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Abstract

It is known that in the problem of statistical discriminant analysis,
the linear discriminant function performs poorly when the dimension of
the data, p, is large. It has been demonstrated by Marco, Young and
Turner (1987) that the much simpler Euclidean distance classifier may
out-perform the usual linear discriminant function under certain
conditions. Their conclusions were arrived at from a simulation
experiment which compared the probabilities of misclassification
associated with the Euclidean distance classifier with those of the linear
discriminant function, under certain conditions. In this dissertation, the
asymptotic expansions of the probabilities of misclassification (the
expected actual and expected plug-in error rates) associated with the two
discriminant functions are obtained. These error rates are then used to

investigate the relative performances of the two methods.

Chapter 1 introduces the problem of discriminant aralysis and
describes the two competing procedures for discriminant analysis and
some associated error rates. Then Chapter 2 reviews previous results, in
the literature which show that the Euclidean distance classifier can
perform better than the linear discriminant function. Chapter 3 gives the
asymptotic expansions of the error rates, i.e. the expected actual error
rate, and the expected plug-in error rate. The relative performances of
the two methods on the basis of the asymptotic expansions are discussed in

Chapter 4. The results show that in general the plug-in error rates for the



iii
Euclidean distance classifier give better estimates of the actual error rates
for all dimensions of p which were considered, when compared to the
linear discriminant function. Furthermore, the aciual error rates for the
Euclidean distance classifier also seem to give better estimates of the true
error rates at large dimensions of p, when compared to the linear
discriminant function. Certain situations where the linear discriminant
function performs better than the Euclidean distance classifier are also
identified. Final conclusions, discussions and recommendations for

further work are given in Chapter 5.
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CHAPTER 1

INTRODUCTION

Section 1.1 : Introduction

The basic problem of statistical discriminant analysis is to assign an
object, X, of unknown origin to one of two (or more) distinct groups on
the basis of a set of measurements on the object. It is also important that
the classification of an unknown observation to a group be carried out
with a low probability of misclassification (which is usually referred to as

the "error rate").

In this project we consider only two distinct groups, [T, and II,,
which have multivariate normal distributions. Then, as shown in
Figurel.l, our basic problem is to classify an object with observation x,
of unknown origin, to population IT, with probability density function
f, (X) or to population IT, with probability density function f, (X). In
this dissertation f, (X) denotes a multivariate normal distribution of

dimension p with mean vector p; and covariance matrix X 1i.e.
N, (y;,Z) for i=1,2.



population [T, population IT,

f,(x)=N, (1, Z)

Figure 1.1 : Illustration of a basic problem of statistical discriminant

analysis with two populations.

(R
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The following example illustrates the fundamental features of

discriminant analysis.

Example 1.1

Consider two populations IT, and IT, of two distinct varieties of

wheat. Suppose that for each member (plant) of these two populations, the

following observations are made

X,  plant heights (cm)

X, number of effective tillers

X, length of ear (cm)

X, number of fertile spikelets per 10 ears
X5  number of grains per 10 ears

X¢  weight of grains per 10 ears (gm).

Assuming that the two groups (populations) are six dimensional normal
populations with different (unknown) mean vectors p,, i, and the same
(unknown) covariance matrix X, discriminant analysis considers the
problem of classifying a plant with observation
X=(X;,Xq:X5,%y,X5:Xg )T to one of these two varieties. In this report
x T denotes the transpose of vector or matrix x. To do this we usually
develop a classification rule (or discriminant function) which, in most
cases, is a function of the measurements on the particular plant x, and of
the parameters of the distributions, namely p,, p, and X. Naturally, the
classification should be done with some acceptably small probability of

misclassification.



Section 1.2 : Classification Rules

As mentioned earlier. in order to classify the observation, x, of
unknown origin into population IT, or IT,, we need a classification rule.
There are several classification rules which have been developed on the
basis of different optimality criteria. For example, the quadratic
discriminant function. the standard linear discriminant function and the
Euclidean distance classifier are three of the many classification rules
(see, for example Raudys and Pikelis (1980), Seber (1984, Chapter 6)). In
this dissertation we focus on only two classification procedures. namely
the linear discriminant function and the Euclidean distance classifier. We
shall refer to these procedures as the LDF and the EDC respectively. Of

these two rules, the linear discriminant function is used more widely .

It was mentioned earlier that we consider the situation where there
are only two populations. Thus, if R denotes the p-dimensional space of

all possible values of X, then forming a rule of classification involves

partitioning R into two mutually exclusive regions R, and R,. Suppose
we classify the object with observation X to [T, if it falls in R, and to II,
if it falls in R,. Sometimes an object will be classified to-the wrong
group and a good classification rule aims to keep the probability of
misclassification as small as possible. Let P(i/j) be the probability of
misclassifying an object into IT; when it actually belongs to IT; (1# j).

Then

PGi/j)=f f;(X)dX (izj=1,2).
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Let q; be the prior probability that the observation comes from II;, 1.e.

the proportion of the ith group in the general population. Then, the total

probability of misclassification is given by
T(R,f)=q,P(2/1) + q,P(1/2)

=g BIX) & + g fp BOX) 6
=q,[1-f, £(X) dX] + q,f f(X) dX
TR =q, + fo (4, (X)-q,f (X)] dX (1.1)

To minimise the total probability of misclassification we choose R, so
that [q,f, (X) - q,f,(X)] < O for all X in R,. Thus the classification rule
is to classify X to IT, if (f,(X)/f,(X))>(q,/q,). Otherwise it is
classified to I1,; see, for example Seber (1984, Chapter 6).

For multivariate normal populations. the classification rule which
i1s obtained following the minimization of the probability of

misclassification is the linear discrimination function, given by :

Classify individual with observation x to population IT, if
D;.(x) > k,
or classify individual with observation x to population IT, if

D.(x) < k,

where D, (x)=(p, —p,)" =7 [x=1/2(p,; +p,)]. (1.2)
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The subscript "L" denotes the Linear discriminant function. The constant
k is usually taken to be log of (q, / q,). Details are available in Anderson
(1984, Chapter 6), Lachenbruch (1975) and Seber (1984, Chapter 6), for
example. In this project, we choose k to be zero which means that the two
populations are assumed to occur in equal proportions. In this case, the

linear discriminant function follows a Bayes procedure.

An alternative classification rule is the Euclidean distance classifier.

In this rule we classify an individual with observation x to population IT,

if

Dg(x) > k,
or classify individual with observation x to population IT, if
De(x) £ Kk,
where Dg (x)=(p, —1,) T [x =1/2(, + ;)] (1.3]

The subscript "E" denotes the Euclidean distance classifier. Again, we

choose k to be zero.

Comparing the algebraic expressions for D, (x) and Dg(x) we
can see that the Euclidean distance classifier is a simpler discriminant
function than the linear discriminant function since it requires no matrix
inversion. It thus avoids (i) the difficulties of inverting the covariance
matrix when the data dimension is large relative to the training sample
size and (ii) the problem associated with getting reliable estimates of the
covariance matrix when sample sizes are small (when we use sample-
based classification rules). In terms of performance, the linear
discriminant function is known to perform poorly when dimension p

becomes large (relative to sample size, n).



Section 1.3 : Error rates

The discriminant functions D, (x) and Dg(x) as given in

expressions (/.2) and (/.3) are the population linear discriminant
function and the population Euclidean distance classifier repectively.
They are obtained by assuming complete knowledge of the parameters of
the probability density functions f;(X) and f>(X). As is well known. in

most practical situations the parameters are not known.

Consider the situation when all population parameters are known.
In this case the overall error rate (probability of misclassification)
associated with the linear discriminant function. which is denoted here by
pL , 18 given by
(L) (L)

PL =9P21° T 92P12° > (l.4)

where p; is the probability of misclassifying an observation X into
population i when it actually belongs to population j, (i # j=1.2). Since it

is assumed that q, =q, =1/2. py;’ is given by

ph! =Pr[Dy (x) < 01 xTl;]

1
pE =@~ )T E7 ()1 ) (1)

par =®(-4/2)

1
where A={(n, - p)" =71y - 1y) )2 (1.5a)
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is the so called "Mahalanobis distance” between the two populations, and

®(-) is the distribution function of a standard normal variable. In an

obvious notation, the subscript or superscript "L" in expressions (/.4)

and (1.5) refer to the Linear discriminant function. Note that pg{) - P%)’

so that pi}’ = p. in this case.

For the Euclidean distance classifier, the error rate is given by

Pe =q,P% +42P%5 (1.6)
‘ I (= py) (= py)
where  piy) = @ L (1.7)

In this case p'5 = p®  and pif =p;.
The subscript or superscript "E" in expressions (/.6) and (/.7) refer to

the Euclidean distance classifier.

When the parameters. pu,. B, and X in the expressions (/.5) and
(1.7) are unknown, they are replaced by X,, X, and S respectively,
where X,, X,, and S are the sample means and pooled sample Tovariance
matrix respectively. After this replacement of p,, p,and X by X,, X,,
and S, the sample linear discriminant function, Dg; (x) and the sample

Euclidean distance classifier, Dgg (x) are obtained. These functions are

Dg (X)=(X, - %.)" S [x=1/2(X, +%,)] (1.8)
and
Dg (x)=(X, —=%,) [x-1/2(X, +X,)]. (1.9)
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It is clear that the sample Euclidean distance classifier ( just like the
population Euclidean distance classifier ) is a simpler function since it

does not require the inversion of a matrix.

In the situation where the parameters are unknown we consider two
error rates, namely the "actual” error rates and the "plug-in" error rates
(see, for example, Seber (1984, Chapter 6)) which are both associated
with the sample linear discriminant function and the sample Euclidean
distance classitier. The actual error rate is the error rate associated with
the sample discriminant function as it will perform in future samples. For
the sample linear discriminant function and the sample Euclidean distance

classifier the actual error rates are given by

1
Py’ =3piRk + 5 pi | (1.10)
and
I 1
Pa’ =5Pizx + 5Paia (1.11)

respectively, where

[ =1/ 2(%; + %) 87(%; — %y )

Sa=0( - , (1.10a)
Paia =0 (%, — %, SES (K, %7
- —1/2(%, +%,)1" ST (X, = %,)

(L) = [p‘2 1 2 1 2 , 1.10b
Piza =& [(%,; =%, )F 887 (R, =%, )]"* ) ( ;
s — T _ =
p®, = ~ i Zl/2E +T)] (& —X,) ) (1.11a)

(X, —~%5)" Z(F; =% 01"
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and

[, —1/2(X, +X,)]" (X -X,)
[(x;, -%) 2R, =%)]P

Piaa = @ ) (1.11b)

The subscript "A" refers to the actual error rate and the superscripts "L”
and "E" refer to the Linear discriminant function and the Euclidean

distance classifier, respectively.

The plug-in error rate is the error rate obtained by replacing the
unknown parameters in the actual error rate by their estimators. It is thus
considered as an estimator of the actual error rate. The plug-in error
rates for the sample linear discriminant function and the sample

Euclidean distance classifier are

1 1 -
Pp” ==pizp + Ep%r’) (1.12)
and
S N B S - 173
Pp "Epmp “"Epzw (1.15)

respectively, where

hew = T S
pgl‘ldl%’ :p%‘%:(b( *5[(7(1 _'xz)TS l(xl_xt\_)]”z ) (]12(1)

and

(E) _ _(E) 1 (_’El _iz X
= =@( —— .
Pi2p = Pa1p ( 2 (X, —i__)TS(il —32__)]”2 )



11

Here, the subscript "P" refers to the plug-in error rates.

[t should be noted that the unconditional distribution of the sample
linear discriminant function, Dy (x), is unknown so that the exact
unconditional error rates are unobtainable. However, an asymptotic
expansion of the unconditional error rates can be obtained leading to the
asymptotic expected actual error rates (see Okamoto, 1963 and
McLachlan, 1974).

It is also possible to get exact conditional error rates (the plug-in

error rates) for the linear discriminant function since the distribution of
Dy (x) given X, X, and S is normal. It can be seen from (/./3a) that

the expressions for p{5p and p$, contain the unknown X .

Section 1.4 : Aim of studv

The aim of this project is to compare the performances of the
linear discriminant function and the Euclidean distance classifier. Their
relative performances will be assessed using the expected actual error
rates and the expected plug-in error rates associated with them. It was
noted in the previous sections that the Euclidean distance classifier is a
simpler function when compared to the linear discriminant function. It is
of interest to investigate how well this simpler classification procedure
performs against the linear discriminant function under various

situations.
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CHAPTER 2

REVIEW OF PREVIOUS RELATED WORK

Section 2.1 : Introduction

The articles which have been used as the main references for this
project are Marco, Young and Turner (1987), Raudys and Pikelis (1980)
and Peck and Van Ness (1982). The main point about these articles is that
they compared the Euclidean distance classifier and the linear
discriminant function (plus other discriminant functions. in some cases)
under various conditions and assumptions. The main results in these
articles are summarized in this chapter. It was the work and results of

-~

these authors that motivated the work in this project.

Section 2.2 : S. Raudys and V. Pikelis (1980)

Raudys and Pikelis compared the sample Euclidean distance
classifier with three other discriminant functions when allocating

individuals from two spherical normal populations. The three other
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discriminant functions were the quadratic discriminant function, the usual
linear discriminant function and the linear discriminant function for
independent measurements where the sample covariance matrix is
replaced by the diagonal matrix of the sample covariance matrix.
Furthermore, all the discriminant functions used follow the Bayes rule for
normal populations and differ in assumptions on the structures of the
covariance matrices. They represented the sample Euclidean distance
classifier as the difference between two independent non-central chi-
square random variables. In order to calculate the expected probability of
misclassification, they used an inversion formula of Imhof (1961) for the
distribution function of a quadratic form of normal variables. Thus, the
error rates are obtained through numerical integration. From their
simulation results they concluded that the sample Euclidean distance
classifier outperforms the sample linear discriminant function when p (the
dimension of x) is large relative to the training sample size. Furthermore,
they noted that the sample Euclidean distance classifier performs as well
as or superior to the sample linear discriminant function, even for

nonspherical covariance configurations.

Section 2.3 : R.Peck and J. Van Ness (1982)

In their paper Peck and Van Ness noted that the linear discriminant
function has been shown to frequently behave poorly in high dimensions
relative to other discriminant functions, even on suitable Gaussian data.
This was due to the poor quality of the sample estimates of the means and

covariance matrix used in the discriminant functions. Therefore, they
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used a shrinkage estimator (see, for example, B in expression (2./) ) of
the covariance matrix in the linear discriminant function ( given in
expression (/.2) ). The idea is that B is more stable than S when the

dimension of the data is large. Thus the linear discriminant function

1
becomes D, (x)=(p, - ,)" B (x-——z-(u1 + 11,9

There are several shrinkage estimators, for example the
characteristic roots (see Stein (1975)), the correlation matrix method (see
Lin (1978)) and the empirical Bayes method (see Haff (1979.1980)). In
order to compare the performances using shrinkage estimators and the
standard linear discriminant function, Peck and Van Ness chose the
empirical Bayes method where the sample estimates of the population
covariance matrix was replaced by a function of the sample covariance

matrix (called the Bayes estimator),
B=(1-t(U)][2N-p-3]S" +[t(U)b/ TR(SII, (2.1)

where b 1s a positive constant. U =[p det(S)"? ]/ TR(S) is a measure of

disparity among the sample eigenvalues ( it is the geometric mean divided
by the arithmetic mean ) and the function t is a non-decreasing solution to
(2N-p-3)t%-4t+(4U/p)t'<0 where TR(S) = trace(S) and 0 <t(U)<1. They
assumed that £ = o> I, so that [b/ TR(S)]I is a natural estimator of

and chose b=p(2N-2)-2 because it yielded the unbiased estimate of £~ .

Their simulation results showed that the discriminant function using
shrinkage estimators outperformed the standard linear discriminant

function in most cases. However, this performance is highly dependent on
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the Mahalanobis distance between the two populations. They also
concluded that if the Euclidean distance between the means is small then
the shrinkage estimator is of little effect because estimating the means is
more damaging to the probability of correct classification when compared
to the damage caused by the poor estimation of the covariance matrix.
They have some other relevant results which are discussed and compared

with the results of Marco, Young and Turner (1987) in the next section.

Section 2.4 : V. R. Marco. D. M. Young and D.W. Turner (1987)

In their article, the authors compared the performances of the
linear discriminant function and the Euclidean distance classifier via a
simulation study in the cases of "equivalence” or "non-equivalence” of the
linear discriminant function and the Euclidean distance classifier.
"Equivalence” here means that the error rates of the Euclidean distance
classifier and the linear discriminant function are the same, and so both
are Bayes procedures. In order to perform the comparison, they derived
conditions for which the two classifiers are equivaleng when all
parameters are known and then performed a Monte Carlo simulation

experiment.

A trivial case of "equivalence" is when £ =1 , which means that the
linear discriminant function is indeed the Euclidean distance classifier.
For the non-trivial case of equivalence of the linear discriminant function

and the Euclidean distance classifier, consider the situation of known

parameters and let F* be the pseudoinverse of F . If
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(B =1, )(K, —1,)" and 7' are commutative then it can be established
that pg =p,, i.e. the error rates of the Euclidean distance classifier and

the linear discriminant function are equal. Therefore from expressions
(1.5) and (1.7) , we have

(B —Ry)" - g
((n p:l»l LEQT)E((:l—lilz))]lfz =[(my = 1) 270 =112 222
1= M e

It follows from expression (2.2) that, if

(i) we choose p, =( m,... ... ... .m)" and p, =(0....... .. 0T
where m is some scalar quantity, then we get the situation of
"equivalence" of the linear discriminant function and the Euclidean
distance classifier, and

(ii) we choose p, =( m",0,... ... ST 2d. s = Daven s sis 07,
where m’ is some other scalar quantity (not necessarily equal to m), then
we get the situation of "non-equivalence” of the linear discriminant

function and the Euclidean distance classifier.

Their simulation results showed that the Euclidean distance
classifier performed better (with respect to the probabiiity/of correct
classification) than the linear discriminant function under several
situations. However, this was not the case in all situations. Infact their
results showed that the relative performance is dependent on the ratio of
the Mahalanobis distance to the Euclidean distance. The Euclidean distance
classifier outperformed the linear discriminant function when the ratio is
small and the linear discriminant function outpertormed the Euclidean

distance classifier when the ratio is large.
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Their simulation results also showed that in most cases the sample
Euclidean distance classifier outperformed (or did as well as) the sample
linear discriminant function when the underlying parameter
configurations are such that the Euclidean distance classifier is equivalent
to or non-equivalent to the linear discriminant function (with all

parameters known).

Comparison of their results with those of Peck and Van Ness (1982)
show that the simpler sample Euclidean distance classifier performs as
well as or better than the linear discriminant function using a shrinkage
estimator (expression 2./ ) of X, except for the case when the Euclidean

distance classifier is equivalent to the linear discriminant function and
p=-0.06, where Z=(1-p)I+pJ, -1/(p-1)<p<L

[t is important to note that their conclusions were arrived at

through a simulation study.

Section 2.5 : Motivation for this project

As mentioned in the previous sections the expansion of the error
rates given by Raudys and Pikelis (1980) involves numerical integration,
which is not always easy to do and they consider the trivial case of
equivalence of the linear discriminant function and the Euclidean distance
classifier, where £=1. Also the results of Marco. Young and Tumer
(1987) for comparing the performances of the linear discriminant

function and the Euclidean distance classifier were obtained through
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simulations only. It is therefore of interest to compare the performances
of the Euclidean distance classifier and the linear discriminant function
via asymptotic expansions (of error rates) under the same conditions as
those used by Marco, Young and Tumer (1987). In other words we do
not use numerical integration. do not carry out simulation and consider
the nontrivial case of equivalence. where £ 1. We are interested in
investigating if the simpler Euclidean distance classifier is "better” than
the linear discriminant function on the basis of these asymptotic
expansions of the error rates. It is also of interest to determine if the
results and deductions arrived at from the asymptotic expansions are
consistent with the simulation results of Marco. Young and Turner

(1987).
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CHAPTER 3

ASYMPTOTIC EXPANSIONS OF ERROR
RATES

Section 3.1 : Introduction

[t was mentioned in Chapter 2 that our interest is in comparing the
performances of the linear discriminant function and the Euclidean
distance function via asymptotic expansions. These asymptotic expansions
are used to obtain the expectations of the error rates, or unconditional
error rates. The asymptotic expansions used is the Taylor series
expansion. In particular, if we let H be a function of parameters

B1 ,[32 .....P. then, following the Taylor series expansion about the point
(B,.B;.....B. ). E(H) can be expressed as

E(H)=H(B,.B,,....B) + :%Eﬂaj _Bj)

=108,

5 2 -~ A~
w1y OB E@ BB, -B). (D
21ij dp;0B,
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In our expansion, H=®(:) and the parameters which are used ( i.e.
ﬁ1 ,[32 ﬁs ) are the elements of X,, X, and S. Note that the expression

is evaluated at the point p,, B, and Z.

To obtain the partial derivatives terms, some results obtained by

Dwyer (1967) and Okamoto (1963) were used. For example when the
covariance matrix ¥ is symmetric and invertible, and we let > = (oY},

where {G"} is a function of G, then the result

Ts?

d(c) _ 1

- GiIO.SJ+0iSGr] ! ( <sg 32)
fole] (1+6,5)( h o (

TS

where &, is the Kronecker delta. is given in Okamoto (1963). In

expression (3.2) o, represents the (r.s)th element of X .

In comparing the Euclidean distance classifier and the linear
discriminant function, we consider the actual error rates and the plug-in
error rates separately. They are considered in sections 3.2 and 3.3
respectively. For each error rate (i.e. actual or plug-in) the comparison is
done under four different categories. namely cases Al. A2, A3-and A4
for the actual error rates and cases P1, P2, P3 and P4 for the plug-in
error rates. Cases Al, A2, Pl and P2 consider the situation of "non-
equivalence" of the linear discriminant function and the Euclidean
distance classifier. Cases A3, A4, P3 and P4 consider the situation of
"equivalence” of the linear discriminant function and the Euclidean
distance classifier. As stated in Section 2.4, "non-equivalence" of the

linear discriminant function and the Euclidean distance classifier arises

when p, =(m”,0,...... 0T and fiy = (B ,0)T, and "equivalence”
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T For each

occurs when p, =(m,...... .m)T and i, =(0,...... Ay,
situation of "equivalence” or "non-equivalence” we consider two distinct
structures of X, namely (i) Z=(1-p)I+pJ, -1/(p—-1)<p <1, and (ii)
Y representing the autocorrelation structure of an autoregressive process

of order 1, i.e.

1 p p
1 P2

¥ =AR®1)=|" P
L B 1

Details of each category (case) are explained in the following sections.
together with their respective asymptotic expansions. Note that for
clarity, in the expressions of the asymptotic expansions m* in the case of

equivalence is just denoted as m. This also occurs in the appendices. In the

following sections, ¢(-) is the probability density function of a standard

normal variable and ®(-) is as defined in after expression (/.5) .

Section 3.2 : Asvmptotic expansions for the actual error rate

The actual error rates associated with the linear discriminant
function and the Euclidean distance classifier are given in expressions
(1.10) and (1.11) respectively. From these functions, the asymptotic
expansions were obtained using the Taylor series expansion as given In
expression (3./). The following sections give the asymptotic expansions
under the four different categories stated in section 3.1. Note that in all

these expansions n; and n, denote the sizes of samples from populations
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(groups) IT, and IT, respectively, and G;; denotes the (i,j)th element of the

matrix Z .

Section 3.2.1 : Case Al

Here we consider the case of non-equivalence of the linear
discriminant function and the Euclidean distance classifier under the

following conditions:

L, =(m".,0,....... 0y’

oy =L, sisussis i
_1 p ...... p-
p 1 p

Z=(1-p)I+pJ=|. : y =Hfp=L1Ep=ElL
_p ......... 1_

The asymptotic expansion of the expected actual error rate associated

with the Euclidean distance classifier is given by

(E) m 1 2 00 1 2 J'®

gy = (———]Jr " 5.+ 22 5. (33
A 2 2n, i.jzéla_iliaxu v AN i.jzzlaxhaxzj :

where

1 1 ar ek
[Gﬁ—301i051+2]+zmcj16n if 1=}

o)
5
|
fb--'
-5
|
|3
L O
¥
3 |

1 o @
E[Gﬁ“?’cudﬂ]JrszﬂGu if 1#]



and
rl 3 g . -
1 e R
Z{[%h% 30, ]+ 0y ifi=1j=li#]
az(b m 1—1 . } m . '
————=—0| -— |y=| 5[30uon -0 |~ou [+ oy fizlj=lix
aimafgj i ( 2 ) m -2 [ li _|1 ] 1 8 i1 J J
L1 ] m s el it
;_5[301i0j1“Uji_+1}-§-0110‘j, ifi#lLigli=]
Ak [|-= ifinl,jeli#]
LE_E[ 0,0, _Gji_ —gﬁndj] mmi#l,j#1l1# ]

The corresponding asymptotic expansion for the linear discriminant

function is given by

p =<D[—5s“{i[s“‘ S (s, )] 2

2 v=l u=1
P 2 D 2CD
= 1 L _aqi Oy < : 2, __—aqT—Gil
20, ije1 0X; 0K 2n, iF 0Xy0%,,
g oo SLE S Ay (0,0, +6,6,) ~ (3.4
2(n, +n, -2)% kim0 TR :
ERCY ER

In expression (3.4) and A are defined in

0X};0Xy;  0X;0%y;
expressions (A/.26) , (A1.31) and (A1.36) respectively (i.e. in appendix
Al.2).
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Section 3.2.2 : Case A?

Here we consider the case of non-equivalence of the linear
discriminant function and the Euclidean distance classifier under the

following conditions:

I 0’
_]_ (o BRI pp_i i
1 B
z=AR()=|" ¢
i .
P p 1]

The asymptotic expansion of the expected actual error rate for the

Euclidean distance classifier is denoted by p'® and is identical

algebraically to expression (3.3) except that the structure of X is now as

given for this case. The asymptotic expansion associated with the linear

discriminant function is

1

p =) - st ($sv $(sio,, )] 2
u=l1

2 v=]
1 & o' I >

1 n, +n,

p
2(n, +n, —2) HZ_ lAkuj X(OxOj +00 ) (3.5}
1 2T £ L=




RO RO

The expressions ,

25

and Ay are as defined in

expressions (A/.26) ,(Al1.31) and (Al.41) respectively (i.e. in appendix

Al.2).

Section 3.2.3 : Case A3

In this case of equivalence of the linear discriminant function and

the Euclidean distance classifier, the following conditions hold :

i =fy Fsssisa o’
Rl cossisocs )"
1 [ NEEEEEEE p-
1
T=(l-p)I+pl= p p . =Lfp=1)EpEL
_p ......... ]#

The asymptotic expansion of the expected actual error rate for the

Euclidean distance classifier is given by

m p P 5
v =0 ——f—(z o

v=l u=1

)”5 L L °D =
20, ij=1 0%;0%,;

1 » Q'@
— 3 ———o,

(3.6)
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where

7
2 e
a e =¢(--—mp(z zcuv) J {i icu\'} ’

ailla-}-{l] =1 u=l1 v=] u=l
( P P p
_(2 zcu\) p(cl}z ZG ’3zcu520'ju)
2m v=i u=1 v=l u=1 u=1 u=l1
P 5 1 P P - L%
+2(Z zcuv).—]*—_mp chu ZGiu if 1=]
v=]l u=l 8 u=1 u=l1
X 4
p P p p p
—(Z 2.0, )| p(o;; Z 2.8, —320; ZGJH)
Zm v=] u=l v=] u=l u=l
+1mp20 ZG it i#)

8 u=l u=l

7
2?0 1. 1 - b 2 }“z'
o0 24{ ~mp($ $0.0) ] {2 %,

—l u-

(] 9 @ p p P P
Fn-z zcu\'[3nguizo _(z zo-u\ )(225 +G_11p)
v=| u=l =] u=l] v=] u=l|
P P P P P
F2(Y, V.0u WY 20y = 2Oy )}
v=l u=l v=l u=l u=l
1 p p P 1 p p P - : .
_mp(_zgju_z Zcuv)(—zsiu_z Zou\-) 1f =]
21.1:1 v=] u=l 2 = v=]| u=l

=

LZ 29 o [31320,.“20 —(Z Zcm (220 +0;P)

M v=1 u=1 u=1 v=] u=l

P P
=203 ZGu\)ZG }

v=] u=1

—mp(l‘zc —Z ch)(—zc -§ fsw) if 1#]

2ul v=] u=l 2ul v=] u=l

and i icuv :p[1+p(p_']-)]

v=] u=1
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Section _3.2.4 : Case A4

Here we consider the case of equivalence of the linear discriminant

function and the Euclidean distance classifier under the following
conditions:

R, =(m,... ...... ,m)T
IR 0)"
—1 p ...... pp_l ]
1 P
==ARM)=|" i
_pp_] ...... p ] i

The asymptotic expansion of the expected actual error rate associated

with the Euclidean distance classifier is

1 -
B _q| _PP[ & & w2 1 2 '@
=P| —— (o]  ——
=0 -P Ll ]|+l m
1 »p 0@
} ——— 0, (3.7)

2n, ij=1 0X,0%y;

where
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2 & —%
-—_gii—w[—lmp(i icm.) sz{i fo} i

axuaxu > v=] u=l v=l u=l

—'(z zcu\ )[ (G;]z ic _3zcmzc]u)

2m = 1 u=l v=l u=1 u=|
P P " 1 p p N
+2(Z ZGW)'-:l-}-—mpZGju ZGiu if 1=
J v=1 u=l 8 Tu=l 7=l
X
P p p
—(Z Zcuv )[p(cui b . | s Zoju)}
2m v=i u=l v=] u=l u=1 u=1
+lmpZGju 204 if 1#]
ke u=1 u=l
1
_o% 1,
axo axa 2 v=1 ;a=1 =l u=l

1 P P o p P T3
[—Emp(Z LN . ZJX{Z ZGU\,}
1
m

if {313%0[,,%6 —(Z chmxzzG +0;p)

u=l v=] u=l

v=l u=l v=l u=] u=l
p p P 1 » p P
~mpl— 205 — % 20 M=-20y =X 20, & 1=]
2 u=l v=1 u=] 2 u=l v=l u=l
X4 { &
EZ 2.9 [3192% 205 —(Z Zom )(220 +0;p)
v=l u=l u=1 v=l u=l
P P
~2( 2 Zcu\)Eo
v=l u=l -
1 P B S B G
—mp(—zc =L ZGU\ )(—20 =2 20) it is)
L 2u=l v=] u=1 2u 1 v=] u=l
and i %Gu\, :i Ep: plj-xi
v=] u=l] v=] u=l

The asymptotic expansions for the actual error rate associated with

the linear discriminant function in cases A3 and A4 ( sections 3.2.3 and
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3.2.4 ) are not obtained for this project due to the complexity of the

differentiation, and evaluation of the final expression.

Section 3.3 : Asvmptotic expansions for the plug-in error rate

The plug-in error rates associated with the linear discriminant
function and the Euclidean distance classifier are given in expressions
(1.12) and (1./3) respectively. From these functions, the asymptotic
expansions are obtained using the Taylor series expansion given in
expression (3.7 ). The following sections give the asymptotic expansions

under the four different categories (cases) as stated in section 3.1.

Section 3.3.1 : Case PI

Here we consider the case of non-equivalence of the linear
discriminant function and the Euclidean distance classifier under the

following conditions:

TR i . . ¥
'_]_ p ...... p-
p 1 p
Z=(1-p)+pJ=|. ; y =Llifp=1)y<pLl
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The asymptotic expansion of the expected plug-in error rate for the

Euclidean distance classifier is given by

{E}_ (__ )+ —ﬁ 2*d 1 2 9*d
2n, ij=1 axhaxl % 2n, il aiziaizj :

+l n, +n, i 0D

G, 0, +0,0. 3.8
2 (n; +n, —2)° k=t 05,05y, ( Pl Jk) (48]

where

-

[3(s,, —s“sjl)—2(1—5“)]+%ifi=l,j=l.i:j

i
m
3 m . e
Fn—(sjl—s“sﬂ)—zsjl ifi=LjzlLi#]
9°®d 1 vy m L
=—0| —— [{— - 38,8, +28,. |——s: if il j=1.1
ax“aih 2@{ 2] m[ 1351 11] T J J
1 m Sk . & _
;[ 3511511_2]4";51'15'.1 if1=ljzli=]
1 m ; s
L m 4
and

R0 m. [ m ik m?
0y 0S;; - —gq)(—?{s“} ’ ][3_T}

The corresponding asymptotic expansion for the linear discriminant

function is given by

I " g

(L) _ m, ;,7; 1L 2 0°d ] PEYO)
Py =) s —{87] * 1% C. + ¥ G,
i [ 2 e J 2n, i.%l 0X;;0%); 20, ij=1 0Xp0Ky
+1 n, +n, P PR
2 (n; +n, —2)% kiij= 95,105,

(Gik0j1+cilcjk) (3.9)



where

rag—q) e 1 11,_,l 11 —; O T o (S 111
3% 1%, = 2@( Em(s )J(s )-[;[s g —§ s‘] " s7's |

9> ——Ew i s”}_%d) El_{ 11} > [ 11{511(Sjk 11 +SJ|SH)
dedsy 2 0 N 2

- y m
+sit (slkgh 4 gl kl)} (14 4 )s ligil o glkgll

w, =9 2 and w, = {

Section 3.3.2 : Case P2

In this situation of non-equivalence of the linear discriminant
function and the Euclidean distance classifier the parameters take the

following values:

TG R 0" ’
TR s D 0)"

'_1 p ...... pp"l ]

p 1 pP?
¥ =AR(1)=
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The asymptotic expansion of the expected plug-in error rate for the

Euclidean distance classifier is denoted by p(pE) and is identical to

expression (3.8) except that now X has the structure given for this case.

The corresponding expansion for the linear discriminant function is

denoted by p(p[‘) and 1s identical algebraically to expression (3.9) except

that the structure of X is now as given for this case.

Section 3.3.3 : Case P3

Here we consider the situation of equivalence of the linear
discriminant function and the Euclidean distance classifier with the

parameters defined as follows :

TNEE 1«  T— m)T
£ PRECS o) 0)"
_1 p ...... p_
l
EZ=(1-p)I+pJ= p p . =l/(p-1)2p=l.
-p ......... 1_

The asymptotic expansion of the expected plug-in error rate for the
Euclidean distance classifier is given by
1 7)
(E) mp .2 P s 3MIE 112 J9°0
p =CD __-_{ Suv . ris], e Gi‘
¥ ( 2 El \El } ] 2|in1 n, i.jz=1 0X;0%;;

1 n, +n, P 0D
2 =

(Gikcj] +0itcjk) (3.10)
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