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Abstract 

Hall and Wake [1989] showed that an advanced first order equation arising in a 
cell growth model has a Dirichlet series solution. If the effects of dispersion are 
included, the cell growth model leads to a second order equation. We show that 
this equation also has a Dirichlet series solution, which is unique and positive and 
that it has one maximum. We then investigate the general second order equation 
with constant coefficients, and show that these equations also have Dirichlet series 
solutions and that certain qualitative properties such as uniqueness and positivity 
are preserved for a range of coefficients. Although the solution to the equation 
arising in a cell growth model with dispersion is a probability density function of 
the cell size, y(O) =1= O. There are however parameter choices such that y(O )  = 0 
and this motivates our study of the eigenvalue problem. Our final chapter concerns 
general equations with variable coefficients. We can express a first order equation as 
a F'redholm integral equation of the second kind and the existence of a solution thus 
follows using results for F'redholm equations. In addition, we study some classes 
of second order equations, and show that certain equations have a series solution 
involving Bessel or Airy functions. 
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Chapter 1 

Introduction 

Functional differential equations of the form 

y'(x) = by(x) + cy(o:x) , ( 1 . 1 )  

where x � 0 ,  0: > 0, 0: =1= 1 and b ,  c E (J;' ,  arise in  numerous applications. For example, 
if 0: > 1 ,  equation ( 1 . 1 )  describes the absorption of the light in the milky way (cf. 
V.A. Ambartsumian [1 944] ) and steady size distributions in cell populations (cf. 
A.J .  Hall [1 991] ) .  The case when 0 < 0: < 1 also arises in many applications; e.g. 
the dynamics of an overhead current collection system for an electric locomotive 
(cf. J.R. Ockendon and A.B.  Tayler [1 971] ) ,  a special partition problem in additive 
number theory (cf. K .  Mahler [1 940] ) and nonlinear dynamical systems (cf. 
G. Derfel [1 990] ) .  

There are basic differences between the retarded case 0 < 0: < 1 and the advanced 
case 0: > 1 .  For example, the initial value problem for the retarded functional dif­
ferential equations is well-posed, but the same problem for the advanced functional 
differential equations is ill-posed . In other words, while the initial value problem 
with a retarded equation has a unique solution, the initial value problem with an 
advanced equation has an infinite number of infinitely differentiable solutions. This 
makes it possible to prescribe additional conditions for advanced equations. Another 
fundamental difference between the equations is that there is an entire solution to 
the retarded problem, but there is no solution to the advanced problem which is 
holomorphic at the origin. Whereas the retarded problem has power series solu­
tions, the advanced problem can have (among other solution forms) Dirichlet series 
solutions. The asymptotics, as x -t 00, of the retarded and the advanced problem 
are thus very different. 

Although this thesis is concerned primarily with advanced second order equa­
tions, we review solution methods for first order functional differential equations in 
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this chapter since they can, to some degree, be extended to second order functional 
differential equations. 

In fact, like the first order case, we will show in this thesis that advanced second 
order functional differential equations with constant coefficients have a Dirichlet se­
ries solution under certain conditions. The equation arising in a cell growth model 
is investigated in Chapter 2 as an application of second order functional differential 
equations. In Chapter 3 we consider the more general equation with constant coeffi­
cients. Since the initial problem for an advanced equation is ill-posed, it is possible 
to get the eigenfunctions which have the initial value y(O ) = O .  We investigate this 
eigenvalue problem and derive expressions for the eigenvalues and eigenfunctions in 
Chapter 4. The focus in these chapters is on deriving the solutions using a Dirichlet 
series along with qualitative properties of the solutions such as uniqueness. Finally, 
attention is turned to equations with variable coefficients. Here we extend some of 
the results to some special classes of equations. We assume throughout this thesis 
that x is real, non-negative variable unless otherwise specified. 

In this chapter, we review some general results concerning functional differential 
equations (mainly first order) proved by T. Kato and J .B .  McLeod [1 971] , L. Fox, 
D.F.  Mayers, J .R. Ockendon and A.B. Tayler [1 971] , J .  Carr and J .  Dyson [1 974] and 
A. Iserles [1 991] among others. We summarize their results concerning the existence 
and uniqueness of solutions, the form of solutions, and the asymptotic behaviour 
as x -+ 00. We will also compare and contrast advanced functional differential 
equations with retarded functional differential equations. 

1 . 1  Retarded Functional Differential Equations 

Equation ( 1 . 1 )  with 0 < a < 1 along with the initial condition y(O) = 1 ,  for 
succinctness, will be referred to as Problem 1 . 1 . 

T. Kato and J .B .  McLeod [1 971] proved that Problem 1 . 1  has one and only one 
solution for x > 0 and that the solution can be expressed as a power series, i .e. 

() � n�=1 (b + c am-I) n yx = � I x , 
n=O n. 

( 1 .2) 

where we use the convention n�=l (b + e am- 1) = 1 .  For the case when b = 0, the 
solution to Problem 1 . 1  is 00 at(n-l)n y(x) = L I (ext· 

n. n=O 
( 1 .3) 
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Here, if c E R and c < 0,  then the solution ( 1 .3) has an infinite number of zeros and 
if c > 0,  then the solution has no zeros for x 2: 0 so that y(x) > 0 since y(O) = 1 > 0 
(cf A. Iserles [ 1992] ) .  

1 . 1 . 1  Asymptotic Behaviour of Solutions 

We consider in this section the asymptotic behaviour of the solutions to Problem 1 . 1  
as x -+ 00. The asymptotic behaviour of the solutions depends heavily on the sign 
of b. T. Kato and J .B .  McLeod [1971] started the investigation of the asymptotic 
behaviour by obtaining the possible order of polynomials decaying or growing as x 
goes to infinity. 

Suppose that y grows/decays like xk as x -+ 00, then y' is negligible compared 
with y so that 

o = bxk + c(ax) \ 

and thus 

k _ log(-b/c) 
- Loga ' ( 1 .4) 

where Log indicates the principal value of the complex logarithm and log is any 
value. Now k is not uniquely determined, but if ko is any particular solution to 
equation ( 1 .4) ,  then the complete family 

km = ko + 2m7ri/ Loga, m E Z, 

can be determined and thus the asymptotic of the solution is 

xkoex P{2m7riL
L09X } oga 

xk og(Logx) ,  

where 9 is periodic in  Logx of period I Logal . This observation is the starting point 
for the study of the asymptotic behaviour of the solutions. The periodic function 
g(Logx) plays an important role in determining the asymptotic form of the solutions. 
Let", = Re(ko) = L���£cl, then", < 0 if I c l < Ibl and", > 0 if Icl > Ibl. T. Kato and 
J .B. McLeod ( op. cit. ) classified the asymptotic behaviour of the solutions for the 
case that b E R and c E (J;' according to the signs of b. For the case when b < 0, 
they showed that every solution is O(xlt) and no solutions are o(xlt) as x -+ 00. 

Figure 1 . 1 . 1  illustrates the solution y(x) to Problem 1 . 1  and compares the solution 
with X1/2y(X) and xy(x) when b = -1 ,  c = 1/2 and a = 1 /2 .  In this case, the 
solution y(x) is O(x- 1 ) since", = -1 ,  but for h < 1 ,  y(x) is o(x-h) as x -+ 00. 

They also showed that given any infinitely differentiable function g(Logx) which is 
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Figure 1 . 1 . 1 :  The solution y to the equation y'(x) = -y(x) + �y( �x) ,  X1/2y and xy. 

periodic of period ILogal such that, for some positive K and for all n = 0 , 1 , 2 , . . .  , if 
2 

I g(n) (Logx) I � Kn+la- n2 , then there is one solution which has the asymptotic form 

xk
O (g(Logx) + 0(1 ) ) ,  

and any solution which has this asymptotic behaviour i s  of the form 

_ 
ko � x-ngn (Logx) y(x) - x {g(Logx) + � bn n�=l ( 1  _ a-m) } ' 

where the functions gn are determined by the differential equation 
g� = - (ko - n)gn + gn+ l and go = g. 

( 1 .5) 

If b > 0 ,  Kato and McLeod proved that every solution is O(ebx) (possibly o(e bx) )  
as x -t 00, and if I c l < b ,  a particular solution is given by 

. 

00 (_c)ne- b( l -a n)x 
ydx) = Lebx { 1  + � bn n�=l ( 1  _ am) } ' ( 1 .6) 

where L is some constant which depends on the initial value. Note that ydx) is a 
rearrangement of the series ( 1 . 2) .  

They also showed that any other solution YL satisfies 
the condition YL - YL = O(xll:) and that no solution can be o(xll:) as x -t 00. In 
addition, given any function g(Logx) of the type described for the case b < 0, there 
is one and only one solution which has the asymptotic form (1 .5) and every solution 
has the form 

y(x) = ydx) + y(x) , 
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where y is a solution having the asymptotic form ( 1 .5) .  
Lastly, they considered the case that b = O. Let a = Loga, and 

where k = �- a-l - a- l Log(-ac) and h = -1 +a-1Log(-ac) , then every solution is 
O(4)(Logx)) and no solution is o(4)(Logx)) as x -t 00. Moreover, given any function 
g(x) of the form 

00 

g(x) = 
n
�

oo 
rnexP( 2mri

l:I
) ,  

where rn = O{ exp( -1T�111 - (logll�1)2 + Clogln l )} for some constant C, every solution 
has the asymptotic form 

4>(Logx) {g(Logx - LogLogx) + 0(1 ) } .  

G.R. Morris, A. Feldstein and E.W. Bowen [1972] proved that the solution y(x) 
to the equation 

y'(x) = -y(ax) , 

oscillates unboundedly as x -t 00. Figures 1 . 1 .2, 1 . 1 .3 and 1 . 1 .4 illustrate the 
solution y(x) to Problem 1 . 1  when a = 1/2, b = 0 and c = -1 .  

The above observation about the asymptotic behaviour of the solutions 
when 0 < a < 1 indicates that equation ( 1 . 1 )  has a solution approaching zero only 
if 

b < 0 and I c l < I b l, 

and they decay no faster than xlt  as x -t 00. 

( 1 .8) 

A. Feldstein, A. Iserles and D. Levin [1991] studied the more general equation 

y'(x) = b(x)y(x) + c(x) y(O(x) ) ,  ( 1 .9) 

where b(x) , c(x) E <1' and 0 is a given differentiable function which satisfies 0(0) = 0 
and 0 ::; O(x) ::; x for x > O. They established the conditions 

Re(b(x)) < 0,  I l cll oo < -supRe(b(x) ) inf JO'(x) , 
x>o x2:0 ( 1 . 10) 

for uniformly bounded solutions. Note that the conditions ( 1 .8) can be derived from 
the conditions ( 1 . 1 0) by setting O(x) = ax, b(x) = band c(x) = c. 
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Figure 1 . 1 .2: The solution y to the equation y' (x) = -y(�x) in x E [0, 1 0] .  
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Figure 1 . 1 .3 :  The solution y to the equation y' (x) = -y(�x) in x E [8, 1 6] .  
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Figure 1 . 1 .4 : The solution y to the equation y' (x) = -y(�x) in x E [16 , 28] . 

1.1.2 Systems of Functional Differential Equations 

J. Carr and J. Dyson [1974] generalized the asymptotic results about equations with 
scalar coefficients to equations with matrix coefficients. Their study was motivated 
by a current collection problem in which the applied force is linked to the displace­
ment through a system of equations. We discuss briefly the asymptotic behaviour 
of the solutions to the equation 

y'(x) = By(x) + Cy(ax) , ( 1 . 1 1 )  

where B and C are d x d matrices such that B-1C is diagonalisable. If y(x) rv xk V 
for a constant vector V, then we can determine k and V from the equation 

( 1 . 12) 
Denote the eigenvalues of diagonalisable matrix B-1C by -a-kl , _a-k2 , . . .  , _a-k n, 
where, for hi = Re(ki ) , hI 2: h2 2: ... 2: hn . Then the value hI plays the same role 
as that of K, in the previous section. The asymptotic behaviour of the solutions to 
equation ( 1 . 1 1 ) depends on the signs of the real parts of the eigenvalues of B like 
the scalar case depending on the signs of b and the results about the asymptotic 
behaviour are very similar to those classified by T. Kato and J .B .  McLeod ( op. cit. ) .  
For example, if the real parts of the eigenvalues of B are all negative, then every 
solution to equation ( 1 . 1 1 ) is O(xhl) and if there exists an eigenvalue b1 of diagonal­
isable matrix B such that Re(bl ) > 0 and it is the maximum among the real values 
of the eigenvalues b[ , b2, • • •  , bnl then y(x) = O(eb1x). 



A. Iserles [1992] studied the generalized pantograph equation 

y'(x) = By(x) + Cy(ax) + Dy'(ax) , y(O) = yo , 
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( 1 . 13) 

where B, C, Dare d x d complex matrices and Yo is a column vector in (]id. Note that 
equation ( 1 . 1 1) is the pure delay form of equation ( 1 . 13) .  An ordered pair {P, Q} 
is a-canonical if, for a(P) = {Al , A2 , . . .  , Ad} and a(Q) = { j.tl , J.L2, . . .  , J.Ld} ,  where 
a ( ·) is a set of eigenvalues, it is true that J.Lk =j:. al A j for all k, j E { I ,  2, . . . , d} and 
I = 1 , 2, . . . .  Iserles showed that the initial problem is well posed if and only if the 
pair {D, a-l I} is a-canonical, and in this case the solution can be expressed by the 
power series ( 00 1 n B + am- lc n) y(x) = � 

n! 11 (I _ am -lD) x YO· ( 1 . 14) 

It is clear that when D = 0, the above initial problem is always well posed since 
{O, a-l I} is a-canonical and in this case if the coefficients of equation ( 1 . 1 3) are 
scalar and y(O) = 1 ,  then the solution ( 1 . 14) is the same as the solution ( 1 .2) . 

Iserles examined the asymptotic behaviour of the solution to equation ( 1 . 13) 
using a Dirichlet series of the form 

00 

Y(x) = L EneonxBV, ( 1 . 15) 
n=O 

where En and V are d x d matrices, which are independent of x such that detV =j:. O. 
This Dirichlet series representation is valid only if 

{B, B} is a-canonical, ( 1 . 16) 

and the spectral radius p(.) satisfies the inequality 

p( -CB-l) < 1 .  ( 1 . 17) 

He established limx-too Y(x) = 0 only if conditions ( 1 . 1 6) and ( 1 . 17) are satisfied 
along with the condition 

Re (a (B)) < o. 

Note that these conditions include the conditions b < 0 and I c l  < I b l for the scalar 
case. Moreover, like the periodic solution to equation ( 1 . 1 )  when b = 0, Y(x) is 
almost periodic when max Re ( a (B)) = 0 for a diagonalisable matrix B, along wi th 
the conditions ( 1 . 1 6) ,  ( 1 . 17) and detB =j:. O. 
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These results were extended by Iserles to the higher-order pantograph equations 
of the form 

Ay(x) = By(ax) , 

where 

1 . 2  Advanced Functional Differential Equations 

A feature of the advanced functional differential equations is that the initial condi­
tion y(O) = Yo does not in contrast with the retarded case, lead to a unique solution. 
Indeed, T. Kato and J .B .  McLeod [197 1 ]  proved that an infinite number of non­
trivial solutions exists for the initial condition y(O) = 1 .  We thus can consider the 
problem of solving equation ( 1 . 1 )  with a > 1 subject to the general initial condition 
y(O) = k , where k is possibly o. This initial value problem also differs from the 
retarded case in that there are no solutions which are holomorphic at the origin. 
Specifically, if it is assumed that a solution of the form y(x) = 2:�=o anxn exists, 
then we find that 

and since a >  1 ,  a:�J -t 00 as n -t 00 so that the series is divergent for all x =1= O. 
We refer to equation ( 1 . 1 )  when a > 1 along with the condition y(O) = k as Problem 
1 . 2. 

We start this section with introducing the first order advanced equation arising 
in a cell growth model studied by A.J. Hall and G.C. Wake [1989] and A.J .  Hall 
[1991] .  

1 . 2 .1 The Equation Arising in the Cell Growth Model with­

out Dispersion 

Hall and Wake ( op. cit. ) derived a cell growth model which leads to the equation 

y'(x) = -by(x) + bay(ax) , ( 1 .18) 

where b > 0 and a > 1. In this model x is the size of cells so that x � 0 and 
the function y(x) represents a probability density function. Hall and Wake assumed 
that each parent cell divides evenly to produce exactly a daughters all of the same 
size and birth/death and heredity processes are stochastic, but the growth rates are 
deterministic. This is called a deterministic growth model . In contrast, a model with 
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stochastic cell growth rates leads to the advanced second order functional differential 
equation with a dispersion coefficient. The qualitative properties of the solution to 
the second order equation are similar to those to the first order equation except the 
initial value at x = 0, i .e. for the first order equation, y(O) = 0 ,  while for the second 
order equation, y(O) =1= 0 ;  the second order equation will be studied in Chapter 2. 

The problem Hall and Wake considered was solving equation ( 1 . 18) subject to 
the "zero-flux" boundary condition 

y(O) = 0, y(oo) = 0, ( 1 . 19) 

and the normalizing condition 

100 y(t) dt = 1 .  ( 1 . 20) 

They showed that there is a unique solution to equation ( 1 . 18) satisfying the 
conditions ( 1 . 19) and ( 1 . 20) and found it by Laplace transforms. Taking the Laplace 
transform of each side of equation ( 1 . 18) , noting that y(O) = 0, leads to 

py(p) = by(f) - by(p) , 
a 

where y(p) denotes the Laplace transformation of y(x) , and we thus have 

with 

Equation ( 1 .21) implies 

y(p) = 1 � �y(�), 

y(O) = 1 .  

_( p ) 1 _( p ) y - =1+.1!....Y2' a bo a 

and so repeating the arguments n + 1 times gives 

Now, li111n-+oo y(�) = y(O) = 1 and so we get 

1 y(p) = Iloo (1 + �). m=O born 

( 1 .21 )  

( 1 .22) 

Equation ( 1 . 22) can be inverted for y(x) to derive the Dirichlet series solution 

( 1 . 23) 



1 1  

where K = n :=l ( 1  - a-n) .  Here, we use the convention n �=l (am - 1 )  = 1 .  Note 
that y(O) = 0 since 

00 ( )n 00 

2: n 
-a = IT ( 1  - aa-(n+l)) = 0,  

n=O nm=l (am - 1 )  n';" O  
where we use the Euler identity (cf. G.E. Andrews [ 1976] p . 19) .  We discuss the 
Euler identity in detail in Chapter 4. In fact , the equation 

y' (X) = -by(x) + Ay(ax) 

has a solution satisfying the conditions ( 1 . 1 9) and ( 1 .20) only if A = ba. This result 
will be presented in Chapter 4. Hall and Wake proved that the solution y(x) is 
unique and positive. We will show briefly that the solution has one maximum and 
determine some bounds on the maximum critical point . Suppose that there exists 
a minimum critical point Xl , then equation ( 1 . 18) yields ay(axt )  = y(xt ) and so 
y(axl ) < y(X l )  since a > 1 and y is positive. This implies that there exists a 
maximum critical point Xl < X l < aXI such that ay(aX1) = y(X t) .  Therefore, 

and hence y(aXI) > y(ax I ) .  This inequality indicates the existence of another 
minimum critical point X2 > X l satisfying y(ax2) < Y(X2) .  This process can be 
repeated to obtain the sequences {xn} arid {Xn} such that Xn --+ 00, Xn --+ 00 

and Xn > Xn , i .e . ,  the solution is oscillating from the first minimum critical point. 
However, the Dirichlet series solution implies that y(x) rv i<e-bX as X --+ 00 so that 
the solution is decreasing for large x. Thus, there is no minimum critical point and 
exactly one maximum critical point since y (O) = O. 

Let us obtain the bounds on the maximum critical point Xm. Integrating equa­
tion ( 1 . 1 8) from 0 to Xm yields 

and 

Since y achives a maximum at X = Xm, equation ( 1 . 18) implies that 
y(Xm) = ay(aXm) so that 

b(a - l) _ y(Xm) > Xmy( Xm) . a 
Combining the inequalities ( 1 .24) and ( 1 . 25) leads to the bounds 

1 a < Xm < ) b(a - 1)  b(a - 1 

( 1 .24) 

( 1 . 25) 
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Figure 1 . 1 .5 :  The solution y to the equation y' (x) = -y(x) + y(2x) . 

12 

Figure 1 . 1 .5 illustrates the solution which has one maximum for the case when 0: = 2 
and b = 1 .  

"Faster decaying" solutions to the advanced equation are typically represented 
by a Dirichlet series. Indeed, we can derive the solution ( 1 . 23) by substituting a 
Dirichlet series of the form 

00 

y(x) = L ane-anrx, 
n=O 

into equation ( 1 . 18) .  Here, the coefficients an and the number T can be determined 
by equating terms of like exponential coefficients, i .e. the sequence {e-anrx} is 
regarded as a basis for the solution. The process leads to the equation T = b, and 
the recurrence equation 

This approach is more direct than the Laplace transformation method (though es­
sentially equivalent) and we will use it to solve advanced second order equations 
in later chapters. Generally, we can expect Dirichlet series solutions, and some 
conditions for the existence of a Dirichlet series solution to advanced equations are 
discussed in the next subsection . 
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1 . 2 . 2  Dirichlet Series Solutions 

P. Frederickson [1971] showed that Problem 1 .2 has a solution which is continuous 
in the closed half plane Re (bx) :::; 0, analytic in its interior, and is also in Lp[O, 00) 
for 1 :::; p :::; 00 if Re(b) < O .  He proved these results using a Dirichlet series of the 
form 

00 

if> (x , fJ) = I: ane.Banx, ( 1 .26) 
n 

involving two variables x and fJ. If the above series is substituted into equation 
( 1 . 1 ) ,  then 

( 1 .27) 

Suppose fJ = ba-I, b =1= 0 for some integer 1, then the recurrence relation ( 1 .27) 
becomes 

n > l .  ( 1 .28) 

This relation indicates that equation ( 1 . 1) has a Dirichlet series solution in Lp[O, 00) 
for 1 :::; p :::; 00 provided Re(b) < O. Note that if Re(b) = 0, then the solutions are 
almost periodic on (-00, 00) . Now if I b l / lc l < J.L < 1 ,  the recurrence relation ( 1 .28) 
leads to l an-ll < J.Llan I for all large negative n, and so l an I < K an for some positive 
constant K and all negative n. Therefore, if I b l < l e l  and fJ =1= ba-N for a positive 
integer N, then we have a one parameter family of Dirichlet series solutions if>(x, fJ) 

in Lp [O, oo) where max(l ,  l:;�/bl) < p :::; 00 if Re(fJ) < O. When I bl < I c l ,  Bowen 
suggested a solution of the form 

y(x) = C f IT (-yam - l)-I(�tefyyanx + C' f IT (-ya-m - l)(�tefyya-nx, 
n=O m= l  n=l m=O 

where C, C' are real constants, , =1= a-N for any positive integer N and Re(b,) < o. 
(cf. L. Fox, D.F. Mayers, J .R. Ockendon and A.B. Tayler [1971] ) .  

Note that i f  I b l 2: Icl and Re(b) < 0,  then there is the only one solution repre­
sented by a Dirichlet series and it has the recurrence relation (1 .28) (cf. P. Freder­
ickson [1971] ) .  

An example for the case when I b l = I c l and b < 0 appears in a paper on probabil­
ity theory by Ferguson [1971 ]. He showed there is a unique solution to the equation 
and the boundary conditions 

y'(X) = y (ax) - y (x) , y(O) = 0, y(oo) = 1, 



such that the solution can be expressed as 

00 

y(x) = 1 - h L ene-onx , 
n=O 

where Co = 1 ,  en = n�=l (1 - am) -l and h, = (E�=o en)- l . 
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For the case b = 0, G.R. Morris, A. Feldstein and E.W. Bowen [1972] examined 
a Dirichlet series solution of the form 

00 

y(x) = L 
n=-oo 

where x E R. Substituting the above series into the equation 

y' (x) = y ( ax ) , 

gives 

From these relations, there exists a solution 

00 

y(x) = L (_ 1 tr �a- tn(n- l) e-r oo-nx , 

provided Re(rox) � 0 ,  i .e. 

n=-oo 

Re(ro) > 0 if x � 0, 
Re(ro) < 0 if x S; o. 

( 1 .29) 

This result implies that all solutions valid for x � 0 can be joined continuously to the 
solutions valid for x S; O. The value at x = 0, however, is not uniquely determined. 

Yet another interesting representation of the solutions to Problem 1 .2 when b = 0, 
has been suggested by Bowen (cf. L. Fox, D. Mayers, J. Ockendon and A. Tayler 
[1971 ]) as follows: 

00 1 

Y/3(X) = 0/3 2: (_ctna- t(n+ /3)2 e-o:- n-t3-�x , 
n=-oo 

where j3 E R and C /3 is some constant. 

P.O.  Frederickson [1971] examined the equation 

y'(x) = F(y(2x) ) ,  ( 1 . 30) 
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Figure 1 . 1 .6 :  The solution y to the equation y' (x) = -y(2x) . 

where F(x) > 0 for x > 0, F( -x) = -F(x) and F(x) is continuous, and proved 
there is a solution y(x) with the property that Iy (x) I is periodic on R+ . If we set 
F(x) = x, then equation ( 1 .30) is the special case of equation ( 1 .29) . Figure 1 . 1 .6 
depicts a solution y(x) to Problem 1 .2  when a = 2, b = 0 and c = - 1. 

The theory underlying the advanced equation ( 1 . 1 )  can be extended to the equa­
tion of the form 

00 

y' (x) = by(x) + LCny(anx) , 
n=O 

containing an infinite number of functional terms. 
Like the previous case, the above equation has a Dirichlet series solution analytic in 
a half plane if Re(b) < 0 (cf. P. Frederickson [ 1971] ) .  

1. 2.3 Equations with variable coefficients 

A generalization of equation ( 1 . 1) consists of variable coefficients instead of constant 
coefficients. In the cell growth model devised by A.J .  Hall and G.C. Wake [1990] 
and A.J .  Hall [1991] ' the coefficients correspond to growth and birth rates which are 
not generically constant. This generalization has not been studied as intensely as 
the constant coefficients case and we first present some results concerning this case 
based on the work of Hall and Wake (op. cit. ) and then the more general case will 
be considered. Hall and Wake studied the equation with variable coefficients of a 
polynomial form. Specifically, let k > 0 and consider the boundary value problem 



satisfying 

and 

Z'(x) = Xk-1 ( -bZ(x) + bel Z(ax)) ,  

Z(O) = 0 ,  Z(oo) = 0, 

xk-2 Z (x) dx = . 100 1 
o b(a - 1) 
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( 1 .31) 

( 1 .32) 

In fact, Z(x) = x2y(x) , where y(x) is a probability density function, but here we 
concentrate on the solution Z(x) to the boundary value problem. 

k A solution to this equation can be obtained using substitutions z = x
k and 

Y(z) = Z(x) , and equation ( 1 .31 ) can be converted into the equation 

( 1 .33) 

which is essentially the same as the previous equation with constant coefficients. 
Hence, the solution to equation ( 1 .31 ) is given by 

00 ( 1)n kn Y( ) _ C '" - a -bolcnz Z - L..J TIn (akm _ 1) e , 
n=O m=l 

where C i s  determined by the condition (1 .32) , so that 

Clearly, 

(1 .34) 

where we use the Euler identity. It  can be shown the solution is  unique, positive 
and has only one maximum using the same method as that used in the proof of 
the constant case. The bounds on the maximum critical point are obtained by 
integrating equation ( 1 .31) from 0 to Xm so that 

1 a 
---:--t===<Xm< . 
{!b(a - 1) {/b(a - 1) 

Figure 1 . 1 .7 depicts solutions to equation (1.31) corresponding to k = 1/2, k = 1 
and k = 2 when a = 2 and b = 1 .  
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Figure 1 . 1 . 7: The solution y to the equation Z'(x) = Xk-1 ( -Z(x) + 2k Z(2x)) when 
k = 1/2, k = 1 and k = 2 so that b(a - 1 )  = 1 .  

Let us consider the more general equation 

y' (x) = -p(x)y(x) + Aq(x)y(ax) , 

where A is a constant and x � 0, satisfying the condition 

y(oo) = o. 
Multiplying each side of equation ( 1 .35) by e ft p(rMf) leads to 

d� (y(x ) e f; p("I)df)) = e fo'" p(f)df) Aq(X )y( ax) , 

and integrating the above equation from 0 to x implies that 

Therefore, 

y(x)e fo'" p(f)df) = y(O) + 
A lax e f�/a p(f)df)q(s/a)y(s)ds .  
a 0 

y(x) = y (O)e -P(x) + - e- P(x}+ P(s/a)q(s/a)y(s)ds, A lax 
a 0 

( 1 .35) 

( 1 .36) 

where P(x) = J�x p(TJ)dTJ o Let f (x) = y(O)e- P(x) and Ky(x) = Jooo K(x, s)y(s) ds, 
where { le- P(x)+ P(s/a)q (s/a) if 0 < s < ax, K(x s) = a ' 0 if s > ax. 
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Then 

y(x) = f (x) + )..Ky(x) , ( 1 .37) 
and this is a Fredholm equation of the second kind . It is known that if K is a 
bounded operator with the property 

I IKYl - KY211 ::; M l lYl - Y2 1 1 , M < 00, 
then equation ( 1 . 37) has a unique solution Y E Lt [O, 00) for all f E LdO, 00) and 
sufficiently small 1)..1 . In fact, the exact range of ).. is obtained by the contraction 
mapping theorem. 

The next theorem shows some conditions for the functions p(x) and q(x) which 
the above method can be applied. 

Theorem 1.2 .1 Let p(x) be a nondecreasing positive function on [0, 00) 
and Iq(x) 1 ::; p(x) for all x E [0 , 00). Then for any).. such that 1)..1 < a, there is 
precisely one solution in LdO, 00) of equation (1 .35) satisfying the condition 
y(oo) = 0. 

Proof: Let 

Ty = y(O)e- P(x) + - e- P(X)+P(s/a)q (s/a)y(s)ds .  ).. lax 
a 0 

Then for y E LdO, 00), 

I ITY II ::; c + � {'� rax 
e- P(x)+P(s/a)q(s/a) ly(s) ldsdx, 

a Jo Jo 
where C = ly(O) 1 Jooo e- P(x)dx . Here, p(x) is positive so that P(x) = foX p ( 1})d1} 
is  a positive and strictly increasing function and therefore e- P(x) E LdO, 00) ; thus, 
C < 00. Now, the order of integration can be changed and Iq(s/a) 1 � p(s/a) � p(x) 
for all s E [0, ax) since p(x) is nondecreasing so that 

I ITy l 1 < C + � 100 (100 
e- P(x)+P(s/Q) P(X)dX) l y (s) lds a 0 s/a 

C + � 100 
l y (s) l ds a 0 

C +�IIY I I . a 
This implies that T maps LdO, 00) into LdO, 00) . Now for Yl , Y2 E LdO, 00) , 

IITy, - TY211 
I�I 1000 Iloax 

e- P(x)+P(s/a)q(s/a) (Yl (s) - Y2 (S) )dS I dx 

< � 100 (100 
e- P(X)+P( 8/a) P(X)dX) I y) (s) - Y2 (s) lds a 0 8/0. 

�I IY l - Y 211· 
a 

Therefore, we get the result from the contraction mapping theorem .• 
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Corollary 1 .2.2  Let p(x) be defined as in Theorem 1.2. 1 .  Then for 1,\1 < a, the 
equation 

y'(x) + p(x) (y(x) -,\y(ax)) = 0, 

satisfying the condition y(oo) = 0, has precisely one solution in LdO, 00) . 

Corollary 1 .2.3  Suppose p( x) is defined as in Theorem 1 . 2. 1  and for some constant 
L, p(ax) � Lp(x) . Then for 1,\1 < aiL, the equation 

y'(x) + p(x)y(x) - '\p(ax)y(ax) = 0, 

satisfying the condition y(oo) = 0, has precisely one solution in LdO, 00) . 

We note that the equation in Corollary 1 .2 .3 is motivated by the cell growth 
model where p(x) is a polynomial with positive constants, i .e .  

n 
p(x) = L amxm, 

m=O 

where am � ° for m = 0, 1 , . . .  , n. Evidently, p(x) is a nondecreasing and positive 
function, and p(ax) � anp(x) for all x E [0, 00) . 

Now, for f E LdO, 00), the solution can be expressed as a Neumann series such 
that 

where 

and 

100 K(x, z)Kn_1 (z, y) dz, 

K(x, y) . 

As an example, we consider the equation 

y' (x) = -xy(x) + '\xy(ax), 

where a > 1 . The sol u tiOIl y (x) can be expressed as 

n = 2, 3, . . .  , 

y(x) = f (x) +,\ 100 
K(x, s) y(s) ds, 

( 1 . 38) 



where f (x) = y(0)e-�X2 and 

if 0 < s < ax, 
if s > ax. 
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Since f (x) E LdO, oo] , we calculate terms of the Neumann series to obtain a basis 
of the solution. The second term of the Neumann series is 

Now, for y < a2x, 
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A basIs for the solutIon to equatIon ( 1 . 38 ) IS e-2x ,e-2a x ,e-2a x , . . . . and so we 
have a solution of the form 

Substituting the series into equation ( 1 .38 ) leads to the recurrence relation 

(a2n - 1)an = ->.an- 1' 
and so 

( ) � (_>.)n _la2 nx2 y X = ao � TI�= 1 (a2m _ 1 )  e 2 , 

where ao can be determined by the condition Jo oo y(x) dx = 1 so that 

.j2 ao = r( 1/2) 
� (->./a)n ( )-1 
L..t n a2m - 1 n=O TIm=I ( ) 

( 1 .39) 

This solution is not in the form of the Neumann series since ao depends on >. .  In 
order to determine the value >. for y(O) = 0, we use the Euler identity. Since 

we have y(O) = 0 when >. = a2n for n = 1 , 2, . . . .  We note that if >. = a2 , then the 
solution ( 1 .39) is the same as the solution ( 1 .34) when b = 1 and k = 2 provided 
that the same integral condition is prescribed. 

On the other hand, the Neumann series solution implies that y = y(x, >. ) is 
holomorphic in >. sufficiently small, and so we can express the solution in the form 

00 

y(x) = L >.nyn(x) .  
n=O 

Substituting the series into equation ( 1 . 35) leads to the equations 

Yb(x) + p(x)Yo (x) = 0, 

and for n � 1 ,  



As an example, we consider equation ( 1 .38 ) .  Since 

1 2 2 we have y� (x) + XY1 (X) = aoxe- 2c.r x so that 

( ) ao _1c.r2x2 Yl X = 1 _ a2 e 2 
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Repeating this process produces the solution (1 .39) to equation ( 1 .38) . We use this 
method in Chapter 5 to seek a series solution to special classes of second order 
equations with variable coefficients. 

1.2.4 Asymptotic Behaviour of Solutions 

Like the retarded equations, the asymptotic behaviour of advanced equations de­
pends crucially on the signs of b. Let K, and ko be the same as defined in the case 
of retarded equations. We first consider the case b < o. It is generally known that 
Problem 1 . 2 has a solution decaying like Le bx as x --7 00 and the solution is of the 
form 

where L is determined by an initial condition. T. Kato and J .B .  McLeod [1 971] 
showed that a constant multiple of YL is the only solution satisfying Y = o(x") as 
x --7 00 and stated the existence of a slower decay solution than YL. If 9 is periodic of 
period Loga and HOlder-continuous with exponent (), 0 < () :::; 1 ,  then they showed 
that there is a solution such that 

y (x) = xk Og(Logx) + O(x,,- O) as x --7 00, ( 1 .40) 

and this is unique up to addition of a constant multiple of YL. They also proved 
that if g(Logx) has an qth derivative that is Holder-continuous with exponent (), 
then y(x) has the asymptotic form 

k o  � x-ngn(Logx) ( -q- O) }  y (x) = x {g (Logx) + � bn I1�
=1 ( 1 _ a-m) + 0 

x , ( 1 '.41 ) 
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where g� = - (ko - n)gn + gn+l and go = g. 

For the case b> 0,  Kato and McLeod proved that there is no solution satisfying 
o(x") as x � 00, but there is a solution ( 1 .40) and an asymtotic form ( 1 .41) provided 
that g(Logx) satisfies the same conditions as those in the previous case that b < O. 

Lastly, for the case when b = 0,  they showed that for ifJ(Logx) given by ( 1 . 7) ,  
there i s  no  solution o(ifJ(Logx)) as x � 00. However, i f  9 i s  periodic of  period 
Logo. and g' is Holder-continuous with exp'onent () , 0 < () < 1 ,  there is the only one 
solution of the form 

y(x) = ifJ(Logx) {g(Logx - LogLogx) + O[(Logx)-O]}. 

We now conclude that equation ( 1 . 1 )  when a > 1 can have a solution decaying 
to zero as x goes to infinity only if 

b < O. 

1 . 2 . 5  Systems of Functional Differential Equations 

L. Fox, et al. [1971] investigated the asymptotic behaviour of solutions to the 
equations with matrix coefficients when a > O. They considered the asymptotic 
behaviour of solutions according to whether the coefficients are non-singular or sin-

\ 
gular. For the case 0 < a < 1 ,  we reviewed the asymptotic behaviour studied by 
J .  Carr and J .  Dyson [1974] in the previous subsection, and the results examined 
in two papers are essentially the same if the coefficients are non-singular. Here, we 
will introduce the results obtained by Fox, et al. (op. cit. ) for the case that a > 1 .  

Consider equation ( 1 . 1 1 )  when a > 1 .  For non-singular Band C, L .  Fox, et al. 
showed that there are two possibilities for an asymptotic decay form. If f3s denotes 
an eigenvalue of B and bs is the corresponding eigenvector, 

y rv bsef3•x , 
provided Ref3s < O .  For (B + O'.vC)as = 0, 

so that v = IOi��:'), where Ts is an eigenvalue of BC-I , and y decays if ITsl < 1 .  
Equation (1 . 1 1 )  can have an non oscillating solution only if r s i s  real and negative. 

They obtained other forms when B or C is singular. 

If C has rank Rc < d and it is diagonalisable, then they proved that a linear 
transformation can be found such that the system becomes 

dy - _ _ 

dx = By(x) + ( ri6 ij)Y(O'.X) ,  



where 'Yi = 0 for i = Rc + 1 ,  ... ,d. Let 

-

= 

[ 
Yo 1 Y _ ,  Yl 

24 

where Yo contains the first Rc components of Y and Yl contains the last d - Rc 
components of y. The matrix fh is the reduced matrix obtained from E by removing 
its first Rc rows and columns. Suppose Ek are non-singular for k = 0, 1 , 2, 3 . Let 
Yl » Y2 denote the relation that Yl(x) � Y2(x) as x -+ 00. Then for the case that 
IY11 » IYol, we have 

so that 

E2Yl(X) + CoYo(ax), 

ElYl(X), 

where 138 is an eigenvalue of El, provided that Re(138) > O. However, 
when IYll « Iyo l , there are no asymptotic forms of the solution. 

For the case that B has rank RB < d and it is diagonalisable, they transformed 
the system to 

where (3i = 0 for i = RB + 1 ,  ... ,d. Using a notation similar to those used in the 
previous case, i .e. 

A 

= 
[ Yo 1 Y A , 

Yl 

they showed that there are the following asymptotic forms if the Ck are nonsingular 
for k = 0, 1 , 2 , . . .  : If l?lll » l?lol, then 

and if l?lll « l?lol, then 

d� Yo(x) 

d�Yl(X) 

d� Yo(x) 

�Yl(X) 

BoYo(x) + C2Yl (ax), 

C1Yl (ax), 

BoYo(x) + CoYo(ax), 

C3Yo(ax). 



From these forms, we get the asymptotic forms 

1:001 

or 

provided that Re (gs) < o. 

f"V exp{ _� (Logax)2 + . . . 
} ,  

2 Loga 
1 (Logx)2 

f"V exp{ -
-2 L 

+ . . .  } ,  aga 
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They also obtained further forms using a perturbation method, which may occur 
for the case when any of Ok , Eh are singular or B, C are not diagonalisable matrices. 

1 . 3  Equations with Advanced and Retarded Terms 

G.A. Derfel and S.A. Molchanov [1990] and G.A. Derfel [1990] studied the equation 

y" (x) = y(x/a) + y(ax) + AY(X) ,  ( 1 .42) 

where a > 1 ,  having bounded solutions. In order to get the bounded solutions to 
equation ( 1 .42) , they converted the problem into the Schr6dinger difference equation 

an+l + an- l + [A - a2nw2]an = 0, 

where W E [1 , a] , by substituting the series 
00 

y (x) = 2: ane-wo;nx , 
n=-oo 

into equation ( 1 .42) .  With this observation, Derfel and Molchanov ( op. cit. ) obtained 
some results about bounded solutions to the more general equation 

1 

y" (x) = 2: Cny (anx) + AY(X) ,  ( 1 .43) 
n=O 

where an = qrn for q > 1 and r n =1= 0 are rational numbers. They proved that there 
exists K > 0 such that if A < -K, equation ( 1 .43) has a non-trivial almost periodic 
solution and any bounded solutions are periodic. They also proved that if A > K, 
then equation ( 1 .43) has no solution bounded on the whole axis. 

We note that for the case when an > 1 ,  n = 1 , 2, we can find a sum of two 
Dirichlet series solutions (cf. Appendix B) and the solution does not exist on the 
whole axis if A > 0, but there exists a bounded oscillating solution if A < 0 (cf. 
Chapter 3) . 



Chapter 2 

The Equation Arising in the Cell 

Growth Model with Dispersion 

We consider in this chapter the following equation which is derived from the cell 
growth model with dispersion: 

dy"(x) - y'(x) - by(x) + bay(ax) = 0, (2. 1 )  

where b >  0 ,  d>  0 and a >  1 ,  satisfying the boundary conditions 

dy'(O) - y(O) = 0, y(oo) = 0,  (2 .2) 

and the normalizing condition 

100 y(x) dx = 1 .  (2.3) 

For simplicity, we refer to equation (2 . 1 )  along with conditions (2.2) and (2.3) as 
Pro blem 2. Note that the condition dy' (O) -y(O) = 0 could be replaced by y'(oo) = 0, 
as can be seen by integrating equation (2. 1 )  from 0 to 00 and conditions y(oo) = 0 
and It y(x) dx = 1 .  

We investigate here the uniqueness and positivity of solutions to Problem 2 and 
construct a solution in the form of a Dirichlet series. Some qualitative properties of 
the solutions and the limiting cases when b, d -t 0 or 00 are also examined. Most 
of this material can be found in G.C Wake, S. Cooper, H.K.  Kim and B. van-Brunt 
[1998] . The author's contribution to that paper is Section 2.4 of this thesis. First, 
however, we will discuss the background of Problem 2. 

2 . 1  The Cell Growth Model 

Consider a growing cohort of cells. (The growth could possibly be symplectic as 
in plant root cells, but it is not necessary for there to be any spatial structure, 
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and thus this theory can apply to situations involving leaf cells or plant-plankton 
cells.) These cells are undergoing growth and regular constant cell-fission, and so 
the number density of cells over a size variable will disperse over size in accordance 
with the modified Fokker-Planck equation 

nt (x, t) = - (gn)x + (Dn)xx + aa2n(ax, t) - an(x, t) , (2 .4) 

where x > ° is a dimensional size variable, t > ° is time and n (x, t) is a cell number 
density function, i.e. the number of cells of size x at time t (cf. Gardiner [ 1983] ) .  
Here g , D (= variance/2) ,  a ,  a are respectively the growth rate (length per time) 
dispersion coefficient (length2 per time) , frequency of splitting (per time) , and the 
(constant) number of cells obtained from a fission-event (cells of size ax split into 
cells of size x and so a > 1 ) .  

We consider the case g,  D, and a are all positive and constant. The equation 
(2.4) is supplemented by the boundary condition (a zero flux condition) 

Dnx (O, t) - gn(O, t) = 0, (2 .5) 

and an arbitrary initial condition 

n (x, O) = no (x) . (2.6) 

Clearly, we also need the finiteness condition 

lim n(x, t) = 0, x-too (2.7) 

and we assume the condition 

Hm nx (x, t) = 0, x-too (2.8) 

which is reasonable physically: the density of cells of a given size must tend to zero 
as the size tends to infinity. 

A solution of the steady size distribution (SS D) form to equation (2.4) corre­
sponds to a separable solution: let 

n(x, t) = y(x)N(t) . (2.9) 

(In other contexts (Heijmans [1985]) it can be shown that solutions of the form (2.9) 
are attracting for the set of all solutions to (2 .4) , with arbitrary initial conditions, for 
large time t. ) Now the function y (x) (under a suitable normalization) corresponds 
to a probability density function and therefore the condition (2.3) must be satisfied. 
Substituting equation (2.9) into (2.4) gives the relations 



N'{t) 
= 

-gy' {x) + Dy"{x) + ao? y{ax) 
_ a = >. N{t) y {x) y{x) y{x) , 

where >. is the separation constant. These relations yield 

where No is some constant , and the functional differential equation 

Dy"{x) - gy'{x) - (a + >.)y{x) + aa2y {ax) = O. 

The boundary condition (2. 5) translates to 

Dy'{O) - gy{O) = o. 
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(2. 10) 

(2. 1 1 )  

(2. 12) 

Integrating equation (2. 1 1 )  from zero to infinity and using relations (2.3), (2.8) 
and (2. 12) we see that 

>. = a(a - 1 ) ;  

consequently, 

N(t) rv ea(O-l)t , 

which indicates exponential growth since a > 1. Let d = D / g, b = aa/g. Then 
equation (2. 1 1) simplifies to the functional differential equation (2. 1) and, the zero 
flux condition (2 .5) and finiteness condition (2.7) imply the conditions (2.2) . 

2 . 2  Positivity and Uniqueness of Solutions 

In this section we will show that the solution to Problem 2 is positive and, given 
the numbers b, d, and a, that it is unique. 

An integration of the functional differential equation (2. 1 )  from x to 00 using 
the condition (2.2) yields the integro-differential equation 

(2. 13) 

and using the transformation 
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this becomes 

d6" (x) - 6' (x) - b(6(x) - 6(ax)) = O .  (2. 14) 

The condition (2.3) implies 

6(0) = 1 , (2 .15) 

and 

6(00) = o. (2 . 16) 

We will refer to equation (2. 14) along with conditions (2 .15) and (2. 16) as Problem 
2. 1 .  We first show that any solution to Problem 2 must be positive. 
Since 6' (x) = -y(x) ,  it suffices to show that any solution to Problem 2 . 1 has the 
property that 0 < O. We begin with a lemma which shows that 6 cannot take a 
constant value in any interval of the form [x , ax] where x > O. 

Lemma 2.2.1 There does not exist a solution to Problem 2. 1 continuous on [0, 00) 
for any a > 1 which is constant on any interval of the form [x , axl , where x > O .  

Proof: Suppose 6(x) = A for x E [x , axl , where x > 0 ,  and A i s  a constant; then, 
6" (x) = 0 (x) = 0 in this interval , and equation (2 .14) thus indicates that 6(x) = A 
for all x E lax, a2x] . This argument can be repeated using the interval lax, a2x] to 
show that 6(x) = A for all x E [a2x ,  a3x] , and by induction it is clear that 6(x) = A 
for all x E [akx ,  ak+lxl , where k is any natural number. Since a > 1 this means 
that 6(x) = A for all x E [x, 00) , and the condition (2. 16) thus implies that A = O. 

On the other hand, if 6(x) = 0 for all x E [x, axl , then 

dt (x) - 6' (x) - M(x) = 0, (2. 17) 

for all x E [x/a, x] . Now 6 is twice differentiable in (0, 00) and thus 0 is continuous; 
therefore, 6(x) = 6' (x) = O. The ordinary differential equation (2 . 1 7) has a unique 
solution satisfying these initial conditions at x = x, which by inspection is 6(x) = 0; 
thus, 6(x) = 0 in the interval [x/a, xl . By induction it can be shown that 6(x) = 0 in 
any interval of the form [x/ak+l , x/akl ,  where k is any natural number. Therefore, 
limx-to+ 6(x) = 0 contradicting the condition (2 . 15) and the continuity of the solution 
at x = O . •  

Lemma 2.2.2 Suppose that a solution 6 exists to Problem 2. 1 .  If 0 (0) < 0, then 
o (x) < 0 for all x E (0, 00) . 



30 

Proof: Suppose there is some point x* E (0, 00) at which 6' (x) � 0, then the 
continuity of 0' (x) implies that 6' must have a zero somewhere in (0, x*] . Let Xl 
denote the smallest value of x > 0 for which 6' (x) = o. The point X l cannot 
correspond to a local maximum for the function 6 and therefore 0" (xd � O. Equation 
(2. 14) implies that 6 (xd � 6(axl ) .  If f/' (Xl ) = 0, then Lemma 2 .2 .1 precludes the 
possibility that 6 (x) = const. on the interval [Xl , axd and thus there must be some 
point x E (Xl , axt )  at which 6' (x) > o. If 6" (xd > 0, then there are points close to 
Xl for which 0' (x) > O. In either case there must be some point Xl in the interval 
(Xl , axd such that 6' (Xl ) > o. The change in sign of the derivative in [Xl , axd 
indicates the presence of a local minimum for the function 6 in this interval . Let 
11 denote the value of X E (0, xd where the minimum occurs. At 11 , 6" (,1 ) � 0, 
and equation (2. 14) implies that 6 (,t ) � 8(a,d i therefore, 8(xd � 8(,1) � 8(a'l ) 
and thus there must be some point r 1 E (,1 , a,l) at which 6 achieves a local 
maximum. Now 0" (rl ) � 0 and equation (2. 14) indicates that 6(rt ) � 8 (ar t ) ,  but 
6(a,t ) � 8(rl ) so that there must be a local minimum at some point 12 for 6 in the 
interval (rI , ard . Equation (2 . 14) yields the inequality 6(,2) � 6(a,2) ,  and since 
arl E (,2 , a,2) and 6(art )  > 6(,2) ,  there must be a local maximum at some point 
r 2 E (,2 , a'2) .  In this manner a sequence of local minima {,k} and a sequence of 
local maxima {rk} can be constructed such that 

rk E (,k , a,k) , 

Ik+ 1 E (rk ' ark) ,  

6(rk) < 8(rk+1 ) ,  

6 (,k) > 6(,k+1 ) .  

Let J.1 = 8(rl) - 8(,t ) .  Then J.1 > 0 and 8(rk) - 8(,k) � J.1 for all natural numbers 
k .  The continuity of 6 precludes the existence on any finite points of accumulation 
for either sequence and consequently rk -t 00 as k -t 00 and Ik -t 00 as k -t 00. 
By hypothesis 8(x) -t 0 as X -t 00, but even if  limx-too(8(rk) - 8(,k))  existed it 
could not be zero and consequently even if limx-too 8(x) exists it cannot be zero. We 
conclude thus that 0' < 0 for all X E [0, 00) . •  

Note that in the above proof the occurrence of a zero for 0' in (0, 00) led to a 
never ending oscillation for the function 8. If it were assumed that 0' (0) > 0 then a 
similar construction would show that either 8' (x) > 0 for all X > 0 or the solution 
oscillates between local maxima and local minima always at least a finite distance 
J.1 > 0 apart . If the solution oscillates then condition (2. 16) cannot be satisfied. 
The only possibility is thus that 8' (x) > 0 for all X > O. But, 6(0) = 1 and so if 
0' (x) > 0, then we still cannot satisfiy condition (2 .16) . This argument establishes 
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the following result: 

Corollary 2.2.3 There are no solutions to Problem 2. 1 with 6' (0) > O .  

The above corollary means that there are no solutions to Problem 2 i f  y (O) < O .  
I t  remains to consider the important case when y(O) = 0 ,  i .e. 6' (0) = O. The next 
result shows that there is no solution if y(O) = o. 

Lemma 2.2.4 There are no solutions to Problem 2. 1 with 8' (0) = O. 

Proof: We show first that if any such solution exists it must satisfy 6' (x) < 0 for 
all x > O. This result is then used to show that no such solution can exist . Suppose 
there exists a solution to Problem 2. 1 and that 6' (0) = O. If 6' (x) > 0 for any x > 0, 
then the proof of Corollary 2.2.3 applied to the interval (x, 00) instead of (0, 00) can 
be used to show that 8 will not satisfy the prescribed conditions. Thus, t (x) � 0 for 
all x > O. Lemma 2.2 .1 implies that there is no number e > 0 such that t (x) = 0 
for all x E (0, e] and since 6' cannot be positive, we conclude that there exists points 
arbitrarily close to 0 such that 6' is negative. The proof of Lemma 2.2.2 can be 
applied to any interval of the form [E , oo) ,  where E > 0 can be arbitrarily small; 
thus, t (x) < 0 for all x > O. 

Equation (2. 14) can be recast into the form 

and because 6' (0) = 0, 

de- �8' (x) = fox be- � (8 (e) - 8(ae))d( 

Now 6(x) - 6(ax) > 0 for all x > 0 because 6(x) is strictly decreasing. But b > 0 
and d >  0, and the above equation indicates that 6' (x) > O . •  

In terms of y(x) we can summarize the above results in the following theorem: 

Theorem 2.2.5 If a solution y(x) to Problem 2 exists J then y(x) > 0 for all x 2: O .  

The analysis underlying Theorem 2.2.5 can also be used to establish the following 
result: 

Theorem 2.2.6 There exists at most one solution to Problem 2. 

Proof: Suppose that two distinct solutions Yl(X), Y2 (X) exist and let 
z(x) = Y L (X) - Y2(X). Then z satisfies the equation 

dz" (x) - z' (x) - b(z(x) - az(ax)) = 0, (2. 18) 



and the conditions 

dz' (O) - z(O) 0, 

100 z (x) dx 0, 

z (oo) = o. 
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As with the original equation, this differential equation can be converted into the 
equation 

dfl" (x) - fl'(x) - b(fl(x) - fl(ax)) = 0, 

where 

fl(x) = 100 z(x) dx. 

The conditions which fl must satisfy are 

fl(O) 0, 
fl(oo) O. 

(2 . 19) 

(2.20) 

This problem is essentially the same as the original one involving 6 except that 
fl(x) = 0 is a valid solution. The analysis developed for 6 can be applied to !:1 
mutatis mutandis. Since fl(O) = 0 and fl(oo) = 0, there must exist at least one 
point x such that fl' (x) = O. Now fl' is not identically zero since the solutions are 
assumed distinct. We can thus use the analysis in the proofs of Lemma 2.2.2 and 
Corollary 2.2.3 to show that the function fl(x) oscillates away from zero as x � 00 

and therefore fl(oo) i- o . •  

2 . 3  The Dirichlet Series Solution 

A solution to Problem 2 can be obtained by use of Laplace transforms; indeed, this 
method was used by Hall and Wake ( op. cit. ) to solve the first order case. However, 
as we have seen in Chapter 1 ,  functional differential equations such as (2. 1 )  with 
d = 0 admit solutions in the form of a Dirichlet series (cf. Kato and McLeod [1971 ] ,  
Fredrickson [1971]) and motivated by this observation, we seek a solution to  Problem 
2 of the form 

00 y(x) = L ane-anrx, (2.21 ) n=O 
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where the coefficients an and the parameter r are to be determined. Formally, we 
have 

y'(x) 

y" (x) 

y(ax) = 

00 

-r L anane-a nrx , 
n=O 
00 

r2 L ana2ne-a nrx , 
n=O 

00 

'"' -a nrx L...J an-le . 
n= l 

Substituting these into equation (2 . 1 ) leads to the expression 

00 00 

dr2 L ana2ne-a nrx + r L anane-a nrx 
n=O n=O 

00 00 

b L ane-a nrx + ba L an_le-a nrx = 0. 
n=O n= l  

Equating coefficients of e-rx yields the indicial equation 

dr2 + r - b = 0,  

while equating coefficients of e-a nrx for n � 1 ,  gives the recurrence relation 

(2.22) 

(2.23) 

Since the series (2 .21) will in general diverge for positive x if r < 0, we choose r to 
be the positive root of (2 .22) . The recurrence relation (2.23) implies that 

an = I1�=1 (da2mr2 + amr _ b) ao , 

so that an can be written as 

where q = a- I . Define 

I1�=1 (da2mr2 + amr - dr2 - r) ao 

( -ba)n 

n- l 
(p; q)n = IT ( 1  - pqj) , for n = 1 , 2, 3 , . . . , 

j=O 

(2.24) 

(2.25) 
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and let (p; q)o = 1 (cf. G.E. Andrews [1976] p . 17) .  Using this notation, equation 
(2.25) is given by 

If we let 

l = -( 1  + l/dr) ,  
then equation (2 .22) indicates that 

b 
dr2 

and hence (2 .26) simplifies to 

Therefore, y(x) is given by 

dr2 + r 1 
dr2 = 1 + 

dr = -l, 

and ao can be determined by the condition (2.3) so that 

Since d > 0 and a > 1 we see that 

o < q < 1 and l < -1 .  

(2.26) 

(2.27) 

(2.28) 

(2.29) 

We can check directly that the solution given by (2 .28) and (2.29) satisfies the 
boundary condition (2.2) . Integrating both sides of equation (2 . 1 )  from 0 to 00 

gives 

dy'(oo) - dy'(O) - y(oo) + y(O) - b 100 y(x)dx + ba 100 y(ax)dx = o. 
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Therefore any solution of equation (2 . 1 )  which satisfies 

y'(oo) = y(oo) = 0, 100 y(x)dx = finite (2.30) 

will automatically satisfy the boundary condition dy'(O) - y(O) = O. Since the solu­
tion given by equation (2.28) clearly satisfies the conditions (2.30) , it will therefore 
also satisfy the boundary condition. The solution defined by equation (2.28) is uni­
formly convergent in any compact interval of [0 , 00) and thus represents the solution 
to Problem 2. 

2 .4 Qualitative Properties and the Limiting Cases 

In this section we study some qualitative properties of the solution to Problem 2. 
It was shown in section 2.2 that the solution is unique and positive for x E [0, 00) . 
In this section we will show that the solution has precisely one local maximum, 
and obtain bounds for the location of the maximum. The influence of the dispersion 
coefficient on the shape of the graph is investigated using some simple, rough bounds. 
It is also shown that the limiting case as d � 0+ corresponds to the non-dispersive 
case solution obtained by Hall and Wake ( op. cit. ) .  Moreover, the solutions when b 
approaches 0+ or 00 are also examined. 

2.4 . 1  Shape of the Solution 

Note that the boundary condition (2.2) and Theorem 2.2.5 indicate that y'(O) > 0 
and consequently y must have at least one local maximum in (0, 00). We show 
that y has precisely one local maximum, but first we need to establish the following 
lemma: 

Lemma 2.4.1 There exists a Z E R such that the solution y(x) to Problem 2 
satisfying y' (x) ::; 0 and y"(x) � 0 for all x � Z. 

Proof: Now y'{x) = - E�=o ananre-anrx and the ratio of successive terms are 

Rn (x) I �Iae-an- l rx(a- l ) 
an- l 

-ba -H(x) I l ae . 
da2nr2 + anr - b 

Since H(x) � 00 as x � 00, there exists some Z such that 

Rn(x) < 1 ,  

(2.31) 

for all x � Z and n. The series is alternating and so this implies that y'{x) 2: 0 if 
ao < 0 and y'(x) ::; 0 if ao > O. However, the positivity of the solution precludes the 
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possibility that y'(x) ?:: 0 and thus y' (x) � o. The second assertion that y"(x) ?:: 0 
for all x sufficiently large can be proved using essentially the same arguments. • 

Theorem 2 .4.2 Suppose y is the solution to Problem 2, then y has precisely one 
local maximum. 

Proof: Suppose y has two local maxima. Then it must also have a local minimum. 
Let Xl denote a point at which y has a local minimum. Now yt (xd = 0 and 
ytl (Xl ) ?:: 0, so that equation (2 . 1 )  implies that y(xd ?:: ay(axd > y(axd .  Since 
y(X I )  > y(axd and Y(XI +E) > y(xd for E small, there must be a point Xl E (Xl , axd 
at which y achieves a local maximum. Now yt (Xl ) = 0 and ytl (Xd � 0 and thus 

i .e. y(aXI) > y(axI ) .  Since aX1 > aXI this means that there must be a local 
minimum in the interval (Xl , aXI) at say X = X2 . We can now repeat the arguments 
used for the minimum at Xl to assert the existence of a local maximum at some 
point X2 E (X2 '  aX2) and thus assert the existence on a local minimum in (X2, aX2) 
etc. Thus if a local minimum exists, then a sequence of local maxima {Xn} and a 
sequence of local minima {xn} exist such that Xn -7 00 and Xn -7 00 as n -7 00. 

But Lemma 2.4 .1 precludes the possibility of local extrema arbitrarily far away from 
the origin .  Therefore, y has precisely one local maximum . •  

From the above theorem along with positivity of the solution, we now know 
roughly the shape of the graph of the solution. For more precise knowledge of the 
shape of the graph of the solution, we need to examine the signs of y"(x) . 

Theorem 2 .4.3 The solution y(x) has at most one inflexion point in (0,  Xm) and 
this assertion is also true in (Xm' (0) , where Xm is the maximum critical point. 

Proof: We first examine the signs of y"(x) in the interval (O, Xm) .  At X = 0,  
equation (2 . 1 )  yields 

dy"(O) - y'(O) - b(l - a)y(O) = 0,  

and so 

dy"(O) = y'(O) + b(l - a)y(O) = ( lid + b(l - a» y(O) , 

since dy' (O) - y(O) = O. This implies that if db(a - 1) < 1 ,  then y"(O) > 0 so 
that there exists at least one inflexion point v satisfying ylll (V) � 0 in (0, Xm) 
since y"(Xm) � O. Suppose that there is an inflexion point VI E (0,  Xm) such that 
y"(VI ) = 0 and y"'(vt } ?:: o. A differentiation of equation (2 .1) leads to the equation 
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dy"' (x) - y" (x) - by' (x) + ba?y'(ax) = 0 ,  (2 .32) 

and this equation implies that 

(2 .33) 

So, whether y' (avd > 0 or y'(avd < 0 ,  we have the inequality 

This asserts the existence of a point V2 E (VI , avd such that y"(V2) = 0, y''' (V2) � 0 
and 

(2.34) 

Here, y'(V2) > 0 since y' (Vt) 2: 0 so that V2 E (O, Xm) '  Equation (2.32) implies 

and combining inequalities (2 .33) , (2 .34) and (2 .35) yields the inequalities 

a2y' (av2) 2: y' (V2) > y'(vd 2: a2y'(avd , 

(2.35) 

so that y'(av2) > y'(avd . This indicates the existence of a point V3 E (av t ,  aV2) 
such that y"(V3) = 0, yll1 (V3 ) 2: 0 and y'(V3) < y' (V2) .  Inequality (2 .35) follows that 
y'(av2) > 0 and so V3 E (0, Xm).  Repeating these arguments constructs a sequence 
{vn} in (0, Xm) such that y" (vn) = O. However the continuity of y' precludes the 
possibility that y' is oscillatory in a limited interval ; thus, there is at most one 
inflexion point V satisfying y"' (v) � 0 in (0, Xm) . 

Let us examine y" (X) in the interval (Xm, 00) . Lemma 2.4 .1 indicates that there 
exists an inflexion point W E (Xm,  00) satisfying y"' (w) � O. Suppose there is an 
inflexion point WI E (Xm' oo) such that y"(WI) = 0 and ylll (WI ) � O.  Then equation 
(2.32) , noting that y'(awl ) � 0 ,  implies 

(2 .36) 

and so y'(Wl )  � y'(awd .  Hence there exists 
a point W2 E (W t , aw l )  such that yll (W2) = 0, ylll (W2) 2: 0 and 

(2.37) 
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and therefore, 

y'(W2) � o?y'(o:.W2) .  (2.38) 

Combining inequalities (2 .36) , (2.37) and (2 .38) yields 

o:.2y' (o:.W2) ::; y' (W2) < y' (wd ::; o:.2y' (o:.wd , 

and thus y'(o:.W2) < y'(o:.wd. This asserts the existence of another point 
W3 E (o:.Wl , o:.W2) satisfying y" (W3) = 0, y"' (W3) ::; 0 and y'(W3) > y'(W2) .  Repeating 
this process produces a sequence {wn} such that Wn -+ 00 and y" (wn) = O. This 
means that there is xn E (wn - E, Wn + E) for E > 0 and all n = 2, 3 , . . . such that 
y" (xn) < 0, contradicting the result of Lemma 2.4. 1 .  Consequently, there exists 
exactly one inflexion point W satisfying y"' (x) � 0 in (Xm'  00) .• 

2 .4 . 2  Bounds on the Maximum Critical Point 

Some rough bounds on where the maximum occurs can be readily derived from 
the integro-differential equation (2. 13) .  Let Xm denote the value of x at which the 
maximum is achieved . Then, y' (Xm) = 0 and thus 

(2.39) 

and 
y (Xm) > b(o:. - 1)Xmy(o:.Xm) .  

Since y achieves a maximum at Xm, equation (2. 1 )  implies that y(Xm) ::; o:.y(o:.Xm) 
and consequently 

Inequalities (2.39) and (2 .40) thus provide the bounds 

1 0:. < Xm < ) . b(o:. - 1 )  b (o:. - 1 

(2.40) 

(2.41) 

Note that these bounds are independent of the dispersion coefficient d. A graph of 
the solution is given in Figure 2.2. 1 .  

We can get some rough upper bounds on y in terms of the parameters b and d 
by use of (2. 13) . Evidently, 
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Figure 2.2 . 1 :  The bounds on Xm of the solution y when a = 2, b = 1 ,  d = 1 .  

and since y > 0 ,  the normalizing condition (2.3) implies that for all x � 0, 

y(x) < b, (2.42) 

(an upper bound independent of d) . A slightly more refined bound can be obtained 
by integrating equation (2. 13) again. This yields the equation 

{X (X 1Q{ dy(x) = dy(O) + lo y(e)� - b lo { Y(TJ)dTJde, 

which in turn implies that 

In particular, we have that 

1 y (x) < y(O) + d .  

1 y(O) < y(Xm) < y(O) + d '  

(2.43) 

(2 .44) 

so that if the dispersion coefficent d is large, the graph will "flatten out" between 
x = 0 and x = Xm and then decrease steadily to 0 as x --t 00. We see this case in 
detail in the next subsection. 

2 .4 .3 The Limiting Cases 

The uniform convergence of each series of (2.21) w.r.t. b, d or a will be established 
before we consider the limiting cases. 
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Uniform Convergence of the Series w.r.t. b or d 

The solution y can be regarded as a function of x and the parameters b and d; let 
y = y(x, b, d) . Then 

00 00 

n=O n=O 

and the coefficients of the series defined by (2 .24) satisfy 

(ba)n 
< 

n�= l  I da2mr2 + amr _ bl 1 ao l  

(ba)n 
n�=l (am - l ) l b(am + 1 )  - ram l lao l 

Cn(b, d) lao l , 

where we have used the identity dr2 = b - r .  Now, r = -l+� from (2 .22) so 
that 

2bd(am + 1) - (- 1 + J1 + 4bd)am 
2d 

(2bd + 1 - J1 + 4bd)am + 2bd 
2d 

2bd > 2d 
b, 

since 2bd + 1 - J1 + 4bd � O .  Therefore, 

and so 

nn ( m - 1) ' 
m=l a 

00 n 
y(x, b, d)/ l ao l  � � 

n�=l �am _ 1) · 

Since the above series is convergent and independent of b and d, y(x, b, d)/ lao l is 
uniformly convergent w.r. t .  b and d. 

Let ao = rS-1 (b, d) , where 

then 

S(b d) _ � (_b)n 
, - � nn _ (da2mr2 + amr - b) ' n=O m- I 
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00 
so that S(b, d) is uniformly convergent. 

The Limiting Case as d --t 0+ or d --t 00 

If d --t 0+ , then the indicial equation (2.22) implies that r --t b, and equation (2.27) 
implies that l --t -00. Since 

I. In 
lm l�-oo (lq; q)n - q(n2+n)/2 '  

our solution (2 .28) becomes, in the limiting case d --t 0+, 

where 

( 00 (-1 )nq(n2-n)/2 

_ ) lim y(x, b, d) = lim ao L 
( )  

e-q nrx , 
d--+O+ d--+O+ q; q n n=O 

b 

(2.45) 

(2.46) 

The last equality follows from Gaspar and Rahman [1990, eq. ( 1 .3 . 16) ]  with z 
replaced by -q. Equations (2 .45) and (2 .46) are the same solution as obtained in 
Hall and Wake (op. cit. ) .  Figure 2 .2 .2 illu�trates solutions for small values of d and 
the solution obtained by Hall and Wake. 

For the case d --t 00, the indicial equation (2.22) implies that r --t 0 and dr2 --t b 
so that l --t -1 from (2.27) . Therefore, in the limiting case d --t 00, 00 (_1)nqn2 y (x, b, d) --t ao L ( 2 . 2) , 

n=O q , q n 

and 

This result and the earlier observation about the bounds of y (Xm) indicate that 
y(x) flattens out from x = 0 to x = Xm as d --t 00 and the solution approaches the 
trivial one. (cf. Figure 2.2 .3) 
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Figure 2.2 .2 : y for small values of d when b = 1 and a = 2. 
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Figure 2.2 .3 : y for large values of d when b = 1 and a = 2. 
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The Limiting Case as b -7 0+ or b -7 00 

The bound y (x) < b given by (2.42) implies that y(x) -7 0 as b -7 0+ . Moreover, 
the bounds on Xm given by (2.41 ) imply that Xm -t oo  as b -7 0+ . Since b = aa/g, 
where a is the frequency of splitting and g is the growth rate, b -7 0+ means that 
cells split less frequently or cells grow faster. In either case, the cell size which 
occupies the biggest proportion in the number of cells is getting bigger. 

As b -7 00, r -7 00 so that l -7 - 1  and therefore, the coefficients an for n 2: 1 
approach the same values as those as d -7 00. This implies that y(x)/ao -7 0 for 
x > 0 since e-anrx -7 O. Now, 

and r goes to 00 slower than e-rx goes to 0 so that y(x) -7 0 for x > O. In addition, 
The bounds on Xm given by (2.41 )  imply that Xm -7 0 and this means that the 
size which occupies the biggest proportion in the number of cells is getting smaller 
when cells split more frequently or cells grow slower. 

The Limiting Case as a -7 1 + or a -7 00 

Suppose the series y/ao = y(a, x)/ao (a) is uniformly convergent w.r.t. a. As 
a -7 1+ , the coefficients of the Dirichlet series solution approach infinity and so the 
solution does not exist . For the maximum critical point, the bounds (2.41) indicate 
that the maximum critical point is getting bigger when a is getting closer to 1 .  For 
the case when a -7 00, ao(a) -7 r so that y (a, x) -7 rerx . Figures 2.2 .4 and 2.2.5 
illustrate the solution y(x) for a -7 1+ and a -7 00 respectively according to b = 1 
and d = 1 .  

We have shown in  this chapter that the solution y(x) i s  positive 
for all x 2: o. Since y(x) is a probability density function, the fact that the solution 
y(x) is not negative is consistent with the model . An interesting feature of this 
solution is the role y(O) plays in the solution. The initial value y(O) cannot be 
specified independently of the other conditions and is determined uniquely by the 
problem. Moreover, any combination of b > 0 and d > 0 (non-zero finite values) 
will not produce y(O) = O. This stimulates questions about conditions necessary 
to make y(O) = 0 if we introduce general constant coefficients. We first study the 
general equations with constant coefficients in Chapter 3 and then return to this 
question in Chapter 4. 
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Chapter 3 

The General Equations with 

Constant Coefficients 

We investigate in this chapter solutions to a class of second order functional dif­
ferential equations which are a generalization of the one arising in the cell growth 
model in Chapter 2. Specifically, we shall consider the equation 

y"(x) + ay' (x) + by(x) + cy(ax) = 0, 

with the boundary conditions 

y' (O) + ay(O) = b + cia, y(oo) = 0, 

and the normalizing condition 

100 y (x) dx = 1 ,  

(3 . 1 )  

(3.2) 

(3.3) 

where a, b, c =1= 0 are real constants and a > 1. Equation (3 . 1 )  along with conditions 
(3.2) and (3.3) will be referred to as Problem 3. 

3 . 1  Existence of Solutions 

Motivated by Chapter 1, we seek a solution of equation (3. 1 )  which can be repre­
sented by a Dirichlet series of the form 

00 y(x) = 2..: ane-onrx, (3.4) 
n=O 
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provided there exists a solution r to the indicial equation 

r2 - ar + b = 0, (3.5) 

such that Re(r) � 0 (r =1= 0). The indicial equation and the recurrence relation 

(3.6) 

can be obtained by substituting the Dirichlet series (3.4) into equation (3 .1)  and 
equating coefficients of like exponential terms. A solution to Problem 3 is thus 
given by 

where ao can be determined by the condition (3.3) , 

ao = r '"' =n;;----:--='-----=-----'-----:-:-

( 00 (-c/a)n ) - 1 
� TIm=l (a2mr2 - aamr + b) 

The above procedure bears a formed resemblance to the classical Frobenius 
method for solving linear second order ordinary equations, and like the Frobenius 
method, the roots to the indicial equation (3.5) indicate the nature of the available 
Dirichlet series solutions. Convergence of the Dirichlet series requires Re(r) � 0 
(r =1= 0) , so that depending on the indicial equation, there are three cases: 

(i) no solutions of the form (3.4) exist (no roots to (3.5) such that Re(r) � 0) . 
(ii) one solution of the form (3.4) exists (one root to (3.5) such that Re(r) � 0) .  
(iii) two solutions of the form (3.4) exist (two roots to (3.5) such that Re(r) � 0) . 

The equation studied in the previous chapter illustrates case (ii) . We examine 
briefly case (iii) when two positive roots exist to the indicial equation. 

Suppose that there are two distinct positive real roots r1 , r2 (r1 > r2) to the 
indicial equation (3.5) .  Then two convergent Dirichlet series solutions 
Y1 (X) = E�=o ane-a nrp; and Y2 (X) = E�=o bne-anr2x corresponding to r1 and r2 , 
respectively can be constructed . However, Y2 (X) has to be treated carefully when 
r1 = anr2 for some n E N since 

and so bn/bn-1 has a singularity. This case is roughly analogous to the case where 
the roots differ by an integer in the Frobenius method. Note that in this case, the 



recurrence relation w.r.t . TI has no singularity since 

(anTI - Tt )  (anTI - T2) 
(anTI - TI ) (a2nT2 - T2) 

- TI T2 (an - 1 ) (a2n - 1) 
> 0,  
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so that Yl is  a solution to equation (3 . 1 ) .  Suppose that Tl = c!'T2 for some k E N. 
We consider the recurrence relation 

and it gives bk- l = 0 because a2kT� - aakT2 + b = 0 and so the recurrence relation 

(a2(k-l ) T� - aak-1T2 + b)bk- 1 = -cbk-2 , 

also gives that bk-2 = o. The repeated process implies that bn = 0 for 0 � n � k - l . 
Therefore, 

00 

Y2 (X) L bne-anr2x 
n=k 

00 
" b -an+/cr2X � n+ke 
n=O 

00 

L bn+ke-anrtX , 
n=O 

and comparing the coefficients bn+k and an in Yl (X) , we get bn+k = Aan , where 
A = � so that Yl (X) = Y2 (X) from the condition (3.3) . Let us examine the linear 
independence of solutions when Tt =1= T2 and Tt =1= anT2 · For large x, 

and therefore the Wronskian of Yl and Y2 becomes 

Yl (X)Y� (X) - Y2 (X)Y
� (x) = aobo (Tl - T2) e- (r1 +r2 )x =1= 0 

so that Yl (X)Y� (x) - Y2 (X)Y� (x) is not identically zero through all x ; thus, Yl and Y2 
are linearly independent. This implies that there is an infinite number of solutions 
y(x) = Yl (X) + Y2 (X) since the first coefficients ao and bo can be any real value 
combinations to satisfy the condition (3.3) . 

We will not pursue the analogy of this procedure with the Frobenius method any 
further in this thesis. The case when roots of the indicial equation are complex is 
investigated in the last section. 
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3 . 2  Uniqueness of Solutions 

In this section, we show that for a certain range of coefficients a, b and c, the solution 
to Problem 3 is unique. 

Theorem 3 . 2 . 1  Given constants a, b, c and a such that b < 0, I c l � alb l and a > 1 ,  
the solution to Problem 3 is unique. 

Proof: Suppose that two distinct solutions Yl (X) ,  Y2(X) to Problem 3 exist and 
let z(x) = Yl (X) - Y2 (X) , Then it suffices to show that z(x) = 0 for all x � O .  The 
function z(x) satisfies the equation 

z"(x) + az' (x) + bz(x) + cz(ax) = 0, 

along with the conditions 

and 

Let 

z (O) = 0, z(oo) = 0, 

100 z(x) dx = O. 

O'(x) = 100 z(t) dt, 

then equation (3.7) can be converted into the differential equation 

C O'''(X) + aO" (x) + bO'(x) + -O'(ax) = 0, a 
where 0' satisfies the conditions 

0'(0) = 0 ,  0'( 00) = o. 

(3 .7) 

(3.8) 

(3.9) 

(3. 10) 

(3. 1 1 )  

(3 .12) 

For a non-trivial solution, the conditions (3. 12) indicate that O'(x) must have a 
positive maximum or a negative minimum. Suppose that there is a maximum critical 
point Xl at which 0' achieves a positive value. Then bO'(Xl ) + �O'(aXl ) ;::: 0, and so 

(3. 13) 
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Note that the sign of a( aX 1 ) depends on the sign of the coefficient c. Let c > o. Then 
a(Xd ::::; a(aXd since 0 < -:b ::::; 1 and therefore, there is another maximum critical 
point X2 satisfying a(Xl ) ::::; a(X2) since a(oo) = O. This process can be repeated 
ad infinitum to get a sequence {Xn} of points at which a achives a local maximum, 
and 0 < a(Xt ) ::::; a(Xn) so that limn--+oo a(Xn) =1= 0, contradicting a( (0) = o. Thus, 
a(x) cannot have a positive maximum. In the same manner, it can be shown that a 

cannot have a negative minimum. Therefore, a(x) = 0 from the condition (3. 12) and 
so Jxoo z(t) dt = a(x) = 0 for all x 2: 0; thus, z (x) = 0 from the continuity of z(x) . 

If c < 0, then 0 < :b ::::; 1 so that a(X1) ::::; -a(aXd . This result and the condition 
a( (0) = 0 imply that there is a point Xl at which a achives a negative minimum 
such that a(Xd ::::; la(xI) 1 and a(xI) 2: - :ba(axd 2: -a (axl ) . This asserts the 
existence of another maximum critical point X2 such that a(X2) 2: la(x I ) I .  By re­
peated applications of this argument, we can construct two sequences {Xn} ,  {Xn} so 
that liffin--+oo Xn = 00 and limn--+oo Xn = 00, and a(Xn) - a(xn) 2: a(X1) - a(xd > 0 
for all n E N, contradicting a( (0) = O. Hence we get the result .• 

If b < 0, the roots of the indicial equation (3.5) are real and of opposite signs. 
Therefore there can be only one Dirichlet series solution to Problem 3. Theorem 
3.2 . 1 then assures us that if also a > 1 and Ic l ::::; a l b l ,  there is no other solution. 
The last condition can be relaxed, provided that an integrability condition is added. 
This is the content of the next theorem. 

Theorem 3.2.2 If Ic l < an l b l and b < 0, then there exists a unique nth integrable 
solution to Problem :1 for some n E N. Furthermore, if b < 0, then the infinitely 
integrable solution y (x) is unique. 

Proof: Existence follows from Section 3 . 1 .  To prove uniqueness, we begin with 
the case n = 2. Let z (x) and a(x) be defined as those in the proof of Theorem 3.2. l .  
Since y(x) is twice integrable, a(x) = Jxoo y(t) dt is integrable so that we integrate 
equation (3. 1 1) from 0 to 00 to get the equation 

-a' (O) - aa(O) + (b + c/(2) 100 a(t) dt = o. 
Now a'(O) = -z(O) = 0 and a(O) = Jooo z(t) dt = 0 so that Jooo a(t) dt = 0 since 
b + c/a2 =I- o. Applying the transformation 

(3. 14) 

to equation (3 . 1 1 ) produces the equation 
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(3. 15) 

and 

(3. 16) 

Since l e l  < a2
l b l ,  we can show that a2 (x) = 0 using the same arguments as those 

used in the proof of a(x) = 0 in Theorem 3.2 . 1 ;  thus, z(x) = O. 
For the nth integrable solutions for n � 3 ,  using the transformation 

an = 100 an- l (t) dt, 

where al (x) = a(x) = J: z{t) dt , we get the equation 

(3. 17) 

and it can be proven that y(x) is unique if Ic l  < an
lb l  in the arguments similar to 

the case n = 2. This indicates that if n � 00, then the coefficient c can be any real 
value so that we get the last result .• 

3 . 3  Positive Solutions 

In this section, we investigate the existence of positive solutions and certain qualita­
tive properties of the positive solutions. The interest in these solutions is motivated 
from the cell growth model. 

3.3.1 Existence of Solutions 

Theorem 3.3.1  If b < 0 and I c l � alb l ,  then the solution to Problem 3 is positive 
for x E [0, 00) . 

Proof: Using the transformation (3. 10) ,  the differential equation (3. 1 )  can be 
converted into the differential equation (3. 1 1) ,  the solution of which satisfies the 
condition (3. 12) .  Moreover, 

a' (x) = -y(x) . 

The proof that a(x) cannot have a positive maximum nor a negative minimum is 
the same as that of Theorem 3.2 . 1 .  Therefore, since a(O) = 1 > 0 and a(oo) = 0, 
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we have that a' (x) � o. We will show that a(x) is  strictly decreasing. Suppose that 
there is a point w > 0 such that a'(w) = 0, then a"(w) = 0 since a cannot have 
local maxima nor local minima and hence ba(w) + �a(aw) = O. This equation is 
obviously not satisfied when ab � c < -ab. If c = -ab, then a(w) = a(aw) and 
this implies that a(x) is constant C in lw , awl . Since equation (3. 1 1 ) yields C = 0, 
it can be shown that a(x) cannot be constant in any intervals of the form [x, ax] for 
x E [0, 00), using the same method as that used in the proof of Lemma 2.2. 1 ;  thus, 
a'(x) < 0 for all x > o. It now remains to prove that a'(O) < O. Suppose a'(O) = O. 
Equation (3. 1 1 ) can be recast into the form 

(3. 18) 

and integrating the above equation from 0 to x, noting that a' (O) = 0, produces the 
equation 

e=a' (x) = - eat (ba(t) + -a(at)) dt. lx c 
o a 

Now, ba(t) + �a(at) < 0 since I b l � I c l /a and a(t) > a(at) for all t > 0, so that 
a' (x) > O. This contradicts that a' (x) � 0 and thus, y(x) > 0 for all x � 0 .• 

3.3.2 Qualitative Properties of Solutions 

In this section, we examine the conditions which the solution y(x) to Problem 3 is 
strictly monotonic decreasing and the bounds on y(x) for a certain range of coeffi­
cients. 

Shape of Solutions 

Theorem 3.3.2 Suppose b < o. 
If -al bl � c � I b l (c =1= 0) or if a > 0 and Ib l < c < a lb l ,  then all solutions y (x) to 
Problem 3 are strictly monotonic decreasing for all x � o. 

Proof: For either case in this theorem, the conditions of Theorem 3 .3 . 1  are satis­
fied and therefore, the solution is positive. If the solution is not strictly monotonic 
decreasing, then it must have at least one point v such that y' (v) = 0 and y" (v) � 0 
in [0 , 00). We use this fact to prove the result . 

Let -albl � c < 0 and a point v be mentioned above. Then equation (3 . 1 ) 
implies that 

by ( v) + cy ( av) 2: O. (3 .19) 
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But, the solution y (x) is positive and b < 0 so that the inequality (3. 19) cannot be 
satisfied; thus, y is strictly monotonic decreasing in that case. 

For the case that 0 < c � I b l , let Xl E [0 , 00) be a point satisfying that y' (Xt } = 0 
and y" (X1 ) � o. Then y(Xd � -�y(aXd from equation (3. 1 )  and therefore, 
y (XI ) � y (aXI ) .  This indicates that y has a local critical point or it is constant in 
[Xl ,  aXI l ,  and in either case there exists a point X2 such that y'(X2) = 0, y" (X2) � 0 
and y(X2) 2:: y(XI ) .  Repeating the arguments thus constructs a sequence {Xn} 
such that liffin-too Xn = 00 and y(Xn) 2:: y(X1) > 0 for all n. This contradicts the 
condition (3.2) . 

Lastly, we consider the case that a > 0 and I b l < c < alb l .  Suppose that 
there is a point w satisfying a"(w) � 0, where a satisfies equation (3 . 1 1) ,  then 
a(w) < b";a(aw) since a' (w) < 0 so that a(w) < a(aw) . However, 

a(w) = 100 y(x) dx > 100 y(x) dx = a(aw) , 
w aw 

and this contradicts the previous result. It follows thus that a"(x) > 0 for all x 2:: 0 
and so y'(x) < 0 since a"(x) = -y'(x) .• 

From the above theorems, we see that given b < 0 and l e l < albl , the conditions 
a < 0 and c >  0 are necessary in order to have a positive solution with a maximum 
critical point. These sign combinations of the coefficients are the same as those of 
the cell growth model in Chapter 2. The following theorems can be extended from 
Theorem 2.4.2 and 2.4.3 if b < 0 and I c l � a lbl : 

Theorem 3.3.3 The solution y(x) to Problem 3 has at most one maximum critical 
point. 

Theorem 3 .3.4 If a critical point Xm exists, the solution y(x) has at most one 
inflexion point in each interval of the form [0, Xm) or (Xm, 00); otherwise, there 
exists at most one inflexion point in [0 , 00) . 

Bounds for Solutions 

Assume that b < 0 and Ic l � a lbl . 

Casei: a < 0 and c > 0 
Since cia > 0, integrating equation (3. 18) from x to 00 leads to the inequality 

(3.20) 

Now, a(x) � 1 so that eaXa'(x) 2:: b Jxoo eat dt and therefore, a' (x) 2:: -bla; thus, 
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2 

y 

4 x 5 

Figure 3.3. 1 :  The bound y(O)e-X for y(x) when a = 1 ,  b = - 1 ,  c = -1  and a = 2. 

y (x) :::; b/a ,  

so that if  a -+ - 00 or b -+ 0- , then y(x) -+ o. 

Case2: a >  0 
Integrating equation (3 . 1 8) from 0 to x produces the equation 

If c > 0, then 

eaXa'(x) = a' (O) - b eata (t) dt - - eata (at) dt. lx c lx o a 0 

a'(O) - � lx eat dt a 0 

a'(O) - �(eax - 1 ) ,  aa 

where we use a(ax) :::; 1 for all x � O. 
The above inequalities thus imply that a' (x) � (a' (O) + a�)e-ax - a� so that 

c c 
y(x) :::; (y(O) - _)e-ax + - . 

aa aa 

(3.21 ) 
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If c < 0 ,  then eaxcr' (x) � cr'(O) from the equality (3.21)  and so we have the more 
elegant bound 

y(x) � y (O)e-ax. 

Figure 3.3. 1 illustrates the bound for y(x) corresponding to the case that a = 1 ,  
b = - 1 ,  c = - 1  and a = 2. 

3 . 4  The Limiting Cases and Holomorphicity of 

Solutions 

In this section, Dirichlet series solutions for the limiting cases when a, b or c -+ 0 or 
00 are considered. Moreover, holomorphicity of the solutions is investigated. Here, 
we consider only the case when r is real . 

Before any limiting cases and holomorphicity of the series are examined, we will 
first show that the limit of the series can go inside the summation of the series with 
respect to the parameters a, b and c. 

3.4.1 Uniform Convergence of the Series 

Let y = y(x, a, b, c) , then 

and since r2 = ar - b, 

g(a b c) - 1 + � J c Jn , , - � rr�= l J (am - 1)  (aram - b(am + 1 ) ) J · 
(3 .22) 

It is evident that the series for y(x, a , b, c)/ao is uniformly convergent for c in 
any bounded domain because the series for g (a, b, c) converges for all finite c. 

Let rl = 
a±� 

and r2 = a-�, then rl � r2 . If r = rl , then the coefficients 
an becomes 
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so that a singularity occurs when T2 = 0 or Tt = amT2 for some m E N. If Tt = amT2 , 
then b = (

0�:1)2a2 since a = Tl + T2 = (am + 1)T2 and b = TlT2 = amT� and this case 
occurs only when a > 0 and b > O. We now get the region of a and b, which doesn 't 
have a singularity. We first except the case when a ::; 0 and b � 0 since a Dirichlet 
series solution with real T > 0 doesn't exist in the region. If b < 0, then Tl can be 
only a positive root and there is no singularity for all a. If b � 0 and a > 0, then 
b ::; a2 / 4 to have a real solution and a singularity occurs at b = (0"'�1)2 a2 , where 
k = 1 , 2, . . .  for T2 , but not for Tl ' From these observations, we consider the uniform 
convergence of y(x, a, b, c)/ao w.r.t .  a in the following regions: 

(i) b < 0, a E R and T = Tl 
(ii) b > 0, a � 2

Vb 
and T = T 1 

(iii) b = 0,  a > 0 and T = Tl 
(iv) b >  0, a � 2

Vb 
and T = T2 except at a = (010 +1)2 _ ok b, where k - 1 , 2, . . . .  

After arranging the above regions from the view point of b , we consider the uniform 
convergence of y(x, a, b, c)/ao w.r.t . b in the following regions: 

(i) a >  0, b ::; a2/4 and T = T1 
(ii) a = 0 and b < 0 and T = Tl 
(iii) a < 0, b < 0 and T = Tl 
(iv) a > 0, 0 < b ::;  a2/4 and T = T2 except at b = (

Ol:
lj2a2 , where k = 1 , 2, . . . .  

For m = 1 , 2, . . .  , let 

9m (a, b) 
1 

(am - l ) (aTlam - b(am + 1)) 
1 

(am - 1 ) (Ha2 + aJa2 - 4b)am - b(am + 1)) ' 

Note that 9m(a, b) > 0 since 

and consequently, 1 9m (a, b) 1 = 9m(a, b) . 
Now, 

a2mT� - aamTl + b 
Tl (am - l ) (amTl - T2) 

> 0,  

(3.23) 



and 
00 I c ln L nn _ la2mr2 - aamr + bl n=O m-l 

g(a, b, c) , 
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and thus, in order to show the uniform convergence of the series y(x, a, b, c)/ao and 
ao w.r.t .  a or b, we now seek a bound of gm(a, b) which is independent of a or b, 
making the series g(a, b, c) be uniformly convergent. 

Uniform Convergence of the Series w.r.t. a 

Let b be fixed . 

Case 1 :  b < 0, a E R and r = rt . 
Differentiating gm(a, b) defined by (3.23) w.r.t .  a leads to 

agm(a, b) - � (2a + Ja2 - 4b + a2/Ja2 - 4b)am 
aa - (am - 1) (Ha2 + aJa2 - 4b)am - b(am + 1 ) )2 ' 

(3.24) 

and 8ga�a,b) < 0 in the region for a E R. This implies that gm has a maximum as 
a -+ -00. To obtain lima-+_oo gm(a, b) , let us first calculate the value 
h = lima-+_oo Ha2 + aJa2 - 4b) . Since 

h = 

lim a-+-oo 2(a2 - aJa2 - 4b) 
2ab 

Hm , a-+-oo a - ...; a2 - 4b 
we apply l' Hospital's rule to get 

Hence 

so that 

h = l '  2b 
lm a a-+-oo 1 - --

� = b. 1 + 1  
v'aL4b 

1 
lim gm(a, b) = 

Ib l ( 1 ) ' a-+-oo am -
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and since this series is convergent, g (a, b, c) is uniformly convergent w.r.t . a ;  thus, 
y (x, a, b, c)/ao and ao are uniformly convergent in the region. 

Case 2: b >  0, a � 2Vb and T = Tl . 
From (3 .24) , 8g&�a,b) < 0 for a � 2Vb and so in the region, gm has the maximum 

Ibl(a�- lF when a = 2Vb so that 

(3.25) 

Therefore, y (x, a, b, c)/ao and ao are uniformly convergent in this region. 

Case 3: b = 0, a > 0 and r = Tl . 
Now, a9&�a,b) < 0 for a > 0 so that gm has a maximum as a -+ 0+ in the region . Since 
lima-+o+ gm (a, b) = 00, we use the Weierstrass theory that if X is locally compact, 
then the series which is convergent on every compact subset in X (Le. compactly 
convergent series) is locally uniformly convergent in X. Let 

C = {[P, oo) lp > O} ,  

then C is locally compact and for any compact set [p, 00) in C ,  g (a, b ,  c) is convergent. 
Consequently, g (a, b, c) is compactly convergent in C, implying the locally uniform 
convergence of the function in C; thus, y (x, a, b, c)/ao and ao are locally uniformly 
convergent w.r.t . a in this region. 

. fi . / (alc+ l)2 Case 4:  b >  0, a � 2v b and r = r2 except at a = V ak b fOT k = 1 , 2, . . . .  
Since all singularities are isolated in this region, we can divide the region as an 
infinitely countable number of compact sets. Let 

and for k � 1 ,  

Dw = { [p, qJ I (ak + 1)2 
-'----------:--'--b < P < q < ak 

and D = U�=l Dk . Then the set D is locally compact. For any sum of intervals of the 
form [p, q] in D, g (a, b, c) is convergent and therefore, g (a , b, c) is locally uniformly 
convergent in D; thus, y (x, a, b, c)/ao and ao are locally uniformly convergent in D. 

Uniform Convergence of the Series w.r.t. b 

Let a be fixed. 



58 

Case 1 :  a >  0, b ::;  a2/4 and T = T I ' 

By differentiating gm(a, b) w.r. t .  b , we get 

(3.26) 

and 8ga�a,b) > 0 for b ::; a2 /4. From this observation, we have a maximum of gm at 
b = a2/4 and the maximum value is a2(Q�-l )2 in the region. Hence 

and thus, y(x, a, b, c)/ao and ao are uniformly convergent w.r.t. b in the region since 
the above series is convergent. 

Case 2: a = 0, b < 0 and T = Tl ' 

Since 89a1a ,b) > 0 for b < 0, gm(a, b) has a maximum as b -t 0- , and 
limb-+o- gm(a, b) = 00. Let 

E = { (-oo, q] l q < O}, 

then the set is locally compact. For every compact set (-00, q] in E, g (a, b, c) 
is convergent. Therefore, by the Weierstrass theory, g(a, b, c) is locally uniformly 
convergent in E; thus, y(x,  a, b, c)/ao and ao are locally uniformly convergent w.r. t .  
b in  this region. 

Case 3: a < 0, b < 0 and T = Tt . 

Now, 8ga�a ,b) > 0 for b < 0 so that gm achieves a maximum as b -t 0- , and 
limb-+O- gm(a, b) = 00. So, we get the result using the same arguments as those used 
in the proof of Case 2. 

Case 4: a >  0, 0 < b ::;  a2/4 and T = T2 except at b = (Q"�1)2a2 , for k = 1 , 2, . . . .  
We can prove the locally uniform convergence of y(x, a, b, c)/ao and ao w.r.t . b in 
this region in the arguments similar to those used in the proof of Case 4 for the 
locally uniform convergence w.r.t . a by letting 

and for k 2: 2, 
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y 

0.2 

4 x 5 

Figure 3.3 .2 :  y for small values of a when b = -1 ,  c = 1 and a = 2. 

3.4.2  The Limiting Cases and Holomorphicity of Solutions 

The Limiting Case as a -7 0 

The limiting case when a -7 0 can be considered only when b < 0 since y (x) is 
uniformly convergent at a = 0 only when b < O. When a -7 0, Tl -7 .;=b so that 
an -7 (-c/b)n /rr�=l (1 - a2m ) j thus, 

y(x) -7 a � (-c/b)n 
e-aRRx o L.J ITn (1 _ 2m ) , 

o m=l a 

and this is the same as the solution to the equation when a = O. This result is 
the same whether a -7 0+ or a -7 0-. Figure 3 .3 .2 shows the change of solutions 
around a = 0 when the coefficient a approaches zero from the positive direction or 
the negative direction. Let us now examine the holomorphicity of the solution at 
a = o. As we have seen before, if b < 0, terms in the series are all holomorphic and 
therefore, the uniform convergence of the series leads to the holomorphicity of the 
solution at a = O. 

The Limiting Case as b -7 0 

The case when a > 0 , b :::; a2/4 and T = Tl is only considered here since y(x) is 
uniformly convergent at b = 0 in this case. ·When b --1 0, we have Tl -7 a so that 



y 

2 3 4 x 5 

Figure 3.3 .3 : y for small values of b when a = 1 , c = 1 and a = 2 . 
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Figure 3.3 .3 shows this result . Moreover, the solution is holomorphic at b = 0 in this 
case since the previous observation indicates that all terms are holomorphic so that 
the uniform convergence of the series leads to the holomorphicity of the solution at 
b =  O. 

The Limiting Case as c -+ 0 

When c -+ 0, we have an -+ 0 for all n � 1 since 

and ao -+ r, so that 

(3.27) 

Here, the value r is not changed since the coefficient c does not affect it. 
It is evident that the solution y (x) is the same as that to the equation 

u"(x) + au' (x) + bu(x) = 0 (3.28) 

satisfying the boundary conditions (3 .2) and (3 .3) . Figure 3.3.4 illustrates the shape 
of the graph of the solution for c small. Moreover, it is evident that every term an is 
holomorphic at c = 0 since there are no singular points and consequently the uniform 
convergence of the series leads to the holomorphicity of the solution at c = O. 



y 

0.8 

2 4 x 5 

Figure 3.3.4: y for small values of c when a = - 1 ,  b = - 1  and a = 2. 

The Limiting Case as a � 00 
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We consider two cases according to the value of r .  If  r = r1 , then r � 00 and if 
r = r2 , then r -7 0 as a -7 00. Now, 

and 

aO < rt f (-c/a)n 

n=O rr�=1 (a2mrr - aamr1 + b) 
rt /W. 

- 1 

As a -7 00, r1 -7 00 so that V -7 1 and W -7 1 .  Consequently, for x > 0,  

l y (x) 1 

and thus, y(x) -7 o. At x = 0, the value r tX can be some constant C or zero or 
infinity depending on how fast x approches zero according to the value rt and so y(O) 
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Figure 3.3.5: y for large values of a when Tl -+ 00 according to b = 1 ,  c = 1 and 
a = 2. 

cannot be determined. Figure 3 .3 .5 shows that the solution is going to zero for all x 
except the original point. For the second case, there is a singularity as we observed. 
However, the singularities are isolated so that we consider only the region which has 
no singularities. When T2 -+ 0, we have aT2 -+ b from the indicial equation (3.5) 
so that an -+ ao ( -c/b)n /II�=l (1 - am) and, ao -+ O. Therefore, y(x) -+ O. Figure 
3.3.6 depicts the result .  

The Limiting Case as a -+ -00 

This case is considered only when b < 0 and T = TI . In the same manner as the 
previous case, it can be shown that y(x) -+ 0 since TI -+ 0 as a -+ -00. 

The Limiting Case as b -+ - 00  

The solution y is uniformly convergent for all a in this case. As  b -+ -00, TI  -+ 00 

so that we get y(x) -+ 0 using the same arguments those used in the case when 
a -+ 00 and TI -+ 00. 
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Figure 3.3.6 : y for large values of a when T2 -+ 0 according to b = 1 ,  c = 1 and 
a = 2. 

3 . 5  Oscillating Solutions 

If the roots of the indicial equation (3.5) are complex and Re(r) � 0,  then equation 
(3. 1 )  will have real solutions with Cosine or Sine functions in the terms of the series, 
and we expect these solutions to be oscillatory . In this section, the two cases when 
a = 0 and b > 0 or when a > 0 and b > a42 which yield complex roots to the indicial 
equation are investigated since the behaviour of solutions when a = 0 is different 
from that when a > O. Here we seek merely a bounded solution without imposing 
boundary conditions (3.2) and integrability condition (3.3) . 

3 . 5 . 1  The Case a = 0 and b > 0 

If a = 0 and b >  0, then equation (3 . 1 ) becomes 

y" (x) + by(x) + cy(ax) = o. (3.29) 

The next theorem shows that if a bounded solution exists to equation (3.29) , then 
it is oscillating. 

Theorem 3 . 5 . 1  If -b < c and c =I 0, then every bounded non-trivial solution to 
equation (3.29) is oscillating. 

Proof: Suppose y is a bounded function which does not oscillate. Then 
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limx-too y(x) = C for some constant C.  So, limx-too y"(x) = - (b+ c)C from equation 
(3.29) , and since limx-too y"(x) = 0 and b + c > 0, C = o. Suppose a solution to 
equation (3.29) is not oscillating. Then there exists a point w such that for all 
x > W, y'(x) � 0 and y"(x) � 0 if y(x) � 0 or y'(x) � 0 and y"(x) � 0 if y(x) � O. 

Let y(x) � 0 for all x >  w, then equation (3.29) implies that y"(x) < 0 for all x > W 
since by(x) + cy(ax) > o . This contradicts that y"(x) � 0 in that interval and thus 
there must be a point Wl > w satisfying y(wd = 0 and Y(Wl + €) < 0 for € > o. 
Suppose that for x > Wl ,  y(x) � 0, then it can be shown that y"(x) > 0 in that 
interval from equation (3 .29) . This leads to the existence of another point W2 > Wl 
satisfying y(W2) = 0 and y(W2 + €) > 0 for € > O. This process can be repeated to 
get a sequence of zeros {wn} ,  and so we conclude that the solution is oscillatory . •  

A substitution of the Dirichlet series (3.4) into equation (3.29) leads to the 
recurrence relation 

(3.30) 

and the indicial equation 

r2 + b = O. (3.31) 

Hence, 

an = rr�=1 (a2m - 1) ClQ ,  

and r = ±Vbi. In fact, we have the same result whether r = Ybi or r = -Ybi so 
that only the case r = Vbi is considered here. 

Now, the solution u(x) to equation (3 .29) is given by 

u(x) 

It is known that if the coefficients of a linear equation are real , then real and 
imaginary part of any complex solutions are again solutions to that equation. We 
can apply the theory to equation (3.29) ,  and get the two real solutions, 



and 

( ) _ 

� (c/b)n . ( n "b ) Y2 X - � II�=1 (a2m _ 1 ) sm a vox .  

Clearly, Yl (x) is convergent since 

00 00 L an cos (anrx) < I: l an cos (anrx) I 
n=O ao n=O ao 

00 
< I: l an l < 00, 

n=O ao 
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and so is Y2 (X) . Let us examine the linear independence of Yl and Y2 . At x = 0, 
Y2 (0) = 0 and 00 (c/b)n 00 ( C/b ) Yl (O) = � 

II�=1 (a2m _ 1 ) = !! 1 + a2(n+l) , 

where we use the Euler identity (we will study it in detail in Chapter 4) . This 
implies that if c =1= -ba2n for n E N, then Yl (0) =1= 0 and so Yl and Y2 are linearly 
independent in that case. Now y� (0) = 0 and 

, ,,
� (ac/b)n " rroo ( c/b ) Y2 (0) = vb � II�=1 (a2m _ 1) 

= vb 
n=O 

1 + a2n+1 ' 

so that y�(O) =1= 0 when c = -ba2n for all n E N. This thus indicates that Yl and Y2 
are linearly independent for any b, c, a. Therefore, a more general real solution of 
the equation (3.29) is given by 

y (x) PYl (X) + 
QY2 (X) t, II::'=�(��� - 1 ) (P cos(,,"Vbx) + Q Sin (,,"Vbx)) ,  (3.32) 

where P, 
Q 

are real constants. 
The solution y(x) is bounded by ( IP I + IQ I ) L::'

=o lan/ao l , but it is not integrable 
for x � O. Moreover, if a E N, then Y2 (X) has zeros at x = � for l = 1 , 2 , . . .  and 

h . ( ) - ( )lp P ,",,00 (c/W ' f ' at t ose pomts, Yl x - - 1 + L.m=l rr::'=l (o2m - l) 1 a IS even 

and Yl (X) = (-l )IPE:'
=l rr::'�;(!�:-l) i f  a i s  odd, so that the solution y(x) is 

oscillatory for a E N. Now given two initial conditions, the solution (3.32) is 
uniquely determined. Figure 3.3.7 shows the solution y(x) when the initial condi­
tions y(O) = L:�=o rr::'=1 (�2m - l )  and y' (O) = L:�=o rr::.=};2m - l) are given according to 
b = 1 , c = 1 and a = 2. 
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- 10 5 

3 . 5 . 2  
2 

The Case a > 0 and b > � 
In the same manner as getting the recurrence relation and indicial equation from 
equation (3 . 1 ) ,  we have r = a±i� and the terms an satisfying l:�=o an < 00. The 
terms an can be divided into a real part and a complex part and so let Un = bin +i�n . 
Then l:�=o bin and

'v'
l::'=

2o b2n exist sinc�v'
l::'

2o an exists. As the previous case, the 
results for r = a+l 4b-a and r = a-t 4b-a are the same and so only the case 2 2 
r = a+ivp=? is considered here. 

Now, the solution u (x) to equation (3. 1 )  when a > 0 and b >  0 is given by 

n=O 

and thus we have the following real solutions: 

and 
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We now show the linear independence of these two solutions Yl and Y2 ' Let 
k = v'4b2-a2 •  For large x ,  

and 

so that 

y� (x) t'V -� (blO cos (kx) + b2o sin(kx))e-�X - (kblO sin (kx) - k�o cos(kx))e-�X ,  

and 

Hence, 

-kb�o (COS2(kx) + sin2 (kx)) - kb�o (COS2 (kx) + sin2 (kx)) 

-k(b�o + b�o)e-ax 
=I 0, 

and this implies that the two solutions are linearly independent. Therefore, the real 
general solution is 

y(x) = PYl (X) + QY2(X) , (3.33) 

where P and Q are real constants. 
Since I cos(anrx) I � 1 ,  I sin(anrx) I � 1 and e-anax -t ° for all n � 0, the solution 

y(x) -t ° as x -t 00. It is integrable for x � ° because 

00 

l y (x) 1 ::::; ( IP I  + IQ I )  � ) I bln l  + I b2n l ) e-an �X ,  
n=O 

and the series is in LdO, 00); thus, y(x) is integrable in [0, 00) . Moreover, it is evident 
that y(x) is infinitely integrable. 

We now have two undetermined parameters P and Q and therefore, there is an 
infinite number of integrable solutions to equation (3 . 1 ) .  Even if the integrability 
condition (3.3) is imposed, another boundary condition is necessary to be prescribed 
for the solution y(x) to be determined uniquely. Figure 3.3 .8 illustrates the form of 
a solution y(x) . 



68 

y 

Figure 3.3.8 : The expected shape of the graph of the solution y(x) when a > 0, b > G42 • 



Chapter 4 

The Eigenvalue Problems 

We investigate in this chapter the eigenvalues and eigenfunctions satisfying y(O) = 0 
to advanced second order functional differential equations L(y(x)) = >.y(ax) . This is 
motivated from the equation arising in a cell growth model in Chapter 2, which has 
non-zero value of the probability density function at x = o. We examine equations 
with general constant coefficients and seek the values of >. which make y(O) = o. It 
is known from Chapter 3 that there exists a Dirichlet series solution to advanced 
functional differential equations if L(y(x)) = 0 has a solution such that y(oo) = 0, 
and we use this solution form to determine the eigenvalues. 

4. 1 The First Order Problem 

We first study the eigenvalue problem for the first order equation 

y' (x) + by(x) - >.y(ax) = 0, 

where b >  0 and a > 1, satisfying the boundary conditions 

and the normalizing condition 

y (O) = 0, y(oo) = 0 ,  

100 y(t) dt = l .  

(4. 1 ) 

(4 .2) 

(4.3) 

We will refer to equation (4. 1 ) along with conditions (4 .2) and (4 .3) as Problem {1 .  
We note that we have one solution satisfying Problem 4. 1 for the case >. = ba from 
A.J .  Hall and G.C. Wake [1989] and A.J. Hall [ 1991] . 

In fact, the value >. = ba is the only eigenvalue for equation (4 . 1 ) since integrating 
the equation from 0 to 00 yields 

>. 100 y(O) = (b - -) y(t) dt. a 0 
(4.4) 
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However, for the second order equations with constant coefficients which will be 
discussed in this chapter, an integration of the equations from 0 to 00 doesn't  sim­
ply produce the eigenvalues >. since there exists an undetermined term y'(O) in the 
equation after integration. For this reason, we introduce a method of using a Dirich­
let series solution to get the eigenvalues, which can be applied to the second order 
equations. 

Substituting a Dirichlet series of the form 

00 

y(x) = L ane-onrX , (4.5) 
n=O 

into equation (4. 1 ) gives the indicial equation r - b = 0 and thus the recurrence 
relation is 

Hence a solution y (x) to equation (4 . 1 ) is given by 

00 (->./b)n n y(x) = a 
'""' 

e-o bx o � nn ( m 1) , 
n=O m=l a - (4.6) 

where we use the convention n�
=l (am - 1) = 1, and the condition (4.3) implies 

At x = 0, 

In general y (O) "# 0 so that the initial condition (4.2) is not satisfied. There are, 
however, certain values for >., the eigenvalues, which do satisfy this initial condition. 
Let q = � ,  then 

1 + � (_�!)nq
� 

� nn ( 1 - m) n= L m= L q 
F(>.) . 

Now F(>') is a partition function which can be converted into an infinite product 
using Euler identity. Recall that, for I t I < 1 ,  I q l < 1, the Euler Identity is 



and therefore, 

00 Aqn+ l 00 A F (A) = IT ( 1 - -b- ) = IT ( 1 - ban+1 ) ' 
n=O n=O 
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(4.7) 

(4.8) 

provided that ¥ < 1 .  However, even if ¥ 2: 1, we still have the identity (4.8) by 
analytic continuation since the infinite product converges for all A E (J;' and F(A) 
is an entire function. Note that the denominator of an can also be expressed as an 
infinite product, and thus 

(4.9) 

Now, the zeros of F(A) are given by 

n = 1 , 2, . . . . 

However, not all the zeros >. = ban for n = 1 , 2, . . .  correspond to eigenvalues since 
equation (4.9) implies that ao does not exist when >. = ban+1 , n = 1 , 2 , . . . .  There­
fore, Problem 4.1 has the only one eigenfunction corresponding to the eigenvalue 
A = ba, which is the solution to the equation arising in the cell growth model shown 
by Hall and Wake ( op. cit. ) .  Note that for the values A = ban+ l , n = 1 , 2, . . .  , the 
solutions corresponding to those values satisfy the condition Jooo y(x) dx = O. 

4 . 2  The Eigenvalue Problem I 

In this section, we consider two eigenvalue problems. The first problem corresponds 
to the equation 

y"(x) - by(x) + Ay(ax) = 0, (4. 10) 

where b > 0 and a > 1 .  We will refer to equation (4. 10) along with conditions (4.2) 
and (4 .3) as Problem 4 .2. 1 . The second problem corresponds to the equation 

y"(x) - AY (X) + cy (ax) = 0, (4. 1 1 ) 
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where c >  0 and a > 1 .  We will refer to equation (4. 1 1 ) along with the conditions 
(4.2) and (4.3) as Problem 4 .2. 2. 

We will construct solutions to Problem 4.2 .1 using a Dirichlet series represen­
tation including the parameter ). and investigate some qualitative properties of the 
solutions. Problem 4.2.2, which is closely related to Problem 4.2 .1 will then be 
considered. 

4 . 2 . 1  Solutions to Problem 4. 2 . 1  

We seek a solution to Problem 4.2 . 1 of the form (4.5) . Substituting the series into 
equation (4. 10) leads to the recurrence relation 

(4. 12) 

and the indicial equation 

r2 - b = O .  

Although there are two solutions to the indicial equation we must choose r = v'b 
for a convergent series. Using the relation (4. 12) and r = v'b, a solution y (x) is thus 
given by 

where ao can be determined by the condition (4.3) , i .e. 

At x = 0, we have y (O) = aoG()') , where 

Let q = ::\,  then a 

00 (_ �)n 
G()') = � 

n:=l (;2m - 1) ·  

(4. 13) 

(4. 14) 
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G(-\) 

where the Euler Identity (4.7) has been used, and 

.. = 
Vb (f! ( 1 - b)n+3 )) - I  = VbG-1 (>.fa) . (4. 15) 

Now, the zeros of G(-\) are given by 

n = 1 , 2 , . . .  , 
and unlike the first order case, ao =1= 00 at the zeros of G(-\) and thus all the zeros 
of G(-\) can be used to construct eigenfunctions. The nth eigenfunction Yn (x) is of 
the form 

(4. 16) 

where 

(4. 17) 

Uniqueness of Solutions 

We will show that the eigenfunctions are unique, but first we need the following 
lemma: 

Lemma 4.2.1  Any solution to the functional differential equation 

T" (X) - bT (X) + bT(ax) = 0, (4. 18) 

where a > 1, b > 0, satisfying the condition T ( 00) = 0, can have neither a positive 
maximum nor a negative minimum. 



74 

Proof: Suppose Xl is a positive maximum critical point. Because r"(Xt } � 0, we 
have r (aXl ) � r(Xt}  from (4. 18) .  This implies the existence of another maximum 
critical point X2 > Xl since r (oo) = 0 and clearly, r(X2) � r(Xt ) .  This process 
can be repeated to obtain a sequence of maximum critical points {Xn} such that 
limn-too r(Xn) =I- 0, contradicting the condition r( 00) = o. It can be shown that the 
solutions cannot have negative minima using the same arguments . • 

Theorem 4.2.2 The only eigenfunction of Problem 4 ·2. 1  in L2n [0, 00) is Yn defined 
in equations (4. 16) and (4. 17) ,  whose eigenvalue is >. = ba2n . 

Proof: We first show this for the case >. = ba2 . Equation (4. 10) for >. = ba2 is 

y"(x) - by(x) + ba2y(ax) = O.  

Suppose that two distinct eigenfunctions Yl l (X) , Y12 (X) exist and let 
z(x) = Yl l (X) - Y12 (X) . Then z (x) satisfies the equation 

z" (x) - bz(x) + ba2z(ax) = 0,  

and the conditions 

z (O) = 0,  z(oo) = 0,  

100 z(x) dx = o. 

(4. 19) 

(4.20) 

(4.21)  

(4.22) 

An integration of equation (4.20) using the conditions (4.21 )  and (4.22) yields 
the integro-differential equation 

-z' (x) - b (oo 
z (t) dt + bajoo 

z (t) dt = o. Jx ox (4.23) 

Let 

a(x) = 100 z(t) dt, (4.24) 

then a" (x) = -z' (x) and so equation (4.23) can be converted into the equation 

a"(x) - ba(x) + baa(ax) = o. (4.25) 
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Now Yl (X) in L2 [0, 00) and so z(x) is also in L2 [0, 00) so that the transformation 

r(x) = 100 a(t)dt, (4.26) 

is well defined. Using this transformation on equation (4.25) yields the equation 

r"(x) - br(x) + br(ax) = 0, (4.27) 

and clearly, 

r"(x) = -a' (x) = z (x) . ( 4.28) 

Now, r(oo) = 0 so that r(x) has neither positive maxima nor negative minima by 
Lemma 4.2. 1 ,  and therefore r(x) has to be a decreasing function if r(O) > 0 or an 
increasing function if r(O) < O. If r(O) = 0, then r(x) must be identically zero in 
the interval [0, 00). Suppose that r(x) is decreasing, then r(x) � r(ax) so that 
r"(x) � Oj thus, z (x) � 0 by (4.28) . Similarly, if r(x) is increasing, then z (x) � O. 
The condition (4.22) thus implies that z (x) = 0 for all x. Therefore the eigenfunction 
corresponding to the eigenvalue >. = ba2 is unique. The next eigenvalue >. = ba4 , 
produces the differential equation 

y"(x) - by(x) + ba4y(ax) = O. ( 4.29) 

Let z( x) = Y21 (x) . - Y22 (x) for two distinct solutions Y21 (x) , Y22 (x) to equation 
(4.29) , then z(x) satisfies equation (4.29) and the conditions (4.21) and (4.22) . 
Transforming equation (4.29) twice by (4.24) for al instead of a and (4.26) for 
r1 instead of r leads to the equation 

(4.30) 

which is essentially the same as (4.20) . Since z(x) in L4 [0, 00) , it is enough to show 
that the conditions (4.21 ) and (4.22) are also satisfied to establish that the above 
equation has the trivial solution. Now, r{' (O) = - a� (0) = z(O) and so r{' (O) = Oj 
equation (4.30) thus implies that r1 (0) = O. Clearly, r1 (00) = 0, and since 
rf (O) = -al (O) = 0, an integration of equation (4.30) yields fooo rl (t)dt = O. There­
fore, rl (x) = 0 for all x so that r{' (x) = Oj thus, z(x) = O. The case >. = ba6 can be 
handled in a similar way, i .e, by mapping solutions back to the >. = ba4 case. It can 
thus be shown by induction that all the eigenfunctions are unique . •  
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Qualitative Properties of Solutions 

We now examine some qualitative properties of these eigenfunctions defined by series 
(4. 16) . The first step in this direction is to show a simple relationship between two 
consecutive eigenfunctions and thus it makes possible to deduce some properties 
of the (n + 1 ) th eigenfunction from the information about the nth eigenfunction. 
Differentiating Yn (x) twice gives 

and 

00 (_a2(n+l) )m -am¥'bx 
Yn+l (X) = llon+l � n�=l (a2k _ 1 )  

e . 

It is evident that Yn+ l (X) = Ay�(x) for A = aOn+dbaon , n = 1 , 2 , . . . .  Here, A < 0 
since equation (4. 1 7) indicates that the aOn are alternatively positive or negative 
depending on whether n is even or odd, and the zeros of Yn+l (x) correspond to the 
zeros of y� (x) . This indicates for example that Yn+l (x) � 0 at a local maximum 
for Yn (x) and Yn+l (x) � 0 at a local minimum for Yn(x) . In order to use the above 
observation, we need some information about the first eigenfunction, i .e. the solution 
to Problem 4.2 .1 for >. = ba2 . 

Theorem 4.2.3 The first eigenfunction Yl of Problem 4 .2. 1  is positive for all x >  o .  

Proof: The result can be  eastablished using the same method as that used in 
the proof of Theorem 4.2.2. Equation (4. 19) can be converted into (4.27) using the 
transformations (4.24) and (4.26) . Now, T'(O) = -a(O) and a(O) = 1 > 0 so that 

T'(O) = -1 < o. (4.31 ) 

Lemma 4.2 .1 and the condition (4 .31) indicate that T(X) is decreasing and T(O) > 0, 
and therefore T (X) � T(ax) .  It can be shown that T(X) =I T(ax) using the same 
arguments as those used in the proof of Lemma 2.2. 1 so that T (X) > T(ax) ; thus, 
Yl (X) = T" (X) > 0 for x > 0 . •  

The next results, Theorems 4.2.4, 4.2 .7 and Lemma 4.2.5, are shown for the first 
eigenfunction, but they can be extended to all the eigenfunctions without difficulty. 

Theorem 4.2.4 There exists an €l > 0 such that y� (x) � 0 and yr (x) � 0 for all 
x E (O, € l ) . 



77 

Proof: Integrating both sides of equation (4. 10) for >. = ba2 from 0 to 00 yields 
y� (O) = b(a - 1) > O. The continuity of Y1 (X) implies that for some t1 > 0, there 
is an interval (0, t t } in which Yl (x) is increasing from 0 to at1 ; thus, y� (x) 2:: 0 
in that interval, and equation (4. 10) implies that y�(x) � 0 in that interval since 
-bYl (x) + ba2Y1 (ax) 2:: O. For the other eigenfunctions, this property follows from 
the fact that y�(O) = b(a2n-1 - 1 )  > 0 . •  

Lemma 4.2.5 There exists a Z1 > 0 such that Yl (X) and y� (x) are strictly mono­
tone in (Z 1 , 00) . In fact, this result is true for all derivatives y�k) (x) for all k E N. 

Proof: Using the Dirichlet series representation (4. 16) for Y1 (X) we have 

where 

+ . . .  , 

K = 
y'ba6m e _Q2m Vbx m n!:l (a2k - 1 )  

, m = O, l ,  . . . . 

(4.32) 

Since the exponential function in the first term is decreasing to zero as x � 00, 
the first term is positive in (Zl ' oo) for some point Z1 ' Also, the first term is the 
smallest one among terms in (4.32) and all Km are positive, so that -��x) > 0 in 
that interval . Now, aOl is positive and therefore, y� (x) < 0 in (Z1 '  00) ; thus, Yl (X) 
is strictly monotone in this interval . A similar construction shows that !It' (x) > 0 so ao! 

that y?( x) > 0 and thus y� (x) is strictly monotone in (Zl '  00) . The above result can 
be extended to the other eigenfunctions by obtaining y� (x) < 0 and y'� (x) > O .  In 

aOn aOn 
fact ,  since the aOn are alternately positive or negative according to n, so are y�(x) 
and y�(x) . • 

Corollary 4.2.6 Yn (x) must have finite number of zeros on R. 

Proof: Suppose that there is an infinite number of zeros {zn} of Yn. 
Let IT = { Z E (];' I Re (z) > 0 } . Then Yn E H (11) , where H (11) is the set of functions 
holomorphic on IT. There can be no point of accumulation of zeros in the interior of 
11, and if there were one at the origin, then y� (O) would be either zero or nonexistent, 
but we already know that y�(O) =/:- O. This implies that Yn cannot have any finite 
points of accumulation for zeros of Yn in 11 and a fortiori there are no finite points 
of accumulation for zeros on R+ . On the other hand, Lemma 4.2.5 precludes the 
possibility that Yn has zeros such that limn-too Zn = 00. Therefore, we get the result. 
• 
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Figure 4.4. 1 :  The first eigenfunction YI (X) for A = 4 to Problem 4.2. 1 when b = 1 
and a = 2 .  Eigenfunctions, here and in later Figures, were calculated from their 
Dirichlet series using Maple. 

Theorem 4.2.7 The eigenfunction YI (X) can have neither positive minima nor neg­
ative maxima. 

Proof: Suppose YI (X) has a positive local minimum at x = Xl > O. Now 
YUxt } = 0 and ynxt }  � 0, so that equation (4. 19) implies that YI (Xt } � a2YI (ax t } 
and so YI (xd > YI (axd . Hence, there must be  a point Xl E (X l ,  axt } at which YI 
achieves a positive local maximum.  Now yUXd = 0 and yf(Xd � 0 and thus, 

i .e .  YI (aXI) > YI (axI ) .  Since YI (aXI) > YI (axI) , there must be a point which has 
a local minimum in the interval (Xl , aXI) .  Here, the local minimum can be positive 
or negative. We can now repeat this argument to obtain a sequence of local maxima 
{Xn} and local minima {xn} such that YI (Xn) - Yl (xn) =1= 0 for all n. This indicates 
that the eigenfunction is not monotone in any intervals of the form (X, (0), thus 
contradicting Lemma 4.2.5. A similar construction shows that the eigenfunction 
cannot have negative minima . •  

Theorems 4.2.3 and 4.2.7 imply the following result: 

Corollary 4.2.8 The first eigenfunction has exactly one maximum. 
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The first eigenfunction Yl (X) for b = 1 and a = 2 is depicted in Figure 4.4. l .  

I t  remains to investigate y� (x) in order to obtain Yn+l (X) . We begin with the 
following lemma which shows the distribution of zeros of the eigenfunctions: 

Lemma 4.2.9 If Yn (zt } = 0 and Yn (Z2) = 0 for Zl < q,  then Z2 > aZl . 

Proof: By Corollary 4.2.6, the zeros of Yn are isolated. Let Z2 be the next zero 
beyond Zl , and suppose if possible that Z2 � aZl . Then Yn is of constant sign 
in (Zl ' Z2) .  If that sign is negative then y�(zt} � 0 and Y� (Z2) � O. Integrating 
equation (4. 10) for Yn instead of Y from Zl to Z2 and substituting >. = ba2n give the 
integro-differential equation 

lQZ2 
Yn (S) ds < 0, QZl 

since J�2 Yn (s) ds < O. This implies that Yn (x) cannot increase steadily after Z2 and 
there must be a point Z3 < aZ2 , which satisfies Yn (Z3) = O. Let Z3 be the smallest 
zero in (q, aZ2) .  Then Y� (Z2) � 0 and Y� (Z3) � 0, and it can be shown that there 
exists another zero Z4 < aZ3 using the same arguments. Repeating this process 
produces an infinite number of zeros of Yn (x) . This contradicts Corollary 4.2.6 and 
so we have the result . A similar construction also gives the result if the constant 
sign of Yn was positive . •  

It is clear from Lemma 4.2.5 that there are finite number of critical points and so 
we have the following theorem for Yn which can be represented by a Dirichlet series: 

Theorem 4.2.10 Let {Xi} be critical points for i = 1 , 2, . . .  , n .  Then y� (x) < 0 for 
X E (O, xd, and in any interval of the form (xi , Xi+d for i = 1 , 2 , . . .  , n- 1  or (xn , oo) , 
there is exactly one point s such that y� (s ) = o. 

Proof: Let us first examine the interval (0, Xl ) . Suppose y�(x) � 0 for x E (0, Xl ) . 
Since y� (xd ::; 0 , there must be a local maximum critical point s E (0 ,  xd of Y� 
such that y�(s) = 0 and y�' (s) � O. Now y�(s) = 0 so that Yn (s) = a2nYn (as) from 
equation (4. 10) . Since Y� (O) > 0, Yn (x) > 0 for X E (O, xd and therefore, Yn (as) > 0 
and Yn (as) < Yn (s) ; thus, as > X l . Hence for the first eigenfunction, Y't (as) � o. 
For the other eigenfunctions, there is a possibility that the point as is located in 
somewhere after more than two zeros of the eigenfunctions. Let the first and the 
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second zero be Zl , q respectively , then Z2 > aZI from Lemma 4.2.9. This implies 
that as < aZI , and since Yn (as) > 0, we have as < Zl ; thus, y� (as) � o. On the 
other hand, a differentiation of equation (4 . 10) yields the equation 

( 4.33) 

Now, y�' (s) � 0 so that y�(s) � a2n+ ly� (as) ; thus, y�(as) � o. The equality 
y� (as) = 0 is obtained when y�(x) = 0 in [s, as] . Since y�'(x) = 0 in that interval, 
equation (4 .33) indicates that y�(x) = 0 in [as, a2s] . This process can be repeated to 
get y�(x) = 0 for x � s using the intervals of the form [aks, ak+ls] for k = 1 , 2 , . . .  
successively. So, y� (as) > 0, contradicting the previous result that y� (as) � O. 
Thus y� (x) < 0 for all x E (0, X l ) .  

I t  is clear that there must b e  at least one inflexion point between any two con­
secutive critical points as well as between the last critical point and infinity since 
y� (x) is continuous in (0, 00). Suppose first that there exists an inflexion point SI 
such that y"(st } = 0 and y"' (S l ) � 0 between a maximum critical point Xl and 
the following minimum critical point X2 . Then the point SI is a maximum critical 
point of y� . Since y�'(st) � 0, y� (s t } � a2n+ly�(asd from equation (4.33) and so, 
whether y�(asl ) � 0 or y�(asd � 0, we have y�(SI) � y� (asl) since y�(sd � O. 
This indicates that there must be a point S2 E (SI ' asd at which y� achieves a local 
minimum. Note that Lemma 4 .2 .9 and y�(S2) < y�(st) � 0 yield S2 E (Xl , X2) .  
Since y�' (S2) � 0 ,  Y�(S2) � a2n+ly� (as2) so that y� (asd > y�(as2) .  This follows 
that another maximum critical point S3 of y� exists in the interval (S2 ' aS2) .  Here, 
y�(as2) < 0 and so S3 E (Xl , X2) .  This argument can be repeated ad infinitum to con­
struct an infinite number of critical points {srn} of y�(x) such that Srn E (Xl , X2) ,  i .e. 
y� is oscillating in a bounded interval, contradicting the continuity of y�. Therefore, 
there is no inflexion point s satisfying y� (s) = 0 and y�' (s) � 0 between a maxi­
mum critical point and the following minimum critical point . It remains to prove 
that there is no point v E (Xl , X2) satisfying y� (v) = 0 except one inflexion point. 
Suppose there is a point v satisfying y� (v) = o. Then v is not an inflexion point so 
that y�' (v) = 0, and y�(x) � 0 or y�(x) � 0 in (v - TJ, v + TJ) for some TJ > o. Let 
y� (x) � 0 in that interval. Since y� is not constantly zero in (v, X2) , there exists a 
minimum critical point VI � v of y� such that y�v) (vd � o. Differentiating equation 
(4.33) leads to the equation 

(4.34) 

and so 0 = y� (Vl ) � a2n+2y� (avt } ;  thus, y� (vd � y� (avl ) . This indicates the 
existence of a maximum critical point V2 < aVl of y� such that y�(V2) < 0, 
y�'(V2) = 0 and y�v) (V2) � O. Since equation (4.33) yields y� (Vl) = a2n+ ly� (avr ) ,  
we have y� (avl) � o .  Therefore, Lemma 4.2 .9 leads to aVI < Xl ; thus, V2 E (X l ,  X2) .  
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Figure 4.4.2 : The second eigenfunction Y2 (X) for ), 
b = 1 and a = 2. 
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16 to Problem 4.2.1 when 

and consequently, y�(av2) > y�(avl ) .  This implies that there exists another min­
imum critical point V3 > V2 of y�, and V3 E (Xl , X2) from equation (4.33) . This 
argument can be repeated to get an infinite number of critical points {vn} of y� 
such that Vn E (Xl ,  X2) .  This means y� is oscillating in a bounded interval , contra­
dicting the continuity of y� . The case when y�(x) � 0 can be proved using a similar 
argument, and thus there is exactly one point v satisfying y"(v) = 0 in (Xl , X2) .  For 
the interval between a minimum critical point and the following maximum critical 
point or between the last critical point and infinity, we can prove the results using 
a similar argument . •  

From the first eigenfunction and Theorem 4.2. 10, the shape of the graph of the 
second eigenfunction can be deduced. The function Y2 (X) has one positive maximum, 
one negative minimum and one zero z in (0, 00) . Moreover, there is no inflexion point 
between 0 and the maximum critical point, but it has one inflexion point between 
critical points or between the minimum critical point and infinity. The location of 
inflexion points between critical points can be deduced by considering the sign of 
y;(z) .  Since Y2 (az) < 0, y� (z) > 0 from equation (4 . 10) . Hence an inflexion point 
of the eigenfunction lies in between the maximum critical point and the zero z. The 
second eigenfunction Y2 (X) when b = 1 and a = 2 is depicted in Figure 4.4.2 . The 
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other eigenfunctions can be obtained inductively in a similar way, and we have the 
following corollary: 

Corollary 4.2. 1 1  The eigenfunctions Yn(x) have precisely n zeros including the 
zero at x=O. 

Moments of Yl (x) 

The first eigenfunction Yl (x) to Problem 4.2 . 1  can be treated as a probability density 
function since it is non-negative with one maximum and satisfies the normalizing 
condition (4.3) so that we obtain the statistical properties of the graph of the equa­
tion by considering the moments of Yl (X) . The mth moment of Yl (X) about the 
origin is 

Multiplying equation (4. 19) by xm leads to the equation 

and integrating the above equation from 0 to 00 produces 

Therefore, for m � 2, we have the recurrence relation 

(4.35) 

Clearly, J.1.o = 1 and the mean value J.1.1 can be obtained by using the Dirichlet 
series solution. Now, 

and since 

(4.36) 
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The relation (4.35) and J-Lo = 1 indicate that J-L2 = b( 1-� I) so that J-L4 = b2( 1-a 
7�(l

-a 3) , 
and in general, for k = 1 , 2, . . .  , 

(2k) ! 
J-L2k = lJk I1�=1 ( 1  - a-(2i- 1) ) 

. 

In h h - 6 G(b) h - 120 G(b) t e same manner, we ave J-L3 - bv'b(1-a-2) G(ba) so t at J-L5 - b2Vb(1-a-2) ( 1-a-4) G(ba) 
and consequently, in general, for k = 1 , 2 , . . .  , 

(2k + I ) !  G(b) 
J-L2k+ 1 = lJkVbI1:

=1 (1 - a-2i) G(ba) ' 

Now, the variance is given by 

2 J-L2 - J-Ll 
2a 

b(a - 1) 

As an example, when a = 2 and b = 1 ,  Y1 has the mean value, the variance and 
the skewness as follows: 

J-L1 ,..., ,..., 
(72 ,..., ,..., 

Vfi = J-L3 ,..., ,..., (73 

4 . 2 . 2  Solutions to P roblem 4.2.2  

1 .64, 

1 . 3 1 , 
8 .75. 

Attention is now focused on the qualitative properties of the solutions to Problem 
4.2.2. The structure of the eigenfunctions arising in Problem 4.2.2 is similar to that 
arising in Problem 4.2 . 1 .  The eigenvalues and eigenfunctions for Problem 4.2.2 can 
be determined in the same manner as that used in Problem 4 .2 . 1  and we omit the 
details. 

The solution u(x) is given by 

00 ( c )n 
( ) � - x  -anrx U X = Co � I1�= 1 (a2m _ 1) e , 

where r is determined from the indicial equation 



and Co is obtained from the condition (4.3) so that 

Now, 

00 (_ �)n 
u (O) = Co( 1 + � n�

=O (;2m _ 1 ) ) 
= 
v0:

G-1 (a)')G()') , 

and comparing (4.37) with (4. 14) leads to the following identity: 

00 G
().) = IT ( 1  - ).a2�n+l) ) · n=O 
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(4.37) 

(4.38) 

Note that 
G
()') = Get) if b = c, where G is defined by (4. 14) . The expression (4.38) 

shows that the zeros of 
G
().) are given by 

n = 1 , 2, . . .  , 

and Co = 
v'AG-1 (a).) # 00 at those points so that all the zeros of G()') can be used 

to construct eigenfunctions. The nth eigenfunction is 

(4.39) 

where 

Comparing (4.39) with the nth eigenfunction Yn(x) arising in Problem 4.2 .1 yields 
the relationship 

(4.40) 

Note that Con = a-n 
f£
baon ; therefore, COn > 0 for all the value n. The relation-V b aOn 

ship (4.40) implies that the basic features of the eigenfunctions un (x) such as the 
number of critical points, zeros and the change of the sign of the eigenfunctions are 
essentially the same as those of Problem 4.2. 1 .  
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Figure 4.4.3: The first eigenfunction Ul (X) for A = t to Problem 4.2.2 when c = 1 
and a = 2. 

In contrast with the previous problem, the eigenvalues form a sequence {An} 
such that An -+ 0 as n -+ 00. The first eigenvalue is A = cl a2, and it can be 
shown that the corresponding eigenfunction is unique and positive for x > 0, and 
it has exactly one maximum critical point. The number of the zeros for the nth 
eigenfunction un(x) is also n, which is the same as that for the nth eigenfunction 

Yn (x) , but the location of the zeros for the nth eigenfunction un(x) is 0an times 
far from the origin as that of the nth eigenfunction Yn (x) . Figures 4.4.3 and 4.4.4 
show the first and second eigenfunctions Ul (x) , U2 (x) when c = 1 and a = 2 .  

We finish this section with the following corollary : 

Corollary 4.2.12 Let the first zeros of the eigenfunctions arising in Problems 4 .2. 1  
and 4 .2. 2  be {Zln} and {Z2n} for n = 1 , 2 ,  . . .  , respectively. Then limn-too Zln = 0 
and liffin-too Z2n = o . 

Proof: There is an inflexion point less than the first zero of the nth eigenfunction 
and the inflexion point becomes the zero of the (n + l)th eigenfunction, so that the 
first zero of the (n + 1 )th eigenfunction is less than that of the nth eigenfunction. 
Now, l un (x) 1 � 

� IG- l (ca-2n+l )G(ca-2n) 1  -+ 0 as n -+ 00 and so un(x) -+ 0; thus, 
Z2n (X) -+ 0 as n -+ 00. The relationship (4.40) can be expressed as 
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Figure 4.4.4: The second eigenfunction U2 (X) for A = 1
1
6 to Problem 4.2.2 when 

c = 1 and a = 2. 

and Yn (x) � 0 as n � 00 for x > 0 since UnC/�anx) � 0 as n � 00 for x > 0; 
thus, Z1n (X) � 0 as n � 00 . •  

4.3 The Eigenvalue Problem 11 

Problems 4.2 . 1 and 4.2 .2 did not include first derivative terms. We now consider 
the more general equation 

y" (x) - ay' (x) - by(x) + Ay (ax) = 0 ,  (4.41 ) 

where a > 0, b > 0 and a > 1 .  We will refer to equation (4.41 )  along with conditions 
(4.2) and (4.3) as Problem 4 .3. In this section we investigate the properties of 
solutions to Problem 4 .3 and generalize the analysis of the previous section. The 
major complication here is that we cannot determine the eigenvalues explicitly. 

Substituting a solution y (x) of the form (4.5) into equation (4.41 )  yields the 
indicial equation 

r2 + ar - b = 0, (4.42) 

and the recurrence relation 

( 4.43) 
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From equations (4.43) and (4.42) , y(x) is given by 

where r = -a
+�

, and ao can be determined by the condition (4.3) , so that 

(4.44) 

Now, 

and eigenvalues need to be found in order for the solutions to satisfy the condition 
y (o) = O. Let y (O) = ao

G
(A) , where 

then y'(O) = -rao
G
(aA) and y"(O) = r2ao

G
(a2 A) . Substituting these expressions 

into equation (4.41) yields the advanced equation 

(4.45) 

If A � b, the coefficients of the above equation are non-negative and therefore G
(A) , 

G
(aA) , 

G
(a2 A) cannot have the same sign for all A � b. Hence we have 

a sequence {An} of zeros of 
G
(A) such that liffin-+oo An = 00. We now examine 

ao = r
G- l (A/a) to show all the zeros of 

G 
correspond to eigenvalues. Suppose 

An =1= bak for all n E N and all k = 2 , 3, . . .  , and 
G
(An/a) = o. Substituting A = � 

into equation (4.45) yields 

and this equation implies that 
G
(An/a2) = 0 since 

G
(An) = 0, 

G
(An/a) = 0 and 

An =1= ba2 . Now, by substituting A = � into equation (4.45) , we have the advanced 
equation 
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and therefore 
G
(An/a3) = 0 since An =I ba3 . The repeated process implies that 

G
(An/ak) = 0, 

for all k E N  and since 
G 

is  continuous at A = 0, 
G
(O) = O .  On the other hand, 

substituting A = 0 into 
G
(A) shows that 

G
(O) = 1 ,  and we thus conclude that G

(An/a) =I 0 for n E N and hence ao =I 00 at the zeros of 
G
. Hence if An =I bak 

for all n and k = 2, 3 , . . .  , then all the zeros of 
G 

can thus be used to construct 
the eigenfunctions Yn for all n E N. In fact ,  even if An = bak for some n and k,  G
(An/a) =I o. This will be proven after lemmas. 

The result of Lemma 4.2. 1 can be extended to the following lemma: 

Lemma 4.3.1 Any solution to the functional differential equation 

r"(x) - ar' (x) - br(x) + kr(ax) = 0, 

where 0 < k ::; b and a > 1 ,  satisfying the condition r ( 00) = 0 can have neither 
positive maxima nor negative minima. 

The next lemma provides bounds for the smallest eigenvalue. 

Lemma 4.3.2 Let Al denote the smallest eigenvalue. Then ba < Al < ba2 . 

Proof: Let us first consider lower bound of Al . Suppose Al < ba. Applying 
the transformation o-(x) in (4.24) to equation (4.41) for Y1 instead of Y leads to the 
equation 

0-" ( x) - ao-' (x) - bo-( x) + 
Al 0-( ax) = 0, a 

and the conditions 0- (0) = 1 and 0- (00) = O. Lemma 4.3 .1  indicates that o-(x) can 
have neither a positive maximum nor a negative minimum since Al < ba. Therefore, 
o-' (x) ::; 0 because 0-(0) = 1 so that Y1 (x) � 0; thus, yi (0) � O. On the other hand, 
integrating equation (4.41) for Y1 from 0 to 00 yields the equation yi (0) = -b + � 
so that yi (0) < 0 since Al < ba. This fact contradicts the earlier result yi (0) � O. 
For the case when Al = ba, it is enough to show that 

G
(ba) > O . Since 1'1 + 1'2 = - a 

and 1'11'2 = -b for two roots 1'1 , 1'2 of the indicial equation (4.42) ,  

n n IT (a2ffir2 + aaffir - b) = IT (affir1 - rt } (affir1 - 1'2) 
ffi=l ffi=l 
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where q = �, and so 

Let z = - � , then rl 

and thus, 

(4.46) 

from the result of well-known hypergeometric series (cf. G. Andrews [1976] ) .  There­
fore, Al > ba. Now, by substituting A = b, equation (4.45) can be converted into 
the following equation: 

and this equation implies that there is at least one zero less than a2b since 

• 

Note that the above lemma indicates that 
G
(ba2) < O. So, if 

G
(ba3) = 0,  then 

A = ba3 can be an eigenvalue. Suppose for k � 4, 
G
(bak) = 0 and 

G
(bak-l ) = O. 

Substituting A = bak-2 into equation (4.45) implies that 
G
(bak-2) = o . If k = 4, we 

have 
G
(ba2) = 0, contradicting 

G
(ba2) < o. For the case when k � 5, we substitute 

A = bak-3 into equation (4.45) to get 
G
(bak-3) = o. The process will be repeated 

until we get the equation 

r2
G
(ba4) + ar

G
(ba3) + b(a2 - 1)

G
(ba2) = 0,  

and this implies that 
G
(ba2) = O. Thus all the values of A satisfying 

G
(A) = 0 can 

be used to construct eigenfunctions. 

Let us consider bounds for the other eigenvlaues. For the first eigenvalue AI , 
there is an eigenval ue A2 in (aA 1 , a2 A I ) from (4.45) and therefore, A2 < ba4 since 
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Figure 4.4.5 : The bounds Al < 4, A2 < 16  and A3 < 64 of 
G
(A) corresponding to 

the case that a = 1 ,  b = 1 and a = 2 .  

Al < ba2. In  a similar manner, another zero A3 such that A3 < ba
6 

can be obtained. 
Repeating this process produces a sequence {An} such that An < ba2n . Figure 4.4.5 
shows the locations and bounds for zeros of 

G 
(A) . 

Now, the nth eigenfunction corresponding to the nth eigenvalue is given by 

where 

( ) 
� (-An)m _Qm rx Yn X = aOn L..J nm ( 2k 2 + k _ b) e , 
m=O k=l a r aa r (4.47) 

(4.48) 

4.3.1 Uniqueness and Qualitative Prop erties of Solutions 

The results of Theorem 4 .3 .3, Lemmas 4.3.4 and 4.3.5 can be extended to the other 
eigenfunctions with little difficulty. 

Theorem 4.3.3 The only eigenjunction oj Pr'oblem ,4-3 in £2 [0 , 00) is Yl (x) , whose 
eigenvalue is A = AL '  
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Proof: Suppose z (x) = Yn (x) - Y12 (X) for two distinct solutions Yn (x) , Y12 (X) to 
equation (4.41) when A = A I ,  then we have the equation 

z" (x) - az' (x) - bz(x) + Alz(ax) = 0, (4.49) 

and the conditions z(O) = 0, z (oo) = 0 and Jooo z(x) dx = O. Since Yl (X) is at 
least twice integrable by assumption, we can use the transformations a(x) and 7(X) 
defined by (4.24) and (4.26) to equation (4.49) so that 

7"(X) - a7' (x) - b7(X) + 
A� 7(ax) = 0, (4.50) a 

and 7(0) = 0, since 7' (0) = -a (O) = 0 and 7"(0) = y(O) = O. Now, � < b and so 
7(X) = 0 from Lemma 4.3 . 1  and therefore, 7" (X) = OJ thus, z(x) = 0 and we get the 
result . •  

Lemma 4.3.4 There exists an € 1 > 0 such that y� (x) 2:: 0 and y� (x) 2:: 0 for all 
x E (0, ( 1 ) . 

Proof: Integrating equation (4.41) from 0 to 00 gives y� (O) = � - b > 0 and so 
y�(O) > o. The continuity of y� and y� thus gives the results . •  

The monotonicity result of Lemma 4.2.5 can be extended to Problem 4.3 using 
a similar argument. 

Lemma 4.3.5 There exists a ZI > 0 such that Yl (X) and y� (x) are strictly mono­
tone in (ZI ' 00) . 

Theorem 4.3.6 The first eigenfunction Yl (X) is positive for x >  O. 

Proof: Applying the transformations a(x) and 7(X) defined by (4.24) and (4.26) 
to the differential equation (4.41) produces the functional differential equation (4.50) 
and 7" (X) = Yl (X) . Since Al < ba2, the result of Lemma 4.3 .1 can be applied to 
equation (4.50) . Now, 7(0) > 0 since 7' (0) = -1 and 7"(0) = 0, so that 7' (X) � 0 and 
7(X) 2:: o. To establish that Yl (X) > 0 for x > 0, it suffices to show that 7"(X) > O. 
Since Yl (x) 2:: 0 in x E (0, €) for some € > 0 by Lemma 4.3.4, 7" (X) = Yl (X) 2:: 0 in 
that interval . 

Suppose that 7"(£) < 0 for some x E (€, oo) . Because 7"(X) 2:: 0 in (0, €) , there 
is a maximum critical point S I of 7' such that 7"(Sl )  = 0 and 7"' (S 1 ) < o. A 
differentiation of equation (4.50) gives the following equation: 

7111 (X) - a7"(x) - bT' (x) + �7'(ax) = 0, . a 
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and � 7' (as 1 ) � b7' (St ) . Since 7' (X) � 0 for all x and A1 > ba, 7' (as t ) � 7' (St ) .  
This implies that there must b e  a minimum critical point S2 of 7' (X) in (S l ' asd and 
thus � 7'(as2) � bT' (S2) . Therefore, 

A1 7' (as2) � b7' (S2) < bT' (sd � 
A1 7'(asl) , a a 

so that 7' (as2) < 7' (as t ) . This indicates the existence of another maximum critical 
point S3 of 7' (X) in (S2 ' aS2) and so we have 7'(as3) � 7' (S3) and 7' (S3) > 7' (S2) 
using the same arguments. The repeated process produces an infinite number of 
critical points of 7' satisfying 7"(X) = 0 so that Yl (X) has an infinite number of 
zeros, contradicting Lemma 4.3 .5 that Yl (x) is monotone in some interval (Z, 00) . 

Therefore, 7"(X) � 0 for all x > 0 and so Yl (X) � O.  It remains to prove that 
Yl (X) > o. Suppose that there exists a point x such that Yl (X) = O. Since Yl (X) � 0, 
the solution is zero for x � x or it has a zero minimum. It can be shown that 
Yl (X) cannot be zero in any intervals of the form [x, axl for x E (0 , 00) using the 
same arguments as those used in the proof Lemma 2.2. 1 .  Let Xl denote the point 
such that y� (xd = 0 and y�(xd � O. Equation (4.41 ) indicates that Yl (axt } � 0 
and so Yl (ax1 ) = O. Hence there exists another point X2 satisfying Y� (X2) = 0 and 
Y�(X2) � o . Repeating this process constructs an infinite number of zeros {Xn} of y , 
contracting Lemma 4.3.5 . •  

The next theorem is a straightforward extension of Theorem 4.2.7 and the corol­
lary follows immediately from Theorems 4 .3.6 and 4.3.7. 

Theorem 4.3.7 The eigenfunctions Yn (x) to Problem 4 .3  can have neither a posi­
tive minimum nor a negative maximum. 

Corollary 4.3.8 The first eigenfunction Yl (x) has exactly one maximum. 

Now, integrating equation (4.41) from 0 to 00 gives y� (O) = -b+ ).. t /a and since 
ba < ).. 1 < ba2, we have -b + ).. t /a > 0 and thus y�(O) > O. With this result and 
using the same arguments as those used in the proof of Theorem 4.2 .10, we have the 
following theorem, which gives the shape of the graph of the first eigenfunction Yl : 

Theorem 4.3.9 The eigenfunction Yl (X) has only one point s satisfying y� (s) = 0 
in each interval (O, Xm) or (Xm, oo) , where Xm is the maximum critical point. 

Figure 4.4.6 illustrates the first eigenfunction Y1 (x) when a = 1 ,  b = 1 and a = 2. 

In Problem 4.2.1 , the graphs of the eigenfunctions can be obtained from the first 
eigenfunction since there is a relationship Yn+l (X) = Ay� (x) between consecutive 
eigenfunctions. In the case of Problem 4.3, the eigenvalues are not known explicitly 
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0.3 

6 8 x 10 

Figure 4.4.6: The first eigenfunction Yl (X) for >. � 2.54 to Problem 4.3 according to 
a = 1 ,  b = 1 and 0: = 2.  

and there is no obvious relationship between consecutive eigenfunctions. The graphs 
of the other eigenfunctions for Problem 4.3 are thus not as simple to obtain from 
the first eigenfunction as those for Problem 4.2. 1 .  However, the numerical evidence 
suggests that the qualitative features of the nth eigenfunction for Problem 4.3 may 
be essentially the same as those for Problem 4.2. 1 .  



Chapter 5 

The Equations with Variable 

Coefficients 

In this chapter, we investigate linear second order functional differential equations 
with polynomial variable coefficients. Two kinds of methods are used here to exam­
ine the equations. One method is to seek a series type solution like the solutions 
to the equations with constant coefficients; the other method involves the use of a 
Green's function to establish the existence of a solution. 

5 . 1  Introduction 

We consider the equation 

L(y(x)) = p(x)y"(x) + q(x)y' (x) + r(x)y(x) = Ar(x)y(ax) , (5. 1 )  

with the boundary condition 

y (oo) = 0, (5.2) 

and the normalizing condition 

100 y(t) dt = 1 ,  (5.3) 

where p(x) , q(x) and r(x) are polynomials and a >  1 .  
We will refer to equation (5 . 1 ) along with boundary conditions (5.2) and (5.3) as 
Problem 5. 

Motivated from Dirichlet series solutions to the equations with constant coeffi­
cients, we look for the following form of solutions to Problem 5: 

94 
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00 

y(x) = 
2:( -A)nYn(X) , (5 .4) 
n=O 

where Yo(x) is a general solution to the equation 

L(yo(x)) = 0, (5 .5) 

satisfying the condition Yo (oo) = 0 (which may not be possible, depending on the 
coefficients) , and 

(5.6) 

for all n ;::: l. 
As an example, a Dirichlet series solution to Problem 4.2.1 without the condition 

y(O) = 0 when b = 1 can be obtained by using (5.4) , (5.5) and (5.6) . A solution to 
the equation 

L(yo (x)) = y�(x) - yo (x) = 0, 

satisfying yo (oo) = 0 is yo (x) = aoe-x , where ao E R. Now 

(5 .7) 

and substituting Yl (X) = ale-ax into equation (5.7) indicates that al = a��l and 
thus 

We get the third component Y2 (x) from the equation 

L(Y2 (X) ) = y� (x) - Y2 (X) = 2
ao 

1 
e-a2x , 

Cl! -

using the arguments similar to those used for obtaining Yl (x) , so that a2 = (aCmaLl) 
and therefore 

In general , we have 

and consequently, 

( ) 
ao - a n x  Yn X = nn ( 2m _ 1 ) e , 

m= l Cl! 

(5.8) 



where ao can be determined by normalizing the solution so that ( ) -1 00 (->../a)n ao = L nn _ (a2m - 1 ) n=O m-I 
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Note that y(x) defined by (5 .8) is the same as the solution defined by (4 .13) when 
b = 1 .  These calculations suggest a method for solving equations with variable 
coefficients. 

Based on this observation, we first focus on some equations which can be solved 
using this method. It is known that the following types of equations have a solution 
y (x) such that y(oo) = 0 :  

I) y"(x) - xy(x) = 0, y(x) = Ai(x) , where Ai(x) i s  an Airy function. 
11) xy"(x) - y'(x) - y(x) = 0, y(x) = xK2 (2VX) , where K2 (2Vx) is a modified 
Bessel function of the second kind. 
Ill) xy" (x) - y'(x) - x3y(x) = 0, 

IV) y"(x) + xy' (x) + y (x) = 0, y (x) = e-
!x2 . 

V) (x+ k)2Y"(x) +a(x+ k)y'(x) +by(x) = 0 ,  y(x) = (x+ kYx , where k > ° and a, b 
are real values which produce a negative root r for the equation r2 + (a - l)r + b = 0. 
Note that if k = 0, the solution to the above equation is y(x) = xrx and so it has a 
singularity at x = 0.  

In the next sections, we present solutions to the equations 

y" (x) - xy(x) + >..xy(ax) = ° 
xy"(x) - y'(x) - y(x) + )..y (ax) = ° 

xy" (x) - y'(x) - x3y(x) + >..x3y(ax) = 0,  

using the series (5.4) . For the equations 

y"(x) + xy' (x) + y(x) + >..y(ax) = 0,  

and 

(5.9) 

(x + k?y"(x) + a(x + k)y' (x) + by(x) + )..y(ax) = 0 ,  (5 . 10) 

where k > 0, the term Yl (X) cannot be obtained explicitly from yo(x) so that the 
method used for the three previous equations cannot be easily applied here. The 
existence of a solution for equation (5. 10) will be proved by using a Green's function 
to reform the problem as an integral equation and applying the contraction mapping 
theorem. However, it is not shown whether or not equation (5.9) has a solution. 
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5 . 2  The equation y"(x) - xy(x) + Axy(ax) = 0 

Substituting p(x) = 1 ,  q (x) = 0 and r (x) = -x into equation (5. 1 )  leads to the 
equation 

y"(x) - xy(x) + Axy(ax) = 0, (5. 1 1 )  

where a > 1 ,  and a solution to  the equation L(y(x)) = y"(x) - xy(x) = 0 satisfying 
the boundary condition (5.2) is y (x) = Ai(x) . The function Ai(x) satisfies 

A "( ) 1 - 1/4 _1x� '/, X rv --x e 3 2..fi ' 

as x � 00 (cf. Andrews [1992] ) and at x = 0,  Ai(x) is not defined, but limx-to+ Ai(x) 
exists and Ai(O) = limx-to+ 

A
i (x) = �r(�) . 

We refer to equation (5 . 1 1) along with conditions (5.2) and (5.3) as Problem 5. 1 .  

5 . 2.1 Existence of Solutions 

The first component yo (x) = aoAi (x) for ao E R so that Y1 (X) is a solution to the 
equation 

y� (x) - XY1 (X) = xaoAi(ax) , 

and substituting Y1 (X) = a1Ai(ax) into equation (5. 12) produces 

a1a2 Ai" (ax) - xa1Ai(ax) = xaoAi(ax) . 

Now Ai"(x) - xAi(x) = 0 so that 

Ai"(ax) = axAi(ax) . 

Therefore, equation (5. 13) can be converted into the equation 

xa1 (a3 - l)Ai(ax) = xaoAi(ax) , 

and hence a1 = �. Consequently, 

Y1 (x) = 3
ao 

1 Ai(ax) , a -

and so the third component Y2 (X) can be obtained from the equation 

(5. 12) 

(5. 13) 

(5. 14) 

(5. 15) 
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Substituting Y2 {X) = a2Ai{a2x) into equation (5. 15) and using equation (5. 14) imply 
that a2 = (o3-mOL1) so that 

In general we have that 

Yn (x) = n�=l (
:o
3m _ 1 )  Ai(a

nx) , 

and we thus have the formal solution: 
00 

y(x) = 2:) -AtanAi (anx) 
n=O 

00 (-A)n ao � 
n�=l (a3m _ 1 ) Ai(anx), (5 .16) 

where ao can be determined by normalizing y (x) and y(O) = E�=o( -A)nanAi{O) . 
We now show that the series (5. 16) is a solution to Problem 5. 1 .  This en­

tails establishing that series is uniformly convergent in the interval [0 , (0) , proving 
limx-too y(x) = 0, and showing that the series can be normalized to satisfy condition 
(5.3) . 

Let us first recall properties of the function Ai (x) . For all x > 0, 

Ai(x) = 
�IiKl/3 (

�X3/2) , 

(cf. Andrews [1992] ) .  Now, Kp{x) i s  positive for all p E R  and thus Ai(x) i s  positive; 
moreover, Ai'(x) = -fs11'K2/3 (�X3/2 ) (cf. Luke [1962] ) ,  and consequently Ai' (x) < 0 
so that Ai{x) is decreasing for all x > O. 

Since Ai(x) is a decreasing positive function, 

00 00 

L l an IAi(anx) � L l an IAi{O) , 
n=O n=O 

and so the series(5. 16) is uniformly convergent on x E [0, (0) because 

is convergent. Therefore, the series defining y(x) can be differentiated or integrated 
term by term. Moreover, 

00 

y(oo) = lim y(x) = '" an lim A(anx) = 0, x-too L.J x-too n=O 



since Ai(anx) -t 0 as x -t 00 for all n. 

Let us confirm that the series (5 . 16) satisfies the equation (5 . 1 1) .  Now 

L(y) y"(x) - xy(x) 00 (_,X)n a � a2n Ai" (anx) o � nn ( 3m 1) n=O m=l a -

00 (_,X)n . n -xao � 
n�

=l (a3m _ 1 ) 
At (a x) , 

and since A"(anx) = anxAi(anx) , 

L( ) \ ( )  f-.. (_,X)n ( 3n 1)A '( n ) y + AXy ax = xao � n�
=l (a3m _ 1) 

a - t a x 

\ f-.. (_,X)n A ' ( n+l ) +xaOA � n�
=1 (a3m _ 1) 

t a x 

00 (_,X)n xao � Ai(anx) 
� n�-==\ (a3m - 1) 

00 (_,X)n -xa � Ai(anx) o � nn-l ( 3m _ 1) n=l m=l a 
o. 

It is  known that 

100 tq K p (t) dt = 2q-1 r( q + � + 1 ) r ( q -� + 1 ) ,  
i f  q + P > -1 and q - p > -1 (cf. Luke [1962] ) . So, 

Now 

100 Ai(t) dt 7r� 100 ../tK1/3 (2/3t3/2) dt 

1 100 j;} K1/3 (t) dt 7ry3 0 

� r(2/3)r(1/3) . 2y37r 

1 100 - Ai(t) dt an 0 
r(2/3)r (1/3) 

2
J37ran 

99 

(5. 17) 

so that In < 00 for all n � O .  Hence the uniform convergence along with the integra­
bility of each term in the series implies that y(x) is integrable in [0 , (0) . Therefore, 
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y(x) defined by (5. 16) is a solution to Problem 5 . 1 and ao can be determined by 
normalizing the solution so that 

5.2 .2  Uniqueness of Solutions 

Theorem 5.2.1  If 1 >' 1 :::; a2, then there is a unique solution y(x) to Problem 5. 1 
such that xy(x) is integrable on [0, 00) . 

Proof: Suppose Yl and Y2 are distinct solutions to Problem 5 . 1 and let 
z(x) = Yl (X) - Y2 (X) . Then z satisfies equation (5. 1 1 ) and 1000 z (t) dt = O. Note 
that in equation (5 . 1 1) ,  xy(x) is integrable so that y"(x) is integrable on [0, 00) . 
Integrating equation (5. 1 1) for z instead of y from x to 00 produces the integro­
differential equation 

100 
>' 100 

-Z' (x) - tz (t) dt + 2 tz(t) dt = O. 
x a ox 

Using the transformation 

�(x) = 100 
tz(t) dt, 

the above equation can be converted into the equation 

(5. 18) 

(5. 19) 

(5.20) 

since e'(x) = -xz(x) and C(x) = -z(x) - xz' (x) . Furthermore, � (oo) = 0 and 
� (O) = 1000 tz(t) dt. It can be proven that � is increasing or decreasing using the 
same method as that used in the proof of Lemma 4.2 . 1 .  This means that z(x) :::; 0 
or z(x) 2: 0 because e'(x) = -xz(x) and so the condition 1000 z(t) dt = 0 implies 
that z(x) = 0 .• 

The above theorem indicates that if 1 >' 1 :::; a2 , the only solution to Problem 5 . 1 
is given by (5. 16) . 

5.2 .3 Qualitative Properties of  Solutions 

Theorem 5.2.2 Suppose that xy(x) is integrable on [0, 00) . If 1 >' 1 :::; a2 , then the 
solution to Problem 5. 1 is positive for x 2: O . 
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Proof: Using the transformation �(x) = Ixoo ty(t) dt, we have the equation (5.20) 
for � instead of e and using the same arguments as those used in the proof of Lemma 
4.2. 1 ,  we can deduce that �' (x) :::; 0 or �' (x) � O. This implies that y(x) � 0 or 
y(x) :::; 0 respectively, since �' (x) = -xy(x) . Now 1000 y(t) dt = 1 and therefore, y(x) 
cannot be non-positive for all x � 0;  thus, y(x) � 0 for all x � O .  It remains to 
prove that y(x) =1= 0 for any x � O. Equation (5. 18) for y instead of z gives 

A 100 lQX y'(x) = (- 1  + 2) ty(t) dt - ty(t) dt, a QX x (5 .21) 

and thus y'(x) :::; 0 since -1 + � :::; O. Therefore y cannot have a maximum so that 
if there is a point s satisfying y(s) = 0, then y(x) = 0 for all x � s. Let x be the 
smallest point satisfying y(x) = 0 in x E [0 , (0) . Now, y(x) = 0 in [x, axl and so 
equation (5. 1 1) implies 

y"(x) - xy(x) = 0, (5.22) 

for all x E [x/a, xl , and y(x) = O. Since y" exists, y' is continuous so that equation 
(5.22) satisfies the initial condition y'(x) = O. Therefore, the ordinary differential 
equation (5.22) has the unique solution y(x) = 0 in [x/a , xl and it contradicts the 
fact that x is the smallest zero of y; thus, y(x) > 0 .• 

The following lemma and theorem are satisfied for all A and y(x) in (5. 16 ) :  

Lemma 5.2.3 There exists a Z E R such that y'(x) :::; 0 or y' (x) � 0 for all x � Z. 

Proof: Since y(x) = 2::'=0 anAi(anx) , 

00 y' (x) = L anan Ai'(anx) . 
n=O 

If A < 0 ,  y'(x) < 0 since Ai' (anx) < 0 and an > 0 for all n � O.  Let A > O. It is 
known that Ai' (x) rv -2ftx1/4e- ix3/2 as x -7 00 (cf. Luke [1962] ) and so 

Ai' (anx) 
rv 

1/4 _ � (Qn- l (Q_ 1 )x)3/2 _ 1/4 -H(x) 
Ai'(an- 1x) a e - a e . 

Since H(x) -7 00 as x -7 00, we can make the value I A�i�1�nf1) I small arbitrarily by 
increasing x for all n. Thus there exists a Z E R such that 

an Ai' (anx) 
I - la < 1  an- l Ai' (an- 1x) , (5.23) 

for all n and x � Z. Now the series is alternating so that y'(x) :::; 0 if aD > 0 and 
y' (x) � 0 if aD < O.  • 

Using the result of the above lemma and the same arguments as those used in 
the proof of Theorem 4.2.7 we can get the following theorem: 
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Theorem 5.2.4 The solution y(x) defined by (5 . 16) can have neither a positive 
minimum nor a negative maximum for all A .  

Note that if I A I  < 0:2 , then we get y'(O) < 0 from the integral equation (5 .21) . 
This observation along with Theorem 5.2 .4 indicates that y(x) is decreasing in [0, 00) . 

5.2.4 The Values A When y(O) = 0 

Using arguments similar to those used in Chapter 4 ,  we determine the eigenvalues 
A satisfying y(O) = 0 and the corresponding eigenfunctions. At x = 0, the solution 
y(x) defined by (5. 16) becomes 

(5.24) 

where kI = Wr�2/3) '  Let y(O) = aOkI V(A) , then by a method similar to that used 
in Chapter 4, we get 

00 (-A)n 00 A V (A) = 1 + � n�=l (0:3m _ 1 ) = g ( 1 - 0:3(n+I) ) ' 

Now, ao = r(2/3"J(1/3) V-I (A/O:) so that ao =I 00 at the values of A = 0:3n 
for n = 1 , 2 , . . .  ; thus, the eigenvalues satisfying y(O) = 0 are given by A = 0:3n for 
all n = 1 , 2 , . . .  . 

Let us investigate the eigenfunction YI corresponding to the eigenvalue A = 0:3 . 

Theorem 5.2.5 The eigenfunction YI (X) corresponding to A = 0:3 is positive for all 
x >  O .  

Proof: Note that the Airy function Ai(x) decays exponentially so that xky(x) is 
integrable on [0 , 00) for any k E R. Multiplying equation (5. 1 1 ) by x yields 

(5.25) 

and by integrating this equation from x to 00 and substituting A = 0:3 we get the 
equation 

-xy' (x) + y(x) - 100 
t2y(t) dt + 100 

t2y(t) dt = O. (5 .26) 
x ox 

The transformation 
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converts the above equation into 

(5.27) 

since 2'(x) = -x2y(x) and 2"(x) = -2xy(x) - x2y'(x) so that 
-xy' (x) = 

311;x) +2y(x) and y (x) = ���). Suppose that there is a positive maximum 
or a negative minimum. Then using the same arguments as those used in the proof 
of Lemma 4.2. 1 ,  we get 2'(x) � 0 or 2'(x) '� 0, and the equation 
2'(x) = -x2y(x) yields that y (x) � 0 or y(x) � O. However, the condition 
Jooo y(t) dt = 1 precludes the possibility that y(x) � 0; thus, y(x) � o. Suppose 
there is a point s > 0 satisfying 2'(s) = -y(s) = 0, then 2"(s) = 0 since 2 cannot 
have a positive maximum and so 2(s) = 2(as) . This implies that 2(x) = C for 
x E [s, as] , where C is some constant and, equation (5.27) indicates that 2(x) = C 
for [as, a2s] . The argument can be repeated ad infinitum using the interval [as, a2s] 
to get the result 2(x) = C for all x � s and since y(oo) = 0, C = O. Let x > 0 be 
the smallest point satisfying y (x) = 0 for x E [0, 00) . Then it can be shown that 
y(x) = 0 in [x/a, x] using the same manner as that used in the proof of Theorem 
5.2 .2 .  This contradicts that x is the smallest zero of y and consequently, y(x) > 0 
for x >  o . •  

Note the for a2 < I A I < a3 , it can be proven that a series solution y (x) defined 
by (5. 16) is positive for x � 0 using the same arguments as those used in the proof of 
Theorem 5.2 .5 .  If -a3 � A < a2, then equation (5.21)  leads to y'(O) = - 1  + � < 0 
and so, from the result of Theorem 5.2 .4 ,  we get y is decreasing for all x. For the 
case A = a2, equation (5 .21)  indicates that 
y'(x) � 0 for all x. If a2 < A � a3 , then y'(O) > 0 from (5.21 ) ,  so that y(x) has at 
least one maximum critical point. Theorem 5.2.4 implies that the solution cannot 
have a positive minimum critical point and therefore, it has exactly one maximum 
critical point . 

5 . 2 . 5  Bounds on the Maximum Critical Point o f  Yl 
The eigenfunction Yl (x) has exactly one maximum critical point. Let Xm denote 
the point at which Yl achieves its maximum. Here we shall consider the bounds for 
the maximum critical point Xm of Yl (X) . Now y'(Xm) = 0 and equation (5.26) thus 
implies that 
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Figure 5.5 . 1 :  The bounds on Xm and the solution y of y" (x) - xy(x) + 8xy(2x) = o. 

Since Yl (Xm) is the maximum, 

and hence 

(5 .28) 

On the other hand, Yt (aXm) is the minimum in [Xm' aXmJ and consequently 

and therefore, 

(5.29) 



Together inequalities (5.28) and (5 .29) indicates that 

( 3 ) 1/3 < X < a( 3 ) 1/3 . a3 - 1  - m _ a3 - 1 
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Figure 5.5. 1 illustrates the bounds ( % ) 1 /3 � Xm � 2(% ) 1/3 corresponding to the case 
a = 2. 

We note that the results in this section can be extended to the equation 

y"(X) - bxy(x) + >.xy(ax) = 0, (5.30) 

where b > 0, provided that we exchange the condition 1 >' 1 � a3 for 1 >' 1 � ba3 and 
the condition >. = a3 for >. = ba3 . The solution to the equation y�(x) - bxyo (x) = 0 
satisfying yo (oo) = 0 is yo (x) = Ai (b1/3X) so that a solution to equation (5.30) which 
satisfies the conditions (5.2) and (5.3) is given by 

where 

5 . 3  

00 (_>./b)n y(x) = a " Ai(b1/3anx) o � nn (a3m - 1 )  , 

The equation 

n=O m=1 

xy"(x) - y'(x) - y(x) + Ay(ax) = 0 

A substitution of p(x) = x, q(x) = -1  and r(x) = -1 into equation (5. 1 )  leads to 
the equation 

xy"(X) - y' (x) - y(x) + >.y(ax) = 0, (5 .31) 

where a > 1 .  We will refer to equation (5.31 )  along with conditions (5.2) and (5 .3) 
as Problem 5. 2. 

It is known that a solution to the equation L(y(x)) = xy"(x) - y'(x) - y (x) = 0 
satisfying the boundary condition (5.2) is y (x) = XK2 (2JX) .  The function 
Kp(x) rv �e-x for p ;:::: 0 as x -t 00 (cf. Andrews [1992] )  so that 
xK2 (2y'x) rv -Jix3/4e-2v'X as x -t 00. At x = 0, xK2(2y'X) is not defined but the 
limiting value exists as x -t 0+ and limx--to+ xK2(2y'X) = r�2) = � because 
Kp(x) rv r?)(�)p as x -t 0+ . 
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5 .3.1 Existence of Solutions 

Now Yo (x) = aOxK2 (2Vx) for ao E R. Let K(x) = XK2 (2.jX) . Then the function 
Yl (x) satisfies the equation 

(5.32) 

and substituting Yl (X) = alK(ax) into equation (5.32) implies that 

Since xK"(x) - K' (x) - K(x) = 0, axK"(ax) - K'(ax) = K(ax) so that equation 
(5.33) becomes a l (a - I)K(ax) = aoK(ax) and therefore, al = Cta�l . This implies 
that 

and so 

no Yl (X) = --K(ax) , a - I 

ao 2 xy�(x) - y�(x) - Y2 (X) = --K(a x). a - I 

A substitution of Y2 (X) = a2K(a2x) into the above equation and using the arguments 
similar to those used for getting Yl (X) give the coefficient a2 = (Ct-l)(�2_1) and thus, 

In general , 

and therefore, we have the formal solution: 

00 

y(x) = L( -,XtanK(anx) 
n=O 

00 

n=O 

(5.34) 

where ao can be determined by normalizing y(x) and 



Consider the convergence of the series (5 .34) . Now, 

D(x) d 
dx (a

nxK2 (2Vanx)) 

an K2 (2vanx) + anxK� (2vanx) (anx)- 1/2an 

anK2 (2vanx) + anvanxK�(2vanx) , 

1 07 

and since tK;(t) = -pKp(t) - tKp- 1 (t) for p E R  (cf. Gray [1922] ) and Kp(t) � 0, 

D(x) 1 anK2 (2vanx) + 2"an(-2K2 (2vanx) - 2vanxKl (2vanx)) 

-anvanXK1 (2vanx) (5.35) 
< O. 

This implies that anxK2 (2v anx) is decreasing for all x so that 

00 

y (x) < L J an JanXK2(2vanx) 
n=O 

00 

Therefore, the series (5.34) is uniformly convergent and so y(x) is a well defined 
function which can be differentiated/integrated term by term. Moreover, y (  00) = 0 
since limx--+oo (anxK2 (2Vanx) )  = 0 for all n . 

Let us confirm that the series (5 .34) satisfies equation (5 .31) . Now 

and since 

L(y) xY" (X) - y'(x) - y(x) 
00 ( A)n 

xa � - a2n K"(anx) o L....J TIn ( n 1 )  n=O m=l a -

(5.36) 
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L(y) + Ay(aX) 

We now consider the integrability of anxK2 (2Janx) on [0, 00) . Using equation 
(5 .17) ,  we have 

for all n and so the uniform convergence of the series implies that the series (5.34) 
is integrable on [0, 00). Therefore, a solution to Problem 5.2 is given by 

(5.37) 

where 

- t (-A/a)n ( ) -1 ao 
- n=O I1�= 1 (am - 1 )  

(5.38) 

5 . 3 . 2  Uniqueness of Solutions 

Theorem 5.3.1  If IA I :::; a, then given A and a, the solution to Problem 5. 2 is 
umque. 

Proof: Suppose that there are distinct solutions Yl and Y2 to Problem 5 .2 and 
let z (x) = Yl (X) - Y2 (X) . Then z satisfies the equation 

XZ"(X) - z' (x) - z(x) + Az(ax) = 0, (5.39) 

for all x > 0 ,  and Jooo z(t) dt = 0.  An integration of equation (5 .39) from x to 00 
leads to the integro-differential equation 



-xz' {x) + 2z{x) - z{t) dt + - z{t) dt = 0, 100 A 100 
x a ox 

and the transformation 

((x) = 100 z(t) dt 

converts the above equation into the equation 

A x("{x) - 2('(x) - ((x) + -((ax) = 0, a 

109 

(5.40) 

(5.41 ) 

(5.42) 

with boundary values ((00) = 0 and ((0) = o. In the same manner as that used the 
proof of Lemma 4.2 . 1 ,  it can be proven that ('(x) � 0 or (' (x) � 0 for all x > 0 
and the condition ( (0) = 0 implies that ('(x) = ( (x) = o . The continuity of z (x) 
indicates thus that z (x) = 0 for all x . •  

5 .3.3 Qualitative Properties of Solutions 

Theorem 5.3.2 If I A I < a, then for the solution y(x) to problem 5. 2, y(x) > 0 for 
x � O .  

Proof: If  we put 

p(x) = 100 y(t) dt, (5.43) 

where y(x) is a solution to Problem 5.2, then p satisfies equation (5.42) for p instead 
of ( and p(O) = 1 .  Therefore, in the same manner as that used in the proof of 
Lemma 4.2. 1 ,  we get p' (x) � 0 since p(O) = 1 > 0 so that y{x) = -p' (x) � O. Now 
if p' (s) = 0 for some s � 0, then equation (5 .42) for p instead of ( indicates that 
p"(s) > 0 since 

A -p(s) + -p{as) < o. a 
Therefore, y' (s) = -p" (s) < 0 and this implies that there is an interval (s, s + f.) for 
f. > 0 such that y(x) < 0 in that interval , contradicting the result y(x) � 0 ;  thus, 
y(x) > 0 for x � 0 .• 

Lemma 5.3.3 Suppose y(x) is a solution defined by (5.37) to Problem 5. 2. Then 
there exists a Z E R such that y'(x) � 0 or y'(x) � 0 for all x � Z. 



Proof: For a solution y(x) defined by (5 .37) , 00 d y'(x) = L an dx (anxK2 (2Vanx)) 
n=O 00 - L ananvanxKl (2vanx) 

n=O 

1 10 

(cf. (5.35)) .  Now if A < 0, then y'(x) < 0 since Kl (2Vanx) > 0 for all n and an > O. 
Assume that A > O. Since Kp(x) rv ../1ie-x as x -+ 00, 

The function R(x) can thus be small arbitrarily by increasing x for all n and this 
implies that there exists a Z E R such that 

I �I 
anyChK1 (2yCh) 

an- l an- lvan- lxKl (2van-1x) 1�lava K1 (2yCh) 
an-l K1 (2van-1x) 

< 1 ,  (5.44) 

for all n and x � Z. Now the series is alternating and so y' (x) ::; 0 if ao > 0 and 
y' (x) � 0 if ao < O. • 

Using the result of the above lemma and the same arguments as those used in 
the proof of Theorem 4.2.7 we can get the following theorem: 

Theorem 5 .3.4 The solutions y(x) defined by (5.37) to Problem 5. 2 can have nei­
ther a positive minimum nor a negative maximum. 

5 .3.4 The Values A When y (O) = 0 

We now investigate the eigenvalues A satisfying y(O) = 0 and the corresponding 
eigenfunctions. Unlike the previous section, we can obtain an eigenvalue directly 
from equation (5 .31 ) .  Integrating equation (5.31 )  from 0 to 00 leads to the equation 

2y(0) - ( 1  - -)  y(t) dt A 100 
a 0 

so that there is the only one eigenvalue when A = a. 

A 
-1 + -a 
0, 

Let us confirm this result from the series solution. At x = 0, 

aO 
� ( -A) n 1 - 1 ) ( ) y(O) = 2 � n�=l (am - 1) = "2F (A/a F A ,  

(5.45) 



1 1 1  

where F()..) is defined in (4.8) when b = 1 ,  and so y(O) = 0 only when ).. = a 
since ao = 00 at the points ).. = an for n = 2, 3 , . . . .  Note that this result is 
essentially the same as that for the first order equation when b = 1 in Chapter 
4. The similar results about an eigenvalue between two equations (5.45) and (4. 1 )  
can be  explained by integrating those equations from 0 to  00 so  that the value 
).. can be exactly determined by y(O) and Jooo y(x) dx = 1 .  For the case of the 
second order equation with constant coefficients in Chapter 4 and equation (5. 1 1) ,  
integrating those equations from 0 to 00 gives another unknown value y' (O) which 
makes the value ).. undetermined and so we use the method to obtain eigenvalues 
using a Dirichlet series solution in these cases. 

In the same manner as that used in the proof of Theorem 5 .3 .2 we have the 
following theorem: 

Theorem 5.3.5 The eigenfunction Yl corresponding to ).. = a is positive for x > O.  

5.3.5 Bounds on the Maximum Critical Point of Yl 
Theorems 5 .3 .4 and 5.3.5 imply that Yl has exactly one maximum critical point. Let 
Xm be the maximum critical point. Then y� (Xm) = 0 so that equation (5.40) for Yl 
instead of z with )" = a yields 

and therefore, 

and this implies that 

2 Xm > --· - a - 1  
Since Yl (aXm) is the minimum in [Xm' aXm] , inequality (5.46) produces 

1 Yl (Xm) ;::: 2"Yl (aXm)(a - 1)Xm' 

and aYl(aXm) ;::: Yl (Xm) from (5.31 )  so that 

Yl (Xm) ;::: 
�a- lYl (Xm)(a - 1)Xm, 

and thus 

(5.46) 

(5.47) 

(5.48) 
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Figure 5.5.2 : The bounds on Xm and the solution y(x) of xY"(x) - y' (x) - y (x) + 
2y(2x) = o . 

Combining inequalities (5 .47) and (5.48) gives the bounds 

2 2a -- < X < -­
a - I - m - a - l  

Figure 5.5 .2 shows the bounds 2 � Xm � 4 for the case a = 2 . 

The results of this section can be extended to the more general equation 

xY" (x) - ay' (x) - by(x) + Ay(ax) = 0, (5.49) 

where a > 0 and b > 0 if the conditions I A I < a and A = a are exchanged for the 
conditions I A I < ba and A = ba respectively. A solution to the equation 
xy�(x) - aYb (x) - byo(x) = 0 satisfying yo (oo) = 0 is yo (x) = x(a+l )/2Ka+1 (2VbJX) 
so that a solution to equation (5.49) which satisfies the conditions (5.2) and (5.3) is 
given by 

00 ( A/b)n y(x) = a "'""' - (anx) (a+l )/2 K (2VbVanx) o L..J nn (am _ 1 )  a+l , 
n=O m=l 

where ao can be obtained by integrating y(x) from 0 to 00 and using the condition 
(5.3) ; thus, 

b� 00 (_ �)n 
- 2 ba 

( ) - 1  

ao - r(a + 2) 
� 

n�=l (am - 1) 
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5 .4 The equation 

xy"(x) - y(x) - x3y(x) + Ax3y(ax) = 0 

Substituting p(x) = x, q(x) = - 1  and r (x) = _x3 into equation (5. 1 )  leads to the 
equation 

xy"(x) - y'(x) - x3y(x) + Ax3y(ax) = 0, (5.50) 

where a > 1 and a solution to the equation L(y(x) ) = xY" (x) - y'(x) - x3y(x) = 0 
satisfying the boundary condition (5.2) is y(x) = e-�x2 so that we seek a Dirichlet 
series solution to equation (5.50) .  

We will refer to equation (5.50) along with conditions (5.2) and (5.3) as Problem 
5. S. 

5 .4.1 Existence of Solutions 

and substituting Yl (X) = alE(ax) into equation (5.51) yields 

Since 
axE"(ax) - E'(ax) = a3x3 E(ax) , 

the above equation can be converted into the equation 

and so al = af�l ' Therefore, 

ao 
Yl (X) = a4 _ 1 E(ax) , 

so that the third component Y2 (X) is a solution to the equation 

(5 .51) 

Using the arguments similar to those used for getting Yl (x) , we have a2 = (aLl)faLl) 
and thus 
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In general , 

and consequently, we have the formal solution: 
00 

n=O 

(5.52) 

where ao can be determined by normalizing y(x) . 
Clearly, the Dirichlet series (5 .52) is uniformly convergent on [0, 00) so that it 

can be integrated/differentiated term by term. 
Moreover, a substitution of the series (5.52) into L(y) = xy"(x) - y'(x) - x3y(x) 

yields 

L(y) 
00 (_A)n 

a x '"""' a2n E"(anx) o � nn (a4m - 1 )  n=O m= l  

Therefore, the series (5.52) is a solution to  Problem 5 . 3  and since 



the coefficient ao is given by 

V2 
ao = 

r( 1/2) 
f (-A/a)n ( ) - 1  

n=O n�=1 (a4m - 1 )  

5.4.2 Uniqueness of Solutions 

1 15 

Theorem 5.4.1 If I A I � a4 , then for a given A and a, the solution y(x) to Problem 
5. S, satisfying x3y(x) E LdO, oo) is unique. 

Proof: Suppose Yl and Y2 are distinct solutions to Problem 5.3 and let 
z(x) = Yl (X) - Y2 (X) . Then z (x) satisfies equation (5.50) and Jooo z(t) dt 
Integrating equation (5.50) for z instead of Y from x to 00 leads to 

100 A 100 
-xZ'(x) + 2z(x) - t3z(t) dt + 4 t3z(t) dt = 0, 

x a ox 

and using the transformation 

we get the equation 

O. 

(5.53) 

(5 .54) 

(5 .55) 

since 1/'(x) = -x3z(x) and 1/"(x) = -3x2z (x) - x3z' (x) . It can be proven that 
1/' (x) � 0 or 1/' (x) � 0 in the same arguments as those used in the proof of Lemma 
4.2 . 1  and so z(x) � 0 or z(x) � O. Hence the condition Jooo z(x) dx = 0 indicates 
that z(x) = 0 . •  

5 .4.3 Qualitative Properties of Solutions 

Without difficulty, the qualitative properties of the solutions to Problem 5.3 stated 
in the following theorems can be shown in the same manner as that used in the 
previous sections using the transformation (5 .54) into equation (5.50) and so those 
are not discussed in detail here: 

Theorem 5.4.2 If I A I < a4 , then a solution y(x) to Problem 5. S, satisfying 
x3y (x) E LdO, oo) is positive for x � O .  

Theorem 5.4.3 A Dirichlet series solution y(x) to Problem 5. S cannot have a pos­
itive minimum nor a negative maximum. 



5.4.4 The Values ,x When y(O) = 0 

Now, 

y(O) 
00 (_,\)n ao ( 1 + � n�=l (a4m - 1 ) ) 

00 ,\ ao IT ( 1  - a4(n+l» ) n=O 
ao Y(,\) ,  

1 16 

and ao = rc
i'J
2) y-1 (,\/a) so that y(O) = 0 when ,\ = a4n, n = 1 , 2, . . . .  It can be 

shown that the first eigenfunction Yl corresponding to ,\ = a4 is positive for x > 0 
in the same manner as that used in the previous sections using equation (5.55) and 
clearly, it has exactly one maximum critical point . 

5.4.5 Bounds on the Maximum Critical Point of Yl 
At x = Xm, y� (Xm) = 0 so that equation (5.53) for Yl instead of z indicates that 

and so 

and consequently, 

Yl (Xm) < �Yl (Xm) 
raXm 

t3 dt JXm 
< �Yl (Xm) (a4 - l )X�, 

On the other hand, Yl (aXm) is the minimum Of Yl (X) in [Xm, aXm] and 
a4Yl (aXm) � Yl (Xm) from equation (5.50) so that 

1 4 r4 
1 4 ( ) ( 4 ) 4 Yl (Xm) � SYl (aXm) (a - l)Xm � Sa- Yl Xm a - 1  Xm, 

and therefore, 

(5.56) 

(5.57) 
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Figure 5.5 .3 : The bounds on Xm and the solution y of xy"(x) - y' (x) - x3y (x) + 
16x3y(2x) = O.  

Combining two inequalities (5.56) and (5.57) leads to the bounds 

Figure 5.5 .3 illustrates the bounds (8/15) 1/4 ::; Xm ::; 2(8/15) 1/4 corresponding to 
the case a = 2. 

Note that a solution to the equation xy�(x) - (k - l)y� (x) - x2k- 1 yo (x) = 0 
for k > 0, satisfying yo(oo) = 0 is Yo = e- ixio so that a solution to the equation 
xy"(x) - (k - 1)y' (x) - x2k-1 y(x) + >.x2k-1 y(ax) = 0 satisfying conditions (5.2) and 
(5.3) is given by 

( ) 
� (_>.)n _ ! aknxk y X = ao � n�=1 (a4m _ 1) e k , 

where ao can be obtained from the condition (5.3) so that 

I - k  
00 (->./a)n ( ) -1 

ao = k k r(1/k) � 
n�= l  (a4m _ 1 )  

Here, the above equation can be  treated as the same as that in this section. 
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5 . 5  A Solution Expressed by Green's Function 

We have observed in the previous section three types of equations which have a 
series solution. Apart from the method to use a series solution, a method involving 
a Green's function and the contraction mapping theorem is used in this section to 
show the existence of a solution to the last case V. 

We consider the equation 

(x + k)2y"(X) + a(x + k)y' (x) + by(x) + >.y(ax) = 0 ,  (5 .58) 

where b < 0, k > 0 and a > 1 .  We will refer to equation (5.58) along with conditions 
(5.2) and (5.3) as Problem 5.4. 

5 . 5 .1 Positivity of Solutions 

Theorem 5.5.1  Suppose a solution y to problem 5.4 satisfies (X+k)2y', (x+k)y � 0 
as x � 00. If a > b + 2 and 1 >' 1 < a(a - b - 2) , then the solution is positive and 
strictly decreasing for all x > O .  

Proof: Integrating equation (5.58) from x to 00 yields the integro-differential 
equation 

(a - 2) (x + k)y(x) [00 >' 100 (a - b - 2) y(t) dt + - y(t) dt = O, 
x a QX 

and using the transformation 

a(x) = 100 y (t) dt, 

we have the equation 

(x + k)2a"(x) + (a - 2) (x + k)a'(x) 
>. 

(a - b - 2)a(x) + -a(ax) = O. a 
Using the same arguments as used those in the proof of Lemma 4 .2 . 1 ,  it can be 
proven that a'(x) ::; 0 and a(x) > 0 since a(O) = 1 > O .  Suppose a'(x) = 0 for some 
x E [0, 00) ,  then a"(x) = 0 since a cannot have a maximum critical point so that 

(a - b - 2)a(x) = >. a(ax) . (5 .59) 
a 

Now, a(a�L2) < 1 and so equation (5.59) cannot be satisfied since a(x) ;:::: a(ax) ; 
thus, y(x) > 0 for all x > O. Moreover, a"(x) > 0 since (a - 2) (x + k)a'(x) < 0 and 
- (a - b - 2)a(x) + >./aa(ax) < 0 so that y'(x) < 0 for all x > 0 .• 
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5 . 5 . 2  Existence o f  Solutions 

We first find the Green's function associated with the operator 9 such that 

cP d - (x + k)2 dx2 g(x) - a(x + k) dxg(x) - bg(x) = O. (5.60) 

Substituting g(x) = (x + kY into equation (5 .60) leads to the indicia! equation 

Since b < 0, there is a positive root and a negative root; let r1 be the positive root 
and r2 be the negative root, i .e. , 

Let 

1 - a + J (a - 1) 2 - 4b 
r1 = 2 ' 

1 - a - J (a - 1)2 - 4b 
r2 = 2 . 

( ) { A(x + kyl if 0 < x < s, 9 x s = , B (x + k y2 if x > s . 

Then, since A(s+kyl = B(s+ky2 and Br2(s+kY2- 1 -Ar1 (s+kYI - 1 = -1/(s+k)2, 
we have A = _1_(S + k)-(r1 +1 ) and B = _1_(S + k)-(r2+ l) . Therefore rl -r2 rl -r2 ' 

{ �(s + k)- (rl +l ) (x + kyl if 0 < x < s, g (x s) - rl r2 , - _1_(S + k)-h+1) (x + k)r2 if x > s . rl -r2 

Theorem 5.5.2 If a > b + 2 and I .A I < a(a - b - 2) , then there is a unique solution 
to Problem 5. 3. 

Proof: We use the Contraction Mapping Theorem to show this result. Let 

Ty(x) = .A 100 g(x, s)y(as) ds, 

where y (x) E LI lO , (0) . Then 

I ITY I I < ' .A l l°O 100 g(x, s) ly (as) 1 ds dx 

< [ sup (OO g(x, s)dxl�I I Y I I , 
sE[O,oo) 10 a 

(5.61 ) 



where 1 1 . 1 1 is the L1 norm. Since a > b + 2 ,  we have T2 + 1 < 0 so that 

100 g(x, s) dx 

120 

-- [ (s + k)-(Tl + 1 ) (X + kyl dx + (s + kt(T2+ 1) (x + ky2 dx] 1 ls 100 
T1 - T2 0 S 

1 
[ 

1 
_ kTl+l _1 _(s + kt(Ti +1 ) _ _ 

1_] . T1 - T2 T1 + 1 T1 + 1 T2 + 1 

Now 0 < kTi +1 _1_ (S + k)- (Tl +1 ) < 00 and therefore ' T l + 1 ' 

Consequently, 

sup 100 g(x, s)dx 
SE[O,oo) 0 

-1 

a - b - 2  

I A I I ITY I I  � a(a - b - 2) I l y l l , 

and this means that T maps Lt [O, (0) into LdO, (0) . For Y1 , Y2 E LdO, (0) , 

I ITY1 - TY2 1 1 < I A l l°O 100 g(x, s) I Y1 (as) - Y2 (as) I ds dx o 0 . 
< [ sup (OO g(x, s)dxl� I IYl - Y2 1 1 

SE[O,oo) 10 a 
IA I < 

a(a - b _ 2) I I Yt - Y2 1 1 , 

and so Contraction Mapping Theorem indicates that if Q(a�L2) < 1 ,  then there is 
the only one fixed point y(x) in L1 satisfying 

y (x) = >.100 g(x, s)y(as) ds. (5.62) 

Clearly y( (0) = O. 
Let us show the existence of the limiting values for (x + k)2y' (X) and (x + k)y(x) 

as x -7 00. From (5.62) , 

and, as x -+ 00, 

2 100 dg(x, s) (x + k) y'(x) = A 0 (x + k? dx y(as) ds, 
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because T2 + 1  < 0 ,  and consequently (X + k)2y' (X) -+ O. In  the same manner, i t  can 
be proven that (x + k)y(x) -+ 0 as x -+ 00 .  

Now, 

and since (x+k)2y'(x) , (x+ k)y(x) -+ 0 as x -+ 00, Theorem 5 .5 . 1  indicates y(x) > 0 
for x > 0;  thus, y(O) i= O. This means that the solution is non-trivial and so we 
normalize y(x) to satisfy the condition (5.3) . •  
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Conclusions 

In this thesis we focused on advanced second order functional differential equations. 
Earlier studies for first order advanced equations with constant coefficients showed 
that these equations have Dirichlet series solutions. Motivated by these results we 
showed that advanced second order equations with constant coefficients also have 
Dirichlet series solutions for a range of coefficients. As an application of this theory 
we studied the second order equation arising in a cell growth model devised by Hall 
and Wake [ 1989] and showed there exists a unique solution which can be represented 
by a Dirichlet series. We proved the solution is positive, in agreement with the 
interpretation of the solution as a probability density function of the cell size, and 
that it has exactly one maximum. 

In Chapter 3, we studied equations of the form 

y"(x) + ay' (x) + by(x) + cy(ax) = 0, 

where a, b, c, a are real constants and a > 1 .  It was shown that the general equations 
have a Dirichlet series solution provided there exists a non-trivial root r to the 
indicial equation 

r2 - ar + b = 0, 

such that Re(r) � 0. We showed that a certain range of coefficients of the equations 
determines some qualitative properties of a solution. It was confirmed that the sign 
combination of the coefficients must be the same as that of the equation arising in 
a cell growth model in order to have a positive solution with one maximum. The 
shape of the graphs of real solutions has a distinct difference according to whether 
the indicial equation has a real root or a complex root. For a real root r, a Dirichlet 
solution is monotone for large x, while for a complex root r, we obtain real solutions 
from a Dirichlet series expression and the general solution is oscillatory ; if Re(r) > 0, 
then the solution is approaching zero as x goes to infinity and if Re{r) = 0, then 
the solution is not approaching zero, but bounded. 

The qualitative properties of a solution to the equation arising in a cell growth 
model are consistent with the nature of a probability density function but there 
are no solutions such that y{o) #- 0. This motivated the study of the eigenvalue 
problem. The fact that the initial value problem for an advanced functional dif­
ferential equation needs not have a unique solution supports the possibility of the 
existence of non-trivial solutions, i .e. eigenfunctions. In Chapter 4 we investigated 
the eigenvalue problem. Using a Dirichlet series solution and partition functions, we 
obtained eigenvalues and the corresponding eigenfunctions. 
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In Chapter 5 we considerd the existence of solutions to more general equation with 
variable coefficients. For a first order equation, we converted the equation into a 
Fredholm equation of the second kind and showed the existence of a solution using 
the methods for the Fredholm equations. In principle, solutions can be expressed 
as a Neumann series; in practice, if it is too complicated we may obtain a basis for 
the solution and then deduce the coefficients directly from the equation. In fact ,  for 
the Dirichlet series solution to the first order equation derived by Hall and Wake 
[1990] , the basis of the solution can be obtained by a Neumann series. For second 
order equations, we used two methods to show the existence of solutions. One 
involves the use of a Green's function and the contraction mapping theorem; the 
other is to seek a series type solution. Either method requires that for the equation 
L(y) + r(x)y(ax) = 0, L(y) = 0 has a solution satisfying y(oo) = O. We showed that 
special classes of equations have a solution and their series solutions involve Airy 
or Bessel functions. These methods are not always effective even if the solutions to 
L(y) = 0 satisfy y(oo) = o. Consider, for example, the Hermite type equation 

y" (X) + xy' (x) + y(x) + -Xy(ax) = o . 

Here, the equation L(y) = 0 has a solution y(x) = e-1/2x
2 

which decays to zero as 
x goes to infinity. However the associated Green's function is not in LI lO, 00) . It 
may be that there exists a solution in another function space. This is a future work 
along with finding a more general way to examine the existence of solutions to these 
equations. Another direction would be to investigate a solution decaying slower 
than exponentially since our solutions obtained in this thesis are mostly decaying 
exponentially. This would complement the work of T. Kato and J .B .  McLeod [ 1971] 
on the first order case. 



Appendix A 

Inhomogeneous Functional 

Differential Equations 

In this appendix we examine a special case of a problem involving an inhomoge­
neous equation, which illustrates a technique for investigating the solution existence, 
uniqueness, and construction. Let f (x) be in LdO, 00) . We consider the equation 

y" (x) - y'(x) - y (x) + ,Xy(ax) = f(x) , (A .l )  

where a >  1 ,  satisfying the boundary condition 

y (oo) = 0, (A.2) 

and the normalizing condition 

100 y(t) dt = 1 .  (A.3) 

We first find the Green 's function associated with the operator 9 such that 

d2 d -dx2 g(x) + dx g(x) + g(x) = 0. 

Substituting g (x) = erx into the equation (A.4) leads to the indicial equation 

and so there are two solutions 

rl = 

Let 

r2 - r - 1 = 0, 

1 + �  
2 
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1 - � 
2 

if 0 < x < s,  
if x >  s, 

(A.4) 



for k E R. Note that k is determined by an initial condition y(O) . Since 

we have 

therefore, { _1_e-rt S (erlx + ker2X) if 0 < x < s 
g(x s) -

r t - r2 ' , - _1_ (e-r2S + ke-rI S)er2X if x > s. rl -r2 
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The Contraction Mapping Theorem will be used to show the existence of solutions. 
Define 

Ty(x) = >.100 
g(x ,  s)y(as) ds - 100 

g(x, s)f (s) ds, 

for y E LdO, 00) . Then 

I ITY I I  < 1 >' 1 100 100 

Ig (x, s) I l y (as) lds dx + 100 100 

Ig (x, s) l lf (s) l ds dx 

< [sup 100 
I g(x, s) 1 dx] ( � I I Y I I + I l f l l ) ,  S ° a 

Hence if 1.. + � > 0 ,  i .e. Ik l < VS-I then rl r2 - - I+VS' 

If Ik l > &.!. then 1+ vs , 

sup 100 
g(x, s)dx 

sE[O,oo) ° 

sup 100 
g(x, s)dx 

sE[O,oo) ° 

1 .  

1 

1 r2 + I k l rl 
- - - T I T2 (Tl - T2) 



where L = 
l+lkl+(lkl- l )

v'5 
> ° Therefore 2v'5 . , 

I ITy l 1 � ( 1  + L) (� I IY I I + I l f l l ) < 00, 
, a 

and so T maps LI lO, 00) into Lt [O, 00) . For Yl , Y2 E LdO, 00) , 

I ITYl - TY2 1 1 < 1.\ 1 100 100 
Ig(x, s) I IY1 (as) - Y2 (as) lds dx 

< 0 [sup {(X) Ig(x, s) 1 dxl l l Yl - Y2 1 1 a s lo 
0(1 + L) I I Yl - Y2 1 1 , a 
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and the Contraction Mapping Theorem indicates that if �(1  + L) < 1 ,  then there 
exists a unique fixed point y(x) in LI lO, 00) satisfying 

y (x) = 100 g(x, s) (Ay(as) - j(s)) ds. (A.5) 

Clearly y( 00) = 0. Note that the solution exists for any real values of Y(O) because 
of k E R. We can normalize non-trivial y(x) to satisfy the conditionfooo y (t) dt = l .  

In  fact ,  equation (A.5) can be  expressed as a Fredholm equation of the second 
kind, 

y(x) = F(x) + '\Ky(x) , 

if we substitute 

F(x) = - 100 g(x, s)j(s) ds. 

and 

Ky(x) = 100 K(x, s)y(s) ds, 

where K(x, s) = �g(x, s/a) . Now, K is a bounded operator and satisfies the condi­
tion 

so that the well known results for Fredholm integral equations imply that there 
exists a solution in LI lO, oo) for all F E LdO, oo) and sufficiently small I A I . The 
solution y(x) can be expressed as a Neumann series so that 



where 

and 

100 K(x, z)Kn-1 (z, y) dz, n = 2, 3 , . . .  , 

K(x, y) .  

For example, let f (x) = e-qx , where q > 0 ,  then 

F(x) = - 100 g(x, s)e-qs ds 

100 F(x) dx 
1 1 

-M(N- + -) 
T2 q 

< 00, 

and so the solution can be expressed as a Neumann series. Now, 

KF(x) M lx 
___ [er2X (e-r2S + ke-rI S ) (Neor2S _ e-oqS )ds 
Tl - T2 0 

+(er1 x + ker2X) 100 e-rI S (Neor2S - e-oqS)ds] 
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U -MN M 
___ er2x + eor2x + e-oqx 
Tl - T2 (a - 1)T2 (aT2 - Tl ) (aq + T2) (aq + T1 ) 

L1 er2x + L2eor2x + L3e 
-oqx , 

where U = M( N + _1_ + � + _k_) .  Since (o- 1 )r2 oq+r2 or2 -rl oq+rl 

1 100 
K2(x, y) = 2 g(x ,  s/a)g(s , y/a)ds, a 0 



we have 

P [ml eT2X- ;3-y + m2 (eOT2X-�V + keOT2X- :;'1I _ eT2X-;3-V) 
_m3 (eOT2X- �Y 

+ keOT2X-:;'Y 
+ keT2X- �h) 

+m4 keT2X-�Y 
+ QJ if 0 < y < a

2
x,  

where 

P 
1 

So, 

1 
ml = , 

rl - r2/a 

1 
m4 = ---­

rl - rt /a
' 

1 

where 

KI P ( -mInI - mIn3 + m2nl + m2n3) , 

K2 P (m2n2 + m2n4 - m3n2 - m3n4 ) , 

K3 P (mI nl - m l n6 - m2nl + m2n2 - m3n2 + m3nS - m4nS + m4n6) , 

K4 P (mIn3 - m l ng + m2n4 - m2n3 - m3n4 + m3n7 + m4ng - m4n7) , 

n l  N/(r2 - rda
2) , n2  = N/ (r2 - rda) , n3  = 1/(q + r2/a

2) , 

n4 1/(q + rda) , ns = N/ (r2 - rda
2) , n6 = N/ (r2 - rI/a) , 

n7 1/(q + rt/a
2) , ng = 1/ (q + rI/a) . 

Therfore, the solution can be expressd in the form 
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A basis for the solution is given by {e-On
qX , eOnT2X} so that we have a series solution 

00 00 

y(x) = L aneOnT2X + L bne-on
qx . 

o 0 

Substituting the series into equation (A . 1 ) ,  noting that f(x) = e-qx , leads to the 
equation 
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so that bo = q2+�_ 1 .  The recurrence relations are given by 

and 

Therfore, 

where no is determined by the normalizing condition so that 

1 



Appendix B 

Second Order Functional 

D ifferential Equations with Two 

Functional Terms 

We examine solutions to the equation 

y" (x) - y'(x) - y (x) + A1 y(ax) + A2y((3X) = 0, 
where a >  1 and (3 > 1 ,  satisfying the boundary condition 

y (oo) = 0, 
and the normalizing condition 

100 y(t) dt = 1 .  

(B . 1 )  

(B.2) 

(B .3) 

The method to investigate the equation (B. 1 )  is to use a Green's function and the 
contraction mapping theorem. Note that the Green's function 
and suPs 1000 I g (x, s) 1 dx � L + 1 are the same as those in Appendix A . Let 

Ty(x) = A1 100 g(x, s)y(as) ds + A21°O g(x, s)y({3s) ds. 

Then for y E LdO, (0) , 

I ITy l 1  � (1 + L) ( 1-; 1 + 1; 1 ) l I y l l < 00, 

and for Yl , Y2 E LdO, (0) , 
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So, if 

(B .4) 

there exists a unique solution to equation (B. l) satisfying the conditions (B.2) and 
(B.3) so that 

y(x) = 100 g(x, S) (A1y(as) + A2y(f3S) )  ds. 

On the other hand, a solution to equation (B.l ) satisfying the conditions (B.2) 
and (B.3) can be expressed in a form of a Dirichlet series 00 00 y(x) = L ane-ll anX + L bne-12l3nx . 

n=O n=O 
Substituting the above series into the equation (B.  1 ) leads to 1 = l1 = l2 and the 
indicial equation 

l2 + l - 1 = 0, 
and the recurrence relations 

and 

an -Ai 
an- 1 a2n[2 + anl - l ' 

bn -A2 
bn-1 f32np + f3nl - 1 

. 

Hence the solution is given by 

( ) � (-AI)n -anlx Y X = ao � n�=1 (a2m[2 + aml - 1 ) e 

� (-A2)n -(3nlx +bo � n�=l (f32m[2 + f3ml _ 1 ) e 

Yl (X) + Y2(X) , 

where ao and bo are determined by the condition (B.3) and an initial condition at 
x = O. It is clear that there exists the only one Dirichlet series solution to equation 
(B.l) provided that the condition (B.4) is satisfied. 

When f3 = am for some m E N, the solution can be expressed by a basis of the 
form {e-an1x} .  As an example, let us examine the case when f3 = a2 . Terms in Y2 (X) 
can be added in each even index term of Yl (X) , viz . ,  

y(x) (ao + bo)e-1x + ale-a1x + (a2 + bl )e-a2Ix + a3e-a3lx + . . .  , 

( + b ) -Ix aoAl -a/x ao 0 e - a2p + al _ 1 
e 

( aoAi boA2 ) -a2lx + (a4P + a2l - 1 ) (a2[2 + al - 1 )  - a4p + a2l _ 1 
e + . . . . 



Appendix C 

Equations with Variable 

Coefficients 

We consider here second order functional differential equations with variable coeffi­
cients, which have more general form for the equations of Problem 5 . 1  and Problem 
5.2 in Chapter 5 .  

e . 1  The General Equation from Problem 5 . 1  

Consider the functional differential equation of the form 

where ° ::; m < 00, satisfying the conditions 

y (oo) = 0, 
and 

100 y(x) dx = 1 .  

(C. 1 ) 

(C.2) 

(C.3) 

Motivated by the method used in Chapter 5, we first obtain a solution to the equation 

L(s(x) ) = s" (x) - xffis(x) = 0, 
such that the solution satisfies the condition (C.2) . 

Note that the differential equation 

2 �y dy ( 2 2) X dx2 + X dx - x + p x = 0, 
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(C.4) 

(C.5) 
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has the general solution 

where Ip (x) is the Bessel function of the first kind and Kp(x) is the Bessel function 
of the second kind. Since Ip (x) -+ 00 and Kp(x) -+ 0 as x -+ 00, we take A = 0 in 
order to have a solution satisfying the condition (C.2). 

We will make the equation (C.4) into the form of equation (C.5) using some 
transformations. Let s(x) = y'Xu(x) . Then 

and 

1 s' (x) = VIU' (X) + r,;u(x), 2vx 

1 1 s" (x) = VIU"(X) + y'Xu'(x) - 4xy'Xu(x) . 

(C.6) 

(C.7) 

Substituting (C.6) and (C.7) into equation (C.4) and multiplying by xy'X yield 

x2u" (x) + xu'(x) - (xm+2 + � )u(x) = O. 

Let z = m:2x
mt2 and v (z) = u(x) , then 

u'(x) = v' (z)x
T
, 

and 

u" (x) = v" (z)xm + v' (z); xT- l . 
A substitution of (C.g) and (C.lD) into equation (C.8) produces 

so that 

(m + 2 )2 2  " ( )  (m + 2 )2 ' ( ) ( (m + 2 )2 2  1 ) ( ) 0 -- z v z + -- zv z - z + - v z = 2 2 2 4 ' 

Z2V"(Z) + zv' (z) _ ( (_1_) 2 + Z2)V (z) = O. 
m + 2  

Comparing equation (c.n )  with equation (C.5) produces a solution 

s(X) = VIu(x) = VIv(z) = VIK_I (_2_x
� ) , m+2 m + 2 

(C.8) 

(C.g) 

(C.10) 

(c.n)  

and 8 (00) = 0 since Kp(x) decays exponentially. We now seek a series solution to 
equation (C.1) of the form 



00 

y(x) = I) -A)nans(anx) . 
n=O 

Substituting the series into equation (C. 1 ) and the equation 
s"(anx) - (anx)ms(anx) = 0 give the recurrence relation 

(an(2+m) - l)an = an- I .  
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(C. 12) 

We will show that the series (C. 12) is uniformly convergent and integrable on 
[0, 00) . Now, 

D(x) 

and using xK;(x) = -pKp(x) - xKp_I (x) for p E R  (cf. Gray [1922] ) , 
Kp(x) = K_p(x) and Kp(x) � 0 , we have 

D(x) an K 1 ( 2 (anx)�) 2vanx m+2 m + 2 
(m + 2) an ( 1 K ( 2 ( n ) !!!H ) + - I -- a x  2 
2
v
anx m + 2  m+2 m + 2  

_ _ 

2_ (anx)� K!!!±l ( 2 (anx)�) ) m + 2  m+2 m + 2  

-a a x 2 K!!!±l a x 2 n ( n ) !!!±l ( 2 ( n ) !!!H) m+2 m + 2 
< o. 

This implies that 
J
anxK_,_ ( 2+2 (anx)

mt2 ) is decreasing for all x. Now, 
m+2 m 

K(O) = hm vanxK_l_ --- (anx) 2 � ( 2 
!!!H ) 

x -+ oo  m+2 m + 2 

r(7) (m + 2) m
�
2 , 

(C. 13) 

(C. 14) 



where we use Kp(x) rv r?) (�)P as x --* 0 (cf. Andrews [1971]) . Therefore, 

00 
< L l ,Xn l lan IK(O) ,  

n=O 

so that the series(C.24) is uniformly convergent, and y(oo) = 0 since 

for all n. 

Furthermore, 

lim (JanxK
_

l 
(

_
2

_ (anx)mp-) )  
= 0, 

x -t oo  m+2 m + 2 

( ) _
3 -1 

100 m + 2 m+2 3 a -n X m+2 -1 K_,_ (x) dx 
2 0 m+2 

(m + 2) m�2 - 1 a-nr ( 2 ) r (_1 ) 2 m + 2 m + 2 
< 00, 
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for all n (cf. (5. 17) ) and so the uniform convergence of the series (C . 12) implies 
that the series is integrable on [0, 00) . Consequently, a solution to equation (C. 1 )  
satisfying the conditions (C.2) and (C.3) is given by 

� (_
,X)n vanx ( 2 n !!!H.) y(x) = ao L.J rrn_ (ak(2+m) _ 1 )  anxK m�2 m + 2 

(a x) 2 , 
n=O k-1 

(C. 15) 

where 

Before we finish this section, let us derive another form of the equation to have 
a solution (C. 15) from the equation (C. 1 ) .  Let w(x) = xmy(x) . Then 
w(ax) = amxmy(ax) and 

so that 

y' {x) = w'(x) _ 
my(x) 

= 
w'(x) _ 

mw(x) . 
xm X xm xm+ 1 



Now, 

and so 

w"(x) = m(m - 1)xm-2y(x) + 2mxm-1 y' (X) + xmy
,,
(x) , 

y"(x) = W"(X) _ 

2mw'(x) + (m2 + m)w(x) . Xm Xm+1 Xm+2 
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Substituting y' (x) and y"(x) into equation (C. 1 ) and multiplying by xm lead to 

2m m2 + m  A w"(x) - -w'(x) + ( 2 - l)w(x) + -w(ax) = o. x X am 

C . 2  The General Equation from Problem 5 . 2  

Consider the functional differential equation of the form: 

xy" (x) - y'(x) - xmy(x) + xm Ay(ax) = 0, 

where 0 ::; m < 00, along with the condition (C.2) and (C.3) . 
Now, 

L(s(x)) = xs"(x) - s' (x) - xms(x) = o . 
Let s(x) = xu(x) . Then 

s'(x) = xu'(x) + u(x) , 

and 

s"(x) = xu"(x) + 2u'(x) . 
Substituting (C. 1 8) and (C. 1 9) into equation (C. 17) yields 

x2u"(x) + xu' (x) - (xm+ 1 + l)u(x) = o. 

Let z = m�l x
mt 

and v (z) = u(x) , then 

and 

m±! 1 U' (X) = V' (Z)X 2 - , 

1 m - 1 m±! 2  u"(x) = v"(z)xm- + v' (z) X 2 -

• 2 

(C . 16) 

(C. 17) 

(C. 18) 

(C. 19) 

(C.20) 

(C.21)  

(C.22) 



By substituting (C.21) and (C.22) into equation (C.20) , we have 

( + 1 ) 2 ( + 1 ) 2 ( + 1 ) 2 m 
2 z2V"(z) + m 

2 zv' (z) - ( T  Z2 + 1)v (z) = 0, 

and so 

Z2V"(Z) + zv' (z) _ ( ( 2 ) 2 + Z2)V (Z) = O. 
m + 1  

This implies thus that a solution to equation (C. 16) is given by ( 2 !!!.±!) s(x) = xu(x) = xv (z) = XK_2_ ---x 2 , m+l m + 1 
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(C.23) 

and y(oo) = 0 since Kp(x) decays exponentially. Now, a substitution of a series 
solution of the form 

00 

y(x) = I) -A)nans (anx) , (C.24) 
n=O 

into the equation (C. 16) leads to the recurrence relation 

We show the uniform convergence and integrability of the series (C.24) . Now, 

D(x) = 

< 0, 
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(cf. (C. 13) and (C. 14) ) so that anxK_2_ ( 2+1 (anx) 
mt) is decreasing for all x. m+1 m 

This implies that 

� l an lanxK_2 
( 2 (anx)�) 

� m+1 m + 1  n=O 00 
< L l an IK(O) , 

n=O 
( 2 m±.!) r(_2_) 2 where K(O) = limx-to anxK m

�
l m+1 (anx) 2 = �(m + 1 ) m+l . Therefore, 

the series (C.24) is uniformly convergent and y (oo) = 0 since 

for all n. 

Moreover, 

I 

hm (anxK_2_ --- (anx) 2 ) = 0, . ( 2  m±.!) 
x-too m+l m + 1 

100 ( 2  !!!±!.) anxK_2_ --- (anx) 2 dx 
o m+l m + 1 
(m + 1 ) ::..-+� 100 3-m a-n xm+l K_2_ (x) dx 2 0 m� 

(m + 1 ) ::..-+� a-nr ( 3 ) r (_
1 ) 

2 m + 1  m + 1  
< 00, 

for all n (ef. (5. 17) ) and so the uniform convergence of the series implies that the 
series (C.24) is integrable on [0, 00) .  Thus, a solution to equation (C. 16) satisfying 
the conditions (C.2) and (C.3) is given by 

where m-3 ( ) -1 ( mtl) m+l 00 (->../a)n ao = r( � )r (_l_) L rr _ (ak(m+ l) - 1 ) m+l m+l n=O k- l 

(C.25) 
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