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Abstract

Kelly (1990) and Wada (1992) independently identified and defined the generalised knot groups
(G,). The square (SK) and granny (GK) knots are two of the most well-known distinct knots
with isomorphic knot groups. Tuffley (2007) confirmed Lin and Nelson’s (2006) conjecture that
Gn(SK) and G,(GK) were non-isomorphic by showing that they have different numbers of
homomorphisms to suitably chosen finite groups. He concluded that more information about K
is carried by generalised knot groups than by fundamental knot groups. Soon after, Nelson and
Neumann (2008) showed that the 2-generalised knot group distinguishes knots up to reflection.
The goal of this study is to show that for certain square and granny knot analogues, the
difference can be detected by counting homomorphisms into a suitable finite groups. This study
extends Tuffley’s work to analogues SK,;, and GK,; of the square and granny knots formed
from connect sums of (a, b)-torus knots. It gives further information about the generalised knot
groups of the connect sum of two torus knots, which differ only in their orientation.
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Chapter 1

Introduction

Knot theory is the study of mathematical knots, which are quite different from regular knots
tied in string. In mathematics, a piece of rope with a knot tied and the two ends glued together
makes a mathematician’s knot. The two ends of a knot must be joined together so that it
cannot be undone, because in knot theory, the knot must be a continuous loop to allow the
knot to be deformed into new knot formations. The essential question in knot theory is how
we prove whether two knots are the same or are different. This is difficult because knots can
be drawn in many different ways by stretching the knot, deforming the knot or twisting the
knot; it is still the same knot, but it could look extremely different. The primary concern of
knot theory is to classify and distinguish between knots.

There is a family of methods to distinguish knots which are called invariants. A knot in-
variant is a mapping from the set of all knots to some other set, where the value of the map
does not change, even if the picture of the knot does. In other words, a knot invariant is a
test to distinguish one type of knot from another. One such invariant is the knot group (the
fundamental group). This knot group is a powerful invariant; however, it has limitations. For
example, it cannot distinguish between the square knot (SK') and granny knot (GK), two well-
known distinct knots with isomorphic knot groups. Currently, no practical invariant is known
that will always succeed at distinguishing all knots.

Kelly [13] and Wada [30] independently introduced several methods to define generalised
knot groups (G). These may be defined by a Wirtinger presentation (see Section 3.2.1), with
conjugation by the generator a; replaced by conjugation by a} for all i. A second definition
of G,, shows that m;(K), which is the fundamental group of a knot (K), is a subgroup of
Gn(K) for each n. Generalised knot groups (G,,) were the focus of three key studies, starting
with the conjecture of Lin and Nelson [16] who used granny and square knots to test G,,
continuing to Tuffley [29], who proved Lin and Nelson’s conjecture. In the third study, Nelson
and Neumann [21] took a topological view to show that generalised knot groups distinguish
knots up to reflection.

1.1 Previous work

Generalised knot groups were first presented and introduced independently by Wada [30] and
Kelly [13]. Wada’s work searched for homomorphisms of the braid group B, into Aut(F),),
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where F), is the free group on n generators, while Kelly was working with knot racks or quan-
dles and the Wirtinger presentation.

Lin and Nelson [16] challenged themselves to show that G,(GK) and G,(SK) are not
isomorphic for all n > 1. They introduced generalised knot groups through the language of
quandles. They suspected generalised knot groups held additional information about knot types
that are not present in the usual fundamental group. They used the square knot (SK) and the
granny knot (GK) as a test case. As m;(SK) and m (GK) are isomorphic, they wanted to check
whether G,,(GK) and G,(SK) are isomorphic to each other for n > 1 by using a computer
program to calculate the number of homomorphisms of G,,(GK) and G, (SK) into chosen finite
groups H. They did not succeed in detecting a difference, but, nevertheless, conjectured that
Gn(GK) and G,,(SK) are not isomorphic to each other for all n > 2.

Tuffley [29] proved Lin and Nelson’s conjecture. He also used the square and granny knots
for his testing case, distinguishing G,,(GK) and G,,(SK) for all n > 2 by counting the number
of homomorphisms into a chosen finite group. He proved the following theorem:

Theorem 1.1 (Tuffley [29]). For each n > 2, there is a finite group H such that
|Hom(G,(GK),H)| < |Hom(G,(SK), H)|.
Consequently, G,(GK) and G,(SK) are not isomorphic to each other for all n > 2.

His target groups were wreath products over PSL(2, p),

HY" = Dy, 1 PSL(2,p) = (ZI™" x Z,)7" ) % PSL(2,p),

p

where p, ¢ and r are distinct primes and PSL(2, p) acts on P'(F,), the projective line over the
p-element field. This showed that the isomorphism types of the generalised knot groups carry
more information than the isomorphism types of the fundamental group itself.

Nelson and Neumann [21] showed that, in fact, the 2-generalised knot group distinguishes
knots up to reflection. They proved the following theorem from a topological perspective:

Theorem 1.2 (Nelson and Neumann [21]). The 2-generalized knot group Go(K) determines
the knot up to reflection.

In addition, they sketched the proof that the result also holds for G,,(K) for n > 2.

1.2 Goals of this study

The main goal of this thesis is to show that the difference between generalised knot groups for
the analogues SK,; and GK,; of the square and granny knots made from (a, b)-torus knots
can be detected by counting homomorphisms into suitably finite groups. This shows that, in
principle, the difference between the groups can be detected algorithmically. We will use the
wreath product of two different groups of the form D, ,.¢, which are described in Chapter 5, as
the target groups and generalise Tuffley’s strategy to provide the result.
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The structure of this thesis is as follows. In Chapter 2, we will give a detailed overview
of knot theory and provide basic definitions and examples of knots. Then, we will outline the
fundamental group and knot groups in Chapter 3. In Chapter 4, we will define the generalised
knot groups and look at the G, for the granny knot and square knot and their analogues.
Next, we will provide a concise summary of some of the concepts of group theory which are
needed and related to the study in terms of dihedral groups, semidirect products and wreath
products in Chapter 5. Then, we will describe the strategy and show our main result of this
study which extends Tuffley’s technique by using different target groups in Chapter 6. Finally,
we will provide a summary of the thesis in Chapter 7.



Chapter 2

Fundamental Concepts of Knot Theory

In this chapter, we will review some basic concepts that have to do with knot theory. We will
give a number of definitions and examples that will be used throughout the study. Knot theory
is the mathematical study of knots. Mathematical knots are different from normal knots that
we know and use in our daily lives. In mathematical knots, the two ends are joined together,
so the knot cannot be undone. Knots can be defined in many ways; however, simply, a knot is
a tangled piece of string in R?® which is a closed loop.

The definitions, theorems and lemmas in this chapter and chapter 3 are taken from: Adams [1],
Alexander [2], Burde and Zieschang [5], Cromwell [7], Hatcher [9], Kauffman [11], Kawauchi [12],
Lickorish [15], Livingston [17], Manturov [18], Murasugi [20], Reidemeister [22], Rolfsen [23] and
Stillwell [28]. Most of the pictures in this chapter were created with KnotPlot [26].

2.1 Knots

Definition 2.1. A knot is a non-self-intersecting closed curve in R3.

In other words, a knot is a subset of R? that is homeomorphic to a circle. Some examples
of knots are shown in Figure 2.1. We now describe when two knots are considered to be the
same.

Definition 2.2. A continuous function F': X x [ — X is said to be an isotopy if F(-,t) is a
homeomorphism for all ¢.

O & &

Figure 2.1: Examples of knots. (i) The unknot (trivial knot). (ii) The trefoil knot. (iii) The 59
knot.

10
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Figure 2.2: (i) and (ii) refer to 5; and 5y, the first and second of the two 5-crossing knots.
However, this ordering is completely arbitrary, being inherited from the earliest tables compiled.

Two knots K; and K5 in R? are equivalent if there is an isotopy of R? that carries K; to K.
Such an isotopy is said to be an ambient isotopy from K; to K.

Definition 2.3. An unknot (trivial knot) is a knot that is equivalent to the knot in Fig-
ure 2.1(i).

Some knots have specific names such as (i) the unknot and (ii) the trefoil knot (Figure 2.1);
however, most are referred to by their numbers in the standard tables (Figure 2.2).

2.2 Knot diagrams

In order to study knots, it is useful to draw pictures of them called projections. The problem
with projections is that they do not show over and under crossings, and, therefore, do not
contain enough information to reconstruct the original knot. To solve this problem, we can use
what is called a knot diagram. We will discuss these concepts in more detail.

Definition 2.4. A knot diagram is a way to picture and manipulate knots by projecting the
knot on to a plane, so that the projection has no triple points or tangencies (Figure 2.3). Such
a projection is called a regular projection. During the projection, crossings (double points)
may occur. At each crossing, it is important to distinguish the over strand from the under
strand by breaking the strand that goes underneath, as shown in Figure 2.4. So by giving
this information, the original knot can be reconstructed. Knots can be represented by many
possible diagrams, as seen in Figure 2.5. That leads to the essential question in knot theory:
when do two diagrams represent the same knot?

A regular diagram of a knot has a finite number of crossing points, which is called the
crossing number of the diagram. Now, it is relevant to define the crossing number of knots.

Definition 2.5. The crossing number ¢(K) of a knot K is the minimal number of crossings
in any diagram of that knot. A minimal diagram of K is one with ¢(K) crossings.

A knot diagram without any crossing is a trivial knot (unknot). There are no knots with
crossing number one or two. The two trefoils are the only knots with crossing number three.
However, there are tables of knots up to about 16 crossings.
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Triple point Tangency

Figure 2.3: This picture shows a triple point and a tangency. Any projection of a knot can be
perturbed to eliminate triple points and tangencies, so every knot has a regular projection.

Figure 2.4: A knot diagram of 5;, where the crossings are circled.

(i) (i) (iii) (iv)

Figure 2.5: (i) and (ii) are two different diagrams of the unknot. (iii) and (iv) present different
diagrams of the figure eight knot.
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Figure 2.6: Pictures of the three types of Reidemeister moves.

2.3 The Reidemeister moves

Kurt Reidemeister (1927) developed what are known as the Reidemeister moves. A Reidemeis-
ter move is an operation that can be performed on the diagram of a knot. Simply, there are
three types of Reidemeister moves that can be used to modify a knot diagram. Figure 2.6 shows
the typical pictures that are used to define the Reidemeister moves: type (1) is the addition
or removal of a twist; type (2) is the moving of a strand through a tangency; and type (3) is
the moving of a strand through a triple point. These three moves can change one diagram of a
knot to another. The three moves can be used together or just one or two moves can be used
depending on what is needed.

The following theorem shows that these three moves plus planar isotopy are enough to
transform any diagram of a knot into any other. See Reidemeister [22] for a proof.

Theorem 2.1 (Reidemeister [22]). Two knot diagrams K, and K, represent equivalent knots
if and only if there is a sequence of Reidemeister moves taking K1 to Ks.

2.4 Oriented knots and mirror images

It is important to consider how a knot is oriented. In this section, we will discuss orientation
and mirror images of knots.

Definition 2.6. An oriented knot is one with a chosen direction of circulation along the
string.

Orientation may be specified by putting an arrow somewhere on the knot to designate the
direction (Figure 2.7). Oriented knots are important for many applications in knot theory. For
example, giving knots orientations allows us to define the sum of oriented knots by taking the
connect sum of the knots as oriented manifolds. Also, the orientation of the knot can be used to
determine whether a crossing is a negative or positive crossing, and this can be easily identified
using the right hand rule. We can point the thumb of our right hand along the over-strand in
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\A

Figure 2.7: An oriented trefoil knot.

Figure 2.8: Positive and negative crossings. They are also known as right- and left- handed
crossing respectively.

the direction of the arrow and curl our fingers into a letter-C' shape. If our fingers curl in the
direction of the under-strand, then it is a positive or right-handed crossing; if our fingers curl
against the direction, then it is a negative or left-handed crossing. Figure 2.8 pictures how can
we establish the sign of a crossing. Note that reversing the orientation of a knot reverses the
orientation of both the over and under strand, and this means that the sign of a crossing does
not depend on the choice of orientation.

We will define the reverse and mirror image of a knot. These involve changing the orientation
of the knot, or of the ambient space R3.

Definition 2.7. The reverse r K of an oriented knot K has the same projection, but with the
opposite orientation.

Before defining the mirror image, we will define crossing changes. As we can see in Figure 2.9
to change the crossing, we have to change the over-strand to be the under-strand.

Definition 2.8. The mirror image K of the knot K is obtained by reflecting it in a plane
in R®. If the mirror is placed behind the knot and parallel to the plane of the projection, then

KX

Figure 2.9: A crossing change. The portion of the knot outside the picture is unchanged.
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Left-handed trefoil \ Right-handed tretoil

Figure 2.10: The trefoil and its mirror image. The rectangle represents the plane of reflection.

) D) (& @

(ii) (111) (1v)

Figure 2.11: This picture shows that the figure eight knot can be deformed into its mirror
image. (i) The figure eight knot with one arc coloured blue. (ii) Rearrange the blue arc. (iii)
Rotate the figure eight 180°. (iv) Smooth deformation to get the mirror image of the figure
eight.

the effect is to change all the crossings. The inverse rK is the composition of the reversal and
mirror-image.

It is now relevant to define knot chirality (handedness).

Definition 2.9. A knot is said to be chiral (handed) if it is not equivalent to its mirror image.
An example is the trefoil and its mirror image in Figure 2.10. The right-handed trefoil can not
be continuously deformed into the left-handed one, see Dehn [8] or Stillwell [28, pages 218-225].
Therefore, the trefoil knot is called topologically chiral. However, if a knot is equivalent to
its mirror image, it is called amphichiral or achiral. The figure eight knot is an example of
an amphichiral knot (Figure 2.11).

2.5 Links

In this section, we will briefly introduce links.

Definition 2.10. A link is a collection of disjoint closed curves in R?; each curve is called a
component of the link.
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Figure 2.12: This figure shows different links. (1) is said to be split, because there is a plane in
R3 that separates the components. (2) is a two component link, where both of the components
are unknots. It is called the Hopf link. (3) is also a two component link of unknots. It is called
the Whitehead link. (4) is a two component link, where one component is 5; and one is an
unknot.

Figure 2.13: A torus.

A knot is a one-component link. It is important to notice that individual components may
or may not be unknots. Some examples of links are shown in Figure 2.12.

2.6 Torus knots

There are many types of knots, for example, torus knots, satellite knots, hyperbolic knots and
almost alternating knots. However, torus knots are being used for the purpose of this study,
so will be the type outlined in more detail. The main reason for looking at torus knots is the
flexibility of the presentation of their knot groups.

The concept of torus can be defined geometrically and represented topologically. From a
geometric perspective, a torus is a surface of revolution generated by revolving a circle in R3
about an axis coplanar with the circle. Most of the time it is assumed that the axis does not
touch the circle, resulting in a ring shape called a ring torus. Topologically, a ring torus is
homeomorphic to the product of two circles: S* x S1.

Definition 2.11. A torus is a topological product of two circles (Figure 2.13).

Simply, a torus is a surface similar to that of a doughnut. It is a connected surface or shape.
A torus can be constructed from a rectangle by gluing both pairs of opposite edges together
with no twists (Figure 2.14).

Definition 2.12. A torus knot is a knot that lies on the surface of an unknotted torus in R3.
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® (i) (iii)

Figure 2.14: (i) is a rectangle. (ii) is after gluing the opposite vertical edges together. (iii) is
the final shape of a torus after gluing the horizontal edges together with no twists.

Figure 2.15: An example of a (2, 3)-torus knot (trefoil).

Every torus knot can be described with two integers (p, q), where p and ¢ are co-prime. A
(p, q)-torus knot is a simple closed curve on the torus that winds p times around the first S*
factor and ¢ times around the second. Let us denote this torus knot by 7,,. The simplest
nontrivial example of two co-prime integers is p = 2, = 3 or p = 3,¢ = 2. In both of these
cases, we obtain the trefoil knot which can be written as (2, 3)-torus knot or 73 3 (Figure 2.15).
If p and ¢ are not relatively prime, then there will be a torus link with more than one component.

The following remark shows some properties of torus knots.

Remark 2.1. A (p, —¢)-torus knot is the mirror image of a (p, ¢)-torus knot. A (—p, —q)-torus
knot is equivalent to a (p, ¢)-torus knot. Also, a (p, ¢)-torus knot is equivalent to a (g, p)-torus
knot.

2.7 The connect sum

The connect sum or knot sum is an operation that connects two knots together to make a single
knot.

Definition 2.13. Two oriented knots K; and K5 can be connected by breaking the two knots
and joining them with straight bars, so that the orientation of both knots is retained (Fig-
ure 2.16). The operation is called a connect sum and is denoted by #.
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Figure 2.16: The knots in (A) are (2,5)-torus knots (the knot 5;) that have the same handedness.
(B) shows where the knots are broken to connect them together and (C) is a picture of the
connect sum of the two knots 5;#5;. This knot is analogous to the granny knot, which is the
connect sum 3,#3; of two trefoils with the same handedness.

Remark 2.2. A knot can be connected with another copy of itself or its inverse or any other
knot.



Chapter 3

Knot Groups

3.1 The fundamental group

In order to develop a knot group, it is important to first understand key definitions related to
the fundamental group. The information in this section is taken from Hatcher [9].

Definition 3.1. Let X and Y be topological spaces. Let f and f’ be continuous maps from
X into Y. Then f is homotopic to f’ if there is a continuous map F': X x [0, 1] — Y such that

F(e,0)= f(z) and F(a,1) = f(a).
F is called a homotopy between f and f’.

In other words, two functions are homotopic if one can be continuously deformed into the
other.

Definition 3.2. Let x¢,z1 € X. A path from zy to x; is a continuous map f : [0,1] — X
such that

f(O) = o, f(l) = I1-
A loop is a path that begins and ends at the same point.

Definition 3.3. Let f and f’ be paths with fixed end points xq and ;. The paths f and f’
are homotopic rel endpoints if there is a continuous map F : [0, 1] x [0,1] — X such that

F(s,0) = f(s), F(0,t) = xo,
F(s,1) = f'(s), F(1,t) = .

Figure 3.1 shows a homotopy from f to f’. Homotopy rel endpoints is an equivalence relation
on paths. We will write [f] for the homotopy class of f.

Next, we will define a product operation on paths.

Definition 3.4. Let f be a path in X from z( to x; and let g be a path in X from z; to xs.
Then we can define the product f - g as the following;
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Figure 3.1: A picture of a homotopy from f to f’.

Figure 3.2: The product f - g of two paths f and g.

Geometrically, f - g is the concatenation of the paths f and g: in other words, it is the path
from xy to x5 that follows f from zg to x, then g from z; to xs (Figure 3.2).

The product operation on paths is a well-defined operation on homotopy classes, defined
by:
[f1- 19l =1f -9l (3.1)

Theorem 3.1 (Hatcher [9]). Let X be a topological space and let xo be a point of X. The set
of all homotopy classes of loops [ based at xq is a group under the operation (3.1). It is called
the fundamental group of X relative to x¢ and is denoted by m (X, xg).

The following example illustrates the fact that the fundamental group of the circle S! is
isomorphic to the additive group of the integers Z.

Example 3.1. Let
S'={zeR:|lz]| =1} ={z € C: 2| = 1},

and use 1 as the base point.

Every loop is equivalent to a unique path of the form a,(t) = "™ for some n € Z. There
are three cases;

n >0 (a,(t)is a path that goes n times around S' in the counterclockwise direction and returns
to 1),
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n <0 (a,(t) is a path that goes n times around S in the clockwise direction and returns to
1),

n =0 (a,(t) is the path that stays at 1).

Let n > 0 and m > 0. The path a, travels n times around S' and a,, travels m times
around S'. Then a, - a,, is a path that loops n times around S! and then loops m more times.
This is equivalent to the loop a,1.,. The equation [a,, - a,,] = [ap+m] holds even when n, m are

~

not necessarily positive, and therefore (S, 1) = Z.

Although the base point is required for the definition, the following theorem shows that the
resulting group typically does not depend on the choice of base point:

Theorem 3.2 (Hatcher [9, page 28]). Let X be path-connected and let xy and x; be two points
of X. Then m (X, zo) is isomorphic to m (X, z1).

The group (X, xy) can be written as m;(X), if X is path-connected and (X, xg) is up
to isomorphism, independent of the choice of xg.

Generally, if a space is path-connected and has a trivial fundamental group, then it is called
simply connected.

We conclude this section with the following theorem which shows the fundamental group of
a product of two path-connected spaces.

Theorem 3.3 (Hatcher [9, page 35]). Let X and Y be path-connected. Then
(X xY)=Zm((X) xmY).

The torus is an example of the theorem above. The fundamental group of the torus is just
the direct product of the fundamental group of the circle with itself:

(St x SY) = m(SY) x m (SN 2 Z x 7 =72

3.2 Knot groups

In this section we will define the knot group and explain the presentation of the knot group.

Definition 3.5. Let K be a knot in R3. The fundamental group of the complement of K is
called the knot group of K, and is denoted by 7 (K).

Two elements a and b of the knot group 71 (K) are paths in the complement of the knot K
that begin and end at a fixed base point zq, up to deformation, and multiplied by concatenation.
We can give the formula, but the picture is more important (Figure 3.3).

3.2.1 The presentation of knot groups

Wilhelm Wirtinger (1925) proved that for every diagram of a knot there is a presentation of
the knot group that has one generator for each arc of the knot diagram and a relation for each
crossing. In an oriented knot, the generators start at a base point above the plane of the knot
diagram, go around the specified arc in the positive direction, and return to the base point. The
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./

Figure 3.3: A product ab of two elements a and b of the knot group can be calculated by passing
first along a and then along b.

IR XK
c\/\lb \

Left-handed crossing  Right-handed crossing

Figure 3.4: The Wirtinger relations at left- and right-handed crossings.

positive direction is determined by the right hand rule: if we hold the strand in our right hand
with our thumb pointing in the direction of the orientation of the knot, then our fingers curl in
the positive direction. We get the following relation at each crossing, as shown in Figure 3.4:

a=bcht left-handed crossing),
g
a=b"tch (right-handed crossing).

This gives a presentation which is called the Wirtinger presentation of the knot group.

A diagram with m > 2 crossings will have m arcs. Then G will have the following presen-
tation:

G = <glag27g37 s 7gm‘r17r27r37 s 7rm>7

where GG is the quotient of the free group on the Wirtinger generators g¢i, g2, 93, ..., gm by
the smallest normal subgroup generated by the Wirtinger relations ry,r,73,...,7,. We can
see that these relations hold; the significance of Wirtinger’s work is that no other relations
are required. This is the content of following theorem, which is proved using van Kampen’s
theorem; see Rolfsen [23] for the proof.

Theorem 3.4. Let K be a knot. Then the fundamental group m (K) is generated by g1, ..., gm
and has presentation

Wl(K) = <gla cee agm’rla cee 7rm>-
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Figure 3.5: Generator for the knot group of K.

\b /d
9
/) a
e \A ~
4 \V
¢\

Figure 3.6: Generators for the knot group of a (2, 5)-torus knot.

Moreover, any one relation r; can be eliminated and the presentation of m (K) still holds.

Abelianising the Wirtinger presentation makes all generators equal, leading to the following
theorem.

Theorem 3.5. The abelianisation of m(K) is isomorphic to Z.

The following example shows that the fundamental group of the trivial knot is isomorphic
to Z.

Example 3.2. The trivial knot K has a diagram with one arc and no crossings. It has one
generator a and no relations (Figure 3.5). So the knot group is given by

7T1(K0) = <CL> = 7.
We will show the Wirtinger presentation of (5, 2)-torus knot in the next example.

Example 3.3. Consider the (5, 2)-torus knot (Figure 3.6). Let a,b,c,d, e be the group gener-
ators. Then the Wirtinger presentation gives

{a,b,c,d,e|a=dbd ' b=ece !, c=ada™"',d=beb ' e=cac).

Le=ada™',d = beb™! and e = cac™! to write

We can use the relations a = dbd =1, b = ece™
a=dbd™" < ad = db,
c=ada™' & ca=ad,
b=ece ' < be = ec,
d=beb™! < db = be,

e =cac ! & ec = ca.
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We can rewrite the presentation as follows
(a,b,c,d,e| ad = db = be = ec = ca).

Then we can rewrite ca = ec by using the above expressions for ¢, a and d to get

(ada™Y)a = e(ada™) (substitute ¢ with ada™')
ad = eada™"
ada = ead (multiply the right side by a)
(dbd~Y)d(dbd ™) = e(dbd™")d (substitute a with dbd™")
dbdbd™" = edb
dbdb = edbd (multiply the right side by d)
(beb 1 )b(beb )b = e(beb')b(beb™ 1) (substitute d with beb™*)

bebe = ebebeb™!.

Then we rearrange bebe = ebebeb™! to get bebeb = ebebe, and we also can express the other
relations in terms of b and e in a similar way. Each relation leads to the same or a trivial
relation in terms of b and e, and we find

m(Ta5) = (b, e|bebeb = ebebe).

We can go from (b, e|bebeb = ebebe) to (x,y|z* = y°) by writing z = bebeb and y = be, because
~1,3

b and e can also be written in terms of z and y as b = y 22 and e = b=ty = a7 19%y = o715,
In the following section, we will derive the presentation for the torus knot m(7,;) =
(z,y|r® = y®) by using the van Kampen theorem.

3.3 Torus knots and the van Kampen theorem

In this section, we will compute the knot group of a torus knot by using the van Kampen the-
orem (see Hatcher [9, page 43]). We will briefly give an overview of the van Kampen theorem.

The van Kampen theorem expresses the fundamental group of a path-connected union
A U As in terms of the fundamental groups of the path-connected spaces A, Ay and A; N As.
As seen in Figure 3.7, every element of A; U A, can be expressed as a product of loops in A;
and Ay. Consequently, m(A; U Ay) is generated by the generators of m1(A;) and 71 (A,), and
the relations for these groups hold in 7 (A; U Ay) also. We get an additional relation for each
generator of m(A; N Ay) reflecting the fact that it can be expressed as a word in the generators
of each of m(A;) and 7 (A3).

The method for computing the fundamental group of the torus knot is as follows. Let Ty,
be an (a, b)-torus knot on a standard torus 7' in S®. The torus T divides S® into two regions
R, and R,, such that the closures R; and R, are solid tori. If we set A; to be R; — T, ab, then
S3\T,; can be written as A; U A,.
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Al AZ
a,
: P> %
v a,
A4,

Figure 3.7: Given a loop a, break it into paths a;...a entirely in A; or in As; join the base
point to the end of a; by a path p;:

-1 -1 -1
a = a1020304 = G1P1  P1a2Dy " P2a3P3 Ppsays
—— —— ——

loop in Aj loop in As loop in Aj loop in Az

which means that any loop in A; U Ay can be expressed as a product of loops in A; and A,.

The intersection of 7" with the complement of 77, ; is a ribbon which turns around the torus
a times in the direction of one factor and b times in the direction of the other. Let C' denote
this ribbon and let o € A; N Ay be a base point. The space A; is essentially a solid torus, so
its fundamental group is m (A1) = Z with the single generator x, corresponding to a path that
makes one circle around the hole in the torus. The space A, is also essentially a solid torus and
its fundamental group is m (A2) = Z, with the single generator y corresponding to a path that
passes once through the hole. The intersection A; N Ay = C'is an annulus; the fundamental
group is also 7 (C') = Z with one generator ¢ representing the path which travels once around
the annulus. From A; and A,’s points of view, ¢ passes a and b times respectively around the
torus, so it represents x® and y° respectively. Then, m(A; U Ay) = Z %7, Z = (z, y|z* = y°).

We summarise the above result in the following theorem:
Theorem 3.6. The fundamental group m of T,y has the presentation (z,y|z® = y°).

Figure 3.8 shows a (2,3)-torus knot embedded on the surface of a torus. According to the
above discussion the fundamental group is 71 (Ty3) = (z,y|z? = y?).

We will define G as follows.

Definition 3.6. The group G, is the knot group of (7},;) generated by x and y, with one
relation 7% = y°.
The following theorem states that the knot groups of torus knots have centres. In fact, torus

knots are the only knots whose knot groups have a nontrivial centre (see Stillwell [28]).

Theorem 3.7. The centre of the knot group of the (a,b)-torus knot is infinite cyclic generated
by ¢ = 1.
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Figure 3.8: A (2,3)-torus knot on the surface of a torus. (i) and (ii) show that this knot cycles
2 times around the blue curve of the torus and 3 times around the green curve. (iii) shows the
generator ¢ with red colour which turns once around the annulus.

3.4 Expressing the van Kampen generators in terms of
the Wirtinger generators

In the previous section we found that m(T,;) = (z,y|lz* = y*). In this section, we will find
expressions for the generators x and y in terms of Wirtinger generators.

Figure 3.9 shows a (3,5)-torus knot with Wirtinger generators w;,7 = 0,1,2,3,4. Any other
Wirtinger generator can be expressed in terms of these; for instance w’' = wy 'wywy. Let z be
the green core curve of the inner torus, and let y be the red core curve of the outer torus which
can move around the diagram as shown. Then x and y can be written as

T = WoW1WawsWy,

Y = W1l = WaldzWyg = WalWoW1 = WiWaWws = Walsaly.
Then we can check that 23 = y° as follows:

(CUQQJ1MQW3W4)3 = (WOW1WQCU3M4> (w0w1w2w3w4) (WOWIWQW3W4)
= (wow1wa) (wawawo ) (wiwaws ) (wawowr ) (Wawsws )

So x and y are generators giving the presentation
G3,5 = <Jf,y|x3 - y5>7

which is the knot group of T 5.

In general, for a,b relatively prime satistying 0 < a < b, G, has Wirtinger generators
w;, 1 =0,...,b— 1, and we may write = and y as follows

=Wwp - Wph-1,

y:won'w(zfl:wl"'wa:"':walw()"'wan-
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Figure 3.9: Generators for a (3,5)-torus knot.
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— Meridian

— Longitude

Figure 3.10: The meridian and longitude of a solid torus.

3.5 The meridian and the longitude

In this section, we will define the meridian and longitude of a solid torus and give an expla-
nation for the meridian and the longitude of a knot group. Also, we will briefly explain the
preferred longitude of a knot. Finally, we will identify the meridian of G, in terms of = and y.

Let K be a knot, then thicken the knot to a solid torus L = S' x D? where S! is a circle
and D? is a disc (Figure 3.10). A simple closed curve on 9D that bounds a disc in L is called
a meridian (u),

p=A{xo} x 9OD.

In other words, it is a simple closed curve encircling the width of L. A longitude ()\) is a
simple closed curve that runs the entire length of the knot which follows the same orientation
as the knot,

A=5 Ux {xo},

where o € 0D.

Any two meridians are equivalent, because they can be slid around the knot so that they co-
incide. However, two longitudes are not necessarily equivalent, because they can twist different
numbers of times around the knot. The preferred longitude is the one that represents zero in
the abelianization of the 71 (K'). Figure 3.11 shows the meridian and a longitude of a trefoil knot.

The meridian and a longitude are oriented simple closed curves that intersect at one point.
We can think of the meridian p and a longitude A as elements of the knot group m(K) by
choosing a path from the base point to the point of intersection. They commute with each
other in every knot group, because they give a subgroup isomorphic to 7(S* x S1) =Z & Z.

Remark 3.1. Any of the generators in the Wirtinger presentation can be used as a meridian of
the knot. Consequently, Theorem 3.5 shows that the meridian generates the abelianization of
7 (K); and it can be seen from the Wirtinger presentation that the meridian normally generates
m (K), since the remaining generators are conjugates of the chosen meridian.

The following example shows the way to find the meridian and the longitude of G2 2541.
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Figure 3.11: The meridian and longitude of a trefoil knot.

ype1 Aoy

f\,f\c\,f\,f\o;)

&

Figure 3.12: Calculation of the longitude which begins and ends at the point a;.

Example 3.4. Let Gaorr1 = {(ay, .. ., Gori1|aiaiv1 = aip1ai12, Vi) = (z,y|lz? = y** ). Let

T = a142a3 * * * A2k A2k+1,

Y = a0z = G203 =+ = A2k A2k+1 = A2k41Q1.-
Then

T = ai(agaz) - - - (a2kG2k41),
T = alyk == a] = xy_k,
therefore pu = xy_k = a;. As we can see in Figure 3.12, the longitude can be taken as
A= A0y - - (0103 * * + Agjy1.

The preferred longitude is )\a;(%ﬂ)

29

which gives 0 in the abelianisation of the knot. Another

choice of longitude is obtained by starting at a; and following the knot, twisting once around

the knot in the positive direction before each of the crossings, then

/
AN = a1as - Qop4101Q2  * - Aoy

Therefore, the longitude may be taken to be X = x? = y?*+1,

The following lemma shows the meridian of G, 3, where a and b are integers and co-prime.

Lemma 3.1. Let G, = (z,y|z® = y°) such that 0 < a < b, and let ¢ and d be elements of N
such that be—ad = 1. Then p = 2°y~% = wy is a meridian of T, , with corresponding longitude

A=z =t
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Note that we always can find a solution with ¢, d > 0.

Proof. Let
T = Wowq -+ - Wp—1 (which is of length b),
b
Y = Wowi - Wa1 (which is of length a),
—_————

a

such that % = y°. There are b representations of y of length a such that

y:wo...wa_l:wl...wa:w2...wa+l:...:wb_lwo...wa_2'
N o’ [ >z

v~
a

Choose ¢ and d € N, such that bc — ad = 1. Then

xcy_d — (wowl e Wb—l)cy_d

e (wowl e wb*l) e (wowl e wb*llyid e (wosdl e Wh_1ttrWow (.Ubfl)yid
c Emes ad }gctors

By using the fact that y = w;w;y1 -+ - w11 for any i, we see that the product w; - - - w,_1 with
ad factors is equal to y?. Then
Y~ = woy'y ™! = wo,

which is a meridian of the knot. Then we may take u = z°y~% = wy, as required. O
We end this section with an example that illustrates the above lemma.
Example 3.5. Let G57 = (z,y|z° = y). Then
T = Wow1WoW3WaWsws,
and

Y = WWoW3Wwaws = WoldsWyalsWe = WaWaWsWeWpy = WaWsWeWowi

= WsWeWoWw1W2 = WeWpwWiWwalz = WoW1WalWsWwy,

such that 2° = y”. We need to solve the equation bc — ad = 1, one solution is ¢ = 3 and d = 4.
Then

»’1733/74 = (wowlw2w3w4w5w6) (w0w1w2w3w4w5wﬁ) (W0w1w2w3w4w5w6)(wlw2w3w4w5>747

—4
= (CUQ 8)1UJQW3W4W5WGWQW1CUQW3W4W5W6(JJ0C01WQW3W4W5WQ) (W1WQW3W4W5) .
vV

y4

Then we get

3, —4 4, —4
Ty =wWyy = Wo,

n= x3y_4 = wp.
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ox \ o

Figure 3.13: Figure eight knot and its mirror image. The rectangle represents the plane of
reflection.

3.5.1 The effect of reflection on the meridian and the longitude

In this section we will show by example that a knot and its mirror image have the same knot
group and meridian, but inverted longitudes.

The figure eight knot has the following presentation
G = <w0, w3|w0w3w51w3w0 = w3w0w§1wOW3>.

Figure 3.13 shows the figure eight knot and its mirror image. By reflecting in the given
plane, we can choose generators for the two knot groups, so that we get identical presentations.
However, to do so we must orient the two knots as shown, so that the generators go around each
knot in the positive direction. The 0-framed longitude corresponding to wy of the figure eight
is represented by A, = w; 'wow; ‘ws, and the longitude of the mirror image of the figure eight is
represented by \; = w; 'wiwy 'ws. Note that w; 'wow; 'wy and (w3 twow; tws) ™! = wy twwy tws
represent longitudes corresponding to wy. Both the figure eight and its mirror image have the
same meridian p = wy.

3.5.2 The meridian and the longitude of a connect sum

In this section we will demonstrate the meridian and the longitude of a connect sum in the
following remark.

Remark 3.2. Let K; and K5 be knots, and let K;# K5 be the connect sum of these knots.
Let p; and Ay be the meridian and the longitude of K; and let s and Ay be the meridian
and the longitude of K5. The meridian (u) of the connect sum will be exactly the same as the
meridian of K; and K,, therefore u = puy = po. The longitude of the connect sum (A) will be
the multiplication of the longitude of K and that of Ky, A = Ay X A\y. Figure 3.14 shows the
meridian and the longitude of the connect sum of two trefoil knots.

The following theorem calculates the presentation of the knot group of the connect sum of
two knots, and the meridian and a longitude.

Theorem 3.8. Let

Wl(Kl) = (91,9% ce >Ql|7“1,7°2> cee ,7“m>7 and 7T1(K2) = <h17h2, .. -ahs‘QMQZ? cen ,Qt>,
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), A A=A
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‘H=‘Nl=ﬂ':
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(i) (i)

Figure 3.14: (i) shows the meridian and the longitude of two trefoil knots K; and K.

shows the meridian and the longitude of the connect sum of K; and K.

with meridians py and ps and longitudes Ay and Ay respectively. Then

7T1(K1#K2) = <gla92a s 7gl7h17h27 R ,h5|7“1,7”27 ey Tmy 41,492, - - -5 Gty U1 = M?)?

with meridian = py = po and longitude A = A Xs.

32
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Chapter 4

Generalised Knot Groups

In this chapter, we will define and explain the generalised knot groups G,,, which were indepen-
dently defined by Wada [30] and Kelly [13]. Also, we will define the granny knot (GK') and the
square knot (SK') and look at m; for both of them. Then we will obtain G, for the granny knot
analogues (GK, ) and the square analogues (SK, ;) from m; (G K, ;) and w1 (S K, ;) respectively.

4.1 The group G,

Assuming K is a knot, the generalised knot groups G, (K) can be defined in many different
ways. We may define them by the Wirtinger presentation. The presentation of G, (K) has a
generator for each arc of the knot diagram; and a relation a; = aj'aja; " at a left- handed cross-
ing and ay = a; "a;a} at a right-handed crossing (Figure 4.1). Observe that if we substitute n
with 1, then we will get G; = m;. The group G,, can be shown to be a knot invariant using the
Reidemeister moves.

If we set A; = a for all 7, then we recover the Wirtinger presentation of 7, so we can
think of a; as an nth root of the corresponding meridian. We can show that a; commutes with
the corresponding longitude by using the Wirtinger presentation, as shown below for the figure
eight knot in Example 4.1. Moreover, the G,, crossing relations can be recovered from this and
the m relations, leading to the following presentation: if 71 (K) has presentation

7T1<K) = <917927937 cee ,gp’ﬁ,T’g,Tg, co ,’l“q>7

and g and A\ are words in the generators representing the meridian and the longitude, then
Gn(K) has a presentation

Gn(K> = <gla.927937"->gp>V‘7n177n23r37"'7rq>Vn:,ua)‘l/:l/)‘>'

Therefore, G, (K) is obtained from m; by adding a new generator v which is an nth root
of the meridian and commutes with the corresponding longitude. This presentation can also
be obtained directly using the van Kampen theorem from a topological definition of G,, (see
Wada [30]).

The following example gives an explanation for the above discussion.

33
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/ ak\Q\
/ 2/
\_/\a
K
a =aa,a” a, =a;"a,q
Left-handed crossing Right-handed crossing

Figure 4.1: A G, relation at a crossing of a diagram

Figure 4.2: The figure eight knot, with labelled generators and relations.

Example 4.1. Let K be a figure eight knot (Figure 4.2). Then the generalised knot group
G.(K) has generators a; and relations ~; for i = 1,2,3,4 as follows:

. ) n
Y1 A1 = Gy G30Gy

. _ . n —n
Y2 i A2 = A301G5

. —_ 47 -

. ) n
Y4 A4 = Q1 Q207 .

n

By setting A; = al for i = 1,2, 3,4, then we can see that the A; satisfy the knot group m(K)
relations:

’}/1 . Al = A21A3A4
’}/é . Ag = AgAlAgl
’)/:/;’ . Ag = A2A4A51
’}/le . A4 = Al_lAQAl.

Now, we will show that the generator a; commutes with the longitude A = A§1A1A2_ LA, as
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follows:

A = a1A§1A1A51A4
= Alan AL AT A,
= Ay Ajas AT A
= A; A A az Ay
= A1 A A Ay
= A\ay.

The generalised knot group relations can be written in terms of the generator a; and the
generators of m;(K) as we now show:

Y2 a2 = A:sChAg_1
Y3 a3 = AQAI1A3G1A§1A1A51
Y4 P Ay = Al_lAgalAglAl.

Therefore the Wirtinger presentation of the group G,, can be written as follows:
Gn = <A17 A27 A37 A47 V|f>/17 7&7 72/37 74/17 V"= A17 VA§1A1A51A4 = A§1A1A51A4V>;

where v is an nth root of the meridian A; and commutes with the corresponding longitude
A= A;TA AT A,

4.2 The granny and square knots

The granny and square knots are both connected sums of trefoil knots. So we can define them
as follows:

Definition 4.1. The granny knot is the connect sum of two left- or two right-handed trefoil
knots, while the connect sum of two knots with one left- and one right-handed trefoil knot is
the square knot (see Figure 4.3).

s AN
55— &=
(Kl#K:) (Kl#zf)

Granny knot Square knot

Figure 4.3: The granny and square knots.

Let K, and K be two right-handed trefoils. If (K1) & (z, y|z® = y?), with g; = yz~! and
A = 2% and 7 (Ky) & (w, z|w? = 2?), with py = zw™! and Ay = w3, then 7 for the granny
knot is

M(GK) 2 (2,y,w, 2| = g, 0* = 22, ya = 2w,
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which has meridian and longitude p = ji1 = o = yx~! = 2w !, A = 23w3. Similarly, let K and

K3 be right- and left-handed trefoils respectively. If m (K1) = (z,yla® = y?), with py = ya ™
and \; = 2%; and m(K3) = (w, z|w® = 2%), with gy = zw™ and Ay = w3, then m; for the
square knot is

1

T (SK) = (z,y,w, 2|2 = y*, w® = 22y~ = 2w~ "),

which has meridian and longitude p = p; = po = yzr=' = 2w, A = 23w 3. Thus, 7, (GK) and
m (SK) are both isomorphic to

(z,y,w, 22> = y*,w® = 22 yr ™' = 2w ).

Remark 4.1. The fundamental groups for the granny and square knots are both isomorphic:
T (K1#Ks) = m (K #K>).
In other words, they have the same ;.

The presentation for Gz, for GK and SK is obtained from 7m; by adding a new generator v
which is an nth root of u as follows:

3_ .2 3 _ 92 n_
(x,y,w, z,v|j° = y*,w’ = 2°, V" = yx

3

1%

G, (GK)
G, (SK)

= 2w Pty = vatu?),

1

I

3 3 3 3>.

(x,y,w, z,v|r’ =y w® = 22 V" =yt = 20!, PPy = vatw

We can see that the difference between the presentations for G, (GK) and G, (SK) is just in
the last relation, which states that the longitude commutes with an nth root of the meridian.

4.2.1 The granny and square knot analogues

The knots GK,; and SK,; are analogues of square and granny knots built from (a, b)-torus
knots, where a and b are co-prime. We define GK,j, to be the connect sum of two right-handed
(a, b)-torus knots or two left-handed (a, b)-torus knots, and SK,, to be the connect sum of a
right-handed (a, b)-torus knot and a left-handed (a, b)-torus knot. Recall from Lemma 3.1 that
the meridian of G, is equal to z°y~%, where ¢ and d € N are a solution to bc — ad = 1. We
can write the presentations for m (GK,;) and m1(SK,,) as follows:

m(GKap) = (x,y, w, z|z% = Y’ wt =2ty = wcz_d>,

m(SKap) = (x,y,w, 2|z = P wt =2ty 4 = wcz_d),

where both have the same meridian z°y~% = w29, but different longitudes A¢g,, = z*w*
and Asg,, = rw™ " As we can see both of GK,; and SK,; have the same knot group. The
presentation for G, (GK,;) and G, (SK,;) can be obtained in exactly the same way as those
for G,(GK) and G, (SK):

b d d

[

Gn(GKup) = (2, y,w, 2, v|a" = ¢, w® = 220" = 2%y~ = w2~ v*w'y = va'w®),

b d d

Gn(SKap) =z, y,w, z, v|z* = y*,w® = 2% 0" = 2y~ = w2~ 2w v = va'w ™).
By Nelson and Neumann [21], we know that G,,(GK,p) is not isomorphic to G, (SK,;). The
goal of this study is to show that the difference between these groups can be detected by counting

homomorphisms into suitably chosen finite groups. We will give the proof in Chapter 6.



Chapter 5

Group Theory

In this chapter, we will narrow our focus to the types of groups that will appear in our study.
We will briefly introduce these groups: dihedral groups, direct products, semidirect products
and wreath products.

The definitions and theorems in this chapter are taken from: Aschbacher [3], Bogopol-
ski [4], Chirikjian [6], Humphreys [10], Ledermann [14], Meldrum [19], Rose [24], Rotman [25],
Scott [27] and Tuffley [29].

5.1 Dihedral groups

In this section, we will outline the dihedral groups with some examples.

Definition 5.1. For n > 3 the dihedral group D, is the group of symmetries of a regular
polygon with n sides. For n = 1 or n = 2, D,, is the group of symmetries of an interval or
rectangle respectively. The order of the dihedral group D,, is 2n, for n > 1.

There are two types of symmetries of the n-gon; exactly half of them are rotations and the
other half are reflections as follows:

Rotations pg, p2x, par, ..., pacm-1)=, Where pg is an anti-clockwise rotation of angle 6.
Reflections po, pz, Pz Bzt where iy is reflection about the line through the origin
meeting the vertical axis with an angle 6.

The dihedral group is generated by a rotation through 27 /n and a reflection. The dihedral
group D,, has the presentation (a, b|b" = a®> = e,aba™! = b™!), where a represents a reflection
and b a rotation.

We will clarify the above discussion in the following example.

Example 5.1. Let Po; p2x and pix be the rotations of Dz and let po,pz and fi2x be the
reflections of the group. Then the group of symmetries of the triangle can be written as

D3 = {p()ap%rvp%auo’[t%?#%r}'

As we can see in Figure 5.1 rotating the triangle gives three symmetries: pg is the identity
rotation, P2 is the 120° anti-clockwise rotation and pix is the 240° anti-clockwise rotation.

37
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(i)

Figure 5.1: The elements of D3, the symmetry group of an equilateral triangle. (i) is a diagram
of the three rotations. (ii) is a diagram of the three reflections of Dj.

The reflections across the diagonal and vertical lines of symmetry give three more symmetries
which are g, the reflection through the vertical line; pz, the reflection through the diagonal
running northwest to southeast; and fizx, the reflection through the diagonal running northeast
to southwest.

We will conclude this section with the following remark which shows D,, may be realised as
a subgroup of S,,.

Remark 5.1. By labeling the vertices of the regular polygon with 0,1,...,n — 1, D, can be
realised as a subgroup of S,,. It is generated by the rotation p(i) = i + 1 and the reflection
0(0) =0,0(i) =n—1, for 1 <7< n—1. Also, both p and o can be written in cycle form as
follows:

p=01...n—-1)
o= (0)1n—=1)---([n/2] [n/2]).

Note that (|n/2] [n/2]) represents the two cycle (k k4 1) when n = 2k + 1 is odd, and the
one cycle (k) when n = 2k is even.

Let us illustrate the above remark by an example.

Example 5.2. The group S5 has a subgroup that is isomorphic to Dj (Figure 5.2), which is
generated by p and o, where

=(01234),
o = (0)(14)(2 3).
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Figure 5.2: A pentagon with labelled vertices which realises Ds as a subgroup of Ss.

5.2 Semidirect products

In this section, we will describe the semidirect product and some of its properties. To be able
to define the semidirect product, the direct product needs to be defined first.

Definition 5.2. Let G be a group. Then G is to said to be a direct product of two groups
H and K if and only if they are normal subgroups of G such that H N K = {e} and G = HK.

Definition 5.3. (G is said to be the semidirect product of H and K if and only if H and K
are subgroups of GG, which satisfy the following conditions:

H <@,
HNK ={e},
HK =G.

Let G = HK, where H and K are subgroups of G and satisfy the conditions in Definition 5.3.
Each element of G can be uniquely expressed in the form hk, since hk = W'k’ implies (k') ~'h =
Kk=' € HNK = {e}. Since H <1 G, for each k € K there is an automorphism of H which
is the inner automorphism of %k restricted to H given by h ~ khk~!. Moreover, the map
K — Aut(H) given by k s (h — khk™1') is a group homomorphism, as we now show. Suppose
¢k is the inner automorphism of k restricted to H. Then, for ¢,k € K and h € H,

i (h) = thh(tk)™
= tkhk 't7!
= t(khk~ 1)t
= @i(khk™1)
= ¢i(pr(h))
= (1 0 ) (R).

For h € H and k € K we associate the ordered pair (h,k) € H x K with the element
hk € G = HK. For hk, k' € G and the homomorphism ¢, the multiplication on G can be
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written as follows:

(h, k)W, k) = (hkW'k™Y, kK
= (her(R'), kk').

This is what called a semidirect product, and it is denoted by H %, K, or it can be written as
H x K, when ¢ is understood.

We now give an example of the semidirect product.

Example 5.3. Let H = (z|z" = 1) ¥ Z,, and K = (y|ly*> = 1) & Z,. Let p : K — Aut(H)
be the homomorphism such that ¢,(z) = 2~'. Then the semidirect product of the normal

subgroup H and the subgroup K is
G=Hx, K.

We now show that G = D, the dihedral group of order 2n. The element (x,1) has order n
and (1,y) has order 2. So,

(Ly)(x,1)(1,y) = (¢y(2),y) (1, y)
= (py(),9°)
= (py(2), 1)
= (:U’l, 1)
= (z, 1)_1.

Hence if we set v = (z,1) and u = (1,y) then v and u satisfy v" = v*> = 1 and wvu = v 1.

We can see that v and u generate G and |G| = |K||H| = 2n. So the relations of the group G
are exactly the same as those of the dihedral group D,, and that implies G is isomorphic to D,,.

Remark 5.2. The example above shows that the dihedral group D, is isomorphic to the
semidirect product G = Z,, X Zs.

Next, we will use the semidirect product to construct the group D, 4.9, which will form the
building blocks for our target groups in Chapter 6.

5.3 The construction of D, ;¢

We will begin with the definition of Tuffley’s D, , [29]. For p and ¢ distinct primes the group
D, , is a semidirect product
D,,= ngl X Zyg.

To define multiplication in D, , we regard Z1™" as the additive group of the finite field Fpq-1.
The multiplicative group IF;H is cyclic of order p?=! — 1, and so contains an element ¢ of order
q, as q divides p?~! — 1 by Fermat’s Theorem. The multiplication in D, , can be defined by the
action of i € Z, on Zg_l given by multiplication by ¢*. We remark that D, , may be regarded

(&)

as a generalised dihedral group, in the sense that D, = D,,.

If F(z) = 14x+2%+- - 429! factors over Z,, then the isomorphism type of D, , depends on
the choice of root ¢, and therefore to avoid this ambiguity we need to define D,, ;4. To construct
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the semidirect product D, ¢, let 6(x) be an irreducible factor of F(z) = 1+z+2%+ -+ 27!
over Z,, and let ¢ be a root of §(x) in F,g = Z,[x]/(0(x)) which is a finite field of order pce?.
The group D, 4 is the semidirect product

Dp7q;9 = Vpﬂ X qu

where V5 = (Z,)%? is the additive group of F,,. The multiplicative group IF[))(;H is cyclic of
order pde8? — 1, and ( is an element of multiplicative order ¢, because §(z) divides 1+ z + 22 +
o497 and so divides 29 —1 = (x — 1)(1+z + 2%+ - -+ 27 1). Therefore, the multiplication
in D, 49 can be defined by

(v,4) - (u,5) = (v + C'u,i + j).
Thus D, ,¢ is a subgroup of Tuffley’s D, , [29] for a suitably chosen element (¢ of order ¢, and
D, 0= D, , when 0 is irreducible over Z,.

Remark 5.3. In the special case where ¢ = 2, we have F'(z) = x + 1 which is irreducible over
Zy,. Then ¢ = —1 and we see that D, s.,+1 = D,, the dihedral group.

Since V,, is normal, there is a map from D, ;¢ into Z,, which we will use in Section 5.5. If
f = (v,i) € D, 40, then we will write [f] = ¢ for its image in Z,.

The next section proves some properties of the group D, 4.6.

5.3.1 Properties of D, .

In this section, we will introduce some properties of D, ;¢ and show that it is generated by
any element of order p together with any element of order ¢. Also, we will define cyclic and
noncyclic solutions to z* = ¢°, in a group G, and show when D, .o has a noncyclic solution to
% = b,

The following lemma will present some facts about the elements of D, 4. For a proof see
Tuffley [29].

Lemma 5.1 (Tuffley, [29, Lemma 3.2]). Let D, 4.0 = V0 X Z,, such that Ve = (Z,)%°8%. Then
1. Elements in D, 4o are of order 1, p, or q.

2. If two elements f and g € Dy 49 commute with each other, then they belong to V. or the
same cyclic subgroup of order q.

3. If an element f = (v,0) € V9 has order p, then the conjugacy class of f is ((*v,0), where
0<i<q—1.

4. If f = (v,1) has order q, then the conjugacy class of f is{g:[g] =1} = {(w,i) : w € V,4}.

Remark 5.4. Since p and ¢ are prime, as a consequence of Lemma 5.1 we note that if f is a
nontrivial element of D, 49, then f has an nth root in D, . if and only if ord(f) is co-prime
to n. Moreover, any such nth root belongs to (f).

We next will state our lemma which shows the generators of the group D, ;0.
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Lemma 5.2. Let o and [ be elements of D, .9 of orders p and q. Then the group D, .q is
generated by o and 3.

Proof. The group D, .0 = V9 % Z,. Suppose « is an element of order p such that (o) =
{(ku,0)|k =0,...,p — 1}, and suppose [ is an element of order ¢ such that (5) = {(v;,j) =
(v,1)7] =0,...,q — 1}. Then letting (3) act on a = (u,0) by conjugation we see that

Faf™ = (v5,5)(u,0)(vy,§) "
= (v, ) (1, 0)(=C¢ vy, ) (as (vj,7) " = (=¢v;,—7))
5 D) (w = (v, =)
v+ (u—C ;)5 — J)
v; — vj + Yu,0)

(:ju7 0)7

s0 (¢?u,0) belongs to (o, 8) for j =0,1,...,q— 1.
Let d = deg#. We claim that (u,0), (Cu,0),..., (¢ u,0) are linearly independent, and there-
fore generate V4. We regard V. = (Z,)? as a vector space over Z,. Suppose that

<

o~ o~ o~ o~ o~ o~

cou+c1Cu+ -4 cg 1w =0, (5.1)

where ¢; € Z, for i =0,...,d — 1. Factoring (5.1) we get

d—1
[E cz-ci] u=0,

1=0

SO thol ci¢" = 0 € F,p. But then ¢ is a root of Zgl;ol c;x', a polynomial of degree less
than the degree of 0, so we must have ¢; = 0 for all ¢ since 6 is irreducible over Z,. Then
(C'u,0),4=0,...,d — 1 are linearly independent and therefore generate V.4 as claimed. O

Since we are interested in homomorphisms from G,j;, we are interested in solutions to
2% =¥ in a group G. The following definition gives more explanation.

Definition 5.4. If G has a solution to 2% = 9, then the solution is cyclic if (x,7) is a cyclic
subgroup of D, ,¢. Otherwise, the solution is noncyclic.

Similarly, we will say that p : G, — G is cyclic if (p(z),p(y)) is cyclic. Otherwise,
p: Gup — G is noncyclic.

We now characterise when D, ;¢ has a noncyclic solution to z¢ = y°.

Lemma 5.3. Let a and b be co-prime. Any noncyclic solution to z* = y* in D, ¢ satisfies
x® = y* = 1. Consequently, such a solution exists if and only if pla and q|b, or gla and plb.

Proof. Suppose x and y are a solution to 2 = y® such that % = y* = g # 1. Then g has order
either p or ¢. The element g belongs to (z) and (y), where (x) and (y) are groups of order p or
g which are primes. Therefore, g generates (x) and (y), and (z) and (y) are cyclic subgroups of
(g). This implies that (x,y) = (g) is cyclic, so any noncyclic solution must satisfy 2% = y® = 1.
We show that a noncyclic solution exists only if pla and q|b, or qa and p|b. Let 2% = y® be a
noncyclic solution satisfying ¢ = 3* = 1. Since a and b are co-prime and p and ¢ are distinct
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primes, either x is an element of order p and y is an element of order ¢q or x is of order ¢ and y
is of order p. Then pla and ¢|b, or g|a and p|b.

We now prove a noncyclic solution exists if p|a and ¢|b, or ¢|a and p|b. Without loss of generality,
assume pla and ¢|b. In this case, choose z of order p and y of order ¢, and therefore 2¢ = 3* = 1
and (x,y) is noncyclic by Lemma 5.2, since it equals D, ;.. ]

Remark 5.5. By Lemma 5.3, if (z,y) is a noncyclic solution, then (z,y) = D, 40

5.4 Wreath products

The wreath product in group theory is a product of two groups based on a semidirect product.
It is important in the classification of permutation groups. For our purposes we may define the
wreath product as follows.

Definition 5.5. Let G be a group, and let X be a set, then G* =[], X G, where G; = G for
1 € X. Suppose H is a group that acts on X on the right. Then there is a natural left action
of H on G¥ defined by

(h(9))i = Gin,

where g = (gi)iex. Then the wreath product G H is the semidirect product G* x, H, where
¢ is the homomorphism ¢ : H — Aut(G™) defined as follows: for (g;)icx € G* and h € H, we
have (¢n(9))i = gin-

We will illustrate the multiplication in the wreath product with a simple remark followed
by an example.

Remark 5.6. Suppose (g1,92,---,9n), (k1, ko, ... k,) € GX, X = {1,...,n} and hy,hy € H.
Then the multiplication rule in Gt H = G* x, H can be defined by

((gl, gz, ... 7gn>, ]’Ll) ((kh k?g, ey k’n)7 hg) = (91’431./11, ggkg.h17 ce agnk’whla hlhg).

If g = ((91,---,9n),h), then we define § = h. In general let gk € GV H and g € H.

Then (gk); = giki.3, and the multiplication in H is given by gk: = gk The multiplication in
permutations is composed from left to right, as we will see in the following example.

Example 5.4. Let (g1, g2, 93), (k1, ko, k3) € G® and let (1 2),(1 3) € S3. Then, the product of
g = ((917927g3>’ (1 2)) and k = ((kla k?a k3)7 (1 3)) in G3 { 53 1s

gk = ((91,92:93), (1 2)) - ((k1, ka, k3), (1 3)),
= ((glk%nglaggkg), (12 3))

In the following section we will construct the group Wk

st» Dy modifying the construction
of Tuffley’s H{" in [29].
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Figure 5.3: When @ has order ¢ = 5, its action on F has a single 1-cycle (p) and all other cycles
are of length 5.

h.k;T

5.5 The construction of W,

To construct our target group W?fg we will modify the construction of Tuffley’s H{", which

is a wreath product D, ,0PSL(2,p). We will do this by replacing PSL(2, p) with Dy ., as follows.

Given distinct primes h, k, s and ¢ and suitable polynomials 7 € Zi[z] and o € Z[z], the

kst
group W3 is a wreath product of Dy, j;r over Dy,

hoksT _ r
W = Dppir U Ds o = (Dhgir)” X Dy 0,

s,t;0
where F = {g € Dsy,|lg] = 1} is a conjugacy class of Dg;, and we let Ds;., act on F by
conjugation.

Elements of ng; have the form

w = ((wi)ier, W),

where w; € Dy, ., for each i € [, so there will be |V,,| = s8¢ entries. The element @ € Dy,
has order 1, s or t.

Remark 5.7. We use Lemma 5.1 to describe the cycle structure of an element w € Ds ., acting
on f by conjugation. Note that all elements of / have order ¢. If @ has order s, then w € Vg,.
Elements of order s and ¢ do not commute, and therefore @ has no fixed point and all cycles
are of length s, because s is prime. If & has order ¢, then it commutes only with (w). There is
a unique element & € (@) such that @ € f, 0 < r <t — 1. Then, @ has a unique fixed point
in F and therefore all other cycles have length ¢, because ¢ is prime. Figure 5.3 pictures the
above discussion, with t = 5.

hk;T
st;0

[w] = (([wi])ier  @).

It is convenient to factor the map W];tkg — Zi ! Dy 4. into two maps to distinguish a subgroup

of W7 isomorphic to Zy ! Dy s, Choose € in Dy k. of order k such that [€] = 1, so (£) = Zj.

s,t;0

We define A*,., = (€)1 Dy, C Wi

s = s,t;0

The map Dy, j.r — Zy, leads to a map W — Ziy; L D+, which is given by
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Furthermore, we can get a well defined homomorphism W?tkg — L ! Dg y.p — Zy, which is
given by
W] = [wil,
el
as Zj, is abelian.
Similarly, the subgroup V.. ¢ Ds 4., has the homomorphism || - || : Vj,.; 0 D t.p — Vi, given
by
(i, Bier || =D vi.
el

To be able to use Wﬁ;{jg, we need to restrict h, k,s and ¢ to be distinct primes which will

allow some flexibility in dealing with the processes in the following chapter in order to prove
the main theorem.

We conclude this section with an example which illustrates the group operations in the
wreath product G Ds.

Example 5.5. Consider the wreath product G D5 2.,41. Since Ds 5,11 is isomorphic to Ds,
we therefore have G D5. The group Dj is generated by p = (0123 4) and o = (0)(1 4)(2 3)
(see example 5.2).

Elements of G D, may be described using diagrams such as those in Figures 5.4 (i) and (ii). The
arrows describe the permutation g and iL, and they are labelled by the corresponding element
gi, h;. For example, let

g= ((90,91,92,93,94), (0 123 4))7 h = ((ho, hl, hg, hg, h4), (0)(1 4)(2 3))

Then
gh = ((goh1, grha, gahs, gsha, gaho), (0 4)(1 3)(2)),

which is represented by Figure 5.4(iii). As we can see in Figure 5.4 (iv), the inverse of ¢ is
found by reversing all arrows and inverting all labels,

_ -1 _ _ _ _ _
g t= (<907glag2ag3ag4)> (O 123 4)) = ((941790 1791 1792 1793 1)7 (O 432 1))

If ¢ is raised to the third power: g - g - g, then

9> = ((909192, 919295, 929394, 39490, 919091 ), (0 1 2 3 4)*)
= ((909192, 919293, 929394, 939190, 9agogn), (0 3 1 4 2)).

This is represented by Figure 5.4 (v).
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Figure 5.4: Visualising elements and group operations in G Ds.
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Chapter 6
The Main Result

In this section we will describe the strategy of this study which extends the work of Tuffley [29],
and we will state some definitions and lemmas which we will use in order to show that the dif-
ference between G, (GK,;) and G, (SK,;) can be detected by counting homomorphisms into
suitable finite groups. For simplicity we will restrict our attention to values of n satisfying a cer-
tain coprimality condition with respect to a and b. This avoids certain technical complications
that arise in Tuffley’s proof [29] that G, (GK) and G, (SK) are not isomorphic for n > 2.

6.1 Strategy

Let K = GK, or SK,p, and let p1, A be the meridian and longitude of K. Then we will consider
triples (W, p,n), where W is a finite group, p is a homomorphism which maps 7 (K) into W,
and 7 is an nth root of p(u). If ™ = p(u), then we will called (p,n) a map-root pair for K
in W. Then we will have a homomorphism p : G,,(K) — W, when it satisfies the compatibility
condition p(A)n = np(X). As we know m(GK, ) and m(SK,;) are both isomorphic to

Hup = (z,y, z,w|z" = Yt w® = 2y~ = weem ),
where they have common meridian u = z%~% = w°2~? = wy, so the map-root pairs for
both of them are the same. However, the compatibility conditions for GK,; and SK,j are
p(x*w*)n = np(x®w®) and p(x®w=*)n = np(x®w=?) respectively. As Hyp = Gap *(we) Gap, We
can think of p : H,, — W as two homomorphisms (py, p2) mapping G, into W such that
p1(wo) = pa(wo).

The following is our main theorem.

Theorem 6.1. (Main Theorem) Suppose thatn > 2, and a and b are co-prime integers such

that 1 < a < b. Choose primes s|a and t|b such that gcd(st,n) = 1. Let h be a prime dividing n,

k a prime co-prime to 2nab, and let T € Zy[x] be an irreducible factor of F(z) =1+ -+ aF1

over Zy,, and o € Z|x] be an irreducible factor of F(x) =1+ -+ 2'~! over Z,. Then
|Hom(G(GK,p), WHET)| < |Hom(G(SKayp), WET)].

st;0 st;0

Therefore, G,,(GK,p) is not isomorphic to G,(SKap) for n > 2 which satisfies the theorem
hypotheses; in particular, this holds if gcd(ab,n) = 1.

47
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Note that any nontrivial torus knot is equivalent up to reflection to a torus knot 7y satis-
fying 1 < a < 0.

The target group of this study is the wreath product ng , defined earlier in Section 5.5.
Each one of the divisibility conditions that is described in the hypotheses of the above theorem
will play a crucial role in the proof of the theorem as we will see in the following sections. Now,
let us describe the idea of the proof of Theorem 6.1 which is the same as that of Tuffley [29].
We will show that:

Al. Every compatible pair (p,n) for GK,; in Wst is also compatible for SK,.

Y

A2. Some pairs (p,7) are compatible for SK,, in W"FT

sto o but are incompatible for GK, .

Remark 6.1. Let a =2 x 3 and b =5 x 7, and let s and ¢ be distinct primes such that s|a
and t|b. Therefore, we have four possibilities for s and ¢. If we choose

e s =2 and t = 5, then the possibilities for n will be 3,7,9,11,13,17,19,21,...;
e s =2 and t =7, then the possibilities for n will be 3,5,9,11,13,15,17,19,23,25,...;
e s =3 and t = 5, then the possibilities for n will be 2,4,7,9,11,13,16,17,19,22,23,...;

e s =3 and t = 7, then the possibilities for n will be 2,4,8,11,13,16,17,19, 20,22,23, . ...

6.2 The cycle product and applications

In this section we will state some lemmas and definitions which will play an important role in the
proof of our Main Theorem 6.1. Although the lemmas and definitions were proved for Tuffley’s
HI" = Dy, tPSL(2,p) in Tuffley [29], the proofs still apply for our group ng; = D100 Dp s

First we will define the cycle product which is an important tool for finding the results.

Definition 6.1 (Tuffley [29]). Let w € W57 i € F and let [;(&) be the length of the disjoint

s,t;0 7
cycle of @ that contains . Then the cycle product of w at ¢ can be defined as follows:
li(w)—1

| | Wi.or = Wildj.g « + - Wy pli(@)—1.

The cycle product is thus the ordered product, beginning at ¢, of w; for j in the disjoint cycle
of @ containing . Notice that given a cycle, we can then see that the value of the cycle product
is dependent on the beginning point 7, while the conjugacy class is not, as m;.,(w) = w; ' (w)w;.

Next, we will define elements in (reduced) standard form.

Definition 6.2 (Tuffley [29]). Let w belong to W7 Then w is said to be in standard form if

s,t;0
Wiy = Wi,

for each 7. Moreover, w is in reduced standard form if w is in standard form and m;(w) =

w @ = 1 if and only if w; = 1.

7
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h,k;T

The next lemma implies that an element of W )

standard form.

is conjugate to an element in reduced

Lemma 6.1 (Tuffley, [29, Lemma 3.3]). Let [;(w) be co-prime to the order of m;(w) for all i.
Then, w is conjugate to an element o in reduced standard form such that & = @ and m;(«) is
conjugate to m;(w) for all i.

Note that in our case [;(w) € {1, s,t} is co-prime to ord(m;(w)) € {1, h, k}, so the hypotheses
of Lemma 6.1 are always satisfied. It follows that every element of ng; is conjugate to an
element in reduced standard form.

Lemma 6.2 (Tuffley, [29, Lemma 3.4]). Suppose w is an element of Wztkg in standard form
such that w; has order 1 or k for allt. Then w is conjugate to an element a of Als“’t;g in standard

form. Moreover, if w is reduced then o may be chosen to be reduced.

The next lemma gives a condition for an element in reduced standard form to commute
with another element.

Lemma 6.3 (Tuffley, [29, Lemma 3.5]). Suppose w is in reduced standard form and let
commute with w. If w; is constant on orbits of 7, then ~; commutes with w; for each i and ~;
1s constant on orbits of w.

We conclude this section with the following lemma which gives a necessary condition for an

element w of W’;fg to be an nth power.

Lemma 6.4 (Tuffley, [29, Lemma 3.6]). If w = ~" belongs to W"FT then 4" = & and

s,t;0 7
mi(w) = (m;(ry))n/eedlim)
In particular, the conjugacy class of m;(w) is constant on orbits of 7.

The proof of the main theorem requires the lemmas in the following section.

6.3 Images

In this section, we will identify the possibilities for images and roots of the meridian in the pair
(p,m) by distinguishing up to conjugacy solutions to 7" = w with @ # 1. Also, we will find the
possible values of the longitude. The lemmas and proofs in this section generalise those used
in Tuffley’s proofs [29].

6.3.1 The meridian

Lemma 6.5. Let h, k, s, t,7 and o be as given in Theorem 6.1. If w € W
such that & # 1, then w is a conjugate to an element of A*

Conversely, for such an element w of A’;yt;g

h,k;T - th
s,to s ann power

<10 that is in reduced standard form.
the solutions to n™ = w are described by

1. =", where Q" is the unique nth root of & in (W),

2. Nie =n; and so also n;.; = n; for all i;
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1 1
3. m=w € (&) if w; # 1, where — is the multiplicative inverse of n in Zy; and
n

4. M € Vi if wy = 1.

c

Consequently, the solutions to n* = w are parametrised by (Vy..)¢, where c is the number of

cycles of @ on which w; = 1.
Proof. Suppose 1" = w. Then by Lemma 6.4, we get
mi(w) = (Wi(n)>n/g5d(li(ﬁ)’”)_

We have ged(l;(17),n) = 1, because [;(7) € {1,s,t} and ged(st,n) = 1. So m;(w) = m(n)™. Now
h divides n, so m;(w) € Dy . is an hth power in Dy, k.. and therefore 7;(w) has order 1 or k for
all 7. Since [;(@) is co-prime to k for all i, Lemma 6.1 and Lemma 6.2 imply that w is conjugate
to an element of A%, in reduced standard form, as claimed.

To prove part (1), suppose w is an element of .A'jyt; , in reduced standard form, such that
w # 1. Then @ has order either s or ¢, which are distinct primes and co-prime to n. Therefore
w has a unique nth root o € D4, and « is of the form a = @" for some r. We show that w
has an nth root n such that 7 = a = @". Suppose that w = n™. The order of w is prime, so the
orbits of 7 = @" and the orbits of @ coincide. Therefore w; is constant on orbits of 7, because
w is in reduced standard form. Since w = 1" commutes with 7, Lemma 6.3 implies that w;
commutes with 7;, and therefore 7,., = 7, and also 7;.; = 7, as they have the same orbits, which
proves part (2). Since 7;.; = 1, n is in standard form (Definition 6.2) and we therefore have

wi=n")i = (m)"

in Dy, k... Because of our construction, n is divisible by £, but not k. Therefore, either w; is of
order k and 7; is the unique nth root of w; in (w;) = (£), or w; is of order 1 and then we can
choose any element 7; € V.., which prove parts (3) and (4). These values do in fact define nth
roots, so the nth roots of w are parametrised by (Vj.,)¢, where ¢ is the number of cycles of @
on which w; = 1. O

6.3.2 The longitude

Lemma 6.6. Let w belong to A*, —in reduced standard form such that & is nontrivial. Let

s,t;0
h,k,s,t,7 and o be as we described them earlier in Theorem 6.1. Assume p : Gop — ngg 18
a homomorphism such that p(wy) = w and let € = p(z®). If {p(x), p(y)) is cyclic then € = w®,

—

—

and if {p(x), p(y)) is noncyclic then

1. ¢=1;

2. g; is constant on orbits of w;

3. the conjugacy class of ; is constant on F ;
4. [ei] = 2 [[w]] for all i;
5

.= é'ab[[w”/sdegQ waz ?é 1.
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Proof. Define x = p(z) and ¥ = p(y), so € = x* = 1’. We consider two cases:

~

1. (x,%) is a noncyclic subgroup of Ds.,,

~

2. (), ) is a cyclic subgroup of Dy .,.

Case 1: noncyclic case. We consider first the case that (y, @/3> is noncyclic. Since 2 = g°
generates the centre of G (by Theorem 3.7), ¢ commutes with w. To prove part (1), we have
E=X"= 1/31’ in Dy 4., and (¥, @/3) is noncyclic, so by Lemma 5.3 € = 1. Therefore w; is constant
on orbits of £ (since each orbit is a singleton) and by applying Lemma 6.3, ¢; is constant on
orbits of @ and commutes with w; for all 4, which proves part (2). Since w; € (£) for all i, by
applying Lemma 5.1 part (2) we have ¢; € (£), whenever w; # 1.

As we have ¢; = m;(¢) for all ¢ and e = x* = Y, so by Lemma 6.4 the conjugacy class of ¢;
is constant on orbits of y and ¢. Since x and 1 generate Dy, (by Lemma 5.2) and Dy ., acts
transitively on F, the conjugacy class of ¢; is constant on f, which proves part (3).

To prove part (4), since the conjugacy class of ¢; is constant on F, the value of [¢;] is constant

on F. So we can calculate the common value [g;] by using the abelianisation W?fg — Zy, as
follows:

[ell =) _[er] = s™8¢eil. (6.1)

ref

Since w generates the abelianisation of G, (by Remark 3.1), we have

[[e]] = XN = allx]] = ab[[w]]. (6.2)

From (6.1) and (6.2), we get
548 2[e;] = ab[[w]]. (6.3)

We can divide (6.3) by s%€¢ mod k as s9°¢ is co-prime to k. Then we have

ab
] = v f], (6.4)
for all 7 as required.
When w; # 1, we can use (6.4) and the fact that g; € (£) to get
s = gollell/sose, (6.5)

which proves part (5).

Case 2: cyclic case. Now, consider the case that y and @/A) are powers of w. Therefore
p maps G, into the subgroup Dy ., ¢ (@). Since w generates the abelianisation of G, (by
Remark 3.1), we therefore have é = &%, so w; is constant on orbits of . By applying Lemma 6.3,
g; is constant on orbits of & and commutes with w; for all i, so ; € (§) if w; # 1. Let oy,...,0m
be the disjoint cycles of @ of lengths [y, ..., 1, then the subgroup Dy .. ¢ (&) can be regarded
as a subgroup of the direct product

HDh,k;T l <UT> = H(Dh,k;r)lr X Op.
r=1

r=1
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We will regard the map p as a product of maps p, to each factor. In the rest of the proof,
o, will denote both the cycle and the set of points in the orbit of this cycle of F. For
v € [T, (Dpgr)' % 0, we will write 7|, for the projection of v on the factor.

Since w; and ¢; are constant on o, the abelianisation [[-]] : Dy, y.r 0 (o) — Zy, gives
[[elo ] = I [ed], (6.6)
and
[[e]o,]] = ab[[w]s, ]]. (6.7)

From (6.6) and (6.7), we get
[elo,]] = br[es] = abl[wlo,]] = ably[wi]. (6.8)

As [;(w) € {1,s,t} is co-prime to k for all 4, we have [¢;] = ablw;] on o,. If w; is nontrivial on
o,, then we have
g = g[el} _ gab[wi} _ w;-lb _ (wab%‘

If w; is trivial on o, then [w;] = 0 so ¢; is in V.. We need to prove that ¢; is trivial. We
assume that ¢; = v € V.-, and that v # 1, to lead to a contradiction. We claim that p, maps
Gl into the subgroup Vy,.. ¢ (0,). To prove this we need to show that the images of x and y
lie in this subgroup, because x and y generate G, (by Definition 3.6). As we know, ¢ and x
commute and ¢g; is constant on orbits of y, because the orbits of y are contained in the orbits
of w. Applying Lemma 6.3 we can conclude that y; commutes with ¢; for all .. By applying
Lemma 5.1 part (2), this means x; € V., on 0,. We can apply the same argument to y, and
then we may conclude that ; € V., for all 4; as required.

We have the abelianisation || - || : Vj,.; 0 (0) — V., and applying this we get
|[elo, || = lrv = ab||w|,, || = 0.
Since [, is co-prime to h, v = 1 is the identity. Therefore, ¢;, =1 = wfb = (w“b)i on o,.

In both cases above we have g; = (wW™);, so € = w® as required. ]

Let us now investigate Lemma 6.6 when [[w]] = 0, and & # w®.

Lemma 6.7. Suppose w,e,p and h,k,s,t, 7 and o are as described in Lemma 6.6, and let
[w]] = 0 and & # w®. If w; is nontrivial for some j, then € is trivial.

Proof. Since € # w™, ¢ is described by the noncyclic case of Lemma 6.6, and ¢; € V., for all 4.
If w; is nontrivial, then £; = £ = 1 by (5); and now by (3) the conjugacy class of ¢; is constant,
so g; = 1 for all i. From statement (1), we have ¢ =1,s0e=1. O

Remark 6.2. When [[w]] = 0, and & # w®, it follows from Lemma 6.5 and Lemma 6.6, if
w; = 1 for all 4, then 7; and ¢; belong to V.. for all j. Since the orbits of 7 coincide with the
orbits of w, ¢; is constant on orbits of 7). Therefore

(77€)¢ = Mi€in = i€ = &)y = (577)i-

So ¢ and 7 commute as e = 7 = €.
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6.4 The proof of the main theorem

We devote this section to the proof of our Main Theorem 6.1. To prove the theorem we need
to show (p,n), which is a map-root pair for GK,;, and SK,; in Wﬁ;ﬁg, is compatible for GK,
only if it is compatible for SK,;. We will study the compatibility conditions for GK,; and
S K, in the two cases: when p(wy) = 1, which is a trivial induced map to Ds.,, and p(wp) # 1,

which is a nontrivial induced map to Dy ,.

6.4.1 Case 1: Trivial induced maps

Let p/(\wo) = 1. The induced homomorphism p : H,p — D4, is trivial, because the conjugacy
class of wy generates H,; (by Remark 3.1). Then we may regard the homomorphism p as a
homomorphism H,, — D}ik;T which is a product of homomorphisms H,, — Dp .. As we
have chosen h and k to be co-prime to a and b, each map p : H,p — Dp ;- factors through
Z (by Lemma 5.3). As a result, p : H,p — D}, factors through Z too. Then, we have
p(z%) = p(w®) = p(wp)® = w®. As n commutes with n" = w, it commutes with both p(z%) and
p(w®). Therefore, the pair (p,n) is compatible for GK,p, and SK,p.

6.4.2 Case 2: Nontrivial induced maps

In this case, let p(wo) # 1. Thereisw,a € W?f; such that w = ap(wp)a™" € AL, is in reduced
standard form (by Lemma 6.5). Then, we can prove statement (A.1) by assuming p(wg) = w,
because the pair (p,n), where p maps G, into WET is compatible for either GKap or SKup

s,t;0 7
if and only if (¢/,7) = (apa™, ana™!) is.
If e = p(z*) and § = p(w?), then we can rewrite the compatibility conditions as follows:

(SKap) : ed "ty =mnedt,

)

(GKap) : g0n = ned.

Referring to the possibilities for € and ¢ in Lemma 6.6, we can study the compatibility
conditions in two separate cases:
At least one of ¢ or § equals w®

We can easily show a pair is compatible for GK, if and only if it is compatible for SK,; from
the compatibility conditions by writing them in the form

6Fnet = e e,

As we can see at least one of € and 6 commutes with 7, so we can conclude that each compati-
bility condition is satisfied if and only if the other commutes with 7 as well.

Neither ¢ nor § equals w®

In this section we will restrict our attention to the case [[w]] # 0, as when [[w]] = 0 it is clear
both ¢ and ¢ commute with 1 (by Lemma 6.7 and Remark 6.2). Consequently, any such map-
root pair is compatible for both GK,; and SK,;. Now, let us assume that [[w]] # 0. Then
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w; is constant on orbits of 7, and because 7 is a power of w, we will investigate cycles of 1 on
which w; is nontrivial and trivial in two separate cases.

In the first case, let w; # 1. Then by using Lemma 6.5, n; belongs to (£), and by Lemma 6.6
both of ¢; and 9; satisfy Equation (6.5). Therefore,

(ned™)i = mies. néﬂ using multiplication in wreath product)

(
=nigi07 " (as e =g, and 67 = 5:F1 (by Lemma 6.5))
=¢gi07'n;  (both g and 57! belong to (¢), and therefore they commute with 7;)
= (e0F'n); (since é =1).

In the second case, let w; = 1. Then by Lemma 6.5 7; belongs to V},... Therefore we can
write the compatibility condition for SK,; as follows:

g0, ' = 77151775“7 n:0; .

By Lemma 6.6, we get [£;0; '] = [&] — [6;] = <2 [[w]] — -#;[[w]] = 0, which implies &;6; "
belongs to V.., and therefore €;0, Uand 7; commute.

On the other hand, the compatibility condition for GK, is
€i0i1); = 77i€i-ﬁ5i-ﬁ = 1;€i0;.

By Lemma 6.6, we get [;0;] = [&;] + [0:i] = 2ab[[w]]/s%¢ # 0, because k is co-prime to 2ab.
Thus, €;6; # Vy.,; and therefore €;6; and 7; do not commute (by Lemma 5.1) except when
n; = 1. Then we can conclude that the condition for SK,, is satisfied, but the condition for
G K, is not satisfied.

In the next section, we will complete the proof by showing that not all pairs that are
compatible for SK,; in Wst’; are compatible for GK,j, by showing that we can realise the
case above where [[w]] # 0, but w; = 1 on some cycle of @.

6.4.3 Realisation

Choose X € Dy, of order s and ¢ € Dy, of order . By Lemma 3.1 we solved bc — ad = 1 to
get i = Y0~ where ¢,d > 0, to be the meridian. Since sla and t|b and be — ad = 1, we have
ged(s,c) = 1. Furthermore, ¢ belongs to V., and has order s. Because elements of order s
and ¢t do not commute, y has no fixed point in f and all cycles are of length s. Then ¢ has
no fixed point (by Remark 5.7). We have ged(t, —d) = 1 (because t|b and bc — ad = 1), and
then w 4 has order t. Therefore, Xczb 4 has order t, so fi has a fixed point. Choose f to be the
unique fixed point of /i in F~ which is given by Remark 5.7. Note that the fixed point f is not
the fixed point of ¢ because otherwise, f would be a fixed point of x¢ = ,uz/Jd Define x; and
Y; in ng; such that x; = £ for all j, and
gty ifj = f;
Yy =& it =107,

&, otherwise.
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Then it is seen (using Figure 6.1 (i) for the cycle of ¢ containing f) that m;(¥) = £, for j not
the fixed point of . It follows that

(x); = @"); =&

for all j. Since also ¥* = ¢* = 1, we have y* = . Hence p(x) = x,p (y) = ¢ defines a
homomorphism p' : Ggp — W?f; We may then obtain a homomorphism H,, — Wst by
setting p'(w) = x, p'(z) = 1 also.

We now compute p' (1) = x“¢»~¢. To do this it will first be convenient to calculate ¢p~¢ = (¢p~1)%.
From above we obtain

g it =1
(W) =&, ifj=f-1;
£, otherwise.

Letd = gt+rwith 0 <7 < t=1. Then (¢ ~)%); = (m; (")) [TiZg ¥, 5 = € ““TLig ¥,

Therefore, we will have the following cases:
On cycles that do not contain f

On such cycles (¢ 1); = £, for all 4, so

(W), = (W), = €

On the cycle that contains f X
We have (¢71); = £€7% except at two exceptional points f and f - 1. Then the value depends
on whether H;:é @Z)J_;_Z involves zero, one or two of these.

When it involves zero
1 —ar
H ’lp] w i - £

When it involves two, the exceptlonal points contribute £ 74F1¢=271 = €722 and the others £7¢.
Therefore we get £,

When it involves one, the exceptional points are adjacent, so the calculation only involves one
if the product begins or ends at an exceptional point.

When it begins at f, we get

(Q/}fd)f qufl f atqufw Z _5 aqtg m"é- é‘ a(gt+r)+1 __ gfad+1.

gi

When it begins at f - Q,&d, we get
(@Zj_d)fq[;d _ f ¢d H w— ey 6 atq H w ity = 5 aqtf arg— 5 a(gt+r)—1 g—ad—l‘

We can rewrite ((¢71)4); (Figure 6.1(ii)) as follows:

gt it = f;
(™) =&, ifj=f-d%

gad, otherwise.



CHAPTER 6. THE MAIN RESULT

We can write the image of the meridian as follows:

For j - x¢ # £, f -1, we have

Therefore,

(P (1) = (™) 5
— é—bCé;—ad
—¢.

The exceptional cases are j = f -9y = fand j = f- ¢ "
When j = f, we have

(' (1) = (™) pge

= (%) 1 ga (as f-R°= f- 0

= ghegmad-1 (substitute ((w_l)d)f_d;d = ¢med=1
— Sbc—ad—l

=¢0=1 (as bc —ad = 1).

When j = f - x7¢, we have

(' (1) g = E° W N pxo)xe
= E"(Y77) poge—e

— gbc(w—d)f (as )A(C_C — )A(O _ 1)
— 5bcgfad+1 (substitute ((wfl)d)f — gfadJrl)
= ghemadtl _ ¢2 (as bc —ad = 1).

Therefore (p/(1t)); can be written as

L iftj=f;
('(); =& itji=f x4
&, otherwise.

26
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—a-1 ‘f‘ . ]/t/
(i)

I ™

t

Figure 6.1: Diagram of the cycle of ¢) containing f in the case where t = 5.

o7

After conjugating p’ so that w is in reduced standard form, observe that on the cycle (f)
of @ we have w; = 1. Since [[wy]] = 592 £ 0, this gives us the case where we have map-root
pairs that are compatible for SK,;, but are not compatible for GK,;. This shows that the

inequality is strict.



Chapter 7

Summary

This thesis has generated a new theorem, which shows that the difference between G, (GK, )
and G,(SK,) can be detected by counting homomorphisms into suitably chosen finite groups.
This shows that the difference can be detected by an algorithm.

Main Theorem (Theorem 6.1). Suppose that n > 2, and a and b are co-prime integers such
that 1 < a < b. Choose primes s|a and t|b such that ged(st,n) = 1. Let h be a prime dividing
n, k a prime co-prime to 2nab, and let 7 € Zy[x] be an irreducible factor of F(z) = 1+---+2%7!
over Zy,, and ¢ € Z;[x] be an irreducible factor of F'(z) =1+ --- + 2'~! over Z,. Then

| Hom(G(GKap), WoiT)| < |Hom(G(SKqp), Wiy,

s,t;0

Therefore, G,,(GK,y) is not isomorphic to G, (SK,p) for n > 2 which satisfies the theorem
hypotheses; in particular, this holds if ged(ab, n) = 1.

In order to prove the resulting theorem, we defined and understood knots and knot groups.
For the purpose of the study, we gave our attention to torus knots 7,;,. We have explained
that two curves, a meridian (u) and a longitude (\), represent two elements of a knot group
in a natural way. We have shown that the knot group G, = (x,y|z® = 3*) of the torus knot
T.p has a meridian p = z°y~? = wy, where ¢ and d € N are a solution to bc — ad = 1 (see
Lemma 3.1), with a corresponding longitude A = 2% = .

We defined generalised knot groups which are knot invariants; and also we gave a brief
discussion about the square (SK) and granny (GK) knots and their analogues (SK,;) and
(GK,p) made of (a,b)-torus knots. We discussed previous results. Tuffley proved G,,(SK') and
Gn(GK) are non-isomorphic, then Nelson and Neumann showed that generalised knot groups
distinguish knots up to reflection. We generalised and extended Tuffley’s result to the granny
and square knot analogues.

We also developed a subgroup D, ;¢ from Tuffley’s D, , group, as we have found that if
F(z) =1+x+2*+ -+ 297! factors over Z,, then the isomorphism type of D, , depends
on the choice of root of F'. We proved that the group D, ;¢ is generated by elements of order
p and ¢ and we also characterised when D, . has cyclic and noncyclic solutions to z% = y°.
We constructed our target groups for this study, which are the wreath products ng; of the
semidirect products Dy, ., over Dg;,. We put some restrictions on ng; to provide some
flexibility in order to prove the result.

o8
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We generalised Tuffley’s strategy and identified the images and the roots of the meridian and
the images of the longitude which are important tools to prove the result. We considered pairs
(p,m) where p is a homomorphism that maps the knot group of the analogues of the granny or

square knots into the target group Wgﬁg, and 7 is an nth root of p(u). Then, we proved that
hk;T
s,t;0

every compatible pair (p,n) for GK,;, in W
h,k;T
s,t;0

is also compatible for SK,;; however, some

compatible pairs for SK,; in W are not compatible for GK .
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