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Errata
to the thesis by J.P.Koolaard entitled “Some Aspects of Covariance

Regularisation in Discriminant Analysis”.

Page 1, line -10 ‘Prostrate’ should be prostate.

Page 3, line 5 After the words “...for group £.” add the sentence: “It is evident
from expression (1.3) that all vectors in the thesis are considered as column

vectors, unless stated otherwise.”

Page 4, line 6 Sentence beginning on this line should read:“In effect, the S, are
replaced by the pooled covariance matrix, and the variance of the elements

of S, are smaller ...”

Page 15, line -11 “...where the pooled sample estimate...” should read: “...where

the inverse pooled sample estimate...”.

Page 56, lines -6 to -4 Rewrite these three lines as: “It should be noted that in
his article, Friedman used robust covariance estimators in place of S and S,

in expressions (3.6) and (3.7). The resulting robustification of (3.6) is written

»

as ...
Page 76, lines -9, -8, -5 In these lines replace S, with S, and 5,, with S,.
'3

Page 3, line 14 Change “... expression (1.9) ...” to “... expressions (1.9) and

(1.10) ...

Page 5, line 12 To avoid any possible confusion, change “(z,7 = 1,...,K(: #
7)) to “(for all j(#1i) =1,2,...,K)".

Page 5, line 15 Remove the word “directly”.

Page 12, line 1 Change “mean” to “mean vector”.
Page 14, line 8 Change “off diagonal” to “off-diagonal”.
Page 17, line 10 Cha.nge_ “(1993)” to “(1993))".

Page 21, line 14 Change “samples of” to “samples of size”.
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Abstract

Statistical discriminant analysis and classification are multivariate techniques con-
cerned with separating distinct set of objects, and with allocating new objects to pre-
viously defined populations or groups. In this process the covariance matric plays
an important role, and usually this matric has to be estimated from sample data.
In this thesis, attention is focussed on investigating the problem of (poor) estima-
tion of the covariance structure and its effects in statistical discriminant analysis.
The quality or statistical properties of these estimates usually affect the resultant
classification rules which are constructed using them.

Reasons for the (usually, consistent) estimators of the covariance matrices be-
ing poor are mainly to do with the quality and/or size of the training sample in
relation to the number of parameters which have to be estimated. In this thesis,
we are interested in investigating this problem as it occurs in the small sample,
high-dimensional situation. In particular, we are interested in the problem of co-
variance esttmation in the situations when the sample size to dimension ratios are
relatively small. The criterion used to determine the success or otherwise of vari-
ous methods used to address this problem is the estimated (overall) error rate. One
method of dealing with a situation which potentially results in poor estimation of
the covariance matriz is to impose a prescribed (simple) structure on the covariance
matriz, such as the identity matriz, or multiple of it. Another method is to make
the assumption that all the groups have the same covariance matriz. The effect of
such simplifying assumptions is to reduce the number of parameters to be estimated.
Consequently, the (fewer) parameters are estimated with higher precision. It has
been demonstrated that this may result in better statistical discriminant analysis,
even if the simplifying assumptions may not be entirely correct.

Of the classtfication rules based on the normal distribution, the quadratic dis-
criminant function (QDF) makes no restrictions on the population parameters,
and as such is the most general of this class of classification rules. However, it
is also the one most affected by poor population parameter estimates. The two
common simplifying techniques mentioned earlier (i.e. imposing an identity matriz
structure on the covariance matriz, or assuming a common covariance among all
populations) lead to two other discriminant rules, namely, the Euclidean distance

function (EDF, based on the Euclidean distance between the group means) and the
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popular linear discriminant function (LDF, based on the Mahalanobis distance be-
tween the groups) respectively. The sample-based versions of these two classifiers
are compared using ezpected error rates (conditional on a set of training data),
and these ezpected error rates are obtained through the derivation of asymptotic
ezpansions. The ezpansions are evaluated under a range of settings, defined by
employing combinations of various values of dimension, group separation, and co-
variance structure. It is shown that the simpler sample Fuclidean distance function
(SEDF) performs as well as or better than the sample linear discriminant function
(SLDF) under most of the settings used. Ezceptions occurred when the Mahalanobis
distance between populations was much greater than the FEuclidean distance.

A flexible discrimination model, or rather, class of models, was developed by
Friedman (1989), and called the regularised discriminant function (RDF). The
sample version of the RDF (i.e. SRDF) model incorporates the general sample
quadratic discriminant function (SQDF), the two previously-mentioned restricted
models (SEDF and SLDF), as well as a wide range of models intermediate to these,
through the use of additional “regularisation” parameters. The method employs two
types of shrinkage of the covariance estimates - towards the pooled estimate on one
hand, and towards a multiple of the identity matriz on the other. A separate reqular-
i1sation parameter controls shrinkage to each. The training data is used in the model
selection process to determine appropriate values for the reqularisation parameters,
through the use of cross-validation. The quality of model selection procedure which
specifies a discriminant model is a cructal factor, since if it is performing well, it
will result in a classification rule close to the optimal one from the class of models
available.

Through large-scale simulation studies, the performance of the sample regu-
larised discriminant function (SRDF) is investigated and it is shown that the SRDF
generally leads to lower overall error rates than the standard classification rules.
This is found to be largely due to the facility which allows shrinkage of the covari-
ance matrices to sphericity, or eigenvalue regularisation. It is also found that the
SEDF performs very well in relation to the SRDF for a variety of settings. Further
simulation studies show that the performance of the SRDF is more sensitive to the
parameter controlling shrinkage to sphericity than the one controlling covariance
mizing. Also, it is found that under some circumstances, the SRDF performs better

than the other classifiers even for quite large sample size to dimension ratios.
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A crucial negative feature of the SRDF is its lack of scale itnvariance. The cause
of this is eigenvalue reqularisation. A modified classification rule is developed which
is scale invariant, and is compared to the SRDF and the other classifiers via sim-
ulation. The modified rule omits eigenvalue regularisation, but otherwise increases
sensitivity to the data by allowing for varying degrees of shrinkage to the pooled
covariance for each group. It is shown that eigenvalue regularisation is generally
beneficial for discrimination in medium to large dimensional problems, through its
variance-reduction effect which stabilises the covariance estimates. Thus, the study
concludes that scale invariance must be sacrificed in order to achieve reductions in
error rate, in the absence of a suitable replacement for eigenvalue regularisation.

The use of cross-validation in the model selection process of the SRDF is also
investigated, for several reasons: the computational effort involved, and the fact
that it rarely leads to a unique choice of model, and often uses only a small subset
of the available observations, in the model selection process. Consequently, another
method for determining the optimal reqularisation parameters is investigated. In
particular, it is investigated whether appropriate values for the reqularisation pa-
rameters can be indicated from a measure of the distance between the groups. For
this purpose, the Bhattacharyya distance is chosen since it comprises a term pri-
marily pertaining to the difference between group means, and a further term which
indicates the level of disparity between group covariance structures. It is shown
that the magnitudes of the various components of the Bhattacharyya distance, when
considered on their own and in relation to each other, do give information as to
appropriate values for the reqularisation parameters. A new simulation study, as
well as various case studies are presented to assess the performance of a new reg-
ularised discrtminant function which uses the Bhattacharyya distance estimates
between groups to select regularisation parameters for given training data. This
classifier is shown to perform as well as the SRDF, and is computationally much
faster since it avoids any re-sampling methods.

It is clear that most of the investigations and assessments of the various reg-
ularised discriminant rules have to be undertaken using Monte-Carlo simulation
techniques, especially to estimate error rates. This ts because ezact analytical ez-
pressions for the unconditional error rate of the SRDF do not ezist, ercept in
certain limited circumstances. It has not been possible to obtain asymptotic expan-

stons or some form of approzimations of these error rates in a general contert.



However, an approzimation which can be used to calculate algebraically the error
rate of the SQDF, assuming known population parameters under (other) strict con-
ditions, is available in the literature. This approrimation is used in this thesis to
further ezamine the effects (observed in earlier simulation work) of the covariance
reqularisation parameters on error rates. This is the last piece of work in the thesis
and, in spite of its limited extent (because of the restricted conditions of the approz-
imations given), it largely confirms the results which were obtained from simulation

ezperiments in the previous parts of the thesis.
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List of Abbreviations used in this Thesis

SLDF Sample linear discriminant function.
SQDF Sample quadratic discriminant function.
SRDF Sample regularised discriminant function, similar to the method

developed by Friedman (1989).

SRDF1 Rule based on SRDF, but where a policy of minimum regularisation
(instead of maximum regularisation as with SRDF) is employed to
break ties in cases where the model selection procedure does not
yield a unique choice of values for the regularisation parameters.

SRDF-M A modified regularised rule which omits the eigenvalue
shrinkage parameter vy but allows for as many covariance mixing
parameters (\’s) as there are groups to be discriminated between.
This rule is scale-invariant, unlike the SRDF.

SRDF-M1 Similar to SRDF-M, but where a policy of minimum regularisation
is employed to break ties (as for SRDF1).

SRDF-B  Regularised discriminant rule which chooses the A and vy
parameters by using information obtained from a measure of
the Bhattacharyya distance between pairs of populations
(of interest).

SEDF Sample Euclidean distance function. In this thesis, this rule is
formed by setting the regularisation parameters (A and <) in the
SRDF rule both equal to one.



