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Abstract

This thesis is concerned with generalised models for biological and chemical rcactors such as the tubular,
fluidised, fixed, packed, continuously stirrcd and trickle bed reactors.

Suppose n chemical components at concentrations C; (i = 1,2,..,n) are "diffusing" and reacting in a
homogeneous incompressible fluid with a known velocity profile u(z) independent of C; so that in the reactor
region A, div u is zcro. Immersed in the {luid may be a uniformly distributed population of particles which
absorb these chemicals and act as local sites for reaction-diffusion phenomena. The particles are sources and
sinks for the chemicals C; in the fluid and these fluid concentrations govern the boundary conditions for the
particle or local behaviour.

A system of equations is set up as a general model for these complex interactions. The principle
limitations of this model are [irstly that u(t, z), the velocity profilc in A is known and not coupled with the
concentrations C; in any way, and secondly the particles are assumed to be fixed relative to the coordinate
system of z in A and sufficiently small so that a representative sample of them can be taken to be in a spatially
constant concentration environment in A,

The objectives of this thesis are gencraliscd comparison thcorems [or these systems which are uscd Lo
prove uniqueness, existence, stability and other general qualitative features of such models. A number of
examples from litcrature arc cxamined.

Models conforming to the system described in this thesis have applications in biological wastewater
treatment, biochemical manufacture, urca removal by the compact artificial kidney and industrial fermentation
processcs..Olher potential modelling areas conccern fertiliser or pollutants diffusing in soil moisturc and
reacting with soils, oxidation with product formation in waste deposits and industrial ore reduction
processes. There are many other industrial and environmental problems with similar interacting macro and
micro structures. These include the catalytic cracking and synthesis processes in chemical industries ranging
from the making of synthesis gas {rom coal 1o oil refining.
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General Introduction

1.0 Introduction

This chapter introduces the physical problem. In section 1.1, we give some examples of chemical,
microbiological and biochemical reactors, briefly discussing how and where they may be utilised and giving
some details of their dynamical biochemical, microbiological and chemical aspects. Many of these reactors
have in common macro and micro structures. This is an important theme of this thesis. Our principal
motivating example in this study is the fluidised bed biofilm reactor (FBBR). In section 1.2, we introduce the
plan of this thesis and in section 1.3, discuss some of the new contributions presented. In section 1.4, we
discuss some other potential modeclling arcas and in scction 1.5, survey somc relevant literature.

1.1  The Physical Problem

This thesis is concerned with generalised models for systems of reaction-diffusion equations based on the
dynamics and structurc of biological and chemical rcactors. Typical of these rcactors arc: (a) the tubular
reactor, within which homogeneous reactions are often conducted; (b) the packed bed reactor, often used to
conduct heterogencous catalyzed reactions; (c) the stirred vessel, operated batchwisc, semibaichwisc, or
continuously (CSTR); (d) the [luidised-bed rcactor (FBR), and (e) the trickle bed rcactor. These are
schematized in FIG. 1.1 and are described in detail by CARBERRY [45].

C(z)
(a) (b)

—-C
(&

(¢)

Catalyst

F1G. 1.1 Diverse reactor types: (a) tubular (b) packed bed (¢) CSTR (d) Muidised bed (c) trickle bed.
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The problem of heat and mass transfer in packed and fixcd bed reactors with irregularly shaped
porous catalyst particles was studied extensively by ARIS [19]. In fact, much of this work in chemical reactor
theory has contributed significantly to the mathematical theory of diffusion, reaction, heat transfer and mass
transfer.

An analysis of diffusion in biological particles using this chemical reactor theory was first proposed
by ATKINSON and DAOUD [25], where immobilised cell particles were treated as catalytic slabs. Other
authors extended this chemical reactor analogy to microbiological and biochemical reactors such as the
fluidised bed biofilm reactor (FBBR) (SHIEH et al. [261-266]). Many of the well established procedures {or
heterogeneous chemical catalytic reactor modelling can be adopted to reactors such as the FBBR (RAO
BHAMIDIMARRI et al. [242]). This is because there are analogies between chemical reactions and propcertics
of certain biological systems. One such analogy is rather obvious: we may consider living organisms to be a
dynamic structure built of molecules and ions, many of which react and diffuse. However, unlike most
chemical reactions, enzymic reactions in microbiological and biochemical rcactors are mainly isothermal
(CHANG [68]). In general however, many concepts such as the effectiveness factors for general reaction rate
forms have analogous definitions for chemical, microbiological and biochemical systems (SHIEH et al. [261-
266]). The eflectiveness factor (defined as the rate of reaction divided by the rate which would occur with no
resistance to component transfer inside or outside the particles) is an important parameter in reactor
designing. It has been useful as a rough estimate of intraparticle diffusion effects in particles such as porous
catalysts, flocs, solid spherical supports and adsorbent particles. The effectiveness factor is also used in lieu
of extensive numerical calculations in these particlcs. There are many other such analogies and it is now
acceplable to consider microbiological and biochemical reactors with procedures and concepts developed for
heterogeneous chemical catalytic reactor modclling (ATKINSON [26], BAILY and OLLIS (30]). Since this
thesis is concerned with generalised models [or such reactors, we do not specify in great detail the parameters
for every special system. However we do go into detail with the [luidised bed biofilm reactor (FBBR) as a
motivating cxamplc in order 0 get an understanding of the physical problem.

The Fluidised Bed Biofilm Reactor (FBBR)

The [luidised bed biofilm reactor (FBBR) is a biochemical processing system with applications to biological
wastewater treatment and biochemical manufacture (JERIS et. al. [134]) and ATKINSON [26]). It is a high
energy, high cfficiency system in which the liquid to be trcated is passed upwards through a bed of small
particles such as activated carbon granules at velocities sufficient to fluidise the bed. Each particle of support
material (activated carbon or otherwise) provides surface area for biological growth, resulting in a biomass
for the whole bed, an order of magnitude greater than conventional dispersed growth systems. This growth
is initiated by seeding the bed with microorganisms to form what is known as a biofilm around the support
particles which establishes a miniature reaction-diffusion controlled checmical microsystem. The very high
growth support surface alforded by these bioparticles results in denitrification of volatile solid concentrations
as high as 30,000 mg 1! and a bed detention time as low as 6 minutcs for 99% nitrate removal.

It has becen demonstrated in numerous pilot studics to be cost clfective and has also been investigated
at least to pilot scale for all of the basic treatment processcs, including carbon oxidation, nitrification and
denitrification for a varicty of domestic and industrial wastcwaters. A photo of a {luidiscd bed biolilm rcactor
(FBBR) is given in FIG. 1.2.

Models for all the reactors (except for the tubular reactor) discussed in this section have a system of
rcaction-diffusion equations appropriate to a microsystcm coupled via boundary conditions Lo a system
modelling a macrosystem composcd of convection rcaction-diffusion equations with additional source terms
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accounting for outputs from the particles. These convection rcaction-diffusion cquations providc the
boundary conditions for the microsystcm associatcd with the particles.

Such models for onc system or anothcr have appcarcd in the literaturc frcquently during the last
decade (MULCAHY et al. [199-202]; LIN [170]; LIAPUS and RIPPIN [169]).

They generally assumc, as wc do here that the [luid velocity distribution is divergence [ree, fixed and
not coupled with the diffusion and chemical or biochcmical processcs.

Fi1G. 1.2 The Fluidised Bed Biofilm Reactor (FBBR)

In this thesis, an attempt is madc to modcl such rcactors both for the interprctation of performance
characteristics and for successlul process design. Mathcmatical modecls (or such reactors are needed [or the
description of steady-state and dynamic bchaviour for proccss design, optimisation and control. While
insufficient detail can Icad to a modcl incapablc ol accuratcly representing the reactor's response Lo changes in
opcrating variables, too much dctail can Icad o a model that may be computationally impractical. From a
purely analytical point of vicw, there is no more difficulty in incrcasing the number of model equations.
However this may lcad to an impractical model in that therc may be too many paramcters to identify from the
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operating data. The type of model and its level of complexity in reprcsenting the physical system, will depend
on the use for which the model is being developed. We arc simply presenting a generalised model for such
reactors. These models turn out to have interesting and uselul structural and mathematical properties.

The mass-heat analogy provides a useful basis [or transferring mass transport results to heat flow
problems. Structurally, the heat transport aspects are mathematically equivalent to another chemical
component. Since our generalised models consider an arbitrary numbcr of interacting chcmical components,
we may assume that one of these components is tcmperature. The thcory developed in this thesis does not
therefore exclude heat transfer considerations which are relevant to fluidised bed combustors and to mass
transfer in nonisothermal reactors (see ARIS [20]) or even the fluidscd bed gasificr (MA [176]). Therefore,
without loss of generality, we will only consider mass transfcr models.

For convenience, we call reactors with the macro and micro structurcs dcscribed in this scction,
"Particle Reactors".

1.2  The Plan of this Thesis

In Chapter 2 we set up the coordinate systems and cquations rcpresenting a gencraliscd model for such a
particle reactor. A system of equations is prescnted as a gencral modcl for these complex interactions. The
principle limitations of this model are firstly that u(t, z), the velocity profile in A is assumed to be known and
not coupled with the bulk concentrations C; in any way, and secondly the particles are fixed relative to the
coordinate system of z in A and sufficiently small so that a representative sample of them can be taken to be
in a spatially constant concentration cnvironment in A.

In Chapter 3, we look at the unsteady state or time dependent probiem. Generalised comparison
thcorems are developed and used to study questions of uniquencss, existence and other qualitative fcaturcs of
our models. We examine the stability of both the steady state and the unsteady state solutions and study links
between stability behaviour and uniqueness of stcady statc solutions. The question of cxistence of solutions
is cxamined by using some rccently developed imbedding techniques (MCNABE [ 180]).

In Chapter 4, we look at the steady state or time independent problem. Here we study the question of
existence of solutions by using the new techniques referred to in Chapter 3. We also study relationships
between unsteady state or time dependent solutions and steady state or time indcpendent solutions.

In Chapter 5, we show that linear models [or particle reactors treated in this thesis arc amcnable to
various algebraic and geomctrical faclorization transformations which dramatically rcduce their
dimensionality.

Linear systems of convection reaction-diffusion equations for these reactors have a structure which
allows a geometric factorization of steady state problems giving a significant reduction in their
dimcnsionality. Morcover, convection dominated lincar systems with quasisymictric rcaction terms may be
further simplificd by matrix transformations which uncouple the diffcrential equations. The boundary
conditions are also uncoupled when the diagonal diffusivity matrix D governing diffusion in the particle is a
scalar multiple of the corresponding matrix / describing the diffusivity characteristic of the fluid boundary
layers around the particles. The dominant transient bchaviour of the systems may be handled by establishing
an analogous system of timc independent cquations for mcan action time variables and higher moments.
These equations have the same amenable structure. Outputs, time lags and various mean residence and first
passage times associated with establishing steady outputs from a concentration free initial state, can be
expressed in terms of the steady slate solutions and mean action time variables.

In Chapter 6, a number of rcactor models from litcraturc arc examincd as cxamples of the theory
developed in this thesis. Since somc of these sections arc taken from complcted published papers without a
lot of change, there may be repetition in the modcl development and problem description.
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At the end of each chapter is a section on notes and comments where relevant literature is reviewed
and where future mathematical work and ideas are discussed. At the end of this thcsis is a references and
bibliography section which includes papers which have been refcrred 1o in this thesis and papers which are
not referred Lo but are still relevant to the subject matter.

1.3  New Contributions of this Thesis

The model structure presented in this thesis is novel in the way systems of reaction-dif{usion equations
appropriale Lo the microsystem are coupled via boundary conditions to systems modelling the macrosystem
composed of convection reaction-diffusion equations with additional source terms accounting {or outputs
from the particles. Despite the complexity of this coupling, it is shown that many standard and classic
methods for obtaining stability, uniqueness and existence of unsteady state and steady state problems can be
extended to this problem. The principal result which makes these extensions possible is a generalised
comparison theorem similar in type to those for weakly coupled parabolic and elliptic systems. In addition we
develop some new Lechniques for our problem which can also be applied to elliptic and parabolic systems
coupled in other ways.

Major results of this thesis arc uniqucness, existence and stability theorems [or solutions to the
unsteady state and steady state problems. 1t can be shown that such results may be obtained by imbedding the
general system which may obey no monotone property into a system of twice the order which does possess a
monotone property. The monotone properties of these imbedded systems suggest the use of monotone
iterative methods in obtaining existence of solutions and this in tum suggests new methods {or numerical
computation of solutions. It can [ortunately be shown that stability, uniqueness and existcnce may be implied
in the original system. As a result, our computed solution in the imbedded system also gives rise Lo a
numerical solution of the original system. This imbedding idea is relatively ncw and is also useful in
generalising many qualitative [caturcs such as the rclationships between parabolic and clliptic equations to
parabolic and clliptic systems of cquations. This idca is cven shown to bc usclul in solving algebraic
equations by monotone iteration.

We show that linear systems of convection reaction-diffusion equations for these reactors have a
structure which allows a geometric [actorization of steady state problems giving a significant reduction in
their dimensionality. These equations are also amenable to algebraic uncoupling transformations which
reduce the dimensionality of thc problem and which simplifly the tasks ol obtaining analytic and numerical
solutions or estimates.

The recent concept of mean action times (MCNABB and WAKE [190]) for scalar equations is
generalised to systems of equations and factorization and uncoupling techniques may be also applied Lo an
associated lincar system [or vectors composed of the mean action time variable [or cach chemical component.
These vector functions give the time lags (or the various chemical outputs of the system during its transition
{rom one steady output mode to another and the mean [irst passage times, mean particle residence times and
higher moments associated with tracer pulse inputs of the chemicals.

Such results also apply to systems of reaction-diffusion equations where there may be no coupling in
the boundary conditions and also provides us with ways ol uncoupling parabolic and elliptic systems.

Our comparison theory is also shown Lo be uselul in developing some techniques for obtaining upper
and lower pointwise bounds to solutions. These prove o be favourable compared to results obtained by
orthogonal collocation and standard [inite difference methods. The bounds provide us with some qualitative
features of solutions of such equations and also prove to be excellent as approximalte solutions.
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1.4 Other Potential Modelling Areas

There are a myriad of applications for such macro micro structure modcls in different disciplines as diverse as
geology and mining, medicine, agriculture, chemical and biochemical industries and environmental
technology. We give a brief description and references of somce of thesc that have comce Lo our attention.

Our first example concerns industrial fermentation processes which may be both aerobic and
anaerobic. Such processes involve a gencral class of chemical changes produced in organic compounds
(substrates) through the activity of micro-organisms and include various alcohol fermentations and the
production of acetic acid (vinegar), lactic acid, citric acid and gluconic acid, as well as acetone, butanol and
glycerol. Microorganisms have the potential to achicve almost any conversion, involving water soluble
organic compounds by mecans of complex scquences of cnzyme catalysed reactions.

The basic fermenter types arc usually discussced using terminology cstablised for chemical reactor
theory, namely: (a) the batch fermenter (BF); (b) the continuous stirrcd-tank fermenter (CSTF); (c) the
tubular fermenter (TF) and (d) the fluidised bed fermenter (FBF).

Many biochemical conversions are not achicveable in the absence of microorganisms and continuous
fermenters which use suspended organisms suffcr from the fact that thesc organisms can simply be 'washed
out'. Continuous stirrcd-tank fermenters (CSTF) are limited in throughput as a result of this phenomena and
tubular fermenters (TF) with suspended flocs, become an impossible arrangement without a constant
resupply of microorganisms at the inlet. An altemmative answer (o the last problem is the fluidised bed
fermenter (FBF) (ANDREWS and PRZEZDZIECKI [17], ATKINSON [26], PARSHIOTAM ¢t al. (224]) which is a
hybrid between the stirred tank fermenter and the tubular fermenter, in which the microbial particles arc
suspended by the upflowing liquid stream and gravitational forces prevent them from being swept away
(elutriated).

The end products of industrial processes involving microorganisms are more microbial mass and
various biochemicals, one or several of which may be recovered. The main classes of biochemical products
from industrial fermentation processes are antibiotics, steroids, vilamins, enzymes and organic acids (AIBA
et al.[2]). The microbial mass produced concurrently with the biochemicals is largely a waste product but
may be used as an animal feed supplement in view of its protein content (LOEWY and SIEKEVITZ [172]).
Occasionally, the production of microbial mass is a major objective, as with baker's yeast and the removal of
organic impurities from polluted water.

There are other potential modelling areas which are similar in principle to the FBBR and have a
similar interacting structures as particle reactors. An example of such a system is the Rotating Cylinder (RC).
This is a biological system where a cylinder is covered by layers of microorganisms held in place by
cxtracellular material around a support rotating cylinder. As with the FBBR, the biological rotating cylinder is
also an ingeneous method of removing non-settleable organic contents of wastewater. It is however more
idcal on a small scale. The system involves lowering a rotating cylinder into a stream of wastcwater which is
being pumped through the rotating cylinder bath. The cylinder acts as a medium that provides a large surface
area for microbial growth and if it is not fully submerged, it gets well aerated. Substrate diffuses through this
biofilm and the organic content is converted into growth of these organisms which can be separated more
easily. There are also gases, such as CO; being produced by these organisms in aerobic respiration which
escapes to the atmosphere. As with the FBBR, the cylinder may be temporarily removed and cleaned and the
separated biomass wasted as excess sludge. The Rotating Biological Disk Contactor Plant is similar to the
rotating cylinder but where slabs are covered by a thin biofilm consisting of layers of microorganisms held in
place by extracellular material. This provides more surface area for biological film growth (see FIG. 1.3).
Both these reactors involve reaction diffusion systems within the biofilms with boundary conditions given by

concentrations in the bulk fluid.
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Fi1G. 1.3 The Rotating Biological Contactor Plant

A medical application concerns modelling urea removal by the compact artificial kidney (LIN [170]) and an
example of this system will be seen in Chapter 6. There are perfusion models of chemicals and tracers
through various organs such as the liver and musclec tissuc. Thesc somctimes involvc a hicrachy of structurcs
for instancc in the muscle tissuc modcl, chemicals in the blood arc transfcrred (rom the capillary systcm by
diffusion into the interstitial fluid and then into the muscle cells. Each of these systems introduces a new
dimension in the model.

For petrochemical industry applications sec ARIS [20, 21]. Here the use of catalytic reactors and the
conscquent availability of many incxpensive chemicals, makes the synthesis of a varicty of organic acids and
solvents commercially attractive. By contrast to the petrochemical industry, we {ind that studies into
aternative fuel sources {rom agricultural products such as in the production of the solvents acetone, butanol
and ethanol (ABE fcrmentation) in immobilised ccll packed bed reactors f[rom whey pcrmeate also involve
models with similar interacting macro and micro structures (QURESHI [236]).

Other potential modelling areas concern [crtiliser or pollutants diffusing in soil moisture and rcacting
with soils. Interest in the transport of chemicals in soils is motivated by the potential of agricultural and other
chemicals (fertilizers, pesticides, industrial wastes) to move {rom the soil surface through the unsaturated
zone toward the groundwater table. Studies of solute transport in soil adsorption columns (VAN GENUCHTEN
and PARKER [288]) also result in modecl equations with interacting macro and micro structures which arc
coupled in the boundary conditions.

Solute transport studies involving layered mcdia are also important (or investigating how restricting
layers affect rates of solutc migration in the soil profilc and, more gencrally, (or cxamining the influence of
soil heterogencity on solute transport. The lcaching of solulcs in the unsaturated zonc may be aflccled greatly
by the presence of soil layers. Soil stratification is a natural phemenon that is common Lo many soils. Also,
artificial barricrs (c.g., clay lincrs) arc oftcn used to slow down or prcvent the movement of certain
chemicals. There has becn considerable attention focused on solute transport through homogeneous soils and
some work on hetcrogenous or multiplc laycred soil profiles which arc approximatcd by a series of
homogeneous soil layers (SELIM et al.[259] and LEU et al.[165]) each having its unique physical and
chemical characteristics. The rcsulting mathematical models in literature usually involve one dimensional
dispersion advection equations involving singlc chemicals such as a herbicide diffusing in up to three laycrs
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(LEU et al [165]). Boundary conditions are necessary in order 1o maintain the solute concentration continuity
at the boundary between any two soil layers and there is much discussion about the boundary conditions
(VAN GENUCHTEN and PARKER [288], LEl et al. [165]) . Usually the boundary condition at the interface of
one layer is given by the solution to the dispersion advection equation in the adjacent layer. Such equations
are also found in models of [luid (low through multiple porosity, multiple permcability media that do not
necessarily have to be layered (LIU [171]). This problem is intercsting because it does not involve interacting
macro and micro structures found in this thesis but it still involves the coupling of reaction diflusion
equations in the boundary conditions. We can apply our thcory without difficulty to systcms ol reaction
advection dispersion equations in multilaycred soils, multiple porosity and multiplc permeability media.
These may all include solute adsorption and desorption.

There are many industrial, geological and environmental problems concecrned with interacting macro
and micro structures. These include catalytic cracking and synthesis processes in chcmical industries, ore
reduction (MCNABB (184, 185]), groundwater and geothermal modelling, the making of synthesis gas from
coal (KATO and WEN [136]), thc mining of methane gas (rom coal beds, the oxidation with product
formation in waste deposits, combustion thcory and various oil refining processes.

1.5 Notes and Comments

There is considerable literature on the fluidiscd bed biofilm rcactor (FBBR). A history of its development, its
design and operating conditions is given by RAO BHAMIDIMARRI [241]. Some other examples of fluidised
bed reactors from literature are given by ANDREWS [16, 17], BOSMAN [42], CHUNG and WEN [71],
COOPER and ATKINSON [77], DENAC et al. [82], FOSTER [92]), HANCIIER et al. [113], JERIS and OWENS
[134], KORNEGAY and ANDREWS [147], MULCAHY et al. [199-202) and SHIEH et al. [261-266].

There is considerable literature on the effectiveness factor for particlcs in chemical and bichemical
reactors. Some examples are given by ANDREWS [18], ARIS [21], BISCIIOFF [38], CHANG [67],
CHURCHILL [72], GO'10 [107], LEE and TSAO | 163], MOO-YOUNG and KOBAYASIII [198], ROBLRTS and
SATTERFIELD [249], SHIEII et al. [261-266], STEWART and VILLADSEN [275] and WADIAK and
CARBONELL [300].

It should be noted that such mechanistic modcls described in this section are not the only models
available and that control modcls that trcat such particle rcactors as a black box also prove to be very uscful
(KHANNA and SEINFELD [144]).

Our results on rcaction diffusion systcms in this thesis may also be applicd to population dynamics
(LADDE et al. [153, p. 181], ZIIENG (311, 312], PAO [214]) and bacteriology (PAO [218]).
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Model Development

2.0 Introduction
In section 2.1, we shall set up the coordinate system, the spaccs and the notation for our generalised particle
rcactor model that will be required for our modcl decvelopment. Thesc shall be used throughout this thesis.

A system of equations together with their initial and boundary conditions is set up as a generalised
particle reactor modcl for the complcx intcractions in a particle reactor. The various types of equations and
their various boundary conditions will be examincd and the assumptions and limitations of this model will
also be discusscd.

Finally, in section 2.2 wc shall discuss some rclcvant litcrature.

2.1  Generalised Particle Reactor Model Development

A rcactor occupics a fixed region A in R3 space and z denotes the coordinates of a point in A. Fluid flows
through A with a solenoidal f(luid velocity distribution u(z) which in gencral may vary with time. The
boundary JdA of A is subdivided into three surfaccs dA,, dA; and dA; where fluid flows into A through dA,;
and out through dAj, while dA, is impervious to fluid. If n; denotes the outward normal to dA; and v=lu-nyl,
then for all time

-v1=u-n; <0 on dA;, vy=u-ny = 0 on dA,; and v3=u-ny > 0 on JdA;. (2.1.1)

The rcactive particlcs are fixed relative to the z-coordinate systcm at all time ¢ and (2is a representative aclive
region per unit volume occupied by the particles at a point z in A. In this sense, the region £2 is multiply
connected and it represents the shape of this biomass around the various particles one would find in a small
ncighbourhood around z, i.c., it represents the region occupied by N particles of various sizcs and shapes,
where N is the number of particles in unit volume of fluid. The particles and this rcgion £2 are assumcd to be
small enough so that bulk fluid concentrations are constant spatially about £2. We also assume (2 is
independent of z (the particles are uniformly mixed and distributcd) and the particles do not change position
significantly with time. This is not an unrcalistic assumption for fluidised bcds with a stratified structure and
is obviously justified for packed bed reactors. This active region is assumed 10 have an inner boundary 952,

cnclosing incrt cores and on which

3c,~ _ -
e 0 on (0, T)xd€2;xA, (2.1.2)

where c; is the concentration per unit volume in €2, of the ith chemical component. Thesc concentrations arc
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assumed Lo be governed by a system of weakly coupled reaction-diffusion cquations

a;

7 —D;Vie;= fi(t, x, ¢;) in (0, TIXEQXA, (2.1.3)

where x denoles points in £2relativc 1o a suitable coordinalc system, Vf dcnotes the Laplacian operator in £2
space, D; is the appropriate diffusion coefficient for the ith component and f;(t, x, cj) are Lipschilz
continuous functions in c;. On the outer boundary d§2, of £2, the concentrations interact with the [luid
concentrations C,(t, z) according Lo boundary conditions

%i _ 11.C. - ¢ on (0, TIxAQxA, 2.14)

Di‘a?

where a—i‘ dcnotcs the gradicent of ¢; on 9€2, along the outward normal and the positive constants //; arc mass
transfer cocflicients associated with boundary laycr transport. The units for ¢; and C; are assumed o be
compatible so that when c; = C; on 0d§2,, there is no (lux across the boundary layer. We see that the
concentrations ¢; depcnd not only on x and ¢, but also on z from the functions C(t, z) appearing in (2.1.4).
Therc may be some chemical components which are immobile in €2 and for these D; and H; are zero. Such
components can only interact with the [luid concentrations C; in A through the reaction term f; via interacting
mobile ingredients. The boundary conditions (2.1.2) and (2.1.4) have no relevancc for these immobile
components. The consideration of the boundary condition (2.1.4) includes the Dirichlet type (D/H; = 0), the
Neumann type (D; #0, H; = 0), and the Robin type (D; #0, H; # 0). The boundary conditions (2.1.2) and
(2.1.4) therefore includes various mixed type of boundary conditions. The initial conditions arc of the form

c; = Cio in 2xA, att=0. (2.1.5)

In the fluid region A, the concentrations C; arc assumcd Lo satisly the system of weakly coupled convection
rcaction-diffusion cquations

%(;3—- DV, +u-VC; + J'MZD,- % = F(t, 2, C;)in (0, TIX A, (2.1.6)
where the "diffusion” constant 9; is assumed Lo incorporate dispersion effects, V2 is the Laplacian opcrator
in A, involving z-coordinates, the fourth tcrm accounts [or the flux of chemical i into €2 representing the N
particles in unit volumc of {luid and the {luid reaction term F; is the source of C; duc o reactions in the (luid
itself. The functions F; like the functions f; above are assumed to be Lipschitz continuous functions in the
dcpendent variables C;.

The surfacc intcgral in cquation (2.1.6) which is a mcasurc of the total [lux of C; through d€2, into Q2
is only a function of ¢ and z, and can from (2.1.4), be cxpresscd in the form /{,.5/C; - II"[an, ¢c;, where &is
the area of d€2, (see ARIS [21, p.24]).

There is no transport of {luid over dA; and (luid concentrations C; at dA; and dA3 are subject Lo
boundary conditions as discusscd by WEINER and WILHELM [306] and DANCKWERTS [79], respectively.
Thesc boundary conditions arc of the form

v+ @;gg';= v1C; ; on (0, TJX()AI, 2.1.7)
ny B
i~ 0 on (0, TG = 2,3, 2.18)
na

where C; ; is the inlet {luid concentration.
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There may be some chemical components where there is no dispersion in A and for these 9; arc zero.
The boundary condition (2.1.8) has no relcvancc for these components. Furthermorc, if u-VC; =0 for some
of thesc chemical components , then the boundary conditions (2.1.7) has no rclcvance as well,

The consideration of the boundary condition (2.1.7) thus includes the Dirichlct type (2,/v,= 0), the
Neumann type (9; #0,v;= 0), and the Robin type (9D; #0,v;#0). The boundary conditions (2.1.7) and
(2.1.8) therefore includes various mixed type ol boundary conditions. The initial conditions are of the form:

Ci= Ci,O in A, att=0. 2.1.9)

We now have a system of reaction-diffusion equations (2.1.3) coupled with convection reaction-diffusion
equations (2.1.6) via the boundary conditions (2.1.4) and the source term in (2.1.6) accounting for the {lux
of chemical component i through d€2,. These cquations which we label S, involve the dcpendent variables
¢;(t, x, z) defined in [0, T] x2 x A and C;(t, z) defined in [0, T]x A and the subscript n denotes the
maximum number of chemical components in cither the macro or the microsystem. Associated with this
system are the boundary conditions and initial conditions B, given by the equations (2.1.2), (2.1.5), (2.1.7)-
(2.1.9). This coupled system S, B, of rcaction-diffusion cquations is degencrate in (0, 7)x£2x A spacc in the
sense that the Laplacian operators of equations (2.1.3) and (2.1.6) involve only the x in £2 and z in A
respectively. The steady state or time independent system will be denoted as S‘,,, én.

Our generalised particle reactor equations S,, B, form a system ol up to 2n weakly coupled equations
which may be a combination of ordinary differcntial equations, first order partial differential equations and
parabolic equations. At stcady statc, these equations may be a combination of algebraic cquations, first order
partial differential equations and elliptic equations. In many of these cases, thc boundary conditions may be
irrelevant for the same reasons given above.

Let 7 be the set of integers corresponding to up to n chemical components in €2 and J be the set of
intcgers corrcsponding to up 1o n chemical componcents in A. If for cxample i € /and D; = /1; = 0, then we
assume that i € J, i.e., there is no corresponding chcmical component in A. If, on the other hand i € [ and
D;, H; > 0, we may assume that there is a corresponding chemical component in A and the components c; are
coupled to components C; by the boundary condition (2.1.4). Il i € J, there may not necessarily be a
corresponding component in /, unless D;, I{; > 0 for some i € / and [or this, the components c; are also
coupled to components C; by the boundary condition (2.1.4). All the other possibilitics are similar.

We denote by n(/) and n(J) the number of elements in / and J, respectively and the solutions of the
system S,, B, are denoted by the ordered pair (c;, C;) = (c1, €2,...,Cn(1) C1, Coseeees Cry)-

The boundaries of dQand dA are assumed to be of [inite curvature so that each point can be found on

a closcd ball of finitc radius containcd in € or A. This is known as the inner sphere property.

2.2 Notes and Comments

The physical basis of the boundary condtions (2.1.7) and (2.1.8) has been discussed at length in the
literature (e.g. DANCKWERTS [79], WEHNER and WILHELM [306], PEARSON [231], KREFT and ZUBER
(148] and SMITH (270]).

The dispersion coefficient &; in (2.1.6) reflects two mechanisms for solute spreading, molecular
diffusion and mechanical dispersion. Much work has been published on this dispersion phenomena, in
particular to investigate the dispersion tensor. In cylindrical reactors the dispersion in the direction of [low
(longitudinal or axial dispersion) is noticeably dilfcrent from the dispersion perpendicular to the direction of

flow (transverse or radial dispcrsion).
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Comparcd to the work published on the longitudinal dispersion coelficicnt D;g, relatively few results
have been reported on the transverse dispersion @;7. The mechanisms causing transverse or radial dispersion
are molecular diffusion and "wandering" from the flow path (SIMPSON [267], LEI and DANE [164]) and in
some instances it may be considered cqual to the coefficient of molecular diffusion (CARBERRY [45]). Values
for @;r are more difficult Lo obtain than values for 9;;, becausc the concentration distribution needs to be
measured in a direction perpendicular to the flow. Studies of longitudinal or axial dispersion are reported by
BABCOCK et al.[29], BRITTAN [43] CIIUNG and WEN [71], RASMUSON and NERETNICKS [243],
RASMUSON [244], MECKLENBURGII and HARTLAND [195-197] and in somc instanccs rcsearchers have
developcd criteria bascd on the reactor length for conditions wherc axial dispersion can safcly be neglected.

There has been considerable interest in the chemical engincering literaturc on the transport equation
(2.1.6) ncglecting the functional and reaction terms. This equation is commonly known as a convection-
dispersion cquation (CDE) or an advection-dispcrsion cquation (ADE). HARLEMAN and RUMER [116]
presented an analytical solution for the two dimensional ADE for stcady stalc conditions, assuming that
longitudinal dispersion could be neglected. Analytical solutions for the stecady state problem, which
accountcd for longitudinal dispersion were provided by GRANE and GARDNER [109] and VERRUDT [291].
BEAR [34] discusscs mcthods Lo obtain analytical solutions [or some spccific problems and LEI and DANE
[164] provide an analytical solution for the two dimensional transport problem which accounts for both
longitudinal and transverse dispersion. This solution can also be adapted to thrce dimensional dispersion.

Approximate solutions for the cquation (2.1.6) for a one-dimcnsional time independent reactor with
arbitrary kinetics is given by GROTCII [112]. An cxacl solution to the cquation (2.1.6) for arbitrary shapes
and first order kinctics without the additional contribution [rom the particles is given by VRENTAS and
VRENTAS [297] with the fluid velocity ficld zcro and by VRENTAS and VRENTAS (298] with a linear source
term with fluid velocity distribution u as a function of z and ¢ and with div u = 0. Thcsc solutions are given
in tcrms of a Greens's function formulation.

There is very little litcraturc on the coupled system (2.1.3) and (2.1.6). This sct of cquations for onc
componcnt without reaction and simpler boundary conditions gocs back to the work of DEISLER and
WILHELM [81]. For the case with no dispersion (2 = 0), a classical solution of the coupled system (2.1.3)
and (2.1.6) was given by ROSEN [251] in terms of an infinitc intcgral. BABCOCK et al. [29] and PELLETT
[232] havc prescnted analytical solutions for this casc including dispersion. Approximate solutions have also
been given by RASUMSON and NERETNIEKS |243) and improved by RASMUSON 244 . These arc also given
as an infinite integral which has to determined numcrically.

This thesis suggests that many of these exact analytical solutions may be used as bounds for our true
solution with arbitrary rcaction kinctics. Howcver, we will not be demonstrating this in this work.



3
The Unsteady State Problem

3.0 Introduction
This chapter considers the unsteady state or time dependent problem. The objectives are generalised
comparison theorems, uniqueness, stability and existence theorems for solutions.

In section 3.1, we shall collect some notational conventions and basic definitions and give some general
results and relationships of the spaces that are needed in order to obtain the exact result on the solvability of
linear parabolic equations. The maximum principle for parabolic equations which will be used throughout this
thesis will also be defined.

In section 3.2 we shall show that although our system is nonstandard, it is governed by generalised
comparison theorems similar in type to those for weakly coupled parabolic systems. These comparison
theorems are a useful tool for proving uniqueness, existence and stability of solutions.

In section 3.3, wc use the strong comparison thcorem to show that solutions of system S,, B, are
uniquely specified by the functions ¢4, C;pand C; .

In section 3.4, we see that for the purposes of uniqueness, stability and existence theorems, we may
assume at the outset that the system S,, B, is a quasimonotone system, i.e. f; and /; are monotone
nondecreasing in c;jand C; respectively for j # i. This is not a restriction on these theorems, since if this
monotone property is not satisfied, then S, B, with general functions f; and F; can be imbedded in a system
S2n, By, of the same form. It can be shown that solutions of this new system generate solutions of the
original system and therefore uniqueness, stability and existence can be implied in the original system.

In section 3.5, we establish some useful sufficient conditions for the global stability of all solutions of
the general system S, B,. It is shown that such stability implies the uniqueness of the solutions to the steady
state or time independent problem.

In section 3.6, we show that solutions of problem S,, B» specified by c; o, C; and C; ; exist. This is
done by constructing a sequence of approximate solutions which converges monotonically and uniformly (in
appropriate function spaces) to a limit function which is shown to be a solution of the system S,, B .

Finally, in section 3.7, we discuss some relevant literature and future work.

3.1 Definitions, Notation and General Results for Linear Parabolic Equations

It is important in the theory of nonlinear differential equations to obtain theorems on a priori estimates and
existence of linear differential equations in order to derive estimates for nonlinear differential equations. In
this section, we shall collect some notational conventions and basic defintions.

13
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We shall also give some general results and relationships of the spaces that are needed in order to
obtain the exact result on the solvability of linear parabolic cquations. The Maximum Principle for parabolic
equations which will be used throughout this thesis will also be defined.

3.1.1 Definitions and Notation

The following notation will be used throughout this section

x = (x1, x2, ...., X,y) denotes a point in R™,

T > 0, where T denotes a pointin R,

te [0, T],

@ is a bounded, open, connected domain in R™,
d9 denotes the boundary of 4,

@ denotes the closure of 4,

Qr= (0, T]x9 is regarded as a subset of R™*1,

= (0, T1x09,
Qr=10,TIx9,
IT = (0, Tx0%,
UueR,

D.u = (du/oxi,...., oulox,,).

Definition 3.1.1.
A vector field v(1, x) = (V1(1, x),....,V(2, X)) is said Lo be a unit outerward normal (outward normal or
outernormal) at (¢, x) € I if (t, x—hV) € Qp for small 4 > 0. The outernormal derivative is then given by
oro Vi,x) is o unit vector noemal to g
ou . u(t, x)—u(t, x—hv) )
— = lim .
oV k0 h

3.1.2 General Results and Relationships between Hélder, L™4 and Sobolev Spaces Spaces
The following definitions of H6lder, L9 and Sobolev Spaces are adapted from LADYZHENSKAYA [155,
pp-4-9].

Holder Spaces

For a positive real number, /, say, let [!] denote the greatest integer not exceeding /. For A € Qr, we shall say
that fe CIZI[A,R]if £ A — R is continuous, the partial derivatives of f, with respect to x, up Lo order (/]
are continuous on A and its [/]Jth order partial derivatives with respect to x are Holder continuous on A with
exponent / — [1], and further the partial derivatives of f, with respect to ¢, up to order [//2] are continuous on
A and its [{/2]th order partial derivative with respect (o ¢ is Hlder continuous on A with exponent I/2—[{/2).
For0</<1andfe ClVZI[A, R], we shall use the following notation:

WA =171 + ()

where

WA = sup 1f(,x),
(1, x)EA

(Ot = 1A + 11 5(f),
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Lf(t.x)— f(t.y)l
!
(l,x),(;izgeA x —yll

Hia(f) = Af sy FE XN

axoer =112
lt-rigp

HAh =

For any | > 0 and fe CV2![A, R], we shall use the folowing notation:
A q rns oA A
=y Yo, DA +(f)

j=02r+s=j

where D/ D; f denotes the partial derivative of f with respect Lo x and ¢ o[ order s and r, respectively, for all r

and s such that 2r+s </,

(O = THL(DIDLH+ T HAS(DIDES),
2r+s=[!] 0<pB<l1

for B = (I-2r-s)/2.

Since QO is closed, it is required that the derivatives of order < [ can be continuously continued from the
interior of Qr to all of Q. If &= 1, we also say that fis Lipschitz continuous.

L™ Spaces

L79(Qr, R] is the Banach space consisting of all equivalent clases of Lebesgue measurable functions u
defined on (r into R with a finite norm

¥
(122!l e [Iﬂ [

where g2 1and r 2 1.

r1a\V”
j§|;;(f,x)|4dx] J i

Ifr = g, then L29[Qr, R]isdenoted by L9[Or, R] and the norm

“H"wa[ér, R]'
by

"H"Lq.[érl R].

Sobolev Spaces

For nonnegative integer /, Wq"y[@-, R) is the Banach space consisting of the elements L7[Qr, R] having
generalised (weak or distributional) derivatives of the form D] D; with any r and s satisfying the inequality
2r+s < 21. The norm in it is defined by

21

121[7 = "DrDJu" = M
Wq [QT-R] ,g(‘)ﬂr%:j =x LQ[QT.R]

[lzll

where the summation >.,,, _ ; is taken over all nonnegative integers r and s satisfying the condition 2r+s<2/.
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For nonintegral /, Wq’ [(Qr, R] is a Banach space consisting of the elements u of Wq“][@, R] with finite norm

nuan,[g R = "“"wy'[g, L -G,y
where
(1 ;
Wil g, gy = > Y Dul 1(G, R’
J=0J
, , dy 1q
i == J - q
g g, jgl‘;][_l-gdxjgll)xu(.t) DJu(y) P w_,)} A
and

Z,‘ denotes summation over all possible derivatives of u of order j satisfying the conditionj < [/];
Zj=[ 0 denotes the summation over all possible derivatives of u of orderj = [/].

For nonintegral /, the Banach space Wq” 2"[1_}, R] is defined analogously (LADYZIIENSKAYA (155, p.81]).

General Results in Holder, L2 and Sobolev Spaces
We now prove some general results in Holder, L"9 and Sobolev spaces.

Lemuma 3.1.1
If f,ge CH > [AR], then f+geC™ *[A,R) and IIf + gl <ufIA+1gl.

Proof
Nf+glly = sup 1f(L,x)+g(tx) +  sup l[f(l’x)+g(l'x)]_[{,(”y)+g("y)]l
(1,x)eN (t,,;,)‘,_(ytliggeA Ix — yll
+ s l[f(l,x)+g(l,f)]—I[‘{/(zt',X)+g(t',X)]l
=r

axzen

< sup 1f(L,x) + sup lg(t,x)l +  sup PACE I G)] +  su lg(t.x) + g1,y

a (0]
(1,x)€A (t,x)€A (0. (1y)en [l — yl (1) y)eA [lx — yll
LF(t,x)— F(, )l lg(t,x)—g(t’, )]
b g MUNFEDL L lgn-sCn)
(t,x?,(( ,X)EA It —1'l (4,%),(1',x)€A It—1t'l
-1'sp -risp

< I1FIA +ligiA,

as required.qd

Lemma 3.1.2
If f,ge CY2%(A, R), then fge C*%%(A, R) and || fgl4 < fI2 NgliA.

Proof
i £, y)l
flt = sup 1f( g+ sup LU~ F()g(t,y)
(t,x)EA (hﬁ._(;l.lzge/\ [lx — i
Lf(e,x)g(t,x)— f(t',x)g(t’, x)
3 i naf2
(1,x),(',x)eA It—rl

li-risp
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< sup 1f(t,x) sup lg(t,x)l

(I,X)EA (l.X)EA
v sy LX) - fx)e(ty)+ (L x)e(t.y)~ f(1.Y)g(t.y)
(£,x),(t,y)€A llx — ylI*
Itx-yisp
2 Lf(e,x)g(t,x)— f(1,x)g(¢", x)+ f(t,x)g(t’,x)— f(¢', x)g(t', )
(t,x}(: X)EA lt—r'1%/2
-Nsp
lg(l»x)*’g(l,)’)l |g(r,x}—g‘(r',x)]|
< sup \f(,x)N [ sup lg(t,x)l + sup ———""=+ su e |
(,,x)g,\ (t,x)EA (l,x).(liy)eA llx— yll* (:,xz,(r/,)x)eA lt—g1*?
lix-ylisp -Nsp
LF(t,x)+ f(, ) LF(t,x)— F(", )0
b osup gl [ sup OO 1) FE )
(1,x)€A (t,x),(Ly)ea  llx—yll (4,x),(t",x)eA le—1t'l
lIx-yiIsp -1<sp

< NFUA nghd,

as required.0

The next three lemmas and their corollaries that follow are analogous in H6lder, L9 and Sobolev spaces.

Lemma 3.1.3
Suppose 0 <B<as<1.Then C**%*(A)c ch12B (4).

Proof
Suppose f € C¥2[A, R]. We are required to show that

AR = 1A +H25(f) + Hign ()
Fe0)-fe) , o fax)= ()

= sup |f(t,x)l + sup P

Gea’ T liges oyl e

is finite, given that

IAIA = 0AIG +HL o (f) + Hwpa(f)
fe0-fey , o - f@n)l

= sup |f(t,x)l + sup T e

(Lx)eA (1) Gy)en Ix — ylI* (L)1 x)eA
is finite.
Suppose that (1, x), (¢, y) € A and 0 <llx-yll<1. Then

LFx)— fayl _ 1f(x0)— f(y) B ¢ 1) = FEy)
llx — yllP llx — yll T lx—yi®

llx—yl

since & — 2 0. On the other hand, if (1, x), (¢, y) € A and llx—yl > 1,

Lf(x)— flyl _ 1f(x) = f(t,y) lx -yl

lx— yllP llx — yli*

|a—ﬁ < ka-—ﬁ |f(£.x)—f(!,)‘)|
- hx—yn*

where
k=sup(lix—yll:x,ye 4).

A similar argument holds if we have to show that
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(4,x),(t",x)€A |¢_l'|ﬂ/2
p

l-11g

is finite and the result follows by combining these argumcnts.d
A trivial consequent of this result is the following corollary:

Corollary 3.1.1
Suppose 0 < a, B< 1. Then Ca’z'a(A)r\Cﬂlz'ﬁ(AFsz'y("‘) where = min (o, B).

The following lemma is stated without proof in BURKILL. [44]

Lemma 3.14
Suppose 1 < py <py. Then [P2[A, R]1c [P'[A, R].

Corollary 3.1.2
Suppose 1< py, pa. Then LP2[A, RINLP[ A, R| = LP| A, R] where p = min{p\, p2}.

The following lemma and its corollary follows from Lemma 3.1.4 and the definition of Sobolev spaces.

Lemma 3.1.5
Suppose 1< py < p,. Then Wlﬁf’[A, Rlc W‘ﬁ;ZI[A, R).

Corollary 3.1.3
Suppose 1 < pi, pa. Then W;'ZZ'[A, RN W;;Z'[A, R)= W,ﬁ'y[A, R] where p = min(py, p2}.

We define the following operator which takes a space into itself

Definition 3.1.2
The Nemytskii operator A(u) is defined by

Mu)(t, X) = h(t, x, 1), (t,x) € O

for u e CO+2,1+3. R].

We now present a result concerning the Nemytskii operator AMu). The proof is found in LADDE et al.[153,
p.221] and TEMME [282, p.65].

Lemma 3.1.6

Let he C*2%[[0, T]x gx R, R), and let Mu) be the Nemytskii operator Mu). T hen
() e C[CO+RRI+a(Or, R], CH2.%(Qr, R]);

(i) A takes bounded sets in CO+N2,1+Q[Qr R) into bounded sets in C¥2.%[Q, R].

Remark 3.1.1
From the fact that the space C(1+®)/2.1+[Q. R] is compactly imbedded in C%1[Qr, R], the Nemytskii

operator belongs to C[CO\[Qr, R], C[Or, R]).
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We present another result concerning the Nemytskii operator Au).

Lemma 3.1.7

Let he Calz'a[[O, T)x gx R, R), and let Mu) be the Nemytskii operator Mu). T hen
@) e 9@, R, L4 (O, RN,

(ii) N takes bounded sets in L9 [é,v, R) into bounded sets in L™9 @,-, R].

Proof
N maps all of L4 [Qr, R into L4 [(, R) since Oy is bounded and & e C*22[[0, T)x G x R, R].
Therefore A is a continuous and bounded operator.J

The Relationships between these Spaces

The spaces defined in this section are needed to obtain the exact result on the solvability of boundary value
problems for linear parabolic equations in spaces wq'ﬂ@, R]. This is related with the fact that the
differential properties of the boundary values of functions from the classes Wq"Z[QT, R] and of their
derivatives can be exactly described in terms of the spaces qu’l [1—}, R] with nonintegral !: | = k—1/q, where
k is an integer. This relationship is given in the following result. For details, see LADYZHENSKAYA [155,
pp. 79-82]) or LADDE et al. [153, p.218].

Lemma 3.1.8
Ifue Wq"z[é,, R), then for all nonnegative integers r and s,

2r+s<2-2/q,

s 2-2r—s=21q¢ca
D} Djul,g€ W, U9, R),

and

[zl < Cllull

w:.-lr-r-lfq[gl R] qu“‘z [Q-Tu R) .

Moreover, for 2r + s <2 —1/q,

1=r—s/2-112¢9,2-2r-s-1/q 1+
D Diulx €W, q 1I7, R,

— < | -
"ul|W;-r—:JZAlll’ql.?.—Zr—f—llq-[r:r. RI= Cllut Wq],Z[Q_r, RY"

We say how smooth [unctions in a Sobolcv spacc arc, by imbedding Sobolev spaces continuously into
Holder spaces. This is called the Sobolev Lemma or the Imbedding Theorem. We shall firstly require the
following defintion:

Definition 3.1.3

Let X and Y be normed spaces. We say that the normed space X is imbedded in the normed space Y iff
>i) X is a vector subspace of Y;

(i)  the identity operator e defined on X into Y by ex=xfor all x € X is continuous.

Also required is the following definition which gives the smoothness properties of the boundary 4 that is
required in the Sobolev Lemma.
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Definition 3.1.4
Let ¢ be an m-dimensional domain with boundary 09. We say that 99 belongs to class C2+2, if for every
x € 39, there exists a neighbourhood U of x such that 3¢ N U can be represented in the form

xXi= h(xl, X2y sony Xi=1s Xit1ly ons x,,,).

for some i, 1 <i<m, where h e C2+[99, R].
We now state the following imbedding theorem. For proof, see LADYZHENSKAYA [155, p.60].

Theorem 3.1.1 (Imbedding Theorem or Sobolev Lemma)
Let § < R™ and let 99 be of class C2+. Suppose that q = (m+2)/(1-) for 0 < &< 1. Then WGy, R)
is imbedded in C('mm']m[@-, R).

3.1.3 Solvability of Linear Parabolic Equations

We will discuss in this section a specific example of a parabolic equation that occurs in this thesis. For the
definitions of more general linear and quasilinear second order equations of parabolic type, as well as their
uniformly parabolic conditions, see LADYZITENSKAYA [155, p. 11].

Let ajj, bi and ¢ belong to C @2.e(3. R]andlet ¢<0in Or.Let Z be a second order differential operator
dcfined by

0
Z = F» L, (3.1.1)
where
5= ia»-(l, x) i ib-(l, x)i+c(!, x). 3.1.2)
ij=1 ’ dxox; I ox;

Definition 3.1.5
The differential operator & defined by (3.1.1) is said to be parabolic at a point (¢, x) € Qr, if the coefficient
matrix a;j{t, x) is positive definite, that is there exist two functions A and 2 such that

0< AL, )IEIRS ia,-j(:, 0EE; A1, DNEIR, (3.1.3)
i,j=1
forall Ee Rm— (0}.1f

A, x)>0inQr,

then Z is called parabolic in Q7. If

i(l, x) Zlo)ﬂ,
for a positive number Ag then & is called almost strictly parabolic in Qr. If

At x) <K
A, x)

i
for some positive number K, then Zis called strictly uniformly parabolic in Qr, that is (3.1.3) can be

written as
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—||§||2 za,}(: X)EE SKIEI?,

=l
forall e R™, (1, x)e Oy
Let ¢ be a bounded domain in R™, Qr = (0, T]x4 for T > 0 and I'y = (0, T]xag. Letp,q e
C(+a)/2,1+a[ .| R] be nonnegative functions and let W(1, x) be the unit outward normal vector field on 74
(which belongs to the class C2*@) for ¢ € [0, T.
Consider the nonlinear second order parabolic initial boundary value problem (/BVP for short):

Pu=ht,x,u)in Qr,

PBu = ¢, x) on I'r, 3.1.4)
u(0, x) = go(x) in G,
where
pe CU+a1+al T R|, (3.1.5)
poe C2[G R], (3.1.6)
h e Co2.0([(, T]xng, R), 3.1.7)
and
du
Bu=pQ, x)u+q(, x)— . (3.1.8)
dv

Definition 3.1.6
We shall say that the compatibility conditions of order k> 0 arc fulfilled for the /IBVP (3.1.4)-(3.1.8) il

LI, Geidgon () iy 4@ ()
ZUW D)+ 49700 =) = 0 )

i=0

on d9forj =0, 1,.., k, where,

WP (=uD0, =2 “(' Ty
D¢ jy= o) 9¢(‘ x)

¢t (j)=9"(0,x)= |
and

I (o s . - o d

2[’. j(p“")(o, U, x) + g0, 1) 2, a 2 pe. e, )+ (1,0 LDy

o\ dv dv =0
We now consider the linear second order parabolic initial boundary value problem (/BVP for short)

Pu=h@t,x)inQr,

PBu = ¢, x) on Ty, (3.1.9)

u(0, x) = ¢o(x) in G
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Lct us now slale the classical cxistence and uniquencss thcorem whose proof can be found in
LADYZIIENSKAYA [155, p.320] and FRIEDMAN (94, p.144|.

Theorem 3.1.2. Assume that

@) ajj, bi,ce C“’z-“lf_zr, R], c(t,x) <0 and & is strictly uniformly parabolic in Qy;

(i) p,qe CO+21+ T, R| for p and q nonnegative functions and there exists fty> 0 such that
p 2 Ui

(iii) G belongs to class C2+,

(v) he CY2e(Q, R];

(v) ¢e CU+ORI+a[F. R)and ¢ge CHG, R];

(vi)  the IBVP (3.1.9) satisfies the compatibility condition of order |(1+@)/2].

Then the linear parabolic IBVP (3.1.9) has a unique solution u such that u e C1+2.2+2[Q, | R].

The following result provides the global a priori Schauder-type estimates for classical solutions of
IBVP (3.1.9).

Theorem 3.1.3.
Assume that the hypotheses of Theorem 3.1.2 hold. Then for any u € C 1+02.2+2[ (). R], there exists a
positive constant C which is independent of u such that

a7, < COLCr s 1l + 1ol ). (3.1.10)

2+a—
Moreover, if u is the classical solution of the IBVP (3.1.9), then (3.1.10) reduces to

1€, < camCr+ it +iipold,,). G.1L11)

2t =

Remark 3.1.2

Analogous theorems to Theorem 3.1.2 and Theorem 3.1.3 hold for the /BVP (3.1.9) with Dirichlet
boundary conditions. In this case it is requircd that ¢ € C1+®2.2+[T;., R] with the compatibility conditions
of order 1+0y2 (see LADYZIENSKAYA [155, p.320)).

We shall state some results for solutions in the Sobolev spaces Wq"z[ér, R], ¢ > 1 analogous to the
Schauder results in the Holder spaces C1+®/2.2+[(J, R]. Lel us state the following uniqueness and
existence theorem that provides us with generalised (weak) solutions of (3.1.9). Its proof can be found in
LADYZIIENSKAYA [155, p.341].

Theorem 3.1.4 Assume that

@) aij, bi,ce C“’z-"‘[ér, R), c(t,x) <0 and & is strictly uniformly parabolic in Qr;,

(ii) p.q € C(1+rz)/2,1+a
p2uy;

(iii)y  JG belongs to class C2+,

(ivy he LIG,R) forg>1;

) ¢ e W;/2~1/2q,1—1/q[1':1" R) and do € Wq2—2/q [g’ R);

(vi)  the IBVP (3.1.9) salisfies the compaltibility condition of order [(g—3)/2q).

[1_7,~, R], for p and q nonnegative functions and there exists [L1> 0 such that

Then the linear parabolic IBVP (3.1.9) has a unique solution u such that u € qu'z[é,-, R].
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The following theorem provides global a priori Agmon-Douglis-Nirenberg type of cstimates for genceralised
(weak) solutions of the /BVP (3.1.9). Its proof can be found in LADYZIIENSKAYA [155, p.342].

Theorem 3.1.5
Assume that the hypotheses of Theorem 3.1.4 hold. Then for any u € W;J[QT, R], there is a constant C
which is independent of u such that

llullwa'z [—Q' R]S C(Ilgullu [~Q. R] + ”‘%u"walz-lIZq.l—l/q [fr, R]+ "¢0"qu_2,¢ [g, R] ). (3.1.12)
Moreover, if u is a generalized solution belonging to Wq"2[gr, R], then
"“”Wq’ﬂ[ér. R]S C(IIFIIL‘,[QT' R]+"¢"w;“-"24-‘-”¢[T‘T, R]+ II¢0IIW:_2,,, 5. R]). (3.1.13)

Remark 3.1.3
Analogous thcorems to Theorem 3.1.2 and Theorem 3.1.3 hold for the /BVP (3.1.9) with Dirichlet
boundary conditions (LADYZIIENSKAYA [155, p.341]).

3.1.5 The Maximum Principle for Parabolic Equations
Throughout this thesis, we will use various forms of the maximum principle for the parabolic operator to
obtain information about the solutions of our equations. A simplc fonn of the maximum principle that we will

{ind useful is the following

Lemma 3.1.8 (Maximum Principle)
Let weC" (Qr, R] be such that Ly <0 in Qr, By< 0 on Iy and W0, x) <0 in G . Then w<0on Q.

Other forms of the maximum principle for the parabolic operator are given by PROTTER and WEINBERGER
[234] and SPERB [271]. In section 3.2 we shall develop some Generalised Comparison Theorems which are
also useful in obtaining information about solutions of our equations.

3.2 Generalised Comparison Theorems

There are important techniques in the theory of differential equations which are concemed with estimating a
function satisfying a differential equation by extremal solutions of an associated differential inequality. One
technique is available when the solution of the differential equation satisfy certain comparison theorems. A
tremendous advantage offered by theorems of this type arises from the relative ease with which one can find
solutions of inequalities as opposed to equations and the useful feature that each solution of the inequality is a
constraint on a whole class of perhaps unknown solutions. These comparison theorems are a useful tool for
proving uniqueness, existence and stability theorems for solutions. The maximum principle for parabolic and
elliptic equations is an example of such a theorem.

Our generalised particle reactor equations S,, B, form a system of up to 2n weakly coupled,
degenerate equations which may be a combination of ordinary differential equations, first order partial
differential equations and parabolic equations. The degeneracy is is not only concerned with the possibility of
D; or 9, being zero for some i but is also associated with the fact that in the case that D; is nonzero, the
Laplacian for the ¢; equations involves only the x dependent variables whereas for the C; equations it involves
only the z dependent variables. The weak coupling is also non standard in that through equation (2.1.6) the

C; 2
L. Despite these features we are

C; equations have a functional connection to the ¢; variables via I = D."é—
2 n
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able to show in this section that this system is governed by generalised comparison theorems similar in type
to those for weakly coupled parabolic systems in MCNABB [182, 186]. However, additional smoothness
properties such as the inner sphere property is used for comparison theorems and this smoothness hypothesis
together with some Lipschitz continuity conditions on f; and F; arc requircd for our generalised strong
comparison theorem. We are also ablc to show by a counterexample that only in some cases are there
analogous theorems for the corresponding time independent or steady state system.

3.2.1 Some Basic Comparison Theorems

We first require some weak and strong comparison theorems for ordinary differential equations, first order
partial differential equations and parabolic equations. Thcse weak comparison theorcms are similar in that
they assume at the outset that a solution is bounded by comparison functions and rules out the existence of a
contact point for these functions for all time. There are no restrictions on the nonlinear functions. The strong
comparison theorems are similar in that they provide stronger results for a solution bounded by comparison
functions and spells out the consequences of the existence of contact points of these comparison functions.
There are however restrictions on the nonlinear functions for such strong comparison theorems.

Weak and Strong Comparison Theorems for Ordinary Differential Equations
We shall firstly look at weak and strong comparison theorems for ordinary diffcrential cquations. The first
two theorems are from MCNABB [186] and are only included here for the sake of completeness.

Theorem 3.2.1 (Weak Comparison Theorem) Suppose that
(i) The functions cy and c; are defined and are continuous in [0, T), their first order t derivatives

exist and are uniformly bounded and continuous in the region (0, T1;
(i)  c1(0) < c2(0);

(iii) ot h(t, c;)< - h(t, ¢c;) on (0, T].
Then
ci(t) < () on [0, T].

Proof

Let us suppose that ¢; 2 ¢, somewhere in [0, T']. Then, since ¢; —c¢, is continuous in [0, T}, and c¢1(0)—
c2(0) < 0, there is a point ¢* in (0, T] such that ¢ (t*)=c,(¢*) and ¢;<c, on [0, (*). But then
(9(.‘1

ot
therefore ¢1(t) < c(¢) on [0, T).0

(t')Z%(l‘), and A(t) c;)=h(t, c;). Since this violates (iii), at ¢, no such ¢* exists in [0, T] and

If h(t, c) satisfies a Lipschitz condition then a stronger rcsult can be stated.

Theorem 3.2.2 (Strong Comparison Theorem) Suppose that
@) The functions cy and c; are defined and are continuous in (0, T), their first order t derivatives
exist and are uniformly bounded and continuous in the region (0, T];

(i)  (0) < c2(0);
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dey

dCz

il —h(t, ;) S—=—h(t, ¢,) on (0, TY;

(iii) 5 (t, ¢1) 7 (t, ¢2) on (0, T]

(iv)  The function h is Lipschitz continuous in c so that there is a finite constant K > 0 for which

Ih(t, c1) = h(t, c) <Klc; —cyl in [0, T'].

Then
ci(t)<ca(t)on [0, T].
Proof
Let us suppose that ¢2(0) — c1(0) = A > 0, and let
A
w=c +—e 2K,
2

Then
D, wy = B a2y, 1) - [A(t, w)—h(t, ¢;)]
dt dr
< [%—h(l, e+ Klw — )l —KAe X!
< & —h(t, )]+ K—Ae_ZK' - KAe 2K
dt 23

dC2
< —=—h(t, cy).
& 2)

Now w(0) < ¢2(0) and so by Theorem 3.2.1 (Weak Comparison Theorem), w < czon [0, T] and ¢; <w<c,
on [0, 7).

The following theorem is also a strong comparison theorem

Theorem 3.2.3 (Strong Comparison Theorem) Suppose that
@) The functions c| and c3 are defined and are continuous in [0, T], their first order t derivatives
exist and are uniformly bounded and continuous in the region (0, T);

(i)  c1(0) < c2(0);

dey dcy
——h(t, c))S—=-h(t, c») on (0, T];
7 (t, ¢1) = (1, c3) on (0, T

(iii)
(iv)  The function h is Lipschitz continuous in c so that there is a finite constant K > 0 for which

th(t, ¢)— h(t, o) <Kley — ¢yl in [0, T.

Then
c1(t) € ea(t) on [0, T).

Proof

w=Cy+ leth.
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Then
d
d_yzv“ h(t, w) = E‘E,l‘ h(t, w)+2KAe* " + h(t, )= h(t, c3)
< % ~ h(t, &) +2KAe* X — [h(t, w) = h(1, c))
< %Cl‘h(z, o) +2KAe*X — kX!
t
< ﬂ_ h(t, c) + KAe2Kt
dt
dC]
< —=h(t, q).
dt i

Now w(0) < ¢;(0) and so by Theorem 3.2.1 (Weak Comparison Theorem), w < ¢y on [0, T] for all A which

implies that ¢; £ ¢2.0

The following theorem provides a stronger result and spells out the consequences of the existence of contact

points of these comparison functions.

Theorem 3.2.4 (Strong Comparison (Contact) Theorem) Suppose that

@) The functions c) and c3 are defined and are continuous in [0, T), their first order t derivatives
exist and are uniformly bounded and continuous in the region (0, T];

(i) c1<cin|0, T,

dC]

dC2 S
—h(t, c))S—=-h(t, 0, TJ;
” (t, c1) % (t, cp) on (0, T

(iii)
(iv)  The function h is Lipschitz continuous in c so that there is a finite constant K > 0 for which
lh(t, c;)—h(t, c))| <Kle; —cyl in [0, T].
Then either
c1(t) < ca(t) on |0, 1],
or there is a constant Ty in (0, T] such that

c1(t) < c2(t) in (Ty, T) and c1(t) = c2(t) for all tin [0, Ty).

Proof

Either ¢y < ¢2 in [0, T] or there is some T’ in [0, T| such that ¢; = c¢2. Let Ty be the greatest such time.
Suppose that ¢ < ¢z at Ty < To. Then Theorem 3.2.2 (Strong Comparison Theorem) implies that ¢j < ¢7 in
(Ty, T] which is a contradiction and hence the theorem must follow.0

Weik and Strong Comparison Theorems for First Order Partial Differential Equations
We now look at weak and strong comparison thcorems for first. order partial diffcrential cquations. The

prool’s ol these thcorems arc cxtensions ol comparison thcorems [or ordinary diflcrential cquations that we
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have examined. We shall give such a weak and strong comparison theorem for first order partial differential

equations of the form
Jc < dc , .
le= ?_za,-(;_ x)===h(t, x ¢) m (0, T]xD, (32.1)
t

=1 i

where D is a finite domain in R™, T < o and £ has bounded coefficients a;(t, x)

Theorem 3.2.5 (Weak Comparison Theorem) Suppose that

(i) The functions cy and cy are defined and are continuous in [0, T)x D, their first order x;

derivatives exist and are continuous in (0, T)x D and their t derivatives exist and are uniformly
bounded and continuous in the region (0, T|xD;

(ll) Cy (0, X) < C?_(O, x);
(ili) c¢y<cpon (0, T)xdD;
(iv) oy =h(t, x, ¢;)<dey — h(t, x, ¢;)in (0, T1XD.

Then

c1<cyin (0, '1']><5.

Proof
Let us suppose that ¢, > ¢, somewhere in [0, T]x D. Then, since ¢, —c, is continuous in [0, T]x D, and (ii)

and (iii) hold at ¢ = 0 and (0, T]x dD, respectively, there is a point (17 x*) in (0, T1x D such that
da 96
ox; ox;
h(t’ x5 ¢))=h(5 x, c;). Since this violates (iv), at (17 x*), no such (i x*) exists in [0, T)x D.Q

. _» . _» * ey L a * »
a(ty x*)=cy(t5 x*) and ¢ <c; on [0, ")xD. But then ?(!. X )2-%(:, b and
! t

If h satisfies a Lipschitz condition then a stronger result can be stated.

Theorem 3.2.6 (Strong Comparison Theorem) Suppose that

(i) The functions c\ and c, are defined and are continuous in [0, T1x D, their first order x;
derivatives exist and are continuous in (0, T1x D, and their t derivatives exist and are
uniformly bounded and continuous in the region (0, T]x D;

(ii) (0, x) < c5(0, x);
(i) ¢1<caon (0, T)xdD;
(iv) ey —h(t, x, ¢)) S ey —h(t, x, ) in (0, T]1X D.

Then

c1<¢in [0, T)x D.
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Proof
Let

w=c, + Ae?K!,

Then
loy —h(t, x, w)= 4y — h(t, x, w) +2Ke*K + (1, x, c3) = h(1, x, ¢3)
< fey = h(t, x, ¢p) +2KAe*K —(h(1, x, w) = h(t, x, ¢)))
< ey - h(1, x, ¢)) +2KAe2K _ Kiw -l
< {ey~h(1, x, cp) +2KAe*Kt _ ka2t
< ey - h(t, x, ¢)) + KAe*K!
<ley—h(1, x, ).

Now w(0, x) < ¢1(0, x) and w < ¢; on (0, T]x dD, so by Theorem 3.2.5 (Weak Comparison Theorem), for
ordinary differential equations, w < ¢ on [0, T] x D for all A which implies that ¢y < ¢; on [0, T] % D.Q

The following theorem provides a stronger result and spells out the consequences of the existence of contact
points of these comparison functions.

Theorem 3.2.7 (Strong Comparison (Contact) Theorem) Suppose that

0 The functions cy and c, are defined and are continuous in [0, T1x D, their first order x;
derivatives exist and are continuous in (0, T)x D and their t derivatives exist and are uniformly
bounded and continuous in the region (0, T'1x D;

(i) ¢ (t, x)<cy(t, x) in [0, T)x D;
(i) &y —h(, x, ¢))S ey —h(t, x, ¢y) in (0, T]x D;

(iv)  The function h is Lipschitz continuous in c so that there is a finite constant K > 0 for which

Lh(t, x, ¢;) — h(t, X, ¢;)I< Klc, — ¢,lin[0,T]x D x R.

Then either
a1 (t, x) < ¢a(t, x) in |0, T)x D
or there is a constant Ty in (0, T) and a point x* in D such that
c1(t, x) < ca(t, x) in (Iy, T)x D and ¢, = ¢y at those points which lie in [0, Ty]x D and also lie
along the characteristic curve given by %xl—= a(t,x), x =x* at To for tin [0, Ty).
Proof

Either ¢y < ¢y in [0, '1‘]><5 or there is a constant Tg in (0, 7] and a point x* in D such that €] =cpatl

(Ty, x*) in (0, T)xD. Let dey = h(t, x, ) + A (1, x, ¢;) and dey =h(t, x, ¢3) + Ay (1, x, c;) where A} < Ay
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. — - " d
in (0, T]xD. Then along the characteristic curve %=a(l, x), x=x at Ty, we have g9, _

dC2 . dC] dt
h(t, x, )+ A, x, ) and 7=h(l, x, ¢)+ AL, x, c;) holding, so that d——-h(l, %, G)S

- 4
ddﬂ—h(l, X, ¢p) in (0, T]x D, and hence from (ii) and (iv) and Theorem 3.2.4, if ¢, (T, x* )= ¢ (Ty, x")
l —
then ¢;(¢, x) =c,(t, x) for t in [0, Ty), x on the characteristic curve and (¢, x)e [0, T]x D.Q

Weak and Strong Comparison Theorems for Parabolic Differential Equations
We now give weak and strong comparison theorems for quasilinear parabolic equations in one dependent
variable of the form

Ea_c_ i a;(t, x) Zb(l —k(: x, ¢) in (0, TxD, (3.2.2)

ij=1

where D is a finite domain in R™, T < o and Zis a uniformly parabolic operator with bounded coefficients
a;j(t, x) and b;(t, x). The boundary dD of D must satisfy the inner sphere property which requires every
point on @D to lie on the surface of an open sphere contained in D.

The following two theorems are standard. The proofs follow along the lines for comparison theorems already
discussed (see FRIEDMAN [93, 94]).

Theorem 3.2.8 (Weak Comparison Theorem) Suppose that

@) The functions ¢y and cy are defined and are continuous in [0, T)x D, their first order x;
derivatives exist and are continuous in (0, T]XB, their second order x;; derivalives exist and
are uniformly bounded and continuous in the region (0, T]|x D and their t derivatives exist and
are uniformly bounded and continuous in the region (0, T|x D;

(") CI(O, I) < 62(0, x);
(i) %oy —h(t, x, )< Ley = h(t, x, ¢3)in (0, T)1x D;

(iv)  a(, x)e + B, x)@ <oft, x)c, +B(t, x)& on (0, T)xaD,
on on
where a(t, x) 2 0, B(t, x) 2 0 on (0, T1xdD and a+f > 0 at each point.
Then
c<cin|0, ']‘]><_15.

If, A(t, x, c) satisfies a Lipschitz condition, then a stronger result can be stated.

Theorem 3.2.9 (Strong Comparison Theorem) Suppose that

i) The functions cy and cy are defined and are continuous in [0, T]XB, their first order x;
derivatives exist and are continuous in (0, T) XB, their second order x;j derivatives exist and
are uniformly bounded and continuous in the region (0, T)x D and their t derivatives exist and

are uniformly bounded and continuous in the region (0, T1x D;

(ii) 10, x) €¢,(0, x);
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(i) Ly —h(t, x, )<Y, - h(1, x, ¢3)in(0, T1x D;
) d 0
(v)  at, x)e; + B, ) 2L < alt, x)ey + Bty x)22 on (0, T D,
on on
where a(t, x) 2 0, B(t, x) 2 0 on (0, T')xdD and a+f > 0 at each point,
v) The function h is Lipschitz continuous in ¢ so that there is a finite constant K > 0 for which
Lh(t, x, ¢;) = h(t, x, ) < Kley—cyl in [0, TIXDXR.
Then
a<cyinl0, T]xD.

The following theorem provides a stronger result and spells out the consequences of the existence of contact

points of these comparison functions.

Theorem 3.2.10 (Strong Comparison (Contact) Theorem) Suppose that

i) The functions c) and cy are defined and are continuous in [0, T]XB, their first order x;
derivatives exist and are continuous in (0, T)x D, their second order x;j derivatives exist and
are uniformly bounded and continuous in the region (0, T1x D and their t derivatives exist and

are uniformly bounded and continuous in the region (0, T]xD;
(ii) ¢ <¢cyinl0, 'I'JXB;
(iii)) %L —h(t, x, )< Py — h(t, x, ¢3)in(0, T)x D;
Giv)  a(t, x)eq + B, x)ﬁs a(t, x)cy + B, x)@- on (0, T1xdD,

on on

where a(t, x) 20, B¢, x) 20 0n (0, T)xdD and o+ > 0 at each point,
(v)  The function h is Lipschitz continuous in c so that there is a finite constant K > 0 for which

lh(t, x, ¢1) = h(t, x, )| S Klcy— ¢yl in [0, TIXD X R,
Then either

¢ <cy in[0, T)x D, (3.2.3)
or there is a constant Tg in (0, T) such that

c<cy in (Ty, TIXD and ¢;=c, in [0, Ty]xD. (3.2.4)

If B> 0o0n (0, TIxdD, (3.2.4) can be replaced by the stronger result

cy<cy in (Ty, TIX D and ¢;=c, in [0, To]xD. (3.2.5)
Proof
Define functions vy and v, by

6= e Ky, ¢y =eKt,y, (3.2.6)

where K is the Lipschitz constant for A, so that
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v <v,in[0, T)x D, (3.2.7)
and

Py < B, in (0, T]x D. (3.2.8)

Either v; < vy and hence ¢y < ¢z in (0, T'] % D or there is a Toin (0, T'] such that vy < vy in (T, T]X D and

v1 = vz at a point P in D at time Tg. But if P is in D, this implies that v; = vy and hence ¢1 = ¢3 in

[0, Ty) % D by the strong comparison theorem of Nirenberg for parabolic equations (NIRENBERG [204]). On
M M oap

dn  dn

at P. In this case the strong

the other hand, if v; = vy at P on dD at time T, and 8 > 0 on (0, T]xdD, then from (v),

3V2 avl 8v2

. ' i e OV
while at the same time, from condition (iii), — > —2 there, so that —-

n n n n
comparison theorem of Friedman implies v = v, in [0, Tp]x D (FRIEDMAN [93]), so that our conclusions
(3.2.3) and (3.2.5) are established. If B can vanish on (0, T]x dD, there is a T such that v{ < v in

(Ty, TIx D and vy = vy at a point P in D at time 7. The Nircnberg thcorem then establishes (3.2.4).0

3.2.2 Generalised Weak and Strong Comparison Theorems

We have developed a number of comparison theorems for scalar equations. Extensions of these results to
systems of equations where ¢y, c2 and 4 are taken as n-vectors in previous theorems will not do. A simple
counterexample for ordinary differential equations is given by MCNABB [186] and a counterexample for
multicomponent diffusion systems is given by WAKE [302]. However, an extension can be obtained by the
concurrent use of upper and lower bounds in the formulation of the comparison theorems by redefining A.

We therefore look for comparison theorcms for the system §,, B, by defining the following functions

S x, ¢, ©) = inffill, x, 6)), (3.2.9)

Fit, x, ¢ @) = sup fi(t, x, 6), (3.2.10)

Fi(t. 2, Cy, C1) = inf Fi(4, 2, ©)), (3.2.11)

F(t 2, Cyp Ci) = sup Fi(1, 2, ©)), (3.2.12)
for

6;=¢;in f,6,=Cin f, - (3.2.13)

©,=C;inF;,0,=C;inF, (3.2.14)
where,

e{c A(.‘ o vr] (3.2.15)
;:Ji =/
ﬁ,e[c ~Cj, C;vCjl, (3.2.16)

i.e., 6 lies in the closed interval bounded by ¢; and ¢; for all j # i and 6} lies in the closed interval bounded
by Qj and (—L-‘j forall j #1.
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Theorem 3.2.11 (Generalised Weak Comparison Theorem)

Suppose (c;, C;) is a solution of the system S,, B, and the functions c;, ¢;, C; and Ci are defined and

satisfy the following continuity properties and inequalities:

)

(ii)

(iif)

(iv)

v)

(vi)

(vii)

(viii)

(ix)

(x)

(x1)

For components i€ l, where D; > 0, ¢;, c; and C; are continuous in [0, T1X QX A, their first-
order xj-derivatives exist in (0, T|X£2 X A, their second order xxi-derivatives and first order

t-derivatives exist and are continuous and uniformly bounded in (0, TIX Q2 X A;

For components i€l, where D;=1l; = 0, ¢;, c; and C; are continuous in [0, TIXQ2x A and

their first order t-derivatives exist and are continuous and uniformly bounded in (0, T]X 2 X A;

For components i€ J, where 9;> 0, C;,C;and C; are continuous in [0, T)X A , their first order
z derivatives exist in (0, T]x A, their second order zjzy-derivatives and first order t-derivatives

exist and are continuous and uniformly bounded in (0, T]X A ;

For components i€ J, where D; =0, u-VC; #0, C;, Ciand C; are continuous in [0, T]X/T,
their first order zj derivatives exist in (0, TIX A and their first order t-derivatives are

continuous and uniformly bounded in (0, T1X A ;

For components i€ J, where D; =0, u-VC; =0, Ci,Ciand C; are continuous in |0, I'|x A and
their first order t-derivatives exist and are continuous and uniformly bounded in (0, T]x A ;

€;<Ci<C inQxAandC,<C;<C;inA att=0, (3.2.17)

& DViey~ 1% 640 B)

a! ] . ot I
‘i’; -DV2¢, - £(t, x, ¢;) (3.2.18)
<‘;—i—DV2 f (t, x, ¢, @) in (0, TIxExA;
dg; _dg I,
—077< o < o on (0, T1x082xA; (3.2.19)
ag; g oc; _ .
D;~- = ~H{(C;~¢;)<D 55, —H,(C;,—¢))<D ——H (Ci =) on (0, TIXOQxXA; (3.2.20)
oL, - @V2C, +u-VC, +H; C;—¢)-F, (e
e +uVC +H | 20, =)L 2.C,. C
dC; 0] _ :
<= BVIC +u- VG, +11ija!22 (C;—c)-F(t, 2, C)) (3.2.21)
<a—a-g}v2‘é-+u-v6-+u-j (C.—G)-FE(, z, Cp, C)) in (0, TIXA;
31 I I 139—2 i i i\by &y Loy ' ’

Ci1<Ci1 <Gy, (3.2.22)

V1= —u-ny is uniformly bounded and continuous in (0, T]Xd A,
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QI + $%= vlci,]! u G+ Qg—i‘L: U]Cl',], Ulai + Eﬁ‘%i—l= U]gi‘l on (0, T]xdAy, (3.2.23)
1 1

1

so that
Jc —
vyC,+9 —‘ <vC+9% (9_< vCi+P=— 96 on(0, T1x dAy; (3.2.24)
unl 5 1 c?nl
G ) i
(xii) oC; < 56 < a; on(0, TIXdA,, =2, 3. (3228)
ony Ong Ong

Then ¢;<c; <t; in [0, T]xaxA and C;<Ci<C; in |0, TIxA.

Proof
We will only look at the case when D;, 9; > 0 [or all i. The proofs for the other cases follow along similar
lines of Theorem 3.2.1 (Weak Comparison Theorem) for ordinary differential equations and Theorem 3.2.5

(Weak Comparison Theorem) [or [irst order partial dilferential cquations.
Weletu; =c; —¢; and v; = c; — C; in [0, T)x Q2 X A and U;=C;—C, and V.=C;-C; in [0, TIXA.
Then if the conclusion is not true then either there exists a point (¢5 x5 z*) in [0, T]x Q x A and an index
iel such that u;(t, x, 2)S0SV(t, x, 2) on [0, I"IXQ XA, j # i and w(t, x,2)<0<v(t, x,z) on
[0, *]1xQ2 XA, or there exists a point (/7 x*) in [0, TIXxA and an index i€J such that
Ujt, 2)S0<V(t, z) on [0, ' ]x A, j# i and U;(t, 2) <0< Vi(t, z) on [0, 1) X A,
.

Suppose [irstly that there exists such a point (t% x% z*) in [0, T]x 2 x A. By continuity, we have
either ;(¢5 x5 z*)=0or v;(1; x; 2*)=0.

Ir (5 x% 2*)€(0, T1x 382, X A, then cithcr 7) L<0or é; £ > (), which is impossiblc by (viii)
on on

If (65 x5 z2°)e(0 ,1)x2x A, then (¢5 x5 z*) is cither a point of minimum of u; or a point of maximum
of v; and these minimum and maximum values at these points are cqual to zero. Hence if (15 x) z*)e
(0, T)x 2 x A, we have either

2
8,**

P T aui & *
(6 5 2%)=0, gj(: 5. T=i0y 2,123 =0, x1%")20
or
, 2
v i &, @ )=0, ﬂ(z x, «9)=0, 2,12‘; 2(:, o ETHEI).
an

Suppose that the [irst alternative holds, then it implies that at (17 x, z%),
gt & )=g, x 27,

Y & D=y, & 15,
i ox,
n 2 : &2 .
. ‘“5(:’: X ) x, 2(: X\ 2))20.

* 2*). Since 24 = 2 (¢, _¢,)<0 also, it follows that

Thus V2u, =V2(¢;—¢,)>0 at the point (¢} x
o ot
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dc; dg; )
a—t‘— > ~D,V2c,+D;Vi¢; <0.

Hence, we have

i—!—D,Vf‘hl £, x,c,c,cf)>g—i—DV2 - filt, x, ¢;),

*

at the point (% x’ z*) which is a contradiction.

If (¢) x5 2')€(0, T]x 90, x A, then either D"%Htliul- <0 or Di%+H‘-v‘~ >0 and so there must exist a
point (5 z*) in [0, T]x A and an indcx i € J such that U;(t, 2)SO<V,(1, 2) on [0, "IxA,j#i and
U1, 2)<0<Vi(t, z) on [0, t*) X A

Suppose there exists such a point in [0, T]x A . By continuity, we have either U;(t 2*)=0 or
Vi(1s 2*)=0.

If (¢ 2*)e (0, T1x A, then (5 z*) is either a point of minimum of U; or a point of maximum of V; and these
minimum and maximum values at these points are equal to zero. Hence if (¢} z*)e (0, T]x A, we have
either

oU; B o 92U
U(ts 2')=0, —=(1% ) =0, Y 22— %) 20,
(1} 2 az,.( 2") g.&%( z")
or

v.(t’ 2*)=0, %cat 7 )=0. zzf%at 2')<0.

J
Suppose that the first alternative holds, then it implies that at (¢ z*),

C,(es 2*)=C(1’ 2°),

agj * _* _aCj * %
h(?_;;:-_( . & )—azj(!. Z )s
R 2*C.
2 iew w9 i v »
;"'(azf ) %) («s 2'))20.

Thus VZUI- =V2(C‘- ~C;)=0 at the point (¢} z"). Since Q{%:é{(q —C;)<0 also, it follows that
t t

agx 2 aC 2
A Q‘.+u-VQ,.+H,J'aQZ(C W’> == c,-+u-vc‘-+u‘-jmz(c‘-—c,.).

Hence, we have

()C

b

~ @V2C, +u-VC +uja (C;~€)-F:(, 2, C,. Cp)
C—9V2C+u VC+HL?Q(C a)=F@ % Cj)

at the point (¢ z*) which is a contradiction. The second alternative is treated similarly.
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If (7 2")e (0, T)x dA;, then VU, + 9,%-(1—‘ <0or vV + _(D‘g—v—' > (), which is impossible by (ix).
mn ]

If (¢ 2*)e (0, T]x A, @ =2, 3, then either ﬂ <0or ﬂ > (), which is impossible by (xii).

ongy ong
Thus, we get u; (¢, x, z2)<0<v;(t, x, z) on [0, T) x Qx A and U;(t, 2)<0<Vi(¢, z) on [0, T)x A for all i.
We would arrive at the same conclusions if we suppose firstly that there exists such a point (¢} z*) in
[0, T)x A and this proves the claim of the theorem.Q

If f; and F; satisfy a Lipschitz condition of the following form, a stronger result can be stated which allow
general inequalities in (3.2.17)—(3.2.25). We shall need the following assumption on f; and F;.

(Hy) £ and F; satisfy a uniform Lipschitz condition in c; and C;respectively on any finite interval, so that
there are positive constants k; and K; such that

Lfi(t, x, (_-J.)_fl-(;, X, c:-‘)f*_ﬁk,- sup (ch—c;D,
J (3.2.20)
\F(t, 2, Cj)=F(t, 2, C)ISK; sup (IC;—C]l).
J

It can be shown that our assumptions (H;) of Lipschitz continuity properties [or the functions f;, F; with

respect 1o the variables cj and C; imply similar propertics for _f‘,, £, Fiand F in the variables ¢, ¢, C, and
C,. We will first require the following lemma:

Lemma 3.2.1
Suppose that we choose the points x1, X2, y1 and y; where xj < y1 and x3 < y2 and suppose that there
exists O € [x1,y1]. Then we can always find ¢ € [x3, y2] such that

min 10— ¢l < max(lx; — x;l, ly; = y,l).
]

Proof

Either 6 € [x3, y2]) or 6 € [x3, y2]. If 8 € [x3, y2], we may lake ¢ = 0 so that min 16—¢l = 0. If
0 ¢ [x2, y2], then either 6 < x5 or 6 > y;. If 6 < x3, then x; <0 < x; and we may la¢ke ¢ = x2 so that
m;‘n 16 — @l = 60— x3 < Ix;—xal or if 6> y;, then y; > y; and we may take ¢ = y; so that m’;'n 16— ¢l = 6 -y,

< ly1—y2l. Hence, we can always find ¢ € [x2, y2] such that min 16 — ¢l < max{lx; — x,|, ly; — y,1}.0
¢
We are now able to prove the following

Lemma 3.2.2
Our assumptions (M) of Lipschitz continuity properties for the functions f,, F; with respect to the
variables cj and C; imply similar properties for _f‘ f" F,and T, in the variables c;, ¢, C, and C, and

so there are positive constants k; and K; given by (H1) such that

LL%, 80 8D~ 1 (6 85 € S & skup(lgk~gfl, 15, ~2),
- . ' (3.2.27)
LfiCt %, o )= it x, € ) S K slgp(lgrgzl, 16—~ c),
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and
\F(t, 2, Cr C)=Fi(t, 2, Cy, C') < K; skup(lgk—g:I, IC,—C}),
b

_ _ _ _ (3.2.28)
\F(t, 2, Cy, C))-F(t, 2, C}, C) < K; W(lgk—gzl, IC,-C{*1).

Proof
We will only prove the first inequality. The other inequalities follow similarly.

and c*~<E* so that If(l X, Cp» C1)— f(t, s Gp s 'c',*)l =

J
¢;] and 6 € [c*

Assume without loss of generality that ¢ ‘<Ei

VACES-B (S 6) ), where by dcﬁmuonG € ke, 8 €, Cj
|f(t, X, G)Zf(ly X, e)l' Then lf(l! X, 6)_f([1 X, e)l - f(l’ X, 9)_f(t’ 28 ¢1), where ¢j is L

point in [c -] By Lemma 3.2.1, we can choose @ so that min 16;-¢;l < max Ic; —c] 1, IZ; —c*l} for
%

¢¥] for all j. Suppose that

all j. Then for this choice of ¢,

Ifi(t, X, 6,)= fit, x, 67 < k; 16, — 9]
= ki sup 16; - ¢l

< k; sup(lc; —cjl, Ic; -},
J
for all j and the theorem follows .4

This theorem is the basis for the following comparison theorems for solutions of the system S, B

Theorem 3.2.12 (Generalised Strong Comparison Theorem)
Suppose (c;, C;) is a solution of the system S,, B, and the functions ¢;, ¢;, C; and Ci are defined and
satisfy the following continuity properties and inequalities

@) For components i€ I, where D; > 0, ¢;, ¢; and ¢; are continuous in [0, T) X QX A, their first-
order xj-derivatives exist in (0, T]x Q X A, their second order xpx-derivatives and first order
t-derivatives exist and are continuous and uniformly bounded in (0, T]X 2 X A;

(ii) For components iel, where D= H; =0, ¢;, c; and C; are continuous in [0, T]xﬁx A and
their first order t-derivatives exist and are continuous and uniformly bounded in (0, TI1X Q2 X A;

(ii)  For components i€ J, where D; >0, C;, C;and E,- are continuous in [0, T]x A, their first order
z derivatives exist in (0, T1X A, their second order zjzi-derivatives and first order t-derivatives
exist and are continuous and uniformly bounded in (0, T]X A ;

(iv)  For components i€ J, where 9; =0, u-VC; #0, C;, C; and E,- are continuous in [0, T)x A ,
their first order zj derivatives exist in (0, TIX A and their first order t-derivatives are

continuous and uniformly bounded in (0, T]X A ;

v) For components i€ J, where D;=0, u-VC; =0, C;,C;and a are continuous in [0, TIX A and

their first order t-derivatives exist and are continuous and uniformly bounded in (0, T]x A ;

(i) ¢ <ci<gin QxA and Ci<Ci<C;in Aart=0; (3.2.29)
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(vii) a5 —=L_ DR ~ [ % 4y @)

RO
< %— D‘-Vic,- - f:(t, x, cj) (3.2.30)
s%—C‘—DVZ_ f (4, x, ¢, ) in (0, T|XQXA;
(vii) ?m 3; f on (0, TIXQXA; (3.2.31)
. dc, aq ot _ , _
(ix) D; 8—_ H,(C,; QI)SDia__ H(C;—c;)<D; 8__ 11(Ci—¢;) on (0, TIXI2XA; (3.2.32)
n
(x) 9L, ~@V2C, +u-VC, +H, C;-¢,)-F, .. C
X = +u- + L) (C;-¢;))-F;(t, 2, Cy, Ct)
aC, i 2
-8 BVC, +u-VC, + H, j o, (=)= Ft,2,C)) (3.2.33)
‘ZC' BV2C; +u-VC; +H_[ —&)-F(, 2z, Cy, C1) in (0, TIXA;
(Xl) Q£.1 < Cl',l < a',l ¥ (3.2.34)

vi=—u-ny is uniformly bounded and continuous in (0, T)xdA,

m = U] Lits Uic + EE_C = 'U1C| 1» Vg C| + g gk = U|€i,] on (0, T]X{?Ah (3.2.35)

ony ony
so that
a J.
v, C; +9)-;—-—< v,C, +E§ <131C.+92— on (0, T1x dAy; (3.2.360)
m ony
. 0C; aC; _dC;
(xii) =L —L< & on(0, T1xdA,, =2, 3; (3.2.37)
ong, Oony, Ony,
(xiii) f; and F; satisfy the uniform Lipschitz condition (IH1).
Then c;<c¢;<¢; in [0, T]xﬁx A and Ci <Ci<Ciin|[0, T]x?{-
Proof
Construct the functions :
ct=¢-1e", et =t +2e",C}=C;-2e™, C* =C, +Ae", 1> 0, k> 0. (3.2.38)

The conditions of Theorem 3.2.11 (Generalised Weak Comparison Theorem) can be shown to be satisfied by
these functions. We give the details for the only difficult aspect; to show that assumptions (vii) and (x) can
hold for all A > 0 if «kis large enough. Our assumptions of Lipschitz continuity properties for the functions f;
and F; with respect to the variables cjand C; imply similar properties for Lo fi, F.and T, in the variables

¢y ¢, C, and C; by Lemma 3.2.2. The inequalities (3.2.30) and (3.2.33) in assumptions (vii) and (x)
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A

follow for our functions ¢}, &%, C* and C* if « is choscn bigger than &, k;, K; and K;. We givc the

argument for the first inequality of (3.2.30):

[%—D‘-VZQ - fi@, x, (:j)]—[%—DiVigf = fildg x5 9 GN]

=€+ AkeX + f(1, x, ¢, — A€ G +Ae™) - £(1, x, e, &Y

2 €+ A(K—k;)e" 3.2.39)
>0,

where €= [%—Divzq— =filtex; cj)]—[%—DiVig‘- —I‘,(l, x, ¢4, €)1 > 0 from (3.2.30).
The other inequalities follow in a similar fashion. Hence for all A > 0, we have [rom Theorem 3.2.11,

¢t <ct < in[0, TIxQ2x A and €} <C} <CPin (0, T]X A, (3.2.40)
and therefore in the limit as A tends o zcro,

¢; <S¢ <Cinf0, TIX2 XA and C;<C; <C;in [0, T]X A, (3.2.41)
and the result follows. O

We havc scen some generaliscd weak and strong comparison thcorcms. Whilc these thcorems are usclul for
solutions of S,, B, where initial values at ¢ = 0 are given, they provide no information about the steady state
solutions for which only boundary value data is given. The following theorem provides a stronger result and
spells out the consequences of the existence of contact points of these comparison functions. Its corollary
provides uselul information about the steady state solutions.

Theorem 3.2.13 (Generalised Strong Comparison (Contact) Theorem)
Suppose (c;, C;) is a solution of the system S,, B, and the functions c;, ¢;, C; and C; are defined and
satisfy the following continuity properties and inequalities:

@) For components i€ l, where D; > 0, ¢, c; and ¢c; are continuous in (0, T]xﬁx A, their first-
order xj-derivatives exist in (0, T]x Q % A, their second order xjxi-derivatives and first order
t-derivatives exist and are continuous and uniformly bounded in (0, T]x 2 X A;

(ii)  For components iel, where D;=Il; =0, ¢, ¢; and ¢; are continuous in [0, TIx2x A and

their first order t-derivatives exist and are continuous and uniformly bounded in (0, T]xQ2 X A;

(iti)y  For components i€ J, where D;> 0, C;, C;and E; are continuous in [0, T]x A, their first order
z derivatives exist in (0, T]x A , their second order zjz;-derivatives and first order t-derivatives
exist and are continuous and uniformly bounded in (0, T]x A ;

(iv)  For components i€ J, where @; =0, u-VC; #0, C;, C;and C, are continuous in [o, T]X/T,
their first order zj derivatives exist in (0, TIxA and their first order t-derivatives are

continuous and uniformly bounded in (0, T]x A ;



3.2 GENERALISED COMPARISON THEOREMS 39

)

(vi)

(vii)

(vii)

(ix)

()

(xi)

(xii)

(xiii)

Then
@

an

For components i€ J, where D;=0, u-VC; =0, C;, Ciand C; are continuous in |0, T)x A and

their first order t-derivatives exist and are continuous and uniformly bounded in (0, T]x A ;

¢; <S¢ <¢ in [0, TIXQ2 x A and C; < C; <Cm[0 TIXA; (3.2.42)
dc;
az -DVig, =f6 % 0, D
< ?91 —DVie —f( %, ;) (3.2.43)
é%‘?f-D;VEE; ~Fi(t, x, 0 T) in (0, TIXQXA;
dg; (9c
Q% A; g B4
(9’! an (9,1 on (0, T]xdEyx ('3'2 44)
3c ac; It - o
=L H(C,~ )< D=L~ I1,(C; = ;)< D=L~ 11;(Ci = T}) on (0, TIXIQxA; (3.2.45)
07n on on
JC; 2 =
= - GVC, +u-VC ;[ (Ci—e)=Filt, 2 Gy, C1)
o0, =
<£—9V2C‘+u-VC+HJ C,-c)-F(,z C)) (3.2.406)
= (91 1 1 t 1902 [ ‘1 pATe 2y *

JCi _ _ _
=1 @V2Ci+u-VC; +/1,-J'aQz € -T)-T(t, 2, Cy» C1) in (0, TIXA;

Ci1£Ciy <Gy, (3.2.47)
vi=—u-ny is uniformly bounded and continuous in (0, TIXJA,,

v, C; + 9}%: v Ciy UG+ EBQQ =0Ciqj, NCi+ 9}@= v,Ciyon (0, TIxdA;,  (3.2.48)
m

5‘ n 2 ' aﬂl
so that
v,C; +.‘§J <U1C +E?J <v,C.+£ﬂ— on (0, T1x dA; (3.2.49)
ony on ony
o€, . % <2Ei on(0, T1xdA,, =2, 3; (3.2.50)

on, Odn, dng

f; and F; satisfy the uniform Lipschitz condition (H,).

For components i € I, where D;, H; >0, D50, either ¢;<c;<c; in (0, T]><5><A and C; <Ci <Ci
in (0, TYX A or there are constants T; in (0, T] such that ¢; <¢; <c; in (I, TIxQ x A, C; =G
(orci=¢;)in[0, T;Ix2x A, Ci<Ci<Ciin(T;, T)XA and C;=C, (or C;=C;) in [0, T;)x A

For components i€ |, where D;, H;>0, D; =0, u-VC;#0, either ¢;<¢;<t; in (0, T]x QxA
and Ci<Ci<Ci in (0, TIx A or there are constants T;in (0, T] such that ¢;<c;<T; in
(T, TIX2 XA, Ci<C <Ci in (1, T1x A and there is at least one point z* in A such that
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(1)

1)

V)

(VD)

(VII)

Proof

c;=7¢ (or c¢;=¢)in [0, 'I}|><§XA and C,E(:- (or C;=C;) in |0, ’I;|x7f along the

characteristic curve given by d—z=u(l, z),z =z"at T;for tin |0, T;] or until z reaches the
!

boundary JA.

For components i€ l, where D;, H;>0, 9; =0, u-VC; =0, either ¢, <c;<c; in (0, TIXQ x A
and Ci<Ci<C; in (0, T)XA or there are constants T in (0, T) such that ¢;<c;<€, in
(T, TIXx QX A and Ci<Ci<C; in (T;, T)x A and there is at least one point z* in A such that
c;=¢ (orci=c)in|0, 7}]x!_2xA anquC_‘,-(orC.-EQ;) in [0, 'I}]foortin (0, T}) at 2*.

For components i€l, where D;= 11,=0, either ¢;<c; <c; in (0, T]xﬁxA or there are
constants T;in (0, T) such that ¢;<c;<¢; in (T}, TIXQ X A and there is at least one point
(x* 2*) in Q%X A such that ¢;=T; (or c;=¢;) in [0, ;)X Q" x A for t in [0, T;] at (x* z¥),
where Q™ is some simply connected part of Q containing x*.

For components i€ J, where D,= H;=0, D; > 0, either C; <Ci<C;in 0, TIx A or there are
constants T; in (0, T] such that Ci <Ci <C; in (T;, T] x A and C; EC_',- (orC;=Ci)in [0, T;]x A.

For components ie ], where D;= H;=0, 9, =0, u-VC; 20, either C; <Ci <C; in (0, T]X/T,
or there are constants T; in (0, T] such that C; <Ci <Ci in (1;, T % A and there is at least one
point z* in A such that G EC_“- (orC;=C;)in [0, T;]X A along the characteristic curve given by
7: =u(t,z),z=2"at T; for tin [0, T;] or until z reaches the boundary dA.

For components i€ J, where D;=H;=0, ;=0, u-VC; =0, either Ci<Ci <C;in (0, T)x A or
there are constants T;in (0, T] such that C; <C; <C;in (1;, T % A and at least one point z* in
A such that C;=C, (or C;= C)in |0, T} A for tin|0, T;] at z*.

Let us define

and

¢:(t, x, w;)= f:(t, x, ct) where ¢ = u; and cf =¢;lor j#i, (3.2.51)

@,(t, 2, U)=F (1, z, C}) where C; =U;and C; =C; for j #i. (3.2.52)

Then from (vi) and (ix), we have,

80 dc e,
—+ H; _D-—+H'c <D,—+Hg,, (3.2.53
Digu tHie=big, on )
from (vi), (vii) and the definition of £, £, and ¢;, we have
dc 2 2 Jc 2 _
T—D,Vx ¢ —9:(t, x, ¢ )<——DV — ¢, (1, x.c)\’-jL DVt - ¢;(1, x, C)), (3.2.54)
4
and from (vii), (x) and the definition of F;, and @;, we have,
oC. 2
T_‘ - BV°C,+u-VC, + 4 C, - Pi(1, 2, C,)
[
< 9 _ DV2C; +u-VC; + HSC; - Di(t, 2, C;) (3.2.55)

ot
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aC; - - - -

sa—!‘— DV2Ci +u-VCi+ H/Ci — D1, z, Ci).

The inequalities governing the functions ¢;, ¢;, ¢;, C;, C;and C; are now all uncoupled and our conclusion
is a consequence of Theorcm 3.2.4 (Strong Comparison (Contact) Thcorem) for ordinary differential
equations, Theorem 3.2.7 (Strong Comparison (Contact) Theorcm) for first order partial differential

equations and Theorem 3.2.10 (Strong Comparison (Contact) Theorem) for parabolic equations.

)] For components i € I, where D;, I; >0, D;>0, either ¢; <c; <T; in (0, T]x QxA and C; <Ci<C;
in (0, T]x A, or there are constants T; in (0, T) such that ¢; < ¢; <¢; in (T, T)x2 x A, Ci<Ci<C; in
(T;, T)x 7, ¢;=¢; (= ¢;) at a point (T;, x*, z*), where (xf z*)e!_2x A and C; =C-‘,~ (= C,) at a point
(1, z*) where z* € A .

Suppose that ¢; =¢; at a point (T}, ok z*). Theorem 3.2.10 then implies ¢; =¢; in (0, T;] XQ*xXA,
where ©* is some simply connected part of 2 at (7;, z*) containing x*. Condition (ix) shows C; =C; at
(1;, 2*) and hence C; =C; in [0, 1;] x A . This samc result is obtained (rom the alternative assumption that
C;=C; at a point (1}, z*). Condition (x) now implies ¢, =%, on dQ2xA at (=T, and hence ¢, = in
[0, T]xQ2 x A and C;=C, in [0, T,]x A

(II)  For components i € [, where D;, H; >0, 9, =0, u-VC; 20, either ¢; <¢; <¢; in (0, T]x Qx A and
Ci<Ci<C; in (0, Tx A, or there are constants T; in (0, T] such that ¢; <¢;<¢; in (T, TIXQ XA,
C,<C.<C:in(1;, T)x 8 ¢;=C, (= ¢;) ata point (7}, x*, z*), where (x’f z*)e.(_fx A and G; =C_‘,- (=C)
at a point (T}, z*) where z* € A .

Suppose that ¢; =¢; at a point (T}, x", z*). Theorem 3.2.10 then implies ¢;=¢; in (0, 7;] xQ*x A,

where Q" is some simply connected part of £ at (7}, z*) containing x*. Condition (ix) shows C; = C: a
(T;, z*) and hence C; =C; (or C; = C;) in [0, 7;]x A along the characteristic curve given by = =u(t, z),
z=2z"atT; for ¢ in [0, 7;] or until z reaches the boundary dA;. This same result is obtained from the
alternative assumption that C; = C; at a point (7}, z*). Condition (x) now implies ¢, =C, on dQ2x A at t=T;
and hence ¢, =¢, in [0, .)x2xA and C;=C; in [0, ;)X A along the characteristic curve given by
d—j= u(t, z),z= 2" atT; for t in [0, 7;] or until z reaches the boundary dA;.
(1)  For components i € /I, where D;, H; >0, 9; =0, u-VC; =0, either ¢; <¢; <T; in (0, T]x Qx A and
Ci<Ci<C; in (0, T]x A, or there are constants T;in (0, T] such that ¢; <¢c;<¢c; in (T;, T]><5>< A,
Ci<Ci<Ciin(T, TIXA, c.=C, (= ¢;) atapoint (T}, x, z*), where (x, z*) €2 x A and C;=C, (=C,)
ata point (T}, z*) where z* € A .

Suppose that ¢; =c; at a point (7;, x*, z*). Theorem 3.2.10 then implies ¢, =¢; in (0, T}] XQ*X A,
where ©2* is some simply connected part of Q2 at (T}, z*) containing x*. Condition (ix) shows C; = C al
(T,, 2*) and hence C;=C; in [0, T.]x A at z*. This same result is obtained from the alternative assumption
that C; = C, at a point (7}, z*). Condition (x) now implies ¢, =Z, on d2x A at =T, and hence c, =, in
(0, ;I1x2x A and C;=C; in [0, T])x A fortin [0, T;]atz*in A.

(IV)  For components i € /, where D; = I; =0, either ¢; <c; <¢; in (0, T|x Q x A, or there are constants
T;in (0, T] such that ¢; <¢; <¢; in (T}, T]x 2 x A and ¢;=¢, (=¢;)atapoint (T;, x*, z*), where (x* z*)e
QxA.

Supposc that ¢; =¢; ata point (7;, X z*). Theorem 3.2.4 then implics ¢; =, in (0, T;] xQ*x A, al
(x* z*), where Q" is some simply connccted part of Qat (7, z*) containing x*.
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(V)  For components i € J, where D;=H,;=0, 9; > 0, either C; <C; <C; in (0, T]x A, or there are
constants T in (0, T] such that Ci <C; <C; in [0, 7;]x A and G =C_‘l» (=C,) at a point (T}, z*) where
e,

Suppose that C; =C, (= C,) ata point (7}, z*). Theorem 3.2.10 then implies C; = C; in [0, T;]X A .

(VI)  For components i € J, where D;=H; =0, D; = 0, u-VC;#0, either C; <C; <C; in (0, T]x A, or
there are constants T;in (0, T] such that C; <Ci <C; in (T, T]x A and C;=C, (=C;) at a point (T}, z*)
where z* € /T,

Suppose that C; = C; (=C,) at a point (T;, z*). Theorem 3.2.7 then implies C; =C; (or C; = C;) in
[0, T;] x A along the characieristic curve given by d—: =u(t, z),z=2"at T; for ¢ in [0, T} or until z rcaches
the boundary dA;.

(VII) For components i€ J, where D; = H;=0, @; = 0, u-VC;=0, either Ci<Ci<Ci in (0, T]x A, or
there are constants T; in (0, T) such that C; <C; <C; in (T,, T]x A and C;=C, (= C,) at a point (T}, z*)
where z* € A |

Suppose that C; = C_‘, (=C;)atapoint (7}, z*). Theorem 3.2.4 then implies (Ch E.a (orC;= C))in
[0, T;)x A for tin [0, T;) at z*.Q

Animmediate corallary that is independent of time ¢ is the following where we assume that the functions f;

and F; arc independent of ¢, so that f‘, f F,and F, arc independent of ¢,

Corollary 3.2.1
Suppose (c;, C;) is a steady state solution of the system S,, B, and the functions c;, ¢;, C, and Ci are
defined and satisfy the following continuity properties and inequalities:

i) For components i€ I, where D; > 0, c;, ¢; and C; are continuous in 2 X A, their first-order x;-
derivatives exist in QX A and their second order xp-derivatives exist and are continuous and
uniformly bounded in Q2 x A;

(ii) For components i€ I, where D;= H; =0, c;, ¢; and C; are continuous in OQxA:

(ii)  For components i€ J, where D; >0, C;,C;and C; are continuous in A, their first order z
derivatives exist in A and their second order zjzy-derivatives are continuous and are uniformly
bounded in A;

(iv)  For components i€ J, where 9; =0, u-VC; #0, C;, C;and a are continuous in A and their
first order z; derivatives exist in A and are uniformly bounded in A;

(v) For components i€ J, where 9;=0, u-VC; =0, C;,C,and 6,- are continuous in A ;
(Vi) ¢ <¢<TinQxAand Ci<Ci<CiinA; (3.2.56)

(viiy =DVic,— f(x, ¢, @) ~DVie; — fi(x, ¢;)S-DV3G = fi(x, ¢y E)in QxA; (3.2.57)

. de; _ de;
2
(viii) - <

on

55 o BREE (3.2.58)
n
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(ix)

(x)

(xi)

(xii)

(xiii)

Then

@

an

(1II)

(V)

D%——II(C c)<D‘;—C-u(C ci)SDi?—ll[(E;~Ei)onr).szA; (3.2.59)
n

~GVAC; +u-VC+H [ (€= e)-Fi(z €, T)
~BV2C; +u-VC; + nrf_[m2 (Ci—c)-Fi(z C;) (3.2.60)
<-PVCi+u-VC; + u;j‘m (Ci—-)-F(z, C,, C1) in A;
2
Ci1$Ci1<Cy, (3.2.61)
vi=—u-ny is uniformly bounded and continuous in dA,,

vy C; +9~—'=vlC‘1, G +$~—-=v]q,, v,C,+9} -v,a,; on dA, (3.2.62)
ony ony
so that

%L <y, Ci+ Q}— ondAy; (3.2.63)
ony on

9} <1J,C‘+QiL

ac; _ 3 Sac,- i

< Iy, =2, 3; 3.2.64
PR T TR L 3 (2:268)

fi and F; satisfy the uniform Lipschitz condition (H).
For components i€ I, where D;, I1;,>0, D;> 0, either ¢; <c; < in QxAandCi<Ci<Ciin A
orc;=¢; (orci=c¢;)in QxA and C,EC_] (orCi=Cj)in A.

For components i€ I, where D;, H;>0, D; = 0, u-VC; 20, either ¢,<c;<¢; in 2xA and

Ci<Ci<CiinA,orc;=¢i(or c;=c;)in QX A and there is at least one point z*in A such

that C; = C (or C;=C,) in A along the characteristic curve given by — T u((z)) z=2"at 21 for
z z
2y in Al until z reaches the boundary dA, (Here u, is chosen without Ioss o} generality to be the

first component of u(z) that is nonzero, z| corresponds to this component and A =AU A,_,

where /Tl is the interval (a, b] with a, b €R).

For components i€l, where D;, H; >0, 9; =0, u-VC;= 0, either ¢;<¢;<t; in QXA and
Ci<Ci<Ciin A or there is at least one point z* in A such that ¢;=T; (orc, = ¢;) in QxA and

Ci=C;(orC;i=Ci)in A at 2*,

For components i€ |, where D; = H; = 0, either ¢; <c;<CT; in Q % A or there is at least one point
2*in A such that ¢;=T; (or ¢i= ¢;) in 2* X A at the point (x*,2*), where Q' is some simply

connected part of Q2 at z* containing x*.
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(V)  For components i€ J, where D; = 11; = 0, D; > 0, either C; <Ci <C;in A or C; E(T’,- (or C;=C))

in A.

(V1) Forcomponentsi€J, where D;=1l;=0, D; =0, u-VC,; 20, either C;<Ci <C; in A or there is

at least one point z* in A such that G EC_‘,- (or C;= C;) along the characteristic curve given by
dz  u(z)

,z=2"at zy for z1in /T] until z reaches the boundary dA,.
dz;  w(z)

(VI) For components i€ J, where D;=H; =0, D;=0, u-VC,;=0, either C; <Ci<Ci in A or there is

at least one point z* in A such that o EC_} (or C;=Ci)in A at z*.

Remark 3.2.1

Consider the system where D;, D; > 0 for all i. From conditions (vii) and (x) of Theorem 3.2.13
(Generalised Strong Comparison (Contact) Theorem), we must also have f(t, x, cj)=f_‘-(l, &, Cp» Br)
(= £t %, ¢, T)in [0, TIxQx A and F(t, 2, C))=F(t, z, G, C1) (= F;(¢, 2 Cx, C)) in [0, ] x A
if f; and F; are strictly monotone increasing in c; and Cj, respectively. These imply c; coincides with one of
the bounds €; or ¢; and hence T; =T} or else j." is independent of ¢; or ¢; and in this range the inequalities
for C; ((_:j) become uncoupled from the T, ¢; system and T; and T; may be unrelated. There are similar
consequences for F; and the C;, C; system. From conditions (vii) and (x) of Corollary 3.2.1, we see that

similar conscquences also hold for the time independent casc.

Our next comparison thcorem for solutions of S,, B, shows the conscquenccs of Thcorem 3.2.13 if some of
the inequalities are strict. Let us consider the case where strict inequalities are required of the initial conditions
and the boundary condition at dA; and therefore, the scvere constraints that (vi) in Theorem 3.2.13 hold at
the outset and (xi) hold at the boundary dA; are relinquishcd. Similar theorems hold if strict inequalities are
required of the differential inequalities.

Theorem 3.2.14
Assume that our assumptions in Theorem 3.2.13 all hold with the exception of (vi) which is replaced by
the following

(vi') ¢ <¢;<T in QXA and C;<C;<C;in A att=0, (3.2.65)

and for components ic J, where D; =0, u-VC; 20, (xi) is replaced by the following
(xi')  C;;<Ciy<Ciyon (0, TIX9A,. (3.2.66)
Then the inequalities in (3.2.65) hold for all t in [0, T].

Proof

If the inequalities (3.2.65) are violated in [0, T'], then there is a first time (* when the strict inequality is
violated. At such a ¢* there are points in A where, at a point in Qx A, one, some or all of the following
happen:

¢=cp =8, C;=C;, C;=C,, (3.2.67)

i 1 14

for some value or values of .
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Suppose this happens at (¢3 x¥ z*). Then from Theorem 3.2.13 this implies that ¢; or ¢, =c; in
[0, £*]x 2 x A at (x* z*) and hence this same equality is satisfied at (0, x* z*). If we suppose that this
happens at (¢ z*) then Theorem 3.2.13 implies that C; or C_“ =C;in [0, *]x A at z* and hence this same
equality is satisfied at (0, z*) or in the casc of components i € J, wherc 9; = 0, u-VC;#0, this equality may
be satisfied at dA;. This is contrary Lo assumptions, hence the strict incquality (3.2.65) must hold for all ¢ in
(0, 7].Q

It is interesting to note that theorems analagous to theorems 3.2.11 (Generalised Weak Comparison
Theorem) and 3.2.12 (Gencralised Strong Comparison Theorcm) do not hold in general in the case of the

corresponding steady state or time indcpendent problem S,, B, . For example, consider the problem

d%c

-7 =8c+lfor0<x<1,0<z<1,
ox

£=0alx=0,0<z<1,

ox

?£+C=Calx:1,0<z<1,

L

d*C dC dc .

ik e =0in0<z<l,
dz dz Jx

x=1

C+a—c=1 atz=1,
2

aC

— =0atz=0.
oz .

The functions ¢ = (4x4+3)z, € =8x2z, C =22 and C = 22 + z satisfy the following incqualities:

2— 2
[—%—%—(85+1)]—[—§%—(8g+1)] = [~162—(8-8x22+1)]-[-48x2z—(8(4x*+3)z+1))]
X X

= [~162-64x2z—1]—-[-48x22-32x%2-242—-1)]
= (32x%-16x2+8):
= [2(4x2-1)2+6]z

>0in0<x<1,0<z<1,

oc dc
— == =020atx=0,0<z<1,
B ax ’

[(;E_(C‘_g)]_[gg;_(_c_g] = [162—(C -82)]-[162—(C-72)] = C-C+z=020ax=1,0<z<1,
X X

25 ol = 2
« 0 4o 3 1-[- 4 2§ + 5 + i 1=[2+QRz+1)+162]-[-2+22+16¢2]
dz dz 0x| =y

=120in0<z<1,

[__ T

+ —
d22 dz ox =

[E+a_c] = [c+‘9—g] = [(22+2)+Qz+1)]~[22+22) = z+1 2 Qatz=1,
0z - 0z
a—c=l,££=0alz=0
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Thus,
e _ ¢
["'?—(86 +1)]>[—375—(8g+1)] for0<x<1,0<z<1,
%2% atx=0,0<z<1,

[.‘E_(E_E)]z[ﬁ-(g—g)] atx=1,0<z<1,
ox dx

d’C  dc x| ., d’C dC  oc

= e el D[ —= + —= forO0<z<1,
dz? dz 8xx=ll ]

x=1

= dz? dz ox

aC _ IC
_ D = =
dz 0z kot

[5+3—C1 > [g+a—§] atz=1.
0z dz

If theorems analogous to Theorems 3.2.12 (Generaliscd Strong Comparison Theorem) held, we would also
expect thatat leastthat ¢ < ¢ forall 0<x<1,0<z< 1and C < C for0< z < 1. Clearly, from the
definition of C and C, we have C < C for all z. However, when x = 4, ¢(3) = 4@)*+3)z = 31z,
E(%) = 8(%)22 = 2z and 3%z<i 2z, so theorems analogous to Theorems 3.2.12 do not hold in this case.

Remark 3.2.2

Equations S,,, B, have becn chosen with bioreactor applications in mind, but the theory can be readily
generalised in a number of ways. Our proofs are still valid for D,Vc; replaced by V- (D;(x, ¢;)V ;) and
D V2C; replaced by V- (D (z, C;)VC;), provided that we have uniform ellipticity conditions for these more
general equations. Furthermore, the mass transfer coefficients //; could be functions of x and ¢, provided that
these functions are still positive and satisly appropriate continuity properties, and a wider class of coupling
functions is permissible, since f; and /7; may be permitted to depend on V¢; and VC;, respectively.

In section 3.3 we discuss the uniqueness of solutions of the system S,,, B,,.

3.3 Uniqueness of Solutions to the Unsteady State Problem
The numerical analyst needs a knowledge of classical theory in order to decide whether a problem has a
solution and whether it is a unique solution or not. The experimentalists who try to validate mathematical
models also need to know which solution they are comparing their experimental data against if there is more
than one solution.

We use Theorem 3.2.12 (Generalised Strong Comparison Theorem) to show that solutions of system
S.» B, are uniquely specified by the functions c; o, C;q and C; .

Theorem 3.3.1 (Generalised Uniqueness Theorem)
Suppose (c;, C)) is a solution of the system S,, B, which satisfies the following continuity properties

@) For components i€ I, where D;, H; > 0, c; are continuous in [0, T]x 2 x A, their first-order xj-
derivatives exist in (0, TIX QX A, their second order xjxi-derivatives and first order -

derivatives exist and are continuous and uniformly bounded in (0, T]x Q2 x A;
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(i) For components i€ I, where D; =11, =0, c; are continuous in [0, T'|x Qx A and their first order

t-derivatives exist and are continuous and uniformly bounded in (0, T]x 2 x A;

(iii)  For components ieJ, where D; > 0, C; are continuous in [0, T]1x A, their first order z
derivatives exist in (0, '1']XX, their second order zjzi-derivatives and first order (-derivatives

exist and are continuous and uniformly bounded in (0, T]x A ;

(iv)  For components i€ J, where 9; =0, u-VC; £0, C; are continuous in [0, T]x A, their first order
zj derivatives exist in (0, T1X A and their first order t-derivatives are continuous and uniformly
bounded in (0, T]x A;

(v)  For components i€ J, where D; =0, u-VC; =0, C; are continuous in [0, T)x A and their first

order t-derivatives exist and are continuous and uniformly bounded in (0, T]x A

(vi)  fiand F; satisfy the uniform Lipschitz condition (I11).
Then there can be at most one solution to the system S,, B,.

Proof
Theorcm 3.2.12 (Generalised Strong Comparison Theorem) implics uniquencss of the initial valuc problem
S, By, since if (c;;, C;1) and (c;p, Cjp) are two solutions coinciding at r = 0, and at dA,, then

Ci < Cia < Ci and C‘| £ CIZ < C”, (3.3.1)
and therefore c; coincides with ¢;, and C;; with Cy, for ¢ > 0. U

Remark 3.3.1

It should be pointed out that although the uniqueness conclusion for the system §,, B, for given initial
conditions holds for all finite T, it has little relevance to questions concerning the uniqueness of the steady-
state problem S",,, én. There may be many steady state solutions of the system S,,, B, satisfying all but the
initial conditions of section 3.2 but we see from Theorem 3.2.12, that each must arise (rom different initial
conditions.

In section 3.4 we shall present some imbedding results for the system S, B,.

3.4 Imbedding Results

In this section, we see that for the purposes of uniqueness, stability and existence theorems, we may assume
at the outset that the system §,, B, is a quasimonotone system, i.e. f; and F; are monotone nondecreasing in
¢j and C respectively for j # i. This is not a restriction on these theorems of this chapter since if this
monotone property is not satisfied, then the system §,, B,, with general functions f; and F; can be imbedded
in a system S,,, By, of the same form where f(t, x, ¢;) is replaced by ﬁ(!, X, ¢ ;) for the first n(J)
dependent variables ¢; and by f; (¢, x, ¢, ¢;) for the next n(/) dependent variables ¢;. Also, F(t, z, C;) is
replaced by F (1, z, C,, C}) for the first n(/) dependent variables C; and by F;(t, z, C,, C;) for the next
n(J) dependent variables C; . It can be shown that solutions of this new system generate solutions of the
original system and thercfore uniquencss, stability and existence can be implicd in the original system.
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We consider the new system Sy, B, of up to twice the order satisfied by ¢;, ¢;, C; and C; in the

following equations:

ﬁ—D.'Vigi =f.(t, x, ¢, ), %—{—sz_‘ = filt, %, ¢» §) in (0, TIXSXA,
b= | Iy

ot
ae; dc;
8;1 =0, —5—;—0 on (0, T'|xd82 XA,
ac; dac; . -

D;—=L = = H,(C;~c,), DT—II (Ci—t:) on (0, T]x92,x A,
I oo

- DVIC, +u-VC, +uja (C,—¢)=F,(t, z, C,, C1) in (0, TIxA,
a—a—gvzﬁ-m‘vﬁwfj (Ci-E)=F(, z, C,, C1) in (0, T)xA
X 1 i i 'Jﬂz i o iz, Ly, s ’
U]QI-+$8££: Ulgl'l‘ U]C('f.@l a —UIE[.I on ((), TIXHA].

an ’ ony

o, L=, i _6on (0, T)X9Aq, =2, 3,
ong,  ong

C;(()’ X, Z)=Ci.0' F‘((), X, Z)=C[.0 in ('?XA’

C, (0, z)=C0,C(0 2)=C;p in A,

where f f F,and F arc defined in (3.2.7)-(3.2.14).

Note that the functions ( f, — f;) and (F, —F) obey a mixcd quasimonotone property (mgmp) in
the sense of LADDE et al.[153, p.161]—, i.e, the functions j-j and -—j_". are monotone nondccreasing in ¢; ald
monotone nonincreasing in ¢, for all i # £, [ and the functions F, and —F; are monotone nondecreasing in C;
and monotone nonincreasing in C, forall i # &, /.

If we therefore slightly modify the system Sy, B9, as suggested by MCNABB [186], by introducing
new variables v; =C;, V,,(y5; = —¢; for i=1,..,n(l) and V; = C,, V,y4; = —C; for i=1,..,n(J) and if we set
fr=1fi. fanyei = £, fori=1,.,n(1) and F* = F, Fy;),; = =F, fori=1,..,n(J) then we obtain a new
system S3 , B, for which f* and F* are nondecreasing functions of v; and V/, respectively, for all j #i. It
can be shown by Lemma 3.2.2, that these new functions have the Lipschitz properties that were imposed on
the original functions f; and F,.

Every solution (ci, C;) of S, B, generates a solution v; = ¢;, v,y = —¢; and V; = C, V), = —C;
of the new system S;,., B, with the special property thatfor i < n(l), v; + v,y,; =0 in [0, T] x Q2 x A and
for i < n(J), Vi + Vo syei _O in [0, TIXA. Conversely, any solution (v;, V) of the new system §; ,B
with the special property that for i < n(/), v; + V14 =0 in [0, TIXQ2 xA att =0 and for i < n(l)

Vit Vauy+i =0 in A atr=0and Via+ Vay+in =0 on (0, T|xdAy, is shown in the following theorem to

give rise to a solution of the system S, B,,.

Theorem 3.4.1. .
The general system S,, B, for which f; and F; are Lipschitz continuous in cj and C; respectively, may be
imbedded in a system S,,, By, of twice the order which is coupled by monotone functions f' and F;' of
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the new dependent variables v; and V;. Moreover, all the solutions (c¢;, C;) of the system S,, B, are

solutions of the new system, where

Vi = Cis Vuny+i= —Ci for i=1,.,n(I) (3.4.1)

and

Vi=Ci, Vasyei= =Ci for i=1,..n() (3.4.2)

and all the solutions (vi, V) of S3,, B3, for which

W" = V“ + V,l(l)+"= 0 in QX/\ att = 0, (3.4.3)
W=V, +Vyye=0inAart=0, (3.4.4)
ow: . ;
TI'—DNEW,- = f¥( x, v))+ fpyeilts X, v) in (0, TIXEXA, (3.4.5)
Bw,- .
—L=00n(0, T]x 3 x A, (3.4.6)
on
ow;
D‘-a—‘—H‘-(Wi—w,»)=0 on (0, T)x 32y x A, (3.4.7)
n
M. _ gy2y VW, = F* V)+F* V)t W —w,) in (0, T)xA 3.4.8
7 1Y x [+u il =21 (ly Z, I)+ n(!)+i(l’ Z, k) “[8-02( i W‘) ’n( ’ ])( ) ( Shvs )
aw; .
Ulu/" it % a—'= Wi,l = Vi,l it V,,(j)ﬂ"] =0on (0, T)x ()A], (3.4.9)
mny
W
L: Oon (0, T|x ()Am(x =23 (3.4.10)
Ny,

with w;=v; + v,y for alli = 1,.,a(l) and W, =V, +V, ., for all i = 1,..,n(J) generate solutions
(ci, C)) of the system S,, B,.

Proof

We [irst note that if we set ¢; =¢; =¢; and C; =C, =C; for all ¢, where (ci, C)) is a solution of S,, B,, then
we have a solution of the new system S, By, so that the solution set of this new system contains all of the
solutions of the original system §,, B,. In this system, we make the variable change

Vi=Cis Va(nysi =—¢;» for i=1,..,n(l), (3.4.11)

V.=C,, Vunysi =—C;. for i=1,...n(J), (3.4.12)

so that the coupling functions £* and F*arc nondecreasing functions of all the ncw dependent variables v
and V;, respectively, for all j # i. Denote this system by S3,, B3,

The solutions of S, B,, generate solutions in S3,, B, for which w; =v; +v,),;= 0 for i=1,..,n()
in [0, TX 2 X A and W, =V, +V,s);= 0 for i=1,..,n(J) in [0, T)x A

Suppose we have a solution (v;, V) of S5,, B3, for which (w;, W)) delincd above satisly w; = W; =0
everywhere at ¢ = 0 and conditions (3.4.5)-(3.4.10) are satisfied. We then obtain the following system of
cquations, S, for (w;, W)):
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%—DIVEW,- = f5 X, v+ fanyei(t X, vi)
=it %, ¢, Q)= £,( % €5 &) (3.4.13)
= filt, x, €= wj, @)= f,(t, x, €= wj, ©) in 0, TIX2XA,
W, U+ TW, = FHt, 2 V) Byt 2, V=11, (W= w))
ot ! a2
=F(t, 2 C;, CO)-F(t, 2, C;, Ci) - //‘-j(m2 Wi —w,) (3.4.14)
=F(t, 2, C;-W,, Ct)-F (t, 2, C;-W,, Ek)—/'l"_’.anz(m—w,-) in (0, TJx A,
D % = H,(W,—w;)on (0, T]x 9, X A. (3.4.15)

In addition, (w;, W) satisfies the boundary conditions B}, given by B, with zcro initial conditions and
Wirt=Vi + Vauyein = 0.

But f‘-(!, X, Ej - Wi, Ek)-—L(t, X, Ej - wj, ¢x) and I_’,-(l. z, E,‘ — Wis E‘k)—/_'"‘-(l, 27 E,‘ -W;, Ek)
_!I‘.[ar)z (W; —w;) vanish when W;=w; = 0 for all j, and since (w;, W;) =0 is a solution of this initial value
problem and by Theorem 3.3.1 (Generalised Uniqueness theorem), is the only solution, we conclude that

w; =01in [0, T]x QxA and W;=0in |0, T]x A. The conclusion of our thcorem must follow.Q)

An immediate consequence of these imbedding results is that existence, uniqueness and stability
results for the system §; ,B; implies existence, uniqueness and stability for the corresponding solution of
Sn» Bn. Of course, solutions of S,, B, may be stable in S,, B, , but unstable in the larger setting S;,B;,. A
direct implication of these results is that nonexistence rcsults of the systcm S;n,B;n implies nonexistence for
the system S,, B,. There are other implications of these imbedding results that are discussed in section 3.7.

Remark 3.4.1
Note that the functions

Jz;'(f, X, E_,l “‘Wj, Ek)“'il_(f, Xy Ej_“"j' Ek)
and
F(t, 2, Cj—=W;, C)-F(t, z, Cj~W;, Ci) -u,-fan Wi—w,),
2

in the right hand sides of (3.4.14) and (3.4.15) are monotone nondecreasing in w; and W/, respectively.

In section 3.5 we shall study the stability of solutions of the system S,, B, and uniqueness of soutions to the
steady state system S,, B,,.
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3.5  Stability of Solutions and Uniqueness of Solutions to the Steady State Problem

In this section, we establish some useful sufficient conditions for the global stability of all solutions of the
general system S, B,. By global stability of a solution (c;, C;) of S,,, B,, we mean that arbitrary changes in
cip and C;o decay to zero with increasing ¢. Such stability implies the uniqueness of the solutions to the
steady state problem, since if (¢;1, C;1) and (c;3, Cjz) arc two steady state solutions of S, B, satisfying the
same boundary conditions, the disturbances (c;5 —¢;1, C;5 — C}p) in the initial conditions of (¢, Ciy) must
decay to zero, implying that only one of these could be a time independcnt solution.

We assume at the outset that the system S,, B, is a quasimonotone system, i.e. f; and F; are
monotone nondecreasing in ¢; and C; respectively for j #i. This is not a restriction on the theorems of this
section since if this monotone property is not satisfied, then the system S, B,, with general functions f; and
Fi can be imbedded in a system S,,, B,, of the same form where f(t, x, c)) is replaced by Bt = C» ) for
the first n(/) dependent variables ¢; and by f; (¢, x, ¢,, ¢;) for the next n(f) dependent variables c;. Also,
F;(t, z, C)) is replaced by Bt 2 (CAe C) for the first n(J) dependent variables C; and by F,(t, z, C,, C)
for the next n(J) dependent variables C;. The stability and uniqueness results obtained for this new system
then apply to the original system by the imbedding results of section 3.4.

Suppose (c;, C;) is a solution of a quasimonotone system S, B,, for which the velocity distribution u
is independent of time. We set out to find positive functions (¥;, U;) and conditions on f; and F; so that
(¢; + Au;, C; + AU;) are upper functions and (¢; — Ay;, C, — AU;) are lower functions for all A > 0. When
such functions (u;, U;) exist, they give us a family of comparison functions associated with (c;, C; ) for all
A > 0 which have a bearing on the stability of the solutions of the system S, B,, including the stcady statc
oncs and provide a means of cstablishing conditions under which these arc unique. We first note that the
functions (&;, U;) need to satisfy the following conditions if they are to generate upper and lower functions
forall A >0:

@) For components i€ I, where D;, I1; > 0, u; are continuous in [0, T] XX A , their first-order xj-
derivatives exist in (0, TIx QX A, their second order xjxy-derivatives and first order -
derivatives exist and are continuous and uniformly bounded in (0, T)XQ2XA;

(ii) For components i€ I, where D; =11, =0, u; are continuous in [0, T] XxQX A and their first order
t-derivatives exist and are continuous and uniformly bounded in (0, TIX2x A;

(i) For components i€ J, where P; > 0, U; are continuous in [0, T1X A, their first order z
derivatives exist in (0, 'l']xX, their second order zj-zk-derivatives and first order t-derivatives

exist and are continuous and uniformly bounded in (0, T]XA;
(iv)  For components i€ J, where 9; =0, u-VU,;20, U; are continuous in [0, T]X A, their first order

z; derivatives exist in (0, T1X A and their first order t-derivatives are continuous and uniformly
bounded in (0, T]x A,

v) For components i€ J, where 9; =0, u-VU,; =0, U; are continuous in [0, T) X A and their first
order t-derivatives exist and are continuous and uniformly bounded in (0, T]xXA;

(vi) ui>0inQxAandU;>0in A art=0; (3.5.1)

(vii) % 20 o0n (0, T]X 92X A; (3.5.2)
n
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du

(viii) D a—" —H,(U; —u;)20 0n (0, T]x 92, xA; (3.5.3)
n
. U; ”
(ix) U +D <= VU; 120 0n (0, T1x A (3.5.4)
L

U, »

x) —=—L200n(0, TxdA,, x=2, 3; (3.5.5)
Ny

(xi) {;;—I-szu 2—[£i(t, x, c;+Auj) = fi(t, x, ¢))] in (0, TIX 2 x A; (3.5.6)
)

I /A 1 o
(i) LGV U,-+u-VU£+H;Jaﬂz(U,-—u'-)2-i—[E(l,z,Cj+lUj)—ﬁ(i,z,Cj)]m(0,I]XA. (3.5.7)

If f; and F; are assumed to be differentiable, then it follows from the mean value theorem that the right hand
Lal
sides of (3.5.6) and (3.5.7) are equal to gf'
C .
for some A7, 27 in (0, A). o=V’ 3=

The following conditions on the derivatives of f;, F; and on the solutions (u;, U;) of a linear system

(¢, x, ¢; + A¥u;)u; and oF, (t, z, C; + AT*U;)U; respectively,
J T ey 9C. IR oy
i

of equations P(€) derived from S, B, are sufficient to provide a family of upper and lower functions of the
type we seek.

Assume there exists constants a;; such that az (t x, Op) < ay Ior all (¢, x, 2) in 0, T]|x 2 x Aand
for all 6; and assume also that there exists constarits Ajj such that ——{l z, ©) < Aj; for all (¢, z) in
[0, TIx A and for all 6. Note that a;; 2 0 and A;; 2 0 for i #j since we hjave already assumed that f; and F;

were quasimonotone nondccrcasing. We look for positive functions, (u;, U;) of separated variables form
ui=ew, (3.5.8)
and

U;=e %W, (3.5.9)

for some € > 0, satisfying the linear inequalities (3.5.1)-(3.5.5), together with the following linearised
versions of (3.5.6)-(3.5.7):

)

SL-DV3u Eau u;20 in (0, TIXQxA, (3.5.10)
and

U, 2 .

a{ - DV, +u-VU, + H,VU, - ZAU U2 H, '[992 w in (0, TIXA. (3.5.11)

Such functions exist and generate upper and lower functions for any solution of S,, B, and any A > 0, if we
can find w; and W; positive in @x A and A respectively, satisfying the inequalities (3.5.12)-(3.5.17)
below. The functions u; and U; defined by (3.5.8)-(3.5.9) then satisfy the inequalities (3.5.1)-(3.5.5) and
(3.5.10)-(3.5.11). Matrix notation is convenient for the linearised system which follow.

Let w denote the n(/)-vector with components w; and let D, H, I,y denote the diagonal n(/)th order
matrices with diagonal elements D;, H; and 1 where I,y is the n(/)xn(I) unit matrix. Let W, Wy denote the
n(J)-vector with components W;, W, and let 9, 1,,jy denote diagonal n(J)th order matrices with diagonal
elements &, and 1 where Iy is the n(J)Xn(J) unit matrix. Also, let a and A be the matrices with elements a;;
and A;; respectively. The vectors (w, W) are required to be positive solutions of the matrix system P(€):
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vaw+(e{;g)w <0 in QxA, (3.5.12)
o > () on d€2;xA (3.5.13)
on”~ ! ESE
dw
Dm > H(W-w) on d€2x A, (3.5.14)
2 _ .
Qv W——.'..t-V’W+(.‘:{{;,J.,C1¢‘H+A)W+HLmz w<0in A, (3.5.15)
aw
UIW+§B8—2 yW(>0) on dA, (3.5.16)
m
a—wzo ondA,, 00=2, 3. (3.5.17)
na’

Theorem 3.5.2
If (w, W) have positive components in 2x A and A which are solutions of P(€) for some €> 0, then all
solutions of S, B, (including the steady state ones) are globally stable.

Proof
Let (¢;1, Cip) be a solution of problem §,, B, satis'ying the continuity requircment of the Thecorems 3.2.12
(Generalised Strong Comparison theorcm). Consider the functions

Eﬂ =Cj + le_aw‘-, ch=cp— le‘elW", E“” :C"] +/‘le—e‘u/", -Cﬂ =C1'1 —Ze"C'W;, (3.5.18)

where w; and W, are positive solutions of problem P(g) for some £ > 0.

It is a tedious but trivial exercise to show that when A >0 and f(1, x, cj1) and F(t, z, Cj) are
monotone nondecreasing in ¢;; and Cj; for j # i, then (¢;;, C;)) and (¢jp, C,;) defined by equations (3.5.18)
satisfy all the requirements of Theorem 3.2.14. If (c;2, C;,) is any other solution of problem S,, B, satisfying
the same boundary conditions (2.1.7) (except when 9, = 0, u- VU; # 0), but different initial conditions, we
may take 4 large enough so that (ci, Cip) is bounded by (¢;;, C;) and (c;;, C,) att = 0. Theorem 3.2.14
then implies these bounds are sustained for all finite time, and since these bounds decay exponentially (with
exponent -&t) to (ci1,Ci1), we see that all solutions are exponentially stable. Moreover, if the steady state
problem has a solution, then it is unique and exponentially stable.O

If n =n(I) = n(J), and all w are coupled to W by (3.5.14), then the system P(€) can be uncoupled in the x

and z variable by means of the matrix transformation
w(x,z)= 0(x)SW(z), (3.5.19)

where 6(x) satisfies the boundary value problem:

DV20+(e/+a)6=0 in 2, (3.5.20)
B, _oawac, (3.5.21)
on

D§—6= H(S™'-6) on 952, (3.5.22)
n
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and vector W(z) satisfies the differential incqualities:

DVW —u-YW + (el —HH + AW +(H jm 8)SW <0 in A, (3.5.23)
2
ow
oW+ 98—2 v W;(>0) on 9A,, (3.5.24)
n
W 50on OA,, a=2, 3. (3.5.25)
ong,

Suppose we impose further conditions on S,, B,, by assuming the matrix a is the product of a positive
diagonal matrix d and a symmetric matrix b (i.c., a = db), a not uncommon fcature of kinctic cquations,
while D and H are proportional so that {7 = 4D (or a positive number ¥. In these circumstances, the equations
for 8 may, by a suitable choice of S (in fact § = T"1) be expfessed in the form 6(x)=T¢(x) whence, by a
choice of T shown below, ¢(x) can be made diagonal. The matrix ¢ satisfies the equation

d(T") ' [T"d™ DIV @+ T"(ed™ +b)T9]=0 in 2, (3.5.26)

where T denotes the transpose of 7. The matrix T can be chosen so that T'(ed™! +b)T =L, a diagonal matrix
and T'd™'DT =J, where J is diagonal with the ith diagonal element equal to one if D; > 0 and equal to zero
if D; is zero. We may choose € so that y is nonsingular. If S-! = T, then in £2 we have

Jqua-r;t(p:O, 3.5.27)

and on the boundaries of d{2,

99 _ 0 on a2, (3.5.28)
on

J? = yJ(I - ) on 9. (3.5.29)
n

We see that all the components of ¢ are uncoupled, and w = T¢T-1W.

Problem P*(¢), where the inequalities are replaced by equalities may have non zero solutions when
W1 = 0 for certain values of € (eigenvalues). If & is the smallest eigenvalue of € and &; is positive, then in
general, we can find a positive e+<¢g| for which P(g*) has positive solutions (w, W). The argument functions
of € on any closed interval not containing an eigenvalue. When € is very large and negative, w =W =K, a
positive (in every component) constant vector is an upper solution of P*(g), while w = W =0 is a lower
solution, and so a positive solution exists. As € is increased, the solution (w, W) must remain positive since
it depends continuously on €and Theorem 3.2.13 (Generalised Strong Comparison (Contact) Theorem) does
not allow for the existence of an & for whichw >01in 2x A and W 20in A while one of these vanish at a
pointin 2x A or A . This situation prevails for increasing € unless w or W have components which tend to
infinity as € increases towards a finite €. If M is the greatest value of all the components of (w, W), then
w* = w* :_A‘% is the solution of P*(¢g) for W{‘=-g’— and as € tends to £ and M tends to infinity,
(w*, W*) tends to a non zero solution of P*(g;) with W, = 0,and so € is an eigenvalue.

In section 3.6 we shall study the existence of solutions to the system S, B,
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3.6  Existence of Solutions to the Unsteady State Problem

There are many methods of proving existence of solutions. Often a (ixed-point algorithm in an abstract
function space is used. A number of existence-comparison theorems are available for weakly coupled
parabolic systems. These can be established by various methods. Some examples are the work by KUIPER
[149] using a functional analytic approach and by AMANN [10] and BEBERNES et al. [35-37] in connection
with invariant sets. The technique we concentrate on in this section that is intimately connected with the
maximum principles is the so called method of sub- and supersolutions or the method of upper and lower
solutions.

The theory of monotone operators together with the method of upper and lower solutions can be used
to construct convergent monotone sequences and thereby establishes an existence-comparison theorem,
provided that a suitable initial iteration can be chosen. It turns out that this initial itcration can be taken as
either an upper solution or a lower solution satisfying certain inequalities associated with the original system.
It is shown that the existence of a lower solution »; and an upper solution i; (these are also known as
subsolutions and supersolutions or under and oversolutions, respectively) with y;<i; guarantees the
existence of at least one solution y; in the interval [y;, &#;]. More precisely, there exists a minimal solution y;
and a maximal solution #; in the interval [y, #;] such that the solution u; satisfies u; <u; <#. The minimal
and maximal solutions will, respectively, be obtained as the supremum of all possible lower solutions and the
infimum of all possible upper solutions.

The theory of monotone operators together with the method of upper and lower solutions in proving
existence theorems for scalar parabolic equations is usually attributed to SATTINGER [257]. Similar results
are also available for scalar elliptic equations (HUDJAEV [133], KELLER [141], AMANN [5]). In these cases,
the nonlinear term is assumed to be quasimonotone nondecreasing in the sense that the nonlinear term could
be made monotone nondecreasing by the addition of a suitably large enough linear term. This method of
proving existence thcorems can also be extended to systems of equations and had been used earlier for
multicomponent parabolic systems where some diffusion coefficients were allowed to vanish (MCNABB
[182]). It has also been used for infinite systems of ordinary differential equations (CHANDRA, et al. [66]).
All these techniques employ the maximum principle or an appropriate comparison theorem and in particular
for systems, all these results require the nonlinearities f;(t, x, ¢;) to be quasimonotone nondecreasing
(nonincreasing) in the sense that £; is monotone nondecreasing (nonincreasing) in c; for all j # i and there
exists a constant M; (the Lipschitz constant if f; is Lipschitz continuous in c;) so that fi+Mc; is monotone
nondecreasing (nonincreasing). The method of upper and lower solutions can also be applied to systems
where the restriction that f; is quasimonotone nondecreasing (nonincreasing) is not satisfied but instead the
nonlinearities may satisfy other monotone properties. NORMAN [205] and CHANDRA, et al. [65] gave an
example of a system which obeyed a mixed quasimonotone property (mgmp) in the sense that for all i, the
nonlinearities f;(¢, x, c;) are quasimonotone nondecrcasing in c;, monotone nondecreasing in the variables
cj,J # i and monotone nonincreasing in the the variables cg, k # i, j. PAO [216] categorised systems of
parabolic equations into three basic types according to their relative quasimonotone property (a) type I where
the nonlinearities f;(¢, x, ¢ ;) were quasimonotone nondecreasing in the variables c;, (b) type II where the
nonlinearities were quasimonotone nonincreasing in the variables c;, and (c) type III where for some i, the
nonlinearities were quasimonotone nondecreasing in cj, and for all remainding i, the nonlinearities were
quasimonotone nonincreasing in ¢;. For mixed quasimonotone systems, type I, type II and type III systems,
an existence-comparison theorem in terms of upper and lower solutions could still be established along the
monotone and regularity arguments of SATTINGER [257] for scalar equations. These techniques could also be
applied to other systems of differential equations provided that the nonlinearities obey some sort of a
monotone property. LADDE, et al. [153] defined monotone iterative techniques for systems of first order
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differential equations, second order diffcrential equations, elliptic equations, parabolic equations and first
order partial differential equations where the nonlincarity possesses a mixed quasimonotone property
(mgmp). These solutions are defined in terms of coupled quasisolutions. Coupled upper and lower
quasisolutions arc defined by using the mixed quasimonotone property (mqmp) and quasisolutions may be
constructed by monotone iteration. It is then required to show that these quasisolutions are actual solutions.
The stability for solutions of reaction diffusion systcms may also bc examined by the method of
quasisolutions (LAKSHMIKANTHAM and VATSALA [158]) as well as other qualitative properties of such
solutions.

It is not always necessary that in order to establish such an existence-comparison theorem in terms of
upper and lower solutions that the nonlinearities must obey a monotone property . A monotone iteration
technique was developed by KHAVANIN and LAKSIIMIKANTIIAM [145] for weakly coupled first and second
order boundary value problems. This technique, known as the method of mixed monotony made it possible
to construct monotone sequences even when the nonlinearities did not possess any monotone properties.
CARL [46], also proposed a monotone scheme for the solutions of weakly coupled systems of reaction-
diffusion equations without any monotonicity property required of the nonlinear reaction terms. The
considerations including the definitions of upper and lower solutions are all taken within the framework of
weak solutions. CARL and GROSSMAN [47] proposed a method of imbedding a system of n equations into a
system of 2n equations and obtaining existence and enclosing theorems for elliptic and parabolic systems
with nonmonotone nonlinearities in terms of upper and lower solutions. These theorems implied existence of
solutions of the original system and the method was allowed to work under very low regularity conditions.
Their definition of coupled upper and lower solutions coincides with the notion of coupled upper and lower
quasisolutions defined by LADDE et al. [153]. This method of imbedding a system of n reaction diffusion
equations where reaction functions had no monotonicity requirement into a system of order 2n with reaction
functions redefined had also been proposed by MCNABB [186] for systems of ordinary differential equations
and parabolic systems. However, it was furthermore shown that this system of twice the order may be
modified to give a quasimonotone nondecreasing system of the type given earlier by MCNABB [182]. All the
earlier notions of monotone iteration were then applicable and coupled upper and lower solutions could be
uncoupled into upper and lower solutions. These results also show that stability, uniqueness and existence
results of this new system implies stability, uniqueness and existence results of the original system.

Most of the discussions in the current literature are devoted to systems which are coupled through the
reaction functions in the diffusion equations. However, in many situations, the nonlinearities may occur in
the boundary conditions as well as in the equations. KELLER [141] and AMANN (5, 6, 8] considered a class
of mildly nonlinear scalar clliptic boundary value problems that are suggested by scveral steady state
diffusion processes of interest where the nonlinearities are in the boundary conditions and ARONSON and
PELETIER [23] considered an interesting problem of an initial boundary value problem that is in the presence
of several distinct steady states that is coupled in the boundary conditions. PAO [211] studied a scalar
parabolic equation with nonlinear boundary conditions in an unbounded or bounded domain. The
nonlinearities in the reaction functions as well as in the boundary conditions are assumed to be
quasimonotone. The question of stability of such a parabolic equation in bounded domains was also
examined by PAO [212] by using this monotone property in the boundary conditions. PAO [215] considers a
system of two reaction diffusion equations which are coupled through the boundary conditions and not in the
reaction functions. The nonlinearities in the boundary conditions are defined as earlier for reaction functions
in terms of type I, type II and type III functions depending on their relative quasimonotone property and a
montone iteration scheme is proposed for each type. It is this monotone property together with suitable
maximum principles which guarantee the use of monotone iterations in proving existence theorems. There
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has been no literature on systems of coupled reaction diffusion equations which are also coupled through the
boundary conditions where there are no monotone properties in both the reaction functions and the boundary
conditons.

Our generalised particle reactor equations S,, B, form a system of up to 2n weakly coupled,
degenerate equations which may be a combination of ordinary differential equations, first order partial
differential equations and parabolic equations. The degeneracy is is not only concerned with the possibility of
D; or 9 being zero for some i, j but is also associated with the fact that in the case that D; is nonzero, the
Laplacian for the ¢; equations involves only the x dependent variables whereas for the C; equations it involves
only the z dependent variables. The weak coupling is also non standard in that through equation (2.1.6) the
C; equations have a functional connection to the ¢; variables via J a0 D,-ﬁ. Our reaction diffusion system
within a particle is therefore not only coupled through the boundar); conélitions but the nonlinearity in the
boundary conditions are more general than the examples discussed by PAO [215] and are given as coupled
functionals (see PARSHOTAM et al. [224] and WAKE [304] for examples of functional boundary value
problems), i.e. in the sense that the boundary data is given by solutions to coupled reaction convection
equations. These reaction convection equations may also have reaction functions which have no monotonicity
requirement.

Despite all these features we are able to show in this section that this system is governed by
generalised existence theorems similar in type to those for weakly coupled parabolic systems in MCNABB
[182]. However, additional smoothness properties such as Hélder continuity conditions on f; and F; are
required for our generalised existence thecorem.

In general, the methods of proving existence of nonlinear differential equations consists of three steps:

(i) Construction of a secquence of approximate solutions;
(ii) Showing that the constructed scquence of approximate solutions converges to a limit function;
(iii)  Proving that this limit function is actually a solution of the given problem.

Steps (i) and (iii) are standard and straighforward. It is, however step (ii) that needs attention. In this section,
we shall construct a sequence of approximate solutions by setting up an iteration scheme of linear equations.
The additional continuity properties are required for the existence of these linear equations. We show that this

constructed sequence of approximate solutions converges monotonically and uniformly (in appropriate
spaces) to a limit function which is actally a solution of the system §,,, B,,.

We demonstrate in this section that solutions of problem S,, B, specified by c; o, C;o and C; ; exist. By a
solution, we shall understand a classical solution (c;, C;) of S,,, B, where

@) For components i € / where D;, H; > 0, ¢; are continuous in [0, T]x £ x A, have continuous first
order x; derivatives in (0, T1x 2 x A, continuous second order x; derivatives in (0, T]x£2x A and
continuous first order ¢ derivatives in (0, T'|x£2xA. In this case, we shall look for classical solutions
of the form ¢; (1, x, z) € C"*0[(0, T]xR2x A, R™D).

(i)  For components i € / where D; = #/; = 0, ¢; are continuous in [0, 7]x £ x A and have continuous
first order ¢ derivatives in (0, T|x£2xA. In this case, we shall look for classical solutions of the form
¢;(1, x, 2)€ CMO0 [0, TIx Q2 x A, R™D],
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(iii)  For components i € J where @; > 0, C; are continuous in [0, T]x A, have continuous first order z
derivatives in (0, T]x A, continuous second order z; derivatives in (0, T]x A and continuous first
order ¢ derivatives in (0, T]x A. In this case we shall look for classical solutions of the form
C,(t, )€ CM2[(0, TI1x A, R™V].

(iv)  For components i € J where @, =0, u-VC; #0, C; are continuous in [0, T]x A, have continuous
first order z; derivatives in (0, T]x A and continuous first order ¢ derivatives in (0, T]x A. In this
case we shall look for classical solutions of the form C;(¢, z) € C“[(O, TIxA, R"(’)].

(v)  For components i € J where @; =0, u-VC; =0, C; arc continuous in [0, T]xA and have
continuous first order ¢ derivatives in (0, T]x A. In this case we shall look for classical solutions of
the form C;(t, z)e C'°((0, T]x A, R™].

Comparison theorems are used in this section in conjunction with theorems on a priori estimates and
existence of linear parabolic equations to derive estimates of the system §,,, B,, and to prove the existence of
solutions to this system. There may be some cases where D; or 9; may be zero and these cases are treated
by using standard results.

We shall need some additional continuity properties to establish existence of the corresponding linear system
and make the following assumptions on f(¢, x, ¢;)and (1, z, Cj).

(Hp) @) fi(t,x cj)e C*29((0, TIx R x R"D, RMDY ie., f(t, x, ¢j) is Holder continuous in f and x

with exponent /2 and «, respectively, for each fixed value of c;.

(i) (1,2, Cj)e C2%(0, TIXAXR™™ R"| ie. F(, 2, C;) is Holder continuous in ¢ and z

with exponent 042 and « respectively, for each fixed value of C;.

From Lemma 3.1.3, we see that exponents ¢ in both cases may be assumed to be identical.

3.6.1 The Monotone System S,, B,

We may assume at the outset that the system S, B, is a monotone system in the sense that f;(¢, x, c;) is
monotone nondecreasing in ¢; and F (¢, z, C j) is monotone nondecreasing in C;. This is not a restriction on
the theorems of this section since if this monotone property is not satisfied we may make the following
substitution to obtain a system of the same type but with new functions that are monotone nondecreasing in c;
and C; . We first observe that if (c;, C;) is a solution of S,, B,, then the functions (w;, W;) defined by

c;=e Kw, (3.6.1)
and '

C;=eXw, (3.6.2)

i

satisfies the following system of equations:

L D V2w, = Kw; +eX f.(t, x, e ¥'w;) in (0, T]x2xA,

ot
Mi _ 0 on (0, TIxIQxA,
on
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D,-% = H,(W; —w;) on (0, TIXHXA,
n
oW gv? Kt —Ktgy ~
S W;+u-V‘W,—+!—IJmI(M—w£)=KH1+e F(t, 2, e X'W)) in 0, TIA,
U;PVI"I' %%: U]BK‘C"II on (0, T]Xt;/‘],

m

M _ 0 on (0, TN &=2.3,

ong
W“(O, X, Z) = Ci,O in .(ZXA,

"V‘(O, Z) = C“,O in A.

This system is similar to the original system S,, B, with the nonlinear coupling function f(¢, x, ¢;) for ¢;
components replaced by

Kw, +eX f.(t, x, (:'I'wj), (3.6.3)

and nonlinear coupling function F(t, z, C;) for the C; components replaced by
KW, +eX' F(t, 2, e K'w)). (3.6.4)
Thesc lunctions satisfy a monotonc property given by the following lemma:

Lemma 3.6.1

Our assumptions (H1) of Lipschitz continuity properties for the functions f; and F;with respect to cj and
Cj, imply that the functions Kw; +eX £, x, e‘K‘wj) and KM'}+eK’/§(l, z) e’K‘Wj) with ¢;=eX'w; and
C; =K ‘'W,, are monotone nondecreasing in w; and W, respectively.

Proof
Assume that w jSw

J
From (H;), we see that

*
so that GH=Te)

K;(cj-c})éﬁ(r, x, ¢;)=fi(t, x, ¢})S—Ki(¢c;—c)),

and therefore,

[Kw; +e" £i(t, x, e7Xw1~[Kw] +eX £, x, e K wi))
= KeK'(c;—c])+eX' [ £t x, ¢;) - fi(1, x, c})]
< —eX[K(c - )~ Kilc] - c))]

<0,
if K is chosen to be large enough. This shows that

Kw; +eX £, x, e Kw ) < kw] +eX £i(1, x, eMw)),

so that this new coupling function Kw; +eK'f,-(l, X, e'K‘wj) is monotone nondecreasing in w;. A similar
argument holds if we have to show that KW, +eX'F.(1, 2, e‘K‘Wj) is monotone nondecreasing in W;.Q
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Remark 3.6.1

The substitution ¢; =e”
Kwi+eX fit, x, e ¥'w) and KW, +eX'F(, 2, e'K‘Wj) from f; and F; and which are monotone
nondecreasing in ¢; and C;, respectively is discussed by FRIEDMAN [94, p.202] and PAO [208]. Note that if
K is chosen large enough our new functions are strictly monotone increasing in c¢; and C; .

Ktw, and C;=e™X'W, which gives us a similar system with new functions

Remark 3.6.2
From the Lipschitz continuity properties of the functions f; and F;, it can be shown that fi+k;c; and FF+K;C;

are monotone nondecreasing in ¢; and C;, respectively, where k; and K; are Lipschitz constants of f; and F;,
respectively (PAO [211]). If furthermore, the functions f; and /*; are monotone nodecreasing in cjand Cj,

respectively, for j # i, then f; and F; will be quasimonotone nondecreasing.

It can also be shown that these new functions also satisfy the same Lipschitz and H6lder continuity
properties as our original functions.

Lemma 3.6.2

Our assumptions (1) of Lipschitz continuity properties for the functions f; and F; with respect to the
variables cj and C; imply similar Lipschitz continuity properties for the functions Kw;+
eK'ﬁ(t, X, e-K'wj) and KW, +eK'F,~(t, 2, e'K‘Wj) with respect to the variables w; and Wj,where
c;=¢ K'w; and C, = e F'w,.

Proof
We need to only show that

I[Kw; +eK'f,~(t, X, e'K‘wj)]—[Kw,-' (T e'K‘w;)]l
< Klw; —w,—'l+eK‘|f,»(t, X, e‘K'wj)—f,»(t, X, e‘K'w;)l

< Klw; —wil+eX ke (w; - wi)

< Kiw, —w]l+klw; —wjl
< ksup wj—wjl,
J

where,
k=max (K, k).
J

The first part of the proof is complete and the rest of the proof follows similarly.Q

Lemma 3.6.3

Our assumptions (H1) of Lipschitz continuity properties for the functions f;, with respect to the
variables cjand assumptions (1) of 116lder continuity properties for the functions f;, with respect to
the variables t and x with c; fixed imply similar llélder continuity properties for the functions
Kw; +eX' £1, x, e‘K'wj) with respect to the variables t and x with w; fixed, where c¢;=e %'w;.
Similarly, our assumptions (I1}) of Lipschitz continuity properties for the functions F;, with respect to
the variables Cjand assumptions (H3) of lldlder continuity properties for the functions F;, with respect
to the variables t and z with C; fixed imply similar Hélder continuity properties for the functions
KW, +eX E(, 2, e"K'W/-) with respect to the variables t and z with W, fixed, where C; =e K'w,.
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Proof
We shall only show that f;(t, x, e“K’wj) is Holder continuous in . The rest of the proof is similar and

follows from Lemma 3.1.1 and Lemma 3.1.2.

it x, € w))= (00 x, e w))
=1£(t, x, e“K’wj)—f,-(l‘,' % e'K'wj)+ﬁ(tT x, e_'(’wj)—_f;-(l',= X, e'K"wj)I
SIfG x, e w) = £ x, W)+ 1A x, €W )~ £(5 x, 67K W)
< k(D=2 4k (f)le ™ w; —e K )
< k(=111 1k (flwlle™K - =K1
S k(=112 b (f)lwjIKT' %21 — |12
< kle—*1972,

where

k= k,(f)+k(f)wIKT'=*"2 0

Remark 3.6.3

Note also that we may just as well have chosen the substitution c; =e K w; and C; = e_Kz‘W‘- , (where x;
and z; are chosen without loss of generality to be the first components of x and z) instead of (3.6.1)-(3.6.2)
and arrived at the same conclusions in Lemma 3.6.1, Lemma 3.6.2 and Lemma 3.6.3.

We may assume that the substitution (3.6.1)-(3.6.2) has been made and that f(¢, x, ¢;) is monotone
nondecreasing in c; and F(t, z, Cj) is monotone nondecreasing in C;. If, on the other hand the monotone
property is not satisficd by all the other variables in these two functions, then the system S,,, B, with general
functions f; and F'; can be imbedded in a system S,,,, B,, of the same form where fi(4, x, c;) is replaced by
ﬂ(l, X, ¢, ;) for the lirst n(/) dependent variables ¢; and by L, x, ¢, ¢;) lor the next n(/) dependent
variables ¢;. Also, Fi(t, z, C;) is replaced by F(¢, z, C, Cy) for the first n(J) dependent variables C; and by
Fi(t, z, Cy, Cy) for the next n(J) dependent variables C;. The existence results obtained for this new system
of twice the order satisfied by (¢;, C;) and (c;, C—") then implies a solution of our original system S,, B, by
the imbedding results of section 3.4,

It has been shown in Lemma 3.2.2 that the functions f,, f‘ F; and F, satisfy the same Lipschitz
continuity properties as our original functions f; and F; in the system S,, B,. It can also be shown in the
following lemma that these new functions satisfy the same Holder continuity properties as our original
functions.

Lemma 3.6.4

Our assumptions (Hj) of Holder continuity properties for the functions f;, with respect to the variables
t and x with cj fixed, imply similar Ilélder continuity properties for f, and f, with respect to the
variables t and x with ¢, and €, fixed and so there are constants k; and ky such that

L (6, %, Con T)= £(67 2, iy T < Ky(f e =171%/2,)
1F(t X, ¢ B)— F(08 %0 o @) S K (Fle—t"1972,
10 @By = £ X5 T S k()= X1,

Lty %0 € ©) = Fi(ts X5 Chn E1 € ke ()X —x"11%,

o

(3.6.5)
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Similarly, our assumptions (H,) of Holder continuity properties for the functions IF; with respect to the
variables t and z with C; fixed, imply similar Hélder continuity properties for I; and I—" with respect to
the variables t and z with C, and C_', fixed and so there are constants K; and K,, such that

I.El.(ll Zy Qk! (_:-})"E]'(!: z, Q;c, a)l < K‘(E")If_f.lalz,\

IF(t, 2, Cy., C)=Fi(t 2, Cp O < Ky (Pl 111772,
_ _ (3.6.6)
IE;(t, 2, Cp, C)=Fi(t, 25 C., O S K, (Fz—2"11%,

\F(t, 2, Cp, C)=F(t, 2% Cp., T < K, (Fllz—=2"1%. )

Proof
Since ¢, ¢, C, and C, are fixed, this lemma follows directly from the definitions of Lo fi, F; and F, in
(3.2.9)-(3.2.12) and assumption (H,).4

For the purposes of our cxistence proof, we may hencelorth assume our coupling functions f; and F; arc
monotone nondecreasing in the variables c¢; and Cj, respectively, for all j.

Remark 3.6.4

CARL and GROSSMAN [47] have an analogous deflinition for the functions _fA and f] It is shown that il
fi(t, x, u) arc Carathéodory type functions, that is for almost all x € €2, the functions f; ar¢ continuous on
R™, and for all u € R™, the functions f; are measurable on £2, then so are the functions f; and f. This is
proved using a measurable selection theorem which is usually known from optimisation theory.

3.6.2 Upper and Lower Solutions and Monotone Iteration
We shall now introduce the concepts of upper and lower solutions relative to the monotone system S,,, B,,.

Definition 3.6.1.

Assume that

(i) For components i € /, where D; > 0, ¢; and ¢; are continuous functions in [0, TI1x 2 x A with
continuous first order x; derivatives in (0, T]xﬁx A, continuous second order X; derivatives in
(0, T1x 2 x A and continuous first order ¢ derivatives in (0, T]x 2 x A

(i)  For components i€ /I, where D;=H;=0, ¢; and ¢; are continuous functions in [0, TIXQ2 x A
with continuous first order ¢ derivatives in (0, T]x2x A;

(iii) For components i € J, where 9; >0, C; and 5‘; are continuous functions in [0, T]x A, with
continuous first order zj derivatives in (0, T]X/T, continuous second order zj derivatives in

(0, T|x A and continuous first order ¢ derivatives in ;

(iv)  For components i € J, where 9; =0, u-VC;, u-VC; #0, C; and C; are continuous functions in
[0, T)x A", with continuous first order z; derivatives in (0, T)X A and continuous first order ¢
derivatives in (0, T]1x A;

(v)  For componentsie J where 9;=0, u-VC,, u-VC, =0, C; and C, are continuous functions in
[0, T]1x A, with continuous first order ¢ derivatives in (0, T]x A ;
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The ordered pair of functions (¢;, C;) and (¢;, C;) with ¢; <&; on [0, T]x2x A and C; <C; on [0, T]xA
are said to be lower and upper solutions of S,,, B, respcctively, if they satisfy:

ac;
—a.l‘—'—D“Vi C; Sﬁ(l, X, Q}) in (0’ 7.]XQXA’

dc:
%5 <0 on (0, TIxAQxA,
on

dg;
D‘.ES H;(Ci—¢;) on (0, T]x02x A,

oC;
~b 2. , n N v
==~V Q‘-+u-VQ,-+IIiJaQZ(Q‘-—ci)Sl“‘(l, 2, Cj) in (0, T)xA,

ac,
v G+ -@.‘a—;*S VG on (0, T]xdA,,
)

aC;
a—”s 0 on (0, T')xdAq, =2, 3,

N

G (01 X, Z) < Ci,(] in QXA,

Ci(0,2)<Cipin A,

and
ac; oz =N
?_D‘V‘Ci 2 fi(t, x, €;) in (0, TIx€2XA,
ac; .
—+20o0n (0, T'|xd€E2;xA,
on
ac; ~ . .
D"a—n 2 H"(C"—CI') on ((), IJX(}{JZXA:
a—a—ﬁvzéw-véu—rj (C—&)=2 F(1, z, C;) in (0, T]xA
(9{ (] 1] i 1] anz ] [ | % i j ) 2
Vg C"'l' Qiﬁg U,C.’] on (0, Y]Xa/\l,
ony ’
9 20 on (0, T[xdAq, 0t=2,3,
Ing
(0, x, 2)2 ¢; o in LXA,
Ci(0,2)2C;y in A,
respectively.

The strong comparison theorem shows thatif (¢;, C;) and (¢;, E‘,-) are lower and upper solutions of §S,, B,
and (c;, C;) is a solution of S,, B,, then ¢; < ¢; <& and C; <C; < C;.

The existence of monotone sequences depend therefore on a suitable pair of lower and upper
solutions. This is by no means ensured without addition restrictions on the nonlinear reaction functions. PAO
[222] gives sufficient conditions for the existence of lower and upper solutions for parabolic equations.

J;

These will require that f; or — to be uniformly bounded and F; or i) to be uniformly bounded. CARL
9 J
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[46] gives a method to show how these lower and upper solutions can be constructed. TAM [278-281] used
comparison theorems to construct upper and lower solutions for parabolic equations and compared these
solutions with the exact numerical solutions. It is important to note that these lower and upper solutions
provide lower and upper bounds for solutions and that these bounds can be improved by monotone iterative
techniques. We shall for the purposes of an existence thcorem, assumc that upper and lower solutions exist.
In order to establish an existence theorem for §,,, B, intermsof upperand lower solutions, we define

a transformation 7, by

. ¢ =D, ¢y, (3.6.7)

and consider the sequences {(c‘(k), ka))] where ¢ is obtained from the linear system

i

(k)
95" _py2h_ £, x, 5Dy in (0, TIx2xA, (3.6.8)
at ] X1 [} f
Atk
~j-=0 on (0, T')x0Q2x A, 3.6.9)
n
aC(k) k
Di——+ Hie{?) = #,C{*™V on (0, TIxdxA, (3.6.10)
n
<00, x,2) = ¢ in 2 x4, (3.6.11)

and C fk) is obtained from the linear system

o

S BVCH +u-VCE + 11 50CP = B, 2, CE) 401 c*Vin (0, TixA, (3.6.12)

¥ 2
(k)

vc® + g % = v,C;, on (0, T]xdA;, (3.6.13)
1

ac®)

? =0 on (0, T]xdA, =2, 3, (3.6.14)

X
c®(0,2)=Cigin A, (3.6.15)

with ¢; <P < on [0, TIx@2x A and C; <C* " <C; on [0, T)XA fork = 1,....

For each k, the system (3.6.8) consists of n(/) linear, completely uncoupled initial value problems with
boundary and initial conditions given by (3.6.9)-(3.6.11) and this system is uncoupled from the system
(3.6.12) which consists of n(/) linear, completely uncoupled initial value problems with initial and boundary
conditions given by (3.6.13)-(3.6.15).

Since cf")(t, x, z) is not differentiated with respect to z in (3.6.8), A may be considered to be a
parameter space in (3.6.8)-(3.6.11). For functions cf")(t, x, z) where D; =1; =0, £ may also be

(k=1) —
; =

considered to be a parameter space and for functions Cf")(r, z), where 9, =0, u-VC 0, we may

similarly treat A as a parameler space. The existence and uniqueness of sequences ((cf"), C‘-("’)] may
therefore follow from solving standard scalar systcms of linear parabolic equations (LADYSHENKAYA [155]
or FRIEDMAN [94]) which may or may not depend on parameters, systems of ordinary dillerential equations
which depend on parameters (HARTMAN [119, p. 93]) and systems of first order partial differential equations
(LAKSHMIKANTHAM et al.[160]).
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All these theorems will require Holder continuity properties on the functions f;(¢, x, cﬁ"‘])) and
F(t, 2, G D)+ [ o~ ¢V which are satisfied if either ¢*"P e c(*@2Irae (o T1xQx A, RN,
Cgk—l) e CH2%a[0, TIx 3 x A, R"M, Cgk—l) e cl+anlvarq T)x A, R") or C}(k-]) e Co2a
[0, T1x A, R").

These theorems will also require H6lder continuity properties in the boundary and initial conditions

and so we make the following assumptions on ¢;, C; ¢ and C; ;. We will assume that €2 and dA belong to
class C2+e,

(H3)
(i) For components i € I, where D;, ;> 0,

o€ CHEEQxA, RMD);
(ii) For components i € /, where D; = ;= 0,
cio€ C**[@xA, RN,
(iii)  For components i € J, where 9; > 0,
Cio€ CHO[A, R*] and C; e CHIVERE[(0, TIx A}, RMDY;
(iv)  Forcomponentsi e J, where 9;=0and u-VC; # 0,
Cio€e C™®*[A, R"N)and C;, e C¥2%((0, T]x A, R"D);
v) For components i € ./, where @; =0 and u-VC; =0,
Cio€ C*[A, R")).

The velocity distribution vector function u(t, z) is also required to satisfy the following Holder continuity
property:

(Hg) u(t, z) € C¥'2%[(0, TIX A, R"].
For components i € J, where 9; = 0, u-VC; #0, we shall also need the following additional assumptions

(Hs)
@) For each (1o, z0) € [0,T]x A, there exists a unique solution z(t, to, zo) of

$=u(l, z), z(t9) = zg, on [0, T7]; (3.6.16)

(ii) (1, 1o, 20) is continuously differentiable with respect to (fo, zo);

(iii)  The relationship

2 s ma)

9{0 aze (I, Ly, Z.D)u(lg, Zo) #0, (3.6.17)

holds.
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(He)
0] Foreachzge A and Yipe R"V), there exists a unique solution Y,(t, 0, Y,0; zg) of

oY, X -
S = i 2 0, 20), CFD) =1t 1 [ e, 20 10, 20), Yi(O) = Yio, (3.6.18)

on [0, T, where z(t, to, zo) is the unique solution of (3.6.16);
(ii) Yi(t, 0, Yi; o) is continuously differentiable with respect to (Yo, zo).

Note that assumptions (H3)-(Hs) will hold in either our original system S,,, B, or the monotone system
S2,., By, and (Hg) can be shown to hold in the monotone system S,,, B,, if it holds in our original system
S, B,.

Lemma 3.6.5

Consider the IBVP (3.6.8)—(3.6.15) and suppose that the assumptions (I11)—(t14) hold. Let there exist
(¢, C;) and (&;, C;) which are lower and upper solutions of S,,, B, with g= CY‘_I) <¢; on [0, T |xQ2xA
and C; < Cj(-k_l) 551- on [0, T]xA.

Assume that

(i) For components je I, whereDj,11;> 0, (:5"_') e c(ta)2l+aa [0, T]x2x A, R™Dy;

(i)  For components j € I, where Dj=H; =0, cj"") e C¥2aap TIx2x A, R*D];

(iii)y  For components j € J,where 9;> 0, CE»/‘_]) e " eVIlar Tk, R

(iv)  For components j € J,where 9;=0, u- VC;-""]) 20, Cf-"“]) e cHaV2er TIxA, R"Y)),
and assumptions (I1s)-(l1g) hold,

(v)  For components j € J, where 9; =0, u-VCﬁ"'l) =0, C}"'l) e 210 TIx A, R,

Then the IBVP (3.6.8)-(3.6.15) possesses a unique solution (cfk), Cl-(k)), where

()} For components i € I, where D;, H; > 0, c® e C'+a/2'2+a'a[(0, TIxX2x A, R"(l)];
]
(I1)  For components i € I, where D;=11; =0, c‘(k) e CH2e22 (0 TIx QX A, RN,
()  For components i € J, where @;>0, C¥ e clre22a ) pix A, R"Y));
(IV)  For components i € J,where 9;=0, u- Vka) %0, ka) e c*o2ka TIxA, R"V)];
(V)  For components i € J, where 9; =0, u-Vka) =0, c® e cra2ap TIx A, R™).

Furthermore, in all cases cf") and C‘(") satisfy the inequalities g"SC‘(k)SEi in [0, TIxQ2 XA and
C;<CM<C; in[0, TIXA.

Proof

We first consider the case when D, 9; > 0 for all j. It is obvious that for equations (3.6.8)-(3.6.11), all
conditions of Theorem 3.1.2 except for those listed in assumption (iv) are satisfied. Note that the function
Cf-"_l) in the boundary condition of ¢*) are functions of ¢ and z but are independent of x. The function
Cf-"'l) therefore satisfies the Holder continuity property in ¢ required by assumption (v) of Theorem 3.1.2
and z may be treated as a parameter. It is therefore enough to show that f (1, x, CS"'I)) e C%2ac
([0, T)x @ x A x R™D) | gD,
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Wc have

£, x, cS.k—l)(l, X, )= £ x, SN x, 2 < k(=112 + |CS~"")(1, . z)—cﬁ"")(,j .
k(=12 4 g (D — g (1402

ki (fi (8 x, cg»"‘l)))“ _ e,

IN

where,

k (£t x, 0N = k()0 + k(D)1 (3.6.19)
Also,

(2, 700, x, 20 £t x3 0 x2S kg ()= 1%+ 14D, x, 27D, 1 2]
Sk (= X1+ e, ()01, (d(€2))1 = — 1%+ 1z = 2*1%))
< ky (il 2, SEDNUx = XN+ Nz =2 1),

where,

ke o (£ x, €E70)) = ko () max (14 ko (47D (d(@))! 7k, , (4D, (3.6.20)

Thesce two cquations togcther show that

fit, x, 0)e c*2EA[0, TIxRx A xR™D, R, (3.6.21)

ie., fi(t, x, cg-k'l)) is Holder continuous in ¢ and (x, z) with exponent /2 and ¢, respectively.

For a given z in A, it follows from Theorem 3.1.2 that (3.6.8)-(3.6.11) has a unique solution cf"), where
O, x; z)e cHe22e, TIx 2, R™D).

To show that cfl‘) is HOlder continuous in z with exponcnt &, we consider cquations (3.6.8)-(3.6.11) with z

and z* and look at the difference of these equations. Note that from thc assumptions,

1£:t, x, %V, x, 2))- fit, x, cg-k‘n(t. x, 2 S k (£, x, cﬁkrl}))flz—z'lla,
ICED(t, 2)-CED(1, 2 < K (CEICEDI, (d(A)! - llz—2"1°,

!C,'.g(x, Z)‘—C,"Q(X, Z*)l < kz(C".g)"Z—z‘"a,
SO that

—k; (fi(t, %, SEOMz =21 < £, x, 84D, x, 2= fitt, x, D x, 2))

< k(£ x, Iz 219,

—K(CEMICED, @@z 21 < ¢4 D, 2)-C DG, )

<K, (CPEICEDL, (d(A)) Mz =2"1%,
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—k,(c;oMz=2"1% < ¢ o(x, 2) =i (%, 2°) < k(e p)Mz—2" 1%,

It then follows that

~k (fit, x, Sz = 2"1% < 5‘3(.:5*)(:, x, 2)-c0(, x, 2*)-DVE(cP(, x, 2)-P, x, 2*)

< k(fit, x, z—2"1%, (3.6.22)

~Kz(Cf-""'))lll-ICE’“”IC, (d(AN %Nz - 2* 1>
< D‘8i(c‘(k)(t’ x,2)-c0, x, 2N+ He® @, x, 2P, x, 2%)
n

< K, (CENILICED) L, (d(A) Nz —2"1%, (3.6.23)

—ky(c;oMz— 2" 11 < ¢ o(x, 2)—cio(x, 2°) Sky(c;oMz—2"I%. (3.6.24)

Letting
0, x, 2)- e, x, ') + k£, x, SEODNzZ—2 1%
wy = s ; (3.6.25)
Kllz—-z'll
and
(k) (k) * (k=1) ) pex
¢ X, 2) =, k2T )= kg (fi(, x, llz —z" 1%t
Wy o ( ( ) ‘(‘t f i , (3.6.26)
Kllz-2z"1l
where
K = max{k,(c;g), K,(CS"DYHICD1, (d(A)) %), (3.6.27)
we obtain the problems
DUy PP o, DL wy 2 =1, wiro = -1, (3.6.28)
ot I1; dn
and
Wiy D; ow,
s DViw, <0, = o nz +wipE 1, wipo < 1. (3.6.29)

The problems (3.6.28) and (3.6.29) are cquivalent and it follows by Theorcm 3.2.9 (Strong Comparison

Theorem) for parabolic cquations that

wi 2-1, (3.6.30)

and
wip £ 1. (3.6.31)
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Therefore

~(K +k, (£, x, EINTIZ=2"1% < (01, x, 2) - (1, x, 2*))

< (K + k(£ x, DNz — 219, (3.6.32)
so that
e, x, 2) =, x, 2N € (K+k,(fitt, x, SNz 2"1%, (3.6.33)
ife’, c‘(k) is Holder continuous in z,

We sce that (3.6.8)-(3.6.11) has a uniquc solution cf"), where
(1, x, 2)€ CHUIEE[(0, TIxQx A, R (3.6.34)

Note that the equation (3.6.32) could also have becn obtaincd by integrating (3.6.22) with boundary and
initial conditions (3.6.23)-(3.6.24) and noting that the corresponding Green's function is integrable.

It is obvious that for cquations (3.6.12)-(3.6.15), vie C‘”z"’[(O, T1x A, R"] and all conditions of Theorem
3.1.2 except for those listed in assumption (iv) are satisfied. Therefore, it is enough to show that
F,z, CEDy4ir ], o*Ve co2|0, TIx A xR™, R,

J ()!)2

We have

NE, 2, C* VG, 2)+ 1 j(mz V@, x, - 1R 2, V(@0 z))+u,-ja!22 N x, )
SIF(L 2 C¥0(, )= F( 2, CRD(0 o) + 1) jmch"-”(l, x, 2)=c* V(! x, 2)l
<K, (=124 1% D (e, 2)- Al 2)0) + HL.J'anlc}""”(:, x, 2)-c* V(e x, 2)l
<K (R)lle—'1%2 4+ K, (M= (D2 4 11k (c7) j(mz I — (2
<K (F)Ie—1"1%2 4 K, (4= 10402 1 g, (D)l — (0402

<K, 2, C§"'”)+//‘.jmch"")(l, x, )l —1"1%2,

where

Ki(Fitt, 2, CEOy [, VG x 2) = 1 + 121K, ()4 11k, (D). (3.6.35)
2

Also,

4

o (k=1) [ S-D YT (e T N .
ILF(t, 2, C§ (l,z))+lI,J(mzc‘- (. x, DI-1F (1, 2, C§ (l,z))+lI‘Jaﬂzc- «, x, 29
S IR P amus CFVG W + B, of 20 5= @ z2l)
2
IRt 2, €0, 2) - R, 2% D, 2l + u,jm 1V, x, )= c* D, x, 2*)
2

SK, (F)llz = 1%+ 1IC%D (1, 2)-C Ny, 2*)) +//‘-k,(c§"“>)jm hz— 21"
2!
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< K (F)lllz— 2" 1%+ K, (CEMNCED, (d(A)' %z =21 ] +Hiky (D)o 2= 21
< K,(F(, z, (:f,-"“")arf.gjcm MYz - 21,
2
where
K, (F(, 2, c}"“>)+11,-j - ) = K (F1+K,CENCED1 0 (AN 1+ 11k, (cEP)sr . (3.6.36)
These equations together show that
F(t, 2, €y + n,-J’m kDe ca2e(10, TIx A x R, 7)), (3.6.37)
vidy

i.es Btz Cf»"'l)) +1H; -[891 cf""l) is Holder continuous in ¢ and z with exponent /2 and o respectively.

It follows from Theorem 3.1.2 that (3.6.12)-(3.6.15) has a unique solution Cf"), where Ci(") g ol agie
[0, T]x A, R"D)].

To prove (I) and (II) in the general case, we need only obsecrve that f,-(t,x,cﬁ-"'”)e (it
[0, T1x2x A x R™D | R™D] from (i) and (ii). The proof is similar to that shown earlier.

In the casc of (I), we note that for components i, where D;, 11; > 0,

P e cMre22+aa (0 TIx2x A, R™N], (3.6.38)
by the same argument as above using Thcorem 3.1.2.
In the case of (II), we note that for components i, where D; = 11, =0,

B x =60+ [ it x (0 x, 20, (3.6:39)

exists and is unique by the Holder continuity property of ()E)(f, X, cj-"_l)) in ¢, x and z. Also, if f(t, x, cg-"‘]))

is Holder continuous in ¢ with exponent ¢/2, then ;‘ is Holder continuous in ¢ with exponent /2.
t
Furthermore,
ke 2 (fi(t, %, D= X1+ Nz =2 U%) < 5‘9(4")(:, x, 2)-c®(t, x’ 2*))
' t

< ke p (Fi(6 % DN U =21 4+ Nz 211%), (3.6.40)

kg 5 ()X =X 1%+ llz—2*1I%) < ¢10(x, 2)—Cig(x' 2°)S Ky (ci0)Ux—x"I%+ iz—2"11%). (3.6.41)

Letting

e x, 2) =M, x, 2*) + ke, (fit x, DU = XN+ 1z = 2" )t S
= ks (€, )X = X 1%+ 112 — 2 1%) : o

and
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e, x, 2) =, x, 27) = ky (£ x, SETD =2 1%+ Nz = 20 1%

iz = ; . : 3.6.43
’ ke 5 (ci 0)11x = X' 1%+ 11z = 2°1%) ( )
we obtain the problems
20,1021, (3.6.44)
ot
and
%‘?_2 <O wizo sl (3.6.45)

The problems (3.6.44) and (3.6.45) are cquivalent and it follows by Theorem 3.2.3 (Strong Comparison
Theorem) for ordinary differential equations that

wi 2=l (3.6.46)
and
wip < 1. (3.6.47)
Therefore
~(ky, o (i0) + k(i x, NI =21 4 1z =2"1%) < (@00, x, 2)- @, x, 2%)
S (ke (6,0) + ko (£00, x, EDNTYUIx = X1+ lz—2'19), (3.6.48)
so that

1Ot x, 2)= 01, x, 2 S (kg 1 (ci0) + k(£ 2, SETINTYX = X%+ 11z = 2*11%), (3.6.49)
i.e., cfk) is Holder continuous in x and z.

This result also follows by integrating (3.6.40) through with respect to ¢ and applying the initial condition

(3.6.41). Altogether, these imply that
C'('k) € C1+u!2,a,a[(0, f] % ﬁ XA, R"U)]’ (3.6.50)

To prove (II1)—(V) in the general case, we need only observe that Fi(t, z, Cj-"'l))+ ”"I,m c,("_l)e (ki
[[0, T)x A x R™) R"D| from (i)—(v). 1

In the case of (III), we note that for components i, where ;> 0,

cB e cra22ra(o, T1x A, R™V)) (3.6.51)
by the same arguments as above using Theorem 3.1.2.
In the case of (1V), we note that for components i, where @;=0and u- VC‘-(") =0,

(k) —r b (k-1) ‘ (k=1)( s 5
CR, )=Cio + [ & 2, D)+ 1, Iarzzc‘ & x, 2)dr, (3.6.52)
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exists and is unique by thc Holder continuity property of F(t, z, C}"")) + Ilijm c‘("") in t and z. By the
same argument as for the proof of (II), we see that ’

Cl!jk) c C1+a!2.a{(0’ T]% ;i', RB(J)]' (3.6.53)

In the case of (V), we see that by (Hs) and (Hg), z(¢, to, z0) and Y;(¢, O, Y;0; zg) are unique solutions of
(3.6.16) and (3.6.18), respectively, on [0, T]. Choose Yo = Cio(z¢) and note that if z = z(t, 0, zp), then
because of uniqueness, zg = z(0, 1, z). Also, the solution (z(t, 0, zg), Yi(¢, O, Y,0; 20)) of the systems
(3.6.16) and (3.6.18) is a characteristic equation of (3.6.12). Hence, for each solution of (3.6.16) and
(3.6.18), we have

CRU,2(1, 0, 2)) = Yi(1, 0, C;o(z0); 20), (3.6.54)

and consequently,

CU1,2) = %1, 0, Co(2(0, 1, 2)); 2(0, 1, 2)). (3.6.55)

Now by using assumptions (As) and (Ag), it is casy to show that C¥)(1,z) defined by (3.6.55) satisfies
(3.6.12).

To show uniqueness of solutions of (3.6.12), we suppose, that C(") and C‘-(f) are two solutions of
(3.6.12) on [0, T1x A. By Theorem 3.2.9 (Strong Comparison Theorem) for first order partial diffcrential
equations, we see that C}; &) < Cy *) < CU‘) and therefore C(") coincides with C; (k)

The Holder continuity of Cf")(l,z) is obtained by examining the characlenslic equations (3.6.16) and
(3.6.18), so that

C.(k) € Cl+rx!2,l+a!(()‘ -1"] % X’ Rﬂ(") I- (3.6.56)

Finally, we show that (¢;, C;) and (¢;, C;) are lower and upper solutions of (c‘(k), C,-(k)). To show that
c, 5‘,-) is an upper solution of (c‘-(k), C,-(k)), we need only observe that

—(c—c‘*% DV2@~ M2 i1, x, &)~ fit, x, &) 2 0in (0, TIxxA,

D; ai(a-— ¢+ H(E— ) = Hy(C,— C*1)> 0 on (0, TIXA2xA,
n

a—al(a-— c®y - VE(C,-C*y+u-V(C,-C®)+ 1152 (C:—-CP)
>R, 2 Cp)= Bty 2, D+t G-
2

2 0in (0, T)xA,
since f; and F; are monotone nondecreasing in cjand Cj, respectively.

We may therefore apply the maximum principle for the parabolic operator or Theorem 3.2.3 (Strong
Comparison Thcorem) for ordinary diffcrential cquations or Theorem 3.2.6 (Strong Comparison Theorem)
for first order partial diffcrential cquations to conclude that (¢;, Ei)s (c,-(k), C‘-(k)). Similarly, (¢;, C;)may be
shown to be a lower solution of (c‘-(k), C‘(k))and the theorem is complete.0
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To start off the iterative procedure, we need some continuity properties of (¢;, C;) and (¢, C)). The
properties of the mapping Z, from (c&""), CE"“')) into (c‘("), Ci(k)) are then given by the [ollowing lemma,

Lemma 3.6.6.
Consider the IBVP (3.6.8)-(3.6.15) and suppose that the assumptions (111)—(I14) hold. Let there exist

(¢i» C) and (c;, C;) which are lower and upper solutions respectively of S, B.

Assume that
()  For components je I, where Dj,11;> 0, ¢;, & € C**22 %0, T)x@x A, R"D);

(i)  For components j € I, where Dj=11;=0, ¢;, & € C""*>%%(0, T|x2x A, R"DY;

(i)  For components j€ J,where 9;>0, C;, C,e C**22* %), T|x A, R"D;
f SRS
(iv)  For components j € J,where ;= 0, u-VC*" 20, C,, C;e c*¥21*e, T)x A, ")),
/ J s &
and assumptions (11s)-(Hg) hold,
(v)  For components j € I, where 9; =0, u-VCjk“') =0, C;, Cje cH e, TIx A, R*).

Then the mapping T, from (cy‘"'), Cj»"")) to (c‘-(k), Ci(k)) possesses the following properties:
()  Tis a monotone operator on the intervals |¢;, &) and |C;, C;l.

Proof

We first consider the case when D), 9; > 0 for all components j. The natural imbedding of lopae
[0, TIxR2x A, R"] inlo C"22[0, T|1xQx A, R*D| and ™22 7|xA, R*| into C'?
1€0, T1x A, R implics that ¢, & € C"24((0, TIxQx A, R*D | and ¢;, C;e C2|(0, TIx A, R™D).

The boundedness of £2 and A, together with the fact that their boundaries belong to C2*®, shows that,
i cgk_l)(l, x; z)€ CR2((0, T)1x 2, R*D] (with A treated as a parameter space) and Cf»k_l)(l, )€
C'2[(0, T1x A, R™)], then cg."‘])(t, X 2)€ Wq"z[(O, T1x 82, R™D) (with A treated as a parameler space)
and Cﬁ-/‘_')(l, 7)€ qu'z[((), TIxA, R"U)] for ¢ > 1. From Lemma 3.1.5, we may takc g to be identical in
both cases.

This, in view of Theorem 3.1.1 (Imbedding Theorem), yields that c*D(, x; 2)e
ca2ar o T1x 2, R™] (with A treated as a parameter space) and C}"")(I. 2)e CUtaV2l+a
(0, T)X A, R"(J)]. From Lemma 3.1.3, o may be chosen to be identical in both cases. From arguments
similar to that shown in the proof of Lemma 3.6.5, we see that cj-"'])(t, x, z)e CI*oVzl+aa
(0, T)Ix 2 x A, RMD].

It is immediate that the proof of (I) follows from the choices (cﬁ-"']), Cj(k"))=(g, Qj) and
(cgk"), Cf-k"))=(é"j, C"j) in Lemma 3.6.5.

All the other possible cases are treated similarly.
We have shown that if (c{?, C{”)=(¢;, C;) then (c{¥, C?)2F (", C?)=(cP, cV) and ir

€, €9)=(¢;, Cj) then (2, )< T, D)= (", CM). We have, in fact proved that the
mapping I maps intervals [¢. €;]1and [C;, 5j] onto themselves.
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To prove (II), let o MRS [gj, Ej] and Cj,, Cj2e Igj, ql where (¢
Jj. We want to show that I (cjy, Cj1)2 T (cjz, Cj3)-

Let (4, U;)=9 (cj1, C;))~T (cj2, Cj2)- Then the monotone nondecreasing property of f; and F;

i1» Cj1)2(cja, Cjp) lor all components

implies that

%-D.-Viu.- = fi(t, x, ¢j))= fi(t, X, ¢jp) 2 0 in (0, T]xExA, (3.6.57)
D"%'f H,—u,- = l‘l"(cl‘] _Ci2) 20 on (0, nxanXA, (3.6.58)
n
A .
‘-;;T—.ﬂv UI"I'H'VUE'f'”,'W":ﬁ(f, z, Cj])"'f':'(f, Z; Cjz)“f”"jan C1—Cip 2 0 in (0, T)xA, (3.6.59)
2

and from the maximum principle for the parabolic operator or comparison theorems for ordinary differential

equations or first order partial differential equations, (¢, U;)20 or I (cj;, Cj1)2 T (cjz, Cjp). This shows

1
that is a monotone operator on the intervals [¢;, ¢;] and [C;, C;].0

The monotone operator J will play a central role in the iteration scheme.

Remark 3.6.5

If f; and F; are strictly monotone increasing in ¢; and Cj, respectively, then by Theorem 3.2.13 (Generalised

it Cj|)>g—((.'j2, Cjz), (llnlCSS g(le, le)Eg(CjZ’ C_[2) in

which case the right hand sides of (3.6.57) and (3.6.59) are identically zero; but this happens only if

(cj1» Cj1)=(cj2, Cj2), from the strict monotone property of f; and F). We say that the monotone operator T

Strong Comparison (Contact) Theorem), I (¢

is monotone operator in the sense of COLLATZ [76], i.e., (cjl, le)Z(cjz, Cj2) implies that g’(cj,, Cj1)>
T (¢j2; Cj2)-

Remark 3.6.6
If f; and F; are monotone nonincreasing in c; and Cj, respectively, the operator Jis alternating on the
i1 Cj2) 2 (cjz, Cjy) implies that T (cjy, Cj3)<T (¢j2, Cjy)-
To prove this, let (4;, U;) =9 (cj1, Cj2)—T (cjz, Cj1)- Then the monotone nonincreasing property of f; and
F; implies that

intervals [¢;, &;]1and [C;, C;] in the sense that (¢

%—Dﬂiui = filt, x, cj1) = fi(t, x, ¢j2) <0 in (0, TIXEXA, B850

Df%* Hu; =H(C;y—C2)<0 on (0, TIXI2xA, (3.6.61)
n

U,

7’—9'VzU‘-+u-VU‘-+H‘-\9/U‘=E(z, 2 le)—lﬁ(t,z,Cjz)+fl"Janc‘-l—qz > 0in (0, TIXA, (3.6.62)
and from the same argument as before, using the maximum principle for the parabolic operator or comparison
theorems for ordinary differential equations or first order partial differential equations, we see that
g-(Cj], CjZ)S‘q(CjZ’ le)

[tis necessary to choose a proper initial iteration to ensure that the sequences {(cfk), C,("))] are monotone
sequences that converge to the unique solution of S,, B, and are within the intervals [¢;, £;] and [C;, C“-].

From Lemma 3.6.6, it is obvious that the monotonicity of these sequences obviously depend on the



3.6 EXISTENCE OF SOLUTIONS TO THE UNSTEADY STATE PROBLEM 75

monotonicity of f; and F; and the initial itcration is taken to be either an upper or a lower solution which is
required to satisfy certain inequalities on the corresponding system.

We may therefore use the initial iteration (E,-(O), C_“-(o))= (&, C;) to construct the sequence
(G C*))) from the following equations

ack! r
5 -DVIER = (e, x, £V in (0, TIx2x A,
t
a +H z® = H.CTH*D (0, TIx2yx A,
n
oCM Gy2EMm =k = (k) = (k1) £k
—— =V +u-VCR + 19T = Ft, 2, C )+/1j in (0, TIxA,

or the sequence ((c; (k) C("))} with (c(o) C(O)) (¢;» C,) may be determined from the equations

o'?c(")
e D‘VE f")—f(r X, g(" Dyin (0, TIx2xA,
(
o k k-1
D=+ H,¢® = H,c*D (0, T1x002xA,
n
ach

- GVEICH +u-ve® + 1 ¥ =F, 2, € ‘))+//J' ¢4 in (0, T7xA.

Note that the sequences ((r(") C(k))] and ((((") C("))J may be obtained independently of cach other. As in
Lemma 3.6.5, uniqueness and existence of the sequences {(E,-("), Cl-(k))} and [(gf"), Qf"))) follow from
similar arguments for uncoupled scalar systems of nonhomogeneous linear parabolic differential equations,
ordinary differential equations or first order partial differential equations by using the monotone properties of
fiand F,.

Definition 3.6.2.

The sequences {(c(") C(-k))} and ((Em C_'»("))} with (c(o) C(o))=(c- C;) and (E(O) 5(0)) (€, C;), are
called minimal and maximal sequences, respectively. We say that (¢;, C;) and (C;, C;) are minimal and
maximal solutions respectively in the regions [¢;, £;] and [C;, C[], if for any solution (c;, C;) of S,, B,
where ¢; < ¢; < ¢ and C; < C; < C;, then ¢; <¢; <G and €, SC=C:

From Lemma 3.6.6 together with the monotonicity of Z; we shall show that the sequence
((c(") C("))) with (c(o) C(O)) (¢;, C;) is monotone nondecreasing and the sequence {(F(") C(")))wnh
(E,.‘°>, C‘-(O))- ;. C‘-) is monotone nonincreasing.

Furthermore, (¢;, C;)< (¢, C‘,v) results in (ka), ka))S(Ei("), (T'l-(k)) for all k£ and pointwise limits
(¢;, C;) and (c;, C,) exist. This is all done in the following lemma for S, B,.

The only difficulty arises for components i € J, where 9; =0, u~VC,~(") % 0, and in this case we will
have the following additional assumptions:

oF, . . .
(H7) a—‘ exists and is continuous;
74

(Hg) % exists and is continuous;
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It has been shown in Lemma 3.2.2 and Lemma 3.6.4 that our assumptions (H;) of Lipschitz continuity
properties and (H3) of Holder continuity properties for the functionsf}and F; imply similar Lipschitz and
Holder continuity properties for the functions f,, f;, F; F; and F.. It can also be shown that similar properties
hold for our assumptions (H7)-(Hg) of differentiability propemes for the functions f;and F; .

Lemma 3.6.7
Suppose in addition to the assumptions of Lemma 3.6.6, that {(r(") Cc ("))] are minimal sequences and

[(_(k) C; (k))] are maximal sequences. Also, assume that for components i € J, where D; =0, u-VC; c,
u-VQEk) #0, that assumptions (H7)-(Hg) hold. Then

<<l < W<g® < <z <D <E for (1, x,2)€(0, TIXQ2 XA,

n

CisCO<cW< <cW<CTW < <CTM<TO<C, for (1, 2)€ O, TIx A
for all k= 1,2,... and the pointwise limits

lim (¥, c)=(c;, C),

k—oe

im (¥, C*=(, C),

k ~yo0

exist, implying that

<cV<cV<. e <¢ <5 ..czP <

in

tM <O < for (1, x, 2)€(0, TIXQ X A,

cW

9
o
in
f‘}l
in

CisCW<cV<.<c®x. <

~‘-1|

N <C; for (1, 2)€ (0, TIX A,

|

for all k = 1,2,...

Proof
Let (4;, U;) = (E,-(O) —Z“-(l), C_',-(O) = E,-(l)) = (E,-—E‘-(l), éi—a(l)), for all i. Then by definition 3.6.1 of upper and
lower solutions and definition 3.6.2 of maximal sequences, the following inequalities will hold

0 I¢; 2 = ;
(9u1 ~DV2y, = acl' -DV2g— f(t, x, €;)20 in (0, T]xE2xA,
Oy 9z _z0) === p 9%y .
Dyt Hisy = Dy (= E0)+ Hi(6=¢] )=D‘<§-‘-+Il‘~(c‘r—C,r)20 on (0, TIXOSHXA,
n
%U DV, +u-VU; + H; U, -[ - @V2EC.+u-VCi+ HC)-[F(t, 2, C)+11Jaﬂ :
(4

20in (0, TIxA,
with similar inequalities holding in the boundary and initial conditions.

We first consider the case when Dj, ;> 0 for all j. We see that from Lemma 3.1.8 (Maximum Principle) for
the parabolic operator that (4;, U;)>0, i.e. £ 22" on (0, T)x@2x A and T 2C,®) on (0, T]x A .

This result also follows from the monotonicity of &; since if (¢;, C‘,-)Z (E,(O), (T"-(O)), then 7 (¢;, C) 2
F@®, T =(F, ") and @, T2, TO) it welet 7, CP)=, C).
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Therefore, from Lemma 3.6.5, we conclude that £V C!*®2.2+@2[(0, T)x Qx A, R™D] and
6(1) C1+a122+a[(0 r]xA Rn(])]
13

By natural imbedding this implies that ¢"e C*2°[(0, TIx2x A, R"D) and CWMe (2
[0, T)x A, R,

All the other possible cases are treated similarly so that

0) For components i € /, where D; = /1;= 0, E;(])E C]'O'O[(O, TIXQ2x A, R,
(ii) For components i € J, where 9, =0, u-V(:-(I:' #0, (T"-(l)e ch [(0, T]xx, R"(J)],
(ili)  For components i € J, where 9;=0, u-Va(]) =0, C—“-(I)e 0, T)x A, R,

In the case of (iii), we see that z is treated as a parameler. If (H7)-(Hg) are assumed, it then follows from
standard results on ordinary differential equations which depend on parameters (HARTMAN [119, p. 95-99]
that (,_“-“) will be continuously differentiable in z. Therefore, if (H7)-(Hg) arc assumed then in all cases for
components j € J, C‘}l) will be continuously dilferentiable in z. Furthermore, in all cases for components
i€ I, where D;,H; > 0, it can be demonstrated from (3.6.10) that 5(2) will also be continuously

differentiable in z.

We may similarly show using by the definitions of upper and lower solutions and of minimal sequences, that
¢ < and cO <O,

Now let (y;, U;)=(c; D 1) A(C cH- E')). Then the monotone nondecreasing property of f; and F; implies
that

%—Dvxu = fi(t, x, T = £t x, V)= £ x, €)= £i(u x, ;)20 in (0, TIXQXA,

Py
Gliy, I
D =Dy

U,
3

q1
ZM- [D S+H, cM=H,(C-C=H;(T;—C,)=0 on (0, TIxI2xXA,

~ DV, +u-VU; + HU; =F(1, 2, C)) - F(l, 2, C)+IIJ9 —¢)20 in (0, T]xA,

and it follows from the monotonicity of & that

@, c=@h. T,
implying that

<l <M<z <e® <z for (1, x,2) € (0, TIXQ2 XA,
and

C;sCW<cM<TW<TO<C; for (1, 2) € (0, TIXA.

Assume, by induction, that

2® <zD ang T < THD,

for k=1,..,m.
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The only difficulty arises for components i € J, where &; = 0, u~Va(k) #0 and in this case we cannot
assume that in general, that the assumption (Hg) will be satisfied. However, in this case we assume (H7)-
(Hg) hold so that 6("‘1) and 5""2) will be continuously differentiable in z for all j by earlier arguments.
Thus forcomponentsi € /, where D, H;> 0, it can be shown that c(" - will be continuously differentiable
in z from (3.6.10), so that by assumptions (H7)-(Hg), F(t, z, Cj-" l))+Il,-_[m)cfk'1) will be continuously
differentiable in z. For components i € /, wherc D; = H; = 0, we sce that in this case by assumptions (H7)-
(Hg), F(t, 2, Cﬁ"‘”) will be continuously differentiable in z. It then follows that (HARTMAN [119, pp. 95-

99]) assumption (Hg) will be satisfied in the general case.

The functions (4;, U;)=(c{™ —g{™*"V, T ~C*D) and the monotone nondecreasing property of f; and
F; implies that

‘;; =DV = fi(t, x, €)= £i(1, x, T™) 20 in (0, T]x2xA,
—(rn) -(rn+l)
D,a—u+Hu =D, ‘98 +Hi - [D—— i a +U ™ 0)= (T D -C™) 20 on (0, TIXIRxA,
n n
U; 2 =(m) 7(m) =(m) _ =(m)y> 0 i
SV Hu VU + HifUi=Fi(t, 2, C™) - F 1, 2, G )+u,.j3{2 @™ -2™)>0 in (0, TIxA,
E 2

with similar incqualities in the boundary and initial conditions. This ensurcs that

(m) >C -(m+l) and a(m) 2(:('"”),

from the monotonicity of J and proves that {(E,-("), C_“-("))] with (q(o), C_“-(O))=(c',-, C;) is a monotonic
nonincreasing sequencc.
L W — k k . 0 0)y _ .
It follows from a similar induction argumcnt that [(gf ), QE ))] with (gf ), QE ))-(g‘-, C) is a
monotonic nondecreasing sequence and by a similar induction argument E(k_” > gt Puand C (k=) > Qf"’l)

for k=1,...,m ensures that {™*P > ¢(™*D and C(™*D > c{™*D. The following inequalities then hold
¢sP<cM< < W< < <z <z < for (1, x, 2)€(0, TIXQ XA,
C;sCW<cW< <cW<C® <. <CP<CO<C; for (1, 2) €0, TIX A,

for all k=1,2,...

It follows from the monotonic property of our maximal and minimal sequences, its boundedncss by

(¢i» C;) and (¢, f’,-) and the monotonc convergence theorem that the pointwise limits
Jim 9, ¢)=(c, €,
Jim &™), c*=(z, C),

exist, implying that

< W<cW< <P <c <5 .80 <.<eMW <V <E for (1, x, 2)€(0, TIX2 x A,

CiscWscWs.sc®< <¢ T 5.2

2l

V<. <CW<CO<C; for 1, 2)€ (0, TIXA,

for all k =1,2,..0
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3.6.3 Existence of Solutions

Itcan be shown that our minimal and maximal sequences ((Q(k). Q(k))) and {(E‘.("), a(k)}) converge not only
pointwise but converge uniformly (in appropriate function spaces) as well. The following theorem is an
existence theorem for solutions to the system §,, B,,.

Theorem 3.6.1 (Generalised Existence Theorem)

Let the assumptions of Lemma 3.6.7 hold. Then the minimal and maximal sequences [(gf"), C f"))} and
{(E,-(k), C_}(k))] converge monotonically and uniformly from below and above to (¢;, C;) and (c;, a)
respectively, where (c;, C;) and (C;, (T',-) are solutions of S,, B,. Moreover (c;, C;) and (c;, C_",-) are
minimal and maximal solutions respectively of S,, B, in the regions [c;, ¢;] and [C,, (~Z‘,~] and by
uniqueness (c;, C;)=(c;, C;).

Proof
We first consider the case with D;, 9; > 0 for all i.

Let QEk), Ei(k) Ecl+al2,2+a,a[(0, T]X-.(—2>< A, Rn(l)] and _C_Ek)’ Ei(k) ecl+a/2,2+a[(0’ T]XX, Rn(!)]
for k = 1,2,... and let us consider the maximal sequcnce {(E‘-(I‘). C—‘l-(k))}.

We note that C™**22*((0, T]x2, %)W, 2((0, TIx&2, R*") and C**'****((0, T)x A, R
W2((0, T)x A, R™D] for py 2 (m+2)/(1-a) and py 2 (my+2)/(1-0).

From Lemma 3.1.1, this implies that C*®22+%((0, T)x 22, R"D1cW}2((0, T)x 2, R*"] and
CH22e (0, TIX A, R W2((0, TIX A, R™P), where ¢ = min (p1, pa).

By Theorem 3.1.4, we scc. that c(") (with A treated as a parameter spacc) and C; Tl satis{y the
following Agmon-Douglis-Nirenberg estimates (see Thcorem 3.1.5):

~(k —(k=1) _
I )“wqm[(o, 7ixa, re)S CULAG %, E WM sa g0, 7, 7O

7~ (k=1)
+ 11C; ”Wq“z”””'l““"((o, Tixo0,, R"D)

+1 C,"OIIW:~2/4[E' R"(’)])’ (3.6.63)

and

II(T“.(k)n 7 RS <CUF(, 2, C(k ]))+.[ _(k -y

w20, T)x LI, TIXA, R*D)

+ ”Ci.luwg’z'“z""“"’ (€0, T]xdA, R™D)

+ ICiglly 227 el (3.6.64)

The fact that € '(" he l¢j» ¢j] and C_‘j("'l)e (oFF o) il iy E(l‘ D and C_‘}H) are bounded, the continuity of f;
and of F; 1mp1y by the continuity and boundedness of lhc Nemytskii operator (Lemma 3.1.6) that the
sequences ( f;(¢, x, c (k- ])] and (F;(1, 2z, C (" '))+I ‘(" l)] are uniformly bounded in C[(0, T)1x £, R"(')J
(with A treated as a parameter space) and C[(O TIx A, R"(J )| respectively.

Since C((0, T1x£2, R*D) and C((0, T'|xA, R™| arc densc in L2(0, T|x 2, R™| and
L0, T]xA, R respectively, it follows by the continuity and boundedness of the Nemytskii opcrator
(Lemma 3.1.7) that (f(, x,c (k- 1)] and (F(, 2, C(" 1))+‘[ ‘(k ])] are boundcd sequences in
LI[(0, T)X 2, R™D] (with A trcated as a parameler spacc) and L9((0, 1 |x A, R™)), respectively.

This, together with the above cstimates (3.6.63) and (3.6.64) shows that the sequences (Ef")] and
{(,_'i(")) are uniformly bounded in Wq]'z[(O, TI1xQ, R"(l)] (with A treated as a parameler space) and
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qu'z[(O, T|x A, R )] respectively. Therelorc by application of Theorem 3.1.1 (Imbedding Theorem), wc
obtain

iz ) (3.6.65)

=k
"c“*“”“*“[(o T)x{3, R"“’],_C"c "w;-’[(o, TIx§, R™PY)

and
= (k)
IC; C“*"‘m*“[(u T)xA, R"‘”]-C"C w‘z[(n, TIxA, R™D)» (3.6.66)

forall k = 1,2,.., where C in both estimates are independcnt of any element of Wq"z[(O, TIx 22, R"(’)] or
Wr2((0, T)x A, RD).

From (3.6.65) and (3.6.66), we can conclude that every uniformly bounded sequence in Wq"2
[(0, T]x£2, R™D] and W,-?[(0, T)x A, R"¥)] is also uniformly bounded in C{1*¥Y21+< [(0, T)x 22, R))
(with A treated as a parameter space) and CY21+@ 10, T1x A, R™”?], respectively. From Lemma 3.1.3,
we may take « in both cases Lo be identical.

Thus the sequences (€*°) and (C;*’) are uniformly bounded in C*®21* (0, T1x 2, R*D] (with
A treated as a parameter space) and CHO 2140, T)x A, R*Y)] respectively. Therclore, by applying
Lemma 3.1.6, { fi(t, x, clk- ')] and (F(4, 2, C(" l))+_[ ("")} are also bounded sequecnces in co'2a
[0, T]x 2, R )] (with A treated as a paramcter space) An(l cei2, @0, T]x A, R"V )] respectively. Hence
by the Schauder type estimates (Thcorem 3.1.3), we have

=(k-1) =(k-1)
" "C"“’”’“[(o T)x82, R"‘”]—C("f @ x, S )"c"/z-"l(o, T)xq, Ryt Ic; "c“*"m-““((o, T)xdsy, RV
+ "Cl"0||c24a[?) Rn(l)]) (3.6.67)
and
(k) (11 J7 7 (k=1) =(k-1)
"C‘ ”Chan)#a (o, T]x/_l-, R"“)] < C(“r;(” z, Cj )+J‘3-Qz Ci ”Cafz.a[(o' 7-]xx‘ Rn(l)]
+ "Ci,l"c(ha)/z,ha[(o' TIxdA,, Rn(l)]+ "Ci,() “CZNI[/T_ R'IU)]) (3'6‘68)

for all k = 1,2,.., which implies the uniform boundedness of sequences {Efk)] and (C_}(k)] in
cHe22+a (0, TI1x 2, R™D] (with A treated as a parameter space) and C'**22*¢((0, T]x A, R™V)],
respectively.

We may use arguments given in Lemma 3.6.5 to show that sequences (E,(k)] are Holder continuous in
z with exponent & and may be shown to be uniformly bounded in A

Therefore, by the natural compact imbedding of CM**/22+@%((0, T]x 2 x A, R™] and C'*®/2.2+a
[0, T)x A, R")] into Cc120 [(0, TIx2 x A, R"(’)] and CM2[(0, T]x A, R™)], the scquences [E,»U‘)] and
(C®Y arerelatively compact in C"20[(0, T1x @2 x A, R™"] and C"2[(0, T)x A, R™¥)] respectively.

This implies that there exists subsequences of (€*’) and (C*’} which converge in C%2°
[0, T)x @ x A, R"!] and c”[(o TIx A, R"™Y)] respectively.

Let (i, Ci) where & € C*20((0, T)x @ x A, R™"] and Ci e C*2[(0, T]x A, R™] be the limit of
this subsequence.

On the other hand, we have shown that the sequencc {(Ef“, a(k) )) converges pointwise Lo (c;, (7"-).
Therefore, ¢i = €; on [(0, T]x 2 x A, R*/)] and G = C; on[(0, T]x A, R™¥)]. This shows that the whole
sequences (€%} and (C;®) converge in CV#0((0, T]x 2 x A, R} and C"2((0, T)x A, R*’)] 10 ; and
C_‘,- respectively, that is lim c( )—c in C"20[0, TIx@xA, R™P] and llm C(") =C, in c?
[(0, T]x A, R"”)] and ¢ <’é, <¢ on [0, T]x2 x A and C; <C;<C; on |0, IJxA
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Similarly, by imitating the preceding argument rclative to thc minimal scquence [(c(" ) C(k)) one can
conclude that the sequences (¢ ("’] and [C(")) converge monotonically in chz 910, TIx2 x A, R"™] and
ch 2[(0, TIxA, R"(J)] respectively; their limits are denoted by ¢; and C; which belongs to
cl2O[0, TIx Q2 x A, R™P] and C12((0, T]x A, R*”)] respectively and satisfy the relation ¢; <¢; <& on
[0, T]x 2 x A and C, <C; SC‘- on [0, T]x A . Thus the limits

(k
lim [‘9-} -DV2 (’"]—&3— -D;V2¢,, klim L x, M= £ x, ¢;)

k—oo x=
)
lim (D, 3{9 +H, =D -a;‘+H,c,, lim [H,-gf"">]=u,-g,-,

S
lim (—5— - @v2c® 4y . ve® 4 o e = a L_ GVAC, +u-VC,+ HstC,;,

k—oo

lim (£, 2, c“‘ DY+ H, ja D= B, 2, C-)+H,—Lm ¢
2

and

g 2(k) 3_ 20 i ~(k=1) =

lim [2—-D,Vic/¥1=—-D)Vz;, lim [f(t,x, T )= fi(t, x, T;),
el o -

lim [D_acl——n,f}")] Dfﬂufc,, Jim (4 ¢ M=n,C;,
k—eo c?n:

aCc ) o, - = =~
Jim [a—‘—fiﬂvzc“"w VCW + 1T = a‘—ggVZCI-+u~VC‘»+II,«sYC‘.
—e t

g SR [ =D B o

Jim (R 5 Gy e[ 2 0= R 2 G+ iy, @
cte. exist uniformly on CY910, T)1x82 x A, R"D] and C"2((0, I')x A, R™)], respectively. Thus we
conclude that (¢;, C;) and (c;, 5“») arc solutions of thc IBVP

aa[ Dlvi—‘ f;’(” X, _C_]),

&Cl'
Di';];*‘*”igl’:”ign

9C; 2 O

- BVIC+uVC + HY Ci=Fi(t, 2, G+ i
and

i DV = £t x, ),

E3

DB HE= HIGH

on

£—9V2E+M-VC_'-+/I~JYC_'~=F-(I z C—‘)+II-I G

al [} 4 [ [} { I ey J ] (;.(22 “}' ¥
respectivcly.

We therefore have that (¢;, C;) and (c;, C;) arc solutions of S,, B,.
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For components i € /, where D; = H; = 0, the uniform convergence of sequences [cfk)] to solutions ¢; and
C; is standard (HARTMAN [119], LAKSHIMIKANTHAM [157]). The sequence of approximations (3.6.8) are
uniformly bounded and equicontinuous and hence possesses uniformly convergent subsequences. The rest of
the argument follows along similar lines to that already discussed. The case for components i € J, where
D; =0 and u-Vka) =0 is similar as is the case for components i € J, where 9; =0 and u-VC,(") #0.

Now we show that (c;, C;) and (c;, E‘-) are minimal and maximal solutions of S,,, B,. Lct (c;, C;) be any
solution of S, B, suchthat ¢; <c¢; <¢and C; <C; <C;.

Since (cj, C;) = Hci, C)), it follows by Lemma 3.6.6 and from the definitions of [(gf"), QE"))} and
(@®) T™)), that

(gi» €S (cis C) S (€ T,
implics that
@ CISFED, E™< (i C) =Fei, C) < F @D, T < @, T
Let us assumc that for some m > 1,
™, ™) < (@ €)= @™, T™).
Then we shall show that
(3t el el <(e, CY'=@T, Ty,
From Lcmma 3.6.6 (II) and from the definitions of {(gf"), gf."))) and [(E[(k,) C_“.(k))], wc arrive at
™Y, ¢y = 7™, €M) (i C) = Rei €) < T @™, T = ™D, T™D).
Thus, it follows by mathematical induction that
@, €M< (. €)= @, TW),

for all k =1,2,...

Hence, we have
(c;» C;) S (e C) < (G ),

proving that (¢;, C;) and (¢, C,) arc minimal and maximal solutions of S,,, B,,.
Finally, by uniqueness results demonstrated in scction 3.3, (¢;, C;)=(¢;, CH.U

For the general system S,, B,, which may possess no monotone properties, the following theorem
follows from Theorem 3.4.1 and summariscs how wc may sct up monotonc scquences for this general
system which converges (o a solution of a new sysicm which relates in some way to the solution of the
original system S,, B,,.
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Theorem 3.6.2

The general system S,, B,, for which f; and F; satisfies Lipschitz continuity properties (1) and Hélder
continuity properties (H;), may be imbedded in a system S,,, B3, of twice the order which is coupled
by monotone functions f;' and F," of the new dependent variables v; and V. Moreover, all the solutions
(ci, C)) of the general system S,, B, are solutions of the new system, where

Vi =Ciy Vu(py4i = —Ci for i=1,..,n(l) (3.6.69)

and

V" = C", Vn(./)+|' = —C,‘ for i=1,..,n(.l). (3.6.70)

Let (v, V) and (¥, V.) be lower and upper solutions for the system S},, B3, with continuity
properties given in the assumptions of Lemma 3.6.6. Let also the assumptions of Lemma 3.6.7 hold for
the system S3,,B3,. Then the minimal and maximal sequences {(y,(.k), Z‘(.k))] and {(F‘(k), ‘Z(k))] of
San» By, given by Theorem 3.6.1 converge monotonically and uniformly from below and above to
(v;, ¥V,) and (v;, V) respectively, where (v;, V,) and (v;, l_/;) are solutions of S;,, By, satisfying the
following inequalitites

vsu sy <.y,

<%..$70 <. <7D <O <5 for (1, x, 2)€(0, TIX2 x A, (3.6.71)
VisvO<yhe <y < <y, <V <.<cVW < <VO <V O <P for (1, 2) € (0, T1x A (3.6.72)

for all k=1,2,...

Moreover, (v;, V)=(V;, V;)=(v;, V)) by uniqueness and all solutions (v, V) of S3,, B, for which

w,=v; + Vn(l)+i= Oin QXA att = 0, (3.6.73)
W, =V, +V,yni= 0 in A, at =0, (3.6.74)
%—D,VEM =i I G, v-)+f,,*(,)+,-(l, x, v,) in (0, T]xE2xA, (3.6.75)
o,
3_= 0 on (0, T]XdS21xA, (3.6.76)
n
aW"
D‘-—n— H;(W; =w;)=0 on (0, T|xd§2,xA, (3.6.77)
W GVW ¥ W, = B0 2, VYo Fonit, 2,V )=Hi [, (Wi-w)in (0, TIxA,  (3.6.78)
ot AT i Rt n(J)+i\ts & Vi oo, i » , 0.
oW; =
uW,;+ B=-L=0 on (0, T)x9A,, (3.6.79)
om
%= 0 on (0, T|xdAq, =2, 3, (3.6.80)
ong,

Jor (Wi, W)= (v; + Vueryein Wi + Wy )4:) generates the unique solution (¢;, C;)=(c;, C;)=(c;, C;) of the
general system S,,, B,, where
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y sy <. <0 <y < <7 s TP < <7V <7DV <,

0 (0) =
Enu)nﬂEE:(})n E:()I)h—'"— E.(})»f. Yo(ly+i S—Ci SVn(i)+i - ‘Vnu)»,.—---— nU]h SVn(ly+i SVn(l)+is

for (1, x,2)€(0, TIxQ XA,

1 k) 17
v’l(f]'l'l"'zn(.f)ﬂ VEI()J)ﬂ”_ ""VEI(J)H" 5Vn(J)+. -C; CVn(J)ﬂ( S"’r((a?}m V(U]’> Vn((-'))ﬂ— n(J)+i»

for (t,2)e(0, TIXA, for all k=12,...

We have shown in this section that if the reaction functions obey a monotone property, our sequence of
approximate solutions is a monotone sequence that converges uniformly and thus our limit function is
actually a solution of the given problem.

Although a number of existence-comparison theorcms for weakly coupled parabolic systems have
also been known and can be established by various other methods such as the functional analytic approach of
KUIPER [149] and in connection with invariant sets (BEBERNES et al. [35-37]), the monotone argument is
more constructive and provides a simpler and straightforward proof than the other methods. The definition of
upper and lower solutions with thc monotonc argument is however more restrictive (BEBERNIES and
SCHMITT [37]). It must be noted that it is also not the only way of obtaining a constructive existence proof.
Our existence theorem in this section rclies on solving quasilinear parabolic differential cquations by
monotone iteration. The iteration could alternatively have been done by successively applying a monotone
integral operator with an appropriate Green's function as its kemel. This procedure also starts with a lower
and an upper solution (BANGL |33]). Furthcrmorc, these same approaches can be uscd to obtain a similar
existence-comparison theorem for the time independent problem simply by dropping the time derivatives and
the initial conditions. This will be discussed in a chapter four when dealing with the existence of a steady
state solution.

Remark 3.6.7
In many cases, we will require [or practical rcasons that the functions f; and F; be redefined for c;, C;< 0 so
thatif
f;'([, X, C]) roerzo
ﬁ+(l’ Xa C}) = .
fitt,x, 0)  fore; <0,

and

- - F(1, 2z, Cj) for CjZO
% ’s ’ i)=
A VT R Yot}

then it can be shown that thesc new functions have the same Lipschitz and Holder continuity properties as
our original functions f; and F;.

Remark 3.6.8

In this section we have shown that the imbedding results of section 3.4 may be used (o obtain existence
theorems [or systems of equations with nonmonotone reaction functions. The imbedding results do not need
boundedness nor does it need the additional Holder continuity properties that we have assumed for our
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system, This additional continuity property was only necded in ordecr to establish the existence of solutions of
a corresponding linear system.

Suppose we prove that any solution of the system S,, B, must be bounded by some constant K.
Change then the definitions of fi(t, x, ¢;) and Fi(t, z, C}) for lcjl, IC;l > K, [or instance by defining

~ fit, x, ¢;) l"orlcleK
f;'([, X, C}) =] ~
fi(t, x, £K) ior t¢;>K,
and
A F(, z, Cj) forICj|SK
Fl'([, Z, Cj)=
F(t, z, £K) for th>K.
If we are then able to prove the existence of a solution (c;, C)) for the problem S,, B, with f,-(t, X, cj) and
E(z, 2, Cj) given above, then (c;, C)) is also a solution of the original problem S,, B, . The same is true of
uniqueness. We also note that these new functions satisfy the same Holder continuity properties that are
required in section 3.6, as our original functions. It is common Lo use functions such as these new functions
for proving uniqueness and existence theorems given that we have upper and lower bounds particularly for
functional analytic existence proofs (FRIEDMAN (94, p.203] , BEBERNES and SCHMITT [35], LADDE et. al.
(153]). These bounds do not necessarily have to be constants K as in the above equations but may be
arbitrary functions with the appropriate continuity conditions.

Remark 3.6.9
We can choose

i = gl' = _Aem

and
C~" =6" = A(,’R’,

where A is a constant determined from the boundary conditions and R is, as yet an unspecified constant so
that

—ARe® - f(1, x, —-AeR)<0,
ARe® - £, x, — AR 20,
—AReM-F (@, z, — Aef") <0,
ARe®—F(t, z, —Ae®) >0,

and we can easily satisfy the above inequality since f; and F; are Lipschitz in ¢; and Cj, respectively by
choosing R sufficiently large. This demonstrates the cxistence of suitable lower and upper solutions (¢;, C;)
and (¢;, C;) respectively.

Remark 3.6.10

The constructive methods of proving existence rcsults [or problems in this section can also provide numerical
procedures for the computation of solutions which arc of greatcr practical valuc than the theoretical existence
results. By replacing the differential system by a suitable finite dilfcrence system (which is a discrete version
of the continuous problem) and using an analogous definition of upper and lower solutions, it is possible Lo
construct monotonc scqucnces which converge monotonically o a solution of the [inite diffcrence problem
(GROSSMAN [111], GROSSMAN and ROOS [110], PAO |219-222)).
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The asymptotic stability and multiple steady states may also be studied in the framework of this finite
difference system (PAO [222]) as well as error estimates between the true solution and the computed mth
iteration (PAO[221]). It is obvious that these numerical procedures may be applied to the system S,, B,
which may obey no monotone property. The discretised functional term in (3.6.12) is expressed as a
summation.

From the type of nonlinearities f; and F;, an iterative scheme may be considercd which accelerates the
rate of convergence of the sequences of iterates defined in (3.6.8)-(3.6.15). This involves solving coupled
systems of linear equations and thus fewer equations (LADDE [153, p.171]). It is useful in speeding up
numerical convergence. An example of another process which is useful in speeding up numerical

convergence will be seen in section 6.3.

Remark 3.6.11
Equations §,,, B, have been chosen with bioreactor applications in mind, but the theory can be readily

generalised in a number of ways. Our proofs are still valid for D,V2c; replaced by V- (D;(x, ¢;)V,c;) and
D,V2C; replaced by V- (2 (z, C;)VC;), provided that we have uniform ellipticity conditions for these more
general equations. Furthermore, the mass transfer coel[icicnts /; could be [unctions of x and ¢, provided that
these functions are still positive and satisly appropriate continuity properties, and a wider class of coupling
functions is permissible, since f; and F; may be permitted to depend on V¢; and VC,, respectively. However,
it is necessary Lo require a Nagumo type growth condition with respect to these variables.

Remark 3.6.12
In this section we have assumed that the boundary conditions (2.1.4) and (2.1.7) are of the Robin type. We
may treat the Neumann and Dirichlet type boundary conditions similarly by using appropriate theorems for
linear parabolic equations with Neumann and Dirichlet type boundary conditions (see Remark 3.1.2 and
Rcmark 3.1.3).

3.7 Notes and Comments

Sections 3.3-3.5 are adapted from PARSHOTAM, MCNABB and WAKE [228] and MCNABB and PARSHOTAM
[188]. However, most of the proofs for Comparison Theorems in these papers are obtained in a different
manner and order.

We see from the imbedding results of section 3.4, that many results for monotone systems may be
applied to systems which obey no monotone property. Since existence of solutions in our imbedded system
(which obeys a monotone property) implies existence of solutions in our original system (which may not
obey any monotonc property) and vice versa, sodoes many qualitative propertics of solutions. We have seen
from section 3.4 and 3.5 that uniqueness and global stability may be such properties. There are also many
other qualitative properties such as bounds, gradient bounds and asymptotic stability which give rise to these
properties from one system to the other. We have seen from Theorem 3.6.2 that bounds on the solution in
our imbedded system can give rise Lo bounds in our original system (it is noted however, that upper and
lower bounds need not exist in order for the imbedding rcsults to apply). From thesc bounds it can be shown
that asymptotic stability of the solution in our imbcdded systcm also implies asymptotic stability for solutions
of our original system. Other properties of solutions which give rise to these samc properties from one
system Lo another are perturbation solutions. It is often easier to obtain a perturbation solution for systems
where the nonlincaritics obey a monotone property (sec scction 6.5). This could be uscful in paramcter
sensilivity analysis in systems of equations which do not obey a monotone property.
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There arc many usclul qualitative propertics of scalar parabolic and clliptic cquations which rcly on
the monotonicity of the nonlinear reaction [unctions. Some of these properties may be generalised Lo
monotone systems. The imbedding results of this chapter arc uscful in generalising thesc propertics to
arbitrary systems which do not possess any monotone property. Some of these results could be to show the
existence or nonexistence of dead cores, radially symmetric solutions which can occur if the nonlinearities are
singular (GATICA et al. [103], CASTRO and SI1IIVAIJI [51]), degenerate solutions, nonncgative solutions
(CHABROWSKI (52]) and certain propertics of unstable solutions. The imbedding results of section 3.4 also
applies to weak (or generalised) solutions (CHABROWSKI [52-63]) and the qualitative properties of such
solutions.

The imbedding results of section 3.4 may also be applicd to a much larger class of differential
equations. It is known that thesc imbedding results do not hold for certain hyperbolic cquations but it is not
clear whether it would hold for larger classes of differential equations such as differential equations of the
type we have seen which are coupled in their derivatives. It is however known that comparison theorems do
exist for such problems (TRUDINGER [286]) and these comparison would be useful if these imbedding
results were able to be extended to such a class of equations. It would appear as if we would have to imbed
such a nonmonotonc system that is coupled in its derivatives scveral times in order to obtain a monotonc
system with reaction functions monotone in all its dependent variables and derivatives. It is also not clear
whether these imbedding results may be extended to higher order differential equations or even functional
differential equations, stocastic differential equations and a morc general class of equations. It is known
however that comparison theorecms do hold f[or certain classcs of causal functional diffcrential cquations
(MCNABB and WEIR [187]) and higher order diffcrential cquations (SPERB [271]) and these comparison
theorems would also be useful if these imbedding results were able Lo be extended to this class of cquations.

In section 3.5, we eslablished some uselul conditions for the global stability of the general system S,,,
B, where we assumed at the outsct that the system §,, B,, was a quasimonotone system, i.e. f; and F; are
monotonc nondecrcasing in ¢; and Cj respectively for j #i. Thesc results could also have been obtained by
assuming that §,, B, was a monotonc system, i.c. f; and F; arc monotone nondccreasing in ¢ and C;
respectively [or all j. This is not a restriction on the stability results since il this monotonc property is not
satisfied, we may make the substitution ¢; =e'K"1w‘- and C; = e Kn W; , (where x; and z; are chosen without
loss of generality Lo be the [irst components of x and z) to obtain a systcm of the same type but with new
functions that are monotonc nondccreasing in ¢; and C;. Notc that it is morc appropriate in this case to make

Kty and C; = ¢ %'W, in studying the stability of our gencral system.

this substitution rather than ¢; = ¢~
In many cases, the nonlinear functions f; and FF; neced only satisly a one-sided Lipschitz condition
when obtaining comparison theorems and in proving monotone convergent sequences Lo a solution of the
system Sp, B, (KELLER [141], AMANN (5], LADDE et al. (153], PAO |211, 219)).
In scction 3.6, it can be shown that if f; and F; satisfics a Holdcr condition then locally upper and
lower solutions can be constructed and any problem of the system S,, B, which has nonuniqueness locally

has distinct maximal and minimal solutions (BI:BERNES and SCHMITT (35])).



4
The Steady State Problem

4.0 Introduction

Forthe study of the stability of the solutions of parabolic initial boundary value problems, one has to have a
good knowledge of the steady states, that is of solutions to the time independent problem. In this chapter, we
shall look at the steady state system 5,,, é,,, that corresponds to the unsteady state system S,, B,. We shall
obtain theorems that guarantee existence of solutions to the steady state system S',,, f?,, and establish
relationships between the unsteady state system S, B, and the steady state system .§n, f?,,.

In section 4.1, we shall collect some notational conventions and basic definitions and give some
general results and relationships of the spaces that arc nceded in order to obtain the exact result on the
solvability of linear elliptic equations. The Maximum Principle for elliptic equations which will be used
throughout this thesis will also be defined.

In section 4.2, we scc that for the purposcs ol uniquencss, stability and existence thcorems, we may
assume at the outsct that the system .§,,, B,, is a quasimonotonc system, i.c. f; and F; arc monotonc
nondecreasing in ¢; and C; respectively for j # i. This is not a restriction on these theorems since if this
monotone property is not satisfied, then 5‘,,, [3,, with general [unctions f; and F; can be imbedded in a system
5'2,,, [22,, of the same form. It can be shown that solutions of this new system generate solutions of the
original system and thercfore uniqueness, stability and existence can be implied in the original system but
only if uniqueness is guaranteed in the system 5'2,,, 5‘2,,.

In section 4.3, that solutions of problem .S:,,, é,, specilied by C; ; exist. This is done by constructing a
sequence of approximate solutions which converges monotonically and uniformly to a limit function which is
a solution of the system §,,, é,,.

In secton 4.4 we usc relationships concerning the asymptotic behaviour of linear parabolic cquations
as t — oo and their corresponding linear elliptic equations Lo make a statement about the relationships between
solutions of the steady state problem b:,l, 5’,, and the unsteady statc problem S, B,.

Finally, in section 4.5 we shall discuss some relevant literature and future work.

4.1 Definitions, Notation and General Results for Linear Elliptic Equations

In this section, we shall collect some notational conventions and basic definitions. We shall also give some
general results and relationships of the spaces that arc needed in order to obtain the exact result on the
solvability of linear elliptic cquations. The Maximum Principle for elliptic equations which will be used
throughout this thesis will also be delincd. Finally, we shall look at some relationships between solutions of

lincar parabolic and linear elliptic cquations.

88
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4.1.1 Definitions and Notation
The following notation will be used throughout this section

x = (xq, X2, ...., X,y) denotes a point in R™,

@ is a bounded, open, connected domain in R™,
d9 denotes the boundary of 4,

@ denotes the closure of 4,

ue R,

Dyu = (Ju/dxy,...., duldx,y),

[l will denote the Euclidean norm in R™,

Definition 4.1.1
A vector field v(x) = (V1(x),....,Vm(x)) is said to be a unit outerward normal (outward normal or

outernormal) at x € if x - hve Q for small A > 0. The outernormal derivative is then given by
and V6 s o wnd vectol pormod to
Bt e MG
v h=0 h

4.1.2 General Results and the Relationships between Holder, L9 and Sobolev Spaces
The following definitions of Hélder, L9 and Sobolcv spaces are adapted from LADYZIENSKAYA (154, p.4-
5] and GILBARG and TRUDINGI:R [ 106, p.144|.

Holder Spaces
For Ac £, a function f: A = R is said Lo be Hdlder continuous of exponent &, where 0 < o < 1, if there
exists a constant H = H(A) such that

Lf(x)— fO)< Hllx— ylI%,
We note that the quantity

1{2(f)= Sup |f(X)—f(}’)|

x,YEA IIx—yil“‘

xey

is the smallest number .

We shall say that fe CK2[A, R) il f: A — R is continuous, the partial derivatives of f, up 1o order k are
continuous on A and the kth partial derivatives arc Holder continuous with ecxponent o. For f € C2+9(A, R,
we shall use the following notation: '

I = suplf@ex) +HE(f),
x€A

= or [

ox

i

A o = A2+

]

i=1

11 = NfIf +Z b

i=1 j=1

o

razf{

where
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| | 4 df
|| = Cedlal) mp Py s
ank. g TG
and
a?.f A | azf | A azf
— = H .
axl-axj iy i:ﬁlax,-é’le ¥ a(é’x‘-ax‘,-)

Since G is closed, it is required that the derivatives up to order k can be continuously continued from the
interior of 9 to all of g .If x= 1, we also say that fis Lipschitz continuous.

The superscript in the foregoing notions may be deleted if there is no ambiguity on which set the above
norms are to be determined.

L1 Spaces
L[4, R] is the Banach space consisting of all equivalent clases of Lebesgue measurable functions « defined
on £ into R with a finite norm

N
il g R]=U§|u(x)} d.x) g

where g 2 1.

Sobolev Spaces
For nonnegative integer /[, qu[g, R] is the Banach space consisting of the elements Lq[?, R] having
generalised (weak or distributional) derivatives of the form D%for all lod < {. The norm in it is defined by

= o
Nl . RI-%{MD g gy

where the summation Y, is taken over all nonnegative integers  satisfying the condition < /.

Note that the space W; [4, R] is in a certain sense analogous to the C”“[g , R] spaces. In the W‘; (9, R]
spaces, continuous differentiability is replaced by weak dilferentiability and H6lder continuity by g-
integrability, so that W[4, R)= (ue W4, R]; D%ue L[, R) for all lai<1), where W'[%, R] is the linear
space of / times weakly dif ferential functions.

General Results in Holder, L9 and Sobolev Spaces
We now give some general results in Holder, L9 and Sobolev spaces. Most of these results are special cases
of those proved in section 3.1 and are only included here for casy reference.

Lemma 4.1.1
If f,g€C®|A, R], then f+geC*A,R] and If +glla <IFIA +1gh?,

Lemma 4.1.2
If f, 8€C[A, R], then fge C*[A, R] and |l fglly <IIfIA Ngll2.

@ —
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The next three lemmas and their corollaries are analogous in Holder, L7:9 and Sobolev spaccs.

Lemma 4.1.3
Suppose 0 < B< a< 1. Then C%(A) c CP(A).

Corollary 4.1.1
Suppose 0 < a, B< 1. Then C*(A)~ CP(A) = CT(A) where Y= min (e, B).

The following lemma is stated without proof in BURKILL [44]

Lemma 4.1.4
Suppose 1 < py < py. Then LP[A, Rl L7 [A, R).

Corollary 4.1.2
Suppose 1 <py, p2. Then LP2[A, RINLP'[A, R)=LP[A, R] where p = min{p, p2).

The following lemma and its corollary follows from Lcmma 4.1.4 and the definition of Sobolev Spaces.

Lemma 4.1.5
Suppose 1< pyS py. Then W) 1A, RIc W, 1A, R|.

Corollary 4.1.3
Suppose 1 < py, p2. Then WFIQ[A, R]r\W,fl [A, R]= W:,[A, R] where p = min(p1, p2).

As with scction 3.1, we define the following opcrator which takes a space into itscll.

Definition 4.1.1
The Nemytskii operator A(u) is defined by

AMu)(x) = hx, u), xe G,

forue C+[G, R].
We now present a result concerning the Nemytskii operator A(u) which is a special case of Lemma 3.1.6.

Lemma 4.1.6

Lethe C“[ng, R], and let A(u) be the Nemytskii operator Au). T hen
() e C[C1*[G, R], CFG, R));

(i)  Atakes bounded sets in C1*2[G, R] into bounded sets in C*(G , R].

Remark 4.1.1
From the fact that the space C1+¥[@, R] is compactly imbedded in C'[§, R] the Nemytskii operator belongs
10 CIC'(F, R), C(§, R)).
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We present another result concerning the Nemytskii opcrator A(u). This lemma is a special case of

Lemma 3.1.7

Lemma 4.1.7

Lethe C¥9 xR, R, and let Mu) be the Nemytskii operator A(u). Then
() e C[LI(G,R],LI(G,R]);

(ii) Ntakes bounded sets in L9 [g , R] into bounded sets in L3 [g, R].

The Relationships between these Spaces

The spaces defined above are needed Lo obtain the exact result on the solvability of boundary value problems
for linear elliptic equations in spaces qu[g, R]. Note that an analogous lemma to Lemma 3.1.8 holds for
elliptic equations which relates the differential properties of the boundary values of functions from the classes
W:[?, R] and of their derivatives in terms of the spaces w;[ag, R] (sec LADYSHENSKAYA (154, pp.43-
44)).

We say how smooth fuctions in a Sobolev space are, by imbedding Sobolev spaces continuously into Holder
spaces. This is often called the Sobolev Lemma or the Imbedding Theorem. Wc [irstly require the following
defintion

Definition 3.1.5
Let 9 be an m-dimensional domain with boundary 4. We say that 3¢ belongs to class C2+a if [or every
x€ 9, there exists a neighbourhood U of x such that #¢ n U can bc represented in the form

Xi = B(X1, X2, coes Xie1s Xis1s oos Xm),

for some i, 1 < i <m, where h € C2+2[99, R).

We now state the [ollowing imbedding theorcm. For the proof of this theorem, sce LADYZIIENSKAYA (154,
p.60], GILBARG and TRUDINGER [106, p.155] or ADAMS [1]. A similar thcorcm is given in TEMMIS |282,
p.42] for convex domains with C* boundaries.

Theorem 4.1.1 (Imbedding Theorem or Sobolev Lemma)

Let 9 c R™ and let 3G be of class C2+°.

@) Suppose 2q > m > q. Then qu[g, R)] is imbedded in cHH 197, R|, where 0 < 1t < 1-2/q;

(i)  Suppose m = q. Then qulg, R) is imbedded in C"*|§, R), where 0 < 1 < 1; moreover suppose
m=q=1; then qu[g, R) is imbedded in Cl"“[g, R) for p=1.

4.1.3 Solvability of Linear Elliptic Equations

We will discuss in this section a spccilic example of a clliptic cquation that occurs in this thesis. For the
definitions of more general linear and quasilinear sccond order equations of elliptic type, as well as their
uniformly elliptic conditions, see LADYZIENSKAYA [154, p.11].
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Let aj;, b; and ¢ belong to c“[g , R] and let ¢ £ 0. Let L be a second order diflerential operator defined by

m D~|2 m )
L= il N (x)— 3 4.1.
%;:,J (x) B + Z{b, Gy Hel®) (4.1.1)
Definition 4.1.3

The differential operator L dcfined by (4.1.1) is said to be elliptic at a point x € 4, if the coefficicnt matrix
a;{(x) is positive definite, that is there exist two [unctions 4 and 2 such that

0<AQNER S ia‘-j(x)é,é S STNEN, 4.1.2)
ij=1
forall € Rm— (0).If

A(x)>0inQr,
then & s called elliptic in §. If
A(x)220>0,
for a positive number Ag then £ s called almost strictly elliptic in 4. If

AG) o p
A(x)
for somc positive number K, then Zis called strictly uniformly elliptic in 4, that is (4.1.2) can be written as

%uguz < ila,-j(x)fiﬁ j<SKIEIR,

ij=

forall € Rm,x€ 9.

Let 4 be a bounded domain in R”. Let p, ¢ € C1+%[994, R] be nonnegative functions which do not vanish
simultaneously and Ict V(x) be the unit outward normal vector field on 3¢ (which belongs to the class C2+9).

Consider the linear second order clliptic boundary valuc problem (BV P for short):

Lu=nh(x)in 4,
} 4.1.3)
Bu = ¢(x) on 09,
where,
Biv=pla)a + q(x)g—“" for u e CI[F, R). 4.1.4)

e

Let us now state the classical existence and uniquenss theorcm whose proof can be [ound in
b

LADYSHENSKAYA [154, p.137] and GILBARG AND TRUDINGER [106, Ch 6].

Theorem 4.1.2 Assume that
(i) aij,bi,ce C“[g, R], c(x) <0 and L is strictly uniformly elliptic in G,
(i)  p,qe CHIQ, R] for p and q nonnegative functions and there exists |,>0 such that p > L for

all x e 99,

(iii)  dGbelongs to class 2+,
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(ivy he C¥9, R];
(v) ¢e Cl+o[9g,R].

Then the linear elliptic BVP (4.1.3)-(4.1.4) has a unique solution u such that u € C2+a[97, R].

We note that u and all its first and second partial derivatives are bounded in G .

The following result provides the global a priori Schauder-type estimates for classical solutions of linear
elliptic BVP (4.1.3)-(4.1.4). For the proof, see AGMON-DOUGLIS-NIRENBERG (3, p.668]).

Theorem 4.1.3 Assume that the hypotheses of Theorem 4.1.2 hold. Then for any u € C2+a[g, R], there
exists a positive constant
C=C(4, a, K, NpI%Z, ¥, maxlia,l§, m), (4.1.5)

1sism
1€jsm

which is independent of u such that

Nulld, < Cl Lul@+ 1 Bun??, ). (4.L.6)
Moreover, if u is the classical solution of the linear elliptic BVP (4.1.3)-(4.1.4), then (4.1.6) reduces to
Wi, < oo mid+ 1 gnod ). 4.1.7)

Remark 4.1.2
If either if the conditions p 2 £1>0 or ¢ < 0 is not satisfied in Theorem 4.1.2, unique solvability is no longer

assurcd. Howevcr, uniquc solvability holds under conditions p 2 0, ¢ < 0 and cithcr p#0 or ¢ %0
(GILBARG and TRUDINGER (106, p.130). '

Remark 4.1.3
Analogous theorems to Theorem 4.1.2 hold for the lincar elliptic BVP (4.1.3)-(4.1.4) with Dirichlet
conditions (GILBARG and TRUDINGER |106, p.107)). In this casc, it is requircd that ¢ € C2+0‘[c99, R]

We shall state some results for solutions in the Sobolev spaces wj[g , R], g > 1 analogous to the Schauder
results in the Holder spaces C 2*“[? , R]. Let us state the following uniqueness and existence theorem that
provides us with generaliscd (weak) solutions of the lincar elliptic BVP (4.1.3)-(4.1.4). Its proof may be
found in LADYZIENSAYA (154, p.160).

Theorem 4.1.4 Assume that

@) aj;, bi,ce C[g, R], c(x) <0 and L is strictly uniformly elliptic in G,

i) p,qeC l[g , R| for p and q nonnegative functions and there exists j11>0 such that p2p, for all
x€ 09,

(ili) 09 belongs to class C2+2,

(iv) he L9G,R]forg>1;

v) ¢eC'[9,R).

Then the linear elliptic BVP (4.1.3)-(4.1.4) has a unique solution u such that u € qu[g, R).
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The following result gives the global a priori Agmon-Douglis-Nirenberg estimates (or L4 estimates)
for generalised solutions of the linear elliptic BVP (4.1.3)-(4.1.4). The proof may be found in AGMON-
DOUGLIS-NIRENBERG [3, p.704] and LADYZHENSAYA [154, p.162]

Theorem 4.1.5 Assume that the hypotheses of Theorem 4.1.4 hold. Then for any u € qu[g , R], there is

a constant
C =C(m, K, q, 39, the modulus of continuity of a;j and norms b; and c), (4.1.8)

which is independent of u such that

Ilullwglgl R]S cq L“"u@_ R]+JIBuIIW: (99, R]). 4.1.9)
Moreover, if u is a generalized solution belonging to qu[g ,R], then

"“"Wf[?, R]SC(II h"L"[?. &t ""le;[ay, R]). 4.1.10)
Remark 4.1.4

Note that the assumptions (i), (ii), (iii) and (v) of Theorem 4.1.4 are satisfied by the assumptions (i), (ii),
(iii) and (v) of Theorem 4.1.2. The uniqueness, existence and Agmon-Douglis-Nirenberg estimates of
gencraliscd (wcak) solutions of the lincar clliptic BVP (4.1.3)-(4.1.4) arc oftcn given with the assumptions
of Thcorcm 4.1.4 and h € LQ[y—, R] for g > 1 (TEMME (282, p.65)).

Remark 4.1.5
Analogous thcorems to Theorem 4.1.4 and Theorcm 4.1.5 hold for the lincar clliptic BVP (4.1.3)-(4.1.4)
with Dirichlet conditions (LADYZIIEENSAYA [154, p.149], GILBARG and TRUDINGER [106, p.241]).

We shall now look at the maximum principle for elliptic equations

4.1.4 The Maximum Principle for Elliptic Equations

Throughout this thesis, we will use various [orms of thc maximum principle [or the elliptic operator to obtain
information about the solutions of our equations. A simple form of the maximum principle that we will find
useful is the following

Lemma 4.1.8 (Maximum Principle)
Let yweC?[G, R| be such that Ly < 0in Gand By <0 on dG. Then y<0on G .

Other forms of the maximum principlc for the clliptic operator are given by PROTTER and WEINBERGER
[234] and SPERB [271].

4.1.5 Relationships between Solutions of Linear Elliptic and Linear Parabolic Equations

In order to show the relationships between unstcady statc solutions and stcady state solutions, wc shall
require some theorems concerning the asymptotic behaviour of linear parabolic equations as ¢ — eo. The
following theorem is proved by FRIEDMAN [94, Ch. 6] and CARTER [50). The notation used is [rom section
3.1.
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Theorem 4.1.6 Suppose that

@) ajj,bi,cin %u are uniformly continuous and bounded in Qy and Z is strictly uniformly parabolic;

(i)  p and q in Bu are nonnegative functions which are uniformly continuous and bounded in Ty and
for some py >0, p(t, x) 2 Yy for all (t, x) € TT;

(iii)  u(t, x) satisfies the differential equation

%u = h(1, x) in Qr,
together with the boundary condition
PBu= ¢, x)on IT,

where h is continuous on Qr and ¢ is continuous on I7-.

If lim h(1, x)=0 uniformly on Qp, lim ¢(t,x)=0 uniformly on Ty and lim c(t, x) <0 uniformly on
1—>00 t—3o00 t—oo

Or, then lim u(t, x)=0 uniformly on Qr.
oo

The following theorem shows the relationships conceming the asymptotic behaviour of linear parabolic
equations as ¢ — oo and their corresponding linear elliptic equations.

Theorem 4.1.7 Suppose that
(i) aij, bi,cin %u are uniformly continuous and bounded in G,' and & is strictly uniformly parabolic;
(i)  p and q in Bu are nonnegative functions which are uniformly continuous and bounded in I} and
for some py >0, p(1, x) 2 py for all (t, x) € I;
(i) ay, by, ¢ €C%*(G, Rl in Lu and L is stricily uniformly elliptic;
(iv)  p and § in Bu are nonnegative functions in C'**(99, R| and for some fi,> 0, p(x) 2 ji, for all
xe 909
(iv) g, x)—> &,-j(x), b;(t, x)—> bﬂ.- (x), c(t, x) = é(x) as t = oo, uniformly in Or;
pt, x) > p(x), and q(t, x) > §(x) as t = oo, uniformly in 1_"7-;
h(t,x)—> /:(x) as t — oo, uniformly in QT;
oL, x) > qA)(x) as t — oo, uniformly in Iy,

If u(t, x) satisfies the differential equation

%u = h(, x)in Oy,

together with the boundary condition

PBu=¢(,x)on I,
where h is continuous on Qr and ¢ is continuous on I7 and if i(x) is the unique solution of the

boundary value problem
Li= h(x) in G,
Bu= aA)(x) on 04,
where l;eCa[g, R) and ({) € C“a[g, R], then

u(t, x) = i(x) as t — oo uniformly on Q.
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Proof
Put w(t, x) = u(t, x)—i(x), lor (t, x)e Q. Then:

P = Yu— Yi+La—-La
= h(t, x)—/;(x)+(L— Py in Or,

Bw = Bu~ Bii+Bii—Bi
=01, X)— @(x)+(B~R)ii on Ir.

From the assumptions of this theorem, the boundedness of #(x) and its first and second partial derivatives on

97 (see Theorem 3.1.2), we may apply Theorem 4.1.6 and conclude that lim w(t, x) =0, uniformly on @[,
{—yo0

implying that u(t, x) — i(x) as t — oo uniformly on 0;.Q

Remark 4.1.6
Analogous theorems to Theorem 4.1.6 hold for the linear BVP (4.1.3)-(4.1.4) with Dirichlet and Neumann
type boundary conditions (FRIEDMAN [94, Ch.6)).

In section 4.2, we shall present some imbedding results for the system 3,,, é,,.

42 Imbedding Results

For the purposes of uniquencss, stability and existcnce theorems of the steady state system, we may considcr
the quasimonotone systcm .§ B wherc f; and F; arc monotonc nondccreasing in ¢; and Cj respectively for
J#i. This is not a reslrlcuon on these theorems of this chapter since if this monotone properly is not
satisfied, then the system S

n? Il

with general functions f; and F; can be imbedded in a system Sz,,, Bz,, of
the same form where fi(x, ¢;) is replaced by f,‘(x, ¢, ¢) lor the first n(/) dependent variables ©; and by
J; (x, ¢k, ¢1) [or the next n(/) dependent variables ¢ ;. Also, Fi(z, C;) is replaced by Fi(z, C,, C;) for the
first n(J) dependent variables C; and by F;(z, C,, C}) [or the ncxt n(/) dependent variables C; . It can be
shown that solutions of this ncw system may gcnerate solutions of the original system and therefore
uniqueness, stability and existence can be implied in the original systcm.

We consider the new system 52,,, ézn of up to twice the order satisfied by ¢;, ¢;, C; and C‘-‘ in the
following equations:

~DiV5c;= f.(%, o @), =DiV3T = Fi(x, ¢4 &) in 2xA;

dc; e,
=i, b A;
5 =0, =0 on d€;x

%—C—H(C -€i), Di;—_—H(Cl C;) on d€2,xA;

~BV2C; +u-VC, Jr;,*,-jrm2 (Ci—¢)=Fi(z, C,, C1) in A;

~GV2Ci +u-VCi + ui-jmz (Ci—c)=F(z, C;, C1) in A;

U
ﬁ

91 —v,g”, UIE.-+£}%QL=UIE,-,; on dAy;
¥ n

Q_u
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fgl'—:{), £=U on dAq, =2, 3,
ong, N

where L., ff F; and F,-are deflined in (3.2.9)-(3.2.12).

Note that the functions (f;, —f I.) and (F;, — F,} obey a mixed quasimonotone property (mgmp) in
the sense of LADDE et al.[153, p.107], i.e, the functions f; and —f. are monotone nondccreasing in ¢; and
monotone nonincreasing in ¢, for all i # k, | and the functions F. and —F; are monotone nondecreasing in
C and monotone nonincreasing in C,foralli#k,!.

If we therefore slightly modify the system .§2n, 32,, as suggested by MCNABB [186], by introducing
new variables v; =¢;, v,y =—¢; for i=1,., n(I) and V, = C, Vay+i — €, for i=1,., n(J) and if we set
J i =7‘-,‘ f,,*{,)ﬂ =~f, fori=1,.,n(l) and F*=F, Fy;.,;=-F; for i=1,., n(J) then we obtain a new
system S5, B5, for which £* and F* are nondecreasing functions of vjand V;, respectively, for all j #i. It
can be shown by Lemma 3.2.2, that these new functions have the Lipschitz properties that were imposed on
the original functions f; and F;.

Every solution (c;, C;) of S‘,,, é,, generales a solution v; =c¢;, v(jy4; =—¢; and V; = C;, Vyy, =—C;
of the new system S‘;,,, 1§5,, with the special property that [or i < n(/), v; + v,y =0 in Qx A and for i <
n(/), Vi + V)4 =0 in A . Conversely, any solution (v;, V,) of the new system 5:5,,, [?5,1 with the special
property that for i < n(J) we have V;; +V,(;y,;; =0 on dA;, may in some cases be shown by the following
theorem Lo give risc Lo a solution of the system S‘,, é,,.

Theorem 4.2.1.

The general system .§n, é,, for which f; and F; are Lipschitz continuous in c; and C; respectively, may be
imbedded in a system S},, B3, of twice the order which is coupled by monotone functions f and F of
the new dependent variables v; and V. Moreover, all the solutions (c;, C;) of the system fn, B, are
solutions of the new system, where

Vi = Ciy Vu(ysi =—C; for i=1,..,n(l) (4.2.1)

and
V,’ = C,', Vn(.l)+i = '—C" for i= 1,..,'1(.1) (4.2.2)

and all the solutions (v;, V,) of SAE,, é;,, for which

—DViw,; = f*(x, ;) + fnysi(x, vi) in QxA, (4.2.3)
ow,
—L=00n0QxA; (4.2.4)
on
ow: )
Dl-a—‘——H‘.(Wl-~w‘-)=0 on 082, x A, (4.2.5)
n
— VAW, +u-VW, = FX(z, V) + Fpyai(z, Vi)~ H,-_[‘mz (W, —w,) in A; (4.2.6)
oW+ .‘I’J}élﬁ:() on dA; 4.2.7)
5:11
o, =00ndA, =2, 3; (4.2.8)

ng
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with w; =v; + v,y for i=1,..,n(I) and W, =V, +V, 5y, for i=1,..,n(J), generate solutions (c;, C;) of
the system .§n, B, provided that solutions (v;, V;) of S‘En, B5, are unique.

Proof

We first note that if we set ¢; =¢; =¢; and C; = C; = C; where (c;, C;) is a solution of S‘,,, é", then we have
a solution of the new system 55_,,, éi,,, so that the solution set of this new system contains all of the
solutions of the original system S',,, E},,. In this system, we make the variable change

vi=5i’ vn(’)+i =—C;, fOI‘ i=1’-~’n(l)v (4°2’9)
Vi=Cis Vagiysi ==C,, for i=1,...n(J), (4.2.10)

so that the coupling functions f;' and F;"arc nondccreasing functions of all the new dependent variables Vi
and V/, respectively, for all j # i. Denote this system by 5 B

The solutions of S,,, B, generate solutions in S5,, B3, for which w, = v, + Vaery+i =0 in 2x A and
Wi=Vi+Vysi=0in A.

Suppose we have a solution (v;, V;) of §3,, By, for which (w;, W) =(v; + vy pyeir Vi + Vi)
satisfies (4.2.3)-(4.2.8). We then obtain the following system of equations, S: for (w;, W;):

—DViw; = £X 06 v+ fl i ve)
=fi(x, gj» @)= £,(x ¢j» G 4.2.11)

= fi(x, &= wj, &)= f.(x. T —w;, §) in A,

~ BVAW, +u- VW, = (2, V) + Fl gy 2, V,‘)—II,-J’)QZ(Wi_wl.)
=R Cjy CO-Fia Cj Co— 1l f,, =) 4.2.12)
=F(z, Cj-W,, C)-F(z, Cj-W,, Ek)—HiJ'aQZ(M—Wi) in A,

Di% = I (W, —w,) on 082, X A . (4.2.13)

In addition, (w;, W;) satisfies the boundary conditions é: given by B, with W, | =V, 1 + V1), =0.

But fi(x, &;—w;, G)~£,(x, §;-w;, &) and F(z, C;~W;, Cx)=F(z, C;~W;, Ci)— H,-Lm Wi—w;)
vanish when W;=w; =0 for all j, and since (w;, W) =0 is a solution of this boundary value prof)lem and
by uniquencss it is the only solution, we conclude that w; =0 in 2 xA and W; =0 in A. The conclusion of

our theorem must follow.O

An immediate consequence of these imbedding results is that existence, uniqueness and stability
results for the system .S:En, [35,, imply existence, uniqueness and stability for the corresponding solution of
S,» B,. Of course, solutions of §,, B, may be stable in S, B, , but unstable in the larger setting S3,, B
This of course can imply that therc may bc uniquencss of solutions in .§n, é,, and nonuniquencss of solutions
in the larger setting .§§n, Bz*,, and if therc are multiple solutions in the larger sciling S‘E,,, B;,,, this implies that
there can be no greater number of solutions in the original system f,,, én. The implications of this is that
nonexistence of solutions in the systcm S‘Z'n, éin must imply noncxistence of solutions in S‘,,, én. As with

the time dependent problem, there arc many other implications of these imbedding results (sce section 3.7).

| MASSEY UNIVERSITY
LIBRARY
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Remark 4.2.1
Note that the functions

ﬁ(x, E_,' —Wj E.&)‘L-(I» E_,' —Wj, Ck)
and

F(z, Cj=W,, Ck)=F;(z, Cj=W,, Ch)~ u.rjmzwv,v -w)
in the right hand sides of (4.2.11) and (4.2.12) are monotone nondecreasing in w; and Wj, respectively.

In section 4.3 we shall study the existence of solutions to the steady state system 5,,, é,,.

4.3  Existence of Solutions to the Steady State Problem

In this section we shall be looking for steady state solutions of §,, B, which are solutions of the time
independent problem S‘,l, B,. We demonstrate in this section that solutions of problem S',,, f?,, specified by
C; exist. By a solution, we shall understand a classical solution (c;, C;) of fn, é,,, where

i) For components i € I where D;, H; > 0, c; are continuous in £2x A, have continuous first order X
derivatives in 2 XA and continuous second order xj derivatives in £2xA. In this case, we shall look
for classical solutions of the form ¢;(x, z) e C2[Q2x A, RD).

(ii)  For components i € / where D; = I1; = 0, ¢; arc continuous in £ x A . In this casc, we shall look for
classical solutions of the form c;(x, z) € CcoaxA, R"(’)].

(iti)  For components i € J where 9; > 0, C; arc continuous in A, have continuous first order zj
derivatives in A and continuous second order z; dcrivatives in A, In this case we shall look for
classical solutions of the form C;(z) € cz[X, R™Y),

(iv)  For components i € J where @; =0, u-VC; %0, C; are continuous in A and have continuous first
order z; dcrivatives in A. In this case we shall look for classical solutions of the form
Ci(z)e C'[A, R™).

(v)  Forcomponentsi € J where 9;=0, u-VC,; =0, C; are continuous in A In this case we shall look
for classical solutions of the form C;(2) € COrA, R"(J)].

Comparison theorcms arc used in this scction in conjunction with theorems on a priori cstimates and
existence of linear elliptic equations to derive estimates of the system §,,, é,, and to prove the existence of
solutions to this system. There may be some cases where D; or 9; may be zero and these cases are treated by
using standard results.

As for the system S,,, B,,, wc shall need some additional continuity propertics to establish cxistence of
the corresponding linear system and make the following assumptions on f;(x, c;) and Fi(z, C;).

(H3) @) fi(x, cj)e C"[ﬁxR"(’), R"(’)J, ie., fi(x, ¢;) is Holder continuous in' x with exponent ¢, for

each [ixed value of c;.
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(ii) Fi(z, Cj)GCa[Xx R, R"(J)], i.c., Fi(z, C;) is Holder continuous in z with exponent a, for

each fixed value of C;.

Note that these assumptions are satisfied by assumption (Hj) if f; and I; are indcpendent of «. By Lemma
4.1.3, we sec that the exponent « in both cascs may be assumed to be identical.

4.3.1 The Monotone System S‘,,, B,

We may assume at the outset that the system 3,,, B,, is a monotone system, in the sense that f(x, c;) is
monotone nondecreasing in ¢; and Fi(z, C;) is monotone nondecreasing in C; for all i. This is not a
restriction on the theorems of this section since if this monotone property is not satisfied we may make the
following substitution to obtain a system of the same type but with new functions that are monotone
nondecreasing in c; and C; . We firstobserve that if (c;, C;) is a solution of 5,,, [?,, and x, z; and «,(z) are
chosen without loss of generality to be the first components of x, z and u(z) respectively, then (w;, W;)
defined to be where

¢;=e Kny, (4.3.1)

and
C;,=e Ky, (4.3.2)

satisfies the following system of equations:

—Dy(V2w, -2K %) = K2Dw; + "1 f(x, e ®1w)) in 2xA, (4.3.3)
2241
dJ -Kx,
—e 'w; =0 on 0€; XA, (4.3.4)
on
D; :f—e"‘*lw,- = 11,(e X, —e7Kn ;) on de2xA, (4.3.5)
n

- (VW —2K%&) +u- VW, + HioWi= DKW, +uy (2)KW; + €5 F(z, e K2 w))
|

+ H,-J'mz e Ky, in 4, (4.3.6)
‘Ule_Kle + %Jie—l(zlm o U]e_Klej'] on ()A].’ (4.3.7)
ny
ie'K’lW‘- =0 on dAgy 0 =2,3. (4.3.8)
Ny

The system is similar to the original system S‘,,, 1§,, in that uniform ellipticity conditions are still preserved in
(4.3.3) and (4.3.6). The nonlinear coupling function f;(x, cj) for c; components in these equations is
replaced by

K2Dw; +¢" fi(x, e F1w)), 4.3.9)

the nonlinear coupling function F(z, C;) for C; components in thesc equations is replaccd by
DKW, +u(2)KW, + 5 F(z, e *2w)), (4.3.10)
and the functional term

H;

: 4.3.
i)oq, G (4.3.11)
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is replaced by

-Kx,
H,j{m2 e Ky (4.3.12)

The functions K 2Dyw; +€%* £,(x, e %% w;) and DKW, +u,(z) KW, +eX21 F(z, e K1 W;) satisfy a monotone
properly given by the following lemma:

Lemma 4.3.1

Our assumptions (Hy) of Lipschitz continuity properties for the functions f; and FF;with respect to c; and
C; imply that the functions K*Dyw; +ef fix, e'K"wj) and BKW, + u (2)KW, + X1 F(z, e 7K w;)
with ¢; = e Kn w; and C; =e_K"W,-, are monotone nondecreasing in w; and W;, respectively.

Proof
”

Assume that w; < wj so that ¢; < cj.

From (H;), we see that
Ki(c;—c})Sfi(x, c;)— fix, c})s—Ki(c; —c}).

and therefore,

(K2Dw, + 5% f.(x, e KR wj)]—[KzDiw,-' +eXnf(x, 7N wi)]
= I(ZD,~eK“1 (ci —c,-')+eK"1[j}(x, ¢j)~ fi(x, c;)j
< —K2D;(c! - ) + Ki(c] ~ )]

<0,
if K is chosen to be large enough. This shows that
K*Dw, + €5 fi(x, K w;)S K*Dw] + e fi(x, ¥ w;),

so that this new coupling function K 2D‘-wl- +ekn filx, e Ky j) is monotone nondecreasing in w;. A similar
argument holds if we have to show that @‘KZWI» +u(z2)KW, +eK"F}(z, e'K"Wj) is monotone

nondecreasing in W;. This may be shown irrespective of the sign of u;(z).0

It can also be shown that these new functions also satisly the same Lipschitz and Hélder continuity
properties as our original functions.

Lemma 4.3.2

Our assumptions (H1) of Lipschitz continuity properties for the functions f; and FI; with respect to the
variables c; and Cjimply similar Lipschitz continuity properties for the functions
K2D,w; +e%%1 f(x, e'K"le) and @KZWi +u (2)KW, +eK1 (2, e7Kn W,) with respect to the variables
wjand W), for c; =e X, and ¢, = *1w.

Proof
We need to only show that

K2Dw; +€" fi(x, e 1w ))]-[K2Dw] +¢* fi(x, e W)l

< KZD‘-iw‘-—wl-*Her‘ | fi(x, eqxx’wj)—f;-(x. e fn w:-)l
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< KZD‘-IW‘-—w,-'l+eK'1k,-le_K‘1ij—w;-l
2 ) *
<K Dilwi—W"H-k"le-le
< k sup le—w;I,
J
where,
k=max (K2D;, k;).

J
and the first part of the proof follows. The rest of the proof follows similarly.Q

Lemma 4.3.2

Our assumptions (H1) of Lipschitz continuity properties for the functions f;, with respect to the
variables c; and assumptions (113) of Hélder continuity properties for the functions f;, with respect to x
with c; fixed imply similar Hélder continuity properties for the functions K 2D,vw‘< +efn fi(x, e fay )
with respect to x with w; fixed, where c‘-=e'K"‘w,-. Similarly, our assumptions (H)) of Lipschitz
continuity properties for the functions F, with respect to the variables Cjand assumptions (I13) of
Hélder continuity properties for the functions F, with respect to z with C; fixed imply similar Hélder
continuity properties for the functions Q‘sz‘- +u (z)KW, +eK’1Fi(z, e Kn W;) with respect to z with W;
fixed, where C =e Xnw..

Proof
We shall only show that f(x, e_K"le) is Holder continuous in x. The rest of the proof is similar and
follows from Lemma 4.1.1 and Lemma 4.1.2.

i €)= f(xs e )
= £ e w))— £i(x) e ) + £ e Fuw)) - f(xl e K w))l
<1, €)= fixt R £ e Kowy) - £ e K )
Sk (fx—x"N1* + k.'le_K“wj _e—Kx;le
Sk (fillx—x* 1%+ k,vle||e'le —e K
< ke (fi)llx = "I +hlw I K Ny — o 11l — 11
< ke (fi(x, €7Fwp)ix— 219,

where

ke €™0w,) = max (ky (), Kilw; 1 Kd(@)=).0

We may assume that the substitution (4.3.1)-(4.3.2) has been made and that f;(x, c;) is monotone
nondecreasing in ¢; and F(z, C;) is monotone nondecreasing in C If, on the other hand the monotone
property is not satisfied by all the other variables, then the system S,,, with general functions f; and F; can
be imbedded in a system SZ,,, an of the same form where f;(x, ¢;) is replaced by fi(x, ¢» C) for the first
n(l) dependent variables c; and by L-(x, ¢x» ©) for the next n(f) dependent variables c;. Also, F(z, C) is
replaced by F(z, [ C,) for the first n(J) dependent variables C; and by F,(z, C,, C;) for the next n(J)
dependent variables C;. The existence results obtained for this new system of twice the order satisfied by
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(c;, C)) and (T, C,) then implies a solution of our original syslem Sn. B, by the imbedding results of
section 4.2 if uniqueness is guaranteed in the monotone system Sz,,, Bz,,

It has been shown in section 3.2 that the {unctions f, fi, F; and F, satisly the same Lipschitz
continuity properties as our original functions f; and I; in thc system S,,, B,,. It can also be shown that these
new functions satisfy the same Holdcr continuity properties as our original functions and the following
lcmma is a spccial casc of Lcmma 3.6.4.

Lemma 4.3.3

Our assumptions (H3) of Holder continuity properties for the functions f;, with respect to x with c;
fixed imply similar Holder continuity properties for f and f;, with respect to x with ¢, and ¢, fixed
and so there are constants ky such that

Lf (%, chs E,)—f.(xf Co T S ke (f D= x"1%,
Lfi(x, cis €)= Fi(x3 ¢ T € ey (Fllx — x"1%,

(4.3.13)

Similarly, our assumptions (H3) of Hélder continuity properties for the functions I'; with respect to z
with Cj fixed, imply similar Hélder continuity properties for I; and F; with respect to z with C, and
C_', fixed and so there are constants K, such that

\Ei(z, Cy, C)=Ei(2% Cp, I < K,(F))llz=2"11%,
\F(t, 2, Cpo C)=F(t, 20 Cpo C)l < K, (F)lz—2"11%,

(4.3.14)

For the purposcs of our cxistence proof, we firstly look at the monotone system S,,, B,, where we assume
our coupling functions f; and F; are monotonc nondecrcasing in cjand Cj, respectively for all j.

4.3.1 Upper and Lower Solutions and Monotone Iteration
We shall now introduce the concepts of upper and lower solutions relative to the monotone system S,,, B,

Definition 4.3.1.

Assume that

(i) For components i € /, where D; >0, ¢; and ¢; are continuous functions in £ x A with continuous
first order x; derivatives in Q x A and continuous sccond order x; derivatives in 2x A;

(ii) For components i € /, where D;=11; = 0, ¢; and ¢;arc continuous {unctions in Qx A;

(i)  For componentsi € J, where 9;> 0, C; and C ; are continuous functions in A, with continuous first

order z; derivatives in A and continuous second order z; derivatives in A;

(iv)  For components i € J, where 9; = 0, u-VC; 20, C; and C; are continuous functions in A, with
continuous [irst order z; derivatives in A;

(v)  For components i € J, where 9; =0, u-VC; =0, C; and C‘i are continuous [unctions in A ;
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The ordcred pair of functions (g;, C;) and (¢;, C;) with ¢; <& on 2xA and C;<C; on A arc said (o be
lower and upper solutions ol S’m B‘,, respectively, il they satisly:

-DVig < fix, ¢;) in Q2xA,

ﬁ <0 on 092, xA,
on

D,-% SH{(Ci—ci) on dExA,

~DV2IC+u-VCi+ 11ij302(gi—gi)s F( 2, Cj)inA,
aC;
v g"-i' ﬂs;i—'g U]CI'_I on 8/\1,
1

IC;
a—&O on dAg, ot =2, 3,

N
and
~DVEE 2 fi(x, €) in x4,
g >0 on dQ2xA,
on
8Ei > ol P
"E_ ll"(c"—(,“) on (9(22>(A,
2 = = ; I
=\ E,-+u-VC‘-+II‘vIaQZ(Cl-—c,-)2 F(z, C)) in A,
V 6"‘}' @,ﬁ 2 UIC‘- 1 on 8/\1,
afl] '
ﬁ20 onodAg, @=2,3,
dng,
respectively.

We note from the counterexample at the end of section 3.1, that comparison theorems analogous to Theorems
3.2.11 and 3.2.12 do not hold in general in the case of the corrcsponding steady state or time independent
problem .S"m f?,,. Hence, if there exist (¢;, C;) and (&;, C;) which are lower and upper solutions of the steady
state problem .§',,, f?n and (c;, C)) is a solution of 5‘,,, [?,,, then in contrast to the unsteady state problem §,, B,
we cannot assert that ¢; <¢; <¢; and C; < C; < @

However, the method of monotone itcration is still applicable and shows the existence of at least one
solution (c;, C)) of S‘,l, é,, lying between (¢;, C;) and (¢;, 5‘;).

Lower and upper solutions may not always exist for elliptic equations. Thercfore, as a result of this,
certain unstable solutions cannot be obtained by monotone iteration (PARTER [230], KELLER and COHEN
[139], AMANN [9]). However, it must be noted that as with parabolic equations (PAO [222]), there are
geometric conditions which thc nonlinear reaction functions f; and /; may satisfy which guarantee the
existence of either lower or upper solutions for clliptic equations (AMANN [9]). These lower and upper
solutions may not necessarily cxist simultaneously.

As for the systcm S, B,, it is important to note that the lower and upper solutions provide lower and

upper bounds for solutions of §,,, Bn which can be improved by monotone itcrative procedures.



4.3 EXISTENCE OF SOLUTIONS TO THE STEADY STATE PROBLEM 106

In order to establish an existence theorem for §,,, B, in terms of upper and lower solutions, we define

a transformation ¥, by

¥, Cy=g (D, ¢+, (4.6.15)
and consider the sequences ((c*), C{¥))) where cf") is obtained from the linear systcm

-DVZF = fi(x, *V)in Qx A, (4.3.16)

‘?c'g: ? o A, 4.3.17)

Dl-a;—‘t)+fficf*) =H,C*Y on 92yxA, (4.3.18)

and C{¥) is obtained from the lincar system

- BVCH) +u-VCP® + i) = Fi(z, V) + b Iam c*Vin A, (4.3.19)
2
(k)
0, C® + G = 1,y on dAy, (4.3.20)
3.’11 ;
ct
o e n OAg =2, 3, (4.3.21)
ony

with ¢; €™V <& on 2xA and C;<C¢D<Con A for k = 1,....

For cach k, the system (4.3.16) consists of n(/) linear, completely uncoupled boundary valuc problems with
boundary conditions given by (4.3.17)-(4.3.18) and this system is uncoupled from the system (4.3.19)
which also consists of n(J) lincar, completely uncoupled boundary valuc problems with boundary conditions
given by (4.3.20)-(4.3.21).

Since c,(k)(x, z) is not differentiated with respect to z in (4.3.16), A may be considered to be a
paramelter space in (4.3.16)-(4.3.18). For functions c‘-(")(x, z) where D; = H; = (0, 2 may also be considered
to be a paramcter spacc and for functions C,-(")(z), where @;=0, u-VC ‘-(k_l) = (), we may similarly trcat A as
a parameter space. The existence and uniqueness of sequences {(c,-("), C‘-("))] may therefore follow [rom
solving standard scalar systems of lincar elliptic equations (LADYSHENKAYA [154] or GILBARG and
TRUDINGER [106]) which may or may not depend on parameters, systems of first order partial differential
cquations which may depend on parameters (LAKSIIMIKANTHAM et al.[160]) and systcms of algebraic
cquations in many variables.

The nonlinear algebraic equations f;(x, ¢;)=0 obtained when D;=#/;=0 may be cxprcssed as
¢=filx,c ;) +¢i in order to perform functional iterations to find ¢; in terms of ¢;. We shall develop a general
theory for a broad class of monotonc iterations involving such algebraic equations. This class of iterations
includes Newton's method as well as a family of mcthods, which arc Newton-Gauss-Scidel processes
(ORTEGA and RHEINBOLT [2006, 207], LADDE et al. [ 153, p. 36]). It is the Lipschitz property that may be
used instead of differentiability in many other iterative methods. Note that f(x, ¢;)+¢; satisfy the Lipschitz
and Holder continuity propertics that are assumed on our original f;(x, c;) as well as the monotonicity in ¢;
(scc Lemma 4.1.1). We may therefore rewrite (4.3.16) as ¢%)= fi(x, cﬁ."'l))+c‘("") when D, =H;=0. The
existence and uniqueness of secquences [cfk)] follows from the uniquely dcfined solutions to algebraic

cquations.
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The rest of these theorems will require Holder continuity properties on the functions f;(x, cs.k_l)) and
F(z, C}k_l))i-H’;Ja cf"'l) which are satisfied if either c&k'l) eCH**[(Qx A, "D, cf-k—') eC*®
[@xA, RD), ¢De (A, R"D) or C* D e CH[A, R,

These theorems will also require Holder continuity properties in the boundary conditions and so we
make the following assumptions on C; ;. We will assume that d€2and dA belong to class C2+2.

(H3) G eC™e[A, R"D).

The velocity distribution vector function u(z) is also required to satisfy the following Hoélder continuity

property

ARy W S}
uy(z)

where u)(z) is chosen without loss of generality to be the first component that is nonzero. For components
ie J, where 9,=0, u-VC; #0, we shall also need the following additional assumptions

(H5) Assume that A = A1 X An_1, where A} € R.

@) For each (29, 20) € A1 X A ne1, there exists a unique solution z(zy, 210, zo) of
d -
LT R —— T (4.3.22)
dzl ul(z)

where z; correspondes to the nonzero component u;(z);

(ii) 2(z1, 210, 20) is continuously differentiable with respect to (z19, 20);

(iii))  The relationship

dz d
—'—'(Z], 210 ZU)+—Z (Zl, 210 Zo)“(zlo, 20) #U, (4.3.23)
8210 aZu

holds.

(Hg) Assume that Aj is the interval |a, b]
@) For each zg € An-1 and Yo € R"Y), there exists a unique solution Yi(z1, a, Yio; z) of
- k—
o Fi(z, 2(zy, 219, 20), CY‘ Dy 150, +I'I,-J'a-Qz cf 1)(zl, x, 2(z1, 210, 29))
dz B u (2) ’ (4.3.24)

Yi(a) = Yo,

on A1, where 2(z1, 210, 20) is the unique solution of (4.3.22);

(i1) Yi(z1, a, Y0; 20) is continuously differentiable with respect to (Yo, z0).
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Note that assumptions (H3)-(Hg) will hold in either our original system .S:,,, fi,, or the monotone system
.§2,,, éZn and (Hg) can be shown to hold in the monotone system 5‘2,,, t}h if it holds in our original system
S B,

n»

Lemma 4.3.5
Consider the BVP (4.3.16)—(4.3.21) and suppose that the assumptions (111), (H3)-(113) hold. Let there

exist (¢, C;) and (¢, C;) which are lower and upper solutions respectively of.SA',,,lé,l with

cj Sc§k-1) <Cjon QxA and of SCl(k"l)SEj onA.

Assume that

(i) For components jel, where Dj, H; > 0, CS"'I) € C1+a'a[?§x A, R”(l)J;

(i)  For components jel, where Dj=H;=0, c&k'l) eC**[Qx A, R"D;

(ii)  For components je€ J, where D; > 0, C}k_l) e C*[A, R"VU)y;

(iv)  For components jeJ, where D; = 0, u- VC;’E_”'#U, Cf-"_l) € C*|A, R"Y)) and assumptions
(HS)-(H{) hold:

(v)  For components jeJ, where D;=0, u-VCj-"‘l)E 0, Cj-l“l) e C*[A, "),

Then the BVP (4.3.16)-(4.3.21) possesses a unique solution (cfk), C‘-(k)), where

()  For components i € I, where D;, H; > 0, c® e CH* %[ x A, R"D);

()  For components i € I, where D;=H;=0, ¢ e C***[Qx A, "1}
(ll)  For components i € J, where D; >0, C*) e C***[A, "V}

(IV)  For components i € J, where D; =0, u- VC"(k) 20, C,(k) el 87 R"(J)];
(V)  For components i € J, where 9; =0, u-Vka) =0, C.-(k) eCY A, R"Y)),

Furthermore, in all cases c‘(k) and C‘»(") satisfy the inequalities ¢; Sc,(k) <& in QxA and C; < C,-(k) <C;
inA.

Proof

We [irst consider the case when D, 9,- > 0 for all j. It is obvious that for equations (4.3.16)-(4.3.18), all
conditions of Thcorem 4.1.2 cxcept [or thosc listed in assumption (iv) arc satisfied. Note that the [unction
Cf""l) in the boundary condition of cf") arc [unctions of z but arc indcpendent of x. The function Cﬁ-l‘_l)
therelore satisfies the Holder continuity property required by assumption (v) of Theorem 4.1.2 and z may be
treated as a parameter. It is therefore enough to show that f;(x, cg./‘"))e C**[Q2x A x R™D, R"(')] and this

will foli ow as a special casc of (3.6.21).

For a given z in A, it follows from Thcorem 4.1.2 that (4.3.16)-(4.3.18) has a uniquc solution cf"), where
¢(x; z)e C2* (@, R,

To show that cf") is Holdcr continuous in z with exponent ¢, we consider cquations (4.3.16)-(4.3.18) with
z and z* and look at the difference of these equations. Notce that from the assumptions,
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1fix & 0(x, 2)- fitx, S0, 2 S b (filx Sz 2%,

1D (@) - < K, (D1 (d(A)) - lz- 21,

so that

—ky (fi(x, SEMz= 21 < fix, D (x, 2)- £i0x SV (x, 2N S K (Filx SEIIZ- 219,

=K, (CEMCED, (d(A)z- 21" < CED(z)- D)
S K, (CSDICED L, (d(A)) -z -2 1%,
It then follows that

—ky (fi(x, Nz =21 < §<c§*’(x, 2)-c{0(x, ') =DV (x, 2)-cM(x, 2")

< b (fi(x, z— 21, (4.3.25)

=K (CENICED) L @A)z 11"

£ Diai(cf")(x. 2) =, 2N+ Hi(c®(x, 2) - P(x, 2%))
n

< K, (CEM D1, (d(A) -z - 2 e (4.3.26)
Letting
O x 2) =M, x, ') =k (filt x, Iz = 21 S 1
wy = - , (4.3.27)
Kllz -z 1%
and
C‘(k)(t, X, z)— c‘(k)(l, x, 2°) + k, (fi(L, x, c(-k_l)))llz -2** ﬁx?
Wip = 5 — (4.3.28)
Kllz—z'I%
wherc
K = max(k,(f(t, x, 7)), K,(CEHICED) 1 (d(A))'~), (4.3.29)
we obtain the problems
2 (?W] e ”I- e W
—Diwal 20, D‘a— + H;wl 2 —(l + d(.Q) + E(d(ﬂ)) ), (4.3.30)
n ;

and

-D,V2w, <0, D; % +Hiwy < 14+d(Q2) + %(d(ﬁ 9. (4.3.31)
n i
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The problems (4.3.30) and (4.3.31) arc cquivalent and it [ollows by well known rcsults (scc KEADY and
MCNABB [137]) that

wy 2 —(1+d(2)+ %(d(ﬁ »%), (4.3.32)
and

wy < 1+d(Q2)+ %(d(f_l))z. (4.3.33)
Therefore

-K(1+d(2)+ ;—;(d(ﬁ NHllz - 2 1% < (¥ (x, 2) - cP(x, 2*))

<K +d(2)+ 2’—3((1(5 NHllz=z"1%, (4.3.34)

so that

I(c®(x, 2) - M (x, 2)IS KA +d(Q) + %(d(ﬁ Nz —2*11%, (4.3.35)
i.e., c®) is Holder continuous in z.

i
We see that (4.3.16)-(4.3.18) has a unique solution cf"), where

Cl(k)(x, 2)e C2+(1.a[!—2x A, R"(’)J' (4.3.36)

Notc that the cquation (4.3.34) could also have bcen obtained by intcgrating (4.3.25) with boundary
conditions (4.3.26) and noting that the corresponding Green's function is integrable.

It is obvious that for equations (4.3.19)-(4.3.21), v;e C*[A, R"] and all conditions of Theorem 4.1.2
except for those listed in assumption (iv) are satisfied. Therefore, it is enough to show that
F(z, Cf»"'l))+lrlijlmq c‘("'l) € C"‘['f\'xR"U), R")] and this follows as a special case of (3.6.37). It follows
from Theorem 4.1.2 that (4.6.19)-(4.6.21) has a uniquc solution ka), wherc Ci(") eC A, ")),

To prove (I) and (II) in the general case, we need only observe that f(x, cﬁ""l))e cxe
(@2xAxR™ D R"D] from (i) and (ii). The proof is similar 1o that shown earlicr.

In the case of (I), we note that for components i, where Dy, H; > 0,

e e (gxa, RN, 4.3.37)
by the same argument as abovc using Theorcm 4.1.2.
In the case of (II), we note that for components i, wherc D; = H; = 0,

(= fi(x, E Dy D

cxists and is unique since it is uniquely delined. Furthermore, it follows dircctly that if f;(x, CY‘")) and
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c{¢=1) i s Holder continuous in x and z with exponent @, then c‘(") is also Holder continuous in x and z with
exponent @, implying that c¥e C**[Qx A, R™D],

To prove (III)—-(V) in the general case, we need only observe that F(z, Cﬁ-k'l))+H,-Ln cf"‘l)e
CEA x R™), "D from (i)—(v). :

In the case of (III), we note that for components i, where 9; > 0,
i g R A RAD, pAUN] (4.3.38)

by the same arguments as above using Theorem 4.1.2.

In the case of (IV), we note that for components i, where 9;=0, u - VC,»U‘) =0,

Fz, €4y, ot

c = ., (4.3.39)

exists and is unique since it is uniquely defined. By the same argument as for the proof of (II), we see that

c®W e CHAXR™M), R, (4.3.40)

In the casc of (V), we scc that by (H5) and (Hg), z(z1, 210, z9) and Yi(z1, a, Yio; 20) arc unique solutions of
(4.3.22) and (4.3.24), respectivcly, on A1. Choosc Yo = C; 1(z0) and notc that if z = z(zy, a, zg), then
because of uniqueness, zg = z(a, 21, z). Also, the solution (z(zy, a, 20), Y(21, a, Y,0; 20)) of the systems
(4.3.22) and (4.3.24) is a characteristic equation of (4.3.19). Hence, for each solution of (4.3.22) and
(4.3.24), wc have

CH®(zy, 2z, a, 7)) = Yi(z, a, C;(29); 20), (4.3.41)

and consequently,
C‘(k)(Z) = Y"(z]' a, Ci'l(z(a! 21y ?,)), 2(a, 2y, Z)) 4.3.42)

Now by using assumptions (H5) and (Hg), it is easy to show that C‘(k)(z) defined by (4.3.42) satisfies
(4.3.19).

To show uniqueness of solutions of (4.3.19), we supposc, that S and C? are two solutions of
(4.3.19) on A=A1xAni. By Thecorem 3.2.9 (Strong Comparison Theorecm) for first order partial
differential equations, we scc that C‘-(,") < C,-(é‘) < C‘f,") and thercfore C‘-(lk) coincides with C‘-(f).

The Holder continuity of C,-(")(l,z) is obtained by examining the characteristic equations (4.3.22) and
(4.3.24), so that

C‘_(k) € Cl+a[;i" RH(J]J i (4.3.43)

Finally, we show that (¢;, C;) and (E;, C;) are lower and upper solutions of (c,("), C‘-(k)). To show that
c;, C‘,-) is an upper solution of (cf"), C,-(")), we nced Lo only observe that

—DV2@E-cR)2 fix &)= fitx, )2 0 in 2xA,
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Dii(c",-—c,("))+ H; (&~ c®) = H(C;— C* V) 2 0 on %A,
n

- GV~ +u- V(T CP) + Hist (Ti-CM)
2Fiz, Ei)—ﬁ(z’ Ci(k_l))+ﬂijao (Ei'c.(k—l))
2

20in A,
since f; and F; are monotone in cj and Cj, respectively.

We may therefore apply Lemma 4.1.8 (Maximum Principle) for the elliptic operator or Theorem 3.2.6
(Strong Comparison Theorem) [or [irst order partial differential equations or algebraic inequalities to
conclude that (¢;, C)= (cf"), C ‘-(")). Note that in the case for components i € /, where D; = H; = 0, we

have
&—-cP 2 fitx, €)= fitr, Sy 48— 47V 20 in QxA,
and in the case for components i € J, where 9; = u-V(C‘i—Cf"))= 0, we need only observe that

U C-CN2 G, =Rz, CF D)+ [, @G cFD)20in 4,

since f; and F; arc monotone in ¢; and C;, respectively and thercfore (c;, C})Z(c‘(”, C,-(k)), Similarly,
(c;, C;)may be shown tobe a lower solution of (cf"), Cf")) and the thcorem is complete.d

To start off the iterative procedure, we need some continuity propertics of (¢;, C;) and (&, (~,'i). The
properties of thc mapping 7, (rom (cf"_’), C‘-(k")) Lo (cfk), C ‘-(")) arc then given by thelollowing lemma.

Lemma 4.3.6.
Consider the BVP (4.3.16)-(4.3.21) and suppose that the assumptions (111), (H5)-(I15) hold. Let there

exist (g;, C;) and (&;, C;) which are lower and upper solutions of S‘,,, B,.

Assume that

(i) For components je I, where Dj, H;> 0, ¢}, ¢; € CH*%eQx A, "D,

(i)  For components je I, where Dj=H;=0, ¢j, ¢; € C*%[Qx A, R"Dy;

(i)  For components j € J, where ;> 0, € fje C¥IRA, RN

(iv)  For components j € J, where 9; =0, u'VCS-k_l) #0, C;, Eje C““[X, R"(J)], and assumptions
(H2)-(HE) hold;

(v)  For components j e J, where 9; =0, u-VCEk'l) SIONCE 6]-6 C%*[A, R"].

Then the mapping J, from (CS-"_I) . Cgk—l)) to (c,-(k), Cl-(k)) possesses the following properties:

()  Tis a monotone operator on the intervals |c;, &| and [C;, C,].
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Proof
We first consider the case when D;, 9; > 0 [or all components j. The natural imbedding of
[@xA,R"D) into C2*[Qx A, R*P] and C**[A, R"P] into C?[A, R*”] implies that ¢;, ¢; €
C**[@2xA,R"P)and ¢;, Cje C*A, R™V).

The boundedness of £2 and A, together with the fact that their boundaries belong to C2+, shows that,
il cS-"")(x; z)e C2[Q, R™D] (with A trcated as a parameler spacc) and Cj-"'l)(z)e C%[A, R™)], then
cg-"'l)(x; z)€e qu (2, R”(’)] (with A treated as a parameler space) and Cj-"'l)(z) € qu (A, R"(J)] for g > 1.
From Lemma 4.1.5, we may take ¢ to be identical in both cases.

This, in view of Theorem 4.1.1 (Imbedding Theorem), yiclds that ¢ ™D (x; z)e C™*[ @2, R™")
(with A treated as a parameter space) and Cf-k'l)(z) e C™*%[A, R"Y)]. From Lemma 4.1.3, & may bc chosen
to be identical in both cases. From argumcnts similar to that shown in the proof of Lemma 4.3.5, we see that
cS-"'l)(x, 2)eCH@ @ x A, RMD),

It is immediate that the proof of (I) follows from the choices (cS-"‘l), C;""))=(gj, Qj) and
(¥, c¢Dy=(gj, C)) in Lemma 4.3.5.

C2+a,a

All the other possible cases are treated similarly.

We have shown that if (<, C{”)= (¢, C)) then (c{?, C{?)2F(c{V, C{M)=(c, C™V) and if
(®, ) =(g;, ;) then (c?, CM) s T (l?, i) =(c, CM). We have, in fact proved that the
mapping Jmaps intervals |¢;, ¢;| and |C;, c ;| onto themscelves.

Toprove (1), let ¢y, cjp€ (¢, €] and Cy, Cppe [C), 5,-] where (cj1, Cj1)2(cj, Cjp) lor all components
J. We want to show that g'(cj,, Ci)29 (cj2, Cpa).

Let (u;, Uj)=9 (cj1, C;j)=T (cjz. Cjp). Then the monotone nondecreasing property of f; and F;
implics that

—D,VZu; = fi(x, cjj) - fi(x, ¢j2)20 in 2xA, (4.3.44)
au"

D"W ot I'I"u“ = Hl-(C” 3 C“Z) 20 on 3.Qz><A, (4.3.45)

< ~DV; +u- VU, + HWU; = F(s, Cjy) - F(z, Cjp) + 1/,.jm2 ci1—¢p 20 in A, (4.3.46)

and from Lemma 4.1.8 (Maximum Principlc) [or the elliptic operator, or Theorem 3.2.6 (Strong Comparison
Theorem) for first order partial differential cquations or from algcbraic incqualitics, we scc that (#;, U;) 2 0 or
T (cy,Ci1) 2 T (ci2.Ciz) - This shows that F'is a monotone operator on the intervals [¢;, &) and |C;, C;].0

The monotone operator J will play a central role in the iteration scheme.

Remark 4.3.1

As with the unsteady state systcm S,, B,,, we sec that if f; and F; arc strictly monotone increasing in c; and
Cj, respectively, then by Theorem 3.2.13 (Generalised Strong Comparison (Contact) Theorem), we sce that
T (cj1, Cj1)>T (cj2, Cja), (unless T (cjy, C;1)=T (cj3, Cjp) in which case the right hand sides of
(4.3.44) and (4.3.46) arc identically zero; but this happens only if (c;y,
monotone property of f; and ;). We say that the monotone operator J is monotonc operator in the sense of
COLLATZ [76], i.e., (cj1, Cj1)2(cjz, Cjp) implies that g(cjl, Cj|)>.‘7(cjz, Ci)-

Cj)=(cj2, Cjp), from the strict
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Remark 4.3.2

As with the unsteady state problem, S,, B,, we see that if f; and F; are monotone nonincreasing in c;and Cj,
respectively, the operator J is alternating on the intervals [¢;, ¢;] and [C;, 5‘,-] in the sense that
(cj1, Cjz)2(cja, Cjy) implies that I (cjy, Cj2)<T (cjz, Cj1). To prove this, let (u;, U;)=T (cj1, Cjz)—
T (cjp, Cjp). Then the monotone nonincreasing property of f; and F; implies that

~DV2u; = fi(x, ¢j1)~ fi(x, ¢j2) <0 in QxA,

Di%‘*‘ Hiu;=H;(Cy —C2)<0 on d€2xA,
n

—g‘VZU“ +u- VU‘ +[{"ng[ = I'}(Z, Cj])—' I’-;'(Z, Cj2)+ [‘I‘J’aﬂz (C“ - C"2).>_ 0 in A,
and (rom the same arguments as in Lemma 4.3.6, 9c;1 < Jcjz and ICj 2 ICj.

It is necessary Lo choose a proper initial iteration to ensure that the sequences {(cf"), Cf") )} are monotone
sequences that converge Lo a solution of .S:,,, [5',, and are within the intervals [¢;, ¢;] and [C;, C'l-]. From
Lemma 4.3.6, it is obvious that the monotonicity ol these sequences obviously depend on the monotonicity
of f; and F; and the initial iteration is taken to be either an upper or a lower solution which is required to
salis[y certain inequalities on (he corresponding systcm.

We may therefore usc the initial iteration (E,.(O), C—‘,-(O))= ¢, 5,-) to construct the sequencc
[(E,»(k), C_'.-(/‘))] from the following cquations

-DVZER = fi(x, V) in x4,

Lxm

gk =
Di%-- + 1R = 11,CED on aexxA,
H

~BVCH +u.VC® + HACH = F(z, C*Vy+ H, | i z* in A,

(k)

or the sequence {(¢;"’, Cy) with (gfo), g(O)) =(c;, C;) may be determined from the equations

=DV = fix, FV)in x4,

(k) :
U.--Qs'—n— +H,c{O = 11,C*7D on 9QyxA,

~@V2C® 1+ VC® + 11,00 P = Bz, CEy 41, jmz *Vin A,

Note that the sequences [(Ei(k), C—',-(k) )) and {(gf"), & (k)y) may be obtained independently of each other. As for
before, uniqueness and existence of sequences {(a(k), C—‘l-("))} and [(gf"), QS"))] follow from similar
arguments for uncoupled scalar systems of nonhomogeneous linear elliptic differential equations, first order
partial differcntial equations or algcbraic equations by using thc monotonicity properties of f; and F;.

Definition 4.3.2.

The sequences {(¢{?, C*))) and (€®, C)) with ({9, D) =(¢, C) and &, T?)=(E, C,), are
called minimal and maximal sequences, respectively. We say that (¢;, C;) and (c;, C_'i) are minimal and
maximal solutions respectively in the regions (¢;, &) and [C;, C;], if for any solution (¢;, C,) of 3:,,. é,,
where ¢; < ¢; <& and C; <C; < C;, then ¢;<¢; <, and C; < C; <C,.
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From Lemma 4.3.6 together with the monotonicity of &, we shall show that the sequence
[(g(-"), QE"))] with (gfo), Q(-O))=(gi, C,) is monotone nondecreasing and the sequence {(El-(k), C}(k))}wilh
(E,-(O) € (0))— (G 5 ) is monotone nonincreasing.

Furthermore, (¢;, C;)< (¢, C;) results in (c(k) C("))<('(") C(k)) for all k and pointwise limits
(¢;» C;) and (T;, C ;) exist. This is all done in the following lemma for S,,, B,l

The only difficulty arises for components i € J, where 9; =0, u-VC ,»(") # 0, and in this case we will
assume in addition that the assumptions (H7) and (Hg) hold.

Lemma 4.3.7.

Suppose in addition to the assumptions of Lemma 4.3.6, that [(C(k) C(k))] are minimal sequences and
{(Ei("), C,-( M) are maximal sequences of S,,,B,,. Also, assume that for components i € J, where 9; = 0,
u-V(T“-(/‘), u~VQEk) #0, that the assumptions (I17)-(tg) hold. Then

scV<cWs ccPMcz®< <eMW<eO < for (x, 2)e 2 x A,
CsCP<cM<.xcWsCP <. <TM<CYE, przei,
for all k= 1.2,... and the pointwise limits
Jim (), €M)=, €,
Jim @, C)=@, ),
exist, implying that

<cfscM s .scfM..sc <6 ..se0<.ceM eV < for (x, )eQ %A,

Liz]

CisCPeW<. s 20,<C c.sTW=<.cTHNTV<C, forzeA,

forall k=1,2,..

Proof
Let (u;, Up) = (E,-(O) —E,-(l), f}(o) ~C_"-(')) =(Ei—?7l-(]), C“-—C_"-(”), for all i. Then by definition 4.6.1 of upper and
lower solutions and definition 4.6.2 of maximal sequences, the following inequalities will hold

~DViuy=-DVZ&~ fi(x, )20 in XA,

D3‘+Hu—1'.¥ai(c, eMy+H@G-g)= D(;‘-I»H(c ~C)>0 on dQxA,

2 = 2.7 ~ > ~ = :
- _‘ﬂV U" +u-VU‘- +”I-6W|' = [—fE}V Ci+u 'VCI--I-)']H\SY C:] = [F"('Z, Cj) +h’£-|-aﬂz C‘-] =0in A,
with similar inequalities holding in the boundary conditions.

We first consider the case when D;, @; > 0 forall /. We sce that from Lemma 4.1.8 (Maximum Principle) for
the elliptic operator that (;, U;) 20, i.c. E.‘(O) > Ef') on 2x A and C¥ > C_',-(l)) on A.

This result also follows from the monotonicity of  since if (¢, 5})2 (E,-(O), E_'i(o)), then 7 (¢, C) 2
‘?(Ei(a)’ Ei(()))= (c—“,(l), E"(])) and (5"(0), a_(o))z (Ei(])v a(l)) if we let (E‘,(O), 6}(0))= @, C“)
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Therefore, from Lemma 4.6.5, we conclude that E‘-(l) eCH2(Qx A, R*D] and C_}(l) GE2Ee
[A, R™Y)]. By natural imbedding this implies that El.(l) eC¥Q2x A, R*"D] and C—}(l)e C2[A, R™)].

All the other possible cases are treated similarly so that

@) For components i € I/, wherc D; = 11; = 0, E‘-(’)e CO'O[ﬁx A, RN,
(i)  For components i € J, where 9;=0, u-VC—“-(l) %0, C—“-(l)e c'[A, ")
(iii)  Forcomponents i € J, where @;= 0, u-VC" =0, f'l-(l)e A, RMI.

In the case of (iii), we see that if (H7)-(Hg) arc assumcd, then from propertics of aglebraic cquations wc sce
that a(l) will be continuously differentiable in z. Therefore, il (H7)-(Hg) arc assumed then in all cascs for
components j € J, E)(’) will be continuously diffcrentiable in z. Furthcrmore, in all cascs [or components
ie I, where D;, Il; > 0, it can be demonstrated [rom (4.3.18) that Ei(z) will also be continuously
differentiable in z.

We may similarly show using by thc definitions of upper and lowcr solutions and of minimal sequences, that
(9 < ang O <.

Now let (y;, U,-):(E‘.(l) -—gf]), 6.‘(]) -—QEI)). Then the monotone nondccreasing property of f; and F; implies
that

=DV = fi(x. T~ fi(x, )= filx, &)- fi(x, ¢)20 in x4,

. Pl Acth : — ~
é%+ll,-u‘- =D % + 1" |- | D; ~—§”—+ ;1= 11,(C =My = 11,(C;~ C;) 20 on 92xA,

D,

~ @V, +u-VU; + 1, =F(z, C;)~F (. gj)+//,-jmz(6,-—g,-)zo in A,

and it follows from the monotonicity of J that
", =@, TP,
implying that

<<V <eW <O < for (x,2) € 2xA,

and

C;isCW<cM<CM<CTW<C, forze A.

Assumc, by induction, that

E‘-(") SE,-("") and gi(k) < C(k~l),

for k=1,..,m.
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The only difficulty arises [or components i € ./, where 9; = 0, u-V(T“-(")i() and in this casc we cannot
assume that in general, that the assumption (Hg) will be satisfied. However, in this case we can assume that
(H7)-(Hg) hold so that C_‘-(k'l) and 6-("_2) will be continuously differentiable in z for all j by earlier
arguments. Thus for components i € 1 where D;, H; > 0, it can be shown that c(’c D will be continuously
differentiable in z from (4.3.18), so that by assumptions (H7)-(Hg), F(z, C}" 1))+H,-J't? =1 will be
continuously differentiable in z. For componcnts i € I, where D; = I1; = 0, wc see that 1n this case by
assumptions (H7)-(Hs), F;(z, Cf"‘l)) will be continuously differentiable in z. It then follows that

(HARTMAN [119, pp. 95-99]) assumption (Hg) will be satisfied in the general case.
The functions (u;, U;)= (Ef”') —E‘-('"”), (T“(”‘) - f}’"*” ) and the monotone nondecreasing property of f; and
F; implies that

-DViu; = fi(x, €™ B~ filx, E(’"))>o in QxA

( =(m+1)
D%+Hu _[Da L

)
+Hg!™]-[D; + g™ )= H(CU™ D —C™) 20 on 0QyxA,

— DV, +u-VU,+ HstU=F(z, C™) - F;(z, C\™) + 11, j - @™ —gm)20 in A,
2
with similar inequalities in the boundary conditions. This ensures that

from the monotonicity of J and proves that [(E‘-(k), C_‘i(k))] with (E‘-(O), C_“-(O))=(E‘-, 5‘-) is a monotonic
nonincreasing sequence.

It follows from a similar induction argument that {(c(") C(k))] w1th (c(o) C(O)) (¢, C) is a
monotonic nondccreasing scquence and by a similar induction argument c = c"‘ D and C; c > Qf"")
for k=1,...,m ensures that £{™*P 2 ¢(m*V and C{™*V > ¢{™*)), The following incqualities then hold

<<V << <e® <. <eM<e® < for (x, 2)e 2% A,

C;sC<scN<.ccW<CHM <. <CTV<CO<C; forze A,

for all k=1, 2,...
It follows from the monotonic property of our maximal and minimal sequences, its boundedness by
(¢i» C)) and (¢, E“) and thc monotone convergence thcorem thatthe pointwisc limits

im (), c®)=(c, C)),
k—yo0
lim G G=E, G).
k—00

exist. Therefore,

0 1 (K - —(k —(1) « =(0) « = ral
<0<V < < < <5 ..ceW <. eV <5 <G, for (x, 2)e Q2 %A,

i)

csCWsci<.sC¥<.50,5T;5.sCP<.sCTVSCIVC, porze A,

for all £k =1,2,..4
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4.3.3 Existence of Solutions of the monotone system 5,,, l},,

It can be shown that our minimal and maximal sequences [(gfk), QE"))) and (€, C®)) converge not only
pointwise but converge uniformly (in appropriate function spaces) as well. The following theorem is an
existence theorem for solutions Lo the monotone system .S:,,, én. This theorem shows the existence of at least
one solution (c;, C;) of S',,, B, lying between (¢, C) and (G, C;)

Theorem 4.3.1 (Generalised Existence Theorem)

Let the assumptions of Lemma 4.3.7 hold. Then the minimal and maximal sequences [(c(") c (-k))) and
{(E.-(k), C‘-( ) converge monotonically and uniformly from below and above 1o (¢;, C,) and (C;, C;)
respectively, where (c;, C;) and (c;, (T]) are solutions ofg,,, é,l. Moreover (c;, C;) and (C;, C_“-) are
minimal and maximal solutions respectively of Sn, B, in the regions |(c;, ¢;]1 and [C;, 5',-].

Proof
We first consider the case with D;, 9; > 0 for all i.

Let c(") '(") eC**Qx A, R""] and Q?"), C_"-(") e C**[A, "] for k = 1,2,... and let us
consider the mdxnmal sequence (%), ).

We note that C2**[Q, RN W2 (@2, R"P) and CP*[(A, R 1WA, ™) for py 2
(m1+2)/(1-q) and p; 2 (m+2)/(1-).

From Lemma 4.1.5, this implies that C2**[(Q, R"(’)]c__-_Wq2[5, R™DY and C?*%[A, R"V)c
qu[x, R™), where g = min (py, pa).

By Theorem 4.1.4, we see that E,-(k) (with A treated as a parameter space) and (T'i(’" satisly the
following Agmon-Douglis-Nirenberg estimates (see Theorem 4.1.5):

g <SCAfix T Mgz niy+ ICE (4.3.47)

wiia, ri)= W;|3{21,R"(”])

and

) (4.3.48)

=(k) - (k=1) g1 ,
IC; “w’m RAUY)= SC(IF(, C; )+-Lm "u[x, Rt 1\C¢.rﬂw;.,m..mr1>| '

The fact that E)(""’)e Igj, c"jl and _C_j(k'l)e I,Q,-, 6}-], ie., El(-k_]) and El(k_l) arc boundcd, the continuity of f;
and of F; imply by the continuity and boundcdncss of the Nemytskii operator (Lcmma 4.1.6) that the
sequences (fi(x, ,(k I)) and {F(z, C('c ’))+j (" D} are uniformly bounded in C[£, RMM) (with A
treated as a parameter space) and C[A, R"(J )] rcspculvcly

Since C[2, R™") and C|A, R"™] arc densc in L9[2, R} and L[ A, R"¥), it follows by the
continuity and boundcdness of thc Ncmytskii operator (Lecmma 4.1.7) that (fi(x, Ej(-k"')) and
{(Ezi € (" l))+ J' ("“])} arc bounded sequences in L9182, R”(I)J (with A treated as a parameler space)
and L"[A R"(’)] reSpecllvely i

This, together with the above estimates (4.3.47) and (4.3.48) shows that the sequences (¢; gl )} and
[f}(")) are uniformly bounded in qu[.Q, R"(')] (with A treated as a parameler space) and WqZ[A, R"(J)]
respectively. Therelore by application of Theorcm 4.1.1 (Imbedding Theorem), wc oblain

“C_‘I- Qr L'”"‘[Q R"‘”]_C”C Wz[f}-, gAY (4.3.49)

and

I 10y 5. oy SN (4.3.50)

qu[-‘?u RHU}] »
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for all k = 1,2,.., where C in both estimates are indcpcndent of any clement of qulﬁ, R™D| or
W2[ZA, R").

From (4.3.49) and (4.3.50), we can conclude that every uniformly bounded sequence in
qu[b_ , R"D] and qu[—/f, R™¥)] is also uniformly bounded in C™**[£2, R | (with A treated as a parameter
space) and C“"‘[_/_\', R )], respectively. From Lemma 4.1.3, we may take ¢ in both cases to be identical.

Thus the sequencces {E,»(k)) and {(T‘-U‘)) are uniformly boundcd in C ]“’[5, R )] (with A treated as a
parameter space) and C'*%[A, R"(j)]. Therefore, by applying Lemma 4.1.6 (fi(x, ¢y and
(F(z, C (" 1)H—j (k 1)) are also bounded sequences in C*[£2, R"(’)] (with A treated as a parameter
space) and G "‘[A l%"(j)] respectively. Hence by the Schauder typc estimates (Theorem 4.1.3), we have

1M ey oS CULCE T My g+ ICE P sea g gy (4.3.51)

and

= (k) _
"C‘( "C'2+a[A RRU)]‘—C("F(Z C(k n)‘*‘.[ (k UH(.Q[HI Rn“)l-'- HC“ll

i, peiny) (43.52)
forall k = 1,2,.., which implies the uniform boundedncss of scquences (€*°) and (C;*) in C***[2, R™!))
(with A treated as a parameter space) and Ca, ], respectively.

We may use arguments given in Lemma 4.3.5 to show that sequences [Ef")) are Holder continuous in
z with exponent @ and may be shown to be uniformly bounded in A.

Thercforc, by the natural compact imbedding of C2***(Q2 x A, R*P] and C***(A, R™)] inwo
C2O[2 x A, R™] and C%[A, R"™™), the scquences (Ef")) and ((7,»(")] arc rclatively compact in
C2O[2 x A, R™] and CHA, R™)] respectively.

This implies that there exists subsequences of {Ef")] and [a(")] which converge in
C2O@2 x A, R"D] and CHA, R™Y)] respectively.

Let (ci, E) where & € C2O( &2 x A, R™D ) and Ci e CY*| A, R™Y)| be the limit of this subscquence.
On the other hand, we have shown that the sequence (%), C*))) converges pointwise to (Z;, C;).
Therefore, ¢; = & on C*°[@2x A, R™") and @ = C; on C}A, R"Y)]. This shows that the whole
sequences (¢¥’) and (C;*’) converge in C*°[2 x A, R™P] and C?[A, R"¥] 10 ; and C; respectively,
that is lxm c(k)—c in C20[.Q><A R"(’)] and llm C(/‘) —C in C2[A R"(J)] and ¢;<¢; <¢; on QxA
and C; <C <C;onA. ke

Similarly, by imitating the preceding argument relative to the minimal sequence ((c(") G ("))) one can
conclude that the sequences (c*) and (C*’} converge monotonically in C2°[2xA, R""] and
CHA, R"D)) respectively; their limits are denoted by ¢; and C; which belong to CO@x A, R™)) and
CY A, R"Y)] respectively and satisfy the relation c; <S¢, <€ on 2xA and C;<C; <C,; on A. Thus the
limits

lim [-D,;V2¢=-DV2¢ Jim [£i(x, M= fitx, ¢;)

A:i’

k—yoo

e
lim [D; +H;c{=D; % +Hc,, lim [H,C¢M=H,C,,
k—yee a k—peo

lim [-BV2CH) +u-VCW) + H oy 0] = —~BV2C, +u-VC, + H C;,

k—yoo

= . (k=1)y 17, k=) = ] L ¥,
lim (7, €4+, ) = R, €+ 11y,

and



4.3 EXISTENCE OF SOLUTIONS TO THE STEADY STATE PROBLEM 120

lim [-D,V3gR)=-D V2, lim [f(x, 2] (=0y)= fi(x, €,

k—ses

k—yo0

2 06)
lim [Da; +Hz®]= D‘; +HGE, lim [H, c*M=n,C;,

lim [~ BV2C® +u-VC® + H;oT®) = —BVC; +u-VC, + H;s/C;,

k—yoo

. 0 (k1) : === F(7. C. : C;
klgIL[F‘(z, C; )+H‘LQZC. 1=F(z, CJ)+H‘I.9926‘

etc. exist uniformly on C2°[@2 x A, R™D] and CH A, R™Y)], respectively. Thus we conclude that (ci» C))
and (c;, C_'.') are solutions of the BVP
[ x—l

-DVi¢; = fi(x, ¢)),

D‘;‘wnc_nc,,

- DV2C, +u-VC,; + H o/ C;= Fiz, _j)+u_[

a0, Cis
and
_D;VEEI = f;—(x, Ej),
Da_C+Hc =H,C,,
' On
- QVC, +u-VCT, + HfC,=F(z, Cp)+ H"Ian G
respectively.

We therefore have that (¢;, C;) and (c;, C,) are solutions of 5',,, B

For components i, where D, = I1; = 0, the uniform convergence of sequences [c(k)} lo solutions ¢; and ¢;
follows from standard thcory on nonlinear algebraic cquations. The scquence of approximations (4.3.16) are
uniformly bounded and equicontinuous and hence possesses unifonnly convergent subsequences. The rest of
the argument follows along similar lines to that already discussed. The case [or components i, where 9; = 0,
u-VC‘»(") =( is similar as is the case for components i, where D; = 0, u-Vka) 0.

Now we show that (c;, C;) and (c;, (7,-) are minimal and maximal solutions of S:,, é,,. Let (c;, C;) be any
solution of § é suchthat¢; <¢; < €and C; < C,; < C,.

Since (c;, C)) = HAc,, C)), it follows by Lemma 4.3.6 and from the definitions of ((c(k) C: k))} and
(@ ™), that

(6 C)< (e C) S (G, C)),
implies that
€, CITFE?, ¢™)< (i, C) = Hein C) s FED, T < @, C)).

Let us assume that for some m > 1,
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@™, €M) < e €y = @™, ™).
Then we shall show that
(gEm+1), gfm«ﬁ-l)) S (Ciy C‘) = (E'(m+l), C_“(m+1)).
From Lemma 4.3.6 (II) and (rom the definitions of [(g,("), (G ‘(.k))) and {(E,'(k,) C_‘,v(k))), we arrive at
@™, ¢y = T (™, €M)= (i € = Heiw C) s T@G™, T) = @0, ™Dy,
Thus, it follows by mathematical induction that
., €M)= (i C) = P, TH),

for all k =1,2,...

Hence, we have

(¢;» C;) S(cin C) 2.8, C),

proving that (¢;, C;) and (¢, C;) are minimal and maximal solutions of .S:,,, EH.D

Remark 4.3.3

Notc that unlike the unsteady state system S, B, we cannot assumc that {or the stcady state systcm 5‘,,, [?,,
that (¢;, C BEIGR (T',)E(c;, C,) unless we have uniquencss of solutions of the system f,,, é,,. We havc given
some uniqueness criteria in section 3.3 for the system 6:,,, é,, and these can be used to show that
(¢;» C))=(C» E;)E(c,‘, C)). Other uniqueness conditions for systems of elliptic equations are given by LADDE
et al.[153, p.121] and CARL and‘ GROSSMAN [47] and may also be applicd to our problem. These
conditions arc uscd to show that our minimal and maximal solutions obtaincd by monotonc itcration satis{y
the inequalities (c;, C;)2 (C;, (T',v) and hence uniquencss is achieved.

For the general systcm .§n, é,,, which may possess no monotone propcrties, the following thcorem follows
from Theorem 4.2.1 and summarises how we may set up monotone sequences for this general system which
converge Lo a solution of a new system which may relate in some way to the solution of the original system

- -

S B,.

Theorem 4.3.2

The general system .§n, é,, for which f; and F; satisfies Lipschitz continuity properties (I1{) and lldlder
continuity properties (H3), may be imbedded in a system 55,,, é;,, of twice the order which is coupled
by monotone functions f’ and I’ of the new dependent variables v; and V;. Moreover, all the solutions

(ci» C)) of the general system S,, B, are solutions of the new system, where

Vi =Ciy Vn(ry+i = —Ci for i=1,.,n(1) (4.3.53)

and
Vi =C, V,.(j)ﬂ‘ =-C; for i=1,..,n(J). (4.3.54)

Let (v;, V) and (v;, V‘-) be lower and upper solutions for the system 55,,, 1:35,, with continuity properties
given in the assumptions of Lemma 4.3.6. Let also the assumptions of Lemma 4.3.7 hold for the system
S5, BS,,. Then the minimal and maximal sequences {(yfk), Zsk))] and [(V,(k), V‘(k))} of 3., By, given by
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Theorem 4.3.1 converge monotonically and uniformly from below and above to (v;, V;) and (v, \7‘»)
respectively, where (v;, V,) and (v;, V) are solutions of 5‘5,,. 1§2',, satisfying the following inequalitites

vy <yl< <0 <y <7, <70 <. <M <5 <, for (x, 2)e 2 x A, (4.3.55)

Vi < y(ﬂ) < V(l) & & V(k)

A
iA
I<

<Vi<.sV® < <V <VOD<Y forze A, (4.3.56)

forall k=12,..

If furthermore, the system S’;n éi,, has a unique solution, then (v;, V.)=(v;, V})E(v,-, Vi) is the unique
solution of S}, B3, and all solutions (v, V) of §3,, B}, for which

=DV2w; = f*(x, v))+ flyei(x. ve) in QxA, (4.3.57)
8___ 0 on 0€21x A, (4.3.58)
on
ow,
Dy~ 11, (W; = w;) =0 on XA, (4.3.59)
= BVIW, +u- VW, = F*(z, V))+ Fj iz, Vi)~ H; jm (W, —w;) in A, (4.3.60)
W + 95 s —o on dAy, (4.3.61)
L/ aAa, =23, (4.3.62)
Ing,

for (wi, W)= (v + vy py4is Wi + Wy yy4i) generates the unique solution (¢;, C;) = (T, C)=(c, C;) of the
general system S,, B,, where

<O << < <y < <v, . <TR < <V <7D <,

0 1 k = —(k
‘Zn(l)+i5_£l(})+i-<-!fl()l)+i5---5_(n()l)+i-~-5‘_’n(/)+iS—Ci5Vn(l)+i---SV,(.(;)H'S ,(.(l)+. n()]ﬂ Ya(l)+i»

for (x, 2)eQxA,

Vs <yl <v®< <y, < V<. s V0 < <7D <7<

(1) (k) (k) AL)) v/ (0)
V(J)+x<zn(1)+. VoSSV siSSV oy e S=CisV gy i S SV i S sV i sV i Vi

n )+i n

forze A, for all k=12,..

Wec havce scen that for the purposes of our cxisicnce prool, we may look at the monotone systcm 5‘,,, B
where we assume our coupling functions f; and I*; are monotonc nondecreasing in ¢; and Cj, respectively for
all j. If this monotone property is not satisficd then we may imbed our general sysiem 3,,, é,, into a system of
twice the order which is a monotone system. The cxistencc results obtained {or this new system of twice the
order satisfied by (¢;, C;) and (c;, C;) then implies a solution of our original system .§,,,l§,, by the
imbedding results of scction 4.2 but only if uniquencss is guarantced in the monotonc system 6:2,., éz,,.
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If uniqueness is not guaranteed in the monotonc system S,,, B,,, the following section gives a
general existence theorem for the system §,,, B, where f; and I; may not necessarily satisfy any monotone
property. Such solutions may or may not be obtained by monotone iteration.

434 Coupled Lower and Upper Solutions and General Existence of Solutions of the
Nonmonotone system §,,, I},,

We shall now introduce the concept of coupled lower and upper solutions relative to the system .§n, I§,, which
may not necessarily possess any monotone property.

Definition 4.3.3

Assume that

(@) For components i € /, where D; > 0, ¢; and ¢;are continuous functions in £ x A with continuous
firstorder xj derivatives in £ x A and continuous second order xjderivativesin 2x A;

(i)  For components i € I, where D; = H; = 0, ¢; and & are continuous functions in £ x A ;

(iii)  For components i € J, where 9; > 0, C; and C; are continuous functions in A, with continuous first
order z; derivaltives in A and continuous second order zjderivalivesin A,

(iv)  For components i € J, where @; =0, u-VC; #0, C; and C; arc continuous functions in A, with

continuous first order z; derivatives in A;
(v)  For components i € J where 9;=0, u-VC; =0, C; and C; are continuous functions in A .

The ordered pair of functions (¢;, C;) and (¢, E',-) with ¢; <& on 2 xA and C; < E',- on A arc said to be
coupled lower and upper solutions of .§n, é,, respectively, if they satisfy:

-DVig S f.(x, g &) in QxA,
ag;
—=<0 on dQ2xA,
on
Jg;
D“—S l_li(gi_gi) on a.()zxA,
on
—DV2CHu-VCH+I [ (Ci-c)S Filz, G, C)in A,

aC;
U1C+9 —X< UIC‘1 on 8/\1,
l

ac;
—=-<0 on dAq, =2, 3,

M

and
-DV2E > fi(x, ¢, &) in XA,

@z 0 on d€2;xA,
on

‘;C‘ > H;(C;— ;) on dSHxA,
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~BVEC+u-NC+ ;[ (C-E)2 F(z G, C)in A,
o, L

Uy 5"+ Q}B—C'—Z vlCil on 8/‘1,
t;n] ’

?zo on dAe, @=2,3,

Ng

where f f F; and F; arc defined in (3.2.9)-(3.2.12).

Notc that thesc coupled lower and upper solutions may be uncoupled into lower and upper solutions by the
following substitution

Vi=Ciy Vpyri =Gy Vi =G ~ G

i Xi = o Yoyei™
and
G

’ !n(])+i= =4 -

V,' = 6;, ‘7n(.1)+i = —Q.-, Y,, = Q,-

All the other properties of lower and upper solutions discussed earlier in this section arc also valid [or
coupled lower and upper solutions although it must be noted that coupled upper and lower solutions must
occur simultaneously.

In order to establish an existence thcorem for S, B, in tecrms ol coupled upper and lower solutions,
we define a transformation J, by

(), C0)= (D, -y, (4.3.63)

and consider the sequences ((cf"), C.‘(k))) given in (4.3.16)-(4.3.21) with cf") satisfying thc inequalities
¢ < ci(k) <&in 2xA and C,(k) satisfying the inequalities C; < Ci(k) <C;inA fork = 1,....

The properties of sequences ((c‘("), C.‘(k))} are similar to that discussed earlier. However, in the present case,
the transformation J; may not be a monotone opcrator and so although wc may obtain bounds for the

solutions, thesc bounds may not nccessarily be improved by monotonc itcration.

Lemma 4.3.8
Consider the BVP (4.3.16)—(4.3.21) and suppose that the assumptions (H1), (H3)-(H3) hold. Let there
exist (¢;, C;) and (G;, C;) which are coupled lower and upper solutions respectively of .§,,,l§,, with

g Sc}k—l)sé}- on Qx A and C; SCJ(-'H)SQ- onA.

Assume that

(i) For components j € I, where Dj, ;> 0, cﬁ-"’]) e C* %2 Qx A, R"D):

(ii) For components j € I, where Dj=H; =0, cy"l) eCH[NAxA, R Iz

(iiiy  For components j € J, where ;> 0, C;"") e C*e (A, R"U)):

(iv)  For components j € J, where 9; =0, u-VCf—k_l)s-*U. C;k'l)eCa[X, R™)) and assumptions
(113)-(11) hold;

v) For components | € J, where 9,- =0, u- VCE"'I)E 0, C}k’” eC%Ta, R"U)I.
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Then the BVP (4.3.16)-(4.3.21) possesses a unique solution (cf"), C‘-(")), where

0} For components i € 1, where Dj, 11;> 0, cfk) eCH*Qx A, R™D);

(Il)  For components i € I, where D;=11;=0, c‘(") eCHAo[Qx A, R™;
(Ill)  For components i € J where @;> 0, C‘(k) e A, BN

(V)  For components i € J, where 9; =0, u-VC§") #0, C‘v(k) e C*¥A, R"V));
(V)  For components i € J, where 9;,=0, u- VCE") =0, CI-U‘) e C¥A, RV,

Furthermore, in all cases c‘(k) and ka) satisfy the inequalities ¢; < k) <¢ in 2xA and G SC‘-(") <C;

i
inA.

Proof
Most of this proof is identical to that given in Lemma 4.3.5. However, we necd o only observe that

£ g @) < fix SN < fix s @),
and

Ei(z G €)) < Fi(z, V) S F(z, G, ©),

in order to show that c* and C™®) satisfy the incqualitics ¢; < ¢*) <& in 2xA and C;<C® <C; in A.0
The following lemma follows from Lemma 4.3.6 and Lemma 4.3.8

Lemma 4.3.9
Consider the BVP (4.3.16)-(4.3.21) and suppose that the assumptions (I11), (}H3)-(H}) hold. Let there
exist (¢;, C,) and (C;, C,;) which are coupled lower and upper solutions of §,,, [3,,.

Assume that
(i) For components je I, where Dj, 11;> 0, ¢;, ¢; € CHaex A, RMD;
(i)  For components je I, where D;=11;=0, ¢;, ¢; € C**[Q2x A, R"D|:
j= Cjs €}
(ili) For components j e J,where 9;>0,C;, C.e C**%[A, R"Y;
i o)
(iv)  For components j € J, where D;=0, u- VC;"_I) 20, Cj, Cje CY™(A, R")), and assumptions
(HE)-(HE) hold;
(v)  For components je J, where 9, =0, u-UgE=M=0, €., Bé CYA, B,
1 j 2 S

Then the mapping I, from (cgk_l), CY‘“I) ) to (c‘(k) ; C‘-(k) ) possesses the following properties:
@ (GB 6.‘)25’(5}-, 5;), (ci» €IS T (), C))-

()  Tis an operator which maps the intervals (c;, ¢;] and [C;, C;] onto themselves.

The following thcorem is an cxistence thcorem for solutions o the gencral system 3,,, B,, .
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Theorem 4.3.3 (Generalised IExistence Theorem)

Let there exist (c;, C;) and (c;, 5,-) which are coupled lower and upper solutions of 5,,,[3’,, with
continuity properties given in Lemma 4.3.9. Then there exists a solution (c;, C;) of 5,,, é,, satisfying
the inequalities (¢;, C;) < (ci» C)) < (&, C)).

Proof
We [irst consider the case with D;, 9; > 0.

It has been shown by standard continuity arguments in Theorcm 4.3.1 and by thc Agmon-Doulis-
Nirenberg and Schaudcr estimates that {c‘(k)} and {C,-(k)} are uniformly boundcd sequences and hence are
relatively compact in C 2002 xA, R" D) and C (A, R™)] respectivcely.

This implies that there cxists subscqucnces of (cfk)} and (C‘-(")} which converge in
CO[Qx A, R") and CYA, ™Y, respectively.

The other cases [ollow similarly along the lines ol Theorem 4.3.1.0

We note from the countcrexample at the end of section 3.1, that comparison thoerems analogous to Theorems
3.2.11 and 3.2.12 do not hold in general in the case of the corresponding steady state or time independent
problem .§,,, B,,. Hence, if there exist (¢;, C;) and (¢, C",-) which are lower and upper solutions of the steady
slale monotone system .§n,én or if there exist (c;, C;) and (G, a) which are coupled lower and upper
solutions of the steady state system 5,,, é,, which may possess no monotone property and (c;, C;) is a
solution of .§n, é,,, then in contrast to the unstcady statc problem S,, B,, we cannot asscrt that (¢;, C;) <
(¢, C) £ &, C).

We have shown in Theorem 4.3.1 that if 5,‘, én is a monotone system, the method of monotone
iteration is still applicable and shows the existence of at least one solution (c;, C;) of §,,, B,, lying between
(¢i» C;) and (c;, f‘,-). Wec have also shown in Thcorem 4.3.3 that il S‘,,, [?,, docs not posscss any monotonc
property, then we can still show the cxistence of at Icast onc solution (cj, C;) of 5’,,, é,, lying between (¢;, C;)
and (¢;, C;).

Howcver, if (c;, C;) is a unique solution of 5,,, B, , then comparison thoerems analogous to Theorems
3.2.11 and 3.2.12 may hold in general in the case of the corresponding steady state or time independent
problem .§n, f?,,. Hence, if there exist (¢;, C;) and (¢;, C"«) which are lower and upper solutions of a steady
slate monotone systcm 5‘,,, é,, or i there exist (¢;, C;) and (¢;, C;) which are arc coupled lower and upper
solutions of a steady state systcm §,,, é,, which may possess no monotone property and (c;, C;) is a solution
of 3:,,,1},,, then we canassert that (¢;, C;) < (¢;, C;) < (§;, C,).

Note that in practice, it may only be neccssary to find the existence of coupled lower and upper
solutions when proving uniqueness and cxistence. Note also that we may similarly definc coupled lower and
upper solutions to the time dependent problem §,, B, and prove existence along the lines of Theorem 4.3.3
(Generalised Existence Theorem) for nonmonotonc systems. An example of this will be seen in section 6.6.

Remark 4.3.4

In this scction we have assumed that the boundary conditions (2.1.4) and (2.1.7) are ol thc Robin type. We
may treat the Ncumann and Dirichlet type boundary conditions similarly by using appropriate thcorems for
linear elliptic equations with Neumann and Dirichlet type boundary conditions (see Remark 4.1.1, Remark
4.1.2 and Remark 4.1.4).

In section 4.4 we shall discuss the relationships between the unsteady state and steady state problems and
study the stability of solutions obtaincd by monotone itcration.
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4.4  Relationships between Solutions of the Steady State and Unsteady State Problems

In this section we use relationships concerning the asymptotic behaviour of linear parabolic cquations as
t — oo and their corresponding linear elliptic equations to make a statement about the relationships between
solutions of the steady state problem .§n, é,, and the unsteady state problem S,, Bj.

We may assume at the outset that the systems S,, B, and 6:,,, é,, are monotone systems, in the sense
that fi(t, x, ¢;) and fi(x, ¢;) are monotone nondecreasing in ¢; and FF(t, z, C)) and Fi(z, C;) are monotone
nondecreasing in C; for all i. This is not a restriction on the theorems of this section since if this monotone
property is not satisfied then the functions (w;, W;) defined by c; =e K w; and C; =e'Kz’VL1 in (4.3.1)-
(4.3.2), satisfies new systems of the same type but with new [unctions that are monotone nondecreasing inw;
and W,

If, on the other hand the monotone property is not satisfied by all the other variables, then the systems
Sn, Bp and .§n, é,, with gencral functions f; and F; may bc imbedded in systems S,,, B,, and S},,, 32,,,
respectively of the same form where fi(¢, x, c;) and fi(x, c;) are rcplaced by ﬁ(l, X, ¢y, ¢;) and ﬁ-(x, Ce» C1)s
respectively for the first n(/) dependent variables ¢; and by f (1, x, ¢, ¢;) andf; (x, ¢, ¢;), respectively
for the next n(/) dependent variables c;. Also, Fi(, z, C)) and Fi(z, C)) are replaced by F(t, z, C,, C) and
F(z, Ci» (T‘,), respectively for the first n(J) dependent variables C; and by F,(t, z, Ce» C—‘,) and
Fi(z, Cy, 5,), respectively for the next n(J) dependent variables C;

It has been shown by the imbedding results of section 3.2 and section 4.2 that solutions of these new
monotone systems may generate solutions of the original systems and therefore uniqueness, stability and
existence may be implied in the original systems. We shall furthermore show in this section that such
monotone systems are also useful in establishing relationships between solutions of the general steady state
problem .§n, é,, and the general unsteady state problem S,, B, which may possess no monotone property.

44.1 Asymptotic Behaviour of the System S,, B, as t — oo.

Firstly, we shall assume that the systems S,, B, and .§,,, [?,, arc monotonc. Suppose that wec have lower and
upper solutions (c;, C;) and (¢;, C‘i) with (¢;, G)<(c;, 51;) for the unsteady state problem S,,.g,,, for all
T > 0, and lower and upper solutions (§;, C;) and (&, C.). respectively with (&;, Q‘-)S(E",-, C,) for the
steady state problem 5,,, é,,, such that (¢;, C;)— (. C‘) and (¢;, C C )—)(5,, 5) as { — oo, uniformly for
(x,2) € 2x A and z € A. Suppose also, that {(c(") C("))] and {(c(k) C("))} are minimal and maximal
scquences respectively of the system S, B, and {(c(") C )) and {(c(") @ (")}} arc minimal and maximal
sequences respectively of the system S,., B,,. Also, assume that relevant continuity properties are satisfied.

It is very clear that from Theorem 3.6.2 and Theorem 4.3.2, we can by using induction, apply
Theorem 4.1.6 concerning asymptotic behaviours of parabolic equations as t — oo (or results for asymptotic
behaviour of ordinary differential equations as t — oo (LAKSIIMIIIANIIIAM and LEELA [157, pp.108, 229])
if D; = H; = 0 or 9 = 0) to the function pairs (c*), C¥), (¥, C ) and ), C®)y, (W C(k)) and
deduce that for all positive integers k:

A ~(k)
e®, ci?)-EP, &)
and _
(Ei(k)’ Ci(k))_)(éi(k)’ Ci(k))’

as t — oo, uniformly for (x,z) e 2 x A andz€ A.

Suppose further, that ((,, C) is the only solution of S B lying between (& C) and (c,, C) Since
;. C,) is the only solution of S B between (¢;, C ) and (c‘, C ), and the scquences {(c(k) C )} and
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[(5‘-("), (f',-(k))] , both converge uniformly to solutions of S‘,,, é,l lying between (¢;, g}) and (E‘ (:',-), we see
that by Theorem 4.1.7 (or results for the asymptotic behaviour of ordinary differential equations as { — oo if
Di=H;=0or 9; = 0), it follows that

P, ¢ @, €)
and _
@&, C*Y- (@, C),

as k— oo, uniformly for all (x, 2) e 2x A and z € A, and we know that

&8 < & <&M,

EV< G2 W

=i

for all (x,z) € 2 x A and z € A and all positive integers k.
Thus, given any € >0, there exists positive integers n(€) and N(€), independent of (x, z) € 2 x A and
z € A, such that
Iéfk)(x, z)—¢;(x, 2)l< —;-,
~(k a
& @-Cian<
= = E
Ici(k)(x, z)—c;(x, z)l<5,
CP@-Citane s,

whenever k 2 n(g), N(e).

Further, there exists (€, n(g)) independent of (x, z) € 2 x A and T(g, N(€)) independent of z € A, such that

e %, 2)= 80, <2,
M - @<,
12, x, 2)- E™(x, z)l<§,
I, z)—a(N)(z)l<§-,
whenever ¢ > (g, n(€)), TE, N(€)).
Therefore,
18, x, 2) - E(x, 2 €,
ICM, 2)-Cia)i<e,
ieM, x, z) -6 (x, 2)l<e,

ICM(, 2)-Ci(2)l<e,

whenever ¢ > (g, n(€)), T(g, N(€)), which implies that
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—€+G(x, z)<gf")(1, x, 2)<c (1, x, z)sa(")(:, x, 2)<E+G(x, z),

—e+Ci(2)<CM(t, 2)<Ci(t, )< CM (1, 2)<e+C (2),

whenever ¢ > 1(€, n(€)), T(g, N(€)), where (c;, C_.'i) is the solution of the system S,, B, obtained by
monotone itcration in Theorem 3.6.1 (Generalised Existecnce Theorem).

By applying Theorem 3.6.1 for arbitrarily large T, we can show that (¢;, C;) exists for all ¢ > 0.
Therefore

(En C_'.)—>(§u a),

as t — oo, uniformly for (x,z) e 2 XA andz€ A

Thus, under the given condilioni, the existence of exactly one solution to the steady state problem S',,, B,,
lying between (&;, C;) and (&, C)) implies that, for any initial value (c; o, C; o) lying between (¢;, C;) and
(I8 € ;) att = 0, the unique solution (c;, C;) of S,, B, (for arbitrarily large 77 will tend to the steady state
solution (¢;, é‘-) of .§n, é,, as t — oo, uniformly for (x,z) e 2 xA andze A.

From the uniqueness of the steady state problem we see that the imbedding results of section 3.4 and
section 4.2 apply and this shows that this relationship will hold for the gencral systems S,, B, and 3',,, [3,,
which may possess no monotonc propcrty.

4.4.2 The Stability of Solutions Obtained by Monotone Iteration

We shall consider the stability properties of the solutions of the system .§,,, B,, obtained by monotone
iteration. Let us consider the following system in thc gencral system S,, B,, where the fluid velocity
distribution u(z) and the inlet fluid concentration C;; arc independent of time.

dc

7{*’ -D Vg = fi(x, ¢;) in (0, TIXQ2XA, (4.4.1)

aC" .

53 = 0 on (0, TIxd82xA, (4.4.2)

JC,‘ e

Digt=11(Ci=¢;yon (0, TxdQHxA, (4.4.3)

3C,- 2 8c,- - . o

-1 BVC; +u-VC+ | 20, D5 =R C,;) in (0, T]xA, (4.4.9)
ac

VG + D3 = v1C;; on (0, T|xdA,, (4.4.5)
U]l:

6 .

3. =000 (0, T]x0Aq, &= 2,3, (4.4.6)

My

C;=C;gin XA, at =0, (4.4.7)

C" = Cl',o in A, at=0. (4.4.8)

Note that the solutions of S',l, é,, are time independent solutions of the system (4.4.1)-(4.4.8). We shall
show that with the monotone iteration methods given in section 4.3, it is not possible to obtain unstable
solutions. On the other hand, cach solution obtained by monotonc itcration is asymptotically stable at lcast
from above or below and il solutions of .S:,l, é,, arc unique, the solution obtaincd by monotone iteration is
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A

asymptotically stablc both from abovc and from bclow. As carlicr, we shall assume that the systems .§n, B,
and (4.4.1)-(4.4.8) are monotonc systcms.

We have scen in section 3.6, that there may be gecometric conditions on f; and F; which guarantec the
cxistence of lower and upper solutions to the general system S,, B,. We have also seen in section 4.3 that
there arc gecometric conditions on f; and F; which guarantee the existence of lower and upper solutions to the
system .S:,,, B,,. We now show that the existence of lower and upper solutions to the system .§',,, 1§,, can imply
the existence of lower and upper solutions to the special system (44.1)-(4.48)in S,,, B,.

Supposc that (¢;, Qi) is a lower solution and (5,-, C“,-) is an upper solution with ¢; SC:i on 2xA and

3

é‘ i SC; on A of the system .S:n, 1§,, and (c;, C;) is a solution of the system (4.4.1)-(4.4.8), where ¢; <c; o Scz,'
and (j‘,- <Cip s é,- . The functions

(G x, 2), C;(t, 2)=(E(x, 2), Ci(2))
and
@t x, 2), Ci(t, 2))= (E(x, 2), Gi(2)),

satisfy:

Jdgi 2 :
W-Div, G < fi(x, gj) in (0, T)x€$2x A,

95 <0 on (0, TIxOQAxA,
on

dc:
D ZE < (G- ) on (0, TIx023xA,

aC; . .
= = PA g‘.+u-vg+11,.jmz(g,-—ci)s F(z, C;) in (0, T)xA,

.
v g|'+ ﬁ —~5 UIC,‘ 1 on (0; zjaAlt-
aﬂl :

ac;
9_" <0 on (0, T)XdAq, @ =2, 3,

(+4

(0, x, z)S¢; o in £2XxA,
g,—(O, 2) < Ci,ﬂ in A,

and
9¢ _
ot

9% 5 0 on (0, T2 XA,
an

DVi 2 fi(x, €) in (0, TIxikxA,

Di% > H(C.— &) on (0, T]xI2xA,

aC, = 2 x - 7 AR
e @v2Ci+ ..-w:,-;.q-j{m2 (€i-&)2 F(z, C;) in (0, TIXA,

vlff.-+ 5237?2 vC;y on (0, TIxdA,
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Nee

20 on (0, T]X0Aq, 0= 2, 3,
EI‘(O, X, Z) 2 Cl'.U in QXA,
5"(0, 2‘)2 C".o in A,

respectively, so by Theorem 3.2.12 (Generalised Strong Comparison Theorem), since ¢; , éi , c:l and é,- are

independent of ¢,

95 o6 9E  ac

=— =—=—1 =, 4.4.9
at at at o ( )
and the inequalities

@ €S (cin C) S (G, G, (4.4.10)

hold for all ¢ > 0.

Note that in general, the existence of both lower and upper solutions to the special syslem (4.4.1)-(4.4.8) in
S, B does not imply the existence of both lower and upper solutions to the system S

In particular, if ¢; g =¢; in 2xAatt=0and C; = (NJ,- in Aatt=0orif cjg=¢; in .(2><A att=0and

Cip= é,- in A att= 0, we have the following thcorem.

Theorem 4.4.1

If (&, Q,r) is a lower solution of the system 6:,,, E},,, then the solution (c;, C;) of the system (4.4.1)-
(4.4.8) with initial data c; =¢; in XA and C; 0= C in A is monotone nondecreasing in 1. If (a, C )
is a upper solution of the system S B,l, then the solution (c;, C;) of the system (4.4. 1) (4.4.8) with
initial data c,-'0=é in Q2xA and C,-_O-C‘ in A is monotone nonincreasing in t. If (¢;, Q,) is a lower
solution and (a-, é,-) is a upper solution of the system .S:,,, é,, and (c;, C;) is the solution of the system
(4.4.1)-(4.4.8) with initial data either Cio=C in QxA and C;o =Q‘- in A or C,-’0=c:‘- in QxA and
Cio= C; in A, then the inequalities (¢;, Qi)s (c;» C) < (&, C;) hold for allt.

Proof

Firstly consider the case where (¢;, é‘i) is a lower solution of the system .S:,,, [2,,, and (c;, C;) is a solution of
the system (4.4.1)-(4.4.8) with initial data ¢; o = ¢; in xAand C;=C; in A. Wc sce thatif (c;, C;) exists
then it satisfies

96{ ~D,V2c;=fi(x,¢;) in (0, TIX2xA, (4.4.11)

ac;

o = 0on (0, T'|x082;xA, (4.4.12)
,‘?; = H{(C; - ¢;) on (0, TIXILXA, (4.4.13)
IC; o2 dc;

a: —BVC, +u-VC, +j Di=t “L=F(z,C;) in (0, T]xA, (4.4.14)

uC;+ 9;—3’5—;% v1Ci1 on (0, T]xdA, (4.4.15)
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ggi= 0 on (0, T)xdA g, 0= 2, 3, (4.4.16)
"u

C; =§" in QXA, att = 0, (4.4.17)
C;=C; inA,atr=0, (4.4.18)

From (4.4.10), we have (&, C)< (c;, C)).

The equations (4.4.11)-(4.4.18) are invariant under the transformation ¢ — ¢ + A, so let us consider the
functions ¢, (t, x, z) =c;(t + h, x, z) and Cy,(t, z) = C;(t + h, z) with initial data c;, (0, x, z)=c;(h, x, 2) 2 ¢
and Cy, (0, 2)=C;(h, z) 2 (j‘i . Wc therefore have the following equations

dc; .

% ~DV2cy, = fi(x, cj) in (0, TIXQ2xXA, (4.4.19)

%‘ﬁ 0 on (0, TX92;XA, (4.4.20)

D ,.% = H{(Cyy — cip) on (0, TIXA2XA, (4.4.21)

Cip - PVIC, +u-VC, +j p, %in =F(z, Cy) in (0, T)x A (4.4.22)
a’ ith th a‘(z ‘ a 1\, jh ] ) LN

v,Cy, + @,ﬁ: v1C;; on (0, TIXdA,, (4.4.23)

1

%C—i& =0o0n (0, T]xdA,, =2, 3, (4.4.24)
N

(0, x, 2)2 ¢ in XA, (4.4.25)

Cy(0, 2)>C; in A. (4.4.26)

If we can show that ¢, (¢, x, z) 2 ¢;(¢, x, 2)in £ x A and Cin(t, 2)2C;(1, 2) in A ator near ¢ = 0, then the
inequality holds for all greater ¢ by Theorem 3.2.12 (Generalised Strong Comparison Theorem) noting that f;
is assumed to be monotone and therefore need not be redefined. The continuity properties of the functions
cip(t, x, z) and C;,(t, 2z) near ¢ = 0 are satisfied by studying the behaviour of the solution near ¢ = 0.

Therefore c;(t +h, x, 2)2¢;(t, x, 2) in 2xA and C;(t+h, 2)2C;(t,z) in A and hence c; is
monotonically nondecreasing in ¢ and C; is monotonically nondecreasing int.

The case where (c7 C ) is anupper solution of the system S,,, B,,, and (c;, C;) is the solution of the
system (4.4.1)-(4.4.8) with initial data c;o = c in £2xAand C;o= C inAis lrealed similarly.

We see from (4.4.10) that if (¢;, Q,) is a lower solution and (c‘, C,) is a upper solution of the
system .§n, é,l and (c;, C;) is the solution of the system (4.4.1)-(4.4.8) with initial data either ¢;o=¢; in
£2xA and Cg = C; in A or c,-'0=g,' in 2xA and Ci'0=éi in A, then the inequalitics (&, C))< (c;, C;) <
(c:i, éi) hold for all ¢.1

We shall now prove the following theorem. Therc are analogous proofs given in TEMME [282, p.67] and
SATTINGER [258, p.36] for scalar parabolic and clliptic equations.
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Theorem 4.4.2
Consider the system (4.4.1)-(4.4.8). If (¢;, Q,-) is a lower solution and (E‘ C’,-) is a upper solution of
the system .§n, 1§,,, then under the assumptions of Theorem 3.6.1,

lim ¢;(, x, z)=¢;(x, z) and lim C;(t, z)=C;(z) exist,
o0 t—o0

where

€62

10

and

109
D%

1'5 C <
Furthermore, (¢;, C;) is equal a.e. to a classical solution of the steady state system S,, B,.

Proof

By the monotone iteration procedure we can construct, for any T > 0, a regular solution to the system
(4.4.1)-(4.4.8) for 0 < ¢ < T, so the solution exists for all ¢+ > 0 and salisfies (4.4.10). We may start the
iterations with a lower solution (¢;, Qi) and from Theorem 4.4.1, since c; (¢, x, z) and C;(t, z) are monotone
nondecreasing with ¢ and are bounded below and above by (¢;, Qi) and (c:i, (f“-) respectively,

lim ¢;(t, x, z)=C;(x, 2)
{—oo

and
lim C;(t, 2) = Cy(2),
{—yo0

exist, where

1

O

S0

1

i < st

3]

;and

10

For the rest of this prool, we shall only look at the casc when D;, 9, > O for all i. The other cascs [ollow
from standard results on ordinary differential equations and first order partial differential equations.

First we prove that (¢;, C;) is a weak solution of the system S‘,,, B,, ie.,

&€ L2{QxA, RrD), V3¢ L2[QxA, RiD)], (4.4.27)

C,e L2[A, RN, V2C,—u-VCe LA, RN, (4.4.28)
and

(=VZ: E)-(fi(x €), ) = 0, V& e CTLx A, D), (4.4.29)

(= V2C, +u-VC,+H/C,, E)~(F(z, C:i-)w,- j‘mz &,8)=0,YE e CT[A, RN, (4.4.30)

where we shall assume that A is considered to be a parameter space in (4.4.27) and (4.4.29) and where we
use the inner product notation (-,) to denote the usual L2(D) inner product for real functions, i.e.,

(u,v) = JDuvdx.

Equations (4.4.29) and (4.4.30) arc cquivalent to
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(EmVEEN-(fi(x 6, &) = 0
(C;, (-V2+u-V+ HS) E—~(F(z, c"i}.)m,-jm 6,E)=0

where —V2* is the adjoint operator of —V2 and (-V2+u-V+H,s/)" is the adjoint operator of
~V2 4+ u-V+Hs¢. Note that the Laplacian operators —Vi and —V? are self adjoint.

The function (c;, C;) satisfies the system S,, B,. Taking the inner product with the functions &; €
CTIR2x A, R* D] and E; e CJ[A, R™)), we obtain

86‘ 5 ) Vzcn é) (f(x )’ gt) =0
ac E)+(=V2C; +u-VC+HSCi, E)~(Fi(z, C)+H, [, ¢i, Z) =0
3{ " i "‘l ’ \.} aﬂ u =i

and partial integration of the second terms results in
8‘:{ VZ* 4
(7, &) +(ci, =V &) (filx, ff), &) =0,
(—a—q‘? Z)+(Ci, (V2 +u-V+ H¢) E)—(F(z C-)+H-_[ ¢, =) =0
al,'-" 5] i =4 [} ’d '3()2 1 = ’

This inequality holds for all ¢ > 0. So we have

Tac

S -], (e V2= [ (fix, g, Ei= 0

7(8C —, Exdt+— J G, (= -V? 4u- V+Hs¢) Exdt=— _[ (F(z, C )+H .[a ¢, Edi=0

Now let T — oo; then
1,7 * - *
Tho v ~VXEN Gy VIS,
1 T [rgr— 2 * —_
?jo (€, (<V2 +u-V+ H ) E)t (G, (-V2 +u-V+ Hi)' E),

from the Lebesgue dominated convergence theorem and the uniform boundedncss on the solution (c;, C;).
Similarly,

= Jo Ui e i (fixs §), &,

1T - 2 G =
o il CO+ B[, cio E)dt— (R, C)+ Hi [, &, ),

J
and

fac (T, x, 2), £)—(c;(0, x, 2), ;)

‘gl ( s ga)d = T >0’
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1 (T,dC,

5 A 1 (CI(Tl 2), E,-)—(C,-(O, Z)v EI)
T 0( a —0.

T

R 4 .
Therefore, we get in the limit, as T — oo, that

(& =Vi'E)~(filx 6. 8) = 0,

- o _ . .

(G, (V2 +uV+ Ht) E)-(Fi(a, %)J“”‘-[anz &,E)=0,
foreach & e CJ[R2x A, R"P]and 5 e CJ[A, R™].
Now we have to show that (¢;, é,-) is a regular solution of of the system 5,,, B,. First, we note that ¢ is
uniformly bounded in £xA and é,- is uniformly bounded in A, thus ée LI[2x A, R""] and
C;e LA, R*P]. Then by Lemma 4.1.7, fi(x, &)e L[R2 x A x R™D, R*N] and F(z, C“Q+H,-Lm & re

2

LI[A x R R )]. From Lemma 4.1.4, g may be chosen to be identical in both cases.

Consider the boundary value problem

-DViw, = fi(x, &) in QxA, (4.4.31)
(9Wl'
—L =0 on Jd€21xA, (4.4.32)
on
aW“ 2
D“E + H“W" = C,' on aQZXA, (4.4.33)
—DVW, +u- VW, + LW, =F(z, CO+II [, & in A, (4.4.34)
; 9 2,
oW,
uWi+ B —L=C;; on dA,, @. .35)
aﬂl :
%=0 ondA,,a=2, 3. 4. .36)
N

By Theorem 4.1.4, the boundary value problem (4.4.31)-(4.%.36) has a unique solution (w;, W;), where
w; € qu[b_ , R™D7 (with z treated as a parameter) and W e qu[X, R™)). From Lemma 4.1.5, ¢ may be
chosen to be identical in both cases.

Let g be the mapping that associates with cach right hand term of (4 2.3 1) the unique solution w; and
G be the mapping that associates with each right hand term of (4.4.34) the unique solution W;. The solution
of (4.3.31)-(4.%33) may be writtcn as

wi=—gfi(x, ¢;) (4.4.37)
and the solution of (4.4.34)-(4.4436) as

Wi=-G(Fi(z, G+l [, &). (4.4.38)

For C ; lixed, the operator g:L7 — qu associating with each admissible right-hand term f; the uniquely

determined solution w, is the sum of a constant operator and a bounded linear operator. Similarly, for éi,l

fixed, the operator G:L7 — qu associating with each admissible right-hand term F/#; + H; Jaﬂ ¢; » the uniquely
- 2



4.4 RELATIONSHIPS BETWEEN SOLUTIONS OF THE STEADY STATE 136
AND UNSTEADY STATE PROBLEMS

determined solution W;, is the sum of a constant operator and a bounded linear operator. Thus g and G are
continuous.

We denote these operators by g and G because of its connection with the Green's function of
(4.4.31)~(4.3.36); G is the inverse of the elliptic operator L with boundary conditions. We will simply call G
the inverse of the elliptic operator L.

For ¢ =2/(1-o), w; € qu[b— , R )] (where A treated as a parameter space) and W; € WqZ[X, R"V )]
and we may apply Theorem 4.1.1 (Imbedding Theorem) to obtain w; e C*%[£2, R*"] (where A is treated
as a paramelter space) and C; = Wi e C'*®[A, R"”)]. From Lemma 4.1.3, & may be chosen to be identical

in both cases. Thus we have

(wir = V26 = (&fitx, 6), =VH'E) = (flx, ), —¢"V'8) = (fix, §), ) = (i, ~V'E)),

and
W (V2 +u-V+ Ht)' E) =(G(F(z, C))+ H,-jan &), (V2 4+ u-V+ Ht) E)
2
=((F(z, C))+ H, jmz &), G* (V2 +u-V + H,5)' E)))
= (s, C+ [, &), 8)
=, (V2 +u-V+H ) E),

where g* and G* are the inverses of —Vi and ~VZ+u-V+ H.s¢ respectively (see RIESZ AND NAGY, [248,
p.104]). Hence

(w6, —V2 E) =0 for each & e CT[R2 x A, R™D],

Wi=C;, —V¥'E; +u-V'E;+ lI,5/5;) = 0 for cach 5; e CJ'[A, R™)),
and thus

(Wi, =V5g"n) = wimd,, =1m;) = 0 ¥, e CT[R2x A, D),

Wi=Ci, G* VP yi+u V' g+ Hiotyy) = 0V yeCFA, R,

because of the invertiblity of —Vf and —V2 +u-V+ H,s¢ and thus of —Vi' and (-V2 +u-V+H,57)".

Thus ¢; = w; and C; = W; almost everywhere and (¢;, C;) is a weak solution of the system 5,,, é,,. But w;
and W, are continuous, so modifying ¢; and éi on a sct of measure zero if necessary, we geLé; = w; €
c‘*“[E, R*D] and éi =W;e C™[A, R™]. Again putling

w; = —gfi(x, 5) (4.4.39)
and

W;=-G(F(z, C;)+11; S &), (4.4.40)

where g:C1* (2, R"D] - €2+, R™D] (with A treated as a parameter space) is the sum of a constant
opcrator and a linear operator which is bounded by the Schauder estimates in Thecorem 4.1.3, thus g is
continuous. Similarly, G:C*%[A, R*™V) 1= CH**| A, R™Y)] is the sum of a constant operator and a lincar

opcrator which is bounded by the Schauder cstimates in Thcorem 4.1.3, thus G is continuous.
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Therefore by Theorem 4.1.2, we obtain that w; e C2**[Q2, R*D] and W; e C***[A, R™”)] and the
same argument that ¢; =w; and C; =W, finally results in ¢ e CH2, R™] (with A wreated as a parameter
space) and C eC2+°’[A R"(’)] By the same arguments in Lemma 4.3.5, it can be shown Lhat ¢; €
gire "[.(2 XA, R"(’)] and thus (¢;, C) is equal a.e. to a classical solution of of the system S,,, , as
required. .

A similar proof may be obtained if we start the itcrations with an upper solution (c~‘ C ;).a

We now show that the solution (¢;, Qi) of §,, B, obtained by starting the iteration at (¢;, Q), is
asymptotically stable from below and similarly, the solution (E, C‘-) of 3,,, [3,, obtained by starting the
itcration at (ci-, C‘i), an upper solution of .Si,, 1},, , is asymptotically stable from above.

In the special case that (g,-, CI)E(Q C ), we will have that (c‘, C) (;
stable both from above and from below.

) are asymptotically

=i =y

~ ~

We have seen thateach solution (¢;, C;) of the system (4.4.1)-(4.4.8), where ¢; <c;o <¢; and Qi <Co=C
satisfies (&, G)< (c;» Ci) < (&, C)).

N Let (c;, C_]) be the solution of the system (4.4.1)-(4.4.8) with initial data (¢(0, x, z), C(O, 2))=
(&, C;) andlet (¢;, C,) be the solution of the system (4.4.1)-(4.4.8) with initial data (c(0, x, z), C(0, 2))=
(s Q‘-). By Theorem 3.2.12 (Generalised Strong Comparison theorem), each solution (c;, C;) of the system
(4.4.1)-(4.4.8) salisfies

@ C) S (e, €S (6, C)) S @0 C) < G, C).

In particular, (¢;, C;), satisfies
(&(x, 2), Ci(2) < (i1, x, 2), Cilly 2)S (E(x, 2), Ci(2)),

where (g"-(x, z), Q ;(2)) is the solution of the system S,,, én, which is obtained by starting the monotone
iteration at (¢;(x, z), C,»(z)) since (¢;(x, 2), Qi(z)) also satisfies the system (4.4.1)-(4.4.8).
So (¢;, C;) is boundcd above and monotonically nondecrcasing in ¢ from Theorem 4.4.1; thus
lim (¢;(t,x,2),C;(t,z)) exists and is a solution of thc system Sn, [3,, by Thcorem 4.4.2. From Theorem 4.3.1
Eagncraliscd Existence Theorem), we sce that (¢ (x, 2), (_’:‘_,-(z)) is a minimal solution. Therefore, we have,
lim (¢;, C;)= (_v Cl-).
[—yoo

Each solution (c;, C;) with initial dala (¢;, Q,-)S (cio, Cio) < (G}, (_:',) satisfies (¢;, C;)< (¢;, Ci) < (¢, QA,')

and so wc havc proved:

Lemma 4.4.1
If (c;, C;) is a solution of (4.4.1)-(4.4.8) with initial data (&, C;) < (cig, Cio) < (&, C)), then
lim (c;, €)=, €,).

-

If (c;, C;) is a solution of (4.4.1)-(4.4.8) with initial data (c‘, C) £ (50, Cjo) < (5,-, C,»), then
hm (c‘, ;)= (c,, C)

If (éi’ é1)=(éi, C"-), then (¢;, Q‘-), (a, a) is asymptotically stable from above and from below.
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Corollary 4.4.1 5

If there exists a lower solution (¢, Q,-) and an upper solution (C:.‘, CA}) of the system S‘,v én, and if
there_is only one solution (¢;, Q‘)E(a, C.) of the system S, B, such that (&;, é',v) < (&, Qi) and
(-c:,-, éi) < (g,-, é,-), then this solution is an asymptotically stable equilibrium solution of the system
(4.4.1)-(4.4.8) and each solution of (4.4.1)-(4.4.8) with initial data (¢;, Qi) < (60, Cip) < &, C)
tends to (¢;, Qi), (&, C) ast— .

So, with the monotone iteration methods given in section 4.3, it is not possible Lo obtain unstable solutions.
On the other hand, each solution obtaincd by monotone iteration is asymptotically stable at least from above
or below. _

If (¢;, Q D= (5,', éi), the unique solution obtained by monotone itcration is asymptotically stablc both
from above and from below. We have seen in section 4.3 that given an upper and a lower solution of the
system 5,,, é,,, there exists a solution of the system S‘,,, [?,, between these upper and lower solutions which
can be constructed by monotone iteration. On the other hand given an upper and a lower solution and that
there exists a unique solution of the system S‘,,, én between these upper and lower solutions, this unique
solution can be constructed by monotone iteration and this unique solution obtained by monotone iteration is
asymptotically stable both from above and from bclow. We have shown that uniqueness implies asymptotic
stability for these class of problems. Note that this will not be true in general (LACEY [150]) unless both
upper and lower solutions exist. Also, from the boundedness of our solution (¢;, g D (c’i, é,-) of the system
Sn, én and the boundedness of (c;, C;) of solutioll_s of (4.4.1)-(4.4.8) for all time, it l'ollows_lhal the
asymptotic stability and uniqueness of (¢;, g".), (E, é,-) imply the global stability of (¢;, g D (E, C",») in the
system .§n, B,,.

Remark 4.4.1

In this section we have assumed that the boundary conditions (2.1.4) and (2.1.7) arc of the Robin type. We
may treat the Neumann and Dirichlet type boundary conditions similarly by using appropriate theorems {or
linear relationships concerning the asymptotic behaviour of linear parabolic equations as ¢ — oo and their
corresponding linear elliptic equations with Neumann and Dirichlet boundary conditions (see Remark 4.1.6).

In all the cases of this section which involve the uniqueness of the steady state problem, we see that the
imbedding results of section 3.2 and section 4.2 apply and therefore all these results may be shown to hold
for the general systems S,, B, and S,,, B, which may possess no monotone property.

4.5 Notes and Comments

As with Chapter 3, the imbedding results in section 4.2 may give a lot of useful information about solutions.
However as we see in this chapter this information is morc restrictive and relies on proving the uniqueness of
solutions to the imbedded system.

To obtain cxistence results in section 4.3, where the nonlinearities obeyed no monotone property, we
redcfined our nonlincar reaction [unctions so as to obtain a priori bounds on our solutions and classical
results were employed in order Lo oblain existence. This is a simple way ol oblaining a priori bounds on our
solutions but it is certainly not the only way. We could altematively have employcd functions that control the
growth of the nonlinear reaction functions, thereby obtaining a priori bounds on our solutions (FITZGIBBON
and MORGAN [91]). As in our case, classical results could then also be employed in order to obtain

existence.
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In section 4.3, we obtained the existence of solutions to the system 5,,, [3,, by monotone iteration.

This could alternatively have been established by embedding this system as steady state solutions of the
system (4.4.1)-(4.4.8) and using results of section 4.4 as t — oo to show that solutions of the system 3n, 1§,,
also exist. This also gives an alternative to the monotone iterative methods for obtaining minimal and
maximal solutions (CHAN [64]).

It is worth noting that in the dcfinition of lower and upper solutions for scalar clliptic cquations, il the
nonlinearity term f is monotone decrcasing in ¢, then the restriction ¢ <€ is not required but is a consequence
of the differential inequalities (PROTTER and WEINBERGER [234] and VARMA and STREIDER [1985]). It is
not clear how this relates to systems of elliptic equations.

Systems of nonlinear elliptic boundary value problems arise in many applications such as multiple
chemical reactions that take place in an isothermal or nonisothermal catalyst pellet and simple models of
tubular chemical reactors (COHEN (73, 75] and COHEN and LAETSCH [74]). Some of these systems of
elliptic boundary value problems possess multiple solutions. This thesis does not examine multiple solutions.
However there are many situations in particle reactors where this does occur (CHI et al. [70], LUSS and
AMUNDSON [173] ) and interesting cases occur with the problem .§,,, [?,l if it has several distinct solutions or
if the micro structures are in the presence of sevcral distinct steady states (ARONSON and PELETIER [23]).
Simple criteria for the existence of lower and upper solutions for elliptic scalar equations is discussed by
AMANN (6, 9], as is nonexistence and general uniqueness theorems and this theory has alsobeen extended in
deriving multiplicity results,namely a criterion guaranteeing the existence of at least{or example (hree distinct
solutions. Some of thesc resulls may be gencralised to the system f,,, 13,,.
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The Linear Problem

5.0 Introduction

The nonlinearities in the system §,, B, generally reside in the chemical reaction terms, but at dilute
concentrations, linear approximations can be good enough. The validity of such linear approximations was
tested against solutions derived numerically by orthogonal collocation techniques for a system governed by
nonlinear Michaelis-Menten type kinetics (PARSHOTAM, et al. [226])).

In this chapter, it is shown that linear systems of convection reaction-diffusion equations for particle
reactors described in this thesis are shown to be amenable to certain geometrical factorization techniqucs
which dramatically reduce the dimcnsionality of the system. These equations are also amenable to algcbraic
uncoupling transformations which simplify the tasks of obtaining analytic and numerical solutions or
estimates.

These same factorization and uncoupling techniques may be also applied to an associated linear
system [or vectors composed of the mean action time variable [or cach chemical component. These vector
functions give the time lags for the various chemical outputs of the system during its transition from one
steady output mode to anothcr, and the mcan [irst passage times and mean particle residence times
corresponding to tracer pulse inputs of the chemicals.

In section 5.1, a general system of linear equations is described using matrix notation, dimensionless
parameters and general undelined gcometric conligurations in order Lo focus attention on certain structural
aspects of the equations. Section 5.2 is concemed with a dominant transitory aspect of the system described
by a mean action time variable defined for each chemical component in the micro and the macro systems.
These variables satisfy an associated linear system of equations coupled to the system for the ultimate steady
state solution and give a measure of the time [or the transitions [rom one steady state to another. The ultimate
steady outputs are given in terms of the final steady state solutions and the time lag constants for the various
outputs are given in terms of the mean action time functions.

A geomeltric factorization technique for these general linear systems is developed in section 5.3. For a
general class of time dependent problems with factorised initial conditions, this factorization is best revealed
in the Laplace transform domain but can be developed in (-spacc using convolution integrals.

For steady state problems and for the systems delining the mean action times, a more obvious product
factorization holds. These equations are also amenable to matrix transformations which uncouple the systems
algebraically when the coupling matrices are quasisymmetric in that they are the product db of a positive
nonsingular diagonal matrix d with a symmectric matrix b. This is a common structural feature of lincarised
chemical kinctic cquations (MCNABB and BASS [189)).
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The macroscopic equations are assumcd to be convection dominated here. This leads to two
simplifications. The diflusivity @ in thc macroscopic cquations is dominatcd by dispersion effects and so its
diagonal elements are the same for all of the chemical components. In these circumstances, we may treat 9 as
a scalar in the convection-diffusion equations. Secondly, the boundary conditions at output surfaces of the
bioreactor may then be assumed to be of thc Danckwerts type where the normal gradients of chemical
concentration are all taken to be zero.

These simplifications allow the macroscopic equations [or stcady state concentrations and mean action
times to be algebraically uncoupled by matrix transformations. All boundary conditions excepl one are
similarly uncoupled. On the outer boundary of the particles, a linear boundary condition of the form (5.1.3)
below is assumed. This equates the [lux out of the particles, defined by a diagonal dilfusivity matrix D and
concentration gradients normal to the surface, Lo the flux across a fluid boundary layer. In the common
situations wherc /1 is a scalar multiple of D, this cquation too rcmains uncoupled by the matrix
transformations which uncouple the rest of the system.

5.1 Matrix Notation

Our reactor occupies a region A, z denotes a point in this region and u(z) is the solenoidal (luid vclocity
distribution in A. The n(J)-vector C(t, z) with components C;(f, z) dcscribes the concentration of the ith
chemical component. In the neighbourhood of any point z in A, there is a distribution of particles of various
sizes and shapes and an active layer described by a region £2 attached to these particles.

Points in £2 arc dcnoted by x and the vector c(t, x, z) has n(/)-componcnts c;(t, x, z) dcscribing the
conccentrations at time ¢ at x in £2, which is in the ncighbourhood of the point z in A. Each ¢; is associatcd
with the same chemical component as C;(¢, z) is outside £2if C;({, z) cxists.

The diagonal matrix D has positive elements D; in the ith row and column representing the diffusion
constant for componcnt i in £2. The rcaction-diffusion bchaviour in €2 for a time span [0, T'] is assumcd to be
given by

%—DVic—ac=0 in (0, T]xQxA, (5.1.1a)
where a is an n(/)xn(l) constant matrix describing the rate of generation of chemical components ¢; due to
reactions with the other components.

The region £2 is assumed to have an inner boundary d€2; defining the inert particle cores of our
representative sample, and on this inner boundary we suppose there to be no {lux of chemical and hence

% = 0on (0, T)XAE2XA. (5.1.2)
The outer boundary €2, of £ permits chemical exchange between the bioparticles and the reactor fluid. A
boundary layer attached to 0€2; is assumed to allow a chemical flux f/(C—c) between A and 2 where // is a
diagonal matrix with terms describing the diffusive boundary layer (lux for each componcnt. It is not
unreasonablc in many cases to assumc /{ to be proportional to D and when this is so, we writc // = YD
where y1is the scalar constant ol proportionality. The lincar boundary condition derived by cquating these
Muxes to those in £2 near 02, is

o

By H(C—c) on (0,T)xdE2XA. (5.1.3)

Concentrations C in the macroscopic system are assumed L0 satis(y the linear matrix system



5.2 MEAN ACTION TIMES, TIME LAG CONSTANTS AND 142
MEAN RESIDENCE TIMES

aC 2 de .
9C _ VC - oc_ 5.1.4
= PV2C +u-VC BC+J301D = 0 in (0, T]xA, (5.1.4)

where 9 is a diagonal matrix representing diffusion and dispersion elfects in A, V2 and u-V are scalar
operators on functions of z, B is an n(J)xn(J) constant matrix describing linear chemical kinetics and the
integral term gives the chemical flux into £2 at (1, z).

Let dA1, dA2 and dA; denote three sections of the boundary of A. Fluid flows in through dA;
carrying chemical components at given concentrations C1, so that

vC+9D

%€ _ v,Cy on (0, TIXJAy, (5.1.5)
n

on

where v; = —u-n; is the scalar normal fluid velocity into A. Over dAj, there is no transport of fluid or
chemical, so that

-Qg- =0 on (0, T]xdA3, (5.1.6)
3’12

and the fluid flows out through the system over dA3, where DANCKWERTS [79] type boundary conditions
prevailing at high P&clet numbers are assumed, so that

9% =0 on (0, T|xJAs. (5.1.7)
(?n3

Atany time ¢, the chemical output is g(t, dA3) over d A3, where q is an n-vector whose ith term g, gives the
flux of component i over dAs. If U3 = u-nj is the fluid velocity on dAs, then

q(t, 9A3) = j% v,C. (5.1.8)

At each point z in A, the inputs to €2 are likewise given by the [lux vector q(t, d€2, z), where

dc
q(t, 982, 2) = MZD%— s H(C—c)=H&’C—HJ'aaz c, (5.1.9)

and where & is the surface area of d€2,,
Let L, denote the linear system of equations and couplings (5.1.1)-(5.1.4), and B,, denote the system
of external boundary conditions, (5.1.5)-(5.1.7) and the initial conditions

c=coin 2xA, C=Cpin Aatt=0. (5.1.10)

5.2 Mean Action Times, Time Lag Constants and Mean Residence Times
Let us consider solutions (c, C) ol the system L,, B, which start at t = 0 with ¢ and Cy zero, and [or which
the given boundary vector functions Cj are indcpendent of time. As time progresses, these solutions tend Lo
steady state solutions (¢, C), and the chemical fluxes q(t, dA3), q(t, d€2,, z) which start zero, gradually
approach constant values §(dA3), §(9€2,, 2).

Let Q(1, dA3), Q(t, 92, z) measure the accumulated [luxes across dAz and d€2; respectively, in the
time ¢, so that

0, 943) = [ aCs, IA3Xs = [[ (973~ [[d(0A5) - a(s, IA3)Ms
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= G(9A3) - j(; [ o, 031C(2)— C(s, 2))ds (5.2.1)

- Lm; v C(2) - 3(2)],

for large ¢, where

3 = [ 1€(2) - C(s. Hs. (5.2.2)
Likewise, for large ,

o, 982, z) ~ J’aﬂz D%[é(x, ) — 7(x, 2)1, (5.2.3)
where

7(x, 2) = j: (é(x, 2) - c(s, x, z)Ms. (5.2.4)

These vector [unctions Q(t, dAz)and Q(t, d€2,, z) have linear asymptotes [or each component [or
increasing time, which intersect the time axis at times t; (dA3); and (; (z, d€2,); called flux time lags. The ith
component of the vector ; (dA3) gives the time lag

[}, 1:33@2)];
(52 (3A3){ = J-aAJ—., (5.2.5)
(5, 1€,
for the chemical [lux of component i over dAs, and the time lag
. at(x, z)
1, (9€2,); _chsz dn ! 5.2.6
L 20~ aE(I,Z) (-')

(], pZEE

lo)) an
for the chemical [lux of component i over d€2;.
The vectors 7(x, z) and 3(z) are the mcan action time vectors for this problem (MCNABB and WAKI:

(190, 193]) and the following systems of equations are obtained for them from L,, B,,.

2 = = dc o

-DVit-at=| Sodt=¢ in OxA, (5.2.7)
o7
—=0 on d21xA, (5.2.8)
an

at
Dgz H(S—T)on dQyxA, (5.2.9)
4 5) y i 01 _ A

PVI3+u-V3-BI+ jmz Do = Cin A, (5.2.10)
v13+.®a—3=0 on dA, (5.2.11)

on

£= 0 on dA,, for a =2, 3, (5.2.12)

n

(¢4
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where (¢, C) arc the stcady state solutions of L,, B, satis(ying

—DV2¢—aé=0 in QxA, (5.2.13)

o¢ A
Da— = H(C-¢) on 9S2,%xA, (5.2.14)

n
o¢
—=0 on d2;xA, (5.2.15)
on
" bl 5 ¢

— 2 ; - =0

PVC+u-VC-BC+ jmz D = 0 in A, (5.2.16)
'Ulé + 9% = v1C1 on (9/\1, (5.2.17)

n

_9£'_= 0 on dAg, for o= 2, 3. (5.2.18)
ong

Various physical interpretations of these average times are discussed in somc delail for single component
systems in MCNABB and WAKE [190, 193).
The solution ¢, C above, corresponding 1o a step function boundary condition C; on dA; and zero

initial conditions gives rise to another solution g, G for L,, B, given by

G, 2) = '%lq in (0, 7|xA, (5.2.19)

8(t, x, 2) = % in (0, T')x£2xA. (5.2.20)

This solution is generated by a delta lunction pulsc of particles of strength Cy relcased on dA; at « = 0. This
pulse input can be regarded as a tracer solution giving a picture of various transitory aspects of the system.
There are a number of natural time concepts associated with g, G which like the time lags for ¢ and C, can be
expressed as functionals of S and T.

For example, the mean first passage timc l.'*(8A3) for the chemical component i leaving A via dAs is

given by
= * - o oo 8C‘ -
[_[0 -L?A3 V3Gdt]; (JAa)—[IU ILMB V3Gdt] = IHA; ‘U3J0 r—aTd:— -[M; 035, (5.2.21)
so that
* [ A v33;
l; (8A3)=3—ZIL(I;A3),—. (5.2.22)
J‘aA 36 L'

Themean residence time 7;(A) for the ith chemical component in A is given by
([, [ Gl = RO L [Gai=] 3. (5.2.23)
Likewise, the mean residencc time 7;(£2) at a point z in A is given by

([ Josd @ =1] &1m@= [ [igdi=] =, (52.24)
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and the mean residence time 7;(§£2 U A) for the ith component in the whole system is given by
[jA €+ IA L)cl- i (QUA)= jﬁ 3+ L jQ T. (5.2.25)

The time lags at d As for various chemical components coincide with their mean first passage times from the
system, whereas the time lags for the fluxcs to be cstablished in the region €2 at any point z in A, and the
mean residence times of the components in thc same region €2 are different functionals of the mean action
time vector Tand the steady state vector c.

5.3 Geometric Factorisation

The linear system of equations L,, B, in full geometric generality present a computational, dimensional
crisis, since the solutions arc defined in seven dimensions; three in x-space, three in z-space and one in time.
This is marginally rclicved by considering just stcady state solutions. Fortunatcly the cquations (or (¢, C‘)
can be geometrically factorized in the following way. If n = n(Z) = n(J), and all ¢ are coupled to ¢ by (5.1.3)
then the vector ¢(x, z) can be written as the product

é(x, 2) = 8(x)SC(2), (5.3.1)

where 0 and S are nxn matrices, @is a function of x only and S is constant. If 6(x) satisfics the equations,

-DV26-a6=0in L, (5.3.2)

e Bion oSy, (5.3.3)

on

03—6 =11(S"" - 6) on 982, (5.3.4)
n

then (¢, é) are steady state solution vectors of L,, B, provided C satisfies,

QU2 1 4. VE — BO 99, ¢ 0
PV2C +u-VC—-BC +( jmz D )SC =0 in A, (5.3.5)
v,C+ g _ v,C; on A, (5.3.6)
aﬂl
e = dAg, lor =2, 3. (5.3.7)
ongy

The lincar problcms (5.3.2)-(5.3.4) and (5.3.5)-(5.3.7) arc cach in thrce dimcnsions only, and the [irst can
be solved independently of the second for any given nonsingular matrix S. If D is nonsingular and positive
definite, then equations (5.3.2)-(5.3.4) may be uncouplcd by linear matrix transformations il a is

"quasisymmetric" in the sense that

a=db, (5.3.8)

where d is a positive definite diagonal matrix and b is symmetric. Furthermore, if 4 and D are proportional
in the sense that

H=yD, (5.3.9)

for ya positive scalar, then the boundary conditions are uncoupled by thc same transformation.
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In this case, there is a nonsingular matrix T with transpose T’ for which T'd~1DT = I the unit matrix,
and T'bT = 4, a diagonal matrix. If we let = T@and S = T-1, then

V20— pup=0 in £, (5.3.10)
o8 qon (5.3.11)
on
99
==Y - ) on &2, (5.3.12)
on
and hence, @ is a diagonal matrix. A similar gcometric factorization works for Tand 3, by expressing 7 in the
form
1(x, 2)=0()S(2)+ {(WC (2). (5.3.13)

Equations (5.2.7)-(5.2.9) are satisfied for 7(x, z) if 6 is a solution of (5.3.2)-(5.3.4) and {(x) is a solution of

-DV%(—-al=w'inQ, (5.3.14)
96 5\on 380, (5.3.15)
on
¢
D—=+1{=0 on d€2. (5.3.16)
on
This system may also be uncoupled algebraically when the earlier conditions (5.3.8)-(5.3.9) prevail, by
choosing
6="To, (5.3.17)
S ==l (5.3.18)
W =T4d", (5.3.19)
and
$(x) = TE(x). (5.3.20)

The matrix @ given by (5.3.10)-(5.3.12) is diagonal and &(x) given by the Helmholtz problem,

~V2E—pE—1=0in £, (5.3.21)
d
35 =0 on d€2, (5.3.22)
d
a—i +YE=0 on ), (5.3.23)

is also diagonal. The coupling term I 5 D? in equation (5.2.10) for 3(z) can be expressed in the form
» on
aT 20 .. 4
D—= —) S
10,05 =5, D55 +(],, DEWE), (5.324)

and 6(x) and {(x) are given by (5.3.2)-(5.3.4) and (5.3.14)-(5.3.16), so that 3(z) and é(z) are given by
coupled systems in the z variablcs. We note that in the algebraically uncoupled system,
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T-¢=¢1"'C, (5.3.25)
T1= I '3+&1"d7'C. (5.3.26)

The vector (f'(z) is given by the boundary value problem (5.3.5)-(5.3.7), and in high Péclet number
situations, the diagonal matrix 9 may bc considercd a scalar operator since all the elements are equal along
the diagonal, each being a dispersive mixing parameter due to fluid motion that is almost independent of D;.
Since u-V is a scalar operator too, these equations are uncoupled by a similarity transformation $which puts
the matrix B* given by

9.,
B*=B— J' D—S B'Ln,DTxf (5.3.27)

into Jordan normal form. Let
¢ =9, (5.3.28)
so that

y_lB*y': rv

where I"is the Jordan canonical form for B*. Then il Cy = $2%,

—PV2Y9 +u-VI-T9 =0 in A, (5.3.29)
U9 + .‘Ba— =0, on dA,, (5.3.30)
"
=5 =0 on dAg, for ot = 2, 3. (5.3.31)
c?na

In this form, each component 9; of ¥ may be solved separately or iteratively. The equations for 3 can be
treated in a similar [ashion, since [rom (5.2.10), (5.3.24),

—9V23+u-V5—B*3=(I—J D-(;—CW)é:K*(fin A, (5.3.32)
% Jn
23
13+ .CFJ— =0 on dA,, (5.3.33)
on
o, =0 on dAgq, lor @ =2, 3. (5.3.34)
ana

Let 8(z)=%Z, so that

—PVEE+u-VE-TE=9'K*%PY in A, (5.3.35)
o=
V,E+ DL =0 on 94, (5.3.36)
on
a;—-
=0 on dAg, lor ot = 2, 3. (5.3.37)

8na



53 GEOMETRIC FACTORISATION 148

Once again, the components of the vector = are algebraically uncoupled and may be solved separately, or
iteratively, depending on the nature of I

The geometric factorization described here has counterparts in other applied problems (MCNABB
(185]), and can be generalised to apply to some time depcndent problems for which the initial value function
co(x, z) can be factored. Supposc

co(x, z)=ee(x) Uz), (5.3.38)

and ¢, C denotes the Laplace transforms

£= j:e“*"cd: , (5.3.39)

and
o I:e'P‘Cdt. (5.3.40)

In the transform variable p, the system L,, B, gives

~DV2E +(p—a)E = co= ee(x) Uz) in ZX2XA, (5.3.41)
o
— =0 on Zxd21x A, (5.3.42)
on
ac -
Do-=11(C ~&on ZXIHXA, (5.3.43)
n

where Z is an appropriate strip of the complex p-plane. Once again we see ¢ (p, x, z) is [actorizable in the
form

T =¥, x)SC(p, 2) + T(p, x)WU(2), (5.3.44)

provided ¥ satisfies the boundary value problecm,

-DV2G+(p-a)¥ =0 in ZxQ, (5.3.45)
o 2
——=() on Zx0£2;, (5.3.46)
an
‘;—"’ = H(S™! - W) on ZxdsY,, (5.3.47)
n

and 7 satisfies the boundary valuc problem

~DV?*T +(p-a)T=W lu(x) in ZxQ, (5.3.48)
% =0 on Zxd42, (5.3.49)
ow ; _
DS HT=0 on Zxd$2,. (5.3.50)
n

Algebraic uncoupling may be pursucd in a similar fashion since p/—a is of the form d(pd=-1-b) and matrix

transformations can diagonalise pd~'-b and reduce d~1D 1o the unit matrix simultaneously.
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Il S(p) is of the form pS* then S-1(p) = %S*" is the Laplacc transform of a constant matrix S$*. The
problems (5.3.45)-(5.3.47) and (5.3.48)-(5.3.50) can be inverted and we [ind y(t, x) is givcen by:

.‘Z_‘i’-uvi v—ay =0 in (0, )x£2, (5.3.51)

W () on (0, )xd2, (5.3.52)

on

D‘Z—"’: H(S™™ = w) on (0, «)xd82, (5.3.53)
n

w=0inQatt=0, (5.3.54)

and 7n(¢, z) by

%—7: —DVig—an=0in (0, )x£2, (5.3.55)
on
ZZ =0 on (0, w)xd2, (5.3.56)
on
on
Dé’_ +Hm=0 on (0, o=)xd€2,, (5.3.57)
n
T=W-le(x) in Qatr=0. (5.3.58)
From equation (5.3.44) and the observation that p ¥ is the Laplacc transform of %‘ii we [ind
t dy (L —s, Xx)
ot, x, 2) = JD%TS*C(S, 2)ds + m(t, YW U(2). (5.3.59)

In the transform space, C salisfies a conventional convection-diffusion equation but in ¢ space, the integral
term is a convolution integral in time, so that C(1, z) satisfics the nonhomogeneous partial differential causal
integral equation,

oCc 2 : 192y (t-s, x) 3 on. . .
x V2C+u-VC—BC+ jszJ'OTS*C(s, 2)ds=(— anzba—n)wwu) in (0, T]1xA.(5.3.60)

Fortunately, a broad picture of the transient bchaviour of the system is provided by the mean action time
veclors T(x, z) and 3(z) and as observed earlicr, they salisly cquations which can be geometrically factlored in
a simple way, and algebraically uncoupled under very general circumstances.

More detail concerning the nature of tracer distributions g;, G, can be obtained [rom highcr moments.
The Laplace transforms g(p, x, z) and G (p, 2) of the vectors g, G describing the solution of L,, B,, created
by a delta function pulse of strength Cy on dA; at 1 = 0, are given by the system,

—DV2Z +(pl - a)g =0 in ZxQXA, (5.3.61)

j_g =0 on ZXdE XA, (5.3.62)
n
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? =H(G —F) on Zxd§Hx A, (5.3.63)
n
27 =~ =~ 8? .
~DVIG +u- VG +(pI-B)G + [ DZE=0inZx4, (5.3.64)
92 on
—~ 200
1,6 + 93_ = u;C; on ZxdAy, (5.3.65)
n
OO honaeoiits For @i=28 . (5.3.66)
ong,

The definitions of g and G lead to the following expansions for small p:

_ - Pt P p?
g(p, x, z)=f0 ll—pl+—2! S +...180, x, 2)dt =gy (x, 2)+pg (x, z)+732(x, 2+..., (5.3.67)
G (p, 2)dt = Gy(2) + pGy(z) + ?Gz(z)t“ (5.3.68)

Equations (5.2.19) and (5.2.20) give the following connections between g,, G, and functions dcfined
earlier. The functions gp and Gy are equal to the steady state solutions (¢, C) satisfying conditions (5.1.5) for

C, since

go(x, 2)=— :% dt =¢(x, z). (5.3.69)

The functions g; and Gy are given by —t and —3 respectively, since
(o)== e = @ - o)l - [T - ot = ~1(x, 2) 5370
&ailx,z)=-j o = ¢—0)lo o Ol = ,2), (5.3.70)

and likewise
Gi(2)=-3(2). (5.3.71)

Differential equations for these [unctions g,,, G, can be readily derived from the equations for g and G by
differentiating the system (5.3.61) and (5.3.64) above with respcct Lo p, m times, and putting p equal to
zero. For example, the equations for g; and G; are

-DV2g, —ag, =27 in OxA, (5.3.72)
2B 5 i, . (5.3.73)
on
9% _
D . =H(Gy —g;) on d{HXA, (5.3.74)
-DV2G, +u-VG, - BG +j D223 in A (5.3.75)
2 2 2 o2, i , e

VG, + P 8;:

=0 on dA;, ' (5.3.76)
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s6) _

0 on dAg, for a = 2, 3. (5.3.77)
ongy

These functions g, and G, lead to expressions for variances about the various mean first passage times and
mean residence times discussed earlier. These equations also allow geometric factorization and algebraic
decoupling.

We assumed D was nonsingular in equation (5.1.1) and throughout this section. In many
applications, there will be some chemical components c; in £2 which are immobile and for which D; = 0.
Such components can only interact with the {luid concentrations C via the reaction terim and interacting mobile
ingredients. A more general linear formulation explicitly recognising the existence of immobile components
in £2 can be formulated by expressing (5.1.1) in a partitioned matrix form

1 MG 21
adt\cy 0 0 ) \a3 ag )\cy
where all the components of ¢, are immobile in (2.

For these ingredients, /1; like D; is also zcro. In reality, the boundary conditions (5.1.2), (5.1.3)
have no relevance for c;.

The geometric factorization of this section is still valid for singular positive semidefinite matrices D

and /1 but the algebraic uncoupling procedure nceds rc-cxamination. Is therc a nonsingular matrix 7" with
transpose 1" for which

T'd-\DT = J (5.3.78)
and
T = p, (5.3.79)

where (L is a diagonal matrix and J is diagonal with clements 1 or 0?

We wish to {ind matrices 7}, components of a partitioned {form compatiblc with (5.1.1b) and diagonal
matrices ; satis{ying,

Ty Ty\dr'p, 0 [‘ii TZJ (1 0]
o |F =J 5.3.80
(fz IJ( 0 OoNI3 1) \0 O ( )
Ty T3 b BYE T 0
ol Il Rl N LR | (5.3.81)
12 14 f)z !)4 f3 !4 0 #2

If the symmelric matrix b4 is invertible, this is possible if we choose (1 and 7' such that

and

Ty(by—b) b3 ' o)1 =y, T di ' DTy =1, (5.3.82)
T =da, (5.3.83)
13 - _bzlb'Z 1'1 (5.3-84)

and ty and T4 such that

Ty Ty=1, T bly=1 (5.3.85)
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The algebraic uncoupling can then be accomplished as belore.

There may also be some chemical componcents C; which arc immobile in A and for which @; = 0. The
geomeltric factorization of this section is still valid for singular semidefinite matrices @ but the algcbraic
uncoupling procedure has to be re-cxaminicd by cxpressing (5.1.4) in a partitioned matrix form similar to
(5.1.1b). The theory can also be extended to include the case when n(l) # n(J).

5.4 Notes and Comments
This chapter is adapted [rom MCNABB, PARSIIOTAM and WAKE [194].

Itis very common o uses tracers (a detectablc fluid which has similar properties to the flowing {luid)
in particle reactors. The most commonly used mcthods for detecting flow maldistribution (such as "dead"”
zones and "stagnant" zones) utilize tracers (usually responses Lo impulses of tracers) and tracers can also be
utilized in studying many other physical characteristics of particle rcactors. The tracer-determined residence
time distribution (RTD) has been utilized in the analysis of many kinds of flow systcms, including chemical
reactors, biological systems and underground reservoirs (ROBINSON and TESTER [250], HANRATTY and
DUDUKOVIC [114]. This time distribution for the fluid in a packed bed reactor [or example reflects the
combined history of the [luid flowing external to the porous particles in the reactor bed and the {luid which
enters the porous structure. DANCKWERTS [79] popularised the tracer method by developing the mathematics
necessary (o interpret an inlet-outlet tracer experiment. A list of internal residence time distribution functions
within particles and external residence time distribution functions within the bulk fluid in particle reactors
from the time of Danckwerts (o the present is given by ROBINSON and TESTER |250).

In this chapter we have shown how appropriate the delinitions of mean first passsage times and mcan
particle residence times corresponding to such tracer pulse imputs of chemicals within such particle reactors
are in order to achieve some useful results that rely only on solving uncoupled differential equations. Some
of the other internal and extcrnal residence time distribution functions from litcraturc may also be treated in a
similar way.

In (5.3.78)-(5.3.79) we look for a nonsingular matrix 7" with transpose 1* for which 7°d-1DT = J
and 1"b1 = p, where p is a diagonal matrix and J is diagonal with elements 1 or 0. This problem is
equivalent to the simultaneous reduction of a pair of Hermitian [orms one of which is nonnegative definite. A
necessary and sufficient condition for the existence of such a transformation as well as its method of
construction is given by RAO and MITRA [239, p.120-134|.

The geomeltric factorization in this chaptcr has its analogy in uncoupling systcms of linear first order
differential equations by reducing them to Jordan Canonical (orm. There is also considerable work on
factorisation techniques for almost linear systems of [irst order dilferential equations. The geometric
factorization in this chaplcr may in a similar way be gencralised 0 almost linear systcms of clliptic and

parabolic cquations.
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Examples

6.0  Introduction

This thesis with all its theory would not be complete without some suitable examples. In this Chapter, we
shall bring somc of thc theory developced in this thesis and look at some spccific cxamples. The cxamples we
shall present will generally be those that have motivated this study.

Since these sections are written as completed published or publishable papers, there may be a
repetition in the model development and problem description.

In scction 6.1 we look at an cxample wherce a kinctic modecl is proposcd (or a surface supportcd
biological film (bioparticlc) cmployed in many biological proccsscs. The cquations that govern kinctic and
diffusion controlled substrate uptake by the attached organisms are invariably nonlinear and analytical
solutions if any are impossible to find. It is therefore desirable to determine approximate analytical solutions,
failing this, bounds for the cxact numerical solution. This examplc represents an attcmpt to provide
incrcasingly better bounds to such cquations by a lincarisation tcchnique. An iterative scheme relying on the
maximum principle is presented for obtaining upper and lower bounds to solutions to resulting non-linear
reaction-diffusion equations. In particular, a spherical bioparticle with Michaelis-Menten type of reaction
kinetics is considered. Its application to morc gencral equations is also discussed. These bounds are in good
agrcement with the numerical solutions oblained by shooting and finite diffcrence procedures. The method,
which can casily be gencraliscd to other gecometrics, is rclatively simple to usc and converges rapidly (o a
very good upper and lower bound.

In scction 6.2, a kinctic model is proposed [or substratc convcrsion in a [luidised bed biofilm rcactor
(FBBR) where substrate conversion obeys Michaclis-Menten type kinetics. This model rcsults in a reaction-
diffusion equation which is coupled in thc boundary conditions to outsidc bulk fluid concentrations. Upper
and Lower analytical bounds to the solutions are developed which agree with numerial results obtained by
orthogonal collocation. In particular, it is shown that if substrate conversion follows Michaelis-Menten
kinetics, the bulk fluid concentration never reaches zero concentration in the bulk liquid nor in a bioparticle.

In section 6.3, we shall develop and compare some monotone iteration methods. These methods
prove not only to be powerful tools in constructive existcnce proofs but are also useful for numerical
computation of solutions. These iteration schemes may produce either monotone or alternating sequences and
under special conditions, Newton's method may be applied which accelerates the rate of convergence. The
objective of this example is to help us to understand the relationship between the propertics of the reaction

functions and the resulting scquences.
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In section 6.4, we shall look at a specific example [rom literature of a modified urea transfer model
for predicting urea removal in a compact artificial kidney. Uniqueness and Existence theorems are developed
for the steady state problem. The method of proving uniqueness and existence differs from the methods
discussed in this thesis and we shall suggest how it may be useful for proving uniquenss and existence
theorems for general systems discussed in this thesis.

In section 6.5, we set out the equations for a tubular fluidised bed biofilm reactor (FBBR) problem of
applied interest. The bioparticle reaction kinetics involve three chemical components, a substrate s such as
phenol or nitrogenous wastes which needs to be converted to harmless byproducts, oxygen o, an active
ingredient which helps [acilitate the reaction kinetics, and a product p which linearly inhibits the reaction
kinetics. We shall look at the question of existcnce and uniqueness of solutions and see how these solutions
relate Lo the steady state solution. We shall also study the stability of this system.

In section 6.6, we look at an example of a Continuous Stirred Baskct Rcactor (CSBR) from literature.
This involves the study of a reaction inside porous pellets. The enzyme reaction kinctics involve three
chemical components, a substrate s which is converted (o a product p under the action of immobilised
enzyme, e. The bulk fluid fluid involves only two chemical components, bulk substrate Sy which is
introduced into the reactor as stcady flow and bulk product Py, that is produced in the reactor. This cxample is
slightly different from the general model developed in this thesis but we [ind that this does not cause any
difficulties. We shall study the question of existence and uniqueness to the time dependent problem
illustrating the usefulncss of the concept of coupled upper and lower solutions and using methods devcloped
for arbitrary kinetics.

We have chosen to concentrate on some spccific examples throughout this chapter such as the
{luidised bed biofilm reactor (FBBR) since it has motivated our study. Our development is also intended to
be generally applicable to other particle reactor models. However, certain analytical approximations derived
in this chapter may prove to be very useful to these spccilic systems but may not be [avourable generally.
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6.1 A Simple Method for Obtaining Good Bounds for Solutions of a Bioparticle Model

The biological growth attached to surfaces (commonly referred to as biofilms) is extensively employed in
microbial processes such as fermentation and waste water treatment. Such processes give rise Lo reaction-
diffusion problems with non-linear kinetics. The solutions to these problems are usually obtained by
numerical techniques such as the shooting method (PARSHOTAM [223], MCELWAIN [180]) and finite
difference procedurcs (KELLER [140]) and the orthogonal collocation methods (VILLADSEN and MICHELSEN
[296]). These approaches all suffer from the drawback that they require extensive computation. Various
asymptotic techniques such as regular and singular perturbation are suggestcd for more general equations
with very low and very high Thiele moduli (MURRAY [203], FINLAYSON [90] and VEGA and LINAN [290]
of parameter space. FINLAYSON [89] has used construction techniques by trial functions for finding
bounding solutions. Numerical calculations for examples of such problems have been carried out by
ANDERSON and ARTHURS [12, 13] using variational methods based on extremum principles and these
methods were comparcd by TOSAKA and MIYAKE [284] using integral equation methods. In all previous
work, except one isolated case of an unpublished work of VILLADSEN reported by ARIS [21, Ch.3], the
maximum principle has not been used to directly gcnerate approximate solutions to such differcntial
cquations. Thc method appcars however to be adumbrated by VILLADSEN and MICHELSEN [296]. A
technique was suggested by ANDERSON and ARTHURS [14] and VARMA and STREIDER [289] based on this
method to dircctly generate approximate solutions and this mcthod was shown to bec much simpler than
variational methods to use and could be applicable to situations when a problem admils multiple solutions and
wherc the variational mcthod simply docs not apply. This mcthod was also discovered indcpendently by
PARSHOTAM, BHAMIDIMARRI and WAKE [225] and we shall discribe it in this section.

It is interesting to note that the method discribed in this section has the disadvantage of producing a
good lower (upper) bound and a weak upper (lower) bound. This method has recently been improved to find
optimum lower and upper bounds by REGALBUTO et al. [245, 246]. The mcthod has also been gencralised
to systems of equations exibiting multiple solutions (REGALBUTO et al. [247]). It is also interesting (o note
that the methods of obtaining lower and upper bounds based on the integral representation of solutions that
were introduced by TOSAKA and MIYAKE [284] have also been developed further (GARNER [98] and
ASAITHAMBI and GARNER [24]). These methods result in sharp polynomial approximations to the solution,
are compared o the methods of ANDERSON and ARTHURS [14] and are shown to yield sharper bounds with
fewer integration steps.

In this section we will use an iterative technique to obtain successive better bounding solutions and
approximations. These approximate analytical solutions and bounding solutions are obtained via a
lincarisation technique which yiclds good upper and lower bounds to the cxact solution and which apply to
all parameter valucs. It can be shown analytically that this lower bound is always strictly positive which
implies the solution (o these type of reaction-diffusion cquations is always strictly positive. The linearisation
of Michaelis-Menten type kinetics with diffusion has becn rcported using Taylor's series expansions,
(MURRAY [203]) but has often been done at an arbitrary point. This approach invariably results in significant
errors in solutions. At times, the point of linearisation can even be shown to be outside of the region in which
the solution lies and even if the point of linearisation is in the region the solution lies, it could still result in a
negative concentration as an approximation. In this work, a novel method is developed to determine a point
for linearisation which would give minimal errors in solutions over parameter ranges of significance. It also
produces good linear approximations to Michaelis-Menten kinetics over all parameter space and using these
approximations, universal bounds are oblained for the solutions to resulting rcaction-diffusion equations.
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6.1.1 Biofilm Model Formulation

For a biofilm supported on a spherical inert particle shown in FIG. 6.1, if the mass-transfer within the biofilm
is governed by Fick's first law and the biochemical reaction follows Michaelis-Menten type of kinetics, the
substrate transport and reaction within the biofilm at steady state is written as

D38 v28y_ R ., 6.1. 1)
r<dr dr

where R,,,,(S) is the Michaelis-Menten type reaction rate defined as

kS

R,,.(S)= . 6.1.2
ur (53 K15 (6.1.2)
The boundary conditions are
S'(rsm) = 0 and S(rpp)=Ss. (6.1.3)
biofilm
suppo.;t
 media’
F1G. 6.1 Schematic of a bioparticle
The dimensionless mass balance of the substrate in a spherical bioparticle may be expressed as
1 d sdy. .2
T T x pEEm = F L] 601-4
T3 )= 9F0) (6.14)
with
Yy
F(y)=———, 6.1.5
»=7 By (6.1.5)
and the corresponding boundary conditions are
y(@)=0and y(1) =1, (6.1.6)
where the variables arc
S r
y=—, x=—, (6.1.7)
Sb Top
and the paramelters are
2
rik
a=lm g=Sb ang g2 BT (6.1.8)
rbp Km DKm
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6.1.2 Upper and Lower solutions and Monotonicity
Here we use the one dimensional maximum principle (PROTTER and WEINBERGER [234]) for solutions to

Y (x)+H(x,y,y)=0,a<x<b (6.1.9)
with boundary conditions

—Y'(a)cos 6 + y(a)sin 6 =y,
(6.1.10)

Y (b)cos w + y(b)sinw=7,,

where 0 < 0< /2,0 < @< /2 and 6 and w are not both zero. We also have the condition that dH/dy < 0.
This is given in Theorem 22 in PROTTER and WEINBERGER [234]. In our case,

2dy 9y
H ] 1.
(x, y,y)= . ¢1+M’ (6.1.11)
and
o ¢?
—=——"—>%<0. 6.1.12
dy  +py)? { )

asrequired. Alsoa=a,b=1,0=0, w=n/2, , =0 and 7, = 1 as required.

Direct application of this theorem gives the following :

Let y be a solution of the boundary value problem

1 d,.d

Y 2)
——=(),
?(Ix dx) ¢ H/i

with boundary conditions y'(a¢) =0 and y(1) = 1.
If y satisfies

) ¢2L

2dy
( 1+ﬁ

20

L]

with the boundary conditions
Y(@)=0and y1)=1,
and if y satisfies the same conditions with the signs reversed then the upper and lower bounds
Y(x) < y(x) < y(x), (6.1.13)

are valid.

The above result implies that a solution of (6.1.4) which satislics boundary conditions (6.1.6) exists and
must be unique, for if y and y are solutions,we canlet y =y =y to find y = y. We note that y(x) = 0 and

¥(x) =1 are respcctively lower and upper solutions, that is

0<yx) s 1. (6.1.14)
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It also follows dircctly from the maximum principle that minimum and maximum valucs of y(x) arc at the
boundaries x = o and x = 1, respectively.

Monotonicity with parameters
We now show that y(x) is monotonically decreasing with @. Likewise a similar proof may be obtained to
show that y(x) is monotonically incrcasing with S.

Theorem
Y(x) is monotonically decreasing with ¢.

Proof
1) Assume ¢; > ¢, 2 0.

) Assume yj, y; > 0 (the strict inequality is shown in equation (6.1.21)).

3) Let y) be a solution of (6.1.4) with ¢;:

1 d dy, =y
Liyl=—=—(22) = oL
3 de( dx) ¢i1+ﬂy,

with boundary conditions

y1 (@) =0and y;(1) = 1.

) Let y; be a solution of (6.1.4) with ¢

( 2(1)’2)_¢z Y2

L[y ]-— 5. v
# 1+ By,

with boundary conditions

¥3 (@) =0and y,(1) = 1.

) Consider the equation

L[Yz]—¢1]y52‘(¢ —ofy—2a y; <0=Liy)-of 2 /, :
Y2 Y1

Using the theorem in Protter and Weinberger this gives y, 2 y; for a < x < 1.

6) Look at the difference z = y,— y;. The equation below is obtained

L[z]= ——(x2 dz

) Ly, ~y]=Lly,]- L[)’1]‘¢21 prs _¢11+ﬂy
)7 1

with homogeneous boundary conditions

(@) = 2(1) = 0.
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(7)  Simplilying,

L1z1= 20+ B3y — 01U+ By)n 9+ By)ya 01U+ By)n ¢ 42
(1+By2)(1+By) (1+By2)(1+Byy)

(2-n) = ¢fz,
since y, (x) 2 y;(x).
(8)  Therefore, we have the problem
L(z]-¢#z <0, (6.1.15)
with boundary conditions

(o) =2(1) = 0. (6.1.16)

©) It follows from the strict form of the positivity lemma (KELLER [143, p.222]) thatz> 0 fora<x <1
iff —¢12 < 1, where 1 is the principal (i.e., Icast) eigenvalue of the problem

Lip)+ pup=0,
with boundary conditions
p'(@)=p)=0.

This in turn implies that y; > y; for & < x < 1. Thus y is monotonically decreasing with ¢, across the

bioparticle.d

The physical importance of' this is sccn by noting that as the Thicle modulus, ¢2 incrcascs (say k increascs or
D decreases), the substrate concentration decreases. This is physically reasonable.

Lower bounds
Any linearisation by a Taylor's series expansion of ¢2[(y) will be strictly greater (for 8 # 0) than ¢2F(y) and

will lead to a lower solution, sincc
F(y) < F(e) + (y—€)F'(€) for y, €2 0.

The linearised problem about some € € [0, 1] is

xl %(xﬁ—f-):fz%, (6.1.17)
where

yi= lf;e and A = ﬁ% (6.1.18)
and satisfies the boundary conditions

Y(@)=0and y(1)=1. (6.1.19)

Solving for y(x), alower bound is obtaincd to y(x) wherc
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Bgesh Ta - Borbera
_Acos w( x)+__sm w( X)_ (6.1.20)

y(x)
- X

I€N||>=

and A and B are determined by the boundary conditions (6.1.19).

Lincarising ¢2F(y) at various € and choosing thc maximum lower bound over the whole region produces a
good lower bound. Alternatively, knowing that y(x) is a lower bound, the region below its minimum, y(«)
may be eliminated and we limit ourselves to linearising ¢2[7(y) only in the intcrval € € [y(), 1].

Linearising ¢2F(y) in the interval (@) < y(x) < 1 does not exclude the possibility that a negative
concentration may be obtained as an approximation. This situation would be avoided if the first
approximation of the lower bound is strictly greater than zero and subscquent itcrations produce increasingly
better lower bounds.

We do this as follows. The solution of the lincariscd problem at € = 0 is taken as a first lower bound:

ap cosh ¢(x— )+ sinh p(x — )
x[a¢ cosh ¢(1- o) +sinh ¢(1— @)’

A (6.1.21)

which is always strictly positive since all the terms in the above expression are positive. This is enough to
guarantee that y(x) is strictly positi ve.

A sccond lincarisation is performed at €= Xl(a) and a third at €= Xz(a)
Subsequently, an nth lincarisation pcrformed at € = Zn_l(a) would bc an improvement on the previous
iteration and would be positive.

Upper bounds
A trivial upper bound to y is ¥ such that

1d ady_ ¢°
= rli (6.1.22)

and satisfies the boundary conditions
y()=1and y"(a)=0. (6.1.23)

This has the solution

a\/l(iﬁ cosh \/1(3-[; (x— )+ sinh \/l(iﬁ (x-0a)

O v il (1
X[a\/“'ﬁ COM-\/H[}(I a)+smk-ﬁ—+—ﬁ—(l )]

y(x)= (6.1.24)

and is an upper solution to y sincc for0 <y <1,

Fiy)2—2L
6)) 45’

and therefore y(x) 2 y(x) for ¢ < x < 1. Subsequent improved upper bounds are y,, where

Y(00) < y(x) < ¥, (x) <1 and where y, satisfies the cquation
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—(x YV, + 4, <$*F(),

1d 2@):
Xdx dx

where

F)y-r (07 ]
7= FO-FQ (@) T,=F(1)- 72,
1-3,(@)
with the boundary conditions
y,()=1and y,(c) =0.

Solving for ¥,(x), successive upper bounds are obtained to y(x) which depend on Zn(a)’ as

A cosh W,(1-x) s B sinh y,(1-x) %,

—-2 9
x Vr

Yn(x) =
and wherc A and B are dctermincd by the boundary conditions (6.1.27).

6.1.3 Results and Discussion
In general, the following iteration scheme may be used to find lower and upper bounds for y(x)

Yo(@)=0
A,coshy (1-x) B, sinhy (1-x) 2
Y (x)= =2 + - -v_,n _z%’n_lf 21 31
=4 b 7
with
2 ¢’ 9*By> ()

= d;l =
Yo~ WeBy (@ " 5T Uy, (@)

and where A, and B,, are detcrmined by the boundary conditions as

1 v asinhy (1-o)+coshy (1—-a)
Au:1+_;’ Bn=__n_n — ey .
v, v coshgn(] -a)+ smhﬂn (1-a)
Similarly,
- A, cosh ¥,(1~x) B, sinh ¥,(1-x) A,
o (i cosh W, ( x)+ . sinh (1 x)_i_,i’ n=2 3 4.
X n
with
5 % o 0°By’ (@)
Vi =

and A, =
W+B)A+By, (0) " A+ B)1+Py (@)
and where Z,, and B, arc determined by the boundary conditions as

n F =7 Va0 sinh ¥,(1-)+cosh y,(1- )
Y " W0 cosh W,(1- ) +sinh U,(1-a)

(6.1.25)

(6.1.26)

(6.1.27)

(6.1.28)

(6.1.29)

(6.1.30)

(6.1.31)

(6.1.32)

(6.1.33)

(6.1.34)

(6.1.35)



6.1 A SIMPLE METHOD FOR OBTAINING GOOD BOUNDS FOR 162
SOLUTIONS OF A BIOPARTICLE MODEL

The linearisations of F(y) are shown in FIG. 6.2 where Zi’ ’y?,%, A, and I,, are functions of Zﬂ_l(a).

*&F(y) 2

OI ! i I _
Y@ Y@ yfo) (@)

FF1G. 6.2 Schematic of successive linear bounds obtained lor F(y).

Since a linearised solution (by a Taylor's series expansion) of equation (6.1.4) would always be a lower
solution, it is not expected that this iterative scheme would converge Lo the exact solution every time. It does
however perform very well within numecrical limits as shown in FIG 6.3. FIG. 6.3(a) shows the
approximations {or the variable y itscll for typical paramcter valucs and F1G. 6.3(b) shows it in terms of
percentage relative errors, that is

2 1)% or (22—1)%.
y y

An arithmetic average of Vs and y, is also plotted (where y,, = (23 +¥3)/2). In this typical example, the
maximum relative error of y,, to the exact solution y(x) was shown to be 0.05%.The method is sensitive to
an increase in the Thiele modulus, ¢2 when ¢2/(y) becomes very nonlinear. This is seen in FIG. 6.4. For
diffusion limited reactions in bactcrial films the Thiele modului are usually higher than those for [ilms of
moulds or ycasts (¢2 = 20 is still considered o be physically extremely high) and this tcchnique results in
incrcased crror between the cxact solution and upper and lower bounds for such biofilms. The method is also
sensitive Lo a decrease in & as seen in FIG. 6.5 .The linearisation tcchnique may not therefore be as cffective
for thick biofilms with very small support particles or bacterial flocs. It is however, considerably better than
its first approximation which in the cxample of FIG. 6.5 where typical parameter values were chosen has a
maximum relative error (o the cxact solution of -64% (not shown completely in this graph) and an average of
¥ (@) and 23(00 producc a maximum rclative crror to the cxact solution of only 0.1%. The itcrative method
produces an increase in relative error for intermediatc values of 8 as shown in FIG. 6.6. The approximation
of Michaclis-Menten type of kinetics by either zero order or [irst order has becn widely reported (BAILEY and
OLLIS [30]). Howcever, such an approximation results in a solution that is given by only the {irst itcration of
the scheme prescnted in this work and may not be the best. On the other hand, this techniquc leads to a better
approximation of the solution in a paramcter space in addition to obtaining the universal bounds on the cxact
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solution. For instance, an average of upper and lower bounds after 3 itcrations produccs an approximate
analytical solution of within 3% rclative error over the parametcr spacc of intercst in biological systems,
namely, ¢2 € [0, 20), B € [0, =) and o e (0, 1].
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F1G. 6.3 (a) Successive upper and lower bounds to the exacl solution y(x) with @ = 0.5, ¢2 = 16 and f = 1. (b)

Percentage relative error to (he exacl solution y(x) with a = 0.5, ¢2 = 16 and f = 1.
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6.1.3 Conclusions and remarks
The Maximum Principle may be applied to finding upper and lower bounds to a wide class of equations
including reaction-diffusion type with nonlinear kinetics. The method developed in this section is that of

obtaining a better linearisation of the nonlinear terms by narrowing down the region of linearisation. The
method of obtaining successive bounds for these source or sink terms relies on the fact that these terms must

be either concave up or down. The techniquc is sensitive Lo the diffusion parameter although the relative crror
of the approximate solution is significantly low. The linearisation technique offers a convenient method for
obtaining the universal bounds for the exact solution which can be used for obtaining bounds for

performance indicators such as cflectivencss [actors.

Nomenclature

a

= > W

=

a

| | W >

(60

A>T 0

3

-

e e = X

=
1~1
<

conslant, determined by the boundary conditions that rclates to the lower solution y
constant, determined by the boundary conditions that rclates to the lower solution y
constant, defined in eq. (6.1.32), that relates to the lower solution %

constant, defined in eq. (6.1.32), that relates to the lower solution Y,

constant, determined by thc boundary conditions that relates to upper solution y
constant, determincd by the boundary conditions that relates Lo upper solution y
constant, defined in eq. (6.1.35) that relates Lo upper solution y,

constant, defined in eq. (6.1.35) that relates to upper solution Yy,

effective diffusivity

dimensionlcss Michaclis-Mecnten term, delined by cq. (6.1.5)

rate constant

Michaelis-Menten constant

radial distance

bioparticle radius

support mcdia radius

Michaelis-Menten typc reaction rate, defincd by eq. (6.1.2)

substrate concentration

bulk substrate concentration

dimensionless distance

dimensionlcss concentration

a lowcr solution of y

an nth lower solution of y

an upper solution of y

an nth upper solution of y

an averagc of uppcr and lower bounds

Greek letters

sl I 1) ™ >R

=

ratio of support media radius to bioparticle radius
dimensionless Michaclis-Mcnten constant

point of lincarisation

Thicle modulus (ratio of the rcaction rate to diffusion rate)
constant, defined in cq. (6.1.18)

constant, defincd in eq. (6.1.31)

constant, defined in eq. (6.1.34)

constant, dcfined in cq. (6.1.18)

constant, defined in ¢q. (6.1.31)

constant, defined in eq. (6.1.34)
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6.2  Analytical Bounds to a Model of a Fluidised Bed Biofilm Reactor (FBBR)

A significant step in the numerical solution of packed bed reactor models was taken with the introduction of
the method of orthogonal collocation to this class of problems (FINALYSON (88]). This method was shown
to be much faster and more accurate than that based on finite differences.

The orthogonal collocation method for solving partial differential equations developed largely by
VILLADSEN et al. [293-296] and FINLAYSON [88] has bcen found o require less computer time than
standard finite difference methods. The method is now usually applied to and is particularly suited to the
simulation of fluidised, fixed and packed bed reactors (HANSEN [115]; KARANTH and HUGHES [135];
RAGHAVAN and RUTHVEN [237]; HASSAN and BEG [120]), the simulation of an adsoption column (LIAPIS
and RIPPIN [169]) and fixed bed catalytic reactor simulation with moving boundaries (GARDINI et al. [97]).
This method has now becn the generally accepted procedure in numerically implementing such models.

These models all involve reaction-diffusion equations involving interacting macro and microstructures
where outside concentrations govern the boundary conditions for local behaviour. The equations that govern
kinetic and diffusion-controlled substrate uptake by the attached organisms in a fluidised bed biofilm reactor
are invariably nonlinear and analytical solutions if any are impossible to {ind.

This section considers such equations and demonstrates that although such equations may be diffucult
tosolve, it is relatively easy Lo provide analytical bounds on the solution. These universal bounds agree with
numerical solutions [or such equations with parameters [ound in chemical engineering literature but apply to

all parameter values. It also provides us with approximate analytical solutions.

6.2.1 The Fluidised Bed Biotilm Reactor
The fluidised bed biofilm reactor (FBBR) is a novel biological process which has been applied to both
waslcwalter trcatment processes and biochemical manulacture. The application of (luidiscd-bed biofilm
rcactors for biological wastcwatcr trcatment has been attempted by scveral rescarches in recent ycars and
include denitrification, nitrification and organic carbon removal (JERIS and OWENS [134]). The fluidised-bed
biofilm reactor is a high-energy high-efliciency reactor in which the liquid to be treated is passed upward
through a bed of small support particles such as activated carbon or other support media at velocities
sufficient to impart motion (o, or [luidise the particles. Each particle offers a large surlace area {or biological
growth, resulting in biomass concentration of an order ol magnitude greater compared to conventional
dispersed growth systems. The bed is seeded with microorganisms which eventually grow to form a
biological growth known as a biofilm around the corc particle. The very high growth support surface
afforded by these bioparticles results in denitrification ol volatile solid concentrations as high as 30,000
mg 1-1 and a bed detention times as low as 6 minutes for 99% nitrate removal.

In this work, predictive models for the [luidised bed biofilm reactor are developed. These models
have existed for many years in literature and often with the axial dispersion term being neglected (e.g.
MULCAHNY et al. [199-202]) The model is similar to the modified urea transfer model presented by LIN [170]
in predicting the urearemoval in a compactartificial kidncy by microencapsulated ureasc particles. In both
modecls, a simpler plug flow cquation is usually uscd instcad of a gencral dispersion onc is cmployed to
describe substrate concentration changes throughout the liquid phase. This is usually justified by the rather
large Peclet number for the above systems when in operation (MULCAHY el. al. [199-202] and LIN [170]).

Thecexample in this section howevcer shall assume a morc gencral dispersion model.
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6.2.2 The Fluidised Bed Biotilin Reactor Model Formulation

The {luidiscd Bed Biofilm Reactor, the typical schecmatic with bioparticlcs is shown in FIG. 6.7, consists of a
column rcactor in which granular media with high spccific surlace arca arc {luidised with nutrient solution.
The key proccss componcnts of this system with a uniform biof’ilm arc:

@) reaction-diffusion within a singlc bioparticle
(ii)  Solute transport through rcactor {low

=
cifluent out ]

° Bioparticle

e ] subsiratc reactant liquid in

Fi1G. 6.7 Schematic of a FBBR with Bioparticies

Bioparticle-Reactor Model Development

The mathematical model of the FBBR substrate conversion process is divided into two submodels. The
"Bioparticle Model" is concerncd with the intra-biofilm diffusion and substrate conversion by micro-
organisms attatched to the individual support particles which arc in a {luidised statc. The "Rcactor Flow
Model" discusses the hydraulic flow transport of substrate through a FBBR. The two models are coupled by
biofilm-bulk liquid boundary conditions to yicld an overall modcl for substratc conversion in an FBBR.

We make the following simpli{ying assumptions

Bioparticle Model

1. Homogeneous biofilm of constant and uniform thickness

2 Spherical support media of uniform size

3. Intemal diffusion of substratc is governcd by Fick's first law

4 Substratc-limited biochemical reaction described by Michaclis-Menten kinctics
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Reactor Flow Model

I Liquid phasc substratc transport is by plug (low convection and axial dispersion.
2. No macroscopic radial gradients exist

31 Bioparticle characteristics are independent of position within the reactor

4, No substrate conversion occurs in the liquid phase

5. Cylindrical reactor

Under these assumptions, the following diffcrential equation is derived rom a subsirate mass balance across

an axial reactor element

2,
0z

S, 3%s,
j PPl
o ooz

+Ug, +R, =0, (6.2.1)

where the observed substrate conversion rate per unit {luidised bed volumc is given by

oS(r)

r "="bp

R, =NAD, (6.2.2)

The number of particles per unit volume of the reactor is calculated from the total initial mass of the bed and
the cxpanded bed height for a sct of operating conditions.

_ Total mass of support matcrial M

N = 2 - —— = . (6.2.3)
Mass of single particlc %Ergnpsm
Within a bioparticle the substrate mass balance on a differential shcll may be written as:
dS D d, 205, HmPer, S .
———— =) t—A(——)"0 forr,<r<r,,,0<Z<ht >0, 6.2.4
o Yois (S+KJ) o SAESH RS SIS L
with initial and boundary conditions
S¢,r,Z2)y=0att=0 forrm<r<r,,p,0<2< h, (6.2.5)
DS%‘E =0ar=rg, 0<Z<h, (6.2.6)
DB - 15,2 -8 atr=
Sy = S b(.)—-.)alr-.rbp,()‘:z-:h, (6.2.7)
and outside the bioparticle in the cxternal fluid, we have from (6.2.1) and (6.2.2),
oS, 3%s, S, N
—~-D;, —+U + NAD,— =0, t>0,0<Z<h, 6.2.8
o Sp 3Z2 Sp 07 S - ( )
with initial conditions
Sp(Z,1)=0 att=0,0<Z<h (6.2.9)

and boundary conditions given by WEIINER and WILIELM |306) and DANCKWERTS [79], respectively.

S,

Py oz

=Us, (Sp—Sp,) &t Z=0,1>0, (6.2.10)
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Dsb%=0 atZ=nh, 1>0. (6.2.11)
In dimensionless coordinates, these equations have the [orm
dy 1 d ,0dy g Y .
———t——x"=) = p—— a<x<1l,0<z<1,7>0, 6.2.12
T ?é?x( 8x) ¢ 1+ By . 5 : ( )
Y 19% oy oy
- —t————= = n0<z<1l,x=1,7>0, 6.2.13
A g o oy DecEsds G2l
+LQ—Y0 2) atx=1for0<z<1,7>0 (6.2.14)
AE7EN ’ N ’ ' -
dy
§~‘;=0 alx=qafor0<z<1,7>0, (6.2.15)
1 oY
Y ———=1 alz = o
Z 9 atz=0,7>0, (6.2.16)
8_Y=0 atz=1,7>0, (6.2.17)
0z
y(x, 0)=0 fora<x<1, (6.2.18)
Y(z, 0)=0 for0<z<1, (6.2.19)
where the dimensionlcss variables are
S 7 '
X=L,)"—,Y= Sp , z=£and T=%, (6.2.20)
rbp Sb,i Sb i h Top
and the parameters arc
2
r Spi ly NAD _h hD
a=lm pocbi g2 CoPyly o NADA WD, gy (6:2.21)
Top K Yy1sDsK Us, mp Us, mp
ALl steady-state the equations take the following form
——(xzﬁ)up‘—'"— ina<x<1,0<z<1 (6.2.22)
xXox ox 1+ By ¥ : ==
1 d¥y dr ,dy
RN g A 1 1,x=1, WA
T o e in0<z<l,x (6.2.23)
1 4
y %a—‘y/= Y(2) alx=1for0<z<1, (6.2.24)
0
%:0 alx=afor0<z<l, (6.2.25)
1 dY
Y———=1 atz =0, (6.2.20)
e dz
dYy
—=0 atz=1. (6.2.27)
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3.2.3 The Numerical Solution - the Method of Orthogonal Collocation

The general form of the model (equations (6.2.12)-(6.2.19)) is solved numerically by converting the partial
differential equations (pde's) 10 a system of ordinary differential equations (ode's). Orthogonal collocation, a
method of weighted residuals, lends itself well 1o converting similar types of pde's Lo systems of ode's
(RAGHAVAN and RUTHVEN [237], VILLADSEN et al. [293-296]). The resulting set of ode's can then be
solved by a number of standard techniqucs.

Weighted residual methods allow separation of the time and spatial dependency of a pde by
approximating the exact solution with a series of products of time-varying coefficients and spatial basis or
trial functions. The collocation mcthod requires that the residual between the numerical approximation of the
pdc and its cxact valuc be orthogonal to the Dirac delia (unction at specified collocation points. This results in
the residuals being zero at the collocation points (FINLAYSON [90]).

Orthogonal collocation uscs orthogonal polynomials as basis functions and spccifics that the
collocation points be located at the basis function roots. In this work we chose 1o usc Jacobi polynomials
since it has this orthogonality property. The polynomials were constructed orthogonal Lo each other with
respect Lo a weight [unction. The weight functions used in the construction of thc polynomials for the
different equations werc choscn 1o make the numerical solution stable.

We shall only be interested in this section in bounds for the numerical solutions at steady state.

3.2.4 Upper and Lower Bounding Solutions
The cquations (6.2.22)-(6.2.27) arc intercsting in that the coupling is [ound in thc boundary condition
(6.2.24) of (6.2.22). Also, (6.2.23) depends on the solution to (6.2.22). Dcspitc thesce features, we are able
to show that we can obtain comparison results as that found in (PARSHOTAM, BHAMIDIMARRI and WAKE
[225)).

Supposc that we can find functions y, ¥, Y and ¥ so that the following diffcrential incqualitics are
satisficd for y and Y: )

I B reie aal X

—— (‘=) 2 = ina<x<l,0<z<l, 6.2.28

x28x( Bx) ¢ 1+ By : - ) { )

1d%y dar _, 9y

——=—-—=2(—= in0<z<l,x=1, 6.2.29

P 22 dz 4‘3)6 " ‘ * ( )

+ i &y<Y() alx=1for0<z<1 (6.2.30)
——=<Y(z alx = z . o2

A Shov ~

dy

—-‘:SO alx=oafor0<z<l, (6.2.31)
1 dY

Y-——=<] atz =0, 6.2.32

T % dz ‘ ( )

dy

—<0 alzi= L. (6.2.33)

dz

and the incqualitics arc reversed for ¥ and ¥

W e sce that the functions y~K, Y~K, +K and ¥ +K for K positive constants satisfy conditions of Theorem

3.5.2 and so all solutions ol (6.2.12)-(6.2.19) (including (6.2.22)-(6.2.27)) arc globally stablc. This also
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implics uniqueness of solutions to (6.2.22)-(6.2.27) and so (scc the end of scction 4.3), it follows that the
upper and lower bounds

Y(x,2) S y(x, 2) < y(x, 2) (6.2.34)
and

Y(2)<Y() < Y(2) (6.2.35)
are valid.

Onc way to obtain upper and lower analytical bounds would thercfore be to choose two functions f and f
such that

ez Y
f<o¢ 5 < if (6.2.36)

For example, we may choosc [=¢22 and 7=¢2$ and let Z(X’ z) and Y(z) be the solution to the
following system

0

L9222 47y ino<x<l,0<z<l, (6.2.37)
x° ox ox =
1 d®y dy 9y

—_— === in0 1,5 =", )
Bl o Co'?x in0<z<1,x (6.2.38)

1 dy
Yy+——==Y(2) atx=1for0<z <1, (6.2.39)
= Y% ov
dy
—==0 alx=afor0<z<1, (6.2.40)
ov

1 dY
Y-——==1 ¢ =
Lo alz=0, (6.2.41)
dY
— =0 alz=1, (6.2.42)
dz

Thesc cquations arc solved analytically 1o obtain the following cquations for y(x, z) and Y (z):

Y(z) = exp[% z)(c; expl C“f‘ z)+ ¢, expl— “"‘25’* z]) (6.2.43)
and
_ Y(2) ¢o cosh p(x — o)+ sinh ¢(x— o)
Z(X' 2) C3X [¢a sinh §(x— o) + cosh P(x— a)'l (6:2.44)
where
2(~1+cy)
_ 124
O e B+ co (- ca)? (6249
l + [,'4
cy =—crexplesFe( i ) (6.2.46)

1 Cyq
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PREETIEY S .2 ¢ ¢ sinh ¢(1— o)+ cosh ¢(1 - cv:)J (6.2.47)
9’/» % oo cosh ¢(1— o) + sinh ¢(1— @)
, 48cs
Cq =4[l +—= 6.2.48
4 7 ( )
g il f ¢-[¢a sm/;I q)(ll-— o) +C(.)Sh ¢(: - Q)
g pa cosh ¢(1— )+ sinh ¢(1— o) (6.2.49)
C3
Tofind y and Y we solve the following equations
20y ¢2
29x( x) 1+ﬁ ina<x<1l,0<z<1, (6.2.50)
LdY _dF .55 in0<z<l,x=1 (6.2.51)
z =nly; 2.
# 42 dz Cox ’
= 1 dy =
+%a—i=m) alx=1for0<z<1, (6.2.52)
5
2o alx=a for0<z<l, (6.2.53)
av
= I d¥
Y -——=1 atz=0, Wk,
T atz (6.2.54)
dy
—=0 atz=1, (6.2.55)
dz
where the solutions for § and ¥ arc given as in (6.2.43)-(6.2.49) but with @ replaced by oM .
\)l 1+p
To show that constants c, c; > 0 we are only required to show that ¢s > 0. We note that
T S [Q)asmh ¢(1-a)+c(?sh ¢(1—a)] 51 (6.2.56)
¢acosh ¢(1— o)+ sinh ¢(1- )
2¢ 2a¢
e -1 _e ap-1
og@)=0 DL WD _ oy, (62.57)

o+1 ap+1

and this is clearly true since g can be shown to be a monotonically increasing function for 0 << 1 and

¢ > 0. Finally, since c1, ¢2 > 0, it follows that Y(z) > 0 since Y(z) > Y(z) and Y(z) is exponentially decaying

and is strictly bounded below by zero. This in tumn implies that y(x, z) > 0, since y is similarly strictly

bounded below by zcro.

For a given sct of parameter values found in literature, we plot a graph of analytical bounds Y(z) and

Y (z) with Y(z) obtained by orthogonal collocation (scc FIG 6.8).
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F1G. 6.8 Upper and Lower Bounds to ¥(z) with a=0.3, B=0.5, ¢=5, {=0.1, %% =20 and P=10

6.2.5 Conclusions and Remarks

The mecthod demonstrated in this work may be applicd to linding upper and lower bounds to a wide class of
such equations with reaction terms very nonlinear. In the problem demonstrated in this section, since the
Michaelis-Menten reaction term is concave down, a lower bound is always obtained when this term is
lincariscd by a Taylor's scrics cxpansion. This lower bound is always strictly greater that zcro and gives a
good indication of concentrations at the outlet of the rcactor. For diffusion limited rcactions in microbial films
where the Thiele modulus is very high, these bounds may not be so elfective approximate solutions. The
method is also sensitivc to a decreasc in @ and may not therefore be as effective for biofilms with very small
support particle sizes. For typical parameter values it is a very convenient method of checking numerical
results as well as numerical results that involve very small concentrations. It can also be demonstrated
analytically with the help of thc maximum principle that dimensionless substrate concentration within a
bioparticle is monotonically increasing with the parameters @, 3, 9% and monotonically decreasing with the
parameter ¢2. Also it can be shown that bulk concentration is monotonically decreasing with all parameters

%, S% and (. These properties can all be interpreted physically.

Nomenclature

A cross sectional arca, typically 20cm?2

D;  effective diffusivity constant, typically 1-2x10-6cm2sec!
Dg,  axial dispersion cocfficient

h dimcnsional height of the reactor, typically 80-90cm
Hy Mass transfer resistance
K, Michaelis-Menten saturation constant (kg m=3)

N number of bioparticles per unit volume 20-100¢m-3
Fe Péclet number given in (6.2.21)
U superficial liquid velocity- typically 0.1-2cmscc™!

r radial dislance within a bioparticlc
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support media radius

bioparticle radius- typically 0.3-0.6cm

Sherwood number given in (6.2.21)

substrate concentration within a bioparticle

bulk substrate concentration which varics up the reactor (kgm=3)
input bulk substratc concentration (kgm=3)

actual time

dimensionless distance within a bioparticlc
dimensionlesssubstrate concentration at position x of a bioparticle at height z
dimensionlcss bulk substrate concentration at given height z
growth yield

height up the reactor

dimensionless height up the reactor

Greek letters

o
B
P4
¢
Hm
Pof

ratio of support media radius to bioparticle radius
dimensionless Michaelis Menten constant
parameter given in (6.2.21)

Thiele moduli given in (6.2.21), typically 0-5
maximum spccific growth ralc constant

biofilm dcnsity

dimensionless time

parameter given in (6.2.21), typically 0-12
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6.3  Monotone Iteration Techniques in the construction of Upper and Lower Solutions
Although upper and lower solutions are uselul in the investigation of qualitive propertics of solutions and do
prove Lo be good as approximate solutions (PARSHOTAM et al. 225, 226]), they can also be improved by
monotone iteration techniques. The method of combining upper and lower solutions with monotone iterative
techniques has proved not only to be a power({ul tool in proving existence of solutions but has also recently
been shown to be usclul for numcrical computation of solutions of boundary value problems for both scalar
equations and systems of weakly coupled elliptic equations (GROSSMANN [111], GROSSMANN and ROOS
[110],PAO [219-222]). The objective of this example is to help us to understand the relationship between the
properties of the reaction functions and the resulting scquences. We cxamine some monotone iterative
techniques and suggest how such techniques may be useful [or numerical computation of solutions of the
general system S, B,.

Several monotone itcration methods are given by KELLER [141] {or scalar clliptic cquations. These
provide us with either monotone sequences, altcrnating sequcnces and in some cases monotone scquences
with accelerated convergences. These sequences are all obtained with thc help of the strong maximum
principlc for the elliptic operator. In this scction, we shall look at the problem developed in section 6.2 but
for morc gencral arbitrary rcaction functions and show that although this problem is non standard in that it
involves elliptic equations which are coupled in the boundary conditions in a functional way, we can also
obtain similar monotone scquenccs. These are also obtained with the help of the strong maximum principle in
various ways.

An itcration scheme is sct up which gencrally results in solving cither coupled or uncoupled lincar
diffcrential cquations. These iteration shemes may produce either monotonc or alternating scquences and
under special conditions, Newton's method may be applied which accelerates the rate of convergence. A
lower or an upper solution is taken as a good candidate for a first itcration.

6.3.1 Upper and Lower Solutions
Consider the boundary value problem

Liy=¢2f(x.y) ina<x<l1l,0<z<1, (6.3.1)
dy .
lQY=C—=C%(Y—y) in0<z<l,x=1, (6.3.2)
1 dy
s Ay = <z<
y+ T v (2) alx=1for0<z<1, 6.3.3)
g% atx=alor0<z< 1, (6.3.4)
1 dY
Y-——=]1 = oD
2 b atz =0, (6.3.5)
Y
L4 =0 az=1, (6.3.6)
dz
wherc
2 0
L= 7 ( ) (6.3.7)
and

a2 q

|
"‘;,,;':j';f “d" (6.3.8)

Iy=
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A lower solution to this problem is a function (y, ¥) satisfying

Liy= ¢*f(x,y) ina<x<1,0<z<1, (6.3.9)
LY 2 (Fh(E-Y) in0<z<l,x=1, (6.3.10)
+L2<Y(z) alx=1lor0<z<1 (6.3.11)
= Shox ~ —— -
dy
—=<0 altx=aflor0<z< 1, (6.3.12)
ov

1 dY
y-—-=<1 atz=0, (6.3.13)
T Fodz
dy
—=<0 atz=1. (6.3.14)
dz

A nupper solution to this problem is a function (¥, Y) satisfying

Liy< o2 f(x,5) ina<x<l,0<z<1, (6.3.15)

LY < ¢S -5) in0<z<1l,x=1, (6.3.16)

-1 955

y+%§-‘72 Y(z) alx=1for0<z<1, (6.3.17)

dy

WZO alx=oafor0<z<1, (6.3.18)

?—%‘(‘1—{21 atz=0, (6.3.19)

e

‘(’1—{ = atz=1, (6.3.20)

Z

where (y, Y)< (7, T).

6.3.2 Monotone Iteration Methods
Woe shall assumc that y, and y,, arc restricted Lo the sctmin b < Yn, Ynt1 S max y and that Y, and Y, arc
restricted to the set min ¥ <Y, Y,y < max Y.

In each of the following methods, we shall define transformations ; and % from (y,, Y,) o
(¥n+1> Yn+1) and show that these transformations have some sort of a monotone property. In the general
case, we shall mean that 9 and & arc monotone in the sense of COLLATZ [76), i.e., i.c., Yo < Yn4+1 and
Y, <Y, implies 91y, < Jiyns1 and BHY, < BHY n,1. The monotone property of transformations J; and
9, are shown to usually depend on the propertics of the function f. In all these methods By and B; are
relevantboundary operators.

Assume, for the [irst three methods that fis a smooth [unction on min y <y < max y and that

2L (6.3.21)
dy
is bounded below for @< x < 1and min y <y < max y, so that
2L <o, (6.3.22)
dy

for m sufficiently large.
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Define

F(x, yn) = $*x, yn)—myn. (6.323)
'i'ﬁen by assumplion,

F, <0, (6.3.24)
implies that I is decreasing. The quantity

92 F(x, Yns1) = 92 F (%, Ya) = M(Yns1 = Yn)» (6.3.25)
is

F(x, yue1) = F(x, Yn)s (6.3.26)
so thatfor y, < y,.1>

02 (X, Y1) = 02 F (X, o) = (i1 = ) = F(x, Y1)~ F(x, 3,) S0 (6:327)

Method 1
We define the (nonlincar) transformations 9 and 9, as follows:

T Y1 = Tiyn
and

F: Yno1 = DY,
il

(Ly —m)y,a =¢2f(x, Yo)—my, ina<x<l,0<z<l,

(Ly—CIR)Y,, =Sy, in0<z<l,x=1,
)’n+1+é_a§n‘;l=yn(z) atx=1for0<z<1,
_8y_,,+1_=0 alx=qa for0<z<1,
v

1 dy,
Y .......,..__"‘H_=[ at :0,
n+l #  dz at z
%=0 atz=1,

dz

In this method, the cquations for Y,4q and y,.; are uncouplcd and we show that both 9 and &, arc

monotone in the sensc that Y, < Y41 and Y, < Yppq implics Ty, < Dyne1 and BY, < DY py1.
We have, il y, < ypqpand Y, <V,
(L'I _m)g]yn = (Ll _m)ynﬂ = ¢2f(xv yn)_myrx inax<x<l,0<z<l,

(Ly = SIR)TY, = (L — CIR)Y 0y = —CShy, m<z<t, 2= 1,

)’n+1+Liym:Yn(Z) alx=1for0<z<1,

4 dv
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0)'8’;:1:0 aax=qa for0<z< 1,
1 dY,

Y = TTntl atz=0,

n+l % dz o

dYn+1 =0 altz=1

dz ,

and
(Ly—m) T 1Y 1 =(L =) Y2 =02 (X, Yps1)—MYpyy N <x<1,0<z<1,

(L= EINT Y1 =Ly = WY sy = ~CFhypy in0<z<1,x=1,

Yne2 t ylﬂ 3);";2 Y,11(2) alx=1for0<z<1,
'%:0 alx=oafor0<z<1,
1 dy,
n+2 = g, d;z_l alz=0,
dy,
dz+2—0 az=1.

Therclorce,

(L =mXT Y1 =T 1) = 92 L) =92 F (1Y)~ MY —yn)S 0 in <x<l, 0 <z < 1,
(Ly = CIRN T, 1 = THY,) = —CSh(Ype1 — ¥a) SO in 0<z<l1, x=1,
1 dy, 1 dy, :
(Yps2 + T anJ Ve + T avﬂj“"“(z) Y,(2)20 alx=1for0<z< 1,
d d
Dnz _ Dnsl _ =020, alx=olor0<z<1,
av av
1 dY,,.» | dY, .,
B2 Y Bl o alz =0,
[+2.%dzll+'.%d} 0z0 alrz=\0
Wz 4B 50 atz=1.
dz dz
and we therefore have the problem
Liw=<0 ine<x<l,0<z<|l,
LW <0 inlD<z<l,x=1,
Biw =0 onx=aq,x=1,
BoW 20, onz=0,z=1,

where,

W= T Y1 =Ty, and W = Y, -9,Y,

(6.3.28)

(6.3.29)

(6.3.30)

(6.3.31)

(6.3.32)

(6.3.33)

By the strong maximum principle, w>0in ec<x<tand W>0in 0 <z < | (unless w, W =0 in which casc
Dns1 =Py, and T5Y,,, =T,Y, and the right hand sides of (6.3.28) and (6.3.29) arc identically zero; but
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this happens only if y, = y,s1 and Y, = Y4y, since F is strictly monotonic, s0 1y, < J1yns1 and BHY, <
T ws1). It can similarly be shown that y, 2 ¥,+1 and Y, 2 Y,,1 implies J1yn > FTiyns1 and BY > RYpy.

Method 2
We define the (nonlincar) transformations Jj and % as follows:

and

'g].: Ynel = *g]’yn

gi: Yn+l=‘%.yn

(Ly = )Y sy = 9> F (X, Yp) = My,

(1/2 - Cyﬁ')yrﬁl = —'Cyﬁyrﬁl

Ly,
Yo ¥ gt =Y, (2)
3)’,.+1
9Intl ()
ov
1 dy,
i AT
n+l P dz
dyn+] =0
dz

na<x<1l,0<z<1,

in0<z<1l,x=1,

atx=1for0<z<1,

alx=o for0<z< 1,

atz=0,

atz =1.

In this method the equations for Y, and y,4) are coupled and we show that 9 and ; are also monotone in
the sensc that y, < y41 and Y, < Y,py implies F1yn < Fyner and RBY, < BY i1

We have, if y, < y1and Y, <Y,

and

Ly =)y, = (L = )y, = 92 f(x, y)—my, ina<x<l,0<z<l,

(Ly = LIBT3V sy = (Ly — LIRYY, = —LShy,,y nO<z<l,x=1,

(Ly—CIR)TY, = (Ly - CIR)Y oy =—CShy, in0<z<l,x=1,

1 dy,
Ynsl +—g’_/:% =Y,(2)
3)’ +]
Drntl _ )
ov
1 dy,
Y, ———2tl =]
L % d:
dyn+l=0
dz

alx=1for0<z< ],

atx=o for0<z< 1,

atz=0,

az=1,

(Ll_m)g.iyn-r1=(Ll_m)yn+2=¢2f(x- yn+l)_myn+l noe<x<l,0<z<l,

(Ly—LIR)TY, o = (Ly = CIRYY,  y = ~LShy,,, iNO0<z<l,x=1,

10
Yn+2 +__—!£_+"Z' = n+](3)

Y% v

alx=1lor0<:z<1,
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ayn+2
=0
av
1 dy,
Yn+2“§ d”;z 1 altz=0,
dy—"*z— =0 alz=1.
dz
Therefore,

(L'l _m)(giynﬂ _xyn)z ¢2f(x!yn+!)_¢2f(x’yn)“nl(yn+l #),n)s 0

([Q I g‘g%)(g—zynﬂ ——'%Yn) = _C'%(yn+2 _yn+1)

1 dy
Wns2 + 7 ':;Mz] (Ynsr + TR +l]— Y1 (2)-Y,(2)20
ayn+2 ay +1
__+=020'
ov av
1 dY 1 dY
Taga—k ———2tl]=1-1=020
l+2g,d |In+1%dj
dYn+2 _dYIH-] :020
dz dz

and wc thercfore have the problem

Liw<0 in a<x<1,0<z<1,

Biwz=0 onx=a,x=1,
where,

W= T Yne1 =T Yn-

atx=afor0<z< 1,

ina<x<l,0<z<1,

in 0 <z <1, x=1,

atx=1for0<z<1,

alx=oafor0<z< 1,

atz=0,

arz=1.

(6.3.34)

(6.3.35)

(6.3.36)

(6.3.37)

(6.3.38)

(6.3.39)

By the strong maximum principle, w > 0 in @ < x < 1. This implies that the right hand side of (6.3.35) is

negative so that
L,W <0 in 0 <z <1, x=1,
BaW 20

where,

onz=0,z=1,

W= ‘%Ynﬂ oo '?Zyn

By the strong maximum principle, W > 0in0 <z < 1. Therefore, y, <
T yYn+1 and BYp < Y py1. It can similarly be shown that, y, =
and %Y, > Y.

Method 3
We define the (nonlincar) transformations 9 and % as follows:

A Yne1 = Tiyn

and

T Yne1 = $Y,

Yn+1 and Y, < Y,y implies Ay, <
Yne1 and Y, 2 Yoy implies A1y, > TYnr1
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(Ly = )Ype1 = 92 F(x,3,) — my,
(lQ o gyﬂ)ynﬂ = _Cy/'yn

1 ayn+1=y 1(2)
n+

yn+1+§ a0

ayn+l
—=ntl =

ov

1 dy,

he g ! =0
%-=0 atz=1.
dz

ina<x<1,0<z<1,

in0<z<l, x=1,

atx=1lor0<z<1,

alx=calor0<z<1,

In this method the equations for Y41 and y,41 arc coupled and we show that 9 and 9, are monotone in the

sense that y, < yn41 implies that Y, < JY,4; and this in tum implies that 71y, < Jyn+1. We have, if

Yn S Yn+1

(Ly=m) Ty, = (Ly = M)y s1 = O F (X, Y0) — My,

(LQ = C‘g%)g-zyn = (112 - g'%)ynﬂ = _g‘g%yn

1 (}yn+]
+———2ntl —y
Y+l T4 ov ,.+1(Z)
ay +1
Zontl _ )
ov
1 dY
Y _____"_"'1_ =1
n+l g,c dZ
dYrH-l
—ntl _
dz
and
(L= Y1 =Ly =)y, =% F(X, Y1) MY
(Ly = CIR)T Y1 = Ly = EIRY 2 = =CShY 2
1 Y2
/(1 1 O Y
yn+2 g)ﬁ &V II+2(Z)
a)’n+2_ =0
ov
1 dy,
Y, =22 =]
n+2 P dz
dYn+2 =0
dz
Therefore,

inax<x<l,0<z<1,

in0<z<l,x=1,

atx=1for0<z< 1,

aax=0a for0<z<1,

atz=0,

atz=1,

na<x<l1,0<z<1,

in0<z<l,x=1,

aax=1for0<z<1,

alx=qafor0<z<1,

arz=0,

at'iz = )l

Ly =) T Y1~ T19n)= 02 (5 m) =92 F(6.3,)~ M1 =)< 0 in@<x<1,0<z<1, (6.3.40)

(Ly = CIRN T Y11= T3Y,) = =CSh(Yps1 = Ya) < O

inO<z<l,x=1,

(6.3.41)
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OYn 1 dy,
[yn+2+ yﬂ );‘*2] [ Yl Yo 7] 3+1] Yn+2(z)_yn+1(z) atx=1for0<z<1, (6.3.42)
%‘%"ﬁlﬂzo, alx=a for0<z<1, (6.3.43)
1 dy, A:dY,
Y —ntl Al 1=020 alz=0, 6.3.44
[ n+2 = ? dz ] [ n+l T g’o dz ] aiz ( )
Wz ot 5 atz=1. (6.3.45)
dz dz
Thereforc, we have the problcm
L,W<0 in 0 <z <1, x=1,
By,W >0, onz=0,z=1
where,
W= ‘gynﬂ _‘qym

and by the strong maximum principle, W > 0 in 0 < z < 1. This implies that the right hand side of (6.3.42) is
negative so that

Liw<0 na<x<l1,0<z<1,

Biw =20 onx=qa,x=1,
where,

W= Tps1 =D

By the strong maximum principle, w >0 in @< x < 1. Therefore, y, < ypp implics Y, < $Y 41 which
in turn implies that 71y, < Jyps1. It can similarly be shown that, y, 2 yn, implies &Y, > Y .1 which
in turn implies that 1y, > JYuel.

Il in addition to the assumptions on f, we assumc that £ is monotone increasing, the following two iteration
procedurcs yield alicrnating scquences which form two monotonc scquences bounding the solution from
above and below. Therefore, by assumption, for y, < y,,;

O2f(X, Ys1) = 2 f(x, ¥,)20. (6.3.46)

Method 4
We define the (nonlinear) transformations J; and ; as follows:

g].:ym-l :ﬁyn
and
.‘?‘2: Yo ='%Yn
if
Llyn+l=¢2f(x;yn) ina<x<1,0<z<l,

(Ly = CIRY, o1 = —~LShy, in0<z<l,x=1,
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a)’nﬂ =Y (Z)

yn+l+?i £
aynﬂ
—Zntl _(

av

1 dY,

Y, ——ttl =1 atz=0,
n+l P dz 4
—dy"+1=0 atz=l.
dz

alx=1lor0<z<1,

atx=qa for0<z<1,

In this method the equations for Y, and y,+; are uncoupled and we show that 97 and 9 are monotone in

the scnse that y, € Yue1 and Y, 2 Y,pq implics 1y, < T1yps1 and BY > BV pi.

We have, il y, Sy,1and ¥, <V,
L’Igiyn = LlyrH-] = ¢2f(xs yn)

(L’l _'gg%)glvyn = (‘L’Z _C%)Ynﬂ =_§9)ﬁyn

+_L§ﬁ_+l= Y,(z)

Yn+1 .% JV
ayrﬂ-l
Zrntl _
av
1 dY,
Y, ———2tl =
1@ dz
dy_ﬂ+L= 0
dz
and
LiT Y41 = LaYnsz = 97 f(X, Yua1)
(L - Cg%)‘qurﬁl =(Lp - Cg%')yn+2 = _ngynﬂ
1 dy
Yn+2 +~.-923+\:2 - Yn+l(z)
Wns2
ZZnt2 _
av
1 dY
Y S REREOR 1
n+2 P dz
dyn+2 — 0
dz
Therefore,

Li(T Y41 = T10) = 02 £ (X, Ypu1) = 92 £ (X, 3,)2 0

(Lo = CFRYTY 1= ToY) = —CIh(Ys1 = ¥a) SO

v ) 1 Yy
Iyn+2+g% &V l |yn+]+§ 5‘,

dy +2 Oy +1
—=hare _ntl - (>0,
av ov

J=Yn+1(z)_ Y,,(Z)SO

na<x<l1,0<z<l1,

mi<z<l,x=1,

alx=1for0<z<1,

alx=o lor0<z< 1,

az=0,

alz=1.

na<x<1,0<z<1,

in0<z<l1l,x=1,

alx=1for0<z<,

alx=afor0<z<1,

atz=0,

atz=1.

ma<x<1,0<z<1,

in0<z<l,x=1,

ax=1for0<z<,

alx=a lor0<z< 1,

(6.3.47)

(6.3.48)

(6.3.49)

(6.3.50)
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1 dy, 1 dy,
Y,,,———22] Y, ———2)=1_1=0>0 alz=0, 6.3.51
[n+z%dzlln+1%d21 z ( )
(LTS R/ N alz=1. (6.3.52)
dz dz
Therefore, we have the problem
Liw =0 ma<x<l1,0<z<l,
LW <0 in0<z<l,x=1,
Biw<0 onx=qa,x=1,
B,W =0, onz=0,z=1,

where,

w=I,0-Iy, and W=39Y,,,-FY, and By and B3 arc boundary opcrators.

By the strong maximum principle,w <0in @<x<1land W>0in0 < z< 1 (unless w, W =0 in which case
T Yns1 =Ty, and TyY,,, = T,Y, and the right hand sides of (6.3.47) and (6.3.48) are identically zero; but
this happens only if y, =y, and Y, = Y41, since f is strictly monotonic, S0 1y, > Jyns1 and KHY, <
IoY pi1). Similarly, y, < ypep and Y, 2 Y,y implics Fy, > Fiyns1 and BHY, < BY 1. This also implies
that 7;% and J72 are monotone in the scnse that y, < yn,1 and ¥, > ¥,y implies 12y, < F12yne1 and
%2yn> %2}””_1_

Method §
We dcfine the (nonlincar) transformations 9 and % as [ollows:

and

il

A Yne1 = Tiyn

%: Yn+l = %Yn

Liyns1 = 0% £(x,5,)
([Jl b C‘g%’)ynﬂ = _C'g)/‘ynﬂ

Layrﬂ-l -
Ynsr =0, =¥a(2)

dy +1
ntl _ ()
av

1 dy,
yn+l__‘ﬁd ntl =1

% d:
dyn+l =0
dz

ina<x<1,0<z<l,

inl0<z<l,x=1,

alx=1for0<z< 1,

alx=0o for0<z< 1,

atz=0,

alz=1.

In this method the cquations for Y,y and y,,q arc coupled and we show that 7 and % are monotonc in the
scnse that y, < yu41 and Y, 2 Y, implics Ty, < J1ynet and RKY, < FY pi1.
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We have, il y, Sy, and Y, 2 Y,y
LT Yn=LaYns1 = 97 f(x, ¥n) inax<x<l,0<z<l,
Ly = CHR)TY, = (Ly = (IR Y 1y = ~CFhY s in0<z<l,x=1,
Yus1 + .S:’/; 83";' Y,(2) alx=1for0<z<1,
%:0 alx=o for0<z<1,
n+1—%%ﬂzﬂ=1 alz=0,
-(% =0 atz=1.
and
LiYnn1 = LYz = 92 F(X, Yon) ino<x<l,0<z<l,
(Lo~ LIV T Y1 = (L~ (S = —(Shynyy N0 <z<lx=1,
Yps2 .@1/, (9)(;”2 =Y,1(2) alx=1for0sz<1,
‘92";2—0 alx=q lor0<z<1,
Yn+2——é1;--(%'l=] az =0,
d};%z=() az=1.
Therefore,
LT Yn1= T1Yn) = 97 (Y1)~ 92 £ (%,y2)2 0 ino<x<l,0<z<1, (6.3.53)
(Ly = CIRY T Y1 = T2 Y) = ~CTh(Ynsa — Yns1) in0<z<l,x=1, (6.3.54)
a2 + gl,/' af;’”zl [Vt s:z af)"“ =Y, ()~Y,(2)S0 atx=1lor0<z<1, (6.3.55)
(;J)(;—"Jz-—@é%'—= 020, atx=wlor0<z< N, (6.3.50)
Y2 — gl, d};’”ll Yart ;, S Z"*‘] =010 alz=0, (6.3.57)
9—%—%:050 alz=1. (6.3.58)

Thereforc, we have the problem

Liw20 ina<x<l,0<z<1,

Biw<( onx=a,x=1,

wherc,
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w = g-iynﬂ '—gi)’n

and by the strong maximum principle, w <0 in & < x < 1. This implies that the right hand side of (6.3.54) is

positive so that

LW 20 in0<z<l1l,x=1,

B,W <0, onz=0,z=1

where,

W= DY -9,

By the strong maximum principle, W < 0 in 0 < z < 1. Therefore, y, 2 yn and Y, < Y,y implies J1y, <
T Yne and FY, < FY i1 1t can similarly be shown that, y, 2 ype1 and Y, < Y,y implies 71y, > J1Yne1

and BY, > $HYn,1.

If the nonlinearities f(x, y) have continuous y-derivatives, then we may attempt a further iteration scheme 10

solve the equations (6.3.1)-(6.3.8). This is known as Newton's method. Under appropriate conditions we

will show that the Newton iterates converge monotonically. This convergence is frequently quadratic

(KELLER [141]) and henee we expect that the iterates give more accurale approximations to carlicr methods

discussed in this scction. However, as we shall sce, the Newton itcrates converge cither [rom above (if f; is

increasing in y) or from bclow (il f; is dccreasing in y). We therelore cannot obtain both monotonc

increasing and monotone decreasing sequences and therefore upper and lower approximations for the

problem (6.3.1)-(6.3.8) as was done in carlier examplcs.

Assume that fsatisfies all previous assumptions and in addition,

L/

dy
and if- is monolone increasing.

dy
Define
19,
PG Yas1.9n] = [ 2ty + 10,0
Y

Then it follows that

f(xiyn'l'l)'_f(x‘yﬂ): F[x;ynH‘)’nl(ynH _yn)-

Further, il y, <y,.;, then by thc abovc assumptions,

b
é(x,ym)— Fx Y e1: 0 1= FIG Yt Ynst ] = P ¥ai1: Y01 20

Method 6 (Newton's Method)
We dcfline the (nonlincar) transformations J; and % as lollows:

(6.3.59)

(6.3.60)

(6.3.61)

(6.3.62)
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and

if

T Yne1 = Tiyn

%: Y1 = %Yn

0 Fey-L

(Ll_ (X yn))ynﬂ &y(xvyn)yn
(l’l - Cy“)yrxﬂ = _gy/‘yn
1 d

Yneh t gl =¥, (2)
Mt
Dint1

ov

__L%ﬂ

Yn+1 P dz
dYn+1 =0

dz

ina<x<1,0<z<1,

in0<z<l,x=1,

alx=1for0<z<1,

alx=oa for0<z<1,

atz=0,

atz=1.

In this method, the equations for Y,4+1 and y,,1 arc uncoupled and we show that both 9} and %, are

monotone in the sense that y, < Y, and Y, < Y,y implies 91y, < T1Yne1 and BY,, < DY pe1.

We have, il y, < yppand Y, < Yoy

and

@ ——f(xy,,»zyn-(q——f(x,yn))ym 02 f (x.y,)—

(Ly- gy/‘)%yn =(L- C‘g)/‘)yni»l = _Csp/’yn

1 0

y,.+1+% ?vﬂ Y,(z)
ayn+l =0

ov

__._1.....(.1..};41'.]_:]

n+l P dz
%:0

dz

)
(L ““{;‘J’r"(x’yn-rl NI Y11=y
b

(LQ_CQA)'%};H (bz C%) +2—-§9‘%}’n+]

a.)’114-2
+
yn+2 g)ﬂ a
dy +2
ntd _()
av

n+l( )

1 dYy,
Y o —— a2
n+2 P dz
dy, Yin+2

dz

=0

. Therefore,

d
_‘;jf'(xvynﬂ))y;wi ¢ f(x yn+1)
Yy

—f(x,y,,)y,, ma<x<l,0<z<1,
nO0<z<l,x=1,
alx=1lor0<z<1,

alx=qa for0<z< |,

atz=0,

alz=1.

in0<z<l,x=1,

atx=1for0<z<1,

alx=qa for0<z<,

arz=0,

atz=1.

f(x Y1) Vn1 N 0<x<1, O<z< 1,
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J 9

(tq—gf(x.y,,ﬂn(sﬂy,.ﬂ ~Fyn)= ¢2f<x,yn+1)—¢2f<x.yn>—9§<x,y,,)(yn+l~yn>)

[¢2F[X,)’n+1,)’n f(x yn+l)](yn+] yn)

= 02 F(X;Y001, Yl = D2 F XY papo Y ]SO0 i @< x < 1,0 <2 < 1, (6.3.63)

(Ly = CHRNTY 1 = ToY,) = ~LSh(Ppe1 — V) S O n0<z<l,x=1, (6.3.64)

1 9y, 1 dy,
Dz + g 2 42|~ yort + gy f}vﬂ Y, 1(2)~Y,(2)20 ax=1for0<z<1, (6.3.65)
Dnsy _ W _ =020, atx=oafor0<z<1,  (6.3.66)

v v

1. 4¥ 1 dv,

[Y,,ﬂ—a-——u&] [Y, —a—f1=l-l=020 atz =0, (6.3.67)

dY,sp . dY+

=020 atz=1. (6.3.68)
dz dz

Thereforc, we have the problem

Liw <0 ima<x<l1,0<z<1,
LaW<0 in0l<z<l,x=1,
Byw 20 onx=q,x=1,
BaW 20, onz=0,z=1

where,

W= Fiynat = Ty and W= Ty¥,, - T5¥,

By thc strong maximum principle, w >0in@d<x<land W>0in 0 <z < I. (unless w, W = 0 in which
case J1y,41 = Ty, and 9,Y,,, = 9,Y, and the right hand sides of (6.3.63) and (6.3.64) arc identically zero;
but this happens only if y, = y,,1 and Y, =Y, since F is strictly monotonic, S0 F1y, < Jy,+1 and FY,,
< $RYp4p). It can similarly be shown that y, 2 y,41 and Y, 2 Y, implics Fiy, > Fyn+1 and Y, >

LY ne1. However, to show this we need to assume that fsatisfies all previous assumptions, but 7 is now
monotone decreasing instead of incrcasing as in (6.3.59). Define, as beforc e
d
IE R AE _[u 8f (XY +(1-0)y,)dt. (6.3.69)

Then it follows that

[, Yn41) = (X, Y0) = FLX Y15 Yn 1(Fnst = Yn)- (6.3.70)

Further, if y, 2 y,,;, then by the above assumptions,
f F
(x yn+l) [x; YntlsYn 1= FL6 Yn1s Ynat 1= FLX3 Yt Yn S0 (6.3.71)

The proof follows exactly, with somc reversals of incqualitics.
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The monotong itcrative methods discussed in this section have applications in constructive existence proof’s.
Iteration schemes are used and yield monotone convergence to the maximal solution from above, to the
minimal solution from below or both for some unique solutions. Newton's method may be shown to
converge from above or below to a unique solution (the uniqueness is guaranteed from the monotone
property of f and applying the maximum principle). Newton's method can be shown o converge
quadratically (KELLER [141]). However somc additional continuity properties are needed. In our case f is
required to be Lipschitz continuous in x.

To see how these montonc itcrations are useful in a constructive cxistence proof let us consider Method 1 and
define

¥, =51y Yi=D X0, 51 =TV, =51, (6.3.72)
where
Yo=Y Yo=Y, o=y and F=7. (6.3.73)

We show that the following strict incqualitics hold

Y>Yy i <¥y y,>y, and 3 < 3. (6.3.74)
We have
(L,—m)21=¢2f(x,20)—mzo inoe<x<1,0<z<1,
(LQ—M)_Z1=CS/’/»(X0—ZO)~M_ZO in0<z<1l,x=1,
Ld Y 1 for () 1
+——= alx = Slas
It oy Yy(2) atx=1for0<z<1,
8y1
—=1= alx=qafor0<z< 1,
ov
1 dy,
——t=] atz=0,
1% az
ﬁ:(} atz=1.
dz

So
(;{,l—m)(z1 —ZU)= t,‘bzf(x,zu)—mzo—i.]zu +my, :¢2f(x,2)—l.1)_1 <0 ina<x<l,0<z<1,

(Ly = M)(Y) = Yo) = (Yo -y )~ MY~ Lo Yo+ MY = (Fh(Y—y)~ L, ¥ <0in0 <z <1,x = 1,

1 321 1 {920
I—Z]+%WI_IXO+§)ZW]=ZO(Z)—ZZO atx=1forQ<z< 1,
dy, dy
_3__\/1_8;\?20 aax=qafor0<z< 1,

1 d¥; 1 d¥y
[___] .% dz I I_() % (IZ l e
dyl dZO >0 alz=1.
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Therefore, by the strong maximum principle, y, >y, and Y, >Y,. (Assume that Ly, # ¢2f(x,20) and
LyYo # (Sh(Y o~ y,))- A similar argument holds if we have Lo show that 3, <7, and ¥} <¥,.

Now define y, =yy,.Y, =9,Y;. Then Y, >Y, and y, >y, implies that y, =Fy, > Ty, =y, and
Y,=9,Y,>9,Y,=Y,. By induction, the sequences defined by y =Jy,, y =9y, , and ¥, =9,Y,,
Y, =9,Y,_, are monotone increasing. Similarly, the sequences defined by ¥ =91y, ¥, =y, and
7= 9,Y,, ¥, =9,7,_, deflines monotone increasing sequenccs.

Furthermore, we have Y, <%, and Y, <Y, forall n:

yo<yl<y2 <..y

= = = =n

1Y, <SP <Py << F1 <o

Yo<V <Yy<.Y, <Y, <.<V, <V <.<h<ly

In fact, y, < ¥ and Yy < Yy; supposc that Y,y <¥n1 and Y, <Y, ;. Then ¥, = ﬂ]zn_] <I\Yp_1 =y, and
Y, =9,Y, <%,Y, =Y, so the proof follows from induction.

Since the sequences [Zk}’ (Y,), (7.} and (¥,) are monotone and uniformly bounded, the pointwise limits

y(x,2)= lim yk(x,z), ¥(x,2)= lim y,(x,z) (6.3.75)
= k—300 — k—>o0
Y(2)= lim Y, (2), 7(z)= lim Yk(z) (6.3.76)
k—yon k—yeo
all exist.

To show that the scquences defined above converge uniformly and that the limits above arc is in C2+@, we
may usc standard continuity argumcnts described in Chapter 4. A similar proof holds [or all other itcrative
methods described in this scction.

6.3.3 Conclusions and Remarks

The novelty of such problems discussed in this thesis is that the coupling of differcntial equations in the
boundary conditions of the particle modecl and the mass transfer resistances in a particle is incorporated into
the liquid phase balance cquations. These cquations pose no problems in applying several monotone iteration
methods given in literaturc [or scalar elliptic equations.

Such monotone iterative techniques may also useful in numerical computation. We have seen in
section 6.1 and scction 6.2 that upper and lower solutions arc usclul in the investigation of qualitive
properties of solutions and do provc to be good as approximate solutions. These upper and lower solutions
can be computationally improved by such monotonc iteration techniques. Thesc techniques may also be
generalised to the gencral system S, B, and its corrcsponding steady state system S',, f?,,.

We have discusscd in scction 3.7 how the method of upper and lower solutions for the systcms S,
B, and its corresponding steady stalc sysicm S‘,, é,, may bec extended o a nonlinear [inite diflcrence system
which is a discrete version of the continuous problems S, B, and S, B,. It was noted that solving coupled
systems involves solving fcwer cquations. We would thus expect convergence [or the iterative methods
given in this section involving solving coupled systems Lo give a [aster rate of convergence.

This scction also gives us an idca of conditions that our nonlinear reaction [unctions have 1o satisfy in
order Lo obtain monotonc scquences, alternating scquences and accelerated monotone scquences and how
these results may be gencralised to the systems S, B, and §,,, B,. Wc have already studicd in section 3.6
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some of the properties that our nonlincar functions in the systcm S,, B, have Lo satisly in order Lo gel
monotone and alternating sequences (see Lemma 3.6.6 and Remark 3.6.6). We have also seen in section 4.3
that such properties also hold [or the system §,,, B, (see Lemma 4.3.6 and Remark 4.3.6). It would be
useful Lo generalise and to study some monotone sequences which give accelerated convergences Lo the
systems Sp, B, and S‘,l, é,, using the methods given in this section. Such a mcthod may be a generalisation of
Newton's method Lo systems of cquations and may prove Lo bc computationally uselul.
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6.4  Uniqueness and Existence Theorems for a Model of an Artificial Kidney
In this section, we shall look at a specilic example found in literature (LIN [170]) of a modified urea transfer
model [or predicting urea removal in a compact artificial kidney. Sincc the transient behaviour of such models
are determined by the steady-state behaviour of resulting equations, this section shall only examine the
uniqueness and existence of solutions to the steady-state problem. This problem involves three elliptic
equations which arc all coupled together in their boundary conditions. The approach taken in proving these
theorems differs from the approach discussed in the early part of this thesis and the problem differs slightly
as well.

The method used in this section may be generalised Lo proving existence and uniqueness to the
general system S,, B, and its corresponding steady state system S',,, 5‘,,.

6.4.1 The Artificial Kidney

An artificial kidney is a compact device that is that is worn by a patient and uses a replacement unit for
removal of nitrogeneous waste products from the blood. Within this device are micro-encapsulated enzyme
particlcs which consists of a layer of membranc and an inner urcasc solution. This particle membrane permits
the urca to diffusc through and into the ureasc solution but retains the urcasc because of the larger urcasc
molecules. Ammonia is gcnerated by the enzymatic conversion of urea and in turn reacts with the ion
exchange resins which are suspended in the urease solution. In addition, the urcasc solution may also contain
a small amount of activated carbon [or removal of uric acid and creatininc.

We shall develop a generalised model for the artificial kidney. The modcl applics as well to removal
ol other toxic uremic molccules, which is also of main concern of the artificial kidncy. Many carly modcls
(CHANG and POZNANSKY [68], VIETH et al. [292]) are mainly concerned with reaction and diffusion only
within the micro-encapsulated enzyme particles and are not concerned with what happens outside of these
particles. However a [cw modecls such as that of LEVINE and LACOURSE |168]) examinc the performance of
the whole artificial kidncy. These pcople also show that an artificial kidney of 10cm long is sufflicicnt to
remove 90% of the urea from the bloodstream.

In this work, predictive modecls for the artificial kidney arc developed. This model is similar to that
proposed for a fluidised bed biolilm reactor (SHE]l et al. [263], PARSIIOTAM et al. [226]). Howcver, for
the present modecl, the boundary condition [or the particles has a correction [actor to account for external
diffusion within the laycr of membranc. This diffusion within the membranc could be quite significant
(MCELWAIN [180]). Despitc this [eature we are still able to obtain unigquness and cxistence thcorems.
However, in this section, we shall develop methods for proving uniqueness and existence theorems that
dilfers from earlicr methods and appcars to be more suitable to this range of problems.

The modecl is developed by assuming Michaclis-Mcnten kinctics but [or the sake of uniqueness and
existence there is no additional difficulty in assuming thc gencral case where micro-encapsulated cnzyme
particlckinelics are monotone increasing and nonncgative.

6.4.2 The Artificial Kidney Model Formulation
The artificial kidney, the typical schematic is shown in FIG. 6.9, consists ol a compact device in which
micro-encapsulated enzyme particles (scc FIG. 6.10) arc in a {luidiscd statc.

The key processes of this system with uniform membrane thickness is:

(i) Urca transport through the artificial kidncy.
(i)  dilfusion within the microcncapsulated urcasc particlc membranc
(iii)  rcaction-diffusion within a singlc microcncapsulated urcasc particle
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Microencapsulated urease particle-Artificial Kidney Model Development

The mathematical model of the artificial kidney urca conversion process is divided into three submodcls. The
"Microcncapsulated urcase particle Model" is concerned with diffusion within the urcasc solution and urca
conversion by the microcncapsulated urcase particles. The "Microencapsulated urcasc particle membrane
Modecl" is concerned with diffusion within the urcase particle membranc. The "Artificial Kidncy Plug Flow
Modcl" is concerncd with the hydraulic plug llow transport of urca through the artificial kidney and is
cxternal to a microencapsulated urcasc particle. The three modcls arc coupled by urcase particle-bulk liquid
boundary conditions to yicld an overall modcl for urca conversion in an the artificial kidney.

T

Fi1G. 6.9 Artificial Kidney FiG. 6.10  Microencapsulated particle with urcase solution

The onc dimensional dispersion cquation for describing the urca concentration in the blood strcam passing
through the artificial kidney can be represented by

2
D%gib——u%—:m&L(S,,—xm]’:’ ) =0, (6.4.1)
A 4 mp

where Sy is the urca concentration in the blood strcam passing through the artificial kidney, s, is the urca
concentration in the membranc, D is the dispersion cocfficicnt, u is the velocity of blood flow, n is the
number of microcncapsulated particles per unit volume of [luid, A is the microencapsulated particle surface

arca, k. is thc mass transfcr cocfficient and Z the axial coordinatc.

The Reynolds number [or the present system is given by

d
R = E:P, (6.4.2)

where dj, is the diametcr, p is the density and p is the viscoscity of the microencapsulated particle and the

Pcclét number for this system is given by

P = (64.3)

1

ul
D
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with [ being the length of the artificial kidney. It is common to neglect the second order differential term in
(6.4.1) in the present system since the Peclét number for this system is often quite high (LEVENSPIEL (166,
p.275], LIN [170], SHIEH et al. [263]). However, we shall include this term in our model equations as there
is no additional difficulty for the purposes of uniqueness and existence theorems.

The urca distribution profilcs in both membranc and solution phascs arc cxpected to be different becausce of
different urea diffusion coefficients in these phases. Therefore, the urea balance in both phases can be

expressed as

d%s,, 28s,,,

D5+ 2 2m)=0, (6.4.4)
d*s 20s Vs

Dy(og+==")= P (6.4.5)

where s, is the urea concentration in the membrane and s is thc urca concentration in the urease solution, D,,
and D; are the corresponding urea diffusion coefficicnts, V,, is the maximum reaction rate, kn is the
Michaelis constant and r is the radial coordinates.

The boundary conditions are given by

%:0 az=1, (6.4.6)
pds
de =u(S,~Sp;) atZ =0, (6.4.7)
Dm%— D, g‘ m=lls  alr=ry, (6.4.8)
05, :
DM?IkL(Sb—Sm) atr = ' mp, (6-4'9)

where H is the partition coelficient between the membranc and the urcasc solution.

In dimensionlcss form, the equations (6.4.1) and (6.4.4)-(6.4.9) take the following form

1 J
= L }’M) 0 ina<x<l,0<z<]l, (6.4.10)
ox
1 0 2r9y ¥ .
o 0 ,0 1, 4.11
%5, % 5 = ¢F Ty in0<x<a,0<z< (6.4.11)
1 d*y ay :
EF___W/‘(Y Ym) in0<z<1,x=1, (6.4.12)
d d
Dm =y 2y =1y in0<z<lx=aq, (6.4.13)
ox ox
1
ym+%aay—’"—)’(z) atx=1for0<z<1, (6.4.14)
dy
o =) alx=0for0<z<l, (6.4.15)
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Y—-——=1 atz=0, (6.4.16)
P d:

dY

- =0 alz = 1’ (6.4.17)

at stcady-state the cquations, where the dimensionless variables arc

i=l yet y oim y. S , 2 (6.4.18)
Tmp Sb,i Szu Sb,i h
and the paramelers are
Sy ; V r2 kyr,
g, ot e D b =20 o W G P (6.4.19)
Top k = D ke Ul D, D
Equation (6.4.10) is lincar and can bc integrated to give
dy, 4
b/, R (6 6.4.20
L ( )
which is further integrated to give
Ym =‘ﬂ+02’ (0.4.21)

X

where c¢j and c; are constants of integration. Substitution of equations (6.4.10) and (6.4.21) into equation
(6.4.14) gives

‘% ]-— ¥ A (6.4.22)

x1-%%)' x(1-%%)

Ym=Col1+

The integration constant c¢; can be eliminated by inserting equations (6.4.10) and (6.4.22) into equation
(6.4.13) so that

g—}i= b, (Y —1y) alx = q, (6.4.23)
X
where,
%
9% = ; 6.4.24
o Yo (9h+ a(1-94)) ( )
From equations (6.4.13) and (6.4.20), we can show that
aym 2 ay
5 ax (6.4.25)

Therefore equation (6.4.25) can bc substituted into (6.4.14) which is substituted into cquation (6.4.13) so
that the original set of equations is reduced to the following set of equations

: ;(zgy ¢21+ﬁy n0<x<a0<z<l, (6.4.26)
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L&’ dy _ o, Oy

—— = in0l<z<l,x=q, (6.4.27)

# 42 @ x| i

%= Y4, (Y — Hy) alx=oa for0<z< 1, (6.4.28)
X

Q= alx=0for0<z<1, (6.4.29)

ov

Y _Lﬂ =] atz =0, (6.4.30)

P dz

a =0 atz=1. (6.4.31)

dz

We see that the boundary condition (6.4.28) has a correction factor to account for the external diffusion
within the microencapsulated urease particle membrane. We note that this problem reduces to the case
discussed in sections 6.2 and 6.3 in the limit as // tends (o unity and 9%,, tends Lo 9%.

For purposes of uniqueness and existence, we shall substitute equation (6.4.26) for the more general
equation

;12-%(;;2 %) = ¢ f(y) in0<x<q0<z<l, (6.4.32)

where the Michaelis-Menten term in (6.4.26) is replaced by an arbitrary function f(y) which is monotone
increasing, nonnegative and Lipschitz continuous with respect Lo y.

6.4.3 Uniqueness and Existence theorems

We have reduced three coupled elliptic equations to two coupled elliptic equations by solving (6.4.10) and
have obtained a system similar to that in section 6.2 and section 6.3. The system (6.4.26)-(6.4.32) is
nonstandard in the way that (6.4.32) is coupled 1o (6.4.27) via the boundary condition (6.4.28).

Although it may be obscrved [rom well known rcsults (e.g. HILTMAN AND LORY [126]) that for a
given a unique Y(z) there cxists a uniquc y(x, z), it cannot be assumed because of the coupled nature of the
equations for y(x, z) and Y(z) that Y(z) is in fact unique lor a given z. We therefore consider the one-
parameter family of solutions, y#(x) where y#(x) is a solution to the microencapsulatcd urease problem and
where g has captured the z. We shall establish a one-to-one correspondence between y,(x) and y(x, z). In
summary, we havc the following

Vze(0, 1], 3 Tu(2): yx, 2) = yu(x). (6.4.33)
Consider the following o.d.e. that is paramelriscd by height z

d
xizi(ﬁ%)z $2f(y,) in0<x<a, (6.4.34)

with the boundary conditions

Pug atx=0, (6.4.35)
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1 dyy,

T dx —+lly,=p atx=1,
m

(6.4.36)

and where y‘,(x) may be thought of as the family of solutions y(x) with given constant i and f is monotone

increasing, nonnegative and Lipschitz with respect to y, with Lipschitz constant K. We have the following

comparison results lor y,,.

Lemma 6.4.1 (Comparison Results)

Let y,(x) denote the solution of (6.4.34)-(6.4.36) and suppose that two functions Y, and y, can be

found so that the differential inequalities
%i(xzdi)s 02 f(¥,) in0<x<a,
dx dx H

hold with the boundary conditions

dyp
—2( 1x=0,
e at x

. —L +Hy 2l atx=
sm,,, d.x ”

and the differential inequalities

dy
. S d( & _#)>¢ f(y Yin0<x<a,
x2 dx

hold with the boundary conditions

dyl

e ) at x =0,

dx

dy,
—E iy < [ x =

SPA,,, dx L Rt A=
Then

YuSYuSiu-
Proof

From (6.4.34) and (6.4.37), we have

—fd—< 2—(2# “3uNZ 02 F(, )= 02 f ) 2m(y, ~ 3,

for m 2 0, since fis monotonc increasing. Hence,

(y " Yu)=m(y, — )20

From (6.4.35)-(6.4.36) and (6.4.38)-(6.4.39), wc have

(6.4.37)

(6.4.38)

(6.4.39)

(6.4.40)

(0.4.41)

(0.4.42)

(6.4.43)

(6.4.44)

(6.4.45)



6.4 UNIQUENESS AND EXISTENCE THEOREMS FOR A MODEL OF AN 198
ARTIFICIAL KIDNEY

%Q’# -yu)<0 at x=0, (6.4.46)
. 1 " <0 atx= 6.4.47
ma(l’#_yp))*' (2, =yu)<0 atx=a, (6.4.47)

implying by thc maximum principle that

Y, ~Yu <0 or - S Yg- (6.4.48)

In the same way from (6.4.34)-(6.4.36) and (6.4.40)-(6.4.43), we find that YuSYy- Combining thesc
results, we therefore have shown that the upper and lower bounds

YuSYuSYy (0.4.49)
are valid.

The equation (6.4.49) is a spccial casc of thecorems cstablished for clliptic equations by AMANN [S]. The
functions X, and y,, where . < ¥, are lower and upper [unctions of (6.4.34)-(6.4.36) respectively and so
there exists a solution y, of (6.4.34)-(6.4.36) wherc 7 SYuS Py

Lemma 6.4.1 implics a solution of (6.4.34) which satisfics boundary conditions (6.4.35)-(6.4.36)
must be unique [or if « and v arc solutions, we can lct Yu=u and Ju=v.lo {ind that u = v.

Thus given g is uniquc for a given z, then y, is unique. However, we cannot assumc that g is uniquc
for a given z and for that we shall nced the following lemma:

Lemma 6.4.2
Yu(x) is monotonically increasing in ptand is Lipschitz in pL.

Proof
Consider the equations Y, and y, with 4y 2 1, and where Yy, saltisfics the equations

1 d, ,dy
x—za(xzﬁ)—szf (0 )=0in0<x<a, (6.4.50)

with the boundary conditions

dy#l
— =) atx = 0, 6.4.51
atx ( )
1 dy,
< sty =m atx =1, (6.4.52)

and Y, satisfies the cquation

1.d

d
P E(Il—ii-z-)—qﬁzf(ypl):() in0<x<a, (6.4.53)

with the boundary conditions
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_d__f:z-=0 atx =0, (6.4.54)
y% z’iz +Hy,, =4, atx=1. (6.4.55)

Thesc cquations satisly the differential incqualitics

1.d o4y :
Fa(x’--ax’i'-)—q)z f(y,,)=0<0in0<x<a, (6.4.56)

with the inequalities in the boundary conditions

dy,

1020 atx =0, 6.4.57
atx ( )

—1 ——y"l +Hy, =1y 21 atx=1 (6.4.58)

Y% da Y ! 2 ’ e

and y,, satisfies the dilferential incqualities

1 d, ,dy , :
?a(ﬂ?&ly&f{yﬂz):uzo in0<x<a, (6.4.59)

with the inequalities in the boundary conditions

d

Dz _p< atx=0, (6.4.60)
dx
1 dy,

— dxl +Hy,, =l Sp; atx=1. (6.4.61)

and from Lemma 6.4.1, this implies that
Y, 2 Yy (6.4.62)

Hence yuis monotonically increasing in L.

To show that y,(x) is Lipschitz in £, we nced to only consider the case when 4 2 .
Let us consider the cquations (6.4.50)-(6.4.55) and look at the difference. Wc then obtain the
inequalities

d
x——(xz—(yyl =Y, )= 02 F (0, )+ 9% f(3,,) S0 in0<x< @, (6.4.63)

with the inequalitics in the boundary conditions

d
a()’p, Yy, ) =0 atx =0, (6.4.64)

1 d

g’Ta(yﬂl - y‘LZ ) + Il(y;ll - yﬂ'Z) =l — Uy 20 atx=1, (6.4.65)
m
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From thc maximum principle we scc that the maximum value f(or this problem is at the boundary x = 1 and
U1 — Mo 2 0 implics Yu, ~ Yu, = 050 that

IIy#] =iy < gy = ol (6.4.60)
Hence y,(x) is Lipschitz in pwith Lipschitz constant k = 1.1
Let us delinc the following [unction

. d
F()= %[ "% f(y, (x))dx= az% : (6.4.67)

x=qx

which is obtaincd from integrating (6.4.32) and applying the boundary conditions (6.4.29).

Lenumna 6.4.3
F(4t) is monotonically increasing in L and Lipschitz in L.

Proof
To show that /(1) is monotonically increasing in 4, we note that y,, is monotonically increasing in £,

Su(x) is monotonically increasing in y, and therelore /(i) is monotonically increasing in /L.

To show that /(i) is Lipschitz in £, we note [rom Lemma 6.4.2 that y,,(x) is Lipschitz in i . Therefore

NGO~ FO = 21 X2 f(3,)= 22/ (3, )l
=021 X2 (f o)~ £, N
<02 [CUe2(F(y)~ £ (3, Wdx
<92 IO~ £y, Midx
< quxj[;’ ly —,,+lldx
< ¢2KJ:IW—/,¢'IIdx
<oZaklp—pl
and F(u) is Lipschitz in g with Lipschitz constant k = ¢*K (1-o).J
Consider the following diffcrential cquation

= (1 in0<z<l,x=aq, (6.4.68)
P dz*  dz ()
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with boundary conditions

_tde o (6.4.69)
Fe dz

w_, alz=1. (6.4.70)
dz

F(u) is given by (6.4.67).

Lemma 6.4.4
The solution of (6.4.68)-(6.4.70) exists and is unique.

Proof

The existence and uniqueness of solutions [ollows from applying Theorem 2.6 of AMANN (8] given that
F(u) is monotonically increasing in £ and is Lipschitz in 1 [rom Lemma 6.4.3. This theorem will also
rcquirc that upper and lower solutions Lo (6.4.68)-(6.4.70) cxist and these can be constructed [fom Z# and
Yu in (6.4.37)-(6.4.42) and using the monotonicity of /() in (6.4.67).U

The equations (6.4.68)-(6.4.70) arc obtaincd from (6.4.27), (6.4.30)-(6.4.31) and wc may no longcr trcat i
as a parameter. Wc arc now justilicd in stating that ¥(z) is unique for a given z € [0, 1] and that there exists a
unique solution y(x, z) given that Z# and y, arc lower and upper solutions respectively and therefore yu(x)
in (6.4.34)-(6.4.36) cxists and is unique. Wc have shown that therc exists a solution of (6.4.27)-(6.4.32) if
there exists a solution of (6.4.34)-(6.4.36) and that there is a one-t0-one correspondence between the one-
parameter family of solutions, y#(x) and y(x, z). Furthermore standard results (HILTMAN and LORY [126])

may be used in (his casc (o show uniqueness and existence 10 the sysiem (0.4.20)-(0.4.31).

Conclusions and Remarks

The problem discussed in this scction differs somewhat [rom the problems discussed in section 6.2 and in
section 6.3. In this problcm therc is diffusion within the urease particle membranc. Literature suggests that
this diffusion within the particle membranc could be quite significant. This problem involves three elliptic
equations which arc coupled in their boundary conditions and thesc equations are reduced Lo two equations
which arc coupled in their boundary conditions by solving a dilTusion cquation within the microencapsulated
urcase particle membranc.

The method of proving uniquness and cxistcnee (heorems diflers [rom carlicr chaplters. In this scction
wc prove uniquencss and cxistence thcorems by cstablishing a onc (o onc correspondence between v rea
transport through the artificial kidney and reaction-diffusion within a single microcncapsulated urcasc
particlc.

This method of proving uniqueness and existence also makes good use of the derivative term in the
right hand side of (6.4.27). This term may not be expressed in a lincar form by making usc of boundary
conditions as was donc in scction 6.2 and in scction 6.3 and therefore our delinitions of upper and lower
solutions in section 6.2 and scction 6.3 would not be the same for this problem. Howcver, this method of
proving uniquncss and existencc demonstrated in this section can still bc uscd in proving uniquness and
cxistence [or the problems in scction 6.2 and in scction 6.3 and may be gencraliscd to proving cxistence and
uniquencss Lo the genceral system S, B, and its corresponding steady state system ?,, é,,. It also providcs us

with bounding solutions.
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Nomenclature

A The microencapsulated particle surface area - typically 400cm?

D The dispersion coefficient, u is the velocity of blood [low -typically 10-5cm2sec-!
D,,  Ureadiffusion cocl[icicnts in the membrane

dp, The diameter of the microencapsulated particle - typically 5x10-5m

D Urca dilfusion cocfficicnts in the urcase solution

kr The mass transfcr cocfficicnt

kim The Michaelis constant and r is the radial coordinatcs.

l The length of the artificial kidney

n The number of microencapsulated particles per unit volume of [luid - typically 105 ¢cm-3
Fe Peclét number - typically 450 for / = 10cm

rmp  microencapsulated particle radius

T microencapsulated particle radius with urcasc solution

Re  Reynolds number - typicaily 0.05

S The urca concentration in the blood stream passing through the artificial kidncy,

5 The urca concentration in the urcasc solution

u The velocity of blood flow - typically 0.1 cm sce™!

Vom The maximum reaction rate

Z The axial coordinatc.

Greek letters

ratio of microcncapsulated particle radius 1o microencapsulatcd particle radius with urease solution

dimensionless Michaelis constant given in (6.4.19)

Thiclc modulus given in (6.4.19)

paramcler given in (6.4.19)

The viscoscity of the microencapsulated particle - typically 0.012g cm sec™!
The density of the microencapsulated particle - typically 1.2g cm=3
parameter given in (6.4.19)
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6.5 A Fluidised Bed Biofilm Reactor (FBBR) Model Involving Multicomponents

In this section, we bring theory into focus by setting out the equations for a tubular (luidised bed biofilm
reactor (FBBR) problem of applied intercst. The bioparticle rcaction kinetics involve three chemical
components, a substrate s such as phenol or nitrogenous wastes which needs Lo be converted to harmless
byproducts, oxygen o, an active ingredient which helps [acilitate the reaction kinetics and a product p which
lincarly inhibits the rcaction kinctics. The [irst two components s and o have rcaction functions of Michaelis-
Menten character. The linear product inhibition term is discussed by LEVENSPIEL [167].

6.5.1 Model Formulation
The equations govcrning bioparticle kinctics arc similar Lo those given in HOSSAIN [132] where they are
expressed in dimensionless terms as follows:

0
?‘:‘ - dlvzs - _¢l2f("'! o, P)
80 2
o ~dyVio=—93f(s. 0. p) (6.5.1)
ap
E ~d3Vip=92f(s, 0, p) in (0, T|x2xA,
whcre
- (1-p) ifs, 020, p<1
fGs, 0, p)={1+pys 1+ﬂ20 (6.5.2)
0 ils,0<0,p>1,

with boundary conditions

ds do odp
an = —a'; = % =0 on (0 IJX&QIXA (6-5-3)
os do dp .
—=YK(S~-5), —=Ih(0-0), =—=J4(P-p) on (0, T|xIE2,xA, (0.5.4)
on on on

and initial conditions
s(t,x,z2)=o0(, x,2) =1, p(t,x,2) =0in QXA al(=0, (6.5.5)

and wherc A is the interval (0, 1). The cxternal or bulk [luid concentrations S, O and P are given by the

following equations

z——-—-——+—+c§_[ L .
H Pt Iz o, gn

J0 la’-() 8()

o= 6.5.6
Z o P 9zt 62-[39: 8:1 ( )
oP 1 9*P P
om0 m O T

with boundary conditions
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1 9 1 90 1 P

e O p-LC _oa =0,1>0,
§ P 0z e % 0z P 0z i >
9800 b s aalim. B

dz Jz 0z

and initial conditions

S(t,2)=0(1,2)=1,P,z2)=0in A att=0.

204

(6.5.7)

(6.5.8)

(6.5.9)

We see thal f{s, o, p) is monotone increasing in s and o and monotone decreasing in p. Therefore, in (6.5.1),
—¢12f(s, o, p) and —¢22f(s, o0, p) arc monotonc dccreasing in s and o and monotone incrcasing in p and

¢32 f(s, o, p) is monotone incrcasing in s and o and monotone decreasing in p.

By leuing ¢y =5, Cy =8,c3=0,C2=0, ¢c3= 1-p and C3 = 1-P, the associaled concentrations c1,

c2,¢3,C1,C2,Csinf;and F; are given by

2 1603
—; for ¢, c;20,c3<1
"+ B+ Bacy)
0 for ¢, ¢y, 3<0
filey, €3, €3) =4 e
—¢? 12 for ¢3 21, where i#3
(1+ Bie))(d + Bycy)
0 for ¢y <0, where =3,

where f; is monotone decreasing with respect o ¢y, ¢ and ¢3. Also, we see that

Fi(Cl 06296‘ 1') EO'

In dimensionless terms, the biorcactor model equations for t > () are

‘;C ~diV2%¢;= fi(c;) in (0, TIxE2xA,
8_c,~_=0 on (0, 7')x0621x A,
on
de; -
- =9%4(C;—¢;) on (0, T|xIE2xA,
aC;, 1 9°C; ac
ZT—'? % § '[(7!2 —n-O in (0, T|xA,
C; —éaa—i—lalz-o (>0,
aC;

—t=0altz=1,1>0,
0z

ci(t,x,2) =1in 2xA aLt=0,

Cit,z)=1in A aLt =0,

(6.5.10)

(6.5.11)

(6.5.12)

(6.5.13)

(0.5.14)

(6.5.15)

(6.5.16)

(0.5.17)

(6.5.18)

(6.5.19)
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6.5.2 Uniqueness, Existence and Stability
We study the stability, uniqueness and existence of solutions of this system by [ollowing the path outlined in
Chapters 3-4. The comparison functions for ¢y, c2 2 0,c3 < 1 are:

6‘;, —-dVig < fien @2, 6) = -7 a +ﬁé:§§i Bat2)
%ETI ~di\ViE 2 F,(@, ¢ ¢3) =07 1+ ﬁ;:)g(zlgj Bacs)
%-dﬂig < £, 6. &) =93 (1 +ﬁ1;_:)£(2163‘ﬂ222)
85,2 ~dy Vi 2 foler G ¢3) =93 (1 +ﬁ1i§§1£i‘ﬁ252)
%ﬁl ~d3Vcs S £,@ T, €3) = ~93 a+ agifi Bat2)
a; d3V2e; 2 F1(cy, ¢y0 T3) = —03 a +ﬁlz:;(21Fiﬁ252)

with the following inequalities in the boundary conditions

i <0, %5 0 on (0, TixdK2xA,
on on

%‘-‘; SSh(C;-¢;), 95 > J4(C; - ;) on (0, TIXOSHXA,
on on

and the following incqualitics in the initial conditions

c,(t,x,2) <1, Gt x,2) 21 in QXA att=0.

Note that ¢; arc uncoupled [rom €; for cach i = 1, 2, 3. The comparison [unctions for Cy, C2, C3 arc:

aC, 1a2c1 &'c1 H dc
1

x ol ~.% 0z° 0z T <0
oC; 1 9*C acl 9
gl £ Zixg
81 P 0z él-[tmz on

. &<

% A az2 &2)o0, 5
oC, 1 9°C, ac2 vt %5,
o P Ii? Y on
C; 1 3203
Y 283 ¢

5 "R o ‘§3Jaa2 i
dC; 1 9°C, oG, 0ty
L N A 2 2] %350
P02 o +§3‘[3-Qz Bh

with the following incqualitics in the boundary conditions
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‘_l£< ,E‘_LQZIalz=0,l>0,
- & 0z F 0:
aC.
a;z‘s(), 0;62‘ 20az=1,1>0,

and the following incqualitics in the initial conditions

Ci(t, 2)S1, Ci(t, )2 1in A atr=0,

foralli= 1,2, 3. Note that these equations are all uncoupled.

From Theorem 3.2.12 (Gencralised Strong Comparison Theorem) we see that for i = 1,2,3,
¢; = C; =0 are lower solutions and ¢; = C; = K; > 1 are upper solutions for constants K; so that ¢;=C;= 0
and C; =C K; 21 on dA; provide bounds lor ¢; and C; since the functions f; are negalive.

Moreover, ¢; = C; =0 and ¢; =C; =K; 21 are also lower and upper bounds respectively, of the steady

statc problem and so by Thcorem 4.4.1, il ¢y, ¢2 and ¢y arc solutions ol the system (6.5.12)-(6.5.19), then

or
a5 0 35 0
o'’
and
P P,
o’ o

The solutions s, o, § and O therefore decrease monotonically with time and the solutions p and P therefore
incrcasc monotonically with time towards a positive limit which must be a stcady statc solution of (6.5.12)-
(6.5.19) by Theorem 4.4.2,

The system S3, B3 is imbedded in the system S¢, B¢ where inequalitics in the above comparison equations
arereplaced by equalities.

Leuting v; =C;, V; = C, and v3,; = —¢;, V3,; = —=C; fori = 1, 2, 3 and seuing f* = f,, F* = F,
fii= —_f‘. and I3, = —F; for i = 1, 2, 3, we obtain the following monotone system S¢, Bg :

(;,, ViVeV,
M ™ 2 VivsVg
Vv = f] (V1aV) =i (1 +ﬁ|v1)(1—ﬁ2"5)

at
aV 2 V4V2V6
~dyVavy = f3 (V),..96)=—¢3

8 (1=Byva)1+B,v)
av VaVs V-
—2—d3Vivy = f5 (v, BB
&ssﬁld%wmw
3 VgVoVs
-dyV?2 praly
= wa=fi(v ¢‘ (=P )1+B;v7)
o . 62 Yi¥sVs

—j——dﬁi Vs = f5 (VssVg)=—

(1 +Pvi)(1-Pvs)
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2% ~d3V2ve = fg Voo =93 ——12%
ot (1+Bv)(1+B,v,)

v, 1 9%, av1 v

= 2L =g
e ]

3! “® 02 2Jaq, Hn

vy 1 9? Vi, av3
x_ét_ P 022 CJ' I 811

Ny 1 32v4 av4 vy _

R ]

(9\’5 1 (92‘/5 3‘5 aVS_
X o P 0z 52-[902 on

N N , 3"6 96
X o P 0z §3Jr7ﬂz on

where vy is uncoupled from vg4, v is uncoupled from vs, and vy is uncoupled from vg. These have the

appropriate boundary and initial conditions. The matrix 6'/:' is given below
avj
~ptvsve 0 0 —givivs —pivivs
(1+Bvp) 2 (1-Byvs) A+Bvy)(1-Bavs)? (1+Byv)(1-Bavs)
~P3vave 0 —2vyvg 0 —p3vy,
(1Bva)(1+B2v2) (1-Bvs)2(14+B,v;) (1Bv4)(1+B,v2)
0 0 —93v4vs ~3vsvs —3vavs 0
(1-Bva)1-Bavs) (1Byva)*(1-Byvs) (1-Byva)(1-Bovs)’
—¢tv,vs —ivev, —piv,v3 0 0
(1Bwa)(1+Bv2)* (1Bwa)(1+Byvy) (1-1v4)> (1+,v,)
~93vsvs 0 ~ @3 vs 0 — v 0
(1+Byw)* (1-B,vs) A+Byvy)(1-B,vs) (14+B%)(1-B,vs)?
—93vyv —93vv 0 0 0 —p3v1vy
LA+B1)2(1+Byv2) (4Bv)(1+B5v,) A+By)(1+B,v,)

with matrix a;; of the lincar cquations P(¢€) of the [orm:
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4 2 2
i i
0 0 0 0
(1+8y)  (1+f))(1+B;)
0 0 0 T SR . .
(148,) (1+B,)(1+3,)
2 2
0 0 0 05 05
) , (1+8;) (1+By)
9 i
0 0 0
2 (1+8y) (1+ﬁ1)(21+ﬂz)
¢2 0 ¢2 0 0 0
(1+g2) ) (14B,)(1+3;)
0 0 0 0 0
(1+B,) (4
or
0 o ¢
5 (1+py) (1+ﬁ1)(21+ﬁ2)
0B | # 9
(BO)’ where B=| s 0 s (6.5.20)
93 4 0
(1+83)  (+py)

and V; are all uncoupled fori=1,.., 6 and

Ajj=0.

Itis clear that fi(c)) satisfics the Lipschitz and Holder properties required in assumptions (H;) and (Hp) for
c1,¢c220and c3 < 1. By Remark 3.4.7, these continuity propertics also hold by extending the function in
(6.5.10) to all defined values of ¢y, ¢2 and cs.

We may apply Theorem 3.3.1 (Gencralised Uniqueness Theorem), Theorem 3.4.1 and Theorem
3.6.1 (Gencralised Existence Theorem) to show that there cxists a unique solution to the system (6.5.12)-
(6.5.19).

We now study the stability of the system Sg, Bg . If we seek functions (w, W) satisfying the system P(g) for
which all the w; components arc cqual 10 w, a positive scalar, then the incqualitics (3.5.12)-(3.5.14) arc

satisfied if we can find w > 0 satislying

VZp+AWw<0in 2x A for A2(e+Y,a;)/ d; forall i, (6.5.21)
} j

a—wz 0 on d€21xA, (6.5.22)

on

dw =

a—Z '}’(W— W) on ()f)z)(/\, (6.5.23)
n

where
W2 W, forall i (6.5.24)

and
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y= s“pT (6.5.25)

The equations [or (3.5.15)-(3.5.17) are likewise satisfied by W, = W, il we can find W> 0, satisfying

2 117

Lég w dW Ww<0inA, (6.5.26)

P

4 dW

W——=—"2>1 at z=0, 6.5.27
& d: L= ( )

g >0 atz=1, (6.5.28)

dz

where
§=sup&,;. (6.5.29)

These scalar equations for w and W uncouple if we set

w=0(x)W(z) (6.5.30)
so that

V20420 <0 in £, (6.5.31)

8_6 >0 on 0€2, (6.5.32)

on

& 2y(1--0) on d§2. (6.5.33)

on

and W satisfics the scalar cquation

1 d2W  dW ~ R

el gmmg(jmi B)W <0 in A, (6.5.34)

~ 1 dW

W——=—"">latz =0, 5.
7 g 2l (6.5.35)

W oaz=1. (6.5.36)

dz

Now 4, given by sup (Za )/d;, depends on the square ol the bioparticle sizc and positive 8 solutions for
cquations (6.5.31)- (6 5. 33) cxist for small cnough A.
In the casc of large Péclet number %, where the macroscopic system is convection dominated, the w

cquation has a solution

W =%k, (6.5.37)

for some constant @, il the [ollowing conditions are mct

1
—K2-K+u<o0, 6.5.38
7 7 ( )

e

where
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pze-&sr+¢€ [ 0. (6.5.39)
o0,
Note, K real and positive exists satislying (6.5.38) if % > 441 At z = 0, W must also satisfy

W- 1) —%[1-—1 e (6.5.40)
P d:
This requires % > K and € large enough. Thesc conditions are met with K=2u, where % > 411, We
conclude that all solutions of the system (6.5.1)-(6.5.5) are stable and there is no more than one steady state
solution when the following two conditions hold:
For the given geomctry of €2, the boundary valuc problem (6.5.31)-(6.5.33) for 6 has a positive
solution. This will be the case if A < A, where 4 is the smallest eigenvalue ol problem

V26" +2,6" =0 in Q, (6.5.41)

L - 0821, (6.5.42)
n

&; =y(1-6") on 9¢2. (6.5.43)

The [irst requircment is then that

Ay >sup (Y a)] d;. (6.5.44)
S

If A < Ay and the function 6 satisfics (6.5.31)-(6.5.33), and pq is given by

a __é 90 _ &4
”O_éjaaz(o - Jaa,_ y Jo B (6.5.45)

the second requirement is that

9"a>4;40=4€—/1 6. (6.5.46)
Y [0}

We therefore have stability and uniqueness for the system (6.5.1)-(6.5.5) for small cnough particles and high
cnough Péclet number, .
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6.6 A Continuous Stirred Basket Reactor (CSBR) Model involving Multicomponents
In recent years there has been considerable interest in the possibility of using immobilised enzymes as
industrial catalysts. These cnzymes arc usually trapped in or attatched to watcr-insoluble supports by a
variety of methods. In the following example, a general modcl is devcloped for the study of an enzyme
reaction inside such porous support pellets contained in a Continuous Stirred Basket Reactor (CSBR). The
cnzymc reaction kinctics we shall look at in this scction involves three chemical componcnts, a substratc s
which is converted to a product p under the action of immobilised cnzyme, e. The porous support pellet
permits the substrate s and product p to move in and out of these pellets but retains the enzyme e because of
the larger enzyme molecules. The bulk fluid therefore involves only two chemical components, bulk
substrate Sp which is introduced into the reactor as a stcady low and bulk product, P, which is produced in
the reactor.

This example is found in literature (HOSSAIN [132]) and we shall study the question of uniqueness
and existence to the time dependent problem using methods developed in this thesis and adapting the theory
to reactors such as the CSBR. The objective is to look at the following arbitrary kinetics:

i) Michaelis—Menten type reaction kinctics,

(ii) substrate inhibition (non competitive or anticompetitive) Lype reaction kinetics,
(iii)  product inhibition (competitive) type reaction kinctics,

(iv)  product inhibition (non compctitive or anticompetitive) typc reaction kinetics,
(v)  zcroorder kinctics.

6.6.1 The Continuous Stirred Basket Reactor (CSBR)

The Continuous Stirred Basket Reactor (CSBR) consists ol a cylindrical vessel in which il is essential Lo
have perfcct mixing of the contents. The clfect of good mixing is that all clements of the fluid in the vesscl
have virtually the same composition. The liquid motion is induced by mcchanical stirring. The result is that
porous support pcllcts contained in the CSBR circulate in a somewhat haphazard manner that characterises
the CSBR. A schematic of a CSBR is given in FIG. 6.11.

IF1G. 6.11 Schematic of a Continuous Stirred Basket Reactor (CSBR)
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6.6.2 The Continuous Stirred Basket Reactor (CSBR) Model Formulation

The mathematical modecl of the CSBR is divided into two submodcls. The "Support pellet Model” is

concermned with reaction and diflusion within a support pellet and the "CSBR Model" which is concerned

with bulk fluid concentrations within the reactor. We make the following simplifying assumptions

Model Assumptions

The porous pellet is spherical and uniform in size

The effective diffusivities of the substrate and product within the porous pellet are constant
The volumc and the density of the reacting medium within the porous pellet are constant
The reaction kinetics within the porous pellet of the main reaction is arbitrary

The process within the porous pellet is diffusion controlled

SN W AW =

The bulk [luid is perfectly mixed

The equations describing the concentrations of intrasupport substrate and product, active enzyme

concentration are

ds 14 (2 ds

p o = Desz; E)_ kppf(s, p)e(r, 1)
ap 1d ,0p .
SPE=DePr—2;(r ;)‘f‘kppf(-ss p)e(r1 ’)
de

— = —kyf(s, ple(r, 1)
ot

with boundary conditions

ds _dp _ _
> o =0atr=0,
ds
De E‘-zkms(Sb—S) atr =rp,
D, (9[): mp(Fp = p) aLr =rp,

ep ;
and initial conditions

$(0, r) = so,

0, r) =0,

e(0, r) = eg(r).
The bulk concentrations ol substate and product in the CSBR arc given by

ds,

m, 3 Js
—b=F(Sg=8p)-—L=(Dp=—| )
d r( 0 b) pp ’p es (9!‘ =
dpr, my, 3 0,
—bz—F;,Pb—_P_(Dep—p )1
de s, or rov,

and initial conditions

(6.6.1)

(6.6.2)

(6.6.3)

(6.6.4)

(6.6.5)

(6.6.6)

(6.6.7)
(6.6.8)

(6.6.9)

(6.6.10)

(6.6.11)
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Sp=Spiatt=0, (6.6.12)

Pp=0atr=0. (6.6.13)

For the five kinetic expressions mentioned earlier, f{s, p) has the following form:

.

: Michaelis—Menten type kinetics

K. 45

. substrate inhibition (non compctitive) type kinetics
[(s+K,,)(1+5/K;)]

g

(s,p)=+ roduct inhibition (competitive) type kinctics
f(s,p) 1K (14 p/K)) p p ) Lyp
product inhibition (noncompeltitive) type kinetics

(s+ K1+ p/K;)]
1 zcro order kinctics

for s, p 20 and
J(s, p) =0,

fors,p <O.

It may be obscrved that in the case of Michaclis-Mcnlen type kinclics f(s, p) is monotonc incrcasing with s
and independent of p. In the casc of substrate inhibition (non compctitive or anticompetitive) type kinetics
f(s, p) is concave down, has a maximum positive value, is independentof p and is zcro when s is zero and
when s is very large. In the case of product inhibition (compctitive) typc kinetics, f(s, p) is monotone
increasing with s and monotone decreasing in p. In the case of product type inhibition (non competitive or
anticompetitive type) kinetics, f(s, p) is monotone incrcasing with s and monotonc dccreasing in p. Zero
order kinetics is of coursc independent of both s and p.

It may also be obscrved that this model with constant flow rate F,, is a limiting case of the more
general model developed in Chapter 2 which involves the convection operator u-V . Consider, for example
the following equation:

IS,

S VS, (6.6.14)

where the spatial averagc is defined as

5,= %J'Sb(r,z)dl’. (6.6.15)

Diflerentiating (6.6.15) with respect to ¢ andlapplying a result from Gauss's Theorem (RUTHERFORD (253,

p.77], we obtain

ds,
t

1 ¢3S | " "
'-(-‘1-— = FJ.T:J(“/ = FJ.N * VdeV = -‘7-[ VdeV = -‘; ijHlJS =u-n. (6.6.16)
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In only one variable, therefore

dditb = UAGS = So: (6.6.17)

where §; is the inlet concentration and Sy is the outlet concentration and A is the reactor inlet surface area.
Herc 1A = F, with the units m3 sec-!.

The methods developed in this thesis [or proving uniqueness, existence and stability theorems [or
more general type equations with a convection term may therelore be adapted to problems where there is a
constant flow rate of substrate into the rcactor such as that found in our model of thc CSBR. For the
purposcs ol mathematical convcnience, the terms F,(Sg—Sp) and —F,P, may bc considered to be reaction
terms in the bulk fluid as therc is no convection term involved.

Nondimensionalisation ol the above governing equations leads (o the following equations

%CTL - ;‘T_;;(x?-%) = —02h(c), cp)c3(x, ) for 0<x <1, 7> 0, (6.6.18)
x

3_012_1281()(2 %) = 0*h(cr, cdea(x, T) for 0 <x< 1, 7> 0, (G510
x° ox X

()(33 2 u

=2 =92, c)ey(x. T) for 0 <x< 1,70, (6.6.20)

%%ca(l—q)—N% for 7> 0, (6.6.21)

X Ix=1

dc . N )

d—f: -aC, —E—a—;—x:l for >0, (6.6.22)

%:%%=0 atx=0,7>0, (6.6.23)

dey _ p. ;

o Bi(Ci—¢) atx=1,7>0, (6.6.24)

8(32 3

'$=BIP(C2—C2) alx = 1, T> 0, (6.6.25)

(0, x)=ciplorO<x<, (6.6.20)

c(0,x)=0forO0<x<1, (6.6.27)

c3(0, x) = c3px) for 0 < x < 1, (6.6.28)

C1(0) = Cy0, (6.6.29)

C2(0) =0, (6.6.30)

where,
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L Michaelis— Mcnten Lype kinetics
1 +/3C|
e s substrate inhibition (non competitive) type kinetics
1+ Be)(1+ )
h(cy, ¢3) =1 S — product inhibition (compctitive) type kinetics
Pey + 1+ ¥e3)
T S——" product inhibition (noncompetitive) type kinetics
(1 + ﬁcl)(l + 762)
1 zcro order kinctics
for c1, c22 0 and
h(cy, ¢2) =0 for ¢y, c2 < 0.
The parameters are
20 1
a_:rpepﬂ ﬁ:S_o i, w55 oo €pS0ky N=3(mpf,op)sp. (6.6.31)
D Ky D,, K; Ppkén |4
kT, k.t
Bi=—"F, Bi,=-—"F, (6.6.32)
Dt.f Dﬂp
Also,
keyp ,r
pr=—2r (6.6.33)
De.rs(}
for zcro order kinctics and
kegp r2
92 =—2LP (6.6.34)
DESKH’!

for Michaelis—Mentcn, substrate inhibition (non competitive or anticompetitive) and product inhibition

(competitive and non compctitive) type kinetics.

The variables are

D,
O (6.6.35)
'p P Ep
] ) g S co(r) . Sy
a= ‘ s cz=£, c3=_(—, Cl'—‘_b, C2=—b, Cl,0=—01 ok I _"0_( ) Cl,o =£v (6.6.36)
SO SO € 00 SO SO € SO

where the nondimensional enzyme concentration is scaled with respect (o the mean initial concentration,

which is defincd as

e = %J{;’ rley(r)dr (6.6.37)
»

and in nondimensional form it bccomes

3 J;xzclo(x)dx =1. (6.6.38)
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6.6.3 Uniqueness, Existence and Comparison Results
We study the uniqueness and existence of the system (6.6.18)-(6.6.30) by following the path outlined in
chapters 3—4. The comparison [unctions for C} and C are given by:

€1 < a1 gl)—NﬁL , (6.6.39)
dt X x=1

4G, =~ .0

> e0-C)-NZY | 6.6.40
i (1-G) 2l ( )
—2<_qC,~—2%2 6.6.41
dt =2 5 ox ( )
L, U (6.6.42)
dt 6 3x x=1

and the comparison functions for cy, ¢ and c3 depend on the arbitrary kinetics considered. In the case of
Michaelis—Menten type reaction kinetics the comparison [unctions for ¢y, ¢z and c3 are given by:

%% AR e,
—— -l ‘-}a S0l
ac; ¢zl_£3_1_63(x,r),
R T

In the case of substrate inhibition (anticompctitive or non competitive) type rcaction kinetics the comparison

functions for cy, ¢; and c3 arc given by:

dey 1 Zacl [
ot 23):( )< ¥ (1+[3£1)(1+Tr_:.)c3(x’r)’
Jg 1 9 Za'fl 3l .
g w Gl v A+Be gy 2™
ﬁ_i 3 25(‘2 < h2 : 4] 3
B S @ e e A
1
%_xia( 2(?;: * z_ﬂT_ﬁ;—rE-‘(x’ﬂ’
] (H@?)(H:\lﬁf)
@5_‘32 Hﬁ? ——c3(x,7),
T (14=a=)(1+=L=)
VBr ™t By
%> T 4| 6
gz - e i e 1e)” U Ba)ir )
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In the casc of product inhibition (competitive) type reaction kinetics the comparison [unctions for ¢1, ¢z and
c3 are given by:

de

1 ( 2(;(.'])< £

R R L,
P e e EL
%_ : i(nggé)s‘ﬁzﬁfﬁ(?""ﬂz)_s( Pl
%%_%;r( 2552)>¢2mc3(x,1‘).

L T S W Y NP

Bey+(1+763)

In the case of product inhibition (anticompelitive or noncompctitive) type reaction kinctics the comparison

functions for ¢y, ¢z and c3 arc given by:

?Jrr‘ }]T;x ""2???“ ma‘('t‘ﬂ '
i T e
¥R e )
%—: "fax( 295, o"x) ¢? WC;(LT).
e R

B o S

In thecase of zero order kinctics the comparison functions for ¢, ¢z and ¢3 arc given by:

9o _
ot

9

at

aCZ
at
o

ot

963 ¢

T

(96‘3 2 2
aT =5

1 d

0
et “')< 0753 (x,7),

19, ,0¢
750 2 ‘)> ~9%cy(x,7),

_fax( 2'3"2)<¢2 J(67),

§ d

S 2‘9”2)>¢ A1),

‘I’ ¢3(x, 1),

c3(x, 7).
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The incqualitics in the boundary and initial conditions arc

de, dey <

“E1 6.6.43

o 0atx=0, ( )
& &2.}0 atx = 0 (6.6.44)
dx’ ox

98 < Bi(C 1), SEL<B(Camgy) Bt =1, (6.6.45)
E si=] &l I p\=2" =2

a5, cn BB s o

—L>Bi (C,-5), 2Bi,(C3-C)atx=1, (6.6.46)
ox ox

Q|(0| X) < C|.U’ E{ (U, x)2 CLU (6.6.47)
¢,(0, x)<0, ¢;(0, x) 20, (6.6.48)
¢3(0, x) < c39(x), c3(0, x) 2 c3(x), (6.6.49)
C,(0)<Cy, C(0)2Cyp, (6.6.50)
C,(0)20, C5(0)20. (6.6.51)

In the case of Michaclis—Menten, substrate inhibition (non competitive or anticompetitive) and product
inhibition (competitive and non competitive) type kinctics, we scc that the comparison functions for ¢y, ¢2
and c¢3 arc all coupled in some way.

In all cascs we also sce that the nonlinear rcaction functions arc monotonc increasing in some of the
variablcs and monotonc dccreasing in all other variables. From scction 3.4 we scc that all these systems may
be madc into quasimonotonc nondecrcasing systems (with incqualitics replaced by cqualitics) by the
substitution v; =g}, vs,; = —¢; fori=1,2,3and V,= C,, V,,;= -C; lori= 1, 2.

Howevecr, rather than defining upper and lower solutions for this ncw monotonc system we may still
definc coupled upper and lower solutions of our original system. These as we have scen in scction 4.3 [or
the time independent problem can also give us uniquencss and cxistence results.

In the casc of Michaclis—Mcntcen, substrate inhibition (non competitive or anticompetitive) and
product inhibition (compctitivc and non compelitive) type kinctics, we shall take ¢y =c, =¢3=C,;=C, =0 as
lower solutions and look for upper solutions in terms ol these lower solutions.

In the casc of Michaclis-Mecnten type reaction kinctics the only difficulty is to lind functions ¢;, ¢, and c3 that

satisly the incqualitics

651 1 9 28(.| >

. 0,

aT 23.1:( )

5 50 zafz

e e ﬁ-°3(”)
9% 5.

JT
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In this case we may choose
— 3 2 K =
= C1=K1,C2 2—¢ 3l C3=C3=K3,
1+ ﬂKI)

where K and K3 are positive constants satisfying

Kl 2 max IC],O! 1, CI.O} and Kg 2 C3,0-

In the case of substrate inhibition (non competitive or anticompectitive) type reaction kinetics the only
difficulty is to find functions ¢;, ¢, and c; that satisly the inequalitics

9 19 595,
ot EE =10,
ot x* 6'x( x)
1
952 ) (9 2(9C2 2 W
B ( ) C: ( ’T)a
9t x2ox" ox ¥ (1+__.__B )(HT) 3
dc,
—=2=0.
at
In this case we may choose
=
E]= EI=K|’EZ=EZ=¢2 ] J‘B_I KJI,E3= E3=K3,
+
(+ 0+

where Ky and K3 arc positive constants salisl‘ymb

Kl 2 max [C]'D, l, CI.U} and K3 > C3.0.

In the case of product inhibition (compctitive) type rcaction kinctics the only difficulty is to find functions
€1, C; and 3 that satisly the inequalities

ﬁ_ 1 23(31 >

ot ( ) 0.

@_y 25

T x ax( ) o* pc l+(1+yr2)c‘()"r)’
853>

—=20.

ot

In this casc we may choosc
G= C=K;, &= C3=Kj,

where K and K3 are positive constants satis[ying
Ky 2max (¢, 1, o) and K32 ¢y,

and the only difficulty now is (o [ind ¢, satislying

@_ia( 2@);;‘;,2 o

>t K
ot x*ox ox BK, + (1 + 95,)
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However, since
2 K,

—__K3
BK, +(1+ 7c3)
and

__C?_(¢2 K, . 9*K\Kyy
ac,  PBKy+(1+75,) ([)'K1+(1+}/c2))2

are uniformly bounded, we are assured that upper solutions ¢, exist and may be constructed (PAO [222]).

For example, we may take ¢, = 62 =Ae®! | 50 that
K,
BK; + (1+ yAeR")

wherc A is determined from the boundary condtions and R can be choscn large cnough.

ARI> 2

3:

In the case of product inhibition (non competitive or anticompetitive) type rcaction kinetics the only difficulty
is to find functions ¢, ¢, and c; that satis[y the inequalities

@_La( zc?cl}>0

ot
diy 6 9 298 42 @
ot 7r9x(x r?x)‘¢ (1481 + ¥5,)

E](X’ T),

803
20.
ot

In this case we may choosc
G= Ci=K, B= C3=

where K and K3 arc positive constants satis(ying
Ky 2max (¢, 1, Cy o) and K32 ¢5,

and the only difficulty now is to find ¢, satislying

9oy 89,206, K,
2= —(x*=2)2 K
= 2n- mlr (1+ BKy)(1 + 12,)

Howevcr, since
K
2 1 — K,
(1+BK )1+ 723)

and

9_(4? K K,)= ¢°KiKyy(1+BK,)
90 (A+BK)A+95) > (1+PK)(1+95)°

are uniformly bounded, we arc assurcd that upper solutions ¢, exist and may be constructed (PAO [222]).
For example, we may lake &, =C, = Ae® 5o that

K,
(1 + K, + yae™)

where A is determined from the boundary condtions and R can be chosen large enough.

A Rl ¢

3?
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In the casc of zcro order kinctics we may lake ¢, =c¢3 =C, =0 as lower solutions. The only difficulty is 1o
find functions ¢,, ¢}, ¢, and €5 that salisly thc incqualitics

f;';' —‘fi( 220 < g%, (x,1),
&E:', 1 2 r?cl >

et 0,

ot x* r?x( }

%E?z‘i . a‘"z)wz &(x.),

9C3 5 _ 42
—2—0*03(x, 7).
T 3
In this casc we may choosc
€= E] =Ky, ;3= 63=K3'
where K and K3 arc positive constlants satisfying

Kl 2 max {(.'1.0, 1, C],OJ and K3ZC3.U‘

and the only dilficulty now is to find ¢, and ¢, satislying

de, 2 ¢9c] et

i g K,
ot 3 ( ) oK
ac, ¥ 6 0 o2 352)2¢2K3.

at x*ox ox
In this case we may take ) = C, = ¢2K3l and ¢, =C, = —¢2K3r.

Our comparison functions provide us with valid coupled lower and upper solutions ¢, c,, ¢3, C;, C, and
¢y G, C3, C,, Cz, respectively for the time dependent problem (6.6.18)-(6.6.30) with ¢; < ¢, ¢, ¢y,
c3<¢c3 €< CI and C, < C2. Since our Holder and Lipschitz continuity propertics arc satisficd by the
nonlincar terms there cxists a unique solution of the problem (6.6.18)-(6.6.30) by Theorem 3.3.1 and results
from scction 3.6.

6.6.4 Conclusions and Remarks
Our coupled upper and lower solutions also provide us with bounds on the solution, ¢y, ¢2, ¢3, Cj and C».
These bounds can all be interpreted physically. The cxistence of solutions Lo the steady state problem is
trcated similary by following the mcthods in this scction and using Theorem 4.3.3 (Genceralised Existence
Theorem) for nonmonotone systems. The study of stability and uniqueness of the stcady stalc problem
follows along the lincs sct forward in scction 6.5.

Note that ¢, = C; =0 is not a universal lower bound on ¢ in the casc of zcro order kinctics and ¢
may posscss a ncgative solution. This of coursc is physically unrcalistic and the problem would have o
redefined o avoid this. It can be shown with the strong maximum principle that ¢, ¢3 and C, arc strictly
bounded below by zcro and so therclore is ¢:2, ¢3 and Cy. However we cannot say this of zero order kinetics,
(in lact of [raclional ordcr kinctics) which may allow for incomplele penctration of substratc (PARSHOTAM
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[223)) in our model. The physical implications of this is that substralc concentrations may approach and
reach zero concentration somewhere in a particle and rcactor but product and enzyme concentrations will
never reach zero.

Nomenclature

A
Bi,
Bi,
c1
2
a3

reactor inlet surface area

Biot number (or substrate mass transfer

Biot number for product mass transfer
nondimensional intracalalyst substrate conccntration
nondimensional product concentration
nondimensional immobilised enzyme concentration
nondimensional reactor substrate concentration
nondimensional reactor product concentration
diameter of particle

ellective dilfusivity of substrate in the pellct
effective dilfusivity of product in the pellet

active immobilised cnzyme concentration in the pellct
initial distribution of active immobilised cnzyme concentration
mcan active enzymc concentration delined in (6.6.37)

arbitrary kinctic cxpression

Volumetric flow rate of substrate to the rcactor
arbitrary kinetic expression

enzymalic rcaclion rate conslant

dcactivation ratc constant of immobiliscd cnzymc concentration

Inhibition constant [or the supported catalyst

Michaclis—Mecnten constant for the supported catalyst

mass transfcr coefficicnts of the product
mass transfer coefficients of the substrate
total mass of the enzymc pellet in the reactor

ratio of support volumc to that of rcactor - delined in (6.6.31)

intrasupport product concentration

Bulk concentration of the product in the reactor
radial position in the pellct

pellet radius

intracatalyst substrate concentration

Inlet concentration of substrate

Bulk concentration of substrate in the reactor
Initial bulk concentration of substrate in the reactor
real time

variablc flow ratc into the reactor

volume of the reacting solutions or of the CSBR
nondimensional spatial variable
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Greek letters

o paramcter defined in (6.6.31)

B parameter defined in (6.6.31)

) paramelter defined in (6.6.31)

& partical voidage, i.c., initial porosity of support pellet
@2 Thiele moduli defined in (6.6.33)-(6.6.34)

Y paramcter defined in (6.6.31)

Pp pellet density

v parameter dcfined in (6.6.31)

T dimensionless time
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6.7  Notes and Comments

Scction 6.1 is adapted from PARSHOTAM et al. [225], scction 6.2 is adapted [rom PARSIHOTAM et al. [226],
section 6.3 is adapted from PARSIHHOTAM [227], section 6.4 is adapted [rom PARSIIOTAM [229] and scclion
6.5 is adapted [rom PARSHOTAM [228].

Note that the analytical bounds demonstrated in section 6.2 can be improved by using techniques
developed in section 6.1. These techniques however are not so straightforward and may also be applied in
some cases Lo systems of such equations.

An exact analytical solution to the systcm S,, B, with porous sphcrical particles and a cylindrical
isothermal adsorption column without reaction in either particles nor the reactor and for a single chemical
component has been derived by RASMUSON and NERETNIEKS [243] and is improved by RASMUSON [244].
The [ast Fourier transform (FFT) has also been used in these problems (CHHEN and HSU) to predict
breakthrough curves for this problem and this is compared with the orthogonal collocation results of
RAGHAVAN and RUTIHVEN [237].

In section 6.5 the function fi(c;) in equation (6.5.10) is not only monotonically decreasing with
respect 1o ¢; but it is also a ncgative lunction which is concave up and £;(0) = 0. Thereforc a linearisation of
this function by a Taylor's series cxpansion, uncoupling the resulting linear equations by using methods
developed in Chapter 5 and solving these linear equations should give a solution which is a lower bound of
the original system. Similarly, an upper bound may be constructed along the same lines by using methods
devceloped example 6.2 and these bounds can also be improved by using the methods developed in example
6.1. In general this theory may be applicd to the sysiems §,,, B, and .S:,,, [3,, il a;, A;;20 and f;; or FF}; arc
cither concave up or concave down [or all i,/. Note that this conclusion would not bc reached if the
substitution ¢c3 =1 —p and C3 =1 - P had not been made. In this case we may still have got ol\nonolone
system but it is not true that a;; 2 0 for i = j. "

In scction 6.5, we have stability and uniquencss for small cnough particles and high Péclet number.
This is consistent with what is well documented in literature from numerical and analytical studies for
reactors and particles (MCGUIRE and LAPIDUS [181], GAVALAS [104), HLAVACEK [127-131), HELLINCKX
etal. [122], LUSS [174, 175], LUSS and AMUNDSON [173] and WEISZ and HICKS [307)).

In scction 6.6 we sce Lthat substrate concentrations may decrease and approach zero somewherc in the
interior of the reactor or particle. From a physical standpoint, this concept of partial penctration or incomplete
pcnelralibn of substratc through a particle is very important to operating conditions. It can be demonstrated
that certain kinctics cannot allow [or partial or incomplcte penctration (PARSIHOTAM [223, 225, 226]) in a
particle in a reactor. This problem has its mathecmatical analogy in demonstrating the cxistence or
noncxistence ol a dead core or (inding nonncgative solutions with interior zeros (BANDLI: and STAKGOLD
(31], BANDLE, et al.|131, 32|, BOBISUD (39-41], FRIEDMAN and PILLIPS [95]) and these problems do not
cxist in positonc problems (CASTRO and SHIVAIJL [51]). It can be shown by the maximum principle that [or
some kinetics, this dead corc is cmpty and this behaviour of solutions usually occurs with zero order and
fractional order kinctics (GRAHAM-EAGLE and STAKGOLD [108]). These results may also be generalised to

systems of equations by the methods developed in this thesis.
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