i a t e d  with  

large s c al e  int ensity variat i on across  the i ma ge have been  

overc ome to  a large ext ent ( se e  f i gure  3 - 7 ) , but  problems 

inherent t o  t he hi gh degr e e  of  c oherenc e st i l l  p er s i st . 

For t he Ray l e i gh syst e m  t he me r c ury s our c e  i s  qua i s i -mon o ­

c hr omat i c , a n d  s o  t he spat ial frequency spec t rum o f  t h e  

image intensity  will  be similar f o r  t hi s  a s  f or the  las er 

i l luminat i on .  H owever , two phenomena b e c ome part i c ularly 

t r oub l e s ome when the h i gh l y  c o h e r e nt laser i l luminat i on i s  

empl oye d .  Fir s t ly , t here i s  the  " s p e c kl e  e f f e c t " whi c h  
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i s  a direct  c onse quenc e of t he opt i c al r oughne s s  of t he 

ob j e c t , and pr oduc e s  a granular e f f e c t  on t he image . The 

s i z e  of t he " speckle s " ar e r ou 13hly the s i z e  of the r e s olut i on 

area on t he obj e c t . S e c ondly , hi ghly c oherent i lluminat i on 

i s  par t i c ularly sens i t i ve t o  opt ical i mperfe c t i ons such a s  

dus t part i c l e s  that may e x i s t  al ong t he path t o  a n  observer . 

The pr onounc e d  d i f fra c t i on pat t erns a s s oc iat e d  wi t h  t he 

i mp e r fe c t i ons are sup erimp o s e d  on the i mage - s e e  air/air 

c olumn of fi gure 3-7 . The lat t er is  p r e s ent with  the 

mercury s ourc e but the e f f e c t s  ar8 n ot so pr onounc e d . Inde e d  

both  of the  above e f f e c t s  may b e  minimi z e d  ( th e or e t i c ally ) by 

placing a moving s c c:tt t erer e . g . , gr ound gla ss  in  the i llumin­

ating b eam . 

6 .  CON CLUS ION 

I n  this  chapt er a modula t e d  las e r  syst e m  f or u s e  

wit h t he int erferen c e  opt i c s  in  t he analyt i c al ultrac ent r i fu ge 

has b een described . The e xperime nt a l  t es t s  have s h own t hat 

t he int erference  data obt aine d using t hi s  syst e m  are re liable 

and of a c omparable if not gr eat er a c c uracy than those obtaine d  

wit h t h e  c onvent i onal non-modulat e d  mercury syst em , with 

whi c h  i t  i s  c ompat i ble . Fur t hermor e , the  laser has served  

a s  an addi t i onal t o o l  i n  t h e  c ri t i c al alignment o f  the  

Int e r ferenc e/S c hlieren opt i c s  o f  the  inst rument , and  has 

t he r e f ore c ontribut e d  to t he r e liability o f  t he same . The 

t e s t s  have sh own the las e r  to be  superi or under c ondit i ons  

o�  s e vere c oncentrat i on and spe e d , and  it s pot ential in  mult i -

c e ll usage i n  the rot or i s  obvi ous . The r out ine and ac c urat e  

moni t oring o f  t he r ot or fre quen c y  enables a c c urat e t ransi ent 

experime nt s to be  pe r forme d ,  and this  is a u s e ful addi t i onal 

fac i lity  f or the  st udy o f  macromolecule s . 

I n  addi t i on t o  t he above advant ages i s  the  increa s e d  

pre c i s i on w i t h  whi ch the  menis c i  p o s i t i ons may b e  det ermine d 

in  an experiment using a laser s ourc e . T hi s  lends pr omis e  

o f  emp l oying t h e  int e r fe r en c e  opt i c s  for ac c urat e end o f  

c olumn experiment s when appr opriat e .  Naturall y ,  the  develop -

ment a n d  impr ove�ent o f  t h e  inst rument at i on i s  a c ont inuing 

p r o c e s s , and c onc omit ant with the above will be t he applicat i on 

of new methods and t ec hniques that were prec luded in  pre vi ous 
w ork owing t o  experimental short c omings . Howeve r , the d i s ­
c u s s i on in t hi s  c hapter has indic at e d  in  s ome measure the 
c urrent p e r f orman c e  of the  m odula t e d  laser system d e s c ribed . 
The sys t e m  has been  operating in t he laborat ory s inc e early 
1 969 in more or less  i t s  pre s ent form and i t s  r e liability under 
n ormal laborat ory c ondit i ons  has been  proven . 
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The use  of  int e r ferenc e opt i c s  in the analytical  
ultrac entri fuge has been  validated  fully both in this 
t hesis  and e lsewhere 1 2 , 1 9 , 2 1 , 54-56 • It  has been shown 
in chapter  1 t hat the determinat i on of the  c onc entrati on 
dist ribut i on of t he solut e in  the  c entri fuge c e l l  r e quire s  
t h e  e valuati on of  n ( x )  in  t h e  int erferenc e syst em . Here 
n i s  the  difference  between  t he r efract ive index of  the 
solut i on �nd solvent ( assumed proporti onal to  the  solut e 
c onc entrat i on ) , and x is  the  radial distanc e from the 
axis of r ot at i on to  a given posit i on in  the  c entri fuge c e ll . 
The t he ory indi cat e s , for the double sect or Rayleigh int er­
ferenc e c e ll , t hat n i s  charac t erized  by  a vertical  shift 
in  t he overall fringe pat t ern . In  other words the  phase 
advanc e int r odu c e d  by the solut i on c e ll r e lat ive  t o  that 
of the solvent (re ferenc e )  c ell  ( whic h  is charac terist i c  
o f  t h e  s olut e c onc entrat ion ) , pr oduc es a displac ement in 
the vert ical ( � ' ) direc t i on of  the int er ference  fringes 
t hat are localised  in  t he focal plane ( � ' �' )  of  the 
upper  c ollimating lens L2 • By means of the c amera/ 
cylinder lens c ombinat i on in  the  ultracentr ifuge , the  fringe� 
are focusse d  in the vert i cal plane ont o t he phot ogr aphic 
p lat e t ogether with  a magni fied  version of the radial oell  
c oordinat es . From mi croc omparat or measur e ment s obtained 
from t he phot ographic  plat e the  desire d  c oncentrat ion 
distribut i on in  t he c e nt r i fuge c e ll is  determined .  

I n  pract i c e  t he alignment o f  t he phot ographic 
plat e in  the  true radial dire c t i on under the  microc omparat or 
is c ri t ical , since  besides  t he obvi ous small radial error 
the misalignment would result in a syst emati c  vert i c al 
shift in  the fringe syst em  as t he plat e i s �anned radially 
producing an e ff e c t i ve erro� gradient . An i dea  of t he 
r e quire d  pre c i s i on of �lignment may b e  gauged from the  
fac t  t hat fringe displa c e ment s can b e  measur e d  to  an  
ac curacy of  about O o 02 fringes on  the phot ographic plat e .  
Prac t ical  pl� t e  alignment i s  a c c omplished  by use of the 
fringe system  assoc iat e d  wit h a r e ference  c e l l  that �s 
insert e d  in t he rot or separat e from t he actual c e ll during 
the  experiment . The r e ferenc e c e ll includes the wire o f  
known distanc e from t h e  axis of rotat i on ( xW ) ,  and t he 
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inter fere n c e  pat t ern ass ociat e d  with  the re ference  c e ll 

i s  shown in the e xp er iment a l  p lat e s  o f · c hap t er 3 o f  t h i s  

t h e s i s  ( e . g .  f i gure 3-7 ) . Th e p r o b l e m  of  p l a t e  alignment 

in t he c omparat or is not new and exper i mental proc e dures 

have been d e v i s e d  to h e lp minimi s e  err ors fr om this  s ourc e .  

H owever , the  problem i s  inherent in the  �ay l e i gh sys t e m  

i n  whi c h  t h e  c onc entrat i on increment s are charac t e ri z e d  

b y  vert i ca l  fringe di splac e ment s . 

The c e l l  propos e d  and d e s i gn e d  by the  aut hor 

nnd d i s c u s s e d  here overc omes t he above problem , since  as 

w i l l  be  shown both theore t i c a l ly and experiment a l ly n 

i s  charact erized  by fringe intensity  variat i on rather 

than a fringe di splac ement . The c e l l  is  bas e d  on a c oncept  

first  propos e d  by Zerni cke 58 
in 1 950 , i n  whi c h  t he two s li t s  

o f  Young ' s  c la s s i c a l  experiment are replac e d  b y  three  s li t s . 

The f ormer i s  the  basis of  the  Rayle i gh int e r fe renc e sys t em . 

Mar ec hal e t  a159 have used  t he c onc ept  o f  t he t hree  s l i t s  

i n  a n  int e r f erome t e r  u s e d  f or t he measure ment of  very sma l l  

phase d i f f erenc e s  between li qui ds and s ol id s , and in part ­

i c ular for the measurement o f  thin f i lms f or whi c h  it has 

proved b o t h  s e n s i t i v e  a n d  c onveni ent . 

2 .  TH.GOR:t::T I CAL 

( a ) BAS I C  THEORY 'HTH NON ABSORBING S OLUTIONS 

The ory and notat i on prop os e d  and d e fined  i n  c hapt er 1 

of  this  t h e s i s  w i l l  be  us e d  i n  this  analysi s . The b a s i c  

syst e m  w i t h  the t riple  aperture mask i s  shown i n  f i gure 4- 1  

and should b e  c ompare d  w i t h  f i gure 1 -4 app l i cable  t o  t he 

double s l i t  Ray l e i gh syst em . By anal ogy w i t h  f i gure 1 - 5  

the  aperture mask i s  a pure int ensi ty ob j ec t  a n d  may b e  

repre s e nt e d  b y  

r ( y ) = Th y)@ [S c y )  + :>-Ec y-yn
)J C 4 - 1 ) 

n 

H ere yn = � � , and @ and s ( y )  represent c onvolut i on 

and a S - func t i on r e spe c t i ve ly . A s  usual t he c ompl e x  

amplitude  distribut i on o f  t he e l e c t r i c  f i e l d  vec t or i n  

t h e  focal  plane of  lens 12 arising from t h i s  ob j e c t  i s  

gi ven b y  

( 4-2 ) 
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wherein use has been made of e quati on ( 4 - 1 ) and t he 
1 t .  . t 126  c onvo u 1 on 1n egra • 

I f  �3 ( y )  = � ( y )  + L S ( y-yn ) 
n 

then je l113 c Y>j  = 'J i�c y JJ + � �� Sc y-yn )l  

and  for  the  ob j e c t  dimensi ons depicted  in  figure ( 4- 1 ) 
it  may be  shown that 

1 2 ( k b sin a ) + c os 2 
Using this result in c on junct i on with e quati on ( 4-2 ) 
and ( 1 - 1 2 ) we obtain 

. ( k a sin  a )··. a Sln 2 E = --------�-----

( k a sin a ) 
2 

( k b sin a )] c os 2 

I f  a i s  small as i s  usual pra c t i c e  sin a = a and 
e quat i on ( 4- 6 )  be c omes  

E . ( k aa ) = a S1nC -2-

( 4-3 ) 

( 4- 4 )  

( 4-5)  

( 4 - 6 )  

( 4-7 ) 

hs  usual t h e observed intensity of  t h e  di ffrac t i on/int er­
ferenc e patt ern is obt ained from e quat i ons ( 2- 2 )  and ( 4-7 ) 
i . e .  

2 . 2 k a a  [ 4 ( k b a ) 4 2 ( k b a ).l I = E E*  = a slnc (--2--) 1 + c os -2- + c os --2- �. 

This result should be  c ompared  wit h  equati on 
( 1 - 1 6 )  whi ch i s  the e quivalent patt ern f or the double  
aperture Rayleigh mask . �gain the int er ferenc e t erm 

( 4- 8 ) 

( in square bracket s )  is  int ensity modulat ed  by the  single 
slit di ffrac t i on pat t ern , and phot ographs showing the fringe 
patt erns associat ed  with e quati ons ( 1 - 1 6 )  and ( 4 - 8 )  are 
shown in figures 4- 1 1 ( b )  and 4- 1 1 ( c ) for c omparison . 
The phase variati ons introduced  by the c en t ri fuge c ell modi fy 
these  patt erns and this enables t he �once ntrati on di stributi on 
within the c e ll t o  be det ermined .  

I f  now a triple s e c t or ( Lewi s )  c e ll i s  insert e d  
with  the mask into  the focal plane of  lens 12 so  that the 
c entral sect or c ontains solut i on and the two  out er sect ors 
solvent , t he c ombinat i on will c onstitute  a phase/int ensity 
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ob j ec t . By us e of e quati on ( 1 -23 ) and ( 4 -4 ) we may wri t e  
down dir e c t ly t h e  e quat i on represent ing t he c omplex amplitude 
of the electric  field vec t or in the f ocal p lane of  lens L2 
for t hi s  arrangement , 

� : e� ' e xp-i
QJ'e[lTi y lrJt& y )} +��<d��� 8( y-yn )3 

C Y n = :!:: b / 2 ) ( 4-9 ) 

whenc e by mathemati cal manipulati on and analysis 

E '  a sine (�� a. )  [ 2cos  k � a. + c os G - i sin G] ( 4- 1 0 )  

Again the  observe d int e nsity o f  t he di ffra c t i on/inter­
ference pat tern in  t he (4'§ 1 )  plane i :3 given by 

I ' = E ' E ' * 2 . 2 ( k a a. ) = a Slnc -2- ( k b a. 4 2 k b a,.)."l c os -2) c os G + c os t-2� 
( 4- 1 1 )  

By c omparison with  e quat i on ( 1 -2 6 )  for the  double 
s e c t or Rayleigh syst em i t  is  noted  t hat the phase inform­
at i on with whi ch  we are c onc erned is again locat ed within the  
int erference  t erm . In  pra c t i c e  R((b and s o  the di ffract i on 
envelope may be  i gnored  f or the momant , and w e  c onc ern our­
selves s olely with  the int erferenc e t erm 

. I 1 4 ( k b a. ) G + 4 2 ( k b a. ) l • e • , = + c os --2- c os c os -2-

or 2 I = 1 + 4 c os y c os G + 4 c os  y 

where y = ( k � r: ) • 

( 4- 1 2 ) 

Ne not e  i f  G = 0 ,  t h� int erference  t erm e xpressed  in  
equati on ( 4 - 1 2 )  reduces  to  t hat given by  equati on ( 4 - 8 ) 

for the mask alone as expe c t e d . 
The fundament al  importance of equati on ( 4- 1 2 ) 

i s  t hat t he intensity  of  :!-EX given fringe ( i . e .  c onstant y )  
i n  the pat t ern c or�e sponding t o  a given p osi t i on i n  the  
c e ll will  depend on  t he phase  advanc e introduc ed  by the  
solut i on relat ive to  t hat from the  solvent at t hat 
posi t i on . In  pra c t i c e  0 = k t n ( x )  ( s ee  e quat i on 1 -2 1 ) 
where t is  t h� thickness  of the c entrifuge c ell , n ( x )  
i s  the  re frac t ive inc rement a t  radial posi t i on x i n  the  



c e l l  and k = 2n/A • Thus it  is  possible  theoretical ly t o  
det ermine the  c onc entrat i on distributi on in a c entrifuge c e ll 
from the int ensity variat i ons of any fringe in  t he observed 
int erference patt ern . I t  is  c onvenient both experiment ally 
and theor e t ically t o  c onsider t he c entral fringe for which  
a. = 0 • I n  any pat t ern this  fringe has optimum overall 
i nt ensity , and lies  on a radius on the opt i c  axis in a 

c orrect ly aligned  sys t em . From e quati on ( 4- 1 2 ) , y = 0 

and henc e the int ensity of  this fringe i s  gi ven by 

I = 5 + 4c os G 0 ( 4- 1 3 )  

I t  w i l l  be  not i c ed that this  simple mat hematical  

expression i s  never zero . A qualitative explanation f or 
this phenomena was given by Zernicke58 who indicat e d  that 
the out er  sli t s  ( re ferenc e )  c ontribut e twi c e  as much light 
t o  t he i nt erferenc e pat t ern as does the c entral slit  
( s olut i on ) from its  single apertur e . This may be  remedied  
by  making the  c e nt ra l  slit  pertaining t o  the  soluti on of  
double the width  of  the individual out er slit s . Naturally , 

the  use of non absorbing soluti ons and solvent s have been  
assumed throughout the above analysis . By c arrying out 
an analysis similar t o  the above , but now assuming the 
c entral slit t o  be  of  width 2a and the  out er slit s of 
width a , i t  may be  shown that the c omplex amplitude  of  
the  electric  field  vec t or in  the focal  plane of lens  12  
is  given by  

E '  = 2 a sine ( k a a. ) [ G l. c os --2-- c os - sin QJ + 2 c os ( k � "'j 
and the observed int ensity i s  gi ven by 

I 4 
2 . 2

( k a a. ) r 2 = a Slnc --2-- [ 2- k a a. ) -' k a a. ) ( k b a.  c os(. --2-- + 2c or..�. --2-- c os ---2-) 

2 ( k b a. )J + c os ---2-

For t h e  c entral fringe a. = 0 ,  and hence 

( 4- 1 4 ) 

c os G 

( 4- 1 5 ) 

( 4- 1 6 )  
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The di ffrac t i on t erm has been inc luded in e quati on ( � . 1 6 )  
and w e  note  i n  this case  that as Q vari e s  between  0 
and rr radians the  intensity of  t he c entral fringe varies  
between  1 6  2 a and z er o  ( see  figure 4-7 ) . Physically , 
when Q = 0 t he int ensity of the c entral maximum is 
1 6  a2 as expe c t e d  since i t  arises  from an e ffective 
aperture wi dt h  4 a • 

This general the oretical analysis , derived by 
the author , is  appli c able  t o  the use  of  a triple c e l l  in  
the analyt i cal ultracentr i fuge where large phase d i f ferences  
are  measured . Zernicke 58 and Mare chal et al59 have been 
c onc erned with  t he applicat i on of c onc ept t o  the measure ­
ment o f  very small phase differences  and i n  parti cular 
t o  very small phase  variati ons when Q = rr;2 radians 
and the sensi t i vity  is  maximum . Indeed , t he sensit i vi t y  
( di ) . h f t . f r\ • 1 1  b . t d dQ 1s  very muc a unc 10n o � as w1 e apprec1a e 
by different iating e quati on ( 4- 1 6 ) , and the published w ork

58 , 59 

has been either quali t at ive or specifi c . 
( b )  ABSORBING SOLUTIONS IN CENTRAL SECTOR 

In view of t he above analysis ,  it is of theoretical  
i nt erest initially to  c onsider a situat i on i n  whi c h  the over­
all light intensity from the solut i on is  reduc ed  whilst light 
from the out er r e ference  sect ors remains c onstant . This 
situat i on i s  unlikely to occur in  prac t ic e , since i t  assumes 
a s olut i on chara c t erised  by an absorpt ion t hat is  independent 
of bot h  solvent and solut e c oncent rat i on 

Let us  assume that the  s oluti on has an amplitude 
transmission fac t or ' s '  f or t he radiat i on used  in the 
sys t em such that 0 � s � 1 . 0 • N �turally t he absorpti on 
i s  given by ( 1 -s ) . The c omplex amplitude of  the elec tric  
field vec t or in the focal plane of  the upper c ollimating  
lens L2 that  result s from  the  c entral s e c t or of  the  c ell 
is  now gi ven by 

( 4- 1 7 ) 
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2. 
Here  lni is  the limi t ing c entral aperture fun c t i on of  
width 2a in  t he pup:iloflens L2 and all  other t erms have 

been  de fined previously . 
By Rnalogy with  e quat i on ( 4-9 ) the overall 

c omplex amplitude  of  the  electric  field vec t or in the 
· focal  plane of  lens L2 fr om all apertures is  

writ t en in t erms o f  previ ously defined ge ometrical para-
met ers 
i . e .  

E "  = 2a sine ( k � n )  [s c os (  k � n )  [ c os Q - i sinJ + c os ( k � n� 
( 4- 1 9 ) 

" ·  - " - • ta 
�s usual the observed int ensity  I = E E , whi c h  from 
e quati on ( 4- 1 9 )  may be  shown t o  be  adequRt ely represent e d  
b y  

" 2 2 k a a f ,c I = 4 a sine (-2- \� s kaa kbtt)  2 2 2ka� . 2 J c o s 2 c o s �  + c os7 + .s c os 2 s J. n  � 

By analogy with  e quat i on ( 4- 1 2 )  i t  has been 
shown that all t he informati on regarding the s olut i on 
c onc ent rnt i on is  c ontained in  the int erferenc e t erm of 
the expressi on , nnd mor e over t hat all inf orma t i on i s  
c ontained within the int ensi ty  variat i ons o f  any radial 
( horizont al )  fringe within the patt ern . As be fore t he 
c e ntral fringe is  b ot h  theoret i cally and experiment ally 
c onvenient , and by use  of e quat i on ( 4-20 )  the e f fe c t s  of  
an  abs orbing soluti on o n  the intensity  of t he c entral 
fringe may be e valuat ed , since obvi ously for this fringe 
a = 0 .  This being s o ,  

" 
where I i s  the i nt ensity of the c entral fringe ari sing c 
from the use  of a t riple sec t or c ell c entrepiece  in  the 

. ( 4-20) 

( 4- 2 1 ) 
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ultracent r i fuge with  an absorbing s olut i on in  t he c entral 

sect or . 
When s = 1 . 0 we  have a non-abs orbing s oluti on 

and equati on ( 4-2 1 ) reduces  t o  8a2 [1 + c osQ] , a result 
ident ical t o  that at tained in e quat i on ( 4- 1 6 )  as expect e d . 
On the  other hand , when s = 0 we have a non-transmi t t ing 
solut i on and the intensity  formulat ed  in equat i on ( 4- 2 1 ) 

2 b e c omes  of  magnitude 4a • The lat t er result i s  physi c -
ally reasonable s inc e the c entral aperture  is  effectively 
exc luded and t he c e nt ral fringe i s  the result  of  two  s imilar 
apertures of width ' a '  symmetrically  displac e d  about the 
opt i c  axi s . 

O f  interest  is  the effect  when s = 0 . 5 ,  and 
e quation ( 4- 2 1 ) be c omes 2 [5 + 4 c osG] This  result a 
should be c ompared  with e quat i on ( 4- 1 3 )  since  the physi c a l  
e ffect  of  having a s olut i on with  s = 0 . 5  i n  c on j unct i on 
with  a c e ntral aperture of  wi dth 2a , is  id8nt i cal  t o  
having a non-absorbi ng solut i on with  the c e ntral aperture 
of  width a .  

The above examples  have shown that t he result s 
predicted  by e quati ons ( 4- 1 8 )  and 4 - 2 1 ) are physi c al ly 
r e a s ona b l e  a n d  c o mpQ t i b l e  w i t h t h e  p r e vi ou s  ana lys i s f or the 
t riple  se c t or ( Lewis ) c e ll . 

The foregoing study is  appropriat e i f  the 
t ransmission or abs orpt i on of  t he s olut i on is  independent 
of t he solut e concentrat i on ,  i . e . s = c onstant . H owever , 
i f  t he absorpti on i s  proporti onal t o  the solut e c oncent rat i on 
ie . ,  s = s ( x ) , then ( as will  be shown ) we have at our 
disposal an addi t i onal �nd independent me ans of e valuati ng 
the c onc entrat i on distribut i on in  c ent rifuge c e l l . To  
e valuate s ( x ) one would  make measurement s of the fringe 
visi b i li t y  or c ontrast at points in t he inter ferenc e patt ern 
c orresponding to vari ous posit i ons within the c entri fuge 
c el l ,  as w i l l  be appr e c iat ed  from the following . 

I t  is  assumed t hat the spat ial  c oherenc e of  the 
li ght , and o t h e r  s o ur c e s  of spurious int ensity  changes in 
the inter ference  patt ern are c onstant or may be  e liminat e d  
from t h e  experiment . From e quat i on ( 2 -6 ) t he fringe 
visibility  or c ontrast ( �) is d e fined by the usual expression . 



8'? . 
I !  

I -� max ::;: 1 1  
I + max 

I f 1 1 

I 

I 

� � 
min 

" 
min 

in  which I and I . are �he maximum and minimum max mln 

( 4-22 ) 

inte nsity of  t he fringes respec t i vely at a given p osit i on . 
From e quat i on ( 4-22 ) i t  is  apparent that � varies  i n  the 
range 0 � � � 1 .  O , and from e quati on ( 4-21 ) we  may find 
analyti cal expressi ons for b oth  

i . e .  
" 2 r 2 

I ::: 4 e. ·;.,. 1 + s max 

, ,  
a2 [1 2 I min ::;: 4 + s and 

I "  m a;.;: and I 1 1 .  
mln 

and these have been plot t e d  in figure ( 4-2a ) . By 
us e of  equat i ons ( 4- 2 2 )  - ( 4-24 ) we may det ermine the 
fringe visibility  ( � ) in t erms of  t he transmission 
fac t or s 

i . e . , 2s  
= 1 + s2 

and thi s  expressi on is  represent e d  graphically i n  figure 

( l�v2) ) 

( 4-24 ) 

( 4-25 )  

( 4-2 b ) . This graph c ould be  us ed in the evaluati on o f  the 
c oncentrat i on dist ributi on ( c ( x ) ) in the c entri fuge c ell , 
s in c e  from s ( x ) , c ( x ) may be  det ermine d 1  and s ( x )  c an 
be evaluat ed  from measurements of �( x )  on t he phot ographic 
rec ord of  t he fringe patt ern . 

I n  prac t i c e  for int er ferenc e w ork the  s olut i on 
has neglible absorp t ion , i . e .  s � 1 . 0 , and \\8 note  from 
figure ( 4-2b ) t hat the variat ions in fringe visibility 
are very small  in t his  regi on . Indeed  f or the range 
0 . 5� s '  1 . 0 t he variat i on in fringe visi b i lity  i s  only 
2 0X and thus even  with abs orbing syst 8ms in  this  range 
the pre c i s i on of the interferenc e sys t em will  be  virtually 
unimpaired .  Obvi ously , the  use o f  the  spe c i f i c  absorp t i on 
in the det erminat ion of  c ( x ) from � is  of lit t le use in  this  
regi on as  is  to  be  expe c t ed . 

Figure ( 4 -2b )  indic at es  that the usage of  t he 
c ombined  inter ferenc e/abs orpti on t echnj que f or the simultan­
e ous det erminA t ion of  the c on c e ntra t ion distribut i on in 
the c entri fuge c e ll will  involve a c ompr omise . The 
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sensit ivity  ( d�/ds ) o f  the abs orpt i on t echnique obvi ously 
increases as s decreases as will  be  seen from the  slop e  
of t h e  �( s )  curve depi c t e d  i n  figure 4-2 ( b ) . On the 
other hand , a small s value must impair the accuracy 
of the  int erference  measurement s owing t o  a lack of  fringe 
visibilit y .  

I n  prac t i c e  t he opt ical density ( O . D . ) of the 
solut i on i s  proporti onal t o  the solut e c oncentrati on ( c )  

i . e . •  , O . D . = K ' c  = 1 log  T 

H ere K '  is  a c onstant and the transmission T ( =  �2 ) 

( 4-26 ) 

ia  the rati o  of  the transmi t t ed t o  inc i dent l i ght int ensity . 
From figure 4-2 ( b )  the use ful range of s for a c ombined  
int erference/absorpti on syst em i s  given by  0 . 1  � s � 0 .  7 , 
since  here t he fringes are visible  and � varies  about 
0 . 25 to 0 . 9 . At equi librium the  solut e c onc entrat i on at 
the meniscus ( c  ) and base ( cb ) of the solut i on c olumn are 

o m 
typically � and 2 c O  respec t ively , where e o represent s 
the init ial  solut e c onc entrat i on of the solut i on .  Using this  
inf ormat i on ,  t oge ther with  the use ful s range and  equat i on 
4 -26 ,  it  may be  shown that i f  the  init ial  c oncent rati on gives  
a value s 0  = .0 . 4 ,  then s = o . 6 and  �b = 0 . 1 6,. whereas i f  m 

and s
b = 0 , 25 . 0 s = 0 . 5 , then s = 0 . 7  m This  indicat es  that 

i f  s 0  e au d be adj ust ed  to have a value in the range 
0 . 4 � s 0 � 0 . 5 ·e . g . , by varying t he wavelength of  the i l lum­
inat i on ,  and wit h c 0 fixed by the usua l int erference  require­
ment s then t here is  a t h e oretical  possibility of  using a 
c ombined sys t e m  in a single experiment . 

The prac t ical  appli cat i on of the above analysi s  i s  
two- fold . Primarily , it  has shown t hat the sensit ivity  
of t he int er ferenc e syst em  using the modulat ed  laser  w i l l  
be  impared t o  a negligible ext ent f or partially absorbing 
soluti ons . I f  S 0 = 0 . 8 ( say ) then f or the t ypical c ondit i ons 
s = 0 . 9 and � = 0 . 6 ,  for which  the fringe vi sibility � m b 
varies  between  about 1 . 0  a�d 0 . 8 as  s e en in  figure 4-2 ( b ) . 
S e c ondly , t he analysi s  has indi c at ed t hat the triple sec t or 
( Lewi s )  c ell  may have possible applicat i ons in  a modulat ed  
ultraviolet  syst em of the  ult rac entri fuge wherein the  advant ­
ages of  both t he abs orpt ion and inter feren c e  sys t e ms may be  
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ut i lised  in a single experiment . In  part icular t he absorpti on 

sys t e m  i s  frequent ly select ive owinr, t o  the high molar extinction 

c oef ficient s  of  the purine and pyrimi dine bases  of  the nuc leo­
t ides , whereas the int erferenc e sys tem lacks this discrimat ory 
e ffec t . Thus a c ombined system  holds promise of permitting  
new  experiment s t o  be  performed with certain macr omolecules . 
Instrument al pr oblems are obvi ous in i t s  direct  applicability 
to the current inst rument , but with ingenuity and development 
these should prove t o  be t emporary . 
3 .  INSTRU! !SNTATION 

The foregoing theoretical analysis  has indicat ed  
t hat there may be  experimental advantage s  t o  be  gained by  
using a triple  sec t or ce ll in  the analyt ical  ult racentri fuge , 
rather than the c onvent i onal double sec t or Rayleigh c ell f or 
interference w ork . To  this end , vari ous c ells and associat e d  
c omponents were designed  and c onst ruct e d  b y  the author that 
were c ompatible with  t he Beckman/Spinc o analyti c al ultracentri­

fuge , and have be e n  used  succ essfully in  some studies  for 
over a year . 
( a )  TRIPLE SECTOR CEN T! :: ,�PI :SCES 

The first t riple sec t or c ent repi e c e  t o  be  c onstructed  
was made from duralumin ,  since this  was relat i vely easy to  
machine �nd proved sufficient f or the  prelimi nary feasability  
studi e s . However , owing t o  the inevitable c ontamina t i on60  

of the solut i on with aluminium i ons , the  c ell is  unsuitable 
f or use with  extreme pH or f or solut i ons with  high salt 
c onc ent rat i on .  T o  avoid these a sec ond triple sec t or centre-
piece  was  c onstruc t e d  from t it anium , which has  been  shown by 
Hearst and Gray61  to be  admirably sui t e d  for ultracentrifuge 
studies  under ext reme c ondit i ons owing t o  its chemical and 
mechanical st ability . 

The dimensi ons use �  in the c onstruc t i on of both 
triple sec t or c entrepie c e s  were 'cased on the standard 1 .  2 c m  
aluminium Spinco  cent repi e c e s , and the s e c t ors were 2 ° with  
an  angular separat i on of  2 ° between  the c entres  of  individual 
s e c t or s  measured  from the axis of rotati on .  A view of  the 
two  c ent repi eces  is  shown in figure ( 4-3 ) , wherein the filler 
holes and normal c e ll alignment slot is c learly visible . 
N qturally , the triple sec t or centrepie c e s  require a groove 
between sect ors ( fi g . 4 - 3 )  to f orm a seal with the gasket s 
and prevent transfer of liquid between c ompartment s .  
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The sec t ors  were mac hined at  the Physi c s  and 
Engineering Laborat ory , D . S . I . R . ,  Lower Hutt , N ew Zealand , 

. 1 t . d .  h h . . 62 Th uslng an e e c  rlc  l S C  arge mac  lnlng proc ess . e 
c opper t ools were designe d by t he auth or t o  be  c ompatible 
for us e in the aforementi oned mac hine , and c onsi s t e d  of  
three  prongs of  t he desired  sec t or shape . In  the machining 
proc ess  the t ool  and blank c entrepiece  were immersed  in a 
l i quid dielectric . The t ool was brought very c lose t o  the 
c ent repi e c e  under aut omat ic  c ondi t i ons with  remot e sensing 
and a pulsed c urrent was passed between the t ool  and b lank 
whi ch  enabled  the t ool  t o  cut the se c t ors in the c entrepiece  
blank as i t  passed  through . 

( b ) NIN DO �V HO LDERS AND APERTUR E MAS KS 
The window holders were c onstruc ted  from duralumin 

rod and were anodi sed on c ompletion . A view of the assort ed  
window holders is  shown in  figure ( 4 -4 ) wherein it will  be  
not ed  that the c entre aperture o f  t he lower  window hold ers 
have twi c e  the Width  of  the out er apertures , as  proposed in 
the the oretical  analysis . Naturally , the  dimensions of  

these  window holders were based on  the standard S pinc o window 
holders s o  that t he c onvent i onal sapphire and quart z windows 
t ogether with  their assoc iat ed gaskets  c ould be e mployed .  
H owever , i n  the manufacture of the window holders good use 
was made of  the experi ence  of  Ansevin  e t  a149 , and the metal  
rim  was  made to  ext end t o  within 0 . 2 mm  of the fac e of  the 
window rather than the normal 0.  7 mm • The above aut hors 
have shown that such a c onst ruct i on give s exc e llent opt ical  

stability for  int erferenc e studi e s , part icularly at  the higher 
rotor spe eds , using the c onventi onal polyvinyl chloride strips 
around the windows . 

Five separat e window holders were manufactured , of  
whi ch three  were  designed specifically for  the upper c e ll 
window and two  were designed  for the lower c e ll window . I n  
gene ral t h e  slit s in  t h e  l ower window holders c onstitute  the 
cell diaphragm whic h  c ould be c onsidered as t he opt ical ly 

act ive e lement , since these  had c onsiderably finer dimensions 
than those in the  c orre sp onding upper window holder . I t  
w i l l  be  not e d  ( fi gure 4-4 ) t hat a s e t  o f  window holders 
were manufact ured  with radial slit s , of which  there is  not 
an e quivalent in the c onventi onal Rayle i gh syst em . The use 
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of  t he lat t er , t ogether with  the parallel  slit  window 
holders will  be discussed  lat er . Typical  working drawings 
of these  window holders and assoc iat ed  c omponent s are inc luded  
in an  appendix to  this  thesis . 

I n  c on j unc t i on with  the manufac ture of  the  triple­
sec t or cell  window holders described  ab ove , was  the  c on­

struc t i on of  appr opriat e aperture masks . A view  of these  
masks is  inc luded in figure ( 4 - 5 ) , anJ these  were  made from 
1 /1 6 "  brass plat e and mac hined , t oget her  with  the window 
holders , at P . E . L . ,  Lower  Hut t , N ew Zealand using the  
electric  discharge machining proc ess  as menti oned previ ously . 
�gain all c opper t ool pie c e s  employe d in  t he above manufact ur­
ing proc e ss were designed  and c onst ru c t ed by t he author with  
some machining assistance  from a t echnic ian ( Mr . D . P . O ' Brien ) 

at Massey University . Typical t echnical informati on i s  
included i n  an appendix t o  this  thesis . 
( c )  C EN TREPIECE GAS KETS AN D GASKET PUN CH 

All  metal  c entrepie c e s  require gasket s  between 
the  c e ll windows �nd t he c entrepiec e .  The gasket s required 
for the triple-sec t or c entrepi e c e s  are qui t e  c omplex and 
since  gaskets  t hat were c omplet ely dependable were essent ial , 
onc e t he problems of c el l  leakage were over c ome , i t  was 
decided  t o  design and make a punch t hat c ould be  used t o  
make uni form gasket s . A view of this  punch and associat ed 
gasket s  is  shown in figure ( 4- 6 ) , t ogether with  a c onvenient 
box/bloc k . �he male c entral punch was machine d on the  
spe c ial  jig  that  was made for the manufac ture of the c opper 
t ool pieces  used in t h e  electric  discharge mac hining proc esses  
( se e  appendi x ) , and  t he radi2 l blades  were  c onst ruc t ed from 
safety razor blades . 

T�c gasket s  were punched by placing the  gasket 
mat erial on t he end cut hard wood tloc k ,  placing t he cut ting 
end of  the  out er punch ( figure 4-6 ) on the mat erial , and 
striking the  punc h  a sharp blow w i t h  a w ooden mallet . The 
inner punch was then inserted  int o the  out er punch so t hat 
i t s  c u t t ing end was on t he disc  of gasket mat erial within 
t he out er punch , and then t hi s  punch  t oo was given a sharp 
blow w i t h  t he mallet t o  produce  the required gasket . The 
punch has worked well  with c onsist ent results using the red  
polyethylene suppli ed by  Spinc o .  To  dat e  all ultrac entri fuge 
runs have been c onduc t ed below 4 0° , but it is  ant i c ipat ed 
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FIGURE 4-5.  VIE\'/ OF ASSORTED APERTURE MASKS FOR USE WITH THE 

TRIPLE-S EC TOR CELL IN THE ULTRACENTRIFUGE . 

FIGURE 4-6 .  VIEW OF THE GASKET P UN CH AND GASK ETS TOGETHER WITH 

I TS BOX/BLO C K �  
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that at higher t e mperatures where the above mat erial is  
unsuitable  that 0 . 005 " T�·dlon she et  should be  sat isfact ory 
as gasket mat erial as indicat ed  by H earst and Gray6 1  

• 

( d )  C ELL A S S EMJLY 
The c o�plete  cell  was assembled  in a manner analogous 

to a c onventi onal c ell  with metal  c entrepiec es . The c e ll 
housing f or the  t riple-sec t or c ent rep i e c e  was adapted  from 
a single -se c t or c e l l  housing ( Beckman part s N o . 301 9 2 ) , in 
which  the two  addit i onal filler holes and screw plugs were 
added . 

The insvitnble  leaks were enc ount ered when t he 
new c ells were first ass embled  and sub j e c t e d  t o  an ultra­
centrifuge run , but by judic i ous  use of a s lurry of  very 
fine carborundum past e ( N o . 600) on the faces  of  the c ent re­
p i e c e s  and  a t orque of 1 35 lb-in these were  virtually e li min-
at e d  even at hi gh speed . H owever , small  leaks st i ll arose 
when the machine was run for long peri ods and i t  was found 
advi sable to run the assembled  c ell  up to speed init ially 
and t hen  st op the �achine . The assembled c e l l  was then 
removed from the rot or and re-t orqued  to 1 3 5  lb-in  before  
being insert ed int o the ultrac entri fuge for the actual  experi -
ment . The lat t e r  act i on e liminat ed all  leaks and was 
adopt ed  as a routine  procedure for all studies involving 
the triple-s0 c t or c e l l  assembly . 
( e )  COUNT 8Ei3ALAN C ES :.rm RADI AL REF.i:R.':; N C E  

Strict ly speaking the triple-sec t or c e ll requires 
a spec ial  c ount erbalanc e and re ferenc e c e l l  for opt imum 
performanc e but t h e s e  wore not available and use had to be 
made of the c onvent i onal S c hlieren and Rayleigh interference  
c ount erbalanc es  appropriat e to  the Spinco  An- D r ot or that 
was used in t his  work . The interferencn  c ount erbalanc e/ 
re ference  c el l  was suitable  for use with  the duralumin 
c entrepie c e  in which most of tho current w ork was under­
t�ken , but c ould not he  used  with  the t it anium c entrep i e c e  
owing t o  lack of  weight . The nec essary more dense tungs t en 
alloy c ount erb�lance  weights  obtainable fro� Spin c o  were 
not available in our lnbor�t ory . H owever , the additi onal 
c ount erbalance  w e i ght was attained by using t he S chlieren 
c ount erblanc e wit h a specially c onstructed  stainless s t e e l , 
split -ring outer  c ol lar rep lac ing the normal duralumin c ol lar . 
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Both these  re ferenc e c e lls provided an int erferenc e 

pqtt ern in c on juc t ion with  the fixed aperture mask on t he 
phot ographi c  plat e ,  and enabled radial measurement s and plat e 
alignment s t o  be  made under the  microc omparnt or . N aturally , 
a spec ial triple apert ure int erference  c ount erbalance  and 
re ference  c e l l  would be advantageous as ment i oned  earlier . 
4 .  EXPEH I M :';NTAL 

The experimental triple-sec t or c e l l  is not yet fully 
develope d as will  be apparent from t he discussion within 
this chapte r . H owever , as  an init ial t est of the feasibility  
of  t he sys t em a standard sucrose  solut i on was  used  as described  
in chapt er 3 of this work , t ogether with the vari ous prot ein  
solut i ons used  in test ing the  Rayleigh system  with  t he modulat ed  
laser light sourc e .  This was experiment ally c onveni ent sinc e 
pert inent data was ob�usly available in all c ases , and at the  
same t ime t hese  provided a useful c omparative t est  of  the two  
int erference  cell  types . 
( a ) !,i�THOD 

Sediment ati on-di f fusion e qui librium experiment s 
were performed  with  the Beckman-Spinc o Hodel E ultrac entrifuge 
e�p l oying the int erference  opt ical  syst em , as described  in 
c hapt e r s  1 and 3 o f  t h i s  t he s i s . T h e  opt i c a l  sys t em was 

f ocussed  and aligned  acc ording to the proc edure of chapt er  3 ,  

where in the  camera lens was f oc ussed  on t he mid-plane of  the  
c ell . Sapphire windows were employe d throughout in all 
experiment s to  ensure opt imum optical  stabilit y .  The modulat ed  
laser  syst em was  employe d ,  nnd pr oved to  b e  essent ial f or the  
triple-sec t or int erference  work , since  otherwise the 
�ultiple c ontribut i ons fr om t he undersirable orientat i ons 
between t he c ell  diaphragm and fixed aperture mask during c ell  
rotat i on fogged the  desired int erferenc e p�tt ern on  t he 
phot ographi c plat e .  

The fringe pat t erns were phot ographed w i t h  I lford  
HP3 ( hypersensi t i ve panchromat i c  backed ) phot ographic plat e s , 
whic h  were developed in  c omplet e  darkness  ac c ording t o  the  
manufacturer ' s  instruct i ons . The sucrose e quilibrium 
8Xperiment s were performed at 2 5

°
C acc ording t o  the detailed  

proc edure devised  by LaBar 1 2 and others 1 9 • Sucrose  
e quilibrium has proved to  b e  a good t est for both  the 
int erference  and Schlieren opt i c a l  syst ems in  the ultrac entri­
fuge , and  i s  now suffi c i ent ly well  est ablished both  
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theoretically and experimentally t o  c onsidered  a standard . 
H owever , as will  be  indi c at ed in  chapter 5 of this t hesi s , 
the  simple sucrose syst em c ould lead t o  a false sense o f  
experimental accuracy in  more c omplex macromolecular studies , 
unless  the e f f e c t s  of t he non-linear refrac t ive  index gradient s 
arc t aken int o c onshlerat i on . 

The suc r ose e quilibrium method has been  summarized  
in chap t er 3 ,  and  it  was  shown that the results obtained  
using the  int erference  syst em  with  normal double sec t or 
c e ll and laser  sourc e  were of the  ant i c ipat ed  ac c uracy . 
As  ment i oned  the test  i s  based on t he data obtained by 
Gosting and Morris50 on the physi c al propert ies  of sucrose 
s oluti ons . 
( b )  PHOTOGRAPHIC PLJ\'rE MEAS URE!vl 8NTS 

Much of this  work was undertaken using t he Topc on 
Mea�uring Pro j e c t or Model PP-30E wit h  the high pre c i s i on 
micrometer  stage as described  in chap t er 3 of this  t hesi s .  
H owever , the the ory has indi c �t e d  that the c oncentrati on 
distribut i on wit hin the c e ll is  charac t erized  by int ensity 
variati ons in  t he radially orient ed  c entral fringe of the  
int erference  pat t ern ( s ee  also  figure 4-8 ) .  Thi s  being  
so ,  it was  dec ided t o  use  a mic r odensit ome t er in the analysis 
of the fringe patt erns obtained using a triple-sec t or c el l . 
This w a s  espec ially c onvenient in  our case  sinc e a Joyc e 
Loebl Hicrodens i t omet er  I I I c  suitable  for suc h  measurements 
was available in  the laborat ory , and had been  purchased 
somet ime  previously for the analysis of t he plat es  obtained  
using the ultravi olet  system in the analyt i c a l  ult rac entri-
fuge . 1he lat t er �ust apply t o  many laborat or i e s  in 
whi c h  an ultrac entri fuge exist s , and should the use  of  
triple-se c t or c ells b e  ad opt ed  for  inter ference  work 
many workers will b e  familiar with making densimetric  
measurement s . I nd e e d  t he mai n  advantnee of  the  triple-
sect or ( Lewi s )  c ell is  that all the data may be  obtained 
phot oelectrically a n d  hen c e  it is  possible theoret ically 
t o  scan the patt ern dir e c t ly during the c ourse of  an 
experiment and henc e perform all t he required calculat i ons 
by an on-line c omput er . 

A qualitat i v9 apprcci�t i on of the problem may be  
obtained fr om figure s ( 4 -8 ) . Figure 4-8 ( a ) depi c t s  a 
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FIGURE 4-9 . DENS ITOH;::;TER TRAC Z OF TH E  CENTRAL FRINGE OF THE 

PATTERN SHOWN IN FIGURE 4- 8 ( b ) . 
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FIGURE 4 - 8 ( a ) . T RIPLE-S ECTOR CELL FR INGE PATTERN ]lTH WATER 

IN ALL :.l ECTORS . 

FIGURE 4 - 8 ( b ) . TRIPLE-S ECTOR CELL FRINGE PATTERN FOR A SUCROSE 

IN WAT ER Et:JUILIBRIUM EXP ERIHENT . 
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magni fied version of t h �  ac tual frin ge pat t ern f or a triple  
sect or c e ll in  whic h  all  sec t ors are  filled with  solvent 
( w�t er ) , whereas Fi gure 4-8 ( b )  i s  the fringe patt ern obtained 
for a sucrose e quilibrium experiment . I n  the  lat t er the  
int ensity variat ions of th2  hori zontal fringes for  which  the · 
c entral one is  radially inc lined are c learly visible , and 
the mic rodensit om& t cr t race  for t he c entral fringe is depic t e d  
in  figure ( 4 -9 ) . 

The fringe pat t e rns ob tained on the 1 0 "  x 2 "  p lat es  
used  in  t he ult racentri fuge were unsuit able  for direct  use 
with the densit omet er , and suitable enlargement s had t o  be  
made . I t  was f ound by U3ing t he x20 magnificat i on and the 
phot ographic  attac hment of t he profi le pro j e c t or ,  used  in  
normal plat e analysi s , that suitably enlarged patt erns on  

3 " 4 /4 x 6�, " plat e s  c ould  be  made , and t hese  were  used  in 
obtaining the t races  shown . 

The profile  pr o j e ct or was used t o  obtain the 
appropriat e radial plat e dimensions in the n ormal  way , and 
these  were us ed subsequent ly in the  evaluat i on of the r e levant 
radial dimensi ons on the densit ometer  trac es . I t  was found 
c onveni ent to mask with  black  tap e  the regi ons i mmediat e ly 
pri or t o  t he solut ion  meniscus and following the solut i on 
base respecti vely ( se e  figure 4-8 ) on t he enlarged patt erns , 
and these  produc ed  sharp rec ordings of  these  important and 
accurat e ly det ermined  posi t i ons on the trace  when scanned . 
Furthermore , t he t aped  regi ons gave the reference  zero  
transmission on  t he phot ographic plat es . 

As  with  the ultr�vi ol�t  absorpt i on syst em , any 
spuri ous fact ors  thnt altar the light intensit y across 
t he phot ographic plat e are inc onvenient . In  the present 
case  the int ensity  in illuminati on across t he pat tern i s  
non-uni f orm a s  will  b &  not ed b y  the slow variat i on in the 
average heigh t  of the  dens i t omet er  trace  o f  figure ( 4-9 ) . 

The primary s ource  of  this  variat i on in i lluminati on lies  
within  the electro-opt i c  modulat or , which  in i t s  opt imum 
modulat ing posi t i on f or t he plane of  polari zat i on require d  
developed  a pronounceJ  non-uni form beam . H owever , it  
should be  appreciated  t hat  the  un-modulat e d  laser beam  is  
i t s e l f  non-un i f orm in this  case since  the  fundamental TEM 00 
mode in which  it operat es  is c haract eri zed  by a beam of 
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Gaussian profi l e , being a maximum i n  the c entre  with  
c i rcular c r oss-sect i onal symme t ry . Naturally , any oil  
or  dust on  t he opt i cal  c omponent s give  rise  to  spuri ous  
di ffract i on/int ensity  e f f e c t s  and  care was  taken t o  keep  
c omponents  as c lean as possible . 

The inherent int ensity variat i ons across  the 
patt ern from the " non-signal " sources  ment i oned  above 
are not t oo serious  pr ovided they are c onstant during 
the c ourse of  an experiment and may be  c orre c t e d  should 
t he need  arise . 

The chara c t erist ic  c osinusoidal trac e ( see  
figure 4-7 ) indicative of  a c onc entrat i on distributi on in 
the  c entr i fuge c e ll , i s  c learly indi c at e d  in figure ( 4-9 ) .  
From the lat t er i t  i s  possible t o  evaluat e the c oncent rati on 
distribut i on i f  desired , but t o  dat e the only quantit�tive  
measurement s have been  made using the  r e c orded  patt ern 
from the ac tual inst rument on the 1 0 1 1  x 2 " plat es  in  
c on j unct i on with  t he profile  measuring pro j e c t or , as  is  
r out ine pra c t i c e  in  c onvent i onal inter ferenc e work . 
5 .  RESULTS AN D DIS CUSS ION 

Although the  actual t echnique of  plat e measurement 
differs , as indi cat ed  above , from that used in the c onventi onal  
Rayleigh syst e m ,  the  analysis  of  t he dat a so  derived i s  
simi lar in  a l l  respe c t s . This is  not surprising since  
both  are interference  syst ems sharing t he same opti cal 
c omp onent s and giving the same r e frac t ometric  informat i on . 
H owever , all  sedi menta t i on e quilibrium experiment s in t he 
analytical  ult racentri fuge require the evaluat i on of a 
c onstant r e lat ing the init ial c onc ent rat i o n  of  the soluti on 
( c 0 ) t o  the  experimental  observable . This requirement 
s t i ll prevails for t he t riple-sect or c ell . 

I n  chapt er 3 it  was as sume d t hat the change in  
the  spec ific  r e fract ive increment of sucrose  was  very 
small  when the sourc e  used  was changed from t he mercury 
( A  = 546 . 1  nm ) to the laser ( A  = 632 . 8 nm) . The validity  
of  this  assump t i on was substantiat ed  by  the  experimental 
results  obt ained with a synthetic  boundary c ell , and the 
use  of  such a t est  for  the  triple-sec t or c e ll was under­
t aken there fore  with  s ome c onfidence . H ow ever , the  work 
of  Nnzarian55 , whereby the j _nt erferen c e  data is  analysed  
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in t erms o f  fini t e  di f ferenc e s  of  c oncent rat i on ,  has 

obviat e d  the n e c e s s i t y  of det ermining the initial  

c onc ent rat i on ( c0 )  i n  t erms of  fringe s ( j 0 ) ,  making 

the assumpt i on above unne c e ssary . Indeed , the  fringe 

data obt ained using the c urr ent t r i p l e - se c t or c e l l  i s  

suit e d  i deally f or t he fini t e  difference  analysi s . A 

t riple  se c t or capi l lary type synt h e t i c  b oundary c e ll 

t hat c ould  b e  u s e d  f or the det erminat i on o f  j 0 ,  as is 

r out ine prac t i c e  in  e qu i l i brium studi e s , i s  n ot c urrent ly 

avai lab l e .  H owe ver , there  are no reas ons why such a 

synt het i c  b oundary c e ll c ould not be  c onst ruc t e d  f or 

t r iple - s e c t or int e r ferenc e work from an ep oxy resin 

c ent r epi e c e , based  on the design of  the e qu i valent d ouble 

s e c t or c e l l s . N atural ly , owing t o  t h e  large c onc entrat i ons 

employe d a synt h e t i c  b oundary c e l l  i s  unsui t e d  f or the 

det ermina t i on o f  j0 f or sucrose e quilibrium work , and 

the proc e dure out line d previ ously using the c e ll dimensi on s  

a n d  spec i fi c  re frac t i ve inc rement of  s o lut i on w a s  used  

i n  a c onventi onal analysis of  the sucrose e qui l i brium dat a . 

As  with  t he c onvent i onal Ray l ei gh int er ferenc e 

studi e s , baseline r e ferenc e measure ment s are essential  

to  c orr e c t  for the  spuri ous r e f ra c t i ve index  e f f e c t s 

i ntr oduc e d  owing t o  dist ort i on of  the  c e ll windows i n  

the  c entri fugal f i e l d  and in t hi s  case  spuri ous int ensit y 

e f f e c t s  have t o  b e  c omp ensat e d  t o o .  The e s t abli she d 

t e c hn i ques described  in c hapt er 3 f or obtaining suc h  

base line re ferenc e s  are app l i c able i n  princ i p l e  t o  the 

c urrent syst e m .  H owe ver , in general unless the  c ondit i ons 

under which the base line r e fere nc e plat e s  are analy s e d  

a r e  opt i mum , the  pre c i si on with  whi c h  t he r e l e vant measure ­

ment s may be  made i s  not as good as f or the  Rayleigh syst e m . 

I f  the  bas e line  i s  obt ained by running a c e l l  at 

the sp e e d  of  t he a c t ua l  experime nt w i t h  all s e c t ors f i l l e d  

t o  appropriat e l e v e ls wit h s olvent t he n  the c entral fringe 

wi l l  be  an int e ns i t y  maxi ma , as indi c a t e d  in the the ory 

( s e e  figure 4-8 ( a )). Thi s  i s  unfortunat e experiment ally 

for two  i mport ant reasons . First ly , the  c orre c t i ons f or 

window dist ort i on c an be  b o t h  posit ive and ne gat i ve , but 

t he int ensi t y  variat i ons o f  the c entral fri nge are t h e  

same f o r  b ot h  p o s i t i ve and nega t i ve c hanges  in  r e frac t i ve 
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index , ( they both reduce  the  int ensit y ) , and henc e no  
discriminat i on is  avai lable ( see  f i gure 4-7 ) . S e c ondly , 
as will  be  not ed from equat i on ( 4- 1 6 ) , and figure ( 4-7 ) , 
the fringe maxima and minima are the regi ons of least 
sensi t i vity  (��) �s regards change in intensity  to change 
in refrac t i ve index . This  is unfortunat e since  the changes 
in Q owing to wind ow dist orti on are small ( �  1 2° )  in 
prac t i c e . H owever , both  these  fault s may be overc ome i f  
the central sec t or i s  opt i cally biased by n/2 radians ( s ee  
f igure ( 4-7 )l Thi s  may be achieved  by having one window 
with  a c oat ing  strip �cross t he c entre  in line  with the  
c entral aperture in one  of  the window holders that gives  
a phase advance  of  n/2 radians . �his w ould  aut omat ically . 
opt ically bias  the c ent ral radial  fringe t o  the region of  
maximum sensit i vi t y , and where good discriminati on exist s  
between posit ive and negative re frac t ive index changes 
( see  figure 4-7 ) . Naturally , this  same window would be  
per fec t ly sat i s fact ory for use in the  normal e qui librium 
run with soluti on in the c entral sec t or , s ince  i t  has no 
e ffect  on the relat i ve pos i t i on of  the fri nges . The 
above proc edure for obt aining baseline  re ferenc es  w ould  
appear t o  be  t h e  most suitable for t r iple sec t or int er­
ferenc e w ork and it is ant i c ipat ed  that it wi l l  be  adopt e d  
a s  r out ine in  this  laborat ory when a sapphire  c e ll window 
has been  c oat ed . ·vork is  in hand for the c oating of  a 
sapphire window and it is  c onfident ly ant i cipat ed that 
with  the  routine  use of this  window measur ement s o f  
c omparable  ( i f not bet t er )  pre cisi on t o  those obtained 
from Rayleigh type re ferenc e plat es will be  possible . 

The the ory upon which the  bas e line measurement s 
wi ll  be based  is  given in nn appendix t o  this  chapt er . 

In  t he �bsence  of  a base line re ferenc e it  was 
dec ided  t o  make measurements  of  the unc orrected  fringe 
c ount between  the meniscus and base of  t he solut i on 
c o lumn at e quili brium ( 6 j ' ) . For the  plat e shown in  e q  
figure 4-B ( b )  6 j ' e q = 1 4 . 95 � . 04 fringes ,  and is  o f  a 
pre cision c omparable  t o  that achieved wit h  similar 
double sec t or experiment s . I t  i s  reasonable  t o  assume 
there fore , that when pr ecise  baseline re ferences  are 
obt ained ( wi t h  the spec ially c oat ed  window ) that the 
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t riple-sect or c el l  will  be  capable of  produc ing experimental 
data of an ac curacy at least  c omparable to that obtained in 
t h e  Rayleigh syst e m ,  and superior to  t hat obt ai ned with  the 
c onvent i onal mercury s ourc e .  Obvi ously the mole cular 
weight det erminat i on obtained using t he unc orrected  fringe 
c ount were in err or and were larger normally than those 
obt aine d with t he �ayleigh system for whic h  baseline re fer­
enc e s  were possible . H owever , the  disc repanci e s  c ould  be  
assoc iat ed with  the absent  baseline re ference  measure-
ment s .  

O f  interest  was an invest igati on of  the  vari ous 
fringe pat t erns associated  with  the t riple sect or c ell in 
the ultrac ent ri fuge . By judi ous  use  of the modulating 
syst em  in  c on j unc t i on with  the moving c e l l  and fixed aperture 
mask , it  was possible to obtain Rayleigh type double  s ec t or 
pat t e rns  during a t riple-se c t or experiment . These  are 
shown in fi gure ( 4 - 1 0 ) , and were taken at  a t ime before 
e quilibrium was reached . The manner in whi c h  they are 
obtained is shown schemat ically on the same figure . 
The desired  t rip le-se c t or patt ern i s  shown in  figure ( 4- 1 0c ) , 
and i t  s l1 ould  be  appre c iated  t hat it  i s  no� just  the  
superpos i t i on on  t he p h o t ographi c p l at e o f  t he two Rayleigh 
typ e  pat t erns depi c t e d  in figures ( 4- 1 0b )  and � - 1 0d ) . The 
reason for this  is fundament al  t o  c oherent opt i c s  and i s  
expressed  i n  e quat i ons  ( 1 -4 )  and ( 1 - 5 )  of t h i s  thesis .  
The " Lewi s " pat t ern in fi gure ( 4- 1 0c )  is  the result o f  
t h e  c omplex amplitudes  of  the electri c  field vect ors from 
t he three apertures having added before forming  the t ime  
averaged intensity  pat t ern ( equat i on 2-2 )  on  the phot ographic  
plat e . On  the other hand , the  superposi t i ons  of the 
patt erns in figure ( 4- 1 0b )  and ( 4- 1 0d )  w ould ari s e  from 
the addi t i on of two s eparat e int ensity p a t t e r n s  whi c h  have 
occured  from t he c omplex additi on of  t he electric  f i e ld 
vect ors from two di f ferent apertures at  different t i me s . 
Furt hermore , although the lat t e r  pat terns may appear 
similar to those  obtained with t h e  Rayleigh system , they 
have occurred when the  c e l l  i s  inc orrec t ly aligned  within 
th8  int erferome t er as  may be  apnreciated  from fi gure ( 4- 1 0) 
whi ch indi c at e s  their  ori gin schemat i c ally . In a non­
modulat ed inter ference syst em , the r e c orded pat t ern would 
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( a ) 

( b )  

( c )  

( d ) 

( e ) 

FIGURE 4- 1 0 . MIS CELLAN EOUS TRIPLE-S ECTOR CELL P�TTERNS OBTAINED 
IN THE C EN TRIFUGE �VITH THE MODULATION S YS TEM . 
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( a ) . FINE DOUBLE A PSRTURE ( RAYLEIGH ) MASK . 

N o t e  spuri ous int ensity  vari at i ons  e ven with mercury 

s our c e . 

� -� - -

-- ----- - - -� 

( b ) . WI DE DOUBLE APERTURE ( RAYLEIGH ) MASK . 

( c ) . TRIPLE APERTU RE MASK ( PARALLEL ) . 

�..,._ -=-�-=-�----=-
---=--- =- -- -- -

( d ) .  TRIPLE APERTURE MASK ( RADI AL ) . 

FIGURE 4 - 1 1 .  BAS I C  ( ' CARRI ER ' ) FRINGE PATTERNS FOR VARIOUS 

CENTRI FUGE HASKS US ING TH E MERCURY SOURCE . 
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be  the  r e sult of t he sup erp osit i on of  all  the pat t erns 

r e sulting from the vari ous  ori e ntat i ons o f  t he c e l l 

diaphragm and aperture mask , and i t  will  be obvi ous 

why a modulat e d  sys t e m  is  e s s ent ial f or t r i p l e - s e c t or c e ll 

usage in the  analy t i c a l  ultracent ri fuge . 

The o f f-axis pat t erns are useful  in  that they 

give a visual indicat i on of  t he ext ent of  se dimentat i on 

during the c ourse o f  an experiment in a f orm fami liar t o  

t h o s e  who have had experience  w i t h  t he d oubl e - se c t or 

Ray l e i gh syst em . H owever , the  f ore going discussi on has 

indi cat e d  t hat t hey may not be used  dire c t ly f or a c t ual 

quant i t at i ve measurement s . 

I t  has been ment i one d  t hat a c omple t e  triple­

s ec t or cell  a s s e mbly and  aperture mask were c onstru ct ed 

( s ee  f i gures ( 4-4 ) and ( 4 - 5 ) ) with  radial s l ot s , f or use 

in t he i nt e r ferenc e syst em . The bas i c  ( " c arrier " )  

int er fer enc e pat t ern o f  t hi s  aperture mask i s  shown i n  

f i gure ( 4- 1 1 )  t ogether w i t h  int er ferenc e patt erns applicable  

t o  vari ous ot her masks used  in the ins t rument ; w i t h  whi c h  

i t  may be  c ompare d .  I t  will  be  not e d  that the  c en t ra l  

fringe i s  radi a l  and on the  opt i c  axi s of  t h e  syst em f or 

all  t r iple-aperture masks whereas t h e  o ff-axi s fringes do  

vary a c c ording to  whe t he r  the aperture  slots  are radial or  

paralle l . The t h e ory has  shown t hat all  the  desired  

i n f orma t i on lies  on  the  c entral fringe when a t riple  se c t or 

c e l l  i s  used  and s o  b o t h  radial and parall e l  masks c an b e  

used . The on ly r e a l  �dvnntage o f  t h e  radial apertures 

over the para l l e l  var i e t y  i s  that narrower cell s ec t ors  

c ould be  used  if  n e c e s sary , and  t hi s  would  b e  the case  i f  

a five  s e c t or c entrepie c e  were c onstruc t e d  f or use in 

the current i ns t rument . The t h e or e t i c a l  analysis  o f  t hi s  

and other mult iple  s ec t or c ent repi e c e s  are r e lat i v e ly 

s t ra i gh t f orwar d  using the  t ransf orm methods deve lop e d  i n  

t h i s  work. 

I t  s h ould b e  appr e c i at e d  t hat n on- c on j ugat e levels  

are  c ompare d  b e t ween  t he s olvent nnd s o lut ion in both  the  

radial  and  parallel  assemb l i e s . A separate analys i s  of  

t he e f f e c t s  o f  t h i s  appropriat e to  triple  and double 

s e c t or c e ll s  u s e d  in the ultracent r i fuge is inc luded 

in c hapt er  5 of  t hi s  thesi s . However , t he radial assembly 
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- - -·  

( a ) • 

.. .  

( b )  • 

( c ) • 

( d ) . 

--

C e ll appr oaching 
alignment 

c f .  Fi g . 4 - 1 0( b ) 

C ell  aligned wit h 
mask 

c f .  Fi g .  4 - 1  O( c )  

C e l l  past alignment 
c f . Fi g . 4 - 1 0( d ) 

C e l l  furt her past 
alignment 

c f . Fi g . 4- 1 0( e ) 

FI GURE 4 - 1 2 .  VI ENS OF VARIOUS ORI EN TATIONS BETW I�EN rrH E  
AP ERTURES IN  THE C .�LL ''/IN DOVJ HOLDERS AN D THE 

FI XED AP E;RTU R :i: t·L\ .S K  IN THE U LTRACENTRIFUGE . 
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was part i c ularly u s e ful ( se e  c hapt er 3 )  in the  physi c al 

ali gnment of the 3perture mask in the inst rument when t h e  

sys t e m  was c r i t i cally f o c u s s e d  and aligned . H e r e  t he 

c ylinder lens was removed from the  instrument , as prop ose d  

by Dys on
46 , allowing the  c ell  and apertur e  mask t o  be  

viewed t ogether in the  vi ewing t e le sc op e  and/or r e c orded  

on  t he phot ographi c plat e .  Init ially , the t ranlat i onal 

posit i on o f  the aperture mask had been  fixe d using the  

undeviat e d  l�s er beam t hat de fined t h e  opt i c al axis of t h e  

int e r ferenc e syst e m . A radial s l ot c e l l  asse mbly was 

l oaded  int o �n An-D  rot or wit h a suit able c ount erbalan c e  

and w i t h  t he n ormal las er m odula t i on syst e m  t h e  c e ll was 

st opp e d  e f fe c t i vely in t he opt imum posi t i on in the inter­

feromet er as s e en t hr ough the vi ewing t e l e s c op e . The  

aperture  mask s l ot s  were made visible by off-set t ing t h e  

modulat or E . H . T . s o  t hat the int er ferome t e r  illuminat i on 

was never z e r o  ( see  figure 4- 1 2 ) . Thenc e  by t rial and 

error the aperture mask was ad just ed  rot at i onally unt i l  

the radial s l ot s in  both  l ower  window holder and apert ure 

mask were accurat e ly aligned as s e en through the  viewing 

t e lesc ope during a c ent ri fuge run . 

The modula t i on system was e s s e nt ial f or this  adj ust ­

ment , but t h e  t e c h ni que was simple in e x e c ut i on and t he 

pre c i si on a t t ained  was such t hat when the  syst e m  was t est e d  

using t h e  Rayl e i gh syst e m  and t he b oundary c ance lling 

procedur e in  a singl e - se c t or c e ll as prop osed  by Gropper4 5 , 

it  was found t hat no further mask adj ust ment s were requir e d . 

Phot ographs of  mi s c e ll e n e ous ali gnm ents during a c ell  

rot a t i on between the  c e ll diaphragm i n  t he l ower window 

hol der and a fixe d parallel  s l ot aperture mask t aken f or 

t he align e d  system  wit h the c ylinder lens removed are 

sh own i n  figure ( 4- 1 2 ) ,  and should be  c ompared wit h t he 

diagrams in figure ( 4- 1 0 ) , since t hey are subst ant i v e  

evi denc e  f or the  same . 

6 .  S UMMARY 

In t h i s  c hapt er a new c e ll  f or use  with t he 

interference  opt i c s  in the  analyt i c a l  ult racentrifuge 

has b e en present e d . The t h e ory and preliminary e xperi­

mental  r e s ult s have  indi c at ed  t hat the c e ll i s  well  suit e d  

f or use i n  mac r omolecular studies  involving t h e  int erferenc e 
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sys t e m  in the  ultracentri fuge , and i s  par t i c ularly int er e s t ­
i n g  i n  t hat d a t a  can  be obt ained  phot o-e l e c t r i c ally using 
a mi c r oden s i t ome t e r . The import ance of t he lat t e r  c ompar e d  
w i t h  t h e  Ray l e i gh sys t em is  the  possibi l i t y  of us ing t he 
t ri p l e - se c t or pat t e rns in  on- l ine analy s i s  using phot o-
e l e c tric  measur e me n t s  and a c omputer . Furt hermor e , the  
t he ory i ndi cat es  that  the  baseline re ferenae c orre c t i ons 
for window dist ort i on and ot her  spuri ou s  " nois e " e ffe c t s 
should be  c orre c t able  t o  a high pr e c i s i on w i t h  the  spe c i al ly 
c oat ed  c e l l  wi ndow t hat i s  b e in g  manu fac t ure d .  I t  w i l l  
be apparent t h a t  muc h  work a s s o c i a t e d  wit h this  n e w  c e ll 
r e mains  t o  be done , but all  t h e  experimental evidence  
ava ilab le to  d � t e  has been enc ouraging . The aut hor i s  
c on t i nuing w i t h  the d e v e l opment o f  t h i s  c e ll a t  present i n  
c on junc t i on w i t h  the  modula t e d  laser syst em ,  but as t h e  
t he ory indicat e d  i t  may have other u s e fu l  applicat i ons  i n  
c on junc t i on w i t h  t he ultravi olet syst em , and t hi s  t oo is  
under c onsid erat i on . 
7 .  APPEN DI X  

THEORY O F  PROPOS ED BASELIN E CORRECTION MEASUREMEN TS 

As u s u a l  i n  t hi s type of c orre c t i on pr o c e dure i t  
i s  assumed t h a t  t he c e ll  window d i s t or t i on i s  generat e d  by 
small c hanges i n  the  re frac t i ve index of the s o lut i on in 
the c entral s ec t or .  The se  in t urn may b e  c onsidered t o  
be  br ought  about by changes i n  s olut e c on c e n t rat i on ( � 6 c )  
i n  this  se c t or . Thus the  small  phn.se  c hange ( 0 Q ) originat -
ing from t h e  window dist ort i on may be wri t t en as 

( 4-27 ) 

whe re as usual 2n k = T '  t = c el l  t hi c kn e s s  and 
( <} n ) rc is  t he spe c i fi c  r e frac t i ve i n c r ement for t he s olut e .  

From e quat i on ( 4- 1 6 ) we know t hat t he int ensity 
o f  the  c en t ral  maxima in the fringe pat t ern is  given by  
I = 8a2 C 1 + c os Q ) , and t:!.Ssuming t h e  windows c oat ing has 
b i a s e d  the c entral aperture such t hat Q = 1tj2 radians t he 
int ensity of  t h i s  fringe will be given by 

( 4-2 8 )  
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Thi s i s  t h e  fri nge i n t e n s i t y  w i t hout the p r e s e n c e  o f  the 
window d i s t or t i on or ot h e r  spuri ous amplitude e f f e c t s .  
I n  prac t i c e  i t ' may be found fr om a frincre pat t ern by 

averaging the maxima and minima about t h e  c entral fringe . 

1in d ow d i s t or t i on pr oduc e s  int ensity variat i ons 
i n  t he c e nt rnl fringe and these vary a b o�ft t he mean value 

given in e quat i on ( .4- 28 ) , a c c ording t o OQ which i s  
e xpre s s e d  i n  e quat i on ( 4 - 27 ) . 
i . e . , 

+ r"' 8 2 n 4< c  I O I = a ( 1 + c os (  /2 + q 9) ) m ( .4-29 ) 

N ow c os ( 1t/2 :;: b Q) = :;:  sin S Q  t and by insert ing this 
.. 0 ' I #  

i d e nt i t y  int o e quat i on ( 4 -29 ) nnd manipu lating t he t erms 
w e  find t hat 

� � I = :;: sin b Q ( 4-30) 
Ill. 

I n  prac t i c e  t he e f f e c t s  of w i n d ow d i s t ort i on 
are r e la t i ve ly small as ment i one d ,  i . e . , Q Q  = � 1 2 ° , 
and f or t h e s e  small c hanges i t  may be suffi c i en t ly 
a c c urat e  t o  replac e t he sine by t he a ncle in radians in 
e quat i on ( 4 - 3 0 )  

i . e . = - &.!  
+ I ( 4-3 1 )  

m 

The s i gns ar e such s inc e a d e c r ease i n  Q g i v e s  r i s e  t o  
an i n c r e as e  i n  int ens i t y  f or t he p r op o s e d  1t/2 window 
c oa t i n g  as w i l l  be apparent from f i gu r e  ( 4 -7 ) . A c oating 

gi ving a ?; phase advan c e  would be e qua lly ac c e pt able as 
w i l l  be obvi ous from f i gure ( 4-7 ) but i n  t hi s  cas e the 

s i gns w ould have t o  b e  changed on t he r i gh t  hand s i d e  o f  
e quat i on ( 4 - 3 1 ) .  

Having d e t ermined t he magnit ud e  and r e l e vant 
d i re c t i on of c hange on t he c o rre c t i on i . e  •. , :!:. &Q  .. i t  i s  
r e lat i v e ly s t ra i ght f orward t o  e valuat e t h e· appr opr i a t e  
fringe c orr e c t i on 6j , s inc e o n e  fringe c or r e sponds t o  
a phase change o f  2n radians w e  have 

_1 (l!_) 21t '1 m 
( 4-32 ) 
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N a t urally , t he c orre c t i ons t o  t he fringe 

data are opp o s i t e  t o  the  dist ort i onal c hange s , in  t hat 

p o si t i ve e ff e c t s  are subtrac t e d  and vice  versa . 

Alt hough t he above t ec hniqu e  has yet  t o  be used  

in  this  appli c at i on in  this  lab orat ory , the auth or i s  

c on fi dent o f  i t s  eventual suc c es s  owing t o  t he w ork of  

Mare c hal et �59 who develop e d  a spe c ial int erferomet e r  

f or t h i n  film w ork b a s e d  o n  the  s ame princ iple  a s  ment i oned 

pre vi ously . 
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1 .  I N TRODUC'riON 

1 1 1  . 

Much emphasis has been  plac ed  both  in t his  thesis  
and  els ewhere on the  accuracy of data  obtainable using the  
int erferenc e sys t e m  in  t he analytical ultrac ent rifuge , and 
rec ent ly detai led  �li gnment and focussing procedur e s  have 
been  devised47 , 48 f or t he instrument t o  ensure t hat these  
may be at tained . Sxperimental evidence  has validat e d  fully 
the t h e oret ical predi c t i ons t o  dat e , and a measure of the  
int erest  shown in  t his area of research is  indicat e d  within 

the  report7 of  the  proc eedin�s of t he s e c ond c onferenc e on 
advnnces  ln ultracent r i fugal  analysis . However , as the  
theor e t i c al understanding of  m�c romolecular systems improves 
so  also will there  be  a c orresp onding demand f or increased  
pre c i s i on in c entri fgue t e chniques and instrument at i on .  The 
lat t e r  will  necessitate  t he inc lusi on of c orre c t i on procedures 
negle c t e d  previ ously , and in this  chapt er a study of t he 
e f f e c t s  of  the  c oncent r a t i on ( r e fract i ve inde x )  gradient s for 
t he int er ferenc e opt i c a l  sys t e m  is  undertaken t o  establish 
their  signifi canc e and t o  devise  suit able c orre c t i on proc e dures  
should t hey prove nec essary . 
2 . DEFIN I TI ON OF PROB1�M 

The f undam e n t a l  problem  associat ed  wit h a sediment ­
at i on equi librium experiment in t he analyt ical  ultrac entri fuge , 
wherein  t he int erferenc e  opt i c s  arc being employed , i s  the 
evaluat i on of  n ( x )  , the  di fference  beb1een  t he re fract ive 
index of t he solut i on and that of the solvent at a distanc e x 

from the axi s of  r otat i on in a c e ntri fuge c e ll . I t  has been  
phown in c hapt e r  1 that the  dependent variable n , whi ch is  
assumed to  be  pr oport i onal to  the solut e c oncentrat i on , i s  
d e t e rmined experiment ally from the  int e r fe renc e/di f frac t i on 
pat t e rn th3.t i s  loca t e d in  the  focal plc-me ( "t ' , f) ' ) of  t he 
c ol limat i ng lens 1

2 
of the  c ent rifuge . On the other hand , 

the independent variable x is  locat ed  within the  c e ll in 
the plane ( x ,  y) parallel  t o  ( � '  l? ' ) in the pupil lens 12 
as will  be s e en from fi gure 5-1 which  depi c t s  a schematic  
representat i on of  t he int erference  opti c al syst em  in the  
ultrac ent r i fuge . The problem of  having the dependent and 
independent variables l ocat ed  i n  separat e but parallel  p lane s 
on the  c� ic  axi s is  overc ome by using t he camera and cylinder 
lens as an ast i gmat i c  doublet  that focusses ont o the  mid-plane 
of t he c e ll in the horizontal  radial x dire c t i on and ont o the  
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fringe pat t ern ( � 
1 ) i n  the vert i cal dir e c t i on .  The latt e r  

arrangement ensures that vert ical  fringe displac ement s c harac t ­
erist i c  o f  n i n  t he Rayleigh system are i n  focus simult ane ous­
ly with the c e l l  from whic h  they ori ginat e . 

H owever , it  i s  permi ssible t o  treat the soluti on 
c e ll as a simple  phase ob j ec t , and ini t i ally for simplicity  
we  c onsider the c ell  t o  have a linear gradient in the radial 
x direct i on . · ve assume that t he lat t er may be  simulat ed  by 
a t hin prism of  angle a as shown in fi gure 5-2 . I n  

c omplianc e wit h our notat i on t h e  r e fract ive increment between 
the solut ion and solvent c ells is  given by n , and it  i s  
shown65  that the l i ght from t h e  s olut i on c e ll c ontaining 
this linear gradi ent w i l l  be  deviat ed  from the light passing 
t hr ough t he solvent c el l  by an angle Q in  the direc t i on of  
increasing gradient , given by , 

= na ( 5- 1 ) 

Hence  the diffract i on pat t e rn originating from a l inear grad­
ient will be  displa c e d  radially on t he phot ographic p late  
relat ive to  t he meniscus ( xm ) and base ( xb ) positi ons t hat 
are de fine d  pre c i se ly , provided  the camera lens is  focussed  
on  the mid-p lane of the c e1143 . The  problem f or t he Schlieren  
sys t em where the exact  locat i on of a boundary i �  i mp ortant has 

66 67 68 69 been  investigat ed by Svensson t and others ' who 
indicat e d  that the c amera lens should be focussed on t he 2/3 
p lane of  t he c e ll for these  st udies . H owever , with  int erfer-
enc e w ork the  exac t loc 3 t i on of the meniscus and base are 
frequent ly import ant , and so  the camera lens is  focuss�d r out�e 

-ly on the mid-plane of the c e ll in this w ork . The rec ent 
analysis  and focussing proc edure of Ri chards et al47 , 48 are 
pertinent to t he i nt erferenc e syst em  and indi cat e  a me thod 
by whi ch  the c amera/cylinder lens c ombinat i on may be  focussed 
ac curat e ly on any desired plane in a c entri fuge c ell . 

From fi gure  5-2 , depi c t ing t he diffrac t i on pat t e rn 
and c e l l  for a linear gradient , it will  be apparent that 
although the  fringe pat t ern is di splaced  relati ve t o  the  
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FIGURE 5-1 . INT SRF£R�N C E  OPTICAL SYSTEH IN THE ANALYTI CAL ULTRACENTRIFUGE . 
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FIGURE 5-2 . 

S CH EMATI C R EPR ES ENTATION OF A C ENTRI FUGE C ELL 

CONTAINING A LI NEA R  GRADI ENT ,  AN D TH E  RELEVANT FRING E  PATTERN 

ON THE PHOTOGRAPH I C  PLA T E .  ( RADI AL MAGN I FI CATION OF TH E  C ELL 

TO PLATE COORDIN ATES TAKEN AS UN ITY ) . 
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FIGURE 5-3 .  

SCH r.:t·l ATI C R ZPR ES ENTATION OF A CENTRI FUG E C ELL 

CONTAINING A N ON -LIN E!I R  GRADI E:N T , AN D  TH E RELEVANT FRINGE 

PATTERN ON TH E PHOTOGRAPH I C  PLATE . ( RA DI AL MAGNI FI CATI ON 
. . 

OF TH E  C ELL TO PLATE COORDINATES TAKEN AS UNITY ) . 
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c el l  c oordinat e s  there  would in this  case  b e  n o  err or in  

det ermining t he c onc e nt rat i on gradient from the pat t e rn , since  

one  always ext rapo la t e s  the fringe data to  t he meniscus and 

ba se  in  prac t i c e , and f or t he linear gradient this will  be 

exac t . How e ver , in a n ormal sedimentat i on e qui libri�m 

experiment the gradient i s  non-linear and t he e f f e c t s  are 

i l l ust rat ed  in  figure 5-3 . This c ould lead t o  error s ,  and 

the f igure als o  indi c at e s  why fr inge dat a , t oget he r  w i t h  

t he di f frac t i on e f f e c t s  at t h e  opti cal di s c ont inui ty , a r e  

o b s e r v e d  s ometimes  in  the  r e gi on on the  phot ographi c  p lat e 

c orresponding t o  the  fluor o-c arbon oil used  in the  c e ll t o  

provi d e  a ba se  f or the  liquid c olumn . Naturally figure 5-3 

gr ossly e xaggerat e s  t he t rue c ondi t i ons , alt hough with the 

high s p e e d  meni scus  deplet i on met hods70 
very st e ep gradi ent s 

are now be in� emp l oye d r out i n e ly using i n t e r ference  opt i c s . 

Figure 5-3  depi c t s  t he problem of the  radial 

gradi ent explic i t ly as it applie s to the  interference  opt i c s  

i n  t h e  analy t i c a l  ultrac entri fuge - i . e . ,  we  r e quire t o  know 

t h e  radial di splac e ment at any p oint on the fringe pat t ern as 

r e c orded  on t he phot ograp hic p la t e ,  r e lat ive  t o  t rue c e ll 

radial dimensi ons x • From the  lat t er we  may a s c ertain 

t he true radial s olut e c onc entra t i on di s t ributi on w i t hin t he 

c e ll as depi c t e d  s c he ma t i c ally in figures 5-2 and 5-3 r emember­

i ng t hat  t he meniscus ( xm ) and base ( �b )  posi t i on s  are d e fined  

exac t ly on  the  phot ographic  plat e . 

3 .  THEORY 

H er e  we  are  c on c e rne d primari ly w i t h  t h e  e f fe c t s  

o f  t he radi al gradi e nt i n  the  c e l l  a s  exemp li fi e d  in 

f i gures 5-2 and 5 -3 .  I t  i s  assume d t hat e quilibrium has 

b e en at taine d in  an i deal tv o c omponent sys t e m ,  and as usual 

n , the d i f fe ren c e  between t he r e frac t i ve index o f  t h e  

solut i on and s o l v ent , i s  propor t i onal t o  t he s olut e c oncentra­

t i on .  

H en c e  

= p = 2R'r ( 5- 2 )  

Where  M = apparent mole c ular weight o f  s olut e , a pp 
o o  = angular f r e quency o f  r ot or ,  v = partial sp e c i fi c  v olume 

of s olut e , p = densi t y  of s olut i on ,  R = the universal 
gas c onstant and T = t he absolut e t emperatur e . 
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Equati on ( 5- 2 )  f orms t he basis  for molecular weight 

d e terminat i ons in sedimentat i on e qui librium studie s . In 

prac t i c e  n , which  is  obvi ously a fun c t i on of t he radial 
c oordinat e x , may be det ermined by int e grat i on from &quat i on 
( 5 -2 ) when c e  

n ( x )  

where n i s  the r e frac t i ve increment at the s oluti on m 
meniscus ( x  ) • At  a posi t i on x i n  the  c ell the path  m 

( 5-3 )  

differenc e 6 int roduc ed  between a wave t ravelling t hr ough 
t he solut i on t o  one t ravelling through an e quivalent radial 
posit i on in the  s olve nt is  given by 

6 ( x )  = n ( x ) . t ( 5-4 ) 

where t i s  t he t hickness of  the  c e l l .  Hence  by c ompari s on 

with e quat i on ( 5- 1 )  we  note  t hat the  angular defle c t i on i n  
t h e  radial dir e c t i on Q( x )  t o  whi ch t h i s  wave i s  sub j ecged  i s  
given by 

Q( x )  = d ( 6 ( x ) ) 
d(x) 

Thus fr om e quat i ons ( 5-3 ) t o  ( 5- 5 )  we det ermine that 

Q( x )  = 2pt x n ( x )  

( 5-5 ) 

( 5- 6 )  

N ow in  t h e  ult rac entri fuge n( x )  is  det ermined from i t s  
equivalent fringe number j ( x ) defined by 

j ( x) = t n ( x )  
f.... ( 5-7 ) 

and subst ituting  ( 5- 7 )  in  ( 5-6 ) we  can obtain Q ( x )  t o  a 

c l ose approxima t i on in  t erms of  t he experimental observable  
j ( x )  i . e . , 

Q( x )  = 2pf.... x j ( x )  ( 5- 8 )  
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where as usual \ i s  the  wave length o f  t he radiat ion employed . 
Equa t i on ( 5- 8 )  enab l e s  one t o  det e rmine the  approx­

imat e angular radial displac e me nt of waves f or each p osit i on 
in the  c e l l . N ow i f  Q( x )  is  small as i s  t he case  in  
normal ultra c e nt r i fuge s t udie s , t he e qui valent radial  dis­
place ment ( 6 'Z 1 )  of  the fringe pat t ern whi c h  exist s in the  
focal  plane of  l e n s  12 i s  gi ven by  

where  f2 i s  t he f oc al lengt h  of the  upper  c ollimating 
lens 12 • 

( 5-9 ) 

I n  turn 6 "Z 1 gi ves r i s e  t o  a displa c ement i n  t he 
radial di r ec t i on ( R ) on the  phot ographic p l a t e  given  by 6R ( x ) , 
when c e  i f  we c an d e t ermine the  opt i c a l  magni ficat i on ( G )  

b e t w e e n  the e f f e c t ive  radial d i splac e ment s ( 6� )  in t he f bc4l 
plane o f  lens 12 and t-he c n� re spondin.� displ:1c ernent s- ( 6 R ) 
on t he phot ographic  plat e t he problem w i l l  b e  s ol ve d  sinc e from 
( 5-9 ) 

6 R ( x )  = G f2 G ( x )  ( 5- 1  0)  

or  
6 R ( x )  = G2 Q( x )  ( 5- 1 1 )  

i n  which Q = G f2 and is the radial magni ficat i on of t h e  
i n t e r ference  opt i cal sys t em in t he ult rac ent r i fuge r e lating 
angular d i splac eme nt at t h e  cell  with e f f e c t i v e  r a d i a l  dis­
p lac e ment on  t he phot ographic plat e .  

H on e ve r , as ment i oned earlier t h e  fringe  pat tern i s  
only f o c u s s e d  i n  t he v e r t i c a l  ( 7; 1 )  plane o n  t he phot ographic 
plat e ,  and t hi s  p r e c ludes the e va luat ion o f  Q dir e c t ly in  
t e rms of  known opt i c al c onstant s  for a s pe c i fic  instrument . 
Fort unat e ly , as w i l l  b e  appr e c iat ed  from t h e  f o l l owing 
r e a s oning it  should be  possible to e valuat e Q to suffi c i ent 
ac curacy f or the c urrent pur p ose by t aking new measur ement s 
f r om t he phot ographi c pla t e s  obtained using the Ray l e i gh 
inter ferenc e syst e m  of t he c ent r i fu ge . 

First ly , from the  sl op e o f  � n ( c )  versus x2 ( s e e  
equat i on ( 5-2 ) ) one e valuat e s  p 1  whi c h  one assumes 
appr oximat es  the t rue s l op e  p . Thenc e in t he c e l l  the  
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gradient of t he solut e c onc entrat i on versus x c urve will  
be  given t o  a c l ose  appr oximat i on by 

tan y = 2p ' x n ( x )  = 2 n 1 A t x j ( x ) ( 5- 1 2 )  

where  use  has been made o f  e quat i on ( 5-3 ) . N ow the upper 
c ollima t i n g  lens 1 �  i s  not ast i gmat ic  and therefor e  the r... 
slope o f  the fri nge loc�t ed  in t he fccal  plane ( �' , ] ' )  o f  
t hi s  lens mus t approxima t e  c l osely tan y given in  equat i on 
( 5- 1 2 ) . The radi al fringe displacement ( 6 �1 ) in  t hi s  
focal plane of  lens 12 is  given by e quati on ( 5-9 ) ,  and this 
may b0  c onsidered  to  Give rise  t o  an e qui valent vert ical  
shi ft ( 65 ' ) in the same pla�e  for  any individual fringe in  
the fringe pat t ern at a spe c i fi c  value of � ' ,  given by  

= I 2p I f2 A . 6 �  t an y = t x . J ( x ) . G( x )  ( 5- 1 3 )  

N ow t h e  relat i onshi p  within the i nstrument 

between ver t ical disp lac emont s in the focal p lane of lens 
12 ( 6� ' ) and vert i c al displac ement s on the  phot oGraphic 
plat e ( t. v )  i s  a known c onstant f or a c ent r i fuge and may be  
designa t e d  F 1 • 

H enc e 

6 v = ( 5- 1 4 )  

H owever i t  i s  possible t o  measure t h e  slope  of fringes 
recorded at the photographic plat e at the  posi t i on c orrespond­
ing to posit i on x in  the c e l l  whi ch e quals tan y ' ( eay ) . 

H e n c e  t he equivalent radial displac ement ( 6R )  on 
t he phot ographi c plate  c orresponding to Av given by 
e quat i on ( 5- 1 4 )  i s  

6 R ( x )  = 6v  c ot y ' ( 5- 1 5 ) 

and from e quat i ons ( 5- 1 3 )  and ( 5- 1 4 )  w e  obtain 

6 R ( x )  
F 1 f2 2p 1 A x j ( x ) 

Q ( x )  t t an y '  ( 5- 1 6 )  
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fr om whi ch  by c omparison with ( 5- 1 1 )  we get  

F ' f2 2p ' \ x j ( x )  
t t an y '  ( 5- 1 7 )  

Q* may b e  e va luat e d  from e quat i on ( 5-1 7 )  using instrumental 
c onst ant s and dat a  obtained from any sedimentat i on e quil­
i brium exper i ment in whic h  the  int e r f e r e n c e  opt i c s  were  u se d .  
4 .  EXP .SRH!EN TAL APPLIC .".TION 

The above analysis  has indicat ed  that t he n on­
linear gradient gi ves  r i s e  to  a n on-linear magni ficat i on 

o f  the radial c oordina t e s  of the  fringe data  as  r e c or d e d  
o n  t h e  phot ographi c plat e ,  i . e . , L'I R ( x )  • S i n c e  t he t r u e  
radial c oordinat e s  f or t he c e ll a r e  f o c u s s e d  ont o t he phot o­
graphi c plat e it  i s  c onvenient b o t h  t h e or e t i c ally and  prac t ­
i cally t o  trans fer  them  bac k t o  the  c e l l  i t se l f  l o c a t e d  in  
t he p up i l  ( x , y ) o f  the lens 12 • 
i . e .  , 

L'l x  = F . L'I R ( x )  ( 5- 1 8 )  

where F i s  the  usual radial phot ographi c pla t e  t o  c e ll 
magni ficat i on fac t or . 

Let the radial displa c e ment o f  a fringe at t rue 
c e ll p o si t i on x be L'l x  , and henc e the r e c or d e d  c e ll  fringe 
p os i t i on x '  is gi ven by 

X 1 = X + 6. x  

* Fo ot not e :  
I n  the ev�luat i on of Q care must be  t aken t o  

( 5- 1 9 )  

e nsur e t hat t he dimens i ons are c orre c t  i . e . , c m  radian- 1  

Thi s entai ls d e t ermining the  " true " r e frac t i ve index 
gradient in t he c e l l  ( t an y in e quo.t i on 5-1 2 ) in t he same 
uni t s  as the r e c or d e d  gradient on t he phot ographic plat e 
( t an y ' ) • Fringes per c m  are c onveni ent uni t s  exp e r i ­
mentally s i n c e  t h e  r e c or d e d  gradi ent i s  t h e n  m er e ly t h e  
r e c ipr o c al of t he fringe s pa c ing at t he p oint o n  t h e  phot o ­
graphi c · p lat e c orresponding t o  t h e  s e l e c t e d  radial p os i t i on 
x in  the  c ell  • 
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I f  6 x  i s  s mall t he s quar e  o f  the  radial p osit i on i s  represent ­

ed  ade quat e ly by 

, 2  2 2 X = X + X 6x 

Using e quat i ons ( 5- 1 1 )  and  ( 5- 1 8 ) we  not e t hat 

6x = F . Q . Q ( x )  = K Q ( x ) 

( 5-20)  

( 5-2 1 ) 

Subst itut ing f or Q ( x )  from e qu�t 1 on ( 5- 8 )  int o ( 5-2 1 ) one 

obta ins 

6x = 2K\p x j ( x ) 

Le t t ing t he frac t i onal cha n ge in 2 
x b e  q , we not e 

from equat i on ( 5- 2 0 )  and ( 5-2 2 )  that  

q = 
26x 

X = 4K\ p j ( x ) 

( 5- 2 2 ) 

( 5-2 3 )  

]hi c h  is obviously a fun c t i on o f  t he radial c oordinat e x , 

and in whi ch we  have as sume d th�t the measur e d  s l op e  p '  o f  
2 the  �n ( n )  versus x graph t o  b e  a c lose  enough approximat i on 

t o  the t rue slope p • 

N ow 

A ( 5-24 )  c x2 - x. p 
in whic h  it  i s  assum e d  t hat t he r e c ord e d  fringe dat a i s  

2 
c orre c t  but displa c e d  radially ; x has been  r eplac e d  by X ; 

t he sub script  indi c a t e s  s pe c i fi c  values and t he prime indi c at e s  

t h e  value inferred from t h e  phot ographi c p lat e . 

L e t t ing 

p I  = p(  1 - W )  ( 5-2 5 ) 

where w i s  t h e  frac t i onal c hange in p '  owing t o  t he 

radial disp lac ement s of t he fringe , i t  may be shown t hat 

w = ( 5- 2 6 ) 
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since  from e quat i on ( 5-20 ) , X '  = X ( 1  + q ) . 
S ubstitut ing spec i fi c  values f or q from e qua t i on ( 5-23 ) 
int o e quat i on ( 5-26 ) , we  obtain 

w = 4KA.p ( 5-27 ) 

I n  pract i c e  i t  would b e  c onvenient t o  allow x2 = xb and 
X m since  these  dat a are readily available , i . e . ,  

w = ( 5-28 )  

H ere B is a c onstant ( 4KA. ) for a given ultra­
c entrifuge and sour c e  wave length ,  and jm and j b are t he 
absolut e fringe numbers  c orresponding t o  t he s olut e c oncentra­
t i ons  at the meniscus ( xm ) and base ( xb ) respect i ve ly for t he 
s olut ion in t he c entrifuge c ell . 

I t  shoul d  be n ot e d  from e quat i on ( 5-2 )  that w 
expressed  in e quat i on ( 5-27 ) is  a measur e  of t he fracti onal 
error in the apparent m o l e c ular w e i ght of the s olut e for t he 
ideal two-c omponent sys t e m  c onsi dered  herein , and that w is  
in  fac t proport i ona l  to  t he molecular weight i f  other fac t ors  

�02 e t c ) remain constant . Again , f or the Yphant i s70 t yp e  
hi gh speed  e quilibriuQ runs employing int erference  opti c s  
j = 0 ,  and hen c e  from equat i ons ( 5-27 ) or ( 5-28 ) m 

w = B p 
2 · c  ) X J X 
2 2 X - X m 

5 . RESULTS AND DISCUSSION 

( 5-29 ) 

Having analysed  t he e f f e c t  of  t he radial gradient 
in  the  c e ntrifuge c e ll for t he int erferenc e  opt i c s , it  i s  
o f  i nt erest  t o  apply the re sults  o f  the analysis  t o  data 
applicable t o  an actual experiment t o  det ermine t he orders of  
magnitude of  the  errors  arising from  this  effec t . Naturally , 
the  analysis  has been  suf fici ent ly general t o  apply t o  any 
ultracent ri fuge employing interference  opti c s  with  few 
modi ficat i ons . H owever  the author is  familiar wit h a 
Beckman-Spinc o Model ' E ' analyt i c al ultrac e nt r i fuge and 
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t h e r e fore  data appl i c able t o  t hi s  instrument ha ve b e e n  
e mp l oyed . Typ i c a l  data are l i s t e d  b e l ow f or t he instrument , 
and these  w e r e  u s e d  in c on j unc t i on with  data obt ained from 
l ow speed e quilibrium experiment s ( de s c ri b e d  in chapt er  3 ) 

f or the enzyme p r ot ein and a standard suc r o s e  s olut i on 

!�. ( mercury ) = 5 . 46 1 x 1 0- 5  cm . A. ( lase r )  = 

t = 1 • 2 c m .  F '  = 3 • 
4 ; F = 0 .  4 56 4  ; 

p ' ( suc r os e )  = o . 02 5'(C m - 2 
p ' ( pr ot e in ) 0 6 -2 = • c m  

Fr om measure ment s t aken 
from the  e quilibrium pat t Grns the 
derived  f or t he enzyme p r ot e i n  at 
between  the meniscus and base . 

fr om the  data derived 
rat i o  ( x j ( x� was t an Y ' 
var i ous p os i t i ons x 

I n  all  c a s e s  the  rat i o  
was f ound t o  be  c onst ant wit hin the l i mi t s  o f  e xp e r i menta l  
error w i t h  values  o f  1 . 86� . 03 f or the mercury s ourc e and 
1 . 87 � . 02 for the laser s ourc e . For the suc r o s e  e qu i l i brium 
s tudy with t he laser s ourc e  the rat i o  (� j ( x: ) was f ound an y 
t o  be 4 1 .4� 0 . 4 , and as above t he variati ons about t he mean 
value was di stribut ed  rand omly w i t h  radi a l  posi t i on . From 
these re sult s and the  l i s t e d  pert inent dat a , the  value of  
Q for the  laser sourc e  was  found to  b e  t he same  f or b ot h  
the pr ot e i n  and suc r ose  studi e s  w i t hin experimental e r r or 
i . e . , � = 0 . 024� . 001 , and thi s  indi cat es  that the  di f f e r ing 
s olut i on r e frac t i v i t i e s  enc ount e r e d  in ultracentri fuge 
int e r ference  w ork have lit t le e f f e c t  on t h i s  magni ficat i on 
fac t or . Thi s  i s  s i gni fi cant sinc e it  shows that Q 
r emains c onstant for all  radial p os i t i ons in  h i gh spe e d  
experiment s in  whi ch st e e p  gradient s a r e  enc ount e r e d . For 
the merc ury sour c e  Q = 0 . 02 0� . 001 f or our instrument , 
indicat ing that t h e r e  i s  a wavelength dependenc e . 

I t  was found f or the enzyme prot e in using 
e quat i on ( 5-28 ) tha t  � = 0 . 0003 , or for t h i s  l ow s p e e d  
equilibrium st udy t he measur e d  m o l e c ular w e i ght was t o o 
small by only 0 . 03% owing t o  t he above aberrat i ons . 
Furthermor e , f or the  sucr ose st udy the c a l c u lat e d  molecular 
w e i ght w ould be  t o o small by only 0 . 002� ( whi c h  i s  negli gi b l e ) 
sinc e V i s  proporti onal t o  p '  and the  dat a shows t hat 
p '  i s  a fact or of 1 0  smaller for sucrose  t han f or t he 
prot ein . I n  addit i on , the linear i t y  of t h e  suc r os e  gradi ent 
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and the end o f  c olumn extrapolat i ons o f  fringe data ( as 

i s  r out i ne prac t i c e )  w ould further diminish this e ff e c t  

i f  obs ervable as ment i oned previ ously in c onsiderin g  t h e  

lin ear gradient sh own i n  figure 5-2 . 

The sys t e mat i c  error in  t he measur ement o f  p 

w ould be hidden in prac t i c e  sinc e we  not e from e quat i on 

( 5-3 ) t hat the c onc ent rat i on distribut i on at e quilibrium 

is exponent ial , and w i t h  the  n e c e s sary c orre c t i on being 

propor t i onal to  the gradi ent of t he di stribut i on ,  they are 

in fact proport i onal to  the dis t ribut i on i t s e l f , as will 

be  apparent fr om t he analysis . Thi s means t hat t he graph 

of �n ( n )  versus x2 wi l l  be a st rai ght line b ot h  for t he 

non -c orre c t e d  and c orre c t e d  dat a . 

Naturally , the aberrat i ons wi l l  be more serious 

for hi gh spe e d  meniscus deple t i on experiment s ,  but f or 

the t y p i c a l  experimental dat a of Chervenka52 the  err or was 

e st imat e d  t o  be  ab out 0 . 04% , whi c h  is again very sma l l .  

S o  far only t h e  simp l e  ideal two-c omponent system 

has been  c onsidered , but it  i s  kn own that the  s l op e  of t he 
2 £ n ( c )  versus x graph i s  proporti onal t o  the appar ent w e i ght 

average mole c u lar wei ght o f  a mixture of ideal  s olut e s  at 

t he p osit i on at which it  is measur e d , and t hus may be u t i l i s e d  

in t h e  det erminati on of molecular weight distribut i on s . 

Naturally , the  simple c orre c t i on proc edure stat e d  above i s  

n o t  applicable  dir e c t ly in this  case , sinc e p w i l l  vary 

w i t h  radial l ocat i on and this  n e c e ssitat e s  a point by p oint 

radial c orre c t i on for the fringe dat a . Thi s problem  i s  

r e lative ly s t rai ght f orward , e sp e c ially w i t h  the inc reasing 

use of c ompu t e rs7 in  the  analysis  o f  ultrac entri fuge dat a . 

A ma themat i c al appe ndix applicable  t o  this  pr oblem i s  at 

the end of t hi s  c hap t e r  in whi c h  the n on-linear c urve 

£ n ( n )  versus x
2 

is c onsidered t o  be c ompr i s e d  of small 

s e quential linear s e c t i ons . 
6 . GRADI ENTS FROf.i OFF-AXIS ( RE;FE.KEN C E )  S �CTORS 

( a ) Intr oduc t i on : 

I n  the  ultrac entrifuge c e l l , t he sur fac e s  of 

e qual s o lut e c on c entrat i on are cylindr i c a l  rather t han p lanes 

perpend i c u lar to t he s l i t s o f  the  Rayle i gh apert ure mask in  
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the  ma c hin e .  H e n c e  a c onc entrat i on gradi ent e xi s t s  whi c h  

is  perpendi c ular t o  t � e  apert ure s l i t s  i n  t h e  c e ll , i . e . ,  i n  

a direc t i on y , perpe ndi c ular t o  the radial c oordinat e x 

in the pupi l of t he upper c o llimat i ng lens 1
2 • This e ff e c t , 

depi c t e d  schemat i c ally in figure 5-4 , was r e c ogni s e d  from 

early t imes7 1  and has b e en t he sub j e c t  of independent st udy 

undert aken by Charlw ood and Ivlusset t 72 . The lat t er's work 

ind i c a t e d  the e f fe c t s  t o  bG small , but in  t he l i ght of t h e  

aut hor ' s  analys i s  above i t  is  appr opriat e t o  re -examine t he 

probl e m ,  and at t e mp t  t o  devise  sui tabl e c orre c t i on pr oc e dur e s  

t h a t  c ould b e  a � p l i c d  i n  prac t i c e  i f  2 n d  when appropriat e . 

A s c hemati c  diagram i l lustrating t he int erference  

opt i cal syst e m  in the  ana lyt i c al ultrac ent r i fuge i s  shown i n  

figure 5- 1 a n d  a s chematic  repre s enta t i on of the apertur e  

mask a n d  c e ll a r e  shown i n  figure 5 -5 . The problem s p e c i f i c  

t o  t h e  c urrent w ork may b e  appr e c i a t e d  pi c t orially from 

fi gure s  5-4 and 5- 5 whi c h  are used i n  t he sub s e quent analysi s . 

S i n c e  the e f f e c t s  o f  t he n on-radi al gradi ent s are 

ama1172  it  i s  c onveni ent in the  c urrent w ork t o  analyse the 

syst em f or t he Qsymmct r i c a l  mask4 ( as is  depi c t ed in figure 

5- 5 ) in whi c h  t he e ff e c t s  Rre mor e pron ounc e d . The mask 

c ompr i s e s  two parallel  s l ot s of great e r  width t han t h os e  in 

the c e ll diaphragm ( se e  figure 5- 1 ) . The " s oluti on " s l ot 

( s lot  1 )  i s  c ent ered  in  t h e  opt i c a l  sy s t em a l ong a radius from 

the axis o f  r ot at i on whi lst  the  r e ference  s l ot ( s lot 2 )  is 

displac e d  lat erally a d i s t anc e y = b • 

( b ) 'rhe ory 

The the ory and not at i on i n  this  analysis are based 

on t hat develop e d  above by t he author . T o  e xemp l i fy t he 

e f f e c t s  o f  the rron-radial r e frac t i v e  index gradien t s , it  i s  

assumed i n  t he analysis  that b ot h  s e c t ors o f  a c ent ri fuge c e ll 

are fille d w i t h  an i de nt i c al t w o - c ompone nt sy s t e m  in whi c h  

e qui librium h a s  been  at t ai ne d . N e gle c t in g  f or the  moment 

the e f fec t s  of c omparing n on-c on j ugat e le vels  and the non­

radial gradi ent s ,  the above syst em in the c ent ri fuge w ould 

r e su lt in a fringe pat t ern c o n s i s t i n g  o f  per fe c t ly h orizont a l  

fringes owi ng t o  the  s o lu t i on and r e ference  b e i n g  ident i cal . 

H oweve r , f or t h e  ac t ual sy s t e m  t he ab ove assumpt i ons are 

unwarrant e d  and so t he fringe p at t ern observed  w i l l  b e  

modi f i e d  owing t o  t h e  fore going e f f ec t s . 
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For t he above sys t e m  in e qui l i brium i t  may shown 

from e quat i on ( 5-2 ) t hat  

p = 

2 -
H f.ll ( 1 -vp ) 

a pp 
2RT ( 5- 30 ) 

where n i s  the di ffer�nce  b e tw e e n  t he r e frac t i ve index o f  

t h e  s olut i on i n  b ot h  s e c t or s  of  t he c el l  � n d  t hat  o f  t h e  

s olvent al one . A s  usual n i s  a ssume d t o  b e  prop ort i onal 

t o  t h e  s olut e c on c e nt ra t i on at a given radial p osit i on x • 

For t he given i d e a l  syst em p i s  a c onstant , and t h e  para­

me t ers on the  r i ght hand s i d e  o f  e quat i on 1 have their  usual 

meaning . 

The c e l l  i s  assumed t o  be aligned  i n s t ant ane ous ly 

wit h t h e  apert ure mask w i t h:in the c ent r i fuge . 

A cylindr i c a l  sur fac e of c onstant s olut e c onc entrat i on n ( x )  

i s  shown in fi gure 5- 5 ,  and c u t s  the t w o  apert ur e  s l i t s  ( 1 

and  2 )  at p oint s A and C r e s pe c t i vely . H owever , t he 

int e r f e re nc e syst e m  c ompares  the  c onc ent rat i on at  p oi nt A in 

slit 1 with B i n  slit  2 ,  rather t han with  t he c on j ugat e  

p o s i t i on C i n  s l i t  2 .  �rit in g  n ( y )  as t he r e frac t ive 

index di fferenc e b e t w e en s olut i on and s olvent alone at B , 
72 i t  may b e  shown by Pythagoras ' t h e orem and e quat i on 1 t hat 

or 

. c!!.W.) - py2 
�n n ( x ) -

n (  :Y )  
2 

- n ( x )  e xp py 2 = n (  x )  ( 1 + py + .  . . . • • ) ( 5-3 1 )  

The lat t e r  expansion i s  val i d  i n  prac t i c e  s i n c e  

e ven f or s o l u t i ons o f  mac romolec ule s  s u c h  as  prot e i n s  ( wh i c h  

are unlike ly t o  b e  c on s t i t uent s of  s olvent s olut i ons ) t h e  

value o f  py2 i s  N 0 . 1 • 

I t  i s  as sume d i n  t he an&lys i s  t hat  t he c e ll d iaphragm , 

ape r t ure  mask and lens  L2 ar e very c lose t o  t he plane OAB on 

the opt i c  axi s ( s e e  f i gures 5- 1 and 5- 5 ) , and t hat  the e f fe c t s  

o f  t h e  fini t e  wi dths ( 6 y )  o f  t he sl i t s  i n  t h e  apertur e  mask 

and c e l l  diaphragm are negligible7 2
• 

At  a given radial p o si t i on ( x ) , n ( x )  i s  a 
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c onstant gi ven by 

H e r e  n m 
me.nisc u s  

n ( x )  = 
2 ::> P(  X - X - ) 

n exp- m m 

i s  t he re frac t i ve increment at t he s olut i on 
( x  ) and i s  pr opor t i onal t o  t h e  s olut e c onc en­m 

t rat i on at t hi s  p os i t i on . 
N ow t he opt i c al path d i f ference  ( 6 )  between  a 

l i ght wave t ravelling t hr ough the s olut i on at p osit i on 
B in  f i gure 5-5 t o  t hat trave l l ing t hr ough t he s ol vent 
al one at t he same posi t i on i s  gi ven by 

6 ( y ) = n ( y )  t 

where t i s  the t h i c kness o f  t he c entri fuge c e ll . In 
addi t i on it  is shown ( e quat i on ( 5 - 5 ) )  t hat the  angular 
d e fl e c t i on experi e n c e d  by t he wave t ravelling thr ough 
t he solut i on c ompared  t o  that travel ling through s olvent 
i s  given by the gradient o f  t hi s  path d i f f e rence  in  t he 
r e l e vant direc t i on , 
i . e . , 

= d ( 6 ) 
d(xk ) 

in whi c h  6 and xk ar e t he generali s e d  opt i c a l  path 
d i f ferenc e and c oordina t e  respe c t i v e ly . H e n c e  from 
e quati ons ( 5-31 , 5-33 and 5-34 ) i t  may be  shown t hat 

Q( y )  = d ( 6  (y) ) 
dy = 2p t y  n ( x )  

H er e  Q( y )  rep�e sent s t he angular d e f le c t i on i n  t he y 
dire c t i on o f  a wave passing thr ough the  s olut i on at a 
posi t i on y ( B  in  figure 5- 5 ) re lative  t o  an unde f le c t e d  
wave t hat w ou l d  pass t hrough t he solvent a l one a t  t hat 
point . 

( 5-32 ) 

( 5-33 ) 

( 5-34 ) 

( 5- 35 )  

On t he o t h e r  hand , w e  not ic e  fr om e quat i on ( 5-35 ) 

that wh en y = 0 ,  ( s olut i on c el l  s l i t  1 )  Q ( y )  = 0 ,  and 
t hu s  w i t h  the ident i c a l  two c omp onent syst ems in b ot h  
sec t ors o f  the  c e nt r i fuge c e l l  as  arrange d above , Q ( y )  

wi l l  b e  r e la t i ve t o  the s olut ion c e l l  ( sl it 1 ) .  The 
lat t e r  e ffec t is sys t e mati c  t o  t he inst rument , and 
oc c ur s  be cause non- c on j ugat e levels  are being c ompared 
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between t he two s e c t ors  of t he c e l l . 
F o l l owing a s i mi lar l ine of  analysis t o  that 

undert aken by t he author above it is possible  t o  wri t e  

e quat i on ( 5-35 ) in  t erms of  fringe numbers b y  use o f  t h e  
ident it y  

j ( x )  = t n (  x )  
A 

Here  j ( x )  i s  the absolut e numbe r of  fringes c orrespond­
ing t o  a s olut e c onc ent rat i on repr e s ent e d  by n ( x ) , and 
A i s  the wav e length of the l i ght u s e d . 

]henc e from equat i ons ( 5-35 ) and ( 5-36 ) 

( 5-36 ) 

Q ( y )  = 2p A y j ( x ) ( 5-37 ) 

Equat i ons ( 5- 3 5 )  and ( 5-37 ) enabl e  t he magnitude  

of the  e f f e c t s  intr oduc ed  by using t h e  assymmetrical  mask 
t o  be  e valuat e d  in spe c i £i c  case s , since  the nega t i v e  
vert ic a l  displac ement o f  t he fringes  in t he focal plane 
of  l e n s  12 is given by 

where f2 is  the focal  length of t he upper c olli mat ing 
l e n s  12 • 

On the  phot ographic plat e the  c orresponding 
vert i cal di splac e ment o f  the fringes ( b v) i s  gi ven 
by 

= F' f2 Q ( y )  = 2F '  f2 A p y j ( x) 

in  whic h  F '  i s  t h e  ver t i c al magni fi c at i on fac t or of  t he 
inst rument b e t w e en the  phot ographi c  plat e and t he fringe 
sys t em locat ed  in  the focal  plane of lens 12 � 

( 5-38 ) 

( 5-39 ) 

Fur t h e r  t o  t he ab ove , it  w i l l  be  apparent from 
e quat i ons ( 5-31 ) and ( 5-33 ) t hat 6 ( y )  i s  infac t a func t i on 
of  t he radial c oordi nat e x • The physical  s i gni fi canc e 
of this  mathemat i c a l  observat i on w i l l  be appr e c i a t e d  fr om 
( 5-34 ) and f i gure ( 5-5 ) , s i n c e  f or t he assumed experi­
mental c ondit i ons t h e  radial d e f l e c ti on f or waves  
emanat ing f r om B in s lit  2 i s  great er  t han t he radial  
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defle c t i on o f  t he waves from t h e  c ompared  p osi t i on A 
in slit  1 .  

Fr om e quat i ons ( 5-31 ) and ( 5-3 3 )  t he r e la t i ve 

pat h  d i f ferenc e ( 6 B- 6 A ) between the  two  c ompared p osi t i ons 

A and B in  fi gure 5-5 is given by 

= t p y
2 n ( x )  

whic h  i s  obvi ously a func t i on o f  x and y • By use  o f  

e quat i ons ( 5-34 ) a n d  ( 5-40)  the  r e l a t i v e  angular radial 

de f le c t i on may be f ound 

i . e .  

.S Q ( x )  = = 

Thi s  is very smal l and again n ( x )  may b e  wri t t en in  

t erms of t he fri nge numb e rs ( j ( x ) ) if  c onveni ent by use  

of e quat i on ( 5-36 ) . 
( c )  Discussi on and Re sult s 

I t  i s  appropriat e t o  r e mind ourse lves  o f  t h e  

physical  signi fic anc e t o  t he a c t ual analyt i c a l  ultra-

c entri fuge o f  the  analysis develop e d  above . First ly , 

the non-radial gradi ent gives rise  t o  a vert i c al shift 

( 5-40) 

( 5- 4 1 ) 

in the  fringes on the  phot ographi c plat e owing t o  Q( y ) , 

and t h i s  would be  int erpr e t e d  as a c hange i n  c onc entrati on 

within t he c e l l . S e c ondly , t he radial gradi ent will  

give r i s e  to  a h or i z ontal  shi ft in the  fringes on the  

phot ographi c plat e , and  this  e ff e c t  w ould be  interpr e t e d  

a s  a c hange i n  t he radial posi t i on i n  t h e  c entri fuge c e ll 

at whic h  t he re c orded  c onc ent rat i on oc curred . 

I n  addi t i on t o  the  ab ove , it  should b e  

apprec iat ed  that the  d e f l ec t i on phe nome na j ust re ferred 

to  o c c urs within t h e  offset  se c t or o f  t he c entri fuge 

c el l  ( s l ot 2 in figure 5 - 5 )  r e la t i ve t o  t he radial 

s e c t or .  This former se c t or normally c ont ains the  

r o ferenc e s olut i on i n  an  ac tual experiment , and  henc e 

posi t i ve e f f e c t s  in  this c el l  will  have a n e gat i ve 

interpre t at i on where e valua t e d  from plat e measure ment s . 

I n  other w ords , a posi t i ve gradi ent in the  reference  

c e l l  2 w ould give  the same rec ord on  the phot ographic 

p lat e as  an ident i c al negative gradi ent in  the s olut i on 

c e l l  1 .  I n  prac t i c e  one always int erpr e t s  the  dat a 
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as  i f  i t  arose for t he s olut i on c e ll ( sl o t  1 in figure 5-5 ) 

relative  t o  t he re fer enc e c e l l  2 .  
We are now i n  a p os i t i on t o  e valua t e  t he aberrati ons 

analys e d  ab ove as t hey w i l l  apply in prac t i c e . The 
magnitudes  of t h e  e f fe c t  of the non-radial gradient Q( y )  
have b e e n  e valuat ed  in the independent and di fferent  
analys i s  of  Charlw ood and Mus s e t t 72 • Thei r  w ork indi c a t e d  
that the  c onc entrat i on chan ges owing t o  Q ( y )  inferred 
from phot ographic plat es  were  of  t he same order o f  magn i tude  
as t he experiment a l  errors  involved  in  making t he p lat e 
measur ement s using current proc e dur es . H ow e ve r , the 
analysi s  has sh own that c onc omit ant with the non-radial 
d e f le c t i on o f  t he waves ( Q ( y ) ) from the  r e f e renc e s e c t or 
t here e x i s t s  an addi t i onal radial  d e f l ec t i on c S Q c x ) ) 
r e lat ive t o  t h e  s o lut i on s e c t or gi ven by e quat i on ( 5- 4 1 ) .  
The e f f e c t  of t h i s  addit i onal and i nherent radial gradient 
w i ll b e  small , but  fr om t h e  above discus s i on its  e ff e c t  on 
t he p lat e measur e ment s w i l l  be such as t o  r educe t h e  over­
all  e f fe c t  o f  G ( y ) . Thus nume r i c a l  r esult s evaluat ed f or 
Q ( y ) , whi ch  w e r e  c omput e d  by Charlwood and Musse t t 72 using 
typical  dat a ,  are larger t han would be  observed should the 
p r e c i si c 1 o f  experi ment a l  plat e measureme nt s be i nc reas e d . 

The importanc e of t he current analysis  i s  t hat i t  
. he s  indicat ed  pr o c e dur es  wher e by t h e  e f fe c t s  o f  t h e  above 
extrane ous gradient s may be c orre c t e d  should the n e e d  ari s e . 
Under n ormal  c ondi t i ons t he e f f e c t s  w i l l  b e  sma l l  s i nc e t he 
i de a l  solut i on in the  r e f e r en c e  �Q i s  the  s olvent norma l ly 
u s e d  i n  macromolec ular s t udi e s  e . g . , buf f er or salt 
s o lut i ons . Much of  t h e  physical  data applicable  t o  s t andard 
s olvent s are avai lable fr om r e ferenc e tables  or may b e  
d e t ermine d  for s p e c i f i c  cases  i n  the laborat ory . Fr om 
t h e s e  and t he above w ork appr opri at e  pr o c e dur es  may be  
deve lop e d  t hat c ou l d  be  u s e d  r out inely in the  c ompu t e r  
analys i s  of  s e dimentat i on e quilibri um dat a along w i t h  t he 
c orre c t i ons for ot her i nherent e f fe c t s , e . g . , r ot or s t r e t c h  
e t c  • •  

7 .  SUMMARY 
A t he or e t i cal analy s i s  of  the e ff e c t s  of t he 

radial c onc ent rat i on gradi ent on t he obs e r ve d exp e riment al 
dat a obt aine d by using t he i n t e r f e r enc e opt i c s  i n  the 
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analyt i c al u lt rac ent ri fuge has b e e n  made . The analysi s , 

w hi c h  is  app l i c ab l e  t o  b ot h  double and triple  s e c t or c e l l  

int erference  w ork , has shown t hat t he gradients  pr oduc e 

syst emat i c  errors in the apparent molecular w e ights of  

molecule s , if  the  ac tual observe d data  from e quilibrium 

studies  is  used  dire c t ly . The err ors have b e e n  shown 

to b e  sma l l  f or t he assump t i ons made in this  analysis and 

i f  valid ( se e  be l ow )  c an be safe ly i gnor e d  i n  c omparison 

with  current instrument al accuracy . H owe ver , sh oul d  the 

need ari s e  the c orre c t i on proc edures out lined  are s i mple  

and amenab le  t o  r out ine labora t ory prac t i c e . This is  

e s p e c ially s o  w i t h  the increasing use of  c omputers  f or 

dat a analysi s ,  since  t he proc e dur e s  are bas e d  on the n ormal 

input dat a . 

The small appar ent e f f e c t s  are disappointing,  

but  the  n ov e l  approach to  the  gradient p r ob l e m  d e v e l op e d  

in the above analysi s  ha s b e en w orthwhi le , s i n c e  i t  has 

gi ven new insight int o the inter ferenc e opt i c s  of  t h e  analyt -

i c a l  ultrac e ntri fuge . H ow e ve r , t he analysis was based  on 

the pre m i s e  t hat t he c e l l  c ontaining t he s e di ment ing s olut i on 

c ould b e  simulat e d  by an opt i c a l ly homogene ous prism . I n  

ret r ospe c t , and  in the  l i ght o f  t h e  work of  For d  and Ford6 8 , 

the  auth or f e e l s  that t hi s  initial  assumpt i on may have b e e n  

a n  oversimp l i f i c at i on of  t he a c t u a l  c ondi t i ons . The s e d-

imenting s olut i on i s  obvi ous ly opt i c a l ly non-homogene ous 

and so the exit angle Q ( x )  of the light waves c ou ld w e l l  

b e  larger i n  prac t i c e  t han supposed in the  analys i s . 
A r e - invest i gat i on of  the  problem is  i n  hand , 

bas e d  on t he pr o c e dur e s  deve l op e d  in this  c hapt er  and the  

t h e ory of  light rays in n on-homogene ous media  gi ven by  
. 24 . Born and Jolf  • I t i s  hoped t o  inc lude the  prelim1nary 

results  of the ana lysis in a supplement ary appendix to t hi s  

thes i s . 
8 . APP ENDIX 

MATH .S�·IAT I CAL FORMU LATION O F  RA DI A L  FRINGE DATA 
CORRECT I ON PROC EDURE FO R I DEAL MIXED SOLUTE SYSTEMS 

H er e  it i s  assumed t hat the  s l op e  ( p ( x ) ) of the  
2 £ n ( n )  versus x graph f or an ideal  mixed-s olut e syst e m  

in e qui l i brium i s  proporti onal t o  the  w e i ght -average molecular 
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weight o f  t he s olut e at t he given radial p osit i on x .  \Ne 

s e e  from e quat i on 

of frin ge data at 

( 5-6 ) tha t  t h e  angular radial displac ement 

x .  wi l l  be given by 
J 

Q( x . ) = 2p ( x . ) t x . n ( x . ) 
J J J J 

in  which t h e  paramet e rs have been  de fined pre vi ously . 

Assume t hat t he graph of � n ( n ) versus x2 i s  c onsi d e r e d  

suffi c i ent ly l i n e a r  f r o m  posit i on x .  t o  ( x .  + h ) . 
J J 

O bvi ously, h may vary from posit i on t o  posit i on on the 

graph as  experiment a l  c ondit i ons  d i c t at e .  I f  we t ake a 

Tay l or ' s  expansi on of e quat i on ( 5-A 1 ) we  find t hat 

or 

where  

Q( x .  +h ) 
J 

Q( X .  + h ) 
J 

Dm Q( X . ) X J 

= 

+ • • .. • • • 

00 

= �-
m = 0 

dmQ( x ) 
= 

dx m 

hm 
Dm Q( X • )  m !  X J 

e valuat e d  at X = X .  
J 

( 5-A 1 ) 

( 5 -A 2 ) 

Fort una t e ly ,  for sma l l  h t he series  represented by e quat i on 
( 5-A2 ) c onverge s rap i d ly under normal experimental  c ondit i ons , 

and t he number of t e rms required t o  achieve a given ac c uracy 

will be d i c t a t e d  by spe c i f i c  dat a , but one would expect t h e  

first f e w  t erms t o  suffic e .  Fr om e quat i ons ( 5-A 1 ) and ( 5-3 ) 

t he first few d i f ferent ial  t erms have b e e n  evaluat e d , and are 

l i st e d  b e l ow , t ogether wit h a r e duc t i on formula from whi c h  

a l l  t h e  di fferentials  may be d er i v e d . 

Do = Q( x ) 
X = 2pt x n ( x ) 

D 1 = 2pt [ 2 p  X n ( X )] X 

D
2 = 2pt  [ 2p  n ( x ) + 2p X D 1 n C xU X X 

D3 [ 4p 1 2p x D� n ( x )J = 2pt D n ( x ) + X X 

Dm [ ( 2m-2 ) p Dm-2n ( x ) m- 1 J ·- 2pt + 2p x Dx n ( x ) 
X X 
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whenc e subst i t ut i n g  t h i s  r e sult int o e qua t i on ( A2 )  we  
obtain 

eo 

� hm 
[ 

m-2 m 1 U G ( x . + h ) =  G ( x . ) + 2pt � , ( 2m-2 ) D n ( x . ) + 2p x . D -n ( x . )  J J . m =1 llJ . X J J X J 

whe r e  Dm n ( x . ) X J 
= Dm n ( x )  X e valuat ed at X = 

( 5-A4 ) 

X . 
J 

Obvi ously ,  one repeat s t h e  ab ove pr oc e dur e across 
the cell  from xm to  xb making p oint by p oi nt radial 
c orre c t i ons t o  t he fringe data by use  of  e quat i ons ( 5- 1 1 )  
and/or ( 5- 1 8 ) . 
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1 .  I N �RODUCTI ON 

The advent o f  high speed  analy t i cal ultrac entri­

fugat i on methods  such as those  o f  Yphan t i s7 0 , t ogether with  

the enhanc e d  ac curacy i n  the  opt ical  analysi s  as shown in  

t hi s  thesis  and  e lsewhere 1 1 • 1 2 • 2 1  has  led  to  an increasing  

demand f or pre c i s i on i n  t echni que s i nvolving the analy t ical  

ult rac entri fuge , and  t hi s  has  mad e  i t  n e c e ssary to  t ake 

int o ac c ount e f fe c t s  � e ret o f ore ne gle c t e d . Furthermor e , 

i mproveme nt s  i n  rot or s p e e d  mechanisms suc h as t hat of  

Smiriga and  H carst 73 
and others7� , have r educ e d  t he 

ins t antane ous d e viat i ons  of rot or speed  t o  less  t han 0 . 01 % 

i n  the  Beckman Model  E inst rument . I n  addit i on t he i nst rument 

is e quippe d with  a st andard RTIC ( Rotor T e mperature Indicat or 

and C ontrol ) unit 7 5  whi c h  maint a i ns the  r ot or t e mperature 

c onst ant to  withi n  0 . 1 
°

C during operat i on .  Thus t he rot or 

and c e l l  are e f f e c t i v e ly i s othermal during  operat i on and 

the  c entri fugal f i e l d  t erms w2r ,  where r o  is t he angular 

ve l oc i t y  and r the radius , can be  calculat e d  t o  0 . 02% . 

Thi s  i mp l i e s  that f or t he t rue  pre c i s i on t o  b e  reali s e d , 

a c c ount has t o  be  t aken of  r ot or s t r e t ch , and c e l l  d e f orm­

at i on in the c en t r i fugal f i e ld . The former has b e e n  invest -
7 6 4 i gat e d  experimentally by Kegeles  and Gal t e r  , S chachman , 

and Baghurst and S t anley77 , from whose work data ar e avai lable 

f or both aluminium an d t i tanium rot ors . I n  a dd i t i on mat h -

e mat i c ai analyses of  rot or s t r e t c h  for variable ge ometry 

r o t ors have been f ormu lat e d  by Tim oshenko78 
and by B i e z e n o  

a n d  Gramme 179 . F o r  the B e c kman M o d e l  ' E ' ultrac e n t r if uge 
4 it has b e e n  shown expe rimentally by S c hac hman t hat t he 

r� dial c oordi nat e s  r can  increase  by 0 . 5� at 59 , 780 rpm 

f or an aluminium r ot or , and Baghurst and St anley77 have 

shown that r increases  by as much as 0 . 7 5% at 67 , 77 0  rpm 

f or an An-H Titanium r ot or . Henc e as t he above aut hors 

have int i mat ed  it i s  e s s e n t i a l  t o  c orrect  for the e ff e c t s  

o f  r ot or s t r e t c h  f o r  p r e c i s e  w ork . H owever , owi n g  t o  

b ody f or c e s  i n  t h a  c e nt r i fugal f i e ld t he c e l l  i t s e l f  

undergo e s  dist ort i on ( c ompre s s i on ) , and experiment ally i n  

t h e  past t his  e ff e c t  has b e e n  masked part i ally by t h8 

rot or s t r et c h . I t  i s  t h8 purpos e o f  this  c hapt er t o  

invest i gat e c e l l  dist ort i on theoreti cally as  d i s t i n c t  

f r o m  r ot or s t r e t c h ,  s o  t hat these  e ff ec t s  may be  assessed  
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and t h e ir si �n i f i c anc e appre c ia t e d . 

2 .  'rH.C 1'10 DEL AN D TH EORY 
The m od e l  that has b e en d e v e l op ed i s  t he  result 

of  vari ous a t t e mp t s  t o  s i�u lat e the  c ondit i ons of  the  c e l l  

c ent r ep i e c e  i n  t h e  rot or .  I have ana lys e d  this  mode l 

�c c ording t o  the  t h e ory and n ot at i on of Landau and Li fsh i t z
80

, 

and for s impli c i t y  have assumed r e c t angular symme t ry f or t he 

c e ll and c entri fugal fi e ld as i ndi c a t e d  in t he di agram o f  

the c e l l  c entrepi e c e  i n  f i gure 6-1 . T o  s eparat e the  e f fe c t s  

o f  rot or s t r e t c h  fron t h o s e  o f  c e l l  dist ort i on a symm e t r i c al 

posi t i on has b e e n  s e l e c t e d , d i s t a n c e  ' R '  fr om t h e  axi s of 

rotat i on as t he ori gin o f  the c oordinat e syst em . N at ur a l ly , 

R wi l l  vary w i t h  rot or s p e e d  owing  t o  rot or s t re t c h .  The 

c e l l  is l ocat e d  in the xy p lane and the p os i t i ve z -axi s  

o f  our syst em  i s  i n  t h e  ne gat ive  ra dial dir e c t i on o f  the  

r ot or . Th e und e f ormed c e l l  c e nt repi e c e  c onsidered  is  a 
2 r e c t angular b l o c k  of  s quare c r o s s - s e c t i on a i n  the  xz 

p lane an d o f  le ngt h  ' b '  i n  the y direc t i on ,  ( t h e  dir e c t i on 

o f  the  opt i c a l  axis i n  the  ultrac e ntri fuge ) . 

t h e  f i e ld i s  that whi c h  app li e s  f or R>) a . 

Physically 

H en c e  t h e  

p r o b l e m  was t o  d e t er mine the  d e f or ma t i on of t h e  c e nt r e pi e c e  

r o s t i n g  i n  t h e  r o t or at z = o su b j e c t e d  t o  a gravi t a t i onal 

f i e ld g2 = - </ ( n-z )  ; gy 
= gx = o sinc e t he eart h ' s fi e ld 

i n  the  y di r e c t i on i s  negle c t e d r Furt h ermore , one 

b oun dary c ondit i on imp o s e d  was t hat the displa c eme n t  ve c t or 

u z was zero  when z = o , s i n c e  t he c entrep i e c e  was assum e d  

t o  b e  supp or t e d  by the  r ot or in t h i s  p lane . 

I t  is show n  by Landau and Lifshi t z80 
t hat 

i f  a body is in e qui librium an d i s  loca t e d  in a gravit at i onal 

f i e l d , then the i nt e rnal s t r e s s e s  and the f orc e o f  grav i t y  

per unit volume mus t van ish , a n d  this  r e sult i s  expr e s s e d  

in their  e quat i on ( 2 -7 ) 
i . e . , 

+ = 0 

'here  0 ik i s  a general s t r e s s  t e ns or e l ement , xk i s  

a generali s e d  c o ordinat e ,  p i s  t h e  den s i t y  o f  the  

c en t repi e c e  nat erial and 

gravi t a t i onal fi e ld in the  

g .  i s  th0  c ompone nt o f  t he l 
i t h  dir e c t i on . 

( 6 - 1 ) 
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From ( 6- 1 ) the  e quat i ons o f equi librium f or t he 

body bec ome 

= 0 

and = 
2 

p w  ( R - z ) 

( 6- 2 ) 

( 6- 3 ) 

N ow the b oundary c ondit i on s  that must be sa t i s fi e d  f or the  

model  are a s  fol l ow s : 

( a )  On the s i d e s  o f  t h e  c entrepie c e  a l l  c omponent s 0 i k  
vanish exc ept  a z z  

( b ) 'Vhe n  z = a , 0 = a = a = 0 • xy y z  z z  

The solut i on o f  the  e quilibr i um e quat i on s  sat i s fying t he 

b oundary c ond i t i on i s  

wit h  a l l  ot her 

= 0 

Knowing t he s t r e s s  ele ment s o . k  w e  can find t he strain 

t en s or e l ements uik by use  o� Landau and Li fshit z 1 s
80 

equat i on ( 5- 1 2 )  
i . e . , 

= 

:'Jhe r e  a i s  P o i s s on ' s rat i o  and E i s  Young 1 s modulus 

for  the  c entrepi <; c c  mat e riA.l , si k  i s  a unit mat r i x ,  and 

the d oubl e  sub s c r ipt f or tho s t r e s s  t ensor indic at e s  sum-

mat i on in  acc ordanc e w i t h  standnrd t ensor n ot at i on .  

·.i'hence  
2 [ R ( a - z ) � ( a2 - z2 )] � u = E a XX 2 [ R ( a - z ) - � ( a2 - z 2 )J u = 12.!!2 ,.., a yy .u 

u = 
�2 [ R ( a - z ) - +. ( a 2- z 2 )] z z  E 

and 

u = u = u xy xt: zy = 0 

( 6-4 ) 

( 6-5 ) 

( 6-6 ) 

( 6-7 ) 

( 6- 8 ) 

( 6-9 ) 

( 6 - 1 0 ) 
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- the strain t ensor being symme t ri cal  of  c our se · s  sh owh 
by Landau and Lifshit z ' s80 e quat i on ( 1 -4 ) . rhe ob j e ct 
of t h i s  analysis  i s  t o  det ermine t he displac ement ve c t or u 
at any p oint i n  the c entrepi e c e , s i n c e  t h i s  i s  the  quant ­
:il'"at ive  measure of d e f ormat i on .  Thi s i s  f ound fr om the  
r e lat i onship between t he st rain t ensor e lement s and  the  
d i splac ement ve c t or f ormulat ed i n  Landau and  Li f shit z ' s80 

e quat i on ( 1 - 5 )  
i . e . ,  = 1 2 + ( 6- 1 1 )  

�here t he double subs c r ipt indi cat e s  strain t ensor e lement s ,  
and the single subscript the r e l e vant di splac ement vec t or 
c omponent . Thus by i nt e grat i on we obt ain the c omponent s 
of the di splacement vec t or ,  

2 [ R ( a- z )  
2 ·2] � - �- ( a  u = 

E o 
- X X ( 6- 1 2 )  

2 [ R ( a- z )  2 z2 ) J u = � 0 - � ( a - y y E 
( 6- 1 3 )  

u z = 
2 [ 2 

� R z ( 2a-z ) - z ( a2 - �) + 
2 21 o ( R - z ) ( x  + y � 

I t  should b e  n o t e d  at t hi s  s t a ge t hat the expre s s i on f or 
u sat i s f i e s  the  b oundary c ondit i on u = 0 only at the  z z 
p oint o f  origin o f  the  c o ordina t e  sys t e m , and hen c e  t he 
s o lut i on i s  not v�l i d  near t h i s  plane . H owever , the  
s olut i on near  this  lat t e r  p lane is  not r e quired i n  t ha 

subs e quent analysis . 

( 6- 1 4 )  

� c e l l  c avity i n  the mo de l  has r e c t angular geome t r y  
a n d  init a l ly i t  i s  assume d t hat i t  i s  p o si t i oned s ymme t r i c al ly 
as shown i n  f i gure 6 - 2 . I n  prac t i c e  t he l i qu i d  under 
invest i gat i on is pla c e d  i n  the c av i t y  in t he c e l l  c ent re-
p i e c e , and  i t  i s  of int erest  to  det ermi ne the  cav i t y  d e f ormat i on 
i n  t he c e nt r i fuga l  f i e l d . I n  stress  analysi s  t h i s  problem 
frequent ly i nt r oduc e s  c omplexit y owing to new b oundary 
c ondit i ons , but in the present model the problem is r e lat i vely 
s i mple , s i n c e  we not e from  e quat i ons ( 6 -4 ) and ( 6 -5 )  that 
only o zz  i s  fini t e  and  all ot he r o ik are z e r o . Phys i c ally , 
thi s means t hat a cavity and body mat erial i n  our c e l l  
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c ent repi e c e  b e have i d e nt i cally . 

I t  can be shown by t he us e of  e quati on ( 6 - 1 4 ) 

that t he fracti onal c hange i n  the  overall lengt h  o f  

side  owing to  c e ll d e f or ma t i on i s  given by 

2 2 J 2 [- 2 
Z

2+ Z
2

Z
1 +Z

1 2 2 �
2� 2Ra - ( ) ( ) Pz = ,_; R z2 +z 1 -a  + 3 - cJ x + y ( 6 - 1 5 ) 

whereas by use of e quat i ons  ( 6 - 1 2 ) and ( 6- 1 3 ) t he fract i onal 

c hanges in overall l e ngt hs of  t he sides  parallel  to t he x 

and y axes locat e d  at z 1 and z 2 r espe c t ively are given 

by 

2 
px 1 

= py 1 = � ( a-z 1
) ( 2R-a- z 1

) 
2E 

( 6 - 1 6 ) 

2 
Px2 = py2 

= � ( n. - z2
) ( 2R-a - z2

) 
2E  

( 6 - 1 7 ) 

' '/he r e  i s  the overall frnc t i onal c hange in the  side  

paralle l to  the x -axis l oc � t e d  at z 1 et c . 

fhus f r om equati ons  ( 6 - 1 5 ) - ( 6 - 1 7 ) , and a knowledge 

of t he unde formed  cavity  dimensi ons , t he de f or mat i on of  the  

c avity may b e  c al c ul� t ed . 

- -';y inspe c t i on o f  e quat i ons ( 6 - 1 6 ) and ( 6- 1 7 ) i t  

will  be not e d  t hat  t h e  R . H . S . ' s  are always posi t i ve and 

henc e the dime n s i ons in t he xy plane nre a lways increas e d  

owing t o  c e l l  dG forma t i on , whereas the R . H . S . o f  e quat i on 
( 6 - 1 5 ) c ou ld be p osit ive , negat i ve or z er o . A diagrammatic  

p i c t u r e  of  the  d e f or m e d  r e c t angular c a vit y i s  shown i n  

figure 6 -3 . 

C onsi der  a r e c t angular cavi t y  of  initial  volume 

where  ( z2 - z 1
) , x 1 and y 1 are the unde f ormed  lengths 

of  the side s . It c an b e  shown that the volume V '  of 

the de formed c e l l  depi c t e d  in figure 6-3 is given  to a 

c l os e  appr oximat i on by 

, , _ 2 1 ) ' o , ,  1 1 , , _ ,  ( z - z  [ Q 1 - 2 Y 1 2
( x 1 1  +

X 
1 2

) + x 1 1
( y 

1 1 y 
1 2

) 

( 6- 1 8 ) 

( 6- 1 9 ) 
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where C z2 - z 1 )� * i s  t he deformed l e n g t h  o f  t h e s i d e  ( z 2 - z 1 ) 
e valuat ed at x = o , y = o ; and y '  1 2  i s  t he de f orme d 

l e n gt h o f  si de y 1 e valuat ed  at z 2 et c . 

* LN ot e  t h e  variat i on in  C z2 - z 1 ) 1  o ver the range of  values 
of x a nd y u s e d  f or t h e  c a vi t i e s  w i t hin t he mo d e l is 
ne gl i gi ble . __ 7 

U s i n g  e qu�t i on s  ( 6- 1 8 )  and ( 6 - 1 9 )  i t  can be  shown 
th at frac t i onal volume c hange ( b )  of t he cavi t y  i s  

T h e  p ra c t i c a l s i gni f i c a n c e  o f  e q uat i on ( 6 - 2 0 )  ins o far a s  

t h e  u l t ra c e nt r i fuge i s  c o n c e r n e d , i s  t h � t  t he height o f  
t h e  l i qu i d  c olumn i n  t h e  c e ll var i e s  w i t h  t h e  r o t or s pe e d , 

and t h i s e f f e c t  i f  obs 3rved may b e  m i s i n t e r pr e t e d  as 

a d di t i onal l i qu i d  c o mp r e s s i on .  t s e para t e  a nalys i s  of  
t h i s  l a t t e r  effect  t o g e t h e r  w i t h  a n  ap pr opr ia t e d i sc ussi on 
o f  t h e  e f f e c t s  a n d  ma gni t ud e s t o  be expe c t ed from t hi s  

s ourc e  a r e  i n c lud e d  i n  a n  �ppendix t o  t h i s  c hapt er . H ow -

e v e r , a s sumi n 3 t hu t a liqui d in  t he cell  under i nve s t i gat i on 

i s  inc omp re s s i b l e  w e  c a n de t ermine t h e  cha nge in li qui d 

c olumn h e i ght i n  t erms o f  t he known paramet ers  u s i n g  

e qua t i on ( 6 - 2 0 ) . D o i n g  t h i s  � o  f i n �  t h a t  i n  t he de formed 

c e l l  t h 2  liquid  c olumn he i ght h '  i s  gi ve n by 

h '  -- h ( 1 - q )  ( 6 - 2 1 ) 

2 
[za ( 2 R -r:� )  2 z�J (1 (;J  2R ( zb z ) ( 6 -2 2 )  wh e r e  q ::: ,. 0 + + zb + 2"E m 

and in  wh i c h zb and zm a r e  t he l o c a t i ons o f  t h e  li qui d 

bas e and meni s cus  respe c t ive ly . From e qua t i on ( 6 -22 ) we 

n o t e t hat  q c an b e  p os i t i v e , negati ve or zero , and t h at 

t h e  si gn depeuds only on t h e  r o t or and c e ll c o ordi na t e s , 

and i s  i n de p en d e n t o f  mat e r i a l s  and rot or speed . Thus 

it should be p ossible ( t he or e t i cally ) t o  d e s i gn a c entrifuge 
syst e m  partially t o  e limi n a t e t h i s  e f f e c t . 

We al s o  s e e  from e qua t i on ( 6-22 ) t hat t h e  

frac t i ona l c hange i n  li qui d c olumn h ei gh t  q i s i t s e l f  a 
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func t i on of the c olumn hei ght h = ( zm- zb ) and o f  i t s  

locut i on in t he c e l l . Rewriting  e quat ion ( 6-22 ) 

in t e rms o f  t he s e  l � t t e r  two  observable p aramet ers we  

obtain 

3 .  APPLI C�TTON OF THEORY AN D DIS CUS SION 

HavinG derived  e quat i ons r e l e vant t o  a c e ll in 

( 6-23 ) 

an ultrac ent ri fuge i t  i s  i mp ortan t  t o  det ermine an est imat e 

of the  order of ma gnit ude �f t he . aforement i on e d  e f f ec t s . 

To  t hi s  end , dat a r e l e vant t o  t he Beckman M o d e l  ' E ' inst rument 

were insert e d  int o t he e qu2ti ons , under the ass umpt i on t ha t  

t he c e l l  was c onstruc t e d  of duralumin but t h e  r esult s may 

be applie d readily t o  c entrepi e c e s  c onstruc t e d  from other 

m�terials . The dat a us e d  are as f o l l ows , as suming t he 

symmetrical  cavity of figur e 6 -2 . 

R 7 . 5 c m  a = 2 . 2 c m  z 1 = 0 . 6 c m  

1 . 6 c m  

From Kaye and Laby8 1 
f o r  duralumin 

1 1  - 2  p = 2 . 8 g/ml o = 0 . 33 E = 7 . 3 x 1 0  dynes  c m  

and t h e  r o t or spe e d  var i e s  in th e range 0 - 7 5 , 000 rpm .  

The ab ove dat a a r e  app l i c ab le t o  a typical  c e l l  used  f or 

l on g  c olumn experi men t s . 

S i n c e  zb i s  fixed by the  above data t o  about 

0 . 6 cm ( i . e . rb � 6 . 9 e ms from axi s  of r otat i on ) , it was 

o f  i n t e r e s t  to use  e quat i on ( 6 -23 ) to f i n d  the  c ol umn 

h e i ght  for whi c h  q t he frac t i on�! c hange in c olumn h e i ght 

was ze r o . The r esult ing c alcul�t i on gave c olumn heights 

h = 4 . 0 c m  and 9 . 8 c m  whi c h  are phys i c ally i mpossible  

with t he c e lls us ed . For  a t ypi c a l  c e ll 0 �  h ' 1 . 0 cm  

and  there f or e  a c hange in li qui d c olumn h e i ght shou l d  be  

pr esent i n  practi c e . Furthermor e , by d i f ferentiating 

e quat i on ( 6-23 ) with respect  t o  

of h i n  the range 0 � h � 1 . 0 

h and ins erting value s 

c m , we find  that � i s  

always negat ive , indi c at i n g  t hat t h e  sh or t er t he c olumn 
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the great e r  t he e ffec t . The lat t er result  i s  important 
70 owi ng t o  rec ent e mphasis on high spe e d , s h ort  c olumn method s  , 

and c ontras t s  wit h the e f f e c t  assoc iat e d  with fin i t e l i quid  

c ompr essibi l i t i e s  ( s e e  appendix ) . Agai n from e quat i on 
( 6 -23 ) for  h in  our experimental range , we  find t hat q 

i s  a lways posit i ve , and he n c e  from e quati on ( 6- 2 1 ) we s e e  

t ha t  l i qui d c olumn heights sh oul d always c ontract  owing t o  

c e ll  dist orti on under the  appli e d  experimental c ondit i ons . 

Fi gur e s  6 -4 and 6 - 5  show graphi cally the pe rcent age c ont rac t i on 

f or l i quid  c olumn heigh t s  in  t he range o f  i nt erest  for the  

d uralumin c e ll model  under c onsiderat i on .  Dat a  are 

p l ot t e d  over th0 t ypical r ot or speed  range 0-7 5 , 000 rpm 

o f  t he Bec kman M o d e l  ' E ' i nstrument . Fr om graphs w e  n o t e  

t hat at 7 0 , 000 r p m  f or a short c olumn experiment o f  3 mm 

the  p erc ent a ge c ontrac t i on is i n  the r e gi on of 0 . 1 2% . 

Thi s gi ves an act ual change i n  c olumn h e i ght o f  ab out o . ooo4c m . 

S i n c e  t he I n t e r fe r e n c e/S chlieren  opt i c a l  sys t e m  of t he 

ult rac entrifuge magni fies  the radial dimens i ons  by about 

x2 t hi s  would result  in a c hange of about 0 . 001 c m  on 

the phot ographic plat e .  This shou l d  b e  observable s i n c e  

the  microc omparat or s e mploye d in plat e analysis  for  

int e r f e renc e work have least c ount of 0 . 0001 c m .  I n  

prac t i c e  c e l l  dist ort i on i s  c oupled w i t h  w i nd � d is t ort i on ,  

sinc e t he above s t r e s s  analysis c ould apply e qually t o  

i sotropic c e ll windows , and su c h  a simple ext rapolat i on 

i s  not  really r e l e vant at t he s e  spe eds  owing t o  uncertain­

ties a s s o c ia t e d  wit h locat ing t he exact p osit i ons o f  the 

me n i s c us and base  on t he phot ographic p lat es . H oweve r , 

wit h t he intr oduc t i on of laser  s our c e s  as shown in this  

t he s i s  and e lsewhere
82 , c ouple d wit h improved window 

holder d e s i gn 57 , t he menisci  wi ll be more c learly de fine d , 

and it  should b e  possible  t o  measure t he ab ove e ff e c t  i n  

prac t ic e  and make any n e c e s sary c orre c t i ons when preci s e  

work ( part i cularly int er ferenc e ) i s  beinf, undertaken . 

Obvi ously for c e lls  with  an i mproved density t o  strength 

rat i o  (g) this e f f e c t  w i l l  be diminishe d as expe c t e d , and � .. 
this  is  indicat e d  in t he theor e t ical  e quat i ons . 

For an int e r ferenc e c e ll mod e l  i n  which t here 

are t w o  c a vi t i e s  symmetrical ly loca t e d  ab out the  z-axis 



we find the  results  for e�ch cavity simi lar t o  t hose  for 

t he single cavity described  ab ove . 

A c e ll t hat i s  bec oming inc reas ingly p opular in  

exp erimental work and to  whic h  c e l l  dist ort i on c ould  be 

o f  ma j or i mportance  is  t he high speed Yphan t i s  type c el l  -

of whi c h  a rec ent ly improved side  ac c e s s  ver s i on has b e e n  

described  b y  Aus evin , R oark a n d  Yphan t i s
57 . Thi s  lat t e r  

c e l l  i s  sp e c i f i c al ly d e s i gn e d  f or rot or speeds  in  exc e s s  

o f  4 0 , 000 rpm . N ow t h i s  c e ll  is  f abr i c a t e d  t o  i mpr ove 

amongst other t hings i t s  dens i t y  t o  strengt h rat i o ,  and 

t o  c onsi der a duralumin vers i on as an e xample  of the  

e f fe c t s  o f  c e l l  d i s t or t i on i s  unduly pessimi st i c . H owever 

t he r e sult s obt ai n e d  by  t he analysis of a duralumin c e l l  

w i l l  e mphasise  t h e  e f fe c t s  c e ll dist ort i on c ould  have in 

such a c e l l , and indi cat e r e l e vant c orre c t i on pr o c e dure s  

should t h e s e  b e  f ound ne c e s sary . A diagram o f  a three  

c hann e l  Yphant i s  c e l l  appl i c a b l e  to  our m od e l  i s  shown in  

figure 6 -6 . C e l l  dist ort i on c ould be of primary i mp or t anc e 

in  a c e l l  o f  t h i s  t ype owi n �  t o  i t s  disc rimat ory e f f e c t s  

amongst t he c hanne ls . Thi s  i s  i n  c ontrast t o  r ot or s t r e t c h  

whi ch e f fe c t s  a l l  c hann e l s  e qual ly . Fundamenta l ly , the  

c e l l  d is t ort i on e f fec t s  are  t w o f old : ( a ) t he displac e ment 

o f  the  c e l l  base posit i on ( uzb
) w i l l  be di f fe re nt for each 

channe l ,  and ( b ) t he variat i on in  l i qu i d  c olumn h e i ght ( q ) 

for similar levels  ( h )  in  t h e  c hannels w i l l  be d i f ferent . 

An est ima t e  of t he e ff e c t  of c e l l  bas e  positi ons 

displac e me nt can be found from e quat i on ( 6 - 1 4 ) where z 

i s  r e plac ed by t he appropriat e zb and ot her paramet ers 

have t he same numeri c al values  as d e fine d previ ous ly . H ow-

e ver , t he last t erm in t he brac k e t s  indi c a t in g  the  e f f e c t  

of t he c e l l  posi t i on i n  the x y  p lane i s  small and hen c e  

e qua t i on ( 6 - 1 4 )  may b e  rewri t t en a s  

uzb = - �
2 [R z  ( 2a- z ) - z ( a2 -

zb ) 2] 
2E b b b 3 

N ot e  the ne ga t i ve s ign i n d i c at es  t hat t he d i splac ement i s  

i n  t h e  n e ga t i ve z - d ir e c t i on i . e . , in  c h e  radial di r e c t i on 

of the  r ot or as e xpe c t e d . �e s e e  t hat t he displac ement 

i s  pr op or t i onal t o  ( i ) t he s quar e of  t h e  r o t or speed , 
( i i ) t he density  t o  strengt h rat i o  of the c e ll mat eria l , 

( 6 -24 ) 
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R ot or Spee d  ( Th ousands o f  RPM ) . 

Graph S howing the  P erc entage C ontrac t i on o f  
t h e  Liquid C olumn H ei ght  w i t h  R ot or S p e e d  for 
Thr e e  Di fferent C olumn H e i gh t s  in t h e  Duralumin 

M od e l . 

. :a. . ·� . 4- . S" . • f. . .., 
L I QU I D  COLUM N H EIGHT ( c m ) . 

· •  

FIGURE 6- 5 .  Graph Showing the perc entage c ont rac t i on o f  
Li quid C olumn H e ight w i t h  L i quid  C olumn H ei ght 
at C onstant . Rot or S p e e d s  for the Mode l .  
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and ( i i i ) t h e  l o c at i on of t h e  base  in the c e l l  c e n t r e ­

pi e c e  ( as suming t hat t he c e l l c e nt r e pi e c e  d i mensi ons and 

p o s i t i ons w i t h i n  t he rot or ar e fixe d ) . Th e base p os i t i ons 

s e l e c t e d  f or our m o d e l  Y phant i s  c e l l  were z
b 1 - 0 . 4 c m ,  

zb 2 = O .  9 c m  and z
b 3  

= 1 .  4 c m  , where the sub s c ript s 

1 , 2 ,  and 3 indi c a t e  t he t hr e e  c hannels numb e r e d  f r om 

b ot t om t o  t op of  t h e  c e l l .  The c e l l ba s e  d i s p la c e me nt 

( u
z b

) i s  p l ot t e d  agai nst r ot or s p e e d  in f i gure 6�7 for 

t he p os i t i on of t he three c hanne l s  above as w e l l  as for 

t he t op o f  t he c entrep i e c e , z
b 

= 2 . 2  c m ,  and f or 

z
b 

= 0 .
6 c m ,  t he b . t t e r  being t yp i c a l  f or t h e  c e l ls us e d  

f or l on g  c o lumn experiment s and S c h l i eren w ork . Fi gure 6- 8 

d e pi c t s  t he varia t i ons in ba s e  displac e me nt ( u
z b

) as  a 

func t i on of t he p os i t i on wit hin t he c e ntr epi e c e , whi lst  

r ot or spe e d  is  main t ai n e d  c on s t ant . I t  should b e  appre c ia t e d  

t hat t he origin r e lat ive  t o  t he axis of  r o t at i on of t h e  

r ot or w i l l  i t s e l f  vary w i t h  rot or s p e e d  owing t o  r o t or 

s t r e t c h  and more over t he d i splac e me nt a t  t he t op o f  t h e  

c en t r e p i e c e  gives r i s e  t o  a wi dening of t h e  gap b e t w e e n  

t h e  rot or a n d  c e l l  a lready p r e s ent ow ing t o  r o t or s t r e t c h . 

By extrap olat i on one c an d e t e r mine t h e  r e la t i ve base d i s ­

p l a c e me n t s  f or a n y  b a s e  p o s i t i on w i t h  r e s p e c t  t o  a re f e r e n c e  

p o s i t i on ( c hann e l )  sinc e t he s e  depe nd o n  t h e i r  r e lat ive 

p o s i t i ons . Thus at 70 , 000 rpm w e  n o� t hat t he base 

p o si t i on i n  c hann e l  2 ha s a radial di s p la c ement o f  a b out 2x 

t hat of channe l 1 whereas t he base p o s i t i on i n  c hann e l  3 

has a radial  di s p la c e ment of  j u st over 2 . 5x t hat o f  c hann e l  1 .  

Nat ura l ly as n ot e d  p r e v i ou s ly from e quat i on ( 6-24 ) the order 
2 

of map;ni t u  de. d e p e nds on ul and g , but for our duralumin � 
m o d e l  t h e  radi a l  d i s p la c e me n t  o f  c hanne l 1 a t  7 0 , 000 rpm 

is a b out 0 . 001 cm whi c h  w ou l d  be me asureab l e  i n  such a c e ll . 

H on e v e r  t h e  radia l di splac eme nt o f  a s ingl e c hanne l bas e 

pos i t i on i s  ma ske d by r o t or s t r e t c h  in prac t i c e  owing t o  

t he pract i c a l  or i gi n  o f  c o ordinat e s  b e i n g  the axis o f  r otat i on 

and n ot the c e nt r epi e c e  base . I n  c ontrast , the r e la t i ve 

d i s p l a c ement s i n d i c a t ive of  c e ll d i s t ort i on are not masked 

and  experime nt a l  e v i d en c e  o f  t h i s  a s  r e gar d s  t he inner 

and out e r  r e f e r e n c e  p o sit i ons o f  a c e l l  c ount erbalan c e  i s  
7 7  

int i ma t e d  by Ba ghurst and S t anley • 

The chann e l  d i s c r imi nat i on exhibi t e d b y  c hange 
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in l i quid  c olumn he ight s is  depi c t ed in figure 6-9 . H ere 

the pe r c e nt a�e d e c reas e in liquid  c olumn he i ght f or a fixed 

ini t i a l  c olumn h e i ght o f  h = 0 .  3 c m  in each  c hann e l  i s  

p l ot t e d  again s t  r o t or s pe e d  ( rpm ) . The data f or this 

grGph were  obt ained fr om e quat i on ( 6 -2 3 ) . From e quat i on 
( 6 -2 3 ) we make a general observat ion t hat the ma gnitude  

of the  frac t i onal  dec rease i n  li quid c olumn hei ght ( q ) i s  

t h e  pr oduc t of two  d i s t i n c t  func t i ons , this  observat i on 

applying e qually t o  t h e  radial di splac e me nt u z in 

e qua t i on ( 6- 14-) . 

c e nt r i fugal f i e l d  

First ly as expe c t ed it  depends on 
pe;>2o and the  c e ll mat erial ( 2 E  ) , and 

s e c ondly on r e l e vant c e l l  dimensi ons and p osi t i ons  

L-2a ( 2R-a ) - 2R ( 2 zb 
+ h ) + z: + ( zb 

+ h ) 2 _7 . 

the  

If  the  first i s  p l o t t e d  a gainst r ot or speed  and  the  s e c on d  

i s  p l ot t e d  against l i q u i d  c olumn height ( h ) o v e r  the range 

o f  i nt erest f or var i ou s  r e l e vant p osi t i ons  ( zb
) i n  a 

c entrepi e c e , i t  is possible  by nor ma l  extrapola t i on 

pr oc edures t o  det ermine the  e f f e c t ive value of ' q ' for any 

r ot or speed , c olumn h e i ght and base  posit i on o f  int erest , 

and i n  t he ory for a pra c t i cal  c a s e  such plot s  c ould  f orm 

the bas i s  f or exp erimental c orr e c t i on pr o c e dur e s . The 

p l o t s  appli c ab l e  t o  the model duralumin c e l l  are shown in 

f i gures  6- 1 0  and 6- 1 1 f or i l lust rat i on fr om whi c h  

fi gure 6 - 9  c ould  be  derived . Obvi ous ly , a simi lar 

proc e dure c ou l d  be  used  to e valuat e the radi al displac ement 

u from e quat i on ( 6- 1 1.t) .  Finally , it  i s  appropriat e z 
t o  ment i on the  experiment al w ork of S chac hman

4 
and Cheng 

and S chachman
83 , wh o inve s t i �at e d  t he c ompr e s s i bi lity  o f  

l i quids  from ultrac ent ri fu�e me asure me nt s . This i s  b e c au s e  

the obs ervabl e  d e c rease i n  l i quid c olumn height s ari s ing 

fr om fini t e  liqu i d  c ompr e s s i ons , that is discus s e d  in t he 

appendix t o t � is chapt e� c ould be  exaggerat e d  by c e l l  c en t r e ­

pi e c e  de f orma t i on i f  pre caut i ons are not t aken . Furt hermore , 

as indi cat e d  by  S chac h man \ t he experiment a l  c ondit i on s  ar e 

c omplicat e d  by wi ndow bulging il.nd d i s t ort i on owing t o  

l i qu i d  pres sure e f fec t s . I n  prac t i c e  t h e  e ffe c t s  of c e l l  

dist or t i on as regards d e c rease  i n  l i quid  c olumn height 

with  i n c r ease of the  rot or spe e d  arc a c c ent uat e d  by the 

H owe ver , our mod e l  indi c e. t e s  that the e f fe c t s  
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o f  c e l l  d i s t ort i on may be  e valua t e d  devoid  o f  the  c omplicat i on s  

o f  window bul ging n n d  fini t e  l i quid  c ompre s si bi l i t y . Thi s 

i s  achieved  experiment n l ly by usi ng a Yphant i s  t ype  c e l l  

c entrepie c e  and making simultane ous me asurement s of liqu i d  

c olumn height c ontr�c t i on , t oge ther with r e lat i ve base 

posit i on displac e ment s ,  t he lat t e r  being independ ent o f  t he 

af orementi on e d  c ompl ic � ti ons . 

A model  o f  n c e l l  has b e e n  i nt r oduc e d  int o an 

analy t i c�! ult rac entrifuge , and mat hem�t i c a l  expre s s i on s  

have been  formula t e d  spe c i f i c  f or t he e f f e c t s  of c e l l  c ent r e ­

p i e c e  d e f orma t i on unde r  the  c ent r i fuga l  b ody forc e s . Dat a 

r e l e vant t o  s t nndnrd c e l l s  us e d  with  t he Beckman M o d e l  ' E '  

inst rument have b e en e �aluat c d  and have indi c at e d  e ff ec t s  

t o  b e  o f  an or der  o f  m� gn i t ude  r e le vant f or c or r e c t ion i n  

present day hi gh pre c i s i on meth ods . The orders  o f  magnitude  

e s t ab li s h e d  are simi lar to  those  int i mat e d  by  expe r imenta l ly 

derived  raw data r e s u l t s  of Baghurst and S t an ley77 app l i c able  

to  the  inner and  out er reference  h o l e s  in  a c ount er-balanc e 

c e l l . H ow e ve r , the s e  aut hor s s t r e s s e d  t hat an analys i s  

o f  c o- vrtr ianc e fai l e d  t o  c onfirm t h e  e f f e c t  a t  t he 5% 
probabi li t y  l e ve l , but a sugge sti on of c e l l  c ompr e s s i on 

was mad e . The mod e l  ha s highli ght e d  t he s p e c i f i c  e ff ec t s  

o f  c e l l  d i st ort i on , a s  di s t i n c t  from r ot or s t r e t ch ,  and 

has indicat e d  c or r e c t i on proc e dures that c o uld  be r e l e vant 

for h i gh prec i s i on , s e diment at i on e qui librium Ray l e i gh 

int erference  w ork . The ana lysis of ex�e r i me nt a l  data f or 

the  la t t e r  some t i m e s  a s s ume s t h e  c onserv�t i on o f  mas s  t o  

e valuat e a c on s t ant of i nt e grat i on , �hen use  i s  made o f  

the  i ni t i a l  c o n c e nt rat i on of s o lut e in  the c e ll . The 

var i at i on in  l i qu i d  c olumn hei ght owi n g  t o  c e l l  dist ort i on 

and finit e li qui d c ompr e s s i b i l i t y  c ould i nfluen c e  the re sult 

o f  t hi s  c a lcu l at i on if p r e c aut i ons are not t aken . Fur t he r -

more the  radi 0 l  d i s p la c e ment o f  t h e  bas e r e gi on owing t o  c e l l  

dist ort i on ,  should b e  c onsid e r e d  al ong w i t h  t he c orre c t i ons 

f or rot or s tret ch . For the  l e s s  pre c i s e  S c hlieren  w ork 

the e f fec t s  w i l l  be r e lat i v e ly minor , although t h e oret i c ­

ally they w ould e xagge rat e effe c t s  o f  radial di lut i on . I n  
part i c u lar th8 m od e l  ha s warned o f  p o s s ible  c ompl i cat i ons 

a s s o c i a t e d  w i t h  t h e  use of Yph ant i s  t ype c e l ls and has 
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i n di c a t e d  appr opri a t e c orrec t i on pr oc e dur e s  f or pre c i s e  

w ork . 

F i na l l y , i t  must b e  e mphas i s e d  t h at t he t h e ory 

i s � s e d  on a mod e l , � n d  t hat t he exa c t  r e s u l t s  e valua t e d  

a r e  r e a l ly on ly a p p l i c ab l e  t o  t h i s  m o d e l . H ow e ver t h e  

model  d o e s  appr oxi mat e t h e  experi men t al c on di t i ons experi e nc e d ; 

t h e  r e s u l t s  i t  p r 2 di c t s  are int u i t i v e ly c orr e c t , and t h e s e  

a r e  o f  t he or ders  o f  ma �ni tudc  expe c t e d  f r o m  experi ment a l  

e v i d e n c e  t o  dat e .  Th e r e f o r e  i t  i s  f e l t  w i t hi n  t h e  limi t -

a t i on s  i mp os e d , t h a t  t h� mod e l  i G  use fu l  1nd  appli c ab l e  t o  

the  t ask i n  h a n d .  
5 . APPEN DJ:X 
A H/\TH!.�l,1/.TI CAL FOR>iLJLATI ON OF LI ;�UI p _COLUf•IN II JSFfH'r COMFRESSION 

O � 'ING 'T'O FINI'f' ,� LI C) fJI D C Oiv!PJ1 t.<;.S 3 I BI LI 'rY P J  TH E: ANALYTI CAL ULTRA-

C ::::N'"JI F'UGE 

A t  t h e  high e r  r ot or spe e ds ( a b o u t  6 0 , 000 rpm ) a 

large p r e s sur e d i f f e r enc e exist s b e t w e e n t he ai r - l i qu i d  

me n i s c u s ( whe r e  the  pres sure i s  one at mosphere ) a n d  t h e  

b ot t om o f  a c en t r i fu ge c e l l . S ve db e r g  and P e d e r s e n
2

, 

Fu j i t a 5
, and S c ha c hman4 have d i s c u s s e d  t he e f f e c t s  o f  t h i s  

p r e s sure var iat i on an d g i v e  appropria t e  r e f e r e n c e s  t o  b ot h  

expe ri ment al an d t he or e t i c al work und e r t aken i n  t hi s  area . 

H ow e ver , t h e  analysis  a b o v e  has i n d i c �t e d  t ha t  one o f  t he 

o b s e r vab l e  e � f e c t s  o f  c e l l  d e f ormat i on i n  t h e s e  large c en t r i ­

fugal f i e l d s i s  ·m e f fe c t i v e  c ompr e s s i on o f  t he l i quid c olumn , 

and h e n c e  i n  t he c on t ext o f  t hi s  paper i t  i s  appr o pr i at e t o  

d e t ermine t he r e la t ive c ont ribut i ons t hat t h e s e t w o  independent 

s our c e s  m� ke t o  t he exp e r i mentally obse rvab l e  c ompr e s s i on ,  
c 

U s i n g  t he n o t a t i on o f  Fu j i t a �  t he pressure d i s -

t r i but i on i n  a s e c t or sha pe d c e nt r i fuge c e l l  may b e  d e t ermi n e d  

fr o m 

= 2 p r:l r ( 6-A 1 )  

whe r e  p = d e ns i t y o f  t h e  s o lut i on a t  t he radi al p o s i t i on r , 

ro i s  t h e  r o t or ' s a ngular ve l o c i t y and p i s  the  pressure • 

. F or di l ut e s o l u t i on s  p mny b e  r ep lac e d  by t h e  

d e ns i t y o f  t h e s o lvent p 0  at t h e  same p oi n t . 

t he c o mpr e s s i b i l i t y  by ;(3 w e  obt a i n ,  

Denot i n g  



\ 

i . e . , 

where 

p ::. 0 ' 

= 

0 
P o = P o + A. p  

A. = 0 1-J. with p 0 ;':J 0 p 0 being the val ue of p at 0 
and this  appr oxima t e s  t h e  v�lue � �  the me niscus 

( 6-A2 ) 

( 6-A 3 ) 

( r ) . 
m 

1henc e  by s ubs� i t ut i on :1n d  int e grat i on t h e  solvent 

density i s  given by 

De fining 

and 

p 0
( r ) 

= p �  exp L�{3P �  (1/ c /�- r! _7 
2 

X = ( £ )  r m 
2 

r m 

We get p 0
( x ) = p � e xp V ( x - 1 ) 

The fr�c t i ono l decrease  in  l i quid c o lumn h e i ght ( q ) i s  

d e f i n e d  by 
I 

h = h ( 1 - q ) 

I 

( 6-A4 ) 

( 6 -A 5 ) 

( 6-11.6 ) 

( 6-A7 ) 

( 6 -A8 ) 

where h i s  t he l i qui d c olumn h e i gh t  at rot or frequency w 

and h it s value whe n r,, = o . 

p ( x ) 
0 ----

0 
p 0 

- 1 
1 - q 

I t  i s  e asy t o  show t hat 

·· ·/here rb is the radial posit i on of  t h e  li qu i d  c olumn 

ba se and p ( x ) i s  t he ave rage de n s it y o f  the  l i qu i d  nt 

angular f r e que ncy r,, • 

( 6-A9 )  

I n  pr.:J.c t i c e  !.!.9. ( < 1 :::m d  h enc e from equat i on 2 rb 
( 6-A9 ) the  frac t i onal l i qu1d c olumn hei ght c ompr e s s i ons ( q ) 

i s  given by 

p ( x )  0 1 q ·- --- --
0 

( 6-A 1 0) 
P o  

De fining a fun c t i on f ( x ) by  

f ( x ) = 
( 6 -A1 1 ) 



we s e e  from e quat i on ( 6 -A 1 0 ) that  the mean value of f ( x )  i s  q .  

Subs t i tut ing p ( x ) f r om e qu�t i on ( 6 -A? ) int o e quati on 0 
( 6 -A 1 1 )  we  obt ain 

f ( x )  = v ( x - 1 )  
exp - 1 ( 6-A1 2 ) 

and s i n c e  in prac t i c e  V ( x- 1 ) (< 1 e quat ion ( 6 -/\ 1 2 ) be c omes 

to  a c l os e app� oxima t i on 

f ( x ) = \) ( x  - 1 ) ( 6 -f\. 1 3 ) 

Thu s t he r e quir e d  frac t i onal liquid c o lumn hei ght c ompre s si on 

i s  gi v en by 

q = J c;c - 1 > ( 6 -A1 4 ) 

Jhe re x i s  t he mea n value of x f or th e  c e ntri fuge c e l l . 

'Vri t in g  xb as the v alue f or x at t h e  c e l l  base w e  find 

t ha t 

J 
q = 2 ( xb - 1 ) 

By t he re i n s er t i on of previ ously d e fine d t erms we c a n  

re -wri t e e qu� t i on ( 6 -A 1 5 ) as 

0 2 � 
p 0 I;\ I� 

q = 4 h ( 2rb - h ) 

Di f f e r e nt i � t in g  e qua ti on ( 6 -f\. 1 6 ) w i t h r e spe c t  t o  h we  

( 6 -A 1 5 ) 

( 6 -J-\ 1 6 ) 

n ot e  t hat � i s  p o s i t ive f or a l l  value s of h used  

exp e r i ::Jeatally , a n d  he n c e  the lar ger t he c o lumn ( h ) t h e  

gr eat er q , t h i s  ln.t t e r  e f f e c t  c ontrasting w i t h  t h e  e f f e c t i v e  

c ompr e s s i on pro duc e d  by c e l l  c e ntrepie c e  d e f ormat i on . Fi gur e 
6- 1 2  s h ow s  t h e  variat i on i n  q wi t h  h at c onst ant r ot or 

spee ds , c al c ulat e d  fr om e quat i on ( 6 -A1 6 )  with 

-6 - 1  
= 4 0  x 1 0  atm  • 

The s e  data are applic able  t o  ,at er at 2 0  °C in a t yp i c a l  

u l t r a c e n t r i fuge c e l l . By c ompari s on o f  figur e s  6 - 1 2  and 

6 - 5  the r e la t i ve e f f e c t s  of c e l l  d i s t ort i on an d  finit e  

c ompr e s s i b i l i t y  m�y b e  est i mat e d . 
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A s  w i t h  c e l l  di s t or t i on i t  i s  of i nt e r e s t  t o  

d e t e rm i n e  t h e  d i s c r i mat ory e f f e c t s  o f  f i n i t e  l i qui d  c ompr e s s ­

i b i l i t y  amongs t  t h e  chan ne l s  o f  hi gh sp e e d  Ypha nt i s  type 

c e n t r i fuge c e l l . 

The pe rc e nt age c ompr e s s i on ( q ) o f  a f i x e d  wat e r  

c o lumn h e i ght o f  0 . 3 c m  at 2 0  °C i n  e a c h  of t h e  t hr e e  

c hanne l s  w e r a  d e t ermin e d  us i n g t h e  f o l l owing p e r t i n e n t  dat a .  

2 = 4 x 1 0
7 ( rad m 

r
b2 - 6 . 6 c m  

- 1 )
2 

s . ' 

= 

= 7 . 1 c m  

6 . 1 c m  

The numer i c al s u b s c r i p t  i n di c �t e s  t he channe l 

numb e r e d  f r om b ot t om t o  t op o f  t he c e l l . 

The c a l c u lat i on s  gav e  

= 0 . 35% = 0 . 3 2% and = 0 . 3 0% • 

T h e s e  i mp l y  t h at t he o v e r a l l  radi a l  m o v e m e n t  o f  t h e  m e n i sc i 

f or the  above c o nd i t i ons as r e c or d e d  p h o t ographi c a l� i n  

t h e  u l t r a c e n t r i fuge , would b e  i n  t h e  r e gi on of  0 . 002 c m , 
a c c ount b e i n g  t a ken o f  the x2 magn i fi c � t i on o f  t h e  radial 

c e l l  c o ordinat e s  by t h e  I n t e r fe r e n c e /S c h l i e r e n  opt i c al sys t e m  

o f  t h e  u l t r a c entri fuge . The vari at i on s  a m on g s t  t h e  c hann e l s  

i s  shown t o  b e  s m n l l , b u t  t hey d o  l i e  wi t hi n  t he p re c i s i on 

o f  t he i ns t r ument . Nat ur� l ly , sh ould th e li qu i d  employed 

ha ve a larger c ompr e s s i b i l i t y  and/or densi t y  then t he observable 

e f fe c t  from t h i s  s our c e  w i l l  b e  i n c r e a s e d  a c c or d i n gly , as 

i nd i c �t e d  by e q uat i on ( 6 -� 1 6 ) . Agai n , as f o r  c e l l  d e f or ma t i on , 

i t  i s  an t i c i pat ed t ha t appr opr i at e p r e c au t i ons f o r  t h e  a f or e ­

me nt i one d phys i c a l  e f fe c t s  should be ma de i n  a c curat e s e d i me n t ­

at i o n  e qui l i br i um s t ud i e s  e mp l oy i n g  Ray le i gh i n t er f e r e n c e  

op t i c s . 
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AP PEN D I X  I .  

F I GURE A- 1 ( a ) .  VI EW O F  TH E LAS ER CUPBOARD SHO �ING TH E LAS ER A N D  

OPT I CAL M O DULATOR MOUNTED O N  THE OPTI CAL BENCH , 

T OGETH ER 11TH THE E . H . T . UNI T  ON TH E SHELF ABOVE . 

FIGURE A- 1 ( b ) . VI EW OF T H E  ELECTRONI C  C ON T R O L  UNIT IN ITS NORMAL 

OPERATING POSITION O N  THE ULTRAC ENTRIFUGE . 



1 6 2 .  

APPEN DIX II . 

FIGURE A- 2 ( a ) . PHOTOGRAPH OF TH E BOUNDARY CANC ELLING TEST FOR 

THE ALIGNED OPT I CAL SYST EM USING TH E MERCURY 

SOURCE -:JITHOUT FILTER . ( f, FT ER TH E PROCEDURE 

OF DYSON
4 6 ) . 

FIGURE A- 2 ( b ) . S CHLIEREN PATTERN OF T HE S YSTEM DEPICTED A BOVE 

I N DI CATING THE ST SEP GRA DI EN TS AT THE MEN I S CUS 

!d' W  B A S E  OF THE S OLUTION COLUMN . ( SOLUTION 0 .  5% 

B . S . A . AT 1 2 , 000 rpm PHASE PLATE ANGLE 7 0° ) .  

N ot e  patt ern i s  reversed owing t o  a phot ographic 

reproduc t i on error . 



APPEN D I X  I I I . 

FIGURE A- 3 (  a ) . H IGH S P l.'::E D  sc;u ii.I B R I U M  PATTERNS USING f, THR EE 

CH A I'1 N EL YPH /;N TLS CELL AN D NON - �10 DU L1W E D MERCU RY 

S OURCE . N ot e  absenc e of  fringes owing t o  t he 

severity  o f  the  c ondit i ons . 

FIGUR1_;:; /.- 3 ( b ) . S A ME EXP SRI M !:N T  J\.S ABOVE BU T '/I TH TH E HO DU L!tT BD 
L�S ER SOURC E . Fringes are now c learly visible  

and indi c at e that  the  rot or speed  i s  t oo hi gh . 

THE IN I TI AL CON C �N T R � T I ON S  O F  TH E SOLUT I ON 
( C RAYFISH H A EMO CY�N I N ) I N C REA S ED 41TH TH E 
C HANN ELS R� DI ALLY . 
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APPENDIX  I V . 

FIGUR E A-4 PLA TE .S!-IO:HNG r'\. S UCROS E IN VATER Li::QUI LIBRIUM 

FRI NG ii:: PATTE:RN FOR THE LAS 8R SYSTEr1 EMPLOYI NG 

TH E LIN E SOURC E OPTICS , 

. . .  ·. � . .  

APPEN DI X V .  

c m  I 1 I I I I I I I I I I I I I I I I I I I I \ \ \ \ \ 
o -. 2 3 4 5 & 7 a s , o  

FIGURE A - 5 . 

------------------------� 

PLATE SHOWING ASSORTED TOOL P I ECES US ED 

IN THE ELECTRI C DIS CHARGE MACHINING OF 

T HE TRI PLE-S ECTOR C ELI. COMPONENTS . 



APPEN DIX VI I 

Supplement to Chapt er 5 

I n  c hapter 5 of t hi s  thesis  i t  was assume d t hat  

the  cell  c ontaining the  s e dimenting s olut i on c ould  b e  s imulat e d  

by a n  opt ic al ly homogene ous prism . T h i s  assumpt i on is  

t h e o r e t i c ally c onveni ent since  i t  allows fhe problem of t he 

gra d i ent s t o  be present e d  devoid  o f  t he c omplicat i ons  o f  wav� 

pr opaga t i on in n on-homogeneous media . i l  ow ever , the  analysi s  

was bas e d  o n  a mode l for t h e  c e l l , and i t  was f e l t  t hat  the  

magni tude o f  t he e f f e c t s  s o  derived  c ould  well  be smaller  t han 

t hose enc oun t ered  in prac t i c e . A bri e f  formulat i on o f  t h e  

problem using a non-homogene ous s ol ut i on i n  the  c en t r i fuge 

c e l l  i s  pres ent e d ,  but t o  dat e n o  firm c on c lusi ons as t o  the 

model ' s  appli cabi lit y c an be made . 
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I t  is shown by Born and Jolf24 
t hat the general 

e quat i on f or a l i ght path in  an opt i c ally n on -homogeneous  

medium i s  gi ven by  

__ 
d_ ( n dr ) = grad n ds ds 

( A? - 1 ) 

I n  the r e c t angular Cart esian c o- ordinat e syst em , 

r e l e vant t o  t he c e l l  and t he analysis o f  c hapt er 5 , e quat i on 
( A? - 1 ) may be  writ t en

68 , 

dx 
dz  

where  x is  the  

radial  c o- ordina t e  

and z is the 

dire c t i on o f  t he 

opt i c al  axis . 

At  s e diment ­

at i on di ffusi on 

e quilibrium t he 

r e fra c t i ve index 

distri but i on in 

the c el l  is gi ven  

by e quat i on ( 5-3 ) 

<) n [ 
rx + 1 

0 

' 
' 

X m 

X i 
X v 

X 0 

11 
2 2 X 

� I 

·-- � -
---......_ 

""'-. 
., ""-., 

. ( ) p ( x - X ) ( A?-3 ) 
�e . , n x = nm exp m Fig. A7- 1  
Using t hi s  r e lat i onship i n  e quat i on ( A?-2 ) w e  obt ain 

d
2

:-:: d .  2 
. 

- 2px( � , - 2px = 0 
dz2 d z  

( A? - 2 )  

( A?-4 ) 

The d i f feren t i a l  e q uat i on ( A 7 -4 ) describes  t he 

l i ght paths f or rays in the  c e nt r i fuge c e ll at equilibrium . 

An analyt i c a l  s oluti on for equa t i on ( A? -4 ) i s  given by 

= 

2 
C 2px - 1 exp 

where C is a c onst ant that depends on the inc linat i on 

( A?- 5 ) 

and radial posi t i on of entry o f  a ray i nt o the  c e ll . For 

our s i t uat i on the  i n c i dent l i ght  for t he c el l  i s  c ollima t e d  



2 .  

h en c e  dx 
dz 

= 0 whe n  z = 0 , and using t h i s  c ondi t i on i n  

c on jun�ti on w i t h  an assumed radial posi t i on of ent ry 

( s e e  figure A7 - 1 ) we find t hat  

2 - 2px . C = e xp l 

Thu s an exa c t  s olut i on t o  e quat i on ( A7 - 4 )  i s  

= 2 p ( x 2
- x _2 ) - 1 exp l 

X = X .  l 

( A7 - 6 )  

( A7-7 ) 

N ow t o  det ermine x in  t e rms o f  z requires 

int e · grat i on o f  e quat i on ( A7-7 ) whi c h  i s  c ompl ex . 

e quat i on ( A7-7 ) may be  wri t t en in  e xpanded  f or m  thus 

dx 
dz  

,-1 1> 
- 1_1 

H owever 

( A7 - 8 )  

Assuming t hat ( x2- x�) i s  suffi c i ent ly small t hat  l 
the  s e c ond t e rm in  the bracke t s  may be i gnor e d  we  c an make 

a first appr oxima t i on .  

i . e .  dx 
dz = ( A7 -9 )  

jhe n c e  b y  i nt e grat i on o f  e quat i on ( A7-9 ) i t  may b e  s hown t hat 

X = X . C: 0 S h "'-12;' Z l ( A7 - 1 0 )  

Thus t o  a f i r s t  appr oxi mat i on the  pat h  o f  a ligh t  r ay t hr ough 

a c entri fuge c el l  at sedimen t at i on di f fu s i on e qui l i brium i s  

a c at enary . 

Unfort unat e ly t he c e l l  i s  t oo t hi c k  for the  above 

first appr oxi mat i on t o  apply to the  whole c e l l , but obvi ously 

by numer i c al met hods i t  is  possible  to divide  the c e ll  i nt o 

strat i fi e d  layers f or whi c h  the appr oxima t i on i s  vali d and 

then t r a c e  a ray thr ough the c ompl e t e  c e l l  with the exit 

angle of one layer being the entran c e  angle of the  following 
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layer . Thi s  analysi s  i s  i n  agreement with  the  general 

c onc lus i ons o f  Ford and For d
6 8  

who were involved with t h e  

p os i t i on o f  a di f fusing b oundary with  S ch l i erun opt i c s . 

H owever , althou gh t he exit angl e i s  obvi ously 

gre a t er f or the non-homogene ous s olut i on than f or the  mode l , 

i t s  a c t ua l  e f f e c t  i s  not nec e s sarily as great s i n c e  t h e  

i n f ormat i on c arried  by the  emer gent r a y  i s  appli cable t o  a n  

e quivalent l e v e l  ( x ) s omewhere between  t h e  radi a l  entran c e  e 
and exit levels  ( s e e  figure A? - 1 )  given by 

n ( x ) . t  e 
= f s n ( s ) ds 

0 

O bvi ously t he e f f e c t i ve level ( x ) i s  displac e d  e 

( A? - 1 1 )  

radi a l ly fr om the  ent ranc e l e v e l  ( x . ) , and t hi s  must c ompe nsat e l 
s omewhat the  e f f e c t  of  the  radial d e f le c t i on .  I n  addi t i on 

t here w i l l  be re frac t i on at the exit window o f  the c e l l  t hat 

w i l l  c ompl i c a t e  t he s i t uat i on in  pr ac t i c e  s i n c e  this  e f f e c t  

t oo w i l l  be  dependent o n  t he exit angle from t he s oluti on 

and s o  on t h e  r e frac t i ve i ndex d i stribut i on w i t hin t he c e ll . 

Thus unt i l  a ray trac i n g  analysis  ( based  on t he 

ab ove proc e dure ) is  undert aken for t he sys t e m  one i s  unab l e  

t o  draw f i r m  c onclus i ons as t o  t h e  0x�c t e x t 2 � t  o f  t h e .  

mode l ' s applic at i on . 
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The i n crease i n  demands for precision in cmrent ana lytical u l t racent rifuge techn iques has necessi tated the i n­
clusion of correct ion terms previously neglected. The effect of ce l l distortion as d ist inct from rotor stretch is  
considered i n  this  JlfLpcr, where use is made of : t  theoretical  model .  T h e  equa t ion s for the deformation of t h e  
model c e l l  body u nder a eentrifugal gravitat ional field a r c  derived a n d  t he resu l t s  a r c  appl ied to cells used i n  
curren t  practice. T h e  n u merical cabllat ions indicate t hat t h e  correction terms a rc signi ficant at t h e  higher 
rotor speeds for h igh-precis ion Rayleigh i n tcrfcr<' tH'C work , fLnd are particu larly relevant in v iew of t he increas­
i n g  popu lar ity of short-column high-speed methods. The experimen t a l  observablcs spec ific to cell distortion 
arc shown to be a d ifferential  displacenwnt of t he l iquid cell bas<', t h is being releva nt. to Ypha n t is-ty pe cel ls , 
cou pled with fL decrease in the l iquid col u m n  h!'ight. The latter observable could be con fused with fi n ite 
l i qu id compressibil ity and an a nalysis of t h is separate effect is i n cluded in fL n appendix to t he paper. It is 
expected that the correction ] ) I'OC!'dures i nd icated for t he model can be extended to all  pract ical cases where 
appropriate. 

Introduction 

The advent of high-speed analytical ultracent ri fuga­
tion methods such as those of Yphantis, 1 together 1r i th 
the enhanced accuracy in the optical ann,lysis as shown 
by LaBar2 and others, 3-5 has led to  an increasing de­

mand for precision in techniques i nvo lving t he ana ly­
tical ultracentrifuge, and this has made it necessary to 
take into account effects heretofore neglected. Fur­
thermore, improvements in  rotor speed mechanisms 
such as that of Smiriga and Hearst6 and elsewhcre7 •8 
have reduced the i nstantaneous deviations of rotor 
speed to less than 0.01% i n  the Beckmn.n i\ I odcl E in­
strument. I n  addition the instrument is equipped 
with a standard RTIC (Rotor Temperature Indicator 
and Control) unit9 which maintains the rotor tempera­
ture constant to within 0. 1 o during operation.  Thus 
the rotor and cell arc effectively isothermal during oper­
ation and the centrifugal f-ield terms w2r, \\'here w is the 
angular ve locity and r the radius, can be calculated t o  
0.02%. This implies t hat for the t rue precision to  be 
realized, account has to  be t aken of rotor stretch, and 
cell  deformation in t he centri fugal field. The former 
has been i nvestign,ted experimentally by I\"egeles and 
Gutter, 10 Schachman , 1 1  and Baghurst and Stanley , 1 2 

from whose work data are available for both aluminum 
and titanium rotors. In addition , mn.thematical analy­
ses of  rotor stretch for variable geometry rotors have 
been formulated by Timoshenko 1 3 and by Biczeno and 
Grammel . 1 4  For the Beck man ;vr odel " E" ultracent ri­
fuge it has been sholl'n experimental ly by Schachman 1 1  
that the radin,l coonlinatcs 1 ·  can increase b y  0 .5% at 

:)9,780 rpm for n.n aluminum rotor, and Baghurst and 
St an ley 12  have sho11·n that 1· increases by as much as 
0.7;i% at G7 ,770 rpm for an An-H titanium rotor. 
Hence as the above aut hors have int imated it is essen­
t ia l  to correct for t he effect s  of rotor st retch for precise 
work. H01rever, Oll' ing to body forces in t he centrifu­

g:d field the cel l i t self  undergoes distortion (compres­
sion) , n,nd experimental ly in the past this effect has been 
masked part ial ly by the rotor stretch. It is the purpose 

( I )  D.  A .  Yphant is, /Jiochemistry, 3 ,  297 ( 1964) . 

(2) F. E. L:tBar, " Ul l raccnt rifugation Using Jta�·leigh I nterference 
Optics," The ·is in Biochemi,t ry,  Stanford University, 1 963. 

(3) J. ,V. Beams, N. Snidown, A. Hobeson, and I- 1 .  M. Dixon, Rev. 
Sci . l n str u m . ,  25,  295 ( 1 954) . 

(4) E. T i icharcls and 1-1 .  K. Schachman, J. Phys. Chem., 63,  1578 
( 1 959) . 

(5) H .  K .  Schachman, llioch ernistry, 2, 887 ( 1 963) . 

(6) S. JL Smiril(a and J .  E. Hearst, llev .  Sci. f nstrurn.,  40, 233 
( 1 969) . 

(7) Beekman Inst ruments, Inc . ,  Technical Bulletin E-TB-0 13,  Feb 
1 965. 

( ) A. A. W indsor, T. I T .  H ich, IL E.  Doyle, and F. T.  Linclgren, 
Rev. Sci. J n strmn., 38, 949 ( 1 968) . 

(9) Bec k rn an I nstruments Inc . ,  Technical Bulletin No. TB60003B, 
] !)57. 

( 1 0) G. Kegeles and F. J.  Uutter, J .  Amer. Chem. Soc . ,  73, 3770 
( 1 95 1 ) .  

( 1 1 )  H .  K .  Schachn"'"· " Ultracentrifugation i n  Biochemistry," 
Academic Press, New York, N. Y., and London, 1 959, p 1 9 .  

( 1 2) 1 ' .  A .  Bagh u rst a n d  P. E.  Stanley, A nal. /Jioch em.,  3 3 ,  1 68 
( 1 970) . 

( 1 3) S. Tirno,henko, "Strength of M aterials," 3rcl eel, Van Nostrancl, 
l ' r inceton, N. J., 1 956, p 223, Part I I .  

( 1 4) C. B .  Biezeno and H .  U ram mel, "Technishe Dynamic," 2nd 
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Figure J .  Diagram of the rectangular cell centerpiece within 

it::;  coordinate axis system. The y axis is perpendicular to the 

plane of the paper. 

of this paper to investigate cell  distortion theoretically 

as distinct from rotor stretch, so that these effects may 
be assessed and their significance appreciated. 

The Model and Theory 

The model we have developed is the result of various 
attempts to simulate the conditions of the cell center­
piece in t he rotor. We have analyzed this model ac­
cording to the theory and notation of Landau and Lif­

shit z ,  15 and for simplicity \re have assumed rectangular 

symmetry for the cell and centrifugal field as indicated 

in t he diagram of our cell centerpiece in Figure 1 .  To 
separate the effects of rotor stretch from t hose of cell 
distortion we have selected a symmetrical posit ion, dis­
t ance R from t he axis of rotation, as the origin of our 
coordinate system. Naturally, R ,,·ill vary with rotor 
speed owing to rotor stretch. The cell is located in the 
xy plane and the positive z axis of our system is in the 
negative radial direction of the rotor. The undeformed 
cell centerpiece considered is a rectangular block of 
square cross section a2 in the xz plane and of length 

b in the y direction (the direction of t he optical 

axis in  t he ultracentrifuge) . Physically the field is that 
,,·hich applies for R » a. Hence the problem ,,·as t o  
determine the deformation o f  t h e  centerpiece resting i n  
the rotor a t  z = zero subjected t o  a gravitational field 
g, = - w2(R - z) ; gv = gx = 0, since the earth's field 
in the y direction is neglected. Furthermore, one 
boundary condition imposed was that the displacement 
vector u, was zero when z = 0, since the centerpiece 
was assumed to be supported by the rotor in this plane. 

It is shown by Landau and Lifshitz15  that if a body is 

in equilibrium and is located in a gravitational fi eld, 
the!! t he internal stresses and t he force of gravity per 
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unit volume must vanish, and this result is expressed in 
their eq 2-7, i.e. 

Ou tk - + pg; = 0 
Oxk (1) 

where u tk is a general stress tensor element, xk is a 
generalized coordinate, p is the density of the center­

piece material, and g; is the component of the gravita­

tional field in the ith direction. 

From ( 1 )  the equations of equilibrium for our body 

become 

and 

0 

Ou zk 
- = pw2(R - z) 
oxk 

(2) 

(3) 
Now, the boundary conditions that must be satisfied 
for our model are as follows : (a) on the sides of the 

centerpiece all components u;k vanish except u,,; (b) 

when z = a, uxv = Uyz = u,, = 0. The solution of 
the equilibrium equations satisfying the boundary con­
dition is 

Uzz 

with all other 

1 
- pw2 [R(a - z) - - (a2 - z2) ] 2 

Utk = 0 

(4) 

(5) 

Kno\\'ing the stress tensor elements u;k we can find the 
strain tensor elements Utk by use of Landau and 

Lifshit z's 15 eq 5- 12, i.e. 

(6) 

Where u is Poisson's ratio and E is Y oung's modulus for 
the centerpiece material, Otk is a unit matrix, and the 
double subscript for the stress tensor indicates sum­

mation in accordance with standard tensor notation.  
Whence 

and 

pw2 1 
-u [R(a - z) - - (a2 - z2) ] 
E 2 

pw2 
- - [R(a - z) 

E 

1 
- (a2 - z2) ] 
2 

(7) 

(8) 

(9) 

( 10) 

the strain tensor being symmetrical of course as shown 
by Landau and Lifshitz's15  eq 1-4. The · object of 

( 1 5) L .  D. Landau and E. 1\1. Lifshitz, "Theory of Elasticity of 
Course of Theoretical Physics," Vol. 7, Pergamon Press, London, 
New York, Paris, and Los Angeles, 1959. 



MA'l'HEMATICAL Fo1�MULA'l'IONS OF 'l'H E  EFFECTS oF CELL DisToRTION 2509 

J 

z 

t 
I 
I 
I 
I 

Figure 2. Diagram of the symmetrical rectangular cavity 

within the model centerpiece. The cavity has dimension y, 
perpendicular to the plane of the paper. 

our analysis is to determine the displacement vector u 
at any point in the centerpiece, since this is the quanti­

tative measure of deformation . This is found from the 
relationship bet ween the strain tensor elements and the 
displacement vector formulated in Landau and Lif­
shitz's15  eq 1-5 

1 (OU; auk) U tk = 2 oxk + OX; ( 1 1 )  

Where the double subscript indicates strain tensor ele­
ments, and the single subscript the relevant displace­
ment vector component. Thus by integration we ob­
tain the components of the displacement vector 

pw2 1 Ux = Ea [R(a - z) - 2 (a2 - z2) ]x ( 1 2) 

pw2 1 Uy = - a [R(a - z) - - (a2 - z2) ]y 
E 2 

pw2[ - - Rz(2a - z) 
2E 

( 1 3) 

(14) 

It should be noted at this stage that the expression for 
u, satisfies the boundary condition u, = 0 only at 
the point of origin of our coordinate system, and hence 
the solution is not valid near this plane. However, the 
solution near this latter plane is not required in the sub­
sequent analysis. 

A cell cavity in our model has rectangular geometry 
and initially we shall assume that it is positioned sym-

metrically as shown in Figure 2 .  In practice the liquid 

under i nvestigation is placed in the cavity in the cell 
centerpiece, and it is of i nterest to determine the cavity 
deformation in the centrifugal field. In stress analysis 

this problem frequently introduces complexity owing to 
new boundary conditions, but i n  the present model the 
problem is relatively simple, since we note from eq 4 
and 5 that only a,, is finite and all other a;k are zero. 
Physically, this means that a cavity and body material 
in our cell centerpiece behave identically. 

It can be shown by the use of eq 14 that the fractional 

change in the overall length of side z2z1 owing to cell 
deformation is given by 

· 

Pz = pw2
[2Ra - R (z2 + z1) - a2 + 2E 

z22 + Z2:1 + z12 - a(x2 + y2) J ( 15) 

whereas by use of eq 12 and 13 the fractional changes 
in the overall lengths of the sides parallel to the x and 
y axes located at z1 and z2, respectively, are given by 

pw2a Px1 = Pv1 = - (a - z1) (2R - a - z1) (16) 2E 
pw2a Px2 = Pv2 = - (a - z2) (2R - a - Z2) (17)  
2E 

where Px1 is the overall frac.tional change in the side 
parallel to the x axis located at z1, etc. 

Thus from eq 15,  16,  and 17 ,  and a knowledge of the 
undeformed cavity dimensions, the deformation of 
the cavity may be calculated. 

By inspection of eq 16 and 17 we note that the 
right-hand sides are always positive and hence the 

dimensions in the xy plane are always increased owing 
to cel l  deformation, whereas the right-hand side of eq 
15 could be positive, negative, or zero. A diagrammatic 

picture of the deformed rectangular cavity is shown 
in Figure 3. 

Consider a rectangular cavity of initial volume 

( 1 8) 

where (z2 - z1) , x1, and y1 are the undeformed lengths 
of the sides. It can be shown that the volume V' of 
the deformed cell depicted in Figure 3 is given to a close 
approximation by 

V I (z2 - Z1) 10 [ I ( f 
+ 

I ) + I ( I y112) ] = Y 12 X 11 X 12 X 11 Y 11 -2 
(19) 

where (z2 - z1) '0 16 is the deformed length of the side 
(z2 - z1) evaluated at x = 0, y = 0 ;  and y '12 is the 
deformed length of the side Y1 evaluated at z2, etc. 

( 1 6) Note the variation in (zz - z,) 1 over the range of values of x 
and y used for the cavities within our model is negligible. 
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z 

y 
:Figure 3. Diagrammatic representation of the cavity shown in 
Figure 2 after deformation owing to the centrifugal body forces. 

Using eq 18 and 19 it can be shown that fractional 
volume change (o) of the cavity is 

o = - (2u + 1 ) { a(2R - a) - R (z2 + z1) } + 
pw2[ 
2E 

(20) 

The practical significance of eq 20 insofar as the 
ultracentrifuge is concerned is that the height of the 
liquid column in the cell varies with the rotor speed, 
and this effect if observed may be misinterpreted as 
additional liquid compression. A separate analysis of 
this latter effect together with an appropriate discussion 
of the effects and magnitudes to be expected from this 
source are included in an Appendix to this paper. 
However, assuming that a liquid in the cell under inves­
tigation is incompressible we can determine the change 
in liquid column height in terms of the known param­
eters using eq 20. Doing this we find that in the 
deformed cell the liquid column height h' is given by 

h' = h(1  - q) 

where 

pw2 
q = -u [2a(2R - a) 

2E 

(21)  

(22) 
and in which Zb and Zm are the locations of the liquid 
base and meniscus, respectively. From eq 22 we 
note that q can be positive, negative, or zero, and that 
the sign depends only on the rotor and cell coordinates, 
and is independent of materials and rotor speed. 
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Thus it should be possible (theoretically) to design a 
centrifuge system partially to eliminate this effect. 

We also see from eq 22 that the fractional change 
in liquid column height q is itself a function of the column 
height h = (zm - zb) and of its location zb in the cell. 
Rewriting eq 22 in terms of these latter two observable 
parameters we obtain 

q = pw2 
2E 

u [2a(2R - a) -

2R (2zb + h) + zb2 + (zb + h)2 ] 

Application of Theory and Discussion 

(23) 

Having derived equations relevant to a cell in an 
ultracentrifuge it is important to determine an estimate 
of the order of magnitude of the aforementioned effects. 
To this end, data relevant to the Beckman Model "E" 
instruments were inserted into the equations, under the 
assumption that the cel l  was constructed of duralumin, 
but the results may be applied readily to centerpieces 
constructed from other materials. The data used are 
as follows, assuming the symmetrical cavity of Figure 2 :  
R = 7.5 cm ; a =  2.2 cm ; z1 = 0.6 cm ; Z2 = 1 .6 cm ; 
x1 = 0.25 ;  Y1 = 1 .2 cm. From Kaye and Laby17 for 
duralumin : p = 2 .8 g/ml;  o = 0.33; E = 7.3 X 10 1 1 
dyn cm-2 ;  and the rotor speed varies in the range 
zero-75,000 rpm. The above data are applicable to a 
typical cell used for long column experiments. 

Since Zb is fixed by the above data to about 0.6 cm 
(i.e. , rb r-..J 6.9 cm from axis of rotation) , it was of inter­
est to use eq 23 to find the column height for which q, 
the fractional change in column height, was zero. The 
resulting calculation gave column heights h = 4.0 cm 
and 9.8 cm which are physically impossible with the 
cells used. For a typical cell 0 ::; h ::; 1 .0 cm and 
therefore a change in liquid column height should be 
present in practice. Furthermore , by differentiating 
eq 23 with respect to h and inserting values of h in 
the range 0 ::; h ::; 1 .0  cm, we find that dq/dh is always 
negative, indicating that the shorter the column the 
greater the effect. The latter result is important owing 
to recent emphasis on high-speed, short-column meth­
ods, 1 and contrasts with the effect associated with 
finite liquid compressibilities (see Appendix) . Again 
from eq 23 for h in our experimental range, we find 
that q is always positive , and hence from eq 2 1  we see 
that liquid column heights should always contract 
owing to cell distortion under the applied experimental 
conditions. Figures 4 and 5 show graphically the per­
centage contraction for liquid column heights in the 
range of interest for the duralumin cell model under 
consideration. Data are plotted over the typical rotor 
speed range 0-75,000 rpm of the Beckman Model "E" 

(17) G.  W. C .  Kaye and T.  H .  Laby, "Tables of Physical and Chemi­
cal Constants," 1 1th ed, Longmans, Green and Co., London, New 
York, and Toronto, 1957. 
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inst rument. From gmphB \I"C note that at 70,000 rpm 

for a short-column experiment of 3 mm the percentage 
contraction iB in the region of 0. 1 2%. This gives ttn 
actual change in column height of about 0.0004 cm. 
Si nce the intcrfcrencc-schlicrcn optical system of the 
ultracentri fuge magnifies the radin,l dimensions by 
about 2 t imes t hiB would rcsul t in a change of about o,oo 1 
cm on t he photographic plate.  ThiB should be observ­
able since the microcompamtors employed in plate anal­
ysis for interference \I"Ork have a least count of 0.000 1 
cm. In pmct icc cel l distort ion is coupled wit h \rindo,,· 

distort ion , since the above stress analysis could apply 
equally to isotropic cell windows, and such a simple ex­

t rapolation is not really relevant at these speeds owing 
to uncertainties associated with locating the exact posi­
tions of the meniscus and base on the photographic 
plat es.  Ho,,·ever,  ,,·ith t he introduction of laser 
sources 18 · 1 9  coupled with improved window holder de­
sign20 the menisci \ri l l  be more clearly defined and it 
should be possible to measure the above effect i n  
practice and make any necessary corrections when 
precise \rork (part icularly interference) is being under­
t aken . Obviously for cells \rit h an improved density 
to st rength rat io (p/E) this effect wi l l  be diminished as 

expected, and this is i ndicated i n  the theoretical equa­
tions. 

For an interference cell  model i n  which there are two 
cavities symmetrical ly located about the z axis ,,.e fin d  

t he results for each cavity similar to those for the single 
cavity described above. 

A cel l t hat is becoming i ncreasingly popular in exper­
ime n t a l  ,,·ork and to \rhich cel l di ·tortion could be of 
m ajor importance is t he high-speed Yphantis-type 
cel l-of which a recently imp roved side-access version 
has been described by Anscvi n ,  R oark, and Yphantis. 20 

This latter cell is specifically designed for rotor speeds 

in excess of 40,000 rpm. Now t his cel l is fabricated to 

improve among other t hings its  density to strength 
ratio,  and to consider a duralumin version as an exam­
plc  of the cf'fccts of cell distortion is u nduly pessimistic. 
However the result s  obtained by the analysis of a dural­
umin cel l  will emphasize the e ffects cel l distort ion could 
lmve in  such a cel l ,  a1id indicate relevant correction 
procedures should t hesc be found necessary.  A dia­
gra m of a th ree chan nel  Yphant is cel l applicable to our 
model is sho\\·n in Figure G. Cell distortion could be of 

primary importance in a cel l  of this type owing to its 
discrimin atory effect s <tmong t he channels.  This is i n  

cont rast t o  rotor Bt retch \rhich affects al l channels 

eqwd ly.  Fundamentally,  the cel l  distortion effects are 

hwfold : (a) t he displaceme n t  of the cell  base position 
(u,b) will  be different for each chan nel , and (b) the vari­
at ion in l iquid column height (q) for similar levels (h) 
in  the channels \ri l l  be difi'ercnt. 

An estimate of the effect of cel l base position dis­
placement can be found from cq 14 where z is re­
p laced by the appropriate zb and the other parameters 
have the same n umerical values as dcfmed previously 

Ho\\·ever, the last term in  the brackets i ndicat i n g  the 
effect of t h e  cel l  poBit ion in the X!J plane is small and 
hence cq 14 m�ty be re\Hitten as 

(24) 

( 18) Beckrnan Instruments Inc. ,  "Future Product I n form:.Ltion, 1 969" .  

( I ()) J .  A .  Lcwis and J.  \V. Lyttleton, unpublished work. 

(20) A. T. Ansevin, D . .E .  Hoark, and D. A. Yphantis, Anal. Bio­
clwn . ,  34, 237 ( 1 970) . 
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Figure 6. Diagram of the three channel Yphantis-type cell 

centerpiece applicable to our model . 

Note the negative sign indicates that the displacement 
is in the negative z direction, i.e. ,  in the radial direction 
of the rotor as expected. We see that the displacement 
is proportional to (i) the square of the rotor speed, (ii) 
the density to strength ratio of the cell material, and 
(iii) the location of the base in the cell centerpiece (as­
suming that the cel l  centerpiece dimensions and posi­
tions within the rotor are fixed) . The base positions 
selected for our model Yphantis cell were Zbt = 0.4 cm, 
Zb2 = 0.9 cm, and Zb3 = 1 .4 cm, where the subscripts 1 ,  
2 , and 3 indicate the three channels numbered from bot­
tom to top of the celL The cell base displacement (u,b) 
is plotted against rotor speed in Figure 7 for the position 
of the three channels above as well as for the top of the 
centerpiece zb = 2.2 cm and for Zb = 0.6 cm, the latter 
being typical for the cells used for long-column experi­
ments and schlieren work. Figure 8 depicts the varia­
tion in base displacement (u,b) as a function of the posi­
tion within t he centerpiece, while rotor speed is main­
tained constant. It should be appreciated that the 
origin relative to the axis of rotation of the rotor will 
itself vary with rotor speed owing to rotor stretch and 
moreover the displa.cement at the top of the center­
piece gives rise to a widening of the gap between the 
rotor and cell already present owing to rotor stretch. 
By extrapolation one can determine the relat ive base 
displacements for any base position \\·ith respect to a 
reference position (channel) since these depend on 
their relat ive positions. Thus at 70,000 rpm \\"e note 
that the base position in channel 2 has a radial displace­
ment of about 2 times that of channel 1 ,  \\"hereas the 
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Figure 7. Graph showing cell base displacement vs. rotor 

speed for various initially fixed positions of the cell base within 
the duralumin model. 
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Figure 8. Graph showing the variation of cell ba ·c 
displacement vs. cell ba.�e position at constant rotor speed� for 

duralumin model. 

base position in channel 3 has a radial displacement of 
just over 2.5 times that of channel 1 .  Naturally as 
noted previously from eq 24 the order of magnitude 
depends on w2 and pj E, but for our duralumi n model the 
radial displacement of channel 1 at 70,000 rpm is about 
0.001 cm \\"hich \\"Ould be measurable in such a cell .  
However the radial displacement of a single channel 
base position is masked by rotor stretch in practice ow­
ing to the practical origin of coordinates being the axis 
of rotat ion and not the centerpiece base. In contrast, 
the relative displacements indicative of cell distortion 
are not masked and experimental evidence of this as re­
gards the inner and outer reference positions of a cell 
counterbalance is intimated by Baghurst and Stanley . 1 2 

The channel discrimation exhibited by change in liq­
uid column heights is depicted in Figure 9. Here the 
percentage decrease in liquid column height for a fixed 



l\1ATHEMATICAL FoRMULA'riONS OF THE EFFECTS OF CELL DISTORTION 2513 

0.20 

� � 

(f) 
f- 0. 15 
I 
l9 
w I 
z ::2: :::) _j 0. 10 0 u 
0 
:::) 0 
_j 
� 0.05 

1'0 

z 

w 
(f) 
<{ 
w 

� �" o· 4' 
1)'0 

...,. 

5 o.oo+-����=-�--��--�--�--�� 
w 0 10 20 30 40 50 60 70 75 0 

ROTOR SPEE D  (THOUSANDS OF RPM) 

Figure 9.  Graph �howing t,he percentage cont,raction of 3-mm 

liquid col u m n  heights in the channels of the Yphantis type 
model of Figure 6 vs. rotor speed. 

in it ial column height of h = 0.3 cm in -each channel is 
plotted against rotor speed (rpm). The data for this 
graph \\·ere obtained from eq 23. From eq 23 \\'C 
make a general observat ion that the magnit ude of 
the fract ional decrease in l iquid column height (q) is the 
product of two distinct functions, this observation ap­
plying equally to the radial displl1ccmcnt Uz in cq 
15. Firstly as expected it depends on the centrif­
ugal f ield and t he ce l l  m aterial [ (pw2u)/(2E) ] ,  and sec­
ondly on relevant cell dimensions and posit ions [2a(2R ­
a) - 2R(2zb + h) + zb2 + (zb + h)2 ] .  If the first is 
plotted against rotor speed and the second is plotted 
against l iquid column height (h) over the range of i nter­
est for various relevant positions (zb) i n  a centcrpiecc, 
it  is possible by normal extrapolation procedures to de­
termine t he effect ive value of "q" for any rotor speed, 
column height, and base position of i nterest , and i n  
theory for a pract ical case such plots could form the 
basis for experimental correct ion procedures. The 
plots applicable to our model duralumin  cell are sho\\'n 
i n  Figures 10 and 1 1  for i l lustration-from \\'hich 
Figure 9 could be derived. Obviously,  a similar proce­
dure could be used to evaluate the radial displacement­
Uz from cq Fi. Finally, it is appropriate to men­
t ion the experimental work of Schachman2 1  and Cheng 
and Schachman ,22 \\'ho invest igated the compressibi l ity 
of l iquids from ultracentri fuge measurements. This is 
because the observable decrease in l iquid column 
heights arising from finite l iquid compressions, that is  
discussed i n  the Appendix to this paper, could be cxag-
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Figure 1 0. Graph of (pu/2E)w2 vs. rotor speed for a duralumin 

cel l  model. 
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(zb + h )2 vs. l iquid column height (h)  for various base pos1t10ns 

within a model cell cenLerpiece. 

gerated by cel l  ccnterpiece deformat ion if precautions 
arc not t aken .  Furt hermore, as i ndicated b y  Schach­
man2 1 the experimental conditions arc complicated by 
windo\\. bulging and distort ion O\\·ing to l iquid pressure 
effects. I n  practice the effects of cell distortion as re­
gards decrease in l iquid column height with i ncrease of 
the rotor speed are accentuated by the above effects. 
However, our model i ndicates that the effects of cel l  
distort ion may be evaluated devoid of the complications 
of window bulging and fmite l iquid compressibility. 
This is achcived experimentally by using a Yphantis-

(2 1 )  H. K. Schachman, " ltracentrifugation in Biochemistry," 
Academic Press, New York, N. Y., and London, 1 959, PP 32, 177-
180. 

(22) P. Y. Cheng and I-I . K.  Schachman, J .  Amer. Chem. Soc. ,  77, 
1498 ( 1 955) . 
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type cell centerpiece and making simultaneous measure­
ments of liquid column height contraction, together 
with relative base position displacements, the latter be­
ing independent of the aforementioned complications. 

Conclusion 

We have introduced a model of a cell in an analytical 
ultracentrifuge and have formulated mathematical 
expressions specific for the effects of cell centerpiece 
deformation under the centrifugal body forces. Data 
relevant to standard cells used with the Beckma.n 
Model "E" instrument have been evaluated and have 
indicated effects to be of an order of magnitude relevant 
for correction in present day high-precision methods. 
The orders of magnitude established are similar to those 
intimated by experimentally derived raw data results of 
Baghurst and Stanley12  applicable to the inner and 
outer reference holes in a counterbalance cell. However, 
these authors stressed that an analysis of covariance 
failed to confirm the effect at the 5% probability level, 
but a suggestion of cell compression was made. The 
model has highlighted the specific effects of cell distor­
tion, as distinct from rotor stretch, and has indicated 
correction procedures that could be relevant for high­
precision sedimentation equilibrium Rayleigh inter­
ference work. The analysis of experimental data for 
the latter sometimes assumes the conservation of mass 
to evaluate a constant of integration, when use is made 
of the initial concentration of solute in the cell. The 
variation in liquid column height owing to cell distor­
tion and finite liquid compressibility could influence the 
result of this calculation if precautions are not taken. 
Furthermore the radial displacement of the base region 
owing to cell distortion should be considered along 
with the corrections for rotor stretch. For the less pre­
cise schlieren work the effects will be relatively minor, 
although theoretically they would exaggerate effects of 
radial dilution. In particular the model has warned of 
possible complications associated with the use of 
Yphantis-type cells and has indicated appropriate 
correction procedures for precise work. 

Finally, it must be emphasized that the theory is 
based on a model, and that the exact results evaluated 
are really only applicable to this model. However the 
model does approximate the experimental conditions 
experienced; the results it predicts are intuitively 
correct, and these are of the orders of magnitude ex­
pected from experimental evidence to date. Therefore 
we feel within the limitations imposed that the model 
is useful and applicable to the task in hand. 

Appendix 

A Mathematical Formulation of Liquid Column 
Height Compression Owing to Finite Liquid Compress­
ibility in the Analytical Ultracentrifuge. At the higher 
rotor speeds (about 60,000 rpm) a large pressure differ­
ence exists between the air-liquid meniscus (where the 
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pressure is 1 atm) and the bottom of a centrifuge cell. 
Svedberg and Pedersen,23  Fujita,24 and Schachman21  
have discussed the effects of this pressure variation and 
give appropriate references to both experimental and 
theoretical work undertaken in this area. However, 
the analysis above has indicated that one of the observ­
able effects of cell deformation in these large centrifugal 
fields is an effective compression of the liquid column, 
and hence in the context of this paper it is appropriate 
to determine the relative contributions that these two 
independent sources make to the experimentally ob­
servable compression. 

Using the notation of Fujita24 the pressure distribu-
1ion in a sector-shaped centrifuge cell may be deter­
mined from 

op 
- = pwr2 01' (A1 )  

where p = density of the solution at the radical posi­
tion r, w is the rotors' angular velocity, and p is the 
pressure. 

For dilute solutions p may be replaced by the density 
of the solvent Po at the same point. Denoting the 
compressibility by fJ we obtain 

�.e. 

Po = 1 _ 
fJp 

""' Po0( 1  + fJp) (A2) 

Po = Po0 + Xp (A3) 
where X = Po0fJ with po0 being the value of po at p = 0, 
and this approximates the value at the meniscus (rm) .  

Whence by substitution and integration the solvent 
density is given by 

Defining 

and 

We get 

Po(r) = Pn° exp ( i/2fJPo0w2(r2 - 1'm2) ] (A4) 

X 
( 1' ) 2 

?"m 
(A5) 

ll (A6) 

Po(x) = po0 exp [v(x - 1 ) ] (A7) 

The fract ional decrease in liquid column height (q) is 
defined by 

h '  = h( l  - q) (A8) 

where h' is the liquid column height at rotor frequency 
w and h its value when w = 0. It is easy to show that 

(23) T. Svedberg and K .  0. Pedersen, "The Ultracentrifuge, " 
Clarendon Press, Oxford, 1940, pp 37, 267, 447. 

(24) H. Fujita, "Mathematical Theory of Sedimentation Analysis," 
Academic Press, New York, N. Y. ,  and London, 1962, pp 130-139. 
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iio(x) 1 ( hq ) -;;;o = 
1 - q 1 - 2Tb (A9) 

where rb is  t he radial posit ion of the l iquid column base 
and p(x) is t he average density of the l iquid at angular 
frequency w .  

I n  practice hq/2rb « 1 and hence from eq A9 the 
fract ional l iquid column height compression (q) is 
given by 

(A10) 

Defining a function f(x) by 

Po(x) 
f(x) = - 1 

Po0 
(Al l )  

w e  see from eq A l O  t hat the mean value o f  f(x) i s  q. 
Subst itut ing Po (x) from eq A7 into eq A l l  we obtain 

f(x) = exp [v(x - 1) ] - 1 (A12) 

and sinc..:c in practice v (x - 1) « 1 cq A 1 2  becomes to  
a close approximation 

f(x) = v(x - 1 )  (A13) 

Thus t he required fractional l iquid column height com­
pression is given by 

q = v(x - 1 )  (A14) 

where x i s  t he mean value of x for the cent rifuge cel l .  
Writi ng x "  as the  value for x at the c..: e l l  base 1re find 
t hat 

11 
q = - (xb - 1 )  2 .  (A15) 

By t he reinsert ion of previously defined terms we can 
rewrite eq A l 5  as 

(A16) 

Differentiat i ng eq A 1 6  with respect to h we note t hat 
(dq/dh ) is positive for all values of h used experi­
mentally, and hence the larger t he column (h) the 
greater q, this l at ter effect contrast ing with t he effec..:t ive 
compression produced by cell eenterpiece deformat ion. 
Figure 12  sho11·s the variat ion in q and h at c..:onst anL 
rotor speeds, c..:alculated from eq 1G  1rith : rb = 7 . 1 cm ; 
Po0 = 0. 998 g c..: m -a ; and ,B = 40 X 10-6 at m - 1 .  These 
data are applicable to 1rater at 20° in a typical ul t ra­
centri fuge cel l .  By comparison of Figures 1 2  and f) 
the relat ive effects of cell distortion and finite com­
pressibil ity may be est imated. 

As "·ith cell distortion it is of interest to determine 
the cliscrimntory effects of f in ite l iquid compressibi l ity 
among the channels of a high speed Yphantis-type cen­
trifuge cel l .  

� 1 .0 

� 
z 0 
Ui 0.8 (f) w 0:: a.. � 0 0.6 
u 
I-I l9 
w 0.4 
I 
z � 
3 0.2 0 
u 
0 
5 0 
_J 

LIQUID 

WATER AT 20° 

0. 2 0.4 0.6 0.8 

L I Q U I D  COLUMN HEIGHT (h cm) 
1 .0 

Figure 12. The variation in liquid column height compression 
(q) vs. l iquid column height (h)  in a centrifuge cell at constant 
rotor speeds, owing to finite liquid compressibility. 

The percentage compression (q) of a fixed water 
column height of 0.3 cm at 20° i n  each of the three 
channels was determined using the following pertinent 
data :  w2 = 4 X 107 (rad sec -1) 2 ; Tbt = 7 . 1  cm; rb2 = 
6.6 cm;  and Tba = 6. 1 cm. 

The numerical subscript i ndicates the channel  
numbered from bottom to top of the cell .  The cal­
culations gave : q1 = 0.35% ; q2 = 0.32% ; and qa = 
0.30%. These i mply that the overall radial movement 
of the menisci for the above conditions as recorded 
photographically in the ultracentrifuge would be i n  
t he region of 0.002 cin, account being taken o f  the 
X 2 magnif-ication of the radial cell coordi nates by the 
i ntcrference-schlicren optical system of the u ltra­
centrifuge . The variations among the channels i s  
shOII" I l  to  be small, but they do l ie  within the precision 
of the instrument. Naturally, should the l iquid em­
ployed have a larger compressibility and/or density 
then the observable effect from this source wi l l  be 
i ncreased accordingly , as indicated by eq A 16. Again ,  
as for cell deformation , i t  i s  anticipated that appro­
priate precautions for the aforementioned physical 
effects should be made in accurate sedimentation 
equil ibrium studies employing Rayleigh interference 
optics. 
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