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ABSTRACT

Vacuum polarization (VP) and electron self-energy (SE) are implemented and evaluated as quantum electrodynamic (QED) corrections in
a (quasi-relativistic) two-component zeroth order regular approximation (ZORA) framework. For VP, the Uehling potential is considered,
and for SE, the effective potentials proposed by Flambaum and Ginges as well as the one proposed by Pyykko and Zhao. QED contributions
to ionization energies of various atoms and group 2 monofluorides, group 1 and 11 valence orbital energies, 2Py, < 28y, and 2P3jn < 281,
transition energies of Li-, Na-, and Cu-like ions of nuclear charge Z = 10, 20, . . ., 90 as well as ITi/» < X1/, and T3/, < X/, transition energies
of BaF and RaF are presented. Furthermore, perturbative and self-consistent treatments of QED corrections are compared for Kohn-Sham
orbital energies of gold. It is demonstrated that QED corrections can be obtained in a two-component ZORA framework efficiently and in
excellent agreement with corresponding four-component results.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0252409
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. INTRODUCTION

Relativistic effects play a crucial role in the quantitative descrip-
tion of heavy-element containing molecules.”” The usual starting
point for a relativistic description of the electronic motion in a
molecule is the free-particle Dirac equation” combined with a
classical Coulomb-type potential for the description of leading
order particle-particle interactions.” This formalism describes the
motion of electrons in accord with special relativity, but not their
interactions, which are due to the Coulomb potential instanta-
neous. Within quantum electrodynamics (QED), i.e., the relativistic

theory of the electromagnetic force, interactions are not instanta-
neous but are mediated by virtual photons at the speed of light.
Therefore, the Coulomb potential arises only as a leading order
contribution to the electromagnetic particle-particle interaction in
a perturbation theory expansion in the fine-structure constant. In
contrast to cavity QED and circuit QED (see Refs. 6 and 7), only
internal lines, i.e., virtual photons, are considered in the Feynman
diagrams in this work. The largest QED effects are expected for the
electron-nucleus potential,’ to which we will refer in the follow-
ing exclusively and as retardation effects of the electron-electron
interactions. The latter, however, are usually not as important as
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QED corrections of the electron-nucleus potential. Larger correc-
tions to the electron-electron interactions are expected via the Breit
interaction,” which appears due to consideration of current—current
interactions and the inclusion of the correct gauge of the interaction
within a Lorentz invariant framework. Photon-frequency depen-
dent retardation corrections to the Breit interaction are usually less
important than QED corrections of the electron-nucleus potential
considered in this work. It is expected that QED corrections reduce
the total relativistic effects by about 1% in heavy atom containing-
molecules.'”'" For the hydrogen atom, this QED correction of the
electron—nucleus potential leads to the so-called Lamb shift, which
splits ns1/> and npy; states in one-electron systems.'” In the search
for new physics beyond the standard model, high-precision spec-
troscopy is an essential tool to test the fundamental symmetries, such
as space- and time-reversal parity and its violations.'”'* Because of
the numerically small effects, it is important to investigate systems
with a number of traits, which enhance the effects of these viola-
tions. Certain molecules are particularly suited for such purposes.
One promising candidate is radium monofluoride (RaF). It was first
proposed because of its predicted nuclear-spin-dependent parity
violation and expected suitability for laser cooling,'”'® The pear-
shaped octupole deformation'”'® of the heavy **>******Ra isotopes
enhances symmetry violation effects further. The synthesis of the
open-shell short-lived isotopically pure radioactive RaF molecules
and the successive spectroscopy were first achieved with the collinear
resonance ionization spectroscopy (CRIS) method at the ISOLDE
ion-beam facility at CERN."” Applicable for other molecules, such
as RaOH, RaO, RaH, AcF, and ThO, and nuclei with half-lives of
just milliseconds, it paved the way for high-precision spectroscopy
of radioactive isotope containing molecules. In recent experiments,
the rovibronic structure of ***Ra'’F was obtained with a resolu-
tion that is two orders of magnitude larger compared to previ-
ous experiments.”’ In addition, 11 electronic states and excitations
were reported.”’ Therefore, theoretical predictions and proposals
of suited molecules for precision tests play an essential role. How-
ever, as the experiments have reached unprecedented accuracies and
the investigated symmetry violations are even smaller, it is nec-
essary to develop sophisticated theoretical frameworks further as
well. While QED corrections have been studied in atoms for a long
time,”” *° they have gained attention in molecular frameworks only
recently.”~** In high-precision calculations of atoms, the leading
order QED corrections have been shown to be the missing contri-
butions to the first ionization energy and electron affinity of the gold
atom in order to reach meV accuracy, compared to the experimen-
tal values.”” Pasteka et al. also noted that higher excitations in the
coupled cluster (CC) method have less impact on the result, com-
pared to the QED corrections. Because QED contributions grow
with increasing nuclear charge, as they are relativistic effects, they
are expected to contribute mainly to molecules containing heavy
nuclei such as RaF. Overall, the effects in molecules and the influence
on properties are largely unknown, and it is thus desirable to have
efficient, yet accurate, options to approximate the corrections reli-
ably. In this work, the leading order QED corrections are included as
effective potentials within the two-component zeroth order regular
approximation (ZORA) framework. Within this framework, one can
obtain accurate results for the QED corrections, although the overall
error of ZORA, compared to four-component approaches, is in the
same order of magnitude. This incremental approach allows for an
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efficient treatment of QED effects in atoms and molecules, suited to
predict size, trends, and relevance. Results of variational and pertur-
bative treatments are compared to four-component variational and
numerical Dirac-Hartree-Fock (DHF) calculations.

Il. THEORY
A. Vacuum polarization

Considering instantaneous electron—positron pair creation and
annihilation in vacuum, one obtains a temporary polarization of the
vacuum, which averages out when one considers integration over
time. Here, the vacuum polarization is treated as a perturbation
to the electron-nucleus attraction term. The schematic process is
shown in Fig. 1(a), while Fig. 1(b) shows the Uehling process, which
assumes the created pair to be free particles.

The Uehling potential*® for the interaction between an electron
and a point-like nucleus with charge number Z is

1+ —)e

Vau(7) = 7%“[)(;)[1‘” \/f;j( 1 ) 27|

where « is the fine-structure constant, ¢(7) = 44 is the Coulom-
neo|7]|
bic nuclear electrostatic potential with electric constant €o, X = %

= aay is the reduced Compton wavelength of the electron, r is the
distance between electron and nucleus, ao is the Bohr radius, %
the reduced Planck constant, e the elementary charge and m. the
electron mass. The integral can be reformulated in terms of mod-
ified Bessel functions® to obtain an analytical expression. Here,
however, the potential is evaluated using the method by Fullerton
and Rinker.”* Higher order corrections for the vacuum polariza-
tion, such as the Wichmann-Kroll" potential, which accounts for
bound virtual electrons, or the Killen-Sabry”’ potential and are not
included in this work, since the Uehling potential gives by far the
largest contribution. However, those smaller corrections could in
principle be treated in this ZORA framework as well.

B. Self-energy

Other than the vacuum polarization (VP), the electron self-
energy (SE) is not easily written as a local potential. The fundamental
process is the exchange of a virtual photon of an electron with itself
atalater point in time. Figure 2 shows the two main processes, which
contribute to the correction. The electron is assumed to be a free
particle, for the time between emission and absorption.

(a) (b)

FIG. 1. Feynman diagrams of the exact bound-state VP (a) and Uehling potential

(b).
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(a) (b)

FIG. 2. Self-energy (a) and vertex correction (b) of order a(Za).

Here, the effective potentials, proposed by Flambaum and
Ginges,’! as well as the one proposed by Pyykké and Zhao,” are con-
sidered. The Pyykk6-Zhao potential is an exponential function with
two fitting functions, By,(Z) and B(Z), depending on the nuclear
charge Z,

Via(7) = By (2)e POIT @)

Bp,(Z)/Ey = —48.6116 + 1.536 66Z + 0.030 11292,
B(Z)/ay* = —12 751.3 + 916.038Z + 5.77972,

with Ej, being the Hartree energy. The fitting functions Bp,(Z) and
B(Z) were obtained from 2s energy shifts of H-like systems with
a finite nucleus™" and 2s Ml hyperfine splittings of H-like sys-
tems’” and Li-like 2s states.”® The H-like and Li-like reference data
were combined and yielded the potential, which can be used for
ns energy levels and M1 hyperfine shifts of all elements Z > 29.
The lower nuclear charges were not covered due to the refer-
ence data. The Flambaum-Ginges potential was derived more
rigorously’"”” and splits into three contributions. Connected to the
magnetic form factor is a potential, to which we refer as the mag-
netic contribution V,. From the electric form factor there arise two
potentials, which we denote as the high- and low-frequency con-
tributions, V}, and Vj. The magnetic contribution for a point-like
nucleus reads

2|7

Vm(r)=—e—1y V|:¢(ﬂ)(/l \/_dt—l):|
2*\ |
=Xy, [ v9(7) ([ N/t )
W27 [ e_ﬂ
_¢(r)ﬁfl tmdt]
ol

N7, S © Tk
=€¢(V)El))' r2|:\/1\ 127 ,tz__ldt—l
2]

2r f°° e x
+ — ———dt|. 3)
KJon/e -1 ]
Only for a point-like nucleus, —%(j)(?) = V¢(r). Compared to the

Uehling potential, the magnetic potential does not just include an
integral, for which no analytical solution is available, but also the
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differential operator acting on the product of the integral and the
nuclear potential. However, this contribution only shows a depen-
dence on the nuclear charge in terms of the nuclear model. Here,
the second equation of 3 was implemented. In comparison, the high
frequency contribution reads

V() = A(Z) ep(7) [ F[( =)
><(ln(t2—1)+4ln(i+l))+i—;]dt. (4)

2 £

In Eq. (4), Flambaum and Ginges included the cut-off function
A(Z,r), with

A(Z,r) = ©(Z,7)(1.071 - 1.976a" — 2.128a’ + 0.169a*),

0(Z,r) = o a=(Z-80)a ©)
’ |7 +0.07(Za&)*x ’

which was obtained from fitting radiative shifts for high Coulomb
s-levels, in order to account for the potential near the core. Start-
ing from a free-particle formulation, the potential would otherwise
not be suited for small distances in heavy atoms, Z > 80,7187
Thierfelder and Schwerdtfeger’! introduced the expression

Z

1+exp[(Z/An2)5]’ ©

An(Z) =Anp+An

depending on the main quantum number # and the values of A,
were obtained from fitting self-energy contributions to H-like atoms,
calculated by Mohr.””* " Multiplied with the cut-off term @(Z, r),
this gives another prefactor, which is important for comparing
results. Finally, the low frequency contribution

Vi(7)/Ey = B(Z)Z' e )

includes a fitting function
B(Z) = 0.074 + 0.35Za, (8)

which reproduces radiative shifts for the high Coulomb p-levels.”*"’
Flambaum and Ginges chose it to be in the range of the size of the 1s
orbital ao/Z."!

C. Perturbative computation of QED corrections

As QED corrections are always small compared to the total
energy, it is generally sufficient to include them perturbatively. For
a variational wave function, the QED correction can be simply
obtained as the expectation value of the QED potential

AEqep = (¥|Vvp + Vsg|¥), 9

where closed expressions for the VP and self-energy corrections
to the potential energy Vvp, Vs are given earlier. Note that non-
local SE corrections, as e.g. suggested in Ref. 32, would require a
perturbative correction of the wave function as well.
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In a mean-field approach based on the expansion of the Hilbert
space in a set of molecular orbitals y;, which are represented as linear
combinations of Gaussian basis functions X Vi = > u CW(# with the
molecular orbital or Kohn-Sham orbital coefficients C,;, the QED
correction to the total energy is then obtained as the sum over all
occupied orbital contributions i,

AEqep = Z (wilVve + Vsg|yi). (10)

1

In such a mean-field approach, first order corrections to orbital
energies ¢; require the evaluation of the linearly perturbed Fock
matrix, i.e.,

Aeiqep = (yi| Vve + Vselyi) + Gii(D:QED )- (11)

The first order perturbed two-electron matrix G is defined as

1
Gi=y, CLCvi[DéED,pa((WIPU) - “XE(W\P"))
uvpa

+ aper (Xu| Ve (D> Dagp ) v ) | (12)

where the Mulliken notation for two electron integrals is employed:
(wlpa) = ] Prid*ragu(7 )p () - (e (P2), D s the den-
sity matrix with elements D, = 3 niCZiCV;, with the occupation
vector 7i and the linearly perturbed density matrix Dgpp being
obtained from the linear response of ¥, or D to the QED potentials
as described in Ref. 61. In the case of pure density functional theory
(DFT) (non-hybrid), we have ax = 0, and in the case of pure HF, we
have ax = 1 and appr = 0. V¢ is the perturbed exchange-correlation
potential.

D. Picture-change transformation within ZORA

All QED potentials discussed in this work are one-electron
operators. Therefore, all four-component representations of these
potentials given in Secs. II A-II C can be transformed to two-
component form within ZORA using the approach and implemen-
tation detailed in Ref. 62. Here we implicitly generate the small
component within ZORA from the ZORA wave function as

S .S :;*.3
Vs Yo = o e RO PY (13)

For this purpose we employ the model potential V formulation of
ZORA by van Wiillen.*” For details on how resulting matrix ele-
ments are derived and computed, see Ref. 62. If not stated explicitly
otherwise, we include picture-change corrections due to a different
normalization of the wave function in a four component framework
by applying a renormalization of ZORA spinors as follows:

rZORA _ WiZORA (14)

Vi = )
\/1 + (vizoral¥izora)

Response calculations and corrections of orbital energies were
computed as detailed in Refs. 42 and 61.

ARTICLE pubs.aip.org/aipl/jcp

1. METHODS
A. Cubic spline interpolation

The Uehling potential was implemented for a point-like
nucleus following the approach by Fullerton and Rinker.* The
Pyykko-Zhao potential as well as the low frequency contribution to
the Flambaum-Ginges potential contain analytically solvable inte-
grals and, therefore, could be directly implemented as operators on a
grid (following Ref. 62) according to Eqgs. (2) and (7). To our knowl-
edge, no closed-form for the integrals appearing in the magnetic
(3) and high frequency (4) contributions to the Flambaum-Ginges
potential exists. Therefore, we approximated these integrals with
the help of cubic spline interpolation. For this purpose, the inte-
gral was evaluated numerically on a grid using Mathematica 11.01.%*
The two integrals have finite values for r — 0 and approach zero
for r > oco. They are approximated with cubic spline interpolation
based on 1000 logarithmically spaced grid points in the range of
107" < r/ag < 0.1 each. The first grid point was chosen to be this
small because the effective potentials probe the electronic structure
in the vicinity of the nucleus. The mean relative errors of the spline
compared to the numerically obtained values at 10 000 equidistant
points in the same range are 1.00 x 107>, A similar approach was
taken for the integral in the high frequency contribution. In order to
exclude the nuclear charge Z from the cubic spline interpolation, the
integral was written as

2|7

- ;
[ 5l ) e
+4ln(Z%x+%))+tl2—g]dt

21|F|
:41n(i " 1)
Za 2N

o o7 Tx
21|7|

1
1-—|dt
\/tz—l( 21’2)
1 3

SR (EARCRS T

Just as for the magnetic contribution, the two integrals tend to
finite values for r — 0 and to zero for r — oco. Cubic spline interpo-
lation based on 1500 logarithmically spaced grid points in the range
of 107'° < r/ag < 0.1 yielded a mean relative error of <6.70 x 10~
compared to the numerically obtained values at 10 000 equidistant
points in the same range. Further documentation can be found in
the supplementary material.

B. Computational details
modified

69

All  calculations were performed wusing a
version 2% of 3 quasi-relativistic program package
based on Turbomole.”’ If not stated otherwise, the two-component
wave functions were obtained from a complex Generalized
Hartree-Fock (cGHF) calculation using the ZORA”'"7* framework,
employing a model potential to alleviate the gauge dependence
of ZORA as suggested by van Wiillen.”” The model potential
was applied with additional damping of the atomic Coulomb
contribution to the model potential.”> The nuclei were modeled
using normalized spherical Gaussian nuclear density distributions

2 >
04(7) = e with ¢ = 2

nuc,A

for the Coulomb part of the
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electron-nucleus potential. The root-mean-square radius ryuca
was chosen as suggested by Visscher and Dyall.”® Wave functions
were converged until the energy change between two consecutive
self-consistent field cycles was below 107"2E;. In subsequent
computations of QED contributions, a point-like nucleus was
used. The basis sets, which were used for the various calculations,
are all specified in the related tables. The contributions to the

TABLE I. SE (Flambaum-Ginges) and VP (Uehling) contributions in eV to the ioniza-
tion energies of groups 1, 2, 11, 12, 13, and 18 atoms, calculated as expectation
values based on ZORA-HF/dyall.ae4z calculations, using prefactor (6). Compari-
son®! with four-component DHF calculations with perturbative treatment of the QED
contributions.

VSE Dev. (%) Vvp Dev. (%)
Li -3372x107° 0.1 1.178 x 107° 0.9
Na -3.051x107* 0.3 1.628 x 10~° 0.5
K —-5.486x 1074 0.1 3.724x 107° 0.2
Rb -1.452x 1073 0.7 1.443 x 107 0.3
Cs -2.389%x107° 0.5 3.299x107* 0.5
Fr -6.392x107° 2.1 1.614x107° 1.8
Be' -9.019x107° 0.2 3.420x 107° 0.9
Be" -8.044x107° 11.2 3.046 x 107° 12.4
Mg  -4424x107* 0.3 2.438x107° 1.3
Ca -6.873x107* 1.5 4.775x 107° 1.7
Sr -1.678x107° 1.6 1.692 x 107* 2.1
Ba —-2.666 x107° 2.3 3.724x107* 24
Ra -6.842x107° 2.0 1.743x 1073 26
Cu -3.363x107° 1.1 2769 x 107* 0.1
Ag  -7.420x107° 0.6 8.505x 107 0.2°
Au -2.661x1072 0.7 5.294x107° 0.2
Zn -3342x107° 0.7 2.818x107* 1.6
cd ~7.209x 1073 1.1 8.434x107* 1.5
Hg  -2.566x107° 0.3 5214107 0.9
B 2.365x107* 0.7 -9.815x107° 1.2
Al 5.741x 107* 0.6 -3.323x107° 3.5
Ga 2.130x 1073 5.6 -1.798 x 107* 5.3
In 3.657 x 107> 5.5 -4230x107* 5.5
Tl 6.530x 107> 49 -1.282x107° 46
He -1.776 x 1074 0.3 5.802 x 107° 1.2
Ne 1.032x 107° 4.0 -5.982x107° 5.2
Ar 1.209 x 10~° 4.0 -9.296 x 107> 5.2
Kr 2.285x107° 2.9 -2.908x107* 44
Xe 2.997 x 10~° 2.8 -5.899x 1074 4.0
Rn 5.622x107° 0.7 -2.260%107° 3.3

*Restricted Hartree-Fock (RHF) solution.

®Lower energy broken-symmetry solution with deviations higher than those of the RHF
solution, which agrees excellently with the literature.

“Deviation obtained from a corrected four-component VP contribution of 8.492
x 107" eV, instead of 8.930 x 10™* eV as obtained previously in Ref. 31. The latter
resulted from a minor deficiency in a GRASP routine that assumed a VP large-distance
limit to be reached once, for some distance, deviations between asymptotic expansion
and explicit computation fall below a given threshold. Here, however, curves crossed
rather than merged so that a grid point coincidentally hitting this crossing erroneously
flagged an arrival in the large-distance regime.
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TABLE Il. Scaling parameters for the SE (Flambaum-Ginges) and VP (Uehling) con-
tributions to ionization energies of atoms, sorted by groups according to AZZ, obtained
from linear regression of the results in Table |, shown in Fig. 3.

Group Ase Bse Avp Bvp
1 6.913x107° 1.499 1.084 x 1077 2.054
2 1.383x107° 1.342 1.942x 1077 1.928
11 2.953x107° 2.069 1.205x107% 2.952
12 2.595x107° 2.084 9.942 x 107° 2.983
13 2.977x107° 1.227 4.715%x1077 1.758
18 1.063x 107* 0.870 1.727 x107° 1.501

orbital energies of gold in Table V were calculated using the Becke
three-parameter hybrid exchange functional with the correlation
functional by Lee, Yang, and Parr (B3LYP).’“’"’Hz For the perturbative
treatment of QED corrections reported in Table V, the relative
norm of the residuum in the response calculation was converged
to 10™°. For a better comparison to the work of Thierfelder and
Schwerdtfeger, the results of Tables I-III were obtained using
the factor of Eq. (6) in the high-frequency contribution to the
Flambaum-Ginges effective potential. For all other calculations,
the factor by Flambaum and Ginges (5) was used. If not stated
otherwise, the following isotopes were used: §He, ;Li, ZBe, élB,
1oNe, 11Na, 1, Mg, 13AL 13Ar, 19K, 3Ca, 55Cu, 55Zn, 5Ga, 36Kr,
bro, S 7 Wag lica in Wn DXe, e
1Nd, Vb, 177 Au, DHg, 24T1, 2Ro, ZFr, ERa, and 22Th
Relative deviations (in percent) as denoted in the various tables as
Dev. were calculated according to 100 x |(X — Xy ) /Xjit|, where X
corresponds to our computed value and Xj; to the corresponding
literature value we compare to.

IV. RESULTS AND DISCUSSION
A. lonization energies

QED contributions to the ionization energies of groups 1, 2, 11,
12, 13, and 18 atoms in the ground state are listed in Table I. SE and
VP show opposite signs and grow larger in magnitude with increas-
ing nuclear charge Z. For atoms up to the fifth period of the periodic
table, the absolute value of the vacuum polarization contribution is
roughly one order of magnitude smaller than that of the electron
self-energy term. In the case of higher nuclear charges, Z > 80, the
vacuum polarization contributes to the same order of magnitude.
The two contributions essentially cancel each other out at one point,
after which the VP will be greater in magnitude than the SE. The
largest absolute values of SE contributions were found for Au and
Hg, followed by their lighter group homologs Ag and Cd. The small-
est contributions, in magnitude, were computed for Li and Be. The
strongest VP contributions were also found for Au and Hg, followed
by Rn and Ra. The weakest contributions were again obtained for
Li and Be. To determine the scaling of QED contributions to the
ionization energies with Z, we plotted them with logarithmic scales
on the abscissa and ordinate in Fig. 3. Linear fits for each consid-
ered group of the periodic table of elements yielded the parameters
in Table I1. The VP generally shows larger exponents B, which is in
accordance with the results obtained. QED contributions grow faster
with increasing nuclear charge for groups 11 and 12, which points at
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TABLE lII. SE (Flambaum-Ginges) and VP (Uehling) contributions in eV to the 2Py, < 234, and 2P5), « 2Sy, transitions calculated as expectation values based on ZORA-
HF/dyall.cv3z calculations, using prefactor (6). A comparison3! with four-component numerical DHF calculations with perturbative treatment of the QED contributions. Z is the

nuclear charge and N is the number of electrons.

Z N Vseop1/2 Dev. (%) Vse,2p3/2 Dev. (%) Vvpopri Dev. (%) Vvp2pan Dev. (%)
10 3 -1.498 x 1072 0.0 ~1.436 x 1072 0.0 7.643 x 107* 0.0 7.643 x 107* 0.0
20 3 ~2.065 x 107" 0.5 ~1.936 x 10" 0.0 1.414 x 1072 1.4° 1.417 x 1072 0.7°
30 3 -8.864 x 107! 0.1 -8.179 x 107! 0.1 7.562 x 1072 0.7 7.616 x 1072 0.7
40 3 —2.448 0.3 -2.238 0.4 2.526 x 107" 0.4 2.568 x 107" 0.4
50 3 -5.379 0.5 —-4.906 0.6 6.631 x 107! 0.3 6.838 x 107! 0.2
60 3 -1.032 x 10" 1.1 -9.467 1.0 1.513 0.1 1.591 0.3
70 3 -1.810 x 10! 1.1 -1.691 x 10" 1.3 3.169 0.4 3.420 0.6
80 3 -2.988 x 10" 1.2 -2.885 x 10! 1.6 6.293 0.5 7.040 0.9
9 3 —4.725 x 10" 0.9 -4.802 x 10! 1.5 1.213 x 10 0.0 1.424 x 10 0.6
20 11 —2.916 x 1072 0.0 ~2.752 x 1072 0.0 1.965 x 1073 0.0 1.968 x 1073 0.0
30 11 ~1.736 x 107! 0.0 ~1.611 x 107" 0.0 1.450 x 1072 0.7 1.459 x 1072 0.7
40 11 —5.457 x 107" 0.0 ~5.014 x 107" 0.2 5.484 x 1072 0.9 5.578 x 1072 0.9
50 11 -1.285 0.1 -1.177 0.0 1.534 x 107! 1.3 1.585 x 107! 1.3
80 11 —7.764 0.5 —7.454 0.3 1.555 1.5 1.760 1.1
9 11 -1.239 x 10" 1.1 —1.241 x 10" 0.8 2.999 24 3.584 1.7
40 29 ~7.905 x 1072 0.1 ~7.322 x 1072 0.0 7.893 x 107> 1.3 8.005 x 107> 1.2
50 29 -2.658 x 107! 0.0 ~2.445 x 107! 0.2 3.146 x 1072 0.9 3.240 x 1072 0.9
60 29 -6.316 x 107! 0.2 —-5.826 x 107! 0.0 8.837 x 1072 1.0 9.299 x 1072 0.9
70 29 -1.259 0.3 -1.177 0.1 2.088 x 107! 1.0 2.263 x 107! 0.9
90 29 -3.762 1.1 —3.749 0.6 8.990 x 107" 2.1 1.073 1.5

Deviation from a four-component value of 1.425 59 x 10™2 eV, which corrects a misprint in Ref. 31.
®Deviation from a four-component value of 1.429 05 x 1072 eV, which corrects a misprint in Ref. 31.

the already known relative maximum of relativistic effects at group
11."" Deviations of scaling parameters from those reported by Thier-
felder and Schwerdtfeger stem from the exclusion of super-heavy
elements in our present work.

Contributions to ionization energies of groups 1 and 2 atoms
agree excellently with the four-component DHF calculations by
Thierfelder and Schwerdtfeger,’’ with deviations remaining in the
range of 0.1%-2.6%. For Be, the first result shows a deviation of
0.2% for the SE and 0.9% for the VP. In addition, we obtained
another Hartree-Fock solution for Be, which is 3.2 x 10™*E;, lower
in total energy. Using the energetically lower wave function for the
neutral Be atom, the SE contribution weakens to —8.044 x 107 eV
and shows a deviation of 11.2%, while the VP is lowered to 3.046
x 10™° eV with a deviation of 12.4%. The first result, which is in
agreement with the literature value,’! is an RHF solution, while the
second result is a GHF solution. Groups 11 and 12 show deviations
of only 0.1%-1.6% from four-component results, whereas groups
13 and 18 atoms show deviations of 0.3%-5.6%. Except for helium,
which also gives opposite signs compared to the rest of the groups
13 and 18 atoms, an ionization of the p-shell instead of the s-shell
was considered.

For group 13, the electron was removed from the pi» and
for group 18 from the ps;; orbitals. Extensive data on converged
wave functions for different ionizations can be found in the
supplementary material. It is worth noting that the high-frequency

part of the Flambaum-Ginges potential causes the (in magnitude)
largest contribution to the SE (~59% for Au, ~71% for Ag, ~79%
for Cu) and claims an even greater share of the contribution to
the ionization energy (+70% for Au, ~78% for Ag, ~82% for Cu).
Consequently, the prefactor (6), introduced by Thierfelder and
Schwerdtfeger, is important to consider when comparing results.
When neglected, the computed QED corrections show greater devi-
ations from the four-component data. As it scales with Z*, the
low-frequency contribution to the ionization energies grows from
~4.4% for Cu, over ~6.9% for Ag, to ~13.2% for Au. The magnetic
contribution shows a smaller increase (~16.4% for Au, ~15.3% for
Ag, ~13.1% for Cu).

B. Electronic transition energies

SE and VP contributions to 2Pij, < 2Si» and *P3 < %S
transition energies of Li-, Na-, and Cu-like ions with nuclear charges
7 =10,20,...,90 are listed in Table III. As observed for the con-
tributions to the ionization energies, the SE and VP show opposite
signs, with SE being roughly one order of magnitude larger in abso-
lute value than the VP. Comparing the same elements, Li-like ions
show larger contributions to the transition energies than the corre-
sponding Na- and Cu-like ions. This aligns with the general trend
of the transition energies, which for Li-like ions exceed those of Cu-
like ions by far. Except for the case of Th®*, the SE contributions
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FIG. 3. Absolute SE (Flambaum-Ginges) and VP (Uehling) contributions to the
ionization energies of groups 1, 2, 11, 12, and 18 atoms from Table | with linear
fits in a log-log scale plot. The corresponding parameters of the fits are listed in
Table II.

to the 2Py, < 2S,,, transition energies are larger in magnitude than
the ones to the 2P3/2 <« 251/2 transitions, although the transition
energy itself is much smaller in the 2Py, « 281/, case. Without the
exception for Th¥*, the trend is the opposite for the VP. Here,
the contributions to the 2P/, < 2Sy, transition energies are always
larger. The values obtained in the current work are compared to
four-component DHF calculations by Thierfelder and Schwerdt-
feger.’! Our present SE contributions deviate from these by only
0.0%-1.6%, while the VP contributions differ by 0.0%-2.4%. As for
the comparison of the contributions to the ionization energies in
Sec. IV A, it was crucial to use the prefactor of Eq. (6). The most
pronounced QED contributions of Table III are the ones to the
2P/, < %8y, transition in Th¥*, where they amount to ~ —35 eV.
They constitute a significant correction to the »275 eV transition
energy. Blundell” obtained a QED contribution to the 2Py « %S

ARTICLE pubs.aip.org/aipl/jcp

transition in Th¥* of —38.35 eV, lowering the transition energy
from ~309 eV to 271 eV.

C. Orbital energies

QED contributions to Hartree-Fock valence orbital energies
of group 1 and 11 atoms are listed in Table IV. Again, VP and
SE contributions show opposite signs, and the VP is about one order
of magnitude smaller in absolute value than the SE. For gold, the
QED corrections lift up the orbital energy of the HOMO by ~ 0.25%.
The values compare well to the four-component average of config-
uration (AOC-HF) calculations reported by Sunaga, Salman, and
Saue.”” Deviations range between 0.0% and 1.7%, although a differ-
ent HF method was used. Overall, it was observed that the choice of
the basis set and resolution of the integration grid had a larger effect
on the results than the level of theory.

On the density functional theory level, individual QED con-
tributions to Kohn-Sham orbital energies of gold are listed
in Table V. The perturbative and self-consistent treatment of
the Flambaum-Ginges and Uehling (FG+UE), as well as the
Pyykk6-Zhao and Uehling potentials (PZ+UE), are compared. In
case of two different values for the Kramers pair in the cGHF
frame, the orbital energy contributions have been averaged. The
QED effects contribute mostly to the core orbitals and get smaller
for the valence orbitals. Orbitals of higher angular momentum,
such as d- and f-orbitals, show smaller contributions compared
to s-orbitals of the same principal quantum number. In the per-
turbative treatment of the Pyykko-Zhao and Uehling potentials,
the contributions to the d- and f-orbitals are significantly smaller.
This is the result of the SE potential, which is a simple Gaussian,
including two fitting functions for s-levels.”” For s-contributions,
the Pyykk6-Zhao and Flambaum-Ginges give comparable results.
However, for p-, d-, and f-orbitals, the contributions differ signifi-
cantly and also often show opposite signs. The values are compared
to four-component calculations by Sunaga, Salman, and Saue,*’ who
used the same density functional and basis set. Our results for the
self-consistent inclusion of the QED contributions show deviations
between 0.0% and 32.4% compared to the reference. In both cases,
the very first energy levels show larger deviations of 2.3%-32.4%.
These are caused by the energy shift of the ZORA Hamiltonian and

TABLE IV. SE (Flambaum-Ginges) and VP (Uehling) contributions in eV to the
valence orbital energies of groups 1 and 11 atoms calculated as expectation
values based on ZORA-HF/dyall.v3z, using prefactor (5). A comparison“? with
four-component AOC-HF/dyall.v3z calculations based on DC Hamiltonians.

VSE Dev. (%) VVP Dev. (%)
Li 4.024x107° 1.7 ~1.350x 107° 1.7
Na 2.934x107* 0.5 ~1.527x107° 0.6
K 5.133x 1074 0.4 ~3.406 x 107° 0.5
Rb 1.359x 1073 0.2 -1.307x 107* 0.2
Cs 2.305x107° 0.0 -2.989x107* 0.0
Fr 6.385x 107> 0.8 -1.452x 1073 1.0
Cu 2.851x107° 0.4 -2.363x107* 0.3
Ag 6.464x107° 0.3 -7.356x 107 0.2
Au 2.374x 1072 0.0 —4.637x107° 0.0
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TABLE V. Perturbative and self-consistent QED contributions in £y, to the Kohn-Sham orbital energies of gold, calculated on ZORA-B3LYP/dyall.3zp level of theory, using
prefactor (5) and deviation from self-consistent four-component B3LYP/dyall.3zp calculations of Ref. 40 (Dev.). FG is the Flambaum-Ginges, PZ the Pyykké-Zhao, and UE the

Uehling potential.

Perturbative Self-consistent
VEG+UE" Vozeug' VEG+UE Dev. (%) Vezsug" Dev. (%)
1s1/2 8.285 8.279 8.262 29.6 8.267 324
2512 8.991 x 107" 9.109 x 107" 8.967 x 1071 6.1 9.098 x 107" 6.0
2pin 6.656 x 1072 6.668 x 1072 6.796 x 1072 15.3 6.777 x 1072 13.8
2psn 1.265x 107! —3.211x 1072 1.275x 107! 6.8 —-3.124x1072 2.3
3512 1.912x 107! 1.968 x 107! 1.907 x 107! 2.4 1.965 % 107" 21
3pin 7.968 x 1072 1.548 x 1072 8.215x 107> 12.2 1.566 x 1072 7.1
3pss 2.251x1072 -8.719x107° 2.269x 1072 2.5 —8.564x107° 0.6
3ds2 ~1.445x 1072 -9.181x 1073 ~-1.441 x 1072 0.8 -9.168 x 107° 0.9
3ds)2 5968 x 1073 -8.759x 1073 ~-5930% 1073 1.9 -8.751x 1073 1.9
4512 4.732x 1072 4.897 x 1072 4717 x 1072 1.4 4.889 x 1072 1.2
4p1 1.254x107° 3.507 x 1073 1297 x107° 15.4 3.531x107° 5.9
4psn 4.695x107° —2.449x1073 4722 %1073 1.5 —2.429x107° 0.1
4ds), —-3.435x107° —2.293x107° —3.441x107° 0.2 -2.308x107° 0.0
4ds, -1.659x 1072 -2.188x107° -1.667 x 1072 1.2 -2.203x107° 0.8
551/ 9.149x 1073 9.541 x 1073 9.105x107° 1.1 9.508 x 107> 0.8
4fs), -2.385x107° -1.450x 1072 -2.403%x107° 0.8 -1472x107° 0.8
4fy), -1.828x 1073 -1.416x107° ~1.847x 1073 1.3 -1.438x107° 0.9
5pia -1.139x107° 4.545%x 1074 ~1.654x 107> 63.8 4.440x107* 8.2
5psn 5.803x107* -5.556x 107" 5726 x107* 1.9 —5.666 x 107* 0.7
5ds), -4.480x107* -3274x107* —4568x107* 2.0 -3391x107* 2.7
5ds/ —2.758 x 107* -3.041x107* -2.874x107* 0.2 -3.185x 107* 0.7
6512 7.226x 1074 7.460 x 107 7.190 x 10™* 10.3 7.399x 1074 10.0

*In case two different values were obtained in the cGHF framework for a Kramers pair, contributions were averaged.

mainly affect the first two energy levels. The 6s,/, orbital contribu-
tions show deviations of 10.0% and 10.3%, which could be a result
of the different open-shell treatments, which in our cGHF treatment
account for spin-polarization effects. The npy/; show higher devia-
tions compared to the remaining p-, d-, and f-level contributions.
Especially the 5pi/> of the Flambaum-Ginges contribution shows a
large deviation of 63.8%. The origin of this deviation is presently
open.

For comparison, QED corrections to Kohn-Sham orbital ener-
gies were also calculated perturbatively. As the corrections are rel-
atively small, the two approaches, perturbative and self-consistent,
are expected to yield comparable results. Sunaga et al., however,
reported noticeable differences between the two treatments on the
orbital energy level. When comparing instead the total expecta-
tion value of the (sum of) one-electron operators, virtually iden-
tical results are obtained. If one properly accounts for the linear
response as per Eq. (11), the differences between the two treatments
become negligible also on the level of orbital energies. Only the
5p1/2 values stand out because they show a larger deviation between
perturbative and self-consistent treatment of the Flambaum-Ginges
term.

Another orbital contribution comparison is shown in Table V1.
The SE contributions, evaluated as orbital expectation values (with-

out response contributions), to group 12 atoms up to the 4d shell
are compared to the results reported by Koziot and Aucar,”” who
use a quite different approach to account for SE corrections (Welton
picture). Nevertheless, the s-contributions compare well and show
deviations up to 14.9% for the 1s level of Zn, 22.9% for Cd, and 35.9%
for the 1s level of Hg. The np and nd levels show larger deviations
and, in the case of 2py/, of Cd, a different sign.

D. Total energies

Figure 4 shows QED contributions to the total energies of group
1 atoms due to the Uehling potential and the individual terms of the
Flambaum-Ginges potential. Corresponding scaling parameters are
listed in Table IX. The high-frequency contributions grow fastest,
whereas the low-frequency term grows slowest with increasing the
nuclear charge. The magnetic contribution scales higher than the
Uehling potential. All of the terms scale much higher for the total
energy contributions compared to the corrections to the ionization
energies of group 1 atoms of Table II.

E. lonization energies of group 2 monofluorides

QED contributions to the ionization energies of group 2
monofluorides are listed in Table VII. The neutral molecules, as
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TABLE VI. SE (Flambaum-Ginges) contributions in Ey, to Hartree—Fock orbital energies of selected atoms calculated as expectation values based on ZORA-HF/dyall.ae4z
calculations, using prefactor (5) and comparison to results by Koziot and Aucar.3

7n Cd
Vse Ref.” Vse Ref.” VsE Ref.”

1s1/ 2.834x107" 2.466 x 107! 1.499 1.220 1.007 x 10" 7.408

2512 2.710x 1072 2.613x1072 1.587 x 107! 1.501 x 107" 1.218 1.130

2p1 -1.385x107* —4.740x107* 3.917x107° —2.000x 107> 1.626 x 107! 9.397 x 1072
2psn 1.778 x107° 1.180x107° 1.618 x 1072 1.114x 1072 1.857x 107" 1.296x 107"
3812 3.870x 1073 3.815x 1073 2.991 x 1072 2.920 x 1072 2.686 x 107! 2.615% 107"
3p12 -2.387x107° -3.700x107° 6.096 x 10™* 3.200%x107* 3.293x 1072 2.689 x 1072
3psn 2.142x107* 1.500x 107 2.784x 1073 2.110x107° 3.893x 1072 3.112x1072
3ds) -2.042x107° ~-7.000 x 107° -2.660 x 107* -1.700 x 107* -1.201x1073 -1.830x 1073
3ds), 2.295% 1077 7.000 x 107° 4627 %1074 2.100x 1074 7.009 x 107> 3.690 x 1073
4512 1.588 x 107* 1.600 x 107* 5.354x107° 5.281x107° 6.681 x 1072 6.589 x 1072
4pin 9.495x 107> 6.600 x 107> 7.833x 1073 6.854 x 1073
4psp 4.345x107* 3.300x107* 9.186 x 107> 7.493x 1073
4ds; -2.462x107° -1.000x 107° ~-1.199x 107* -2.700 x 107*
4ds); 4.665x107° 2.000x107° 1.585x 107> 7.310x107*

*Additional digits, exceeding those reported in Ref. 83, were provided by Koziol in personal communication.

10 P o TABLE VII. SE (Flambaum-Ginges) and VP (Uehling) contributions in eV to the ion-
s m glr:gti c ization energies of group 2 monofluorides calculated as expectation values based on
10"t 4 High-frequency ZORA-HF/dyall.cv3z calculations, using prefactor (5). The bond lengths for the neutral
Low-frequency molecule ry and the ion r are in pm.
3 1o T+ VG Vue
3 BeF 135.39 130.10 -1470x 107> -2.406x 1077
1 MgF 173.63 16726  -3.422x107* 1.878x107°
CaF 198.01 189.49 -6.285x 107" 4358x107°
] StF 210.26 201.66 -1.638x107° 1.631x107*
BaF 220.51 211.95 -2.834x107° 3.816x107*
y RaF 227.73 219.43 —-7.274x107° 1.787x107°

FIG. 4. Absolute SE (Flambaum-Ginges) and VP (Uehling) contributions to the
energies of group 1 atoms from Table X with linear fits in a log-log scale plot.
Corresponding parameters are listed in Table [X.

well as the ions, were structurally optimized before QED correc-
tions were included perturbatively. The equilibrium bond lengths
obtained are reported in the table. While VP and SE show grow-
ing contributions with increasing nuclear charge Z of the metal
atom, their sign is not always opposite to each other. In the case
of BeF, VP and SE both show a negative sign. This is also the only
case in which the metal has a smaller nuclear charge than the fluo-
ride. In addition, the results are in accordance with general trends
expected based on QED corrections for the corresponding group
2 atoms and also agree within 15% with the very recently reported

specific case of RaF for which a total QED correction of —6.4626 meV
was obtained on the four-component Fock-space coupled cluster
level.*

F. Electronic transition energies of BaF and RaF

The QED contributions to the IIj; <« X1, and I3 < 212
transition energies of BaF and RaF are listed in Table VIIL In the
case of BaF, 216.00 and 218.00 pm were chosen as bond lengths
for the ground and excited states, respectively, of the molecule.
For RaF, 223.84 pm was used for both states. The distances were
chosen to provide a better comparison to the calculations of Skrip-
nikov, Chubukov, and Shakhova,””*"* who used them as well. The
obtained QED contributions to the BaF transitions differ from the
ones calculated by Skripnikov®” by ~ 23% for the I1;/, < 21/, and
~24% for the II3;, < Xy, transitions. The QED contributions to
the transition energies of RaF differ from the ones calculated by
Zaitsevskii et al."! by ~» 16% for the I1i/, < 212 and ~19% for the

J. Chem. Phys. 162, 104111 (2025); doi: 10.1063/5.0252409
© Author(s) 2025

162, 104111-9

2€%2:00 G202 I4dv 0L


https://pubs.aip.org/aip/jcp

The Journal
of Chemical Physics

TABLE VIII. SE (Flambaum-Ginges) and VP (Uehling) contributions in cm=" to the
transition energies of BaF and RaF calculated as expectation values based on ZORA-
HF/dyall.cv3z calculations, using prefactor (5).

Il < 212 52 < 212
BaF RaF BaF RaF
¢GHF 1.156x10* 1.270x10* 1211x10* 1.432x10*
VP 3.505 1.503x 10" 3.562 1.605 x 10}
SE —2.648x10" -6.172x10' -2.543x10' —-6.243x 10"
QED -2297x10" -4.690x10" -2.187x10' —4.637x 10"
Total  1.154x10*  1.265x10* 1.209x10*  1.428x10*

TABLE IX. Scaling parameters for the SE (Flambaum-Ginges) and VP (Uehling) con-
tributions to total energies of group 1 atoms calculated as expectation values based
on ZORA-HF/dyall.cv3z calculations, using prefactor (5). The parameters, according
to AZB, were obtained from linear regression, shown in Fig. 4.

Vau Vi Vi Vi
A 3560x 1078  1.022x 1077 2464x107°  6.949x 107°
B 4226 3.996 3.591 4612

TABLE X. SE (Flambaum-Ginges) contributions in Ej, to the total energies of group
1 atoms, calculated as expectation values based on ZORA-HF/dyall.cv3z, using
prefactor (5).

Vu Vm Vh Vl
Li  -4137x107°  7.690x10™° 1.144x10™* 1.349x107°
Na -8871x107% 1.593x107° 1.515x107% 3.838x107*
K -8.173x 107 1.403x107%2 1.059x107! 4.606x107°
Rb  -1265x10""  1.893x107! 1.058 1.036 x 107
Cs -7.158x107"  8.859x107! 4.147 7.220 x 1071
Fr  -7.505 5.565 2.151x 10" 8.001

II3/, < Zy); transitions. The larger deviations between the values are
attributed to the different formulations of the wave function and the
SE. The latter’s share of the QED correction is larger than the one of
the VP.

V. CONCLUSION

The Uehling potential, the Pyykké-Zhao, and the
Flambaum-Ginges effective potentials have been successfully
implemented in a two-component ZORA framework. For the
Flambaum-Ginges potential, repeated numerical evaluation of
integrals in the magnetic and high-frequency contributions, for
which no analytical solution is available, was evaded by using cubic
spline interpolation instead. Combined with the ZORA framework,
this allows for fast evaluation of said QED corrections in atoms
and molecules. The various exemplary calculations demonstrate the
accuracy of this approach. Corrections to energy levels, ionization
energies, and transition energies compare well to four-component
numerical DHF calculations by Thierfelder and Schwerdtfeger’!
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or four-component AOC-HF calculations by Sunaga, Salman,
and Saue.”’ Here, it was observed that the basis set had a greater
impact on the QED corrections than the level of theory alone.
Furthermore, the contributions to the ionization energies of group
2 monofluorides are presented. Overall, we find the impact of
different schemes to account for electron self-energy corrections
to be much larger than residual deviations between our present
two-component ZORA framework and related four-component
frameworks. The two-component scheme reported here thus
opens up an avenue to assess the role of QED corrections in
atoms and larger molecules as well as to explore applicabilities and
limitations of various approximate schemes to account for contri-
butions from quantum electrodynamics to energies and molecular
properties.
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