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ABSTRACT 

This the sis inve s tigates the o ptimal all ocation of time by a rational agent in 

terms of his behaviour settings and social requirements .  Time is considered 

as a scarce resourc e  and as an obj e c tive measure of activities .  Conceptually 

the models of  time allocation are transportation models  and share the same 

mathematical structure . 

The findings of e c o - behavioural scienc e suggest that the behaviour of an 

agent , as an individual de cision make r , will be shaped by environments . 

Behaviour settings , corresponding t o  s ources in the t ransportation mode l s ,  are 

us ed t o  define environment s . As a member of society the agent is required t o  

mee t  parameters o f  social position , a s e t  of r equirements corresponding t o  

sinks in the transportation model s .  Time use s tudies provide quantitative 

measures  of the agent ' s  activitie s .  Hence the model is abl e to specify 

cons traints on the agent ' s  time use in terms of behaviour settings and social 

relations . 

The c o re model shows the relationship between groups, or classe s , of agents 

and their lifestyles . The a gent as rational decision maker is faced with the 

choice of mee ting the demands of social position by activities in s e l e c ted 

environments ,  while minimizing the total cost of the life styl e . Each ac tivity 

use s  up time and incurs a money c o s t . The optimal s olutions spe cify both the 

type and l evel of  the activities which the agent undertake s in order t o  mee t  

the_ parameters o f  social position . An equivalent program ( the dual) exist s . 

The agent is faced with the choice of maximising the net imputed value of time 



use , so  l ong as the net value of a uni t  of time is  less  than or e qual to the 

per uni t  cost . 

Conceptually there are two transportatition model s .  Both are concerned with 

the particular case of a s tudent as a rational dec ision maker . In the slack 

model the focus is  on the activi ties  of a particular student . By way of 

contras t  the focus in the t ight model is  on the activities of the average 

student , and there is a t ime distribution not only at source s  but al s o  at 

sinks . Thi s  model i s  useful to  soc ial account s . Three e quivalent 

formul ations of the transportation model are outlined . 

iv 

A technol ogy matrix , defined as the agent ' s  soc i o - economic production 

funct i on ,  denotes the set  of product i on proces ses available to the agent , 

given behaviour settings ( environment s )  and parameters of soc ial pos ition .  An 

element of the soc i o - economic production funct i on i s  termed an activity . The 

choice  of c ertain activi t i e s  by the agent repre sents a particular l ifestyl e 

described by a specific time distribution . Social income , defined as the 

value of soc ial pos it ion plus net earned income i s  a scalar measure ( in 

doll ars ) of the agent's l ife styl e . 

To show that the models are operat ional , simple 2 x 2 and 3 x 3 models  are 

introduced and extended in the final three chapters . A methodol ogy i s  

devel oped f or obtaining per uni t cos t s. A step - by - step approach i s  used to 

derive a 5 x 5 cost matrix from two sets  of actual data , obtained 

independently . The effects of change s in the parameters of the time 

all ocation models  are analyzed . 



PREFACE 

Economic investigat ions of t ime al location can be regarded as a venture into 

relat ively unexplored territory . When S oul e ( 19 5 5 ) stated that time was the 

scarce s t  resource , and proposed�hat t ime should be regarded as coordinate 

with land , labour and capital , he was breaking fresh ground . 

Whil e  the transportation model s of t ime allocation devel oped in this the s i s  

repre sent a compl etely different approach from that of Soul e , hi s que stions 

rai s e  s ome fundamental issue s . From a wider perspective , so  too do the 

questions sugges ted by Braudel in his masterly survey of the rise of 

capital ism . He pointed to the soc ial dimension in economics  and revealed the 

impact of capital ism on patterns of human activity . 

The first part of the the s i s  introduces the research program and outl ines the 

soc ial and historical factors that shaped the environment in which workers 

carr i ed out the ir activities . The section concludes with an outline of two 

s ignif icant , but different , models o f  t ime allocation . Each extends the 

boundaries of economics . 

The transportati on model s  of time all ocation are developed in the second part 

of the thes is . The models owe much to the insights of the pathfinders , and 

are the outcome of wre stl ing with unanswered questions and answers 

unques t ioned . 



The s tarred sections ( ** ) which begin in Chapter 4 provide a formulation of 

the models within the framework of act ivity analysis . This mode sheds l ight 

on the agent's production function .  These  more technical sections can be 

omitted in a f irst reading without loss of continui ty . 

vi 
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CHAPTER 1 

THE RESEARCH PROGRAM 

1 . 1  Qutline of the Problem 

Thi s  investigation is  concerned with the optimal allocation of t ime . Linear 

economic models are formulated to quantify optimal time use by a rational 

agent given the cost of act ivi ties and the social constraints on ac tivity 

choice . 

The problem of how to determine the optimal allocation of s carce resources is  

basic t o  economics . For the economi st resources are scarce if the ir 

availability in relation to human needs is limited. Scarcity in an economic 

system can be linked primarily to e i ther constraints on demand or to 

constraints on supply . Only scarce resources have an economi c value . The 

scarcer the resource . the higher the value placed on its use. The relative 

scarcity of resources is not c onstant . Evidence suggests that changes in 

environment, technology , e c ol ogy ,  demography and social c onditions , and the 

l i s t  is  not exhaustive , can bring about significant shifts in relative 

s carcity and therefore in pric e s . 

How are the bas i c  categori e s  of scarce resource s  determined?  The term 

"factors of production" is  used to specify the basic  categories of scarce 

resources . In this tradition all the inputs of production can be classified 

as belonging to one of the classical factors of production , namely land , 



labour and capital, with entrepreneurship sometime s  included . Time i s  not 

expl i c i tly cons idered as an i nput in to the production process, except as a 

labour input , and i s  not as s i gned an economic value per se. 

In rece ived static  c onsumption theory , income is  considered as the only 

l imit ing factor on the agent ' s  choic e . In the bas ic model goods are consumed 

2 

per uni t  of time . Effe c tively , t ime is  cons idered as a free good . Thi s is in 

contrast to the real world , where ordinary language usage suggests that time 

is a scarce resourc e . Peopl e have experienced the scarc ity of time in th�ir 

activi t i e s  and deci sions . The worker speaks of " overtime" . The manager asks 

whether a new computer system i s  "worthwhile " . Both say that they are " short 

of time " .  Peopl e wish to know how to "save time " . The rise of fast food 

outl e t s  is not only about food and packaging , but al so about the increas ing 

scarc i ty of consumers ' t ime . The opportunity cost  of time is  expressed 

succ inc tly as "t ime is money" .  Expl i c i t  statements are to be found in the 

l iterature of contemporary management studies . l As well , the expression al so 

refl ects c onsci ous cho i c e s  fac ing long-distance traders in pre -modern 

economie s . 2 From the pragma t i c  perspect ive of guidel ines for survival in 

bus ine s s , support can be found for the insight of Soule ( 19 5 5 )  that t ime is 

the scarcest of all the e c onomic categories of basic resources. 

1 "In fact , as a strateg i c  weapon , time is the equivalent of money , 
productivity , qual ity , even innovat ion . " Stalk ( 1988 ) ,  p .  41 . Al s o  pp . 41-
51 . 
For s imilar comments see  " Time i s  money " ,  The Economist ( 1988 ), p .  66 and p .  
71. 
2 Thi s  i s  a counter exampl e to Linde r ' s  sugge stion that "When the first 
economi sts defined the i r  spher e  of intere st , the scarcity of time was hardly 
noticeabl e "  Linder ( 1 9 70 )  p .  9. He i s  propos ing a tentative hypothes i s  to 
expl ain why e conomists trad i t i onally have not provided any theory of t ime 
all 9cation . The c ounte r  examp l e  i s  from Gottfried ( 1983) ,  p .  8 1 . 



There is a probl em .  There are suffic i ent grounds for regarding time as a 

scarce resour ce . Yet time has not been formally treated as a scarce resource  

in received market theory . This the s i s  is intended to contribute to a new 

3 

approach.  termed the transportation models of time allocation .  The models are 

fully operational . S ince an activity analysis model of production is used , 

the term "commodity" is  used to spe c i fy the bas i c  inputs and outputs . In an 

activity analysis  model of produc tion all inputs such as consumption goods or 

services are designated by the generic term " commodity" . Time use is  the one 

commodity common to the diverse range of human activities . In  the production 

process all inputs are transformed into outputs . which can al s o  be regarded as 

commodities . 3 For this reason it is not technically correct to say that the 

time all ocation model s include time as a fourth fac tor of production4 , in 

addition to land . labour and capital . Conc eptually, however ,  the time 

allocation models represent an approach that is, perhaps , more far reaching . 

Not only do the models regard time as a primary input , al ong with , for 

exampl e, capi tal . but the focus is on t ime use . Time is a nec e s s ary input for 

all activi t i e s. Other inputs are used up , to be sure , and the refore 

contribute to the cost of the activity , but the activity leve l s  and the 

constraints on activity choice are all measured in time units . Becaus e the 

models are all o cat ion models they are c ompletely different from " time -

specific " model s in which production and consumption are cons idered as 

activities which take place over t ime . s That is , activities are "proc esses  in 

time " and t ime is a c ontext , not a s carce resource which is used up . 

3 I t  i s  in this sense that we can s peak of the "produc tion of commodities 
by commodit i es " . cf . Sraffa ( 19 60 ) .  
4 As suggested by S oul e ( 1955 ) . 
5 _ The term "time specific "  is  used in Winston ( 19 82 ) . 



4 

In contras t  to economic s  other discipl ines have made significant advance s  by 

providing an analysi s  of t ime . For the phys i cal sciences , E instein ' s  

revolutionary paradigm incorporated t ime as a fourth dimensi on .  I n  the social 

sc iences the pioneering work of Struml in6 and the comparative mult inat ional 

time budget  studies  associated wi th Szalai (19 7 2 )  have extended the scope of 

sociological research . Because t ime is  a "hard " variable, able to be measured 

by obs ervers , and thos e  measurements then checked for consistency , time 

budgets can be used to  quantify the l ifestyl e s  of individuals and of 

occupational groups . 7 T ime us e rese arch has been utilized by As ( 1 9 8 2 ) to 

derive certain soci al indicators of well be ing . Extensive research by Roger 

Barker (19 6 8 )  has e stabl i shed a definite  relationship betwe en behavi our and 

environment . Because behaviour can be measured by time budgets there i s  a 

l ink between t ime us e and the environment in which behaviour takes plac e . 

This  suggests that activi ties  can be described by time use together with an 

appropriate measure of spatial l ocati on . 

In economi c s , Karl Fox (198 7 ) has devel oped an integrated framework for 

meeting probl ems which go beyond the pre sent frontiers . In this model Fox 

makes use of the c oncepts of behaviour sett ing - the basic  unit of observation 

provided by Barker ' s  studies - time allocat i on matrix , and t ime based social 

system accounts . The mode l s  of Becker (196 5 )  and Moe seke (1985 ) ,  ( 19 8 9 ) 8 

representing the paradigms for t ime all ocation in a classical util i ty model 

and in an objective c onsumpti on model , respectively , break fresh ground . In 

general , howeve r , economists are reluctant both to make use of ideas from 

other social s ci ence s ,  and to develop model s  where time i s  a scarc e resource . 

6 For s ome intere s t ing background see  Zuzanek (1979 ) , pp . 188 - 213 . 
7 . The r eal subject  o f  t ime budgets i s  time use - the use agents make of 
the i r  t ime - ( and not the t ime endowment itsel f )  cf . Szalai (1972 ) ,  p .  2 .  
8 I t  general izes  the previ ous (19 8 5 )  model to an ethonomic ( sic ) model , and 
al so shows how the model fits in wi th the Marxian paradigm . 
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The transportation models of time allocation fol l ow the approach of the Becker 

and Moeseke model s .  The c ommon starting point is  that time is  a scarce 

resource , and that al l activities  require time as an input. Ins i ghts from 

othe r discipl ines are integrated into the time allocation model s .  In 

particular , the model s  make use of the concept of a behaviour setting , and the 

l ink between behaviour and environment , devel oped by Barker; the comparat ive 

time budget research of Szalai; the interaction between environment and 

soc iety surveyed in Braudel ( 19 81 ) , ( 1 98 2 ) , ( 19 84 ) ;  and , to a l esser extent , 

the concept of general ized media of social interchange found in Parsons 

( 1 9 67 ) . The c onceptual approach i s  hol istic and the framework of the mode l s  

appropriate to systems e c onomi c s , as i n  Fox and M i l e s  ( 19 8 7 ) .  

1. 2 Aims of the Research 

1 .  To provide a pre c i s e  and rigorous formulation of l inear model s of t ime 

all ocation. Conc eptually the models are transportati on model s. The 

first model is termed the " slack model ". There is  a compl ete time 

distribution at sinks but not at source s. The second model i s  termed 

the "distributi on model " .  There is a distribution at source s  in 

addition to the distributi on at sinks. 

2. To show that the models  are operational. The model s  are intended as a 

c ontribution to  soc i o - ec onomic production theory and to object ive 

consumption theory . They are relevant for social accounting . 9 

9 Fox ( 19 85 ) , ( 1 9 8 7 ) . Juster and Land ( 19 81 ) . 
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3. To present a mul tidisc i pl inary perspective for ec onomic analys i s .  The 

. . b t. t t . 10 
models are 1ntended as a c ontrl u 1on o sys ems e c onom1cs . 

1.3 Hethpdolozy 

Mathemat ical models are chosen so as to  reflect the underlying logic of the 

probl em . The characteristics  of the problem are formulated within a 

transportation model . Thre e  e quivalent formulations are provided , namely the 

standard transportation mode l , the standard programming model expressed in 

vector - matrix notation, and the activity analysis model of Koopmans (1951 ) . 11 

There is notational consistency . An activity matrix speci f ies the technol ogy 

whereby inputs are transformed into outputs . The transportation problem can 

be r egarde d  as a spec ial form of l inear programming . Linear programming is 

itsel f a very spec ial case of activity analysis .  To just ify the theory in an 

empirical context numerical examples are provided . The primal solves an 

allocat i on problem in terms of the l evel s of optimal activi t i e s , measured in 

minute s . For the dual , the shadow - prices  solve a valuati on problem measured 

in c ents/minute. Quant itative values are de rived for the agent ' s  social 

income and saving over a set of changing conditions . Effects  of changes in 

the parameters, including the technol ogy matrix , are examined . 

10 Fox and Mil e s  ( 19 8 7 ) .  
1 1  Use of activity analysis makes i t  possibl e  to extend the perspective o f  
the models . In particular i t  provides a conc ise s tatement of changes in  
technology . Activity analys is , which represents a more technical formulation 
of the transportation models , i s  set  out in the starred s e c t i ons at the end of 
each chapter , beginning with Chapt e r  5 .  These can be omitted in a f irst 
read ing without any loss of c ontinuity . 



1 . 4 Formulation of the problem 

7 

An agent mus t  carry out different activities to meet  the requirements of hi s 

soc ial posi ti on .  Each activity generates income expenditure and uses up time . 

Certain environments enable the agent to use time more efficiently . The t ime 

required for activities i s  to be all ocated to environments in such a way that 

all required activities are compl e ted at minimum overall cos t , us ing only the 

available t ime endowment . 

1.5 Si&nificance of the Study 

The models are original because : 

1 .  transportation probl ems have been used to  solve the probl em of the 

optimal allocation of time, considered as a scarce economic resourc e .  

2 .  the value of time use within a set of environments has been 

quantified . 

3 .  the l ifestyl e o f  an agent has been quantified , given systematic 

changes in the technol ogy of the soc i o - e c onomic production function . 

4 .  a methodology for deriving per unit costs , using time budget and money 

expenditure data , has been developed . 
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The s tudy repres ents a mul tidi s c ipl inary approach to the theory of time 

allocati on. The models are full y operational and make a contribution to  

product i on theory and to objective c onsumption theory . Economic 

interpre tati ons of c ertain vari abl e s  are new . Parameters at sources and s inks 

are expr es s ed  in t ime units , us ing an approach analogous to that of reveal ed 

preference . 

1.6 Assumptions and Limitations 

Some assump t i ons: 

Non add itivity of time.1 2  

The obse rved time endowment i s  always strictly l imited for any given day . In 

parti cul ar the upper l imit i s  denoted by the 16 hour waking day . 

The agent , as rational optimizer , meets  the requi rements of social pos i t i on at 

minimum c o s t , given the c onstraints on activities . 

The agent ' s  s oc i o - ec onomic product i on function can be approximated by a l inear 

technol ogy . 

12  c f  S zalai ( 1 9 72 ) , p . 2 .  I 



Some l imitations :  

Because many activities  of an agent are proc esses of uncertain duration , and 

many choices are made in the face of uncertain outcome s ,  a stochastic model 

would better reflect the complexity of every day activity . 

A static model means that each dec i s i on by an agent does not change the 

current s i tuation into a new s i tuat i on . This  dynami c  aspect of t ime use is  

not captured by our t ime all ocation model s .  

A linear model is  only an approximat i on to more general funct ional 

relationships . 

For time budget studies , cons iderabl e resources are required to  build up 

existing data bases in order to provide adequate quantitative informati on 

neces sary to make the model operational at regional or nati onal level . For 

New Zealand no such data base s  exist .  

9 

The categories for behaviour settings and for social requirements are new and 

may include problems of classi f ication not yet apparent . 

The cost matrix relates to market c osts . By omitting the opportunity cost of 

foregone earnings l 3 , the model s underestimate the e conomic cost  of an agent ' s  

activities . 

13 Because of practical c ons iderati ons . 



c�T� 2 

MEASUREMENT AND VALUATION OF TIME USE 

2.1 Qutline 

This chapter i s  a prelude to the formulation of the transportation model s  of 

time allocation .  Social and historical perspectives are provided . Example s  

are given from 19th c entury England . l The bas ic idea of an activity i s  

introduced and used to describe a production technology . The discus s i on 

provides an intuitive approach to the allocation of time , and shows how the 

production technol ogy shaped the environment in which workers carried out 

activities . The specific t ime distribution imposed on workers represents 

the i r  l ifestyle . 

2.2 Time use in production 

The focus is on the mode of the production proce s s  in whi ch time i s  regarded 

as a necessary input . Adam Smith ' s classical example of the pin factory 

describes how an input - output transf ormation can be analysed into a number of 

separate proces s e s . Some processes  require different amounts of t ime for 

completion ,  whil e  the c ompletion of s everal basi c  processes can be seen as a 

1 Morishima c onsiders that for an understanding of economic theory i t  i s  
not enough t o  know the mathematical framework. " There must al so b e  some 
considerable knowledge of the soc ial , instituti onal and historical foundations 
of that theo ry" Morishima , ( 19 84 ) , p. 9 .  
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necessary c ondition for the s tart of a further stage in the transformation 

proces s . 2 A lack of synchronization will produce bottlenecks . In modern 

product ion , for exampl e ,  there may be a delay between the completion of an 

intermediate product and its use as an input in the next stage of production . 3 

Each s eparate delay means an increase in the t ime to supply the consumer . An 

interchange of different production proc esses  involves managing t ime use . 

•Just in time " ( J I T )  product i on strategies involve time money trade - offs , so  

that , conceptually , t ime us e becomes equival ent to money cost . J I T  represents 

a new produc ti on environment . 4 For any given set of processes there is an 

upper l imit on the t ime availabl e for any one day period . For exampl e qual ity 

control , information processing , the transforming of materials all us e up 

time. Al s o , for more complex technol ogies , the need to synchronize processes 

becomes more urgent . Cl early time i s  a scarce re source which g ive s rise  to 

opportunity costs . 

A modern production system can be broken down into a number of separate 

proce s ses . Thes e  will be termed " ac tivities " .  Each of the finite s e t  of 

activities  involves the trans formation of inputs , such as capi tal equipment , 

raw material s  and t ime , into outputs . Time use is part of all the activities 

and is  the l ink be tween each separate activity . This approach to production 

processes i s  appli cabl e to both industrial and household sectors . 

2 Refer to  critical path . 
3 "Time in busines s i s  cost . The elimination of time in devel opment , 
avoids many t ime - based costs that would otherwise have ari sen during the time 
eliminated " Exampl e s  are a decrease in damage , pilferage and decay . Al so 
less inves tment in working capital is needed . . . Simmonds ( 19 8 9 ) , p .  15 . 
4 "J I T  i s  the c reati on of a fl exible environment in which everyone seeks to 
eliminate waste  and to keep things simple so as to effect a continuous 
improvement in overall busine s s  performanc e "  Lea and Parker ( 1 9 89 ) , 
pp.  10-1 3 . 
Mot�vations for cost accounting change s  based on JIT are discussed in Foster 
and Horngren ( 19 8 7 ) , pp . 19 - 2 5 . A s�rvey o f  changes in manufacturing software for implementati on of a J I T  
env�ronment i s  g iven in Rao ( 198 9 ) , pp . 1 8 - 20 . 



In 19th century England , industrial development required a substantial level 

of inve stment . A French obse rver in 1812  estimated the London brewery of 

12 

Barclay and Company to repre s ent an investment of £5 00 , 000 , and this at a time 

when per capita income in England was £14 . 2 .  Thi s  example from Braudel 5 

sugge sts that , given the massive scale of inves tment required , relative to the 

average yearly wage of a worker , ownership not only conferred power to set up 

systems that placed control of the means of production effectively beyond the 

reach of workers , but al so imposed a regimented l ifestyle . The effects of the 

high level of investment required were far reaching . Us ing the textile 

industry in England circa 1840 as an exampl e ,  two e ffects are considered . The 

workers now operated in a different environment . One feature was a l ifestyle 

regulated at the work place by the movement of s t e am powered machinery . 

Another feature was the journey to work . As wel l , a web of social relations 

was created between owners , workers and capital . 

Inventions such as the mul e and other technical innovations re sul ted in the 

demise of the self employed spinner and then , as a re sul t of the invention of 

the power loom , together with changing demand for textiles , the self employed 

hand -loom weaver . Given massive increases in demand for cotton garments ,  the 

home based weaver c ould not match the productivity and output price of the 

factory . He was forced to become a factory worker .  

In return for the use of time for labour the factory worker received a wage . 

Labour t ime became a c ommodity , 6 bought and sold on the market l ike any other 

commodity . As a market transact ion this repr e sented a voluntary contract 

5 Braudel ( 1984 ) , p .  597 . 
6 There are differences .  
be stored . 

( Labour ) time , unl ike a normal commodity , cannot 
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between rational agents . However the l ocation of work was no longer the home 

where , together , the wife and children of a weaver took part in his work . 

Instead of a family orientated l ifestyl e , social l ife was regimented by the 

mode of factory production .  Work was now fixed by clockt ime , not the s easons 

of the year . Work was contracted wi thin a block of time exclus ive of non-work 

related ac tivities . The journey to work cl early involved time use , impl icit  

to  the c ontrac t for  servic e s  of l abour time for wages , but without monetary 

return .  I n  the larger manufacturing c ities of the north of England such as 

Manche ste r , 7 B irmingham and Leeds, the j ourney to work c ould entail a 

considerabl e  amount of t ime [Engel s ( 195 8 ) ] .  At the fac tory , control was 

effectively exerc i sed over the qual i ty and intens ity of t ime use . Monetary 

penal ties  were exacted where  a worker ' s  output was considered to be inf erior . 

Late arrival of a worker resul ted in a fine . I f  the practice was harsh , the 

real i ty i s  cl ear . Time i s  a scarce resource; time is  money . 

The term " environment " is  introduced and used in an intu i t ive way to describe 

both the agent ' s  behaviour and the l ocation . Previously our weaver controlled 

the means of produc tion .  He owned both his place of work and his loom . 

Control of plant and e quipment gave factory owners power to set  up systems 

that " inst i tuti onal ized measures  of control" [Parsons ( 1 96 8 ) ]. For example ,  

factory owners determined that machines should be operated at maximum 

capaci ty , s o  that l abour had to  be synchronized with time use for machines .  

Hence the introduction by factory owners of 24 hour production and the night 

shift . To protect the i r  interests , workers formed the ir own associat i ons , 

which required t ime use out s ide work hours for social , cul tural and pol i tical 

activities . Despite vigorous oppo s i t i on by owners , a reduced working day of 

7 For a c omment of c onditions in Manchester , Braudel 1 984 , pp . 564- 5 6 5 . 



12 hours became law in England in 1 844 . The dec i s i on to work defined a 
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lifestyl e whi ch can be defined as a specific time distributi on imposed on the 

worker . The dec i s i on entailed a set of institutional controls  on his time 

use .  I t  was as i f  a net had been cast over his behaviour . 

Since 1 9 74 many structural changes in modern economies have reflected the need 

to shift away from mass production of goods based on a source of cheap 

energy . 8 Accordingly we could expect to find evidence that the value placed 

on the worker ' s  t ime has increased , with emphasis on retraining . 9 It is  

significant that Japan , a country c ompletely dependent on external sources of 

oil supply ,  is the l eader in time based production systems . 10 The worker ' s  

time is  l e s s  controlled by the tempo of machinery in such systems . 

Increas ingly , a premium is placed on innovation , on ability to  des ign better 

information networks and on theoretical research . Higher educational 

quali f ications are required , so that there is a quantitative improvement in 

time use - the same tasks are now carri ed out in less  time - and as well , l e s s  

energy intensive technologies are be ing developed . 

Managing t ime use is critical to the success of t ime based production 

strategies . ll Increasingly it i s  important to look at t ime as a variable . 

8 The s ecular trend for decreas ing oil prices  was reversed in late 1973 . 
From 1 9 7 3 , before the OPEC price rise , to 1980 , oil  pri c e s  rose by 554 per 
cent . Hawken ( 19 8 3 ) , pp . 27 , 29 .  
9 a )  For s ome comments , Peters ( 19 8 9 ) . 

b )  J I T  i s  much more than a production control method . I t  repre sents a 
"philosophy of manufacturing " , with , for exampl e ,  team work and intergroup 
activities replac ing individual i sm .  Hopkins ( 19 8 9 ) . 
10 " In autos , Japane se companies can develop new products in half the time 
- and with hal f  as many peopl e - as the US and German c ompetition" . Stalk 
( 19 8 8 ) ,  p .  49 . 
11  Chew has proposed that measures of product ivity should assign some value 
to �he amount of time consumed . He provides an example where the introduct i on 
of a productivity index that focus sed on "turnaround time "  helped to cut plant 
prototype production time from 20 weeks to three days . Chew ( 19 88 ) . 
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Time i s  a " hard" variabl e , an objective quanti f iabl e measure of activitie s . 

Time based measures can be c ompared over different economic systems . Hence , 

unlike money , time i s  an invariant measure with re spect to space . Time i s  

al so an invariant measure with respect t o  periods , as in quantifying 

historical data for the same c ountry . For time - based mi cro level account s , 

data of many different types  c an be inc orporated without the need for a c ommon 

numeraire [Juster ( 1981 ) ] .  For time , a s  a measure of activities , there are no 

probl ems of comparison requiring adjustments to arbitrarily chosen bases due 

to inflation ,  exchange rate s , or different systems of pricing: Data banks for 

prices  are far more extens ive than those  for use of time , to be sure , but the 

methodol ogy and pract ical e xp er i ence needed for producing time based data 

cannot be regarded as ins i gnificant . For example ,  Szalai ( 19 7 2 )  contains an 

extens ive bibl iography of s e l ected t ime budget l iterature for 16 countrie s . 

2. 3 Sui'!!IMry 

In developing foundations for models  of t ime allocat ion exampl es have been 

drawn from social and institutional processes relating to industriali zation in 

19th century England , and from c ontemporary time based management strategi e s . 

Constraints on an agent ' s  t ime have been described in terms of environment and 

social relat i ons . The first has an effect on behaviour and therefore on 

activitie s , while the second relates to expectati ons imposed on an agent . 

Time can be seen as a key var i abl e ,  an objective , invariant measure of 

activiti es .  



CHAPTER 3 

SOME MODELS OF TIME ALLOCATION 

3 .1 Paradigms 

Two model s which represent a fundamental departure from the rece ived theory of 

consumer behavi our are outline d . l The model s of Becker (1 9 6 5 ) and Moe seke 

(19 8 5 ) represent the paradigms for use of time, as a scarce res ource , in a 

clas s ical util i ty model , and in an objective consumption model, respectively . 

Both model s  extend the scope of consumer theory to  non-market behaviour . 

Conceptually the models  are quite different . To enable compari s ons to be made 

more readily , each model is outlined separately and then formulated . The 

Moeseke model devel ops and extends the range of appl ications of the earl ier 

Fox -Moeseke model (19 7 3 )  to include practical measurement of soc ial 

parameters . Quantification was introduced in the Fox-Moeseke model, to be 

sure, but actual measurement of soc ial income in this model whil e  possible in 

principl e would present serious difficul ties in prac tice . 2 However the Fox-

Moes eke model i s  important in its own right and requires comment be cause - to 

give only one reason - i t  lucidly outl ines a justification for " cros sing the 

boundary between economics and other social s c i ences" . 3 In fac t , by bringing 

concepts of an e c o -behavioural system to bear on economic problems the Fox -

Moes eke model breaks new ground . The model s of Becker and Moe s eke are then 

1 For other seminal articles which r epresent a departure from rece ived 
theory , but which do not consider t ime as a scarce resource ,  s e e : 
( 1 )  Lancaster ( 19 66 ) , ( 2 ) ;  ( 19 7 1 )  
( 2 )  Muth ( 1 96 6 )  
2 for a c omment, Moeseke ( 1985 ) , p .  2 64 
3 Fox-Moe s eke ( i9 7 3 )  see al so Fox 1 9 84 ( 1 ) , Fox (1987 ) 
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compared and contrasted .  Different l inear model s  are then sugges ted . They 

are the transportation models  of time all ocation. to be formulated in Chapter 

5 .  

3.2 Tbe Be cker model 

Becker ' s  theory of the al l ocation of t ime is developed within a framework 

characterized by maximizing behaviour , market equilibrium and stabl e 

preferences .  For Becker i t  i s  this framework which cons titutes the economic 

approach , and i t  i s  the approach "used rel entles sly and unfl inchingly "4 

rather than the c ontent which, he cons iders, sets economics apart from other 

discipl ines . Within this framework he move s far beyond what, for many 

economi sts , had previously c ome to be recognized as the conventi onal 

boundaries  of economic inve stigation . S In fact he holds that appl ications of 

the economic approach include all human behaviour . "Rather , all human 

behaviour can be viewed as involving participants who maximize the ir ut ility 

from a stabl e set  of preferenc es and accumulate an optimal amount of 

information and other inputs in a vari ety of markets . " 6 Becker ' s  aim is to 

predict human behaviour , to provide a set  of tes table hypothe ses based on a 

theory of actual behaviour, whil e  avoiding expl anations in terms of "non-

rational " behaviour . The appl ications include many activities of agents which 

are cases of non-market behaviour , whil e  prices may be e i ther money prices or 

imputed non-market shadow prices . 

4 Becker (197 6 ) , p .  5 .  
5 For a discus s i on on Becker's extens i on of the boundaries of 'final ' 
product ion, s e e  Boss ( 1990 ) pps . 248-25 0 .  
6 . ibid , p .  14 . 
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seeker formulates a non- l inear optimisation model for the all ocation of t ime 

in non-work activi t i e s , excluding human capital which has already been 

analysed s eparately . He introduce s  non-working t ime into a uti l i ty function 

and postul ates a hous ehold production function with goods and t ime as the 

arguments . For Becker the systematic incorporat i on of non-working time into a 

traditional util ity function i s  the point of departure . As well, he 

introduce s  the concept of full income, the maximum money inc ome that would be 

earned if  all time availabl e were used for work . The concept of cost i s  

appl ied to time i n  the same way a s  i t  is  appl ied t o  goods . Foregone us e of 

non-working time for one activity, a visit  to the theatre rather than 

attending a s eminar, will involve an opportunity cost, so that the full cost 

of an act ivity is  the sum of the market prices  and the value of the foregone 

time used up . The model integrate s production and consumption . Hous eholds 

combine goods and t ime to produce bas ic commodities  and choose the optimal 

combination by maximiz ing a util ity function, subject to a total resource  

constraint . 7 The demand for t ime and goods, the inputs of  the hous ehold 

production funct ion, i s  a derived demand . Time and goods are required because 

they are necessary for the production of basi c  commodities from whi ch utility 

is obtained . 8 The c oncept of full income makes it possibl e  to s olve the 

probl em of maximizing utility subject to the time and goods constraints in two 

stage s .  An expr e s s i on for full income i s  formulated applying goods and t ime 

constraints . Then util ity i s  maximized subject  only to the full income 

constraint . 

7 For s ome alternative uti l i ty type model s  of the allocation of t ime, see : 
Linder ( 1970);  De Serpa ( 19 7 1 ) ,  ( 1 9 7 3 ) ;  Evans ( 19 72 ) ; Bruzel i s  ( 19 79 ) . 
8 Becker ' s  commodities  c an be c ompared with the " characteris t i c s " poss e ss ed 
by �oods in the mode l s  of Lancaster ( 19 6 6 ) , ( 2 )  ( 19 71 ) . 



There is a more concise formulation of the model in Becker ( 19 7 1 ) . By 

c�rison with the original paper ( 1965 ) , there are some variations in the 

use of symbol s . The foll owing outl ine i s  intended to give s omething of the 

flavour of the model without be ing too technical . 

forwdation 

Each household is  cons idered to  maximi s e  a util ity function 

u ( 3 . 1 )  

1 9  

where Zi i s  the basic consumption good produc ed by the household by combining 

ordinary goods Xi i=l , . . .  , n and inputs of household time T{ i=l , . . . .  m .  

The production function i s  given by 

( 3 . 2 )  

where fi i s  the production functi on for Z i and R denotes other variables . 

including the effects of educati on , c l imate and other " environmental " 

variabl e s .  Ther e  are two c onstraints : 

(1 ) The total expenditure on market goods is  l imited by the money income 

availabl e , as in 

I ( 3 . 3 )  

where I denotes income 



(2) The time constraint i s  given by 

( 3 . 4 ) 

20 

where T is  total time , Tw is work time and Tc is  non-work time . As in 

( 3 . 2 ) , Ti denotes inputs of non-work time . 

Income not only equal s the total expenditure on goods as in ( 3 . 3 ) but is  also 

equal to the sum of all fac tor payments ,  and can be written as 

( 3 . 5 ) 

where w denotes the average wage rate and V denotes other income . 

The separate goods and time c onstraint s can be represented by a s ingl e total 

resource constraint by substituting for Tw in ( 3 . 4 ) :  

wT + V s ( 3 . 6 ) 

If  w were constant , and if  all time were used for market work S would denote 

the " ful l "  income c ons i sting of market work together with other income . 

Shadow prices 

The maximization problem is s olved by forming a Lagrangian function as 

follows: 



L 

m m 
[ (  L wTi + L Pi Xi ) - S ] 

i-1 i-1 
( 3 . 7 )  

The cons traint can be s impl ified by express ing the general production 

funct i ons fi in ( 3 . 2 ) as 

vbere a1 and bi are fixed input - output coefficients 

The Lagrangian function now becomes 

L 

From first  order c onditions , 

L
z .  uz .  � � 

and 

L
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MU .  11' .  
Hence � 1 

MU .  11' .  J J 

The rati o  of the marginal ut il i ties 

the rati o  o f  their  marginal c osts , 

prOducts , namely the wage rate and 

respect  t o  time , together with the 

m 
( L 1ri Zi - S ) 

i=l 

11" .  0 � 

11" .  0 
J 

wb . + pi a .  1 1 
wb . + pj a .  

J J 

of any two commodities zi 

11'i/11"j · Each marginal cost 

the marginal input - output 

price of market goods and 

( 3 . 8 ) 

( 3 . 9 )  

( 3 . 10 ) 

( 3 . 11 )  

and Z j will 

is the sum 

coefficient 

the marginal 

2 1  

equal 

of two 

with 



lnpu� -output ratio with respect to goods . The shadow price of t ime is  given 

by bi wi , and the sum of ai Pi and biw i s  the shadow price of a unit of Zi . 

Tbe shadow prices  represent opportunity costs . 

2 2  

Becker develops a number of "empiri cal impl i cations" . These suggested 

appl ications include hours of work , the product ivity of time, income 

elasticitie s , and transportation . Becker provides a theore tical model for the 

allocation of time in activities which require the consumption of t ime for 

travel . To take just one empirical implication , his formulat i on provide s 

important conceptual tools in quant i tative appl ications conc e rned with 

.. asuring travel time value s .  In transport economics cons iderable empiri cal 

work has been carried out in estimating the value of time saving , in making 

forecasts of estimated demands , and in other cost benefit stud i e s . By 

comparison there has been notably less  research on the economi c  theory s ide , 

as noted in Bruzel ius ( 19 7 9 ) .  Given the lack of symmetry be tween theory and 

eapirical studies the contribution of Becker to thi s field take s on a special 

significance . His formulation of the probl em allows for the opportunity cost 

of time to be incorporated into activities that require travel t ime . Time is 

a scarce res ource , used as an input into the ' production '  of travel act ivity . 

The full cost of the trip includes not only the money expendi tures for the 

trip , but al so the foregone use of t ime as an input into some other activity . 9 

3.3 Tbe Fox-Moeseke mo4el 

Conceptually , the Fox -Moeseke model can be regarded as a l ink between the 

utility c onsumpti on model of Becker and the objective consumpt i on model of 

9 For a critique of the Becker model: Pollack and Wachte r  ( 19 75 ) . 



2 3  

�. In this sense i t  is a " trans itional " model . A util ity function ,  a�oeae ... e . 

u(s) is used in the formulation of the programming model ( P )  in the Fox-

Koeaeke model ,  which suggests that thi s  model i s , as it  were , a half -way house 

along the road to objective consumption theory . In fact util ity theory i s  not 

an e ssent ial feature of the Fox-Moe seke model . The final section removes the 

utility function which s e rved as a scaffolding . 

The Fox - Moeseke model c ons i sts of three parts : the first expl ores the 

development of national accounts by Kuznets and others , and makes a 

contribut ion to social accounts which extends , and crosses , the boundaries  of 

economics .  The model makes us e of Barker ' s  concept of "behaviour sett ings"  

and Parson ' s  concept of " general ized media of soc ial discours e " . Social 

income ( S I ) , a scalar measure , is defined as the sum of the equival ent dollar 

values of all rewards during the current accounting period that are derived 

from the endowments .  

Total income - S I+p1x1 , 

Total income - personal income 
S I+plxl - ( plxl+y ) 
S I -y 

where x1 is  the fract i on of 
total time spent in paid 
empl oyment and Pl is  the wage 
or salary received per time 
unit . 

where y denotes the sum of 
income from property and 
transfer payments .  

where S I -y denotes the 
equivalent dollar value 
attributed to rewards such as 
status and pre stige . 

The second part of the paper outl ines the mathematical formulation of the 

�el and presents a rigorous derivati on of the mathematical propertie s  of the 

-.odel . The agent face s  the programming model 
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( P )  
maximize u ( x )  

Subject to 
Ax :::; b ( 3 . 12 )  

X ;;;: 0 ( 3 . 13 )  

where the set X = { x  ;;;: O I Ax  :S b )  i s  termed the feas ible  set of po ss ibl e  

activity l evel s  ( time allocations to alternative settings ) . 

If v* i s  g iven the standard interpretation as a price system for endowments b 

( in terms of maximand u)  then the soluti on of ( P ) , impl ies 

( 3 . 14 )  

wher e  y ,  denoting income not dependent on personal effort during the current 

accounting peri od , is one of the endowments . 

S I  i s  defined as: 

S *b * * * I = v jv 1 = L ( vi fvl ) bi 

( 3 . 15 )  

Sinc e the first term , namely the unearned inc ome , i s  in dollars ( because y+p1x 

represents money income ) , then the remaining terms , which measure the value of 

l ifestyl e ,  are al s o  in dollars . The right hand s ide is the money value of 

endowments . Clearly Social Income ( S I )  has the same dimensi on as y ,  namely 



dollars . Thi s  i s  the key . Social Income is  defined and then shown to be 

_...ured in dol lars . 

* Total income is then p1x 1+S I . 

Vhac is the relationship between S oc ial Income and util ity theory? It is 

proved that utility theory is  not e ssential to  the scalar measure of social 

income . In the Fox-Moeseke model uti l i ty can be regarded as a heuristic 

device , to be discarded in the final part of the paper . In particular it is 

shown that : 

1 .  u can , and need , only be spec ified up to a monotonic transformation 

and that S I  is invariant ( emphas i s  in the Fox-Moeseke paper ) on the 

class of such transformations . 
::_ : -

2 .  given that the unit of measurement for any one medium i n  Ax � b is 

arbitrary , the choice of x* is invariant under replacement of units . 
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Th e  Le  Chatel ier Principle is  used to show that if but one of  the bi changes , 

then the marginal value vi* of the ith endowment changes in the oppos ite 

direction . Al so , an activity l evel is increased if its cost decreases , and 

vice versa . 

eii• 
If u i s  known , the value of S I  is  given by ( 3  . 15 ) . 

------ u can be computed by quadrati c  approximation ,  as follows : 

f \ ' 

u(x)  = a+qx+�xQx. ( 3 . 1 6 )  



The final section introduc es empirical approaches to a study of income 

di stributions . This  repres ents an appl ication of the mathematical model . 

Interpersonal comparisons of well be ing are possible , wi thout assigning 

2 6  

numerical values to an agent ' s  ' utility ' . The aim is develop a classification 

of media of social interchange as a necessary condition for a fully developed 

system of soc ial accounts . lO 

3 . 4  The Moeseke Model 

In order to meet the requirements of his soc ial position ,  an agent has to 

carry out a number of activities . These require time and entail money 

expenditures on goods and services .  The activities repre sent a distribut ion 

of time use over a given endowment , for exampl e the 1 6  hour "working day" , and 

therefore quantify the agent ' s  l ifestyl e or behaviour pattern . Sinc e costs of 

goods and services are known it is  also possible to  describe the agent ' s  

economic position . Every act ivity has an economic cost which can be expressed 

as an average in doll ar terms per unit of time . 

Activities provide the means of l inking , on the one hand , the inputs of time 

and money , and on the other . the agent ' s  social requirements , given by a range 

of c ommitments ,  such as professional , social , civic . rel igious . The social 

parameters , " the number of s oc ial c ommitments inherent in his position" , ll  

can be regarded a s  the output of a socio -economic production function , itself  

a function of activitie s . The pivotal role of activities makes it pos s ibl e to 

assign objective value s , measured in dollars , to an agent ' s  soc ial pos i tion . 

10 For a time based syst em of social accounts Fox and Ghosh ( 19 81 ) . Al so 
Fox ( 1983 , 1 9 84 ,  19 8 5 )  
11  - Moe seke ( 1985 ) p .  2 64 . 



Social income i s  by defini tion e qual to the dollar value of the agent ' s  time 

plus money inc ome from work . The f i rst component is  a measure of the status 

attached to the agent ' s  social position .  As well , the model specifies a 

relationship between social income , savings and dis saving . 
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By solving a l inear program we can predict the agent ' s  behaviour pattern from 

his economi c  position and his social position .  The agent ' s  environment 

influences  behavi our , so that a change in environment can re sult in a 

different behaviour pattern , g iven c onstant economic and social positions . 

The Moe seke model extends the range of economic investigation . This is  done 

by making use of concepts from other soc ial sciences . The agent ' s  different 

activities  can be related to the c oncept of " behaviour settings " ,  as developed 

by Barker ( 1 9 6 8 ) in the framework of eco - behavioural science . The 

significance of the e c o- behavioural perspective for time use model s  is  

outl ined in Chapter 4 .  The parameters of soc ial position can be compared with 

the c oncept o f  " general ized media of soc ial interchange " introduced by the 

sociol ogist Tal cott Parsons . The s e  c onc epts from other disc ipl ines are 

integrated wi thin the framework of l inear economic theory . The model 

therefore r epr e s ents a socio - ec onomi c approach to human behaviour . 

"Measurement of social parameters i s  now not only objective but 

practicabl e . " l2  

The me thod i s  an optimal l inear program where an objective func tion - net cost 

of l ifestyl e - i s  minimized subject  to both time and social constraints . The 

agent has a t ime endowment , termed the "waking day" which i s  exogenous . The 

12 . 
ibid , p .  264 . 



total time use for activities cannot exceed the given endowment . As well , 

each of the agent ' s  requirements of social position must be met . 

Formul ation : 
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The objec tive consumption model is formulated as a l inear program , subject to 

constraints . The agent minimizes net cost subject to a time constraint and 

his social constraints . 

The time constraint : 

The total time endowment consists o f  the 16 hour waking day . This  is taken as 

the time uni t . Fractions of time are used up e i ther in act ivities  or in work . 

The agent ' s  l ifestyl e or behaviour pattern is denoted by the ( n+l ) - tuple 

, Xj � 0 , j - 1 ,  · . . .  , n 

where xj denotes the average fract i on of the total time endowment spent on 

activity j .  xo denotes the average time fraction spent at work . The 

remaining n- tuple (x1 , . . .  , Xn ) ,  written x ,  denotes the agent ' s  activities . 

The time constraint is therefore 

xo + x1 + . . .  + Xn+1 � 1 ( 3 . 17 )  

which can be expressed conc isely a s  

-x0 - ux � - 1 ( 3 . 18 )  

where u i s  the n- tupl e of units ( 1 ,  . . .  , 1 )  



The direction of the inequal ity has been changed to corre spond with the 

direction of the inequal ities  for all other constraints . 

The soc ial cons traints : 
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The agent undertake s activity j ,  j=l , . . .  , n in order to meet the requirements 

of soc ial pos ition .  The parame ter of social pos ition i s  denoted bi , 

i-1 , . . . , m .  The unit s  for the bi vary . In the numerical exampl e provided , 

units of measurement include : publ ications , family outings , votes , attendances 

at meetings . The relat ionship between the xj and the bi can be denoted as 

i=l , . . .  , m j=1 , . . .  , n .  

( 3 . 1 9 )  

where the bi i s  the output requirement of the ith socio- economic production 

function . For a requirement b i>O .  A negative requirement is pos sible , such 

that bi<O denotes an endowment . For example ,  compl imentary books , free 

travel .  To what extent does a particular activity contribute towards mee ting 

a soc ial requirement ? Activity j satisfies requirement i to the extent o f  ai j  

uni ts , per uni t  o f  activity . For the ith social requirement 

( 3 . 20 ) 

Each act ivity of the agent mus t  contribute towards meeting a social 

requirement , and the sum of the j activities must at least meet  the ith s ocial 

requirement . Each activity re sults in a column vector of outputs , each o f  

Which i s  capabl e of contributing t o  the requirements of social pos i tion . 

Where s ome el ements of the act ivity vector are zero , no contributi on i s  made 



towards meeting the corresponding el ement in the column vector of social 

requirements . Hence 

A(x) :;; b ( 3 . 21 )  

where A i s  the m x ( n+l ) matrix of coefficients ai j · 

The matrix A is a l inear approximation to the socio  economic produc tion 

function in ( 3 . 19 ) . 

The objective function : 
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For each el ement of the (n+l ) - tupl e ( x )  there i s  an associated cost . Activity 

j costs $c j per day or $c j/16 per waking hour . Net income from work is a 

negative cos t , denoted - e o , taking eo > 0 . The objec tive function to be 

minimized is  therefore 

- coxa + ex ( 3 . 22 )  

The program is  

(M)  min -c0x0 + ex ( 3 . 2 3 )  

sub ject to -x0 - ux ;;: - 1  vo 

( 3 . 24 )  

A(x) ;;: b V 

(x)  ;;: 0 ( 3 . 25 )  
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The dual variable s  vo and v = (vl , . . .  , vm ) appear to the right of the 

corresponding constraints . The predicative properties of the solutions to (M)  

can be  summarized as : 

[ ( c ) and (b ) ] �  ( x )  

with A the l ink between (x)  and (b)  where , 

( x) is the ( n+l ) xl 
column vec tor 

( c )  is the lx(n+l ) 
row vector 

(b)  is the mxl 
column vector 

A is the m x ( n+l ) 
matrix 

(b)  

denotes the agent ' s  
behaviour pattern . 

denotes the agent ' s  
economic pos ition . 

denotes the agent ' s  
requirements of social 
position . 

denotes the matrix of 
coeffic ients quantifying 
the agent ' s  environment . 

Note : A i s  a l inear approximation to the soc i o - economic product i on function 

In part i cular 

First , a scalar measure of the value of the agent ' s  position is derived . 



The dual o f  the program M i s :  

( M  I I )  max -v0 + vb 

subject to 

-v0 + vAj j=l , . . .  , n 

VQ , V ;;: 0 

For optimal solutions 

Hence 

* xo x* 

* * ex + vo 

( 3 . 26 )  

( 3 . 2 7 )  

( 3 . 28 )  

( 3 . 29 )  

( 3 . 30 )  

where vo* is the doll ar value o f  the agent ' s  time and v*b - v1
*b1 + v2

*b 2 + 

. . .  + vm
*bm is the value of the agent ' s  social position .  

Economic interpretat ion : 
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coxa* i s  the net income from work . Since the l eft-hand side of ( 3 . 29 )  is in 

dol lars the right -hand s ide of the equal ity wil l al so be in dollars . v*b is  

the value of social requirements . Since the agent gains a salary and , as 

well , s ocial status from time use , this scalar measure of the agent ' s  total 

gains is caxo* + v*b .  
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Definition 

Social Inc ome is the amount corresponding to the value of an agent ' s  social 

position plus money income . 

* * * * S I  = coxa + V b = ex + vo 

The agent is paid and therefore gains money from work . But as well  the agent 

gains status from work . From xo . the time fraction spent at work , the agent 

gains in two different and compl ementary ways . This i s  not double counting . 

To be sure , both paid income and status are generated from the same time fl ow 

but they repr e s ent different types of gain . In the numerical example 

provided , an author ' s  output from work i s  measured by the number of pages 

written . For this output money income i s  paid . The author gains status from 

his output . Thi s  is  a different type of gain from the payment for pages . 

Such s tatements as " I  have always been overpaid to do that which I would pay 

to do " l3  clearly suggest a difference between gains from money and gains from 

status , job- sati sfaction The c oncept of S I  makes it  possible to ass ign 

dollar values to both . 

Saving and Impati ence 

The Moe s eke model al so offers a s ocial theory of saving . From ( 3 . 29 )  

* * c ox - ex 

13 Samuel son ( 19 8 3 )  

* * VQ - V b ( 3 . 31 )  



That is , net income from work minus consumption expenditure - value of time 

minus value of soc ial requirements . 

The left -hand side measures savings . I f  the right -hand side is  negative the 

agent dissave s or is a ne t borrower .  Clearly social requirements are more 

valuable to the agent than t ime . In the model this differenc e  is  termed 

" impat ienc e a . Both and savings impatience can be measured in dollars . 
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The analysis has determined optimal solutions for an agent wi shing to minimize 

cost for a given time budget . The model can al so accommodate a time 

minimizing program under a g iven budget constraint . 

The program is  

( T )  min vo + vx 

subject to coxa - ex � 0 wo 

A(x)  b w 

(x)  0 

If vo* , v* is a dual solution t o  ( M )  then , given certain conditions , it can b e  

shown that 

is a dual s olution to T ,  assuming vo*>O . If vo* ,  v* are interpreted 

eco!J.omi cally as the marginal value of a time uni t  in dollars , then conversely , 

wo* , w* are interpreted as the marginal value of a dollar per unit  of time . 



Exampl e . 

* * * * 1 
If vo = $ 100 , v1 = $ 5 0 , v2 = $ 2 5 , say , then wo = 100 

so 
100 ' 
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* 
wz 

2 5  
100 ' That is , * 1 

for wo , one dollar taken as the money unit  i s  worth 100 

of a time unit . 

A further paper , Moeseke ( 1986 ) ,  specifies the relevant equivalence 

propos it i ons between money programs M and time programs T ,  given const.raints 

and r el ated dual variabl e s . Of cours e  trade - offs between cost , as one 

objective , and time as another , or again between time and cost , repres ent just 

one type of general hi - ob j e c t ive ( or vector - max ) program . The general ized 

probl em has been formulated , and the equival ence propos itions defined , in 

terms o f  both primal and dual variables , Moe seke ( 1987 ) .  

3 . 5  Comparisons and Contrasts 

Both models  are fundamental reformulations of the received theory of consumer 

behaviour . They extend the s c ope of the theory to non-market behaviour . Both 

incorporate time as scarce r e s ource . The following table sets out s ome 

compari s ons and contrast s . 

Table 3 . 1  

Method 

Type o f  
consump t i on model 

Becker model 

non-l inear c onstrained 
optimisation . 

utility . 

House holds choose best 
combinations of commodities 

Moeseke model 

l inear constrained 
optimisation . 

objec tive . 

The agent carrie s  out 
activities , measured as 



Relationship 
to product i on 
theory 

Extended c oncept 
of income 

by max�m�z�ng a ut il i ty 
func tion .  

Comment : The model i s  non­
objective . Goods and t ime 
can be measured .  However 
there are fundamental 
probl ems in measuring util ity 
which has subjective 
elements . l4 There i s  no 
uni que util ity function fully 
cons i stent with observed 
behaviour . There is no 
objective unit for measuring 
util i ty ,  and thi s  i s  one 
reason why aggregati on is not 
poss ible in the model . 

Households are both consumers 
and producers . Production 
mode l : 
Zi - fi ( Xi , Ti ) ( 1 )  

S - �pibiZi + L ( Zl , . . .  , Zm ) l5 
( 2 )  

Full income i s  equal to 
direct spending on market 
goods plus the total earnings 
foregone to gain util ity . 

s .., �pibiZi + tiw zi ( 3 ) 

value of value of 
c onsumption t ime used 

at market for 
prices consumpti on 

fractions of a t ime uni t , 
to meet observable social 
requirements . 

Comment : The model i s  able  
to make use of the 
techniques devel oped by 
Barker ( 1968 ) and 
associates for measuring 
data . Aggregation is  
possible and practicabl e . 
In practice sampl ing would 
be used for making 
est imates . 

The matrix A quantifies 
the agent ' s  environment 
and represents the 
interface between two 
different parts - the 
social and the economic . 

A is a l inear 
approximation to the 
socio-economic production 
function 
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bi � bi ( xo ,  . . .  , xn) i�l ,  . . .  , m  
( 1 )  

* * S I  - v b + coxo ( 2 )  

Social income i s  equal t o  the 
value of social pos ition plus 
net income from work . 

s - * + * (3)  ex vo 

value of value of 
consumption time 

at market 
prices 

14 For a c omment on classical ut i l ity theory see Moeseke ( 1 9 85 ) , p .  2 6 5 . 
a mor e  detailed analysis : Moeseke ( 19 6 9 ) . For 

15 
by

-
L .  

The total earnings foregone by the dec i s i on t o  gain uti l i ty i s  denoted 
For the derivation of ( 2 )  s e e  Becker ( 19 65 ) , p94 . 



Appl ications 

V + Tw ( 4 )  

income from 
work , using 

other 
( non-work) 

income the total t ime 
endowment ( taking 
average earnings , 
w ,  as constant ) 

Comment : The right hand 
component of ( 3 )  in the Becker 
model excludes time spent at 
work . 
By way of contrast the 
c orresponding term vo* , in ( 3 )  
o f  the Moeseke model measures 
the value of time which 
include s QQth time spent on 
mee t ing social requirements 
and t ime spent on work . S ince 
the l ef t  hand components are 
the same , the difference in 
the extended concept of income 
for the two model s  i s  clearly 
to be found in the imputed 
value of different t ime use s .  

Consumption theory 
Michael ( 19 7 3 )  Gronau ( 19 7 7 ) 

Life cycle decisions , 
including investment in 
human capital . Michael ( 19 72 ) ; 
Ghez and Becker ( 19 75 ) . 
Becker ( 1976 ) contains a wide 
range of appl ications . For 
an important model of human 
capital which influenced 
Becke r ' s  model see Ben- Porath 
( 19 67 ) . 

Value of travel time . 
As Becker c omments ,  
" transportation is  one of 
the few activiti e s  where the 
cost of time has been 
expl i c itly incorporated into 
economic discussions " .  Gronau 
( 19 76 ) . 
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Social accouutin� 
Time based accounts 
combining expenditure and 
time use data . Earl i e r  
developed model s o f  t ime 
based social accounts can 
be found in Fox ( 198 1 , 198 3 , 
1984 , 1985 ) , and in Fox and 
Ghosh ( 1981 ) 

Objective consumption Theory 
Moe seke and Goldsmith ( 1987 ) ,  
using a game model . The 
consumption matrix was 
introduced as a matrix game 
by Moeseke ( 19 81 ) . The first 
empirical appl ication was 
devel oped by Goldsmith 
( 1983 ) . 
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Comment : Thi s  outl ine has 
been kept very brief . In 

For a more recent model see 
Moes eke and Goldsmith ( 1990 ) . 

fact the range of appl ications 
i s  extens ive . In some cases  
i t  i s  difficul t to attribute 
the appl ication to any one 
source .  For example see 
Gronau ( 1 973 ) . 

3. 6 TrAnsportation models of time allocation 

In the remaining chapters of the thesis the transportation models of time 

allocation are introduced and devel oped . The s e  l inear model s  are different 

from the Becker and Moeseke model s .  There are two main points of departure . 

All parameters of social position , will be measured in a standard time based 

unit . This can be appl ied to the parameters o f  agents whose social 

requirements ,  whil e  objective , would otherwis e  be measured in a variety of 

units , making aggregation difficul t in practic e . The model will introduce a 

further resource s e t , the set of l ocations , defined by behaviour settings , 

which can be used to quantify the behaviour of an agent in different 

environments .  Thi s  i s  equivalent to adding a further set of constraints - at 

sources - to the model . The dis tribution of the time endowment at sources can 

be expected to generate a set  of differential rents measured by imputed 

values .  The production function ,  defined by the socio- technological matrix , 

is quite general and in principle can be used for f i rms as well  as for 

households and individual s .  The transportati on model s  of time all ocation 

integrate and extend the boundaries of what was regarded as " economic 

territory" . 



CHAPTER 4 

BEHAVIOURAL BACKGROUND TO THE MODELS 

4 . 1  Introduction 

Thi s chapter builds on the intuitive approach of Chapter 2 ,  and begins the 

formal development of the transportation models of time allocation . Thes e  

models are intended not only t o  provide quantitative measures of an agent ' s  

activities but al so to rais e  que stions that change our way of l ooking at the 

world . l As a first step , this chapter develops some of the neces sary 

conc eptual tools and suggests l inks between them . The economic approach i s  

integrated with ins ights from other discipline s . In  particular the foll owing 

questions are considered : How can we measure the activit ies which an agent 

unde rtakes ?  How do envi ronments and soc ial relations represent cons traints on 

the behaviour of an agent? 2 How can they be measured? Concepts from e c o -

behavioural science , from t ime - budget studies and to  a lesser extent from 

sociological studie s  of the relations between e conomy and society are us ed . 

The next step is  to show that , by integrating the s e  concepts wi thin the 

framework of a central economic problem , namely the efficient use of 

, resources , and us ing transportation models ,  it bec omes possible to shed fresh 

l ight on the behaviour of an agent . 

1 See , for exampl e ,  Kac ( 19 6 9 )  "The main role of models is  not so much to 
explain and predict - though ul timately these are the main functions of 
science - as to polarize thinking and to pose sharp questions " . Al so Gauss 
( 1989 ) ,  p .  58 . 
2 We extend the intuitive approach of Chapter . 2 . 



4.2 Integration of Economics with other Disciplines 

Making use of c oncepts from other discipl ines not only make s  it  possible  to 
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extend the breadth and scope of economics , but also ensures that answers which 

an economi s t  offers are more l ikely to contribute to our understanding . For 

exampl e , Fox and Mil es ( 1 9 8 7 ) 3 suggest a systems approach to economic 

analys i s4 . S o c iety is  s imply too compl ex to be characterized by the insights 

of a s ingl e discipl ine . Thi s  i s  not to  suggest that the e c onomist learns a 

different method . The approach used in devel oping the time al location mode l s  

i s  that of l inear economic theory , but the perspective is  extended . What does 

it  mean to integrate concepts from other disc ipl ines within the framework of 

an economic problem? Just thi s . The approach is  still the approach of the 

economist , but because the perspe c tive is extended the mode l s  take on further 

dimensi ons . I n  this way the transportation models of time allocation can be 

said to  represent the integration of e c onomics  wi th f indings from other 

discipl ine s . 

4 . 3  Behaviour and Environment 

Do environment s represent c onstraints on the behaviour of an agent and if so 

how can thes e  constraints b e  measured? This section shows how the eco -

behavioural view of human behaviour c an provide insights into the way 

environment shapes behaviour . The term "ec o - behavioural scienc e "  was 

introduced by Roger Barker in 1 9 6 9 . We now present an outl ine of Barker ' s  

3 " However , we bel ieve systems economics will be parti cularly important in 
conceptual i zing problems whi ch include social and/or environmental as well as 
economic c omponents " p . xvi i . 
4 Systems e c onomics can be seen in the l ight of general systems theory , 
originated by Ludwig von Bertalanffy , a movement to foster the development of 
basic  c once pts which extend acro s s  different discipl ine s . 



concept of a behaviour setting and then show the relevance for the time 

allocation model s .  Over many years , Barker carried out a meticul ous 

expl orati on into the relationship between environment and behaviour . He 

considered that the behaviour of an individual was never isolated . Rather , 
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his approach required a careful obs ervation of human behaviour within a total 

environmental system . One s i gnificant contribution Barker made was to reduce 

compl ex patterns of human behaviour to fundamental el ements , analogous to 

atoms within a compl ex molecul ar s tructure . The bas ic unit of observation is 

the behaviour setting , a key c oncept of eco- behavioural science . To pursue 

the analogy , just as the atom has a certain structure , expressed , for exampl e ,  

in terms of electrons and protons , so too , conceptually , the behaviour setting 

has a certain struc ture . 

The behaviour setting is  spe c i f i ed by a space- time l ocus and represents a 

"characteristic standing pattern of behaviour and mil ieu" . The boundaries of 

the behaviour setting are shaped independently of the observer . This is  not 

to deny however that , in prac t ic e , technical skill s  are required to identify a 

behavi our setting . For Barker ,  a behaviour setting involves both human and 

non-human components ,  for exampl e a bal l e t  class , an auction sale , a doctor ' s  

waiting room . Each behaviour se t t ing incorporate s  a program of activities . 

In every case , peopl e must be pre s ent . Certain programs are s imilar . Thus 

several ballet classes held in different sites could well cons t i tute a 

"family" of behaviour settings . 

Barker  observed an empirical relationship between behaviour settings with 

similar programs , and the kinds of behaviour observed within such groupings . 

While the individual remains within the boundaries  of the behaviour setting he 

is constrained to act by a vector of forces belonging to the s etting . Deviant 
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behaviour results in l o s s  o f  contact with the setting . For example the same 

people behave in a certain way in a church , but in a quite different way at an 

auction sal e . In both case s the environment shape s behaviour , but the 

particul ar way in which it is shaped depends on the nature of the environment . 

Barker ' s  studies are based on observation and on the measurement of 

objectively determined data . From the perspective of eco -behavioural science 

he provided an operational model of human ac tivities . 

These findings are now related to the transportation model s  of time 

allocation . The assertion that environment shapes  behaviour , based on 

empirical evidence from the research of Barker ( 19 6 8 ) and Barker and 

Assoc iates ( 19 7 8 )  becomes an as sumption of the model s .  In the model s ,  each 

activi ty undertaken by an agent takes place in a specific environment and us es 

up time . The focus i s  on the aggregation of many separate activities  into 

five wel l  defined categori e s , and the concept of behaviour setting is used to 

refer to these categor i e s . Thi s i s  a departure from Barker , who used the 

behavi our setting as the bas i c  unit of observation , and used other terms for 

aggregations of the basi c  uni ts . Hence the concept of behaviour setting in 

the time all ocation model repre sents an aggregati on of the basic units of 

observation which are behaviour settings in Barker ' s  studies . The use of the 

term " behaviour setting " in the models  is at once an acknowl edgement of 

Barker ' s  pioneering research and a reminder that environment shape s  the 

behaviour of an agent . 

In the transportation models of time allocation all the different environments 

in which the agent undertakes activities  are classified into five behaviour 

set�ings . The categories are provided in Table 4 - 1 . 
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IABLE 4-l ENVIRONMENTS CLASSIFIED BY BEHAVIOUR SETIINGS 

khaviour Setting Example 

1 . State ( S )  a class studying Computer Science in a 
state univer sity 

2 .  Household ( H )  preparation o f  a family meal 

3 . Private Enterprise ( P )  a housewife buying groceries at a 
supermarket 

4 .  Voluntary As sociations ( V )  a meeting of a support group for 
mothers of pre -school children 

5 .  Workpl ace ( W )  a carpenter  working on a building s ite 

� :  1 .  Workplace represents a behaviour setting distinct from all 
other behaviour settings because the workplace environment is 
defined as one in which income i s  earned . The environment 
therefore shape s behaviour in a way that the other 
environments do not . In the models  the concept of environment 
has been extended to include money c osts . 

2 .  The term "voluntary assoc iations " i s  a catchall to include any 
environment not otherwise specified , such as places  of 
assembly for prayer or worship and places used for non 
commercial hobbie s . This category i s  used to close the 
environments/endowments system . 

3 .  Because the activities which form the program of a behaviour 
setting have both a spatial and a t ime dimension we can 
associate the spatial dimension with an objectively determined 
time use . Intuitively it would seem that time use measures 
can be associated with behaviour settings . For exampl e ,  the 
meeting of a support group for mothers of pre - school children 
takes place in a specific l ocation and the duration of the 
meeting can be measured in time unit s . In the following 
section measure s of time use are examined . In the final 
section the se c oncepts are used to  describe an activity within 
a three -dimens ional space , time and cost framework . 

There is a transition from the class ification of behaviour settings as 

devel oped by Barker , and the way in which environments are classified by 

behaviour settings in the t ime all ocation model s .  The choice of behaviour 

sett ings in these model s  extends the categories use d  by Barker to incorporate 

ho\,\seholds . The next step is  to relate the f ive c ategories of behaviour 



settings in Table 4 - l  to the OECD categories of time use , as de scribed by As 

(1982 ) .  

4.4 Time Use Studies 
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How can we measure the activi t i e s  which an agent undertake s ?  As a prel iminary 

step some requirements related to the agent ' s  use of time are outlined : 

1 . A precis e  me thodology i s  required . This is a necessary step in 

des i gning and formulating the transportation mode l s  of time 

al l ocation . On the one hand the methodology must rest on sound 

c onceptual foundations , and on the other hand , i t  must al so provide a 

sys tematic , objective means of collecting and classifying data . The 

methodol ogy must be fl exibl e enough to be adapted to the behavioural 

patterns of special subgroups , for example univers ity students . 

2 .  The particul ar aim i s  t o  measure activities of an agent by sequence 

and duration of time use . 

3 .  As wel l , it  i s  necessary that the agent ' s  activi ties can be assigned a 

per unit cost so that i t  become s  possible to quantify optimal trade ­

offs between time and money . 

The first two requirements are now c ons idered in some detail . The third 

requirement i s  inves tigated in section 4 . 5 .  

Stu?ies  designed to measure the use of time are usually referred to in the 

l iterature as " time use " , "use of time " , or "time budge t "  studies . A time 
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budget is  a log or diary of the sequence and duration of activi t i e s  engaged in 

by an individual over a specified period . most typically the 24 hour day . S I t  

i s worth noting that the terminol ogy i s  not fixed and the term " t ime diary " i s  

also used As ( 19 7 8 ) .  Most time activities cover the 24 hours of a single day . 

In  the time allocation models the agent ' s  ac tivi ties are analysed over a 16  

hour period , referred to as the 1 6  hour waking day . 

A necessary l imitati on of this  whol e study is  the non-s imul tane i ty of time . 

We as sume time used up for one activity will us e up t ime otherwi s e  availabl e 

for another activity . This is  not an empirical observation . However this 

assumpti on makes it possible to measure trade - offs in the model s .  Individual s 

trade off time spent on one part icular activity by spending l e s s , or more , 

time on another act ivity , thereby incurring opportunity costs . One advantage 

of time budget studies is that no individual is abl e to call on more t ime use 

than any other over the specified period , for exampl e the 1 6  hour waking day . 

Although the total time endowment i s  unknown for each individual over a l ife 

cycl e ,  all individual s have , and c an only have , at the ir disposal the same 

time endowment over the fixed period of the time budget .  The amount of t ime 

spent on different activities by any one person can be expressed as a 

distribution .  taking the fixed per i od of t ime , such as the 1 6  hour waking day , 

as a unit .  Time budget studies make possible  objective description of how a 

part icular individual uses time , and provide a criterion that all ows for 

direct comparison between individual s and groups of peopl e both in the same 

local i ty , and in different countri e s . While time i s  a "hard " variabl e ,  able 

to be measured accurately by observers , i t  should be noted that the compl ex 

nature of human activities pre sents some difficulties . 

5 Converse , ( 1 968 ) . 
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The pioneering time use s tud i e s  were carried out by S .  G .  Struml in in the USSR 

during 19 2 2 . 6 Time use budgets have been used extensively by researchers in-

the social sc i ence s ,  notably in soc iology , human geography and urban 

planning . 7 The perspe c tive i s  different from that of economics . Time i s  not 

considered from the e conomi st ' s  concept of a scarce resource , nor are 

valuations in money terms generally used . However these observat i ons reflect 

the fact that , with few excepti ons , economists have not ye t made contributions 

in a field where , increas ingly , interdiscipl inary work is  being carried out by 

scholars in other soc ial scienc e s . 8 

There i s  a standard approach to  time use studie s . The basic model class ifies  

time use under four categor i e s . More detailed scheme s are developed from this 

foundation . The four categori e s  are set out in Tabl e 4 . 2  bel ow , following As 

( 19 8 2 ) :  

6 Zuzanek , ( 1979 ) . 
7 ( a )  Carl stein and Thrift ( 19 7 8 ) . 

( b )  Gutenschwager ( 19 7 3 ) . 
( c )  Chapin ( 19 6 8 ) . 

8 Ferber ( 19 7 3 )  comments :  "Most consumption economists seem to have reacted 
to the growing popularity and usefulness  of interdiscipl inary approaches by , 
if anything , drawing bl inders about the ir eyes even more tightly lest  they be 
contaminated by other disc ipl ine s "  p .  1332 . 
However , for more rec ent evidence , clearly refl e c t ing changes in outlook among 
some economists , see  the summary of an international conference on socio ­
economics in Jackson ( 1 9 8 9 ) . 



IMl.E 4 - 2  BASIC CATEGORIES OF TIME USE 

1 .  necess ary t ime 

2 . contracted time 

basic phys i ol ogi cal needs , including sleep , 
meals , heal th and hygiene . 

paid work or full time study , for exampl e at 
univers ity . 
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3 .  committed time involve s certain behaviour which must be done 
because of an earl ier decision . For exampl e ,  
getting married and having children involves 
housework , child care , maintenance of dwell ing . . .  
A feature of committed time is that it  i s  both 
product ive and non-market .  

4 . free t ime thi s is a res idual t ime use . It refers to 
whatever t ime remains after time has been 
all ocated to the first three categories . I t  is  
usual to distinguish between free t ime and 
l ei sure . 9 

Starting from the se four bas ic  categories of t ime use , the next step is  to 

list human activities and ass ign them to one of the four bas ic categories . 

The preparati on of the Multinati onal Comparative Time Budget Re search Pro ject 

included a detailed activity code of 9 6  activities , with significant entries 

in the four bas ic categories subdivided . ( Szalai ( 19 7 2 )  pp . 561 - 5 64 ] . Thus , 

for the second category , contracted time , the entry "paid work" is  subdivided 

into a further ten lesser  categorie s  including second job and work breaks . 

Using aggregat i on ,  Szalai has derived a less detailed 37 activity code from 

the 9 6  activity code . For certain l ifestyle s ,  specific activity codes have 

been developed from the four basic  categories . For example the model de signed 

for the time use survey of students attending Reading Univers i ty , Toml inson 

et . al . ( 1 9 73 ) , used a t ime budge t for 12 basi c  activitie s . 

9 ( a )  As ( 19 8 2 ) , p .  9 5 . 
( b )  de Grazia ( 19 6 2 ) analyzes the nature of leisure and distinguishes 

between free t ime and l e i sure . Lei sure is an activity which represents a 
productive use of time desired for its own sake . 

( c )  "Leisure involves sacrifice and effort . The sacrifice i s  in the 
opp?rtunity cost of giving up free time " . Gramm ( 1 9 87 ) , p .  1 7 3 . 
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Tabl e 4 - 1  repres ents a " pragmatic way" of classifying the activi t i e s  of an 

agent into behaviour settings . This  tabl e can be compared with Table 4 - 2  by 

anal ogy . For example ,  in Tabl e 4 - 2  such activi ties as study and income 

generat ing work involve contracted time . Hence contracted t ime can be 

associated with the s tate and workplace behaviour settings . Commi tted time , 

which i s  both product ive and non-market is  clearly associated with the 

household behavi our setting . S ince the codes devel oped by Szalai are based on 

the OECD categori e s  of t ime use set out in Tabl e 4- 2 ,  by anal ogy Tabl e 4 - 1  can 

be compared with the s e  more detailed c odes . In practice an observer would use 

a detail ed t ime activity code , say the Szalai 96  activity code . and then us ing 

a standardized set of guidel ine s , assign each of the separate t ime use s  to one 

of the f ive behaviour s etting categori e s  of Table 4 - 1 . Conceptual ly , Tabl e 4-

1 repre s ents a l ink between the behaviour setting approach of Barker and the 

detailed activity c ode of Szalai for measuring use of t ime . Tabl e 4 - 1  

combine s both environments and t ime use . 

4 .5 Requirements of Social Position 

Do social relations represent constraints on the behaviour of an agent and if 

so , how can they be measured? The soc iologist Tal cott Parsons ( 196 7 ) , ( 1 968 )  

contributed to our understanding of  the way in  which social control is  

exercised . When agents take part in soc ial interaction they are influenced by 

a set of expectations which tend to shape or control the ir use of resources . 

Parsons cons iders that there are " general i zed media of interchange " which are 

essential features of s oc ial interact i on processes .  For example money is  a 

general i z ed medium o f  induc ement , and power a general i zed medium of coerc ion . 

The�e concepts can be related to the model s of time allocat i on . An agent ' s  

lifestyl e , entails the imposition of patterns of social relations all of which 
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generate expectat ions . Peer groups , instituti ons and market force s ,  as well  

a s  customs , conventi ons and guidel ine s act  as  forms of  social control , and 

effectively are constraints on the agent ' s  use of time . These forms of social 

control will be termed " requirements of soc ial position" . They represent 

parameters which can be expressed as measures of time use . In this s ense time 

use could perhaps be seen as anal ogous to Parson ' s  concept of general i zed 

media of soc ial interac t ion .  

By way of comparison with the transportati on problem , time use ac t ivi ty codes 

represent the agent ' s  requirements of social position ,  equivalent to demands 

at sinks for a scarce homogeneous resource . I n  the transportation models of 

time all ocation there are five requirements of social position . Thes e  

requirements are deno ted by a f ive activity code which represents  a set  o f  

aggregations of mor e  detailed behaviour as provided i n  the 9 6  activity code of 

Szalai ( 19 7 2 ) . The re i s  no the oretical reason why the number of soc ial 

requirements has to be the same as the number of behaviour settings . While  

the five activity c ode is  related to the l ifes tyle of  univers i ty students it  

could be  general ized for  all groups . The only change needed would be to give 

category 3 ,  termed "Academic "  a more extensive designation such as 

"Education" , where human capital formation is seen as a l ifel ong process . 



50 

URI,E 4- 3  CLASSIFICATION OF SOCIAL REQUIREMENTS 

SQcial Requirement 

1 .  Heal th ( H )  

2 .  Job ( J )  

3 .  Academic ( A )  

4 .  Soc i o - cul tural ( SC )  

Description 

Eating and drinking at  home or 

canteen ,  personal hygi ene , physical 

training , yoga , incidental daytime 

sleep . 

Income generating act ivitie s . 

Full time attendance at l ectures , 

seminars , tutorials . . . Private study 

including preparation of assignments 

and reading . 

Domestic work (non market ) ,  including 

preparation of meal s at home , laundry , 

indoor cl eaning , child care . Civic 

activitie s . Rel igious activities  and 

chari table works . Entertainment , 

active l e i sure including hobbies , 

playing a musical instrument . Passive 

l e i sure , including watching 

televi s ion . 



5 . Commercial ( C )  

5 1  

Transactions in the market pl ace 

including purchasing of goods and 

services . Repair services , including 

vehicl e maintenance .  

� : 1 .  travel t ime is treated as a compl ement of other activi t i e s . 

Travel to and from the workplace , including waiting for means 

of transport , belongs to cat�gory 2 ,  Job . Travel to a 

shopping centre , including wai ting for means of transport , 

belongs to category 5 ,  Commerc ial . Time use for travel i s  

therefore treated as a derived demand . 

2 .  For a ful l time student , category 2 ,  Job , includes work during 

vacation and part time work outs ide regular attendance at 

university . 

3 .  Category 4 ,  Soc i o - cultural i s  a catch-all to include all 

activit ies  not otherwise specified . such as reading books , 

reading newspapers , danc ing and concerts . Thi s  category i s  

used t o  close the requirements system . 

4 .  The categories are related to New Zealand conditions where all 

the universities  are state univers ities . Whil e fees  are 

subsidised , it is  necessary for full time students t o  mee t  

costs o f  l iving through an inc ome stream . For most this 

entail s part t ime andjor seasonal work . 



The next step is  to find a means of determining requirements l evels 

quantitatively . A wide range o f  empirical studies , taken across different 

countri e s , has shown that a person ' s  daily routine follows a structured , 

regular patt ern of time use . In the context of t ime budgets , for relatively 
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industrial i zed  regions from 12 c ountries , researchers have noted an "array of 

similari t ie s "  in the average t ime spent in 37  primary activi ties and have 

provided a detailed analys is  to explain what is , given the extent of cul tural , 

pol itical and economic  divers i ty among the countries , an interesting �esul t . 10 

A study by Szalai suggested that time all ocations could be used to infer the 

values placed on certain activi t i e s , and that certain groupings of activities  

were characteristic of parti cular soc ial groups . ll I t  s eems not unreasonabl e 

to suppos e  that , by aggregating from the information obtained by measuring the 

activi t i es  of a repres entative sampl e of full time university students , it  is  

both pos si bl e  and practicable to obtain quantitative e s timates of  requirements 

of soc ial pos i ti on .  Thes e  e s t imates are expressed in terms of time use . I t  

has al so been shown , as i n  Tabl e 4 . 2 ,  that it  is pos sible t o  classify the 

requirements of social pos ition by means of a five activity code . The 

research of Szalai suggests that there are parameters of soc ial pos ition which 

are characteristic of particul ar groups . 1 2  Specific mea surements for 

parameters relating to ful l t ime s tudents are provided in Chapter 8 .  By way 

of comment , the method of obtaining quantitative estimat es of the requirements 

of soc ial position c ould perhaps be regarded as anal ogous to a reveal ed 

preference approach . 

10 for s ome supporting evidenc e , S zala i  ( 19 66 ) , Ch . 6 ,  pp . ll 3 - 144 . 
11 ibid . 
12 ibid . 



Activities  undertaken to mee t  the s ame soc ial requirement can take place in 

different behaviour settings . I s  this s i gnificant ? Barke r ' s  research 

sugge sts that it i s . As has been stated , it is an as sumpti on of the t ime 

allocation models , supported by empirical results , that environments shape 
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· " behaviour . Hence the choice of an environment , in whi ch soc ial requirements 

are to be met , entails an all ocation of time use which may , or may not , be 

efficient , depending on the type of behaviour shaped by the parti cular 

environment . For example ,  child care could take pl ace in e i ther the 

hous ehold , state or private enterprise  behaviour settings . An example of 

child care taking pl ace in the state behaviour setting would be a creche at 

the university .  However where payment i s  made to a day care centre in return 

for looking after a child , a market transaction i s  involved and therefore the 

appropr iate behaviour setting i s  private enterprise . What i s  common to each 

of the s e  cases is  the use of time , which can therefore be s e en as a l ink 

�� between social requirements and behaviour settings , the environments chos en to - . 
.._ 

meet a demand . 

Time budget studies measure the use which agents make of a time endowment in 

terms of duration and sequenc e . This approach can provide continuity between 

Chapter 2 , where the rise of a modern industrial society was shown to have 

shaped our concept of time as a c ommodity , and Chapter 6 where a commodity i s  

first defined , i n  the framework of activity analysi s , and then given an 

economic interpretation in terms of t ime use . 

4 . 6 The Cost of an Activity 

�ac? activi ty of an agent i s  considered to have a per uni t  cost , measureabl e 

� in money terms . For example ,  the activities  that an individual takes part in 
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. to meet the requirements of soc ial position will require inputs of a wide 

range of goods and servic e s  such as food . fuel and heal th service s .  In the 

8Qdel s  of time allocation the per uni t  cost of an activity is the sum of all 

per unit money costs incurred as ne cessary input s in order to me et an output 

requirement , namely a parameter of soc ial position .  This  is analogous to the 

money cost of transforming one uni t  of input into an output , given appropriate 

technology as sumptions . S inc e all activities  require time the cost of an 

activity i s  the cost of the t ime used up by the activity . l3  We have therefore 

specified a direct or observed cost , which is a per uni t market cost , 

expressed in cents per minute . Formal defini tions for direct and indirect 

costs are provided in Chapte r  6 .  T ime and money are therefore both us ed up by 

an agent in order to mee t  the requi rements of soc ial po sition .  Not only do 

environments shape behaviour , expre ssed in time use , but they al so generate 

different per unit market costs . 

To determine the per uni t  c ost  of an activity , we divide all costs of an 

activity into two mutually exclus ive components . They are : 

1 .  the per unit cost of trave l . This  cons ists of all per unit transport 

costs , such as travel to work and travel to a shopping centre , 

associated with a particular ac tivity . Such costs are clas s i fied 

according to environment and social requirement . Travel costs could 

include expenditure on a motor vehicl e ,  including for exampl e ,  fuel , 

depreciation and insurance ,  together with expenditure on publ ic  inne r ­

c ity transport , airfares and travel insurance . 

13 -
compare Moeseke ( 1 9 8 5 ) p .  2 64 . 



2 . the per unit cost of all remaining inputs . 

Every activity can the refore be quantified in terms of space , time and cost . 

The derivation of the per uni t cost i s  introduced in Chapter 7 .  A more 

detail ed analy s i s  is provided in Chapter 8 .  

A real istic model should all ow for time or money constraints to be imposed . 

5 5  

We as sume that the agent ' s  income will be derived from work onl y .  For the 

time constraint , all the agent ' s  activities must take place within the 16 hour 

working day . Time for sleep is fixed at 8 hours . We may al so  impose  a money 

constraint s o  that the agent ' s  expenditure must be met compl etely from income . 

The money constraint may be relaxed so that dissaving i s  allowed . 

**4 . 7  Activity Analysis 

Time budge t s tudies measure the use whi ch agents make of  a time endowment in  

terms o f  duration and sequence . In activity analys i s  the time endowment i s  

cons idered a s  a negative requirement , measured by the negative elements o f  the 

requirement s vec tor . The real subject of t ime budget studies  i s  the use which 

agents make of their t ime and this quantitat ive approach refl ects  a congruence 

with the way in which the rise of a modern industrial society shaped the way 

in which agents used their time , as outlined in Chapter 2 .  Time budget  studies 

provide a l ink between the behaviour of an agent , as devel oped in thi s  

chapter , and the soc i o - economic matrixl4 , expressed i n  the framework of 

activity analysis which i s  formul ated in Chapter 5 ,  and given an economic 

interpretat i on in Chapter 6 .  

14 -
compar e  Moeseke ( 19 8 5 ) . 
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In an ac tivi ty analy s i s  model a l l  inputs such as  consumption goods or services 

are designated by the generic term "commodity" . In the product i on process all 

such inputs are transformed into output s ,  which can al so be regarded as 

commodities .  I t  i s  in this  sense that we can speak of the "product ion of 

commodit ies by commodities " . lS In the context of human act ivities the 

particul ar produc tion function we are concerned with is defined by "the socio -

technological matri x " . Is  there any one c ommodity common to such diverse 

functions as preparing a meal , going to a c oncert , wall papering a room? All 

theie actions require  the use of time . For each activity , considered as a 

quantitative pattern of behaviour , an agent use s  up a specific amount of time , 

and thi s can be measured using a time budget .  

1 A distinction was made between the different ways in which time c ould be used 

to meet the same social requi rement . The model s  can differentiate between the 

ways in which thi s homogeneous resource i s  availabl e as an input , the supply 

of an endowment , at a source , and as an output , the demand for time use , at a 

sink . This  distinc t i on can be maintained in activity analys i s , where inputs 

of technically the same commodi ty at different locations are taken to 

repre sent different commoditi e s . The same type of distinction is  rel evant in 

the case of outputs . Activity analysis provide s an effective means of 

describing a producti on te chnology ,  and in particular the soc i o - te chnological 

matrix . We can the re fore begin with time budgets as a means of recording and 

analyzing streams o f  behaviour , and finally make use of a soc i o - ec onomic 

production function to describe the way an agent makes use of time so as to 

meet the requirements of social po sition . 

15 ref Sraffa , P . , Production of Commodi t i e s  by Means of Commodities . 
(cuP , Cambridge , 1 9 6 0 ) . 



CHAPTER 5 

FORMULATION O F  THE MODELS 

5 . 1  Outl ine 

Conceptually the l inear models of time all ocation are transportation probl ems . 

This chapter provides the first technical formulation of the transportation 

models of time all ocati on .  As a means o f  l inking the concepts o f  behaviour 

setting and time use ,  devel oped in Chapters 3 and 4 respectively , with the 

mathematical formulation set out in this chapter , a simple numerical exampl e 

is introduced and solve d . An expl anation of the parameters and constraints is  

provided . The core model is  then stated . Conceptually there are two 

- � transportation model s .  In the slack model there is a distribution at s inks 

but not at sources . In  the t ight model there is a time distribution not only 

at sources but al so at sinks . The starred sections ( ** ) provide a formulation 

of the transportation probl em within the framework of activity analys i s . This 

mode sheds light on the agent ' s  production function and extends the range of 

appl ications of the t ime allocation model s .  The starred sections can be 

omitted in a first reading without loss of continuity . 

5 .2 Numerical Example 

The basic transportation model of time allocation is  termed the core model . 

To show that this model is  operat ional a s imple 2 x 2 numerical example  i s  

��tioduced and solved . 
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An agent i s  faced with the choice of me eting the demands of soc ial pos ition by 

carrying out act ivi t i e s  in selected environments ,  whil e  minimiz ing the total 

cost . Foll owing Barker we as sume that the agent ' s  behaviour i s  shaped by his 

environments . As an individual dec i s i on maker the agent chooses the 

l ifestyl e . As a member of socie ty , the agent has to meet certain parameters , 

the requirements of social pos ition , which can be regarded as imposed . They 

can represent e ither unwritten or formally determined minimum requirements for 

a particul ar l i festyl e . The requirements of soc ial pos ition are effectively 

criteria for " c ontinuing acceptabil ity "  - to peers , ins titutions and agencies . 

Al l soc ial requirement s are observabl e .  The optimal solutions specify both 

the type and l evel of the activi t i e s  which the agent undertake s in order to 

meet the parameters of his soc ial pos ition .  Hence the optimal s oluti ons 

qUantify the agent ' s  consumption patterns . 

What has been done in the simple nume rical example is to us e quanti tative 

measures which are plaus ible . The data given in Tables  5 - l  and 5 - 2  must be 

regarded as hypothet ical . l 

I n  this  numerical exampl e there are two sources ( campus , househol d )  and two 

sinks ( study , relaxati on ) . 

1 By contrast use i s  made of ac tual time budgets for student s '  daily 
activity patterns and est imates of costs of living ( for a different group of 
students ) in Chapters 7 through 9 .  



uogram is : 

subject to the 
fol l owing constraints 

Environments 

1 .  Campus ( C )  

xu + 

5 9  

+ 

+ 

Soc ial Reguirements 

1 .  S tudy ( S )  

2 .  Households ( H )  2 .  Relaxati on ( R )  

Iime used up in activit i e s  

xn deno tes the numbe r of minute s  the campus environment i s  to provide for 

me e t ing the study social requi rement . 

xl2 denotes the number of minute s  the campus environment i s  to provide for 

mee ting the rel axation soc ial requirement . 

x21 denotes the numbe r  of minute s  the household environment i s  t o  provide 

for me eting the s tudy soc ial requirement . 

xzz denotes the numbe r  of minute s  the hous ehold environment i s  t o  provide 

for me eting the relaxat ion soc ial requirement . 
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�sts of act ivitie s  

en deno t e s  the per  uni t  c o s t  ( in c entsjmin ) of studying on campus 

c12 denot e s  the per uni t  c o s t  ( in centsjmin ) of relaxati on on campus 

C21 deno t e s  the per  uni t  c o s t  ( in centsjmin ) of studying in the household 

env i ronment 

czz deno t e s  the per  uni t  c o s t  ( in c entsjmin ) of relaxat i on in the 

household env i ronment 

�ons traint s 

The amount o f  time spent on 

The amount of t ime s pent in 

e xc e ed a2 mins . 

The amount o f  t ime s pe nt on 

The amount o f  t ime s pent on 

500 a2 

3 . 4  

The soluti on i s : 

* xu = 2 6 0  

campus ( xn 
+ x12 ) cannot exceed al mins . 

the hous ehold environment ( xn + X2 2 ) cannot 

s tudy ( xn 
+ xn ) mus t  

relaxat i on ( x1 2  + x2 2 ) 

700 580 

3 . 6  c 2 1  3 . 2  

0 * x2 1  = 3 2 0  

be at l east b1 mins . 

must be at l east b 2 mins . 

bz 

c 2 2  

* x2 2  

380  

3 . 1  

3 8 0  

The marke t  c o s t  of  thi s  l if e s tyl e i s : ( 3 . 4  x 2 6 0 ) + ( 3 . 2  x 3 2 0 )  + ( 3 . 1  x 3 8 0 )  

Which i s  e qual to 3 0 8 6  cents or $ 3 0 . 8 6 p e r  day . 
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wery activi ty us e s  up time and take s place in a certain environment . As 

6 1  

1ell , every activity entail s a money cost measured i n  c ents per minute . Any 

lCtivity can therefore be spe c i fied by a spac e - time l o cus toge ther with a per 

mit cos t . The term "rel axat i on" i s  a catchall  to c l o s e  the environments 

;ystem . Each activity takes place in e i ther the campus or the household 

environment . The term "hous ehold"  is a catchal l to c l o s e  the social 

requirement system . Every activity is  carried out to me e t  e i ther the s tudy or 

the rel axat i on social requirement . In thi s  numerical exampl e ,  the number of 

environments i s  equal to the number of soc ial requirements s o  that the 

activity matrix is square in t erms of environments and social requirements . 

In the transportat i on mode l s  of  t ime a l l ocation the activi ty matrix does not 

have to be square . S ome 2 x 3 and 5 x 6 numer ical exampl e s  are provided in 

Chapter 7 .  

All cons traints are measured in minute s  taken over the 1 6  hour waking day . 

Constraints at sinks repre s ent minimal requirements . For exampl e to gain a 

pass the s tudent must spend at l east 5 8 0  minutes on s tudy . The total time 

requirement of 9 6 0  minutes is equival ent to the 16 hour waking day . To gain 

an A pass more than 580 minute s  on study would be required . 

Why are there constraints at s ources ? Lack of parking spac e , restric tive 

publ i c  transport schedul e s , shortage of s tudy places in the l ibrary , secur i ty 

provi s i ons on campus , repr e sent just some of the pract i c al constraints on the 

Use of time on campus . We suppos e  that the maximum amount of t ime the s tudent 

can spend on campus over the 1 6  hour waking day is 500 minut e s . Likewi s e  

�he�e are pract i cal and l ogi s t ical c onstraints on the us e o f  the househol d  
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behaviour s e t t ing . We suppos e  that the maximum amount o f  time the s tudent can 

spend in the household i s  7 0 0  minutes . Because the endowments at behaviour 

setting s  exc e ed 9 6 0  minute s ,  we note that the s e  parame ters do not define a 

distribution .  The household and campus environments g ive rise to different 

costs for the same type of act ivity , such as  meal s ,  s o c ial ac tivi t i e s . There 

is a further reason for identifying constraints at s ourc e s . As already noted , 

empiri cal s tudies  by Roger Barker showed how environment influenc e s  behaviour . 

For s ome activi t i e s  the campus environment , rather than that of the household , 

make s  i t  pos s ibl e to use  time more effective l y .  The reverse may al s o  be the 

case . For the numeri cal exampl e ,  information and requirements can be 

summarized by means o f  an a c t ivity matrix and a cost matrix , provided in 

Tabl e s  5 - l  and 5 - 2 . Thi s f ormat will be used for futher numerical exampl e s . 

TABLE 5 - l  ACTIVITY MATRIX 

to : 
s tudy relaxation 

( S )  ( R )  

campus xn xl 2  � 500 a l 
( C )  

from : 
household x2 1  x2 2  � 700 a2 

( H )  
;;;; 5 8 0  ;;;; 3 8 0  

b l b 2 

Now i t  might s e em from the c ons traints of the model that the s tudent i s  

compell ed to s pend 5 0 0  minute s  s tudying on campus . This i s  not s o . To make 

the point , we relax any ins t i tut i onal requirement s , for exampl e mandatory 

attendance at l e c ture s , that would restrict the s tudent ' s  freedom to s tudy 

away from campus . The inequal i ty s igns are a reminder of the cons traints 

Which the agent face s .  The u s e  of  inequal i ty s igns in Table 5 - l  i s  a 

heuri s t�c  device .  
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j£onomic int e rpre tati on 

5 0 0  minute s  i s  the maximum amount of t ime an agent c ould spend on 

campus . 

:;;; 700 7 0 0  minute s  is  the maximum amount of time an agent c ould s pend in 

the household . 

' i ·· 

;;;. 

: 

" 

The ai do not define a distribut ion , and �ai > �b j 960 . 

IABLE 5 -2 COST MATRIX 

c - [ 
3 . 2  3 . 1  

3 . 4  3 . 6  l 
Note : c i j  > 0 ,  all i ,  j 

Each activi ty involve s an ec onomic c o s t . With each of xl l •  xl 2 • x2 1 • x2 2  

there i s  an assoc iated c o s t . S ince every c i j  > 0 ,  the agent will no t use more 

than 960 minutes . 

In Tabl e S - 2 , e l l  denotes a per uni t  cost of 3 . 4  centsjmin which i s  the marke t 

price of  mee t ing the study social requirement in the campus environment . The 

per unit c o s t s  are obtained by first  obtaining estimated dol l ar costs  f o r  the 

academi c year and then classifying these by behaviour settings ( envi ronments ) .  

The next s t e p  is f ind the estimated t ime spent on student activi t i e s  in 

minutes , us ing the same type of  matrix as set out in Tabl e 5 - l . Tabl e 5 - 2  i s  

obtained b y  d ividing each of the four doll ar cost components f o r  the academic 

� �Yea! by the appropriate e st imated t ime used up in any environment to mee t  a 

-��· social r e quirement . 
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Interpretati on o f  s olut i ons 

Optimally the student should spend 2 6 0  minute s  studying on campus and 3 2 0  

ainutes s tudying at home . The relaxation requirement i s  met c ompl e tely within 

the hous ehold environment . In this exampl e the re i s  unused capac i ty of 240 

•inutes at the campus behavi our s e t t ing . The market cost of this l if e s tyle i s  

3086 cents , or $ 3 0 . 8 6 per day . An opt imal s ol ut ion can provide further 

informati on .  Measur e s  o f  the value o f  us ing t ime in one environment , relative 

to another , and of the marginal value of us ing time to meet a soc i al 

requirement c an be f ound . Further i t  i s  p o s sible  to de termine the range of 

value s of behavi our s e t t ing and social requi rements parameters , and al so of 

per unit c o s t s , for whi c h  the s tudent ' s  patt e rn of us ing time in e nvironments , 

is unchanged . For e xampl e ,  i f  the academic s oc ial requirement l i e s  between 

320 and 820 minute s  the bas i c  var iabl e s  remain the same . However the 

numeri cal exampl e i s  not intended to dupl icate the more detailed pre sentation , 

starting in Chapter 7 ,  whi ch expl icates the more theoret ical approach of 

Chapters 5 and 6 .  

5 . 3  Core Model 

As menti oned in s e c t i on 5 . 2 ,  the bas i c  transportat i on model of t ime all ocation 

i s termed the core model . The c ore model shows in symbol s the relationship 

betwe en groups , or c l a s s e s , of agents on the one hand , and the i r  l if e s tyl e s  on 

the other .  More formall y ,  there i s  a mapping in choice space between the 

clas ses of agent s , such as s tudent , engine e r , pol itic ian , and the i r  

l i festyl e s . 

Eac!l agent s tarts with a g iven t ime endowment ( the " supply" ) of 9 6 0  minutes , 

equival ent to the 1 6  hour waking day , and carr i e s  out activi t i e s  in a s e t  of 
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well -defined environments ai i =l . . . .  , m ( the behaviour se ttings ) i n  order to 

meet a set of soc i al r equi rements b j j=L . . . . n ( the "demands " ) . 2 Both the 

ai and the bj are measured in minutes . The c o re model does not indicate 

whether or not the ai and the b j repres ent di s tribut i ons . 

Each activity us e s  up time and incurs a money cost . xi j  measures the amount 

of time ( in mins ) used up in the i th behaviour sett ing in orde r to me e t  the 

jth soc ial requirement . The xi j  are the bas i c  building blocks of the model . 

The per uni t cost c i j  ( in cents /min ) measur e s  the cost of a unit xi j ·
3 The 

total cost of the agent ' s  activities is given by � �  ci j  xi j · For each unit 
i j 

of time us e there are per uni t  values , vj , ui · assoc iated with soc ial 

requirements j and behavi our settings i .  

The agent as rat i onal de c i s i on maker i s  faced wi th the cho ice  of mee t ing the 

demands of soc ial re qui rements , making use of a given endowment , whi l e  

minimizing the c o s t s  o f  activities . 

An e quival ent program ( the dual ) exi s ts . The agent as a rational decis i on 

maker i s  faced with the cho i c e  of maximiz ing the net ( imputed ) value of time 

use . so l ong as the net val ue of a per uni t  of time us e i s  l e ss than , or e qual 

to . the per uni t  cost . 

2 Behaviour s e t t ings and soc ial requirements are 
3 A simpl e derivati on o f  per uni t  costs , c i j • i s  
step- by - s tep derivation i s  provided i n  sect ion 7 . 4 .  
s tep approach i s  used t o  derive a 5 x 5 c o s t  matr ix . 

defined in Chapter 4 .  
given in section 7 . 2 .  A 

In Chapter 8 a s t ep - by -
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Formally ,  the c o r e  model i s : 

primal m in 2: 2: c i j  Xi j  
i j 

sub j e c t  t o  m 
2: X . .  

i=l q 
� b j v · J j=l , . 0 . '  n 

( 5 . 1 ) 
n 

- 2:  X · . � 
. 

1 
� J 

J= 

xi j  � 

c . .  
� J � 

dual max 

5 . 4  Slack and Tight Model s  

- ai 

0 

0 

ui i=l , . . .  , m 

all i ,  j 

al l i ,  j 

( 5 . 2 )  

xi j  i=l , . . .  , m j =l , . . .  , n 

Conceptually there are two transportat ion mode l s . However nei ther repres ents 

an ordinary transporta t i on probl em because the " j s "  denot ing s inks are not 

l ocations . The f i r s t  model is termed the " s lack model " .  There i s  a 

dis tribut ion at s inks but not at s ources . The s e c ond model provides  a 

c onceptual approach t o  having a compl e te t ime d i s tributi on , that i s , a 

dis tribut ion at s our c e s  in add i t i on t o  the distribution at s inks . Thi s i s  

termed the " t i�?;ht model " .  Costs  are such that c i j ; 0 .  For expendi ture by 

the agent , c i j  > 0 .  However the agent may obtain income and then c i j  < 0 .  

Income i s  treated a s  a negative expenditure . 
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Jbr slack model 

l 

� aggregate endowment c onstraint i s  introduc ed to the sl ack model . The 9 6 0 , 

.-asured in minutes , i s  e quival ent t o  1 6  hours of 6 0  minute s ,  and deno ted by 

�ty in ( 5 . 4 ) . As indi cated in Chapter 4 ,  the total time endowment i s  g iven 

by the 16 hour waking day . Thi s  cons traint is nece ssarily redundant if the bj 

define a distribut ion ( �b j=l ) and all ci j  > 0 ,  because , if  not , the o b j e c t ive 

func tion wil l  not be a minimum , a c ontradict i on o f  the opt imal program . 

However if some c i j  < 0 ,  the aggregate endowment c onstraint i s  no l onge r  

necessarily redundant . Suppose the aggregate cons traint i s  relaxed . On an 

intuitive bas is it can be s een that the objective func t ion will be minimi z ed 

by associat ing the c i j  < 0 with the greatest  pos s ibl e  x i j · As shown in 

exampl e 4 ,  section 7 . 2  for any such xi j • whenever an ai is greater than a b j , 

the t ime endowment will exc eed 9 6 0  minutes , a c ontradic t i on ,  g iven the 

assumption of a 16 hour waking day . The aggregate endowment constraint i s  

u so required for real i sm . The assoc iated shadow pri c e  i s  denoted by w .  



�mal 

m in 

sub j e c t  t o  

2: 
i 

m 
2: Xi j  

;;;: b j 
i=l 

68  

j 1 ,  . . .  , n 

( 5 . 3 ) 
n 

- 2: Xi j  
j=l 

- 2:xi j  

xi j  ;;;: 

c i j  ;;;; > 

;;;: 

;;;: 

0 ,  

0 ,  

- a i 

- 1  

all i ,  j 

all i ,  j 

w 

ui i = 1 ,  . . . , m 

( 5 . 4 )  

In the pr imal the dual var iabl e s  u i , v j , w appear to the ri ght o f  the related 

c onstraint s .  The ui • v j • w denot e  s hadow prices , repre s ent ing an impl icit  

price system whi c h  comes out of the mode l . 4 

For the sl ack model the dual i s  g iven by ( 5 . 5 ) . The imputed value at a source 

includes the s hadow price  of the endowment s .  

4 One may note that the mul t i pl i e r s  in the s implex tabl e au of the ith row 
equation and the j th column equa t i on are equival ent to resp e c t ively ,  ui • vj . 
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max 2,; V ·b · 
. J J J 
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w 

subject  to xi j  i=1 , . . .  , m ;  j=1 , . . .  , n  ( 5 . 5 )  

w ;;:; 0 all i ,  j 

For the coeff i c i ent of w ,  the 2.: x · · ( = 9 6 0  minute s )  i s  denoted by 1 as  
. .  � J  
� J  

indicated . 5 

nw tight model 

1 1 

primal 

For the tight model the primal i s  given by ( 5 . 3 ) onl y .  

For the tight model , the dual variabl e w i s  not requir ed , s ince there i s  a 

dis tributi on at sources , as explained earl i e r . 6 Thi s  means that the aggregate 

endowment constraint . wi th whi c h  the dual variabl e w is a s s oc iated , is 

redundant . The dual of the t ight model i s  given by ( 5 . 6 ) . In the dual s i t  

can b e  seen that the ob j e c t ive func t i on maximi ses  the net revenue earned 

subjec t to the constraint that the imputed value at a sink l e s s  the imput ed 

rent at a source may not exceed the transport cost . 

5 section 5 . 4 ,  pps . 6 6 , 6 7 . 6 . section 5 . 4 ,  p . 6 6 .  



max � vj b j 
j 

sub j e c t  t o  - ui 

� 
i 

� 

ui ai 

i=l , . . .  , m ,  j=l , . . .  , n  

70 

vj c i j  
( 5 . 6 )  

A brief outl ine of the f ocus o f  e ach of the two model s  i s  given in Chapter 6 .  

5 . 5  The Transportation Problem 

Introduc tion 

The aim i s  t o  provide a framework o f  reference for the core , slack and tight 

model s .  Only i f  the s e  model s have the same mathemat ical structure as ( 5 . 7 ) 

and ( 5 . 8 )  can they be jus t i f i ed a s  transportati on model s .  As well the 

formul at i ons provide a l ink with the e c onomic int erpre tations provided in 

Chapter 6 .  

Two equival ent formul ations o f  the transportation probl em are now given . 

There is  notati onal c ons i s tency . The model s  are formul ated s o  as to be 

prec isely the same in structure a s  the activi ty analys i s  mode l . ? In 

particul ar , thi s means that the pri mal and dual orders for the transportation 

and the s tandard l inear programmi ng models correspond with the way in which 

the ac tivity analys i s  model is f ormul ated , so that c omponents of the vector of 

shadow pri c e s  corresp ond with , f i rs t , output s ,  which are taken as posi t ive , 

and then inputs , whi ch are taken as  negative . In the f ormulations there is  no 

a t tempt t o  interpr e t  the symbol s in e c onomic terms . The conc e rn i s  the 

7 s ee the s tarred s ec t i on 5 . 7 .  



mathematical symbol s .  Each symbol stands by itself . The inte rpreta t i on o f  

the symbol s  i s  qui te a separate is sue and foll ows on l ogicall y  from the 

mathematical formulat i on of the probl ems . 

HPthemat ical notation and formul ation o f  the transport probl em 

7 1  

The clas s i c al transportation probl em requires  an optimal schedul e of shipments 

of a scarce homogenous resource to be dete rmined subject to c ons traints of 

demand , supply and c o s t . Suppos e  a s c arce homogenous resourc e , l ocated at m 

origins has to be al l ocated to n de stinations . There is  a per  uni t  cost  of 

shipping a unit quant i ty of the resource from origin to de s t inat i on . The 

probl em is to dete rmine , at minimum c o s t , the number of uni ts to be shipped 

from origin to de st ination , so that all demands are met exac tly and there fore 

remaining suppl ies at origins are zero . S o  in this particul ar model supply i s  

equal to demand , but i n  general there are inequal ities . 

This probl em i s  a part i cular type of l inear programming probl em wher e  a scarce 

homogenous resource is to be shipped from each of m origins , where f ixed 

suppl ies are availabl e in the quant i t ies  a1 , a2 , . . .  , am , in order to me e t  the 

separate requirements b1 , b2 , . . .  , bn at the n shipping de st inations . As in 

any trans portat ion problem there are sources and sinks . A shipping origin 

vill be t e rmed a source , and a shipping de s t ination will be termed a s ink . I t  

is well known in l inear programming probl ems that a probl em may b e  stated in 

the original ( or pr imal ) form and in a cl osely related ( or dual ) al ternative 

form . 
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ASsumpti ons 

l .  The total requirement s of all s inks i s  not greater than the 

total quant ity avail abl e at the s ources . 

7 2  

2 .  Al l c o s t s  are l inear . 

Hathematical Notation 

ra 

n 

C ·  . l J  

U · l . 

the amount of the s carce homogenous re source 

to be shipped from sourc e i to s ink j to meet 

the j th requi reme nt . xi j  denotes a flow . 

the t otal amount o f  the scarce homogenous 

r e s ource availabl e for shipment f rom the i th 

s our c e  i=l , . . .  , m .  ai denotes an endowment . 

the t otal amount o f  the scarce homogenous 

resource requi red at s ink j ,  j=l , . . . , n .  b j 

deno t e s  a requirement . 

number of sourc e s . 

numbe r  of s inks . 

per uni t  cost o f  shipping a unit quant ity from 

s ourc e i .  c i j  denotes transport costs . 

the s hadow pri c e  o f  an endowment at sourc e  i .  

ui denotes a r ent . 



the shadow price of a requirement at s ink j .  

v j denotes a rent , including value added by 

del ivery . 

The following informat ion i s  cons idered to  b e  given : 

The probl em i s  to  de termine a shipping schedul e such that : 

1 .  the supply ai at source i will not be exce eded . Thi s  means 

that a source cannot be requi red to ship more than i t s  

capaci t i ty . Total quant i ty shipped from source i i s  

n 
� xi j  � ai 

j=l 
i=l , . . .  , m 

73  

2 .  the demand bj at sink j will be satisfied . Thi s  means that 

the j th requirement is ful ly me t . The total quant i ty shipped 

to s ink j is 

m 
� 

i=l 

3 .  the total shipping cost  will be a minimum 

minimize 
m 
l.: 

i=l 

n 
� 

j=l 

j=l , . . .  , n 

A s?ipping schedul e i s  denoted by a s e t  o f  non negat ivity variabl e s  xi j  � 0 

�hich sat i sfy the m+n c onstraints . 



�ima1 

m in 

sub j e c t  to 

max 

sub j e c t  to 

� 
i 

m 
� Xi j  � b j 

i=1 

n 
� Xi j  � - ai 

j=1 

xi j � 0 a l l  i ' 

c i j  
< 0 a l l  i ,  '> 

j 

j 

ui 

X · . 
� J 

j 1 ,  . . .  , n 

i 1 ,  . . .  ' m 

i=1 , . . .  , m ,  j=1 , . . .  , n  
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( 5. 7)  

( 5 . 8 )  

I t  is noteworthy that the transportati on probl em c an be inte rpre t e d  as a two -

person zero - sum game , where the starting po int i s  von Neumann ' s  t r eatment of 

the m x n a s s i gnment probl em as a 2m x m2 game , as noted in Karl in ( 1 9 5 9 ) . 8 

I t  can al s o  be shown that the trans portati on probl em c an be c onsidered as a 

special case o f  the a s s ignment probl em . Hence the two probl ems are 

equival ent . For the transportation model s of time all ocat ion thi s means that 

the t i ght model can b e  interpre t ed a s  a two - pe r s on , zero - sum game . 

8 An a s s i gnment probl em i s  c oncerned wi th f inding the be s t  way t o  as s i gn m 
�orkers to m j obs . The suitab i l i ty o f  a worker for a j ob vari e s . The probl em 
1 5  �o opt imal l y a s s i gn workers to j obs . The a s s i gnment probl em c an be 
c ons idered as a s p e c ial case of the transportat i on probl em in whi c h  ai = bj = 
l and m=n . p .  1 3 2 . 
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fhere are many variants o f  the transportation problem . 9 The t ime all ocation 

models bel ong to the s ta t i c  de termini stic model first formulated by 

Kantorovich ( 1 9 3 9 ) , Hi t chcock ( 1 941 ) and Koopmans ( 1 947 ) . 10 A var iant of the 

transportat i on probl em , the general i z ed transportation probl em , indicates the 

possibility of including change s  in t echnol ogy in the t ime all ocat i on model s .  

!he minimum - time transpo rtation probl em repre s ents a further variant . The 

name may sugge st some aff inity with the t ime al l o cation model s .  In fact the 

transportation model s of t ime all ocation are c ompl etely diffe rent , both 

conceptual ly and mathemat ical l y , from the minimum - time probl em . The t ime 

allocation model s treat t ime i t s e l f  as the scarce resource to be shipped from 

sources to sinks , whi l e  the minimum - t ime model deal s with shipping a r e s our c e , 

given time delays . In  the minimum t ime model , time is  distinct from the 

re source to be shipped , for exampl e  peri shabl e goods , mil itary e quipment to a 

var zone . The model s  are therefore c onceptuall y  different , becaus e the 

minimum - time model i s  not a model of time use but rather a model of moving a 

resource over time . Mathemati cally the model s  are d i s t inc t . The time 

allocation model s are s tatic whil e  the minimum - t ime model is dynami c . 1 1  

Optimal c ontrol theory i s  cons idered to b e  an " appropriate framework" for the 

dynamic transportat i on probl em over time . 

9 Appa ( 1 9 7 3 )  provide s a summary . For some intere sting c omment s on the 
anal ogy with a network probl e m , Samue l s on ( 1 9 5 2 ) . 10 For some comments on Kantorovi ch and the Transportation Probl em by 
Koopmans : Koopmans ( 1 9 6 0 ) , Koopmans ( 1 9 6 2 ) . 11 Bookbinder and S e thi ( 1 9 8 0 ) . 
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�neralized Transportation Problem 

By rel axing the as sumption of a unimo dal matrix , the transportation probl em 

can be extended to al l ow for change s  in te chnol ogy . By spec i fying two further 

symbol s , a we i ghted d i s tr ibuti on problem is formul ated . Thi s c an be compare d  

with the more general i zed probl em i n  Dant z ig ( 1 9 6 3 ) . 1 2  A common appl ication 

of the model in Dant zig i s  referred t o  in the l i terature as the " machine 

loading probl em " . l3  

The condi t i on that the value s o f  each el ement ai j  of  the cons traint matrix A 

equal 1 ,  0 ,  - 1 i s  relaxed . 

The mathema t i c al f ormulat ion o f  the general i z ed transportation probl em i s  as 

fol lows : 

Find non negat ive x ·  · which minim i z e  1 J  

row equat i on 
i-1 . 2 ,  . . .  , m 

column e qua t i on 
j�,l , 2 ,  . . .  , n 

n 
l:: 

j=1 

l:: 
i=1 

m 
l:: 

i=1 

n 
l:: ci jxi j  

j�1 
such that : 

The mathema t i c al notation i s  the s ame as that for the transporta t i on probl em 

exc ept that two further symbol s  are s pe c i f i ed . 

1 2  Ch . 2 1 , pp . 4 1 3 - 4 2 0 . 
13 -

E i s e mann ( 1 9 64 ) , 
al s o  Louri e  ( 1 9 6 4 ) . 



m in L: L: c i j  
i j 

L: rj Xi j  
i 

- L:  ei X · . 
j 

� J  s .  t .  

xi j  

dual 

max L: v jb j 
j 

s . t .  rjv j 

vj , ui 

X · . � J  

� b j 

� - a i 

� 0 ,  al l 

L: uia i 
i 

e i ui � 

� 0 ,  all 

i '  

v j=l ,  . . .  , n 

u i=l , . . .  , m 

j 

C · . 
� J  

i ,  j 

7 7  

( 5 . 9 )  

( 5 . 10 )  

By putting r j = 1 ,  so that the weight of the c olumns i s  unity , and then taking 

the spec ial case where e i=l in ( 5 . 9 ) , we obtain the transportation probl em . 

The gene ral i zed transportat i on model o f  thi s  s e c t i on i s  l e s s  general than the 

�eighted di s tribution probl em f ormul ated in Dant zig ( 1 9 6 3 ) . As noted , the 

machine loading probl em repr e s ents an appl ication of the weighted distr ibut ion 

probl em . I t  has been shown that for gene ral i zed transportat ion probl ems , the 

effe c t  of the shift from a unimodal model re sul ts in a radical ly al tered 

topol ogy . 14 

14 Lour i e  op . c i t . 



5 . 6 Standard linear programming m9del - vector matrix notation 

�,imal m in ex 

sub j e c t  t o  

Ax :;; b V 

X ;;: 0 

� max vb 

sub j ec t  to 

vA :;; c X 

V ;;: 0 

78 

( 5 . 1 1 )  

( 5 . 12 )  

We will adopt thi s c anoni cal notat i on ,  to be referred t o  as " the standard 

l inear program" 

The c ' s  of the standard c anonical form corre spond to the c i j  of the algebraic 

model 

The standard l inear program wi th 3 s ources and 4 four s inks can be tabulated 

as a ( 3+4 ) x ( 3x4 ) , that i s , a 7 x 12 matrix . 
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TABLE 5 .  3 ROW AND COLUMN ARRAYS 

1 l l x u  b1 
1 1 1 x 1 2  bz 

1 l 1 b3 
v - [ v1 v2 v3 v4 u1 u2 u3 l A • 1 l l X • b - b4 

- l  - l  - l  - l  - al 
- 1  - 1  - 1  - l  - a2 

- 1  - 1  - l - l  X3 4 
- a3 

c - [ e n e l 2  e u e 14 e 2 1  e n e 2 3 e 24 e 3 1 e 3 2  e 3 3  e 3 4 I 

Tabl e 5 - 4  bel ow can s e rve as a l ink wi th Tabl e 5 - 5 which sets  out the 

technol ogy mat r ix A of the activity analys i s  model . suggesting intuit ively 

that activity analys i s  pres erve s the s truc ture of the transporta t i on mode l . 

TABLE 5 .  4 STANDARD LINEAR PROGRAMMING MODEL 

prima l  
variabl e s  parame ter 

xu x l 2  x u  x l4 x2 1  x22 x2 3  x24 X 3 l X 3 2  X3 3 X3 4 dual � 0 
variabl e s  

vl 1 l l � b l v2 1 1 1 � b z 
v3 1 l 1 � b 3 
v4 l 1 l � b4 
u 1 - 1  - l - l  - l  � · a l 
u 2 - 1  - 1  - l  - l  � · a z 
u/lv /). "' - 1  - 1  - 1  - 1 � • 4 3 

e i j e l l  e 1 2  e l 3 e 14 e 2 1  e 2 2  <= 2 3 e 24 e 3 1 e 3 2 e 3 3  e 3 4 



; . 7  Activity Analysi s  

ro motivate thi s s e c t i on two c oncrete cases o f  technical change are g iven . 

80 

�e ind ividual agent i s  not only a consumer but al s o  a producer . Changes in 

technol ogy , interpreted as change s  of the agent ' s  produc t i on func t i on , resul t 

in change s  in the value o f  t ime us e , so  that the opportunity cost o f  time us e 

changes . Henc e changes  in t echnol ogy i mpac t on the full cost o f  g o ods and 

servic e s . An agent attends a c ours e  on how to s tudy . The resul t  i s  a 50  

perc ent increase of e ff i c i ency in time use for mee t ing the study s o c i al 

requirement , irrespe c t ive o f  the envi ronment s e l e c ted . Suppose ins tead that 

the campus envi ronment was enhanced , re sul ting in a 2 5  percent increase in 

effi c i ency in mee t ing both the study and relaxation soc ial requirements . In 

both cases  the agent appears to " s ave " time . How c an the conc ept of the 

socio - e c onomi c  produc t i on func t i onl 5  be used to spec ify changes in the 

agent ' s  l if e styl e ?  3 x 3 and 5 x 5 numer ical exampl e s  involving change s  i n  

the agent ' s  efficiency in us ing t ime are provided in Chapters , 7 , 8 and 9 .  

This repre s ents a new approach to change s  in te chnol ogy . 

How can we hold on to the c onc ept o f  transferring a res ource from an origin to 

a de st ina t i on whil e  at the same t ime providing a specific  anal ys i s  o f  the 

produc t i on funct i on? We do s o  by formul ating the transportat i on problem 

Within the framework of activity analysi s .  Whil e  the mathemati cal s tructure 

remains the same the introduc t i on of the two bas i c  c onc epts of commodi ty and 

acti vi ty make s i t  po s s ible  to de fine a technol ogy matrix in terms o f  an 

optimal combination of finite activi t i e s , or proc e s s e s . Thi s  extends the 

range of appl i cations o f  the mode l s  of time all ocat i on .  Moreove r , i t  

1 5 -
As introduced in Chapter 3 ref . Moe seke ( 1 9 8 5 ) . 



repres ents a more r i gorous approach to the s p e cification of a product i on 

function .  Reasons for formulating a transportation probl em wi thin the 

framework of activity analys i s  are outl ine d . 

8 1  

we are conc e rned wi th an optimization probl e m , given constraints . S inc e there 

are exogenous constraints the model is open . The mathemati cal struc ture 

remains the same . On the one hand ther e  are clear l inks with the " fr om 

s our c e s  to s inks " approach of the transportation probl em . On the o the r hand , 

an ac t ivity analys i s  formul ation introduc e s  the two bas i c  c oncepts o f  

commodity and of activity s o  that it b e c ome s possibl e  not only to s p e c i fy a 

technol ogy matrix A ,  in t e rms of an opt imal c ombination of f ini t e  ac tiviti e s , 

or proc e s s e s , but al s o  t o  provide a mor e  hol istic se tting for an e c onomic 

interpre tat i on .  The te chnol ogy matr i x  de s c r ibes a production proce s s  in which 

commoditi e s , as  input s ,  are transformed into other commodi t i e s , as output s . 

In  ac tivity analysis  the probl em is  to s e l e c t  an optimal combination , or "mix" 

of activiti e s  from a fini t e  number . As in s ection 5 . 5  the conce rn i s  the 

mathemati cal symbol s . 

The classic statement o f  act ivity analys i s  was pres ented by Koopmans ( 1 9 5 1 ) . 1 6  

The theoret i cal foundat i ons wer e  ext ended i n  Koopmans ( 1 9 5 7 ) .  Koopmans 

cons iders that the f ir s t  e xpl i c i t  statement of the activity analy s i s  model can 

be found in a paper by von Neumann ( 1 9 45 ) . 

�f ini t ions : Activity analys i s , commodity , act ivity . 

Agt ivi ty analys is i s  a me thod for d e t e rmining the efficient all ocation o f  

co�odit i e s  in product ive sys t ems b y  l inear model s .  I t  postul at e s  a s e t  of 

Produc tion activit i e s , or proc e s s e s , avai l abl e for a given agent or sys t em . 
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� �mmodity i s  a homogenous , perfectly divi s ible scarce resourc e .  

'
rhere are three  typ e s  o f  c ommodi t i e s : 

1 . primary factors . The se are r e s ourc e  endowments determined o ut s ide the 

system . 

I 
1 2 .  

intermediate commodities , produced and used within the produc t i on 

I 
I 

pro c e s s .  

1 3 .  
I 

f inal commod i t i e s . The s e  are produc ed as outputs to meet 

r equirements . 

In the t ime all ocati on model , the endowment of t ime i s  cons idered a s  a pr imary 

factor which i s  used in all produc tive activi t i e s . Final commodi t i e s  

repre s ent the requirements which a s  agent has to mee t , and involve the us e of 

an endowment of t ime . As in Koopman ' s  analys i s  of produc tion , i f  the set of 

primary factors and f inal commod i t i e s  do not together cover al l commod i t i e s , 

the remaining commod i t i e s  will be regarded as intermediate commodi t i e s . 

Note : In act ivi ty analys i s  the term " c ommodity" includes service s , raw 

mate rial s , goods and t i me . 

An activi ty ,  o r  proc e s s , i s  a parti cul ar combination of commoditi e s , as inputs 

and output s , repres ent i ng an el ement of a product i on set . 

An ac t ivi ty transforms a s e t  of commoditi es , as inputs , into anothe r s e t  of 

commoditi e s  as output s . Inputs are c onsidered to be in f ixed rati o s , and 

output s  in f ixed rat i o s  t o  input s .  S o  an act ivi ty , or proc es s ,  i s  a f ixed 

quanti tative relationsh i p  between inputs and outputs , variously de s c r ibed as a 
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•recipe " .  giving the proportions o f  the diffe rent inputs requi red for a 

specific mode of produc t i on ,  Gal e ( 19 6 0 ) 1 7 , a " bl ueprint " ,  Takayama ( 1 9 8 5 ) 1 8 , 

or as a " black box" into whi ch go certain i terns as inputs and out of which go 

other i tems as outputs ,  Dantzig  ( 19 6 3 ) . 1 9  Ac t ivi ty analys i s  i s  not conce rned 

vith how the transformation from input into output take s place . 

For the transportat i on probl em ,  c ons idered as an appl i c ation of activity 

analys is , the transfer of a scarce homogenous r e s ourc e  from a source t o  a s ink 

will be regarded as an activity , where te chni cal l y  the same commodity ( the 

scarce homogenous resourc e )  at two different l ocations is cons idered to 

repre sent two different c ommodi ties . The transfer o f  techni cally the same 

commodity from m different sourc e s ,  as inputs , repres ents m different 

commodi t i e s . Likewise  the trans fer o f  techni cal l y  the same commodi ty to n 

different s inks , as outputs , i rrespective of the part icular source i ,  

repre sents n different c ommodi t i e s . By distingu ishing between inputs o f  

technically the same c ommodity and , a s  well , between outputs , the model s  

incorporates m+n different commodi t ie s . S ince an act ivity c ons i s t s  o f  

transferr ing a commodi ty from source i t o  s ink j .  and s ince there a r e  m 

sourc es and n sinks , there are mn ac t ivi t i e s , or proc e s ses . We distinguish 

betwe en inputs and outputs by assigning a pos i t i ve value to the coeff i c i ent of  

an output , and by as s i gning a negative value t o  commodi ties  whi ch are inputs .  

By way o f  summary , f o r  the terms activity , input , output one may subst itut e , 

respectively transfer , supply ,  del ivery .  An act ivity i s  a " blueprint " which 

describe s a particul ar t echnique of produc t i on . Some commodities  are inputs . 

16 
1 7  

· la · 
19  

see Koopmans ( 1 9 5 1 ) , pp . 3 3 - 9 7 . 
p .  5 .  
p . SO .  
p .  3 2 . 
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fbese are used in f ixed proportions t o  produce o ther c ommodi t i e s  as outputs .  

fhe analog o f  an input i s  a supply at an origin , whi l e  the anal og o f  an output 

at a s ink i s  the del ivery of a r e qui rement . S o  an activity can be cons idered 

as  a transf e r  o f  a c ommodity from supply to del ivery . Some further 

definiti ons are given : 

An activity c ons i s t s  o f  a technol ogi cal relat i onship betwe en inputs and 

output s toge ther with a l evel o f  operat ion . Ak , k�l , . . . , N wher e  N = mn 

denotes the kth activi ty ( or proc e s s ) .  

The l evel o f  an activi ty Ak measur e s  the intens ity of the activity and is 

denoted by xk � 0 ,  k=l , . . .  , N .  xk i s  a scal ar variabl e which measures a 

quanti ty . 

Note : In moving f rom the s t andard l inear program to the activity analysis  

model ther e  is  a trans i t i on in notat i on . Every original xi j  o f  the original 

model becomes an xk in the act ivi ty analys i s  model . xi j  � xk We use 

l exicographical order ing to spec i fy particul ar cas e s . Thus x1 1  � x1 ; x1 2  � 

x2 whe re x1 and x2 denote the l evel s  of activity of the bas i c  activities  A1 , 

A2 · 

A transf e r  f rom an avai labl e i nput i ,  i=l , . . .  , m to a required output , j ,  

j-1 , . . .  , n now become s equival ent to an act ivity l evel xk , k=l , . . . , N where 

S - mn . 

In its uni t  l evel o f  operati on the kth activity Ak i s  denoted by the uni t  

� ak , k=l , . . .  , N where N mn . 
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ak i s  the l x M column vector o f  the kth per unit activity 

a� 

The component of the uni t  vector i s  denoted by a £k , where a �k i s  the amount o f  

the �th commodity transformed from a uni t  input into an output by the 

operation of the kth ac tivity . 

Note : The focus i s  on the input , be cause the agent has a g iven endowment ( In 
the t i ght model the endowment i s  9 60 minute s ) . By way of contras t , in the 
Leonti e f  input - output model the focus is on the output ( produc t )  and the ai j  
i s  defined us ing a unit output . 

The �th commodity is termed an output of the kth act ivity i f  a�k > 0 and an 

input i f  a �k < 0 .  a�k = 0 means that the �th commodi ty i s  not used in the kth 

act ivi ty . 

Ak = xkak , the product of the scalar vari abl e xk and the uni t  vector ak , 

associated wi th the kth per  uni t  activity 

�xampl e We have defined activiti e s  as column vectors . Each row o f  a column 

Vec tor corre sponds to a commodity . Input coeff i c i ents are negative , output 

Coef f i c i ents are pos i tive . Inputs are , by defini t i on , uni t  entr i e s . For 

symmetry , net outputs prec ede inputs as ordered components o f  the column 

. ve�tors .  In Table 5 - 5 , the t echnol ogy matrix A defines the te chnol ogy o f  the 

5Ystem . The matrix A i s  s pe c i f ied by the N = mn columns . A has the same 
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structural form a s  the s tandard l inear program with 3 s ource s  and 4 sinks , s e t  

out in Tabl e s  5 - 2  and 5 - 3 . 

�ample I t  i s  pos s i bl e  to inc orporate change s  in technol ogy into the model . 

suppo s e  that for ac tivi t i e s  As through As , for the same input the re was a 25  

percent increase in the output . Then for the c olumn ve ctors deno ted by the 

unit ve ctors a5 through a8 , e ach uni t  input i s  - 1  and each c orre sponding 

output i s  1 .  2 5 . 

I f  the l evel o f  act ivity Ak i s  g iven by xk , then the produc t i on s e t  Y i s  

defined , us ing algebraic  nota t i on , by : 

y - ( y  y where A 

and , us ing vector - matrix nota t i on , by : 

y ""'  ( y  y Ax ,  X 2; 0 }  

The vectors A ,  x ,  y are shown in Tabl e 5 - 6 . 

The matrix A can be cons idered a s  the rul e for mapping from the vector x in N 

dimens i onal commodity s pac e t o  the vector Ax in M dimens i onal commodi ty spac e . 



Activi ty 

Al A 2 
Ac tivity 

xl x 2 

1 
1 

- 1  - 1  

TABLE 5 - 6  

Al A2 

1 0 
0 1 
0 0 
0 0 

- 1  - 1  
0 0 
0 0 

TECHNOLOGY MATRIX. A 

Ak , k=l , 0 • •  , 1 2  
A3 A4 A s A6 A ? A g  Ag A1o 
l evel xk , k=l , . .  0 '  1 2  
x 3 x4 xs x6 X ? xg xg xlo 

1 1 

1 1 

1 1 

1 1 

- 1  - 1  
- 1  - 1  - 1  - 1  

- 1  - 1  

THE ACTIVITY ANALYS I S  MODEL 

y = Ax 

A 
7 X 1 2  

technology matrix 

A1 2  

0 
0 
0 
1 
0 
0 

- 1  

X y 
1 2  X 1 7 X 1 

intens i ty vector of 
ve ctor net outputs 

p � 0 is a pri c e  ve ctor whi ch reflects scarc ity .  

An A 1 2  

x u x1 2  

1 

- 1  

required 
c ommodi t i e s  

( + )  

c ommodit i e s  
us ed up ( - )  

1 

- 1  

8 7  
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p can b e  inte rpreted a s  a vec tor o f  impl i c i t  or shadow pric e s . With r e f erenc e 

to Tabl e 5 - 6  p would denot e  the M =  m+n row ve ctor , in the vector  produc t 

pAX .  congruent with the vec t or of shadow pric e s  v = [ v1 , v2 , . . .  , u4 ] 

assoc iated w i th equati ons ( 5 . 1 1 )  and ( 5 . 1 2 ) . 

Changes in Technology 

The aim of the general i zed transportat i on probl em i s  to all ow for change s  in 

tec hnology . In thi s way we can al l ow for increas e s  in the agent ' s  c apac i ty to 

meet commodi ty requirement s .  That i s , for the same input s ,  increased 

commodities  are produc ed . We now describe change s in technol ogy in the 

activity analys i s  mode . ( 5 . 1 3 )  and ( 5 . 14 )  can be compared wi th the earl i er 

formul ation g iven by ( 5 . 9 ) . Change s  to technol ogy will be deve l oped in two 
' 

ways . We c an introduc e e f f i c i enc�s in transforming all inputs in order to 

mee t  a part i cul ar commodity requi rement , denoted by a spe c i f i ed po s i t ive 

element of y ,  the ve c tor of ne t output s . In act ivity analys i s  thi s i s  

equivalent t o  an increase  i n  e f f i c i ency row w i s e , that i s  the re are changes in 

a row of the output matri x , obtained by pre - mul tiplying the t echnol o gy matrix 

A by a sui tabl e matr i x . The o ther way i s  to change the e ff i c i ency o f  the 

produc tion proc e s s  f o r  s p e c i fied s e l e c t i on of input s , in order to me e t  at 

l eas t one , and po s s i bl y  all , commodity r equirements deno ted by the pos i t ive 

elements o f  y .  I n  a c t ivity analys i s  thi s corr e sponds to an inc rease in 

e ffic ency c olumn wi s e  that i s  there is pos t - mul tipl i cati on o f  the o r i ginal 

matrix . 



suppo s e  the pre s ent t echnol ogy matrix i s  denot ed by A ,  where 

A l- - - :�- - - -1 output matrix 
and , 

input matrix 

€ ( - 1 ,  0 , l )  

�e now relax the as sumption o f  unimodul ar A .  Let there be an increase o f  

efficency row wi s e . The pre mul t ipl ication matrix i s  denoted by R .  

Then the new technol ogy matrix i s  denoted b y  A* , where 

8 9  

RA ( 5 . 1 3 ) 

For change s  in a row there i s  pre mul t ipl ication of the original matrix . 

We might al s o  cons ider an increase in e f f i c i ency column wi s e . 

As before we relax the as sumpt i on of unimodul ar A .  Let there b e  an increase 

in  effici ency column wise . As  earlier , we us e a mnemonic approach . R denotes 

a diagonal matrix a s s o c iated with a change in effi c i ency row wi s e . A* denotes 

a changed technol ogy , with the s ingl e  s tar denoting � mul t i pl i cation o f  the 

original matrix . The post mul tipl icati on matrix E refers to an increase of 

eff iciency in the use  of an endowment . 

Th ** en the changed t echnol ogy i s  denoted by A , where 

A** AE ( 5 . 14 ) 



ror increases  in efficency c olumn - w i s e  there i s  post -mul tipl ica t i on o f  the 

original matrix . 

Jeasons for formul ating a transpor tation model wi thin the framework of 

activity analys i s  are now given : 

90 

1 .  I t  provide s an al ternative c oncept o f  hous ehold product i on t o  that of 

the Becker model . An act ivity analysis  approach provide s a bas is for 

object ive c onsumption the ory . Produc t i on cons i s t s  of a number of 

activit i e s , or proc e s s e s . For each activity certain inputs are 

transformed into certain output s . The socio - ec onomic produc ti on 

funct i on is specified in the activity analys is mode in Chapter 7 .  

2 .  I t  i s  based on an elegant and rigorous mathemat ical anal ys i s2 0  which 

offers a theoret ical foundat i on - convex sets in topol o gical space -

on whic h  to build model s  o f  t ime al l oc ation .  As well the mathematical 

structure has l inks with graph theory . 2 1  

3 . Through activity analys i s  the time all ocation models c an be extended 

20 
21 

to i nclude wel fare concept s .  The concept of Pareto Opt imal i ty can be 

shown to be equival ent to a s tatement in activity analys i s , namely the 

e f f i c i ent c ombination of activitie s .  Pric ing theorems whi ch make us e 

of  a ve ctor of pri ces  of  c ommodit ies  have been devel oped in activity 

analys i s . The se theorems sugge st ec onomic interpretat i ons of non 

marke t pri c e  vectors . 

Takayama ( 1 9 8 5 ) , p .  5 1 . 
Samuel s on ,  op . cit . p .  2 8 5 . 

al s o  Karl in , op . cit . Ch . 5 ,  pp . 1 3 8 , 1 3 9 . 



4 .  The activity anal ys i s  model shares s truc tural feature s with othe r 

important linear model s  such as the Leont i e f  input - output model . 2 2  

Ther e  are l inks with othe r model s .  Koopmans has commented that the 

activity analys i s  model i s  " closely related to the von Neumann 

9 1  

mode l s " . 2 3 The model s discussed i n  thi s s e c t i on can be derived from a 

gene ral ized von Neumann model . 24 Linear model s  related to activity 

analysis  have be en us ed to represent qui te different . even 

c ontrasting , approaches to economi c s . The fact that the model s  share 

a c ommon mathemati cal struc ture suggests  that given sui tabl e 

interpretati ons , time al l ocation analys i s  can describe economic  

activity for different economi c systems . 

S .  The activity analys i s  model provides a l ink between the behavi our o f  

an agent . whi ch i s  obs ervabl e ,  and the non- observabl e value of the 

t ime used up . More technically there i s  a mapping between the agent ' s  

obs e rvabl e ac tivi t i e s  in N dimens i onal space and the shadow pr i c e s  of 

t ime use assoc i ated with the M dimens i onal vector of re quirement s .  

6 .  Change s  in te chnol ogy can be spec ified appropriately us ing the 

act ivity analys i s  model . 25 

22 Koopmans ( 1 949 ) c omments : "This model differs from similar model s  
discus sed by Leontief i n  that the numbe r  o f  poss i bl e  activi t i e s  exc eeds 
number o f  des ired end - products , thus permit ting choice and subst itut i on 
between produc tion methods " ,  p .  74 . 
23  Koopmans ( 1 9 5 1 ) . See footnot e  p .  458 . 

24 

25 

al s o  Koopmans and Bausch ( 1 9 5 9 ) . Topi c  5 ,  p .  111 . 
Karl i n , op . c i t . Chapter 5 ;  
al s o  Brody , ( 1 9 70 ) . pp . 5 0 - 6 1 . 

Numer i cal exampl e s  are provided in Chapter 9 .  

the 



CHAPTER 6 

ECONOMIC INTERPRETATION 

6 . 1  Introduction 

The numeri cal exampl e s  introduc ed in an intuit ive and non - formal way are now 

interpre ted formally . Building on the mathemati cal notat i on and struc ture 

formul ated in Chapter 5 ,  thi s chapter offers an economic interpretation for 

the symbol s already provided . The economic interpretat i on breaks new ground . 

Parti cular attention i s  given to the interpre tati on of the dual s as shadow 

pric e s , and to expre s s ions for soc ial income . 

In the s tarred s ection ,  ec onomi c  interpretat ions are given for the two bas i c  

concepts o f  c ommodity and activity . Each activity uses up time and incurs a 

cost . Interpretations are provided for changes in the technol ogy of a s o c i o ­

economic produc tion function . 

6 . 2  Outline 

The ini t i al s ec t i on deal s with the economic interpretati on o f  variabl e s  and 

parameters . The concept o f  soc ial income , and the the ory of saving , Moe s eke 

( 19 8 5 ) ,  are shown to be appl icabl e to the time al l ocati on model s .  Ini t i ally 

the models assume a fixed technology . Thi s as sumption i s  then relaxed s o  

that ,  conc eptually , the t ime allocation model s become general i zed 

transportati on probl ems . We i ghts are attached to the endowments and t o  the 

requirement s . The economic interpretation has particular s ignificance . 



Change s in technol ogy are deve l oped in two ways . There i s  an increase in 

effic i ency column -wi s e , and there i s  an increase in eff i c i ency row - wi s e . 

fgrmulation 

An agent mus t  carry out a range of d ifferent activities to me et the 

9 3  

requi rements of his  social pos i t i on .  The se a r e  the agent ' s  soc ial parameters . 

Activi t i e s  can be undertaken wi thin several typ e s  of  given environments . 

Certain environments enabl e the agent to carry out an activity more 

effi c i ently and can therefore be c ons idered to generate economic rents . Each 

activi ty can be quant i f i ed in terms of t ime and money cost . The agent ' s  time 

is  to be all ocated in such away that all required activi t i e s  are to be  me t 

us ing the availabl e time endowment , and at minimum cost . Of course the 

probl em of trade - offs is unavoidabl e .  For the primal the agent as rati onal 

deci s i on maker i s  faced with the cho i ce betwe en on the one hand , mee t ing the 

1 demands o f  social requirements and , on the othe r , minimizing the c o s t s  of the 

activi t i e s  they generate . The probl em i s  to s pe c i fy the optimal combination 

' of activi t i es given resourc es and budget cons traints . 

farame t e r s  and Vari ables 

As  in any t ransportation probl em there are sourc e s  and s inks . Behavi our 

sett ings are at sources and requirements of s o c i al po sition at s inks . In 

chapte r  7 s impl e 2 x 2 ,  2 x 3 and 3 x 3 models are formul ated and solved . For 

the more deve l oped mode l s  introduc ed in Chapter 8 there are f ive behavi our 

sett ings .  They do not overl ap . D i ff erent environments corre spond to the 
l 
r supply o f  a scarce homogeneous res ource at diffe r ent sources . 
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�e behaviour sett ings are : 

state , hous ehold , private enterprise , voluntary assoc iati ons , workplace . 

�orkplace repre sent s a behavi our setting distinc t from al l other behaviour 

settings , be cause the envi ronment i s  defined as one in which inc ome i s  earned . 

Thi s environment the r e fore shape s behavi our in a way that other environment s 

do not . C onceptually , behaviour settings are characterized by an endowment 

specif ied in terms of the s eparate environment s .  A behaviour s e tt ing 

(environment ) is not s i mply equival ent to a physi cal locat ion . For exampl e 

the introduc t i on of a J IT sys tem resul t s  in a different environment , even 

though the l ocat ion i s  itself  unchanged . ! The requi rements of soc ial po s i tion 

are : heal th , j ob , ac ademic , socio- cul tural , commercial . 

6 . 3  Transportation models - economic interpretations 

We now provide an e conomic interpretat i on of the mathematical symbol s  of the 

transportation model s  o f  time al l ocat i on . 

frimal and dual of transportat i on probl em ( 5 . 7 ) and ( 5 . 8 ) 

ai the total number of minute s  availabl e wi thin the ith behavi our s e tt ing 

i=l , m .  

bj the total number of minute s  demanded by the jth s o c i al requirement 

j=l , . . .  , n .  

ci j c o s t  for behavi our setting i to provide one minute for  the j th soc ial 

requirement . 

�i j = number of minute s  behaviour s e tt ing i i s  to provide for mee ting the 

� . j th s ocial requi rement . 

O ' Grady ( 1 9 8 8 )  p . 3 3 ;  al s o  p . 7 7 .  



In the slack model the ai i s  a distribution . In the tight model both the ai 

9 5  

and the bj are distri buti ons . A distribution i s  interpreted a s  a non -negative 

vector adding up to 1 ,  wher e  the uni t  denotes the 16 hour waking day . 

The sources i ,  i=l , . . .  , m denote behaviour s e ttings , interpre ted as 

environment s . The a i denote  the supply of time at source i .  In the model the 

terms " endowment " ,  " capac ity " , as us ed in the l i terature , are synonymous with 

a supply at source i .  

The s inks j ,  j=l , . . .  , n denote soc ial requirements . They repre sent demands 

on the agent ' s  time endowment . The terms " s o c ial requirements " ,  " requi rement 

of soc ial pos ition" , are interchangeabl e .  In the numerical exampl e s  the term 

•agent " refers to a s tudent . 

Iype s o f  costs 

1 .  Direct or observed costs 

The per unit cost  c i j  denotes  the market cost of  meet ing soc ial requirement j 

within behavi our s e t t ing ( environment ) i .  The c i j  denote observabl e c o sts 

measured in c ent s per  minut e . As de s cribed in Chapter 4 ,  the c i j  are d ivided 

into two mutually exclus ive c omponents ,  namely the per unit cost of travel and 

the per unit cost  o f  al l remaining inputs ( go ods and servic es ) .  The c · · are � J 
therefore interpre ted differently from the per unit costs of the ordinary 

transportati on probl em whi ch are for shipping only . In the core model c i j  > 0 .  

In the s l ack and the tight mode l s  ci j  � 0 .  c i j  > 0 is interpreted as an 

expendi ture . ci j  < 0 i s  interpreted as net inc ome . 
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2 . Indirect costs  

�e shadow prices  come out o f  the model , for exampl e as  in  ( 5 . 1 ) , ( 5 . 3 )  and 

( 5 . 4 ) .  The shadow price system for valuing t ime use i s  generated by the dual 

probl em .  There i s  an expl i c i t  relationship between imputed prices  and market 

pric es . 

The imputed , or shadow , prices 2 at sources  ui , and at s inks vj . are 

interpreted respectively as differential rents and as efficiency pri c e s . In 

the transportat i on probl em the shadow pri c e s  at sources , namely the ui · are 

often referred to as location rents . However the preferred term in the t ime 

allocat ion model s  i s  different ial rents because , unl ike the standard 

transportati on model , the sourc es are not l ocations . S ome environments confe r  

advantages o n  a n  agent . For exampl e an environment that generates a l ower per 

unit market cost , c i j • i s  at a premium rel ative t o  other environments . 

Compari son o f  the differential rents provides a guide to the relat ive 

advantage of us ing one environment rather than ano ther . 

In the slack model the shadow price w ,  o f  the t ime endowment , i s  introduc ed . 

The vj are made up of thre e  component s ,  namely the per uni t  marke t c o s t  ci j • 

the differential rent ui , and the value , w ,  of the total t ime endowment , 

cf ( 5 . 5 ) . 

In the tight model , the v j represents an effici ency price made up of two 

components , the per unit market cost and the differential rent . For effic i ent 

_ 2 Dorfman , Samuel s on and Solow ( 1 9 64 ) ; Lancaster ( 1 9 8 7 ) ;  Takayama ( 1 9 8 5 ) 
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�locat i on of r e s ourc e s  the agent shoul d b e  prepared to pay a premium price 

for time use to mee t  a soc ial requirement . up to the value of the dual price 

at a sink .  The vj inte rpreted as  an e f f i c i ency price can be compar ed with the 

del ivered value o f  a r e s ource in the t ransportation problem . 

� = the imput ed value , or shadow pric e , at the i th behaviour sett ing 

( envi ronment ) 

vj = the imputed value , or shadow pri ce , for the j th social requirement 

u1 is measured in c ents per minute at s ink i ,  i=l , . . .  , m . J. ': " , ,• 

vj is measured in c ents per minute at s ource j .  j=l , . . .  , n .... � t,..... ) .. _.,, ... : 

In the slack mode l , a shadow pr i c e  w i s  associated with the total t ime 

endowment . w refers to an ove rall c ons i s tency cons traint . Unl ike the ui , w 

does not generate a shadow pri c e  for a parti cul ar behavi our setting i ,  

1•1 , . . .  , m .  

V the imputed value . or shadow price , of the total time endowment 

v measure s  the value of one extra uni t  of the total time endowment at source . 

Vhen used optimal l y . That i s . w provide s a money measure of the val ue which 

an addi t i onal uni t  c ontr i butes t o  the value of the total time endowment 

( resource capacity ) , where t ime i s  cons idered as a scarc e res ourc e .  

is measured in cents per minute for the total t ime endowment � xi j  � 1 .  
i j  . 

( re f . 5 . 4 )  

The economi c cost i s  def ined a s  the market cost  together with the opportunity 

tost of the activity . 
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In the nume ri cal exampl e s , as i n  al l activity mode l s , the opportuni ty c o s t  of 

the activi t i e s  not expl i c i tly included in the program is ignored . The 

omi ssi on may be signif i cant as the foll owing exampl e  shows . 

�ampl e l 

An agent chooses to spend two hours at a dayt ime mus i c  fe stival in preference 

to his work as a consul tant for which he i s  paid by the hour . The e c onomic 

cost of the ac tivi ty is the marke t cost of goods and s ervi ce s ,  including 

travel and the price of entry , together with the foregone earnings for the two 

hours . In the exampl e we have as sumed a unimodal transportation mode l . 

Primal - transportat i on probl em ( 5 . 7 ) 

m 
min � 

i=l 

n 
� ci jxi j  

j=l 

whe re c i j  > 0 denotes  money expenditure in cents/min 

c i j  < 0 denotes  net money income from empl oyment in cent sjmin ,  where 

net money income = earnings ne t of tax l e s s  cost of 

transportat i on to work . 

This means that the c o s t  matrix cons i sts of both pos i tive and negative 

entries , and that for e ach of the var iabl e s  xi j  � 0 ,  cover ing all poss ibl e 

time use in environment s to meet soc ial requirements , the re is a corre sponding 

C · . l J • 



2: c i j xi j  2: c i jxi j  + 2: 

i , j  C · ·>0 l J c i j<O 

net cost o f  
the agent ' s  expendi ture + ne t 
activi t i e s  

umal - c or e  and ti�ht mode l s  ( 5 . 1 ) ; ( 5 . 3 ) 

ci jxi j  

inc ome 

he primal minimi z e s  the total market c o s t  of the agent ' s  time us e provided 
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Mt both a behavi our s e t t ing cannot be required to supply more than its t ime 

:apac ity and each s o c i al requirement i s  ful ly met . 

'rimal - slack model ( 5 . 3 ) and ( 5 . 4 )  

� above , but with the added cons traint that the agent ' s  total t ime us e cannot 

exceed the endowment o f  9 6 0  minut e s , denoted by unity . 3 

Dual - transportat i on probl em ( 5 . 8 ) ; core and tight mode l s  ( 5 . 2 ) , ( 5 . 6 ) 

n 
rnax 2: v jb j 

j=l 

The maximum ne t imputed value of t ime us e is equal to the to tal 

( shadow ) value of t ime use for soc i al requirements l e ss the to tal 

imputed rent ove r al l behavi our s e tt ings . 

The dual maximi z e s  the net imputed value of t ime use , provided that 

thi s imputed value should not exc e e d  the per unit cost of us ing a 

minute of t ime . 

ref . s e c t i on 5 . 4 .  
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Dual - slack model ( 5 . 5 ) 

n m m 
max L: vj bj L: ui ai L: w 

j=l i=l i=l 

The maximum net imputed value of time use is equal to the total shadow 

value of time use for  soc ial requi rements . l e s s  the sum of the total 

imputed rent ove r al l behaviour sett ings and the value of the total 

time endowment at s ource . 

The dual maximi z e s  the net imputed value of time use , provided that 

thi s imput ed value shoul d not exc eed the per unit cost of us ing a 

minute of time . For the sl ack model , the net i mpute d  value of t ime use 

include s the dual var iable w ,  the imputed pr i c e  assoc iated with total 

time endowment . 

. Note : w i s  redundant for the tight model . 

: Slack and T i�ht Models 

.,.,. 

In the slack model the f ocus i s  on the behaviour of a particular agent . In 

the tight model the focus i s  on the behavi our of the average agent . In the 

tight model nothing preclude s for an individual but the f ocus is on the 

�haviour of the avera�e agent . cons idered to be representative of a group o f  

individual s .  Groups could be determined by oc cupat i onal classificat i ons , and 

�Ould incl ude certain unpaid categori e s  such as hous ewife . Statist i cal data 

relating to the behavi our of individual agent s can be used to obtain obj e c t ive 

���ameters , measured in t ime units , for the behavi our of the average agent . 
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Soli pre c i sely i s  the model rel ated to extended nat i onal income acc ounts to 

cover the socio - economic dist inction?4 The model provide s an " integrat ing 
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framework " for a range o f  data . All the agent ' s  ac t ivit i e s  take place within 

five behavi our s e ttings , foll owing Barker , whi ch can be l inked with time use 

( Szalai )  together with a set of per unit costs . As wel l  the model imputes a 

dollar value to the vector of t ime use . An object ive technol ogyS connects 

time use in behaviour settings with a set  of observabl e social parame ters . 6 

�caus e the parameters are measured in time units , the model i s  objective and 

aggregat i on i s  prac t i cabl e .  I t  therefore repre sents a contributi on to a 

�ystem o f  soc ial inc ome acc ount s . With the inclus i on o f  an aggregate time 

cons traint , the sl ack model i s  a transport model w i th s ide constraints . 

Standard l inear pro�rammin� model 

For the standard l inear programming model the same defini tions apply . An 

exampl e us ing vector notation i s  provided in secti on 7 . 2 .  

Summary 

For the transportati on probl em we can now bring together some of the economic 

interpre tat i ons with part i cul ar attenti on to shadow pric e s . For c onveni enc e 

the ti�ht model is  cons idered . S tarred variables indi cate opt imum values . By 

�ay of summary , from the dual i ty theorem , for an optimum : 

4 Fox and Mil es  ( 19 8 7 ) c onsider the " two ma jor probl ems " of soc ial system 
accounting to be : 

1 .  how t o  measure and acc ount for non - market activi t i e s  
2 . how t o  c ombine s o c i al and economic indicators . p .  1 2 2 . 5 cf .  the s tarred section 6 . 5  for an economic interpretation . . - 6 Th '  �- _ � s  approach can b e  c ompared with Fox ( 1 974 ) - social welfare indicators 

�
- - and Fox and Gho sh ( 1 9 8 1 ) ; Moe s eke ( 1 9 8 9 ) - s ocial accounts . As ( 1 9 8 2 ) 

Proposes several time based s o c ial welfare indicators . 



1 0 2  

At-market pri c e s  At imput ed. o r  shadow . pr ices  

total cost  

* 1: C i jXi j  
i , j 

total cost o f  time 
use ,  for an agent 

Total value of 
the resource at s inks 

Total value of the 
demand for t ime us e 
over al l soc ial 
requirement s j .  The 
agent puts a non­
market value on time 
use to meet s oc ial 
requirement s whi ch 
i s  inte rpret ed as a 
s e t  of e f f i c i ency prices 

Total value of 
the r e s ource at sources 

Total value of the 
agent ' s  supply of t ime 
over all behavi our 
sett ing i .  The agent 
put s a non - market 
money value on time 
use a s s oc iated wi th 
behaviour settings 

By way of compari s on ,  from the dual i ty theorem for the transportation probl em 

Cost of t rans portation value and de s t inations value at origins 

For the transportat i on model , the c o s t  of t ransportation i s  equal to the value 

created by the shi f t  because every s ink rece ive s  and every s ource g ive s , unt il 

the total endowment at s ources has been c ompl etely transferred to s inks . 

In the trans portat i on model s of time al l ocation , for an optimum , total cost of 

time us e for an economic agent is e qual to the net imputed value of t ime us e ,  

subj ect t o  the constraint s of the model . 

�eral i zed transpo rtat ion problem 

ro..., equation e i 2: Xi j  � ai i=l , m · j=l , n .  ( 6 . 1 ) . . .  ' ' . . ' '  

�Col�n equation r ·  J 2: Xi j  � b j i=l , . . .  ' m ·  ' j=l , . . . ' n .  ( 6 .  2 )  
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,be re 

we i ght of the gndo��ent 

we i ght of the �equirement 

•i � 0 ,  r ·  J � 0 

•i 0 can be interpreted as a bottl eneck at behaviour setting i .  

fj 0 can be inte rpreted as a bottl eneck a s s ociated with me e t ing 

requirement j .  

An increase in e i , equival ent to an inc rease in e f f i c i ency column - wi s e , means 

that the re is an increase in the efficiency o f  t ime use in the ith behav i our 

Je tt ing . The endowment o f  t ime in the ith behavi our setting is enhanc ed . I t  

ls a s  i f  ther e  were more t ime available for u s e  wi thin the ith behavi our 

. � •ett ing . 

An increase in r j , equival ent to an increase in e f f i c i ency row-wi s e , means 

that with the same amount of time an increased j th soc ial requirement can be 

llet . 

Example 2 

Suppose improved informat i on systems re sul t in l e s s time be ing ne eded at the 

i th behavi our s e tt ing t o  me e t  a soc ial requirement . I f , relative to the 

unimodal cas e repr e s enting the ordinary transportation model , the re has been a 

25 percent increase in eff i c i ency , then ei = 1 . 25 . 



6.4 Social Income and Savin&s 

�ial income i s  the value of an agent ' s  s o c ial pos i t i on plus money inc ome . 
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�is defini t i on is the same as that provided by Moe s eke ( 1 9 8 5 ) . In that paper 

�th the conc ept of social income and the the ory of savings were first  

proposed and formulated as  quantitat ive and prac t i cal measurements in 

objective consumpti on theory . Both concepts are used in the time all ocat i on 

�els . The formul ation o f  soc ial income suggests a different interpre tat ion 

from that given in the Moe seke ( 1 9 8 5 ) mode l . For comparison with the Moes eke 

�el a formul ation is now provided for the tight mode l . Al ternat ive ways to 

derive Soc ial Income are provided in Chapters 7 and 8 ,  us ing vector matrix and 

activity analys i s  notat i on respectively . 

In the numer i cal exampl e s  quantitative value s are derived for the agent ' s  

social inc ome and savings over a set of changing conditions . Whi l e  the 
�· 

results of such appl icat i ons are not wi thout interes t ,  a further aim i s  to 

show that the conc epts o f  soc ial inc ome , and the soc ial theory of saving , are 

operational in models  that are quite diffe rent from the model in which they 

Vere first f ormul ated , so that in fact the se conc epts can be shown to be 

&eneral ized .  

Ve know that 

+ 

i , j  

._App_l ying the dual ity theorem , 

i , j  j i ( 6 . 3 ) 



aenc e .  

* l: Ci jXi j  
i , j 

* }: c · ·x · · l. J  l. J  i . j 
E > I hence dis saving 

E < I hence saving 

E 

t otal consumpti on 
for all non-work 
related act ivities  

<the pos i t ive 
component of 

value o f  
c onsumption . 

I * < · mpos ing the money budge t cond i t i on .  L c i jxi j  = 0 .  
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I ( 6 . 4 )  

net money 
inc ome from 
work 

<the negative 
component of 

= value of 
t ime spent on 
work . 

( 6 . 5 ) 

In the Moe s eke model ( 1 9 8 5 )  S o c i al Income ( S I )  i s  defined as the value o f  

soc ial po s i ti on plus n e t  income from work . Thi s  definit ion i s  based on the 

dual ity theorem . I t  should be noted that the definit ions in Moeseke ( 1 9 8 5 ) 

and in the Fox - Mo e s eke model ( 1 9 7 3 ) do no t nec e s sarily co inc ide . By applying 

the dual i ty theorem t o  the time use model we can show that : 

i: c · · x ·  .*  l J l. J 

that is 

By defini t i on ,  

E I 

S I  

value of 
soc ial 
pos i t i on 

+ I 

value o f  time 
spent on work . 
( = net income ) 

( 6 . 6 ) 



Henc e 

In words 

,. '11'1'" 

S I  E 

value of  
consumption 

value of  t ime 
endowments 

_ fhe total cost of soc ial inc ome is more than than the market expenditure . 

:; 
Since S I  

. Then 

· that is , 

2:: v* · b  · + I . J J J 

I E 

savings 

E 

value of  
time 
endowments 

+ 

value of  
soc ial 
requi rement s 
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( 6 0 7 )  

:As in the Moe seke ( 1 9 8 5 ) model , the agent save s or dissaves according as I - E > 

.-:"0 or < 0 respectively . 

A· In the foll owing chapt er numerical exampl e s  will  be used to ve r i fy 
-..,;;. ...-,. ·. 
,_ quantitatively the equival enc e of  de te rmining saving ( or dis saving ) f rom ( 6 . 4 ) 

and from ( 6 . 6 ) . 

as fol l ows : 

( 1 ) the 

t c · ·x · . 
c . � J  � J  �J  

t c . ·x '� 
� J  ' ij  I . 

* 

primal 

> 0 dis sav ing 

< 0 saving 

( 2 )  the dual 

2:: * 2:: uiai > 0 dissaving V b j -
j 

2:: v*b j 
- 2:: viai < 0 saving 

j 



t� Activity Analysis - Economic interpretations 

I 
, The formul a t i on of the t ransportat ion probl em as an ac tivity analys i s  model 

! introduc ed the two bas i c  c onc e pts of c ommodity and activity . An e c onomic 
[ I 
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' interpretation of the s e  concepts is now given . 

A �mmodity may be a r e s ource , a good or a service which i s  tranfo rmed by an 

activity . I n  the act ivity analysi ; mode , t ime i s  an endowment , the supply of 

a scarc e resourc e , availabl e for use within well def ined environments termed 

•behavi our s e ttings " .  In the tight model , the total time endowment o f  9 60 

ainutes i s  d i stributed over environme nts . T ime use in a spe c i fi c  environment 

: repre sents a primary commodity . Soc i al requi rements can only be met by the 

; agent ' s  t ime use . Ac t i vi t i e s  are carri e d  out by the agent to produc e f i nal 

. commodities  in order to me e t  social requirements . Hence pr imary and f inal 

; commodities  r epre s ent t ime use . Any c ommodi t i e s  which are nei the r primary nor 

t final are classified as intermediate commodi t i e s , a catch - al l  to c l o s e  the 

[ system . S ince the focus of the mode l  i s  t ime us e ,  commodit i e s  such as 

t consumer goods and s e rvi c e s , are cons idered to be intermediate commodi t i e s . 

: The model doe s  not overl ook such commodi t i e s , s inc e the cost of an act ivity 

L includes the c o s t  o f  c ommodit i e s  transformed . I 

' 
[ In the transp ortati on p robl em the transfer o f  technically the same c ommodi ty , 

namely t ime use , from two different e nvironments i s  c onsidered to repres ent 

tvo diffe rent primary c ommodi t i e s . L ikewi s e  the transfer of te chnical ly the 

same commodity to mee t  different soc i al requirements , irre spe ctive of the 

parti cul ar behaviour s e tt ing ( envi ronment ) ,  represents two different final 

commoditi e s . 



Ve can clas s i fy commodi t i e s  relative to the technol ogy matrix A 

For the kth activity : 

If a £ k  > 0 the £th commodi ty is a final commodity 

If a 9- k  0 the 9-th c ommodi ty is an intermediate c ommodity 

. If a 9- k < 0 the 9- th commodi ty is a primary commodi ty 

1 0 8  

An activi ty or process , transforms primary commodi t i e s , as input s ,  into f inal 

commoditie s  as outputs . As mentioned , ( **5 . 7 )  the r e  is a f ixed quantitat ive 

relat ionship between inputs and outputs . An activity i f  carried out at uni t  

level , is the amount of the f inal commodity transformed from one uni t  ( usually 

- one minute ) of the time endowment . Negative flows repre sents inputs , pos i t ive 

flows repr e s ent output s .  The time endowment i s  therefore treated as negative . 

: This is why it has been de scribed as a negative re quirement . 

- The soc io - e conomic produc t i on func t i on denoted by the matrix A can be 
I -

cons idered as the rul e for mapping from the vector x in N dimens ional 

commodity space to the vec t or Ax in M dimens i onal commodity space . Thi s  

repre sents a transforma t i on from activi ties to requi rements . The ve ctor Ax i s 

congruent with the m+n requirements vector y .  Endowments are denoted by the 

negative e l ements of y .  Each el ement o f  Ax can b e  ass ociated with a pri c e  

Vector p ,  congruent with the vector of shadow pri c e s v = [ ul , u2 , . . . .  vl , v2 , 

· · · · ] . The price ve ctor p expres sed in cents/min reflects scarc i ty of a 

requirement . It  deno t e s  the value of an additional unit of time to mee t  a 

requirement . For p , a ne gative value is assoc i at ed with a negative requi rement 

�hich repre sents an endowment . The value of a produc tion set is g iven by pAx .  

�-
- The

_ 
technol ogy matrix can be considered a s  a l ink betwe en the activi t i e s  of an 

�:agent and the value o f  the time requirements ,  including endowment s .  Henc e 



ctivity analys i s  i s  interpre ted as a mapping from obs ervabl e M - dimens i onal 

ctivity " spac e "  to non - ob s ervabl e M - d imens i onal value " spac e " . 

han&es in Technolo&y 
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nterpretat i ons are now provided for the two ways in which changes in 

.echnol ogy have already been formul ated . The approach i s  ana l ogous to 

.ncreas es in e f f i c i ency for the general ized trans portati on problem ( 6 . 1 )  and 

:6 . 2 ) . By way of exampl e ,  we c ould c ons ider that efficienc i e s  in transforming 

.nputs into outputs ari s e  because a particul ar environment has been enhanc ed . 

iince environment shapes behavi our , a change in a particul ar environment will 

:esul t in change s  in behaviour by an agent . Thi s  means that for all 

lctivi ties  involving time use in the enhanced environment the same input can 

� transformed into an increased output , or equival ently , the same output can 

� obtained us i ng a decreased input . In ac tivity analys i s  ther e  i s  an 

lncrease in e f f i c i ency column wise . 

Exampl e 3 

There are two inputs and two outputs . There are four activi t i e s , or 

proce sses . 

A [ 1 

0 

0 

1 

1 

0 

0 

1 l - B  [ - 1  

0 

- 1  

0 

0 

- 1  

0 

- 1  l 



1 1 0  

�e technol ogy matrix is 

Al A2 A 3 A4 

1 0 1 0 

0 1 0 1 
A 

- 1  - 1  0 0 

0 0 - 1  - 1  

The act ivi ties  repre s ent the poss ibl e  technical proc e s se s , and are denoted A1 , 

A4 . For a transportati on probl em the A1 , A2 , A3 , A4 denote transfers 

from s ource 1 to de stinati on 1 ,  from sourc e 1 to destination 2 and so  on . 

� suppose that there i s  a 5 0  per  cent increase in the eff i c iency of time use in 

· the first behavi our setting for me et ing both soc ial requirement parameters . 

- �The new input and output mat r i c e s  are denoted by A** and s** . The changed 

: �technol ogy matrix is A** . The doubl e star denotes �-mul t ipl icat i on of the 

! :  
�

�
original soc i o - e conomic matrix A .  

A** 

� • ..flenc e 

[ 0 

1 . 5  0 1 

0 1 . 5  

1 . 5  0 1 0 

0 1 . 5  0 1 

- 1 . 5  - 1 . 5  0 0 

0 0 - 1  - 1  

A** AE 

0 l 1 

- B** 

1 0 1 0 

0 1 0 1 

- 1  - 1  0 0 

0 0 - 1  - 1  

[ l 0 0 - 1 . 5  - 1 . 5  

0 - 1  - 1  0 

1 .  5 0 0 0 

0 1 . 5  0 0 
AE 

0 0 1 0 

0 0 0 1 



there E i s  the diagonal matrix s p e c i f i ed by7 

E 

1 . 5  0 0 0 

0 1 . 5  0 0 

0 0 1 0 

0 0 0 1 

Suppos e the 5 0  perc ent increase  in the effic iency of t ime use in the f i rst 

�havi our s e t t ing c ould be us e d  t o  mee t  the first  soc i al requirement onl y . 

Then E 

Example 4 

1 . 5  0 0 0 

0 1 0 0 

0 0 l 0 

0 0 0 1 

1 1 1  

There i s  no relative increase  in the effic iency of t ime u s e  i n  any par t i cular 

�havi our s e tting . Suppose that there i s  a 50  per c ent increase in the 

effi c i ency of me e ting the s e c ond s o c ial requirement . There is an increase in 

efficiency row-wi s e . The changed te chnology matrix is denoted by A* . The 

s ingl e  s tar deno t e s  pre - mul t i pl ication of the original s o c i o - economi c matrix A 

1 E i s  a 4 x 4 diagonal matrix . 
eigenvalue s . 

The suc c e s s ive d iagonal entries are 
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1 0 1 0 1 0 0 0 1 0 1 0 

0 1 . 5  0 1 . 5  0 1 . 5  0 0 0 1 0 0 

l RA 
- 1  - 1  0 0 0 0 1 0 - 1  - 1 0 0 

: 
0 0 - 1 - 1  0 0 0 1 0 0 - 1  - 1  

* RA &ence A 

where R i s  the diagonal matrix spec i f i e d  by 

1 0 0 0 

0 1 . 5  0 0 
R 

0 0 l 0 

0 0 0 1 

�or both an increase in effic iency c olumn-wi s e  and an increas e in e f f i c i ency 

�ow-wise , the new technol ogy i s  obtained by respe c t ively po s t - mul t ipl i cation 

� pre -mul t ipl i cati on by a diagonal matrix . The diagonal mat r i c e s  are 

_ denoted E and R re spectively and the new te chnolog i es by A** and A* 

}espectively . 

�te on dimensional i ty 

In both numerical exampl e s  the technol o gy matrix A was 4 x 4 .  As wel l , the 

latric es E and R, rel ated to changes in a row and in a c olumn respect ively 

- �re not 

.. have a 4 -

only 

X 4 

square 

matrix . 

but diagonal matr i c e s . There is no a priori reason to 

In the numerical exampl e s  of Chapter 8 ,  there are f ive 

; 
\ehaviour s e t t ings and f ive parameters o f  

r _-tt'i�ri reason why the numbe r  of behaviour 

s o c i al positi on . The re is no a 

s e t tings is equal t o  the number of 
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social requirement s . A model with two input s and two outputs generates a 4 x 

4 matrix and all a c t i vi t i e s  are required . Howeve r the numer i cal exampl e s  with 

five behaviour s e t t ings and f ive requirements of social pos ition generate s  a 

10 x 2 5  technol ogy mat r ix . S ince the number of ac tivi ties exceeds the number 

element s  in the c ons traint vec tor of input s and outputs ,  at l ea s t  1 5  

activi t i e s  mus t  b e  r e l i nqui shed by the optimi z ing agent t o  obtain a square 

aatrix . The dimens i onal i ty r e quirement entail s that invariably we will end up 

by sel e c t ing a square matrix . The assoc iated matrices E and R are diagonal 

aatric e s  only . 

In the numer ical exampl e s  o f  Chapter 8 ,  the tran s formation i s  s p e c i f i e d  by the 

lO . x 2 5  matrix A whi c h  c an be c ons idered as a rul e for mapping f rom the vector 

x in 2 5 - dimensional c ommod i ty space to the vec t o r  y in 10-dimens i onal 

commodi ty space . The a s s oc i at ed diagonal matri c e s  E and R are 2 5  x 2 5  and 10 

� X 10 respec t ively .  

Exampl e 4 

For the 8 x 1 6  s o c i o - e c onomic produc t i on func t i on denoted by A there i s  a 100 

percent increase in e f f i c i ency in meet ing the third social requirement . Then 

the new technol ogy , d e s c r ibed by a new socio - e c onomic product i ons func t i on A* 

can be obtained by pre - mul t iplying the original matrix A by R where R i s  a 8 x 

8 diagonal matrix , and r3 3  - 2 . 0 ,  otherwise al l diagonal el ements =1 .  All 

Other el ements = 0 .  

Given that there i s  an upper l imit on input s and a l owe r l imit on outputs , the 

reducti on in dimens i on s  r e f l e c t s  the fact that s ome combinati ons of i nputs are 

no�- optimal . I ne f f i c i ent proc e s s e s  are not uti l ized by a rat ional agent . For 

. :�mpl e , c e rtain c ombina t ions o f  c ommodities  are ineffici ent because the 
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relatively high costs  per uni t  of time outwe i gh any corre sponding gain 

obtained through a reduction in time use and therefore do not contribute to 

-�nimi z ing costs . 

-ary 

For the case of  the agent as an individual c onsume r ,  the technology matrix A 

can be regarded as the s o c i o - economic produc tion func tion . In the act ivity 

analys is formulation of the transportation p robl em the matrix A can be 

regarded as a l ink between , on the one hand , certain obs ervabl e behavi our 

- �asured in terms of time use and characte r i z ed by the c oncepts of c ommodity 

�and activity . and , on the o ther . a s e t  of  values pl aced on t ime use . in a dual 
., 

space . The technol ogy matr ix A ,  is interpre ted as a relationship be twe en 

". inputs and output s . and as a mapping from observabl e activity " spac e "  to a 

"" non- obs ervabl e value " spac e " . �.:.. =-



CHAPTER 7 

NUMERICAL EXAMPLES - ( 1 )  

7 . 1  Introduction 

2 X 2 ,  2 X 3 AND 3 X 3 MODELS 

To show that the two transportati on model s  o f  t i me all o cation are operati onal 

some s impl e 2 x 2 ,  2 x 3 and 3 x 3 numer ical exampl es are introduc ed and 

solved . For the 3 x 3 exampl e s  the agent obtains income from work . As in the 

numerical example introduced in Chapter 5 ,  an agent carries out e c onom i c  

activi t i e s  i n  order to mee t  a s e t  of soc ial requ i rements . The optimal 

soluti ons spe cify both the type and l evel of the activities  whi ch the s tudent 

undertakes in order to me et the parameters of h i s  soc ial po s ition . We are 

� solving for the agent ' s  optimal l ife styl e , in which he meets the parame ters of 

l ?  

his soc i al posit ion a t  m inimum c ost . Hence the optimal solutions quant i fy the 

agent ' s  c onsumpt i on patterns . Quant i tat ive measures of soc ial inc ome are al s o  

obtained . In  section 7 . 4  the probl em of dimens i onal ity , inherent in any 

transportat i on probl em , i s  raised . To mot ivate the discus s i on ,  opt imal 

solutions to a 2 x 3 numerical exampl e  are used to c omplement the theory . 

�at has been done in the numeri cal exampl e s  i s  to take reasonabl e c a s e s , with 

quantitative measur e s  not unrel ated to the behaviour of a rational agent . On 

this bas i s  the opt imal s oluti ons give plaus ibl e re sul ts both in term s  of what 

economic the ory would sugge st and as an alternative means of interpre ting 

Patterns of human behaviour . Whil e  the e xampl e s  are numeri cal they are not ���·�emP..i ri c al . That i s , ne i ther the magni tude s  a c c orded to c onstraint s a t  s ources 



1 1 6  

� at s inks , us ing the c onc epts o f  behaviour s e t t ing and o f  s oc ial 

requirement r e s p e c tively , nor the related per uni t  costs  have been obtained 

�ectly from ac tual obs e rvati ons , or from an existing data base . This i s  

bardly surpr i s ing . Data in the pre c i s e  f orm are not availabl e ,  g iven that the 

choice of parame t e r s , us ing the c onc ep t s  of behavi our setting and s o c ial 

requirement in the f ramework o f  a trans portation probl em , breaks fresh ground . 

Fox ( 19 8 5 )  has made use o f  c e rtain typ e s  of author i ty systems , t o  be sure , but 

the categori e s  o f  the time al l ocation model s us e behaviour s e t t ings , rather 

than autho r i ty sys t ems , and introduce f o r  the f ir s t  time the categories of 

household and workplace , so therefore repre s ent an extension o f  the 

� classific a t i ons original l y  propo s e d  by Barker ( 1 9 6 8 ) . Further ,  all categories 

in  the . model are s pe c ified not only in t e rms of t ime but al s o  of c o s t . 

To provide magni tude s ,  us e i s  made of both t ime budgets for s tudent s ' daily 

' activity patt e rns as in Toml inson and o thers ( 1 9 7 3 )  and est i ma t e s  of the cost  

o f  l iving , f o r  a different s tudent group . l The way in which both s e t s  of 

informat i on are us ed sugge s t s  a me thodo l o�y for derivin� empi r i cal value s .  A 

step by s t e p  derivation of a 2 x 2 c o s t  matrix i s  provided in s e c t ion 7 . 4 .  

This s e rve s a s  an introduc t i on t o  the me thodol ogy of obtaining per uni t  costs  

for  the 5 x 5 mode l , devel oped ful l y  in the foll owing chapt e r . 

7 . 2 The Slack Model 

.Example 1 all i ,  j 

:·:· A s impl e numerical  exampl e of two s ourc e s  and two s inks is provided as an 

:· app�ica t i on o f  the c oncepts al ready deve l oped . Thi s exampl e i s  s imilar to the 

Livi n� in Wel l in�ton Ko to noho i Whan�anui - a - Tara ( 19 8 9 ) 
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:isatroduc t ory numerical exampl e provided in Chapter 5 .  The expl anation 
-� ;�ovided there for cons traints at sources  and s inks . for parame ters and for 

;�tivit i e s  is rel evant for the slack model now provided . and repe t i t i on is not 
-�:""? 
· iesirabl e .  

�JAl}LE 7 - 1 

campus 
( C )  

�from : 

hous ehold 
( H )  

t o : 

2 x 2 ACTIVITY MATRIX - SLACK MODEL 

s tudy 
( S )  

x2 1  

;;: 5 0 0  

relaxat i on 
( R )  

x2 2  

;;: 460 

b2 

490 

6 7 0  a2 

! !In Tabl e 7 - 1 .  a s  in Tabl e 5 - l . the t e rm " relaxat ion" i s  a c atch- all t o  include 

1 � �als . laundry . exerc i s e  and all forms of creat ive a c t ivity . Likewi s e  the 

term "hous ehol d "  is a catch - al l  and includes the s tude nt ' s  flat and hi s family 

home . The t e rms are used t o  c l ose the requirement s and environments sys t ems 

respect ivel y . x21  deno t e s  the time spent s tudying in the hous ehold , and x1 2  

the time spent in relaxa t i on o n  campus . All c ons traints are measured in 

ainutes taken over the 16 hour waking day . Cons traint s at s inks repres ent 

ainimal requirement s . As in the numerical exampl e  in Chapter 5 ,  we relax any 

ins titutional requirement s that would restrict the s tudent ' s  fre edom t o  s tudy 

away from campus . 



�LE 7- 2  2 x 2 COST MATRIX - SLACK MODEL 

c - [ 3 . 2  

2 . 7  

2 . 8  

3 . 9  l 
� th each o f  xl l • xl 2 • x2 1 • x2 2  there i s  an assoc iated cost . S inc e every 
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Cij > 0 ,  the agent w i l l  no t u s e  more than 9 6 0  minutes .  The per unit c o s t s  in 

Table  7 - 2  are derived c o s t s . An i ntuit ive approach is now provided . Thi s  

anticipat e s  the mor e  prec i s e  anal ys i s  first  devel oped i n  s e c t i on 7 . 4 f o r  a 2x2 

cost matr i x  and later ext ended in s e c t i on 8 . 4  for a 5x5 cost  matrix . I t  i s  

usual t o  f ind data f o r  aggregat e  yearly expenditure for an agent us ing a 

simpl e c l a s s i f i cat i on scheme . In the case of a s tudent a standard 

classif i c a t i on would include such i tems as accomodation ( fl at t ing ) , food , and 

personal s pending . B ec aus e the t ransportat ion model s o f  time all ocat i on 

· -. assume that the environment s shape behaviour , i t  i s  important to relate each 

expenditure c l a s s i f ic at i on to each of the two behaviour s e tt ings , namel y  

campus and househol d .  

� 

Expenditure on food , for exampl e ,  woul d include not only meal s on campus , but 

�so mea l s in the household behavi our s e tt ing . Likewi s e  pers onal spending 

Youl d  involve expend i ture in both behavi our s e ttings . We can apportion total 

expendi ture across behavi our s e t t ings to obtain s e parate aggregate s of 

expendi ture f o r  the campus behavi our setting , and for the hous ehold behavi our 

se tting . B e c ause there are only two s oc i al requirements ,  and the refore one 

degre e o f  f r e edom i nvolved , we need only obtain the expenditure for s tudy 

Vi thin the c ampus b e havi our s e tt i ng to find how the total expenditure o f  $ 3 30 0  
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for the campus behavi our setting is spl i t  between the study and the relaxati on 

social requirements , namely $ 1 800 and $ 1 500 respectively . 2 

tn thi s way a 2 x 2 expendi ture matrix can be obtained for the academic year . 

�eh of the f our el ements o f  the matrix can be expressed as a daily cost . For 

example to obtain the e l l  o f  Tabl e 7 - 2 ,  the daily cost o f  meeting the study 

social requirement on campus , expr e s s e d  in dol l ars per day ( $ 6 . 4 ) i s  divided 

by the time s pent on s tudy at campus over the 960 minute s  of the 16 hour 

vaking day ( 200 mins . ) ,  and then converted from doll arsjmin to c ent sjmin 

(�/100 = 3 . 2  centjmin ) .  200 

- �te : C o s t s  are measured in cents per minute because the uni t s  for the t ime 

�e diar i e s  are minut e s . Because a common way of referring t o  rate o f  c o s t  

� r  time uni t  i s  dol l ars p e r  hour s ome equival ent c o s t s  are provided . A s  

: �fore , the 1 6  hour waking day i s  us e d  in computing $/day c o s t s . 

- centsjmin 

$/hr 

$/day 

1 . 0  

0 . 6  

9 . 6  

1 . 5  2 . 0  

0 . 9  1 . 2  

14 . 4  19 . 2  

2 . 5  3 . 0  3 . 5  

1 . 5  1 . 8  2 . 1  

24 . 0  28 . 8  3 3 . 6  

The firs t column indicat e s  conve r s i on factors from c ent sjmin to $ ljhr and 

$1;waking day . A wage o f  $ 2 64 . 00 f o r  a 40 hour working week i s  equival ent to 

11 . 0  cent s/min . 

For the quant itative derivation of the c o s t  matrix s e e  s e c t i on 7 . 4 .  

S e e  Tabl e 7 - 20 ,  s ection 7 . 4 .  
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�nomic interpre tat i on.  Exampl e 1 

:;; 4 9 0  This i s  the maximum amount of t ime an agent could spend on 

campus . 

:;; 6 7 0  Thi s i s  the maximum amount o f  t ime an agent could spend i n  the 

household .  

The ai do not def ine a d i s tribut i on , and La i > �b j 9 6 0  

Soluti ons * O ·  * 4 6 0 ; * 
X 11  = ' xl 2  = x2 1  500 ; 

* 0 ;  * 0 ;  * 2 . 7 ;  ul = u2 vl = 

0 .  

The ui deno t e  the impute d  value , or shadow pri c e , o f  the endowment at the ith 

�haviour s e tting . The v j denote the imput ed , or shadow price , of t ime us e 

for the j th soc i al requi rement . 

In  Exampl e 1 the re i s  unus e d  capa c i ty at both the campus and hous ehold 

behavi our s ettings . Hence the rel ated shadow pri c e s  are zero . The sl ack 

variabl e s  are equal to 30 and 1 7 0  minute s  respectively . 

The value o f  the ob j e c t ive func t i on , in c ents , i s  

Pri mal :  

dual : 

( 0  X 3 . 2 ) + 4 6 0 ( 2 . 8 ) + 500 ( 2 . 7 )  + 0 ( 3 . 9 ) 
2 6 3 8  
$ 2 6 . 3 8 p e r  di em 

500 ( 2 . 7 ) + 4 6 0 ( 2 . 8 )  - 490 ( 0 )  - 6 7 0 ( 0 )  
2 6 3 8  
$ 2 6 . 3 8 p e r  d i em 



rbe value of s o c ial income , in cents . i s  

riPmpl e 2 

5 00 ( 2 . 7 ) + 4 6 0 ( 2 . 8 ) 
1 3 5 0 + 1 2 8 8  
2 6 3 8  
$ 2 6 . 3 8 per d i em 

1 2 1  

�ere is a change i n  the c o s t  matrix . Otherwise  all parameters are the same 

as in Exampl e 1 .  The new cost  matrix i s  given by : 

L\BLE 7 - 3 2 x 2 NEW COST MATRIX ( 1) 

[ 3 . 2  3 . 9  l :;. c = 
2 . 7  2 . 8  

S.olutions * 2 9 0 : .. k 0 :  * X 11 = X 12  = X 

* = 0 :  * 0 . 5 ;  * u 1 u 2 = V 1 

2 1  = 2 1 0 : 

= 3 . 2 :  V 

* 460 X 2 2  
"'k 3 . 3  2 = 

The agent ' s  o b j e c t ive func ti on is $ 2 7 . 8 3 per diem . Thi s  represents his  ac tual 

expenditure . 

By compari s on with Exampl e 1 ,  s tudy i s  spread ove r both the campus , 2 9 0  

�nutes , and household , 2 1 0  minutes . behavi our s e tt ings respec tively . The 

Value of the obj e c t ive function has increased by $ 1 . 45 per diem . The per uni t  

. �rket cost of  rel axation in the campus environment has changed from 2 . 8  t o  

3 . 9  cents/minute ,  a n  inc r e a s e  of 39 . 3  p e r  c ent . The increase  i n  the net value 

�f the student ' s  relaxat i on t ime has change d  from 2 . 8  to 3 . 3  c ent s/minute ,  an 



Increas e o f  1 7 . 9  per c ent . Previ ous l y  the s tudent met the full relaxation 

requirement on campus , but now there i s  no t ime used for relaxation in thi s 

1 2 2  

environment . Thi s r e sul t i s  in ac cord with e c onomic the ory . We would expect 

chat if the marginal c o s t  of an ac tivity inc reas e s , the leve l o f  the activity 

is reduced . 3 In s e c ti on 7 . 3  we examine change s in the cost matrix for the 

tight model , us ing the Le Chatel ier Princ ipl e4 , and comment on the r e sul t s . 

�ns itivity analys i s  

How much c an a per uni t  cost  vary wi thout changing the solution? 

Each of the bas i c  variabl e s  x11 , x2 1 , x2 2  i s  a s s o c iated with a per uni t  c o st 

namely e ll •  c 2 1 • c 2 2 · I f  any o f  the per uni t  c o s t s , which are the 

coeffici ents of the bas i c  variabl e s  in the objective function . is changed to a 

number whi ch l i e s  out s ide an al l owabl e range , ther e  wil l  be a change in the 

optimal s olut i on . For exampl e e i ther the l evel s  of the bas ic vari abl e wil l  

change , or a bas i c  var i abl e wil l  b e  d i s placed b y  the non - ba s i c  var i abl e , x12 · 

or both . 

For the e l l  the all owabl e range i s  given by 2 . 7  � e l l � 3 . 8 .  The remaining 

per uni t  c o s t s , denoted by c 2 1  and c 2 2  a r e  unchanged . I f  e l l  i s  changed t o  a 

Value whi ch l i e s  within the al l owabl e range , the re will be no change in the 

basic variabl e s  nor in the ir l evel s . However i f  c11 i s  changed t o  bec ome 

either l ower than the l ow range or higher than the high range , the var iables  

in the optimal solut i on will  change . 

Leblanc and Moe s eke ( 1 9 7 6 ) .  
ibid 



suppose : 

{ 1 )  

( 2 )  

2 . 6  

Solut ions 

x*
1 1  = 490 ; x2 1  = 10 ; x 2 2  = 460 ; 

o · ' 2 . 7 ;  * v2 = 2 . 8  

agent ' s  object ive func t i on i s  $ 2 5 . 8 9 per diem . 

3 . 9  

S olut i ons 

* X2 1  = 500 ; x2 2  = 1 7 0  

* u2 = 1 . 1 ;  v1
* 

= 3 . 8 ;  * v2 = 3 .  9 

agent ' s  obje c t ive funct i on i s  $ 2 9 . 5 7 per diem 

In ( 1 )  the decrease in the per uni t  cost of s tudy on campus resul t s  in a 

1 2 3  

transfer o f  200 minute s  s o  that 4 9 0  minute s  i s  s pent o n  study at campus . The 

remaining 10 minute s  ne eded to me et the s tudy s o c ial requirement i s  spent in 

the household behavi our s etting , and all relaxat ion , as in Exampl e 2 ,  take s 

plac e in the hous ehol d .  The bas i c  variabl e s  remain the same but the l evel s  

have changed . 

By way of contrast in ( 2 )  the bas i c  vari abl e s  have changed . Al though the per 

Unit cost of study on campus is the same as the per uni t  cost of relaxat i on on 

campus , the t ime used on campus , 2 9 0  minut e s , i s  ent irely for me e ting the 

;e�axat i on soc ial requirement . The balance of relaxat i on ,  1 7 0  minut e s , i s  

Spent i n  the household behavi our setting . 
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JI"'Pl e 3 

In exampl e s  1 and 2 the activity mat r i c e s  have been square in t e rms o f  

�vironment s and s o c ial requirement s .  As mentioned5 , the matric e s  do not have 

tO be squar e . Exampl e 3 represents a s impl e 2 x 3 model in whi ch a further 

requirement i s  introduced . The agent c ontribute s  voluntarily a regul ar revi ew 

articl e  on r e c ently publ i shed f i c t i on . We term thi s the " c ivi c activi t i e s " 

requirement , denoted by CA . The agent c an mee t  thi s requi rement in e i ther , or 

�th , of the c ampus and hous ehold environments . Suppose the ac t ivity and cost  

utric e s  are a s  fol l ows : 

TABLE 7-4 2 x 3 ACTIVITY MATRIX - SLACK MODEL 

t o : s CA R 

c 
from : 

xn xl 2  xu � 490 

H x2 1  x2 2  x2 3  � 6 70 

?; 500 ?; 1 0 0  ?; 3 6 0  

bl b2 b3 

IABIJ; 7 - 5 2 X 3 COST MATRIX - SLACK MODEL 

c - l 3 . 2  3 . 1  3 . 9  l 2 . 7  2 . 5  2 . 8  

S,Qlutions * x n 2 9 0 ; * X 21  = 2 1 0 ; x*
2 2  = 100 I ;  x* 2 3  

* u 1 0 . .� 
' u 2 0 . 5 ;  

The agent s  s pe nds $ 2 7 . 5 3 per day . 

5 cf s e c t i on 5 . 2 .  

* V 1 3 .  2 ; 

al 

a2 

3 60 

3 . 3  
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fhe agent me e t s  the c ivic ac t ivi ties  requirement i n  the hous ehold environment . 

NoW it might appear that the agent wi ll s imply mee t  the civic activities  

requirement in the environment with the l ower per uni t  cost . Not  so . Suppose  

that the per unit cost of mee t ing the c ivic activi t i e s  requi rement in the 

household environment , denoted by c 2 2 • increases from 2 . 5  to 2 . 7  c entsjmin , 

ceteris par ibus ( c et par ) . The per unit cost for the hous ehold ( 2 . 7 ) i s  s t i l l  

lower than the 3 . 1  f o r  c ampus . However the agent , acting optimal ly , wil l  now 

mee t the c ivic activi t i e s  requi rement on campus . As before study i s  shared 

betwe en campus and household , but the rel ative amounts have changed . 

- solut ions * 
X 11 

* u 1 

1 9 0 ; 

* 0 ;  u 2 

: The agent spends $ 2 7 . 6 3 per day . 

3 . 2 ;  

3 1 0 ; x2 3  

* V 2 3 . 1 ;  

3 60 

* V 3 3 . 3  

I n  both solutions , the numbe r  of de c i s ion var iabl e s  i s  four . Thi s means that 

of the s ix poss ible c ombinations of environment and soc ial requi rement , namely 

case , and xl 3 • x22  in the s e c ond . For a furthe r s o c ial requirement , the 

maximum number of dec i s i on variabl e s  would remain at four , with four of the 

xi j becoming redundant . Real ism suggests that the number of social 

requirements , should be approximately the same as , if not equal to , the number 

of environment s . 6 

6 for a general s tatement , Lancaster ( 1 9 8 7 ) pps . 248 - 249 . 
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fhis exampl e  c an be rel ated to the p rogram f o r  the slack mode l , where ( 5 . 3 ) 

and ( 5 . 4 )  toge ther deno t e  the primal , and ( 5 . 5 ) denotes the dual . 

We now introduc e a third soc ial requi rement and term thi s " Jo b " , denoted by J .  

A third behavi our s e t t ing , te rmed " Wo rkplac e " , and denoted by W ,  is al so 

introduced . The work place behavi our set ting does not overlap with othe r 

�haviour s e t t ings . Workplac e repr e s ents a behaviour s e tt ing distinct from 

all others because the environment i s  def ined as  one in whi ch income is  

generated . Thi s  environment there f o re shape s behaviour in a way that other 

environment s do not .  In  the c o s t  matrix inc ome i s  denoted by a c i j  < 0 .  As 

noted in s e c t i on 5 . 4 ,  negative c o s t  r e quires a further c onstraint , namel y  the 

aggregate t ime c onstraint . 

!ABLE 7 - 6  3 x 3 ACTIVITY MATRIX - SLACK MODEL 

to : 
S tudy Re l axati on Job 

( S )  ( R )  ( J )  
C ampus xu x12  xu � 490 al 

from :  ( C )  
Hous ehold x21 x22 x2 3  � 670 a2 

( H )  
Workpla c e  x31  x32  x3 3  � 300 a3 

( W )  
� 400 � 340 � 220 

b l b 2 b 3 

As menti oned in s e c t i on 5 . 2 ,  the use of inequal i ty signs is a heur i s t i c  

-- devic e .  

t ime c onstraint L:xi j  � 960 i s  now introduc ed . As previousl y  

thi s add i t i onal c onstraint i s  nec e s sarily redundant i f  the b j define a 



12 7 

� 0 ,  be caus e then there i s  no reason to  use more 

However if s ome c i j  < 0 ,  as when the agent obtains income 

�om work . the addi tional constraint is no l onger nec e s sarily redundant . I t  

requi red for real i sm . The assoc iated shadow pric e  i s  denoted by w .  

w ( 7  . 1 ) 

to  an overal l c ons i s t ency c onstraint . The shadow pri c e  w has been 

an e c onomi c interpretati on . ( 6 . 3 ) . 

1uppose that there is a new c o s t  matrix , as given in Tabl e 7 . 7 .  

3 x 3 NEW COST MATRIX ( 1) 

3 . 2  2 . 8  1000 

c 2 . 7 3 . 9  1000 

1000 1000 - 9 . 5  

,The ins ert i on o f  the l arge numbe rs 1000 i s  merely a c omputational devi ce t o  

exclude work act ivity from non - appropriate environment s . 

; �ut ions * 340 ; * 400 ; * 2 2 0 . X 12 = X 2 1  X 3 3  = 

w* 9 .  5 ; * 0 ;  * O ·  * O · * 1 2 . 2 ;  u 1 u 2 = u 3 = V 1 ' ' 
* V 2 = 12 . 3 ;  * V 3 = 0 .  



1 2 8  

obj ective func ti on , i n  cent s , i s  

( 0  X 3 . 2 ) + ( 340 X 2 . 8 ) + ( 0  X 1000 ) + ( 400 X 2 . 7 )  + ( 0  X 3 . 9 )  + 

( 0  X 1000 ) + ( 2 2 0  X - 9 . 5 )  

9 5 2  + 1080 - 2 0 9 0  

- 5 8 

� - ( 9 6 0  X 9 . 5 )  - ( 49 0  X 0 )  - ( 6 7 0  X 0 )  - ( 3 00 X 0 )  + ( 400 X 1 2 . 2 ) + 

( 340 X 12 . 3 )  + ( 2 2 0  X 0 )  

- 9 1 2 0  + 4 8 8 0  + 4 1 8 2  

- 5 8 

the agent ' s  ob j e c t ive func t i on i s  - $0 . 5 8 per diem . Thi s repre sents a saving . 

�t happens in the s l ack mode l  if the aggregate t ime c ons traint ( 7 . 1 ) i s  

relaxed ?  

Exampl e  5 

In thi s exampl e there i s  no aggregate t ime c onstraint . The parame ters  are 

unchange d  from tho se g iven in Tabl e s  7 - 6  and 7 - 7 . An opt imi zing agent wil l  

�ximi ze t ime use in the workplace behavi our s e tt ing a s  thi s generates inc ome 

lnd therefore reduc e s  the ob j e c t ive funct ion . 

� �tions * 340 ; * 400 ; * 300 X 1 2  = X 2 1  X 3 3  = 
* O ·  * o ·  * 9 . 5 ;  * 2 .  7 ;  * 2 . 8 ; u l u 2 = u 3 V l V 2 ' ' 

V * 
3 = 0 
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The o b j e c t ive function i s : 

340 ( 2 . 8 ) + 400 ( 2 . 7 ) + 300 ( - 9 . 5 ) 

9 5 2  + 1080 - 2 8 5 0  

- 8 1 8  

Thi s repre s ents a saving of  $ 8 . 1 8 per diem .  

In the previ ous exampl e ,  the aggregate t ime c onstraint re s t r i c t ed time us e in 

:he workpl a c e  behavi our sett ing to 2 2 0  minutes , jus t suf fi c ient to mee t  the 

job social r equi rement . With the removal of thi s c onstraint , as in e xamp l e  4 ,  

che agent w i l l  use the maximum t ime availabl e in the workpl ace behaviour 

letting , 300  minute s ,  an inc reas e of 8 0  minut e s . The agent now us es up 

utogethe r 1 040 minut e s , the 960 minute s  o f  the waking day plus the additi onal 

80 minute s  in the workpl ace behaviour s et t ing . The solution i s  cons i s t ent 
� 
rith the c ons traints at  sources and s inks , but is not c ons i s t ent with the 

�ssumpt i on o f  a 16 hour waking day . The e c onomic interpretation i s  

straightf o rward . By re stric ting time f o r  s l e e p  the agent can work l onge r 

hours and increase earnings so that al l soc ial requirement s are met , and 

.
savings inc rease  by $ 7 . 6 0 per diem . 

'�cial Income 

expre s s i on i s  derived for Soc ial Inc ome us ing vector matrix notat i on . ? 

dual i ty the orem , us ing the s tandard l inear program , a s  in ( 5 . 1 1 )  and 

ref . s e c ti on 5 . 6 .  
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ex vb ( 7 .  2 )  

rith refe renc e t o  Examp l e  3 ,  

ex - eWXw + enxn , wi th the subs cripts  denoting work and non -

and vb 

where z 

and b 

so that , from 

cnXn -

LHS : CnXn -

enXn 

enxn -

the 

eWXw 

ewXw 

work r e s p e c t ively 

- 9 6 0w + zb 

[ u v ]  

[ - 4 9 0  - 6 7 0  - 3 00 ] 
[ 400 340 2 2 0 ] 

dual ity theorem 

vbn 9 6 0w 

E 

total 
c onsumption 

-

for all non -

ubm 

work related 
a c t ivi t i e s  

.. : ;,., 
CwXw > 0 E > I henc e saving 

ewxw < 0 E < I hence saving 

( 7 . 3 )  

I 

net income 
from work 



iJIS : 

r • 
I 
From ( 7 . 3 ) , 

-· 

Value o f  
Soc ial 
Positi on 

� defini tion ,  Soc ial Inc ome 
·' 

! � !f ' 

� 
r ocial Income ( 1 ) , in cent s  

,. 
Social Income ( 2 )  , in cents � 

9 60w 

Value of 
the aggregate 
t ime 
endowment 

ubm 

Value of 
the s eparate 
time 
endowment s at 
source s  

Value of s o c i al position plus money 
income 

Expendi ture + Total value of t ime 
endowment 

400 ( 1 2 . 2 ) + 340 ( 1 2 . 3 )  + 2 2 0 ( 9 . 5 ) 

4880 + 4 1 8 2  + 2 0 9 0  

340 ( 2 . 8 )  + 400 ( 2 . 7 ) + 9 6 0 ( 9 . 5 ) 

9 5 2  + 1080 + 9 1 2 0  

· ·n,e agent ' s  p e r  d i e m  social income i s  $ 1 1 1 . 5 2 . 

Income represents 1 8 . 74 percent of s o c ial income . 8 

8 . "As suggested by Becker ( 1 9 6 5 ) ' full income ' normally exc e eds money 
.�ncome substantial l y " . Moe seke ( 198 5 ) , p .  2 6 9 . 

1 3 1  

( 1 )  

( 2 )  



�In each of the four exampl es the a i do not def ine a distributi on . I t  s o  
• 

1 3 2  

tbappens in Exampl e  l that there is sl ack c apacity at both sourc e s ,  nec e s sarily 

entail ing z er o  shadow prices  for t ime us e endowments at e ach of the c ampus and 

household behaviour s e t t ings . I t  s o  happens in Example 3 that there i s  slack 

r capacity at e ach o f  the three source s ,  necessarily entail ing zero shadow 

f. price s for t ime us e endowments at each of the campus , household and workpl ace 

• behavi our s e t tings . In general , wher e  the ai do not def ine a d i s t r i but ion 

there will be at l ea s t  one slack var i abl e , nec e s sarily entail ing at l east one 

_ zero shadow price . In Exampl e 3 the c o s t  matrix included a c i j  < 0 .  An 

.. 

. addit i onal constraint . the aggregate t ime constraint , was introduced . I 

�-

7 . 3  The Tight Model 

. Introduction 

The prec eding exampl e s  showed how i t  was pos s i bl e  to quanti fy the behavi our of 

: an agent . The fo cus was on the activi t i e s  of a particul ar student . There i s  

no theoretical reason why the a i de f ine a distribution and i n  the three  

exampl e s  o f  the  s l ack model , �a i > 960  minutes . Thi s approach has s ome 

di sadvantage s . For a t  l east one s ource , and poss ibly all . unused c apac ity 

exi sts so  that ther e  i s  at l east one primal sl ack variabl e . In an opt imal 

soluti on only endowments whi ch are used to capacity can generate non - zero 

shadow price s .  I t  shoul d be noted that the exi stenc e of a z ero shadow pric e 

1 need not entail  unused capac i ty at a s ource . More formal ly , unused c apac ity 

s ourc e  is a suf f i c i ent condition for a zero shadow price . A zero shadow 
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_
:
price i s  a neces sary , but not a sufficient cond i t i on ,  for unused capac i ty . 

�caus e unused capacity necessarily entail s a zero  shadow price  at a s ourc e , 

jelative di fferences betwe en opportunity costs of  time use in different 
-� 
- �haviour s e ttings may not emerge in the slack model . As wel l , i t  just s o  

)appens in the four exampl es that where there i s  slack capacity a t  a s ource we 

.can find an opportuni ty cost at a sink which is s impl y  equal to the related 

per uni t  cost ci j . 

J 
ye now focus on the activi t i e s  of  the avera�e student . The perspect i ve c oul d 

_oo ,  for exampl e ,  that of an ec onomic planner ,  intere s ted in obtaining optimal 

•easures of t ime us e which would be repres entat ive of clas s ified groups . Thi s  

�pproach c ould provide a method f o r  obtaining sec toral data for a t ime - based 

-·system of soc ial acc ounts . The introduc t i on of an addit ional constraint 
} r�ij � 1 . interpreted as the value of the total t ime endowment , makes i t  
;,; 
��ssibl e  t o  obtain opportunity c osts at s inks whi ch exceed the magni tude o f  

.Mstribution of an endowment at sources 

; For every activity we can measure the amount of t ime that i s  used in a 

�rticular environment by a representative agent in order to mee t  a s o c i al 

-�
requirement . We spe c i fy the s e  amounts in the following way : for each agent we 

i-
!find the effective constraint , defined , for a given behavioural setting , as 

the differenc e between the total availabl e capac i ty and the s lack capac i ty .  
� 
,;In Exampl e 1 ,  the total availabl e time use endowment for the household ·-
f¥· 
%- behaviour setting was 6 70 minutes . The s l ack ( unus ed ) capac i ty was 1 7 0  �. 

Hence the effective c onstra int would b e  500 minut e s . Each capac i ty 

now repres ents the maximal ac tual time use . Empirical ly , the 
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�stributi on o f  such capac i ty c onst raints over the s e t  of b ehaviour settings 

is given by Lai = 9 6 0 . By means of s ampl ing i t  become s pos s ibl e to obtain 

�ta for each agent bel onging to a representative group . By f inding the mean 

�imal actual t ime use for the group we obtain the constraints , termed 

•effecti ve c onstraints " ,  for the average student . S ince there i s  no slack 

, capac i ty at s ource s ,  the re are no s hadow prices of endowments whi ch are 

nece ssarily zero . For the sl ack model a jus t i f i cation was provided for 

introduc ing an add i t i onal cons traint . However the jus t i f ication no l onger 

holds for the t i ght model so thi s c onstraint is relaxed . There are s everal 

· advantage s of us ing effective c ons traints for which the a1 def ine a 

distri buti on . The tight model makes i t  po ss ibl e to l ink data on t ime us e at 

the microe c onomic l evel with a system of s o c i al accounts at the nati onal 
I 

. level . Time budge t s  of  each individual agent c ould be us ed to obtain ac tual 

time us e .  Thi s information , when combined with a per uni t cost matrix , could 

then be used t o  spe c i fy the l if e s tyl e of each agent . 

Individual s  woul d be c l a s s i f i e d  into appropriate groups ( perhaps by 

suppl ement ing standard occupat i onal categories ) and then , us ing aggregat i on ,  

ave rage s for  parame ters of endowments and soc ial requi rements , and for 

l ifestyl e s , ( al l  measured in t ime based units ) could be obtained for each 

group and in thi s way provide a soc ial accountin� matrix . Then , us ing the 

tight model the opt imal all o c a t i ons of t ime could be obtained for each 

class if i ed group and compared with the matrix of ac tual t ime us e .  From the 

• aodel the value of t ime use f o r  the optimizing average member of each group 

, Could be obtai ned . Thi s inf orma t i on would compl ement the optimal t ime based 

f 8°Ci al acc ount ing matrix for a c t ivi t i e s . � 
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In the following exampl es , w e  w i s h  to f ind optimal solut ions for the agent ' s  

choice of environments ,  and a l s o  the amount of time us ed in the s e  

environments , in order to mee t  his social requirements whi l e  minimis ing total 

cost .  

txampl e 6 

This exampl e can be related t o  the program described by ( 5 . 3 ) and ( 5 . 6 ) . 

IABLE 7- 8 2 x 2 ACTIVITY MATRIX - TIGHT MODEL 

to : 
s R 

c xn xl2 � 3 60 
. from : 

H xn x22 � 600 

;;;; 5 0 0  ;;;; 460 .-

- TABLE Z- 9  2 x 2 COST MATRIX - TIGHT MODEL 

[ 3 . 2  2 . 8  l c 
2 . 7  3 . 9  

I -
l I 
t ,S.Qlut i ons * * 3 6 0 ; * * 100  
I 

X ll  � 0 ; X 1 2  X 2 1  = 500 ; X 22 = 

f * * v*
l = 2 . 7 ;  * U 1 = l . l ;  u 2 O ·  V 2 = 3 . 9  ' 



. Jbe value of the obj e c t ive funct i on i s , for the primal , in c ents per diem 

( 0  X 3 . 2 )  + ( 3 6 0  X 2 . 8 ) + ( 5 00 X 2 . 7 ) + ( 100 X 3 . 9 )  

2 7 4 8  

- $ 2 7 . 48 p e r  diem 

, The value o f  the objective func t i on i s , for the dual , in c ents per diem 

� ( 500 X 2 . 7 ) + ( 46 0  X 1 . 9 )  - ( 3 60 X 1 . 1 ) 

t' 2 748 

l 
� $ 2 7 . 48 per d i em 

L. 

Comment : As noted for the numer i c al exampl e of Chapter 5 ,  any requirement 

that study take pl ace  on c ampus is rel axed . In prac tice such 

c ons traints may well appl y , and the appropriate model is a 
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�- t ransportaton probl e m  with a s ide constraint . Examp l e s  are provided 

in Chapte r  9 .  

> Example 7 case ( 1 )  c i j  > 0 .  Ther e  i s  a change in the cost  matrix . The new 

c o s t  matrix i s  given by : 

i f lABLE 7- 10 2 x 2 NEW COST MATRIX (1) - TIGHT MODEL 

c [ 2 . 7  3 . 9  

2 . 3  4 . 5  ] 
o therwi s e  a l l  par ameters are as in example  6 .  



S,gluti ons x*
11 = 3 6 0 ; x*

1 2  = 0 ; * X 21  = 140 ; 460 

�e value o f  the ob j e c t ive function ,  in cents , is 3 3 24 . The agent dis save s 

$33 . 24 per d i em . 

Compared wi�h exampl e 6 ,  there i s  a s i gnifi cant shift in the all ocation of 

1 3 7  

time use . The recreat i on soc ial requirement i s  fully me t by t ime use in the 

household e nvironment . No recreation now take s place on campus . We now s how 

that thi s r e l at ive change in the l evel of the student ' s  activi t i e s  is in 

accordanc e with economic theory . 

Tbe Le Chatelier Principle 

� �e can make use of the Le Chatel i er P r inc i pl e , 9 first appl i e d  in e c onomi c s  by 
... � Samuel son ( 1 9 5 1 ) . 10 The princ ipl e c an be stated as foll ows : " . . .  if one 

� alters one of the parameters ( pressur e , temperature of any one c ompound , e tc ) 

of a system of  physic al or chemi cal e quil ibrium , the remaining parameters will 

adjust so  a s  t o  counte ract the disturbanc e "  . 1 1  

As a c orol l ary t o  the Le Chatel ier princ ipl e ,  te rmed " the L e  Chate l i e r  

Princ ipl e  I I " , Leblanc and Moe s eke ( 1 9 7 6 ) proved that if  the marginal c o s t  ( in 

i· ;� terms of r e s ourc e inputs ) of an ac tivity decreas es  the l evel of  an activity i s  

r increased , and vi c e  versa . 1 2  In example 7 the per uni t  c o s t  c 2 1  increas e d  by 
... _______________ _ 

:9 The Le Chatel i e r  Princ ipl e was o r iginally formulated by the French 
themist Le Chatel i e r  in 1 8 84 . 

. 
:·lo As suggested by Becker ( 1 9 6 5 ) . Moe s eke ( 1985 ) has provided a numerical 
.illustrati on .  �1 . quot e d  in Leblanc and Moe seke ( 1 97 6 )  p .  143 . 
. 2 i bid p .  145 . 
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1 . 7  c entsjmin ( from 2 . 8  t o  4 . 5 ) and the c orre sponding change i n  the ne t 

�uted value of t ime use to me et the relaxat i on soc ial requirement on c ampus , 

cf secti on 6 . 3 ,  i s  [ ( 4 . 4 - 0 )  - ( 3 . 9  - 1 . 1 ) ]  = 1 . 6  c ents/min . Thi s i s  

equival ent t o  the price  change of a n  ava ilable r e s ource specified , for 

clas s ical optimizat i on ,  in terms o f  the Lagrange mul t ipl iers at the ir optimal 

value s  . 1 3  

Change i n  the ne t imputed value o f  time use = 1 . 6  centsjmin - an incre as e . 

Change in the l evel o f  the a c t ivity - 3 6 0  mins - a decreas e . 

An increase o f  5 7 . 1  per c ent in the net imputed value of time use to mee t  the 

relaxat i on s o c ial r e qui rement on c ampus resul t s  in a decrease of 1 0 0  percent 

in the l evel of the a c t ivity , in a c c ordanc e wi th the Le Chate l i e r  Princ ipl e 

I I . Henc e on campus the re i s  a shif t  of 360  mins from relaxation to s tudy . 

Thi s transf e r  of t ime use on campus c ould be regarded as an induced transfer 

of a scarce r e s ourc e . An increase in the ne t imputed value of time use for 

meet ing the relaxat i on s o c ial requirement on c ampus brought about a de crease 

in the activi ty . Bec aus e the total rel axation re quirement is now me t i n  the 

hous ehold environment thi s means that the maximum availabl e amount of t ime us e 

for me e t ing the study requirement in the household environment i s  140 minute s .  

Henc e the remaining s tudy requirement c an only be met on campus . Thi s 

expl a ins why 7 2  perc ent o f  the s tudy requirement i s  met on the environment 

�ith the higher rel ative c o s t  for this activity . 

13 ibid p .  143 . The author s  c omment that " the interpretation o f  the 
lagrange mul t i pl i e r s  ( or dual var iabl e s )  as a price  sys tem f or avai l abl e 
re s-our c e s  i s  known . "  
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case ( 2 )  

- Suppo s e  that , relative t o  the cost matrix o f  exampl e 6 ,  the re i s  a decrease in 

the per unit c o s t  of mee t ing the study s o c i al requir ement on campus . 

· c11 = 1 . 4 .  We c an summarize the re sul t br i e fly : 

�ange in the net imputed value of time use = - 0 . 2  c entsjmin - a decreas e .  

Change in the l evel of the activity 3 6 0  mins - an increas e .  

- A 12 . 5  per c ent decrease in the ne t i mputed value of  time us e to me e t  the 

study soc ial requirement on campus re sul t s  in an increase of 100 per c ent in 

� the l eve l of the activi ty , in accordanc e wi th the Le Chat e l i e r  Princ iple I I . 
,, 
'!=· 

· Exampl e 8 
�· 

By way of compari s on wi th e xampl e 6 ,  the per uni t  costs  of me eting the 

t relaxat i on soc ial r e quirement in the campus and household environments are 
i 
j 1 interchan�ed . 
l 1 -· 
l 

- The new cost  matrix is given by : 

.tABLE 7- 1 1  2 x 2 NEW COST MATRIX (2) - TIGHT MODEL 

c [ 2 . 7  2 . 8  

3 . 2  3 . 9  l 
� 
-.,_ Oth�rwi s e al l parameters are as in Exampl e  6 



SQJ.ut i ons x*
1 1  = 3 6 0 ; x*

1 2  = 0 ; x*
2 1  = 140 ; x*

22 = 46 0 ;  

u*
1 = 0 ;  u*

2 = 0 . 5 ;  v*
1 = 3 . 2 ;  v*

2 = 3 . 3 ;  

The value o f  the obj e c t ive func t i on ,  in c ents , i s  

, primal :  

dual : 

( 3 60  X 3 . 2 ) + ( 0  X 3 . 9 ) + ( 140 X 2 . 7 ) + ( 460 X 2 . 8 )  

2 8 1 8  

( 5 00 X 3 . 2 ) + ( 46 0  X 3 . 3 ) - 6 0 0 ( 0 . 5 ) 

1 6 0 0  + 1 5 1 8  3 0 0  

2 8 1 8  

The agent ' s  objective funct i on i s  $ 2 8 . 1 8 p e r  diem . This represents 

dissaving . 

The val ue of soc ial inc ome , in c ents , i s  

( 5 00 X 3 . 2 ) + ( 46 0  X 3 . 3 ) 

3 1 1 8 

$ 3 1 . 1 8 per diem 

140 

Study now takes pla c e  in both the campus and hous ehold behaviour s e tt ings , 

With a shift o f  3 6 0  minutes o f  time use t o  campus and away from househol d .  

Inte r e s t ingly the r e la tive per uni t c o s t  ratio between study in the two 

envi ronments has not changed . I s  thi s shift of t ime us e in acc ordanc e with 

economi c  theory ? The new c o s t  matrix involves a switch in the rel a tive cost 

rat� o s  f or relaxat i on in the c ampus and household behaviour setting s . The 

corresponding change s  in the ne t imput�d value s o f  time us e to me e t  the 
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relaxat i on soc ial requirement on campus and in the household respe ctive l y  are 

(in centsjmin ) : 

( l )  

( 2 )  

( 3 . 3  0 )  - ( 3 . 9  - 1 . 1 ) 

( 3 . 3  - 0 . 5 ) - ( 3 . 9  - 0 )  

0 . 5  an increase 

- 1 . 1  a decrease 

�e increase of  0 . 5  centsjmin resul t s  in a decrease  of 360 mins . 

�e de crease of 1 . 1  cents/min resul t s  in an increase of 3 60 mins . 

M increase of 17 . 9  pe rcent in the net imputed val ue of time use to mee t  the 

relaxation soc ial requirement on campus resul t s  in a decreas e of lOO perc ent 

in the l evel of the activity . A decrease of 2 8 . 2  percent in the net imputed 

value of  t ime use to meet the rel axation soc ial r e quirement in the hous ehold 

environment resul ts in an increase of  3 6 0  per c ent in the l evel of the 

activi ty . Because there i s  an increase in the net imputed value of t ime us e 

_ to mee t the relaxati on soc ial requirement on campus , and a decrease i n  the net 

imputed value of time use to me et the relaxat i on s oc ial requirement i n  the 

household environment , the Le Cha te l i e r  Princ ipl e I I  predicts that the agent 

Vill mee t  thi s requirement by increased t ime use in the household env i ronment . 

In fac t the entire relaxation soc ial requirement of 4 6 0  minutes i s  now met in 

. the hous ehold environment . Be cause there i s  no s l ack capac i ty in this 

_ environment , 360 minutes o f  the s tudy requi rement is  now met on campus . Thi s  

Could b e  regarded a s  an induced t ransfer of  a scarce resourc e  . 

. :- l'he re sul ts are set  out in Tabl e 7 - 1 2 . 
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�LE 7-12 LE CHATELIER PRINCIPLE - SUMMARY OF RESULTS 

£ltample Cos t matrix Dec i sion variabl es Shadow prices Objec tive 
function 

* * * * * * * v*
2 ( in cent s e n cl2 c z l c z z  x n X 1 2  X 2 1 X 2 2  u 1 u 2 V 1 

per diem) 

6 3 . 2  2 . 8  2 . 7  3 . 9  0 3 6 0  500 100 1 . 1  0 2 .  7 3 . 9  2 748 

7 ( 1 )  3 . 2  B 2 . 7  3 . 9  3 6 0  B 140 460 0 0 . 5  3 . 2  4 . 4  3 3 24 

7 ( 2 )  B 2 . 8  2 . 7  3 . 9  8 0 140 460 1 . 3  0 2 . 7  3 . 9  2 6 7 6  

8 3 . 2  B 2 . 7  B 3 6 0  0 140 8 0 0 . 5  3 . 2  3 . 3  2 8 1 2  

Exampl e 9 

By way o f  c ontrast with exampl e 4 , the overall c onsistency constraint i s  not 

required f o r  the t i ght model . 

!ABLE 7 - 1 3  3 x 3 ACTIVITY MATRIX - TIGHT MODEL 

to : 
s R J 

c xu x1 2  xu :;; 3 6 0  

from : H xn x2 2  x2 3  :;; 600 

w x3 1  x3 2  x3 3  � 2 2 0  

� 40 0  � 340 � 2 20 

IABLE 7-14 3 x 3 COST MATRIX - TIGHT MODEL 

3 . 2  2 . 8  1000 

c 2 . 7  3 . 9  1000 

1000 1000 - 9 . 5  



S91-ut i ons * o · * 340 ; * 0 ;  * 400 ; x n = X 1 2  = X 1 3  X 2 1  ' 

* * * * O ·  * =2 2 0  X 2 2  = X 23  X 3 1  = X 3 2  = X 3 3  ' 

* O ·  * O · * 9 . 5 ;  * 2 .  7 ;  * u l u 2 = u 3 = V l = V 2 ' ' 

* 0 V 3 

Note : Hereafter only po s i t ive value s of the x*
i j wil l  be given . 

The dol l ar value of the ob j e c t ive funct i on i s , for the primal : 

( 0  X 3 . 2 ) + ( 340 X 2 . 8 )  + ( 400 X 2 . 7 ) + ( 0  X 3 . 9 )  + 

( 2 20 X - 9 . 5 ) 

- $ 0 . 5 8 

The doll ar value of the obj e c t ive funct i on is , for the dual : 
-"' 
. -

( 400 X 2 . 7 )  + ( 340 X 2 . 8 ) + ( 200 X 0 )  - ( 3 60 X 0 )  -

( 600 X 0 )  - ( 2 2 0  X 9 . 5 ) 

1080 + 9 5 2  - 2090  

- $ 0 . 5 8 

- Soc ial Income Value of s o c ial pos i t ion + inc ome f r om work 

( 400 X 2 . 7 ) + ( 340 X 2 . 8 )  + ( 2 20  X 9 . 5 )  

1080 + 9 5 2  + 2090 

4122 c ents or $ 41 . 2 2 per diem . 

143 

2 . 8  
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�ple 1 0  

!here i s  a change i n  the c o s t  matrix , a s  shown i n  Table 7 - 1 5  below . Otherwise 

the paramet e r s  are unchanged . 

L\8LE 7- 1 5  

c 

Solut i ons 

3 x 3 NEW COST MATRIX (1) - TIGHT MODEL 

3 . 2  3 . 9  

2 . 7  2 . 8  

1000 1000 

* X 1 1  = 140 ; * X 2 1  = 260 ; 

1000 

1000 

- 9 . 5  

* X 2 2  340 ; * X 3 3  
* u 1 0 ;  u*

2 = 0 . 5 ;  u*3 = 9 . 5 ;  v*l = 3 . 2 ;  

* V 3 0 

2 20 

* V 2 3 . 3 ;  

� The doll a r  value of  the ob j e c t ive func t i on is $ 0 . 1 2 ,  a dis saving . 

Social Inc ome Val ue of  s o c ial p o s i t i on + income from work 

( 40 0  X 3 . 2 ) + ( 340 X 3 . 3 ) + ( 2 20  X 9 . 5 ) 

1 2 8 0  + 1122  + 2090 

$ 44 . 9 2 per diem 

B y  way o f  c ompari s on with Exampl e 7 ,  s tudy i s  now distributed over both the 

campus , 140 minute s ,  and household , 2 6 0  minut e s , environment s .  All relaxation 

take s p l a c e  in the hous ehold environment , a shift away from campus . The 

life styl e k generates a higher s oc i al income $44 . 9 2 ,  compared with the previous 
I . � 

' $41 : 2 2 ,  p e r  diem . I ns tead of  a dai l y  saving of $ 0 . 5 8 the student now incurs a 

daily expendi ture o f  $ 0 . 1 2 .  
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£l@mpl e  1 1  The cost of a f ixed l ife styl e 

" �e economic model suggests that an optimiz ing agent should adapt his 

lifestyl e t o  changes , for exampl e changes in the cost struc ture . I f  the agent 

�fails to r e spond fl exibly to change s ,  then i t  is  l ikely that the l if e s tyl e 

will be suboptimal . 

If the s tudent is a person of habit , and unl ikely to react t o  changes in c o s t  

struc tur e , then l iving c o s t s  over t h e  academic year a r e  l ikely to increas e 

even when the per unit costs decreas e .  Suppos e the student ' s  c ons tant spac e -

� time behavi our pattern i s  described by the optimal solution t o  Exampl e 1 0 , 
., 

;given in Table 7 - 1 6  below . 
·r .. 

r 
rhABLE 7- 1 6  
f"-l·"-:· l� 

SPACE-TIME BEHAVIOUR PATTERN 

to : 
s R J 

c 140 0 

H 260  340 

w 2 2 0  

" Suppo se al s o  that there are change s in the c o s t  matrix a s  shown i n  Tabl e 7 - 1 7  

bel ow . 

t changes 

B e c ause the student ' s  behaviour pattern is not respons ive to pri c e  

the space t ime behaviour pattern o f  Tabl e 7 - 1 6 is n o  l onger opt imal . 
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l.rMLE 7 - 17 3 x 3 NEW COST MATRIX (2) - TIGHT MODEL 

3 . 3  3 . 2  1000 

c 2 . 7  2 . 8  1000 

1000 1000 - 9 . 5  

The dol l ar value o f  the o b j e c t ive func t i on i s , us ing the primal , 

( 140 X 3 . 3 ) + ( 0  X 3 . 2 )  + ( 2 6 0  X 2 . 7 ) + ( 340 X 2 . 8 ) + ( 2 20  X - 9 . 5 )  

4 6 2  + 0 + 7 0 2  + 9 5 2  - 2 0 9 0  

$ 0 . 2 6 p e r  diem . 

Henc e , al though the average e l ement ( c i j  > 0 )  o f  the per uni t  cost matrix has 

decreased , there has been an increase in the student ' s  daily expendi ture . For 

the c o s t  matrix of Tab l e  7 - 1 7  the optimal behavi our pattern , is 

* X 12 140 ; * X 2 1  400 ; * X 2 2  200 ; * X 3 3  2 20 

For thi s opt imal l if e s tyl e , the daily expend iture i s , us ing the primal , 

( 0  X 3 . 3 ) + ( 140 X 3 . 2 )  + ( 400 X 2 . 7 ) + ( 2 00 X 2 . 8 ) + ( 2 2 0  X - 9 . 5 )  

0 + 448 + 1 0 8 0  + 5 6 0  - 2 0 9 0  

$ 0 . 0 2 ,  a saving . 

Henc e by k e eping to a f ixed behavi our patt ern in the face of changes in the 

Per uni t  a c t ivity c o s t s , the s tudent l o s e s  a potent ial ne t gain of $ 0 . 2 8  per 

die� .  Ove r  the academic year o f  40 weeks this i s  equival ent to an additi onal 

j expenditure of $ ( 2 8 x 7 x 40 ) /100 = $ 7 8 . 40 .  
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There i s  a dimens ional i ty probl em inherent in any transportation mode l . Two 

aspects are cons idered . 

1 . In exampl e 3 ,  to take a particular case , of the six dec i s i on variabl e s  

only four are included i n  the optimal de c i s ion .  Two dec is ion var iabl e s  are 

· �xcluded . Thi s i s  an important i ssue . 

I ABLE 7-18 EXAMPLE 3 AS A STANDARD LINEAR PROBLEM 

A X b 

xu x1 2  xl 3  xzl xz z  xz 3  290  

1 0 0 1 0 0 0 5 0 0  

0 1 0 0 1 0 0 1 0 0  

0 0 1 0 0 1 210  3 6 0  

- 1  - 1  - 1  0 0 0 100 - 4 9 0  

0 0 0 - 1  - 1  - 1  360  - 6 7 0  

non - basic 
var iables 

An intuit ive explanation i s  now provided . In Tabl e 7 - 1 8  the 2 x 3 exampl e ,  

including solut ions , i s  expres sed as a s t andard l inear probl em , c f  ( 5 . 1 1 ) . 

There are e l even inequal i ty contraints ( two behaviour setting c ons traints , 

three social requirements constraints and six non- negativity c onstraint s ) . We 

can move from vectors to a more geome tric  perspect ive . Each inequal i ty 

- constraint determine s a certain closed hyperplane in six dimensional 

, 
hyp_erspace . The regi on of s ix dimen s ional hyperspace def ined by the xi j  ;;: 0 

i-1 , 2  j=l , 2 , 3  i s  the non -negative orthant of R6 . The region of feas i b i l i ty i s  
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the convex polytope l4 determined by the int e r s e c tion of the hyperplane s . The 

set of verti c e s  whi ch corresponds w i th the 4 x 4 submatrix of A i s  the bas ic 

feas ibl e s e t . The optimal point will  bel ong t o  thi s set , and , l ike all other 

points in the s e t , will include two z er o  c oordinates corre sponding to the two 

non- bas i c  variabl e s . For thi s  set  we cal cul ate the value of the o b j e c t ive 

function at every vertex and f ind the one with the smal l e s t  value , namely 

( 290 . 0 ,  0 ,  2 1 0 , 100 , 3 6 0 ) . x1 2  and x1 3  are the de cis ion variabl e s  excluded 

from the optimal s olut i on . The probl em was s e t  in 6 - dimensi onal hyperspace , 

R6 , but the s olut i on i s  given in 4 - dimens i onal hyperspace .  R4 . What i s  the 

social meaning o f  the inherent preclus i on? The agent has a choice  o f  

activi t i e s . O n  the one hand there i s  a l o s s  o f  dimens ional i ty , whil e  o n  the 

other the rati onal agent i s  abl e to s e l e c t  tho s e  environments ,  and only thos e ,  

which al l ow soc ial requi rements to be met optimal ly .  Four per uni t  c o s t s  are 

suffic i ent to determine the agent ' s  expendi ture pattern . 

The re sul t can be g eneral ized . Suppose  there are m environments and n s ocial 

requirements , and therefore m +  n c onstraints and mn activiti e s . Then in the 

standard l inear probl em , A i s  the MxN matrix , c ons i sting of M rows and N 

columns , where M =  m+n and N = mn . A deno t e s  a transformation from RN s pace 

to RM s pac e . From a geometr ical perspe c t ive , making use of Carathe odory ' s  

the orem , i f  S i s  a non- empty subse t  o f  M - dimensional space , then e ach po int of 

the minimal c onvex s e t  that c ontains S i s  a c onvex combination of a t  mo s t  

M+l ( =  m+n+l ) po ints in s . lS That i s , the s e t  o f  vert ices whi ch corresponds 

14 A polytope i s  a cl osed and convex s e t , s inc e it is defined by the 

intersec t i on of conve x  closed s e t s  ( the c l o s ed hyperpl ane s ,  or hal f  s e ts ) . 

• 15  - Carathe odory ' s  theorem i s  the fundamental dimens ional i ty resul t  in 

convexity theory . For a proof o f  the theorem and proofs of the c o rollaries  
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with the ( M+l ) x ( M+l ) submatrix of A is , at mo s t , the basic feasibl e  s e t . 

fhe transportation probl em i s  a special case of the standard l inear probl em . 

In thi s type of time allocation model , for m environments and n s oc ial 

requirement s , it can be shown that there will be at most m+n- 1 dec i s i on 

variabl e s  in an optimal s olut i on .  

2 .  Furthermore , in thi s type of time al l ocat ion model where there  are m 

environments and n s o c ial requirements , there i s  s ome heuri stic advantage in 

putting m z n .  The relative l o s s  of information about envi ronments ,  and 

therefore the agent ' s  behavi our , is  l east in model s  where m z n .  The 

conclusion i s  now jus t i f i ed intuitively . For both a 5 x 6 and a 2 x 1 5  model 

there are 30 deci s i on var iabl e s . For the 5 x 6 model there are , at mo s t , 10 

optimal dec i s ion var i abl e s , compared with , at mo st , 1 6  for the 2 x 15 mode l . 

Suppos e  that for each model al l soc ial requirements are met in such a way that 

no environment is used to mee t  more than two s o c ial requirement s . To be sure , 

the 2 x 1 5  model generate s  mor e  optimal dec i s i on variabl es ( 1 6 ,  compared with 

10 for the 5 x 6 model ) .  However for the 5 x 6 model , the optimi zing agent 

�s the choice of us ing two environment to me e t  each of four soc ial 

requirements ,  while  for the 2 x 12 model , two environments can be used to me et 

• oruy � of the 1 5  s o c i al requirement s . Clearl y ,  by compari son with the 5 x 5 

model , ther e  i s  l e s s  informa t i on provided about environment s in the 2 x 1 2  

�del . Given the a s sumption that environments shape behavi our this repr e s ents 

a significant l imitati on . 

�(continued )  . 
·�•ee Rockafe llar ( 1 9 7 0 )  pp . 1 5 5 - 161 . 
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How is  the per uni t  cost  matrix derived?  The minimum dol lar c o s ts , class ified 

by requirement s , are obtained for a repre s entative group of s tudent s . Thi s  

could be in the previ ous year . Esti mates  all owing for inflati on are then 

obtained for the current year , as s hown in Tabl e 7 - 19 .  

IABLE 7 - 19 ESTIMATED DOllAR COSTS FOR THE ACADEMIC YEAR 

$ 

1 .  Flatt ing 3 00 0  

2 .  Food 2 2 0 0  

3 .  S tudent Fee s  800  

4 .  Cour s e  Requirements 600  

5 .  P e r s onal S pending 2 10 0  

6 .  Other 300  

9 000 

The c o s t s  have been aggregated into six classifi cat ions , based on the data 

from Living in Wel l ington Ko to noho i Whanganui - a - Tara ( 1 9 8 9 ) . 

In Tabl e 7 - 20 the s ix expenditure c l as s if i cations of Tabl e 7 - 1 9  have been 

apportioned ove r two behavi our s ettings , campus and household . The aggregate 

expenditure for each behavi our s e t t ing is obtained by summing al ong rows , 

Us ing the s ame s ix c o s t  classifications as in Tabl e 7 - 1 9 . 

In pr ac t i c e  the deta i l ed costs  provided by invoices , rece ipts and o ther 

tecords would be a s s i gned to e i ther the campus or the household environments . 



some costs belong exclus ivel y  e i ther to  one or to the other . For example 

1 5 1  

student fe e s  are an expend i ture assoc i ated with the campus environment , whi l e  

natt ing expens e s  are proper to  the hous ehold envi ronment . Other cost s , such 

as food , bel ong to both and can be apport i oned by observed budget data . 

, including i temi zed rec e ipt s as suppl i e d  by , say , supermarkets . The data 

� ·  
·suppl ied can be assigned to e i ther the campus or hous e hold environment . The 

�$1090 repre s ent s food consumed on campus . Thi s  toge ther with the $ 1 1 1 0  for 

rfood consumed in the household forms the aggregate expenditure on food of 

$2200 . 

I TABLE 7 - 20 ESTIMATED DOU.AR COSTS FOR THE ACADEMIC YEAR BY BEHAVIOUR 
SEJ:[INQS 

.. 

l ·-
Classification .. ( 1 )  ( 2 )  ( 3 )  ( 4 )  ( 5 )  ( 6 )  

Flatting Food S tudent Fees Requirements Personal Other Total 
Behaviour Spending 

setting 

f, Campus 1090 800 600 7 5 0  6 0  3 300 

Household 3000 1 110 1 3 5 0  240 5 700 

Total 3000 2 2 00 800 600 2 1 00 300 9000 

F
Table 7 - 2 1 is derived from Tabl e 7 - 20 . Table 7 - 2 1 introduc e s  a further s e t  of 

aggregate s .  For each of the two behaviour settings the aggregate c o s t  i s  

subdivided acros s rows into two components denoted b y  the s tudy and relaxation 

· social requi rements . In prac t ice , data would be obtained through the us e of 
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invo ic e s , r e c e i pts and other records . The aggregate for each of the two 

soc ial r equir ement s can be found by summing dowm the appropriate column .  For 

exampl e , in Tabl e 7 - 2 1 , for the c ampus behaviour s e tting , the items Pers onal 

�endin� and Other from Tabl e 7 - 2 0 , are apport i oned over the study and 

relaxat i on r e quirement s , us ing exp enditure data . Of the remaining items of 

Table 7 - 20 assoc iated with the campus behaviour se tting , Student Fee s  and 

�ourse Requirement s bel ong ent irely t o  the study requirement , and Food bel ongs 

entirely t o  the relaxat ion requirement . The $ 1 800 repre sents the cost of 

study on campus and is composed of S tudent Fees ( $ 8 00 ) , Course Requi rements 

($600 ) , a P e r s onal Spendin� amount ( $ 3 8 0 )  and Other ( $ 20 ) . The $1800  i s  

obtained b y  aggregating appropriate columns from Tabl e 7 - 20 ,  including 

components of Per sonal Spendin� and Othe r  but excl uding Food which i s  part of 

the c o s t  o f  r e l axati on on campus . 

TABLE 7-21  MINIMUM ESTIMATED COSTS FOR ACADEMIC YEAR 

From Tabl e 7 - 2 1  we obtain daily e s timated costs  by dividing each amount o f  

Table 7 - 2 1 by 2 8 0 , the product of the number of weeks i n  the academic year , 

40 , and the number of days in the week , 7 ,  and obtain average daily e s t imated 

costs .  Re sul ts are provided in Tabl e 7 - 2 2 .  
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IABLE 7 - 2 2  2 x 2 MATRIX OF  DAILY ESTIMATED DOllAR. COSTS 

to : 
s R 

fr om :  

c 6 . 4  5 . 4 

H 4 . 3  1 6 . 0  

To obtain the quantitat ive measure s given by Tabl e 7 - 2 3 , t ime budge t s  are used 

using the methods of S zal ai ( 1 9 7 2 )  to find time actually spent in environments 

· by a r e pr e s entative group of s tudents , and then an average i s  obtained , as in 

other e c onomic model s .  Of cour s e  there i s  no reason to suppose that the 

actual time use repre sent s  an optimal pattern . I t  should be noted that Tabl e 

7 - 2 3 i s  t otally independent from previous cost data . 

TABLE 7 - 2 3  

from : 

c 

H 

Total 

2 x 2 MATRIX OF ESTIMATED TIME SPENT ON STUDENT ACTIVITIES IN 
MINUTES 

to : 
s R Total 

200 190 390 

160 410 5 7 0  

3 6 0  600 

Tabl e 7 - 24 i s  obtained by dividing each e l ement in Tabl e 7 - 2 2  by the 

corre s p onding el ements in tabl e 7 - 2 3  and dividing by 100 in order to expr e s s  

the p e r  uni t  c o s t  i n  c ent s/min . Thus c1 1  � ($�0� )/100 = 3 . 2  c entsjmin ; 

c$i9� )/100 = 2 . 8  cents/min . 
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.IABLE 7- 24 2 x 2 COST MATRIX IN CENTS PER MINUTE 

s R 

c 3 . 2  2 . 8  

H 2 . 7  3 . 9  

Tabl e 7 - 2  used in the mathema t i cal program for Example 1 ,  sect ion 7 . 2 ,  i s  the 

same a s  Tabl e 7 - 24 .  

Activity Analysis 

The act ivity analys i s  mode sugge s t s  intuit ively how a change in the agent ' s  

produc t i on technol ogy will  affect the l evel of s o c ial income . 

Exampl e 1 2  

The t i ght model i s  now formul ated within the framework o f  activi ty analys is . 

The s o l ut i on of exampl e 1 0  i s  expres s ed in thi s mode . The bas i c  variabl e s  can 

be expre s s ed as activi t i e s , us ing the fol lowing trans it ions : 

* * . X 2 1  -+ X 4 '  
* * . X 2 2  -+ X 5 • 

The l evel s of the activit i e s  are , re spectively : 

* X 1 140 ; * X 4 2 6 0 ; * X 5 340 ; * X 9 

* * X 3 3  -+ X 9 

2 2 0  



The intens ity vector x is : 

1 == [ 140 0 0 2 6 0  340 0 0 0 

The agent has the choice  of nine activi t i e s . The optimal solution requi res 

the agent t o  carry out the first , fourth , fifth and ninth ac tivi t i e s . 

The price vector p is : 

p ==  [ 3 . 2  3 . 3  0 0 0 . 5  9 .  5 l 

Social Inc ome 

. The socio - e c onomic produc t ion func t i on i s  spec i f i ed by the 6 x 9 matrix A .  

1 5 5  

pAx i s  the value o f  the produc ton s e t . l 6  I n  the time allocation model s ,  thi s  

l 
scalar can be interpreted economical ly as : 

( 1 )  saving , or dis saving , by the agent 

( 2 )  value of soc ial posi tion l e s s  the total value o f  the time endowments .  

For ( 1 )  pA is the 1 x 9 ve ctor 

[ 3 . 2  3 . 3  0 2 . 7  

pAx i s  the s calar 

2 . 8  - 0 . 5  - 6 . 3  

3 . 2 ( 140 ) + 2 . 7 ( 2 6 0 )  + 2 . 8 ( 340 ) - 9 . 5 ( 2 2 0 )  

448 + 7 0 2  + 9 5 2  - 2 0 9 0  

: 16 · Market costs are not expl ic i tly s tated . 

- 6 . 2  - 9 . 5  l 
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Expendi ture 

1 2  

The agent d i s s aves $ 0 . 1 2 p e r  diem . 

2 0 9 0  
Inc ome from 

Work 

1 5 6  

Thi s i s  e qual t o  the value of the objective func tion obtained f o r  example 8 .  

Hence pAx 

For ( 2 )  

p - vl v2 v3 

A - r- - :�- -J 

k=l , . . .  , N - 1  

and k=N 

In exampl e 1 2 , N=9 

ul u2 u3 l 

vBx 3 . 2 ( 140 ) + 3 . 2 ( 2 6 0 )  + 3 . 3 ( 340 ) 

2402 
value of 
s o c ial 
pos i ti on 

uAx + ( - 0 . 5 ) ( 2 6 0 )  + ( - 0 . 5 ) ( 340 ) + ( - 9 . 5 ) ( 2 2 0 )  

deno t e s  expendi ture 

denotes  inc ome 



I ·  
�� Hence vBx 
I 
"1 N - 1 
.� where L.: · ·-

k=l 

-

- 2 3 9 0  
total value 
of the t ime 
endowment 

uAx pAx 

ckxk i s  denoted 

CNXN i s  denoted 

pAx+ - pAx -

by pAx+ . 

by pAx- . 

and the + and - s i gns specify expendi ture and inc ome respect ively .  

': Soc ial Income . value of social position + net income 

vBx + pAx-

2402 + 2090 

449 2 

$ 44 . 9 2 per diem 

'-
Expendi ture + total value of the time endowment 

� Ll_ Summary 

.l .  The Slack Model 

pAx+ + uAx 

2 10 2  + 2 3 9 0  

449 2 

value o f  social inc ome 

In the s l ack model time endowment s do no t define an exac t 

1 5 7  

distribution . Thi s  entails s ome under-ut i l i zation of capacity for at 
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l ea s t  one s ource . Henc e in the slack model at l east one shadow price 

associated w i th a cons traint at a sourc e is nec e s sarily zero , and 

po s s i bly all are zero . as in the case of  the first exampl e .  In the 

parti cular c a s e  of the first exampl e the quantitative measure of 

S oc ial Income was equal to the money expenditure . In the slack model , 

for cases  whe r e  at l east one c i j  < 0 .  the introduction of an 

additional c ons traint with the a s s oc iated shadow price w .  make s it 

poss i bl e  t o  provide a non- z e ro value of the time endowment , even for 

thos e  ins tanc e s  whe re sl ack capac i ty exi s t s  over al l behaviour 

s e t t ings . Hence , for the sl ack model . suppos ing unused capac i ty at 

all s our c e s  ( the extreme case where all a s s ociated shadow prices  are 

ne c e s sar i l y  z ero ) it become s po s s ibl e  to obtain a quant i tative measure 

of soc ial inc ome in terms of both pr imal and dual which nec e s sarily 

exc eeds money expenditure . In the slack model the bj def ine a 

di s tributi on but the ai do not . The focus is on a particular agent . 

2 .  The Tight Model 

In the t i ght model both the b j and the a i define distributi ons . In 

thi s model no shadow price is ne c e s sarily z ero s ince there  is no 

unused c apa c i ty at any s ource . The focus i s  on an average agent . 



CHAPTER 8 

NUMERICAL EXAMPLES - ( 2 )  

� INTRODUCTION 

5 X 5 AND 5 X 6 MODELS 

The model s devel oped in the prec eding chapter are now extended . They 

incorporate the five behaviour settings ( envi ronment s )  and five requirement s of 

· social pos i t ion as de s c r i bed in Chapter 4 .  As in Chapter 7 ,  there i s  a s l ack 

model and al s o  a tight model . For the slack model , the effec t s  of changing one 

endowment are examined in S e cti on 8 . 2 .  A 5 x 5 tight model is introduc ed in 

i Section 8 . 3 .  The determinat ion of selected parame ters i s  provided , with the 

• 
� foll owing chosen as repr e s entative : b1 = 100 ; b 3 = 500 ; a1 = 3 9 0 . In s e c t i on 

� 
[ 8 . 4  a step - by - step approach is used to derive a 5 x 5 cost matrix from two s e t s  

; of data , obtained independently . I t  so happens in the l arger model s that the 

I 
; activity matrix is 5 x 5 .  However the clas s if i cations for behavi our s e t t ings 
• 
r 

and environments are flexible enough to all ow for e xtens ions . There i s  no 

theoretical reason why the activity matrix has to b e  square in terms of 

behaviour s etttings and s o c ial requirements . To make the point , 5 x 6 exampl e s  

for both s l ack and tight model s are introduc ed and solved . T o  mo tivate the 

starred s e c tion 8 . 5  a c a s e  s tudy , " the resourc eful student " ,  i s  provided . The 

model s are extended to include change s  in technology . Themes introduced in thi s  

. chapter , namely change s  in a parame ter and change s i n  the technol ogy matri x , are 

. developed in Chapter 9 .  



� A 5 x 5 AND 5 x 6 SLACK MODELS 

As in the numer ical exampl es of Chapter 7 ,  endowments and requirements are 

measured in minutes , and costs  are expre s s ed in cents/minute ,  both taken over 

the 16 hour waking day . Income i s  ne t of  tax , and is regarded a s  a negative 

cost . A wage rate of 1 1 . 0  cent sjmin i s  equival ent to $ 2 64 . 00 for a 40 hour 

1 6 0  

working week . The optimal solut i ons quant ify the agent ' s  c onsumpt i on patterns . 

· Example 1 

TABLE 8 - 1  STATEMENT OF PROBLEM - SLACK MODEL 

Behavi our s e tt ings Soc ial requirements 
( envi ronments )  

a i m in hrs min b j m in hrs m in 
.. ( 1 )  ( 2 )  ( 1 )  ( 2 )  

.t -· 
State ( S )  5 5 0  9 1 0  Heal th ( HL )  100 1 40 

Household ( H )  4 7 0  7 5 0  Job ( J )  220 3 40 

Private Ent erpri s e  ( P )  2 5 0  4 1 0  Academic (A)  500 8 20 

Voluntary A s s o c iat i ons ( V )  1 0 0  1 40 S o c i o - cultural ( S C )  100 1 40 

Workpl ace ( W )  300 5 0 Comme rcial ( C )  40 0 40 

Total 1 6 7 0  2 7  5 0  960  1 6  0 
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�LE 8 - 2  5 x 5 ACTIVITY MATRIX 

to : 

HL J A se c 

s xn x1 2  xu x14 x1s  ;;; 5 5 0  

H x2 1  x2 2  x2 3  x24 x25  :::; 470 

from :  p x3 1  x3 2  X3 3  x34 x35 :::; 2 5 0  

V x41 x42 X43  x44 x45 :::; 100 

w X5 1  x5 2  x5 3  x54 xs 5  :::; 300 

� � � � � 

100 220 500 100 40 

. The aggregate t ime constraint i s : 

L:xi j  :::; 9 6 0  w ( 8 . 1 ) 

TABLE 8 - 3  5 x 5 COST MATRIX 

5 . 2  1000 2 . 0  3 . 2  10 . 0  

6 . 7  1000 3 . 5  3 . 9  1 7 . 3  

c 2 . 2  1000 18 . 1  3 . 9  14 . 9  

2 . 3  1000 3 . 7  3 . 9  1 0 . 0  

1000 - ll . O  1000 1000 1000 
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�LE 8 - 4  SOLUTIONS TO EXAMPLE 1 

to : S o c i al 
requirement 

Heal th Job Academic Soc i o - cul tural Commercial 
from : HL J A s e  c 
behaviour 

setting 
* u i 

State s 500 50  0 . 7  

Hous ehold H 0 

Private 
Enterpri s e  PE lOO 0 

Voluntary 
As soc i a t ions VA 5 0  40 0 

Workplace w 2 2 0  0 

1 3 . 2  0 1 3 . 7  1 4 . 9  2 1 . 0  w * 1 1 . 0  

For subsequent exampl e s  data and solutions will be pre sented mor e  conc i s ely . 

As a guide , the solut ions o f  Exampl e l are pres ented in compact f orm . 

(M)  deno t e s  mul tiple solut ions . 

* 500 ; * 5 0 ; x*
3 1  lOO ; * 50 ; >'< 40 ; >1: 2 2 0  X 1 3  = X 14 = = X 44 = X 45 = X 5 2  = 

* 0 . 7 ;  * o · * o ·  * O · * 0 ;  * O · * O ·  u l u 2 = u 3 = u 4 u 5 = V l = V 2 = ' ' ' ' ' 
* 1 3 . 7 ;  * 14 . 9 ;  * 2 1 . 0 ;  * 1 1 . 0  ( M )  V 3 V 4 = V 5 = w 
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The object ive func tion , i n  c ents , i s  

primal ( 50 0  X 2 . 0 )  + ( 50 X 3 . 2 )  + ( 1 00 X 2 . 2 ) + ( 50 X 3 . 9 )  + ( 40 X 10 . )  -

( 2 2 0  X - 1 1 . 0 ) 

1000 + 1 6 0  + 2 2 0  + 1 9 5  + 400 - 2420 

- 44 5  

dual ( 1 3 . 2  X 100 ) + ( 0  X 220 ) + ( 1 3 . 7  X 500 ) + ( 14 . 9  X 100 ) + ( 2 1 . 0  X 40 ) 

- ( 0 . 7  X 5 5 0 )  - ( 0  X 470 ) - ( 0  X 2 5 0 )  - ( 0  X 100 ) - ( 0  X 300 ) -

( 1 1 .  0 X 9 6 0 )  

1 3 2 0 + 0 + 6 8 5 0  + 1490 + 840 - 3 8 5  - 0 - 0 - 0 - 0 - 1 0 5 6 0  

- 445  

t The student ' s  objective func tion i s  - $4 . 45 per diem . Thi s repr e s ents a saving . 

r ; 

By defini tion , S ocial Income 

- Soc ial Inc ome ( 1 ) ,  in cents 

Value of soc ial po sit ion plus money 
income 

Expenditure + Total value o f  t ime 
endowment 

( 13 . 2  X 100 ) + ( 0  X 2 2 0 ) + ( 1 3 . 7  X 500 ) + 
( 14 . 9  X 100 ) + ( 2 2 0  X 1 1 . 0 )  

1 32 0  + 0 + 6 8 5 0  + 1490 + 840 + 2420 

1 2 9 2 0  

$ 1 2 9 . 20 p e r  diem 

( 1 )  

( 2 )  



-

soc ial Inc ome ( 2 ) , in c ents ( 5 00 X 2 . 0 ) + ( 5 0 X 3 . 2 )  + ( 100 X 2 . 2 ) + 
( 50 X 3 . 9 ) + ( 40 X 1 0 . 0 )  + ( 9 6 0  X 1 1 . 0 )  + 
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( 0 . 7  X 5 5 0 )  + (0  X 470 ) + (0  X 2 5 0 ) + (0  X 100 ) 
+ ( 0  X 3 0 0 )  

1000 + 1 60 + 2 20 + 1 9 5  + 400 + 105 6 0  + 3 8 5  + 0 
+ 0 + 0 + 0 

1 2 9 20 

$ 1 2 9 . 20 per diem 

Money Income repre sents 1 8 . 7 3 per c ent of Soc i al Inc ome . 

What happens i f  the aggregate time cons traint of exampl e 1 i s  relaxed ?  

The agent will work f o r  3 0 0  minutes , us ing up a l l  the workplace t ime endowment . 

To mee t  the remaining s o c i al requirements the agent uses 740 minute s .  The total 

amount of t ime the agent use s  i s  1040 minut e s , which violates the as sumption of 

the 1 6  hour waking day . 

* 500 ; * 5 0 ; 
·'- .t. 

1 0 0 ; * 40 ; * 300 ; x u � X 14 = x� 24 5 0 ; x"
3 1  = X 45 = X 5 2  = 

* 0 . 7 ;  * O ·  * 0 ;  * 0 ;  * 1 1 . 0 ;  * 2 . 2 ;  * O ·  u 1 u 2 u 3 u 4 = u 5 = V 1 V 2 ' ' 
* 2 . 7 ;  * 3 . 9 ;  * 1 0 . 0  ( M )  V 3 V 4 V 5 = 

Value of the objective func t i on - $ 1 3 . 2 5 ,  a saving . 

We now examine the r e sul t s  of two suc c e s s ive de creas e s  in the time endowment 

as soc iated with the s tate behaviour setting . Each decrease i s  of 50 minute s ,  so 

the maximum endowment s , a1 , are now 500 and 4 5 0  respec tively . There are no 

furthe r change s  from the data of Example 1 .  
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�l e  2 500 

£rimal and Dual Solutions 

Solut i ons 
·'· 

500 ; * * 40 : * 1 00 ; * 6 0 : xn l 3 X 14 = 0 ;  X 24 X 3 1  X 44 

* X 45 40 ; * X 5 2  = 220 

* 0 . 7 ;  * 0 :  * 0 ;  * 0 :  * 0 ;  * 1 3 . 2 ;  u 1 u 2 = u 3 = u 4 = u 5 V 1 = 

* O ·  * 1 3 . 7 :  * 14 . 9 :  * 2 1 . 0 ;  * 1 1 . 0 ;  ( M )  V 2 V 3 = V 4 = V 5 = w = ' 

As previ ously the s tudent meets the academic  soc ial requirement compl e tely from 

the s tate ( univers ity) behavi our setting . However it i s  no l onger po s s ibl e to 

use this behaviour setting to me et part of the s o c i o - cul tural requirement as 

well . * Henc e x 1 4 • previ ously 5 0 . now become s zero . A new dec i s i on variabl e . 

* x 24 enters the optimal s olution . so that the s o c i o - cul tural requirement i s  me t 

partly from the hous ehold environment , toge ther with an increased amount of time 

use in the voluntary assoc iations behavi our sett ing . There are no change s  in 

the shadow pr ic e s . The object ive funct i on i s  - 410 . 00 cents , or - $4 . 10 per 

diem , which represents a 7 . 9  percent de crease in savings . Soc ial inc ome i s  

unchanged . The inc rease i n  cost of ( 40 x 3 . 9 )  + ( 10 x 3 9 )  ( 50 X 3 . 2 ) = $0 . 3 5 

is balanc ed by the decrease ( 5 5 0 - 5 0 0 ) x 0 . 7  = $ 0 . 3 5 in the value of the time 

endowment assoc iated with the s tate behaviour s e t t ing . 

Example 3 450 

f.rimal and Dual Solutions 

* 
450 ; * .t. * * * X 13 = X 2 3  = 50 ; xn 3 1  100 : X 44 = 6 0 : X 45 = 40 : X 5 2  = 2 2 0  

� * u 1 1 .  5 ;  * o ·  "'k * * .t. o ·  1 3 . 2 ;  �'( O ·  = u 2 = u 3 = O :  u 4 O :  u 5 = v n l = V 2 = ' ' ' 
. * 

'V 3 .  = 14 . 5 ;  * 14 . 9 ;  �'( 2 1 . 0 ;  w* 1 1 . 0  ( M )  V 4 = V 5 -



An add i t i onal dec i s i on variabl e ,  x*
2 3  i s  added t o  the opt imal solution . The 

value s o f  the other de c i s ions variabl e s  remain unchanged . I t  is  no l onger 
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pos sibl e for the s tudent to mee t  the academic soc ial requirement by making us e 

of the univer s i ty environment al one . Mee t ing the new academic requirement means 

that the value of t ime use in the s tate environment changes . The objective 

func t i on i s  - 3 3 5  c ent s or - $ 3 . 3 5 per diem , which represents a decrease of 18 . 3  

percent in savings c ompared with Example 2 .  S oc ial income i s  $ 1 3 3 . 2 0 .  The 

increa s e  can be expl ained by the need to use the relatively more costly 

household environment for study , as a re sul t o f  the decrease in the maximum 

availabl e t ime endowment in the state ( university )  environment . Money income 

repres ents 1 8 . 1 6 perc ent of S oc ial Inc ome , a decrease . The hous ehold 

environment is now used for study , as well as for me e ting part of the socio-

cul tural requi rement . 

· Example 4 

It was menti oned in s e c ti on 7 . 2 tha t the ac tivity matrix doe s  not have to be 

square in terms o f  environments and soc ial requirements . and a 2 x 3 exampl e was 

solved . A furthe r exampl e ,  us ing a 5 x 6 matrix is  provided : 

( 1 )  As before , the additi onal social requirement i s  c ivic act ivity . denoted 

by CA . whe re the agent voluntarily c ontribute s  a regular review article 

on rec ently publ ished fict i on . The agent can mee t  this non - inc ome 

generating r e quirement in any environment exc ept workplac e . 
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�LE 8 - 5  5 x 6 ACTIVITY MATRIX 

to : 
HL J A CA s e  c 

s xu xl2 xu x14 x15 X16 � 5 5 0  

H xn x22 xz3 xz4 xz5  xz6 � 4 7 0  

from : p x3 1  x32 x3 3  x34 x35 X36 � 2 5 0  

V x41 x42 x43 x44 x45 x46 � 100 

w x5 1  x5 2  X5 3  xs4 X 55 x56  � 300  

� � � � � � 

100 2 20 500 5 0  5 0  40 

The aggregate time c onstraint of exampl e 1 i s  rel axed . 

TABLE 8 - 6  5 x 6 COST MATRIX 

5 . 2  1000 2 . 0  3 . 0  3 . 2  10 . 0  

6 . 7  1000 3 . 5  3 . 4  3 . 9  1 7 . 3  

2 . 2  1000 18 . 1  4 . 0  3 . 9  14 . 9  

2 . 3  1000 3 . 7  3 . 5  3 . 9  10 . 0  

1000 - 1 1 . 0  1000 1000 1000 1000 

Soluti ons ( M )  deno t e s  mul tipl e  sol utions . 

* 500 ; * 5 0 ; I * 50 I ; * lOO ; * 40 ; * =300 X 1 3  = X 1 5  X 24 = X 3 1  X 46 X 5 2  

* 0 .  7 ;  * 0 ;  . * O ·  * 0 ;  * 1 1 . 0 ;  * 2 . 2 ;  O · u 1 = u 2 u 3 = u 4 = u 5 V 1 vz ' ' 
* 2 .  7 ;  * 3 . 4 ;  * 3 . 9 ;  * 10 . 0  ( M )  V 3 V 4 V 5 = V 6 = 

The c ivic ac tivi ty soc i al requirement ( CA )  i s  me t in the hou sehold environment . 

[ The
_ agent save s $ 1 3 . 5 0 p e r  day . 

r 



( 2 )  Al though the per uni t  c o s t  o f  mee t ing the c ivic activity soc ial 

requirement is l owe s t  in the state behaviour setting , the opt imizing 
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agent will not  use  thi s environment unl ess  the per  uni t  cost  fal l s  below 

2 . 7  c ents/min . Suppose c 1 4  i s  2 . 6  cents/min , cet par . 

Solut i ons 

* X 1 3  

* u 1 

* V 3 

5 0 0 ; 

0 . 8  ; 

2 . 8 ;  

x*
l4 = 50 I ; * X 2 5  5 0 ; 

* u 2 = 0 ;  * u 3 = 0 ;  * u 4 = 0 ;  

v*
4 = 3 . 4 ;  * V 5 = 3 . 9 ;  * V 6 

* * * x 3 1  = 100 ; X 46 = 4 0 ; X 5 2  

* 1 0 u 5 = 1 . ; 
1 0 . 0  ( M )  

* V 1 2 .  2 ;  

The c ivic activity requirement ( CA )  i s  me t in the state environment , as 

* $ indicated by the boxed x 14 · The agent save s 13 . 5 5 per day . 

( 3 )  Supp o s e  c 44 fal l s  from 3 . 5  t o  3 . 3  c ent s/min . cet par . Whil e  the per 

uni t  c o s t  of  me e ting the c ivic act ivi ty requirement in the state 

environment is 2 1 . 2  per c ent l e s s  than the new cost of mee t ing thi s 

300 

O ·  ' 

requirement in the voluntary assoc iat i ons environment , the optimi zing 

agent will choose the latter environment . 

Solut i ons 

* 5 0 0 ; * 5 0 ; * 100 ; * 50  I ; * x l 3  = X 1 5  - X 3 1  = X 44 X 46 40 ; x*
5 2  = 300 

* 0 . 7 ;  * O ·  * O · * o · * 11 . 0 ;  * u 1 u 2 ' u 3 ' u 4 ' u 5 V 1 2 . 2 ;  * V 2 = 0 ;  

* 2 . 7 ;  v*
4 3 .  3 ;  * 3 .  9 ;  * 1 0 . 0  ( M )  V 3 V 5 = V 6 

The c iv i c  a c t iv i ty requirement ( CA )  i s  met in the voluntary assoc iations 

environment . The agent save s $ 1 3 . 5 5 per day . 
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For each o f  cases  ( l )  through ( 3 )  above , the aggregate constraint ( 8 . 1 ) i s  now 

introduc ed ,  and the corresp onding solutions are denoted ( 4 )  through ( 6 ) . The 

�ximum time the agent can us e to generate income is 2 2 0  minutes , so that l e s s  

i s  saved per day . With the exc epti on o f  x*
5 2  = 2 2 0 , a l l  corre sponding dec i s ion 

variabl e s  are unchanged . Shadow pri c e s  change . 

!!olutions 

.... 
5 0 0 ; * * I ; * ( 4 ) x n 1 3  � X 15 5 0 ; X 24 50 X 

* 0 . 7 ;  * o · * O · * O ·  u 1 u l = u 3 = u 4 ' ' ' 
* 1 3 . 7 ;  * * * V 3 = V 4 = 14 . 4 ;  V 5 = 14 . 9 ;  V 6 

( 5 )  * 5 0 0 ; * 5 0  I ; * 5 0 ; * x 13 X 14 X 2 5  X 

* 0 . 8 ;  * O · * o ·  * o · u 1 u 2 = u 3 = u 4 ' ' ' 
* 1 3 . 8 ;  * 14 . 4 ;  * 14 . 9 ;  * V 3 V 4 = V 5 = V 6 

* * * * 

3 1  

* u 

= 

3 1  

* u 

= 

( 6 )  X l3 = 5 0 0 ; X 1 5  5 0 ; X 31 lOO ; X 44 

* 0 . 7 ;  * o ·  * O ·  * 0 ;  * u l u 2 = u 3 = u 4 u ' ' 
* * * * 

= 100 ; 

O · 5 = ' 

21 . 0 ;  

lOO ; 

o ·  5 � ' 

2 1 . 0 ;  

5 0  I ; 
5 O ·  ' 

V 3 = 1 3 . 7 ;  V 4 = 14 . 3 ;  V 5 = 14 . 9 ;  V 6 = 2 1 . 0 ; 

* 40 ; * 3 0 0  X 4 6  X 5 2  

* 13 . 2 ;  * 0 ;  V 1 = V 2 
.... 

wn = 11 . 0  ( M )  

* 40 ; * 2 2 0 X 4 6  X 5 2  

* 1 3 . 2 ;  * O ·  V l = V 2 ' 
* 11 . 0  ( M )  w = 

* 40 ; * 2 2 0  X 46 X 5 2  

* 1 3 . 2 ;  * o · V l = V 2 ' 
* 1 1 . 0  w 

The soluti ons of the 5 x 6 model s show that an optimiz ing agent will not always 

choo s e  the l owe st per uni t  cost  environment to meet a soc i al requi rement . In 

particul ar the hous ehold , cases  ( 1 )  and ( 4 ) , and voluntary associations , case s  

( 3 ) and ( 6 ) , environment s were cho s en t o  meet the c ivic activi t i e s  social 

requirement when , in fac t , the se were not the l owe st per uni t  cost environme nt s . 
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�le 5 - Changes in the cost matrix 

We begin wi th the data for Exampl e  1 .  In part i cul ar c 1 3  = 2 . 0  centsjmin where 

c13 measur e s  the per uni t  cost  o f  mee ting the academic r equi rement by time us e 

in the state ( unive r s i ty )  behavi our s etting , equival ent to the cost of study on 

campus . There are now suc c e s s ive increases in the cost o f  s tudy on campus so 

that , c 1 3  = 3 . 2 ,  3 . 5  and 4 . 0  cents/min . The resul ts are s e t  out in tabular 

form . 

TABLE 8 - 7  

( 1 )  

per uni t c o s t 
c l 3  

2 . 0  

3 . 2  

3 . 5  

4 . 0  

CHANGES IN THE COST OF STUDY ON CAMPUS - SOLUTIONS 

( 2 )  

value o f  dec i s i on var iabl es 
* * * * * * * * X 1 3  X 14 X 2 3  X 3 1  X 4 3  X 44 X 4 5  X 5 2  

5 0 0  s o  0 1 0 0  0 s o  40 2 2 0  

4 5 0  1 0 0  s o  1 0 0  0 0 40 2 2 0  

4 5 0  100 so 100 0 0 40 2 2 0  

0 100 4 7 0  100 30 0 40 2 2 0  

( 3 )  
value of 
objective 
func tion 
in cents 

- 445 (M ) 

1 3 5  

2 7 0  ( M )  

2 7 9  

A doubl ing of the c o s t  o f  study o n  campus means that . for  an optimal solution . 

the academic s oc ial requirement i s  met by us ing the hous ehold behavi our setting 

for 4 7 0  minute s  and the voluntary a s s oc iations behaviour setting for 30 mins . 

I t  i s  suboptimal to undertake any s tudy on campus . In practice  some minimum 

t ime for attendance a t  univers ity ( prac tical work in a l aboratory , mandatory 

attendanc e at class tests  . . .  ) will  be required . and thi s  can be all owed for in 
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the model by including a further constraint s o  that . f o r  example x13 � 100 . 1 

While an increase in the per uni t  c o s t  of s tudying on campus from 3 . 2  to 3 . 5  

centsjmin , equival ent to a 9 . 4  per c ent inc rease , doe s  not entai l  any change in 

the choice  or l evel of dec i s i on vari abl e s . it does re sul t in a 100 percent 

increase in the value of the object i ve func tion .  

An al ternat ive soluti on i s  g iven for a per uni t cost of 3 . 5  c entsjmin : 

* 0 * X 13 = 3 : X 14 = 100 ; x\5 = 40 : X*
2 3  = 470 ·, * lOO X 31 = ; x*

5 2  = 2 2 0 . 

As previ ously . the value of the obj e c tive func tion i s  2 7 0  c ents . 

8 . 3  5 x 5 AND 5 x 6 TIGHT MODELS 

As in the numeri cal exampl e s  of s e c t ion 7 . 3  the focus i s  now on the activi t i e s  

of the avera�e student . For every activity we can measure the amount of t ime 

that is used in a particular environment by a repre sentat ive student in order to 

meet soc ial requi rements . In the s l ack model the start ing po int was the time 

availabl e at sourc e s . By way o f  contrast the sourc e  constraints for the tight 

model measure the ac tual time use , and are termed " e ffec tive c onstraints " .  The 

method by which the mean maximal actual time use of a group was us ed to obtain 

the e ffect ive constraint was outl ined in sect ion 7 . 3  where the effective 

constraint was defined , for a g iven behavi our setting , as the difference between 

the t otal availabl e capac ity and the slack capacity . In the t i ght model each 

endowment constraint repres ents the maximal ac tual t ime us e by the agent ( the 

average student ) and L:ai = 9 6 0 . A case study . termed " the res ourc eful student " 

is now introduced . The rel evant worked exampl e s  are 6 ,  7 and 9 .  

1 Chapter 9 include s the addition of a further cons traint . 
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�le 6 

Determination of selected parameters 

As ment i oned in Chapter 4 ,  the health category include s t ime us e for personal 

hyg i ene , eating and drinking , phys ical training , yoga and inc idental dayti me 

slee p . In Tabl e 8 - 6  the heal th soc ial requirement i s  a minimum of 100  minutes , 

or 1 hr 40 mins . Thi s  repr e s ents 1 0 . 42 percent of total soc ial requirements . 

Thi s r e quirement i s  dete rmined partly by peer group pres sure , and partly from 

spe c i f i ca t i ons and guidel ine s provided by influent i al persons who s e t  

conventional standards . For full time student s there i s  some peer pre s sure to 

take part in competit ive or s o c ial sports activi t i e s . Qual ified medical and 

psycho l ogical profe s s i onal s can , and do , act t o  s e t  independent minimum health 

requir ements for students ,  such as c ertain l evel s  of nutrition and mental 

heal th . In so  do ing the s e  profe s s i onal s are applying skil l  and experienc e  to 

de t ermine objective standards which will help student s to cope e f f e c t ivel y  wi th 

stre s s . Real i sm sugg e s t s  that there will be c onve rgence between the s e  

parame t e rs and what i s  found b y  ave raging across  the time diaries of  a 

repr e s entat ive group o f  ful l t ime internal student s .  What effectively re s tricts 

the magnitude of thi s  c onstraint is the student ' s  need t o  me e t  the academi c  

s oc i al r equirement . 

The a c ademic soc ial requirement i s  determined by the univers i ty . To meet thi s 

requi reme?t a student has to pas s a c e rtain number of papers over a minimum 
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period of thre e , or  four , year s to  graduate . How can this requirement be  

measured in minutes over the 1 6  hour waking day? C ompari sons between papers 

could pre s ent some difficul ty .  There will be s ignif icant differenc e s  in 

workl oads for individual papers . Then the components and styl e of a paper -

lec tures  and tutor i al s , prac t ical requi rement s such as laboratory work and f ield 

trips , computer time , hours o f  personal study - as well as duration ( a  s emester , 

a year ) , will vary . S ome universities  us e a s tandard unit of time , termed the 

credi t po int . Thi s could be c ons idered as e quival ent to one hour per wee k , say ,  

taken over the academic year . Papers are then as s i gned credit points . Cours e  

and degree requirements can then be expres sed a s  credit points , aggregated over 

the nece s s ary papers , for example minimum of 1 5 0 credit points over a three  year 

degre e ,  so that the " average " minimum student workl oad - 50 credit points per 

year - is equival ent to 50  hours per week . I f  the average student want s A 

passe s , the social requirement become s substantial ly higher .  Increased t ime for 

thi s  requirement incurs opportunity costs , such as less  time for other soc ial 

requirements . An academi c requirement of 5 00 minutes , or 8 hr 2 0  mins , 

repr e senting 5 2 . 0 8 percent of total soc i al r e quirements , i s  e quival ent to 

sl ightly under 42 hour s taken over a 5 day we ek or slightly over 58 hours taken 

over a 7 day we ek . 

The agent can select environment s in whi ch t o  me e t  soc ial requirements . Choice 

Will be determined by the sui tabil i ty o f  the environment , and by the c o s t . In 

all cases there are effective restri c t i ons on how much t ime can be spent in any 

environment . In the t ight model the inequal i t i e s  expre ss the maximal actual 

tim� us e and repres ent effe ctive constraint s . The restri ctions are 
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ins t i tuti onal ( hours open for bus ine s s ) and pract ical ( o ther soc ial requi rements 

may well demand a change of environment ) .  We take each o f  the s e  in turn . On 

campus there are usual ly up to date fac i l i t i e s  with well deve l oped health and 

fitne s s  programs . as well as a canteen , all at subs idi s ed cost , so  the student , 

as rational agent , will  make us e of the state behaviour s e tting to me et some o f  

the heal th s oc i al requirement . By c ompari s on o ther behavi our s e ttings coul d b e  

l e s s  costly , but may provide poorer fac i l iti e s . The ac tual di stribut ion of the 

minimum require ment of 100 minutes can be measured by time us e diar i e s . Suppose 

the s tudent spends 50 minute s  on heal th in the state behavi our s et ting 

(univers i ty ) . Then he cannot . even i f  he wishe s , meet all the academic soc ial 

requirement s on c ampus . In any case he may not wish to . Study at home has 

advantages . But even so  thi s i s  l imited by the need to be  phy s i cally pres ent at 

lecture s , tutor i al s . l aboratory work , c omputer workshops . A furthe r 

cons iderat i on i s  the distanc e of the househol d behaviour s ett ing from campus . 

Given the need for  s ome study on campus , the further the hous ehold from 

unive r s i ty , the r e l a t ively more time spent in the state environment compared 

with the hous ehol d .  There are constra ints on the use of univer s i ty facilities  -

10 hours per day , s ay , for e ach of 5 days . equival ent to sl ightly ove r  7 hours 

taken ove r a 7 day week . The l ibrary may be open for l onger . The constraint 

of 3 9 0  minutes , o r  6 hr s 3 0  mins , for  the state behaviour sett ing represents the 

maxi mal actual t ime use by the student . The method of quantifying the 

cons t raint was outl ined in s ection 7 . 3 .  The data compiled from t ime budgets at 

Reading and Le i c e s t e r  Unive r s i t i e s  by Toml inson and others ( 1 9 7 3 ) provide s a 

useful referenc e  for  the determination o f  s e l e cted parame ters . On the other 

hand the Read ing data cannot be regarded as representative for a different group 

of s tudents in a d i f ferent set  of environments .  Further , the c onc ept of a 

soc i al requirement was not a feature o f  the Reading research . 
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In the numer i cal exampl e s  of thi s chapter , the magni tude o f  the academic s o c i al 

requirement b 3 ( = 500 minutes ) ,  which repre sents 5 2  perc ent of the total 

requi rement , contributes to the way in which t ime is us ed in the state , rel ative 

to the household behaviour se tting . 

TABLE 8 - 8  

At ori gins 

STATEMENT OF PROBLEM - 5 x 5 TIGHT MODEL 

( s ourc es ) At de s t i nat i ons ( s inks ) 
a i m in hrs m in b j m in hr s min 

( 1 )  ( 2 )  ( 1 )  ( 2 )  

State ( S )  390  6 3 0  Heal th ( H )  100 1 40 

Household ( H )  2 5 0  4 1 0  Job ( J )  2 2 0  3 40 

Private Ente rpri se ( P )  75 1 1 5  Academic ( A )  500  8 20 

Voluntary As sociation ( V )  2 5  0 2 5  S oc i o - cul tural ( S C ) 100 1 40 

Workpl ace ( W )  220 3 40 Comme rc i al ( C )  40 0 40 

Total 960  16  00 9 6 0  1 6  0 0  

The cost matrix is the same a s  f or Tabl e 8 - 3 , the aggregate time constraint 

( 8 . 1 ) is  relaxed , and the ac tivity matrix is  s imilar to that of Tabl e 8 - 2  except 

that the constraints at s ources are a distribution , as given in Tabl e 

8 - 6 . The student has t o  choos e  environment s in o rder to meet al l requirements 

at minimum cost . 

Solution to Case 1 .  

* X 1 3  3 5 0 ; 

2 2 0  

* X 15 40 ; 1 5 0 ; * X 24 lOO ; * X 3 1  7 5 ; * X 41 = 2 5 ; 
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* 1 .  5 ; * 0 ;  * 1 .  6 ;  * 1 .  5 ;  * 1 1 . 0 ;  * 3 .  8 ;  * O ·  u 1 u 2 u 3 u 4 u 5 = V 1 V 2 = ' 
* 3 . 5 ;  

-·· * V 3 
= v� 4 3 . 9 ;  V 5 = 1 1 . 5  ( M )  

The ob j e c t ive funct ion , in c ents , i s  

primal ( 3 5 0  X 2 . 0 ) + ( 40 X 1 0 . 0 )  + ( 1 50  X 3 . 5 ) + ( 100 X 3 . 9 ) + ( 7 5 X 2 . 2 ) + 

( 2 5 X 2 . 3 ) + ( 2 2 0  X - 1 1 . 0 )  

7 0 0  + 400 + 5 2 5  + 3 9 0  + 1 6 5  + 5 7 . 5  - 2420 

- 1 8 2 . 5  

dual ( 3 . 8  X 100 ) + ( 0  X 2 2 0 )  + ( 3 . 5  X 500 ) + ( 3 . 9  X 100 ) + ( 40 X 11 . 5 ) -

( 1 . 5  X 390 ) - ( 0  X 2 5 0 )  - ( 1 . 6  X 7 5 )  - ( 1 . 5 X 2 5 )  - ( 200 X 11 . 0 ) 

3 8 0  + 0 + 1 7 5 0  + 3 9 0  + 4 6 0  - 5 8 5 - 0 - 120 - 3 7 . 5  - 2420 

- 1 8 2 . 5  

The s tudent ' s  object ive func t i on i s  - $ 1 . 8 2 5  per diem . Thi s represents a saving . 

Soc i al Income Value of S oc ial p o s i tion + Income from empl oyment 

( 10 0  X 3 . 8 )  + ( 2 2 0  X 0 )  + ( 500 X 3 . 5 ) + ( 2 2 0  X 11 . 0 )  + 

( 10 0  X 3 . 9 ) + ( 40 X 11 . 5 ) 

3 8 0  + 0 + 1 7 5 0  + 3 9  + 5 8 5  + 2420 

$ 5 1 . 74 per d i e m  
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Value o f  time Value of Social Requirements 

( 3 90 X 1 . 5 ) + ( 2 50  X 0 )  + ( 7 5 X 1 . 6 ) + ( 2 5  X 1 . 5 ) + 

( 2 20 X 1 1 . 0 ) - [ ( 10 0  X 3 . 8 ) + ( 2 20 X 0 )  + ( 5 00 X 3 . 5 ) + 

( 100 X 3 . 9 ) + ( 40 X 1 1 . 5 ) )  .--; 
L 
" 3 1 6 2 5  - 2 9 8 0  

1 8 2 . 5  cents , or $ 1 . 8 2 5  per diem 

As expecte d , thi s corresponds to the opt imal value of the o b j e c t ive func t i on . 

( Example 7 - Changes in the Cost Matrix 

t 
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t Now the difficul ties  come . F i rst , fewer jobs at overt ime rates are availabl e .  
! 
i There i s  a decrease in the wage rate . The new wage rate i s  e quivalent to 1 0  

; cents/min . S inc e the value o f  the objective func t i on i s  3 7 . 5  c ents per d i em , 
r 
' 
f there i s  dissaving . Then , foll owing upon the de crease in income , a "us e r  pays " 

� · system i s  introduced . The removal of subsidies effectively doubl e s  all costs  

within the  environment of  the state behaviour sett ing . Endowments and s o c i al 
r 
! requi rements are unchanged . 
t 

.S.o1ut i ons 

* * * X 13 3 9 0 ; X 2 1  = 2 5 ; X 2 3  = 

* 
2 5 ; * 220  X 45 X 5 2  = .:. 

* O ·  * 0 . 5 ;  * 
u 1 = u 2 = u 3 = 5 . 0 ;  ' 

* 
=4 ; * 4 . 4 ; * V 3 V 4 = V 5 = 1 7 . 8  

* 100 ; * 1 5 ; 
-·-

7 5 ; 110 ; X 24 = X 2 5  x� 31  

* -:;1: 10 ; * 7 . 2 ;  * 
u 4 7 . 8 ;  u 5 V 1 V 2 

· The new d ec i s i on variabl e s  x*
2 1 , x*

2 5 , x*
45 displace x*

l S • x*
41 previ ousl y  

� obtained iri the solut ions to case ( 1 ) . 

o · ' 



The o b j e c t ive func tion i s  given by : 

3 9 0 ( 4 )  + 2 5 ( 6 . 7 )  + 1 10 ( 3 . 5 ) + 100 ( 3 . 9 )  + 1 5 ( 1 7 . 3 )  + 7 5 ( 2 . 2 )  + 2 5 ( 10 )  

+ 2 20 ( - 10 )  

= 9 7 7 . 0  

The s tudent i s  not operat ing wi thin the money budget . Dis saving i s  now $ 9 . 70 

per di em . 

Soc ial Inc ome Value o f  s o c ial pos i tion + income ( 6 . 7 )  

Soc ial I nc ome 100 ( 7 . 2 ) + 2 20 ( 0 )  + 5 00 ( 4 )  + 2 2 0 ( 10 )  

in cents + 100 ( 4 . 4 ) + 40 ( 1 7 . 8 )  

3 8 7 2  + 2200 

6 0 7 2  

$ 6 0 . 7 2 p e r  diem 

Savings Value of time endowments value of soc ial 

1 7 8  

requirements ( 6 . 8 )  

Saving s , 3 9 0 ( 0 )  + 2 5 0 ( 0 . 5 ) + 7 5 ( 5 )  + 2 5 ( 7 . 8 ) + 2 20 ( 10 )  

in c ents - [ 10 0 ( 7 . 2 )  + 2 20 ( 0 )  + 5 0 0 ( 4 )  + 100 ( 4 . 4 ) + 40 ( 1 7 . 8 ) 

2 8 9 5  - 3 8 7 2  

9 7 7 . 0  

A d i s saving of $ 9 . 70 per diem . As expected thi s 

corresponds to the optimal value of the objective 

func t i on . 

!. 
> 

... 
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Jpterpretation of Shadow Prices 

The shadow pri c e  for v*
l equal s 7 . 2  c ents/min . If the heal th soc ial requ i rement 

were to be increased by one minute ,  the value of the objective funct i on would 

increase by 7 . 2  cents . For case 2 di s saving would rise  to $ 9 . 842 per die m . The 

dual vari abl e v*
l i s  a measure of how much our student , as rational agent , would 

be prepared to pay for  an additi onal unit of t ime to meet the heal th soc ial 

requi rement . Time i s  a scarce resourc e  and the shadow price o f  7 . 2  c entsjmin 

can be re garded as an effic iency pric e . The 7 . 2 centsjmin i s  not a marke t 

price , but an impl i c i t  pri c e  made up o f  two components , the per uni t  market cost 

and the r e s ource value of t ime use in a parti cul ar environment , interpreted as a 

different ial rent . The student . as rational agent , would the refore be prepared 

to pay a premium pr i c e  for t ime use t o  me e t  the heal th soc ial requirement up to 

the value o f  the dual . 

In the s ol ut i on for case 2 .  the heal th requirement is me t by us ing 2 5  minute s  in 

the hous ehold envi ronment and 7 5  minute s  in the pr ivate enterprise  environment . 

The re spe c t ive marke t  pri c e s  are 6 . 7  and 2 . 2  c ent s/min and the assoc iated 

different i al rents are 0 . 5  c ent sjmin and 5 . 0 c ent s/min . The different ial rents 

are shadow prices related to the use of a time endowment in a parti cular 

environment . Becaus e the per unit c o s t  of me e ting the heal th soc ial requirement 

is rel atively l ower in the private ent erpri s e  environment thi s  environment 

confers an advantage to a cost minimizing agent . Hence it i s  assigned a 

relatively . higher differential rent . In case 2 ,  by compari s on with case 1 ,  the 

non -market pri ce for mee ting the heal th soc ial requirement has increased from 

3 . 8  centsjmin to 7 . 2  cents/min . To meet the heal th soc ial requirement in case 

1 ,  �t was p o s s ibl e  to use 2 5  minute s  o f  the t ime endowment in the voluntary 

· associati ons behaviour s e tting at a per uni t  market cost of 2 . 3  c ents/min . In 



case 2 this i s  not pos s i bl e . The 2 5  minutes i s  now us ed in the household 

behavi our setting at the highe r per uni t  marke t  cost of 6 . 7  cent s/min . As 

180 

expec ted , the increase  in per uni t  marke t costs  is assoc iated w i th a decrease in 

diffe rential rent from 1 . 5  t o  0 . 5  for the repec tive environment s ,  s inc e the 

hous ehold environment c onfers a relative l o s s  on time use of 4 . 4  c ent s /min . 

* V 1 

* V 1 

0 . 5  + 6 . 7  

5 . 0  + 2 . 2  

7 . 2  cent sjmin 

7 . 2 c entsjmin 

The value of an add i t i onal minute t o  meet the heal th requirement is 7 . 2  

cent sjmin , which i s  greater than the per unit market cost for e i ther the privat e 

enterpr i s e  or the hous ehold environments . 

Example 8 - 5 x 6 Ti&ht Model 

Suppo s e  that the student has to mee t  an additional social requi rement . As for 

exampl e 4 thi s  requirement is c ivic activi ty ( CA ) , where the s tudent voluntar ily 

contr i butes a regular r eview art i c l e  on recently publ i shed f i c t i on . In Tabl e 8 -

9 the magnitudes o f  soc i al requirements are the same a s  for Tabl e 8 - 5 . However 

for the tight model , the total t ime endowment i s  9 60 minutes , s o  that the 

endowment constraint s are different from those of Table 8 - 5 . To make the point 

nume r ical values are s tarred . 
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TABLE 8 - 9  5 x 6 ACTIVITY MATRIX 

to : 
HL J A CA s e  c 

s xn x1 2  xu Xl4 x1 5  Xl 6  :;; 390 * 

H xn X2 2  x23 x2 4  x2 5  x2 6  :;; 250  * 

from : p X3 1  x3 2  x3 3  X34 x3 5  X3 6  :;; 7 5  * 

V x41 x42 x43 x44 x4 5  X46 :;; 2 5  * 

w x5 1  X 5 2  X 5 3  X 54  X 5 5  x5 6  :;; 220  * 
2; 2; 2; 2; 2; 2; 

100 2 20 500 50 50 40 

The cost matr ix i s  the same as for Tabl e 8 - 6 . 

Solut i ons 

* 3 5 0 ; * 40 ; * 1 5 0 ; * 5 0  I ;  * 50 ; * 7 5  x u X 1 6  X 2 3  X 24 X 2 5  X 3 1  

* 1 .  5 ;  * 
2 = 0 ;  * 1 .  6 ;  * 1 .  5 ;  * 1 1 . 0 ;  * 3 . 8 ; u 1 u u 3 u 4 u 5 V 1 

* O ·  * 3 . 5 ;  
* 3 . 4 ;  * 3 .  9 ;  * 11 . 5  V 2 ' V 3 = V 4 V 5 V 6 

""', 
(_ 

The student save s $ 2 . 0 7 5  c ents per day . 

By compari s on with example 4 ( 1 ) , the c iv i c  activity social requirement 

continue s to be met in the hous ehold environment . As noted previously , thi s i s  

not the l owe s t  per unit cost environment f o r  mee t ing the requirement . The 

student ' s  l if e s tyl e is more different i ated , with more activi t i e s  taking place in 

the household environment . The re are e i ght dec i s i on variabl e s , an increase of 

two . 



8 . 4 DERIVATI ON OF THE COST MATRIX 
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A step - by - step approach i s  us ed to derive the 5 x 5 cost matrix f i r s t  given in 

Tabl e  8 - 3 . Whi l e  thi s i s  cl e arly more de tailed than the outl ine provided in 

Sec t i on 7 . 4 ,  the difference is one of degree rather than of kind . 

Tabl e 8 - 1 0  i s  based on data compiled from time budgets at Reading and Le icester 

Unive r s i t i e s  for  us e in a model of  s tudent ' s  daily activity patt e rns by 

Toml inson and o ther s  ( 1 9 7 3 ) . Mean activity times were g iven in hours per 

working we ek of f ive days and four night s ; the sum of the means was 110 hours . 

In the Reading dat a  the mean for s l e e p , 3 3 . 3  hours , has been subtracted from the 

sums of means so that the data obtained by Toml inson and others ( 1 9 7 3 )  can be 

adapted to the 1 6  hour waking day of the t ime use model . The 2 9 . 1  hour s 

clas s i f i e d  as work by Toml ins on and o thers refers to study .  A s  might be 

expected for the Reading data the mean numbe r  of hours for sleep  e ach night , 

8 . 3 2 5  hour s , i s  c l o s e  to the 8 hour s all owed f o r  sleep in the time use model , 

based on S zal ai ( 1 9 7 2 ) . 

TABLE 8 - 10 STUDENT ' S  DAILY ACTIVITY PATTERNS 

travel work eat ing l e i sure dome s t i c  sport shopping miscellaneous 
ac tivi t i e s  

Time 
in 9 . 0  2 9 . 1  7 . 4 24 . 6  6 . 5  0 . 6  1 . 2  0 . 9  
hours 

In Tabl e 8 - 1 1 the c l a s s i f i cations o f  S tudent ' s  Daily Activity Pat t e rns provided 

in Tabl e 8 - 10 have b e en adapted to include paid work . The 1 8  hours all ocated to 
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earning inc ome are over 5 days , equivalent to 3 . 6  hours per day . The 

opportunity cost of thi s change over 5 days i s  9 hours each of study and 

lei sure . Hence study and l e i sure are now reduced from 2 9 . 1  to 2 0 . 1  hours and 

from 24 . 6  to 1 5 . 6  hour s , re spec tively . The clas s i fication Other i s  a catch - all 

for ac tivi ties  not previ ously classified . 

TABLE 8 - 1 1  

Ac tivi ty 

1 .  Travel 

2 . S tudy 

3 .  Paid Work 

4 .  Ea tin� 

5 .  Lei sure 

6 .  Hous ehold 

7 .  Sport 

8 .  Shoppin� 

9 .  Othe r 

CLASS IFICATION OF DAILY ACTIVITIES 

T ime use - in hours over 5 days 

Ac tivi t i e s  

9 . 0  

20 . 1  

1 8 . 0  

7 . 4 

1 5 . 6  

6 . 5  

0 . 6  

1 . 2  

0 . 9  

Total ( in hours ) 7 9 . 3  

In Tabl e 8 - 1 2 the nine daily activities  are clas s if i ed by f ive soc ial 

requi rement categori e s . In  some cases  there  i s  a s ingl e change of name onl y .  

The 2 0 . 1  hours previ ously classified as s tudy now bel ong t o  the academic soc ial 

requirement . In other cases the total t ime previously clas s if i ed under a s ingl e 

heading i s  now divided across several categor i e s . For exampl e the 1 5 . 6  hour s 

previ ousl y  classified as l e i sure now bel ong to the heal th soc ial requireme nt 

( 7 . 8  hours ) and the s oc i o - cul tural soc ial requi rement ( 7 . 8  hours ) .  E s ti mates 

" across two or more o f  the soc ial requirement categori e s  are arbitrary , as for 
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example  the breakdown of the 6 . 5  hours clas s i f i ed in Table 8 - 1 1 as hous ehold 

activi t ie s . 

TABLE 8 - 12 DAILY ACTIVITIES CLAS S IFIED BY SOCIAL REQUIREMENT CATEGORIES 

S o c i al 
requirements 

health academi c  soc i o - cul tural comme rcial work Total 

Clas s i f i cati on 

Travel 3 . 6  2 . 7  1 . 8  0 . 9  9 . 0  

S tudy 2 0 . 1  20 . 1  

Paid work 18 . 0  18 . 0  

Eating 7 . 4  7 . 4 

Lei sure 7 . 8  7 . 8  1 5 . 6  

Hous ehold ( 0 . 4x6 . 5 ) ( 0 . 4x6 . 5 )  ( O . lx6 . 5 ) ( O . lx6 . 5 )  
act ivi t i e s  = 2 . 6  = 2 . 6  = 0 . 6 5 = 0 . 6 5 6 . 5  

S port 0 . 6  0 . 6  

Shopping 1 . 2  1 . 2  

Other 0 . 9  0 . 9  

Total in hours 2 1 . 4  2 5 . 4  1 1 . 7 5 2 . 7 5 18  7 9 . 3  

Equival ent t ime 
in mins over 1 6  2 5 9  308  142  3 3  2 1 8  9 6 0  
hour waking day 

Percent 

Note s : 1 .  

2 7  3 2  1 5  3 2 3  1 0 0  

F o r  each soc ial requi rement , the equival ent t ime i n  minutes . 
taken over the 1 6  hour waking day is obtained by mul tiplying the 
respective column t otal , given in hours . by 9 60/7 9 . 3 .  For 
exampl e ,  in column one the 2 1 . 4  hours of the heal th soc ial 
requirement , expr e s s e d  in hours over 5 days , converts to 21 . 4  x 
9 6 0/7 9 . 3  = 2 5 9  minute s  taken over the 16  hour waking day . 

2 .  Each equival ent time i s  then expre s sed as .a perc entage of the 1 6  
hour waking day . The re sul ts are rounded to the neare st whole 
number . 
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I n  prac t i c e  Tabl e 8 - 13 coul d b e  obtained from time budgets by asking a further 

que s t i on ,  namely "What soc i al requirement does this particular activi ty me e t ? " .  

As wel l  as a period of time use , the agent is al so requ ired to specify an 

environment . For each of the f ive soc ial requirement clas s i f icat ions . the agent 

is asked to spec ify an environment for the separat e activiti e s  that . when 

aggregated , make up total t ime used to me e t  that soc ial requirement . For 

exampl e .  the student is required to spec ify what l e i sure ac tivi t i e s  take plac e 

in the state behaviour s e t t ing , in the household behavi our setting , and s o  on . 

As in any time budget the f ocus is on t ime use . so  that it i s  suff i c i ent t o  

obtain the proportion of soc ial requirement time u s e  all ocated to behavi our 

settings . rather than the prec ise  amount . The proportional estimates in Tabl e 

8 - 1 3 are arbitrary . 

TABLE 8 - 1 3  ESTIMATES OF PROPORTION OF SOCIAL REQUIREMENT ALLOCATED TO 
BEHAVIOUR SETTINGS 

Soc ial 
requirement 

heal th work academic socio - cul tural commerc ial 

Behavi our 
s e t t ing 

state 0 . 3 5 0 . 60 0 . 1  0 . 0 7 
household 0 . 5 5 0 . 3 3 0 . 6  0 . 2 0 
private enterpri s e  0 . 08 0 . 0 5 0 . 2  0 . 7 0 
voluntary ass oc iations 0 . 02 0 . 02 0 . 1  0 . 0 3 
workplace 1 . 0  

Total l .  00 1 . 0  1 . 00 1 . 00 l .  0 0  

Tabl e 8 - 14 i s  obtained b y  us ing e s timates t o  apport i on each total soc ial 

requi rement of Tabl e 8 - 1 2  across the state , household , private ente rpri s e  and 

vol�ntary as soc iations r e s pe c tively . In thi s way the separate components o f  
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each s o c ial requirement are allocated to endowments at s ourc es . Example : How 

much t ime does an agent us e in the s tate behavi our s e t ting to mee t  the soc i o -

cul tural requirement ? From Tabl e 8 - 1 2  we can s e e  that over the 1 6  hour waking 

day 142  minute s  are us ed to mee t  the soc i o - cul tural requirement . Tabl e 8 - 1 3 

indi cates  that 0 . 1  of the total soc i o - cul tural requirement is  est imated to be 

used up wi thin the state behavi our setting . Hence , in order to mee t  the soc i o -

cul tural r equirement the agent us e s  up 0 . 1  x 142 = 14 . 2  minutes i n  the s tate 

behavi our setting . 

For mo s t  pract i cal requi rements .  the daily e s t imated average time s wold be 

expr e s s ed in whole numbers . 

TABLE 8 - 14 MATRIX OF DAILY ESTIMATED AVERAGE TIME IN MINUTES FOR ACTIVITIES 

S o c i al 
requirement 

heal th work academic soc i o - cultural commerc ial Totals 

Behavi our 
s e t t ing 

state 90 . 6 5 1 8 4 . 80 14 . 2 0 2 . 3 1 291 . 9 6 

household 142 . 45 1 0 1 . 64 8 5 . 20 6 . 60 335 . 8 9 

private 2 0 . 7 2 1 5 . 40 2 8 . 40 2 3 . 10 87 . 6 2 
ent erpr i s e  

voluntary 5 . 1 8 6 . 1 6 14 . 20 0 . 9 9 26 . 5 3 
assoc iations 

workpl ace 2 1 8  218 

Total s 2 5 9  2 1 8  3 0 8  1 4 2  3 3  9 60 

We now introduce Expenditure Tabl e s  . . Tabl e 8 - 1 5 i s  based on the cost o f  l iving 

for s tudents . The estimates us ed repres ent minimum costs for tertiary student s 
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l iving in Wel l ington . 2 Tabl e 8 - 15 incorporates three changes . All costs . wi th 

the exception of tui tion fees , are increased by 20 pe rcent . s ince the original 

estimates are minimum costs based on costs f or the previous year . The item 

tui t i on fees (with Fees Grant ) i s  increased to $600 . 00 to allow for increases in 

unive r s i ty tuition fees . The item fl att ing i s  subdivided into rent and non - rent 

components .  As in the original est imates the academic year is taken as 3 7  

weeks , including May and August vacati ons and publ i c  and university hol idays . 

2 Living in Wel lington Ko to noho i Whanganui - a - Tara ( 1 9 8 9 ) 



TABLE 8 - 1 5 MINIMUM ESTIMATED DOLLAR COSTS FOR THE ACADEMIC YEAR 

non - rent expens e s  

1 .  Flatt ing 
which include s :  
rent , heating and 
l ighting 

2 .  Food 
include s : 
preparat i on of meal s . 
eat ing out 

3 .  Tuit i ons Fees  
including : 
F e e s  Grant 

4 .  S tudent Fees  
c ons isting of : 
Association Fee 
S e rvi c e s  Levy 

$ 1 1 1 . 6 0 
$ 2 0 . 40 

$ 1 3 2  0 0 0  

5 .  C ourse requirement s 
C ons ist ing of : 
t extbooks . stat i onery , 
c ourse ac t ivi t i e s  and 
e quipment 

6 .  C l othing 
which inc lude s :  
shoe s ,  repairs 

7 .  Travel 
within c i ty and 
travel home 

8 .  Personal Spending 
which include s :  
dent i s t , vacat i on , t o i l e t ri e s , 
entertainment , inc idental s 

Total Expendi ture 

( 1 )  

440 . 80 

rent $ 
( 2 )  

2 2 20 2 6 6 0 . 80 

2 30 0 . 00 

6 00 . 00 

1 3 2  0 0 0  

480 . 00 

420 . 00 

6 00 . 00 

1 9 9 8 . 00 

$ 9 1 9 0 . 8 0 

Note s : 1 .  Costs  have been aggregated into eight class i f ications . 
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2 .  For the c l a s s i f i cati ons Fl atting and S tudent Fe e s  the c omponent 
costs  are indicated . For all o ther clas s ificat i ons only the 
t otal s are shown . 
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In Tabl e 8 - 1 6  the expendi ture items of Tabl e 8 - 1 5  have been apport ioned ove r 

four behavi our settings . In this way the aggregate expenditure for each 

behavi our s e t t ing is obtained by summing al ong rows . 

TABLE 8 - 16 MINIMUM ESTIMATED COSTS FOR THE ACADEMIC YEAR BY BEHAVIOUR 
SETIINGS 

Classification 
( 1 )  ( 2 )  ( 3 )  ( 4 )  ( 5 ) ( 6 )  ( 7 )  ( 8 ) 

Fla t ting Food Tuit i on S tudent Course Cl o thing Travel P e rsonal Total 
Fees Fees Requirements Spending 

Behaviour 
sett ing 

State ( 5 )  1000 600 1 3 2  ( 0 . 4x600 ) 
- 240 3 9 9 . 60 2 3 7 1 . 60 

household ( H )  2 6 60 . 80 1 300 ( 0 . 3x600 ) 
- 1 8 0  399 . 60 4 540 . 40 

private ( P)  ( 0 . 2x600 ) 
enterprise 480 420 - 120 9 9 9  2019 . 00 

( 0 . l x600 ) 1 9? . 80 
�oluntary ( V )  - 6 0  2 5 9 . 80 

- assoc iations 

· Total 2 6 6 0 . 80 2 300 600 1 3 2  480 420 600 1 ? 9 8  9 190 . 80 

Not e s : l .  The behavi our setting c ategories  corre spond with tho s e  in Tabl e 
8 - 14 . The classif icat i on of expenditure follows that given in 
Tabl e 8 - 1 5 .  The expend i ture total for each clas s i f i cation will 
of cour s e  be the same as  for Tabl e 8 - 1 5 . 

2 .  Some costs can be as s i gned directly to a behaviour s e t t ing . For 
exampl e ,  al l course requirements ( 5 ) , are purchas ed at a 
bookshop which special i z e s  in student needs . 

3 .  Other costs are ass i gned ove r two , or more , behaviour sett ings . 
Meal s are prepared and eaten in the household but the agent al so 
eats meal s on campus . Personal spending take s place in all 
behavi our s e tt ings . From rece ipts and other data we can relate 
each item of personal spending to a specific environment . For 
exampl e ,  the $ 1 9 9 . 8 0 for pers onal spending in the voluntary 
as sociations ' behaviour setting would include subscriptions and 
al so e xpens e s  related to social ac t ivi t i e s . 
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4 .  Travel costs  are det e rmined differentl y .  We as sume the agent 
us e s  a car . Then the total cost  is apporti oned ove r  behaviour 
s e t t ings us ing data obtained from time budgets . We measure , 
say , the t ime taken to travel to campus , and the t ime taken to 
travel from campus back to household .  We do the s ame for any 
other travel r e l ated to s tate behaviour settings . We then 
expre s s  the s e  t otal s as a proporti on of the aggregate time spent 
travell ing in the car and in this way a we i ghting i s  obtained . 
The we ightings in Tabl e 8 - 1 3 are arbitrary , g iven the lack of 
actual t ime budget data . The weightings for trave l  t ime are : 
state 0 . 4 ;  hous ehold 0 . 3 ;  private ente rpri s e  0 . 2 ;  voluntary 
a s s o c iat i ons 0 . 1 .  In princ i pl e  the we ightings are objective , 
and in prac t i c e  can be obtained from t ime budgets . 

5 .  An exampl e of travel cost  a s s oc iated with household would be the 
expens e involved in go ing to a picnic spot and returning . 

6 .  For air travel we would ass ign the cost directly t o  the 
b ehavi our s e t t ing . Air travel is necessary when there is  
urgency , and the de s t ination i s  relatively far . An example of 
air travel c o s t  a s s i gned t o  the voluntary assoc iat i on behaviour 
s e t t ing would be the expense involved in attendanc e at a funeral 
given that ther e  is urgency , and the l ocat i on is dis tant . 

Tabl e 8 - 1 7  makes us e of  the e ight expenditure categori es of Tabl e s  8 - 1 5 and 8 - 1 6 

to show how expendi ture can be appor t i oned over soc ial requirement s . Tabl e 8 - 1 6 

showed how aggregate s  for each behavi our setting were der ived us ing the seven 

clas s i f i cations of costs  for the academic year . Tabl e 8 - 1 7  introduce s  a further 

set of aggregat e s . For each behavi our set t ing , the aggregate cost i s  subdivided 

across rows into four component s  denoted by the heal th , academi c ,  s o c i o - cul tural 

and commerc ial s o c i al requireme nts . In prac t i c e , data would be obtained us ing 

invo i c e s , rece ipts and o ther r e cords . The aggregates for each of the four 

social requirements i s  then obtained by summing down the respective column . By 

way of example  we c onsider expenditure on food . In Table 8 - 15 , the to tal 

expenditure on f o od was given as $ 2 3 0 0 . 00 .  In Tabl e 8 - 1 6 this expenditure was 

shown to take place in the state ( $1 0 00 ) and household ( $1 3 0 0 ) behavi our 

settings . In Tabl e 8 - 1 7 for the clas s i f i cation Food row ( 1 )  designate s  dollar 

costs  in the state behaviour s e t t ing and r ow ( 2 )  des ignates dollar costs  in the 

hou� ehold behavi our s e t t ing . Total s are shown in the foll owing row . The 
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expendi ture of $1000 . 00 which take s · in the hous ehold behaviour setting i s  

apporti oned ove r the heal th ( $ 9 2 8 ) , soc i o - cul tural ( $ 5 2 )  and commercial ( $ 2 0 )  

soc i al requirement s .  The expendi ture of $ 13 0 0 . 00 for the state behav i our 
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setting i s  apporti oned a s  foll ows : heal th ( $ 1 1 0 5 )  and socio - cul tural ( $ 1 9 5 ) . In 

the first column , by summing vertically the c omponents $928 . 00 and $ 1 1 0 5 . 00 ,  the 

total expenditure on food to me et the heal th s ocial requirement , namel y  

$203 3 . 00 ,  i s  obtained . 

For the classif i cation Pe rsonal Spendin�,  rows ( 1 )  through ( 4 )  de s i gnate dol lar 

cos t s  in the state , household , private enterpr i s e  and voluntary associations 

behavi our s ettings re spectively . Total s are shown in the foll owing r ow . The 

sum of each of the row total s is provided in the right hand column . The t otal 

for personal spending in the s tate behaviour s e tting across all soc ial 

requirements i s  $ 3 9 9 . 60 .  Total personal spending of $ 1 9 9 8 . 00 can be obtai ned by 

summing row - wi se ( $ 3 9 9 . 6 0 + $ 3 9 9 . 60 + $ 9 9 9 . 00 + $ 1 9 9 . 80 )  or by summing c olumn-

wise ( $47 3 . 00 + $ 4 7 9 . 6 0 + $ 2 6 9 . 40 + 7 7 6 . 00 ) . 
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TABLE 8 - 17 MATRIX OF MINIMUM ESTIMATED DOLLAR COSTS FOR THE ACADEMIC YEAR 
BY SOCIAL REQUIREMENT AND EXPENDITURE CLASSIFICATION 

Soc ial 
requirement 

Health >lark Academic Soc i o - cul tural Commerc ial Total 

Clas s i f i cation 

( 1 )  Flatting 1064 . 3 2 798 . 24 5 3 2 . 1 6 2 6 6 . 08 2660 . 80 

( 2 )  Food ( 1 )  9 2 8  ( 1 )  5 2  ( 1 )  2 0  1000 . 00 
( $ 2 300 ) 1 1 0 5  ( 2 )  1 9 5  1 300 . 00 -- - - ---

2 0 2 3  2 4 7  2 0  2 300 . 00 -- - - ---
( 3 )  Tui t i ons 600 600 . 00 

Fees 

( 4 )  S tudent 1 3 2  1 3 2 . 00 
Fees 

( 5 )  Course 480 480 . 00 
Requirements 

( 6 )  C l o thing 34 2 3 7  149 420 . 00 

( 7 )  Travel 240 180 1 2 0  60 600 . 00 

( 8 )  Personal ( 1 )  2 0 6  ( 1 )  1 5 7 . 60 ( 1 )  20 ( 1 ) 16 399 . 00 
S pending ( 2 )  2 2 3  ( 2 )  7 6  ( 2 )  89 . 60 ( 2 )  1 1  3 9 9 . 00 
( $ 1 9 9 8 ) ( 3 )  3 8  ( 3 )  204 ( 3 )  2 7  ( 3 )  730 999 . 00 

( 4 )  6 ( 4 )  4 2  ( 4 )  1 3 2 . 80 ( I· )  l 9  1 'J 'J . OO - -- -- - ---
4 7 3  4 7 9 . 60 2 6 9 . 40 7 7 6  199 8 . 00 - -- -- - ---

3 844 . 3 2  2 6 6 9 . 84 1405 . 56 1 2 7 1 . 08 9 1 90 . 80 

Note s : l .  For all cost clas s if i cations o ther than trave l , rece ipts , 
invo i c e s  and othe r records are used . 

2 .  From time budgets , respec tive time use for transport to me et the 
heal th , academi c ,  s oc i o - cul tural and comme rcial soc ial 
requi rement s are given by the ratios  0 . 4 ;  0 . 3 ;  0 . 2 ;  0 . 1  
respe c tively . The s e  we i ghtings are used to apport i on travel 
c o s t s . 

The e i ght expend i ture clas s i f i cations o f  Tabl e 8 - 1 5  were appor t i oned over 

behavi our s e ttings and ove r soc i al requi rements in Tabl es 8 - 1 6  and 8 - 1 7  
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respec�ively . Tabl e 8 - 1 8  shows costs by behaviour sett ings and soc ial 

requi rements . Tabl e 8 - 1 8 i s  s i gnif i cant becaus e the e i ght expendi ture 

clas s ificati ons do not appear expl i c itly . That i s , for each behaviour s e tt ing 

expenditure is  apport ioned over the heal th , academi c ,  socio - cultural and 

commerc ial soc ial requi rements . For example $ 1 2 3 0 . 00 i s  spent in the s ta t e  

behaviour s e tt ing i n  order to me et the heal th soc ial requirement . 

TABLE 8 - 18 MATRIX OF MINIMUM ESTIMATED DOLLAR COSTS FOR THE AGAPEHIC YEAR 
BY BEHAVIOUR SETTING AND SOCIAL REQUIREMENT 

S o c i al 
requirement 

Cost of 

Health l.'ork Academic S o c i o - cultural Comme rcial Behaviour 
S e t t ing 

Behaviour 

s e t t ing 

S t a t e  1 2 30 . 00 9 6 1 . 60 120 60 2 3 71 . 60 

Household ( 1 )  1400 . 00 1 30 . 00 3 20 . 60 29  

( 2 )  1064 . 32 798 . 24 5 3 2 . 16 2 6 6 . 08 --- -- -- --
2464 . 32 9 28 . 24 8 5 2 . 76 2 9 5 . 08 4540 . 40 --- -- -- --

P r i va t e  1 20 . 00 7 2 0 . 00 288 . 00 8 9 1 . 00 2019 . 00 
Ente rp r i s e  

Volun tary 30 . 00 60 . 00 144 . 80 2 5 . 00 2 59 . 80 
a s s oc i a t ions 

;;orkpl ace 

Cost of soc ial 3844 . 32 2 6 6 9 . 84 1405 . 56 1 2 71 . 08 9190 . 8  
requirement 

Note s :  l .  Time budge t s  are used to apportion travel and rent c o s t s . For 
all other c ost clas s if i cations re c e ipts , invo ices  and o the r 
records are us ed . 

2 .  From t ime budge ts , respective time use for transport t o  me e t  the 
heal th , academi c , socio - cul tural and commerc i al soc i al 
requirements are g iven by the rati o s  0 . 4 ; 0 . 3 ;  0 . 2 ;  0 . 1  
respec t ivel y .  The s e  we ightings are us ed to apport i on travel 
costs . For exampl e ,  Tabl e 8 - 1 6  shows that $ 240 . 00 was spe nt on 
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travel in the state behavi our s e tting . Henc e , in Tabl e 8 - 1 8 , 
0 . 4  x $ 240 = $ 9 6  i s  spent in the state behaviour setting to meet 
the health soc i al requirement . 

The $ 2 6 6 0 . 80 for flatting , as given in Tabl e 8 - 1 5 ,  i s  
apport i oned ac r o s s  soc ial requirements b y  the s ame me thod . In 
thi s case the r e s pe c t ive rat i o s  are 0 . 4 ;  0 . 3 ;  0 . 2 ; 0 . 1 .  Thus 
the c omponent o f  flatt ing for mee t ing the heal th requirement in 
the household behaviour setting i s  0 . 4  x $ 2 6 6 0 . 80 = $1064 . 3 2 .  
S imil arly the c omponent of flatting for meeting the soc i o ­
cul tural requi rement in the hous ehold behavi our setting i s  0 . 2  x 
$ 2 6 6 0 . 80 = $ 5 3 2 . 1 6 .  

4 .  Costs incurred in the hous ehold behavi our s e tt ing are of two 
type s , ( 1 )  non - r ent and ( 2 )  rent . The non - rent costs , are made 
up of Food $ 1 3 0 0 , Travel $ 1 8 0  and Personal Spending $ 3 9 9 . 6 ,  from 
Tabl e 8 - 1 6 . The t otal cost of $ 1 8 7 9 . 6  is apportioned across  the 
row ( 1 ) . The r ent costs  are apporti oned across the row ( 2 ) . 

5 .  Total s are shown in the foll owing row . Thus the cost of the 
mee t ing the heal th requirement in the hous ehold behavi our 
sett ing is . reading down the f irst c olumn . $ 1400 + $ 1064 . 3 2 = 
$ 24 64 . 3 2 .  

6 .  The we i ght ings for travel and rent are arbi trary . The cost  
all ocations whi ch do  not depend on t ime budgets are also 
arbi t rary . 

Tabl e 8 - 1 9  shows the detailed breakdown of dollar costs for s o c ial requirements 

over behavi our settings . In the l e ft hand column , the numbers ( 1 )  through ( 8 )  

de s i gnate the e ight expendi ture c l as s ifications of Tabl e 8 - 1 5 . The breakdown of 

the s e  expend i tures over each b ehavi our s e tting was initially shown in Tabl e 

8 - 1 6 . 



TABLE 8 -19 COMPONENTS OF DOLLAR COSTS FOR THE ACADEMIC YEAR 

Dollar co sts of 
S o c i al 

requirements 
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Health Work Academic S o c i o - Cul tural Commer c i al 
Dol lar 
Costs over 
Behaviour settings 

State 
( 2 )  1000 . 00 
( 3 )  600 . 00 
( 4 )  1 3 2 . 00 
( 7 )  240 . 00 
( 8 )  3 9 9 . 6 0 

Household 
( 1 )  2 6 6 0 . 80 
( 2 )  1 30 0 . 00 
( 7 )  1 8 0 . 00 
( 8 )  3 9 9 . 60 

Private Enterprise 
( 5 )  480 . 00 
( 6 )  420 . 00 
( 7 )  1 2 0 . 00 
( 8 )  9 9 9 . 00 

Voluntary Associati ons 
( 7 )  6 0 . 00 
( 8 )  1 9 9 . 00 

Total s 

9 2 8 . 00 

9 6 . 00 
206 . 00 

1 2 30 . 00 

1 0 64 . 3 2 
1105 . 00 

72 . 00 
2 2 3 . 00 

2464 . 3 2 

34 . 00 
48 . 00 
38 \lo 

1 20 . 00 

24 . 00 
6 . 00 

30 . 00 

3 844 . 3 2 

600 . 00 
1 3 2 . 00 

7 2 . 00 
1 5 7 . 6 0 

9 6 1 . 60 

7 9 8 . 24 

54 . 00 
7 6 . 00 

9 2 8 . 24 

480 . 00 

3 6 . 00 
204 . 00 

7 20 . 00 

1 8 . 00 
4 2 . 00 

6 0 . 00 

2 6 6 9 . 84 

5 2 . 00 

48 . 00 
20 . 00 

120 . 00 

5 3 2 . 1 6  
1 9 5 . 00 

36 . 00 
89 . 60 

8 5 2 . 7 6 

2 3 7 . 00 
24 . 00 
27 . 00 

288 . 00 

12 . 00 
1 3 2 . 80 

144 . 80 

1405 . 5 6 

20 . 00 

24 . 00 
1 6 . 00 

60 . 00 2 3 7 1 . 6 0 

2 6 6 . 0 8 

18 . 00 
1 1 . 00 

2 9 5 . 0 8 4540 . 40 

149 . 00 
12 . 00 

7 3 0 . 00 

8 9 1 . 00 2019 . 00 

6 . 00 
19 . 00 

2 5 . 00 2 5 9 . 80 

1 2 7 1 . 0 8 9180 . 8 0 

Tabl e 8 - 20 i s  obtained from Tabl e 8 - 1 8 by dividing each el ement of the matrix 

fi rst by 37 to c onvert costs over the academic year o f  37  weeks to weekly costs , 

and then by 7 to obtain daily costs for the 1 6  hour working day . Tabl e 8 - 20 
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includes dai l y  earned inc ome . Thi s  i tem denotes  an income fl ow and is ther efore 

negat ive . Tabl e 8 - 20 i s  provided t o  show the trans ition from the original 

expenditure data of Tabl e 8 - 1 5  e xpr e s sed in dol lars taken over the 3 7  wee k  

academi c year . 

TABLE 8 - 20 MATRIX OF DAILY ESTIMATED DOLLAR COSTS 

S ocial 
requirement 

Health Job Academi c S o c i o - cul tural Commerical 
Behavi our ( HL )  ( J ) ( A )  ( S C )  ( C )  

-
s e t t ing 

State ( S )  4 . 7 5 3 .  7 1  0 . 46 0 . 2 3 

Hous ehold ( H )  9 . 5 1 3 . 5 8 3 . 2 9 1 . 14 

Private ( P )  0 . 46 2 . 7 8 1 . 1 1 3 . 44 
enterpr i s e  

Voluntary ( V )  0 . 1 2 0 . 2 3 0 . 5 6 0 . 10 
associations 

Workplace ( W )  - 2 3 . 9 8 

Re sul t s  r ounde d  to the second de c i mal pl ac e . 

Derivat ion o f  the Cost  Matrix c 

The Cost  Mat r ix c has been derived from Tabl e s  8 - 20 and 8 - 14 ,  us ing rounding 

wher e  appropriate . Each daily e s t imated doll ar cost in Tabl e 8 - 2 0 i s  divided 

by the corre sponding daily e s t imated ave rage time for activi t i e s  in minutes 

given in Tabl e 8 - 14 .  Each el ement ci j  of the Cost Matrix is measured in 

cents/min . Exampl e : c1 1  5 . 2 .  The daily dollar costs of  the heal th soc ial 

requirement in the S tate behaviour s e tting are $4 . 7 5 . S ince 9 0 . 7  minute s  i s  

giv�n t o  thi s  activi ty , x1 1  = 9 0 . 7  and c1 1  $4 . 7 5/91 . 7  = 5 . 2  cent s/min ( 1  

dec imal place ) .  Because c 5 2  deno t e s  an income flow it i s  ther efore negat ive . 
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���efore negative . I t  should b e  pointed out that Tabl e 8 - 20 has been 
-----

introduc e d  as part of a step by step approach . However it i s  not nece s sary to 

work dire ctly from Tabl e 8 - 2 0 . Costs can be obtained d irectly from Tabl e s  8 - 1 8 

and 8 - 14 . 3 I n  princ iple , an Archimedian number can be ass i gned to a c i j  

whe rever the c orre sponding xi j  i s  non- available . The i nsertion of the large 

numbers 1000 is an appropriate computati onal devi c e . For convenience the Cost 

Matrix c is g iven in Tabl e 8 - 2 1 .  As  expected thi s is  the same as  Table 8 - 3 . 

TABLE 8- 21 5 x 5 COST MATRIX 

5 . 2  1000 2 . 0  3 . 2  10 . 0  

6 . 7  1000 3 . 5  3 . 9  17 . 3  

c 2 . 2  1000 18 . 1  3 . 9  14 . 9  

2 . 3  1000 3 . 7  3 . 9  10 . 0  

1 0 0 0  - 11 . 0  1000 1000  1000  

** 8 . 5  CHANGES IN TECHNOLOGY 

Example 9 - The case of " the resourceful student " 

The following example foll ows on from exampl es 6 and 7 .  Faced with change s  in 

the c o s t  matrix , the student is in difficul ties . Yet time and money budge t s  

have t o  b e  met . 

What i s  to be done ? The student mus t  work within a money budget . The 

constraint of a 16 hour waking day i s  enforc ed , s o  that burning the midnight 

3 In prac tice there are only minor computati onal d i screpanc ies  ( due t o  

rounding errors ) between the two approache s .  
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o i l  i s  not an al l owabl e opti on . His first step i s  to f ind part t ime empl oyment 

that yields a higher inc ome . But work is not easy to f ind at all , l e t  al one at 

a better wage rate , and the mos t  our student can o btain is equival ent to a ne t 

rate of  10 . 0  c ents/min . The s tudent decide s that the solution to the probl em i s  

t o  us e l e s s  of  the s carce r e s ourc e ,  time , to meet the same soc ial requirements .  

He attends a c ourse on how t o  s tudy more effec tive l y . The aim of the cours e  i s  

t o  optimiz e  informati on proc e s s ing whil e  minimizing time use . As a re sul t the 

s tudent ' s  same academic s o c i al requirement now requires less  time . The s ame 

output measured quant itatively in terms of assignments , computer programs , 

e s s ays requi res l e s s  input of time . Significantly the student is now abl e 

t o  " save " t ime , whil e  keeping wi thin a money budge t .  A change in technol ogy 

refl e c t s  differences in the e f f i c i ency of the student ' s  us e of endowments to 

me e t  the academi c soc ial requirement . As in section 6 . 6 ,  thi s change in the new 

technol ogy i s  interpreted as e quivalent to an increase in effic iency row - wi s e , 

s o  that the new technol ogy matrix i s  denoted by the 10  x 25  matrix A* , where  A* 

= RA . 

We suppose that as a re sul t of the course on how t o  study more effectivel y the re 

is a 100 perc ent increase in efficiency of time us e for me eting the academic 

s o c i al requirement . Thi s means that the student i s  abl e to me e t  thi s 

requ i rement using only hal f the time previously required . The academic soc ial 

requ i rement of 5 00 minute s  can now be met in 5 0 0/2 . 0  = 2 5 0  minutes , re sul t ing in 

sl ack capac ity of ( 50 0  - 2 5 0 )  = 2 5 0  minutes for the state behaviour setting . 

The shadow pri ce at the sourc e  i s  therefore zero . We make the s impl ifying 

as sumpt ion that the time " save d "  remains slack .  Thi s  re sults in a saving of 

2 3 . 00 c ents per day . 
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Case 3 

Primal and Dual Solutions 

* 140 ; * 2 5 ; * 1 10 ; * 100 ; * 1 5 ; * 7 5 ; X 13  = X 21 = X 2 3  X 24 = X 2 5  X 3 1  

* 2 5 ; * 2 2 0  X 45 X 52 = 

* o ·  * 0 . 5 ;  * 5 . 0 ;  * 7 .  8 ;  * 10 . 0 ;  * 7 .  2 ;  * O ·  u 1 = u 2 = u 3 = u 4 u 5 V 1 V 2 ' ' 
* 2 . 0 ;  * 4 . 4 ;  * 1 7 . 8  V 3 V 4 = V 5 = 

The objec t ive funct i on in cents i s  

140 ( 4 )  + 2 5 ( 6 . 7 ) + 1 10 ( 3 . 50 )  + 100 ( 3 . 9 )  + 1 5 ( 1 7 . 3 ) + 7 5 ( 2 . 2 )  + 2 5 ( 10 )  + 2 20 ( - 1 0 )  

- 2 3 . 00 

The s tudent i s  operating within the money budge t .  Saving i s  $ 0 . 2 3 per day . 

* Soc ial Income is $ 5 0 . 7 2 per day , a decreas e , becaus e v 3 has decreased from 4 . 0  

to 2 . 0 ,  whil e  shadow prices of other soc ial requirement s are unchanged . For the 

state behavi our sett ing there is slack capacity of 2 5 0  minute s . 



CHAPTER 9 

EFFECTS OF CHANGES IN THE PARAMETERS 

9 . 1 Introduction 

The purpose of  thi s  chapter i s  to examine the effects of change s  in the 

coefficients of the object ive function , in the paramete rs , and the technol ogy 

matrix . The effects of the addi tion of a new inequal i ty cons traint are al so 

cons idered . The effects of  these change s  are inte rpreted mathematical ly , and 

economic interpretat ions are provided . I n  thi s chapter we focus on the 

activities  of the average student . As ind i cated in section 7 . 3  the t i ght 

model is  appropriate . By us ing numerical e xampl e s  it become s poss ibl e to shed 

new l ight on time all ocation and soc ial behavi our . 

9 . 2  Effects of Changes in the Vector c 

New program - vector matrix notat i on 

Primal min ex 

sub j e c t  to 

Ax 2: b V 

X 2: 0 

( 9 . 1 ) 
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Dual max vb 

sub j e c t  t o  

vA :;;; c X 

V � 0 

( 9 . 2 ) 

G e ome t r i c al l y , the e f f e c t  o f  a c hange in the v e c t o r  c i s  t o  c hange the 

dire c t i on of the suppo r t ing hype rpl ane . I f  the boundary point of the new 

optimal hyp e r pl ane ex i s  now d i f f e r ent , then the orig inal x* is no l onge r  

optimal . 

A bas i c  5 x 5 activity matrix i s  s e t  out in Tabl e 9 - l .  The rel ated 5 x 5 cost 

matrix is spe c i f i e d  in Tabl e 9 - 2 ,  where c denotes the matrix of coeffi cients . 

Tabl e 9 - 3  shows the effects of increases in the pe r uni t cost o f  time use for 

the s tate behavi our setting . For Tabl e s  9 - 3 , 9 - 4 ,  9 - 5  net inc ome from work is 

- 8 . 5  c ents/min . In Tabl e 9 - 3 , each of the rows ( l )  through ( 9 )  indicates the 

effect of a perc ent increase in state behaviour s e tting costs . For row ( l ) ,  

the base , the c o s t s  are unchanged . For row ( 2 )  the costs have increased by 2 5  

perc ent . Henc e the new state behavi our sett ing per unit c o s t s  are : 

6 . 5 :  1000 ; 2 .  5 : 4 . 0 ;  1 2 . 5  

F o r  r ow ( 3 ) . t h e  o r i g i nal s t a t e  b e havi our s e t t i ng , p e r  un i t  c o s t s  have 

inc rea sed by 5 0  percent . For exampl e the new el l  has incre a s ed from 5 . 2  to 

7 . 8  c en t s /m i n . As ment i oned in s e c t i on 7 . 2 ,  the ins e r t i o n  of the l arge 

numbe r s  1 0 0 0  is merely a c omputati onal devi c e . 

increase thi s per uni t  c o s t . 

Henc e the r e  is no ne ed t o  



TABLE 9 - 1  5 x 5 ACTIVITY MATRIX 

bl b2 b3 

HL J A 

t o : 

al s xu x1 2  xl 3  

from : a2 H x2 1  x2 2  x2 3  

a3 p x3 1  x3 2  x3 3  

a4 V x4 1  x42 x43 

as w X 5 1  xs 2  xs3  

� � � 

lOO 220 500 

TABLE 9 - 2  5 x 5 COST MATRIX 

c = 

5 . 2  

6 . 7  

2 . 2  

2 . 3  

1000 . 0  

1 000 . 0  

1000 . 0  

1 000 . 0  

1000 . 0  

- 8 . 5  

b4 b5 

se c 

x14 x1 5  

x24 x2 s  

x34 x3 5  

x44 x45  

xs4 X 5 5  

� � 

100  40  

2 . 0  

3 . 5  

1 8 . 1  

:;; 

:;; 

:;; 

:;; 

:;; 

3 90 

2 5 0  

7 5  

2 5  

2 2 0  

3 . 2  

3 . 9  

3 . 9  

1 0 . 0  

1 7 . 3  

14 . 9  

3 . 7  3 . 9  1 0 . 0  

1000 . 0  1 000 . 0  1000 . 0  

202  

Note : Net income from work i s  now 8 . 5  centsjmin , a different rate from that 

init ially us ed in Chapte r  8 .  
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Increases in costs of the state behaviour setting 

Tabl e 9 - 4  shows the e f f e c t s  o f  i n c re as e s  in c o s t s  o f  the s tate behavi our 

s e t t i n g  o n  s hadow p r i c e s  a t  b o t h  s o ur c e s  and s ink s . I n  prac t i c e  such 

increases  c ould occur through the w ithdrawal of subs idie s  and the impo s i t i on 

of a "user pays " regime . One e f f e c t  i s  that the imputed value of time use in 

the s t a t e  b e havi our s e t t i ng d e c r e a s e s . Thi s  i s  in a c c o rd with e c onomic 

the o ry . The shadow price measur e s  the differential rent at a s ource . As the 

r e l a t i ve c o s t  o f  us ing a p a r t i cu l a r  envi r onment inc r e a s e s , the r e l a t ive 

adva n t a g e  of us ing the a s s o c i a t e d  b e havi o ur s e t t i n g  d e c r e a s e s . S t a t e  

behavi our s e t ting c o s t s  have incre ased therefore the shadow pri c e  assoc iated 

with thi s  behaviour setting w i l l  decrease . On the other hand the advantage of 

us ing s ome e nvironments inc r e as e s , and so  the shadow p r i c e s  a s soc iated with 

the s e  envi ronment s ,  for exampl e ,  household and voluntary a s s oc iations show a 

relative increase . Tabl e 9 - 4  shows that , in contrast with the shadow pri c e  of 

the s tate behavi our s e tt ing , the shadow p r i c e s  of  time endowment s for the 

hous ehold , private enterpr i s e  and voluntary assoc iations behavi our settings 

progr e s s ively increas e , though the r elative values of the shadow prices do not 

change at the same rate . 
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TABLE 9 - 3  EfFECTS OF INCREASES IN STATE BEHAVIOUR SETTING COSTS - OPTIMAL 
SOLUTIONS 

percent increase Opt imal Dec ision Var iables 
in state behaviour 
s e t t ing costs * * * * * * * * * * 

,, 1 3  " 15  " 21  " 23  " 24 " 25  " 3 1 X 41 X 4 5 X 5 2 

( 1 )  0 350 40 0 1 5 0  100 0 7 5  2 5  0 2 2 0  

( 2 )  2 5  350 40 0 1 50 lOO 0 7 5  2 5  0 2 2 0  

( 3 )  50  375  1 5  2 5  1 2 5  lOO 0 75 0 2 5  2 2 0  

( 4 )  lOO 390 0 2 5  1 1 0  lOO 1 5  7 5  0 2 5  2 2 0  

( 5 )  1 2 5  390 0 2 5  1 10 100 1 5  7 5  0 2 5  2 2 0  

( 6 )  1 5 0  390 0 2 5  1 1 D- 100 1 5  7 5  0 2 5  2 2 0  

TABLE 9 4 EFFECTS OF INCREASES IN STATE BEHAVIOUR SETTING COSTS ON SHADQ"W 

PRICES 

p e rcent increase 
i n  sta t e  behaviour 
s e tting c o s t s  

0 2 5  50 l OO 1 2 5  150 

shadow p r i c e s  

* 
1 . 5  l . O  0 . 5  0 0 0 u1 

u2 
* 

0 0 0 0 . 5  1 . 0 l . S  

U3 
* 

4 . 5  4 . 5  4 . 5  5 . 0  5 . 5  6 . 0  

u4 
* 

4 . 4  4 . 4 5 . 5  7 . 8  8 . 3  8 . 8  

us 
* 

8 . 5  8 . 5  8 . 5  8 . 5  8 . 5  8 . 5  

,.
1 

* 
6 .  7 6 . 7  6 . 7  7 . 2  7 . 7  8 . 2  

v2
* 

0 0 0 0 0 0 

* 
3 . 5  3 . 5  4 . 5  5 .  0 V) 3 . 5  4 . 0  

v4* 3 . 9  3 . 9  3 . 9  4 . 4  4 . 9  5 . 4  

vs 
* 

1 1 . 5  1 3 . 5  1 5 . 5  l 7  . 8  1 8 . 3 18 . 8  
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T�LE 9 - 5  EFFECTS OF INCREASES IN STATE BEHAVIOUR SETTING COSTS ON SOCIAL 

INCOME 

perce nt increase in Per diem values in cents 
state behaviour Value of Soc ial S ocial 
setti ng costs D i s s aving Net Income position Inc ome 

( 1 )  0 3 6 7 . 5  1 8 7 0  3 2 70 5 140 

( 2 )  2 5  642 . 5  1 8 7 0  3 3 50 5 2 2 0  

( 3 )  s o  8 9 0  1 8 7 0  3430 5 300 

( 4 )  lOO 1 3 0 7  1 8 7 0  3 8 70 . 8  5740 . 8  

( 5 )  1 2 5  1 5 0 2  1 8 7 0  4240 . 8  6110 . 8  

( 6 )  1 5 0  1 6 9 7  1 8 7 0  4610 . 8  6480 . 8  

Tabl e 9 - 5  compares the effects  of  perc ent inc reas e s  in s tate behaviour s e tt ing 

c o s t s  on dis s aving and s oc i al inc ome . The inc r e a s e  in soc ial income take s 

pl ac e because the increas ing s hadow pri c e s  at s inks give r i s e  to increas ing 

value s of soc ial pos i t i on . Net money income remains constant and decreas e s  as 

a perc entage of soc ial inc ome f rom 3 6 . 4  to 2 8 . 9  perc ent . 

9 . 3  Effects of Changes in the Vector b 

In ve c t or matrix-notation the p robl em now bec ome s 

primal m in ex 

subject to  

Ax � b V 

X � 0 
( 9 . 3 ) 

dual max vb 

subject to  

V A :;;; c X 

V � 0 
( 9 . 4 ) 
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The vector b cons i sts o f  inputs , the e ndowments at sources , and outputs , the 

requirements at s inks . Geometrical ly , the effect of changes in the ve ctor b 

is to change the conf i gurati on of the convex polyhedron , that i s , the s impl ex . 

Th i s  may r e s ul t  in a change in the o p t imal ba s i c  f e a s i bl e s ol ut i ons , * X . 

Chang e s  in n e t  income can al s o  r e sul t i n  a change in the o p t i mal ba s i c  

feasible sol ut i on , x* . 

The purp o s e  o f  thi s s e c t i on i s  t o  e xamine the e f f e c t s  o f  change s  in the 

endowment s .  The t i ght model i s  us ed t o  examine the effects of  changing the 

maximum cons t raints for the endowment s assoc iated with the private enterpri s e  

and voluntary ass o c i a t i ons behavi our s e t t ing s . The combined endowment of 

the se two behaviour settings i s  kept c ons tant at lOO minut e s . In Tabl e s  9 - 6  

and 9 - 7  the net per uni t income f r om work i s  - 1 1 . 0  centsjmin . By way of 

comparison the net per uni t  income from work becomes - 8 . 5  c entsjmin in Tabl e s  

9 - 8  and 9 - 9 . As previ ously , a negative s i gn denotes income . While the t ime 

budge t is enforced the money budge t i s  not . 

The optimal solut i ons for change s in sel e c t ed t ime endowment s are shown in 

Tabl e 9 - 7 . N e t  income from work i s  - 1 1 . 0  c entsjmin . In Tabl e 9 - 6 ,  whi l e  

dis saving i ncre ases there is no change i n  e i ther the value of social pos i t i on 

or s ocial inc ome . I t  s o  happens that ne t inc ome equals the value of s o c i al 

po s i t i on . I n  Tab l e s  9 - 8  and 9 - 9 , n e t  inc ome from work de creas e s  t o  - 8 . 5  

cents/min . In Tabl e 9 - 8 ,  unl ike Tabl e 9 - 6 , there is no saving , and dis saving 

increases . Table 9 - 9  shows a s imilar pattern to that of Tabl e 9 - 8 .  The only 

var iation i s  f ound in the l evel s o f  x*
3 1  and x*

41 whi ch c o rre s pond t o  the 

cons traint s a s s oc iated wi th the private enterprise and voluntary assoc iati ons 

respective l y . as relat ively more of  the t ime use endowment i s  transferred from 

the
-

priva t e  enterpr i s e  to the voluntary assoc iat ions behavi our s e t t ing . In 
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Tabl e 9 - 8 ,  for n e t  income from work of - 1 1 . 0  centsjmin , the value s of  soc ial 

pos i t i on and soc ial inc ome , whi l e  l e s s  than in Tabl e ( 1 ) , are , as in Tabl e 

9 - 6 , invariant f or changes in the di s t r i bution of time use over the private 

enterpr i s e  and voluntary assoc i at i ons behavi our settings . 

The numer ical r e sul t s  o f  s e c t i on 9 . 2  provide a jus t i f i ca t i on for making the 

a s s e rt i on t ha t  i f  s o c i al i nc ome i nc r e a s e s , then s av i n g s  woul d d e c r eas e 

( di s saving would increas e ) , g iven the as sumption of fixed money inc ome . Does 

the converse fol l ow? That i s , does an increase in dissaving imply an increase 

in s oc ial income , g iven the as sumption of f ixed money income . I n  s e c t i on 9 . 2  

the cause of a decrease in saving was the increas e in at l east one per uni t  

c o s t  f o r  the use of  a particul ar environment . In thi s section the cause of a 

TABLE 9 - 6  EFFECTS OF CHANGES 
cent sjmin 

BehaviQur Setting 
private voluntary 

enterpr i s e  assoc iat i ons 

( 1 )  lOO 0 

( 2 )  7 5  2 5  

( 3 )  6 0  40 

( 4 )  5 0  5 0  

( 5 )  40 6 0  

( 6 )  2 5  7 5  

( 7 )  0 lOO  

I N  THE 

Saving 

- 1 8 5  

- 1 8 2 . 5  

- 1 8 1  

- 1 8 0  

- 1 7 9  

- 1 7 7 . 5  

- 1 7 5  

DISTRIBUTION OF ENDOWMENTS c 5 2  - 1 1 . 0  

Value o f  Soc ial Soc ial 
Net Income pos i t i on Income 

2420  2420 4840 

2 4 2 0  2420 4840 

2 4 2 0  2420 4840 

2 4 2 0  2 4 2 0  4840 

2 4 2 0  2 4 2 0  4840 

2 4 2 0  2 4 2 0  4840 

2 4 2 0  2420  4840 
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EFFECTS OF CHANGES IN THE PISIRIBUTION OF ENDOWMENTS - OPTIMAL 
SOLUTIONS c 5 2  - - 1 1 . 0  cents/min . 

Behaviour Settin� 
* * * * * 

private 
enterprise 

( 1 )  100 

( 2 ) 7 5  

( 3 ) 60 

( 4 ) s o  

( 5 ) 40 

( 6 ) 2 5  

( 7 ) 0 

TABLE 9 - 8  

* * 
voluntary x u X 1 5  X 2 3  X 24 X 31 X 41 

as sociations 

0 3 50 40 1 5 0  1 0 0  100 0 

2 5  3 50 40 150 100 7S 2 5  

40 3 50 40 l S O  1 0 0  60 40 

s o  3 SO 40 1SO 100 so s o  

6 0  3 50 40 1SO 100 40 60 

7 5  3 SO 40 1SO 100 2S 7 5  

100 3 SO 40 1SO 100 0 100 

EfFECTS OF CHANGES IN THE DISIRIBVTION OF ENDOWMENTS c 5 2  
cents/min 

a�baviQ�� s�ttiD� 
private voluntary Value of Social 

enterprise as sociations Saving D i s saving Net Incott-, posit ion 

( l ) lOO 0 3 6 5  1870 2420 

( 2 ) ? S  2 S  3 6 7 . 5  1 8 7 0  2420 

( 3 ) 6 0  40 3 6 9  1 8 7 0  2420 

( 4 ) so so 3 7 0  1 8 7 0  2420 

( S ) 40 6 0  3 7 1  1870 2420 

( 6 )  2 5  7 S  3 7 2 . 5  1870 2420 

( 7 ) 0 lOO 3 7 5  1 8 70 2420 

X 5 2  

2 2 0  

2 2 0  

2 2 0  

2 2 0  

2 2 0  

2 20 

2 2 0  

- 8 . 5  

S o c ial 
Income 

4 2 9 0  

4 2 9 0  

4 2 9 0  

4 2 9 0  

4 2 9 0  

4 2 9 0  

4 2 9 0  



TABLE 9-9 EfFECTS OF CHANGES IN THE DISIRIBUIION OF ENDOWMENTS - OPTIMAL 

( l ) 

( 2 ) 

( 3 )  

( 4 ) 

( 5 ) 

( 6 ) 
( 7 ) 

SOLUIIQNS c 5 2  - - 8 . 5  c ents/min 

Behaviour Settin� 
* * pr ivate voluntary x u X 15  

ente rpri s e  associations 

lOO 0 350  40 

7 5  25 3 50 40 

60  40 3 50 40 

50 so 350 40 
40 60 350  40 

2 5  7 5  3 5 0  40 
0 100 3 50 40 

* * * * * 
X 2 3  X 2 4  X 31  X 41  X 52  

150  lOO lOO 0 220 

150 lOO 7 5  25 220 

150 lOO 60 40 2 20 

150 lOO 50 so 220 

150 lOO 40 60 220 

150 lOO 25 75 220 

150 100 0 100 220 
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decrease in s aving is a change in the distributi on of endowments .  Cl early the 

nume rical r e sults of se ction 9 . 3  provide a c ounter exampl e  to the assertion 

that an increase in dis saving impl i e s  an increase in social inc ome . 

T h e  o p t i ma l  s o l u t i on s  f o r  t h e  t i g h t  m o d e l  i l l u s t r a t e  t h e  f o l l o w i n g  

po s s ibil i t i e s : 

( 1 )  A change in the relative d i s tributi on of time endowments resul ts in a 

change in the objective funct ion . 

( 2 )  A c hange in the relat ive d i s t r ibut ion of time endowments ne ed not be 

ac c ompanied by a change in the value of social pos i t i on . 

From ( 1 )  and ( 2 )  i t  f o l l ow s  that a d e c r e a s e  in s aving ( o r an inc r e a s e  in 

d i � s av i n g ) n e e d n o t  be a c c o mp an i e d  by a change i n  the value of s o c ial 

pos i t i on .  
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When an add i t i onal c ons t ra int i s  added t o  a l inear pr ogram a new o p t i mal 

solution cannot improve on the original one . Henc e if the opt imal program of 

the original l inear program is still  feas ibl e for the new program , i t  remains 

optimal . I t  so  happens that this i s  not the case for the numerical exampl e s  

i n  this s e c t i on .  The e conomic interpretation i s  introduc ed by an exampl e .  A 

pers on i s  recover ing from a car acc ident . She i s  required by her doctor to 

s p e nd a t  l e a s t  30 m i nu t e s  e a c h  day on e x e r c i s e s  at the phy s i o t h e r a py 

department at a hospi tal . a state institut i on .  We can express thi s condi t i on 

by the add i t i onal constraint x1 1  � 3 0 . 

I n  s e ct i on 9 . 4 the c o n s t raint i s  c o n s i d e r e d  b o th a s  a minimum and a s  a 

maximum . In both s i tuat i ons , the agent make s us e o f  time in the househol d  and 

s tate behavi our s e t t in g s  respe c t i vely t o  me e t  a t  l e ast part of the heal th 

requirement , as de s i gnated . The e c onomi c s ignif i c anc e of a new constraint i s  

that the agent , faced w i t h  a trade - off between t i me and money , i s  l e s s  l ikely 

to f ind an optimal pat t e rn of behavi our , because the probl em is more compl ex . 

Tabl e 9 - 10 contains opti mal solutions for both s i tuat i ons . As previously , per 

un i t  ne t inc ome f r o m  w o r k  i s  h e l d  c on s t ant at 8 . 5  c ent s/min . O p t i mal 

s olutions are given for the addition of constraint xll • case s ( 1 )  through ( 4 ) , 

and for the addition o f  c ons t raint x3 1 , c a s e s  ( 5 )  through ( 7 ) . By way of 

c ompar i s on , the opt imal s olut i on x* of the o r i g inal ( wi thout c onstraint ) 

p r o bl e m  i s  include d . I n  Tab l e  9 - 1 0 ,  the add i t i on o f  the new c ons t raint 

incr eas e s  the numbe r  of decis i on var iabl e s . For exampl e ,  case ( 1 )  has two 

mor e  dec i s i on variabl e s  than the optimal s olution x* of the original probl em . 

Case ( 6 )  al s o  has two more de c i s i on variabl e s , but the dec i s i on vari abl e s  of  
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Clearly the addit ion of a new cons traint 

gene rat e s  a mo re d i f f i c ul t  p r o bl em f o r  the ag ent . The pattern of o p t imal 

solut i ons i s  not at all obvious . For more extreme cases , where the value of 

the add i t i onal c ons tra int a p p r o a c he s , o r  b e c ome s equal t o , the endowment 

c onstraint thi s need not be s o . For case ( 4 )  the number of dec i s ion variabl e s  

i s  not increased but remains the same a s  for x* , though the deci sion var iabl e s  

a r e  not ident i cal . By way o f  c omment , an inc r e a s e  in ne t sal ary t o  - 1 1 . 0  

c entsjmin will re sul t in the s ame set of optimal solut i ons as given in Tabl e 

9 - 10 . 

Tabl e 9 - 1 1  shows the e f f e c t s  the new c onstraint ha s on s o c ial inc ome . W e  

examine two hypo the ses  rel ating to the addit ion of a new constraint . 

( 1 )  For suc c e s s ive increas e s  in the numerical value of the new constraint , 

the value of soc ial po s i t i on and soc ial income will decrease , cet  par . 

( 2 )  For suc cess ive incr e a s e s  in the numerical value of the new constraint , 

saving will decreasejdi s saving will increase . 

The r e sul ts provide evidenc e that the first hypo the s i s  i s  too strong . For the 

new c onstraint x1 1  the value o f  social position decreases as the value of the 

new c ons t raint increase s ,  from 20 to 50 , to be sure , but remains constant for 

further increase s .  In Tabl e 9 - 1 1  the evidenc e  suggests the weaker hypo thes i s , 

namely , that for success ive increases  in the additi onal cons traint the value 

of s o c ial p o s i t i on and soc ial income need not increase . Hypothe sis ( 2 ) hol ds 

for all the increases in x1 1 , cases ( l )  through ( 4 )  but is fal sified for the 

increase in x 3 1  where , in case  ( 6 ) , the l evel of dissaving ac tually dec rease s .  

C l e ar l y  t h i s i s  a c ount e r  e xampl e . H ence the s e c ond hypo the s i s  must be 

r e j e c t e d . Why d o e s  the l ev e l  o f  d i s s aving decre a s e ?  An increase  i n  the 

maximum s i z e  of  x 3 1  from 20 to 7 0  makes i t  poss ibl e for the agent to meet the 
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heal th social requirement by us ing an additional 5 0  minut e s  o f  the endowment 

from the p rivate ente rpri s e  behavi our s e t t ing and 5 0  minut e s  l e s s  o f  the 

endowment from the state behaviour setting at a saving of 3 . 0  cents/min . Thi s  

more than compens at e s  f o r  a s l i ght per uni t  l o s s  for a c ompensating use o f  

endowments t o  make up the slack . An increase in net sal ary to - 11 . 0  centsjmin 

will resul t in the same s e t  of optimal s olutions as given in Tabl e 9 - 10 .  

TABLE 9 - 10 THE ADDITION OF A NEW CONSTRAINT - OPTIMAL SOLUIIONS 



TABLE 9 -ll THE ADDIIION OF A NEW CONSTRAIHI - EFFECTS ON SOCIAL INCOME 

New Con§traint 
D i s s aving Ne t Income Value of Soc ial 

xn x3 1  Soc ial pos i ti on Inc ome 

( 1 )  2 0  4 2 5 . 5  1 8 7 0  2 9 80 4 8 5 0  

( 2 )  50 5 5 2 . 5  1 8 7 0  2 8 20 4 6 9 0  

( 3 ) 70  642 . 5  1 8 7 0  2 8 2 0  4 6 9 0  

( 4 )  100 7 7 7 . 5  1 8 7 0  2 8 20 4 6 9 0  

( 5 )  2 0  6 1 5  1 8 7 0  3270  5 140 

( 6 )  5 0  4 8 0  1 8 7 0  3270  5 1 40 

( 7 )  7 0  3 9 0  1870  3270  5 14 0  

Note : For x 3 1  > 7 5  the probl em i s  inf eas ibl e ,  s inc e the private enterpr i se 
behavi our s e t t ing t ime endowment ;;: 7 5 .  

** 9 . 5  Effects of Changes in the Iecbnology Matrix A 

2 1 3  

L e t  there be an increase i n  e f f i c i ency row -wi s e . Wi th the same t ime endowment 

the agent can now mee t  an increased academic soc ial requirement . On the other 

hand , i f  the academic parame ter  r emains unchanged , the agent now require s l e s s  

o f  the time endowment . G e ometrically the effect o f  a change i n  technol ogy i s  

t o  c hange t h e  shape o f  t h e  c ons t r a int boundary . l The new t e chnol ogy i s  

denoted by A* where A* = RA ,  a s  i n  ( 5 . 13 ) . 

1 For comments on the radically al tered topol ogy see  Eis emann ( 1 964 ) and 
Lour i e  ( 1 9 6 4 ) . 
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Tabl e 9 - 1 2  s hows s e l e c t e d  perc ent inc r e a s e s  in the agent ' s  eff i c i ency in 

me e t ing an a c ademic s o c i al requirement of 5 0 0 minut e s . 2 Parame t e r s  are 

unchanged from Tables 9 - 1  and 9 - 2 .  

Exampl e 1 .  The solut i on f o r  a 2 5  p e r c ent inc r e a s e  i s  expre s s e d i n  the 

activity ana l ys i s  mode . The bas i c  variabl e s  are expr e s sed as  a c t i vi t i e s . 

us ing the fol l owing trans itions : 

* * X 5 2  -+ X 2 2  

The levels o f  the act ivi ties  are : 

* X 3 = 350 ; X* 40 ·, • 5 = 

* X 22 = 2 2 0 . ( M )  

The intens i ty vector x 

X 0 0 3 5 0  0 40 

220  0 0 0 ) T 

The price vec tor p i s : 

p [ 3 . S  0 2 . S  3 . 9  

* X S = 50 ; 

i s : 

0 0 5 0  

1 1 . 5  1 . 5  

* X 9 

100 

0 

100 ; x*
u 

0 7 5  0 0 

1 . 6  1 . 5  S . 5  

7 5 : 

0 0 

l 

* X 1 6  

2 5  

2 5 ; 

0 0 0 0 0 

The changed t echnol ogy matrix A* is  a 1 0  x 2 5  matrix . For the activi ties  A*
3 , 

A* s ,  A*
l 3 • A*

l S • A*
2 3  ( where the s ta r  deno tes an act ivi ty of the changed 

technol ogy ) ,  the uni t  ve ctors a3 , aS , al 3 , al S , a2 3  have output s of 1 . 2 5 for 

uni t  input s ,  o therwi s e  uni t  inputs generate unit outputs . * 1'-A 3 and A ' s bel ong 

to the opt imal solution .  Since A*
3 = x*

3a 3 , x*
3 = 3 5 0  i s  suffi c i ent to meet 

an academi c soc ial requirement = 3 50 ( 1 . 2 5 )  = 437 . 5  mins . 

2 For a changed technol ogy , the decision variables need not be integers . 



* S inc e A 8 

� * 
X 8 5 0  i s  suffici ent t o  me e t  an academic social requirement 

5 0 ( 1 . 2 5 )  

6 2 . 5  mins 

Hence ther e  is a sl ack ( for the household behavi our setting ) of 

500 - ( 3 50  + 5 0 )  

lOO mins 

215 

R is a 1 0  x 10 d i a g onal mat r i x  whe r e  r 3 3  1 . 2 5 ,  o therwi s e  a l l  diagonal 

e l ements 1 .  Al l o ther el ement s = 0 .  

In Tabl e 9 - 1 2 , as the perc ent increase in e f f i c i ency rises , the s ame soc ial 

requi rement can be met , whil e  savings increa s e . There are two reas ons for the 

increase in savings . Le s s  time i s  required t o  mee t  soc ial requirements , and 

s o  for the same per uni t  costs an increas e  in savings would be exp e c ted . As 

wel l , the gains in e f f i c i ency al l ow the agent to all ocate t ime us e away from 

r e l at ively hi gher c o s t  activiti e s . For e xampl e ,  time us e in the hous ehold 

envir onment decreas e s  from 1 5 0  minute s  to z e r o . Slack time is not used to 

me e t  further soc ial requi rements . Soc ial inc ome decrease s .  

Tabl e 9 - 1 3 shows the di stribution of slack t ime over sources . The increased 

e f f i c i ency of an agent in mee ting the academic soc ial requi rement gene rates 

exc e s s  capac ity . Tabl e 9 - 14 shows that wher e  there is excess capac ity of t ime 

use at a s ourc e  i ,  the shadow pri c e  of the i th endowment wil l be zero , as for 

u1
* ( incre a s e s in e f f i c i ency of 1 2 5  and 1 5 0  perc ent ) and u2

* ( al l  cas e s ) .  

H oweve r the c onve r s e  d o e s  not hol d . For  e xampl e u4
* = 0 doe s  no t indicate 

exc e s s  capacity at the vo luntary as sociations behaviour setting . Improving 
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the technol ogy makes i t  poss ible f o r  the agent t o  inc reas e saving ( de c rease 

d i s saving ) whi l e  me e t ing all s o c i al r e qui r e m e nt s . As the ef f i c i e ncy of 

me e t ing the acad e m i c  s o c i a l  r e qu i r ement i nc r e a s e s , the s c arc i ty of the 

e ndowm e n t  d e c r e a s e s  and h e n c e  the va l u e  o f  t i m e  us e to me e t  s o c i a l  

requirements , other than job , de creases . Thi s  enta il s a decrease in s o c ial 

inc ome . 

TABLE 9- 12 

percent increase 
in efficiency 

2 5  

so 

lOO 
1 2 5  

1 50 

CHANGES IN TECHNOLOGY - SOLUTIONS 

Optimal Decision Variable 

* * x*l s 
* * x* 3 1  

* X 13 X 14 X 2 3  X 24 X 41 

350 0 40 s o  lOO 7 5  2 5  

3 3 3 . 3  1 6 . 67 40 0 8 3 . 3  7 5  2 5  

250 1 0 0  40 0 0 7 5  2 5  

2 2 2 . 2  1 0 0  40 0 0 7 5  2 5  

200 100 40 0 0 7 5  2 5  

* X 5 2  

220 

220 

220 

220 

220 

Note : S olutions corrected to second dec imal place . 

Value of 
Objective Social 

Function Income 

1 7 . 5  4500 (M)  
- 202 . 5  3 9 6 8  

-427 . 5  3 6 6 3  

-483 . 05 3 2 6 5  (M)  
- 527 . 5  3 2 2 0  (M)  
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EFFECTS OF AN INCREASE I N  THE EFFICIENCY O F  MEETING THE ACADEMIC 
SOCIAL REOUIREMENT 

perc ent increas e s  
i n  e ff i c i ency 

sl ack at 
s ourc e s  

al 

a 2 

a3 

a4 

as 

Total slack in minutes 

25  50  

100 1 6 6 . 6 7 

100 1 6 6 . 6 7 

Note : Solut i ons rounded to second dec imal place . 

100 1 2 5  1 5 0  

2 7 . 7 8 5 0  

250  250  250  

2 5 0  2 7 7  0 7 8  300 
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TMLE 9 - 14 EFFECIS OF AN INCREAS� IN THE EFFICIENCY OF HEEIIN!l THE ACADEMIC 

shadow 
pri c e s  

SOCIAL REQUIREMENT ON 

perc ent increases 
in efficiency 

.. k u 1 

* u 2 

* u . 3 

* u 4 

* u 5 

* V 1 

v* 2 

* V 3 

* V 4 

* V 5 

SHADOW PRICES 

2 5  50 

1 . 5  0 . 7  

0 0 

1 . 6  0 . 8  

1 . 5  0 . 7  

8 . 5  8 . 5  

3 . 8  3 . 0  

0 0 

2 . 8  1 . 8  

3 . 9  3 . 9  

1 1 . 5  10 . 7  

100 1 2 5  1 5 0  

0 . 7  0 0 

0 0 0 

0 . 8  0 . 1  0 . 1  

0 . 7  0 0 

8 . 5  8 . 5  8 . 5  

3 . 0  2 . 3  2 . 3  

0 0 0 

1 .  3 5  0 . 9  0 . 8  

3 . 9  3 . 2  3 . 2  

1 0 . 7  10 . 0  1 0 . 0  

An improved te chnology means that the efficiency of the agent ' s  use of  time 

increas e s , and there is slack t ime . In prac tice the agent will be faced with 

new s oc i al requirements that pl ace demands on all surplus endowments o f  t ime 

use a t  s ourc es so that for the t ight model total supply at s ources i s  equal to 

total demand at sinks and there is no e xcess capac i ty . 

Exampl e  2 .  Let there be an increase in efficiency col umn- wi s e . The resul t i s  

an enhanced environment . For an increase of 2 5  percent in the efficiency of 

t i me u s e  i n  the s t a t e  b e ha v i our s e t t ing , it  is  as  i f  the agent ' s  t i me 

endowment in that environment had been increased by 25 perc ent to 3 90 ( 1 . 2 5 )  = 

4 8 7 ; 5 mins . The 9 6 0  mins o f  the 1 6  hour wak i n g  day r e ma ins unchang ed . 

However the agent can me et increased social requi rements us ing the same time 
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endowment . An anal ogy would b e  the appreciation o f  a nation ' s  currency . For 

the same amount of the dome s t i c  currency more fore ign goods can be importe d . 

The new techno l ogy i s  denoted by A** = AE .  as in ( 5 . 14 ) . 

The s olution for a 2 5  perc ent increase i s  expre s s ed in the act ivity analys i s  

mode . Parameters are unchanged from Tabl e s  9 - 1  and 9 - 2  except that a1 become s 

48 7 . 5  mins . The foll owing trans itions are us ed : 

** ** X 1 3  -+ X 3 ; ** ** X 1,5 -+ X 5 ; ** ** X 2 3  -+ X 8 ; ** ** . X 3 1  -+ X 1 1 • 

** ** ** ** l d 
. . 

f x 4 1  -+ x 1 6 ; x 5 2  -+ x 2 2 • where the daub e star enotes an act�v�ty o 

the changed te chnol ogy . 

The intens ity vector x i s : 

X [ 0 0 3 5 8  0 3 2  0 0 5 2 . 5  lOO 0 7 5  0 0 0 0 2 5  0 0 0 0 0 

2 2 0  0 0 0 J T 

The price  vec t or p i s : 

p [ 6 . 06 0 3 . 5  3 . 9  9 . 9  1 . 9  0 3 . 8 6 3 . 7 6 8 . 5  l 

The changed t e chnol o gy mat r i x  A** is  a 1 0  x 2 5  matrix . For the activit i e s  

* *  ** * *  ** * *  . A l •  A 2 • A 3 • A 4 • A 5 �nputs of 1 . 00 generate outputs of 1 . 2 5 otherwi s e  

. . . ** ** 3 ** 3 5 8  un� t  �nputs generate uni t  outputs . S �nce A 3 = x 3a , x 3 = repr e s ents 

enhanced t ime us e and can mee t  a social requirement of 3 5 8 ( 1 . 2 5 )  = 447 . 5  mins . 

** S imil arly , x 5 3 2  can mee t  the entire commerc ial requirement of 3 2 ( 1 . 2 5 )  

40 mins . Henc e there i s  a sl ack ( for the state behavi our setting ) of 4 8 7 . 5  -

( 3 5 8  + 3 2 )  = 9 7 . 5  mins . The related shadow pri c e  i s  therefore zero . E i s  a 

2 5  x 2 5  diagonal matrix where , for £ = k ,  e £k = 1 . 2 5 ,  £=1 , . . .  , 5  k=l , . . . .  5 :  

otherwi s e  e=l . For £ ;:k , e£k = 0 



Comment . Suppose the new technology was described as foll ows : 
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A** is a 10 x 25  matr ix . F h . . . A** A** A** A** A** or t e act�v�t � e s  1 • 2 •  3 • 4 • 5 

input s o f  1 . 0  gene r a t e  outpu t s  o f  1 . 2 5 .  Othe rw i s e  uni t s g e n e r a t e  uni t  

output s . Suppose the state behaviour endowment is  3 9 0  mins . Thi s combination 

of changed technol ogy and unchange d  parame t e r  generates the s ame intens i ty 

vector as in the previous solut i on . v*
l increases to 2 . 3 7 5 ,  o therwi s e  p is  

unchanged . The objec tive func tion and soc ial income are the same as for the 

previous s olution . 

Th i s  way o f  d e s c r i b ing the changed t e c hnol ogy i s  unsui t a b l e  b e c au s e  the 

te chnologi cal relati ons between the input - output relations of activi t i e s  A**
l 

through A**
5 spec ify a s ocio - economic produc t ion function whi ch i s  different 

from the changed technol ogy matrix given by A** = AE as in ( 5 . 14 ) . 

Exampl e 3 

There is  a 2 5  perc ent increase in the effic i ency of t ime use in the hous ehold 

behavi our s e t t ing . I t  i s  a s  i f  the t ime e ndowment of 2 50 mins i n  thi s 

environment had been increased to 3 1 2 . 5  mins . The new te chnol ogy i s  denoted 

-�* ** by A� whe r e  A = AE ,  as in ( 5 . 14 ) , and E i s a  2 5  x 2 5  diagonal matrix , 

where , for £ =k , e£k 1 . 25 £=6 , . . .  , 10 k=6 , . . . , 10 ;  otherw i s e  e £k=l . For 

Thi s means for act ivi ties  in the hous ehold behaviour se tting , the same social 

r e quirements can now be me t us ing l e s s  t i me . Henc e to me e t  the academi c 

soc ial requirement opt imally , the agent us e s  3 50 mins in the s tate behavi our 



2 21 
s e t t ing , and 1 2 0  minut e s  in the hous ehold behaviour setting . S ince 1 2 0 ( 1 . 2 5 )  

= 1 5 0  mins , the academ i c  s oc i al requirement o f  500 mins i s  me t by us ing 470 

minutes . Hence t ime " saved" in mee ting the academic requirement i s  3 0  mins . 

The s o c i o - cul tural r e qui r ement o f  100  mins i s  me t by us ing 8 0  mins in the 

household behavi our s e t t ing , for a " saving " of  20 mins . Total t ime us e in the 

hous ehold behavi our s e t t ing i s  1 2 0  + 80 = 2 0 0  mins , for a t otal " s aving " of 

( 3 1 2 . 5 - 2 5 0 ) = 6 2 . 5  mins . Thi s  i s  c omprised o f  three  component s ,  namely ( 3 0 + 

2 0  + 1 2 . 5 ) . The f i r s t  two have been describe d  as time " saved " . The 1 2 . 5  mins 

i s  i d l e  capac i ty , that  i s , p a r t  of the e nhanced endowment whi c h  i s  not 

uti l i z ed .  

Opt i mally , the intens i ty vector i s : 

X = [ 0 0 3 5 0  0 4 0  0 0 1 2 0  80  0 7 5  0 0 0 0 2 5  0 0 0 0 0 

2 2 0  0 0 0 , T  
J 

The price vector i s : 

p - [ 5 . 3 6 0 2 . 8  3 . 12 10 . 8  0 . 8  0 3 . 16 3 . 06 8 . 5  l 

The expenditure i s  $ 1 . 84 5 . The change in t echnol ogy generate s  a daily money 

saving of $ 0 . 0 2 and a t ime " saving " of 6 2 . 5  mins , g iven the as sumptions of the 

model . 

The cost of social income 

The c onclus i ons of the previous exampl e ,  namely that an improved te chnol ogy 

r e s ul t s i n  a s aving o f  money t o g e t h e r  w i th a " s aving " o f  t i m e , s e e m  at 

vari ance with exper i enc e . For example , l abour saving devic e s  in the home do 

not nec es sarily generate spare time . 3 In fact the oppos i te may be the case . 4 

3 For US data whi ch indicate that t ime spent at hous ehold tasks was almost 
unchanged over the p e r i od ( 1 9 20 ) - ( 1 9 5 2 ) - ( 19 6 8 ) see Hall and S chroeder ( 1 9 70 ) . 
How�ver , the distributi on ( how time i s  spent ) has changed . T ime spent on food 
preparati on and di shwas hing increased from 1 3 . 3  hours in 1 9 2 0  to 1 8 . 5  hours 
p e r  week in 1 9 6 8  p . 2 8 .  
4 Linder ( 1 9 7 0 ) . Ch . V I I . 
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The mode l can provide an e c onomic interpre tat i on of the paradox that more 

l abour s aving c onsumer dur a bl e s  and inc r e a s e d  personal produc t iv i ty can 

resul t  in stre ss - " more things to do and l e s s  time to do them . " 

The model s have shown how to measure the effects of  improved te chnol ogi e s . In 

par t i cul a r , the i nc r e a s e in t i me , c ons i d e r e d  as e xc e s s  capac i ty of an 

endowment , was quan t i f i e d . Howe v e r  t h i s i s  only the f i r s t  s t a g e  o f  a 

proce s s . 5 In the model s we as sume that environment s shape behaviour , and now 

descr ibe the changes in the agent ' s  l ifestyl e . 

What happens i s  that the agent will be faced with new social requirements that 

pl ac e demands on all surplus endowments of time use , so that for the tight 

model , total effective supply ( the enhanced endowment ) is not greater than the 

Il§.li d emand . The r e  are two r e l ated e f f e c t s . New social  r e qui r e ments may 

ent a i l  a ne ed for an inc r e a s e  in s o c i al po s i t i on . For exampl e ,  new s o c ial 

requ i rements may entail inc reased p e e r  p r e s sure ( fo r  the s tudent , the new 

requirement is for top grade s ) ,  and a need for s tatus ( for the execut ive , the 

new r e qui rement i s  a mo r e  affluent l i fe s tyl e - perhaps a hous e i n  a more 

exclus ive suburb ) .  

New s o c i al requirements may entail a need for increased inc ome . More time may 

wel l  be r equired for the workpl ace environment e i ther directly , by overtime , 

or i ndi r e ctly , thr ough j o b  c ommi tment s  out s ide o f f i c e  hours invol ving for 

exampl e bus ine ss rel ated travel mee tings and home entertaining . For the agent 

there i s  a moneyjnon-work rel ated time trade - off . 

5 Soul e ( 19 5 5 )  sugge sts  that the structure of an economic system governed 
by the " invi s ible hand" can g ive rise to competitive striving for material 
goods and status . p .  74 . 
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Exampl e 4 

We now postulate  that s l ack t ime i s  al l ocated in equal proportions across the 

f our non-work related social requi rements . We cons ider suc c e s s ive incre a s e s  

in a n  agent ' s  e f f i c i ency in me e t ing the ac ademic s o c i al r e quirement . For  

example a 25  percent increase  in effic iency generate s  slack capacity of  100  

mins . Thi s  i s  now all ocated in the foll owing way : 

No increase in the job social requirement . 

The heal th , s o c i o - cul tural and c omme rcial requirements be c ome 1 2 5 , 125  and 6 5  

mins . The academic soc ial r equirement become s 5 3 1 . 2 5 mins . Here the common 

2 5  perc ent increase is i t s e l f  inc reased by the change in t e chnology .  The new 

demands are equal to the enhanc ed supply . There is no slack . To focus on the 

effect  of no e xc e s s  capac ity , a c e t  par approach is us ed . Net income . time 

a l l o c a t e d  t o  w o rk , and c o s t  o f  l i ving a r e  he l d  c ons tant . The model i s  

therefore conservative , and c ons iderably understates the personal cost of the 

agent ' s  new l i fe s tyl e . 

Solutions : 

The pri ce ve ctor  p for a 2 5  percent increase in effici ency ( Tabl e 9 - 1 5 )  is : 

p = [ 6 . 7  0 2 . 8  3 . 9  1 1 . 5  1 . 5  0 4 . 5  4 . 4  8 . 5  6 . 7  

. * As effici ency �ncreas e s , v 3 = 2 . 8  c entsjmin de creas e s . O therwi se p remains 

unchanged . 

In Tabl e 9 - 1 5  the agent ' s  l if e s tyl e is reflec ted by increa s ing social inc ome . 

B e cause the value of time endowment s ,  uAx ,  rema ins c ons t ant at $ 2 9 . 0 2 5  per 

day , soc ial income increases becaus e expenditure increases . 6 

The r e  a r e  two r e a s ons f o r  the inc r e a s e  in d i s s aving . Whi l e  c o s ts remain 

c onstant mor e  t ime i s  used up . Then , as the agent be come s more effi cient in 

6 For uAx ,  s e e  the starred s e c ti on 7 . 5 .  
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me e ting academic social requirement . l e s s  time i s  required for activi t i e s  A*

3 

* and A 8 · To me e t  the increas ing total s o c ial requirement more t ime i s  now 

required for activi t i e s  A*
5 , A*

6 , A*
9 where the per unit costs are relatively 

h i gher . For the perc ent i ncrease  in the agent ' s  e f f i c i ency in me e t ing the 

academi c requirement , from 2 . 5  to 150  perc ent . the corresponding increases  in 

the cost of  l ifestyl e are 44 and 2 6 3 . 7  perc ent . 

I n  Tab l e 9 - 1 5  the t i me f o r  work has  b e e n  h e l d  c ons tant . S upp o s e  t h i s  

as sump t i on i s  relaxe d . Extra inc ome from l onger t ime s pent working w i l l  

reduce dissaving , to be  sur e , but involves a trade -off . Becaus e the agent now 

ha s l e s s  t i me to m e e t  n o n - w o r k r e qu i r e me nt s , t h i s  r e ma i ni ng t i m e  i s  

inc reas ingly scarce and causes stress . We relax the as sumption of the 1 6  hour 

waking day . The agent can m e e t  all soc i al re quir ements , i nc l ud i ng extra 

working t ime . The trade - of f  i s  l e s s  t ime g iven to sleep . Thi s i s  al s o  l ikely 

to increase stre ss , and c ould bring about a decrease in the effi c i ency o f  the 

agent ' s  soc i o - economi c produc tion func tion . The health soc ial requirement may 

inc r e a s e  ( me d i c al t r e a tment ) . whi l e  the o ther s o c i al requirement s r ema in 

unchanged . A different trade - off is for the agent to adopt a l ifestyle  where 

s o c i a l  r e qu i r e men t s  a r e  l e s s  d e mand ing . S o c i a l  r e qui rements a r e  h e l d  

cons tant . Excess capac ity , a s  in Tabl e 9 - 1 2 , can b e  used for l e i sure 7 . 

7 As defined by de Gra z i a  ( 1 9 6 2 ) , Chapter 1 ,  where leisure i s  dist ingui shed 
from free t ime . 
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TABLE 9 - 15 CHANGES IN TECHNOLOGY NO EXCESS CAPACITY 

percent 
increase in 
efficiency 

* X 3 

2 5  3 2 5  

so  3 0 8 . 33 

lOO 2 8 7 . 5  

125 280 . 5 6 

150 275 

9 . 6  SUMMARY 

Optimal 

* 
X 5 

* 
X 6 

65 25 

81 . 6 7 41 . 6 7 

102 . 5  62 . 5  

109 . 44 69 . 44 

115 75 

Deci s i on Variables 
Dis saving 

* * * * * ( in cent:S ) X 8 X 9 x n  X 16 x 2 2 

l O O  1 2 5  7 5  2 5  220 6 5 7 . 5  

66 . 6 7 141 . 6 7 7 5  2 5  220 850 . 8 3 

25 1 62 . 5  7 5  2 5  220 10 9 2 . 5  

11 . 1  169 . 44 7 5  2 5  220 1 1 7 3 . 06 

0 1 7 5  7 5  2 5  2 20 1 2 3 7 . 5  

2 2 5  

Social 
Income 

( in cents ) 

5430 ( M )  
5622 . 5  ( M )  
5 8 6 5  (M)  
5945 . 11 ( M )  
6010 . 3  (M) 

The effects of  changes in c o s t s , in endowments , in soc i al requirement s and in 

the agent ' s  s o c i o - economic produc t i on func t i on have been related to changes in 

l i f e s t y l e . As w e l l , t h e  e f f e c t s  o f  i mp o s ing an add i t i onal ine qual i t y  

c onstraint have been examined . In order to focus on the par t i cul ar effects of 

each change a cet par appr oach has be en used . The effects  of the se changes 

have been g i ven ec onom i c  int e rp r e t at i ons . Quant i t ative r e sul ts have been 

provided for such measures of  l i f e s tyl e as savings and soc ial inc ome . 

F o r  a n  a g e n t  t o  ada p t  o p t i ma l l y  t o  e v e n  one  c ha n g e  may prove t o  b e  

unexpec tedly diff icult . Howeve r an agent could well b e  faced wi th the probl em 

of optimi z ing a l ife styl e whe r e  s everal change s in parame ters oc cur together , 

and whe re change i s  the rul e  rather than the except ion . S ome of the stress  

which peopl e experienc e in the i r  l i festyl e may well resul t from the difficul ty 

of making opt imal trade - offs between time and money when faced with change s in 

c o s t  of l iving , envi r onment s ,  s o c i al requi rements , and abil i ty to us e t ime 

mo r e  e f f i c i e n t l y . I n  t ur n , s t r e s s  may br ing a b ou t  a d e c r e a s e  in the 
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effi c i ency o f  the socio - e conomic p roduc t ion funct ion s o  that more time , and 

not l e s s , i s  requi red to mee t  the same social re qui rements . However if the 

agent now f ac e s  inc r e a s ed s o c i a l  requir ements e ven more t ime i s  ne eded . 

Probl ems are  compounded if income decreas e s . I t  i s  not only Linde r ' s  " l e i sure 

clas s " that are harried . B 

8 Linder ( 19 7 0 ) . 
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1 0 . 2  

SUMMARY AND CONCLUSIONS 

Exampl e s  from 1 9 th century England and from contemporary time based 

management s trategi es were us ed to introduc e the l inear mode l s  of t ime 

all ocation .  Constraints on an agent ' s  t ime us e were de scribed in 

terms of environments and social relations . Time was c ons idered as a 

scarce r e s ource and as a ob ject ive invariant measure of activi t i e s . 

In chapter 5 a core model , was used to introduce the transportation 

model s of time all ocation . The core model l inked together the 

concepts of behavi our setting and social requirement , devel oped in 

Chapte r  4 ,  and the economic int e rpretati ons given in Chapter 6 .  There 

is a mapping in choice space between the class e s , or groups of agents , 

and the i r  l if e s tyl e s . The slack model , for an individual agent , and 

the t ight mode l , for the average agent , repres entative of a clas s , or 

group , were then devel oped . The mode l s  examine the l i f e s tyl e of  one 

par t icul ar class of agent . Conce ptually the l inear mode l s  of t ime 

all ocation are t ransportation model s and share the same mathematical 

struc ture . Three  equivalent formulat i ons of the transportation 

probl em were outl ined . Ac tivity analys i s  was the preferred form . 

To s how that the transportat ion mode l s  of t ime use are operat i onal , 

numer ical exampl e s  were provided in Chapters 7 through 9 .  A 
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derivat i on o f  the per unit cost  matrix from time us e and money 

expenditure data was given in Chapte r  8 .  The solut ions to the 

numer ical exampl e s  appear relat ed to the real world and are in acc ord 

with ec onomic theory . as in sens itivity analys i s  and in the 

appl ication o f  the Le Chatel ier Princ ipl e .  Becaus e the solutions 

quantify the optimi z ing behaviour of a rat ional agent , given 

cons traint s , it is po s s ible to l ink the class , or group , t o  which an 

agent bel ong s  wi th a particular l i f e s tyle specified by a t ime 

distributi on and a money expenditure . Us ing activity analysis , 

expr e s s ions for saving s , value of time endowment s and social income 

were formul ated and then quantified . 

The t e chnol ogy matrix A ,  defined as  the agent ' s  socio - ec onomic 

produc tion func t i on ,  was interpre ted as  a mapping from observabl e N 

dimens i onal activity " spac e " to non - obs ervabl e M-dimens ional value 

" spac e " .  S inc e the parameters and solutions are both measured in 

observabl e units , namely ( hrsjmins ) ,  ( $/hr , or centsjmin ) the models 

repr e s ent a contributi on t o  objective consumption the ory . 

The agent as  rat ional decision maker us es a given endowment to mee t  

the demands of soc ial requirement s - the norms , customs and 

expe c tations of society - whil e  minimiz ing the costs of activities . 

Ac tivi t i e s  are measured by time use ( S zalai ) and shaped by 

environment s ( Barker ) .  Perspect ives of sociology and e c o - behavi oural 

science have been inte grated into an economic model to provide 

real i s t i c  c ons traints and to propo se that the agent is both an 

optimiz ing individual who make s choices , and a member of society . The 

int ent i on i s  to break new ground . S ince the model transforms inputs 
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into outputs and al so incorporates  conc epts from several d i s c i pl ines , 

it can be c ons idered to make a c ontribut i on to syst ems e conomi c s . 

Conclusions 

The foll owing formul ations have been derived : 

10 . 4  

10 . 5  

10 . 6  

10 . 7  

The condi t i ons for which the aggregate endowment cons traint , required 

for real i sm in the sl ack mode l , is  not nec e ssarily redundant . 

Measures of savings and soc ial income in terms of an agent ' s  s oc i o ­

economic production function ,  using activity analys i s . 

A matrix denot ing an agent ' s  per uni t  costs of  time us e in a s e t  o f  

environments in order t o  meet soc ial requir ements . 

A changed matrix , equival ent to po s t - mul tipl i cat ion and pre ­

mul tipl i cat i on of the existing technol ogy matr ix , denot ing inc reas e s  

i n  an agent ' s  effic iency i n  time use , becaus e o f  an enhanc ed 

environment , or because of greater abil ity to me et a soc ial 

requi rement , re spectively . 

The foll owing conclus i ons have been obtained from numeri cal exampl e s : 

1 0 . 8  A f ixed behavi our pattern i s  not nec e s sarily efficient . Unl e s s  the 

optimizing agent adapts hi s l ifestyl e to changes , a decrease in per  

uni t  costs  can r e sul t in an increase in l iving costs . 
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10 . 10 

10 . 1 1 

10 . 1 2 

10 . 1 3 

• ; 
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The opt imi z ing agent will  not  always undertake activi t i e s  in the 

l owe s t  per  uni t cost  environment in order to mee t  a soc ial 

requirement . 

Suc c e s s ive increas e s  in behaviour s e t t ing costs , with income held 

c ons tant , l ead to inc rea s e s  in the values of di s saving , soc ial 

pos i t i on and soc ial inc ome . 

Change s  in the distribut i on of endowments , with income held constant , 

can r e sul t in changes in savings whil e  the values of s o c ial po sition 

and s o c ial income remain c ons tant . 

Suc c e s s ive increases in an agent ' s  effic iency of time us e ,  wi th inc ome 

held c ons tant , will gene rate increas ing slack time , together with 

inc r e a s e s  in savings and decrease s  in soc ial income . Decreases in 

s o c i al inc ome take place because , as a re sul t of an increase in an 

agent ' s  efficiency of t ime use , mo st shadow prices of  both endowments 

and s o c ial requirement s decrease . Otherwi se they are unchanged . 

Howeve r , if soc ial requirements increase , so  that ther e  i s  no exc e s s  

capac i ty ,  dis saving and s o c ial inc ome both increa s e . 

The addit ion of a new c ons traint , with inc ome hel d  c ons tant can ,  but 

need not , re sul t in an increas e of saving , while the value s of soc ial 

p o s i t i on and soc ial income remain unchanged . I f  the increase in the 

magnitude of the new c ons traint brings about a shift in time use from 

higher to l ower per unit cost  environments , then savings will 

inc rease  . 
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LIST OF SYMBOLS AND NOTATION 

fundamental M x N technol ogy matrix . 

a changed technol ogy matrix for an increase of effic i ency row­
wise . 

a changed technology matrix for an increse of efficiency 
column - wi s e . 

output matrix . 

a changed output matr ix . 

the kth ac tivity , k=l , . . .  , N .  

the total amount of the scarce homogenous re sources availab l e  
for shipment from the ith source . 

el ement of the output matrix A .  

the 1 x M column vector o f  the kth per uni t  activity . 

el ement of the te chnol ogy matrix A .  

input matrix . 

column vector of requirements wi th m+n components . 

transp o s e  of ve ctor b .  

vector o f  parameters for res ource s .  

ve ctor o f  parameters for f inal requi rements . 

a changed vector . 

el ement of the input matrix B .  

the t otal amount o f  scarce homogenous resource required t o  be 
shipped to s ink j .  

cost ve ctor . 

a changed cost vector . 

per unit cost  of shipping a uni t  of the s carc e homogenous 
resourc e from sourc e  i to s ink j .  
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diagonal matrix , pos t - mul ti pl i cation . 

we ight of the endowment , gene ral ized transportation problem . 

el ement of matr i x  E 

subscript t o  de s ignate a parti cular sourc e . 

subscript t o  de s ignate a part i cular s ink .  

numbe r  of activities  k=l , . . .  , N where N mn . 

numbe r  of c ommodities  £=1 , . . .  , M where M =  m+n 

the numbe r  o f  r ows of matrix A ,  wher e  M = m+n 

numbe r  of sour c e s  i=l , . . .  , m .  

the numbe r o f  c olumns of matrix A ,  where N mn . 

numbe r  of sinks j=l , . . .  , n 

price vector . 

the n - dimens i onal real spac e . 

diagonal matrix , pre - mul t i pl i cation . 

we ight of the r equi rement , general i z ed transportat i on probl em .  

e lement of matrix R 

dual variabl e ve c tor , shadow price vector for supply of 
resourc e . 

i th c omponent of ve c tor u 

optimal solut i on , shadow price of resource at sourc e  i 

dual variabl e vector , shadow price vector for demand for 
resourc e .  

j th c omponent o f  vector v 

optimal solut i on ,  shadow price of resourc e  at s ink j .  

shadow pri c e , total c ons traint , slack model . 

M x 1 intens i ty vector . 

optimal vec t o r  

the i t h  c omponent of vec tor x .  

the scalar var i abl e whi ch measures the l evel of an activity . 



xi j  the amount of the scarce homogenous r e s ourc e  to be shipped 
from sourc e  i to sink j to meet the jth requi rement . 

2 3 3  

* X i j  optimal solution . amount of resource shipped from sourc e  i to 
sink j .  

X ;;: 0 

X > 0 

y 

y 

z 

--+ 

p � q 

p � q 

NOTATION 

vector x i s non -negat i ve . 

vector x i s pos i tive . 

the production set . 

N x l column vector o f  net output s .  

vector of shadow pri c e s . z = [ u ,  v ]  for the sl ack model . 

a transformation 

p impl ies  q .  p is  suffi c i ent for q .  

both p impl i e s  q and q impl i e s  p .  p iff q .  p is  a necessary 
and suffi c i ent cond i t ion for q and vi c e  ve rs a . 

An uppe r - case  ital i c  l e tter de s i gnate s  a s e t . 

Uppe r - case bold face l e tters designat e  matr i c e s . 

Upper - case boldfac e sloping l e tters designate e i ther technol ogy matrices , or 
diagonal matrices used to mul t iply a technol ogy matri x . 

Lowe r - case bold face l e tters denote vectors . 

Lower - case i tal ic  l e tters deno te scalars . 

For c onveni ence . ve c tors are wri tten in row form . The context usually makes 
it  cl ear whe ther a parti cular vector is a r ow vector or a c olumn vector . 

Ax impl i e s  x i s  an n x l column vector 

pA impl ies  p i s  a l x m row ve c tor . 
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