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Abstract

The dynamics of mechanical systems subject to nonholonomic (i.e. non-integrable veloc-
ity) constraints is only poorly understood. It is known that (i) they preserve energy and, (ii)
they are reversible. In this thesis I explore the conjecture that (i) and (ii) are the only general
features of the entire class. The discovery of dissipative orbits, ones that behave differently
as t — 4o and t —+ —oc, would strongly support this conjecture.

This dissipation can appear in various forms, e.g. sinks (attractors) or sources (repellers)
in the phase space, but in every form the dynamics have the property that the forwards time
orbit occupies a different region of the phase space than the reverse time orbit.

In nonholonomic dynamical systems that are reversible and possess an integral, theory
predicts that near the fixed set of a reversing symmetry, e.g. R : p — —p with fixed set
Fix(R) = {(¢.p) : p = 0}, no dissipation can occur. If the system can be integrated analyti-
cally, then all the orbits are quasi-periodic and even away from the fixed set of any reversing
symmetries, dissipation cannot occur. But, if the system cannot be integrated analytically.
then away from the fixed set of any reversing symmetries, dissipative orbits can exist.

The minimum dimension needed for a nonholonomic system is 6. So, in this thesis I study
the simplest class of nonholonomic dynamical systems that are reversible with an integral,
namely the contact particle in R®. I search for evidence of dissipative behaviour in this class
of systems by taking a known contact particle system that can be integrated analytically,
such as the harmonic oscillator, where no dissipation can occur and calculating (numerically
and analytically) the dynamics of its orbits. Then I perturb the system so that it cannot be
integrated analytically and search for orbits that exhibit the dissipative behaviour described
above away from the fixed set of the reversing symmetries of the system.

To achieve this I implemented a semi-explicit reversible integrator in C to integrate the
system forwards (or backwards when desired) in time from an initial point. The C code
interacts with MATLAB via the “mex” interface to make use of MATLAB’s graphing facilities,
which T used to plot the forwards and backwards orbits in blue and red respectively. This
allows the orbits to be observed and any dissipative behaviour should become immediately
apparent as the orbits will cover different portions of the phase space if dissipation occurs.
The phase space of the system is actually R®, which is beyond my capabilities to visualise,
but it can be reduced to R?, as I have done, through the use of the integral, the nonholonomic
constraint and a Poincaré section.
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Chapter 1

Introduction

1.1 Overview

In this thesis I am studying a class of simple mechanical systems subject to a single nonholo-
nomic constraint.

A simple mechanical system is a dynamical system that has a Hamiltonian

E e '
H(g.p) = 5})’;»((1) 'p+Vig)

where p(g) is a mass matrix and V(g) is a potential. The equations of motion are given by

e ey OB ao. o B
i = dp; ' = aq;

A nonholonomic dynamical system is a dynamical system which has a non-integrable con-
straint, A(q)p = 0, on the velocities. A simple mechanical system subject to a single non-
holonomic constraint, with p(g) = Id, can be written as

g = p
p = —VV(g)+ AT(g)A (1.1)
Alg)p = 0.

One property of simple mechanical systems is that the energy, H(q.,p), is preserved. This
means that for a given initial point, (¢(0), p(0)), in the system, with energy H (¢q(0),p(0)) = hy,
any point in the phase space that can be reached by integrating forwards, or backwards, in
time from that initial point, must have the same energy, H(q,p) = hg.

Another feature of simple mechanical systems is that they are reversible with respect to
the reversing symmetry R : (¢,p) — (g, —p). So, if we apply R to the unconstrained system
above, we get

g = ~p
- = =VV(q) + A" (g),
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then, applying ¢ — —t returns us to the original system.

The dynamics of mechanical systems subject to nonholonomic constraints is poorly un-
derstood. In particular, it is not known whether or not these nonholonomic systems are
Hamiltonian, or volume preserving. In this thesis I explore the conjecture that in the class of
simple mechanical systems subject to nonholonomic constraints, the only general features of
the dynamics is that they preserve the energy and are reversible.

The theory of nonholonomic dynamical systems predicts that for a system as described
above, near the fixed set of a reversing symmetry the path of almost any point in the phase
space is such that it will return to a neighbourhood of the initial point infinitely many times
[32]. If the system can be integrated analytically, then all the orbits are quasi-periodic and
even away from the fixed set of any reversing symmetries, the above holds. But, if the
system cannot be integrated analytically, then away from the fixed set of any symmetries,
this condition no longer applies and dissipation can occur. That is, the path of a point in
phase space as we integrate forwards in time can occupy one region of the phase space while
the path of the same point can occupy a different region of the phase space when we integrate
backwards in time.

The discovery of dissipative behaviour in a nonholonomic dynamical system would strongly
support the above conjecture. It can be shown that the lowest dimension needed for a
nonholonomic dynamical system is 6. Thus the simplest class of nonholonomic dynamical
systems is the “contact particle” in R?, defined by the Hamiltonian, H(q,p) = %IIpH2 +Vig),
and the constraint p; +gops = 0. It is in this class of systems that I am searching for evidence
of dissipative behaviour.

1.2 History and Background

The word ‘holonomic’ is due to Hertz and means ‘universal’ or ‘integrable’, literally it trans-
lates as ‘0Aog’ = ‘whole’, ‘vopos’ = ‘law’ [36]. Thus the term ‘nonholonomic’ is synonymous
with ‘non-integrable’. The theory of nonholonomic systems is the subject of many papers,
some of which date back to the turning of the last century, but the term ‘nonholonomic’ is
scarcely even mentioned in most texts.

Nonholonomic variational problems have much in common with optimal control problems
and occur in thermodynamics and quantum theory. They are also closely connected with the
general theory of partial differential equations.

The beginnings of nonholonomic theory can be traced back to Lagrange in 1788, with his
Méchanique Analytique [22], in which the equations of unconstrained motion are written in

Euler-Lagrange form
4oLy _or
dt \d¢t ) — dgt’

in section V. He used the notation Z = T — V for his Lagrangian and concluded that a
coordinate invariant expression for mass x acceleration is given by

a(ory ot
dt \ dv dq’
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Curiously [26], Lagrange does not recognise the equations of motion as being equivalent to
the variational principle

6/Ldt:(),

despite knowing the general form of the differential equations for variational problems; he
had actually commented on Euler’'s proof of them. This was only recognised a few decades
later by Hamilton.

Although Euler had already treated nonholonomic constraints [17], they were not clearly
understood until the turn of last century. Foremost in clarifying the features of nonholo-
nomic mechanical systems was Hertz with his Prinzipien der Mechanik in 1894. Gibbs and
Carathéodory also dealt with contact structures in the formulation of thermodynamics. As
for pure mathematics, the study of nonholonomic systems began with the theory of Pfaffian
systems and the subsequent work on the general theory of differential equations. E. Cartan
introduced the powerful tools of differential forms and codistributions but, unfortunately,
these were not widely used in nonholonomic problems.

In the 1920’s Levi-Civita and H. Weyl defined the notions of Riemannian and affine
connections and discovered deep relations between mechanics and geometry. Nonholonomic
mechanics served as a source of new geometrical structures which provided mechanics and
physics with a convenient and concise language. This mutual interaction was started in
the pre-war years by Vranceanu and Synge. In 1931, Vranceanu [37] gave the first precise
definition of a nonholonomic structure on a Riemannian manifold in two short notes and an
article, outlining its relation to dynamics of nonholonomic systems. Synge [34, 35] studied
the stability of free motion of nonholonomic systems and anticipated the notion of curvature
of a manifold.

According to Vershik and Gershkovich [36], in the post-war years the research on non-
holonomic systems waned due to the vagueness of how the papers were written, giving vast
differences in the notations and coordinates used, resulting in large, mostly incomprehensible
texts. This was emphasised in 1948 when V. Vagner wrote: “The lack of rigour which is
typical for differential geometry is reflected also in the absence of precise definitions of such
notions as spaces, multi-dimensional surfaces, etc. Differential geometry is certainly dropping
behind and this became even more dangerous when it lost its direct contact with theoretical
physics™ [36]. In the 1950’s and 1960’s nonholonomic theory was almost completely left alone.

In 1975, Vershik and Faddeev produced a paper in which nonholonomic mechanics was
exposed systematically in terms of differential geometry. With the introduction of a more
consistent notation, there came a renewed interest in nonholonomic theory.

More recently, the amount of interest in nonholonomic theory has increased significantly.
with several papers in the late 1990’s on symmetries, reduction and the application of non-
holonomic theory to molecular dynamics and control theory, as I now briefly survey.

In a paper in 1995, Sarlet, Cantrijn and Saunders [33] discuss the concepts of symmetries
and adjoint symmetries for Lagrangian systems with nonholonomic constraints. The following
year Bloch, Krishnaprasad, Marsden and Murray [7] developed the geometry and dynamics
of mechanical systems with nonholonomic constraints and symmetries from the perspective
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of Lagrangian mechanics with a view to control-theoretical applications. In particular they
derived the evolution equation for momentum and distinguished geometrically and mechan-
ically between the cases where it is conserved and where it is not. Also in 1996, Cardin
and Favretti [14] derived the vakonomic equations (equations of motion of nonholonomic sys-
tems, originally derived by Arnold, Kozlov and Neishtadt [2] in 1988) from a nonholonomic
variational problem and gave a geometrical interpretation of the terms.

Koon and Marsden [20] wrote a paper, in 1998, comparing the Hamiltonian and La-
grangian formulations of nonholonomic systems. They further developed the theory of Pois-
son reduction, which is important in stability theory for nonholonomic systems and tied it
to other work in the area. In another paper in the same journal, Cantrijn, de Leon, Marrero
and de Diego [13] presented a geometric reduction procedure for Lagrangian systems. In
1999, Cortes and de Leon [15] developed a reduction scheme in terms of the nonholonomic
momentum mapping.

Earlier in 1999, Cantrijn, de Leon and de Diego [12] unified several approaches to the
"almost-Poisson’ bracket for mechanical systems with nonholonomic constraints and used the
almost-Poisson structure to describe phase-space dynamics of a nonholonomic system. In a
paper on molecular dynamics simulations, Kutteh [21] described three algorithms for imposing
nonholonomic constraints with any number of additional holonomic constraints.

The theory of nonholonomic systems continues to develop, with strong links to other fields,
siich as molecular dynamics, thermodynamics, control theory and quantum mechanics, and
is an increasingly popular field of research.

1.3 Definitions

Throughout this thesis I will be discussing simple mechanical dynamical systems subject to
nonholonomic constraints. so a few definitions are in order.

Definition 1 (Dynamical System) A continuous time dynamical system is a system of
ODEs

&= F(z)
where F(x) is a vector field on a manifold M, x is a point of the manifold and & denotes the
time derivative of x.

For a finite dimensional manifold the system is representable by a set of first order ODEs.
giving us a finite dimensional dynamical system. The solutions to the dynamical system are
integral curves of F, which constitute a flow on the underlying manifold.

Definition 2 (Mapping) A mapping is a diffeomorphism f : M — M and is the discrete
time analog of the flow of a vector field. Typically mappings are written as

Tiy1 = f(zi) or ' = f(z).
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Many ODEs can be reduced to a mapping via the Poincaré (or first return) map, which can
be defined as follows:

Definition 3 (Poincaré Map) Consider a dynamical system, & = F(x), in a manifold, M.
Then a Poincaré section, X. can be defined as follows:

Let ¥ C M be of co-dimension [ such that F is transverse to &, i.e. F(z) € T,X. Then &
18 a Poincaré section if, for all x € &, there exists a minimum t = 7 > 0 such that ¢, (x) €
and ¢ (x) crosses £ in the correct sense.

From the Poincaré section we can define the Poincaré map, ¢ : £ — X, as

é(x) == ¢r ().

Xi

Figure 1.1: An example of a Poincaré map. The dots indicate where the trajectory crosses
a; = 0 in the positive direction.

For example, on M = R",
E={zi5:=0,%; >0}

is a Poincaré section if all points in X eventually return to X.

Definition 4 (Orbit) For the system @ = F(x) with flow z(t) = ¢¢(x(0)), an orbit (or
trajectory) O(x) passing through a point x is the set of points in the phase space reachable
from x by flowing (or mapping in the case of maps) forwards or backwards in time.

i.e.

O(z) = {¢(z) : t € R} or O(z) = {filz) : i € Z}.
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If an orbit passing through a point z* refurns to that point after a time ¢#*, then the orbit
is called periodic of period t*. If the orbit can be written as

O(z) = g(wit, ..., ,wxt) with — irrational for i # j
Wy
and g being 2m-periodic in each argument, then O(z) is said to be quasi-periodic and the

phase space covered by the orbit, g : TF — M, is a k-torus.

Definition 5 (Fixed Point) A fixed point z* of a system is an orbit which remains at z*
for all time t.

In the case of maps, if a point z* in an orbit returns to z* after ¢ steps, where ¢ > 1
is the smallest such integer, then the point z* is called a periodic point of period q and the
orbit O(z) = {a&*, f(8" )5 fo—1(z*)} is called a g-cycle. So a fixed point in a map is really

a periodic point of period 1.

Definition 6 (Fixed Set) Let R be a map R: M — M. Then the fixed set of R is
Fix(R) = {z : R(z) = z}.

That is. the set of points in the phase space that remain where they are when R is applied.

Definition 7 (Hamiltonian) A Hamiltonian system is one in which there ewists a twice
continuously differentiable function H (q.p). such that the system can be written as

(}]-:-(:)ﬁ g)fz—q—H =1 _...m
dp; dyi

Definition 8 (non-Hamiltonian) Any system that is not Hamiltonian.

Definition 9 (Simple Mechanical) A simple mechanical system is a Hamiltonian system
in which the Hamiltonian is of the form

| =
H(g.p) = 5p" wla)"'p+ V(q)
where 11(q) is a symmetric mass matriz and V(q) is a potential.

Definition 10 (Volume Preserving) A system is said to be volume preserving if there
exists a volume element m(xz)d"z such that

det(D(z)) = 2((;))
for maps, or
V-(mF)=0

for flows.

For a fixed point, 2’ = z, of a map the eigenvalues of D¢(z) have product 1.
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Definition 11 (Reversible) A reversible system is a dynamical system with a reversing
symmetry B : M — M that reverses the direction of time. That is, if

o = #{z] forallz € M
dt
then (R())
( I
—a = F(B(),
1.t

TR.F(z) = —F(R(z)).
For example, consider the Hamiltonian
1
H(g,p) = 5lIpl* + V(q)

with the reversing symmetry
R:(¢.p) = (g, -p).

The Hamiltonian describes the system

q = p
p = —VV(q).

Applying R we get p — —p giving the system

g = -p
p = VV(q).

Then letting ¢ — —t we regain the original system, as can be seen in Figure 1.2. The reversing
symimetry together with the reversal of time leaves the equations invariant.

p o

.

Figure 1.2: A point (¢,p) being mapped forwards in time is equivalent to R being applied,
that point being mapped backwards in time and then R being applied again.
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Definition 12 (Nonholonomic) [27]/ A nonholonomic system is a dynamical system with
non-integrable constraints on the wvelocities. That is, for an n-dimensional nonholonomic
systemn with n — k constraints, the constraints

n
ZAij(q)pj:(), i:I,...,n—k
7=1

cannot be put into the form

for some functions fi,..., fo—k-

Examples of nonholonomic systems are the rolling penny, and the rattleback (see section 3.4),
which both have a no-slip rolling constraint.

Figure 1.3: Rolling penny: the coin can only move in the direction it is rolling.

Figure 1.4 shows how dynamical systems can be classified into reversible mechanical
systems, unconstrained mechanical systems and constrained mechanical systems. The con-
strained, reversible mechanical systems with nonholonomic constraints that I am discussing
in this thesis are indicated.

1.4 Outline

As mentioned before, the discovery of dissipative behaviour in a non-integrable nonholonomic
dynamical system would strongly support the conjecture that the only general features of the
dynamics of the class of mechanical systems subject to nonholonomic constraints are that
they preserve the energy and are reversible.

To find evidence of dissipative behaviour I am beginning with an unperturbed, simple
Hamiltonian, which gives rise to an integrable, simple mechanical system and can be solved
analytically. Then I compute the orbits of the system and find the period 2 points, as the
amount of dissipation is easier to measure at fixed points, although no dissipation can occur
yet. The code that I have written is a semi-explicit reversible integrator in C that interfaces
with MATLAB via the “mex” interface to use MATLAB’s graphing facilities. My code also
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Dynamical Systems

Figure 1.4: Dynamical systems.

I Reversible systems, (;(13(:;)) = —F(R(z)).

II Unconstrained mechanical systems. These are the systems defined purely by Euler-
Lagrange / Hamiltonian equations of motion.

ITT Constrained mechanical systems.

a) The constraints are integrable, the system is said to be holonomic. It can be shown

that the dynamics is equivalent to an unconstrained system on a lower dimensional
manifold.

b) The constraints are non-integrable, the system is said to be nonholonomic.

¢) The constrained, reversible mechanical systems with nonholonomic constraints
that I am discussing in this thesis are contained in this region.
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reduces the six dimensional system via the Hamiltonian integral, the nonholonomic constraint
and a Poincaré section to three dimensions allowing the orbits to be plotted and visualised in
MATLAB. The forwards time orbits are plotted in different colours to the reverse time orbits
to make it immediately obvious when an orbit differs in forwards and backwards time.

Next, I perturb the system to make it non-integrable allowing for dissipation and I search
for orbits that differ in forwards and backwards time. I also look for the period 2 points that
survive the perturbation and measure the eigenvalues of the linearised coefficient matrix,
which gives the amount of expansion in each direction at the periodic point and describes
the amount of dissipation. Fixed points are not the only places where dissipation can occur,
orbits such as invariant tori and some chaotic orbits can show dissipation but measuring it
involves finding the eigenvalues of the Jacobian matrix of the map. which has to be calculated
at each step and is more expensive in processor time.

The content of the remainder of this thesis is as follows. In chapter 2 I will discuss the
history and properties of reversible dynamical systems, including Hamiltonian systems. maps
and the linearisation and stability of fixed points.

Chapter 3 deals with the principle of nonholonomic mechanics, which is based on the
Lagrange-d’Alembert principle and the associated Lagrange-d’Alembert equations. I will also
cover some examples of nonholonomic dynamical systems, namely the simple, integrable,
rolling penny, the complicated, high dimensional, rattleback and the contact particle with a
spherically symmetric potential.

I will explain, in detail, how I went about searching for dissipative behaviour in the
contact particle class of nonholonomic systems in chapter 4. This will involve the methods
that I used to integrate the systems and my strategies for locating dissipative orbits, as well
as the systems themselves and their perturbations. Also covered is the multitude of problems
[ encountered with the symmetries of the first system and the first Poincaré section and the
resolution of these problems.

Finally, my results and conclusions will be discussed and summarised in chapter 5. The
code that I have written is included in the appendices.
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Chapter 2

Reversible Dynamical Systems

2.1 Some History of Reversible Dynamical Systems

A reversible dynamical system is defined in chapter 1 by definition 11. In short, a dynamical
system is reversible if it has a reversing symmetry which, together with the reversal of time.
leaves the equations invariant.

The following history is based on the accounts of Lamb and Roberts [24] and Roberts and
Quispel [31].

Many of the differential equations of physics are time reversible. This was first noticed
by Loschmidt [25], in 1877, for particles moving in a velocity independent force field. But.
despite the physical laws being reversible, physical phenomena in general are not. This
became known as Loschmidt’s paradox when he pointed out that Boltzmann’s second law of
thermodynamics, which states that entropy is a monotonically increasing function of time.
violates the time reversal symmetry of the microscopic equations of motion of the particles
involved. The usual explanation is that although the laws of physics are invariant under time
reversal, the initial conditions are such that time evolution is not.

Boltzmann [8, 9, 10] recognised the importance of time-reversing symmetry and showed
that Maxwell's equations are reversible (if B — —B as well). Also, Einstein's equations
of classical general relativity [29, 30] are reversible and Birkhoff [5] utilised time reversal
symmetry in 1915 during his studies of the restricted 3-body problem in classical mechanics.
In particular, he noticed that if R was an involution (R? = Id) then the mapping f could be
written f = RoT where R? = T? = Id. After Birkhoff, time-reversal symmetry received little
attention until the 1960’s when, in particular, Hale [18] described time-reversal symmetry as
“property E” and Wigner [38] showed the importance of time reversal symmetry in quantum
mechanics.

In 1976, Devaney [16] noted that dynamical systems with involutory reversing symmetries
other than the anti-symplectic one, R : (q,p) — (g, —p), also exhibited many of the conse-
quences of time-reversal symmetry. From this he defined reversible systems as those in which
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the involutory nature of R was central and that R fixes a subspace one half the dimension of
the phase space.

Later Arnol'd and Sevryuk [3] relaxed the latter condition and allowed any involutory
reversing symmetry. Also they remarked that systems with reversing symmetries need not
have involutory reversing symmetries, e.g. in quantum mechanical systems. Those systems are
called weakly reversible systems and have many of the same properties as reversible systems,
often the two are not distinguished between and the nature of the reversing symmetry is not
mentioned.

Historically, reversibility is a symmetry property that arises mostly in Hamiltonian sys-
tems. due to the vast majority of reversible dynamical systems that arise in mechanical
systems being Hamiltonian. In classical mechanics, reversibility is a powerful tool that is
used to study periodic, homoclinic and heteroclinic orbits.

2.2 Symmetries

If an odd number of reversing symmetries are composed together then the resulting map
is also a reversing symmetry. but if an even number of reversing symmetries are composed
together then the resulting map is a symmetry S. with the property

dS(z)
dt

= F(S(z)).

The group of symmetries together with reversing symmetries form the reversing symmetry
group G [23] and the symmetries form a normal subgroup H < G [24].

o

N

Figure 2.1: A point being mapped forwards in time is equivalent to S being applied, that
point being mapped forwards in time and S being applied again.
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2.3 Hamiltonian Systems

A first integral of & = F(z) on the region D is a continuously differentiable function f :
D(C B™) — R in which f(z(t)) is a constant for any solution z(¢) of the system. Systems.,
such as Hamiltonian systems, which have a first integral on the whole space are conservative.
typically the constant that is conserved is energy.

Some features of Hamiltonian systems are:

e H is a constant of the motion.

e The flow of a Hamiltonian system is symplectic [26].

e Hamiltonian systems preserve volume (or area in 2 dimensions).

e Poincaré recurrence: if the surfaces with constant H are compact then for almost all
initial conditions, the system returns arbitrarily close to the initial point for arbitrarily
long times [28], (discussed further in section 4.1.1 below).

As well as being classified as reversible and non-reversible, dynamical systems can be clas-
sified as Hamiltonian and non-Hamiltonian dynamical systems. As described in Definition 7.
a system of differential equations on R*™ is a Hamiltonian system with m degrees of freedom
if it can be written in the form:

. OH . oH o
Y= s e t=1...m
Ip; dg;
where H(z) = H(qy,.... Qi Py =g Pm) is a twice continuously differentiable first integral.

The most common and important example of a reversible Hamiltonian dynamical system
is one that has the property

H(q.p) = H(q,—p) forall g,p e R"
which is reversible with respect to the conventional anti-symplectic reversing symmetry

R: (q,p) = (g, —p),

because then % is odd in p and % is even in p.

We emphasise that reversible systems need not be Hamiltonian. Non-Hamiltonian systems
can show behaviour similar to Hamiltonian systems near symmetric orbits and dissipative or
expansive behaviour near asymmetric orbits. Reversibility was taken more seriously as a
symmetry property after many of the results for Hamiltonian systems were obtained by only
assuming that the dynamical system was reversible, the most notable of which is KAM theory
[24].

Some examples of non-Hamiltonian reversible systems are:
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i‘=Z$+y+Cl
y=z2y—z

= — 2%~ ¢

y

where O and (5 are parameters. This simulates the dynamics of an externally injected
class B laser where the damping rate associated with the field is much greater than
that of the population, as in C'O; lasers. The system is reversible with respect to the
reversing symmetry G : (z,y,2) — (—z,y.—z), but the divergence of the vector field is
2z and the dimension of the system is odd, hence the system is not Hamiltonian [31].

2. The evolution of a gas flame front in the presence of an external stabilising factor is
described by a partial differential equation of the form

&t + Exger + 2065 +E + 563 + 752 + 5532 =0

where £ = &(x,t) is the displacement of a flame point from its unperturbed position,
x is a spatial coordinate, ¢ is time and «, . v, and d are parameters. The stationary
solutions to the above equation can be written in the four-dimensional phase-space
variables (&, &, &z, Exrr) as a system of four coupled ordinary differential equations,
which is invariant under G : (€, &;, €xas Exaz) & (€, =€y Exny —Exze) With 2 — —z. Thus
it is reversible with z playing the role of time [31].

2.3.1 KAM Theory

KAM theory, named after its discoverers Kolmogorov, Arnol’d and Moser, deals with the
persistence of invariant tori constituting quasi-periodic motion in nearly integrable dynamical
systems.

It was originally developed in a Hamiltonian setting with smooth perturbations which pre-
serve the symplectic structure but it was acknowledged that KAM theory applies to reversible
dynamical systems early on.

Figure 2.2 shows some typical KAM circles surrounding an elliptic symmetric fixed point
at the origin.

2.4 Mappings
For mappings, reversibility is defined by:

Definition 13 (Reversible Mapping) The mapping x — f(x) is reversible if there exists
a mapping R such that fo R=Ro f~1.
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=

Figure 2.2: The phase portrait of a non-area-preserving reversible mapping of the plane with
reversing symmetry G : ' = y,y’ = z, showing conservative and dissipative behaviour. The
origin is an elliptic symmetric fixed point and is surrounded by invariant curves. Elliptic
symmetric 6-, 7-, and 8-cycles occur at the centres of concentric KAM circles, which are
typically associated with conservative systems. Away from the origin, a trajectory spirals
towards the attracting point A and its reflection spirals away from the repelling point, R = GA.
An attracting 5-cycle is shown near A and many of the trajectories not enclosed by curves
escape to infinity [31].
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Thus reversible mappings have the property that f o Ro f = R. Symmetries S are similarly
defined by foS = So f. Also, if R is an involution then f can be written as the composition
of two involutions.

There are some analogies between continuous-time systems and mappings. Hamiltonian
ODEs are analogous to symplectic mappings, which have the property that they are volume-
preserving (area-preserving in 2D) and KAM theories can be applied to them. Reversible
DEs are analogous to reversible mappings and can arise from symmetric difference equations.
In 2 dimensions, reversible mapping KAM theories imply that the neighbourhood of a sym-
metric periodic orbit is similar to the neighbourhood of a periodic orbit in an area-preserving
mapping, under certain conditions. This can be seen in figure 2.2.

The determinant .J of the Jacobian matrix of a mapping indicates whether the mapping
is contracting |J| < 1, expanding |J| > 1, or area-preserving |.J| = 1; the value of J can vary
from point to point throughout the plane. Also, if J > 0 then the mapping is orientation-
preserving (it preserves the order between sets of points on a curve), if .JJ < 0 then the mapping
is orientation-reversing (it reverses the order of points on a curve).

2.4.1 Examples

The most studied reversible mappings are the reversible symplectic mappings such as:

1. Henon mapping [31]
T =y

y = —x + 2Cy + 2y?

which can be decomposed into the composition of two involutions H o GG, with

2 =z, =y,
== ! 2 G: !
y' = —y+2Cz + 2z°, i =

2. Standard Mapping [31]
¥ =z+ 1

y' =y + & sin(2rz’)

which can be decomposed into the composition of two involutions H o G, with

z' =z, o =z +y,
H= . : '
{ y' = —y + £ sin(27z), & { y = —y.

T

The Poincaré (first return) map is another well studied mapping. It is a subtle question
where the Poincaré map of a reversible system is itself reversible, which I will explore later
in section 4.2.1.
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2.5 R-Symmetric Orbits

An orbit O(z) which is set-wise invariant under a reversing symmetry R, i.e. RoO(z) = O(x).
is said to be R-symmetric; an orbit which does not remain invariant under R is said to be
asymmetric (or non-symmetric) with respect to R.

2.5.1 Flows

Theorem 1 If O(x) #s an orbit of an autonomous vector field with time reversing symmetry
R then:

1 If O(x) intersects Fix(R) then O(x) is symmetric with respect to R. In this case O(z)
intersects Fix(R) in no more than 2 points.

2 Ol(x) intersects Fix(R) in precisely 2 points if and only if the orbit is periodic. not a
fized point and is symmetric with respect to R.

Proof:

1 Suppose O(x) intersects Fix(R) at xg. Then, since R is a reversing symmetry of the
system, ¢ (xg) = Ro ¢_y(xg) and thus O(z) is symmetric with respect to R.
If ¢ (x) intersects Fix(R) at time t = 75 and again at t = 79 + 7. then R o ¢ (x) must
intersect Fix(R) in the same points at ¢ = 75 and { = 79 — 7 and thus cannot intersect
Fix(R) at any other points, as shown in figure 2.3.

Fix(R)
()| Rod, (0

I

o,

04 TRoO, &)

Figure 2.3: An R-symmetric orbit. The second point of intersection, found by flowing forwards
by time 7, can also be found by flowing backwards by time 7 and applying R.
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2 Suppose O(x) intersects Fix(R) in precisely 2 points. Then O(z) is obviously not a
fixed point and is symmetric with respect to R. If ¢;(z) intersects Fix(R) at time t = 7
and again at t = 7 + 7, then as can be seen from figure 2.3 ¢;(z) must return to the
initial intersection point at time ¢t = 79 + 27 and is periodic.

Suppose O(xz) is periodic, not a fixed point and is symmetric with respect to R. then.
by part 1, O(z) intersects Fix(R) in no more the 2 points and since O(z) is not a fixed
point and is periodic, O(z) intersects Fix(R) in more than 1 point. Therefore O(x)
intersects Fix(R) in precisely 2 points.

2.5.2 Maps

Theorem 2 [24] If O(z) is an orbit of an invertible map f with time reversing symmetry R
then:

1 If O(z) intersects Fix(R) UFix(f o R) then O(x) is symmetric with respect to R. Then
O(x) intersects Fix(R) U Fix(f o R) in no more than 2 points.

2 O(x) intersects Fix(R) U Fix(f o R) in precisely 2 points if and only if the orbit is
periodic, not a fived point and is symmetric with respect to R.

— O(z) has period 2p if and only if there exists y € O(xr) such that y € Fix(R) N
fPFix(R) or y € Fix(f o R) N fPFix(f o R).

— O(x) has period 2p + 1 if and only if there exists y € O(x) such that y € Fix(R) N
fPFix(f o R).

These properties are used in almost every paper on reversible dynamical systems as they
justify searching for R-symmetric orbits in a subset of the full phase space. Also. they imply
that in reversible dynamical systems, periodic orbits arise in families [24].

e [n continuous m-parameter families of diffeomorphisms f, with reversing symmetry R,
R-symmetric even periodic orbits generically come in (2 dim Fix(R) — dim Fix(R?) +m)
and (2dim Fix(f, o R) — dim Fix(R?) + m)-parameter families.

e In continuous m-parameter families of autonomous flows with reversing symmetry
R, R-symmetric periodic orbits of a given period typically arise in (2dim Fix(R) —
dim Fix(R?) + m)-parameter families.

e In continuous m-parameter families of autonomous flows with reversing symmetry R,
R-symmetric periodic orbits typically arise in (2dim Fix(R) — dim Fix(R?) + m + 1)-
parameter families with smoothly varying period in which the fixed-period orbits are
embedded.
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2.6 Linearisation and Fixed Points

Definition 14 (Simple) A fized point is said to be simple if its linearised system is simple.
A linearised system, & = Ax, is simple if the matriz A is nonsingular, i.e. A has no zero
eigenvalues.

Near a fixed point the dynamics can often be described by a linearised system.

Theorem 3 (Hartman-Grobman Linearisation Theorem [4])
Let the nonlinear system
&= F(z)

have a simple fized point at @ = 0. Then in a neighbourhood of the origin the phase portraits
of the system and its linearisation are qualitatively equivalent provided the linearised system
has no eigenvalues with zero real part.

So in the neighbourhood of the fixed point the nonlinear system looks like the linear
system
&= Ax

and the nature of the fixed point is determined by the eigenvalues of the linearised coefficient
matrix A. i.e.
Ay o DS (0)
R
Reversible dynamical systems have an eigenvalue structure that is similar to that of Hamil-
tonian systems.

Theorem 4 If A is an eigenvalue of a symmetric fized point of a reversible vector field then
—A and A\ are eigenvalues as well. If A is an eigenvalue of a symmetric fized point of a
reversible diffeomorphism then A= and )\ are eigenvalues as well.

Proof:

Suppose that in a system given by & = F(x) we have a fixed point zj of a reversing
symmetry R. Then

dR.F = —F(R). (2.1)
Rewriting equation 2.1 in local coordinates we have
OR;
EF}' = —Fi(R(z))

which when differentiated gives

OR,OF, | _0R. . __OF0R

dz; 0z Oz;0my ' Om; Oy
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At the fixed point, F(zq) = 0, leaving us with

OR; OF;  OF; OR;

Or; Oz Oz Oz
or R'F' = —~F'R', which, upon rearranging, gives R'F'R'~' = —F'. So F'(z) is
conjugate to —F'(zg) and must therefore have the same eigenvalues. The proof
for maps is similar. Thus,

e For flows, the eigenvalues of symmetric fixed points come in singlets {0},
doublets {A, —A} such that A € R or A € iR, or quadruplets {\, =\, X, —A}.

e For reversible maps, the eigenvalues of symmetric fixed points come in sin-
glets {£1}, doublets {X\,A~'} such that A € R or A € S', or quadruplets
[ 31, 3,31,

2.6.1 Hyperbolic Fixed Points

Definition 15 (Hyperbolic Fixed Point) A fized point is hyperbolic if it has no eigen-
values with zero real part.

If the fixed point of a linearised system is hyperbolic then, by the Hartman-Grobman
linearisation theorem, the phase portrait of the nonlinear system is qualitatively equivalent
to its linearisation in a neighbourhood of the fixed point. If we let n, be the number of
cigenvalues with Re(A) > 0 and n, be the number of eigenvalues with Re(\) < 0 then
ny + ns = n = dimension of the system. Letting EY and E* be the unstable and stable
eigenspaces of the matrix A, it is found that dim(E*) = n, and dim(E*) = n, where the
elements of E* have trajectories that approach the origin as £ — —o0 and the elements of E*
have trajectories that approach the origin as t — oc.

Note that for nonlinear systems E* and E* have nonlinear analogs W% and W*. the
unstable and stable manifolds and the elements approach the fixed point as ¢ — —oc and
t — oo respectively.

Some examples of hyperbolic fixed points are the node saddle point and the spiral saddle
point in figure 2.4(a) and figure 2.4(b).

Non-hyperbolic fixed points can be non-simple and zero eigenvalues are allowed in the
linearised coefficient matrix.

In the case of a Poincaré map, ¢, a fixed point z* corresponds to a closed orbit of the flow
in the phase space. With coordinates x,...,z,, the linearisation, D¢(z) of a Poincaré map
¢ : R™ +— R™ is given by the m X m matrix

9y e
dzy e BT
Dé(z) = : o
o O
ar w

If no eigenvalue of D¢(z*) has modulus equal to unity then the fixed point of the Poincaré
map and the closed orbit in the phase space are said to be hyperbolic.
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/ \\/ |

(a) Node saddle point: the eigenvalues (b) Spiral saddle point: the eigenvalues
are A = A1, —Aa, — A3 are A=a i3, —\3

Figure 2.4: Two possible types of saddle points, the node saddle point and the spiral saddle
point.

2.7 Stability

The stability of hyperbolic fixed points and periodic orbits are determined by linearised vector
fields and return maps, hence R-symmetric periodic orbits cannot be asymptotically stable
or unstable.

A fixed point zy of & = F(z) is considered stable if for every neighbourhood N of z
there exists another neighbourhood N' contained within N such that every trajectory passing
through N’ remains within N as time increases. There are three types of stability for fixed
points. They are:

1. The point zg is asymptotically stable if it is stable and there exists a neighbourhood N
of zy such that every trajectory passing through N approaches z as t — oo.

2. The point zg is neutrally stable if it is stable but not asymptotically stable.

3. Any point which is not stable is unstable.

For the Poincaré map ¢ the stable (unstable) manifold W*®)(z*) of a fixed point z* of ¢
is the set of points for which ¢y (zq) — z* as k — co(—o00). The stable (unstable) manifold of
a periodic orbit is the union of the stable (unstable) manifolds of the fixed points of ¢y that
constitute it.
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2.8 Homoclinics and Heteroclinics

Homoclinics and heteroclinics typically form connections between saddle points. Chaotic
behaviour is usually found in the neighbourhood of homoclinic and heteroclinic orbits. Letting
W, and W/ represent the stable and unstable manifolds of zg, then:

e A point y is a homoclinic point of xg if y lies in the intersection of VV,:’U and Wfﬂ

e A point y is a heteroclinic point of two fixed points z; and z3 when y € H;’l N W;'_,

These are difficult to find in general, but for reversible dynamical systems it is relatively
easy to find symmetric homoclinic and heteroclinic orbits. If a dynamical system has a
reversing symmetry R then:

e Let y # xp then y € Fix(R) N I-V_-;%f"r is a homoclinic point of zg if and only if zg is
R-symumetric.

e Let y # xg then y € Fix(R) N I’i’}_s;;r is a heteroclinic point of xg if and only if zq is not
R-symmetric.

Note that for maps. f. Fix(f o R) must also be considered.
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Chapter 3

Nonholonomic Mechanics

3.1 Lagrange - d’Alembert Principle

The fundamental principle of nonholonomic mechanics is the Lagrange d’Alembert principle
and the associated Lagrange d'Alembert equations.

A nonholonomic system can be defined by a Lagrangian L(q,¢) and a constraint. The
Lagrange d’Alembert principle [26] states that if we consider the action functional given by

S(q(t)) = /U Lq(t). 4(t))dt

over an interval of time / with fixed initial and final points gp,q; € @ and look for crit-
ical points ¢(f) of the action functional with respect to variations lying in the constraint
distribution, which is given by

Cq={d:D_ Aj(a)di = 0}

i=1
then we will obtain a family of curves from which one curve, the orbit from ¢y to ¢y, will
satisfy
§(t) € Cyyy  foralltel.

In local coordinates, for an n-dimensional nonholonomic system with n — &k constraints we
have the Lagrange d’Alembert equations [27]:

d0L oL =
St e S AjAji ; g A 3/
dt 9 dg; Z}.:] jAule) ey} (3.1)
with the constraints: .,
E Ajilg(t))g: =0  je{l,...,n—k}. (3.2)

s=1
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3.2 Discretised Lagrange - d’Alembert Principle

To allow numerical computation, the continuous equations of the Lagrange d’Alembert prin-
ciple must be discretised. This can be done by a general-purpose DAE (differential algebraic
equation) solver. or by discretising the Lagrange d’Alembert principle [27]. To do this we
first choose a discrete Lagrangian Ly : Q x Q — R, which, letting ¢,, € ) be the position at
time step m. gives us the discrete action sum:

N
Sd([?]) = Z La(gm, @m+1 )

i=0
where [¢] is the discrete curve in Q. We then look for critical points of the discrete action sum
with respect to variations of the discrete curve that lie in the discrete constraint distribution
Cy C @ x Q. which is a sub-manifold of dimension n + k.

Requiring [g] € Cy4 gives us the unique curve and we get the discrete Lagrange d’Alembert

equations:

For each i € {1,....N — 1}

. —k

()Sﬂ' <

- = A -’1"?'{(”!}
dqm.i ; FINd

with constraint (gm.qm+1) € Cy. In chapter 4 I will use this to get a very fast, simple.
reversible integrator for nonholonomic systems.

3.3 Properties of Nonholonomic Dynamics

In the field of nonholonomic dynamical systems almost nothing is known in general.

What is known is the following.

Theorem 5 A simple mechanical system, which has a Lagrangian
l.r ; )
L =34 nla)d—Via), (3.3)
1s enerqy preserving for
1 .
H = 5p" u(a)~'p+V(g)
where
oL ()
pi=—=U )
p 3G Ha)q

and reversible under
R: (q,p) = (g, —-p).
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Proof:

Let L = 3¢"u(q)g—V(q) and H = 3p" pu(q)"'p+ V(q) = 34" n(q)G + V(q). The
Lagrange d’Alembert equations are

% = G+A@TA
= F@d) = (") — VV(g) + Ag)"A
= (@ Ei+nl@i = 3@ E)i—- V(g + Alg)"A
= wla)i = —5(d"gh)i—VVig) + Alg)"A

Now,

H = Hij+Hy

(l@)d) " + 34" (FEd)i+ VV(a) g

" (u(9)d) + 3(d"0)(Frd) + VV ()74

= " (=3(d"%)q — VV(g) + A@)"X) + 3(d"0)(Fd) + VV ()" g
~3(d"d)(d" 35) + 50" )¢ G5) - ¢"VV (@) q + ¢ Ag)" A

M Aq)g

= '}

I

Thus. the system is energy preserving for H = %;:T;;{q}‘l;n + V{(q).

In terms of ¢ and p, the Lagrangian can be written as
i & ity Vg
=3P wp—Vigh

and the Lagrange d'Alembert equations are given by

si(@d) = 5d" 53— VV(g) + Alg)" ) |
e ) = Hw'p)T ) p) - VV(g) + Alg)" A

Now, equation (11) from the definition of reversibility states

d(R(x)) ,
5 = F(R(z)),
and
$(=p) = -5 ‘ B
= —(3((w'P)TE) (1 'p) - VV(9) + A(9)TN)
~(3((=n7'P) TGN (—n"1p) — VV(g) + Ag)TN).

So the system is reversible under R : (¢.p) — (g, —p).

Despite being energy preserving and reversible, simple mechanical systems are not, in
general, Hamiltonian [7].
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Theorem 6 The lowest dimension in which a nonholonomic dynamical system can exist is
0.

Proof:

If we consider a nonholonomic system in B? with one constraint. then at each
point on the plane there is a only one direction of motion possible. This can be
seen in figure 3.1(a). The resultant vector field in the plane is smooth and is thus
integrable. Note that if there are two constraints then each point is fixed.

For a nonholonomic system in RB* with one constraint, each point may move in
a plane as in figure 3.1(b). There do exist constraints A(q)¢ = 0, ¢ € R®, which
are not the derivative of some constant f(g) = 0; an example is given in the next
theorem.

——%%;ér <i> K:]

e i

%
o

/
. SN

//7,7*-3- /] v

e
(a) Diagram of a (pseudo) nonholonomic (b) Diagram of a nonholonomic system
. 2 i s : . 3 -
system in R”. Each point can only move in BR*. Each point can move in 2-
in one direction, so the constraint is dimensions.

really holonomic.

Figure 3.1: Diagrams of nonholonomic systems in R? and R?.

Theorem 7 (Darboux’s Theorem for Nonholonomic Constraints) For every mnon-
holonomic dynamical system of dimension 2n + 1 with a single constraint, the constraint
can be written in some local coordinate system in the “normal form”

T
Y wigi+z=0 (3.4)

i=1

where = (z1,...,%n), Y= (Y1,...,Yn) and z are the local coordinates [1].
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Definition 16 We call a nonholonomic system with a Lagrangian given by equation (3.3)
and a single constraint as in equation (3.4) a contact particle. (The name comes from an
analog with Darbouz’s theorem for contact structures, equivalent to theorem 7).

3.4 Examples of Nonholonomic Systems

We now illustrate the application of the Lagrange d’Alembert equations in two cases. the
rolling penny and the rattleback.

We will see below that the rolling penny (see figure 3.2) system is symmetric in that it
doesn’t matter which way the penny is rolling, the dynamics is the same in either direction.
The rattleback (see figure 3.4) on the other hand is obviously non-symmetric as can be seen
from spinning it, in one direction it spins freely but resists in the other direction. This
shows that nonholonomic systems can exhibit both symmetric, reversible behaviour and non-
symmetric, reversible behaviour.

The rolling penny system as shown below is too simple in that the system can be solved
explicitly, while the rattleback system is too complicated for this thesis as it involves too
many dimensions. For this thesis I wanted a class of simple nonholonomic systems that are
generally non-integrable. The minimum number of dimensions required for this is 6 as shown
in theorem 6 and from Darboux’s theorem we can see that the simplest class of nonholonomic
systems is the contact particle in B*. So the contact particle in R?* is the system I have
studied in this thesis.

3.4.1 Rolling Penny [6]

Figure 3.2: Rolling penny: the coin can only move in the direction it is rolling.

The rolling penny problem is as follows: A vertical homogeneous disc of radius r is rolling
without slipping on a horizontal plane as shown in figure 3.3. The disc can only roll in the
direction of the plane parallel to the plane of the disc, but the plane of the disc can be rotated
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Figure 3.3: Diagrammatic representation of the rolling penny.

s0 as to roll in a different direction by an external control force u;, giving steerage. Also, an
external control force uy gives control over the amount of roll torque.

The configuration space of the rolling disc is @ = R? x S! x S with co-ordinates ¢ =
(z,y,0,¢) where @ is the rotation angle and ¢ is the orientation of the disc. The Lagrangian
for this system is
1
2
where m is the mass of the disc, I is the moment of inertia perpendicular to the plane of the
disc and .J is the moment of inertia parallel to the plane of the disc.

. il |
L(z,y,0.0,,9,0,¢) = sm(@” + %) + 510" + SJ?

The nonholonomic constraints are

z = r(cosp)f
7 = r(sinp)f
and are such that the point Py has zero velocity when it is in contact with the plane.

The Lagrange d’Alembert equations give the equations of motion to be

miE = /\1
my = A
I6 = —\rcos(p) — Aprsin(p)
Jg = B
with the constraints
& = rcos(p)d

§ = rsin(p)f.
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From the first three equations of motion we get
16 = —mir cos(p) — mijr sin(p)
but differentiating the constraints gives

F=p cos(go]fi —-r sin({p)gbf?
ij = rsin(p)d + r cos(p)pl

and so

16 = —mlrecos(p)f —r sin{(p)qb(;)r cos(yp) — m(rsin(p)d + r cos(p)pd)r sin(¢p)
= —'.'H.‘f'zé.

Thus, with the control forces, the equations of the dynamics are

I+ m:r'g)é = u
Jg = wus _
& = r(cosp)l

Yy = ?'{singp)é.

The free equations with u; = uy = 0 can be integrated directly to give

0 = Qt+6

p = wt+ g

T = %Rsin{_wt + o) + To

y = —2Rcos(wt+ po) + yo.

3.4.2 Rattleback

The rattleback is a convex non-symmetric rigid body that is rolling without sliding on a
horizontal plane. It is also known as a wobblestone and a celt. If spun in a particular direction
the rattleback spins freely but if spun in the opposite direction the rattleback resists, rocks
back and forth approximately along the long axis before reversing the direction of the spin,
hence the name rattleback. This corresponds to a stable and an unstable orbit of the system.
This type of system is referred to by Nordmark and Essén [28] as a ‘chiral top’. There are
two essential conditions to the dynamics of the rattleback,

e The rattleback rolls without slipping and without resistance, thus energy is conserved.

e The principal directions of the curvature of the contact surface are not aligned with the
principal axes of the inertia tensor.

Despite conservation of energy, the system is non-Hamiltonian as the nonholonomic rolling
constraint destroys the Hamiltonian structure of the system.
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Figure 3.4: Rattleback: Spinning in one direction is stable, spinning in the other direction is
unstable.

The shape of the ‘hull’ of the boat shaped rattleback can be expressed as:

1 /x\2 zy 1 /y\2
Z:(I.|:1—§])<E> —q?——is(a)]

where a is the rest distance from the centre of mass to the point of contact with the horizontal
surface; there are no first order terms because the rest position is at z = y = 0. It can be
shown that this surface is convex with a stable rest position if

O<pel, 0<s<], ps>q2, (l—p)(l—q)>q2

and chirality occurs unless ¢ = 0 [11].

If we define the Euler angles 6, ¢, ¢ using the principal axis body frame relative to an
inertial reference frame and use the horizontal coordinates z,y of the center of mass, then the
configuration space of the rattleback is Q@ = SO(3) x R? with coordinates ¢ = (0, p, 9, z, 7).
The Lagrangian for the system is [6]

L = 31[Acos?y + Bsin?+ +m(y cosf — ¢ sin6)2]6?
;L%[(A sin® ¢ + B cos? ¢) sin® 0 + C cos? 0>
+1(C + m2 sins20)9% + Lm(i? + 9?)
+m(v1 cos 0 — ¢ sin0)ya(sin @)y + (A — B)(sin ) (sin1))(cos ¢)0p
+C(cos 0) @y + mg(y: sinf + ¢ cos 6)

where
A,B,C = principal moments of inertia of the body,
m = total mass of the body,
(&,m,() = coordinates of the point of contact
relative to the body frame of reference,
v1 = &siny + ncosp,

Yo = £&cosy —nsini.
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The constraints for this system are

o= b+ Ug'j’ + a3
§ = B0+ Borh+ By
where
oy = —(vy18inf+ Ccosf)sing
ap = yacosfsing + vy cosg
a3 = yasing+ (v cos8 — (sinf)cosyp
,H.R‘ = _(iT{::L ﬂ:: 125

3.4.3 Contact particle in R?

From theorems 6 and 7 it can be seen that the contact particle in B? is the simplest nonholo-
nomic system possible. The constraint for this class of systems can be written as

7 + qaps = 0. (JS)
If we have the Hamiltonian t
H = S|lpll* + V(q) (3.6)
then we get the equations of motion to be:
g = P
1 .
; . 3.7
p = —VV(g)+x| 0 )
qz

For a spherically symmetric potential energy V = %Hq||2. which gives us a Hamiltonian

H = 3lpl*+ sllal*. (3.8)
The equations of motion are:
pr+aps = 0
g = m
g = Po
3 = p3 (3.9)
PL = —@qi+A
P2 = —q
P3 = —q3+ A
Although nonlinear, we can still describe the behaviour of this system, as I now show.
Using p1 = —q1 + A together with the constraint p; = —quops, we find that
—Gaps — q2P3 = —q1+ A
= —pws—@-@+Ap) = —qg+A
= M1+¢3) = q+ qags — paps

= A = $1+92¢3—popa
1+q5
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From the above equations of motion it can be seen that the ¢y, py variables decouple from
the system and form a simple 1-dimensional harmonic oscillator system.

I = ip}+ad)
G2 = po
Py = —q

Also. we can use the constraint to lower the dimension of the system to just 3 coordinates.
q1.ps.q3. This reduced system is then integrable. as I now show:

First, by choosing the initial time suitably, we can write the solution of the decoupled
(2. P2 SVstem as

q2 = Asin(t), p2 = Acos(t)
i 2 2y » . T d

where I = 142 = %(q._; + p3) is the energy in the gu, po subsystem. Then. because of the
constraint we can drop the p; equation, which gives

H-=1T = _){{ Gapy)? +p§)+£(qf+q§)
A= (1+ A%sin®(t)) g, + Asin(t)gs — Acos(t )p3)
q = —Asin(t)ps
Py = —q3+ A 1\111(1‘)

= {1+ A28in{))- H=(1 + A%sin®(t))qs + (1 + Asin(t)gs — Acos(t )ps) Asin(t)]
= (1 + A%sin®(t)) " ![Asin(t)q — g3 — A%sin(t) cos(¢)p;]
f}:z = P3

Now letting ps = (1 + A% sin?(¢ )) p3 gives

Pl + A sin? (1))~

—1ps ( + AZsin2(t)) "2 x 242 sin(t) cos(t)
= (1 + A*sin®(t))~

Asin(t)q — g3 — A% sin(t) cos(t)ps).
which. after rearranging gives
p3 = (1 + A?sin’ [45111(1‘ q1 — q3).

We can then write the system as

(}1 0 oy 0 q1
f)g = -a 0 —-p }63 (31“}
where |
a = —Asin(t)(1 + A%sin?(t)) "2,

B = (1+ A2sin?(1))"s.

The above matrix is an element of the Lie algebra so(3) and thus the solution of equation (3.10)
has the form

z(2m) = M(A)z(0)
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for some M(A) € SO(3). That is, the time-27 flow is a rotation, so the system has an extra
integral defined by the axis of rotation. The full system on the constraint manifold B> has
3 integrals H., I and the axis of rotation: all orbits are either fixed points, periodic points or
2-tori.

We cannot find the rotation matrix explicitly but we can approximate it for small A using
the Magnus expansion [19], as follows. Representing the solution of a time-dependent linear
ODE such as equation (3.10) in the form

z(t) = exp(O(t))z(0),

© can be obtained to arbitrary order by iteratively applying

1 k
)m—L ] Z / (1(1 olml(s) B(s)ds.
k=0
where 00 = 0, By are the Bernoulli numbers. 1, —.l , 0, 30 0, (;—( ..., and B(s) is an
element of a Lie algebra. e.g. the matrix in equation 510 Also, (1([()[”, I(s )B(s) is the k-th

adjoint (or Lie bracket) of ®(s) with B(s). i.e. [O[’”]( e [@[’”]( 1
with the 0-th adjoint being just B(s).

[OI™(s), B(s)]...]],

Rewriting equation 3.10 as

X € R3, £(t) € s0(3), (3.11)

we can remove the constant term of £(¢) to improve the convergence of the Magnus expansion
by writing £(#) as

E(t) =& + A& + A%, + ...

where
0O 0 0
& =€0)=| 0 0 -1
01 0
Then we write
X = (‘lE("Xl
= X = fnclfo‘}(l_i_()ffo).&'l_

and substituting in equation 3.11 gives

)X = &HX+ etéo X,
S X o= () - )X
= B(t) Xy,
where
0 acos(t) —asin(t)
B(t) = | —acos(t) 0 1-p
asin(t) B—1 0
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and « and 3 are as given above. Now we have B(t) = O(A), O(t) = O(A), and adf B =
O(AF*1), which allows us to truncate the infinite series in equation (3.4.3) to the desired
order.

Using the matrix B(t) and the code in Appendices A.2.1 and A.2.2. I was able to compute
(in MATLAB) the rotation matrix to be:

0 0 ¥
efl=z] 0 0 4
-y =0 0

where 3, 293 100 327
= ) {
T=4-54 )UmA y. —;i{é(;
£ e 4 A L -l 14 () 59695 »48
0=gA oA + mw, A 5331618 A

to order 8 in A. As can be seen from v and 4 the magnitude of the coefficients of A are slowly
decreasing and the series will converge for [A| < 1.

Thus for small A the axis of rotation is:

and the amount of rotation is:
2 2y 4
w(y° 4+ 0°)2

This was confirmed by direct numerical solution as shown in figure 3.5.
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Figure 3.5 Circles on the sphere with ap energy of H =
in the g,, p, subsystem, Conﬁrming the axis of rotation

the axis of rotation here is approximately 52 —
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Chapter 4

Numerical Studies of Nonholonomic
Systems in 6 Dimensions

4.1 Strategy

4.1.1 The Approach

The main goal of this thesis is to find evidence of dissipative behaviour in nonholonomic
dynamical systems. In section 3.4 1 have shown that theorems 6 and 7 mean that the contact
particle in B? is a possible system.

To define what 1s meant by dissipative behaviour in a system we need to be able to describe
the orbits of the system in forwards and backwards time: to do this it is useful to have the

notion of w- and a-limit sets.

Definition 17 (Limit set) [32/ A point y is an w-limit point of x for the flow ¢, if there
crists a sequence of times ti. going to infinity such that limyg_ o d(¢py, (z),y) = 0. The w-limit
set of x is the set of all such points y and is denoted by w(x). An a-limit set is defined the
same way but with ty. going to negative infinity.

Some properties of limit sets of flows, which are also valid for maps, are given in the next

theorem:
Theorem 8 [32] Let ¢, be a flow on a metric space M.

(a) The w-limit set can be represented in terms of the forward orbit as follows:

wiz) = ﬂ cl U {¢¢(z)}.

T>0 t>T

(b) If ¢i(xz) =y for a real number t, then w(z) = w(y) and a(z) = aly).
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(¢) The limit sets, w(x) and a(x), are closed and both positively and negatively invariant.
i.e. they contain complete orbits.

(d) If y € w(z). then w(y) C w(z) and a(y) C a(x).

Thus we can define a dissipative orbit as one in which the w- and a-limit sets occupy
different regions of the phase space. A region of a system exhibits dissipative behaviour if
that region contains dissipative orbits.

As mentioned in section 2.3, reversible systems are non-dissipative near symmetric orbits
and (possibly) dissipative away from symmetric orbits. This can be explained by the following:

Theorem 9 Consider a reversible dynamical system with reversing symmetry R. The w- and
a-limit sets of a point x are related by

wo R(z) = Ro a(x).
If the orbit containing the point x is symmetric with respect to R, then

w(z) = alz).
Proof:

Consider the flow ¢;(z). then from the definition of reversibility we find

¢i(r) = Rog¢_;o R (x)
=5 w(z) = RoaoR z)
= wo R(z) = Roen).

If the orbit is symmetric then

w(r) =wo R(z) and a(z) = R o a(z)
= w(z) = a(z).

Thus, symmetric orbits cannot be dissipative. If, however, the orbit is not symmetric then it
is possible to have w(x) # «a(x), giving dissipative orbits.

For volume preserving systems, such as Hamiltonian systems, the w- and a-limit sets of
almost all points in the system must be the same due to Poincaré’s recurrence theorem:

Theorem 10 (Poincaré Recurrence Theorem[32]) Assume i is a finite measure on a
space M, pn(M) = [“ M < co. Assume f: M — M 1is a one to one map which preserves the

measure p, i.e. u(f~1(A)) = u(A) for every measurable set A. Assume S is a measurable set.
Then, for almost all x € S, f7(z) returns to S wnfinitely often.
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In addition, for the integrable nonholonomic systems I have studied, all the orbits (even
the non-symmetric orbits) are quasi-periodic and hence have w(z) = a(x). We therefore want
to study non-integrable nonholonomic systems with many non-symmetric orbits. These can
be found as perturbations of simple integrable systems with many non-symmetric orbits. The
integrable base system that I started with was initially a harmonic oscillator system with a
spherically symmetric potential, but later I changed this to a system with a free particle in
the ¢ direction.

We solved each integrable base system analytically by the method in section 3.4.3 with
some help from the Magnus expansion for the spherically symmetric potential. T have also
written code that I used to numerically integrate the systems, which will be elaborated upon
in the next sections. Both methods give the same result which I used as confirmation that
my code works.

4.1.2 Discretised Contact Particle

As stated in section 1.1, a simple mechanical nonholonomic system in R?. with a mass matrix
jt(q) = Id. can be written as

g = p
p = —VV(q)+ AT(g)A
Alglp = 0.

For the contact particle, we have A(q) = (1.0.¢2). giving the system in equation (3.7).
This system can be solved analytically for some V(q), as was shown in section 3.4.3. but
in general, a numerical integrator must be used. To numerically integrate this system on a
computer I used the following integrator which takes the current values of (¢;, p;), satisfying
A(qgi)p; = 0. and returns the next values (g;+1,pi+1) by the following process. Let At be the
time step. then

g = g+ %[),'Af

p = pi— VV(q)At

pit1 = p+AT(GA

Git1 = G+ 3pir1At

where

D1, q1,i
Pi= P2 y ' = 42,
D3 q3.i

and ¢, p are temporary vectors. The value of A can be derived as follows. We require the
constraint, A(g;1)pi+1 = 0, to be satisfied after each step. Then substituting the temporary
variables gives

A(G+ %At(ﬁ+AT((}))\))(]SJFAT((})/\) =0. (4.1)

In general this is non-linear in A. If A is linear then equation (4.1) is at most quadratic in
A. This method is semi-explicit (explicit in ¢ and p and implicit in A), reversible and second
order in the time step, At.
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However, for some A the above method may become explicit. For example, for the con-
tact particle A = (1,0,¢2), which is not only linear, but because of the 0 value, it makes
equation (4.1) linear in A\. That is,

( P1+A)+(g2ir1)P3+AG2) = 0
= A1+ g2i+1G2) = —(P1+ G2i+1P3)
- N = _Piteips

1+q2,i+1G2

The orbits that result from integrating the above system are in six dimensions. Since it is
nigh impossible to visualise these, I have reduced the six dimensional manifold of the system,
M = R’ to three dimensions. This is done via two observations and a Poincaré section.

s 2 7.
Firstly. the system preserves the energy H(q.p) = ip®> + V(q), thus we can lower the
] : I \ q D) /)
dimension by one. Since, in this case, the unperturbed system has the ¢s. ps subsystem
decoupling, g2 or ps are the obvious coordinates to drop.

Secondly, the constraint p; = —gops lowers the dimension by another one as we can write
any function of p; as a function of ¢» and p3. The intersection of the two 5-dimensional
submanifolds of M. {(q.p) : H(q.p) = ho} and {(q.p) : p1 + q2p3 = 0}, gives a 4-dimensional
submanifold of M.

Thirdly, I have taken a Poincaré section at go = 0., g2 = po > 0 as this forces p; = 0 and we
can drop p» due to the first observation. Thus the resulting 3-dimensional Poincaré section is

3
2

{(g.p) : H(q,p) = ho.p1 + q2p3 = 0,q2 = 0,G2 = p2» > 0}
= {(¢.p) : H(g,p) = ho,p1 = 0,92 = 0,p2 > 0}

Il

Because of the condition py > 0. we can take coordinates (qp, p3, g3) on ¥ and obtain a unique
solution for ps in H(q,p) = hg.

The Poincaré map is implemented as a linear interpolation between the steps surrounding
the section. That is, when the previous step and the current step straddle the chosen section
in the right direction, a straight line is constructed between the two points and the point
where that line crosses the section is taken. The error in this method is proportional to (At)?
and is a source of numerical inaccuracy.

In order to observe the 3-dimensional Poincaré map. I used MATLAB to plot the forwards
and backwards orbits, that were returned from the integrator code, in different colours. This
allows for differing w- and «-limit sets to be seen immediately.

4.2 Harmonic Oscillator

Initially, I studied the Poincaré map, ¢ : ¥ — 3, of a harmonic oscillator system in three
dimensions. This has a potential that is spherically symmetric, V(q) = %]]q[ 2 with the
dynamics described in section 3.4.3 by the system of equations (3.9).

As mentioned earlier, the g9, py system decouples and the Poincaré section at ¢o = 0 forces
p1 = 0 leaving the coordinates (qi,ps3,q3) which can be solved via the Magnus expansion in
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H=5: p2=.616
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Figure 4.1: Circular orbits on the sphere generated by the unperturbed harmonic oscillator
with energy H = 5, approximately 0.616 of which is in the g9, ps subsystem. Note: this is the
same set of orbits as those of figure 3.5 and the axis of rotation is nearly parallel to the p3
axis.
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Appendix A.2.1 to give a rotation about a fixed axis. Thus all the orbits of the Poincaré map
are circles on the sphere centred on the rotation axis as can be seen in figure 4.1.

This system has at least four symmetries and reversing symmetries, the symmetries are:

L (q1,92,93,p1,02,p3) — (491.92,93,P1,P2,P3) (I)
2 (q1,92,93.p1,p2,p3) = (—q1,92,—q3, —P1,P2, —D3)
3 (q1,92,93,p1,p2,p3) = (—aq1,—q2,q3, —P1, —P2.P3)
4 (q1.92,93.p1,p2:P3) — (q1,—q2,—q3,P1, —Pp2, —P3)

and the reversing symmetries are:

1 (q1.92,.93,p1.p2,p3) — (41,492,493, —P1.—P2, —P3) (R)
2 (q1,92,93,p1,p2,P3) — (—q1,92,—G3,P1. —P2,P3)
3 (q1.92,93,p1,p2,p3) — (—q1.—G2,G3,P1.P2, —P3)
4 (q1.92.93,p1.p2.p3) = (q1.—q2. —q3, —p1,P2,P3)

In my first attempt to integrate this system [ implemented the integrator of section 4.1.2
in a MATLAB m-file, but the run times were long even for small numbers of returned points.
So I rewrote the integrator in C using MATLAB’s “mex” interface and managed to get about
a 100.000-fold increase in speed. allowing many points to be returned from a short run. The
C code that T have written to perform the integration and the Poincaré section can be found
m Appendix A.1.1.

For very long runs with large numbers of points in the Poincaré map the arrays returned
from the integrator code are very large. Due to memory restrictions a significant alteration
of the integrator code was needed for these situations. Instead of returning every point. the
phase space was divided up into a grid in which each element recorded the number of “hits”,
giving a density map of the phase space and requiring only a fixed amount of memory allowing
for arbitrarily long runs. This code is given in Appendix A.1.2.

4.2.1 Perturbations of the Harmonic Oscillator

To the initial potential, I then added various perturbations, €Vi(q), giving

Lo e ;
v = 3 lall? + eVi(a)

and studied the Poincaré map, ¢ : ¥ — X, as € increases, to observe the breakdown of
integrability and the possible onset of dissipative behaviour.

When considering perturbations of the system I wanted the perturbation to be as simple
as possible.

“Everything should be made as simple as possible, but not simpler.” — Albert Einstein.

Another issue that I had to take into consideration was the size of e in the perturbation.
The first part is a usability issue. If € is not large enough then the system is not perturbed
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enough from the base system and the integrator code needs to be run with a very small
time-step to be sure that differences in the orbits occur as a result of the dynamics and not
from a lack of accuracy. This is expensive in terms of processor time and is undesirable.

The second part is to do with chaos. If € is too large then most of the orbits become
chaotic or are at least strongly driven by the perturbation. This causes most of the orbits
which previously did not cross the fixed set, Fix(R), to cross the fixed set and hence be
symmetric.

Generally, for this system. [ used a value between 0.01 and 0.5 for e, with the smaller
values not having much effect on the system and the larger values causing too much chaos.

One of the perturbations that I added was eq;¢3 which deforms the sphere in the manner
shown in figures 4.2(a)-4.2(i) as € is increased.

With this perturbation the system is:

g = p
i = —qu+A-eg
P2 = —qQ2
P3 = —q3+ Aq — 2€q1q3

with the constraint
p1+ q2p3 = 0.

This perturbation breaks the 2nd and 3rd symmetries and reversing symmetries, but
retains the Ist and 4th symmetries and reversing symmetries. This 4th reversing symmetry.
I eventually realised, was actually causing all the orbits to be symmetric in this case. The
fixed set of the 4th reversing symmetry is Fix(Ry) = {(q1,p2,p3) : ¢2 = g3 = p1 = 0}, which
is in the Poincaré section. The axis of rotation of the unperturbed system is also contained in
the fixed set, so almost all of the orbits intersect the fixed set. This can be seen in figure 4.3.
Thus almost all of the orbits are symmetric with respect to this reversing symmetry and
cannot be dissipative.

For this perturbation. and the unperturbed system, all the orbits in the Poincaré section
are actually in 2 dimensions. They are contained on the surface of the (perturbed) sphere
(or non-compact surface, for large €). This is due to the g9, p2 subsystem decoupling. so no
energy can be transferred from the ps coordinate to the gy, p3, ¢3 coordinates of the Poincaré
section. This could possibly account for the lack of dissipative behaviour seen in this system.

The next perturbation that I considered was egag?, which gives the system

g = p
pr= —q@1t+A
P = —q2— €q}
P3 = —q3+ Aq2 — 2€q2q3

with the constraint
p1+ qap3 = 0.
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(g) e=0.175 (h) e=0.2 (i) e=03

Figure 4.2: The perturbation is V(q) = eqlqg with € ranging from 0.05 to 0.3, the initial
energy in the go,po system is 0.2 out of a total of 5. The red line is the boundary of the
possible points on the g3 = 0 plane. In the latter figures, the phase space is not compact and
the points to the left of the verticle line can escape to negative infinity while maintaining a
total energy of 5.
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Figure 4.3: All the orbits are symmetric with respect to the 4th reversing symmetry, which
prevents any dissipative behaviour. This is the same as figure 4.2(g) but viewed from under-

neath.
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In this system the g9, po subsystem no longer decouples, allowing energy to be transferred
from the ps coordinates to the g1, ps3, g3 coordinates, keeping H (g, p) = hg. The orbits in the
Poincaré section are now free to move in 3 dimensions within the deformed sphere, increasing
the chances of dissipative behaviour.

This perturbation breaks the 3rd and 4th symmetries and reversing symmetries but not
the 1st or 2nd. For this perturbation, figure 4.4 shows how the sphere distorts as ¢ is increased.

(a) e =.001 (b) e=.01 (c) e=.03

Figure 4.4: Poincaré maps of the eq2q§ perturbation as ¢ is increased.

As with the previous perturbation, all the orbits of the Poincaré map appear to be sym-
metric with respect to some symmetry. This can be best seen in figure 4.5.

The occurrence of the extra symmetry, in each perturbation, was one of the main reasons
why, for a long time, I got perplexing results, which I will now discuss.

To begin with I naively did not realise that the system had more reversing symmetries
than the anti-symplectic one, R : p — —p, and even once I realised this, it took quite some
time before I realised the effect that they were having on the dynamics of the system.

The dynamics of the unperturbed harmonic oscillator system is a rotation about an axis
which I calculated in section 3.4.3. But obviously from figure 3.5 it can be seen that the
Poincaré map is not symmetric with respect to R. Instead it is symmetric with respect to
some other reversing symmetry, which almost all of the orbits cross. So alimost all the orbits
of this system are symmetric with respect to this reversing symmetry and the w- and a-limit
sets of almost every point must be the same. Thus, there can be no symptoms of dissipation,
such as sources, sinks or saddle points with eigenvalues that do not multiply to give 1.

Once I realised the effect that the extra symmetries were having on the dynamics of the
system I included the condition that the perturbation must break all the known symmetries
of the system to eliminate any effect that the extra symmetries were having on the dynamics.
The only reversing symmetry that cannot be broken by a perturbation is the anti-symplectic
one as the potential is a function of ¢, ¢2 and g3 only.
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Figure 4.5: A view along the axis of rotation of the unperturbed system showing symmetry
of the perturbed system. The figure is the same as figure 4.4(b), with ¢ = .01.
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The other main reason that I was getting perplexing results with the harmonic oscillator
system is that the Poincaré section was not invariant with respect to the reversing symmetry,
R:(q.p) — (q. —p), of the system. My Poincaré section was

X = {{a;p) : H(g.p) = hosp1 = 0,8 = 0,ps > 0}

and 1 was observing the following:

The orbit of a point z, in the Poincaré map, was the same as the orbit of the point R(x),
despite the orbit not crossing the ps = 0 plane in the Poincaré map.

The cause of the problem is that if the Poincaré section does not contain the fixed set of a
syinmetry then the orbits that cross that fixed set will appear non-symmetric in the Poincaré
map. but will, in fact, be symmetric in the underlying system and not have any dissipative
behaviour. This is because of the following:

Let the dimension of the constraint manifold be n. i.e. dim M = n. Then the dimension
of the fixed set of R obeys

1 <dimFix(R) <n -1,

and the dimension of the Poincaré section is

dim¥ =n — 1.

Theorem 11 Let R : M — M be a reversing symmetry of a reversible system. If R(X) = 2.
then ¢ : ¥ — ¥ is R|y.-reversible and Fix(R|y) = Fix(R) N X. Then

. e = dim Fix(R) if Fix(R) Cc & (a)
dim Fixifiz) { < dim Fix(R) if Fix(R) ¢ ¥ (b)

Proof:

Let R(X) = ¥. Since ¢; is R-reversible in the reversible system, then ¢ : ¥ — ¥
is R|y-reversible and Fix(R|y) = Fix(R) N .

o If Fix(R) C ¥ then Fix(R) N £ = Fix(R) and hence dimFix(R|y) =
dim Fix(R).

o If Fix(R) ¢ ¥ then Fix(R) N ¥ C Fix(R) and hence dimFix(R
dim Fix(R).

r) <

On the other hand, if R(¥) # ¥, then there is no obvious candidate for a reversing
symmetry of ¢. The Poincaré section suffers from this problem. The map ¢ inherits reversible-
like behaviour from the flow, but it is unclear as to what the reversing symmetry is.

Since it is preferable not to have any hidden symmetries in the Poincaré section, I later
changed the Poincaré section to be:

Y ={(q,p) : H(q,p) = ho,p2 = 0,p2 > 0,p1 = —qop3},
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for which R(X) = ¥ and Fix(R|x) = {(q,p) : (¢,p) € &, p3 = 0}.

Unfortunately. I did not realise at the time the effect that the Poincaré section and the
extra symmetries were having on the dynamics of the Poincaré map and it was decided that
there was no simple perturbation that would cause the existence of non-symmetric orbits for
this system. So, based on this assumption I changed the potential of the base system from a
spherically symmetric potential to being a free particle in the g3 direction.

4.3 Free particle

In this system there is no g3 value in the unperturbed potential, thus my system is now:

V = %((1'12 +q3)
“H o= (lpl* +¢f + 63)
g = P
P = —q+A
P2 = —q
P3 = Ag2

with the constraint
p1+qp3 =0
and [ am treating g3 as an angle variable. Thus the new phase space is

™2

1

)
]

qg € X

p € I

=

3

5|

¢

The unperturbed system can be solved by a method similar to that of section 3.4.3: in
fact. we can find the exact Poincaré map analytically.
Let go = Acos(t) and po = —Asin(t). Then py = —qops = —Acos(t)ps and the system

can be written as

o= —q+A

@1 = —Acos(t)ps )
ps = AAcos(t) (4.2)
i3 = p3.

We can calculate A from the p; equation and the constraint.

A= q+m;
q1 — 42p3 — q2P3
q1 + Asin(t)ps — A? cos?(t) A

: % q1+Asin(t)ps
: — 1+AZcos3(t) -

So the p3 equation becomes

p3 = (1 + A% cos®(t)) "' A cos(t)(q1 + Asin(t)ps)
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P 9 1 :
and we can make the substitution p3 = (1 + A% cos?(¢))2. Our system of equations can now
be written as

Q= ap3
Py = —oq (4.3)
qg3 = B3
where
o = —.4c0s(t)(1+.42('0s'2(t))7'15
8 = (1+Az(:052(f))‘%.

Now. the ¢;.ps subsystem is a rotation by

t
0= / adt,
Jo
1 [ cos(©) sin(©) q1(0)
p3 /  \ —sin(®) cos(O) p3(0)

27
/ adt =0,
Jo

q — q

but

so the Poincaré map becomes

P3 — P3;

while.
qQ (11+l B(t)ps(t)dt
= g3+ [ B(t)(—sin(O(t))q1(0) + cos(O(t))p3(0))dt
q3 + ﬁﬁ (0)
= g3+ 2mp3(0).

Il

So the orbits in the Poincaré map ¢(q1.p3,q3) = (q1,p3, g3 + 2mp3), are invariant circles in
the ¢y direction.

The syminetries of this system are:

(q1-92, 93,1, P2, p3) (1)
(—q1, 92,43, —p1,p2, —P3)
(g1, —q2,93,p1, —P2, —P3)
(—q1, —q2,93, —p1, —P2,P3)

(q1,92.q3.P1. P2, P3
(q1+92,G3, P15 P2, P3
(91, 92,93, P1. P2, P3
(q1+ 92,93, P1, P2, P3

I A T

R

and the reversing symmetries are:

q1, 92,43, —P1, —P2, —P3) (R)
—1,92; 3, P1,—P2,P3)

q1, —4q2,93, —P1, P2, P3)
—q1,—42,43, P1, P2, —P3)-

(91,92, G3,p1, P2, pP3)
(q1,92,93,p1,P2,p3)
(q1-G2,G3,p1, P2, p3)
(91,62, G3,p1, P2, p3)

= W N =
—~ o~ o~ —
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Any (reversing) symmetry together with g3 — f(g3) is also a (reversing) symmetry.

One class of w- and a-limit sets is that of a closed loop in phase space. These closed
loops appear as fixed or periodic points in the Poincaré map. Near fixed points the dynamics
of the system can be linearised as described in sections 2.6-2.8 and the eigenvalues of the
linearised coefficient matrix can be computed. If dissipation occurs near these points, then the
eigenvalues of the linearised coefficient matrix at those points will multiply to give a number
other than 1. For period n points, the linearised coefficient matrix of the nth mapping of the
periodic point is taken, i.e. A = D(f")(z).

Since T was looking for dissipative behaviour in the system, searching for the fixed points
was the logical place to start. But once again the Poincaré section affected our judgement
and I thought that all the fixed points lay within the fixed set of a symmetry and were hence
symmetric. So I began searching for period 2 points and computed the eigenvalues of the
linearised coefficient matrices to see if there was any dissipation.

To do this I used the code in appendix A.2.4 as the input function to the MATLAB
routine fsolve which finds zeros of the input function. The routine is called several times
with decreasing time-steps as we home-in on the period 2 points. Then I used the code in
appendix A.2.5 to compute the eigenvalues of the linearisation at each period 2 point.

For the unperturbed system, the fixed set of R is along p3 = 0 and the period 2 points in
the Poincaré map are horizontal lines at p3 = %(Qn — 1), n € Z as shown in figure 4.6. The
fixed points occur along horizontal lines at ps = n, n € Z. Both the fixed points and the
period 2 points have eigenvalues Ay = A9 = A3 = 1.

p3
o

-2F

al

Figure 4.6: Period 2 points with the Poincaré section at py = 0, po > 0. All orbits are either
periodic or quasi-periodic, with frequencies 1 and p;.
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4.3.1 Perturbations of the Free Particle

When perturbing this system. I had to take into consideration a few extra conditions. Firstly,
[ was treating the g3 variable as an angle so the perturbation had to involve trigonometric
functions of g3 and polynomial functions of ¢; and ¢o only. Secondly, as mentioned in sec-
tion 4.2.1. the perturbation should break all the known symmetries of the system, with the
exception of the unbreakable reversing symmetry R. Thirdly. it should also preserve some
of the period 2 points. to facilitate the searching for dissipative behaviour. Preferably, it
should make them isolated period 2 points, as continuous curves of period 2 points have an
eigenvalue A = 1 along the curve and are a result of the system being degenerate in some way.

The size of € that I have used for this system is smaller than that of the harmonic oscillator
system, due to having a more complicated perturbation. Generally I used a value between
0.005 and 0.05 for e, with the smaller values not having much effect on the system and the
larger values causing too much chaos.

The simplest perturbation that I could find which had only R as a reversing symmetry
was:

e(q192(cos(gs) + sin(g3)) + ¢7g2 cos(g3))

giving the system:

0 =
p1 = —q+ A —€(qa(cos(qz) +sin(qs)) + q1g2 cos(q3))
po = —q2—€(qi(cos(qs) +sin(gs)) + ¢ cos(gqs))
p3 = Ag2 — €(q1g2(—sin(q3) + cos(qs)) — qfqg sin(qs))

with the constraint
p1 + gap3 = 0.

The phase portraits obtained typically look like that of figure 4.7. Each orbit of figure 4.7
contains 10000 points, the total energy of the system is H = 3, and the perturbation size is
¢ = 0.02. The black orbits are symmetric orbits that are non-rotational in the ¢3 direction.
The green orbits are also symmetric. but they are rotational in the ¢3 direction. The red and
cyan orbits appear chaotic and if left long enough, tend to fill out much of the phase space.
They all cross the p3 = 0 plane and are symmetric orbits.

The blue orbit, however, is non-symmetric, it is a 2-torus in the Poincaré map and never
crosses the p3 = 0 plane. A closeup of this orbit can be seen in figure 4.8. Unfortunately, the
w- and «(x)-limit sets appear to be equal, so the orbit is not dissipative.
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15+¢ o NN BT

Figure 4.7: A typical graph of the free particle with the perturbation €(g;g2(cos(g3)+sin(gs))+
q?g2 cos(q3)) showing various orbits in different colours. There are 4 black orbits, 2 green
orbits, 1 red orbit, 1 cyan orbit and 1 blue orbit. The total energy is H = 3, and the
perturbation size is € = .02.
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A 6 =04 -0 -05 =

q1
B3

(a) A 2-torus in the Poincaré map
with  an  initial  point  (q1,ps,q3) =
(0.014094136630869780, —2.159418589032537916, 0)

(b) The same 2-torus, with 50000 points at a time-
step of 0.01 and 50000 points at a time-step of
—0.01.

Figure 4.8: A 2-torus in the Poincaré map with an initial point (q1,p3,93) =
(0.014094136630869780, —2.159418589032537916,0). The total energy is H = 3, the per-
turbation size is € = 0.02. Figure 4.8(a) shows the structure of the 2-torus. Figure 4.8(b)
shows how the w- and a-limit sets occupy the same region of phase space, preventing any
dissipation.
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The period 2 points that survived perturbation of the free particle system no longer occur
in continuous curves but as isolated points in the phase space. The isolated period 2 points
that do not lie in the fixed set of the reversing symmetry R had the possibility of being
dissipative or expansive. So I computed the eigenvalues of the linearised coefficient matrix of
the map at those fixed points to determine their stability.

-
2t 7
05F . .
15 i X N
*
1
0
o5k XK S I K
S
8 or T-05f !
N - e w e X
1 X
=1F
*
15 3 X ¥ ol
' = »:
-2F
-2 -15 -1 -0.5 ] 05 1 15 2 -2 -15 -1 -05 0 05 1 15 2
qt q1
(a) Front-on view (b) Side-on view

Figure 4.9: Period 2 points of the perturbed free particle system with perturbation
e(q1g2(cos(gs) + sin(gs)) + gg2 cos(gs)). The total energy of the system is H = 3, and the
perturbation size ¢ = 0.02.

The period 2 points that T have found all have an eigenvalue structure similar to one of
the following fixed points

1.62616585275446 0.86718945139869 + 0.32993449966305i
(q1.p3.q3) = | —1.52826908140430 | A= | 0.86718945139869 — 0.32993449966305
—0.41257126757106 1.16159344438038
1.28505572674583 0.79284968939701
(g1.p3.q3) = | —0.50140223444199 | A= | 1.02985209681468
—1.28195494854409 1.22471447812289

So these are all spiral saddle points similar to figure 2.4(b) or node saddle points similar to
figure 2.4(a). The product of the three eigenvalues for each period 2 point is 1 and thus they
do not exhibit dissipative behaviour. Although these have been estimated by finite differences
and numerical integration, extensive tests indicate that they are accurate to about 107°.

The 2-torus and the period 2 points are the only non-symmetric orbits that I have found
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in this system, even for small e, despite the unperturbed system having many non-symmetric
orbits. This could be a result of the unperturbed system being highly degenerate.

To sum up, the following evidence,

1. the eigenvalues of all periodic points studied have product 1,

2. the only non-symmetric orbit found is an invariant 2-torus and hence has o = w.

tend to suggest that the system is in fact volume preserving with respect to some unknown
volume m(z)d"x. If it exists, this volume is constrained by the dynamics in some way as it is
clear that not all nonholonomic systems (e.g. the rattleback) are volume preserving. So far.
it is not clear if this is due to the low dimension of the system, the choice of Hamiltonian, or
the choice of constraint.
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Chapter 5

Results, Conclusions, and
Discussions

The main goal of this thesis was to find non-Hamiltonian-like behaviour (specifically. dissipa-
tive behaviour) in a class of simple mechanical systems subject to a nonholonomic constraint.
Finding dissipative behaviour would strongly support the conjecture that the only general
features of the dynamics of this class of systems is that they preserve the energy and are
reversible.

To integrate these systems on a computer I have written a very fast. simple, reversible.
minnerical integrator for nonholonomic systems. The class of 6 dimensional nonholonomic
systems that I studied, known as contact particle systems in B?, can be reduced to 3 dimen-
sions via two equations and a Poincaré section. The resulting Poincaré map can be plotted
using a program such as MATLAB.

Dissipative orbits can be characterised by differing w- and a-limit sets. Thus, to search
for dissipative behaviour, I plotted the forwards and reverse time orbits of an initial point
in different colours and looked for where they occupied different regions of phase space.
Since symmetric orbits cannot be dissipative, I perturbed an integrable system having many
non-symmetric orbits with the intent of creating a non-integrable system with many non-
syminetric orbits.

The initial system was a harmonic oscillator system, of which the Poincaré map is a fixed
rotation on the surface of a sphere; the axis of rotation can be calculated with a little help
from the Magnus expansion. When perturbed, the sphere deforms and KAM circles appear,
these are shortly followed by chaos as the size of the perturbation is increased. The perturbed
systems that I considered had extra symmetries and my choice of the Poincaré section did
not contain Fix(R), which was the cause of many perplexing results.

The second system I considered was a free particle system. I changed my choice of the
Poincaré section to contain Fix(R) so as to avoid the confusion that occurred in the previous
system. For this system, the Poincaré map can be found analytically and gives invariant circles
in the g3 direction. Perturbations of this system had the requirement that the only reversing



CHAPTER 5. REsuLTs, CONCLUSIONS, AND DISCUSSIONS

()]
-‘\]

symmetry is the anti-symplectic one, R : (¢.p) — (g, —p). The simplest perturbation that I
could find, satisfying the above requirement, was €(q1g2(cos(gs) +sin(gs)) + g2z cos(gs)), but
this perturbation makes almost all of the orbits symmetric, even for small e. T suspect that
this is due to the degeneracy of the unperturbed system.

Unfortunately, T did not manage to find any evidence of non-Hamiltonian-like behaviour.
In the systems that I have studied, all of the periodic points have product 1 and the only non-
symmetric orbit found is an invariant 2-torus and hence has o = w. This lack of dissipation
tends to suggest that the systems studied in this thesis preserve some volume element which
is not readily apparent. If this volume element exists, then it must be constrained by the
dynamics in some way as it is clear that not all nonholonomic systems (e.g. the rattleback)
are volume preserving.

Considering the various perturbations that I have studied, it is unlikely that all of the
systems in this thesis are special, volume preserving cases of contact particle systems. But,
at this point in time it is not clear as to the cause of the volume preservation. Possibly, the
occurrence of volume preservation could be due to the low dimension of system, the choice
of Hamiltonian, the choice of constraint, or a combination of the above. In any case. further
research into mechanical systems subject to nonholonomic constraints is required to establish
the validity of the above conjecture.



Appendix A

Program Code

A.1 Mex Files

A.1.1 Integrator Code

#include <stdio.h>

#include <stdlib.h>

#include <string.h>

#include <math.h>

#include "mex.h"

/*

Calling syntax: [ql, g2, g3, pl, p2, p3, Rotations, StepsTaken] = ...
Free_eps_p2(in, NumLoops, H, dt, eps, SuppressOutput)

eps(ilon) is the size of the perturbation

*/
/% Input Arguments */

#define in_IN prhs[0]

#define NumLoops_IN prhs[1]
#define Energy_IN prhs[2]
#define TimeStep_IN prhs[3]
#define eps_IN prhs[4]

#define SuppressOutput_IN prhs[5]

/* Output Arguments */

#define sectionql_OUT plhs[0]
#define sectionq2_0UT plhs[1]
#define sectiong3_0UT plhs[2]
#define sectionpl_0UT plhs[3]
#define sectionp2_0UT plhs[4]
#define sectionp3_0UT plhs[5]
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#define Rotations_0UT plhs[6]
#define StepsTaken_0UT plhs[7]

void NHIntegrator(double x, double *, double *, double *, double *, double *,...
double *, double*, double, double, long, double, int,...
double *, double *);
void Step(double *, double *, double, double);
void nhpsmain(double *, double *, double *, double *, double *, double *,...
double *, long , double , double, double, int, double *, double *);

/* Entry point of "mex" function */

void mexFunction(int nlhs, mxArray *plhs[], int nrhs, const mxArray *prhs([])
{

double *sectiongl, *sectiong2, *sectiong3;

double *sectionpl, *sectionp2, *sectionp3, *in;

double *Energy, *H, *dt, *eps, *Rotations, *StepsTaken;

double *NumLoops, *SuppressOutput;

/* Check for proper number of arguments */

if (nrhs '= 6)

{
mexErrMsgTxt ("Free_eps_p2 requires six input arguments.");
}
else if (nlhs > 8)
{

mexErrMsgTxt ("Free_eps_p2 has only eight output arguments.");
}

/* Check the dimensions of in. in must be 3 X 1. =%/

if (!mxIsNumeric(in_IN) || mxIsComplex(in_IN) ||
mxIsSparse(in_IN) || !mxIsDouble(in_IN) ||
(mxGetM(in_IN) != 3) || (mxGetN(in_IN) != 1))
{

mexErrMsgTxt ("nhps requires that ’in’ be a 3 x 1 real vector.");

}

/* Create matrices for the return arguments */

NumLoops = mxGetPr (NumLoops_IN);
sectionql _OUT = mxCreateDoubleMatrix(*NumLoops, 1, mxREAL);
sectionq2_0UT = mxCreateDoubleMatrix(*NumLoops, 1, mxREAL);
sectiong3_0UT = mxCreateDoubleMatrix(#NumLoops, 1, mxREAL);

1

1

t

sectionpl_OUT = mxCreateDoubleMatrix(*NumLoops, 1, mxREAL);
sectionp2_0UT = mxCreateDoubleMatrix(*NumLoops, 1, mxREAL);
sectionp3_0UT = mxCreateDoubleMatrix(*NumLoops, 1, mxREAL);
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void nhpsmain(double *sectionql, double *sectionq2, double *sectiong3,...
double *sectionpl, double *sectionp2, double *sectionp3,...
double *in, long NumLoops, double H, double dt, double eps,...
int SuppressOutput, double *Rotations, double *StepsTaken)

/* H=.5(|pl 2+q1~2+q2"2)+eps*(ql*q2+ (cos(q3)+sin(q3) ) +ql~2*q2*cos(q3))

APPENDIX A. PROGRAM CODE

Rotations_0UT = mxCreateDoubleMatrix(1,1,mxREAL);
StepsTaken_0UT = mxCreateDoubleMatrix(1,1,mxREAL);

* Assign pointers to the various parameters */

SuppressOutput = mxGetPr (SuppressOutput_IN);
sectionql = mxGetPr(sectionql_OUT);
sectiong2 = mxGetPr(sectiong2_0UT);
sectiongq3 = mxGetPr(sectiong3_0UT);
sectionpl = mxGetPr(sectionpl_0UT);
sectionp2 = mxGetPr(sectionp2_0UT);
sectionp3 = mxGetPr(sectionp3_0UT);
in = mxGetPr(in_IN);

H = mxGetPr(Energy_IN);

dt = mxGetPr(TimeStep_IN);

eps = mxGetPr(eps_IN);

Rotations = mxGetPr(Rotations_0UT);
StepsTaken = mxGetPr(StepsTaken_0UT);

* Do the actual computations in a subroutine */

nhpsmain(sectionql, sectiong2, sectionq3, sectionpl, sectionp2, sectionp3,...
in, (int) *NumLoops, *H, *dt, *eps, (int) *SuppressOutput,...

Rotations, StepsTaken);
return,;

double p[3],q[3],2a,b,c;
double E;

*Rotations=0;
*StepsTaken=0;

ql0]=in[0];
ql[2]=in[2];
pl[2]=in[1];
pl11=0;

pl=-q2*p3

60

(14p3°2)q2~2+(2eps*(ql*(cos(g3)+sin(q3) ) +ql~2*cos(q3)) )q2+(p2°2+p3~2+q1~2-2H)=0

*/

a=1+p[2]*p[2];

b=2%eps*(q[0]*(cos(q[2])+sin(q[2]))+q[0]*q[0]*cos(q[2]));

c=-2xH+p[1]*p[1] +p[2] *p[2]+q[0] *q[0] ;
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if ((-b+sqrt(bxb-4*axc))/(2¥a)<0)

{

printf("q2 has 2 possible values!\n");

return;

;.

q[1]=(-b-sqrt(b*b-4xax*c))/(2*a) ;

pl0]l=-q[1]*p[2];

if (!SuppressOutput)

printf("H is %.18f\nql is %.18f\nq2 is %.18f\nqg3 is J.18f\npl is }%.18f\n"...

"p2 is %.18f\np3 is %.18f\n",H,q[0],q[1],q[2],pl0],p[1],p[21);

E=.5%(p[0]*p[0]+p[1]*p[1]+p[2] *p[2] +q[0]*q[0]+q[1]*q[1])+. ..
eps*(q[0]*q[1]*(cos(q[2])+sin(q[2]))+q[0]*q[0]*q[1]*cos(q[2]));

if (! SuppressOutput)

printf("Initial energy = %.18f\n",E);

if (ql[11<0)

NHIntegrator(q, p, sectionql, sectiong2, sectionq3, sectionpl, sectionp2,...
sectionp3, dt, H, NumLoops, eps, SuppressOutput, Rotatioms,...

StepsTaken) ;

if (SuppressOutput!=2)

printf ("Number of rotations in the g3 direction was %.0f\n",*Rotations);

}

void NHIntegrator(double
double
double
double
double

int i=0;
int flag=0,flag2=0;

*q, double *p, double *sectiongl, double *sectiong2,...

*sectionq3, double *sectionpl, double *sectionp2,...
*sectionp3, double dt, double H, long NumLoops,...
eps, int SuppressOutput, double *Rotationms,...
*StepsTaken)

double o,E,Edrift=0.0,E2,Edrift2=0.0;

double so[6];
if (! SuppressOutput)

printf("Doing section\n");

while ((i<NumLoops))
£

/* Retain old values to find Poincare section */

so[0]=q[0];
so[1]=q[1];
so[2]=q[2];
so[3]=p[0] ;
so[4]=p[1];
so[5]=p[2];
Step(q,p,dt,eps);
(xStepsTaken)++;

/* Count the number of rotations in the g3 direction */
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if (q[2]>M_PI)

{

}

if (flag==0)flag=1;
q[2)=fmod (q[2]+M_PI,2*M_PI)-M_PI;
*Rotations+=flag;

else if(q[2]<=-M_PI)

{

}

if(flag==0)flag=-1;
q[2]=fmod(q[2]-M_PI,2*M_PI)+M_PI;
*Rotations-=flag;

/* Test condition of the Poincare section */
if (((dtxso[4]1<=0)&&(dt*p[11>0)))/*||((s0[4]1>=0)&&(p[1]1<0)))*/

_{

}
¥

sectiongl[i]l=q[0]-(q[0]-so[0])*p[1]/(p[1]-s0[4]);
sectionq2[il=q[1]-(q[1]-so[1])*p[1]1/(p[1]-s0[4]);
sectiong3[il=q[2]-(q[2]-so[2])*p[1]/(p[1]-s0[4]);
sectionpl[i]=p[0]-(p[0]-s0[31)*p[1]/(p[1]-s0[4]);
sectionp2[il=p[1]-(p[1]-so[4])*p[1]/(p[1]-so[4]);
sectionp3[il=p[2]-(p[2]-so[5])*p[1]/(p[1]-s0[4]);
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E=.5x(sectionpl[i] *sectionpl[il+sectionp2[il*sectionp2[i]+sectionp3[i]*...
sectionp3[i]+sectionql[i]*sectionql[i]+sectionq2[i]*sectiong2[i])+...
eps*(sectionql[i]*sectionq2[i] *(cos(sectiong3[i])+sin(sectiong3[i]))+...

sectionql[i]*sectionql[i]*sectiong2[il*cos(sectionqg3[il));

E2=.5x(p[0]*p[0]+p[1]#p[1]+p[2]*p[2]+q[0]*q[0]+q[1]*q[1])+. ..
eps*(q[0]*q[1]*(cos(q[2])+sin(q[2]))+q[0]*q[0]*q[1]*cos(q[2]));

Edrift+=sqrt((E-H)*(E-H));

Edrift2+=sqrt ((E2-H)*(E2-H));

i++;

if (mxIsNaN(E))break;

if (!'Suppresslutput)

{

printf("“Section energy drift = %.18f\n" ,Edrift/NumLoops);
printf("Last point energy drift = %.18f\n",Edrift2/NumLoops) ;
printf("Final Energy = %.18f\n",E);

printf ("Number of Steps = %.0f\n",*StepsTaken);

¥

void Step(double *q, double *p, double dt, double eps)

{

double x,y,z,Vx,Vy,Vz,lambda,yn;
double pt[3],qt[3];
qt [0]=q[0]+.5*dt*p[0];
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qt[1]1=q[1]+.5%dt*p[1];
qt [2]=q[2]+.5*%dt*p[2];
x=qt [0] ;y=qt[1] ;z=qt [2];

/* H=.5(1pl|"2+q1~2+q2"2)+eps*(ql*q2*(cos(g3)+sin(q3))+ql~2xq2*cos(q3))
*/
Vx=x+eps*(y*(cos(z)+sin(z) )+2xx*y*cos(z));
Vy=y+eps*(x*(cos(z)+sin(z) )+x*x*cos(z));
Vz=epsx* (x*y*(-sin(z)+cos(z))-x*x*xy*sin(z)) ;
pt [0]=p[0]-dt*Vx;
pt[1]=p[1]-dt*Vy;
pt[2]=p[2]-dt*Vz;
yn=y+.5%dt*pt[1];
lambda=- (pt [0]+yn*pt [2])/ (1+ynx*y) ;
pl[0]=pt [0]+1lambda;
pl1l=pt[1];
pl[2]=pt[2]+lambda*y;
q[0]=qt [0]+.5*dt*p[0];
ql1l=qt[1]+.5*dt*p[1];
ql2]=qt [2]+.5*%dt*p[2];

A.1.2 Density Map

#include <stdio.h>

#include <stdlib.h>

#include <string.h>

#include <math.h>

#include "mex.h"

/*
Calling syntax: [density] = density(q, NumLoops, H, dt, eps, P2Symm, gridsize)
eps(ilon) is the size of the perturbation

*/
/* Input Arguments */

#define q_IN prhs[0]
#define NumLoops_IN prhs[1]
#define Energy_IN prhs[2]
#define TimeStep_IN prhs[3]
#define eps_IN prhs (4]
#define P2Symm_IN prhs([5]
#define gridsize_IN prhs[6]

/* Dutput Arguments */

#define density_OUT plhs[0]
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void NHIntegrator(double *, double *, double *, double , long , double , double);

void Step(double *, double *, double, double);

void nhpsmain(double *, double *, long , double , double , double , double ,...
double) ;

void mexFunction(int nlhs, mxArray *plhs[], int nrhs, const mxArray *prhs[])
_{

double *in;

double *Energy, *H, *dt, *eps;

double *NumLoops, *P2Symm;

double *density;

double *gridsize;

/* Check for proper number of arguments */

if (nrhs != 7)

{
mexErrMsgTxt ("nhps requires seven input arguments.");
}
else if (nlhs > 1)
f 1
mexErrMsgTxt ("nhps has one output argument.");
¥

/* Check the dimensions of q. q must be 3 X 1. */

if (!mxIsNumeric(q_IN) || mxIsComplex(q_IN) ||
mxIsSparse(q_IN) || !mxIsDouble(q_IN) |
(mxGetM(q_IN) != 3) || (mxGetN(q_IN) != 1))
{

mexErrMsgTxt ("nhps requires that ’in’ be a 3 x 1 real vector.");

}
/* Create matrices for the return arguments */

gridsize = mxGetPr(gridsize_IN);

NumLoops = mxGetPr (NumLoops_IN) ;

density_OUT = mxCreateDoubleMatrix(((int) ((int) ((int) (*gridsize))x(*kgridsize))*...
(*gridsize)), 1, mxREAL);

/* Assign pointers to the various parameters */

P2Symm = mxGetPr (P2Symm_IN) ;
density = mxGetPr(density_0OUT);
in = mxGetPr(q_IN);

H = mxGetPr (Energy_IN);

dt = mxGetPr(TimeStep_IN);

eps = mxGetPr(eps_IN);
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/* Do the actual computations in a subroutine */

nhpsmain(density, in, (long) *NumLoops, *H, *dt, *eps, *P2Symm, *gridsize);
return;

}

void nhpsmain(double *density, double *in, long NumLoops, double H, double dt,...
double eps, double P2Symm, double gridsize)
{
double p[3],q[3];
double E;

q[0]=in[0];
pl2]l=in[1];
q[2]=in[2];
p[0]=0;
ql[1]1=0;

printf("H is %.16f\nql is %.16f\np3 is }%.16f\nq3 is %.16f\n",H,ql0],p[2],q[2]1);
p[1]=P2Symm*sqrt (2*H-q[0]*q[0]-q[2] *q[2] -p[2] *p[2] -2*eps*q[1]1*q[2] *q[2]) ;

/* H=.5(|p|"2+|ql~2)+eps*q2*q3°2

*/
printf ("p2=J.16f\nA=Y.18f\n",p[1], sqrt(p[1l*p[11+q[11*q[1]));
E=.5%(p[0]l*p[0]+p[1]*p[1]1+p[2] *p[2]+q[0]1*q[01+q[1]1*q[1]1+q[2] xq[2]1)+. ..

epsxq[1]*q[2]*q[2];

printf("Initial energy = %.16f\n",E);

if (2*H-q[0]l*q[0]-p[2]*p[2]-q[2]*q[2]-2*eps*q[1]*q[2]*q[2]>=0)
NHIntegrator(q, p, density, dt, NumLoops, eps, gridsize);
printf ("Done :-)\n");
}

void NHIntegrator(double *q, double *p, double *density, double dt,...
long NumLoops, double eps, double gridsize)
{
int 1=0;
long j,jx,Jy,Jz;
double o,E,Edrift=0.0;
double so[5],section[5];
printf("Doing section\n");
while((i<NumLoops))
{
o=q[1];
so[0]=q[0];
so[1]1=p[2];
so[2]=q[2];
so[3]=p[0];
sol[4]=p[1];
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Step(q,p,dt,eps);

/* Test condition of the Poincare section */
if ((dt*o<=0)&&(dt*q[1]>0))
{
section[0]=q[0]-(q[0]-s0[0])*q[1]/(ql1]-0);
section[1]=p[2]-(p[2]-s0[1])*q[1]/(q[1]-0);
section[2]=q[2]-(q[2]-so[2])*q[1]/(q[1]-0);
section[3]=p[0]-(p[0]-so[3])*q[1]/(ql1]-0);
section[4]=p[1]-(p[1]-so[4])*q[1]/(q[1]-0);
/* Find the index into the density matrix */
jx=(long) ((section[0]+4) *gridsize/8) ;
jy=(long) ((section[1]+4)*gridsize/8);
jz=(long) ((section[2]+4)*gridsize/8);
j=jx+(long) (jy*gridsize)+(long) (jz*gridsize*gridsize);
if((j<0) |1 (j>=(int) ((int) ((int) (gridsize)*gridsize)*gridsize)))
{
printf("illegal position\n");
break;
}
/* Increase the density x/
density[jl++;

E=.5%(p[0]#p[0]+p[1]*p[1]+p[2] *p [2]+q[0]*xq[0]+q[11*q[1]+q[2]*q[2])+. ..

eps*q[1]1*q[2]*q[2];
Edrift+=sqrt ((E-5)*(E-5));
if (mxIsNaN(E))break;
it++;
if (1% ((int) (NumLoops/100))==0)
printf ("%d%% ", (int) (100%i/NumLoops)) ;
if (1% ((int) (NumLoops/10))==0)
printf("\n");
}
}
printf ("Energy drift
printf ("Final Energy
¥

%.16f\n" ,Edrift/NumLoops) ;
holetint, BE)y

n

void Step(double *q, double *p, double dt, double eps)
{
double x,y,z,Vx,Vy,Vz,lambda,yn;
double pt[3],qt[3];
qt [0]=q[0]+.5*dt*p[0];
qt[1]=q[1]+.5xdt*p[1];
qt[21=q[2]+.5*dt*p[2];
x=qt [0] ;y=qt [1] ;2=qt [2];
Vx=x;Vy=y+eps*z*z;Vz=z+eps*2*y*z;
pt [01=p[0]-dt*Vx;
pt[1]=p[1]-dt*Vy;
pt[2]=p[2]-dt*Vz;
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yn=y+.5*dt*pt[1];
lambda=-(pt [0] +yn*pt [2])/ (1+ynx*y) ;
pl0l=pt [0]+1lambda;

plil=pt[1];

p[2]=pt[2]+1lambda*y;

q[0]=qt [0]+.5*dt*p[0];

ql1]=qt [1]+.5*dt*p[1];

q[2]=qt [2]+.5*dt*p[2] ;

A.2 M files

A.2.1 Magnus Expansion

function [Theta] = magnus(B, Orderk, Orderm, Order)

% [Thetal = magnus(B, Orderk, Orderm, Order)

% Finds the Magnus expansion of B to order ’Order’ in k
% B must be a matrix of the symbolic variables Xi, A

% The returned matrix, Theta, is a matrix of A to

% order ’Order’.

syms t;

syms Xi;

syms A;

[sm sn]=size(B);

Theta = zeros(sm,sn);

Thetalld = Theta;

OrderFix = sprintf(’0(A"%d)’,0rder+1);

Bn=[1 -1/2 1/6 0 -1/30 0 1/42 0 -1/30 0 5/66 0 -691/2730 0 7/6];
% Bn is the first 15 Bernoulli numbers

for m=2:0rderm+1
m-1
Theta = zeros(sm,sn);
for k=0:0rderk
% ignore Bernoulli numbers which are zero
if Bn(k+1)"=0
% ’pack’
pack
temp = Ad0ld(Theta0ld,B,0);
% try to reduce the terms via a taylor expansion
try temp2=taylor (temp(1,2)+0rderFix,A,Order+1); temp(1,2)=temp2; end
try temp2=taylor(temp(l,3)+0rderFix,A,Order+1); temp(1,3)=temp2; end
try temp2=taylor(temp(2,3)+0OrderFix,A,Order+1); temp(2,3)=temp2; end
% OrderFix is added so that the taylor expansion doesn’t throw away useful terms
temp(2,1) = -temp(1,2);
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temp(3,1) = ~temp(1,3);

temp(3,2) = -temp(2,3);
temp(1,1) = 0;
temp(2,2) = 0;
temp(3,3) = 0;

% perform the adjoint to order k
for i=1:k

temp = Ad0ld(ThetaOld,temp,1);

try temp2=taylor(temp(1,2)+0rderFix,A,Order+1); temp(1l,2)=temp2; end
try temp2=taylor(temp(1,3)+0rderFix,A,Order+1); temp(1,3)=temp2; end
try temp2=taylor(temp(2,3)+0rderFix,A,Order+1); temp(2,3)=temp2; end
temp(2,1) = -temp(1,2);

temp(3,1) = -temp(1,3);

temp(3,2) = -temp(2,3);

temp(1,1) = 0;

temp(2,2) = 0;

temp(3,3) = 0;
end

% integrate the terms and try to reduce them via a taylor expansion
temp(1,2) = int(temp(1,2),Xi,0,t);
temp(1,3) = int(temp(1,3),Xi,0,t);
temp(2,3) = int(temp(2,3),Xi,0,t);
try temp2=taylor(temp(1,2)+0OrderFix,A,Order+1); temp(1,2)=temp2; end
try temp2=taylor(temp(1,3)+0rderFix,A,Order+1); temp(1,3)=temp2; end
try temp2=taylor(temp(2,3)+0rderFix,A,Order+1); temp(2,3)=temp2; end
temp(2,1) = -temp(1,2);
temp(3,1) = -temp(1,3);
temp(3,2) = -temp(2,3);
temp(1,1) = 0;
temp(2,2) = 0;
temp(3,3) = 0;

% add in the next highest term with the corresponding Bernoulli coefficient
if Bn(k+1)./factorial(k)==

Theta = Theta + temp;

else
Theta = Theta + temp.*Bn(k+1)./factorial(k);
end
end
end
/i output the time 2%pi value of Theta
try
out=subs(Theta,t,2*pi)-subs(Theta,t,0)
end

% output the time t value of Theta
ThetaOld = subs(Theta,t,Xi);
end
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A.2.2 Adjoint

function [Adjoint]=Ad(Theta,A,k)
% Finds the Lie bracket of order k
% i.e. [Theta, [Theta, [Theta, [Theta, [Theta,A]]1]]]

Adjoint=A;
for i=1:k

Adjoint = Theta*Adjoint - AdjointxTheta;
end

A.2.3 Main Controlling Script

function fp=Free_near_p2_new()

% Free_near_p2_new() plots the first 1000 points from where you left click, then
% uses fsolve to find the nearest period 2 fixed point. If a fixed point is found
% the eigenvalues of that fixed point will be calculated.

% Middle clicking uses the last value calculated of the fixed point to

% call fsolve several times with decreasing time steps to improve accuracy.

% (This is often needed to find the fixed point in the first place)

% Right clicking exits the program.

global StepsTaken;
H=10;
eps=0.00;

colour=[’b.r.g.k.m.’];

figure(2);

setupgraph (H) ;

format compact

format long

options=optimset (’tolfun’,le-16);%, ’tolx’,1e-16);

in=[0;0;0];

[in(1) in(2) button]=ginput(1);

in(3)=0;

i=-1;

while button™=3

StepsTaken=0;
i=1+2;

if i>10;i=1;end
if button==

/* Integrate the system */
[q1,92,93,p1,p2,p3,Rotations,StepsTaken]=Free_eps_p2_new(in,100000,H, .01,eps,0);
h=plot3(ql,p3,q3,colour(i:i+1));
set (h, ’MarkerSize’,1) ;drawnow;

/* Preliminary search for periodic point */
[fp,dist,flag]=fsolve(’distof_p2_new’,[q1(1);p3(1);q3(1)],options,H,.01,eps);
dist
[q1,92,93,p1,p2,p3]=Free_eps_p2_new(in,2,H,.01,eps,2);
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/*

/o

/*

/*

dist2=norm([q1(2),p3(2),q3(2),q2(2)]1-[q1(1),p3(1),q3(1),q2(1)])
fp
if (flag==1)&(norm(dist) "=0)&(dist2>1e-6)
h=plot3(fp(1),fp(2),fp(3),’r*’);set(h,’MarkerSize’,20);
drawnow;
[Dphi,V,D]=eigenvals_new(fp,H,eps);
D,D(1)*D(2)*D(3)
fp
end
StepsTaken
[in(1) in(2) button]=ginput(1);
in(3)=0;

else

if button==
Search for periodic point at a time step of 0.01 %/
flag=0;dist=1;in=[0;0;0];dt=.01;
while (flag==0)
disp(’dt=.01")
in=fp;
[fp,dist,flagl=fsolve(’distof_p2_new’,in,options,H,dt,eps)
end
Decrease time step to 0.001 =%/
if flag™=1;flag=0;in=[0;0;0];dt=.001;
while (flag==0)
disp(’dt=.001")
in=fp;
[fp,dist,flag]l=fsolve(’distof_p2_new’,in,options,H,dt,eps)
end
end
Decrease time step to 0.0001 */
if flag™=1;flag=0;in=[0;0;0];dt=.0001;
while (flag==0)
disp(’dt=.00017)
in=fp;
[fp.dist,flag]l=fsolve(’distof_p2_new’,in,options,H,dt,eps)
end
end
Decrease time step to 0.00001 (Rarely needed) */
if flag™=1;flag=0;in=[0;0;0];dt=.00001;
while (flag==0);
disp(’dt=.00001")
in=fp;
[fp,dist,flagl=fsolve(’distof_p2_new’,in,options,H,dt,eps)
end
end
Make sure its period 2, not period 1 */
[q1,92,93,p1,p2,p3]=Free_eps_p2_new(in,2,H,dt,eps,2);
dist2=norm([q1(2),p3(2),q3(2),q2(2)]1-[q1(1),p3(1),q3(1),q2(1)1)
if (flag==1)&(norm(dist) "=0)&(dist2>1e-6)
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h=plot3(£fp(1),fp(2),fp(3),’r*’);set(h, ’MarkerSize’,20) ;drawnow;
[Dphi,V,D]=eigenvals_new(fp,H,eps);
D,D(1)*D(2)*D(3)
fp

end

StepsTaken

[in(1) in(2) button]=ginput(1);

in(3)=0;

end
end
end

A.2.4 Distance

function [out]=distof_p2_new(in,H,dt,eps)

format long;

global StepsTaken;
[q1,92,93,p1,p2,p3,Rotations,StepsTakenThisTime]=Free_eps_p2_new(in,3,H,dt,eps,2);
out=[q1(3),p3(3),q3(3),q2(3)1-[q1(1),p3(1),q3(1),q2(1)];
StepsTaken=StepsTaken+StepsTakenThisTime;

A.2.5 Eigenvalues

function [Dphi,V,D]=eigenvals_new(in,H,eps)
% Finds the eigenvalues of a period 2 fixed point

format long;

Dphi=zeros(3);

Col:[!b*? ’r*’ )g*l !k*? JY*! ’C*’ }m*!];
[q1,92,93,p1,p2,p3]=Free_eps_p2_new(in,3,H,.0001,eps,2);
d=le-6;

for k=1:3

if k==1;dx=d*[1;0;0];end

if k==2;dx=d*[0;1;0];end

if k==3;dx=d*[0;0;1];end

for j=[1 -1]
[q1,92,93,p1,p2,p3]=Free_eps_p2(in+j*dx,3,H, .0001,eps,2);
Dphi(k, :)=Dphi(k, :)+j*[q1(3),p3(3),q3(3)];

end

end

Dphi=Dphi/2/d;

[V,D]=eig(Dphi) ;

D=[D(1,1);D(2,2);D(3,3)];
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