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Abstract

A significant amount of effort has been directed at understanding how the struc-
ture of a contact network can impact the spread of an infection through a population.
This thesis is focused on obtaining tractable analytic results to aid our understand-
ing of how infections spread through contact networks and to contribute to the
existing body of research that is aimed at determining exact epidemic results on fi-
nite networks. We use SIR (Susceptible-Infected-Recovered) and SIS (Susceptible-
Infected-Susceptible) models to investigate the impact network topology has on the
spread of an infection through a population.

For an STR model, the probability mass functions of the final epidemic size are
derived for eight small networks of different topological structure. Results from the
small networks are used to illustrate how it is possible to describe how an infection
spreads through a larger network, namely a line of triangles network. The key here
is to correctly decompose the larger network into an appropriate assemblage of small
networks so that the results are exact.

We use Markov Chain theory to derive results for an SIS model on eight small
networks such as the expected time to absorption, the expected number of times each
individual is infected and the cumulative incidence of the epidemic. An algorithm
to derive the transition matrix for any small network structure is presented, from
which, in theory, all other results for the SI1.5 model can be obtained using Markov
Chain theory. In theory, this algorithm is applicable to networks of any size, however
in practice it is too computationally intensive to be practical for larger networks than
those presented in this thesis.

We give examples for both types of model and illustrate how to parameterise the
small networks to investigate the spread of influenza, measles, rabies and chlamydia

through a small community or population.
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Chapter 1

Introduction

Epidemics and global pandemics have been occurring throughout history and will
continue to do so as new strains of viruses emerge, such as the ever changing influenza
virus. Some infectious diseases present today have no known cure, yet others are
preventable with vaccines (such as measles and rabies) but they still persist due
to various reasons such as lack of education, cost and availability of vaccines and
often a lack of willingness to be vaccinated. While there are infectious diseases
causing morbidity and mortality around the world, there will be research focused on
understanding the biology of each pathogen and how it spreads between hosts. Other
research is aimed at understanding why the same infection can exhibit very different
behaviour in separate populations. One common goal of this type of research is to
gain further insight into the infection dynamics, with the ultimate goal for many
being a successful control campaign that allows elimination of an infectious disease.

Arguably, the most common types of model used to describe the spread of an
infection through a population are compartmental models. These models divide the
individuals within a population into classes based on infection status. Such mod-
els include the SIR (Susceptible - Infectious - Recovered) model where Susceptible
individuals are susceptible to infection; Infectious individuals are infected and can
transmit the infection to others and Recovered (sometimes referred to as Removed)
individuals are those who are either immune to the infection (for example, due to
vaccination) or who have been removed from the population due to death and no
longer take part in the infection life cycle. Influenza and measles are two examples of
infections that are well known to follow an SIR model for the host infection lifetime
[34, 41, 59]. Other types of compartmental models include the SIS (Susceptible
- Infectious - Susceptible) and SEIV R (Susceptible - Exposed - Infectious - Vac-
cinated - Recovered) models. In the SIS model, upon contact with an infectious
individual, susceptible individuals move into the infectious class. When an infectious

individual recovers they move back into the susceptible class. This makes multiple
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infections possible for each individual, which adds some complexity when analysing
the infection dynamics. Typically, SI1.S models are used to investigate the spread of
bacterial infections or sexually transmitted infections (such as chlamydia) that have
no long-lasting immunity.

There are a number of different methods that have been used to model the spread
of an infection through populations. Differential equations are the most commonly
used type of model for describing the spread of infection within a population (see,
for example, [16, 34]). A set of ordinary differential equations (ODEs) can be used
to describe how a population of individuals moves between classes, such as in an
SIR or SIS model. These types of models are useful for gaining an understanding
of the infection dynamics. One of the most well known models for the spread of an
infection was published in 1927 by Kermack and McKendrick [36]. The STR model
is often referred to as ‘the Kermack-McKendrick model’, however it is actually a
special case of the Kermack-McKendrick model.

Traditional models for the spread of an infection assume a fully mixed (homoge-
neous) population where an infectious individual has a fixed rate, (3, of transmitting
infection to any other susceptible individual within the population. For the SIR
model without demography, the infectious individuals also have a fixed recovery
rate, 7y, per unit time. These simplifying assumptions allow us to model the trans-
mission of infection through a closed population by the well known set of ordinary
differential equations [16, 34, 36, 67]:

dsS

22— _BSI
dt p

dI

= BST—~I
7 B 0
dR

sk VY &

dt i

In this model, S, I and R represent the proportion of the population in each class.
There are many variations that can be made to this basic model such as incorporating
births and deaths, including differences in susceptibility and infectivity, or variations
in infectious period which would all create a more detailed model but also add to the
complexity of it. In a closed population, such as in the model above, the infection in
an STR model will always eventually go extinct, whereas in the S1.5 model as the
individuals do not recover but become susceptible again it is possible for the infection
to become endemic within the population. If births and deaths are included in the
ST R model an endemic infection is possible as the births provide a source to replenish
the susceptible population.

Differential equation models allow us to derive various analytical results such as

expressions for the basic reproduction number, Ry, and critical vaccination threshold
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in terms of key biological parameters such as the rate of infection and infectious
period [62]. The basic reproduction number, Ry, is defined as the expected number
of secondary cases that arise from a single primary case in a wholly susceptible
population [16]. For Ry < 1 the probability that a major epidemic will occur is
low, but it is still possible, and for Ry > 1 the probability that a major epidemic
will occur is high but it is not guaranteed. For these reasons the value that Ry
takes is of significant interest in infectious disease modelling. However, differential
equation models are usually based on some strong simplifying assumptions about
the behaviour of individuals and the biology of the disease [62].

Another method for using differential equations to model the spread of an infec-
tion through a population is the use of Markov Chains. In Markov Chain method-
ology, the future state of the population depends only on the current state. It is a
more rigorous modelling approach as discussed by Keeling and Ross [35], see also
[62]. In this model the probability of the population being in a particular state at a
given point in time is described by a system of linear differential equations that are
derived from a transition matrix. The transition matrix contains the probability of
transition between states.

There are many aspects that should be investigated when trying to understand
the dynamics of an infection spreading through a population (animals or humans),
one of which is the way individuals interact with each other. Contact networks' are
often used to represent how individuals within a population are connected to each
other. In this thesis we use a mathematical approach to investigate the dynamics
of SIR and SIS epidemic models on small networks with different topologies, as a
stepping stone to determining how the structure of a contact network impacts the

transmission of infection through a population.

1.1 Network models for the spread of infections

The use of contact networks to model the spread of an infection through a pop-
ulation has become increasingly popular in recent years [8, 14, 40, 45, 54]. It is
well known that models for the spread of an infection that assume the population
to be homogeneously mixed are only appropriate for some situations. Such models
often overestimate the proportion of the population that becomes infected during
an epidemic; this overestimation occurs when there is heterogeneity in the number
of contacts each individual has within the population.

Pair approximation models [28, 32] improve on the accuracy of the homogeneous

LA network is a collection of nodes, connected by edges if two nodes have contact with each

other.
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models by focusing on the interaction between pairs of individuals and assume that
a change in the state of an individual depends on the state of its neighbours. How-
ever, contact networks provide more detailed model populations; connections be-
tween individuals can be permanent (static networks) or the number and duration
of connections each individual has may change over time (dynamic networks). In a
contact network each node represents an individual (or group of individuals) and an
edge between two nodes represents a connection between individuals. A connection
is defined depending on the context, e.g. an individual within a shared office would
have connections between all other individuals within the same office for the trans-
mission of influenza, or a connection could represent an individual’s partners in a

sexual contact network for HIV.

There has been considerable effort put into understanding how an infection
spreads through different network structures such as scale-free, small-world, lat-
tice and random networks [9, 14, 33, 40, 53, 65, 66, 70]. Ongoing research efforts
are aimed at finding the right balance between capturing the population structure
in enough detail to provide more accurate predictions, while keeping the mathe-
matics tractable so that the derivation of analytical results is possible. There have
been a number of different models developed with the aim of addressing this issue.
There is often a trade off between model complexity and mathematical tractability,
thus most of the models developed so far are tailored to specific assumptions about
the population structure or infection dynamics. For example, consider the effective
degree network models, where nodes are classified by their infection state and by
the infection state of their neighbours. These models produce accurate predictions
for SIR and SIS type models on large random static [5, 20, 39] and dynamic
[42, 63] networks without clustering. Analytic expressions for the basic reproduc-
tion number, Ry , were found for effective degree models on static networks and
approximations to the final proportion of the population infected were found to be

in agreement with stochastic simulations.

Other research has been focused on finding results for the spread of infection
through networks by breaking up the networks into smaller specific motifs [37, 55,
62]. These models demonstrate the importance of understanding higher-order struc-
ture (such as larger network motifs) by comparing the spread of an infection between
networks with the same degree distribution and clustering coefficient. Because these
methods are mathematically difficult, results are obtained via numerical simulation.

Edge-based compartmental models (EBCM) [44, 46, 47, 65] begin to incorporate
model complexity while keeping the mathematical concept and derivation tractable.
EBCMs are based on the idea of determining the probability that a given node’s

neighbour is susceptible, infectious or recovered at time ¢t. These models incorporate
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social heterogeneity and variation in partnership duration by investigating an STR
model on static and dynamic networks. EBCMs accurately predict the time evolu-
tion of the STR model and provide a means for finding an analytic expression for
the expected final epidemic size (in most cases) and the basic reproduction number,
Ry.

Research that investigates the behaviour of probabilistic epidemic processes in
the limit of large networks is another area which has gained much attention and
many of the published works include detailed mathematical proofs, which while el-
egant can be conceptually challenging. Volz [65] derived deterministic equations by
increasing the size of the network, they stated, but did not prove, the convergence of
the continuous-time stochastic SIR model to its deterministic limit for large graphs.
The mathematical proof of this is given in [15] by providing rigorous individual
based description of the epidemic on a random graph. Janson et al [29] described
a Markovian STR model on a random network with constant infection and recov-
ery rates and showed that conditional on a large outbreak occurring, the evolution
of quantities such as the fraction of infective nodes converges to the deterministic
functions of time. In [7] a stochastic STR model on a random network of social
contacts is derived, where the population is also partitioned into households. In this
type of model infectious contacts are made at a higher frequency within households
than those made between households. The behaviour of the model as the population
size tends to infinity was investigated and results such as the probability a major
outbreak would occur and the final epidemic size were derived. Monte Carlo simula-
tions demonstrate that these asymptotic quantities accurately reflect the behaviour

of finite populations, even for only moderately sized finite populations.

Branching processes have also been used to describe a stochastic STR epidemic
model with two levels of mixing in order to move away from the homogeneous mixing
assumption and to incorporate some realism into the model [5, 6, 3, 4]. The two levels
of mixing generally referred to individuals having local contacts (i.e. neighbours in

a network) and global contacts which may be assigned randomly from the network.

Karrer and Newman [31] derived a generalized form of an SITR model on a con-
tact network which allowed for a non-constant infection and recovery probability (i.e.
infectious period is not exponentially distributed, which is a common assumption
made). They illustrated that it is possible to derive useful results for STR epidemics
on contact networks when the infectious period is not exponentially distributed.
As a result of the non-constant infection and recovery probabilities they could not
use standard differential equation techniques and thus developed a message pass-
ing formulation of an epidemic. They found exact results for an SIR model on tree

(un-clustered) networks and tree-like graphs and determined rigorous bounds on the
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probabilities for non-tree-like networks. In their message passing formulation they
derived an equation for the ‘message’ that is being passed among network nodes
which is the probability that a node j has not passed infection to a neighbouring
node ¢ by absolute time ¢. From the information derived they were able to calculate
the probability that a node is susceptible, infected or recovered at time ¢. Explo-
ration into non-Markovian methods are becoming increasingly more apparent in the
network model literature in order to make the models more realistic.

Other research efforts have focused their attention on deriving exact results on
finite networks. In Sharkey et al. [61] they proved that for STR dynamics on fixed
tree graphs (networks without clustering), assuming an exponentially distributed
transmission and recovery process, a pair-based model provides an exact determi-
nation of the infection probability time course for each individual in the network.
They also illustrated that the dynamics of some networks with cycles can also be
represented exactly by the pair-based method under given initial conditions. Kiss
et al [37] extended the modelling framework presented in [61] for certain classes of
networks exhibiting loops. Their findings lead to a generalisation of closures that are
based on partitioning the network around nodes that they refer to as cut vertices,
these are essentially nodes which connect smaller subgraphs in the network. They
illustrated that closures where loops are kept intact are exact (that is, the cut vertex
must not break a loop) and gave a general method of how to apply the reduction
by closures technique for arbitrary networks and provided an upper bound on the
number of equations required for an exact representation.

For recent overviews of some future challenges in analysing epidemics on net-
works see [45] and [54]. Keeling and Eames [33] review networks and epidemic
models with a more specific focus on different ways to collect data in order to con-
struct real networks, including infection tracing, contact tracing and diary-based
studies. Danon et al [14] focus on reviewing the interplay between network theory
and epidemiology. For a comprehensive review of complex networks and epidemic
dynamics including detailed sections covering the relevant introductory network the-
ory, epidemic processes in heterogeneous networks and modelling realistic epidemics
(non-Markovian properties) see [52].

It is well known that considering only the degree distribution of a network is
not enough to accurately predict the outcome of an epidemic [41]; two networks
with the same degree distribution can exhibit different epidemic outcomes due to
topological differences. It has also been shown that networks with the same degree
distribution and clustering coefficient? can exhibit very different epidemic behaviour

[55]. There are many properties that describe the structure of a network such as the

2The clustering coefficient is the ratio of triangles to triples within a network [51]
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above mentioned degree distribution and clustering coefficient [51]. The purpose of
this thesis is to start addressing the question of which network properties matter in
terms of the spread of infection and whether these properties differ between network

structures and/or model types (such as SIR and SIS).

1.2 Mathematical Preliminaries

One of the most common assumptions made when defining an epidemic model is
that of constant infection and recovery rates. More formally, for the STR and SIS

models discussed in this thesis we define the following:

e Susceptible nodes acquire infection at a rate 8 per S — I edge, that is we

assume the infection process is a Poisson process with rate [3.

e Infectious nodes recover at a rate v per node and therefore, we assume the

recovery process is a Poisson process with rate +.

This section focuses on introducing the fundamental concepts which underpin the
above two assumptions, including illustrating how exponential distributions, Poisson
processes and Markov chains are related. The majority of the theory presented here
was drawn from the extensive descriptions in ‘Introduction to Probability Models’
by Sheldon M. Ross [60]. Throughout this section we elaborate on the above two
definitions and derive some key results for the infection and recovery processes on

networks which are used throughout this thesis.

1.2.1 The Exponential Distribution

Definition 1. Ross [60] gives the following explanation of the exponential distribu-
tion and some of it’s properties.
Let X be a continuous random variable. Then, X follows an exponential distribution
with rate A (A > 0), if its probability density function is given by:

Ae ™M x>0

fz) =

0, z <0

The cumulative density function (cdf) is given by:

z l—e™ >0
Flz) = P(X<u)= / f)dy =
—00 0, x <0

The expected value or mean of the exponential distribution is denoted E[X] and

is given by:

E[X] = /OO xf(z)de = /000 zhe dx (1.1)

—00
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1
Integrating Equation 1.1 by parts yields E[X] = %

A random variable X is said to be memory-less if the following statement holds

true:
P(X >s+tX >t)=P(X >s), foralls,t>0 (1.2)

In other words, the future state of X depends only on the present state and not on

the previous states. Equation 1.2 is equivalent to:
P(X >s+t)=P(X >s)P(X >1) (1.3)

If X is exponentially distributed, it is easy to show that Equation 1.3 is satisfied,
and hence an exponentially distributed random variable is memory-less. That is,

—A(s+t) As

e = e Me M. This is an important property which will become apparent in

the sections that follow.

1.2.2 Poisson Processes

A Poisson process is a counting process. Ross [60] gives multiple formal definitions
for a Poisson process, below we present two that we think are the most intuitive and

then discuss an example which illustrates its usefulness.

Definition 2. The counting process {N(t),t > 0} is said to be a Poisson process
having rate A, A > 0 if:

(i) N(0) =0;
(ii) The process has stationary and independent increments.
(iii) For small h, P(N(h) =1) = Ah + o(h).

(iv) For small h, P(N(h) > 2) = o(h).

The first condition in Definition 2 simply ensures that at time ¢ = 0 the Poisson
process is equal to 0. The second condition requires further explanation as follows.
A counting process, N(t), is said to have independent increments if the number
of events that occur in disjoint time intervals are independent [60]. Furthermore,
Ross [60] states that N(#) is said to have stationary increments if the distribution
of the number of events which occur in any interval of time depends only on the
length of the time interval. For example, if the number of events that occur within
the time interval (t; + s,t2 + s) has the same distribution as the number of events
occurring in the time interval (¢1,¢2); that is N(t2 + s) — N(t; + s) has the same
distribution as N(t2) — N(t1), for all t; < to and s > 0. It follows from the third
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condition in Definition 2 above that a Poisson process has stationary increments.
The third condition states that the probability one event occurs in a small time
step h is approximately the rate of the process multiplied by the length of the time
interval, h. Where a function f(-) is said to be o(h) if

lim —f(h) =0
h—0 h

[60]. Finally, the fourth condition states that it is highly unlikely that more than
one event will occur in a given small time interval, h. The expected value of the
Poisson process, N(t), is equal to At which gives rise to why A is called the rate of

the process.

The second, perhaps less formal, way of thinking about a Poisson process is
described by Ross [60] as follows.

Definition 3. Let {T,,,n > 1} be a sequence of independent identically distributed
exponential random variables each having mean 1/A. Then define a counting process
by saying that the nth event of this process occurs at time S, =Ty + 1o + - - - + T,.

The resulting process will be a Poisson process with rate A [60].

This definition of a Poisson process naturally leads us to define some key prob-

abilities that are used throughout this thesis which we derive in the following.

Probability an S — I edge transitions to an [ — I edge in a network

Let Ny(t),t > 0 and Ng(t),t > 0, be two independent Poisson processes with rates
and y respectively which describe the infection and recovery processes in a network
epidemic model. Furthermore, S! denotes the time of the n' event of the infection

h event of the recovery process. We want

process, and S denotes the time of the m!
to determine the probability that an event occurs in the infection process before an
event occurs in the recovery process, that is we want to determine P(S! < SE)
where n = m = 1. From Definition 3, as S} is the time of the first event of the N;(t)
process and STt is the time of the first event of the Ng(t) process then it follows that
both S;(t) and Sg(t) are exponentially distributed random variables with mean 1/

and 1/ respectively. To determine P(S¥ < Sf) we must condition on S¥t, therefore
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we end up with the following:
oo

P(S{ < SFy = P(S{ < SE|SE = 2)ye " dx

o0

P(ST < z)ye % dx

o0

(1-— e_Bm)ye_Wd:U

I
S— — —

oo o)
= ve Pdx — ’y/ e~ BNz gy
0 0

-0
B+
= Biv (1.4)

In the STR and SIS network models discussed in this thesis, it is assumed that

I
—

only one event (infection or recovery) can occur at a time. Therefore, the probability
an S — I edge transits to an I — I edge in a network is equivalent to asking what the

probability is that an infection event will occur before a recovery event. That is,

g

B+
Similarly, the probability an S — I edge transits to an S — R is given by:

0
B+

1.2.3 Discrete Time Markov Chains

This section describes the mathematical theory that forms the basis of the SIS
network model. We present general concepts here and leave the illustrations to be
discussed further in Chapter 5. A Markov Chain is described by a set of states,
X ={Xy, X2, X3,..., X, }, where the system moves between successive states with
a given probability. If the system is currently in state X; then the probability that
the system transitions to state X; when the next event occurs is Pj;. In a Markov
Chain, the future state of the system depends only upon the current state. That is,
the probability F;; does not depend upon which states the system was in before state
X;. The probabilities F;; are called transition probabilities and are often stored in a

matrix of transition probabilities or a transition matrix, P. More formally we have
P(Xp1=jlXn=1,Xp1=1ip-1,...,X1 =1 Xo =1ip) = P(Xpn41 = j| X, =1) = P

for all states ig,41,...,9p—1,%,J and n > 0 [60].
As probabilities are non-negative and the process must make a transition into

some state, we have:

o0
Pyj>0, 4,j>0; Y Pyj=1 i=0.1,...
j=0

21



The matrix, P denotes the one-step transition probabilities P;; [60], that is the

entries of P are of the form
P;; = P(system is in state j after one event | system is currently in state i)

This is often referred to as the embedded Discrete Time Markov Chain (DTMC).
Furthermore, P™ denotes the n-step probability matrix where it’s entries, P[j‘ define
the probability that the process is in state j after n steps given that it started in state
i. The Chapman-Kolmogorov Equations provide a method for computing these n

step probabilities as follows.

Chapman-Kolmogorov Equations

To determine the n step probabilities we wish to find the probability that a process

in state ¢ will be in state j after n additional transitions, that is
Pl = P(Xntm = j|Xm =1), n>0,4,j>0

The Chapman-Kolmogorov Equations are defined as
o0
Pl =" PPy forall n,m >0, all i, j
k=0

where PZ’EP,Z gives the probability that starting in state ¢, the process will transition
to state j in n + m transitions through a path which takes the process into state k
at the n'? transition. Therefore, by summing over all possible intermediate states &
we obtain the probability that the process will be in state j after n 4+ m transitions.
See Ross [60] for a full proof.

For a specified initial condition we can also determine the unconditional dis-
tribution of the state at time n as follows [60] Let «; denote the probability that
the initial state of the process is state ¢, that is oy = P(Xo = 4) for ¢ > 0 and

Y2y = 1. Then we have

P(X,=j) = Y P(X,=jlXo=14)P(Xo=1i)
i=0

[e.9]
_ n. . .
= g Pl-jozZ
i=0

The above theory underpins the results which we derive in Chapter 5 to describe

the SIS epidemic process on networks.

1.2.4 Continuous Time Markov Chains

A Continuous Time Markov Chain (CTMC) is a stochastic process having the
Markovian property that the conditional distribution of the future state, say X (t+s),

22



given the current state, X(s) and the past state, X(u), 0 < u < s, depends only
on the current state, X (s). That is X (¢ + s) is independent of the past state X (u).

More formally,
PX(t+s)=7jX(s)=14X(u)=xu),0<u<s)=PX({t+s)=jX(s)=1)

Perhaps not surprisingly due to this memory-less property, a good example of a
CTMC is the Poisson process. The following properties also hold for a CTMC each

time the process enters state ¢ [60]:

e The amount of time spent in that state before making a transition is expo-
nentially distributed with mean 1/v; (where v; is the rate the process makes a

transition) and,

e When the process leaves state i, it next enters state j with probability P;;

where P;; must satisfy:

o Py=0 Vi

Therefore, a CTMC is a stochastic process that moves from state to state in ac-
cordance with a DTMC, as discussed in Section 1.2.3, but is such that the amount
of time spent in each state before transitioning to the next state is exponentially
distributed. The amount of time spent in each state is also independent of the
amount of time spent in any other state [60]. An important distinction between the
DTMC and CTMC should be noted here. The matrix P describes the probabilistic
behaviour of the embedded DTMC, however it does not fully capture the behaviour
of the continuous time process because it does not specify the timescale at which

the transitions occur.

Kolmogorov Differential Equations
In this section we summarise the theory upon which the methods used to describe

the STR model on networks in this thesis is based.

For any pair of states i and j, g;; is defined as the rate at which the process
makes a transition into state j given that it was in state i and takes the following

form
qij = viPij

where v; is the rate the process makes a transition when in state ¢ and F;; is the

probability that this transition is into state j. The above quantities are linked by
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the following relationship:
v; = Z'Uipij = Z%’j
J J

and

qij qij
P~- = — =
“ (% Zj qij

By specifying the above rates we can determine the parameters of the process.

Let P;;(t) be the probability that a process will be in state j after some time, ¢,

given that it was in state ¢ at time s.
Pij(t) = P(X(t + s) = j|X(s) = i)

In what follows we derive a set of differential equations for these transition prob-

abilities. However first we require the following lemmas as described in [60].

Lemma 1 (Ross [60]).

1- P,

lim ——2 = 1.

MR T )
lim Ly _ qij when i # j (1.6)
h—0 h !

Proof. First note that as the amount of time until a transition occurs is exponentially
distributed it follows that the probability of two or more transitions occurring in a
time interval h is o(h). Therefore, the probability that a process in state i will not
be in state i at time h,1 — P;;(h), is equal to the probability that a transition occurs

within the time interval h plus something small compared to h. Thus,
1 — Pi;(h) = vih + o(h)

which proves Equation 1.5 above. Secondly, note that Pj;(h) (the probability that
the process goes from state 7 to state j in a time h, equals the probability that a
transition occurs in this time multiplied by the probability that the transition is into

state j, plus something small compared to h. Therefore,
P; (h) = h’UiPij + O(h)
and thus Equation 1.6 is proven [60]. O

Lemma 2 (Ross [60]). For all s >0,t >0,

Py(t+5) = > Pult)Pi(s) (1.7)
k=0

24



Proof. In order for the process to go from state i to state j in time ¢ + s, it must be

somewhere at time ¢ and thus
Pij(t+s) = P(X(t—i— s) = j|X(0) = 1)

- ZP (t+s) =7, X(t) = k|X(0) = i)
- ZP (t+s) = j|X(t) = k, X(0) = i) x P(X(t) = k| X (0) =)
- ZP (t+s) = jIX(t) = k) x P(X(t) = k|X(0) = i)

= Z Pyj(s)P,
k=0

which completes the proof [60]. O

From Lemmas 1 and 2 we can derive the following equation.

Pyj(h+1t) — PBy(t) = me )Pyj(t) — Pij(t)

S PR — - R
k#i

and taking the limit of both sides as h tends towards zero gives

i OB ZR0 gy (5 5 - |22

h—0 h h—0 ‘ h
k#i

Noting that in the above equation it can be justified to interchange the limit and

the summation, we arrive at the following:

=D awPy(t) — viPy(1) (1.8)
k#1

where P = dt The above Equation 1.9 holds for all states i, j, and times ¢ > 0 and

is more formally known as Kolmogorov’s Backward Equations.

We can also derive the Kolmogorov Forward Equations following a similar method.

From Lemmas 1 and 2 we can derive the following equation.

Py(h+1t)— Py(t) = Zak )Pej(t) — Pij ()

= ZPm )Pij(t) — [1— Py (h)] Py (1)
k#j
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and taking the limit of both sides as h tends towards zero gives

_Pj(t+h)— P Pk] 1 — Pji(h)
o h = fm Z Fi(h h Fi(t)

Noting that in the above equation it can be justified to interchange the limit and

the summation, we arrive at the following:

t) =Y ar; Pin(t) — v Py (1) (1.9)
Kt

In the above equation interchanging the limit and the summation is not always valid,
however it does hold for most models including all finite state models and birth and

death processes [60].

Equations for the SIR and SIS Models

We define the SIR epidemic on a network using a continuous time Markov chain
where the infection and recovery processes are modelled as independent Poisson
processes (as discussed above). This naturally leads us to define the Kolmogorov
differential equations for an SIR epidemic on a network.

For the SIR and SIS network models we derive a system of Kolmogorov dif-
ferential equations which describes how the infection progresses through a given
network over time. We denote P; as the probability that the network is in state i at
time t; g;; is the rate the system makes a transition from state i to state j and v; is
the rate the system transitions out of state i. Therefore, in general, we have:

Zqszi —v;P; (1.10)
i#j

For the STR model only we also derive a set of equations describing the probabil-
ity that the network is ever in state j denoted by P;. Note that these probabilities
are independent of time and are later used to derive the final size probability mass
functions.

S PP, (1.11)
i#]
where P;; is the probability that the transition is from state 7 to state j. We discuss
these equations and the state space of the SITR and SIS network models in more

detail in Chapters 2 and 5 of this thesis.

1.3 Overview

This thesis is structured as follows. Part I focuses on a STR compartmental model

for the spread of an infection through a population. In Chapter 2 we outline the
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methods used to find the analytic probability mass function (PMF) of the final
epidemic size of small networks consisting of N = 3 and N = 4 nodes. Details
are given for the simplest and most complex small networks to illustrate. This is
followed by the presentation and discussion of results for the STR model on all small
networks considered. In Chapter 3 we illustrate how we can use known results found
for the small networks in order to analytically describe the spread of an infection
through a larger network. We detail methods and results for an STR model on a line
of triangles (LoT) network with N = 6 nodes; followed by generalising the analytic
results, including the PMF of the final epidemic size, for a LoT with an arbitrary
number of nodes, N. In Chapter 4 we discuss the ambiguity that surrounds the
definition of the basic reproduction number, Ry, and give an overview of how Ry
has been defined for network models. This is followed by our interpretation of Ry
for small networks using the Next Generation Matrix approach [16, 18, 57]. We then
illustrate how our STR model can be used to investigate the spread of influenza and
measles on small networks which could represent a small population or community.

Part II focuses on a S1.5 model for the spread of an infection through a popu-
lation. In Chapter 5 we use Markov Chain methodology to derive results such as
the expected time to absorption, the expected number of times each individual is
infected and the cumulative incidence of the epidemic for the SIS model on the
simplest and most complex small networks. We derive results for a SIS model on
a LoT network consisting of N = 6 and N = 9 nodes in Chapter 6, this is followed
by the derivation of a generalised transition matrix for a SIS model on any given
network. This chapter ends with a discussion of results and differences between the
SIR and SIS models on the LoT network. In Chapter 7 we illustrate how to pa-
rameterise the SIS small network models using rabies and chlamydia as examples.
This is followed by the presentation and discussion of results.

Appendix A contains the detailed methods for the STR model on the remaining
six small networks. In Appendix B we give tables comparing the derived analytic
results with stochastic realisations for the STR model on a LoT network. We also
present figures that show the difference between analytic and stochastic results con-
verges to zero as the number of realisations increases. Appendix C contains the de-
tailed methods for the ST.S model on the remaining six small networks. In Appendix
D we show that the difference between analytic and stochastic results converges to
zero as the number of realisations increases for the SIS model on small networks

and LoT network with N = 6 nodes.
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Part 1

SIR Model
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Chapter 2

SIR epidemics on small

networks

In this chapter we focus on an SIR compartmental model to describe the spread
of an infection through a population. We consider eight small networks of varying
topological structure (see Figure 2.1) and investigate the dynamics of the model on
them. First, we define the notation used throughout this thesis. Susceptible nodes
acquire infection at rate 8 per S — I edge and infectious nodes recover at rate ~.
As all of our results depend on the ratio /7, we define the variable R = /v to
simplify our expressions. We denote the state that a network of three nodes is in by
XY Z, where X, Y and Z denote the infection state (S, I or R) that nodes a, b and
¢ are in respectively. Similarly, we denote the state that a network of four nodes is
in by WXY Z.

For an SIR model on a network of N nodes there are 3V possible states in
which the network can be. Thus, for an SIR model on networks of size N = 3
and N = 4 nodes there are 27 and 81 possible states in which the networks can be
respectively. To simplify our analysis we group states together based on symmetries
of the network [62]; in the simplest case of a complete network we can group states
together that have the same number of S, I and R nodes (A complete network is a
network in which each node is connected to every other node within the network, see
for example Figure 2.1 A and C). For networks that are not complete we must look
at the topology and the number of nodes in each infection state before determining
which network states can be grouped together. Thus, for each network we group
together the states that are topologically equivalent and have the same number
of nodes in each infection state. See Figure 2.2 for illustrations of topologically
equivalent states. Once we have the reduced number of states we draw a transition

diagram which shows how the infection moves through the network.
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Figure 2.1: Network diagrams in order of increasing complexity. A.
Triangle Network. B. Line Network, N = 3. C. Complete Network,
N = 4. D. Square Network. E. Star Network. F. Toast Network. G.
Line Network, N = 4. H. Lollipop Network.

Each box in the transition diagram represents a different state of the network
and each arrow represents either recovery or infection of a node. Coloured outlines
represent topologically different states with the same number of nodes in each infec-
tion state. Transition between states is only possible if there is a directed arrow from
one to the other. Movement between states in the transition diagram shows how the
infection spreads through the network. Once the network reaches an absorbing state
the epidemic is over and the infection has died out. From the transition diagram we

derive the individual transition probabilities between network states.

From the transition diagrams we can calculate the probability of obtaining differ-
ent final sizes which depends only on the initial state and the infection parameters.
The final size is the total number of nodes that acquire infection at some point dur-
ing the epidemic. For an STR model this is simply the number of nodes that end
up in the recovered state. We obtain these final sizes by summing up all possible
infection paths to the appropriate absorbing states, given the infection starts in one
of the initial states. Once the network reaches an absorbing state the epidemic is
over and the infection has died out. The analytic expression for the expected fi-

nal size of the epidemic is also determined. The expected final size is defined by
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Figure 2.2: Example of grouping together topologically equivalent states

: 000

for networks of size N = 3. The three triangle network states (top) are
equivalent and thus can be grouped together into one state. However,
for the line network (bottom) the two states on the left, where the end
node is infectious, are equivalent and thus are grouped together to form
one state. The state on the bottom right, where the central node of the
line network is infectious, is not topologically equivalent and so it forms

another state of its own.

E[Final Size| = ZZJ\L 1 iP(Final Size = 7). We can also show how the infection pro-
gresses through the network by writing down a set of differential equations; each
equation describing the evolution of the probability that the network is in a given
state at time ¢. We then numerically solve the equations with the same initial con-
ditions and infection parameters that we used to find the analytical expressions of
the probability mass function for the final epidemic size. To independently verify
our results we also ran stochastic realisations on each of the small networks for the
same initial conditions and infection parameters. The Gillespie algorithm was used
for the stochastic STR model (See Section 2.3 and also [34] for details of the algo-
rithm) which was implemented using MATLAB software. To calculate the final size
probabilities we ran 2 x 10° stochastic realisations on each network with the initial
conditions and parameters as specified, and counted the frequency of each final size
occurring. We also calculated the clustering coefficient, ¢, for each network to see if
any patterns emerged between the final epidemic size and clustering coefficient of the
networks. The clustering coefficient is the ratio of triangles to triples in a network;
a triple is any three nodes that are connected which could be either a triangle or a

line of three nodes.

In the following sections of this chapter we illustrate our methods with the sim-

plest and most complex small networks, the triangle and lollipop networks respec-
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tively. We then outline the Gillespie algorithm for the stochastic STR model used to
verify our results. This is followed by the presentation and discussion of our results
from all small networks shown in Figure 2.1. The detailed methods for each of the

remaining small networks are given in Appendix A, page 196.

2.1 Triangle Network

The triangle network is the simplest of the eight small networks we investigated,
being the smallest complete network consisting of three nodes of degree two. For an
STR model on a triangle network there are 27 possible states in which the network
can be. As we are dealing with a complete network, we can group states together
based on those with the same number of nodes in each infection state. By grouping
the appropriate states together, the triangle network can be reduced to 10 sets of

states shown by the transition diagram in Figure 2.3.

SES

{IRR, RIR,

RRI}

" {SIR, SRI,
ISR, IRS,
RS, RIS}

{SRR,
RSR, RRS}

Figure 2.3: Transition diagram for the triangle (complete) network with
N = 3 nodes.

{lIR, IRI,
RIN}

{SSR,
SRS, RSS}

Legend for Transition Rates
7 &)
— 2"}/ — 25

In the triangle network, if the epidemic is started with one initial infectious node
it does not matter if that is node a, b or ¢ as each node is topologically equivalent.
From the transition diagram of the SIR model on the triangle network (Figure
2.3) we derive the individual transition probabilities between network states. We
obtained the final size probability mass functions for the STR epidemic process on
the triangle network, given that the epidemic was started with one initial infectious

node shown in Table 2.1. Note that the probability of the final size equaling one is
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the same as the probability of the infection not taking off, that is the one infectious

node recovers before it could infect one of its neighbours.

2.1.1 Catalogue of transition probabilities for the triangle network

From the transition diagram of the SIR model on the triangle network we derive
the individual transition probabilities between network states. For example, given
the system is in state SSI, the events that could happen in the next step are a)
infection of one of the two susceptible nodes (as they are both neighbours of the
infectious node), this will happen at a rate 2( as infection occurs at a rate /3 per
S — I edge as discussed in the introduction; b) recovery of the infectious node which
happens at a rate . Therefore, the total rate that the system leaves state SST is
equal to the sum of the rates of these events, that is 25 + «. Then, we can write
down the probabilities of the system moving from state SSI to SII (infection event

occured) and SSR (recovery event occured):

28
P(SSI — SII) =
(SSI = SII) = 55~
g
P(SSI — SSR) =
(ST = SSR) = 55—

It is easy to see that the sum of these probabilities equals one, which is expected. To
obtain the transition probabilities which we give below, we set the variable R = 3/~
in order to simplify our expressions. In the following Pxy 7 denotes the probability
that the network is ever in state XY Z, where X, Y and Z denote the infection
state (S, I or R) that nodes a, b and ¢ are in respectively. These probabilities
are independent of time and depend only on the infection parameters. To specifiy
which initial state the system starts in we define indicator variables, Fxy z, which
are set to equal one if the system begins in state XY Z and zero otherwise. From
the absorbing state probabilities we find the final epidemic size probabilities, PP.

Possible initial state:
Essr = 1

Probability of passing through transient states:

2R
Psir = Mt 1ESSI
2
PSI R = mPSI I
2R
Prir = Rt 277511
R
Prir = mpsm + Prir
Prrr = Prrr
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Probability of terminating in absorbing states:

Pssr

Psrr

PrRrR

1

2R +1

1

R1 i

Prrr

Essr

To find the equations for the final size probabilities we evaluated the following;:

P(Final Size = 1)
P(Final Size = 2)
P(Final Size = 3)

Pssr
Psrr

Prrr

Simplifying the above we derive the analytic expressions for the final size prob-

abilities for the triangle network as shown in Table 2.1. For example, to illustrate

how we found P(Final Size = 3), we make the following substitutions:

P(Final Size = 3)

Prrr

Prrr

Prir

L7751112 + Prir

R+1
R 2 2R

R+12R+2

(<R7jl>
E551>
SSI

R
R+1

5 T

R?2+2R [ 2R
(R+1)2 (2R+ 1
2R? (R +2)
(R+1)*@2R+1)

The probability mass function of the final size distribution for the triangle net-

work is shown in Figure 2.9.

2.1.2 Progression of infection over time

In the following we use P xyz to denote the probability that the triangle network is
in the state XY Z at time ¢, where X, Y and Z denote the infection state (S, I or R)

that nodes a, b and ¢ are in respectively. Thus, the equation for the time derivative

P xvz shows how the network can enter and leave the state XY Z. The rate at which

the network enters and leaves each state can be found from the transition diagram.

For example, to determine the equation for the time derivative PSU we take the
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Table 2.1: Triangle network final size PMF's

Initial State SST
P(Final Size =1) 1
2R +1
P(Final Size =2) 2R
(R+1)?2R+1)
2
P(Final Size =3) 2R* (R +2)
(R+1)*(2R +1)
3 2
Expected FS 6R>+13R?2+6R +1
(R+1)°(2R+1)

following steps. From the transition diagram we can see that the only way to enter
the state SII is from state SSI at rate 23; similarly there are two ways to leave
state SII and that is to enter state 111 at rate 23 or to enter state SIR at rate 2+.
Putting this together into an equation yields:

Psrr = 28Pssr — (26 + 27)Ps11

We rescale time so v = 1 in the equations before substituting in R = 3/ to obtain:

Psir = 26Pssr — (26 +27)Psir
20 (28 +2v)
—Pgsr — ———Pgyr

= QRPSS[ — Q(R + 1)PS][

These equations allow us to simulate the time course of the epidemic and to check

our final size calculations. Equations describing the probability that the network is
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in a given state at time ¢ for an STR model on the triangle network are:

Initial states:

Psss = 0 (2.1)
Pssr = —(2R+1)Pgsr

Transient states:
Psri = 2RPsss —2(R +1)Psir
Psik = 2Psir— (R+1)Psir
Piik = RPsir+ 3P —2Pg
Piir = 2RPsir — 3P
Pirr = 2Piir—Pirr

Absorbing states:

Pssr = Pgsr
Psrr = Psir
Prrr = Pirr

We have included the equation for the initial state SSS for completeness, even
though it is disjoint from the transition diagram as no infection is present. As
t — 00, the infection dies out and the system ends up in one of the absorbing states.
For a given transition rate, the initial state determines the probability of tending
to each of the possible absorbing states. To find the final size probabilities we
numerically solve the system of differential equations (see Figure 2.4) with specified
initial conditions and sum up the appropriate absorbing state probabilities once a
steady state has been reached. Numerical results confirm our analytical expressions
for the final epidemic size. For the STR model, R = 3/~ can be thought of as being
a naive estimate for Ry (the basic reproduction number). It is well known that the
basic reproduction number has a threshold at Ry = 1; if Ry < 1 the infection is
likely to die out and if Ry > 1 an epidemic is likely to occur. Therefore, we have
chosen to compare results with R = 1 and R = 2 to investigate the dynamics of an
STR model. This allows us to compare results found with g = ~ to results found
with g = 27.

36



"SUOTHTPUOD RIJTUT JO 198 UIRS 91} 10 SUOIssaIdxa
[ed1jATRUR O} )M JUOUIOAISR UL IR SINSAI [RILIOWNU O], OPOU SNOIJIdJUI 9UO YIM [ G 9Ie)s 1) Ul otwepide oY) Surlre)s Ioj
A(oA1100dsa1 g = 3/ pue T = 2/ I0J s)nsal [edrydeIsd urejuod suwmiod JYSLI pue 4Jor] "SOpou ¢ = AJ YHM JI0M)}SU S[SURLI} © UO [opPOU

Y [S TR IOJ W} IOAO UOIJISJUI JO UOTSsaIS01d o) SoqLIOSIp Jey) T°g suolyenbs] Jo WOISAS oY) JO UOIIN[OS [edlIowny :§°g 9InSI1q

ISS :9je1g [eu] ISS 193818 [eniu|

awi] .

9 ¥ z 0 9 3

= 0 o

)

: =3

20 : <

YT &
I --- 3
dll---) 0 ; 2
uIs --- S
IS --- o
ISS---| | 9°0 ‘ 2.
Yy — @
S — 5
dSS—| | 80 a M
2.

®

=

a

B

(1]

37



2.2 Lollipop Network

We now consider the Lollipop network of four nodes which is a triangle network with
one extra node connected to it (see Figure 2.1 H). For the lollipop network there
are three different types of nodes; node a has degree 3, nodes b and ¢ have degree
2 and node d has degree 1. Therefore, the final size probabilities vary depending
on which type of node is the initial infectious node. We denote 5SS as the initial
state in which node a is infectious; SSSI as the initial state in which node d is
infectious; S1S5S as the initial state in which either node b or node c¢ is infectious
and SSII as the initial state in which nodes b and d are infectious. To simplify our
analysis we group states together that are topologically equivalent and that have the
same number of nodes in each infection state. By grouping the appropriate states
together, the lollipop network can be reduced to a system of 54 states shown by the
transition diagram in Figure 2.5. The probability mass functions of the final size for

the lollipop network found with four initial conditions are shown in Table 2.2.

2.2.1 Catalogue of transition probabilities

Possible initial state indicator variables:

—_

, if initial state is SISS.
Esrss =
0, otherwise.

1, if initial state is 1.555.
Ersss =
0, otherwise.

1, if initial state is SSST.

Esssr =
0, otherwise.

1, if initial state is SSII.
Essir =
0, otherwise.
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Probability of passing through transient states:

Priss
Prssi
Psirs
Prssi
Prssr
Priss
Pirss
Pri1s
Prist
Psrir
Pssri
Pssir
Psirs
Psiir
Psirr
Psirr
Prirs

Prirr
Prist
Prrs1
Prisr
Prirs
Psrrr

Prris

2R
3R +1

Ersss + Esrss

2R +1

Ersss + Esssr

R R
3R +1 R+1
R
2R +1
1
2R + 2
1
2R +2
1
3R +2
1
3R +2
2R

3R +2

Esrss

Prssr

Prsst

Prrss
Priss

Priss + Psirs

P
IR + 2
IR
SR 2 1SSt o e ISt 3R
R
3R + 2
1

3R +2
1

3R+ 2
2

2R +2

Essir

Essrr

Essir
Essrr

Psirs

R_p
3R +3 IR+ 1 SO

2

3R +3
2

2R +2

1
=== Psrir +

PSII]

Psrrr + Psrrr

2R + 2

R 1
Ri_HPRISS + mplns

L’P + 2R
R+3 5T or 13

b
2R +3

1
P —P —P
YR 13 HSI+2R+1 IRSS+R+1 SSRI

1 R 2R
2R +1

Prisr + Psrrr

3
3R +3

Prist

Prssr

———Prirs + =——Psirs + Prrss

R+3 R+1 2R +1
1

mPSIRI

1
P _— P
RIIS + R 12 IIRS

40



Pirsr
Prisr
Prrsi
Pirrs
Prir1
Prir
Priir
Prri1
Priir
Prirr
PirrI
PRRRI
PRrIRR

PrrrR

1

3

3

R+1

R+1

1
Prisr + 5=——=Prrst

2R +2 R+2
1 1
P T
1 1
P ———
R 12 IRSI+R+2 RISI
1
_~p
Ry g PIRS
R 1 R
_* p P+ =P R
R 12 HR5+2 IIII+R+2 IRSI+2,R+1
1 R
= ZPHH + WPRISI
= Yt Psrin + 2P
= JPun+ op— 5 Psir+ op— 5 Pusk
2

1
=Prrrr + gPURI

1 R
=(Prrrr + Prirr) + =——Prisr

R+1

R 2 1
———(Pirsr + Psirr) + 5771113 + §7DHRI

R R 1
———Psrrr + 5——=Pirrs + gPHRI

R+1

1
i(PRRH + PIrRI)

Prirr + %(PHRR + Prrir)
%(PURR + Prrrr)
Probability of terminating in absorbing states:
Prsss = 3Rl+1EISSS
Psssr = = i 7 Esssr
Psrss = ﬁEsms
Prssr = 2R1 ) Prssr + Prssi
Prrss = R:-lPRISS tor T 17’1335
Psrrs = RlHPSIRS
Pssrr = ;,PSSIR + ;PSSRI
2R +1 R+1

Psrrr = %H(PSRRI + PsirR)
Prrsr = R1+1 (Prisr + Prrsr) + Prrsi
Prrrs = %HPIRRS + Prr1s
Prrrr = Pirrr + Prirr + PRRRI
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To find the equations for the final size probabilities we evaluated the following:

P(Final Size = 1

( )
P(Final Size = 2)
P(Final Size = 3)

( )

P(Final Size = 4

= Prsss + Psssr + Psrss
= Prssr + Prrss + Psrrs + Pssrr
= Psrrr + Prrsr + PrRRS

= 'PRrRRR

Simplifying the above we obtained the final size equations for the lollipop network

with four nodes as shown in Table 2.2 on page 45. The probability mass function of

the final size distribution for

the lollipop network is shown in Figure 2.14.

2.2.2 Progression of infection over time

Equations describing the probability that the network is in a given state at time ¢

for an STR model on the lollipop network are:

Initial states:

IjSSSS =

I:.)ISSS' =

PS[SS =

I'DSSSI =

I:')SSII =
Transient states:

I:'>IISS =

IjIS’SI =

pSIIS -

I:‘)RSSI =

I:.)ISSR =

IjPJSS =

I.DIIIS' =

PSHI =

I‘DSSRI =

I:.)SSIR =

IjSIRS =

Ii)IRSS' =

Prisi =

o

—(BR + 1)Prsss
—(2R +1)Psrss
—(R +1)Psss1

—(3R +2)Pssir

2RPrsss + RPsrss — (3R + 2)Pirss
R(Prsss + Psssr) —2(R + 1)Prssr
RPsrss —2(R +1)Psirs

Prssr — Prssr

Prssr — Pissr

Prrss = (R 4+ 1)Priss

2R(Pr1ss + Psirs) — (R +3)Prirs
RPssrr —3(R + 1)Psqr

Pssrr — (R +1)Pssrr

Pssir — (2R + 1)Pssir

2Psi1s — (R +1)Psirs

Prrss — (2R + 1)Prrss

2R(P1ssr + Pssir) + RPirss — (2R + 3)Prrst

42

(2.2)



Psiir
Psirnr
Psirr
I:.)RIIS
Prirr
Prrs
PrRs
Prisk
I:.)IIRS
I:')SR}U
Prir
Piirr
PrRis
I:')]RSR
F)RISR
Prrsr
PiRrRs
Priri
I‘DRRII
I:.)RRRI
Prirr
Piirr
Pirrr
I.DRIRR
Ii)IRRR
Absorbing states:
If’]—"ﬁS\S’S
I‘),S'SSR
I:')SRSS
Ii)RSSR
If)RRSS

Psrrs

RPssir + Psirr —2(R + 1)Psiir

2Psiir +Psirr — (R +1)Psirr

2Psrir — 2(R + 1)Psir1

Prirs + RPriss — 2Priss

R(Prrrs + 2Prrsr + 3Psrrr) — 4Prrrr

Prrsr — (R +2)Prrsr

R(Pirss +Pssrr) +Prrsr — (R +2)Prrst
RPssir + Prrsr —2(R + 1)Prisr

2Pr11s + R(Psirs + Prrss) — (R + 2)Pirrs
Psirr — (R + 1)Psrrr

Prrrr + RPrisr — 3Prir

Prrrr +2R(Psrir + Prrsr) — 3P1rrr

2PRri1s + Prrrs — Prris

Prrsr +Prisr — (R + 1)P1rsr

Prrsr +Prsir — (R + 1)Prisr

Prrsr + Prisr — Prrs1

Prrrs — (R + 1)PrrRs

2RPsirr + R(Prirs + Prrsr) + 2Prirr — 3Prrrr
2Pgrrr + Prrir — 2PRRix

Prrir + Prrrr — PrRRI

Prirr + Prrrr + RPrisr — 2Prirr

2P111r + R(P1rsr + Psirr) — 2P1irR + Prrrr
R(Psrrr + Pirrs) + Prrrr — 2PrrR1
2PRr1rr + PrRrir + Prirr — PRIRR

Prrrr + Prirr — PIRRR

Prsss
Psssr
Psiss
Prssr + Prssr
Priss + Prrss

Psirs
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Pssrr = Pssrr+Pssir

Psrrr = Psirr +Psrri
Prrsr = Prisr+Prrss+Prrsr
Prrrs = Prris+Prrrs
Prrrr = Prrrr -+ Prrri+ Prirr

We numerically solve the system of Equations 2.2 (see Figure 2.6) to confirm our

analytical expressions for the final epidemic size of the lollipop network
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2.3 Epidemics on networks of three or four nodes

Here, we detail the Gillespie algorithm which was used to independently verify our
analytic results. We then proceed to present and discuss results found for the SIR

model on all small networks shown in Figure 2.1.

2.3.1 Stochastic Model

In previous sections the methods used to find and evaluate analytic results for an
SITR model on small networks were detailed. In this section we will explain the
methods used to check our results independently and confirm that they are correct.
The Gillespie algorithm was used to simulate a stochastic STR model on each of the
small networks considered. We ran realisations of the stochastic model with the same
initial conditions and infection parameters used to compute the analytic results. In
the Gillespie algorithm, for each node, a random event time is generated by adding
to the current time an exponentially distributed time step with rate either i (if
node is in state S and where ¢ is the number of infectious neighbours the node has)
or v (if node is in state I). Then, repeatedly, the node with the smallest time step
is chosen, the current time step is updated to the event time of the chosen node,
and the state of the chosen node is changed accordingly. The event times of the
chosen node and all of its neighbours are then updated. This repetition continues
until there are no more infectious nodes in the contact network. For the STR model
the epidemic ends when all nodes are in either state S or R.

The final size of the epidemic realisation is calculated by summing up the total
number of nodes in the recovered class at the end of the epidemic. To determine the
final size probabilities for given initial condition and infection parameters we ran
2 x 10° stochastic realisations on each network and calculated the frequency of each

final size occurring.

2.3.2 Results

We analysed an STR model on each of the small networks of three and four nodes
(see Figure 2.1) following the method illustrated above for the triangle and lollipop
networks. Here, we present the results from all networks considered and refer the
reader to Appendix A for the full details of the analysis for each network. In Table 2.3
we give expressions for the expected final epidemic size for all networks of size N = 3
and N = 4 starting the epidemic with one infectious node. In Figures 2.7 and 2.8
we compare each of these expressions for the expected final size by plotting them
over a range of R values. It can be seen clearly in Figure 2.7 that the expected final

size for the triangle network is always higher than the expected final size of the line
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Expected Final Size
N

4l — Triangle Network, | =a | |
—Line Network, |, =b
1.2 —Line Network, I0 =a
| | ) | | 1 1 1 1
Y 1 2 3 4 5 6 7 8 9 10

Figure 2.7: Expected final size functions of R for all networks of size
N = 3; these were evaluated for the range of values R = 0.1 to R = 10.

Each SIR epidemic started with one infectious node, Iy, as specified.

network with NV = 3 nodes starting with one infectious node. This result is expected
as the triangle network is better connected than the line network; for example for
node ¢ to become infected in the triangle network node a or b first needs to be
infected, however for node ¢ to become infected in the line network node b must first
be infected. Similarly in Figure 2.8 the expected final size for the complete network
is always higher than that for every other network of size N = 4 for all values of
R. From Figure 2.8 we can also see that there are six intersections that occur when
two expressions for the expected final size, of two different networks, are equal. The
value of R where these intersections occur can be found analytically by equating the
appropriate expressions found in Table 2.3 and solving for R. Table 2.4 summarises
these results. In Tables 2.3 and 2.4 we use I to denote the initial infectious node.
The expressions for the expected final size of the complete network and the line
network of N = 4 nodes do not intersect with expressions for any other network for

all values of R.

Figures 2.9 to 2.14 show the probability mass functions for the final epidemic size
of each network considered. For each network there is a probability mass function
corresponding to each initial state. In Table 2.5 we give the expected final size
corresponding to each of the probability mass functions in Figures 2.9 to 2.14. Table
2.5 also shows the degree of the initial infectious node(s) and clustering coefficient
for each of the small networks of three and four nodes considered. Not surprisingly,

the triangle network has a clustering coefficient of ¢ = 1 and all complete networks
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Table

2.3:

Expressions for

the

Expected Final

Size

(E[Final Size]) of an SIR epidemic starting with one infectious

node.

Networks with N =3

Initial state and initial Degree of
. . E[Final Size]
infectious node, I I
. 2 2R2
. Triangle SSI (Io = a) 2 ST RT1 T REDER )
SSI (Iy = 1 3 o
(Io=aorc) R+1 (R+1)2
. Line
2
SIS (Ip=b) 2 TR
Networks with N =4
3(4R° 4 18R* + 37TR3 + 29R? + IR + 1)
. Complet I(Iy=a,b d 4-
omplete | SSSI (Iy=a, b, c or d) 3 R+1PQ2R+1)?(BR+1)
3R?+1TR?> +13R +3
. Square SSSI (In=a, b, cor d) 2 a (R+1)3(2R + 1)
SSSI (Ip=1b d 1 TR
(Io =0, cor d) R+1 (R+1)2
. Star 3
- 4=
1555 (Ip = a) 3 R+1
6RY*+29R>+4R>2+19R +3
1S (Ip=b 2 -
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SSST (- 0 \ C6R'+33RP+ATR* +21R +3
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s 0 ] ' _4R+3  RER+1)
(Io=aor d) (R+1?  (R+1)°
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SSIS (Ip=1b 2 - AR
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SSST (Ip=4d 1 -
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—— Complete Network, Io =a ||

—Toast Network, lo =a

P - —Toast Network, 'o =b

2.5+ '," /," ——Lollipop Network, In =a

——Square Network, Io =a
Lollipop Network, I0 =b

Expected Final Size

—Star Network, Io =a
A - --Line Network, I0 =b
1.5-1" ——Lollipop Network, I, =d ||
——Star Network, I0 =b
- - Line Network, Io =a

| T T
0 1 2 3 4 5 6 7 8 9 10

Figure 2.8: Expected final size functions of R for all networks of size
N = 4; these were evaluated for the range of values R = 0.1 to R = 10.

Each SIR epidemic started with one infectious node, Iy, as specified.

Table 2.4: Intersections of Expected Final Size expressions.

E[Final Size| of this network > [E[Final Size| of this network for R >
Toast network (Ip = b or ¢) Star network (Ip = a) 0.2841
Toast network (Inp = b or ¢) Lollipop network (Ip = a) 1.3131

Square network (Ip = a, b, ¢ or d) Lollipop network (Ip = a) 2 + /b &~ 4.2361

. 1

Square network (Ip = a, b, ¢ or d) Lollipop network (Ip = b or ¢) 3
Lollipop network (Ip = b or ¢) Star network (Ip = a) ! +2\/S ~ 1.6180

Square network (Ip = a, b, ¢ or d) Star network (Ip = a) 1
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have a clustering coefficient of ¢ = 1. All line networks have a clustering coefficient
of ¢ = 0 as there are no closed loops of any size in a line network. Note that the
clustering coefficient counts the number of closed loops of order 3 in the network
and does not take into account closed loops of order 4 (or higher) which are present

in the complete, square and toast networks with N = 4 nodes.
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A. Triangle Network
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Figure 2.9: Probability mass functions for the triangle and line networks
with N = 3. The PMF’s in light and dark blue are for R = 1 and
R = 2 respectively. Red triangles represent the corresponding final size
probabilities found from stochastic realisations. Schematics of the initial

state are shown on the right.

52



C. Complete Network, N=4
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Figure 2.10: Probability mass functions for the complete and square
networks with NV = 4. The PMF’s in light and dark blue are for R =1
and R = 2 respectively. Red triangles represent the corresponding final
size probabilities found from stochastic realisations. Schematics of the

initial state are shown on the right.
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E. Star Network
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Figure 2.11: Probability mass functions for the star network with N =
4. The PMF’s in light and dark blue are for R = 1 and R = 2 respectively.
Red triangles represent the corresponding final size probabilities found
from stochastic realisations. Schematics of the initial state are shown on

the right.
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F. Toast Network
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Figure 2.12: Probability mass functions for the toast network with N =
4. The PMF’s in light and dark blue are for R = 1 and R = 2 respectively.
Red triangles represent the corresponding final size probabilities found
from stochastic realisations. Schematics of the initial state are shown on
the right.
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G. Line Network, N=4
Initial state: SSSI
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Figure 2.13: Probability mass functions for the line network with N = 4.
The PMFE’s in light and dark blue are for R = 1 and R = 2 respectively.
Red triangles represent the corresponding final size probabilities found
from stochastic realisations. Schematics of the initial state are shown on
the right.
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H. Lollipop Network

= 1 Initial state: SSSI
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Figure 2.14: Probability mass functions for the lollipop network with
N = 4. The PMF’s in light and dark blue are for R = 1 and R = 2
respectively. Red triangles represent the corresponding final size proba-
bilities found from stochastic realisations. Schematics of the initial state

are shown on the right.
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Table 2.5: Expected Final Size for an SIR epidemic and network

clustering coefficients

Networks with N =3

E[Final Size]

Clustering Coefficient, ¢ || Initial state | Degree of Initial Infectious Node(s) || R=1 || R =2
- Triangle 1 SSI 2 217 2.51
SSI1 1 1.75 2.11
- Line 0 SIS 2 2 2.33
IS8T 1&1 2.75 2.89
Networks with N =4
- Complete 1 SSSI 3 2.98 3.46
SSSI 2 2.5 3.1
. Square 0
SIIS 2&2 3.5 3.78
SSST 1 2 2.56
158SS 3 2.5 3
. Star 0
SSIT 1&1 3.125 3.48
SIIT 1,1&1 3.875 3.96
SSIS 2 2.64 3.21
- Toast 0.75 SSSI 3 2.85 || 3.37
SIIS 2& 2 3.64 3.87
SSSIT 1 1.88 2.41
SSIS 2 2.25 2.78
. Line 0
SISI 2&1 3.25 3.56
1SST 1&1 3.25 3.63
SSSI 1 2.08 2.67
SISS 2 2.46 3.02
. Lollipop 0.6
I15SS 3 2.67 3.18
SSIT 2&1 3.46 3.76
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2.4 Discussion

We have derived exact analytical expressions for the probability mass functions of
the final epidemic size on eight small networks and investigated the effect that net-
work structure and the degree of the initial infectious node has on the spread of an
infection. Increasing the complexity of the network structure reduced the effect of
grouping states together based on symmetries of the network. Consequently this
increased the complexity of the analysis which is evident in the probability mass
function expressions and is due to the increasing number of possible infection paths.
The results presented here form the basis for finding tractable analytic results which
describe the spread of an infection through large networks which are composed of
the small networks discussed in this chapter. We calculated the clustering coeffi-
cient, ¢, for each of the small networks in order to see if any correlation between ¢
and the final size of the epidemic emerged. The expected final size for the triangle
network is higher than that for the line network of N = 3 nodes for all parameter
values, see Appendix A for analytical proof. Small networks with a higher clustering
coefficient had a higher expected final size when the epidemic was started with one
infectious node. Although the square, line and star networks with N = 4 nodes all
have ¢ = 0; our results show that the square network has a higher expected final
size than the star and line networks for starting the epidemic with an Iy of the same
degree for all values of R. By looking at the topology of the networks this is intuitive
as the square network is better connected, due to the closed loop of order 4. This
reinforces the well known result that when comparing how an infection spreads on
different networks we must consider more than just the clustering coefficient. The
intersections of the final size curves in Figure 2.8 illustrate that at the beginning
of the epidemic R needs to be higher in some networks for the infection to spread
due to the low connectivity of the network. The probability that each node in a
network will acquire infection at some point during the epidemic increased when the
degree of the initial infectious node or the transmission parameter (3, and hence R)
was increased. Similarly, as expected, the probability that the infection would die
out before infecting an initially susceptible node was higher when the degree of the
initial infectious node was 1 when compared with initial infectious nodes of degree
2 and 3. Our results give us a good indication that both the network topology
and degree of the initial infectious node are key factors in understanding how an
infection might spread through small networks which could represent small popula-
tions or communities. Some of the results presented here are intuitive; however, we
emphasize the importance of having found exact analytic expressions for the prob-

ability mass functions of the final epidemic size of the small networks. Having the
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probability mass function for the final epidemic size provides us with more detail

than a single expression for the expected final size of an epidemic.
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Chapter 3

An SIR model on a Line of
Triangles Network.

In this chapter we investigate an STR model on a larger network, in particular we
focus on the line of triangles (LoT) network shown in Figure 3.1. We illustrate how
we can use the results from small networks (see Chapter 2) to analytically describe
how an infection spreads through a LoT network. The key here is to correctly
decompose the LoT network into an appropriate assemblage of small networks (see

Figure 2.1, page 30) so that the results are exact. The decomposition of the larger

o 2 &

Figure 3.1: Schematic of a line of triangles network.

network into the correct assemblage of smaller networks to generalise the probability
mass function of the final epidemic size is crucial. For example, if we were to join
two triangle networks together to form a larger network there are three ways we
could do this; the first way is by joining the two triangle networks at an apex node,
this would create a bow tie network of 5 nodes. We could also join two triangle
networks together by allowing them to share two nodes, this would create a toast
network (see Figure 2.1 F'). Thirdly, we could have two triangle networks connected
by one edge which would create a line of triangles network of 6 nodes. Connecting
small networks together with overlapping edges becomes problematic, as discussed
in Kiss et al [37], when trying to generalise results based on those already found for
the small networks. Therefore, we take the third approach and start by investigating
how an infection can spread through a LoT composed of N = 6 nodes.

In Section 3.1 we derive the final size probability mass functions, the probability

each node in the network ever gets infected, paths of infection from node a to wy
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(where wy is the last node in a LoT network with N nodes, as illustrated in Figure
3.1) and the probability the infection ends at a given node. In Section 3.2 we
generalise our results and show how to determine the probability the infection ends
at a given node and the final size probability mass functions for a line of triangles
network with N nodes. We conclude this chapter with a discussion of our results
in Section 3.3. In our expressions throughout this chapter we continue to use the
parameter R = (/. In this chapter we derive results for two initial conditions,
where the initial infectious node is denoted by Ig. Figure 3.2 shows a schematic

diagram of the two initial conditions, Iy = a and Iy = ¢, that are considered.

3.1 Line of Triangles with N = 6 nodes

In this section we present results found for the spread of an infection through the
line of triangles network with N = 6 nodes, denoted LoT(6) for convenience. The
derivation of results in the following subsections is aimed at understanding how
infections can spread through networks, with the goal of analytically describing how

an infection can spread through a line of triangles network of arbitrary size, N.

Paa
PaWa

Figure 3.2: Initial conditions for the Line of Triangles Network with

N = 6 nodes. Top: Iy = a. Bottom: Iy = c.

3.1.1 Probability mass function for the final epidemic size

For an STR model on the LoT(6) network there are 3V = 3% = 729 possible states
in which the network can be. Similarly to our analysis of the STR model on small

networks, we derive the set of equations that describe the transition probabilities
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for entering and leaving each state in the transition diagram. We do not present
the transition diagram or equations here. From these we can find all the possible
infection paths to each of the absorbing states of the network. We are able to find
analytic expressions for the final epidemic size of the SIR model on the LoT(6)
network by summing up the appropriate absorbing state probabilities. In Table 3.1
we give the expressions for the final size probability mass functions for the LoT(6)
network with Ig = a and Iy = ¢. The expression for the expected final size is also
given in Table 3.1. In Figure 3.3 we compare the expected final size of the LoT(6)
network for Iy = a and Iy = ¢ by plotting them over a range of R values. We can
see that the expected final size of the LoT(6) network with Iy = ¢ is always higher
than it is for the LoT(6) network with Iy = a. This result was expected as node ¢
has a higher degree than node a. Figure 3.4 shows the probability mass functions
for the final epidemic size from Table 3.1 evaluated for R =1 and R = 2.

We independently verify our analytic results by comparing them with results
found using stochastic realisations. The Gillespie algorithm was used to generate
the stochastic results with specified initial infectious node, transmission and recovery
parameters. We ran 2 x 10° realisations of an STR epidemic on the line of triangles
network and for each realisation we recorded the total number of nodes that became
infected at some point during the epidemic. To get the final size probabilities we
calculated the frequency of obtaining a final size of one, two, three, four, five and

six nodes infected over the 2 x 10° simulated epidemics.

— LoT6 Network, | = c (deg 3)

— LoT6 Network, | = a (deg 2)

Expected Final Size

Figure 3.3: Expected final size functions of R for the LoT(6) network
with Igp = a and Iy = ¢. See Table 3.1 for the expressions; these were

evaluated for the range of values R = 0.1 to R = 10.
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3.1.2 The probability that node i ever gets infected in a LoT(6)

network

Here we derive the probability that node i is ever infected in the LoT(6) network,
denoted by P(i), where ¢ = a,b,c,d,e, f. These probabilities were calculated by
adding together the probability of reaching each absorbing state in which node ¢
was in the recovered, R, class. The method is similar to how the probability of the
final size in Sections 2.1.1 and 2.2.1 were derived.

For example, to find the probability that node b ever gets infected in the LoT(6)
network we do the following. From the equations which describe the transition
probabilities (not given as there are 729 equations) for the STR model on a LoT(6)
network we can obtain the probability that the network ends up in a given absorbing
state at the end of the epidemic. We can then use this information to determine
the probability that any node is ever infected. In the following equation Pyyw xy z
is the probability that the network is ever in state UVW XY Z where U, V, W, XY
and Z denote the infection state (S,I or R) that nodes a, b, ¢, d, e and f are in
respectively. Note that all expressions for Pyywxyz are derived in the same way
as those derived for the triangle and lollipop networks in Chapter 2. Therefore, the

probability node b is ever infected is as follows.

P() = Psrssss + Prrssss + Psrrsss + Psrsrss + Psrssrs
+Psrsssr + Prersss + Psrrrss + Psrrssr + PsrsrRs
+Psrrsrs + Psrsrsr + Prrsssr + Psrssrr + PrrssRs
+Prrsrss + PrrrrSs + Prrssrr + PrRrRRSSR + PRRRSRS
+Psrsrrr + PrrsrrS + Psrrsrr + PrrsrSR + PsrRRRRS
+PsrrrsrR + PrrrRRS + PSRrRRRR + PRRERSR + PRRSRRR
+PrrRSRR + PRRRRRR
R(2R*+4R+1)

T O R+1ZER 1) (381)

The expressions for the probability that each node in the LoT(6) network ever gets
infected are given in Table 3.2. In Figure 3.5 we plot the results of these probabilities
evaluated with R =1 and R = 2.
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Table 3.2: Probability each node ever gets infected in the LoT(6)

network.

Initial State Iy = node a Iy = node ¢
R(2R*+4R+1)
Pla) ! (R+1)22R +1)
Py R(2R*+4R+1) || R2R*+4R+1)
®) (R+1)*2R+1) (R+1)*2R+1)
P R(2R2+4R+ 1) .
(R+1)22R+1)
Pl R? 2R*+4R+1) R
(@) (R+1)°2R+1) (R+1)
b RI(2R2+4R+1)* || RZ(2R2+4R +1)
(¢) R+1PCR+12 | (R+1°2R+1)
» RI(2R2+4R+1)? || R2Z(2R2+4R +1)
(/) (R+1)P°2R +1)? (R+1)P*2R+1)
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Given that Iy = a, P(b) = P(c) and P(e) = P(f) due to the symmetry of these
nodes in the network. Similarly, for Iy = ¢ we have P(a) = P(b) and P(e) = P(f).
Furthermore, we note that the probabilities P(b) and P(c) for Iy = a are equivalent
to P(a) and P(b) for Ip = c. To verify our analytical results (given in Table 3.2)
we evaluated them for different values of R and then compared them with results
obtained from stochastic realisations of an STR epidemic on the same network with
identical initial condition and parameter values. To obtain the stochastic results we
did the following. After each stochastic epidemic realisation a list of the recovered
nodes was recorded (i.e Rnodes =[1, 2, 3, 4] means that nodes a,b,c and d were
infected and then recovered). The number of times each node was in the recovered
state at the end of each realisation was counted and then divided by the total number

of realisations to find the probability that each node was ever infected. For example,

. number of times node ¢ was infected in r runs
P(node ¢ was ever infected) = ( )

r

We can also determine which combination of nodes are ever infected during the
epidemic and conditional probabilities to help us understand the infection dynamics.

Here we make use of the conditional probability rule,

P(ANB)
P(A|B) = ———
(1B = =
and also the following definition
P(ilj) = P(node i is ever infected | node j was infected)

to derive probabilities of interest. To find P(i N j) we sum up all absorbing states
where nodes ¢ and j are both in the recovered state. In some of the following
calculations, we use P(i’) is used to denote the probability node i is never infected.

Conditional probabilities are useful if we want information about the probability
that specific node(s) become infected given that we have information about the
initial infectious node or current state that the network is in. The probabilities
derived below will be useful for determining quantities such as the infection path
probabilities in future sections.
For I = a we have
PbnNa)

P(a)

= P(bna) (as Pla) =1)
= P(b)

R(2R*+4R+1)

(R+1)*2R+1)

P(bla) =
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To find P(bNa) we sum up the probability of the epidemic ending in the appropriate
absorbing states where nodes a and b are in the recovered class. This is the same
method used to determine P(b) as illustrated in Equation 3.1. Due to the symmetry
of the LoT(6) network, we also have the following results: P(bla) = P(cla) =
P(eld) = P(f|d).

The following conditional probabilities are found in the same way as described

above.

e P(Node a, ¢ and d are ever infected while node b is not)

P’ Nnend)
P(a)
R2
(R4+1)(2R +1)?

PW'nend|lp =a) =

e P(Node a, b, c and d are ever infected)

P(bnend)

P(a)
R3(4R?* + 10R + 5)
(R+1)32R +1)2

Pbnend|Ip=a) =

For Iy = ¢ we have
P(anc)
P(c)
= P(anc) (as P(c) =1)
= P(a)
R(2R*+4R+1)
(R+1)*2R+1)

Due to the symmetry of the network we also have the result:
P(alc) = P(e|d) = P(fl|d).

e P(Node a, ¢ and d are ever infected while node b is not)

2R?

Plant ndIp = c) (R+122R + D3R + 1)

e P(Node a, b, c and d are ever infected)

2R3(3R +5)
(R+1)22R+1)(3R+1)

Planbnd|Ilp=¢) =

The following probabilities are the same for the initial conditions, Iy = a and Iy = c.

_Pd) R
° P(d|C)_%_R7+1
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e P( Node a, b and ¢ are ever infected):

2R? (R +2)
(R+1)*2R+1)

Planbne) =

e P( Nodes a and c are ever infected, while b is never infected):

R
(R+1)*2R+1)
= P(anbnc) due to network symmetry.

Plant ne) =

e P( Node d, e and f are ever infected, given that node d was infected):

_ 2R*(R+2)
Plenfld) = RI1ZERLD) =Planbnec)

P( Node d and f are ever infected, while node e is never infected, given that

node d was infected):

/ o R o /
PN fld) = RE1ZERLD) =P(anb' Nec)

We can check the above by ensuring
P(c)=P(anbne)+ Plant Nc)

and
P(fld) = P(en f|d) + P(e' N f|d).

All analytic results were verified by comparing them to results found from stochastic
realisations. In the next section we continue to derive and use conditional probabil-
ities that help us describe the probability of the infection spanning the length (i.e.
the probability the infection spreads to node a and to wy) of the LoT network.

3.1.3 Paths of infection from node a to f

We may wish to know the probability that the infection spreads to both ends of
the LoT network. For Iy = a this involves simply finding the probability that the
infection reaches node f (given by P(f) in Table 3.2). For Iy = c this translates
to the probability that the infection spreads to node a and to node f. However,
we are also interested in which path the infection takes to reach node f (or nodes
a and f for Ip = ¢). Therefore we derive equations for the probability that the
infection takes each of the four paths (shown in Figure 3.6) to spread across nodes
a to f for Ig = a and Iy = ¢. We give the analytical expression for each of the paths

(1) - (4) below as found directly from the equations describing the probability of
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transitions for the LoT network. We also show how we can derive the same expression
from probabilities previously found for the lollipop and triangle networks. Thirdly
we show how we can obtain the expression from some of the smaller probabilities
obtained from the LoT network. In the following derivations we use P(aNbNe¢) to
denote the probability that nodes a,b and ¢ are ever infected and P(aNb' Ne) to
denote the probability that nodes a and ¢ are ever infected, while node b is never
infected. The derivation of probabilities in this section is aimed towards generalising

infection path probabilities for a LoT network with N nodes.

4 )
b e
o o o &
Lollipop Triangle Line of Triangles, N=6
G
/ Infection Paths from a to f \
1. €3 3 2. ) e
o o > < »n £ >
3. 4.
b ) b (<]
(N £ & dbf

Figure 3.6: Top: Lollipop, Triangle & LoT network structures with
node labels. Bottom: Four paths of infection from node a to node f in
the LoT(6) network. Blue nodes = susceptible, Red nodes = recovered.

Bold edges show infection paths.

We can split the LoT(6) network into two smaller networks which are the lollipop
(for nodes a to d) and a triangle (nodes d to f), see Figure 3.6. We use this knowledge
when formulating and checking the equations below.

The four paths the infection can take to spread from node a to f starting with the

specified Ig are the following:

1. The infection progresses only along the line, that is only nodes a,c,d and f
acquire the infection. This is the same as finding the probability of reaching
the absorbing state where node a,c,d and f are all in the ‘R’ class and nodes

b and e are in the ‘S’ class.
e For Iy = a, we have:
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RS
(R+1)* 2R +1)*
= PRSRRSR

Pb'nend|lg =a) x P(e'N fld) =

where P(b'NeNd|Ip = a) is derived from the lollipop network and P(e¢’ N
fld) is derived from the triangle network. We also note that P(b' N cnN

d|Ip = a) can be further decomposed as follows:

P'nendllgp=a) = Planb nec)

x P(node ¢ infects node d but not node b)

o /
= P(anbd nNe)x <2R+1>

Also note due to the network symmetry we have P(e'Nf|d) = P(aNb'Nc).
Therefore, the probability that the infection spreads only along the line

is:

Prsrrsr = P('Ncndllp =a)x P(e' N f|d)

= PW'Nnend|lp=a)x Planb Nc) (3.2)
e For Iy =c:
3
Plant Ndlly = ¢) x P(¢ N fld) = R
(R+1)"2R+1)2(BR+1)
= PRrsrrsr

where P(a NV NdIp = ¢) can also be decomposed into the following:

, B B , 2R
Planb NndlIp=¢) = Planb Nc)x <3R+1

Note, P(a N'b N¢) doesn’t take into account the fact that the initial
infectious node ¢ has degree 3 (and not degree 2 like Iy = a). Thus, we

must multiply P(aNb’ Ne) by the probability that node ¢ infects nodes a

2R
372“) to get P(aNb' Nd|Ip = c). Finally,

the probability only nodes a, ¢, d and f are ever infected given that Ig = ¢

and d but never node b,

is:
Prsrrsr = P(aﬁb/ﬂd‘lozc) XP(aﬂb’ﬂC) (3.3)
2. Only node b escapes infection.

e For Iy = a:

2R* (R +2)
(R+1)*2R +1)*
= PRrsSrRRR

P('nend|lp =a) x Plen fld) =
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where P(b' NeNd|Ip = a) is derived from the lollipop network and P(en
fld) = P(anbne) is derived from the triangle network. Therefore, we

have:
Prsrrrr = PU Nend|lp=a)x Planbne) (3.4)
e For Iy =c:
4RY (R +2
Pan¥ ndllo = ¢) x Plen fld) = AR (R+2)
(R+1)"CR+1)"BR+1)
= PRrSRrRRRR
Therefore,
PrsrRrRrRrR = P(aﬂb,ﬂduozc) XP(aﬂbﬂC) (3.5)

3. Only node e escapes infection.

e For Iy = a:

R* (4R*+10R +5)
(R+1)°2R +1)*
= PRRRRSR

Pbnendllg=a)x P(e'Nfld) =

Note that to get P(bNcnNd|Ip = a) we must take into account the two
different pathways to get from node a to node d. The first pathway is
when nodes a,b and c are infected first and then node d becomes infected,
this is represented by the first part of Equation 3.6 below. The second
pathway is when nodes a,c and d are infected first and then node b is
infected last, this is represented by the second part of Equation 3.6.

Pbnendllp =a) = <RR+1) P(anbne)

+ (Rﬁl) P nend|ly = a) (3.6)

Finally, we have:

Prrrrsr = PONend|Ip=a) x P(aﬂb’ﬂc) (3.7)
e For Iy =c:
2R* (3R +5
Panbndlo = ¢) x P(¢' N fld) = R_(3R + 5)
(R+1D)"2R+1)"(BR+1)
= PRRRRSR
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where P(anNbNd|Ip = ¢) can be decomposed in a similar way to Equation

3.6 resulting in the following:

R
Planbnd|lp = = ——P(anbn
@nbndlo=a = —~—Panbn
R(R +3) ;
—P b'Ndllp = .
Rl (anbd' Nd|Ip =c) (3.8)
Therefore, we have:
PrrrrSr = P(aﬂbﬂd|10:c)xP(aﬂb’ﬂc) (3.9)

4. All nodes aquire the infection.

e For Iy = a:

2R° (4R%+18R? + 25 R + 10)
(R+1)°2R +1)*

PbNnend|Ip=a)x Plen fld) =

= PRRRRRR

Therefore, we have:

Prrrrrr = PbnNcndllp=a)x Planbne) (3.10)

e For Iy =c:
Planbndle =) x Plen fla) — — K (R+2)ER+5)
(R+1)"2R+1)"(3R+1)
= PRRRRRR

Finally, we have:

Prrrrrr = Planbnd|lp =c¢) x P(anbnc) (3.11)

Figure 3.7 shows each of the above infection pathway probabilities evaluated
for a range of R values. It is important to note that the formulae derived for
different networks (triangle, lollipop and LoT) can be used to find P(aNb' N¢) and
P(anbne) and they all give the same result, as expected. Similarly, we can find
PV Nnend|Ip =a), Pland Nd|lp =c¢), PbNcNdllp =a), Planbnd|Ip = c)
using the lollipop or LoT network and the final equation for each probability are the
same. This provides a good way to cross check that our expression for each of these
probabilities are correct. We also note that P(a Nd' Ne¢) and P(aNbN c¢) remain
the same for Ip = a and Iy = ¢, however P(V/ NeNd|lp = a), P(anb Nd|Iy = ¢),
Pbnend|lp =a), Planbnd|lp = c) clearly depend on the initial condition.
Equations 3.2 to 3.5 can be written down in terms of probabilities that can be found

from the triangle network ( P(aNd Ne¢) and P(aNbNe) ), this is because there
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Figure 3.7: Probability of infection spreading along a given pathway
from node a to f in the LoT(6) network. Top graph is for Iy = a and
bottom graph is for Iy = c.

is only one way the infection can get from node a to d (as node b does not get
infected here). Once the infection reaches node d we can use the probabilities from
the triangle network to find out if nodes e and f or just node f then become infected.
However, in Equations 3.7 to 3.11 we must use probabilities that are derived from
the lollipop network [P(' NeNd|Ip = a), P(bNeNd|lp = a) or P(anb Nd|Ip = ¢),
P(anbnd|Ip = ¢)] as well as those for the triangle network. This is because there are
multiple pathways the infection can spread across node a to d, this is demonstrated
in Equation 3.6.

Therefore, to generalise a line of triangles network of N nodes we only require
information from the triangle network and the lollipop network in order to find how
far through the network the infection spreads before it dies out. We independently
verified our analytic results for the infection path probabilities by comparing them
to results found via stochastic realisations. We give figures and tables displaying
results comparing the stochastic and analytic results for I = @ in Appendix B on

page 237.

3.1.4 Probabilities for how far along the network the infection spreads

We may want to find how far along the network the infection is likely to progress.
Thus, we find analytic expressions that describe the probability that the infection

ends at a given node. These are evaluated for specified parameters and compared
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to the stochastic realisation results in Table B.3 on page 239. Here we also derive
results for the LoT(9) network after the LoT(6) network in order to see if any
patterns emerge in the equations. Nodes a to i in Figure 3.1 represents the LoT(9)
network. Throughout the following sections, we use P(i|Ip = j) to denote the
probability node i is ever infected given that node j was the initial infectious node
in a LoT network. For example, P(c|Ip = a) is the probability node ¢ is ever infected
given that Ip = a. Note that P(c|Ip = a) gives the probability that the infection
spreads from one side of the triangle network to the other side.

For the LoT(6) we define P.,(i|Io = a) to be the probability that the infection
reaches node ¢ and no further given that Iy = a, so all nodes to the right of node
i must be susceptible. For example, P,.,4(e|lp = a) is the probability that the
infection starts at node a and ends at node e before node f could become infected.
P.4(i|Ig = a) is derived by adding up all the probabilities of possible infection paths
starting at node a and ending at node ¢. The probability that nodes a and b are the
only two nodes ever infected is denoted by P(a N b only). Note that P.,q(allo = a)
is simply the probability that the infection does not spread. Therefore, we have:

1
P Ip = =
end(a‘ 0 a) 2R+ 1
P.a(bllo=a) = P(anbonly)= R
end 0 y (R+1)2 (2R—|—1)
1
P.ni(cllo =a) = Pgrrrsss+ Prsrsss = P(c|lp = a) x <R+1>

R (2R*+4R+1)
(R+1)*©2R +1)

where

1
Rl is the probability that node ¢ recovers before it can transmit infection
to node d.

1
P.ni(dlo =a) = Pgrrrrss +Prsrrss = P(d|Ip = a) x <2R n 1)

R* (2R*+4R+1)
(R+1)*2R +1)?

where

5 Rl—i— 1 is the probability that node d recovers before it can transmit infection
to node e or f.
R (2R*+4R+1)
(R+1)°2R +1)?
Pena(fllo =a) = P(f) = P(d|lo = a) x P(c[lo = a)
R3 (2R + 4R +1)°

(R+1)°2R +1)?

P.q(ellp=a) = P(dlIp=a) x P(anbonly) =
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For the LoT(9) we follow the same method as shown above for the LoT(6) to obtain:

1
Fenalallo =a) = 527
P.a(blIo =a) = P(anb only)
1
P.g(cllo =a) = P(c|Ip =a) x <>

R+1
1

Pondlfo =) = P(dllo=a) x ()
P.a(ellp=a) = P(d|Ip =a) x P(aNb only)
In the following, P.,q(f[Io = a) for the LoT(9) is the same as for the LoT(6)

multiplied by the probability that node f recovers before it can transmit the infection

further.

R+1

— P(dTo = a) x P(c|To = a) x <Rl+1)

Padflo =) = P (757)

R} (2R? +4R +1)°
(R+1)°2R +1)?

To find the probability the infection ends at node g we make use of what we know
about the topology of the LoT(9) network. Thus, the probability of the infection
reaching node ¢ is simply the probability of reaching node d (P(d|Ip = a)) multiplied
by the probability of reaching node g given that node d is already infected (which
is equal to P(d|Ip = a)). Then we multiply this by the probability that node g

recovers before it transmits the infection further to obtain:

— _ _ 2 1
PonldTo =) = P(dllo=a? ("

The following expressions are derived similarly.

Poa(hIo =a) = P(d|Tp = a)*P(anb only)
Pona(illo =a) = P(d|Ig = a)>P(c|Ip = a)

Figure 3.8 shows the results found for Iy = a, where the probability that the
infection ends on an apex node (nodes b, e, h etc) is much lower than the probability
the infection ends on a node that is along the base of the LoT network (nodes a, ¢, d,
f, g, i and so on). As expected, we can also see that as R increases the probability
the infection ends before reaching wy decreases while the probability the infection

ends at wy increases.
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For the LoT(6) with Iy = ¢ there are now two directions in which the infection
can spread; it can spread to the left and infect nodes a and b or to the right and
infect nodes d, e and f. Therefore, below we give the probabilities that describe
the infection spreading from node ¢ in only one (left or right) or both directions.
Thus, in the following we use Pj.f(i) to denote the probability that infection only
spreads to the left and ends at node ¢. Similarly, Pright(i) denotes the probability
that infection only spreads to the right and ends at node ¢. The aim of this section
is to illustrate the different infection pathways that are possible for the LoT(6) and
LoT(9) networks given that the epidemic starts with Ip = ¢. The probability of
the infection following a given path is determined using similar methods to those

illustrated to obtain the final size probabilities in Chapter 2.

e P(Infection spreads to the left only and reaches node a).
Note that this is the same as determining the probability that node ¢ infects
only node a (Prsrsss) or nodes a and b (Prrrsss) before the infection dies

out. Therefore, we have:

P(node ¢ only infects node a) = P(a only [Ig = ¢)
= Planbne)—Plant nd|lp = c)
2
= P(aﬂb'ﬂc)(l R )

S 3R +1
= Prsrsss
P(node ¢ only infects node a & b) = P(aNbonly |Ip =c¢)
= P(anbne)—PlanbndIp=c)

- P(ambmc)<1— R(3R +5) )

R+2)BR+1)
= PRrRrRsss

Therefore, P(Infection spreads to the left only and reaches node a):

Pepi(a) = P(aonly [Ig=c)+ P(anbonly [Ig = ¢)
= (Planbt' ne)+Planbne))
—(P(ant' NdlIp =c)+ P(anbnd|lp = c))
R(AR + 1)
(R+1D2R+1)(BR+1)
= Prrrsss + Prsrsss

e P(Infection only spreads to the left and only reaches node b).
That is, we want to find the probability that only nodes b and ¢ are infected
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before the infection dies out given that Iy = c.

Piege(b) = P(bonly [Ig = ¢)
R
(R+1D2R+1)BR +1)
= Pgsrrsss

Note, due to the symmetry of the nodes, this is also equal to P(a only |Ip =

¢) = Prsrsss.

P(Infection spreads to the right only and reaches node d).
Note that here we are determining the probability that only node d becomes

infected, that is nodes a,b, e and f do not become infected.

Pm’ght(d) = P(d Only ‘IO = C)
R
(2R 4+ 1)2(3R + 1)
= Pssrrss

P(Infection only spreads to the right and only reaches node e).
Here, we want the probability nodes d and e become infected while node f

does not given that I = c.

Prighi(e) = P(dneonly [Ig = c)
R2
T R+1)22R +1)2(BR +1)
= PssrRrRs

P(Infection spreads to the right only and reaches node f).

For the infection to spread to the right only and reach node f there are two
paths it could take, one where nodes c¢,d,e and f are infected and the other
when nodes c,d and f are infected. Thus, P4 (f) is the sum of these two

infection path probabilities.

Pigne(f) = P(dnen fonly [Ig=c)+ P(dNe' N f only [Ig = c)
R2(2R2 + AR + 1)
(R+1)2(2R +1)2(3R+1)
R
— Plelln =
erR+ER+ 1) < Fllo=a)
= Pssrrsr + PssrrRrR

where R+ 1;?3 R+1) is the probability node ¢ infects node d and recovers

before it can infect nodes a or b. Note, we recall that P(c|/Ip = a) is the

probability that the infection spreads from one side of the triangle network to

the other, that is P(c|Ip = a) = P(anbne)+ Planbd Ne).
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e P(Infection reaches nodes a and d).
In the following calculations we use Py, (i M) to denote the probability that
the infection spreads to nodes ¢ and j only. We also note an important ob-
servation here, if Ig = ¢, the probability that the infection spreads to node a
and to node d is not the product of Psi(a) x Prighe(d). This is because both
infection paths are intertwined due to the recovery rate of node ¢. Thus, the
probability infection reaches nodes a and d only (i.e. nodes e and f do not
become infected) is equal to the probability nodes a and d are ever infected
given that Iy = ¢ muliplied by the probability that node d recovers before

transmitting the infection to nodes e or f, that is:

1
Pboth(aﬂd) = P(aﬁd\IO:c)x<2R+1>

2R2(3R? +5R + 1)
(R+1)22R + 1)2(3R + 1)
= PRrsrrss + PrrRRSS

where P(aNd|Ip =¢) = (P(anb Nd|Ip =c)+ Planbnd|Ilp = ¢))

e P(Infection reaches nodes a and e).
For node e to become infected, node d must first be infected. Furthermore, the
probability that node e is infected given node d is independent of if nodes a and
b are infected given that node c is infected. Therefore, to find the probability
that the infection reaches nodes a and e only (i.e. node f does not get infected)
we do the following. We multiply the probability that the infection spreads to
node a and d, P(a Nd|Ip = ¢), by the probability that only node e is infected
given node d, P(eN f’|d). Note that in the following we use P(aNb'Nc) to keep
our notation consistent as it is equivalent to P(e N f’|d) due to the symmetry

of the network.

Pyon(ane) = Pland|lgp=c)x Pland Nc)
2R? (3R? +5R +1)
(R+1)*(2R+1)? (3R +1)
= Prsrrrs + PrRRrRRRS

e P(Infection reaches nodes a and f).
Here we use similar methods as discussed above and note that the probability

node f becomes infected given node d is, P(f|d), is equal to P(c|Ip = a).

Poorn(an f) = Pland|lp=c) x P(c[lp = a)
2R3(2R? + 4R +1)(3R? + 5R + 1)
(R+1I2R + 12BR + 1)
= PRrsrrsr + PrsrrrRR + PRRRRSR + PRRRRRR
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Note that this is simply the sum of the four infection paths discussed in Section

3.1.3 and shown in Figure 3.6, page 72.

For the LoT(9) with Iy = ¢ we follow the same methods as used above for the
LoT(6) network. We also note that Piegi(a), Peft(b), Prignt(d) and Prigne(e) are
identical for the LoT(6) and LoT(9) networks.

e P(Infection spreads to the left only and reaches node a).

Pegi(a) = P(aonly [Ig=c)+ P(anbonly [Ig = ¢)
= (P(ant Nc)+ Planbne))
—(P(ant NdlIp =c)+ PlanbndlIp = c))
= PRrrrssssss + Prsrssssss
e P(Infection only spreads to the left and only reaches node b).

That is, we want to find the probability that only nodes b and ¢ are infected

while node a does not get infected given that Iy = c.

Piege(b) = P(bonly [Ig = ¢)

= PsRrRrssssss

Note, due to the symmetry of the nodes, this is also equal to P(a only |Ip =

¢) = Prsrssssss-

e P(Infection spreads to the right only and reaches node d).
Note that here we are determining the probability that only node d becomes
infected given Iy = ¢, that is nodes a,b, e and f do not become infected.
Pright(d) = P(d only |Ig = c¢)
= Pssrrsssss
e P(Infection only spreads to the right and only reaches node e).

Here, we want the probability nodes d and e become infected while node f

does not given that Iy = c.

Prigit(e) = P(dne only [T = c)

= PssrRRsSSS

e P(Infection spreads to the right only and reaches node f).
For the LoT(9) this is the same as Prigp:(f) for LoT(6) except we now have
to multiply it by the probability node f recovers before it can transmit the
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infection further. This is because in the LoT(9) network node f is an internal
node and is not equal to wy, as it is in the LoT(6) network. Thus, Prign:(f)
for the LoT(9) is as follows:

Prignt(f) = (P(dnen fonly [Ig=c)+ P(dne N fonly|Ip=c)) x <'R:—1>

R 1
= P(c|Ig = —_
erR-eR<1) < Pldlo=a)x <R+1>
= Pgssrrsrsss + PssrrRRSSS

P(Infection spreads to the right only and reaches node g).

As discussed previously for the LoT(6), given Iy = ¢, we want to determine the
probability that nodes a and b do not get infected and the infection spreads
to node g. Therefore, in the following we multiply the probability that node

¢ transmits infection to node d and not nodes a and b, GRTDBR+1)’ by

the probability that node g becomes infected given that node d is, which is
equal to P(d|Ip = a). Finally, we multiply this by the probability that node g
recovers before transmitting the infection further,

2R +1°

Therefore, we obtain:

R 1
Pright(g) = (2R +1)(3R +1) x P(dllo = a) (QR + 1)

The following expressions are derived similarly.

P(Infection spreads to the right only and reaches node h)

R
2R+ 1)(3R + 1)

Prignt(h) x P(d]Ip = a) x P(anb' Nec)

P(Infection spreads to the right only and reaches node i)

R

Frign(l) = GRIDERTD

x P(d|Ip = a) x P(c|]Ip = a)

P(Infection reaches nodes a and d)

1
Pyn(and) = P(aﬁd|10:c)x<2R+1>

where we recall that P(aNd|Ilp = ¢) = P(aNb' Nd|Ip = ¢)+ P(anbnNd|ly = ¢)

defines the two possible infection paths.

P(Infection reaches nodes a and e)
Pyn(ane) = PlandIlg=c)x Planb Ne)
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P(Infection reaches nodes a and f)

Pum(anf) = Plandy=c) x P(cllo = a) x <7zl+1>

P(Infection reaches nodes a and g)

1
Pyotn(ang) = Pland|lp =c)x P(d]lp = a) x <2R+1>

P(Infection reaches nodes a and h)

Pyotn(anh) = Plandlg=c)x P(dIp=a)x Planb Nc)

P (Infection reaches nodes a and 1)

Pytn(ani) = Pland|lp =c¢) x P(d|Ip = a) x P(c|Ip = a)

We can see from the equations above that the probability that the infection
ends at node a,b,c,d and e for each initial condition are the same for the LoT(6)
and LoT(9) networks. There are some patterns emerging in the equations for the
different types of nodes too. For example, nodes ¢, f and ¢ are all nodes of type 1;
nodes d and g are all nodes of type 2 and b,e and h are all apex type nodes. The
importance of determining the different types of nodes will become apparent in the
next section.

Figures 3.9 and 3.10 show results for how far along the LoT(6) and LoT(9)
networks the infection spreads, evaluated for a range of ‘R values and with Iy = c.
Notice the difference in scale of the y-axis in the top graph compared to the bottom
two graphs in Figure 3.9, this shows that the infection has a much higher probability
of only spreading to the left of node ¢ before it dies out. That is, the infection only
spreads within nodes a, b and ¢. We can see from Figure 3.9 that as R increases,
the probability that the infection only spreads in one direction (to the left or to
the right of node ¢) decreases. Figure 3.10 shows that the probability the infection
spreads in both directions and spreads across the length of the network (to nodes a

and f for LoT(6) and to nodes a and i for LoT(9)) increases as R increases.
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3.2 Generalising infection path probabilities for a LoT (V)

network

As we saw in the previous section, all the infection path probabilities we found
for the LoT(6) and LoT(9) depend on a combination of probabilities found for the
triangle and lollipop networks. In the last section each of the infection paths from
node a to node f in the LoT(6) network were made up of different combinations
of these smaller probabilities. Here we show how we can use the same quantities
in order to derive generalised analytic expressions for infection path probabilities of
the LoT(N) network.
First we need to define some notation. We denote the number of triangles in a
LoT(N) network by A, where
-
Assuming Ig = a, the minimum number of nodes infected in order for the infection
to reach wy in LoT (V) is 2A, this corresponds to the infection progressing straight
along the base without infecting any of the apex nodes. The maximum number
of nodes that can be infected, assuming that Ip = a, is 3A = N, in this case all
nodes are infected. The number of possible infection paths from node a to wy is
22 as N increases the number of pathways for the infection to reach wy gets very
large. Thus, we may not always want to know exactly which pathway the infection
progressed along, although, in theory, we can find each analytic expression for any
given infection path probability. We may however, be interested in finding quantities
such as the probability the infection reaches wy (regardless of which pathway was
taken), the probability that every node in the network acquires infection or the
probability the infection ends at a given node. In the following sections we first
derive generalised expressions for the probability the infection ends at a given node
for Ip = a and Iy = ¢. We then use these results to generalise the final size

probability mass functions for a LoT(N) for Ip = a and Iy = c.

3.2.1 Probability the infection ends at a given node

The probabilities in this section are found following similar methods to presented
in Section 3.1.4 for the LoT(6) and LoT(9) networks, the only difference being that
now we are finding the probabilities for a LoT network with N nodes. Throughout
the sections that follow, our goal is to describe the different possible infection paths
with the aim of using the results generated to derive the final size probability mass

functions for a LoT network with N nodes.
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Results for starting the epidemic with Ig =«

We start with finding the probability that the infection reaches wy, given that it
started at node a. For a LoT(N) network this is:

Poa(wy) = P(d|Tp = a)* 1P(c|Ip = a) (3.12)
A—-1

R* (2R*+4R+1) R(2R*+4R+1)

(R+1°2R+1) (R+1)*2R+1)

where P.,q(wy) is the probability that the infection reaches the last node (wy) in a
LoT network with N nodes. Note that this includes all possible infection pathways
to wy.

We may also want to find the probability that every node in the network acquires
infection at some point during the epidemic. This is the probability that the final

size of the epidemic is equal to N nodes which is:

P(Final Size=N) = P(bnendly=a)>'P(anbne) (3.13)

R? (AR*+10R+5)]°7' [ 2R2(R+2)
(R+1)P2R+1)? [(R+1)2(2R+1)

The above two quantities have been compared with stochastic realisation results
set up with the same parameters on a LoT (V) network for N =6,9,12,...102. See
Figure 3.11 for graphical results of Pe,q(wy) and P(Final Size = N) evaluated with
different choices of infection parameters.

We can also find the probability that the infection ends at a given node in the
LoT(N) network. There are four types of nodes which we must consider for each
network; nodes of type 1 (last node in each triangle), type 2 (first node in each
triangle), apex nodes in each triangle and wy, the last node in the network. See
Figure 3.12 for a schematic diagram showing the different types of nodes in a LoT
network. Therefore, the following probabilities are indexed by which triangle in the
LoT(N) network the infection ends at. Note that the initial infectious node is a node
of type 2 and thus the probability the infection ends at a node of type 2 in the first
triangle is equal to the probability that the infection does not take off. Similarly,
wy is a node of type 1 however we need a separate equation to find the probability

that the infection reaches wy, this is discussed below.
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@ !nitial infectious @ Type 1 Nodes @ Apex Nodes
node
@ Type2Nodes @ End Node, oy

Figure 3.12: Types of nodes in a line of triangles network with Iy = a.

. The probability that the infection ends at the last node in triangle 7, (node of
type 1) is:

P(d)P(c) (Rlﬂ) (3.14)

1
where 7 =1,2,... A — 1. Note, Rl is the probability that the node of type

1 in triangle 7 recovers before it can infect another node in the network.

. The probability that the infection ends at the first node in triangle 7, (node
of type 2) is:

P(d)™! <2R1+ 1) (3.15)

where 7= 2,... A.
. The probability that the infection ends at the apex node in triangle 7, (apex
node) is:

P(anb only)P(d)™! (3.16)

where P(aNb only) is the probability that only nodes a and b are ever infected
(which is also equal to P(aNd N¢)) in a triangle network and 7 =1,2,... A.

. The probability that the infection reaches wy, given that it started at node
a, for a LoT(N) network is similar to Equation 3.14. wy is a node of type 1,
however we keep it as a separate case because it is the last node in the network
we do not need to include the probability that wy recovers before infecting a
node further along the network. Thus, the probability the infection reaches

wp 1s:
P(d)*1P(c) (3.17)

Note that this is the same as Equation 3.12 above.
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Note that the probabilities desscribed in Equations 3.14 to 3.17 cover all possible
infection pathways for the LoT network with N nodes, given that I = a. We have
verified that the sum of these probabilities is equal to 1, as expected. Figure 3.13
shows the probability the infection ends at each node in the LoT(N) network for
N =12,15,18 and 21 for different transmission rates. We notice the same pattern in
Figure 3.13 when compared to the probability the infection ends at each node in the
LoT(6) and LoT(9) networks (see Figure 3.8); that is as R increases the probability
the infection ends before wy decreases while the probability the infection ends at

wp increases.
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Results for starting the epidemic with Iy = ¢

We start with finding the probability that the infection reaches wy, given that it
started at node c. For a LoT(N) network this is:

Poa(wy) = Pland|ly = ¢)P(d|Tp = a)> 2P(c|Ig = a) (3.18)
_ [ 2R?(3R? + 5R + 1) ] R* (2R*+4R+1)
(R+1Z2QR+1)BR+1)] | (R+1°2R+1)
R(2R*+4R+1)
(R+1)*2R+1)

Note that this includes all possible infection pathways to wy.

We may also want to find the probability that every node in the network acquires
infection at some point during the epidemic. This is the probability that the final
size of the epidemic is equal to N nodes which is:

P(Final Size = N)
= Planbndlly =c¢)P(bNnend|ly =a)* 2Panbne) (3.19)
2R3 (3R +5) R3 (ARZ+10R +5)]°
[(R +1)22R+1) B3R+ 1)] (R+1)*2R +1)?
y [ 2R? (R +2) ]
(R+1)?2R+1)

The above two quantities have been compared with stochastic realisation results
set up with the same parameters on a LoT(N) network for N = 6,9,12,...102. See
Figure 3.14 for graphical results of P,q(wy) and P(Final Size = N) evaluated with
different choices of infection parameters.

Next we find the probability that the infection ends at a given node in the
LoT(N) network. See Figure 3.15 for a schematic diagram showing the different
types of nodes in a LoT(N) network with Iy = ¢. The following probabilities are
indexed by the triangle in which the infection ends. Note that for Iy = ¢, the initial
infectious node is a node of type 1 in triangle 7 = 1. For the following probabilities
we assume that the infection reaches node a in the first triangle (7 = 1) and ends

at the specified node in triangle 7 = 2,3,4,... A.
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@ !'nitial infectious @) Type 1 Nodes @ Apex Nodes
node
@ Type 2 Nodes @ End Node, o

Figure 3.15: Types of nodes in a line of triangles network with Iy = c.

. The probability that the infection reaches node a and ends at the last node in
triangle 7, (node of type 1) is as follows.

If 7 = 1 this is the probability that the infection reaches node a on the left
and does not spread into the second triangle, this is equal to P (a) found
previously. However, if 7 > 1, we have:

Pland|Te = ) P(d|To = a)™2P(c[To = a) <Rl+1> (3.20)

where 7 = 2,3,... A — 1 and recall that P(aNd|Ip = ¢) = P(an¥ Nd|lp =
Planbnd|lp =c). Not
c)+ P(a To = ¢) ote, 5

1 in triangle 7 recovers before it can infect another node in the network.

is the probability that the node of type

. The probability that the infection spreads to node a and ends at the first node
in triangle 7 > 1, (node of type 2) is:

P(and|Ty = ¢)P(d[Ig = a)™ > (2R1+ 1) (3.21)

where 7= 2,... A.

. The probability that the infection spreads to node a and ends at the apex node

in triangle 7 > 1, (apex node) is:
P(andIg = ¢)P(d|Tp = a)" 2P(a N b only) (3.22)

where P(aNb only) is the probability that only nodes a and b are ever infected

in a triangle network and 7 = 2,3,... A.

. The probabilitiy that the infection spreads to node a and reaches wy, given
that it started at node ¢, for a LoT (V) network is similar to Equation 3.20. wy

is a node of type 1, however we keep it as a separate case because it is the last

96



node in the network we do not need to include the probability that wy recovers
before infecting a node further along the network. Thus, the probability the

infection spreads to node a and reaches wy is:
P(andIp = ¢)P(d|Tp = a)" 2P(c|Ig = a) (3.23)
Note that this is the same as Equation 3.18 above.

It is important to note that the above Equations 3.20 to 3.23 do not describe
all possible infection pathways in the LoT(N) with Iy = ¢ and therefore do not sum
to equal 1 as they did for Iy = a. This is because in each of the equations we have
assumed that the infection always reaches node a (as mentioned previously) and
thus the infection pathways in which node a does not get infected have not been
accounted for. These probabilities were omitted here for simplicity. However, in the
next section we discuss the derivation of the final size probability mass functions
which ensures that we must take into account the other possible infection pathways
in which node a does not get infected. Figure 3.16 shows the probability the infec-
tion reaches node a and ends at each node in the LoT (V) network for NV =12,15,18

and 21 for different transmission rates.

97



o1 = x|}

V=%

z=u|]
1=}

(z1)101

}
[4——42.1 T [ iy L (7 Qc
| | | (12)Lo G0
1 d u I [ y 0
[4_%; L ]I T %Ejjéjzﬁzé‘ O
| | | | (1)o7 60
o u w | 3y [ 1 y B
=—::::_. T —— .??g:—gﬁﬁig—‘ 0
i 1670
| | | | | Am Fv-—-n,ul_ | F
_ A ] ! y 6 |

apou yoea je spua
uonoajul ay} Ayljiqeqoud

“I0M}9U T,07 & Ul 2 = O YjIm SUIIR)S OPOU USAIS ® JB SPUS USY[} PUR D 9POU 0} SpeaIds UOI}0dJur oY) AN[Iqeqol :9T'¢ 2InS1q

98



3.2.2 Final size PMFs for a Line of Triangles Network

In this section we derive the probability mass functions for the final epidemic size
for a line of triangles network with N nodes. We split our derivations up into two
parts; firstly we derive results for the initial condition Iy = a, this is followed by the
derivation of results for Iy = ¢. We use similar methods for both derivations and
illustrate our results by plotting the analytic and stochastic final size distribution

for a LoT(21) evaluated for a range of R values.

Results for starting the epidemic with Ig =a

Given that we know the infection ended at given node (node x), we want to find the

expected number of apex nodes that were infected. To do this we first need to find:

P(y apex nodes infected | infection ended at node ) = P(y| ended at x)
P(ynx)
P(x)

Then can we evaluate the following

E[# of apex nodes infected | infection ended at node z] = Z yP(y| ended at x)
y

By finding all possible probabilities, P(y| ended at z), we can also compute the
final size probability mass function (PMF) for the line of triangles network. As we
have four equations (Equations 3.14 - 3.17) that describe the probability that the
infection ends at a node of a specific type (type 1, 2, apex node and wy) in triangle

7, we will have four categories of expressions that describe P(y| ends at x).

1. Let the probability that y apex nodes were infected given that the infection
ends at the last node in triangle 7 (node of type 1), be denoted by:

P(y|T1) = P(y apex nodes inf | inf ended at node of type 1 in the 7" triangle)

For the following we have 7 = 1,2,...A — 1 and y = 0,1,2,...7. Note that
wy is a node of type 1 in triangle A, however we define a different set of
probabilities for reaching wpy. Thus, for the probabilities P(y|7'1) we only
look at the probability of ending at node T'1 in the first A — 1 triangles.

In the following we determine the probability of having either y of the first
7 — 1 triangle’s apex nodes are infected and the final triangle’s apex node is
not, or the final triangle’s apex node is infected and y — 1 of the first 7 — 1

apex nodes are infected. Therefore we make use of a binomial coefficient as in
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each case we get to choose which y (or y — 1) triangles have an infected apex

node.

~1
P(y|T1) = (; } 1>P(b’ Nendly =a) ™ V=0 VPbnendly = a)?

xP(bNeconly [Ip =a)
—1
+ (T )P(b, Necn d|I() = a)(T_l)_yP(b NeNn d|IO = a)y
Y

x P(c only |Ip = a) (3.24)

where (7;1) is the binomial coefficient indexed by 7 — 1 and y, that is:

We also use the convention that (Z) = 01if k < 0 or &k > n which allows for the
cases when y = 0 (i.e. zero apex nodes are infected) and y = 7. In Equation
3.24 we also have P(c only |Ip = a) = P(anNd' Nec) — P(' Nend|lp = a) which
is the probability nodes a and c are the only nodes in a network infected before
the infection dies out. Similarly, P(bNc only |Ip =a) = P(anbne) — P(bN
cNd|Ip = a) is the probability nodes a, b and ¢ are the only nodes infected

before the infection dies out.

. The probability that y apex nodes were infected given that the infection ended
at the first node in triangle 7 (node of type 2), is denoted by:

P(y|T2) = P(y apex nodes inf | inf ended at node of type 2 in the 7t triangle)

Note that as our initial infectious node a is a type 2 node, for the following
probabilities we do not include node a and thus we start with node d as the
first type 2 node in any LoT network. Therefore, here we have 7 =2 : A and
y=0:A—-1.

—1

« (2 R1+ 1) (3.25)

1
where (2 R 1) is the probability that the node of type 2 in the 7 triangle

recovers before it can transmit the infection further.

. The probability that y apex nodes were infected given that the infection ended

at the apex node in triangle 7 is denoted:

P(y|apex 7) = P(y apex nodes inf | inf ended at an apex node in the 7" triangle)
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Note that here we have y = 1,2,... A as the infection ends on an apex node
and T =1,2,...A.

—1
Plylapex 7) = (; - 1>P(b’ NendlIp = o)™ D=-G-Dphnendly = a)V~!
x P(a N b only)

4. The probability that y apex nodes were infected given that the infection reaches

wy is denoted by:
P(ylwn) =
P(y apex | inf ended at wy in the LoT(N) network with A triangles)

In the following we have y = 0,1,2,... A.

Plylwy) = @__11) POV M endly = a)® D=V pbnendTy = a)' !
xP(anbne)
+ (Ay_ 1) P NnendlIy =a)2 D YPhnendIy =a)?
xP(anb Nec) (3.26)

We note that Equation 3.26 is the same as Equation 3.24 with 7 = A and
where the last probability in each term is swapped out. That is, in Equation
3.26, P(a NbNc¢) has replaced P(bNconly [Ig = a) and P(a Nb Nc) has
replaced P(c only |Ip = a).

From the above equations we can find the final size of the network that corre-

sponds to each probability. That is:

e P(y|T1) gives a final size equal to 27 + y.
e P(y|T2) gives a final size equal to 27 — 1 + y.
e P(ylapex 7) gives a final size equal to 27 — 1 + y.

e P(ylwn) gives a final size equal to 2A + y.

To generate the final size PMF for a line of triangles network with N nodes we
find all possible conditional probabilities as defined by Equations 3.24 to 3.26 and
the final size to which each probability corresponds (see above). To find the final
size PMF we sum up each of the equations which correspond to the same final size.
This produces a set of equations that can be written in terms of R = /v and
which describe the exact final size PMF for a LoT(N) network. The PMFs for a

LoT network with N = 21 nodes are shown in Figure 3.17 for a range of R values.
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Results for starting the epidemic with Iy = ¢

Here we derive the probability that y apex nodes are infected, given that the in-
fection ended at a given node (node z). Node z is one of four types of nodes as
illustrated in Figure 3.15. Similarly to the previous section, here we derive the

following probabilities for the LoT(N) network with Iy = c.
P(y apex nodes infected | infection ended at node ) = P(y| ended at x)

As our new initial infectious node (node c¢) is not at the end of the line of
triangles network, there is more to take into consideration than what was required
to generalise the final size distributions starting with Iy = a. In particular, there
are now multiple ways we could define the probability the infection ends at node .
In this section we split the probability that the infection ends at node x into two
equations as follows.

First, we have the probability that the infection ends at node x and node a is also
infected. Secondly we have the probability that the infection ends at node x given
that node «a is never infected. Therefore, this probability includes all infection paths
in which the infection spreads only to the right of node ¢ and/or infection paths
that reach node b but not a. As in the previous section, we have four categories that
describe the probability the infection ends at a node of a specific type (type 1, type
2, apex node, wy ), therefore we again have four categories here, however we will also
have sub-categories. The two sub-categories will include probabilities where node
a is infected and where node a is not infected. Keeping the probabilities separate
that do and don’t include node a is not required for finding the probability y apex
nodes are infected given that the infection ends at node z, however, it is important
for when we want to determine the probability of each final size occurring.

Throughout this section we will use the following notation to distinguish between
probabilities where node a is and is not infected; P(Y, = y|z) denotes the probability
that y apex nodes are infected given that the infection ends at node x in triangle
7 and node a is infected. P(Y = y|z) denotes the probability that y apex nodes
are infected given that the infection ends at node x in triangle 7 and node a is
not infected. In the equations throughout this section we also continue to use the
convention that (Z) =0if k <0or k > n. As our aim of this section is to determine
the final size probabilities we first show the contribution to the final size for each
probability and then we derive the probabilities required. For Iy = ¢, if node a was

infected, then we obtain final sizes using the same equations as for Iy = a, that is:
o P(Y, =y|T1) gives a final size equal to 27 + y.

o P(Y, = y|T2) gives a final size equal to 27 — 1 4 y.
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e P(Y, = ylapex 1) gives a final size equal to 27 — 1 + y.
o P(Y, = y|wn) gives a final size equal to 2A + y.

For Iy = ¢, if node a was not infected, we simply have to subtract one from each

of the above equations to obtain:
e P(Y =y|T'1) gives a final size equal to 27 — 1 + y.
e P(Y =y|T2) gives a final size equal to 27 — 2 + y.
e P(Y = ylapex 1) gives a final size equal to 27 — 2 + y.
e P(Y = ylwy) gives a final size equal to 2A — 1+ y.
The probabilities required to determine the final size PMFs are as follows.

1. Given that the infection ended at a node of type 1 we define the following
probabilities P(Y, = y|T'1) and P(Y = y|T'1) below. In the following we have
7=12,...A—1and y = 0,1,...7. Recall that wy is a node of type 1 in
triangle A, however we define a different set of probabilities for reaching wy.
Thus, for P(Y, = y|T'1) and P(Y = y|T'1) we only look at the probability of
ending at a node of type T'1 in the first A — 1 triangles.

4
P(Y, =y|T1) = Pi(Y, = y|T1) (3.27)
=1

where P;(Y, = y|T'1) is the probability that the apex nodes in the first and
(A — 1) triangles are not infected and y of the 7 — 2 apex nodes in the

remaining triangles in the LoT network are infected.
-2
P(Y, = y|T1) = (T )P(a N¥ NdlIo = c)P(bNendly = a)
Y
xP(b' Nendlly = a) ™ 27YP(c only |Ig = a)

Py(Y, = y|T1) is the probability that the apex node in the first triangle is not
infected; the apex node in the (A — 1)™ triangle is infected and y — 1 of the

7 — 2 apex nodes in the remaining triangles in the LoT network are infected.
-2
P(Y,=y|T1) = <T 1>P(a NV Ndllg =c)P(bNecnd|ly =a)¥™*
y—
xP(H' Nendlly = a) ™ 2=0=D Pk e only |Tp = a)

P5(Y, = y|T'1) is the probability that the apex node in the first triangle is
infected; the apex node in the (A — 1) triangle is not infected and y — 1
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of the 7 — 2 apex nodes in the remaining triangles in the LoT network are

infected.

-2
P(Y, =y|T1) = <7y- B 1) Planbnd|lpg =c¢)P(bNecnd|ly = a)? !

xP(b' Nendlly = a) 2=~V P(c only |Ip = a)

Py(Y, = y|T1) is the probability that the apex nodes in the first and (A — 1)
triangles are infected and y — 2 of the 7 — 2 apex nodes in the remaining

triangles in the LoT network are infected.

-2
Py(Y, =y|T1) = <T 2) Planbndllo = ¢)P(bNcnd|Iy = a)V 2
y [e—
xP(t' Nendly =a)™2=0=2P0bNeonly [Ig = a)

Similarly, we have

4
P(Y =y[T1) =) P(Y =y|T1) (3.28)

i=1

where P (Y = y|T'1) is the probability that nodes a and b do not get infected;
the apex node in the last triangle does not get infected and y of the 7 — 2 apex

nodes in the remaining triangles in the LoT are infected.

-2
P(Y =y|T1) = (T , )P(d only [Io = ¢)P(bNeNd|ly = a)
xP(b' Nendlly = a)™"27YP(c only |Ig = a)
Py,(Y = y|T1) is the probability that nodes a and b do not get infected; the

apex node in the last triangle does get infected and y — 1 of the 7 — 2 apex

nodes in the remaining triangles in the LoT are infected.
-2
Py(Y =y|T1) = (T 1) P(d only [TIop = ¢)P(bNcnd|Ip = a)! "
y [R—
xP(t' Nendly =a) "2~V P(bneonly [Ig = a)

P3(Y = y|T1) is the probability that node a does not get infected and node
b does get infected; the apex node in the last triangle does not get infected
and y — 1 of the 7 — 2 apex nodes in the remaining triangles in the LoT are

infected.

-2
Py(Y =y|T1) = <; B 1>P(a Ny Nd|lg =c)P(bNecnd|ly =a)?

x P Nnendly=a)™ 20N P(conly [Ig = a)
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P,(Y = y|T'1) is the probability that node a does not get infected and node b
does get infected; the apex node in the last triangle does get infected and y — 2

of the 7 — 2 apex nodes in the remaining triangles in the LoT are infected.

-2
PyY =y|T1) = (; B 2) Plan¥ NdIp=c)P(bNecndllp =a)’?

x P nendly=a)"2~0=2P0bNeonly [Ig = a)

We note a special case in addition to the above equations is when 7 = 1, that
is the infection is contained within the first triangle in the LoT network. In

this case we have the following:

If y = 0 we have:

P(Y,=0|T1) = P(aonly |Ip=c) (3.29)
1

PY =0[T1) = gz

where P(a only |Ip = ¢) is the probability that only nodes a and ¢ are ever
infected (note: this is the same as the probability that only nodes b and ¢ are

ever infected, due to the symmetry of the nodes); is the probability

3R+1
that node ¢ recovers before the infection spreads (which is equal to the prob-
ability of the final size being one).

If y = 1 we have:

P(Y,=1|T1) = P(anbonly [Ip = ¢) (3.30)
P(Y =1|T1) = P(aonly Iy =c¢)

where P(a N bonly [Ig = ¢) is the probability that nodes a, b and ¢ are
the only nodes infected. Note, as mentioned above, in the second equation
P(a only [Ip = ¢) is equal to the probability that only nodes b and ¢ are

infected (i.e. node a is not infected).

. Given that the infection ends at a node of type 2 we define the following
probabilities P(Y, = y|T2) and P(Y = y|T2) below. We continue to use the
same notation as outlined above. For the following probabilities we do not
include node a as a node of type 2 and therefore we start with node d as the
first type 2 node in any LoT network. The probabilities that the infection is
contained within the first triangle (7 = 1) of the LoT network are included in
the equations described above and as such we do not include them again here.
Therefore, for the probability the infection ends at a node of type 2 in triangle
7, wehave 1 =2,3,...Aand y=0,1,... A — 1.
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-2
Pl =itz = <Ty >P (an¥ Ndllo = )P Nendll = o)™

1
= a)
xP(bnecnd|Ip=a) <2R+1>

+ <T - i) P(a N b N d‘IO - C)P(b/ Nen d’IO — a)(7'72)7(y7]_)

Y
1
xP(bNendlly =a)?! <2R+1> (3:31)
T—2 , (r—2)-
P(Y =y[T2) = P(d only |TIp = ¢)P(t Nend[Ip = a) v
Yy

1
P In=a)¥% | —
xP(bNend|Ip =a) <2R+1>

-2
+ <T >P(a Ny N d|IO — C)P(b/ Nen d|I() _ a)(r—2)—(y—1)

y—1
1
P(b dIp = a)V~* 32
xP(bNnend|lp = a) <2R+1> (3.32)
1
where R is the probability that last node of type 2 to be infected in the

network recovers before the infection spreads further.

. Given that the infection ends at an apex node in triangle 7, we define the
following probabilities P(Y, = ylapex 7) and P(Y = yl|apex 7) below. As
mentioned above for the probability the infection ends at a node of type 2,
here we also only consider 7 = 2 : A as all probabilities that the infection
is contained within the first triangle (nodes a, b and ¢) are included in our
equations for P(Y, = y|T1) and P(Y = y|T'1) above. Therefore, the below
equations are for 7 =2,3,...Aand y=1,2,...7.

P(Y, = ylapex 1) = (T -
y _

xP(bNendlIo = a)’ ?P(anb only)
+ (T - i) Planb Nnd|lg =c)P(V' nendlly = a)(T_z)_(y_l)

2
2> PlanbndlIp=c)P(V' Nend|ly = a)(T—Q)—(y—Q)

y—
xP(bNendlIg = a)’ *P(anb only) (3.33)

-2
P(Y = ylapex 1) = (; - 2)P(a NY' NdlI = )P Nend|ly = a)7~2~0=2)

xP(bNeNdlIg =a)’ 2P(anb only)
—2
+ <; ) 1)P(d only |Ip = ¢)P(' NeNd[Ip = a) 7 2~W=D
xP(bNendIp =a)’ tP(anb only) (3.34)
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4. Given that the infection ends at wpy, we define the following probabilities

P(Y, = y|lwn) and P(Y = y|lwy) below.

where
P1(Ya = ylwn)
Py(Yy = ylwn)
P3(Yy = ylwn)
Py(Yy = ylwn)

Similarly, we have

where
P (Y = ylwn)
Py(Y = ylwn)
P3(Y = ylwn)
Py(Y = ylwn)

P(Y, = ylwn) = ZP = ylwn) (3.35)

A—2
= ( >P(aﬂb’ﬂd!10 =c¢)P(bNnend|Ip = a)?
Y
PV NendlIy =a)?27YPant Ne)
A—2 , 1
= ) Planbd Nndllp=c)P(bNecndIp =a)’

Y
xP(t Nend|ly =a)?2=0"Dp@nbne)

= (A _12> Planbndlp=c¢)P(bNecnd|ly = a)? ™
y—
xP(t Nend|Ig =a)?2-0"Dpand Ne)

A—2
= ( 2>P(ambmd|10 =c)P(bNcnd|ly = a)V >
y—

xP( Nnend|ly =a)? 202 p@anbne)

4
P(Y =yloy) =Y P(Y = ylww) (3.36)

i=1

A—2
= < )P(d only |Ip = ¢)P(bNcNd|lp = a)?
)

P Nnendlly =a)227YPanb Ne)

A—2
= ( 1>P(d only [Tp = ¢)P(bNendllp = a)?™*
y—

xP(t' NendIy=a)?2~0"Dpanbne)

A—2
= ( 1>P(aﬂb’ﬂd\10 =c)P(bNnecnd|ly =a)’ !
y —

x Pt Nend|Iy=a)A2-0"Dpand Nne)

A—2
= ( 2>P(aﬂb’ Nd|lg = ¢)P(bNcNd|lp = a)! >
y —

xP(t' Nend|ly=a)?2-0-2panbne)
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We note that (as we saw for the equations with Ip = a in the previous section) the
above two Equations 3.35 and 3.36 are the same as Equations 3.27 and 3.28 with
the last probability swapped out.

To generate the final size PMF for a line of triangles network with N nodes we
find all possible conditional probabilities as defined by Equations 3.29 to 3.36 and
the final size that each probability corresponds to (see above). To find the final
size PMF we sum up each of the equations that correspond to the same final size.
This produces a set of equations that can be expressed in terms of R = /v and
which describe the exact final size PMF for a LoT(N) network. The PMFs for a

LoT network with N = 21 nodes are shown in Figure 3.18 for a range of R values.

3.3 Discussion

Figures 3.17 and 3.18 show the PMF for the final epidemic size of the line of triangles
network with N = 21 nodes for different values of R with Ig = a and Iy = ¢
respectively. The final size PMFs exhibit some interesting behaviour. We notice, as
expected, that in the PMFs for R = 5 and R = 10 the probability that the final
size is equal to 2,5,8,11,14,17 and 20 are much lower than the other probabilities.
Similar behaviour can be seen in the PMFs for R = 1 and R = 2 however as the
transmission rate in these are lower the difference is less pronounced in the figures.
Thus the difference between final size probabilities is more prominent in the PMFs
with a higher transmission rate. The final size PMFs exhibit the same behaviour as
distributions for the probability the infection ends at a given node. The probability
that the infection ends at an apex node (i.e. nodes 2,5,8,11,14,17 and 20) in the LoT
network with 21 nodes is much lower than the probability the infection ends at a
node of type 1 or 2 (i.e. nodes along the baseline of the network). This behaviour is
due to the baseline nodes, with the exception of node a and N, being more connected
(having a higher degree) than the apex nodes and thus they have a higher probability
of becoming infected at some point during an epidemic.

In this chapter we have shown that it is possible to describe the way an infection
spreads through a line of triangles network based on our knowledge of the triangle
and lollipop networks studied in an earlier chapter. We have used this knowledge to
generalise the infection paths and PMF for the final epidemic size of a line of triangles
network for an arbitrary number of nodes, N. We have illustrated a method to find
the probability mass functions for the final epidemic size for a LoT(INV) network
starting with node a, b or ¢ as the initial infectious node, Ig. As a result we have

found a way to obtain analytic results that describe the way an infection spreads
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through a LoT network. We compared our analytical results to results found from
a stochastic model to ensure our methods are correct. We have shown that the
difference between analytic and stochastic results tends toward zero as we increase
the number of realisations the stochastic result is averaged over. For example, Figure
3.19 shows the difference between analytic and stochastic results for the probability
the infection reaches a given node. Figure 3.20 illustrates the convergence of the
difference between analytic and stochastic results for the probability k apex nodes
were infected given that the infection ended at node j. See Appendix B on page 237

for more figures and tables.
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Chapter 4

Illustrations of an S/R model on

small networks

Here we illustrate how the network models presented in Chapter 2 can be used to
investigate the dynamics of the spread of an infection through small populations
that could be representative of a household or community. We will focus on two
infections, influenza and measles, both of which are well known to follow an SITR
model for the host infection lifetime [34, 41, 59]. In order to obtain results specific
to influenza and measles from our network models we need to determine what the
infection and recovery rates (8 and 7 respectively) are for both infections. In some
cases we can obtain 8 and ~ directly from previous studies; although in most studies
the basic reproduction number, Ry, and the recovery rate are given. If this is the
case, then it is necessary to be able to relate the basic reproduction number to
the infection transmission rate (3) before we can investigate the infection dynamics
using our network models. Therefore, in Section 4.1 we discuss the different ways
that the basic reproduction number can be defined on a network, followed by the
definition and derivation of Ry for each of the small networks presented in previous
chapters. In Sections 4.2 and 4.3 we parameterise the network models for influenza

and measles respectively. In Section 4.4 we present and discuss the results.

4.1 A discussion about the basic reproduction number,

Ry.

Arguably, one of the most important quantities in infectious disease modelling is
the basic reproduction number, Ry. By definition Ry is the expected number of
secondary cases produced by a single ‘typical’ infectious individual in a wholly sus-

ceptible population [16]. It is often used to determine the severity of an emerging
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epidemic or predict what level of intervention (such as vaccination rates) would
be required to contain and/or eliminate the infection. In general if Ry < 1, it is
expected that there will be a minor epidemic and if Ry > 1 a major epidemic is
possible. Having Ry < 1 and Ry > 1 equates to the ‘typical’ infectious individual
transmitting infection to on average less than one or more than one other individual

respectively.

However, there is much ambiguity in the definition and use of Ry, for example
how does one define a ‘typical’ infectious individual? If we consider the population
of New Zealand, would a typical infectious individual be someone who lives in the
Auckland CBD, has a large number of social connections and travels frequently or
would it be an individual who lives in a small rural community and doesn’t travel past
the surrounding suburbs? As one could imagine the expected number of secondary
infections caused by the first individual would be considerably higher than that of
the second individual. Omne question that arises when using Ry to infer possible
outcomes of an epidemic is how does one define a minor and a major epidemic?
We could look at the fraction of susceptible individuals left in the population at
the end of an epidemic to determine if it was a minor or major epidemic. For an
STR model in a homogeneously mixing population the infection peaks when the
fraction of susceptible individuals is equal to 1/Ry. If the fraction of susceptible
individuals at the end of an epidemic is less than 1/Ry this would mean that the
infection died out due to a lack of susceptible hosts available and thus this could be
defined as a major epidemic. If the fraction of susceptible individuals at the end of
an epidemic was greater than 1/Ry this would mean that the infection died out on
its own, sometimes referred to as stochastic fade out, and it was not due to a lack

of susceptible hosts. In this case we would refer to it as a minor epidemic.

Another important factor that will affect Ry is differences in susceptibility and
infectiousness of individuals within a population. For example, the average number
of individuals a typical individual with measles could infect will be much higher in a
population that has a low percentage of vaccinated individuals than in a population
with a high percentage of vaccinated individuals. The definition of Ry states that
there is a single infectious individual in a wholly susceptible population. However,
assuming that the entire population is susceptible is not always accurate. Therefore,
having a similar quantity to Ry defined when the population is not entirely suscep-
tible can be useful. The effective reproduction number (R) is the expected number
of secondary infections that arise from a single infectious individual in the popula-
tion which is not necessarily entirely susceptible (e.g. when interventions such as

vaccination campaigns are put in place some individuals will be immune) [12].

The structure of a given population will also have an effect on Ry, for large
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homogeneously mixing populations the derivation of Ry is well known. However, it
is also well known that assuming a population mixes homogeneously is inaccurate
in many cases. So, the question arises, how can we define the basic reproduction
number for heterogeneous populations? A number of definitions for Ry have been

derived for models that have a network representation of the given population.

4.1.1 Definitions of R, for network models

There are three definitions of the basic reproduction number, Ry, for network models
which we discuss in this section. Expressions for these definitions are given in Table
4.1. We begin by explaining how the first equation for Ry in Table 4.1 is derived.
From the definition given in [16], it would seem logical to define Ry for the initial
infectious node in a network. As all k£ neighbours of the initial infectious node will
be susceptible, we can define the average number of secondary cases produced by a

‘typical’ node as:

where ¢ = is the per edge probability of transmission, the average degree of
a network is denoted by (K) = >, kP(k) and P(k) is the probability that a given
node has degree k [14]. Note here, we use the average degree of the network as the
‘typical’ initial infectious node would be randomly chosen.

However, the value of Ry for the initial infectious node will differ from that of
a ‘typical’” infectious node from the early stages of an epidemic. For this definition
of Ry we will need to take into account the fact that the chosen node would have
already been infected by one of its neighbours and hence can only transmit the
infection to at most k — 1 nodes. The probability a newly infected node has degree k
s k<1;((>k) where kP(k) is the expected number of nodes in the network with degree
k. We can define the expected number of new infections caused by a newly infected

node as:

)
E2P(k) — kP(k
_ w; <2 (k)

Ry = wzkg((k)(k—l)
K

K)

(K(K - 1))

Ry = W <K> (4'1)

Note that this derivation assumes that clustering is unimportant and thus the only
infectious neighbour the newly infected node has is the one that infected it. If clus-

tering is present then the newly infected node could have more than one infectious
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Table 4.1: Comparison of Ry for SIR models on heterogeneous

populations.

Equation for Ry

Model assumptions

References

(K(K —1))

Bo=v""1

Large random networks without
clustering generated using the
configuration model. Small initial
fraction of population infected. Miller et
al [46] derived this expression for Ry
using the EBCM approach with the
configuration and mixed Poisson network

models.

39], [40], [43],
[46], [48], [68], [50]

Ro = (1-9¢)¢

(K(K —1))

Large random networks with clustering
generated using the configuration model.
Small initial fraction of population

infected.

Large random networks with clustering
generated using the configuration model.
Small initial fraction of population

infected, where n; and ng are the number

[43]

K
e of triangles and squares respectively in
10 < )

the network.

neighbour which would reduce the effective reproduction number. Refer to Table 4.1

for other assumptions made for this derivation.

The second equation for Ry in Table 4.1 was derived by Molina and Stone [48] and
incorporates the effects that clustering may have on the basic reproduction number.
The equation for Ry that they derive is the same as in Equation 4.1 with an added
correction factor of (1 — ¢¢). If the clustering coefficient, ¢, is zero then this is in
agreement with Ry in Equation 4.1 for unclustered networks. Molina and Stone [48]
show that clustering results in a reduced Ry and increased epidemic threshold when
compared with an infection spreading on a network where ¢ = 0. The clustering
coefficient counts the number of triangles in the network but does not account for

loops of higher order. Miller [43] derived an equation for Ry that incorporates the
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effects of higher order motifs (such as loops of order 4), as shown in Table 4.1.

The basic reproduction number, Ry, is usually calculated as an average over all
individuals within a population where there is only one species of host. So, what
happens if we are investigating the spread of an infection with multiple hosts such
as the transmission of malaria? For malaria, there is transmission from mosquitos
to humans and vice versa. By definition the basic reproduction number will find the
average number of secondary infections caused by humans and mosquitos. One has
to ask, why would you want to average over humans and mosquitos? This does not
make biological sense as the transmission rate from mosquitos to humans would be
different to the transmission rate from humans to mosquitos. The type reproduction
number was introduced by Roberts and Heesterbeek [56] to account for individuals
that can be distinguished by some epidemiologically significant characteristic such

as species (See also [24]).

4.1.2 Defining R, for small networks

In light of the discussion in the previous sections, strictly speaking it does not make
sense to define Ry for small networks. However, as Ry is one of the most commonly
estimated quantities for infectious diseases we need some sort of approximation in
order to incorporate the infection parameters with the small network models. Here,
we will discuss how we define an approximation to the average number of secondary
infections produced by a single ‘typical’ infectious node in each small network. We
use a NGM (Next Generation Matrix) approach [16, 18, 57] and divide the nodes
up into types based on their degree (or number of neighbours). For example, in a
star network of four nodes there is one node of type 1 (central node of degree 3)
and three nodes of type 2 (the outer nodes of degree 1). It should be clear that the
expected number of neighbours that the central node infects will be much higher
than the expected number of neighbours an outer node infects. The entries K;; of
the NGM define the expected number of individuals of type i infected by a ‘typical’

individual of type j. For our small networks we have the following.

K;; = E[# nodes of type i infected by a node of type j ]
= P(transmission occurs across an S — I edge)
X (# neighbours of type i a node of type j has)
~Kij = 1 x (# neighbours of type i a node of type j has)

We can define the basic reproduction number, Ry, as the maximum eigenvalue
of the NGM, K (see Diekman et al [17]). This gives us the average number of

secondary infections resulting from a randomly chosen initial infectious node in each
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small network. For example, the NGM for a line network with N = 3 nodes is
constructed in the following way. There are two types of nodes in the line network

(type 1 has degree 1 and type 2 has degree 2), so we first define the NGM K:

0 2
<= (1)

We note that the sum of each column gives the degree of each type of node in the
network. Then, Ry is the dominant eigenvalue of K and can be found by solving
Det (K — A\I) = 0 for A\, where I is the identity matrix of the same order as K.

Therefore, we have
Ry = V2

We follow the above method to determine the NGM and Ry for each small network

of three and four nodes, as shown in Table 4.2.

4.2 Influenza

Influenza is a viral infection that usually lasts for one to two weeks; symptoms can
include fever, muscle aches, sore throat and coughing. The virus spreads easily be-
tween people when infected individuals cough and sneeze, often resulting in seasonal
epidemics. Substantial morbidity and mortality is caused annually by influenza
epidemics all over the world [11]. Influenza viruses have caused global pandemics
throughout history and will probably continue to do so as new strains of the viruses
emerge. See Neumann et al [49] for a summary of the difference in origins and sever-
ity between the ‘Spanish’ influenza (HIN1) of 1918-1919, ‘Asian’ influenza (H2N2)
of 1957, ‘Hong Kong’ influenza (H3N2) of 1968 and the ‘Russian’ influenza (H1N1)
of 1977. In more recent history there was a pandemic of ‘swine flu’ (HIN1) in 2009
which led to a global effort to determine epidemiological parameters that could be
used to predict the severity of the pandemic and control efforts required.

Roberts and Nishiura [58] analysed data from pandemic influenza HIN1 2009 in
New Zealand. They estimated the effective reproduction number to be 1.25 with a
95% confidence interval of (1.07,1.47) and showed that earlier studies overestimated
the effective reproduction number. The overestimation was a consequence of not
accounting for factors such as the infection-age distribution of imported cases and
the delay in transmission dynamics due to international travel. Tuite et al [64]
estimated Ry to be 1.31 with a 95% confidence interval of (1.25, 1.38) and the
infectious period to be approximately 3.38 days with a 95% confidence interval of
(2.06, 4.69) for the influenza A HIN1 pandemic in Ontario, Canada in 2009.
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Table 4.2: Next Generation Matrices and R, for small networks.

Network NGM (if applicable) Ry
Triangle Each node has degree k = 2. Ry =29
. 0 2
Line (N =3) K=19¢ Ro =2y
10
Complete
Each node has degree k = 3. Ry =3¢
(N=4)
Square Each node has degree k = 2. Ry =2v¢
01
Star (N = 4) K=1 ROZ\/gl/}
30
1 17
Toast K_/(/}(O 2) Ry = +\/7w
2 1 2
1 5
Line (N =4) K_/(/}(o 1) Ry = +\[¢
11 2
Lollipop Ro = 2.1701%
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In order to parameterise our model to investigate how influenza spreads through
small networks we need to determine what the transmission and recovery rates (3
and ~y respectively) are. We approximate Ry by the effective reproduction number
found in Roberts & Nishiura [58] and approximate the infectious period (1/7) to be
3.88 days as found in Tuite et al [64]. As we were unable to find an estimate of the
infectious period for the New Zealand influenza pandemic, we argue that influenza A
HIN1 in New Zealand and Ontario have approximately the same infectious period.

As Ry has been estimated for a large homogeneous population, we set Ry = 1.25
for the complete network of N = 4. This allows us to rearrange the equation
to determine an approximation for B, which we can then use to determine the
probability of transmission given contact (1) for all small networks. Therefore, from
Table 4.2, we rearrange the Ry equation corresponding to the complete network of
N = 4 nodes to find 8. We then substitute in Ry = 1.25 and v = 0.2577 to obtain
the following estimate for j3.

YRy

=0.1841
3— Ry

B

Using these parameters we estimate the probability of transmission given contact

for influenza to be 1) = 0.4167. We present and discuss the results in Section 4.4.

4.2.1 Results

The expected number of secondary infections resulting from a single infectious indi-
vidual, Ry, will differ between network structures as it depends on the probability
of transmission given contact and number of contacts each individual has. Table
4.3 shows our estimates of the basic reproduction number, Ry, for each small net-
work. To obtain results we evaluate (using the parameter values specified above)
the parameter R = 3/ = 0.7144. We then input these values of R into the final
size equations for each network to find the final size distributions for each specified
initial state. We also found the expected final size as shown in Table 4.4. Figures
4.1 to 4.6 show the final size probability distributions for influenza, along with the

corresponding initial state.
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Table 4.3: R estimates for influenza.

Network Value of Ry (¢ = 0.4167)
Triangle 0.83
Line (N =3) 0.59
Complete (N = 4) 1.25
Square 0.83
Star (N =4) 0.72
Toast 1.07
Line (N =4) 0.67
Lollipop 0.9

Table 4.4: Expected Final Size (EFS) for influenza on small

networks

Networks with N =3 EFS
Clustering Degree of Initial
. Initial state . Influenza
Coefficient, ¢ Infectious Node(s)
. Triangle 1 SST 2 1.97
SST 1 1.59
. Line 0 SIS 2 1.83
I1ST 1&1 2.66
Networks with N =4

. Complete 1 SSST 3 2.68
SSSI 2 2.2

. Square 0
SIIS 2&2 3.32
SSSI 1 1.76
1558 3 2.25

. Star 0
SSIT 1&1 2.93
SIIT 1,1&1 3.8
SSIS 2 2.33
. Toast 0.75 SSSIT 3 2.55
SIIS 2 & 2 3.46
SSSIT 1 1.66
SSIS 2 2.01

. Line 0
SIST 2&1 3.08
1SST 1&1 3.04
SSSIT 1 1.82
SISS 2 2.18

. Lollipop 0.6
I1SSS 3 2.39
SSII 2&1 3.26
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4.3 Measles

In this section we present a case where an infectious disease has an Ry value which
exceeds the average degree of the small networks considered. This means that the
use of the small network models, as illustrated above for influenza, is not possible.
We end this section by briefly describing a scenario which would allow the use of

small network models by making use of the effective reproduction number, R.

Measles is a highly contagious, yet preventable disease that can infect children
and adults. Typical initial symptoms include a fever, cough, runny nose, sore and
watery eyes, followed by the onset of a blotchy rash. The best prevention method is
two doses of the measles, mumps and rubella (MMR) vaccine. Roberts and Tobias
[59] provided evidence which suggests the optimal timing for the MMR vaccination
is when children are aged 15 months and between 3 and 6 years. However, a high
coverage of vaccination would be required to eliminate measles from a population
completely. They estimated the basic reproduction number, Ry, to be approximately
12.8 for the 1997 measles epidemic in New Zealand. They also estimated v (1/aver-
age infectious period) to be 52/year, that is the infectious period is approximately
0.019 of a year (= 7.02 days). Therefore, in days, we have v = 1/7.02 = 0.1424.
Roberts and Tobias [59] used a population with similar size and age structure to
that of New Zealand in 1996, they excluded individuals who were aged over 25 years.
The population was composed of different age classes and the total population size
used was approximately 1.5 million which was the sum of the number of individuals
in each age class.

As discussed in the previous section, Ry is a quantity that is derived for large pop-
ulations and it does not make sense to use it for small populations. For example, in
the 1997 measles epidemic described above, Ry = 12.8 means that some individuals
within the population had connections with more than 12 other individuals. If we
were to represent this population as a network there would be nodes with more than
12 neighbours. Therefore, as our small network models consist of three and four
individuals, it does not make sense to have an Ry that is greater than the maximum
degree of the network. For example, in a network of four nodes, any individual has
at most three neighbours and thus can transmit infection to at most three nodes.
Therefore, for the measles data we found, it is not possible to parameterize the small
network models and illustrate how the infection could spread. However, we should
note that, it is possible that our small networks of 4 nodes represent the unvacci-
nated individuals of a larger population. For example, if we had a population of
N = 40 and 90% of the population were vaccinated with the MMR vaccine, then

there would be N = 4 individuals left that could get infected and transmit measles
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to one another. In this case it would be possible that Ry = 12.8, however the effec-

tive reproduction number, R, would be much smaller (R = (1 — 0.9)Ry ~ 1.2).

4.4 Discussion

In this section we discuss the results found for the spread of influenza on small
networks and comment on the difference between the basic reproduction number
for influenza and measles. From Table 4.3 we can see that the networks with the
two highest estimates for the basic reproduction number, Ry, for influenza are the
complete and toast networks of size N = 4 respectively. For networks of size N = 3
and for a given probability of transmission given contact, the triangle network has
an Ry value greater than that for the line network. As Ry depends on the average
degree of the network we notice that the square and triangle networks have the
same value for Ry = 0.83. Overall, the line networks of size N = 3 and N = 4 had
the lowest estimate of Ry. Table 4.4 shows the expected final size of an influenza
epidemic for each small network and given initial condition. The triangle network
has a higher expected final size than the line network of N = 3 nodes starting with
one infectious node. For networks of size N = 4 the complete and toast networks
had the highest expected final size of 2.68 and 2.55 for starting the epidemic with
one infectious node. These results are in agreement with the results found for the
probability mass functions of the final epidemic size in Chapter 2.

If we compare the infection parameters of influenza (Ry = 1.25,y = 0.2577)
and measles (Ry = 12.8, v = 0.1424) we can see that the recovery rates of each
infection are of the same magnitude. However, the basic reproduction number, Ry,
for measles is ten times higher than the Ry for influenza. Although we cannot
parameterize our small network models for measles and compare the results to those
found for influenza, we can see from the large difference in parameter values that
if measles were introduced in a small network model it is highly likely that all
individuals would become infected. Of course, there is still a non-zero probability
that the infection does not take off and a minor epidemic occurs. However, if a major
epidemic occurred, we would expect the final size of measles to be much higher than

that of influenza due to the difference in orders of magnitude of Ry.
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Part 11

SIS Model
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Chapter 5

SIS epidemics on small

networks

In this chapter we focus on an SIS (Susceptible - Infectious - Susceptible) compart-
mental model to describe the spread of an infection through a population. When
an infectious individual recovers they move back into the susceptible class. This
makes multiple infections possible for each individual which adds some complexity
to analysing the infection dynamics. Here, we consider eight small networks of vary-
ing topological structure and investigate the dynamics of the model on them. These

small networks are the same eight as in Part I, repeated here for convenience.

First, we define the notation used throughout this chapter. Susceptible nodes
acquire infection at rate 8 per S — I edge and infectious nodes recover at rate v. We
denote the state that a network of three nodes is in by XY Z, where X, Y and Z
denote the infection state (S or I') that nodes a, b and c are in respectively. Similarly,
we denote the state that a network of four nodes is in by WXY Z. For an S15 model
on a network of N nodes there are 2V possible states in which the network can be.
Thus, for an SIS model on networks of size N = 3 and N = 4 nodes there are 8
and 16 possible states which the networks can be in respectively. To simplify our
analysis we group states together based on symmetries of the network [62]; in the
most simple case of a complete network we can group states together that have the
same number of S and I nodes (A complete network is a network in which each node
is connected to every other node within the network; see, for example, Figures 5.1 A
and C.). For networks that are not complete we must look at the topology and the
number of nodes in each infection state before determining which network states can
be grouped together. Thus, for each network we group together the states that are
topologically equivalent and have the same number of nodes in each infection state.

Once we have the reduced number of states we draw a transition diagram which
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Figure 5.1: Network diagrams in order of increasing complexity. A.
Triangle Network. B. Line Network, N = 3. C. Complete Network,
N = 4. D. Square Network. E. Star Network. F. Toast Network. G.
Line Network, N = 4. H. Lollipop Network.

shows how the infection moves through the network. From the transition diagrams
we can show how the infection progresses through the network by writing down a set
of differential equations; each equation describing the evolution of the probability
that the network is in a given state at time ¢. We determine the Jacobian matrix
of the system and the Routh-Hurwitz criterion is used for the triangle network to
prove that the only stable steady state for the system is the infection free steady
state.

Markov Chain theory is then used to describe the behaviour of SIS epidemics
on small networks as shown in Figure 5.1. The results derived are largely based on
a matrix which contains the probability of transition between states, which can be
derived from the transition diagrams. In particular there are five quantities that we

derive for the SIS model on small networks:

e Expected time to absorption (the expected time it takes for the system to

reach the infection free steady state).

e Cumulative incidence (the number of new infections that occur during the

epidemic).
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e Expected number of times each individual is infected during the epidemic.

e Expected number of times the system is in each state (as shown in the transi-

tion diagrams).
e Expected time spent in each state for the duration of the epidemic.

All of these properties are governed by the initial conditions (initial state of the

system) and by the transmission and recovery parameters, 3 and v respectively.

To independently verify our results we also ran stochastic realisations on each
of the small networks for the same initial conditions and infection parameters. The
Gillepsie algorithm was used for the stochastic SIS model (See [34] for details of
the algorithm) which was implemented using MATLAB software. In the following
sections of this chapter we will illustrate our methods with the simplest and most
complex small networks, the triangle and lollipop networks respectively. This is
followed by the presentation and discussion of our results from all small networks
shown in Figure 5.1. The detailed methods for each of the remaining small networks

are given in Appendix C, page 242.

5.1 Triangle Network

The triangle network is the simplest network we consider; it is a complete network
of size N = 3. We can reduce the full system of 2 = 8 equations which describe the
S1S epidemic process on a triangle network by considering the network topology
and adopting the method of lumping by graph automorphism approach, as detailed
in Kiss et al [62]. As the triangle is a complete network we can lump states together
which have the same number of S and I nodes; this reduces the system to one of

four states. The transition state diagram is shown in Figure 5.2.

Fach box in the transition diagram represents a different state of the network
and each arrow represents either recovery or infection of a node. Transition between
states is only possible if there is a directed arrow from one to the other. Movement
between states in the transition diagram shows how the infection spreads through
the network. Once the network reaches the absorbing state the epidemic is over and

the infection has died out.

The lumped system of equations governing the SIS dynamics on a triangle

network are given below. Each equation describes the probability that the triangle
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Legend for Transition Rates

-7y == 25
_— Dy

Figure 5.2: Transition diagram of an SIS model on a triangle network

after lumping appropriate states together.

network is in a given state at time ¢.

Pss; = 2vPsi— (28 +7)Pssr (5.1)
Psrr = 2BPssy + 3vPir — 2(8+ ) Psir
Prp = 28Psi —3vPu
Psss = 7Pssi
Here, for example, Pgg; denotes the probability that the system is in the state
where one node (a, b or ¢) is infectious and the other two nodes are susceptible at

time ¢t. Therefore the equation for Psg; describes how the system can enter and
leave the state SSI.

5.1.1 The Routh-Hurwitz Criterion

In this section we investigate the stability of the system, described above, in order
to prove that the infection free state (SSS) is the only stable steady state for the
system. A well known method used to investigate the stability of linear systems

is the Routh-Hurwitz criterion which utilizes the characteristic polynomial of the
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system to determine the stability of fixed points. Therefore in the following we
first determine the Jacobian matrix of the system in order to obtain a characteristic
polynomial before outlining the method for the Routh-Hurwitz criterion [19]. To
investigate the stability of a fixed point of an n-dimensional system we want to find

all eigenvalues, A, which satisfy
det(J —AI) =0

where J is the Jacobian matrix of the system evaluated at the fixed point which is of
order n and I is the identity matrix of order n. From this we obtain the characteristic

polynomial
N4 a A" a2+t a, =0

where the coefficients a;, i = 1...n, are real constants. The fixed point is sta-
ble if all the roots of the characteristic polynomial have negative real part. The
Routh-Hurwitz criterion provides a method of determining if the roots of the above
polynomial have negative real part based on the coefficients of the polynomial [19].
For a three dimensional system, the characteristic equation is a cubic polynomial of

the form
)\3 + 611)\2 + (12)\ +as

All roots of the polynomial have negative real part, if a1 > 0, az > 0 and
ajas > as.

The Jacobian matrix for the SIS model on a triangle network is defined by:

—(28+7) 2 0
J = 23 —2(8+7v) 3y
0 283 —3y

where the columns and rows of J are indexed in the same order as the system of
Equations 5.1, {SSI,SII,II1}. Note that here we exclude the absorbing state SSS
as the equation for Pgss is redundant. Also note that as we have a linear system, the
only steady state is the absorbing state with Pggg = 1. The characteristic equation
for the lumped system describing an SIS epidemic on a triangle network can be

found by evaluating det(J — AI) = 0, where

—(26+7)—A 2y 0
J-A = 203 —2(B8+7)—A 3y
0 20 —37—A
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Therefore, finding the determinant for the above matrix gives the characteristic

equation:
A4 (468 4 679)A2 + (482 + 8B~ + 114N + 6+°
In this case we have the following coefficients,

a; = 4,8—?—67
as = 48 + 8By + 1142
= 4(B+7)*+ 7

as = 673

Now, as (8 is the transmission rate and ~ is the recovery rate they must both
always be non-negative. Therefore, for the first two conditions we have a; = 48 +

67 > 0 and ag = 673 > 0 which is always true. For the third condition we have:

ap > 6v>0
as > 672 >0
ajay > 673
Laiaz > ag

Hence this system satisfies the Routh-Hurwitz criterion which indicates that the
steady state (the infection free state, SSS) of the system described by Equations
5.1 is stable.

5.1.2 Results from Markov Chain theory

As discussed in Chapter 1, we use a discrete time embedded markov chain to describe
the SIS epidemic model on a network. For an SIS model we can show how the
infection progresses through a network using the transition diagram (see Figure 5.2).
The transition diagram shows the different states in which the network can be and
the transition rates between states. These states can be represented as a particular
type of Markov Chain called an absorbing Markov Chain . It is an absorbing Markov
Chain because from any starting state the system will end up in the infection free
state with all nodes susceptible. From this state the system cannot move anywhere
else, thus the infection free state is called the absorbing state of this Markov Chain.
All other states in this system are called transient states [21].

In discrete time Markov Chains at each step it is assumed that the system
makes at most one transition (or one event occurs) [10]. This makes the analysis

less complex, however it does not fully capture the continuous time dynamics as
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the n step transition matrix, P, does not specify the rates at which transitions
occur. Therefore, to approximate continuous time dynamics we assume that a time
step, dt, is small such that 6¢ — 0 and only one event (infection or recovery of a
node) can occur during each time step. That is, we assume 6t — 0 so that we are
effectively averaging over an infinite number of networks with the same configuration
to determine the average probability of transition between states. This also means
that multiple events cannot happen simultaneously. These events could be thought
of as infection generations as we are keeping track of how an infection progresses

through each small network.

Here, we define some key theorems and definitions, using the SIS epidemic on
a triangle network to illustrate. Following this we will describe the SIS epidemic
dynamics on a lollipop network and present the results found for all small networks
shown in Figure 5.1. For the triangle network we have the following transition proba-
bility matrix from which we can calculate the n'" event probabilities as follows. The
set of states for the STS process on a triangle network is S = {SSI, SII,I11,S5SS}.
Note that we have lumped states together which are topologically equivalent due to
the symmetry of the network. The state SSI represents the state in which there is
only one infected node (a, b or ¢) in the triangle network. For example, the proba-
bility the network is in this state is equal to the probability that the network is in
any one of the states {SIS,ISS and SSI}. Similarly, the state SII is represents
the state in which any two nodes are infected in the triangle network. The following

matrices are indexed in the same order as S.

2 gl
0 0
28+ 28+~
0 By
P = 8+y B+
0 1 0 0
0 0 0 1

Here, for example, Pjo is the probability of transition from state SSI to SII, Py
is the probability of transition from state SSI to 5SS, P, is the probability of
transition from state SII to 111 and so on. We can see that the sum across all rows

of P equals one, as it should for a probability matrix.

Therefore, we can find the probability that the system is in a given state after n
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events by evaluating the following matrix, P™.

23 0 Y "
28+~ 28+~
) - S
P" = 1 B+4 B+
0 1 0 0
0 0 0 1

We can also find the probability that the system is in a given state after n events,
given that the system started in state vg by computing voP™. Where vy is the initial
state vector of size 1 x S with vo(i) = 1 if the epidemic starts in state i and all other

entries zero.

Expected number of visits to each state

Theorem 1. Let I be the identity matriz of the same order as Q and let @Q be the
transition matrix for transient states only. Then, for an absorbing Markov Chain
the matriz I - Q has an inverse N=T1+ Q + Q*> + ...+ Q% + .... The ij-entry
N;; of the matriz N is the expected number of times the chain is in state s;, given

that it starts in state s;. The initial state is counted if i = j [21].

Therefore, the matrix N is a geometric series of all the possible pathways to
get from one state to another in a given network. It can be shown that the series

converges to (I-Q)~! which leads to the following formal definition for N.

Definition 4. For an absorbing Markov Chain P, the matrix N = (I - Q)7! is
called the fundamental matrix for P. The entry N;; gives the expected number of

times that the process is in the transient state s; if it started in the transient state
S; [21].

The transition matrix for the transient states only of the SIS model on a triangle
network is defined by Q.

20
28+~
Q = 0 0 7
B+ B+
0 1 0

From Q and using the above information, we can find the expected number of
times the process visits each transient state from a given initial state. Note that
Q is simply the matrix P with the row and column corresponding to the absorbing
state deleted. For the remaining small networks we will present the matrix Q and

omit the symbolic representation of P.
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- —1
1 25 0
26+~
= it 1 k.
B+ + 7
0 1 1
26+v  2B(B+1) 2p°
Y v? 72

28+~ (28+7)(B+7) B(26 +7)
¥ 72 v?

286+ (284+7B+7) 282+ By+1?)
¥ 72 v?

Expected time spent in each state during the epidemic

One property of interest is the expected time spent in each of the transient states

over the course of an epidemic. This can be determined as follows:
E[time in given state] = E[#visits to given state] x [Duration of visits]

where # refers to the ‘number of’. From the matrix N found above we have the
expected number of visits to each state for a given initial state. The duration of
visits is simply the average time spent in a state once the system has entered that
particular state and this can be found from the transition diagram in Figure 5.2.
The average time spent in each state of the triangle network is stored in a diagonal
matrix, Tg, where the entries are in the same order as S = {SSI,SII,I111,5SS},
excluding the state SSS. We rescaled time with v = 1 as time has units y~! for the
S1S model on small networks; this makes the resulting matrix entries dimensionless.
We adopt this notation throughout this chapter for other results which also have
dimension v~!. The entry Tg(1, 1) gives the time spent in state SST once the system
has entered that state, this is simply

1
(Rate for leaving state SST)

Similarly, Tg(2,2) and Tg(3,3) give the time spent in state SII and III once the

system has entered each state respectively.
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0

28+~
Te = = 0 0
S 0% 28+2y 1
0 0 3

Therefore, the expected time spent in each state is given by Er, where

Er = NTg
. B 26
v 32
_ 1, 2840 BE26+1)
gl 2y 32
| 28+ 282+ By+7
2 37?2

Here the element Ex(i,5) gives the expected time spent in state j given that state
i was the initial starting state. For example, Ex(1,2) = 3/7? is the expected time
spent in state SII given that the epidemic started in state SSI. Recalling that our
indexing for the matrices is in the order of S = {SSI,SII,111}.

Time to absorption

The expected time to absorption is the expected time it takes for the system to
reach the infection free steady state. For the triangle network this is the expected
time it takes to reach the state S5S. Summing across the rows of E1 gives a vector
containing the total expected time spent in the transient states combined for a given
initial state. This is also the expected time to absorption. Therefore, in the following
vector Ta the entries Ta () gives the expected time to absorption given that the

epidemic started in state 1.
Ta(i) = > Ex(i,j)
J

2% 4 387 + 37
37?2

462 4 83y + 97
62

==

462 + 8037 + 1142
62
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Table 5.1 (page 154) contains the time to absorption for each small network and

initial condition considered, evaluated with {5 =1,y =1} and {f =2,y = 1}.

Number of times each node is infected

To determine the number of times node k is infected during the epidemic we first
determine the expected time for which node k is infected during the epidemic. We
do this by summing up the expected times spent in all states ;7 where node k is
infected. For this we need to use the matrix which contains the expected time spent
in each state of the triangle network for the full system, not the lumped system
which we have been using up until now. For example, in the lumped system, the
expected time spent in state SST for a given initial condition is giving the expected
time for which there is only one infectious node during the epidemic. This does
not give information about which node was infected. Similarly the expected time
spent in SII gives the expected time for which there are two infectious nodes. By
deriving the expected time spent in each state for the full system we are able to
find out more detail such as the expected time for which each node (a, b and c)
is infected for during the epidemic. The state space for the full system is Sgpuan =
{SS1,S1S,SII,ISS,ISI,I1S,I11,SSS}. Therefore we have

T (ki) = FE[time node k is infectious | epidemic started in state i| (5.2)
= > Erpa(ij)
Jlk=1Z

where i,j € Spun, k € {a,b,c} and k = Z means node k is infected. We give the
algebraic expression of the matrix E1 gy on page 144. We exclude the infection
free state SSS in E1 pan. In 7 (ki) (below), row 1 corresponds to the initial state
SSI where node c is infected; row 2 corresponds to the state SII where nodes b
and c¢ are infected and row 3 corresponds to the state I11 where all three nodes are
infected. The columns correspond to nodes a, b and ¢ respectively. Therefore, the

entry
T(11) = Er pan(1,4) + Er pau(1,5) + E1_pan(1, 6) + E1 pan(1,7)

gives the expected time node a is infected given that the epidemic started in state
SSI. Similarly

T(21) = Er pan(1,2) + Ev pan(1, 3) + E1 pan(1,6) + E1 gan (1, 7)

gives the expected time node b is infected given that the epidemic started in state
SS1I. The entry

T(3|1) = Ex pan(1,1) + Ev pan(1, 3) + E1_pan(1,5) + Ev pan (1, 7)
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gives the expected time node c is infected given that the epidemic started in state

SSI.

T (kli) =
28 (48°+98%7+981% +37%) 28 (482 +98%7+987%+37°) 86 +188°y +188%4% + 158+ +64*
393 (4p2+58y+29?) 37% (4B2+587+29?%) 39% (4B2 458y +29?%)

B (883 +228%7+278+2+129%) 88+ 22837 +27B272 + 186~ +6~1 8B+ 2283~ + 278242 + 188~ +6+*

393 (482 +587+297) 393 (467 +587+277) 393 (467 +587+27%)
28%+3B7+ 347 262 +387+397 282 +387+39*
343 343 343

For the SIS model we assume that the infectious period for each node in the
network is constant and equal to % To determine the length of time each node is
infected for the duration of the epidemic we simply mulitply the number of times

each node is infected by the average infectious period. Therefore, we have:

T(k|i) = (Number of times node k is infected) x (infectious period) (5.3)

1
= (Number of times node k is infected) x —
v

Finally, we obtain:
Number of times node k is infected = T (kli)

In the triangle network, for example, to find the expected number of times node
a is infectious given that the epidemic started in state SSI (where node c is infected)
we add up the expected time spent in all states where node a is infected (1SS, 151,
I1S and IIT). To keep our results consistent we find the expected time each node

is infected given that the epidemic started in states SSI, SII and I11.
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Cumulative Incidence

The cumulative incidence is the total number of new infections that occur during an
epidemic. For the STS model on a triangle network we find the cumulative incidence
by summing up the vector containing the number of times each node is infected for a
given initial state. Therefore, the cumulative incidence for an epidemic that started

in state ¢ can be found by evaluating the following;:

N
Cumulative Incidence =~ Z T (k|i) (5.4)
k=1

The expression for the cumulative incidence of an SIS epidemic on a triangle

network starting in state S.ST with one infectious node is given by

N=3 (
v T(LE) =

k=1

282+ 28y+9%)
’}/2

Table 5.1 (page 154) gives the Cumulative Incidence for all of the small networks
and different initial states considered for {# = 1,7 = 1} and { = 2,7 = 1}.

5.2 Lollipop Network

For a lollipop network we were able to reduce the system from 16 different states
down to 12 via lumping due to the network symmetry. The reduced system consists
of the state space, S = {SSSI,SI1SS,1SSS,1ISS,1SSI,SIIS,SSII,SIII, ISII,
IT11S,1111,55SS}. Throughout this section the matrices are indexed in the same

order as the state space S. The transition state diagram is shown in Figure 5.3.

Fach box in the transition diagram represents a different state of the network
and each arrow represents either recovery or infection of a node. Coloured outlines
represent topologically different states with the same number of nodes in each infec-
tion state. Transition between states is only possible if there is a directed arrow from
one to the other. Movement between states in the transition diagram shows how
the infection spreads through the network. Once the network reaches the absorbing
state the epidemic is over and the infection has died out. From the transition dia-

gram we derive the individual transition probabilities between network states. The
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Figure 5.3: Transition diagram shows how the infection can spread

through the lollipop network.

equations describing an SIS epidemic on a lollipop network with 4 nodes are:

Psssi = v(Pisst + Pssir) — (B+7)Psssi (5.5)
Psiss = 2vPsiis +v(Priss + Pssir) — (28 4 7) Psiss

Prsss = 7(Prssi+ Prrss) — (38 +7)Prsss

Prrss = 2BPrsss + BPsiss + 2YPrrrs + vPrsir — (38 + 29) Prrss
Prssi = B(Prsss + Psssr) +vPrsir — 2(8 + ) Prssr

Psrrs = 7Prirs + BPsiss +vPsirr — 2(B + 7) Psiis

Pssir = 2vPsiir +yPrsir — (38 + 2v) Pssir

Psirr = BPssir+ P — (38 4 3v) Psir

Prsir = 2vPirir + 2B8Prsst + 28Pssir + BPrrss — (28 + 37) Prsii
Prrrs = 2BPprss +2B8Psirs + P — (8+ 3v)Prs

P = 3B8Psiir +28Prsir + BPrirs — 4y Prinn

Pssss = 7(Psssr+ Pssis + Prsss)

The following matrix Q, which is used in the calculation of most of the results
presented here, contains the transition probabilities for the transient states only of

the lollipop network.

146
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v v
T _ 7T 9 0 0 0 0o 2 = 0
3+2y 3B+2y 3+2y 3B8+2y
0 0 0 0 0 v Ll 0 0 0 B
38+3y 38+3y 5;57
v v v
0 0 0 0 0 o 2
206+3y 28+ 3y 206 4 3y 26 + 3y
0 0 0 2l 0 _J 0 0 0 0 B
B+ 3y B+ 3y B+ 3y
1 1 1
|0 0 0 0 0 0 0 7 2 7 0

Expected number of visits to each state

Here, we omit the algebraic matrix expressions for N due to the size of each of
the entries but note that it has been found by evaluating N = (I — Q)~!. The
determinant of (I — Q) is

7% (162 87 + 806 3% v + 1857 87 4% + 2618 B4 73 + 2412 83 +* + 1416 B2 75 + 480 B~° + 72~7)
2(28+9) (B+37)(38+7) (28+37) (38+27)°(B+7)*

which gives an indication to the complexity of the matrix. In this case complexity

refers to the order of the rational functions which are found in the non zero entries

7th 8th

of the matrix, N. These non-zero entries of the matrix are ratios of 7*"* and order
polynomials in 5 and . These polynomials have no common factor so the expression
cannot be easily simplified. However, it is not necessary to have the explicit form
of N as we can generate it from the transition matrix Q using the above formula.

Therefore, provided we know how to find Q we can find N.

Expected time spent in each state during the epidemic

To find the expected time spent in each state for the duration of the epidemic in
the lollipop network we first find the time spent in each state once the system has
entered that particular state. This can be found from the transition diagram in Fig-
ure 5.3 on page 146. Therefore, the time spent in each state of the lollipop network
is stored in a diagonal matrix, Ts, where the entries are in the same order as S =
{SSS1,S15S,1SSS,1I1SS,ISSI,SIIS,SSII,SIII, ISII,IIIS,II1I,SSSS}, ex-
cluding the state SSSS. In the following we use the notation diag(z,y, z) to denote
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a diagonal matrix with entries x,y and z.

I v v v v v Y g
TS - *Xdlag ’ ) ) ) ) ’ )
v B4+~ 28+~ 384+~ 38+2y 28+2vy 2642y 38+ 2y
gl gl gl 1)
36+3v'28+3y B+3y'4

To find the expected time spent in each state throughout the epidemic we com-

pute the following.
Er = NTg

Again, we omit the algebraic expressions due to the size of the entries of the matrix
Er but note that it is similar in size to IN as it is simply each entry in IN multiplied

by the corresponding value in Tg.

Time to absorption

We determine the time to absorption for the lollipop network using the same method
as outlined in Section 5.1.2 and present the results evaluated for different parameters
in Table 5.1.

Number of times each node is infected

We determine the number of times each node is infected for the lollipop network
using the same method as illustrated in Section 5.1.2.

We omit the algebraic expression for 7 (k|i) due to the size of the entries but
note that it has been found. Each entry is a fraction where the numerator is a 10"
order polynomial in 5 and 7 and the denominator is an 11*"* order polynomial in
B and 7. These polynomials have large coefficients (some in the tens of thousands)
and cannot be factorized. Figure 5.11 on page 160 shows bar charts of the expected

number of times each node is infected for the lollipop network.

Cumulative Incidence

The cumulative incidence for an epidemic which started in state ¢ can be found by

evaluating

N
Cumulative Incidence =~ Z T (k|7) (5.6)
k=1
where i € {SSSI,SISS,1SSS,SSII} and Zszl T (k|i) is shown on page 149. Table
5.1 gives the cumulative incidence for all of the small networks and different initial
states considered for {5 = 1,7 =1} and { =2,7 = 1}.
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5.3 SIS epidemics on networks of three or four nodes

In this section we discuss how we computed the key results outlined in the previous
sections which were derived using Markov Chain theory for all small networks shown
in Figure 5.1. Following this we detail the stochastic S1.S model which was used to
independently verify our analytic results. We then proceed to present and discuss

results found for the S71.5 model on all small networks shown in Figure 5.1.

5.3.1 MATLAB Implementation

We wrote a program in MATLAB to generate the five results for the S71.5 model as
outlined in the previous sections. All results can be found analytically and displayed
in symbolic form, however, as the network size increases and the network structure
becomes less symmetric the expressions for the results become very large. Thus, the
symbolic results become increasingly difficult to display. For this reason we wrote
a MATLAB program to evaluate the results found using Markov Chain theory for
different parameter values.

One of the inputs into the programs is the adjacency matrix, A, of each network,
where A;; = 1 if nodes ¢ and j have an edge between them and A;; = 0 otherwise.
The adjacency matrix is used to determine the neighbours of each node in the
network. The degree of node i can also be found by computing Z;V: 1A, In an
SIS model we have two infection states (S and I) in which each node can be,
therefore we can construct a matrix, V, which contains the binary representation
of each network state. The columns of V represent different states in which the
network can be. The rows corresponds to the infection state of each node in the
network. Thus, V;; gives the infection status of node ¢ in state j.

To determine the transition probability from state ¢ to state j of the network
we look at the columns of V. If the sum of the difference between two columns
(states) is equal to —1 that means that an infection event can occur. If the sum of
the difference between two columns (states) is equal to 1 that means that a recovery
event can occur. For example, if >~ (V(:,i) — V(:,j)) = —1 then a susceptible node
in state i is infectious in state j. Similarly, if > (V(:,4) — V(:,j)) = 1 then an
infectious node in state i is recovered in state j.

Using this information and knowledge of each node’s neighbours we are able to
construct the transition matrix, P, where the entries P;; contains the probability of
entering state j given that the system is in state i. From P we are able to find the
transition matrix for the transient states only, Q. Also, by using the information
about the neighbours of each node we can construct the diagonal matrix, Tg, for

each network which stores the average duration of each visit to all states. We are
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then able to construct the matrices and vectors which define the five key results as

discussed in the previous sections.

5.3.2 Stochastic Model

In previous sections the methods used to find and evaluate analytic results for an
S1S model on small networks were detailed. In this section we will explain the
methods used to check our results independently and show that they are correct.
The Gillespie algorithm was used to simulate a stochastic SIS model on each of the
small networks considered. We ran realisations of the stochastic model with the same
initial conditions and infection parameters used to compute the analytic results. In
the Gillespie algorithm, for each node, a random event time is generated by adding
to the current time an exponentially distributed time step with rate either i (if
node is in state S and where 7 is the number of infectious neighbours the node has)
or 7 (if node is in state I). Then, repeatedly, the node with the smallest time step is
chosen, the current time step is updated to the event time of the chosen node, and
the state of the chosen node is changed accordingly. The event time of the chosen
node and all of its neighbours are then updated. This repetition continues until

there are no more infectious nodes in the contact network.

The expected time to absorption is calculated by summing up each event time
until the end of the epidemic. We keep a vector containing which nodes are currently
infected throughout the epidemic, using this information after each event occurs we
update a vector that contains the number of times each node is infected for the
duration of the epidemic. The cumulative incidence for each realisation is the total
number of new infections, which is obtained by summing up the entries in the vector
containing the number of times each node is infected. Before starting the stochastic
realisations, a matrix V is generated that contains the binary representation of all
the possible states in which the network can be for an SIS model. Here, susceptible
nodes correspond to entries that are zero and infectious nodes correspond to entries
that are one. A vector containing the current infectious nodes is updated after each
event occurs and thus after each event occurs we can determine the current state of
the network. Using this information we record a count of the number of times the
network is in each state, and also the total time spent in each state throughout the
epidemic. To find the total time spent in each state we sum up the time to the next

event once the network has entered a given state.
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Comparison of Analytic and Stochastic Results

To compare the analytic and stochastic results we computed the following. For
each initial condition and infection parameter combination we computed the average
of each stochastic result over k realisations, we then incremented the number of
realisations by 100, calculating the new average result each time until we had found
the 100 averaged results for & = {100, 200, 300, ...,10000} realisations. We repeated
this 10 times, so for each value of k we have 10 points. For each k we computed the
ratio between each of the 10 stochastic values and the corresponding analytic value
(S/A), we then calculated the variance of the 10 ratios. This gave us a vector of 100
variances, one corresponding to each k value. We then plot the variances on a log-log
plot in order to show that as the number of realisations k, increases, log(S/A) — 0.
In other words we show that as k — oo, (S/A) — 1 and thus log(S/A) — 0. This
shows that our analytic results are in agreement with the stochastic results which
were found independently. We do this for each of the five key results discussed in
this chapter. Figure 5.4 shows the convergence of the variance of S/A for the time
to absorption and number of times each node was infected for the SI.5 model on a
triangle network given that node a was the initial infectious node. Figure 5.5 shows
the results for the expected number of visits to each state and the expected time
spent in each state. More figures showing the variance of (S/A) as the number of
realisations increases are given in Appendix D, page 273.

Number of times each node
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Figure 5.4: Convergence of the variance of log(S/A) for the Triangle
Network with initial state 1SS (where node a is infectious and nodes b

and ¢ are susceptible).
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Figure 5.5: Convergence of the variance of log(S/A) for the Triangle
Network with initial state ISS.

5.3.3 Results

We analyse an SIS model on each of the small networks of three and four nodes
following the methods illustrated above for the triangle and lollipop networks. Here,
we present the results from all networks considered and refer the reader to the
appendices for the full details of the analysis for each network. In Figures 5.6
to 5.11 we show the distributions for the expected number of times each node is
infected for the duration of the epidemic for each initial condition considered. In
Table 5.1 we give the cumulative incidence and expected time to absorption results
for parameter values {# = 1,7 =1} and {f = 2,y = 1} which correspond to each of
the distributions shown in Figures 5.6 to 5.11. Table 5.1 also shows the clustering
coefficient and degree of the initial infectious node(s) for each of the small networks

of three and four nodes considered.
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Table 5.1: Cumulative Incidence (C.I) and Expected Time to

Absorption, E[Time to Abs], for an SIS epidemic on small net-

works.

Networks with N =3 Cl E[Time to Abs]1
. ) Degree of Initial 5 5 ;
$ itial stat B=1v=1 B=2y=1 B=1y=1 B=2v=1
o nitial state || ;s tious Node(s) { =1y [ {B=27v=1} | { y=1} | { y =1}
A. Triangle 1 SST 2 5 13 2.67 5.67
SST 1 2.82 6.15 1.8 3.12
B. Line 0 SIS 2 3.43 7.18 2.07 3.55
ISI 1&1 4.75 8.91 2.63 4.23
Networks with N =4
C. Complete 1 SSST 3 16 79 6 24
SSSI 2 6.75 26.54 3.13 9.15
D. Square 0
SIIS 2 &2 10.25 34 4.38 11.5
SSST 1 3.97 12.45 2.16 4.92
ISSS 3 5.46 15.73 2.74 6.05
E. Star 0
SSIT 1&1 6.57 17.64 3.18 6.7
SIIT 1,1&1 8.4 20.1 3.73 7.42
SSIS 2 9.99 45.44 4.14 14.58
F. Toast 0.75 SSST 3 11.24 48.86 457 15.62
SIIS 24& 2 14.65 56.87 5.74 18.05
SSSI 1 3.46 10.7 2 4.4
SSI1S 2 4.52 13.16 2.41 5.24
G. Line 0
SIST 2&1 6.67 16.92 3.23 6.5
ISST 1&1 6.17 16.17 3.04 6.25
SSST 1 5.23 21.1 2.57 7.49
i SISS 2 6.94 25.74 3.21 9
H. Lollipop 0.6
1S8SS 3 7.69 27.53 3.48 9.57
SSIT 2& 1 9.73 31.7 4.21 10.89

The expected time to absorption is in units of v~ .
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A. Triangle Network
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a b c
B. Line Network, N=3
4! Initial state: SSI
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4! Initial state: SIS

4 In|t|al state ISI

E[number of times node is infected]

o N

Nodes

Figure 5.6: Expected number of times each node is infected during the
epidemic for the triangle and line networks with N = 3 nodes. The bars in
light and dark blue are for {# = 1,7 = 1} and {8 = 2,y = 1} respectively.

Schematic diagrams of the initial state are on the right.
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C. Complete Network, N=4

TIT)

E[number of times node is infected]

D. Square Network
10 Initial state: SSSI
0 ; : : I
10 Initial state: SIS
0 5 b . .
Nodes

Figure 5.7: Expected number of times each node is infected during the
epidemic for the complete and square networks with N = 4 nodes. The
bars in light and dark blue are for {§ = 1,7 = 1} and {f = 2,7 = 1}

respectively. Schematic diagrams of the initial state are on the right.
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E. Star Network
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Figure 5.8: Expected number of times each node is infected during
the epidemic for the star network with NV = 4 nodes. The bars in light
and dark blue are for {# = 1,7 = 1} and {f = 2,7 = 1} respectively.

Schematic diagrams of the initial state are on the right.
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F. Toast Network
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Figure 5.9: Expected number of times each node is infected during the
epidemic for the toast network with N = 4 nodes. The bars in light
and dark blue are for {# = 1,7 = 1} and {f = 2,7 = 1} respectively.

Schematic diagrams of the initial state are on the right.
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G. Line Network, N=4
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Figure 5.10: Expected number of times each node is infected during
the epidemic for the line network with N = 4 nodes. The bars in light
and dark blue are for {# = 1,7 = 1} and {f = 2,7 = 1} respectively.

Schematic diagrams of the initial state are on the right.
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H. Lollipop Network
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Figure 5.11: Expected number of times each node is infected during the
epidemic for the lollipop network with N = 4 nodes. The bars in light
and dark blue are for {# = 1,7 = 1} and {f = 2,7 = 1} respectively.

Schematic diagrams of the initial state are on the right.
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5.4 Discussion

We have derived, using Markov Chain theory, analytic results that describe the
behaviour of an S1.5 model on small networks. We have shown that while all results
can be found analytically, some results can be displayed more easily in symbolic form
than others, and all results can be computed exactly for given parameter values.
Increasing the complexity of the network structure reduced the effect of grouping
states together based on symmetries of the network. Consequently this increased
the complexity of the analysis which is evident in the size of the matrices for various
results. The results presented here form the basis for finding tractable analytic
results that describe the spread of an infection through large networks composed of
the small networks discussed in this chapter. We calculated the clustering coefficient,
¢ (see Table 5.1), for each of the small networks in order to see if there was any
correlation between the results (such as the expected time to absorption) and how

clustered the network is.

For the networks of size N = 3 we have the triangle network and the line network.
The clustering coefficient for these networks is ¢ = 1 and ¢ = 0 respectively. From
Table 5.1 we can see that the triangle network had a longer time to absorption
and higher cumulative incidence than the line network with N = 3 nodes for all
initial conditions considered. For the networks of size N = 4 we investigated the
complete, square, star, toast, line and lollipop networks. The clustering coefficients
for each of these networks are given in Table 5.1. The complete network, starting
with one infectious node, had the longest expected time to absorption and highest
cumulative incidence for all parameter values considered when compared to all other
networks of size N = 4 across all initial states considered. This was followed by
the toast network, however there was a large difference between the expected time
to absorption and cumulative incidence when compared to the complete network.
Interestingly, if we look at the results for the square network starting with initial
state SSST (one infectious node of degree 2) and compare with the lollipop network
starting with initial state SISS (one infectious node of degree 2) we see that the
results are similar even though the clustering coefficients for the two networks are 0

and 0.6 respectively.

When the initial number of infectious nodes is increased, the cumulative inci-
dence and time to absorption increases, this was seen across all small networks.
When starting with one infectious node, the degree of this node also affected the cu-
mulative incidence and time to absorption. With an infectious node of higher degree,
the cumulative incidence and time to absorption was increased. Our results give us

a good indication that both the network topology and degree of the initial infectious
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node are key factors in understanding how an infection might spread through small
networks that could represent small populations or communities. Some of the results
presented here are intuitive; however, we emphasize the importance of being able to
present results in symbolic form which are exact. Being able to do this allows us
to gain more information about what the main driving factor of each result is (i.e
transmission or recovery rate).

For the SIS epidemic process on small networks so far only a small range of
parameter values have been considered, this could be extended and a sensitivity
analysis on the parameter space might be worthwhile to see how different ranges of

transmission and recovery rates affect the S1.S epidemic process.
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Chapter 6

An SIS model on a Line of
Triangles Network.

In this chapter we explore the possibility of generalising results that describe how
an SIS type infection spreads through a line of triangles (LoT) network (see Fig-
ure 6.1). We chose the LoT network as it can be assembled from a combination

of lollipop and triangle networks. The SIS model on a LoT network needs to be

o 2 &

Figure 6.1: Schematic of a line of triangles network.

approached in a different manner to the STR model on a LoT network discussed
in Chapter 3 (page 61). This is because re-infection of individuals is possible in an
S1S model which is not possible in an STR model and adds some complexity to the
analysis on infection dynamics. In Section 5.3.1 (page 150) we gave an outline of a
MATLAB program which was used to investigate the dynamics of an S1.5 model on
small networks. Here, we make use of the same program incorporating a function
for the adjacency matrix of a LoT network with a specified number of nodes, N. We
discuss the methods used to investigate the dynamics of an SIS type infection on a
LoT network and present results for the LoT network with N = 6 nodes. We then
give details of an algorithm which can be used to generate the transition probability

matrix, from which all results can be found, for any network of size V.

6.1 Methods

We approach analysing the line of triangles network in a similar way to the small
networks in the previous chapter, except now we are more conscious of the size of

the system. For an SIS model on a network with N = 6 nodes we have 2V = 64
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possible states in which the network can be. We group states together based on
the number of nodes in each infection state and network topology; this reduces our
system to 21 states. For the LoT network with N = 6 nodes we are able to find
the symbolic representation of the transition matrices, P and Q, for the full and
lumped systems respectively. The transition matrices are sparse and the non-zero
entries are probabilities of transition from one state to another due to the infection
or recovery of a node. The matrix P has entries which describe the probability of
transition from one state to another for every state in the LoT network. The matrix
Q has entries which describe the probability of transition from one state to another
for every transient state in the LoT network; that is Q is the matrix P with the
last column and row deleted which correspond to the absorbing state of the system.
The non-zero entries of P and Q are ratios of two linear functions in 8 and . In
the following sections we illustrate our methods using the LoT network with N =6
nodes, however it is important to note that these methods can be used for a LoT

network with an arbitrary number of nodes, N.

Expected number of visits to each state

The transition matrix for the transient states only of the SIS model on a LoT
network is defined by Q. From Q and using the above information, we can find the
expected number of times the process visits each transient state from a given initial

state.

N = I-Q7"

We omit the algebraic expression of N due to the complexity of its entries. We are
able to find the symbolic form of the matrix, N, containing the expected number of
visits to each state for a given initial state; however we can only display the whole
matrix corresponding to the lumped system in MATLAB as the matrix for the full
system is too large and as a result the results are truncated. However, the expression
for the determinant of the matrix (I — Q) for the full system can be found. The
numerator and denominator are polynomials of order 61. The numerator of the
determinant can be factored into four polynomials of order 3, 15, 19 and 24. The
largest coefficient in one of these polynomials is greater than 10'0 . The denominator

of the determinant can be factored into the following expression

1208+7)7(B+27)°2B8+7)°(B+37)’B8+7)*(38+27)'(28+57)*
X (38+47)' (4B +37) (58427 38 +57)°(58+37)(58+47)"
Even though the numerator and denominator can be factorized separately, the nu-

merator and denominator do not share further factors.
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Expected time spent in each state during the epidemic

One property of interest is the expected time spent in each of the transient states
over the course of an epidemic, defined in Chapter 5 and denoted by Ex. Where
the element Er (7, j) gives the expected time spent in state j given that state i was
the initial starting state. However, following on from the discussion in the previous
section for the expected number of visits to each state, we do not give the symbolic

representation of Ex due to the complexity of its entries.

Time to absorption

The expected time to absorption (see Chapter 5 for details) is the expected time it
takes for the system to reach the infection free steady state. For the LoT network
with N = 6 nodes, the expected time to absorption given that the SIS epidemic
started in the state where node a is infectious is given by an expression that is the
ratio of two 19" order polynomials in # and 7. Table 6.1 contains the time to
absorption for the LoT network with N = 6 and N = 9 for each initial condition
considered, evaluated with {f =1,v =1} and {8 =2,v=1}.

Number of times each node is infected

We determine the expected number of times each node is infected in the LoT network
with N = 6 for two initial states; where node a and node ¢ are the initial infectious
nodes and the remaining N — 1 nodes are susceptible (see Figure 6.2). For a specified
initial state, the number of times each node is infected for the LoT network with
N = 6 is given by a 1 x 6 vector. The entries are ratios of large polynomials in 3
and 7 (of up to order 46) which cannot be factorised. Figures 6.2 and 6.3 show a
distribution of the number of times each node is infected for the LoT network with

N =6 and N =9 for each initial state and specified parameter values.

Cumulative Incidence

The cumulative incidence is the total number of new infections that occur during
an epidemic. For an SIS model on the LoT network with N = 6 the expression for
the cumulative incidence is the ratio of two polynomials in 8 and v of order 19 and
20. Table 6.1 shows the cumulative incidence evaluated with {5 = 1,y = 1} and
{f = 2,7 =1} for the LoT network with N =6 and N = 9.
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6.2 Results for a line of triangles network with N = 6
and N =9 nodes

Here we present some results for the LoT networks with N = 6 and N = 9 nodes
and show that our methods produce accurate results. We compare our analytical
results with results found from a stochastic S1.5 model on the two networks and
show that they are correct. Table 6.1 gives the cumulative incidence and expected
time to absorption results for the LoT with N = 6 and N = 9 nodes for all initial
conditions considered. Figure 6.2 shows the distribution for the number of times each
node is infected during the epidemic for the LoT with N = 6 nodes with specified
initial conditions and infection parameters. Figure 6.3 shows the distribution for the
number of times each node is infected during the epidemic for the LoT with N =9

nodes with specified initial conditions and infection parameters.
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6.3 Transition matrix for an S/S model on any network

To construct the transition matrix for an SIS model on a network of N nodes we

follow the steps below.

1. Find the adjacency matrix, A, which contains entries A;; = 1 if nodes ¢ and

7 in the network are connected, and zero otherwise.

2. Determine the degree distribution by summing up each column of A. Thus

the entries d; = ) . A;; gives the degree of node j in the network.
3. Find the neighbours, j, of each node ¢ by determining where A;; = 1.

4. Generate a binary matrix V of order N x 2V which contains all possible states
in which the network can be, where each entry V;; corresponds to the infection
status of node 7 in state j. If V;; = 0, node ¢ is Susceptible in state j; if V;; = 1,

node 7 is Infectious in state j.

5. Determine if an infection or recovery event is possible between states. To do
this we find the absolute value of the sum of the difference of two states, if
this is equal to 1 it means a transition event is possible. If the sum of the
difference between two columns (states) is equal to —1 that means that an
infection event can occur. If the sum of the difference between two columns
(states) is equal to 1 that means that a recovery event can occur. That is, if
> (V(:;,s1) = V(:,82)) = —1 then a susceptible node in state s; is infectious
in state so. Similarly, if >~ (V(:,s1) — V(:,s2)) = 1 then an infectious node in

state sp is recovered in state ss.

For example if we had the following two states for a network of N = 6 nodes,

S1 = S9 =

— = = = = O

—_ = = = e

to determine if the transition from state s to state so is possible we calculate
(51— s2)[ = 1-14+0+0+0+0+0] = 1.

Therefore, transition from state s; to state sy is possible. Moreover, as
> (s1-8)=-140+0+0+0+0=-1
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we know that this event is an infection event where the first node moved from

the susceptible to the infectious class.

6. We then find the total rate for leaving each state and store it in a vector, Tr.
The total rate for leaving state 7 is given by Tr; = SZS8+ Z~, where ST is the
number of S — I edges that are in state ¢ and Z is the number of infectious

nodes in state 1.

7. Next we construct the transition matrix, P, which has entries P;; correspond-
ing to the probability of transition from state i to state j. We start by defining
P as a zero matrix of order ¢ x j. Then, if the transition from state i to state
j involves the infection of node k then we have the following probability of
transition from state i to state j:

s
Tr;

Pij =

where Z is the number of infectious neighbours node k has.
If the transition from state ¢ to state j involves the recovery of node k then

we have the following probability of transition from state i to state j:

Pl’j = Tr.
i

All entries of P;; that are zero indicate where transition from state 7 to state

j is not possible.

From the transition matrix, P, we can find the matrix Q by removing the row
and column corresponding to the absorbing state from P. From Q all of the results
discussed in this chapter for the line of triangles network can be obtained by following
the appropriate definitions given. By simply defining the appropriate adjacency
matrix for a particular network and specifying the number of nodes, N, all of the
results presented in this chapter can be adapted to investigate an SIS model any

network structure.

6.4 Discussion

For the LoT network, each time we want to make the network larger by adding
more triangles we increase the number of nodes in the network by a multiple of 3.
Thus, going to a LoT network with N = 9 nodes (with 2V = 512 states) from a
LoT network with N = 6 nodes (with 2V = 64 states) by adding just one triangle
increases the number of possible states in which the network can be by a factor of

23, In other words, each time the LoT network has another triangle added to it,
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the number of possible states is multiplied by 8. So, this system increases in size
rapidly as N increases. Due to this, the methods that have been used so far are not
practical or computationally efficient enough to be useful in describing the dynamics
of an STS type infection on large networks. However, in theory, the algorithm given
in Section 6.3 can be used for any network structure of any network size to generate
the transition probability matrix. Once we have the transition probability matrix,
all other results that were presented throughout this chapter can be derived for any
network of any size.

This is in contrast to the SIR type infection results found in a previous chapter.
This is largely due to the key difference between the two types of infections, in
an STR model once individuals are infected they can transmit infection for a time
but they will end up in the recovered or removed class where they no longer take
part in the epidemic. Whereas, in the SIS model once an individual is infected,
they can transmit infection to other individuals before returning to the susceptible
class where they are able to be infected again. This cyclic behaviour continues until
there are no infected individuals in the network. This major difference in infection
dynamics is the reason behind the different approaches used and subsequently the

different results produced for the small and large networks discussed in this thesis.
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Chapter 7

Illustrations of an S75 model on

small networks

Here we illustrate how the network models presented in Chapter 5 can be used to
investigate the dynamics of the spread of an infection through small populations that
could be representative of a household or community. For the S1.S model on small
networks we focus on two infections, rabies and chlamydia trachomatis. In order to
obtain results specific to rabies and chlamydia from our network models we need to
determine what the infection and recovery rates (8 and 7 respectively) are for both
infections. In Sections 7.1 and 7.2 we parameterise the network models for rabies
and chlamydia respectively. For each infection we discuss the assumptions made
and how we used data from previous studies to determine the parameters required

for the small network models. In Section 7.3 we present and discuss the results.

7.1 Rabies

Rabies is an infectious zoonotic disease caused by a virus; it is endemic on every con-
tinent except Antarctica. Rabies is endemic in many wildlife populations (including
bats, foxes and jackals), however, domestic dog populations are the main reservoir
for the transmission of rabies to humans with over 90% of human cases caused by
bites from domestic dogs. It is a horrific disease where the neurological phase can
include increased aggression, the tendency to bite (and hence transmit) followed by
a rapid deterioration of health and progression to death [23]. Rabies is a preventable
disease and there are currently effective pre- and post - exposure vaccines available,
however these vaccines are expensive and hard to obtain in the areas where they are
needed most (rural areas in Africa and Asia). Recent research efforts currently focus
on understanding the transmission dynamics of rabies among domestic dogs with

the aim of eliminating human and canine cases of rabies [13, 22, 23, 27, 38, 69, 71].
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Hampson et al [23] used contact-tracing methods to investigate the spread of ra-
bies among domestic dogs in two districts of rural Tanzania, Serengeti and Ngoron-
goro. They estimated the basic reproduction number for Serengeti and Ngorongoro
to be Ry = 1.1 and Ry = 1.3 respectively. They found no significant difference
between these two estimates of Ry even though there was a large difference in dog
population density between the two districts (9.38 dogs/km? in Serengeti and 1.36
dogs/km? in Ngorongoro). The relationship between Ry and population density for
the transmission of rabies is not fully understood. While most studies to date assume
a density dependent transmission rate (see, for example, [13, 22, 27, 38, 69, 71]),
there is no empirical evidence to support such a claim. On the other hand, if the re-
lationship between Ry and population density is subtle it could be difficult to detect.
Hence, this is an area of ongoing research aimed at understanding the transmission
dynamics of rabies among domestic dogs more thoroughly. Hampson et al [23] give a
table comparing historical values for the basic reproduction number that have been
estimated for rabies epidemics in rural and urban areas around the world. They

found 1 < Ry < 2 for all outbreaks of rabies in domestic dog populations.

Rabies is typically modelled as an STR process as the infection almost certainly
leads to the death of the host. Here we will use an SIS model for the spread of
rabies in small networks. We argue that when one infectious dog dies from the
infection it is replaced by another susceptible dog. We are interested in modelling
the transmission of rabies among domestic dogs and therefore this replacement could
happen, for example, if the owner gets a new dog or if its territory gets taken over.
Hampson et al [23] found maximum likelihood estimates of infection parameters for
the spread of rabies among domestic dogs in rural Tanzania. They estimated the
infectious period (1/) to be 3.1 days and found the probability that an unvaccinated
dog would develop rabies after being bitten to be 0.49. That is, the probability of
transmission given contact (which in this case is a bite) is equal to 0.49. Therefore,
we have the following parameters for the transmission of rabies using our small

network models,

¥ = 0.49

recalling that ¢ = 5i, re-arranging the above equation and substituting v =
v

0.3226 day~! we find the transmission rate to be 8 = 0.30993 day~! . We present

and discuss the results for the transmission of rabies in small networks in Section

7.3.
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7.2 Chlamydia

Chlamydia is a common sexually transmitted disease (STD) caused by infection with
Chlamydia trachomatis. Many infected with chlamydia do not know they are infected
as it is common for individuals to be asymptomatic. However, if left untreated it
can lead to more serious health issues such as infertility, chronic pelvic pain or
lymphogranuloma venereum which is another type of STD [1]. Transmission of
chlamydia most commonly occurs via sexual contact with an infected partner but
can also be passed from an untreated infected woman to her baby during childbirth.
Individuals who have been infected with chlamydia become susceptible again after
treatment.

Heijne et al [26] use a pair approximation model for the transmission of chlamydia
in a sample population of individuals aged 16 to 24 in the United Kingdom (see [30]
for data collection details). They argue that the basic reproduction number does not
distinguish between the number of secondary infections and the number of secondary
cases produced by a single infectious individual, where the number of secondary cases
accounts for the possibility that a single individual can be infected more than once
[26]. They derive a case reproduction number (R.) which is the average number of
secondary cases that a single infectious individual will infect during their infectious
period. They also define the partnership reproduction number (R,) which is ‘the
average number of secondary partnerships consisting of two infected individuals one
typical infected individual will produce during their infectious lifetime’. The main
result the authors present is the distinction between the average number of secondary
infections, Ry, and R.. The impact of re-infections on the transmisison dynamics is
able to be quantified by using the case reproduction number, R.. Heijne et al [26] also
show that having R. < 1 does not necessarily mean that the epidemic is decreasing
and Ry can still be above 1. Previous studies that have confused the definitions of
Ry and R, have falsely suggested that the epidemic was declining as R. < 1. Hence,
it is important to understand the effects of re-infection on transmission dynamics
for chlamydia.

To investigate the spread of chlamydia using the small network models we use
parameters as outlined in [2, 25, 26]. Thus, the probability of transmission per sex
act is 0.1 and the duration of the infectious period is one year (1/y = 1 year).
For chlamydia, the probability of transmission given contact is equivalent to the

probability of transmission per sex act, therefore
v = 0.1

re-arranging the above equation and substituting v = 1 year~! we find the trans-

1

mission rate to be § = 0.1111 year™". We present and discuss the results for the
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transmission of chlamydia in small networks in Section 7.3.

7.3 Results & Discussion

In this section we present and discuss our results for the transmission of rabies and
chlamydia through small networks. As we were able to find estimates of the infectious
period and probability of transmission given contact for rabies and chlamydia, we
did not need to use our definitions of the basic reproduction number, Ry, for each
small network (as found in Section 4.1.2) to determine our infection parameters (3
and . However, in Table 7.1 we present the expressions for Ry and evaluate Ry for
each small network for rabies and chlamydia to see how they compare. Note that
in Table 7.1 the parameters used to find Ry for chlamydia are 8 = 0.1111 year™ !,
v =1 year~! and the parameters used to find Ry for rabies are 8 = 0.30993 day !,
v = 0.3226 day !

Table 7.2 shows the cumulative incidence and expected time to absorption (expected
time it takes for the infection to die out) for rabies and chlamydia epidemics on small
networks with specified initial conditions. Note that the expected time to absorption
are in units of days for rabies and years for chlamydia. From Table 7.2 we can see
that it takes 1-2 years for the chlamydia infection to die out in the network and it
takes approximately 6 - 18 days for rabies to die out. So while the rabies epidemic
is much shorter than an epidemic for chlamydia, the cumulative incidence is much
higher for rabies due to the higher probability of transmission given contact.

The large difference between the probability of transmission given contact for rabies
(0.49) and chlamydia (0.1) is reflected in Figures 7.1 to 7.6. These figures show the
expected number of times each node becomes infected during an epidemic. Rabies
has a relatively short infectious period of a few days but during this time on average
49% of bites from a rabid (infectious) dog result in a new infectious individual.
In contrast, chlamydia has a longer infectious period of one year yet contact with
an infectious individual only has a 10% chance of resulting in a new infectious
individual. The plots in Figures 7.1 to 7.6 are dominated by the initial infection for
chlamydia as the infection dies out quickly whereas this is not the case for rabies

due to the higher probability of resulting secondary infections.
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Table 7.1: Ry for rabies and chlamydia trachomatis on small

networks.
Network Ry Ry (rabies) Ry (chlamydia)
Triangle Ry =2¢ 0.98 0.2
Line (N = 3) Ry = V2¢ 0.69 0.14
Complete
Ry = 3 1.47 0.3
(N =14)
Square Ry =21 0.98 0.2
Star (N = 4) Ro =3¢ 0.85 0.17
1 1
Toast Ry = %7#) 2.51 0.51
1
Line (N = 4) Ro = +2\/5w 1.59 0.32
Lollipop Ry = 2.17014) 1.06 0.22
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Table 7.2: Cumulative Incidence (C.I) and Expected Time to
Absorption, E[Time to Abs], for an SIS epidemic on small net-

works.
Networks with N =3 CI E[Time to Abs]
Degree of Initial
10} Initial state ) Rabies Chlamydia | Rabies ! || Chlamydia 2
Infectious Node(s)
A. Triangle 1 SSI 2 4.77 1.25 7.99 1.12
SSI 1 2.72 1.12 5.46 1.06
B. Line 0 SIS 2 3.31 1.22 6.27 1.11
151 1&1 4.62 2.23 7.97 1.6
Networks with N =4

C. Complete 1 SSST 3 14.74 1.42 1741 1.19
SSST 2 6.32 1.25 9.25 1.12

D. Square 0
SIIS 2& 2 9.7 247 13.01 1.69
SSST 1 3.77 1.13 6.48 1.07
15SS 3 5.19 1.34 8.22 1.16

E. Star 0
SSIT 1&1 6.29 2.26 9.55 1.61
SIIT 1,1&1 8.09 3.37 11.25 1.97
SSIS 2 9.26 1.28 12.12 1.13
. Toast 0.75 SSSI 3 10.45 1.39 13.4 1.18
SIIS 2& 2 13.72 2.52 16.9 1.71
SSST 1 3.29 1.12 6 1.06
SSIS 2 4.3 1.24 7.24 1.11

G. Line 0
SISI 2&1 6.41 2.35 9.72 1.64
1551 1&1 5.91 2.25 9.15 1.6
SSST 1 4.89 1.14 7.61 1.07
SISS 2 6.51 1.26 9.5 1.12

H. Lollipop 0.6
158SS 3 7.24 1.36 10.32 1.17
SSIT 2&1 9.2 2.38 12.53 1.66

!Rabies estimates are in units of days™
2Chlamydia estimates are in units of years™

1
1
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A. Triangle Network
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Figure 7.1: Expected number of times each node is infected during the
epidemic for the triangle and line networks with N = 3 nodes. The bars in
light and dark blue are for rabies and chlamydia respectively. Schematic

diagrams of the initial state are on the right.
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C. Complete Network, N=4
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D. Square Network
'Initial state: SSSI
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Figure 7.2: Expected number of times each node is infected during the
epidemic for the complete and square networks with N = 4 nodes. The
bars in light and dark blue are for rabies and chlamydia respectively.

Schematic diagrams of the initial state are on the right.
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E. Star Network
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Figure 7.3: Expected number of times each node is infected during the

epidemic for the star network with NV = 4 nodes. The bars in light and

dark blue are for rabies and chlamydia respectively. Schematic diagrams

of the initial state are on the right.
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F. Toast Network
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Figure 7.4: Expected number of times each node is infected during the
epidemic for the toast network with N = 4 nodes. The bars in light and
dark blue are for rabies and chlamydia respectively. Schematic diagrams

of the initial state are on the right.
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G. Line Network, N=4
Initial state: SSSI
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Figure 7.5: Expected number of times each node is infected during the
epidemic for the line network with N = 4 nodes. The bars in light and
dark blue are for rabies and chlamydia respectively. Schematic diagrams

of the initial state are on the right.
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H. Lollipop Network
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Figure 7.6: Expected number of times each node is infected during the

epidemic for the lollipop network with N = 4 nodes. The bars in light and

dark blue are for rabies and chlamydia respectively. Schematic diagrams

of the initial state are on the right.
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Chapter 8

Summary

We have derived exact analytical expressions for the probability mass functions
(PMF's) of the final epidemic size on eight small networks and investigated the effect
that network structure and the degree of the initial infectious node has on the spread
of an infection. Increasing the complexity of the network structure reduced the effect
of grouping states together based on symmetries of the network. Consequently this
increased the complexity of the analysis which is evident in the probability mass
function expressions and is due to the increasing number of possible infection paths.
The results presented in Chapter 2 form the basis for finding tractable analytic
results which describe the spread of an infection through large networks that are
composed of the small networks given in Figures 2.1 and 5.1.

The clustering coefficient, ¢, was determined for each of the small networks in
order to see if there was any correlation between final size of the epidemic and how
clustered the network is. The expected final size for the triangle network is higher
than that for the line network of N = 3 nodes for all values of R, which can be seen
by comparing the expressions in Table 2.3. The expected final size for the complete
network with N = 4 nodes is higher than the expected final size of every other small
network of size N = 4 nodes. Small networks with a higher clustering coefficient
have a higher expected final size when the epidemic is started with one infectious
node. Here, we note that we simply observe how clustered each of the networks is
to see if any patterns emerge in relation to the final epidemic size results. It should
be understood that in order to make a more rigorous comparison between networks,
ideally only one property (such as the degree distribution or clustering coefficient)
would be varied at a time wherever possible. We also determined the value of R
where the expected final size functions for different networks of size N = 4 intersect;
this gave further insight into the effect of infection parameters on the final epidemic
size. The probability that each node in a network will acquire infection at some

point during the epidemic increases when the degree of the initial infectious node
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or the transmission parameter (3, and hence R) increases for these small networks.
Similarly, the probability that the infection would die out before infecting an initially
susceptible node is higher when the degree of the initial infectious node is one, when

compared with initial infectious nodes of degree two and three.

The results presented in Chapter 2 give us a good indication that both the
network topology and degree of the initial infectious node are key factors in un-
derstanding how an infection might spread through small networks which could
represent small populations or communities. Some of the results presented for the
small networks are intuitive; however, we emphasize the importance of having found
exact analytic expressions for the PMFs of the final epidemic size of the small net-
works. Having the PMF for the final epidemic size provides us with more detail

than a single expression for the expected final size of an epidemic.

Furthermore, in Chapter 3 we have shown that it is possible to generalise the
PMF of the final epidemic size of larger networks composed of the small networks
studied in Chapter 2. The decomposition of the larger network into the correct
assemblage of smaller networks to generalise the probability mass function of the final
epidemic size is crucial. Connecting small networks together with overlapping edges
becomes problematic, as discussed in Kiss et al [37], when trying to generalise results
based on those already found for the small networks. However, we have shown that
connecting small networks together with overlapping nodes is a feasible approach for
the generalisation of some time independent results such as the final epidemic size
which depends only upon the infection parameters and initial conditions. Based on
this idea it will not be necessary to continue to construct the transition diagrams

for each network.

More specifically, we have shown that it is possible to describe the way an infec-
tion spreads through a line of triangles (LoT) network based on our knowledge of the
triangle and lollipop networks studied in Chapter 2. We have used this knowledge to
generalise the infection paths and PMF for the final epidemic size of a LoT network
for an arbitrary number of nodes, N. We have illustrated a method to find the
probability mass functions for the final epidemic size for a LoT(N) network starting
with node a, b or ¢ as the initial infectious node, Iy. As a result we have found a
way to obtain analytic results that describe the way an infection spreads through a
LoT network.

In Chapter 4 we discussed the definition of the basic reproduction number, Ry,
and provide an overview of methods used to derive Ry for network models. This was
followed by an illustration of how to parameterise the small network models from
Chapter 2, which could be representative of a small population or community, for

influenza and measles. We found that the networks with the two highest estimates
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for the basic reproduction number, Ry, for influenza are the complete and toast
networks of size N = 4 respectively. For networks of size N = 3 and for a given
probability of transmission given contact, the triangle network has an Ry value
greater than that for the line network. As Ry depends on the average degree of the
network we notice that the square and triangle networks have the same value for
Ry = 0.83. Overall, the line networks of size N = 3 and N = 4 had the lowest

estimate of Ry.

Markov Chain theory was used to derive analytic results that describe the be-
haviour of an SIS model on small networks. Results such as the expected time
to absorption, the expected number of times each individual is infected and the
cumulative incidence were derived for all small networks given in Figures 2.1 and
5.1. We found that the triangle network had a longer time to absorption and higher
cumulative incidence than the line network with N = 3 nodes for all initial condi-
tions considered. The complete network, starting with one infectious node, had the
longest expected time to absorption and highest cumulative incidence for all param-
eter values considered when compared to all other networks of size N = 4 across all
initial states considered. This was followed by the toast network, however there was
a large difference between the expected time to absorption and cumulative incidence

when compared to the complete network.

When the initial number of infectious nodes is increased, the cumulative in-
cidence and expected time to absorption increases, this was seen across all small
networks. When starting with one infectious node, the degree of this node also af-
fected the cumulative incidence and expected time to absorption. With an infectious
node of higher degree, the cumulative incidence and expected time to absorption was
increased. Our results give us a good indication that both the network topology and
degree of the initial infectious node are key factors in understanding how an infec-
tion might spread through small networks that could represent small populations
or communities. Some of the results presented here are intuitive; however, we em-
phasize the importance of being able to present results in symbolic form that are
exact. Being able to do this allows us to gain more information about what the main
driving factor of each result is (i.e transmission or recovery rate). We also note that
the results found for the SIS model on small networks follow a similar pattern to
what was found for the STR model. That is, it was the same networks that had a
higher cumulative incidence and time to absorption (for the SI.S model) that had
a higher expected final size (for the STR model) when compared to the other small

networks.

The dynamics of an SI1.S model on a LoT network of N = 6 and N = 9 nodes

were investigated, however we were unable to describe the behaviour of an SIS
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model on a LoT network in using results found from the small networks in Chapter
5. We derived an algorithm in Section 6.3 that, in theory, can be used for any
network structure of any size to generate the transition probability matrix. Once
we have the transition probability matrix, all other results that were presented for
the S1.5 model on small networks can be derived for a network of arbitrary size, N,
by following the methods outlined in Chapter 5.

We illustrated how to parameterise the small network models for two types of
infections, rabies and chlamydia, that follow an SIS model for the host infection
life cycle. The differences in infection parameters between rabies and chlamydia
were emphasized in the results. The probability of transmission given contact for
rabies and chlamydia was estimated to be 0.49 and 0.1 respectively. However, the
infectious period for rabies is relatively short (approximately 4 days) compared to
that of chlamydia (approximately 1 year). We found that it takes 1-2 years for the
chlamydia infection to die out in the network and it takes approximately 6 - 18 days
for rabies to die out. So while the rabies epidemic is much shorter than an epidemic
for chlamydia, the cumulative incidence is much higher for rabies due to the higher
probability of transmission given contact.

Despite the size of the SIS model system (2VV states) being smaller than the
size for an STR model (3" states), analysing the infection dynamics is more com-
plex. This added complexity is caused by the cyclic behaviour that an S1.5 model
exhibits. Upon contact with an infectious individual, susceptible individuals move
into the infectious class. When an infectious individual recovers they move back into
the susceptible class. This makes multiple reinfections possible for each individual,
furthermore the only stable steady state of the system is the one in which all indi-
viduals are susceptible. In contrast, for an STR model each individual is infected
at most once. This major difference in infection dynamics is the reason different

approaches were required for analysing the two models.

One limitation of this study is the use of static networks when in many situations
it would be more realistic to consider a dynamic network in which each individual’s
connections can change over time. Therefore, future work could include investigat-
ing the spread of an infection through small dynamic networks of three and four
nodes with the intention of composing a larger dynamic network made up of the
smaller networks. Another way this research could be extended would be to con-
sider investigating how an infection spreads through small directed networks with
the same topological structure as in Figures 2.1 and 5.1. There are many possibil-
ities for extending the work presented in this thesis and we look forward to seeing

how this area of research unfolds.

We have shown that it is possible to generalise some time-independent results for
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an STR model such as the PMF of the final epidemic size of a larger network using
smaller network results. While the LoT network is a specific network structure,
future work could investigate how to generalise the PMF of the final epidemic size
of a circle of triangles. The goal is to develop similar methods for generalising results
for a wider class of networks, however we hope what we presented here is used as
the foundation for improving research in this area.

The emphasis of this research is on finding tractable analytic expressions that
describe how an infection might spread through a contact network. Numerical sim-
ulation methods are becoming increasingly appealing as the capacity of computers
is improving and thus making large simulations more efficient to run. However, ob-
taining analytical results which can be compared to simulations could provide extra
confidence that the model and parameters being used are meaningful and correct.
Analytical results can provide further insight into the inputs and outputs of a given
model. For example, sometimes we obtain results from simulations but it is im-
possible to determine how much a given parameter (or combination of parameters)
is driving that result. These sorts of insights can be determined more easily from
explicit analytical results. If we can understand which network properties impact
the transmission of infection through a population then we can use this information
to aid the planning and implementation of control strategies such as vaccination

campaigns.

189



Bibliography

1]

Centre for Disease Control: Chlamydia Detailed Fact Sheet. http://www.
cdc.gov/std/chlamydia/stdfact-chlamydia-detailed.htm. Accessed: 16-
12-2015.

C. Athaus, J. Heijne, S. Herzog, A. Roellin, and N. Low. Individual and pop-
ulation level effects of partner notification for chlamydia trachomatis. PLoS
ONE, 7(12):e51438, 2012.

F. Ball and D. Sirl et al. An SIR epidemic model on a population with random
network and household structure, and several types of individuals. Advances in
Applied Probability, 44(1):63-86, 2012.

F. Ball and D. Sirl et al. Acquaintance vaccination in an epidemic on a ran-
dom graph with specified degree distribution. Journal of Applied Probability,
50(4):1147-1168, 2013.

F. Ball and P. Neal. Network epidemic models with two levels of mixing. Math-
ematical Bioscience, 212:69-87, 2008.

F. Ball, D. Sirl, and P. Trapman. Threshold behaviour and final outcome of an
epidemic on a random network with household structure. Advances in Applied
Probability, 41(3):765-796, 2009.

F. Ball, D. Sirl, and P. Trapman. Analysis of a stochastic SIR epidemic on a
random network incorporating household structure. Mathematical Biosciences,
224(2):53-73, 2010.

S. Bansal, B. Grenfell, and L. Meyers. When individual behaviour matters:
homogeneous and network models in epidemiology. Journal of the Royal Society
Interface, 4:879-891, 2007.

A. Barabasi and R. Albert. Emergence of scaling in random networks. Science,
286:509-512, 1999.

190



[10]

[11]

[12]

[15]

[20]

[21]

D.J. Barnes and D. Chu. Introduction to Modelling for Biosciences. Springer,
2010.

M. Biggerstaff, S. Cauchemez, C. Reed, M. Gambhir, and L. Finelli. Estimates
of the reproduction number for seasonal, pandemic, and zoonotic influenza: a
systematic review of the literature. PLoS ONE, 6:€17835, 2011.

P. Boelle, S. Ansart, A. Cori, and A. Valleron. Transmission parameters of
the A/HIN1 (2009) influenza virus pandemic: a review. Influenza and Other
Respiratory Viruses, 5:306-316, 2011.

P.G. Coleman and C. Dye. Immunization coverage required to prevent out-
breaks of dog rabies. Vaccine, 14:185-186, 1996.

L. Danon, A. Ford, T. House, C. Jewell, M.J. Kelling, G. Roberts, J.V. Ross,
and M. Vernon. Networks and the epidemiology of infectious disease. Interdis-

ciplinary Perspectives on Infectious Diseases, 2011:1-28, 2011.

L. Decreusefond, J.S. Dhersin, P. Moyal, and V. Tran. Large graph limit for an
SIR process in a random network with heterogenous connectivity. The Anals
of Applied Probability, 22(2):541-575, 2010.

O. Diekmann, J.A.P Heesterbeek, and T. Britton. Mathematical Tools for

Understanding Infectious Disease Dynamics. Princeton University Press, 2013.

O. Diekmann, J.A.P Heesterbeek, and J. A. J. Metz. On the definition and the
computation of the basic reproduction ratio g in models for infectious diseases
in heterogeneous populations. Journal of Mathematical Biology, 28:365-382,
1990.

O. Diekmann, J.A.P Heesterbeek, and M.G. Roberts. The construction of next-
generation matrices for compartmental epidemic models. Journal of the Royal
Society Interface, 7:873-885, 2010.

L. Edelstein-Keshet. Mathematical Models in Biology. Society for Industrial
and Applied Mathematics, 2005.

J. Gleeson. High-accuracy approximation of binary-state dynamics on networks.
Physical Review Letters, 107:068701, 2011.

C. Grinstead and J. Snell. Introduction to Probability: Markov Chains. Dart-
mouth College, 1997.

191



[22]

[23]

[26]

[31]

[32]

K. Hampson, J. Dushoff, J. Bingham, G. Brickner, Y.H. Ali, and A. Dobson.
Synchronous cycles of domestic dog rabies in sub-Saharan Africa and the impact
of control efforts. PNAS Journal, Vol 104, Issue 18:7717-7722, May 2007.

K. Hampson, J. Dushoff, S. Cleaveland, D. T. Haydon, M. Kaare, C. Packer,
and A. Dobson. Transmission dynamics and prospects for the elimination of
canine rabies. PLoS Biology, 7:e1000053, 2009.

J.A.P Heesterbeek and M.G. Roberts. The type-reproduction number 7' in

models for infectious disease control. Mathematical Biosciences, 206:3—10, 2007.

J. Heijne, C. Athaus, S. Herzog, M. Kretzschmar, and N. Low. The role of rein-
fection and partner notification in the efficacy of chlamydia screening programs.
Journal of Infectious Diseases, 203:372-377, 2010.

J. Heijne, S. Herzog, C. Athaus, N. Low, and M. Kretzschmar. Case and
partnership reproduction numbers for curable sexually transmitted infection.
Journal of Theoretical Biology, 331:38-47, 2013.

Q. Hou, Z. Jin, and S. Ruan. Dynamics of rabies epidemics and the impact of
control efforts in Guangdong Province, China. Journal of Theoretical Biology,
300:39-47, 2012.

T. House and M.J. Keeling. Epidemic prediction and control in clustered pop-
ulations. Journal of Theoretical Biology, 272:1-7, 2010.

S. Janson, M. Luczak, and P. Windridge. Law of large numbers for the SIR
epidemic on a random graph with given degrees. Random Structures and Algo-

rithms, 2014.

A. Johnson, C. Mercer, B. Erens, A. Copas, S. McManus, K. Wellings, C. Ko-
rovessis K. Fenton, W. Macdowall, K. Nanchahal, S. Purdon, and J. Field.
Sexual behaviour in britain: partnerships, practices, and HIV risk behaviours.
Lancet, 358:1835-1842, 2001.

B. Karrer and M. Newman. Message passing approach for general epidemic
models. Physical Review E, 82(1):016101, 2010.

M.J. Keeling. The effects of local spatial structures on epidemiological invasions.
Proceedings of The Royal Society London Series B, 266:859-867, 1999.

M.J. Keeling and K. Eames. Networks and epidemic models. Journal of The
Royal Society Interface, 2:295-307, 2005.

192



[34]

[35]

[36]

[37]

[38]

[41]

[42]

[43]

[44]

[45]

M.J. Keeling and P. Rohani. Modelling Infectious Diseases in Humans and

Animals. Princeton University Press, 2008.

M.J. Keeling and J. V. Ross. On methods for studying stochastic disease dy-
namics. Journal of The Royal Society Interface, 5:171-181, 2008.

W.O. Kermack and A.G. McKendrick. A Contribution to the Mathemati-
cal Theory of Epidemics. Proceedings of the Royal Society London Series A,
115:700-721, 1927.

1.Z. Kiss, C. Morris, F. Selley, P. Simon, and R. Wilkinson. Exact determinis-
tic representation of Markovian STR epidemics on networks with and without
loops. Journal of Mathematical Biology, 70:437—-464, 2015.

P.M. Kitala, J.J McDermott, P.G Coleman, and C. Dye. Comparison of vac-
cination strategies for the control of dog rabies in Machakos District, Kenya.

Epidemiology and Infection, Vol 129, Issue 1:215-222, 2002.

J. Lindquist, J. Ma, P. van den Driessche, and F. Willeboordse. Effective degree
network disease models. Journal of Mathematical Biology, 62:143-164, 2011.

A. Lloyd and S Valeika. Network models in epidemiology: an overview. In:
Complex population dynamics: nonlinear modeling in ecology, epidemiology and
genetics, pages 189-214. World Scientific, 2007.

J Ma, P van den Driessche, and F. Willeboordse. The importance of contact
network topology for the success of vaccination strategies. Journal of Theoretical
Biology, 325:12-21, 2013.

V. Marceau, P. Noel, L. Hebert-Dufresne, A. Allard, and L. Dube. Adaptive
networks: Coevolution of disease and topology. Physical Review FE, 82:1-9,
2010.

J.C. Miller. Spread of infectious disease through clustered populations. Journal
of The Royal Society Interface, 6:1121-1134, 20009.

J.C. Miller. A note on a paper by Erik Volz: SITR dynamics in random networks.
Journal of Mathematical Biology, 62:349-358, 2010.

J.C. Miller and I.Z. Kiss. Epidemic spread in networks: Existing methods and
current challenges. Mathematical Modelling of Natural Phenomena, 9:4-42,
2014.

193



[46]

[47]

[48]

[49]

[56]

[58]

J.C. Miller, A. Slim, and E. Volz. Edge-based compartmental modelling for
infectious disease spread. Journal of the Royal Society Interface, 9:890-906,
2012.

J.C. Miller and E. Volz. Incorporating disease and population structure into
models of STR disease in contact networks. PLoS ONE, 8:€69162, 2013.

C. Molina and L. Stone. Modelling the spread of diseases in clustered networks.
Journal of Theoretical Biology, 315:110-118, 2012.

G. Neumann, T. Noda, and Y. Kawaoka. Emergence and pandemic potential
of swine-origin H1N1 influenza virus. Nature, 459:931-939, 2009.

M. Newman. Spread of epidemic disease on networks. Physical Review E,
66:016128, 2002.

M. Newman. Networks: An Introduction. Oxford University Press, 2010.

R. Pastor-Satorras, C. Castellano, P. Van Mieghem, and A. Vespignani. Epi-
demic processes in complex networks. Reviews of Modern Physics, 87:925-979,
2015.

R. Pastor-Satorras and A. Vespignani. Epidemic dynamics and endemic states
in complex networks. Physical Review F, 63:066117:1-8, 2001.

L. Pellis, F. Ball, S. Bansal, K. Eames, T. House, V. Isham, and P. Trapman.
Eight challenges for network epidemic models. Epidemics, 10:58-62, 2015.

M. Ritchie, L. Berthouze, T. House, and 1.Z Kiss. Higher-order structure
and epidemic dynamics in clustered networks. Journal of Theoretical Biology,
348:21-32, 2014.

M.G. Roberts and J.A.P Heesterbeek. A new method for estimating the ef-
fort required to control an infectious disease. Proceedings of the Royal Society
London Series B, 270:1359-1364, 2003.

M.G. Roberts and J.A.P Heesterbeek. Characterizing the next-generation ma-
trix and basic reproduction number in ecological epidemiology. Mathematical
Biology, 66:1045-1064, 2013.

M.G. Roberts and H. Nishiura. Early estimation of the reproduction number
in the prescence of imported cases: Pandemic influenza H1N1-2009 in New
Zealand. PLoS ONE, 6:e17835, 2011.

194



[59]

[69]

[70]

[71]

M.G. Roberts and M. Tobias. Predicting and preventing measles epidemics in
New Zealand: application of a mathematical model. Epidemiology and Infec-
tion, 124:279-287, 2000.

Sheldon M. Ross. Introduction to Probability Models. Elsevier Science, 2007.

K.J. Sharkey, 1.Z. Kiss, R.R. Wilkinson, and P.L. Simon. Exact equations for
SIR epidemics on tree graphs. Bulletin of Mathematical Biology, pages 1-32,
2013.

P. Simon, M. Taylor, and 1.Z. Kiss. Exact epidemic models on graphs using
graph-automorphism driven lumping. Journal of Mathematical Biology, 62:479—
508, 2010.

M. Taylor, T. Taylor, and I.Z. Kiss. Epidemic threshold and control in a dy-
namic network. Physical Review E, 85:0161031, 2012.

A. Tuite, A. Greer, M. Whelan, A. Winter, B. Lee, P. Yan, J. Wu, S. Moghadas,
D. Buckeridge, B. Pourbohloul, and D. Fisman. Estimated epidemiologic pa-
rameters and morbidity associated with pandemic HIN1 influenza. Canadian
Medical Association Journal, 182:131-136, 2010.

E. Volz. SIR dynamics in random networks with heterogenous connectivity.
Journal of Mathematical Biology, 56:293-310, 2008.

D. Watts and S. Strogatz. Collective dynamics of ‘small-world” networks. Na-
ture, 393:440-442, 1998.

G. Witten and G. Poulter. Simulations of infectious diseases on networks.
Computers in Biology and Medicine, 37:195-205, 2007.

M. Youssef and C. Scoglio. An individual-based approach to SIR epidemics in
contact networks. Journal of Theoretical Biology, 283:136-144, 2011.

J. Zhang, Z. Jin, G. Sun, T. Zhou, and S. Ruan. Analysis of rabies in China:
Transmission dynamics and control. PLoS One, 6(7):€20891, June 2011.

Y. Zhao and M.G. Roberts. Simulating epidemics on networks. Research Letters
in Information and Mathematical Sciences, 6:101-103, 2007.

J. Zinsstag, S. Durr, M.A. Penny, R. Mindekem, F. Roth, S. Menendez Gon-
zalez, S. Naissengar, and J. Hattendorf. Transmission dynamics and economics
of rabies control in dogs and humans in an african city. PNAS, 106(35):14996—
15001, September 2009.

195



Appendix A

A.1 Line Network, N =3

000

For a line network with three nodes we have two nodes of degree 1 (a and ¢)
and one node of degree 2 (b) (See also Figure 2.2). For an SIR model on a line
network of three nodes there are 27 possible states in which the network can be.
By grouping the appropriate states together, the line network can be reduced to 18
sets of states shown by the transition diagram in Figure A.1. In the line network we
have three different initial states; two initial states have one infectious node (SST
and S1S) and one initial state has two infectious nodes (1.57). Initial states cannot
be reached from any other state in the transition diagram. In states SSI and SIS,
the infectious node has degree 1 and 2 respectively.

Each box in the transition diagram represents a different state of the network
and each arrow represents either recovery or infection of a node. Transition between
states is only possible if there is a directed arrow from one to the other. Movement
between states in the transition diagram shows how the infection spreads through
the network. Once the network reaches an absorbing state the epidemic is over and

the infection has died out.

A.1.1 Catalogue of transition probabilities

From the transition diagram of the SITR model on the line network we derive the
individual transition probabilities between network states. In the following Pxy z

denotes the probability that the network is ever in state XY Z. These probabilities
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SSS
SRS {SRR, RRS}

{SIl, 1S}
{SRI, IRS}

IRI

{ISR, RSI} {IRR, RRI}

J “

6—0—9 Legend for Transition Rates
— "}". — B

Figure A.1l: Transition diagram showing how an infection can spread
through the line network. Possible initial states S1.5, SST and ISI are
shown on the left hand side. The absorbing states for this process are
coloured in black. Coloured outlines identify states with the same number

of nodes in each infection state but different network configuration.
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are independent of time and depend only on the infection parameters. From the

absorbing state probabilities we find the final epidemic size probabilities, P.

Possible initial state indicator variables:

1, if initial state is SIS.

Esis =

0, otherwise.

1, if initial state is SSI.
Essr =

0, otherwise.

1, if initial state is 1.51.
Ersr =

0, otherwise.

Probability of passing through transient states:

Psir = WgﬁlESIS + THESSI
Prsr = 2RQ+2E151
Psir = %Hpsn
Pspr = RlHPSU
Prr = RRHPSH + 272 g st
Prir = R.T_lpsm + %PH] + R’R—i—lpl“gR
Pirr = %73111
Prir = %PHR
Pirr = Prrr+ %PHR
Probability of terminating in absorbing states:
Psrs = #ESIS
2R +1
Pssr = R Ess1
Prsr = RIHPISR
Psrr = RlHPSIR + Psrr
Prrr = Prir+ Pirr
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To find the equations for the final size probabilities we evaluated the following:

P(Final Size = 1) = Pgrs + Pssr
P(Final Size = 2) = Prsr+ Psrr
P(Final Size = 3) = Prrr

Simplifying the above we derive three sets of analytic expressions for the final
size probabilities (see Table A.1) which reflect the different initial conditions possible
for the line network. For example, working backwards to illustrate how we found

P(Final Size = 2), we make the following substitutions:

P(Final Size = 2) = Prsr+ Psrr

1 1
= ———Pisr+ 5——=Psrir + Psrr

R+1 R+1
_ 2 Eysr + S AT -
T O R+1DER+2) T REDR+2) T Ry
IR(R +2)
= —— _F E
R0 REDR 2R+ 1) 58
R(R+2) o
(R+1)2(R+2) %
1 2R R
,'_P(Final Size:2) = 72]3[5[—&- E515+72E551

(R+1) R+ 1D)(2R+ 1) (R+1)

The probability mass function of the final size distribution for the line network
is shown in Figure 2.9. We independently verified our final size calculations using a

stochastic STR model.

A.1.2 Progression of infection over time

In the following we use Pxyz to denote the probability that the line network is in
the state XY Z at time t. Thus, the equation for the time derivative P xyz shows
how the network can enter and leave the state XY Z. The rate the network enters
and leaves each state can be found from the transition diagram. These equations
allow us to simulate the time course of the epidemic and to check our final size
calculations. Equations describing the probability that the network is in a given

state at time ¢ for an SIR model on the line network are as follows.
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Table A.1: Final Size PMFs

Initial State SSI SIS IST
P(Final Size =1) 1 1 0
R+1 2R 41
P(Final Size =2) R 2R 1
(R+1)* (R+1)(2R+1) (R +1)
P(Final Size =3) R? 2R R(R +2)
(R+1)* (R+1)(2R+1) (R + 1)
2 2
Expected FS M 3R+1 w
(R+1) R+1 (R+1)°

Initial states:
I:.)SSS =
IjSIS =
I:')SSI =

Pisi =

Transient states:

I:.)SII =
I:.)ISR =
I:'>III =
I.DSIR =
Psrr =
I:‘)IIR =
I:.)H'%I =
I'DRIR =

Pirr =

Absorbing states:

PSSR =
F.)SRS =
I:.)RSR =
I:.)SRR =

Prrr =

0

—(2R 4+ 1)Psrs
—(R 4+ 1)Pssr
—2(R 4+ 1)Prsr

2RPsis +RPssr — (R +2)Psrr
2Prsr — (R +1)Prsr

RPsir +2RPrsr — 3Pr1r

Psir — (R +1)Psir

Psir — Psrr

RPsir+ RPrsr + 2P — 2PyiR
Prir —2Prr1

Prir — Prir

Prir + 2Prrr — Pigrr

Pssr
Psis
Prsr
Psir + Psrr

Pirr +PRrir
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We have included the equation for the initial state SS5.S for completeness, even
though it is disjoint from the transition diagram as no infection is present. As
t — oo, the infection will die out and the system will end up in one of the absorbing
states. For a given transition rate, the initial state determines the probability of
tending to each of the possible absorbing states. To find the final size probabilities we
numerically solve the system of differential equations with specified initial conditions
and sum up the appropriate absorbing state probabilities once a steady state has
been reached. See Figure A.2 for numerical results that confirm our analytical

expressions for the final epidemic size.
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A.1.3 Comparison of expected final size for the triangle and line

networks of size N = 3.

Here we show that the expected final size for the triangle network is always higher
than the expected final size of the line network for all parameter values, starting
with one initial infectious node. The expected final size is defined by E[Final Size|] =

Zf\i 1 iP(Final Size = i). For the triangle and line networks we have:

6R3+13R2+6R+1

E[Final Size of Triangle] = 5 (A.1)
2R+1)(R+1)
2
E[Final Size of Line, IC = SSI| = 3R+—3RQ+1 (A.2)
(R+1)
E[Final Size of Line, IC = SIS] = 375:11 (A.3)

It can be shown that E[Final Size of Triangle] > E[Final Size of Line, IC = SSI]
iff
R(4R+1)>0

which is true as R = 3/ is always positive.
Similarly, it can be shown that E[Final Size of Triangle] > E[Final Size of Line, IC = SIS
iff

2R* >0

which is always true. Thus, when the epidemic is started with one infectious node,
the expected final size of the triangle network is always larger than the expected

final size of the line network.

A.2 Complete Network

We now examine networks of four nodes, again starting with the simplest case
which is the complete network. For an STR model on a network of N = 4 nodes
there are 81 possible states in which the network can be. As all nodes in this
network are topologically equivalent, we reduce the size of the system by grouping
states together based on the number of nodes in each infection state. This results

in 15 different states shown in the transition diagram in Figure A.3. We consider
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one initial condition for the STR epidemic on a complete network where one node
(either a, b, ¢ or d) is the initial infectious node. The final size probabilities for the

complete network of 4 nodes are shown in Table A.2.

Table A.2: Complete network final size PMF's

Initial State SSST
P(Final Size =1) 1
3R+ 1
P(Final Size =2) 3R
CR+1)’BR+1)
2
P(Final Size =3) 6R* (3R +2)
(R+1)° 2R +1)* (3R +1)
3 3 2
P(Final Size =4) 6R? (2R® +8R* +12R +5)
(R+1P°2R+1)*BR+1)

48RO+ 196 R° +310R* +217TR3 +7T3R?* +13R +1
(R+1P*QR+1)?*BR+1)

Expected FS

A.2.1 Catalogue of transition probabilities

In the following Py xyz denotes the probability that the network is ever in state
WXYZ, where W, X, Y and Z denote the infection state (S, I or R) that nodes
a, b, c and d are in respectively.

Possible initial state:
Esssr = 1

Probability of passing through transient states:

3R
Pssir = WESSSI
2
Pssir = mpssn
4R
Psirr = R 2773511
Psin = wooPsir + oo P
sk = g =Psuit o= Pssin
2
Psirr = R ZPSHR
3R
Prrrr = mpsnf
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2R

R+ 2775111%

Prrirr = Pror +

P = P —P
TIRR T1IR + Rl SIRR

Prrrr = Prigr

Probability of terminating in absorbing states:

1

Psssr = R +1ESSSI

1

PSSRR = mPSSIR

1

Psrrr = ﬁPSIRR

Prrrr = Pirrr

To find the equations for the final size probabilities we evaluated the following:

P(Final Size = 1) = "Psssr
P(Final Size = 2) = Pssrr
P(Final Size = 3) = Psrrr
P(Final Size =4) = "Prrrr

Simplifying the above we obtained the final size equations for the complete network
with four nodes as shown in Table A.2. The probability mass function of the final

size distribution for the complete network is shown in Figure 2.10.

A.2.2 Progression of infection over time

In the following we use Py xy 7 to denote the probability that the complete network
is in the state W XY Z at time ¢, where W, X, Y and Z denote the infection state
(S, I or R) that nodes a, b, ¢ and d are in respectively. Thus, the equation for
the time derivative PWXY 7 shows how the network can enter and leave the state
WXY Z.

Equations describing the probability that the network is in a given state at time

t for an STR model on the complete network of N = 4 are:

Initial states:
Pssss = 0

Psssi = —(3R+1)Pssss
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Transient states:
Pssir = 3RPsssr — (4R +2)Pssir
Pssir = 2Pssi— (2R +1)Pssir
Psir = 4RPssir—3(R+1)Psy
Psitk = 3Psir+2RPssir — 2(R + 1)Psirr

Psirr = 2Psiir — (R+1)Psirr
Pririr = 3RPsir— 4P
Piitk = 2RPsir+4Prr — 3Pk
Piire = RPsirr+3Pirir — 2Prirn
Pirrr = 2P1irr — PirRR

Absorbing states:

Psssr = Psssr
Pssrr = Pssir
Psrrr = Psirr
Prrrr = PIRRrR

To find the final size probabilities we numerically solve the system of differential
equations with specified initial conditions and sum up the appropriate absorbing
state probabilities once a steady state has been reached. See Figure A.4 for numerical

results that confirm our analytical expressions for the final epidemic size.
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A.3 Square Network

The square network is a regular network in which each node has degree 2. As all
nodes are topologically equivalent if we start the epidemic with one initial infectious
node it can be either node a, b, ¢ or d. The first initial state, SSSI, represents
starting the epidemic with one infectious node. The second initial state, SIIS,
represents starting the epidemic with two infectious nodes that are not neighbours;
that is nodes a and d or nodes b and ¢ are the initial infectious nodes (see Figure
A.5). We decided to look into the case of starting with two initial infectious nodes
(second initial state) within a network as it is not unlikely that two individuals within
a population acquire an infection independently of each other and from which an
epidemic may occur. We illustrate the probability mass functions of the final size

for the square network with two initial conditions in Table A.3.

Table A.3: Square Network Final Size PMFs

Initial State SSST SIIS
P(Final Size =1) 1 0
2R +1
P(Final Size =2) R b
(R+1)20QR +1) 2R +1)?
P(Final Size =3) AR 2R(3R? +5R +2)
(R+1PQR+1) (R+1PQ2R +1)2
P(Final Sige =4) || | ROAIRPLIRAL ) TRE4G6R 41
(R+1P32R+1) (R+1)2(2R +1)2
Expected FS _ 3R® +1TR* + 13R +3 4_ 2
(R+1P2R +1) (R+1)?
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A.3.1 Catalogue of transition probabilities

Possible initial state indicator variables:

1, if initial state is SSS1.
Esssr =

0, otherwise.

1, if initial state is STIS.
Esirs =

0, otherwise.

Probability of passing through transient states:
2R

= ——F
Pssir SR+ 1sssI
2
PSSIR - mPSSH
2
= E
Psrrs IR o ss
4R 2R
= E
Psrrr IR 4 o sIIs + R+ 2775311
2R R 2
Prisr = R+ 1735135 + ﬁpssm + R 2775111
1
Prrsi = mPHSR + R+ 27311%31
2R
Prrirr = mPSIH
1
Prrsr = R+ 3775111
1
Prisp = — P
RISR g ISR
Piir = Prini+ 2 Prasi+ — P
iR = Puir+ opm 5 Pirst + - Pusk
2 R
Prirr = gPIHR + THPRRSI
1
Pirrr = §7DHIR
Prrrr = Prrrr + Prirr

Probability of terminating in absorbing states:

1
= B
Psssr SR 1SS
1
P - 7
SSRR R4 1P SSIR
1
Psrrs = mpsms
Psrrr = Prrsr+ Prisr
Prrrr = Prrrr
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To find the equations for the final size probabilities we evaluated the following:

P(Final Size = 1) = "Pgsssr

( )

P(Final Size = 2) = Pssrr + Psrrs

P(Final Size = 3) = Psrrr
( )

P(Final Size = 4) = 'PrgrRrr

Simplifying the above we obtained the final size equations for the square network
with four nodes as shown in Table A.3. The probability mass function of the final

size distribution for the square network is shown in Figure 2.10.

A.3.2 Progression of infection over time

Equations describing the probability that the network is in a given state at time ¢

for an STR model on the square network are:

Initial states:

Pssss = 0
Psssi = —(2R +1)Psssr
Psirzs = —(4R +2)Psiis

Transient states:

Pssir = 2RPsssr —2(R + 1)Pssrs

Pssik = 2Pssir— (R+1)Pssin

Psiir = 2RPssir+4RPsirs — (2R + 3)Psiy
Psiri = 2Psir+ RPssir + 2RPsirs

—(R +2)Psirr

Psikr = Psirr+2Psiir — (R +1)Psirr
Psrri = Psiri — Psrar

Psitk = Psir—2(R+1)Psir

Prrrr = 2RPsir —4Prinr

Pirik = A4Prirr+2RPsirr + RPsrrr — 3Prrr
Prirr = 2P1r+ RPsirr — 2P1irR

Pirrr = Priir —2PrrR1
Pirrr = 2(Prirr + Pirrr) — Pirrr

Psirs = 2Psis — (2R +1)Psips
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Absorbing states:
I'DSSSR
Ii)SSRR
Ii)SRRS
PsrrR

PRRRR

Psssr
Pssir
Psirs
Psirr + PsrRr

PirRrRR

To find the final size probabilities we numerically solve the system of differential

equations with specified initial conditions and sum up the appropriate absorbing

state probabilities once a steady state has been reached. See Figure A.6 for numerical

results that confirm our analytical expressions for the final epidemic size.
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A.4 Star Network

For a star network of N nodes there are two different types of nodes, the centre
node with degree N — 1 and the N — 1 outer nodes each of which have degree one.
Here we have a centre node with degree 3 and three outer nodes with degree 1.
Therefore, the final size probabilities will again depend on which type of node is
initially infected. We denote 1555 as the initial state in which the centre node is
infectious; SSSI, SSII and SIII denote the initial state in which 1, 2 and 3 of
the outer nodes are infectious respectively. Figure A.7 shows the transition diagram
of the star network. The probability mass functions of the final size for the star

network found with four initial conditions are shown in Table A 4.

A.4.1 Catalogue of transition probabilities

Possible initial state indicator variables:

1, if initial state is SSST.

Esssr =

0, otherwise.

1, if initial state is 1.95S.
Ersss =

0, otherwise.

1, if initial state is SSTI.
Essir =

0, otherwise.

1, if initial state is STII.
Esrr =

0, otherwise.
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Probability of passing through transient states:

3
= E
Psrrr SR 4 g s
2
Psrrr = R +2PSIIR
Prosi = — Boger + E
1ss1 = pBsssit o Bisss
2
- _~ E
Pssir SR 1 g ssII
1
Prssr = R +2731531
2R
p— E
Prsir R 2(771551 +Essir)
1
Prssr = R +2771531
P = = P+ R g
i = o Prsn+ o B
2 2R R
Prsir = mPISH + R+ 177153}2 + T_HPSSIR
1
Prsit = — P
RSIT R 3 IsII
1
Prser = mplsm
Prsip = P P
RSIR RSIT + R+2 ISIR
3 R 2R
Priir = ZPUU + mpzsm + mPSHR
1
Prirr = ZPHH
1
Prirr = Prrr+ gPIHR
Piinn = — o (Prsnn+ Psing) + =P
irr = o (Prser sirr) + 5Pk
1
Prrrr = §PHRR
1
Prirr = §PHRR+7)RHR
Probability of terminating in absorbing states:
P _ 1ty
sssp = g ylsssI
1
P = E
RSSS SR 1 Isss
1
P - 7
SSRR R 1/ SSIR
1
Prssr = PRSSI+WH7’ISSR
1
P S
SRRR R 1 SIRR
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1
P - P - P
RSRR RSIR t+ Rl ISRR

Prrrr = Prrrr + Prigr

To find the equations for the final size probabilities we evaluated the following:

P(Final Size = 1) = Pgssr + Prsss

P(Final Size = 3
P(Final Size = 4

( )

P(Final Size = 2) = Pssrr + Prssr
( ) = Psrrr + PrSrRR
( )

= Prrrr

Simplifying the above we obtained the final size equations for the star network with
four nodes as shown in Table A.4. The probability mass function of the final size

distribution for the star network is shown in Figure 2.11.

A.4.2 Progression of infection over time

Equations describing the probability that the network is in a given state at time ¢

for an SIR model on the star network are:

Initial states:

Pssss = 0

Psssi = —(R+1)Psssi
Prsss = —(3R+1)Pisss
Pssir = —2(R+1)Pssis
Psiir = —3(R+1)Psmy

Transient states:
Prssi = 3RPrsss + RPsssr — 2(R +1)Prss;
Prsir = 2R(Prssi+ Pssir) — (R +3)Prsir

Pssir = 2Pssi — (R4 1)Pssir
Prssi = Prssr—Prssi
Prssk = Prssr— (2R 4 1)Prssr

Psrir = 3Psir—2(R+1)Psir
Prsri = Prsir— 2Prsir

Prsik = 2Prsir+ R(Pssir + 2P1ssr) — (R + 2)Prsir
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Prirr
Psirr
Ii)RSIR
I-:)ISRR

Prrrr

Prirr
Prirr
I:')IIRR
I:.)IRRR
I:')RIRR

Absorbing states:
PSSS’R
I.DRSSS
I:.).S‘SRR
I:')RSSR
PsrRR
Prsrr

PRrRRRR

R(3Psrrr + Prsir) — 4Prrrn

2Psiir — (R +1)Psirr

(2Prs1r + Prsir) — 1Prsig

Prsir — (R + 1)Pisrr

R(2Psirr + Prsir) + 3Prrir — 3Priir
Prirr — 3Prirr

(3Prrrr +Pirrr) — 2PriIR

R(Prsrr + Psirr) + 2P1r1r — 2P1iRR
Prrrr — PirRR

(Prrrr + 2PRirr) — PrIiRR

Psssr
Prsss
Pssir
(Prssr + Prssr)
Psirr
(Prsrr + PRrsir)

(PirrR + PRIRR)

To find the final size probabilities we numerically solve the system of differential

equations with specified initial conditions and sum up the appropriate absorbing

state probabilities once a steady state has been reached. See Figure A.8 for numerical

results that confirm our analytical expressions for the final epidemic size.
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A.5 Toast Network

The toast network is simply a square network with one diagonal edge through
it. There are two different types of nodes in the toast network, two nodes of degree
2 (nodes b and ¢) and two nodes of degree 3 (nodes a and d). We denote SSIS
as the initial state in which node b or ¢ is infectious; SSSI as the initial state in
which node a or d is infectious and SIIS as the initial state in which nodes b and ¢
are infectious. Figure A.9 shows the transition diagram of the toast network. The
probability mass functions of the final size for the toast network found with three

initial conditions are shown in Table A.5.

A.5.1 Catalogue of transition probabilities

Possible initial state indicator variables:

1, if initial state is S15S.

Esrss =

0, otherwise.

1, if initial state is 1.95S.
Ersss =

0, otherwise.

1, if initial state is STIS.
Esrrs =

0, otherwise.

Probability of passing through transient states:

Priss = 27?1 1ESISS + 37?1 1775531
Prssr = BRRHPSSSI
Prssr = 4R2+2PISSI
Psris = 4R2 ) Esirs
Prirs = 47371 2ESHS + mpnss
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Prsir
Pssir
Pirss
Psiir
Prsrr
Prsir
Piris

Priir
Psirr
Pisrr
Psrri
Prsir
Prirr
Prri1
Pirir
Pirrrr
Priir
PIRrRR

Prirr

2R

3R+ 2
1

3R +2
1

3R +2
1

3R+ 3

————=Prrss + ———="Prssr

4R + 2

Priss

Prrss
Pri1s

1 R
mPISII + WPIRSS
2 2R R
R SPISH + R 1733351 + R 17’ssm

2

3R +3
3R

3R +3

Prirs + =—=——Psris + Prrss

2R +1 2R +1

Prsir

111s + R 13

Psirr + Prris

2R +2 2R +2

1
_“ p _— P
9R 1o ISRl T o PSR

1

2R +2

1

—7P
R+2 ISIR

2R R
2R n 2735111% + 7’11]1 + mPISIR

2R
2R +2

Prris

Prsrr + Prris

5771111 + R 12

R 2
TH(PSIRR + Prsrr) + g(PIRII + Prirr)
1
3731311 + THPSRRI
1

P
3 IIIR

1

5771311% + Prrr1

1

5731311% + Priir

Probability of terminating in absorbing states:

1

Psrss = R _l_lESISS
1

Psssr = R +1PSSSI
1

PRSSR = W’PRSSI
1

Psrrs = mpsms
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1 1
P - 7 P
RRSS Rl SSIR + R 1 IRSS
1
Prsrr = Prsir+ THPISRR
1
P - (P P
SRRR 7o 1( SrrI + PSIRR)
Prrrr = Pirrr + PRIRR

To find the equations for the final size probabilities we evaluated the following:

P(Final Size = 1

(
P(Final Size = 2
(
(

= Psrss + Psssr
= Prssr + Psrrs + Prrss

P(Final Size = 3) = Pgrsrr + PsSkrRR

)
)
)
)

P(Final Size = 4) = 'Prrrr

Simplifying the above we obtained the final size equations for the toast network with
four nodes as shown in Table A.5. The probability mass function of the final size

distribution for the toast network is shown in Figure 2.12.

A.5.2 Progression of infection over time

Equations describing the probability that the network is in a given state at time ¢

for an SIR model on the toast network are:

Initial states:

Pssss = 0

Pssis = —(2R+1)Pgsrs
Psss1 = —(3R+1)Psss
Psizs = —(2+4R)Psis

Transient states:

Pssir = —(3R+2)Pgssir +2RPssis + 2RPsgsr
Prssi = RPsssr— (4R +2)Prssr

Prssr = 2Prssi— (2R +1)Prssr

Psris = 2Psirs — Psris

Psrir = 4RPsirs + RPssir — (3R + 3)Psirz
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Prsir
I'DSSIR
I:.)SRSI
I:.)BISI
Psirr
Prrst
Pirrs
Prrrr
PSIRR
Ij[SRR
Psrri
Prsir
Pirrr
Pirir
I:.)RIRI
PrrR1
Prirr
PirRR
I:.)RIRR
Absorbing states:
I‘DSRSS
I‘DSSSR
I'DRSSR
I:.)SRRS
F)SSRR
Prsrr
PsrrR

PRrRRRR

2RPssir +4RPrssr — (2R + 3)Prsir
Pssir — (R +1)Pssir
Pssir — (2R + 1)Psrst

2P1s11 + 2RPRrssr + RPssir — (R + 2)Prist
Psrrr —2(R + 1)Psiir

Prsir + RPsrsr — 2(R + 1)Prgrst

2Psrir + RPsrsr — 2(R + 1)Prgis

3RPsirr +2RPsir — 4Prirr

2Psrir + 2P1ris — (R + 1)Psirr

Prisr + 2Prrsr — (R + 1)Prsrr

Prris — (R +1)Psrrr

Prisi — Prsir

2RPs1ir + RPrisr + 2Prrir — 3Priir
2R(Pirsr + Pirrs) + 2Prirr — 3P1rit
2(Prrrr + Prrir) + R(Psirr + Prsrr) — 2Prirs
Prrir + RPsrrr — 2P1RRI

Prirr — 2PRrirr

2P1grr1 + Prirr — PIRRR

2Pgrirr + Prirr — Prirr

Pssis
Psssrt
PRrssr
Psrrs
Pssir + Psrsr
Prsir + Prsrr
Psrrr + Psirr

Pirrr + PRIRR

To find the final size probabilities we numerically solve the system of differential

equations with specified initial conditions and sum up the appropriate absorbing

state probabilities once a steady state has been reached. See Figure A.10 for numer-

ical results that confirm our analytical expressions for the final epidemic size.
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A.6 Line Network, N =4

0000

Similarly to a line network of N = 3 nodes, a line network of N = 4 nodes has
two different types of nodes, the end nodes of degree 1 (nodes a and d) and the
centre nodes of degree 2 (nodes b and ¢). We denote SSIS as the initial state in
which node b or ¢ is infectious; SSSI as the initial state in which node a or d is
infectious; STST as the initial state in which nodes b and d are infectious and I5ST
as the initial state in which nodes a and d are infectious. The transition diagram of
the line network is shown in Figure A.9. The probability mass functions of the final
epidemic size for the line network of four nodes found with four initial conditions

are shown in Table A.6.

A.6.1 Catalogue of transition probabilities

Possible initial state indicator variables:

1, if initial state is S15S.
Esrss =
0, otherwise.

1, if initial state is SSS1.
Egssr =
0, otherwise.

, if initial state is SISI.

Esrsr =
0, otherwise.

1, if initial state is 1.5S1.
Erssr =
0, otherwise.
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Probability of passing through transient states:

Pssir
Psiis
Psris
Prssr
Pssir
Pssri
Psirr
Prsir

Prirr
Psrsi
Psisr
Psiir
Psirr
Psrir
Prisr
Prsrr
Pisir
Psrir
Psirr
Psrrr
Prsir
Prsrr
Prsrr

Prirr

Esssr + Esrss

R+1 2R +1

—F
IR+ 1 SISS

2

2R +2
2

2R +2

1

R+2 550

1

P
R o ssi

L’P + R
R+2 ST oR 2

Psrirs

Erssr

2R

Pss * 342

Esrsr

Esrsr + Erssr

3R +2 2R + 2

R 13 18I

R 13 151

1
2R +3

Prist

1 1
§PSRH + mPSHR

1
- P P
72—1—2( s11rR + PsIrr)
s+ P
5 Psmir+ = Psiri

1
m(PISRI + Prisr)

R
———(Psiir + Prisr)

1
R12 Prsir + 5731111

L R
2R + 2
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Prirr
Prrr1
Prirr
Pirir
Prirr
PIRRR

Prirr

1 R R
5731111 + THPSIRI + mpfsm

1

-P
3 ITRI

1
g(PHRI + Prrrr) +

1

3

1

gPHRI + WPRSIR

(Prirr + Prrir) + Prrri

Rl (Psirr + Pisrr)

(Prrrr + Prirr)

1
2
1
5(73111%3 + Prrir) + Priir

Probability of terminating in absorbing states:

Psssr
Psrss
Psrrs
Prssr
Pssrr
Psrsr
Psrrr

Prsrr

PRRRR

To find the equations for

P(Final Size = 1
P(Final Size = 2
P(Final Size = 3
P(Final Size = 4

Simplifying the above we

1
R+1
1

Esssr

E
IR +1 198
1

P
R+1 SRIS
1

T_HPISSR

1
P P
Rl SSIR + FSSRI

1
———Psrsr +

P
R+1 SISR

1
2R +1
P P —P

SRIR + FSRRI + Rl SIRR

1
Prsri + 5——(P1sgrr + Prsir)

R+1
Pirrr + PRrIRR

the final size probabilities we evaluated the following:

) Psssr + Psrss

) Psrrs + Prssr + Pssrr + Psrsr
) Psrrr + Prsrr

) PRRRR

obtained the final size equations for the line network with

four nodes as shown in Table A.6. The probability mass function of the final size

distribution for the line network is shown in Figure 2.13.
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A.6.2 Progression of infection over time

Equations describing the probability that the network is in a given state at time ¢

for an SIR model on the line network of N = 4 are:

Initial states:

Pssss = 0 (A4)
Psssi = —(R+1)Psssr

Pssis = —(2R+1)Pssrs

Psisi = —(3R+2)Psysr

Prssi = —2(R+1)Prsss

Transient states:
Pssit = R(Psssr+ Pssis) — (R +2)Pssir
Psris = RPssis — 2(R +1)Psizs

Psrrs = 2Psirs — (R + 1)Psris
Prssp = 2Prssi — (R +1)Prssr
Pssik = Pssir— (R+1)Pssir
Pssri = Pssir— Pssrr

Psrsi = Psrsi— (R+1)Psgsr
Psise = Psisr— (2R +1)Psisr

Psirr = RPssir+ 2R(Psris + Psisr) — (R + 3)Psirr
Prrst = RPsisr+ 2RPrssr — (2R + 3)Prrst
Prrir = RPsirr+2RPrrsr — 4Prrrr

Psitk = R(Pssir + Psisr) +Psiir — (R +2)Psiir
Psirt = Psir— (R +2)Psrrr

Psrir = Psirr+ R(Psris + Psrsi) — 2Psrin

Piisk = Prsi+R(Psisr + Pissr) — (R +2)Prisr
Pisri = Prrsi— (R+2)Prsar

Pisik = Prsr— (2R +2)Pisir

Psrir = Psiir+Psrir — Psrir

Psirr = Psir+Psirr — (R + 1)Psirr

Psrrr = Psrir+Psirr — Psrir

Prsir = Prisr+Prsir — (R +1)Prsir

Piskr = Prsir+Prsrr — (R +1)Prsrr

Prsri = Prsri+Prisg — Prsri
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Prrir = 2Prirr + R(Psiir + Prisr + 2Prsir) — 3Prrir

Prrrr = 2Prrrr+ R(Psrrr + Prsrr) — 3Prrnr
Pirri = Priri —2Pirnr
Piirr = Prir+Prri + R(Psirr + Prsrr) — 2P1ikrn
Pirik = Prir+Prirr — 2Prrir
Pritk = Prrir + RPrsir — 2PRirr
Pirrr = 2Pirrr+Prirr +Pirir — Prrrr
Prirk = 2Pgrirr +Prirr +Pririr — Prirg

Absorbing states:

Psssk = Psssr

Pssrs = Pssis

Psrrs = Psnrs

Prssk = Pissr

Psskr = Pssir+Pssar

Psrsr = Psrsi+Psisr

Psrrr = Psrir+Psirr + Psrri
Prsrr = Prsir+Pisrr + Prsri
Prrrr = Pirrr+Prigr

To find the final size probabilities we numerically solve the system of differential
equations with specified initial conditions and sum up the appropriate absorbing
state probabilities once a steady state has been reached. See Figure A.12 for numer-

ical results that confirm our analytical expressions for the final epidemic size.

235



"SUOT}IPUOD [RIHTUT JO 10S 9UIRS dY} I0] SUOISSoIdXa [eIIJATRUR O} M JUOWIISE UI oI SINSAI [RILISWNU
oY T, "So1e)s SUIIOSqe 91} dIe SOUI] PI[OS PUR S9Je)S JUSISURI) JUSoIdal SoUuI] payse(] "SUOI}IPUO0D [erjiul paynads o) 10J A[oArpoadsar
¢ = 2L pue T = 2/ 10} synsal [edrgdelsd urejuod suwnjod JSLI pue 1Jor] "SOPou = A/ YIIM FIOM)OU dUI © UO [9POW 3 [ UR I0J SUII)

I9AO UOTIORJUI JO UOISSaIZ0Id o1} SoqLIdsep YOIYM ('Y ) Suoljenba [eJUSISPIP JO WA)SAS oY) JO UOIIN[OS [ROLIDWNYN g’V °InSig

HHHY —
AUSH—
AHAS —
AUSYUS

HHSS —
ASSYH —
SHAIS—
SUSS—
USSS—

v €

[A

_‘

ISIS :93e)s [eniu|

€ A _‘

L4 €

[4

v

SISS :9jels jelju]

€ A 4

199 }Jomjau jo Ajljiqeqoud

16 e ul Bu

aje)s UaA

236



Appendix B

B.1 Comparison of analytic and stochastic results:

Here we show tables and graphs comparing the analytic and stochastic results for
a LoT network. All results given here are for starting the epidemic with Iy = a.
The stochastic result given in each table was found by averaging over the results of
2 x 10° realisations using the Gillespie algorithm for a stochastic STR model. Table
B.1 compares the analytic and stochastic results for the final size probabilities for a
LoT(6) network. Results for the probability each node is ever infected in the LoT(6)

network are given in Table B.2.

Table B.1: Stochastic Vs Analytic Final Size Results for LoT
Network with N = 6 nodes

Final Size || Parameters || Stochastic | Analytic
) R=1 0.3335 0.3333
R =2 0.1994 0.2000
0 R=1 0.1383 0.1389
R =2 0.0707 0.0711
R=1 0.2460 0.2454
3 R=2 0.2280 0.2287
4 R=1 0.0932 0.0926
R =2 0.0996 0.0988
5 R=1 0.0571 0.0579
R =2 0.0560 0.0558
6 R=1 0.1318 0.1319
R=2 0.3463 0.3455

Table B.3 compares analytic and stochastic results for the probability the infec-
tion ends at each node for the LoT(6) and LoT(9) networks, given that the initial
infectious node, Iy = a. The absolute value of the difference between analytic

and stochastic results for the probability the final size equals N for LoT networks
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Table B.2: Probability that each node ever becomes infected in
the LoT network with N = 6.

Probability || Parameters || Stochastic || Analytic

» R=1 1 1
R =2 1 1

n R=1 0.5837 0.5833

R =2 0.7558 0.7556

» R=1 0.5836 0.5833

‘ R =2 0.7556 0.7556

’, R=1 0.2931 0.2917

R =2 0.5035 0.5037

b R=1 0.1711 0.1701

‘ R =2 0.3797 0.3806

P R=1 0.1710 0.1701

R =2 0.3795 0.3806

with N = 6,9, 18,36,81,102 are shown in Figure B.1. Figures 3.19 and B.2 show
the convergence of the absolute value of the difference between the analytic and
stochastic probabilities for the infection ending at node = for a LoT network with
N =6,9,12,15,18,21. The sum of squares error (SSE) for the probability k£ apex
nodes are infected given that the infection ends at node j in the LoT(21) network

is shown in Figure 3.20.
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Table B.3: The probability infection reaches each node and then
stops, given Iy = a.

P.4(z) is the probability that the infection ends at node .

LoT(6)
R=1 R=2
Analytic | Stochastic || Analytic | Stochastic
Pepa(a) | 0.3333 0.3335 0.2 0.2002
Pena(d) | 0.0833 0.0835 0.0444 0.0446
Pena(c) | 0.2917 0.2923 0.2519 0.2531
Pena(d) | 0.0972 0.0965 0.1007 0.1001
Penale) | 0.0243 0.0243 0.0224 0.0221
Pena(f) | 0.1701 0.1702 0.3806 0.3807
LoT(9)
R=1 R=2
Analytic | Stochastic | Analytic | Stochastic
Pena(a) | 0.3333 0.3335 0.2 0.2002
Pena(b) | 0.0833 0.0835 0.0444 0.0446
Pena(c) | 0.2917 0.2923 0.2519 0.2531
Pepa(d) | 0.0972 0.0965 0.1007 0.1001
Pena(e) | 0.0243 0.0243 0.0224 0.0221
Pena(f) | 0.0851 0.0844 0.1269 0.1253
Pena(9) | 0.0284 0.0277 0.0507 0.0506
Pena(h) | 0.0071 0.0070 0.0113 0.0116
Pena(i) | 0.0496 0.0508 0.1917 0.1925
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Appendix C

Here we present the results for an SIS model on the remaining small networks,
however we omit the derivation of results and refer the reader to Chapter 5 in the

main text for full details of the methods used.

C.1 Line Network, N =3

3

Legend for Transition Rates

Y B
—_— 2y —_— 24

Figure C.1: Transition state diagram for the SIS model on a line net-

work of N = 3 nodes.

Here we have a line network of 3 nodes, the full state space for an S1.5 model on
this network is 2 = 8. As we now have two different types of nodes (two end nodes

of degree one and one central node of degree two) we must consider the topology of
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the network as well as the number of nodes in each infection state when reducing
the system via the lumping technique. From Figure C.1 it can be seen that the
reduced system has the following state space S = {SSI, SIS, SII,ISI,111,5SS}.
The following matrices are indexed in the same order as S.

The equations describing an S1.5 epidemic on a line network with 3 nodes are:
Pssr = yPsir+2vPrsi — (B + ) Pss1

Psrs = ~Psi— (28 +7)Psrs

Psrr = 2BPsis +2yPrir + BPsst — (2v+ B)Psir
Prsi = P —2(8+7)Pisi

Prr = 2BPrsi + BPsir — 37Prn;

Psss = ~(Pssi + Psrs)

The following matrix, Q, contains the transition probabilities for the transient

states only of the line network.

B
0 0 -2 0 0
B+
23
0 0 0
28+~
Q = ol 0 0 0 B
B4+2y B+2y B+2y
o B
L 0 0 0o —
B+ B+
2 1
0 0 = = 0
3

Expected number of visits to each state

The expected number of times the system visits each state from a given initial state

is given by the matrix N:
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(¢+dv)e

(¢+ g7 + 0¢ + Jo)e

(¢ + %)

(z+d¢+ de)de

(¢ +d¥%)T
(1+d2)(1+9)de

¢+ 9y
(1+49)9¢

(¢ +d7)e
(1+62).9¢

(e+6d7)e (e+gn)(1+9)e (e+9r)(1+9)g (e+6d7)e
C+ v+ e+ 0t e+ 9)(1+de) (¢ + ) (1+dz) v+ 06 + 269
(e+d7)e (e+g7)(1+9)e (e+g7)(1+9)e (e+9p)e
9+ 01+ ¢+t (C+d)c+de)1+da)d (c+de)(1+da)d (z+de+ a)e
(e+6dv)e (e+dn)e (e+d7)e (e+6d7)e
(1+de)(1+4)d (c+)e+de)1+4dz) (¢+de)(1+dz) (+do)(T+d)¢
¢+ 9y ¢+ 9y ¢+ 9y ¢+ 9y
(1+6)¢ (c+d)(e+da)d (e+9)(1+4dg) (1+49)ds
(e+67)e (e+gn)(1+9)e (e+gn)(1+9)e (e+d7)e
(1+62)¢ (c+o)e+de)1+4da)d (e+de)(1+da)d 9+d11+ .69
¢ ¢
T ml MI 0 0
I+¢ 1+¢
T 0 0 S
¢+ ct+dg otd
tre_ I _ _
g Iy I I
0 0 gt T 0
%,
0 0 T 0 I
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Expected time spent in each state during the epidemic

We can determine the total expected time spent in each state for the duration of

the epidemic as follows,
E[time in given state] = E[#visits to given state] x [Duration of visits]

The diagonal matrix, Tg, contains entries which give the duration of each visit
to the states in the line network. The entries of Tg are in the same order as

S ={8S81,SIS,SII,ISI,11I,SSS}, excluding the state SSS.

1 1
Tg = ><diag< 7 7 7 7 ])
Y

B+7 28+~ B+2y 28+27'3
Therefore to find the expected time spent in each state throughout the epidemic

we compute:
Er = NTg

Here the element Ex(i,j) gives the expected time spent in state j given that
state ¢ was the initial starting state. We give the algebraic expression for Ep on
page 246.

If the epidemic starts in the state SSI (SIS) when the transmission rate [ is
increased and keeping the recovery rate fixed, the expected time spent in SST (SIS)
decreases and the expected time spent in states SIS (SSI), I1SI, SII and IIT all
increase. If the system starts in the state SSI or SIS when v is decreased and
fixed, the expected time spent in states SSI, SIS, SII and 151 increases while the

expected time spent in state 111 decreases.
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Time to absorption

In the following vector T o the entries T a (i) gives the expected time to absorption

given that the epidemic started in state .

(48*+16 B3y + 358272 + 34873 + 12+4)
42 (48 +37) (B+7)

(283 + 782y +1484* +67°)
Y2 (48 +37)

Ta = — (48%+16 827+ 35879* + 187%)
272 (48 +37)

(481 +2083y +53B8%4% + 52873 + 18¢1)
492 (48 +37) (B+7)

(4584 +20 8% + 57 822 + 62 3% + 22+
492 (48 +37) (B+7)

Number of times each node is infected

Recalling that we have:

Number of times node k is infected = 7 (k|7)

We give the algebraic expression of the matrix 7 (k|i) on page 248. In the line
network, for example, to find the expected number of times node a is infectious
given that the epidemic started in state SSI (where node ¢ is infected) we add up
the expected time spent in all states where node a is infected (1SS, ISI, I1S and
I11). Each row of T (k|i) corresponds to the expected time each node is infected
given that the epidemic started in states SSI, SIS and ST respectively. Figure 5.6
on page 155 shows bar charts of the expected number of times each node is infected

for the line network with N = 3 nodes.
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(k+g) (ke+d7p) t7 (L+9) (ke+d7) tg (k+g) (ke +d7p) ot
8T+ ¢ g 69 + oL d 00T + 4599 + 1002 (bTe+ A g5+ L 068+ c601) ¢ 8T+ ¢ g 69+ b gd 00T + 4 g 99 + 1002
(te+dp) te (te+dy) & (te+dp) te
(L6+Lg8T+,001) ¢ e+ bger+ L, deT+ 06 (A6+Lg8T+,6001) ¢ = (1) L
(Gbot+hgetq6) (k4g) (ke+gp) A¥ (L+g) (ke+d7) ~T (Gbo+hgetq6) (k49) (ke+gp) ¥
(Th + b g GeT + b g0 09T + L 98 + 46 08) 6 (L6+AGTT+,06) (L+g2) g oh¥e+ g T+ b0 86T + b o TG + (g 56T + L o 98 + 46 0T
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Cumulative Incidence

The vector containing expressions for the cumulative incidence of an SIS epidemic

on a line network starting in a given initial state is

3084+ 7583y + 745242 + 32 8~3 + 642
27 (48 +37) (B+)

vy T (kli) = 1563 + 3082y +228+% + 33
k=1 v (48+37)

30684 + 10582 v + 156 8242 + 90 B> + 18~
2y (48+37) (B+7)

where ¢ € {SSI,SIS,1S1}. Table 5.1 (page 154) gives the cumulative incidence for

all of the small networks and different initial states considered for {8 = 1,7 = 1}
and {8 =2,y =1}.

In the next sections we consider networks of size N = 4, where there are 2V = 16
possible states in which the system can be. We again use the technique of lumping
with the symmetry of the networks to reduce the number of differential equations

needed to describe the SIS epidemic dynamics.
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C.2 Complete Network

Legend for Transition Rates

gl 3
2y _— 28
3n —_ 33

. : 5
{SSSI,SSIS,

SISS, ISSS}

{SSl1, 1ISS,
SIIS, 1SSI,
SIS, SISI}

Figure C.2: Transition state diagram for the SIS model on a complete

network of N = 4 nodes.

The first network of size N = 4 which we consider is the complete network. As
we have a complete network, in the above figure we have lumped together all the
states with the same number of S and I nodes and hence reduced the system from 16
different states to 8 (see Figure C.2). Therefore the reduced state space for the SIS
epidemic on a complete network of 4 nodes is S = {SSSI,SSII,SIII,11I1,SSSS},

the following matrices are in the same order as S. The equations describing an SI1.5

epidemic on a complete network with 4 nodes are:

Psssi = 2yPssir — (38 + ) Psssr

Pssir = 3BPsssr+ 3yPsiir — 2(28 + ) Pssir
Psirr = 4B8Pssrr+4yPrrrr — 3(B + ) Psirr
P = 3BPsir — 4yPrnn

Pssss = 7Psssr

The following matrix, Q, contains the transition probabilities for the transient

states only of the line network.
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0 0
38+
gl 0 2 0
Q = 28+ 28+
o 2 o B
B+ B+
0 0 1 0

Expected number of visits to each state

To find the expected number of times the system visits each state from a given initial

state we compute the matrix N as follows, where I is the identity matrix:

N = I-Q)!

3+7 3828+ 65%(8 +7) 65°
v v? 73 73

3B+y (28+7)(BB8+7) 268(8+7)(38+7) 262(38 +7)

_ 7y v? 73 73

3B+ 28+7)B8+7) (B+7)(687+28y+7+2)  B(658%+ 28y +77)
v v? 73 73

3B+ (2B4+7)(BB+7) (B+7)(682+28y+7%) 683 +28%y+ 42 ++°
v ,}/2 73 73

Expected time spent in each state during the epidemic

The time spent in each state per visit for the complete network of four nodes is stored
in the following matrix Tg, where Tg(1,1) corresponds to the time spent in state
SSSI, Tg(2,2) corresponds to the time spent in state SSII and so on following the
order of the state space S = {SSSI,SSII,SIII, IIII}.

Lo v v v 1)
Tg = — xdia , , , =
S ~y g<3,3+’y 48 +2v 38+ 3~ 4
Er = NTg
. 38 25? 35°
2 v? 273
L 38+ 28B8+1) B%(38+7)
_ 1 2 392 273
7 38+ 682+287+72  B(66%+287+12)
1
2v 372 43
| 38+~ 682 +28y+v* 68°+28%v+ By 472
2y 372 4ry3
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Time to absorption

The expected time to absorption is the expected time it takes for the system to reach
the infection free steady state. For the complete network with N = 4 nodes this is
the expected time it takes to reach the state §5S5S5. The following vector Ta the
entries T a (7) gives the expected time to absorption given that the epidemic started

in state 7.
(B+7) (38%+ B +27%)
23

96° +156%y +136+* +94°

1 673

1883 + 3082y +298~% + 2243
12+3

1883 +308%y +298~+% + 2543
1243

Number of times each node is infected

We use methods as discussed in previous sections to determine the number of times
each node is infected during the epidemic for the complete network with N = 4.

Therefore we have the following,
Number of times node k is infected = 7 (k|i)

We have found the algebraic expression of the matrix 7 (k|i) for starting in any
state i, however here we present the expression for T (k|i) where i = SSSI which
corresponds to 7 (k|1). Below we have taken the transpose of 7 (k|1) to make it

easier to display.
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54 85 4126 8%y + 138 8442 + 93 83 +3 + 57 8244 4+ 26 B~ + 645
274 (18 3% +24 827 + 138742 + 373)

B (5487 +126 3y + 138 8% + 93 527 + 35 54* + 6+°)
274 (183% +24 32y + 13879 + 37%)

T(k,1) =

B (548° +126 8y + 1388342 + 938243 + 35 8+* + 67°)
244 (1883 +24 82~y 4+ 135~2 + 3+3)

B (54 8% 4+ 126 8* v + 138 8342 + 93 82 +* + 35 8+* + 6+°)
244 (1833 +24 82~y 4+ 135~2 + 3~3)

Therefore, to clarify in the above vector each entry corresponds to the number
of times node a, b, ¢ and d were infected respectively during the epidemic given that
the system started with node d as the initial infectious node (state SSSI). Figure
5.7 shows bar charts of the expected number of times each node is infected for the

complete network with N = 4 nodes.

Cumulative Incidence

The cumulative incidence is the total number of new infections that occur during
an epidemic. The cumulative incidence for an epidemic that started in state i can

be found by evaluating the following:

N
Cumulative Incidence =7 Z T (ki) (C.1)

k=1
The expression for the cumulative incidence of an SIS epidemic on a complete

network starting in state SSSI with one infectious node is given by

N=3

68°+66%y+3589%+17°
DIVACHE v
k=1

Table 5.1 gives the cumulative incidence for all of the small networks and different

initial states considered for {8 = 1,7 =1} and {8 =2,y = 1}.
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C.3 Square Network

Legend for Transition Rates

Figure C.3: Transition state diagram for the SIS model on a square

network of N = 4 nodes.

For a square network we were able to reduce the system from 16 states down
to 6 via lumping due to the network symmetry. Figure C.3 shows the transition
diagram for the square network. The reduced system consists of the state space,
S ={SS8SI,SIIS,SSII,

SIIT,IIIT,SSSS}. Again, throughout this section the order of the matrices will
correspond to the order of the state space S (i.e. the first row in each matrix will
correspond to SSSI and so on). The equations describing an SIS epidemic on a

square network with 4 nodes are:

Psssir = 2v¥(Psizs + Pssir) — (28 + ) Psssr

Psirzs = ~YPsiir —2(28 +7)Psirs

Pssir = 2vPsiir + 2B8Psssi — 2(8 + ) Pssir

Psrir = 4BPsirs +2B8Pssir + 4P — (28 + 37) Psiir
P = 2BPspr — 4yPrnn

Pssss = 7Psssr
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The following matrix, Q, contains the transition probabilities for the transient

states only of the line network.

0 0 28 0
28+
7 0 0 2P 0
28+~ 28+
Q = T 0 0 B 0
B+ B+~
gl 2y 0 2B
2643y 28+ 3y 28+ 3y
0 0 0 1 0

Expected number of visits to each state

To find the expected number of times the system visits each state from a given initial

state we compute the matrix N as follows,
N - 1-Q

The symbolic form of the matrix IN for the square network is given on the following

page.
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(be+4gg) b (be+gg) b (be+gg) A (be+4gg) A L

et gL+ L go+Led8 498 (A+Lg+,08) (ke+6T) (L+460) [{+9) (k+dv) ¢ (b+rd+.00) (b+d2) Ltz
(be+gg) b (be+gg) b (be+gg) A (be+gg) A L

(A+tg+.02) (L+dT) gt (b+rgd+.02) (be+ga) (L+¢0) [{+d) (L+dv) ¢ (b+rd+.00) (b+d2) Ltz
(be+gg) b (be+gg) b (be+gg) A (be+gg) A L

(L +87) 07 (be+de) (L+da)d (L+g) (be+dp) (L+d7T) [{L+dga)d L+de
(Le+gg) b (be+gg) ¢ (be+ge) & (beg+gg) & A

(A+Lge+,62) 07 (A+Lge+,02) (bo+d7)d (t+9) (bs+d7) de (fe+tg+,d2) (b+ge) L+de
(be+dg) b (be+gg) b (be+gg) 4 (be+gg) A L

(b+d7) 7 (L9+gv) (b+da) ¢ (L+9g) (ke+dv) da (L+d2) de L+gg
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Expected time spent in each state during the epidemic

The time spent in each state per visit for the square network of four nodes is stored
in the following matrix Tg, where Tg(1,1) corresponds to the time spent in state
SSSI, Tg(2,2) corresponds to the time spent in state SIIS and so on following the
order of the state space S = {SSSI,SIIS,SSII,SIII, IIII}.

Ts = 1><diag< 7 7 7 7 1)
v 28+~ 4B +27 28 +27 28+ 3y 4

The matrix for the expected time spent in each state, Ex = NTg is given on the

following page.

Time to absorption

The following vector Ta the entries Ta (i) gives the expected time to absorption
given that the epidemic started in state . We used the same methodology here as

in previous sections to find Ta.

(28+37) (B3 + B2y +2B89%+7%)
Y (BE+37)

(48* +1283v 420 82~% + 25 8% + 9+%)
273 (58 +37)

1
Ta = —| (A +1283y+195%92+23893+94%)
2v3(58+37)

(48 + 1283y +21 8242 + 28 B3 + 1144)
2v3(58+37)

(8B +24 83y +4282+2 + 618+ + 25+%)
473 (56 +37)
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(Le+dc) ebv (be+d6) A (be4ga) b (Le+gg) tg

A+ gL+ g+l t 08 (A+rg+,602T) (b+da) (L+g) (L+9gp)  A+hbg+ g0
(Le+dg) ¢be (be+d6) A (Le4ga) b (Le+gg) tg
(A+Lg+,02) (L+4d2)d (L+Lg+.92) (L+de)  (b+g) (k+dy)  At+bd+ 6t
(ke+dg) ¢t (Le+dg) A (be+dg) te (ke+gg) Lg

L+ g2) d [(L+de)d (te+dy) (L+da) (t+de)d

(Le+dg) b (be+dg) A (Le+gg) b (Le+gg) Lg
(A+Lge+,02) ;¢ (A+Lge+.92) gt (Ls+g7) ¢ Aet+lgd+ .02
(Le+dg) ¢t (be+4gg) A (Le+4do) b (Le+go) b

(L+de) od (t+de) e (be+dv) ¢ 2

—

i

i

i

— |

Iq
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Number of times each node is infected

We omit the algebraic expression for 7 (k|i) but note it can be easily computed fol-
lowing the above definition and methods outlined previously. Figure 5.7 shows bar
charts of the expected number of times each node is infected for the square network

with N = 4 nodes.

Cumulative Incidence

The vector containing expressions for the cumulative incidence of an SIS epidemic

on a square network starting in a given initial state is

28+7) (B+7) (482 +287+37%)
3 (58+37)

2
I
W~

i
I

8B4 420837 4+26B272+ 22873 +6+4
3 (58 +37)

where ¢ € {SSSI,SIIS}. Table 5.1 gives the cumulative incidence for all of

the small networks and different initial states considered for {8 = 1,7 = 1} and

{B=2,y=1}
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C.4 Star Network

Legend for Transition Rates
- B

fss, |
| IsIs,1ss1}

\ 4

{ssn, |
SISI,SIIS}

e

Figure C.4: Transition state diagram for the SIS model on a star net-
work of N =4 nodes.

For a star network we were able to reduce the system from 16 different states
down to 8 via lumping due to the network symmetry. The reduced system con-
sists of the state space, S = {SSSI,ISSS,I11SS,SSII,SIII,IIIS,II1I,SSSS}.
Throughout this section the matrices are indexed in the order that the state space
S is in. The transition diagram for the star network is shown in Figure C.4. The

equations describing an SIS epidemic on a star network with 4 nodes are:

Psssi = 2yPssir +7vPriss — (B+7)Psssr

Prsss = ~Prss — (38+7)Prsss

Prrss = BPsssr+3B8Psss +2vPriis — 2(8 + ) Priss
Pssir = vPrirs + 3vPsiir — 2(8 + v) Pssir

Psiir = P —3(8+7)Psur

Priis = 2B(Prrss + Pssir) + 3vPiir — (8 + 3v) Prrs
Prrir = 3BPsirr+ BPrirs — 4vPrinn

Pssss = 7(Prsss + Psssr)
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The following matrix, Q, contains the transition probabilities for the transient

states only of the line network.

0 0 0 0 0 0
5%7
0 0 0 0 0
38+
v v 0 o o P
28+2y 2B+ 2y B+
Q = | -1 0 0 o o 2
B+ B+ 8
0 0 0 T 9 o 2
B+ B+
0 0 2y T 0 0 B
B+3y B+3y ) 5 B+ 3y
0 0 0 o 7 0
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(be+d¥) (Lg+de) 4 (Le+dw) (bg+ge) & (L+g) (be+dy) (bot+de) Lg (be+dy) (ke+de) Lg
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(Le+dy) (bo+gde) e (L+g) (be+dy) (bo+de) elt (Le+d¥) (bo+de) elt
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(et ebg8+ bofgLthefl+yde) dT (LL+ebgd8T+ b6 +hegee+4:66) (be+9)d AT+ A gLE+ b gdae+ b L+ gL+ o8
(Le+dy) (bot+gde) gt (L+g) (be+dy) (bg+de) elt (be+¢gvp) (bo+de) ¢ha
(bt dT+L gL+ 6€) HT (bt tdr+LgL+ed€) (kT +4dg) (be+9) ¢ (bt gy +L gL+ €)oo
(be+dy) (bz+ge) ¢t (be+dv) (Lg+de) ¢bt (be+g7) (bz+de) ¢be
[t g) (b+de) e (k+d) (kv +gg) (b+de) (be+d) ¢ [+ 8) (b+dg) od
(Le+dy) (bot+gde) ¢ (Le+¢gvp) (ke+gg) ¢ba (Le+d¥) (bo+de) elt
At d)edo (t+9) (ke+de) (kv +g¢) ¢ LAt ede
(Le+gy) (bot+de) gt (Le+dy) (ko+de) ¢bo (be+gv) (ko+de) ¢te

(L+9) (L+de) do tr+de) (L+de) (ke+d) ¢ (L+g) (L+ge) of
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Expected time spent in each state during the epidemic

The time spent in each state per visit for the star network of four nodes is stored
in the following matrix Tg, where Tg(1,1) corresponds to the time spent in state
SSSI, Tg(2,2) corresponds to the time spent in state 1555 and so on following the
order of the state space S = {SSSI,1SSS,II1SS,SSII,SIII,11IS,III1}.

Ts — 1><diag< gl gl gl gl ol ol 1)
Y B+7"38+7"28+3v28+2y 38+3y f+3y 4

From Tg we can find the expected time spent in each state throughout the epi-
demic using methods discussed in previous sections. However,we omit the symbolic

representation of the matrix Ex due to the large size of the entries it contains.

Time to absorption

The following vector T o the entries T () gives the expected time to absorption for

the star network given that the epidemic started in state 7.

(383 +10B82y+ 158> +1873) (683 +178%y + 18372 +6+3)
673 (26+37) (38+27) (46+37)

650 441 8%y 4+ 128 B2 + 249 83 2 4+ 284 8244 + 162 B+ 4+ 360
273 (268+37) (38+27) (48+37)

18 3% + 129 8% + 425 3142 + 875 3% 43 + 1053 B2 4% + 630 57 + 1445
673 (28+37) 38+27) (48+37)

1 . ‘ X
2| 1887 + 14785y 4 548 8742 + 1265 8 43 + 1835 83 41 + 1611 8245 + 789 B+5 + 1627
v 67° (B+7) (28+37) (38+27) (48+37)

18 B7 4+ 147 5% + 566 3° 42 + 1412 B* 43 + 2209 B2 * + 1985 B2 4° + 969 570 + 19847
673 (B+7) 28+37) 38+27) (48+37)

18 35 4129 8% v + 437 B4 42 + 951 53+ + 1202 B2 4* + 765 B35 + 18645
671 (28+37) 38+27) (48+37)

18 87 + 147 8% v + 566 3° 42 + 1430 8% 3 + 2308 33 4% 4 2171 824> + 1077 6% + 216 ~7
673 (B+7) (28+37) 38+27) (48+37)

Number of times each node is infected

The number of times node k is infected during the epidemic given that the epidemic
started in state i, denoted 7 (k|i), can be found by following methods as outlined
in previous sections.

We have found the algebraic expression of the matrix 7 (k|i) for starting in any
state 7, however we omit presenting the matrix here as some of the entries are ratios

between polynomials of up to 9" order in 8 and ~ that can not be simplified. Figure
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5.8 shows bar charts of the expected number of times each node is infected for the

star network with N = 4 nodes.

Cumulative Incidence

The vector containing expressions for the cumulative incidence of an SIS epidemic

on a star network starting in a given initial state is

685 + 23 84~ + 40 8342 + 41 823 + 23 B4* + 645
Y (38+27) (46+37)

68° + 275y + 543> + 63 8%~ + 358" +67°
7 (B38+27) (46+37)

2
I

=
Il
—

68°+29 8%y + 618> + 768~ +46 7" +127°
7 (B38+27) (46+37)

68° +29 8y + 67 8%4? + 105 5% % + 69 7" + 18+°
7 (BB8+27) (46+37)

where i € {SSSI,15SS,SSII,SIII}. Table 5.1 (page 154) gives the cumulative

incidence for all of the small networks and different initial states considered for

{B=1y=1}and {B=2,7=1}.
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C.5 Toast Network

Legend for Transition Rates
_— 3
- 39 — 30
v 44
{IssI} |
— I
{ssli, 1SS, p——

SIS, ISIS}

Figure C.5: Transition state diagram for the SIS model on a toast

network of N = 4 nodes.

For a toast network we were able to reduce the system from 16 different states
down to 9 via lumping due to the network symmetry (see Figure C.5). The re-
duced system consists of the state space, S = {SSSI,SSIS,SSII,ISSI,IISI,
SIIS,SIII,IIT1,SSSS}. Throughout this section the matrices are indexed in the
order that the state space S is in. The equations describing an SIS epidemic on a

toast network with 4 nodes are:

Psssi = vPssir+2vPrsst — (38 + ) Psssi

Pssis = ~Pssir+2vPsiis — (28 + ) Pssis

Pssir = 2B(Pssrs + Pssst) + 2v(Prist + Psiir) — (38 + 2v) Pssir
Prssi = BPsssr+vPrisi — (48 +27)Prssr

Prrsi = 2BPssir+4BPrssi + 2vPrir — (28 + 37) Prust

Psiis = ~YPsiir — (48 +2v)Psirs

Psirr = BPssir+4B8Psirs + 2vPrrir — 3(8 + ) Psiir

Priir = 2B8Pprsr +3BPsiir — 4yPronr

Pssss = 7(Psssr+ Pssrs)
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The following matrix, Q, contains the transition probabilities for the transient

states only of the line network.

Q=
23 B
0 0 0 0 0 0
352+7 38+
0 0 P 0 0 0 0 0
28 4+~
g g 0 o 4, _B
38+2y 308+2y 352—%27 38+ 2y
i
0 0 0 0 0 0
283 + v 28+~
20 +3y 26+ 3y ) 28 + 3y
0 i 0 0 0 0 8 0
28+ 28+
38+ 3 ) 36+ 3y ) B+
0 0 0 0 3 0 5 0

Expected number of visits to each state

The expected number of times the system visits each state from a given initial state
is given by the matrix N. However, we omit the algebraic expression for the matrix

N due to size but note that they have been found.

Expected time spent in each state during the epidemic

The time spent in each state per visit for the toast network of four nodes is stored
in the following matrix Tg, where Tg(1,1) corresponds to the time spent in state
SSSI, Tg(2,2) corresponds to the time spent in state SSI.S and so on following the

order of the state space S.

v v v ol g v 71>

1
T = 7Xdia ) ) ) ) ) 9 ) T4
S g<35+7 28+~ 38+27 48127 28+37 43 +27' 38+37 4

~y

The expected time spent in each state throughout the epidemic, Er, can be
found following the methods of previous sections. However, again, we omit the

algebraic expression for the matrix E1 due to the size of the entries it contains

Time to absorption

The following vector Ta the entries Ta (i) gives the expected time to absorption

given that the epidemic started in state q.
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432 A7 + 1680 35 v + 3152 35 4% + 3916 B4 43 + 3285 33 v* + 1762 32 v° + 540 5«0 + 7247
243 (272 54 + 584 33y + 515 5242 4+ 216 B3 + 36v4)

216 87 + 804 B8 v + 1446 8542 + 1737 43 + 1441 83 44 + 785 82 4% 4 252 35 + 36~7
73 (272 84 4 584 33y + 515 242 + 216 B3 + 36 +4)

432 57 41824 85 v 4 3696 3° 42 4 4920 B4 3 4 4347 B3 4% 4+ 2427 B2 4° + 774 B0 + 10877
273 (272 3% + 584 33 v + 515 8242 + 216 B3 + 36 v4)

432 87 4 1824 8%y + 3744 B° 42 + 5060 B* 73 + 4533 83 4* + 2549 32 4 + 804 375 + 10877
23 (27284 4 584 B3 v + 515 3242 + 216 B3 + 36+4)

432 57 4 1824 85 v + 3816 3° 42 + 5356 B4 3 + 4969 B3 v* + 2881 B2~ + 940 B+5 + 1327
2+3 (272 54 + 584 33y + 515 5242 4+ 216 B3 + 36v4)

432 B7 41824 B85 + 3708 3° 42 + 4988 B4 3 4 4388 B3 44 4 2417 B2 4 + 768 B0 + 1087
273 (272 84 + 584 33 v + 515 242 + 216 B3 + 36v4)

432 87 + 1824 8%y + 3816 % 42 + 5396 B 42 + 5009 B3 v* + 2878 B2 45 + 934 55 + 13247
273 (272 3% + 584 33 v + 515 8242 + 216 B33 + 36v%)

432 87 + 1824 3%y + 3816 3° v + 5512 B4 3 + 5281 B3 41 + 3137 82 + 1045 B~° + 15047
23 (272 84 4 584 3 v + 515 322 + 216 B3 + 36+*4)

Number of times each node is infected

The number of times node k is infected during the epidemic given that the epidemic

started in state i, denoted 7 (k|i), can be found by following methods as outlined

in previous sections. We have found the algebraic expression of the matrix 7 (k|7)

for starting in any state ¢ but omit presenting it here due to the size of the entries.

Figure 5.9 shows bar charts of the expected number of times each node is infected

for the toast network with N = 4 nodes.

Cumulative Incidence

The cumulative incidence is the total number of new infections that occur during

an epidemic. For the S1.5 model on a toast network with N = 4 nodes we find the

cumulative incidence by summing up the vector containing the number of times each
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node is infected. Therefore, the cumulative incidence for an epidemic that started

in state ¢ can be found by evaluating

N
Cumulative Incidence =~ Z T (ki) (C.2)
k=1
The vector containing expressions for the cumulative incidence of an SIS epi-

demic on a toast network starting in a given initial state is

N=4
v Tkl =

k=1

(2B8+7) (38+27) (14485 4 308 B* v + 322 8% 42 + 208 32 3 + 81 8% + 18+5)
A3 (272 B% 4 584 33 v + 515 3242 4 216 B3 + 36 v4)

864 87 + 3000 8% + 4836 8% 42 + 4774 84 43 + 3101 B3 41 + 1307 82 4° + 324 B0 4+ 3647
73 (272 84 + 584 33 v + 515 242 + 216 B3 + 3644)

(4B8+27) (216 85 4 714 85y + 1100 3% 4% + 1058 83+ + 623 5% 41 + 216 5° + 3675)
3 (272 B4 4 584 33y + 515 242 + 216 B3 + 3614)

where ¢ € {SSIS,55S51,S11S}. Table 5.1 gives the cumulative incidence for all of

the small networks and different initial states considered for {8 = 1,7 = 1} and

{B=2,v=1}.
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C.6 Line Network, N =4

Legend for Transition Rates
- B
_— 2y - 28
{slis} ‘
—> IR} J

€

{SISI, ISIS}

\ 4
i
[--§

Figure C.6: Transition state diagram for the SIS model on a line net-
work of NV = 4 nodes.

\

o—0—1060

For a line network we were able to reduce the system from 16 different states
down to 10 via lumping due to the network symmetry. Figure C.6 shows the tran-
sition diagram for line network of N = 4. The reduced system consists of the
state space, S = {SSSI,SSIS,SI1S,SISI,ISSI,SSII,SIII ISII, II11,SSSS}.
Throughout this section the matrices are indexed in the order that the state space
S is in. The equations describing an SIS epidemic on a line network with 4 nodes
are:

Psssi = v(Psist + Pssir) + 27Prssi — (B + 7) Psssi

Pssis = ~(Psist + Pssir) + 2yPsirs — (284 7) Pssis

Psizs = BPssis +7Psiir —2(8 +7)Psirs

Psrsr = y(Prsir + Psiir) — (38 4 27) Pssr

Prssi = ~Pisir —2(8+7)Prssi

Pssir = B(Psssi+ Pssis) +v(Prsir + Psiir) — (B + 27)Pssi
Psiir = BPssir+28(Psist + Psirs) + 2vPriir — (8 + 37) Psirr
Prsir = BPsisr+2BPisst + 2P — (28 + 3v) Prsir

P = 2BPrsir+ BPsiir — 4vPrnr

Pssss = 7(Pssis + Psssr)
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The following matrix, Q, contains the transition probabilities for the transient

states only of the line network.

Q:
0 0 0 0 0 B 0 0 0
ﬂ;gv
0 0 0 0 0 0 0
28+~ 28+~
- 0 0 0 0 B 0 0
B+ B+
7 7 0 0 0 0 25 b
36+2y 368+2y 36+2y 368+2y
T 0 0 0 0 0 0 b
B+ 8 B+
v o
0 0 0 0 0 0
B+2y  [B+2y B+ 2y
o v v
0 0 0 0 0
B+3y [B+3y 6+ 3y B+ 3y
0 0 7 v v 0 0 26
2843y 28+3y 2843y ) ) 26 + 3y
0 0 0 0 0 0 5 3 0

Expected number of visits to each state

The expected number of times the system visits each state from a given initial state
is given by the matrix N as discussed in previous sections. However, we omit the
algebraic expression for the matrix N due to size but note that they have been

found.

Expected time spent in each state during the epidemic

The time spent in each state per visit for the line network of four nodes is stored
in the following matrix Tg, where Tg(1,1) corresponds to the time spent in state
SSSI, Tg(2,2) corresponds to the time spent in state SSI.S and so on following the

order of the state space S.

Ts — 1><diag< gl v gl gl gl gl v v 1)
v B+7"28+7"28+2v38+2y 268+2y B+2y B+3y 28+3y 4

The expected time spent in each state throughout the epidemic, Er, can be
found following the methods of previous sections. However, again, we omit the
algebraic expression for the matrix Ep due to the size of the entries it contains.

Time to absorption

The following vector T the entries Ta (i) gives the expected time to absorption

given that the epidemic started in state q.

271



Ta

1288 + 8887 v + 321 8542 + 800 8543 + 1420 B4 4% + 1742 83 4° + 1404 B2 0 + 672 B~7 + 144~8
243 (4824987 +672) (1283 +31 32 +325~2 +12+3)

1288 494 87 v 4 368 85 42 4+ 975 8743 + 1783 B4 4% + 2176 33 4% 4 1680 8270 + 744 B~7 + 14448
293 (482 +98~y+6+2) (1283431327 +325+%2 +1243)

= |~

12 88 + 100 87 v + 421 8642 4 1203 37 43 + 2328 B4 + 2955 33 v° + 2358 8245 + 1080 B~7 + 216+°
293 (482 + 987 +69%) (1283 + 3152y + 32872 +127°)

12 88 + 100 87~y + 415 8642 4 1168 37 43 + 2209 B4 + 2739 33 45 + 2174 8245 + 1020 B~7 + 216+®
243 (4824987 +672) (1283 +31 32 +325~2 +12+3)

Number of times each node is infected

The number of times node k is infected during the epidemic given that the epidemic
started in state i, denoted 7 (k|i), can be found by following methods as outlined
in previous sections. We have found the algebraic expression of the matrix 7 (k|7)
for starting in any state i however we omit presenting it here. Figure 5.10 on page
159 shows bar charts of the expected number of times each node is infected for the

line network with N = 4 nodes.

Cumulative Incidence

The vector containing expressions for the cumulative incidence of an SIS epidemic

on a line network starting in a given initial state is

N=4
vy T (ki) =
k=1

(B+7) (2485 + 110 85y + 251 8142 + 377 83 7% + 366 B2 1 + 228 345 + 7279)
Y (AB2+9B87+692) (12683 +31582y +32872 +1293)

24 8% 4+ 170 57y 4 580 5% 42 4+ 1261 387 43 + 1862 B ~4* + 1859 5% 4% + 1194 52 40 + 444 547 4 7248
Y3 (4B24+98~y+672) (128343182~ +328~%2 +12~3)

24 88 + 182 87y + 677 %42 + 1630 3° 7% + 2654 84 4* + 2890 53 7° + 2016 3210 + 816 B~7 + 14448
YA +IBY+672) (1263431827 +3284%2+1273)

(B+7) (2487 + 158 85 + 507 852 + 1062 B 7% + 1414 83 4% + 1188 3% 45 + 600 85 + 14447)
(482498~ +6+2) (1283 4+ 3182~y +328~2 +123)

where ¢ € {SSSI,SSIS,SISI, 1SSI}. Table 5.1 gives the cumulative incidence for

all of the small networks and different initial states considered for {f = 1,7 = 1}
and {f =2,y =1}
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Appendix D

Here we present figures showing a selected number of the networks presented through-
out this thesis to illustrate that the variance of S/A (ratio between the stochastic,
S, and analytic, A, results) tends toward zero as the number of realisations in-
creases. Refer to Section 5.3.2 on page 152 for the detailed discussion. All results

presented here are evaluated for the infection parameter values of {5 = 1,7 = 1}
and {8 =2,y =1}.

D.1 Line Network, N =3

Figure D.2 shows the convergence of the variance of S/A for the time to absorption
and number of times each node was infected for the SIS model on a line network
given that the initial state is as shown in Figure D.1. Figure D.3 shows the results
for the expected number of visits to each state and the expected time spent in each

state.

o000

Figure D.1: Schematic of the initial state SSI for the Line Network
with N = 3 nodes.
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D.2 Complete Network, N =4

Figure D.5 shows the convergence of the variance of S/A for the time to absorption
and number of times each node was infected for the SIS model on a complete
network given that the initial state is as shown in Figure D.4. Figure D.6 shows the
results for the expected number of visits to each state and the expected time spent

in each state.

Figure D.4: Schematic of the initial state 1,555 for the Complete Net-
work with N = 4 nodes.
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D.3 Line of Triangles Network, N =6

Figure D.8 shows the convergence of the variance of S/A for the time to absorption
and number of times each node was infected for the SI.S model on a LoT(6) network

given that the initial infectious node is a (see Figure D.7).

Figure D.7: Schematic of the initial state where node « is infectious for

the Line of Triangles Network with N = 6 nodes.

Number of times each node
Time to Absorption . was infected, =1

——Node a
——Node b
—=—Node ¢
—<—Node d
——Node e
Node f

0 101 2
Number of times each node
» was infected, =2

Variance of S/A (Each variance
was calculated from 10 data points)

Number of realisations stochastic result was averaged over ‘100s

Figure D.8: Convergence of the variance of log(S/A) for the Line of
Triangles Network with initial state 155555
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