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Abstract

Chemical species such as tracers or dissolved pollutants flow along with
the slow-moving water as it makes its way through the complex porous
structure of the aquifer; during this process they are dispersed in different
directions. The rate of dispersion depends on the geometric characteristics

of the porous structure and speed of the fluid.

Generally, groundwater systems have layered structures determined by dif-
ferent events in the geological processes that formed them. The layers in
a system have different physical properties, and their thicknesses are not
uniform. This naturally layered structure is used here to advantage by
discretizing them into almost horizontal layers, where each may have differ-
ent geometrical characteristics such as thickness permeability, dispersivitiy,
porosity, etc. The system of advection-dispersion equations that model the
fluid and species transport then have coefficients that depend mainly on
depth, but with a layer composition that may change with horizontal dis-

tance.

The mean dynamic pressure (or mean hydraulic head) may be assumed
constant vertically at each horizontal point if it is not in the vicinity of a
well or where there is very small vertical flow. In the vicinity of recharge
or pumping wells, the mean dynamic pressures or hydraulic heads for each
sub-layer of the aquifer may be allowed to have different values for each
different sub-layer. Steady-state fluid flow is considered in this thesis in

both confined and phreatic (unconfined) aquifers.
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Nomenclature

SIS

>

average concentration of pollutant in the fluid aver-
aged over sub-layer thickness [kg m—3]

three-dimensional tensor coefficient of mechanical dis-
persion of a dissolved pollutant while it flows in the
porous media [m? s7!]

scalar coefficient of mechanical dispersion of a dis-
solved pollutant while it flows in the porous media
[m? s~

steady rate of fluid recharge in or pumping out of a
sub-layer of the aquifer (F has dimensions of [m s™!]
when thickness varies in one horizontal direction and
of [m? s™!] when thickness varies in both horizontal
directions)

mass flux function in a sub-layer of the aquifer or fluid
recharge flux function in or pumping flux function out
of a sub-layer of the aquifer (if f is used for mass flux
of a chemical, it has dimensions of [kg m~3 s~!] and
if it is used for fluid flux it has dimensions of [s~!])
gravitational acceleration [m s~2]
hydraulic head [m]

mean hydraulic head averaged over the sub-layer
thickness [m]

thickness of the sub-layer or the aquifer [m]
permeability tensor of the porous media [m?]

isotropic permeability of the porous media [m?]
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Introduction

The study of groundwater flow and mass transport in porous media has become increas-
ingly popular in recent times. This is because of growing concern about management
of groundwater resources and making decisions about how to keep these resources free
of hazardous chemicals. These chemicals get introduced into the groundwater systems
by wastes from factories, excessive fertiliser applications, sea water intrusion, and other
human activities. Authorities in the Canterbury region of New Zealand, have shown
their concern over excessive nitrogen and phosphorous application as fertiliser which is
making groundwater a health hazard [28, 31]. In a report, United Nations Environment
Programme (UNEP) has summarised the types and sources of contaminants [1]. They
have also pointed out the potential risks that these contaminants can cause for the
global environment and human life.

This thesis deals with the mathematical modelling of fluid flow, pollutants trans-
port and remediation of pollutants while they are being transported in confined! and
phreatic? aquifers. An extensive amount of research has been done in this field, being
one of the most burning issues across the globe for a long time (for example, [9, 11, 13]).
Although there are various simulation software packages based on mathematical models

that are used to simulate the single and multiphase fluid flow and transport in porous

! Confined aquifers are those which are bounded from above and below by an impermeable dirt/rock
layer that prevents water from seeping into the aquifer from the ground surface located directly above.
Instead, water seeps into confined aquifers from farther away where the impermeable layer does not

exist,.
2Phreatic or unconfined aquifers are those into which water seeps from the ground surface directly

above the aquifer.
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media (for example TOUGH [26], PoreFlow [27]), they require a huge amount of data
input which is very expensive to gather and need a huge amount of computational time
to do full-scale simulations.

This study focuses on development of simplified models without taking the risk of
introducing large errors. Computational errors are introduced in the results, if the as-
sumptions made in the development of each model are violated. Generally groundwater
aquifers are composed of layered structures possibly due to historical events such as
floods, lava flows, winds, and volcanic ash dispersal. A natural layered structure, prob-
ably formed by submarine sedimentation is shown in Figure 1.1. This study focuses
on the assumption that the physical properties of aquifers are the same vertically in
each layer but they may vary horizontally. Then, partial differential equations (PDE’s)
for vertically averaged fluid flow and contaminants transport may be written for each
sub-layer of the aquifer. Thus a complete three-dimensional model can be reduced to a
horizontal two-dimensional model for each sub-layer where these PDE’s are for values
at the vertical midpoints of each sub-layer. Though an extensive amount of work has
been done in the field of modelling transport in porous media, the concept of natural
layering discretization is new. Some work has already been published using this concept
([24], [25], [3], [2], [4], [6], and [5)).

Suppose a pollutant (or tracer) enters into a layer at a specific point of the aquifer.
The concentration of this pollutant will be high at this point and at the time it enters the
permeable matrix. Suppose there is a point in the layer where its thickness decreases;
the flow speed of water should also increase here to conserve mass and momentum, and
hence the concentration of the pollutant is not simply time-dependent.

When a tracer is injected from Well A into layer 2 of the aquifer shown in Fig-
ure 1.2, it dissolves in water and is carried with the underground water flow. As it
moves farther from Well A, its concentration decreases depending on time and distance
from Well A. But as the layer thickness changes, the speed of fluid may change. This
will depend on the thickness of the surrounding layers. The concentration of the pol-
lutant will vary laterally because of advection by the fluid, mechanical dispersion by
the porous matrix, and layer transfer across the layer interfaces. All of these aspects
will depend on the physical parameters of the matrix system i.e., layer thicknesses,
porosities, permeabilities and dispersivities, as well as background pressure gradient,

etc.



Figure 1.1: A photograph of limestone cliffs (near the 12 Apostles), situated along the
Great Ocean Road, approximately 275 km west of Melbourne, Victoria on the coastline of

the Southern Ocean. The layered structure of the limestone cliffs can be seen clearly.

Wﬁll A Tracer Well B
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Layer 1

Figure 1.2: Schematic of layered structure of a typical aquifer.

This thesis is arranged into seven chapters with the current chapter being the in-

troduction of the document.

In Chapter 2, some background of the study is discussed. Darcy’s law, Dupuit



1. INTRODUCTION

approximation and some other literature is reviewed. Dynamic viscosity! of ground-
water changes with its temperature. A relationship between groundwater temperature
and its dynamic viscosity is shown. Mechanical dispersion coefficient is discussed and
its dependence on the fluid velocity and hydrodynamic dispersivity? is also explained.
Permeability® of porous medium is also discussed.

Chapter 3 examines fluid flow models in confined aquifers. The confined aquifers
which do not have significant vertical flow, either because of injection or withdrawal
wells in one of the sub-layers or because of extreme slopes of sub-layer interfaces, are
modelled first. It is proved, in this case, that vertical variations in the dynamic pressure
are of the order of the square of the interlayer slopes. For the cases when the interlayer
slope is extreme or if there is significant vertical flow because of recharge or pumping
in one of the sub-layers, the dynamic pressure has large vertical variations. Therefore,
dynamic pressure is assumed to have different values in each sub-layer.

Chapter 4 focuses on the fluid flow modelling in phreatic aquifers. Prediction of
phreatic surface? with known boundary conditions is modelled in this chapter. The
pressure at the phreatic surface is equal to atmospheric pressure and the slope of the
phreatic surface indicates the direction of groundwater movement. It is convenient to
use hydraulic head® instead of dynamic pressure in phreatic or unconfined aquifers.
Again, for the cases where vertical flow in the phreatic aquifer is not significant, the
variations in the value of hydraulic head are small and hence hydraulic head is assumed
to have value equal to that of mean hydraulic head at each horizontal point. When
there is vertical flow either because of extreme interlayer slopes or recharge or pumping
in one of the sub-layers, the hydraulic head is assumed to have different values in each
sub-layer of the unconfined aquifer.

In Chapter 5, tracer or pollutant transport is modelled for both the confined and
unconfined aquifers. In addition to advection of the chemical along the slow varying
sub-layer thicknesses, it disperses horizontally and into the neighbouring sub-layers. It

advects along the fluid into the neighbouring sub-layers. A procedure is devised to deal

!The dynamic viscosity of a fluid is a measure of its resistance to shearing flows.

2Dispersivity is an empirical measure of porous medium which quantifies how much contaminants
stray away from the main path of groundwater flow.

3Permeability is a measure of porous medium that how easy it is for fluids to pass through it.

4Phreatic surface is the location where pore water has pressure equal to atmospheric pressure.

SHydraulic head or piezometric head is height of the water table above a geodetic datum.



with the cases where sub-layers appear or disappear. Analytic solutions are possible
in some simple cases. Release of the tracer or pollutant into the aquifer can either
be a point or distributed source. A comparison of model results to a data set is also
presented in this chapter.

Chapter 6 presents models for the remediation of pollutants with a remediating
agent. These models are for in situ chemical oxidation (ISCO) remediation strategy.
The reaction between the pollutant and the remediating agent is assumed to be of
second order. The scale of molecular diffusion is much smaller than that of mechanical
dispersion. Since, both molecular diffusion and mechanical dispersion contribute in the
dispersion coefficient, therefore, the values of dispersion coefficients for flow of both the
chemicals in the porous material are almost the same. An example to devise a strategy
for optimum remediation is also presented.

Chapter 7 is devoted to a summary and results of this thesis. Limitations of model
and further research areas are also discussed.

Throughout this PhD research work, a three-dimensional Cartesian coordinate sys-
tem XY Z is used where the positive z-axis is aligned vertically upwards as shown in
Figure 1.3.

The thesis focuses on both transient and steady pollutant transport superimposed
on steady fluid flow. The storage properties of the aquifers e.g., storativity!, specific
storage? are, therefore, not so important in this study. The porous structure is assumed
to be non-deformable, so that, the physical properties like porosity and permeability
are constant with time. Moreover, the contaminants are soluble and are not adsorbed
in the permeable matrix to change its properties over the time. The scale of modelling
is large, so that, the effects that are dominant on the smaller scale, e.g., wettability?,

capillary action?, etc. are negligible.

!Storativity or the storage coefficient is the volume of water released from storage per unit decline

in hydraulic head in the aquifer, per unit area of the aquifer.
2The mass (or volumetric) specific storage is the mass (or volume) of water that a portion of an

aquifer releases from storage, per unit mass (or volume) of aquifer, per unit change in hydraulic head,

while remaining fully saturated.
3Wettability is the ability of a solid surface to maintain contact with a liquid by reducing the surface

tension of the liquid such that it spreads over the surface and wets it.
4Capillary action is the tendency of a liquid to rise in narrow tubes or to be drawn into small

openings.
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Figure 1.3: Cartesian coordinate system.

Some of the one-dimensional fluid flow and transport models are solved by direct
integration in each sub-layer. Almost all of the two-dimensional and some of the one-
dimensional models are solved numerically. Boundary value fluid flow problems are
solved by iterative relaxation methods on finite difference discretizations of differential
equations and are further compared to the solutions obtained by finite element methods.
All the numerical solutions of transport problems are found by finite difference methods.
The author has written his own codes for both the finite difference and the finite element

methods and generated his own meshings for finite element methods.



Background

Groundwater aquifers are porous structures with highly heterogeneous physical prop-
erties. At microscopic level, the physical properties of aquifers are not continuous and
the full detail of the solid boundaries of the microscopic pores (in which groundwater
flows) is unknown and too complex to state. Hence, modelling mass flow is not possi-
ble at microscopic level. Modelling of fluid flow and mass transport can, however, be
done by using a continuum approach at macroscopic level. In a continuum approach,
a sample volume of porous structure is considered and geometrical properties of the
porous media are averaged on that volume to get average properties of porous media
representative to the centre of the sample volume. If the sample volume is different,
the average values of physical characteristics of the porous media at the same centre
point will be different. If the sample volume is smallest of the ones that yield, more or
less, consistent geometrical characteristics of the porous media at their centre points,
then this volume is called Representative Elementary Volume (REV). All the physical
characteristics of the groundwater aquifers mentioned in this thesis are macroscopic
and averaged over an REV.

Henry Darcy, in 1856, performed some experiments on fluid flow in the ground
at the fountains of the city of Dijon, France [11, 12]. He investigated flow of water
in porous media and presented his conclusions as the famous Darcy’s law [16]. By
Darcy’s law, the specific discharge or the Darcy velocity! of an isothermal, single-phase

fluid in a rigid porous structure is proportional to the negative of pressure gradient. In

!Darcy velocity is volume of water flowing per unit time through a unit cross-sectional area normal

to the direction of flow
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mathematical notation, it can be expressed in a three-dimensional Cartesian coordinate

system (where the z-axis is aligned vertically upwards) as
1 1
u= —;K-V(p%—pgz) = EK-(—VP), (2.1)

where u(z,y, z) = (u,v,w) is the Darcy velocity [m s_l] of the fluid, p is the dynamic
viscosity of the fluid [kg mflsfl] , K is the permeability of the porous matrix [mZ] and
is, in general, a second order symmetric tensor, p is the absolute pressure [kg m~! S_Q] ,
p is the fluid density [kg m_3] and ¢ is the gravitational acceleration [m S_Q]. The

dynamic pressure P can be expressed in terms of absolute pressure as

P(m,y,z) = p(:ﬂ,y,z) — Po + pgz, (22)

where pg is a datum pressure. If the permeability is assumed to be isotropic then
Darcy’s law takes the form
K
u= E (=VP). (2.3)

Darcy’s law is equivalent to a conservation of momentum equation and represents a
balance between driving pressure gradient and viscous resistance when inertial effects

are negligible. Conservation of mass is expressed by the equation

& (00)+ V- (o) =0, (24)

where ¢ is the effective porosity® [~] of the aquifer. If the fluid is isothermal and incom-
pressible and the porous structure does not deform with time, then the conservation of
mass equation becomes

V-u=0, (2.5)

that is, the Darcy velocity u is a solenoidal or incompressible vector and can therefore
be expressed as the curl of some other vector field.

Darcy’s law laid the foundation for the study of fluid flows in underground porous
structures. According to Darcy’s law, the Darcy velocity of the fluid is proportional to
the permeability of the porous matrix and the negative of the pressure gradient in the
direction of the fluid flow, and inversely proportional to the dynamic viscosity of the
fluid.

!Effective porosity is a measure of void interconnected spaces in a porous material that may be

occupied by groundwater. It is the fraction of void interconnected volume to the total volume of porous
material in an REV.



The permeability of the porous medium may be approximated by certain physical
properties of the medium. Typical values of the permeability for various types of porous
structures range from 1077 [m?] (well sorted gravel) to 1072! [m?] (breccia, granite)
[11]. The dynamic viscosity of liquid water changes with temperature. Water at a
temperature of 20 [°C] has a dynamic viscosity of 1.002 x 1073 [Pa s]; its viscosity at
temperatures from 0 [°C] to 150 [°C] is plotted in Figure 2.1 [21]. The total porosity’
otor 1s usually measured by calculating volume of solids after drying the sample from
porous media at high temperatures and dividing this volume by the total volume of the
sample. The effective porosity ¢ and the total porosity ¢+ are then related to each
other as

(b = ¢t0t - ¢7’et7 (26)

where ¢, is the field capacity or the specific retention. The ¢,¢; is usually measured
by calculating the ratio of the residual water contents in an REV after all the drainage

due to gravity has stopped.

1.8
1.6
1.4
=2
1.0
0.8
0.6

0.4

Dynamic viscosity [x107% Pa s

0.2

0

O 1020304050 -60-—--70---80---90-—-100-—-110-120—-130=--140—150

Temperature of water in [°C]

Figure 2.1: Dynamic viscosity of liquid water at various temperatures.

Thus, for a very high pressure gradient of 1 [Pa m™!], the specific discharge of the

water at 20 [°C] (with not much contaminant in it) in porous structures may vary from

!Total porosity is the ratio of pores volume to the total volume in an REV.
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10~% [m s7!] (approx. 10 [m day~!]) for a well sorted gravel to 107! [m s~!] (approx.
1072 [m day~!]) for almost impervious granite. This means that movement (Darcy
velocity) of the fluid in groundwater aquifers is usually very slow.

Groundwater aquifers are generally composed of different sedimentary layers which
may have different physical properties (and hence permeabilities). Furthermore, these
aquifers may be confined from the top or below, phreatic (unconfined) at the top, or
leaky from the top or below. For modelling purposes, only two types of aquifers, the
confined and the unconfined are considered; the leaky aquifers are just the ones with a
semi-permeable sub-layer in the middle.

When modelling the fluid flow in a phreatic aquifer, one needs to predict the phreatic
surface level that may be time-dependent or independent. In most groundwater flows,
the slope of phreatic surfaces is in the range 0.001 to 0.01, which is very small [13].
The pressure at the phreatic surface is close to atmospheric.

If a curve s is imagined along the phreatic surface within a vertical two-dimensional
xz-plane, the Darcy velocity us at each point of this curve is in a direction tangent to
this curve and is given by

Kpg dz

== 2.7
L ds (2.7)

S
where z; [m] is phreatic surface measured above a datum level and it also serves as the
hydraulic head H(z,y, z,t) [m] of the phreatic aquifer. The hydraulic head and the

dynamic pressure P(z,y, z,t) are related as
P =pg(H — z), (2.8)

where z is the elevation at the piezometer bottom above the datum level. Dupuit [17]
suggested that due to the small slope of the phreatic surface, the derivative dz;/ds
may be replaced by dz;/dx for this xz-plane, that is, fluid flow is considered close to
horizontal. This assumption works very well for most of the practical cases except
where the slope of the phreatic surface is too high (i.e., especially in the vicinity of
sources and sinks). Dupuit assumption can be used close to injection or withdrawal
wells if the slope of water table there is small.

While modelling pollutant transport in aquifers, another important aspect to be

taken into account is dispersion. Solutes disperse in all directions while passing through

10



the complex porous structures. By Fick’s law, the mass flux due to dispersion is

0 dc
— (| Dij=— |, 2.
8:):Z< jax]) ( 9)

where indices 4, j represent coordinate axis directions, ¢ represents the concentration of
the solute and D;; [m? s™!] represents the dispersion coefficient in the ij direction.

The dispersion coefficient can be shown to be a second rank tensor (see [24] and [25],
for example). The coefficient of dispersion is the sum of the coefficient of mechanical
dispersion and the coefficient of the molecular diffusion of the solute molecules in water
[8]. The coefficient of molecular diffusion is a scalar and its magnitude is usually very
small compared to the coefficient of mechanical dispersion. The effect of molecular
diffusion only becomes significant when a tracer or pollutant is convected by fluid while
passing through narrow fractures [19]. The dispersion is suggested to be proportional
to the fluid velocity with coefficients vz, [m] in the longitudinal direction and o [m] in
the direction transverse to the fluid velocity [13]. The coefficients ay, and ap are also
called longitudinal and transverse dispersivities of the porous structure. The entries of
the symmetric tensor D are, therefore

(o, — ar)viv;

D;j = arlv|di; + "

: (2.10)

where v; and v; are components of fluid velocity in directions ¢ and j, respectively and
|v| is scalar magnitude of the velocity vector. Usually, o, is much larger than ag [30].
The coefficient of transverse dispersion a7 is mainly due to molecular diffusion caused
by the concentration gradient of the pollutant between adjacent streamlines across the
velocity vector. If the z-axis of the Cartesian coordinate system shown in Figure 1.3 is
aligned with the direction of fluid flow, the off-diagonal entries of the symmetric tensor
D are zero.

Simple fluid and transport models developed historically have been solved by trans-
formation techniques and Green functions etc. The more complicated models have
been solved by numerical techniques such as finite difference, finite element and finite
volume methods.

The determination of dispersivity for large-scale heterogeneous aquifers is generally
a challenge. The dispersivity in a large-scale groundwater system can be evaluated, for

example, by geochemical method when the solutes are conservative or non-reactive and

11
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non-sorptive [32]. The dispersivity at laboratory-scale experiments can fairly efficiently
be determined for the conservative single or multi-component solute transport [14].

Short articles have already been published at different stages of the development
of this model. The flow of fluid and transport of contaminants in confined and rigid
aquifers where the thicknesses of the sub-layers are uniformly constant have been ex-
plored in [24]. There, the vertical flow of the isothermal and incompressible fluid is
assumed to be very small and there are no sources or sinks to cause significant inter-
layer vertical flow.

In the more general case when thicknesses of the sub-layers of the confined aquifers
are varying, the fluid flow and the tracer or contaminant transport model is formulated
in [25]. Fluid flowing in a layer may enter into neighbouring layers with a rate that
depends on the difference of permeabilities and thicknesses of the two layers. Again,
the vertical flow was assumed negligible.

The model was extended to include fluid flow and tracer transport in the phreatic
aquifers in [3] and [2] by maintaining the assumption of no significant vertical flow.
The difficulty of implementing numerical procedures when a sub-layer of the aquifer
appears or disappears laterally (e.g. a lens) has been explored in [4]. It was found
that by allowing the sub-layer with partial appearance to continue across the lateral
extent of the aquifer with a very small thickness does not affect the total results. The
remediation of hazardous contaminants in groundwater by introducing strong oxidizers
into the aquifer was discussed in [6]. There, a simple model based on the natural
layering of the aquifer was used to model the flow of the introduced remediation agent
in the groundwater while the pollution degradation takes place.

In all these models, vertical flow was assumed to be very small. In cases where there
are recharge wells or pumping wells, vertical or interlayer flow is not purely based on
the difference in permeabilities and thicknesses of the sub-layers. The mean dynamic
pressure may not then be assumed constant throughout the thickness of the aquifer.
Tustrations from the previous models and the newer work when each sub-layer of the
aquifer has a different mean dynamic pressure or hydraulic head from those above or

below have been discussed in [5].
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3

Fluid Flow Model for a Confined
Aquifer

This chapter discusses mathematical modelling of steady fluid flows in three types of

confined aquifers, each representing an extra level of difficulty from the previous one:
1. flow in a confined aquifer with no pumping or recharge well,

2. flow in a confined aquifer with a pumping or recharge well across the whole aquifer

thickness, and

3. flow in a confined aquifer where a pumping or recharge well is in one of the

sedimentary sub-layers.
The development process of mathematical models for each case are discussed in detail
here.
3.1 Fluid flow in absence of wells

The Darcy velocity within an isotropic porous medium in a Cartesian coordinate system

(z,y,2), where z is vertical, is given by the famous Darcy’s law:
K K
u(z,y,2) = m (=Vp+pg) = m (=VP), (3.1)

where K [m?] is the permeability of the porous structure, p [kg m~! s~!] is the dynamic

viscosity of the fluid, p [kg m~! s72] is the absolute pressure in the fluid, p [kg m=3] is

13



3. FLUID FLOW MODEL FOR A CONFINED AQUIFER

the fluid density, g = (0,0, —g) [m s72] is the gravitational acceleration, and P is the
fluid dynamic pressure given by P(x,y,z) = p(x,y, z) — po + pgz, where pg is a datum
pressure. From mass conservation, the Darcy velocity u = (u, v, w) of an incompressible
and isothermal fluid in a rigid porous media is a solenoidal vector, i.e., V -u = 0.

Suppose that the fluid is flowing in a confined aquifer composed of N sedimentary
layers, which may have matrix properties that are different from each other. Within a
layer the matrix properties are assumed to be similar at different heights although they
may vary slowly in the horizontal directions. The thicknesses of the layers may also
vary with horizontal position (z,y). The layer interface levels at horizontal position
(z,y) are denoted by zo(x,y), z1(x,y), 22(z,y), . .., 2n(z,y), with zo(z,y) and zy(z,y)
being the impervious bottom and top boundaries of the aquifer, respectively. Then the
thickness of the ith layer is h;(x,y) = zi(z,y) — zi—1(z,y), 1 <i < N.

If the component of the Darcy velocity in the x-direction at point (z,y, z) of the
ith layer of the aquifer is denoted u(x,y, z), then the averaged horizontal speed of the

fluid in the z-direction in the ith layer is

_ 1 Zi(xvy) d
(w.9) = s / RIS

at point (x,y) on the XY-plane.The total volume flux g, per unit width of the ith

layer in the z-direction is

Zi(1‘7y)
zi—1(2,y)
Similarly, the total volume flux ¢,, in the y-direction through the ith layer can
be written in terms of y-component v of the Darcy velocity. The horizontal (two-
dimensional) total volume flux vector through the ith layer is then

qi(2,y) = (¢, (z,9), gy, (x,y)), and the total horizontal volume flux vector through the

whole aquifer is

=z

a(z,y) = (q2(2.9), 4y(,9)) = > _ (@, (2, 9), a5, (2, 1)) - (3.3)
i=1

By applying the general form of the Leibniz integral rule and also continuity re-

quirements of the fluid flux across the layer interfaces, it can be shown that

V-q:uo-VCDO—uN-VtIJN:O. (3.4)
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3.1 Fluid flow in absence of wells

Here, uy and uy are the fluid specific discharges at zy and zpy, respectively. The
functions ®¢ and @y are defined by ®o(x,y,2) = z — 2¢(x,y) and Py (z,y,2) = 2z —
zn(x,y), respectively. Note that the bottom and top boundaries of the confined aquifer
system at zg and zy are assumed to be impervious. Therefore the fluid velocity u is
parallel to these boundaries.

The (two-dimensional) divergence of the horizontal volume flux through the ith

layer q; = (gz;, qy,) is
V-qi=u—1-V®_1—u;- VO =ri_1(z,y) — ri(z,y); 1<i<N. (3.5)

Here, r; = u; - V®; is the component of the fluid flux normal to the layer interface
from the ith layer to the i+ 1th layer. The normal interface fluxes ro(x,y) and ry(z,y)
are zero, because the bottom and the top boundaries of the aquifer are impervious.
The averaged dynamic pressure in the ith layer over the layer thickness P; is defined

by
_ Zi(zvy)
hi(x,y)Pi(z,y) = / P(z,y, z)dz.
Zifl(zvy)

Taking the partial derivative with respect to x and using Darcy’s law for the z-

component of the fluid specific discharge, it can be shown that

IP; Mo = 0z _ 0z
i = ——hit; + (P — P) -~ — (P11 — B ;
ox K; i+ )817 (Pict ) ox

(3.6)

where P; = P (x,y, z(x,y)) is the dynamic pressure at the layer interface. Similarly,

in the y-direction

- = ——hivi + (P, — R)% —(Pi-1— B)agyj- (3.7)

The vertical component of the Darcy velocity in layer ¢ averaged over the layer
thickness is
1 [%
w; = — w(z,y, z)dz.
Zi—1
Then the vertical volume flux through the ith layer of the aquifer is
zi 7K oP K;
.= h;w; = w(zx,y,z)dz = — |- )dz=—(P-1 — F). 3.8
qz; 7 Wy /Zi1 ( Yy ) /,221,“( 82) M(Zl 7,) ( )
Rearranging the mass conservation equation V - u = 0, we have

ow ou Ov
0z_<8x+8y>' (3.9)
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3. FLUID FLOW MODEL FOR A CONFINED AQUIFER

If horizontal variations in pressure in the ith layer are O (APF;), then the horizontal
components of fluid velocity in the ith layer (and mean horizontal fluid velocities ;,
v; in each layer) are of order (K;AP;)/(uL), where L is the order of the lateral extent
of the aquifer. If the thickness of the ith layer of the aquifer is O (H;), then horizontal
gradients of the ith layer interfaces are O (¢;), where ¢; = H;/L << 1 and (3.9) shows
that w; (and w;) is O ((;K;AP;) / (pL)). Also, (3.8) shows that vertical variations in
P in the ith layer are O ((uH;6; K;AP;) / (KipL)) = O (€2AP;). Thus, the latter two
terms of both (3.6) and (3.7) are a factor O (€7) smaller than the corresponding first
right-hand terms, and they may be neglected for small ¢;. The mean dynamic pressure
over whole aquifer thickness is then P = <Ef\i1 hﬂ%) /h, where h(z,y) = SN | hi(z,y).
Thus, the last two terms on the right hand side of (3.6) and (3.7) are O (¢ AP;). If ¢
is small, the last two terms of both (3.6) and (3.7) are smaller than the first terms on
the right hand side of both equations by O (e?), and therefore, may be neglected. The
mean dynamic pressure over the whole aquifer thickness is then P = (ZZ]\; 1 hipi) /h,
where h(z,y) = SN | hi(z,y).

The continuity requirement for P at the layer interfaces implies that vertical vari-
ations in P; are O (Zfil e?APi). Thus, a variation of 10% in slopes of the layer
interfaces, will introduce vertical variations of the order of 1% in the dynamic pressure
in that layer. So, to a good approximation, P; in (3.6) and (3.7) may be replaced with

P, and therefore
oP o oP wo
= q, — =—Ly. 1

The mean horizontal velocity w; = (u;, ¥;) in the ith sub-layer may then be written
_ Ki(x,y) (OP OP
o il y) (OF O 3.11
" Iz (8:6 dy (3.11)
Using (3.2) and (3.11) in (3.3), it is found that

as

_ XX hil@,y)Ki(e,y) (9P OP
alz,y) = ; (ax’ 8y) . (3.12)

Now, using (3.12) in (3.11) and the result in (3.2), the layer total volume fluxes can

be written as
hi xZ, Kl Z,
S (z,y)Ki(z, y) a (3.13)
Zj:l hj (:U> y)KJ (.1‘, y)
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3.1 Fluid flow in absence of wells

If the horizontal components of the fluid velocity averaged over the whole aquifer
system thickness in the x and y-directions are denoted by @(x,y) and o(z,y) respec-

tively, then (3.4) gives

0

35, (@ y)ule,y)) + (’fy (h(z,y)v(z,y)) = 0, (3.14)

where (3.14) suggests defining a stream function ¥ (z,y) [m® s~1] throughout the thick-
ness of the aquifer by

. Y.
Using the condition of irrotationality of the fluid, du/dy — 0v/0x = 0, it can be
shown that
o (10y o (10¢\
Dz <h8x> + 873/ <h8y> = 0. (3.16)
Also, using (3.12), (3.4) can be re-written as
N = N =
0 oP 0 opP
8m<;( )8$>+3<;( )8y) . (3:17)

Defining vertically averaged permeability K throughout the aquifer at each planar
point (x,y) as K(z,y) = (Zz]L hiKZ) /h, equation (3.17) becomes

0 _oP\ 9 _ 9P
o <—hK8x> 3 <—hK8y> = 0. (3.18)

3.1.1 Illustration

For suitable boundary conditions, the mean dynamic pressure and the stream function
can be found for an aquifer by solving (3.16) and (3.18) numerically (here, a finite-
difference scheme is used). A simple example is used for illustration. A homogeneous
aquifer lies in the rectangular region 0 < 2 < 100 [m], 0 < y < 80 [m], with the thickness
profile h(x,y) = 140.5 cos (mx/25) cos (7y/20) [m]. The boundary conditions are taken
to be

9¢(0,y) _ 9¢(100,y)

P(x,0) =0, (x,80) =10, o o =0, and
_ _ OP(z,0)  OP(x,80)
P =2 P(1 = = =

(0.y) =20, P(00,y) =0, == 5
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3. FLUID FLOW MODEL FOR A CONFINED AQUIFER

h(z,y) [m]

100 O

Figure 3.1: Thickness profile of the aquifer. Note that the bottom surface of the aquifer,
here shown parallel to the XY -plane, need not be planar; this is just a special case of the
thickness profile.

The stream function ¢ and the dynamic pressure P are in SI units. The thickness
profile is shown in Figure 3.1 and the isobars and streamlines are plotted in Figure 3.2.
The streamlines (blue) are perpendicular to the isobars (red) depicting the fact that
fluid flows in a direction opposite to the dynamic pressure gradient (in a direction where
pressure drops the most) but not in a direction where the dynamic pressure is constant
(isobar). One can note that the streamlines are spread apart in the narrower regions
of the aquifer but the isobars are closer to each other, meaning that the fluid spreads
while passing through such regions of smaller thickness and it speeds up there because

of higher dynamic pressure gradient.

3.2 Flow in presence of recharge or pumping well across

the aquifer thickness

Suppose the aquifer is being recharged steadily with rate M; [kg m~3 s71] and the

fluid is being pumped out of the aquifer with a constant rate My, [kg m~3 s71], then
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3.2 Flow in presence of recharge or pumping well across the aquifer
thickness
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50 il

20

O 1
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Figure 3.2: Streamlines (blue) and isobars (red). Note that streamlines and isobars are
orthogonal wherever they intersect. The streamlines and isobars are contoured at equally

spaced linear scale.

the conservation of mass equation for incompressible and isothermal fluid in a non-

deformable porous media takes the form
pv~u:M[—Mw. (319)

Mass fluxes M; and My in (3.19) may be replaced with volume fluxes fr = My/p
and fyr = My /p [(m® s7!) m=3 = s, respectively. Considering the divergence of
total volume flux q(z,y) per unit width of the aquifer and using similar assumptions

as in the section 3.1, it turns out that

V-q(z,y) = (fi(z,y) — fw(z,y)) h(z,y). (3.20)

Then, using (3.12) it is simple to show that

0 _OP 0 _OP
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3. FLUID FLOW MODEL FOR A CONFINED AQUIFER

3.2.1 Illustration: analytic solution of a very special case

Consider a homogeneous aquifer with permeability K, with thickness h varying in only
one horizontal direction x and with a steady source at & = g of strength Fy [(m?3 s71)
m~2 = m s~!]. The dynamic viscosity x of the fluid stays constant over time and space.

The governing differential equation for P(z) in this case can be written as

d [ dP\ ph

This linear DE can easily be solved analytically and its solution is a piecewise
function with a discontinuity in the derivative of hdP/dx at x = z¢. If z,, and 4 are

the upstream and the downstream boundaries, respectively, than the solution is

Py—Py— 1101 [ra de

D K Jzg h(& [r _d€
P(z) =4 T ir T S (3.23)
_ phoFT o z0
Pu K fxo 6) I }(zg) 2o R(E) for x > X

In the case of an aquifer with constant thickness, P(z) becomes a piecewise linear
function with a discontinuity in its derivative at zy. Consider a homogeneous aquifer,
with varying thickness h(z) = 2 + cos(mx/2.5) [m]. If mean dynamic pressures at
upstream and downstream are P, = 20 and P; = 0 [Pa], respectively and if the aquifer
is being recharged with F; = 0.0864 [(m® day~!') m~2 = m day~!] at = x¢, then the
pressure distribution along the length of the aquifer is as shown in Figure 3.3.

The permeability of the homogeneous aquifer is K = 107? [m?] and the dynamic
viscosity of the fluid is taken as = 1.002 x 1073 [kg m~! s71]. The total volume flux
¢, per unit width of the aquifer in this case is constant before and after the location
of the recharge well. The fluid flux entering the aquifer from the left upstream end
as computed by the use of (3.12) is 0.0263 [m? day~!] and that leaving the aquifer at
downstream end is 0.2855 [m? day~!]. There is a jump in the total volume flux in the
aquifer at © = xg equal to Frh(zo) = 0.0864 x 3 [m? day~!]. Again, note that the
bottom surface of the aquifer as shown in the Figure 3.3 need not be planar. It is the
thickness in confined aquifers that determines the dynamic pressure and not the top

and the bottom boundary levels, provided that the slopes are not too high.
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3.2 Flow in presence of recharge or pumping well across the aquifer
thickness

Fluid recharge, Fr = 0.0864 [m day ]

0.5 Homogeneous Aquifer K = 1077 [m?]

a [m]

Figure 3.3: Homogeneous aquifer with thickness profile h(z) = 2+ cos(mx/2.5) (top) with
a recharge well at x = x and dynamic pressure distribution in the aquifer (bottom). The

dynamic pressure in absence of the recharge well is shown by the dashed curve.

3.2.2 Illustration: a two-dimensional single-layered (homogeneous)

aquifer with a recharge well

Consider the homogeneous aquifer shown in the Figure 3.1 with a recharge well of
strength F; [(m® s7') m™! = m? s71] at (z0,v0) = (40,50). The PDE (3.21) for the

dynamic pressure in this case becomes

0 oP 0 oP uhEr
T2 () = - ~ ). 24
o ( h@x) + By ( hc‘)y) I d(x —20)6(y — yo) (3.24)

A numerical solution for the dynamic pressure is plotted as red contours (isobars) in
Figure 3.4. It can be seen in the Figure that mean dynamic pressure P at the point of
steady fluid injection (zg,yo) = (40, 50) is higher than the neighbourhood area. Also,
the smaller spacing in the isobars on the right hand side of point of fluid recharge,
represent a higher dynamic pressure gradient and hence fluid speed is higher on the
downstream side of the injection or recharge well as compared to the upstream side.

For this illustration, the physical properties of the aquifer and the fluid are taken as
shown in Table 3.1. The boundary conditions for the mean dynamic pressure P(z,)

are the same as in Section 3.1.1.
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3. FLUID FLOW MODEL FOR A CONFINED AQUIFER
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Figure 3.4: Streamlines (blue) and isobars (red) are orthogonal to each other wherever

they intersect. Some streamlines originate from the recharge well.

Parameters Values units
%]

permeability K 1077 [m
dynamic viscosity u 1.002 x 1073 [kg m~! s7!]
fluid injection rate F; 86.4 [(m3 day™!) m~t = m? day~!]

Table 3.1: Parameters used in the simulation shown in Figure 3.4.

The streamlines can be computed indirectly from the dynamic pressure solution.
Total volume flux per unit width of the aquifer in the z-direction can be computed by
(3.12) and then the stream function can be computed by the integration of ¢, from (say)
y = 0 line to y = 80. The stream function has a discontinuity around the source equal
to F x h(zo,y0) = 86.4 x 1 [m3 day~!]. In this case, this discontinuity is in y-direction
after the source. The numerical errors while removing this discontinuity have caused
small wiggles along that line (see Figure 3.4). The streamlines are plotted as blue in
Figure 3.4 after removing the discontinuity. Some of the streamlines are emerging from

the recharge well showing that the fluid is being added from the recharge well into the
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3.2 Flow in presence of recharge or pumping well across the aquifer
thickness

aquifer. The background flowing fluid seems to be pushed apart by the injected fluid.

3.2.3 Illustration: both recharge and pumping wells in two-dimensional
aquifer

Consider the same homogeneous aquifer of Figure 3.1 with a recharge well of injection

rate Fy [(m3 s7!) m™! = m? s7!] at (z1,y1) and a pumping well of withdrawal rate

Fiy [(m? s71) m™! = m? s7!] at (22,%2). The governing equation for mean dynamic
pressure P(z,y), in this case, becomes

B aP\ 9 P\  uh
o (‘%) +2 <—hay> = L2 (Frd(e — 213y — 1) — Fwd(e — 2)0(y - ?215-)

A numerical solution for the mean dynamic pressure in this aquifer when (z1,y1) =
(40,50) and (z2,y2) = (80,30), is shown in Figure 3.5 as red contours (isobars). The
boundary conditions on P(z,y) are the same as in Section 3.1.1, the withdrawal rate
Fyy is 83.4 [(m? day™') m™! = m? day~!], and rest of the parameters are as shown in
Table 3.1. There is a high dynamic pressure at (z1, y1) induced by the injection of water
and a low dynamic pressure at (z2,y2) because of withdrawal of water. The isobars
have disturbed from the ones observed in the aquifer with no source or sink, shown in
Figure 3.2. One can observe that the spacing in isobars in the region lying between the
recharge and pumping wells is smaller than that in other regions. This is the region of
steeper mean dynamic pressure and, therefore, higher groundwater velocity. Moreover,
the spacing between the adjacent isobars on the left hand side of the recharge well at
(z1,y1) and on the right hand side of the pumping well at (z2,y2) is larger than that
in the rest of the aquifer. These are, therefore, regions of smaller fluid velocities.

Again, stream function ¥ (z,y) is computed numerically by integrating ¢, from
y =0toy =80 (or ¢ from = 0 to = 100). This time the stream function has
two discontinuities; one around the recharge well equal to Fy x h(z1,y1) = 86.4 [m3
day~!] and the other around the pumping well equal to —Fy x h(z2,1y2) = —86.4
[m® day~!]. The streamlines have been plotted in blue in Figure 3.5 after removing
those discontinuities. Some of the streamlines originate from the recharge well and
some terminate at the pumping well depicting fluid injection and withdrawal from the

recharge and the pumping wells, respectively.
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Figure 3.5: Streamlines (blue) and isobars (red) are orthogonal to each other wherever
they intersect. Some streamlines originate from the discharge well and some terminate on

the pumping well.

3.3 Flow in a layered aquifer with a point source

A non-homogeneous aquifer can be discretized vertically in sedimentary layers with dif-
ferent physical properties, i.e., porosities and permeabilities that do not vary vertically
within a layer. Now, a fluid source can be assumed to be distributed vertically over the
thickness of the sub-layer in which that source lies. Divergence of the total fluid flux
through the thickness of the nth sub-layer in which fluid is being recharged with rate

f1, from (3.5), for this case results in
Vo (zns Gyn) = Tn—1 = Tn + f1hn (3.26)

The dynamic pressure that causes background flow is the same all through the
thickness of the aquifer within a reasonable tolerance. In the case of a source in one
particular layer, the dynamic pressure in that layer should increase to cause vertical

flow to adjacent layers in addition to horizontal flow. Recalling the definition of directed
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3.3 Flow in a layered aquifer with a point source

flux r; from the ith layer to the i + 1th layer normal to the layer interface, it is possible
to replace it with the vertical flux across the layer interface, if the slope of the layer
interface is small. Thus, in this case, horizontal total fluid fluxes through the thickness
of the ith sub-layer in the left hand side of (3.26) can be written by Darcy’s law in
terms of dynamic pressure in the sub-layer. Suppose a nominal dynamic pressure Fy
at the layer interface between sub-layers ¢ and ¢ 4+ 1. Then, the Darcy velocity, r; from

the ¢th sub-layer to the ¢ + 1th sub-layer is approximated by

K, Py— P
L . 3.27
Similarly,
ry = St B = B (3.28)

o hig/2 7
now, comparing both (3.27) and (3.28), the value of Py can be found. Inserting Py in

(3.27), the vertical flux r; can be written as

_ 2KiKiy1 (P — Piga)

T ) 3.29
o (hig1 K+ hiKiy) (3.29)
where, 7o = rny = 0. Now, (3.26) can be rewritten as
2 _hnKn % + 2 _hnKn % - 2Kn71Kn (Pnfl - Pn)
Ox po Ox Ay po Oy ) p(haKn1 4 by Ky)
_2KnKn+1 (Pn - Pn—i—l)
2 (hn+1Kn + hnKn+1)
+frhn. (3.30)
In the case of constant permeabilies in each sub-layer, (3.30) reduces to
i _h % _’_2 —h aPn o 2Kn—1(Pn—l_Pn)_2Kn+1(Pn_Pn+1)
oz " Oz y " Oy  hpKpi Fhe 1Ky b1 Ky b K
1
— frhn. 3.31
e 1 (3.31)

Such an equation can be written for each of the sub-layers, but of course without the
last fluid recharge term. The resultant set of N coupled equations, when fluid is being

recharged only in the nth sub-layer, in a confined aquifer comprised of N sub-layers,
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are
0 oP, 0 oP, 2Ky (P — Py)
o em S ) Z (e ) = 22ty
ox ox dy oy ho K1 + h1 Ko
2 —h~@ _,_2 _hA% _ 2K (P = P)
ox ! ox Yy ! By a hiKi_l + hi—lKi

—2Ki+1 (P = Pi1) for 1<i<n
hit1 K + hiKia

O (_, 9P\ 0 (_, 0P 2K,1 (Pt — Py)
" " hnKn—l + hn—lKn
2Kn+1 (Pn - Pn+1)

1%
- + - frh
thrlKn + hnKnJrl Kn fl "

0 oP; 0 0P, 2K; 1 (P — )
A (N I (R
( ) - ( > hiKi—1 + hi—1K;

2Ki1 (P — Piy1) ,
— {i N
hiv1K; + hi K1 ormsrs
B ( 8PN> B ( , aPN> 2Kn_1 (Py_1 — Px)
SN

il — [ —h— = . 3.32
ox ox + oy N oy hnKn_1+hy_ 1Ky ( )

A couple of two-dimensional examples are considered here to illustrate the imple-

mentation of the method.

3.3.1 Illustration: point fluid source in one sub-layer

Fluid flow problem for a multi-layered two-dimensional aquifer with a steady point
source in one of its layers is solved as an example here. The confined aquifer is com-
posed of three sedimentary sub-layers with different permeabilities (values labelled in
Figure 3.6) that don’t vary horizontally. The thicknesses of the layers are allowed to
vary in one horizontal direction (z-direction). The impermeable bottom surface of the
aquifer zg is taken as horizontal. The other two upward layer interfaces are defined
as z1(z) = .5+ 2sin(nz/3) [m], z2(z) = 1+ .25sin(7wx/4) [m] and the impermeable
top boundary z3(z) = 1.5 4 .3sin(mz/5) [m]. The fluid flow problem for this aquifer
is solved with two different layer compositions for comparison; with three “naturally
occurring” sub-layers and with fifteen sub-layers where each natural layer is divided
into five further sub-layers of equal thicknesses at each horizontal point. The purpose
of dividing layers into further sub-layers is to achieve a better approximation of the
true solution. The steady fluid injection rate at (xo, 29) is F; = 0.4/hy(x0) [(m3 hr~!)

m~2 = m hr~!] in the nth sub-layer, where h,, = 2, — 2,1 [m] is the thickness of the
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3.3 Flow in a layered aquifer with a point source

nth sub-layer in which the fluid source lies. Thus, the fluid point source function f7(x)

for the sub-layer containing the source is Frd(x — zg).

Numerical solutions for the mean dynamic pressures P; in the sub-layers of the
aquifer are plotted in Figure 3.6 for both the cases in red contours. The boundary
conditions on mean dynamic pressures are P;(0) = 10 and P;(10) = 0 [Pa] for 1 < i < 3.
The isobars in both the cases are quite similar as shown in the Figure 3.6 bottom two
graphs. It can be concluded that dividing the aquifer up into fifteen sub-layers has
no real advantage over dividing into the three layers because the solutions are similar
enough. The top graph in the Figure shows the rate of fluid flowing in to the aquifer

is equal to the rate of fluid flowing out of the aquifer in both the cases.

3.3.2 Distributed fluid source at the surface

In the next example, as shown in Figure 3.7, a confined aquifer composed of three
natural sub-layers is considered with a transverse running stream in contact with the top
sub-layer, where fluid can enter and leave the aquifer via this contact. The permeability
values for all three sub-layers are labelled in the Figure. The bottom impermeable
boundary zo(z) of the aquifer is defined by zo(z) = .3 + .2sin(wz/5) [m]. The top
partially impermeable boundary z3(z) is defined by z3(x) = 2.14.2 cos(2.32+7x/2) [m]
which is impermeable except for 4 < x < 5 to allow water to enter or leave the aquifer
from or into the stream. The two interlayer interfaces are z;(x) =1 + .2sin(rz/4) [m]
and z2(x) = 1.5+ .2sin(mz/3) [m]. The vertical fluid flux across the top boundary into
the stream from the sub-layer three can be computed by the use of Darcy’s law which
is —2K3(Ps — P3(x))/(phs(x)), where Py is the dynamic pressure in the stream given
by Pst = patm — Po + pgzst- Here, paty is the atmospheric pressure at the surface of
the stream water, pg is the absolute pressure at the datum level and z; is the height

of the stream water surface above the datum level. Thus the set of coupled ODE’s for
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3. FLUID FLOW MODEL FOR A CONFINED AQUIFER

Thickness z [m] Volume flux ¢, [m? hr™!]

Thickness z [m]

SIS 222
— bWk ot

S
7

@)

¢-(0) = 0.108 m? hr! Fluid recharge, F1 ¢, (10) = 0.508 m? hr ™!

P(0) = 10 Pa P(10) = 0 Pa

Fluid recharge, F1  ¢,(10) = 0.510 m? hr ™

¢-(0) = 0.110 m® hr™*

Figure 3.6: (Bottom) Isobars in a layered aquifer with a recharge well at (4,0.7) in which
each layer is divided into five further sub-layers. (Middle) Isobars in a layered aquifer
with a recharge well at (4,0.7) without dividing layers into further sub-layers. (Top) Total
volumetric flux through the aquifer. The isobars in the two bottom graphs are quite similar.

the dynamic pressures in the three sub-layers of the aquifer takes the form

d<h dP1) 2K (- By)
de \ Vdx ) T hoKi+ hKy
d (_h dP2> 2K (PL-Py)  2K3(Py— Py)
dx 2 dx a ho K1 + h1 K> hsKo + ho K3
2Ky (Py — P3)  2(P; — Py)
4 <_h3dP3) — hsKs + hoKs h3 for Aswss
dx dx 2K, (Py — P3) " '
oK ks otherwise.
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3.3 Flow in a layered aquifer with a point source

The isobars have been plotted in the Figure 3.7 to show the solution. The boundary
conditions for the mean dynamic pressures in the three sub-layers are taken as P;(0) =
10 and P;(10) = 0 [pa] for i < 1 < 3 and the dynamic pressure at the water surface
in the stream is Py; = 6 [Pa]. The dynamic viscosity of the groundwater for this
illustration is taken as 1.002 x 103 [kg m~! s7!]. The top plot in the Figure 3.7 is the
total volume flux per unit width of the aquifer. It is easy to see that the total volume
flux through the aquifer decreases in some initial part of the region 4 < z <5 for these
boundary conditions and stream water level and then it increases. This means that
water enters the stream from the aquifer for some initial zone of their contact and then
it penetrates into the aquifer from the stream. The net fluid flux, in this example, into

the aquifer is equal to the difference g, (x > 5) — ¢, (x < 4).

Thickness z [m]

Figure 3.7: (Bottom) Isobars in a layered aquifer with a transverse running stream at

the top from z =4 to x = 5. (Top) The total volume flux ¢, in the aquifer.
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4

Fluid Flow Model for a Phreatic
Aquifer

Aquifers that are not confined at the top by an impervious boundary are called phreatic
aquifers or unconfined aquifers. This chapter deals with mathematical modelling of

steady water flows in three types of phreatic aquifers;
1. in the absence of wells
2. in the presence of a recharge or pumping well across the aquifer thickness, and
3. in the presence of a recharge or pumping well that is present only in one sub-layer.

These three cases are discussed in detail here.

4.1 Fluid flow in absence of wells

The upper surface of phreatic aquifers is free and is generally time dependent. This
surface, say z;(x,y,t) is called the phreatic surface. The absolute pressure p(z,y) at
the phreatic surface is constant and is close to the atmospheric pressure. Thus the
dynamic pressure P(x,y) = patm — Po + pgzt(x,y) [Pa] on the phreatic surface depends
on elevation of the surface at each point from a fixed datum level. This elevation from
the fixed datum is also the hydraulic head of the phreatic surface. Consider a cross-

section of the aquifer in the xz-plane and consider a curve s on the phreatic surface
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4. FLUID FLOW MODEL FOR A PHREATIC AQUIFER

in this plane. Then by Darcy’s law, the specific discharge us [(m3 s™) m™2 = m s™!]
along the phreatic surface curve is
Kpg dz
=——— 4.1
S m dS ( )

The slope of the phreatic surface is usually of the order 0.001 to 0.01 [13]. By the
Dupuit assumption, due to this small slope, dz;/ds can be replaced by dz;/dz. That
is, flow is considered essentially horizontal and the two-dimensional horizontal specific

discharge may be approximated as

(4.2)

Wz, 9,1) = (a,) = — P9 <8zt (9zt> |

n \ oz’ dy
Then total volume flux q(x,y,t) = (¢.(x,y,t),qy(x,y,t)) per unit width through

the whole phreatic aquifer is

Zt(x7y7t) Zt(l’,y,t)
q = / udz, / vdz
zp(x,y) 2y (2,y)

_ Kpg (2t — 2p) (8235 3zt>

p g R (4.3)

ox’ Oy

Also, the vertically averaged horizontal two-dimensional fluid velocity (@, v) at point

(z,y) at time ¢ is given as

(ﬁ, T)) =

Kpy (95 02
w o \ox oy /)

If the bottom surface of the aquifer is impervious and if there is no fluid source or

sink in the phreatic aquifer, then

_aqx_i_%

.q =22 = 0. 4.4
v-a Jdxr Oy 0 (4.4)
Thus the phreatic surface z;(z,y) satisfies
0 8zt 0 (92’75
K (- ) 2+ L | oK (2 — ) 22| = 4.
97 { (2t — 2) 890] + By [ (2t — 2) ay] 0, (4.5)

and for a homogeneous single-layered phreatic aquifer, the non-linear PDE (4.5) takes

the form
0z 0 Ozt |
7 | ) gy |~ | =0 o
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4.1 Fluid flow in absence of wells

In general, if the phreatic aquifer is composed of N different almost horizontal

sub-layers with varying thicknesses, then the phreatic surface z;(x,y,t) satisfies

P 9z n—1 n—1
t

=1
P aZt n—1 n—1
+— 9 ——= Khi + K, |z — h;
=0, (4.7)

where n < N is the number of the layer in which the phreatic surface lies and h; for
1 < i < n is the thickness of the ith layer. The interlayer flux from the ith sub-layer
to the ¢ + 1th sub-layer can be written as

Veq; =ri-1—ri (4.8)

where g and r, are zero if z; lies in the nth sub-layer. The horizontal volume flux
vector q; for the ith sub-layer is given by

- _Kpghi (0z 0z
it =] (1.9

4.1.1 Analytic solution for a special case of a non-homogeneous aquifer

Consider a one-dimensional problem of a non-homogeneous aquifer where sub-layer
interfaces are parallel to the z-axis and the fluid flow is steady, i.e., there are no
sources or sinks. Total volumetric flux ¢, [(m? s™!) m~! = m? s~!] must be constant
in this case, where the total volumetric flux g, in the phreatic aquifer is the sum of
the volumetric fluxes in each sub-layer. Suppose that the aquifer is composed of N
sub-layers, and suppose that the phreatic surface at x is z;(z). If z;(x) is located in the

nth sub-layer (n < N), then the total volumetric flux g, through the aquifer is

n—1
g dz
Qe = _'07 <Z K’L(ZZ — Zi_l) + Kn(Zt — Zn_1)> E, (410)
where z; is the elevation of the interface between the ¢th and the ¢ 4 1th sub-layer. Now
suppose z¢(x) is descending, i.e. fluid speed is increasing with z, then z;(z) will meet
Zn—1 at some x, say x1. Then the constant g,, when z;(x) is in the n — 1th sub-layer,

satisfies

n—2
dz
g =" (Z Ki(z — zi-1) + Kn—1(2 — Zn2)> dixt (4.11)
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4. FLUID FLOW MODEL FOR A PHREATIC AQUIFER

If 2z (x) meets z,_2 at x9, then (4.11) is valid for 1 < x < x9. Similarly as a general

case when z;(x) lies in the n — k + 1th sub-layer, one may write

n—k
P _r9 (ZK (zi — zi—1) + Kp—k11(2 Zn—k)) % for xp_1 <z <z (4.12)

The analytic solution of (4.12), when z;(xg) = hg, can be written as

(ho — z) > iy 'K, (2 — zi_1)
2
+Kn [}; Zn— l(h() - Zt) — %:| for o S €x S T
(ho — 2¢) 23 Ki(zi — zi-1)
+K2n—l [(ho — zn—1)(Zn—1 — Zn—2)
2
+ Zn2—1 _ zn_2<zn_1 — Zt) — %]
otz — 20) K, (o= for 1 < o < @ (413)
P9

(ho — 2¢) Y1) Kizi — 2i-1)
+Kn—k+1 [(hO - Zn—k—i—l)(zn—k:—‘rl - Zn—k:)

Z?z—k-&-l 27
$IE (ke — 20) —

[ 2
+ ks <(h0 — (s sia) 4 %>
+Kn% for xp—1 <z < ay,

where

_ (ho = zn-1)*
Ty = :co+— (ho = zn—1 ZK = zim1) + K (4.14)

and

T

n—k
T =20 + L‘i [(ho — zn_k) Z Ki(zi — Zi—l)

i=1
2y — Zj— 2
+ Z < (ho — zi)(zi — zi—1) + (21)>
i=n—k+1
_ 2
+ Kn(hogn_l)] for 2 <k <n. (4.15)

Now for 21 < o < z and for 1 < k < n, the volume flux through the ith sub-layer
is
(2 — zi—1) K

T — gz for 1<i<n-—k, (4.16)
B Z?:lk(zi - Zi—l)Ki + (Zt - Zn—k)Kn—k+1 ’
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4.1 Fluid flow in absence of wells

and

= G-
Z?:lk(zi - zi—l)Ki + (Zt — ZTL—k)Kn—k’—i-l
Then for zp_1 < z < z; and for 1 < k < n, the interlayer flux r; from the ith

Qen—k+1 =

sub-layer to the ¢ 4+ 1th sub-layer, normal to the sub-layer interface is

dqz;

. for 1<i<n-—k, (4.18)

ri(z) —ri—1(x) = —

where ro(x) = rp—g4+1(z) = 0. Then

KK, _ S — 2
ri(z) —ri—1(x) = iKonki1(z — 2ic1) 50z for 1<i<n—k.

(5=t K25 = 251) + Knoga (20— 20-4)

(4.19)

The analytic solution for the phreatic surface in an aquifer composed of three planar
sub-layers of different permeabilities is plotted in Figure 4.1. The boundary conditions
for the phreatic surface as shown in the Figure are h(0) = 3 [m] and h(10) = 0.5 [m].

The permeabilities of three sub-layers are labelled in the Figure.
well sorted gravel (K = 107" [m?])

clay (K = 107 % [m?])

zi(z) [m]

Eese e =E=a)u (JaE=an) (o T0s=SimAEs =t

0  [m]
0 1 ESEESHEEs EREREEY HEERRE EEEE SRR SRRy EeRass O

Figure 4.1: Analytic solution for the phreatic surface in an unconfined aquifer composed
of three planar homogeneous (individually) sub-layers. The permeabilities of sub-layers are
labelled.

The phreatic surface predicted for the aquifer shown in Figure 4.1 seems to drop al-
most linearly as it passes through the sub-layers composed of clay (almost impermeable

with permeability K = 10713 [m?]). The reason for this linear drop of phreatic surface
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4. FLUID FLOW MODEL FOR A PHREATIC AQUIFER

is due to the fact that the dynamic pressure P(x) is proportional to the phreatic sur-
face z;(x), and the gradient of the dynamic pressure should be constant for a confined
homogeneous constant thickness aquifer. Here, when the phreatic surface z;(x) passes
through the almost impermeable clay layer, the whole aquifer below this layer behaves
almost like a confined aquifer, therefore the dynamic pressure gradient is constant in

this region and hence the gradient of the phreatic surface z;(x).

4.1.2 A one-dimensional phreatic aquifer with K as a function of z

Consider a one-dimensional aquifer with the phreatic level at upstream point z, equal
to hy and with the horizontal base z, = 0. The total volume flux ¢, per unit width of
this aquifer remains constant. As it is discussed earlier that the gradient of the phreatic
surface z; in groundwater aquifers is very small except in the vicinity of fluid sources
or sinks, the flow can be assumed essentially horizontal and P = P(x). The differential

equation for the Darcy velocity u, can be written as

K dP
=———. 4.20
The Darcy velocity uz(x) can, therefore, be approximated by
Kpgd
= —ﬂﬁ, (By Dupuit assumption) (4.21)
W dx
and an integration of the Darcy velocity u, over the fluid height gives the total volume
flux ¢, as
Kpg dz
=— —_—. 4.22
qx 7 2t da ( )
For the given initial condition and for the varying permeability K (x), the phreatic
surface has solution
2pqe (7 de
zi(x) = (| h2 — — . 4.23
(@) \/“ Py Ju, K(E) 23

As an illustration, two one-dimensional horizontal bottomed phreatic aquifers are
considered. In the first aquifer (Figure 4.2 (top)), permeability K decreases linearly as
K(x) = —-10"82+1.1 x 1077 [m?]. It is obvious that the phreatic surface z;(x) here has
small gradient to start with and, as the fluid reaches the less permeable porous material,
the phreatic surface gradient (and hence dynamic pressure gradient) increases to push
the fluid through the less permeable material.

In the next example, the permeability increases linearly as K (z) = 1078z + 1078

[m?] and the phreatic surface is plotted in Figure 4.2 (bottom).
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4.1 Fluid flow in absence of wells

K(z) = —10 8z + 1.1 x 10-“ [m?]
1
e ) = 1,7 % 0T e 57
0 x [m]
z¢() [m]
3
K(z) = 1078z + 108 [m?]
2
1 SES=aEaRaRsmil) ome=1n] rr/in>C O
0 x [m]
0 ) 4 6 8 10

Figure 4.2: Phreatic surface analytic solutions when K varies in one horizontal direction,
x and the bottom surface is z;, = 0. (Top) The permeability decreases linearly and phreatic
surface drops more sharply in lesser permeable zone. (Bottom) The permeability increases
linearly and phreatic surface can be seen dropping slowly in higher permeable porous
material.

4.1.3 A lens in a phreatic aquifer

Consider a one-dimensional homogeneous phreatic (unconfined at the top) aquifer with
permeability K and horizontal base that has a lens of different permeability K; in the
water table as shown in Figure 4.3. The total volumetric flux per unit width ¢, must

be constant in this case when there is no source or sink for the fluid.

Suppose that the aquifer upstream and downstream boundaries are x, and x4,

respectively and the lens top and bottom interfaces are l;(z) and l(x) for z; < z < 2.
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4. FLUID FLOW MODEL FOR A PHREATIC AQUIFER

The phreatic surface z;(z) satisfies [4]

—Kzt% for z, <z <1

qzft dzt

g = — [Klb + Kl(lt — lb) + K(Zt — lt)] dr for v1 <a < x9 (4.24)
—Kzt% for z9 << x4

The resultant predicted phreatic surface when z;(x,) = h, = 3.5 [m] is plotted
in Figure 4.3. The dashed line in Figure 4.3 shows the phreatic surface for a totally
homogeneous aquifer with the same z;(x,) and all the same other parameters (except
that there is no lens of lesser permeability). One can see the difference in the phreatic
surfaces when there is a lens of different permeability and when the aquifer is totally

homogeneous.

z [m]

0 2 4 6 8 10

Figure 4.3: The predicted phreatic surface when the aquifer has permeability K and the
lens has lower permeability K;. The dashed curve is the predicted phreatic surface when
the aquifer does not have a lens and has permeability K.

The right hand side of (4.24) is constant. Thus, in case of K; < K, the coefficient
of dz;/dz decreases in the vicinity of this sub-layer as compared to the regions where it
is not present. Hence, z;(x) has higher slope (or dynamic pressure) in the vicinity of a
less permeable sub-layer. In other words, a higher dynamic pressure gradient is needed
in the zone of a lesser permeable lens to maintain the same constant total volume flux
¢ The dynamic pressure gradient in phreatic aquifers is proportional to the phreatic

surface gradient.
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4.2 Phreatic aquifer with pumping or recharge well across the aquifer
thickness

4.2 Phreatic aquifer with pumping or recharge well across

the aquifer thickness

Suppose fi(z,y) and fy(z,y) [(m3 s7') m™3 = s7!] are vertically averaged fluid
recharge and pumping, respectively through wells that are right through the whole
thickness of the aquifer (wells that do not cause significant vertical flows). If the per-
meability of the aquifer is uniform, then conservation of mass (3.20) for a phreatic

aquifer gives

(% [— (2t — ) g:] + 9 [— (2t — 2) 8%] =L (fr—fw). (4.25)

dy
4.2.1 Analytic solution for a special case

Suppose a one-dimensional homogeneous aquifer, with planar horizontal bottom surface
and with a recharge well at xg in it that is recharging the aquifer with water at a constant
rate of Fy [(m? s71) m™! = m? 57!, is averaged vertically over the aquifer thickness.
Then, the governing equation for the phreatic surface z;(z) satisfies

d |: dZt:| _ /,LF]

el I el B Kap (x — o) . (4.26)

The analytic solution of (4.26) can be written as

h2—h2 IF _ h2zg—h2x 2F _
d_""u HET Tg—T0o utd—glu  ZUL [Ty Tg—L0 <
\/(.Z’d—$u + Kgp xqg—xu, T+ Tq—Ty Kgp xq—zy for = To

zi(x) =

h2—h2 2uF _ h2zy—h3z 2QuF _
d_ " 2pF] =Ty utd gty HETTd T0—Xuy
\/(wd—:ru Kop za—au ) TV "2g-70 T Kap z4—ou for x> g
(4.27)

This solution is plotted in Figure 4.4. The total fluid flux out of the downstream
end of the aquifer is equal to the sum of the background fluid flux from upstream and
the recharge flux at x = xg.

The solution for a constant pumping or withdrawal rate Fyy [(m? s71) m™! = m?

s7!] can be written simply by replacing Fy in the solution with —Fyy.

4.2.2 Analytic solution for a special case of pumping well

Suppose a one-dimensional homogeneous aquifer with planar horizontal bottom surface

and with a pumping well at xg in it that is pumping water from the aquifer with a rate
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z [m]
4
3
I == e Gl
2
— ¢z = 13.2 [m? day '] ——— ¢z = 56.4 [m? day ']
1
0 @ [m]
0 P 4 6 8 10

Figure 4.4: The analytic solution of the phreatic surface when fluid is being recharged at
ro = 5 [m] with a steady rate F; = 43.2 [(m® day=!) m~! = m? day~!].

Fiy [(m3 s7') m™2 = m s!] at 2¢. In this case, pumping is done at a rate proportional
to the water level in the pumping well. This can be achieved by maintaining a constant
pressure for suction by the pump and allowing only water to be sucked in. The governing

equation for the phreatic surface, z;(x) now satisfies

o ] =

el B = _ — . 4.2
ol e Kgpztd (z — xp) (4.28)

The analytic solution of (4.28) can be written as

h%—h2 2uFw ho Ta—20 h2zg—hiz, 2uFw hoxy Tg—x0
\/<xdrfcu T Kgp :chfzu> z+ Tqd—Tu + Kgp Td—Tu for = < o
z(x) =
hz—h% 2w ho 20— h%fﬂd—hzmu 2uFwhoxrg xo—xw
\/<deu + T + e Kop  zg—s for x > xo,
(4.29)
where
wFw (g — x0) (70 — 24)
hg = — (4.30)
Kgp (x4 — zu)
2
N <,UFW (xq — o) (w0 — CUu)) N h2 (zq — xo) + b2 (zo — u)
Kgp(xg — xy,) Td — Ty

The analytic solution is plotted in Figure 4.5. The fluid flux out of the pumping

well is equal to the total inward fluxes from both sides of the well.
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4.3 Multi-layered phreatic aquifer with pumping or recharge in one of the
sub-layers

z [m]
4
K =10"" [m?
3 Fw x z(z0) = 79.7 [m? day ]
2 W
gz = 74.7 [m? day '] —— e g.i==5m?iday 1]
1
0 x [m]
0 2 4 6 8 10

Figure 4.5: The analytic solution of the phreatic surface when fluid is being pumped out

from x¢ = 5 with a steady rate Fyy = 79.7 [(m? day~!) m~2 = m day~!].

4.3 Multi-layered phreatic aquifer with pumping or recharge

in one of the sub-layers

In general, the phreatic aquifers may have a recharge or a pumping well in one of its
sub-layers. Suppose, the aquifer is composed of IV sedimentary sub-layers, and there is a
fluid recharge well with a steady recharge volume flux F; [m® s7!] at the point (2, y0o)
of the nth sub-layer averaged over the sub-layer thickness. It is more convenient to
use hydraulic head values in this case instead of dynamic pressures. Hydraulic head
H(z,y, z) is the level of water maintained in a well that is exposed only to the point
(2,7, z) of the aquifer. The mean hydraulic head H; at the point (x,%) of the ith sub-
layer is defined as H; = f:_l H(x,y,z)dz/h;. The fluid flux from the n — 1th sub-layer
to the nth sub-layer can be computed by use of the Darcy’s law as
S 2Kn 1 Knpg (Hn1 — Hy)
w(Kp—1hp + Kphp—1)

Thus, divergence of the total volume flux of isothermal, incompressible fluid in the

(4.31)

nth sub-layer of the aquifer can be written as
g —hnK,pg 0H, n g —hnKnpg 0H,
Ox 1 ox oy 7 y
_2Kn—1Knpg (Hn—l - En) . 2KnKn+1pg (Hn - I__[n-‘rl)
M (Kn—lhn + Knhn—l) H (Knhn—l-l + Kn—l—lhn)

+ Fro(x —20)6(y — yo)-
(4.32)
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4. FLUID FLOW MODEL FOR A PHREATIC AQUIFER

Note that this fluid mass conservation equation is valid only if the phreatic surface
zt(z,y) lies in the n + 2th sub-layer or higher. If z; lies in the n + 1th sub-layer, h, 11
in the denominator of the second term on the right hand side of (4.32) is replaced with
2zt — Zn, Where z, is the interface level between the n + 1th sub-layer and nth sub-layer.
Moreover, if z; passes through the nth sub-layer, (4.32) is non-linear with H, = z,
hp = 2zt — zp—1 and hy41 = 0. For a homogeneous nth sub-layer of the aquifer, i.e.,

when K, is a constant, (4.32) simplifies to

9 h 0H, +3 h 0H,
Oz " Oz oy " Oy

_2Kn71 (anl - Hn) _ 2Ky 41 (Hn - En+1) MFI
Ky_1hy, + Kphy—1 Knhn-i-l + Kn—i—lhn K,pg

6(z —xo)d(y —yo).  (4.33)

If the phreatic surface z; goes through the Nth sub-layer (say), the mean hydraulic
head in the Nth sub-layer Hy is equal to z; and the coupled system for the fluid flow
may be written as

d 8H,1 0 OH, 2K (Hy — Hy)
— | —hi— |+ =— |-h1— = -—
ox 0 8y 8y thg + K2h1
K 7h43ﬁi N 9 —ha—Hi 2K (Hi — Hy)
ox " Ox dy ! oy o Ki_1h; + K;h;_1

2K 41 (H; — Hit1)
K + Kioih
9 {hnaHn} + 9 {hnaHn} 2K1 (Hy1 — Hn)
Y K1l + Knhn
2Ky 1 (Hy — Hpyr)
B Knhn-H + Kn+1hn
L2l 8w = a0)8y = )

n

for 1<i<n

Ki_1h; + K;hi
2K; 41 (H; — Hit1)

[_ OHl} 2K, (Hiy — H))

— for n<i<N-1

Kihiy1 + Kit1h;
8HN_1} L9 {_hN_laHN_l} _ 2Kn_s (Hy—>— Hy_1)
0 Ky_shn_1+Kn_1hn_2
2Kn (Hy-1— 2)
CKno1(2—2n1) + Knhy

0 8zt 0 82’,5 - QKN_l (HN—I — Zt)
oz [_ (2 = 2v-1) 8:1:] oy [_ (2 = 2n-1) } - Knoa(zm—avo1)+ Knhyoa (4.34)
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4.3 Multi-layered phreatic aquifer with pumping or recharge in one of the
sub-layers

Note that the PDE for the Nth sub-layer from the bottom is non-linear in z; =
Hy. This system remains valid only if z(z,y) passes through the Nth sub-layer. For
example, if z; enters into the lower N — 1th sub-layer, the total system reduces to
N — 1 coupled PDE’s, where the PDE for the N — 1th sub-layer becomes non-linear
in z; = Hy_1. The Two PDE’s for the N — 2th and N — 1th sub-layers may then be
written as
0 [hN_g BHNQ} 0

— | —hy_
+8y{ N-2

3HN2] 2Ky 3(Hy-3— Hn_2)
Jy ~ Kn_shn_2+ Kn_2hn_3
B 2Kn_1 (Hy_2 — z)
Kn_2(z —2n—2) + Kn_1hn—2
0 0zt 2KN_o (Hn_2 — 2
oz {_ (2t = 2n—-2) &U] - dy [_ (2t = 2n-2) 32/] Ky _o(z — 21\52) + KN)JLNQ’
(4.35)

and so on.

4.3.1 Point recharge well in a sub-layer

Consider a phreatic aquifer composed of six sedimentary sub-layers as shown in Fig-

ure 4.6. The interface levels z; for 0 < i < 6 are:

2.1
ZO(x) = 2+x7
8.6
alr) = T1+2x’
20
2(@) = 10+ 2’
@ = 43.1
B T
120
alr) = s
338
(@) = 125 +2
—900
%) = Sra

The permeability, K;, for each of the sub-layer and other groundwater parameters are
given in Table 4.1. Suppose that the mean hydraulic heads H; and hence the phreatic
surface z; are given at both the boundaries as H;(0) = 2.9 and H;(10) = 2.6 [m] for
1 <i <6 and Hg = 2 when 2z passes through the 6th sub-layer. If there is a fluid

recharge well in the second sub-layer with a steady head level 2.9 [m] at xy = 4, then
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4. FLUID FLOW MODEL FOR A PHREATIC AQUIFER

the numerical solution for the mean hydraulic heads is computed by (4.34) and contours
of constant mean hydraulic heads H; are plotted in Figure 4.6. Note that the recharge

well in sub-layer 3 is like a transverse plane at # = 4 (marked as a blue line in the 3rd

sub-layer).
Parameters Values Units
fluid dynamic viscosity p 1.002 x 1073 kg m~t s7!]
gravitational acceleration g 9.8 [m s~
fluid density p 1000 [kg m~3]
permeabilities (K1, Ko, K3, K4, K5, Kg) (0.7,1,0.5,0.1,1,0.3) x 10~7  [m?]
Table 4.1: Parameters used for the simulation shown in Figure 4.6.
z [m]

3

2

1

0  [m]

Figure 4.6: Isobars (contours of constant hydraulic head) in a layered aquifer composed
of six sub-layers with a recharge well at 2 = 4 (marked as blue line) in the third sub-layer
in which the water level is maintained at 2.9 [m]. The hydraulic heads at = 0 are 2.9 [m)]

and at 2 = 10 are 2.6 [m]. All other parameters are mentioned in Table 4.1.

4.3.2 Transverse running stream in the top sub-layer

Consider a one-dimensional phreatic aquifer (thicknesses of whose sub-layers vary only

in one horizontal direction) composed of four sedimentary sub-layers, with interface
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4.3 Multi-layered phreatic aquifer with pumping or recharge in one of the
sub-layers

levels z; defined as

2o(z) = 0.3+0.15Sin(L;),

z(z) = 1+0.25sin (%) ,
2(z) = 1.5+ 0.05sin (%) ,
™
2(r) = 2.1+ 0.13cos (2.32 n 7) . and
z(z) = 3—exp[—(z— 4.5)2] .

Also, consider a transverse running stream of surface water at the surface of the aquifer,
i.e., above top (4th) sub-layer, in the ditch. Suppose that the boundary conditions for
the mean hydraulic heads H;(z) are H;(0) = 2.9 and H;(10) = 2.4 [m] for 1 <4 < 4 and
the water level in the stream zg is 2.7 [m]. The system of ODE’s for mean hydraulic

heads in this aquifer can be written as

A, d] 26K (H— )
dx L ! dr ] N Kiho + Kohy
A, ] 2K (- ) 2K (M- )
dx L 2 dr | N Kiho + Kohy Kohs + Ksho
i _ ( 2K2 (HQ — Hg) B 2K4 (Hg — Zt) when 2 < =
a|_ 3% _ Kohs + K3hs K3(z - 23) + K4h3 e
de | " dv | 2Ky (Hy — Hz) 2Ky (Hj — 241) .
— otherwise
\ K3hz + K3ho Kshy + K4hs
2K (H3 — Zt) when z; < z
! {— (2t — 23) dzt] = Kz = 23) + Kahg t 4(4.36)
dx dx 2K3 (ng — Zt) 2 (ﬁ4 — Zst) I .
e (Zt ~23) + Kahs — > otherwise.

A numerical solution for the mean hydraulic heads H;(x) is found and plotted as
isobars in bottom graph of Figure 4.7 with the values of parameters as mentioned in
Table 4.2. The blue curve in the 4th sub-layer is phreatic surface z; = Hy. A red line
in the ditch area shows the level of stream water above datum. The z;(z) or Hy in the
zone of surface water stream is plotted as blue dashed curve. This is the hydraulic head
in the middle of underlying 4th sub-layer. The hydraulic head being above ground level

means that the water level in a well in the 4th sub-layer will maintain that height.
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4. FLUID FLOW MODEL FOR A PHREATIC AQUIFER

0.50 ¢ Total volume flux ¢, [m* hr™']

0.25

Thickness z [m]

Figure 4.7: (Bottom) Isobars in a layered aquifer with a transverse running stream at
the top. (Top) Total volume flux ¢, [(m3 hr~=!) m~! = m? hr~!] through the thickness of

the aquifer. The parameters used in this simulation are given in Table 4.2.

m

Parameters Values Units
fluid dynamic viscosity 1.002 x 1073 [kg m~t s71]
gravitaional acceleration g 9.8 [m s~2]
fluid density p 1000 [kg m~3]
[

permeabilities (K1, Ko, K3, K4) (0.7,1,0.5,0.1) x 10710 2]

Table 4.2: Parameters used for the simulation shown in Figures 4.7 and 4.8.

The top graph in Figure 4.7 shows the total volume flux ¢, [(m?® hr™!) m~! = m?
hr~!] through the aquifer. One can observe that the g, decreases in the aquifer for
some initial zone of contact with the above lying stream. This is evident from the
difference of water level in stream zg (dashed blue) and the mean hydraulic head in
the 4th sub-layer H, (red) in the lower graph of Figure 4.7. Here, the mean hydraulic
head in the 4th sub-layer is higher than the water table in the stream, causing flow up
into the stream. After some distance, H; drops and water begins to seep into the 4th

sub-layer from the stream.

The phreatic surface z;(x) may also drop into the lower 3rd sub-layer, in which case
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4.3 Multi-layered phreatic aquifer with pumping or recharge in one of the
sub-layers

0.50 4 Total volume flux ¢, [m® hr™']

0.25

Thickness z [m]

Figure 4.8: (Bottom) Isobars in a layered aquifer with a transverse running stream at
the top. (Top) Total volume flux ¢, [(m3 hr=!) m~! = m? hr~!] through the thickness of
the aquifer. The parameters used in this simulation are given in Table 4.2.

Hs = z; and system (4.36) reduces to a system of 3 coupled ODE’s as

d [, di] 2K (Hi - Hy)

dx Yo | Kihs + Kohy

d T dH,| 2K (H)— Ha) 2K (Hy — z)

dx 2 dx | N Kiho + Kohy KQ(Zt — 2’2) + K3ho
d dZt- 2K2(H2 — Zt)
— | —(2zt —z9)—| = . 4.37
dz [ (2 = 22) 0| Kozt — 20) + K3hy (4:37)

The downstream boundary conditions on H; can be taken as H;(10) = 2.1 to in-
troduce this effect. A numerical solution can be found by solving (4.36) when z; lies
in the 4th sub-layer and by solving (4.37) when z; lies in the 3rd sub-layer. Figure 4.8
shows this solution as isobars. One can observe bigger spacing between adjacent iso-
bars upstream and smaller spacing downstream. This shows a lower pressure gradient
upstream and higher downstream, i.e., a higher influx from the stream. The upper
graph of total volume flux ¢, shows this effect. There is a higher overall volume flux in

this case compared to the case shown in Figure 4.7.
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Pollutant Transport in Steady
Fluid Flow

So far in this thesis, the movement of groundwater in the confined and the phreatic
aquifers has been discussed while overlooking an important factor involved in the “qual-
ity” of groundwater. There are very rare chances of groundwater being polluted with
bacteria as compared to the surface water but still some mineral and organic con-
stituents are dissolved in groundwater in various concentrations. Some of those miner-
als are harmless and even good for health while others are harmful. In recent years, the
growth of industry and population has added more soluble and insoluble constituents
in groundwater. The municipal and industrial wastes, chemical fertilizers, herbicides
and pesticides have infiltrated into the groundwater and have degraded the quality of
water. In coastal areas, extensive pumping of freshwater may result in salty seawater
intrusion into the fresh water aquifers.

The materials that pollute groundwater may be dissolved or be suspended in it. In
the case of suspended materials, modelling becomes more challenging as water may get
filtered as it passes through complex pores of the soil. Also, the physical properties
of soil such as permeability and porosity may change with the passage of time. The
problem of groundwater pollution should not be associated only with domestic or agri-
cultural use, serious problems may arise when polluted groundwater emerges on the
surface or enters a lake or river.

Fluid flow models for both the confined and the phreatic aquifers have been de-

veloped and solved for illustrative examples in Chapters 3 and 4, respectively. Once,
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5. POLLUTANT TRANSPORT IN STEADY FLUID FLOW

the fluid flow problem is solved, the velocity field in all the sub-layers of the aquifer is
determined. Then, pollutant transport in both the confined and the phreatic aquifers

could be modelled similarly.

5.1 Conceptual model

Let ¢;(z,y,t) be the average concentration [kg m~?] of dissolved pollutant in water in
the ith sub-layer of the aquifer that is composed of N sedimentary sub-layers. The
pollutant advects with the water velocity and it disperses in all directions. Consider
a control box in the ith sub-layer centred at the (x,y) horizontal point and which has
small length Ax in the z-direction and a small width Ay in the y-direction as shown
in Figure 5.1. The layer interfaces are not necessarily constant. The movement of the
pollutant in and out of the control box is the result of the advective and dispersive

fluxes from all six faces of the control box:

1. The advective flux of the pollutant into the control box from the z-direction
through the wall of the control box at x — Ax/2 is Ay X qu,Cil(x—Az/2,y) [k s
and that from the y-direction through the wall at y — Ay/2 is Ax X qy,Ci(2,—Ay/2)
ke s71.

2. The advective flux out of the control box in the z-direction through the wall at
r+Ax/2 s Ay X qz,Cil(z4+Ax/2,y) and that out of the control box in the y-direction
through the wall at y + Ay/2 is Az X qy,Cil(2,y+ay/2)-

3. The total dispersive fluxes within the aquifer are the sum of the mechanical
dispersive fluxes and molecular diffusive fluxes and if the z-axis is aligned with the
main direction of groundwater flow then the off-diagonal entries of the symmetric
tensor D shown in (2.10) are zero. In this case, the entries of the dispersion tensor

for the ith sub-layer are

Dy, 0 0 1 | azlal 0 0
0 Dy O = 0 ar|q;l 0 . (5.1)
0 0 D, Pihi 0 0 ar|q;|

The two-dimensional dispersion tensor for vertically averaged flows when the x-
axis is aligned with the main direction of flow is

DIA 0 1 ozL]qi| 0
v = . 5.2
[ 0 Dy, } pihi [ 0 arlq (5:2)
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5.1 Conceptual model

By Fick’s law, the total dispersive flux into the control box through the wall at
x—Ax/2is Ay X ¢ihi(—Dy,0¢/0x)|(z—nz2,4) (kg s7'] and that into the control
box through the wall at y — Ay/2 is Az X ¢ihi(—Dy,0¢;/0Y)|(zy—ny/2) (ke s71].

. The total dispersive flux out of the control box through the wall at = + Ax/2 is
Ay X ¢ihi(—Dy;0¢;/07)|(z4Az/2,4) and that out of the control box through the
wall at y + Ay/2 is Az X ¢ihi(—Dy,0¢/0Y)| (2 y+ay/2)-

. The advective flux into the ith sub-layer from the lower ¢ — 1th sub-layer through
the layer interface z;_1(z,y) is caused by the interlayer flux r;_1(z,y). The inter-
layer flux transfer r;(x,y) normal to the layer interface from the ith sub-layer to
the 7+ 1th sub-layer is given by (3.5) or (3.29) in a layered confined aquifer when
vertically constant or different dynamic pressures are used, respectively. In a lay-
ered phreatic aquifer, r;(z,y) is given by (4.8) or (4.31) when vertically the same
mean hydraulic head or different mean hydraulic heads are used for each sub-layer,
respectively. The advective flux into the control box from the lower sub-layer is,
therefore, Axx Ayxr; 161 (1 +sgn(r;_1)) /2 [kg s~!] and that out of the control
box into the lower sub-layer is Az x Ay x r;_1¢; (1 —sgn(r;_1)) /2 [kg s~!], where
¢i—1(z,y,t) is the concentration of the pollutant in the i — 1th sub-layer. Similarly,
the advective flux out of the control box into the upper i 4+ 1th sub-layer through
the z;(xz,y) layer interface is Az x Ay x (—r;¢; (1 4+ sgn(r;)) /2) and that into the
control box from the upper sub-layer is Az x Ay x (—r;¢;4+1 (1 — sgn(r;)) /2), where

Ci+1(x,y,t) is the concentration of the pollutant in the upper ¢ + 1th sub-layer.

. The dispersive flux in and out of the control box from the upper layer inter-
face z;(x,y) is proportional to the difference in concentrations ¢; 11 — ¢; in the
neighbouring sub-layers and the constant of proportionality, say 7;(x,y) [m s™1]
is called the interlayer dispersive transfer coefficient across the layer interface z;.
The 7; can be approximated by using Fick’s law and assuming a nominal pollution
concentration, say 7;(x,y,t) at the layer interface z;(x,y). The dispersive fluxes

above and below z; must match, so

_ _ dc 0
—7i(Cip1 — G) = —¢ip1Dz,. (T, y) (@z) L —¢iD2,(x,y) <6z) E (5.3)

2 et
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5. POLLUTANT TRANSPORT IN STEADY FLUID FLOW

The derivatives of the concentrations of the pollutant across z; can be approxi-

mated by the finite difference formulae as:

_ o Citl — i
—7i(Cit1 — &) = —dit1 Dz, (2, y)ma (5.4)
and
—7i(Cip1 — &) = =i D, (:B,y)’yzi_/;i, (5.5)
equating the Right Hand Sides of (5.4) and (5.5), it is found that
i+1Dz, , hiCi Dz hig 16
 m Bti Dl + Db oo
¢z+1Dzi+1hz + (z)zDzihH-l
Now putting (5.6) in (5.4) gives
1 hi/2 hit1/2 .
1o hal /2 1<i<N-1 (5.7)

)]
Ti D2y Gi1 Dy,
where 7 = 7y = 0.

Thus the total pollutant dispersive flux into the control box from the bottom wall
is —Ax x Ay x 7;_1(¢; — ¢;_1) [kg s71] and that out of the control box through

the top wall is —Ax x Ay X 7;(Giy1 — &).

Suppose fp,;(z,y,t) [kg m~3 s71] is a source function of a distributed pollutant,
averaged over the thickness of the ith sub-layer. The total change in mass of the
pollutant in the control box in a small time At is ¢;h; AxAy[c;(x, y, t+ At) —¢;(x, y, t)].
Thus, a balance of the pollutant mass for the control box shown in Figure 5.1 can be

written as
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5.1 Conceptual model

Z-axis

|
oc;
ihiD‘zi%] (-

me\qw
AaszAt (Ti_1 + 1“%(”71)7"1_1) Ci—1 AiBAyAt (*Ti—l —+ Hgl‘fmfl)’ri_1) Ci
Y-axis
X-axis
Figure 5.1: A schematic of the pollutant flow in a layered-aquifer.
Azx Ax Ay Ay
= [quxi(l‘ — oY)~ Ay (s y) + Aagy (2 y — ) — Awgy (z.y + %)
0¢; 0¢;
+Ayodih; <—Dxiaz) — Ayo;h; (-Dxial>
0¢; 0¢;
+Azdih; (—Dyicl> N (—Dyi C>
W/ (@y-41) W/ @+
1+ sen(r;_ 3 1 —sen(r;_ 3
+AzAy <g2( - 1)7“i—10i—1 + gz( : 1)?“z‘—1cz'>
1 . 1— .
+AzAy (- i Sgn(n)ri@' - Sgn(n)n@'ﬂ>

+AzAY (= Tic1 (G — Cim1) + 7i (Gig1 — &) ) + DzAydih; fpi(z, y, t)} At. (5.8

Divide both sides of (5.8) by AxzAyAt and allow Az, Ay, At — 0 to get [25]
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5. POLLUTANT TRANSPORT IN STEADY FLUID FLOW

oc; 0 _ oec; 0 _ oc;
¢ihia = % <—C_Ixi0i + ¢ihliiam> + oy <—Qyi0i + ¢ihiDyi8y>
1 i— _ 1- i— _
+ <Ti—1 + +$g2n(7‘1)n4> Ci—1 + (_Ti—l —+ Sg;l(rl)n_1> Ci
1 . _ .
+ <_7'i - 2 hsenin) sgn(n)”> Ci + <7'i _ Lo sentns) sgn(rz)”> Cit1
2 2
+¢zh1fpz(1:a y7t)' (59)

These are N linear, coupled partial differential equations and can generally be solved

numerically with suitable boundary conditions.

5.2 Illustrations: confined aquifers

Fluid flow and pollutant transport in homogeneous and layered aquifer systems when

top and bottom surfaces of the aquifer are impermeable are illustrated as examples:

5.2.1 Homogeneous aquifers

If thickness of the homogeneous aquifer varies in one horizontal direction (say x), then
total volume flux ¢, per unit aquifer width along x is constant. The advection-dispersion

equation to predict averaged pollutant concentration ¢(x, t) over layer thickness is [25]

ac e 0 oc
o)y =g~ - (M@D.(0) (- 50 )| +en@ee0. G10)
with initial and boundary conditions:
c(z,07) =0, —00 < x < 400,
clx,t) >0 as x— —oo, c¢(x,t)is bounded as x — +oc. (5.11)

Here fp(z,t) [kg m™2 s71] is a vertically averaged pollutant source function; the source
may be distributed over some area or it may be a point source acting as a slice of input
pollution. If there is an instantaneous plane source Qp [kg m~2] acting on z = z¢ and
at time t = tg, then fp(z,t) = Qpd(xr — x0)d(t — tg). For a continuous plane source
acting on x = xg with a rate gp [kg m=2 s71], fp(z,t) = qpd(x — z0).

This model equation is solved for certain special cases:
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5.2 Illustrations: confined aquifers

Example 5.2.1 Thickness h of the homogeneous aquifer is constant, horizontal dis-
persion coefficient D, [m? s71] is constant, and pollutant is injected continuously at

x = xg with mass flow rate qp [kg m=2 s~'], so that fp(z,t) = qpd(x — x0).

The steady-state solution of (5.10) subject to boundary conditions (5.11) can be found
as [29]

o(z) = 4L exp (Dgz(x - :Uo)> for = <uxg (5.12)
%” for = > xg

where U = /¢ is the interstitial velocity of the fluid and is constant in this case. For
an aquifer shown in Figure 5.2 (top), the solution is plotted in Figure 5.2 (middle).
The fluid is flowing from left to right with a speed @ = 0.1 [m hr~!] and the porosity
of the aquifer is ¢ = 0.1 [-]. The pollutant concentration steadies at a constant level
downstream from the injection point. Upstream from the release point, it steadies
at a level defined by the downstream advection by the fluid flow and the upstream
dispersion. Thus, the higher the advection-dispersion ratio, the shorter the upstream

tail of concentration profile, and vice versa.

Example 5.2.2 Thickness profile h of the aquifer is constant, D, a constant and the

mass Qp [kg m—2] is injected instantaneously at x = x¢ at a time t =0 [s].

The analytic solution can be written as a Green’s function [29]

~ 02
é(x,t) = QPt exp (— (z = (w0 + U1)) ), (5.13)

4D,

and is represented graphically in Figure 5.2 (bottom) in red solid and red dashed at
two different times ¢; = 0.5 and ty = 1.5 [hr], respectively after release at x = xg. It
is clear that the distribution of the pollutant is symmetric around the point xo + Ut
and it is dispersed around this point by an amount which depends on the coefficient of

dispersion D,.
Example 5.2.3 Aquifer thickness h(x) varies in one horizontal x-direction, dispersion

coefficient D, is uniform and pollutant is injected with a constant mass flow rate qp

per unit area per unit time.
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Plane of release
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Figure 5.2: (Top) Homogeneous aquifer with uniform thickness. Plane of pollutant release
is indicated as a red line. (Middle) Steady-state concentration solution in the aquifer when
pollutant is injected at the indicated position with a rate gp = 1 [kg m? hr~!]. (Bottom)
Concentration solutions at times ¢; = 0.5 [hr] (solid) and ¢; = 1.5 [hr] (dashed) after the
pollutant of mass Q,, = 1 [kg m~2] is injected instantaneously at the indicated position.
Parameter values are: U =1 [m hr™!], ¢ = 0.1 [-] and D, = 0.5 [m? hr1].

The steady-state analytic solution for continuous injection can be written as

T

h(x - 0

é(x) =

QP¢qh(J"O) for =« > Z

Thus, variations in thickness have no effect on the concentration level downstream
of the release point. For a simple varying thickness profile h(z) = 14 0.3 cos(mz + 7/2)
(Figure 5.3 top), the analytical solution is represented graphically in blue curve in
Figure 5.3 (middle). The concentration level of the pollutant depends on thickness

variations upstream of the release point.

Example 5.2.4 Thickness varies in one horizontal direction, dispersion coefficient is
uniform and pollutant of mass Qn, [kg m~2] is injected instantaneously at time t = 0

as a plane source at position x = xg.
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5.2 Illustrations: confined aquifers

In general, for a non-uniform aquifer thickness, it is either not easy to find an analytic
solution of (5.10) or not possible. For those cases numerical techniques are developed to
compute pollutant concentration. The pollutant concentration computed by numerical
methods in the same aquifer with thickness h(x) = 1 4 0.3 cos(mz + 7/2) (Figure 5.3
top) is plotted against x in the bottom plot of the same Figure at two times ¢; = 0.5 and
to = 1.5 [hr] in blue solid and blue dashed curves, respectively. Note the disturbance

in the symmetry of the solution curves due to variations in thickness.

Plane of release

st
©
=
z [m]
steady-state solutions
it
C'T / constant D, ——
g / Dy = alix)
o /
B 7
O B
i - x [m]
numerical solutions at ¢1 and ts

OIT .5 ;i

1
fo constant D, ——[ Py
=4, .25 o D. = ali(a) t
= DU
5] ~q
= == z [m]

6 it 8 9 10

Figure 5.3: (Top) A homogeneous aquifer with varying thickness h(z) = 1+ 0.3 cos(mz +
7/2), the plane of pollutant release is marked as a red line. (Middle) Analytic steady-state
solutions after continuous release of pollutant at the indicated position of the aquifer for
a constant D, (blue) and for D, = aU, (green). (Bottom) Numerical solution snapshots
at times t; = 0.5 [hr] (solid) and ¢2 = 1.5 [hr] (dashed) after instantaneous release at the
indicated position of the aquifer for a constant D, (blue) and for D, = aU, (green). Here

a = 0.5 [m], all other parameters are the same as in Figure 5.2.

Example 5.2.5 Horizontal dispersion coefficient is proportional to the interstitial ve-
locity of the fluid U(x), i.e., Dy(x) = aU(x), where o [m] is dispersion length (dis-
persivity) that depends on the matriz structure (see for example, [11], [13] and [12]).
Thickness varies in one horizontal direction and pollutant is injected continuously with

mass flow rate qp [kg m=2 s71].
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5. POLLUTANT TRANSPORT IN STEADY FLUID FLOW

The steady-state analytic solution for the pollutant concentration in the same aquifer

of Figure 5.3 (top) can easily be found as

qx
¢qph(zo)
qz

dgph(zo) _1 _ f
o) = { exp (—=(z0 — x)) or z < g (5.15)

for x > xg

This solution is plotted in Figure 5.3 (middle) in green. In this case, the concentra-
tion level of the pollutant does not depend on thickness variations both upstream and

downstream of the release point.

Example 5.2.6 Pollutant is injected instantaneously as a plane source, thickness is

non-uniform and D,(z) = aU(z).

Numerical computation gives the concentration profile shown in Figure 5.3 (bottom)
green plots at two times ¢; = 0.5 and to = 1.5 [hr] in solid and dashed curves, respec-
tively. The symmetry of concentration levels is disturbed again but not as much as for
the case of constant dispersion coefficient D,. This is because, as fluid passes through
the narrower regions of the aquifer, it speeds up and, therefore, pollutant dispersion
also increases.

Pollutant transport equation in a two-dimensional, confined, and single-layered
aquifer can be written as [25]

oc oc oc 0 oc 0 oc
Ohgy = ~gy ~ g, " ga [’“f’Dx (‘a)] "oy [’“Z’Dy (‘ayﬂ + hofpla.0)
(5.16)

where fp(x,y,t) is vertically averaged pollutant distributed or a line source function. If
fp(x,y,t) is an instantaneous line source function acting on (x,y) = (zg, yo) at a time
t = to with a quantity Qp [kg m~!], then fp(x,y,t) = Qpd(z — x0)5(y — y0)d(t — to)-
Similarly, if fp(x,y,t) is acting continuously on (zg,yo) at a time ¢y as a line source
with an injection rate gp [kg m~! s71], then fp(z,y,t) = qpd(x — 20)d(y — yo)-

This equation can be solved numerically with suitable boundary conditions, i.e.,

5(%970_):07 —OOSQC‘SOO, OS?JSW
¢(—o0,y,t) =0,  &(4o00,y,t) is bounded,
0¢(x,0,1t) oc(x, W, t)
=0 R St A A A 5.17
ay Y ay J ( )

where W is the width of the aquifer.
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5.2 Illustrations: confined aquifers

Example 5.2.7 Pollutant is injected instantaneously at (xo,y0) = (10,30) as a line
source at time t = 0 in quantity Qp [kg m™'] in a rectangular aquifer with thickness
profile h(xz,y) = 14 0.5 cos (mx/25) cos (my/20); 0 < 2 < 100,0 < y < 80.

Taking the dispersion coefficient to be proportional to the mean interstitial fluid
velocity ‘ﬁ} = |u/¢| and aligning the z-axis with the main direction of groundwater
flow, the longitudinal dispersion coefficient D, and the transverse dispersion coefficient

D, as shown in (5.2), can be written as

a(z, y)| o) = o la(@ Yl
o h(ey) Y =T ey

The vertically averaged pollutant concentration contours as predicted by the model

Dy(z,y) = ar (5.18)

at times t; = 1 [day]| and t2 = 4 [day] after release are shown in Figure 5.4. The pol-
lutant concentration measured at the fixed point (80,30) of the aquifer plotted against
time (usually known as the breakthrough curve) is also shown in the Figure 5.4.

It is obvious from the breakthrough curve that the pollutant concentration at (80,30)
is practically zero until 2.5 [days| after the release of pollutant at (10,30). Then con-
centration starts increasing and reaches to its maximum i.e., almost 30 [g m~3] at 4
[days] after the release. It again decreases and becomes almost zero again after 7 [days]
of the release.

Figure 5.5 shows the total amount of the pollutant present in the aquifer and the
total amount of the pollutant that flowed out from the downstream end (100, y) of the
aquifer. The sum of both the quantities always remains equal to the mass of pollutant

released in the aquifer at (10,30).

Example 5.2.8 The injection is continuous, with a rate qp [kg m=" s7Y], i.e., fp(x,y,t)
= qpd(r — 20)0(y — Yo)-

A numerical solution for steady-state pollutant concentration is shown in Figure 5.6.
The pollutant steadily released advects along with the fluid flow and it disperses in
longitudinal and transverse directions with the rates that depend on the fluid speed
and longitudinal and transverse dispersivities ay, = 3 and ar = 0.7 [m], respectively.
The pollutant disperses upstream of the pollutant release point and its concentration
balances at a level defined by the advection to dispersion ratio. The plume of the

pollutant concentration would spread more in the transverse direction if ap was higher.
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80 T el Breakthrough curve for pollutant at (80,30)
P o
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Figure 5.4: Pollutant concentration at times ¢; and ¢ after release at (10,30) as a line
source (marked as o). The parameter values are: o, =3, ar =0.7[m], ¢ =0.1[-],Qp =1
kg m~'], K/p = 1.155 x 1079 [m? s kg~ !]. The contours are plotted at 10~3(-2)~1 [kg
m~?] from the outer contour to the inner ones. In this thesis, a(b)c means a sequence
a,a+b,a+2b,--- c.

mass in the aquifer
mass flowed out of the aquifer

mass [kg]
1
.5
time [days]
1 2 3 4 5 6 i 8 9 10

Figure 5.5: The total mass of the pollutant that has flowed out of the downstream
boundary and the total mass in the aquifer, both plotted against time.

A breakthrough curve at the point (80,30) shows concentration of the pollutant against

time. The concentration at (80,30) starts building up after almost 2.5 [days] and reaches
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5.2 Illustrations: confined aquifers

to a peak value of almost 50 [g¢ m™3] after almost 6 [days]. It stays constant at this

peak value as long as the pollutant is being released with the same rate.

30 T Breakthrough curve for pollutant at (80,30)
e 50T
40 7
70+ {30 &
20 )
R 10 o time [days]
60 OT— T +— 11
o 1 2 3 4 5 6 7 8 9 10
HEsiE e
50 1
E 40

30 | M ; ]

20

10 f T T T T e T T T T e

Figure 5.6: Steady-state pollution concentration when pollutant is released continuously

at a constant rate gp = 1 [kg m~! day '] (all parameters are same as in Figure 5.4). The

pollutant injection point is marked as e. The contours are plotted at 10~3(0-3)0 [kg m~3]

from the outer contour to the inner ones. Note: a(b)c means a,a +b,a+2b,--- ,c.

Figure 5.7 shows the rate with which the pollutant is being flowed out of the down-
stream boundary plotted against time. One can see that the pollutant starts flowing
out of the boundary after almost 4 [days]. The rate of pollutant mass flowing out in-
creases and finally becomes stable at a rate with which the pollutant is being released
in the aquifer at (10,30).

Note that the pollutant mass released in all the above mentioned transport problems
does not contain much water to effect the fluid flow in the aquifers. In the following
example, injected fluid is contaminated with a pollutant and it does affect the fluid

flow.

Example 5.2.9 The two-dimensional homogeneous aquifer is being recharged with a

contaminated fluid at (z1,y1) with a steady rate Fy [(m? s71) m™' = m? s71] and
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mass flow rate [kg day ]

time [days]

1 2 3 4 5 6 7 8 9 10

Figure 5.7: The rate of pollutant mass that is flowing out of the downstream boundary

of the aquifer plotted against time.

fluid is being pumped out from (xa,y2) with a rate Fyy [(m3 s71) m™t = m? s71]. The

concentration of the pollutant in the injected fluid is Cp.

Consider again the two-dimensional homogeneous aquifer shown in Figure 3.1 with
a fluid injection well of strength F; = 86.4 [m? day '] at (x1,%1) = (40,50) and a fluid
withdrawal well of strength Fyyr = 86.4 [m? day '] at (w2, y2) = (80, 30) and whose fluid
flow problem is solved and plotted (isobars and streamlines) in Figure 3.5. Suppose
that the injected fluid is polluted with a hazardous chemical whose concentration in
the fluid is Cp = 1 kg m~3].

A numerical solution of steady-state pollutant concentration is plotted in Figure 5.8.
Streamlines are also plotted in blue to see the fluid flow paths. The dispersivities are
the same as in the simulation whose results are plotted in Figure 5.6. Note that the
pollutant seems to have spread more in the transverse direction compared to that in
Figure 5.8, whereas dispersivities are the same in both the simulations. This is because
the polluted fluid that is being injected at (40,50) makes its way by spreading apart the
clean groundwater that is flowing from the upstream. Hence, a plateau of concentration
profile is observed downstream of the injection well. The pumping well at (80,30) is
withdrawing water at a constant rate of Fyr. A breakthrough curve is shown at the
pumping well which shows concentration of the pollutant in the pumped water plotted
against time. The peak concentration at the pumping well is smaller than that in the
middle of plateau because some of the clean water is also being pumped out here (see

the streamlines coming from low concentration zone and ending at the pumping well).
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80 T T T T T T T T T
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Figure 5.8: Steady-state pollution concentration when water in the recharge well (marked

as e) is contaminated with concentration 1 [kg m~3] (all parameters are same as in Fig-

ure 5.6). The pumping well is marked as e.The contours are plotted at 10~3(

from the outer contour to the inner ones.

5.2.2 One-dimensional multi-layered aquifers

0.3)0 [kg m_?’]

The mass-balance equation for a multi-layered one-dimensional aquifer composed of N

sedimentary layers can be written as
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0¢; . 19} 0¢; 1+ Sgn(ri_l) _
¢zhz ot 8 |: qz,;Ci +¢zh Da:l Oz :| + |:Tz—1 th Ci—1
1-— i 1 i _
+ [—Ti1 + Sg;I(T 1)7‘11} c; + [_Ti — 7—’_ Sgn(?“ )7“1:| C;

1-— i _ .
+ |:’7'Z' — Sgn(?“)n] Ci+1 + gblhlfpl(x, t) for 1 <¢<N. (519)

Here total volumetric flux ¢, through the whole aquifer is constant. As an illus-
tration, a one-dimensional multi-layered model is tested on a homogeneous aquifer
of constant thickness against the tracer transport model equation for horizontal fluid
flow with impervious top and bottom boundaries. The tracer transport equation for

horizontal fluid flow in such aquifer is written as

_ 2= 2~
gbhg;: a 5.+ OhDi s o 5+ ¢hD.5 o 5+ ohf (. 2,0). (5.20)

Here D, and D, are horizontal and vertical dlspersmn coefficients respectively, and
f(z,z,t) is a distributed or a line pollutant source function. The source function,
f(x,2,t) = Qmd(z—20)5(2 — 20)8(t) is a line source of Qp [kg m~1] released at (x,z) =
(70, 20) at time t = 0. If coordinates are transformed as X = z — U,t, Z = z, and
s = t and then &(z,y,t) is replaced with ¢(X,Z,s) in the new coordinates (X, Z, s),
then (5.20) takes the form

_ 0J¢ oc — 0c 0%¢c 82A
or . - )
oc o°c o0c
88 =D, 8X2 + D, 822 +QP(5( —(1}0)(5(2—20)5(8). (5.21)
Its solution can be written as [29]
. Qp (X —20)*  (Z—20)°
X, Z,8) = ————— — — : .22
A2 = oD P\ D, 4D.s (5.22)
Writing concentration back in the original coordinates
Qp (x —z0) — Ust)? (2 — 20)?
- - : 2
o=t = o /pon: O AD,t 4Dt (5:23)

Note that this solution is for infinite boundaries. When the top boundary z; and
the bottom boundary z, of the aquifer are finite, then the boundary conditions for the

pollutant concentration on these boundaries are
oc oc

%(1‘, 2p, t) = a(x,zt,t) =0.
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5.2 Illustrations: confined aquifers

To overcome this difficulty on the upper boundary z;, one may assume to have infi-
nite many identical aquifers above this aquifer with the pollutant release points located
at such vertical positions, so that the interfaces between these horizontally uniform
aquifers act like mirrors. This condition will help to make sure that the boundary con-
dition 0¢/0z(x, z;,t) = 0 is satisfied. Similarly, an infinite number of identical aquifers
on the lower side may also be assumed with the pollutant injection points located at
levels to satisfy the other boundary condition.

In this case, constrained to boundary conditions stated above é(x, z,t) can be writ-

ten as
_( t) Qp (@) =Te)® [ (z—20)? _ (2—2h+29)? _ (2—2h—z)?
c(x, 2, = v 1Dyt e 4Dt g iD.t  de 1Dt
At/ DD,
_ (zf4h+z0)2 _ (zf4h7z0)2
+€ 4Dt _|_ e 4Dyt + e
o (z+zo)2 - (z+2hfzo)2 - (z+2h+zo)2 - (z+4hfzo)2
+e 4Dyt _|_ e 4Dt _|_ e 4Dyt + e 4Dt

- (z+4h+20)2
+e 1Dt R

Qp _(@=20)-Ust)? _GA2nhtzg)?  (z42nh—z0)?
— _— ¢ 4D gt Z e 4Dt _|_ e 4Dzt
4t/ D, D,

Here both the series converge (trivially) as h > 0. Consider the first series

n=—oo

o _ (z+2nh+zo)2
Z e iD,t
n=-—o00
- (z42nh+z)® > _(%y
E e 4Dt = E e 2Dzt
n=-—o00 n=-—oo
0o
_ (z+z0)2 _ n2h? _ nh(z+zq)
= e 4Dt E e Dyt Dt
n=-—o0o
_ (z+20)2
— e iDLt § : qn 2'm1/1
n=-—o0o

Here ¢ = exp (—h?/(Dt)) and vi = ih(z + z)/(2D.t), then |q| < 1, since
h?/(Dyt) > 0. This series can thus be written as a Jacobi Theta function of the
third type (in terms of the nome g = ¢™7) [10] as

(z-&-2nh+zo)2 (z+zo)2
Z e D5t =¢ 4Dzt 3 (th)7 (5.24)

n=—oo

where v is a complex variable and ¢ = exp (in7) € C (real in this case) is a parameter

with 7 = ih? /(7 D,t) having a positive imaginary part (upper half plane). For a fixed 7
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(i.e., for a fixed t) this becomes a Fourier series of a periodic entire function in variable
vy with a period m. Similarly, taking vy = ih(z — zg)/(2D,t), the second series can be

written as
e - (z+2nh720)2 - (2720)2

Z e iD;t =e iD=t 03(1a,q). (5.25)

n=—oo

Thus, the pollutant concentration can be written as

_ QP 7((“5*930)*[7175)2 7(z+z())2 7(zfz0)2
é(xr,z,t) = —————e 4Dt e 4Dt @ (v , 4 e aDzt s (v ,
( ) VDD s (v1,q) 3 (2,q)
(5.26)
The first Theta function 03(v1, q) is symmetrical around v; = 0, i.e., z = —zp and

the second Theta function 65(vs, ¢) is symmetrical around z = zy. The snapshot of the

resultant solution (5.26) is plotted for two different times ¢; and ¢2 in Figure 5.9.

Sk =
@) |

x [m]

Figure 5.9: Analytic solution of the pollutant concentration in a homogeneous aquifer
at times t; = 0.5 and to = 1.0 [hr] after release when Q,, = 1/11 [kg m~!] is released
at (0,0.5) as a line source (marked as e). The parameter values are: Dy = 0.15 [m?
hr=!'], D, = 0.05 [m? hr™'], @ = 0.1 [m hr™!], ¢ = 0.1 [-]. The contours are plotted at

10=2(0-15)=08 [lkg m=3] from the outer contour to the inner ones.

The same homogeneous aquifer is discretized in 11 layers and the layered model
(5.19) is applied to compare the results with those of (5.26) when the same amount
of the pollutant is injected as a plane source in layer 6 as shown in Figure 5.10. The

concentration profile in this case is quite similar to that in Figure 5.9.
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Figure 5.10: Numerical solution of the pollutant concentration in a homogeneous aquifer
at times t; = 0.5 and t3 = 1.0 [hr] after release when aquifer is discretized in 11 layers and
Qp = 1 [kg m~2] pollutant is assumed to be released as a vertical plane source at x = 0
(marked as a vertical thick red bar) in the 6th layer of the aquifer. The parameter values

are the same as in Figure 5.9 and the contours are also plotted at the same levels.

5.2.3 Signalled sources

If a pollutant source is active for a certain interval of time ¢; < t < {9 and it is
distributed over a region 71 < x < @9, then fp;(x,t) = gp [kg m™3 s71] for t; <t <ty
and x1 < x < 9. As an example, this kind of problem is solved when a source is active
on the surface of a homogeneous aquifer at —5/3 <z < 5/3 [m] during 0 < ¢ < 1.2 [hr].
The homogeneous aquifer may be discretized vertically in different layers and model
(5.19) may be applied by assuming the source to be available only in the top sub-
layer. Ten layers have been assumed here and the concentration contours are plotted in
Figure 5.11 at times ¢ = 1.2 and ¢ = 2.0 [hr]. The bold line at the top —5/3 < x < 5/3

[m] shows the region where the source is active during 0 < ¢ < 1.2 [hr].

5.2.4 Layered aquifer with a point pollutant source with negligible
fluid recharge

When a pollutant is injected in a confined aquifer, it advects with the fluid flow and
disperses in all directions, the rate of which depends on the porous structure and

the fluid speed. As an illustration, pollutant transport in a homogeneous aquifer is
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S

a [m]

Figure 5.11: Concentration contours as predicted by the model at times t = 1.2 and
t = 2.0 [hr]. The region of pollutant release is marked as a horizontal thick red bar at the
top. The parameter values are: g, = 0.1 [m? hr=!], ¢p = 1 [kg m~2 hr~ ], D, = 0.15 [m?
hr='], D, = 0.05 [m? hr~!], ¢ = 0.1 [-]. The contours are plotted at 10~ (02505 [kg m—3]

from the outer contour to the inner ones.

compared to that in a non-homogeneous aquifer consisting of three different layers
where both the horizontal and the vertical dispersion coefficients are assumed constant.
The homogeneous and the non-homogeneous aquifers are shown at the top and the
bottom of Figure 5.12, respectively. The aquifers are discretized vertically in further
layers in order to get better results for plotting purposes. Here, the homogeneous
aquifer is discretized into 20 layers with all having the same thicknesses proportional
to the total thickness of the aquifer. The three different layers of the bottom non-
homogeneous aquifer are discretized further into 7, 6 and 7 sub-layers from bottom
to top, respectively. Within each layer, the sub-layer thicknesses are chosen to be
equal. A pollutant Qp, [kg m~2] is injected in a sub-layer of the homogeneous aquifer
containing the point (xg,20) = (2,1.5) as a plane source as shown by a red rectangle
in Figure 5.12. If hj (x0) is the thickness of the jth layer containing the injection
point in the homogeneous aquifer and hy, (xg) is the thickness of the kth layer in the
non-homogeneous aquifer, then Qp, = Qp, hj, /b, [kg m™2] pollutant is assumed to
be injected in the non-homogeneous aquifer, so that the total mass of the pollutant
remains the same in both the aquifers. Assuming the parameters shown in Table 5.1,

the model is applied to both the aquifers and the predicted contours are plotted at two

68



5.2 Illustrations: confined aquifers

different times t; = 3 [hr] and t2 = 7 [hr].

th =3 [hI‘} to =7 [hr]

Figure 5.12: Pollutant concentration contours at times ¢; and t, after it is injected
instantaneously as a planar strip source indicated as a red rectangle in the layer containing
(2,1.5). The aquifer at the top is a homogeneous aquifer and the bottom one is non-
homogeneous with the middle layer being more permeable. The contours are plotted at

the same levels from the outer contours to the inner ones on an equally spaced logarithmic

2(.2)—0.4 [ 3]

scale 10~ kg m™°]. The values of the parameters used are mentioned in Table 5.1.

The pollutant in the higher permeability middle layer of the non-homogeneous
aquifer seems to move faster due to higher fluid speed as compared to the outer lay-
ers. The pollutant concentration contours in the homogeneous aquifer are disturbed
from being symmetric due to only varying thickness of the aquifer whereas in the
non-homogeneous aquifer, difference in permeabilities of the layers also plays a role in
interlayer fluid flux (and hence pollutant flux) and different fluid speeds in different
layers. Note that the total volume flux ¢, is assumed the same for both the aquifers in
this example, although the dynamic pressure gradient in the two aquifers differs due to

the difference in permeabilities (look at (3.18) for explanation).

5.2.5 A lens in a confined aquifer

A one-dimensional varying thickness confined aquifer with a sub-layer of finite length
is considered here for illustration. It is assumed that the permeability of the sub-layer
K is smaller than the permeability K of the rest of the homogeneous aquifer. For the
purpose of implementation of numerical procedure, the sub-layer can be assumed to

exist all over the extent of the aquifer with a negligible constant thickness § > 0 where
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Parameters Values Units
The injected mass @Qp, in the homogeneous 1 [kg m—2]
aquifer

Porosity ¢ of both the aquifers 0.1 -]
Permeability of the homogeneous aquifer K 6.55 x 1078 [m?]
Permeabilities (K71, Ko, K3) of the layers of the (.4,1,.4) x 1077  [m?]

non-homogeneous aquifer (from bottom to top)

Coefficient of horizontal dispersion D, 0.10 [m? hr—1]
Coefficient of vertical dispersion D, 0.02 [m? hr—!]
Total volume flux through the whole aquifer ¢, 0.1 [m? hr—1]

(both aquifers)

Table 5.1: Parameters used in Figure 5.12

it does not exist. This is a reasonable assumption, as V - q; = 0 in (3.5) as thickness
becomes constant, i.e., h; = ¢ and it suggests that r;(x,y) = ri—1(z,y), i.e., almost all
of the fluid entering from any of the neighbouring layers goes into the neighbouring
layer on the other side. That is, this narrow sub-layer acts almost as an interface.

Moreover, if ¢;—1,¢;, ¢pix1 and D,, ,, D, D are the porosities and coefficients of

Zit1
dispersion in z-direction in the ¢ — 1th, ith and the ¢ + 1th sub-layers, respectively
then the effective porosity below the centre of the ith sub-layer to the centre of the
i — 1th sub-layer is (0¢; + hi—1¢i—1)/(d + hi—1) and the effective coefficient of vertical
dispersion is (0D, + hi—1D,, ,)/(6 + hi—1). Similarly, the effective porosity and the
effective coefficient of vertical dispersion from the middle of ith sub-layer to the middle
of i + 1th sub-layer are (hij11¢i41 +0¢;)/(hiy1+9) and (hip1 D, +0D.,)/(hiy1 +9),
respectively. Then, by matching dispersive fluxes above and below the middle of the

ith sub-layer, the resultant interlayer transfer coefficient 7r(z,y) can be approximated

by using Fick’s law above and below the middle of the ith sub-layer as

_hit19i41 + 09 o hit1Dz,,, + 0D, » Cit1 — G
hitz1+9 hiz1+90 (hiv1+9)/2

it hisigi1 0D +hiaaDey G-
§+hi—1 5+ hi—1 (64 hi_1)/2

Q

— TR(Ci+1 — Ci—1)

5.27)
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which, on solving for ¢; gives

hit1@ip1+0¢; Pit1 Dz +0Dz; Spithi1¢i_1 0Dz +hi1Dz

- ) [ (6 4+ hi—1)Civ1 + =5, SThi (hiy1+0)Ci1
¢ hig1biv14+6¢; Pit1Dz;  +0Dz; Spithi_16i_1 0Dz +hi 1Dz, :
+;L?+T-li-5 ’ hi;l—}i-é (6 +hi—1) + s (5+hii? ' 0+hi—1 = (hit1 +9)
(5.28)
When 6 — 0, this reduces to
& Giv1Dz  hi1Cip1 + @i 1Dz, hi+1éi71‘ (5.29)
Git1Dz  hic1 + Gic1 D2y higa
Thus, the resultant interlayer transfer coefficient becomes
TR " Spithi—1i—y 0Dz thi-1Dzyy hig1¢it1+0¢; hit1Dz;  +0Dz; '
0+hi 1 0+h;i—1 hitr1+6 hi—1+0
allowing 6 — 0, (5.30) approaches to
1 hi_1/2 hiy1/2
L i 1/ + 2+1/ (5'31)

TR ¢is1Ds,  $inaDay,

This interlayer transfer coefficient is same as if there was no thin ith sub-layer in
between. Now, if the sub-layer of finite length (lens) is as shown in the bottom two
plots of Figure 5.13, it can be assumed to be present and have infinitesimal thickness
all along the length of the aquifer where it does not exist.

The whole aquifer, then, can be discretized vertically in further sub-layers for im-
plementation of the simplified layered model. The bottom two plots in Figure 5.13
show contour plots of tracer concentration after two different times of instantaneous
tracer release mass 1 [kg| at the indicated position. The sub-layer has a lower perme-
ability here and seems to behave as more resistant to the fluid and tracer flow (bottom
left in Figure 5.13). Moreover, it traps tracer within it as tracer flows through it and
keeps leaking while most of it has passed through the neighbouring higher permeability
regions (bottom right in Figure 5.13).

The same amount of tracer transport is simulated in a totally homogeneous aquifer
of the same thickness profile except it does not have a finite sub-layer of different
permeability. This aquifer is also vertically discretized into further sub-layers and the
resultant contour plots are shown in the top two plots of Figure 5.13. The asymmetry
caused by the less permeable sub-layer is obvious. The contours in all four plots are
plotted on a logarithmic scale in increasing order from the outer contours to the inner

ones.
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tl = 4 [hI‘] t2 = 10 [hI‘]

Figure 5.13: Pollutant concentration contours at times ¢; and t, after it is injected
instantaneously as a planar strip source indicated as a red rectangle in the layer containing
(2,1.4). The aquifer at the top is a homogeneous aquifer and the bottom one has a less
permeable lens in it. The contours are plotted at the same levels from the outer contours

to the inner ones on an equally spaced logarithmic scale of 10~3(-25)0 [kg m~3].

All the parameters used in these simulations are listed in Table 5.2. Note that
the total volume flux g, is the same in both the aquifers, which means that the mean
dynamic pressure at the boundaries of two aquifers is different to maintain same volume

flux.

Parameters Values

total volume flux g, 0.1 [m? hr]
permeability of aquifer K 1077 [m?]
permeability of lens K; 1078 [m?]
coefficient of horizontal dispersion D, 0.03 [m? hr™!]
coefficient of vertical dispersion D, 0.005 [m? hr—!]
aquifer porosity ¢ 0.1 [-]

Table 5.2: The parameter values used for the confined aquifers shown in Figure 5.13.
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5.2.6 Point source of contaminated fluid in one sub-layer

Consider again the aquifer shown in Figure 3.6 and whose fluid flow problem is solved
in Section 3.3.1. Also, suppose that the fluid properties and geometrical characteristics
of the aquifer are the same and the aquifer is still modelled in two different ways; (1)
the three sedimentary layers are used as vertical discretization, and (2) the three layers
are subdivided into five further sub-layers to get more refined results. Suppose that the
injected fluid is contaminated with a pollutant and has a concentration Cp [kg m~3].

Since the volumetric rate of contaminated fluid entering the aquifer in both the models

is the same, the rate of pollutant mass entering the aquifer is also the same.

Numerical solutions for the steady pollutant concentrations in both the cases are
plotted in Figure 5.14. The top graph is the concentration profile in the aquifer when
natural layering is used for vertical discretization while the bottom graph is with a
more refined vertical discretization, i.e., each sedimentary layer is divided into five
further sub-layers. Although, the concentration profile in the bottom graph seems
more refined, the upper graph is still good enough for practical purposes. The further
vertical discretization is possible and the decision for that depends that how much

detail of the aquifer is known and how accurate the results are required to be.

5.2.7 A stream of contaminated water at the surface

Consider the aquifer with a transverse running stream of water at the surface and whose
fluid flow problem is solved in Section 3.3.2. Now assume that the fluid flowing in the
stream is contaminated with a “well mixed” pollutant and has a concentration Cp.
Suppose that the fluid and the geometric characteristics of the aquifer are the same as
those used in the simulation in Figure 3.7. A numerical solution of the steady-state
pollutant concentration is contoured in Figure 5.15 with the transport properties as
mentioned in Table 5.3. As mentioned in Section 3.3.2, for some initial zone where
the stream is in contact with the top sub-layer, groundwater flows up in the stream
with these boundary conditions. Therefore, the pollutant concentration contours do

not start immediately from the first point of contact.
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Figure 5.14: Pollutant concentration in a layered aquifer with a recharge well at (4,0.7)
of injection rate 0.4/h,,(4) [(m® hr™') m~2 = m hr~!] where the injected water is polluted
with a contaminant of concentration Cp = 1 [kg m~2]. (Top) Concentration contours when
natural layering is used for vertical discretization. (Bottom) Pollutant concentration con-
tours when each sedimentary layer is divided into five further sub-layers. The concentration

contours are plotted at levels 1071-2(0-0=0-1 kg 3],

5.3 Illustrations: phreatic aquifers

The pollutant transport equations (5.9) for the confined aquifers remain valid for
phreatic aquifers and once the phreatic surface is found, the application of the model is
similar. The interlayer transfer coefficient 7; between layer ¢ and ¢+ 1 and the interlayer
flux normal to the layer interface r; from layer i to i + 1 are again given by (5.7) and
(4.8), respectively. The total volume flux q(z,y) through the whole aquifer is given by
(4.3) and the specific flux per unit width of layer ¢ is given by (4.9).

5.3.1 Effect of varying bottom surface in a homogeneous aquifer

Now consider a homogeneous phreatic aquifer. The boundary conditions for the phreatic

surface are assumed to be z;(0) = 3 and 2,(10) = 1.5 [m], i.e. the fluid is flowing from
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Thickness z [m]

Figure 5.15: Concentration contours in a layered aquifer with a transverse running stream
at the top from = = 4 to = 5. The values of the parameters used in this simulation are

given in Table 5.3. The concentration contours are plotted at levels 10~1:2(0-1)=0.1 [ke
_3].

m
left to right. Imagining that there is no source or sink in the phreatic aquifer, the
phreatic surface z;(z) is found by using a one-dimensional version of (4.5) while taking
zp(z) = 0. The resultant phreatic surface is shown in Figure 5.16. Once, the phreatic
surface is computed, the pollutant transport can be treated exactly in the same way as
for the confined aquifers. The homogeneous aquifer here is discretized vertically into
21 sub-layers of equal thicknesses proportional to the total thickness of the aquifer. A
pollutant Qp; [kg m~?] is assumed to be injected instantaneously in the jth sub-layer
containing the point (2,1.4) as a planar strip source. Model equations (5.9) are applied
to predict pollutant concentration at times t¢;, to and t3 while using the parameter
values listed in Table 5.4. The resultant pollutant concentration contours are plotted
in Figure 5.16.

It is evident from the concentration contours that the fluid speed increases as it
reaches the thinner region of the phreatic aquifer. The longer nose at front of the
concentration profile shows that the fluid is moving faster there.

Now if the base of the homogeneous aquifer is not planar, the phreatic surface z;
depends on the shape of the base. As an illustration, an impervious hump is assumed
in the base of the homogeneous aquifer as shown in Figure 5.17.

Maintaining all other parameters the same, a pollutant Qpy = Qp1hj, /by, kg m2]

is injected in the kth layer of the aquifer containing the same release point (2,1.4) to
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Parameters Values

pollutant concentration in injected water 1 [kg m™3]

Cp

coefficient of horizontal dispersion (0.037,0.040,0.035) [m? hr—!]
(D1, Da2, Da3)

coefficient ~ of  vertical  dispersion (0.022,0.025,0.020) [m? hr—!]
(Dzh D, Dz3)

aquifer porosity ¢ 0.1 [-]

Table 5.3: The parameter values used for the confined aquifers shown in Figure 5.15.

Parameters Values

the injected mass Qp; 1 [kg m~2]
porosity ¢ 0.1 [-]
coefficient of horizontal dispersion D, 0.10 [m? hr—1]
coefficient of vertical dispersion D, 0.02 [m? hr—1]

total volume flux through the whole 0.1 [m? hr—!]

aquifer ¢,

Table 5.4: Parameters used in Figures 5.16 and 5.17

maintain the same released mass for comparison. Here, h;, and hyo are thicknesses
of the jth sub-layer of the aquifer with the planar base and the kth sub-layer of the
aquifer with the humped base. The pollutant concentration contours at all three times
again are plotted with the same colour for the same level. Now, we see that the phreatic
surface adjusts itself depending on the shape and size of the hump. Also when fluid
enters into the narrow region over the hump, it speeds up and therefore, the pollutant

also moves faster.

5.3.2 A lens in a phreatic aquifer

Consider the phreatic aquifer with a lens of lower permeability in it discussed in Section
4.1.3 and whose fluid flow problem is already solved and shown in Figure 4.3. Suppose
that the aquifer is vertically discretized in N = 19 sub-layers and a pollutant of mass

Qp = 1 kg m™2] is injected instantaneously in the sub-layer containing the point
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Figure 5.16: Pollutant concentration contours at times ¢; = 3 [hr] (Top), t2 = 6 [hr]
(Middle) and ¢35 = 9 [hr] (Bottom), when it is injected instantaneously as a planar strip
source (red rectangle) in a layer containing the point (2,1.4) in a homogeneous phreatic
aquifer with a planar base. The contours are plotted at the same levels from the outer

contours to the inner ones on an equally spaced logarithmic scale 10~225(0:25)-0.25 [kg

m~3].
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Figure 5.17: Pollutant concentration contours at times ¢; = 3 [hr] (Top), t2 = 6 [hr]
(Middle) and t3 = 9 [hr] (Bottom), when it is injected instantaneously as a planar strip
source (red rectangle) in a layer containing the point (2,1.4) in a homogeneous phreatic
aquifer with a base containing an impervious hump. The contours are plotted at the same
levels from the outer contours to the inner ones on an equally spaced logarithmic scale
10-2:25(0:25)-025 [ko 1 =3].
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5.3 Illustrations: phreatic aquifers

(z,2z) = (2,1.4). The transport model is applied on this aquifer with the parameter
values mentioned in Table 5.5 and the resultant concentration of the pollutant is plotted
in Figure 5.18 as contours after times ¢; = 0.5 and to = 1.0 [hr]. The top plot in
Figure 5.18 is pollutant concentration snapshot after ¢; = 0.5 [hr]. One may observe
that as pollutant advects with the fluid and disperses, it enters into the less permeable
lens and as fluid speed is a lot lower in the lens compared to that in the other parts of

the aquifer, it seems to have jammed in there.
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Figure 5.18: (Top) The pollutant concentration contours at time ¢; = 0.5 [hr] after release
as a planar source in the sub-layer containing (2,1.4) marked as red rectangle. (Bottom)
The pollutant concentration at time to = 1.0 [hr]. The transport parameters are mentioned
in Table 5.5. The contours in both the graphs are plotted on an equally spaced logarithmic
scale 10739290 [kg m~3] from the outer contours to the inner ones.

In the bottom plot of Figure 5.18, pollutant concentration after time ty = 1.0 [hr]
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5. POLLUTANT TRANSPORT IN STEADY FLUID FLOW

is plotted. The pollutant in the lens of lower permeability is moving slowly while that
in the rest of the aquifer has gone past the lens and pollutant is slowly bleeding in
the neighbouring areas of the lens. The release point of the pollutant is marked as red

rectangles in both the plots.

Parameters Values

the injected mass Qp 1 [kg m~2]

porosity ¢ 0.1 [-]

coefficient of horizontal dispersion D, 0.25 [m? hr1]

coefficient of vertical dispersion D, 0.02 [m? hr—1]

total volume flux through the whole 1.368 [m? hr™!]

aquifer ¢,

density of groundwater p 1000 [kg m~3]
gravitational acceleration g 9.8 [m s~

dynamic viscosity of groundwater p 1.002 x1073 kg m~! s71]

Table 5.5: Parameters used in the simulation whose results are shown in Figure 5.18.

5.3.3 A point source of contaminated fluid in one sub-layer

Consider again the aquifer shown in the Figure 4.6 and whose fluid flow problem has
already been solved in 4.3.1. Now suppose that the injected fluid in the 3rd sub-layer
is contaminated with the pollutant where concentration of the pollutant in the injected
water is Cp = 1 [kg m—3]. The pollutant transport model (5.19) can be solved for this
aquifer and the resultant steady-state concentration profile of the pollutant is plotted
in Figure 5.19. The contaminated fluid is assumed to be injected as a planar source in
the 3rd sub-layer, marked as a red thick line in the Figure.

The parameter values used for transport modelling are those mentioned in Table 5.6.
The geometric characteristics of the aquifer and the fluid properties are shown in Ta-
ble 4.1. The pollutant concentration in the 4th sub-layer (from the bottom), which has

comparatively low permeability, is higher at the steady-state.

5.3.4 Contaminated stream at the top

Consider the phreatic aquifer that has the transverse running stream over the top

sub-layer shown in Figure 4.7 and discussed in Section 4.3.2. Now suppose that the
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5.3 Illustrations: phreatic aquifers

Figure 5.19: The pollutant concentration contours in the phreatic aquifer composed of six
sub-layers. The contours are plotted on an equally spaced logarithmic scale 10~1-8(0-15)=0.15
from the outer contour to the inner ones. The injection well of contaminated fluid is
indicated as a red line in the 3rd sub-layer at « = 4 [m].

Parameters Values

the pollutant concentration in the in- 1 [kg m™3]
jected fluid Cp

porosity ¢ 0.1 [-]

coefficients of horizontal dispersion (3.7,4.0,3.5,3.0,4.1,3.0) x 1072 [m?
(D1, Das, Dug, Daa, Das, Dag) hr]

coefficient  of  vertical  dispersion (13.2,15.0,12.0,6.0,16.2,9.0) x 1073
(D21, D29, D2y, D2y, D5, D) [m? hr™]

Table 5.6: The transport parameters used in the simulation whose results are shown in
Figure 5.19.

stream water is contaminated with a pollutant which has a concentration Cp = 1 [kg
m~3] in the water. The transport model is solved by using the transport parameters
as mentioned in Table 5.7. The flow parameters are the same as those mentioned in
Table 4.2. The resultant pollutant concentration contours are plotted in Figure 5.20.
As previously mentioned in Section 4.3.2, the fluid flows back into the stream for
some initial zone of contact of the stream and the top (4th) sub-layer. Therefore, the
pollutant does not start building up in the aquifer right from the start of the “zone
of contact”, instead it advects downward with the fluid at = > x;, where z; is the
point after which water table in the stream zg is higher than the hydraulic head in the

4th sub-layer Hy. Some of the downward advecting pollutant disperses back into the
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5. POLLUTANT TRANSPORT IN STEADY FLUID FLOW

stream and to the upstream of the aquifer.

Thickness z [m]

Figure 5.20: The pollutant concentration contours in a layered phreatic aquifer with a

transverse running stream at the top. The contour levels are 102-5(0-2)=0-1 [kg m—3].

Parameters Values

the pollutant concentration in the 1 [kg m™3

stream Cp
porosity ¢ 0.1 [-]
longitudinal dispersivities  (.230,.250,.225,.200) [m]

(aL17aL27aL3aaL4)
coefficient  of  vertical  dispersion (.046,.050,.045,.040) [m? hr—!]

(D21,D.9,D.3,D.4)

Table 5.7: The transport parameters used in the simulation whose results are shown in

Figure 5.20 and Figure 5.21.

For the illustration of a transport problem when the phreatic surface z; crosses a
sub-layer interface, consider again the same aquifer with fluid flow boundary conditions
as shown in Figure 4.8. The z; from the 4th sub-layer crosses the lower layer interface
and enters into the 3rd sub-layer. The top sub-layer, when phreatic surface drops below
it, can be assumed to be continuous with a very small thickness hy = ¢ > 0 just below
the phreatic surface, for ease of application of numerical procedure. The third sub-
layer reduces by a value hs — ¢ in this zone. The steady-state pollutant concentration
profile is plotted in Figure 5.21. Note that the total fluid volume flux is higher in
this case compared to that in Figure 5.20 because of higher gradient of mean dynamic

hydraulic heads H;. Also, the pollutant concentration starts building in the aquifer well
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before the start of the “zone of contact” of the polluted stream and the top sub-layer
because there is only stream to aquifer flow in this example. The plateau of pollutant

concentration is quite flat here compared to the that in Figure 5.20.

Thickness z [m]

Figure 5.21: The pollutant concentration contours in a layered phreatic aquifer with a

transverse running stream at the top. The contour levels are 102:5(0-2)=0-1 [kg m—3].

5.4 Site data

An experiment was conducted to observe to observe transport of the contamination of
groundwater in a phreatic sand aquifer at the Canadian Forces Base in Borden, Ontario
[22]. The aquifer was fairly homogeneous with mean value of hydraulic conductivity x =
7% 107° [m s~!] which is equal to 7.157 x 1072 [m?] when density of the groundwater
’]

p is 1000 [kg m~3], the gravitational acceleration ¢ is 9.8 [m s72] and the dynamic

viscosity of the groundwater y is 1.002 x 1073 [kg m~! s7!]. The total porosity ¢, of
the aquifer was measured to be 0.33 [-] and the hydraulic head gradient dH/dz in the
direction of flow was -0.0043 [-]. With these parameters, the tracer velocity is 0.079
[m day~!] which is slightly less than the observed tracer velocity which was 0.091 [m
day~!]. This was probably because of a slightly lower effective porosity ¢ [-] of the
aquifer.

There were a total of nine tracer injection wells in the aquifer and a 12 [m?] solution
of several tracers such as chloride ion, carbon tetrachloride, etc., was injected over a
14.75 [hr] period. The injected mass of chloride ion was 10.7 [kg]. The longitudinal
dispersivity was estimated to be 0.49 [m] [18].

83



5. POLLUTANT TRANSPORT IN STEADY FLUID FLOW

The whole aquifer is assumed homogeneous and two-dimensional transport model
(5.16) is applied. By using the known parameters and varying the effective porosity ¢
and the horizontal dispersivity a;, this transport problem is simulated for chloride and
the resultant concentration profiles are plotted after the same times of release on the
right side of Figure 5.22. It was found that the ¢ = 0.28 [-] and ap = 0.05 [m]. The
aquifer is considered totally homogeneous and fluid velocity is assumed uniform and
unidirectional over the year. Since, in [22], the data was normalised with respect to
the maximum concentration, Figure 5.22 shows such normalised values. The simulated
results match closely with the concentration data.

The observed concentration of the chloride after 1, 85, 464 and 647 [days| in ground-
water is shown in left side of Figure 5.22 [22].
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Figure 5.22: (Left) Vertically averaged concentration profile of the chloride ion, 1,85,462,
and 647 days after injection (from [22]). (Right) Simulated vertically averaged concentra-

tion of the chloride ion at the same times after the release.

84



Pollutant Remediation

Groundwater pollution is a major hazard in areas where groundwater is the sole source
of drinking water. Some contaminants are unpleasant and others are even toxic. The
pollutants may enter into groundwater through various sources, such as, wastes of
chemical industries, excessive use of fertilizers and agrochemicals, sewage water and
hydrologic cycle.

The remediation of pollutants from groundwater is a challenge in itself. The con-
taminants flow along groundwater through complex pathways in porous aquifers. Some-
times, contaminants from multiple sources may enter in groundwater and interact with
each other to produce new complex compounds and hence complicating the remediation
strategy. Complete clean-up of groundwater is not possible, however, a good strategy
could be devised to harvest maximum possible cleansing of groundwater. There are
many strategies in place for remediation of contaminants in groundwater.

One of the strategies is “pump-and-treat” [33], in which contaminated water is
pumped out of the aquifer and treated to remove contaminants and is allowed to re-
enter the aquifer by either recharging through wells or adding in surface water. The
drawback of the strategy is that it is not cost effective. Another strategy is using
“sorptive barriers” or “permeable reactive barriers” installed directly in the aquifer
perpendicular to the flow of groundwater [33]. Again, this strategy is not very cost
effective. Remediation by green plants or “phytoremediation” [15] is a non-invasive
strategy. It is cost effective, provides sequestering of carbon, gives an aesthetic look, is
more environmentally friendly and has technical advantages over traditional engineering

solutions. This method is, however, only useful when contaminants are near to surface
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6. POLLUTANT REMEDIATION

and are relatively non-leachable and do not pose high risk to the health of plants to
grow.

In Situ Chemical Oxidation (ISCO) [23] is emerging as a popular technology in
which strong chemical oxidizers are introduced directly in the porous medium to de-
stroy contaminants present in groundwater. Most commonly used remediating oxidants
are permanganate, Fenton’s reagent, persulphate and ozone. ISCO can be used to re-
mediate certain organic substances present in groundwater such as chlorinated solvents
and gasoline-related compounds which are released from industrial sources.

The models presented in this Chapter are for an ISCO remediation strategy. The
oxidants are released directly in the aquifer at the optimum location to get the best
possible reduction of the contaminants. In the case of steady release of the pollutants,
the optimal location for the release of remedial agent is exactly where the pollutant is
injected. For the time-dependant case, the optimal location for the release of remedial
agent is always where the pollutant concentration is maximum at that time. The

kinetics of the oxidation reaction is typically of second order [20].

6.1 One-dimensional homogeneous aquifers

If ¢p(x,t) [kg m~3] is the mean concentration of pollutant in groundwater averaged
over the thickness of the aquifer and ér(z,t) [kg m™3] is the mean concentration of the
removal agent, then their rates of change of concentrations with position x and time ¢

are given by

dcp B oecp 0 decp _ o
e P [”Dpw (‘axﬂ +ohfp(@.1) — ghkicrer

ocgp . ocp 0 ocgp _
¢hﬁ = —qu — ¢(‘Tx |:hDRx <_a$ )] + (bth@J,t) — ¢hkocpcp, (6.1)

where k1 and ks [(kg m™3)~! s7!] are the second order rates of removal of pollutant
and pollutant removing agent, respectively. Also, Dp, and Dpg, are the coefficients
of dispersion of the pollutant and the pollutant removing agent, respectively. The
rates of molecular diffusion of the pollutant and the removing agent may generally be
different from each other. However, the coeflicients of dispersion for both the pollutant
and the pollutant removing agent are almost the same. This is because the coefficient

of dispersion in porous media is the sum of the coefficient of molecular diffusion of
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6.1 One-dimensional homogeneous aquifers

the solutes in water and the coefficient of mechanical dispersion, and the coefficient of
molecular diffusion is generally very small as compared to the coefficient of mechanical
dispersion. Therefore, the coefficients of dispersion Dp, and Dp, can be replaced with
Dy = arU, = arqs/(¢h). Suppose fp(z,t) = qpd(z — x1) and fr(z,t) = qrd(z — x2)
are plane sources for the pollutant and the removing agent acting on x = xg and x = x1
with constant rates gp and qg [kg m~2 s7!] respectively. Then, the coupled system

(6.1) for a homogeneous aquifer becomes

de -~ oc 5 0%

875 = _Uxa—;+aLUxW§+qp6(m—w1) — kicpcr

oé - oc _ 9%

7atR = —Uxaij + CkLUIaTQR + QRé(.TJ - 1’2) - kQEPERv (62)

where U, = q./(¢h) is the interstitial velocity.

6.1.1 Illustration

Consider a homogeneous aquifer with thickness varying only in one horizontal direction
(say ). Suppose, pollutant ¢p [kg m~2 day~!] is being injected steadily at z; and a
pollutant removing agent ¢r kg m~2 day~!] is being released downstream at xo (both
as plane sources).

The steady-state numerical solution for the non-linear coupled system (6.2) for the

data shown in Table 6.1 is plotted in Figure 6.1.

rate of pollution removing agent release qgr

Parameters Values Units
thickness h(x) 14+0.3cosz [m]
total volumetric flux g, 1 [m? day—1]
porosity ¢ 0.1 -]
longitudinal dispersivity o, 0.1 [m]
rate of pollution release ¢p 1 kg m~2 day !
[
[
[

1
removal rate for pollution k; 3
removal rate for pollution removing agent 1
ko

Table 6.1: Parameter values for the aquifer shown in Figure 6.1

The rate of the total mass of the pollutant that enters into the aquifer at its release

point z is gp X h(x1) per unit lateral width per day while the rate at which the mass of
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Figure 6.1: Variable thickness profile of the homogeneous aquifer with points of release
x1 and x5 of the pollutant and the pollutant removing agent respectively (top) and steady-
state concentrations of the pollutant in red and the pollutant removing agent in green
(bottom). The separate graph for the point z = 9.5 [m] of the aquifer, shows breakthrough
curves for the pollutant (red) and the remediating agent (green) mean concentrations at
that point.

the remediating agent enters into the aquifer at xg is gg X h(x2) per day per unit lateral
width of the aquifer. Therefore, the concentrations of the two chemicals are different
at their steady levels when they are not interacting with each other (shown as dashed
lines in Figure 6.1). The concentration of the pollutant upstream of its release point
x1 becomes steady at a level determined by the equilibrium of the upstream dispersion
and downstream advection. The higher the ratio of dispersion to advection, the longer
the tail of the concentration profile of the pollutant upstream of x1. The concentration
of the remediating agent upstream of its release point zs is determined by dispersion,
advection and the decay rate constant of the remediating agent ko when it interacts
with the pollutant. Higher values of k3 mean more consumption of the remediating
agent and hence the sharper the upstream tail of the remediating agent there. The
curves shown in the separate window for x = 9.5 are breakthrough curves at that point

for concentrations of both the remediating agent and the pollutant when release of both
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6.2 Two-dimensional homogeneous aquifers

the chemicals started at the same time ¢ = 0. The red curve is concentration of the
pollutant at x = 9.5 against time and green one is that of the remediating agent. The
remediating chemical was released at xo which is ahead of the release point of pollutant
x1, so it arrived earlier at the “check point” i.e., z = 9.5 and hence its concentration
rises to a maximum after about 18 hours of its release. But, then the pollutant started
reaching there and the oxidation process started, reducing the concentration of the
remediating agent at a rate of kacpcr [kg m™ day~!]. In the zone where the oxidation
process is taking place (where both the chemicals are present), the total concentration
of each chemical stabilises to an equilibrium value determined by the advection rate,
the relative rate of decay of the chemical and the dispersion rate. It is obvious from
the breakthrough curves, that the equilibrium or the steady-state concentration profiles
are achieved after approximately 1 day and 6 hours at x = 9.5. The concentrations
of chemicals at this point are no longer time dependant but they do vary along z.
The concentrations of the chemicals keep reducing downstream depending on their

corresponding decay rates until one of them vanishes.

6.2 Two-dimensional homogeneous aquifers

The dispersion rate for both the pollutant and the pollutant remediating agent is the
same and is given by (5.2) when the z-axis is aligned with the averaged direction of
flow and the variations in the direction of flow are negligible. If the pollutant is being
released steadily as a line source at (z1,y;) with a rate ¢p [kg m~! day~!] and the
remediating agent at (z2,y2) with a rate gr [kg m~! day~!], the system of non-linear
coupled partial differential equations for the concentration of the pollutant P(z,y,t)

and the concentration of the remediating agent R(z,y,t) can be written as

(9Cp B 85}3 6 0 ocp 0 oep
Ohor =~ - va, T s (Iq\ )+ ar o <\q\ 8y)
+¢hqpd(z — 1)0(y — yl) — ¢hkicpcr
80 oe JcRr 0 oc oc
o = eyt a5 v (10l 5E) +ary (10 5E)
+ohqrd(x — 22)0(y — yg) — ¢hkoCpCR. (6.3)
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6.2.1 Illustration

Consider the aquifer shown in Figure 3.1 and assume a continuous injection of a strong
oxidizer (a remediating agent) without a significant fluid component at (50,50). The
steady injection rate for the dry remediating agent is gr = 20 [kg m~! day~!]. Suppose
that the aquifer is being recharged with contaminated water through the well at (40, 50)

! = m? day~!] and water is being pumped out from the

with a rate Fy [(m3 day~!) m~
pumping well at (80, 30) with a rate Fiy [(m? day™') m™! = m? day—1].

Suppose that the parameters for the fluid flow and the pollutant transport in this
aquifer are the same as in Figure 5.4 then the steady-state concentration profile of
the pollutant while it is transported and remediated, is plotted in Figure 6.2 for the
parameter values listed in Table 6.2. The red, blue and green dots represent locations

of the recharge well, the pumping well (or monitoring well) and the release point for

the remediating agent, respectively.

Parameters Values Units
concentration of contaminant in injected 1 [kg m~3]

water Cp

rate of release of pollutant removing agent 10 kg m~t day™!]

dr

degradation rate coefficient for pollution k1 5 [(kg mf?’)*l day ]
degradation rate coefficient for pollution re- 1 [(kg m_g) ! day 1]

moving agent ko

Table 6.2: Parameter values used for the simulation in Figure 6.2. All other parameters

are the same as in Figure 5.4

327240 [lke ;3] from

The contours are plotted on a logarithmic scale 10~
the outer contour to the inner ones, respectively. The new breakthrough curve at the
pumping well at (80,30) is plotted in solid red in the separate graph in Figure 6.2
(bottom). The dashed red curve is the breakthrough curve for the simulation without
any added remediating agent. Another separate graph (Figure 6.2 (top)) at (95,50)
shows breakthrough curves for the pollutant at that point. The dashed red curve is
the concentration of the pollutant at that point when there was no remediating agent

being released and the solid one is the breakthrough curve when the remediating agent

was being released with qg rate.
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6.2 Two-dimensional homogeneous aquifers
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Figure 6.2: Steady-state pollution concentration when water in the recharge well is con-

taminated with concentration Cp = 1 [kg m~?] and the contaminant is being remediated

by remediating agent that is being released continuously at (50,50) with a rate gg = 10

[kr m~! day~!] (all parameters are the same as in Figure 5.4). The contours are plotted

at 1073030 [kg m—3] from the outer contour to the inner ones. The two separate graphs

(above and below) show the breakthrough curves for the pollutant concentration at (95,50)

and (80,30).
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6. POLLUTANT REMEDIATION

One can notice that there is a larger difference in the removed steady concentration
at (95,50) than that at the monitoring well at (80,30). As discussed before, the fluid
speed between the recharge and the pumping well is much more as compared to that in
rest of the aquifer. This does not allow the remediating agent to wipe out the pollutant
for long enough. Whereas, the fluid carrying the remediating agent moves relatively
slowly from the injection point of the remediating agent to (95,50) and hence there is

more opportunity for the remediating agent to deoxidize the pollutant.
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E 40
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Figure 6.3: Steady-state concentration of the remediating agent when water in the
recharge well is contaminated with concentration Cp = 1 [kg m™3] and the remediat-
ing agent is being used up to break down the contaminant. The remediating agent is being
released at (50,50). The contours are plotted at 1073(>-3)0 [kg m~3] from the outer contour
to the inner ones. Note that no water is being added at (50,50).

Figure 6.3 shows the concentration profile of the remediating agent when it is being
advected with the fluid, being dispersed in all directions and being used up to remove
the pollutant. One can observe that the pollutant from the recharge well disperses more
than the remediating agent from its injection point. This is because the fluid dispersing

from the recharge well advects the pollutant along with it whereas the remediating
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6.3 Multi-layered aquifers

agent does not have any fluid with it to alter the background fluid flow. Some of the
remediating agent is also pumped out from the pumping well. Thus in this case, the
pumped out water contains concentrations of both the pollutant and the remediating

agent.

6.3 Multi-layered aquifers

Suppose, q(z,y) = (¢z(x,v), gy(x,y)) is the total volume flux vector of the fluid per
unit width of the whole aquifer and q;(z,y) = (qz;(7,¥), qy;(x,y)) is that in the ith
sub-layer. The concentrations of the pollutant ¢p;(z,y,t) and the remediating agent
¢ri(r,y,t) in the ith sub-layer of the multilayer aquifer composed of N sedimentary

sub-layers, satisfy

ocp; 0 oe 0 oe
szhzﬁpz = 87:5 < (JxlCPz +aLz|q2| 6Pl> + 87 < QyZCPz +aTz|qz| a}yDZ>
1+ sen(r;_ B 1 —sen(r;_ B
+ (Ti—l + g2( : 1)7"i—1> Cpi-1t <—Ti—1 + g2(11)7"i—1> Cpi
1+ sen(r; a 1 —sen(r; 3
+ <—7'i - 75 ( Z>7‘z‘> cpit+ <7‘z‘ - §<Z)7"z> CPi+1
+¢ihifp; — ¢ihik1CpiCri
OCR; 0 oc 0 oe
¢ihiWRz = < 0o, CRi + L] 8&) + ay < Qy;Cri + o] a;l 65)
1+s i 1-—s i
+ <Ti—1 + bg;(n 1)7'i—1> CRi—1 T <_Ti—1 + g;l(nﬂri_l) CRi
1+ sgn(r; _ 1 —sgn(r; _
+ (—Ti - 75 ( Z)T’i> CRri + <Ti - g(z)h> CRi+1
—i—(Z)Z'hile- — ¢ihikacpicr; for 1 <i <N, (6.4)

where ¢ [-] is the porosity of the solid matrix in the ith sub-layer, ar; and ap; [m] are

respectively the longitudinal and the transverse dispersivities, and r;(z,y) [(m3 s71)

m? = m s~!] is the directed interlayer fluid flux from ith sub-layer to the i+1th sub-layer
normal to the layer interface. The interlayer dispersive transfer coefficient between the
ith and the i + 1th sub-layer 7;(x,y) [m s!] is estimated by (5.7) for internal sub-layer
boundaries and 79 = 75 = 0 at the base and the top of the aquifer. The functions
fpi(x,y,t) and fr;(z,y,t) [kg m™3 s71] are respectively source terms for pollutant

and removing agent at the point (z,y) of the ith sub-layer averaged over the layer
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6. POLLUTANT REMEDIATION

thickness. For a point source of pollutant at (xg,yo) in the ith sub-layer that is released
instantaneously at ¢ = t, the pollutant source function fp; becomes Q p;0(x —x0)d(y —
Y0)d(t — to), where Qp,; [kg m~!] is the mass of the pollutant released instantaneously
at (xo,yo) at time t = tp in the ith sub-layer. Similarly, for a continuously released
point source, the pollutant source function would be g,,0(z — 20)0(y — yo), where gp;
[kg m~! s71] is the rate of mass flow of the pollutant released continuously at (zo,yo)
in the ith sub-layer. The second order removal constants k; and ks are respectively the
rates of removal of pollutant and remediating agent when they interact with each other
chemically. It is noted that as the pollutant and the remediating agent are transported
in a similar way, the equations for the two substances only differ in their last two terms:

the source term and the interaction term.

6.3.1 Illustration

Consider again the multi-layered phreatic aquifer discussed in Sections 4.3.2 and 5.3.4
and assume that a remediating agent is being released in the top (4th) sub-layer at
r = 6 [m] with a steady rate gry = 0.1 [kg m~! hr~!] with no significant fluid entering
along with it. As an illustration, the decay rates for the pollutant and the remediating
agent k1 and ks, respectively are taken as k1 = 1 and ks = 2 [(kg m~3)~! hr~!]. The
rest of the flow and transport parameters are the same as were taken in Sections 4.3.2
and 5.3.4. As the pollutant enters into the aquifer and advects along the fluid and
disperses in all directions, the remediating agent that is being released in the top sub-
layer interacts with it. Hence, both the pollutant and the remediating agent decay with
the rates k1 and ks in this reaction. The resultant concentration profile of the pollutant
is shown in Figure 6.4 as a contour plot. One can compare the concentration plot of
this remediated pollutant to the one in Figure 5.20 that was not being remediated.

A separate sub-graph in Figure 6.4 shows the breakthrough curve at the downstream
end in the top sub-layer of the aquifer. The solid red curve shows the concentration of
the pollutant in the 4th sub-layer at the downstream end plotted against time when
it is being remediated with the remediating agent. While the dashed red curve is the
pollutant concentration if it was not being remediated (e.g., in Section 5.3.4). The
total remediation at a point of the aquifer depends on how far both the chemicals have
travelled together, how high were both the concentrations, and the decay rate of the

pollutant when it reacts with the remediating agent. Therefore, the concentrations of
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Figure 6.4: The pollutant concentration contours in a layered phreatic aquifer with a
transverse running stream at the top. The pollutant is being remediated with a remediation

agent that is being released continuously at = 6 [m] with a rate gg. The contour levels

are 10~2-5(0:2)=0-1 [ko m—3]. The separate graph (above) shows the breakthrough curve for

the pollutant concentration at = 10 [m] in the 4th sub-layer.

the two chemicals become lower and lower as one travels downstream until one of the

chemicals is completely used up.

c Mz =

Figure 6.5: The concentration of remediating agent in the layered phreatic aquifer with
a transverse running contaminated stream at the top. The remediating agent is being
released steadily at = 6 [m] with a rate gg. The contour levels are 10~22(0-2)=0-1 kg

m~3].

The concentration of the remediating agent in the aquifer in this simulation as it
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6. POLLUTANT REMEDIATION

reacts with the pollutant, is shown in Figure 6.5. The remediating agent advects along
with the background fluid flow, disperses in all directions and reacts with the pollutant
to neutralize it and in this process the remediating agent is depleted as it is used up in

this reaction.

6.4 Location of oxidizer release to achieve optimum re-

mediation

Consider a confined aquifer of uniform thickness that is composed of three parallel layers
of equal thicknesses (Figure 6.6) and where a layer of sand and gravel (permeability
K =107? [m?]) is sandwiched in two layers of clean sand (K = 107'% [m?]) [7]. Here,
only dispersive transfer of species occurs across the layer interfaces. Fluid speed in the
middle layer is higher than that in the outer layers. Each layer is further discretized
in five sub-layers for the model. An instantaneous pollutant release (1 [kg]) is made
within a sub-layer in the transverse y-direction, as is shown with a red rectangle. The
fluid volume flux per unit width of the whole aquifer is 10 [m? day~!] here. The
pollutant advects, disperses horizontally and vertically and as a result of this vertical
dispersion, it enters into the more permeable middle layer. It advects with higher
speed in the middle layer and some of it disperses vertically back into the top layer.
The resultant pollutant concentration profile after 10 days is shown in the top plot of
Figure 6.6. The scenario is simulated again when 1 kg mass of remediating agent is
released 5 m downstream (shown as a green rectangle) in the same sub-layer after two
days of pollutant release. The resultant concentration profiles of the pollutant and the
remediating agent are shown in the bottom two plots of Figure 6.6, respectively. The
concentrations in all three plots are contoured at an equally spaced logarithmic scale
10~4—3725,-8.450,++ ~0.150 [o 1y —3],

Figure 6.7 shows pollutant concentration profiles after 15 [days] of pollutant release
when remediating agent is released at positions one sub-layer higher, one sub-layer
lower, 2 [m] upstream and 2 [m] downstream from the previous position. The lengths
and heights of the aquifer shown here are not drawn on the same scale. The con-
tours in each graph of concentration are plotted on an equally spaced logarithmic scale

10—4,—3.725,—3.450,~~~ ,—0.150 [ —3].

kg m The resultant mass of the pollutant alleviated,

flowed out of the aquifer and still present in the aquifer is also shown in each case.
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Figure 6.6: Concentration of solutes after 10 [days| of pollutant release at the position
marked as a red rectangle. The remediation agent is injected downstream after 2 [days| of
pollutant release at the position marked as a green rectangle. 1 Top: pollutant when there
is no removal agent released, 2 Middle: pollutant when it is reacting with the remediating

agent, 3 Bottom: remediating agent when it is reacting with the pollutant.

While, there is no easy way to clear all the released pollutant from the aquifer, a strat-
egy could be devised to achieve maximum possible remediation. In this case, when
the remediating agent is released two days after the release of pollution, the maximum
remediation is obtained by injecting the remediating agent exactly at the centre of the
plume of pollutant.

The upper plot in each of the simulations, shows total pollutant mass present in the
aquifer (red), mass that is removed from the aquifer by the remediating agent (green)
and the mass that has flowed out of the downstream boundary of the aquifer (blue), all
plotted against time. In each case, the sum of all these masses is equal to the released
mass (1 [kg]) of the pollutant. The lower of the pair of plots in the upper right corner
of the Figure 6.7 shows the concentration of pollutant when there was no remediating
agent released and the upper one is a plot for the total pollutant mass in the aquifer
and mass that has flowed out of the downstream boundary both plotted against time.
Their sum is also equal to the total injected mass of the pollutant.

While the optimum point for maximum remediation in continuous pollutant injec-
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6. POLLUTANT REMEDIATION

tion case is exactly where the pollutant is injected, it needs to be determined for the
case of instantaneous pollutant injection. In time-dependant instantaneous case, it is
always where the pollutant has maximum concentration at that time. This can be
determined by numerical solution of the pollutant transport problem for general (real)

aquifers.
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7

Summary and Discussion

7.1 Summary

In this thesis, some simplified models have been presented for predicting pollutant
concentration transported by groundwater flow within homogeneous or layered aquifers.
The vertical discretization based on the natural layering of the geological structures
simplifies the problem from a full-scale three-dimensional modelling of fluid flow and
transport in each sub-layer to their two-dimensional averages. By solving fluid flow and
transport models in each of the sub-layers and by matching the transfers at the sub-
layer interfaces, the three-dimensional naturally-discretized (simplified) models have
been developed. The models can be used for any layered three-dimensional aquifer.
The examples presented were chosen to be two-dimensional for better demonstration
purpose.

Even if the sub-layers are not well defined, the aquifer can still be discretized ver-
tically in the best possible way so that physical properties in each of the sub-layers do
not vary extensively in the vertical direction at each horizontal point.

Fluid flow models presented in this thesis for both the confined and unconfined

aquifers are based on the assumptions:

e The lateral extent of the aquifer is much larger than the thicknesses of sub-layers.
e The groundwater is single-phase(liquid) and at low pressure and temperature.

e The slopes of sub-layer interfaces are not extreme.
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7. SUMMARY AND DISCUSSION

The groundwater is incompressible and isothermal.

The groundwater flow is steady.

The porous media is rigid and non-deformable over time.

The scale of modelling is large so that small scale factors such as wettability,

capillary action, etc., are negligible.

The scope of this thesis is to exploit natural layering of the geological structures for
vertical discretization. The horizontal extent of the aquifers is generally much larger
than the thicknesses of the sublayers. The thesis deals with shallow water aquifers,
where water is under low pressure and they are not very hot. Thus the water is generally
in liquid phase only. Also, in such conditions, the assumption of incompressibility is
also practical. The aquifers are usually located over a scale of kilometres, therefore,
the effects of wettability and capillary action are also practically negligible.

It is convenient to use hydraulic head H instead of mean dynamic pressure in
phreatic aquifers. The groundwater flow models for the aquifers where dominant flow
is horizontal, i.e., where there is no fluid injection or withdrawal in one of the sub-layers,
etc., assume a constant mean dynamic pressure P or hydraulic head H with an error
which is of the order of square of sub-layer interface slopes. If withdrawal or injection
is in all the sub-layers of the aquifer at one horizontal point, then the P or H will still
be assumed constant vertically with the same error.

For the aquifers where injection or withdrawal is in one of the sub-layers of the
aquifer, the P or H may be assumed different in each sub-layer of the aquifer. The
system of coupled PDE’s in P; or H; can then be solved with suitable boundary condi-
tions.

The transport models presented in this thesis are based on the following assump-

tions:
e The tracer or pollutant is dissolvable, and it has negligible adsorption properties.
e The slopes of the sub-layer interfaces in the aquifer are small.

The presented remediation models are for the remediation strategy called In Situ
Chemical Oxidation (ISCO) and the reaction between the pollutant and the remediat-

ing agent is of second order here. The exact order depends on the nature of chemicals
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involved in the reaction. Similarly, the removal rates of the pollutant and the remedi-

ating agent used are only for illustrative purposes.

7.2 Further research
Some suggestions for future research following this thesis include:

e Include transient groundwater flow and extend the idea of simplified modelling
based on naturally-layered aquifers to include more effects, such as storativity of

the aquifer, specific storage of the aquifer, adsorption of pollutant, etc.

e To devise a strategy for predicting the layered structure of the aquifer by reading

tracer/pollutant break through curve at the downstream.

e To model multi-phase transient fluid flows and reactive and sorptive solute trans-

port. In this case, the permeability of the solid matrix should also change.

e To develop the model of an ISCO remediation strategy in transient and multi-

phase fluid flows.

7.3 Publications and presentations

The author has presented material from this thesis st a number of conferences, and was
recipient of the best paper presenter prize at IIMS Postgraduate Students’ Conference,
Massey University, Auckland, twice in 2010 and 2011. Some material from this thesis
has been published in different conference proceedings ([3], [2], [4], [6].[5])-
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