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Abstract

Graph data consist of the association information between complex entities and also contain
diverse vertex information. To make graph data analysis simple and effective, as the bridge
between the original graph data and the graph application tasks, graph representation learning
has become a hot research topic in recent years. Previous representation learning methods for
the graph data may not reflect the intrinsic relationship between nodes due to the complexity
of the graph data. Moreover, they do not preserve the topology of the graph data well, which
will affect the effectiveness of the downstream tasks. To deal with these issues, the thesis studies
effective graph representation learning methods in terms of graph construction and representation
learning.

• We propose a traditional graph learning method under semi-supervised learning to explore
parameter-free fusion of graph learning. Specifically, we first employ the Pearson cor-
relation coefficient to obtain a fully connected Functional Connectivity brain Networks
(FCN), and then to learn a sparsely connected FCN for every subject. Finally, the ℓ1-SVM
is employed to learn the important features and conduct disease diagnosis.

• We propose an end-to-end deep graph learning method under semi-supervised learning to
improve the quality of initial graph. Specifically, the proposed method first extracts the
common information and the complementary information among multiple local graphs to
obtain a unified local graph, which is then fused with the global graph of the data to obtain
the initial graph for the GCN model. As a result, the proposed method conducts the graph
fusion process twice to simultaneously learn the low-dimensional space and the intrinsic
graph structure of the data in a unified framework.

• We propose a multi-view unsupervised graph learning method. Specifically, the adaptive
data augmentation first builds a feature graph from the feature space, and then designs a
deep graph learning model on the original representation and the topology graph, respec-
tively, to update the feature graph and the new representation. As a result, the adaptive
data augmentation outputs multi-view information, which is fed into two GCNs to gener-
ate multi-view embedding features. Two kinds of contrastive losses are further designed
on multi-view embedding features to explore the complementary information among the
topology and feature graphs. Additionally, adaptive data augmentation and contrastive
learning are embedded in a unified framework to form an end-to-end model.

All proposed methods are evaluated on real-world data sets. Experimental results demonstrate
that our methods outperformed all comparison methods, compared to state-of-the-art methods.
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Chapter 1

Introduction

1.1 Background
Machine learning is one of the core research areas of artificial intelligence. It aims to allow
computers to automatically learn knowledge through designed algorithms [15, 39]. Recently,
machine learning has gained great successes in diverse applications, i.e., web search, intelligent
surveillance, robotics, bio-medicine, geological exploration, and aerospace, due to the increase
of the data scale and the advance of the computing resources [59]. Current machine learning
usually consists of two processes, such as data representation and model learning [59]. Data rep-
resentation refers to the transformation of input information into features that can be effectively
used by computers. Model learning is constructed based on the data representation [9]. Thus,
the success of machine learning depends on the data representation. Early machine learning
methods used manual feature learning methods to first generate features from the original data
and then apply them to model learning [69]. However, manual features are expensive and time-
consuming. In recent years, representation learning is gradually becoming an important research
area by learning discriminative representations.

Representation learning aims to capture semantic information of the data, so that it significantly
improves the model effectiveness [81]. Representation learning emphasizes that data representa-
tions serve for the model learning, so a good representation needs to provide useful information to
model learning [5]. From the data point of view, the data representation needs to extract valid in-
formation and reflects the true distribution of the data. From the algorithm point of view, the data
representation needs to meet the format of the algorithm. Recently, representation learning has
achieved excellent results in several fields. Traditional feature learning generally works by first
designing some criteria and then selecting effective features based on these criteria [164]. Deep
learning extracts the features of the data by building deep neural networks [185]. Compared with
traditional representation learning methods, the neural network architecture used in deep learn-
ing has multiple network layers, which significantly improve the quality of representation/feature
learning. However, in the past decades, the achievements of deep learning are mainly limited on
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the study of Euclidean data and do not work well on the graph data (e.g., Non-Euclidean data).
With the prevalence of the graph data, researchers have begun to focus on representation learning
for the graph data.

Graph data are widely used in real life [127], such as social media networks, academic citation
networks, knowledge graphs and protein interaction graphs. Graph data not only consist of the
association information between complex entities, but also contain diverse vertex information.
The complexity and heterogeneity of the graph data bring more information to model learning,
but they also bring new challenges to the analysis of the graph data. In order to make the anal-
ysis of the graph data simple and effective, as the bridge between the original graph data and
the downstream tasks, graph representation learning has become a hot research topic. Specif-
ically, graph representation learning can encode both node information and structure informa-
tion of the graph to output discriminative representation. With the advancement of technology,
current graph data present the characteristics of massive, heterogeneous, high-dimensional and
multimodal, and machine learning have an increasing demand for graph representation learning
method with high-performance.

1.2 Motivations
Representation learning for the graph data mainly includes two components, i.e., graph con-
struction and representation learning. Graph construction discovers the structural information
between two nodes. The popular methods have k-Nearest Neighbor (kNN) method [190], the
fully connected graph [181], and the ϵ-graph [32], etc. After obtaining the graph, representation
learning represents the graph data as a set of low-dimensional vectors. Previous representation
learning methods include traditional methods and deep learning methods. Traditional repre-
sentation learning methods are simple and intuitive. Many traditional methods are designed to
conduct dimensionality reduction, such as Locally Linear Embedding (LLE) [113], Laplacian
Eigenmaps (LE) [8], and ISOMAP [7]. However, the performance of traditional methods may
not be comparable to that of deep learning methods due to limitations in nonlinear representation
capabilities. Deep learning methods transform the graph data into standard representations by
making a series of strategies. As a result, the representation can be fed into neural networks for
outputting semantic features.

Graph construction is the premise and foundation of graph representation learning. First, the
quality of the graph directly affects the performance of graph representation learning [122]. In
real applications, due to the influence of noise and outliers, the graph constructed from the orig-
inal data often has wrong connections, which can degrade the robustness of the subsequent rep-
resentation learning [17]. In traditional machine learning methods, a number of solutions have
been proposed to remove or reduce the influence of noise and redundancy, including feature
selection [76] and subspace learning [28]. However, current deep learning methods pay little
attention to the issue, thus limiting the robustness of deep learning methods [70]. Second, in
the process of the current graph representation learning methods, graph construction is separated
from the subsequent tasks and is not updated during the model learning [112]. As a result, these
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methods usually does not result in an optimal graph.

Previous graph representation learning methods mostly consider a single graph. For example,
Jiang et al. generate a similarity matrix based on Euclidean distance [62]. Fu et al. construct
an adjacency matrix based on Jaccard distance [34]. Due to the complexity of the graph data,
the relationship between two data points can be described from different perspectives. Although
multiple kinds of relationships make the connections between data points complex, they bring
in more information for the representation learning. The studies of graph learning demonstrated
the multi-graph structured data overcome the incompleteness problem of information [86]. Thus,
it is of great significance to effectively integrate multi-graph information for downstream tasks.
However, most of multi-graph learning methods do not consider the importance of different
views in the process of graph fusion. This results in that the fused graph not only has more
redundant information but also cannot guarantee the correctness of the structural relationship
between nodes. For example, Tong et al. develop a graph fusion method for Alzheimer’s disease
diagnosis, which directly accumulates multiple graph structure information to generate the uni-
fied similarity matrix [138]. Some studies further integrate the multi-graph information to learn
the accurate feature representation, but they cannot fully mine the complementary and common
information of multiple graphs. Therefore, the multi-graph study is a challenging and promising
topic in real applications.

• Parameter-free fusion of traditional graph learning. Different graphs result in different
graph features. These features are usually heterogeneous and are in different feature
spaces, and thus they are not comparable. Hence, it is straightforward to smooth all graph
features so that they are homogeneous in the common feature space.

• Adaptive multi-graph leaning in graph convolutional networks (GCN). GCN outputs pow-
erful representation by considering the structure information of the data to conduct repre-
sentation learning, but its robustness is sensitive to the quality of both the feature matrix
and the initial graph. However, in real applications, due to the noise and outliers, the initial
graph often has inaccurate connections, which can degrade the robustness of the subse-
quent representation learning. For example, in biomolecule data, either the addition of
edges or the removal of edges may change both the properties and the validity of com-
pounds, thus reduces the performance of downstream models. Therefore, it is important
for improving the quality of the initial graph to further improve the performance of the
GCN models.

• Unsupervised multi-view graph representation learning. GCN has gained great popularity
in tackling various tasks on the graph data. However, the recent studies raise concerns
that the capability of the state-of-the-art GCNs in fusing node features is far away from
optimal or even satisfactory. The weakness may severely hinder the capability of GCNs
in classification tasks, since GCNs may not be able to adaptively learn deep correlation
information between topological structures and node features. It remains challenging about
how to extract the private and common embeddings from node features.
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1.3 Contributions
This thesis aims to investigate different graph learning methods for different applications by
overcoming the issues of previous graph learning methods. The main contributions of this thesis
are summarized as follows:

• Objective 1 fuses the multi-scale features for functional neuroimaging biomarker identi-
fication by conducting joint graph feature learning and personalized disease diagnosis in
semi-supervised learning.

• Objective 2 solves the issues of noise and redundancy in the original data by proposing a
novel dynamic GCN method to jointly conduct graph learning and representation learning
in a unified framework.

• Objective 3 enhances the capability of fusing topological structures and node features of
GCN model by proposing two kinds of contrastive losses in unsupervised learning.

1.4 Thesis structures
In Chapter 2, we introduce the related work related to this thesis.

Chapters 3, 4 and 5 build the main contributions of this dissertation. In Chapter 3, we present
a multi-graph fusion model for dealing with Resting state functional magnetic resonance imag-
ing data in the brain functional connectivity analysis. In Chapter 4, we present an end-to-end
graph learning model for dynamic multi-graph learning in semi-supervised node classification.
In Chapter 5, we present unsupervised graph representation for dealing with feature graph and
topology graphs in node classification.

Finally, Chapter 6 summarizes our contributions and outlines the future directions.



Chapter 2

Literature Review

In this chapter, we survey the research topics related to this thesis, including similarity measure-
ments, graph representation learning, and multi-graph fusion.

2.1 Similarity measurements
Node similarity captures the relevance between two nodes in the graph data and has been rec-
ognized as an important research problem in various applications such as graph classification,
node classification, link prediction, text mining and community detection [119, 124, 176]. In the
literature, many similarity measurements were proposed and previous methods could be catego-
rized into two types, i.e., feature based similarity measurements and structure based similarity
measurements.

2.1.1 Feature based similarity measurements
The popular methods of feature based similarity measurements include Manhattan distance [95],
Euclidean distance [161], Pearson correlation coefficient [66], Cosine similarity [80].

Manhattan distance is calculated as the sum of the absolute differences between two vectors.
Specifically, it is related to the L1 norm, i.e., the sum absolute error:

simMan(a,b) =
n∑

i=1

|ai − bi| (2.1)

where simMan represents Manhattan distance between two vectors, i.e., a and b, and n is the
number of dimensions.

Euclidean distance is the most common method of distance measurement. Its formulation is

simEui(a,b) =

√
n∑

i=1

(ai − bi)2 (2.2)
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where simEui represents the similarity between node a and b.

The Pearson correlation coefficient is the most common way of measuring a linear correlation.
It measures the strength and direction of the relationship between two variables.

simPcc(a,b) =
n

n∑
i=1

aibi−
n∑

i=1
ai

n∑
i=1

bi√
(n

n∑
i=1

a2i−(
n∑

i=1
ai)2)(n

n∑
i=1

b2i−(
n∑

i=1
bi)2)

(2.3)

Cosine similarity measures the similarity between two vectors in the inner product space. It is
measured by the cosine of the angle between two vectors and determines whether two vectors
are pointing in roughly the same direction. It is often used to measure document similarity in
text analysis.

simCos(a,b) =

n∑
i=1

aibi√
n∑

i=1
a2i

√
n∑

i=1
b2i

(2.4)

2.1.2 Structure based similarity measurements
The widely used methods of structure based similarity measurements have Jaccard distance [83],
Path-based measurement [103], random walk [57].

Jaccard distance takes into consideration the intersection or overlap of features between two data
points. The formulation is defined as:

simJac(a,b) =
N (a)∩N (b)
N (a)∪N (b) (2.5)

where N (a) represents the neighbors set of node a.

Path-based measurement [22, 128] calculates the nodes’ similarity in a network. This method
considers the number of walks between nodes and walk length in the graph.

simPat = βA+ β2A2 + β3A3 + ... = (I− βA)−1 − I. (2.6)

where A is the adjacency matrix, β< 1
λmax

, and λmax is the maximum eigenvalue of A. Since the
time complexity, path based similarity indexes are difficult to be applied in the community detec-
tion. Most of path-based measurement methods only use the local information. Katz [189] and
LHN-II [120] use global information of the graph, thus can overcome the shortage of the indexes
using only the local information. However, the methods considering the global information are
with high time complexity, i.e., O(N3), which is not suitable for the graph with more than 1000
nodes.

An important family of similarity measurements are based on random walks, including Simrank
[174], random walks with restarts [74], Personalized PageRank [6], and Deep Walk embeddings
[16]. These methods capture both local and global graph structures, and thus they are widely used
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in graph clustering, community detection, and many other applications. Random walk metric can
be regards as a Markov chain with randomly selected nodes. Let pa(t) represent the probability
of a random particle starting from node a and reaching other nodes after random walk t steps,
we have

pa(t) = MTpa(t− 1) (2.7)

where M = (mij)n×n represents the probability transition matrix obtained after the adjacency
matrix is normalized. The random walk method iteratively applies Eq. (2.7) until the following
termination conditions are satisfied.∑

a∈V
(pa,b(t)− pa,b(t− 1))2<ϵ (2.8)

where ϵ is a constant close to zero, pa,b(t) represents the probability of node. Therefore, the
similarity between node a and node b as follow.

simRw(a,b) = pa,b(t) (2.9)

2.2 Graph representation learning
Previous methods of graph representation learning include traditional methods and deep meth-
ods.

2.2.1 Traditional graph representation learning
Traditional graph representation learning is a general term that constrains and optimizes the
objective function to obtain a closed-form or numerical solution. Previous methods of traditional
graph representation learning mainly include matrix factorization based methods and random
walk based methods [49].

Matrix factorization based method has been widely used for the graph data analysis. These meth-
ods aim to decompose the data matrix into low-dimensional feature space while maintaining the
hidden manifold structure and topological properties of the original data. The popular meth-
ods include principal component analysis (PCA) [1], locally linear embedding (LLE) [113], and
SocDim [134]. PCA uses linear dimensionality reduction technique to obtain the graph repre-
sentation. LLE first samples the input data and then fits the representation of the central node,
followed by transforming the minimization loss function into the eigenvectors of the Laplacian
matrix. In SocDim, the value of the node representation indicates that the node belongs to the
corresponding strength of the community. Similar to LLE, the final optimization problem is
also transformed into finding the eigenvectors for the normalized Laplace matrix. Although
these method have been shown to be effective, performing matrix decomposition on matrices
requires a large amount of memory and computational overhead. As a result, the computational
efficiency of matrix decomposition methods is an urgent issue. In light of these limitations of
existing methods, some researchers have started to focus on the extension of matrix factorization
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based methods to large-scale graphs. For example, Qiu et al. leverage theories from spectral
sparsification to efficiently sparsify the dense matrix, enabling significantly improved efficiency
in representation learning [108], Wang et al. derive efficient update rules to learn the parameters
of matrix factorization, and improve the efficiency of network embedding [151]. Furthermore,
Gligorijevi et al. proposed a matrix factorization based method for multiplex network embed-
ding, which successfully extends the matrix factorization based method to the field of complex
network analysis [42].

In graph representation learning, it is popular to use random walk to capture structural rela-
tionships between nodes, i.e., the 1st-order, 2nd-order, or high-order similarity between two
nodes [67]. Compared to the adjacency matrix, the generation of random walk sequences only
depends on the local information of the network, and thus is less complex in time and space.
DeepWalk was the first method to learn node representations using random walk. Specifically, it
generates several sequences of nodes and subsequently feeds the sequences into the Skip-Gram
model to learn the representation of the nodes [106]. Node2vec further exploits a biased ran-
dom walk strategy to capture the global structure information [46]. However, these methods
only focus on preserving the network topology without taking into account the rich additional
information of the network nodes, such as node labels, node attributes, and semantic descrip-
tions of the nodes [25]. To deal with this issue, Li et al. present a discriminative deep random
walk method that combines node labels in network data for graph representation learning [84].
Ahmed et al. propose a random walk based graph representation method. Specifically, it first
maps the network nodes into a series of node types, and then performs a random walk of at-
tributes to generate a sequence of node types, followed by using the Skip-gram model to learn
the graph representation [4]. Recently, random walk methods have started to be combined with
deep learning methods for graph representation learning.

2.2.2 Deep graph representation learning
The graph structure is highly nonlinear to node features, so it is essential to capture their nonlin-
ear relationships for deep graph representation learning [140, 197]. Graph convolutional neural
network (GCN) is the most classical method of deep graph representation learning by success-
fully defining convolutional operations on the graph data. Previous GCN methods for deep graph
representation learinng can be grouped into spectral GCNs and spatial GCNs.

The spectral GCNs generate the data representation based on the spectral graph theory and the
convolutional theorem [193]. To apply convolutional Neural Networks (CNN) on the graph data,
Bruna et al. generalize convolutional kernals on the graph by performing point-wise product
in the spectrum domain of the graph [12]. However, the disadvantage of this method is that it
requires feature decomposition. As a result, the computational cost of feature decomposition is
very high on large graphs, limiting its applications on the large scale graph with high-dimensional
node features. To deal with this issue, Levie et al. propose a Cayley-Net to have linear time com-
plexity [82]. Kipf et al. further improve the learning ability of GCNs by considering only the
first-order neighborhood of nodes and increasing the perceptual field [75]. Simplifying graph
convolution networks (SGCN) applies the k-th power of the graph convolution matrix in the neu-
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ral network layers to capture the higher-order information in the graph and effectively reduces the
computational effort [160]. Recent studies are focsed on improving spectral graph convolutional
neural networks by exploring and replacing symmetric matrices. For example, adaptive graph
convolutional network trains a residual graph to explore the residual substructure in the graph,
and uses Mahalanobis distance to learn the optimal distance parameters between matrices [85].
Zhuang et al. propose a dual graph convolutional network to encode the local and global infor-
mation of the graph data without stacking multiple convolutional layers [200]. Some studies
were designed to reduce the complexity of the model by designing different graph pooling lay-
ers. Henaff et al. extend the convolution operator to high-dimensional data. Ying et al. propose
a differentiable graph pooling method to reduce the input size of the graph layer [172].

In the spatial GCNs, the graph convolution layer is usually defined by using operations on the
nearest neighbor samples of the nodes [184]. Therefore, spatial graph convolution methods focus
on three key issues, i.e., the selection of the central node, the size of the perceptual field, and the
feature aggregation function. For the central node selection, PATCHY-SAN model organizes the
central and neighbor nodes in an orderly manner [101]. The disadvantage of this method is that
the node-centered metric function is not sufficiently determined, and the model might over-fitted
in small-scale graph data. The perceptual flied size has been becoming a key parameter in the spa-
tial graph convolution. Since the spatial graph convolution usually computes the neighbor nodes
recursively, the size of the perceptual domain increases exponentially with the linear increase of
the number of layers in the network increases. To reduce the complexity of the training process,
it is necessary to design corresponding sampling methods. GraphSAGE generates the perceptual
domain of the central node by multiple iterations [48]. Compared with traditional transductive
graph representation learning methods, GraphSAGE learns a mapping function to generate an
embedded representation for the nodes. Furthermore, Huang et al. propose a adaptive sampling
method in which the sampler adaptively adjusts according to the variance reduction during train-
ing [56]. For the neighbor node feature aggregation, the popular approach is to perform linear or
nonlinear transformations on the neighbor nodes. The popular aggregator strategies have mean
aggregator, LSTM aggregator, and pooling aggregator. However, these methods only focus on
the aggregation of first-order neighbors. Chen et al. propose a CoN-GCN to aggregate both the
first-order and the second-order neighbor of the nodes on the graph data [19]. Thus, CoN- GCN
is able to learn an efficient representation of the node.

2.3 Multi-graph fusion
The graph data may come from different domains, representations, views or modalities [52]. A
natural question is to combine these information for improving the effectiveness of downstream
tasks. The related technique is often referred to as multi-graph fusion. For a specific knowledge
mining task, each graph has its own unique properties, but different graphs often contain com-
plementary information that needs to be mined. The purpose of multi-graph fusion is to improve
the generalization ability by jointly optimizing all graphs to effectively fusing information from
different views. Previous multi-graph fusion methods can be divided into structure-level fusion
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methods and feature-level fusion methods.

2.3.1 Structure-level fusion methods
Structure-level fusion methods focus on learning a common graph (e.g., the fused graph) for
downstream tasks [123]. The most straightforward method is the direct cumulative processing of
multiple graph information. Specifically, it generates a new adjacency weight matrix by directly
summing the matrix of weights of multiple matrices. For example, Wang et al. develop a low-
rank based multi-view spectral clustering method. Tong et al. develop a graph fusion method
for classification of Alzheimer’s Disease, which directly accumulates multiple graph structure
information to generate the unified similarity matrix [138]. These multi-graph fusion strategy
treats all views equally, which might results in inferior performance. To improve the quality of
the fused graph, many structure-level fusion methods perform graph learning and graph fusion in
a unified framework, which effectively explores the complementary information of multi-graph
data and potentially describe local geometric structures. For example, Wang et al. develop a
self-attention network to integrate the node attributes with topological features to balance the
disparity between the graph structure and node attributes for each similarity matrix [153]. Tang
et al. propose a multi-graph clustering method that uses multiple similarity matrices as input
[135]. Zhan et al. propose multi-view consistent graph clustering to learn a consistent graph
[177]. These methods take into account the complementary and common information of different
graphs, and therefore can output more robust node representations.

2.3.2 Feature-level fusion methods
Feature-level fusion method first extracts the low-dimensional feature vectors of each graph in-
dividually, and then uses fusion mechanisms to integrate the low-dimensional features of each
graph, followed by feeding the fused features into the final decision model to derive the final de-
cision results [77]. At present, the popular feature-level fusion methods have feature connected
method and weighted fusion method.

Feature connected method first represents the multi-graph data in a uniform form, and then
stitches it into a larger feature representation. For example, Jia et al. connects the spatial feature
and the temporal feature of dynamic functional connectivity network for the sleep stage classifi-
cation [60]. Kazi et al. first connects the features of different modalities and then uses them for
personalized disease prediction [73]. Ding et al. stitches together the multi-scale features with
pixel-wise local features into a new feature for HSI classification [29]. The advantage of feature
connected fusion is that it achieves information compression and fast information processing.
However, these methods only consider the association information between multiple graphs, but
are not consider the difference between them. As a result, they cannot effectively describe the
rich association information of multiple graph data. Recently, Kang et al. first fuse multi-hop
heterogeneous features via discrete cross-correlations, and further fuse representations from two
graphs by the attention mechanism [178].

The weighted fusion method focuses on learning the importance of different graphs by assigning
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different weights to each graph. For example, Yao et al. fuse brain network features of dif-
ferent templates by the weighted fusion for the diagnosis of Alzheimer’s disease [170]. He et
al. propose a multi-graph convolutional-recurrent Neural Network to conduct five graph convolu-
tion operators [51]. Compared with structure-level fusion methods, feature-level fusion methods
avoid early cross-contamination caused by noise and irrelevant information contained in each
graph, and thus they retain the representation ability of different graph structures. The disadvan-
tage of feature-level fusion methods is that more information will be lost in the learning process.
Moreover, its model complexity is more complex than the structure-level fusion method.



Chapter 3

Multi-graph Fusion for Brain Functional
Connectivity Analysis

3.1 Introduction
Resting state functional magnetic resonance imaging (rs-fMRI) is a non-invasive method to mea-
sure the spontaneous nerve activity of human brain in resting state, which provides a powerful
tool for the study of brain function after nerve injury [10]. Using rs-fMRI data to construct brain
functional connectivity network (FCN) can not only reveal the pathological basis of brain dis-
ease, but also help to develop biomarkers that quantify the reorganization mechanism of brain
disease [45]. In recent years, brain network analysis methods based on rs-fMRI have been widely
used in computer-aided diagnosis of various brain diseases [201].

Generally, the method of disease diagnosis based on rs-fMRI mainly includes three steps, i.e., FCN
construction, feature learning, and disease diagnosis. FCN model the functional association pat-
terns between brain regions as networks, in which nodes correspond to brain regions of interest
(ROIs) and edges represent functional connections between brain regions. At present, popular
methods of constructing FCN have correlation-based approaches [21], Granger causality anal-
ysis [118], and regularized inverse covariance estimation [11]. Compared with other methods,
the existing literature shows that correlation-based approaches can provide relatively high sen-
sitivity to network connection detection [116]. Feature learning extracting meaningful features
(i.e., clustering coefficient, connection strength) from the FCNs, followed by feature selection
to select the most discriminative feature subset for classification. Two simple feature selection
methods have been widely applied currently, i.e., t-test [2] and Lasso methods [47]. Disease diag-
nosis usually uses traditional machine learning methods (i.e., SVM) to identify healthy subjects
and patients [114]. At present, most studies based on brain functional connectivity mainly focus
on the FCN construction and feature learning to improve the performance of disease diagno-
sis. However, due to the influence of noisy, individual variability, and inter-group heterogeneity,
etc. there are many issues to be solved in brain network analysis.
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On the one hand, FCNs constructed from rs-fMRI data plays a vital role in the diagnosis of brain
neurological diseases. Due to different factors such as noises and the curse, it is a challenged
task for constructing a FCN that can accurately reflect the functional connectivity of brain. First
of all, the full-connected FCNs constructed by correlation-based methods usually have noise or
false connection which cannot be explained and will affect the classification performance. To
address these issues, existing methods (i.e., [96,169]) fine tune full-connected FCN by threshold
method or k-NN based method to reduce the noise connection and network complexity. How-
ever, this method ignores that the number of connections may be different in different brain
regions because of the individual heterogeneity, so it is unreasonable to use the same parameter
(i.e., threshold, k) for all subjects. Second, the brain is the most complex system in the human
body, a single FCN may not be able to capture the subtle disruption of brain functional tissues
caused by neurological diseases, because each network can only capture a part of the differences
between groups [55]. Some methods (i.e., [155, 158]) explored the construction of multiple net-
works based on rs-fMRI disease classification, but these methods did not take into account the
joint optimize information from multiple FCNs and have some limitations. Third, the indepen-
dent process for FCN construction ignores to considering the group effect so that the outputted
feature representation has limited discriminative ability [187].

On the other hand, many fMRI-based methods extract functional features from FCNs to represent
each subject, and input these features into a predefined classification model for disease diagno-
sis. However, these features are usually high-dimensional, so some methods use feature selection
to select the most recognizable features to train the classification model. For example, Wee et
al. extract local clustering coefficient features from both structural and functional connectivity
networks, followed by t-test based feature selection for MCI identification [156]. Liu et al. ex-
tract connectivity strength features from FCNs, and perform feature selection using F-scores to
identify patients with social anxiety disorder [89]. These studies show that feature selection can
not only improve the diagnostic ability of models, but also help to discover biomarkers based
on neural images. However, these methods regard feature selection and classification as inde-
pendent tasks. The heterogeneity between the classifier and selected features may cause the
selected features to be unsuitable for the classification task, thereby affecting the performance of
the classification model. Although there are some methods (i.e., [94,149]) that propose to jointly
perform feature learning and classification, the features extracted by such methods usually lack
interpretability.

To solve the above issues, the chapter proposes a classification framework based on multi-graph
fusion to accurately identify patients with brain neuro-diseases. The key of our method is to use
a new fusion strategy to explore the different hierarchical structure of FCNs. Specifically, with
the k-NN based method, we can construct multiple FCNs (i.e., full-connected FCN and 1-NN
FCN). In order to effectively joint optimize the information from multiple FCNs, we proposed a
new multi-graph model to integrate these FCNs to enhance the common intrinsic structure and
limit the error rate caused by the different structure. In the process of fusion, the number of
edges of each node is updated iteratively, so that the number of neighbors of each node is learned
automatically. After getting the fused FCN of each subject, we extract the upper triangle of the
FCNs as the feature of each subject, and then use L1SVM to joint conduct feature selection
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(i.e., brain region selection) and classification (i.e., disease diagnosis). The overview of our
method is illustrated in Figure 3.1.

The major contributions of this work are three-fold. First, we develop a functional connectivity
network based classification model for brain disease diagnosis, with feature selection and model
training incorporated into a unified framework to solve the issues of heterogeneity between se-
lected features and classifiers. Specifically, we use L1SVM to output the discriminative func-
tional connectivity features and disease diagnosis results simultaneously. Second, we proposed
a multi-graph fusion model, which fuse different network features and automatically learns the
connections of various brain regions. In addition, our fusion model designs two regularization
terms to achieve the group effect (i.e., the homogeneity among samples from the same class and
the heterogeneity among samples from different classes), which requires the subjects from the
same class are close to each other and the subjects from different class to be far away from each
other. As a result, our method solves the issue of individual heterogeneity. Third, our work out-
performs four comparison methods in term of classification and feature selection, demonstrating
promising performance in real application.
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Figure 3.1: Framework of functional connectivity analysis based on multi-graph fusion. (1) rs-fMRI
image pre-processing and original FCNs construction, (2) multiple FCNs construction , (1) and (2)
can be finished offline, (3) multi-graph fusion by our proposed method, (4) feature exaction (i.e., con-
nection strength), (5) new feature matrix generation, (6) L1SVM based joint disease diagnosis and
regions selection.

3.2 Method
Given the BOLD signal of the m-th subject among M subjects Bm ∈ Rn×t (m = 1, ...,M )
where n and t, respectively, represent the number of brain regions and the length of signals, in
this paper, we first obtain multiple graphs (i.e., FCNs) Am,v ∈ Rn×n (v = 1, ..., V )1 by the
Pearson correlation analysis where V is the graph number, and then propose to learn a sparse-
connected FCN (sparse FCN for short) Sm ∈ Rn×n for each subject so that it could automatically

1If the value of Am,v is negative, we take its absolute value, i.e., am,v
i,j = |am,v

i,j |.
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learn the connection number of every node as well as is homogenous and discriminative to other
sparse FCNs Sm′ (m ̸= m′).

3.2.1 Multi-graph fusion
Previous studies demonstrated that the sparse FCN is preferred in the representation learning of
brain functional connectivity analysis ( [72, 182]), compared to the fully-connected FCN, due to
that 1) the fully-connected FCN lacks the interpretability; 2) the connectivity between two nodes
may contain noisy connectivity (i.e., either irrelevant or spurious connectivity) to affect brain
functional connectivity analysis [79, 111]; and 3) neurologically, a brain region predominantly
interacts only with a part of brain regions. Existing methods of FCN analysis usually obtain
sparse FCNs from the fully-connected FCNs. Specifically, they design different techniques to
learn sparse FCNs based on the fully-connected FCNs, such as sparse learning [31, 182] and
clustering [156, 186]. However, these methods have limitations in the brain FCN analysis. First,
existing methods usually assume that each node connects a fixed number of nodes. That is, the
connection number is unchanged for all nodes. To achieve this, the sparse k-nearest neighbor
(kNN) graph is constructed so that each node connects with k nodes. Such an assumption ob-
viously ignores the fact that a brain region predominantly interacts only with a part of brain
regions. Second, previous methods generate the sparse FCN of a subject independently from
other subjects. On the one hand, by considering the heterogeneity across subjects, the FCNs
obtained from these heterogeneous subjects possibly have different distributions. As a result, the
robustness of the classifier constructed by these sparse FCNs will be affected. On the other hand,
the independent process of representation learning makes it difficult to consider the group effect,
e.g., the discriminative ability across classes or subjects.

Given the fully-connected FCN connecting each node with all nodes, we obtain an extreme
sparse FCN, i.e., 1NN graph (excluding itself). By this way, we could obtain multiple graphs
for each subject to solve the first issue of existing functional connectivity analysis. In this paper,
we only use 2 graphs for every subject, i.e., a fully-connected FCN and an extremely sparse
FCN, by taking the following observations into account. The fully-connected FCN contains all
connectivity information (i.e., the most complex connectivity) and the extremely sparse FCN
contain the least information (i.e., the simplest connectivity). We expect to obtain a flexible
connection number for every node based on the data distribution in the range [1, n] where n is
the node number. To do this, we design the following objective function to automatically learn
specific connection number for the m-th subject Sm by fusing the information from multiple
graphs.

min
Sm

V∑
v=1

||Sm −Am,v||2F
s.t.,∀i, smi,·1 = 1, smi,i = 0, smi,j ≥ 0 if j ∈ N (i), otherwise 0.

(3.1)

where ∥ · ∥F indicates the Frobenius norm. smi,· and smi,j , respectively, represent the i-th row of Sm

and the element in the i-th row and the j-th column of Sm. 1 andN (i), respectively, indicate the
all-one-element vector and the set of nearest neighbors of the i-th node. After optimizing smi,· by
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our proposed optimization method in Appendix, we obtain different non-zero numbers for every
row, i.e., smi,· in Sm. This indicates that different nodes have different connection numbers for
every subject.

Eq. (3.1) employs multiple graphs to conduct the feature or representation learning, aiming at
selecting an optimal connection number between 1 and n. However, the optimization of Sm is
independent on the optimization of Sm′ (m ̸= m′), which explores the inter-subject variability,
but does not touch the issue of the heterogeneity across subjects. To address this issue, we
propose the following objective function.

min
S1,...,SM ,H,G

M∑
m=1

V∑
v=1

||Sm −Am,v||2F + αR1(H,G,S1, ...,SM)

+ βR2(S
1, ...,SM)

s.t.,∀i,hi,·1 = 1, hi,i = 0, hi,j ≥ 0 if j ∈ N (i), otherwise 0,
gi,·1 = 1, gi,i = 0, gi,j ≥ 0 if j ∈ N (i), otherwise 0,
smi,·1 = 1, smi,i = 0, smi,j ≥ 0 if j ∈ N (i), otherwise 0.

(3.2)

where H ∈ Rn×n and G ∈ Rn×n are two variables, R1(H,G,S1, ...,SM) and R2(S
1, ...,SM)

are regularization terms. We use the summation operator in the first term of Eq. (3.2) to learn
the representations of all subjects in a unified framework, and design two regularization terms
to achieve the group effect, e.g., discriminative ability across subjects. We list the details of two
regularization terms as follows.

First, we expect that positive subjects are similar or close to the positive template G while nega-
tive subjects are similar to the negative template H. Hence, the subjects within the same class are
close. It is noteworthy that G and H, respectively, can be regarded as the common information of
the positive class and the negative class. Moreover, the outputted templates could be widely ap-
plied in medical imaging analysis, such as guiding parcellations for new subjects and measuring
the group difference [111]. To achieve this, we designR1(H,G,S1, ...,SM) as follows

R1(H,G,S1, ...,SM) =



|D|∑
m=1

||Sm −H||2F , m ∈ D
|E|∑

m=1

||Sm −G||2F , m ∈ E

0, m ∈ U

(3.3)

where D, E , and U , respectively, represent the set of negative subjects, positive subjects, and
unlabeled subjects. Moreover, |D| and |E|, respectively, indicate the cardinality of D and E .

Eq. (3.3) has at least two advantages: 1) preserving the global structure since all the subjects
are close to their template and 2) outputting practical templates. However, Eq. (3.3) does not
take the local structure of the data, which has been regarded as the complementary of the global
structure of the data [121, 157]. In this chapter, we designR2(S

1, ...,SM) as follows

R2(S
1, ...,SM) =

M∑
m=1

∑
p∈G(m)

||Sm−Sp||2F

M∑
m=1

∑
q∈F(m)

||Sm−Sq ||2F
(3.4)
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Figure 3.2: The visualization of Eq. (3.4). The left figure is the original neighborhood structure
among one subject (i.e., the centered point) and its neighbors. The right figure is the final status of the
neighborhood structure about this subject after conducting the proposed multi-graph fusion method,
where the subjects with the same label are close to each other and the subjects with different labels
are far away from each other.

where G(i) and F(i), respectively, are the set of the near neighbors and the set of the distant
neighbors, of the i-th subject. In the proposed framework, i.e., semi-supervised learning, the
training subjects include labeled subjects and unlabeled subjects, we denote the set G(i) of the i-
th unlabeled subject as its k nearest neighbors including labeled subjects and unlabeled subjects,
and the set G(i) of the i-th labeled subject as its k nearest neighbors with the same label to the
i-th subject. We further define the set F(i) of the i-th unlabeled subject as its k furthest subjects
including labeled subjects and unlabeled subjects, and the F(i) of the i-th labeled subject as its
k nearest neighbors with different labels to the i-th subject. It is noteworthy that the value of k is
insensitive in our experiments, so we fixed k = 10 for all subjects. Eq. (3.4) minimizes the ratio
of two terms, similar to linear discriminative analysis [171, 194]. Specifically, the subjects have
the same label with their nearest neighbors, while the subjects with far similarity have different
labels. In this way, the local structure of the subjects is preserved. Figure 3.2 visualizes the
process of Eq. (3.4). The optimization of Eq. (3.4) is very challenging, so we follow Theorem 1
in [148] to convert the minimization of Eq. (3.4) to minimize the following objective function:

M∑
m=1

(
∑

p∈G(m)

||Sm − Sp||2F −λm
∑

q∈F(m)

||Sm − Sq||2F ), (3.5)

where λm can be updated as λm =

∑
p∈G(m)

||Sm−Sp||2F∑
q∈F(m)

||Sm−Sq ||2F
in the implementation based on [148].

Compared to previous literature, Eq. (3.2) outputs the representation of every subject depending
on other subjects as well as taking into account the following constraints, such as multi-graph
information, and the preservation of the global and local structure among the subjects.

Theorem 1. The global solution of the following general optimization problem

min
v∈C

q(v)

p(v)
, where q(v) > 0 (∀v ∈ C) (3.6)

can be calculated by the root of the following function:

h(λ) = min
v∈C

q(v)− λp(v), (3.7)
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given that q(v)− λp(v) is lower bounded.

Proof. Suppose v∗ is the global solution of the problem in Eq. (3.18), and λ∗ is the corresponding
global minimal objective value, the formulation q(v∗)

p(v∗)
= λ∗ holds, so ∀v ∈ C, we have q(v)

p(v)
≥ λ∗.

By considering the characteristics of p(v) > 0, we can yield q(v)− λ∗p(v) ≥ 0, which means:

min
v∈C

q(v)− λ∗p(v) = 0 ⇐⇒ h(λ∗) = 0 (3.8)

That is, the global minimal objective value λ∗ in Eq. (3.18) is the root of the function h(λ).
Hence, the proof of Theorem 1 has been completed.

3.2.2 Optimization
In this chapter, we employ the alternating optimization strategy [26] to optimize Sm (m =
1, ...,M ), H, and G.

(i) Update S1, ...,SM by fixing H and G

S1, ...,SM include the representations of positive subjects, negative subjects, and unlabeled sub-
jects, so we explain the optimization process one by one.

When m-th subject is a negative subject, we obtain the objective function with respect to Sm as
follows:

min
Sm

V∑
v=1

||Sm −Am,v||2F + α||Sm −H||2F+

β(
∑

p∈G(m)

||Sm − Sp||2F − λm
∑

q∈F(m)

||Sm − Sq||2F )

s.t.,∀i, smi,·1 = 1, smi,i = 0, smi,j ≥ 0 if j ∈ N (i), otherwise 0.

(3.9)

where Sm represents the neighbor relationship between two brain regions (we represent xi as the
i-th brain region), smi represents the relationship between xi and other brain region xj (i ̸= j).
smi is only related to xi and xj (i ̸= j), and is unrelated to smj . Therefore, in our optimization
method, smi is independent on smj (i ̸= j), the objective function with respect to smi,· is:

min
smi,·1=1,smi,i=0,smi,j≥0

V∑
v=1

||smi,· − am,v
i,· ||22 + α||smi,· − hi,·||22+

β(
∑

p∈G(m)

||smi,· − spi,·||22 − λm
∑

q∈F(m)

||smi,· − sqi,·||22)
(3.10)

Expanding Eq. (3.10), we have

min
smi,·1=1,smi,i=0,smi,j≥0

V∑
v=1

Tr(smi,· − am,v
i,· )T (smi,· − am,v

i,· ) + αTr(smi,· − hi,·)
T (smi,· − hi,·)+

β(
∑

p∈G(m)

Tr(smi,· − spi,·)
T (smi,· − spi,·)− λm

∑
q∈F(m)

Tr(smi,· − sqi,·)
T (smi,· − sqi,·))

(3.11)
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Expanding Eq. (3.11), we have

min
smi,·1=1,smi,i=0,smi,j≥0

V∑
v=1

Tr(sm
T

i,· smi,· − sm
T

i,· am,v
i,· − am,vT

i,· smi,· + am,vT

i,· am,v
i,· )

+ αTr(sm
T

i,· smi,· − sm
T

i,· hi,· − hT
i,·s

m
i,· + hT

i,·hi,·)

+ β(
∑

p∈G(m)

Tr(sm
T

i,· smi,· − sm
T

i,· spi,· − sp
T

i,· s
m
i,· + sp

T

i,· s
p
i,·)

− λm
∑

q∈F(m)

Tr(sm
T

i,· smi,· − sm
T

i,· sqi,· − sq
T

i,· s
m
i,· + sq

T

i,· s
q
i,·))

(3.12)

After that, we obtain:

min
smi,·1=1,smi,i=0,smi,j≥0

Tr((V + α + β(k − λmk))sm
T

i,· smi,·

− 2(
V∑

v=1

am,vT

i,· + αhT
i,· + β(

k∑
p=1

sp
T

i,· − λm
k∑

q=1

sq
T

i,· )s
m
i,·

+
V∑

v=1

am,vT

i,· am,v
i,· + αhT

i,·hi,· + β(
k∑

p=1

sp
T

i,· s
p
i,· − λm

k∑
q=1

sq
T

i,· s
q
i,·))

(3.13)

After conducting mathematical transformation, we have

min
smi,·1=1,smi,i=0,smi,j≥0

||smi,· − fm
−

i,· ||22 (3.14)

where

fm
−

i,· =

V∑
v=1

am,vT

i,· +αhT
i,·+β(

k∑
p=1

sp
T

i,· −λm
k∑

q=1
sq

T

i,· )

V+α+β(k−λmk)
∈ Rn×1 (3.15)

We consider the Lagrangian Function of problem Eq. (3.14) as

L(smi,·, φ1, ω) = ||smi,· − fm
−

i,· ||22 − φ1(s
m
i,·1− 1)− ωsmi,· (3.16)

where φ1 is a Lagrange multiplier and ω is a vector of nonnegative Lagrange multipliers. Con-
ducting the differential with respect to smi,j and setting the results as zero, we obtain:

dL
dsmi,j

= smi,j − fm−

i,j −
1

2
φ1 −

1

2
ωj = 0 (3.17)

where fm−
i,j is the j-th element of fm−

i,· . To facilitate the calculation, we set σ1 =
1
2
φ1, τj =

1
2
ωj .

The complementary slackness of the Karush–Kuhn–Tucker (KKT) conditions [43] implies that
the condition wτj = 0 holds while smi,j>0. Thus, we have the closed-form solution for smi,j as:

smi,j = (fm−

i,j + σ1)+, j = 1, ..., n (3.18)



3.2 Method 20

where fm−
i,j is the j-th element of fm−

i,· .

By following the same process from Eq. (3.9) to Eq. (3.18), we have

smi,j =


(fm−

i,j + σ1)+, m ∈ D
(fm+

i,j + σ2)+, m ∈ E
(fm

i,j + σ3)+, m ∈ U
(3.19)

where 
fm+

i,j =

V∑
v=1

am,vT

i,j +αgT
i,j+β(

k∑
p=1

sp
T

i,j −λm
k∑

q=1
sq

T

i,j )

V+α+β(k−λmk)

fm
i,j =

V∑
v=1

am,vT

i,j +β(
k∑

p=1
sp

T

i,j −λm
k∑

q=1
sq

T

i,j )

V+β(k−λmk)
.

(3.20)

σ1, σ2 and σ3 are the Lagrange multipliers.

(ii)Update H and G by fixing S1, ...,SM

When S1, ...,SM are fixed, the objective function with respect to H and G are:
min

hi,·1=1,hi,i=0,hi,j≥0

|D|∑
m=1

||Sm −H||2F

min
gi,·1=1,gi,i=0,gi,j≥0

|E|∑
m=1

||Sm −G||2F
(3.21)

According to the KKT conditions, we have:{
hi,j = (ŝm

−
i,j + σ4)+

gi,j = (ŝm
+

i,j + σ5)+
(3.22)

where ŝm
−

i,j = (
∑
m∈D

sm
T

i,j )/|D|, ŝm+

i,j = (
∑
m∈E

sm
T

i,j )/|E|, σ4 and σ5 are Lagrange multipliers.

The values of the Lagrange multipliers σ1, σ2, σ3, σ4, and σ5, can be obtained by Lemma 1 [30].
For simplicity, we list the details of σ3 as follows and the values of σ1, σ2, σ4, and σ5 can be
obtained by similar principles.

Lemma 1. By denoting sm∗
i,· the optimal solution in Eq. (3.18), letting r and u be two indices,

and fm
i,r > fm

i,u, if sm∗
i,r = 0, then sm∗

i,u must be equal to zero.

Based on Lemma 1, we can find some integers I = [ρ], 1 ≤ ρ ≤ n to meet the non-zero
components of the sorted optimal solutions, i.e.,

σ3 =
1

ρ
(

ρ∑
j

fm
i,j − 1). (3.23)

As a result, the optimal sm∗
i,· can be described as sm∗

i,· = max{fm
i,j − ρ, 0}, where the value of the

optimal ρ is automatically obtained by Lemma 2 [30].
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Algorithm 1: The pseudo of optimizing Eq. (3.2) .
1 Input: Bm (m = 1, ...,M ) and y;
2 Parameters: C, α, and β;
3 Output: Sm, H, G, and C;

1: Obtain Am,v (v = 1, ..., V ) by Bm;
2: Initialize Sm as the average of Am,v (v = 1, ..., V );
3: while Eq.(3.2) not converges do

4: Update λm =

∑
p∈G(m)

||Sm−Sp||2F∑
q∈F(m)

||Sm−Sq ||2F
;

5: Update H and G via Eq. (3.22);
6: Update Sm (m = 1, ...,M ) via Eq. (3.19);
7: end while
8: Obtain X by extracting the upper triangle of Sm;
9: Run L1SVM on X and y to output the classifier C;

Lemma 2. Let η represents the vector after sorting fmi,· in a descending order, the number of
strictly non-negative elements in smi,· is ρ = max{ηj − 1

j
(
∑j=n

i=1 ηi − 1) > 0}.

Based on Lemma 2, the non-zero number in the i-th row smi,·, i.e., the number of brain regions
connected to the i-th brain region, is different from the non-zero number in the j-th row smj,·
(i ̸= j). It is noteworthy that previous sparse methods set the same number of brain regions
connected to each brain region. Obviously, our method is more flexible, compared to previous
methods.

3.2.3 Joint regions selection and disease diagnosis
Our proposed framework generates a sparse FCN Sm (m = 1, ...,M ) from two graphs, i.e., a
fully-connected FCN and a 1NN graph, for each subject. Moreover, we follow previous methods
to transfer the matrix representation to its vector representation, i.e., extracting the upper triangle
part of the symmetric matrix Sm (m = 1, ...,M) to form a row vector xm,· ∈ R1×[n(n−1)/2].
As a result, we have the data matrix X ∈ RM×[n(n−1)/2] and the corresponding label vector
y ∈ {−1, 1}M×1.

Many existing studies separately conduct feature selection and disease diagnosis (i.e., classi-
fication) [78]. The goal of feature selection is to remove the redundant features from high-
dimensional data because the vector representation is a 4005-dimension vector for 90 nodes in
our data sets. However, the optimal results of feature selection cannot guarantee to achieve
the optimal classification in such two separate processes. In this paper, we employ L1SVM to
jointly conduct feature selection and classification, where the result of feature selection will be
iteratively updated by the optimized classifier so that finally outputting significant classification
performance. We list the pseudo of our proposed functional connectivity analysis framework in
Algorithm 1.
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3.3 Experiments
We experimentally evaluated our proposed method, compared to six state-of-the-art methods, on
three real neuro-disease data sets with the rs-fMRI data, in terms of binary classification.

3.3.1 Experimental setting
3.3.1.1 Data sets

The data set fronto-temporal dementia (FTD) contains 95 FTD subjects and 86 age-matched
healthy control (HC) subjects. FTD was derived from the NIFD database managed by the fron-
totemporal lobar degeneration neuroimaging initiative. The data set obsessive-compulsive dis-
order (OCD) has 20 HC subjects and 62 OCD subjects. The data set Alzheimer’s Disease Neu-
roimaging Initiative (ADNI) includes 59 Alzheimer’s disease (AD) subjects and 48 HC subjects.

Imaging data acquisition. We used A 3.0-Tesla MR system (Philips Medical Systems, USA)
equipped with an eight-channel phased-array head coil to collect all rs-fMRI data. The param-
eters of gradient-echo Echo-Planner Imaging (EPI) sequence were listed as follows: Field Of
View (FOV) = 208 × 180mm, matrix = 104 × 90, 72 slices, TR = 720ms, TE = 33.1ms, Flip
Angle (FA) = 52◦, and multi-band factor = 8, 1200 frames, 15min/ru. The subjects’ heads were
fixed with a sponge pad for preventing head movement from affecting the experimental results.
During the scanning, the subjects need to close eyes, keep relax, and stay awake.

Functional imaging data preprocessing. We used the DPARSF toolbox2 to preprocess the rs-
fMRI data. We first deleted the first 10 time points of each subject, and then conducted the steps
including slice timing correction, motion correction, normalization and spatial smoothing, on the
obtained rs-fMRI data, for adapting the subjects to the scanning environment.

For all imaging data, we followed the automated anatomical labeling (AAL) template [141] to
construct the functional connectivity network for each subject with 90 nodes. The region-to-
region correlation was measured by the Pearson correlation coefficient.

3.3.1.2 Comparison methods

The comparison methods include the baseline method L1SVM, three popular methods for neuro-
disease diagnosis, i.e., High-Order Functional Connectivity (HOFC) [179], Sparse Connectivity
Pattern (SCP) [31], and Connectivity Network Analysis method with Discriminative Hub Detec-
tion (CNHD) [149], and two deep learning methods, i.e., Simplify Graph Convolutional networks
(SGC) [159], Deep Iterative and Adaptive Learning Graph Neural Networks (DIAL-GNN) [23].
We list the details of the comparison methods as follows.

• L1SVM extracts the upper triangle part of the FCN of each subject as its representation,
and then employs the ℓ1-norm regularization term to jointly conduct feature selection and
classification.

2http://rfmri.org/DPARSF.
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• HOFC learns the sparse FCN based on the fully-connected FCN, whose element is the
Pearson correlation coefficient, by taking into account the high-order information of the
subjects.

• SCP searches the sparse FCNs from the fully-connected FCNs to effectively explore the
heterogeneity across the subjects by taking into account the inter-subject variability among
the subjects.

• CNHD first constructs functional connectivity networks based on the rs-fMRI data, and
then conducts feature extraction and the classification task in an unified framework.

• SGC first regards the upper triangle part of the fully-connected FCN of each subject as its
representation as well as uses the fully-connected FCNs of all subjects to obtain the local
structure of all subjects, and then designs a graph neural network by preserving the original
local structure to update the representations of all subjects.

• DIAL-GNN first extracts the upper triangle part of the FCN of each subject as its represen-
tation to obtain a original graph, and then learns the new representation for each subject.

L1SVM, DIAL-GNN and SGC extract the upper triangle of the fully-connected FCN as the rep-
resentation of each subject. The methods (e.g., HOFC, SCP, CNHD, and our proposed method)
designed different methods to transfer fully-connected FCNs to sparse FCNs, followed by ex-
tracting the upper triangle part of the sparse FCN as the representation of each subject. It is
noteworthy that all methods can be directly applied for supervised learning but only three meth-
ods (e.g., DIAL-GNN, SGC and our method) can be used for personalized classification.

3.3.1.3 Setting-up

In our experiments, we repeated the 10-fold cross-validation scheme 10 times for all meth-
ods to report the average results as the final results. In the model selection, we set α, β ∈
{10−3, 10−2, ..., 103} in Eq. (3.2), and fixed k = 10 since the value of k is insensitive to the
result of Eq. (3.2). We further set C ∈ {2−10, 2−9, ..., 210} for ℓ1-SVM. We followed the related
literature to set the parameters of the comparison methods so that they outputted the best results.

We designed the following experiments to evaluate all methods, i.e., the classification perfor-
mance of both supervised learning and personalized classification, the effectiveness of the pro-
posed multi-graph fusion method, the effectiveness of feature selection and visualization of the
selected brain regions, and the visualization of the templates produced by our method. The evalu-
ation metrics include ACCuracy (ACC), SENsitivity (SEN), SPEcificity (SPE), and Area Under
the ROC Curve (AUC). Besides, we conducted the paired-sample t-tests between our method
and every comparison method, in terms of ACC, SEN, SPE, and AUC. Moreover, the symbols
“*” and “**”, respectively, indicate that our method has statistically significant difference with
p<0.05 and p<0.001 on the paired-sample t-tests at 95% significance level, compared to the
comparison method. We report the results in Table 3.1 - Table 3.3.
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Table 3.1: Classification results (%) of all methods on FTD.
Methods Accuracy Sensitivity Specificity AUC
L1SVM 64.77 ± 3.89* 62.54± 1.56* 67.48 ± 2.87* 65.87± 1.95*
HOFC 79.37 ± 4.20* 78.59 ± 5.37* 82.16 ±4.29** 79.52 ± 3.88*
SCP 84.75 ± 4.20** 82.59 ± 3.77* 85.56 ± 3.87** 83.93 ± 5.43*

CNHD 83.59 ± 3.67** 81.29 ± 2.58* 85.67 ±3.33 82.67 ± 3.87*
DIAL-GNN 85.19 ± 1.59** 86.39 ± 1.14** 85.92 ± 2.43 84.33 ± 1.29**

SGC 84.55 ± 3.95** 84.86 ± 5.33* 84.59 ± 4.85 84.63 ± 4.33**
Proposed 86.98 ± 3.06 87.53 ± 3.89 84.14 ± 2.59 87.93 ± 3.59

Table 3.2: Classification results (%) of all methods on OCD.
Methods Accuracy Sensitivity Specificity AUC
L1SVM 76.67 ± 3.26* 73.29 ± 5.24* 77.77 ± 2.69* 78.59 ± 1.88*
HOFC 83.92 ± 2.36* 83.24 ± 5.08** 84.11 ± 2.12* 83.17 ± 1.26**
SCP 85.83 ± 3.42** 85.52 ± 4.11* 86.80 ± 3.87* 86.93 ± 3.10*

CNHD 86.83 ± 4.05** 86.98 ± 3.87** 86.64 ±4.53** 84.56 ± 4.39*
DIAL-GNN 85.59 ± 1.55** 85.33 ± 2.58* 86.39 ±2.77** 85.93 ± 2.47*

SGC 87.06 ± 2.43 85.52± 5.26* 87.56 ± 4.55* 86.15 ± 5.01**
Proposed 88.05 ± 4.21 87.52 ± 4.15 89.42 ± 3.56 88.48 ± 4.33

Table 3.3: Classification results (%) of all methods on ADNI.
Methods Accuracy Sensitivity Specificity AUC
L1SVM 76.88 ± 4.25* 77.83 ± 3.58* 76.10 ± 2.85* 74.95 ± 2.36*
HOFC 80.25 ± 1.72* 78.89 ± 2.09* 81.35 ± 2.12** 81.26 ± 3.78**
SCP 84.89 ± 3.98** 85.14 ± 3.21* 84.80 ± 2.83* 84.89 ± 3.25**

CNHD 85.97 ± 4.36** 87.21 ± 5.21 84.70 ±3.95** 84.65 ± 4.47*
DIAL-GNN 86.97 ±1.76** 86.88 ± 2.77** 87.02 ± 1.33 87.68 ± 2.73*

SGC 86.96 ± 2.81** 88.24 ± 2.85 86.15 ± 3.66** 88.78 ± 4.69**
Proposed 88.84 ± 3.22 89.55 ± 1.85 88.25 ± 2.49 90.22 ± 3.4

3.3.2 Result analysis
3.3.2.1 Supervised learning

In the experiments of supervised learning, we used all labeled subjects as the training set. We
report the results of all methods in Tables 3.1-3.3 and list our observations as follows.

First, our proposed method achieved the best classification performance on all three data sets,
in terms of four evaluation metrics, followed by SGC, DIAL-GNN, CNHD, SCP, HOFC, and
L1SVM. Moreover, our proposed method has statistically significant difference at 95% signifi-
cance level, compared to most of comparison methods, in terms of evaluation metrics including
ACC, SEN, SPE, and AUC. Specifically, our method on average improved by 2.17%, 1.71%, and
1.68%, respectively, compared to the best comparison method SGC, on FTD, OCD, and AD, for
all evaluation metrics. The possible reasons are that (i) our multi-graph fusion method takes
the inter-subject variability, the heterogeneity across subjects, and the discriminative ability into
account to output homogenous and discriminative representation, and (ii) our proposed method
jointly selects features (i.e., brain regions) and conducts classification to avoid the influence of
redundant features on high-dimensional data.

Second, L1SVM uses fully-connected FCNs, and other methods (i.e., our proposed method,
DIAL-GNN, SGC, SCP, and HOFC) learns sparse FCNs. As a result, L1SVM obtained the worst
classification performance. For example, the worst method for learning sparse FCNs, i.e., HOFC,
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Figure 3.3: Classification results (mean ± standard deviation) of personalized classification on FTD.
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Figure 3.4: Classification results (mean ± standard deviation) of personalized classification on OCD.
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Figure 3.5: Classification results (mean ± standard deviation) of personalized classification on AD.

on average improved by 14.74%, 7.03%, and 3.99%, respectively, compared to L1SVM, on FTD,
OCD, and AD, in terms of all four evaluation metrics. In particular, our proposed method fuses
a fully-connected FCNs with a 1NN FCN from each subject to output a sparse FCN for every
subject, followed by employing the L1SVM to conduct the classification task. On the contrary,
L1SVM directly regards a fully-connected FCN as the representation for each subject to conduct
the classification task. Moreover, our method on average improved by 16.98%, compared to
L1SVM, in terms of Sensitivity, on all three data sets. This indicates the reasonability of sparse
FCNs. That is, the sparse FCN is more suitable than the fully-connected FCN for conducting the
FCN analysis on the rs-fMRI data.

Third, the methods (e.g., HOFC, SCP, and our method) design different models to generate sparse
FCNs. Specifically, they first generate the sparse FCNs in different ways and then convert the
upper triangle parts of the derived FCNs as the new representation of the subjects. As a con-
sequence, our method considers the heterogeneity across subjects to outperform other methods
(e.g., HOFC and SCP). This demonstrates that it is reasonable for taking into account the het-
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erogeneity across subjects. In addition, CNHD, SGC, and DIAL-GNN also considers the het-
erogeneity across subjects and outperforms either HOFC or SCP. This verifies the importance of
the consideration of the heterogeneity across subjects again. Furthermore, our proposed method
is the only one to fuse the information from multiple FCNs so that achieving the best classifica-
tion performance. This shows that our multi-graph fusion method is feasible because it can use
the common and complementary information among multiple FCNs to output the discriminative
representation of all subjects.

3.3.2.2 Personalized classification

To verify the effectiveness of our proposed semi-supervised method, we randomly selected dif-
ferent percentages of labeled subjects (i.e., 20%, 40%, 60%, and 80%) from the whole data set
as the training set. In this case, the methods (i.e., L1SVM, HOFC, SCP, and CNHD) only used
labeled subjects to train the classifiers, while the methods (i.e., our method, SGC, and DIAL-
GNN) used all subjects (i.e., labeled subjects and unlabeled subjects) to train the classifiers. We
report the classification results of all methods in Figures 3.3-3.5.

Similar to the scenarios of supervised learning, our proposed method still achieved the best
performance, followed by SGC, DIAL-GNN, CNHD, HOFC, SCP and L1SVM, in terms of
semi-supervised learning. Moreover, the paired-sample t-tests between our method and every
comparison method showed that our proposed method has statistically significant difference at
95% significance level, compared to every comparison method, in terms of evaluation metrics
including ACC, SEN, SPE, and AUC, at different label ratios on each data set. For example, our
method on average improved by 1.97% and 14.91%, respectively, compared to the best compar-
ison method SGC and the worst comparison method L1SVM, on three data sets, in terms of all
evaluation metrics. Besides, we have other observations as follows.

By comparing the semi-supervised learning methods (i.e., SGC, DIAL-GNN, and our method)
with the supervised learning methods (i.e., CNHD, HOFC, SCP, and L1SVM), the former meth-
ods outperformed the latter methods. Specifically, the former methods on average improved by
8.74%, 6.52%, 6.05%, and 8.34%, respectively, compared to the latter methods, on all three data
sets with all different percentages of labelled subjects, in terms of ACC, SEN, SPE, AUC. This
reason is that the semi-supervised learning methods use more data (i.e., the unlabelled data) than
the supervised learning methods during the training process. As a result, the semi-supervised
learning methods may output more robust classifiers than the supervised learning methods. In
particular, the improvement of the semi-supervised learning methods over the supervised learn-
ing methods achieves the maximum while the percentage of labeled subjects in the training set
is small, i.e., 20%. For example, the classification accuracy of our proposed method improved
by on average 3.08%, 3.71%, 4.15%, and 3.29%, respectively, compared to the performance of
the best method of supervised learning, i.e., CNHD, in terms of 20%, 40%, 60%, and 80% of the
percentage of labeled subjects in the training set, on all three data sets.

The percentage of labeled subjects in the training set is small, all methods achieved worse per-
formance. Moreover, the more the percentage of labelled subjects is, the lower the improvement
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Figure 3.6: Classification results of L1SVM and SGC using the sparse FCNs produced by our method
on FTD (left), OCD (middle), and ADNI (right).
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Figure 3.7: Visualization of top selected brain regions selected and the connected regions by L1SVM
(upper) and our method (bottom) on FTD, OCD, and ADNI.

of our proposed method over the comparison methods is. For example, all methods achieved
worse experiment results with only 20% label subjects for the training process. This contributes
to the fact that it is difficult to build robust classifiers without sufficient labeled subjects. On
the contrary, the classification performance increases with the increased percentage of the la-
beled subjects for the training process. For example, the classification accuracy of our method
increased 7.41% from 20% to 40%, in terms of the percentage of labeled subjects, while im-
proving by 4.47%, from 60% to 80%, on all three data sets. The main reason is that the limited
labeled subjects is difficult to guarantee the discriminative ability of the classifiers.
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Figure 3.8: Classification results of L1SVM using three kinds of data (i.e., Feature 1, Feature 2, and
Feature 3) on FTD (left), OCD (middle), and ADNI (right).
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(a) FTD (b) OCD (c) ADNI

Figure 3.9: Visualization of templates outputted by our method on FTD, OCD and AD (upper) and
healthy control (bottom).

3.3.2.3 Multi-graph fusion effectiveness

The novelty of our multi-graph fusion method is to automatically learn both the common infor-
mation and the complementary information among multiple FCNs. To verify the effectiveness of
our proposed fusion method, we used our method to first generate a sparse FCN for each subject
followed by extracting its vector representation (i.e., the upper triangle part of the sparse FCN)
as the new representation of the subjects, and then feed the new representation to the methods
(e.g., L1SVM and SGC) to output the classification performance. We report the experimental
results in Figure 3.6. It is noteworthy that we only analyzed the best and the worst comparison
methods due to the space limitations.

From Figure 3.6, the classification performance of the methods (i.e., L1SVM and SGC) is better
than the results of the corresponding methods in Tables 3.1-3.3. For example, L1SVM and SGC,
respectively, on average improved by 16.2% and 4.3%, compared to the corresponding results in
Tables 3.1-3.3, on all three data sets, in terms of all four evaluation metrics. This implies that the
sparse FCNs outputted by our proposed multi-graph fusion method has strongly discriminative
ability.

3.3.2.4 Feature selection effectiveness

In this section, we designed two kinds of experiments to investigate the effectiveness of the
selected features by our method. Specifically, in our experiments, we repeated the 10-fold cross
validation scheme 10 times, and thus outputting 100 subsets of the selected features. We further
calculated the selected frequency of all features over all 4005 features, and then reported the
features with the frequency over 90 out of 100 times as the top features. As a result, our method
selected 1270, 898, 923 nodes out of 4005 nodes, respectively, on FTD, OCD, and AD, while
L1SVM selected 1477, 1058, and 1213 nodes, respectively. It is noteworthy that each node or
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feature is related to two brain regions.

We reported the top selected brain regions based on the selected features and plot the top se-
lected brain regions of our method and L1SVM in Figure 3.7. Based on the visualization of the
top selected brain regions, many selected regions from both our method and L1SVM have been
verified related to the neuro-diseases. Specifically, in Figure 3.7(a), most of the nodes selected
by our method occur in frontal and temporal lobes, which is consistent with the current neurobi-
ological findings on FTD [27]. However, a large portion of nodes identified by L1SVM have low
correlation with FTD. In Figure 3.7(b), our method finds the brain regions, such as orbital-frontal
cortex, caudate, thalamus, which are included in the cortical-striato-thalamic circuits, and is con-
sidered as the theoretical neuroanatomical network of OCD [40, 41]. In particular, our method
selected the brain regions throughout the whole brain because AD has been demonstrated to be
associated with whole brain atrophy [117]. On the contrary, L1SVM only selected the frontal
regions on the data set ADNI.

In our experiments, we first obtained three data sets based on the original data, i.e., Feature
1, Feature 2, and Feature 3. Feature 1 represents the original data sets with high-dimensional
data. Feature 2 is the data sets with the features selected by our method. Feature 3 is the data
sets with the features unselected by our method. We fed these new data sets to L1SVM and
reported the classification results in Figure 3.8. From Figure 3.8, Feature 2 achieved the best
performance, followed by Feature 1 and Feature 3. Specifically, the classification accuracy of
Feature 2 improved on average by 3.58%, compared to Feature 1, on all three data sets. The
reason is that the original data contains redundant feature and noise, which affects classification
performance. This illustrates (1) the effectiveness of the features selected by our method, and (2)
feature selection can improve model performance.

3.3.2.5 Template visualization

In Eq. (3.3), we denoted G and H, respectively, as the positive and negative template, to make
the outputted representation containing discriminative ability. In this section, we visualized the
templates in Figure 3.9 for all three data sets.

Obviously, the difference between the disease template and the healthy control template is sig-
nificant. Moreover, the selected brain regions in the templates can be found as the top selection
regions in Figure 3.7. This indicates the outputted templates can make our proposed method
have discriminative ability as well as are possibly used for guiding either the parcellations for
new subjects or measuring the group difference in the study of medical image analysis.

3.4 Discussion
In this section, we discuss time complexity of all methods, the variations of our proposed method
with different k values, and the variations of our proposed with different initialization, the varia-
tions of our proposed with different numbers of graphs.
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Table 3.4: Training time (Seconds) of all methods on three data sets.
Dataset FTD OCD AD
L1SVM 1997s 951s 1248s
HOFC 3610s 1857s 2387s
SCP 2487s 1293 1639s

CNHD 2937 1433 2108s
DIAL-GNN 872s 407s 625s

SGC 668s 272s 438s
Proposed 2616s 1122s 1753s

Table 3.5: Classification results (ACC%) of our proposed method with different k on three data sets.
k 5 10 15 20 25

FTD 84.25 ± 3.89 86.98 ± 1.56 86.98 ± 2.87 86.10± 1.95 86.10± 1.95
OCD 87.53 ± 4.20 88.05 ± 5.37 88.05 ± 4.29 — —
AD 87.71 ± 4.20 88.84 ± 3.77 87.53 ± 3.87 87.53 ± 5.43 88.06± 1.95

Table 3.6: Classification results (ACC%) of our proposed method on five different initializations
Initialization 1 Initialization 2 Initialization 3 Initialization 4 our method

FTD 86.25± 1.58 85.87 ± 4.25 86.18 ± 3.11 85.23± 1.45 86.18± 1.95
OCD 88.05 ± 3.78 88.05 ± 2.56 88.05 ± 2.66 87.49 ± 2.77 88.58 ± 3.16
AD 88.18 ± 3.15 87.46 ± 2.97 89.38 ± 4.58 87.53 ± 5.43 88.18± 2.54

3.4.1 Time complexity analysis
The multi-graph generation is off-line. Hence, we ignore the calculation of the time complexity
and the space complexity. The multi-graph fusion method takes a closed-form solution for the
optimization of Sm (m = 1, ...,M ), H and G. The time complexity of Sm is O(Mn2) and the
time complexity of either H or G is O(n2), where M and n, respectively, represent the number
of the subjects and the number of brain regions. Hence, the time complexity of our multi-graph
fusion method is O(lMn2), i.e., linear to the subject size, where l is the iteration number and
is less than 50 in our experiments. Moreover, the proposed multi-graph fusion method needs
to store Sm (m = 1, ...,M ), H, and G in the memory with the space complexity O(Mn2).
The time complexity of L1SVM is linear to the subject size, while its space time complexity is
O(Mn2) [33]. Moreover, based on [33], L1SVM fast achieves convergence.

The time complexity of DIAL-GNN and SGC, respectively, are O(TdM2) and O(M2d), where
M , T , d = n(n−1)

2
, and n, are the number of samples, the iterations, the features, the brain

regions, respectively. The time complexity of HOFC, SCP, CNHD, and L1SVM, respectively,
areO(M(ω−1)n2+Md),O(Mn2+Md),O(Mn3) andO(Md), where ω is the window length.

More specifically, two deep learning methods (i.e., DIAL-GNN and SGC) is quadratic to the
sample size, while four traditional methods (i.e., HOFC, SCP, CNHD, L1SVM, and our method)
is linear to the sample size. However, in our data sets, the sample size is smaller than the number
of the brain regions. Hence, two deep learning methods are faster than the traditional methods.

In Table 3.4, we report the training time of all methods on three data sets. HOFC needs the
maximal training costs. Our proposed method needs the second most time as it includes the
process of L1SVM. As a result, our proposed multi-graph fusion model is efficient, i.e., linear to
the sample size. For example, the time cost for our proposed multi-graph fusion model is 619
seconds, 171 seconds, and 505 seconds, respectively, for data sets FTD, OCD, and AD.
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3.4.2 Sensitivity analysis of k values
We varied the values of as k = {5, 10, 15, 20, 25} and reported the classification accuracy of
our proposed method with different k values on three data sets in Table 3.5. It is noteworthy
that the data set OCD only takes the values of k as k = {5, 10, 15} as it only has 20 healthy
control subjects. As a result, our proposed method is insensitive to the k values as the gap of
two different scenarios is not significant in terms of classification accuracy. For example, the
difference between the case ‘k = 10’ and other cases (i.e., k ̸= 10) varied on average by 1.12%,
0.26%, 0.79%, on data sets FTD, OCD, and AD, respectively, in terms of classification accuracy.

3.4.3 Sensitivity analysis of initialization
In Algorithm 1, we initialize Sm (m = 1, ...,M ) as the average of Am,v (v = 1, ..., V ), which
makes the optimization of Eq. (3.2) converge within tens of iterations. Moreover, the result of
Eq. (3.2) is insensitive to the initialization of Sm (m = 1, ...,M ).

In the experiment, we used the Matlab function rand(.) to generate two uniformly distributed ran-
dom matrices (i.e., Initialization 1, Initialization 2), and then used the Matlab function randn(.)
to generate two random matrices that obey the Gaussian distribution (i.e., Initialization 3, Initial-
ization 4). In particular, our method set the average of Am,v (v = 1, ..., V ) as the initialization
of Sm. From Table 3.6, our proposed method is insensitive to the initialization of Sm. The main
reason is that our optimization method is an iterative process that updates the value of Sm at each
iteration, so that even a poor initialization can finally achieve reasonable results after many iter-
ations. In addition, our initialization method converges faster than other initialization methods.
The possible reason is our initialization Sm is the average of Am,v (v = 1, ..., V ), which is closer
to the final Sm.

3.4.4 Effectiveness with different numbers of graphs
Our proposed method only explored the relationship between the fully-connected FCN and the
extremely sparse FCN, i.e., the 1NN FCN, aiming at learning the suitable connection number of
the brain regions for each subject. To do this, our proposed method took into account the follow-
ing issues such as noise, individual variability for each subject, and the inter-group heterogeneity
across subjects. Actually, we can combine much sparse FCNs with the current two FCNs to
learn the connection number. Thus, we added five more FCNs (e.g., 3NN, 5NN, 8NN, 10NN,
and 15NN) into the proposed objective function. As a result, the classification performance had
no significant difference from the reported one in this work, i.e., only on average improving by
about 0.25%. The possible reason is that two FCNs (such as the fully-connected FCN and the
1NN FCN) are enough for our proposed method to automatically learn the connection number
between 1 and n (where n is the node number).
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3.5 Conclusion
In this chapter, we proposed a new framework for functional connectivity network analysis using
the rs-fMRI data which can explore both the common and the complementary information among
multiple FCNs for each subject to improve the discriminative ability of the learned representation
from the rs-fMRI data. The experimental results on three real data sets verified the effectiveness
of the proposed method, compared to four comparison methods, in terms of the classification
performance.

This chapter has been published in the CORE rank A* journal, i.e., Medical Image Analysis [37].



Chapter 4

Adaptive Multi-graph Learning Graph
Convolutional Network

4.1 Introduction
Graph Convolutional Network (GCN) has been widely applied in the graph data such as social
networks and citation networks as it conducts representation learning while taking the structure
information of the data (i.e., the graph information) into account [35, 64, 104, 199]. The GCN
and its variants deal with the graph data by two key steps, i.e., graph learning constructing a
graph from the original data and representation learning improving the discriminative ability of
the original representations [24]. The graph can be provided by the original data or constructed
by the k nearest neighbors (kNN) method [163]. Current GCN methods are focusing on the rep-
resentation learning, i.e., designing different convolution operators to improve the effectiveness
of representation learning whereas ignoring the graph learning. For example, Chen et al. pro-
posed to conduct representation learning by multiple convolution operations [20] and Jiang et
al. proposed graph convolution methods for feature propagation [63].

In real applications, due to the noise and outliers, the initial graph often has wrong connec-
tions, which can degrade the robustness of the subsequent representation learning [162,192,196].
Therefore, improving the quality of the initial graph can further improve the performance of the
GCN model. The goal of graph learning is to output the high-quality graph for guaranteeing the
quality of representation learning. The quality of graph learning can be affected by many factors,
such as outliers and redundancy in the original data and the structure preservation.

First, the original data often contains noise and redundancy, which seriously affect the robust-
ness of graph learning. In traditional machine learning methods, a number of solutions have been
proposed to remove or reduce the influence of noise and redundancy, including feature selection
and subspace learning. For example, Sun et al. employed the feature selection method to remove
irrelevant and redundant features in classification tasks [126]. Salem et al. designed subspace
learning techniques to remove the noise of the data [115]. However, current deep learning meth-
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Figure 4.1: The flowchart of our proposed method. Specifically, our method uses the feature matrix
X of the original data set to generate multiple sparse graphs A(v)(v = 1, ..., V ) as well as the low-
dimensional data matrix XΘ, and then combines each A(v)(v = 1, ..., V ) with XΘ to generate
its local graph Â(v)(v = 1, ..., V ), followed by unifying all local graphs to generate the unified local
graph Ā. The global graph Â(0) learnt from the low-dimensional data matrix XΘ is further integrated
with Ā to output the initial graph S for the GCN model. The learned graph S and the low-dimensional
data XΘ are then fed to a two-layer GCN model for representation learning. It is noteworthy that S
keeps invariant in GCN (i.e., the orange block) and varies in each epoch due to the back propagation
process.

ods pay little attention to the issue of noise and redundancy on the original high-dimensional
data, thus limiting the robustness of deep learning models.

Second, previous GCN methods focused on preserving the local structure of the data to con-
struct the graph. However, the structural information of real-world data is complex, and a single
characterization (i.e., either the global structure or the local structure) may not be sufficient to
capture the intrinsic structure of the data [37, 152, 175]. The studies of graph learning in tradi-
tional machine learning [37, 54] demonstrated that both the local structure preservation and the
global structure preservation are important for graph learning as they provide the complementary
information to each other [110, 196]. The local structure describes the internal organisation of
the original data, while the global structure reflects the overall information of the original data.
In graph representation learning, considering both the global and local structure of the data al-
lows the graph representation model to be more robust to noisy and sparse data [91]. To our
knowledge, few literature of previous GCN models focused on simultaneously considering the
local structure preservation and the global structure preservation.

In this chapter, we propose a novel GCN method as shown in Figure. 4.1 to jointly conduct
graph learning and representation learning in a unified framework by (1) fusing multiple local
graphs on the low-dimensional space of the original high-dimensional data to obtain the unified
local graph, where noise and redundancy are removed as much as possible, and (2) fusing the
unified local graph and the global graph to output the initial graph for the GCN model. The
first fusion step integrates the common information among multiple local graphs to guarantee
the correctness of the edges in the unified local graph, i.e., the correctness of the local structure
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preservation. The second fusion step tries to find the missed edges in the local graphs from
the global graph. Moreover, the proposed method simultaneously learns the projection matrix
converting the original high-dimensional data to its low-dimensional space, two kinds of graph
structures, and the representations of all samples. As a result, the update of each of them pushes
the adaptive adjustment of representation learning, so that guaranteeing our proposed method to
output discriminative representations.

Compared to previous methods, we list the main contributions of our method as follows.

First, we propose a new graph convolutional network method, which jointly conducts graph
learning and representation learning from the low-dimensional space of the original data. To
produce a high-quality graph, the proposed method explores the global structure and local struc-
ture of the data, with the aim of obtaining a correct connection for every node.

Second, we propose a novel graph fusion mechanism to integrate the multiple graphs informa-
tion. Compare to traditional graph fusion method, the proposed graph fusion method (1) dynam-
ically learns the weights for each graph during the fusion process so that the adversary effect of
noise is effectively reduced and (2) conducts the process of graph fusion twice where the first fu-
sion focuses on guaranteeing the correction of the edges and the second fusion focuses on finding
the missed edges in the graphs from the original data.

4.2 Related work

4.2.1 Graph learning
Previous graph learning methods can be categorized into traditional graph methods and deep
graph methods. Specifically, traditional graph methods usually use traditional machine learning
methods to exploit simple structure information of the data, while deep graph methods employ
deep learning models to capture complex structure among the samples. Moreover, each category
includes two kinds of techniques, i.e., static graph learning and dynamic graph learning, depend-
ing on the fact whether the graph structure is fixed or dynamically updated during the model
training [175, 196].

Traditional graph methods include kNN graph, ϵ-graph, etc. For example, Takai et al. proposed
using the hyper-graph structure to preserve the higher-order relations among samples, so that
the samples in the same cluster are highly similar [129]. Since the graph in previous methods
such as the kNN graph and the ϵ-graph is obtained from the original data as well as fixed in the
process of the model training, so that it is easily influenced by noise and redundancy. To address
the above issue, dynamic mechanism is widely embedded in graph learning methods to mine
inherent correlation of the data in the low-dimensional feature space. For example, Xiong et
al. proposed using the adaptive neighbor learning to capture the neighborhood information in the
low-dimensional subspace [166], Li et al. explored the local structure information to adaptively
assign each data point with optimal neighbors [87], Luo et al. incorporated the exploration of
the local structure into the procedure of feature selection to learn the optimal graph [93]. Re-
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cently, Wang et al. extended the conventional label diffusion to the label pair diffusion for image
segmentation [150].

Deep graph methods take use of a multi-layer non-linear architecture to extract complex pattern
from underlying data, aiming at learning complicated node representation or graph representation
[104]. GCN is a well-known static deep graph method, where the graph is used to preserve the
local structure of the data during the process of representation learning [75]. The graph quality
is still the key issue in deep graph methods. Recently, Jiang et al. proposed integrating both the
graph learning and the graph convolution in a unified network architecture so that the graph can
be updated by the representation learning during the training process [62], Differently, Zhang
et al. proposed using the self-attention mechanism to learn a parameterized adjacency matrix
tailored to a specific task, and thus effectively improving the performance of the co-saliency
detection task [180]. Peng et al. proposed to conduct a deep reverse graph learning based on the
GCN for conducting graph learning on the low-dimensional space of original data [104].

4.2.2 Graph fusion
Graph fusion techniques are frequently used to generate a common graph structure by multiple
feature representations or multiple graph structures. A typical example using fusion techniques
is shown in [98] which enforces the features across all the views to construct a common similar-
ity graph. Traditional graph fusion methods employed a graph learning method to perform graph
fusion via minimizing the difference between the desired common graph and predefined multiple
graphs [147, 195]. For example, Tang et al. proposed to capture both the common information
and distinguishing knowledge across different views [132], Tong et al. conduct multi-modality
classification using a nonlinear graph fusion method [139], Tang et al. take the traditional pre-
defined graph matrices of different views as input, and learn an improved graph for each single
view [131]. Recently, Lindenbaum et al. proposed using a random walk process to conduct
multi-view dimensionality reduction [88]. In deep graph fusion methods, Zhuang et al. designed
a dual GCN architecture to learn a robust node representation by simultaneously taking into ac-
count the local consistency and the global consistency [200], However, this method employed
the fixed graph technique, and thus may limits the robustness of classification tasks.To perform
consistent learning across multiple graphs, Jiang et al. proposed a fusion method by conducting
dynamic GCN and consistent learning on multiple graphs in a unified framework [61].

4.3 Method

4.3.1 Motivation
Given an initial graph A ∈ Rn×n storing the graph structure of all samples of the feature matrix
X ∈ {x1, ...,xn} ∈ Rn×d where n and d, respectively, indicate the number of the samples and
the features, the GCN method taking both A and X as the inputs passes several hidden layers
and one fully-connected layer to output the new representation Z ∈ Rn×c of X where c is the
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number of the classes. Due to GCN have gained great popularity in tackling various analytics
tasks on graph and network data

Specifically, the representation learned by the m-th layer of the GCN method can be obtained
by:

H(m) = σ(D− 1
2AD− 1

2H(m−1)W(m)) (4.1)

where H(m) ∈ Rn×dm denotes the outputted representation in the m-th hidden layer, D ∈ Rn×n

is the diagonal matrix of S where dii is the summation of all elements in the i-th column of A,
W(m−1) ∈ Rdm−1×dm is the weight matrix which needs to be trained in the (m)-th layer, dm is
the number of hidden units in the m-th layer, and σ(.) is the activation function. The last layer
of the GCN model is the classification layer with a softmax function:

Z = softmax(D− 1
2AD− 1

2H(M−1)W(M)) (4.2)

where W(M) ∈ RdM−1×c denotes the weight matrix in the M-th hidden layer, M is the number of
hidden layers. The weight parameters (W(1), ...,W(M)) of the GCN are trained by minimizing
the following cross-entropy loss function:

LGCN : −
∑
i∈Y

c∑
j=1

yijlnzij (4.3)

where Y is the label set, yij and zij , respectively, denote the ground truth and the prediction label
for the j-th class and the i-th sample.

Recently, dynamic GCN methods have been proposed to jointly conducting graph learning and
representation learning in a unified framework. As a result, the representation can be updated
based on the optimized graph and thus guaranteeing to produce discriminative representation for
the original data. For example, Jiang et al. employed the graph learning technique in traditional
machine learning [100] to add one more regularization term (i.e., LGL) [62] into the original
GCN method, i.e., LGCN in Eq. (4.3). More specifically, given the initial graph A ∈ Rn×n, the
regularization term LGL is defined as:

LGL : min
S

n∑
i,j=1

∥xi − xj∥2F sij + λ1∥A− S∥2F
s.t.,∀i, si1 = 1, sij ≥ 0.

(4.4)

where S = {sij}ni,j=1 ∈ Rn×n is the updated graph based on the initial graph A and ∥ · ∥F
indicates the Frobenius norm. Finally, the objective function of the DGCN is:

LDGCN = LGCN + λLGL. (4.5)

where λ is the non-negative tuning parameter. Both graph S and the new representation Z are
updated iteratively by minimizing Eq. (4.5). As a consequence, even though the original graph
A is low-quality, DGCN can finally output discriminative representation of the original data X.
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The DGCN methods have been paying much attention on revising the regularization term LGL to
meet different requirements [23,38]. However, these methods have at least two drawbacks. First,
both the initial graph A and the updated graph S, i.e., the second term in Eq. (4.5), are learnt
from the original data. Second, many previous GCN methods only focused on exploring the local
structure of the samples such as kNN graph and the ϵ-neighborhood graph, by ignoring the global
structure of the samples. However, Silva et al. pointed out that both the local structure and the
global structure are important for data analysis as they provide the complementary information
to each other to improve the effectiveness of data analysis [167].

4.3.2 Multi-graph learning
In this section, we visualize the proposed framework in Figure 4.1 and introduce the proposed
multi-graph fusion method in detail. First, we propose a projection matrix Θ ∈ Rd×d′ to convert
the original data X to the low-dimensional data X̃ = XΘ (where d′ < d) where the noise and the
redundancy are removed as much as possible. Second, we explore the local and global structure
of the data through our proposed multi-graph fusion method. Specifically, we use multiple kNN
graphs Â(v)(v = 1, ..., V ) (where V is the number of graphs) to learn the local structure of the
data, and employ the self-representation method to learn the global graph A(0) by preserving the
global structure of all samples. Compared with previous graph learning methods, our multi-graph
fusion method can capture the diversity of the graph structure in X, because the multi-graph
structure can provide rich edge information. Finally, we integrate the graph learning process and
the representation learning process into a framework to realize the dynamic update of the graph
structure and the data representation.

4.3.2.1 Initial graph generation

We employ the kNN graph method to generate multiple initial graphs. Specifically, the similarity
between two samples xi and xj is first defined as:

aij = e−
∥xi−xj∥

2
2

σ (4.6)

where σ is a non-negative tuning parameter. After calculating the similarity of all samples, we
then keep the similarities of the top-k neighbors for each sample and set other similarities as
zeros, to finally obtain a sparse kNN graph A, i.e., an initial graph for X.

Obviously, we obtain V initial graphs A(v) (v = 1, ..., V ) by setting different k values. The
graphs A(v) (v = 1, ..., V ) preserve the local structure as each node in the graph connects only
k nearest neighbors. We let A(v) = (A(v) + A(v)T )/2 to guarantee that the learned graphs are
symmetric.

4.3.2.2 Local structure learning

The local structure of the data, i.e., the local neighborhood relationship of a data set, is impor-
tant to maintain the manifold structure of high-dimensional data [18] and is often characterized
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Algorithm 2: The pseudo of our proposed method.
1 Input: Feature matrix X ∈ Rn×d, the label Y , λ1, λ2, λ3, η, and β;
2 Output: The model weights and classifying unlabelled samples;

1: Generate multiple graphs A(v) ∈ Rn×n (v=1,...,V) by the kNN graph method from X;
2: Initialize the model weights (Θ,W(1), ...,W(M));
3: while epoch < 5000 do
4: epoch = epoch+ 1;
5: Â(v)(v = 1, ..., V )← {X,Θ,A(v)} by Eq. (4.7);
6: Â(0) ← {X,Θ} by Eq. (4.8);
7: S← {Â(v′)(v = 0, 1, ..., V )} by Eq. (4.11);
8: H(m)(m = 1, ...,M)← {S,H(m−1),W(m−1)} by Eq. (4.1);
9: Z← {S,WM ,HM} by Eq. (4.2);

10: L ← {S, Âv′(v′ = 0, 1, ..., V ),Z,Y} by Eq. (4.13);
11: Back-propagate L to update the model weights (p,Θ,W(1), ...,W(M));
12: end while

through the k nearest neighbors of each data point in this work. Traditional local structure learn-
ing methods include Locality Preserving Projection (LPP) and Locally Linear Embedding (LLE),
etc. However these methods have the disadvantages as follows. First, it is difficult to determine
the value of k. Second, the initial kNN graphs are learnt from the original data which contains
noise and redundancy. To overcome these problems, we propose to construct graphs in a low-
dimensional feature space and integrates the optimization of graph structure and learning tasks
in a unified framework, and thus can learn an optimal graph representation for GCN learning. To
this end, we propose the following objective function to conduct the local structure learning:

min
Â(v),Θ

n∑
i,j=1

∥xiΘ− xjΘ∥2F â
(v)
ij + λ1∥Â(v) −A(v)∥2F

s.t.,∀i, â(v)
i 1 = 1, â

(v)
ij ≥ 0.

(4.7)

where λ1 is a non-negative tuning parameter and 1 indicate the all-one-element vector. Â(v) ∈
Rn×n is the updated graph matrix of the initial graph A(v) and Θ ∈ Rd×d′ is the projection
matrix which converts the high-dimensional data X to the low-dimensional space. In Eq. (4.7),
the graph Â(v) and the projection matrix Θ are iteratively updated. Regarding that all the initial
graphs are learnt from the original data which may contain noise and redundancy, we use the
low-dimensional data X̃ = XΘ to update them.

4.3.2.3 Global structure learning

In Eq. (4.7), Â(v) only takes the local structure of the data into account. Recent literature
shows that the preservation of the global structure of the data is of great importance for some
machine learning tasks, i.e., feature selection and classification. The reason is that the global
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Figure 4.2: Visualization of the proposed multi-graph fusion method. Specifically, the first fusion
(i.e., the purple dot rectangle) outputs the common and complementary information among the local
graphs but may have missed edges. The second fusion (i.e., the yellow dot rectangle) outputs the
common and complementary information among the local graphs and the global graph as well as
adds the missed edges in the first fusion.

structure effectively contains the discriminative information, which can provide the complemen-
tary information different from the local structure preservation to capture the intrinsic structure
of the data [136]. Self-representation property has been applied to many real applications and by
demonstrating its capability in capturing the global structure of data [130]. Specifically, the self-
representation property assumes that each data point can be linearly reconstructed from weighted
combinations of all other data points, i.e., xi = â

(0)
i X + e, where â

(0)
i indicates a weight coef-

ficient vector between xi and X, and the vector e is the noise bias. To this end, we propose the
following objective function to conduct the global structure learning:

min
Â(0),Θ

∥XΘ− Â(0)XΘ∥2F + λ2∥Â(0)∥1

s.t.,∀i, â(0)
i 1 = 1, â

(0)
ij ≥ 0.

(4.8)

where λ2 is a non-negative tuning parameter. In Eq. (4.8), the first term is used to generate a
dense graph Â(0), but the ℓ1-norm on the global graph Â(0) pushes to generate sparse represen-
tation while preserving the global structure.

4.3.2.4 Local and global preservation learning

Eq. (4.7) and Eq. (4.8), respectively, conduct the local structure learning and the global structure
learning. Moreover, two kinds of learning are based on the low-dimensional data XΘ. Hence,
in this paper, we integrate the local structure learning and the global structure learning with the
projection matrix learning to have:

Lgl : min
Â(0),Â(1),...,Â(V ),Θ

V∑
v=1

tr(ΘTXTL(v)XΘ)

+ λ1∥XΘ− Â(0)XΘ∥2F
+ λ2

V∑
v=1

∥Â(v) −A(v)∥2F + λ3∥Â(0)∥1

s.t.,∀i, â(v′)
i 1 = 1, â

(v′)
ij ≥ 0, (v′ = 0, 1, ..., V ).

(4.9)
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where L(v) = D(v) − Â(v) is the Laplacian matrix of Â(v). 1 is a vector whose elements are one
and tr(·) is the trace operator. There are (V +2) variables in Eq. (9), i.e., Â(v′)(v′ = 0, ..., V ) and
Θ, where Θ is the trainable parameter update by the back-propagate process, Â(v′)(v′ = 0, ..., V )
are updated by Eq. (10). The details of the optimization of Eq. (9) are list in Algorithm 2.

First, if we fix Θ, the optimization with respect to Â(v′)(v = 1, ..., V ) is Eq. (4.7). To reduce the
complexity, we follow [62] to approximately optimize p ∈ Rr×1 by

â
(v)
ij =

exp(ReLU(pT |xiΘ−xjΘ|))∑n
j=1 exp(ReLU(pT |xiΘ−xjΘ|)) (4.10)

where ReLU(.) is the activation function. If aij
(v) is unavailable, we can set aij(v) = 1 in

the above update rule. After optimizing Eq. (4.9), we obtain the updated graphs Â(v′) (v′ =
0, 1, ..., V ) on the low-dimensional features XΘ, rather than on the high-dimensional original
feature matrix as in previous DGCN methods. Moreover, the projection matrix and the graphs
are iteratively optimized, and thus Eq. (4.9) takes into account the local structure and the global
structure to conduct dynamic graph learning.

4.3.3 Objective function
With the assumption that both the local graph structure and the global graph structure can provide
complementary information different from others, we combine the learned local graphs and the
global graph to obtain the input graph S for the GCN method as follows:

S = ηĀ+ (1− η)Â(0) (4.11)

where Ā =
V∑

v=1

αvÂ
(v), αv denotes the weight (importance) of Â(v) and η is a tuning parameter,

which can be used to control the weight between two different kinds of graphs.

In Eq. (4.11), we combine multiple local graphs with a global graph by two weights, i.e., α and
η. The parameter η can be tuned in the implementation and the value of the parameter αv can be
obtained by

αv =
exp(

∑
ij â

(v)
ij â

(0)
ij )∑V

v=1 exp(
∑

ij â
(v)
ij â

(0)
ij )

(4.12)

In Eq. (4.12), each local graph has individual distributions. Moreover, the larger the value of αv,
the more important the Â(v) is.

Finally, we list our proposed objective function as follows:

L = LGCN + βLgl (4.13)

where β is a non-negative tuning parameter.

The proposed method in Eq. (4.13) conducts graph fusion twice, as shown in Fig. 4.2. The first
fusion combines all sparse graphs to preserve the local structure and the parameter α automati-
cally learns the weight of every graph. Specifically, if some edges are only found in a small part
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of all Â(v)(v = 1, ..., V ), the first fusion may automatically assign them with a small or even
zero weight. Hence, they can be regarded as noisy edges and are removed out of Ā. If some
edges are found in some sparse graphs with large weights, the first fusion may keep them in Ā as
the complementary information across the local graphs. If some edges are found in most graphs,
the first fusion regards them as the common information among all local graphs kept in Ā. As a
result, Ā is a high-quality graph preserving the local structure, but could still miss some edges.
The second fusion integrates the local graph Ā and the global graph Â(0) to address this issue
as follows. Specifically, the common information (i.e., the common edges between Ā and Â(0))
and the complementary information (i.e., the edges appearing in either Ā or Â(0)) are outputted.
Hence, our proposed method conducts the graph fusion twice to guarantee the quality of the
learned graph S.

4.3.4 Time complexity
The proposed model has V + 1 trainable graphs i.e., Â(v′)(v′ = 0, ..., V ), the time complexity
of learning an graph matrix is O(n2d′), where n is the number of samples, d′ is the number of
features of the original data after dimensionality reduction. However, V +1 graph matrices can be
trained at the same time in our proposed method, thus the total time complexity of graph learning
in our proposed method isO(n2d′). The time complexity of GCN isO(Mn2d′+Mnd′2), where
M is the number of hidden layers, hence the overall time complexity of our proposed model is
O(n2d′ +Mn2d′ +Mnd′2).

4.4 Experimental analysis
We conducted extensive experiments on twelve real data sets to compare our method with seven
comparison methods in terms of semi-supervised node classification.

4.4.1 Experiment setting
4.4.1.1 Data sets

In our experiments, the used public data sets included four network data sets (i.e., Citeseer, Cora,
Pubmed and Wiki-CS), seven image data sets (i.e., CIFAR10, SVHN, MNIST, Scene15, AWA,
Handwritten and Caltech) and a text data set (i.e., BBC). The details of all used data sets are
listed as follows.

• Citeseer includes 3327 nodes distributed in 6 classes, where each node is represented by
a 3703-dimensional feature descriptor.

• Cora has 2708 nodes which represented by a 1433-dimensional features. Moreover, all
samples were classified into 6 classes.

• Pubmed includes 19717 nodes and each node has 500 features. Moreover, all nodes were
classified into 3 classes.
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• Wiki-CS has 11701 nodes distributed in 10 classes, where each node is represented by a
300-dimensional features.

• CIFAR10 includes 50000 natural images distributed in 10 different classes.

• SVHN has 5000 images, where each class has 500 images.

• MNIST consists of 5000 images of hand-written digits from ‘0’ to ‘9’ in our experiments.
Moreover, each class has 500 images.

• Scene15 includes 4485 image distributed in 15 different classes. We followed [65] to
obtain the feature of the samples.

• BBC consists of 2225 news documents within 5 categories, i.e., business, entertainment,
politics, sport and technique.

• Handwritten extracts normalized bitmaps of handwritten digits from a preprinted form.
In our experiments, it has 2000 images which are in 10 classes.

• Caltech is an image data set including 1474 images which are distributed in 7 classes.

• AWA describes 50 animals by 4000 images. Each image is represented by 2688 dimen-
sional color histogram features.

4.4.1.2 Comparison methods

The comparison methods included one baseline method, i.e., GCN [75], and six state-of-the-
art method, i.e., Graph Attention Network (GAT) [142], Joint Learning Graph Convolutional
Network (JLGCN) [133], Graph Learning Convolution Networks (GLCN) [62], Deep Iterative
and Adaptive Learning Graph Neural Network (DIAL-GNN) [23]), Multiple Graph Learning,
Convolutional Networks (M-GLCN) [61] and Graph Structure Learning for Robust Graph Neural
Networks (GLR-GNN) [68].

• GCN encodes the feature information and the structure information of the data by the
defined graph convolution operators. Moreover, it includes two convolutional layers (each
of which had 20 units), followed by the softmax normalization for the label prediction.

• GAT uses mask self-attention layers to assign different weights to different nodes within a
neighborhood without relying on prior knowledge of the graph structure.

• JLGCN jointly learns the graph structure and feature representation in the GCN frame-
work. Specifically, it optimizes an underlying graph kernel via distance metric learning
with the Mahalanobis distance. Moreover, the metric matrix is decomposed into a low-
dimensional matrix and a graph Laplacian regularizer.

• GLCN integrates graph learning operations and traditional graph convolution structures in
a unified network. To do this, it designs a graph learning regularization term to learn the
optimal graph structure.
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• DIAL-GNN casts the graph structure learning problem as a similarity metric learning
problem as well as leverages an adapted graph regularization for controlling smoothness,
connectivity and sparsity of the generated graph. DIAL-GNN designs a novel iterative
method for searching for a hidden graph structure that augments the initial graph structure.

• M-GLCN jointly learns the multi-graph structure and the feature representation in the
GCN framework. To do this, it designs a multi-graph learning mechanism to learn the
internal relationship among the multi-graph structure.

• GLR-GNN targets on exploring the graph properties of sparsity, low rank and feature
smoothness, aiming at designing robust graph neural networks. To do this, it uses a reg-
ularization term to learn the clean graph structure from the noisy graph data and jointly
learn parameters for the robust graph neural network and the clean structure.

GCN conducts representation learning by preserving the local structure in the initial graph, which
is invariant in the whole training process. The methods (e.g., JLGCN, GLCN, GLR-GNN, M-
GLCN and DIAL-GNN) jointly conduct graph learning and representation learning by designing
different methods to improve the quality of the initial graph. GAT uses attention coefficients to
combine its features with the features from its neighborhood to obtain a new representation.
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Figure 4.3: Classification accuracy of all methods on eight data sets.

4.4.1.3 Setting-up

There are twelve data sets in our experiment. For four citation network data sets (i.e., Citeseer,
Cora, Pubmed and Wiki-CS), we follow the previous literature [75] to divide the data sets into
a training set, validation set and test set. For eight data sets (i.e., CIFAR10, SVHN, MNIST,
Scene15, BBC, Handwritten, Caltech and AWA), we randomly select 10%, 20%, and 30% of the
samples as training set. For remaining samples, we select 30% of the samples for the validation
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Table 4.1: Classification results (%) of all methods on four citation network data sets (i.e., Citeseer,
Cora, Pubmed and Wiki-CS).

Methods Citeseer Cora Pubmed Wiki-CS
GCN 70.50 ± 0.26 81.60 ± 0.48 79.20 ± 0.32 76.80 ± 0.12
GAT 72.60 ± 0.21 83.18 ± 0.15 79.14 ± 0.87 77.11 ± 0.11

GLCN 72.50 ± 0.68 85.26 ± 0.58 78.80 ± 0.33 77.39 ± 0.23
JLGCN 73.58 ± 0.54 83.77 ± 0.21 79.32 ± 0.84 77.88 ± 0.13

DIAL-GNN 73.89 ± 0.50 84.50 ± 0.39 79.31 ± 0.30 77.64 ± 0.15
M-GLCN 74.15 ± 0.18 84.25 ± 0.34 79.11 ± 0.26 76.13 ± 0.32

GLR-GNN 74.22 ± 0.23 84.75 ± 0.39 79.31 ± 0.14 78.75 ± 0.28
Proposed 74.85 ± 0.42 85.77 ± 0.52 79.84 ± 0.29 79.36 ± 0.18
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Figure 4.4: Classification accuracy of our methods and GCN on all twelve data sets.
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Figure 4.5: Visualization of four types of graphs (i.e., original graph, local graph, global graph, and
fused graph) .

set and 30% of the samples for test set. All methods were verified by the ten-fold cross-validation
scheme. Moreover, we repeated this scheme ten times and reported the averaged results and
the corresponding standard deviations of 100 experiments as the final result. For the model
selection, we referred to the corresponding literature to make them output the best performance.
In our experiment, our method was set 2 hidden layers, each of which had 30 units. We set the
maximum of epochs as 5000 for the training process with the Adam optimizer, and stopped the
training process if the loss did not decrease for 100 consecutive epochs. In addition, we set both
the initial learning rate and the weight decay as 0.005. For seven image data sets and a text data
set, we constructed the initial graph by a kNN graph (i.e., k = 10), and set the k value as 5, 10,
and 15, to obtain multiple graphs. Moreover, the network weights of all methods were initialized
by Glorot initialization.
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Figure 4.6: Classification accuracy of our methods and Proposed-RO on six data sets.

Table 4.2: Detail of the five proposed methods (× indicates that the method does not contain this part,√
means that the method contains this part).

Methods Global learning Local learning Multi-graph learning
Proposed-L

√
× ×

Proposed-G ×
√

×
Proposed-LG

√ √
×

Proposed-ML
√

×
√

Proposed
√ √ √

4.4.2 Result analysis
We report the results of four citation network data sets in Table 4.1 and the results of eight data
sets in Figure 4.3.

First, our method achieved the best performance, followed by GLR-GNN, DIAL-GNN, M-
GLCN, GLCN, JLGCN, GAT and GCN. For example, in Table 4.1, our method improved by
on average 0.63%, 1.02%, 0.53%, 0.61% compared to the best comparison method GLR-GNN,
in terms of classification accuracy. In Figure 4.3, our method improved by on average 0.89%,
1.17%, 1.56%, compared to the comparison method GLR-GNN, in terms of different label ratio,
i.e., 10%, 20%, 30%, on eight data sets. The possible reason is that our method considers both
multi-graph learning and representation learning. As a result, each graph provides the comple-
mentary information different from other graphs to find the edges excluded in some graphs and
all graphs provide the common information to remove the noisy edges only existed in a small
part of the graphs.

Second, both our method and M-GLCN are designed to learn the graph structure of the data
from multiple graphs, while the other five methods directly adjust an initial graph. As a result,
the multi-graph methods (i.e., our method and M-GLCN) outperformed others (i.e., GCN, GAT,
GLCN, JLGCN, DIAL-GNN and GLR-GNN). For example, the multi-graph methods improved
by on average 2.35%, compare to others, on eight data sets with different label ratios. This
implies the feasibility to take into account the multi-graph learning for graph learning in deep
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Figure 4.7: Classification accuracy of our method at different parameter settings (i.e., λ1, λ2, and λ3)
on twelve data sets.

learning models. In addition, our proposed method is superior to M-GLCN. The possible reason
is that our method considers both the global structure and the local structure of the data by a
regularization term.

Third, the DGCN methods (i.e., our method, DIAL-GNN, GLCN, GLR-GNN, M-GLCN and
JLGCN) beat GCN. For example, these methods improved by on average 4.89%, 4.36%, 3.69%,
4.68%, 4.51 and 3.38%, respectively, compared to GCN, on all data sets. This clearly demon-
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Figure 4.8: Results of our method at different variations of parameter η (left), parameter β (middle),
and parameter k (right) .

strates that dynamic graph learning is helpful to improve the performance of GCN methods.

4.4.3 Ablation study
4.4.3.1 Sensitive analysis of different graphs

Our method learns multiple graphs from low-dimensional space of the original data to preserve
their local structures and global structure. In this section, we verified the effectiveness of different
graphs by extending our method in Eq. (4.9) to the following methods, and list the detail of five
proposed methods in the Table 4.2.

• Proposed-L considers the local structure in one graph by removing the second term in Eq.
(4.9) and setting k = 5.

• Proposed-G considers the global structure by removing the first term in Eq. (4.9).

• Proposed-LG considers the local structure in one graph by setting k = 5 and the global
structure.

• Proposed-ML considers the local structure in multiple graphs by removing the second
term in Eq. (4.9) and setting k = [5, 10, 15].

We reported the classification results of six methods (i.e., Proposed-L, Proposed-G, Proposed-
ML, Proposed-LG, GCN and Proposed) in Figure 4.4. It is noteworthy that the results of both
Proposed and GCN are same as them in Figure 4.3 and Table 4.1. First, Proposed-L outper-
formed Proposed-G, improving by on average 1.35% on twelve data sets. This shows that the
local structure is more useful than the global structure, similar to the conclusion in [91]. How-
ever, Proposed-G beat GCN on all data sets, implying the effectiveness of dynamic graph learn-
ing and the global structure preservation. Second, Proposed-ML improved by on average 1.14%,
compared to Proposed-L, on twelve data sets. It contributes to the fact that a single graph often
cannot capture all the information of the data [110]. This clearly demonstrates the feasibility
of multi-graph learning in our method. Third, Proposed outperformed Proposed-LG as the lat-
ter only uses a single original graph and Proposed uses multiple graphs. This verifies that the
learning with multiple graphs may be better than the learning with the single graph [110].
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4.4.3.2 Visualization of different graph

In this subsection, we compare the difference among four graphs (i.e., the local graph, the global
graph, the fused graph, and the original kNN graph) on the data set MNIST, where we set k =
200 and visualized the results in Figure 4.5.

From Figure 4.5, we have the observations as follows. First, either the global graph or the
local graph has more clear structures, compared to the original kNN graph. This indicates the
effectiveness of either local structure learning or the global structure learning, as shown in the
literature of traditional graph learning [188]. Second, the local graph is more clear, compared to
the structure of the global graph. This shows that local information is more important than the
global structure in classification tasks. Third, the fused graph is the most clear one among all the
graphs. This shows that it is reasonable for our method to consider both the local structure and
the global structure.

4.4.3.3 Effectiveness of the dimensionality reduction

In this section, we conduct experiment to verify the effectiveness of dimensionality reduction of
our method by varying the value of d′ in Θ ∈ Rd×d′ . We report the classification accuracy of the
proposed method with different values of d′ ∈ {40% ∗ d, 60% ∗ d, 80% ∗ d, 100% ∗ d} in Figure
4.6.

From the results, the proposed method achieves the worst classification results on twelve data sets
with the setting of d′ = 100% ∗ d. This clearly demonstrates that (1) dimensionality reduction
is effective in our method (2) it is feasible to learn the local structure of the data from a low-
dimensional space, as redundant features in the original high-dimensional space may influence
the model robustness.

4.4.4 Parameter sensitivity analysis
We evaluated the effectiveness of our method at different settings of the parameters, i.e., λ1, λ2,
and λ3 in Eq. (4.9), η in Eq. (4.11), and β in Eq. (4.13).

We summarized the classification results of our method with different settings of the parameters
(e.g., λ1, λ2, and λ3 ∈ {10−2, 10−1, ..., 102}) on twelve data sets in Figure 4.7, in which color
represents the classification accuracy and the color bar stands for the range of variation of clas-
sification accuracy with different parameter settings. Obviously, our method is sensitive to the
settings of three parameters as different parameter settings made different accuracies. Specifi-
cally, the variation ranges of accuracy were about 2.45%, 2.38%, 0.84%, 2.10% 1.88%, 2.17%,
1.19%, 1.08%, 2.04%, 1.89%, 2.45% and 1.88% on data sets Citeseer, Cora, Pubmed, Wiki-CS,
CIFAR10, SVHN, MNIST, Scene15, BBC, Handwritten, Caltech and AWA respectively. This
shows (1) our method can learn useful information from the original graph; (2) the sparsity of
Â(0) may affect the performance of the model; and (3) our method easily achieves good perfor-
mance by setting the ranges of λ1, λ2, and λ3 as [0.1, 10].
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The parameter η in Eq. (4.11) conducts the trade-off between the local structure graph Ā and the
global structure graph Â(0). We reported the classification results of our method with different
settings of the parameter η on the left sub-figure of Figure 4.8. The larger the value of η, the less
importance the global structure is. Specifically, the accuracy of our method increased with the
varied values of η from 0 to 0.6, and decreased with the varied values of η from 0.6 to 1. This
indicates that (1) the local structure is more important than the global structure in our method
and (2) our method needs both of them because either the complementary information in the
individual graph or the common information among them may improve the quality of the graph
in our method.

We reported the classification accuracy of our method with the variations of the parameter β in
the middle sub-figure of Figure 4.8. Clearly, if β was set to 0, the performance of our method is
similar to GCN. However, the accuracy increased while the values of β were varied from 10−4 to
1. This verifies that the regularization term is important in our method. Hence, the graph learning
regularization term is essential in our method, similar to the conclusion in the literature of the
DGCN methods [104, 133].

The right sub-figure of Figure 4.8 reports the accuracy difference between the accuracy of our
method under different k settings (e.g., k ∈ {5, 10, 15, 20, 25, 30}) and the classification accuracy
of our method in the case k = 5. Based on the experimental results, the accuracy of our method
increased with the varied values of k from 5 to 15, and decreased with the varied values of k
from 15 to 30. In addition, our method achieved the best experimental results while the values
of k is either 15 or 20. This demonstrates that (1) the small values of k cannot fully describe the
neighborhoods of the data and large values of k will increase the chance of wrong neighborhoods
which makes the relationship among samples less discriminative, and (2) our proposed local
structure learning method is sensitive to the value of k.

4.5 Conclusion
In this chapter, we have designed a novel dynamic GCN by proposing a multi-graph fusion
method to improve the quality of the graph in the GCN method. To do this, our method first
learnt the unified local graph preserving the local structure from multiple initial graphs and the
global graph preserving the global structure from the low-dimensional space of the original high-
dimensional data, and then proposed a novel fusion method to integrate their complementary
information and common information, aiming at correctly capturing the intrinsic graph structure
inherent in the data. Experimental results on twelve real data sets showed the effectiveness of
our method, compared to state-of-the-art comparison methods.

This chapter has been published in the CORE rank A* journal, i.e., IEEE Transactions on Neural
Networks and Learning Systems [36].



Chapter 5

Multi-view Unsupervised Graph
Representation Learning

5.1 Introduction
Unsupervised graph representation learning (UGRL) can output discriminative representations
using both structural (e.g., the relationship of data points) and non-structured (e.g., node feature
) information of the data, making it easily extract useful information to benefit downstream tasks
[146]. To achieve this, the objective function of the UGRL is often designed to maximize mutual
information (MI) between the input and its related information. However, the MI maximization
is popular transferred to the Jensen-Shannon divergence maximization, as its computation cost
is expensive [90]. This results in contrastive learning based UGRL (CL-UGRL). Recently, CL-
UGRL shows its superiority in unsupervised representation learning, and has been widely used
in various learning tasks, such as clustering and community detection [58].

The CL-UGRL method mainly includes three key components, i.e., data augmentation, graph
convolutional network (GCN) encoder, and contrastive loss. Specifically, data augmentation
aims at creating rational data for contrastive learning by applying certain transformation [107].
GCN encodes the topology structure and node features of the data. The contrastive loss is related
to the definitions of anchors, positive samples and negative samples. Moreover, it pushes the
anchor embedding similar to positive emedding and dissimilar to negative embedding [137].
Although current CL-UGRL methods have achieved success, due to the complexity of the data,
previous CL-UGRL methods still have many limitations.

The commonly used graph data augmentation methods are random perturbation, including node
dropping, feature masking, subgraph and edge perturbation. For example, to conduct data aug-
mentation, [183] employed node dropping and subgraph, while [173] employed edge perturba-
tion and feature masking. However, random perturbation might destroy the inherent structure
and property of the graph, affecting the model performance. To address this issue, [50] used
the diffusion method to generate augmented data, which avoids the destruction of the data struc-



5.1 Introduction 52

Topology 

graph A

 !"(#X, A)

Feature graph 

S

 !"

#XX

$%(X, A)

$&(X, S) '$&(#X, S)
…

…

GCN1

GCN2

 !(X, A)

" !(#X, A)

 $(X, S)

" $(#X, %)

z&

'z&

'z*

z*

Adaptive data augmentation Contrastive learning

Inter-graph contrastive learning

Intra-graph contrastive learning

 !
"

 !
#

 $
"

 $
#

Figure 5.1: The flowchart of our method. It first proposes an adaptive data augmentation to generate
multi-view information, i.e., G1 = (X,A), G̃1 = (X̃,A), G2 = (X,S) and G̃2 = (X̃,S), and then
designs two types of contrastive losses, i.e., intra-graph contrastive loss and inter-graph contrastive
loss, for conducting multi-view contrastive learning.

ture. However, such a method is independent of contrastive learning, and thus fails to adaptively
consider the impacts of input graphs.

Compared to unsupervised representation learning methods, the UGRL maintains the graph
structure of data points during representation learning, thereby outputting more discriminative
representations [44]. Therefore, the quality of the graph is very important to the performance
of the UGRL method. In current UGRL methods, the topology graph and the feature graph are
two popular graph structures to represent the relationship between data points. The topology
graph usually comes from the real world to reflect the connection of data points, such as social
networks and citation networks [168]. The feature graph is constructed by the kNN method or
the ϵ-graph method to represent the similarity of data points in the feature space [92]. These
two kinds of graphs contain different information, which may provide complementary inforam-
tion to benefit the UGRL. However, existing UGRL usually cannot take full advantage of the
information. Therefore, the fusion of two graphs is a way to improve the UGRL.

In this chapter, we propose a multi-view CL-UGRL method to address the aforementioned issues
by two key components, i.e., adaptive data augmentation and multi-view contrastive learning.
Our adaptive data augmentation first generates the feature graph from the feature space and then
designs a deep graph learning model to jointly update the feature graph and the new representa-
tion based on the original representation. We further combine the feature and topology graphs
with the original and new representations to form multi-view information, which is fed into two
GCNs to generate multi-view embedding features. Two kinds of contrastive losses are designed
on multi-view embedding features to explore the complementary information between the topol-
ogy and feature graphs. Different from traditional data augmentation independent on contrastive
learning, we embed adaptive data augmentation and multi-view contrastive learning in a frame-
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work to form an end-to-end model, which jointly conducts data augmentation and multi-view
contrastive learning. As a result, data augmentation is iteratively updated by the adjusted multi-
view contrastive learning and vice versa.

Compared to previous methods, the main contributions of our method are summarized as fol-
lows. First, we propose a new data augmentation method, which generates a new graph and
new representation, aiming at preserving the intrinsic structure of the data to generate multi-view
information for contrastive learning. Furthermore, it is dependent on our multi-view contrastive
learning as both of them are embedded in the same framework. Second, we propose a new multi-
view contrastive learning framework, including two kinds of contrastive losses, which provide
complementary information between the feature and topology graphs to strength multi-view con-
trastive learning. Third, we embed adaptive data augmentation and multi-view contrastive learn-
ing in a unified framework so that each of them can be iteratively adjusted by the other’s update.
Extensive experiments on benchmark data sets clearly demonstrate that our method outperforms
the state-of-the-art methods on different downstream tasks.

5.2 Related work

5.2.1 Unsupervised graph representation learning
Unsupervised graph representation learning (UGRL) aims to first learn a low-dimension latent
representation of nodes, and then use the learned representations for downstream graph analy-
sis tasks. Traditional UGRL methods including matrix factorization methods and random walk
methods. Matrix factorization methods obtain a low-dimensional node representation by singu-
lar value decomposition of relational matrix or similar matrix, such as Graph Factorization [3],
Grarep [13] and Hope [102]. Random walk methods generate a random walk sequence as the
input feature, such as Word2vec [97] and node2vec [46].

With the rapid development of graph neural networks (GNN), a large number of graph repre-
sentation learning methods based on GNN have been proposed to exhibit strong effectiveness,
compared to traditional methods. For example, GraphSAGE [48] trains GNN by a random-
walk based objective in its unsupervised setting. Other typical methods have SDNE [145] and
DNGR [14]. Recently, DGI [144] applies the idea of mutual information maximization to the
graph domain and obtains the strong performance in an unsupervised pattern.

5.2.2 Contrastive learning
Contrastive learning methods aim to learn discriminative representations by contrasting positive
and negative samples. Therefore, data augmentation and contrastive loss are two crucial compo-
nent in contrastive learning.

The popular data augmentation methods have node dropping, edge perturbation, attribute mask-
ing and subgraph [173]. These methods generate augmented data by randomly disturbing the
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features or structures of graph data. Due to the lack of priori information, they usually has limi-
tations. Recently, [50] employ graph diffusion to generate augmentation graph and [198] design
an adaptive data augmentation method. DGI [144] applies the InfoMax principle [53] on graph
data by contrasting the representations of the node-level representations and the graph-level rep-
resentations for node classification tasks. Different from DGI, InfoGraph [125] aims at node
classification tasks by contrasting the representations of the graph-level representations and the
substructure-level representations with different granularity.

5.3 Method
In this chapter, G1 = (X,A) consists of A and X, where X ∈ RN×d and A ∈ RN×N represent
the feature matrix and the topology graph, respectively. N is the number of nodes and d is the
dimensions of node features. Moreover, aij = 1 indicates that there is an edge between the i-th
node and the j-th node, otherwise aij = 0.

The proposed framework is shown in Figure 5.1. Its key components include adaptive data
augmentation and multiple contrastive learning. Specifically, given X and A, our adaptive data
augmentation adaptively learns both the new representations X̃ and the feature graph S of X,
followed by generating multi-view information, i.e., G1 = (X,A), G̃1 = (X̃,A), G2 = (X,S)

and G̃2 = (X̃,S). In particular, two-view information with the same graph, e.g., G1 and G̃1 (or
G2 and G̃2), is input into the same encoder to output new embedding features Zt and Z̃t (or Zf

and Z̃f ), respectively. Based on resulted multi-view embedding features, we further design the
intra-graph contrastive loss and the inter-graph contrastive loss to conduct multi-view contrastive
learning.

5.3.1 Adaptive data augmentation
Existing data augmentation strategies are popularly used for Euclidean data, but are difficult for
the graph data [20]. In the literature, graph contrastive learning usually relies on the contrast be-
tween node embedding features in different views [109]. To achieve this, data augmentation usu-
ally corrupts original data structures to obtain multi-view information by random perturbation,
including node dropping, edge perturbation, feature masking, etc. However, random perturba-
tion might destroy the intrinsic structure of the data. For example, either the removal or addition
of edges might drastically change the identity or even the compound validity of bio-molecule
data [173]. Thus, data augmentation should preserve the intrinsic structures of the data, which
can help learnt embedding features insensitive to the perturbation on unimportant nodes and
edges. Additionally, previous data augmentation is independent on contrastive learning. If these
two processes are integrated in the same framework, each of them can be alternatively adjusted
by the other. In this way, the weakness of data augmentation can further be improved by con-
trastive learning, while the updated data augmentation can adjust contrastive learning. However,
few literature focused on this.

In this chapter, we develop a novel adaptive data augmentation method to dynamically preserve
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the intrinsic structures of the data in this section and then integrates it with multi-view contrastive
learning in a unified framework (Section 5.3.4). More specifically, the adaptive data augmenta-
tion includes two parts, i.e., node feature augmentation and graph structure augmentation, while
multi-view contrastive learning is used to explore complementary information between the fea-
ture and topology graphs.

5.3.1.1 Node feature augmentation

The method of randomly masking node features recovers masked node features using their re-
maining features, and is a widely used method of data augmentation [107]. However, it might
destroy the intrinsic structure of the data, thereby affecting the generation capability of the model.
Hence, an effective data augmentation method is demand.

In traditional machine learning methods, feature selection is widely used to remove redundant
features. For example, [99] employed a joint ℓ2,1-norm regularization to select important features
while [154] utilized sparse subspace learning to learn feature weights. Motivated by this, we
propose to design a new data augmentation method to keep significant feature unchanged while
perturbing trivial features. Specifically, we propose to learn the significance of features and mask
trivial features. To achieve this, we first define the following objective function:

min
P
∥X−XP∥2F + ∥P∥2F (5.1)

where P ∈ Rd×d is the weight matrix of features. We focus on corrupting the original feature
graph at its feature levels. Specifically, we define an indicator vector m ∈ {0, 1}d×1 to assign
zeros to the features with the least weights in the weight matrix P. As a result, the generated
new node representation X̃ by the proposed node feature generation is:

X̃ = [x1 ◦m, ...,xN ◦m] (5.2)

where ◦ is the element-wise multiplication.

5.3.1.2 Graph structure augmentation

Edge perturbation perturbs the connectivity of the graph by randomly adding or dropping certain
ratio of edges. However, deleting useful edges will reduce the discriminative ability of embed-
ding features, and thus it has been proven to be unfriendly to biological and chemical data [173].
Additionally, the graph structure is invariant during the process of data augmentation. However,
the feature graph S is constructed by the original representations X, which might contain noise
or redundancy to affect the quality of S. Eq. (5.1) is used to output better representation than X,
while the new representation can be used to further update S, so that the updated S can really
reflect the intrinsic structure of the data. Graph learning has been designed to dynamically adjust
the graph structure, thereby learning the intrinsic structure of the data. For example, [191] de-
signed to use dynamic graph learning for unsupervised feature selection while [23] proposed to
embed representation learning with graph learning in a unified framework. Inspired by this, we
design a graph learning method to highlight the intrinsic structures of the data as follows.
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min
S

N∑
i,j=1

∥xi − xj∥sij + λ∥S∥2F
∀i, si1 = 1, si,i = 0, si,j ≥ 0

(5.3)

where 1 represents the all-one-element vector and λ is a tuning parameter. In this work, Eq. (5.1)
and Eq. (5.3) update the weight matrix P and the graph S, respectively. Hence, we integrate Eq.
(5.1) and Eq. (5.3) in a unified framework as follows:

LAG = ∥X−XP∥2F + λ1

N∑
i,j=1

∥xiP− xjP∥sij + λ2∥S∥2F
∀i, si1 = 1, si,i = 0, si,j ≥ 0

(5.4)

where λ1 and λ2 are tuning parameters and P is a trainable parameter. Based on [62], we update
S by:

sij =
exp(ReLU(qT |xiP−xjP|))∑n
j=1 exp(ReLU(qT |xiP−xjP|)) (5.5)

where ReLU(.) is the activation function and q ∈ Rh×1 is a trainable parameter.

Given the new representation X̃ and feature graph S, multiple-view information (i.e., G̃1 =
(X̃,A), G2 = (X,S) and G̃2 = (X̃,S)) is generated by our proposed adaptive data augmentation
method. Different from previous data augmentation, our method iteratively updates both S and
X̃, thereby avoiding the drawbacks of previous methods, e.g., sensitive to perturbation on trivial
nodes and edges, and destroying the structures of the data.

5.3.2 GCN encoder
Given multi-view information (i.e., G1, G2, G̃1 and G̃2), two GCN encoders are utilized to generate
multi-view embedding features as different graphs might provide complementary information to
each other [71]. For example, the topology graph A contains the similarity from the real world
while the feature graph S gathers the similarity from the feature space. Specifically, given the
topology graph A, we input both G1 and G̃1 into GCN1 to output their corresponding embedding
features Zt and Z̃t, aiming at simultaneously updating the new representation X̃ and the embed-
ding features. In particular, GCN1 is used for both G1 and G̃1 as they share the same topology
graph, with which it is easy to output a high quality X̃. Similarly, we input both G2 and G̃2 into
GCN2 to output embedding features Zf and Z̃f , as well as to update both X̃ and S.

{
Zf = GCN2(X,A) = MLP (Âσ(ÂXW

(0)
f )W

(1)
f )

Zt = GCN1(X,S) = MLP (Ŝσ(ŜXW
(0)
t )W

(1)
t )

(5.6)
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Figure 5.2: Illustration of the difference between the intra-graph contrastive loss and inter-graph
contrastive loss. Specifically, both of them have the same definition for positive embeddings, but are
with different definitions for negative embeddings.

{
Z̃f = GCN2(X̃,A) = MLP (Âσ(ÂX̃W

(0)
f )W

(1)
f )

Z̃t = GCN1(X̃,S) = MLP (Ŝσ(ŜX̃W
(0)
t )W

(1)
t )

(5.7)

where Â = DA
− 1

2 (A + I)DA
− 1

2 , Ŝ = DS
− 1

2 (S + I)DS
− 1

2 , DA and DS are the degree matrix
of A+ I and S+ I, respectively, MLP (.) represents the Multi-Layer Perception.

5.3.3 Multi-view contrastive learning
The key idea of contrastive learning is to define semantically similar (positive) and dissimilar
(negative) pairs, encouraging the embedding features of similar pairs (x,x+) to be close, and
those of dissimilar pairs (x,x−) to be far away. Specifically, the contrastive learning is to achieve
the following objective:

sim(f(x), f(x+))≫ sim(f(x), f(x−)) (5.8)

where f(.) represents encoder and sim(.) measures the similarity of embedding features of two
nodes. As our proposed adaptive data augmentation generates multi-view information, we design
two kinds of contrastive losses (i.e., intra-graph contrastive loss and inter-graph contrastive loss)
to explore rich contrastive relations among embedding features, i.e., Zf , Zt, Z̃f , and Z̃t.

To do this, we employ two GCNs to generate multi-view embedding features. A intra-graph
contrastive loss for the embedding features derived from the same encoder is then built, aiming
at separating positive embeddings from negative embeddings within the same graph structure.
Meanwhile, an inter-graph contrastive loss for the embedding features from different graph struc-
tures can also be built, aiming to separate positive embeddings from negative embeddings across
graphs. Figure 5.2 illustrates the difference of two kinds of contrastive losses.

5.3.3.1 Inter-graph contrastive learning

The inter-graph contrastive learning is to contrast the embedding features from different graph
strucutres, i.e., the topology graph and the feature graph. Specifically, an inter-graph contrastive
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loss is designed to pull the embedding features of the same node from different views across
graph structures close while pushing the embedding features of one node far away from the
embedding features of other nodes from different views across graph structures, i.e.,

L1
n(vi) = −log

exp(sim(z
vi
f ,z

vi
t ))∑N

j=1 exp(sim(z
vi
f ,z

vj
t ))

(5.9)

L2
n(vi) = −log

exp(sim(z̃
vi
f ,z̃

vi
t ))∑N

j=1 exp(sim(z̃
vi
f ,z̃

vj
t ))

(5.10)

where vi represents the i-th node, sim(a, b) = exp( aT b
∥a∥·∥b∥)/ϑ, ϑ represents the temperature

factor that controls the concentration level of the distribution. Besides, zvif ∈ Zf , zvit ∈ Zt, and
z̃vif ∈ Zf , z̃vit ∈ Zt. Combining the above two losses, the inter-graph contrastive loss is defined
as follows:

Ln = 1
2N

∑N
i=1(L1

n(vi) + L2
n(vi)) (5.11)

5.3.3.2 Intra-graph contrastive learning

Intra-graph contrastive loss is used to build the contrast from the same graph structure, which
is popular in CL-UGRL [165]. In this chapter, the intra-graph contrastive loss is designed to
pull the embedding features of the same node from different views in the same graph structure
close while pushing the embedding features of one node far away from the embedding features
of other nodes from both the same view and different views, which come from the same graph
structure, i.e.,

L1
v(vi) = −log

exp(sim(z
vi
f ,z̃

vi
f ))∑N

j=1 exp(sim(z
vi
f ,z̃

vj
f ))

(5.12)

However, the node shares the same graph structure but is with different views, which might cause
the embedding features in different views similar by Eq. (5.12). To make the embedding features
of the same node in different views distinguishable, we consider adding the diversity constraints
into the intra-graph contrasitive loss.
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where Θ =
∑N
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vj
f )). Similarly, we define L2
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Combining Eq. (5.13) with Eq. (5.14), the intra-graph contrastive loss Lv is:

Lv =
1
2N

∑N
i=1(L1

v(vi) + L2
v(vi)) (5.15)
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Finally, combining the inter-graph loss with the intra-graph loss, the objective function of the
proposed multi-view contrastive learning is defined as follows.

LCL = (1− η)Lv + Ln (5.16)

where η is a non-negative tuning parameter.

The intra-graph contrasitive loss is defined in different views of the same graph structure, while
the inter-graph contrastive losses is defined in different views across different graph structures.
Hence, Eq. (5.16) considers the individual graph structures (e.g., the feature graph or the topol-
ogy graph) by inter-graph contrastive losses as well as the connection between two graphs by
inter-graph losses, so that it easily obtains complementary information among different graph
structures.

Table 5.1: Node classification accuracy (%) of all methods on eight data sets.

Datasets GCN GAT DGI GMI DGCRL MVGRL Proposed

Citeseer 70.30 ± 0.50 72.20 ± 0.26 71.80 ± 0.45 72.4 ± 0.26 72.53 ± 0.46 72.56 ± 0.50 72.87 ± 0.40
Cora 81.50± 0.20 83.00± 0.30 82.30± 0.31 83.00± 0.30 83.10± 0.40 82.58 ± 0.50 83.85± 0.35

Wiki-CS 77.19± 0.12 77.65± 0.11 73.53± 0.14 74.85± 0.08 74.89± 0.26 77.52± 0.08 79.56± 0.14
Computers 86.51± 0.19 86.93 ± 0.29 83.95± 0.47 82.21± 0.31 84.71± 0.19 87.52± 0.24 87.98± 0.30
Coauthors 93.03± 0.31 92.31± 0.24 92.15± 0.63 92.68± 0.11 92.45± 0.07 92.11± 0.12 93.10± 0.14

DBLP 82.70± 0.18 83.45± 0.36 83.20± 0.10 83.29± 0.15 84.19± 0.17 83.64± 0.24 85.21± 0.16
Photo 91.30± 0.22 91.80± 0.15 91.61± 0.17 90.68± 0.22 91.58± 0.18 91.74± 0.07 93.28± 0.19

Pubmed 79.00± 0.10 79.10± 0.24 77.90± 0.60 79.90± 0.20 79.60± 0.50 80.10±0.50 80.25± 0.35

5.3.4 Overall objective function
In order to train an end-to-end CL-UGRL model, we jointly consider multi-view contrastive
learning and adaptive data augmentation to have our final objective function as follows.

L = βLAG + LCL (5.17)

where β is a tuning parameter. As a result, adaptive data augmentation is updated by multi-
view contrastive learning and vice versa. Eq. (5.17) can be optimized by the standard gradient
descent algorithm. We list the pseudo of our method in Appendix. In the downstream task, the
mean function is employed to aggregate embedding features outputted by GCN1 and GCN2,
i.e., Z = (Mean(Zt, Z̃t)||Mean(Zf , Z̃f )), where || denotes the concatenation operator.

5.4 Experiments

5.4.1 Data sets
The used data sets include citation networks data (i.e., Citeseer, Cora, Pubmed and DBLP), net-
works data (i.e., Photo and Computers), academic network data (i.e., Coauthors), and reference
network data (i.e., Wiki-CS).
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Table 5.2: Link prediction performance (%) of all methods on four data sets (i.e., Cora, Citeseer,
Pubmed and Photo).

Cora Citeseer PubMed Photo

Method AUC AP AUC AP AUC AP AUC AP

GCN 92.31 ± 0.40 93.81 ± 0.25 89.14 ± 0.51 90.24 ± 0.51 96.14 ± 0.24 96.20 ± 0.24 92.30 ± 0.20 91.50 ± 0.14
GAT 90.20± 0.75 90.32 ± 0.33 90.80 ± 0.72 90.70 ± 0.61 90.70 ± 0.37 90.10 ± 0.57 91.20 ± 0.52 91.20 ± 0.26
DGI 89.82 ± 0.24 89.70 ± 0.54 95.51 ± 0.21 91.24 ± 0.24 91.35 ± 0.54 92.24 ± 0.42 95.37 ± 0.40 94.60 ± 0.35
GMI 91.24 ± 0.74 91.30± 0.42 92.24 ± 0.54 95.10 ± 0.52 93.87 ± 0.31 94.93 ± 0.34 93.28 ± 0.40 92.80 ± 0.20

DGCRL 94.91 ± 0.41 95.52 ± 0.37 96.12 ± 0.41 95.10 ± 0.37 95.10 ± 0.40 95.00 ± 0.40 93.60 ± 0.37 92.40 ± 0.25
MVGRL 84.92 ± 0.32 89.20 ± 0.48 84.46 ± 0.40 91.52 ± 0.34 92.28 ± 0.40 92.26 ± 0.60 90.05 ± 0.24 89.14 ± 0.34
Proposed 95.31 ± 0.14 95.80 ± 0.30 97.04 ± 0.40 96.21 ± 0.14 96.23 ± 0.50 95.47 ± 0.31 96.24 ± 0.34 95.50 ± 0.20
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Figure 5.3: Clustering results, i.e., ACC and NMI, of all methods on four data sets (i.e., Citeseer,
Cora, Wiki-CS and Computers).

5.4.2 Comparison methods
The comparison methods include unsupervised learning methods (i.e., Deep Graph Infomax
(DGI) [143], Graphical Mutual Information Maximization (GMI) [105], Multi-View Graph Rep-
resentation Learning (MVGRL) [50] and Deep Graph Contrastive Representation Learning (DGCRL)
[197]) and supervised learning methods (i.e., GCN [75] and Graph Attention Networks (GAT)
[142]).

5.4.3 Result analysis
5.4.3.1 Node classification

We report the results of node classification of all methods in Table 5.1. Our method achieves the
best performance, followed by MVGRL, DGCRL, GMI and DGI, in terms of unsupervised rep-
resentation learning methods. Specifically, our method improves by on average 0.66%, 1.70%,
2.13%, and 2.45%, compared to four unsupervised comparison methods, in terms of classifica-
tion accuracy, on eight data sets. Compared to semi-supervised methods (i.e., GCN and GAT)
which adopt the label information in the learning process, our method also achieve the superior
performance.

5.4.3.2 Clustering

Figure 5.3 illustrates clustering performance of all methods on four datasets, and the performance
of other four data sets are in Supplementary Materials. Obviously, our proposed method beats all
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Table 5.3: Node classification accuracy of four methods, i.e., Pro-R-F, Pro-R-T, Pro-R-DA and Pro-
posed.

Datasets Pro-R-F Pro-R-T Pro-R-DA Proposed

Citeseer 72.10±0.20 71.38± 0.40 71.59± 0.37 72.87± 0.40
Cora 83.14± 0.25 82.81± 0.20 81.25± 0.18 83.85± 0.35

Wiki-CS 79.14± 0.07 78.59± 0.06 78.37± 0.10 79.56± 0.14
Computers 86.32± 0.18 87.53± 0.30 85.37± 0.24 87.98± 0.30
Coauthors 92.10± 0.15 91.25± 0.07 91.35± 0.12 93.10± 0.14

DBLP 84.08± 0.27 83.15± 0.21 83.04± 0.25 85.21± 0.16
Photo 91.28± 0.14 92.56± 0.12 91.08± 0.14 93.28± 0.19

Pubmed 80.10± 0.13 80.10± 0.15 79.56± 0.31 80.25± 0.35

Table 5.4: Classification accuracy of three methods (i.e., Proposed w/o n, Proposed w/o v and Pro-
posed) on eight data sets.

Datasets Proposed w/o n Proposed w/o v Proposed

Citeseer 71.65±0.15 72.10± 0.33 72.87± 0.40
Cora 82.94± 0.18 82.58± 0.04 83.85± 0.35

Wiki-CS 77.59± 0.14 77.58± 0.13 79.56± 0.14
Computers 87.10± 0.14 86.32± 0.24 87.98± 0.30
Coauthors 92.14± 0.15 92.56± 0.07 93.10± 0.14

DBLP 83.26± 0.18 84.53± 0.14 85.21± 0.16
Photo 92.49± 0.09 92.36± 0.12 93.28± 0.19

Pubmed 80.10± 0.13 79.68± 0.13 80.25± 0.35

comparison methods on all datasets. For example, our method improves by on average 2.19%,
2.37%, in terms of ACC and NMI, on four data sets, compare to the best comparison method
MVGRL.

5.4.3.3 Link prediction

Table 5.2 illustrates the link prediction results of all methods on four datasets. Our proposed
method outperforms all comparison methods. For example, our method improves by on average
1.27% and 1.24%, in terms of AUC and AP, on four data sets, compared to the best comparison
method DGCRL.

Finally, our method achieves the best performance in term of three kind of real applications.
This demonstrates that our method can output representations that are beneficial for downstream
learning tasks. Moreover, it is feasible to generate auxiliary information to mine the information
hidden in the graph data through contrastive learning. The reasons is that our adaptive data
augmentation method produces important information of the graph data from both the structure
and feature levels, while all unsupervised comparison methods adopt the random perturbation
method to generate augmented data. Moreover, our method makes full use of the topology and
feature information of the graph data.
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5.4.4 Ablation Study
5.4.4.1 Effectiveness of data augmentation

To verify the effectiveness of our data augmentation method, we propose three new methods,
i.e., Proposed-R-F, Proposed-R-T and Proposed-R-DA, based on our method. Specifically, Proposed-
R-F removes the first term of Eq. (5.4), i.e., without considering the adaptive data augmentation
of node features. Proposed-R-T removes the second and third terms of Eq. (5.4), i.e., with-
out considering the adaptive data augmentation of the graph structure. Proposed-R-DA employs
random perturbation to conduct data augmentation, i.e., removing the adaptive augmentation
module from our method. We report the results of four methods in Table 5.3. First, our method
improves by on average 1.81%, compared to Proposed-R-DA method, on all data sets. This il-
lustrates that our adaptive augmentation method is effective in preserving the intrinsic structure
and significant features of the data. Second, Proposed-R-F and Proposed-R-T improve by on
average 0.56% and 0.72%, respectively, compared to Proposed-R-DA, on eight data sets. This
contributes to the fact that both the node feature and the topology structure are important for the
UGRL. This clearly demonstrates the feasibility of the adaptive augmentation of either the node
feature or the topology structure.

Table 5.5: Classification accuracy of three representations.

Datasets Top-Feature Fea-Feature Pro-Feature

Citeseer 72.10±0.14 68.21± 0.33 72.87± 0.40
Cora 82.94± 0.18 81.44± 0.04 83.85± 0.35

Wiki-CS 77.36± 0.14 77.23± 0.42 79.56± 0.14
Computers 86.31± 0.25 85.24± 0.14 87.98± 0.30
Coauthors 92.33± 0.14 92.14± 0.07 93.10± 0.14

DBLP 84.21± 0.15 83.20± 0.14 85.21± 0.16
Photo 93.10± 0.11 92.18± 0.23 93.28± 0.19

Pubmed 79.25± 0.14 78.21± 0.18 80.25± 0.35

5.4.4.2 Effectiveness of contrastive losses

To validate the effectiveness of contrastive losses, we conduct experiments to compare our
method with its two variants, i.e., Proposed w/o n and Proposed w/o v. Specifically, Proposed
w/o n denotes our method in Eq. (5.4) with only Lv, i.e., removing inter-graph contrastive loss
Ln in Eq. (5.4). Proposed w/o v denotes our method in Eq. (5.4) with only Ln. The results are
presented in Table 5.4. The performance of our method degrades without one of them on all data
sets. This demonstrates the effectiveness of our contrastive losses. Specifically, our method im-
proves by on average 0.99% and 1.04%, respectively, compared to Proposed w/o n and Proposed
w/o v, in terms of node classification. This improvement can be attributed to our multi-view
contrastive learning scheme. It also indicates that it is feasible to extract the feature structure and
the topology structure of the data.
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5.4.4.3 Effectiveness of different graphs

We verify the effectiveness of the topology graph and the feature graph. To do this, we modify
our method to output two different representations. Specifically, we first mask the inter-graph
contrastive loss in our method, aiming at avoiding the feature graph to fuse information from the
topology graph. We then obtain topology graph embedding Mean(Zt, Z̃t) (i.e., Top-Feature) and
feature graph embedding mean(Zf , Z̃f ) (i.e., Fea-Feature). We report the results in Table 5.5 by
denoting our method as Pro-feature. Obviously, Pro-Feature achieve the best performance, fol-
lowed by Top-Feature and Fea-Feature. For example, the classification accuracy of Pro-Feature
improves on average by 1.75%, compared to Top-Feature, on all data sets. This illustrates that
our method makes full use of the topology and feature information of the graph to generate high
quality representations as they provide complementary information to each other.

5.5 Conclusion
In this chapter, we designed a novel CL-UGRL method to embed data augmentation and multi-
view contrastive learning in a unified framework. To do this, this paper first proposed an adaptive
data augmentation method to maintain the intrinsic structure of the data, and then designed con-
trastive losses to explore complementary information among two different graph structures. As a
result, data augmentation and multi-view contrastive learning are iteratively adjusted to preserve
the intrinsic of the data as well as extract complementary information. Experimental results on
eight real data sets demonstrated the effectiveness of our method, compared to state-of-the-art
comparison methods.

This chapter has been accepted in the CORE rank A* conference, i.e., International Joint Con-
ference on Artificial Intelligence.



Chapter 6

Conclusion and Future Work

6.1 Conclusion
With the development of information industrialization, the graph data have become a common
form of the data in academia and industry. Due to its large size, complex structure and multiple
information, the graph data are difficult to be used effectively in industry. Therefore, the research
on representation learning for the graph data has been a popular direction on both academia
and industry. After analyzing existing representation learning methods for the graph data, we
observe that (1) the quality of constructed graph is sensitive to either noise or outlier, and (2)
single type of measurements leads to the lack of accuracy and generalization ability of similarity
measurements, which hinder the improvement of graph representation learning. In light of this,
this thesis proposes three novel graph representation learning methods to solve the above issues.

Chapter 3 proposed a multi-graph learning framework to conduct graph representation learning
and personalized disease diagnosis on fMRI data in a semi-supervised manner. The framework
investigates a multi-graph fusion method to explore both the common and the complementary in-
formation between two functional connectivity networks, and automatically learn a sparse func-
tional connectivity network for each subject. As a result, the proposed method achieves superior
performance, compared with both traditional graph learning methods and deep graph learning
methods, in terms of disease diagnosis and functional neuroimaging biomarker identification.

Chapter 4 proposed a novel multi-graph fusion method to produce a high-quality graph for the
GCN model. The method first extracts the common information and the complementary infor-
mation among multiple local graphs to obtain a unified local graph, which is then fused with the
global graph of the data to obtain the initial graph for the GCN model. Finally, the method feeds
the fused graph into the GCN model to output high-quality node representation. Experimental
results on real datasets demonstrated that our method outperformed the comparison methods in
terms of classification tasks.

Chapter 5 proposed a multi-view unsupervised graph representation learning method. The method



6.2 Future work 65

embeds data augmentation with contrastive learning in a unified framework to extract common
and complementary information of the topology graph and the feature graph, followed by em-
ploying the feature-level fusion method to generate new representation. As a consequence, the
proposed method outperformed the state-of-the-art methods for node classification tasks and
node clustering tasks.

6.2 Future work
The research of graph representation learning on large scale complex information networks is an
important research topic of modern artificial intelligence. In the future work, we will focus on
the following areas.

• Multiplex network representation learning. Most existing graph representation learning
assume that there is only one type of relationship between nodes. However, in real ap-
plications, networks usually have multiple types of relationships. Therefore, most of the
existing graph representation learning are not applicable for the study of multiplex net-
works. To solve this problem, it is important to develop novel multilplex network embed-
ding methods. We will focus on information extraction and fusion of multiplex networks
to develop robust multiplex representation learning methods.

• Large-scale graph representation learning. Recently, the amount of the data in various
fields has been increasing, especially the emergence of large-scale social networks. Current
graph representation learning methods cannot be extended to large-scale networks well.
Thus, it is challenging for overcoming the issues of storage cost and efficiency in the study
of real large-scale networks.
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var, Benedict Wiestler, Karsten Kortüm, Seyed-Ahmad Ahmadi, Shadi Albarqouni, and
Nassir Navab. Graph convolution based attention model for personalized disease predic-
tion. In International Conference on Medical Image Computing and Computer-Assisted
Intervention, pages 122–130, 2019.



REFERENCES 72

[74] Hansang Kim, Youngbae Kim, Jae-Young Sim, and Chang-Su Kim. Spatiotemporal
saliency detection for video sequences based on random walk with restart. IEEE Transac-
tions on Image Processing, 24(8):2552–2564, 2015.

[75] Thomas N Kipf and Max Welling. Semi-supervised classification with graph convolu-
tional networks. arXiv preprint arXiv:1609.02907, 2016.

[76] Kenji Kira and Larry A Rendell. A practical approach to feature selection. In Machine
learning proceedings 1992, pages 249–256. 1992.

[77] Dakshina Ranjan Kisku, Phalguni Gupta, and Jamuna Kanta Sing. Feature level fusion
of face and palmprint biometrics. In Joint IAPR International Workshops on Statistical
Techniques in Pattern Recognition (SPR) and Structural and Syntactic Pattern Recognition
(SSPR), pages 512–521. Springer, 2010.

[78] Dehan Kong, Baiguo An, Jingwen Zhang, and Hongtu Zhu. L2rm: Low-rank linear re-
gression models for high-dimensional matrix responses. Journal of the American Statisti-
cal Association, 115(529):403–424, 2020.

[79] Dehan Kong, Kaijie Xue, Fang Yao, and Hao H Zhang. Partially functional linear regres-
sion in high dimensions. Biometrika, 103(1):147–159, 2016.

[80] Byung Il Kwak, Mee Lan Han, and Huy Kang Kim. Cosine similarity based anomaly
detection methodology for the can bus. Expert Systems with Applications, 166:114066,
2021.

[81] Phuc H Le-Khac, Graham Healy, and Alan F Smeaton. Contrastive representation learn-
ing: A framework and review. IEEE Access, 8:193907–193934, 2020.

[82] Ron Levie, Federico Monti, Xavier Bresson, and Michael M Bronstein. Cayleynets:
Graph convolutional neural networks with complex rational spectral filters. IEEE Trans-
actions on Signal Processing, 67(1):97–109, 2018.

[83] Hui Li, Mengyao Zhang, and Chenbo Zeng. Circular jaccard distance based multi-solution
optimization for traveling salesman problems. Mathematical Biosciences and Engineer-
ing, 19(5):4458–4480, 2022.

[84] Juzheng Li, Jun Zhu, and Bo Zhang. Discriminative deep random walk for network classi-
fication. In Proceedings of the 54th Annual Meeting of the Association for Computational
Linguistics (Volume 1: Long Papers), pages 1004–1013, 2016.

[85] Ruoyu Li, Sheng Wang, Feiyun Zhu, and Junzhou Huang. Adaptive graph convolutional
neural networks. arXiv preprint arXiv:1801.03226, 2018.

[86] Zhao Li, Zhanlin Liu, Jiaming Huang, Geyu Tang, Yucong Duan, Zhiqiang Zhang, and
Yifan Yang. Mv-gcn: Multi-view graph convolutional networks for link prediction. IEEE
Access, 7:176317–176328, 2019.



REFERENCES 73

[87] Zhihui Li, Feiping Nie, Xiaojun Chang, Yi Yang, Chengqi Zhang, and Nicu Sebe. Dy-
namic affinity graph construction for spectral clustering using multiple features. IEEE
transactions on neural networks and learning systems, 29(12):6323–6332, 2018.

[88] Ofir Lindenbaum, Arie Yeredor, Moshe Salhov, and Amir Averbuch. Multi-view diffusion
maps. Information Fusion, 55:127–149, 2020.

[89] Feng Liu, Wenbin Guo, Jean-Paul Fouche, Yifeng Wang, Wenqin Wang, Jurong Ding,
Ling Zeng, Changjian Qiu, Qiyong Gong, Wei Zhang, et al. Multivariate classification
of social anxiety disorder using whole brain functional connectivity. Brain Structure and
Function, 220(1):101–115, 2015.

[90] Xiao Liu, Fanjin Zhang, Zhenyu Hou, Li Mian, Zhaoyu Wang, Jing Zhang, and Jie Tang.
Self-supervised learning: Generative or contrastive. IEEE Transactions on Knowledge
and Data Engineering, 2021.

[91] Xinwang Liu, Lei Wang, Jian Zhang, Jianping Yin, and Huan Liu. Global and local
structure preservation for feature selection. IEEE Transactions on Neural Networks and
Learning Systems, 25(6):1083–1095, 2013.

[92] Zhonghua Liu, Zhihui Lai, Weihua Ou, Kaibing Zhang, and Ruijuan Zheng. Structured
optimal graph based sparse feature extraction for semi-supervised learning. Signal Pro-
cessing, 170:107456, 2020.

[93] Minnan Luo, Xiaojun Chang, Liqiang Nie, Yi Yang, Alexander G Hauptmann, and
Qinghua Zheng. An adaptive semisupervised feature analysis for video semantic recogni-
tion. IEEE transactions on cybernetics, 48(2):648–660, 2017.

[94] Guixiang Ma, Chun-Ta Lu, Lifang He, S Yu Philip, and Ann B Ragin. Multi-view graph
embedding with hub detection for brain network analysis. In ICDM, pages 967–972, 2017.

[95] MD Malkauthekar. Analysis of euclidean distance and manhattan distance measure in
face recognition. In Third International Conference on Computational Intelligence and
Information Technology (CIIT 2013), pages 503–507, 2013.

[96] Tommaso Menara, Giacomo Baggio, Danielle S Bassett, and Fabio Pasqualetti. A frame-
work to control functional connectivity in the human brain. In CDC, pages 4697–4704,
2019.

[97] Tomas Mikolov, Kai Chen, Greg Corrado, and Jeffrey Dean. Efficient estimation of word
representations in vector space. arXiv preprint arXiv:1301.3781, 2013.

[98] Feiping Nie, Guohao Cai, and Xuelong Li. Multi-view clustering and semi-supervised
classification with adaptive neighbours. In AAAI, volume 31, 2017.

[99] Feiping Nie, Heng Huang, Xiao Cai, and Chris Ding. Efficient and robust feature selection
via joint l2, 1-norms minimization. Advances in neural information processing systems,
23, 2010.



REFERENCES 74

[100] Feiping Nie, Xiaoqian Wang, Michael I Jordan, and Heng Huang. The constrained lapla-
cian rank algorithm for graph-based clustering. In AAAI, pages 1969–1976, 2016.

[101] Mathias Niepert, Mohamed Ahmed, and Konstantin Kutzkov. Learning convolutional
neural networks for graphs. In International conference on machine learning, pages 2014–
2023. PMLR, 2016.

[102] Mingdong Ou, Peng Cui, Jian Pei, Ziwei Zhang, and Wenwu Zhu. Asymmetric transitivity
preserving graph embedding. In Proceedings of the 22nd ACM SIGKDD international
conference on Knowledge discovery and data mining, pages 1105–1114, 2016.

[103] Sandip S Patil, RP Bhavsar, and BV Pawar. Path and information content-based struc-
tural word sense disambiguation. In International Conference on Information Processing,
pages 341–352, 2021.

[104] Liang Peng, Rongyao Hu, Fei Kong, Jiangzhang Gan, Yujie Mo, Xiaoshuang Shi, and
Xiaofeng Zhu. Reverse graph learning for graph neural network. IEEE transactions on
neural networks and learning systems, page doi.org/10.1109/TNNLS.2022.3161030.

[105] Zhen Peng, Wenbing Huang, Minnan Luo, Qinghua Zheng, Yu Rong, Tingyang Xu, and
Junzhou Huang. Graph representation learning via graphical mutual information maxi-
mization. In Proceedings of The Web Conference 2020, pages 259–270, 2020.

[106] Bryan Perozzi, Rami Al-Rfou, and Steven Skiena. Deepwalk: Online learning of social
representations. In Proceedings of the 20th ACM SIGKDD international conference on
Knowledge discovery and data mining, pages 701–710, 2014.

[107] Jiezhong Qiu, Qibin Chen, Yuxiao Dong, Jing Zhang, Hongxia Yang, Ming Ding, Kuansan
Wang, and Jie Tang. Gcc: Graph contrastive coding for graph neural network pre-training.
In KDD, pages 1150–1160, 2020.

[108] Jiezhong Qiu, Yuxiao Dong, Hao Ma, Jian Li, Chi Wang, Kuansan Wang, and Jie Tang.
Netsmf: Large-scale network embedding as sparse matrix factorization. In The World
Wide Web Conference, pages 1509–1520, 2019.

[109] Nishant Rai, Ehsan Adeli, Kuan-Hui Lee, Adrien Gaidon, and Juan Carlos Niebles. Co-
con: Cooperative-contrastive learning. In CVPR, pages 3384–3393, 2021.

[110] Zhenwen Ren and Quansen Sun. Simultaneous global and local graph structure preserv-
ing for multiple kernel clustering. IEEE Transactions on Neural Networks and Learning
Systems, 2020.

[111] P Reyes, MP Ortega-Merchan, A Rueda, F Uriza, Hernando Santamaria-Garcı́a, N Rojas-
Serrano, J Rodriguez-Santos, MC Velasco-Leon, JD Rodriguez-Parra, DE Mora-Diaz,
et al. Functional connectivity changes in behavioral, semantic, and nonfluent variants of
frontotemporal dementia. Behavioural neurology, pages 1–11, 2018.

[112] Yu Rong, Tingyang Xu, Junzhou Huang, Wenbing Huang, Hong Cheng, Yao Ma, Yiqi
Wang, Tyler Derr, Lingfei Wu, and Tengfei Ma. Deep graph learning: Foundations, ad-



REFERENCES 75

vances and applications. In Proceedings of the 26th ACM SIGKDD International Confer-
ence on Knowledge Discovery & Data Mining, pages 3555–3556, 2020.

[113] Sam T Roweis and Lawrence K Saul. Nonlinear dimensionality reduction by locally linear
embedding. science, 290(5500):2323–2326, 2000.

[114] Christian Rubbert, Christian Mathys, Christiane Jockwitz, Christian J Hartmann, Simon B
Eickhoff, Felix Hoffstaedter, Svenja Caspers, Claudia R Eickhoff, Benjamin Sigl, Niko-
las A Teichert, et al. Machine-learning identifies parkinson’s disease patients based on
resting-state between-network functional connectivity. The British journal of radiology,
92(1101):20180886, 2019.

[115] Nema Salem and Sahar Hussein. Data dimensional reduction and principal components
analysis. Procedia Computer Science, 163:292–299, 2019.

[116] Dustin Scheinost, Fuyuze Tokoglu, Michelle Hampson, Ralph Hoffman, and R Todd Con-
stable. Data-driven analysis of functional connectivity reveals a potential auditory verbal
hallucination network. Schizophrenia bulletin, 45(2):415–424, 2019.

[117] JM Schott, SJ Crutch, C Frost, EK Warrington, MN Rossor, and NC Fox. Neuropsy-
chological correlates of whole brain atrophy in alzheimer’s disease. Neuropsychologia,
46(6):1732–1737, 2008.

[118] Anil K Seth, Adam B Barrett, and Lionel Barnett. Granger causality analysis in neuro-
science and neuroimaging. Journal of Neuroscience, 35(8):3293–3297, 2015.

[119] Niloofer Shanavas, Hui Wang, Zhiwei Lin, and Glenn Hawe. Knowledge-driven graph
similarity for text classification. International Journal of Machine Learning and Cyber-
netics, 12(4):1067–1081, 2021.

[120] Chenxi Shao, Yubing Duan, and Binghong Wang. Attractive density: a new node similar-
ity index of link prediction in complex networks. In 2015 5th International Conference
on Information Science and Technology (ICIST), pages 74–78, 2015.

[121] Heng Tao Shen, Yonghua Zhu, Wei Zheng, and Xiaofeng Zhu. Half-quadratic minimiza-
tion for unsupervised feature selection on incomplete data. IEEE transactions on neural
networks and learning systems, page 10.1109/TNNLS.2020.3009632, 2020.

[122] Xiao Shen and Fu-Lai Chung. Deep network embedding for graph representation learning
in signed networks. IEEE transactions on cybernetics, 50(4):1556–1568, 2018.

[123] Nicholas S Skowronski, Scott Haag, Jim Trimble, Kenneth L Clark, Michael R Gallagher,
and Richard G Lathrop. Structure-level fuel load assessment in the wildland–urban in-
terface: a fusion of airborne laser scanning and spectral remote-sensing methodologies.
International Journal of Wildland Fire, 25(5):547–557, 2015.
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