Copyright is owned by the Author of the thesis. Permission is given for
a copy to be downloaded by an individual for the purpose of research and
private study only. The thesis may not be reproduced elsewhere without
the permission of the Author.



DIFFERENTIAL CONDUCTANCE OF A
BALLISTIC QUANTUM WIRE IN THE

PRESENCE OF RASHBA SPIN—-ORBIT
AND ZEEMAN INTERACTIONS

A thesis presented in partial
fulfilment of the requirements

for the degree
of Master of Philosophy

in Theoretical Condensed Matter Physics at
Massey University
New Zealand

Nitin Roy Nand
2007

Copyright (©) 2007 by Nitin Roy Nand



Contents

4.1

Mesoscopic systems and ballistic quantum wires . . . . . . . . ... ..

The porpose ol THRIEEE . « < o vn v v w o e o 2w 50 % 3w 8 % W 8 % & 3

The derivation of the differential conductance formula. . . . . . . .. ..

Differential conductance results

4.1.1

Parallel (y) and perpendicular (z) magnetic field . . ... .. ..
Pall Rashba Qispemsions < « . « v v s wcos o vawes 9 b5 o v s % &8 3 & 5

Abstract
List of Figures
Acknowledgements
1 Introduction and Background
1.1 The two—dimensional electron gas . . . . .
1.2
.3 Past work on quantum wires . . . . .. ..
1.3.1 Quantum wire with Rashba effect .
1.3.2
1.4
2 Theoretical Methodology
2.1 The quantum wire model . . .. .. .. ..
2.1.1  The Rashba spin—orbit interaction .
2.1.2 The Zeeman interaction . . .. ..
2.2 The normal and full Rashba regimes . . . .
2.3 Solving an eigenvalue Hamiltonian problem
24
3 Dispersions
3.1 Normal Rashba dispersions . . . . . .. ..
3.1.1 Transverse (r) magnetic field . . .
3:1.2
3.2
3.2.1 Transverse () magnetic field . . .
3.2.2  Parallel (y) magnetic field
3.2.3  Perpendicular (z) magnetic field . .
4 Differential Conductance

Normal Rashba differential conductance . . . . . . .. ... ...

Set 1: Transverse () magnetic field

iii

iv

vi

17
17
17
18
20
20
20
23

25
25



i CONTENTS

Set 2: Parallel (y) and perpendicular (2) magnetic field . . . . . .

4.1.2 Full Rashba differential conductance . . . . . ... .. ... ...

Set 1: Transverse (x)magnetic field: & o - <= s v v o2 v v v w3 4

Set 2; Parallel () magneticfield . . . .« v cvvmw s v wvw v«

Set 3: Perpendicular (2) magnetic field . .. ... .. ... ...

G2 DISCHSSIONYS 2 20 A 28 5 2 6 A 0 Bd L G B Bl D ol 5 il Bl B B

5 Summary and Conclusion

A Physical Hamiltonian expressions
A.l Normal Rashba Hamiltonian expressions . . . . ... ... .. ......
A.2 Full Rashba Hamiltonian expressions . . . . . . .. ... .. ......

B Matrix representations of the Hamiltonians
B.1 Normal and full Rashba Hamiltonian matrix expressions . . . . . . ...
B.2 Examples of Hamiltonian matrix expressions and their eigenenergy levels

C Typical physical parameters encountered in GaAs/AlGaAs heterostructures
and their values

Bibliography

26
26
32
32
32
40

43

45
45
46

47
47
48

51

52




iii

Abstract

This thesis calculates the theoretical differential conductance of a ballistic quantum wire
semiconductor nanostructure in the presence of Rashba spin-orbit and Zeeman interac-
tions. In semiconductor heterostructures the Rashba spin—orbit interaction arises due to
structure inversion asymmetry and couples the spin of the electron to its orbital momen-
tum. In our work Zeeman interaction is induced by application of external magnetic fields
in directions transverse, parallel, and perpendicular to the wire axis. Differential conduc-
tance is defined as the rate of change of current with respect to a voltage which is applied
between two contacts, one on the left (source) and the other on the right (drain) side of
the nanostructure.

The dispersion relations of the wire are obtained and from these differential conduc-
tance is calculated. Differential conductance is presented for zero and strong spin—orbit
interaction situations and for magnetic fields applied in the various directions. The wire
is studied under two specific regimes, namely normal and full Rashba mediated by the
Rashba spin-orbit Hamiltonian. In the normal Rashba regime the wire is modelled with-
out Rashba intersubband coupling while the full Rashba model includes this coupling.

Spin-orbit interaction and the direction of applied magnetic field significantly mod-
ifies dispersions and have drastic effects on the differential conductance profile. The
application of magnetic field in directions parallel (and perpendicular) to the wire in the
normal regime in the strong Rashba limit results in the formation of energy gaps. The
presence of these gaps drastically reduces conductance. These gaps are suppressed in the
full Rashba model of the wire in the strong Rashba limit and therefore reduction in con-
ductance is not observed in the parallel and perpendicular field directions. In the normal
Rashba regime in the strong Rashba limit conductance is enhanced for a greater range
of source—drian bias voltages at low fields, especially for fields applied in the parallel
(and perpendicular) directions. Whereas, in the full Rashba regime in the strong Rashba
limit conductance is enhanced upto mid range fields and voltages for all field directions.
In both Rashba regimes in the strong Rashba limit the overall conductance is reduced at
low fields and voltages for all field directions. Hence, it is concluded that weak Zeeman
and weak spin—orbit effects at low bias voltages favours electron transmission in ballistic
quantum wires.
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Chapter 1

Introduction and Background

Over the past two decades the discovery of conductance quantisation in quantum point
contacts and two—dimensional electron systems in a quantising magnetic field has ini-
tiated extensive research towards investigating transport properties in nanostructures re-
lated to the charge of the electron. In addition, the Coulomb blockade in quantum dots
connected to conducting leads by high tunner barriers can be used to construct a single—
electron transistor, in which switching between non-conducting and conducting states is
done with a single charge [1, 2, 3]. Transport phenomenon in nanostructures that utilise
the spin of the electron towards the understanding, designing. and implementation of
novel spin—based electronic devices, however, have attracted considerable interest only
during the past few years after the theoretical design of a spin-based transistor by Datta
and Das in 1990 [4]. The field of spin electronics commonly known as spintronics in-
cludes the spin degree of freedom of an electron in addition to its charge and is a rapidly
emerging, promising, and intriguing subject. Spintronics aims to bring novel functional-
ities to conventional electronic devices via the manipulation of electron spin by various
means, such as imposing external electrical and magnetic fields to control and manipu-
late charge and spin dynamics. Although, advances have been made over the years in
many areas including spin transport, spin dynamics, and spin relaxation, the full poten-
tial of spintronic applications in nanoscale electronic devices are yet to be developed and
physically realised [5]. The cornerstone of the many advances in spintronics todate is the
two—dimensional electron gas (Section 1.1).

Emerging research in the field of semiconductor nanoelectronics technology and meso-
scopic physics have widely focused on the potential use of electron spin [3, 6]. The inves-
tigations encompass the broad field of spin-dependent quantum transport. One of which
may involve studying ways in which electron spin can be effectively injected, manipu-
lated, controlled, and detected across a semiconductor nanostructure and hybrid magnetic
systems. Injecting electrons into a semiconductor from a ferromagnet is a standard way
to generate spin—polarised current [7]. The giant magnetoresistance (GMR) effect, which
was discovered in magnetic multilayers (consisting of an alternate stack of ferromag-
netic and non—ferromagnetic metallic layers) finds applications in devices, such as GMR
magnetic sensors and computer hard disk drive read heads for ultra high density mag-
netic recording [8]. Spin injection, manipulation, control, and detection are important
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Figure 1.1: Schematic of the two—dimensional electron gas formed at the interface of

n—-AlGaAs/i-GaAs/Si—GaAs heterojunction by the bending of the conduction (E¢) and
valence (Evy) energy bands. The Fermi level is shown by Eg. Adapted from [9].

considerations even in the design and development of novel futuristic spin—based elec-
tronic devices, such as spin—field effect transistors and circuits for spin—-based quantum
information processing [2].

1.1 The two—dimensional electron gas

The theoretical work reported in this thesis are based on GaAs—AlGaAs heterojunctions
where a thin conducting layer is formed at the interface between GaAs and AlGaAs
known as the two—dimensional electron gas (or 2deg in short). Since the Fermi en-
ergy of the wide gap AlGaAs layer is higher than that in the narrow gap GaAs layer,
electrons spill over from AlGaAs (which is n—-doped) leaving positively charged donors.
This space—charge distribution gives rise to a triangular shaped electrostatic potential that
causes the conduction and valence bands to bend as shown in Fig. 1.1. At equilibrium the
Fermi energy is constant everywhere [10]. The advantages of using 2degs include mean
free paths and coherence lengths that exceed tens of microns at low temperatures. These
heterostructures have progressed tremendously since the early 1980s and provide the best
realisation of a two—dimensional metal available today with very high electron mobili-
ties corresponding to mean free paths larger than typical device dimensions [10, 11]. In
these 2degs the electrons are confined along one direction, typically the perpendicular
z axis, which is also the growth direction of the heterostructure, in the lowest quantum
mechanical state at the GaAs/AlGaAs interface often referred to as a 2D quantum well.
Thus, free—-moving electrons with a renormalised effective mass m = 0.067m, (where
m, is the free electron mass) are only present in the remaining two dimensions (in—plane
x and y) and are situated typically around 100 nm below the surface. The combination
of intrinsic and silicon doped GaAs and n—AlGaAs semiconductor materials which have
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ideal properties, such as identical lattice constants (which minimises strain) and super
clean growth conditions result in nearly defect free interfaces. Moreover, advanced mod-
ulation doping techniques removes the ionised Si—donor atoms away from the interface,
which minimises scattering allowing the fabrication of extremely high mobility 2degs
[10, 11, 12]. The practical importance of the 2deg lies in its use as field—effect transistors
and are referred to as modulation doped field—effect (MODFET) or high electron mobil-
ity transistors (HEMT). Transistors built on these 2degs have the lowest noise, highest
frequency responses, and superior power handling efficiencies and find extensive use in
telecommunication applications. These electron gases even display integer [13] and frac-
tional quantum Hall effects [14, 15, 16, 17] if cooled to low temperatures and placed in
high magnetic fields.

The two—dimensional electron gas facilitates the study of low—dimensional physics
in both theoretical and experimental aspects. The 2deg provides a platform where low—
dimensional semiconductor devices can be experimentally realised by further nanostruc-
turing the 2deg. The methods used can range from advanced lithography, molecular beam
epitaxy, or ion beam implantation techniques [10, 11, 18, 19] to create mesoscopic devices
of reduced dimensions, such as quantum wires, quantum point contacts, and quantum
dots. Further limiting the motion of an electron in one or more spatial directions within
the 2deg semiconductor heterostructure plane leads to quantum confinement. Quantum
confinement gives rise to new and fundamentally important physics phenomenon, which
otherwise is diminished in bulk 3D semiconductors and metals. It is therefore interesting
to study quantum transport through these quantum confined mesoscopic systems. For a
comprehensive review of quantum transport in semiconductor nanostructures and meso-
scopic systems the reader is referred to Refs. [20, 21, 22].

1.2 Mesoscopic systems and ballistic quantum wires

Mesoscopic systems are of nanometric size as they lie in—between microscopic and macro-
scopic systems. Since mesoscopic systems are so small they rely on a completely quan-
tum mechanical approach rather than a classical one to describe its electron transport
properties, such as transmission and conductance. The most important parameters (or
length scales) that describe mesoscopic systems are the phase coherence length ¢, Fermi
wavelength Ap, and the mean free path /, of electrons. In a mesoscopic device the £, is
much larger than the physical dimensions (length L and width 1V") of the device, while
the A is comparable to these dimensions. This means that the electron’s wavefunction is
coherent and the electron can physically “move” within the device as matter waves giving
rise to interference effects. If £, is much larger than L and W the device is a ballistic one
in which electrons propagate through the device without being scattered (either elastically
or inelastically) due to impurities or phonons [23, 24, 25].

Ballistic quantum wires have been proposed as basic elements in the design of spin
filters and spin transistors [26]. It is a central requirement to control and manipulate the
spin of electrons with electric fields to realise such spintronic devices. In semiconductor
heterostructures (2deg) the macroscopic electric field present along the = direction is a
source of intrinsic spin—orbit effects [27, 28, 29, 30, 31]. These spin—orbit effects can
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be controlled and manipulated using split gates. Datta and Das [4] were first to describe
how the electrical field of an external gate electrode could be used to manipulate the spin
precession of a conduction electron. Crucial to this mechanism is the field-dependent
spin—orbit interaction, which in narrow gap 2degs is modelled by the Rashba spin—orbit
interaction (Rsoi) Hamiltonian (discussed in Chapter 2). The Rashba spin—orbit strength
increases linearly with the electron wavevector [32]. Other authors, such as Nitta et al
[33] and Grundler [34] have also demonstrated the tuning of the Rashba coupling by an
external gate voltage and application of a back gate voltage in different semiconductors,
respectively. Matsuyama et al [35] have also established the same in a p—type InAs semi-
conductor.

1.3 Past work on quantum wires

A vast range of literature is available which investigates various electronic transport prop-
erties in quantum wires and quasi—one dimensional electron systems (Q1Des). This the-
sis is focused on the electron transport properties of ballistic quantum wires with Rashba
spin—orbit interactions and application of external magnetic fields. In this Section a few
examples of work related to this thesis are presented highlighting the significant results.
Studies on quantum wires with Rashba effect only are considered first followed by studies
including magnetic fields.

1.3.1 Quantum wire with Rashba effect

Ando and Tamura [36] have investigated conductance fluctuations in quantum wires in
the presence of strong Rashba effect but in the absence of a magnetic field. They re-
ported that a strong spin—orbit interaction reduces the fluctuations by half. This result
coincides with ours at zero bias voltages for a similar situation. The effect of the spin—
orbit interaction arising via a lateral confinement potential and also from a perpendicular
one (Rashba type) on the band structure and conductance of Q1Des were carried out by
Moroz and Barnes [37]. They found that the spin—orbit contributions from these two dif-
ferent spatially directed potentials significantly affect the band structure by introducing
a wavevector dependence to subband energies producing additional subband minima and
inducing anticrossings between subbands. This observation is reported in this thesis at
zero fields and strong Rashba spin—orbit effects as well.

Governale and Ziilicke [38] presented analytical and numerical results for strong
Rashba spin—orbit coupling on band structure, transport, and interaction effects in quan-
tum wires. They found that for situations with only the lowest spin—split subbands occu-
pied, the electrons close to the Fermi points of the same chirality can have approximately
parallel spins. In another study of Rashba spin splitting in quantum wires conducted by
Governale and Ziilicke [39], they reported hybridisation of spin—split quantum wire sub-
bands in cases of strong Rashba effect. They reported that hybridisation led to unusual
spin structures, where the direction of motion of electrons can fix their spin states. This
property is claimed to have important ramifications for linear transport in quantum wires
giving rise to spin accumulation without magnetic fields or ferromagnetic contacts.
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1.3.2 Quantum wire with Rashba effect and magnetic fields

Berggren et al [40] have studied the magnetoconductance of 1D subbands in a narrow
2deg in a GaAs/AlGaAs heterojunction and have reported magnetic field induced de-
population of the 1D subbands in the presence of a transverse magnetic field. A similar
depopulation of 1D subbands was reported by Berggren et al [41] in narrow quasi-one
dimensional quantum channels, this time by an application of a perpendicular field. In
our study subband depopulation due to magnetic fields applied transverse, parallel, and
perpendicular to the wire are reported consistently for both zero and strong spin—orbit
situations. Zhao et al [42] have also reported magnetic depopulation of hybrid magneto-
electric subbands in a quantum-well wire under application of an axial magnetic field.
Moroz and Barnes [43] have theoretically studied the effect of spin—orbit interaction
on band structure and low temperature transport in long Q 1Des in zero and weak magnetic
fields applied perpendicular to the nanostructure. They reported that spin-orbit interac-
tion has peculiar effects on the band structure. A study on antisymmetric spin filtering
in Q1Des with uniform spin-orbit coupling and presence of a weak in-plane magnetic
field was presented by Stieda and Seba [44]. They discovered the presence of an energy
interval (a gap) in the electron energy spectrum at which the orientation of spin states is
controlled by the direction of the electron velocity leading to the natural spin polarisation
of the electron current, if the Fermi energy falls into this energy interval. The effect of
spin—orbit interactions (without Rashba intersubband coupling) and in—plane magnetic
fields on the conductance of a ballistic Q1Des was studied by Pershin et al [45]. They
found that the interplay of the spin—orbit interaction with effective magnetic field sig-
nificantly modifies the band structure producing additional subband extrema and energy
gaps. Hence, introducing the dependence of the subband energies on the field direction.
The presence of energy gaps are reported in this thesis for fields applied parallel (in—
plane) and perpendicular to the wire axis for a similar model of the wire, as will be seen
in Chapter 3. Serra et al [26] have analysed the spectral and transport properties of bal-
listic Q1Des in the presence of spin—orbit coupling and in—plane magnetic fields. Their
results demonstrate that Rashba precession and intersubband coupling must be treated on
equal footing for wavevectors near the magnetic—field-induced gaps. They found that
intersubband coupling limits the occurrence of negative effective masses at the gap edges
and modifies the linear conductance curves in the strong—coupling limit. Our study ex-
tends the work done by Serra et al [26] and Pershin et al [45] by including perpendicularly
applied external magnetic fields and most significantly the application of a source—drain
bias voltage to investigate its effect on the transport properties of a ballistic quantum wire.
Pereira and Miranda [46] investigated the effect of strong spin—orbit interaction on
electronic transport through non-magnetic impurities in one—dimensional systems. When
a perpendicular magnetic field is applied the electron spin polarisation becomes momen-
tum dependent and spin—flip scattering appears to first order in the applied field, in ad-
dition to the usual potential scattering. They analysed a situation in which by tuning the
Fermi level and the Rashba coupling the magnetic field can suppress the potential scatter-
ing. Debald and Kramer [47] investigated the influence of a perpendicular magnetic field
on the spectral and spin properties of a ballistic Q1Des with Rashba effect. The magnetic
field strongly alters the spin—orbit induced modification to the subband structure when the
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magnetic length becomes comparable to the lateral confinement. A subband-dependent
energy splitting at & = 0 is found, which can be much larger than the Zeeman splitting
attributed to the breaking of a combined spin orbital-parity symmetry. A similar subband
energy splitting at & = 0 is also found in our work for perpendicularly applied fields in
the absence of Rashba intersubband coupling.

Even though spin—orbit effects and magnetic field dependent electronic transport in
quantum wires have been studied quite extensively in the past, a single investigation of the
differential conductance of non—interacting electrons with source—drain bias voltage V.,
for both in—plane (transverse and parallel) and perpendicular magnetic fields with strong
Rashba spin—orbit interaction has been lacking. The purpose of this thesis is to bridge
this deficiency in the existing literature and contribute further to the existing knowledge
in this field.

1.4 The purpose of this thesis

The process of electron transmission through quasi—one dimensional electron systems
involves the redistribution of incoming electron fluxes amongst its discrete eigenenergy
levels followed by adiabatic transport through them. The determination of the electron
eigenenergies of a Q1Des is an integral part of solving a more general quantum transport
problem. This is usually obtained via a numerical diagonalisation of an Hamiltonian that
describes the motion of these electrons in the system. As this approach is particularly
relevant to the ballistic transport regime [37, 48] similar to that investigated in our work,
we use this same approach. Once the eigenenergies are known these are used to produce
dispersion relations to deduce the band structure of the Q1Des. By varying a physical pa-
rameter, such as the source—drain bias voltage to probe the band structure the differential
conductance can be calculated. This is the methodology used in our study to investigate
the differential conductance of a ballistic quantum wire. Differential conductance AG
is defined as the rate of change of current I with respect to the source—drain voltage Vi,
(i.e.. AG = dI/dV,,) and is discussed in Chapter 2.

The objective of this thesis is: i) to theoretically calculate the differential conductance
of a ballistic quantum wire from the wire’s electronic band structure (dispersion relations)
in the presence of Rashba spin—orbit and Zeeman interactions, and ii) to investigate the
interplay between the Rashba and Zeeman effects on the wire’s differential conductance.
This thesis shows how the differential conductance of a ballistic quantum wire varies
with source—drain voltage, magnetic fields applied in various directions with respect to
the wire axis, and with and without the Rashba spin—orbit interaction.

The organisation of this thesis is as follows: Chapter 2 discusses the theoretical as-
pects of the quantum wire investigated in this work and lays down the theoretical method-
ology; Chapter 3 presents the dispersions for the wire and discusses the interplay between
the Rashba and Zeeman effects on the dispersions; the differential conductance results are
presented and their features are discussed in Chapter 4 followed by a summary and con-
clusion of the study in Chapter 5.




Chapter 2

Theoretical Methodology

This Chapter is devoted to the theoretical aspects of the quantum wire investigated in this
thesis. The model for the quantum wire with Rashba and Zeeman interaction is estab-
lished and the Hamiltonians describing the motion of electrons in the wire are developed.
The methods used to solve these Hamiltonians are explained as well. An elaboration on
the application of the Landauer—Biittiker formalism in the derivation of the formula for
calculating the differential conductance of the wire is also presented.

2.1 The quantum wire model

Based on the two—dimensional electron gas quantum well the general form of the physical
Hamiltonian describing the quantum wire in our system reads

Hqu' = Hr; T l' 53 HJ’f‘.ﬁr}." + ILI: (2-l]

where H, is the quasi-free particle Hamiltonian of the lowest 2D subband in the 2deg for
low enough electron densities and temperatures, V' is the confinement potential, Hp.,,
represents the Rashba spin—orbit interaction (Rsoi), and H. denotes the Zeeman interac-
tion Hamiltonians. The quasi—free particle Hamiltonian H, represents the Kinetic motion
of the electrons in the 2deg and is given by

% 2
Py | Pr

2m  2m

H,= (2.2)
where m denotes the effective electron mass. In order to study the coupling of a spin
state (o) and electron motion in real space (/) that arises due to spin—orbit interaction, the
Hamiltonian (Eq. 2.2) requires correction.

2.1.1 The Rashba spin—orbit interaction

The quantum mechanical interaction between the orbital and spin degrees of freedom of
an electron is referred to as the spin—orbit interaction (soi) or spin—orbit coupling (soc).
The spin—orbit interaction couples the electron’s spin with its orbital momentum. Al-
though spin—orbit interaction is relativistic in nature, it can give rise to an observable
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modification of semiconductor band structure [37] (as seen in Chapter 3) and can have
drastic effects on electron transport (Chapter 4). In semiconductor heterostructures due
to the lack of structure symmetry, spin—orbit interaction is induced by macroscopic elec-
tric fields (assumed uniform) and directed along the z direction. Spin—orbit interaction of
such type is known as the Rashba spin—orbit interaction. The study of the quantum wire
in this thesis is focused on spin—orbit interactions of the Rashba type only. The other type
of spin—orbit interaction is known as Dresselhaus [48, 49], which arises due to inversion
asymmetry present in bulk semiconductor structures. The Hamiltonian that models the
Rashba spin—orbit interaction is described by the expression [48, 50]

a,

HH.wé = ?)(0' x p): (23)

J J
=i, — — Op— 24
o (o ~ov) @

g,
= ?{ﬁ.rpy - U.i,rp.r) (25)
0 a
= hw; o (aT {D (2.6)
where the dimensionless parameters
9

a=a, };;'rf ; (2.7)
- —p-"{’) ;;f_}'f . and (2.8)
T — Dy — 1D 29
“ V2mhw, e

In Eq. 2.3 the sample dependent «, characterises the effective Rashba spin—orbit strength
of an electron propagating with momentum (p = hk) and is proportional to the het-
erostructure interface electric field, p is the electron momentum operator, and o =
(0,,0,.0-) denotes the Pauli spin vector. The components of o used to commonly de-
scribe the electron spin are given by the Pauli spin matrices (the generators for the SU(2)
group are proportional to these matrices)

0 1 0 —i 1 0
JJ._(I {))'a"’_(é (]).andaz_({.} —l)' (2.10)

In the absence of Rashba spin—orbit interaction the 2D subbands are degenerate as
shown in Fig. 2.1 (a) for one subband. However, in the presence of Rashba spin—orbit
interaction the spin degeneracy of the energy bands are lifted at k # 0 and the split
bands move in wavevector direction as shown in Fig. 2.1 (b). The total effective—mass
Hamiltonian for a 2deg system with Rashba effect can be written as a 2 x 2 matrix

B 12 | 3.2 o Iy
> (ks +k;) iaky +aky,
Hop= | 22" ° ¥ i ip _ 2.11
2P (—?:(]fkl. + ak, g‘;—!(ﬁ;ﬁ + k2) )
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where
H‘Z;’.) — Hu ) HRSO{ (2 12)

with H, being the electronic kinetic energy part in the absence of the Rashba effect. The
single—particle Schrodinger equation of the Hamiltonian H,p describing the 2D elec-
tronic motion can be straightforwardly solved to produce eigenenergy states of the form

+ak, (2.13)

which result in the two separate spin—split states as shown in Fig. 2.1 (b). The electronic
eigenstates are labeled by a 2D wavevector k and the quantum number ¢ = =£1 of spin
projection in the direction perpendicular to both k and the growth direction. The energy
eigenvalues for states having the same & = ||%|| but opposite o turns out to differ by a
zero—field spin splitting energy AE}. = +ak. As time—reversal symmetry is preserved by
the Hamiltonian H,p, Rashba spin splitting does not result in a finite global magnetisation
of the 2D electron system and no common spin quantisation axis can be found for its
eigenstates [39]. The presence of a magnetic field induces Zeeman spin splitting (Zss)
and the subbands split differently.

2.1.2 The Zeeman interaction

The Zeeman interaction couples electron spin to a applied magnetic field. In this study
Zeeman interaction is induced by application of external magnetic fields in three inde-
pendent spatial directions, transverse (), parallel (y), and perpendicular (z) to the wire
as shown in the schematic for the quantum wire (Fig. 2.2). The application of this external
magnetic field does not introduce a vector potential dependence in our wire Hamiltonian
model. The Zeeman interaction is represented by the Hamiltonian

1
H. = Sgupo-B (2.14)

where g is the electron Landé factor, sz the electron Bohr magneton, o denotes the Pauli
spin vector, and B is the magnetic field vector. When only the magnetic field is present
(i.e., Zss only) the subbands split and move vertically in energy direction for all values
of k as depicted in Fig. 2.1 (¢). As the magnetic field strength increases the Zeeman
energy spacing between the split states becomes large. In the transport model of the wire
the magnetic field applied at each direction is represented as a ratio relative to a typical
magnetic field parameter 5,. In GaAs nanostructures 5, of a few Teslas yield magnetic
lengths of a few tens of nm for wire widths of a few 100 nm. The source—drain voltage
V.4 appears in the transport model through V' = V,;/V,, where V, represents the inherent
voltages (in the order of a few Volts) due to electric fields in the 2deg.

In our work the quantum wire is modelled via a lateral electrostatic parabolic oscilla-
tor confinement potential in the transverse (.r) direction given by

L

Viz) = 51}1%,‘1‘2 (2.15)
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k

(a) Zero Rashba, zero Zeeman splitting

(c) Strong Zeeman splitting

Figure 2.1: Schematic dispersions showing splitting for one subband only. (a) Zero
Rashba and Zeeman spin splitting, (b) due to strong Rashba splitting at zero magnetic
field, and (c) in the presence of a strong magnetic field only (Zss). The solid and broken
curves represent the spin—split states.
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Figure 2.2: Schematic of the quantum wire studied in this thesis showing the coordinate
system and the source (S) and drain (D) contacts.

where w, characterises the oscillator frequency. This potential further confines electrons
in the r direction leaving free electron propagation in the wire direction y only, creat-
ing a quasi-one dimensional electron system. In the absence of spin—orbit interaction
the single—electron spectrum is composed of quasi—ID subbands having quadratic dis-
persions in the 1D wavevector k, that label its eigenstates. The characteristic energy
scale for subband bottoms is related to the width of the quantum wire. For finite a the
energy eigenstates are still plane waves in wire direction y, but the linear dependence of
H g<»i on the momentum p, in the confinement direction introduces a coupling between
the quasi—1D subbands [39].

2.2 The normal and full Rashba regimes

The full physical single—electron Hamiltonian H,, for the quantum wire in the effective—
mass approximation is thus given by

T 1
=+ =+ cmw;a® + —(0zpy — 0ype) + s9us o - B. (2.16)
2m  2m 2 ° h.[ xPy yPx) 2.# B

Hqu' =

Based on the full Rashba spin—orbit interaction Hamiltonian Hp.; (Eq. 2.3) two regimes
to study the quantum wire are identified, characterised by the two components of the
Rashba Hamiltonian. In the first regime (hereafter referred to as normal Rashba) only the
component that commutes with the momentum in the wire direction (y) with spin in the



12 CHAPTER 2. THEORETICAL METHODOLOGY

x, that is
Hyorm = %ery (2.17)
1s incorporated in the wire Hamiltonian. The inclusion of the other component, that is
Hivs = —%JL,,UJr (2.18)

forms the second regime (hereafter referred to as full Rashba). This term (Eq. 2.18)
induces “mixing” between adjacent subbands with opposite spins, a phenomenon referred
to as the Rashba intersubband coupling (Ric). The Rashba intersubband coupling has
significant effects on dispersions (seen in Chapter 3) and hence differential conductance
(Chapter 4). With this distinction the respective physical forms of the quantum wire
Hamiltonian models representing the wire in the normal and full Rashba regimes are
given by

9 2.2 2
P 1 g g . Bk BPkikiow 1
Hnkras = — + —mwiax” z + : —qguglo, B, +o0,B, + 0.B.) and
umE: 2m 2 et T 2m m " 2‘” 802 B, + 0y By + 0. 5;)
(2.19)
2 h2l-2 27k
_px 1o, ARy hok koo, @ 1

H jirras = - 4 2’”*.r-’ + o + = - EJH;;J. + ig;sn(ﬂ‘,‘B‘r +oyBy +0.B;)

(2.20)

where ky, = ma/h? is the Rashba wavevector. Using the 1D plane—wave representation
we can re—write the full Rashba quantum wire Hamiltonian (Eq. 2.20) in the form

Hqu‘fr'u.»; = Hsb + Hlf) s Hm:'.r + H: {221)
where

p? 1 5

Hp= 22 + —mwla?, (2.22)
2m 2
A

Hip = —2 4 22707 ang (2.23)
2m m
1

H = 59;13(0.[.31. + oy, By + a,8,). (2.24)

The eigenenergy levels of H,; are well known and represent the energy levels (n =
0.1, 2....) of an harmonic oscillator

1
Eu = hw, (n + 5) . (2.25)
A length scale k,,[l,, where
h
L= (2.26)
mwsy

is the oscillator length (which corresponds to the width of the wire) is used to model the
wire for zero and strong Rashba spin splitting (Rss) scenarios. As the spin precession
length is given by

leo = 37— (2.27)
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kel — 1 means that the wire width and the spin precession length are comparable. In
this case the characteristic energy spacing between the subbands fiw, is comparable to
the Rashba energy scale

h2k? .

Ay =—=2 (2.28)

2m
defining a situation in the strong Rashba limit with strong Rashba spin splitting. When
kgl — 0 the subband spacing is large compared to the Rashba energy scale defining a
situation in the zero Rashba limit with very small (or zero) Rashba spin splitting.

Since the wire Hamiltonians for both Rashba regimes are solved for each magnetic
field direction, only the component in the Zeeman term (/) that corresponds to this field
direction are taken into consideration in the calculations. A total of four energy levels (i.e.,
four subbands) are studied in this work and considered enough to adequately represent
the relevant wire characteristics. Since each subband is spin-split an 8 x 8 eigenvalue
Hamiltonian problem is solved in this work to obtain the spin resolved cigenenergy levels
for the quantum wire in the two Rashba regimes, magnetic field directions (r, y, and
=), and at zero and strong Rashba spin splitting scenarios. The actual physical forms
of these Hamiltonians for each magnetic field direction and their respective eigenenergy
expressions are contained in Appendix A.

2.3 Solving an eigenvalue Hamiltonian problem

The methods for solving an eigenvalue problem in quantum mechanics is standard, are
well established and can be found in many quantum mechanics texts and other publica-
tions, for example Refs. [23, 25, 48, 51, 52, 53, 54]. An eigenvalue problem is generally
represented by

HV = EY (2.29)

where one solves the Shrodinger equation to deduce the real eigenenergy levels E through
an Hermitian Hamiltonian H (usually in matrix form) in the basis of the eigenfunctions
given by . The eigenvalues are determined by solving the characteristic polynomial of
H (by setting the determinant to zero)

det(H — EI) =0 (2.30)

where / represents the identity matrix. Because of the translational invariance in the
longitudinal (y) direction of the wire the eigenfunctions can be decomposed into a plane
wave ¢'*v¥ in the longitudinal direction and a spinor ¢, (), which depends only on the
transversal (.r) direction such that

U, (2, y) = e*op(x). (2.31)

With the eigenfunctions defined as in Eq. 2.31 and the bosonic operators defining the
number operator n,, such that
fin = ala, (2.32)
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where a! (a,) raises (lowers) a subband index for fixed n for a shifted harmonic oscillator
describing the energy levels of the quasi—1D subbands (in the case without spin—orbit
interaction), the transversal wavefunction component satisfies the equation

H(n)gn(z) = Enda(z). (2.33)

In our work the eigenenergy levels for the quantum wire are obtained by first con-
verting the physical Hamiltonians into their respective matrix forms and then diago-
nalising the matrix Hamiltonians using software-based numerical (perturbative) tech-
niques. As the value of the Rashba interaction strength characterising a scenario for
strong Rashba spin splitting does not exceed 1 (ky,l, = 0.9), degenerate perturbation
theory is employed to seek solutions of the perturbed states (due to H,,;,) in terms of the
known unperturbed states |n, o). The unperturbed spin degenerate states have the form
In.a) — e*¥ep, (r)|o) where ¢ =T, | with the definitions of the spinors |T) = (}) and
|l) = (). Thus, the total matrix Hamiltonians are spanned in the basis of energy and
spin and the matrix elements are given by

(n,m|H|o.0'). (2.34)
while the matrix elements of /1,,;, are obtained via
(n‘rr[H,,,.f-_,|n.a_af) = (n|p/m) & (U|H|U’) (2.35)

where p and s represents the momentum and spin operators, respectively.

The methods used in our work is standard for solving any eigenvalue problem in
quantum mechanics. Other authors, such as Serra et al [26], Pershin et al [45], Debald
and Kramer [47], Mireles and Kirczenow [50], and Knobbe and Schipers [55] have also
used a similar approach in their investigations of the quantum wire. The 8 x 8 matrix
representations of the total Hamiltonian describing the quantum wire in the normal and
full Rashba regimes are contained in Appendix B together with examples of the resulting
Hamiltonian matrices and their respective eigenenergy levels in different Rashba spin
splitting situations for field applied in the transverse () direction.

Once the energy levels are obtained dispersion relations are plotted. The eigenenergy
expressions are plotted as a function of another length scale k,/,,, which corresponds to
the propagating wavevector in direction y. From the dispersions the differential conduc-
tance of the wire are calculated.

2.4 The derivation of the differential conductance for-
mula

In this Section the formula for the differential conductance (AG) is derived. The deriva-
tion of AG is based on the Landauer—Biittiker formalism described elsewhere, for exam-
ple Datta [10], and Ferry and Goodnick [11]. The quantum wire is modelled such that it
lies between two electron reservoirs. An electron incident from the source lead (left) with
an energy F has a transmission probability 7'( E') to travel through the wire into the drain
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lead (right). By determining 7'( £') for a range of energies around the Fermi energy £ of
the source lead, the finite temperature, finite source-drain voltage V.,, and Landauer for-
mula can be used to calculate the transmitted current / as a function of the source—drain
bias voltage (which is applied between the source and drain leads, see Fig. 2.2). The
transmitted current formula as a function of V, [10, 45, 56, 57] is given by

2¢

+00
I(Vg) = / T(E) (B, Vid) — fiE\ Vid))dE (2.36)

_T, )

where f,(E. Vi) and f,(E.V,;) are the Fermi distribution functions of the electrons in
the source and drain leads, respectively, in terms of energies E of the electrons and V.
The Fermi functions are given by

- .- | 1
FlE, Vo) = EooN = o and (2.37)
l+vxp( 2 “) 1 +exp E—Br="5
r kT
) , | 1
Ja(E, Viq) = e = - v (2.38)
1+exp(—' ’:lff) l_+_(_.xp b—bf+ 5
K1 KT
where
ps = Ep + %ﬂ and
Vi
fa = Ep — = (2.39)

<

represents the electrochemical potentials of the electrons in the source and drain, £ is the
Boltzmann constant, and 7 is the temperature.

Since differential conductance is defined as the derivative of the current with respect
to voltage, we have

Vid) 2 L 3 : dl Lo, '-ir. 3 ..s 1'1-5.‘
dl(Viq) _AGZ / T(E}(dff(f Via)  Of(E ,f_))dE. (2.40)

dV.y " h Vg Ve
Since
Dfa(B Vi) _ € dful B Via)
Vs =3 OF and (2.41)
Ofs(E, Vi) e df(E, Via)
2 — S9)e\ T Ved) 2.4
V., 5 OE (242)

Eq. 2.40 becomes

AG =2 / e (afd(-E o) _ Ol Vﬂ)) " -

oF OFE

o0
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Moreover, at 7' = 0K the partial differentials of the Fermi function with respect to energy
in Eq. 2.43 can be approximated as delta functions such that

Ofd(EVed) et o _ & eV
_a_E._mo(EF E)_o( ; 5 ) and (2.44)
dfs(E l’;d) e 5 eV, sd
——p— ~0(Ep - E)=4§ (E,c 5 ) : (2.45)
Since
= Z M(E) (2.46)
=Y 0(E - E,) (2.47)
where

is the number of subbands present below E, and E, is the nth energy level of the 1D
subbands, Eq. 2.43 becomes

c= 32 [, om0 (55 - - 5) s (mre 52 -5))

(2.49)
Equation 2.49 further simplifies to
A= 0(m-E2-g )40 +EL‘°’—E (2.50)
= h - F 9 ‘n F 9 n -
by applying the fundamental property of delta functions
50
f{ (x —a) = f(a). (2.51)

The differential conductance of the wire is calculated via Eq. 2.50. The differential
conductance formula compares the subband energies with changes in the electrochemical
potentials of the left and right electron reservoirs as V, is varied. This is further explained
in Chapter 4.
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Chapter 3

Dispersions

This Chapter presents the dispersion relations for the quantum wire. As the dispersions
for the wire arising in the normal Rashba model changes only gradually with magnetic
field for each field direction, only a few specific dispersion plots to illustrate this are
shown. Complete evolution of the dispersions are shown for the full Rashba model as
significant changes are observed with increasing magnetic fields applied in the transverse
(r), parallel (y), and perpendicular (z) directions. The dispersions are shown only for the
strong Rashba limit (i.e., k.,[, = 0.9). The magnetic field is varied in the range 0 to 0.9
relative to B,. The dispersions pertaining to the normal Rashba model are presented in
Section 3.1 followed by those for full Rashba in Section 3.2. The subbands are colour
coded with the first being red. second blue, third green, and fourth magneta. Solid curves
represent one spin state while broken curves the other.

3.1 Normal Rashba dispersions

Since the normal Rashba wire model does not incorporate Rashba intersubband coupling
the dispersion curves arising for this model are void of non-parabolicities due to spin
textures. However, non—parabolicities arising from energy gaps and band maxima are
present. At zero magnetic field the dispersions are identical. The dispersions obtained
for fields applied in the y and = directions are identical as well. Therefore, Fig. 3.1 only
shows the dispersions corresponding to zero and maximum magnetic field values for field
applied in the transverse () direction and for maximum field in the parallel (y) direction.
In Fig. 3.1 plot (c) clearly shows the non—parabolicities that arises due to energy gaps
when magnetic field is applied in the y (and =) directions. The dispersions which exhibit
non-parabolicities due to the Rashba intersubband coupling are presented in Section 3.2.

3.1.1 Transverse (r) magnetic field

The eigenenergy expression that governs the dispersions for magnetic field applied in the
x direction reads

2En.k,a 7 ; ; 2
T 2n+ 1+ B, + 2(ksoly,)(kyly) + (kyl) (3.1)
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where n marks the subband index and B, is the magnetic field in the = direction. At
kyl, = 0.9 and B, = 0 the eigen expression (Eq. 3.1) reduces to

QEH,R'.O

hw,

=2n+1+1.8(kyL) + (kL)% (3.2)

which represents subbands that are significantly spin—split in the wavevector direction
(k,) due to a strong contribution from the Rashba spin—orbit interaction (see plot (a) in
Fig. 3.1). As the field increases the spin-split subbands shift in energy direction due
to the increasing Zeeman effect. The subband bottom energy separation also increases
with the field. The dispersion plot (b) in Fig. 3.1 describes a situation when the Rashba
and Zeeman spin splittings are comparable as k[, = B, = 0.9. The eigen expression
corresponding to plot (b) is

QEHJ.:_.T

hw,

=2n+1+09+ 18(k,L,) + (k). (3.3)

Dispersion curves showing similar features have been obtained by Serra et al [26] and
Pershin et al [45] in the strong Rashba limit (but without Ric) and Zeeman effects induced
by in—plane (transverse) magnetic fields.

3.1.2 Parallel (y) and perpendicular (z) magnetic field

The eigenenergy expression that governs the dispersions for magnetic fields applied in
the y and =z are exactly the same and have the analytical form

2 n.k.o 9 ¢ o ,
Sonke _ on 414 (kylo)? \/Bf,.: + d(kgol)2(kyl)2. (3.4)

hw,

At kol = 0.9 and B, . = 0 Eq. 3.4 reduces to

2’%“ = 2n + 1+ (kyl,)? £ /3.24(k,L,)2, (3.5)
which is equivalent to Eq. 3.2 and represents subbands that are already split in the
wavevector direction as shown in plot (a). However, as the field (Zeeman) increases a
gap opens between the split subbands (around £, = 0) and continues to widen as the field
increases. The resulting dispersion plot (¢) shows this feature at B, . = 0.9 and have an
eigenenergy expression

QEn..k.o
hw,

= 20+ 1+ (kyl)? £ 1/0.81 + 3.24(k, )2, (3.6)

These results demonstrate lifting of spin degeneracy around A, = 0 due to application
of in—plane (parallel) magnetic fields and supports the findings which have been reported
by Serra et al [26] and Pershin et al [45] in their works. Our study shows that applying
magnetic fields in the perpendicular direction also lifts spin degeneracy around k, = 0.
Thus, our results confirm that application of magnetic fields parallel and perpendicular
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Figure 3.1: Dispersions for strong Rss corresponding to (a) zero and (b) maximum mag-
netic fields applied in the transverse (), and (c) for maximum magnetic fields applied in
the parallel (y) directions in the normal Rashba wire model.
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to the wire in the strong Rashba limit, but without Rashba intersubband coupling gives
rise to non—parabolicities in the band structure by forming energy gaps (or band maxima)
around &, = 0. In the dispersions seen in Figs. 3.3 and 3.4 for the full Rashba model
of the wire (which incorporates Ric) the formation of these gaps around k, = 0 are sig-
nificantly diminished. This reduction in energy gaps suggests that Rashba intersubband
coupling hinders the formation of band maxima, thereby restoring spin degeneracy in ac-
cordance to the findings reported by Serra et al [26]. The band maxima around &, = 0 has
been stated to have serious implications on electron transport as it reduces conductance
and must be subtracted [26] to yield the correct differential conductance. This correction
has been made in our calculations and shows startling results (see Chapter 4).

3.2 Full Rashba dispersions

The dispersions pertaining to the full Rashba model of the wire which includes Rashba
intersubband coupling are presented in this Section.

3.2.1 Transverse () magnetic field

Figure 3.2 shows the evolution of dispersions for strong Rss in the full Rashba regime and
for magnetic field applied in the = direction. Due to the Rashba intersubband coupling
the dispersions are non—parabolic even at zero magnetic field — especially noticeable in
the first three spin—split subbands (plot (a) in Fig. 3.2). This case has been studied in
detail by Governale and Ziilicke [38]. The mixing component of the full Rashba Hamil-
tonian is known to couple adjacent subbands with opposite spins giving rise to such spin
textures (or anticrossings). In this case no common spin quantisation axis can be defined
for eigenstates within any subband [39]. In these plots the effect is noticeable for the
second and third split subbands (notice how close the blue dashed (solid) curve is to the
green solid (dashed) curve). Similar curves demonstrating anticrossings were produced
by Moroz and Barnes [37] and Mireles and Kirczenow [50] for the strong spin—orbit cou-
pling case, but without the application of external magnetic fields. Our study shows that
spin textures still exist even if external magnetic fields are applied in the transverse (z),
parallel (y), or perpendicular (z) directions to the wire.

3.2.2 Parallel (y) magnetic field

The evolution of dispersions for strong Rss and magnetic field applied in the y direction
are shown in Fig. 3.3. Non—parabolicities (spin textures) in the dispersions (even at zero
magnetic field) are noticeable, especially in the first three spin—split subbands (see plot
(a) in Fig. 3.3). However, band maxima at k, = 0 are absent in these dispersions as
the presence of Rashba intersubband coupling tends to smooth out the dispersions at very
small wavevectors. These results confirm with those presented by Serra et al [26] for
fields applied parallel to the wire in the presence of Rashba intersubband coupling as
pointed out in Section 3.1.
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Figure 3.2: The evolution of dispersions for strong Rss and magnetic field applied in the
transverse () direction in the full Rashba wire model.
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Figure 3.3: The evolution of dispersions for strong Rss and magnetic field applied in the
parallel (y) direction in the full Rashba wire model.
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3.2.3 Perpendicular (2) magnetic field

Figure 3.4 shows the evolution of dispersions for strong Rss and for magnetic field applied
in the = direction. Spin textures are seen in the dispersions due to the Rashba intersubband
coupling noticeable in the first three split subbands (Fig. 3.4). Similar to the dispersions
obtained for fields applied in the y direction (i.e., Fig. 3.3), there are no significant energy
gaps noticeable at &, = 0.

The characteristic differences that arises in the dispersions at each magnetic field di-
rection directly determines the characteristics of their corresponding differential conduc-
tance, which are presented in Chapter 4.
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Figure 3.4: The evolution of dispersions for strong Rss and magnetic field applied in the
perpendicular (2) direction in the full Rashba wire model.
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Chapter 4

Differential Conductance

This Chapter presents and also discusses the differential conductance results for the quan-
tum wire. The results are organised according to normal and full Rashba and are presented
in three sets, each for magnetic field directions transverse (), parallel (v), and perpen-
dicular (2) to the wire. For each field direction the differential conductance results are
displayed for zero and strong Rss scenarios for an arbitrary Fermi level through three
different types of plots, namely density, parametric3D, and 2D.

The density plots qualitatively shows the differential conductance profile as a function
of V7, (through V") and magnetic field both varied in the range | to 10. The density plots
are colour scaled where lighter shades of red correspond to maximum conductance. For
magnetic field applied in the transverse (r) direction in the normal Rashba regime two
types of parametric3D plots are shown. One of these shows the variation of differential
conductance with V,; varied in the range 0 to 10 at fixed magnetic fields from I to 5
(in steps of 1). The other shows the same, but with magnetic field varied in the range 1
to 10 at fixed V.,. For the rest of the sets only the variation of differential conductance
with V, at fixed magnetic fields are shown. There are two types of 2D plots presented
for magnetic field applied in the transverse (r) direction only (for both normal and full
Rashba regimes). One of these shows the variation of differential conductance with V,
in the range O to 10 at zero magnetic field while the other shows the same with magnetic
field at zero 1.

The results are presented in Section 4.1 highlighting the discernible features followed
by a discussion of these features emphasising the new results in Section 4.2.

4.1 Differential conductance results

4.1.1 Normal Rashba differential conductance

The differential conductance plots shown in this section are for the normal Rashba wire
model (without Ric). Since the dispersions for fields applied in the parallel (y) and per-
pendicular (2) directions are exactly the same the differential conductance plots for these
field directions are identical. For this reason only the differential conductance results for
field applied parallel to the wire are shown. A significant finding evident from the results
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presented in this Section is that for fields applied in the parallel (and perpendicular) di-
rections the overall conductance is greatly reduced (attributed to the presence of energy
gaps in the band structure).

Set 1: Transverse () magnetic field

Figures 4.1, 4.2, and 4.3 presents the density, parametric3D, and 2D differential conduc-
tance results, respectively, for the wire with magnetic field applied in the x direction.
Clear differences in the conductance profiles can be seen by comparing the density plots
for zero Rss (i.e., plot (a)) and strong Rss (plot (b)) in Fig. 4.1. The presence of more
lighter shades in the latter plot at low fields indicate that conductance is enhanced for a
greater range of bias voltages in the strong Rashba limit than in the zero Rashba limit.
This effect is profound for fields applied in the parallel (and perpendicular) directions
(see Fig. 4.4). By inspecting plot (c) in Fig. 4.2 one can see the presence of instantaneous
peaks in conductance within low to mid range bias voltages at high magnetic fields even
though the overall conductance is low. While at large voltages a reduction in conductance
at low fields is observed. In Fig. 4.2 plots (b) and (d) clearly shows that as the magnetic
field increases the conductance decreases at fixed voltages. The decrease in conductance
with increasing magnetic field is known as magnetic depopulation and have been reported
in other works (see Section 1.3.2 in Chapter 1). This particular variation in conductance
is universally seen at all applied magnetic field directions and even for zero and strong
Rss scenarios in both Rashba regimes. For this reason these plots are only shown for field
applied in the transverse (x) direction in the normal Rashba regime.

Set 2: Parallel () and perpendicular (z) magnetic field

Figures 4.4 and 4.5 presents the density and parametric3D differential conductance re-
sults, respectively, for magnetic field applied in the parallel (y) direction. As the disper-
sion relations between fields applied in the transverse and parallel (and perpendicular)
directions in the strong Rashba limit differ greatly (see Fig. 3.1), their corresponding
differential conductance plots are significantly modified. These differences in the differ-
ential conductance plots can be seen by examining for example, plots (b) in Figs. 4.1 and
4.4, plot (¢) in Fig. 4.2, and plot (b) in Fig. 4.5. The main difference between plots (a)
and (b) in Fig. 4.5 is that there is significant suppression in the overall conductance in
the strong Rashba limit. The “local”” conductance, however, is still enhanced at very low
fields and upto a greater range of voltages in the strong Rashba limit.

4.1.2 Full Rashba differential conductance

The differential conductance plots shown in this Section belong to the full Rashba wire
model (includes Ric). Several features can be observed by comparing the differential
conductance plots between each field direction and Rashba regimes.
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Figure 4.1: Density AG plots for transversely applied magnetic field B, at zero and
strong Rss in the normal Rashba wire model.
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(c) Strong Rss (d) Strong Rss

Figure 4.2: Parametric3D AG plots as a function of V,; at fixed transverse magnetic field
B, and as a function of B, at fixed V,, for zero and strong Rss in the normal Rashba wire
model.
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Figure 4.3: 2D AG plots as a function of V,, at zero transverse magnetic field B, and as
a function of B, at zero V, for zero and strong Rss in the normal Rashba wire model.
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Figure 4.4: Density AG plots for parallelly applied magnetic field B, for zero and strong
Rss in the normal Rashba wire model.
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(a) Zero Rss

(b) Strong Rss

Figure 4.5: Parametric3D AG plots as a function of V,; at fixed parallel magnetic field
B, for zero and strong Rss in the normal Rashba wire model.
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Set 1: Transverse () magnetic field

Figures 4.6, 4.7, and 4.8 presents the density, parametric3D, and 2D differential conduc-
tance results, respectively, for magnetic field applied in the transverse (x) direction. The
only discernible feature obtained by comparing for example, plot (c) in Fig. 4.2 and plot
(b) in Fig. 4.7 (in the strong Rashba limit) indicates that at low fields and low voltages
local conductance is only slightly reduced in the full Rashba model. There are hardly
any other significant features depicted between the differential conductance plots in both
Rashba regimes. This result indicates that Rashba intersubband coupling hardly has any
significant bearing on the differential conductance for fields applied in the transverse ()
direction in the strong Rashba limit. Comparing plots (a) and (b) in Fig. 4.6 indicates that
local conductance is enhanced upto mid range fields and mid range voltages in the strong
Rashba limit. This feature is also seen for fields applied in the parallel and perpendicular
directions in the strong Rashba limit for the full Rashba model. The overall conductance
is still greater in the zero Rashba limit at low magnetic fields and low bias voltages.

Set 2: Parallel (y) magnetic field

Figures 4.9 and 4.10 shows the density and parametric3D differential conductance re-
sults, respectively, for magnetic field applied in the parallel (i) direction. By comparing
plot (b) in Figs. 4.4 and 4.9 (in the strong Rashba limit) it is seen that conductance is en-
hanced upto mid range magnetic fields and mid range voltages in the full Rashba model.
It is confirmed by inspecting plot (b) in Figs. 4.5 and 4.10 that there is no suppression in
conductance in the full Rashba model in the strong Rashba limit unlike for the same sit-
uation in the normal Rashba model. These results indicate that in the presence of Rashba
intersubband coupling and for fields applied parallel to the wire the overall conductance
is not significantly reduced for low fields and low voltages in the full Rashba model.

Set 3: Perpendicular (») magnetic field

Figures 4.11 and 4.12 shows the density and parametric3D differential conductance re-
sults, respectively, for magnetic field applied in the perpendicular (z) direction. In the
presence of Rashba intersubband coupling even for fields applied perpendicular to the
wire there is no suppression in the overall conductance. A result similar to those obtained
for fields applied in the parallel direction to the wire in the full Rashba model. Local con-
ductance is enhanced upto mid range fields and mid range voltages in the strong Rashba
limit in the full Rashba model (unlike for the same situation in the normal Rashba model).
The overall conductance is still greater at low fields and low voltages in the zero Rashba
limit (see plot (a) and (b) in Fig. 4.11).
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Figure 4.6: Density AG plots for transversely applied magnetic field B, for zero and
strong Rss in the full Rashba wire model.
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(a) Zero Rss

(b) Strong Rss

Figure 4.7: Parametric3D AG plots as a function of V, at fixed transverse magnetic field
B, for zero and strong Rss in the full Rashba wire model.
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Figure 4.8: 2D AG plots as a function of V,; at zero transverse magnetic field 3, and as
a function of B, at zero V., for zero and strong Rss in the full Rashba wire model.
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Figure 4.9: Density AG plots for parallelly applied magnetic field B, for zero and strong
Rss in the full Rashba wire model.
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(b) Strong Rss

Figure 4.10: Parametric3D AG plots as a function of V,; at fixed parallel magnetic field
B, for zero and strong Rss in the full Rashba wire model.
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Figure 4.11: Density AG plots for perpendicularly applied magnetic field B, for zero and
strong Rss in the full Rashba wire model.
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(b) Strong Rss

Figure 4.12: Parametric3D AG plots as a function of Vyy at fixed perpendicular magnetic
field B. for zero and strong Rss in the full Rashba wire model.
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4.2 Discussion

The differential conductance results presented in Section 4.1 are new for the ballistic
quantum wire studied in this work as no previous studies have produced a theoretical
calculation showing the variation of differential conductance with source—drain voltages,
application of external magnetic fields (in all three spatial directions), and at zero and
strong Rashba spin—orbit interaction situations. In this Section an attempt is made to
explain and discuss the inherent features displayed by the differential conductance results.

Figure 4.13 is used to explain how the differential conductance arises for zero and
strong Rss scenarios at zero and increasing bias voltage and magnetic field situations. The
schematic illustrates how subbands get filled or emptied as the electrochemical potentials
on the left (source) s, and right (drain) pp changes as the source—drain bias is varied.
Electron states are characterised by their group velocities
OF
Ik
where right moving states have positive and left have negative velocities.

At zero Rss, zero bias, and zero magnetic field (i.e., no Zss) all states below the
Fermi level (Ej) are occupied (shown by closed circles) and those above are empty (open
circles). This scenario is illustrated in plot (a) in Fig. 4.13 shown for four degenerate
subbands. Each occupied unsplit subband corresponds to a conductance level of 2¢2/h.
When V,; is changed (at zero field and zero Rashba) the left and right moving states get
depleted or occupied as the left and right quasi—Fermi level changes according to Eq.
2.39. This situation is depicted in plot (b) in Fig. 4.13. Hence, conductance changes
accordingly in full steps as the quasi—Fermi level passes each subband.

Plots (a) and (b) in Fig. 4.3 show the variation of differential conductance in steps
with increasing bias voltage (at zero field) and increasing field (at zero bias voltage), re-
spectively, for the zero Rss scenario. While plot (¢) and (d) in Fig. 4.3 show the same
but for strong Rss. The 2D differential conductance plots are only shown for the trans-
verse () field direction for both normal and full Rashba regimes, because the qualitative
features shown by these 2D plots are similar to those for the other field directions in the
same regime. At zero field since the dispersions in the normal Rashba regime (plot (a)
in Fig. 3.1) are the same for each field direction, their corresponding zero field 2D dif-
ferential conductance plots are the same (plot (¢) in Fig. 4.3). In the full Rashba regime
the zero field dispersions for fields applied in the parallel and perpendicular directions
are the same (see plot (a) in Figs. 3.3 and 3.4) and thus their zero field 2D differential
conductance plots are the same.

At strong Rss and in the presence of a magnetic field applied in some arbitrary di-
rection as each subband splits, these spin—split states contribute differently to the con-
ductance as the states get populated or depopulated as the source-drain bias changes.
Each spin—split subband contributes ¢*/2 to the conductance. In plot (c) in Fig. 4.13 a
scenario for strong Rss and strong field applied in the x direction corresponding to the
dispersion seen in plot (b) in Fig. 3.1 is shown as an example to explain how the differ-
ential conductance arises for this case. As V., is varied increasing the right level allows
more right moving states to get occupied, while more left moving states get emptied as

g
vg = h

(4.1)
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the left level decreases. As the right level rises above the successive right moving states
the conductance increases by half a step, while conductance decreases by half a step as
the left level falls below the left moving states. Plot (d) in Fig. 4.13 represents a scenario
where only Zeeman spin splitting is present at zero bias. With increasing magnetic field
as the subbands split and move above (or below) the Fermi level, states get depopulated
(populated). The zero bias 2D differential conductance that arises due to this mechanism
is shown in plot (b) in Fig. 4.3.

As the magnetic field changes in value and direction for zero and strong Rss scenarios
the subbands are split in different ways. As the dispersions change, the left and right
moving states are depleted or occupied differently as V,, is varied. By this mechanism
peaks in the differential conductance arises, for example as seen in the respective density
differential conductance profiles as different shading patterns.

A distinctive feature universally exhibited by all the density plots is the formation
of two branches (alternate shades) as subbands split due to an increasing magnetic field
(Zss), seen for all magnetic field directions. Another universal feature seen in the zero
Rashba limit is that the overall conductance is greater at low fields and low bias voltages
for all field directions and Rashba regimes. Conductance is greater because at low fields,
low voltages, and zero (weak) Rashba spin splitting there are a larger number of occupied
subbands present. As the field increases the increasing Zeeman effect shifts the split sub-
bands away from the quasi—Fermi levels and therefore less available filled states reduces
the conductance. This argument is also valid for strong Rashba spin splitting situations.
Thus, weak Zeeman and weak Rashba spin—orbit effects seems to enhance the overall
conductance for the wire.
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(a) Zero Rashba and Zeeman splitting, zero bias (b) Zero Rashba and Zeeman splitting, bias changed
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Figure 4.13: Schematic dispersions showing how states are filled and emptied with zero
and changing source—drain bias voltage and different spin splitting scenarios (closed cir-
cles are occupied and open are empty states).
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Summary and Conclusion

In summary this thesis has calculated the theoretical differential conductance of a ballistic
quantum wire in the presence of Rashba spin—orbit and Zeeman interactions. The Zeeman
interaction is mediated by application of external magnetic fields in directions transverse
(), parallel (y), and perpendicular (z) to the wire axis. The thesis has also discussed
the interplay between Rashba spin—orbit and Zeeman effects on the wire’s dispersion and
differential conductance. The wire was studied under two regimes, that is normal and
full Rashba as represented by the Rashba spin—orbit interaction Hamiltonian. The normal
Rashba regime models the wire without the Rashba intersubband coupling while the full
Rashba model includes this coupling.

A numerical diagonalisation approach is used to solve an eigenvalue problem for the
quantum wire to obtain the eigenenergy levels. From the energy levels dispersion re-
lations are obtained for the two Rashba regimes at strong Rashba spin splitting and at
the various magnetic field directions. The energy levels of the wire and the Landauer—
Biittiker formalism is used to calculate the differential conductance. Differential con-
ductance is calculated at zero and strong Rashba spin splitting scenarios for the various
magnetic field directions and Rashba regimes. It is found that the direction of applied
magnetic field in the strong spin—orbit interaction limit has significant effects on the dis-
persions and hence differential conductance.

The dispersion results for strong Rashba spin splitting and magnetic fields applied
in the transverse direction in the normal Rashba regime reveals that a spin axis can be
associated for all wavevectors; because in the absence of Rashba intersubband coupling
the Rashba and Zeeman spins are parallel and does not give rise to mixed spin states. This
conjecture, however, breaks down for strong Rashba spin splitting and fields applied in
parallel (and perpendicular) directions for small wavevectors; because of the formation of
band maxima and energy gaps around A, = (. These results are also consistent with the
findings reported for example by Serra et al [26] and Pershin et al [45] for in—plane fields.
Since our study also incorporated perpendicular magnetic fields we found existence of
mixed spin states due to the presence of energy gaps in the strong Rashba limit, but in the
absence of Rashba intersubband coupling even for perpendicularly applied fields.

A significant finding established from our work is that the overall conductance is
greatly reduced due to the presence of energy gaps in the strong Rashba limit if Rashba



44 CHAPTER 5. SUMMARY AND CONCLUSION

intersubband coupling is not included in the wire model. Our work confirms that the
formation of band maxima are suppressed for the wire in the full Rashba model (which
includes Ric) in the strong Rashba limit applicable for fields in the parallel and perpen-
dicular directions. Serra et al [26] reported this finding for a similar situation for in—plane
(parallel) fields only. Thus, our study shows that inclusion of the full Rashba spin—orbit
interaction Hamiltonian in the quantum wire model inhibits gap formation and henceforth
reduction in the overall conductance in the strong Rashba limit at these field directions.
The results also show that the overall conductance is greater at zero (and weak) Rashba
spin splitting situations, low bias voltages, and low magnetic fields. It is therefore con-
cluded that at low voltages conductance is enhanced at weak Zeeman and weak Rashba
spin-orbit interaction effects. Local conductance is, however, enhanced in the strong
Rashba limit at low fields, but for a greater range of bias voltages (in the normal regime)
and upto mid range fields and mid range voltages in the full Rashba regime.

Besides the fundamental importance the results presented in this thesis of a ballistic
quantum wire may be further used by experimentalists as a basis to design physical quan-
tum wires for spin—based electronic devices in the near future. Furthermore, the work in
this thesis can be extended to extract g-factors from the dispersion and differential con-
ductance data. The thesis could be a basis for investigating similar electronic transport
properties in ballistic quantum point contacts in the presence of Rashba spin—orbit and
Zeeman interactions. Further to this, electron—electron interactions and temperature ef-
fects could be incorporated to investigate their effects on the dispersions and differential
conductance.
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Appendix A

Physical Hamiltonian expressions

This Appendix contains the expressions for the physical Hamiltonians for the quantum
wire for both normal and full Rashba regimes and their corresponding eigenenergy ex-
pressions (for the normal Rashba model only) for each magnetic field direction (., y, and
z).

A.1 Normal Rashba Hamiltonian expressions

Magnetic field in = direction

Hamiltonian:
| 1, BR Rk,
‘I{r;IJ‘HHr:.-.H! — ﬂ -+ 5-*??»«-:..! -+ om + = -1 5!”"!%0.1'}3.1' {Al)
Eigenenergy expression:
L PRy Rhyk, ]
Eu.&'.ﬂ — h‘-"..r(” o < : e : - = HHp l?f
2 2m m 2
W h;‘,_, 2 1 A s oy }J.
o 14 2y Bhke |, geDs,
2 mwy MW, hiw,
hw, G 5 B,
— — (92 il 2= L . =
5 (2n + 1+ f.yr"*. + 28 Kooy B”)
ﬁu.',- 949
= —(2n+ 1 + k15 £+ 2(ksol,) (kyl) £ B;) (A.2)
or
2Enko _ kyly)? £ 2(keoly) (kyl,) £ B A3
T_“r’+l+( U .:,-‘) :t'-'( -‘\'f}u}]( y.u)-—- T ( '-)

where the following equations have been used to simplify the dispersion expressions;

h hw, 2w,m, . eh i
l, = , Bp= —2= """ (sinceup = ), and B, = —.
MWy guB ge 2m, B,
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Magnetic field in y direction

Hamiltonian:
D2 1 ; h2k? W2k koo 1
HunpRass, = — + —muw’lz® + NE ¥t g B
qunRasB, S 2 W, om mn 29.‘3 y 2y

Eigenenergy expression:

QEHJ\'.H
B

2 . _ B
=2n+ 1+ (k)" = \/Bj + 4(kyolo,)?(kyl,)% where B, = B_y

Magnetic field in > direction
Hamiltonian:

2 21.2 27, 1 !

) T s . K Khkom. . 1

HewnRasB, = P + —mw‘i.r‘! + - N Eos bk ~gpupo. B,
 2m 2 ' 2m m 2

Eigenenergy expression:

=2n+1+ (k1) £ \/Bg + 4(ksolys)2(kyl,, )2, where B, = %.

A.2 Full Rashba Hamiltonian expressions

Magnetic field in = direction

2 }'2;‘..2 f'!;\ A' 4

Pr 1 9 9 LRy V' RyNsoOyp Cx 1
HwtRasB. = —— + —mw’z® + —2 + — —0yPs + =qligo; B
LR ™ gy T G 2m m h Y Pa 29’lr o

Magnetic field in y direction

2 21.2 9
P; 1 815 h ‘Ily fl'.‘-‘yﬂ‘wal,. ! 1

— S TU,T + + — —0yPr + =gipo, B
om 2 ® 2m m pOvPr T 5 IKBIy Dy

Ifqu'f‘uub'y =

Magnetic field in = direction

9 212 9
pE A s Wk Rkykgos o 1
L —muwlr? 4 Ly LT FOuPe + —gupo.B,

& - g =
qufRasB; 2% 9 D)

2m m !

(A4)

(A.5)

(A.6)

(A.7)

(A.8)

(A.9)

(A.10)

Note: The eigenenergy expressions for the Hamiltonian representing the quantum wire in

the full Rashba regime are too large and complicated to display.
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Hamiltonians
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This Appendix presents the matrix expressions of the Hamiltonians for the quantum wire
for both Rashba regimes. Also given as an example are the eigenenergy levels obtained
by the diagonalisation of the Hamiltonians for magnetic field applied in the transverse
(.r) direction for both zero and strong Rashba limits in the normal Rashba and for strong
Rashba limit in the full Rashba regime.

B.1 Normal and full Rashba Hamiltonian matrix expres-

sions

Normal Rashba Hamiltonian matrix:

/;11

M
0
!fnh’r:s -—

—-M

12
0
0
0
0
0
0

0 0 0 0
0 0 0 0
Bl -M 0 0
M B2 0 0
0 0 C1 -M
0 0 M C2
0 0 0 0
0 0 0 0

0
0
0
0
0
0
D1
M

0
-M

D2 )

(B.1)
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Full Rashba Hamiltonian matrix:

[ Al -M 0 V2uwse 0 0 0 0 )
M A2 T 0 0 0 0
0 —v2w,, B1 -M 0 2w, 0 0
How V2 Wiy 0 M B2 —2 0 0 0
TR 0 0 0 —2w, Cl M 0 V6w,
0 0 2 W 0 M 2 —buw, 0
0 0 0 0 0 —Vbw, DI -M
\ 0 0 0 0 Vow, 0 M D2 )
(B.2)
where
M =iB,+ B,
Al =1+ B, +2wgwy, +w,°.
A2=1- B, ~ 2ty +wy,
Bl =3+ B, +2wswy, +w,’,
B2=3— B, — 2wy, wy, +w,’,
Cl=5+ B, + 2wswy, +w,’.

2 s o [ 2
C2=5-— B.,— o 2%'30 Wy -+ Wy
Dl =7+ By + 2wetvy + u:_,,,z. and

2

D2=7- Br = '2;.&.,'3,, Wy -+ """_I,J-'

Note: ksolo = Wio, kyly = wy and (kyl,)? = w,?

B.2 Examples of Hamiltonian matrix expressions and their
eigenenergy levels

The Hamiltonian matrix expressions of the wire for magnetic field applied in the trans-

verse () direction at zero and strong Rashba limits in the normal Rashba model and for

the strong Rashba limit in the full Rashba model are given together with their respective
eigenenergy levels (obtained via numerical diagonalisation).

Normal Rashba for zero Rss:

Setting B, = B. = w,, = 0 in Eq. B.1 yeilds the Hamiltonian matrix that describes
the motion of electrons in the wire with external magnetic field applied in the x direction
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only and in the absence of spin—orbit interaction given by

(EL 0 0 0 0 0 0 0Y)
0O E2 0 0 0 0 0 0

0 0 FL. O 0 0 0 0

0 0 0 F2 0 0 0 0

0 0 0 0 GIL 0 0 0

O 0 0 0 0 G2 0 0

O 0 0 0 0 0 HL 0
\0 0 0 0 0 0 0 H2

anﬁn.c.[l -— (83)

where

El=14+4 B +wy”,
E2=1-B, - W'Hg.
Fl=3+B, +w7’
F2=3-B, —w,’
Gl =5+ B, +w,”.
G2=5- B, —w,’,

T+ By + w'y"" and
HE=T- Ba—wi.

Since the above matrix (Eq. B.3) is already in diagonal form the matrix elements £l
through H?2 are the derived eigenenergy levels for the quantum wire in the absence of
spin—orbit interaction and with field applied in the r direction. The matrix (Eq. B.3)
is diagonal because the eigenenergy expression comprises of terms that share the same
eigenstates (i.e., of ¢,) and represent shifted oscillator energy levels due to the terms H
(Eq. 2.22), H,p (Eq. 2.23), and the = component of H. (Eq. 2.24).

Normal Rashba for strong Rss:

For the strong Rss case that is when w,, = 0.9 the matrix expression Eq. B.1 becomes

(1L 0 0 0 0 0 0 0)
012 0 0 0 0 0 0
0 0 JIL O 0 0 0 0
000 0 J2 0 0 0 0
00 0 0 KI 0 0 0
00 0 0 0 K2 0 0
00 0 0 0 0 LI 0
\0 0 0 0 0 0 0 L2

Hofins o = (B.4)
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where

I1=1+ B, + 18w, 4w’
12=1-B, - 18w, +w,’
J1 =3+ B, + 18w, +w,’,
J2=3 - B, — 18w, +w?,
Kl=5+ B, + 18w, +w,’,
K2=5— B, — 18w, +w,’,
L1=7+B,+ 18w, +w,? and
[2=7~ B, — 18w, +uw,’

are the eigenenergy levels.

Full Rashba for strong Rss:

Setting w,, = 0.9 in Eq. B.2 yields the Hamiltonian

( Al 0 0 09v2 0 0 0 0 \
0 A2 —-09v2 0 0 0 0 0
0 —0.9v/2 B1 0 0 1.8 0 0
2 |o9v2 0 0 B2  -18 0 0 0
e 0 0 0 ~i8 O 0 0 0.96
0 0 1.8 0 0 (83, -09v6 0
0 0 0 0 0 —-0.9v6 D1 0
\ 0 0 0 0 09v6 0 0 D2 )
(B.5)

which can be diagonalised numerically to extract its eigenenergy levels. Since Eq. B.5
has off—diagonal matrix elements due to the inclusion of the H,,;, (Eq. 2.18) term in the
wire model, the eigenenergy levels are lengthy and complicated to display.
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Appendix C

Typical physical parameters
encountered in GaAs/AlGaAs
heterostructures and their values

In this Appendix expressions of some physical parameters applied to GaAs/AlGaAs het-
erostructures are presented. These parameters are calculated using typical values for elec-
tron density and electron mobility as shown.

Electron density n, = 2.8 x 10" m—2

Electron mobility j, = 10°cm? V~!s~!

Effective mass m = 0.067m,, where m,, is the rest mass of the electron

Scattering time 7 = my. /e = 38 ps, where ¢ is the electronic charge

Fermi energy Ep = wh’n,/m = 10 meV

Fermi velocity vp = \/(2Er/m) = 2.3 x 10°ms™'

Fermi wavelength Ay = V’r{"';‘m = 47 nm

Elastic mean free path {, = vp7 = 8.

Magnetic length I = \/h/eB =8.1nmatB = 10T

Effective g factor ¢* = 0.14

Note: Data adapted from Mesoscopic Electron Transport (Kluwer Academic Publishers,
1997) [18].
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