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Abstract

Hall and Wake [1989] showed that an advanced first order equation arising in a
cell growth model has a Dirichlet series solution. If the effects of dispersion are
included, the cell growth model leads to a second order equation. We show that
this equation also has a Dirichlet series solution, which is unique and positive and
that it has one maximum. We then investigate the general second order equation
with constant coeflicients, and show that these equations also have Dirichlet series
solutions and that certain qualitative properties such as uniqueness and positivity
are preserved for a range of coefficients. Although the solution to the equation
arising in a cell growth model with dispersion is a probability density function of
the cell size, y(0) # 0. There are however parameter choices such that y(0) = 0
and this motivates our study of the eigenvalue problem. Our final chapter concerns
general equations with variable coefficients. We can express a first order equation as
a Fredholm integral equation of the second kind and the existence of a solution thus
follows using results for Fredholm equations. In addition, we study some classes
of second order equations, and show that certain equations have a series solution
involving Bessel or Airy functions.
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Chapter 1

Introduction

Functional differential equations of the form

y'(z) = by(z) + cy(ex), (11)

wherez > 0,a > 0, @ # 1 and b,c €, arise in numerous applications. For example,
if @ > 1, equation (1.1) describes the absorption of the light in the milky way (cf.
V.A. Ambartsumian [1944]) and steady size distributions in cell populations (cf.
A.J. Hall [1991]). The case when 0 < a < 1 also arises in many applications; e.g.
the dynamics of an overhead current collection system for an electric locomotive
(cf. J.R. Ockendon and A.B. Tayler [1971]), a special partition problem in additive
number theory (cf. K. Mahler [1940]) and nonlinear dynamical systems (cf.

G. Derfel [1990]).

There are basic differences between the retarded case 0 < o < 1 and the advanced
case a > 1. For example, the initial value problem for the retarded functional dif-
ferential equations is well-posed, but the same problem for the advanced functional
differential equations is ill-posed. In other words, while the initial value problem
with a retarded equation has a unique solution, the initial value problem with an
advanced equation has an infinite number of infinitely differentiable solutions. This
makes it possible to prescribe additional conditions for advanced equations. Another
fundamental difference between the equations is that there is an entire solution to
the retarded problem, but there is no solution to the advanced problem which is
holomorphic at the origin. Whereas the retarded problem has power series solu-
tions, the advanced problem can have (among other solution forms) Dirichlet series
solutions. The asymptotics, as £ — oo, of the retarded and the advanced problem
are thus very different.

Although this thesis is concerned primarily with advanced second order equa-
tions, we review solution methods for first order functional differential equations in
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this chapter since they can, to some degree, be extended to second order functional
differential equations.

In fact, like the first order case, we will show in this thesis that advanced second
order functional differential equations with constant coefficients have a Dirichlet se-
ries solution under certain conditions. The equation arising in a cell growth model
is investigated in Chapter 2 as an application of second order functional differential
equations. In Chapter 3 we consider the more general equation with constant coeffi-
cients. Since the initial problem for an advanced equation is ill-posed, it is possible
to get the eigenfunctions which have the initial value y(0) = 0. We investigate this
eigenvalue problem and derive expressions for the eigenvalues and eigenfunctions in
Chapter 4. The focus in these chapters is on deriving the solutions using a Dirichlet
series along with qualitative properties of the solutions such as uniqueness. Finally,
attention is turned to equations with variable coefficients. Here we extend some of
the results to some special classes of equations. We assume throughout this thesis
that z is real, non-negative variable unless otherwise specified.

In this chapter, we review some general results concerning functional differential
equations (mainly first order) proved by T. Kato and J.B. McLeod [1971], L. Fox,
D.F. Mayers, J.R. Ockendon and A.B. Tayler [1971], J. Carr and J. Dyson [1974] and
A. Iserles [1991] among others. We summarize their results concerning the existence
and uniqueness of solutions, the form of solutions, and the asymptotic behaviour
as T — oo. We will also compare and contrast advanced functional differential
equations with retarded functional differential equations.

1.1 Retarded Functional Differential Equations

Equation (1.1) with 0 < @ < 1 along with the initial condition y(0) = 1, for
succinctness, will be referred to as Problem 1.1.

T. Kato and J.B. McLeod [1971] proved that Problem 1.1 has one and only one
solution for z > 0 and that the solution can be expressed as a power series, i.e.

g = 3o MmO ™) (12)
n=0 .

where we use the convention [[y,_,(b+ ca™ ') = 1. For the case when b = 0, the
solution to Problem 1.1 is

a%(n-—l)n

y@) =Y E () (1.3)

n!
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Here, if ¢ € R and ¢ < 0, then the solution (1.3) has an infinite number of zeros and
if ¢ > 0, then the solution has no zeros for z > 0 so that y(z) > 0 since y(0) =1 >0
(cf A. Iserles [1992)).

1.1.1 Asymptotic Behaviour of Solutions

We consider in this section the asymptotic behaviour of the solutions to Problem 1.1
as £ — o0o. The asymptotic behaviour of the solutions depends heavily on the sign
of b. T. Kato and J.B. McLeod [1971] started the investigation of the asymptotic
behaviour by obtaining the possible order of polynomials decaying or growing as z
goes to infinity.

Suppose that y grows/decays like ¥ as £ — oo, then 4/ is negligible compared
with y so that

0 = bz* + c(az)*,

and thus

= log(=b/c)

14
Loga (14)

where Log indicates the principal value of the complex logarithm and log is any
value. Now k is not uniquely determined, but if ky is any particular solution to
equation (1.4), then the complete family

km = ko + 2mwi/Logc, m € Z,

can be determined and thus the asymptotic of the solution is

L
szezp{2m7rszzZ}

x"°g(Logz),

where g is periodic in Logz of period |Loga|. This observation is the starting point
for the study of the asymptotic behaviour of the solutions. The periodic function
9(Logz) plays an important role in determining the asymptotic form of the solutions.
Let k = Re(ko) = 5‘%95%‘9, then k < 0if |¢| < |b] and k > 0 if |¢| > |b]. T. Kato and
J.B. McLeod (op. cit.) classified the asymptotic behaviour of the solutions for the
case that b € R and ¢ € @ according to the signs of b. For the case when b < 0,
they showed that every solution is O(z*) and no solutions are o(z*) as z — oo.
Figure 1.1.1 illustrates the solution y(z) to Problem 1.1 and compares the solution
with z'/2y(z) and zy(z) when b = —1, ¢ = 1/2 and @ = 1/2. In this case, the
solution y(z) is O(z~!) since K = —1, but for h < 1, y(z) is o(z™*) as T — oo.
They also showed that given any infinitely differentiable function g(Logz) which is



y

14 zy(z)
1.2

1
0.8
0.6

Vzy(z)

044
02 y(z)

0 2 4 6 8 10 12 14 g

Figure 1.1.1: The solution y to the equation y'(z) = —y(z) + iy(3z), £'/?y and zy.

periodic of period |Loga| such that, for some positive K and foralln =0,1,2,..., if

|g™ (Logz)| < K "“a‘%, then there is one solution which has the asymptotic form
z*(g(Logz) + o(1)), (1.5)

and any solution which has this asymptotic behaviour is of the form

z7"gn(Logz)

Mo -am)

where the functions g, are determined by the differential equation

gn = —(ko = n)gn + gnt1 and go = g.

If b > 0, Kato and McLeod proved that every solution is O (€%®) (possibly o(e%®))
as T — oo, and if |¢| < b, a particular solution is given by

y(z) = 2{g(Logz) + ) &

e
:n:l(l - Fpti

)n —b(l—a™)z

o0
yi(z) = Le”’{1+;bgl—i )}’ (1.6)
where L is some constant which depends on the initial value. Note that y.(z) is a
rearrangement of the series (1.2).
They also showed that any other solution g;, satisfies

the condition y;, — §, = O(z*) and that no solution can be o(z*) as £ — oco. In
addition, given any function g(Logz) of the type described for the case b < 0, there
is one and only one solution which has the asymptotic form (1.5) and every solution
has the form

~

y(z) = yo(z) +9(z),



where 7 is a solution having the asymptotic form (1.5).
Lastly, they considered the case that b = 0. Let a = Loga, and

¢(Logz) = mk(Logm)hexp(—éa" (Logz — LogLogz)?), (1.7)

where k = %—a‘l

—a~'Log(—ac) and h = —1+a~'Log(—ac), then every solution is

O(¢(Logz)) and no solution is o(¢(Logz)) as £ — oco. Moreover, given any function
9(z) of the form

= I

g(z) = Z Taezp(2nmi—

n=-—0o

)!

|al

where v, = O{(axp(—"'—;“llﬂ - “Lgllf%)z + Clog|n|)} for some constant C, every solution

has the asymptotic form
#(Logz){g9(Logz — LogLogz) + o(1)}.

G.R. Morris, A. Feldstein and E.W. Bowen [1972] proved that the solution y(z)
to the equation

y'(z) = —y(az),

oscillates unboundedly as z — oo. Figures 1.1.2, 1.1.3 and 1.1.4 illustrate the
solution y(z) to Problem 1.1 when o =1/2,b=0 and ¢ = —1.

The above observation about the asymptotic behaviour of the solutions
when 0 < @ < 1 indicates that equation (1.1) has a solution approaching zero only
if

b<0 and |[c¢|<|b, (1.8)

and they decay no faster than z* as  — oo.
A. Feldstein, A. Iserles and D. Levin [1991] studied the more general equation

y'(z) = b(z)y(z) + c(z)y(0(2)), (1.9)

where b(z),c(z) €@ and 0 is a given differentiable function which satisfies 6(0) = 0
and 0 < f(z) < z for z > 0. They established the conditions

Re(b(z)) < 0, llelloo < —9;1;%) Re(b(z)) ;Izlf(; V0'(z), (1.10)

for uniformly bounded solutions. Note that the conditions (1.8) can be derived from
the conditions (1.10) by setting 6(z) = az, b(z) = b and ¢(z) = c.
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Figure 1.1.2: The solution y to the equation y'(z) = —y(3z) in = € [0, 10].
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Figure 1.1.3: The solution y to the equation y'(z) = —y(3z) in z € [8,16].
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Figure 1.1.4: The solution y to the equation ¥'(z) = —y(3z) in z € [16, 28].

1.1.2 Systems of Functional Differential Equations

J. Carr and J. Dyson [1974] generalized the asymptotic results about equations with
scalar coefficients to equations with matrix coefficients. Their study was motivated
by a current collection problem in which the applied force is linked to the displace-
ment through a system of equations. We discuss briefly the asymptotic behaviour
of the solutions to the equation

y'(z) = By(z) + Cy(ax), (1.11)

where B and C are d x d matrices such that B~!C is diagonalisable. If y(z) ~ =¥V
for a constant vector V, then we can determine k£ and V from the equation

(B +od*C)V =0. (1.12)

Denote the eigenvalues of diagonalisable matrix B~'C by —a =%, —a %2, ...  —a~*n,

where, for h; = Re(ki), hy > ha > ... > h,. Then the value h; plays the same role
as that of k in the previous section. The asymptotic behaviour of the solutions to
equation (1.11) depends on the signs of the real parts of the eigenvalues of B like
the scalar case depending on the signs of b and the results about the asymptotic
behaviour are very similar to those classified by T. Kato and J.B. McLeod (op.cit.).
For example, if the real parts of the eigenvalues of B are all negative, then every
solution to equation (1.11) is O(z"') and if there exists an eigenvalue b, of diagonal-
isable matrix B such that Re(b;) > 0 and it is the maximum among the real values
of the eigenvalues by, by, ... , by, then y(z) = O(eb*).



A. Iserles [1992] studied the generalized pantograph equation

y'(z) = By(z) + Cy(az) + Dy'(az), y(0) = w, (1.13)

where B, C, D are d x d complex matrices and yq is a column vector in@¢. Note that
equation (1.11) is the pure delay form of equation (1.13). An ordered pair {P, Q}
is a-canonical if, for 6(P) = {A1, A,... ,As} and o(Q) = {pu1, 2, ... , Ha}, where
o(-) is a set of eigenvalues, it is true that p # ); for all k,j € {1,2,...,d} and
l=1,2,.... Iserles showed that the initial problem is well posed if and only if the
pair {D,a~'I} is a-canonical, and in this case the solution can be expressed by the
power series

35 = (Z% 11 %x") - (1.14)

It is clear that when D = 0, the above initial problem is always well posed since
{0,a7'I} is a-canonical and in this case if the coefficients of equation (1.13) are
scalar and y(0) = 1, then the solution (1.14) is the same as the solution (1.2).

Iserles examined the asymptotic behaviour of the solution to equation (1.13)
using a Dirichlet series of the form

Y(z) =)  Ene*=BV, (1.45)

n=0

where F,, and V are d x d matrices, which are independent of z such that detV # 0.
This Dirichlet series representation is valid only if

{B, B} is a-canonical, (1.16)
and the spectral radius p(-) satisfies the inequality
p(-CB™') < 1. (A7)

He established lim;_,o, Y (z) = 0 only if conditions (1.16) and (1.17) are satisfied
along with the condition

Re(o(B)) < 0.

Note that these conditions include the conditions b < 0 and |c| < |b| for the scalar
case. Moreover, like the periodic solution to equation (1.1) when b = 0, Y (z) is
almost periodic when max Re(o(B)) = 0 for a diagonalisable matrix B, along with
the conditions (1.16), (1.17) and detB # 0.
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These results were extended by Iserles to the higher-order pantograph equations
of the form

Ay(z) = By(az),

where

n dk n dk
A=Zak@, B:Zbk@
k=0

k=0
1.2 Advanced Functional Differential Equations

A feature of the advanced functional differential equations is that the initial condi-
tion y(0) = yo does not in contrast with the retarded case, lead to a unique solution.
Indeed, T. Kato and J.B. McLeod [1971] proved that an infinite number of non-
trivial solutions exists for the initial condition y(0) = 1. We thus can consider the
problem of solving equation (1.1) with @ > 1 subject to the general initial condition
y(0) = k, where k is possibly 0. This initial value problem also differs from the
retarded case in that there are no solutions which are holomorphic at the origin.
Specifically, if it is assumed that a solution of the form y(z) = Y o, anz" exists,
then we find that
an _ b+ca®

]

Ap—1 n

and since @ > 1, ;% — 00 as n — oo so that the series is divergent for all z # 0.
We refer to equation (1.1) when a > 1 along with the condition y(0) = k as Problem
1.2.

We start this section with introducing the first order advanced equation arising
in a cell growth model studied by A.J. Hall and G.C. Wake [1989] and A.J. Hall
(1991].

1.2.1 The Equation Arising in the Cell Growth Model with-
out Dispersion

Hall and Wake (op. cit.) derived a cell growth model which leads to the equation
Y'(z) = —by(z) + bay(az), (1.18)

where b > 0 and @ > 1. In this model z is the size of cells so that z > 0 and
the function y(z) represents a probability density function. Hall and Wake assumed
that each parent cell divides evenly to produce exactly o daughters all of the same
size and birth/death and heredity processes are stochastic, but the growth rates are
deterministic. This is called a deterministic growth model. In contrast, a model with
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stochastic cell growth rates leads to the advanced second order functional differential
equation with a dispersion coefficient. The qualitative properties of the solution to
the second order equation are similar to those to the first order equation except the
initial value at £ = 0, i.e. for the first order equation, y(0) = 0, while for the second
order equation, y(0) # 0; the second order equation will be studied in Chapter 2.

The problem Hall and Wake considered was solving equation (1.18) subject to
the "“zero-flux” boundary condition

y(0) =0,  y(oo)=0, (1.19)
and the normalizing condition
/ y(t)dt = 1. (1.20)
0

They showed that there is a unique solution to equation (1.18) satisfying the
conditions (1.19) and (1.20) and found it by Laplace transforms. Taking the Laplace
transform of each side of equation (1.18), noting that y(0) = 0, leads to

p(p) = b3( ) ~ by(p),

where 3(p) denotes the Laplace transformation of y(z), and we thus have

1 _p
y(p) = y(— 121
y(p) 1+§y(a)’ (1.21)
with
y(0) = 1.
Equation (1.21) implies
Py 1 . p
and so repeating the arguments n + 1 times gives
_ 1 -
y(p) == H:lnzu(l _+_ b_t;Lm)y(an_l_l)-
Now, lim,,_, 7(5&+) = 7(0) = 1 and so we get
1
y(p) = : (1.22)
[z L + 555)

Equation (1.22) can be inverted for y(z) to derive the Dirichlet series solution

y(l‘) = %Zﬂ H“ (_05)]rl e"a"bz, (123)

m=1 (am - 1)
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where K = [[2,(1 — ™). Here, we use the convention []o,_,(@™ — 1) = 1. Note
that y(0) = 0 since

- = - A
2 Moifor—n) - L0 7o) =0

n=0

where we use the Euler identity (cf. G.E. Andrews [1976] p.19). We discuss the
Euler identity in detail in Chapter 4. In fact, the equation

y'(z) = —by(z) + Ay(az)

has a solution satisfying the conditions (1.19) and (1.20) only if A = ba. This result
will be presented in Chapter 4. Hall and Wake proved that the solution y(z) is
unique and positive. We will show briefly that the solution has one maximum and
determine some bounds on the maximum critical point. Suppose that there exists
a minimum critical point z;, then equation (1.18) yields ay(az,) = y(z;) and so
y(az;) < y(z;) since @ > 1 and y is positive. This implies that there exists a
maximum critical point £, < X, < az; such that ay(aX,) = y(X:). Therefore,

ay(aX;) = y(X1) > y(z,) = ay(az,),

and hence y(aX,) > y(az;). This inequality indicates the existence of another
minimum critical point z, > z, satisfying y(az,) < y(z3). This process can be
repeated to obtain the sequences {z,} and {X,} such that z, — oo, X; — oo
and X, > z,, i.e., the solution is oscillating from the first minimum critical point.
However, the Dirichlet series solution implies that y(z) ~ %€~ as £ — oo so that
the solution is decreasing for large z. Thus, there is no minimum critical point and
exactly one maximum critical point since y(0) = 0.

Let us obtain the bounds on the maximum critical point X,,. Integrating equa-

tion (1.18) from 0 to X, yields

v = [ y(a) do < o= 1) Xy (X, (1.2)
and
Y(Xm) > bla — D) Xpy(aXy,).

Since y achives a maximum at £ = X,,, equation (1.18) implies that
Y(Xm) = ay(aXy,) so that

bla—1)

Y(Xm) > Xmy(Xrm)- (1.25)

Combining the inequalities (1.24) and (1.25) leads to the bounds

1 a
——— S =
e -1) S E )
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b(a—1) bla—1) X

Figure 1.1.5: The solution y to the equation y'(z) = —y(z) + y(2z).

Figure 1.1.5 illustrates the solution which has one maximum for the case when a = 2
and b= 1.

"Faster decaying” solutions to the advanced equation are typically represented
by a Dirichlet series. Indeed, we can derive the solution (1.23) by substituting a
Dirichlet series of the form

into equation (1.18). Here, the coefficients a, and the number r can be determined
by equating terms of like exponential coefficients, i.e. the sequence {e™*""*} is
regarded as a basis for the solution. The process leads to the equation r = b, and
the recurrence equation

an —

Qn-1 Oo*—1

This approach is more direct than the Laplace transformation method (though es-
sentially equivalent) and we will use it to solve advanced second order equations
in later chapters. Generally, we can expect Dirichlet series solutions, and some
conditions for the existence of a Dirichlet series solution to advanced equations are
discussed in the next subsection.
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1.2.2 Dirichlet Series Solutions

P. Frederickson [1971] showed that Problem 1.2 has a solution which is continuous
in the closed half plane Re(bz) < 0, analytic in its interior, and is also in L,[0, 00)
for 1 < p < oo if Re(b) < 0. He proved these results using a Dirichlet series of the
form

o0
= Y apef™E, (1.26)
n

involving two variables £ and 3. If the above series is substituted into equation
(1.1), then

(@"B — b)ap, = can-. (1.27)

Suppose 8 = ba~!, b # 0 for some integer [, then the recurrence relation (1.27)
becomes

c/b

. LY | (1.28)
a™t-1

ey =
This relation indicates that equation (1.1) has a Dirichlet series solution in L,[0, 00)
for 1 < p < oo provided Re(b) < 0. Note that if Re(b) = 0, then the solutions are
almost periodic on (—00,00). Now if |b|/|c| < g < 1, the recurrence relation (1.28)
leads to |an_1| < p|as| for all large negative n, and so |a,| < Ka™ for some positive
constant K and all negative n. Therefore, if |5 < |c| and 8 # ba~" for a positive
integer N, then we have a one parameter family of Dirichlet series solutions ¢(z, 3)
in L,[0,00) where max(1, !::Ic?bl) < p < oo if Re(f) < 0. When |b] < |c|, Bowen
suggested a solution of the form

:Ciﬁ )n bya™z +C iﬁ nbya "x,
n=0m=1 n=1 m=0

where C,C’ are real constants, v # o~ for any positive integer N and Re(bv) < 0.
(cf. L. Fox, D.F. Mayers, J.R. Ockendon and A.B. Tayler [1971)).

Note that if || > |c| and Re(b) < 0, then there is the only one solution repre-
sented by a Dirichlet series and it has the recurrence relation (1.28) (cf. P. Freder-
ickson [1971]).

An example for the case when |b| = |c| and b < 0 appears in a paper on probabil-
ity theory by Ferguson [1971]. He showed there is a unique solution to the equation
and the boundary conditions

v'(z) = y(az) —y(z), y(0)=0, y(oo)=1,
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such that the solution can be expressed as
o0
Ye)=1=hY e,
n=0

where ¢g = 1, ¢n = [[1,,(1 — ™)~  and h = (377 ca) .

For the case b = 0, G.R. Morris, A. Feldstein and E.W. Bowen [1972] examined
a Dirichlet series solution of the form

00
y(:c)= Z ane—rnz,
n=-00

where £ € R. Substituting the above series into the equation

y'(z) = y(az), (1.29)

gives
1
Tntl = arn: and Qpy) = —Tnly.

From these relations, there exists a solution

oo

y(a) = Y (1) rpaminn e,

provided Re(roz) > 0, i.e.

Re(ro) > 0 if z > 0,
Re(rg) <0 ifz <0.

This result implies that all solutions valid for £ > 0 can be joined continuously to the
solutions valid for £ < 0. The value at £ = 0, however, is not uniquely determined.

Yet another interesting representation of the solutions to Problem 1.2 when b = 0,
has been suggested by Bowen (cf. L. Fox, D. Mayers, J. Ockendon and A. Tayler
[1971]) as follows:

oo

ys(z) = Cp 3 (=) mabmtPemaT " de,

n=-00
where 8 € R and Cp is some constant.

P.O. Frederickson [1971] examined the equation

y'(z) = F(y(2z)), (1.30)



15

0.015
0.0l

0.005}
10 20 30 40

-0.005

0.01¢

-0.0151

0.02¢

Figure 1.1.6: The solution y to the equation y'(z) = —y(2z).

where F(z) > 0 for z > 0, F(—z) = —F(z) and F(z) is continuous, and proved
there is a solution y(z) with the property that |y(z)| is periodic on R*. If we set
F(z) = z, then equation (1.30) is the special case of equation (1.29). Figure 1.1.6
depicts a solution y(z) to Problem 1.2 when e =2, b=0 and ¢ = —1.

The theory underlying the advanced equation (1.1) can be extended to the equa-
tion of the form

y'(z) = by(z) + ) _ cay(anz),

containing an infinite number of functional terms.
Like the previous case, the above equation has a Dirichlet series solution analytic in
a half plane if Re(b) < 0 (cf. P. Frederickson [1971]).

1.2.3 Equations with variable coefficients

A generalization of equation (1.1) consists of variable coefficients instead of constant
coefficients. In the cell growth model devised by A.J. Hall and G.C. Wake [1990]
and A.J. Hall [1991], the coefficients correspond to growth and birth rates which are
not generically constant. This generalization has not been studied as intensely as
the constant coefficients case and we first present some results concerning this case
based on the work of Hall and Wake (op. cit.) and then the more general case will
be considered. Hall and Wake studied the equation with variable coefficients of a
polynomial form. Specifically, let & > 0 and consider the boundary value problem
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2/(z) = 25 (=bZ(z) + ba* Z(az)), (1.31)
satiafying
Z(0) =0, Z(o0)=0,
sl
/Ow #+22(z) dz = b(al_ 5 (1.32)

In fact, Z(z) = z?y(z), where y(z) is a probability density function, but here we

concentrate on the solution Z(z) to the boundary value problem.
k

A solution to this equation can be obtained using substitutions z = %~ and
Y (2) = Z(z), and equation (1.31) can be converted into the equation
Y'(2) = —bY (2) + bo*Y (o2), (1.33)

which is essentially the same as the previous equation with constant coefficients.
Hence, the solution to equation (1.31) is given by

- (—1)"01"’" —b kn
¥(z) =C . e 2
) ; Hm:l(akm - 1)

where C is determined by the condition (1.32), so that

na)m _bai‘“x"
Czﬂm- v T (1.34)
Clearly,
l)ﬂ. kn Lo —k
— 1-— L
CZ Hm y km_l) J;[O( @ ) 0:-

where we use the Euler identity. It can be shown the solution is unique, positive
and has only one maximum using the same method as that used in the proof of
the constant case. The bounds on the maximum critical point are obtained by
integrating equation (1.31) from 0 to X,, so that
1
< Xm = a—-

¢/b(a — 1) $/b(a—1)
Figure 1.1.7 depicts solutions to equation (1.31) corresponding to k = 1/2, k =1
and k =2 whena=2and b=1.
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Figure 1.1.7: The solution y to the equation Z'(z) = z*¥~1(—Z(z) + 2¥Z(2z)) when
k=1/2,k=1and k =2 so that b(a — 1) = 1.

Let us consider the more general equation

y'(z) = —p(z)y(z) + Ag(z)y(az), (1.35)

where ) is a constant and z > 0, satisfying the condition

y(o0) = 0.
Multiplying each side of equation (1.35) by edo PMdn Jeads to
d z z
EE(y(‘”)ef° p(n)dn) = eJo P(dn \g(z)y(az),
and integrating the above equation from 0 to z implies that
z A T sla
y(@)eS 70 = y(0) + 2 [ e’ king(s/a)y(s)ds.
0
Therefore,
A azT
y(z) = y(0)e "@ 4 5/ e~ P@+PE/D (s /)y (s)ds, (1.36)
0

where P(z) = [ p(n)dn. Let f(z) = y(0)e~"®) and Ky(z) = [;° K(z, s)y(s) ds,
where

1 ,—P(z)+P(s/a) 2
Kz, s)= 58 q(s/c) ?fO < &< oz,
’ 0 if s > az.
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Then
y(z) = f(z) + AKy(z), (1.37)

and this is a Fredholm equation of the second kind. It is known that if K is a
bounded operator with the property

|Ky, — Kyal| < M|lyy — w2ll, M < oo,

then equation (1.37) has a unique solution y € L,[0,00) for all f € L,[0,00) and
sufficiently small |A|. In fact, the exact range of A is obtained by the contraction
mapping theorem.

The next theorem shows some conditions for the functions p(z) and ¢(z) which
the above method can be applied.

Theorem 1.2.1 Let p(z) be a nondecreasing positive function on [0, 00)
and |¢(z)| < p(z) for all z € [0,00). Then for any A such that |A| < «, there is
precisely one solution in L,[0,00) of equation (1.35) satisfying the condition
y(o0) = 0.
Proof: Let

2 / e~ PEP(/)g (5 /0y (s)ds.
0

Ty = y(O)e_P(z) +
a

Then for y € L,[0, 00),
Iryl < c+ 2 L[ [ ererremags/o)y(e)dsas,

where C = [y(0)| f5° e "©@)dz. Here, p(z) is positive so that P(z) = [ p(

is a positive and strictly increasing function and therefore e=P(®) € Ll[O 00); thus
C < oo. Now, the order of integration can be changed and |g(s/a)| < p(s/a) < p(z)
for all s € [0, az) since p(z) is nondecreasing so that

A [0 o]
Tyl < o+ 2 ( / , "<Z>+P<s/°>p<z>dz) ly(s)lds

0

This implies that T maps L [0 oo) into L, [0, 00). Now for y;,y2 € L;[0, 00),

[Ty, — Tya|| = ~P@FPEINg(s/a)(yi(s) — ya(s))ds

< l)“/ (/ z)+Pls/a) (z)d:c) ly1(s) — ya(s)|ds

A
= Py = wall
(07

dz

Therefore, we get the result from the contraction mapping theorem.l
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Corollary 1.2.2 Let p(z) be defined as in Theorem 1.2.1. Then for |A\| < a, the
equation

y'(z) + p(z)(y(z) — Ay(az)) = 0,
satisfying the condition y(0o) = 0, has precisely one solution in L, [0, c0).

Corollary 1.2.3 Suppose p(z) is defined as in Theorem 1.2.1 and for some constant
L, p(az) < Lp(z). Then for |A| < a/L, the equation

y'(z) + p(z)y(z) — Ap(ez)y(az) = 0,
satisfying the condition y(o0o) = 0, has precisely one solution in L,(0, 00).

We note that the equation in Corollary 1.2.3 is motivated by the cell growth
model where p(z) is a polynomial with positive constants, i.e.

p(z) = Z AmT,

m=0

where a,, > 0 for m = 0,1,... ,n. Evidently, p(z) is a nondecreasing and positive
function, and p(az) < a™p(z) for all z € [0, 0).

Now, for f € L,[0,00), the solution can be expressed as a Neumann series such
that

y=f+AKf+ 2K f +...+ K" f +...,
where
K*f(z) = ooK,‘:.L', dy,
() | K@) @) dy
and

K.(z9) = / K@ 2)K,,_, (2:4)dz n=23,...,
0
Kl (xay) = K(:E,y)

As an example, we consider the equation
y'(z) = —zy(z) + Azy(az), (1.38)

where a > 1. The solution y(z) can be expressed as

y(z) = f(z) + )\/000 K(z, s)y(s) ds,
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where f(z) = y(0)e~7*" and

s —3z?+tys?
K(z,s)=4 ¢ " ™ Tf0<3<az’
0 if s > az.

Since f(z) € L,[0,00], we calculate terms of the Neumann series to obtain a basis
of the solution. The second term of the Neumann series is

fu K(z,5)f(s) ds

K = A
A/ ie_%:z"'ﬁ”zy((})e‘%szds
0 O

s 0 P '—6_5‘-‘2
Now, for y < oz,
o0
Ko(z,y) = K(z,s)K(s,y) ds
0
— %e_%:g+ny2_/. ge~2(1 oz)s? ds
(07 yla
y L2 1 22: _1tn2_ 2 ~lae*=1_9
T a?(l-a2)° = L Pt I LA e
y —1la2z2 L .2 I O, ST .
= - e e

and for y > o®z, Ky(z,y) = 0. So,
MNK2f(z) = )\2/ Ko(z,s)f(s)ds
0
A2

y(0) me_’

22 1, o’z T
—y(O)QQ(l _az)e 2 /0 se” 21730 ds
2
= y(0) (1 _Aaz)z [e=52%" — g739%]
02A2 s T B £
y(O)(l_a4)(1'—az)|:€ a'z e 2.7:]
/\2 C(2 — 12
= VO @l 1=
2
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A basis for the solution to equation (1.38) is e~1% e"2%'%" =322’ and so we
have a solution of the form

= 1 2
2n
y(z) = E ane 2% °.
n=0

Substituting the series into equation (1.38) leads to the recurrence relation

2n

(@™ —1)a, = —Aaq-1,

and so

_ % (=A)" _lgng?
y(z)=a0 ) T, (@ = 1)e i (1.39)

where ao can be determined by the condition [;°y(z)dz =1 so that

(—A/a) -
1/2 (ZH 2'"—1)) '

This solution is not in the form of the Neumann series since ay depends on A. In
order to determine the value A for y(0) = 0, we use the Euler identity. Since

ap =

y(O) = aﬂzl—[m_ agm_l)

= & H(l a?(n-H))

\/i ’
= gV W),

we have y(0) =0 when A = 0" for n = 1,2,.... We note that if A = o?, then the
solution (1.39) is the same as the solution (1.34) when b = 1 and k = 2 provided
that the same integral condition is prescribed.

On the other hand, the Neumann series solution implies that y = y(z, ) is
holomorphic in A sufficiently small, and so we can express the solution in the form

= Z A"y (T)

Substituting the series into equation (1.35) leads to the equations

Y%(z) + p(z)yo(z) = 0,

and for n > 1,

Ynt1(2) + P(2)Yns1 (2) = g(T)yn(az).
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As an example, we consider equation (1.38). Since

we have ¥/ () + Ty, (z) = apze %% so that

Now yy(z) + zy2(z) = I—Eﬁyxe“ﬁ"‘zz and so we have

nle) = Toani=at

Repeating this process produces the solution (1.39) to equation (1.38). We use this
method in Chapter 5 to seek a series solution to special classes of second order
equations with variable coefficients.

1.2.4 Asymptotic Behaviour of Solutions

Like the retarded equations, the asymptotic behaviour of advanced equations de-
pends crucially on the signs of b. Let k and ko be the same as defined in the case
of retarded equations. We first consider the case b < 0. It is generally known that
Problem 1.2 has a solution decaying like Le®® as £ — oo and the solution is of the
form

e~ b(1-a™)z

m=

where L is determined by an initial condition. T. Kato and J.B. McLeod [1971]
showed that a constant multiple of y;, is the only solution satisfying y = o(z*) as
Tz — oo and stated the existence of a slower decay solution than y;. If g is periodic of
period Loga and Hélder-continuous with exponent 8, 0 < < 1, then they showed
that there is a solution such that

y(z) = z*g(Logz) + O(z"~’) as £ = oo, (1.40)

and this is unique up to addition of a constant multiple of y;. They also proved
that if g(Logz) has an ¢** derivative that is HSlder-continuous with exponent 6,
then y(z) has the asymptotic form

T "gn(Logz)
H?n=1 (1-a™™)

y(z) = " {g(Logz) + Z b" +0(z777%}, (1.41)
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where g/ = —(ko — 1)9n + gn+1 and go = g

For the case b > 0, Kato and McLeod proved that there is no solution satisfying
o(z") as £ — 00, but there is a solution (1.40) and an asymtotic form (1.41) provided
that g(Logz) satisfies the same conditions as those in the previous case that b < 0.

Lastly, for the case when b = 0, they showed that for ¢(Logz) given by (1.7),
there is no solution o(¢(Logz)) as £ — oo. However, if g is periodic of period
Loga and ¢' is Holder-continuous with exponent 6, 0 < # < 1, there is the only one
solution of the form

y(z) = #(Logz){9(Logz — LogLogz) + O[(Logz)~%]}.

We now conclude that equation (1.1) when o > 1 can have a solution decaying
to zero as z goes to infinity only if

b<O.

1.2.5 Systems of Functional Differential Equations

L. Fox, et al. [1971] investigated the asymptotic behaviour of solutions to the
equations with matrix coefficients when o > 0. They considered the asymptotic
behaviour of sp]utions according to whether the coefficients are non-singular or sin-
gular. For the case 0 < a < 1, we reviewed the asymptotic behaviour studied by
J. Carr and J. Dyson [1974] in the previous subsection, and the results examined
in two papers are essentially the same if the coeflicients are non-singular. Here, we
will introduce the results obtained by Fox, et al. (op.cit.) for the case that o > 1.

Consider equation (1.11) when a > 1. For non-singular B and C, L. Fox, et al.
showed that there are two possibilities for an asymptotic decay form. If 3, denotes
an eigenvalue of B and b, is the corresponding eigenvector,

Yy~ bseﬂaza
provided ReB, < 0. For (B + a"C)a, = 0,
Yy~ agz’,

so that v = ‘—"%’-}, where 7, is an eigenvalue of BC~!, and y decays if |r,| < 1.

Equation (1.11) can have an non oscillating solution only if 7, is real and negative.

They obtained other forms when B or C is singular.

If C has rank Rz < d and it is diagonalisable, then they proved that a linear
transformation can be found such that the system becomes

— = By(z) + (%:0:5)7(az),
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where v; =0 fori= Rc +1,...,d. Let
By B,
B; B

17=|:30]’ Co = diag(71,%2,--- »VRe), B =
1

b

where §o contains the first Rc components of § and g, contains the last d — R¢
components of . The matrix B, is the reduced matrix obtained from B by removing
its first R¢c rows and columns. Suppose By are non-singular for £ = 0,1,2,3. Let
Y; > Y, denote the relation that Yi(z) > Y2(z) as £ — oo. Then for the case that
51| > |7o|, we have

—o(z) = Bafi(z) + Coo(az),

so that
50(z)| ~ €27/2, |5y (z)| ~ €2,

where [3; is an eigenvalue of B), provided that Re(j3,) > 0. However,
when |, | < |7o|, there are no asymptotic forms of the solution.

For the case that B has rank Rpg < d and it is diagonalisable, they transformed
the system to

dy

T = (B:6:5)i(z) + Cij(az),
where Bi =0fori= Rp+1,...,d. Using a notation similar to those used in the
previous case, i.e.
) S e s B ; A Co G,
=\ |, Bo=diag(p,ps,..., . s = 2l
Y [ B 0 9(B1, B2 Brs) G 6

they showed that there are the following asymptotic forms if the Cy are nonsingular
for k=0,1,2,...: If [§;| > |¥o|, then

d . & e
ayo(f) = Bogo(z) + Cotii (az),
d . -

@yl(fﬂ) = Cij(az),

and if || < |4/, then
d

~

Ex*yo(x) = Bojo(z) + Coio(ez),

d . .
Eyl(z) = Csijp(az).
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From these forms, we get the asymptotic forms

1 (Logaz)?

|To| ~ ezp{_i__Loga +...},
" 1 (Logz)?
]~ ezpl-5T = b

or
|G| ~ %%, |g| ~ €%,
provided that Re(8,) < 0.

They also obtained further forms using a perturbation method, which may occur
for the case when any of C‘k, B, are singular or B, C are not diagonalisable matrices.

1.3 Equations with Advanced and Retarded Terms

G.A. Derfel and S.A. Molchanov [1990] and G.A. Derfel [1990] studied the equation

y"(z) = y(z/) + y(az) + My(z), (1.42)

where a > 1, having bounded solutions. In order to get the bounded solutions to
equation (1.42), they converted the problem into the Schrédinger difference equation

On41 + Qn-) + [)\ - a2nw2]an =0,

where w € [1, @], by substituting the series

oo
y(z) — Z ane—waﬂz,
n=-—o0
into equation (1.42). With this observation, Derfel and Molchanov (op.cit.) obtained
some results about bounded solutions to the more general equation

1
o 1E) = Z cny(anz) + Ay(z), (1.43)
n=0
where a, = ¢"™ for ¢ > 1 and r, # 0 are rational numbers. They proved that there
exists K > 0 such that if A < — K, equation (1.43) has a non-trivial almost periodic
solution and any bounded solutions are periodic. They also proved that if A > K,
then equation (1.43) has no solution bounded on the whole axis.

We note that for the case when o, > 1, n = 1,2, we can find a sum of two
Dirichlet series solutions (cf. Appendix B) and the solution does not exist on the
whole axis if A > 0, but there exists a bounded oscillating solution if A < 0 (cf.
Chapter 3).



Chapter 2

The Equation Arising in the Cell
Growth Model with Dispersion

We consider in this chapter the following equation which is derived from the cell
growth model with dispersion:

dy"(z) - y'(z) — by(z) + bay(az) =0, (2.1)
where b > 0, d> 0 and a > 1, satisfying the boundary conditions

dy'(0) — y(0) =0, y(o0) =0, (2.2)

and the normalizing condition

/Oooy(x) de=1. (2.8)

For simplicity, we refer to equation (2.1) along with conditions (2.2) and (2.3) as
Problem 2. Note that the condition dy’(0)—y(0) = 0 could be replaced by y'(c0) = 0,
as can be seen by integrating equation (2.1) from 0 to oo and conditions y(o0) = 0
and [ y(z)dr = 1.

We investigate here the uniqueness and positivity of solutions to Problem 2 and
construct a solution in the form of a Dirichlet series. Some qualitative properties of
the solutions and the limiting cases when b, d = 0 or oo are also examined. Most
of this material can be found in G.C Wake, S. Cooper, H.K. Kim and B. van-Brunt
[1998]. The author’s contribution to that paper is Section 2.4 of this thesis. First,
however, we will discuss the background of Problem 2.

2.1 The Cell Growth Model

Consider a growing cohort of cells. (The growth could possibly be symplectic as
in plant root cells, but it is not necessary for there to be any spatial structure,
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and thus this theory can apply to situations involving leaf cells or plant-plankton
cells.) These cells are undergoing growth and regular constant cell-fission, and so
the number density of cells over a size variable will disperse over size in accordance
with the modified Fokker-Planck equation

n(z,t) = —(gn)z + (Dn)zz + ac’n(az,t) — an(z,t), (2.4)

where z > 0 is a dimensional size variable, ¢ > 0 is time and n(z, t) is a cell number
density function, i.e. the number of cells of size z at time ¢t (cf. Gardiner [1983)).
Here g, D (= variance/2), a, « are respectively the growth rate (length per time)
dispersion coefficient (length? per time), frequency of splitting (per time), and the
(constant) number of cells obtained from a fission-event (cells of size az split into
cells of size z and so a > 1).

We consider the case g, D, and a are all positive and constant. The equation
(2.4) is supplemented by the boundary condition (a zero flux condition)

Dn,(0,t) — gn(0,t) =0, (2.5)
and an arbitrary initial condition
n(z,0) = no(z). (2.6)

Clearly, we also need the finiteness condition

JLIEO n@,t) = 0, (2.7)
and we assume the condition

lit fur{a B) =10 (2.8)

I —00

which is reasonable physically: the density of cells of a given size must tend to zero
as the size tends to infinity.

A solution of the steady size distribution (SSD) form to equation (2.4) corre-
sponds to a separable solution: let

n(z,t) = y(z)N(2). (2.9)

(In other contexts (Heijmans [1985]) it can be shown that solutions of the form (2.9)
are attracting for the set of all solutions to (2.4), with arbitrary initial conditions, for
large time t.) Now the function y(z) (under a suitable normalization) corresponds
to a probability density function and therefore the condition (2.3) must be satisfied.
Substituting equation (2.9) into (2.4) gives the relations
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N cala) OFlE)  cier) o

= - 2.10
N T v@ e e —
where A is the separation constant. These relations yield
N(t) = Npe*,
where Nj is some constant, and the functional differential equation
Dy"(z) — gy'(z) — (a + N)y(z) + ac’y(az) = 0. (2.11)
The boundary condition (2.5) translates to
Dy'(0) — gy(0) = 0. (2.12)

Integrating equation (2.11) from zero to infinity and using relations (2.3), (2.8)
and (2.12) we see that

A= a(a - 1);
consequently,
N(t) ~ ea(cx—l)t’

which indicates exponential growth since @ > 1. Let d = D/g, b = aa/g. Then
equation (2.11) simplifies to the functional differential equation (2.1) and, the zero
flux condition (2.5) and finiteness condition (2.7) imply the conditions (2.2).

2.2 Positivity and Uniqueness of Solutions

In this section we will show that the solution to Problem 2 is positive and, given
the numbers b, d, and «, that it is unique.

An integration of the functional differential equation (2.1) from z to oo using
the condition (2.2) yields the integro-differential equation

—dy' (5] + )~ b f T y(6)de +b f " ()de =, (2.13)

z

and using the transformation

)= / " y©)de,
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this becomes
dé" (z) — &' (z) — b(6(z) — 6(az)) = 0. (2.14)
The condition (2.3) implies
8(0) = 1, (2.15)
and
§(c0) = 0. (2.16)

We will refer to equation (2.14) along with conditions (2.15) and (2.16) as Problem
2.1. We first show that any solution to Problem 2 must be positive.

Since 6 (z) = —y(z), it suffices to show that any solution to Problem 2.1 has the
property that § < 0. We begin with a lemma which shows that § cannot take a
constant value in any interval of the form (%, aZ] where £ > 0.

Lemma 2.2.1 There does not ezist a solution to Problem 2.1 continuous on [0, c0)
for any a > 1 which is constant on any interval of the form [, af], where £ > 0.

Proof: Suppose §(z) = A for z € (£, at], where £ > 0, and A is a constant; then,
6" (z) = & (z) = 0 in this interval, and equation (2.14) thus indicates that §(z) = A
for all z € [af, a?%]. This argument can be repeated using the interval [aZ, a?%] to
show that 6(z) = A for all z € [o?%, @*%], and by induction it is clear that §(z) = A
for all z € [o*%,a**'Z], where k is any natural number. Since o > 1 this means
that 6(z) = A for all z € [Z, 00), and the condition (2.16) thus implies that A = 0.
On the other hand, if §(z) = 0 for all z € [Z, af], then

ds” (z) — 6 (z) — bd(z) = 0, (2.17)

for all z € [£/a, ). Now 4 is twice differentiable in (0,00) and thus & is continuous;
therefore, 6(&) = & (&) = 0. The ordinary differential equation (2.17) has a unique
solution satisfying these initial conditions at £ = £, which by inspection is §(z) = 0;
thus, (z) = 0 in the interval [£/a, £]. By induction it can be shown that §(z) = 0 in
any interval of the form [£/a¥*!, £/o*], where k is any natural number. Therefore,
lim;_,o+ 6(z) = 0 contradicting the condition (2.15) and the continuity of the solution
atz=0. 1

Lemma 2.2.2 Suppose that a solution & ezists to Problem 2.1. If §(0) < 0, then
6 (z) < 0 for all z € (0,00).
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Proof: Suppose there is some point z* € (0,00) at which & (z) > 0, then the
continuity of 8 (z) implies that ' must have a zero somewhere in (0,z*]. Let 1,
denote the smallest value of z > 0 for which 6 (z) = 0. The point z, cannot
correspond to a local maximum for the function § and therefore §” (z;) > 0. Equation
(2.14) implies that 6(z,) > 6(az,). If § (z;) = 0, then Lemma 2.2.1 precludes the
possibility that §(z) = const. on the interval [z,,az,] and thus there must be some
point & € (z;,az,) at which &' (£) > 0. If §"(z,) > 0, then there are points close to
z, for which 8 (z) > 0. In either case there must be some point Z, in the interval
(z1,az;) such that 5 (Z1) > 0. The change in sign of the derivative in [z, az]
indicates the presence of a local minimum for the function 4 in this interval. Let
7, denote the value of z € (0,%,) where the minimum occurs. At 7y, 8" (7,) > 0,
and equation (2.14) implies that §(y1) > 6(ay); therefore, 8(Z1) > §(71) > 6(am)
and thus there must be some point 'y € (vy1,a7;) at which § achieves a local
maximum. Now ¢ (I';) < 0 and equation (2.14) indicates that §(T';) < §(al';), but
d(ay1) < 6(T)) so that there must be a local minimum at some point <y, for 4 in the
interval (I'y,al’)). Equation (2.14) yields the inequality é(y2) > é(a7y2), and since
al'y € (72,a7) and §(al'y) > 8(y2), there must be a local maximum at some point
['; € (72,@¥,). In this manner a sequence of local minima {~x} and a sequence of
local maxima {I't} can be constructed such that

Ty € (v, am),
Ye+1 € (T, aly),
6(Ck) < 6(Ck+1),
6(v) = (k)

Let o = 6(I'1) — 6(). Then u > 0 and 6(Ck) — 8(7yx) > p for all natural numbers
k. The continuity of 4 precludes the existence on any finite points of accumulation
for either sequence and consequently I'y — oo as £k = oo and 7, — o0 as k — oo.
By hypothesis §(z) — 0 as £ — oo, but even if limz0(6(Ck) — 6(7%)) existed it
could not be zero and consequently even if lim;_,o 6(z) exists it cannot be zero. We
conclude thus that § < 0 for all z € [0,00). W

Note that in the above proof the occurrence of a zero for ¢ in (0,00) led to a
never ending oscillation for the function 4. If it were assumed that &' (0) > 0 then a
similar construction would show that either 6 (z) > 0 for all £ > 0 or the solution
oscillates between local maxima and local minima always at least a finite distance
p > 0 apart. If the solution oscillates then condition (2.16) cannot be satisfied.
The only possibility is thus that & (z) > 0 for all z > 0. But, 6(0) = 1 and so if
&' (z) > 0, then we still cannot satisfiy condition (2.16). This argument establishes
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the following result:
Corollary 2.2.3 There are no solutions to Problem 2.1 with &' (0) > 0.

The above corollary means that there are no solutions to Problem 2 if y(0) < 0.
It remains to consider the important case when y(0) = 0, i.e. §(0) = 0. The next
result shows that there is no solution if y(0) = 0.

Lemma 2.2.4 There are no solutions to Problem 2.1 with 6 (0) = 0.

Proof: We show first that if any such solution exists it must satisfy (5'(1) < 0 for
all z > 0. This result is then used to show that no such solution can exist. Suppose
there exists a solution to Problem 2.1 and that 6'(0) = 0. If § (Z) > 0 for any Z > 0,
then the proof of Corollary 2.2.3 applied to the interval (Z, 0o) instead of (0, 00) can
be used to show that & will not satisfy the prescribed conditions. Thus, 6 (z) < 0 for
all £ > 0. Lemma 2.2.1 implies that there is no number £ > 0 such that § () =0
for all z € (0,&] and since 8§ cannot be positive, we conclude that there exists points
arbitrarily close to 0 such that & is negative. The proof of Lemma 2.2.2 can be
applied to any interval of the form [e,00), where € > 0 can be arbitrarily small;
thus, 6 (z) < 0 for all z > 0.

Equation (2.14) can be recast into the form

d(e=36 () - b(e~¥ (5(z) - 8(aa))) =0,

and because ¢ (0) = 0,
4735 (@) = [ b (6(6) - 6(e)e
0

Now 4(z) — d(az) > 0 for all z > 0 because d(z) is strictly decreasing. But b > 0
and d > 0, and the above equation indicates that §' (z) > 0. B

In terms of y(z) we can summarize the above results in the following theorem:
Theorem 2.2.5 If a solution y(z) to Problem 2 ezists , then y(z) > 0 for all z > 0.

The analysis underlying Theorem 2.2.5 can also be used to establish the following
result:

Theorem 2.2.6 There exists at most one solution to Problem 2.

Proof: Suppose that two distinct solutions y,(z), y2(z) exist and let
2(z) = yi(z) — y2(z). Then z satisfies the equation

dz"(z) — 2'(z) — b(2(z) — az(az)) =0, (2.18)
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and the conditions

d2'(0) — 2(0) = 0,

/Oooz(:c) de = 0,
z(o0) = 0.

As with the original equation, this differential equation can be converted into the
equation

dA"(z) — A'(z) — b(A(z) — Aaz)) =0, (2.19)
where
A = / " )i (2.20)
The conditions which A must satisfy are
A(0) = 0,
A(o0) = 0.

This problem is essentially the same as the original one involving 4 except that
A(z) = 0 is a valid solution. The analysis developed for § can be applied to A
mutatis mutandis. Since A(0) = 0 and A(oo) = 0, there must exist at least one
point 7 such that A'(Z) = 0. Now A’ is not identically zero since the solutions are
assumed distinct. We can thus use the analysis in the proofs of Lemma 2.2.2 and
Corollary 2.2.3 to show that the function A(z) oscillates away from zero as £ — oo
and therefore A(oc) #0. B

2.3 The Dirichlet Series Solution

A solution to Problem 2 can be obtained by use of Laplace transforms; indeed, this
method was used by Hall and Wake (op. cit.) to solve the first order case. However,
as we have seen in Chapter 1, functional differential equations such as (2.1) with
d = 0 admit solutions in the form of a Dirichlet series (cf. Kato and McLeod [1971],
Fredrickson[1971]) and motivated by this observation, we seek a solution to Problem
2 of the form

o= ) e (2.21)

n=0



where the coefficients a, and the parameter r are to be determined

have
0o
yl(z) s _,,_Zanane—aﬂrz’
n=0
0o
y”(IE) — T2Zana2ne—a“rz’
n=0

oC
Y(az) = Z Qp_1”% T2,
n=1

Substituting these into equation (2.1) leads to the expression

(o] oo
—nn —h
dT2§ :ana2ne al ra:+,r§ :anane a’rc
n:O n=0

[o ] [o o]
—a® —am
— bE a,,e"”+ba§ @ _jle™ = 0.
n=0 n=1

—TT

Equating coefficients of e~ yields the indicial equation

dri+r—-b=0,

33

. Formally, we

(2.22)

while equating coefficients of e ®"™® for n > 1, gives the recurrence relation

(dQQRrQ + &ﬂfr e b)aﬂ = —bﬂ'aﬂ_l—

Since the series (2.21) will in general diverge for positive z if 7 < 0,

(2.23)

we choose T to

be the positive root of (2.22). The recurrence relation (2.23) implies that

- (~ba)"
" Ik, (da?mr? + amr — b) =
so that a, can be written as
a = (~ba)" ao
" ITh_,(de®™r? + a™r — dr? — )
_ (—ba)™
I, r(em = 1) (da™r + dr + l)ﬂo
(7)
= n m 1 m 2 Qo,
i fL =GP N(L (1 +=)qm) \dr
where ¢ = a~!. Define

n-—1

(p1Q)n=H(1—pq])) forn:1,2,3,---,

J=0

(2.24)

(2.25)
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and let (p;q)o = 1 (cf. G.E. Andrews [1976] p.17). Using this notation, equation
(2.25) is given by

_ g -b\"
R P W g Py (d) E (2:26)

If we let
l=—(1+1/dr), (2.27)

then equation (2.22) indicates that

b _dr2+r_ il
dr2 ~—  dr2 dr

and hence (2.26) simplifies to
_ G[}l"qﬂ
(@ 9)n(lg; @)n
Therefore, y(z) is given by

= (=ba)®
y(@) = aﬂz * | I nei(da®r2 + amr — b)

Ing" =9 "rE
= 0 (@ )nllg @)’ 2.28
,.Zﬂ (¢; 9)n(lg; @)n (2.28)

—-arz

and gy can be determined by the condition (2.3) so that

_ (5 (b )
=T (Z 15—, (da?mr? + amr — b))

0
-1
0 znqn +n
(g (45 9)n(lg; q)n)
Since d > 0 and a > 1 we see that

0<g¢g<1l and Il < —1.

We can check directly that the solution given by (2.28) and (2.29) satisfies the
boundary condition (2.2). Integrating both sides of equation (2.1) from 0 to oo
gives

dy'(c0) — dy'(0) — ) + y(0) — b/ z)dz + ba/ y(az)dz = 0.
0
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Therefore any solution of equation (2.1) which satisfies
y'(00) = y(o0) =0, / y(z)dz = finite (2.30)
0

will automatically satisfy the boundary condition dy’(0) — y(0) = 0. Since the solu-
tion given by equation (2.28) clearly satisfies the conditions (2.30), it will therefore
also satisfy the boundary condition. The solution defined by equation (2.28) is uni-
formly convergent in any compact interval of [0, 00) and thus represents the solution
to Problem 2.

2.4 Qualitative Properties and the Limiting Cases

In this section we study some qualitative properties of the solution to Problem 2.
It was shown in section 2.2 that the solution is unique and positive for z € [0, 00).
In this section we will show that the solution has precisely one local maximum,
and obtain bounds for the location of the maximum. The influence of the dispersion
coeflicient on the shape of the graph is investigated using some simple, rough bounds.
It is also shown that the limiting case as d — 0% corresponds to the non-dispersive
case solution obtained by Hall and Wake (op. cit.). Moreover, the solutions when b
approaches 0% or oo are also examined.

2.4.1 Shape of the Solution

Note that the boundary condition (2.2) and Theorem 2.2.5 indicate that y'(0) > 0
and consequently y must have at least one local maximum in (0,00). We show
that y has precisely one local maximum, but first we need to establish the following
lemma:

Lemma 2.4.1 There ezists a Z € R such that the solution y(z) to Problem 2
satisfying y'(z) < 0 and y"(z) >0 for all z > Z.

Proof: Now y'(z) = — Y22 ;ama™re~®""® and the ratio of successive terms are
Ro(z) = |-|aeo""rslo=)
Qn—1
_ba H(I)
= o 2.31
|da2"r2 +amr — b|ae (2:31)

Since H(z) — oo as £ — 0o, there exists some Z such that
Rn(z) <1,

for all z > Z and n. The series is alternating and so this implies that y'(z) > 0 if
ap < 0 and y'(z) < 0 ifag > 0. However, the positivity of the solution precludes the
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possibility that y'(z) > 0 and thus y'(z) < 0. The second assertion that y"(z) > 0
for all z sufficiently large can be proved using essentially the same arguments. Il

Theorem 2.4.2 Suppose y is the solution to Problem 2, then y has precisely one
local mazimum.

Proof: Suppose y has two local maxima. Then it must also have a local minimum.
Let z, denote a point at which y has a local minimum. Now y'(z;) = 0 and
y'(z;) > 0, so that equation (2.1) implies that y(z;) > ay(az;) > y(az;). Since
y(z,) > y(az,) and y(z,+€) > y(z,) for € small, there must be a point X; € (z,,az;)
at which y achieves a local maximum. Now y'(X;) = 0 and y"(X,) < 0 and thus

ay(aX) > y(X1) > y(z1) > ay(az),

ie. y(aX,) > y(az,). Since aX; > az; this means that there must be a local
minimum in the interval (X;,aX)) at say £ = z,. We can now repeat the arguments
used for the minimum at z; to assert the existence of a local maximum at some
point X, € (z2, az,) and thus assert the existence on a local minimum in (X, aXs)
etc. Thus if a local minimum exists, then a sequence of local maxima {X,} and a
sequence of local minima {zn} exist such that X, — oo and z,, = oo as n — oc.
But Lemma 2.4.1 precludes the possibility of local extrema arbitrarily far away from
the origin. Therefore, y has precisely one local maximum. B

From the above theorem along with positivity of the solution, we now know
roughly the shape of the graph of the solution. For more precise knowledge of the
shape of the graph of the solution, we need to examine the signs of y"(z).

Theorem 2.4.3 The solution y(z) has at most one inflezion point in (0, X;,) and
this assertion is also true in (X, 00), where X,, is the mazimum critical point.

Proof: We first examine the signs of y”(z) in the interval (0, X,;). At z = 0,
equation (2.1) yields

dy"(0) — y'(0) — b(1 — a)y(0) =0,
and so
dy"(0) = y'(0) + b(1 — a)y(0) = (1/d + b(1 — «))y(0),

since dy'(0) — y(0) = 0. This implies that if db(a — 1) < 1, then y"(0) > 0 so
that there exists at least one inflexion point v satisfying " (v) < 0 in (0, X,,)
since ¥"(X,,) < 0. Suppose that there is an inflexion point v; € (0, X,,) such that
y"(v;) = 0 and y"(v,) > 0. A differentiation of equation (2.1) leads to the equation
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dy" (z) — y"(z) — by (z) + ba®y'(az) = 0, (2.32)

and this equation implies that

y'(v1) 2 o’y (av). (2.33)
So, whether y'(av;) > 0 or y'(av;) < 0, we have the inequality

Y'(v1) > ' (avy).

This asserts the existence of a point v, € (v1, avi) such that y"(vy) = 0, "' (v2) <0
and

y'(v2) > y'(0n). (2.34)
Here, y'(vz) > 0 since y'(v1) > 0 so that v, € (0, X;n). Equation (2.32) implies
Y (v2) < 2y (aws), (2.35)
and combining inequalities (2.33),(2.34) and (2.35) yields the inequalities
o®y (ava) 2 y'(u2) > y'(v1) 2 oy (aw),

so that y'(avs) > y'(av;). This indicates the existence of a point vz € (av), avs)
such that y"(v3) = 0, ¥ (v3) > 0 and y'(vs) < ¥'(ve). Inequality (2.35) follows that
¥'(avs) > 0 and so v3 € (0, Xn). Repeating these arguments constructs a sequence
{v.} in (0, X;») such that y"(v,) = 0. However the continuity of y' precludes the
possibility that y’ is oscillatory in a limited interval; thus, there is at most one
inflexion point v satisfying y"(v) < 0 in (0, Xy,).

Let us examine y"(z) in the interval (X,,,00). Lemma 2.4.1 indicates that there
exists an inflexion point w € (Xm,00) satisfying y"(w) > 0. Suppose there is an
inflexion point w, € (X,,,00) such that y”(w;) =0 and y"”(w;) < 0. Then equation
(2.32), noting that y'(aw;) < 0, implies

y'(wy) < o®y'(ewy), (2.36)

and so y'(w;) < y'(cw,;). Hence there exists
a point wy € (wy,aw,;) such that y"(w;) = 0, y""(wz) > 0 and

y'(w) < y'(wy), (2.37)



38

and therefore,
y'(w2) > ?y'(qw,). (2.38)
Combining inequalities (2.36), (2.37) and (2.38) yields
o’y (aws) <y (wa) < ¥'(w1) < ' (aw),

and thus y'(cw,) < y'(@w;). This asserts the existence of another point

w3 € (aw), aw,) satisfying y"(w3) = 0, y"'(w3) < 0 and y'(w3) > y'(w2). Repeating
this process produces a sequence {w,} such that w, — oo and y"(w,) = 0. This
means that there is £, € (w, — €,w, + €) for € > 0 and all n = 2,3, ... such that
y"(Z,) < 0, contradicting the result of Lemma 2.4.1. Consequently, there exists
exactly one inflexion point w satisfying y"'(z) > 0 in (X, 00).H

2.4.2 Bounds on the Maximum Critical Point

Some rough bounds on where the maximum occurs can be readily derived from
the integro-differential equation (2.13). Let X,, denote the value of z at which the
maximum is achieved. Then, y'(X,z) = 0 and thus

vOm) =t [ 7 Y(€)dE < b(a — 1) Xpmy(Xim), (2.39)

Xm
and
Y(Xm) > bla — 1) Xy (aXm).

Since y achieves a maximum at X,,, equation (2.1) implies that y(X,,;) < ay(aXy)
and consequently

Y(Xn) > 20— 1) Xt (Xo): (2.40

Inequalities (2.39) and (2.40) thus provide the bounds

1 a
X < ——m—.
ba—1) "™ a1

(2.41)

Note that these bounds are independent of the dispersion coefficient d. A graph of
the solution is given in Figure 2.2.1.

We can get some rough upper bounds on y in terms of the parameters b and d
by use of (2.13). Evidently,

aXn,
y(Xm) = b A y(€)de,

m
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Figure 2.2.1: The bounds on X,, of the solution y when =2, b=1,d = 1.

and since y > 0, the normalizing condition (2.3) implies that for all z > 0,

y(z) <b, (2.42)

(an upper bound independent of d). A slightly more refined bound can be obtained
by integrating equation (2.13) again. This yields the equation

T z af
dy(@) = dy(0) + [ y©de~b [ [ y(npande,
0 o Je
which in turn implies that

(2.43)

8l

y(z) <y(0) +
In particular, we have that
1
y(0) < y(Xm) <y(0) + =, (2.44)

so that if the dispersion coefficent d is large, the graph will “flatten out” between
z =0 and £ = X,, and then decrease steadily to 0 as £ — oco. We see this case in
detail in the next subsection.

2.4.3 The Limiting Cases

The uniform convergence of each series of (2.21) w.r.t. b, d or a will be established
before we consider the limiting cases.
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Uniform Convergence of the Series w.r.t. b or d

The solution y can be regarded as a function of £ and the parameters b and d; let
y = y(z,b,d). Then

y(z,b,d) < Z jage o)< Z |@al,
n=0 n=0
and the coefficients of the series defined by (2.24) satisfy
(bar)"
<
lon] - < [T, |[da®™r2 + amr — b| ool
(ba)"
= n |a0|
I _ (@™ —=1)[b(a™+ 1) — ram™|
= Ca(b,d)lal,

where we have used the identity dr? = b —r. Now, r = 15’—",‘:—1*@ from (2.22) so
that

2bd(a™ + 1) — (1 + VI + 4bd)a™

b(a™ +1) — ra™

2d
_ (2bd+1 - /14 4bd)a™ + 2bd
n 2d
, 2
= 2
= b,
since 2bd + 1 — v/1 + 4bd > 0. Therefore,
n i !
Calb,d) o -

<
= Pl -1) I[,-(e™-1)
and so

aﬂ

vz, byd) ool € 3 e

Since the above series is convergent and independent of b and d, y(z,b,d)/|ao| is
uniformly convergent w.r.t. b and d.
Let ag = 7S~ (b, d), where

_ye (-b)"
S(b.d) = ZTr- [do®r? + amr — b)’

=

then



41

Z ba)"
<
|S(bs d)l - nm_l |da2“‘r2 + amr — b|

= ch(b, d)

so that S(b, d) is uniformly convergent.

The Limiting Case as d — 0" or d - oo

If d —» 0%, then the indicial equation (2.22) implies that 7 — b, and equation (2.27)
implies that | - —o0. Since
ln (_l)n

A g~ g

our solution (2.28) becomes, in the limiting case d — 07,

(o ¢] 2
(_l)nq(n -n)/2 -
hm z,b,d) = lim a — e 7 ], 2.45
Jobd) = Jim (z; i 2.45)
where
b b
lim aqp = 3 = 3 (2.46)
d—0+ oo g(n%4m)/2(—1)n .
- 2 nzo (3:9)n (4:9)

The last equality follows from Gaspar and Rahman [1990, eq. (1.3.16)] with 2
replaced by —q. Equations (2.45) and (2.46) are the same solution as obtained in
Hall and Wake (op. cit.). Figure 2.2.2 illustrates solutions for small values of d and
the solution obtained by Hall and Wake.

For the case d = oo, the indicial equation (2.22) implies that 7 — 0 and dr? — b
so that | — —1 from (2.27). Therefore, in the limiting case d — oo,

oo n2

:cbd —)aOZ

n=0

and

Gu—TZ(lq — 0.
n=0 g

This result and the earlier observation about the bounds of y(X,,) indicate that
y(z) flattens out from z = 0 to £ = X,, as d = oo and the solution approaches the
trivial one. (cf. Figure 2.2.3)



Figure 2.2.2: y for small values of d when b =1 and a = 2.
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Figure 2.2.3: y for large values of d when b =1 and o = 2.
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The Limiting Case as b — 0t or b = oo

The bound y(z) < b given by (2.42) implies that y(z) — 0 as b — 0*. Moreover,
the bounds on X,, given by (2.41) imply that X,, = oo as b — 0*. Since b = aa/g,
where a is the frequency of splitting and g is the growth rate, b = 0% means that
cells split less frequently or cells grow faster. In either case, the cell size which
occupies the biggest proportion in the number of cells is getting bigger.

As b = oo, 7 — oo so that [ — —1 and therefore, the coefficients a, for n > 1
approach the same values as those as d — oo. This implies that y(z)/ay — 0 for
z > 0 since e~®""™* — 0. Now,

o (_l)nqn2+n

Q=T S
—~ (¢%¢%)n

— 00,

and 7 goes to oo slower than e~ goes to 0 so that y(z) — 0 for z > 0. In addition,
The bounds on X,, given by (2.41) imply that X,, — 0 and this means that the
size which occupies the biggest proportion in the number of cells is getting smaller
when cells split more frequently or cells grow slower.

The Limiting Case as a — 1t or a = oo

Suppose the series y/ay = y(a,z)/ap(a) is uniformly convergent w.r.t. a. As
a — 17, the coefficients of the Dirichlet series solution approach infinity and so the
solution does not exist. For the maximum critical point, the bounds (2.41) indicate
that the maximum critical point is getting bigger when « is getting closer to 1. For
the case when a — o0, qy(@) — 7 so that y(a,z) — re™. Figures 2.2.4 and 2.2.5
illustrate the solution y(z) for « — 17 and a — oo respectively according to b =1
and d = 1.

We have shown in this chapter that the solution y(z) is positive

for all £ > 0. Since y(z) is a probability density function, the fact that the solution
y(z) is not negative is consistent with the model. An interesting feature of this
solution is the role y(0) plays in the solution. The initial value y(0) cannot be
specified independently of the other conditions and is determined uniquely by the
problem. Moreover, any combination of b > 0 and d > 0 (non-zero finite values)
will not produce y(0) = 0. This stimulates questions about conditions necessary
to make y(0) = 0 if we introduce general constant coefficients. We first study the
general equations with constant coefficients in Chapter 3 and then return to this
question in Chapter 4.
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Figure 2.2.4: y when a =2, a= 1.2 and a =1.1 accordingtob=1 and d = 1.

Figure 2.2.5: y when @ = 2, a = 10 and a — oo according to b=1 and d = 1.



Chapter 3

The General Equations with
Constant Coeflicients

We investigate in this chapter solutions to a class of second order functional dif-
ferential equations which are a generalization of the one arising in the cell growth
model in Chapter 2. Specifically, we shall consider the equation

y"(z) + ay'(z) + by(z) + cy(az) =0, (3.1)

with the boundary conditions

y'(0) +ay(0) = b+ c/a, y(oo) =0, (3:2)

and the normalizing condition

/Oooy(x) dz =1, (3.3)

where a, b, c # 0 are real constants and a > 1. Equation (3.1) along with conditions
(3.2) and (3.3) will be referred to as Problem 3.

3.1 Existence of Solutions

Motivated by Chapter 1, we seek a solution of equation (3.1) which can be repre-
sented by a Dirichlet series of the form
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provided there exists a solution r to the indicial equation

r?—ar+b=0, (3.5)

such that Re(r) > 0 (r # 0). The indicial equation and the recurrence relation

(&®r? — aa™r + b)a, = —ca,_1, (3.6)
can be obtained by substituting the Dirichlet series (3.4) into equation (3.1) and
equating coefficients of like exponential terms. A solution to PProblem 3 is thus
given by

)n - TrE
=a
0 Z Hm_ a2"‘r2 — aa™r + b) !

where ag can be determined by the condition (3.3),

(—c/a)™ -
wi (Z j az"“'r? — aa™r + b)) '

The above procedure bears a formed resemblance to the classical Frobenius

method for solving linear second order ordinary equations, and like the Frobenius
method, the roots to the indicial equation (3.5) indicate the nature of the available
Dirichlet series solutions. Convergence of the Dirichlet series requires Re(r) > 0

(r #0), so that depending on the indicial equation, there are three cases:

(i) no solutions of the form (3.4) exist (no roots to (3.3) such that Re(r) > 0).
(ii) one solution of the form (3.4) exists (one root to (3.5) such that Re(r) > 0).
(iii) two solutions of the form (3.4) exist (two roots to (3.5) such that Re(r) > 0).

The equation studied in the previous chapter illustrates case (ii). We examine
briefly case (iii) when two positive roots exist to the indicial equation.

Suppose that there are two distinct positive real roots ry, o (r; > 72) to the
indicial equation (3.5). Then two convergent Dirichlet series solutions
Yi(T) = Y22 0ane™® ™ and yo(z) = Yooy bne~®" "% corresponding to r; and 1y,
respectively can be constructed. However, y2(z) has to be treated carefully when
1 = a"r, for some n € N since

o®'r3 — aary + b = (a"ry — r3)(a"r2 — 1),

and so b,/b,_; has a singularity. This case is roughly analogous to the case where
the roots differ by an integer in the Frobenius method. Note that in this case, the
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recurrence relation w.r.t. 7, has no singularity since

i —adr +b = (or —r1)(ar —12)

= (o™ —11)(0* ry —17)
= rr(a” —1)(a®™ - 1)
0,
so that y, is a solution to equation (3.1). Suppose that r; = ofr, for some k € N.
We consider the recurrence relation

(12 — ac®ry + b)by = —cbi_1,

and it gives by_; = 0 because a’”‘r% — aafry + b =0 and so the recurrence relation
(a2('°“1)r§ —ackry + b)bk—1 = —cbg_o,

also gives that b;_, = 0. The repeated process implies that b, = 0for 0 <n < k—1.
Therefore,

[e ]
y2($) = ane—aﬂrzz
n=k
[e ]
> bosk gmo"Ttraz
n=0
o0
an+ke—a"r11,
n=0
and comparing the coefficients b,,; and a, in y;(z), we get b,+x = Aa,, where
A= %% so that y;(z) = y2(z) from the condition (3.3). Let us examine the linear
independence of solutions when 7, # r and 7, # o™r,. For large z,

- T2z

yi(z) ~ age and yo(z) ~ boe "7,

ra2T

Yy (z) ~ —aorie™™* and y,(z) ~ —borae”
and therefore the Wronskian of y; and y, becomes
Y1(2)ya(z) — y2(2)y)(z) = agby (1 — 72)e™ 172 £ 0

so that y; (z)y4(z) — y2(z)y](z) is not identically zero through all z; thus, y; and y.
are linearly independent. This implies that there is an infinite number of solutions
y(z) = yi(z) + y2(z) since the first coefficients ag and by can be any real value
combinations to satisfy the condition (3.3).

We will not pursue the analogy of this procedure with the Frobenius method any
further in this thesis. The case when roots of the indicial equation are complex is
investigated in the last section.
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In this section, we show that for a certain range of coefficients a, b and c, the solution

to Problem 3 is unique.

Theorem 3.2.1 Given constants a, b, c and o such thatb < 0, |c| < alb| and a > 1,

the solution to Problem 8 is unique.

Proof: Suppose that two distinct solutions y,(z), y2(z) to Problem 3 exist and
let z(z) = yi(z) — y2(z). Then it suffices to show that 2(z) = 0 for all £ > 0. The

function z(z) satisfies the equation

2"(z) + a2'(z) + bz(z) + cz(az) =0,

along with the conditions

and

Let

then equation (3.7) can be converted into the differential equation

o"(z) + ao'(z) + bo(z) + aa(az) =0,

where o satisfies the conditions

0(0) =0, o(o0)=0.

(3.7)

(3.10)

(3.11)

(3.12)

For a non-trivial solution, the conditions (3.12) indicate that o(z) must have a
positive maximum or a negative minimum. Suppose that there is a maximum critical
point X, at which o achieves a positive value. Then bo(X,) + £o(aX,) > 0, and so

c -
o(X,) < —Eo(af}kl).

(3.13)
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Note that the sign of o(aX) depends on the sign of the coefficient ¢. Let ¢ > 0. Then
o(X1) < o(aX;) since 0 < —% <1 and therefore, there is another maximum critical
point X, satisfying o(X,) < o(X3) since o(oo0) = 0. This process can be repeated
ad infinitum to get a sequence {X,} of points at which ¢ achives a local maximum,
and 0 < 0(X1) < 0(Xy) so that lim,_, 0(X,) # 0, contradicting o(oo) = 0. Thus,
o(z) cannot have a positive maximum. In the same manner, it can be shown that o
cannot have a negative minimum. Therefore, o(z) = 0 from the condition (3.12) and
so [ 2(t)dt = o(z ) = 0 for all £ > 0; thus, 2(z) = 0 from the continuity of z(z).
If e=< 0 then 0 < & < 1so that o(X,) < —o(aX,). This result and the condition

o(oo) = 0 imply that there is a point z, at which o achives a negative minimum
such that o(X,) < |o(z))| and o(z,) > —50(az;) > —o(az). This asserts the
existence of another maximum critical point X, such that o(X;) > |o(z,)|- By re-
peated applications of this argument, we can construct two sequences { Xy}, {zn} so
that lim,_,0 X, = 00 and lim,_, T, = 00, and o(X,) — o(z,) > o(X;) —o(z;) > 0
for all n € N, contradicting o(o00) = 0. Hence we get the result.l

If b < 0, the roots of the indicial equation (3.5) are real and of opposite signs.
Therefore there can be only one Dirichlet series solution to Problem 3. Theorem
3.2.1 then assures us that if also @ > 1 and |c| < «l|b|, there is no other solution.
The last condition can be relaxed, provided that an integrability condition is added.
This is the content of the next theorem.

Theorem 3.2.2 If |c| < a™|b| and b < 0, then there ezists a unique n** integrable
solution to Problem 8 for some n € N. Furthermore, if b < 0, then the infinitely
integrable solution y(z) is unique.

Proof: Existence follows from Section 3.1. To prove uniqueness, we begin with
the case n = 2. Let 2(z) and o(z ) be defined as those in the proof of Theorem 3.2.1.
Since y(z) is twice integrable, o(z) = [°y(t) dt is integrable so that we integrate
equation (3.11) from 0 to oo to get the equatlon

—0'(0) — ag(0) + (b + c/c?) /000 o(t)dt = 0.

Now ¢'(0) = —2(0) = 0 and o(0) = [;* 2z(t)dt = 0 so that [;°o(t)dt = O since
b+ c/a? # 0. Applying the transformatlon

oy(z) = /*00 o(t)dt, (3.14)

to equation (3.11) produces the equation
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04 () + aoy(z) + boa(z) + a%o'g(ax) =0, (3.15)

and

02(0) =0, o2(0c0) =0. (3.16)

Since |c| < @?|b|, we can show that g,(z) = 0 using the same arguments as those
used in the proof of o(z) = 0 in Theorem 3.2.1; thus, z(z) = 0.
For the nt* integrable solutions for n > 3, using the transformation

an=/ on-1(t) dt,

where 0,(z) = o(z) = [°2(t) dt, we get the equation

I

on(z) + ao,(z) + boa(z) + ;cﬂ-crn(a:c) =0, (3.17)

and it can be proven that y(z) is unique if |c| < o®|b| in the arguments similar to
the case n = 2. This indicates that if n — oo, then the coefficient ¢ can be any real
value so that we get the last result.l

3.3 Positive Solutions

In this section, we investigate the existence of positive solutions and certain qualita-
tive properties of the positive solutions. The interest in these solutions is motivated
from the cell growth model.

3.3.1 Existence of Solutions

Theorem 3.3.1 Ifb < 0 and |c| < a|b|, then the solution to Problem 3 is positive
for z € [0, 00).

Proof: Using the transformation (3.10), the differential equation (3.1) can be
converted into the differential equation (3.11), the solution of which satisfies the
condition (3.12). Moreover,

The proof that o(z) cannot have a positive maximum nor a negative minimum is
the same as that of Theorem 3.2.1. Therefore, since 6(0) =1 > 0 and o(c0) = 0,
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we have that o'(z) < 0. We will show that o(z) is strictly decreasing. Suppose that
there is a point w > 0 such that o'(w) = 0, then ¢”(w) = 0 since o cannot have
local maxima nor local minima and hence bo(w) + £o(aw) = 0. This equation is
obviously not satisfied when ab < ¢ < —ab. If ¢ = —ab, then o(w) = o(cw) and
this implies that o(z) is constant C in [w,aw)]. Since equation (3.11) yields C = 0,
it can be shown that o(z) cannot be constant in any intervals of the form [z, aZ] for
£ € [0, 00), using the same method as that used in the proof of Lemma 2.2.1; thus,
o'(z) < 0 for all z > 0. It now remains to prove that ¢'(0) < 0. Suppose ¢'(0) = 0.
Equation (3.11) can be recast into the form

(e**0'(z)) + be**o(z) + C—ie“a(az) =D, (3.18)

and integrating the above equation from 0 to z, noting that ¢'(0) = 0, produces the
equation

€90 (z) = — /0 " et (bo(t) + —go(at)) dt.

Now, bo(t) + So(at) < 0 since |b| > |c|/a and o(t) > o(at) for all t > 0, so that
o'(z) > 0. This contradicts that ¢'(z) < 0 and thus, y(z) > 0 for all z > 0.0

3.3.2 Qualitative Properties of Solutions

In this section, we examine the conditions which the solution y(z) to Problem 3 is
strictly monotonic decreasing and the bounds on y(z) for a certain range of coeffi-
cients.

Shape of Solutions

Theorem 3.3.2 Suppose b < 0.
If —albl < c < |bl(c #0) orifa > 0 and |b| < ¢ < ab|, then all solutions y(z) to
Problem 8 are strictly monotonic decreasing for all £ > 0.

Proof: For either case in this theorem, the conditions of Theorem 3.3.1 are satis-
fied and therefore, the solution is positive. If the solution is not strictly monotonic
decreasing, then it must have at least one point v such that y'(v) = 0 and y"(v) <0
in [0,00). We use this fact to prove the result.

Let —alb| < ¢ < 0 and a point v be mentioned above. Then equation (3.1)
implies that

by(v) + cy(av) > 0. (3.19)
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But, the solution y(z) is positive and b < 0 so that the inequality (3.19) cannot be
satisfied; thus, y is strictly monotonic decreasing in that case.

For the case that 0 < ¢ < |b], let X; € [0, 00) be a point satisfying that y'(X1) = 0
and y"(X;) < 0. Then y(X;) < —fy(aX,) from equation (3.1) and therefore,
y(X1) < y(aX;). This indicates that y has a local critical point or it is constant in
(X1, @X,], and in either case there exists a point X, such that y'(X2) = 0, y"(X3) <0
and y(X2) > y(X,). Repeating the arguments thus constructs a sequence {Xp}
such that limp_0 Xn = 00 and y(Xy,) > y(X,1) > 0 for all n. This contradicts the
condition (3.2).

Lastly, we consider the case that @ > 0 and |b|] < ¢ < «|b|. Suppose that
there is a point w satisfying o”(w) < 0, where o satisfies equation (3.11), then

o(w) < $=o(aw) since o'(w) < 0 so that o(w) < o(aw). However,

o(w) = /oo y(z)dz > /:oy(:r) dz = o(ow),

w w

and this contradicts the previous result. It follows thus that ¢”(z) > 0 for all z > 0
and so y'(z) < 0 since ¢"(z) = —y'(z).W

From the above theorems, we see that given b < 0 and |c| < a|b|, the conditions
a < 0 and ¢ > 0 are necessary in order to have a positive solution with a maximum
critical point. These sign combinations of the coefficients are the same as those of
the cell growth model in Chapter 2. The following theorems can be extended from
Theorem 2.4.2 and 2.4.3 if b < 0 and |¢| < alb]:

Theorem 3.3.3 The solution y(z) to Problem 8 has at most one mazimum critical
point.

Theorem 3.3.4 If a critical point X,, ezists, the solution y(z) has at most one
inflezion point in each interval of the form [0, X,,) or (Xm,00); otherwise, there
ezxists at most one inflezion point in [0, 00).

Bounds for Solutions

Assume that b < 0 and |c| < alb|.

Casel: a <0 andc >0
Since ¢/a > 0, integrating equation (3.18) from z to oo leads to the inequality

e®o'(z) = b/ e®o(t) dt + i/ e“o(at) dt > b/ e*o(t) dt. (3.20)

T

Now, o(z) <1 so that e*®o’(z) > b [ e* dt and therefore, o’(z) > —b/a; thus,
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Figure 3.3.1: The bound y(0)e~* for y(z) whena =1,b=—-1,c=—-1and a = 2.

y(z) < b/a,

so thatifa = —oo or b — 07, then y(z) — 0.

Case2: a > 0
Integrating equation (3.18) from 0 to z produces the equation

e**o’'(z) = o'(0) — b/oI e*o(t)dt — L /z e%o(at) dt. (3.21)

a Jo

If ¢ > 0, then

e*o'(z) > o'(0) — E/ e“o(at)dt > o'(0) - E/ e dt
0 0

«

where we use o(az) <1 for all z > 0.
The above inequalities thus imply that ¢'(z) > (¢'(0) + £)e™* — £ so that

ac

y(e) < (0(0) - —)e™ + .
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If ¢ < 0, then e**¢'(z) > 0¢'(0) from the equality (3.21) and so we have the more
elegant bound

y(z) < y(0)e™*.

Figure 3.3.1 illustrates the bound for y(z) corresponding to the case that a = 1,
b=-1,c=-1and a=2.

3.4 The Limiting Cases and Holomorphicity of
Solutions

In this section, Dirichlet series solutions for the limiting cases when a,b or ¢ — 0 or
oo are considered. Moreover, holomorphicity of the solutions is investigated. Here,
we consider only the case when r is real.

Before any limiting cases and holomorphicity of the series are examined, we will
first show that the limit of the series can go inside the summation of the series with
respect to the parameters a, b and c.

3.4.1 Uniform Convergence of the Series
Let y = y(z,a,b,c), then

C (=o)" —an
¥ b, p— a’'rT
y(z,0,b,¢)/a ; I1*_,(a?™r? — aa™r + b) :

oC

|e|”
£t TIT i | AO — gPp  )
= 9(a,b,0),

IA

and since 72 = ar — b,

oo
|c[*
y 0y =1 .
iEs.g +RZ:1:H?n=1|(a"‘— 1)(ara™ — b(a™ + 1))|

(3.22)

It is evident that the series for y(z,a,b,c)/ag is uniformly convergent for ¢ in
any bounded domain because the series for g(a, b, c¢) converges for all finite c.
Letr, = ¢tva—= ”‘;L‘"’ and rg.=2=¥¢ =% ";“‘"“, then r; > ry. If 1 = 1, then the coefficients

a, becomes

o o (o .
"R (e2mr? —aamr +b) © % (amry — m)(amry — 1)
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so that a singularity occurs when 7o = 0 or r; = a™ry forsome m € N. If r; = a™ry,
then b = W“ since a =7, +712 = (@™ +1)rp and b = r;7o = @™ and this case
occurs only when a > 0 and b > 0. We now get the region of a and b, which doesn’t
have a singularity. We first except the case when a < 0 and b > 0 since a Dirichlet
series solution with real r > 0 doesn’t exist in the region. If b < 0, then r; can be
only a positive root and there is no singularity for all a. If b > 0 and a > 0, then
b < a2/4 to have a real solution and a singularity occurs at b = (—Wa where
k=1,2,... for 75, but not for r,. From these observations, we consider the uniform
convergence of y(z, a, b, ¢)/ag w.r.t. a in the following regions:

ij)b<0,a€ Randr=r
1)b>0,a22\/_andr—r1
iii)b=0,a>0andr =1,

(
(
(
(iv) 5> 0, a > 2Vb and 7 = 7, except ata—1/(° 0% where k = 1,2,.

After arranging the above regions from the view point of b, we consider the uniform
convergence of y(z, a, b, ¢)/ag w.r.t. b in the following regions:

(i)a>0,b<a?/4dandr=rm,
(ii)e=0andb<O0and r=r,
(ii)a<0,b<0andr =1
(

iv) a > 0, 0<b<a2/4andr—r2exceptatb——;—l)fa where k =1,2,.

Form=1,2,..., let

1
—1)(ari@™ — b(a™ + 1))
1
- (™ — 1)(1(a? + av/a? = 4b)a™ — b(a™ + 1)) (3.23)

Note that gn(a,b) > 0 since

gm(a,b) = (@™

(@™ —1)(ar;@™ — b(a™ + 1)) o®r? —aa™r, +b

Il

=T (a'" — 1)(0’"7‘1 - ’I‘2)

> 0,

and consequently, |gm(a,b)| = gm(a,b).
Now,

s (—c/a)" -
= (Z [T _,(a®™r2 — aa™r + b)) ’

m=1
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and

i (=c/a)" ‘

,, s e

[[hei(@®™r? —aamr +b)| — < ]I, le®™r? — aa™ + Y

= g(aa b; C)1

and thus, in order to show the uniform convergence of the series y(z, a, b, ¢)/ao and
ap w.r.t. a or b, we now seek a bound of gn(a,b) which is independent of a or b,
making the series g(a, b, c) be uniformly convergent.

Uniform Convergence of the Series w.r.t. a
Let b be fixed.

Case 1: b<0,a€ Randr =r,.
Differentiating g,,(a,b) defined by (3.23) w.r.t. a leads to
09m(a,b) —1(2a + Va2 — 4b 4+ a?/Va® — 4b)a™

Oa (@™ — 1)(3(a® + av/a? — 4b)a™ — b(a™ + 1))?’

(3.24)

and ﬁ’%(f’—bl < 0 in the region for a € R. This implies that g,, has a maximum as
a — —oo. To obtain lim,—,_o g (a, b), let us first calculate the value

h = lim,—,_ 3(a® + av/a? — 4b). Since

B = Bm (a® + av/a? — 4b)(a® — av/a? — 4b)
T Ao 2((12 — a\/M)

a* — a%(a® — 4b)

= lim
a=-o0 2(a2 — av/a? — 4b)
i 2ab
= lim —————,
a=-0 g — /a2 — 4b
we apply I'Hospital's rule to get
h = lim 2ba
o=-00 ] — S=n
2b
= —— =b
1+1
Hence
ite grlal) = =2
Jm 9m(a,8) = prea =1y’
so that

= le”
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and since this series is convergent, g(a,b,c) is uniformly convergent w.r.t. a; thus,
y(z,a,b,c)/ap and ag are uniformly convergent in the region.

Case 2: b>0,a>2/b andr =1,.
From (3.24), %‘;a—“’bl < 0 for @ > 2v/b and so in the region, g, has the maximum
|t:|(a+—l)§ When a= 2\/-5 so that

g(a,byc) <1+ Z:l T =1|b{€£‘m 1 (3.26)

m

Therefore, y(z,a,b, c)/ap and a are uniformly convergent in this region.

Case 3: b=0,a>0andr =r,.

Now, ag’gﬁ”b) < 0 for a > 0so that g, has a maximum as a — 0% in the region. Since

lim,_, o+ gm(a,b) = 0o, we use the Weierstrass theory that if X is locally compact,

then the series which is convergent on every compact subset in X (i.e. compactly
convergent series) is locally uniformly convergent in X. Let

C = {[p,)|p > 0},

then C is locally compact and for any compact set [p,00) in C, g(a, b, c) is convergent.
Consequently, g(a, b, c) is compactly convergent in C, implying the locally uniform
convergence of the function in C; thus, y(z, a,b,c)/ap and aoy are locally uniformly
convergent w.r.t. a in this region.

Case 4: b>0, a > 2vb and r = ry ezcept at a = \/ga—’:';—l)ibfork R —
Since all singularities are isolated in this region, we can divide the region as an
infinitely countable number of compact sets. Let

2
D, = {[P,q]|2\/55p< g < \/@%l)b},
and for k > 1,
of +1)2 okl 1+ 1)2
Dyy1 = {[P,Q”V (T)"b<?<(1< (ak—-q-l)b}’

and D = (Jzo, Di. Then the set D is locally compact. For any sum of intervals of the
form [p,q] in D, g(a,b,c) is convergent and therefore, g(a, b, c) is locally uniformly
convergent in D; thus, y(z,a,b,c)/ao and ag are locally uniformly convergent in D.

Uniform Convergence of the Series w.r.t. b

Let a be fixed.
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Case 1: a>0,b<a?/4 and T =1,.
By differentiating g, (a,b) w.r.t. b, we get

Ogm(a,b) aa™/Va? — 4b+ (™ + 1)

ob - (am — 1)(02‘1'0— \;‘ L"bam — b(am il 1))2}

(3.26)

and w > 0 for b < a?/4. From this observation, we have a maximum of g, at
b= a?/4 and the maximum value is 0—2-{?,;‘:1—}5 in the region. Hence

<143 A"
g(a’! b! C) —_ 1 + Hn 1a2(am _ 1)2 ’
n=1 M=

and thus, y(z, a, b,c)/ao and ao are uniformly convergent w.r.t. b in the region since
the above series is convergent.

Case 2: a=0,b<0and r =r;.
Since 89—["(‘3;5—'1 > 0 for b < 0, gm(a,b) has a maximum as b — 07, and
limy_,0- gm(a,b) = co. Let

E = {(—OO,(]”(] < 0})

then the set is locally compact. For every compact set (—oo,q] in E, g(a,b,c)
is convergent. Therefore, by the Weierstrass theory, g(a,b,c) is locally uniformly
convergent in E; thus, y(z, a, b, c)/ag and ag are locally uniformly convergent w.r.t.
b in this region.

Case 3: a <0, b<0andr=r,.
Now, w > 0 for b < 0 so that g,, achieves a maximum as b — 0, and
lim,_0- g (a,b) = co. So, we get the result using the same arguments as those used

in the proof of Case 2.

Case 4: a>0,0< b<a%/4 andr =1, except at b= @%}—502, fork=1,2,....
We can prove the locally uniform convergence of y(z,a,b,c)/ap and ap w.r.t. b in
this region in the arguments similar to those used in the proof of Case 4 for the
locally uniform convergence w.r.t. a by letting

Fi={lp.dlg e <p<as /4,

and for k > 2,

a,k—l

(]!k 2
(k-1 + 1)20 b

2
(a"+1)2a <p<gqg<

Fy = {[P:Q”

and F = U:O=l Fk-



99

Figure 3.3.2: y for small values of a when b = —-1,c=1and a = 2.

3.4.2 The Limiting Cases and Holomorphicity of Solutions
The Limiting Case as a — 0

The limiting case when a — 0 can be considered only when b < 0 since y(z) is
uniformly convergent at a = 0 only when b < 0. When ¢ — 0, 7y = v/ —b so that
an — (—c¢/b)*/TI%_, (1 — &®™); thus,

and this is the same as the solution to the equation when a = 0. This result is
the same whether @ - 0" or a — 0~. Figure 3.3.2 shows the change of solutions
around a = 0 when the coefficient a approaches zero from the positive direction or
the negative direction. Let us now examine the holomorphicity of the solution at
a = 0. As we have seen before, if b < 0, terms in the series are all holomorphic and
therefore, the uniform convergence of the series leads to the holomorphicity of the
solution at a = 0.

The Limiting Case as b — 0
The case when a > 0, b < a?/4 and r = r, is only considered here since y(z) is
uniformly convergent at b = 0 in this case. When b — 0, we have r; — a so that

o0

frrea)” c/a o
g —+e (Z m_,om(a™ -1 ) Z I lam/a‘z‘ - l)e ]

n=0 m=
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Figure 3.3.3: y for small values of b when a=1,c=1and a = 2.

Figure 3.3.3 shows this result. Moreover, the solution is holomorphic at b = 0 in this
case since the previous observation indicates that all terms are holomorphic so that

the uniform convergence of the series leads to the holomorphicity of the solution at
b= 0.

The Limiting Case as ¢ — 0

When ¢ — 0, we have a, — 0 for all n > 1 since

(=9)"

I _, (a?™r2 — aa™r + b)’

Gn = Qo

and gp — 1, so that

y(z) = re ™. (3.27)

Here, the value 7 is not changed since the coefficient ¢ does not affect it.
It is evident that the solution y(z) is the same as that to the equation

u"(z) + av'(z) + bu(z) =0 (3.28)

satisfying the boundary conditions (3.2) and (3.3). Figure 3.3.4 illustrates the shape
of the graph of the solution for ¢ small. Moreover, it is evident that every term q, is
holomorphic at ¢ = 0 since there are no singular points and consequently the uniform
convergence of the series leads to the holomorphicity of the solution at ¢ = 0.
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Figure 3.3.4: y for small values of ¢ when a = —1,b=—1 and a = 2.

The Limiting Case as a = 0o

We consider two cases according to the value of r. If r = 7, then r — oo and if
T =79, then 7 — 0 as a = 00. Now,

(s o]
Eaﬂ —arnz < —r;le
n=0

n=0 o
< e—l‘]z Z |C|n
. S TI% 1 [0} — aaPr 41

= e,

and

-1

Qo

IN

(=c/a)"”
i Z 1" _, (a?™r? — aa™r, + b)
=n /W

Asa — 0o, 7, - 00 so that V — 1 and W — 1. Consequently, for z > 0,

and thus, y(z) —» 0. At z = 0, the value r,z can be some constant C or zero or
infinity depending on how fast z approches zero according to the value r; and so y(0)
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0 0.005 0.0l 0015 x 0.02

Figure 3.3.5: y for large values of a when r, — oo according to b = 1,¢ = 1 and
=2

cannot be determined. Figure 3.3.5 shows that the solution is going to zero for all =
except the original point. For the second case, there is a singularity as we observed.
However, the singularities are isolated so that we consider only the region which has
no singularities. When r, — 0, we have ar, — b from the indicial equation (3.5)
so that a, = ag(—c/b)*/M?_,(1 — a™) and, ap — 0. Therefore, y(z) — 0. Figure
3.3.6 depicts the result.

The Limiting Case as a - —00
This case is considered only when b < 0 and 7 = 7;. In the same manner as the
previous case, it can be shown that y(z) — 0since r, = 0 as a & —oo.

The Limiting Case as b & —o0

The solution y is uniformly convergent for all a in this case. As b - —o0, r; = 00
so that we get y(z) — 0 using the same arguments those used in the case when
a — oo and 1, — 00.
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0.l

0.081

Figure 3.3.6: y for large values of a when r, — 0 according to b = 1,¢ = 1 and
a=2.

3.5 Oscillating Solutions

If the roots of the indicial equation (3.5) are complex and Re(r) > 0, then equation
(3.1) will have real solutions with Cosine or Sine functions in the terms of the series,
and we expect these solutions to be oscillatory . In this section, the two cases when
a=0and b > 0or whena > 0and b > % which yield complex roots to the indicial
equation are investigated since the behaviour of solutions when a = 0 is different
from that when a > 0. Here we seek merely a bounded solution without imposing
boundary conditions (3.2) and integrability condition (3.3).

3.51 The Casea=0and b>0

If a=0 and b > 0, then equation (3.1) becomes
y"(z) + by(z) + cy(az) = 0. (3.29)

The next theorem shows that if a bounded solution exists to equation (3.29), then
it is oscillating.

Theorem 3.5.1 If —b < c and ¢ # 0, then every bounded non-trivial solution to
equation (3.29) is oscillating.

Proof: Suppose y is a bounded function which does not oscillate. Then
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lim;_,, y(z) = C for some constant C. So, lim;_,o y"(z) = —(b+¢)C from equation
(3.29), and since lim;, ¥"(z) = 0 and b+ ¢ > 0, C = 0. Suppose a solution to
equation (3.29) is not oscillating. Then there exists a point w such that for all
z>w,y'(z) <0and y"(z) > 0if y(z) > 0 or ¥'(z) > 0 and y"(z) <0 if y(z) < 0.
Let y(z) > 0 for all z > w, then equation (3.29) implies that y"(z) < 0 for all z > w
since by(z) + cy(az) > 0. This contradicts that y”(z) < 0 in that interval and thus
there must be a point w; > w satisfying y(w;) = 0 and y(w; + €) < 0 for € > 0.
Suppose that for z > w,, y(z) < 0, then it can be shown that y”(z) > 0 in that
interval from equation (3.29). This leads to the existence of another point wy > w;
satisfying y(wz) = 0 and y(w2 + €) > 0 for € > 0. This process can be repeated to
get a sequence of zeros {w,}, and so we conclude that the solution is oscillatory . B

A substitution of the Dirichlet series (3.4) into equation (3.29) leads to the
recurrence relation

(@®r? + b)a, = —cap_1, (3.30)
and the indicial equation
r?+b=0. (3.31)
Hence,
R )

T (a2m — 1)

and r = +v/bi. In fact, we have the same result whether 7 = V/bi or r = —V/bi so
that only the case r = v/bi is considered here.
Now, the solution u(z) to equation (3.29) is given by

u(z) = aozn /b g Vhie

n=0 :‘L:] (a2m - 1)

= (e
ag (cos(a"Vbz) — isin(a"Vbz)).
nz_; Iy (0™ — 1)
It is known that if the coefficients of a linear equation are real, then real and
imaginary part of any complex solutions are again solutions to that equation. We
can apply the theory to equation (3.29), and get the two real solutions,

y(z) = Z = (C/b)" cos(a™Vbz),

n=0 m:l(azm - 1)
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and

Yo(z) = zl'[n C/b — )sin(a" bz).

Clearly, y,(z) is convergent since

Z — cos(a™rz) < Z 12" cos(a™rz))|
n=0 o n=0 Qo
=\ a
< YOI < oo,
n=0 o

and so is y,(z). Let us examine the linear independence of y, and y,. At £ = 0,
y2(0) =.0.8ud

(c/b)™ S c/b
Z H" a2m _ 1) :[[0 (1 + a?(n+l)) ’

where we use the Euler identity (we will study it in detail in Chapter 4). This
implies that if ¢ # —ba?" for n € N, then y,(0) # 0 and so y; and y, are linearly
independent in that case. Now y{(0) = 0 and

\/ann acifz_l):@ﬁ(1+%),

so that y5(0) # 0 when ¢ = —ba?™ for all n € N. This thus indicates that y, and y,
are linearly independent for any b, c, @. Therefore, a more general real solution of
the equation (3.29) is given by

y(z) = Pyl( ) + Qy2(z)

Znn il (P cos(e™Vbz) + Qsin(a"Vbz)), (3.32)

(a2 —1)

n=0
where P, () are real constants.

The solution y(z) is bounded by (|P|+|Q|) 3 o, |an/aol, but it is not integrable

for > 0. Moreover, if @ € N, then y,(z) has zeros at z = "/—"5 forl=1,2,... and
at those points, y,(z) = (-1)'P+ P Y 0> = € __if o is even

=1 (a?m-1)

and yi(z) = (-1)'PY o2, e c e if a is odd, so that the solution y(z) is

(a*™—1)
oscillatory for @ € N. Now glven two initial conditions, the solution (3.32) is
uniquely determined. Figure 3.3.7 shows the solution y(z) when the initial condi-

tions y(O) = 30___0 H’"—l('}?m_—_'l_j and yI(O) = ;.;o=0 ﬁ'-‘—fz_;—?;‘-—_l) are given according to
m= m=1

8 = bje=130d o= 2
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S
IR

Figure 3.3.7: y(z) = 1%, ﬁ%ﬁ(cos(fznz) + sin(2"z)).

3.5.2 The Case a>0 and b >

In the same manner as getting the recurrence relation and indicial equation from
equation (3.1), we haver = “—*‘@EI and the terms a, satisfying ) >° j an, < 0o. The
terms a, can be divided into a real part and a complex part and so let a, = by, +ib2,.
Then )77 bin and Y 2 ) b, exist since Y oo an exists. As the previous case, the
results for r = @? and 7 = ﬂ are the same and so only the case
r = a+iVi-a® i considered here.

Now, the solution u(z) to equation (3.1) when a > 0 and b > 0 is given by

oo

u(z) = Z(b1n+ibgn)e

n=0

= na V 4 —a? V 4 —a?
= Z(bm + iboy)e™® EI(COS(Q’"#Z‘) —isin(a“—%—im)),

n=0

and thus we have the following real solutions:

—a™ a+ii;b—og %

i ~V4b — a? L

(b1, cos(a 5 z) + by, sin(a
n=0

yi(z) =
and

z))e " 52,

= 2 V4b — a? ., 2 V4b—a?
) =) (ban cos(a™——— —
n=0

5 z) — bin sin(a 5
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We now show the linear independence of these two solutions y; and y,. Let

k = Y29, For large z,

y1(z) ~ (bio cos(kz) + by sin(kz))e™ %7,
and
ya(z) ~ (bag cos(kz) — bygsin(kz))e™ %2,
so that
n(z) ~ _c2_z(b10 cos(kz) + by sin(kz))e 2% — (kb sin(kz) — kbag cos(kz))e™ %%,
and
Ya(z) ~ -g-(bzo cos(kz) — byo sin(kz))e™ 2% — (kboo sin(kz) + kbyo cos(kz))e™ 2.

Hence,

—kb2y(cos®(kz) + sin?(kz)) — kb3 (cos®(kz) + sin?(kz))
— k(b3 + blp)e ™
# 0,

¥1(2)y2(2) — ¥2(2)yi ()

and this implies that the two solutions are linearly independent. Therefore, the real
general solution is

y(z) = Pyi(z) + Quo(2), (3.33)

where P and Q are real constants.
Since | cos(a™rz)| < 1, | sin(e™rz)| < 1and e=¢"%* — 0 for all n > 0, the solution
y(z) = 0 as £ — oo. It is integrable for z > 0 because

0o

ly()] < (IPI+1Q1) Y (Ibin| + [b2n])e™" %%,

n=0

and the series is in L [0, 00); thus, y(z) is integrable in [0, 00). Moreover, it is evident
that y(z) is infinitely integrable.

We now have two undetermined parameters > and Q and therefore, there is an
infinite number of integrable solutions to equation (3.1). Even if the integrability
condition (3.3) is imposed, another boundary condition is necessary to be prescribed
for the solution y(z) to be determined uniquely. Figure 3.3.8 illustrates the form of
a solution y(z).
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Figure 3.3.8: The expected shape of the graph of the solution y(z) when a > 0,b > 4.



Chapter 4

The Eigenvalue Problems

We investigate in this chapter the eigenvalues and eigenfunctions satisfying y(0) = 0
to advanced second order functional differential equations L(y(z)) = Ay(az). This is
motivated from the equation arising in a cell growth model in Chapter 2, which has
non-zero value of the probability density function at £ = 0. We examine equations
with general constant coefficients and seek the values of A which make y(0) = 0. It
is known from Chapter 3 that there exists a Dirichlet series solution to advanced
functional differential equations if L(y(z)) = 0 has a solution such that y(oo) = 0,
and we use this solution form to determine the eigenvalues.

4.1 The First Order Problem
We first study the eigenvalue problem for the first order equation
y'(z) + by(z) — Ay(az) =0, (4.1)

where b > 0 and a > 1, satisfying the boundary conditions

and the normalizing condition

/oo y@dt'= L (4.3)
0

We will refer to equation (4.1) along with conditions (4.2) and (4.3) as Problem 4.1.
We note that we have one solution satisfying Problem 4.1 for the case A = ba from
A.J. Hall and G.C. Wake [1989] and A.J. Hall [1991].

In fact, the value A = ba is the only eigenvalue for equation (4.1) since integrating
the equation from 0 to oo yields

y(0) = (b—2) / "y d. (4.4)
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However, for the second order equations with constant coefficients which will be
discussed in this chapter, an integration of the equations from 0 to co doesn’t sim-
ply produce the eigenvalues A since there exists an undetermined term %’(0) in the
equation after integration. For this reason, we introduce a method of using a Dirich-
let series solution to get the eigenvalues, which can be applied to the second order
equations.

Substituting a Dirichlet series of the form

y(z) =) a,e™", (4.5)

into equation (4.1) gives the indicial equation r — b = 0 and thus the recurrence
relation is

b(a" — 1)a, = —A@p-;.

Hence a solution y(z) to equation (4.1) is given by

y(:c) = ap Z n(_’\/b)n e—a"bz, (46)

where we use the convention HO _1(@™ —1) =1, and the condition (4.3) implies

ag—b(z y (211—1)) .

Atz =0,

In general y(0) # 0 so that the initial condition (4.2) is not satisfied. There are,
however, certain values for A, the eigenvalues, which do satisfy this initial condition.
Let ¢ = 1, then

/\/b - oo _q)n_(_‘l
1+zn"‘ D = o=
= F(M).

Now F'(A) is a partition function which can be converted into an infinite product
using Euler identity. Recall that, for |¢t| < 1,|q| < 1, the Euler Identity is
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=1+, (4.7)

and therefore,

had A"t A A
FO) =[]0 - —) = [Ia- i} (4.8)
n=0 n=0
provided that %‘1 < 1. However, even if %9 > 1, we still have the identity (4.8) by
analytic continuation since the infinite product converges for all A € @ and F())
is an entire function. Note that the denominator of ag can also be expressed as an
infinite product, and thus

oo A -1 5
aﬂ=b(H(1—ban+2)) = bF(¥/a). (49)

n=0

Now, the zeros of F()A) are given by

A = ba", n=12....

However, not all the zeros A = ba™ for n = 1,2,... correspond to eigenvalues since
equation (4.9) implies that ao does not exist when A = ba™*!, n =1,2,.... There-
fore, Problem 4.1 has the only one eigenfunction corresponding to the eigenvalue
A = ba, which is the solution to the equation arising in the cell growth model shown
by Hall and Wake (op.cit.). Note that for the values A = ba™*!, n = 1,2,..., the
solutions corresponding to those values satisfy the condition f0°° y(z)dz =0.

4.2 The Eigenvalue Problem I

In this section, we consider two eigenvalue problems. The first problem corresponds
to the equation

y"(z) — by(z) + Ay(az) = 0, (4.10)
where b > 0 and o > 1. We will refer to equation (4.10) along with conditions (4.2)

and (4.3) as Problem 4.2.1. The second problem corresponds to the equation

y"(z) — My(z) + ey(az) = 0, (4.11)



72

where ¢ > 0 and a > 1. We will refer to equation (4.11) along with the conditions
(4.2) and (4.3) as Problem 4.2.2.

We will construct solutions to Problem 4.2.1 using a Dirichlet series represen-
tation including the parameter A and investigate some qualitative properties of the
solutions. Problem 4.2.2, which is closely related to Problem 4.2.1 will then be
considered.

4.2.1 Solutions to Problem 4.2.1

We seek a solution to Problem 4.2.1 of the form (4.5). Substituting the series into
equation (4.10) leads to the recurrence relation

b(a®™ — 1)ap, = —Aan_1, (4.12)
and the indicial equation
r2—b=0.

Although there are two solutions to the indicial equation we must choose r = v/b
for a convergent series. Using the relation (4.12) and 7 = v/b, a solution y(z) is thus
given by

y(z) = ap Z l_[m l(azm - 1) e—a"Vbz 5 (4.13)

where ag can be determined by the condition (4.3), i.e.

(S )

At z = 0, we have y(0) = a¢G()), where

G(\) = f: s . (4.14)

Let ¢ = J, then
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GO = 1+Zn __;2?:—1)
Ag )"q#

n=0
- A
= ]:[0(1 ba2(n D) )

where the Euler Identity (4.7) has been used, and
']
oo A B
ag = Vb (Uo(l - baz—w)) = VbG~'(\/a). (4.15)

Now, the zeros of G()\) are given by

A = bo*", =13,

and unlike the first order case, ag # oo at the zeros of G(A) and thus all the zeros
of G()) can be used to construct eigenfunctions. The n'* eigenfunction y,(z) is of
the form

—a™vbz _
‘amznk (1) , n=1,2,.., (4.16)

where

aon = Vb (1’[( a‘;ni%)) = VbG~!(ba?1). (4.17)

m=0
Uniqueness of Solutions

We will show that the eigenfunctions are unique, but first we need the following
lemma:

Lemma 4.2.1 Any solution to the functional differential equation
7' (z) — br(z) + br(az) =0, (4.18)

where a > 1,b > 0, satisfying the condition 7(c0) = 0, can have neither a positive
mazimum nor a negative Minimum.
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Proof: Suppose X is a positive maximum critical point. Because 7"(X,) < 0, we
have 7(aX,) > 7(X,) from (4.18). This implies the existence of another maximum
critical point X, > X, since 7(o0o) = 0 and clearly, 7(X,) > 7(X,). This process
can be repeated to obtain a sequence of maximum critical points {X,} such that
lim, 00 7(Xn) # 0, contradicting the condition 7(co) = 0. It can be shown that the
. solutions cannot have negative minima using the same arguments. ll

Theorem 4.2.2 The only eigenfunction of Problem 4.2.1 in Ly, [0,00) is y,, defined
in equations (4.16) and (4.17), whose eigenvalue is A = ba*".

Proof: We first show this for the case A = ba?. Equation (4.10) for A = ba? is

y"(z) — by(z) + bay(az) = 0. (4.19)

Suppose that two distinct eigenfunctions y;1(z), yi12(z) exist and let
2(z) = y11(z) — y12(z). Then z(z) satisfies the equation

2"(z) — bz(z) + ba?z(az) = 0, (4.20)

and the conditions
2(0) = 0, 2(00) =0, (4.21)

/00 2(z)de = 0. (4.22)

An integration of equation (4.20) using the conditions (4.21) and (4.22) yields
the integro-differential equation

-2'(z) — bfwz(t) dt + ba /00 z(t)dt = 0. (4.23)
Let
o(z) = /00 2(t) dt, (4.24)
then ¢”(z) = —2'(z) and so equation (4.23) can be converted into the equation

o"(z) — bo(z) + bas(az) = 0. (4.25)
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Now y;(z) in Ly[0,00) and so z(z) is also in L2[0,00) so that the transformation

7i{z) = /00 o(t)dt, (4.26)

is well defined. Using this transformation on equation (4.25) yields the equation

7'(z) — br(z) + br(az) =0, (4.27)
and clearly,
'(z) = —a' (@) ="2(2). (4.28)

Now, 7(o0) = 0 so that 7(z) has neither positive maxima nor negative minima by
Lemma 4.2.1, and therefore 7(z) has to be a decreasing function if 7(0) > 0 or an
increasing function if 7(0) < 0. If 7(0) = 0, then 7(z) must be identically zero in
the interval [0,00). Suppose that 7(z) is decreasing, then 7(z) > 7(az) so that
7"(z) > 0; thus, z(z) > 0 by (4.28). Similarly, if 7(z) is increasing, then z(z) < 0.
The condition (4.22) thus implies that z(z) = 0 for all z. Therefore the eigenfunction
corresponding to the eigenvalue A = ba? is unique. The next eigenvalue A\ = ba?,
produces the differential equation

y"(z) — by(z) + ba'y(az) = 0. (4.29)

Let z(z) = ya1(z) — y22(z) for two distinct solutions y2;(z), y22(z) to equation
(4.29), then z(z) satisfies equation (4.29) and the conditions (4.21) and (4.22).
Transforming equation (4.29) twice by (4.24) for o, instead of o and (4.26) for
71 instead of 7 leads to the equation

7 (z) = bri () + be’7i(az) = 0, (4.30)

which is essentially the same as (4.20). Since z(z) in L4[0, 00), it is enough to show
that the conditions (4.21) and (4.22) are also satisfied to establish that the above
equation has the trivial solution. Now, 7/(0) = —a}(0) = 2(0) and so 7{(0) = 0;
equation (4.30) thus implies that 7,(0) = 0. Clearly, 71(c0) = 0, and since

71(0) = —01(0) = 0, an integration of equation (4.30) yields [;° 7i(t)dt = 0. There-
fore, 7 (z) = 0 for all z so that 7{'(z) = 0; thus, z(z) = 0. The case A = ba® can be
handled in a similar way, i.e, by mapping solutions back to the A = ba* case. It can
thus be shown by induction that all the eigenfunctions are unique. l
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Qualitative Properties of Solutions

We now examine some qualitative properties of these eigenfunctions defined by series
(4.16). The first step in this direction is to show a simple relationship between two
consecutive eigenfunctions and thus it makes possible to deduce some properties
of the (n + 1)t eigenfunction from the information about the n®* eigenfunction.
Differentiating y, () twice gives

et (_a2(n+1])m

" —a™ bz
Yn(z) = bag e ;
§ m=0 :‘=l (azk - 1)
and
2(n+1))m /B
- T
yn+l = Qon+1 Z a'”“ — 1)e .

It is evident that y,1(z) = Ayi(z) for A = agp41/baon,n = 1,2,.... Here, A <0
since equation (4.17) indicates that the ag, are alternatively positive or negative
depending on whether n is even or odd, and the zeros of y,,(z) correspond to the
zeros of y/(z). This indicates for example that y,41(z) > 0 at a local maximum
for y,(z) and yp+1(z) < 0 at a local minimum for y,(z). In order to use the above

observation, we need some information about the first eigenfunction, i.e. the solution
to Problem 4.2.1 for A = ba?.

Theorem 4.2.3 The first eigenfunction y, of Problem 4.2.1 is positive for all z > 0.

Proof: The result can be eastablished using the same method as that used in
the proof of Theorem 4.2.2. Equation (4.19) can be converted into (4.27) using the
transformations (4.24) and (4.26). Now, 7/(0) = —0(0) and o(0) = 1 > 0 so that

7(0) = —1 < 0. (4.31)

Lemma 4.2.1 and the condition (4.31) indicate that 7(z) is decreasing and 7(0) > 0,
and therefore 7(z) > 7(az). It can be shown that 7(z) # 7(az) using the same

arguments as those used in the proof of Lemma 2.2.1 so that 7(z) > 7(axz); thus,
yi(z) = 7"(z) > 0 for z > 0. W

The next results, Theorems 4.2.4, 4.2.7 and Lemma 4.2.5, are shown for the first
eigenfunction, but they can be extended to all the eigenfunctions without difficulty.

Theorem 4.2.4 There ezists an €; > 0 such that y{(z) > 0 and y{(z) < 0 for all
T E (0, 61).
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Proof: Integrating both sides of equation (4.10) for A = ba? from 0 to co yields
¥1(0) = b(a — 1) > 0. The continuity of yi(z) implies that for some ¢ > 0, there
is an interval (0,¢€;) in which y;(z) is increasing from 0 to ae;; thus, yi(z) > 0
in that interval, and equation (4.10) implies that y{(z) < 0 in that interval since
—byi () + ba®yi (az) > 0. For the other eigenfunctions, this property follows from
the fact that y,(0) = b(e®* ' —-1)> 0.1

Lemma 4.2.5 There ezists a Z, > 0 such that y1(z) and y{(z) are strictly mono-
tone in (Z1,00). In fact, this result is true for all derivatives y{k)(z) forallk € N.

Proof: Using the Dirichlet series representation (4.16) for y;(z) we have

! 3
N (I") =K,(1 - o e—(a-—l)\/sn:)

o1 a? —1
K. (1 a3 —(a—1)a?vbz (432)
+K,(1 - B —1° )
...,

where

_ \/Eaﬁm —a?™/bz

" ILI(e* ~1) ’

Since the exponential function in the first term is decreasing to zero as z — oo,
the first term is positive in (Z,,00) for some point Z;. Also, the first term is the
smallest one among terms in (4.32) and all K,, are positive, so that _—’:'.? > 0in
that interval. Now, ag, is positive and therefore, y{(z) < 0 in (Z),00) ; thus, yi(z)
is strictly monotone in this interval. A similar construction shows that ”Z%I) > 0 so
that y{(z) > 0 and thus y{(z) is strictly monotone in (Z;, 00). The above result can
be extended to the other eigenfunctions by obtaining % < 0 and ﬂgéfl 20 In
fact, since the ag, are alternately positive or negative according to n, so are y.(z)

and yr(z). W

mr= 0, lun. .

Corollary 4.2.6 y,(z) must have finite number of zeros on R.

Proof: Suppose that there is an infinite number of zeros {z,} of yn.

Let I = { z €@'| Re(2) > 0}. Then y, € H(II), where H(II) is the set of functions
holomorphic on II. There can be no point of accumulation of zeros in the interior of
I1, and if there were one at the origin, then y/,(0) would be either zero or nonexistent,
but we already know that y!(0) # 0. This implies that y, cannot have any finite
points of accumulation for zeros of y, in Il and a fortior: there are no finite points
of accumulation for zeros on R*. On the other hand, Lemma 4.2.5 precludes the
possibility that y, has zeros such that lim,_, . 2, = 0o. Therefore, we get the result.
|
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Figure 4.4.1: The first eigenfunction y,(z) for A = 4 to Problem 4.2.1 when b =1
and o = 2. Eigenfunctions, here and in later Figures, were calculated from their
Dirichlet series using Maple.

Theorem 4.2.7 The eigenfunction y;(z) can have neither positive minima nor neg-
ative mazrima.

Proof: Suppose y;(z) has a positive local minimum at z = z; > 0. Now
yi(z,) = 0 and y{(z,) > 0, so that equation (4.19) implies that y,(z;) > o?y:(az,)
and so y,(z1) > yi1(az;). Hence, there must be a point X; € (z,,az,) at which y,
achieves a positive local maximum. Now y{(X;) = 0 and y{(X;) < 0 and thus,

o’y (aXy) > yi(X1) > yni(z1) > Pyi(ezy),

ie. yi(aX,) > yi(az,). Since y;(aX,) > y1(az,), there must be a point which has
a local minimum in the interval (X, @X,). Here, the local minimum can be positive
or negative. We can now repeat this argument to obtain a sequence of local maxima
{ X} and local minima {z,} such that y,(X,) —y1(zs) # 0 for all n. This indicates
that the eigenfunction is not monotone in any intervals of the form (X, 00), thus
contradicting Lemma 4.2.5. A similar construction shows that the eigenfunction
cannot have negative minima.ll

Theorems 4.2.3 and 4.2.7 imply the following result:

Corollary 4.2.8 The first eigenfunction has ezactly one mazimum.
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The first eigenfunction y,(z) for b =1 and a = 2 is depicted in Figure 4.4.1.

I't remains to investigate y,(z) in order to obtain y,4i(z). We begin with the
following lemma which shows the distribution of zeros of the eigenfunctions:

Lemma 4.2.9 Ify,(z1) = 0 and y,(22) =0 for 2, < z3, then z, > az;.

Proof: By Corollary 4.2.6, the zeros of y, are isolated. Let z, be the next zero
beyond z;, and suppose if possible that zz < az,. Then y, is of constant sign
in (21,22). If that sign is negative then y!/(2z1) < 0 and y)(22) > 0. Integrating
equation (4.10) for y,, instead of y from 2, to z; and substituting A = ba?" give the
integro-differential equation

) = (1) = b [ wnls)ds+ba [ (o) ds =o.

zZ Z1

Now yr,(22) — 9 (21) > 0 so that [ ya(s) ds > o' [** yn(s) ds and therefore,

az

azz
/ Yn(s)ds <0,
azy

since f:lz Yn(8) ds < 0. This implies that y,(z) cannot increase steadily after 2, and
there must be a point z3 < azp, which satisfies y,(23) = 0. Let 23 be the smallest
zero in (22, @2zp). Then y),(22) > 0 and y),(z3) < 0, and it can be shown that there
exists another zero 24 < az23; using the same arguments. Repeating this process
produces an infinite number of zeros of y,(z). This contradicts Corollary 4.2.6 and
so we have the result. A similar construction also gives the result if the constant
sign of y, was positive.

It is clear from Lemma, 4.2.5 that there are finite number of critical points and so
we have the following theorem for y,, which can be represented by a Dirichlet series:

Theorem 4.2.10 Let {zi} be critical points fori =1,2,...,n. Then yi(z) < 0 for
z € (0,z,), and in any interval of the form (z;,z;;,) fori=1,2,...,n—1 or (z,,0),
there is ezactly one point s such that yli(s) = 0.

Proof: Let us first examine the interval (0, z;). Suppose y(£) > 0 for Z € (0, z,).
Since yi(z;) < 0, there must be a local maximum critical point s € (0,z;) of ¥/,
such that y/(s) = 0 and y'(s) < 0. Now y/(s) = 0 so that y,(s) = a® y,(as) from
equation (4.10). Since y,(0) > 0, y,(z) > 0 for z € (0,z,) and therefore, y,(as) > 0
and y,(as) < yn(s); thus, as > z,. Hence for the first eigenfunction, y}(as) < 0.
For the other eigenfunctions, there is a possibility that the point as is located in

somewhere after more than two zeros of the eigenfunctions. Let the first and the
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second zero be z;, 2, respectively , then 2, > «az from Lemma 4.2.9. This implies
that as < az;, and since y,(a@s) > 0, we have as < z; ; thus, y (as) < 0. On the
other hand, a differentiation of equation (4.10) yields the equation

Yo' (z) — byl (z) + byl (az) = 0. (4.33)

Now, y»'(s) < 0 so that y.(s) < a®"t!y! (as); thus, y.(as) > 0. The equality
yr(as) = 0 is obtained when y/(z) = 0 in [s,as]. Since y.'(z) = 0 in that interval,
equation (4.33) indicates that y/ (z) = 0in [as, a?s]|. This process can be repeated to
get y.(z) = 0 for £ > s using the intervals of the form [a*s,o**!s] for k = 1,2,...
successively. So, y.(as) > 0, contradicting the previous result that y,(as) < 0.
Thus y!(z) < 0 for all z € (0, z;).

It is clear that there must be at least one inflexion point between any two con-
secutive critical points as well as between the last critical point and infinity since
Yr(z) is continuous in (0,00). Suppose first that there exists an inflexion point s;
such that y”(s;) = 0 and y"(s;) < 0 between a maximum critical point z; and
the following minimum critical point z,. Then the point s; is a maximum critical
point of y/.. Since y”'(s1) < 0, ¥.(s1) < o®*'y! (as,) from equation (4.33) and so,
whether y/,(as;) < 0 or y,(as;) > 0, we have y,(s;) < y.(as)) since y,(s1) < 0.
This indicates that there must be a point s, € (s, as;) at which y!, achieves a local
minimum. Note that Lemma 4.2.9 and y)(s2) < yh(s1) < 0 yield s; € (z1,2).
Since y;' (s2) > 0, yi(s2) > a?™tly! (ass) so that y) (as;) > y.(ass). This follows
that another maximum critical point s3 of ¥, exists in the interval (s2, as2). Here,
yr (as2) < 0andso s3 € (1, z2). This argument can be repeated ad infinitum to con-
struct an infinite number of critical points {s,,} of y,(z) such that s, € (z1,z2), i.e.
y;, is oscillating in a bounded interval, contradicting the continuity of y,. Therefore,
there is no inflexion point s satisfying y(s) = 0 and y2'(s) < 0 between a maxi-
mum critical point and the following minimum critical point. It remains to prove
that there is no point o € (z,,z,) satisfying y/(9) = 0 except one inflexion point.
Suppose there is a point v satisfying y;:(v) = 0. Then v is not an inflexion point so
that ' (v) = 0, and y/i(z) > 0 or y;:(z) < 0in (v —mn,v+7) for some n > 0. Let
yn(z) > 0 in that interval. Since y, is not constantly zero in (v, z,), there exists a
minimum critical point v; > v of y” such that yi™(
(4.33) leads to the equation

v1) > 0. Differentiating equation

¥ (z) — by (z) + ba®+?y! (az) = 0, (4.34)

and so 0 = y(v) > & ?y!(av,); thus, y"(vi) > y~(cv). This indicates the

existence of a maximum critical point v, < av; of ¥/ such that y(vs) < 0,
y"(v2) = 0 and ¥5)(v;) < 0. Since equation (4.33) yields ¥/, (vi) = o™y’ (aw)),

we have y! (av;) < 0. Therefore, Lemma 4.2.9 leads to av, < z;; thus, v; € (z;,Zs).
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Figure 4.4.2: The second eigenfunction yo(z) for A = 16 to Problem 4.2.1 when
b=1and a=2.

Now yi(v2) < &®*2y!!(aw,) so that

o2yl (aws) 2 yn(v2) > yp(v1) 2 & yp(0w),

and consequently, yi(awv;) > y/(av;). This implies that there exists another min-
imum critical point v3 > v, of y, and v3 € (z;,z;) from equation (4.33). This
argument can be repeated to get an infinite number of critical points {v,} of y}
such that v, € (z1,z2). This means y} is oscillating in a bounded interval, contra-
dicting the continuity of /. The case when y/'(z) < 0 can be proved using a similar
argument, and thus there is exactly one point v satisfying y”(v) = 0 in (z,, z3). For
the interval between a minimum critical point and the following maximum critical
point or between the last critical point and infinity, we can prove the results using
a similar argument. H

From the first eigenfunction and Theorem 4.2.10, the shape of the graph of the
second eigenfunction can be deduced. The function y,(z) has one positive maximum,
one negative minimum and one zero z in (0, 00). Moreover, there is no inflexion point
between 0 and the maximum critical point, but it has one inflexion point between
critical points or between the minimum critical point and infinity. The location of
inflexion points between critical points can be deduced by considering the sign of
Y5 (2). Since y2(az) < 0, y5(2) > 0 from equation (4.10). Hence an inflexion point
of the eigenfunction lies in between the maximum critical point and the zero z. The
second eigenfunction y,(z) when b = 1 and o = 2 is depicted in Figure 4.4.2. The



82

other eigenfunctions can be obtained inductively in a similar way, and we have the
following corollary:

Corollary 4.2.11 The eigenfunctions y,(z) have precisely n zeros including the
gero-at 2=0.

Moments of y;(z)

The first eigenfunction y,(z) to Problem 4.2.1 can be treated as a probability density
function since it is non-negative with one maximum and satisfies the normalizing
condition (4.3) so that we obtain the statistical properties of the graph of the equa-
tion by considering the moments of y,(z). The m!* moment of y,(z) about the
origin is

oo
= f t™y, (1) dt.
0
Multiplying equation (4.19) by z™ leads to the equation
o™y (z) — bz™y,(z) + ba’z™y, (az) = 0,
and integrating the above equation from 0 to oo produces
(s o] 00 00
b= 1) f £m2y, (£) dt — b f £y, (£) dt + ba' ™ f £™y, () dt = 0.
0 0 0

Therefore, for m > 2, we have the recurrence relation

m(m — 1) pm—2 = b(1 — &*™™) iy (4.35)

Clearly, o = 1 and the mean value p; can be obtained by using the Dirichlet
series solution. Now,

oC o0
H1 = Z (1759 f te—a“\/ﬁt dt,
n=0 0

and since

f te—" Vot g — \/Ea'“f eVt gy — bla™2",
0 0

K1 = amzl—l i (12"—1)
b=12G(b) /G (ba). (4.36)
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24
b(1-a~N(1-a-3)?

The relation (4.35) and po = 1 indicate that ps = j—5=ry 50 that us =
and in general, for k =1,2,...,
B (2k)!
P B T (1 — o)

120 G(b)
b2vb(1—a—2)(1-a—*) G(ba)

In the same manner, we have u3 = b\/_(167a2) G(gg) so that ps =

and consequently, in general, for k = 1,2,.

(2k + 1)! G(b)
PVBTT, (1 - o) Gloa)

H2k+1 =
Now, the variance is given by
0 = -4}

2a G?(b)
bla—1) bG%(be)’

As an example, when o = 2 and b = 1, y, has the mean value, the variance and
the skewness as follows:

Q

H1 164,
g & L3,

3=E ~ g7
a

l

¢

4.2.2 Solutions to Problem 4.2.2

Attention is now focused on the qualitative properties of the solutions to Problem
4.2.2. The structure of the eigenfunctions arising in Problem 4.2.2 is similar to that
arising in Problem 4.2.1. The eigenvalues and eigenfunctions for Problem 4.2.2 can
be determined in the same manner as that used in Problem 4.2.1 and we omit the
details.

The solution u(z) is given by

n
—a"rz

o)=Y e

where 7 is determined from the indicial equation

- )A=0,
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and ¢ is obtained from the condition (4.3) so that

v
€= \/_(ZH 2m_1)) -

Now,

(4.37)
= VG- (a )G (,\),
and comparing (4.37) with (4.14) leads to the following identity:
— - c
G\ = ljlo(l ~ Saw)- (4.38)

Note that G(A) = G(3) if b = ¢, where G is defined by (4.14). The expression (4.38)
shows that the zeros of G()) are given by

and ¢y = VAG~!(a)\) # 0o at those points so that all the zeros of G(A) can be used
to construct eigenfunctions. The n** eigenfunction is

cm.Z H - a% - 1) S (4.39)

where

(- 22)

n
& m=0

Comparing (4.39) with the n'* eigenfunction y,(z) arising in Problem 4.2.1 yields

the relationship
Un(z) = \[ 3 (4.40)

Note that con = a™™/5aon; therefore, ?T: > 0 for all the value n. The relation-
ship (4.40) implies that the basic features of the eigenfunctions u,(z) such as the
number of critical points, zeros and the change of the sign of the eigenfunctions are
essentially the same as those of PProblem 4.2.1.
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Figure 4.4.3: The first eigenfunction u,(z) for A = § to Problem 4.2.2 when ¢ =1
and a = 2.

In contrast with the previous problem, the eigenvalues form a sequence {\,}
such that A, — 0 as n — oo. The first eigenvalue is A = c¢/a?, and it can be
shown that the corresponding eigenfunction is unique and positive for z > 0, and
it has exactly one maximum critical point. The number of the zeros for the nt
eigenfunction u,(z) is also n, which is the same as that for the n*® eigenfunction

Yn(z), but the location of the zeros for the nt* eigenfunction u,(z) is \/ga“ times

far from the origin as that of the n* eigenfunction y,(z). Figures 4.4.3 and 4.4.4
show the first and second eigenfunctions u;(z), uz(z) when ¢ =1 and a = 2.

We finish this section with the following corollary :

Corollary 4.2.12 Let the first zeros of the eigenfunctions arising in Problems 4.2.1
and 4.2.2 be {z1,} and {z2,} for n = 1,2,..., respectively. Then lim, ,00 z1n = 0
and 1imp ;00 Zon = 0.

Proof: There is an inflexion point less than the first zero of the n** eigenfunction
and the inflexion point becomes the zero of the (n + 1)* eigenfunction, so that the
first zero of the (n + 1)* eigenfunction is less than that of the n'* eigenfunction.
Now, |us(z)| < ¥E|G~!(ca?"*1)G(ca2")| — 0 as n — 0o and 50 u,(z) = 0; thus,
2on(2) = 0 as n = oo. The relationship (4.40) can be expressed as
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Figure 4.4.4: The second eigenfunction uy(z) for A = - to Problem 4.2.2 when
c=land a=2.

andy,,(x)—>0asn—>ooforx>Osinceun(\/ga“x)—>Oasn—>oofor:c> 0;
thus, z1,(z) > 0asn — co.l

4.3 The Eigenvalue Problem II

Problems 4.2.1 and 4.2.2 did not include first derivative terms. We now consider
the more general equation

y"(z) — ay'(z) — by(z) + My(az) =0, (4.41)

where a > 0, b > 0 and @ > 1. We will refer to equation (4.41) along with conditions
(4.2) and (4.3) as Problem 4.3. In this section we investigate the properties of
solutions to Problem 4.3 and generalize the analysis of the previous section. The
major complication here is that we cannot determine the eigenvalues explicitly.

Substituting a solution y(z) of the form (4.5) into equation (4.41) yields the
indicial equation

r’+ar—b=0, (4.42)

and the recurrence relation

(@®r? + aa™r — b)a, = —Aan_;. (4.43)
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From equations (4.43) and (4.42), y(z) is given by

/\)n —arz
y(z) = ao Z Hm_ (a?™r2 + aa™r — b) !

where 7 = %gm, and gy can be determined by the condition (4.3), so that

ap =T (E T, (a®r? -I)- v b)) - (4.44)

Now,

(=A™
- Z ¢ [[me1 (@2™1% + aa™r — b) °

and eigenvalues need to be found in order for the solutions to satisfy the condition
y(0) = 0. Let y(0) = apG()), where

V=3
= | [ azmﬂ + aa™r — b)’
then y'(0) = —ragG(a)) and 3"(0) = r2auG(a?)). Substituting these expressions
into equation (4.41) yields the advanced equation

r’G(a®)) + arG(aX) + (A = b)G()) = 0. (4.45)

If A > b, the coefficients of the above equation are non-negative and therefore
G(A),G(a)),G(a?)) cannot have the same sign for all A > b. Hence we have
a sequence {A,} of zeros of é(/\) such that lim, o An = 00. We now examine
ap = rG '()\/a) to show all the zeros of G correspond to eigenvalues. Suppose
An Zba* foralln € N andall k =2,3,..., and G(An/a) = 0. Substituting A =
into equation (4.45) yields

PG0w) +arGn/a) + (5 = DG On/a?) =0,
and this equation implies that G(\ n/az) = 0 since G(\,) = 0, G(A\,/a) = 0 and

An # ba?. Now, by substituting A = 23 into equation (4.45), we have the advanced
equation

r2G(An/@) + arG(\n/a?) + (% —b)G(A\n/c®) =
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and therefore G(A\n/a?) = 0 since A, # ba3. The repeated process implies that
G (An/a®) =0,

for all K € N and since G is continuous at A = 0, G(0) = 0. On the other hand,
substituting A = 0 into G()\) shows that G(0) = 1, and we thus conclude that
G(An/a) # 0 for n € N and hence ag # 0o at the zeros of G. Hence if A, # ba*
for all n and k£ = 2,3,..., then all the zeros of G can thus be used to construct

the eigenfunctions y, for all n € N. In fact, even if A\, = ba* for some n and k,
G(An/a) # 0. This will be proven after lemmas.

The result of Lemma 4.2.1 can be extended to the following lemma:

Lemma 4.3.1 Any solution to the functional differential equation

7"(z) — at'(z) — br(z) + k7(az) = 0,

where 0 < k < b and a > 1, satisfying the condition T(0co) = 0 can have neither
positive mazima nor negative minima.

The next lemma provides bounds for the smallest eigenvalue.
Lemma 4.3.2 Let \; denote the smallest eigenvalue. Then ba < A < ba?.

Proof: Let us first consider lower bound of A;. Suppose A; < ba. Applying
the transformation o(z) in (4.24) to equation (4.41) for y, instead of y leads to the
equation

o"(z) —ad'(z) — bo(z) + /;—la(a:c) =0,

and the conditions ¢(0) = 1 and o(co) = 0. Lemma 4.3.1 indicates that o(z) can
have neither a positive maximum nor a negative minimum since A\; < ba. Therefore,
o'(z) < 0 because 0(0) = 1 so that y,(z) > 0; thus, y}(0) > 0. On the other hand,
integrating equation (4.41) for y, from 0 to oo yields the equation ¥}(0) = —b + 2
so that y](0) < 0 since A\; < ba. This fact contradicts the earlier result y;(0) > 0.
For the case when \; = ba, it is enough to show that G(ba) > 0. Since 7, + 75 = —a
and r 72 = —b for two roots r, 2 of the indicial equation (4.42),

n

H (@®™r? + aa™r — b) = H (@™r1 —11)(a™r = 72)

m=1 m=1

t 2_-2m m b m
=[[ ™ - g™+ 4™,
m=1 1



89

where ¢ = 2, and so

A nqn2+n
G0) = .
,,Z_:onm_ T— g+ &)
Let z = —;bl;, then
. oo znqnz
G(ba) = -
( ) ; Hm:l(l - qn)(l — 24 )
and thus,
o -1
G(ba) = (H(l — zq“)) >0, (4.46)
n=0

from the result of well-known hypergeometric series (cf. G. Andrews [1976]). There-
fore, A > ba. Now, by substituting A = b, equation (4.45) can be converted into
the following equation:

r2G(ba?) + rG(ba) = 0,

and this equation implies that there is at least one zero less than a2b since

G(ba?)G(ba) < 0
n

Note that the above lemma indicates that G(ba?) < 0. So, if G(bo3) = 0, then
A = ba® can be an eigenvalue. Suppose for k > 4, G(ba*) = 0 and G(baF") = 0.
Substituting A = ba*~2 into equation (4.45) implies that G(ba*~2) = 0. If k = 4, we
have G’(baQ) = 0, contradicting G(ba?) < 0. For the case when k > 5, we substitute
A = ba¥~3 into equation (4.45) to get G(ba*3) = 0. The process will be repeated
until we get the equation

r2G(ba?) + arG(be®) + b(a? — 1)G(ba?) = 0,

and this implies that G(ba?) = 0. Thus all the values of A satisfying G(\) = 0 can
be used to construct eigenfunctions.

Let us consider bounds for the other eigenvlaues. For the first eigenvalue A,
there is an eigenvalue ), in (a\),a?);) from (4.45) and therefore, Ay < ba? since
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Figure 4.4.5: The bounds A; < 4, A2 < 16 and A3 < 64 of G’(A) corresponding to
the case thata=1,b=1 and a = 2.

A1 < ba?. In a similar manner, another zero A3 such that A\; < ba® can be obtained.
Repeating this process produces a sequence {),} such that A\, < ba®". Figure 4.4.5
shows the locations and bounds for zeros of G(\).

Now, the n'* eigenfunction corresponding to the nt* eigenvalue is given by

g )m —-a™rz
Yn(Z) = aop Z Hk . a2’°r2 P b)e , (4.47)

where

Gon =T (Z 1= ((l?(k;?_:-)aaki" _ b)) = Té_l('\n/a) . (4.48)

4.3.1 Uniqueness and Qualitative Properties of Solutions

The results of Theorem 4.3.3, Lemmas 4.3.4 and 4.3.5 can be extended to the other
eigenfunctions with little difficulty.

Theorem 4.3.3 The only eigenfunction of Problem 4.3 in L;[0, 00) is y)(z), whose
eigenvalue is A = ).
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Proof: Suppose z(z) = y;,(z) — y12(z) for two distinct solutions y,,(z), y12(z) to
equation (4.41) when A = ), then we have the equation

2"(z) — a2'(z) — bz(z) + \i1z(az) = 0, (4.49)

and the conditions 2(0) = 0,2(c0) = 0 and [°z(z)dz = 0. Since y(z) is at
least twice integrable by assumption, we can use the transformations o(z) and 7(z)
defined by (4.24) and (4.26) to equation (4.49) so that

(z) — at'(z) — b7 (z) + A—;T(QI) =0, (4.50)
and 7(0) = 0, since 7'(0) = —a(0) = 0 and 7"(0) = y(0) = 0. Now, 24 < b and so
7(z) = 0 from Lemma 4.3.1 and therefore, 7”(z) = 0; thus, z(z) = 0 and we get the
result. @

Lemma 4.3.4 There ezists an €; > 0 such that yi(z) > 0 and y{(z) > 0 for all
T E (0,61).

Proof: Integrating equation (4.41) from 0 to oo gives y}(0) = &L — b > 0 and so
y7(0) > 0. The continuity of y; and y; thus gives the results. @

The monotonicity result of Lemma 4.2.5 can be extended to Problem 4.3 using
a similar argument.

Lemma 4.3.5 There ezists a Z, > 0 such that y,(z) and y|(z) are strictly mono-
tone in (Z;, 00).

Theorem 4.3.6 The first eigenfunction y,(z) is positive for > 0.

Proof: Applying the transformations o(z) and 7(z) defined by (4.24) and (4.26)
to the differential equation (4.41) produces the functional differential equation (4.50)
and 7"(z) = yi(z). Since A < ba?, the result of Lemma 4.3.1 can be applied to
equation (4.50). Now, 7(0) > Osince 7'(0) = —1 and 7""(0) = 0, so that 7'(z) < 0 and
7(z) > 0. To establish that y,(z) > 0 for z > 0, it suffices to show that 7"(z) > 0.
Since yi(z) > 0 in z € (0,¢€) for some € > 0 by Lemma 4.3.4, 7"(z) = y:1(z) > 0 in
that interval.

Suppose that 7"(Z) < 0 for some £ € (¢,00). Because 7"(z) > 0 in (0,¢€), there
is a maximum critical point s; of 7/ such that 7"(s;) = 0 and 7"(s;) < 0. A
differentiation of equation (4.50) gives the following equation:

™ (z) — at"(z) — br'(z) + %T'(az) =0,
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and AL7'(as1) > br'(sy). Since 7'(z) < 0 for all z and Ay > be, T'(as1) > 7'(s1).
This implies that there must be a minimum critical point s, of 7/(z) in (s, @s;) and
thus 2L7'(asp) < b7'(s2). Therefore,

A
%T,(CISQ) < b7'(s9) < b7'(81) < EIT'(asl),

so that 7'(ass) < 7'(as;). This indicates the existence of another maximum critical
point s3 of 7'(z) in (s2, @s;) and so we have 7'(as3) > 7'(s3) and 7'(s3) > 7'(s2)
using the same arguments. The repeated process produces an infinite number of
critical points of 7' satisfying 7”(z) = 0 so that y;(z) has an infinite number of
zeros, contradicting Lemma 4.3.5 that y;(z) is monotone in some interval (Z, o).
Therefore, 7"(z) > 0 for all z > 0 and so yi(z) > 0. It remains to prove that
y1(z) > 0. Suppose that there exists a point Z such that y,(z) = 0. Since y:(z) > 0,
the solution is zero for £ > T or it has a zero minimum. It can be shown that
y1(z) cannot be zero in any intervals of the form [, aZ] for £ € (0,00) using the
same arguments as those used in the proof Lemma 2.2.1. Let Z, denote the point
such that y(Z,) = 0 and y{(Z;) > 0. Equation (4.41) indicates that y;(az;) < 0
and so y(aZ,) = 0. Hence there exists another point Z, satisfying y{(Z2) = 0 and
y1(Z2) > 0. Repeating this process constructs an infinite number of zeros {Z,} of y,
contracting Lemma 4.3.5. B

The next theorem is a straightforward extension of Theorem 4.2.7 and the corol-
lary follows immediately from Theorems 4.3.6 and 4.3.7.

Theorem 4.3.7 The eigenfunctions y,(z) to Problem 4.8 can have neither a posi-
tive minimum nor a negative mazimum.

Corollary 4.3.8 The first eigenfunction y,(z) has ezactly one mazimum.

Now, integrating equation (4.41) from 0 to oo gives y](0) = —b+ A,/ and since
ba < A\; < ba?, we have —b + A\;/a > 0 and thus y(0) > 0. With this result and
using the same arguments as those used in the proof of Theorem 4.2.10, we have the
following theorem, which gives the shape of the graph of the first eigenfunction y;:

Theorem 4.3.9 The eigenfunction y,(z) has only one point s satisfying y{(s) =0
in each interval (0, X 1) or (Xm,00), where X, is the mazimum critical point.

Figure 4.4.6 illustrates the first eigenfunction y,(z) whena =1,b=1 and a = 2.

In Problem 4.2.1, the graphs of the eigenfunctions can be obtained from the first
eigenfunction since there is a relationship y,;1(z) = Ayl (z) between consecutive
eigenfunctions. In the case of Problem 4.3, the eigenvalues are not known explicitly
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Figure 4.4.6: The first eigenfunction y;(z) for A = 2.54 to Problem 4.3 according to
a=1,b=1and a=2.

and there isno obvious relationship between consecutive eigenfunctions. The graphs
of the other eigenfunctions for Problem 4.3 are thus not as simple to obtain from
the first eigenfunction as those for Problem 4.2.1. However, the numerical evidence
suggests that the qualitative features of the n'* eigenfunction for Problem 4.3 may
be essentially the same as those for Problem 4.2.1.



Chapter 5

The Equations with Variable
Coefficients

In this chapter, we investigate linear second order functional differential equations
with polynomial variable coefficients. Two kinds of methods are used here to exam-
ine the equations. One method is to seek a series type solution like the solutions
to the equations with constant coefficients; the other method involves the use of a
Green'’s function to establish the existence of a solution.

5.1 Introduction

We consider the equation

L(y(z)) = p(2)y"(z) + q(2)y (z) + r(z)y(z) = Ar(z)y(az), (5.1)

with the boundary condition

and the normalizing condition

/ Tty dt=1, (5.3)

where p(z), g(z) and 7(z) are polynomials and o > 1.
We will refer to equation (5.1) along with boundary conditions (5.2) and (5.3) as
Problem 5.

Motivated from Dirichlet series solutions to the equations with constant coeffi-
cients, we look for the following form of solutions to PProblem 5:

94
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= > (~N"v(a), (5.4)

n=0

where yo(z) is a general solution to the equation

L(yo(z)) =0, (5.5)

satisfying the condition yg(co0) = 0 (which may not be possible, depending on the
coefficients), and

L(yn(z)) = —7(2)yn-1(0z), (5.6)

for alln > 1.

As an example, a Dirichlet series solution to Problem 4.2.1 without the condition
y(0) = 0 when b =1 can be obtained by using (5.4), (5.5) and (5.6). A solution to
the equation

L(yo(z)) = y5(z) — w(z) =0,

satisfying yo(00) = 0 is yo(z) = ape™*, where ay € R. Now

L(y1(z)) = 4 () — v1(z) = ape™, (5.7)

and substituting y,(z) = a,e7°® into equation (5.7) indicates that a, = 5 and
thus

Qg

b ? & 1
e %,
a?—-1

n(z) =
We get the third component y,(z) from the equation
L(ya(2)) = y2(2) — ve(z) =

using the arguments similar to those used for obtaining y, (z), so that a; =
and therefore

Qo e

e
a2 -1 ’

O [
(@¥=1)(a?-1)

g —aiz
we) = - n°

In general, we have

_ Qg —a™z
yﬂ(x) i I—In (azm _ l)e ]

m=1

and consequently,

= ag Z T azm — l)e“‘"x, (5.8)

m=1
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where a¢ can be determined by normalizing the solution so that

(&N )T
’ n=0 ?n:l(a2m - 1) '

Note that y(z) defined by (5.8) is the same as the solution defined by (4.13) when
b = 1. These calculations suggest a method for solving equations with variable

coefficients.

Based on this observation, we first focus on some equations which can be solved
using this method. It is known that the following types of equations have a solution
y(z) such that y(oo) = 0:

I) y"(z) — zy(z) =0, y(z) = Ai(z), where Ai(z) is an Airy function.

I0) zy"(z) — y'(z) — y(z) = 0, y(z) = zK2(2v/z), where K>(2y/z) is a modified
Bessel function of the second kind.

II) zy"(z) — y'(z) — 23y(z) = 0, y(z) =€ 2.
IV) y"(z) + 2y/(z) + y(2) = 0, y(z)=e"2

V) (z+k)*y"(z) +a(z+k)y'(z) +by(z) =0, y(z) = (z+k)™, where k > 0 and a, b
are real values which produce a negative root r for the equation 72+ (a—1)r+b = 0.

Note that if k£ = 0, the solution to the above equation is y(z) = £'* and so it has a
singularity at z = 0.

In the next sections, we present solutions to the equations
'(2) - 2y(z) + Aay(az) = 0
zy"(z) - y'(z) — y(z) + My(az) = 0
zy"(z) - y'(z) — 2’y(z) + Az’y(az) = O,
using the series (5.4). For the equations
y"(z) + zy'(z) + y(z) + My(ez) = 0, (5.9)
and

(z + k)*y"(z) + a(z + k)y'(z) + by(z) + Ay(az) =0, (5.10)

where k£ > 0, the term y;(z) cannot be obtained explicitly from yo(z) so that the
method used for the three previous equations cannot be easily applied here. The
existence of a solution for equation (5.10) will be proved by using a Green’s function
to reform the problem as an integral equation and applying the contraction mapping
theorem. However, it is not shown whether or not equation (5.9) has a solution.
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5.2 The equation y"(z) — zy(z) + Azy(az) =0

Substituting p(z) = 1, q(z) = 0 and r(z) = —z into equation (5.1) leads to the
equation

y"(z) — zy(z) + Azy(az) =0, (5.11)

where a > 1, and a solution to the equation L(y(z)) = y"(z) — zy(z) = 0 satisfying
the boundary condition (5.2) is y(z) = Ai(z). The function Ai(z) satisfies

2

1
Ai(z) ~ rﬁ;:c_l“e"%x'j ,

as £ — oo (cf. Andrews [1992]) and at z = 0, Ai(z) is not defined, but lim,_,o+ Ai(z)
exists and Ai(0) = lim,_,¢+ Ai(z) = 31‘/—§F(§)

We refer to equation (5.11) along with conditions (5.2) and (5.3) as Problem 5.1.

5.2.1 Existence of Solutions

The first component yo(z) = agAi(z) for ap € R so that yi(z) is a solution to the
equation

yi(z) — zy, (z) = 0o Ai(az), (5.12)
and substituting y,(z) = a1 Ai(az) into equation (5.12) produces
a1’ Ai" (ax) — Ta,Ai(az) = zaoAi(az). (5213)
Now Ai"(z) — zAi(z) = 0 so that
Ai"(az) = azAi(az). (5.14)
Therefore, equation (5.13) can be converted into the equation
za1 (o® — 1) Ai(az) = zagAi(az),

and hence a; = _3%;. Consequently,

a :
(3} = o i 1Az(az),

and so the third component y»(z) can be obtained from the equation

Qo
o’ —1

Y2(z) — zy2(z) = Ai(e’z). (5.15)
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Substituting y,(z) = azAi(a?z) into equation (5.15) and using equation (5.14) imply
that az = m%?gg_—l] so that

@

Ya(z) = (@ D@ = I)Ai(a z).

In general we have that

Qg B
yn(x) I—[:anl (a3m _ 1)Az(a IE)
and we thus have the formal solution
y(z) = ) (A esdi(e"z)
n=0
= gy Z #Ai(a"z), (5.16)

where ag can be determined by normalizing y(z) and y(0) = Y oo o(—A)"a, 47(0).

We now show that the series (5.16) is a solution to Problem 5.1. This en-
tails establishing that series is uniformly convergent in the interval [0, 00), proving
lim;_, ¥(z) = 0, and showing that the series can be normalized to satisfy condition
(5.3).

Let us first recall properties of the function A;(z). For all z > 0,

_ 1 T 2 3/2
2 = 1\ KisG)

(cf. Andrews [1992]). Now, K,(z) is positive for all p € R and thus Ai(z) is positive;
moreover, Ai'(z) = — & Ka3(22%?) (cf. Luke [1962]), and consequently Aé'(z) < 0
so that Ai(z) is decreasing for all z > 0.

Since Ai(z) is a decreasing positive function,

oo oo
Z|an|Az (") Z an| Ai(0)
n=0 n=0

and so the series(5.16) is uniformly convergent on z € [0, c0) because

%] = |ao|2 L
et n a.’.‘lm_l)

is convergent. Therefore, the series defining y(z) can be differentiated or integrated
term by term. Moreover,

y(o0) = lim y(z EanhmAax_O

I—00 ~+00
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since Ai(a™z) — 0 as £ — oo for all n.
Let us confirm that the series (5.16) satisfies the equation (5.11). Now

I
<

L(y) "(z)

L(y) + Azy(az) =

zag z T _E(_cj;)': ) (o™ — 1)Ai(a"z)
+Iag/\§: = {=sli Ai(a™*1)

It is known that

n:l m=1
-
_zaoz T a(i)rn_ 1)Az(a €)
R ) (5.17)

/ t9K,(t) dt = 2971 I(
0

ifg+p>—1and ¢ —p> —1 (cf. Luke [1962]). So,

* Ai I b 3/2
/0 Ai(t)dt = 7r\/?:/0 VK, 3(2/3t%?%) dt
1 o0
1
= m;1“(2/3)1“(1/3).
Now
In=fmAi(a“t)dt - —/ Ai(t) dt
I'(2/3)0(1/3)
2\/_7ra"

so that I,, < oo for all n > 0. Hence the uniform convergence along with the integra-
bility of each term in the series implies that y(z) is integrable in [0, 00). Therefore,
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y(z) defined by (5.16) is a solution to Problem 5.1 and g can be determined by
normalizing the solution so that

2\/_’:1' - -\ a)® -
e 2 (z i) 1))

5.2.2 Uniqueness of Solutions

Theorem 5.2.1 If |\| < o?, then there is a unique solution y(z) to Problem 5.1
such that zy(z) is integrable on [0, 00).

Proof: Suppose y; and y, are distinct solutions to Problem 5.1 and let
z(z) = y1(z) — y2(z). Then z satisfies equation (5.11) and [ 2(t)dt = 0. Note
that in equation (5.11), zy(z) is integrable so that y" ( ) is 1ntegrable on [0, 00).
Integrating equation (5.11) for z instead of y from z to oo produces the integro-
differential equation

()= / " t2(t) dt + ﬁ / " 2ty dt = 0. (5.18)

T

Using the transformation

&)= / " a(t) dt, (5.19)

the above equation can be converted into the equation

o€ (z) — €' (z) — 2%€(z) + %3:2{(&3:) =0, (5.20)

since ¢'(z) = —zz(z) and £"(z) = —z(z) — z2'(z). Furthermore, £(c0) = 0 and
fo tz(t)dt. It can be proven that £ is increasing or decreasing using the
same method as that used in the proof of Lemma 4.2.1. This means that 2(z) < 0

or z(z) > 0 because £'(z) = —zz(z) and so the condition [;° z(t)dt = 0 implies
that 2(z) = 0.0

The above theorem indicates that if [A\| < o2, the only solution to Problem 5.1
is given by (5.16).

5.2.3 Qualitative Properties of Solutions

Theorem 5.2.2 Suppose that zy(z) is integrable on [0,00). If |A| < o?, then the
solution to Problem 5.1 is positive for £ > 0.
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Proof: Using the transformation () = [.° ty(t) dt, we have the equation (5.20)
for k instead of £ and using the same arguments as those used in the proof of Lemma
4.2.1, we can deduce that x'(z) < 0 or £'(z) > 0. This implies that y(z) > 0 or
y(z) < 0 respectively, since £'(z) = —zy(z). Now [;°y(t)dt = 1 and therefore, y(z)
cannot be non-positive for all z > 0; thus, y(z) > 0 for all z > 0. It remains to
prove that y(z) # 0 for any £ > 0. Equation (5.18) for y instead of z gives

V@ =1+ [

arT

e ¢}

ty () dt — / ) dt (5.21)

and thus y'(z) < 0 since —1 + 2 < 0. Therefore y cannot have a maximum so that
if there is a point s satisfying y(s) = 0, then y(z) = 0 for all z > s. Let Z be the
smallest point satisfying y(z) = 0 in z € [0,00). Now, y(z) = 0 in [Z,aZ| and so
equation (5.11) implies

y"(z) — zy(z) = 0, (5.22)

for all z € [Z/a, £], and y(£) = 0. Since y” exists, ¥’ is continuous so that equation
(5.22) satisfies the initial condition y'(Z) = 0. Therefore, the ordinary differential
equation (5.22) has the unique solution y(z) = 0 in [£/c, Z] and it contradicts the
fact that Z is the smallest zero of y; thus, y(z) > 0.0

The following lemma and theorem are satisfied for all A and y(z) in (5.16):
Lemma 5.2.3 There ezists a Z € R such that y'(z) <0 ory'(z) > 0 forallz > Z.

Proof: Since y(z) = 3 o, anAi(a"z),
¥'(e) = Z ana Ai'(a"z).
=0

If A <0, y'(z) < 0 since Ai'(o"z) < 0 and ap, >0 forallm > 0. Let A > 0. It is
known that Ai'(z) ~ —é—\l/—??:z:l“e_%zalz as £ — oo (cf. Luke [1962]) and so

A’zl(aif) ~ al/4e-§(a"“(a—l)z)3/2 = o4 H(2)
Ai(a™ 1)
Since H(z) — oo as £ — 0o, we can make the value | A’;"{aﬂfzﬂ small arbitrarily by

increasing z for all n. Thus there exists a Z € R such that

| & Ai'(a"z)

Qn—1 |aAi’(a"“z)
for all n and £ > Z. Now the series is alternating so that y'(z) < 0 if ag > 0 and
y'(z) >0ifap <0. W

<Dl (5.23)

Using the result of the above lemma and the same arguments as those used in
the proof of Theorem 4.2.7 we can get the following theorem:
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Theorem 5.2.4 The solution y(z) defined by (5.16) can have neither a positive
minimum nor a negative mazimum for all A.

Note that if |A| < a?, then we get y'(0) < O from the integral equation (5.21).
This observation along with Theorem 5.2.4 indicates that y(z) is decreasing in [0, 00).

5.2.4 The Values A When y(0) =0

Using arguments similar to those used in Chapter 4, we determine the eigenvalues

A satisfying y(0) = 0 and the corresponding eigenfunctions. At z = 0, the solution
y(z) defined by (5.16) becomes

= agk, Z H A)n (5'24)

m= 1 a3m_1)

where k; Let y(0) = agk;V(A), then by a method similar to that used

= 1
~ Yere/s)
in Chapter 4, we get

V) =1+ T ((_23),:_ = [Ia- ——aa(i+l))'
n=0

Now, ap = M%V‘I(A/a) so that ag # oo at the values of A = o®"

for n =1,2,...; thus, the eigenvalues satisfying y(0) = 0 are given by A = o for
allm=1,2,....
Let us investigate the eigenfunction y; corresponding to the eigenvalue A = o®.

Theorem 5.2.5 The eigenfunction y,(z) corresponding to A = o is positive for all
z % 0

Proof: Note that the Airy function Ai(z) decays exponentially so that z*y(z) is
integrable on [0, 00) for any k € R. Multiplying equation (5.11) by z yields

zy"(z) — 2°y(z) + Az’y(az) =0, (5.25)

and by integrating this equation from r to co and substituting A = o® we get the
equation

g5 — / 2y(t) dt + / £2y(t) dt = 0. (5.26)
The transformation

E(z) = fm t2y(t) dt,
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converts the above equation into

z="(z) — 32/ (z) — £%2(z) + 2°Z(az) =0, (5.27)
since Z'(z) = —z%y(z) and Z"(z) = —2zy(z) — z%y/() so that
—zy'(z) = #+2y(z) and y(z) = %ﬂl Suppose that there is a positive maximum

or a negative minimum. Then using the same arguments as those used in the proof
of Lemma 4.2.1, we get Z/'(z) < 0 or Z'(z) > 0, and the equation

E'(z) = —z?y(z) yields that y(z) > 0 or y(z) < 0. However, the condition
J" y(t)dt = 1 precludes the possibility that y(z) < 0; thus, y(z) > 0. Suppose
there is a point s > 0 satisfying Z'(s) = —y(s) = 0, then Z"(s) = 0 since Z cannot

have a positive maximum and so Z(s) = Z(as). This implies that =(z) = C for
z € [s,as|, where C' is some constant and, equation (5.27) indicates that =(z) = C
for [as, a®s]. The argument can be repeated ad infinitum using the interval [as, o?s]
to get the result Z(z) = C for all £ > s and since y(co) = 0, C = 0. Let Z > 0 be
the smallest point satisfying y(z) = 0 for z € [0,00). Then it can be shown that
y(z) = 0 in [£/a, £] using the same manner as that used in the proof of Theorem
5.2.2. This contradicts that £ is the smallest zero of y and consequently, y(z) > 0
forz>0. 1

Note the for a? < |A\| < @, it can be proven that a series solution y(z) defined
by (5.16) is positive for z > 0 using the same arguments as those used in the proof of
Theorem 5.2.5. If —a® < A < a?, then equation (5.21) leads to 3'(0) = =1+ % < 0
and so, from the result of Theorem 5.2.4, we get y is decreasing for all z. For the
case A = a?, equation (5.21) indicates that
y'(z) < 0forall z. If o® < )\ < @, then y'(0) > 0 from (5.21), so that y(z) has at
least one maximum critical point. Theorem 5.2.4 implies that the solution cannot
have a positive minimum critical point and therefore, it has exactly one maximum
critical point.

5.2.5 Bounds on the Maximum Critical Point of y;

The eigenfunction y;(z) has exactly one maximum critical point. Let X,, denote
the point at which y; achieves its maximum. Here we shall consider the bounds for
the maximum critical point X,, of y,(z). Now y'(X,,) = 0 and equation (5.26) thus
implies that

aXm
1 (Xm) = [ 2y () dt.
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Figure 5.5.1: The bounds on X,, and the solution y of y"(z) — zy(z) + 8zy(2z) = 0.

Since ¥, (X,,) is the maximum,

aXm
yl(Xm) < yl(Xm)f t* dt
Xm

1
= Sn(Xm) X5 1),
and hence
Xm 2 (""5'3—)1;3' (5'28)

On the other hand, y, (@ X;,) is the minimum in (X, @X,;] and consequently

aX,

v1(Xm) 2> yi(aXm) t* dt
Xm

= %yl(u:zX,,,,)X,"fn(.af3 —-1).

Since ¥ (Xm) <0, y1(Xm) < @®yi(aX;,) from equation (5.11) for A = o® so that

1
Y (Xpm) > §a'3yl(Xm)X,?l(a3 - 1),

and therefore,
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Together inequalities (5.28) and (5.29) indicates that

3

aa—_l)l/s < Xm < of

( jio,

B -1
Figure 5.5.1 illustrates the bounds (2)'/® < X,, < 2(2)!/® corresponding to the case
a=2.
We note that the results in this section can be extended to the equation
y"(z) — bzy(z) + Azy(az) =0, (5.30)

where b > 0, provided that we exchange the condition |A\| < @® for |A| < ba® and
the condition A = @® for A = ba3. The solution to the equation ¥} (z) — bzyoe(z) = 0
satisfying yo(00) = 0 is yo(z) = Ai(b'/3z) so that a solution to equation (5.30) which
satisfies the conditions (5.2) and (5.3) is given by

y(z) = ap Z_; H?nil—()\a/s(:r)l"_ 1),au'((;l/:*.o[n:c),

where

23V (i (=) )
" TRAA/S) \ & [Tnaule®™-1))

5.3 The equation
zy"(z) —y'(z) — y(z) + Ay(az) =0

A substitution of p(z) = z, ¢(z) = —1 and r(z) = —1 into equation (5.1) leads to
the equation

zy"(z) — ¥'(z) — y(z) + Ay(ez) = 0, (5.31)

where a > 1. We will refer to equation (5.31) along with conditions (5.2) and (5.3)
as Problem 5.2.

It is known that a solution to the equation L(y(z)) = zy"(z) — ¥'(z) — y(z) =0
satisfying the boundary condition (5.2) is y(z) = 2K5(2\/z). The function
Kp(z) ~ \/Ze™® for p > 0 as £ — oo (cf. Andrews [1992]) so that
TK,(2y/71) ~ \/T23/%e" V% as £ — oco. At z = 0, zK,(2/z) is not defined but the
limiting value exists as £ — 0% and lim;_,o+ zK,(2\/z) = F—f—) = 1 because
Kp(z) ~ 55232(2)” asz — 0.

T
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5.3.1 Existence of Solutions
Now yo(z) = apzK2(2y/x) for ag € R. Let K(z) = zK2(2\/z). Then the function
vy, (z) satisfies the equation
zyy (z) — y1(z) — y1(z) = aoK (az), (5-32)
and substituting ¥, (z) = a K (az) into equation (5.32) implies that
za,0’K"(az) — ayaK'(az) — a1 K (az) = aK (az). (5.33)

Since zK"(z) — K'(z) — K(z) = 0, azK"(az) — K'(az) = K(az) so that equation
(5.33) becomes a;(a — 1)K (az) = aoK(az) and therefore, a; = ;. This implies
that

Qo

n(e) = ~21K(az),

and so

2y3(z) - 9i(e) — wo(z) = —-K(e*z),

A substitution of y,(z) = ay K (a®z) into the above equation and using the arguments
similar to those used for getting yi(z) give the coefficient a; = a-Dr—ry and thus,

ay

= K(o?z).
nE) = G @ - @™
In general,

]

Un(Z) = =5 = K(a"z),
nm_l (0:‘ - 1)
and therefore, we have the formal solution:
y(z) = Y (~N"e.K(a"z)
n=0

= i( Na,a"zK,(2V o z)

a"zKy(2Va z), (5.34)

men (o™= 1)

where gg can be determined by normalizing y(z) and

K(0) = }:i_r}%[a“:ch(Q\/ﬁ)] =y &
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Consider the convergence of the series (5.34). Now,

D(z) = %(a“mffg(%/aTm))
= o"K,(2V o z) + oz K} (2V o ) (o z) " 2

= o"K,y(2Vorz) + a"Vearz K, (2Varz),

and since tKj(t) = —pK,(t) — tKp_1(t) for p € R (cf. Gray [1922]) and K,(t) > 0,

D(z) = a“K2(2\/E)+%a"(—?Kg(?\/cﬁ)—%/ﬁK,(Q\/m_x))
= —o"VaorzK,(2Va" z) (5.35)

< 0.

This implies that a"z K>(2v/a"z) is decreasing for all z so that
[o.°]
y(z) < ) lanla"zKs(2vo )
n=0

< ) lan|K(0).

n=0

Therefore, the series (5.34) is uniformly convergent and so y(z) is a well defined
function which can be differentiated/integrated term by term. Moreover, y(o0) = 0
since lim,;_,w(a"xKg(Q\/aTm)) =0 for all n.

Let us confirm that the series (5.34) satisfies equation (5.31). Now

L(y) = zy"(z) —y'(z) - y(z)

— - (_)‘)n K" (o z
— xao;ﬂfnﬂ(a"—l) K( )

and since

o"zK"(a"*z) — K'(a"z) = K(a"z), (5.36)
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L(y) + Ay(az) = ﬂuz 1—[ § am— 1)(&" —1)K(a"z)
+/\aoz H 22:_ )K(au+1$)
- '\)"
= aoZH;:( _1) K(a"z)

_agz n l(am l)K(a“.’L‘)
= 0.

We now consider the integrability of ™z K>(2v/a"z) on [0, 00). Using equation
(5.17), we have

f a"tKy(2vVarz)dr = % _“f maKg(.’B)d.’B
0 0
1 o"
= @ <00

for all n and so the uniform convergence of the series implies that the series (5.34)
is integrable on [0,00). Therefore, a solution to Problem 5.2 is given by

= ag Z T —57° "rKy(2vVa"z), (5.37)

where

- a -
(Z:H am_1)> . (5.38)

5.3.2 Uniqueness of Solutions

Theorem 5.3.1 If |\| < a, then given A and a, the solution to Problem 5.2 is
unique.

Proof: Suppose that there are distinct solutions y; and y, to Problem 5.2 and
let z(z) = y,(z) — y2(z). Then z satisfies the equation

z2"(z) — 2'(z) — z(z) + Az(az) = 0, (5.39)

for all z > 0, and [;° z(¢)dt = 0. An integration of equation (5.39) from z to oo
leads to the integro- dlfferentlal equation
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—z2'(z) + 22(z) — /oo 2(t) dt + 2 /wz(t) dt =0, (5.40)

() = / " ) dt (5.41)

converts the above equation into the equation

z¢"(z) — 2¢'(z) — ¢(z) + gg(az) =i, (5.42)

with boundary values ((o0) = 0 and ¢(0) = 0. In the same manner as that used the
proof of Lemma 4.2.1, it can be proven that ('(z) < 0or ¢'(z) > 0forallz > 0
and the condition ¢(0) = 0 implies that ('(z) = ((z) = 0. The continuity of z(z)
indicates thus that z(z) =0 forallz. B

5.3.3 Qualitative Properties of Solutions

Theorem 5.3.2 If |\| < «, then for the solution y(z) to problem 5.2, y(z) > 0 for
Tz 2> 0.

Proof: 1f we put

o(z) = / Ty de, (5.43)

where y(z) is a solution to Problem 5.2, then p satisfies equation (5.42) for p instead
of ¢ and p(0) = 1. Therefore, in the same manner as that used in the proof of
Lemma 4.2.1, we get p'(z) < 0 since p(0) =1 > 0 so that y(z) = —p'(z) > 0. Now
if p'(s) = 0 for some s > 0, then equation (5.42) for p instead of ¢ indicates that
p"(s) > 0 since

—p(s) + gp(as) <0.

Therefore, y'(s) = —p”(s) < 0 and this implies that there is an interval (s, s+ €) for
e > 0 such that y(z) < 0 in that interval, contradicting the result y(z) > 0; thus,
y(z) > 0forz > 0.0

Lemma 5.3.3 Suppose y(z) is a solution defined by (5.37) to Problem 5.2. Then
there ezists a Z € R such that y'(z) <0 or y'(z) > 0 forallz > Z.
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Proof: For a solution y(z) defined by (5.37),

vilm) = Zan%(a”'x}{g(%/a"x))
n=0
n=0

(cf. (5.35)). Now if A < 0, then y’( ) < 0 since K, (2v/a"z) > 0 for all n and a, > 0.
Assume that A > 0. Since Kp(z) ~ {/5-€7% as T — oo,

Ria)= K,(2va"z) ~ Mg~V THVa Tz
K] (2\/ &n_ll’)

The function R(z) can thus be small arbitrarily by increasing z for all n and this
implies that there exists a Z € R such that

| an a™varzK,(2v/ o z) = an b K, (2v/a 1)
an-1 o Wa" 1z K (2Va 1z) Qn-1 K,(2Va"'z)
< W (5.44)

for all n and z > Z. Now the series is alternating and so y'(z) < 0 if ap > 0 and
y'(z) >0ifgy < 0. W

Using the result of the above lemma and the same arguments as those used in
the proof of Theorem 4.2.7 we can get the following theorem:

Theorem 5.3.4 The solutions y(z) defined by (5.37) to Problem 5.2 can have nei-
ther a positive minimum nor a megative mazimum.

5.3.4 The Values A When y(0) =0

We now investigate the eigenvalues ) satisfying y(0) = 0 and the corresponding
eigenfunctions. Unlike the previous section, we can obtain an eigenvalue directly
from equation (5.31). Integrating equation (5.31) from 0 to oo leads to the equation

2y(0)-(1—§)/°°y(t)dt = -1+§ (5.45)
= 0,

so that there is the only one eigenvalue when A = a.
Let us confirm this result from the series solution. At £ =0,

=% Z i am 5 = 57 WF (),
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where F'(A) is defined in (4.8) when b = 1, and so y(0) = 0 only when A = «
since ag = oo at the points A = a" for n = 2,3,.... Note that this result is
essentially the same as that for the first order equation when b = 1 in Chapter
4. The similar results about an eigenvalue between two equations (5.45) and (4.1)
can be explained by integrating those equations from 0 to oo so that the value
A can be exactly determined by y(0) and [;~ y(z)dz = 1. For the case of the
second order equation with constant coefficients in Chapter 4 and equation (5.11),
integrating those equations from 0 to oo gives another unknown value y'(0) which
makes the value A undetermined and so we use the method to obtain eigenvalues
using a Dirichlet series solution in these cases.

In the same manner as that used in the proof of Theorem 5.3.2 we have the
following theorem:

Theorem 5.3.5 The etgenfunction y, corresponding to A = « is positive for £ > 0.

5.3.5 Bounds on the Maximum Critical Point of

Theorems 5.3.4 and 5.3.5 imply that y;, has exactly one maximum critical point. Let
X be the maximum critical point. Then y{(X,,) = 0 so that equation (5.40) for y,
instead of z with A = « yields

aXm
v1(Xm) = lf yi(t) dt, (5.46)

and therefore,

(Xm) < 531 (Xm) (@ = 1) X,

and this implies that

Xom > . (5.47)
a-—1
Since y1(aXy,) is the minimum in [Xy,, @ Xy,], inequality (5.46) produces
1
yl(Xm) 2> é‘yl(aXm)(a_ I)me

and oy, (aXm) > yi1(Xm) from (5.31) so that

1

yl(Xm) 2 ’éa—lyl(xm)(a = L

and thus

52 (5.48)



112

0.14

0.121

0.1

0.081

0.06

0.041

0.021

10 15 20

Figure 5.5.2: The bounds on X,, and the solution y(z) of zy"(z) — ¥'(z) — y(z) +
2y(2z) = 0.

Combining inequalities (5.47) and (5.48) gives the bounds

2 2a
a—1 T =a=1

IA
Sa

Figure 5.5.2 shows the bounds 2 < X,;, < 4 for the case a = 2.

The results of this section can be extended to the more general equation
2y"(z) - ay'(z) — by() + My(az) = 0, (5.49)

where @ > 0 and b > 0 if the conditions |A\| < @ and A = & are exchanged for the
conditions |A| < ba and A = ba respectively. A solution to the equation

zyg(z) — ayg(z) — byo(z) = 0 satisfying yo(c0) = 0 is yo(z) = z*+D/2K,1, (2VbV/T)
so that a solution to equation (5.49) which satisfies the conditions (5.2) and (5.3) is
given by

= En A/b )(a"f)“‘“’”Km(?x/E\/aTz),

where gg can be obtained by integrating y(z) from 0 to oo and using the condition
(5.3); thus,

Qg = (an lam—l)) .
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5.4 The equation
zy"(z) — y(z) — 2°y(z) + Az’y(az) =0

Substituting p(z) = z, ¢(z) = —1 and r(z) = —z° into equation (5.1) leads to the
equation

zy"(z) — y'(z) — 2y(z) + A’y(az) =0, (5.50)

zy"(z) — y'(z) — 2%y(z) = 0

where o > 1 and a solution to the equation L(y(z))
~2%* 50 that we seek a Dirichlet

satisfying the boundary condition (5.2) is y(z) = e
series solution to equation (5.50).

Dl

We will refer to equation (5.50) along with conditions (5.2) and (5.3) as Problem
5.8.

5.4.1 Existence of Solutions
Now yo(z) = age™2%". Let E(z) = e~3%, then
oy} (z) — ¥i(z) — 21 (z) = 2°a0E(ez), (5.51)
and substituting y, (z) = a) E(az) into equation (5.51) yields
za,0*E" (az) — a0 E'(az) — %0, E(az) = 230, E(ax).

Since
azE"(az) — E'(az) = ®23E(az),

the above equation can be converted into the equation
3 4 o
z°a;,(a" — 1)E(az) = °apE(az),

and so a; = a—.‘}ﬂ—l Therefore,

ao
at—-1

yi(z) = E(az),

so that the third component y,(z) is a solution to the equation

a
7y3(3) - %4() — 2 (z) = * =~ B(a’z).

Using the arguments similar to those used for getting y, (z), we have a; = (;4_—1‘;—?39_—1)
and thus

I
g
R,

L]
&,

V(%) = G ) @b - 1)
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In general,

- G n
yn(z) = WE(Q z),

and consequently, we have the formal solution:

oo

y(o) = Z(—A)"anﬁ(a“z)
= a Z ]._[m— O_Am = l)e‘ A, (5.52)

where ag can be determined by normalizing y(z).

Clearly, the Dirichlet series (5.52) is uniformly convergent on [0,00) so that it
can be integrated/differentiated term by term.

Moreover, a substitution of the series (5.52) into L(y) = zy"(z) — y'(z) — 23y(z)
yields

L(y) = aoz Z: T _(1(—;)’: - 1)a2’“‘E"'(a"1:)

_aﬂf: - (_’\)u a"E’(a“:r)

—a 3:3 = (_A)n o™z
o L Mol =1) &

and since a"zE"(a"z) — E'(a"z) = o’"z3E(a"z),

L(y) + \z*y(az) = aoz® Z H cj:‘?': )(a4“ —1)E(a"z)

(=)
3 n+l1
+Aay E l_[m— (am = 1)E(a T)

= a0$3z n—l 4m_ 1)1‘3)(0".’5)

o) :
aomsz A 4)‘”1_1)3(& 7)

= 0.

Therefore, the series (5.52) is a solution to Problem 5.3 and since

X 1ang2 1 o0 1/2—1
f e 3T Tt = / 2/ e % dg
0 V2an Jo

I'(1/2)
V2ar’
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the coefficient aqg is given by

(=A/a)™ )
1/2 (Z I, (o™ — 1))

5.4.2 Uniqueness of Solutions

Theorem 5.4.1 If|\| < o, then for a given A and a, the solution y(z) to Problem
5.3, satisfying 23y(z) € L,[0,00) is unique.

Proof: Suppose y; and y, are distinct solutions to Problem 5.3 and let

z(z) = yi(z) — y2(z). Then z(z) satisfies equation (5.50) and [;~ 2(t)dt = 0,
Integrating equation (5.50) for z instead of y from z to oo leads to
[o o] A o0
—z2'(z) + 22(z) — / t22(t) dt + — / £ ai(t)dl =10} (5:53)
T a aT
and using the transformation
o0
n(z) = f 32(t) dt, (5.54)
we get the equation
A
'(2) = 51/(2) ~ a*n(z) + ye*n(ez) =0, (5.59)
since n'(z) = —z32(z) and 7"(z) = —3z%z(z) — z32'(z). It can be proven that
7'(z) > 0 or 77(z) < 0 in the same arguments as those used in the proof of Lemma
4.2.1 and so z(z) < 0 or z(z) > 0. Hence the condition [;* z(z)dz = 0 indicates

that 2(z) = 0.0

5.4.3 Qualitative Properties of Solutions

Without difficulty, the qualitative properties of the solutions to Problem 5.3 stated
in the following theorems can be shown in the same manner as that used in the

previous sections using the transformation (5.54) into equation (5.50) and so those
are not discussed in detail here:

Theorem 5.4.2 If |\| < o, then a solution y(z) to Problem 5.3, satisfying
3y(z) € L,[0,00) is positive for = > 0.

Theorem 5.4.3 A Dirichlet series solution y(z) to Problem 5.8 cannot have a pos-
itive minimum nor a negative mazimum.
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5.4.4 The Values A When y(0) =0

Now,

VO = al+) )

= agV(}),

and ap = mL/Z.L,)V’l(/\/a) so that y(0) = 0 when A = o, n = 1,2,.... It can be
shown that the first eigenfunction y, corresponding to A = o is positive for z > 0
in the same manner as that used in the previous sections using equation (5.55) and
clearly, it has exactly one maximum critical point.

5.4.5 Bounds on the Maximum Critical Point of y;

At £ = Xp, y;(Xm) = 0 so that equation (5.53) for y; instead of z indicates that

1 aXm
yI(Xm) = '2”/ tsyl(t) dt)
and so
l aXm
n(Xm) < —yl(Xm)f t* dt
< —ui(Xm)(e = 1)X;
and consequently,
k, (—8—)”". (5.56)
WE et -1

On the other hand, ¥)(aX,,) is the minimum of ¥,(z) in [X,, @ X,;] and
a*yi(aXm) > ¥1(Xm) from equation (5.50) so that

1 . i
Y1 (Xm) 2 gyl(aXm)(a4 —1)Xn 2 ga 4 (Xm) (@' — 1) Xn,

and therefore,

8
X < a(——
" a(a“ -1

s (5.57)
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Figure 5.5.3: The bounds on X,, and the solution y of zy"(z) — y'(z) — z%y(z) +
16z3y(2z) = 0.

Combining two inequalities (5.56) and (5.57) leads to the bounds

)I}M S X'm, S a( )1;‘4.

(a“—l at—1

Figure 5.5.3 illustrates the bounds (8/15)"/4 < X,, < 2(8/15)"/* corresponding to
the case o = 2.

Note that a solution to the equation zyj(z) — (k — 1)yp(z) — 2% 'yo(z) = 0
for k > 0, satisfying yo(00) = 0 is yp = e~*** so that a solution to the equation
zy"(z) — (k—1)y'(z) — 2%*'y(z) + A\z%*~1y(az) = 0 satisfying conditions (5.2) and
(5.3) is given by

=) —Lakngk

o) = w0 Ty

where qg can be obtained from the condition (5.3) so that

o= (verom S )

Here, the above equation can be treated as the same as that in this section.
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5.5 A Solution Expressed by Green’s Function

We have observed in the previous section three types of equations which have a
series solution. Apart from the method to use a series solution, a method involving
a Green'’s function and the contraction mapping theorem is used in this section to
show the existence of a solution to the last case V.

We consider the equation

(z + k)*y"(z) + a(z + k)y'(z) + by(z) + Ay(az) =0, (5.58)

where b < 0, k > 0 and o > 1. We will refer to equation (5.58) along with conditions
(5.2) and (5.3) as Problem 5.4.

5.5.1 Positivity of Solutions

Theorem 5.5.1 Suppose a solutiony to problem 5.4 satisfies (z+k)%y’, (z+k)y = 0
ast = 00. Ifa>b+2 and || < a(a — b — 2), then the solution is positive and
strictly decreasing for all £ > 0.

Proof: Integrating equation (5.58) from z to oo yields the integro-differential
equation

—(z+k)*Y(z) — (a—2)(z+ klg(z) .
- (a—b—2)/ y(t)dt + g—/ y(t) dt = 0,

T

and using the transformation

we have the equation
(z +k)?0"(z) + (@a—2)(z+ k)a’(:c))\
— (@a—b-2)o(z) + Eo(a:c) = (

Using the same arguments as used those in the proof of Lemma 4.2.1, it can be
proven that ¢'(z) < 0 and o(z) > 0 since 0(0) = 1 > 0. Suppose ¢'(£) = 0 for some
£ € [0,00), then 0”(%£) = 0 since o cannot have a maximum critical point so that

(a—b—2)0(z) = go(ai). (5.59)

Now, ﬁ < 1 and so equation (5.59) cannot be satisfied since o(Z) > o(aZ);
thus, y(z) > 0 for all z > 0. Moreover, ¢"(z) > 0 since (e —2)(z + k)o'(z) < 0 and
—(a—b—-2)o(z) + A\/ao(az) < 0 so that y'(z) <0 for all z > 0.0
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5.5.2 Existence of Solutions

We first find the Green’s function associated with the operator g such that

—(z+ k)2a—ii29(z) —a(z + k)(%g(z) —bg(z) = 0. (5.60)

Substituting g(z) = (z + k)" into equation (5.60) leads to the indicial equation

r’+(@a-1)r+b=0.

Since b < 0, there is a positive root and a negative root; let r; be the positive root
and r, be the negative root, i.e.,

l—a++/(a—1)2—-4b l—a—+/(a—1)2—-4b

r = 9 ) T = 9
Let

Alz+ k)" if0<z<s,
g9(z,s) = o B
B(z+ k)™ ifz>s.

Then, since A(s+k)" = B(s+k)™ and Bry(s+k)™"'—Ar (s+k)"~! = —1/(s+k)?,
we have A = —L_(s+ &)™+ and B = 1 (s + k)~(+1). Therefore,

(z,5)={ 7= r2(3+k) m+)(z + k)" fO0<z<s,
S (s+ k)~ 2t)(z + k)2 ifz > s.

== 7'2

Theorem 5.5.2 Ifa > b+2 and |A\| < a(a—b—2), then there is a unique solution
to Problem 5.3.

Proof: We use the Contraction Mapping Theorem to show this result. Let
Y / i)y (@) 4 (5.61)
0

where y(z) € L,[0,00). Then

Tyl < 1A / / i ) ) i
< Lo [Totas s)dz) 2y,

3€[0,00) J O
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where || - || is the L; norm. Since a > b+ 2, we have r, +1 < 0 so that

/000 9(z, s) dz

= ! 4 / (s + k)~ +D(z 4+ k)" da + / (s + k)~ (¢ + k)™ da]
0 3

Ty — T2

1 1 (] 1
= — knitl a+k (ri41) _ )
T1—7'2[7‘1+1 1+1( ) T2+1]
Now, 0 < k™' 21 (a + k)~ *1 < 0o and therefore,
. -1
sup / gz, 8)de =
s€[0,00) Jo (z.) (r1+1)(r2 +1)
_ 1
 a=b-2
Consequently,
Iyl < Pl
ala — )“y”

and this means that T maps L,[0, 00) into L, [0, 00). For y;,y2 € L1[0, 00),
1Ty, — Tyl < |)\|/ / (z,8)|y1(as) — yo(s)| dsdz

< [Supf 9(z, S)dz]| |IIyl vel

8€[0,00) J o
IAl

= a(a )“yl y2||,

and so Contraction Mapping Theorem indicates that if ml—ibl-—z) < 1, then there is
the only one fixed point y(z) in L; satisfying

gle)= )\/Ooog(z, s)y(as) ds. (5.62)

Clearly y(oo) = 0.

Let us show the existence of the limiting values for (z +k)?y'(z) and (z + k)y(z)
as £ — oo. From (5.62),

S dg(z, s)

(z + k)% (z) = A / (z + k)®

] 5 vlas)ds,

and, as T — o0,

(z + k)’ dg(z, s) T

dz TN — T2 (s+ k)"0 (z + k)=* = 0,
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because 7, +1 < 0, and consequently (z+ k)?y'(z) — 0. In the same manner, it can
be proven that (z + k)y(z) - 0 as z — oc.
Now,

Ak

Y0} =———

oo
f (s + k)~ Mty (as) ds,
0

and since (z+k)%y'(z), (z+k)y(z) — 0 as £ — oo, Theorem 5.5.1 indicates y(z) > 0
for z > 0; thus, y(0) # 0. This means that the solution is non-trivial and so we
normalize y(z) to satisfy the condition (5.3). B
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Conclusions

In this thesis we focused on advanced second order functional differential equations.
Earlier studies for first order advanced equations with constant coefficients showed
that these equations have Dirichlet series solutions. Motivated by these results we
showed that advanced second order equations with constant coefficients also have
Dirichlet series solutions for a range of coefficients. As an application of this theory
we studied the second order equation arising in a cell growth model devised by Hall
and Wake [1989] and showed there exists a unique solution which can be represented
by a Dirichlet series. We proved the solution is positive, in agreement with the
interpretation of the solution as a probability density function of the cell size, and
that it has exactly one maximum.

In Chapter 3, we studied equations of the form
y"(z) + ay'(z) + by(z) + cy(az) =0,

where a, b, ¢, a are real constants and a > 1. It was shown that the general equations
have a Dirichlet series solution provided there exists a non-trivial root r to the
indicial equation

r’—ar+b=0,

such that Re(r) > 0. We showed that a certain range of coefficients of the equations
determines some qualitative properties of a solution. It was confirmed that the sign
combination of the coefficients must be the same as that of the equation arising in
a cell growth model in order to have a positive solution with one maximum. The
shape of the graphs of real solutions has a distinct difference according to whether
the indicial equation has a real root or a complex root. For a real root r, a Dirichlet
solution is monotone for large z, while for a complex root r, we obtain real solutions
from a Dirichlet series expression and the general solution is oscillatory ; if Re(r) > 0,
then the solution is approaching zero as z goes to infinity and if Re(r) = 0, then
the solution is not approaching zero, but bounded.

The qualitative properties of a solution to the equation arising in a cell growth
model are consistent with the nature of a probability density function but there
are no solutions such that y(0) # 0. This motivated the study of the eigenvalue
problem. The fact that the initial value problem for an advanced functional dif-
ferential equation needs not have a unique solution supports the possibility of the
existence of non-trivial solutions, i.e. eigenfunctions. In Chapter 4 we investigated
the eigenvalue problem. Using a Dirichlet series solution and partition functions, we
obtained eigenvalues and the corresponding eigenfunctions.
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In Chapter 5 we considerd the existence of solutions to more general equation with
variable coefficients. For a first order equation, we converted the equation into a
Fredholm equation of the second kind and showed the existence of a solution using
the methods for the Fredholm equations. In principle, solutions can be expressed
as a Neumann series; in practice, if it is too complicated we may obtain a basis for
the solution and then deduce the coefficients directly from the equation. In fact, for
the Dirichlet series solution to the first order equation derived by Hall and Wake
[1990], the basis of the solution can be obtained by a Neumann series. For second
order equations, we used two methods to show the existence of solutions. One
involves the use of a Green’s function and the contraction mapping theorem; the
other is to seek a series type solution. Either method requires that for the equation
L(y)+r(z)y(az) = 0, L(y) = 0 has a solution satisfying y(co) = 0. We showed that
special classes of equations have a solution and their series solutions involve Airy
or Bessel functions. These methods are not always effective even if the solutions to
L(y) = 0 satisfy y(oo) = 0. Consider, for example, the Hermite type equation

y"(z) + zy'(z) + y(z) + A\y(az) = 0.

Here, the equation L(y) = 0 has a solution y(z) = e™/2** which decays to zero as
T goes to infinity. However the associated Green’s function is not in L,[0,00). It
may be that there exists a solution in another function space. This is a future work
along with finding a more general way to examine the existence of solutions to these
equations. Another direction would be to investigate a solution decaying slower
than exponentially since our solutions obtained in this thesis are mostly decaying
exponentially. This would complement the work of T. Kato and J.B. McLeod [1971]
on the first order case.



Appendix A

Inhomogeneous Functional
Differential Equations

In this appendix we examine a special case of a problem involving an inhomoge-
neous equation, which illustrates a technique for investigating the solution existence,
uniqueness, and construction. Let f(z) be in L,[0,00). We consider the equation

y'(z) — ¥'(z) — w(z) + My(az) = f(z), (A1)

where o > 1, satisfying the boundary condition

y(o0) =0, (A.2)
and the normalizing condition
/ y(t)dt = 1. (A3)
0
We first find the Green’s function associated with the operator g such that
@) + Lo@) + 9() = 0 (A4)
129z 779(z) +9(z) =0. :

Substituting g(z) = €™ into the equation (A.4) leads to the indicial equation

rP—r—1=0,

and so there are two solutions

2
S
T
=y

Let

- A(en* + ke®) if0<z<s,
I\ 8) =1 Beree if z > s;
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for k € R. Note that k is determined by an initial condition y(0). Since
A(e™® + ke™*) = Be™*, Brye™® — A(r1e™’ + kroe™*) = —1,

we have

e—ns, B = (e—fzs + ke—f;!);
L —Ta Ty — T2

therefore,

—L_(e~" ke "%)e"® ifz > s

ri—r2

—L_pg " (eNT 4 ker?®) f0<z<s,
g(z S) :{ Tl =72
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The Contraction Mapping Theorem will be used to show the existence of solutions.

Define
- / sl — / 0@, 5)Fls)ds:
0 0
for y € Ly[0,00). Then

ITyl| < |A|// oo ||yas|dsdz+// 19(z, 9)|1£(s)|ds dz

< fow [ lo(a o) aal(Zyl + 171,

where || - || is the L; norm. Now,

[ @ s)las

< S [‘[o e—f'l»!(eﬂ!! -+ |k|er2:c) dz +f (e—rzs + |k]e_r”)e"23 d;r]
L jteme [£] 1 ke .
—_— r1 8 = T8 ri T2s G il | Rt _ i k s 1
Ty _Tg[(e (,-18 - T2e (1'_l + T2 )) = (€7 + |kle )r2e
W . k|, ;s 1
on -'Tg['ﬁ (?‘1 s ) 1r-2].

Hence if L +U>0 ie. |k|<—75,then

* I
sup / 9(z,s)dr = ——
0

8€[0,00)

If |k| > ¥5=1, then

1+v5’
e | k|, 1
swp [ g(sds = — - (—+1) -]
5€[0,00) J 0 Ty —Ta T Tl T2 T2

_ 1 _ To + |k|7‘1
T2 7‘17'2(7'1 = 7'2)
= 1+1L,
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where L = ﬁlﬂ%‘%—li > 0. Therefore,

A
ITyll < 1+ L)(Cllyll + [1£1) < oo,

and so T maps L;[0, 00) into L;[0,00). For y1,y2 € L;[0, 00),

ITy, — Tya|| < |A|/ / 9(z, 8)||y1 (as) — y2(as)|dsdz

< "[sup j l9(z, 5)| dalllv: — el
N

= E(l + L)|ly1 — vall,

and the Contraction Mapping Theorem indicates that if %l( 1+ L) <1, then there
exists a unique fixed point y(z) in L, [0, oc) satisfying

y(s) = / * gl o) as) — P(E)ids (A5)

Clearly y(oo) = 0. Note that the solution exists for any real values of y(0 ) because
of k € R. We can normalize non-trivial y(z) to satisfy the condition [;* y(t) dt = 1.

In fact, equation (A.5) can be expressed as a Fredholm equation of the second
kind,

y(z) = F(z) + AKy(z),

if we substitute

and

/Kzs s)ds,

where K(z,s) = ~g(z,s/a). Now, K is a bounded operator and satisfies the condi-
tion

1+ L
| Ky — K| < T”yl -2,

so that the well known results for Fredholm integral equations imply that there
exists a solution in L;[0,00) for all FF € L,[0,00) and sufficiently small |A|. The
solution y(z) can be expressed as a Neumann series so that

y=F+)MKF + )NK*F+...+ \"K"F +...,
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where
K"F(z) = /000 Ky(z,s)F(s) ds,
and
Kn(z,y) = /°° K(z,2)Kn1(2,9)d2, n=2,3,...,
Ki(z,y) = Ig(z,y).
For example, let f(z) = e™9%, where ¢ > 0, then

Al = —/Ooog(:c,s)e‘q’ds

D [ (€77 + ke™"%)e™% ds + (€7 + ke™) [ e ds]
TE=—1T2 0 %

(r1 + q)‘(rg + Q) [(Tl + 79 + 2q)e™* — e—qx]

= M(Ne™ — %),

where M = m‘;;_—q) and N = ry + r, + 2¢. Hence
= i &
/ F(z)dz = —-M(N—+-)
0 T2 q

< 00,

and so the solution can be expressed as a Neumann series. Now,

M ‘ T28 —agqs
KF@) = s——I[* / (€77 + ke ™) (Ne¥™* — ) ds

00
+(er1:z: + kerzz')/ e—na(Nearzs _ e—aqs)ds]
T
U —MN

roT araT —aql
_ 2 e’ e

Cr =T (@ — 1)ra(ars — 11) (g + 2)(ag + 1)
= Ller” + L2€arzz + L3e—aqz,

whereU=M((a_A{ + A+ KN4 k) Since

)r2 ag+r2 ary—r] ag+r;

Ks(z,y) = (%/Ooo 9(z,s/a)g(s,y/a)ds,
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we have
§ P[mlerﬂ_g’y + mz(earﬂ_%y + keoT =TV — erﬂ-‘%y)
_ms(eargz—;.zy + kear2z—ty " kerzz—ﬂ-y)
+m4ke’”";5y + Q] if 0 < y < oz,
KQ(:I:} y) = 9
P[mlearlz—%y 4 mzkearz—'—;ly _ ma(kearzz—%y
+8rlz_%y+k6r22_3y) +md(erlz—££-y +kergr-ﬂ-y
! —e2M12-3) 4 Q] if y > oz,
where
1 1 1
a?(ry — rg)?’ Y —rp/a’ - Ty — o/’
1 il
my = ———, Myu=——— @= —(m, + kmg + kmy + k2m3).
ro — 11/ n—r1/a
So,
K2F(z) = K17 + K7™ + K3e* ™ + K492,
where
K1 — P(—mml — mn3z + man; + m2n3),
Kg P(m2n2 + Mong — mgang — m3n4),
K3 = P(mlnl — Mineg — Maon) + MaoNg — TN3MN9 -+ M3ng — TM4Ns + m4n6),
K, P(m1n3 — MNig + MaNyg — MaNiz — M3Ng + M3N7 + Myng — m4n7),

ni = N/(ra—72/a?), ny=N/(r2—72/a), nz=1/(g+r2/a?),
[(g+72/a), ns=N/(r—r11/a®), ne=N/(r2—1/a),

ng = 1(
1/(g+mi/a®), ng=1/(g+m/a).

ny =
Therfore, the solution can be expressd in the form

y(z) = MNe™* — Me 9 + A\(L,€™" + Lye®™** + Lze %)
-|')\2(I{161'.2:c + K2earzz + K38a2r2: + K‘;B"uzqz) ) T

A basis for the solution is given by {e~"9% e%""2%} so that we have a series solution

(o 0] (o o]
y(®) = Z a,e® ™ 4 Z bye—%"2,
0 0

Substituting the series into equation (A.1), noting that f(z) = e 7%, leads to the
equation

bo(g* +q—1) =1,
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so that by = The recurrence relations are given by

+q Hg-1"
(®"r2 — a™ry — 1)a, = —Aag_1,
and
(@®¢® +a"q — 1)b, = —Ab,_;.
Therfore,

_ (=A)"
y(I) — a‘UZ I—[n_ azmT2 — a™ry — 1)

atraz

P
2-+-q—1 2 [ [ (0®®g® +iag — 1)

where @q is determined by the normalizing condition so that

1
dP?+qg-1)

= (=A/a)" (=A/e)"
ZH a2‘m 2+am _,1) ZH a2mr —O!m?'g—l)

n=0

a =1l —

-1




Appendix B

Second Order Functional
Differential Equations with Two
Functional Terms

We examine solutions to the equation
y"(z) — ¥'(z) — y(z) + My(ez) + Aay(Bz) = 0, (B.1)
where a > 1 and § > 1, satisfying the boundary condition
y(c0) =0, (B.2)

and the normalizing condition

/ Tyt dt=1. (B.3)

The method to investigate the equation (B.1) is to use a Green’s function and the
contraction mapping theorem. Note that the Green’s function
and sup, f0°° lg(z,s)|dz < L + 1 are the same as those in Appendix A . Let

Ty(z) = \ /Ooog(z, s)y(as)ds+ Ay /Ooo 9(z, s)y(Bs) ds.

Then for y € L;(0, 00),

A A
iroll < @ + ny2d 4 Palyn < o,
« B
and fOI' Yi,Y2 € Ll[o,m)7
Y

1Ty — Tyl < (1+ L)(? + =y — vell-
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So, if

A Ll

(1+0)( (B.4)

there exists a unique solution to equatlon (B.1) satisfying the conditions (B.2) and
(B.3) so that

) = / " 4(, 5)(ny(as) + May(Bs)) ds

On the other hand, a solution to equation (B.1) satisfying the conditions (B.2)
and (B.3) can be expressed in a form of a Dirichlet series

oo oo
_La® _1.8"
= E ane M 4 E bpe 2P 2,
n=0 n=0

Substituting the above series into the equation (B.1) leads to | = [, = l; and the
indicial equation

P yl—q =4,

and the recurrence relations
an _)‘1

Gn1 a2+ anl—1'

and
b =X
bot B+ BM -1
Hence the solution is given by

= )n -a"lz
y(x) = Qo Z Hm— 2ml2 + a™| — 1)6

) —-p™lz
o Z B ﬂ?mﬂ + A -1)°

= y(z )+y2( )s

where ag and by are determined by the condition (B.3) and an initial condition at
z = 0. It is clear that there exists the only one Dirichlet series solution to equation
(B.1) provided that the condition (B.4) is satisfied.

When 3 = o™ for some m € N, the solution can be expressed by a basis of the
form {e°"!*}. As an example, let us examine the case when 8 = o?. Terms in y,(z)
can be added in each even index term of y,(z), viz.,

y(z) = (ao+bo)e™ + @16 + (ag + b)e™ ' + age™ % + ...,
a0/\1
Q2+al—1

=k ( a'ﬂXf _ bo/\g ) 6_0211 +
@P+al—1)22+a—1) o'Z+a2l—1

—alz

- (ao + bo)e—lz =




Appendix C

Equations with Variable
Coeflicients

We consider here second order functional differential equations with variable coeffi-
cients, which have more general form for the equations of Problem 5.1 and Problem
5.2 in Chapter 5.

C.1 The General Equation from Problem 5.1

Consider the functional differential equation of the form

y"(z) — z™y(z) + 2™ \y(az) =0, (C.1)
where 0 < m < o0, satisfying the conditions
y(o0) =0, (C.2)
and
/Oooy(x) dr = 1. (C.3)
Motivated by the method used in Chapter 5, we first obtain a solution to the equation
L(s(z)) = §"(z) — z™s(z) =0, (C.4)
such that the solution satisfies the condition (C.2).

Note that the differential equation

T— + zd—z — (z? +p¥z =0, (C.5)

132
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has the general solution
y = Aly(z) + BK,(z),

where I,(z) is the Bessel function of the first kind and K,(z) is the Bessel function
of the second kind. Since I,(z) — oo and K,(z) — 0 as  — oo, we take A = 0 in
order to have a solution satisfying the condition (C.2).

We will make the equation (C.4) into the form of equation (C.5) using some
transformations. Let s(z) = y/zu(z). Then

1

s'(z) = Vzu'(z) + mu(m): (C.6)
and
" _ " _1__ ' _ 1
§"(z) = VTu'(z) + ﬁu(z) 4zﬁu(z). (C.7)
Substituting (C.6) and (C.7) into equation (C.4) and multiplying by z./T yield
1
" (z) + zu'(z) - (z™2 + Z)u(z) = (C.8)
m+2
Let z = 2522 and v(2) = u(z), then
¥(z) = v(2)s%, (C9)
and
u"(z) = v"(2)z™ + v'(z)%x%'l_ (C.10)

A substitution of (C.9) and (C.10) into equation (C.8) produces

(22 () + (T2 (2) = (P20 + hol(e) =,
so that
220"(2) + 2v'(2) — ((;n-—lﬁ) + z%)v(z) = 0. (C.11)

Comparing equation (C.11) with equation (C.5) produces a solution
2 m+2
s(z) = Vzu(z) = = K _. 2

(2) = Vaula) = vau(a) = VaK o, 5 ),

and s(oo) = 0 since K,(z) decays exponentially. We now seek a series solution to
equation (C.1) of the form
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oo

y(@) =) _(-A)"ens(a"z). (C.12)

n=0

Substituting the series into equation (C.1) and the equation
§"(a™z) — (a™z)™s(a™z) = 0 give the recurrence relation

(@™**™ _ 1)a, = a,_,.

We will show that the series (C.12) is uniformly convergent and integrable on
[0, 00). Now,

- 2\2%1{#2 (miz(aum)m22)
ek, (-2 @ter
B 2\;;T$K“‘“ (miz("n“’)@)
PRy (), cy

and using K, (z) = —pK,(z) — tK,_.(z) for p € R (cf. Gray [1922]),
Kp(z) = K_p(z) and K,(z) > 0, we have

ple) = 2\2%1{#2 (miz(anx)ﬂ;,l)
+(n2l;a2T)fn(_m12K#z <mi2(anz)ﬂ#)
_m2+2(“nx)%ﬂK%% (miz(a%)#)
= —a"(a"z)""g"lK% (mi2(a":r)#>
< 0. (C.14)

This implies that va"zK (m—ﬁ_a(a“:r)%’) is decreasing for all z. Now,

2 m
K(0) = lim VarzK . (m (a":r)'_2ﬂ>

I—00

s) oo
= B (g 4 9w,
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where we use K,(z) ~ 1‘3232(%)" as £ — 0 (cf. Andrews [1971]). Therefore,

A"anlVaTK (

<

e 10

|A™[|an| K (0),

Il
o

n

so that the series(C.24) is uniformly convergent, and y(cc) = 0 since

) 2 o Bl .
lim (\/&“IK"‘;H (m+2(a #), )) =0,

I—00

for all n.
Furthermore,

for all n (cf. (5.17) ) and so the uniform convergence of the series (C.12) implies
that the series is integrable on [0,00). Consequently, a solution to equation (C.1)
satisfying the conditions (C.2) and (C.3) is given by

— % (—/\)"' ‘/ n | n mt2 =4
y(z) = aﬂg I7_ (ak+m) — 1) o me (m+2(a I)_;_) ; (C.13)

where

(m+2)— =i+l (=)/a)" =
DL (Z: (ok+m) — 1))

m+2 ) ( m+2

Before we finish this section, let us derive another form of the equation to have
a solution (C.15) from the equation (C.1). Let w(z) = ™y(z). Then
w(az) = a™z™y(az) and

w'(z) = mz™ y(z) + 2™y (),

so that

-2t _met)




Now,
w'(z) = m(m — 1)z™ ?y(z) + 2mz™"'y (z) + 2"y (2),

and so

w'(z)  2mu'(z) (M’ +m)w(z)

7 _
y (I) T gm M+l m+2

Substituting y'(z) and y¥”(z) into equation (C.1) and multiplying by z™ lead to

. e Dw(z) + aimw(az) = 0.

C.2 The General Equation from Problem 5.2

Consider the functional differential equation of the form:

Ty (z) — y'(z) — 2™y(z) + 2™ Ay(az) = 0, (Cs

where 0 < m < oo, along with the condition (C.2) and (C.3).
Now,

L(s(z)) = zs"(z) — §'(z) — z™s(z) = 0. (C.

Let s(z) = zu(z). Then

s'(z) = zu'(z) + u(z), (C.

and

§"(z) = u"(z) + 2¢/(z). (C.

Substituting (C.18) and (C.19) into equation (C.17) yields

?u"(z) + zu'(z) — (2™ + 1)u(z) = 0. (C.
Let z = -2:2"" and v(z) = u(z), then
() = v’(z)z%ﬂ"l, (C.

and

(C.
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16)

17)

18)

19)

20)

21)

22)
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By substituting (C.21) and (C.22) into equation (C.20), we have

(mT“)() + (’"T“)() - ((’”T“) +1o(2) =0,
and so

26"(2) + 2v'(2) — (<L)2+z2)u(z) =0, (C.23)

m+1

This implies thus that a solution to equation (C.16) is given by

5(2) = au(z) = 2v(z) = 2K s_ (mi lx%ﬂ) ,

and y(oo) = 0 since Kp(z) decays exponentially. Now, a substitution of a series
solution of the form

Z —-A)"a,s(a"z) (C.24)
n=0

into the equation (C.16) leads to the recurrence relation

(an{m+1} _ l)an =a,_;.

We show the uniform convergence and integrability of the series (C.24). Now,

D(z) = LI ( 2 (anx)@)

I

|

=]
|

s}
=

)
e
oY

:

Vi

IN
o
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(cf. (C.13) and (C.14) ) so that « "zK 2 (m—H(a"x)&;‘l) is decreasing for all .
This implies that

I
M8
£
i
(=)

m+1

where K(0) = limgz QK 2 L ( 2 (a"z)""‘zﬂ) = Mah) )(m-i— 1) . Therefore,
the series (C.24) is uniformly convergent and y(oo) = 0 since

lim(a":cKmL“< 2 (a"z)%)):O,

I—00 m+1
for all n.
Moreover,
2 .
v = / _<m+1(a"x) 21) i
= 3—-m
= ( ) — et K 2 (z)dz
0 m+-1
= " a "T g r !
m+1 m+1
<

for all n (cf. (5.17) ) and so the uniform convergence of the series implies that the
series (C.24) is integrable on [0,00). Thus, a solution to equation (C.16) satisfying
the conditions (C.2) and (C.3) is given by

- = (=" W 2 n,)mil
y(z) = aog o ( a"zK 2 ( (a"z) ) ; (C.25)

_1 (oktmt+1) — 1) m+1

where

NG o Ll C N OV A
' R (f;n::l(ak(mm—l)) |
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