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Abstract

This thesis concerns the study of geometric numerical integrators and how they preserve
phase space structures of Hamiltonian ordinary differential equations.

We examine the invariant sets of differential equations and investigate which numerical
integrators preserve these sets, and under what conditions. We prove that when periodic
orbits of Hamiltonian differential equations are discretized by a symplectic integrator they
are preserved in the numerical solution when the integrator step size is not resonant with
the frequency of the periodic orbit.

The preservation of periodic orbits is the result of a more general theorem which proves
preservation of lower dimensional invariant tori from dimension zero (fixed points) up to
full dimension (the same as the number of degrees of freedom for the differential equation).
The proof involves first embedding the numerical trajectory in a non-autonomous flow and
then applying a KAM type theorem for flows to achieve the result. This avoids having to
prove a KAM type theorem directly for the symplectic map which is generally difficult to
do.

We also numerically investigate the break up of periodic orbits when the integrator’s
step size is resonant with the frequency of the orbit.

We study the performance of trigonometric integrators applied to highly oscillatory
Hamiltonian differential equations with constant frequency. We show that such integrators
may not be as practical as was first thought since they suffer from higher order resonances
and can perform poorly at preserving various properties of the differential equation. We
show that, despite not being intended for such systems, the midpoint rule performs no
worse than many of the trigonometric integrators, and indeed, better than some.

Lastly, we present a numerical study of a Hamiltonian system consisting of two mag-
netic moments in an applied magnetic field. We investigate the effect of both the choice of
integrator and the choice of coordinate system on the numerical solutions of the system.
We show that by a good choice of integrator (in this case the generalised leapfrog method)
one can preserve phase space structures of the system without having to resort to a change
of coordinates that introduce a coordinate singularity.
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Chapter 1

Introduction

Ours, according to Leibniz, is the best of all possible worlds, and the laws
of nature can therefore be described in terms of extremal principles. Thus,
arising from corresponding variational problems, the differential equations of
mechanics have invariance properties relative to certain groups of coordinate
transformations.

— C. L. Siegel and J. K. Moser, 1971

Ordinary differential equations are used to describe and model physical systems. The
solution of such equations gives insight into how the systems evolve. Although ours may be
the best of all possible worlds, it is, in general, extremely difficult, if not impossible, to find
analytic solutions of differential equations. Consequently, numerical methods which are
able to provide approximate solutions are a crucial tool. Encapsulated in the differential
equations which describe it are all the properties of a dynamical system — information
about invariant quantities, stability and much more. The best numerical methods therefore
give solutions which are not just points or sets of points close to an analytic solution, but
which capture as many properties as possible of the differential equation. This idea is the
basis of geometric numerical integration. In section 1.2 a brief introduction is given to
traditional methods of numerical integration for differential equations. This is followed
in section 1.3 by a description of Hamiltonian systems of differential equations — the
main class of differential equation which we will focus on in this thesis. A discussion of
some well known geometric integrators and some of the ideas behind them is presented
in section 1.4. The chapter closes with an outline of the rest of this thesis and a list of
original contributions.
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1.1 Framework

Assume we are given an initial value problem consisting of an autonomous differential
equation and an initial condition at some point t0,

dy
dt

= ẏ = f(y(t)), y(t0) = y0. (1.1)

If the differential equation is non-autonomous, (i.e., it has explicit time-dependence) it
can be easily represented in autonomous form by adding the trivial equation

ṫ = 1 (1.2)

to the system. A reasonable requirement of any numerical method is that it can exactly
solve equations of the form (1.2). Apart from increasing the dimension of the system
by one, a consequence of representing a non-autonomous system in autonomous form is
that a system which was originally decoupled becomes coupled upon introduction of the
differential equation (1.2) for t. This can be important, for example, for splitting methods
(cf. section 1.2.5) where one may wish to exploit the decoupled form of the original
equations.

Generally, in (1.1), the solution y(t) of the differential equation is a vector valued
function:

y : R→ Rn, t 7→ y(t).

As is the vector field:
f : Rn → Rn, y 7→ f(y),

where n is the dimension of the system. Given such an initial value problem, one may
want to know the state of the system y(t) at some time in the future, t > t0. It is
important to consider whether such a solution does, in fact, exist and whether it is unique.
Both questions can be answered by checking whether the function f satisfies a Lipschitz
condition.

Definition 1.1. A function f : Rn → Rn satisfies a Lipschitz condition if there exists a
Lipschitz constant L <∞ and a norm ‖ · ‖ such that for any u, v ∈ Rn, ‖f(u)− f(v)‖ ≤
L‖u− v‖.

The following theorem then ensures existence and uniqueness of solutions. The proof
of the theorem can be found in the book by Hairer, Nørsett and Wanner [56, section I.7],
or in any introductory textbook on differential equations.

Theorem 1.1. Given an initial value problem (1.1), which has a continuous vector field
f and which satisfies a Lipschitz condition, there exists ε > 0 and a unique solution to the
problem on |t− t0| < ε.
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If y(t) is the solution to some differential equation ẏ = f(y), one can (at least locally,
i.e. for |t− t0| less than some bound) define the exact flow ϕt,f of the equation as,

ϕt,f (y0) = y(t), y0 = y(t0).

For any point y0 in the phase space the flow associates a value of the solution y(t) with
the initial value y0. Fixing the time step h turns the flow into a map from the phase space
(say Rn) to itself; ϕh,f : Rn → Rn. Since numerical integrators also define a map (though
not necessarily from the phase space to itself; cf. linear multistep methods, mentioned in
section 1.2.1), the exact flow map is a natural object with which to work.

1.2 Background & history of numerical integration

One of the first, and simplest, numerical integrators is due to Euler [38]. Given the solution
at some point yn−1, the explicit Euler method follows the tangent at that point, f(yn−1),
a distance h = tn − tn−1 to estimate the solution at a new point yn. The method can be
written

yn = yn−1 + hf(yn−1).

The difference between the exact solution y(tn−1 + h) = ϕh(yn−1) and the point yn cal-
culated by the Euler method after one step is known as the local truncation error. The
Taylor expansion of the exact solution, given by

y(tn−1 + h) = yn−1 + hf(yn−1) +
h2

2
d2y

dt2
(tn−1) + . . . ,

agrees with the Euler method up to the first power of h, hence the method is said to be
first order accurate.

The traditional approach to numerical integration has been to try to increase the
accuracy of methods by minimising the local truncation error and increasing the order of
the method, hopefully without increasing the computational cost disproportionately. Two
main approaches have been used towards this end. The first approach increases accuracy
by including more information from past steps in the integrator. Such methods are known
as multistep (or, sometimes, multivalue) methods. The second approach increases accuracy
by using approximations at internal points within each integration step — multistage
methods.

1.2.1 Linear multistep methods

The 1883 paper by Adams and Bashforth [9] is the earliest example of the development
of multistep methods. Linear multistep methods take the general form

yn = α1yn−1 + α2yn−2 + · · ·+ αkyn−k + h (β0f(yn) + β1f(yn−1) + · · ·+ βkf(yn−k)) .
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Today the class of linear multistep methods with α1 = 1, α2 = · · · = αk = 0 are known as
Adams-Bashforth methods. Implicit linear multistep methods, i.e. with β0 6= 0 are known
as Adams-Moulton methods due to Moulton’s 1926 paper [102], though such methods
were also considered in [9]. Other notable early contributions to linear multistep methods
came in 1925 from Nyström [108] and in 1926 from Milne [94]. It was also Milne who
suggested in 1949 [95] that linear multistep methods should be implemented as predictor-
corrector pairs using an explicit method to calculate a predicted value for yn and an
implicit method to correct this value. These methods are often described as P(EC)NE
or P(EC)N methods; the index N refers to iterating the evaluation and correction of
yn, N times or, perhaps, until convergence. From a geometric viewpoint, an immediate
disadvantage of linear multistep methods is that they do not preserve the phase space of
the differential equation, swapping it for a product space of k copies of itself where k is
the number of different times involved in one step of the method. Although this drawback
does not preclude linear multistep methods from being used as geometric integrators, per
se, we will not pay much attention to them in this thesis.

1.2.2 Runge-Kutta methods

The credit for the first multistage numerical integrators goes to Runge for his 1895 paper
Über die numerische Auflösung von Differentialgleichunen [119]. Further early methods
were developed by Heun [63] in 1900. In 1901 Kutta [78] completely characterised all
methods of order four and proposed some order five methods.

For real numbers bi and aij , an s stage Runge-Kutta method takes the following form:

Yi =
s∑
j=1

aijhf(Yj) + yn−1, i = 1, 2, . . . , s,

yn =
s∑
i=1

bihf(Yi) + yn−1.

(1.3)

The Yi are known as the stage values and are approximations to the solution at points
in the interval [tn−1, tn−1 + h]. Such methods are usually represented by a tableau of
coefficients

A

bT
, (1.4)

where b is a vector of the coefficients bi and A is a matrix with entries aij . The complete
definition of a Runge-Kutta method involves an additional set of coefficients ci which
specify the position in time at which the stage values Yi := Yi(tn−1 + cih) are evaluated.
Since we are interested in autonomous differential equations, (and since non-autonomous
differential equations can be put into autonomous form as described in section 1.1), we
omit the ci. The tableau (1.4), which usually also includes a column vector c with entries
ci, is known as a Butcher tableau after the 1967 article by Butcher [18]. If the coefficient
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matrix A has entries on, or above, the main diagonal, then the method will be implicit,
requiring the solution of a nonlinear system of equations at each step. Papers by Gill
[43] and Merson [93], in 1951 and 1957 respectively, pointed the way to a full analysis of
order conditions for Runge-Kutta integrators by considering the Taylor series expansions
of solutions and expressing the exact solution in elementary differentials. However, it was
not until the work of Butcher [18] in 1967, associating elementary differentials with rooted
trees, that a complete theory of order was available for multistage methods.

Rooted trees and elementary differentials

For the differential equation (1.1) the Taylor coefficients of the exact solution are obtained
by repeated differentiation with respect to t. Using the chain-rule, the second order term
in the expansion is

ÿ =
d
dt
f(y) = f ′(y)ẏ = f ′f, (1.5)

where we have dropped the arguments in the last term, and in what follows. In component-
by-component form (1.1) is

ẏi = f i,

and hence (1.5) takes the form

d
dt
ẏi =

d
dt
f i = f ijf

j ,

where we have used the Einstein summation notation. It is at the third order term in the
Taylor expansion that the distinction between elementary and total differentials becomes
apparent. Since y is present in both factors of f ′f we get two terms for the third derivative
of y:

d3

dt3
y = f ′′(f, f) + f ′(f ′f),

or, in tensor notation,
d3

dt3
yi = f ijkf

jfk + f ijf
j
kf

k.

At each order in the Taylor expansion, the derivative which defines the Taylor coefficient
is given by a weighted sum of elementary differentials. The complexity of these increases
with subsequent derivatives.

Each elementary differential can be represented by a rooted tree; a graph with a speci-
fied vertex — the root — and with no cycles. Following the convention of the texts [20, 56],
(and the convention of trees), the root of a rooted tree is placed at the bottom of a graph
and all vertices grow upwards from the root. The number of vertices of a rooted tree is
its order. For a tree τ the order of the tree is denoted by r(τ). We will denote by T the
set of all rooted trees, including the empty tree ∅. Each rooted tree τ ∈ T is generated
recursively by the following definition.
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Definition 1.2 (Rooted trees). The set of (unordered) rooted trees τ ∈ T is recursively
defined by

τ =

• if r(τ) = 1

[τ1, τ2, . . . , τk] if r(τ) > 1, τi ∈ T , i = 1, 2, . . . , k.

The notation [τ1, . . . , τk] refers to a rooted tree constructed by grafting the roots of
τ1, . . . , τk onto a new root. The trees τ1, . . . , τk need not be distinct and their order is not
important — that is, any two branches of τ which share a vertex can be interchanged.

Definition 1.3 (Equivalence class of rooted trees). Two rooted trees of the same order
are said to be equivalent if the corresponding elementary differentials are the same up to
an exchange of summation indices. An equivalence class of rooted trees consists of all
equivalent rooted trees of a particular order.

For each rooted tree τ ∈ T the associated elementary differential Ff (τ) of the vector
field f(y) is given by definition 1.4.

Definition 1.4 (Elementary differentials [20]). Given a tree τ and a function f : Rn → Rn,
analytic in a neighbourhood of y, the elementary differential Ff (τ)(y) is defined by

Ff (•)(y) = f(y), (1.6)

Ff ([τ1, . . . , τk]) (y) = f (k)(y) (Ff (τ1)(y),Ff (τ2)(y), . . . ,Ff (τk)(y)) . (1.7)

In tensor notation the differential (1.7) is written as

F if ([τ1, . . . , τk]) (y) = f ij1,...,jkF
j1
f (τ1)(y)F j2f (τ2)(y) · · · F jkf (τk)(y).

For a Runge-Kutta method to attain order p, the Taylor expansions of the numerical
solution yn and the exact solution y(tn) must agree for terms up to O (hp). The set of
polynomial equations which the coefficients of the Runge-Kutta method must satisfy to
achieve order p are known as order conditions and can be expressed in terms of functions
of rooted trees [20].

Example 1.1. We will find the order conditions necessary for a Runge-Kutta method
with three stages to have order three. We begin by tabulating the trees up to order three,
and their corresponding elementary differentials, in table 1.1. Included in table 1.1 are
values of the functions γ(τ) and α(τ) along with polynomials Φi(τ). The meaning of these
will become clear during the example.

The functions α(τ) give the number of trees in the equivalence class of τ ; that is, the
number of monotonic relabellings of τ . If we denote by Tr the set of all rooted trees of
order r then the rth derivative of the exact solution can be written as

y(r)(t0) =
∑
τ∈Tr

α(τ)F(τ)(y0). (1.8)
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τ ∅ τ1 = • τ2 = [τ1] τ3,1 = [τ1, τ1] τ3,2 = [τ2]

graph
F(τ) yi f i f ijf

j f ijkf
jfk f ijf

j
kf

k

γ(τ) 1 1 2 3 6
α(τ) 1 1 1 1 1
Φi(τ) 1

∑
j aij

∑
jk aijaik

∑
jk aijajk

Table 1.1: Rooted trees and their associated elementary differentials up to order three.
The tree τi,j is the j-th tree of order i. The choice of which tree, of order i, corresponds to
a particular value of j is arbitrary. Here, e.g., f ijk = ∂2f i

∂xj∂xk
and the summation convention

is used.

The function γ(τ) can be calculated by labeling each vertex of τ with the order of the sub-
tree that would result if all edges below that vertex were removed. That is, the “leaves”
of the tree are labeled 1 and all other vertices are labeled with the 1 plus the sum of the
labels attached to the outward growing neighbours of the vertex (the adjacent vertices
which are further from the root.) The product of all such labels gives the value of γ(τ).
We illustrate the calculation of γ in figure 1.1.

Figure 1.1: Calculation of the function γ(τ) for a tree of order six: γ(τ) = 1× 1× 3× 1×
1× 6 = 18.

The calculation of derivatives of y1 and Yi necessary for the Taylor expansion of the
numerical solution, although theoretically clear, lead to long and complicated formulas,
even for order three. We are saved from these calculations by a theorem (see [20]) which
states that the numerical solution y1 given by the Runge-Kutta method (1.3) satisfies

y
(r)
1

∣∣∣
h=0

=
∑
τ∈Tr

α(τ)γ(τ)
∑
i

biΦi(τ)F(τ)(y0). (1.9)

Comparing the expressions (1.8) and (1.9) leads to the conclusion that a Runge-Kutta
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method (1.3) is of order p if and only if

s∑
i=1

biΦi(τ) =
1

γ(τ)
(1.10)

for all trees of order ≤ p. (While the “if” part of this claim is clear, the “only if” part
requires some work to show.) For our example of methods of order three, the order
equations (1.10) read

1 =
3∑
i

bi,

1
2

=
3∑
ij

biaij ,

1
3

=
3∑
ijk

biaijaik,

1
6

=
3∑
ijk

biaijajk.

Butcher’s paper [18] also included simplifying assumptions which reduced the number
of conditions needed to obtain a particular order. This work not only made it possible to
develop a large number of Runge-Kutta methods, optimal within their class1, but formed
the foundation for further analysis of multistage methods — including their stability and
many of their geometric properties.

1.2.3 Partitioned Runge-Kutta methods

Partitioned Runge-Kutta methods involve partitioning a system of differential equations
into two, or more, components, ẏ = f(y, x), ẋ = g(y, x) and discretizing each component
with a different Runge-Kutta method;

Yi =
s∑
j=1

aijhf(Yj , Xj) + yn−1, yn =
s∑
i=1

bihf(Yi, Xi) + yn−1,

Xi =
s∑
j=1

âijhg(Yj , Xj) + xn−1, xn =
s∑
i=1

b̂ihg(Yi, Xi) + xn−1.

1I.e. to find, for example, the diagonally implicit, fourth order method with the smallest local truncation
method.
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The two Runge-Kutta methods are specified by the coefficients aij , bi for the first method
and âij , b̂i for the second. (Again we have omitted the ci and ĉi coefficients, assuming that
the differential equation is in autonomous form.) A necessary, but not sufficient, condition
for a partitioned method to be order p, is that the component methods must also be order
p. Order conditions for partitioned systems can be calculated using bi-coloured trees, a
variation of the trees from Runge-Kutta order conditions [56, Chapter II.15], [55, Chapter
III.2].

The first partitioned-Runge-Kutta methods are due to Hofer [67] and Griepentrog [45]
who suggested partitioning a system into stiff and non-stiff components, applying an im-
plicit method to the stiff components and an explicit method to the non-stiff components.
More recently, partitioned methods have been used for solving Hamiltonian systems where
the position and momentum variables of the system allow a natural partitioning and where
well chosen pairs of methods result in a partitioned Runge-Kutta method with desirable
properties such as symplecticity [55]. Even more recently, partitioned Runge-Kutta meth-
ods have been used as multisymplectic integrators for discretization of partial differential
equations. See, for example, [68, 125] and [124, Chapter 3].

1.2.4 General linear methods

Linear multistep methods and Runge-Kutta methods both fit into the broader framework
of general linear methods introduced by Butcher [17]. Such methods allow for information
both from past steps and from within the current integration step to be used in determin-
ing the numerical solution yn. An r step, s stage, general linear method is defined by four
coefficient matrices, A, U , B and V with entries [aij ]s,s, [uij ]s,r, [bij ]r,s and [vij ]r,r respec-
tively. The r quantities passed from step-to-step are denoted y

[n−1]
1 , y

[n−1]
2 , . . . , y

[n−1]
r at

the start of the nth step. The corresponding values at the end of that step are denoted
y

[n]
1 , y

[n]
2 , . . . , y

[n]
r . During each step the s stage values Y1, Y2, . . . , Ys, and the correspond-

ing stage derivatives F1(Y1, . . . , Ys), F2, . . . , Fs are calculated. If supervectors containing
either r or s subvectors are defined as follows:

y[n−1] =


y

[n−1]
1

y
[n−1]
2

...
y

[n−1]
r

 , y[n] =


y

[n]
1

y
[n]
2
...
y

[n]
r

 , Y =


Y1

Y2

...
Ys

 , F =


F1

F2

...
Fs

 ,

then the general linear method may be neatly described, for a system of dimension N ,
using Kronecker product notation, as

Y = h(A⊗ IN )F + (U ⊗ IN )y[n−1],

y[n] = h(B ⊗ IN )F + (V ⊗ In)y[n−1],
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where IN is the N -by-N identity matrix.
An advantage of such methods is the extra flexibility which results from having a larger

number of coefficients to use as parameters. Hand-in-hand with this is the disadvantage
that the methods are correspondingly more difficult to analyse. For examples of general
linear methods and discussion of their derivation and practical implementation see [21, 22,
19, 20].

1.2.5 Splitting methods

Sometimes, a vector field contains terms that, while they are simple enough to integrate
individually, are difficult to integrate together. For such systems it is often helpful to split
the vector field into its simpler parts

ẏ = f(y) =
∑
i

fi(y), (1.11)

and then integrate each of the parts individually before recombining the component so-
lutions. Doing so results in a splitting method. These methods involve three equally
important steps:

• choosing the components fi(y) of (1.11) into which to split the vector field;

• integrating the components, either exactly (as is usually the case), or approximately
in some suitable fashion;

• recombining the component solutions so as to approximate the solution of the original
vector field.

The final step amounts to choosing a set of coefficients aij so that the resulting method

Φh,f (y0) =
∏
i,j

ψ
[j]
(aijh),fj

(y0) (1.12)

approximates the exact flow ϕh(y0), where the ψ[j] are the result of integrating, either
exactly, or approximately, the component vector fields fj .

The new vector fields may be simpler in two possible ways:

• the structure of the component vector fields may be simpler than the original, e.g.,
they may contain extra symmetries or admit an exact solution;

• the component vector fields may be easier to treat numerically, for example, fast
Fourier transforms may be used in their solution.

Because they developed simultaneously in diverse areas, it is difficult to give a clear
description of the origins of splitting methods. The notable early publications include
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Trotter who, in 1959 [142], showed that, for A and B linear self-adjoint operators on a
Banach space and bounded above,

lim
n→∞

(exp(−hA/n) exp(−hB/n))n = exp(−h(A+B)),

giving a first order accurate integrator for n = 1, and Strang [135] in 1968 who suggested
the second order difference scheme

S = LAh/2L
B
h L

A
h/2,

for vector fields f = A + B and where L is an approximation to the solution of A or B
which is second order accurate.

The Baker-Campbell-Hausdorff formula is a useful tool in determining the coefficients
in (1.12). It gives an expansion in powers of h for C(h) such that exp(hA) exp(hB) =
exp(C(h)) where the coefficients in the expansion of C(h) are commutators and repeated
commutators of A and B. Yoshida [147] and Suzuki [138, 139] have both presented sys-
tematic procedures for determining coefficients such that the resulting integrator has a
particular order. The procedures involve solving systems of nonlinear equations which
generally have several solutions and are only tractable numerically. McLachlan and Quis-
pel [90] list good2 values for the coefficients along with details on a variety of different
types of splitting methods.

Because splitting methods integrate parts of the vector field separately they allow
one to tailor different integration techniques to different pieces. For example, the cubic,
nonlinear Schrödinger equation in one space dimension is iut + uxx + c|u|2u = 0, c ∈ R.
Splitting the vector field into the linear and nonlinear parts allows the linear part with the
spatial derivatives to be calculated efficiently and with spectral accuracy in Fourier space
while the nonlinear part is calculated in physical space [61, 141, 146]. Changing between
physical and Fourier space is cheap due to the fast Fourier transform, and since the
splitting methods do not need to store information about the vector field at intermediate
steps (like Runge-Kutta methods) or from previous steps (like linear multistep methods)
memory requirements are modest — an advantage for partial differential equations in
several dimensions. The fact that splitting methods are explicit methods also makes them
attractive.

1.3 Hamiltonian systems

Hamiltonian systems are perhaps the most common physical systems to appear in the
applied mathematics and physics literature. They describe conservative (i.e. dissipation
free) systems from the very large (e.g. celestial mechanics) to the very small (e.g. molecular

2I.e. values such that the resulting method has a small leading error coefficient for numerical methods
of a particular order or for a particular number of stages
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dynamics and quantum mechanics) as well as those in between (e.g. rigid-body dynamics).
The differential equations which arise from them are the main focus of this thesis. A d

degree of freedom autonomous3 Hamiltonian system consists of 2d first order differential
equations

XH := ẏ = f(y) = J−1∇H(y), J =

[
0 −Id
Id 0

]
, (1.13)

where Id is the d× d identity matrix.

Definition 1.5 (Poisson bracket). The canonical Poisson bracket of two smooth, scalar
functions F (y) and G(y) is the function

{F,G}(y) = ∇F (y)>J−1∇G(y), (1.14)

where J is the same as in (1.13).

Using the Poisson bracket, the system (1.13) can be written

ẏi = {yi, H}, i = 1, . . . , d. (1.15)

More generally, the derivative of any function F (y) along the flow of the Hamiltonian
system is given by

d
dt
F (y(t)) = {F,H}(y(t)).

If the skew-symmetric matrix J−1 depends on y (i.e. J−1 = J−1(y)) and satisfies the
Jacobi identity,

{F, {G,H}}+ {H, {F,G}}+ {G, {H,F}} = 0,

and Leibniz’s rule,
{F ·G,H} = F · {G,H}+G · {F,H},

then the system (1.15) is known as a Poisson system. On account of this, the skew-
symmetric matrix J−1 is sometimes called the Poisson matrix even when it is constant.

From the skew-symmetric structure of J the system naturally splits into two sets of
d equations with canonically conjugate variables, y = (q, p), — that is, they satisfy the
relations

{qi, qj} = {pi, pj} = 0, and {qi, pj} = δij .

This gives

q̇i =
∂H

∂pi
, and ṗi = −∂H

∂qi
(1.16)

as the equations of motion in the conjugate variables.

3A non-autonomous Hamiltonian system, H(y, t) is said to have (d + 1
2
) degrees of freedom. We will

only deal with autonomous Hamiltonian systems, or non-autonomous systems which have been put into
autonomous form by introducing a new variable conjugate to the time variable.
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The d coordinates q represent the position — or configuration — variables of the
system. The associated p variables represent the conjugate momenta. The Hamiltonian
H(q, p) generally represents the total energy of the system. For autonomous systems,
where the Hamiltonian does not depend explicitly on time, it is an invariant quantity as
we see by differentiating the Hamiltonian with respect to time and substituting (1.16):

dH
dt

=
d∑
i=1

(
∂H

∂qi

dqi
dt

+
∂H

∂pi

dpi
dt

)
= 0.

William Rowan Hamilton, for whom Hamiltonian dynamics are named, presented Hamil-
tonian dynamics as a reformulation of Lagrangian dynamics [58]. However, Hamiltonian
dynamics are much more than just a reformulation; they provide a framework in which per-
turbation theory and integrability can be expressed (cf. Chapter 3), and give rise to sym-
plectic geometry. The systems also exhibit remarkable stability properties for structures
such as periodic orbits and invariant tori; this is manifested as KAM (Kolmogorov-Arnold-
Moser) theory (cf. section 1.3.3 and chapters 3 and 4). Since (autonomous) Hamiltonian
systems do not dissipate energy, their solution trajectories do not simply decay to a rest-
state, and their long-time, or even infinite-time, dynamics are of interest. This presents a
challenge to numerical integrators.

1.3.1 Symplectic transformations

The Hamiltonian form (1.13) is not preserved under arbitrary coordinate transformations;
it is preserved by symplectic or canonical transformations.

Definition 1.6. A linear transformation A : R2d → R2d is a symplectic transformation if
it satisfies

A>JA = J, (1.17)

where J is the matrix given in (1.13). For a nonlinear transformation A : R2d → R2d the
transformation is symplectic if it satisfies (1.17) with A replaced by DA, the Jacobian of
the transformation.

Alternatively, one can think of symplectic transformations from the viewpoint of dif-
ferential geometry: a symplectic transformation is a diffeomorphism f : R2d → R2d with
coordinates (q, p) which preserves the symplectic two-form ω = 1

2dy∧Jdy = dp∧dq. This
anti-symmetric, bilinear form acts on pairs of tangent vectors and gives the sum of the
oriented areas they define, that is, the areas of the parallelograms formed by projecting the
tangent vectors onto the planes spanned by each pair of (canonical) coordinates (qi, pi),
i = 1, . . . , d. More explicitly,

ω(u, v) = u>Jv =
d∑
i=1

(upivqi − uqivpi) . (1.18)
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In terms of the symplectic form (1.18), definition 1.6 can be re-presented:

Definition 1.7. A differentiable map Φ : R2d → R2d is a symplectic transformation if the
Jacobian of the map DΦ(q, p) satisfies

ω (DΦ(q, p)u,DΦ(q, p)v) = ω(u, v).

or, equivalently, Φ∗ω = ω, where Φ∗ is the pull-back of Φ.

An equivalent condition for symplecticity of Φ in terms of the canonical Poisson bracket
is that {F,G} ◦ Φ = {F ◦ Φ, G ◦ Φ} for all smooth functions F and G. Also, note that
{F,G} = ω(XF , XG).

The following theorem is due to Poincaré [112]:

Theorem 1.2. If the Hamiltonian H(y) is a twice differentiable function on some neigh-
bourhood of R2d, then the time-t flow map ϕt,f (y0) of the Hamiltonian vector field f = XH

is a symplectic map for all t and wherever it is defined .

Proof. We will show that the symplectic form ω(u, v) = u>Jv is constant along the solu-
tions of ẏ = J−1∇H(y). The tangent vector u(t) = ∂ϕt

∂y0
(y0)u(0) satisfies u̇ = J−1∇2H(y(t))u,

while v(t) satisfies an equivalent equation. The time derivative of ω(u, v) is therefore given
by

d
dt
ω(u, t) = u̇>Jv + u>Jv̇,

= u>∇2HJ−>Jv + u>JJ−1∇2Hv = 0,

since J> = −J and J−>J = −I. (We have used the notation J−> := (J−1)>.)

A consequence is that if we take a set of initial conditions S0 ⊂ R2d, for a Hamiltonian
vector field, we find that the area, for d = 1, (the sum of the oriented areas for d ≥ 2) of
the set S(t)S0 := {y(t) : y(0) ∈ S0} is preserved for all t.

We attempt to illustrate this in figure 1.2.

Figure 1.2: Area preservation of a (two-dimensional) symplectic flow. The area of the
parallelogram defined by the tangent vectors u and v remains constant as the vectors are
carried along the solution curve by the flow ϕ.
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The flow of a Hamiltonian vector field also preserves volume. For every bounded, open
set A ⊂ R2d and for every t for which ϕt,f (y) exists

vol(ϕt,f (A)) = vol(A),

where f(y) = J−1∇H(y) and where vol(A) =
∫
A dy. A more general, necessary and suffi-

cient condition for a differential equation to be volume preserving is that it be divergence
free, ∇ · f = 0, as the following lemma shows.

Lemma 1.3. The flow of a differential equation ẏ = f(y) in Rn is volume preserving if
and only if ∇ · f = 0.

Proof. The Jacobian of the flow map ϕt,f (y0) defines the matrix function Y (t) = Dϕt,f (y0).
The volume of the shape spanned by the columns of Y is given by det(Y ), and Y (t) is a
solution of the equation

Ẏ = A(t)Y (t), Y (0) = I,

where A(t) := Df(y(t)) denotes the Jacobian of f(y(t)) evaluated at y(t) = ϕt,f (y0).
To show that the volume defined by Y is constant we use the Abel-Liouville-Jacobi-
Ostrogradskii identity to find the time derivative of detY :

d
dt

detY (t) = traceA(t) · detY (t).

Since A(t) = Df(y(t)) we have traceA(t) =
∑

i
∂fi
∂yi

(y(t)) = ∇ · f(y(t)) and therefore
detY (t) = detY (0) = 1 if and only if ∇ · f(y) = 0.

The divergence free condition is necessarily true for autonomous Hamiltonian systems;

∇ · f = ∇ · J−1∇H =
∑
i

∂2H

∂pi∂qi
− ∂2H

∂qi∂pi
= 0.

A symplectic coordinate transformation (q, p) → (q̂, p̂), is usually obtained via a gen-
erating function S(q, p̂) which implicitly generates a transformation through

q̂ =
∂S

∂q
(q, p̂), p =

∂S

∂p̂
(q, p̂).

The matrix ∂2S
∂p∂p̂ must be non-singular in order that the second equation of the transfor-

mation may be inverted to find p̂(q, p). Such transformations are often employed so as
to simplify the equations of motion in the new variables. If a symplectic transformation
can be found such that the transformed Hamiltonian depends only on the new momentum
variables then the system is said to be integrable and its dynamics regular. In general, such
transformations do not exist, and as a consequence chaotic motion is a generic feature of
Hamiltonian systems.
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Figure 1.3: Nested tori of an integrable Hamiltonian system. A unique torus, carrying a
conditionally periodic flow, exists for each value of the action variables.

1.3.2 Integrability

Roughly speaking, a set of differential equations is integrable if it can be solved explicitly
for arbitrary initial conditions. Inverting the explicit solution returns the initial conditions,
hence the initial conditions are invariant functions — or constants of motion — along the
orbits of the system. When a Hamiltonian system can be transformed to a canonical
system which depends only on its momenta it is said to be Liouville integrable. Arnold
showed [4] that when the energy surfaces are compact and the momenta are everywhere
independent — we will make these points more concrete in section 3.1 — it is always
possible to choose the momentum variables of the new system such that their conjugate
position variables are periodic and in the interval [0, 2π]. Such coordinates are called
angle-action coordinates and denoted (θ, I). The equations of motion for the transformed
Hamiltonian H(I) are İ = 0, θ̇ = ω(I) = ∂H

∂I . For a fixed value of I the trajectories of
the system occur on nested d-dimensional tori and wind around the torus with frequencies
ω ∈ Rd (cf. figure 1.3). When the frequency vector is non-resonant the trajectories are
dense on the torus; otherwise they form a degenerate lower-dimensional torus. We will
describe integrable systems and invariant tori in more detail in chapters 3 and 4.

The concept of first integrals is important to Hamiltonian systems, particularly for
integrability — the Arnold-Liouville theorem (theorem 3.2) presented in section 3.1 re-
quires, amongst other things, that a d-degree of freedom Hamiltonian system possess d
first integrals if the system is to be integrable.

Definition 1.8. A non-constant function I(y) is said to be a first integral of ẏ = f(y) if
I ′(y)f(y) = 0 for all y. That is, I(y) = I(y0) = Const. along every solution of f(y).

An autonomous Hamiltonian system with one degree of freedom is always locally inte-
grable since the Hamiltonian function itself is a first integral. Hamiltonian systems with
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two or more degrees of freedom are typically non-integrable though there are well known
exceptions such as the Toda lattice [55].

1.3.3 Chaotic motion and KAM theory

The Kepler problem — describing the gravitational interaction of two spherical bodies
(see, for example [55, Chapter I]) — is an example of a famous, and well studied, inte-
grable Hamiltonian system. However, when other effects, such as additional bodies, even
of small mass, are included there appear to be no general, explicit solutions. Poincaré
[112] addressed the question of the stability of the solar system and realised that the series
used to study perturbations of the Kepler problem were divergent. That is, perturbations
of integrable systems need not be integrable. The problem arises from the appearance
of small denominators of the form k · ω(I) in the terms of the series. These terms occur
whenever ω is resonant, (i.e. when ωi/ωj ∈ Q), or even close to resonant. The fact that
the rational numbers are dense would seem to suggest that for arbitrarily small pertur-
bations of integrable Hamiltonian systems none of the invariant tori of the system persist
and the motion is entirely, or at least mostly, chaotic. The famous 1955 computational
experiment of Fermi, Pasta and Ulam [39] failed to find this supposedly ubiquitous chaotic
behaviour. This was explained by KAM theory, developed by Kolmogorov [76] and refined
by Arnold [2] and Moser [100], which proved that when the perturbation is small enough,
and provided that:

• the system satisfies a non-degeneracy condition, and

• is sufficiently differentiable, and

• the frequencies of the invariant torus are sufficiently far from resonance,

then the invariant torus survives the perturbation. The tori which are resonant or close
to resonant are generally destroyed and either form degenerate lower dimensional tori —
that is, secondary tori of lower dimension trapped in a resonance — or are replaced by
regions of chaotic motion. The size of these chaotic regions grows with the perturbation
size.

In two degrees of freedom the surviving two-tori form barriers on the three-dimensional
energy surfaces. As a consequence, all trajectories inside such tori are bounded and the
chaotic motion is restricted to bands between the tori [103]. When the system has three
of more degrees of freedom the invariant tori no longer partition the energy surface and
thus, there is no obstruction to (chaotic) trajectories connecting distant points in the
phase space. The existence of such orbits is known as Arnold diffusion. It remains an
open problem to prove that Arnold diffusion occurs in any appreciable sense. That is,
to show that for small perturbations of an integrable Hamiltonian, a non-zero volume of
initial conditions behaves chaotically in the sense that pairs of initial conditions, arbitrar-
ily close, lead to trajectories which diverge from each other and therefore have positive
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Lyapunov exponents. Any such diffusion must occur slowly, however, due to a theorem of
Nekhoroshev [105, 104] which states that all trajectories of perturbed integrable systems
stay close to the unperturbed tori for times which are exponentially long in the inverse
perturbation size. The theorem requires a form of smoothness exceeding the existence
of infinitely many derivatives of the Hamiltonian. For finitely differentiable Hamiltonians
the trajectories remain close for only polynomial times. A local version of the theorem is
presented in [55, section X.4.2].

1.4 Geometric numerical integration

In 1952 Curtiss and Hirchfelder [29] suggested that some classes of numerical integrators
are better suited to certain types of differential equations. They realised that so called
stiff 4 differential equations are best solved by implicit numerical methods even though
such methods are more computationally expensive. This was the first example of tailoring
a numerical method to a particular type of problem, in contrast to the traditional ap-
proach where practitioners would solve differential equations using their favourite numer-
ical method. Although Curtiss and Hirchfelder, and those who followed them, recognised
that the different intrinsic properties of differential equations made different integrators
“good” integrators in different cases, the focus was still on the global error of solutions
after finite integration times. In contrast, geometric numerical integration methods try to
preserve geometric properties of the flow of a differential equation. The flow of a dynamical
system is a map or diffeomorphism of the phase space to itself. The set of diffeomorphisms
forms a group with composition of the flow maps as the group operation.

Since numerical integrators can’t preserve specific orbits of the flow exactly — espe-
cially in the case of long integration periods and non-dissipative systems — geometric
integration instead focuses on preserving the special features of the system which control
its dynamics. Subgroups of the group of diffeomorphisms can correspond to different types
of dynamical features or different classes of dynamical systems. If a numerical integrator
is able to preserve these subgroups it may produce a phase portrait which has the same
qualitative features as that of the original dynamical system, at least for those features
which are structurally stable (i.e. they are shared by all maps close to the flow map).

If the goal of a numerical integrator is to follow a single trajectory as accurately
as possible on some fixed time-interval then it is not necessary to distinguish between
“classical” (i.e. non-geometric) integrators and geometric integrators5. One need only
choose a method which is stable for an acceptable step size, and with the smallest local
truncation error for the number of function evaluations per step that one is willing to make.

4Stiff equations may be most simply defined as being differential equations for which explicit methods
don’t work. Their linearization typically has some eigenvalues with large negative real part.

5Though it can be argued that it is still worth doing so — for example given the choice of two methods
with similar local errors and computational cost, one of which preserves invariant sets and one which may
not, it would seem to be advantageous to use the method which does.
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If, however, one wishes to study a dynamical system (or a region of a dynamical system),
or to perform calculations over long integration periods, (where long might mean, for the
longest integration period one is willing to wait for), then it is important that geometric
properties of the dynamical system are replicated by the numerical system. Examples
could include:

• Determining whether the solar-system is chaotic, where one is not interested in the
exact position of the planets after some millions of years, but rather in whether any
Lyapunov exponents are converging to positive values as t→∞.

• Calculating the preferred structures of a molecule, one wants to know the configura-
tion where the molecule spends most of its time and the probability of the molecule
switching to other nearby configurations. However, one does not wish to know the
exact positions of every atom at every instant in time.

• In order to simulate a particle accelerator and determine the best position of the
magnets which control the beam of accelerated particles it is necessary to accurately
predict the region of space that the particles will be confined to. The trajectories
and positions of individual particles need not be known.

These examples all have in common that the global error associated with their calculation
can become very large, that is, O (1), due to the length of the integration period and
the fact that the systems are non-dissipative and do not decay to some rest state. They
also have in common conserved quantities and underlying structure (all are Hamiltonian
systems) which can be exploited in order to achieve good numerical results.

We will focus on symplectic integrators (and their application to Hamiltonian systems)
though of course geometric numerical integration is far wider than such numerical methods
and dynamical systems. By symplectic integrator we mean any numerical integrator whose
Jacobian satisfies (1.17).

Numerical methods of symplectic integration were introduced by de Vogelaere [32] in
1956 in a report; however, this remained unpublished and it was not until the 1983 article
by Ruth [122] that the idea of geometric integration — designing integrators which had
the same physical properties as the differential equations they were to be used with —
received attention. Ruth, a physicist working on problems related to particle accelerators,
took the point of view that since differential equations derived from a Hamiltonian system
had a symplectic structure (their flow generates a symplectic map), numerical integrators
could never correctly solve such equations, no matter their accuracy, unless they too gave
a symplectic map. Other early work on symplectic integration also came from within
the physics community, notably in reports from Channell [23] in 1983 and Neri [106] in
1988. The initial approaches to constructing symplectic integrators commonly used the
observation [79] that any coordinate transformation derived from a generating function
gives a symplectic map. Publications by Kang [74] in 1986 and Sanz-Serna [126] and
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Lasagni [80] in 1988, amongst others, helped establish the idea, within the numerical
analysis community, that a geometric approach to integration could yield better qualitative
results. By the early 1990s publications such as the book Numerical Hamiltonian Problems
[127] by Sanz-Serna and Calvo and the survey article [24] by Channell and Scovel had
established geometric integration as a distinct field. Further details on the development
of geometric integration can be found in the survey articles by McLachlan and Quispel
[89, 91], and Budd and Piggot [16] and in the book [55] by Hairer, Lubich and Wanner.

Probably the best known, and most widely used, geometric integrator today is the
Störmer-Verlet or leapfrog method which, for a separable Hamiltonian H(q, p) = T (p) +
V (q) with T (p) = 1

2p
>p, reads:

qn+ 1
2

= qn +
h

2
pn, pn+1 = pn − h∇V (qn+ 1

2
), qn+1 = qn+ 1

2
+
h

2
pn+1. (1.19)

The method was publicised, at least to the molecular dynamics community, by Verlet
[144, 145] who used it to conduct computer “experiments” on a system of argon atoms. It
is also often used in celestial mechanics (it is sometimes called Encke’s method after J. F.
Encke who, around 1860 used it for extensive calculations for the perturbation terms of
planetary orbits [54]) and in the solution of partial differential equations for wave propa-
gation (because it is easy to code, cheap to run and generally produces acceptable results).
In fact the leapfrog method is perhaps the archetype of geometric numerical integrators
— Hairer, Lubich and Wanner use it exclusively in [54], a 50 page expository article on
geometric numerical integration. The method fits into the framework of both partitioned
Runge-Kutta methods and splitting methods. The latter can be seen by splitting the
Hamiltonian H = T + V into ϕt,T and ϕt,V , the flows of the kinetic- and potential-energy
parts respectively. The composition

ϕh/2,T ◦ ϕh,V ◦ ϕh/2,T

then yields the leapfrog method (1.19).

However, the method is also one of the earliest examples of a (geometric) numerical
integrator, appearing in 1687 in Book I of Newton’s Principia Mathematica [107] (and
reproduced in figure 1.4) where it was shown to conserve angular momentum and used by
Newton to prove Kepler’s second law of planetary motion — that planets sweep out equal
areas during equal intervals of time. In his “Leçon d’Adieu”, Gerhard Wanner calls this
proof by Newton “the first proof of modern science”6.

Newton’s exposition of the algorithm also shows that it is reversible, that is, after
running the method forwards in time one can reverse the direction of time and run the
method backwards returning to the same points in phase space as during the forward

6The slides which accompanied Wanner’s presentation can be found at www.unige.ch/~wanner/

Lecondadieu.pdf
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Figure 1.4: The leapfrog method in Book I of Newton’s Principia Mathematica. The al-
gorithm conserves area and angular momentum. By letting the step sizes shrink infinites-
imally, Newton proves that under gravitational attraction, Kepler’s second law holds:
planets sweep out equal areas of their orbits during equal times.
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iterations. More recently, the leapfrog method and its generalisations have been of interest
as examples of symplectic integrators.

1.4.1 Symplectic integrators

If one takes phase space preservation to be a necessary property of geometric integration, a
consequence is that linear multistep methods of numerical integration cannot be geometric
integrators since they use values of the vector field and/or solution at several different time
levels. (A similar argument applies to general linear methods.) However, one can, in the
case of a strictly stable linear multistep method, talk about the associated equivalent or
underlying one-step method [75]. Tang [140] proved in 1993 a conjecture of Kang that
no linear multistep method can be symplectic, in the sense that the underlying one-step
method can not be symplectic for ẏ = f(y). It is believed, though not proven, that the
same result holds for general linear methods [55]. Linear multistep methods can, however,
be time reversible or symmetric making them “good” methods for reversible Hamiltonian
systems. Such methods have received attention as integrators for long-time simulations
in celestial mechanics [53, 50, 115]. Chartier, Faou and Murua [25] have shown that for
Newton equations7 if a linear multistep method is applied to the second order equation
ÿ = f(y) then, if the method is symmetric its underlying one-step method is formally
conjugate to a method which is symplectic. An example is the leapfrog method which is
known to be symplectic, and can be expressed in the form of a linear multistep method:

yn+1 − 2yn + yn−1 = h2f(yn).

Here we will briefly mention two of the most popular types of symplectic integrators:
Runge-Kutta/partitioned Runge-Kutta methods and splitting methods. The first class
of methods benefits from the fact that (partitioned) Runge-Kutta methods are already
widely known, well understood and generally trusted as classical numerical integrators,
hence little thought is required to switch from a non-symplectic to a symplectic Runge-
Kutta method.8 Splitting methods, though more novel from a numerical analysis point
of view, benefit from being explicit (hence fast), and very flexible. However, they require
some analysis of the differential equation in question before they can be applied.

Symplectic (partitioned) Runge-Kutta methods

Runge-Kutta methods were one of the earliest classes of numerical integrators to be in-
vestigated with respect to symplecticity. For a Runge-Kutta method of the form (1.3),

7That is, equations with a Hamiltonian of the form H(q, p) = 1
2
p>p+ V (q).

8The issue of symplectic Runge-Kutta methods all being implicit — and, hence, relatively expensive in
comparison to many (explicit) popular “classical” Runge-Kutta methods — is, however, a point against the
idea that one can simply “upgrade” from an arbitrary non-symplectic Runge-Kutta method to a symplectic
one.
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independent results from Sanz-Serna [126] and Lasagni [80] show that the method is sym-
plectic if and only if the condition

biaij + bjaji − bibj = 0, i, j = 1, . . . , s, (1.20)

holds for the coefficients of the method. The left-hand side of this condition defines the
matrix which must be non-negative definite if the Runge-Kutta method is to be alge-
braically stable [57]. Since the condition for algebraic stability of Runge-Kutta methods
is essentially ensuring that the integrator damps the solutions of dissipative systems, the
requirement that all entries in the matrix are zero for a symplectic integrator avoids the
numerical solutions being either artificially damped or driven. Sanz-Serna and Calvo give a
detailed study of symplectic Runge-Kutta and partitioned Runge-Kutta methods in [127].

The classes of Runge-Kutta methods which satisfy (1.20) include the Gauß methods of
order 2s, where s is the number of internal stages used by the method. Such methods are
popular, partly on account of their high order but also because they can be implemented
as a “black-box” where only the differential equation ẏ = f(y) needs to be known. A
disadvantage of the Gauß, and all other symplectic Runge-Kutta methods, is that they
are implicit and a system of nonlinear equations must be solved at each step. If one wants
to take advantage of the exact preservation of the symplectic form, the system of equations
must be solved to machine precision.

Partitioned Runge-Kutta methods are symplectic if their coefficients satisfy

biâij + b̂jaji − bib̂j = 0, bi = b̂i, i, j = 1, . . . , s. (1.21)

The Lobatto IIIA-IIIB pair is such a class of methods.

It is worth mentioning at this point that much of the good behaviour of symplectic
integrators relies on them being implemented with constant step size. Gladman, Dun-
can and Candy [44] observed that when such integrators are implemented with adaptive
step sizes they lose many of their desirable qualities and behave like classical integrators,
displaying, for example, linear energy error growth. Symplectic integrators form a group
under composition, hence, a sequence of steps by a symplectic integrator, using various
step sizes, yields a symplectic map:

Φh∗ = Φhk ◦ Φhk−1
◦ · · · ◦ Φh2 ◦ Φh1 .

However, as we explain in section 1.4.2, the map generated by a symplectic integrator is
exponentially close to the flow of a modified Hamiltonian which is constructed as a series
expansion in the step size h. Changing step size therefore changes the modified Hamilto-
nian being approximated; such a process need not give a good approximation of the flow
of the original Hamiltonian system. Additionally, many of the theorems concerning the
good structure preservation properties of symplectic integrators rely on repeated iteration
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of a single symplectic map for their proof (cf. KAM theory, chapter 3).

Splitting methods

Splitting methods (cf. section 1.2.5) offer an alternative approach for developing geometric
integrators. They are more “hands on” than Runge-Kutta methods since they require that
one must decide how the vector field is to be split. Sometimes this choice will be clear, such
as when the vector field can be split into parts which can be integrated exactly, thereby
preserving all the geometric properties of the individual components. In such cases it just
remains to ensure that the composition of the individual solutions, to form the final map,
retains the geometric structures. In the case of symplectic integrators, symplectic maps
form a group under composition, and hence splitting methods preserve the symplecticity
of the total flow whenever symplecticity is preserved for the individual flows. The same
holds for any other vector fields whose flows form a group. Issues arise when it is not
obvious which particular group of diffeomorphisims the flow of the vector field belongs to.
The classification, and discussion of groups of diffeomorphisims, with respect to splitting
methods and geometric integration, is treated in [90].

1.4.2 Backward error analysis

The technique of backward error analysis allows one to make comparisons between the
numerical trajectory of an integrator and the exact solution of a modified equation. Often,
these comparisons agree, up to terms which are exponential in some small parameter, (the
integrator step size), and, as such, are useful for studying the behaviour of a numerical
method over very long, but still finite, integration periods. As such, we will generally
avoid taking the backward error approach to our analysis since we are interested in exact
preservation of structures for unbounded integration periods. Nevertheless, we will need
to understand backward error analysis in order to appreciate why such an approach is
not sufficient for studying structure preservation. We will also make use of ideas from
backward error analysis, such as the idea of modified Hamiltonians and modified vector
fields, in chapter 4 when we prove that symplectic integrators preserve periodic orbits.

Consider an ordinary differential equation ẏ = f(y) treated with a numerical method
Φh,f (y), which produces a numerical trajectory y0, y1, y2, . . . approximating y(t). A for-
ward error analysis consists of studying the local ‖y1−ϕh,f (y0)‖ and global ‖yn−ϕnh,f (y0)‖
errors in the solution space. In contrast, the idea of backward error analysis is to find a
modified differential equation ˙̃y = f̃h(ỹ) of the form

˙̃y = f(ỹ) + hf̃2(ỹ) + h2f̃3(ỹ) + . . . , (1.22)

such that yn = ỹ(nh). The numerical trajectory is then interpreted as the exact solution
of a modified differential equation. One can then study the behaviour of the modified
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equation in order to understand the numerical solution.

˙̃y = f̃(ỹ), y0
�

modified equation
ẏ = f(y), y0

ϕnh,f̃ (y0) = Φn
h,f (y0)

exact

? �

numerical solution

ϕnh,f (y0)

exact

?

Figure 1.5: Schematic of backward error analysis using modified differential equations.

In general, the series (1.22) diverges and must be suitably truncated. The series can
be computed, formally, by setting ỹ(t) = y for a fixed t and expanding the solution of
(1.22) in a Taylor series

ỹ(t+ h) = y + h
(
f(y) + hf̃2(y) + h2f̃3(y) + . . .

)
+
h2

2

(
f ′(y) + hf̃ ′2(y) + . . .

)(
f(y) + hf̃2(y) + . . .

)
+
h3

3!
(
f ′′(f, f)(y) + f ′f ′f(y) + . . .

)
+ . . . , (1.23)

where the terms at order h3 and higher involve elementary differentials of f and f̃j , (cf.
section 1.2.2). Writing the numerical method Φh,f (y) as a power series in h, and assuming
that the method is consistent,9 and hence, the coefficient of the order h term is f(y), gives:

Φh,f (y) = y + hf(y) + h2c2(y) + h3c3(y) + . . . (1.24)

The coefficient functions c2(y), c3, (y), et cetera are known from the construction of the
numerical method and generally consist of combinations of f(y) and its derivatives. We can
now calculate the coefficients of (1.22) by requiring ỹ(nh) = yn, hence, ỹ(t+h) = Φh,f (y).
Comparing the coefficients of h in equations (1.23) and (1.24) yields recurrence relations
for f̃j(y):

f̃2 = c2(y)− 1
2
f ′f(y),

f̃3 = c3(y)− 1
3!
(
f ′f ′f(y) + f ′′(f, f)(y)

)
− 1

2

(
f ′f̃2(y) + f̃ ′2f(y)

)
.

The coefficient functions cj(y) are necessarily such that the perturbation terms in the
modified equation are O (hp) where p is the order of the numerical integrator.

One of the most important consequences of modified equations is that for Hamiltonian

9Consistency is a prerequisite for any viable numerical integrator. It requires that the method is able
to solve the equation ẏ = 0 exactly.
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systems ẏ = J−1∇H(y), with an infinitely differentiable Hamiltonian H(y), the modified
equation of a symplectic method is also Hamiltonian. That is, when the continuous-
time flow of a Hamiltonian system preserves the Hamiltonian function, the time-h map
of a symplectic integrator preserves (up to the order at which the modified equations are
truncated) a nearby Hamiltonian function. We illustrate this idea in figure 1.6.

˙̃y = f̃(ỹ) = J−1∇H̃(y) �
modified equation

ẏ = f(y) = J−1∇H(y)

ϕnh,ỹ(y0) = Φn
h(y0)

exact

? �

numerical solution

ϕnh,f (y0)

exact

?

H̃(y)
?

6

�
modified Hamiltonian

H(y)
?

6

Figure 1.6: Schematic showing the idea of preservation of a modified Hamiltonian when a
symplectic numerical integrator is used with a Hamiltonian differential equation.

The following theorem gives the existence of a local modified Hamiltonian. Whenever
the symplectic method has a generating function (cf. section 1.3.1) then one can also prove
existence of a global modified Hamiltonian defined on the same domain as the generating
function.

Theorem 1.4 (Existence of a local modified Hamiltonian). [55, theorem 3.2, section
IX.3.2] If a symplectic method Φh(y) is applied to a Hamiltonian system with a smooth
Hamiltonian H : R2d → R, then the modified equation (1.22) is also Hamiltonian. More
precisely, there exist smooth functions H̃j : R2d → R for j = 2, 3, . . . , such that f̃j(y) =
J−1∇H̃j(y).

Similarly, the modified equation for a Poisson integrator applied to a Poisson system
is also locally a Poisson system.

Of course, since it is necessary to truncate the modified equation (1.22) before it di-
verges, the numerical trajectory produced by Φh,f is not exactly the flow of a Hamiltonian
system even though the modified equation is. This almost preservation of a modified
Hamiltonian is responsible for the good long-time energy conservation of symplectic in-
tegrators applied to Hamiltonian systems. The following theorem is due to Benettin and
Giorgilli [11]

Theorem 1.5. Consider a Hamiltonian system with analytic H : U → R, and U ⊂ R2d,
and apply a symplectic numerical method Φh(y) with step size h. If the numerical solution
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stays in a compact set K ⊂ U , then there exists a constant h0, (which depends on the size
of the domain of analyticity of H and on the bounds of the derivatives of the numerical
solution), and an integer N0 := max{N ∈ Z : hN < h0}, such that

H̃(yn) = H̃(y0) +O
(
e−h0/2h

)
,

H(yn) = H(y0) +O (hp) ,

over exponentially long time intervals nh ≤ eh0/2h.

The significance of the fact that symplectic algorithms fail to conserve the total energy
of Hamiltonian systems can be well illustrated by comparing the numerical solution of the
Hamiltonian pendulum

H(q, p) =
p2

2
− cos(q) (1.25)

with its modified equation. For the (symplectic, second-order) leapfrog integrator (cf.
(1.19)) the modified Hamiltonian, up to O

(
h2
)
, is

H̃(q, p) = H(q, p) + h2

(
−1
24
p2 cos(q) +

1
12

sin2(q)
)
. (1.26)

In figure 1.7 we plot the numerical trajectories of the leapfrog integrator applied to the
system generated by (1.25), and the level sets of the modified Hamiltonian (1.26) for
various step sizes h and for initial conditions (q0, p0) = (−1.5, 0), (q0, p0) = (−2.5, 0),
(q0, p0) = (−π, 1.5), and (q0, p0) = (−π, 2.5). The integration length is 200000 steps in
all cases. The figures show that for h ≤ 0.6, larger than would typically be used, there
is excellent agreement between the numerical trajectories and that the modified Hamilto-
nian; that is, H̃ is well conserved. For larger step sizes the numerical trajectories become
chaotic, highlighting the effect that the non-existence of an exact, (that is convergent),
modified Hamiltonian has on the dynamics. Yoshida [148] discusses the relationship be-
tween this chaotic behaviour and the divergence of the un-truncated series for the modified
Hamiltonian.

The figure also shows that the numerical trajectory closest to the fixed point at (q, p) =
(0, 0) manages to retain the correct dynamics, even when the step size becomes very large.
For h = 1.2 the periodic orbit is replaced by a chaotic trajectory with the initial condition
close to a seperatrix. The chaotic trajectory, however, remains within a bounded region of
the phase space. This aspect of the numerical dynamics can be explained by KAM type
theorems, (cf. chapters 3 and 4), and comes from the fact that the leapfrog integrator is
symplectic.
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Figure 1.7: Numerical solutions of the pendulum by the leapfrog integrator for a range of
large step sizes and for 200000 steps. The four initial conditions used are indicated. The
level sets of the corresponding modified Hamiltonian truncated after the O

(
h2
)

term, (cf.
equation (1.26)), are the thick, solid lines.
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1.5 Thesis outline

The aim of this thesis is to give insight into the preservation of phase space structure for
Hamiltonian systems when the equations of motion are solved numerically. We present
theorems and conjectures on when numerical integrators preserve such structures, and on
what happens when they do not. We also make extensive use of a variety of applications
and numerical experiments to illustrate why a geometric, or structure preserving, approach
to numerical integration is important and how it is possible.

The original work in this thesis is based on three separate projects and, therefore,
chapters 4, 5 and 6, where this is presented, can each stand alone to some extent. The
common thread throughout the chapters is the importance of a “geometric” view of numer-
ical integration: the idea that numerical integration is a tool for studying the dynamics
of differential equations rather than just computing numerical trajectories to a certain
accuracy.

The chapters of this thesis are organised as follows: Chapter 2 presents background
on the preservation of invariant sets by numerical integrators. We discuss what is known
about preservation of fixed points and their spectra, stable and unstable manifolds, pe-
riodic orbits, invariant tori, and chaotic invariant sets, as well as statistical properties of
differential equations. Where possible, we consider the treatment of each of these sets
by linear multistep, Runge-Kutta and splitting methods. As part of this, we present and
prove a therom concerning the fixed points of splitting methods. We are not aware of this
theorem existing previously in the literature.

Chapter 3 gives a detailed background to perturbation theory and Kolmogorov’s it-
eration, which can be used to prove that most invariant tori of integrable Hamiltonian
systems survive small Hamiltonian perturbations. We give a detailed proof, based on that
in [55], that Kolmogorov’s iteration converges.

This lays the foundation for chapter 4 where we prove that most periodic orbits of
Hamiltonian differential equations persist under a symplectic discretization, though with
a periodic perturbation. The proof uses existing results [114, 98] to embed the trajectory
of a symplectic integrator in the non-autonomous flow of a modified Hamiltonian. It then
uses a theorem from [73] to prove that the periodic orbit of the original flow is replaced
by an invariant 2-torus in the perturbed flow. The motion in the additional dimension is
very small, and comes about from the quasi-periodic perturbation due to the numerical
integrator. The chapter also includes a conjecture on the breakup of periodic orbits of
Hamiltonian systems with d ≥ 2 degrees of freedom when the integrator step size is
resonant with the frequency of the periodic orbit. Supporting numerical evidence is given
and an application to Hamiltonian partial differential equations is discussed.

Chapter 5 concerns numerical integrators for highly oscillatory Hamiltonian systems
with constant frequency. It studies so-called trigonometric integrators and uses a variety
of numerical tests to show that such integrators are perhaps not as practical as previous
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publications suggest. It is shown that the trigonometric integrators suffer from higher
order resonances, in addition to the low order resonances already known, and that, in
many cases, they perform poorly at preserving various properties of differential equations
which may be important to the study of the dynamical system.

Chapter 6 presents a numerical study of two coupled magnetic moments in an applied
magnetic field. It is motivated by the article [118] where the authors used numerical
investigation of the system to better understand quantum chaos. However the approach
of [118] did not appear to take a geometric point of view. We investigate the effect of choice
of integrator and choice of coordinate system on the numerical solutions. The system is
interesting to investigate in its own right with non-trivial dynamics.

The thesis concludes, in chapter 7, with a summary, and a discussion of open problems
related to the preceding chapters.

1.6 List of original contributions

Chapter 2 (partly original)

• Theorems on preservation of fixed points and prevention of spurious fixed points
for first order splitting methods.

Chapter 4 (entirely original)

• KAM-type theorem for preservation of periodic orbits of Hamiltonian systems
by symplectic integrators with a non-resonant step size. The theorem also holds
for other lower dimensional invariant tori, though the necessary assumptions
can be more restrictive in this case.

• Numerical investigation of break-up of periodic orbits of Hamiltonian systems
with two or more degrees of freedom when the frequency of the periodic orbit
is resonant with the step size of the (symplectic) integrator. Based on the
results of the investigation, a conjecture on resonant symplectic discretization
of Hamiltonian periodic orbits is presented along with a new application for
steady-state solutions of Hamiltonian partial differential equations.

Chapter 5 (entirely original)

• Numerical investigations showing evidence of previously unreported third order
resonances in trigonometric integrators for highly oscillatory problems. These
resonances can lead to unstable numerical solutions.

• Numerical investigation of previously unstudied structural properties and long-
time dynamics of trigonometric integrators. The behaviour of the trigonometric
methods is compared with that of a non-trigonometric integrator not specifically
designed for highly oscillatory problems. It is found that in some respects the
trigonometric methods perform no better than the midpoint rule.
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Chapter 6 (entirely original)

• Investigation of a coupled two-spin system in an applied magnetic field includ-
ing:

– investigation of the effects of symplectic versus non-symplectic integration,
and

– investigation of the effect of the choice of coordinate system on accuracy
and structure preservation of numerical solutions.
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Chapter 2

Structure Preservation: Invariant

Sets

Numerical experiments are crucial to the development of insight into the be-
haviour of dynamical systems. . . . However, a central question must be faced
when utilizing such numerical results: In what sense do the numerical experi-
ments with their inherent computer roundoff reflect the true dynamics of the
actual system?

— S. M. Hammel, J. A. Yorke and C. Grebogi, 1987

This chapter reviews some of the issues when using numerical integrators as tools for
the study of dynamical systems. As we mentioned in chapter 1, numerical analysis has
typically been concerned with the study of methods as the step size tends to zero while
the integration length remains finite. In contrast, for dynamical systems one wants to
study the behaviour of systems as t→∞. In this case, the accuracy with which numerical
objects are computed may be less important than the fact that numerically computed
objects are qualitatively correct.

Invariant sets are an important aspect of dynamical systems; they are often of lower
dimension (than the full system), and they may carry simple(r) dynamics.

Definition 2.1 (Invariant set). For a dynamical system described by f : Rn → Rn, the
set A ⊂ Rn is an invariant set if ϕt,f (A) ⊂ A for all t. If ϕt,f (A) ⊂ A for all t > 0 then
A is a forward (or positively) invariant set. It is backward (or negatively) invariant if
ϕt,f (A) ⊂ A for all t < 0.

When a property of a dynamical system, such as an invariant set, persists under
perturbations of the same class as the dynamical system (for example, Hamiltonian per-
turbations of a Hamiltonian system), the property is said to be structurally stable within
that class. It would seem desirable that numerical integrators should reproduce any struc-
turally stable invariant sets of a dynamical system if they are to help us understand its



34 Chapter 2. Structure Preservation: Invariant Sets

dynamics. The accuracy of the integrator does not necessarily help with this goal. Take
the example of a chaotic dynamical system. Sensitive dependence on initial conditions,
and trajectories which typically diverge exponentially quickly, are serious factors limiting
the efficacy of numerical integrators as the error in each step is subsequently amplified by
the divergent trajectories. Even if the integration can be done exactly at each step and
one is simply iterating a diffeomorphism, the round-off error in each evaluation leads to a
new trajectory. If the distance between pairs of orbits grows geometrically, then an error
of machine epsilon1 may grow to O (1) after only a few dozen iterations.

For any particular invariant set, it is not trivial to say what it means for such a set to
be preserved by a numerical integrator, or for a spurious invariant set of the same type
to be introduced. A useful definition is to say that an invariant set has been preserved if,
each point in the invariant set of a numerical method lies within some — hopefully small
— bounded region of a corresponding point in an invariant set of the original dynami-
cal system, and that the size of the region about each point shrinks towards zero with
decreasing step size.

In this chapter we will discuss the computation of various invariant sets: fixed points
(and their spectra), stable/unstable manifolds, periodic orbits, quasi-periodic orbits and
invariant tori and chaotic invariant sets. We also briefly discuss computation of statistical
properties. We will try to say what is known (at least what is known by the author) about
each property with respect to three classes of integrators: Runge-Kutta, linear multistep
and composition/splitting methods. Many of the examples and theorems in sections 2.1
– 2.4 are taken from the article [136] and the book [137].

2.1 Fixed points & their spectra

Definition 2.2 (fixed point). A point y∗ is a fixed point (or stationary point or equilibrium
point) of a differential equation ẏ = f(y) (respectively, a map Φ(yn) = yn+1) if f(y∗) = 0,
(resp. Φ(y∗) = y∗).

Preserving existing fixed points of dynamical systems is relatively easy for numerical
integrators. For example, all Runge-Kutta and linear multistep methods preserve all fixed
points exactly. Theorem 2.1 and its proof shows why this is true for Runge-Kutta methods.

Theorem 2.1 (Runge-Kutta methods preserve fixed points). A Runge-Kutta method ap-
plied to a differential equation ẏ = f(y) retains all fixed points of the differential equation.
that is,

f(y∗) = 0⇒ y∗ = Φh,f (y∗),

Proof. Suppose f(y∗) = 0 and yn = y∗, then the Yi of the Runge-Kutta method (1.3)
satisfy Yi = y∗ for i = 1, . . . , s and hence yn+1 = yn = y∗.

1That is, the smallest number εm such that the computer calculation (1 + εm)− 1 6= 0.



2.1. Fixed points & their spectra 35

For linear multistep methods the proof is not so straightforward as the methods are
defined on a product space rather than on the phase space of the differential equation.

It is important that preserved fixed points are of the same type for both the original
dynamical system and its discrete approximation. Stability, in particular, is important to
preserve since it influences nearby points in the phase space.

Definition 2.3 ((asymptotically) stable fixed point). A fixed point y∗ of a map Φ(yn) =
yn+1 (resp. a differential equation ẏ = f(y)) is said to be stable if, for any ε > 0 there
exists δ = δ(ε) > 0 such that y0 = y(0) ∈ B(y∗, δ) implies yn ∈ B(y∗, ε), ∀n ∈ N,
(resp. y(t) ∈ B(y∗, ε), ∀t ≥ 0). The fixed point is asymptotically stable if it is stable and
‖yn − y∗‖ → 0 as n → ∞, (resp. ‖y(t) − y∗‖ → 0 as t → ∞) for ‖y0 − y∗‖ sufficiently
small.

Hyperbolicity (or non-hyperbolicity) is another important property of fixed points. It
essentially says that the neighbourhood of a fixed point is partitioned into attracting and
repelling directions.

Definition 2.4 (hyperbolic fixed point of a map). A fixed point y∗ of a map Φ is said to
be hyperbolic if none of the eigenvalues of the Jacobian DΦ|y∗ lie on the unit circle.

Definition 2.5 (hyperbolic fixed point of a differential equation). A fixed point y∗ of a
differential equation ẏ = f(y) is said to be hyperbolic if none of the eigenvalues of the
Jacobian Df |y∗ lie on the imaginary axis.

While definition 2.3 describes the behaviour of a stable fixed point, it does not give a
way to test whether a fixed point is stable or not. The following two theorems say that
the stability of a fixed point can be determined by simply looking at the stability of the
fixed point in the linearized system. Proofs of these, and of other several other theorems
presented in this chapter can be found in the book by Stuart and Humphries [137].

Theorem 2.2 (linear stability of maps implies asymptotic stability). A fixed point y∗ of
a twice differentiable, map Φ is asymptotically stable if all the eigenvalues of the Jacobian
DΦ|y∗ lie strictly inside the unit circle. If any of the eigenvalues lies outside the unit
circle the fixed point is unstable.

Theorem 2.3 (linear stability of differential equations implies asymptotic stability). A
fixed point y∗ of a twice differentiable, differential equation ẏ = f(y) is asymptotically
stable if all the eigenvalues of the Jacobian Df |y∗ lie strictly in the left half-plane. If any
of the eigenvalues lies in the right half-plane, the fixed point is unstable.

In order that we can precisely state a general theorem on when fixed points are pre-
served by a numerical integrator it is necessary to first introduce the following assumptions

Assumption 2.6. Consider a locally Lipschitz function f : Rn → Rn whose flow ϕt,f :
Rn → Rn generates a (semi-)group for all t > 0. We will assume that given a bounded set
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B ⊂ Rn there exists a constant K = K(B) > 0 and a step size hc = hc(B) > 0 such that
for all y, ŷ ∈ B and h ∈ [0, hc) the map Φh,f (yn) given by an integrator (or its underlying
one-step method) is defined and,

1. ‖DΦh,f (y)‖ ≤ 1 +Kh,

2. ‖DΦh,f (y)−DΦh,f (ŷ)‖ ≤ Kh‖y − ŷ‖,

3. ‖Φh,f (y)− ϕh,f (y)‖ ≤ Khr+1,

4. ‖DΦh,f (y)−Dϕh,f (y)‖ ≤ Khr+1.

These assumptions are not particularly strong; they hold for all Runge-Kutta methods.
For the underlying one-step methods of linear multistep methods they hold for r = 1 and
for points within some compact set [137]. The restriction to trajectories within a compact
set for linear multistep methods is not of consequence since the theorems which make use
of this assumption also apply to trajectories within a compact set. The first three points
of the assumption simply say that the map corresponding to the numerical integrator is
close to the identity, Lipschitz and of order r. It is now possible to state the following
two theorems which, together, say that hyperbolic fixed points of dynamical systems
are generally preserved by numerical integrators, remaining close to those of the original
system and retaining their (in)stability.

Theorem 2.4. If y∗ is a hyperbolic fixed point of the differential equation ẏ = f(y) with
flow ϕt,f , then there exists β > 0 and tc > 0 such that∥∥∥(I −Dϕt,f (y∗))−1

∥∥∥ ≤ β

t
, ∀t ∈ (0, tc).

Theorem 2.5 (fixed points are preserved). Let y∗ be a hyperbolic fixed point of ẏ = f(y)
with f ∈ C3, then, under assumption 2.6, there exist constants hc,K > 0 such that
Φh,f (y) has a fixed point ŷ which is unique in B(y∗, 2Kβhr), the ball about y∗ with radius
2Kβhr, for all h ∈ (0, hc) and where β is the same as in theorem 2.4. Furthermore, ŷ is
stable/unstable if y∗ is stable/unstable.

One can give a more general theorem than 2.5, covering collections of fixed points of
a differential equation. Its statement necessitates the following definitions:

Definition 2.7 (sets of fixed points). For convenience we define the following sets:

• U := {y ∈ Rn : f(y) = 0},

• U(ε) := {y ∈ Rn : ‖f(y)‖ ≤ ε},

• Uh := {y ∈ Rn : y = Φ(y)},

• Uh(ε) := {y ∈ Rn : ‖y − Φ(y)‖ ≤ hε}.
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Theorem 2.6. Under the assumptions 2.6 and given a bounded set B there exist constants
K = K(B) > 0 and hc = hc(B) > 0 such that for h ∈ (0, hc) the (semi-)group generated
by the map Φh,f satisfies

Uh ∩B ⊆ U(hK)

and, for any ε > 0
Uh(ε) ∩B ⊆ U(ε+ hK).

That is, fixed points (and their neighbouring points) of the map Φh,f are close to fixed
points of the flow ϕt,f and converge towards them linearly in h.

Numerical methods may also introduce spurious fixed points which are not part of
the original system. These spurious fixed points will have their own stable and unstable
manifolds and consequently the dynamics of the numerical and continuous systems will
differ in their vicinity. Runge-Kutta methods are known to introduce spurious fixed points
in some cases, though two popular symplectic methods, the midpoint rule and the two-
stage (fourth order) Gaussian Runge-Kutta method, do not. Nor does the (less popular,
non-symplectic) explict Euler method yn+1 = yn + hf(yn) since for any choice of step size
yn+1 = yn ⇐⇒ f(yn) = 0. The following example, however, shows how spurious fixed
points can be created by Runge-Kutta methods

Example 2.1. The differential equation

ẏ = f(y) =
−λy

1 + y2

has a single fixed point; y = 0. Applying the Runge-Kutta method

Y1 = yn +
1
2
hf(yn),

yn+1 = yn + hf(Y1),

yields

yn+1 = yn −
hλ
(
yn − 1

2
hλyn
1+y2n

)
1 +

(
yn − 1

2
hλyn
1+y2n

)2 .

Fixed points of the numerical trajectory occur when hλ
(
yn − 1

2
hλyn
1+y2n

)
= 0, that is, for

yn = 0 and for y2
n − hλ/2 + 1 = 0. The first solution matches that of the differential

equation while the quadratic gives rise to two spurious fixed points at yn = ±
√
hλ/2− 1

whenever h > 2/λ.

By requiring a stronger assumption — assumption 2.8 below — which holds for Runge-
Kutta methods [137], one can achieve the following theorem which states that in any
bounded region, the fixed points of a differential equation and the numerical method
which approximates it are the same:
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Assumption 2.8. We assume that, in addition to assumption 2.6, the following holds:

‖Φh,f (y)− ϕh,f (y)‖ ≤ K‖f(y)‖hr+1.

Theorem 2.7. Under the assumption 2.8 and given a bounded region B, there exist con-
stants K = K(B) > 0 and hc = hc(B) > 0 such that for all h ∈ (0, hc), the fixed points of
the map Φh,f satisfy

Uh ∩B = U ∩B,

and, for ε > 0

Uh(ε) ∩B = U
(

ε

1− hK

)
.

A consequence of theorem 2.7 is the following:

Theorem 2.8 (spurious fixed points). Let v : (0, h∗) → Rn be a continuous function
satisfying v(h) ∈ Uh and v(h) /∈ U ,∀h ∈ (0, h∗). That is, v defines a continuous branch of
spurious fixed points. Then, under assumption 2.8:

‖v(h)‖ → ∞ as h→ 0.

That is, the spurious fixed points move towards infinity as the step size approaches
zero.

Linear multistep methods are always free from spurious fixed points, though they can
introduce period-two or saw-tooth solutions; pairs of points which the method switches
between at each step. (Runge-Kutta methods can also introduce these spurious period-two
solutions, as can composition methods).

Composition or splitting methods can also introduce spurious fixed points — though
the symplectic Euler and leapfrog methods are free of them. The general question of which
splitting methods do not introduce spurious fixed points seems to be unstudied.

The article [91] gives conditions which must be satisfied in order that a first order
splitting method, or the leapfrog method, be free of spurious fixed points. The conditions
in the article are slightly ambiguous and though they seem to ensure that existing fixed
points of a differential equation are preserved exactly by a splitting method, it is not clear
that they prevent spurious fixed points being introduced — no proof is given. We therefore
state our own theorems on the preservation of fixed points by splitting methods.

We are primarily concerned with the first order splitting method

Φh,f (yn) = ehfkehfk−1 · · · ehf1yn = ehfyn +O
(
h2
)

(2.1)

for a splitting f =
∑

i fi, where ehfi is the exact time-h flow of the component vector
field fi. If the components of the vector field are to be solved approximately, then the
approximation must also preserve fixed points (for theorem 2.9) and introduce no spurious
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fixed points (for theorem 2.10). The following notation is useful in the proofs

y[1]
n :=ehf1yn,

y[2]
n :=ehf2y[1]

n = ehf2ehf1yn,

et cetera.

Theorem 2.9. Consider a differential equation ẏ = f(y) with a fixed point y∗. If the
splitting f =

∑
i fi satisfies

fi(y) = 0 ⇐⇒
∑
i

fi(y) = 0, i = 1, . . . , k, (2.2)

then y∗ is a fixed point of the splitting method (2.1).

Proof. Since f1(y∗) = 0, by condition (2.2), we have y
[1]
n = y∗. Similarly, f2(y[1]

n ) =
f2(y∗) = 0 so y[2]

n = y∗. Continuing in this fashion we get

Φh,f (y∗) = ehfky[k−1] = . . . = ehfkehfk−1 · · · ehf1y∗ = y∗.

Theorem 2.9 says that fixed points of the differential equation are preserved exactly
by first order splitting methods satisfying (2.2). In fact, since the condition (2.2) implies
that the value of the vector field at y[i]

n is always zero if yn = y∗, theorem 2.9 holds for all
splitting methods of the form

Φh,f (yn) = eam,khfkeam,k−1hfk−1 · · · eam,1hf1eam−1,khfkeam−1,k−1hfk−1 · · · ea1,1hf1yn,

of any order since the introduction of the coefficients ai,j has no effect when the vector field
is zero. Theorem 2.9 is not particularly strong since it says nothing about the presence
of spurious fixed points introduced by the splitting method. The following theorem is
stronger, but its assumptions on the splitting are more restrictive.

Theorem 2.10. Consider a differential equation ẏ = f(y) with a fixed point y∗, and a
first order splitting method (2.1). Then, if the splitting f =

∑
i fi satisfies the condition

(2.2), and if the components of the vector field splitting are orthogonal to each other in
a neighbourhood of y∗, the method (2.1) preserves the fixed point y∗ exactly and does not
introduce spurious fixed points in the neighbourhood of y∗ where the fi are orthogonal.

Theorem 2.9 gives the exact preservation of y∗. It remains for us to prove that spurious
fixed points can not be introduced by the integrator. We show that this is the case for a
three part splitting, but the proof generalizes automatically to splittings into any number
of parts.
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Proof. Consider a differential equation ẏ = f(y) where y is partitioned as y> = (y>1 , y
>
2 , y

>
3 ),

and the vector field is split accordingly. The requirement that the splitting of f be orthogo-
nal means that each component of the splitting affects only one of y1, y2, y3 (though it may
depend on all of them), and that each of ẏ1, ẏ2, ẏ3 is associated with a single component,
fi, of the splitting. Hence,

ẏ =

 ẏ1

ẏ2

ẏ3

 = f =

 f1(y1, y2, y3)
f2(y1, y2, y3)
f3(y1, y2, y3)

 =

 f1

0
0

+

 0
f2

0

+

 0
0
f3

 .
The splitting method (2.1) is then

Φh,f (y) = ehf3ehf2ehf1y.

(We drop the subscript indicating the step number of the integrator in order to avoid
confusion with the partitioning of y into y1, y2, y3.) Proceeding as for the proof of theorem
2.9; the condition (2.2) implies that ẏ1 = f1(y) = 0 ⇐⇒ f1(y) = f1(y∗1, y

∗
2, y
∗
3), hence

y[1] = ehf1y = y∗ ⇐⇒ y = y∗. By the orthogonality of fi, ẏ2 = f2(y[1]
1 , y

[1]
2 , y

[1]
3 ) =

f2(y[1]
1 , y2, y3) and so ẏ2 = 0 ⇐⇒ y

[1]
1 = y∗1 and y2 = y∗2, y3 = y∗3. The first of these

equations holds from the previous step and hence y[2] = ehf2y[1] = y∗ ⇐⇒ y = y∗.
Similarly for ẏ3, orthogonality gives ẏ3 = f3(y[2]

1 , y
[2]
2 , y

[2]
3 ) = f3(y[2]

1 , y
[2]
2 , y3) so condition

(2.2) implies ẏ3 = 0 ⇐⇒ y
[2]
1 = y∗1, y[2]

2 = y∗ and y3 = y∗3. Again, the first two conditions
hold from the preceding step and hence y[3] = ehf3y[2] = y∗ ⇐⇒ y = y∗. Therefore
Φh,f can have no spurious fixed points in the region where the orthogonality condition
holds.

A similar proof to that of theorem 2.10 can be used to show that the fixed points
of the leapfrog integrator are exactly those of the differential equation it is applied to
since the leapfrog splitting is orthogonal and satisfies condition (2.2) for the differential
equation q̇ = f(p), ṗ = g(q). (I.e. for the equations of motion of the separable Hamiltonian
H(q, p) = T (p) + V (q), with f = ∇T and g = −∇V .)

Theorem 2.11. The leapfrog integrator

qn+ 1
2

=qn +
h

2
f(pn),

pn+1 =pn + hg(qn+ 1
2
),

qn+1 =qn+ 1
2

+
h

2
f(pn+1),

has no spurious fixed points and preserves the fixed points of the differential equation
exactly.

Proof. In order to prove that the leapfrog method preserves fixed points of the differential
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equation exactly, assume that (q∗, p∗) is a fixed point of q̇ = f(p), ṗ = g(q), then

qn+ 1
2

=q∗,

pn+1 =p∗ + hg(qn+ 1
2
) = p∗,

qn+1 =qn+ 1
2

+
h

2
f(pn+1) = q∗ +

h

2
f(p∗) = q∗.

To prove that the leapfrog method has no spurious fixed points we assume that the
method has a fixed point at (qn, pn) and show that it is also a fixed point of the differential
equation. Since pn is a fixed point of leapfrog pn+1 = pn and

qn+1 = qn+ 1
2

+
h

2
f(pn+1)

= qn+ 1
2

+
h

2
f(pn)

= qn +
h

2
f(pn) +

h

2
f(pn)

= qn + hf(pn).

Since qn was assumed to be a fixed point of the integrator qn = qn+1 and f(pn) = 0.
Similarly,

pn+1 = pn + hg(qn+ 1
2
)

= pn + hg(qn +
h

2
f(pn))

= pn + hg(qn).

Since pn = pn+1 we must have g(qn) = 0. Hence, qn and pn are fixed points of the
differential equation and the leapfrog method has no spurious fixed points.

It is not clear whether a similar result holds for generalizations of the leapfrog method,
or for splitting methods in general. While theorem 2.10 and its proof are not difficult, we
are not aware of it already existing in the literature.

Spectral Properties

We have seen already that the eigenvalues of a system linearized at a fixed point are
important for determining the stability of the fixed point (cf. theorems 2.2 and 2.3).
The linear eigenvalues also give information about bifurcations and the dimension of sta-
ble/centre/unstable manifolds in the neighbourhood of the fixed point.

The eigenvalues of the linearized system can be categorised as:
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the stable set: λs = {λi : Re(λi) < 0},

the centre set: λc = {λi : Re(λi) = 0},

the unstable set: λu = {λi : Re(λi) > 0}.

For a fixed point to be stable it must have an empty unstable set. Corresponding to each
set there is a linear subspace which is tangent to the nonlinear system at the fixed point.
These are the stable, centre and unstable manifolds and dominate the dynamics of the
system in the vicinity of the fixed point — we discus these further in section 2.2.

Bifurcations of the full system typically occur when the eigenvalues enter or leave the
centre set.

The map given by discretising the differential equation with an integrator has related
sets of eigenvalues at the fixed point:

the stable set: µs = {µi : |µi| < 1},

the centre set: µc = {µi : |µi| = 1},

the unstable set: µu = {µi : |µi| > 1}.

In order to capture the dynamics of the system near the fixed point we need the eigenvalues
of the integrator to be in the same sets as the corresponding eigenvalues of the continuous
system. That is, the stable/centre/unstable sets of the differential equation and of the
map given by the numerical integrator should have the same dimension.

Time-symmetric, A-stable2 Runge-Kutta methods have this property regardless of step
size, and could therefore be viewed as geometric integrators with regard to this rather weak
criterion. Such methods perturb each eigenvalue by the same function:

λi 7→ µi = R(hλi),

where R is the stability function of the Runge-Kutta method. Bifurcations are there-
fore preserved, with only eigenvalue resonances such as λi/λj ∈ Q not captured correctly.
Hamiltonian systems and symplectic integrators are a special case. The eigenvalues of
symplectic maps come in λ, λ̄, λ−1, λ̄−1 quadruplets. Preserving this property, as symplec-
tic integrators must, is sufficient to preserve the stable/centre/unstable sets for generic
fixed points with no double eigenvalues.

More generally, for small enough step sizes, geometric integrators perturb the coef-
ficient matrix of the linearized flow to a matrix of the same class, preserving nearby
dynamics of the system. This means that bifurcations will occur at parameter values close

2A numerical method is A-stable if its stability region includes the entire left-hand half of the complex
plane [30]. For Runge–Kutta methods with coefficients as defined by 1.3 this means that the stability

function R(z) = 1 + zbT (I − zA)−1~1 = det(I−zA+z~1bT )
det(I−zA)

, where z ∈ C must satisfy |R(z)| ≤ 1 for Re(z) < 0.

(~1 is a vector whose entries are all 1.)
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to those of the original system. Exceptions are situations such as where the eigenvalues
are degenerate in which case the integrator may introduce a spurious bifurcation. By the
same reasoning, non-geometric methods, typically do not preserve spectral properties, re-
gardless of step size, since they may alter the class of the matrix of the linearized flow, for
example a system with symplectic flow may be perturbed to a dissipative system. Inte-
grators which are designed specifically to preserve linearization (and which are self-adjoint
and/or symplectic) are presented by McLachlan, Quispel and Tse in [92].

2.2 Stable & unstable manifolds

Definition 2.9 (local/global unstable manifold). The unstable manifold of a fixed point
y∗ of ẏ = f(y) is the set

W u(y∗) := {y ∈ Rn : y(t)→ y∗ as t→ −∞}.

The local unstable manifold of y∗ is the set

W u
ε (y∗) := {y ∈W u(y∗) : ‖y(t)− y∗‖ ≤ ε, ∀t ≤ 0}.

Definition 2.10 (local/global stable manifold). The stable manifold of a fixed point y∗

of ẏ = f(y) is the set

W s(y∗) := {y ∈ Rn : y(t)→ y∗ as t→∞}.

The local stable manifold of y∗ is the set

W s
ε (y∗) := {y ∈W s(y∗) : ‖y(t)− y∗‖ ≤ ε, ∀t ≥ 0}.

The stable and unstable manifolds of a differential equation are tangent to those of the
linearized system at a fixed point, and are well approximated by them in a neighbourhood
around it. Hence, the first step towards preserving the stable and unstable manifolds
is to preserve the spectral properties of the system. Away from the fixed point, the
numerically computed manifolds are somewhat at the mercy of the local error of the
numerical integrator as the following example shows.

Example 2.2. We consider the two dimensional system

q̇ = −q + p2, ṗ = p, (2.3)

which has a fixed point at (q, p) = (0, 0). Defining z = q − p2/3 gives ż = q̇ − 2
3pṗ =
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−q + p2/3 = −z. Hence, if z(0) = 0 then z(t) = 0 for all time, and the curve

q =
p2

3

is invariant under the flow of the original differential equation. Solving the original equa-
tions gives

q(t) =
A2

3
e2t, p(t) = Aet,

and shows that (q, p) → (0, 0) as t → −∞. That is, the invariant curve is the unstable
manifold of the fixed point.

If the explicit Euler method is applied to (2.3) we get[
qn+1

pn+1

]
=

[
qn − hqn + hp2

n

pn = pn + hpn

]
=

[
(1− h)qn + hp2

n

(1 + h)pn

]
(2.4)

Does the system (2.4) have the same, or at least a similar, unstable manifold as the original
system (2.3)? That is, can we find a coefficient a ∈ R such that

qn = ap2
n ⇐⇒ qn+1 = ap2

n+1?

Inserting qn = ap2
n in (2.4) gives the following necessary condition

qn+1 = (1− h)ap2
n + hp2

n = ap2
n+1 = a(1 + h)2pn.

This is satisfied when (1− h)a+ h = a(1 + 2h+ h2), that is, when a = 1/(3 + h) and

qn =
p2
n

3 + h
.

As h → 0 the numerical invariant set tends towards that of the differential equation but
only at a speed of O (h). The numerical trajectories in this invariant set are given by

qn =
1

3 + h
(1 + h)2np2

0, pn = (1 + h)np0,

hence, as n → −∞ (qn, pn) → (0, 0) and the invariant set retains the stability of the
original system.

The following theorem says that under certain conditions, any local unstable manifold
about the fixed point of a differential equation is close to a local unstable manifold about a
fixed point of the numerical approximation and that the manifolds converge with the same
order as the numerical integrator. The converse also holds; all local unstable manifolds of
a numerical approximation converge to local unstable manifolds of the original differential
equation. The theorem makes use of the following definition:
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Definition 2.11 (distance between sets). The distance between two sets, A and B is

dist(B,A) := sup
u∈B

dist(u,A),

and where
dist(u,A) := inf

v∈A
‖u− v‖.

Theorem 2.12 (preservation of local unstable manifolds). Consider an approximation of
the differential equation ẏ = f(y) by a map Φh,f (yn) = yn+1 generated by a numerical
integrator (or its underlying one-step method) and satisfying assumption 2.6. Let W u

ε (y∗)
denote the local unstable manifold of a hyperbolic equilibrium point y∗ of f and let W u

ε,h(ŷ)
denote the local unstable manifold of the fixed point ŷ of the map Φh,f . (Theorem 2.5
ensures that such a fixed point exists.) Then, there exist constants C, hc, εc > 0 such that
for any ε ∈ (0, εc) and for each y ∈W u

ε (y∗) there exists ε′ > 0 and yn ∈W u
ε′,h(ŷ) such that

‖y − yn‖ ≤ Chr, ∀h ∈ (0, hc),

and hence
dist(W u

ε (y∗),W u
ε′,h(ŷ)) ≤ Chr, ∀h ∈ (0, hc).

Furthermore, for any yn ∈W u
ε,h(ŷ) there is a y ∈W u

ε′(y
∗) such that

‖y − yn‖ ≤ Chr, ∀h ∈ (0, hc),

and hence
dist(W u

ε,h(ŷ),W u
ε′(y

∗)) ≤ Chr, ∀h ∈ (0, hc).

An equivalent theorem also applies for local stable manifolds [137, chapter 6]. Since
Runge-Kutta methods and first order linear multistep methods satisfy the necessary as-
sumptions of the theorem, these methods preserve local stable and unstable manifolds.

2.3 Periodic orbits

Definition 2.12 (periodic orbit of a differential equation). A periodic orbit of a differential
equation ẏ = f(y) is a continuous, closed curve γ(t) satisfying γ̇ = f(γ(t)) and γ(t) =
γ(t+T ) for all t ∈ R and some T > 0. The minimal value of T is the period of the periodic
orbit.

Unlike for the case of fixed points, periodic orbits of differential equations and their
numerical approximations can be qualitatively different. If a numerical integrator follows
a periodic orbit with a step size h such that T/h ∈ R \ Q then the numerical trajectory
describes an invariant closed curve like that of the differential equation. However, since
the trajectory never returns to its initial conditions it does not satisfy the obvious criterion
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for a trajectory to be periodic. In fact such orbits mimic the behaviour of quasi-periodic
orbits which are discussed in the following section. On the other hand, if the period T is
a rational multiple of h then the numerical trajectory is a finite set of discrete points. It
is this invariant set of discrete points which we identify as a periodic orbit of the map:

Definition 2.13 (periodic orbit of a map). A point y∗ is a period-s point of the map
Φ(yn) = yn+1 if Φs(y∗) = y∗ and Φr(y∗) 6= y∗ for 0 < r < s, r, s,∈ N. If y∗ is a period-s
point then the invariant set {y∗,Φ(y∗),Φ2(y∗), . . . ,Φs−1(y∗)} is a period-s orbit of Φ.

Changing the initial condition along the original periodic orbit may give rise to a
continuous family of periodic orbits for the discrete system. Despite this qualitative dis-
crepancy between periodic orbits of flows and maps, properties of the continuous case have
an analogous version for the discrete case, and vice versa.

Definition 2.14 ((asymptotically) stable periodic orbit of a differential equation). A
periodic orbit γ(t) of the differential equation ẏ = f(y) is stable if, for any ε > 0 there exists
δ = δ(ε) > 0 and τ = τ(ε) such that ‖y(0)−γ(0)‖ ≤ δ implies ‖y(t)−γ(t+τ)‖ ≤ ε,∀t ≥ 0.
If a stable periodic orbit satisfies ‖y(t)−γ(t+τ)‖ → 0 as t→∞ then γ(t) is asymptotically
stable.

Definition 2.15 (stable periodic orbit of a map). A period-s orbit of the map Φ is
(asymptotically) stable if each period-s point of the orbit is (asymptotically) stable under
the map Φs.

Definition 2.16 (Floquet, or characteristic multipliers). Consider a periodic orbit γ(t),
with period T , of a vector field with flow ϕt(y). For y ∈ γ the eigenvalues of the lineariza-
tion DϕT (y) (i.e. the Jacobian of the time-T flow map) are called the Floquet multipliers
or characteristic multipliers of γ. They are independent of the choice of y ∈ γ(t). The
matrix L(T ) = DϕT (y) is known as the monodromy matrix.

Similar to the case for fixed points, the definition of stability for periodic orbits of
differential equations is descriptive rather than providing a way that the stability of an
orbit can be tested and determined. The following theorem provides such a test.

Theorem 2.13 (stability via characteristic multipliers). If µn = 1 and |µi| < 1, i =
1, . . . , n− 1 then the periodic orbit γ(t) is asymptotically stable.

Periodic orbits always have at least one characteristic multiplier which is 1 with an
eigenvector f(y). If 1 is a simple eigenvalue then the periodic orbit perturbs smoothly
with f . Such orbits are called regular or hyperbolic.

Definition 2.17 (hyperbolic periodic orbit). Let {µi}ni=1 denote the characteristic mul-
tipliers of Df(γ(t))|T where γ(t) is a periodic orbit of ẏ = f(y) and the µi are ordered
such that |µi| ≤ |µi+1|, i = 1, . . . , n− 1, then the periodic orbit is said to be hyperbolic if
µj = 1 for a single fixed 1 ≤ j ≤ n and |µi| 6= 1 for i 6= j.
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The definition 2.15 implies that it is necessary to test the stability of each periodic
point in order to determine whether a periodic orbit of a map is stable. The following
theorem tells us that this is not the case.

Theorem 2.14 (for maps, one stable periodic point implies another). Let y∗ be a point on
a period-s orbit of a differentiable map Φ, then y∗ is a hyperbolic, stable (resp. unstable)
fixed point of Φs if, and only if, the period-s orbit is hyperbolic and stable (resp. unstable).

Stable, hyperbolic periodic orbits are preserved by Runge-Kutta methods, or by first
order linear multistep methods since these methods satisfy assumption 2.6, a prerequisite
for theorem 2.15 below.

Definition 2.18 (Hausdorff distance). The Hausdorff distance between two sets A and
B is

dH(A,B) := max (dist(A,B),dist(B,A)) ,

where (dist(A,B),dist(B,A)) is given by definition 2.11.

Theorem 2.15 (stable hyperbolic periodic orbits are preserved). Assume that ẏ = f(y)
has a hyperbolic, stable periodic orbit γ(t) comprising the set of points P. Then, under
assumption 2.6, the map Φh,f (yn) = yn+1 has a closed invariant curve comprising the set
of points Ph and there exists a constant c > 0 such that

dH(P,Ph) ≤ chr.

The invariant circle Ph may, but need not, be comprised of periodic points.

The theorem says nothing about whether the frequency of the periodic orbit of the
numerical method matches that of the differential equation. However, the definition of
asymptotic stability for periodic orbits requires that trajectories near the periodic orbit
circle the orbit with a frequency that approaches that of the periodic orbit. Numerical ap-
proximations to these trajectories behave similarly; therefore one can expect the frequency
of the numerical periodic orbit to approach that of the original system with decreasing
step size. One problem related to this is that if the period of the orbit is not an integer
multiple of the step size, the numerical solution may circle the orbit multiple times before
returning to its initial condition. This problem arises because periodic orbits are degener-
ate in the sense that they are unchanged by time translation: γ(t) = γ(t+c) ∀c ∈ R. One
can remove this degeneracy by taking a Poincaré cross-section. This involves restricting
the initial conditions to lie in a section Σ and defining a return map σ : Σ → Σ which
maps points y∗ in Σ to the next point on the trajectory ϕt,f (y∗) (or Φnh,f (y∗)) lying in
Σ. Applying such an approach to the numerical orbit allows one to estimate the period
of the original solution. The map Φnh,f given by a numerical method generally does not
preserve the section Σ exactly. This issue is discussed further in section 4.6.
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The following example illustrates the preservation of a periodic orbit as the limit set
of numerical trajectories. It also raises the spectre of spurious periodic orbits.

Example 2.3. Consider the complex-valued differential equation

ż = (αi+ 1− |z|2)z. (2.5)

This equation has a periodic solution

z(t) = eαit

which corresponds to the set P := {z ∈ C : |z| = 1}. For |z| > 1, solutions collapse onto
P, and for |z| < 1 they expand towards P.

The explicit Euler method applied to (2.5) yields

zn+1 = zn + h(αi+ a− |zn|2)zn. (2.6)

We look for an invariant circle of points of (2.6) satisfying |zn+1|2 = |zn|2. These are fixed
points of the map |zn|2 7→ |zn+1|2, that is, solutions of

|zn+1|2 =
∣∣zn + h(αi+ 1− |zn|2)zn

∣∣2 = |zn|2.

This holds when

1 =
∣∣1 + hαi+ h− h|zn|2

∣∣2
=
(
1 + h− h|zn|2

)2 + h2α2,

hence |zn|2 = R±(α)2, where

R±(α)2 := 1 +
1±
√

1− α2h2

h
. (2.7)

Thus, there is a circle of fixed points for |zn| = R−(α) and the mapping (2.6) has an
invariant set

Ph := {z ∈ C : |z| = R−(α)}.

A series expansion shows R−(α) = 1 + O (h) and hence P → Ph as h → 0. The system
also has a spurious limit set given by the invariant circle |zn| = R+(α) which grows like
O (1/h) as h→ 0.

Analysis such as that in the example above assumes that the periodic solutions are
isolated structures. This holds for hyperbolic systems, but for Hamiltonian systems the
periodic orbits occur in one-parameter families (cf. chapter 4). The following illustrates
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why isolated orbits are necessary for the type of analysis used above, and motivates the
work in chapter 4 of this thesis where KAM theory is used to show that under certain
assumptions periodic orbits of Hamiltonian systems are in fact preserved.

Example 2.4. Consider the differential equation

q̇ = −p, ṗ = q,

with periodic solution given by

q = A cos(t), p = A sin(t), A ∈ R.

Since the parameter A is arbitrary, the phase portrait is full of invariant circles.
Now consider the map given by the explicit Euler method:

qn+1 = qn − hpn, pn+1 = pn + hqn,

whose trajectories satisfy

q2
n+1 + p2

n+1 = (1 + h2)n+1(q2
0 + p2

0).

As n→∞, q2
n+1 + p2

n+1 →∞ for all choices of h and all initial conditions other than the
fixed point q0 = 0, p0 = 0. Hence, there can be no closed curves approximating a periodic
orbit.

2.4 Quasi-periodic orbits & invariant tori

Quasi-periodic orbits and invariant tori are fundamental objects of symplectic flows (see
section 1.3.2 for a definition and introduction, and chapters 3 and 4 for more details) but
they can also arise in dissipative systems. In the case of flows for which a Poincaré section
is defined globally, the winding number or rotation number of the return map is a unique
invariant quantity of the torus. If the winding number is rational then the flow on the
torus is a periodic orbit, if it is irrational then all trajectories on the torus are dense and
quasi-periodic. We will mostly leave details of invariant tori and quasi-periodic orbits to
chapters 3 and 4.

Similar to the case of periodic orbits, numerical integrators can both approximate
existing quasi-periodic orbits and introduce spurious quasi-periodic orbits, as the following
example shows. Quasi-periodic orbits can be destroyed by numerical integrators when the
integrator step size is resonant with one of the frequencies of the orbit.

Example 2.5. Consider the complex, two dimensional system of differential equations:

ż = (i+ 1− |w|2)z, ẇ = (
√

2i+ 1− |z|2)w, z, w,∈ C. (2.8)
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This admits the solution
z = eit, w = e

√
2it,

which in turn defines the manifold

Q := {z, w ∈ C : |z| = |w| = 1}.

As previously, we discretize the system with the explicit Euler method

zn+1 = zn + h(i+ 1− |wn|2)zn,

wn+1 = wn + h(
√

2i+ 1− |zn|2)wn,

and look for an invariant set satisfying |zn+1| = |zn| and |wn+1| = |wn| for all n > 0.

Similarly to example 2.3 we require |zn+1|2 =
∣∣zn (1 + h(i+ 1− |wn|2)

)∣∣2 = |zn|2 which
gives

1 = h2 +
(
1 + h− h|wn|2

)2
.

The analogous calculation for |wn+1|2 = |wn|2 gives

1 = 2h2 +
(
1 + h− h|zn|2

)2
.

Hence, the invariant set satisfies

|wn|2 = 1 +
1±
√

1− h2

h
, |zn|2 = 1 +

1±
√

1− 2h2

h
,

or
|wn| = R−(1), |zn| = R−(

√
2),

where R−(α) is the same as that defined by (2.7). The same analysis as in section 2.3
shows that the invariant set Qh := {z, w ∈ C : |z| = R−(

√
2), |w| = R−(1)} converges to

the set Q like O (h) as h→ 0 and that the solution R+(α) gives rise to a spurious invariant
set. Again, the analysis relies on the invariant set being isolated, a condition which, in
general, does not hold for Hamiltonian systems. The analysis also does not say anything
about the preservation of the frequencies of the quasi-periodic orbits — we can only resort
to the accuracy of the numerical integrator to ensure any sort of fidelity in this respect.

2.5 Chaotic invariant sets

The term chaos is frequently applied to any dynamics whose behaviour is more irregular
than quasi-periodic motion. While chaos is one of the most interesting properties of dy-
namical systems; it is also one of the more difficult to compute numerically. In chaotic
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regions, arbitrarily close orbits diverge exponentially quickly making the solutions unpre-
dictable over long times [49]. Since invariant tori can act as partial boundaries between
chaotic and non-chaotic regions in phase space their preservation is important for correctly
preserving chaotic dynamics, (cf. section 1.3.3).

A necessary and sufficient condition for the existence of chaos for diffeomorphisms is
that there are transverse intersections of stable and unstable manifolds of a periodic orbit.
This is the Smale-Birkhoff homoclinic theorem [49, chapter 5]. The theorem also holds for
the return map of flows.

If it is possible to calculate the stable and unstable manifolds of a system then the
Smale-Birkhoff theorem can be used to verify the existence of chaos. The Melnikov method
[49, chapter 4] gives criteria whereby transverse intersections can occur when a system with
non-transverse homoclinic orbits of periodic orbits is perturbed. However, the numerical
verification of these intersections can be difficult since the angles between the stable and
unstable manifolds at the intersection may be small “beyond all orders” [49].

Conversely, discrete dynamical systems can display chaos when the underlying contin-
uous system has none. A particularly good example of such spurious chaos is described
in the article by Ablowitz, Herbst and Schober [1] where chaos was observed in numerical
discretizations of the nonlinear Schrödinger equation and the sine-Gordon equation even
though both systems are entirely integrable (and hence their motion must be regular, not
chaotic).

Another illustration of spurious chaos introduced by numerical discretization is shown
in figure 2.1 where a magnified view of the phase portrait of the pendulum is shown in
the vicinity of the hyperbolic fixed point at (−π, 0). The figure shows the numerical
trajectories of two different initial conditions both calculated by a symplectic integrator
— the leapfrog method. One trajectory begins close to the hyperbolic fixed point and is
chaotic. It follows the unstable manifold away from the hyperbolic fixed point, returning
on the stable manifold resulting in a dimension-zero transverse intersection of the stable
and unstable manifolds giving rise to chaos in the numerical trajectory even though the
pendulum system is integrable. Another trajectory begins further away from the fixed
point and displays the correct, regular, dynamics.

Such behaviour can be expected for Runge-Kutta, linear multistep and composition
methods, even for geometric integrators. Of course, geometric integrators will be at an
advantage over non-geometric integrators in such cases since any structures they preserve,
such as invariant tori, will constrain (or slow) the spread of spurious chaotic trajectories.

In contrast to the spurious chaos which can be created by numerical integrators applied
to integrable systems, the chaotic dynamics of the Lorenz attractor can be captured even
by the explicit Euler method. The Lorenz system is given by three coupled, nonlinear
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Figure 2.1: Spurious chaos near the hyperbolic fixed point of the pendulum. Initial con-
ditions are indicated, by large green dots, for two numerical trajectories. The trajectory
which begins close to the hyperbolic fixed point is chaotic, while the trajectory with initial
condition slightly further away from the fixed point displays the correct, regular behaviour.
The solid blue lines show the exact phase portrait of the system.

equations:

ẋ = σ(y − x),

ẏ = ρx− y − xz,

ż = xy − βz.

The system is chaotic for the parameters (σ, ρ, β) = (10, 28, 8
3) and the phase portrait

is dominated by a strange attractor [137, section 2.5]. Trajectories within the attractor
spend time in two distinct regions of the phase space. Figure 2.2 shows a single numerical
trajectory of the Lorenz system calculated with the explicit Euler method and shown for
various projections.

Perhaps more challenging to numerical integrators than the previous two examples
are systems which exhibit both chaotic and regular dynamics within a given region. The
Hénon-Heiles system is one such system. It has a separable Hamiltonian:

H(q, p) = T (p) + V (q), q, p ∈ R2, q> = (q1, q2), p> = (p1, p2),
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Figure 2.2: Chaos in the Lorenz system for a numerical integrator calculated with the
explicit Euler method (left) for a step size of h = 0.01. While the individual points on the
trajectory at any specific time can (and do) differ greatly from the corresponding point of
the exact trajectory, the overall behaviour of the attractor for the explicit Euler method
is close to that of the reference solution (right). The reference solution was computed
with ode45 [128] — an explicit, fifth order Runge-Kutta method with error estimation
and variable step size control.



54 Chapter 2. Structure Preservation: Invariant Sets

with
T (p) =

1
2
‖p‖2 and V (q) =

1
2
‖q‖2 + q1q

2
2 −

1
3
q3

1

which makes it amenable to integration by a splitting method such as leapfrog. A Poincaré
section for numerical trajectories of the system calculated with leapfrog, using h = 0.1, is
shown in figure 2.3. Initial conditions are all chosen from the energy surface H = 0.1.

Figure 2.3: Poincaré section for numerical trajectories of the Hénon-Heiles system calcu-
lated with leapfrog (for a step size of h = 0.1). The section shows both regular and chaotic
motion. The closed curves are sections of invariant tori. All initial conditions were taken
from the energy surface with H = 0.1.

For energies below H = 1
6 all trajectories of the system starting within a neighbourhood

of the origin are bounded. Within this bounded region there is both regular motion, such
as periodic orbits and invariant tori, and chaotic trajectories. For such systems geometric
integrators such as symplectic methods come to the fore. In order to capture the dynamics
of such a system an integrator needs to reproduce the features responsible for the regular
motion (e.g. preserve invariant tori and periodic orbits) and to retain the statistical
properties such as time averages of the chaotic regions. Non-geometric methods will not,
in general, preserve the structures associated with the regular dynamics, or the statistical
properties.
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Chapter 3

KAM Theory

KAM tori are very sticky. . .

— A. D. Perry and S. Wiggins, 1994

This chapter covers the classical version of KAM theory for Hamiltonian systems. It
begins with a description of conditionally periodic flow and the Arnold-Liouville theorem
for completely integrable Hamiltonian systems. Lindstedt-Poincaré series are used to
explain classical perturbation theory before a description of Kolmogorov’s iteration is
given. Finally Kolmogorov’s theorem on the persistence of invariant tori is presented and
proved. Results are mostly taken from the well known text [55] by Hairer, Lubich and
Wanner. Publications by Arnold [4] and de la Llave [31] are also used.

3.1 Integrable Hamiltonian systems

Integrable Hamiltonian systems are interesting since their equations of motion can be
solved analytically, however, it is not always obvious from inspection which systems are
integrable and which are not. If a system is known to be integrable then the behaviour of
nearby systems can often be studied by treating the new system as a perturbation of the
integrable system and writing it as such using a power series in some small parameter.

If a Hamiltonian system

q̇ =
∂H

∂p
(q, p), ṗ = −∂H

∂q
(q, p), (3.1)

with d degrees of freedom, can be transformed to the form

H(q, p) = Ĥ(I), (3.2)

by a symplectic coordinate transformation (q, p) 7→ (θ, I) then the flow of the transformed
system is given by

İ = 0, θ̇ = ω(I). (3.3)
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The flow of this system is simply uniform motion on a Cartesian product of straight lines
and circles and is easily integrated to give

I = I(t0), θ = θ(t0) + ω(t0) · t.

The goal is therefore to construct a symplectic transformation (q, p) 7→ (θ, I) so that
the uniform motion can simply be read off from the Hamiltonian in the new coordinates.
The transformation between neighbourhoods of (q0, p0) and (θ0, I0) can be constructed,
(one hopes), via a generating function S(q, I), according to

θ =
∂S

∂I
(q, I), (3.4)

p =
∂S

∂q
(q, I), (3.5)

assuming that (3.4) and (3.5) hold for (q0, p0) and (θ0, I0) and that S(q, I) has an invertible
Hessian matrix at (q0, I0).

Equation (3.5) togther with (3.2) gives the Hamilton-Jacobi partial differential equa-
tion for S

H

(
q,
∂S

∂q
(q, I)

)
= Ĥ(I). (3.6)

If S(q, I) is a solution of (3.6) for some function Ĥ(I) then (3.5) defines (implicity) d
functions Ii = Fi(q, p), i = 1, . . . , d which are all first integrals of the system (3.1) and
are in involution: their Poisson brackets vanish pairwise {Fi, Fj} = 0, i, j = 1, . . . , d. The
converse result, due to Bour [13] and Liouville [83] — that a system with d first integrals
in involution can be transformed to the form (3.3) — is known as Liouville’s Lemma.

Lemma 3.1 (Liouville’s Lemma). Let F1, . . . , Fd be smooth, real-valued functions defined
in a neighbourhood of (q0, p0) ∈ Rd × Rd and suppose that the Poisson brackets of all of
these functions vanish pairwise, and that their gradients are linearly independent at (q0, p0).
Then, there exist d additional smooth functions, G1, . . . , Gd defined on a neighbourhood of
(q0, p0), such that

(F1, . . . , Fd, G1, . . . , Gd) : (q, p) 7→ (θ, I)

is a symplectic transformation which transforms H(q, p) locally to Ĥ(I).

This gives a sort of local integrability result. However, since it holds only in a neigh-
bourhood of the initial conditions it is not much use for studying the dynamics of a system,
hence one needs a stronger version of integrability.

Definition 3.1 (Completely Integrable Hamiltonian). LetM be an open subset of Rd×Rd.
The Hamiltonian system H : M → R is said to be completely integrable if there exist d
smooth functions F1 = H,F2, . . . , Fd : M → R satisfying the following three properties:

1. F1, . . . , Fd are in involution. (I.e. their Poisson brackets vanish pairwise.)
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2. The gradients of F1, . . . , Fd are linearly independent at every point in M .

3. The trajectories of the system given by (q̇>, ṗ>)> = J−1∇H(q, p) exist for all times
and remain in M .

Definition 3.2. (d−dimensional torus) We denote the d−dimensional torus

Td := Rd/2πZd = {(θ1 mod 2π, . . . , θd mod 2π) : θi ∈ R}.

The Arnold-Liouville theorem states that for completely integrable systems there is a
global symplectic change of coordinates such that in the new coordinates, (θ, I), the system
has d first integrals which are independent of θ and the phase space of the system is filled
with invariant tori parameterized by I. The (θ, I) coordinates are known as angle-action
coordinates; θ1 mod 2π, . . . , θd mod 2π being the angles and I1, . . . , Id being the actions.

Theorem 3.2 (Arnold-Liouville theorem, [55]). Let F1, . . . , Fd : M → R be the first
integrals of a completely integrable system, as per definition 3.1. Suppose that the level
sets

Mx := {(q, p) ∈M : Fi(q, p) = xi, i = 1, . . . , d for x ∈ Rd}

are compact and connected for all x in a neighbourhood of x0 ∈ Rd. Then, there are
neighbourhoods, B, of x0 and, D, of 0 ∈ Rd such that the following holds:

1. For every x ∈ B, the level set Mx is a d−dimensional torus (see definition 3.2) that
is invariant under the flow of the Hamiltonian Fi for i = 1, . . . , d.

2. There exists a bijective symplectic transformation

ψ : D × Td →
⋃
x∈B

Mx ⊂ Rd × Rd : (θ, I) 7→ (q, p),

such that (Fi ◦ ψ)(θ, I) depends only on I. That is, such that

Fi(q, p) = fi(I) for (q, p) = ψ(θ, I), i = 1, . . . , d with fi : D → R.

If the Hamiltonian H is real-analytic, then the transformation ψ is also real-analytic.

The flow of the Hamiltonian system in angle-action coordinates is given by

θ̇i = ωi(I), İi = 0, i = 1, . . . , d,

where ω(I) = ∂ bH
∂I (I), and Ĥ(I) = H(q, p), for (q, p) = ψ(θ, I).

Definition 3.3 (conditionally periodic, periodic, quasi-periodic). The flow of a system

θ̇ = ω, ω ∈ Rd,
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on the torus Td is said to be conditionally periodic. The flow is periodic if

ωi
ωj

=
ki
kj
, ki, kj ∈ Z

for all pairs of frequencies. Otherwise the flow is said to be quasi-periodic. This includes
the case where the flow is non-resonant and all the frequencies are rationally independent.

For any initial conditions, the non-resonant flow is dense and equally distributed on
the torus Td. It is also possible for the flow on Td to have 2 ≥ r < d resonant frequencies.
In such cases the flow is dense on a (degenerate) lower dimensional torus of dimension
d− r, but not on the original invariant torus of dimension d.

3.2 Perturbation theory & Lindstedt-Poincaré series

KAM theory has its origins in classical perturbation theory. Hence, it is useful to describe
the basic scheme of perturbation theory and how it manages to overcome the small divisors
problem in order to better understand Kolmogorov’s iteration.

One motivation of perturbation theory is the case where one wants to study the struc-
ture (i.e. the global dynamics) of a completely integrable Hamiltonian system after a
(small, real-analytic) Hamiltonian perturbation is added. For example, a perturbation of
the completely integrable Hamiltonian H0(I) given by

H(θ, I) = H0(I) + εH1(θ, I), (3.7)

defined on D×Td, where D is an open subset of Rd, H0 and H1 are real-analytic with H1

bounded by a constant on a complex neighbourhood of D×Td, and ε is a small parameter.

The idea underlying perturbation theory is to study the perturbed Hamiltonian system
by trying to find a generating function which yields a symplectic, near-identity change of
coordinates such that the perturbed Hamiltonian has the desired form — say, is indepen-
dent of θ up to some order in the perturbation parameter ε, — when written in the new
coordinates. This is done by writing the generating function as a power series in ε and
then comparing the Fourier coefficients of the perturbed Hamiltonian in the new and the
old variables at each power of ε.

More precisely, we want to find a generating function

S(θ, Î) = Î>θ +
N−1∑
n=1

εnSn(θ, Î), (3.8)
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where the Sn are 2π−periodic in θ and where the symplectic transformation defined by

I =
∂S

∂θ
(θ, Î) = Î +

N−1∑
n=1

εn
∂Sn
∂θ

(θ, Î), (3.9)

θ̂ =
∂S

∂Î
(θ, Î), (3.10)

is such that the expansion of the Hamiltonian in the new variables H(θ, I) = Ĥ(θ̂, Î) =
H0(Î) + εH1(θ̂, Î) + . . . is independent of θ̂ for all terms up to εN .

Equations (3.9) and (3.7) give

H(θ, I) = H0

(
Î +

N−1∑
n=1

εn
∂Sn
∂θ

(θ, Î)

)
+ εH1

(
θ, Î +

N−1∑
n=1

εn
∂Sn
∂θ

(θ, Î)

)
,

which we expand as a Taylor series in I (dropping the arguments (θ, Î) of Sn)

H(θ, I) = H0(Î) +
∂H0

∂I

(
N−1∑
n=1

εn
∂Sn
∂θ

)
+

1
2
∂2H0

∂I2

(
N−1∑
n=1

εn
∂Sn
∂θ

,
N−1∑
n=1

εn
∂Sn
∂θ

)
+ . . .

+ εH1(Î) + ε
∂H1

∂I

(
N−1∑
n=1

εn
∂Sn
∂θ

)
+ ε

1
2
∂2H1

∂I2

(
N−1∑
n=1

εn
∂Sn
∂θ

,
N−1∑
n=1

εn
∂Sn
∂θ

)
+ . . .

and collect in powers of ε.

H(θ, I) = H0(Î) + ε

{
ω(Î)>

∂S1

∂θ
+H1

}
+ ε2

{
ω(Î)>

∂S2

∂θ
+

1
2
∂2H0

∂I2

(
∂S1

∂θ
,
∂S1

∂θ

)
+
∂H1

∂I

(
∂S1

∂θ

)}
+ ε3

{
ω(Î)>

∂S3

∂θ
+

1
2
∂2H0

∂I2

(
∂S1

∂θ
,
∂S2

∂θ

)
+

1
3!
∂3H0

∂I3

(
∂S1

∂θ
,
∂S1

∂θ
,
∂S1

∂θ

)
+
∂H1

∂I

(
∂S2

∂θ

)
+

1
2
∂2H1

∂I2

(
∂S1

∂θ
,
∂S1

∂θ

)}
+ . . . ,

where the terms
1
i!
∂iHk0

∂Ii

(
∂Sk1
∂θ

, . . . ,
∂Ski
∂θ

)
, (3.11)

with k0 + k1 + . . . + ki = j, k0 = 0, 1, k1, . . . , ki ≥ 1, are multi-linear functions of i
arguments, corresponding to the product of the i-th derivative of Hk0 with the derivatives
∂Sk1
∂θ , et cetera. Comparing this expansion with the expansion of Ĥ one sees that at each

order of ε it is necessary to solve a partial differential equation of the form

ω(Î)>
∂Sj
∂θ

(θ, Î) +Kj(θ, Î) = Ĥ(θ, Î), (3.12)
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where Kj is the sum of terms (3.11) of order εj . Since the Sj are required to be 2π-periodic
in θ the function Ĥ must (for the first N terms) equal H, the angular averages of H over
the angles:

H1(Î) =
1

(2π)d

∫
Td
H1(θ, Î)dθ. (3.13)

Now, expanding Ĥ1(θ, Î) and Sj(θ, Î) as Fourier series, equation (3.12) becomes, for j = 1,

ω(Î)>Î
∑
k∈Zd

ik · s1,k(Î)eik·θ +
∑
k∈Zd

hk(Î)eik·θ = H1(Î). (3.14)

Higher order terms are similar. For k = 0 the coefficient s1,0(Î) is arbitrary; for k 6= 0 one
can compare Fourier coefficients to get a formal solution to (3.14)

s1,k(Î) =
−hk(Î)
ik>ω(Î)

. (3.15)

Clearly there is a problem whenever the frequencies ω(Î) are rationally dependent and
k>ω(Î) = k1ω1 + . . .+ kdωd = 0. If the perturbation H1 is such that only a finite number
of hk are non-zero then (3.15) excludes only finitely many resonant frequencies and small
neighbourhoods around them where the denominator of (3.15) may become arbitrarily
small. In the general case, one can only use the fact that the Fourier coefficients hk(Î)
of an analytic function decay exponentially with |k| =

∑
i |ki| and require that the small

denominators satisfy a Diophantine condition so that they do not vanish faster than the
Fourier coefficients in the numerator.

Definition 3.4 (Diophantine number). A number ωi ∈ R is Diophantine (of type (K, ν)),
for K > 0, ν ≥ 1, if ∣∣∣ωi − r

s

∣∣∣ > K

|s|1+ν

for all r/s ∈ Q. A number which is not Diophantine is called Liouville.

The strong non-resonance condition — or Siegel’s Diophantine condition —

|k>ω| ≥ γ

|k|ν
, k ∈ Zd, ν, γ > 0, (3.16)

ensures that the Fourier coefficients (3.15) are such that the series expansion defining S
converges. For ν > d− 1 the set of frequencies ω in a fixed ball, which do not satisfy the
strong non-resonance condition, have Lebesgue measure bounded by γ · Const.

If, for some fixed Î = Î∗, all the series for Sj , and their partial derivatives, converge
then the system has an invariant torus {Î = Î∗, θ ∈ Td}. If the series converge for all
choices of Î∗ then the transformation has returned the Hamiltonian to the form of a
completely integrable system and the phase space of the perturbed system is foliated into
invariant tori. Clearly, this can not happen in general since it would exclude the possibility
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of chaotic motion for Hamiltonian systems. The proof that in general the series diverges
was given by Poincaré in 1893 [112].

3.3 Kolmogorov’s iteration

In 1954, Kolmogorov [76] described a convergent transformation for perturbation theory
which gave quadratic reduction of the perturbation size. The resulting method gave a proof
that invariant tori carrying quasi-periodic flow with Diophantine frequencies persist under
small perturbations of the Hamiltonian. Here we describe Kolmogorov’s transformation.

Assume that H0(I) is a completely integrable Hamiltonian (see definition 3.1). The
phase space of the system is therefore filled with invariant tori parameterized by their
action coordinate, I. In what follows we fix I = I∗ so as to pick one specific torus (without
loss of generality we can pick I∗ = 0). This follows the approach of Kolmogorov and gives
a method which proves preservation of individual tori in comparison with Arnold’s [2]
or Moser’s [100] methods which prove preservation of Cantor sets of tori. The torus
{I∗ = 0, θ ∈ Td} is invariant under the flow of all Hamiltonians of the form

H(θ, I) = c+ ω>I +
1
2
I>M(θ, I)I, (3.17)

for M(θ, I) a real, symmetric matrix in Rd×d, analytic in all its arguments. That is, all
those Hamiltonians for which the linear terms in the Taylor expansion with respect to I,
at zero, are θ-independent.

For a real analytic perturbation of (3.17)

Hε = H(θ, I) + εG(θ, I), (3.18)

with ε small, it is possible to find a near-identity, symplectic coordinate transformation
(θ, I) 7→ (θ̂, Î), such that, in the new coordinates the perturbed Hamiltonian is returned
to the form of (3.17) with the same frequencies ω and, hence, the same quasi-periodic
flow on the invariant torus {Î = 0, θ ∈ Td}. This transformation is constructed via an
iterative procedure — Kolmogorov’s iteration — which holds under the condition that the
frequencies of the perturbed system satisfy the strong non-resonance condition (3.16) and
that the angular average

M0 =
1

(2π)d

∫
Td
M(θ, I = 0)dθ

is an invertible matrix. We will use the notation (θ(1), I(1)) for the coordinates after one
step of the transformation. The transformation is constructed as the time-ε flow of a
generating function T of the form

T (θ(1), I(1)) = ξ>θ(1) + T0(θ(1)) +
d∑
i=1

I
(1)
i Ti(θ(1)), (3.19)
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with ξ ∈ Rd a constant vector and T0, T1, . . . , Td all 2π−periodic functions. The terms of
order ‖I(1)‖2 and higher are not used in this construction so we omit them from (3.19)
and whenever they occur in the construction which follows. The time-ε flow of (3.19) gives
the following relationship between the old and new coordinates:

I = I(1) + ε
∂T

∂θ(1)
(θ(1), I(1)) +O

(
ε2
)
, θ = θ(1) − ε ∂T

∂I(1)
(θ(1), I(1)) +O

(
ε2
)
. (3.20)

The construction is similar to that of perturbation theory, we set (3.20) into (3.18) and
get

Hε(θ, I) = c+ ω>
[
I(1) + ε

∂T

∂θ(1)

]
+

1
2

[
I(1) + ε

∂T

∂θ(1)

]>
M
(
θ(1), I(1)

)[
I(1) + ε

∂T

∂θ(1)

]
(3.21)

+ εG
(
θ(1), I(1)

)
,

where all the partial derivatives of T are evaluated at
(
θ(1), I(1)

)
and where we have writ-

ten M
(
θ(1) − ε ∂T

∂I(1)
, I(1) + ε ∂T

∂θ(1)

)
and G

(
θ(1) − ε ∂T

∂I(1)
, I(1) + ε ∂T

∂θ(1)

)
as perturbations of

M
(
θ(1), I(1)

)
and G

(
θ(1), I(1)

)
.

Substituting the series expansion

G
(
θ(1), I(1)

)
= G0

(
θ(1)
)

+
d∑
j=1

I
(1)
j Gj

(
θ(1)
)

+ I(1)>Q
(
θ(1), I(1)

)
I(1) (3.22)

and the ansatz (3.19) into (3.21), and expanding M
(
θ(1), I(1)

)
about I(1) = 0 we get

Hε(θ, I) = c+ ω>I(1) +
1
2
I(1)>M(θ(1), I(1))I(1)

+ ε

ω>ξ + ω>
∂T0

∂θ(1)
+ ω>

d∑
j=1

I
(1)
j

∂Tj

∂θ(1)

+ I(1)>M(θ(1), 0)ξ + I(1)>M(θ(1), 0)
∂T0

∂θ(1)

+G0(θ(1)) +
d∑
j=1

I
(1)
j Gj

(
θ(1)
)

+O
(
ε2
)

+O
(
ε‖I(1)‖2

)
. (3.23)

The requirement that this expansion is independent of θ(1) up to linear terms in I(1) is
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satisfied when the term in braces is Const. +O
(
ε‖I(1)‖2

)
, that is when

ω>ξ + ω>
∂T0

∂θ(1)

(
θ(1)
)

+G0

(
θ(1)
)

+
d∑
j=1

I
(1)
j Gj

(
θ(1)
)

+
d∑
j=1

I
(1)
j

(
ω>

∂Tj

∂θ(1)

(
θ(1)
)

+ uj

(
θ(1)
)

+ vj

(
θ(1)
))

= Const.,

(3.24)

where we have made the substitutions

u(θ(1)) = M(θ(1), 0)ξ, (3.25)

v(θ(1)) = M(θ(1), 0)
∂T0

∂θ(1)
(θ(1)). (3.26)

Since the generating function T (θ(1), I(1)) was assumed to be 2π-periodic in θ(1), the
condition (that the term in braces from (3.23) be Const. +O

(
‖I(1)‖2

)
) is satisfied when

ω>
∂T0

∂θ(1)
(θ(1)) +G0(θ(1)) = G0, (3.27)

ω>
∂Tj

∂θ(1)
(θ(1)) + uj(θ(1)) + vj(θ(1)) +Gj(θ(1)) = ūj + v̄j +Gj , (3.28)

ūj + v̄j +Gj = 0, (3.29)

where the bars denote angular averages, as defined by equation (3.13). One now follows
the procedure of section 3.2, noting that equations (3.27)–(3.29) have the same form as
equation (3.12), and replacing the terms in them with their Fourier series. By matching
Fourier coefficients, one obtains a formal solution for the Fourier coefficients of T (θ(1), I(1)).

Solving equation (3.27) determines T0

(
θ(1)
)

which can then be used with (3.26) to
calculate v = (v1, . . . , vd)>, which, in turn, can be used with equation (3.29) to determine
ū = (ū1, . . . , ūd)> since Gj , j = 1, . . . , d can be calculated directly. Once ū is known, we
can calculate the angular average of both sides of equation (3.25) which determines ξ since
M(θ(1), 0) was assumed to be invertible. Finally, equation (3.28) can be used to calculate
Tj(θ(1)), j = 1, . . . , d and we have constructed T (θ(1), I(1)).

The transformation generated by the time-ε flow of T (θ(1), I(1)),

θ = θ(1) − ε ∂T

∂I(1)
(θ(1), I(1)), I = I(1) + ε

∂T

∂θ(1)
(θ(1), I(1))

gives

Hε(θ(1), I(1)) =H(θ, I) + εG(θ, I)

=c(1) + ω>I(1) +
1
2
I(1)>M (1)(θ(1), I(1))I(1) + ε2G(1)(θ(1), I(1)). (3.30)

The terms c(1) and M (1)
(
θ(1), I(1)

)
are both O (ε) close to the original terms, while the
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frequency vector ω is unchanged from the original, unperturbed system. Iterating this
procedure turns out to be convergent and gives a symplectic change of coordinates such
that the perturbed system (3.18) is returned to the form of the unperturbed system (3.17)
with an invariant torus carrying quasi-periodic flow with frequencies ω.

3.4 Kolmogorov’s theorem

Here we present, and prove, Kolmogorov’s theorem which shows that the iteration de-
scribed in section 3.3 converges and that it returns the perturbed Hamiltonian (3.18) to
the form of the unperturbed system (3.17).

Theorem 3.3 (Kolmogorov’s theorem). Consider a real-analytic Hamiltonian H(θ, I),
which is defined for I in a neighbourhood of 0 ∈ Rd and θ ∈ Td, and for which the
linearization at I = I∗ = 0 is independent of the angles:

H(θ, I) = c+ ω>I +
1
2
I>M(θ, I)I.

Suppose that ω ∈ Rd satisfies the Diophantine equation (3.16), (i.e. |k>ω| ≥ γ
|k|ν for k ∈

Zd \ {0}), and that the angular average M0 = 1
(2π)d

∫
TdM(θ, 0)dθ is an invertible d × d

matrix satisfying
‖M0x‖ ≥ µ‖x‖ for x ∈ Rd, (3.31)

with ν, γ and µ positive constants.
Let Hε(θ, I) = H(θ, I)+εG(θ, I) be a real-analytic perturbation of H(θ, I). Then, there

exists ε0 > 0 such that for every |ε| ≤ ε0 there is an analytic, symplectic transformation
ψε : (θ̂, Î) 7→ (θ, I), which is O (ε) close to the identity, analytic with respect to the
perturbation parameter ε and which puts the perturbed Hamiltonian back into the form

Hε(θ, I) = cε + ω>Î +
1
2
Î>Mε(θ̂, Î)Î (3.32)

for (θ, I) = ψε(θ̂, Î). The threshold ε0 depends on d and on the constants ν, γ and µ, and
on the bounds of H and G in a complex neighbourhood of {0} × Td.

The perturbed system has an invariant torus
{
Î = 0, θ̂ ∈ Td

}
carrying a quasi-periodic

flow with the same frequencies ω as the unperturbed system.
A practical difficulty with Kolmogorov’s theorem is that the threshold ε0 can become

extremely small. The following proof, which follows [55], requires that ε0 ≤ δ5α
0 , α =

ν + d+ 1, where δ0 is proportionate to 1/ν. This requirement is overly pessimistic — for
example, Rüssmann [120, 121] gives optimal values for α which are smaller.

We introduce the notation

‖G‖ρ = sup{|G(θ, I)| : ‖I‖ < ρ, ‖Imθ‖ < ρ},
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where G is a bounded, analytic function on Wρ := Bρ(0)×Uρ with Bρ(0) the complex ball
about zero of radius ρ and Uρ := {θ ∈ Td + iRd : ‖Imθ‖ < ρ}, the complex extension of
Td with width ρ. The same notation ‖·‖ρ is used for vector- and matrix-valued functions.
In these cases, the underlying norm is the supremum norm ‖v‖ = sup |vi|, or its induced
matrix-norm.

Kolmogorov’s theorem requires the following lemma which takes place under the same
assumptions as the theorem 3.3 and in the setting of section 3.3.

Lemma 3.4. Suppose that H and G are real-analytic functions and are bounded on Wρ.
Then, there exists δ0 > 0 such that the following bounds hold for Kolmogorov’s iteration
whenever 0 < δ < δ0:

if ‖εG‖ρ ≤ δ
5α, then

∥∥∥ε2G(1)
∥∥∥
ρ−δ
≤
(

1
2
δ

)5α

,

and ‖ε∇T‖ρ−δ ≤ δ
3α,

and
∥∥∥M (1) −M

∥∥∥
ρ−δ
≤ δ2α,

where α = ν + d+ 1 and the threshold δ0 depends only on d, ν, γ, µ, and ‖H‖ρ.

The proof of lemma 3.4 follows the terms arising in the construction of Kolmogorov’s
iteration, finding estimates which bound the size of the terms. It makes use of the following
additional lemma which we state without proof. (A proof can be found in [55, X.4.1])

Lemma 3.5. Suppose ω ∈ Rd satisfies the Diophantine condition (3.16) |k>ω| ≥ γ/|j|ν

for k ∈ Zd\{0}. Let G be a bounded, real-analytic function on Uρ, the complex extension of
the torus Td with width ρ, and let G denote the angular average of G over Td (cf. equation
(3.13)), then,

ω>
∂F

∂θ
+G = G (3.33)

has a unique real-analytic solution F on Uρ with F = 0. For every δ satisfying 0 < δ <

min(ρ, 1) F is bounded on Uρ−δ by

‖F‖ρ−δ ≤ κ0 ‖G‖ρ δ
−α+1,

∥∥∥∥∂F∂θ
∥∥∥∥
ρ−δ
≤ κ1 ‖G‖ρ δ

−α, (3.34)

where α = ν + d+ 1, κ0 = γ−18d2νν!, and κ1 = γ−18d2ν+1(ν + 1)!.

The proof of lemma 3.4 and of theorem 3.3 follows that presented in [55], with only
minor differences.

Proof: lemma 3.4. We first introduce the notation

‖·‖j := ‖·‖ρ−jδ/4 for j = 0, 1, 2, 3, 4.



66 Chapter 3. KAM Theory

The transformation
(
θ(1), I(1)

)
7→ (θ, I) was constructed as the time−ε flow of T (θ, I).

That is, (θ, I) = y(ε) where y(t) is the solution of ẏ = J−1∇T (y), y(0) =
(
θ(1), I(1)

)
.

Suppose for the moment that

‖ε∇T‖3 ≤
1
4
δ. (3.35)

Let
(
θ(1), I(1)

)
∈Wρ−δ, then for 0 ≤ t ≤ ε, y(t) ∈Wρ−3δ/4 and, by (3.35), ‖y(t)− y(0)‖ ≤

1
4δ. In particular, ‖

(
θ(1), I(1)

)
− (θ, I)‖ ≤ 1

4δ. Now, define

ε2R(θ(1), I(1)) :=
(
I − I(1) − ε ∂T

∂θ(1)
(θ(1), I(1)), θ − θ(1) + ε

∂T

∂I(1)
(θ(1), I(1))

)
=y(ε)−

[
y(0) + εJ−1∇T (y(0))

]
. (3.36)

Since the term from (3.36) in square brackets is the beginning of the Taylor expansion for
y(ε) we have (via the remainder theorem)∥∥∥R(θ(1), I(1))

∥∥∥ ≤ 1
2

max
0≤t≤ε

‖ÿ(t)‖. (3.37)

The right-hand side of (3.37) is, in turn, bounded by

1
2

∥∥∇2T∇T
∥∥

3
,

and hence
‖R‖4 ≤

1
2

∥∥∇2T
∥∥

3
‖∇T‖3 . (3.38)

We now follow the construction of T in section 3.3. From the Taylor expansion of
Hε(θ, I) we have the following terms at O

(
ε
∥∥∥I(1)2

∥∥∥):

ε

{
I(1)>

[
Q(θ(1), I(1)) +

(
∂M

∂I

∂T

∂θ(1)
− ∂M

∂θ

∂T

∂I(1)

)]
I(1) + I(1)>P (θ(1), I(1))I(1)

}
,

whereQ(θ(1), I(1)) comes from theO
(∥∥I(1)

∥∥2
)

term in (3.22), the expansion ofG
(
θ(1), I(1)

)
,

and where

I(1)>P (θ(1), I(1))I(1) = I(1)>
(
M(θ(1), I(1))−M(0, I(1))

) ∂T

∂θ(1)

is symmetric and includes the O
(∥∥I(1)

∥∥) terms from the expansion of M
(
θ(1), I(1)

)
∂T
∂θ(1)

.
Hence the new matrix M (1)

(
θ(1), I(1)

)
in (3.30) has the form

M (1)(θ(1), I(1)) = M(θ(1), I(1)) + εL(θ(1), I(1)),
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with

L(θ(1), I(1)) =
d∑
j=1

(
∂M

∂Ij

∂T

∂θ
(1)
j

− ∂M

∂θj

∂T

∂I
(1)
j

)
(θ(1), I(1)) + P (θ(1), I(1)) +Q(θ(1), I(1)).

It follows that ∥∥∥M (1) −M
∥∥∥

4
= ‖εL‖4 ≤ 2ε

(
‖∇M‖4 ‖∇T‖4 +

∥∥∇2G
∥∥

4

)
. (3.39)

Similarly, we look at the O
(
ε2
)

terms from the Taylor expansion of Hε:

R>∇H + (J∇T )>∇2HJ∇T + (∇G)> J∇T,

which gives the estimate∥∥∥G(1)
∥∥∥

4
≤ ‖∇H‖3 ‖R‖4 + ‖∇T‖24

∥∥∇2H
∥∥

3
+ ‖∇G‖3 ‖∇T‖4 . (3.40)

We now trace the construction of T in section 3.3. We first apply lemma 3.5 to equation
(3.27) and get

‖T0‖1 ≤ κ0(δ/4)−α+1 ‖G0‖0 , (3.41)∥∥∥∥ ∂T0

∂θ(1)

∥∥∥∥
1

≤ κ1(δ/4)−α ‖G0‖0 . (3.42)

By construction, u and v satisfy the estimates

‖v‖1 ≤ ‖M‖1

∥∥∥∥ ∂T0

∂θ(1)

∥∥∥∥
1

, (3.43)

and

‖u‖1 ≤ ‖M‖1 µ
−1

‖v‖1 +
d∑
j=1

‖Gj‖1

 . (3.44)

Applying lemma 3.5 to (3.28) gives

‖Tj‖2 ≤ κ0(δ/4)−α+1
(
‖v‖1 + ‖u‖1 + ‖Gj‖1

)
. (3.45)

Direct substitution of (3.42) in (3.43) gives ‖v‖1 ≤ Cδ−α ‖G0‖0 which in turn gives
‖u‖1 ≤ Cδ−α ‖G‖0 via (3.44) and then, via (3.45)

‖Tj‖2 ≤ Cδ
−2α+1

(
‖G‖0 + ‖G0‖0 + ‖Gj‖1

)
. (3.46)

Using the estimates (3.41) and (3.46) gives ‖T‖0 ≤ Cδ−2α+1 ‖G‖0 and applying Cauchy’s
estimates, ‖∇F‖ρ−δ ≤ C ‖F‖ρ δ−1, and

∥∥∇2F
∥∥
ρ−δ ≤ C ‖F‖ρ δ−2, gives the following
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bounds:
‖∇T‖3 ≤ Cδ

−2α ‖G‖0 ,
∥∥∇2T

∥∥
3
≤ Cδ−2α−1 ‖G‖0 . (3.47)

The constant C depends on ν, d, γ, µ, and on ‖H‖ρ.

The bound
‖ε∇T‖ρ−δ ≤ Cδ

−2α ‖εG‖ρ (3.48)

follows directly from (3.47). Using equations (3.47) and (3.38) with equations (3.40) and
(3.39), and using Cauchy’s estimates again to bound the derivatives of H and G gives

∥∥∥ε2G(1)
∥∥∥
ρ−δ
≤ Cδ−4α−4 ‖εG‖2ρ ≤ Cδ

−5α ‖εG‖2ρ , (3.49)

and ∥∥∥M (1) −M
∥∥∥
ρ−δ
≤ Cδ−2α−1 ‖εG‖ρ ≤ Cδ

−3α ‖εG‖ρ . (3.50)

The working above assumes that condition (3.35) holds. From (3.47) we can see that
this can be ensured by requiring

‖εG‖ρ ≤ δ
5α

for δ ≤ δ0 with δ0 sufficiently small. Substitution of this into the bounds (3.48) – (3.50)
gives

‖ε∇T‖ρ−δ ≤ Cδ3α,∥∥∥ε2G(1)
∥∥∥
ρ−δ

≤ Cδ5α,∥∥∥M (1) −M
∥∥∥
ρ−δ

≤ Cδ2α.

We are now in a position to prove that Kolmogorov’s iterations converges.

Proof: Kolmogorov’s theorem 3.3. Applying Kolmogorov’s iteration to (3.18) repeatedly
generates the sequences

G = G(0), G(1), G(2), . . . ,

M = M (0),M (1),M (2), . . . ,

T = T (0), T (1), T (2), . . . .
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Applying lemma 3.4 to ε2G(1), M (1) −M (0), and ε∇T (0) gives∥∥∥ε2G(1)
∥∥∥
ρ−δ
≤ (δ/2)5α , (3.51)∥∥∥ε∇T (0)

∥∥∥
ρ−δ
≤ δ3α,∥∥∥M (1) −M (0)

∥∥∥
ρ−δ
≤ δ2α.

After a second step of Kolmogorov’s iteration, one wishes to bound ε4G(2), ε2∇T (1), etc.
We introduce the notation ρ = ρ(0), δ = δ(0), ρ(k) = ρ(k−1) − δ(k−1) = ρ−

∑k−1
i=0 2−iδ, and

δ(k) = δ(k−1)/2 = 2−kδ for k = 1, 2, . . . , and rewrite equation (3.51) above as∥∥∥ε2G(1)
∥∥∥
ρ(1)
≤ δ(1)5α

.

We can therefore continue to apply lemma 3.4. This gives the bounds∥∥∥ε4G(2)
∥∥∥
ρ(1)−δ(1)

≤
(
δ(1)/2

)5α
,∥∥∥ε2∇T (1)

∥∥∥
ρ(1)−δ(1)

≤ δ(1)3α
,∥∥∥M (2) −M (1)

∥∥∥
ρ(1)−δ(1)

≤ δ(1)2α
.

Or, more generally, ∥∥∥ε2kG(k)
∥∥∥
ρ(k)
≤
(

2−kδ
)5α

, (3.52)∥∥∥ε2(k−1)∇T (k−1)
∥∥∥
ρ(k)
≤
(

2−(k−1)δ
)3α

, (3.53)∥∥∥M (k) −M (k−1)
∥∥∥
ρ(k)
≤
(

2−(k−1)δ
)2α

. (3.54)

Equation (3.54) implies that the inverse of M (k) remains bounded for all k, and so, we
are justified in using Kolmogorov’s iteration and lemma 3.4 iteratively. At each step, the
time-ε2k flow of T (k) defines a symplectic transformation ϕ

(k)
ε . By the bound (3.53) this

transformation satisfies
∥∥∥ϕ(k)

ε − Id
∥∥∥
ρ/2
≤
(
2−kδ

)3α
, since ρ(k) > ρ/2 for all k. This implies

that the sequence
ψ(k)
ε := ϕ(0)

ε ◦ ϕ(1)
ε ◦ · · · ◦ ϕ(k)

ε (θ(k), I(k))

converges uniformly on Wρ/2 × (−ε0, ε0) to the limit ψε
(
θ̂, Î
)

which is analytic in ε, θ̂,

and Î. It therefore follows that ψε is O (ε) close to the identity on Wρ/2 since it is analytic
in ε and since ψ0 = Id.

The transformation ψ
(k)
ε was constructed such that

H ◦ ψ(k−1)
ε

(
θ(k),I(k)

)
= c(k) + ω>I(k) +

1
2
I(k)>M (k)I(k) + ε2kG(k)

(
θ(k), I(k)

)
,
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and so, by (3.52) the transformed Hamiltonian H ◦ψε
(
θ̂, Î
)

has the desired form, (3.32).
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Chapter 4

Symplectic Integrators and

Periodic Orbits

The goal of the theory of numerical algorithms should be to design proper
algorithms to preserve most of the dynamics of most systems.

— Z.-J. Shang, 1999

When a symplectic integrator using step size h is applied to a d-degree of freedom
Hamiltonian vector-field f = XH it gives a symplectic map Φh,f : R2d → R2d. We are
interested in what happens to periodic orbits of a dynamical system when the system is
discretized by a symplectic integrator. Does the numerical solution given by Φh,f preserve
the periodic orbits of the original vector field? Since periodic orbits can be thought of as
invariant tori with a single degree of freedom, KAM theory is a useful tool for addressing
such questions.

We begin, in section 4.1, with some background on periodic orbits of Hamiltonian
systems. In section 4.2 we describe the theorem by Shang [130, 129] that a symplectic
integrator applied to a Hamiltonian vector field preserves most of the invariant tori with
full dimension. We want to show that a similar result holds for lower dimensional tori
and in particular, for periodic orbits. Section 4.3 sets the framework for the problem.
In section 4.4 we make use of a theorem that it is possible to embed a symplectic map
in a quasi-periodic non-autonomous flow. We combine this with a KAM result of Jorba
and Villaneuva [73] to show that periodic orbits persist in the new flow; section 4.5. The
preserved periodic orbits have a slightly perturbed period and gain an additional degree
of freedom, or rather, as Jorba and Simó so elegantly put it in [72] “the perturbed tori are
‘quasi-periodically dancing’ to the ‘rhythm’ of the perturbation.” Section 4.6 deals with
the resonant case; when the integrator step size divides the period of the orbit. The work
presented in this chapter has been accepted for publication in the article [88].
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4.1 Background to periodic orbits of Hamiltonian systems

For periodic orbits, Floquet multipliers play a role similar to that of the eigenvalues of the
linearization of a fixed point. One Floquet multiplier is always equal to 1 as it corresponds
to the direction tangential to the periodic orbit. The other multipliers are in one-to-one
correspondence with the eigenvalues of the linearization of the Poincaré mapping1. In
the case of Hamiltonian systems, the Floquet multipliers occur in pairs (λ, λ−1) of the
same multiplicity. The “second” eigenvalue equal to 1 corresponds to one of the normal
directions of the periodic orbit. The eigenvector associated with this multiplier spans the
direction conjugate to that of the first multiplier 1. Consequently, and in contrast to the
case of dissipative systems which may have isolated periodic orbits (cf. §2.3), periodic
orbits of Hamiltonian systems form 1-parameter families. Rather than use the coordinate
corresponding to the “second” Floquet multiplier of 1 (i.e. the coordinate conjugate to
that along the periodic orbit), the period, or the value of the Hamiltonian is often used to
parameterize the family of orbits. An illustration of this is given in figure 4.1 for the one
degree of freedom Hamiltonian pendulum

H(q, p) =
1
2
p2 − cos(q),

where all (non-equilibrium and non-homoclinic) solutions are periodic, and in figure 4.2
for the two degree of freedom Hénon-Heiles system with Hamiltonian

H(q, p) =
1
2
p>p+

1
2
q>q + q1q

2
2 −

1
3
q3

1, q> = (q1, q2), p> = (p1, p2),

which has both chaotic and regular motion, (cf. §4.6). (Actually, figures 4.1 and 4.2
show the continuation of the sets of n-periodic points which replace the periodic orbits of
the continuous system when it is discretized with a (symplectic) integrator using a step
size resonant with the period of the orbit. For large n, these discrete sets are an accurate
approximation of the periodic orbits. We discuss exactly this point in section 4.6.)

The 1-parameter families can undergo a variety of bifurcations (for example, consider
the pendulum when H = 1 or the Hénon-Heiles system when H = 1

6 .) We abstain entirely
from discussing these and instead mention the monograph [60] by Hanßmann which gives
comprehensive coverage of bifurcations in Hamiltonian systems.

Theorem 4.1 (Floquet’s theorem). For the system

ẏ = A(t)y, (4.1)

let A(t) be a continuous n × n matrix, defined for −∞ < t < ∞, which is periodic with

1The mapping σ from a section Σ, transverse to the flow, to itself such that σ(y0) = y1 =⇒ ϕt1(y0) = y1
for some t1 ∈ R and with ϕt(y0) /∈ Σ for 0 < t < t1. Further details on Poincaré maps are in §4.6.
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Figure 4.1: Plot of period against the value of the Hamiltonian for the 1-parameter family
of periodic orbits of the pendulum (above), and a selection of four periodic orbits, plotted
in the natural phase space of the pendulum — a cylinder (lower). The points in the 1-
parameter family corresponding to the four orbits are indicated. Note that the homoclinic
orbits connected to the hyperbolic fixed point mean that T →∞ as H → 1.
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Figure 4.2: Plot of period against the value of the Hamiltonian for the 1-parameter family
of periodic orbits of the Hénon-Heiles system (above), and a selection of four “fattened
out” periodic orbits corresponding to the four points indicated in the 1-parameter family
(lower). The periodic orbits are drawn in the (q1, q2, p1) space.
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period T ,
A(t+ T ) = A(t).

Then any fundamental matrix Y (t) of (4.1) can be written in the form

Y (t) = Z(t)eRt, where Z(t+ T ) = Z(t)

and where R is a constant matrix. Further, there exists a T -periodic change of coordinates
y = B(t)x such that in the new coordinates (4.1) becomes

ẋ = Rx.

More details on Floquet theory can be found in [62, 49, 5].

Much of the analysis of periodic orbits, and indeed of invariant tori (both lower and
maximal dimensional), makes use of reducibility of the flow on these objects. For periodic
orbits, Floquet’s theorem gives symplectic coordinates (θ, I, z), where θ ∈ T := R/Z is the
coordinate along the periodic orbit γ = {(θ, I, z) : (I, z) = (I0, 0)}. The coordinate I is
conjugate to θ, while z consists of all the directions “normal” to the periodic orbit [60].
The equations of motion in these variables read

θ̇ = f(θ, I, z),

İ = g(θ, I, z),

ż = h(θ, I, z),

and for I = I0 the right-hand sides are of the form

f(θ, I0, z) = ω(I0) +O
(
z2
)
,

g(θ, I0, z) = O
(
z3
)
,

h(θ, I0, z) = Ω(I0) · z +O
(
z2
)
.

The linear part Ω(I0) · z is independent of the angle θ and the eigenvalues of Ω are the
Floquet exponents2 of the periodic orbit. For Floquet multipliers on the unit circle the
periodic orbit is elliptic, and sits at the center of a family of nested invariant tori (cf. figure
1.3). The flow on these tori winds about the periodic orbit — we attempt to illustrate
this in figure 4.3.

2Exponentiation of the Floquet exponents yields the Floquet multipliers
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Figure 4.3: Trajectory on an invariant torus (thin tube) winding about an elliptic periodic
orbit (thick tube) of the Hénon-Heiles system.

4.2 Symplectic integrators preserve invariant tori: Shang’s

theorem

Knowing that particular geometric structures persist in numerical solutions is important
if we are to correctly understand the dynamical systems which the solutions represent.
KAM-type theorems are a powerful tool in the analysis of dynamical systems because of
the information they give about structural stability. Initially, KAM theory focused on the
case of H(θ, I) = H0(I); that is, perturbations of fully integrable systems (cf. §3.3 and
3.4). Since then, KAM theory has been extended in many directions, to the point where
it is now difficult to succinctly state all the results covered by the theory.

Roughly speaking, modern KAM theory says that for Ck open sets (where k may be
large depending on d) of d degree of freedom dynamical systems possessing some geometric
property (e.g. Hamiltonian, volume-preserving, reversible, et cetera) there exist sets of
positive measure covered by invariant tori. The tori need not have dimension d (e.g. lower
dimensional tori) and d need not be finite (e.g. infinite dimensional KAM theory, KAM
theory for PDEs). See [31], and the references therein, for a comprehensive survey and
exposition of KAM theory and for a list of the current directions of KAM theory.

When a KAM-type theorem holds for a continuous dynamical system, one would like
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an analogous result to also hold for a discrete version of the system given as the numerical
solution of the differential equation. For example, when a symplectic integrator is applied
to a Hamiltonian system containing a full dimensional (i.e. d-dimensional) invariant torus,
and when the step size of the integrator is not resonant with any of the frequencies of the
invariant torus, it is reasonable to hope that the torus persists in the numerical solution.
The proof that such tori do indeed persist in the numerical solution is possible through a
KAM theorem for symplectic maps, due to Shang [130, 129], who proved that the original
KAM theory for full dimensional invariant tori of symplectic flows also holds for symplectic
maps. That is, a symplectic integrator applied to a Hamiltonian system, with an invariant
torus whose frequencies are strongly non-resonant, preserves the torus, with unchanged
frequencies, for a Cantor set’s worth of strongly non-resonant step sizes. The tori are only
slightly deformed by the integrator and the density of the Cantor set of step sizes tends
to one as h → 0. To illustrate this, (and the converse point, that we must expect more
and more invariant tori to be destroyed with increasing step size), we show, in figure 4.4,
the (numerical) Poincaré map for the Hénon-Heiles system integrated with the leapfrog
method.

The invariant tori of the full system are closed curves of the Poincaré map. As the
step size h increases, and with it the size of the perturbation to the initial invariant tori,
fewer and fewer closed curves are seen. The “smearing” of the curves for large step size
is a separate effect which can be attributed to the need to interpolate between points in
the numerical trajectories in order to estimate the position of points on the section3 and
to the fact that symplectic integrators keep the energy of trajectories close to the original
value, rather than conserving it exactly. The preserved tori are therefore not exactly iso-
energetic surfaces which “fattens” the closed curves in the numerical Poincaré sections for
large h.

Shang’s theorem states:

Theorem 4.2. [130] Given an analytic, non-degenerate, and integrable Hamiltonian sys-
tem of d-degrees of freedom, and given N Diophantine4 frequency vectors ωj , j = 1, 2, . . . , N
in the domain of frequencies of the system, there exists a Cantor set I ⊂ R, depending
on the N frequency vectors, such that for any symplectic algorithm applied to the sys-
tem, there exists a positive number δ0 such that if the step size h of the algorithm falls in
the set (−δ0, δ0) ∩ I, then the algorithm has N invariant tori with frequency vectors hωj ,
j = 1, 2, . . . , N when applied to the integrable system. These invariant tori approximate
the corresponding tori of the system, in the sense of Hausdorff, with the order equal to the
order of accuracy of the algorithm. The Cantor set I has density one at the origin.

Our goal in this chapter is to develop a similar result for preservation of periodic
orbits (and other lower dimensional tori). To do so, two possible approaches are available.

3See section 4.6 for details in the construction of numerical Poincaré sections.
4I.e. each ωj ∈ Rd satisfies |k>ω| ≥ γ

|k|ν , 0 6= k = (k1, . . . , kd) ∈ Zd for some γ > 0 and ν > 0.
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Figure 4.4: Poincaré sections of the Hénon-Heiles system showing the destruction of invari-
ant tori with increasing perturbation size. The system was integrated using the (symplec-
tic) leapfrog method for different step sizes. As the step size h, and hence the perturbation
size, increases, fewer and fewer invariant tori (seen as closed curves in the section) remain.

The first is to follow the example of Shang who re-proved the original KAM theorem in
the setting of analytic, symplectic maps. This is not a trivial undertaking. The second
approach is to use interpolation to embed the map produced by a symplectic integrator
into a symplectic flow which is sufficiently smooth (or even analytic). One can then try
to use an existing KAM result for preservation of periodic orbits of perturbed symplectic
flows to prove that such orbits are also preserved by the symplectic map. This second
approach has the advantage that it is often easier to think of a problem in terms of maps
while it is simpler to give a proof in terms of flows. Many KAM style results for lower
dimensional invariant tori already exist and by using interpolation one can avoid redoing
lengthy proofs for maps. It is this second approach which we take here.

For one degree of freedom systems (i.e. systems of dimension two) a periodic orbit
is also a full dimensional invariant torus and both the resonant and non-resonant case
are well understood. The non-resonant case is covered by Shang’s theorem 4.2, while the
resonant case is discussed at the beginning of section 4.6. We are therefore interested in
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Hamiltonian systems with several degrees of freedom and which contain a periodic orbit.
More generally, we can work with tori of any dimension from zero (i.e. fixed points)
through to full dimension. The following section gives a full description of the conditions
we require the Hamiltonian system to satisfy.

4.3 Framework & the P1 & P2 conditions

Here, and in sections 4.4 and 4.5, we use a slightly different notation from the rest of this
thesis in order that the notation here is consistent with the article [73] which we refer to at
several points. We use H to denote the original, unperturbed Hamiltonian function while
H appears as a term in the perturbation, and subsequent modification, of H.

The periodic orbits (or lower dimensional invariant tori) we work with are assumed to
be non-degenerate. That is, they are not contained within a resonant invariant torus of
higher dimension. For periodic orbits, this requirement is ensured by the assumption that
the Floquet multipliers — the eigenvalues of the monodromy matrix — of the original
system are distinct, and, therefore, by the canonical structure, are non-zero (cf. §2.3).

The exact conditions necessary to ensure non-degeneracy of lower dimensional tori, in
general, are given explicitly in theorem 4.6.

We will assume that the Hamiltonian system H we are working with has the following
properties.

1. The initial Hamiltonian H has d degrees of freedom and is autonomous, and analytic
with respect to all its variables. It contains an invariant torus with linear, quasi-
periodic flow with rationally independent frequencies ω̂(0) ∈ Rr, 0 ≤ r ≤ d (r = 1
corresponds to a periodic orbit).

2. The invariant torus is reducible; that is, the time-dependent linear equations which
describe the linearization of the flow on the torus (e.g. ẋ = A(φ + ωt)x) can be
transformed into linear, constant coefficient equations ẏ = Ây. It is known that
reducibility holds automatically for periodic orbits due to Floquet theory (cf. §4.1).
For invariant tori with more degrees of freedom there are various positive results
concerning when a system is reducible (see, for example, [69, 26, 36, 71, 72, 70, 101,
123]); however, the question of reducibility remains open in general.

3. The initial periodic orbit or invariant torus is isotropic; that is the symplectic form
evaluates to zero everywhere on it. Any one-dimensional manifold of a symplectic
vector space is isotropic so the property holds automatically for periodic orbits.

There is a canonical change of coordinates such that the initial Hamiltonian can be written
as a function of the coordinates θ̂, Î , x, y with θ̂, Î ∈ Cr, x, y ∈ Cm, d = r + m, and
z> = (x>, y>). Here θ̂ and x are the position variables, with θ̂ being the angle coordinates
on the periodic orbit or torus. Î and y are their respective conjugate momenta. (We
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use hats to denote variables pertaining to the initial torus. The x and y coordinates are
the “normal” directions to the torus.) Since the original Hamiltonian was assumed to be
analytic, it has a Taylor expansion (about z = 0, Î = 0). For periodic orbits, Floquet
theory ensures that the expansion has constant coefficients for the Î and z>z terms and
that the only linear term is ω̂(0)Î where ω̂(0) ∈ R is the frequency of the periodic orbit.
(For invariant tori of dimension two, or greater, the frequency is replaced by a frequency
vector ω̂(0) ∈ Rr and the linear term is ω̂(0)>Î.) More generally, the assumption of linear,
reducible flow on the invariant torus ensures that the initial Hamiltonian can be put into
the semi-normal form

H(θ̂, x, Î, y) = ω̂(0)>Î +
1
2
z>Bz +H∗(θ̂, x, Î, y). (4.2)

This is sometimes referred to as Floquet form. The terms in the Taylor expansion of H∗
begin at second order in Î and z. The assumption that the flow on the torus can be
reduced to the case of constant coefficients means that H∗ has no quadratic terms in the
z variables — all such terms are included in 1

2z
>Bz. In these variables B is a symmetric

2m× 2m complex matrix. H∗ is analytic with respect to all its arguments and is periodic
in θ̂.

We also assume that:

4. The analyticity of H∗ holds in a neighbourhood of z = 0, Î = 0 (the periodic
orbit/torus is assumed to be centered about this point — if it is not, then a change
of variables can be used to reduce to this case) and in a complex strip about the
variable θ̂, that is for |Im(θ̂j)| ≤ ρ, j = 1, 2, . . . , r, ρ ∈ R. Also, the matrix JmB
is diagonal with distinct eigenvalues

λ> = (λ1, . . . , λm,−λ1, . . . ,−λm),

where Jm is the canonical symplectic form on C2m (cf. equation (1.13)).

We will also require that the periodic orbit/torus satisfies a strong non-resonance
condition and that the normal “frequencies” λj , j = 1, . . . , 2m satisfy a non-degeneracy
condition. We delay giving the details of these conditions until section 4.5 where they
arise naturally.

The method is as follows: we begin with the Hamiltonian in the form of equation
(4.2). Before considering any perturbation it is helpful to put the initial Hamiltonian into
a (semi-)normal form. One does this by expanding H∗, the higher order part of (4.2), as
a power series in Î and z about Î = 0, z = 0. We get

H∗ =
∑
p≥2

H(0)
p ,

where the degree p of a monomial zlÎj is defined as p = |l|1 + 2|j|1 and where H(0)
p are
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homogeneous polynomials of degree p;

H(0)
p =

∑
l∈N2m, j∈Nr,
|l|1+2|j|1=p

h
(0)
l,j (θ̂)zlÎj .

The periodic coefficients h(0)
l,j (θ̂) are defined by their Fourier series,

h
(0)
l,j (θ̂) =

∑
k∈Zr

h
(0)
l,j,k exp(ik>θ̂). (4.3)

It is then possible to use three steps of an iterative KAM-like procedure to rewrite the
initial Hamiltonian (4.2). Individual monomials in the expansion of H∗ can be eliminated
with a convergent change of variables using a generating function. Each step involves a
generating function of the form

S(n)(θ̂, x, Î, y) =
∑

l∈N2m, j∈Nr,
|l|1+2|j|1=n

s
(n)
l,j (θ̂)zlÎj , n = 3, 4, 5, (4.4)

where the periodic coefficients s(n)
l,j (θ̂) are defined by their Fourier coefficients allowing us

to give an expansion for S(n) based on H(n−3)
n ;

s
(n)
l,j,k =

h
(n−3)
l,j,k

ik>ω̂(0) + l>λ
. (4.5)

The procedure is similar to that used at each step of the usual KAM method (see section
3.3) with a point of difference being that the small divisors which appear in the construc-
tion of the generating function take the form ik>ω̂(0) + l>λ, with k ∈ Zr \ {0}, l ∈ N2m.

To ensure convergence, the Diophantine condition∣∣∣ik>ω̂(0) + l>λ
∣∣∣ ≥ µ0

|k|γ1
, |l|1 ≤ 2 (4.6)

is assumed to hold for k ∈ Zr+s \ {0}, l ∈ N2m, |l|1 ≤ 2. This differs from the usual
non-resonance condition of KAM theory in that it includes the effect of the normal fre-
quencies λ. At each step S(n) is constructed so that the term H∗ satisfies the two following
conditions for monomials of degree= 3, 4, 5:

P1 The coefficients of the monomials (z, Î) (degree 3) and (z, Î, Î) (degree 5) are zero.

P2 The coefficients of the monomials (z, z, Î) and (Î , Î) (both of degree 4) do not depend
on θ̂ and the coefficients of (z, z, Î) vanish, except for the trivial resonant terms.

The Diophantine condition (4.6) must hold in order that the procedure converges and that
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the above two conditions can be satisfied. The resulting Hamiltonian has the form

H = ω̂(0)>Î +
1
2
z>Bz +

1
2
Î>CÎ +H∗(θ̂, x, Î, y) (4.7)

where C is a constant matrix with det(C) 6= 0 and where H∗(θ̂, x, Î, y) satisfies the condi-
tions P1 and P2.

These manipulations of the Hamiltonian to reach the form (4.7) are purely formal
in the sense that they are necessary to the proof of theorem 4.6 and to precisely state
the assumptions of that theorem, but the symplectic integrator, whose behaviour we are
ultimately interested in, is applied directly to the original Hamiltonian without first ma-
nipulating it into the form (4.2) or (4.7).

In the following section we consider the effect of applying a symplectic integrator
to the Hamiltonian system: we try to find a modified Hamiltonian which is an O (hp)
perturbation of the original, and whose time-h flow is given by the trajectory of the
symplectic integrator.

4.4 Embedding a map in the flow of a modified vector field

Associated with the original Hamiltonian5 H is the real analytic vector field XH = f(u),
u> = (θ̂>, x>, Î>, y>). When a symplectic integrator with step size h is applied to the
vector field f it induces a symplectic map Φh,f . In order to study whether periodic orbits
of f(u) persist in the numerical solution given by the integrator we want to embed Φh,f

in a modified vector field close to f(u) and ask whether the modified vector field still
contains a periodic orbit. We assume that the symplectic integrator is given by a one-step
method, Φh,f , analytic in both h and u. Iterating the numerical method gives a numerical
trajectory {un} by generating the sequence of vectors un:

un+1 = Φh,f (un), n = 0, 1, . . . u0 = u(0).

The problem of embedding the map Φh,f in a flow means finding an analytic, modified
vector field f̃ which exactly interpolates un.

It is well known that it is possible to find an autonomous vector field whose flow is close
to the numerical trajectory — we already proved in section 1.4.2 (theorem 1.4) that a local
modified Hamiltonian exists for a symplectic integrator applied to a Hamiltonian vector
field. The following theorem, presented in [98] states that there is always a local modified
vector field which comes exponentially close to interpolating the numerical solution.

Theorem 4.3. [98] Let f be an analytic vector field in some open domain D ⊂ Cd around
the trajectory, and with a corresponding bound ‖f‖D and let ϕh,f be the time-h flow of

5We use the notation H for the unperturbed Hamiltonian both before and after any change of coordi-
nates and/or transformation to the semi-normal/Floquet form (4.2) or (4.7).
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f . Let u1 = Φh,f (u0) = u0 + hf(u0) +O(h2) be an approximation produced by a one-step
method. Then there exists an autonomous modified vector field f̃ , bounded on the smaller
domain D̃ ⊂ D such that

‖u1 − ϕh,f̃ (u0)‖ = O(h exp(−h0/h‖f‖D))

for a sufficiently small step size h and where the positive constant h0 depends on the
difference between D and D̃ and on the method.

Proofs of theorem 4.3 are given by Hairer and Lubich [51] for any B-series methods
(e.g. Runge-Kutta methods), by Benettin and Giorgilli [11] for any symplectic map, and,
in a general setting, by Reich6 [117]. Iterating the bound in theorem 4.3 for each step of
a numerical integrator, one sees that the numerical trajectory stays exponentially close to
ϕnh,f̃ , the flow of the modified vector field, for some finite time. Unfortunately this result
is too weak for our intended use since a trajectory which is close to an invariant curve may
diverge from it and may do so after only a short time in the case of exponentially divergent
systems. For an arbitrary numerical trajectory, an autonomous flow interpolating the
trajectory need not exist, and, in general, rarely does [110]. The following proposition
from [98] is an example of the failure of maps, or diffeomorphisms, to embed into flows.
Further discussion and examples of this point can be found in the book by Banyaga [8,
1.3.6].

Proposition 4.4. [98] There exist vector fields f and one-step methods Φh,f for which
no time-independent vector field f̃ exists with time-h flow ϕh,f̃ equal to Φh,f .

Proof. Consider the following special case of a diffeomorphism defined on the circle T.
First, note that arbitrarily close to the identity there is a diffeomorphism Φ : T → T
with unstable period−s points. That is, Φs(u0) = Φs−1 ◦ Φ(u0) = u0 and |DΦs(u0)| >
1. Therefore, the Jacobian DΦns(u0) = (DΦs(u0))n can be made arbitrarily large for
sufficiently large n.

On the other hand, if the map Φ = ϕh,f̃ is without fixed points, then so too is the
vector field f̃ which generates ϕh,f̃ . Then t0 =

∫
T 1/|f̃(s)|ds is finite and ϕt0,f̃ = Id. For

n ∈ N, the decomposition n = t0bn/t0c+rn, 0 ≤ rn ≤ t0 implies Φn = ϕnf̃ = ϕrn,f̃ , hence,
ϕn,f̃ is uniformly bounded in C1 and so DΦn is continuous and is also bounded. This is
in contrast to the case for maps.

The proof above is an example of the sort of topological mismatch that occurs between
flows and diffeomorphisms. Most diffeomorphisms have periodic points which are isolated
from other periodic points with the same period, while a periodic point of a flow is isolated
only if it is a stationary point.

6The results concerning preservation of structural properties in [117] must be treated with caution as
counter-examples are known for some cases [59].
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If, however, we allow the modified vector field to be time dependent then the inclusion
of an (analytic) symplectic map in an (analytic) Hamiltonian flow is possible. The first
publications to this effect are by Douady [34, 35] (however, these are not easily accessible,
the first being a Ph.D. thesis, and both being in French).

Kuksin and Pöschel [77] prove that inclusion in an analytic Hamiltonian flow with pe-
riodic time dependence is possible for analytic symplectic maps which are perturbations of
integrable systems. They also suggest that such a result can be used to show preservation
of lower dimensional tori by symplectic maps — by combining the non-autonomous inclu-
sion result with a result from Pöschel [113] on preservation of elliptic lower dimensional
tori of Hamiltonian flows. Compared with that in [113], the theorem by Jorba and Villa-
neuva in [73], which we make use of, has the advantage that it holds for lower dimensional
tori with any combination of elliptic and hyperbolic eigenvalues for the normal directions,
and is hence more general.

Pronin and Treschev [114] use a time-averaging procedure to construct an analytic,
non-autonomous, periodic flow which exactly interpolates analytic maps isotopic to the
identity7 If the original map is symplectic, then the flow is Hamiltonian, (similarly for
volume preserving or reversible maps). The theorem also holds for maps without such
geometric properties.

If, in the symplectic case, the original map is close to integrable then so too is the
Hamiltonian flow associated with it and the orders of the closeness are the same for both.
More generally, if the map Φ is O (ε) close to a map Φ̂, where Φ̂ is already included in
the flow of a periodic analytic vector field X̂, then Φ can be included in a vector field X

which is O (ε) close to X̂. In the case of a symplectic integrator, of order p, applied to a
Hamiltonian vector field XH , which contains a periodic orbit or lower dimensional torus,
we can take the time-h flow of the original vector field to be X̂, that is ϕh,XH = Φ̂. The
map Φh,XH generated by the symplectic integrator is O (hp) close to the exact flow map
Φ̂, and, hence, Φh,XH can be included in a the flow of a Hamiltonian vector field X = XH̃

which is O (hp) close to the original flow which contained the periodic orbit or invariant
torus.

In [96, 98] Moan presents the following theorem which gives estimates on the size of
the non-autonomous component of the modified vector field f̃ = XH̃ . The proof of this
theorem remains unpublished; though it is available as a preprint [97].

Theorem 4.5. [96, 97, 98] Let Φh,f be a one-step method and assume that f(u) is analytic
for u ∈ D ⊂ Cd. Then there exists a modified vector field

f̃(u, t, h) = f(u) + εr1(u) + εr2(u, t;h) (4.8)

7Two smooth maps Φi : M → M ′, i = 0, 1 of manifolds M , M ′ are called isotopic if there exists a
family of maps Φ̂s : M → M ′ of the same smoothness class and continuous in the parameter s ∈ [0, 1],
such that Φ̂0 = Φ0 and Φ̂1 = Φ1.
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analytic in D̃ ⊂ D, analytic and h-periodic in t and with a flow that exactly interpolates
the numerical trajectory {un} for all time. Additionally, if the step size is sufficiently
small then the time-dependent term is exponentially small in h.

More precisely, for

h‖f‖δ1+δ2 <
2πδ2

e

the size of the non-autonomous term is bounded by

‖εr2‖δ1 ≤ C · exp
(
−2πδ2

eh‖f‖δ1+δ2

)
,

where
‖f‖δ = sup

z∈Dδ(x)
|f(z)|∞,

and
Dδ(x) = {z ∈ Cd : |zi − xi| ≤ δ, i = 1, . . . , d}, x ∈ Rd.

One can now see the O(h exp(−h0/h‖f‖D)) term in theorem 4.3 as being a consequence
of the non-autonomous term εr2 in theorem 4.5.

By theorem 4.5, and the results of Pronin and Treschev et al. we know that there exists
an analytic vector field f̃(u, t;h) = f(u) + εr1(u) + εr2(u, t;h) which is also analytic and
h-periodic in t. This modified vector field exactly interpolates the numerical trajectory
{un} and is symplectic. Since the non-autonomous perturbation is periodic in the time-like
variable, we can, by Floquet’s theorem write the associated Hamiltonian as

Hpert = ω̃(0)Ĩ + εH̃(θ, x, I, y, ε),

where ε(r1 +r2) = J−1∇Hpert, and where we have extended the phase space of the Hamil-
tonian system to include the periodic non-autonomous component as a new time/angle
variable θ̃, with θ> = (θ̂>, θ̃), and with Ĩ conjugate to θ̃, and I> = (Î>, Ĩ). The frequency
of the new angle variable is ω̃(0) = 2π

h , ω
(0)> = (ω̂(0)>, ω̃(0)).

The perturbed Hamiltonian associated with the modified vector field f̃ = f + ε(r1 +
r2) = XH = XH+Hpert can be written as

H(θ, x, I, y, ε) = ω̂(0)>Î + ω̃(0)Ĩ︸ ︷︷ ︸
=ω(0)>I

+
1
2
z>Bz+

1
2
Î>CÎ+H∗(θ̂, x, Î, y)+εH̃(θ, x, I, y, ε). (4.9)

The dependence of H̃, and hence H, on ε is due to the dependence of the perturbation
size ‖ε(r1 + r2)‖ of the modified vector field on the step size h. However, for the result
which follows, we don’t make any use of ε as a parameter.
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4.5 Main result — periodic orbits are preserved

Having found a perturbed Hamiltonian whose flow interpolates the numerical trajectory
we are in a position to apply a KAM-type method to H in order to prove that it still
contains the periodic orbit/lower dimensional torus of the initial Hamiltonian H. First,
however, we must specify a condition which will be required to hold for the modified
modified Hamiltonian from (4.9). In order to do so, it is necessary to first give further
details of the procedure in [73] where a KAM theorem for lower dimensional tori is given.
We begin by recalling the perturbed Hamiltonian (4.9):

H(θ, x, I, y, ε) = ω(0)>I +
1
2
z>Bz +

1
2
Î>CÎ +H∗(θ̂, x, Î, y) + εH̃(θ, x, I, y, ε)

and expanding the perturbation εH in a power series about Î = 0, z = 0. Doing so allows
us to group together the terms of the initial Hamiltonian and the perturbation, giving the
following expression for the Hamiltonian (without explicitly writing the ε dependence)

H(θ, x, I, y) = ω̃(0)>Ĩ +H∗(θ, x, Î, y), (4.10)

where

H∗ = a(θ) + b(θ)>z + c(θ)>Î +
1
2
z>B(θ)z + Î>E(θ)z +

1
2
Î>C(θ)Î + Ω(θ, x, Î, y), (4.11)

and where Ω includes all the higher order terms in the expansion. The terms b(θ) and E(θ)
are O (ε), while a(θ), c(θ), B(θ) and C(θ) are O (ε) close to ā, ω̂(0), B, and C respectively.
(ā is the angular average of the periodic function a(θ), cf. equation (3.13).)

The idea is to then use a generating function to give a canonical change of coordinates
and to kill one power of ε with a procedure similar to that of Kolmogorov [76], and
described in section 3.3. Although the terms in (4.11) don’t initially depend on θ they do
during the iteration. The smallness of ε and the Diophantine condition (4.6) satisfied by
the initial torus means the first step of the procedure can be taken with no small divisor
problems and the initial generating function S can be specified. The resulting Hamiltonian
is

H(1) = H ◦XS = ω̃(0)>Ĩ +H(1)∗(θ, x, Î, y), (4.12)

with

H(1)∗(θ, x, Î, y) = a(1)(θ) + b(1)(θ)>z + c(1)(θ)>Î

+
1
2
z>B(1)(θ)z + Î>E(1)(θ) +

1
2
Î>C(1)(θ)Î + Ω(1)(θ, x, Î, y).
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If we rewrite the Hamiltonian (4.12) in the original form (4.9) we have

H(1) = ω(0)>I +
1
2
z>B(0)(ε)z+

1
2
Î>C(0)(θ, ε)Î +H

(0)
∗ (θ̂, x, Î, y) + ε2H̃(θ, x, I, y, ε), (4.13)

where B(0), C(0) and H
(0)
∗ are all order ε close to the quantities B, C and H∗ from before

the iteration, and where the properties P1 and P2 may no longer hold for H(0)
∗ . The

dependence of B(0) and C(0) on ε is due to the perturbation size affecting the choice of
the generating function and, hence, the coefficient matrices of the new system. However,
ε has been fixed throughout this procedure. Although we have not needed to make use
of it, the iteration preserves the C2 dependence of the Hamiltonian on the perturbation
size ε. That is, the C2 dependence of the Hamiltonian perturbation on ε has not played
a role so far. (If the dependence was initially C2, however, this property is preserved by
the step above.)

We would now like to repeat the step above in order to further reduce the size of the
perturbation, however, since the normal frequencies change during each step, we can no
longer be sure that the Diophantine property which allows convergence, by preventing the
small divisor problem, will hold for the eigenvalues of JmB(0). In order to control these
eigenvalues at each step we need to introduce a new parameter. One possible parameter is
the perturbation size ε. However we can’t use it since, although we have sufficient continu-
ity with respect to ε, it depends on the step size h which must remain fixed throughout the
iteration. Instead, we introduce the frequencies of the invariant torus, or periodic orbit, as
a parameter ω̂, or, more precisely, the difference between the perturbed frequencies and the
initial frequencies ω̂−ω̂(0). We also introduce the change of variables Î 7→ Î+C−1(ω̂−ω̂(0))
and the parameter vector ϕ> = (ω̂>, ε), ϕ>(0) = (ω̂(0)>, 0). With the change of variables
(4.13) becomes

H(1)(θ, x, I, y, ϕ) = ω̃(0)>Ĩ + ω̂(0)>(Î + C−1(ω̂ − ω̂(0))) +
1
2
z>B(0)z

+
1
2

(Î + C−1(ω̂ − ω̂(0)))>C(0)(Î + C−1(ω̂ − ω̂(0)))

+H(0)
∗ (θ, x, Î + C−1(ω̂ − ω̂(0)), y, ε)

+ε2H(0)(θ, x, Î + C−1(ω̂ − ω̂(0)), y, ε).

Now, if we expand and use the fact that H(0)
∗ is O (ε) close to H∗ which is in semi-normal

form we get

H(1) = c(1)(ϕ) + ω>I +
1
2
z>B(1)(ϕ)z +

1
2
Î>C(1)(θ, ϕ)Î +H

(1)
∗ (θ, x, Î, y, ϕ) + H̃(1) (4.14)

where H̃(1) contains all the terms that are of order (ϕ− ϕ(0))2 and higher.

By construction, the matrix JmB(1) is diagonal. Using the C2 differentiability with



88 Chapter 4. Preservation of Periodic Orbits

respect to ϕ, the eigenvalues of JmB can be written as

λ
(1)
j (ϕ) = λj + iujε+ iv>j (ω̂ − ω̂(0)) + λ̃

(1)
j (ϕ), (4.15)

for j = 1, . . . , 2m with uj ∈ C and vj ∈ Cr and where the Lipschitz constant of λ̃(1)
j on

the set E(1) := {ϕ ∈ Rr+1 : |ϕ − ϕ(0)| ≤ ν, 0 ≤ ν ≤ 1} is of O(ν). The iujε term can be
fixed to give an ε independent result.

The remaining condition necessary for our main result can now be given explicitly.

NDC For any j such that Reλj = 0 we have uj 6= 0 and Re vj 6∈ Zr. Moreover, these
same conditions hold for uj,l := uj − ul and vj,l := vj − vl for any j 6= l such that
Re(λj − λl) = 0.

At last, we are in a position to state our main result.

Theorem 4.6. Consider a Hamiltonian of the form (4.7) which contains a periodic orbit
(or respectively, an r-dimensional invariant torus) about z = 0, Î = 0 and satisfying the
following assumptions

(i) H∗ is analytic with respect to (θ̂, x, Î, y) about z = 0, Î = 0 and satisfies the condi-
tions P1 and P2 of section 4.3.

(ii) B is a constant symmetric matrix such that JmB is diagonal with distinct eigenvalues
λ> = (λ1, . . . , λm,−λ1, . . . ,−λm).

(iii) C is a constant symmetric matrix with non-zero determinant.

(iv) For µ0 > 0 and γ > 1 (γ > r for the r-dimensional torus case) the following
Diophantine condition holds∣∣∣ik>ω(0) + l>λ

∣∣∣ ≥ µ0

|k|γ1
, k ∈ Zr+s \ {0}, l ∈ N2m, |l|1 ≤ 2.

Then, under the ε-independent version of the non-degeneracy condition NDC, which is
given below, the following assertion holds.

Given a fixed ε satisfying 0 ≤ ε ≤ R
γ
γ+1

0 for R0 ∈ R small enough, there exists a Cantor
set W∗(ε,R0) ⊂ {ω̂ ∈ R : |ω̂ − ω̂(0)| ≤ R0} =: V(R0) (ω̂ ∈ Rr for the r-dim. torus) such
that for every ω̂ ∈ W∗(ε,R0) the perturbed Hamiltonian H (as given by 4.9) corresponding
to this fixed value of the perturbation size ε has a reducible 2-dimensional ((r + 1)-dim.)
invariant torus with a vector of frequencies ω> = (ω̂>, ω̃(0)) on the torus. Moreover, if
R0 is small enough (depending on σ) then for 0 < σ < 1, mes (V(R0) \W∗(ε,R0)) ≤

exp
(
−R

−σ
γ+1

0

)
where mes(A) denotes the Lebesgue measure of the set A.

In contrast to Shang’s result which gives preservation of a (full dimensional) torus with
fixed frequencies for a Cantor set’s worth of fixed step sizes, our theorem gives preservation
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of a Cantor set’s worth of frequencies (close to the initial frequencies) for a Cantor set’s
worth of fixed step sizes, namely, those step sizes that are strongly non-resonant in the
sense of condition (iv) of theorem 4.6

Theorem 4.6 above is, in fact, an application of a more general result due to Jorba and
Villaneuva [73]:

Theorem 4.7. [73] Consider a d-degree of freedom Hamiltonian of the form (4.9), con-
taining an r-dimensional invariant torus and where the perturbation H̃ is quasi-periodic
in s ≥ 1 time-like coordinates θ̃ ∈ Cs. Assume that H̃ is analytic with respect to (θ, x, Î, y),
θ> = (θ̂>, θ̃>) about z = 0, Î = 0 with 2π periodic dependence on θ for any ε ∈ I0 := [0, ε0],
in a domain that is independent of ε. The dependence of H̃ on ε is assumed to be C2 and
the derivatives of H̃ with respect to ε are also analytic in (θ, x, Î, y) on the same domain.
Then, if assumptions (i) to (iv) of theorem 4.6 are satisfied, along with the full ε-dependent
version of NDC (given above), the following two assertions hold.

(a) There exists a Cantor set I∗ ⊂ I0, such that for every ε ∈ I∗ the Hamiltonian H

has a reducible (r+ s)-dimensional invariant torus with a vector of basic frequencies
ω(0).

Moreover, for every 0 < σ < 1, and for ε̄ small enough (depending on σ), mes([0, ε̄]\
Ī∗) ≤ exp(−(1/ε̄)

σ
γ ), where mes(A) denotes the Lebesgue measure of the set A and

where, for every ε̄, Ī∗ := Ī∗(ε̄) = [0, ε̄] ∩ I∗.

(b) Given R0 small enough and a fixed 0 ≤ ε ≤ R
γ
γ+1

0 , there exists a Cantor set
W∗(ε,R0) ⊂ {ω̂ ∈ Rr : |ω̂− ω̂(0)| ≤ R0} =: V(R0), such that for every ω̂ ∈ W∗(ε,R0)
the Hamiltonian H corresponding to this fixed value of ε has a reducible (r + s)-
dimensional invariant torus with vector of basic frequencies ω, ω> = (ω̂>, ω̃(0)>).

Moreover, if R0 is small enough (depending on σ), then for every 0 < σ < 1,

mes (V(R0) \W∗(ε,R0)) ≤ exp
(
−R

−σ
γ+1

0

)
.

Proof of theorem 4.6 therefore requires that for a Hamiltonian (4.7) there exists a
modified Hamiltonian (4.9) with a corresponding modified vector field as described by
theorem 4.5 such that the Hamiltonian (4.9), and in particular the perturbation εH̃,
satisfies all the necessary assumptions of theorem 4.7. The proof proceeds via theorem
4.5: the trajectories of the symplectic integrator are interpolated by the flow of a modified
Hamiltonian close to the exact Hamiltonian.

Proof. (of theorem 4.6) By theorem 4.5 we have that the modified vector field f̃(u, t;h) =
f(u)+εr1(u)+εr2(u, t;h), and hence H̃, is analytic with respect to all its arguments and is
periodic in the new time-like variable. The C2 dependence of H̃ on ε required in theorem
4.7 is not essential to us since we only require that the second result (b) of theorem 4.7
holds—this involves fixing the perturbation size ε, not varying it as a parameter to control
the normal frequencies.
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Properties (ii) and (iii) of theorem 4.6 ( and the analogous properties of theorem
4.7) only apply to the initial Hamiltonian H (i.e equations (4.2) and (4.7)), and hence
are unaffected by the perturbation ε(r1 + r2) to the vector field. Similarly, once the
initial frequencies ω̂(0) are given the Diophantine condition (iv) is further affected only
by the choice of a (strongly non-resonant) step size h, not by the particular form of the
perturbation R = r1 + r2 (though the choice of h clearly affects the size of R). We can
therefore impose condition (iv) as an assumption on the frequencies of the initial torus,
its normal frequencies and on the step size of the numerical method. These frequencies
are preserved in the initial component f of the modified vector field f̃ given by (4.8) and
so, the perturbed Hamiltonian H = H + εH̃ satisfies those assumptions of theorem 4.7
necessary for the result (b) of that theorem. Hence, theorem 4.6 holds.

Part (a) of theorem 4.7 seems to suggest that it should be possible to use the pertur-
bation size ε of the modified vector field as a parameter and to achieve a result similar
to that of KAM theory for full dimensional tori; namely that periodic orbits or invariant
tori are preserved with their frequencies unchanged. However, our proof does not allow
for this. The parameter ε arises directly from the step size of the symplectic integrator, it
also directly affects the frequency of the periodic non-autonomous perturbation. Hence, if
one uses the perturbation size, (and thus, the step size), as a parameter, one can no longer
ensure that the frequency of the non-autonomous perturbation is not resonant with the
existing frequency of the periodic orbit (or the vector of existing frequencies of the lower
dimensional torus).

In order to use the perturbation size as a parameter, one would need to show that for a
particular step size, the resulting perturbation size was in the Cantor set of values of ε for
which the periodic orbit/invariant torus persists and that the frequency corresponding to
that step size continued to satisfy the strong non-resonance conditions. That is, there must
be a non-empty intersection of the Cantor set of step sizes allowed by the perturbation
size, and the Cantor set of step sizes allowed by the non-resonance requirement. It does
not seem likely that such an intersection would have positive measure.

4.6 Resonant periodic orbits

In this section we investigate the case of a symplectic integrator, applied to a Hamiltonian
system containing a periodic orbit, when the step size of the integrator is exactly resonant
with the (perturbed) period of the orbit of the modified system. From the results of the
previous section we can not expect the orbit to persist in general.

We must be careful to specify exactly which periodic orbit we are referring to. For
Hamiltonian systems, periodic orbits occur in one-parameter families. In section 4.4 we saw
that applying a symplectic integrator, with step size h, to the vector field of a Hamiltonian
system gives a symplectic map which may be included in the flow of a non-autonomous
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modified Hamiltonian with period h. That is, the flow of the modified Hamiltonian exactly
interpolates the numerical trajectory obtained by applying the symplectic integrator to
the original system. (If the time-like coordinate of the periodic perturbation is paired
with a conjugate momentum coordinate, the non-autonomous modified Hamiltonian may
be written as an autonomous modified Hamiltonian with an additional (periodic) degree
of freedom.)

The perturbation to the Hamiltonian consists of two components; an autonomous per-
turbation of size ε, (where ε is O (hp) for an integrator of order p), and a non-autonomous
perturbation which is exponentially small in ε. that is

H̃(y, t) = H(y) + εH̃1(y) + Ce−1/εH̃2(y, t).

The autonomous Hamiltonian H1 = H + εH̃1 can be thought of as a sort of intermediate
modified Hamiltonian. It too has a one-parameter family of periodic orbits. We denote
the period of the system H1 by T1. Since H1 is an O (ε) perturbation of H, we expect
T − T1 = O (ε) too.

Theorem 4.6 of section 4.5 then says that if the original Hamiltonian system H has a
periodic orbit with period T , and if the step size of the symplectic integrator is strongly
non-resonant with the period of this orbit (along with some additional requirements which
are given in the theorem), then the modified Hamiltonian system H̃ has an invariant two-
torus and that one frequency on the torus is 2π/h (the amplitude of motion is small in
the variable corresponding to this frequency) while the other frequency of the torus, 1/T̃ ,
is close to the frequency of the original periodic orbit, 1/T .

(Since the numerical trajectory given by the symplectic integrator applied to the orig-
inal Hamiltonian is the exact time-h flow of the modified Hamiltonian, and since the
modified Hamiltonian is periodic in the new variable, one can think of the numerical
trajectory as being the period-h return map (iso-energetic in the value of the modified
Hamiltonian) of the modified flow. As such, the (non-resonant) two-tori of the modified
flow are T̃ -periodic orbits of the return map, and hence of the integrator.)

Since one frequency of the torus is fixed by the choice of step size, the two-torus is
part of a one-parameter Cantor set parameterised by T̃ . The gaps in this set occur when
theorem 4.6 fails, that is whenever T̃ is (close to) resonant with h. It is this situation which
we investigate in this section. That is, we ask whether the discrete system obtained by
applying a symplectic integrator to a Hamiltonian system, with a periodic orbit of period
T , has a set (or sets) of T̃ /h-periodic points where T̃ is O (ε) close to T (and O

(
e−1/ε

)
close to T1) and where the periodic points of the discrete system, interpolated by the
modified Hamiltonian H̃ are close to the periodic orbit of the original system. Figure 4.5
illustrates this point.

The resonant, one degree of freedom case is well understood; in fact, it is none other
than the Poincaré–Birkhoff fixed point theorem [12]. Consider an annulus A = {(θ, I) : 0 ≤
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Figure 4.5: Possible one-parameter families of periodic orbits for a Hamiltonian H and
an autonomous modified Hamiltonian H1 which is an O (ε) perturbation of H. The (non-
autonomous) Hamiltonian H̃ is generated by including the trajectory of a symplectic
integrator in the flow of the original Hamiltonian vector field XH̃ and my be thought of
as an O

(
e−1/ε

)
perturbation of H1. The set of periodic orbits of H̃ exist for a Cantor set

of periods T̃ .

θ ≤ 2π, a ≤ I ≤ b} and an area-preserving twist map Γ : A→ A, Γ : (θ, I) 7→ (θ+α(I), I).
Let Γε be an area-preserving perturbation of Γ; that is,

Γε : (θ, I) 7→ (θ + α(I) + f(θ, I, ε), I + g(θ, I, ε))

such that for all ε ∫
γ
Idθ =

∫
Γεγ

Idθ

for γ any closed curve in A. Then, given any rational number m/n, satisfying α(a)/2π ≤
n/m ≤ α(b)/2π there exist 2n fixed points of Γnε satisfying Γnε : (θ, I) 7→ (θ + 2πm, I) for
ε sufficiently small. The fixed points of Γnε (i.e. the period-n points of Γε) are alternately
hyperbolic and elliptic. The eigenvalues of Γnε must satisfy λλ′ = 1 since the map is area
preserving. The return map of the original periodic orbit described by Γ has a pair of
degenerate eigenvalues (1, 1). Under the perturbation, these split to give eigenvalues for
the elliptic and hyperbolic fixed points which satisfy λ′ = λ−1. The pairs of eigenvalues
are real for the hyperbolic case (i.e. 0 ≤ λ ≤ 1 ≤ λ′) and complex for the elliptic case (i.e.
λ′ = λ−1, |λ′| = |λ| = 1). See figure 4.7 for an illustration.

We conjecture that the periodic orbits of Hamiltonian systems with more degrees of
freedom behave in an analogous way when treated with a symplectic map which is resonant
with the period of the orbit. More specifically, the return map of a periodic orbit within a
d-degree of freedom Hamiltonian system has eigenvalues with a single degenerate pair λ0 =
λ′0 = 1 and d− 1 non-degenerate pairs satisfying λiλ′i = 1, for i = 1, . . . , d− 1. Applying
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a symplectic integrator whose step size exactly divides the period of a closed orbit, we
expect the periodic orbit to be destroyed, leaving n = T̃ /h elliptic and n hyperbolic
periodic points, with the eigenvalues corresponding to the degenerate pair of the original
orbit splitting as either a real or a complex pair satisfying λ′0 = λ−1

0 6= 1. The remaining
2(d−1) eigenvalues are expected to remain of the same type (elliptic or hyperbolic) as they
were for the original periodic orbit but, with a small perturbation due to the integrator.

In the remainder of this section, we investigate this numerically. We take, for our sym-
plectic integrator, the leapfrog or Störmer-Verlet method, which, for a separable Hamilto-
nian, reads:

qn+1/2 = qn +
h

2
pn,

pn+1 = pn − h∇V (qn+1/2),

qn+1 = qn+1/2 +
h

2
pn+1.

For a model system, we use the two degree of freedom Hénon–Heiles system given by the
Hamiltonian,

H(q, p) = T (p) + V (q), T (p) =
1
2
‖p‖2 and V (q) =

1
2
‖q‖2 + q1q

2
2 −

1
3
q3

1,

where q> = (q1, q2), and p> = (p1, p2). The system is non-integrable8 and when H < 1
6

trajectories beginning in a region near the origin are bounded. For higher energies there
are unbounded orbits.

We will show below how a Poincaré map is necessary as an intermediate step towards
locating periodic orbits, although we stress that it plays no part in the final results. We
use an iso-energetic Poincaré section in order to study the system. This involves first
fixing the energy of the system (we use initial conditions satisfying H = 0.1 throughout)
to reduce the system from four to three dimensions. Then, taking a transverse section
of the flow to reduce the system by a further dimension leaving a two-dimensional map
from the plane to itself. If the flow generating the Poincaré map is symplectic, then so too
is the map. However, it is generally not possible to give the Poincaré map analytically.
Rather, it must be calculated by (numerically) following the trajectories of points on the
section until they return to it. Since, for a fixed step size, numerical trajectories will not
necessarily land back on the section after an integer number of steps, it is necessary to
use some sort of interpolation to define the numerical Poincaré map. We now sketch the
construction of the Poincaré map.

1. Begin at a point (q1, p1) on the two-dimensional section defined by q2 = 0 and
8Some similar systems, also referred to as Hénon–Heiles systems, are integrable. For example, if the

coefficient of the term q1q
2
2 is negative then the system is integrable.
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H(q1, q2, p1, p2) = 0.1.

2. Integrate forward using leapfrog until a pair of consecutive points, (q, p) = (q1, q2, p1, p2)
and (q′, p′) = (q′1, q

′
2, p
′
1, p
′
2), are found which satisfy q1 < 0, q′1 > 0 and p2, p

′
2 > 0.

3. Use cubic Hermite interpolation and the values (q, p), f(q, p), (q′, p′) and f(q′, p′)
to estimate the point (q∗, p∗) and the time t∗ at which the trajectory crossed the
section.

Although the leapfrog integrator is symplectic, the numerical Poincaré map from the
algorithm above is not, due to the cubic Hermite interpolation used to find the crossing.
However, by continuing from a point on the trajectory, rather than from the new point
on the Poincaré section, the “distance from symplecticity” remains uniform when the
numerical map is iterated.

Fixed points of the reduced system correspond to periodic orbits of the full four-
dimensional system, while closed curves in the Poincaré section indicate invariant tori.
The phase portrait for the reduced system is shown in figure 4.6. Elliptic and hyperbolic
periodic orbits can be seen near (q1, p1) = (0.27, 0) and (−0.15, 0) respectively. The periods
of the orbits are roughly 5.76 for the elliptic orbit and 6.47 for the hyperbolic. Invariant
tori can also be clearly seen, particularly about the elliptic periodic orbit.

As we mentioned in section 1.3.3, the two-dimensional invariant tori form barriers in
the three-dimensional surfaces of constant energy. Hence, for the continuous Hénon-Heiles
system the chaotic trajectories are trapped between areas of regular motion due to these
tori. For the discrete system due to the leapfrog integrator, the chaotic trajectories can leak
across the invariant tori since symplectic integrators do not conserve energy exactly, but
rather ensure that trajectories remain close to their initial energy for long times. Despite
this, the very slow energy drift observed for symplectic integrators and the observation by
Perry and Wiggins [111] that trajectories close to invariant tori remain close for long times,
means that we can still hope to achieve an accurate representation of the true dynamics
of the Poincaré section.

In order to study the periodic orbits of the discretized Hénon-Heiles system we use the
following procedure:

Step 1 Use the numerical Poincaré map with a step size ĥ to estimate approximate initial
conditions (on the section) for the elliptic and hyperbolic periodic orbits, and to
estimate the periods of those orbits.

The numerical Poincaré map should use a step size close to that which will be used for
investigating the orbit of the full system in the next step. We used ĥ = 1 initially. We
will discuss later the reasons for using a large step size.

Step 2 Beginning with the initial conditions estimated from the Poincaré map, resonant
periodic orbits of the full (i.e. four-dimensional) Hénon-Heiles were calculated, for a
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Figure 4.6: The Poincaré section of the Hénon–Heiles system calculated with the leapfrog
method for H = 0.1, with step size h = 0.1. The section shows two fixed points (indi-
cated by arrows)—the approximate locations of two periodic orbits of the full system—a
hyperbolic point near (q1, p1) = (−0.15, 0) and an elliptic point near (q1, p1) = (0.27, 0).

particular step size, by minimizing the function

g(x) = |Φn
h(x)− x| , (4.16)

where Φn
h means taking n steps of size h using the leapfrog integrator.

The step size h was chosen in order to give a resonance of a particular order for a specified
period. For example, the numerical Poincaré map (computed with ĥ = 1) indicated that
the elliptic periodic orbit had T̃ ' 5.67. We then fixed the step size at h = 5.67/6 and
used Newton’s method to solve g(x) =

∣∣∣Φ6
5.67/6(x)− x

∣∣∣ in order to find a period-6 point
of the discrete system.

Finding numerical solutions of (4.16) involves overcoming a number of numerical diffi-
culties. Firstly, the starting point of Newton’s method must be close to the final solution,
especially in the case of the hyperbolic periodic orbit for which nearby trajectories are
chaotic and rapidly leave the neighbourhood of the periodic orbit. This necessitated the
use of a nonlinear least-squares solver (we used the lsqnonlin solver from Matlab) to
refine the initial estimates from step 1 before a suitable starting point for the Newton
iterations was obtained. The reasons for not using the least-squares minimization to solve
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(4.16), without involving Newton iterations, are two-fold: the lsqnonlin code did not
converge with sufficient accuracy, and we also wished to calculate the eigenvalues of the
return map Φn

h(x) which is best done by using information from the Jacobian DΦh(x)
calculated during the Newton iterations. An alternative, however, would be to estimate
DΦn

h using finite differences after the least-squares minimization.
The second numerical difficulty is that, during the Newton iterations, the condition

number of the Jacobian Dg(x) may become large, resulting in a loss of accuracy when
solving the linear system of equations Dg(xn)∆n = g(xn). We counteract this by using one
step of iterative refinement. Iterative refinement is an established technique for improving
the accuracy of a computed solution û of a linear system Au = b [64, Chapter 12]. The
procedure has three steps:

i) Compute the residual: r = b−Aû.

ii) Solve Ad = r.

iii) Update the solution: u∗ = û+ d

(If one wishes to use further iterations, then the procedure is repeated with û replaced
by u∗.)

We implemented the linear solver using QR factorization of Dg(xn). This has the advan-
tage that the factorization could be reused for solving the linear system in the iterative
refinement step. The pseudo-code for the resulting Newton iterations is as follows:

Algorithm 4.1 (Newton iteration with iterative refinement).

Set the initial quantities ∆∗0, x0, and tol.

While ∆∗n > tol :

Evaluate g(xn) and Dg(xn).

Factorize Dg(xn) = QR such that Q is orthonormal and R is upper triangular.

Solve R∆n = Q>g(xn) for the increment ∆n.

Compute the residual: r = Dg(xn)∆n − g(xn).

Solve Rd = Q>r for the refinement d.

Update the increment: ∆∗n = ∆n + d.

Take a Newton step and update the solution: xn+1 = xn −∆∗n.

End.

Period-6 and period-12 points of the system were calculated for both the elliptic and
the hyperbolic periodic orbits. We do not require the periods of the 6-step and 12-step
orbits to be the same since changing the integrator step size, in order to change from six
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to twelve steps per period, will generally cause the period T̃ of the modified system to
change. Instead, the period is determined by using the numerical Poincaré map with an
appropriate step size to determine an approximate value for the period in each case. The
period is then fixed at that value and a periodic orbit with exactly that period is found
by the minimization.

The positions of the points corresponding to initial conditions for the four pairs of
resonant periodic orbits are listed in table 4.1. Results here are rounded to five decimal
places (i.e. a value of zero indicates zero to machine precision while a value of 0.00000
indicates a value with magnitude smaller than 0.000005.)

n h q1 q2 p1 p2 eigenvalues
Ellip. 6 5.67/6 0.24947 0 0 0.40239 -0.26057±0.96545i

0.99278±0.11993i
Ellip. 6 5.76/6 0.21945 -0.15126 0.09332 0.31512 -0.18830±0.98211i

1.12557
0.88844

Hyp. 6 6.47/6 -0.16707 0.24590 0.18003 0.45607 7.47324
0.13381
1.34600
0.74294

Hyp. 6 6.47/6 -0.14100 0.24422 -0.13168 0.22807 0.59441±0.80416i
1.38670
0.72114

Ellip. 12 6.03/12 0.26409 -0.00000 0.00000 0.37047 1.00000±0.00004i
0.04451±0.99901i

Ellip. 12 6.03/12 0.25775 0.088842 -0.04954 0.35192 1.00003
0.99997
0.04451±0.99901i

Hyp. 12 6.77/12 -0.17440 -0.00000 -0.00000 0.45137 3.63872
0.27482
1.00050
0.99950

Hyp. 12 6.77/12 -0.16637 0.12413 0.06132 0.44055 3.63872
0.27482
1.00000±0.00050i

Table 4.1: Periodic points corresponding to one elliptic and one hyperbolic perioic orbit
of the Hénon–Heiles system after discretization with n = 6 and with n = 12 steps of
size h per period. Eigenvalues are given for the corresponding return map, Φn

h, n = 6, 12.
Figures are rounded to 5 d.p. but in all cases the pairs of eigenvalues satisfied the property
λλ′ = 1 before rounding. A value of 0 indicates zero to machine precision.

Step 3 For each of the periodic orbits found in step 2, the eigenvalues of the linearization
of the return map Φn

h(x), n = 6, 12 were calculated. In principle this is easy since
the Newton iterations already calculate the Jacobian DΦn

h(x) of the return map.
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This is done by composing the Jacobians from each step along the periodic orbit:
DΦn

h(x) = DΦh ◦DΦh ◦ · · · ◦DΦh(x).

The eigenvalues of DΦn
h allow us to classify the periodic points. The original system has

one (degenerate) pair of double one eigenvalues — corresponding to the flow around the
periodic orbit — and one pair, corresponding to the flow transverse to the periodic orbit,
which is either elliptic (i.e. λ′ = λ̄, λ 6= 1) or hyperbolic (i.e. λ′ = 1/λ, λ ∈ R, λ 6= 1). In
both cases λλ′ = 1 due to the symplecticity. Symplectic integrators preserve this property
up to machine precision. Under the resonant symplectic discretization, the degenerate
pair of eigenvalues may bifurcate into either an elliptic or a hyperbolic pair. The original
elliptic or hyperbolic pair remains of the same class, though the eigenvalues will be slightly
perturbed. The perturbation of the degenerate pair is also slight, though it changes the
class of the eigenvalues.

The smallness of the perturbation to the eigenvalues makes it necessary to choose a
large step size in order to see the effect of the discretization. However, as one increases the
step size, the condition number of DΦh also increases resulting in a loss of accuracy due to
fewer meaningful significant figures in the calculation of the eigenvalues. It also makes the
convergence of Newton’s method more difficult during the minimization procedure of step
2. Taking smaller step sizes reduces the condition number of DΦh but also reduces the size
of the eigenvalue perturbation and requires more steps along the orbit (and hence in the
calculation ofDΦn

h(x) = DΦh◦· · ·◦DΦh(x)) which risks the perturbation to the eigenvalues
being swamped by the accumulated numerical errors. For the orbits considered here, six
or twelve steps per period gave reliable results. Increasing or decreasing the number of
steps per period much beyond these numbers would require more sophisticated numerical
techniques or increased computational precision (e.g. quadruple precision arithmetic) or
both. The calculated eigenvalues are included in table 4.1.

The results in table 4.1 show that in each case a periodic orbit of the original system
gives rise to a pair of sets of n-periodic points. As expected, the (1, 1) pair of degenerate
eigenvalues corresponding to the original periodic orbit splits into an elliptic and a hy-
perbolic pair; one pair associated with each of the sets of n-periodic points. In all cases,
prior to rounding, the eigenvalues satisfy the property λλ′ = 1 to machine precision since
the leapfrog method is symplectic. It is worth noting, also, the rapid convergence of the
eigenvalues of the return maps towards the eigenvalues of the original periodic orbit as
the step size used in the map decreases. For the six step return map, the eigenvalues
corresponding to the splitting of the degenerate (1, 1) pair differ from one in the first or
second significant figure. For the 12 step map, the effect is reduced to the fifth or sixth
significant figure. That is, halving the step size reduces the perturbation size by a factor
of about 1000.

Step 4 Use a numerical search in the vicinity of the periodic points and along the line
segments connecting them, to see if any other set of periodic points with the same
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period can be found.

In order to support our claim that the two sets of periodic points found in steps two
and three are the unique sets with that period we used numerical searches in the neigh-
bourhood of the periodic orbit of the continuous system. This involved making random
perturbations, either to the periodic points, or to a point on the line segment connecting
two periodic points. Step 2 was then repeated for the perturbed initial conditions. In all
cases, the minimization procedure either returned to one of the existing periodic points,
or failed to converge. This suggests that the sets of periodic points which replace the
periodic orbits of the continuous system are indeed unique.

Based on the behaviour observed in these numerical experiments, and on generalization
from the one degree of freedom case, we make the following conjecture:

Conjecture 4.8 (Break up of resonant periodic orbits). Consider a Hamiltonian system
with d ≥ 2 degrees of freedom and a periodic orbit γ(t) of period T discretized by a sym-
plectic integrator of order p, using step size h. When the period T̃ of the perturbed system
generated by the integrator is such that T̃ /h = n ∈ N, then γ(t) is replaced by two sets of
n-periodic points; Pe and Ph. For points x∗ in Pe, or Ph, the eigenvalues of D (Φn

h(x∗))
are of the same type as those of ϕT (x∗) with the exception of the (1, 1) degenerate pair
which becomes elliptic (i.e. λ 6= 1, λ′ = λ̄) for x∗ ∈ Pe, or hyperbolic (i.e. λ 6= 1, λ′ = 1/λ)
for x∗ ∈ Ph. The points in Pe and Ph are O (hp) away from γ(t), evenly spaced and occur
alternately about γ(t), as illustrated in figure 4.7

Figure 4.7: Elliptic (dots), and hyperbolic (crosses), periodic points result from the dis-
cretization of a periodic orbit γ(t) by a symplectic integrator whose step size is resonant
with the period of γ.

A proof of the behaviour conjectured here, on the basis of our numerical study, remains
to be undertaken.

The implications for such a conjecture go beyond integration of Hamiltonian ordinary
differential equations. For example, it is relevant to the discretization of Hamiltonian
partial differential equations as we will now show. The concept of Hamiltonian ordinary
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differential equations can be extended to so called multi-Hamiltonian partial differential
equations where the dependent variable z is a function of multiple independent variables,
typically, one space-like variable x and one time-like variable t. The equations of motion
for Hamiltonian ordinary differential equations, dy

dt = J−1∇H(y), extend naturally to
multi-Hamiltonian partial differential equations:

K
∂z

∂t
+ L

∂z

∂x
= ∇zS(z), (4.17)

where z ∈ Rn, K and L are any skew-symmetric matrices in Rn×n, and S : Rn → R is a
smooth function, typically autonomous (i.e. S(z) does not have any explicit dependence
on t or x) [15].

As an example of such an equation, consider the wave equation

∂2u

∂t2
− ∂2u

∂x2
= −∇uV (u).

Setting z =

 u

v

w

, K =

 0 −1 0
−1 0 0
0 0 0

, L =

 0 0 −1
0 0 0
1 0 0

, and S(z) = 1
2(w2 − v2)−

V (u), equation (4.17) becomes 0 −1 0
−1 0 0
0 0 0


 ut

vt

wt

+

 0 0 −1
0 0 0
1 0 0


 ux

vx

wx

 =

 −∇uV (u)
−v
w

 ,
where we have adopted the notation ∂u

∂t = ut, et cetera. The following system of partial
differential equations results:

vt − wx = −∇uV (u), (4.18)

−ut = −v, (4.19)

ux = w. (4.20)

Differentiating (4.20) and (4.19) with respect to x and t respectively, and substituting the
results into (4.18) yields the wave equation in its familiar form:

utt − uxx = −∇uV (u). (4.21)

A large class of partial differential equations can be formulated in this fashion including:
the nonlinear wave equation, the Boussinesq equation, the Korteweg-de Vries equation,
the Klein-Gordon equation, the nonlinear Schrödinger equation, the Padé-II equation, and
the Sine-Gordon equation, amongst others [125, 99, 14, 15]. Even so, there is currently no
systematic method for constructing the multi-Hamiltonian form of a Hamiltonian partial
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differential equation — in fact, it is not even known if such a procedure is possible [124].

Our reason for introducing the multi-Hamiltonian form is to make clear a link between
such systems and resonant periodic orbits of Hamiltonian ordinary differential equations.
Given a (Hamiltonian) partial differential equation in the form (4.17), with periodic bound-
ary conditions one may search for steady-state solutions of the equation. In this case the
time derivative term of (4.17) vanishes and the equation becomes

Lzx = ∇zS(z); (4.22)

a (Hamiltonian) ordinary differential equation for the space-like variables. The periodic
boundary conditions mean that solutions of (4.22) must satisfy z(0) = z(l), where l ∈ R
is the length of the space domain.

Steady state solutions of (4.17) are periodic solutions of (4.22) with period l (or l/k,
k ∈ N). The problem of finding such solutions is a boundary value problem — in contrast
to the initial value problems we consider throughout this thesis. As such, the geometry is
quite different from the initial value problems; exact periodicity of the numerical solution
is imposed by construction. Solutions satisfying (4.22), but not the boundary conditions,
and which are arbitrarily close to being periodic, (or, are periodic with period arbitrarily
close, but not equal, to l/k), are not solutions of the boundary value problem which steady
state solutions of the Hamiltonian partial differential equation (4.17) must satisfy.

Now, assume (4.17) is discretized by a multisymplectic integration scheme (i.e. by
symplectic integrators in the time, and in the space variables). Preserving steady states
of (4.17) is similar to preserving fixed points of an ordinary differential equation, so, if
the integrator used for the spatial discretization preserves fixed points (cf. §2.1) then
steady states of the multisymplectic discretization of (4.17) give periodic orbits of the
discrete version of (4.22), with period l/k∆x, where ∆x is the grid spacing of the spatial
discretization, which is assumed to be constant. (If the integrator used for the spatial
discretization permits spurious fixed points for ordinary differential equations, then, in
the situation above, spurious steady states are possible. This situation should therefore
be avoided.)

Conjecture 4.8 then applies, implying that the continuous family of steady state so-
lutions of (4.17), with continuous translation symmetry in x, is replaced, in the discrete
system, by two steady states, each approximating one of the continuous steady state so-
lutions. These discrete solutions have a symmetry of translation in space by ∆x/2. In
fact, for scalar partial differential equations like the wave equation (4.21) or the nonlinear
Schrödinger equation, conjecture 4.8 is known to be true — it is just the Poincaré-Birkhoff
fixed point theorem. The resulting situation is sketched in figure 4.8 where the solid green
line represents a continuous (exact) solution of the boundary value problem. It is approx-
imated at the grid points by a discrete solution; the blue circles. The dashed green line is
the ∆x/2 forward translation of the solid line. It is approximated at the grid points by
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the discrete solution represented by the blue crosses.

Figure 4.8: Steady state solutions of a Hamiltonian partial differential equation with
periodic boundary conditions, discretized with a multisymplectic integrator (with grid
spacing ∆x in space). The steady states of the partial differential equation are solutions of
a periodic boundary value problem. The continuous solution has a continuous translation
symmetry, in the discrete solution this is replaced by a ∆x/2 translation symmetry. The
solid green line represents a continuous (exact) solution of the boundary value problem.
It is approximated at the grid points by a discrete solution; the blue circles. The dashed
green line is the ∆x/2 forward translation of the solid line. It is approximated at the grid
points by the discrete solution represented by the blue crosses.

By way of contrast, a non-multisymplectic discretization of (4.17) — for example a
discretization with a wide finite-differences stencil, as is commonly used — can result
in complete destruction of numerical steady state solutions since such a discretization
need not have periodic points, and since only exactly periodic solutions (of the discrete
version of (4.22)) are steady state solutions of the partial differential equation. This can be
understood by noting that a necessary property of the twist map in the Poincaré-Birkhoff
fixed point theorem (presented at the beginning of this section) is that the map be area
preserving.

This shows that:

(i) symplectic integration in space does lead to qualitatively better representation of
solutions, and

(ii) symplectic integration in space is valuable even though the integration length (i.e.
[0, l]) does not tend to infinity, and is even rather short.

As an aside, we mention that for certain Hamiltonian partial differential equations,
second order in space, discretized with a symmetric linear multistep method, the result by
Chartier, Faou and Murua [25], mentioned in section 1.4.1, may imply that steady state
solutions are preserved in such discretizations since the underlying one-step method associ-
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ated with the linear multistep integrator is conjugate to symplectic. Such a discretization
can be represented as a (wide) finite-differences stencil.

This section has only investigated the effect of resonances between the frequency of
a periodic orbit and the step size of a numerical integrator. However, the strong non-
resonance condition in theorem 4.6 is more general than this: it also includes the effects
of the “normal” frequencies — the Floquet multipliers (or their generalizations). Inves-
tigation of the behaviour of a symplectic integrator for resonances involving this sort of
condition appears to be an open (and difficult) question.

4.7 Conclusion

When a symplectic integrator is applied to a Hamiltonian differential equation, whose
dynamics include a periodic orbit, the consequences can be split into two cases: when
the integrator step size is resonant with the period of the orbit, and when it is strongly
non-resonant.

In the strongly non-resonant case we showed that it is possible to apply a KAM-type
theorem to prove that the periodic orbit persists but with a slightly perturbed frequency
and with a quasi-periodic perturbation. The perturbation to the original frequency is
exponentially small in the integrator step size. Put another way, the periodic orbit of the
original system is replaced by an invariant 2-torus in a system with one additional degree
of freedom. One frequency of the invariant torus is close to that of the of the original
periodic orbit, while the other frequency is 2π/h. The amplitude of the motion in the
new periodic variable is exponentially small in h. This exponentially small perturbation
in the new coordinate is a direct consequence of the exponentially small non-autonomous
term in the embedding theorem of Moan. The position — that is, the value of the action
variable — of the periodic orbit undergoes a perturbation of order hp where p is the order
of the symplectic integrator. This perturbation is due to the need to modify terms in the
perturbed Hamiltonian during Kolmogorov’s iteration so as to make the terms independent
of the angles.

In the case where the integrator step size is resonant with the period of the orbit, the
periodic orbit is destroyed. This can also be seen from the KAM-type theorem: the divisors
in the series expansion of the generating function, necessary to return the perturbed system
to a form with a periodic orbit, vanish and the series diverges. Hence, no such generating
function exists. We conjecture that the breakup occurs in a fashion analogous to that for
one degree of freedom systems as described by the Poincaré-Birkhoff fixed point theorem.
The periodic orbit of the continuous system is replaced by a set of 2n periodic points when
the resonance is of order n. When viewed as fixed points of the return map (i.e. Φn

h) half
the points are elliptic and half are hyperbolic. The elliptic and hyperbolic points occur
alternately and are O (hp) close to the original periodic orbit. Numerical experiments with
the two degree of freedom Hénon-Heiles system supported this conjecture.
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The case when the integrator step size is close to resonant is somewhat of a grey area.
The conjecture of the resonant case does not apply but the KAM type theorem may not
hold due to the lack of a strong non-resonance condition preventing a proof of convergence
of Kolmogorov’s iteration. Numerical evidence would seem to suggest that the strong
non-resonance bounds in KAM theory are rather pessimistic. Some sort of numerical
quantification of the step size for which periodic orbits are destroyed would be interesting.
For small step sizes, one may fall back on backwards error analysis which says only that
something close to a periodic orbit is preserved over long, but finite, times.
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Chapter 5

Highly Oscillatory Problems

Our results are not encouraging.. . . one must require that [the product of the
step size and the highest frequency] be small enough. Otherwise the method
might become unstable and/or it might lead to a wrong approximation of the
slowly varying solution components.

— U. M. Ascher and S. Reich, 1997

In this chapter we look at integrators for second order differential equations with
oscillatory solutions. It is desirable, at least on grounds of computational efficiency, if the
numerical integrators used with this type of problem only require a new function evaluation
after a time step of one, or even several, periods of the fastest oscillations of the system.
In this case backwards error analysis is of no help; the product of the step size and the
highest frequency of the problem cannot be assumed small and the “exponentially small”
remainder terms are O (1). This leads to an “all-or-nothing” situation with structure
preservation — only the properties captured exactly by the integrator can be expected to
persist.

One highly popular class of integrators for oscillatory differential equations with con-
stant high frequencies are the so-called trigonometric integrators. It is widely known that
some of the trigonometric integrators suffer from low order resonances for particular step
sizes. We show here that, in general, trigonometric integrators also suffer from higher
order resonances which can lead to loss of nonlinear stability. We also show that in some
cases trigonometric integrators yield misleading information: they preserve invariant or
adiabatic quantities, but at the wrong values. The Fermi-Pasta-Ulam problem is a well
known example of a nonlinear Hamiltonian system with highly oscillatory solutions. We
use it here to illustrate and study the behaviour of trigonometric integrators. Implicit
methods, such as the midpoint rule are less popular integration methods for highly os-
cillatory problems — in part due to the cautionary tone of articles by Ascher and Reich
[6, 7]. However, we show that, despite the pitfalls of the midpoint rule, its performance
may not be so much worse than that of the trigonometric methods, depending on what
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one requires of the solution. We use statistical properties such as time averages, as well as
more traditional criteria such as conservation of total and oscillatory energy, to evaluate
the performance of the trigonometric methods and compare their performance with that
of the midpoint rule.

In section 5.1 we give some background on trigonometric integrators, including their
origins and their derivation. We present the celebrated Fermi-Pasta-Ulam (FPU) problem
— a standard test problem for integrators for highly oscillatory problems — in section
5.2. In section 5.3 we illustrate the problem of higher order resonance for trigonometric
integrators using conservation of an invariant quantity (the total energy) and an adiabatic
invariant (oscillatory energy) as measures of performance. In section 5.6 we extend our
comparison to other measures of performance and look at how the integrators treat some
of the statistical properties of the FPU system. We summarise our findings in section 5.7.

Much of the work in this chapter has been published in the article [109] and the preprint
[87].

5.1 Background to trigonometric integrators

Trigonometric integrators have enjoyed recent popularity due to their efficiency at solving
constant frequency, highly oscillatory, differential equations [41, 46, 52, 55, 66]. For a
particular class of second order differential equations with (highly) oscillatory solutions
these methods require a new complete function evaluation only after a time step of one,
or even many, periods of the fastest oscillations of the system.

Trigonometric methods have their origins in molecular dynamics and other n-body
problems. The Newtonian equations of motion for a system of particles in a potential
V (q) are a given by the second order differential equation

q̈ = −∇V (q).

In molecular dynamics, the standard integrator for such systems is the leapfrog method.
The method is symmetric, symplectic and second order accurate but for linear stability
(i.e. in order that the growth of errors remains bounded for linearized systems) it is
necessary that the step size of the method be restricted to

hω < 2,

where ω is the highest frequency of the system — that is, ω2 = max
(
λ
(
∇2V (q)

))
,

λ(A) := spectrum of A — along the numerical solution. Often, the potential is the sum
of components which act on different time scales:

V (q) = W (q) + U(q), where ‖∇2W (q)‖ � ‖∇2U(q)‖,
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and where ∇2W is positive semi-definite. Generally, the solutions of such systems are
highly oscillatory on the slow time scale 1/‖∇2U(q)‖

1
2 . Often, the fast forces −∇W (q)

are cheaper to evaluate than the slow forces −∇U(q) and one wants to exploit this by
designing numerical methods where the number of slow force evaluations is not affected
too severely by the fast forces.

5.1.1 Earlier trigonometric integrators: Gautschi, Deuflhard and the

impulse method

Gautschi’s method

Gautschi [42] proposed a class of methods for differential equations where the high oscilla-
tions arise from a quadratic potential W (q) = 1

2ω
2q>q, ω � 1. The differential equations

take the form
q̈ = −ω2q + g(q). (5.1)

(Such systems can be thought of as a collection of perturbed harmonic oscillators.) Gautschi’s
methods are of linear multistep type but with the coefficients of the methods α and β (cf.
the description of linear multistep methods in §1.2.1) replaced by trigonometric functions
of hω. The methods are constructed so as to be exact if the solution is a trigonometric
polynomial in ωt. The simplest of Gautschi’s methods, and the one used as a starting
point for modern trigonometric integrators, reads

qn+1 − 2qn + qn−1 = h2

(
sin(hω/2)
hω/2

)2

q̈n. (5.2)

(In what follows, we will write sinc(x) for sin(x)/x.) With use of the half-angle formula it
is easy to show that (5.2) is equivalent to

qn+1 − 2 cos(hω)qn + qn−1 = h2sinc2(hω/2)gn, where gn = g(qn).

The method is exact for (5.1) in the case where g = Const., as is the velocity approximation

q̇n+1 − q̇n−1 = 2hsinc(hω)q̈n.

Deuflhard’s method

Written as a system of first order equations, the variation-of-constants formula for (5.1)
reads (

q(t)
q̇(t)

)
=

(
cos(tω) ω−1 sin(tω)
−ω sin(tω) cos(tω)

)(
q0

q̇0

)

+
∫ t

0

(
ω−1 sin((t− s)Ω)

cos((t− s)ω)

)
g(q(s))ds.

(5.3)
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Deuflhard [33] replaced the integral in (5.3) with its approximation by the trapezoidal rule
to obtain the following method which is both explicit and symmetric:(

qn+1

q̇n+1

)
=

(
cos(hω) ω−1 sin(hω)
−ω sin(hω) cos(hω)

)(
qn

q̇n

)
+
h2

2

(
sinc(hω)gn

gn+1 + cos(hω)gn

)
. (5.4)

Both Gautchi’s and Dueflhard’s method reduce to leapfrog for ω = 0, and both extend
to systems of multiple constant frequencies:

q̈ = −Aq + g(q),

where A = A>, and A is positive semi-definite, by formally replacing ω with Ω = A
1
2 in

(5.4). The resulting methods require computation of products of matrix functions of hΩ
with vectors. This can be done by diagonalizing A, which is practical for small systems
or when A is the result of a pseudo-spectral discretization (e.g. from a nonlinear wave
equation [146]), or by Krylov subspace methods [65] when the dimension of the system is
large.

The impulse method

For systems with a Hamiltonian of the form H(q, p) = T (p)+V (q), leapfrog can be viewed
as a splitting method

Φh,XH = ϕh/2,XV ◦ ϕh,XT ◦ ϕh/2,XV .

In cases where the potential can be split into fast and slow components V = W + U it
may, instead, be desirable to split the Hamiltonian as H = (T +W ) +U and approximate
the flow ϕh,XH by

Φh,XH = ϕh/2,XU ◦ ϕh,X(T+W )
◦ ϕh/2,XU .

Such a splitting yields the impulse method [41] and was first proposed, in the context of
molecular dynamics, by Grubmüller, Heller, Windemuth & Schulten [47] who named it
the “Verlet-I scheme” and by Tuckerman, Berne & Martyna [143] who called the method
“r-Respa”. Often the flow ϕh,X(T+W )

must be computed approximately by a numerical
integrator using a smaller time step. If the inner integrator is symmetric and symplec-
tic, then so too is the overall method. For quadratic potentials the impulse method is
equivalent to Deuflhard’s method (5.4).

5.1.2 Recent trigonometric integrators: The mollified impulse method

and methods of Hairer, Lubich, Hochbruck and Grimm

The mollified impulse method

The impulse method is known to have instabilities when hω is close to an integer multiple
of π [41]. Such instabilities are known as resonances. The cause of the resonances is
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that the slow forces −∇U(q) are only evaluated at isolated points along the solution, at
the end of each time step. Roughly speaking, the resonances mean the slow forces are
always sampled at the same point during the oscillation leading to the integrator “seeing”
the wrong effect for the slow forces. Garcia-Archilla, Sanz-Serna and Skeel [41] proposed
evaluating the slow forces at some average value q̄ = a(qn), by replacing the potential U(q)
with a modified, or rather, a mollified, potential Ū(q) = U (a(q)).

The mollified impulse method is the impulse method with the slow force −∇U(q)
replaced by the mollified force

−∇Ū(q) = −a′(q)∇U(a(q)).

The method is still symplectic and symmetric since it is just the impulse method applied
to a modified potential. There are numerous possibilities to choose for the average a(qn).
The first (potential) restriction is that, if one wishes the algorithm to remain symmetric
and symplectic the average must remain independent of the momenta. Hence, one cannot
take averages of the solution during the oscillation step (i.e. the calculation of ϕh,X(T+W )

)
of the algorithm.

Instead, one solves the initial value problem

ẍ = −∇W (x(t)), with x(0) = q, ẋ(0) = 0,

and the variational problem

Ẍ = −∇2W (x(t))X, with X(0) = I, Ẋ(0) = 0,

using the same integrator and step size for both. One can then compute the time average
over an interval of length ch, c > 0.

a(q) =
1
ch

∫ ch

0
x(t)dt, a′(q) =

1
ch

∫ ch

0
X(t)dt.

Garcia-Archilla, et al. found that the best results were obtained with c = 1.

In the case of a quadratic potential for the fast forces W (q) = 1
2q
>Aq, with A positive

semi-definite, it is possible to compute the average analytically:

ẍ(t) = −Ax(t) and Ẍ(t) = −AX(t)

yield
x(t) = cos(Ωt)q and X(t) = cos(Ωt), where Ω = A

1
2 .
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The averages can then be calculated:

a(q) =
1
ch

∫ ch

0
cos(Ωt)qdt = sinc(chΩ)q, and a′(q) = sinc(chΩ).

That is, a(q) = φ(hΩ)q where φ(x) = sinc(x) is called a filter function. With this choice
of φ, the mollified impulse method reads:(
qn+1

q̇n+1

)
=

(
cos(hω) ω−1 sin(hω)
−ω sin(hω) cos(hω)

)(
qn

q̇n

)
+
h

2

(
hsinc(hω)φ(hΩ)gn

φ(hΩ)gn+1 + cos(hω)φ(hΩ)gn

)
,

(5.5)
where gn = g(φ(hΩ)qn) = −∇U(φ(hΩ)qn).

More generally, for a pair of filter functions φ and ψ, one may write(
qn+1

q̇n+1

)
=

(
cos(hω) ω−1 sin(hω)
−ω sin(hω) cos(hω)

)(
qn

q̇n

)
+
h

2

(
hΨgn

Ψ1gn+1 + Ψ0gn

)
, (5.6)

where Φ = φ(hΩ), Ψ = ψ(hΩ) and where the φ and ψ are even, real-valued filter functions
satisfying φ(0) = ψ(0) = 1. Additionally, gn = g(Φqn) and Ψ0 = ψ0(hΩ), Ψ1 = ψ1(hΩ)
with even functions ψ0, ψ1 satisfying ψ0(0) = ψ1(0) = 1.

If the method is to be symmetric, then the ψ, ψ0 and ψ1 functions must satisfy

ψ(x) = sinc(x)ψ1(x) and ψ0(x) = cos(x)ψ1(x), (5.7)

as can be seen by exchanging n↔ n+ 1 and h↔ −h in the method (5.6):(
qn

q̇n

)
=

(
cos(−hω) ω−1 sin(−hω)
−ω sin(−hω) cos(−hω)

)(
qn+1

q̇n+1

)

+

(
h2

2 ψ(−hΩ)g(φ(−hΩ)qn+1)
−h
2 ψ1(−hΩ)g(φ(−hΩ)qn) + −h

2 ψ0(−hΩ)g(φ(−hΩ)qn+1)

)
.

Rearranging and making use of the properties of even and odd functions gives(
qn+1

q̇n+1

)
=

(
cos(hω) ω−1 sin(hω)
−ω sin(hω) cos(hω)

)(
qn

q̇n

)

+
h

2

(
cos(hω) ω−1 sin(hω)
−ω sin(hω) cos(hω)

)(
−hΨgn+1

Ψ1gn + Ψ0gn+1

)
. (5.8)

Comparing (5.8) with the original integrator (5.6) we see that it is only the terms on the
right with the h

2 prefactor which differ. Setting these equal, and comparing coefficients of
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the gn and gn+1 terms, we get the following two pairs of equations, each in three unknowns:

−hΨ coshΩ = Ψ0Ω−1 sin(hΩ),

hΨ = Ψ1Ω−1 sin(hΩ).

and

hΨΩ sinhΩ + Ψ0 cos(hΩ) = Ψ1,

hΨ1 cos(hΩ) = Ψ0.

Solving either of these pairs of equations gives the symmetry requirements (5.7). It can
also be shown that the method (5.6) is symplectic if and only if the filter functions satisfy

Ψ = sinc(hΩ)Φ. (5.9)

The methods of Hairer, Lubich, Hochbruck and Grimm

Recently, Hochbruck and Lubich [66] considered the question of “good” choices of filter
functions. They required that the method be exact for all second order, linear problems
with constant inhomogeneity (i.e. q̈ = −Aq + Const., for A positive semi-definite) and
proposed several new filter functions. The choice

ψ(x) = sinc2(x/2), φ(x) = sinc(x)
(

1 +
1
3

sin2(x/2)
)

(5.10)

was considered to give good results. The method is second order accurate, independent of
frequency. Other choices of filter functions were proposed by Hairer and Lubich [52] and
by Grimm and Hochbruck [46]. We focus on six1 well known methods; the filter functions
which define them are listed in table 5.1

ψ(x) φ(x) reference
(A) sinc2(1

2x) 1 [42]
(B) sinc(x) 1 [33]
(C) sinc2(x) sinc(x) [41]
(D) sinc2(1

2x) sinc(x)(1 + 1
3 sin2(1

2x)) [66]
(E) sinc2(x) 1 [52]
(G) sinc3(x) sinc(x) [46]

Table 5.1: Filter functions for various trigonometric integrators

For comparison, and in spite of the caution against it by Ascher and Reich [7], we
also consider the midpoint rule. The leapfrog/Verlet method is also used for comparison

1The methods are denoted (A) – (E) and (G), with (F) omitted to avoid confusion with the method
(F) of [55, XIII.2.2]



112 Chapter 5. Highly Oscillatory Problems

where a reference solution is required. However in such cases it is used to fully resolve
the high frequency components of the solution which does not agree at all with the spirit
of integrators for highly oscillatory problems. Both leapfrog and the midpoint rule are
symmetric, symplectic and second order accurate — at least when step size bounds such
as that for linear stability are obeyed.

One can see that of the trigonometric methods in table 5.1 only (B) and (C) are
symplectic. However, one can show that under the change of coordinates yn 7→ χ(hΩ)yn
and with the filter functions φ, ψ, ψ0 and ψ1 replaced by χφ, χ−1ψ, χ−1ψ0 and χ−1ψ1,
then for hω satisfying sinc(hω)φ(hω)/ψ(hω) > 0, it is possible to find χ(hω) such that
the transformed method is symplectic [55, XIII.11-(3)]. That is, the methods preserve
a frequency-dependent, modified symplectic form dp ∧ dq + g(hω)dP ∧ dQ — a linear
combination of two components of the original symplectic form — where (Q,P ) are the
“fast” variables corresponding to the ωI block of Ω. The consequences of preserving such
a structure are not clear, though it would seem that the frequency dependent aspect is
undesirable.

For short (i.e. O (1)) time periods and small (i.e h→ 0) step size all the trigonometric
methods are second order accurate in position; see [55, XIII.2.3].

5.1.3 Other methods

Multi-force methods

All the trigonometric methods mentioned thus far require only a single force evaluation
per time step and are entirely specified by the choice of just two filter functions, φ and ψ.
This is restrictive in the sense that additional restraints placed on the filter functions by
requirements such as symplecticity, energy conservation, and oscillatory energy exchange
are not always mutually compatible. To circumvent this difficulty, Hairer and Lubich
[52] proposed generalizing the right-hand side of (5.6) to a linear combination of force
evaluations, with different filter functions allowed for each. Written as a multistep method,
the resulting integrators take the form

qn+1 − 2 cos(hΩ)qn + qn−1 = h2
k∑
j=1

Ψjg(Φjqn),

with Ψj = ψj(hΩ), Φj = φj(hΩ) and where ψj and φj are even functions satisfying

k∑
j=1

ψj(0) = 1, φj(0) = 1 for j = 1, . . . , k.

Despite their possible advantages, multi-force trigonometric methods have not received
much attention; nor are they considered in this thesis.
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Hamilton-Jacobi methods

The Hamilton-Jacobi, or homogenization, methods of Le Bris and Legoll [81, 82] take an
entirely different approach towards integrators for highly oscillatory Hamiltonian systems.
The approach is similar to that of generating function methods. One considers a Newtonian
system in Hamilton-Jacobi form. The generating function S defines, implicitly, a change
of coordinates via a symplectic map.

In the methods of Le Bris and Legoll, an expansion in two small parameters, the step
size h and the inverse frequency 1/ω, is used to define a generating function which, in
turn, defines a map close to the flow of the highly oscillatory Hamiltonian system. By
using a two-scale expansion, rather than expanding only for small time steps, it is possible
to find methods with good behaviour, uniform in ω, at least under bounds on h and ω

which are not excessively restrictive.

The methods themselves, however, are rather cumbersome and, potentially, compu-
tationally expensive, requiring the calculation of higher derivatives of the forces and the
solution of systems of linear equations at each step. Despite these difficulties, the “ge-
ometric” approach offered by the use of generating functions, which automatically give
symplectic methods, seems to offer some promise as a useful class of methods.

5.2 The Fermi-Pasta-Ulam problem

We are interested in second order differential equations of the form

q̈ = −Aq + g(q), where A
1
2 = Ω =

(
0 0
0 ωI

)
, ω >> 1, (5.11)

with blocks of arbitrary dimension and where g(q) = −∇U(q). Partitioning q as (q1, q2)
according to the blocks of Ω we see that the system (5.11) is Hamiltonian; the total energy
is given by

H(q, q̇) =
1
2

(|q̇1|2 + |q̇2|2) +
1
2
ω2|q2|2 + U(q). (5.12)

The system also has an adiabatic invariant, or almost conserved quantity; the oscillatory
energy:

I(q, q̇) =
1
2
|q̇2|2 +

1
2
ω2|q2|2. (5.13)

Preservation of these quantities are two of the many possible criteria which one could use
for judging the performance of a numerical integrator.

The main test problem we use in this article is the Fermi-Pasta-Ulam or FPU problem
with three stiff (fast/harmonic) and four soft (nonlinear) springs as it is given in [55, I.5.1]
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The Hamiltonian for the FPU system can be written as

H(y) =
1
2

3∑
i=1

(y2
0,i + y2

1,i) +
1
2
ω2

3∑
i=1

x2
1,i

+
1
4

(
(x0,1 − x1,1)4 +

2∑
i=1

(x0,i+1 − x1,i+1 − x0,1 − x1,i)4 + (x0,3 + x1,3)4

)
,

where:

• x0,i is the scaled displacement of ith stiff spring.

• x1,i is the scaled expansion (or compression) of the ith stiff spring.

• y0,i and y1,i are the conjugate momenta of the above.

Figure 5.1: The Fermi-Pasta-Ulam problem: a chain of alternating soft, nonlinear, and
stiff, harmonic, springs.

As in [55], we use initial conditions: x0,1(0) = 1, x1,1(0) = ω−1, y0,1(0) = 1, y1,1(0) = 1
and all other entries are zero. I.e.

z(0) = [1, 0, 0, ω−1, 0, 0, 1, 0, 0, 1, 0, 0]>,

where z = [x>0,i, x
>
1,i, y

>
0,i, y

>
1,i], i = 1, 2, 3. The Hamiltonian of the system is clearly a con-

served quantity. The oscillatory energy of the ith stiff spring is given by

Ij =
1
2
(
y2

1,j + ω2x2
1,j

)
; (5.14)

the total oscillatory energy I =
∑

j Ij being an adiabatic invariant.

The FPU system is chaotic, and therefore, global errors are not sensible quantities to
study as indicators of the performance of the numerical methods since arbitrarily nearby
trajectories can diverge exponentially quickly. Instead, we use measures such as the change
in the Hamiltonian and preservation of other physical properties to quantify the perfor-
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mance of the methods. In the following section we use changes in the total and the
oscillatory energy to show the effect of resonances on the numerical integrators.

5.2.1 Time scales in oscillatory problems

Before reporting on numerical results from the FPU problem we give a brief description,
based on that in [28] and [55], of the behaviour at different time scales for Hamiltonian
problems of the form (5.11). A useful tool in the analysis of such systems, and in the
design of trigonometric integrators, is the modulated Fourier expansion:

q(t) =
∑
k

zk(t)eikω.

The coefficients zk(t) change on a time scale O (1) and multiply the exponentials which
oscillate with frequency ω. Comparison of the coefficients from the expansion of exact and
numerical solutions can give information about how the filter functions affect properties
such as slow energy exchange.

Time scale 1/ω

On this time scale, the system (5.11) looks like a collection of slightly perturbed harmonic
oscillators with frequency ω and amplitude O (1/ω) in the fast variables. This behaviour
can be reproduced by almost any integrator since the short time allows one to simply
reduce the step size until the solution is sufficiently accurate.

Time scale ω0

This is the time scale of motion for the slow variables q1 under the influence of the potential
U(q). At this scale it is useful to have numerical methods whose error is small in the step
size h and uniform in hω — the product of the step size with the highest frequency.
For trigonometric integrators, such a uniform error bound depends on the choice of filter
functions. In general, numerical methods will not have uniform error in hω, even if they
are geometric.

Time scale ω

At this time scale energy exchange between the different highly oscilatory components of
the system can be observed. For example, exchange of oscillatory energy (5.14) between
the stiff springs of the FPU problem. To leading order in 1/ω, the change in Ij is de-
scribed by a differential equation that determines the coefficient of eitω in the modulated
Fourier expansion of the solution. It turns out that if the corresponding coefficient of the
modulated Fourier expansion for the solution of a trigonometric method is to agree with
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that of the original system, then the filter functions must satisfy

ψ(x)φ(x) = sinc(x),

independent of frequency and step size. We will return to this point in section 5.5.

Time scale ωN with N ≥ 2

At this time scale, both the fast and slow variables appear highly oscilatory. However, one
should observe the total energy of the system remaining constant and the total oscillatory
energy remaining approximatly conserved — it varies only by O (1/ω) [10, 27]. This is also
the relevant time scale for the calculation of statistical properties. For chaotic systems,
trajectories of this length can be expected to sample enough of the (chaotic) phase space
in order to give accurate approximations to time averages of the system.

5.3 Nonlinear stability & resonances

It has already been mentioned, in this chapter, that trigonometric integrators can suffer
from instabilities or resonances when hω, the product of the step size and the highest
frequency, is an integer multiple of π. We will show here that rational multiples of π,
in particular hω = 2π/3, can also lead to unstable resonances. These resonances are
a type of nonlinear instability. For most systems, a linearized analysis is sufficient to
study the stability of a dynamical system. However, Hamiltonian, or area-preserving
systems, are neutrally stable and when integrated by a numerical method which does not
introduce artificial damping, a linearized analysis is usually indeterminate. In such cases
it is necessary to consider nonlinear effects. Instabilities arise when the integrator step size
is one-third, one-quarter, or — rarely — some other fraction, of the period of the normal
mode of the discrete dynamics [131]. Since trigonometric integrators are designed to get
the normal modes exactly correct, (i.e. they reproduce the high frequencies ω exactly), it
is trivial to see that the higher order resonances will occur at hω = 2π/3, hω = 2π/4, et
cetera.

For Runge-Kutta methods — such as the midpoint rule, which we consider here — the
period of the discrete dynamics can be determined by using the stability function of the
methods:

R(z) =
P (z)
Q(z)

=
det(I − zA+ z~1b>)

det(I − zA)

with z ∈ C and where A and b are the coefficients from the Butcher tableau (cf. §1.2.2); ~1
is a vector whose entries are all ones. Runge-Kutta methods map the eigenvalues λ of the
continuous system to µ := R(hλ) for the discrete system. Hence, for the high frequency



5.3. Nonlinear stability & resonances 117

oscillations of a planar Hamiltonian system

H(q, p) =
1
2
p2 +

1
2
ωq2 + g(q),

discretized by a Runge-Kutta method, resonances of order n occur when the step size
satisfies

R(ihω) = exp(i2π/n).

For the midpoint rule R(z) = 1+z/2
1−z/2 and resonances of order three and four occur for

hω = 2
√

3 and hω = 2 respectively. Whether or not these resonances lead to instability (i.e.
unbounded error growth) typically depends on higher order terms in the potential. The
midpoint rule has no resonances of order one or two since as h→∞, R(ihω)→ exp(iπ).

5.3.1 Resonances for a planar problem

Skeel and Srinivas, [131] showed that for a planar Hamiltonian

H(q, p) =
1
2
p2 +

1
2
ω2q2 +

1
3
Bq3 +

1
4
Cq4 +O(q5) (5.15)

the midpoint rule becomes unstable for order three resonances whenever the potential has
a cubic term (B 6= 0) while the order four resonances are unstable when (ω2C−B2)(ω2C−
2B2) < 0.

This is related to a more general result, presented in [4, Appendix 7]; order three reso-
nances of Hamiltonian systems are generically unstable whenever they occur. Order four
resonances may be stable or unstable depending on nonlinear terms in the Hamiltonian
equations of motion. The generic instability of order three resonances can be somewhat
understood from figure 5.2 which shows the level sets of a one degree of freedom Hamilto-
nian which depends on a small parameter ε. For ε 6= 0, the fixed point at the origin of the
system is surrounded by closed curves for a stable neighbourhood of radius O (ε). Points
within this stable neighbourhood remain no further than O (ε) from the fixed point, while
points outside the neighbourhood move away. At ε = 0 arbitrarily small perturbations of
the fixed point give points which leave the neighbourhood of the origin and the fixed point
becomes unstable.

An interesting case which does not show the effects of unstable order three resonances
is the Hamiltonian pendulum

H(q, p) =
1
2
p2 − cos(q),

integrated with the midpoint rule. Since the Taylor expansion of cos(q) has only terms of
even order the system does not support unstable order three resonances. The midpoint
rule cannot have resonances of order one or two, so the first resonance which can occur is
an order four resonance which occurs at hω = h = 2.
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Figure 5.2: Illustration of an order three resonance which depends on the parameter ε.
At ε = 0 the fixed point at the origin of the system becomes unstable — arbitrarily small
perturbations lead to points which leave the neighbourhood of the origin.

Figure 5.3 shows the phase portrait of the pendulum for h < 2, h = 2 and h > 2. For
h > 2 and h < 2, the phase portrait near the origin resembles that of the exact solution
with invariant circles about the elliptic fixed point, even though the step size was large,
particularly for h > 2. For h = 2, the invariant circles are distorted to diamonds. Picking
one initial condition and plotting the maximum energy error as a function of step size
shows a spike in the energy error around h = 2. The pendulum and the midpoint rule
are a special case however. For more general systems one must be cautious of order three,
and lower, resonances.

Here we investigate the effect of resonances on the solutions of the midpoint rule,
and on the trigonometric integrators of table (5.1). We take the system given by (5.15),
truncated after the q4 term, and with B = C = −1. Fixing the step size at h = 0.02
we vary ω such that 0 < hω/π ≤ 4.5. Figure 5.4 shows the maximum deviation in the
Hamiltonian for integration over the interval [0, 1000].

The widths of the resonant bands for the symplectic trigonometric method (B) appear
to render it unusable. Method (A) fares slightly better due to the absence of the wide
resonance spikes at even multiples of π. Methods (C) and (G) seem to be free of the
resonances at πn, n ∈ N. More importantly, all the trigonometric methods show evidence
of order three resonances despite the fact that such resonances are not reported in the
literature.

The results for the midpoint rule show order three and four resonances as predicted.
The method is not affected by resonances of order lower than three because its eigenvalues
are limited to exp(iθ), θ ∈ (0, π).
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Figure 5.3: Phase portrait and energy error for an order four resonance of the pendulum
integrated with the midpoint rule. The phase portrait (top) shows that for h = 1 (green
curves) the phase portrait near the origin resembles the invariant circles of the exact
solution. For h = 2 (blue curves) the order four resonance distorts the invariant circles to
diamonds. The trajectories near the origin return to something close to those of the exact
solution for h = 3 (black curves). A plot of maximum energy deviation as a function of
step size (bottom), for one trajectory, clearly shows a spike in the energy error when the
step size is close to the resonant value.
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Figure 5.4: Maximum error in total energy on the interval [0, 1000] as a function of hω/π
for the Hamiltonian H(q, p) = 1

2p
2 + 1

2ω
2q2 − 1

3q
3 − 1

4q
4, (step size h = 0.02). For three

of the methods — (A), (D) and (MPT) — we label some of the resonance spikes. For
the trigonometric methods, the order m resonance spikes occur at 2πn/m, n ∈ N, when
they are present. For the midpoint rule, the positions of the resonance spikes must be
calculated as described at the beginning of section 5.3.
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5.3.2 Consequences of resonance: Energy & oscillatory energy in a non-

linear system

We now turn to the Fermi-Pasta-Ulam problem with six degrees of freedom, as introduced
in section 5.2. This has become a standard test system for integrators for highly oscillatory
problems.

Energy deviation: Fixed step size

The FPU problem is Hamiltonian — its energy is an invariant quantity. Since the system is
chaotic it doesn’t make sense to look at the global error (in position) of an individual orbit,
except for very short integration lengths. Therefore, to illustrate the effect of resonances
we look at the errors in the energy of the numerical solutions for fixed step size and
integration length. In figure 5.5 we plot the maximum deviation of the energy over the
interval [0, 1000] as a function of hω/π for fixed h = 0.02.

With the exception of the inclusion of the midpoint rule, the results in figure 5.5 are
identical to those in [55] where the use of trigonometric integrators is advocated.

In figure 5.5 the trigonometric methods no longer appear to show the order three
and four resonances that they displayed for the planar system. This is due to relatively
slow growth of these higher order resonances combined with the relatively short integration
length, rather than the resonances no longer being present for higher dimensional systems.
For longer integration times these resonances become apparent. We illustrate this in figure
5.6 by plotting the value of the Hamiltonian for three choices of step size using method
(A) with an integration time roughly ten times longer than those used in figure 5.5. We
take one step size h = 0.04192 ' π/(3ω) on the order three resonance and two step sizes
immediately either side of the resonant value; h = 0.044 and h = 0.04.

We observe that the maximum energy error in figure 5.6 is no longer bounded for the
resonant step size. This means that one must take care to avoid resonances due to rational
as well as integer multiples of π for trigonometric integrators. It is also worth noting that
for the midpoint rule, the error growth due to higher order resonances is extremely slow
— orders of magnitude less than for the trigonometric integrators affected by resonances.
While methods (E), (G), and to some extent (C) do not suffer from resonance spikes, they
do show errors in the total energy, even over this relatively short integration period. What
is perhaps worse, this energy error seems to vary, in a somewhat periodic fashion, as a
function of hω.

Oscillatory energy deviation: fixed step size

The total oscillatory energy I =
∑

j Ij of the FPU system is not a conserved quantity
but, rather, an adiabatic invariant: a nearly conserved quantity which oscillates about
its mean value with some standard deviation. The standard deviation of I is therefore a
better characterisation of the oscillatory energy than the maximum deviation.
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Figure 5.5: Maximum error of total energy on the interval [0, 1000], (step size h = 0.02)
for various integrators applied to the FPU problem. Note the different vertical axis for
(MPT).

The exact solution of the FPU problem has I(t) = Const. + O(ω−1). That is, the
standard deviation of the total oscillatory energy as a function of ω should look like
Cω−1. We used a very long (T = 1×106) integration period and a small (h = 0.002) time
step which resolved all the fast oscillations (for ω = 50) to calculate, σI, the standard
deviation of the oscillatory energy. This allowed us to determine the value of the coefficient
(C = 0.75) and give a reference solution for the behaviour of σI(ω).

Figure 5.7 shows σIω minus the reference solution, that is we plot σIω − 0.75 against
hω/π, for fixed step size h = 0.02. We can see that for the trigonometric method (G), the
cost of preventing resonances is to also prevent the correct behaviour of the oscillatory
energy. The only method which manages to approximate the correct behaviour, (a hori-
zontal line at zero), is the midpoint rule. The trigonometric methods (A) and (D) show
the correct behaviour away from resonant values of ω.
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Figure 5.6: Total energy of solutions of the FPU problem, calculated with method (A)
for step sizes slightly below (h = 0.04), on (h = 2π/(3ω) ' 0.0419, ω = 50), and slightly
greater than (h = 0.044) the resonant value.

5.4 Energy conservation for fixed hω

Results for symplectic integrators concerning approximate energy conservation and preser-
vation of a modified Hamiltonian hold in the limit of small step size. As the step size
increases, one sees the difference between the modified and the original Hamiltonian grow;
the energy of the numerical solution oscillates with greater amplitude as step size increases
and backward error analysis — the usual tool for showing near-conservation of energy —
no longer holds.

The condition on the filter functions φ and ψ for a trigonometric method to conserve
total energy for linear systems f(z) = Az, up to O(h), independent of hω, (i.e. equation
(5.16)), is incompatible with the condition (5.9) for the trigonometric methods to be
symplectic. Since symplectic methods are not exactly energy conserving either, a fair
question to ask is how well a particular numerical method is able to approximately conserve
the total energy and how much extra work is needed in order to get better conservation
of energy. That is, what is the order of the numerical scheme with respect to energy
conservation.

In figure 5.8 we fix hω = 0.5, 1.5 and 5 and let h (and ω) vary. We plot the maximum
deviation in the total energy on the interval [0, 1000] against the step size h and use this
to show the orders of the schemes with respect to energy conservation. The trigonometric
methods (E) and (G) satisfy a condition

ψ(x) = sinc2(x)φ(x) (5.16)
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Figure 5.7: Standard deviation of oscillatory energy of the FPU problem, on the interval
[0, 1000], scaled by ω and shifted by a reference solution, (i.e. σI(ω)ω − 0.75) such that
the correct solution is a flat line at zero. (Step size h = 0.02).

necessary for the methods to conserve total energy up to O(h) independent of hω [46, 52].
Methods (A) and (D) satisfy a different condition,

ψ(x) = sinc2(x/2), (5.17)

which ensures that the energy conservation is O
(
h2
)

accurate. These are also the meth-
ods which (away from resonances) correctly captured the oscillatory energy behaviour in
section 5.3.2. It turns out that, even for hω large, the midpoint rule is also second order
accurate with respect to conserving the total energy. Methods (B), (C) and, of course, the
midpoint rule are symplectic.
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Figure 5.8: Maximum deviation in the total energy of solutions of the FPU system on the
interval [0, 1000] as a function of h for fixed hω = 0.5 (dotted), hω = 1.5 (dashed) and
hω = 5 (solid).

5.5 Slow exchange of oscillatory energy

The FPU problem exhibits a slow exchange of energy between the stiff springs, that is,
the distribution of I between I1, I2 and I3 changes with time. These effects take place
on a time scale of O(ω). A good numerical method should capture the rate of the slow
exchange and should give correct statistics for the mean distribution of energy between the
stiff springs. For the trigonometric integrators to correctly approximate the slow exchange
it is necessary that their filter functions satisfy [55, XIII.4.2]

ψ(hω)φ(hω) = sinc(hω). (5.18)

In figure 5.9 we show the oscillatory energy in the stiff springs and the total oscillatory
energy on the interval [0, 200] for the trigonometric integrators and the midpoint rule.
We use ω = 50 and a step size of h = 0.03. For comparison we include the same results
computed using the leapfrog integrator using a smaller step size (h=0.001) so that all the
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fast oscillations are resolved.
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Figure 5.9: Oscillatory energy exchange between stiff springs of the FPU system on the
interval [0, 200] for fixed step size h = 0.03 and with ω = 50. The solution for the
leapfrog method, (LF), was computed with step size h = 0.001, resolving all oscillations
(i.e. hω = 0.05); this can be regarded as the reference solution with which the other
solutions should be compared. The slowly varying green, blue and black lines indicate
the oscillatory energy in the I1, I2 and I3 components respectively. The total oscillatory
energy is also shown.

Of the trigonometric methods, only method (B) satisfies the slow exchange condition
(5.18). However, for the values used here, hω = 1.5, method (D) almost satisfies (5.18)
with ψ(1.5)φ(1.5) ' 0.95sinc(1.5) which accounts for its good behaviour in this case.
Method (A) gets the energy exchange slightly too fast while method (E) and the midpoint
rule get the exchange slightly too slow, methods (C) and (G) get the exchange slower still.

Although it doesn’t get the rate of exchange correct for the oscillatory energy, the
midpoint rule is the only method for which the energy in I1 decreases all the way to zero
before increasing again — the behaviour seen in the reference solution. The trigonometric
methods transfer only a portion of the oscillatory energy between springs for this value of
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hω. For example, method (B) has a turning point for the oscillatory energy in spring one
(i.e. I1) in the correct position, but at a higher value of I1 than the reference solution. It
seems likely that the failure to exchange the correct amounts of oscillatory energy between
the modes would lead to incorrect long-time statistics of the trigonometric methods since
they may not sample the same regions of phase space as the exact solutions do.

The condition for correctly approximating the slow exchange depends on hω. That
is, for fixed ω the methods will give different rates of slow exchange for different step
sizes — a purely numerical property since the rate of exchange should depend only on the
parameters of the FPU problem itself. In figure 5.10 we plot I1, the energy in the first
stiff spring, on the interval [0, 200], and with ω = 50. We use three different step sizes so
that hω takes the values 0.5, 1.5 and 5.
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Figure 5.10: Oscillatory energy in the first stiff spring in the FPU system, on the interval
[0, 200] and with ω = 50 for step sizes h = 0.01 (green/lightest, hω = 0.5), h = 0.03 (blue,
hω = 1.5) and h = 0.1 (black/darkest, hω = 5).

For large values of hω, all the methods — with the exception of method (B) — perform
badly. Some methods, however, perform worse than others: methods (G) and (C) do
particularly badly. It might be sensible to ask questions about how quickly the behaviour
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for the slow exchange converges to the correct behaviour as hω decreases. Since the point
of the trigonometric integrators is to be able to take step sizes larger than those allowed by
traditional restrictions on hω (most molecular dynamics calculations use a rule-of-thumb
of hω = 0.1) one could ask “What is the slow exchange behaviour for hω small but above
the traditional limits?”.

We also note that the amount of oscillatory energy transferred between springs is a
function of hω. For example, method (B) has the correct positions of turning points
for the oscillatory energy transfer independent of hω but transfers the correct amount of
oscillatory energy only as hω → 0.

5.6 Statistical properties

We saw in section 5.5 that the slow exchange of energy between the stiff springs is a difficult
property to capture for numerical methods, though it can be enforced by particular choices
of filter functions. Here we look at some other quantities which are relevant for long
integration lengths. We ask whether the numerical schemes get the correct mean values
for oscillatory energy and we look at the distribution of the oscillatory energy between the
stiff springs. We used a long integration interval of [0, 1 × 106] and frequency ω = 50 for
the fast oscillation. The step size was fixed at h = 0.02 for the trigonometric methods and
the midpoint rule. As a reference solution, we used the leapfrog method with h = 0.002,
a step size small enough to resolve the fast oscillations. We saved every 100th data point
for the trigonometric methods and the midpoint rule and every 1000th for the leapfrog
method. This was done purely in order to reduce the stored data stored to a manageable
amount. Due to the very long integration period, and the fact that the solutions have
bounded total and oscillatory energy, it is not expected that the discarded data would
significantly alter the final values.

We present, in table 5.2, the average values of the oscillatory energy in each of the stiff
springs, the standard deviation in the total oscillatory energy and the relative maximum
deviation in the Hamiltonian for each of the methods. It is worth noting that for these
calculations hω = 1 is only moderately large.

Another way to look at the data in table 5.2 is to subtract the leapfrog reference values

from each row and then look at the absolute relative differences
∣∣∣∣ Īj−ĪjrefĪj

ref

∣∣∣∣ We present this

data in table 5.3 along with the relative absolute errors for the standard deviations of the
total oscillatory energy and the mean of the relative absolute differences for the Īj . In
order to give a better overview of the data in table 5.3, we show the same data plotted as
bar graphs in figures 5.11 and 5.12.

The methods which give the best results for the long-time statistics for the mean differ-
ence in the oscillatory energy with respect to the reference solution are the trigonometric
methods (A) and (D) and the midpoint rule — the same methods which did well at captur-
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Figure 5.11: Bar graph of data from table 5.3: relative absolute differences in mean
oscillatory energy of the FPU problem.
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Figure 5.12: Bar graph of data from table 5.3: relative absolute differences in standard
deviation of oscillatory energy of the FPU problem.
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Ī1 Ī2 Ī3 σI ∆maxH/H(y(0))
(A) 3.367e-01 3.279e-01 3.360e-01 1.475e-02 1.290e-03
(B) 3.273e-01 3.466e-01 3.266e-01 1.312e-02 7.800e-03
(C) 3.341e-01 3.300e-01 3.363e-01 1.137e-02 2.221e-02
(D) 3.378e-01 3.262e-01 3.366e-01 1.477e-02 1.616e-03
(E) 3.319e-01 3.373e-01 3.311e-01 1.123e-02 2.188e-02
(G) 3.207e-01 3.597e-01 3.199e-01 9.198e-03 3.280e-02

midpoint 3.400e-01 3.197e-01 3.408e-01 1.468e-02 3.789e-04
leapfrog 3.377e-01 3.243e-01 3.385e-01 1.496e-02 2.514e-03

Table 5.2: Mean values of I1, I2 and I3, standard deviation in the total oscillatory energy
and relative maximum deviation of the total energy for the trigonometric methods, the
midpoint rule and the leapfrog method calculated on the interval [0, 1× 106] with ω = 50.
The calculations with the trigonometric methods and the midpoint rule used a step size of
h = 0.02 and saved every 100th point for the statistics. The calculation with the leapfrog
method used h = 0.002 which resolves all the fast oscillations to give a reference solution.
For the leapfrog method, every 1000th point was saved.

∣∣∣ Ī1−Ī1ref
Ī1
ref

∣∣∣ ∣∣∣ Ī2−Ī2ref
Ī2
ref

∣∣∣ ∣∣∣ Ī3−Ī3ref
Ī3
ref

∣∣∣ ∣∣∣σI−σIrefσIref

∣∣∣ 1
3

∑∣∣∣∣ Īj−ĪjrefĪj
ref

∣∣∣∣
(A) 3.11e-03 1.10e-02 7.40e-03 1.46e-02 7.17e-03
(B) 3.09e-02 6.86e-02 3.51e-02 1.23e-01 4.49e-02
(C) 1.07e-02 1.73e-02 6.61e-03 2.40e-01 1.15e-02
(D) 1.76e-04 5.88e-03 5.78e-03 1.27e-02 3.95e-03
(E) 1.72e-02 4.01e-02 2.18e-02 2.50e-01 2.64e-02
(G) 5.04e-02 1.09e-01 5.51e-02 3.85e-01 7.15e-02

midpoint 6.65e-03 1.41e-02 6.84e-03 1.92e-02 9.21e-03

Table 5.3: Relative absolute differences between the Ij and σI of table 5.2 and the reference
solutions computed using leapfrog, along with the absolute mean of the relative differences
in Ij .

ing the total oscillatory energy (see section 5.3.2). These methods show relative absolute
errors of about one percent for the mean oscillatory energy. For methods (B) and (G)
these errors are about five percent, though, for some components of the oscillatory energy,
they are significantly larger. The relative absolute errors for the standard deviation of the
oscillatory energy show even greater variation. The midpoint rule and methods (A) and
(D) have errors of a couple of percent; the error for method (G) is close to 40 percent of
the reference value.

In addition to getting the average values Ij , j = 1, 2, 3 correct, a numerical method
should give the correct distribution of Ij values, that is, it should visit the appropriate
parts of the Ij phase space for the correct amounts of time. We try to visualize this for
the various methods by plotting the probability distribution functions for I1 and I2 — see
figures 5.13 and 5.14.
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Figure 5.13: Flattened 3D histograms of the amount of time spent by solutions of the FPU
system in regions of the I1 − I2 phase space. Solutions were calculated on the interval
[0, 106] with ω = 50 and h = 0.02 (every 100th point saved), except for the leapfrog
solution which used h = 0.002, to resolve all oscillations and saved every 1000th point.
Plots for the remaining methods are shown in figure 5.14.
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Figure 5.14: More flattened 3D histograms of the amount of time spent by solutions of
the FPU system in regions of the I1 − I2 phase space. Solutions were calculated on the
interval [0, 106] with ω = 50 and h = 0.02 (every 100th point saved), except for the leapfrog
solution which used h = 0.002, to resolve all oscillations and saved every 1000th point.
Plots for the remaining methods are shown in figure 5.13.
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Method (A) (B) (C) (D) (E) (G) midpoint
‖P−P ref‖
‖P ref‖ 0.0547 0.1009 0.0685 0.0576 0.0904 0.1559 0.1233

Table 5.4: Relative normed differences for I1, I2 oscillatory energy probability distribu-
tions. (The distributions are plotted in figures 5.13 and 5.14).

Finding the best way to investigate the distribution is somewhat challenging: long
integration periods are necessary in order to be sure that the trajectories have time to
sufficiently sample the phase space of the system. This produces large amounts of data,
hence, only every 1000th data point was saved for the leapfrog method, and every 100th
data point from the other methods which used a larger step size. The sampling error due
to this procedure is a possible obstacle to good characterization of phase space structure.
In order to make probability distributions in figures 5.13 and 5.14 useful, a certain amount
of coarse-graining is necessary so that the structure of the distribution can be seen. We
divided the oscillatory energy I1 and I2 into 25 sections, or bins, in order that the three
dimensional histogram of the probability density function showed sufficiently significant
structures. Fewer bins tended to “smear out” features, while more bins made it difficult
to distinguish structures from the inherent noise.

The reference solution shows quite a lot of structure, with certain regions of the I1−I2

plane preferred over other regions. None of the methods considered here manage to re-
produce all of this structure correctly, though, some methods perform worse than oth-
ers. Methods (B) and (G) display almost the opposite behaviour to that of the refer-
ence solution, spending more time with no energy in the I2 and I3 components, while
the reference solution rarely has large amounts of energy in I1. Of all the methods,
method (D) seems to best reproduce the distribution in the reference solution. This is
supported by using the matrix of values with the I1, I2 frequency counts and calculating
‖distribution−reference distribution‖

‖reference distribution‖ for each of the methods. Doing so gave the results in table
5.4 where one sees that, for this measure, the match between method (G) and the reference
solution is about three times worse than for the best methods; (A) and (D).

In figure 5.15 we plot the probability distribution for I1 by itself. These plots have
the advantage that, by concentrating on a single component of the system, it is easier to
identify similarities and differences between the behaviour of the integrators. Here again,
differences between the distributions can be seen. The figure shows methods (B) and (G)
spending more time than the reference solution with low values of I1. The midpoint rule
appears to favour moderate values of I1 at the cost of time spent with I1 close to zero.

5.7 Conclusion

We list here some of the main points from the preceding sections of this chapter:
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Figure 5.15: Histograms of the amount of time solutions of the FPU system spent with a
particular fraction of the total oscillatory energy (horizontal axis) in I1. Solutions were
calculated on the interval [0, 106] with ω = 50 and h = 0.02 (every 100th point saved),
except for the leapfrog solution which used h = 0.002, to resolve all oscillations and saved
every 1000th point.
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1. Order three resonances are generally unstable and cannot be avoided, As a conse-
quence, trigonometric integrators are unstable for 3hω = 2nπ, n ∈ Z.

2. It is not enough to simply suppress resonances or to bound the variation in con-
served/adiabatic quantities as this can destroy other properties of the dynamical
system. Some of the trigonometric integrators show conserved quantities being pre-
served but at entirely the wrong value.

3. None of the trigonometric methods manage to capture all properties and some per-
form worse than the midpoint rule. Although the midpoint rule is implicit, while
the trigonometric integrators are explicit, the cost of evaluating matrix exponen-
tials or similar, for the trigonometric integrators, in contrast to various techniques
which reduce the cost of solving the system of implicit equations for the midpoint
rule, mean that the midpoint rule can not be automatically discarded on grounds of
computational cost.

Previous studies of trigonometric integrators have not considered structural prop-
erties and, consequently, have advocated the use of integrators such as method (G)
which we have shown gives incorrect, and misleading, results for the preservation of
various quantities such as oscillatory energy. The likely consequences of this are that
such methods are not able to correctly reproduce the behaviour of the dynamical
systems they may be employed to study.

(A) (B) (C) (D) (E) (G) (MPT)
H(hω) X × X X X X XX
H(h) O(h2) O(h) O(h) O(h2) O(h) O(h) O(h2)
I X × × X × × X

dIj/dt × X × × × × ×
Ij stats × × × × × × ×

Table 5.5: A quick comparison of the performance of various methods. H(hω) refers to
the effect of resonances on the energy error (see figures 5.4 and 5.5), while H(h) refers to
the energy error order behaviour of the methods for fixed hω.

Table 5.5 gives a comparison of the trigonometric methods and the midpoint rule for a
selection of criteria. It is far from exhaustive. Other sensible measures of performance
for highly oscillatory systems are other long-time averages, such as Lyapunov exponents.
More investigation into the role (if any) of modified symplecticity of trigonometric integra-
tors is also warranted, as is the investigation of multi-force trigonometric methods whose
filter functions should be able to satisfy a larger number of the requirements for preserving
various properties such as slow energy exchange. It is also important that future investiga-
tions of integrators for highly oscillatory problems make use of a variety of test problems;
or demonstrate that the properties of the test problems used are generic. Because the
FPU problem is so commonly used for comparison and evaluation of numerical methods,
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there is the possibility that the development of new methods will be driven by the FPU
problem leading to a narrowly applicable class of integrators.
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Chapter 6

An Application: A Coupled

Two-spin System

Data aequatione quotcunque fluentes quantitae involvente fluxions invenire et
vice versa — It is useful to solve differential equations.

— I. Newton, reported in [3]

In this chapter we draw together some of the points made earlier in this thesis and
illustrate them with a simple, yet non-trivial (and hopefully novel), application. We study
a coupled spin system in a magnetic field — the classical analogue of two interacting
magnetic moments, or spins, in an applied magnetic field. The motivation for studying
this system is the article by Robb and Reichl [118] where the authors draw a link between
chaos in the quantum Hamiltonian system of two coupled quantum spins, and the classical
Hamiltonian system obtained as the limit of the quantum system; with the quantum spins
replaced by angular momentum vectors. (We only look at the treatment of the classical
Hamiltonian system and make no claims regarding the dynamics of the quantum system.)

The criterion used by Robb and Reichl for stating that a system is chaotic is that the
iso-energetic Poincaré section of the system displays disorder. Such an approach allows one
to be misled by the numerical dynamics and hence Guckenheimer [48] cautions against such
an approach, suggesting instead that one should analyse the dynamical system; making use
of the Smale-Birkhoff homoclinic theorem [132], and looking for transverse intersections of
stable and unstable manifolds of periodic orbits. We take an approach somewhere between
these two: numerical results can be sufficient to indicate chaotic dynamics but one must
take care that the numerical trajectories accurately represent the dynamics of the original
system. While chaotic dynamics do indeed lead to disorder in an iso-energetic Poincaré
section, so too do poorly simulated dynamics, such as when the energy of trajectories is
allowed to drift, or when invariant structures which would indicate regular dynamics (such
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as KAM tori) are destroyed by a numerical integrator. Hence, a geometric approach to
such calculations is needed.

It is also important that numerical integration take account of properties specific to
the system being studied. The coupled two-spin system has a phase space given by the
Cartesian product of two S2 spheres. When the system is in canonical form (that is, when it
can be written in the form (1.13)) this property can be clearly seen and is preserved by any
one-step method. However, in canonical form, the equations of motion have a coordinate
singularity which numerical integrators may struggle to deal with. If the system is written
as a more general Poisson system (cf. §1.3) the coordinate singularity is avoided but the
equations of motion have coordinates in R6. Care must therefore be taken to restrict the
numerical solutions to the correct manifold.

We discuss this point in more detail in section 6.1 where we present the coupled two-
spin system and discuss its geometric structure. In section 6.2 we construct an appropriate
(symplectic) integrator for the two-spin system — based on splitting. Numerical results are
presented in section 6.3, where Poincaré sections calculated with the geometric integrator
of section 6.2 are contrasted with those from a “black-box” integrator, and in section 6.4
where accuracy and energy conservation are investigated.

This chapter is based on work published in the article [86] and the report [85].

6.1 Description of the system

We begin with the Hamiltonian obtained as the classical limit of a system of two interacting
magnetic moments/quantum spins in an applied magnetic field [118]:

H (S1, S2) = −µ(S1xS2x + S1yS2y) + λ(S1x + S2x), (6.1)

where S1 = (S1x, S1y, S1z)> and S2 = (S2x, S2y, S2z)> are the angular momentum vectors
in R3. The system consists of an xy interaction between the two moments, or spins, given
by the first term, and an interaction with a magnetic field applied in the x direction. The
strength of the coupling between the spins is given by µ and the strength of the applied
magnetic field is given by λ. Such systems may play a role in the investigation of quantum
chaos: one asks whether a quantum system displays chaos for the same parameter values
as its classical limit [118, 116, 37].

In Cartesian coordinates the equations of motion for the system (6.1) are given by

dSl
dt

= −Sl ×
∂H

∂Sl
=

 Slx

Sly

Slz

×
 µSmx − λ

µSmy

0

 , (6.2)

where × is the usual cross product and where l,m = 1, 2, l 6= m. This is a Poisson system
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(cf. §1.3) with the generalised Poisson bracket

{F,G}(S) = ∇F (S)>J(S)∇G(S),

where S> = [S>1 , S
>
2 ], and where J(S) depends linearly on S, namely,

J(S) =



0 −S1z S1y 0 0 0
S1z 0 −S1x 0 0 0
−S1y S1x 0 0 0 0

0 0 0 0 −S2z S2y

0 0 0 S2z 0 −S2x

0 0 0 −S2y S2x 0


.

The equations of motion (6.2) can be expressed compactly as dS
dt = J(S)∇H(S). The

functions ‖S1‖ and ‖S2‖ are a special type of first integral — a Casimir : for an arbitrary
scalar function G, they satisfy

{‖Sl‖, G} = 0, l = 1, 2,

as is easily verified by computing (∇‖Sl‖)>J(S) = 0. Since ‖S1‖ and ‖S2‖ are the lengths
of the spin vectors, the fact that they are constant simplifies the dynamics of the system.

The system can be put into canonical form by first making the coordinate transforma-
tion

Slx 7→ r sin θl cosφl,

Sly 7→ r sin θl sinφl,

Slz 7→ r cos θl,

and then setting ql = φl, pl = r cos θl. (Since the spin lengths are constant we promptly,
and without loss of generality, fix r = 1.) In the canonical coordinates the Hamiltonian
reads

H(q, p) =− µ
(√

1− p2
1

√
1− p2

2 cos(q1 − q2)
)

+ λ

(√
1− p2

1 cos q1 +
√

1− p2
2 cos q2

)
. (6.3)

The corresponding equations of motion then have the familiar form d
dt(q

>, p>)> = J−1∇H(q, p),
where J is the usual structure matrix (e.g as defined in equation (1.13)). When written
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in terms of φl and θl the equations of motion become

φ̇l = µ cos(φl − φm) cot θl sin θm − λ cot θl cosφl (6.4)

θ̇l = −µ(−1)l sin θm sin(φl − φm)− λ sinφl, l = 1, 2. (6.5)

The equations of motion (6.4) and (6.5) have the advantage that solutions of the
equations are automatically constrained to the correct manifold — S2×S2 — independent
of the numerical integrator. The price of this, is that (6.4) the equations for φ̇l are singular
at θl = 0, π. This can cause problems for numerical integrators since the differential
equation can become arbitrarily large when one of the spins passes close to the north or
south pole of the sphere.

The Poisson system of equations (6.2) in Cartesian coordinates is amenable to solution
via a geometric integrator consisting of the composition of three planar rotations [40, 133,
134]. This is similar to the well studied case of the free rigid-body [84, 90, 55]. Possible
advantages of such a treatment are:

• The system of equations given by (6.2) is free from the coordinate singularity which
affects the system in spherical coordinates; (6.4) and (6.5). The singularity may
cause a numerical integrator to make large errors (or may require a large step size
reduction to avoid them).

• The integrator preserves the symplectic structure of the system and almost preserves
the value of a nearby Hamiltonian for exponentially long times. An important con-
sequence in this case is that the energy error in the computed solution oscillates
about the correct value rather than drifting away as it would for the case of a clas-
sical integrator. This is important if one wishes to calculate iso-energetic Poincaré
sections.

• The geometric integrator can be implemented reasonably cheaply. A first order
method requires the composition of three rotations (i.e. multiplication by a pair of
3×3 rotation matrices), a second order method needs five rotations (multiplications).
The second order method is symmetric, so, if output is not needed at the end of
each step, the rotations at the end of one step can be combined with those at the
beginning of the next and the number of matrix multiplications can be reduced to
four. The trigonometric functions in the rotation matrices can be replaced by an
approximation to further reduce the cost of the method.

• The rotation matrices used for the geometric integrator all have a determinant of
one. This conserves the magnitude of the spins ‖Sl‖, so that solutions remain on
the correct manifold. This is generally not the case for a classical integrator applied
to equation (6.2).
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6.2 The generalised leapfrog integrator

If the Hamiltonian (6.1) is split as H = Hx+Hy+Hλ = (−µS1xS2x)+(−µS1yS2y)+λ(S1x+
S2x) then the component vector fields in XH = XHx+XHy+XHλ can be integrated exactly.
The solutions to the individual components of the vector field are given by rotations about
the x and y axes for the interaction between the two spins and a rotation about the x axis
due to the interaction between the spins and the applied magnetic field. In matrix form,
these rotations are given by

Rlx(t) =

 1 0 0
0 cosαt sinαt
0 − sinαt cosαt

 , Rly(t) =

 cosβt 0 − sinβt
0 1 0

sinβt 0 cosβt

 ,

Rlλ(t) =

 1 0 0
0 cos γt sin γt
0 − sin γt cos γt

 , l = 1, 2,

where α = µSmx(t0), β = µSmy(t0), m = 1, 2, m 6= l, and where γ = −λ.
Replacing t with a time step h and composing the rotations gives a symplectic inte-

grator for the system (6.2). Using the notation

R•(h) =

[
R1•(h) 0

0 R2•(h)

]
,

an integrator of order p is given by choosing ai, bi, ci, i = 1, . . . , k such that S(t0 + h) =∏k
i=1Rx(aih)Ry(bih)Rλ(cih)S(t0) +O

(
hp+1

)
. We use the second order method given by

k = 6 and a1 = b2 = c3 = c4 = b5 = a6 = 1
2 with all other a, b, c set to zero. This is

the well known “generalised leapfrog” method. The central stages of the method coalesce
and can be combined. Since the composition is symmetric, when output is not required at
every step, the outer stages of the composition can also be combined so that the method
requires only four stages per time step.

More details on the derivation of splitting methods for geometric integration, in par-
ticular higher order splittings with a minimal number of stages, can be found in [147].
The choice of optimal coefficients for such splittings is discussed in [90].

6.3 Poincaré sections of the two-spin system

We study the iso-energetic Poincaré section given by θ2 = π/2, θ̇2 > 0, and E = −0.1 (see
§4.6 for details on the procedure of constructing a numerical Poincaré section). The change
of variables θl 7→ π−θl leaves the energy and the sign of θ̇2 unchanged — it is a symmetry
of the Poincaré section. When either λ or µ is zero, the two-spin system is integrable.
In [118], Robb and Reichl solved the system of equations given by (6.4) and (6.5) for
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λ = 0.02, 0.2, 0.5, 2.5 and with µ = 1. Their goal was to show that for small or large values
of λ the system is close to the λ = 0 and µ = 0 integrable limits and, for intermediate
values of λ, the system is far from integrable and displays chaos. Our goal, on-the-other-
hand, is to show that such calculations are best done in a geometric fashion, otherwise
one encounters computationally expensive, or even misleading, numerical results.
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Figure 6.1: Poincaré sections of the coupled two-spin system for λ = 0.02, 0.2, 0.5 and
2.5 with energy E = −0.1 generated with the generalised leapfrog method with τ = 0.1.

We calculate the same Poincaré sections as in [118], first using the same system of
equations (6.4) and (6.5) as Robb and Reichl, and integrating the equations with a clas-
sical “black-box” integrator. (In this case ode45 from the Matlab package odesuite, with
RelTol=10−4, an order (4,5) Dormand-Prince pair with step size control. See [128] for
details). We then recalculate the same Poincaré sections using the Poisson system of
equations (6.2) and the generalised leapfrog integrator of section 6.2. The Poincaré sec-
tions generated by the generalised leapfrog method are shown in figure 6.1, those from the
“black-box” integrator are shown in figure 6.2.

The “natural” manifold for the Poincaré sections is not R2, but rather, the S2 sphere
— plotting the sections on this surface prevents the regions about θ1 = 0 and θ1 = π
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Figure 6.2: Poincaré sections of the coupled two-spin system with applied magnetic field
for λ = 0.02, 0.2, 0.5 and 2.5 with energy E = −0.1 with a classical “black-box” integrator;
ode45 with RelTol=10−4.

from being distorted. Figure 6.3 shows the resulting view of the Poincaré sections for the
generalised leapfrog method.

Both sets of Poincaré sections manage to demonstrate that for λ = 0.02 the two-
spin system is close to integrable, while for λ = 0.5 it is mostly chaotic, though the
computational cost for the “black-box” method is an order of magnitude greater. This
increased cost is most likely due to the integrator struggling to maintain accuracy for
trajectories which pass close to the coordinate singularities at θl = 0, π. (We look closer
at the effect of the coordinate singularities on accuracy in §6.4.1.) Even when the Poincaré
sections show large regions of chaos (e.g. for λ = 0.2, 0.5) the sections still show significant
regions of regular dynamics. KAM tori can be clearly seen — particularly in the sections
of the generalised leapfrog method, which being symplectic preserves most invariant tori.
The classical integrator, which is not symplectic, does less well — though through brute
force (via error estimation and step size control) — it manges to reproduce these structures
to some extent for an integration period equivalent to about 9000 time steps of the leapfrog
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Figure 6.3: Poincaré sections of the coupled two-spin system with an applied magnetic
field for λ = 0.02, 0.2, 0.5 and 2.5 with energy E = −0.1 generated with the generalised
leapfrog method when plotted in spherical coordinates.

method.

Both integrators, to some extent, show “smearing” of the invariant curves in the
Poincaré sections, though this effect is far more pronounced for the classical integrator
(where one might be excused for confusing the distorted invariant curves of the λ = 2.5
section with chaotic behaviour). For the classical integrator, the energy of the trajecto-
ries drifts away from its initial value, rather than remaining close to it as the generalised
leapfrog integrator does — again due to the fact that leapfrog is symplectic. We quantify
this effect in section 6.4.1.

When calculating the Poincaré sections, one quickly sees that not all the points on the
sphere correspond to initial conditions for the Poincaré map. That is, there are regions
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of the Poincaré section which do not intersect the constant energy surface (in this case
E = −0.1). In order to find the boundaries of such regions we set the Hamiltonian (6.1)
equal to a fixed energy E. Since S2z = 0 for the Poincaré section the requirement that
‖S2‖ = 1 becomes S2

2x +S2
2y = 1, or rather, that S2 lie on the unit circle. The intersection

of the Poincaré section with the constant energy surface is therefore given by

−µ(S1x cosφ2 + S1y sinφ2) + λ(S1x + cosφ2) = E.

This has at least one solution when (S1x−λ/µ)2 +S2
1y ≥ (E−λS1x)2/µ2. The projection

of the excluded region onto the equatorial (xy) plane by Sz = 0 is given by the intersection
of the unit disk with the interior of the closed curve

S2
1y =

(E − λS1x)2 − (µS1x − λ)2

µ2
, S1x ∈ [−1, 1]. (6.6)

Then, re-projecting onto the surface of the unit sphere, the boundary of the excluded
region is given by S2

1z = 1− S2
1x − S2

1y.

In figure 6.4 we indicate the excluded regions of the Poincaré sections, plotted on the
sphere, and viewed from the north pole. When λ is small the excluded regions include
the north and south poles of the spheres. For large values of λ the excluded region also
becomes large and its centre shifts towards the equatorial plane.

The equations of motion for the system allow for trajectories of S2 which are tangential
to, but do not cross, the S2z equator. Such trajectories are not included in the Poincaré
sections as they do not satisfy the condition Ṡ2z < 0. By solving the system of equations
Ṡ2z = 0, ‖S1‖ = 1, ‖S2‖ = 1, S2z = 0 and the constant energy equation E = −µ(S1xS2x +
S1yS2y) + λ(S1x + S2x) we can obtain the equation for the curve in the Poincaré section
which corresponds to the tangential crossings. This is exactly the curve described by
equation (6.6) and which gives the boundary of the excluded region of the Poincaré section.
That is, the boundaries of the excluded regions in figure 6.4 are the curves where the
flow is tangential to the Poincaré sections. The Poincaré map can become singular at the
boundary of the excluded region, and this (rather than the coordinate singularity to which
Robb and Reichl attribute this effect), explains the apparently singular behaviour of some
of the invariant curves in figure 6.4.

6.4 Accuracy, local error & energy preservation

6.4.1 Effect of the coordinate singularity on local error

As mentioned in section 6.1, the coordinate singularity in the equations of motion (6.4)
and (6.5) in spherical coordinates can cause large local errors in the solutions of numerical
integrators when the solution passes close to the singularity. Quantifying the effect of the
singularity on the error committed by the numerical integrator is complicated by the fact
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Figure 6.4: Poincaré sections of the coupled two-spin system with applied magnetic field
for E = −0.1 and λ = 0.02, 0.2, 0.5 and 2.5 as viewed from the north pole of the sphere.
The excluded regions are shaded.

that for a fixed value of, say, θ1 we have (in spherical coordinates) four other parameters
(φ1, φ2, θ2 and λ) which can affect the error in a single step.

Our approach is to hold φ2 and θ2 fixed at π/4 and π/2 respectively and to calculate
the local error, with respect to a numerically computed reference solution, in the Euclidean
norm for a range of values of φ1, θ1 and λ. We then take the worst case over the range of
φ1 values. That is, we calculate

Err(θ1, λ) = max
φ1∈U

∥∥∥Φh(φ1, φ2, θ1, θ2)− Φref
h (φ1, φ2, θ1, θ2)

∥∥∥ , (φ2, θ2) = (π/4, π/2),

where U is a grid of φ1 values in the interval [0, π]. This allows the local error to be
plotted as a function of θ1 for various values of λ as shown in figure 6.5. We compare
the results from Heun’s method — the explicit, second order Runge-Kutta method with

Butcher tableau
1
2

1
2

1
— applied to the system of differential equations (6.4), (6.5), with

those from the generalised leapfrog method (also second order and explicit) applied to the
singularity free system (6.2). Both integrators used a step size of h = 0.1.

By fixing θ2 at π/2, well away from the value which would lead to a singularity in the
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Figure 6.5: Local error as a function of θ1 for Heun’s method applied to (6.4) & (6.5)
(solid lines) and for the generalised leapfrog method applied to (6.2) (dotted lines). Initial
conditions were φ2 = π/4, θ2 = π/2 with φ1 chosen so as to give an approximate “worst-
case” for the local error from each method. Four values of λ were used: 0.02, 0.2, 0.5 and
2.5 (circles, boxes, stars and triangles respectively). As θ1 approaches zero the local error
for the system in spherical coordinates grows like O

(
θ−2

1

)
.

equations of motion for φ̇2 we attempt to isolate the effect of the singularity to the φ̇1.
Numerical investigation indicated that the effect of θ1 and θ2 both approaching zero does
not appear to be additive, that is the error when both θ1 and θ2 are near zero is of the
same size as when either θ1 or θ2 are near zero.

For values of θ1 (and θ2) away from the singularity the local errors for the two integra-
tors, and two coordinate systems, are of the same order of magnitude. As θ1 approaches
zero the local error for Heun’s method with the system (6.4) and (6.5) grows like O

(
θ−2

1

)
.

The same rate of error growth as θ1 → 0 was seen for other initial conditions, hence,
when the singular equations of motion are used, if the step size is not reduced (near the
singularity) the local error is likely to shift the numerical solution away from the true
solution.

6.4.2 Energy preservation

The Hamiltonian, or total energy, is an invariant of the two-spin system. Here we briefly
look at the effect of both, the choice of integrator, and the choice of coordinate system,
on energy conservation.
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In figure 6.6 we plot the total energy and the value of θ1 for the numerical solutions
from Heun’s method applied to (6.4), (6.5). The same calculation for the generalised
leapfrog method, applied to the differential equation (6.2) is shown for comparison. Both
methods used a step size of h = 0.1. Jumps in the energy of the solution from Heun’s
method can be seen when θ1 passes close to zero.
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Figure 6.6: Energy E and θ1 for solutions of the two-spin system with equations of motion
(6.4) & (6.5) integrated with Heun’s method (RK2 — dashed lines). The same calculation
for the differential equation (6.2) and computed with the generalised leapfrog method (LF
— solid lines) is given for comparison. The jumps in the energy of the RK2 solution can
be seen to correspond to points where θ1 (modulo π) approaches zero. For this example
λ = 0.2, h = 0.1. The initial conditions were (φ1, φ2, θ1, θ2) = (0, π/2, 0.1, π/2).

The same effect can be seen in a more striking fashion when the integration period
is large; figure 6.7. In fact, the singularity due to the choice of coordinate system has a
far larger effect on the energy error than the choice of integrator. When Heun’s method
is applied to the equations of motion (6.2), which are free of coordinate singularities, one
observes energy drift, which though far worse than for the (symplectic) generalised leapfrog
method, is never-the-less, an order of magnitude less than for the differential equations
(6.4) and (6.5) — as figure 6.8 shows.
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Figure 6.7: While the energy remains nearly constant for the system (6.2) in Cartesian
coordinates when integrated with the generalised leapfrog method (LF), the energy of
the system (6.4) & (6.5) in spherical coordinates, and integrated with Heun’s method
(RK2) fluctuates dramatically. The initial conditions used here were (φ1, φ2, θ1, θ2) =
(0, π/2, 0.1, π/2) with λ = 0.2 and a step size h = 0.1.

6.5 Conclusion

The choice of both coordinate system and integration method are significant for the so-
lution of the equations of motion for the coupled two-spin system (or for spin systems
more generally). Although the spherical coordinates used in [118] automatically restrict
the solution to the correct manifold when using a classical integrator, the price of this is
the singularities introduced to the equations of motion.

The geometric integrator consisting of a composition of planar rotations avoids the
problem of singularities by working in Cartesian coordinates but does not destroy the
property that the solutions remain restricted to the correct manifold (S2×S2), as a classical
integrator might in the same coordinate system. In order to mitigate growth of the local
error near the singularities (when using a classical integrator) it was necessary to adjust
the step size of the integrator. This made calculation of trajectories (for the Poincaré
sections) with the generalised leapfrog integrator significantly faster even when compared
with a classical integrator of twice the order.

The Poincaré sections produced from the two different methods and coordinate systems
are comparable in that both are able to show most of the same features, though those
from the classical integrator and using the spherical coordinates are more expensive to
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Figure 6.8: Solving the two-spin system (6.2) in Cartesian coordinates with Heun’s method
(RK2) causes a gradual drift in the value of the energy while the energy of the solution
from the leapfrog integrator (LF) oscillates about the initial value. Again, (φ1, φ2, θ1, θ2) =
(0, π/2, 0.1, π/2) with λ = 0.2 and h = 0.1.

produce and are more susceptible to “smearing” of the invariant curves if care is not taken
to control the local error near the singularities. Both methods display chaotic orbits for
the same parameters and in the same regions of phase space. As expected, the generalised
leapfrog method excels at preserving invariant structures, such as KAM tori and periodic
orbits, on account of being symplectic. The persistence of empty regions in the Poincaré
sections are due to the particular choice of the constant energy surface which does not
satisfy the Hamiltonian for all points in the phase space. On the boundary of the excluded
regions the trajectories of the system are tangential to the Poincaré section leading to the
apparently singular behaviour of some of the orbits near this region.

The combination of the spherical coordinates and the classical integrator causes jumps
in the energy when the solution passes near to a singularity. These are an order of mag-
nitude larger than the energy itself and give greater energy errors than those due to the
familiar phenomenon of energy drift which occurs with classical integrators.
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Chapter 7

Closing Remarks and Open

Questions

The aim of this thesis was to give insight into the preservation of phase space structure
of Hamiltonian differential equations, in particular by symplectic numerical integration
algorithms. This insight arises in two ways: theorems and conjectures on the conditions
under which integrators preserve phase space structures, and applications illustrating the
consequences of different treatments of these structures by different types of numerical
integrators.

Chapter 1 gave a background to numerical integration of differential equations in-
cluding linear multistep, (partitioned) Runge-Kutta, and splitting methods. Hamilto-
nian systems were introduced and their features and dynamics, such as energy- area- and
volume-preservation and symplecticity, were discussed. Geometric numerical integration
was introduced. Examples of current (in particular, symplectic) integrators were given
and the difference between a classical and a geometric approach to numerical integration
was presented. As part of this, backward error analysis was explained.

Chapter 2 discussed what is currently known about the preservation of invariant sets
of differential equations by numerical integrators, geometric or otherwise. This included
fixed points and their linearizations, stable/unstable manifolds, periodic orbits, invariant
tori and chaotic sets as well as statistical properties. It also presented a theorem concern-
ing preservation of fixed points by splitting methods, which we are unaware of existing
previously in the literature.

In preparation for dealing with the preservation of periodic orbits, chapter 3 gave a
background to KAM theory including a description of Kolmogorov’s iteration and proof
of its convergence for perturbations of integrable Hamiltonian systems.

Chapter 4 discussed the preservation of periodic orbits of Hamiltonian differential
equations when discretized with a symplectic integrator. (Detailed summaries of chapters
4, 5 and 6 occur at the ends of the respective chapters.) The important differences between
periodic orbits of Hamiltonian systems and of other differential equations were explained:
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periodic orbits of Hamiltonian systems form 1-parameter families while periodic orbits of
dissipative systems are generally isolated.

A result of Moan was used to embed the numerical trajectory of a symplectic integrator
in a non-autonomous flow. By applying a KAM theorem of Jorba and Villaneuva it
was then shown that when a periodic orbit of a Hamiltonian system is discretized by a
symplectic integrator with a step size strongly non-resonant with the period of the orbit,
the periodic orbit is replaced by an invariant 2-torus with one frequency close to that of
the original frequency of the periodic orbit and one given by 2π/h. The magnitude of the
motion in the new periodic coordinate is exponentially small.

This result differs from the existing result of Shang, concerning preservation of full
dimensional invariant tori by symplectic integrators, in that it perturbs the frequency of
the periodic orbit. It is an interesting (and difficult) question as to whether an approach,
such as Shang’s, which gives a direct KAM theorem for symplectic maps, without any
embedding step, can be obtained for lower dimensional tori such as periodic orbits.

The result for the preservation of periodic orbits holds for any lower dimensional tori
which satisfy the conditions of the theorem. This includes fixed points (tori of dimension
zero) and full dimensional tori. An interesting idea is to use the results of the theorem for
lower dimensional tori to study cases such as fixed points, or full dimensional tori where
results are already known from different theorems. Any differences or similarities may give
a better understanding of the dynamics of Hamiltonian systems.

Chapter 4 also conjectured that for systems of two or more degrees of freedom, periodic
orbits discretized by a symplectic integrator with a resonant step size break up into sets of
elliptic and hyperbolic periodic points in the same fashion as periodic orbits of one degree
of freedom systems break up under the Poincaré-Birkhoff fixed point theorem. A detailed
numerical investigation of the discretization of periodic orbits in the two degree of freedom
Hénon-Heiles system was used to support this conjecture. In light of this, the effect of
this break up on steady-state solutions of Hamiltonian partial differential equations with
periodic boundary solutions should be studied. We explained in section 4.6 of chapter
4 that in such a situation the conjecture applies, since the (symplectic) discretization of
such a system necessarily leads to a periodic orbit discretized by an integrator with a
resonant step size. The implication is that only symplectic discretizations of Hamiltonian
partial differential equations with periodic boundary conditions reproduce the steady-state
solutions of the system. Additionally, a similar, though more complicated, situation may
occur for travelling waves with constant wave speed if the wave speed is a rational multiple
of the spatial grid spacing.

In chapter 4, the numerical investigations of resonance only considered the effect of
resonances between the frequency of a periodic orbit and the step size of a numerical
integrator. However, the strong non-resonance condition in theorem 4.6 is more general
than this: it also includes the effects of the “normal” frequencies — the Floquet multipliers
(or their generalizations). Investigation of the behaviour of a symplectic integrator for
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resonances involving this sort of condition appears to be an open (and difficult) question.
A more complete description of the phase portrait in the neighbourhood of a periodic orbit
also remains as an open problem.

The KAM theorem of chapter 4 holds the perturbation size fixed and uses the frequency
of the periodic orbit as a parameter. The reason being that the fixed perturbation size
corresponds to a fixed non-autonomous perturbation of the original differential equation
due to the embedding theorem, and this perturbation size in turn, corresponds to a step
size of the symplectic integrator. Hence, changing the step size of the integrator affects
both the perturbation size and the perturbation frequency. It seems unlikely, therefore
that it would be possible to use the perturbation size as parameter to ensure convergence
in a KAM-type theorem. However, investigation of this possibility may yield a better
understanding of the dynamics, if not a positive result for preservation of periodic orbits.
One possibility in this regard is that the non-autonomous perturbation need not be unique.
There may be a family of perturbations of different sizes but with the same step size and,
hence, frequency.

Chapter 5 dealt with integrators designed for Hamiltonian systems of differential equa-
tions with constant, high frequency, oscillations arising from a quadratic term. It presented
trigonometric integrators — a class of numerical integrator which can solve such problems
with a step size equal to, or greater than, one period of the fast oscillation. Such inte-
grators are computationally efficient but little is known about their geometric properties
including their treatment of phase space structure. The methods can be symplectic but
often are not. When they are, it does not seem to help them greatly in preserving the
dynamics of differential equations.

Trigonometric integrators were studied with respect to a range of criteria: energy
and oscillatory energy preservation, slow exchange of oscillatory energy and statistical
properties concerning the amount of time their solutions spent in different regions of the
phase space of a chaotic differential equation — the Fermi-Pasta-Ulam system. It was
shown that the trigonometric integrators suffer from higher order resonances, in addition
to the lower order resonances which were already known to affect them. It was also shown
that those trigonometric integrators which suppress low order resonances do so at the cost
of forcing invariant or adiabatic quantities to be conserved at the wrong values. Such
results are concerning since there are no associated warning signs, such as instability or
rapid energy growth, to indicate that something is awry. The results of the trigonometric
integrators were compared to those of the midpoint rule using the same step size. It was
shown that none of the trigonometric methods managed to perform well on all the tests,
and some performed worse than the midpoint rule.

Open questions from this chapter include what sort of properties should one require
such integrators to preserve, in addition to, (or instead of), the properties used as criteria
in evaluating the trigonometric integrators. Also, is it possible to construct a numerical
integrator which manages to take step sizes larger than one period yet still manages to



154 Chapter 7. Closing Remarks and Open Questions

preserve structural properties of the differential equations? Two promising avenues for
this last point are multi-force trigonometric integrators and Hamilton-Jacobi integrators.
The first use a linear combination of filter functions and therefore allow greater flexibility
in the conditions necessary for the method to preserve various properties. The Hamilton-
Jacobi methods show promise since they are derived via a generating function and are
automatically symplectic; results such as KAM theory can therefore be applied. Such
methods, however, are rather complicated and, potentially, computationally expensive.

Chapter 6 considered the example of a coupled two-spin system in a magnetic field
and dealt with the most fundamental phase space structure — the phase space itself.
Depending on the system of coordinates in which it is written, the differential equations
may automatically preserve the correct phase space with any numerical integrators, but
at the cost of introducing a coordinate singularity into the equations of motion.

A geometric integrator (the generalised leapfrog method) was constructed such that
the phase space was preserved in a coordinate system without singularities. Results from
a classical integrator were compared with those of the generalised leapfrog method for
producing Poincaré sections. The effect of the coordinate singularity (and the choice of
integrator) on the accuracy and the energy preservation were illustrated.
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[70] À. Jorba. A methodology for the numerical computation of normal forms, centre
manifolds, and first integrals of Hamiltonian systems. Exp. Math, 8(2):155–195,
1999.
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[73] À. Jorba and J. Villanueva. On the persistence of lower dimensional invariant tori
under quasi-periodic perturbations. J. Nonlinear Sci., 7(5):427–473, 1997.

[74] F. Kang. Difference schemes for Hamiltonian formalism and symplectic geometry.
J. Comput. Math., 4, 1986.

[75] U. Kirchgraber. Multi-step methods are essentially one-step methods. Num. Math.,
48(1):85–90, 1986.

[76] A. N. Kolmogorov. On conservation of conditionally periodic motions under small
perturbations of the Hamiltonian. Dokl. Akad. Nauk. SSSR, (cited in [55]), 98:527–
530, 1954.
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