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Abstract
The 3¢ transformations are used to derive g-analogues of the relations amongst Kummer’s 24
solutions.

1 Introduction

The purpose of this article is to give g-analogues of the 20 relations between Kummer’s 24 hyper-
geometric functions.

Standard notation for g-series is used throughout - see, for example, [1, Chapter 10] or [4, Chapter
1].

An interesting feature of the results is the occurrence of divergent series, namely the 3¢; and
200 functions. It is still an open question to assign a meaningful interpretation to these divergent
series. They formally reduce to hypergeometric functions when ¢ — 1.

The paper is organised as follows. In section 2, the basic transformation formulas for the 5¢q
function are given. Three fundamental transformation properties of 3¢o functions are given in
section 3. These formulas are written using Sears’ [6] g-analogue of Whipple’s notation. Only two
of these formulas will be used; the third is mentioned for completeness. The 20 g-analogues of the
relations between Kummer’s 24 solutions - the main results of this paper - are given in section 4.
A proof of one of the 20 results is given in detail in section 5 and the remaining proofs, which are
similar, are summarized in a table. The key idea in the proofs is to use limiting properties of 3¢9

functions, for example:
a,b,c ef a,b
1- YU B _ sV )
f=abea e, CH03¢2 ( e, f ’abc) 21 ( e ,x)

2 Basic properties of the ,¢; function

The following formulas will be used throughout.
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CXLTIE (wbx/ ) (6)

(€,75q) 00 az,bx ’
_ (abz/e;q) oo a,e/b,0
= W3¢2 <e7eq/bx’q> . (7)

Equation (1) is Heine’s g-analogue of Gauss’ theorem [1, p. 522], [2, p. 68], [4, p. 10]. Equations (2),
(3) and (4) are Heine’s transformation, the iterate of Heine’s transformation, and the g-analogue
of Euler’s transformation, respectively [1, pp. 521-524], [4, pp. 9-10]. Equation (5) is Jackson’s
g-analogue of Pfaff’s transformation [1, (10.10.12)], [4, (1.5.4)], and equation (6) appears in [6] as
the function Y'(1,6) in Table ITA. Equation (7) is due to Jackson [4, p. 241, (IIL5)].

3 Transformation properties of 3¢, functions

Let rg, r1, 72, 73, 74, 75 be six parameters such that rorirersryrs = 1. With these parameters,
associate numbers g, and Gp,, such that

1/2

Amn = G 7 TiTmTn

ﬂmn = qrm /rn .

Let (¢; 7, k; [, m, n) be any permutation of (0,1, 2, 3,4, 5). The semicolons indicate that permutations
with the second and third entries interchanged are regarded as equivalent, as are permutations with
the last three entries in any order. For example, (2;1,4;5,0,3) is equivalent to (2;4,1;5,0,3), and
both are equivalent to (2;1,4;0,3,5). Consequently, it is only necessary to specify the first three
entries, in which case (i; 7, k) can be used to represent (i; j, k;1,m,n). Accordingly, let

.. Akl Ajkms Qjkn
F(Z;ja k) = (ﬂjiaﬂkiaalmn;q)ooB(j)Z < IR Pk a ;almn> . (8)
Bji» Bri

Set a145 = a, aogs = b, azys = ¢, Byg = €, P50 = f. Equivalently,

3 q°/?abe
o = e2f2
aef
T = _—
1 q1/2b202
23 be f
2 q\/2a2c?
23 cef
3 q'/2a2b2
3 abce
T = —_—
4 q1/2f2
abef
s = 55
5 q1/2€2

All of the a’s and 3’s can be expressed in terms of a, b, ¢, d, e and ¢:
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agi2 = q/c 93 = ef/abe | Bor = ¢*befef | Bag =ef/ac | Bao =e
ao13 = q/b Q104 = €/c Boz = q*ac/ef | Ba1 = qbja | Ba1 = gbc/f
aois = qa/f aigs = f/c Bos = q*abjef | Paz =gqb/c | Baz = qac/f
ao1s = qaje aize =e/b Bos = ¢*/e Bos = qf Jac | Pz = qab/f
Qo3 = q/a ai3s = f/b Bos = ¢*/ f Bos = qe/ac | Pas = qe/f
ao24 = qb/ f Q45 = a Bro =ef/be Bzo =ef/ab | Bso = f
ao2s = qb/e Qo34 =e/a Bi2 = qa/b B31 = qc/a | P51 = qbc/e
ao3s = qc/ f agss = f/a P13 = qa/c P32 = qc/b P52 = qac/e
Q35 = qc/e Q45 = b Bia = qf/bc B34 = qf/ab Bs3 = qab/e
apas = qabc/ef | asss =c P15 = qe/be B35 = qe/ab | PBsa = qf/e
With this notation,
a,b,c e
FO:4.5) = (e foeffabeaymatn (). )
Two term transformations
Hall’s [1, (10.10.8)], [4, (4.2.10)], [5], [6, (p- 173, statement I)] formula
a,b,c e
(e, fref/abc; q)oozd2 ( o f ;a—gc>
_ . e/a, f/a,ef [abc
- (aaef/ab7€f/aca Q)oo3¢2 ( ef/ab, ef/ac ya
becomes in this notation simply
F(0;4,5) = F(0;2,3). (10)
Interchanging r4 and r1, we find that
F(0;1,5) = F(0;2,3)
and thus
F(0;1,5) = F(0:4,5). (11)

Accordingly all of the permutations of the indices 1 to 5 are legitimate, and we see that all ten
expressions F(0;v,w) are equal, and may be denoted by F(0). For every value u = 1,---,5, the
ten functions F'(u;v,w) are equal and may be denoted by F(u).

Three term relations

The three term relation [4, (3.3.1)], [6, (p. 173 II(a))] in this notation is equivalent to

F(’L) _ (aklmaakln;akmn,ﬁji;q)oo (152 (ajlm;ajlnaajmn.q>
(Brj /T 0o Bji» Bjr
(ajlmvajlnaajmnaﬂki;Q)m3¢2 <aklmaaklnaakmn;q> ’ (12)
(Bjk/ € @)oo Bri» Brj
where (i, 7, k,l,m, n) is any permutation of (0, 1,2, 3,4,5). Observe that the right hand side is sym-
metric in j and k, and also in [, m and n. Consequently, there are 6 x (g) = 60 equations of this type.

+

Although we shall not need it, the three term relation [4, (3.3.3)], [6, (p. 173 III(b))], written
in this notation, is

0 = (rk—75)(Brjs Biks Qitm> Qiin, Cimn; @)oo F (1)
+ (i — ) (Bik> Bris Qjim Wjins Cjmni @)oo F'(5)
+ (15 = 1) (Bji, Bigr Ckims Qhin, Ckemni @)oo F' (k). (13)
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Any permutation of the indices 0,---,5 is legitimate, and so there are (g) = 20 equations of this
type relating any three of the functions F(0),---, F(5).

Equations (10) and (11) are g-analogues of [2, section 3.6, (1) and (2)], while (12) and (13) are
g-analogues of [2, section 3.7, (2) and (3)], respectively.

4 The 20 relations

In this section, g-analogues of the 20 relations between Kummer’s solutions are given. For the
purpose of ease of reference, the same equation numbering system as [3, pp. 106 — 108] is used,
i.e., our equation (25) is the g-analogue of equation (25) on page 106 of [3], etc.

301 (a, b, q/x; E>

qab/e e

ezt (0 5) e (V)

- x

“ et tafa e (7w (i)
(25)
o (“rte %)
- e (1 5 (00
i S (V) (0 )
(26)
% o <e/a, ee/qb/,;g/abx; ag >
" T (1 ) ()
o e g e () ()
(27)
o (T3 5)
- queamsmereemme (1) (M)
e = o ] G L G
(28)

(abz/e)oo e/a,e/b,eq/abr abx
e (7 )

_ (g/be)es (abx/e,qe/abx)o a/e,bx/e'i a,b'x
T (gefaba)ee (b2, q/b7)ns 2‘“( - ’abx)2¢1<e’>
(ga/b,e/a)so (abx/e, qe/abx) oo q/e,abx/eq'i a,aq/e qe

T v e G ) )

" abz aq/b  abx
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()
(0, ¢%/e)s (2,q/%) 0 <6/qa,ax/q, ﬁ) (qa/e,qb/e, )
= 2¢0 ) ¢1 y L
(qab/e,q/a)s (qaz/e, e/ax)o - ex q*/e
(ga/e,qb/a) (abx/e, ge/abr)o /¢, x/q q* gb/e,b qe
+ (gab/e,q/a)s (az/e,qe/ax)so 200 ( — ’ex) 201 ( qb/a ’abx)

q/a,q/b,qe/abx abx
31 ( gefab 7 ¢ )
 (e/a,?)e)oe  (x,qe/aba)oo b/q, ax/q.i qa/e,qb/e.x
~ (ge/ab,qb/e) oo (qtzglc/e,e/zz:c)002¢0 ( — ’ab:c) 201 ( G@le )
(g/b,gb/a)os  (x,qe/abz)oo e/q,abr/eq ¢* gb/e,b qe
(ge/ab,gb/e) (czzlc/e,(]e/cm)002¢0 ( — ) 271 ( gb/a ’abm)

" abx

s (q/a,q/@qe/abx. @)

i gefab 7 ¢ i
- et (4050 2) (v
(¢/a,qa/b)os  (x,qe/abx)o p (e/qvabfﬂ/eq.i> 1 (a»qa/6.£>

(ge/ab,qa/e) (bz/e,qe/bx)m2 0 " abx qa/b " abx

201 <a,b;x)
e

_(e/a,e/b)wo a,b,abx/e
(e,e/ab) oo 3¢2< 0, gab/e ,q)
(a,b)oo  (abzr/e)oo e/a,e/bx
(e,ab/€)o  (T)oo 3 2( 0,eq/ab ,q)

201 <a7b;9€)
e

e/a,b)o (a,q/az)oo a,qa/e qe
e, b/a)oo (T,4/7)00 2¢1< qa/b 70Lbﬂb>
a,e/b)so (b, q/bx) 00 b, qb/e.ﬁ
€,a/b)se (T,9/%)o0 201 < gb/a ’abx)

+

(
(
(
(

301 (a,b,q/x. f)

qabje e
- e (V)
N (@) )002% (e/q,_q/x; x> yb1 <qa/e,qb/6;$)

(qab/ea e/q € q2/e
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3¢1<mb¢ﬂx.w>

qab/e e

ez (T e (i)

w1 ()

" a,qaje ge
271 qa/b " abx

(a/b,q0/€)oc (bz/e,ge/br)00 (a,b.x)
(q/e,qa/b)s (abx /e, qe/abx)oo ’
(a,e/b)oe  (bx/q,q%/bT) 0o p (qa/aqb/e.x)

(e/q,qa/b)x (abx/e,qe/abx)oo2 ! /e

s a,qaje  qe
>V qa/b 7 abx

(a,qa/€)o0  (q/T)o0 q/b,e/b,qe/abx
(ab/e, qa/b) (ge/abn)*"? ( 0, ge/ab q)

e, (el )
(qa/b,e/ab)o qab/e,0 '

201 <b’ gb/e. qe)

qb/a ' abx
(¢/a,qb/e)s (ax/e,qe/ax)s a,b.x
(g/e,qb/a) s (abx/e7qe/abm)oo2¢1< e’ )
(bye/a)os (azx/q,q*/az)so " (qa/e,qb/em)
(e/¢,qb/a) (abz /e, ge/abz)s /e '

" b,qb/e'ﬂ
*PU gbJa T abx

(¢/a,e/a)s0 (b,qb/e,q/az' )
(gb/a,e/ab)oc” \ qab/e,0

(b,gb/e)oo (q/7)o0 q/a,e/a,qe/abr
(ab/e,gb/a) oo (qe/abav)ooggb2 < 0,ge/ab q)

s (P,

q*/e
(q/a,q/b)os aq/e,bq/e,abx /e
(q2/e,e/ab)m3¢2 ( 0,qab/e ,q)
(qa/evqb/e)oo (abx/e)oo3¢2 (q/mq/bw. >
(¢?/e,ab/e)ss  (T)oo 0,eq/ab ’

afe,qb/e
201 <q /q2/qe/ ;:1:>
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_ (¢/a,qb/e)xo (qaac/e,e/ax)mzd)1 <a,qa/6_ qe>
(¢?/e,b/a) (%, q/%)s qa/b " abx
(¢/b,qa/€) (gbx/e, e/bx)o b.gb/e qge

o e W)
(abz/e)oo e/a,e/b,eq/abr abx

e ()

_ _(@/a,q/b) ab_

- (q/e,qe/ab)oo2¢1< e’ )

(c/ae/V)s ., (e/a.cafabr abr (agfe.bafe

MR d GRS EY G

(¢/7) o e/a,e/b,eq/abr abx
(eq/czl)x)(x,3¢1 ( eq/ab T e? )
_ (e/a,q/a)0 b/e,aa:/e.i a,qa/e.ﬁ
~ (ge/ab,b/a)s 260 ( - abx) 201 ( qa/b ’ abx)
(q/b,e/b)so a/e,bz/e_i b.gb/e eq
* (a/b,qe/ab) oo 260 ( ’ ab:v) 201 < qb/a’ ab:v)

5 Proofs

Proof of (25)
Take (454, k;1,m,n) = (3;0,2;1,4,5) in (12) and use F(3) = F(3;4,5), to get

45, X145, (245 >

(Baz, P53, 20123 ¢) 0302 < ;0012
Bas, Bs3

(o124, 0125, @245, £03; @)oo & (01014704015,04045‘ )
= 302

54
(520/61;(])00 Bo3; Bo2
(@014, @015, @045, £23; @) 0o 124, (125, V245
+ 302 i q
(Bo2/a q) o B23, B20

In terms of the parameters a, b, c, e, f and ¢, this is

qabc/ef,a,b q
802 (qab/f, qab/e’ E)

(e/c, fle,b,q2ab/ef; q) oo p (qa/f,qa/e,qabc/ef' )
)oo

(q/c, qab/ f,qabje, e f [qaciq abjef,q?ac/ef 1
(q0/ 1, a0/, gabe/cf, ab/ciq)ec ( efe, fleb )
(q/c, qab/ f,qabje, qac/ef; q)os " ~ \qb/c,efjac’? )"

Set f = abex/e to get

¢< q/T,a,b g)
372\ ge/cx, qabje’ ¢

(babx/e;q)oe  (e/c,q%/c;q) o0 qe/bcr,qa/e, q/z
@MkﬁWmﬁm@kﬂdmwkfw( ¢*/cz,q? bz
(qa/e,q/7;9) (gb/c,qe/bcx; q)oo e/c,abx/e, b
(qab/e,q/bx;q)o0 (a/c;qe/cr;q)oo 3%( gb/e,bx )

)

(42)

(43)

(44)



8 R.L.IM.S. Vol. 2, May 2001

Next, observe that as ¢ — 0,

Q/$7aab . q Q/$,a7b.£
302 (qe/cx,qab/e’z> -~ 3¢1( qab/e ’e) (46)

qe/bcx,qaje,q/x qaje,q/x e
3@32( 2 /cx, ¢ Jba MI) - 2¢1( ¢ /b ,5>
(ge/abzx, qa/b; q)oo p (a,qa/e, qe)
= 201 —

(¢%/bz, e/b; q)oo qa/b " abx
(47)
s <e/;,bt;lc7:”vb/;,b;q> L b (abx/e b’ z)
- G- ( ) (48)

The iterate of Heine’s transformation (3) has been used to transform the 2¢; functions in (47) and
(48). Furthermore, using (1) we have

(e/c.d®/cvi @) _ 2¢1<q/6,x/q,g>

(q/c,qe/cx; @)oo q/c cx
E 2¢o<q/e’x/q;§) (49)

and similarly

(gb/c,qe/bex;q)oe (1/b, br/e qe)
= 21 =

(Q/Ca qe/cx;Q)oo q/c " cx
— 260 (1/1)’_%/6; g) : (50)

Equation (25) now follows by taking the limit as ¢ — 0 in (45) and using equations (46) — (50).

Remaining proofs
The remaining equations can be proved in the same way. Equations (26) — (32) can also be ob-
tained from (25) just by change of variable. A summary of the proofs is as follows.
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Eqn. | (z;7,k;1,m,n) | Alternative proof by change of variable
25 | (3;0,2:1,4,5)
(26) | (3;0,1;2,4,5) | a < bin (25)
(27) | (5;0,1;2,3,4) | a = e/a, b— e/b, x — abx/e in (25)
(28) | (3;2,4;0,1,5) | a — qa/e, b — gb/e, e — ¢*/e in (25)
(29) | (5;0,2;1,3,4) | a — ¢/b,b— e/a, x — abx/e in (25)
(30) | (3;1,4;0,2,5) | a — gb/e, b — qa/e, e — ¢*/e in (25)
(31) | (5;1,4;0,2,3) | a — q/a, b— q/b, e — ¢*/e, x — abx /e in (25)
(32) | (5;2,4;0,1,3) | a — q/b, b — q/a, e — ¢*/e, x — abx /e in (25)
(33) | (0;3,5:1,2,4)
(34) | (0;1,2;3,4,5)
(35) | (3;0,4;1,2,5)
(36) | (3:1,2;0,4,5)
(37) | (2:0,4;1,3,5)
(38) | (2;3,5;0,1,4)
(39) | (1;0,4:2,3,5) | a < bin (37)
(40) | (1;3,5;0,2,4) | a <> bin (38)
(41) | (4;3,5;0,1,2) | a — qa/e, b — qb/e, e — ¢*/e in (33)
(42) | (4;1,2;0,3,5) | a — qa/e, b — qb/e, e — ¢*/e in (34)
(43) | (5;0,4;1,2,3) | a = e/a, b— e/b, x — abx/e in (35)
(44) | (5;1,2;0,3,4) | a — e/a, b — e/b, x — abx/e in (36)

6 Remarks

Equation (33) is due to Sears [6, (p. 178 II(a))]. It also can be obtained by taking 6, = (abx/ep)”
in [6, Theorem 4] and then replacing all occurrences of p with g.

Equation (34) is due to Watson [7, (p. 285 eq. (7))]. It also appears in [6, (p. 178 III(d))]
and [4, (p. 106, eq. (4.3.2))]. Equivalent forms of (34) are given in [6, (p. 178 II(c))] and [4, (p.

92, ex. 3.8)]; the equivalence follows immediately using the transformation formula (7).

Equation (35) is due to Sears [6, (p. 178 III(c))]. An equivalent form (use Heine’s transfor-
mation (2)) is given in [4, (p. 64, eq. (3.3.5))].

In equation (39), first interchange a and b, then replace = with x/b and let b — oo, to get

(00/0)eo_(2/er06/7)0 . (0,
(qCI/e)oo (ax/e,ge/aw)ml(bl (e’x)
(@)oo (2/9,¢%/7) o0 1 (qa/e. >

(e/q)w (az /e, qejar)w 0t \ g2/e’

— L <a,qa/e. qe) (51)

+

0 ’azx

This formula is a g-analogue of [1, (p. 192, eq. (4.1.13))]. Note however that the right hand side of
equation (4.1.13) in [1]is an asymptotic expansion which does not converge, while the g-analogue
(51) is an equality among convergent series.
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