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Abstract 

It is known that in the problem of statistical discriminant analysis , 

the linear discriminant function performs poorly when the dimension of 

the data, p, is large. It has been demonstrated by Marco, Young and 

Turner ( 1987) that the much simpler Euclidean distance classifier may 

out-perform the usual linear discriminant function under certain 

conditions . Their conclusions were arrived at from a simulation 

experiment which compared the probabilities of misclassification 

associated with the Euclidean distance classifier with those of the linear 

discriminant function , under certain conditions. In this dissertation, the 

asymptotic expansions of the probabilities of misclassification (the 

expected actual and expected plug-in error rates) associated with the two 

discriminant functions are obtained. These error rates are then used to 

investigate the relative performances of the two methods. 

Chapter 1 introduces the problem of discriminant analysis and 

describes the two competing procedures for discriminant analysis and 

some associated error rates. Then Chapter 2 reviews previous results , in 

the literature which show that the Euclidean distance classifier can 

perform better than the linear discriminant function. Chapter 3 gives the 

asymptotic expansions of the error rates, i.e. the expected actual error 

rate, and the expected plug-in error rate. The relative performances of 

the two methods on the basis of the asymptotic expansions are discussed in 

Chapter 4. The results show that in general the plug-in error rates for the 
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Euclidean distance classifier give better estimates of the actual error rates 

for all dimensions of p which were considered, when compared to the 

linear discriminant function. Furthermore, the actual error rates for the 

Euclidean distance classifier also seem to give better estimates of the true 

error rates at large dimensions of p, when compared to the linear 

discriminant function . Certain situations where the linear discriminant 

function performs better than the Euclidean distance classifier are also 

identified. Final conclusions, discussions and recommendations for 

further work are given in Chapter 5. 



iv 

Acknowledgements 

First of all I would like to thank my supervisor, Dr. C.R.O. Lawoko for 

his supervision and encouragement, and for presenting the results of this 

dissertation at the International Symposium on Multivariate Analysis and 

its Applications in Hong Kong. 

The department of Statistics at Massey University and the New Zealand 

Statistics Association sponsored my presentation of the results of this 

dissertation at the Annual Conference of the New Zealand Statistical 

Association at Victoria University of Wellington. This is hereby 

acknowledged. 

I am also particularly grateful to Dr. S . Ganesalingam for his time and 

help looking through my algebra, and to Richard Rayner who helped with 

computing facilities. 

A big thank you to Uncle K.C. and Aunty Lee Lee for their loan to make 

my studies possible. Thank you for your care , love, encouragement and 

prayers. Thanks also go to Yuin-Khai for loaning me his Smart Alec's 

Wally Jokes book to read when I was bored and frustrated with my work. 

I would also like to thank my parents and brother for their support and 

patience through my studies. 

Finally, lots of thanks go to thank Simon, Jeanne and Ming for their 

friendship, care and encouragement. 



Contents 

ABSTRACT 

ACKNOWLEDGEMENTS 

LIST OF FIGURES AND TABLES 

CHAPTER 

1 INTRODUCTION 

2 

Section 1.1 : Introduction 
Section 1.2 : Classification Rules 
Section 1.3 Error Rates 
Section 1.4 : Aim of study 

REVIEW OF PREVIOUS RELATED WORK 

Section 2.1 : Introduction 
Section 2.2 S. Raudys and V. Pikelis (1980) 
Section 2.3 R. Peck and J. Van Ness (1982) 
Section 2.4 V. R. Marco. D. M. Young and 

D. W. Turner (1987) 

Section 2.5 Motivation for this project 

3 ASYMPTOTIC EXPANSIONS OF ERROR RATES 

Section 3 .1 : Introduction 
Section 3.2 : Asymptotic expansions 

for the actual error rate 
Section 3.2.1 Case Al 
Section 3.2.2 Case A2 
Section 3.2.3 Case A3 
Section 3.2.4 Case A4 

11 

IV 

Vll 

PAGE 

4 

7 
11 

12 
12 
13 

15 

17 

19 

21 
22 
24 
25 
27 



Section 3.3 Asymptotic expansions 
for the plug-in error rate 
Section 3.3.1 Case Pl 
Section 3.3.2 Case P2 

Section 3.3.3 Case P3 
Section 3.3.4 Case P4 

4 COMPUTATION RESULTS AND DISCUSSION 

s 

Section 4.1 : Introduction 
Section 4.2 Discussion 

Section 4.2.1 
Section 4.2.2 

Actual error rates 

Plug-in error rates 

SUMMARY AND CONCLUSION 

BIBLIOGRAPHY 

APPENDIX 

Al.1 Asymptotic expansion of the expected actual 

error rate for the Euclidean distance classifier 

Al.2 Asymptotic expansion of the expected actual 

error rate for the linear discriminant function .,,. 

A2.l Asymptotic expansion of the expected plug-in 

error rate for the Euclidean distance classifier 

A2.2 Asymptotic expansion of the expected plug-in 

error rate for the linear discriminant function 

A3 Computer programs 

A4 Computational results 

(Table 9 to Table 23) 

El Some values of 1: -l to explain odd results 

.. 

29 
29 

31 
32 
34 

36 
43 
44 

SS 

61 

6S 

68 

91 

124 

lS3 

174 

202 

222 



List of figures and tables 

Figure 1 : Illustration of a basic problem of statistical 

discriminant analysis with two populations. 

Table l 

Table 2 

: Values of m" under the case of "non­

equivalence" with L = (l - p) I + pJ (i.e.for cases 

Al and Pl). 

: Values of m under the case of "non-

equivalence" with L =AR (1) ( i.e.for cases A2 

PAGE 

2 

38 

and P2 ). 39 

Table 3 

Table 4 

: Values of m under the case of "equivalence" witn 

l: = (1 - p) I + pJ ( i.e.for cases A3 and P3 ). 

: Values of m under the case of "equivalence" with 

l: = AR(l) (positive p in cases A4 and P4 ). 

Table 4a : Values of m under the case of "equivalence" with 

40 

41 

l: = AR(l) (negative pin cases A4 and P4 ). 42 



Table 5 : The 'true', expected actual and expected plug-in 

error rates of the EDC and LDF under the case 

of 'non - equivalence' with :L = (1- p )I+ pJ. 45 

Table 6 : The 'true', expected actual and expected plug-in 

error rates of the EDC and LDF under the case 

of 'non - equivalence' with :L = AR(l). 

Table 6a : The 'true', expected actual and expected plug-in 

error rates of the EDC and LDF under the case 

of 'non-equivalence ' with :L = AR(l ). 

Table 7 

Table 8 

: The 'true', expected actual and expected plug-in 

error rates of the EDC and LDF under the case 

of 'equivalence' with L = (1 - p) I+ pJ. 

: The 'true'. expected actual and expected plug-in 

error rates of the EDC and LDF under the case 

of 'equivalence' with L = AR(l ). 

Table 8a : The 'true', expected actual and expected plug-in 

error rates of the EDC and LD F under the case 

48 

49 

51 

52 

of 'equivalence' with L = AR(l) . 54 

Table 9 : The expected actual error rate of the EDC 

under the case of "non-equivalence" 

:L = (1- p )I+ pJ ( i.e. case Al ). 202 



Table 10 : The expected actual error rate of the LDF 

under the case of "non-equivalence" with 

1:=(1-p)I+pJ (i.e. case Al). 203 

Table 11 : The expected actual error rate of the EDC under 

the case of" non-equivalence " when L = AR(l) 

(with positive p in case A2). 

Table lla: The expected actual error rate of the EDC under 

the case of "non-equivalence" when L = AR(l) 

(with negative p in case A2). 

Table 12 : The expected actual error rate of the LDF under 

the case of "non-equivalence" with L = AR(l) 

(i.e. case A2). 

Table 13 : The expected actual error rate of the EDC under 

the case of "equivalence" with L = (1- p )I+ pJ 

204 

205 

206 

(i.e. case A3 ). 207 

Table 14 : The expected actual error rate of the EDC under 

the case of "equivalence" when.1: = AR(l) (with 

positive p in case A4 ). 

Table 14a : The expected actual error rate of the EDC under 

the case of "equivalence" when 1: = AR(l) (with 

negative p in case A4 ). 

208 

209 



Table 15 : The expected plug-in and the expected actual 

error rates of the EDC under the case of "non­

equivalence" with 1: = (1- p)I + pJ (i.e. case Pl, 

nl=n2=50). 210 

Table lSa : The expected plug-in and the expected actual 

error rates of the EDC under the case of "non­

equivalence" with 1: = (1- p) I+ pJ (i .e. case Pl, 

nl=n2=100). 211 

Table 16 : The expected plug-in and expected actual error 

rates of the LDF under the case of "non­

equivalence " with L = ( 1 - p) I+ pJ (i.e. case 

Pl ). 

Table 17 : The expected plug-in and the expected actual 

error rates of the EDC under the case of "non­

equivalence" when L = AR(l) ( with positive p 

in case P2 ). 

,, . 

Table l 7a : The expected plug-in and the expected actual 

error rates of the EDC under the case of "non­

equivalence" when 1: = AR(l) ( with negative p 

212 

213 

in case P2 ). 214 

Table 18 : The expected plug-in and expected actual error 

rates of the LDF under the case of "non­

equivalence " when 1: = AR(l) ( with positive p 

in case P2 ). 



Table 18a : The expected plug-in and expected actual error 

rates of the LDF under the case of " non­

equivalence " when :E = AR(l) ( with negative p 

in case P2 ). 

Table 19 : The expected plug-in and the expected actual 

error rate of the EDC under the case of 

"equivalence" with :E = (1- p )I+ pJ ( i.e. case 

P3 ). 

Table 20 : The expected plug-in and the expected actual 

error rates of the EDC under the case of 

"equivalence" with :L =AR (1) (i.e. case P4 ). 

Table 21 : The expected plug-in error rate of the LDF 

under the case of "equivalence" with 

:L = (1- p) I+ pJ (i.e. case P3). 

Table 22 : The expected plug-in error rate of the LDF 

under the case of "equivalence" with :E = AR(l) ,,. 

(i.e. case P4 ). 

Table 23 : The expected plug-in error rate of the LDF 

under the case of "non-equivalence" with 

:E = (1- p )I+ pJ or :E = AR(l) (i.e. case Pl or 
' 

P2 ). 

216 

217 

218 

219 

220 

221 



1 

CHAPTER 1 

INTRODUCTION 

Section 1.1 Introduction 

The basic problem of statistical discriminant analysis is to assign an 

object, x, of unknown origin to one of two (or more) distinct groups on 

the basis of a set of measurements on the object. It is also important that 

the classification of an unknown observation to a group be carried out 

with a low probability of misclassification (which is usually referred to as 

the "error rate "). 

In this project we consider only two distinct groups, fl 1 and fl 2 , 

which have multivariate normal distributions. Then, as shown in 

Figurel.1, our basic problem is to classify an object with observation x, 

of unknown origin, to population 11 1 with probability density function 

f1 (X) or to population 11 2 with probability density function f2 (X). In 

this dissertation fi (X) denotes a multivariate normal distribution of 

dimension p with mean vector µi and covariance matrix :L i.e. 

NP(µi,:L) for i=l,2. 



population f1 1 population f1 2 

f 2 ( x) = N P ( J.1 2 1 ~) 

x 

Figure 1.1 : Illustration of a basic problem of statistical discriminant 

analysis with two populations. 

2 
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The following example illustrates the fundamental features of 

discriminant analysis. 

Example 1.1 

Consider two populations 11 1 and 11 2 of two distinct varieties of 

wheat. Suppose that for each member (plant) of these two populations, the 

following observations are made 

x 1 plant heights (cm) 

x2 number of effective tillers 

x3 length of ear (cm) 

x4 number of fertile spikelets per 10 ears 

x 5 number of grains per l 0 ears 

x 6 weight of grains per 10 ears (gm). 

Assuming that the two groups (populations) are six dimensional normal 

populations with different (unknown) mean vectors µ 1, µ 2 and the same 

(unknown) covariance matrix L, discriminant analysis considers the 

problem of classifying a plant with observation 

x=(x 1 ,x 2 ,x 3 ,x 4 ,x 5 ,x 6 )T to one of these two varieties. In this report 

x T denotes the transpose of vector or matrix x . To do this we usually 

develop a classification rule (or discriminant function) which, in most 

cases, is a function of the measurements on the particular plant x , and of 

the parameters of the distributions, namely µ 1, µ 2 and L. Naturally, the 

classification should be done with some acceptably small probability of 

misclassification. 
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Section 1.2 Classification Rules 

As mentioned earlier, in order to classify the observation, x, of 

unknown origin into population IT 1 or IT 2 , we need a classification rule. 

There are several classification rules which have been developed on the 

basis of different optimality criteria. For example, the quadratic 

discriminant function, the standard linear discriminant function and the 

Euclidean distance classifier are three of the many classification rules 

(see, for example Raudys and Pikelis (1980), Seber (1984, Chapter 6)). In 

this dissertation we focus on only two classification procedures. namely 

the linear discriminant function and the Euclidean distance classifier. We 

shall refer to these procedures as the LDF and the EDC respectively. Of 

these two rules, the linear discriminant function is used more widely . 

It was mentioned earlier that we consider the situation where there 

are only two populations. Thus, if R denotes the p-dimensional space of 

all possible values of X, then forming a rule of classification involves 

partitioning R into two mutually exclusive regions R 1 and R 2 . Suppose 

we classify the object with observation X to fl 1 if it falls in R 1 and to fl 2 

if it falls in R 2 . Sometimes an object will be classified to .-the wrong 

group and a good classification rule aims to keep the probability of 

misclassification as small as possible. Let P(i/j) be the probability of 

misclassifying an object into IT i when it actually belongs to IT j (i -=F j). 

Then 

(i-=Fj=l , 2). 
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Let qi be the prior probability that the observation comes from Tii, i.e. 

the proportion of the ith group in the general population. Then, the total 

probability of misclassification is given by 

(1.1) 

To minimise the total probability of misclassification we choose R 1 so 

that [ q 2 f2 ( X) - q 1 f1 ( X)] < 0 for all X in R 1• Thus the classification rule 

is to classify X to 0 1 if (f1 (X) I f2 (X)) > (q 2 I q 1 ). Otherwise it is 

classified to n 2 ; see, for example Seber ( 1984, Chapter 6). 

For multivariate normal populations, the classification rule which 

is obtained following the minimization of the probability of 

misclassification is the linear discrimination function, given by : 

Classify individual with observation x to population CT 1 if 

DL (x) > k , 

or classify individual with observation x to population n 2 if 

DL (x) ~ k , 

(J .2) 
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The subscript "L" denotes the Linear discriminant function. The constant 

k is usually taken to be log of ( q2 I q 1 ). Details are available in Anderson 

(1984, Chapter 6), Lachenbruch (1975) and Seber (1984, Chapter 6), for 

example. In this project, we choose k to be zero which means that the two 

populations are assumed to occur in equal proportions. In this case, the 

linear discriminant function follows a Bayes procedure. 

An alternative classification rule is the Euclidean distance classifier. 

In this rule we classify an individual with observation x to population n 1 

if 

DE(x) > k, 

or classify individual with observation x to population n2 if 

DE(x) ~ k. 

where DE(x)= ( µ 1 -µ2 )T[x-l/2(µ1 + µ 2 ) 1. ( 1.3) 

The subscript "E" denotes the Euclidean distance classifier. Again. we 

choose k to be zero. 

Comparing the algebraic expressions for DL (x) and D E (x) we 

can see that the Euclidean distance classifier is a simpler discriminant 

function than the linear discriminant function since it requires no matrix 

inversion. It thus avoids (i) the difficulties of inverting the covariance 

matrix when the data dimension is large relative to the training sample 

size and (ii) the problem associated with getting reliable estimates of the 

covariance matrix when sample sizes are small (when we use sample­

based classification rules). In terms of performance. the linear 

discriminant function is known to perform poorly when dimension p 

becomes large (relative to sample size, n). 
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Section 1.3 Error rates 

The discriminant functions DL (x) and DE (x) as given m 

expressions ( 1 .2) and ( 1 .3) are the population linear discriminant 

function and the population Euclidean distance classifier repectively. 

They are obtained by assuming complete knowledge of the parameters of 

the probability density functions f1 (X) and f2(X). As is well known. in 

most practical situations the parameters are not known. 

Consider the situation when all population parameters are known. 

In this case the overall error rate (probability of misclassification) 

associated with the linear discriminant function. which is denoted here by 

pL , is given by 

( 1.4 ) 

where PiJ is the probability of misclassifying an observation x into 

population i when it actually belongs to population j. ( i-:;:. j = l. 2). Since it 

is assumed that q 1 = q 1 = I I 2. p ~~> is given by 
,, . 

l 

where Ll = {(µI - µ 2) TL-I (µI - µ 2)} 2 (l .5a) 
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is the so called "Mahalanobis distance" between the two populations, and 

<I>(·) is the distribution function of a standard normal variable . In an 

obvious notation. the subscript or superscript "L" in expressions ( 1.4) 

and ( 1.5) refer to the Linear discriminant function. Note that p~7) = p~~), 

so that p ~i) = p L in this case. 

For the Euclidean distance classifier. the error rate is given by 

(1.6) 

where (1.7) 

In this case pCE) - p CE) 'tnd p CE) - p 
12 - 21 ' ' 12 - E · 

The subscript or superscript "E" in expressions (1.6) and (1.7) refer to 

the Euclidean distance classifier. 

When the parameters. µ 1• µ 2 and L in the expressions ( 1.5) and 

(1.7) are unknown, they are replaced by x1, x2 and S respectively, 

where x1, x2 , and S are the sample means and pooled sample"covariance 

matrix respectively. After this replacement of µ 1, µ '2and L by x 1, x'2 , 

and S, the sample linear discriminant function , D sL ( x) and the sample 

Euclidean distance classifier, D sE ( x) are obtained. These functions are 

(1.8) 

and 

(1.9) 
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It is clear that the sample Euclidean distance classifier ( just like the 

population Euclidean distance classifier ) is a simpler function since it 

does not require the inversion of a matrix. 

In the situation where the parameters are unknown we consider two 

error rates , namely the "actual" error rates and the "plug-in" error rates 

(see, for example, Seber (1984, Chapter 6)) which are both associated 

with the sample linear discriminant function and the sample Euclidean 

distance classifier. The actual error rate is the error rate associated with 

the sample discriminant function as it will perform in future samples. For 

the sample linear discriminant function and the sample Euclidean distance 

classifier the actual error rates are given by 

( L) _ 1 ( L ) 
PA - 2 P12A 

1 ( L ) 

+ 2 P21A 
(1.10) 

and 

p (E) _ _!,_p (E) ' 1 ( E) ( 1.1 I) A -
2 

12A -r- 2 P 21A 

respectively , where 

(1.1 Oa) 

(l .JObJ 

(l.Jla) 
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and 

(1.11 b) 

The subscript "A" refers to the _g_ctual error rate and the superscripts "L" 

and "E" refer to the Linear discriminant function and the Euclidean 

distance classifier, respective! y. 

The plug-in error rate is the error rate obtained by replacing the 

unknown parameters in the actual error rate by their estimators. It is thus 

considered as an estimator of the actual error rate. The plug-in error 

rates for the sample I inear discriminant function and the sample 

Euclidean distance classifier are 

p (L ) _ ~ p (L ) 
P -

2 
12 P 

+ _!_ p (L ) 

2 21P (1.12) 

and 

p ( E) -~p ( E ) l ( E) ( 1 .13 ) P -
2 

12P + 2 P 21P 

respectively, where 

( L) _ ( L ) _ n--( _ ~((- _ - )T 5-1 (- _ - )) l/2 ) 
P12P - P21P - '¥ 2 X1 X2 X i X2 (l .12a) 

and 

(/.I 3a) 
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Here, the subscript "P" refers to the plug-in error rates. 

It should be noted that the unconditional distribution of the sample 

linear discriminant function, D SL ( x), is unknown so that the exact 

unconditional error rates are unobtainable. However, an asymptotic 

expansion of the unconditional error rates can be obtained leading to the 

asymptotic expected actual error rates (see Okamoto, 1963 and 

McLachlan, 197 4 ). 

It is also possible to get exact conditional error rates (the plug-in 

error rates) for the linear discriminant function since the distribution of 

DsL ( x) given xl' x2 and S is normal. It can be seen from (l .I 3a) that 

the expressions for Pi~~ and p~~~ contain the unknown L. 

Section 1.4 Aim of studv 

The aim of this project is to compare the performances of the 
,,. .. 

linear discriminant function and the Euclidean distance classifier. Their 

relative performances will be assessed using the expected actual error 

rates and the expected plug-in error rates associated with them. It was 

noted in the previous sections that the Euclidean distance classifier is a 

simpler function when compared to the linear discriminant function. It is 

of interest to investigate how well this simpler classification procedure 

performs against the linear discriminant function under various 

situations. 
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CHAPTER 2 

REVIEW OF PREVIOUS RELATED WORK 

Section 2.1 : Introduction 

The articles which have been used as the main references for this 

project are Marco , Young and Turner ( 1987), Raudys and Pikelis (1980) 

and Peck and Van Ness (1982). The main point about these articles is that 

they compared the Euclidean distance classifier and the linear 

discriminant func tion (plus other discriminant functi ons. in some cases) 

under various conditions and assumptions. The main re~ults in these 

articles are summarized in this chapter. It was the work and results of 

these authors that motivated the work in this project. 
,,. . 

Section 2.2 S. Raudys and V. Pikelis (1980) 

Raudys and Pikelis compared the sample Euclidean distance 

classifier with three other discriminant functions when allocating 

individuals from two spherical normal populations. The three other 
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discriminant functions were the quadratic discriminant function, the usual 

linear discriminant function and the linear discriminant function for 

independent measurements where the sample covariance matrix is 

replaced by the diagonal matrix of the sample covariance matrix. 

Furthermore, all the discriminant functions used follow the Bayes rule for 

normal populations and differ in assumptions on the structures of the 

covariance matrices. They represented the sample Euclidean distance 

classifier as the difference between two independent non-central chi­

square random variables. In order to calculate the expected probability of 

misclassification, they used an inversion formula of Imhof ( 1961) for the 

distribution function of a quadratic form of normal variables. Thus, the 

error rates are obtained through numerical integration. From their 
~ ~ 

simulation results they concluded that the sample Euclidean distance 

classifier outperforms the sample linear discriminant function when p (the 

dimension of x) is large relative to the training sample size. Furthermore, 

they noted that the sample Euclidean distance classifier performs as well 

as or superior to the sample linear discriminant function, even for 

nonspherical covariance configurations . 

Section 2.3 R. Peck and J. Van Ness (1982) 

In their paper Peck and Van Ness noted that the linear discriminant 

function has been shown to frequently behave poorly in high dimensions 

relative to other discriminant functions, even on suitable Gaussian data. 

This was due to the poor quality of the sample estimates of the means and 

covariance matrix used in the discriminant functions. Therefore, they 
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used a shrinkage estimator (see, for example. B in expression (2 .1) ) of 

the covariance matrix in the linear discriminant function ( given in 

expression (1.2) ). The idea is that B is more stable than S when the 

dimension of the data is large. Thus the linear discriminant function 

There are several shrinkage estimators, for example the 

characteristic roots (see Stein (1975)), the correlation matrix method (see 

Lin (1978)) and the empirical Bayes method (see Haff (1979.1980)). In 

order to compare the performances using shrinkage estimators and the 

standard linear discriminant function. Peck and Van Ness chose the 

empirical Bayes method where the sample estimates of the population 

covariance matrix was replaced by a function of the sample covariance 

matrix (called the Bayes estimator), 

B = [ 1 - t ( U) ] [ 2 N - p - 3] S -t + [ t ( U) b I TR ( S ) l I , (2 .1 ) 

where bis a positive constant. U=lp det(S ) 11 P]/TR(S) is a measure of 

disparity among the sample eigenvalues ( it is the geometric mean divided 

by the arithmetic mean ) and the function t is a non-decreasing solution to 

(2N-p-3)t2-4t+(4U/p)t'<O where TR(S) = trace(S) and 0::; t( U) $1. They 

assumed that £ = 0 
2 I , so that [ b /TR ( S)] I is a natural estimator of £-1 

and chose b=p(2N-2)-2 because it yielded the unbiased estimate of £ - 1 
. 

Their simulation results showed that the discriminant function using 

shrinkage estimators outperformed the standard linear discriminant 

function in most cases. However. this performance is highly dependent on 
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the Mahalanobis distance between the two populations. They also 

concluded that if the Euclidean distance between the means is small then 

the shrinkage estimator is of little effect because estimating the means is 

more damaging to the probability of correct classification when compared 

to the damage caused by the poor estimation of the covariance matrix. 

They have some other relevant results which are discussed and compared 

with the results of Marco, Young and Turner ( 1987) in the next section. 

Section 2.4 : V. R. Marco. D. M. Young: and D.W. Turner (1987) 

In their article, the authors compared the performances of the 

linear discriminant function and the Euclidean distance classifier via a 

simulation study in the cases of "equivalence" or "non-equivalence" of the 

linear discriminant function and the Euclidean distance classifier. 

"Equivalence" here means that the error rates of the Euclidean distance 

classifier and the linear discriminant function are the same, and so both 

are Bayes procedures. In order to perform the comparison, they derived 
,,. .. 

conditions for which the two classifiers are equivalent when all 

parameters are known and then performed a Monte Carlo simulation 

experiment. 

A trivial case of "equivalence" is when L =I , which means that the 

linear discriminant function is indeed the Euclidean distance classifier. 

For the non-trivial case of equivalence of the linear discriminant function 

and the Euclidean distance classifier, consider the situation of known 

parameters and let F+ be the pseudoinverse of F (px i)· If 
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( µ 1 - µ 2 )( µ 1 - µ 2 t and L-1 are commutative then it can be established 

that p E = p L, i.e. the error rates of the Euclidean distance classifier and 

the linear discriminant function are equal. Therefore from expressions 

(1.5) and (1.7) , we have 

(2 .2) 

It follows from expression (2 .2) that, if 

(i) we choose µ 1 =( m , ......... ,m)T and µ 2 =( 0, ......... ,O)T 

where m is some scalar quantity, then we get the situation of 

"equivalence" of the linear discriminant function and the Euclidean 

distance classifier, and 

(ii) we choose µ 1 =( m* ,0, ...... ,O)T and µ 2 =( 0, ......... ,O)T, 

where m * is some other scalar quantity (not necessarily equal to m), then 

we get the situation of "non-equivalence" of the linear discriminant 

function and the Euclidean distance classifier. 

Their simulation results showed that the Euclidean distance 
,,. .. 

classifier performed better (with respect to the probability of correct 

classification) than the linear discriminant function under several 

situations. However, this was not the case in all situations. Infact their 

results showed that the relative performance is dependent on the ratio of 

the Mahalanobis distance to the Euclidean distance. The Euclidean distance 

classifier outperformed the linear discriminant function when the ratio is 

small and the linear discriminant function outperformed the Euclidean 

distance classifier when the ratio is large. 
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Their simulation results also showed that in most cases the sample 

Euclidean distance classifier outperformed (or did as well as) the sample 

linear discriminant function when the underlying parameter 

configurations are such that the Euclidean distance classifier is equivalent 

to or non-equivalent to the linear discriminant function (with all 

parameters known). 

Comparison of their results with those of Peck and Van Ness (1982) 

show that the simpler sample Euclidean distance classifier performs as 

well as or better than the linear discriminant function using a shrinkage 

estimator (expression 2 .1 ) of L, except for the case when the Euclidean 

distance classifier is equivalent to the linear discriminant function and 

p = -0. 06 , where L = ( 1 - p) I + pJ, -1 I ( p - 1) ::; p ::; 1. 

It is important to note that their conclusions were arrived at 

through a simulation study. 

Section 2.5 Motivation for this project 

As mentioned in the previous sections the expansion of the error 

rates given by Raudys and Pikelis (1980) involves numerical integration, 

which is not always easy to do and they consider the trivial case of 

equivalence of the linear discriminant function and the Euclidean distance 

classifier, where L =I. Also the results of Marco. Young and Turner 

(1987) for comparing the performances of the linear discriminant 

function and the Euclidean distance classifier were obtained through 



18 

simulations only. It is therefore of interest to compare the performances 

of the Euclidean distance classifier and the linear discriminant function 

via asymptotic expansions (of error rates) under the same conditions as 

those used by Marco , Young and Turner (1987). In other words we do 

not use numerical integration, do not carry out simulation and consider 

the nontrivial case of equivalence. where .L 7:- I. We are interested in 

investigating if the simpler Euclidean distance classifier is "better" than 

the linear discriminant function on the basis of these asymptotic 

expansions of the error rates. It is also of interest to determine if the 

results and deductions arrived at from the asymptotic expansions are 

consistent with the simulation results of Marco. Young and Turner 

(1987). 



CHAPTER 3 

ASYMPTOTIC EXPANSIONS OF ERROR 
RATES 

Section 3.1 Introduction 

19 

It was mentioned in Chapter 2 that our interest is in comparing the 

performances of the linear discriminant function and the Euclidean 

distance function via asymptotic expansions. These asymptotic expansions 

are used to obtain the expectations of the error rates . or unconditional 

error rates. The asymptotic expansions used is the Taylor series 

expansion. In particular, if we let H be a function of parameters 
A A A 

(3 1 , J3 2 •... , J3 s then, following the Taylor series expansion about the point 

(J3 1 , J3 2 , . .. , J3 5 ), E(H) can be expressed as 
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In our expans10n, H =Cl>(.) and the parameters which are used ( i.e. 

~ 1 , (3 2 , ••• , Ps ) are the elements of x1, x2 and S . Note that the expression 

is evaluated at the point µ1' µ 2 and :E. 

To obtain the partial derivatives terms, some results obtained by 

Dwyer (1967) and Okamoto (1963) were used. For example when the 

covariance matrix :E is symmetric and invertible. and we let :E-1 = { cr ij }, 

where { crij } is a function of cr rs • then the result 

acr rs 
( r ~ s) ( 3 .2 ) ---= 

where ors is the Kronecker delta. is given m Okamoto (1 963). In 

expression (3 .2 ) CTrs represents the (r.s)th element of :E . 

In comparmg the Euclidean distance classifier and the linear 

discriminant function, we consider the actual error rates and the plug-in 

error rates separately. They are considered in sections 3 .2 and 3.3 

respectively. For each error rate (i.e. actual or plug-in) the comparison is 

done under four different categories. namely cases A 1. A2, Al· and A4 

for the actual error rates and cases Pl , P2, P3 and P4 for the plug-in 

error rates. Cases A 1, A2, Pl and P2 consider the situation of "non­

equivalence" of the linear discriminant function and the Euclidean 

distance classifier. Cases A3 , A4, P3 and P4 consider the situation of 

"equivalence" of the linear discriminant function and the Euclidean 

distance classifier. As stated in Section 2.4, "non-equivalence" of the 

linear discriminant function and the Euclidean distance classifier arises 

when µ 1 =(m* ,O, .. . ... ,O)T and µ 2 =(0, ...... ,0)T, and "equivalence" 
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occurs when µ 1 = (m, ... ... ,m)T and µ 2 = (0, ...... ,0)T. For each 

situation of "equivalence" or "non-equivalence" we consider two distinct 

structures of :t. namely (i) :t = (1- p)I + pJ, -1 I (p -1 ) ~ p ~ 1, and (i i) 

:t representing the autocorrelation structure of an autoregressive process 

of order 1, i.e. 

1 p pp-1 

:t = AR(l ) = p 1 p p-2 

p p-1 p l 

Details of each category (case) a re explained in the following sections. 

together with their respective asymptotic expansions . Note that for 

clarity, in the expressions of the asymptotic expansions m* in the case of 

equivalence is just denoted as m. This also occurs in the appendices. In the 

following sections, ¢ (-) is the probability density function of a standard 

normal variable and <D (-) is as defined in after expression ( 1.5) . 

Section 3.2 Asvmptotic expansions for the actual error rate 

The actual error rates associated with the linear discriminant 

function and the Euclidean distance classifier are g iven in expressions 

( 1.10) and ( 1.11) respectively. From these functions, the asymptotic 

expansions were obtained using the Taylor series expansion as given in 

expression ( 3 .1 ). The following sections give the asymptotic expansions 

under the four different categories stated in section 3.1. Note that in all 

these expansions n 1 and n2 denote the sizes of samples from populations 
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(groups) fl 1 and fl2 respectively, and cr ij denotes the (i ,j)th element of the 

matrix L.. 

Section 3.2.1 Case A 1 

Here we consider the case of non-equivalence of the linear 

discriminant function and the Euclidean distance classifier under the 

following conditions: 

• T 
µ 1 = ( m .0, .. .. ... 0) 

µ2 = ( 0 ' ........ .. 0) T 

1 p p 

p 1 p 
L. = (1- p )I+ pJ = -l/(p-l)$p $ 1. 

p .... ..... 1 

The asymptotic expansion of the expected actual error rate associated 

with the Euclidean distance classifier is given by 

(3.3) 

where 

if 1 = J 

if i * j 
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~ [ ~ [ (J 1;',. jl - (J jl l + l - (J 1; ]- ; if i = j = l 

-
1
-[3crrcr .1 -3cr .1 ]+mcr .1 ifi=l , j:;tl , i:;tj 

2m l J J 8 J 

~ [ ~ [ 3cr 1; (J JI - (J ;; ] - (J i; J + ; (J ;1 if i ;" [ , j = l. i ;" j 

~ [ ~ [ 3 (J h (J j l - (J j ; l + 1 ]- ; (J ;i (J j l if i ;< l , j ;< l , i = j 

~ [ ~ [ 3cr i; cr JI - cr i; ] ]- ; cr ;i cr ;i if i ;e l. j ;e l , i ;e j 

The corresponding asymptotic expans ion for the linear discriminant 

function is given by 

1 n 1 + n: 
+ - ------

2 ( n 1 + n2 -2) 2 

p 

I A kiij x ( cr ik cr jI + a ii cr Ji.. ) 
k.l.J.i=l 

( 3.4) 

a2<I> a2<I> 
In express10n ( 3 .4) , , and A klij are defined in 

ax:1i ax:1j ax::i ax:2j 

expressions (Al .26) , (A l .31) and (Al .36) respectively (i.e. in appendix 

Al.2). 
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Section 3.2.2 Case A2 

Here we consider the case of non-equivalence of the linear 

discriminant function and the Euclidean distance classifier under the 

following conditions: 

• T µ 1 = (m ,0, ..... . . 0) 

µ 2 = ( 0, ...... .... 0) T 

:E = AR(l) = 

1 p 

p 

p 

p p-1 . . • • . • p 1 

p-1 

The asymptotic expans10n of the expected actual error rate for the 

Euclidean distance classifier is denoted by p ~E) and is identical 

algebraically to expression ( 3 .3) except that the structure of I: is now as 

given for this case. The asymptotic expansion associated with the linear 

discriminant function is 

p ~L) = <I> (- ffi S 11 { f [ S v I f ( S 1 u (J uv ) ] } -~ J 
2 v=l u=l 

i p a2 <1> 
+ - I cr .. + 

2 . . '":\- :i- lJ n 1 1.J=l axli ax 1j 

+ 
1 n 1 + n2 

2(n 1 +n 2 -2) 2 

p 

I A klij x ( (J ik (J jl + (J i i (J jk ) 
k.l.j.i=l 

,, . 

(3.5) 
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The expressions and Aktij are as defined in 
ax:

1
.ax:1. 'ax:?. ax:,,. 
1 J -1 ;..j 

expressions (Al .26) , (Al .31) and (Al .41 ) respectively (i.e. in appendix 

Al.2). 

Section 3.2.3 Case A3 

In this case of equivalence of the linear discriminant function and 

the Euclidean distance classifier. the following conditions hold : 

,. T 
µI =(m .0, ....... 0) 

µ 2 = ( 0' ......... • 0) T 

1 p p 

p 1 p 
L=(l-p)l+pJ= -1/(p-l)~p~l. 

p ......... 

The asymptotic expansion of the expected actual error rate for the 

Euclidean distance classifier is given by 

p~) = <D(- mp ( f f ()UV J -~ J + 
2 v=I u=I 
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where 

1 pp [ pp p p 

2 m ( v~l ~l (J uv ) p ( (J ij v~l ~l (J uv -
3 u~l () ui u~l ()ju ) 

x 

p p ') ] 1 p p 
+2( L Icr uv )- +-mp I,crju I,criu 

v=l u=l 8 u=l u=l 
if l = J 

1 pp [ pp p p ] 

2 m ( '~l u~l () uv ) p ( () ij v~l u~l () uv -
3 u~l () ui ~l ()ju ) 

if i -:t- j 
1 p p 

+ - mp I cr ju I cr iu 
8 u=l u= l 

x 

i -:t- j 
1 p p p 1 p p p if 

- mp ( - L (J ju - L L (J UV ) ( - L (Jiu - L L ()UV ) 

2 u=l v=l u=l 2 u=l v=l u=l 

and 
p p 

L L ()UV = p [ 1 + p ( p - 1)]. 
v=l u=l 
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Section 3.2.4 Case A4 

Here we consider the case of equivalence of the linear discriminant 

function and the Euclidean distance classifier under the following 

conditions: 

µ i =(m , ... ... ... ,m)T 

µ 2 = ( Q' ...... .... Q) T 

L = AR(l) = 

1 p 

p 

p p-1 ..... . p 

p p- 1 

p p-2 

The asymptotic expansion of the expected actual error rate associated 

with the Euclidean distance classifier is 

p~) =<!>(-mp( i fa "' ri J 
,, 

p a 2 <D 
+ I cr ij 

2 v=\ u=I 2n 1 i .J=I dxu C>x 1J 

1 p a 2 <D 
+ -I cr .. (3 .7) 

2n2 i.J=I ax2iC>x2j 
lJ 

where 
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1 p p -- p p 2 

( 

1 J { }_2 
= c)> - 2 mp (~I u~l (J uv ) 

2 
X v~l u~l (J uv 

if 1 = J 

x 

if i i= j 
1 p p 

+ - mp I a ju I cr iu 
8 u=l u=l 

d :! <t> 

dx2 i dx2 j 

1 
( 

I J { }_2 1 p p -- p p "I 

= - - ¢ - - m P ( I I. cr uv ) 
2 x I I cr uv -

2 2 v=l u=l v=l u=l 

l P P [ P P PP P 

m v~l u~I (J uv 
3 p u~l (J ui u~l (J ju - ( v~l u~I (J uv ) ( 

2 u~I (J ju + (J ji p) 

p p p p p ] 

+2 ( '~I u~l (J uv )( v~I u~I (J uv - u~l(J ui ) 

x 

l P PP l P PP 
- mp ( - I. (J ju - I. I. (J UV ) ( - I (J iu - I I. (J UV ) if I = J 

2 u=I v= l u=I 2 u=I v= l u=l 

l P P [ P P PP P 

m v~l u~I (J uv 
3 p u~l (J ui u~l (J ju - ('~I ~I (J uv ) ( 

2 u~l (J ju + (J ji p ) 

-2 ( iJ, cr "" ) "t cr ,, J , . 
1 p p p 1 p p p if 

- mp ( - I (J ju - I I. (J U\' ) ( - I (J iu - I I. (J U\' ) 
2 u=l v=l u=l 2 u=I v=I u=I 

and p p p p 1 · ·1 I I cr uv = I I p J-l . 
v=l u=l v=l u=l 

The asymptotic expansions for the actual error rate associated with 

the linear discriminant function in cases A3 and A4 ( sections 3.2.3 and 
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3 .2.4 ) are not obtained for this project due to the complexity of the 

differentiation, and evaluation of the final expression. 

Section 3.3 Asvmptotic expansions for the plug-in error rate 

The plug-in error rates associated with the linear discriminant 

function and the Euclidean distance classifier are given in expressions 

( 1.12) and ( 1.13) respectively. From these functions , the asymptotic 

expansions are obtained using the Taylor series expansion given in 

expression ( 3 .1 ). The following sections give the asymptotic expansions 

under the four different categories (cases) as stated in section 3.1. 

Section 3.3.1 Case P1 

Here we consider the case of non-equivalence of the linear 

discriminant function and the Euclidean distance classifier under the 

following conditions: 

• T µ 1 = ( m .0, ....... 0) 

µ2 = (0, ......... , O)T 

1 p 

p 1 
L = (1- p )I+ pJ = 

p 

p 

p ... ... ... 1 

-1/(p-l)~p~l. 
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The asymptotic expans10n of the expected plug-in error rate for the 

Euclidean distance classifier is given by 

(3.8) 

where 

3 n1 
- ( s l - s 1 · s 1 ) - - s ·1 m J lJ 4J ' 

if i = 1, j :;t 1, i :;t j 

= ~<!>(- m) 
2 2 

~[sji -3s 1isj1 +2s 1i]-:si1 if i :;t l, j = l. i :;t: j 

J_[s . - 3S1·S1 - 2 ] +ms ·1S·1 m Jl 1 J 4 J 1 
if i :;t: 1, j :;t: 1, i = j 

1 m 
-(S ·· -3S 1·S·1 )+-S 1S·1 m Jl 1 J 4 J 1 

if i :;t: I, j :;t I. i :;t: j 

and 

The corresponding asymptotic expans10n for the linear discriminant 

function is given by 

(3.9) 



where 

a2<I> 

dx1idx1j 

2 

+sj1(s1ksti +suski)}-(l+~ )s1isJ1 xs1ks11] 

if 1 = J 

if i * j 

Section 3.3.2 Case P2 

and 
f-]:_ if k=l 

W1 = l 2 
-1 if k * l 
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In this situation of non-equivalence of the linear discriminant 

function and the Euclidean distance classifier the parameters take the 

following values: 

* T µ 1 = (m ,0, ...... ,0) 
"' .. 

µ2 = ( 0' ......... ' 0) T 

1 p p p-1 

p 1 p-2 

l:=AR(l)= 
p 

p p-1 p 1 
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The asymptotic expansion of the expected plug-in error rate for the 

Euclidean distance classifier is denoted by p ~E) and is identical to 

expression ( 3 .8) except that now :E has the structure given for this case. 

The corresponding expansion for the linear discriminant function is 

denoted by p ~L) and is identical algebraically to expression ( 3 .9) except 

that the structure of :E is now as given for this case. 

Section 3.3.3 Case P3 

Here we consider the situation of equivalence of the linear 

discriminant function and the Euclidean distance classifier with the 

parameters defined as follows 

µ1 = (m , .......... m)T 

µ2 = ( 0, ...... .... O)T 

p p 

:E=(l-p)I + pJ= 
p p 

-1/(p-l)~p~l. 

"' 

p ... ...... 1 

The asymptotic expansion of the expected plug-in error rate for the 

Euclidean distance classifier is given by 

(3.10) 
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where 

p p ( p p p )} 

+2 v~l u~ISuv - u~ISui + v~l u~ISuv 

x 

1 { p p p }{ p p p } --mp -Isju +2 I Isuv 2 I Isuv - Is iu 
4 u=I v=l u=l v=I u=I u=l 

if i = j 

1 p p {[ p p ( p ) p p ] 
m \~l u~lSuv - '~l ~!Su,· 2 u~IS JU + pS ji + 3p u~lSui ~IS ju 

p p p 

-2 I Isuv Isui 
v=l u=l u=l 

1 { p p p }{ p p p } - - mp - I s ju + 2 I Is U\! 2 I I s U\' - I s iu 
4 u=l v=l u=l v=l u=l u=l 

if i "::f; j 

The asymptotic expansion of the expected plug-in error rate for the linear 

discriminant function is given by 

1 '.)2m, 

+ _ n 1 + n'.! 
2 

~ o 'V ( ) 
L (j ik (j jl + (j ii (j jk 

2 (nl + n2 - 2) k,1.i.j=l osklaslj 
( 3 .11 ) 
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where 

u=lv=l 

+ S uj ( S ik S Iv + S ii S kv ) + S iv (Suk S lj + Sul S kj ) J} 

-{_!_ ( l + m 2 I fsuv) I I (suisjv +suj s iv) I I (sukslv +su!Skv )}) ] 

2 8 u=lv=l u=lv=I u=I v= I 

if I= J 
and 

f-2- if k=l 
WI =1 2 

- 1 if k :t:-1 if i :t:- j 

Section 3.3.4 Case P4 

Here we consider the situation of equivalence of the linear 

discriminant function and the Euclidean distance classifier when µ 1, µ 2 

and 1: take the fallowing values : 
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µ1 =(m, ......... ,m)T 

µ2 = ( Q' ......... ' Q) T 

1 p p p-1 

p l 
L = AR(l) = 

p p-1 ...... p 1 

The asymptotic expans10n of the expected plug-in error rate for the 

Euclidean distance classifier is denoted by Pi>E) and is identical 

algebraically to expression ( 3 .10) except that :E here is as given in this 

case. The corresponding expansion for the linear discriminant function is 

denoted by p~L ) and is identical algebraically to expression (3.11) except 

that the structure of :E is now as defined in this case. 



CHAPTER 4 

COMPUTATIONAL RESULTS AND 
DISCUSSION 

Section 4.1 Introduction 
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As mentioned in section 1.4, the aim of this project is to compare 

the performances of the linear discriminant function and the Euclidean 

distance classifier and their relative performances are assessed using the 

expected actual error rates and the expected plug-in error rates associated 

with them. These error rates are defined in expressions ( 1.10) , ( 1.11 ), 

(1.12) and (1.13) . 

As mentioned earlier, under "equivalence" of the linear 

discriminant function and the Euclidean distance classifier, 

µ 1 = (m, ... . . .... ,m)T and µ 2 = (0, . .... . ,0)T whereas under "non-

equivalence" µ l =cm· ,O, ... ,O)T and µ 2 = (0, ... ... .. . ,0)T. Some values 

of m, m • and L are chosen to be the same as the values from Marco, 

Young and Turner (1987) so that direct comparison of these results with 

their simulated values can be made. However, additional values were used 

for further investigation. The values of m and m • are chosen so that the 
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Mahalanobis distance, /j.2, is the same in both cases of equivalence and 

non-equivalence of the linear discriminant function and the Euclidean 

distance classifier. The five values of the Mahalanobis distances chosen 

are ~2 = 0.5,1.0,l.5,2.0,2.5. The covariance matrices are obtained by 

choosing different values of the parameter, p , namely p =-0.06,0.00, 

O.Ol,0.20,0.40,0.65. In some cases (when possible) for :E = AR(l), 

negative p is chosen for further investigation, namely p=-0.20,-0.40, 

-0.65. These values are not used when :E = (1- p)I + pJ since, for 

:E = (1- p )I+ pJ to be positive definite, p must be greater than -l/(p-1). 

For example, John Van Ness (1982) chose the value of p =-0.06 since. at 

dimension p= 16, :E is not positive definite for p ~ - ?{5 • For most 

combinations of values of µ and :E, comparison of the performance of 

the linear discriminant function and the Euclidean distance classifier was 

carried out for four different values of p, namely p=4,8,12,16 . 

The computation of all the error rates was done usmg PC­

MATLAB (The MathWorks. Inc., 1989 ). The computation time for the 

error rates of the Euclidean distance classifier was about 50 times faster 

than the computation time for the error rates of the linear discriminant 

function. Therefore, due to time constraint, not all values of the error 

rates for cases A 1, A2, P 1, P2, P3 and P4 of the linear discriminant 

function were obtained for p=l 2 and p=16. Note however that some 

values for p=12 were obtained. The computational results for the error 

rates are shown in Table 5 to Table 23. The values of m and m" for 

different combinations of p, ~ 2 and p which are considered are given in 

Table 1 to Table 4. The sizes of samples, n1 and n2 , from populations 

(groups) Il 1 and Il2 respectively are chosen to be n 1=n2=50, unless stated 

otherwise in the tables. 
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p 112 .. 
m 

p=4 p=8 p=l2 p=l6 

-0.06 0.5 0.7028 0.6930 0.6712 0.5755 
1.0 0.9938 0.9801 0.9492 0.8139 
1.5 1.2172 1.2004 1.1625 0.9969 
2.0 1.4055 1.3861 1.3434 1.1511 
2.5 1.5714 1.5497 1.5008 1.2870 

0.00 0.5 0.7071 0.7071 0.7071 0.7071 
1.0 1.0000 1.0000 1.0000 1.0000 
1.5 1.2247 1.2247 1.2247 1.2247 
2.0 1.4142 1.4142 1.4142 1.4142 
2.5 1.5811 1.5811 1.5811 1.5811 

0.01 0.5 0.7071 0.7069 0.7068 0.7066 
1.0 0.9999 0.9997 0.9995 0.9993 
1.5 1.2246 1.2243 1.2241 1.2239 
2.0 1.4140 1.1437 1.4142 1.4133 
2.5 1.5809 1.5806 1.5811 1.5801 

0.2 0.5 0.6761 0.6606 0.6532 0.6489 
1.0 0.9562 0.9342 0.9238 0.9177 
1.5 1.1711 1.1442 1.1314 1.1239 
2.0 1.3522 1.3212 1.3064 1.2978 
2.5 1.5119 1.4771 1.4606 1.4510 

0.4 0.5 0.6055 0.5790 0.5692 0.5641 
1.0 0.8563 0.8189 0.8050 0.7977 
1.5 1.0488 1.0029 0.9859 0.9770 
2.0 1.2111 1.1581 1.1384 1.1282 
2.5 1.3540 1.2948 1.2728 1.2613 

0.65 0.5 0.4738 0.4452 0.4361 0.4316 
1.0 0.6700 0.6296 0.6167 0.6103 
1.5 0.8206 0.7711 0.7553 0.7475 
2.0 0.9475 0.8904 0.8722 0.8632 
2.5 1.0594 0.9955 0.9751 0.9650 

Table 1 Values of m • under the case of "non-equivalence" 

with L = (1- p )I+ pJ ( i.e.for cases A 1 and Pl ). 
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112 
p 0.5 1.0 1.5 2.0 2.5 

-0.65 0.5374 0.7599 0.9307 1.0747 1.2016 
-0.4 0.6481 0.9165 1.1225 1.2961 l.4491 
-0.2 0.6928 0.9798 1.2000 1.3856 1.5492 
-0.06 0.7058 0.9982 1.2225 1.4117 1.5783 
0 0.7071 1.0000 1.2247 1.4142 1.5811 
0.01 0.7071 0.9999 1.2247 1.4142 1.5811 
0.2 0.6928 0.9798 1.2000 1.3856 1.5492 
0.4 0.6481 0.9165 1.1225 1.2961 1.4491 
0.65 0.5374 0.7599 0.9307 1.0747 1.2016 

Table 2 Values of m • under the case of "non-equivalence" 
with :E =AR (1 ) ( i.e.for cases A2 and P2 ). 

Note : Same values of m* for all values of p. 
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p 112 m 

p=4 p=8 p=l2 o=16 

-0.06 0.5 0.3202 0.1904 0.1190 0.0559 
1.0 0.4528 0.2693 0.1683 0.0791 

1.5 0.5545 0.3298 0.2062 0.0968 
2.0 0.6403 0.3808 0.2380 0.1118 
2.5 0.7159 0.4257 0.2661 0.1250 

0.00 0.5 0.3536 0.2500 0.2041 0.1768 

1.0 0.5000 0.3536 0.2887 0.2500 

1.5 0.6124 0.4330 0.3536 0.3062 
2.0 0.7071 0.5000 0.4082 0.3536 
2.5 0.7906 0.5590 0.4564 0.3953 

0.01 0.5 0.3588 0.2586 0.2151 0.1896 

1.0 0.5074 0.3657 0.3041 0.2681 
1.5 0.6215 0.4479 0.3725 0.3283 

2.0 0.7176 0.5172 0.4301 0.3791 

2.5 0.8023 0.5783 0.4809 0.4239 

0.2 0.5 0.4472 0.3873 0.3651 0.3536 

1.0 0.6325 0.5477 0.5164 0.5000 

1.5 0.7746 0.6708 0.6325 0.6124 

2.0 0.8944 0.7746 0.7303 0.7071 
2.5 1.0000 0.8660 0.8165 0.7906 

0.4 0.5 0.5244 0.4873 0.4743 0.4677 

1.0 0.7416 0.6892 0.6708 0.6614 

1.5 0.9083 0.8441 0.8216 0.&101 
2.0 1.0488 0.9747 0.9487 0.9354 
2.5 1.1726 1.0897 1.0607 1.0458 

0.65 0.5 0.6072 0.5890 0.5827 0.5796 

1.0 0.8588 0.8329 0.8241 0.8197 

1.5 1.0518 1.0201 1.0093 1.0039 
2.0 1.2145 1.1779 1.1655 0.1592 
2.5 1.3578 1.3170 1.3030 1.2960 

Table 3 Values of m under the case of " equivalence " 

with l: = (1- p )I+ pJ ( i.e. for cases A3 and P3 ). 



p ;i2 m 

p=4 p=8 p=l2 p=l6 

0.00 0.5 0.3536 0.2500 0.2041 0.1768 
1.0 0.5000 0.3536 0.2887 0.2500 
1.5 0.6124 0.4330 0.3536 0.3062 
2.0 0.7071 0.5000 0.4082 0.3536 
2.5 0.7906 0.5590 0.4564 0.3953 

0.01 0.5 0.3562 0.2522 0.2060 0.1784 
1.0 0.5038 0.3567 0.2913 0.2524 
1.5 0.6170 0.4368 0.3568 0.3091 
2.0 0.7124 0.5044 0.4120 0.3569 
2.5 0.7965 0.5639 0.4606 0.3990 

0.2 0.5 0.4082 0.2970 0.2449 0.2132 
1.0 0.5774 0.4201 0.3464 0.3015 
1.5 0.7071 0.5145 0.4243 0.3693 
2.0 0.8165 0.5941 0.4899 0.4264 
2.5 0.9129 0.6642 0.5477 0.4767 

0.4 0.5 0.4677 0.3536 0.2958 0.2594 
1.0 0.6614 0.5000 0.4183 0.3669 
1.5 0.8101 0.6124 0.5123 0.4494 
2.0 0.9354 0.7071 0.5916 0.5189 
2.5 1.0458 0.7906 0.6614 0.5801 

0.65 0.5 0.5528 0.4486 0.3873 0.3458 
1.0 0.7817 0.6344 0.5477 0.4890 
1.5 0.9574 0.7770 0.6708 0.5989 
2.0 1.1055 0.8971 0.7746 0.6916 
2.5 1.2360 1.0030 0.8660 0.7732 

Table 4 : Values of m under the case of "equivalence " 
when L = AR(l) (positive p in cases A4 and P4 ). 
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p 112 m 

p=4 p=8 p=l2 p=16 

-0.65 0.5 0.1817 0 .1213 0.0973 0.0835 
1.0 0.2570 0.1715 0.1375 0.1181 
1.5 0.3147 0 .2100 0.1685 0.1446 
2.0 0.3634 0.2425 0.1945 0.1670 
2.5 0.4063 0.2712 0.2175 0.1867 

-0.4 0.5 0.2500 0.1698 0.1369 0.1179 
1.0 0.3536 0.2402 0 .1936 0.1667 
1.5 0.4330 0.2942 0.2372 0.2041 
2.0 0 .5000 0.3397 0.2739 0.2357 
2.5 0.5590 0.3798 0.3062 0.2635 

-0.2 0.5 0.3015 0.2085 0.1690 0.1459 
1.0 0.4264 0.2949 0.2390 0.2063 
1.5 0 .5222 0.3612 0.2928 0.2526 
2.0 0 .6030 0.4170 0.3381 0.2917 
2.5 0 .6742 0.4663 0.3780 0.3262 

-0.06 0.5 0.3378 0.2371 0.1931 0.1671 
1.0 0.4777 0.3353 0.2731 0.2363 
1.5 0 .5850 0.4107 0.3345 0.2894 
2.0 0.6755 0.4742 0.3863 0.3341 
2.5 0.7552 0.5302 0.4319 0.3736 

Table 4a : Values of m under the case of " equivalence " 
with :E = AR(l) (negative p in cases A4 and P4 ). 
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Note that when µ 1 =(m·,o, ... , O)r, µ 2 =(0, ...... ,0)T and 

:E = AR ( 1), the values of m" are independent of p (see Table 2). This is 

due to the fact that µ T :E-1 µ does not involve p when :£ is as denoted by 

the AR(l) structure. 

Section 4.2 Discussion 

The relative performances of the linear discriminant function and 

the Euclidean distance classifier are compared using two main categories: 

(i) category 1 consisting of comparisons for the actual error rates 

as defined in sections 3.2.1, 3.2.2, 3.2.3 and 3.2.4, and 

(ii) category 2 consisting of comparisons for the plug-in error rates 

as defined in sections 3.3.1, 3.3.2, 3.3.3 and 3.3.4. Thus the discussion of 

the results will be separated in the above manner in the following 

sections. 

From here on , the error rates when the parameters µ 1, µ 2 and L 

are known is referred to as the "true" error rate. The terms p~), p~L>, 

p~E) and p~L) in the tables are as defined in Chapter 3 ( expressions 3.3 -

3 .11 ). The compiled results which are presented in Table 5 to Table 8a 

are extracted from Table 9 to Table 23 (Appendix A4 ). From now on we 

also refer to the asymptotic expectation of the actual error rate and the 

asymptotic expectation of the plug-in error rate as "the expected actual 

error rate" and "the expected plug-in error rate" respectively . 
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Section 4.2.1 Actual error rates ( cateeorv l) 

In all the cases associated with the actual error rates, such as cases 

Al, A2, A3 and A4 ( as defined in chapter 3 ), the expected actual error 

rate decreases as the Mahalanobis distance , Li 2 , increases ( see Table 5 to 

Table 8a ). This is expected since it becomes easier to distinguish between 

two populations as the Mahalanobis distance increases. Furthermore, the 

expected actual error rates for the Euclidean distance classifier seem to 

overestimate the true error rates , although exceptions occur in some 

instances (see underlined values in Table 5). However, the value with 

p=0.40 is only slightly underestimated. The rest of the values are 

consistent with previous work ( see Chapter 2 ). 

Non-equivalence. 2: = ( 1-p) I + p.I (Table 5) 

Consider the case of non-equivalence of the linear discriminant 

function and the Euclidean distance classifier. When :L = (1- p )I+ pJ 

( see Table 5 ), the expected actual error rates for the Euclidean distance 

classifier increases as p increases. Note , however that there are situations , 

especially when the level of correlation is high (i.e. p =0.65)-; when this 

does not happen; see, for example, the underlined values. For the linear 

discriminant function , the expected actual error rate increases as p 

increases when the correlation is small or zero (e.g. p=0.00,0.20) but it 

decreases as p increases when p increases to 0.40 and 0.65. When both 

the correlation and the Mahalanobis distance are moderate to large (e.g . 

p~ 0.40 and L'.l2 ;:::1 in the Table 5), the expected actual error rates of the 

linear discriminant function underestimate the true error rates. For small 
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62 p p=4 p=8 p=l2 

true acrual plug-in true acrual plug-in !rue acrual plug-in 

EDC EDC EDC EDC EDC EDC EDC EDC EDC 
LDF LDF LDF LDF LDF LDF WF LDF LDF 

0.5 0.0 0.3618 0.3784 0.3456 0.3618 0.3996 0.3244 0.3618 0.4208 0.3032 

0.3618 0.3857 0.3373 0.3618 0.3954 0.3051 0.3618 0.4133 0.2729 

0.2 0.3677 0 .3823 0.3491 0.3706 0.4075 0.3293 0.3720 0.4346 0 .3108 

0.3618 0.3766 0.3370 0.3618 0.3899 0.3047 0.3618 0.4477 0.2724 

0.4 0.3810 0.3847 0.3515 0 .3861 0 .3891 0.3093 0 .3880 0.3844 0 .2573 

0.3618 0.3685 0.3360 0.3618 0.3673 0.3036 0.3618 0.4359 0.2712 

0.65 0.4064 0.3!ill 0.3309 0.4119 o.io;u 0.1293 0.4137 ** ** 
0.3618 0.3312 0.3618 0.2984 0.3618 0.2660 

1.0 0.0 0 .3085 0 .3200 0 .2976 0 .3085 0.3341 0.2835 0.3085 0 .3481 0 .2694 

0.3085 0.3148 0.2866 0.3085 0.3242 0.2579 0.3085 0.2291 

0.2 0 .3163 0.3266 0 .3037 0 .3202 0.3456 0.2924 0.3221 0 .3650 0.2811 

0.3085 0.3135 0.2862 0.3085 0.3206 0.2573 0.3085 0.2285 

0.4 0.3343 0.3375 0 .3141 0 .3411 0 .3450 0.2895 0.3437 0.3449 0 .2 567 

0.3085 0.3073 0.2850 0.3085 0.3008 0.2559 0.3085 0.2270 

0.65 0.3688 o.~382 0 .3169 0 .3765 0.2:.UJ 0.1839 0 .3789 ** ** 
0.3085 0.2788 0.3085 0.2493 0.3085 0.2204 

2.0 0.0 0.2398 0.2474 0.2328 0 .2398 0 .2562 0.2240 0 .2398 0.2650 0 . 2153 

0.2398 0.2277 0.2191 0.2398 0.2319 0.1920 0.2398 0.1649 

0.2 0.2495 0.2566 0 .2414 0 .2544 0.2714 0 .2367 0.2568 0.2853 0.2309 

0 .2398 0.2280 0.2187 0.2397 0.2308 0.1914 0.2398 0.1642 

0.4 0.2724 0.2754 0.2592 0.2813 0.2861 0 .2483 0 .2846 0.2901 0.2303 

0.2398 0.2252 0.2172 0.2397 0.2155 0.1897 0.2398 0.1625 

0.65 0.3174 o.i22' 0.2831 0.3281 o.~:tO' 0.2018 0.3314 o.1isi 0 .0639 

0.2398 0.2101 0.2398 0.1823 0.2397 0.1550 

2.5 0.0 0 .2146 0.2213 0.2088 0.2146 0 . 2287 0.2014 0.2146 0.2361 0.1940 

0 .2146 0.1925 0.1944 0.2146 0.1953 0.1678 0.2146 0.1994 0.1412 

0.2 0 .2248 0.2311 0 .2 180 0.2301 0 .2448 0 .2151 0.2326 0 .2573 0 .2107 

0.2146 0.1937 0.1939 0.2146 0.1956 0.1671 0.2146 0.1984 0.1405 

0.4 0.2492 0 .2522 0.2379 0.2587 0 .2 639 0 .2307 0.2623 0 .2690 0.2167 

0.2146 0.1927 0.1924 0.2146 0.1826 0.1655 0.2146 0.1699 0.1388 

0.65 0.2982 0.2830 0.2680 0.3093 0.~3SZ 0.2006 0.3129 0.1320 0.0836 

0.2146 0.1853 0.2146 0.1580 0.2146 0.1312 

Table S : The 'true', expected actual and expected plug-in error rates of the EDC 

and LDF under the case of 'non - equivalence' with l: = (1 - p )I + pJ . 
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Mahalanobis distance, (for example, 6 2 =0.5 in Table 5), the expected 

actual error rate of the linear discriminant function overestimates the true 

error rate considerably as p increases. When the Mahalanobis distance is 

large, (i.e. 6 2 = 2.5 in Table 5), the expected actual error rate of the 

linear discriminant function underestimates the true error rate 

considerably. Comparing the actual error rates of the linear discriminant 

function and the Euclidean distance classifier, the expected actual error 

rate for the Euclidean distance classifier is considerably closer to the true 

value than the expected actual error rate for the linear discriminant 

function asp and p increase (e.g. p2':0.40 and p2':8 in Table 5). Note that 

the true error rate of the linear discriminant function is independent of p 

because of the structure of the function for the linear discriminant 

function (see equation 1.1 Oa ). This is due to the fact that only the first 

elements of µ 1 and :L-1 are involved. Furthermore, m*=·~t:i/0 11 
where 

0 11 depends on p. Thus when p varies while 6 2 and p remain the same. 

the true error rates remain the same too. The true error rates are also the 

same for all values of p due to the way the values of m* are chosen and 

the structure of the linear discriminant function, i.e. 

1:12 = (µ1 - µ2 )T :L-1 (µ1 - µ2) and DL (x) = <I>(-6/2) 
r .. 

It can be seen from Table 5 that in general the expected actual 

error rate for the Euclidean distance classifier initially increases as p 

increases but decreases again especially when the correlation coefficient 

and the dimension p become large (i.e. p ~0.40 and p~8). The expected 

actual error rate is relatively small when the correlation is large 

(e.g. p=0.65) for all p. This shows that the asymptotic expansion gives a 

bad approximation to the true error rate as the correlation between 

elements gets stronger. 
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In Table S it can be seen that the expected actual error rate for 

the linear discriminant function may decrease as p increases when 

:E = (1 - p) I + pJ. This ( rather surprising ) result is consistent with some 

result ( Cochran, 1962 ) which states that it is possible for correlation 

(among elements of the vector x) to improve discrimination. It is not 

possible to always predict what will happen (i.e. improvement or 

worsening) since it is the combined effects of p, p, ~2 and the asymptotic 

approximations. 

Non-equivalence. :E = AR(1) (Table 6) 

Under the case of non-equivalence of the linear discriminant 

function and the Euclidean distance classifier when I: = AR(l) (see 

Table 6), the true error rate of the Euclidean distance classifier remains 

the same for all dimension p as the values of m are the same for all values 

of p (as explained in Section 4.1 ). For both the linear discriminant 

function and the Euclidean distance classifier, the expected actual error 

rate increases as p increases. The expected actual error rate increases too 

as p increases. These strong patterns of behaviour of the expected actual 

error rates are shown in this case but not when I: = ( 1 - p) I + pJ because 

for given values of p the correlation among the elements of x for 

:E = (1 - p )I+ pJ is much stronger when compared to the corresponding 

correlations when I: = AR (1 ) . From Table 6a, the results show that as Ip I 

increases, the expected actual error rate increases, and as p increases the 

expected actual error rate increases too. From Table 6, it can be seen that 

the expected actual error rates for the linear discriminant function is very 

large when compared to the true error rates. Thus, it overestimates the 

true error rates considerably. On the other hand the expected actual error 
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f).2 p p=4 p=8 p=l2 

true actual plug-in true actual plug-in true actual plug-in 

EDC EDC EDC EDC EDC EDC EDC EDC EDC 
LDF LDF LDF LDF LDF LDF LDF LDF LDF 

0.5 0.0 0.3618 0.3784 0.3456 0.3618 0.3996 0.3244 0.3618 0.4208 0.3032 

0.3618 0.3906 0.3373 0.3618 0.4228 0.3051 0.3618 0.4550 0.2729 

0.2 0.3645 0.3812 0.3478 0.3645 0.4047 0.3270 0.3645 0.4282 0.3062 

0.3618 0.3969 0.3372 0.3618 0.4389 0.3049 0.3618 0.4844 0.2727 

0.4 0.3730 0.3886 0.3537 0.3730 0.4207 0.3352 0.3730 0.4530 0.3163 

0.3618 0.4064 0.3365 0.3618 0.4669 0.3043 0.3618 0 .5169 0.2720 

0.65 0.3941 0.3931 0.3565 0.3941 0.4523 0.3471 0.3941 0.5222 0.3414 

0.3618 0.3320 0.3618 0.2998 0.3618 0.2675 

1.0 0.0 0.3085 0.3200 0.2976 0.3085 0.3341 0.2835 0.3085 0.3481 0.2694 

0.3085 0.3292 0.2866 0.3085 0.3579 0.2579 0.3085 0.2291 

0.2 0.3121 0.3236 0.3008 0.3121 0.3393 0.2870 0.3121 0.3549 0.2731 

0.3085 0.3380 0.2864 0.3085 0.3796 0.2577 0.3085 0.2289 

0.4 0.3234 0.3344 0.3102 0.3234 0.3559 0.2978 0.3234 0.3776 0.2852 

0.3085 0.351 7 0.2855 0.3085 0.4167 0.2568 0.3085 0.2280 

0.65 0.3520 0.3521 0.3262 0.3520 0.3927 0.3199 0.3520 0.4404 0.3161 

0.3085 0.2797 0.3085 0.2510 0.3085 0.2222 

2.0 0.0 0.2398 0.2474 0.2328 0.2398 0.2562 0.2240 0.2398 0.2650 0.2153 

0.2398 0.2447 0.2191 0.2398 0.2719 0.1920 0.2398 0.1649 

0.2 0.2442 0.2520 0.2370 0.2442 0.2618 0.2283 0.2442 0.2717 0.2196 

0.2398 0.2558 0.2189 0.2398 0.2981 0.1918 0.2398 0.1647 

0.4 0.2585 0.2661 0.2499 0.2585 0.2 799 0.2420 0.2585 0.2936 0 .2340 

0.2398 0.2733 0.2178 0.2398 0.3414 0.1908 0 .2398 0.1637 

0.65 0.2955 0.2967 0.2784 0.2955 0.3236 0.2744 0.2955 0.3550 0.2719 

0.2398 0.2111 0.2398 0.1840 0.2398 0.1569 

2.5 0.0 0.2146 0 .2213 0.2088 0.2146 0.2287 0.2014 0.2146 0.2361 0.1940 ,,. .. 
0.2146 0 .2102 0.1944 0.2146 0.2368 0.1678 0.2146 0.2634 0.1412 

0.2 0.2193 0 .2261 0.2132 0.2193 0.2344 0.2059 0.2193 0.2426 0.1986 

0.2146 0.2218 0.1941 0.2146 0.2638 0.1675 0.2146 0.3059 0.1409 

0.4 0.2344 0.2411 0.2271 0.2344 0.2528 0.2204 0.2344 0.2645 0.2135 

0.2146 0 .2402 0.1931 0.2146 0.3075 0.1665 0.2146 0.3747 0.1399 

0.65 0.2740 0.2755 0.2591 0 .2740 0.2988 0.2558 0.2740 0.3258 0.2536 

0.2146 0.1862 0.2146 0.1596 0.2146 0.1330 

Table 6 : The 'true', expected actual and expected plug-in error rates of the EDC 
and LDF under the case of 'non - equivalence' with L = AR(l) . 
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t::,.2 p p=4 p=8 p=l2 

true actual plug-in true acrual plug-in true actual plug-in 

EDC EDC EDC EDC EDC EDC EDC EDC EDC 
LDF WF WF LDF LDF LDF LDF WF LDF 

0.5 - 0.2 0.3645 0.3812 0.3477 0.3645 0.4047 0.3269 0.3645 0.4282 0 .3061 

0.3618 0.3372 0.3618 0.3049 0.3618 0.2727 

- 0.4 0.3730 0.3886 0.3525 0.3730 0.4207 0.3336 0.3730 0.4530 0.3147 

0.3618 0.3365 0.3618 0.3043 0.3618 0.2720 

-0.65 0.3941 0.3931 0.3498 0.3941 0.4523 0.3325 0.3941 0.5222 0.3245 

0.3618 0.3320 0.3618 0.2998 0.3618 0.2675 

1.0 - 0.2 0.3121 0.3236 0.3007 0.3121 0 .3393 0.2869 0 .3121 0.3549 0.2730 

0.3085 0.2824 0.3085 0.2577 0.3085 0 .2289 

- 0.4 0.3234 0.3344 0.3095 0.3234 0.3559 0.2968 0.3234 0 .377 6 0 .2841 

0.3085 0.2855 0.3085 0.2568 0 .3085 0.2280 

-0.65 0.3520 0.3521 0.3216 0.3520 0.392 7 0.3099 0.3520 0.4404 0.3041 

0.3085 0 .2797 0.3085 0.2510 0.3085 0.2222 

2.0 - 0.2 0.2442 0.2520 0.2369 0.2442 0.2618 0.2283 0.2442 0.2717 0.2196 

0.2398 0.2189 0.2398 0.1918 0.2398 0.1647 

- 0.4 0.2585 0.2661 0 .2494 0.2585 0.2 799 0.2414 0.2585 0.2936 0.2333 

0.2398 0.2178 0.2398 0.1908 0.2398 0.1637 

-0.65 0.2955 0.2967 0.2754 0.2955 0.3236 0.2678 0.2955 0.3550 0 .2643 

0.2398 0.2111 0.2398 0.1840 0.2398 0.1569 

2.5 - 0.2 0.2193 0.2661 0.2131 0.2193 0.2344 0.2058 0.2193 0.2426 0.1985 

0.2146 0 .1941 0.2146 0.1675 0.2146 0.1409 

- 0.4 0.2344 0.2441 0.2266 0.2344 0.2528 0.2198 0.2344 0.2645 0.2129 

0.2146 0.1931 0.2146 0.1665 0.2146 0.1399 

-0 .65 o.2no 0.2755 0.2565 0.2740 0.2988 0.2501 0.27-lO 0.3258 0 .24 70 

0.2J..16 0. 1862 0.2146 0.1596 0 .2146 0.1330 

Table 6a : The 'true', expected actual and expected plug-in error rates of the EDC 

and LDF under the case of 'non-equivalence' with L = AR(l). 
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rate for the Euclidean distance classifier is fairly close to the true error 

rate. Therefore, it gives a better estimate of the true error rate, when 

compared with the expected actual error rate from the linear discriminant 

function. 

Thus from Table 6, two general results can be deduced, namely (i) 

the expected actual error rate of the Euclidean distance classifier is a 

better estimate of the true error rate when compared to the expected 

error rate of the linear discriminant function and (ii) the true and 

expected actual error rates for the Euclidean distance classifier are 

smaller than the true and expected actual error rates for the linear 

discriminant function. It can be seen that for the combinations of 

parameters considered and under the situation of non-equivalence with 

:E = AR(l ), the Euclidean distance classifier can be said to perform better 

than the linear discriminant function. 

Equivalence. L = (1-p)l + p,J (Table 7) and :E = AR(l) (Table 8) 

Under the case of equivalence of the linear discriminant function 
,,, . 

and the Euclidean distance classifier, only the results of the expected 

actual error rate for the Euclidean distance classifier were obtained 

because the evaluation of the asymptotic expansion of the linear 

discriminant function was found to be too complex for the time 

allocated for it. From the results ( see Tables 7 and 8 ) for the Euclidean 

distance classifier, the expected actual error rate appears to give a good 

estimate to the "true" error rate. The results show that there is not much 

difference in the error rates for different values of p, especially when 

:E = (1- p )I+ pJ, and the level of correlation is low or moderate 
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/l2 p p=4 p=8 p=l2 

true acrual plug-in true actual plug-in true acrual plug-in 

EDC EDC EDC EDC EDC EDC EDC EDC EDC 
LDF LDF LDF LDF LDF LDF LDF LDF LDF 

0.5 0.0 0.3618 0 .3788 0 .3470 0.3618 0.4001 0 .3261 0.3619 0 .4214 0 .3050 

0.3618 0 .3373 0.3618 0.3037 

0.2 0.3618 0.3669 0 .3510 0 .3618 0.3671 0 .3426 0.3619 0.3667 0 .3378 

0.3618 0.3378 0.3618 0.3046 

0.4 0 .3618 0 .3641 0 .3554 0.3618 0.3639 0.3524 0 .3618 0.3638 0 .3511 

0.3618 0.3381 0.3618 0 .3052 

0.65 0 .3618 0.3631 0.3593 0.3618 0.3631 0.3586 0.3618 0.3632 0 .3584 

0.3618 0.3384 0.3618 0 .3059 

1.0 0.0 0.3085 0.3205 0 .2994 0.3085 0.3347 0.2857 0.3085 0 .3489 0 .2718 

0.3085 0.2867 0.3085 0.2562 

0.2 0.3085 0.3125 0 .3020 0.3085 0.3128 0 .2967 0 .3085 0 .3126 0.2936 

0.3085 0.2873 0.3085 0.2574 

0.4 0 .3085 0 .3107 0 .3050 0.3085 0.3107 0 .3032 0.3085 0.3106 0 .3024 

0.3085 0.2877 0.3085 0.2580 

0.65 0 .3085 0 .3101 0 .3076 0 .3085 0 .3102 0 .3074 0.3085 0.3102 0 .30 73 

0.3085 0.2882 0.3085 0.2590 

2.0 0.0 0.2398 0.2481 0.2351 0.2397 0.2571 0.2268 0.2398 0 .2660 0 .2182 

0.2398 0.2196 0.2397 0.1902 

0.2 0 .2398 0.2431 0.2367 0.2397 0 .2434 0 . 2336 0.2397 0 .2433 0 .2318 

0.2398 0.2204 0.2397 0.1917 

0.4 0.2398 0.2420 0.2386 0.2397 0.2421 0.2377 0.2397 0 .2421 0 .2373 

0.2398 0.2209 0.2397 0.1926 

0.65 0.2398 0 .2 -H6 0.2402 0.2397 0.2418 0. 2403 0.2 397 0.2418 0 . 2403 

0.2398 0.2214 0.2397 0. 1939 

2.5 0.0 0.2146 0.2219 0.2112 0 .2146 0.2296 0.2043 0.2146 0.2370 0.1971 

0.2146 0.1951 0.2146 0. 1661 

0.2 0.2146 0 .2178 0 .2126 0 .2146 0 .2181 0.2101 0.2146 0.2180 0 .2085 

0.2146 0.1959 0.2146 0.1677 
0.4 0 .2146 0 .2168 0.2141 0 .2146 0.2170 0 .2135 0.2146 0 . 2170 0 .2131 

0.2146 0.1964 0.2146 0.1 686 
0.65 0.2146 0 .2165 0.2155 0.2146 0 . 2167 0.2156 0.2146 0.2168 0 .2157 

0.2146 0.1970 0.2146 0.1699 

Table 7 : The 'true', expected actual and expected plug-in error rates of the EDC 

and LDF under the case of 'equivalence' with 1: = (1 - p) I + pJ . 
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/::;.2 p p=4 p=8 p=l2 

true actual plug-in true accual plug-in true actual plug-in 

EDC EDC EDC EDC EDC EDC EDC EDC EDC 
LDF LDF LDF LDF LDF LDF LDF LDF LDF 

0.5 0.0 0.3618 0.3788 0 .34 70 0.3618 0.4001 0.3261 0.3619 0.4214 0.3050 

0.3618 0.3373 0.3618 0.3037 

0.2 0.3624 0.3704 0 .3495 0.3623 0.3806 0.3316 0.3622 0.3907 0 .3135 

0.3618 0 .3376 0.3618 0.3042 

0.4 0.3634 0.3673 0.3541 0.3636 0.3725 0.3417 0.3633 0.3776 0.3287 

0.3618 0.3378 0.3618 0.3044 

0.65 0.3642 0.3659 0 .3597 0 .3660 0.3692 0.3549 0.3660 0.3712 0 .3482 

0.361 8 0 .3378 0.361 8 0.3046 

1.0 0.0 0.3085 0.3205 0.2994 0.3085 0 .334 7 0.2857 0.3085 0.3489 0.2718 

0.3085 0.2867 0.3085 0.2562 

0.2 0.3092 0.3153 0 .3014 0.3092 0.3221 0.2897 I) .3090 0.3288 0.2777 

0.3085 0.2871 0.3085 0.2567 

0.4 0.3106 0.3139 0 .3052 0.3109 0.3176 0.2973 0.3105 0.3208 0 .2885 

0.3085 0.2873 0.3085 0.2570 

0.65 0.3117 0.3135 0.3095 0.3140 0.3170 0.3079 0.3140 0.3183 0 .3032 

0.3085 0.2874 0.3085 0.2573 

2.0 0.0 0.2398 0 . 2481 0.2351 0 .2397 0.2571 0 . 2268 0 .2398 0 .2660 0 .2182 

0.2398 0 .2196 0.2397 0.1902 

0.2 0.2406 0.2453 0.2368 0.2405 0.2496 0.2296 0.2404 0.2537 0.2221 

0.2398 0.2200 0.2397 0.1908 

0.4 0.2424 0.2452 0.2400 0.2428 0.24 79 0.2355 0 .2422 0.2497 0 .2298 

0.2398 0.2203 0.2398 0.1913 

0.65 0.2437 0.2457 0 . 2433 0.2467 0.2495 0 . 2439 0 .2466 0.2503 0 .2412 

0.2398 0.2204 0.2398 0.1917 

2.5 0.0 0.2146 0 .2219 0 .2112 0.2146 0.2296 0 . 2043 0.2 l-l6 0.2370 0 . 1971 ,.,. .. 
0.21 46 0.1951 0. 21 46 0. 1661 

0.2 0.2155 0.2198 0.2127 0.2154 0 . 2234 0.2208 0.2152 0.2269 0 .2006 

0.2146 0 .1951 0.21 46 0.1667 

0.4 0.2173 0.2201 0.2158 0.2178 0.2225 0.2122 0.2172 0 .2239 0 .2074 

0.2146 0.1959 0.2146 0.1671 

0.65 0 .2188 0.2208 0.2189 0.2219 0.2246 0.2201 0.2219 0.2254 0.2178 

0.2146 0 .1959 0.2146 0.1676 

Table 8 : The 'true ', expected actual and expected plug-in error rates of the EDC 

and LDF under the case of 'equivalence' with !: = AR(l) . 
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(i.e. p =0.20 and p =0.40) . In general, when :E = (1-p )l+pJ (see Table 7), 

as p increases the expected actual error rates for the Euclidean distance 

classifier increases and, as p increases the expected actual error rates 

decrease. Since the true eror rate remains the same (for a given 

combination of parameters) as p increases, the decrease in the expected 

actual error rates as p increases means that better estimates of the true 

error rates are obtained with increasing p. 

When :L = AR(l) (see Table 8), the results show that when p 

increases, the actual error rate increases. As p increases , the expected 

actual error rate decreases until p becomes high when it increases again 

slightly (compare the results for p =0.4 with those for p =0. 6 5). 

Furthermore, all the actual error rates overestimate the true error rates. 

From Table 8a the results show that as p increases, the expected actual 

error rate increases, and as Ip I increases, the expected actual error rate 

increases too. 111e results also show that the expected actual e rror rate 

obtained do not give good estimates of the true error rate when p is 

negative and p is moderate to large (i.e. p=8.l 2 in Table 8a). Also. the 

expected actual error rates are out of bound when p is large and p is 

negative and small. 

It can be seen from Table 13 (in Appendix A4) that the expected 

actual error rates when the correlation is negative and small 

(i.e. p=-0.06) and :L = (1- p)I + pJ are incredibly large (out of bound at 

large p , i.e. p=16). This behaviour can be explained by the structure of 

:L ·1 when the correlation is negative and small (see Appendix E 1) . 
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t::.1 p p=4 p=8 p=l2 

true actual plug-in true actual plug-in true actual plug-in 

EDC EDC EDC EDC EDC EDC EDC EDC EDC 
LDF LDF WF LDF LDF LDF LDF LDF LDF 

0.5 - 0.2 0.3626 0 .3994 0.3522 0.3624 0 .4505 0.3400 0.3623 0.5021 0 .3280 

0.3618 0.3367 0.3618 0.3031 

- 0.4 0.3654 0 .4549 0.3841 0.3644 0.6034 0.4346 0.363 7 0. 7601 0 .4925 

0.3618 0.3350 0.3618 0.3009 

-0.65 0.3721 0. 7889 0.6551 0 .3706 ** ** 0.3683 ** ** 

0.3618 0 .3250 0.3618 0.2875 

l.0 - 0.2 0.3096 0.3347 0.3034 0.3092 0 .3686 0.2953 0.3091 0.4028 0.28 73 

0.3085 0.2859 0.3085 0.2552 

- 0.4 0.3133 0.3736 0.3264 0.3119 0.4717 0.3595 0 .3110 0.5756 0 .3977 

0.3085 0.2837 0.3085 0.2524 

-0.65 0.3222 0.6022 0.5125 0.3203 ** 0.9497 0.3175 ** ** 
0.3085 0.2790 0.3085 0.2350 

2.0 - 0.2 0.2411 0 .2576 0 .2382 0 .2407 0 .2787 0.2332 0.2404 0.2999 0 .2282 

0.2398 0.2186 0.2398 0.1891 

- 0.4 0.2457 0.2844 0.2549 0 .2439 0.3451 0.2751 0.2427 0.4093 0.2984 

0.2398 0.2161 0.2398 0.1856 

-0.65 0.2570 0.4359 0.3789 0.2546 0 . 7905 0.6548 0.2509 •• 0.9991 

0.2398 0.2011 0.2398 0.1646 

2.5 - 0.2 0.2160 0.2302 0.2141 0.2155 0.2479 0.2099 0.2153 0.2657 0.2056 

0.2146 0.1941 0.2146 0.1648 

- 0.4 0.2209 0.2539 0.2291 0.2190 0.3046 0.2458 0.2178 0.3584 0 .2 652 

0.2146 0.1915 0.2146 0.1612 

-0.65 0.2328 0.3848 0.3365 0.2302 0.6843 0.5695 0.2264 •• 0 .8592 

0.2146 0.1762 0.2146 0.1394 
,,,. . 

Table 8a : The 'true', expected actual and expected plug-in error rates of the EDC 
and LDF under the case of 'equivalence' with 1: = AR(l ). 
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Section 4.2.2 Plug-in error rates ( category 2 ) 

As defined in Section 1.3 , the plug-in error rate is the error rate 

obtained by replacing the unknown parameters in the actual error rate by 

their estimators. Therefore, it is of interest to investigate how the 

expected plug-in error rate estimates the expected actual error rate. 

In all cases of the plug-in error rates, such as cases Pl, P2, P3 and 

P4 (as defined in Section 3.3), the expected plug-in error rates decrease 

as the Mahalanobis distance increases (see Table S to Table 8a). As 

mentioned in Section 4.2.1, this result is expected. In all cases the plug-in 

error rate underestimates the expected actual error rates. 

Non-equivalence. L = (1-p)I + p.I ( Table S ) 

Under the case of non-equivalence of the linear discriminant 

function and the Euclidean distance classifier, the expected plug-in error 

rate for the Euclidean distance classifier decreases as the dimension 

p increases when L = ( 1 - p )I+ pJ ( see Table S ). The results also show 

that the expected plug -in error rate underestimates the expected actual 

error rate. In general as 6 2 increases the expected plug-in error rate 

decreases except at a particular combination of parameters ,(see the entry 

for p=l2, p=0.4, 6 2 =0.5 and n1=n2=50, in the Table 5). However, when 

the sample size is large relative to the dimension size, p, (i.e. n1=n2=100; 

see Table 15a), the expected plug-in error rate decreases (in all situations) 

as 6 2 increases. This is due to the fact that when p is large (i.e. at p=l6) 

the values of n1 and n2 chosen must be reasonably large relative to the 

dimension p in order to obtain reasonable results and estimates. The 
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expected plug-in error rate for the linear discriminant function decreases 

( considerably ) as the dimension p increases (see Table 5). For both the 

linear discriminant function and the Euclidean distance classifier, it was 

noted earlier that the expected actual error rate increases as p increases 

when the level of correlation is low (i.e. p ~0.20). The overall effect is 

that with zero or low correlation (i.e. p ~0.20) as p increases, the plug-in 

error rates of the linear discriminant function and the Euclidean distance 

classifier estimate the corresponding actual error rates poorly . Initially 

when p, b.2 and p are small (i.e. p=4, .12 =0.5,l.O and p=0.00,0.20), the 

difference between the expected plug-in error rate and the expected actual 

error rate of the Euclidean distance classifier is generally smaller than the 

corresponding difference for the linear discriminant function. The 

previous statement is also valid in general for moderate values of p 

(i.e. p=8) when the Mahalanobis distance is small (i.e. b.2 =0.5,1 .0) for 

p=0.00,0.20,0.40. However, from the tables , when p= 12 this difference 

for the Euclidean distance classifier is smaller than the corresponding 

difference for the linear discriminant function (for most values of b.2 

and p ). Thus the results in Table 5 show that as p increases the plug-in 

error rate for the Euclidean distance classifier provides a better estimate 

of the actual error rate than that for the linear discriminant function , 

under the case of non-equivalence and I:= (1 - p) I+ pJ. 

The results in Table 5 also show that at small values of p (i.e. p=4) 

the expected plug-in error rate for the Euclidean distance classifier 

increases except when the Mahalanobis distance is small and p is large 

(i.e. b.2 =0.5, p=0.65). At moderate and large dimension (e.g. p=8,12) the 

expected plug-in error rate decreases as p increases to moderate or high 

(e.g. p =0.40,0.65). This behaviour is consistent with the simulation 
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results of Marco , Young and Turner ( 1987). On the other hand, the 

expected plug-in error rate for the linear discriminant function seems to 

always decrease as p increases. This behaviour was referred to earlier, 

with reference to Cochran's result (Cochran, 1962). 

Non-equivalence. 1: = AR(l) ( Table 6 ) 

Under the case of non-equivalence of the linear discriminant 

functien and the Euclidean distance classifier, and when 1: = AR(l), the 

expected plug-in error rates of the linear discriminant function and the 

Euclidean distance classifier both decrease as p increases (see Table 6). 

These expected plug-in error rates are also generally less than the 

corresponding expected actual error rates considerably when p increases . 

The results also show that the expected plug-in error rate for the linear 

discriminant function decreases as p increases, which is consistent with 

results by Cochran (1962). Futhermore, for all p, the expected plug-in 

error rate for the Euclidean distance classifier increases as p increases 

which is generally consistent with results by Marco. Young and Turner 

(1987). Results for negative p (see Table 6a) show that as p increases, the 

expected plug-in error rate decreases for both the linear discriminant 

function and the Euclidean distance classifier. Also, as lpl increases the 

expected plug-in error rate of the Euclidean distance classifier increases 

except when the Mahalanobis distance is small, lpl is large and p is small 

to moderate (e.g . .12 =0.5, p=-0.65 and p=4,8). Meanwhile, the expected 

plug-in error rate of the linear discriminant function decreases as Ip I 

increases. Comparing the expected plug-in error rates of the linear 

discriminant function and the Euclidean distance classifier for positive p 

(as in Table 6), the difference between the expected plug-in error rate 
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and the expected actual error rate of the Euclidean distance classifier is 

considerably smaller than the corresponding difference for the linear 

discriminant function, especially when fj.
2

, p and p are large. This result 

shows that the plug-in error rate associated with the Euclidean distance 

classifier gives a better estimate of its actual error rate, when compared 

to the performance of the plug-in error rate of the linear discriminant 

function. 

Equivalence. :E = Cl-p)I + p.J (Table 7) and I: = AR(l ) (Table 8) 

Under the case of equivalence of the linear discriminant function 

and the Euclidean distance classifier, we cannot make a comparison of 

performances of the linear discriminant function and the Euclidean 

distance classifier as the results for the expected actual error rate of the 

linear discriminant function were not obtained. The reason for this was 

given earlier. 

By considering the results of the expected plug-in error rates of the 

Euclidean distance classifier when :L = (1 - p )I + pJ ( see Table 7 ), it can 
,,, . 

be seen that the expected plug-in error rate underestimates the expected 

actual error rate. The results also show that as p increases, the expected 

plug-in error rate increases whereas the expected actual error rate 

decreases. Furthermore, the expected plug-in error rates decrease as p 

increases, except when /j. 
2 and p are large (i.e. £12=2.0,2.5 and p=0.65), 

whereas the expected actual error rate increases when p is small or 

moderate (i.e. p=4,8) . Note however, that the expected actual error rate 

decreases slightly when p increases to 12. Therefore, the plug-in error 

rate estimates the en :L = AR ( 1). However, note that the result for the 
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expected plug-in error rate is out of bound when the correlation is small 

and negative (i.e. when p =-0.06; see Table 19). This is caused by the 

structure of L- 1 when p is small and negative (as explained earlier). 

However when considering only negative p (see Table 8a) the results 

show that as p increases and lpl is moderate or large (i.e. lpl=0.4,0.65), 

the expected plug-in error rates increase for the Euclidean distance 

classifier. However, when lpl and p are small (i.e. lpl=0.2 and p=4) the 

expected plug-in error rate decreases as p increases. The results also show 

that as Ip I increases the estimation of the true error rate by the expected 

actual error rate is quite bad (especially at high correlation, i.e. p=0.65). 

Furthermore, the plug-in error rate also gives bad estimates of the actual 

error rate. 

For the linear discriminant function under the case of equivalence 

when L = (1- p )I+ pJ or L = AR(l) (see Table 7 and Table 8), the 

expected plug-in error rate decreases considerably (compared to the 

corresponding value for the Euclidean distance classifier) as p increases. 

By considering only negative p, under the case of equivalence and 

1: = AR(l), Table 8a shows that the expected plug-in error rate decreases 

as lpl increases or as p increases. Since the results of the expected actual 

error rates for the linear discriminant function have not been obtained, a 

comparison cannot be made about how well these expected plug-in error 

rates estimate the expected actual error rates. 

For all cases of the expected plug-in error rates (i.e. Pl, P2, P3 

and P4) for the linear discriminant function and the Euclidean distance 

classifier the general result is that as p increases the expected plug-in 

error rates decrease but the expected actual error rates increase. This 
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shows that for both the linear discriminant function and the Euclidean 

distance classifier the estimation of the actual error rate by the plug-in 

error rate worsens as p increases. This result is consistent with the results 

of Murray (1977), which were obtained in practical applications. 

It can be deduced from the analysis so far that the plug-in error 

rates for the Euclidean distance classifier give better estimates of the 

actual error rates for all dimensions of p which were considered, when 

compared to the corresponding estimates from the linear discriminant 

function (whose estimates worsen asp increases). 
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CHAPTER 5 

SUMMARY AND CONCLUSION 

As discussed in the previous chapter the expected actual error rates 

overestimates the "true" error rates for both the linear discriminant 

function and the Euclidean distance classifier, although it does so more 

significantly for the linear discriminant function. Exceptions occur for 

the case of non-equivalence with L = (1-p )I+ pJ and large Mahalanobis 

distances. The situation for the plug-in error rate is that for both the 

linear discriminant function and the Euclidean distance classifier it 

underestimates the actual error rate. and the situation is worse for the 

linear discriminant function at high dimensions of p. In the case of non­

equivalence with L = (1-p )I + pJ and small dimensions of p, the 

estimation of the actual error rate by the plug-in error rate is better for 

the Eucldean distance classifier when the Mahalanobis distance and p are 

small. Both the expected actual error rate and the expected plug-in error 

rate for the linear discriminant function are very much affected by the 

dimension p, especially in the case of non-equivalence of the linear 

discriminant function and the Euclidean distance classifier at small 

Mahalanobis distance. Meanwhile, the expected actual error rate and the 

expected plug-in error rate of the Euclidean distance classifier are not 
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affected as much by the dimension p, especially when p is small or 

moderate (i.e. p=0.0.0.2.0.4) and L = AR(l). 

Therefore it is of interest to investigate how these results compare 

with the results obtained by the authors as described in Chapter 2. The 

results obtained here are supported by the results obtained by all the 

authors of the three articles to the effect that the Euclidean distance 

classifier outperforms the linear discriminant function at higher 

dimensions. This is explained by the results of J. Van Ness ( 1982 ) that at 

larger dimensions the sample estimate of the covariance matrix is poor. 

This affects only the sample linear discriminant function since it requires 

the estimation of :E . Furthermore , the Euclidean distance classifier has 

simpler actual error rate and plug-in error rate functions compared to the 

linear discriminant function and it is therefore easier to obtain the 

asymptotic expansions for the plug-in and actual error rates (see 

Appendix A 1.2 and Appendix A2.2) associated with it. Thus the 

computation of the asymptotic error rates for the Euclidean distance 

classifier is considerably faster than for the linear discriminant function. 

It is clear that the linear discriminant function involveS"the inverse 

matrix L-1 while the Euclidean distance classifier does not involve this 

matrix for both cases of the plug-in error rate and the actual error rate. 

We can conclude that the poor performance of the linear discriminant 

function ( as the dimension p increases ) maybe due, to some extent. to 

the more complex structure of the function of the linear discriminant 

function (which involves :E-1
) . This is supported by the work of J. Yan 

Ness ( 1982). 
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The expected actual error rate of the Euclidean distance classifier 

gave better es timates of the "true" actual error rate than the 

corresponding error rate for the linear discriminant function. Also, the 

expected plug-in error rate were closer to the expected actual error rate 

at large values of p. The dimension p does not have a great effect on the 

expected actual error rate for the Euclidean distance classifier in the case 

of equivalence with large Mahalanobis distance. Meanwhile, fo r the linear 

discriminant function. the dimension p affects the expected actual error 

rate and the expected plug-in error rate greatly. 

As p increases the plug-in error rates for both the linear 

discriminant function and the Euclidean distance classifier estimate the 

actual error rate poorly. '\Vhile this is true, the plug-in error rate for the 

Euclidean distance classifier gives better es timate of the actual error rate 

in general (compared to the linear discriminant function). Under the same 

si tuation (i.e. p increasing) however, the estimation of the true error rate 

by the expected actual error rate seems to improve for both the linear 

discriminant function and the Euclidean distance classifier. Therefore. we 

can conclude that if the factors of "ease of application" and evaluation of 

performance by the actual and plug-in error rates only are considered. 

the Euclidean distance classifier is a better method than the linear 

discriminant function as p increases. 

This research work has extended the results of previous work in 

the sense that (i) comparison of the linear discriminant function and the 

Euclidean distance classifier has been done under the situation of (non­

trivial) equivalence and non-equivalence of the linear discriminant 

function and the Euclidean distance classifier, (ii) the comparison has 
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been done via asymptotic expans10ns rather than simulation (and the 

results obtained support previous work), and (iii) :L is also chosen as an 

autoregressive process of order 1 ( :L = AR(l) ) and not just :L =I or 

· :L= (l-p)I+pJ. 

Further work that could be done are 

(i) to obtain the asymptotic expansion for the expected actual error 

rate of the linear discriminant function under the case of equivalence of 

the linear discriminant function and the Euclidean distance classifier when 

:L = ( 1 - p) I + pJ or :L = AR (1), 

(i i) examine the performance of the two discriminant functions 

when the training data are correlated. 

(iii) perform simulation study for the case when :L = AR(l) , 

(iv) perform simulation or work on smaller or bigger values of 

Mahalanobis distances. i.e. b.2 < 0.5 or b.2 > 2.5. and 

(v) use bootstrap methods to estimate the error rates. 
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ASYMPTOTIC EXPANSION FOR 

EUCLIDEAN DISTANCE CLASSIFIER 

Actual error rate 
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Using Taylor series expansion (to second order approximation), we obtain 



Taking expectations gives : 

Consider cases 1 A and 1 B where the conditions are as follow 

(respectively) : 

µ 1 =(m,0, ...... ,O)T µ 1 =(m,0, ...... ,O)T 

µ2 =(0, ......... ,O)T and µ2 = ( Q' ......... 'Q) T 

1 p p p 1 p p2 

p 1 p p p 1 p 
L= L= 

p ......... p 1 p p-1 p 

" '' 

. .. 
69 

p p-1 

p p-2 

1 
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where 

(A l .1) 

Under cases 1 A and 1 B , 



where 

where 

1 ( ) _ _!. 1 A=-m cr 11 2 =-m 
2 2 

and 

Aside: 

= 
1 

2 

()A 1 
-----a 
-:-i- - 2 ii 
axli 
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Rewrite (A l .2) as: 

x 
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where 

={t D<1vCtx1ucruv)]}-% X ,~ [ctx1ucrju)t[x1uCµ1u -
2

1
x1u)]] 

V-1 U-1 OXlj U-1 U-1 

() [ { p - p - }-% ] p - p - 1 -
+ dXli v~l [xlv (u~lXlu(juv )] X (u~!Xlu(jju) u~l[X1u (µlu - 2 X1u )] 

=Lt [j( I• ( u~lj{Iu C5"' ) Jr% + !,X1u C5 ju) a:li [ u~1 [X,u (µ,u - ~ Xlu) J] 

+ a:" ( u~1X 1 u cr ju ) x u~1[ X1u (µ iu - ~ X1u ) ] ] 

5 -3tt [X,. ( !
1
X1u cr u•)] r2: ( u~1X1u cr ui )( u~1X1u cr ju) !

1
[X1u (µ1u - ~ X1u)] 

3 

= tt [X1. ( u~1X,ucr"')] r2 
X [ ( u~l j{ I u () ju ) ( µ li - j(' Ii ) + () ji ut ( j{ I u ( µ I u - ~ j{ I u ) j ] 

5 

{ 

p p }-- p p p ,, ' 1 
-3 v~l [xlv (~1X1u<Juv ) ] 

2 
(u~1X1u<Jui )(u~1X1u<Jju) u~/X1u (µlu - 2 X1u )] 

3 

{ 
? }-- 1 ? 

= m - a 11 2 x 2 a ji m -

1 
=-(j .. 

2m JI 

= -1
-[cr ·· - 3cr 1.a -1 ] 2m JI I J 

{ 
? }-~ 1 2 - 3 m-cr 11 2xmcr1ixmcrj1 x

2
m 
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and 

o2 A 
{ I 

if 1 -- I= J .. 
ox1i ox1j 

= - 2 m [ cr ;; - 3 cr" cr ;i] + ~ 
if i 7: j 

= - _l_ { (j ji - 3 (j Ii (j j l + 2 if i = j 
2m cr ji - 3crlicrj1 if i 7: j 

(Al .3) 

oA aA i _.!. i i i 
A-- = -m{cr } 1 x --cr x --cr . =-mcr cr . 

:-i- . ::i- . ? 11 2 JI 2 d 8 JI ,! ox 11 ux
11 

_ 
(A l . .:/ ) 

if I = J 

if i ;C j 

expression (Al .5) 

Now need to find 
a2<t> 

ox2.ox,,. 
1 ... J 
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(Al.6) 

Need to find 
oA 
--,--, 
OX2 . ax... dX2· dX2. J .ll I J 

aA [c- - )T ~(- - )]-~ ~c- - ) ax i = - xi - x 2 L.... x 1 - x 2 2 L.... x 2 - x 1 

x [ µ1 - ~ (x1 + X2) r (x1 - Xz ) 

1 

+ [ ( x 1 - x 2 ) T L ( x I - x 2 ) ]-2 ( x 2 - µ 1 ) (Al .7) 

where ( - - )T ~(- - ) 2 2 X1 - X2 L.... X1 - X2 = m () 11 = m 

" . 

-m -1 

()A 1 { ,, }-~ " 
() 11 

1 0 
+ { m 2 a 11 } -2 

1 
--=- m~cr 2m-' -.. -
dx2 2 11 2 

()pl 
0 

1 
if j = 1 

1 
if i = 1 -- --

dA 2 oA 2 .. = and = 
dX 2 j 1 

if j :;:: 1 dx2i 1 
if i :;:: 1 2 a jI 2 () il 



Aside: 

p 

(x 1 - x2 )T L (X1 -x2 ) = (m-x21 ) [( m-x21)cr 11 - Ix2u <> u1] 
u=2 

p p 

- I X2v [ (m - X21 )cr lv - I X2u <> uv ] 
v=2 u=2 

=Cl 

L(X 2 - X1 ) (µ 1 - ~ (x1 + X2 ) f (x1 - X2) 

p 

(m - X21 ) <> 11 - I X2u<>1u 
u=2 

x {c m-X-21)
2 + I (x 2u)

2
} 

u=2 

1 
= 

2 
p 

(m- X21) <> p1 - >x2u <>pu 
u=2 

1 T 
(= - 2 Syy y ) 

Using the above expressions rewrite (A l. 7) as : 

p 

(m- X21 ) <> 11 - Ix2u<>1 u 

oA _ 1 {C }-~ - -- 1 2 
CJx2 2 

u=2 

p 

( m - x 21 ) (j p I - I x 2 u (j pu 
u=2 

- Xzp 
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CJ A 1 { C }-~ { _ ) ~ _ } { ( - ) 2 ~ (- ) 2 } .'.;::-= - 1 2 (m - X21 (j jl - ~X2u <> Ju ffi-X 21 + ~ X2u 
OX,., · 2 u=2 u=2 .. J 

-{Cl} -2 _ 
1 {(m -x21 ) if j = 1 

- X2j if j :;t: 1 

=a +b 
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(Al .8) 

(1) Find 

where 

{ 0 2 if i = 1 . aa - 1 -~ - .) (j jl m ~mcr 1 i {Cl}-% 't. (m 3 crj1 ) ··-=----{Cl} 2 ') + 
OX2i 2 -CJ .. m- if i :;t: 1 2 

JI 

= _l_ {-3cr i i + 3cr Ii a ii if i = l 
(Al .8a) 

2 m - a ·· + 3 a r · a ·1 if i :;t: 1 
JI 1 J 

. (2) Find 
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1 {m-X if j = 1 

b = -{ c 1} -2 -
21 

if j :;t: 1 - x?. 
-J 

~b =-{Cl}-~ { ~l if 1 = J 
x 

dXzi if i;z!:j 

~[{c1d J {m = X01 if j = 1 
- x 

axli - x?. if j * 1 -J 

~={{c1d if -~ { m - x01 if j = 1 
I=J - {Cl} 2 mcr ti _ 

dXzi 0 if i :;t: j - Xzj if j ;C: l 

= { { ~ 2 

cr ll r~ if I = J 0 -~ { m - X01 if j =I 
-{m-CT11} 2 mcr li -- "f . l 

if i :;t: j X '.!j I J# 

= _1_{1 if I = J -~a,,{~ if j = 1 

m 0 if i :;: j if j :;t: 1 

1-cr li if i=j =l 

1 1 if i=j,j:r:l 
(Al .8b) = 

if i:r:j,j=l m - (j li 

0 if i;::j ,j:;t: l 

() 2 A 
Substitute (Al.8a) and (A l.8b) into (A 1.8) gives 

<1x2.()X:,, . 
1 .. J 

1 - (j Ii if i = j = 1 

= _1_{-3cr i' : 3cr 1,cr ,1 if i=l 1 1 if i= j,j:;t: l 
+ -

if i:;e:j,j=l 2m - a .. +_,a i· a ·1 if i ;C: l m -(j li JI 1 J 

0 if i :;t:_j ' j :;t: 1 
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~ [ - 3 (J jl + 3 (J li (J jl ] + 1 - (J Ii if i = j = 1 

~ [-3a jl + 3cr Ii a jl ] if i=l , j:;t:l , i:;t:j 

1 .!_[-a .. +3<J1.<J .1] + 1 if i:;t:l , i=j,j:;t:l = 
m 2 JI l J 

.!_ [-a .. + 3 a 1 ·a -1 ] - a 1 · if i:;t:l,i:;t:j , j=l 
(Al .9) 

2 JI l J 1 

.!.[-a .. + 3cr1. <J ·1] 2 JI l J 
if i:;t:l,j:;t:l,i:;t:j 

1 if i=j=l 

A CJA '()A _ m -cr j1 if i = j 'j :;t: 1 
------
ox'). 

~1 
CJx2j 8 -(J i! if i:;t:j,j=l 

(J il (J jl if i :;t: j , j :;t: I 

Substitute (Al.9) and (A l.10) into (Al.6) gives 

~ [ ~ [ 3 0 Ii 0 jl - 3 0 jl l + I - 0 Ii ] - ; 

_1_[ 3cr 1. <J ·1 -3cr .1]+ m<J .1 
2m I J J 8 J 

=-$(-~ ) ~[~[30 1, 0 ;1 -0;,] -01,]+ ;0,1 

~ [~[30 1i 0 ;1 -0;;]+1]-;0,10;1 

~ [ ~ [ 30 \i 0 j\ - 0 ji l ]- ; 0 ii 0 j\ 

(Ai .JO) 

if i = j = 1 
,,. 

if i=l , j:;t: l, i:;t:j 

if i:;t:l,j=l,i:;t:j 

if i:;t:l,j:;t:l,i = j 

if i:;t:l , j:;t:l,i:;t:j 

expression (Al .11) 



where 
()2cp 

a-x1i a-x1j 

respectively. 

and 

x (). 
lJ 

are as in (Al.5) and (Al.11) 

Consider cases 2A and 2B where the conditions are as follow 

(respectively) : 

µ1 = (m, .......... m)T 

µ2 = ( 0' ......... , 0) T 

1 

L= p 

p 

1 

p 

p 

p ......... p 

p 

p 

1 

and 

µi= ( m ......... . ,m)T 

µ2 = ( Q' ......... , Q) T 

1 

:E= p 

p 

1 p 

p-1 p ...... p 
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p p-1 

P-7 p -

1 



I . 

a2<I> 
Need to find ---

ox1i ax:1j 

As in cases IA and lB : 

-T - 2 P p 
where X1 LX 1 =m I Icruv 

v=l u=l 

oA 1 P P -~ 
• • -:'I- = - 2 ( I I (j UV ) 

2 

axl v=l u=l 

p 

I crpu 
u=l 

p 

I crpu 
u=l 

'dA 1 P P -~ P 

: • :'I- = - - ( I I (j uv ) 
2 

I (j ju 
axlj 2 v=l u=l u=l 

,j··· .. 

. 
·:. ~ 

81 

·. 

,, 

(Al.13) 
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oA 1 P P -~ P 
and -:-i- = -

2 
( I I 0 uv ) 2 I 0 iu 

oxli v=l u= l u=l 

As in cases lA and lB : 

a [{ p p } -~ p p i l where -:-i- I,[x1vC ix1u 0 uv)] X Ix1 u0 1u X LX1u(µ1u -:;-X1u) 
OX Ii v=l u=I u=l u=l L 

3 

={I[x1vCix1u 0uv)J} -
2

[C µ1i -X1i)Ix1u 0 ju + <J ij Ix1uCµ1u -
2

1
x1u)J 

v=l u=l u=l u=l 

5 

-3{m'.! I I <J uv }-
2 

X m 4 
I <J ui XI <J ju X ~p 

v=l u= l u=l u=l 2 
3 5 

= -2
1 

pcr ij { f f (J UV }-

2 
- 2

3 
p { f f (J UV } -

2 
x f (Jui x f (j ju 

m v=l u=l m v=l u=l u=l u=l 
5 

= 2~ al ,t(J"' r' [ <J lj ~I !;, <J "' ~ 3 "~l<J ,; X ,t <JJ"] 



and 

l 

= { f [ X 1 V ( f X 1 U (J UV ) ] } -

2 
x { - l 

v=l u=l 0 

if 1 = J 

if i ::/= j 

l 

= - { m 2 ,~\ utcru, )] r2 jf I= J 

0 if i * j 

l 

1 
{' p f' if - I. I. (J UV 1 = J 

m v=l u=l 

0 if i-:1:j 
5 

=-- I. I.cr 
1 { p p }-2 

2ffi v= I u=l UV 

p p p p 

P ( (J ij L L (J uv - 3 L (J ui X L (J ju ) 
v=l u=l u=l u=l -;:. ·. 
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p p ? 

X +2(.L, I.cruvt if i=j {Al .14) 
v=l u=l 

p p p p 

( ' ' 3 ' ' ) if i ::/= J
0 

P (J ij L. L. (J uv - L. (J ui X L. (J ju 
v=l u=l u=l u=l 

7 A ()A ()A _ ~ { P P }-2 P P 
:i- ")- - mp I. I (J UV x L (J ju x L (J iu (Al .15) 
oxl i ax lj 8 v=l u=l u=l u=l 



Substitute (Al.14) and (Al.15) into (Al.12) gives 

x 

Now we need to find 
a 2 <I> 

ax:,, .ax:,, . · 
'-1 - J 

As in cases 1 A and lB : 

oA - [c- - )T ~c- - )]-~ ~c- - ) OX - - XI - X 2 L... XI - X 2 ~ L. X 2 - XI 
2 

x [µ1 - ~ cx.1 +x2)r cx.1 -x2) 

I 

+[ex.I -X2)TL(X1 -X2)r2cx.2 -µ!) 

where 
p p 

( x 1 - x 2 ) T :E ( x 1 - x 2 ) = m 2 I I cr uv 
v=l u=l 

a2<r> 
ox1idx1j 

if i = j 

if i-Fj 
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expression (Al .16) 

(Al.17) 

(AJ.18) 



- { f f (J UV }-~ [ : l 
v=l u=l 

1 p 

I cr pu 
u=l 

3 I 

.. a~:j = ~ g "~1(j "' f\tcrj" )-g "ta"" r2 

and 

Aside: 

p p 

( x 1 - x 2 ) T :E ( x 1 - x 2 ) = I [ ( m - x 2 v ) I ( m - x 2 u ) cr uv ] = C 1 
v=l u=l 

:E(x2 - x1 )[µ 1 - ~ (x1 + x2 ) f (x1 - x2 ) 

p 

I. Cm - x2u )0'1u 
u=l 

1 
---

2 
p 2 

x I (m - x2u) 
u=l 

p 

Icr 1u 
u=l 

p 

I,cr pu 
u=l 

I" .. 

85 



Using the above expressions rewrite expression (Al .18) as : 

=a+b 

(1) find~: 
dx2i 

where 

p 

I,(m-X2u)cr1u 
u=l 

p 

L ( m - X 2 u ) CT pu 
u=l 

1 

X I ( m - X 2u ) 
2 

- { C 1} -2 
u=l 

86 

(AJ.19) 



2 p ? =-2m I,cr . - m-cr .. p 
JU JI 

u=l 

and 

! [ { c i} -% J = - 3 a c_: i ) { c i} -% 
dX 2i 2 CJX 2i 

(2) find 

1 

= - ~ {CI} -% x -2 x I ( m - x 2 u ) cr ui 
2 u=l 

s p 

= 3 {Cl} -2 X L ( m - X 2u ) <J ui 

db 
ax,, . 

... 1 

u=l 

b = -{ C 1} -2 ( m - x 2 j ) 
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(Al .19a) 



3 1 { p p }-2 
= - I I ()UV 

m v=l u=l 

if i = j 

if i * j 
+ 2- { c 1 r% () ( c 1) ( m - x ') . ) 

2 "}-x -J 
0 2i 

3 

{ 

'l p p }-2 ? p 

ffi '- v~l u~l (j UV ffi - ~j (j ui 

p p p 

I I cr \!\' - > cr ui if l = J 

88 

v=l u=l u=l 
(Al.19b) 

if i * j 

Subsitute (Al .l 9a) and (Al .l 9b) into (A l .19) gives 
CJ

2 A 

ax?. ax2 . 
-1 J 

p p p 
3 

1 { p p }-:; +- L Icruv '" 
m v=l u=l 

L L (j uv - ) (j ui 
v=l u=l u=l 

if i = j 

if i * j 

5 1 { p p }-2 
=- L Icruv 

2m v=l u=l 
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p p p p p 

3 P I, (j ui I, (j ju - ( I, I, (j uv ) ( 2 I, (j ju + (j ji P) 
u=l u=l v=l u=l u=l 

p p p p p 

+ 2 ( I, I, (j uv ) ( I, I, (j uv - I, (j ui ) if I = J 
x v=l u=l v::: l u=l u=l 

p p p p p 

3 P I (j ui I (j ju - ( I I CT uv ) ( 2 I (j ju + (j ji P) 
u=l u=l v=J u=l u=l 

(A l .20) 

p p p 

- 2 ( I I (j uv ) I (j ui if i * j 
v=l u=l u=l 

a 2 
<I> i ( i p p _ _1_ J { p p } -~ 

· ---= - -<J> --mp( I I (j uv) 2 X I Icruv 
dX2·dX-. · 2 2 v=lu:::I v=lu=I I .._ J 

x 

expression (Al .21) 



where 
ax-1i a-x, j 

respectively. 

and 

90 

are as in (Al.16) and (Al .21) 



Appendix Al .2 

ASYMPTOTIC EXPANSION FOR 
LINEAR DISCRIMINANT FUNCTION 

Actual error rate 

Using the Taylor series expansion (to second order approximation), we 

obtain :-

91 



Taking expectations gives:-

p p a<D 
and I I - E ( s .. - I .. ) = 0 

:I IJ IJ • 
i=l j=l oS ij 

1 p 
+-I 

2 i=l 

i p p p p a2 <D 
+-I I I I cov(s1c1 ,sij) 

2 k=l l=l i=l j=l as kl as ij 
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Under cases lA and lB, let 
1 

A = [ x; s-1 LS - l x 
1 
J -2 c µ 

1 
- ..!.. x 

1 
) T s -l x 

1 2 

now we need to find 
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(Al .22 ) 

(Al.23 ) 

p p 
where x{S- 1LS-1x

1 
= m 2 I,[s v1 I,(s 1uCJuv )] 

v=l u=l 
p p 

L [ s v 
1 L ( s 1 

u CJ UV ) ] 
v=l u=l 

p p 
L [ S v 1 L ( S pu CJ uv ) J 
v=l u=l 

p p 

L [ s v 
1 L ( s 1 

u CJ UV ) ] 
v=l u=l 

v=l u=l 

(Al .23a) 

and 
3 

a_A =-..!.s 11 x{frsvl I(s 1UCJUV)]}-
2 

x I[svl I(siuCJUV)] (Al.23b) 
axli 2 v=l u=l v=l u=l 
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Aside: 

p p p p 

x; s-11:s-1x1 = I. { x 1 w I. [ c I. x: 1 us UV ) c I. cr vu s uw ) ] } = c 1 
w=l v=l u=l u=l 

x 
•I 

Using the above expressions rewrite (Al .23) as : 

dA {Cl}-~ {c l _ ) ~- 1u 1 ~[- ~- vu J} 
:'I- = - 2 x m - - x 11 L.. x 1 us - - L.. x 1 v L.. x 1 us 
OX1 2 u=l 2 v=2 u=l 

p p p 

I.{ X1w I[s vw ( LS 1
u <J uv) ]} 

w=l v=l u=l 

p 
ms 11 - ~ stux 

L, l u 
u=l 

x 
p p p 

I. { x 1 w I [ s vw ( I. s pu cr UV ) ] } 

w=l v=l u=l 

p 
ms P1 - ~ sPux 

L, lu 
u=l 

=a+b 
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(Al.24) 

(1) Find ~: 
ax:li 

[{cl}-~ {c 1 - ) ~ - 1u 1 ~ [- ~ _ vu J} 
a = - 2 X ffi - 2 X 11 u:-1 X l u S - 2 v7:.2 X I v u:-1 X l u S 

p p p . ] 
X w~l { X l w v~l [ S vw ( u~l S JU (J uv ) ] } 

=(al) x (a2) x (a3) 

= ( a 1 ) ( a 2 ) a(~ 3) + ( a 1 ) ( a 3 ) a (~ 2 ) + ( a 2 ) ( a 3 ) a~ 1 
) 

axli axli ax,i 

where 

3 

al= -{c1r2 

a (a 1) = l { c 1 } -% a ( c 1 ) 
ax: li 2 ax: li 

,, . 

:. 0<_: 1) =l{cl}-% x m{ f[s iv fccr uvsu1)] + I[s 1v I Ccr uvs:i).]} 
axli 2 v=l u=l v=l u=l 

2 ( 1 - ) ~ - lu 1 ~ [- ~ - vu ] a = ffi - - X11 £... X1uS - - £... X1v £... X1uS 
2 u=l 2 v=2 u=l 

o(a2 ) a [ 1 - p - lu ] 1 a [ p - p - vu J] 
a- = ::-i- ( m - 2 x 11 ) I xi us - 2 ::-i- 2. [ xiv 2. xi us 

X 1i uXli u=l oX 1i v=2 u=l 

=-{ms 
11 

if i = 1 1 { 0 

m s Ii if i :;:. 1 2 ms 11 if i :;:. 1 
2 

if i = 1 



(2) 

= -m{s11 
s li 

= -ms1i 

if i = 1 

if i i= 1 

1 

=-s ji{m2 f[s v1 Cfs 1uauv) J}-2 

v=l u=l 

96 

(Al .24a) 

(Al .24b) 

.. 
". 
. .. 

" . . . 
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(Al .25) 

Substitute (Al .23a), (A l.23b) and (Al.25) into (Al.22) 



-
a2<t> 

Now we need to find --­
ax:,., . ax:? . 

.. 1 -J 
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(Al.27) 

1 

A [ (- - ) T S 1 S l J-Z [ 1 (- - ) J T 5-1 (- - ) = X1 - X2 1 - L - (X:1 - X2) µ1 - 2 X1 + X2 X1 - Xz 

3 aA _ [(- __ )T s-1 ~s-1 c- _ - )J-2 8-1 ~s-1 c- _ - ) 
- X1 X2 1 .t..- X1 X2 £.... X1 X2 ox 2 

[ 1 (- - ))T 5-I (- - ) 
X µl - 2 X1 + X2 X1 - X2 

1 

[ ( - - )T s-1 ~s-1 c- - )J-2 [ 5 -1 . 5-1- J + X1 - X2 1 £.... X1 - X2 - µl 1 Xz (Al.28) 

where 
- - T -1 -1 - - 2 p vi p Ju ( x 1 - x 2 ) 1 S LS ( x 1 - x 2 ) = m L, [ s I ( s cr uv ) ] 

v=l u=l 

S -1 ~s -1 ( - - ) ( 1 c- - ) ) T S - I ( - - ) 
£.... X1 - X2 µI - 2 X1 + X2 X1 - X2 

p p 
I,[svl I,(s lu ()uv )] 

1 =-m3s11 
v=l u=l 

2 
p p 
L[Svl L(Spu()uv )) 

v=l u= 1 

u=l 

p p 

L [ S v 
1 L ( S pu () uv ) J 

v=l u=l 

... 

. , . . 

• II/ 
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(Al .28a ) 

and 
3 

~A =_!_s 11 {f[sv1 I(s 1ucruv) ]}-
2 

I[s vl I(siuCJ uv)J 
dX2i 2 v=l u=l v=l u=l 

1 

-{,t[s ,I "~/s l"a "')] f 2 s ;i (Al .28b) 



-

100 
CJ

2A aa db . =--+--. . 
dx2idx2j dx2i dx2i 

(Al.29) 

(1) Find 
da 

ax.,. 
-1 

~ = (al)(a2) d(a 3) + 
dx2i dx2i 

(al)(a3) d(~ 2 ) 
dx2i 

+ (a2)(a3) d~l) 
dx2i 

p p p . 
I { x 2 w I [ s vw I ( s JU (j UV ) ] } 

w=2 v=l u=l 

a c_: 2 ) = {- V~[ [ s V [ U~[ ( s ju (j UV ) ] 

dx2i 0 

if 1 = J p . p . 
I [ s \'l I ( s JU (j UV ) ] 

v=l u=l if i ':j:. j 

- f [ S V [ f ( s ju (j UV ) ] 

p . p . 
I[s "1 ICsJucruv)] if 1 = J 

v=l u=l v=l u=l = 
p . p . 

- I [ s Vl I ( s JU (j UV ) ] if i ~ j 
v=l u=l 

d(_:3) = ~{-2(m - x21 )cr 11 if i = 1 
i1x1i 2 -cri1 if i~l 

=~{-2mcr 11 if i=l 
2 - (j il if i ':j:. 1 

'·· . . 

,., 
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if i = j 

if i =F j 
v=I u=l 

3 4P Ip . p Ip. 
+ - m I [ s v I ( s JU a uv ) ] x I [ s v I ( s iu a uv ) ] 

2 v=l u=I v=l u=l 
expression (Al .29a) 

where 
v=l u=l 

(2) Find 
db 

msj1 {Cl}-% I [s v1 I (siucruv )] (Al .29b) 
v=l u=I 

Now substitute (Al .29a) and (Al .29b) into (Al .29), 

aa ab 
. . = + ox2.CJx?. 

I - J 

v=l u=l 
p . p . 

+ I[s v' I CsJu cr uv )] 
v=l u=l 

if i = 1 

if i =F 1 

if 1 = J 

p . p . 
I [ s VI I ( s JU (J UV ) J if i =F j 
v=l u=l 

3 4P p. p Ip. 
+ - m I [ s v 1 I ( s JU a uv ) ] x I [ s v I ( s iu a uv ) ] 

2 v=l u=l v=I u=l 

+sji{Cl}-i ms j1 {Cl}-% I[sv1 ICsiu<Juv)J 
v=l u=l 

expression (Al .30) 
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Therefore substitute (Al.28a), (Al.28b) and (AJ.30) into (Al.27) 

gives 

if 1 = J 
,,, 

if i :I= j 

expression (Al .31) 



a2 <I> 
Now need to find 

as kl asij 

Consider case A 1 where the conditions are : 

µ 1 = (m ,0 ........... ,0)T 

µ 2 =(0, ........... . .. ,0)T 

1 p p p 

I: = 
p p p 

p ........... .. p 

we have p ~~ ) = <I>[ - 0 l 

where 
m P P 

D=-s11[ I, s'1(s1" +p I s1u)r112 
2 v=l u:iev=I ,, . ,, . 

a 2 <I> 
Now need to find by considering the partial differentials : 

as kl OS ·· IJ 

a2
<I> =_a_ [ act> 

1 
asklas .. ask! as .. IJ !J 

=-a-r- m ~[ - D]~ (sll [ f {s"I (s'" + p f Siu )}rl/2 )] 
dSkl 2 as.. v=I u;i:v= I lJ 
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= - m [ <P [ - D] () 2 ( s r 1 [ f { s "r ( s r" + p f s r u ) } r r12 ) 
2 dS kl OS ij " =! u>tv=I 

+_i__ ( s11[ I{sv1(s 1v +p f s1u)Jr112)~(cp[-Dl)] 
ds iJ v=l u.:v=l as kl 

Let 

a 
C =-(¢[-DJ) 

ask! 

Now find B : 

Let 

p p a 11 
+[ I,{s vI (slv +p I Siu )Jr112 _s_ 

v=l u.:v=l dS ·· lJ 

where w 0 = {
-0.5 

-1 

if i = j 

if i * j 

. ·-
.. ~ . 

. , . ' 
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1 p p 
=--[ I,{s v1( 51v +p I 51u)}r3;2 

2 v=l u;ev=l 
a p p 

x -[Ifsv1( 51v+ p Is 1u)} J 
as ij v=l u;ev= l 

Let 
a p p 

Bil=-[ I,{s vl(Slv +p I Siu)}] 
as ij v=l u;e v=l 

p a p 
= L -{ S vi ( S lv + p L S lu) } 

v=l as ij u;ev =l 

p a p p as vl 
=I {svl_(slv +p I s lu) +(slv + p I Siu) --} 

v=l as lj u;ev=l u;ev=l as ij 

= f {s"l ( as lv +pf aslu ) 

v=l as u;itv=l as 
lj lj 

+(s tv +p I Siu )wo (svisjl +s'.J sil )l 
u;:v=l 

v=l u.:v=l 

+( slv +pf slu)(s vi sjl +s"jsil)} 
u.:v=l 

:.B1 =-_!_[ I{svl(slv +p f slu)}r3/2 Wo f {s vl [ (sli s jv +s1j 5iv) 
2 v=l u;ev=l v=l 

u.:v=l u;:v=I 
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:. B =[-..!..s11 Wo [ f {svt (stv + p f Stu )}r3/2 f {s v' x [(slisjv +stjsiv) 
2 v=l u:;i:v=l v=l 

+p f (s'isju +sljSiu)]+( 51v +p f Siu) (sviSjl +svjSil)}] 
u:;i:v=l u:;i:v=l 

+[( ,t {s ,J ( S1' + p u•tls 1, )} rl/2 2wa Slisjl] 

+pf (s li sju +sljsiu)]+(s'v +pf s1u)(s"isj1 +svJ 5 i1)}] 
u:;i:v=l u:;i:v=l 

(Al .32) 

Let 

where 
v=l u:;i:v= I 

p 

F2 = I { s v1 [ F21 +F22] + [ F23 F24 ]} 
v=l 

F22=P I(stisju+sljsiu) 
u:;i:v=l 

p 
Fn =s1v +p I s1u 

u:;i:v=l 

.,, 



Now find A : 

=-o- {B} 
oskl 

where 

where 
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-

where w
1 
= { -O. 

5 

-1 

:I vl 
as ( vk 11 vi kl ) -- = w 1 s s + s s 
as kl 

if k =I 

if k :t; 1 

aFl a { p \'I J\ p I 
- =- I, [s (s · +p I. su)l} 
as kl OS kl v=l u;;:v=l 

p 
+ [ (SI v + p I. SI u )( S vk S 11 + S vi S k I ) ]} 

u;;:v=l 

aF?1 a i · . i · . 
--- = --[s 1 sJV + s 1s 1v 1 
ask! as kl 

= W I { S l i ( S Jk S Iv + S JI S kv ) + S J" ( S I k S Ii + S 11 S kt ) 

+ S lj ( S ik S Iv + S ii S k-v ) + S iv ( SI k S lj + S 11 S kj ) } 

aF22 = -a-[p I(s1i5 ju +s1 j 5 iu)l 

as kl as kl u;;:v=I 

= p W l f { S l i ( S 1 k S Ii + S 11 S ki ) + S JU ( S 1 k S Ii + S 11 S k.i ) 

u;1:v=l 

; . 

108 

... 



()F, CJ P 
~=--[slv+ p I, slul 
OS kl OS kl u;iov=I 

p 
=w

1 
{(s lks lv +sllskv)+ p l,( s1k5 1u +sllsku)} 

u;i:v=l 

= W l { S vi ( S jk S 11 + S jl S kl ) + S jl ( S vk S li + S vi Ski ) 

+ Svj (sik 5 11 + SilSkl) +Sil (svkSlj + 5 v1 5 kj )} 

where 

= [ ( S li S jv + S lj S iv ) p W 
1 

f { S li ( S lk S li + S ll Ski ) 

u;iov=l 

+ S ju ( S lk S Ii + S 11 Ski ) + S lj ( S ik S lu + Sil S ku ) +Siu ( S lk S Jj + S 11 S kj ) } ] 

+[pf (s1i 5 ju +s1j5 iu)w
1 

{sli(sjk 5 1v +sjt 5 kv) 
u;iov=l 
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--

=W1P{[Cs1isjv +stjsiv)x I{s1i(s1ksli +s11ski) 

u;ev=l 

+ sju (stk 5 ti + 5 11 5 ki) + 5 1j (sikstu + 5 it 5 ku) + 5 iu (s1k 5 tj + 5 11 5 kj )} ] 

+ [ f ( S li S ju + S lj Siu ) X { S li ( S jk S Iv + S JI S kv ) 

u;ev=l 

:. °F2 = w
1 
f {[ 5 v1 p{[(s1i 5 jv +s1j 5 iv) f {sli (slksli +s11 5 ki) 

dSkl v=l u;z:v=I 
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+ S ju ( S lk S li + S 11 Ski ) + S lj ( S ik S Ju + S ii S ku ) + Siu ( S lk S lj + S 11 S kj ) } J 

+ [ { S Ii ( S jk S lv + S Ji S kv ) + S jv ( S lk S Ii + S 11 Ski ) 

+slJ(sik 5 1v +s i1 5 kv)+siv( 5 tk 5 tj +sllskJ)}x f (sti 5 ju +s1J 5 iu)]}] 

u;ev=l 

+[(sti 5 jv +s1j 5 iv)x(svk 5 11 +s"lskt)xp f (s1i 5 ju +stj 5 iu)] 

u;ev=l 

u;ev=l 

+ S "J ( S ik S 11 + Sil S kl ) + S ii ( S vk S lj + S vl S kj ) } J 

+[(svi 5 j1 +s"jsi1)x{(s1k. 5 1v +s11 5 k")+p f (s1k. 5 1u +s11 5 ku)}J} 

u;z:v=I 

.. : . 

"' 



=[-s~1 w1 !1{[s '1 p([ (sHsJ' +siis'') .-t1(si; (s1k,1i +sus~) 
+sju (s !ks Ii + s 11s ki) + s Ij (s iks Iu + s il s ku) + s iu (s !ks IJ + s us kj)} ] 

+[ { S Ii ( S Jk S Iv + S JI S 1'.'V ) + S jv ( S lk S Ii + S II Ski ) 

+slJ(si.kslv +silskv )+si"(slkslj +sllskj)} f (slisju +sljsiu) ]}] 

+ [(s 1isJv +s1jsi")(s vks11 +s "1 sk1)p f (s1i 5 ju +s1J 5 iu) ] 

u;cv=I 

u+: v= I 

+ S v J ( S ik S 11 + S i I S k I ) + S i I ( S v k S IJ + S v I S k J ) } ] 

+ [ ( S •i S JI + S ''JS ii ) X ( (SI k S I• + S II Sh ) + p .-t I( S I k S Ju + S JI S ku ) } ]} ] 

+[ -s lks JI u~=\[ s''l (( s "s j• + s Jjs h· ) + p u=t l<s J; s JU + s IJS iu ) ) I 

+ ( (SI• + p ut; I u ) ( S ,; S Ji + S ''JS i I ) ]} ] 

+[ ,1•, ,1 u.tv s ,.I ( (s lks J,· + s Jls k•) + p u±=l(s lks Ju + s 11, ku)) I 

+[(s1" + pf 5 1u)(s'·k 5 11 +s '·15 k1J-nl 

u;cv =l J 
+ [ { S 1 i ( S Jk S 11 + S JI S k 1 ) + S jl ( S 1 k S li + S 11 Ski ) } 

X t [ S 'I (SJ, + put IS I u ) ] ] ) 
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... A = w a [ I. { s v 1 c s 1 \' + P I. s 1 u ) J r _, 12 w 1 - -
{( 

p p ~ [ s 11 

v=l u~v=l 2 

f{[svl p{[(slisjv +sljsiv) f {s1i(s1k 5 1i +sllski) 
v=l u~v=l 

+sju(slksli +sllski)+ slj(sikslu +silsku)+siu(slkslj +sllskj)}] 

+[ { S li ( S jk S lv + S jl S kv ) + S jv ( S lk S Ii + S 11 Ski ) + S lj ( S ik S Iv + Sil S kv ) 

+siv(s1k 5 Ij +sllskj)} f (sl is ju +sljsiu)J}] 

+[(slisjv +sljsiv)(svksll +s "l skl)p f (slisju +sljsiu)] 
u~v=l 

+ s VJ ( s ik s l l + s il s k I ) + s i l ( s \'k s lj + s \'ls kj ) } ] 

+[(s"isjl +s vj sil){(s1k 5 1v +sllsk")+p f (slkstu +s11sku)}J}] 
u"'v=l 

+[-s1ks11 I{[s v1 ((slisjv +s tjsiv )+p f (stisju +s1jsiu))] 
u~v=l u~v=l 

+ [(sl" + P f slu )(s"isjl + s "j sil )1}] 
u~v=l 

+[ s1's 11 ".t\[s ,, (C s 'ks". + s "s"' l + P "'t,cs !ks'" + s "s ku)) I 

+ ( ( S I' + p o;~f u )( S '' S II + S ,. , S kl )]} ] 

+[{s1i(s jk s11 +s 11sk1)+sj1(s1ksli +s 11 ski)} 

X ,t ( S 'I ( S ' ' + p o;~f u )] ]) 

.. 
'"! . 
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... 



+( {[- s~1 ! 1([s'·1 ((slisi• + stis '') + P ! 1(s1 's i' + s',s'' ))] 

+[(slv + p f slU )(svjsjl + s VJ sil )]} ] 
u.c v=I 

113 

+ [ SliSjl f (svl (Slv + p f Slu )JJ} X( f (svt (s l" + p f Slu )])-5/2 
v=I u.cv=I v=l u;io v=I 

x -lw1 f [[sv1 ((stk 5tv +s11skv)+ pf (s1kstu +s 11 s1cu))] 
2 v=l v=I 

(Al.33) 

Now need to find C : 

c =_a_ [<!>[ - m Sil [ f svl (slv + p f Siu ) r 1121J =_a_ [ cp[ - Dl] 
OS kl 2 v=I u;iov=I dS kl 

CJD = -D cp[- D ] -
osk1 

= - m s11 [ f s'·1 (stv + p f stu )r112 o[- D l m 
2 v=l u;iov =I 2 

x -a- {s11[ f svl(slv + pf slu)rl/2 } 
OS kl v=l u;iov =I 
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u"°'v=l uoov=l 

u"°'v=l U*v=J 

(Al.34) 

o2 <D m 
· --=--[<PC-0) A+B CJ 

asklas .. 2 IJ 

(Al .35) 

where A, B and C are as defined in expressions (Al .32) , (Al .33) and 

(Al .34) respectively. 

Let 
a2<D 

Aklij =--­as kl OS ij 
(AJ.36) 



a2<D 
Now need to find 

dSkldS· · lJ 

Consider case A 1 where the conditions are : 

µ 1 =(m,0, ......... ,O)T 

µ 2 = (0, . ........... ,O)T 

1 

L= p 

p 

1 p 

p p-1 

P- ? p -

p p-1 p 1 

we have P i~) = <D[ - D l 

where D = m s11 [ f su1 ( f s1"p lv-u I )r112 
2 u=l v=l 

a 2<t> 
Now need to find by considering the partial differentials : 

askl as .. 
lJ 
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.... _... .. 

., - ~ 
' . . 
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a
2

<t> =_a_[ a<t> J 
dsklas .. ask! as .. IJ IJ 

" 

a 
C = -(<)>[-D]) 

dskr 

Now find B: 
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Let 

where {
-0.5 ifi=j 

w -0 
- -1 if i =;t:. j 

B i =~( [ f su1( fs 1v p lv-u l )r112) 
asij u=l v=l 

=-~ [I 5u1 (I 51vplv-u I ) r 3;2 ~[I su1 (I s1vp lv- u I )J 
2 u=l v=l as ij u=l v=l 

= W o I [Sul f {(s 1i 5 jv +Sljsiv )p lu- vl } 
u=l v=l 

+( f s1v p lv-u I )(suisj1 + sujsi1 )] 
v=l 

:. B r =-~ [ f Sul ( f slvp lv-u I )r3/2 W o f [S ul f {(slisJ" + sljsiv )p lu-v l } 
2 u=l v=l u=l ''=l " · 

+ ( f s1vp lv-u I )( suisj t + s uj 5 i1 )] 
v=l 

:. B = Wo [ u~ls ul ( ,~,sh pl'-u I ii-3/2 [ {- s~' u~l ( s"' !, ( (s "si' + s 'is ;, )p l''-U ' 1 

+<,~,s ,, pl•-u I )(s u; si' + s "'s u )) } + { 2 (s "si' )[ .~r' <,~,s ,, pl•-u i ) I}] 
expression (Al .3 7) 



-- ~·· ... 

; ' 

•p . 

. . 
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11 

Let B=w 0 (E 1 )-
312

{(-
5

2 
E 2 )+ (2E 3 E 1 )} 

where El= [ f Sul ( f slvp jv-u I) ] 
u=l v=l 

E
21 

= f {(slisjv +sljsiv)p jv-uj} 

v=J 

E 
22 

= f ( 5 r v p I v-u I ) 
u=l ; I ! 

Now find A: 

A= 0
2 

(s11 [ f 5 u1 ( f 5 1vplv-u I )r112) = _o_{B} 
dS kl OS ij u=l v=l OS kl 



where 

a s I I 
-[(--E'))+(2E E )] as kl 2 - 3 I 

where 

where w1 = {
-0.5 

-1 

if k = l 

if k :/; l 

+( f Sivplv-uj )(suksll +sulskI )j 
v=l 

dE21 =_a_[ f (s1isjv + s1j 5iv )pl v-ul] 
ask! ask! v=l 

= W 
1 
f [ p I v-u I { S li ( S jk S Iv + S jl S kv ) + S jv ( S lk S Ii + S 11 Ski ) 
v=l 
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aE22 =_a_[ f (slvplv-ul )] 
as kl as kl u=l 

= f _a_(slvplv-ul) 
u=l dskl 

= W 1 f { (pl v-u I ) ( S lk S Iv + S 11 S kv ) } 
u=l 

dE23 =-a-[suisjI +sujsi1] 
dSkl dS kl 

= W 1 {Sui ( S jk S 11 + S jl S kl ) + S jl (Suk S Ii + Sul Ski ) 

+suj(siksll +si'skl)+sil(sukslj +sulskj)} 

CJE 2 CJ r u1 
-:i - = -:i -{I [(s E11) + CE22 E23 )]} 
oskl oskl u=l 

P i CJE?1 ds u1 CJE?3 (JE.,_2 
= I [ ( s u ---) + ( E 21 --) + (En ---) + ( E ?_3 -:i-) J 

u=l dS kJ dS kl -- OS kJ OS kl 

= f [ {suI w 1 f[p l v-u ! {sli(sjkslv +sjiskv)+sF(stksli +sllski) 
u=l v=l 

+ S lj ( S ik S Iv + S ii S kv ) + S iv ( S lk S lj + S 11 S kj ) } J} ,, .. 

+{ f {(slisjv +sljsiv)p lv-u l }w1 (suksll +sulskl)} 
v=l 

+{ f (slvplv-u l )w1 {sui(sjksll +sjlskl)+sjl(suksli +sulski) 
u=l 

+suj (siksll + 5iISkl) + 5i1 (sukSlj + Su!Skj )} } 

+{Csuisjl +sujsil)wl f {(plv-ul)(slkslv +sllskv)l}] 
u=l 
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+slj(s ikslv +silskv)+siv(51k51j +sllskj)}J}+{ f {(s1i 5jv +s1j5iv)p jv-u j } 
v=l 

x(suk 511 +su1 5 k1)}+{ f (slvplv-u l ){sui(sjk 511 +sj1 5 k1) 
u=I 

+ S jl (Suk S Ii + Sul S lei ) + S UJ ( S i.k S 11 + S ii S kl ) + Sil (Suk S lj + Sul S kj ) } } 

+{Csui 5 j1 +suj 5 i1)x f {(plv-ul)x(s1k 5 1v +5 11 51-")l}]] 
u=l 

-[.!. ± {[sul f {(slisjv + sljsiv )p lv- ul }] 
2 u=I v=I 

+r,t (s'"p1"-"1 )(s"'si' +s"is" )]}2w1 slks 11 J 
+[ 2[ f. 5 u1 ( f 51vplv-u I )]w1 {sli (s jksll + 5 Jt 5 k1) 

u=l v=l 

+sj1( 5 1k 5 1i +s11 5 ki)}] 

+[2sti 5 j1 w 1 I[s ul f {(s1k 5 tv +s115kv)p lv-u l } 
u=I v=I 

p 
+(I 51vplv-u1) (suk 5 11 +su1 5 k1 )J] 

v=J 
,, . 
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x{sli (sjkslv + sjlskv) + sjv (s1k51i + 511ski) + slj (sikslv + 5i1 5kv) 

+siv( 51k 51j +sllskj)}J}+{ f {(s1i5jv +s1j5iv)plv-ul} 
v=l 

x(suksll +s ulskl)}+ { f (slvplv-u J){sui(sjksll +sJlskl) 
u=I 

+s jl (Suk S Ii + Sul Ski ) + S uj ( S ik S 11 + S 11 S kl ) + S ii (Suk S lj + Sul S kj ) } } 

+{Csuis jt +sujsil)x f {(plv-ul)x(stkslv +sllskv)}] ) 
u=l 

-[.!. f {[sul f {(slisjv +sljsiv )plv-u ! }] 
2 u=l v=l 

+[ "~' ( s '"pi''-" I)( s "'s,1 + s ";s")]) 2w,s"s 11 J 
+[ 2[ f Sul ( fs 1vplv-u I )Jwi {sli (sJksll +sjlskl) 

u=l v=I 

+sj1(s1k5!i +sllski)}] 

+(2slisjl wl f [s ul f {(s1k 51v +sllskv )p lv-u j} 
u=l v=l 

+c.t s'"p1"-"1) (s"'s 11 +s"'s" ll]}} 
+{[-~I {[sul I {(s ti5jv +stj5iv)p l\' -u ! }l+l f (sl\'plv- u! ) 

2 u=l v=l u=l 

( s ui sjl + s ujs ii ) ] } + { 2 [ f s ul ( f s Iv plv-u I ) ] x ( s Ii sjl ) } J x - i 
u=l v=l 2 

x[ f Sul ( f slvp lv-u I )r5/2 W1 f [s ul f {(slkslv +s ll skv )pl v- uJ} 
u=l v=l u=I v=l 

(A l .38) 

.. , 

'I 



Now need to find C : 

C =_a_[ cp[ _ m s11 [ f su1 ( £ s1"plv-u 1 )r112 ]] =_a_[ cp[ _DJ] 
ask! 2 u=l v=l ask! 

CJD 
= -Dcp[-D]-

CJs kl 

= _ m s11 [I Sul ( £ sl vplv-u I )r112 cp[-D] m 
2 u=l v=l 2 

x-(J-{s11 [ fsu1( fs1 vp lv-u 1 )r112} 
as kl u=l v=l 
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2 p p p p ' 
= -~s 11 [ I,sul ( I,sl"plv-u I )rl/2 cp[-Dlwi [ I,suI ( I,slvpl v-u I )r.i/2 

4 u=l v=l u=l v=l 

{ 

11 p p p 

{-
5

2 
u~l {[Sul u;e~)(slkslv +sl!Skv)p l v -u l} +( v~lsl v p / v-u/) 

x (s ''s 11 + s els kl)]}+ {2[ !ls el ('~ls 1'· pl' -" I )] (s \ks II)}} 

= -~s 11 cp[-D]w 1 [ I,sul ( I,slvp/ v-u / )r2 x {--s- I [sul 
2 p p { 11 p 

4 u=l v=l 2 u=l 

u;ev=l v=l 

(Al.39) 

() 2<D m 
·· =--[<PC-D) A+BC) 

dS kl dS ij 2 
(Al .40) 

where A, B and C are as defined in expressions (Al .37) , (Al .38) and 

(Al.39) respectively. 

Let 
a2<D 

AH.=---
11 dS kl as ij (Al.41) 



Appendix A2 .1 

ASYMPTOTIC EXPANSION FOR 
EUCLIDEAN DISTANCE CLASSIFIER 

Plug-in error rate 

Using Taylor series expansion (to second order approximation), we 
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Taking expectations gives:-

p p a<t> 
and L. L.-E(s i. - I i.)= 0. 

· i · i -:'is J J 1= J= 0 ij 

1 p p a1 <I> 
:.E[<l>(XpX2, S)]=<I>Cµ1,µ2,L)+-L. La_ a- cov(xl.ij) 

2 i=l j=l X1i X1 j 

1 p p a1 <t> 
+- L. L. _ _ cov(x2.ij) 

2 i=l j=l ax2i OX2j 
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1 p p p p a2 <t> 
+-I I I I cov(sk1 ,sij) 

2 k=l l=l i=l j=l as kl as ij 
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d<t> d<t> 
So now we want to find 

dx
1
.' dx.., . ' dx1 - CJx1-' dx2 - dx.., .' dskl ()s .. 
J -J J I J ~1 IJ 

Consider cases IA and lB where the conditions are as follow 

(respectively) : 

µ 1 =(m,0, ...... ,O)T 

µ2 = ( 0, ......... ,O)T 

1 p p 

p 1 p 
L= 

p ......... p 

Need to find 

where 

. . . 

a2<t> 

C1x 1idx1j 

and 

p 

p 

1 

µ 1 = (m,0, ...... , O)T 

µ2 = ( 0, ......... ,O)T 

1 

L= p 

p 

1 

p 2 

p 

p-1 p ... ... p 1 

(A2 .1 ) 
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Under cases lA and lB , 

1 

let A= Cx{Sx1 )-
2 x'[x1 

,, 

(A2.2) 

where 

1 ( ) _2_ 1 A=-m s11 2 =-m 
2 2 

m -1 

0 
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:x~; = {~s ;1 
if j = 1 

::, = { ~Sil 
if i = 1 

.. 
if j ;: 1 

and 
if i ;: l 

Aside: 

x 
p 2 
I Cx1u) 
u=l 

Using the above expressions rewrite (A2.2) as: 

p - ? 

X L. Cx1u>-
u=l 

,, . 
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where 

where 

p 

=2x1i ( Ix1usju) 
u=l 

,,. .. 

a [{ p p }-% ] and -;=:-- I [xlv (I X1uSuv )] 
oxli v=l u=l 

5 

= - ~ {.t, [X1, ( !
1
X1usu•)] }-

2 

5 

= - ~ { ~1 [X1, <!
1
x1"s"' )] }-

2 p 

X 2( L X1uSui) 
u=l 
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a [ { p - p - }-% p - p - ? ] 

• OX1i v~1[X1v(~1X1uSuv)J (u~lX1uSju)u~l(X1u)-

3 

= L~, [l<,, ( utx,usu,) l f' x { 2Xli <i,x,us JU) 

if i = j 

if i i= j 

1 

+Lt [X,, ("tx,us"')]} 2 if 1 = J 

3 

-{I [xlv (I X1uSuv )]}-
2 

Xlj I X1uSui 
v=l u=l u=l 

if i i= j 

3 

{t [X 1, (i
1
x 1"s"' )] }-2 [,~, [X1, <i

1
X1"s"' )] 

= -xlj f X1usui] 
u=l 

if 1 = J 

if i-:;:. j 



Under cases lA and lB : 

P {3m 2s jl 
+ s ji I (X:1u )

2 
= 

2 
u=l m s .. 

JI 

P_ P_ p - 2 4 
3 ( 2. X 1 u Sui ) ( I X 1 u S ju ) I ( X 1 u ) = 3 m S Ii S jl 

u=l u=l u=l 

5 

if j = 1 

if j * 1 

if i = 1 

if i * 1 

=-Lt D<i. < "tx,"s"' l if2 
[ i, rx'" < f,x,"s"' l l{ 2x" "~1x1 ,s ju l 

p - 2 P_ P_ p - 2] 
+ S ji u~l ( X 1 u ) }-3 ( u~l X 1 u Sui ) ( u~l X 1 u S ju ) ~l ( X l u ) 

3 

Lt [X1, <,tx,"s"' )] f' [,t [X1, <,~,x,,s"' )] 
+2 if 1 = J 

if i * j 

s [ {3m
2
s 1 if i = 1 

- 3m4slisj,] ? -- 2 J 
=-{m-s11} 2 m S11 2 

if i * 1 ffi S·· . Jl 

{ m;s" if j = 1 2 m s11 if 1 = J 
3 if j*l 

- 2 { m 2 s 11 } -2 

{ mo2sli if j = 1 
if i * j 

if j*l 

131 
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{1~' 1; if j=l,i=j 

= - _'._ [ {3 s jl - 3 s J; s jl if 
i = 1 J 2 if j:;t:l,i=j 

m S ·· - 3S 1·S ·1 JI 1 J if 
+-

i :;t: 1 m r~,; 

1 - S1i 

= - _'._ [ { 3 s jl - 3 s J; s jl if 
i = 1 J 2 1 

+-
m s .. - 3srs -1 if i :;t: 1 m -s 1i JI l J 

0 

-3(s iI - slis il) + 2(1- s1i) 

---= 

= 

-3 (siI -s1isj1) 
1 

- (sii -3slisi1)-2s1i m 

m 

4 

-(s ii -3s 1isi1)+2 

1 

-s jl 

-S il 

s jl s il 

if 

if 

if 

if 

if j = 1 

if j :;t: 1 

i=j=l 

i=l,j:;tl 

i;t:l,j=l 

i :;t: 1 'j :;t: 1 

if j=l,i:;t:j 

if j :;t: 1 ' i :;t: j 

if j=l,i=j 

if j:;t:l,i=j 

if j =l ,i:;t:j 

if j:;t:l ,i:;t:j 

if i = 1, j = 1 ' i = j 
if i = 1, j :;t: 1 . i :;t: j 

if i :;t: 1. j = 1 ' i :;t: j 

if i ;t 1, j ;t 1 ' i = j 

if i :;t: 1, j :;t: 1 , i :;t: j 

expression ( A2 .3 ) 

if i = 1 

if i :;t: 1 
,,. . 

( A2 .4 J 
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Substitute (A2.3) and (A2.4) into (A2.l) gives 

- ~ [ 3 ( s jl - s li s jl ) - 2 (1 - s 1i ) ] - : if i=l,j=l,i=j 

3 m 
--(S ·1 - S1·S ·1) + -S ·1 

ffi J I J 4 J 
if i=l,j;tl,i:;tj 

= - ~<ii( -~) -~ [ s i• - 3s"s il + 2s"] + : s" if i;tl,j=l,i;tj 

_J_[s .. - 3S1·S ·1 - 2 ]- m S1S ·1 
ffi JI I J 4 J I 

if i:;tl,j:;tl,i=j 

1 m 
--(s .. -3s1.s 1 )--S 1S ·1 ffi JI I J 4 J I 

if i;e:l,j:;tl,i:r=j 

expression ( A2 .5) 

Now need to find 

( A2 .6) 

Need to find 

1 

- 2 [ ( X 1 - X 2 ) T S ( X 1 - X 2 ) r2 ( X 1 - X 2 ) (A2. 7) 



where 

Aside: 

if j = 1 

if j=r=l 

m -1 
1 0 S21 

- 2 { m 2 s 11 } -2 = 

0 

and 
if i = 1 

if i -:;; 1 

- -T- - - 2 P_ 2 
Cx1 -X2) Cx1 -X2)= (m-X21) + I. Cx2u) 

u=2 

p 
(x 1 -x2 )T S(x 1 -x2 ) = (m- x 21 )[C m- x 21 )s 11 - Ix2usu1] 

u=2 
p p 

-I X2v[ Cm- X21)S1v - LX2uSuv] 
v=2 u=2 

=Cl 

p 

( m - X21 )s11 - L X2uS1u 
u=2 

p 

( m - X21 )spl - I X2uspu 
u=2 
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Using the above expressions rewrite (A2 .7) as : 

p 

(m - X21 )Su - I, X2uS1u 
u=2 

p 

(m - X21 )spl - I. XzuSpu 
u=2 

m+ X21 

=a+b 

(A2.8) 

(1) Find 



where _a [ ( s v T ) ] = { - 3 s j1 m 
2 

::i- Yw Y . ., 
ox .,. J -s .. m-

_ 1 Jl 

if i = 1 

if i :t:. 1 

if i = 1 5 

+ 3ms 1i {Cl}-2 x (m3s J.1 ) 

if i :t:. 1 

136 

=J_{-3s j1 +3slisj1 

m - s .. +3S 1·S ·1 

if i = 1 

if i :t:. 1 
(A2 .8aJ 

JI l J 

(2) Find 

b = -2{Cl}-~ __ i i {m - x., 
- X2j 

~b = -2{Cl}-~ 
dX2i 

x {~I 

if j = 1 

if j :t:. 1 

if l = J 

if i :t:. j 

{ c i} -% a(_:: i) t=X21 + x 
dX2i - X2j 

if j = 1 

if j :t:. 1 

if j = 1 

if j :t:. l 



... 
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= { 2{ ~2Su r~ 3 { 
if j = 1 if l = J ? -- m 

- 2 { m - s n } z ms ii 0 
if i * j if j:;td 

=2-{2 if l = J -~s {1 if j=l 

m 0 if i * j m li 0 if j7:1 

1- S1i if i=j=l 

2 1 if i=j,j7:l 

if i7:j,j=l 
(A2.8b) 

m -s1i 

0 if i7:j,j7:1 

Therefore substitute ( A2 .8a) and (A2.8b) into (A2.8) gives 
1- S1i if i = j = 1 

d2 A = !__ {-3 s jl ~ 3 s u s jl if i = 1 2 1 if i=j,j7:1 
+-

i7:j,j=l dx2 i dx 2 j m -S .. + .)S 1·S ·1 if i * 1 m -s li if 
JI 1 J 

0 if i7:j,j7:1 

-3s jt + 3s 1is jl + 2(1- s 1i) if i = j = 1 

1 
-3sj1 +3s 1isj1 

-s . +3s 1.s 1 +2 JI I J 

if i=l , j7:l , i7:j 

if i7:l , i=j ,j7: 1 
m 

-s .. + 3s 1.s -1 - 2s 1. 
JI I J I 

if i7:l,i7:j,j=l 

-s · + 3s 1.s .1 JI I J 
if i7:l,j7:l,~7:.j 

expression ( A2 .9) 

1 if i=j=l 

A dA dA m -s jl if i=j,j7:1 
------ = (A2.10) 

4 dx2 . ax? 4 -Sil if i7:j,j=l 
1 -J 

s il s jl if i7:j,j7:1 
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. 02¢ 
Therefore subsitute (A2.9) and (A2.10) into (A2. 6) gives ---._ ox') .ox

2
. 

=-_!_~(-mJ 
2 2 

! [ s li s jl - s jl ] + : s jl 

J_[3s1 ·S1 - s .. + 2]- m S·1S1 
ffi I J JI 4 I J 

J_[3s1 ·S1 - s. - 2S1·] + m S·1 
ffi 1 J JI 1 4 I 

J_[3s1 ·S1 - s .. ]- m S·1S ·1 
ffi I J JI 4 I J 

1 p 

+-I 
2 i=l 

-1 J 

if i = 1 ' j :;t: 1 ' i :;t: j 

if i :;t: 1 ' i = j ' j :;t: l 

if i * 1 ' i :;t: j ' j = l 

if i * 1 ' j :;t: 1 ' i * j 
expression (A2. l l) 

x () . 
IJ 

where 
ox1i ox1j 

respective! y. 

and ax?. ax?. 
are as in (A2 .5) and (A2 .11) 

-1 -J 



a1 <t> 
Now need to find 

ask! as ij . 

m -112 
A= c-=m(s11 ) 

-yS11 

v k,l,i,j=l, ... , p 

a [ i a [{ }_.!_ J ( m { }_.!. J J =-- --m- s11 2 <)> -- s11 2 

ask! 2 asij 2 
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(A212 ) 

where _i_[{ }_.!_ ]- _ _!_{ }-~ O(S11) - { - ~ if i = j = 1 
S 11 2 - s 11 2 - 2 

as.. 2 as.. 0 th . 
11 11 o erw1se 

expression (A2 .12a) 

For both cases of L , s 11 = 1 

as 11 = {l 
as .. 0 

lj 

if i = j = 1 

otherwise 



and as 11 {1 
ask1 = 0 

if k = 1=1 

otherwise 

a [ ( m { } _!_ ) ] 1 m 
2 a [ { }-1 ] ( m { } _!_ ) - ~ -- S11 2 =---- S11 cp -- S11 2 

ask! 2 2 4 ask! 2 

if k = l = 1 

otherwise 

140 

expression ( A2 .12 b) 

,,. -(A2.12 c) 

Now substitute (A2 .12a), (A 2.12b ) and (A2.12c) into (A2 .12), 
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(A2.13 ) 

Consider cases 2A and 2B where the conditions are as follow 

(respectively) : 

µ 1 = ( m, .. . . . .... , m )T 

µ2 = ( Q' .. . . . .... ' Q) T 

I 

:E = p 

p 

l 

p 

p 

p 

p 

p ......... p 1 

As in cases IA and IB : 

and 

µ 1 = ( m .. ........ , m )T 

µ 2 = ( Q, . ........ 'Q) T 

I 

I: = p 

p 

1 

pp- I . . . . . . p 1 

(Al .1-1) 



T ? p p 
where x1 Sx1 = m - I I suv 

v=l u=l 

p 

l,spu 
u=l 

oA P P -~ 
. . ~- = ( I I (J UV ) 

2 

OX1 v=l u=l 
p 

l,spu 
u=l 

oA P P -~ { P P P } 
· · ~- = ( I I S uv ) 

2 
- I S ju + 2 I I S uv 

oxlj v=l u=l u=l v=l u=l 

oA P P -~ { P P P } 

and ax:li = (v~J u~lsuv) 2 - u~lsiu + 2 v~l u~lsuv 

As in cases IA and lB : 

5 

142 

a:~ ~lj = -L~1 [X1, c "tx1"s", l if 2 [ ,~1 [xi , c 1x1"s"' l J{ 2X1, ,~1x1"' , .. l 

+2 if 1 = J 

if i :t; j 
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Under cases 2A and 2B : 
p - · p - ? p p 
I,[xlv (I X1uCTuv )] = m- I Isuv 
v=l u=l v=l u=l 

3 2 { p p }-2 +- L Isuv 
m v=l u=l 

p p p 

- L Sui + L L S uv 
u=l v=l u=l 

if i = j 

p 

- Isui if i * j 
u=l 

[
pp ( p J p p ] 

- \~I u~I S uv 2 E1 S ju + ps ji - 3 p u~l Sui u~I S JU 

1 { p p }-% 
=- I Isuv 

m v=l u=l 

PP ( P PP J 
+2 v~l u~!Suv - u~!Sui + v~I E1Suv 

if i = j 

p p p 

-2 L I S uv I Sui if i * j 
v=I u=l u=l 

expression ( A2 .15) 

7 

A aA aA 1 { P P }-2 { P P P } ' - --=--=--- = - mp I I s UV x - I s ju + 2 I I s UV 

4 ax li ax lj 4 v=l u=l u=l v=l u=l 

{ 

p p p } 

X - u~lSiu + 2 v~l E1Suv 
(A2.16) 



Substitute (A2.13) and (A2.14) into (Al.12) gives d!2

; 

X1i X 1j 

1 ( 1 p p _.!_ J { p p } -~ 
= - - ~ - - mp ( I Is uv ) 

2 x I I s uv 

2 2 v=l u=l v=l u=l 

1 p p { [ p p ( p ) p p ] 
m v~l ~lSuv - v~J u~lSuv 2 u~IS ju + ps ji + 3p ~!S ui ~ls ju 

1 p p { [ p p ( p ) p p ] 
m v~J u~lsuv - v~J u~lsuv 2 u~ls ju + ps ji + 3p u~lsui u~Js ju 

p p p 

-2 I IS uv IS ui 
v=J u=l u=l 
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1 { p p p }{ p p p } 
- - mp - I s ju + 2 I I s UV - I s iu + 2 I I s UV 

4 u=l v=l u=l u=l v=l u=l 
if i * j 

Now we need to find 

As in cases IA and lB : 

a2 <t> 

ox2-dx-i · . 
I "'"J 

expression ( A2 .1 7) 

,,. . 

(A2.18) 



where 
p p 

( x 1 - x 2 ) T S ( x 1 - x 2 ) = m 2 I I s uv 

and 

3 

p 

I. spu 
u=l 

v=l u=l 

o A { P P }-2 { P P P } ~ = L L S uv ( L S ju ) - 2 L L S uv 
a x2j v=l u=l u=l v=l u=l 

Aside: 

p 

I, spu 
u=l 

l .+5 

(A2.19a) 

(A2 .19h) 

p p 

(x1 -x2 )TS ( x 1 -x2 ) = I[Cm-x2v) I, (m- x 2u)suv ] = Cl 
v=l u=l 

p 

I (m - X2u )Siu 
u=l 

p - ? 

X I. Cm - Xzu t 
u=l 

p 

I (m - x2u )spu 
u=l 

( = Syy Ty ) 



Using the above expressions rewrite (A2. 19) as: 

p 

I Cm - x'.!u )s1u 
u=l l 

x fcm- x'.!u) 2 - 2{Cl}-2 

=a + b 

(1) find~ : 
ax,,. 

-1 

u= l 
p 

I C m - x 2 u ) s pu 
u= l 

3 p p 

a={Cl}-2 L, (m-x2u)sju X L, (m- x 2u) 2 

u=l u=l 

where 
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m- x'.!p 

(A2.20) 



a [p - p - ?] -;=--- I, ( m - x 2 u ) s ju X I ( m - x 2 u )-
ax 2i u=l u=l 

p 

= I,(m-x2u)sju x2(m-x2i)(-1) -
u=l 

p - 2 
sji I,(m- X2u) 

u=l 
2 p 2 

=-2m I,s . - m S ·P JU JI 
u=l 

= - m 2 ( 2 f s ju + s ji p) 
u=l 

and 

_g_ [ { c 1} -% J = - ~ a c~ 1) { c 1} -% 
dX 2 i 2 CJx 2 i 

= - ~ { C 1} -% X - 2 X I ( m - X 2 u ) Sui 
2 u=l 

5 p 

=3{Cl}-2 X I,(m-X2u)sui 
u=l 

. · ~a = {Cl}-% X -m 2 (2 f s ju + s jiP) 
OX2i u=l 

5 p p 

+3{Cl}-2 I,(m-x2u)sui xmI,sju xm 2p 
u=l u=l 

3 

= -{ m 2 ,t o~l cr"' } -, x m 2 ( 21:1 s jo + s ji p) 

5 

{ 

2 p p }-2 p p 2 

+3 m v~l u~lsuv x m u~lsui x m ~ls ju x m p 
3 

= -~{ f f suv }-
2 

X (2 f sju +sjiP) 
m v=l u=l u=l 

5 

+ 
3 

p { I I S uv }-
2 I Sui I S ju 

m v=l u=l u=l u=l 

147 

= ~ ul !1 s"' r% [ 3 p !1 s "' ,ts jo - ( ,t !1 s"' ) ( 2 o~l s jo + s ji p)] 
expression (A2.20a) 
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(2) find 

1 

b = -2{Cl}-2 ( m - x2j) 

if 1 = J 3 p 

l
'f - 2{Cl}-2 ( m - X2 j) I,(m - X2u )Sui 

i # j u=l 

{ } 

I {l if I= J 
=2 m 2 f fsuv -2 i'f 

v=l u=l Q i -:t= j 

3 

{ 

? p p }-2 2 p 

- 2 ffi - v~l ~I () UV ffi ~IS ui 

3 

2 { p p }-2 = - I Isuv 
m v=l u=l 

p p p 

I Isuv - Isui 
v=l u=l u=l 

if 1 = J 

(A2.20b) 
if i:;:: j 

Therefore subsitute ( A2 .20a) and (A2 .20b) into ( A2 .20) gives 

p p p 
3 2 { p p }-2 +- I Isuv 

m v=l u=l 

I Isuv - Is ui 
v=l u=l u=l 

if 1 = J 

if i:;:: j 
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p p p p p 

3p Isui Is ju -(I Isuv >(2 Is ju+ sjiP) 
u=l u=l v=l u=l u=l 

5 1 { p p }-2 
=- L LSuv X 

m v=l u=l 

p p p p p 

+ 2( L L Suv )( L L Suv - L Sui) 
v=l u=l v=l u=l u=l 

if l = J 

p p p p p 

3 P L Sui L S ju - ( L L S uv ) ( 2 L S ju + S ji P) 
u=l u=l v=l u=l u=l 

p p p 

- 2 ( L L S uv ) L Sui if i #- j 
v=l u=l u=l 

expression (A2.21) 

Therefore substitute (A2.19a) , (A2.19b) and (A2.21) into (A2.l 8) 

. a2<t> 
gives----

ax2iax2j 

1 
( 

1 1 J { }_!__ p p -- p p 2 

= - - <P - - mp ( I I s uv ) 2 x I I s uv 
2 2 v=l u=l v=l u=l 

x 
,., . 

if i #- j 

. (A? ??) expresszon - ·--
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=<D(M:' 

where and ax2 . CJx 7 . 
1 -J 

are as in (A2.17) and (A2.22) 

respectively. 

mp P P 
A=-----= mp[ I I SU\' r 112 

p p 
[_I .Isuv Jl/2 u=lv=l 

u=l v=l 

= - mp _a_[<P(- mp [ f f suv r 112
) _j_[ ( ± f suv )-

112 J] 
2 as kl 2 u=l v=l as ij u=l v=l 
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= - mp [ a 
2 

[ [ f f SUV r l /2 ] X <l> ( - mp [ f f SUV r l/2 ) 
2 as kl dS ij u=l v=l 2 u=l v=l 

+~[ ( f f SUV )-112
] x _a [<l>(- mp [ f f SUV r 1

'
2 
)]] 

dS ij u=I v=l as kl 2 u=l v=l 

expression (A2 .23 ) 

where 

a [ p p -112 J 1 { p p }-% a [ p p J - ( I Is UV ) = - - I Is UV - I Is UV 
dS ij u=l v=l 2 v=l u=l dS ij u=l v=l 

(A2.23a) 

~[<l>(- mp [ f f su" r 1
'
2 
)] as kl 2 u=l v= I 

= - - - I Is x <l> - mp [ I Is r 1'2 1 m 
2p2 a [{ p p }-1 J ( p p ) 

2 4 dS kl u=I v= I uv 2 u=l v=I uv 

= m 2p2 { f f s }-2 _a_[ f Vt_jsUV] x <l> ( - m2p [Ut-1 Vt_jsUV r\/2) 
8 u=l v=I uv dS kl u=I 

expression (A2.23b) 

a 1 p p -2 a p p 
=- -- I Is - I I s 

[ 

3 ] 

ilskl 2 L=I v=I uv} ilsij [u=I v=I "'] 
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s 
3 { p p }-2 d [ p p ] d [ p p l =- I Isuv - I Isuv - I Isuv 
4 u=l v=l ask! u=l v=l ds ij u=l v=l -

expression ( A2 .23 c) 

SffiCe CJ 

2 

[ f f SUV ] = 0 '\/ k, 1, i' j = 1, • • •' p 
dskl ds ij u=lv=l 

Now substitute (A2 .23a), (A2.23b) and (A2.23c) into (A2.23), 

7 

az<f> = - mp~(- mp [ f f Suv rl/Z J{ f f Suv }-
2 

dS kldS.. 2 2 u=l v=l u=l v=l lJ 

d [ p p ] d [ p p ][ 3 p p 1 ? ? ] x- I Is - I Is -I Is --m-p-
as kl u=l v=l UV OS ij u=l v=l UV 4 u=l v=l UV 16 

where 

. . . 

a p p 

-[ I Isuv J = l 
ds ij u=l v=l 

x 3 I I. s uv - - m 2 p 2 
[ 

p p 1 ] 

u=l v=l 4 

'\/ i,j=l , ... , p 
,, . 

'\/ k,l=l, .. .,p 

(A2.24) 



Appendix A2.2 

ASYPMTOTIC EXPANSION FOR 

LINEAR DISCRIMINANT FUNCTION 

Plug-in error rate 

Using Taylor series expansion (to second order approximation),we 
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-

where 

Taking expectations gives:-

E[<I>(xl ,Xz ,S)] = <I>(µl ,µ2 ,L) + f :_<I> E(xl j - µl j) 
j=l ox 1j 

p a<I> p p a<I> 
+'-E(x2 - -u.., .) + II-E(s .. -I.) L- '.:'\- j I - j '.:\ lj lj 

j =lOXzj i=lj=lUSij 

i p p a2 <D 
+ - I I _ _ cov c x 1.ij > 

2 i=l j=l axli dx lj 
i p p a2 <D 

+-I I __ cov(x2.ij) 
2 i=l 1'=1 ax..,. ax.., . 

~1 - J 

i p p p p a2 <D 
+-I I I I cov(skl ,sij) 

2 k=l l=l i=l j=l as kl OS ij 

p ()<D p ()cp 
where I--E(x1. - u 1. ) = I--E(x.., . - u ..,.) = 0 

'.:\- J I J ')- - J I "-J 
j=l OX lj j=lOX'2j 

p p a<P 
and I I-E(sij - I ij) = 0 . 

i=lj=l as ij 
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i p p p p a2 <P 
+ - I I I I cov Cs kl , s ij ) 

2 k=l l=l i=l j=l as kl as ij 



a<r> acI> a 2 <r> a 2 <r> a 2 <r> 
So now we want to find -:1 , , , a a , 

OX1 · ax,, . axl . OX 1· X7 · x,, . ask! as .. J ~ J J 1 - J ~ 1 lj 

Consider cases lA and lB where the conditions are as follow 

(respectively) : 

µ 1 = ( m,0, ...... ,O)T 

µ2 = ( Q' ......... 'Q) T and 

1 p p p 

p 1 p p 
L= 

p ......... p 1 

Need to find 

where 
CJ<i> D D CJD 

_ . = --<t>(--)-
axli 4 2 ax1i 

µ 1 = ( m,0, ...... ,O)T 

µ 7 = ( 0, ......... ,O)T 

1 

L= p 

p 

1 p 

p-1 p ...... p 

p 

p 

1 
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p-1 

p- 2 



Under cases 1 A and 1 B , 

1 

let D = (x{s-1x:
1 
)2 

where 

s 11 

S-l-
X1 = m 

1 1 

D=-m(s 11 )2 
2 
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(A2.25) 

(A2.26) 

,,,. .. 
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s 11 s 11 
1 

m = s 2 ( 
11 )--

s pl 

and 
oD ( 11 ) _ _!_ ·1 -- = s 2 x S

1 

ax:li 

Aside: 

p p 

x;s-lxl =I [xlv ( IxiuSUV )] 
v=l u=l 

S-l-
X1 = 

u=l 

Using the expressions above rewrite (A2.26) as: 

1 

ao { p _ p _ UV }-2 
'.}- = 2: [ x 1 v ( 2: x 1 us ) ] 
OX1 v=l u=l 

u=l 



•• 

where 

. . . 

_a [ ~ _ ju ]- ji 
".'I- L, X I u S - S 
oxli u=l 
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(A2 .27) 

.,. 



Need to find 

a2<t> 

ox2 .<Jx,, . 
I - J 

cfx?.ax,, . 
-1 "-J 

ao - [<- - )T s-1 c- - )]_2. s-1 c- - ) ax 2 - - x I - x 2 x 1 - x 2 2 x 1 - x 2 

where ( - - )T 5 -1 ( - - ) 2 11 X 1 - X 2 x 1 - x2 = ffi S 

S- 1 c- - ) X 1 - x2 = ffi 

1 1 

D=-m(s 11 )2 
2 

s 11 
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expression r A2 .28 , 

(A2.29 . 
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s 11 s 11 
l 

( 
11 )--m = - s 2 

s pl 

C1D ( 11 )_.!. ·1 . . -- = - S 2 X SJ 

C1x2 j 

C1D ( 11 )_.!. it --=-s 2xs 
C1x2i 

and (A2 .30a) 

Aside: 

=Cl 

p 

(m-x )s 11 -'x s
1
u 21 .L,, 2u 

u=2 

S-1 c- - ) X1 - X2 = 
p 

C rn - x 21 ) s pi - I x: 2 us pu 
u=2 

.,, .. 

Using the expressions above rewrite (A2 .30) as: 

- 11 p - lu (m - x21 )s - I x2us 
u=2 

p 

( 
- ) pl ' - pu ffi - x 21 S - .L,, X2uS 

u=2 



d2D 

ax:,,. ax:,, . 
.. 1 - J 

where 
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I 3 

= (m2sll r1 s ji - (m2sll r1 x ms li x ms jl 

3 
= ( m 2 5 11 )-2 [ m 2 5 11 5 ji _ m 2 5 1 i 5 jl ] 

(A2.31) 



-
162 'f, 

Now subsitute (A2 .30a) and (A2 .31) into (A2 .29 ), 

expression (A2.32) 

Note that ---=---

a
2

<1> a [ a<I> J 
dsk1dsij = dsk1 ds ij 

-- --<D -- s 2 - s -_ a [ m . ( m { 11 }.!. J a [{ 11 }~ J] 
dSkl 2 ' 2 dSij 

=-m[cp(-m{s11}~J C1
2 [{s11}~] 

2 2 dsk1dsij 

+__i_[{ s11 }~]-a [cp(- m { s11 }~ JJ] 
dsij ds kl 2 

(A2.33 ) 

where 

(1) 
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I 

= ~ { S 11 } -2 X W o X ( S Ii S JI + S I j S i l ) 

l 

= { s 11 }-2 x w 0 x s li s jl (A2.33a) 

where 
if 1 = J 

if i ;t; j 

(2) 

where w 1 = {- ~ 
-1 

if k =I 

if k;r;l 

(3) s 2 --s ~ a
2 

[{ 11}_!_]- a [a { 11}~] 
asklasij ask! asij 

= ~ [ { s 11 } -~ a 
2 

( s I I ) + _ a [ { s 11 } -~ ] a ( s l l ) ] 
2 ask10S ·· ask! OS·· ~ D 

= ~ [ { s 'T~ a' cs II l - ! { s' T% a cs" l a cs II l J 
2 asklasij 2 askl asij 

where 

d(Sll) 1· ·1 1. ·1 1· · --= W Q ( s I$ J + $ JS I ) = 2 W Q X $ IS jl 

dS ·· IJ 



a2 [{sll}~]=~[2{s11}-~wow1{sli(s jksll +sjlskl) 
asklasij 2 

+sj1( 5 1k 5 Ji +s11ski)} 

- ~ { S I I r% X 2 W 0 S Ii S jl X 2 WIS lk S II ] 

3 

= W 0 W l { S 11 } -2 [ S 11 { S Ii ( S Jk S 11 + S jl S kl ) 

+sj1( 5 1k 5 ii +s11 5 ki)}-s'isj1 xs1k 5 11] 

Substitute ( A2 .33a) , ( A2 .33 b) and (A2 .33 c) into (A2 .33) gives 

X [ S 11 {SI i ( S jk S 11 + S jl S kl ) + S Jl ( S lk S Ii + S 11 Ski ) } 

2 
_ 5 1i 5 j1 xs1k 5 11 -~5 11 5 1i 5 j1 xs'ks11] 

4 

=- ~ WoW1 {s
1T% ~(- ~ {s" r1) 

x[ 5 11 { 51i (sjk 5 11 + 5 j1 5 k1) + 5 j1(s1k 51i+ 5 11 5ki)} 

2 

-(1 +~ )s 1isj1 x s 1ks 11 J 
4 

,,. .. 
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(A2 .33c) 

(A2 .34) 



Consider cases 2A and 2B where the conditions are as follow 

(respectively) : 

µ1 =(m, ......... ,m)T 

µ2 =(0, ......... ,O)T and 

1 p p p 

p l p p 
L= 

p ......... p 

where 
p p 

-Ts-1- 2 ' ' uv X1 X1=ffi LLS 

S-l-
X1 =ill 

v=l u=l 

p 
Is iu 

u=l 

p 
I spu 

u=l 

µ 1 =(m, ......... ,m) T 

µ2=(0, ......... ,Q)T 

L = p p 

p-l p ... ... p 

,,, . 
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l 

(A2.35 ) 



1 

D = _!_m( f f Suv )
2 

2 v=l u=l 

1 

ao ( 2 f f "'r . .. --= m s m 
dX1 v=l u=l 

and 

an ( p p )-~ p . -- = L L,suv X L,s11 

ax:li v=l u=l u=l 

Aside: 

p p 
-Ts-1- ' [- ( ' - uv )] X1 X1 = L. X1v L. X1uS 

S-1-
X1 = 

v=l u=l 

p 'x slu L. lu 
u=l 

p 
'x spu 
L. lu 
u=l 
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p p 
L. s1u L. s1u 

u=l 1 u=l (, , r = L L SUV 

v=l u=l 
p p 
LSpu L,spu 

u=l u=l 

(A2.36a) 

(A2.36b) 
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As in cases IA and lB and with the expressions above we have 

3 

- - UV - - Ul - JU 
{ 

p p }-? p . p . 

- v~l [ X Iv ( ~l X I u S ) J X u~l X l u S X u~l X l u S 
1 3 

( 
2 p p )-2 .. ( ') p p )-2 p . p . 

= ffi v~l U~l SUV S JI - ffi - v~l u~l SUV X ffi u~l SUI X ffi U~l S JU 
3 

1 ( p p )-2 [ .. p p p . p . ] = - I I s U\' s JI L L s UV - I s U1 I s JU 
m v=l u=l v=l u=l u=l u=l 

(A2.37) 

. a2<P 
Substitute (A2.36a), (A2.36b) and (A2.37) into (A2.35) gives ---

ox1iox1j 

=-_!_<j>[-_!_m(f f suv)i][ J.-(f Isuv )-%[sji I Is uv - fsui Is ju ] 
2 2 v=l u=l ill v=l u=I v=l u=l u::l u::l 

- - L I s UV I s IU I s JU m( P P ) P . P . ] 

4 v=l u::l u=l u=l 
(A2.381 

Need to find 



where - - T - I - - 2 p p UV ( x1 - x2 ) S ( x1 - x2 ) = m I Is 

S-lc- - ) X 1 - x2 = ffi 

1 

p 
Islu 

u=l 

p 
Ispu 

u=l 

p 
Islu 

v=l u=l 

p 
I s1u 

1 u=l 

dD ( 2 ~ ~ UV )-2 --=- m L Ls xm 
dX2 v=l u=l 

u=l 

= -( f f Suv )-2 
v=l u=l 

I 

p 
Ispu 

u=l 

p 
Ispu 

u=l 

,,, .. 
l 

(A2 .39) 

(A2.40) 

, -- _ _ ' ' UV ' JU d ao ( p p )--2 p . 
. . - ~ ~s ~ s an 

dX2j v=l u=l u=l 

-=- I Isuv Ism (A2.40a) oD ( P P )-2 P -

ax:2i v=l u=l u=l 

Aside: 

p p 

( x 1 - x 2 ) T s- l ( x 1 - x 2 ) = I [ ( m - x 2v ) I ( m - x 2u ) s UV ) ] = c 1 
v=l u=2 



p 
Is1u( m-X2u) 
u=l 

p 
Is pu (m - x2u) 
u=l 

Using the above expressions rewrite (A2.40) as : 

p 

I s'u ( m - X2u) 
u=I 

p 

I s pu cm - x 2u ) 
u=I 
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,, . 

(A2.41 ) 



az<D 
Substitute (A2.40a), (A2.40b) and (A2.41) gives 

C1x 2iox2 j 

=-_!_<j>[-.!.m(f fsuv)~][2-(f fsuv)-%[sji I fsuv -fsui Is ju] 
2 2 v=l u=l m v=l u=l v=l u=l u=l u=l 

m( P P ) P . P . ] - - L L s UV Ls lU L s JU 

4 v=l u=l u=l u=l 
(A2.42) 

Note that -------
ox2.ox? . 

I -J 

p p 
D = m [ I I s uv ] 112 

u=l v=l 

x <j>[-m(f fsuv)~]] 
2 v=l u=l 
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a ~ ~ UV 2 a , ffi ~ ~ UV l 
1 ( 1 J] +-- L Ls x--<D -- L Ls 

ds;j c=I u=I ) dskl . 2 c=I u=l ) 
(A2.43) 

where 

1 1 

(1) _i_ ( f f s UV ) 

2 
= ..!_ ( f f SUV ) -

2 _i_ [ f f s UV ] 

dS ij v=l u=l 2 v=l u= l dS ij u=l v=l 

I 

1 ( ~ ~ uv )-2 ~ ~ ( ui jv uj iv ) =- L. L,.S XWoXL L. s s +s s 
2 v= l u=l v=l u=l 

expression ( A2 .44) 

(3) 
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(A2.46) 

where 

(A2.46a) 

if 1 = J 

if i ~ j 

a p p p p 
_ ( 2, 2, S uv ) = W 

1 
2, 2, ( S uk S Iv + Sul S kv ) 

ask! u=l v=l u=l v= l 

W1= {
-0.5 if k = l 
- 1 if k ~ 1 

a
2 

[ i f Suv] 
ask! as ij u=l v=l 

= as~1 [ a~JL~,s"' ]] , 
a [ p p . . . . J = -- w 0 2. 2. (s Ul sJV + s UJs IV ) 

ask! u=l v=J 

= W 0 W l f f [ Sui ( S jk S Iv + S jl S kv ) + S jv (Suk S Ii + S ul S lei ) 

u=l v=J 

+ S uj ( S ik S Iv + S ii S kv ) + S iv ( Suk S lj + Sul S kj ) ] ( A2 .4 6 b) 
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Therefore substitute (A2.46a) , (A2.46b) and (A2.46c) into (A2.46) 

gives 

()2 ( f f UV)~ 
asklasij v=l u=ls 

1 p p ~ 2 [ p p p p . .k I ·1 kv 
= 2 Wo Wl (~l v~lSuv )-.>/ X (u~l v~lSuv) u~l ~l(Su1 (SJ S v +SJ S ) 

+ S jv (Suk S Ii + S uI Ski ) + S uj ( S ik S Iv + S ii S kv ) + S iv (Suk S lj + Sul S kj ) ] 

_ ( ~ f f (Sui S jv +S uj S iv ) f f (Suk S Iv +Sul S kv ) )] 

2 u=l v=l u=l v=l 
( A2 .47) 

Substitute (A2.44), (A2.45) and (A2.47) into (A2.43) gives 

m { P P }-% ( m ( P P ) ~ J = - 4 W 0 WI •~I u~I Su• <jJ l -2 •~I u~t'"' 

X [ ( ( ( u~l •~IS "' ) u~l •~I [ S ui ( S jk S I• + S jl S k• ) + S j• ( S uk S Ii + S ul S ki ) 

+ S uj ( S ik S Iv + S ii S kv ) + S iv (Suk S Ij + S uI S kj ) ] } 

-{~(l + m 2 I I suv) XI I (suisjv +sujsiv )x f f (sukslv +suiskv )})] 

2 8 u=l v=l u=l v=l u=l v=l ,,, .. 

expression ( A2 .48) 



Appendix A3 

COMPUTER PROGRAM 

Euclidean distance classifier 

Function to find y= ~exp(-+x2 ) 

function Y=Cf (x) 

y =exp(-0.5 *( x . ·2 ))/sqrt ( 2. *pi); 

Function to f i nd cdf = <t>(x) 

function cdf=cdff(x) 

j f x > 0 

cd f =0.5+qued('c r· ,o ,x); 
end 

elseifx < O 
temp I =ebs(x) ; 
cdf=0 .5-qued('cf',O,temp I); 
end 

el se if X==O 
cdf =Qued('c f ',O. x); 
end; 

Actual error rate 
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Function to find p = ¢(x) 

function P=Pdff( x) 

temp:-1 * (x."2)/2 ; 
p:exp(temp)/ sqrt(2*p i); 

Mein program to find ( for cases 1 A end 1 B) 

function rete=eretef (x 1,x2,s,p,n 1,n2 ) 

m=Xl ( l,1 ); 
cdf =cd ff ( -0 .S*m); 
tx 1 =0.S*nd x I (x I ,s,p ,n I) 
t x2=0.5*nd x 2(x 1,s,p ,n2 ) 
rete:cdf+t x l+t x2; 

I P a2¢> 
Function to f i nd (for cases 1 A end I Bl ndx l = - I cr,i 

n1 <.J•I axi.OX11 

function dl=ndxl (x l ,s,p ,nl ); 

m=xl(l ,1); 
pdf :pd ff (- 0.S*m ); 
C1:1 /( 2*m ) ; 
d 1 :O ; 
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fori=l :p 
for j=l :p 

end ; 
end ; 

temp 1=S( 1, i) *s ( j , 1 ) ; 

if i==i 
temp2=s ( j,i)- (3*temp 1 )+2; 

else 
temp2=s ( j,i)- (3*temp 1 ) ;end ; 

d= ( - 1*c1*temp2 )-(temp1 *m/ 8); 
temp=-1*pdf*d*s (i,j )/n1; 
d 1=d1 +temp ; 

1 p a2 <t> 
Function to fi nd (f or cases 1 A end 1 B) ndx2 = - I _ _ 

n, .. ,., axo,ax,j 

function d2=nd x 2(x 1 ,s,p,n2 ); 

m=X 1 ( 1, 1 ); 
pdf=pdff (- 0 S*m ); 
c 1=1 / m ; 
C2=m / 8 ; 
d2=0 ; 
for i=l :p 

for j =l :p 

end ; 
end ; 

temp 1=3*s( 1, i )*s ( j, 1 ); 
if ( i==l ) & ( j== l ) 

t emp2= (( -3*s (j, 1)) +temp 1 )/2; 
d= ( c 1*(t emp 2+ 1-s ( 1 ,i ))) -c 2; 

else i f (i ==l) & ( j-=1 )& (i - =j) 
t emp 2=(( -3* s(j, 1)) +temp1 )/2; 
d=( c 1* t emp2 )+(c2*s ( j ,1 )); 

el se if (i- =1 )& (j ==l )& (i- =j) 
temp2= (( -1*s ( j,i )) +temp1 )/ 2 ; 
d= ( c 1*( temp2-s ( 1,i )) )+ (c2*s (i, 1 )); 

else i f (i -= 1) & ( j-= 1) & (i == j) 
temp2= (( -1*s( j,i )) +temp1 )/ 2 ; 
d=(c 1*( temp 2 +1 )) - (c2*s ( 1,i )*s (j, 1 )); 

else 
temp2= (( -1*s ( j,i))+temp1 ) / 2; 
d=(c 1*temp2)- (s( 1,i ) *s ( j, 1 )*c2 ); 

end ; 
temp :-1 *pdf*d*s (i,j) / n2 ; 
d2=d2+temp; 
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Mein program to find (for cases 2A end 2B) 
i p a1 <1> i p a1 <t> 

rate= <I>(·) + - I. 0 ,
1 

+ - L <J 
2n1 >.J•I axliax11 2n2 i.J•I ax:,axlj 'l 

1 1 = cdf + - (edxl) + - (edx2) 
2 2 

function rete=eretef2( x 1,x2,s,p,n 1,n2) 

m=x1(1 , 1) ; 
ssum:sum(sum(s)) ; 
e=0 .5 *m*p * (ssum ·(-0.5)); 
cdf=cdff(-1 *e); 
tx 1=0.5*edx1 (x 1,s ,p,n 1) 
tx2=0 .5*ed x2(x 1,s,p,n2) 
rete=cdf+tx1+t x2 ; 

1 p a=<t> 
Function to find (for cases 2A end 2B) edxl = - I. __ o q 

n 1 >.J• I ax,,axlJ 

function d 1=edx1(x1,s,p,n 1 ); 

m=X1(1 ,1); 
ssum=sum(sum(s)) ; 
e=m*p* (ssum·(-0.5 )) ; 
pd f =Pd ff (-0.5* e); 
prod 1 =ssum·( -3 .5); 
tsum:sum(s ); 
c 1 =ssum/( 2*m); 
d 1 :O; 

for i=l :p 

end; 

forj=l :p 
temp I =m*p*t sum( I ,j)*tsum( I ,i)/8; 
temp2:(ssum*s(j.i)) - (3*tsum( 1,i) *tsum( 1,J)); 
if (i :: j) 

else 

temp4=( p*t emp2)+(2 * (ssum ·2 )) ; 
d:(c I *temp4)•temp I; 

d=(c 1 *p* temp2)+temp 1 ;end ; 
temp:pdf*prod 1 *d*s(i .J )/n I; 
d 1 =d I +temp; 
end ; 

-
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1 p a'cti 
Function to find (f or ceses 2A end 2B) edx2 = - > ----CT 

n, ,,;, ax::,ax2j 

function d2=edx2 (x 1,s,p,n2); 

m=X 1 ( 1, 1 ); 
ssum=sum(sum(s)); 
e=m*p *(ssum·(-0 .5 )) ; 
pdf=pdff(-0 5*e ); 
tsum=sum(s ); 
prod 1 =ssum ·(-3. 5); 
c 1 =ssum / m ; 
d2=0; 
for i = I :p 

end; 

temp4= (0 .5*tsum ( 1,i))-ssum; 
forj=l:P 

end ; 

temp5=(0 5*tsum ( 1,j))-ssum; 
te mp I =-1 *ssum*((2*tsum( I ,j ))+( p* s(j, i ))); 
tem p2=3*p*tsum( 1,i)*tsum( I , j) ; 
t emp3 = m * p* temp 4* temp 5; 
if (i== j) 

temp6=2*ssum*(ssum-tsum( 1,i )); 
else 

temp6=- 2* ssum*tsum( I ,i); 
end; 
d=(c I *(temp I +temp2+temp6))-temp3; 
t emp=-0 .S*pdf*prod I *d*s(i,j)/n2 ; 
d2=d2+temp; 
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Linear discriminant function 

. . 1 ( 1 . ) Function to find y = ffe exp - 2 :-=.-

function y=cf(x) 

y=exp ( - 0 5* (x -2 ))/ sqrt(2 *pi) ; 

Function to find cdf = <t> (x) 

function cdf=cdff (x) 

if x ) 0 
cdf=O S+qued (' cf ' ,O, x); 
end 

elseifx<O 
temp I =ebs(x); 
cdf=O 5-qued (' cf',O,temp 1 ); 
end 

else if X== O 
cdf =qued('c r· ,O ,x); 
end; 

Function to find p = o(x) 

function P=Pdff(x) 

temp=- I *(x ."2)/2; 
P=exp( temp)/ sq rt ( 2 *pi); 

Actual error rate 
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1 p ll 0 <I> 
Function to find (for cases 1 A end 1 B) ndxl = - 2: __ 

n, o.pl ax"ax,j 

. function d 1=ndx1(x1,s,p,n1) 
m=xl(l,1); 
Si=s·(-1); 

CS=Si*s*si; 
c 1=X1'*si*s*si*x1 ; 
C2=C 1 /(m"2); 

c3=x 1 '*si *x 1; 
e=0 .5*c3* (c 1 ·( -0 5)); 
pdf=pdff ( - 1 *e); 
d 1 =0 ; 
for i=l:p 

d 1ei=-05*si( 1, 1)*cs ( i,1 )*(c2"( - 1 5)) ; 
temp4=cs( 1, i )+cs(i, 1 ); 

. forj=lP 
d 1ej=- 0 .5*si(1, 1)*cs(j, 1 )*(c2"( -1 5 )); 
temp 1 =-0 5* s1 ( 1, 1)*( c2·( - 1.5))*cs(j,i)/m; 
temp2=si ( 1,i )*(c2"( -15 ))*cs(j,1) / m ; 
temp3=3*si( 1, 1 )*( c2" (-2 5 ))*cs( J, 1 )/(m*4); 
de= temp 1 +temp2+(t emp3*temp 4); 
db=-l*si(j,i ) *(c1·(-0 5 )); 

end ; 
end; 

d=de+db-(e*d t ei *d 1 ej ) ; 
temp=-1*pdf*d*s (i,j)/ n1 ; 
d 1=d1 +temp; 

I r () 'cp 
Functiontof i nd (fo rceses IA end lB) ndx2=-l: __ ,, 

n, .. ,., ax: ,ax, , . 

function d2=ndx2(x 1,s,p,n2) 
m=X 1 ( 1, 1 ); 
Si=s·(-1); 

CS= Si *s*si; 
c 1= X 1 '*si *s*si*x 1; 
C2=C 1 /(m.2); 

c3=x 1 '*si *x 1; 
e=0 .5*c3* (c 1 · ( - 0 5 )); 
pdf=pdff ( -1 *e); 

d2=0; 
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fo r l=I p 
If I== I 

temp I =-2*m ; 
else 

temp I=- I * S(I, I ), end; 
d I e1=(0 .5*si( 1, I )*cs (1, 1 ) * (c2"( - I 5 ))) - (( c2"( - 0 S))*s1 (1, I)), 

for j =l :p 

end ; 
end ; 

d 1ej=(O.S*si (I,1)*cs(J,1 ) * (c2"( - t S))) - ((c2·( - 0 .S)) * s1(J, I)); 

if i== 1 
temp2=cs(j, 1 )+cs(j ,i); 

else 
temp2 =cs(j, i) ;end ; 

temp3:0 .5*m* (c 1·(- 1.S)) *cs( J,1)*temp1; 
temp4=- 0.5*m"2 * (c 1·(-1 .5))*temp2; 
temp5=3*m"4*cs(j, I ) *cs(i, I )/2; 
de= temp3 + temp4+ temps ; 
temp6=c 1 ·(-0 S)*s1(j,i); 
temp7:( m"2 )* si ( J, I ) " ( c 1 ·( - 1 S)) * cs (1, I ), 
db=temp6-temp7 , 
d=de+db- (e"d I e1 "d1 eJ), 
temp=-1 *pdf*d* s(i,J )/n2 , 
d2=d2+temp; 

Function to find D 1n cese IA (used in the me1n progrem) 

function d 1=geld1 ( ><bs ,s,m) 
Si=s· ( -1 ); 

temp 1 =m/2; 
temp2=temp 1*si (1, 1 ), 
d t =l emp2"' ( xbs·(-O 5)); 

The following 4 functions ere forcese IA (used 1n the function diff2s) 

function ssum=ssum 1 e(s ,v ,p ) 

Si=s·(-1); 

sum 1 =0 ; 
foru=l :p 

lfU-=V 

sum I =s um 1+si(1,u); 
end ; 

end ; 
ssum=sum 1; 
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function bsum=bi gsum(s,p,rho); 
si=s ·(- 1 ); 

bsum=O; 
forv=l:p 

end; 

ssum=ssum 1 e(s,v,p); 
temp 1 =rho*ssum; 
temp2=temp 1+si(1,v); 
temp3:si(v, 1 )*temp2; 

bsum=bsum+temp3; 

function f=getf(s,p,i,J,k,1) 

si=s·(-1); 
rho=s( 1,2); 
temp 12=(si ( 1, i )*si(j,k))+(si ( 1, j )*si (i ,k ) ); 
temp13=(si(1,k)*si(l,i))+(si(1,l)*si(k ,i )); 
temp 14=(si( 1,i)*si(j,l))+(si( 1, j ) *si(i,1 )); 
temp 15=(si ( 1,k)*si (l ,j ))+(si ( 1,1 )*si (k,j)); 

f =0 ; 
forv=l :p 

end; 

sumt 1 =0; 
sumt3=0; 
sumt4=0 ; 
sumt5=0; 
for u=l :p 

if U-=V 

end ; 
end; 

temp6:si (l ,u)*temp 1 2 ; 
temp7=si(j,u )*temp 13 ; 
tempB:si (k,u )*temp 14; 
temp9:si (i ,u ) *temp 15 ; 
sumt3=sumt3+ t emp6 +temp 7+ tempB+ temp9 ; 
sumt 1=sumt1+ (si ( 1, i )*si(j ,u )) +(si ( 1 ,j ) *si ( i ,u)); 
sumt4=sumt4+ ( si ( 1,k ) *si ( l ,u)) +( si( 1, l )*si (k ,u)); 

sumt5=sumt5+si ( 1,u) , 

temp 1 =(si ( 1, i )*si (J, v)) +(si ( 1 , j )*si ( i ,v)) ; 
temp2:si(l ,v)*temp 12 ; 
temp3:si ( j,v)*temp 13 , 
temp4=si (k, v)*temp 1 4 , 
tempS:si(i ,v)*temp 15 ; 
sum t2= temp2 +t emp3 +temp 4+ t empS ; 
sum 1 = s i ( v, 1 ) *rho* ( ( temp 1 * sum t 3 ) + ( sum t 2 *sum t 1 ) ) ; 
temp 1O: (si(v,k)*si(l,1 )) +(si ( v,l ) *si (k,1 )); 
sum2= temp 1O+temp1 *rho* sumt 1; 
temp 1 1 = s i ( 1 , v) + (rho* sum t 5 ); 
sum3=temp 1 1 *sumt2 ; 
sum4=temp 1* ( temp1 O• (rho*sumt4)) ; 
f:f+sum 1 +sum2+sum3•sum4; 
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funct ion f26=getf26(s,p,i,j ) 

si : s'( -1 ); 
rho= s( 1,2); 
f26:0 ; 
fo r v= 1 :p 

temp l:(si ( 1,i)*si(j,v))•(si( I ,j) *si(i ,v)); 
temp3:(si(v,i)*si(j, I ))+(si(v,j)*si(i , 1 )); 

sum tl=O ; 

end; 

sum l2=0 ; 
for U=l :p 

ifU-=Y 

end ; 
end ; 

sumt 1 =sumt l +( si( 1,i ) *s i(j ,u))+(si( 1, j )*s i( i , u) ); 
sumt 2=sumt2+si ( 1,u) ; 

temp2: lemp 1 +(rho*sumt I); 
sum I =si (v, 1 ) *lemp2; 
lemp4: s1( 1,v)•( rh o*sumt2) ; 
sum2:temp4* t emp3 ; 
f26 : f 26•sum I •sum2; 

Function to f i nd (forcese IA) 

function d=d1ff2s(x 1,s ,P,n I ,n2) 

Sl=s ·(-1); 

m =x1(1,1) ; 
rho= s ( 1 , 2) , 
fl:O; 
for Y= l ·p 

suml:O; 
for u=l .p 

1f u- =v 

end ; 
sum 1 =sum I •s1( 1,u); 

temp I =sum 1 *rho; 

end ; 

f 1 =f I +( temp 1+si (1 ,v))*si ( v , 1 ), 
end ; 

temp=-0 .5*m*s i( 1, 1)*f1 ·( - 0.5); 
pdf:pdff(temp); 
temp 1=-0.S*pdf*f1 · ( -3 .5 ); 
temp2:f 1 ·2 ; 
temp3:-0.5*si ( 1, 1 ); 
temp4:(n 1+n2)/(( n 1 +n 2 - 2).2); 

sum3=0 ; 
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sum4=0; 
for k=l:p 

for l=l :p 
if k<= 1 

end; 

if k==l 
w 1 =-0 .5; 

else 
w 1 =-1 ; 

end; 
f 4= s i ( 1 'k) * s i ( l, 1 ) ; 
f 6=getf 26 ( s ,p,k, l ); 

for i=l :p 
for j=l :p 

end ; 
end ; 
end; 

if (i<=j) & (k<=l) 

if i==i 
W0 =-0 .5 ; 

else 
WO =- 1; 

end; 
f =get f(s,p,i ,J ,k, 1 ); 
f2=get f26 (s,p, i ,j ); 
f3=Si( 1,i)*si(j, 1 ) ; 
t emp9=f 1 *f3 ; 
s 1=Si(1 ,i)*((si(j,k)*si(l, 1))+(si(J,l)*si(k,1 ))); 
s2=si(j, 1)*((si(1,k)*si(l,i))+(si( 1,l)*si(k,i))) , 
f5=s 1 +s2; 
sum 11=lemp2*((temp3*f)-(f4*f2)+(f3*f6)+(f5*f1 )); 
sum 12=-1 .5*f 1 *f6*((temp3*f2)+temp9); 

sum 1=sum1 1+sum12; 
sum21 =( temp3 *f2)+temp9 ; 
sum22=(temp3*f6)+(f 4*f 1 ); 
sum2=-0 .25*(m.2)*si( 1, 1 )*s um21 *sum22; 
ds=temp 1*wO*w1*(sum1 +su m2 ); 
temp5=(s(i,k)*s(j, l))+(s(i, l)*s(j ,k)); 

CV= t emp4*t empS; 
if i == j 

temp6=ds*cv; 
else 

tem p6=2*ds*cv; 
end; 

if k == l 
sum3= sum3+ temp6; 

end; 
sum4=sum4+temp6; 
end; 
end ; 

sum5=sum4-sum3; 
d=(2 *sums)+ sum3; 
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t. 

Main program to f ind (for case 1 A) 

1 p o2<l> 1 ? 02<1> n, + n2 ~ a=<t> . ) 
rate= <l>O + - > cr + - ) + 

2 
L.. --_-tcr.,cri1 + cr~ crJk 

2n1 .. ;, oxuox1i •i 2n: ,_;:, rix:,ox1i •i 2(n1 + n: -2) "'".J"' osklox,1 
= cdf + _!_ (ndxl) + _!_ (ndx2) + _!_ (nds) 

2 2 2 

function rate=eratef 1(x 1.x2.s.P.n 1.n2) 
rhO=S ( 1,2); 
m=x1(1,1 ); 
xbs =bi gs um 1 a(s ,p,r ho ); 
d=getd 1 a(xbs,s.m) 
xx=-l*d ; 
cdf=cdff(xx) 
pdf =Pdff(xx) 
tx 1=0.S*ndx1 (x I , s,p, n I); 
tx2=0 .5*ndx2 (x I ,s, p,n2 ); 
ts=O.S*di ff2s( x 1,s ,p ,n 1 ,n2) 
rate=cdf+tx I +tx2+ts ; 

Function to find Din ce se 18 (used in the main program). 

function d I b=getd 1 b(xbs,m,s) 
si=s°(-1 ); 
temp I =0 .5 * m*si( 1, I); 
temp3=xbs·( - 0.5 ), 
d 1 b=temp I * temp3, 

The followi ng 4 functions are for cese IB (used 1n function diff2s2). 

function ssum=ssum I b(p,u,s.rho) 
si=s°(-1); 
ssum=O; 
for V=l :p 

end ; 

power=abs(v-u); 
temp 1 =rho "( power ); 
temp2=si( 1,v)*temp 1; 
ssum=ssum+temp2; 
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function bsum=bigsum 1 (s,p,rho ) 

Si=s·(-1 ); 

bsum=O; 
foru=l:p 

~nd; 

ssum=ssum 1 b(p ,u,s,rho ); 
temp=si(u, 1 )*ssum; 
bsum=bsum+temp ; 

function e=gete(x 1,s,p, i,j,k,1 ); 

Si=s·(-1); 
rho=s( 1,2); 
temp30=si( 1 ,i); 
temp31=(si(1,k)*si(l,i))+(si( 1,l ) *si(k,i)); 
temp32=si( 1,j); 
temp33=(si ( 1,k)*si(l,j))+(si( 1,l )*si(k,j)); 
temp22=(si (j,k)*si( l, 1))+(si(J,l)*si(k,1 )); 
temp23=(si(i ,k)*si (1, 1 ))+(si(1, I )*si(k , 1 )); 
temp 2 4= ( s i ( j, 1 ) * s i (I , i ) ) + ( s i ( i , 1 ) * s i ( l , j ) ) ; 
temp25=(si(j, l )*si(k,i))+(si(i, 1 )*si(k,j)); 

e=O; 
for u= 1 :p 

sumt 1 =0; 
forv=lP 

end; 

temp 1 =temp30* ((si (j ,k )*si (l ,v))+(si (j ,l)*si (k,v))); 
temp2=si (j,v)* temp3 1, 
temp3=temp32*((si (i ,k )*si(l, v))+(si (i, l )*si (k, v))); 
t em p 4= s i ( i , v) * temp 3 3 ; 
temp5=ebs(v-u); 
t emp6 =rho·( temp5) ; 
temp7=temp6*(temp 1 +temp2+temp3+temp4); 
sumt 1=sumt1 +temp7 ; 

sum 1=si (u, 1)*sumt1 ; 
tempB=(si(u,k)*si(l , 1))+(si (u,l)*si(k,1 )); 

sumt2=0; 
sumt3=0 ; 
sumt4=0; 
forv=l :p 

temp9=(si( 1,i)*si(j ,v )) +( si ( 1,j)*si(i ,v)) ; 
temp 1 O=ebs(v-u); 
temp 1 1=rho"(temp1 O); 
sumt2=sumt2+(temp9*temp 11 ); 
sumt3=sumt3+(si( 1,v)*temp 11 ) ; 
temp20=(si ( 1,k)*si (l ,v))+(si ( 1, l )*si (k,v)); 

sumt4=sumt4+(temp2 0 *temp 11 ); 
end; 
sum2=temp8*sumt2 ; 
temp 13=si(u,i )*temp22; 
temp 1 4=si (u , j )*temp23 ; 
temp 15=si (u,k)* temp24; 
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temp 16=si(u,1 ) *temp25, 
temp 17=temp 13+temp 14+temp 15+ t emp 16 , 
sum3=lemp 17*sumt 3 ; 
temp 19=(si(u , i ) *si (J, 1))+(s1( u,J) *s i( i , 1)); 
sum4=temp 19*sumt4; 
e=e•sum 1 •sum2+sum3•sum4, 

end ; 

function e24=gete24( s,p, i,j ) 
si=s·<- 1 ); 
rh o = s ( 1 , 2 ) ; 

e24= 0 ; 
for U= 1 :p 

end; 

sumtl=O; 
sumt2=0 ; 
f or V= 1·p 

end ; 

t emp 1=( s1( 1,1 ) * s1 (J,v))+( s1 ( 1,J )*si ( 1,v) ), 
temp 2 =rho·(ebs ( v - u) ); 
sumt 1=sumt1+( temp 1 *temp2), 
suml2=sumt 2•(temp2* si( 1,v)), 

sum 1=s1 ( u,1) * sum t1 , 
t emp3 : ( s1 (u,1) * s1 (J, 1)) +(s i(u,J) * s1 ( i ,1 )), 
sum 2= temp3 * sum t 2, 
e2 4 =e2 4 +sum 1 +s um2; 

Funct ion to fi nd (for cese 1B) 

func t ion d=diff2s2(x 1,s,p ,n 1,n2 ) 
si=s·( -1 ) , 
m= x1 ( 1,1 ), 
rhO =S( 1,2) ; 
e 1 =0, 
sum 1 =0, 
for u=l p 

fo r v= l :p 

end ; 

end; 

t emp 1 =ebs(v- u) , 
temp2=s i( 1,v ) * ( rho"( temp I )) ; 
sum 1 =sum I +temp2 , 

e 1=e 1+(s um 1* si(u, 1 )), 

temp =-0.S*m* si ( 1, I ) *e 1 ·( - 0 5 ) , 
pdf =pdf f( temp); 
temp I =-0 .S*m* pd f*e 1 ·( - 3 .5 ); 
temp 2=e 1 ·2 ; 
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temp3=-05*si(1, 1 ); 
temp5=(n 1+n2)/((n1 +n2-2).2); 
sum3=0; 
sum4=0 ; 
fork=l :p 

for l=l :p 
if k <= l 

if k== l 
w 1 =-0 .5; 

else 
wl=-l;end; 

e5=si( 1,k)*si(l, 1 ); 
e4=gete24(s,p ,k, l); 

end; 

end ; 
end; 

for i = 1 :p 
for j = 1 :p 

end; 

if ( i<=j) & ( k< =l ) 
if i == j 

W0=-0 .5; 
else 

W0= -1 ; 
end; 
e=gete(x 1,s,p,i,j,k,l ); 
e2 =ge te2 4(s .P, i ,J) ; 
s 1=si ( 1,i)*((si(j,k)*si(l, 1)) +(si ( j,l ) *si (k,1 ))); 
s2=si(J, 1)*((si(1,k)*si(l,i))+(si ( l ,l) *si(k,1) )), 
e6=sl+s2 ; 
e3=si( 1,i )*si ( j, 1 ); 
e7=si( 1,i)*si ( J. 1 ); 
sum 11=temp2*((2*e1 *e6)+(2*e3*e4)+(temp3*e )- ( e2*e5 )); 
sum 12=- 1.5*e 1*e4*((temp3*e2)+ (2*e1 *e7)), 
sum 1=sum1 1+sum12 , 
sum21=(temp3*e2)+(2*e3*e1 ); 
sum22= ( temp3*e4)+(2*e5*e 1 ); 
sum2=-0 .25* (m.2 )*si( 1, 1 )*sum21 *su m22 ; 
ds=temp 1*wO*w1*(sum1 +sum2); 
temp4=(s(i ,k )*s(j ,l )) +( s( i, l )*s(j ,k)); 
cv= temp4*temp5; 
if i == j 

temp6=ds*cv ; 
else 

temp6=2*d s*cv ;e nd; 
if k==l 

sum3= sum3+temp6; 
end; 
sum4=sum4+temp6; 
end; 

end; 
sum5=sum4- sum3; 
d=(2* sums)+ sum3; 

188 



Mein program to find (for case 1 B) 

function rete=eretef2(x 1,x2,s,p,n 1 ,n2 ) 
rho=s( 1,2) ; 
m=X 1 ( 1, 1 ); 
xbs=bigsum 1 b(s,p,rho) ; 
d=getd 1 b(xbs ,m,s) 
xd =-1 *d; 
cdf=cdff(xd) 
pdf=pdff(xd ) 

tx 1=0 .S*ndx1 (x 1,x2,s); 
tx2=05*ndx2(x1,x2,s); 
ts=0 .5*di ff2s2(x 1,s ,p,n1 ,n2) 
rete=cdf+t x1 +tx2+ts; 
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Euclidean distance class(fier 

Function to fi nd y= Jin exp(-+x' ) 

f unct i on y= cf ( x) 

y =e xp( - 0 5* (x" 2 ))/ sq r t ( 2 *pi ); 

Function to fi nd cdf = c!J(x) 

func t ion cdf=cdff( x) 

if x > 0 
c d f =O S+qued (' cf ' .O.x); 
end 

elseif x<O 
t emp I =ebs (x); 

Plug-in error rate 

cd f= O 5 - qued (' cf' ,O, temp I) ; 
end 

el se if X== O 
cdf =Qued (' cf ',O ,x); 
en d; 

Function to fi nd p= 9(x) 

funct i on P=Pdff(x) 

temp=-1 * (x." 2 )/2 ; 
P=e xp( temp )/ sq rt (2 *p i); 
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Main program to find (for cases 1 A and 1 B) 

= cdf + 2_ (ndxl) + 2_ (ndx2) + 2_ (nds) 
2 2 2 . 

function rate=eratef(x 1,x2,s,p,n 1 ,n2) 

m=xl(l,1); 
temp 1 =-0 .S*m ; 
cdf=cdff(temp 1) 
tx 1=0.5*dx1(x1,s,p,n1) 
tx2=05*dx2(x1,s,p,n2) 
ts=O.S*nds(x 1,s,n 1 ,n2) 
rate=cdf+txl+tx2+ts ; 

l p Cl'<!J 
Function to find (for cases 1 A end 1 B) ndxl = - ~ _ _ ,, 

n , ,_,., ax,,ax,, 

function d 1=dx1(x1,s,p,n 1 ); 

m=xl(l,1); 
a=m; 
pdf=pdff ( - 0 S*a ); 

d 1 =0 ; 
c2=- 1 I m; 
for i=l :p 

if i == 1 
d 1ai=1 ; 

else d 1 ai=-1*s(i,1 ); end; 
for j=l :p 

temp 1=(3*s(j,1))-(3*s(1,i)*s(j, 1 )); 
temp2=s(j,i ) - (3*s( 1,i)*s(j, 1 )); 
temp3=2*((-1*s(1,i))+ 1 ); 
if (i==l) & (j==l) 

d2a=c2*(temp 1-temp3 ); 
el sei f (i == 1) & (j- = 1) 

d2e=c2*temp 1; 
elseif ( i-=1 ) & ( j==l) 

d2e=c2* (t emp2+(2*s ( 1, i ))); 
elseif (i-=1)& (j-=1)& (i==j) 
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end; 
end; 

d2e= c2 * ( temp2-2 ); 
else 

d2e= c2*temp2;end ; 
if j == 1 

d 1ej=1 ; 
else d 1 ej=-1*s ( j,1 );end ; 
temp6=0 .25*e*d 1ei*d1 ej; 
dp=-0 5*pdf* (d2e-temp6)*s (i , j )/ n 1, 
dl=dl+dp; 

i p a2 <t> 
Functiontofind(forceses 1Aend lB) ndx2=- 2: __ ,, 

n : " Fl dX : ,dX : J 

funct i on d2=d x2(x 1,s ,p,n2 ) 

m=X 1 ( 1, 1 ) ; 
pdf=pdff ( -0 S*m ) ; 

Cl=llm ; 
d2= 0; 
fori=l :p 

i f i == 1 
d 1ei=-1 ; 

else 
dlei=s (i,1 ) , end ; 
for j= l: p 

end ; 

temp 1=3*s( 1, i )*s ( j, 1 ) ; 
temp2=2* ( 1-s( 1,i)); 
i f ( i==l ) & ( j==l ) 

d2e=c 1* (( -3* s(J , 1)) +t emp 1 +t emp2 ); 
el se i f (i == 1) & ( j -= 1) & ( i -= j); 

d2e=c I * ( (-3* s ( j, I )) +t emp 1 ); 
elseif ( i-= 1) & (j == l) & ( i -= j) 

d2e=c 1 * (( -1 *s ( j, i )) +temp I - (2 *s ( 1 ,i ))), 
elseif ( i-= 1) & (j-= I) & ( i==j ) 

d2e=c 1 * (( -1 *s (j ,1 )) +temp 1 +2) ; 
el se 

d2e=c 1 * (( -1*s ( J,1)) +temp 1 ); end ; 
if j == 1 

d 1 ej =- 1; 
else 

d 1ej=s(j,1 );end ; 
temp2=0 .25*m*d 1 ei *d 1 ej; 
dp =-0 .5* p df *( d 2e-t emp 2 ) * s (i, j ) I n2 ; 
d2=d2+dp; 
end ; 
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Function to find (for cases 1 A end 1 B) 

function ds=nds(x 1,s,n 1,n2); 

m=xl(l,1); 
pdf=pdff(-0.5*m); 
temp I =3-((m"2)/ 4); 
temp2=2*(n 1 +n2)/((n I +n2-2 )"2); 
ds=- I *pdf*m*temp I *temp2/8; 

Mein program to find (for cases 2A end 2B) 
1 p a2 <t> l p a2 <t> n, + n. p (J'<!J 

rate=<t>O+-?- - ~ __ ;J +-I 'J +.., · ~ 1 , I _ ~a- \ CT ,. cr..i+ cr ,, cr J,) 
-n 1 •.J-1 dX 1;dX 1J 2n 0 •.J=I dX,,dx,J ~ ( n 1 + n, _) k.l.•.J - 1 17>" X,J 

= cdf + ~ (cdxl) + ~ (edx2) +~(eds) 
2 2 2 

function rete=eretef (x 1,x2,s,p,n I ,n2 ) 

m=x 1 (I, I); 
ssum=sum(sum(s)); 
e=m * p* ( ssum·(-0 . 5 )) ; 
temp I =-0 .5*e ; 
cdf=cdff(temp I); 
tx I =0.5*edx I (x 1,s,p,n I) 
tx2=05*edx2 (x1,s,p, n2 ) 
ts=0.5*eds(x 1,s,p,n 1,n2) 
rete=cdf+txl+tx2+ts; 

1 r a'<P 
Function to find (for cases 2A end 2B) edxl = - I _ _ 'J 

n 1 •.J=I dX 1,dX 1J 

function dl=edxl(xl,s,p ,nl ); 

m=X 1 ( 1, I) ; 
ssum=sum(sum(s)); 
e=m* p *(s sum "(-0 .5)); 
pdf:pdff(-0 5*a); 
prod 1 =ssum·(-3 .5); 
tsum=sum(s); 
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d1=0 ; 
c 1 =ssum / m; 
for i=l p 

end ; 

temp4= (2*ssum)-tsum ( 1,i); 

for j=l p 
temp 1 =- 1*ssum* (( 2*tsum( 1,J)) +( p*s (j,i))); 
temp2=3*p*tsum ( 1,i )*tsum ( 1, j ); 
temp5= (2*ssum)-tsum( 1, j ); 
temp3=m*p* temp4*temp5 I 4; 
if i == j 

temp6=2*ssum* (ssum-tsum ( 1, i )) ; 
else 

temp6=-2*ssum*tsum ( 1,i ) ;end ; 
d=c 1*( temp1 +temp2+temp6 ) -temp3 ; 
temp=-0 .S*pdf*prod 1*d*s(i,j) / n1 ; 
d 1=d1 +temp ; 

end; 

Function to f i nd ( for cases 2A end 2B ) 

funct i on d2=ed x2(x 1 ,s, p,n2); 

m=X1 ( 1,1 ); 
ssum= sum(sum (s)) ; 
e=m*p * ( s sum ·(-0 .5 )) ; 
pdf=pdff ( - 0 S*e); 
prod 1 =ssum ·( -3 5 ); 
tsum=sum (s); 
c 1 =SSUm / m ; 
d2= 0; 
fori= l :p 

temp 1=tsum( 1, i) - (2* ss um ); 
for J=l :p 

end ; 
end ; 

temp2=tsum( 1, j ) - (2*ssum ); 
temp3=m*p*temp 1*temp2 /4; 
temp4=3*p*tsum( 1,j ) *tsum( 1,i); 
temp6=-1*ssum" (( 2*tsum ( 1, j )) +( s(j ,i )*p )); 

if i == j 
temp5=2*ssum* (ssum-tsum ( 1,i )); 

else 
temp5=-2*ssum*tsum ( 1,i ); end ; 

d=c 1 * ( temp6+temp4+temp5)-temp3 ; 
temp=-0 .S*pdf*prod 1 *d*s ( i,j )/ n2 ; 
d2=d2+temp ; 
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function ds=eds (x 1,s,p,n 1,n2 ) ; 

m=X1(1 , 1); 
ssum=sum(sum(s)); 
e=m* p *(ssum ·<-o .5 )) ; 
pdf=pdff (-0.5*a ); 
prod 1 =ssum·(-3 .5 ) ; 
c 1=(n1+n2 )/(( n1 +n2-2 ).2 ); 

p rod2 = (3 * ssum ) - ((( m *p )"2) I 4 ); 
d =- 1 * m * p * prod 1 *prod 2 * pd f I B; 
ds=O ; 
for k=l :p 

for l = 1 :p 
f ori=l :p 

end ; 
end ; 

end ; 

f or J=l :p 
prod 3 =(( s(i,k) *s(j,l ) )+( s ( i , l )*s(j ,k)))*c 1; 
ds=d s+( d* prod3 ); 
end ; 
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Linear discriniinant function 

Functiontofind y= linexp(-~x = ) 

function y=cf(x) 

y =e xp(-0 .S* (x ·2 ))/sqrt ( 2 *p1 ), 

Function to find cdf = <l>(x) 

funct ion cdf=cdff(x) 

if x > 0 
cdf=O S+qued('cf',O,x), 
end 

elseif x<O 
temp I : ebs(x), 

Plug-in error rate 

cdf=O 5-qued(' cf ',O,temp I). 
end 

else 1f X== O 
cdf =Qued(' c r· ,O,x); 
end , 

Function to find p = o(x) 

function p:pdff(x) 

temp= - I * (x. ·2)/2, 
p =e xp( temp)/ sq r t ( 2 *p i); 
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Mein program to find (for cases 1 A end 1 B) 
1 P d2 <t'> 1 P d2 <f:> TI 1 + TI 2 P d2 <t'> . 

rate = <t>O + - I. 'i + -? - . 2: _ _ •i + I. ----( CJ"' CJ 1 + CJ , CJ , ) 
2TI 1 i.j•l axliax1j -TI: t.pl ax:,ax 2j 2(TI 1 +TI: -2 )2 

•.1.i. j= I dSkldX ,J J J 

f 1( 1 1 . = cd + - Tidxl) + - (ndx2) + - (Tids) 
2 2 2 . 

1 
= cdf + (Tidxl) + -(Tids) 

2 

since ndx 1 =ndx2. 

function rete=eretef 1(x1 ,x2 ,s,p,n 1,n2) ; 

m=Xl(l,1 ); 
Si=s·(- 1 ); 

e=m*(si( 1, 1Ho5)) ; 
cdf=cdff(-0 5*e) 
tx 1=0 .5*ndx1( x 1,s,p,n I) 
ts=0.5*nds(x 1,s ,p,n1 ,n2 ) 
rete=cdf+(2*tx 1 )+ts; 

i p a2 <I) 
Function to find (for cases IA end lB) Tidxl=-) ----o 

TI \ i,;-:: 1 ax:1. ax1, 

function dl=ndxl(xl,s,p,nl ); 

m=X1(1 ,1) ; 
Si=s·( - 1 ); 

e=m*si ( 1, 1 )"(0.5); 
pdf=Pdff(- 0 5*e ); 
d 1 =0; 
for i=l:p 

for j=l :p 

end; 

end ; 

temp 1=(si(1, 1)*si(j,i))-(si(1,i)*si(j, 1 )); 

temp2=si( 1, 1)*si(j,1)*si(i,1 )/4; 
prod=(temp 1 /m) -(m*temp2) ; 
dp=-05*pdf* (si(1, 1)"(-1 .5))*prod*s(i,j)/ n1 ; 
dl=dl+dp; 
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n, + n. ? a'<t> 
Function to find (for ceses I A end I B) nds = , · 

2 
I --_-( 0 ... 0

11 
-0,10 1

• J 
(n1 T n, - 2) k.l. O.j• I askJOX ,J 

funct i on eee=nds(x1,s,p,n l,n2) 

m=Xl ( l,l ); 
Si =s ·( -1) ; 

temp:- O.S*m*sqrt (s 1( I, 1 )), 
pdf:pdff(temp); 
temp 12=si ( I, I )"( - 1.5) ; 
te m p I O=(n I +n2 )/(( n 1 •n2-2)"2); 
eee=O ; 
for k=l .p 

for l = l ·p 

end ; 
end ; 

1 f k == I 
Wl:-0 5 ; 
else 
Wl =- 1,end , 
fo r 1=1 p 

end ; 

fo r J=l .p 
lf(l<= j)&(k<= l) 

i( i==j 
W0:-0 5 , 
else 
WO =- l ;en d; 

temp l =s1( l ,i) * (( s1 (J ,k) *s1(l, l )) • ( s1(3 ,l)*s 1(k, l ))), 
temp 2=si(j, I ) * (( si ( 1,k)* si(l,i))•(si( 1, l ) * s1(k,1 ))), 
tempS:s1( I, I )* (t emp l •temo2). 
temp6:s1( I , i)*si(J, I )* si ( l ,k) * s1 (l, l ), 
temp8 : ( I • ((m·2) * s1( 1, l )/ 4 )) * temp6, 

prod I =temo5- temo8 . 
ds: - 0 5*m* w0 " w I * pdf* temp I 2* or od I, 
temp9: ( s(1 ,k) *s(J ,l))+(s(1, l ) *s (J .k)). 
cv=temp9*temp lo. 
1( (1 == j) & (k:: l) 

t emp I l =ds*cv, 
el se1f ( l==J ) & (k-=1) 
t emp I I =2*ds*cv; 
el se1f (i-=J ) & (k == l) 
temp I I =2*ds*cv; 
else 
temp I I =4*ds*cv ;end ; 
eee=eee•temp l 1, 
end ; 
end ; 
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Mein program to find (for cases 2A end 28) 
1 p a2 <t> 1 p a2 <t> 

rate=<DO+- . ~ __ •i + -? - - ~ __ 
2n, >.J-l axi;Clx,j -n: •.J-l ax2,axlj 

1 1 1 ' 
= cdf + - (edxl ) + - (edx2 ) +-(eds) 

2 2 2 

= cdf + (edxl) +~ (eds) 
2 

since edx 1 =edx2. 

function rete=eretef2(x 1,x2 ,s,p,n 1,n2) 

m=Xl(l , 1) ; 
Si:s·(-1) ; 
sum 1 =sum(sum(si )); 
temp=m*(sum 1 ·<o 5 )); 
cdf=cdff ( - 0 5*temp ); 
tx 1=ed x 1(x1, s,p ,n1 ) 
ts=0 .5*eds(x 1,s,p ,n 1 ,n2 ) 
rete=cdf+tx 1 +ts; 

I P ()' <t> 
Function to find (for cases 2A end 28) edxl = - 2: _ _ •i 

n , '·l'' ax,,ax,J 

function dl=edxl (xl,s, p,nl ); 

m:X 1 ( 1, 1 ); 
Si:s" ( -1) ; 
ssum:sum(sum( si )) ; 
tsum=sum(si ); 
e=m* (s sum"( -0 .5 )) ; 
pdf:pdff(-0 .5*e) ; 
prod 1 =ssum·(-1 5) ; 
dl:O; 
for i=l :p 

for j=l :p 

end; 
end; 

temp 1=tsum(1 ,i)*tsum( 1,j); 
sum 1=(( si(j,i )*ssum)-temp1 )/m; 
sum2=temp 1*m*ssum/ 4; 
temp:-0 5*pdf *prod 1*( sum1 -sum2 )* s( i ,J )/ n 1; 
d 1=d1 +temp ; 
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F t . f ( f 2 ) n , + n_ n o'<I> . unc ion to ind or ceses A end 2B nds = . -
1

: ~ - . - _-tcr ,cr,. -cr ,1cr,.) 
tn 1 T n, - .-) k ,l.T.J • I 0SlddX,J 

function ddd:eds(x 1,s,p,n 1 ,n2 ) 

m=xl (l,l); 
Si =s-( - 1); 

sum I =sum(sum(si )); 
pr od 1=sum1·( - 1.5 ); 
temp 1=-0.5*m*sqrt(sum1 ); 
pdf: pdff( temp I); 
temp 12=(n I •n2)/(( n I •n2-2) -2) , 
ddd:O ; 
fork=t ·p 

for l :l ·p 
if k:: l 
Wl :-0 .5 ; 

else 
wl:-l;end; 
sum4= 0; 
foru=l ·p 

forv=lP 
temp 7 = ( s i ( u, k) " s 1 ( 1. v)) + ( s 1 ( u , 1) * s 1 ( k. v)). 
sum4=sum4+ temp 7. 
end ; 
end ; 
for i = 1 ·p 

for j=l p 
I f (i <= j)& (k <= 1) 

If 1 :: J 
w0=-0 5. 
else 
WO: - I ,end, 
sum2:0; 
sum 3 =0; 
f or u:lp 
for V= 1 :p 

temp 2=st (u, 1 )* ((s1 (J ,k)* st (I, v)) • (s 1 (J, I) " s1 (k. v))). 
t emp3:si (J. v) * ((si ( u.k) * si (l, 1 )) +(si (u, 1 ) ... si (k. i ))) . 
temp4:si (u,J ) * ((si (i ,k) * s1(l, v))+(s1(i,1 ) * si (k. v))). 
temp25:s1 (i, v )*((si (u,k)*si ( 1,J ))+ ( si ( u, 1 )* s1(k,J ))) • 
sum2=sum2•temp2+ temp 3+ temp4+ t emp25; 
temp6:( st (u, 1 ) * s i ( j, v)) +(s i ( u,j ) * si (i. v) ), 
sum3=sum3•temp6; 

end ; 
end ; 

temp5:sum 1 *sum2; 
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end ; 
end; 

end ; 

end ; 
end; 

te mp8=- 0 5*( 1+(( m"2)*sum1 / 4 ) )*sum3*sum4; 
prod2= tempS+ temp 8 ; 
ds =- 0 .25*m* wo *w 1 *pd f *prod 1 *p rod2 ; 
t emp 1 1 =( s( i ,k)* s ( j,1 )) +(s(i ,1 )*s(j,k)) ; 

cv=temp 1 1*temp12; 
if ( i==j ) & (k==l) 
temp 1 S=ds*cv ; 
elseif (i ==j) & (k-=1 ) 

temp 15=2*ds*cv ; 
el seif (i -=j ) & (k ==l ) 

temp 15=2*ds*c v ; 
else 
temp 15=4*ds*cv ;end ; 
dd d=ddd+temp 15; 
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Appendix A4 

COMPUTATIONAL RESULTS 

p 62 p=4 p=8 p=12 p=l6 

p~) true p ~) true p ~E) true p ~E) rrue 

-0.06 0.5 0.3792 0.3626 0.4034 0.3645 0.4325 0.3686 0.49 12 0.3868 

1.0 0.3211 0.3096 0.3384 0.3120 0.3607 0.3175 0.4 133 0.3420 

1.5 0.2805 0.271-J 0.2948 0.2742 0.3142 0.2805 0.3652 0 .3091 

2.0 0.2488 0.2411 0.2612 0.2441 0.2789 0.2509 0.3293 0 .2825 

2.5 0.2227 0.2160 0.2338 0.2192 0.2503 0.2265 0.3004 0.2599 

0.00 0.5 0.3784 0.3618 0.3996 0.3618 0.4208 0.3618 0.4420 0 .3618 

1.0 0.3200 0.3086 0.3341 0.3085 0.3481 0.3085 0.3622 0.3085 

1.5 0.2793 0.270:2 0.2901 0.2702 0.3009 0.2702 0.3117 0.2702 

2.0 0.2474 0 .2398 0.2562 0.2398 0.2650 0.2398 0.2728 0.2398 
? -- ·.) 0.2213 0.2146 0.2287 0 .2146 0.2361 0.21-16 0.2434 0.21-16 

0.01 0.5 0.3784 0.3618 0.3997 0.3619 0.4209 0.3619 0.4422 0.3619 

1.0 0.3200 0.3086 0.33..+ 1 0.3086 0.3483 0.3086 0.3624 0.3087 

1.5 0.2793 0.2702 0.2901 0.2702 0.3010 0.2703 0.3119 0.2703 

2.0 0.2475 0.2398 0.2563 0.2398 0.2652 0.2399 0.27-H> 0.2399 

2.5 0.2213 0.2146 0.2288 0.2147 0.2362 0.21-17 0.2-l36 0.2147 

0.2 0.5 0.3823 0.3677 0.4075 0.3706 0.4346 0.3720 0.464..+ 0.3728 

1.0 0.3266 0.3163 0.3456 0.3202 0.3650 0.3221 0.3860 0.3232 

1.5 0.287..+ 0.2791 0.3038 0.2836 0.3198 0. 2858 0.3368 0.2871 

2.0 0.2566 0.2495 0.271..+ 0.2544 0.2853 0. 2568 0.2999 0 .2582 

2.5 0.2311 0.22./8 0.2448 0.2301 0.2573 0. 2326 0.2702 0. 2341 

0.4 0.5 0.3847 0.3810 0.3891 0.3861 0.384..+ 0 .3880 0.3728 0.3890 

1.0 0.3375 0.3343 0.3450 0.341 I 0.3449 0 .3.:/37 0.3..+02 0 .3-150 

1.5 0.3031 0.3000 0.3125 0.3080 0.3148 0.3110 0.3137 0 .3126 

2.0 0.2754 0 .272-J 0.2861 0.2813 0.2901 0.2846 0.2913 0.2863 

2.5 0.2522 0.2492 0.2639 0.2587 0.2690 0.2623 0.2719 0 .2641 

0.65 0.5 0.3611 0.4064 0.2032 0.4119 ** 0.4137 

1.0 0.3389 0.3688 0.2371 0.3765 ** 0.3789 

1.5 0.3181 0.3408 0.2426 0.3499 0.1007 0.3528 

2.0 0.2995 0.317-+ 0.2405 0.3281 0. 1252 0 .3314 

2.5 0.2830 0 .2982 0.2357 0.3093 0.1390 0.3129 

Table 9 The expected actual error rate of the EDC under the case 

of non - equivalence with :t = (1- p)l + pJ ( i.e . case Al ). 



p ~2 p=4 p=8 P=l2 
p~) true p~) true p~) true 

-0.06 0.5 0.3783 0.3618 0.3939 0.3618 

1.0 0.3145 0.3085 0.3232 0.3085 

1.5 0.2673 0.2701 0.2730 0.2701 

2.0 0.2346 0.2398 0.2317 0.2398 

2.5 0.1926 0.2146 0.1955 0.2146 

0.00 0.5 0.3857 0.3618 0.3954 0.3618 0.4133 0.3618 

1.0 0.3148 0.3085 0.3242 0.3085 

1.5 0.2675 0.2702 0.2737 0.2702 

2.0 0.2277 0.2398 0.2319 0.2398 

2.5 0.1925 0.2146 0.1953 0.2146 0.1994 0.2146 

0.01 0.5 0.3787 0.3618 0.3953 0.3618 

1.0 0.3148 0.3085 0.3242 0.3085 

1.5 0.2674 0.2701 0.2737 0.2702 

2.0 0.2277 0.2398 0.2319 0.2398 

2.5 0.1926 0.2146 0.1953 0.2146 

0.2 0.5 0.3766 0.3618 0.3899 0.3618 0.4477 0.3618 

1.0 0.3135 0.3085 0.3206 0.3085 

1.5 0.2669 0.2701 0.2909 0.2701 

2.0 0.2280 0.2398 0.2308 0.2397 

2.5 0.1937 0.2146 0.1956 0.2146 0.1984 0.2146 

0.4 0.5 0.3685 0.3618 0.3673 0.3618 0.4359 0.3618 

1.0 0.3073 0.3085 0.3008 0.3085 

1.5 0.2623 0.2701 0.2538 0.2702 

2.0 0.2252 0.2398 0.2155 0.2398 

2.5 0.1927 0.2416 0.1826 0.2416 0.1699 0.2146 

Table 10 : The expected actual error rate of the LDF under 

the case of "non-equivalence "with I= (1- p )I+ pJ 

( i.e. case A 1 ). 

,, 
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p 112 p=4 p=8 p= l2 p= l6 
(E) PA true p~) true p~E) true p~E) true 

0.00 0.5 0.3784 0.3618 0.3996 0.3618 0.4208 0.3618 0.4420 0.3618 

1.0 0.3200 0.3085 0.3341 0.3085 0.348 1 0.3085 0.3622 0.3085 

1.5 0.2793 0.2702 0.2901 0.2702 0.3009 0.2702 0.31 17 0.2702 

2.0 0.2474 0.2398 0.2562 0.2398 0.2650 0.2398 0.2738 0.2398 

2.5 0.2213 0.2146 0.2287 0.2146 0.2361 0.2146 0.2434 0.2146 

0.01 0.5 0.3784 0.3618 0.3996 0.3618 0.4208 0.3618 0.4420 0.3618 

1.0 0.3200 0.3086 0.3341 0.3086 0.3482 0.3086 0.3623 0.3086 

1.5 0.2793 0.2702 0.2901 0.2702 0.3009 0.2702 0.3117 0.2702 

2.0 0.2475 0.2398 0.2562 0.2398 0.2650 0.2398 0.2738 0.2398 

2.5 0.2213 0.2146 0.2287 0.2146 0.2361 0.2146 0.2435 0.2146 

0.2 0.5 0.3812 0.3645 0.4047 0.3645 0.4282 0.3645 0.4517 0.3645 

1.0 0.3236 0.3121 0.3393 0.3121 0.3549 0.3121 0.3706 0.3121 

1.5 0.2835 0.2743 0.2955 0.2743 0.3075 0.2743 0.3196 0.2743 

2.0 0.2520 0.2442 0.2618 0.2442 0.2717 0.2442 0.2815 0.2442 

2.5 0.2261 0.2193 0.2344 0.2193 0.2426 0.2193 0.2509 0.2193 

0.4 0.5 0.3886 0.3730 0.4207 0.3730 0.4530 0.3730 0.4852 0.3730 

1.0 0.3344 0.3234 0.3559 0.3234 0.3776 0.3234 0.3992 0.3234 

1.5 0.2962 0.2873 0.3129 0.2873 0.3297 0.2873 0.3465 0.2873 

2.0 0.2661 0.2585 0.2799 0.2585 0.2936 0 .2585 0.3074 0.2585 

2.5 0.2411 0.2344 0.2528 0.2344 0.2645 0 .2344 0.2762 0.2344 

0.65 0.5 0.3931 0.3941 0.4523 0.3941 0.5222 0.3941 0.5222 0.5928 

1.0 0.3521 0.3520 0.3927 0.3520 0.4404 0.3520 0.4404 0 . ../520 

1.5 0.3216 0.3208 0.3537 0.3208 0.3912 0.3208 0.3912 0.4291 

2.0 0.2967 0.2955 0.3236 0.2955 0.3550 0.2955 0.3550 0.3866 

2.5 0.2755 0.2740 0.2988 0.2740 0.3258 0.2740 0.3258 0.3531 

Table 11 : The expected actual error rate of the EDC under the case of 

" non-equivalence" when L = AR(l) (with positive pin case A2). 
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p !J.2 p=4 p=8 p=l2 p=16 
p~) true p~) true p~) true p~) true 

-0.65 0.5 0.3931 0.3941 0.4523 0.3941 0.5222 0.3941 0.5222 0.5928 

1.0 0.3521 0.3520 0.3927 0.3520 0.4404 0.3520 0.4404 0.4520 

1.5 0.3216 0.3208 0.3537 0.3208 0.3912 0.3208 0.3912 0.4291 

2.0 0.2967 0.2955 0.3236 0.2955 0.3550 0.2955 0.3550 0.3866 

2.5 0.2755 0.2740 0.2988 0.2740 0.3258 0.2740 0.3258 0.3531 

-0.4 0.5 0.3886 0.3730 0.4207 0.3730 0.4530 0.3730 0.4852 0.3730 

1.0 0.3344 0.3234 0.3559 0.3234 0.3776 0.3234 0.3992 0.3234 

1.5 0.2962 0.2873 0.3129 0 .2873 0.3297 0.2873 0.3465 0.2873 

2.0 0.2661 0.2585 0.2799 0.2585 0.2936 0.2585 0.3074 0 .2585 

2.5 0.2441 0.2344 0.2528 0.2344 0.2645 0.2344 0.2762 0.2344 

-0.2 0.5 0.3812 0.3645 0.4047 0.3645 0.4282 0.3645 0.4517 0.3645 

1.0 0.3236 0.3121 0.3393 0.3121 0.3549 0.3121 0.3706 0.3121 

1.5 0.2835 0.2743 0.2955 0.2743 0.3075 0.2743 0.3196 0.2743 

2.0 0.2520 0.2442 0.2618 0.2442 0.2717 0.2442 0.2815 0.2442 

2.5 0.2661 0.2193 0.2344 0.2193 0.2426 0.2193 0.2509 0 .2193 

-0.06 0.5 0.3787 0.3621 0.4001 0.3621 0.4215 0.3621 0.4429 0.3621 

1.0 0.3203 0.3089 0.3345 0.3089 0.3487 0.3089 0.3630 0.3089 

1.5 0.2796 0.2705 0.2906 0 .2705 0.3015 0.2705 0.3124 0.2705 

2.0 0.2478 0.2401 0.2567 0 .2401 0.2656 0.2401 0.2745 0.2401 

2.5 0.2217 0.2150 0.2292 0.2150 0.2366 0.2150 0.2441 0.2150 

r . 

Table I la: The expected actual error rate of the EDC under the case of 
"non-equivalence" when :L = AR(l) (with negative p in case A2). 



p t::.2 p=4 p=8 p=12 

p ~) true p~) true p ~) true 

-0.06 0.5 0.3889 0.3618 0.4191 0.3618 

1.0 0.3272 0.3085 0.3531 0.3085 

1.5 0.2812 0.2702 0.3057 0.2702 

2.0 0.2423 0.2397 0.2660 0.2397 

2.5 0.2077 0.2146 0.2309 0.2146 

0.00 0.5 0.3906 0.3618 0.4228 0.3618 0.4550 0.3618 

1.0 0.3292 0.3085 0.3579 0.3085 

1.5 0.2835 0 .2702 0.3112 0.2702 

2.0 0.2447 0 .2398 0.2719 0.2398 

2.5 0.2102 0 .2146 0.2368 0.2146 0.2634 0.2 146 

0.01 0.5 0.3908 0.3618 0.4234 0.3618 

1.0 0.3295 0.3085 0.3588 0.3085 

1.5 0.2835 0.2701 0.3121 0.2701 

2.0 0.245 1 0.2398 0.2729 0.2398 

2.5 0.2106 0.2146 0.2379 0.2146 

0.2 0.5 0.3969 0.3618 0.4389 0.3618 0.4844 0.3618 

1.0 0.3380 0.3085 0.3796 0.3085 

1.5 0.2936 0.2701 0.3357 0.2701 

2.0 0.2558 0.2398 0.2981 0.2398 
J -_,) 0.2218 0.2146 0.2638 0.2146 0.3059 0.2146 

O..+ 0.5 O.-W64 0.3618 0.4669 0.3618 0.5169 0 .3618 

1.0 0.3517 0.3085 0.4167 0.3085 

1.5 0.3096 0.2701 0.3772 0 .2701 

2.0 0.2733 0.2398 0.34 14 0.2398 

2.5 0.2402 0.2146 0.3075 0.2146 0.3747 0.2146 

Table 12 : The expected actual error rate of the LDF under 
the case of "non - equivalence" with L = AR(l) 

( i.e. case A2 ). 
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p /:i2 p=4 p=8 p=l2 p=l6 

p~> true p~> true p~) true p~> true 

-0.06 0.5 0.3894 0.3618 0.4869 0.3618 0.9299 0.3619 ** 0.3618 

1.0 0.3275 0.3085 0.3924 0.3085 0.6867 0.3086 ** 0.3084 

1.5 0.2853 0.2702 0.3350 0.2701 0.5606 0.2701 ** 0.2702 

2.0 0.2525 0.2398 0.2930 0.2397 0.4768 0.2398 ** 0.2398 

2.5 0.2257 0.2146 0.2598 0.2146 0.4142 0.2146 ** 0.2146 

0.00 0.5 0.3788 0.3618 0.4001 0.3618 0.4214 0.3619 0.4426 0.3618 

1.0 0.3205 0.3085 0.3347 0.3085 0.3489 0.3085 0.3630 0.3085 

1.5 0.2798 0.2701 0.2908 0.2702 0.3017 0.2701 0.3125 0.2701 

2.0 0.2481 0.2398 0.2571 0.2397 0.2660 0.2398 0.2747 0.2397 

2.5 0.2219 0.2146 0.2296 0.2146 0.2370 0.2146 0.2444 0.2146 

0.01 0.5 0.3776 0.3618 0.3948 0.3618 0.4094 0.3618 0.4220 0.3618 

1.0 0.3197 0.3086 0.3312 0.3085 0.3410 0.3086 0.3493 0.3085 

1.5 0.2792 0.2701 0.2881 0.2702 0.2956 0.2701 0.3021 0.2702 

2.0 0.2476 0.2398 0.2549 0.2398 0.2610 0.2398 0.2663 0.2398 

2.5 0.2215 0.2146 0.2277 0.2146 0.2329 0.2146 0.2373 0.2146 

0.2 0.5 0.3669 0.3618 0.3671 0.3618 0.3667 0.3619 0.3662 0.3618 

1.0 0.3125 0.3085 0.3128 0.3085 0.3126 0.3085 0.3123 0.3085 

1.5 0.2738 0.2701 0.2740 0.2702 0.2739 0.2701 0.2737 0.2701 

2.0 0.2431 0.2398 0.2434 0.2397 0.2433 0.2397 0.2431 0.2398 

2.5 0.2178 0.2146 0.2181 0.2146 0.2180 0.2146 0.2179 0.2146 

0.4 0.5 0.3641 0.3618 0.3639 0.3618 0.3638 0.3618 0.3673 0.3618 

1.0 0.3107 0.3085 0.3107 0.3085 0.3106 0.3085 0.3106 0.3085 

1.5 0.2723 0.2701 0.2724 0.2701 0.2724 0.2701 0.2723 0.2701 

2.0 0.2420 0.2398 0.2421 0.2397 0.2421 0.2397 0.2421 0.2398 

2.5 0.2168 0.2146 0.2170 0.2146 0.2170 0.2146 0.2170 0.2146 

0.65 0.5 0.3631 0.3618 0.3631 0.3618 0.3632 0.3618 

1.0 0.3101 0.3085 0.3102 0.3085 0.3102 0.3085 

1.5 0.2718 0.2701 0.2720 0.2701 0.2721 0.2701 

2.0 0.2416 0.2398 0.2418 0.2397 0.2418 0.2397 

2.5 0.2165 0.2146 0.2167 0.2146 0.2168 0.2146 

Table 13 : The expected actual error rate of the EDC under the case of 

"equivalence" with L = (1- p)I + pJ (i.e. case A3 ). 
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p 112 p=4 p=8 p= l2 p=l 6 
p;;) true p;;) true p ~E) true 

(E) 
PA true 

0.00 0.5 0.3788 0.3618 0.4001 0.3618 0.4214 0.3619 0.4426 0.3618 

1.0 0.3205 0 .3085 0.3347 0.3085 0.3489 0.3085 0.3630 0.3085 

1.5 0.2798 0.2701 0.2908 0.2702 0.3017 0.2701 0.3125 0.2701 

2.0 0 .248 1 0.2398 0.2571 0 .2397 0.2660 0.2398 0.2747 0.2397 

2.5 0.22 19 0.2146 0.2296 0.2146 0.2370 0.2146 0.2444 0.2146 

0.01 0.5 0.3782 0.3618 0.3987 0.3618 0.4 191 0.3618 0.4395 0.3619 

1.0 0.3200 0.3085 0.3337 0.3085 0.3474 0.3086 0.3609 0.3085 

1.5 0.2795 0.3701 0.2901 0 .2702 0.3006 0.2702 0.3109 0.2701 

2.0 0.2478 0.2398 0.2565 0.2397 0.2650 0 .2398 0.2735 0 .2397 
") -.:...) 0.2217 0.2146 0. 2291 0.2146 0.2363 0.2146 0.2434 0. 2146 

0.2 0.5 0.3704 0.3624 0.3806 0.3623 0.3907 0.3622 0.4009 0.3621 

1.0 0.3153 0.3092 0.3221 0.3092 0.3288 0.3090 0.3355 0.3089 

1.5 0.2761 0.2710 0.2814 0.2709 0.2865 0.2707 0.2916 0.2706 

2.0 0.2453 0.2406 0.2496 0.2405 0.2537 0.2404 0.2579 0.2402 

2.5 0.2198 0.2 155 0.2234 0.2154 0.2269 0.2152 0.2304 0.2151 

0.4 0.5 0.3673 0.3634 0.3725 0.3636 0.3776 0.3633 0.3827 0.3631 

1.0 0.3139 0.3106 0.3176 0.3109 0.3208 0.3105 0.3241 0.3102 

1.5 0.2756 0 .2725 0.2786 0.2729 0.2810 0. 2725 0.2833 0.2720 

2.0 0.2452 0.2424 0.2479 0.2428 0.2497 0.2422 0.2515 0. ::.-118 
") -
- .) 0.2201 0 .2173 0.2225 0.2 178 0.2239 () 2172 0 .2254 0. 2168 

Table 1.+ : The expected actual error rate of the EDC under the case 
of "equivalence" when :L = AR(l) (with positive p in case A4 ) . 
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p 1),,2 p=4 p=8 p=12 p=16 

p~E) true p~) true p~E) true p (E) 
A true 

-0.65 0.5 0.7889 0.3721 ** 0.3706 ** 0.3685 

1.0 0.6022 0.3222 ** 0.3203 ** 0.3175 

1.5 0.5033 0.2860 0.9368 0.2838 ** 0.2804 

2.0 0.4359 0.2570 0.7905 0.2546 ** 0.2509 

2.5 0.3848 0.2328 0.6843 0.2302 ** 0.2264 

-0.4 0.5 0.4549 0.3654 0.6034 0.3644 0.7601 0.3637 

1.0 0.3736 0.3133 0.4717 0.3119 0.5756 0.3110 

1.5 0.3226 0.2756 0.3974 0.2740 0.4767 0.2729 

2 .0 0.2844 0.2457 0.3451 0.2439 0.4093 V.2427 

2.5 0.2539 0.2209 0.3046 0.2190 0.3584 0.2178 

-0.2 0.5 0.3994 0.3626 0.4505 0.3624 0.5021 0.3623 

1.0 0.3347 0.3096 0.3686 0.3092 0.4028 V.3091 

1.5 0.2912 V.2714 0.3171 0.2710 0.3432 0.2707 

2.0 0.2576 0 .2411 0.2787 0.2407 0.2999 0.2404 

2.5 0.2302 0.2160 0.2479 0.2155 0.2657 0.2153 

-0.06 0.5 0.3831 0.3619 0.4104 0.3619 0.4376 0.3619 0.4647 V.36 18 

1.0 0.3234 0.3086 0.3416 0.3086 0.3597 0 .3086 0.3777 0.3085 

1.5 0.2821 0.2702 0.2961 0.2702 0.3100 0.2702 0.3238 V.2702 

2.0 0.2500 0.2399 0.2614 0.2398 0.2727 0.2398 0.2840 0 .2398 

2.5 0.2236 0.21.+7 0.2332 0.2147 0.2427 0 .2146 0.2522 V.2146 

Table 14a: The expected actual error rate of the EDC under the case ,,. . 

of "equivalence" when :L =ARO) (with negative pin case A4 ). 



210 

p 1::,.2 p=4 p=8 p=l 2 p=l 6 

p ~E) p ~) p ~E) p ~E) p ~E) p(E) ( E) p;{) 
A Pp 

-0.06 0.5 0. 3463 0.3792 0.3267 0.4034 0.3084 0.4325 0.29 15 0.4912 

1.0 0.2986 0.3211 0.2867 0.3384 0.2771 0.3607 0.2772 0.4133 

1.5 0.2628 0.2805 0.2546 0.2948 0.2492 0.3142 0.2582 0.3652 

2.0 0.2341 0.2488 0.2281 0.2612 0.2254 0.2789 0.240 1 0.3293 

2.5 0.2 101 0.2227 0.2057 0.2338 0.2048 0 .2503 0.2235 0.3004 

0.00 0.5 0.3456 0.3784 0. 3244 0.3996 0.3032 0.4208 0.2820 0.4420 

1.0 0.2976 0.3200 0.2835 0.3341 0.2694 0.3481 0.2553 0.3622 

1.5 0.2617 0.2793 0.2509 0.2901 0.2401 0.3009 0.2293 0.3117 

2.0 0.2328 0.2474 0.2240 0.2562 0.21 53 0.2650 0.2065 0.2728 

2.5 0.2088 0.22 13 0.20 14 0.2287 0.1940 0.2361 0.1866 0.2434 

0.0 1 0.5 0.3456 0.3784 0.3244 0.3997 0.3033 0.4209 0.282 1 0.4422 

1.0 0.2976 0.3200 0.2836 0.3341 0.2695 0.3483 0.2555 0.3624 

1.5 0.26 17 .2793 0.2509 0.2901 0.2402 0.3010 0.2294 0.3 ll 9 

2.0 0.2329 0.2475 0.224 1 0 .2563 0.2154 0.2652 0.2066 0.2740 

2.5 0.2088 0.2213 0.2015 0.2288 0.1941 0.2362 0.1868 0. 2436 

0.2 0.5 0.3491 0.3823 0.3293 0.4075 0.3108 0 .4346 0.2948 0 .4644 

1.0 0.3037 0.3266 0.2924 0.3456 0.2811 0.3650 0.2711 0.3860 

1.5 0.2693 0.2874 0.2621 0.3038 0.254 1 0.3198 0.2470 0.3368 

2.0 0.24 14 0.2566 0.2367 0 .2714 0.2309 0.2853 0.2255 0.2999 
') -
-·) 0.2180 0.2311 0.2151 0.2448 0.2107 0.2573 0.2066 0.2702 

0.4 0.5 0.3515 0.3847 0.3093 0.3891 0.2573 0.3844 0.198 1 0.3728 

1.0 0.3141 0. 3375 0.2895 0.3450 0.2567 0 .34-19 0.2192 0. 3402 

1.5 0.2842 0.3031 0.2680 0 .3125 0.2443 0.3 1-18 0.2170 0. 3137 

2.0 0.2592 0.2754 0.2483 0.2861 0.2303 0.290 1 0.2093 0.2913 

? --.) 0.2379 0.2522 0.2307 0.2639 0.2167 0 .2690 0.2002 0. 2719 

0.65 0.5 0.3309 0.3611 0.1293 0.2032 ** ;:c;i;.: 

1.0 0.3 169 0.3389 0. 1839 0.2371 ** ~* 

1.5 0.2996 0.3181 0. 198 5 0 .2426 ** 0. 1007 

2.0 0.2831 0.2995 0.20 18 0.2405 0.0639 0.1 252 

2.5 0.2680 0.2830 0.2006 0.2357 0.0836 0.1390 

Table 15 The expected plug-in and the expected ac tu al error rates of the 
EDC under the case of" non - equivalence " wi th 

I: = (1 -p )I + pJ ( i.e. case Pl , nl=n2=50). 
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p 6.2 p=4 p=8 p=l2 p=16 
p ~E) p ~) p ~E) p ~E) p ~E) p ~E) (E) 

Pp p ~E) 

-0.06 0.5 0. 3545 0.3626 0.3456 0.3645 0.3385 0.3686 0.3392 0.3868 

1.0 0.3041 0.3096 0.2994 0.3120 0.2973 0.3175 0.3096 0.3420 

1.5 0.2671 0.2714 0.2644 0.2742 0.2649 0.2805 0.2836 0.3091 

2.0 0.2376 0.2411 0.2362 0.2441 0.238 1 0.2509 0.261 3 0.2825 

2.5 0.2131 0.2160 0.2125 0.2192 0.2157 0.2265 0.24 18 0.2599 

0.00 0.5 0. 3537 0.3618 0.3431 0.3618 0.3325 0.361 8 0.32 19 0.361 8 

1.0 0. 3031 0.3085 0.2960 0.3085 0.2890 0.3085 0.2820 0.3085 

1.5 0.2659 0.2702 0.2605 0.2702 0.2551 0.2702 0.2497 0 .2702 

2.0 0.2363 0.2398 0.2319 0.2398 0.2275 0.2398 0.2231 0.2398 

2.5 0.2117 0.2146 0.2080 0 .2 146 0.2043 0.2146 0.2006 0.2146 

0.0 1 0.5 0.3537 0.3618 0.3432 0.3619 0.3326 0.3619 0.3220 0.3619 

1.0 0.3031 0.3086 0.2961 0.3086 0.289 1 0.3086 0.2821 () .3087 

1.5 0.2659 0.2702 0.2606 0.2702 0.2552 0.2703 0.2499 0.2703 

2.0 0.2363 0.2398 0.2320 0.2398 0.2275 0.2398 0.2233 0 .2398 

2.5 0.2117 0.2146 0.2081 0.2147 0.2043 0.2146 0.2008 0 .2147 

0.2 0.5 0.3584 0.3677 0.3500 0.3706 0.3414 0.3720 0.3 338 0 .3728 

1.0 0.3100 0.3163 0.3063 0.3202 0.3016 0.3221 0.2971 0.3232 

1.5 0.2742 0.2791 0.2729 0.2836 0.2700 0.2858 0.2670 0 .2871 

2.0 0.2455 0.2495 0.2456 0.2544 0.2439 0.2568 0.2419 0 .2582 

2.5 0.2214 0.2248 0.2226 0.230 1 0.2217 0.2326 0.2203 0 .234 1 

0.4 0.5 0.3663 0.3810 0.3477 0.3861 0.3226 0.3880 0.2935 0.3890 

1.0 0.3242 0.3343 0.3153 0 .341 1 0.3002 0.3437 0.2821 0.3450 

1.5 0.2921 0.3000 0.2880 0.3080 0.2777 0.3110 0.2648 0.3126 

2.0 0.2658 0.2724 0.2648 0.2813 0.2575 0.2846 0.2479 0 .2863 
? -__ ) 0.2436 0.2492 0.2447 0.2587 0.2395 0.2623 0.2322 0.264 1 

Table 15a : The expec ted plug-in and the expected ac tual error rates of the 
EDC under the case of " non - equivalence " \Vith 

I:= (1 -p )I + pJ (i .e. case Pl, nl=n2=1 00). 
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p /::,. 2 p=4 p=8 p=l2 
p~L) p~> true p ~L) p~> crue p ~L) p~~) crue 

-0.06 0.5 0.3373 0.3783 0.3618 0.3049 0.3939 0.3618 0.2722 0.3618 

1.0 0.2865 0.3145 0.3085 0.2576 0.3232 0.3085 0.2283 0.3085 

1.5 0.2490 0.2673 0.2701 0.22 11 0. 2730 0.2701 0. 1927 0.2701 

2.0 0.2 190 0.2346 0.2398 0.19 17 0.2317 0.2397 0.1637 0.2398 

2.5 0. 1943 0.1926 0.2146 0.1675 0.1955 0.2146 0. 1401 0.2146 

0.00 0.5 0.3373 0.3857 0.3618 0.305 l 0.3954 0.3618 0.2729 0 . ..Jl 33 0.3618 

1.0 0.2866 0.3148 0.3085 0.2579 0.3242 0.3085 0.2291 0.3085 

1.5 0.2490 0.2675 0.2702 0.22 14 0.2737 0.2702 0. 1937 0.2701 

2.0 0.2191 0.2277 0.2398 0.1920 0.2319 0.2398 0.1649 0.2398 

2.5 0. 1944 0.1925 0.2146 0. 1678 0.1953 0.2146 0.1412 0.1994 0.21..J6 

0.01 0.5 0.3373 0.3787 0.3618 0.3051 0.3953 0.3618 0.2728 0.3618 

1.0 0.2866 0.3148 0.3085 0.2578 0.3242 0.3085 0.229 1 0.3085 

1.5 0.2490 0.2674 0.2701 0.22 14 0.2737 0.2702 0.1937 0.2701 

2.0 0.219 1 0.2277 0.2398 0.1920 0.2319 0.2398 0. 1649 0.2398 

2.5 0. 1944 0.1926 0.2140 0.1678 0.1953 0. 2146 0. 14 12 0.2146 

0.2 0.5 0.3370 0.3766 0.3618 0.3047 0.3899 0.3618 0.2724 0 . ./..+77 0.3618 

1.0 0.2862 0.3135 0.3085 0.2573 0.3206 0.3085 0.2285 0.3085 

1.5 0.2486 0.2669 0.2701 0.2207 0.2909 0.2701 0.1930 0.2701 

2.0 0.2 187 0.2280 0.2398 0.1914 0.2308 0.2397 0.1642 0.2398 

2.5 0.1939 0.1937 0.21..J6 0.1671 0.1956 0.2146 0.1405 0.198..J 0.21..J6 

0.4 0.5 0.3360 0.3685 0.3618 0.3036 0.3673 0.3618 0.2172 0 . ./359 0.3618 

1.0 0.2850 0.3073 0.3085 0.2559 0.3008 0.3085 0.2270 0.3085 

l.5 0.2..+72 0.2623 0.2701 0.2192 0.2538 0.2702 0.191-+ 0.2701 

2.0 0.2172 0.2252 0.2397 0.1897 0.2155 0.2397 0.1625 0.2398 

2.5 0.1924 0.1927 0.21..J6 0.1655 0.1826 0.2146 0.1388 0. I 699 0.21./6 

0.65 0.5 0.3312 0.3618 0.2984 0.3618 0.2660 0.3618 

1.0 0.2788 0.3085 0.2493 0.3085 0.2204 0.3085 

l.5 0.2404 0.2701 0.2120 0.2702 0.18..+ l 0.2701 

2.0 0.2101 0.2398 0.1823 0.2398 0. 1550 0.2398 

2.5 0.1853 0.2146 0. 1580 0.2146 0. 1312 0.2146 

Table 16 : The expected plug-in and expected actual error rates of the LDF under 
the case of "non-equivalence" with :L = (1- p)I + pJ (i.e. case Pl ). 
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p 8.2 p=4 p=8 p=l2 p=l6 
p~E) p~) p~E) p~E) p~E) p~E) p~E) p~E) 

0.00 0.5 0.3456 0.3784 0.3244 0.3996 0.3032 0.4208 0.2820 0.4420 

1.0 0.2976 0.3200 0.2835 0.3341 0.2694 0.3481 0.2553 0.3622 

1.5 0.2617 0.2793 0.2509 0.2901 0.2401 0.3009 0.2293 0.3117 

2.0 0.2328 0.2474 0.2240 0.2562 0.2153 0.2650 0.2065 0.2738 

2.5 0.2088 0.2213 0.2014 0.2287 0.1940 0.2361 0.1866 0.2434 

0.01 0.5 0.3456 0.3784 0.3244 0.3996 0.3032 0.4208 0.2820 0.4420 

1.0 0.2976 0.3200 0.2835 0.3341 0.2694 0.3482 0.2554 0.3623 

1.5 0.2617 0.2793 0.2509 0.2901 0.2401 0.3009 0.2293 0.31 17 

2.0 0.2328 0.2475 0.2241 0.2562 0.2153 0.2650 0.2065 0.2738 

2.5 0.2088 0.2213 0.2014 0.2287 0.1940 0.2361 0.1866 0.2435 

0.2 0.5 0.3478 0.3812 0.3270 0.4047 0.3062 0.4282 0.2854 0.4517 

1.0 0.3008 0.3236 0.2870 0.3393 0.2731 0.3549 0.2593 0.3706 

1.5 0.2655 0.2835 0.2548 0.2955 0.2442 0.3075 0.2335 0.3196 

2.0 0.2370 0.2520 0.2283 0.2618 0.2196 0.2717 0.2110 0.2815 

2.5 0.2132 0.2261 0.2059 0.2344 0.1986 0.2426 0.1913 0.2509 

0.4 0.5 0.3537 0.3886 0.3352 0.4207 0.3163 0.4530 0.2974 0.4852 

1.0 0.3102 0.3344 0.2978 0.3559 0.2852 0.3776 0.2725 0.3992 

1.5 0.2770 0.2962 0.2674 0.3129 0.2576 0.3297 0.2477 0.3465 

2.0 0.2499 0.2661 0.2420 0.2799 0.2340 0.2936 0.2259 0.3074 

2.5 0.2271 0.2411 0.2204 0.2528 0.2135 0.2645 0.2067 0.2762 

0.65 0.5 0.3565 0.3931 0.3471 0.4523 0.3414 0.5222 0.3344 0.5928 

1.0 0.3262 0.3521 0.3199 0.3927 0.3161 0.4404 0.3112 0.4520 ,,. .. 

1.5 0.3004 0.3216 0.2956 0.3537 0.2925 0.3912 0.2887 0.4291 

2.0 0.2784 0.2967 0.2744 0.3236 0.2719 0.3550 0.2687 0.3866 

2.5 0.2591 0.2755 0.2558 0.2988 0.2536 0.3258 0.2509 0.3531 

Table 17 The expected plug-in and the expected actual error rates of the 

EDC under the case of "non-equivalence" when .L = AR(l) 

( with positive p in case P2 ). 
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p 62 p=4 p=8 p=12 p=l6 
(E) 

Pp 
(E) 

PA p ~E) p ~E) CE) 
Pp 

(E) PA p ~E) p ~E) 

-0.65 0.5 0.3498 0.3931 0.3325 0.4523 0.3245 0.5222 0.3169 0.5920 

1.0 0.3216 0.3521 0.3099 0.3927 0.3045 0.4404 0.2993 0.4520 

1.5 0.2968 0.3216 0.2877 0.3537 0.2834 0.3912 0.2793 0. 4291 

2.0 0.2754 0.2967 0.2678 0.3236 0.2643 0.3550 0.2608 0.3866 
? -__ .) 0.2565 0.2755 0.2501 0.2988 0.2470 0.3258 0.2441 0.3531 

-0.4 0.5 0.3525 0.3886 0.3336 0.4207 0.3147 0.4530 0.2958 0.4852 

1.0 0.3095 0.3344 0.2968 0.3559 0.284 1 0.3776 0.2714 0.3992 

1.5 0.2764 0.2962 0.2666 0.31 29 0.2567 0.3297 0.2469 0.3../65 

2.0 0.2494 0.2661 0.241-l 0. 2799 0.2333 0.2936 0.2252 0 .307../ 
.., -__ .) 0.2266 0.24-11 0.2198 0.2528 0.2129 0.26../5 0.2061 0.2762 

-0.2 0.5 0.3477 0.3812 0.3269 0.4047 0.3061 0.4282 0.2853 0 . ../517 

1.0 0.3007 0.3236 0.2869 0.3393 0.2730 0.35'19 0.2592 0 .3706 

1.5 0.2654 0.2835 0.2547 0.2955 0.2441 0.3075 0.2335 0 .3196 

2.0 0.2369 0.2520 0.2283 0.2618 0.2 196 0.2717 0.2109 0. 2815 
? -_ _ .) 0.2131 0.2661 0.2058 0.2344 0.1985 0.2426 0. 1912 0.2509 

-0.06 0.5 0.3458 0.3787 0.3246 0.4001 0.3035 0.4215 0.2823 0.4429 

1.0 0.2979 0.3203 0.2838 0.3345 0.2698 0.3487 0.2557 0 .3630 

1.5 0.2620 0. 2796 0.2512 0.2906 0.240-+ 0.3015 0.2296 0 .31 2../ 

2.0 0.2332 0.2-1 78 0. 22-l-l 0.2567 0.2156 0. 2()56 0.2069 0. 27../5 
.., -__ .) 0.2092 0.2 217 0. 201 8 0.2292 0. 194-l 0.2366 U. 1870 0. 2../-Jl 

Table 17a : The expected plug-in and the expected actual error rates of the 
EDC under the case of "non -equi valence" \\·hen L. = AR(l) 

( wi th negative p in case P'.2 ). 



p !12 p=4 p=8 p=l2 
p~L) p~L) rrue p~L) p~) true p~L) p~) 

0.00 0.5 0.3373 0.3906 0.3618 0.3051 0.4228 0.3618 0.2729 0.-+550 

1.0 0.2866 0.3292 0.3085 0.2579 0.3579 0.3085 0.2291 

1.5 0.2490 0.2835 0.2702 0.2214 0.3112 0.2702 0.1937 

2.0 0.2191 0.2447 0.2398 0.1920 0.2719 0.2398 0.1649 

2.5 0.1944 0.2102 0.2146 0.1678 0.2368 0.2146 0.1412 0.2634 

0.01 0.5 0.3373 0.3908 0.3618 0.3051 0.4234 0.3618 0.2729 

1.0 0.2866 0.3295 0.3085 0.2579 0.2588 0.3085 0.2291 

1.5 0.2490 0.2838 0.2701 0.2213 0.3121 0.2701 0.1937 

2.0 0.2191 0.2-151 0.2398 0. 1920 0.2729 0.2398 0. 1650 

2.5 0.1944 0.2106 0.2146 0.1678 0.2379 0.2146 0.1413 

0.2 0.5 0.3372 0.3969 0.3618 0.3049 0.-1389 0.3618 0.2727 0 . ../844 

1.0 0.2864 0.3380 0.3085 0.2577 0.3796 0.3085 0.2289 

1.5 0.2488 0.2936 0.2701 0.2211 0.3357 0.2701 0. 1935 

2.0 0.2 189 0.2558 0.2398 0.19 18 0.2981 0.:.?398 0.1647 

2.5 0. 1941 0.2218 0.2146 0.1675 0.2638 0.2146 0. 1409 0.3059 

0.4 0.5 0.3365 0.4064 0 .3618 0.3043 0.4669 0.3618 0.2720 0.5169 

1.0 0.2855 0.3517 0 .3085 0.2568 0 . .+167 0.3085 0.2280 

1.5 0.2478 0.3096 0.2701 0.220 1 0.3772 0.2701 0.1925 

2.0 0.2178 0.2733 0.2398 0.1908 0.3414 0.2398 0.1637 

2.5 0.1931 0.2402 0 .2146 0.1665 0.3075 0.2146 0. 1399 0.3747 

0.65 0.5 0.3320 0.3618 0.2998 0.3618 0.2675 

1.0 0.2797 0.3085 0.25 10 0.3085 0.2222 

1.5 0.2414 0.2702 0.2 137 0.2702 0.1860 

2.0 0.2111 0.2398 0. 1840 0.2398 0.1569 

2.5 0.1862 0.2146 0. 1596 0.2146 0. 1330 

Table 18 : The expected plug-in and expected actual error rates of the 
LDF under the case of" non - equivalence " when 1: = AR(! ) 

( with positive p in case P2 ). 
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true 

0.3618 

0.3085 

0. 2702 

0. 2398 

0.2146 

0.3618 

0.3085 

0.2701 

0.2398 

0. 2146 

0.3618 

0.3085 

0.2701 

0.2398 

0.2146 

0.3618 

0.3085 

0. 2701 

0.2398 

0.2146 

0.3618 

0.3085 

0.2702 

0.2398 

0.2 J.+6 



p ~2 p=4 p=8 p=l2 
p~L ) p:;) true p~L ) p:;) true p~L ) p:;) 

-0.65 0.5 0.3320 0.3618 0.2998 0.3618 0.2675 

1.0 0.2797 0.3085 0.2510 0.3085 0.2222 

1.5 0.2414 0.2702 0.2137 0.2702 0. 1860 

2.0 0.2111 0.2398 0.1840 0.2398 0.1569 

2.5 0.1862 0.2146 0.1596 0.2 146 0.1 330 

-0.4 0.5 0.3365 0 .3618 0.3043 0.3618 0.2720 

1.0 0.2855 0.3085 0.2568 0.3085 0.2280 

1.5 0.2478 0.2701 0.2201 0.2701 0.1 925 

2.0 0.2178 0.2398 0.1908 0.2398 0.1637 

2.5 0.1931 0.2146 0.1665 0.2146 0. 1399 

-0.2 0.5 0.3372 0.3618 0.3049 0.3618 0.2727 

1.0 0.2864 0.3085 0.2577 0.3085 0.2289 

1.5 0.2488 0.2701 0.2211 0.2701 0.1935 

2.0 0.2189 0.2398 0.1918 0.2398 0. 1647 

2.5 0.1941 0.2146 0.1675 0.2146 0.1409 

-0.06 0.5 0.3373 0.3889 0 .3618 0.3051 0.-1191 0.3618 0.2728 

1.0 0.2866 0.3272 0.3085 0.2578 0.3531 0.3085 0.2291 

1.5 0.2490 0.2812 0.2702 0.2213 0.3057 0.2702 0.1937 

2.0 0.214 1 0.2423 0.2397 0.1920 0.2660 0.2397 0.1649 

2.5 0.1944 0.2077 0.2146 0.1677 0.2309 0.2146 0.1411 

Table 18a: The expected plug-in and expected actual error rates of the 
LDF under the case of" non - equivalence" when L = AR(1) 

(with negative p in case Pl ). 
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true 

0.3618 

0.3085 

0.2702 

0.2398 

0.2146 

0.3618 

0.3085 

0.2701 

0.2398 

0.2146 

0.3618 

0.3085 

0.2701 

0.2398 

0.2146 

0.3618 

0.3085 

0.2702 

0.2397 

0.2146 
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p 1:12 p=4 p=8 p=l2 p=l6 
(E) 

Pp p~E) p ~E) p ~) p ~E) p~E) (E) 
Pp 

(E ) 
PA 

-0.06 0.5 0.3483 0.3756 0.3515 0.4244 0.5665 0.6459 ** ** 

1.0 0.3003 0.3180 0.3026 0.3504 0.4455 0.4976 

1.5 0.2645 0.2777 0.2663 0.3026 0.3759 0.4154 

2.0 0.2357 0.2461 0.2373 0.2664 0.3266 0.3583 

2.5 0.21 16 0.2201 0.2132 0.2372 0.2882 0.3144 

0.00 0.5 0.3470 0.3703 0.3261 0.3810 0.3050 0.3916 0.2838 0.4022 

1.0 0.2994 0.3145 0.2857 0.3216 0.2718 0.3287 

1.5 0.2638 0.2750 0.2534 0.2805 0.2428 0.2859 

2.0 0.2351 0.2439 0.2268 0 .2484 0.2182 0.2529 

2.5 0.2112 0.2183 0.2043 0.2221 0.1971 0 .2258 

0.01 0.5 0.3470 0.3697 0.3263 0.3783 0.3056 0.3856 0.2854 0 .. 3919 

1.0 0.2994 0.3141 0.2859 0.3199 0.2723 0 .3248 

1.5 0.2638 0.2747 0.2535 0.2791 0.2431 0 .2829 

2.0 0.2351 0.2437 0.2269 0.2473 0.2 185 0.2504 

2.5 0.2112 0.2181 0.2044 0.2211 0.1973 0 .2237 

0.2 0.5 0.3510 0.3643 0.3426 0.3645 0.3378 0.3643 0.3347 0.3640 

1.0 0.3020 0.3105 0.2967 0.3107 0.2936 0.3106 

1.5 0.2658 0.2719 0.2618 0.2721 0.2595 0.2720 

2.0 0.2367 0.2414 0.2336 0.2416 0.2318 0.2415 

2.5 0.2126 0.2162 0.2101 0.2163 0.2085 0.2163 

0.4 0.5 0.3554 0.3629 0.3524 0.3629 0.3511 0 .3628 0.3503 0.3628 

l.O 0.3050 0.3096 0.3032 0.3096 0.3024 0 .3096 

1.5 0.2680 0.2712 0.2668 0.2713 0.2662 0 .2713 

2.0 0.2386 0.2409 0.2377 0.2409 0.2373 0 .2409 ,, 
2.5 0.2141 0.2157 0.2135 0.2158 0.2131 0 .2158 

0.65 0.5 0.3593 0.3631 0.3586 0.3631 0.3584 0 .3632 

1.0 0.3076 0.3101 0.3074 0.3102 0.3073 0 .31 02 

1.5 0.2701 0. 2718 0.2700 0.2720 0.2700 0 .2721 

2.0 0.2402 0.2416 0.2403 0.2418 0.2403 0.241 8 

2.5 0.2155 0.2165 0.2156 0.2167 0.2 157 0.2168 

Table 19 The expected plug-in and the expected actual error rate of the 

EDC under the case of " equivalence " with ~ = (1- p)I + pJ 

( i.e. case P3 ) . 
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p 1::::.2 p=4 p=8 p=l2 p=l6 
p~E) p~) p~E) p~) p~E) p~) p~E) p~) 

-0.06 0.5 0.3473 0.3831 0.3269 0.4104 0.3064 0.4376 0.4647 0.3618 

1.0 0.2997 0.3234 0.2863 0.3416 0.2727 0.3597 0.3777 0.3085 

1.5 0.2640 0.2821 0.2539 0.2961 0.2435 0.3100 0.3238 0.2702 

2.0 0.2353 0.2500 0.2272 0.2614 0.2188 0.2727 0.2840 0.2398 

2.5 0.2114 0.2236 0.2047 0.2332 0.1976 0.2427 0.2522 0.2146 

0.00 0.5 0.3470 0.3788 0.3261 0.4001 0.3050 0.4214 0.2838 0.4426 

1.0 0.2994 0.3205 0.2857 0.3347 0.2718 0.3489 0.2578 0.3630 

1.5 0.2638 0.2798 0.2534 0.2908 0.2428 0.3017 

2.0 0.2351 0.2481 0.2268 0.2571 0.2182 0.2660 

2.5 0.2112 0.2219 0.2043 0.2296 0.1971 0.2370 

0.01 0.5 0.3470 0.3782 0.3261 0.3987 0.3050 0 .4191 0.2838 0.4395 

1.0 0.2994 0.3200 0.2857 0.3337 0.2718 0.3474 

1.5 0.2638 0.2795 0.2534 0.2901 0.2428 0.3006 

2.0 0.2351 0.2478 0.2268 0.2565 0.2182 0.2650 

2.5 0.2112 0.2217 0.2043 0.2291 0.1971 0.2363 

0.2 0.5 0.3495 0.3704 0.3316 0.3806 0.3135 0.3907 0.2954 0.4009 

1.0 0.3014 0.3153 0.2897 0.3221 0.2777 0.3288 

1.5 0.2655 0.2761 0.2567 0.2814 0.2474 0.2865 

2.0 0.2368 0.2453 0.2296 0.2496 0.2221 0.2537 

2.5 0.2127 0.2198 0.2068 0.2234 0.2006 0.2269 

0.4 0.5 0.3541 0.3673 0.3417 0.3725 0.3287 0.3776 0.3157 0.3827 

1.0 0.3052 0.3139 0.2973 0.3176 0.2885 0.3208 

1.5 0.2690 0.2756 0.2632 0.2786 0.2563 0.2810 

2.0 0.2400 0.2452 0.2355 0.2479 0.2298 0.2497 

2.5 0.2158 0.2201 0.2122 0.2225 0.2074 0.2239 

0.65 0.5 0.3597 0.3659 0.3549 0.3692 0.3482 0.3712 

1.0 0.3095 0.3135 0.3079 0.3170 0.3032 0.3183 

1.5 0.2727 0.2757 0.2723 0.2793 0.2689 0.2804 

2.0 0.2433 0.2457 0.2439 0.2495 0.2412 0.2503 

2.5 0.21 89 0.2208 0.2201 0.2246 0.2178 0.2254 

Table 20 The expected plug-in and the expected actual error rates of 
the EDC under the case of" equivalence "with l: = AR(l) 

( i.e. case P4 ). 
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p D,.2 p=4 p=8 p D,. 2 p=4 p=8 
p ~L) p~L) p~L ) p~L) 

-0.06 0.5 0.3370 0.3057 0.2 0.5 0.3378 0.3046 
1.0 0.2863 0.2549 1.0 0.2873 0.2574 
1.5 0.2489 0.2180 1.5 0.2500 0.2211 
2.0 0.2191 0.1886 2.0 0.2204 0.1917 
2.5 0.1946 0.1643 2.5 0.1959 0.1677 

0.00 0.5 0.3373 0.3037 0.4 0.5 0.3381 0.3052 
1.0 0.2867 0.2562 1.0 0.2877 0.2580 
1.5 0.2493 0.2197 1.5 0.2505 0.2217 
2.0 0.2196 0.1902 2.0 0.2209 0.1926 
2.5 0.1951 0.1661 2.5 0.1964 0.1686 

0.01 0.5 0.3373 0.3039 0.65 0.5 0.3384 0.3059 
1.0 0.2867 0.2563 1.0 0.2882 0.2590 
1.5 0 .2493 0.2198 
2.0 0.2197 0.1904 2.0 0.2214 0.1939 
2.5 0.1951 0.1662 2.5 0.1970 0.1699 

Table 21 The expected plug-in error rate of the LDF under the case 

of " equivalence " with L = (1- p )I+ pJ (i .e. case P3 ). 
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p 6.2 p=4 p=8 p 6.2 p=4 p=8 
p~L) p~L) p~L) p~L) 

-0.65 0.5 0.3250 0.2875 0.00 0.5 0.3373 0.3037 
1.0 0.2790 0.2350 1.0 0.2867 0.2562 
1.5 1.5 0.2493 0.2197 
2.0 0.2011 0.1646 2.0 0.2196 0.1902 
2.5 0.1762 0.1394 2.5 0.1951 0.1661 

-0.4 0.5 0.3350 0.3009 0.01 0.5 0.3373 0.3038 
1.0 0.2837 0.2524 1.0 0.2867 0.2562 
1.5 1.5 0.2493 0.2197 
2.0 0.2161 0.1856 2.0 0.2196 0.1902 
2.5 0.1915 0.1612 2.5 0.1951 0.1653 

-0.2 0.5 0.3362 0.3031 0.2 0.5 0.3376 0.3042 
1.0 0.2859 0.2552 0.2871 0.2567 
1.5 0.2497 0.2201 
2.0 0.2186 0.1891 0.2200 0.1908 
2.5 0.1941 0.1648 0.1955 0.1667 

-0.06 0.5 0.3371 0.3036 0.4 0.5 0.3378 0.3044 
0.2865 0.2560 0.2873 0.2570 
0.2491 0.2194 0.2500 0.2205 
0.2194 0.1900 0.2203 0.1913 
0.1949 0.1658 0.1959 0.1671 

0.65 0.5 0.3378 0.3046 
1.0 0.2874 0.2573 
2.0 0.2204 0.1917 
2.5 0.1959 0.1676 

Table 22 The expected plug-in error rate of the LDF under the case 
of " equivalence " with L = AR(l) (i.e. case P4). 
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L = (l - p) I + pJ L = AR(l) 

p /12 p=12 p=16 p=12 p=16 
p~L ) p~L ) p~L) p~L ) 

-0.06 0.5 0.2722 0.2328 0.2728 0.2406 
1.0 0.2283 0.1901 0.2291 0.2003 
1.5 0.1927 0.1544 0.1937 0.1660 
2.0 0.1637 0.1254 0.1649 0.1378 
2.5 0.1401 0.1016 0.1411 0.1145 

0.00 0.5 0.2729 0.2406 0.2729 0.2406 
1.0 0.2291 0.2004 0.2291 0.2004 
1.5 0.1937 0.1660 0.1937 0.1660 
2.0 0.1649 0.1378 0.1649 0.1378 
2.5 0.1412 0.1146 0.1412 0.1146 

0.01 0.5 0.2728 0.2406 0.2729 0.2406 
1.0 0.2291 0.2004 0.2291 0.2004 
1.5 0.1937 0.1660 0.1937 0.1660 
2.0 0.1649 0.1378 0.1650 0.1378 
2.5 0.1412 0.1146 0.1413 0.1146 

0.2 0.5 0.2724 0.2401 0.2727 0.2406 
1.0 0.2285 0.1997 0.2289 0.2002 
1.5 0.1930 0.1653 0.1935 0.1658 
2.0 0.1642 0.1371 0.1647 0.1376 
2.5 0.1405 0.1138 0.1409 0.1143 

0.4 0.5 0.2712 0.2390 0.2720 0.2398 
1.0 0.2270 0.1982 0.2280 0.1993 
1.5 0.1914 0.1637 0.1925 0.1648 
2.0 0.1625 0.1354 0.1637 O. l'J66 
2.5 0.1388 0.1121 0.1399 0.1133 

Table 23 The expected plug-in error rate of the LDF under 

the case of 11 non - equivalence 11 with L = (1 - p) I+ pJ 
or L = AR(l) (i.e. case Pl or P2 ). 

' 
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Appendix El 

The following are some values of a ii to explain the behaviour of the expected error rates when p 

is small and negative. 

Consider :E= (l -p)I+pJ. 

p=-0 .06 and P=4 
sigmalnverse = 

1.0124 0 .0690 0.0690 0 .0690 
0 .0690 1.0 124 0.0690 0 .0690 
0 .0690 0 .0690 1.0 124 0 .0690 
0 .0690 0 .06 90 0.0 690 10124 

p=0 .40 and P=4 
sigmalnverse = 

1.3636 - 0 .3030 - 0.3030 - 0 .303 0 
- 0 .3030 1.3636 - 0.3030 -0 .3030 
-0 .3030 - 0 .3030 1.3636 -0 .3030 
- 0 .3030 - 0 .3030 -0 .3030 1.3636 

p=-0 .06 and P=8 
sigmalnverse = 

1.0410 0 .0976 0 .0976 0.0 976 0 .0976 0 .0976 0 .0976 0 .0976 
0 .0976 1.0410 0 .0976 0 .0976 0 .0976 0 .0976 0 .0976 0 .0 976 
0 .0976 0 .0976 10410 0 .0976 0 .0976 0 .097 6 0 .0976 0 .0976 
0 .0976 0 .0976 0 .0976 1.0 410 0 .0976 0 .0976 0 .0976 0 .0976 
0 .0976 0 .0976 0.0976 0 .. 0976 l 0410 0 .0976 0 .0976 0 .0976 
0 .0976 0 .0976 0.0976 0 0 976 0 .0976 1.0 410 0.0 976 0 .0976 
0.0976 0 .0976 0 .0976 0 .0976 0 .0976 0.0976 10 410 0 .0976 
0 .0976 0 .0976 0 .0976 0.0 976 0 .0976 0.0976 0 .0976 10 410 

p=0.40 and P=8 
sig ma lnverse = 

1.4912 - 0 . 1754 - 0.1754 - 0 . 1754 - 0 . 1754 -0 . 1754 - 0 . 1754 -0 1 754 
-0. 1754 14912 -0 . 1 754 -0. 1754 - 0 . 1 754 -0 . 1754 - 0 . 1 754 - 0 1754 
-0.1754 -0 . 1754 14912 -0 . 1754 -0 . 1754 -0 . 1754 -0 . 1754 -0 . 1754 
-0 . 1754 -0 . 1754 -0 . 1754 1.4912 -0 . 1754 - 0 . 1754 -0 . 1 754 -0 . 1754 
-0 . 1754 - 0. 1754 -0 .1754 -0 . 1754 1.49 12 - 0 . 1754 - 0 . 1754 -0 1754 
-0. 1754 -0 . 1754 -0 . 1754 -0 . 1754 -0 . 1754 1.49 12 - 0 . 1754 -0 1 754 
-0 . 1754 -0 . 1754 -0 . 1754 -0 . 1754 - 0 . 1754 -0 . 1 754 1.4912 -0 . 1754 
-0 . 1 754 -0 . 1754 -0 1754 -0 . 1754 - 0 . 1754 - 0 . 1 754 -0 . 1 754 14912 
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p:0.35 end p:8 
sigmelnverse = 

1.3824 -0 . 1561 -0 . 1561 -0 . 1561 -0 . 1561 -0 . 1561 -0 . 1561 -0 . 156 I 
-0 . 1561 1.3824 -0 . 1561 -0.1 5 61 -0 . 1561 -0 . 1561 -0 .1561 -0 . 1561 
-0.1561 -0 . 1561 1.3824 -0 .1 561 -o 1561 -0 . 1561 -0 . 1561 -0 . 1561 
-0.1561 -0 . 1561 -0 . 1561 1.3824 -0 . 1561 -0 . 1561 -0 . 1561 -0 . 1561 
-0 . 1561 -0.1561 -0.1561 -0 . 1561 1.3824 -0 . 1561 -0.1561 -0 . 1561 
-0.1561 -0 . 1561 -0.1561 -0 . 1561 -0.1561 1.3824 -0 . 1561 -0 . 1561 

-:-0.1561 -0 . 1561 -0 . 1561 -0 . 1561 -0 . 1561 -0 . 1561 1.3824 -0 . 1561 
-0.1561 -0 . 1561 -0.1561 -0 .1561 -0 . 1561 -0 . 1561 -0 . 1561 1.3824 

p=0 .50 end P=8 
sigmelnverse = 

1.7778 -0.2222 -0 .2222 -0 .2222 -0 .2222 -0 .2222 -0.2222 -0 .2222 
-0.2222 1.7778 -0 .2222 -0 .2222 -0.2222 -0 .2222 -0 .2222 -0 .2222 
-0.2222 -0 .2222 1.7778 -0 .2222 -0 .2222 -0 .2222 -0 .2222 -0 .2222 
-0 .2222 -0 .2222 -0.2222 1.7778 -0 .2222 -0 .2222 -0 .2222 -0 .2222 
-0 .2222 -0 .222 2 -0 .2222 -0 .2222 1.7778 - 0.2 222 -0 .2222 -0 .2222 
-0 .2222 -0 .2 222 -0 .2 222 -0 .2222 - 0 .2222 1.7778 -0 .2222 -0 .2222 
-0 .2222 -0 .2222 - 0.2 222 -0 .2222 - 0 .2222 - 0 .2222 1.7778 - 0 .2222 
-0 .2222 -0.2222 -0 .2222 -0 .2222 -0. 2222 - 0 .2222 -0 .2222 1.7778 

p=0.40 end P= 1 2 
sigmelnverse = 

Columns 1 through 7 
1.5432 -0 1235 -0 . 1235 - 0. 1 235 -0 . 1 235 - 0 .1 235 -o 1235 

-0 . 1235 1.5432 -0 . 1235 -0 . 1235 -0 . 1235 -0 . 1235 - 0 1235 
-0 . 1235 -0.1235 1.5432 -0 . 1235 -0 . 1 235 -0 . 1235 -0 1235 
-0. 1235 -0 . 1235 -0 . 1235 1.5432 -0 .1235 -0 .1235 -0 . 1235 
-0. 1235 -0 .1235 -0 . 1235 - 0. 1235 1.5432 - 0 1235 -0 . 1235 
-0 . 1235 -0 . 1 235 -0. 1235 -0 . 1235 -0 . 1235 1.5432 -0 . 1235 
-0 . 1235 -0. 1235 -o 1 235 - 0 . 1235 - 0. 1235 - 0 . 1 235 1.5432 
-0 . 1235 -0 . 1235 -0. 1235 -0 . 1235 - 0 . 1235 -0 . 1235 -0 . 1235 
-0 . 1 235 -0 1235 -0 1235 -0 . 1235 - 0 . 1235 - 0 . 1235 - 0 1 235 
-0 . 1 235 -0 . 1235 - 0. 1235 - 0 . 1235 - 0 . 1235 - 0. 1235 - 0 . 1235 
-0 . 1235 -0 . 1235 -0 . 1235 - 0 . 1235 -0 . 1235 - 0 . 1235 - 0 . 1235 
- 0. 1 235 - 0 . 1235 - 0 1235 - 0 . 1235 -0 . 1235 -o. 1235 - 0 . 1235 

Columns B through 12 
-0 1 235 -0 1 235 - 0. 1235 - 0. 1235 - 0 . 1235 
-0 . 1 235 - 0 1235 -0 1235 - 0 . 1235 - 0. 1235 
-0. 1 235 -0 1235 -0 1235 - 0 . I 235 - 0 1235 
-0 . 1 235 -0 . 1235 - 0 . 1235 - 0 . 1235 - 0. 1235 
-0 . 1 235 -0 . 1235 -o 1235 - 0. 1235 - 0. 1235 
-0 . I 235 - 0. 1235 -0 . 1235 - 0 . 1235 -0 . 1235 
-0 . 1 235 -0 .1235 -0 1235 -0 . 1235 - 0. 1235 

1.5432 -0 . 1235 -0 . 1235 -0 . 1235 -0 . 1235 
-0 . 1 235 1.5432 -0 . 1235 -0 . 1235 - 0. 1235 
-0 . 1 235 -0 .1235 1.5432 -0 1235 -0 . 1235 
-0. 1 235 -0.1235 -o . 1235 1.5432 -0 . 1235 
-0. 1235 -0.1235 -0 . 1235 -0 . 1235 1.5432 
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**I mportent note: 

When pis positive, the off diegonel elements of the sigme inverse matrix ere ell negative 

va lues. Therefore the sum of ell the elements in the inverse matrix is negat ive .Whe n pis 

negative, the elements of the sigme inverse mat ri x ere ell negative values. Therefore the sum of 

ell the elements in the inverse metrix is positive. 




