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Abstract

In this research we investigate the gravitational four-body problem which describes the
motion in the system of four stars moving under their mutual gravitational forces. It involves
studies of the dynamics of few-body systems and finding periodic orbits, and subsequently
an analysis of their stability. One of the challenges of the problem is the necessity of using
regularisation algorithms in order to avoid singularities when there is a possibility of collision

or close encounter between stars.

One of the featured solutions of the problem is the collinear Schubart orbit discovered
for systems of three [59] and four [70] bodies. This orbit has been shown to form families
of collinear and planar orbits for three bodies by Hénon [32]. Sweatman discovered Schubart

orbits in the collinear symmetric four-body problem [70, 71].

In this work we generate the families of Schubart orbits starting from the planar orbit
obtained by Sweatman [73]. Utilising the symmetries of the four-body Schubart orbits, we
solve the Caledonian symmetric four-body problem (CS4BP). Initially we consider the case of

equal masses. This is later extended to the case of pairwise symmetric masses.

The family is parametrised by two parameters: the mass of the outer bodies and the
distance between the two closest non-symmetric bodies. The collinear orbits are collisional,

but there are no collisions when the orbits evolve to planar motion.

The planar family of pairwise symmetric masses is bounded by the line of the collinear
Schubart orbits. Within its boundaries, there are four regions separated by two special types
of orbits present in the family: the equal-mass orbits and the double choreography orbits. Two

of the regions are symmetrical to the other two.

We perform a linear stability analysis of the discovered solutions both in and out of the
plane. We also distinguish the influence of symmetrical and non-symmetrical perturbations on

the orbits. An algorithm for the orbit search and orbital stability analysis is presented.
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Notation

* Note: all variables are dimensionless. Details about the non-dimensionalisation can be found

in Appendiz A.

capital letters

BN

angular momentum of the system
planar monodromy matrix
vertical monodromy matrix

total energy of the system
gravitational constant
Hamiltonian

identity matrix

kinetic energy of the system

total mass of the system

2 2" TN Q= bW

number of bodies of the system

O

regularised momenta and position coordinates
variational matrix for differential corrections
full monodromy matrix

period of an orbit

T N Y v

potential energy of the system
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small letters

d;j distance between bodies ¢ and j

e eccentricity

k stability index

m mass

t time

T, Y, 2 position components in real coordinate system
T, 1, 2 velocity components in real coordinate system
u, v, w momenta components in real coordinate system
D, q interbody distance and momenta coordinates

in real coordinate system

greek
A stepsize
r regularised Hamiltonian
€, N relative errors
A, by, Vs Y eigenvalues of a monodromy matrix
T regularised time
0 angle of rotation of the system, radians
19 perturbation
subscript
0 related to initial time t = 0
i index of an i** body
1] index of a relative quantity between bodies ¢ and j
superscript

j J™ iteration in the iteration process

12



Chapter 1

Introduction

1.1 Project Description

The few-body problem is a well-known problem in Celestial Mechanics which exhibits rich and
varied dynamics. It was first formulated precisely by Newton. When the objects involved are
point masses, it may be stated as follows: “Given at any time the positions and velocities of
three or more massive particles moving under their mutual gravitational forces, the masses also

being known, calculate their positions and velocities for any time” [58].

Few-body systems occur when single and binary masses interact. For example, one of
the brightest stars in the night sky, the star Castor in the constellation Gemini, is normally
perceived as a single star; however it is a system of three binaries revolving about their common
centre of mass [61]. Extending our knowledge of few-body systems advances our understanding

of dynamics and applications in astronomy and engineering [74].

It is known that the simplest of the few-body problems, the two-body problem, is solvable
analytically. Depending on the eccentricity of the orbit of one body around the other, the
motion is either elliptical, parabolic or hyperbolic [58]. As was first shown by Poincare [54], it
gets much more complicated when a third body is introduced to the system, even if the third

body is infinitesimal compared to the other members of the system.
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Since its formulation, there have been conducted extensive studies in the three-body
problems, general and restricted. In the framework of the planar circular restricted
three-body problem five stationary solutions have been found by Euler and Lagrange, also
known as Lagrange points [16]. For the general problem interesting orbits have been found,
for example, the planar Standish orbit [31, 76] and the rectilinear Schubart orbit [32, 59]. A
spectacular figure-8 choreography orbit was discovered by Moore [48] and proved to exist by

Montgomery and Chenciner [18].

The four-body problem is of interest in its own right: it arises physically as the encounter
of two binary stars, or a system of two stars with accompanying planets. In fact, most of the
stars in our Galaxy belong to binary systems [28, 39, 66]. The four-body problem also “serves
as a stepping stone between the simpler three-body problem and the N-body problem with

larger number of bodies”, as stated by Sweatman [70].

Four-body problems may be found even in our own Solar System. One example could be
the “Sun - Jupiter - Saturn - X” model, where X is an inner terrestrial planet, or an asteroid,
or a satellite of an outer planet [58]. In outer space another interesting four-body system is the
system HD 131399Ab in the Centaurus constellation that consists of a binary star and a giant

star with an exoplanet. It was discovered using direct imaging by Wagner et al. [80].

Another example is the system of planet Jupiter with three of its Galilean moons - Io,
Europa, and Ganymede. This system illustrates a near-periodic symmetric orbit: when Europa
and Ganymede are in conjunction, Io is in opposition to them. Also, when Europa is in
conjunction with Io or Ganymede, the inner one of the pair is near perijove, and the outer one

is near apojove [13].

In this research we study the families of periodic four-body orbits that perform an interplay
type of motion. These orbits arise from simple one-dimensional periodic orbits: the Schubart
orbits, discovered and studied by Sweatman [70, 71, 73]; also [37, 51, 4, 5]. Such families
are known and well-studied in the three-body case by Hénon [31, 32, 33, 34], Mikkola and
Hietarinta [42, 43, 44, 35], and others. The aim of the present work is to extend the results to

cases with four bodies.
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We start our investigation by considering the Caledonian symmetric four-body problem [58,
66, 67, 73| for equal masses. This is a system with a rotational symmetry so that two of the
masses are images of the other two masses about the centre of mass. It also has a past-future
symmetry, so that the dynamical behaviour of the system after time ¢ = 0 is a mirror image of

its behaviour before time ¢ = 0.

The appeal in considering a gravitational system with symmetries is partially due to its
greater simplicity than a general N-body system. It can, however, provide insight and ideas.
Some important orbits in the general problem are symmetric and can initially be found and

studied more readily in a symmetric context [74].

1.2 Thesis Overview

This thesis is structured as follows. In Chapter 2, we review the literature on past research
conducted in the three- and four- body problems. A description of the studies by Hénon [31,
32, 33, 34] and Sweatman [70, 71] is provided. These particular studies led to the current
project and constantly served as an inspiration for overcoming difficulties that appeared during
the study. We describe the regularisation theory and methods that are used for searching and

integrating orbits in our research.

In Chapter 3, we introduce the Caledonian Symmetric Four-Body Problem (CS4BP) [66]
which uses a reduced and simplified set of variables for the four-body system. This problem is
useful as it suits the properties of the type of solutions we are searching for. The equal-mass
four-body Schubart orbit [70] and the family of collinear Schubart orbits [71] have also been

studied in a symmetrical framework.

The assumptions used for modelling the CS4BP are described. The Hamiltonian and
equations of motion for four bodies with Levi-Civita regularisation are derived. In modelling

the problem, we follow closely the approach by Sivasankaran, Steves and Sweatman [64, 63].

Chapter 4 introduces the general four-body problem and the equations describing it.

15



Solving this problem for our orbits tests their survival under general conditions with no
symmetrical restrictions imposed. The Hamiltonian and ten integrals of the problem are
described. We use the Heggie regularisation scheme which utilises the Kustaanheimo-Stiefel
coordinate transformation [1, 27, 41, 45]. This scheme was originally introduced as an

extension of the Levi-Civita coordinates in the case of a three-dimensional general system.

In Chapter 5, we outline our approach to search for the planar four-body interplay orbits.
The algorithm is given in detail for the case of equal masses. We then describe how this
algorithm can be generalised for pairwise symmetric solutions for unequal masses. The

strategies for analysing the linear and non-linear stability of the orbits are described.

All of the algorithms mentioned in Chapter 5 have been implemented in the MATLAB
environment, including the integrators for the symmetric system from Chapter 3 and general
system from Chapter 4. Additionally, the collinear four-body program in terms of the
coordinates used in Sweatman [70, 71] was coded in order to calculate the boundaries of the
family. Some additional algorithms were generated, mostly for the purpose of comparing the

accuracy of the chosen methods. These are mentioned throughout the current thesis.

Chapters 6 and 7 describe the discovered family of periodic orbits generated from the four-
body collinear Schubart orbit. First, in Chapter 6, we describe the results achieved for the case
of four equal masses and discuss their properties. The results, presented in this chapter, are

published and appear in Chopovda and Sweatman [22].

We extend these results to the case of pairwise symmetric unequal masses in Chapter 7.
Using the data from Sweatman [71], for collinear orbits, we construct boundaries for the planar
family. We locate the equal-mass orbits within this region. The stability of the newly-discovered

orbits is analysed. This is followed by a discussion of results and conclusions of the research.

The numerical studies involve the use of self-contained dimensionless N-body units [29].
In Appendix A we describe the non-dimensionalisation of the system. In principle, this could
be reversed in order to assess the actual physical units and to get an idea of the scale for such

systems.
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Chapter 2

Literature Review

This chapter is dedicated to a review of the research on three- and four- body problems. This
primarily concerns searches for families of periodic orbits and a stability analysis for these
orbits, but it also relates to the study of Schubart-like orbits. Because of the abundance of
literature dedicated to the three-body problem, we choose only those papers that are in some
way related to the Schubart orbit and its family. The literature review on four-body problems

is mostly focused on symmetric problems.

Since one of the difficulties in exploring the N-body problem is the singularities in the
equations due to collisions and near-collision events of the bodies, it is necessary to discuss
methods for avoiding these singularities. Another part of this review is dedicated to types of
regularisation for the equations of motion during numerical simulations of three- and four-body

problems.

There are, however, many books about the general theory of celestial mechanics and stellar
dynamics that give a good introduction to the problem, methods that are used for studying
the gravitational systems and studies that have been done in the past. Whittaker [81] provides
a detailed summary of the theory of particle dynamics, with particular interest to Hamiltonian
systems. The problem of three bodies with its possible reductions is given and the stability of
periodic orbits in general. One of the chapters is dedicated to a detailed proof of the theorems

by Bruns and Poincaré about the classical integrals of motion for the problem.
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Siegel and Moser [62] explain the general theory and the establishment of the three-body
problem. The analytical background of periodic solutions in the restricted three-body problem
and their stability is given. They provide a derivation of Sundman’s theorem about a series
solution for the three-body problem with the exception of a triple collision. The solutions

leading to a triple collision are discussed.

Stiefel and Scheifele [69] is one of the classical books in celestial mechanics that discusses
the classical theory of Keplerian motion, and the theory and geometry of the K-S regularisation.
The perturbation theory is formulated and discussed in terms of canonical analytical mechanics.

The numerical methods for solving different problems of stellar dynamics are presented.

Szebehely [75] is another interesting book that covers the analytical and numerical
explorations in the restricted three-body problem. It gives a detailed summary of the results
by that time, both in the circular restricted three-body problem and modifications of the
problem to the elliptic problem, the problem in 3D and Hill’'s problem. Principal aspects of
the restricted problem are discussed, such as curves of zero velocity, libration points and

stability in their neighbourhood.

Aarseth [1] provides algorithms for N-body numerical simulations and a description of
the methods and transformations that are commonly used with few- and N-body problems.
A summary of types of regularisations are presented with algorithmic descriptions for each of
them. Part of the book explains the organisation and setup of the CHAIN-algorithm developed
by Mikkola and Aarseth [41, 45], the code for which is freely available on the internet by the
link https://www.ast.cam.ac.uk/~sverre/web/pages/nbody.htm. Aarseth also
considers practical aspects of the N-body problem with respect to star clusters, galaxies and

planetary systems.

Heggie and Hut [28] published a book “The Gravitational Million-Body Problem” that
is aimed at understanding the dynamics of globular clusters. They discuss the importance
of studying the million-body problem by considering the problem from the point of view of
several disciplines: physics, astronomy, mathematics, and computer science. The book includes

an investigation of the few-body problem with gravitational scattering, binary star systems and
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formation of triple-star systems provided with numerical methods relevant for the problem. This
is followed by explorations of the million-body system evolution including discussion of energy
within a star cluster and the evolution of parameters such as total mass and a measure of the

cluster radius.

Roy [58] discusses the possible types of motion in stellar systems from the simplest case of
two bodies to many-body problems. The Caledonian Symmetric 2/N-body problem is introduced
and discussed for the cases of N = 1, 2, 3. A significant part of the book is dedicated to the
stability and evolution of the Solar System, in particular the Earth-Moon system and the
systems of Saturn and Jupiter with satellites. Some of the artificial orbits and applied aspects
of the orbital motion are discussed by considering the dynamics of a rocket, artificial satellites

and also interplanetary trajectories.

2.1 The three-body problem

The three-body problem is one of the most extensively studied problems, both analytically and
by numerical experiments, in stellar dynamics. In its general statement it is very complicated

for a systematic analysis. For this reason there exist studies of the problem in a restricted form.

The restricted three-body problem is introduced with the assumption that the mass of
one of the bodies is infinitesimal (or zero), so that its motion does not affect the other two
bodies. The two remaining bodies execute elliptic or circular orbits about their common centre
of mass. Depending on the type of orbits, the problem is called the circular restricted three-body
problem or the elliptic restricted three-body problem, respectively. In fact, the circular restricted

three-body problem is the case of elliptical orbits with eccentricity e = 0.

Within the restricted and general problems, one can define a more specified problem
depending on the initial configuration of the bodies. For example, in the Sitnikov problem,
the third body is defined to move under the influence of the first two bodies in a plane

perpendicular to the orbital plane of the first two bodies. In the Pythagorean three-body
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problem the bodies are arranged on the vertices of a 3 — 4 — 5 right triangle and have a mass

ratio 3 : 4 : 5 [31, 76].

Also, depending on the initial conditions, there can be problems defined on a plane (the
planar three-body problem) or within a line (the rectilinear three-body problem). Introduction
of various types of simplifications and restrictions helps significantly in reducing the number
of degrees of freedom in the considered three-body system, which still exhibits rich and varied

dynamics.

One family of particularly interesting solutions has been discovered for the general planar
problem of three equal bodies by Hadjidemetriou [25], Hénon [32] and Broucke [12]
independently in the 1970s. According to Broucke [12], Hadjidemetriou was the first one to
obtain the orbits, although he only explored some of the orbits. The whole family, from its
very start, the Schubart orbit [59], was studied by Hénon [32]. The solutions are now known

as the Broucke - Hénon - Hadjidemetriou family.

In his study, Hadjidemetriou [24, 25] started with the orbit from the circular restricted
three-body problem and numerically continued it to the orbits for the general three-body
problem by varying the mass mgs. In doing so, he pointed out that it is natural to search for
general orbits starting from the well-known orbits rather than to search at random [24]. In a
following study [25], he extended the family of orbits for the case of three equal masses by
choosing the coordinate x3 as a parameter. Hadjidemetriou then used the orbits discovered to
test his method of finding the orbital stability, based on integration of the orbits for only half

of their period.

Hénon published a series of four articles [31, 32, 33, 34] on the topic of families of
periodic orbits in the planar general three-body problem. The overall idea was to show how
periodic solutions for the three bodies form one-parameter families, for given masses, not only
in restricted problems, but also in the general problem. This was done by providing examples
for some known orbits like the Standish orbit [31], the Szebehely orbit [76, 31] and the

Schubart orbit [59, 32, 34], with analyses of their stability.
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Hénon considered the general three-body problem with restrictions applied to the initial
conditions of the orbits. In his study, the origin of time and initial rotation angle of the system
are fixed, with an argument that one obtains an infinity of periodic solutions by changing time
and rotating the initial system around the centre of mass. The origin of time for the orbits
was chosen to coincide with the minimum of the distance between two bodies (a central body
with one outer bodies). The initial angle was fixed with all three bodies starting on the line
y = 0 with velocity vectors perpendicular to this line. The families of orbits were generated by

varying one of the integrals of motion: the angular momentum A of the system.

Hénon’s study of the Schubart orbit is of particular interest. The periodic solution that
Schubart discovered in 1956 [59] is a rectilinear orbit with two types of collisions: between
bodies 1 and 2 at ¢ = 0 and between bodies 2 and 3 at ¢t = T'/2, where T is the period of an
orbit. The middle body 2 acts as an intermediary between the other two, preventing them from
approaching each other at the centre. The topological proof of the existence of Schubart orbit
was provided by Moeckel [47].

A family of periodic orbits was generated from the equal-mass Schubart orbit, again using
angular momentum as a parameter. It was found that the angular momentum along the family
first grows until it reaches a local maximum, then it decreases until a minimum is reached, after

which angular momentum continues growing towards infinity.

Both extrema of angular momentum correspond to changes in stability of the orbits: the
Schubart orbit itself is stable, and so are the orbits from the first region. The area between the
two local extrema of angular momentum consists entirely of unstable orbits and, after angular
momentum passes through the local minimum, the orbits become stable again. The family

finishes with two bodies separated by an infinite radius from the third one.

In the last article of the series, Hénon explored the stability of the family of the collinear
Schubart orbits. These were generated from the equal-mass Schubart orbit by fixing the total
mass of the system. The considered cases covered all possible values of the three masses
including the limiting cases when one or two masses vanish. The masses were parametrised by

fixing the total mass of the system.
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In order to better present the results, Hénon constructed an equilateral triangle of height 1
(the value of the total mass) with vertices labelled as 1, 2, 3. Within the triangle diagram, each
point is characterised by its distances to the three sides. These distances represent the values
of the masses. For example, the point located at the vertex 1 means that m; = 1, my = 0,

m3:O.

The constructed triangle of three mass ratios allowed Hénon to see and distinguish domains
of stability and instability for three-body Schubart orbits. This study found the possible mass
ratios for three-body stable systems. It was shown that the domain of stability covers about

46% of the total area of the triangle.

In the meantime, Broucke [12, 13] found some new families of periodic orbits of three equal
masses by exploring the general three-body problem with no regularisation applied; one of the
families which was partially repeated by Hénon. Broucke studied the symmetry properties
that orbits of general planar and restricted circular and elliptic three-body problems possess.
Different strategies for the differential corrections method for obtaining periodic solutions in

various coordinate systems (such as heliocentric, barycentric, etc.) were presented in [12].

Broucke [13] distinguished two types of periodic orbits: absolute periodic and relative
periodic orbits. For the absolute periodic orbits the period of orbits coincide with the period of
the system’s rotation about the centre of mass, so the bodies come to exactly the same positions
at the end of each period. In the relative periodic orbits, the positions and velocities of the
bodies are relative to each period T' during which the system has rotated by a fixed angle 6.
Thus, the relative periodicity is with respect to the rotating frame of reference with angular

velocity w = 0/T, which would be absolutely periodic if the angle 6 is a rational fraction of 27.

Broucke also studied the stability properties for the elliptic and circular three-body
problems [10, 14|, that are, in principle, extendable to the stability analysis for the general
three-body problem. He used variational equations for constructing a 4 x 4 fundamental
matrix whose eigenvalues indicate the stability of the periodic solution. The eigenvalues of the

Hamiltonian systems occur in reciprocal pairs A, 1/A [81]. So, the characteristic equation of
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the fundamental matrix can be written as [10, 32, 81]
MyaX+a)+a +1=0.

The coefficients a;, as € R are called the stability coefficients. Rewriting the characteristic

equation in the form
(A2 =k A+ D) (p? — kop+1) =0,

where A, 1/A, pu, 1/p are the four eigenvalues of the fundamental matrix, gives the stability
parameters k1 = A+ 1/A, ks = p + 1/p described by Whittaker [81]. The orbit is stable if
ki and ko are real, and are both less than 2 in absolute value [10, 32, 71, 81]. Also, since the
determinant of the fundamental matrix is 1, for a stable orbit the eigenvalues are located on a

unit circle.

Broucke distinguished seven regions of stability in the (a;, az) plane [10], depending on the
form of the eigenvalues. Later, Broucke analysed the stability and properties of the eigenvalues
on the boundaries between the stability regions [14]. Of the seven regions only one region is

stable [32], that is the region I (Figure 2.1) with

2
4 <a <4, 2]a1|—2<a2<%+2, <4, k<4

The other six regions (regions from II to VII in Figure 2.1) are all unstable and differ from one
another by the form of the eigenvalues. Region II is called the complex unstable region, which
can only appear for systems with at least four degrees of freedom. Regions III - V are unstable
and differ by the signs of stability parameters of the system. Broucke [10] calls Regions VI-VII

semi-unstable, as one of the stability parameters is stable, but the other one is unstable.

In 1988 — 1991, Mikkola and Hietarinta [42, 43, 44| investigated the one-dimensional three-
body problem for the case of equal masses with positive or negative energy of the system.
Depending on whether the sign of the total energy is positive or negative, the system possesses

more kinetic or potential energy in magnitude, respectively (see Section 3.1 for details). The
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Figure 2.1: Seven stability regions, according to Broucke [10, 14].

stability of the Schubart orbit for cases of different masses is revisited [44], also with the study
of the region of quasi-periodic orbits surrounding the Schubart orbit. Another article, published
by Hietarinta and Mikkola [35] two years later, summarises the results of their work and extends

the study of equal-mass configurations to unequal masses.

Hietarinta and Mikkola [35] made a rough classification for types of motion possible in
three-body dynamics. In general, they distinguished the systems that stay bound and those
that break up. Bounded systems include periodic orbits and sets of quasiperiodic orbits situated
around periodic ones. In particular, they consider the Schubart region that consists of a set
of quasiperiodic orbits that surrounds the Schubart orbit and the Schubart orbit itself. These
orbits exist only for systems with negative energy. For positive energies at least one particle
has to escape and leave the other two as a binary; alternatively all three particles can separate

completely, which is impossible for negative energies.

The break-up systems are divided into two groups by the “dwell time”, or the time during
which all three particles stay close together, both in forward and backward integration of the
system. If a dwell time is nearly zero, the system is called “fast scattering”. Chaotic scattering,

or long interplay, also resonant scattering, systems have arbitrarily long interplay time.
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The regions of all types of motion were discovered using a Poincaré section constructed
from the quantities R and #. Both are derived from the variables of the system: R is a half of
the relative distance between one pair of bodies, and 6 is introduced as the relation between
relative momenta of the bodies and the kinetic energy of the system. The chosen values of R

and 0 indicate the initial conditions of the system.

The behaviour within regions was also identified for various masses of the bodies using
the Poincaré sections. It was discovered that in most cases the system breaks apart leaving a
bound binary and a single unbound particle [42]. For the scattering orbits it was also examined
whether the escaper is a lighter or a heavier body [43, 35], in both directions of time. From
the analysis of the results, it was suggested that the Schubart orbit and its stability has global
influence on the other regions [35]. For example, the quasiperiodic region and some types of

the scattering orbits are absent if the Schubart orbit is unstable.

The results for stability of the Schubart orbit for perturbations in all three dimensions
agree with the former results by Hénon [32, 34]. A triangle of masses, similar to Hénon’s [34],
was produced and analysed, in terms of rectangular coordinates a and b that are related to
the three masses. It was shown that the Schubart orbit exists for all choices of masses. The
Schubart equal-mass orbit was found to be stable and situated near the intersection of two
instability regions. In cases when the central mass is large, a large region of stable Schubart
orbits was observed. On the contrary, the stability is restricted to narrow regions for a small

central mass [44].

The structure of the Poincaré section and, in particular, the chaotic region was explored
later by Tanikawa and Mikkola [77, 78] with the use of symbolic dynamics. Instead of orbits,
symbolic sequences of binary collisions were considered. A symbol was assigned to each of three
possible kinds of collision in the collinear three-body problem: 1) collision between one of the
outer bodies with the middle body, 2) collision between the other outer body with the middle

body, 3) triple collision.

It was found that the Poincaré section is further subdivided into an increasing number

of regions that are separated by the triple collision curves. Each region was associated with
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different digits of symbol sequences. Also, some of the symbol sequences were called inadmissible
as they were found to be nonexistent. The numerical experiments showed that the number of
non-escape orbits (i.e. periodic in the sense of symbol sequence) in the Schubart region is

uncountable.

Similar structures were observed by Boyd and McMillan [9] in their study of gravitational
scattering in the planar restricted three-body problem. The system that was considered
consisted of a binary pair initially performing a circular orbit, and an incoming star. Boyd
and McMillan constructed a two-parameter initial-value space in terms of the initial phase of
the binary ¢ and the impact parameter b, which is a displacement of the incoming star from

the line going through the centre of the binary parallel to the velocity vector of that star.

The mapping of the angle of escape of the star leaving the system to its initial conditions
showed a particular structure of regions of non-resonant (smooth) motion separated by “rivers”
of resonant scattering [9]. The former corresponds to the only one close approach to a system
that results in either a simple flyby or an exchange with one of the members of the binary.
In resonant scattering the system was bounded for some time before the following ejection of
a star. A higher resolution view on the rivers of resonance revealed the existence of bands of

smooth behaviour separated by bands of chaotic motion.

One of the orbits from the Broucke - Hénon - Hadjidemetriou family was rediscovered by
Moore [48], who introduced the theory of braids as a tool for a topological classification of
motion in a three-dimensional space-time. It is now known as the criss-cross orbit [50]. This
orbit was numerically found to exist for different masses by Nauenberg [49], and later extended
to three-dimensional orbits by Nauenberg and Moore [50]. Some of the orbits, including the
criss-cross orbit, are shown to be stable by using a nonlinear simulation. The linear stability of
the criss-cross orbit was later studied by Chang, Ouyang and Yan [17] by utilising symmetries

of the orbits and using index theory.

The existence of symmetric families of “Schubart-like” orbits has been further studied by
Martinez [36, 37] for the case of n > 3 bodies. The study initially concentrated on the periodic

orbits that have two collisions (not necessarily binary collisions) in one period [36]. Martinez
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uses the blow-up technique introduced by McGehee [38] which has an effect of replacing the
total collision with a collision manifold so that the system can be studied in the neighbourhood
of the collision. A following paper by Martinez [37] considers the families of orbits with many

singularities in one period. Examples of planar, pyramidal and polygonal systems are provided.

2.2 The symmetric four-body problem

Numerical studies in the four-body problem originate from the last century. However, the four-
body problem was first studied as a perturbed three-body problem with an added infinitesimal
fourth mass. Some of the first numerical explorations of the interaction of two equal-mass
binary stars were performed by Mikkola in the early 1980s. Four types of final motion were

identified [1, 39] as:

a pair of binaries,

a triple system and one escaper moving away from the system’s centre of mass,

one binary with another two bodies separately escaping the system,

total disruption of the system into four single masses that move independently.

In the general four-body problem the number of degrees of freedom increases compared to
the three-body problem. The dynamics of the problem is even more complicated than for the
case of three bodies. In order to reduce the dimensions of the system to manageable levels, yet

leave it meaningful to real systems, some special conditions of symmetry can be introduced.

In 1998, Steves and Roy [66, 67] modelled a simplified symmetric problem for a quadruple
system. The idea of introducing such a problem lies in utilising possible symmetries of a four-
body system, thus reducing the number of equations. Also (Sweatman [74]), because some
orbits are symmetric in the general problem, they can be discovered and studied with less

effort if considered in a symmetric context.
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Two different hierarchies of the system were considered: the linear and the double binary.
By hierarchy the authors mean a particular arrangement of the system in terms of a designated
number of disturbed two-body motions. For the linear hierarchy two bodies are orbiting each
other, while the third body orbits their centre of mass at a great distance from it. The fourth

body orbits the centre of mass of the first three bodies, at a far greater distance from them.

The double-binary hierarchy accounts for two symmetrical binaries which rotate about
their centre of mass. The problem with a double-binary hierarchy was named the Caledonian
four-body problem (after the name of Glasgow Caledonian University where the research was
conducted).  The Caledonian double-binary four-body problem was later renamed the

Caledonian symmetric four-body problem [58].

The Caledonian problem exhibits additional symmetry about the origin [66]; at any time
one of the outer (or inner) bodies mirrors the motion other outer (inner) body. The double-
binary hierarchy also requires that the distances between two bodies in the binaries are the
same, as well as the distances between both centres of mass of the binaries and the centre of

mass for the four bodies.

An advantage of the Caledonian model in both hierarchies, compared to the general four-
body model, is that it successfully reduces the number of variables. For a general four-body
problem the number of variables is 24 with 28 initial parameters (12 for positions, 12 for
momenta and 4 for masses). This is reduced to 10 variables (4 for positions, 4 for momenta and
2 for masses) with only 6 initial parameters. The ten classical integrals of motion in the general
model are reduced to just two: the energy integral and the integral of the angular momentum

of the system.

A connection between the Caledonian symmetric four-body problem and the circular
restricted three-body problem was drawn [67]. Steves and Roy studied the symmetrical
equilibrium solutions for equal masses in the system in the form of a square, a triangle and a
straight line. They showed analytically that when two masses are reduced to zero, then the

solutions are reduced to the Lagrange points in the limit.
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Steves and Roy [66] (also see Roy [58]) discussed the Caledonian symmetric N-body
problem for the cases N = 2,4,6 and the possible types of motion for the problem. They
derive an analytical stability criterion for the Caledonian problem and show that its
hierarchical stability depends on a parameter Cj, the Szebehely constant, which is the
function of the total energy, angular momentum and the moment of inertia of the system. It
was stated that “the system is hierarchically stable if it maintains its initial hierarchical state

for all time”.

The possibility of studying the Caledonian symmetric problem for odd numbers of bodies
was also proposed [58]: by introducing another point-mass at the centre of mass that remains
at rest. This allows us to regard the Caledonian problem as a model of a star with a planetary

system.

Sweatman [70, 71, 74] studied the collinear symmetric Newtonian four-body problem for
which he conducted research similar to that of Mikkola and Hietarinta [42, 43, 44, 35]. The
motion of bodies in the symmetrical one-dimensional four-body problem is restricted to a line
where they undergo elastic collisions, with a symmetrical distribution of bodies about the
system’s centre of mass. The total energy of the system is taken to be negative so that at least

one pair of bodies will be bound.

It was found that the results resemble the collinear three-body problem results [31, 32, 33,
34,42, 43, 44, 35]. The orbits form three regions on a Poincaré section similar to those observed
by Mikkola and Hietarinta for the three-body problem. For the majority of orbits it was found

that the system starts and finishes as distinct subsystems of binaries and single bodies.

The bound-orbit region consists of a periodic orbit similar to the three-body Schubart
orbit and quasiperiodic orbits surrounding it. The equal-mass Schubart periodic orbit for four
bodies was found to be unstable under two- and three- dimensional perturbations, although

stable under collinear perturbations. This contrasts with Hénon’s results for three bodies [31,

32, 33, 34].

In a following paper [71], Sweatman generates a family of symmetric periodic interplay
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orbits from the equal-mass Schubart periodic orbit discussed above. The stability of the orbits
is studied. For this family the total mass of the system is fixed, but the masses of the outer

and inner bodies are varied.

The author describes thoroughly the process for determining the stability of the orbits. For
each orbit the collinear and transverse perturbations are applied separately. Then, four stability
indices are derived: two for collinear perturbations, one for transverse perturbations with a
reflective symmetry about the x-axis, and one for transverse perturbations with a rotational

symmetry about the centre of mass.

The results of linear stability analysis show that there are three stable regions for the mass
range: one region unstable to collinear perturbations and two regions unstable to transverse
perturbations. The long-term integrations in one dimension and three dimensions confirm the
results. Again, the results look similar to the three-body problem in the sense that if one
pair of outer bodies is replaced by a single combined mass, the intervals for stability will be

comparatively similar to those for the three-body problem.

The limiting cases for the masses were studied, and it was found that when the outer mass
tends to zero, all the energy is contained within the central binary and the system is stable.

The case with zero inner mass is collinearly stable but unstable to transverse perturbations.

Sekiguchi and Tanikawa [60] also studied the one-dimensional Newtonian four-body
problem with the use of a Poincaré section, McGehee coordinates [38] and symbolic dynamics.
Their research was similar to the one for the three-body problem conducted by Tanikawa and

Mikkola [77, 78].

The results they gave are in agreement with the collinear three-body problem results [42,
43, 44, 35] and the results of Sweatman [70, 71]. Three regions on the surface of section were
discovered: the chaotic region, the fast-scattering region and the quasi-periodic region with the
Schubart-like orbit and unstable periodic solutions. Similarly to [77, 78], the stratified structure

of the chaotic region was revealed, which was also shown in Sweatman [70].

Ouyang and Yan [51] proved analytically the existence of the Schubart-like orbit for four
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bodies. The proof consisted of deriving initial coordinates for the orbit in regularised
Levi-Civita-type coordinates, finding the upper bound on the positions of the bodies, showing
that the velocities are continuous functions of the coordinates, and then deriving the
corresponding positions and velocities for ¢ = T/2, T, 31/2, etc. It was shown that the
half-period coordinates, as well as the coordinates for ¢t = T, satisfy the initial conditions, and

this holds for all periods.

Bakker et al. [4, 5] studied the linear stability of the Schubart-like four-body orbit for
different masses by using the analytic-numerical method of Roberts [55, 56] in regularised Levi-
Civita-type coordinates. Use of symmetries in time and regularised coordinates allowed them
to reduce the stability analysis of an orbit to a quarter of its regularised period (half-period in
real coordinates). The monodromy matrix was then reduced by using the relevant factorisation
and symmetries of the problem. The linear stability results confirmed the stability regions, as

calculated by Sweatman [70].

Bakker et al. [5] also studied the existence and stability of the planar pairwise symmetric
four-body problem with masses 1, m, m, 1. This problem is also sometimes called the
rhomboidal symmetric four-body problem. Two of the bodies are initially on the z-axis, and
the other two on the y-axis, all symmetrical with respect to the centre of mass at the origin.
The region of stability for different values of mass m was identified with Roberts’ method [4]

and by using characteristic multipliers [5].

Further studies of the Caledonian symmetric four-body problem were conducted by
Sivasankaran, Steves and Sweatman [63, 64] who proposed a suitable regularisation for
integrating the problem. They used the Levi-Civita type regularisation with a
time-smoothing transformation which enabled them to study close encounters and collision
events. The algorithm they used showed good properties in conserving the total energy of the

system. It is further explained in Chapter 3.

In 2014 Sweatman [73] found a new planar periodic solution for the problem of four bodies
with an orbit similar to the three-body orbits that Hénon derived from the Schubart orbit [32].

This suggested the existence of a four-body family of planar periodic orbits generated from
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the Schubart-like orbit. The family of orbits was expected to have similar properties to the

three-body family found and examined by Hénon.

The variational approach was first introduced for the figure-eight orbit of three bodies
by Chenciner and Montgomery [18]. The four-body ‘hip-hop’ orbit was discovered in three
dimensions [19] using the same principles. This led to a sequence of studies dedicated to
searching for the four-body solutions by searching for minimisers of the action functional defined

in appropriate spaces under topological constraints.

Chen [20] discovered an interesting planar symmetric four-body star-shaped orbit, in which
each pair of bodies shared the same path. An interesting feature of this orbit was that the
configuration of the masses changed from square to collinear, and remained a parallelogram
for all times [20]. Another set of orbits belonging to the parallelogram four-body problem was
proved to exist by Chen [21], and their linear stability were analysed by Peng, Yan, Xu and
Ouyang [53]. An interesting pentagon star choreographic solution for equal and unequal masses
was considered in Ouyang and Xie [52]. A group of orbits was presented for a double isosceles

and an isosceles trapezoid initial configuration by Yan [82].

Broucke [15] gave a thorough classification of the four- and five-body planar periodic orbits
regarding the symmetries they possess and presence of choreography solutions. He distinguished

five different classes of symmetries for four-body orbits, namely:

Class 1: initial orientation of the bodies is collinear, the orbits are symmetric about the

xr-axis, but not necessarily about the y-axis,

e (lass 2: initial orientation of the bodies is collinear, the orbits are symmetric with respect

to the system’s centre of mass,

e Class 3: one pair of bodies is at a right angle to the other pair of bodies, the orbits are
symmetric about both the x- and the y- axis; some of the orbits are of choreography and

semi-choreography types (bodies sharing the same orbit path),

e Class 4: initial positions of the bodies are in the double isosceles triangle configuration,
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with two bodies on a line parallel to the x-axis and another two on the y-axis at right

angles,
e (Class 5: initial positions of the bodies are in the trapezoidal configuration, with the

appropriate symmetric velocities.

The most common structure of the four-body periodic system was found to be in the form
of two binaries rotating about their centre of mass. From the preliminary results of the current
work it might be deduced that the four-body Schubart periodic orbit and the corresponding

family of orbits belong to the Class 2 periodic orbits.

2.3 Types of regularisation

The classical equations of motion for the N-body problem have the form

2
méé:Z%ﬂSr) i=1,2... N, (2.1)
J#i
where the units are chosen such that the gravitational constant is set to 1, and r; is a vector
of the i-th body’s coordinates. It can be seen that the equations of motion are singular at the
collision since the gravitational attraction as well as the acceleration of the bodies are infinite
[8, 69]. Thus if the particles approach one another very closely, a near collision event happens.

Standard numerical techniques fail close to such events.

The theory of regularisation was developed in order to overcome such numerical difficulties.
The singularities due to two-body collisions can be eliminated by the appropriate choice of the
independent variable [75]. The purpose of regularisation is to eliminate singular behaviour by
transforming singular equations into regular ones. When the elimination of singularities is not

feasible, often a time transformation is introduced.

Regularisations are accomplished by transformations of the variables occurring in the

differential equations of motion. Poincaré was first to propose a technique that transforms the
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independent variable in the Hamiltonian system [46, 54]. By defining dt = gdr, the time is
transformed to the new independent variable 7, where g(p,q) > 0 is a function of position p

and momentum q variables of the system.

Time is taken to be a canonical coordinate ¢t = ¢y by adding the momentum of time (also,
binding energy) po = —F = H(0) to the Hamiltonian H [46], where E is the energy of the

system (E = H = const). The new Hamiltonian is then taken as

I'=g(p,a)(H(p,q; q0) + po), (2.2)

which gives the equations of motion [46]

e or dq oI dp__@F
dT_apo_g’ dr  op’ dr — 0q’

In the original regularisation of the problem of two bodies, as proposed by Sundman in
1913 [8], the usual choice of the new independent variable 7 is introduced through a differential

relation [62]:
dt = qdr,
where ¢ is the distance between two colliding bodies.

This technique is helpful because it changes the time-step during numerical integration.
As g becomes smaller, the time-step of integration, At, also decreases in order to accommodate
the large changes occurring on the right hand side of the equations to be integrated. Some
function ¢ could be used instead of distance q. The choice g = ¢® with a as a constant was
discussed in Bettis and Szebehely [8]. They found that the selection o = 3/2 is the best choice

for a transformation. The case a = 1 is the classical Sundman’s regularisation [8].

Other choices of the function g were suggested later by various investigators. Szebehely [75]

discussed the use of the inversion of the velocity vector, Aarseth and Zare [1, 3, 41] proposed
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a function of the form

QZH%] g = Ty —Tj, i:1727"'7N7 (23)

i<j

while Heggie [27] considered smoothing transformations for simultaneous collisions of N bodies

in the form

1T a;

1<j
B
1<)

The use of function ¢ in the form of the inverse of the potential energy of the system U

g:

or the inverse of the Lagrangian of the system L =T — U (where T is the kinetic energy) was

also explored [3, 8].

It was also recognised [8] that such transformations on their own do not offer the best
formulation for numerical work. Regularisations with transformations involving both the
dependent and the independent variables were used to transform the equations of motion into
their form suitable for numerical integration. Such regularisation techniques are essentially

based on three steps [16]:

1. a coordinate transformation,
2. the introduction of a fictitious time 7 by the properly chosen function g,

3. the use of the energy integral (the Hamiltonian H of the system) in order to transform

the singular differential equations into regular ones (Equation 2.2).

For planar motion the Levi-Civita transformation is commonly used as the simplest for

implementation. In 1920, Levi-Civita introduced a coordinate transformation of the form

g1 = Q% - an
g2 = 201Q,
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Figure 2.2: The revolution about the centre of mass in real coordinates (left) becomes half the
revolution about the centre of mass in regularised coordinates (right). (Reproduction of
Figure 4 in Celetti [16])

where ¢; and ¢y are the components of the interbody distance vector q, and )1 and @)y are
the new dependent variables. For the two-body Hamiltonian, this transformation yields the
Hamiltonian of a harmonic oscillator [46]. It might be noted that the Levi-Civita coordinate

transformation can be written as the conformal squaring

where z = ¢; + 1q2 and w = @1 + Q)2 are complex vectors. It follows that

q=0Q1+ Q5= (¢ +a3)"?

i.e. in the Levi-Civita coordinates the expression for the interbody distance R does not require

the calculation of a square root.

The angles at the origin are halved in the regularised coordinates [16]. Denoting the angle
between the position vector and the origin in the original coordinates by # and in regularised

coordinates by ¢ gives

Q2
q2 201Q- 2- Q1 2 tan(w)
tanf = = = = L — = tan 2.
6 Q-G 1 (@p 1w

Consequently, if in the original coordinates one body makes one revolution about the other,
then in the Levi-Civita coordinates this body will make only one half of a revolution [8, 69]

(see Figure 2.2).
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This type of regularisation was also used effectively in Sivasankaran, Steves and
Sweatman [63, 64], although with the time transformation similar to the one proposed by
Heggie [27] (Equation 2.4). It was shown to be effective for close two-body encounters by
performing a test on preserving energy during numerical integrations. The energy errors were

at most of order 1075.

A new method of regularisation, based on the Levi-Civita transformation, of simultaneous
binary collisions, was proposed by Waldvogel [79] for the planar problem of three bodies. The
coordinate transformation is performed in terms of fourth degree polynomials. A possibility of
a triple collision is avoided by choosing a suitable time transformation so that it can only be
approached asymptotically. This regularisation was used by Hénon [31, 32, 33, 34| in his study

of the families of planar three-body orbits.

It was shown by Hurwitz in 1933 that the generalisation of the Levi-Civita coordinate
transformation to three dimensions is not possible [8]. However, the transformation can be
performed in four dimensions. Kustaanheimo and Stiefel [69] generalised Levi-Civita's
transformation to the case when motion takes place in three dimensions by using two

four-dimensional vectors q and Q connected by relations

@ =QF - Q3 — Q3+ QF,
G2 = 2(@1@2 - Q3Q4)7
g3 = 2(Q1Q3 + Q2Q4),

ga =0

with a magnitude

q=Q7+Q5+Q;+ Q7

The Kustaanheimo and Stiefel (K-S) transformation was found to be successful and is
widely used for N-body problem integration. It was generalised later by Aarseth and Zare [1, 2]
for three-body systems. This was extended for N-body systems by Mikkola and Aarseth [41, 45],

now known as the chain method.
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S

Figure 2.3: An example of a four-body chain

Figure 2.4: Heggie’s global regularisation applied to the same example as in Figure 2.3.

The Aarseth-Zare method, or chain method, uses a chain of shortest interbody distance
vectors (see Figure 2.3 for the example of a four-body chain). The vectors are labelled and
transformed using K-S regularisation. During numerical integration, if particles change their
order, or “non-chained” distances become small comparing with “chained” distances, the

switching and relabelling of the chain vectors occurs.

At the same time, Heggie [27] found a way to simultaneously regularise all possible two-
body collisions and thus invented the global regularisation method for N-body systems. This,
however, results in a further increase in the number of variables and the differential equations
for the problem. It is seen in Figure 2.4 that Heggie regularisation, applied to the general four-
body system, increases the number of equations from 16 (for the positions and velocities of the
bodies in the fixed problem) to 24 (for the interbody distances and corresponding momenta in
the regularised problem). In comparison, for the chain-formulation of the four-body system the

number of equations is 12 (6 for interbody distances and 6 for corresponding momenta).

Heggie’'s method was not widely used because of the complexity of the original
formulation. In 1985 Mikkola [40] employed a modified notation for the coordinates and

derived the equations of motions that made the use of the Heggie's global regularisation
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convenient. Also, an alternative time transformation was proposed. This adaptation of the

Heggie method is further described in Chapter 4.

A comparison of regularisation methods, with different choices of time transformations
for binary-single and binary-binary interactions, was conducted by Alexander [3]. The
following regularisation schemes were examined: Aarseth-Zare [1, 41, 45], Zare [1], Heggie
with Mikkola’s formulation [27, 40]. The tested time transformations include those discussed
earlier (Equations (2.3) and (2.4)), and functions involving the kinetic energy 7" as well as the

potential energy U of the system.

The conclusion Alexander made is that the most effective schemes of regularisation are the
chain regularisation and the Heggie global regularisation along with the time transformation
g = 1/L involving the Lagrangian of the system L = T'—U. However, the Heggie regularisation

is computationally expensive because of the large number of equations.
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Chapter 3

The Caledonian symmetric four-body
problem: the equations and Levi-Civita

regularisation

3.1 Equations of motion

The Caledonian Symmetric Four-Body Problem (CS4BP) was introduced by Roy [58] and
Steves and Roy [66, 67] in 1998. Sometimes it is also referred to as the Caledonian Symmetric
Double Binary Problem [58]. The idea behind this modelling was to build a system analogous
to the Copenhagen three-body problem (the circular restricted coplanar three-body problem
with two finite equal masses and an infinitesimal particle) for four bodies. Such a system can
provide some insight into the general problem of four bodies with the help of the symmetric

restrictions introduced.

The original investigation sought to model a restricted four-body problem with a minimum
number of variables and initial conditions. The introduced simplifications of the CS4BP model
reduce the initial four-body problem with 28 parameters (24 for positions and velocities and 4

for masses of the bodies) to only 18 parameters with only 6 acting as initial parameters [66].
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Figure 3.1: The initial configuration of the four bodies

We consider a system of four bodies 1, 2, 3 and 4 which have point masses my, ms, ms
and my (see Figure 3.1). The four masses move in coplanar orbits about the centre of mass
in a fixed plane. Each mass is described by two coordinates, x and y, for positions and two

coordinates, v and v, for momenta.

The position coordinates of the four bodies are taken to be ry = (x1,41), r2 = (22,¥2),
r3 = (—Z9, —Ya), ry = (—21, —y1) and the corresponding momenta are (uq,vi) = 2my (Z1,91),

(Uz, Uz) = 2my (9?5273)2)7 (—U2> —U2) = 2mgy (—5'7527 —92) and (—Ub —Ul) = 2my (—5'7517 —yl)-

The units of the system are the standard N-body units and are chosen so that the
gravitational constant G = 1 (see Appendix A for details). The centre of mass of the system

4
is fixed at the origin. The value of the total mass is fixed with M = 3 m,; = 4.

=1

The bodies are labelled as 1, 2, 3, 4 according to their initial order, from right to left.
The bodies 1 and 4 are referred to as the outer bodies, and the bodies 2 and 3 are called the
inner bodies. Although the relative position of the bodies may change as they move, we name

them according to their initial configuration.

The bodies form a collinear configuration at ¢ = 0, and initially move with velocities
perpendicular to the line from which they start. For simplicity we assume that at the start
of the integration time, or at time t = 0, the bodies are located on the x-axis. The initial

velocities of the bodies have opposite orientation and are perpendicular to the z-axis.

The CS4BP has two symmetric restrictions: about the centre of mass at the origin and in
time. Symmetry about the origin applies in such a way that the dynamical evolution of two
bodies on one side of the system’s centre of mass is a rotational image of that of the two bodies

on the other side of the centre of mass [66]. So, the bodies 3 and 4 move symmetric to bodies
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1 and 2 with

my = My, Mo = Ms.

The system is in a mirror configuration, i.e. it satisfies the Roy-Ovenden Mirror theorem
that states: “if N point masses are acted upon by their mutual gravitational forces only, and
at a certain epoch each radius vector from the centre of mass of the system is perpendicular to
every velocity vector, then the orbit of each mass after that epoch is a mirror image of its orbit

prior to that epoch” [58].

In other words, the dynamical behaviour of the four-body system after time ¢ = 0 is a
mirror image of its behaviour before t = 0. So, integrating the system backwards in time does

not change the description of the system’s behaviour.

In general, the planar four-body system is described by 6 classical integrals of motion: 4
for the centre of mass (3.1), 1 for the angular momentum of the system (3.2) and 1 for the total

energy of the system (3.3):

4 4
E m;T; = Zo, E m;T; = Zo
i=1 i=1

A j (integrals of centre of mass),  (3.1)
Zmiyi = Yo, Zmzyz =0
i=1 i=1
4
Z my (9 — yit;) = A (integral of angular momentum),  (3.2)
i=1
mi ;.9 .9 mim; .
— (&7 +97) — =F (integral of energy).  (3.3)
; 2 ; V(g =)+ (y; — vi)?)

By fixing the centre of mass at the origin we take the centre of mass’ integrals to be equal to
zero (g = yo = &9 = Yo = 0). The dynamical symmetry then eliminates the integrals of the

centre of mass, leaving only two integrals: that of the angular momentum A and energy E.

We take the initial time ¢ = 0 to coincide with an extremum of the distance between the
inner bodies, and the z-axis is taken parallel to the direction from body 3 to body 2 at that

time (see Figure 3.1). Combined with the symmetry properties, these two conditions can be
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written as

Y2 =0, ug =0 for t=0. (3.4)

The total energy of the system is constant and is taken to be E = K + U = —1, where

K = myi? + mq? + med2 + mot)2 = ——
147 1Y1 2T9 2Y9 Amy 4,

is the kinetic energy of the system, and

U 2mims  2mims  m3  mi
- = - - 3

T12 13 T14 723

is the potential energy of the system with

The choice of negative potential energy is dictated by the convention that for gravitational
systems the reference point, at which the potential energy is zero, is at infinite separation. Since
the potential energy increases as a mass moves away from another mass, it should be negative

at any finite distance.

By fixing the total energy with a negative value we require that in magnitude the system
possesses more potential energy than kinetic energy. This ensures that at least one pair of
bodies will stay bounded for all time. Hietarinta and Mikkola [35] cite Hopf who showed that
“the system actually stays bound forever or breaks up in both directions of time, with the

exception of a set of measure zero”.

Sweatman [72] (citing Mikkola [39]) outlines four possible outcomes in the case of even a

small positive energy:
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1. two separate binaries moving independently,

2. three bound together masses and an isolated single mass,

3. one binary with two single masses,

4. four isolated masses, moving independently (also called full ionisation).

In other words, when the total energy is positive, the system falls apart with at least one body

moving away. Sweatman [72] notes that the case leading to full ionisation can only occur when

the energy is divided evenly among the masses in the original configuration.

The system is symmetric and its Hamiltonian is

2mims  2mimse  m?  m?2
H=—(u 2 — (u? 2) — — -1z 3.5
4dm, (ul * Ul) * 4my (u2 - U2) 12 13 14 T23 ( )

The differential equations corresponding to the Hamiltonian are

dt — ou;’ dt — O’ dt — Ox; a oy '

with initial conditions that the bodies start at t = 0 on the x-axis with coordinates (z1(0),0),
(22(0),0), (—x2(0),0), (—21(0),0) and transverse momenta (0,v1(0)), (0,v2(0)), (0, —v2(0)),

(0, —v1(0)).

3.2 Levi-Civita regularisation

The differential equations are difficult to solve directly near close encounters because of the
singularity that occurs at a two-body collision. The precision of the numerical integration near
the collision event will inevitably become poor. The integration process becomes extremely
long: the step-size of a numerical integrator decreasing significantly to compensate numerical

errors at each step. This leads to the accumulation of round-off errors.

45



In order to enable integration through these events, we transform the singular differential
equations into regular ones by means of a variable transformation [69]. In this section we
follow closely the approach of Sivasankaran, Steves and Sweatman [63, 64] for regularising two-
body collisions in the planar symmetric system of four bodies. The proposed regularisation
scheme is an adaptation of the global regularisation developed by Heggie [27]. It makes use of

a Levi-Civita type transformation and a rescaled time.

In the general planar four-body problem there are six possible collisions between two bodies.

There are only four possible collisions in the CS4BP, namely:

e between the bodies 1 and 2 and between the bodies 3 and 4 - when the interbody distances

r19 Or r34 are equal to zero,

e between the bodies 1 and 3 and between the bodies 2 and 4 - when the interbody distances

r13 Or roy4 are equal to zero,
e between the outer bodies 1 and 4 - when the interbody distance r14 is equal to zero,
e between the inner bodies 2 and 3 - when the interbody distance 793 is equal to zero.
In order to regularize the singularities that occur during collisions, we use the Levi-Civita

coordinate transformation. First, we introduce the interbody coordinates ¢;, j = 1,...,8 which

are the r and y coordinates of the interbody vectors, by

g1 = T1 — T2, g5 = 21
@ =Yy — Y2, 96 = 2y1,
q3 = T1 + To, qr = 212,
g4 = Y1 + Yo, g8 = 2Ya.

The corresponding momenta p; are defined as related to the original momenta, u; and v;, by

means of the generating function Fj given by

O R

8
4= Ox;’ S oy’ where Fy = ijqj@la@ayl;yz), i=1,2,3,4.

j=1
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So, the generating function Fj is

Fi = pi(z1 — 22) + pa(yr — y2) + ps(@1 + z2) + pa(y1 + y2) + 20521 + 2petn + 2p7a + 2psys

and the relations between original momenta and the conjugate momenta take the following

form:

6F1 aF11

uy = -— = p1+p3+2ps, V1 = 45— = p2 + ps + 2ps,
8271 ayl
8F1 aF11

Uy = o— = —p1 + p3 + 2pr, Uy = o= = —P2 + pa+ 2ps.
Oy 0y

This gives four equations for eight momentum coordinates. For the inverse transformation we

require another four relations. We note from the definition of ¢; that

g5 = 1 + g3, qr = q3 — q1,

46 = q2 + qa, 48 = qa — Q2.

In order to eliminate the degeneracy found in the momentum coordinates, we choose a similar

relation to hold for the momenta

Ps = D1+ D3, P7 = P3 — D1,

Pe = D2 + P4, Ps = P4 — P2.

After summarising the above formulas, the conjugate momenta are derived using the formulae:

1 1

P11 = 6(“1 - u2), Ps = gul’
1 1
D2 = 6(“1 - U2), Pe = §U1,
1 1
p3 = 6(“1 + uy), pr = §U2’
1 1
P = 6(”1 + vy), ps = §U2-
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We finally perform the Levi-Civita regularisation by introducing the new coordinates

(Qg, Pr) such that

qk = Qz - QZ-‘—D dk+1 = QQka—i—la k= ]-a 37 57 7.

So,
q1 = Q% - Q%a ¢ = 2Q:1Q2,
g = Q3 — Q7 g1 = 2Q3Qq4,
g = Qs — QF, g6 = 2Q5Qs,
g = Q% — Q3, g8 = 2Q7Qs.

For the inverse transformation we use the relation

1 arctan £ 1 arctan £
Q1 = (a7 +¢3) " cos (—2 q1>, Q2 = (qf +¢3) " sin <—2 (h)‘
which originates from solving the equation z = w? or w = #/z, where 2 = ¢ + iqy,

w=Q1+1Qs, z, w € C.

Since x1(0) > x2(0) > 0 by assumption, then ¢;(0) and ¢2(0) are positive too, so we
can make a choice of neglecting the negative square root case. We then represent a complex
solution in a trigonometric form as z = re, where r = \/¢? + ¢3, § = arctan Z—f, or w =
N (cosg + 7 sin g) The same consideration applies to the other interbody distances. All g;

are positive, so the negative square root case is neglected.

An alternative inverse transformation involves only the use of square roots and is

represented by

Ty A k' Q= | YL@
' 2 ? 2 '

We tested both expressions, and they produced similar results in terms of computational errors

and simulation time. In the actual computations the first expression was used.
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The corresponding conjugate momenta P, are found using the generating function F3 by

OF °
Pk:afcgia where FZ(pk7Qk):ZPJQj(Q17 ) Q8)7 k:17’8
j=1

that is
Py =2p;Q; + 2pj1Qj11, Pji1 = 2pj1Qj — 2p;Qjta, J=13,57,

or, explicitly,

Py =2p1Q1 + 2p2Q2, Ps = 2p5Qs + 2psQs,
Py = =2p1Qa + 2p2Q1, Ps = —2p5Qs + 2peQs,
Py = 2p3Q3 + 2psQa, Pr = 2p7:Q7 + 2ps (s,
Py = —2p3Q4 + 2psQs, Py = —2p7Qs + 2ps Q.

The inverse formulas are

p1:_1P2Q2—P1Q1 p5:_1P6Q6_P5Q5
2 QI+Q3 2 Q3+Q5

p2:1P1Q2+Q1P2 p6:1P5Q6+PﬁQ5
2 QI+Q3 2 Q2+Q5

p3:_1P4Q4—P3Q3 p7:_1P8Q8_P7Q7
2 Q3+Q%F 2 QF+Q%

p4:1P3Q4+P4Q3 p8:1P7Q8+P8Q7‘
2 Qi+@Q? 2 Q2+ Q3

We additionally introduce a rescaled time 7, similar to one proposed by Heggie [27], which
includes a modification by the exponent power of g This was found to produce a better

performance in conserving energy [64],

dt 712713714723 (QF +@3)(Q3 + Q) (QF + Q)(Q7 + QF)

__g: p— .
dr (Fa+ s+ 74 +703)2  (Q34+ Q3+ Q2+ Q2+ Q2+ Q2+ Q%+ Q2):
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The final time-transformed Hamiltonian takes the form

I = g(Qi) (H'(Qs, P) — H(0)). (3.7)

where H’ is the original Hamiltonian considered as a function of regularised coordinates @); and
P;, H(0) is the initial value of the Hamiltonian, H(0) = FE.

The new regularised equations are

dQ; ar dP, or dt

- - —— — = , =1.2 4. .
dr 0P’ r 90, a9 = hs (3.8)

Their implementation showed satisfactory results in conserving the integrals of motion with

relative errors of order 107'° over several periods and within a reasonable computational time.

3.3 Orbital period

When we use the terms “periodic solution” or “periodic orbit”, we mean that the relative
configuration of the bodies at the beginning and end of a period is the same. The considered
orbits are not strictly speaking periodic because the whole system of four bodies is rotating
around the system’s centre of mass [31, 32]. This means that the start and end of the period

do not necessarily coincide in physical coordinates.

The standard definition of a periodic orbit for a three-body problem is found in Whittaker
[81] which states: “In the problem of three bodies, a solution is said to be periodic if the
mutual distances of the bodies are periodic functions of the time, although the bodies may not

necessarily have the same orientation at the end of a period as at its beginning”.

Following Hénon [32] and Sweatman [71], we use a rotating frame with constant angular
velocity w about the centre of mass, so the positions of the bodies at the end of the period are
rotated by some angle 6 with respect to their initial positions. Such a system of coordinates is

called “rotating coordinates” by Hénon [31, 32], and this kind of orbit is sometimes referred to
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Figure 3.2: Distance ro3 between bodies 2 and 3 against the number of its
calculations over about four full periods.

as a “relatively periodic orbit” [12, 13].

In our setting, the bodies’ initial conditions imply that the inner bodies are at extrema
at t = 0. Thus if we denote by rs3 the distance between inner bodies with r93(0) = 2x9, then
793(0) = 0. The next time when 793 = 0 is a half-period of the orbit and 753 is minimal. Distance
ro3 18 again at maximum when bodies complete one period, and so on (see Figure 3.2). Thus,
the relation that is used to determine the end of a period for stability analysis is 793 = 0, or in

regularised form,

(Q7Q7 + QsQs) = 0. (3.9)

Taking into account the symmetries of the CS4BP, we use a special case of the period’s
definition that relies on the fact that the bodies are on the same y = 0 line at the start of
integration. If integration starts at time ¢t = 0, then at time ¢ = T', or at the end of the period,
they must be lined up again in the same configuration. Using the line equation y = kx, we can

derive the following relation for the coordinates of the two bodies, and then apply the symmetry
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of the problem to the other two bodies on the other side of system’s centre of mass:

vy
i) T
or
Y1T2 — Y21 = 0. (310)

Thus, we say that when the relation (3.10) becomes true then the bodies have completed
one revolution one around another. It should be noted that the bodies are on a line not only
at the beginning and end of one period, but also at the half-period. However, since they are
in a different configuration, this crossing is skipped. For the purpose of increasing the speed of

computations the relation (3.10) is implemented in the regularised form

(Q6Q7 — Q5Qs)(Q5Q7 + QsQs) = 0.

However, in the calculations that break the initial collinear configuration, the former
definition of a period (Equation 3.9) is used. A similar relation to (3.9) is constructed for the
general four-body problem and used in the calculations that do not take into account the
symmetries of the problem. For instance, during the stability analysis we introduce
non-symmetric perturbations to test the orbit’s survival (see Section 5.4 for details). Also, in
the case of transverse or vertical perturbations the bodies are not on a line any more (see

Section 5.5 for details).

3.4 Rotating coordinates

As it was discussed in the previous section, the system rotates around the centre of mass (see
Figure 3.3) with constant angular velocity w. This means that the bodies deviate from their
original coordinates during one period by some fixed angle . We can represent this using a

rotating frame with constant angular velocity w = /T, where T is the period of an orbit.
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Figure 3.3: Bodies plotted in a non-rotating frame in fixed coordinates
(about five periods are shown)
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Figure 3.4: Bodies plotted in a rotating frame in rotating coordinates (about five periods are
shown)

The rotation of the physical coordinates by —f around the origin during one period makes
all successive periods of the orbits match one another (see Figure 3.4). It also helps us to see
the periodicity clearer, because for some orbits it is not obvious that the orbits are actually

periodic in the relative sense.

So, after tracking an orbit for one period T" we measure the angle # between the z-axis
and the line going through all bodies and the origin. We set the angle to be in the region
0 € [—m,m]. We then find the angular velocity w and introduce the rotating coordinates by

means of the rotation matrix for the time of integration ¢t € [0, 77,

coswt sinwt
R(t) =

—sinwt coswt

The rotating coordinates are essential to use during the search for orbits or in the stability
analysis of an orbit, as they allow us to determine the relative value by which the body deviated

from its initial position as it moves along its orbit. Some of the restricted three-body problems
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are defined and modelled within the rotating frame. This enables us to remove the rotation of

the system and search for periodic orbits of the reduced system.

We should note here that the way of representing the orbits in rotating coordinates is not
unique because angle ¢ is defined only modulo 27. We utilise this idea later in Section 7.5 in

order to observe the orbits from different perspectives.
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Chapter 4

The general four-body problem: a

three-dimensional view

4.1 Equations of motion

In this chapter we provide a description of the general problem of four bodies moving under
their mutual gravitational interaction. Although we aim to study symmetric systems, we should
include the possibility for non-symmetric behaviour. Even for symmetric motion, if an external
object affects the system, the chance that it will have a symmetric effect on the system is

extremely small.

It is important to determine whether the symmetric family of orbits survives under any
type of perturbation. In order to consider non-symmetric effects, we introduce and study the
influence of general perturbations within the general four-body problem. These can be planar

perturbations or those in three-dimensional space.

The classical four-body problem is formulated as for the many-body problem for the case
when the number of bodies is four. Each body has a mass m;, ¢ = 1,...,4 and is described by
three coordinates, r; = (x;,y;, 2;), for positions and three coordinates, m;t; = (u;, v;, w;), for

momenta in a fixed coordinate frame.
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The general problem in three dimensions is described by 10 integrals of motion: two more
integrals for the centre of mass are added for the third dimension, and the angular momentum

of the system is now described as three projections of the angular momentum vector,

4 4
E m;x; = Zo, E U; = U,
i=1 i=1

Z miYi = Yo, Z v; = g, (integrals of centre of mass), (4.1)

4 4

E m;z; = 2o, g w; = Wo,
i=1 i=1

4

Z(xzvz — Yill;) = Ay,

Z(yiwi — zv;) = Ay, (integrals of angular momentum), (4.2)

4
Z (u —I— v + w Z mim; : - E(energy integral). (4.3)

The centre of mass is at (2, Yo, 20) and moves with constant momentum (ug, vg, wp). We
fix the centre of mass by setting all the six integrals of the centre of mass to be zero. The

energy integral is fixed at the level —1, as before.

Now, when we apply the initial conditions for the targeted orbits (see previous chapter),
without stating specifically the symmetry of the orbits, we add the following modifications:
since the motion of the four bodies is entirely planar, both z and w coordinates of each body
are zero, unless there are any perturbations of them. This sets two of the angular momentum

integrals, A,, and A,., to zero.

To make sure that the Mirror theorem [57] is satisfied, we set the bodies to be in a collinear
configuration at ¢ = 0 and to have velocities perpendicular to the line from which they start.
Also, to set time and initial angle of rotation for the system, we take the initial time ¢ = 0 to

coincide with an extremum of the distance between the inner bodies, and the z-axis is taken
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parallel to the direction from body 3 to body 2 at that time. These two conditions can be

written as
T2 = Y2 — Y3 = 0,
for t=0,
7'"23 = U9 — U3 = 0
which simplifies to
Y2 = Y3,
for t=0. (4.4)
Uy = U3,

4
The value of the total mass is fixed as > m; = 4 with m; = my and my = m3. The energy
i=1

integral (4.3) is the Hamiltonian of the system, and the differential equations corresponding to

the Hamiltonian are

dt _8ui’ dt N (%i’ dt N &L'l-’ dt N (93/1’ P

4 (45)

with initial conditions that the bodies start at ¢ = 0 on the z-axis with coordinates
(21(0),0,0), (22(0),0,0), (x3(0),0,0), (x4(0),0,0), where z1(0), x2(0) > 0 and
z3(0), 24(0) < 0 and transverse momenta (0,v;(0),0), (0,v2(0),0), (0,v3(0),0), (0,v4(0),0),
where v1(0) > 0, v2(0) < 0, v3(0) > 0, v4(0) < 0.

4.2 Heggie regularisation

For the general three-dimensional four-body problem we use the regularisation proposed by
Heggie [27]. Similar to the previous section, in order to regularise the singularities arising in a
close encounter of any two bodies of the system, we map the three-dimensional physical space

onto a four-dimensional parametric space using a sequence of transformations.

As discussed in Chapter 2, the generalisation of the Levi-Civita regularisation cannot be
performed in three dimensions. However, a three- to four-dimensional mapping is possible. This
kind of coordinate transformation is called the Kustaanheimo-Stiefel transformation [1, 69]. In

this section we repeat steps from Mikkola [40] for obtaining the regularised Hamiltonian and
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the regularised equations of motion.

First, we introduce the interbody coordinate vectors q,; = (q1, g2, ¢3), which now represent
all six possible interbody distances in the four-body system as compared to the four required
for the symmetric problem. The indices ¢ and j indicate the bodies between which the distance
is taken. These indices are replaced by a single index k for interbody coordinate vectors q; in

the equations:
QG =qy=ri—1r;, k=4(i—-1)—i(i+1)/2+j, 1<i<j<d4
The corresponding momenta p;; are related to the original velocities of the bodies by
Py =Py = (mit; —myi;) /4, k=4(i—1)—i(i+1)/2+j, 1<i<j<A4

It is important to mention that, although the vectors q, and p, are three-dimensional, we
introduce the fourth components to both of these vectors for the purpose of Kustaanheimo-

Stiefel regularisation. These fourth components are set to be always zero.

The inverse tranformation back to the real coordinates is represented for the positions by

1 4 i—1 4
r; = M Z m;iQ;; — ijqji ) M = Zmea
j=1 e=1

j=i+1

and for the momenta as

1A =
f‘i:E Z pij_Eiji'
j=1

v =i+l

The generalisation of the Levi-Civita coordinate transformation gives rise to a 4-by-4 matrix

Q1 —Q2 —Q3 Q4
Q2 Q1 —Qi —Q3
Qs Q1 Q1 @
Qi —Q3 Q2 —Ch

where each Q;, is the Kustaanheimo-Stiefel regularised interbody distance and defined as Q,, =
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(Q1,Q2,Q3,Q4). The Kustaanheimo-Stiefel transformation [1, 69] transforms the coordinates

d;, P, into variables Q,, Py by

a, = L£(Q1) Qs (4.7)

1
ﬁk = E‘C(Qk)Pk/|Qk|2' (4-8)

It can be seen, as mentioned in Section 2.3, that the square root, involved in the interbody

distances, in Kustaanheimo-Stiefel coordinates becomes
R=a| =/l + @+ @ = Q" = QI + Q3 + Q3 + Qi (4.9)

Since, as we go from three dimensions into four, one of the components of Q, is arbitrary,
there is some freedom of choice when it comes to specifying the initial coordinates [1]. If ¢; > 0,
we combine the equation for ¢; from (4.7) with (4.9) [1] so that ¢; + R = Q?—Q3— Q3+ Q3+ R =

2Q% +2Q% and

Qi =[50+ R,

Q2 = %QZ/Qly
Q3 = %Q3/Q1
Q4 =0.

If ¢ < 0, we then subtract the equation for ¢; (4.7) from (4.9) which results in R — ¢; =

R—Qf+Q3+QF — Qf =205 +20Q3 and

Q2 = %(R - Q1),
= %CD/Q%
Q3 = 07
- 1
Q4 = §(J3/Q2-
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The initial regularised momenta are found using

Py = 2L7(Q,)by,

where £7(Q,,) is the transpose matrix of £(Q,) (4.6).

The function g used for the rescaled time 7 is the inverse of the Lagrangian of the system,
L = K —U with K as the kinetic energy of the system and U as potential energy of the system,
derived in regularised coordinates. Alexander [3] found that this relation of the rescaled time
produces the best efficiency in terms of the accuracy and time for the calculations. Thus, the
relation for time is
dt 1 1

e it (4.10)

Similar to the previous section, we derive the regularised Hamiltonian I' from the original
Hamiltonian H considered as a function H' of regularised coordinates @ and P, with H(0) as

the initial value of H’,

I'= g(Qx, Pr) (H'(Qu, Pr) — H(0)).

We derive the regularised equations of motion for the general four-body problem. As Heggie
regularisation takes into account all six of the interbody distances, the number of equations
for the regularised position coordinates is 24 (6 distances considered in the four-dimensional
space). Including the 24 equations for the regularised momenta coordinates and the equation

for the rescaled time, we obtain a system of 49 regularised equations of motion:

dQ,  or dpP,  or dt

e k=1,...,24. 4.11
d&r ~oRS  dr  0Q, dr 7 v (4.11)

4.3 A discussion on rotating coordinates in 3D

Referring back to Section 3.3, we seek solutions that are periodic within the introduced rotating

frame that moves around the centre of mass with constant angular velocity. This angular
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velocity is associated with the value of rotation angle and period of the system. There is also

a connection with the angular momentum of the system (Equations (6.1), (7.1), [32]).

This gets more complicated for the general problem when three-dimensional motion is
possible.  The conservation of three angular momentum integrals must be taken into
consideration. To define a three-dimensional rotating frame, we need to take into account
three Euler angles. The difficulty is to make sure that all ten integrals of the problem remain

conserved for both fixed and rotating coordinate systems.

However, we simplify this problem, because our aim is to separately introduce either planar
or vertical perturbations to the components (positions and momenta) of the system, one at a
time. In the case of planar perturbations the approach stays the same as before: only one angle

0 is used and this is defined on a plane. For vertical perturbations two situations are possible:

1. when perturbing the initial position coordinate z of a body: we may note from (4.2) that
when this perturbation is applied, the integral for A,. becomes non-zero (because y; = 0

and v; # 0 in the initial configuration of bodies i = 1,...,4)

2. when perturbing the initial momentum coordinate w of a body: for this perturbation
A,. = 0, but the integral for A,, becomes non-zero (because u; = 0 and z; # 0 in the

initial configuration of bodies i = 1,...,4)

We then perform two rotations: the first in the x — z plane to confine the motion to a
plane, and the second in the z — y plane by the angle § measured in a similar way as described

in Section 3.4.

Introducing the rotating frame in the general three-body problem might be tricky, because
the performed orbits themselves can be three-dimensional. However, because for our purposes
we only introduce small perturbations, we thus know that the perturbed motion will not deviate
much from the plane. The orbital period is defined as before, in terms of the inter-body distances

of bodies 2 and 3.
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Chapter 5

Periodic orbits: procedures for orbit

search and stability analysis

5.1 Introduction

In this work we have used various techniques in order to search for periodic solutions that
satisfy the conditions mentioned in Chapter 3, and to conduct further analysis of these periodic
solutions. The current chapter is devoted to the explanation of algorithms and procedures that

were used in the study.

The first section outlines the differential corrections procedure that is used for searching
for periodic orbits in principle. Here we follow the approach described in Broucke [11, 12] and

Hénon [32] for three-body orbits in general and restricted elliptic problems.

We should note here that in principle the differential corrections can be applied in different
ways to different parameters of the system. For instance, we have tested an implementation
of the differential corrections performed in regularised coordinates. This was as successful as

when applied to physical coordinates of the system.

The second section provides a sketch of the automatic search procedure, that utilises

the differential corrections and describes the idea of searching for the complete branch of the
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family, all at once. Most of the rest of the chapter is devoted to the algorithms for linear and
vertical stability analysis of orbits. Finally, a nonlinear stability analysis check is presented as

introduced by Mikkola and Hietarinta [42].

All of the described methods and algorithms have been implemented in the MATLAB
environment (versions from R2015a to R2017a) during this study. These are also used for

integrating orbits that are described later in Chapters 6 and 7.

In our simulations we use the standard MATLAB’s ode45 integrator which is based on
the explicit Dormand-Prince method of order 4 [23] from the family of Runge-Kutta methods.
Our usual choice of absolute and relative error tolerance for orbit integration is 107!2, as we aim
to obtain the orbit with high accuracy. This sets the local truncation error € of the numerical

integration to be within |¢] < max(1072 x |y|, 107'%), where y is the solution vector.

5.2 Differential corrections: a search for a periodic orbit

In the general four-body problem each body is described by three position and three momenta
coordinates, giving us a 24-dimensional phase space. In addition to that, each body has a certain
mass and volume: the latter is neglected by assuming point masses. Thus, when searching for

a periodic orbit, we manipulate a 28-parameter space.

In order to compute orbits of the desired type, we reduce the system and apply restrictions,
as discussed previously in Chapters 3 and 4. The motion is restricted to a plane, so the positions
and momenta corresponding to the third dimension are zero. The symmetry conditions reduce
the number of parameters to 10. This also sets the four centre-of-mass integrals (3.1) to zero

and fixes the centre of mass to be at the origin.

At the same time we define the origin of time and initial configuration of the system by the
relations (3.4). These relations also overlap with the initial collinear configuration that comes
from agreement with the Mirror theorem [58]. If the time or the initial angle are not set, we

could achieve an infinity of periodic solutions by simply changing the initial point on the orbit
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or by rotating the initial configuration by different angles [31].

By applying the initial configuration, we restrict another 4 parameters (position y and
momentum u coordinates). The masses are related by fixing the total mass: mg =2 —m;. We

keep the values of both masses fixed and use m; as a parameter.

Another two coordinates can be derived by fixing the integrals of total energy E (3.3) and
total angular momentum A (3.2) of the system. The energy integral is fixed at the level —1,

and angular momentum is used as another parameter in the search.

So, in other words, when we search for a periodic orbit, we search for a periodic solution
with particular properties for the specified values of parameters m; and A. In order to define
the initial state of the system, we need to specify another 2 parameters, z; and x,. This is

done by utilising the process of differential corrections.

In general, the periodicity conditions are defined by

r(t) =r(t+7), i(t) = £t +T),

where r is a coordinate vector containing the positions of all bodies, ¢ is time, and T is the
period of the orbit. These conditions imply that the distances between the initial coordinates

and the coordinates after one period should be zero.

In our setting the desired solutions are not periodic in real physical coordinates: the vectors
r(7) and #(T') are rotated and translated with respect to the initial vectors r(0) and 1(0) [32].
We think of the orbit as periodic with respect to the reduced system with rotating axes (see
Section 3.4 for details), and vectors r and I are defined within the rotating frame. However, if
the orbit is not quite periodic, then a small correction Arg might be introduced to the initial
vector ro = r(0) so that [13]

ro + Arg = r(T,ro + Aryp). (5.1)

We assume that the correction is so small that the linear theory is valid. Expanding the
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right-hand side in Ary about the point (7', ry) and considering only the first-order terms gives

ro+ Arg =r(7,r) + ﬁAro.
31'0

Rearranging the equation gives

9 —1
Arg = [—r - [] (ro — (T ro)), (5.2)

81‘0
where [ is the identity matrix, 5% is the matrix of partial derivatives, calculated at ¢t = T', and

—1 indicates the inverse of a matrix.

The corrections for the coordinates are obtained by solving the linear system (5.2). The
matrix of partial derivatives is found by perturbing each of the coordinates of vector r by a
small number (usually of order 1075 — 1078). The system is solved iteratively using Newton’s
method, until the corrections are close enough to zero. The differential corrections process is
similar to solving the minimisation problem for differences dr, di between the initial coordinates

and the coordinates after one period ([76]):

[(dri)Z + (er)Q] — 0,

4
=1

2

where dr =r(t+7T) —r(t),dt =1(t + T) — (¢).

The practical procedure is as follows. The differential corrections are applied on the initial
values of z; and xy coordinates. The initial momenta v;(0), v9(0) are obtained with 1074
accuracy from the energy (3.3) and angular momentum (3.2) integrals using Newton’s method

by

_ H(21(0), 22(0), vi(0), v5(0)) +1
9H (1(0), 22(0), v{(0), v3(0)) ’
ov

A =2z, (0)vitH(0)
a 2I2<0) ’

where ¢ is the iteration counter. On each iteration we first generate the variational matrix
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R comprised of the partial derivatives that have been calculated numerically as follows. We

calculate four perturbed orbits with:

1. the initial coordinate x1(0), perturbed by &,

(0)

2. the initial coordinate x1(0), perturbed by —¢,

3. the initial coordinate x5(0), perturbed by &,
(0)

4. the initial coordinate z(0), perturbed by —¢,

where ¢ is the value of the applied perturbation.

For increased accuracy, we apply perturbations in a symmetrical order. We follow the
perturbed orbits around for one period and obtain the coordinates at the end of the period.

Then we produce central differences by

0xi(T)  dxig;re — dwiq;—¢
Oxz;(0) 26 ’

7/-7 j = 17 27
where dz;,, ¢ = Tio;16(T) — Tia,4¢(0) and 54, 4¢(t) is the i-th coordinate, taken at time ¢ and
produced as a result of applied perturbation £ on the z; coordinate.

The variational matrix R is constructed as

Oz1(T) 0Oz1(T)

R aix; aiz _ | 921(0)  922(0)
dwa(T)  dwa(T) |
Q21 A22 6:1:21(0) 8:r22(0)

and we introduce the matrix C' as

1 axp —1 —ap

C=R-D"=m—p

—a21 app — 1

Then the corrected values of x1 and x5 are obtained from the differential corrections equations

as in (5.2):
ot B o . da! (5.3)
ay! T} d,

and the process is repeated with the new values of x; and x».
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The iterative process continues until the relative errors of the distances dr between the
initial coordinates and the coordinates after one period become less than 107, After the
orbit has been found, we integrate it one more time and launch its stability analysis, which is
discussed in Sections 5.4, 5.5. The overall algorithm for differential corrections is presented in
the diagram in Figure 5.1. It is further extended in the diagram in Figure 5.2 and referred to

as “the orbit search”.

The chosen value of ¢ is usually 107, but can vary between 10~7 — 10~ depending on
how far away the initial configuration is from the collision. It should also be noted that in
some cases a variable size of perturbations is used; for example, when the bodies are in a close
encounter and their initial coordinates are close to each other. If a perturbation is too big,
then it might be the case that bodies change their hierarchy which would lead to a different

solution.

Depending on the order of magnitude of the variables, different values of & can be applied
to the different variables. As mentioned at the beginning of this chapter, the differential
corrections can be applied to other combinations of variables of the system: for example, the
position z; and momentum v; coordinates of the outer body 1. In this situation, when it comes
to searching for a near-collisional orbit, the position coordinate needs to be perturbed by only
a tiny amount (107'?). For the momentum coordinate, the perturbation size can reach 103

because the bodies move infinitely fast in the limit.

In calculating the orbits that are close to collinear, a variable size of perturbation,
dependent on the distance between the bodies, is introduced to handle the challenges of
integrating close encounters. We use a prediction of the parameter di5, which is the difference
between starting values of x; and z, in the iterational process, and choose & = 1077 d,.
Knowing how far away the two nearby masses are, we safely perturb them by a much smaller

distance. This is mostly done by manual change of the perturbation size.

It was mentioned at the beginning of this chapter that an implementation of the differential
corrections performed in regularised coordinates was tested. The idea behind this was to

improve the performance time by removing the transformations between real and regularised
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Figure 5.1: The algorithm for orbit search using differential corrections
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coordinates. Also, working in regularised coordinates would allow us to initiate a search close
to the collisional orbits. However, this implementation was not used in practice because of the
increased number of variables and the inability to use relative differences in physical coordinates

as a criterion for differential corrections.

5.3 Automatic orbit search for various masses

For this study we aim to generate the family of planar Schubart-like periodic orbits. We first
generate the branch of the family with the mass m; = 1.000. By branch we mean a part of
the family with the specified value of the mass m;. The equal mass solutions are mostly found
manually by applying small changes to the angular momentum of the system and by small

perturbations of the initial coordinates xq, xs.

The idea behind the automatic search is to generate the whole branch of the family for
a chosen value of m;. It is partially derived from Broucke [11]. The important feature of the
program is that it stores and uses all previously found orbits of the same class. They are later

used to provide predictions for new orbits.

The program is designed in such a way that it is enough to specify the value of the mass
my to start producing new orbits. Let us denote the mass m; for which the search is being
performed by m;. The equal-mass orbits and the boundaries (see Sections 6.1 and 7.1 for

details) are loaded by default. We also load previously found branches, if there are any.

We start the search at the equal-mass orbits and decide whether the search is going to
increase or decrease the mass m. Then we introduce a stepsize Am; and, depending on the
previous choice, add or subtract it from the initial mass. Thus, for example, if the search
is going down, then m; = m; — Amy. In our program we initially chose Am; = 0.001 to
produce a thorough coverage of the family. Partially our choice is dictated by previous studies

by Sweatman [71] who used the same stepsize in mass.

From the loaded branches we search for the one which has closest m; to m; (variable
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N found). The orbits with the closest m; are then used as predictions for new orbits. We take
their initial coordinates and, by changing m; to my, initiate differential corrections for every
single orbit with m;. Because m; and m; are neighbouring masses, the coordinates for the
orbit with m; are considered as perturbed coordinates for the orbits with m;. In doing so, we

also assume that the physical parameters are continuous along the family.

After this part of the program is completed, we take the newly generated orbits for m,
and check how uniformly they are located and how many there are found (variable Norbits).
This is done in order to detect whether the orbits are far apart from each other, and if there is
a necessity to fill a gap, i.e. search for more orbits. In this part we use a fixed stepsize Adys for
the parameter d;5 which constantly increases along one branch of the family. The usual choice
is Adjs = 0.01, but sometimes Ad;, is decreased. This is done in order to meet better accuracy
in the behaviour of the family: for example, when the orbits are located on the boundaries of

stability regions.

If the program decides that two neighbouring orbits of the new branch are far away from
each other (distance between their parameters d5 is bigger than Ads3), then it performs a search
between the orbits. The number of orbits to find is determined by the variable NorbitsBetween.
To get the best prediction for an orbit, we pick n 4+ 1 neighbouring orbits and use polynomial
interpolation with degree up to n = 5. The initial guess for variables A, x; and x5 is achieved

from interpolation along the parameter ds.

Even though both stages of the search are important, sometimes the second part is skipped.
This is mainly to speed up the family generation. In some regions, mostly for the middle range
of masses, when the properties of the family change smoothly and no particular behaviour is
observed, we also omit the interpolation part. This is done by defining, in the program, the
minimum number of orbits that we find sufficient for the branch. If this number is reached

during the computations, then the process stops and switches to another branch.

We also introduce some alterations to the stopping criteria for finding the periodic orbit.
For example, if during the orbit search the number of differential corrections’ iterations reaches

50 and the process still does not reach the desired accuracy, then we mark the orbit as ‘not
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found” and switch to a subsequent orbit. The search routine is also set to fail immediately in
the cases that the relative errors increase with interations or decrease too slowly. These criteria

were again found to be successful in accelerating the family generation.

The flowchart of the algorithm performed is presented in Figure 5.2. The pseudocode of
the algorithm is also attached (see Algorithm 1). The program is designed in a way that the
search can be initiated in every part of the family. This feature was extensively used when a
smaller grid was necessary for interpreting the properties of the family. It is also planned for

later use to improve the grid on which the family is generated.

Algorithm 1 The algorithm for generating the family of orbits

1: mq[] < array of desired masses

2: Adyo + max step for orbit search dd12

3: Am; < the step size in mass

4: for each myin m4[| do

5: my < closest mass to my( with Am,) that already has orbits

6: Nclosest < number of existing orbits for m,

7: for 1 =1, i < Nclosest, i =1+ 1 do

8: perform orbit search with m; and A, x1, x5 from existing i—th orbit for m;

9: perform stability analysis of the found orbit
10: N found < number of found orbits

11: if Norbits < 150 then

12: for j =1, j < Norbits, j =35+ 1do

13: if dlg(j -+ ].) — dlg(j) < Adlg then

14: NorbitsBetween — number of orbits between di5(7) and di2(j +

1) with interval Ady

15: for k =1, k < NorbitsBetween, k =k +1 do

16: predict A, x1, xo for dis = dis + k - Ad12 by polynomial interpolation
17: perform orbit search for orbit with m; and A, z1, x5 predicted

18: perform stability analysis of the found orbit

For each discovered orbit the planar symmetric stability analysis is conducted
automatically. This is mostly done because both orbit search and symmetric stability
derivations require use of the symmetric code (see Chapter 3). Also, half of the perturbations,
needed for symmetric stability, are applied with differential corrections. Thus, it is only a
matter of applying another half of the perturbations to get the planar symmetric stability

results.

We also added the possibility of performing the whole linear stability analysis, that includes
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Figure 5.2: The algorithm for generating the family of orbits. The variables i, j, k are only
used as counters in for-loops.
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both planar linear stability (Section 5.4) and vertical linear stability (Section 5.5). These are

conducted using the general four-body code (see Chapter 4).

We should note that there are many ways to improve the algorithm shown in Figure 5.2.
One of the easiest modifications we could think of would be to update the number of stored
orbits in Part 2 every time a new orbit is found. The updated orbits could then be used to
improve prediction for other orbits. With this improvement the program would use its output

for achieving better results, i.e. learning from its outputs.

5.4 Planar linear stability analysis

The linear stability analysis is conducted by applying the perturbations that preserve symmetry
of the problem and complementary perturbations that do not. This follows the approach
described by Hénon [32, 34] for the general three-body problem. Small perturbations are

applied to each of the initial coordinates of the outer bodies.

From the 16 parameters that define the general four-body problem, 8 are specified by the
integrals of motion (four from the centre of mass, one from the angular momentum and one from
the total energy) and definition of the initial time and rotation angle. The other 8 parameters
are subject to perturbations that we introduce on the outer bodies 1 and 4. The specified
parameters then provide the constraints that are required to find the perturbed coordinates of

the inner bodies 2 and 3 when the outer bodies are perturbed [22].

The linear stability analysis is performed in the same way as we produced the variational
matrix for differential corrections, discussed in Section 5.2. From the introduced perturbations
we generate an 8 X 8§ monodromy matrix composed of the local values of the partial derivatives
of the system. Figure 5.3 illustrates these perturbations. As before, we introduce alternating
perturbations in order to compute central differences (perturbations (1a) and (1b) in Figure 5.3,

also perturbations (2a) and (2b)). Thus, overall, we compute 16 perturbed orbits.

We introduce perturbations on the outer bodies related to longitudinal displacement (on
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corresponds to symmetric perturbations.
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outer body 4. No symmetry is assumed to persist.

non-symmetric perturbations.

initial conditions (4.4) in a Newton’s iterational process by

1
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Y2 M + M3 (m1y1 m4y4)
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Figure 5.3: Example of the perturbations applied on the position coordinates of the body 1.
Similar perturbations are applied on the body 4 and momenta of both bodies 1 and 4.

z- and u- coordinates) and transverse displacement (on y- and v- coordinates), as shown in

Figure 5.3. The four perturbations are applied on the outer body 1 and then similarly on the

Half of the perturbations, however, are of the form that the resulting stability parameters
They are determined by the planar symmetric
stability analysis, which is based on the same algorithm as discussed in this section, but

performed with the symmetric code from Chapter 3. Thus, we distinguish 4 symmetric and 4

The coordinates for inner bodies are found from the integrals of motion (4.1)-(4.3) and



Ys = Y2,

us = Uz,

H(x,;, 23, vo;, v3;)+ 1
OH (2,5, 3,4, V2,i, V3,i) !
Oz

X241 = X245 —

T3i+1 = —m—(m1$1 + Moo i1 + May),
3

4
A+ yjuy — 01Ty + 1301 + V4340 — VaTy
j=1

V2,i+1 =
T2i+1 — T3,i+1

V3i+1 = —U1 — Vg+1 — V4.

The resulting 8 x 8 matrix B of partial derivatives is similar to the matrix R for differential
corrections, except that perturbations are applied on all four coordinates of the outer bodies

and the system is not bound by symmetry conditions. It takes the following form:

[001(T)  021(T)  921(T)  921(T) 0z(T) 0x1(T) 01 (T) da1(T) |
0x1(0)  Oz4(0)  IJy1(0) Oya(0)  Ou1(0)  Oua(0)  Ov1(0) Ova(0)
Oza(T) Oza(T) Oza(T) Oxa(T) Oza(T) Ox4a(T) Oza(T) Ox4a(T)
0x1(0) 0z4(0) 0y1(0) 0y4(0) Ou1(0) Ouq(0) Ov1(0) 0v4(0)
()  op(T) op(T) Oyi(T) on(T) on(T) on(T) 9n(T)
0x1(0)  Oz4(0)  9Jy1(0) Oya(0)  Ou1(0)  Oua(0)  Ov1(0) Ov4(0)
Oya(T)  Oya(T)  Oya(T)  Oya(T)  Oya(T)  Oya(T)  Oya(T)  Oya(T)

B = 0z1(0) 0z4(0) 9y1(0) Oy4(0) Ou1(0) Ou4(0) Ov1(0) dv4(0)
Oui(T) Oui(T) Oui(T) Owi(T) Oui(T) Ouil(T) Oui(T) Oui(T)
0x1(0) 0x4(0) 0y1(0) 0y4(0) Ou1(0) Ouq(0) Ov1(0) 0v4(0)
Oua(T)  Oua(T) Oua(T) Oua(T) Oua(T) Oua(T) Oua(T) Oua(T)
0x1(0)  0z4(0)  Jy1(0) Oya(0)  Ou1(0)  Oua(0)  Ov1(0) Ova(0)
ovi(T) Ovi(T) 0ovi(T) Ovi(T) Ovi(T) 0Ovi(T) Ovi(T) Ovi(T)
0z1(0) 0z4(0) 0y1(0) Ay4(0) Ou1(0) Ouq(0) Ov1(0) Ov4(0)
Ovg(T)  Ova(T) Ova(T) Ova(T) Ova(T) Ova(T) Ova(T) Ova(T)

| 021(0)  Oz4(0)  9Jy1(0) Oya(0)  Ou1(0)  Oua(0)  Ov1(0) 0vq(0)

As discussed in Sweatman [71], because of the symmetry of the system and the applied

perturbations, ?9?1((5)) = gii((g)), giz((r‘g)) = gﬁ‘ig)), etc. Thus, matrix B consists of 16 blocks of

2 x 2 symmetric matrices.

One complication arises when transverse perturbations are applied. Our earlier condition
for starting or completing a period requires that the bodies are collinear (see Section 3.3 for
details). However, it can be seen in Figure 5.3 that this is not the case for perturbations (la)

and (1b). For this reason, a general definition of a period in terms of interbody distances
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(Section 3.3) is used for the linear stability analysis. We performed a test for the period

computed with both definitions and confirmed that the results differ by no more than 1073,

As mentioned in Section 5.2, the monodromy matrix B has the following important
properties: it has a unit determinant and its eigenvalues occur in reciprocal pairs
[13, 26, 65, 81]. Depending on the form of the eigenvalues of B, the orbit belongs to a
stability region as described by Broucke [10] for the case of a system with four degrees of

freedom (see Chapter 2 for details).

The feature of having a unit determinant provides the possibility of an accuracy test for
the matrix B. In our simulations we first compute the matrix and then, depending on how
accurately it is calculated, we keep the stability results for future analysis of the family. In
general, the monodromy matrix is calculated with accuracy 1072 for equal masses, 1072 for

pairwise symmetric unequal masses.

Out of the eight eigenvalues of the monodromy matrix, four eigenvalues correspond to
collinear perturbations whereas the other four correspond to transverse perturbations. It is,
however, tricky to relate the eigenvalues to the type of an introduced perturbation: this requires
further analysis of the eigenvectors of the matrix B [72], which was not part of our research.
Also, for planar orbits the perturbations are coupled together, which makes it more difficult to

distinguish the influence of a particular type of perturbation over other types.

For these reasons, we assumed that the eigenvalues and the stability parameters, derived
from them, are continuous along the orbits from the same family. We used the results by
Sweatman [70, 71], who calculated the stability for the collinear Schubart orbits, and related
them to the perturbations for the planar problem by linear interpolation. When considering the
collinear problem, the planar and collinear perturbations can be applied independently [32, 71].

Thus, identification of a perturbation type is apparent.

The stability parameters take the form

1 1 1 1
klz)\+_7 k2:/vb+_7 ]{j3:y—|——7 k4:7+—7
A 1 v ~
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where A\, 1/, u, 1/p, v, 1/v, 7, 1/~ are the eigenvalues of matrix B. It can be seen that the
stability parameters are real in case of the real eigenvalues or complex eigenvalues on the unit

circle (regions I, III - VII in Figure 2.1).

However, if there are four related complex eigenvalues A, 1/A, u, 1/u that are not on the
unit circle (region IT in Figure 2.1), the stability parameters will be complex according to the
formula above (Note: A and p, as well as 1/A and 1/, are complex conjugates). This region is
called the complex instability region (Broucke [10]) and it can only appear in systems with at

least four degrees of freedom [26].

After the stability parameters are constructed, we say that the orbit is stable (on the plane)
if all k1, ko, ks, k4 are real and |ky|, |ka|, |ks|, |ka] < 2, i.e. the eigenvalues are on a unit circle
in the complex plane. This can only be observed in the case of all eight eigenvalues (region
[ in Figure 2.1) lying on the unit circle. When matrix B has real eigenvalues equal to +1 or
—1 (i.e. also on the unit circle), one of its stability indices is equal to 2. Such orbit is called

“critical” and is located on the boundary between stable and unstable regions.

5.5 Vertical linear stability analysis

In our analysis of the orbits we introduce not only planar perturbations to see if the orbits
survive in the plane, but also perturbations into three-dimensional space. They are also often
called vertical; and the planar perturbations are then considered as horizontal. As Hénon [30]
states, any actual orbit will inevitably deviate from the theoretical periodic orbit, not only in
the plane, but also out of the plane. Thus, in order to consider an orbit as stable, it must be

stable with respect to three-dimensional perturbations.

According to Hénon [30], Barrabes and Mikkola [6], the problem of getting an orbit’s
stability is separable when dealing with planar orbits: the horizontal and vertical perturbations

are not coupled. The monodromy matrix S for the general planar orbit considered in three
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dimensions takes the following form:

where B and D are the planar and vertical monodromy matrices, respectively. The matrix D
has the same properties as the matrix B discussed in previous section: it has a unit determinant

and its eigenvalues appear in conjugate pairs.

In order to calculate matrix D we need only to estimate the influence of four different
perturbations applied to the system. Although the considered system is three-dimensional, and
the number of variables increases, they are compensated by introduction of another 2 integrals
of angular momentum (4.2) and 2 integrals of the centre of mass (4.1). There are, however,
three rotation angles that are associated with the angular momentum components: 0,,, 0. and

8., where the subscript letters indicate the axes, between which the angle is defined.

The initial values of all three angles are chosen as zero: 0,, = 0,, = 0,, = 0; we also set

Ay = Ay =0, Ap. = Awith A = \JAZ + A2 + A2 = A,,. We introduce the same type
of perturbations as for the previous problem of finding linear stability in the plane. These are
now applied to the third position and momentum coordinate for each of the outer bodies 1 and
4, one at a time. The 4 x 4 matrix D is generated, and the eigenvalues give rise to two vertical

stability indices, k5 and kg.

Depending on the perturbing coordinate, one of the angular momentum components,
associated with motion in 3D, becomes nonzero. We, in turn, restrict it to zero value by
means of the angular momentum integrals (5.2). As before, the four coordinates of the inner

bodies are found using the integrals of motion (4.1)-(4.3) and the initial conditions (4.4):

?J2:y3:07

U2:U3:0,
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H (%o, T3, 22, 23, U2, U3, Wa;, W)+ 1
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Oxo
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A — 01T + V1T3,41 + VaT3i11 — Valy
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M U344121 — M3V121 — M3lszy + m4U3 4124
22441 = — )
M2U3i+1 — M3V2i+1
2341 = —— (My21 + Moz iv1 + Myzg).

ms

Each perturbed system is integrated by one period and then rotated first by —6,, in order
to confine the motion to a plane, and then by —0,,, as before. Thus, by performing these two
rotations, we make sure that the conditions for time and angle of rotation (4.4) are satisfied in

the rotating system too.

The stability indices ks and kg are generated from four eigenvalues of the matrix D by
adding each pair of related eigenvalues together. Since the original orbit exists only within
the plane, the only driving force for the orbit to incline into the three-dimensional space is the
applied perturbation. The perturbations are then of the form that, if two similar perturbations
on body 1 and body 4 are combined together or subtracted one from another, they become

either rotationally or reflectionally symmetric [71].

5.6 The nonlinear stability analysis technique

Along with the linear stability analysis we perform the nonlinear stability check used by Mikkola
and Hietarinta [44], Sweatman [70, 71]. We integrate the orbit from its initial conditions forward
in time over a long duration. In general, the simulation is not constrained to be symmetrical or

on a plane. It is necessary to initially rotate the system by some angle in the plane or into 3D
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space so that the bodies start with nonzero coordinate components for their initial positions
and initial momenta. If instability is present, then, together with the numerical errors, it will

gradually lead to the break-up of the system.

In the current research the nonlinear simulation is done by simulating both the symmetrical
planar code and general 3D code for 10000 periods, the same number of periods as used by
Sweatman [71]. The initial rotation by an arbitrary angle is also applied: the usual choice is a

rotation around the z-axis by /8.

In our study we have checked all orbits with four equal masses (271 orbits) and confirmed
the linear stability results. In the case of unequal masses the check was performed for a limited
range of masses my: we checked orbits with masses m; = 0.750, 0.500, 0.250, 0.072 and every
orbit for masses smaller than 0.020. This covers 1.3% of the whole dataset of orbits (2154 out

of 164,215 orbits).

The nonlinear stability technique can be viewed as an instant stability/instability check
with perturbations introduced to the orbit every time it reaches a period. Because the orbit
is rotated in 3D space, the perturbations are both vertical and horizontal. A visual inspection
of the results is then required to detect any deviations from the regular pattern of encounters

among bodies.
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Chapter 6

An equal-mass family of planar
Schubart-like periodic orbits and their

stability

6.1 A family description and examples

A continuous family of planar Schubart-like periodic orbits has been generated using the
algorithms and methods described in the previous chapters. The current chapter considers the
case of orbits with four equal masses. This will be extended later to the cases of different
symmetric mass ratios. The equal-mass family is described in a very detailed form in order to

distinguish properties and peculiarities of the equal mass solutions.

Selected orbits from the family are shown in Figures 6.1 - 6.4 in real and rotating
coordinates, respectively. Each orbit is identified by an individual letter. The details of each
orbit are summarised in Table 6.1. This includes the angular momentum A, initial separation
dy2, angle of rotation 6, period T, initial coordinates z;, xo and initial momenta vy,v5. In
order to get a good perspective on the orbits and the behaviour of the bodies with time, the

graphs of these orbits against time are shown in Figures 6.5 and 6.6 in rotating coordinates.
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Figure 6.1: The initial orbit for the search, plotted in fixed x — y coordinates (top)
and in rotating x,., — ¥.., coordinates (bottom), about five periods are shown. The lower figure
indicates the initial coordinates x;(0) and x5(0). The arrows indicate the direction of motion.

We start with the planar orbit that was found by Sweatman in 2014 [73]. This orbit is
relatively close to the equal-mass Schubart interplay orbit within the family (see Figure 6.1,
also orbit C' in Figures 6.3 - 6.5, Table 6.1). The orbit has initial positions x; = 3.45413106,
9 = 3.38409367 with transverse velocities ¢, = 3.79430129, ¢, = —3.70734831. The angular

momentum of the orbit is A = 1.12. The angle of rotation 6 has the value of 0.01192373 (rad).

This orbit belongs to the type of orbit with interplay motion, where all four bodies interact
with one another. Although the bodies 2 and 3 (shown in red and purple paths) closely interact
only with bodies 1 and 4, respectively (shown in blue and green paths), the latter bodies also
closely interact with each other. In the rectilinear four-body problem the orbit that exhibits

the same type of motion is the Schubart orbit, also found and studied by Sweatman [70].

Using the approach presented in Chapter 5, we perform a search for periodic solutions.
First orbits are produced by introducing small alterations to the angular momentum and initial
coordinates of the starting orbit. The search process is used for a range of orbits. Suitable
values for the angular momentum are found by extrapolation from the values for neighbouring

family members. The extrapolations are made using polynomials of degree up to 4.

During the search procedure it was found that a parameter d;o, which is the initial distance
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between the two bodies 1 and 2, plays an important role in the family of orbits. Despite all
other parameters changing their behaviour during passage through the family (i.e. they are
not monotonic), the parameter d;s constantly increases from zero, for the Schubart orbit, to its
final value at the end of the family. The constant growth makes d;, a suitable parameter for
the family, although it does not appear in the equations of motion explicitly. In the following

analysis the other variables of interest are plotted against d;s.

The search is initially performed by decreasing the angular momentum from that of the
orbit in Figure 6.1. We move the initial coordinates x; and x5 closer together so that the orbits
become closer to collinear and collisional motion. Once the first orbits are found, they can
be used for extrapolation, in order to predict the best possible location to search for a new
orbit. This also allows us to connect the planar orbit from [73] (Figure 6.1) with the collinear
Schubart orbit from [70] (Figure 6.2). The search resumes from the initial orbit, by increasing
the angular momentum and moving z; and x5 apart from each other, until the whole family is

obtained.

The size of the perturbation used in the differential corrections is restricted by the distance
between the bodies 1 and 2, di5. The application of a perturbation that is larger than d;, would
lead to a change in the order of the bodies. This becomes very significant when the search is
performed in the near-collision orbits at the beginning or end of the family. The size of the
perturbation varies between 10~7 and 10~!!: for most orbits it is 1077, but for the first ones a

variable size is applied as described in Section 5.2.

It was verified that the family starts with the collinear Schubart periodic orbit [70]. The
orbit is shown in Figure 6.2 in fixed coordinates and with coordinates x and y as functions of
time t. Since in the collinear problem the bodies are always on the line, they are not allowed

to change their order.

One may note from Figure 6.2 that the bodies 1 and 2, as well as the bodies 3 and 4, are
swapped for the collinear orbit. This is because the motion starts from simultaneous binary
collisions of bodies 1 and 2, and bodies 3 and 4 on the two sides of the system’s centre of mass.

In other words, the bodies 1 and 2 are exactly at one point, and there is no difference whether
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Figure 6.2: The Schubart four-body orbit: plotted in fixed z-y coordinates (top), z-coordinate
against time ¢ (bottom).

the bodies are ordered as 1-2-3-4 or 2-1-4-3. These collisions are followed by another collision
of the inner bodies 2 and 3 at the system’s centre of mass, after which the inner bodies turn

back to collide with the outer masses again.

The interplay periodic motion for the Schubart four-body orbit is purely one-dimensional,
and, thus, the momentum components are collinear. There is no rotation present and both
the angle of rotation # and the angular momentum A are zero. However, if we consider the
collinear Schubart orbit as a limit of the family of orbits, the collinear components of the bodies’

momentum, u, and uy, corresponding to colliding bodies, are zero.

These initial conditions correspond to the moment of collision, when the bodies are, in the
line of motion, instantaneously at rest. These components are infinite in magnitude immediately
before and after collision. Similarly the transverse components of the momentum, v; and vy, are
instantaneously infinite in magnitude in their initial conditions. Apart from the instantaneous

collisions, v; and vy are zero [22].
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Figure 6.3: A selection of orbits in the planar family. The motion starts from the z-axis.
Bodies 1 and 4 follow blue and green paths, and bodies 2 and 3 follow red and purple paths,
respectively. One period is shown with coloured paths. Grey lines show a further five periods.
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Figure 6.4: The same orbits as in Figure 6.3, but plotted in rotating coordinate frames. The
colour code is the same as for Figure 6.3.
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Figure 6.5: The same orbits as in Figure 6.3 and Figure 6.4

against time.
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Figure 6.6: The same orbits as in Figure 6.3 and Figure 6.4

against time.
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As we observe the family from its beginning (the Schubart orbit) the orbits start to
extend in the y-direction making the orbits more recognisably elliptic at first (see Figure 6.1
for example), and then more circular. We notice a peculiar change in the direction of rotation
at the beginning of the family. The initial rotation is anticlockwise with a positive angle of
rotation 6. The angle 6 reaches a maximum value 0,,,, ~ 0.01604439 (orbit B) and then
decreases. After some orbits it changes to a clockwise motion with negative angle of rotation.
The planar orbit that has a zero angle of rotation (orbit D) looks the same in fixed and
rotating coordinates. This type of solution is called an“absolute periodic orbit” by Broucke’s

categorisation [12, 13].

At the same time, the angular momentum of the system grows rapidly from zero, for the
Schubart orbit, until its maximum value A,,., =~ 1.46037387 (orbit E). Then the angular
momentum decreases steadily (for orbits F', G, H) back to zero (orbit I) and towards negative
values, reaching a local minimum of A,,;, ~ —0.026140227 (orbit J), after which it increases
to A =0 (see Figure 6.9, also orbit K'). The angle of rotation continues to decrease from orbit

D until it reaches a limit of —7 (orbit K, see Figure 6.10).

The limit orbit (orbit K') with angle of rotation of —m, or 7, and zero angular momentum
(Figure 6.7) is a double choreography orbit [7]. That is, the bodies are split into two groups and
within each group the member bodies perform a simple choreography (i.e. they follow the same
path) [22]. This orbit has been studied independently by Chen [20] as an action-minimising

orbit. Chen [20] also gives an analytical proof of the existence of the orbit.

This orbit is periodic even in fixed coordinates because its angle of rotation § = x. It still,
however, looks different in the rotating coordinate system. That is because the definition of
the period (and angle of rotation) is based on the order of the bodies and does not take into
account the possibility of two or more bodies sharing the same path. If we consider the period
of the orbit K as T = 2T, instead of T', as for the other orbits, then the outer bodies 1 and
4, as well as the inner bodies 2 and 3, share the same path, respectively. According to our
definition of a period, the four bodies only have to come back to their initial ordering for the

period to be completed.
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Figure 6.7: The double choreography A = 0 orbit from the family of orbits: in fixed
coordinates (left) and in rotating coordinates (right).

After the double choreography orbit, the orbits that we encounter are the same orbits but
in reverse order to those that appear before the double choreography. They differ in that the
initial conditions are the half-period coordinates and that the motion is reversed. So, orbits J
and J* are essentially the same, and so are orbits I and I*, G and G*, ' and F*, F and E*,
C and C*, A and A*. Also, the family finishes with the Schubart orbit (S and S* in Table 6.1)

which it starts with.

This can be explained using the schematic plot for an orbit belonging to the family of the
Schubart-like orbits (Figure 6.8). After integrating the orbit from the initial position through
half of its period the orbits are on a line again with momentum vectors perpendicular to
that line. This indicates that the positions and velocities at time ¢ = T'/2 satisfy the initial
conditions, as defined for the family (Figure 6.8), although with the relabelling of masses and
the reversing of motion. In principle, taking these coordinates as initial ones results in the same

orbit with a shift in time.

Thus, the family can be regarded as symmetric with limits of the Schubart orbit as the
start and the double choreography orbit as the end. The other orbits, that appear after the
double choreography orbit, have the same properties as the orbits that come before the
double choreography orbit. Thus, from this perspective they are considered as belonging to

the duplicate family. We may then consider the central orbit (Figure 6.7) as the end of the
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Figure 6.8: A schematic example of an orbit: the four bodies’ positions with velocity vectors
t =0 (top). The motion of four bodies from time ¢ = 0 to time ¢t = T'/2. Arrows indicate the
direction of motion. Open circles indicate initial positions and filled circles account for
positions of bodies at time ¢ = 7'/2 (middle). The positions of bodies with velocity vectors at
time ¢t = 7'/2 (bottom).

family, since further continuation of orbits would reverse the search of orbits back to the

Schubart four-body orbit.

In the study we rather adopt a different view of the family. The discovered family of orbits
can also be regarded as being generated from the Schubart four-body orbit, continuing to the
central double choreography orbit, then returning back to the Schubart four-body orbit. Since
the orbits from the two regions of the family, before and after the double choreography, are
essentially the same, they should have the same properties and stability type. Our research
showed that in some situations it is more convenient to consider the orbits starting from either
the first or the second regions of the family. This is especially true for the near-collisional
orbits, which are easier to analyse when only two bodies are close to each other at the centre,

rather than when the system is in double binary collision on the outside.

The angular momentum graph along the continuous family is presented in Figure 6.9. The
values corresponding to the specific orbits from Table 6.1 are marked. Because all of the orbits

that we encounter after the central orbit K, are essentially the same as the orbits before the
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Figure 6.9: Angular momentum A against dj5 (along the family). The dashed line indicates
where the angular momentum is 0.

central orbit K, the angular momentum behaves similarly before and after orbit K. Reversing
of velocity vectors, however, reverses the sign of the angular momentum for the other half of
the family. Thus, the maximum value of A, that we encountered nearer the beginning (orbit
E), turns out to be the minimum towards the end (orbit £*). Similarly, the local minimum for

orbit J transforms into the local maximum for orbit J*.

A similar behaviour is noted for the angle of rotation 6 (Figure 6.10). The maximum value
of angle 6,,,. = 0.01586303 for orbit B becomes the minimum 6,,;,, = —0.01586303 for orbit

B*. The central orbit K is shown in the middle for both angles # = 7 and 6 = —.

The period (shown in Figure 6.11) does not change significantly along the family; it varies
between values 4.98076329 and 4.70640544. It is noticed that the maximum of the angle
of rotation € coincides with the maximum of the period T (orbits B and B*). The orbits

associated with the minimum (orbits I and I*) and the local maximum of the period (orbit K)
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Figure 6.10: Angle 0 against dy5 (along the family), radians.
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Figure 6.11: Period T against dj5 (along the family)
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have a zero angular momentum.

Hénon noted the same behaviour for the planar three-body problem [32], which led to the

discovery and proof [33] of the relation

aTr A db

= 1
dA 2FE dA’ (6.1)

where the derivatives with respect to A are taken along the family. This relation shows that an
extremum of angle § must be an extremum of period T'. Alternatively, an extremum of period

T must be either an extremum of angle 6 or have a zero angular momentum.

For the Schubart orbit, the initial positions of the bodies on either side of the system’s
centre of mass are the same: the bodies are at a collision. As we continue along the family,
both of the initial positions decrease: more rapidly for the inner body than for the outer body
(see Figure 6.12). The outer body’s initial position reaches a threshold at some point and
starts increasing again. Further continuation of the family back to the Schubart orbit leads
to a collision of the inner bodies at the system’s centre of mass with the outer two bodies
reaching their furthest distance from one another. The initial transverse momenta are shown

in Figure 6.13.

6.2 Planar linear stability results

A linear stability analysis of the family was conducted in accordance to the approach covered
in Chapter 5. As discussed in Section 5.4, we introduce 8 different planar perturbations on the
outer bodies of the system, one at a time. The integrals of energy, angular momentum and
centre of mass of the system provide the constraints needed to find the positions and momenta
of the inner bodies of the system. Each perturbation is applied twice, with opposite signs, in

order to estimate central difference derivatives from the perturbation.

From these perturbations the 8 x 8 monodromy matrix was generated for each orbit. Since

both original and perturbed systems are Hamiltonian, the eigenvalues occur in reciprocal pairs
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Figure 6.12: The x-coordinates of the four bodies against d;5 (along the family).
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Figure 6.13: The transverse momenta v-coordinates of the four bodies against di2 (along the
family).
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A /N w1/, v, 1/, v, 1/7. By adding the reciprocal pairs together, we obtain the stability
parameters k1 = A+ A" ko =p+put ks =v+vt ky =+~ [81]. The eight eigenvalues
then produce the four stability parameters. A periodic orbit is stable when all its stability
parameters are less than 2 in magnitude. According to Broucke’s [10] analysis of the types of
stability for different types of eigenvalues and stability parameters, in order to have a stable

orbit, the corresponding eigenvalues should be complex numbers and lie on a unit circle.

We also perform a symmetric linear stability analysis on the plane, to confirm the general
results and to distingush the symmetric stability parameters. This introduces a 4 x 4
monodromy matrix and two stability parameters. For each stability analysis we perform a
check that all generated monodromy matrices have a determinant equal to 1, as expected in

Hamiltonian systems.

Each stability parameter corresponds to a type of introduced perturbation. The stability
parameters k; and k4 correspond to symmetric perturbations whereas the stability parameters
ko and ks correspond to non-symmetric perturbations. Also, parameters k; and ko show the
effect of a collinear perturbation on an orbit, and parameters k3 and k, indicate the influence

of transverse perturbations. These are shown along the family in Figure 6.14 and in Table 6.2.

The accuracy of the results is in general 1073: this is measured by calculating the
determinant of the monodromy matrix. However, the simulations showed that it can reach
107! for orbits with bodies 1 and 2 starting close together, compared to initial conditions with
bodies 2 and 3 near the centre of mass with the outer bodies far away in the system. This can
be explained by the fact that in the second situation the total energy of the system is mostly
concentrated about the inner bodies in the middle. Thus, perturbing the outer bodies does
not have such significant effect on the system in total, compared to the first case where we

start with a close encounter of the outer and inner bodies.

Examples of such differences in the results can be seen in Table 6.2, for instance, for orbit
C and C*. Since it is essentially the same orbit, it is expected that the stability parameters
are the same without any dependence on starting coordinates and integration time. However,

because of the problem discussed above, the parameters k; — ky are different up to 1072 (107*
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Figure 6.14: The stability parameters plotted against di (as taken along the family).
Green dotted lines at 2 and —2 indicate the regions of stability: the orbits are stable
when the stability parameters are between —2 and 2. The black squares indicate the four
stability parameters for the collinear Schubart orbit (taken from [70], also in Table 6.2).

for stability index k). The monodromy matrix discriminant check along with the explanation

above confirms that the results for orbit C* are more accurate than those for orbit C'.

The collisional Schubart orbit and the orbits closely related to it are unstable with the
transverse stability parameter k; < —2. This agrees with and confirms Sweatman’s results [70,
71] for the Schubart orbit: that it is unstable under symmetric transverse perturbations. The
k4 parameter then increases and it reaches the stable region when d;» = 0.00667080 and angular
momentum A = 0.385. It then stays near the critical value of —2 but remains in the stable

region until the end of the family.

The other symmetric stability parameter k; steadily increases from negative values to the

critical value of 2 and then further into the unstable region. The crossing between stability
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Figure 6.15: The regions of planar linear stability for different values of angular momentum
along the family: red and blue (blue is stable symmetrically) lines indicate the instability of
orbits, green lines account for the stable orbits.

and instability regions coincides with the local maximum of A = 1.46037387. After that, the
stability parameter k; increases and reaches its maximum k; ~ 8.4162, corresponding to the

orbit with A ~ 0.53. It then decreases back to the stable region.

Both non-symmetric parameters ko and ks start in the stable region. They meet once at
a point close to the orbit with A ~ 1.076 at di5 ~ 0.4959. After that the transverse stability
parameter k3 decreases down to the unstable region. The collinear stability parameter ks stays

in the stable region throughout the whole family of orbits.

In principle, we distinguish four regions of different types of stability / instability in the
family from the Schubart orbit until the double choreography orbit on the plane. This is shown

in Figure 6.15 of the angular momentum A along the family in different colours.
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The first region with 0 < A < 0.385 and 0 < dy5 < 0.00667080 is unstable (red colour)
under transverse symmetric perturbations. The second region with 0.385 < A < 1.46037387,
0.00667080 < dj5 < 0.21996896 is stable (green colour) as all four planar stability parameters
are in the stable region (see Figure 6.14). It is the only stable region in the family of orbits on

the plane.

The third region with 1.46037387 < A < —0.025, 0.21996896 < di» < 1.72378169 is
unstable (red colour) under symmetric collinear perturbations and, also, non-symmetric

transverse perturbations, starting from d;s ~ 0.54525845, A =~ 0.98.

The fourth region (—0.02614023 < A < 0, 1.72378169 < dj5 < 2.04189423) is stable
symmetrically, however it is unstable under non-symmetric perturbations (blue colour). These
four regions are then repeated in the reverse order on the way from the double choreography

back to the Schubart orbit.

6.3 Vertical linear stability results

A vertical stability analysis was conducted using the same approach as the linear stability
analysis. This involves the possibility of perturbing the system in a three-dimensional space

which gives a rather more realistic view of the family of orbits.

We introduce the third dimension as z; for the position and w; for the momenta coordinate
of each of the bodies. Similarly to the linear stability analysis, we consider only perturbations
of the outer bodies, one at a time, into the vertical space. A total of eight vertical perturbations
are applied which results in a 4 x 4 vertical stability matrix for each orbit. From its eigenvalues,
we derive two stability parameters, k5 and kg (see Figure 6.16), in a way similar to that for the
planar stability parameters. The same check with a unit discriminant, as in the planar linear

stability analysis, applies to the vertical stability analysis.

For the vertical stability parameters we don’t distinguish the ones resulting from

rotationally or reflectionally symmetric perturbations. We could, however, get some insight
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Figure 6.16: The stability parameters plotted against dj (as taken along the family).

Green dotted lines at 2 and —2 indicate the region of stability: the orbits are stable

when the parameters are between —2 and 2. The black squares indicate the vertical stability
parameters for the collinear Schubart orbit (taken from [70], also in Table 6.2).
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from the collinear orbits at both ends of the family. As Hénon [32] points out, for purely
collinear orbits the application of transverse perturbations have the same effect on the orbit
as perturbing it into the vertical space. Thus, the transverse and vertical stability parameters

should join together at the ends of the family, where the orbits become collinear.

It can be seen in Figure 6.17, with all six stability parameters, that k3 and k5 start from
the same point and merge at the end; the same applies to the parameters k4 and kg. From that
we deduce that k5 as well as k3 carries the effect of the reflectionally symmetric perturbations,

while kg and k4 result from the rotationally symmetric perturbations.

The results show that the stability parameter ks lies in the stable region for the whole
range of orbits, whereas the stability parameter kg starts and ends in the unstable region and
is unstable for the first and last orbits. It moves into the stable region and stays there for the
range of orbits in the middle of the family. Thus, the orbits are unstable vertically in only one

region of the family.

Combining all six stability parameters in one plot (Figure 6.17) shows that, because of
the influence of unstable kg, the only stable region on the plane (green in Figure 6.15) turns
out to be unstable when considered in three-dimensional space. The other regions, although
unstable in the plane, are stable vertically. Overall, the whole equal-mass family turns out to

be unstable if considered under the influence of every possible type of a perturbation.
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Table 6.2: Stability parameters of the planar family

Orbit d12 Ky ko ks k4 ks ke

S 0 -1.197 -1.202 1.400 -2.057 1.400 -2.057

A 0.004 -1.180 -1.183 1.400 -2.052 1.400 -2.020

B 0.037 -0.9104 -1.383 1.364 -1.800 1.355 -2.145

C 0.07 -0.4500 -1.541 1.309 -1.668 1.308 -2.213

D 0.106 0.004816 -1.615 1.204 -1.605 1.249 -2.272

E 0.220 2.000 -1.931 0.9149 -1.558 1.015 -2.312

F 0.535 7.042 -0.8613 -1.867 -1.570 0.2317 -1.175

G 0.828 8.408 -0.5167 -3.933 -1.583 -0.3201 -0.0342
H 1.044 7.633 -0.4630 -5.322 -1.624 -0.5847 0.1640

I 1.488 3.897 -0.4282 -7.987 -1.844 -0.8799 -0.8413
J 1.724 2.000 -0.4225 -8.991 -1.961 -0.9407 -1.565

K 2.041 0.8949 -0.4204 -9.515 -1.999 -0.9625 -2.000

J* 2.381 2.000 -0.4225 -8.991 -1.961 -0.9407 -1.565

I* 2.659 3.897 -0.4282 -7.987 -1.844 -0.8799 -0.8413
G~ 3.592 8.408 -0.5167 -3.933 -1.583 -0.3201 -0.0342
F* 4.099 7.042 -0.8621 -1.867 -1.570 0.2317 -1.175

E* 4.728 2.000 -1.931 0.9148 -1.558 1.015 -2.312

Cr 5.083 -0.5211 -1.521 1.318 -1.680 1.308 -2.213

Ax 5.268 -1.180 -1.183 1.400 -2.052 1.400 -2.057

S* 0 -1.197 -1.202 1.400 -2.057 1.400 -2.057
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6.4 Discussion

To sum up, in this chapter we generate and show a family of planar equal-mass four-body
periodic orbits that connects the collinear Schubart orbit [70] with the nearby planar orbit
found by Sweatman [73]. This family starts and ends with the Schubart orbit, and has a

double choreography, with zero angular momentum, in the middle.

We provide a description of the physical properties of the system, such as the angular
momentum, period, angle of rotation and starting coordinates for the bodies. Selected orbits
from the family are described. We find that the orbits are symmetric to each other about the
double choreography orbit in a way that the orbits on both sides are the same but start from

different initial conditions.

We analyse the linear stability of the orbits by introducing perturbations within the plane
of motion and into three dimensions. The family is shown to be unstable overall, although it

has some stable regions when considered on the plane alone or when the symmetry is preserved.

We also perform the non-linear stability analysis in a similar fashion to Mikkola and
Hietarinta ([35], also Section 5.6). This is done by the direct integration of the orbits from
their initial conditions using the symmetric code and also integration of the same orbits
rotated by 45° in the space using the general four-body code for as many periods as the
system stays bound together. The approximate maximum number of periods for the

integration is chosen to be 10000.

The results of both non-linear stability checks agree, both in the plane and three
dimensions, with the data and regions of stability determined by the linear stability analysis.
The direct integration of the orbits from “green” stable regions (in Figure 6.15) for 10000
periods showed that these orbits remained stable. The same orbits integrated from rotated
initial conditions, using the general four-body code, disintegrated after some time. Also, the
energy errors were small (about 107 in absolute value) which works as a good test for the
numerical accuracy of calculations. For instance, the double choreography orbit (orbit K in

Figures 6.7, 6.3, 6.4, 6.6), which is stable in symmetric direct integration in Figure 6.18, is
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Figure 6.18: The y-coordinates of the four bodies against time for the symmetrically stable
double choreography orbit K. The behaviour over about 50 periods is shown.

unstable when considered in three-dimensional space (Figure 6.19).

In contrast, the system showed itself to be unstable in the “red” unstable regions. The
orbits in the unstable regions for which the stability parameters are considerably larger in
absolute value than 2 were found to fall apart after a few periods: for example, the orbit that
corresponds to the maximum of k; disintegrates after 18 periods in the direct integration. The
orbit H from Figures 6.3 - 6.5 diverges after 20 periods (see Figure 6.20). The unstable orbits
that are near the boundary of stability exhibit periodic properties for longer times: for instance,
the orbit with angular momentum A = 1.46 and d;» = 0.22628317 only disintegrates into two

escaping binaries after 300 periods (see Figure 6.21).
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Figure 6.19: Orbit K integrated from rotated initial conditions in a space. The xyz graph

(left) and the y-coordinates against time show that the orbit disintegrates into a binary and
two single stars after approximately 20 periods.
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Figure 6.20: The unstable orbit H on the fixed x-y plane (left). The fixed y-coordinates of the

four bodies against time for the unstable A = 0.0025 orbit (right). The behaviour over about
35 periods time is plotted. The orbit diverges after 20 periods.
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Figure 6.21: The fixed y-coordinates of four bodies against time for an unstable orbit with
A = 1.46 (situated near orbit F). The behaviour over about 350 periods time is plotted. The
system separates into two binaries after about 300 periods of direct integration.
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Chapter 7

Extending the family to unequal

Imasses

7.1 Unequal-mass collinear Schubart-like orbits

As we have seen in the previous chapter, the family with m; = ms = 1 begins and ends with
the collinear Schubart orbit. It starts with dio = 0, or the simultaneous collision of bodies 1 and
2, as well as bodies 3 and 4.The family finishes at di2 = di2,mes With the collision of the inner
bodies 2 and 3 at the centre of mass and with the outer bodies 1 and 4 far away from them.
In order to relate the planar four-body system to the system of four collinear masses used in

Sweatman [71], the two colliding masses on each side are swapped for the collinear orbits .

The collinear Schubart orbit itself belongs to the family of orbits with collinear masses, as
was found and described by Sweatman [71]. He took the value of the total mass to be fixed

with 2m; + 2my = 4, and the family is obtained by varying m; with my = 2 — m;.

Using the mutual conditions from Sweatman’s study, the collinear family of Schubart orbits
is generated. The family starts from a stable orbit with two negligible masses, m; = 0, and two
heavy masses, my = 2, (see a nearby orbit in Figure 7.1). The Schubart orbit with four equal

masses is in the middle of the family. The final orbit is unstable with two heavy stationary
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Figure 7.1: The stable Schubart orbit for m; = 0.001, my = 1.999

masses m, = 2, and weightless msy masses moving very fast to prevent the outer masses from

approaching each other at the centre of mass (a nearby orbit is shown in Figure 7.2).

Sweatman [71] found that there are three stable regions located in the family with m; €
[0, 0.055], [0.522, 0.987], [1.276,1.421]. Between these regions, orbits are unstable in a
symmetrical sense under collinear (m; € [0.055, 0.522]) and transverse (m; € [0.987, 1.276]
and [1.421, 2.000]) perturbations. Also, when increasing the mass m; (m; > 1.400), orbits

become unstable under general transverse perturbations.

When we consider various masses m; and ms in the planar system, we expect to initially
observe the same stability intervals. These intervals are now extended into the plane. We apply
the same restriction on the masses of the system as for the collinear orbits, so my, my € [0,2].
Because of the switching of the labelling of colliding bodies, the collinear stability intervals are
switched too. The distance di5 varies from 0 to its maximum value for each mass m,. The

maximum value of d;, is determined by the corresponding collinear orbit for that mass m;.
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Figure 7.2: The unstable Schubart orbit for m; = 1.999, my = 0.001

The preliminary knowledge of both ends (the collinear orbits) of the planar family allows
us to construct the boundaries of the (my,d;s) region. To do that, we convert the initial
coordinates that were used in Sweatman [71], to those for the Caledonian symmetric four-body
problem. Sweatman uses the beginning and end of a period as times at which the ratio of the
distances between inner and outer bodies is defined to be «, which is the time-independent
ratio of the distances that occur in the homothetic quadruple collision orbit and is given by the

sole real root of the relation [71]

mia’ + (8mg — 2m1)a® — moa® + (8my + 17my)a® + 2mya® — my = 0.

To convert the initial conditions to those defined in our setting (see Section 3.3 for details),

we need the coordinates at the times of collision between:

(A) two pairs of bodies (dy2 = 0),
(B) the middle masses at the centre (dia = dia, maz(m1))-
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Figure 7.3 shows the calculated boundaries for the unequal-mass family. These are obtained
by integrating every collinear orbit until the above conditions, (A) and (B), are reached. Red
and green colours indicate the unstable and stable orbits, respectively. Three stable regions in
the collinear problem are now transformed into six stable regions in the near-collinear motion
on the plane. The angular momentum A and the angle of rotation ¢ are zero on both boundaries

with collinear motion.

The collinear equal-mass Schubart orbit is situated on the two ends of the blue dotted line
that indicates the equal-mass family that was the subject of the previous chapter. It is shown
on one of the ends in a small subplot. Orbits from Figure 7.1 and Figure 7.2 appear at the
ends of the top and the bottom boundaries in small subplots: the former orbit on the stable

green ends and the latter on the unstable red ends.

The double choreography, which was observed first for equal masses, remains present for
every possible mass m;. However, as we vary djo, the two sets of orbits before and after the
double choreography, for a distinct mass my, are not the same as they were for equal masses.
This is illustrated in Figure 7.4 which shows two alternative sets of initial conditions (top and
bottom) for an orbit with two different pairs of masses. The initial conditions differ by half a
period, which is shown in the middle diagram by a schematic simulation of the motion from
t=0tot = % For the top image, m; is small and my is large. On the other hand, for the
bottom image, m, is small and my is large. Thus, the same orbits appear for two related pairs

of m; and m,.

For example, the orbits are alike for m; = 1.6 with my = 0.4 and for m; = 0.4 with
mo = 1.6. Those orbits, that appear before the double choreography for m; = 1.6, and are in
region IV, are repeated for m; = 0.4 beyond the double choreography in region I. Similarly,
those orbits, that are after the double choreography for m; = 1.6, appear before that orbit for
my1 = 0.4. The hypothetical orbit from Figure 7.4 would exist in region II and region III. Its

approximate location is shown in Figure 7.3 by blue stars.

Extending this behaviour over the whole range of orbits, we end up with four symmetric

regions divided by the lines of the equal mass orbits and the double choreography orbits
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Figure 7.4: A schematic orbit simulated for a half of its period. The lighter body moves
towards the centre and the heavier one shifts to the edge of the system. The top and the
bottom images show the different positions and velocity vectors of the bodies at times t = 0
and t = T'/2, respectively.

(Figure 7.3). Regions I and IV are corresponding regions, and so are regions II and III.

In two related regions the orbits appear in a reverse order. In this sense the equal mass
line is unique because m; = 2—mgy = 2—m; = my = 1, and so it is symmetric to itself. We also
notice that the collinear stability intervals on the boundaries (A) and (B) are reversed relative

to each other.

So, the collinear problem study shows that when the mass m; and ratio between masses
change, there is a significant change in the behaviour of orbits and their stability. It is now
of interest to explore the behaviour of the planar orbits as the ratio between masses changes
and approaches extreme values. In the next section we discuss the results accomplished for the
planar family, then we inspect the stability of the newly found solutions. The last two sections

are dedicated to a more detailed description of selected orbits.

7.2 The planar unequal mass family

We generate the planar symmetric family with general masses by using the algorithm described

in Section 5.3. We use the same mechanism as for a single orbit search for equal masses
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(Section 5.2), and enhance it so that the orbits for a single mass m; are all found collectively.

To make sure that we approach the orbit that belongs to the intended family, we initiate
the search by progressively perturbing the mass of the outer bodies, starting from the four equal
masses. The search was performed at a spacing of 0.001 until reaching the mass m; = 0.730.
Then the space was increased to 0.002 for the practical reason of reducing the amount of

simulations performed.

For each perturbed orbit we fix the value of energy FF = —1, angular momentum A, initial
time ¢y = 0 and angle 0(ty) = 0. The values of A are taken from the orbits with the closest mass
m; that has already been processed. The other quantities are changed. Their initial values are
found from the integrals of motion (4.1 - 4.3) by using Newton’s method with high accuracy
(1072 — 10715). Because the step size is very small, it only requires a few Newton’s method

iterations to reach a solution.

After the initial values of 1, x5, v1, v have been found, the differential corrections take
place to find the exact orbit for this initial configuration. To speed up simulations, the
differential corrections are restricted to 50 iterations only, after which the process switches to
a subsequent orbit. It was determined experimentally during simulations that after 50
iterations the differential corrections are not likely to converge because of either poor

prediction of the initial configuration or absence of an orbit for this choice of A.

This process continues until after we have potentially found all orbits with the perturbed
mass my for the values of A taken from the previously analysed mass m;. We then interpolate
values of A, z1 and xs, of the newly-obtained orbits, for this specific mass, and get a prediction
of x1, x9 and A for a particular dyo, with chosen step Ad;s. The idea is to fill out gaps in a

mesh of possible dis.

We use polynomial interpolation with degree up to n = 5 and apply that on the closest
n + 1 orbits to the one to be predicted. Then the search resumes for an orbit with a prediction
on the initial conditions using strategies from above. The flowchart of the overall algorithm is

presented in Figure 5.2 in Section 5.3.
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During the search procedure we only perform computations in one direction for m; at a
time. While processing a certain mass m,, we actually search for orbits for that m; and also
for 2 — my because of the symmetry for regions I - IV in the family, described in the previous
section. The orbits for both masses m; and 2 — m; are the same although the latter orbits
appear in a reversed order with reversed motion. This means that the angular momentum A
and angle of rotation 6 will change to their opposite values but the period T" will stay the same

as well as the stability properties of orbits for both values of mass m;.

Initially it does not make any difference whether the search is performed in decreasing
or increasing mass m;. When the search proceeds for masses that are distinctly different, it
is easier, faster and more accurate to use the regions I and III with m; < 1. The bigger
the mass m; becomes, the more energy and angular momentum it carries and the more effect
its perturbation has on the system. The risk of applying a big perturbation lies in that the

algorithm might capture the orbit from a different nearby family.

Figure 7.5 features some orbits that were discovered but belong to other families. The top
and the middle orbits do not qualify because the system hierarchically consists of two binaries
that form another binary, rather than the interplay of all four bodies. Some orbits of this type
are featured in other studies [52, 53, 82]. For the bottom orbit two small masses rotate around

the massive ones which is a different type of motion.

Sweatman observed similar behaviour for some collinear orbits in the unstable region near
my = 0.056. After several periods the orbits underwent a period-doubling bifurcation. This
was an indication of a nearby stable orbit that does not belong to the family of the Schubart

orbits [71].

The results of the study of the planar orbits are shown below. From the discovered orbits
we have generated contour plots of the angular momentum A across the family of orbits with
symmetric unequal masses (Figure 7.6), angle of rotation 6 of orbits (Figure 7.8) and their
period T (Figure 7.9). To better illustrate the surface of angular momentum along the family

we include the slice plot of the angular momentum surface for a range of masses m; in Figure 7.7.
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Figure 7.5: Some of the orbits captured during the search that do not belong to the family of
orbits. The mass m; = 1.800 for the first two plots. For the bottom plot m; = 0.072.
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Figure 7.6: The contour plot of the values of angular momentum across the family of orbits.
Magenta dashed lines indicate the location of the boundaries between regions I - IV.

As long as the mass m; increases, the angular momentum also increases and at some point
(my = 1.421) the angular momentum is always positive. Similarly, when mass m; decreases,
the angular momentum also decreases. This is to be expected from the way the positions at

the start of integration are chosen.

According to the initial setting of the system, the outer masses always start with a positive
orientation of velocity. If the outer mass is relatively big, then it carries most of the system’s
angular momentum, provided that the small inner body is not too fast. When the outer mass
is small, angular momentum tends to be mostly associated with the big inner mass that moves

with negative velocity; so, angular momentum is negative too.

As a consequence of this, the maximum of angular momentum, that was observed for
equal masses, increases for each mass in region IV until it transforms into a cusp starting from

my ~ 1.75. The cusp persists until the end of the family, however, after m; =~ 1.80 we observe
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Figure 7.7: Angular momentum curves for particular values of mass m;. The blue dashed line
indicates the angular momentum values for the double choreography orbits. The black dashed
lines show the location of the boundaries for the family.

that the curve of angular momentum folds back before reaching the maximum.

As a result, there is more than one orbit that exists for a particular value of di5. The latter
behaviour does not appear for small m; in region I, because the angular momentum values for
the corresponding orbits change more slowly along the d;5 axis as compared to those for the

large values of m; in region IV.

When mass m; decreases in region I, the maximum of angular momentum also decreases
until it fully disappears when m; = 0.579. After reaching that mass the direction of angular
momentum switches to negative. Also, with decreasing m; in region III (or increasing m; in
region II) the change from a collinear orbit with A = 0 to the one with minimal A becomes

almost instantaneous.

In Figure 7.6 it can be seen that there are fluctuations on the surface of A in region II close

to the collinear boundary. This is because that region features high instability, partially due
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to an instantaneous change in A close to the boundary, and also due the lack of data points
in this region. In principle, this could be improved by a significant reduction in size of applied

perturbations in the search procedure .

Figure 7.7 also features the values of angular momentum for double choreography orbits
that are shown by a cyan dashed line. The angular momentum increases for the whole range
of masses from m; = 0 to m; = 2 for the double choreographies. The equal mass double
choreography has a zero angular momentum. This is, again, due to symmetry between, and on

the boundary of, the regions I - IV.

The angle of rotation is measured in the range between —7 to n and is shown in
Figure 7.8. The jump between two extreme boundaries corresponds to the location of a double
choreography. The noise in Figure 7.8 at the position of the jump is due to lack of data
points. The angle of rotation is subject to the same changes for every mass ratio: it has a
small local maximum before it decreases to the bottom limit (—7 ) of the range, then it jumps

up to the upper limit (7) and decreases down through zero and reaches a local minimum.

As long as the ratio between the two pairwise symmetric masses increases, the number of
orbits with close-to-collinear motion grows in region I. This can be seen in the increase of the
green areas when masses move away from the equal case in Figure 7.8. The heavier masses
tend to move slower and are mostly driven by the mutual attraction of each other. The light

masses, in contrast, move very fast.

The relation (6.1) between angular momentum A, energy F, angle of rotation 6 and period
T, was checked numerically and found to agree (up to accuracy 1072) for a number of randomly
chosen masses m; in its simplified form,

ar A

0= 3 (7.1)

The period of the orbits (shown in Figure 7.9) is greatest when d;5 approaches its largest
values, in region I, and for the corresponding orbits in region IV. The smallest values of the

period are achieved on the edges in regions II and III when two heavy bodies are almost
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Figure 7.8: The values of angle 6 (rad) across the family of orbits. Magenta dashed lines
indicate the location of the boundaries between regions I - IV.

Figure 7.9: The period T across the family of orbits. Magenta dashed lines indicate the
location of the boundaries between regions I - IV.
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stationary and two negligible masses shift around them. In the limit d;5 — 0, m; — 0 and the
corresponding symmetric limit, the period also tends towards zero. In this limit the system is
represented by two heavy inert masses, with two weightless bodies that keep the heavy masses

apart.

7.3 Stability regions in the planar family

A linear stability analysis for the unequal mass family was conducted in a similar fashion to the
equal mass family described in the previous chapter. It is partially performed during the search
for an orbit. On each step of the iterational process we apply symmetric planar perturbations
to produce a differential corrections matrix, which is essentially the monodromy matrix for the
symmetric system. This includes only symmetric perturbations on the plane and generates two

stability parameters out of the four associated with planar motion.

The subsequent linear stability analyses on and out of the plane have been carried out
for a limited range of orbits from the family. We chose to check the stability of orbits for
every fifth mass in general and for every mass when masses become extreme (m; < 0.010 and
my1 > 1.990). The stability test has been conducted in the regions I and III with small m,
for the same reasons as those for prefering of these regions for the orbit search. Following the
analysis, we only describe stability properties for the mass m; € [0, 1.000]. This covers half of
the family space (regions I and III). The other half with m; € [1.000, 2.000] features the same

stability regions and properties but in reverse order.

All of the overall stable regions are shown in Figure 7.10 in green. The coloured part of the
plot indicates the actual located orbits. The blank spaces conceal more orbits and in principle
could be filled out by using a smaller mesh for the search. However, the stability regions and the
boundaries between them are visible even with the existing coverage of the family. Figure 7.11
duplicates Figure 7.10 and shows the location of the boundaries between four regions I - IV
and also shows where the angular momentum A is zero. This is shown to provide insight when

interpreting the boundaries between the stability regions.
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Figure 7.11: Stability regions in the planar unequal mass family. Magenta dashed lines indicate the location of the boundaries between
regions I - IV. The black dashed line illustrate where the angular momentum is zero.



The motion is mostly unstable, due to various types of perturbations. The three stable
regions from the collinear motion persist in the planar family. The smallest region, close to
the horizontal axis for m; € [0.579; 0.722], coincides with the decrease and disappearance of
the maximum of angular momentum in region III. In terms of dy,, stable orbits occur from the

collinear motion for di = 0 until the maximum of A.

The other two collinearly stable regions are for masses m; € [0.522; 0.987] and
my € [0; 0.055], at the top of Figure 7.10. Another stable region appears close to these two
regions. It is believed to start from mass m; ~ 0.720 and spreads out until the end of the
mass range. Another stable region appears for extreme masses from m; = 0.150 near the
double choreography line. The double choreographies become stable after reaching masses
below m; ~ 0.090. Although the boundaries of the stability regions are not shown precisely,

the discovered orbits allow us to get some idea about their location.

The green overall stable region (in Figure 7.10) includes orbits that are symmetrically
stable, stable in the plane and vertically stable. The individual occurrence of these stabilities
are individually shown in purple, dark green and yellow colours, respectively. We also introduce
the dark purple region for orbits that are both vertically and symmetrically stable, but unstable
under general planar perturbations. Islands of purple regions may be observed in the green
“stable” regions near equal masses or for the most extreme cases: these are found to form due
to the presence of complex instability. Some noise is present in the stability plot because of the

chosen precision of 1072 for the calculations.

The symmetrically stable region seems to overlap with either the vertically stable or the
planar stable region for most of the orbits. In the middle ranges of dy5 the symmetrically stable
region, as well as the vertically stable region, closely follows the double choreography line as
can be seen in Figure 7.11. (Note: this is not the actual boundary, that corresponds to the
local extremum of A as discussed later in this section.) However, when masses start to differ
considerably (m; < 0.7 or m; > 1.3), the symmetrical stability is no longer observed near
the double choreography in regions II and III. Another plot of the symmetrically stable and

unstable regions is presented in Figure 7.12. This includes all the located orbits in the family
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Figure 7.12: Symmetrically stable and unstable regions in the planar unequal mass family.
Some of the orbits that are marked as unstable may in fact be stable: they are marked as
unstable due to the low accuracy of the calculations.

since the symmetric stability analysis was performed for every single orbit as a part of the

search.

As mentioned before, some orbits have errors in the calculation of the monodromy matrix.
The following criterion was chosen: if the determinant of the monodromy matrix for an orbit
differs from unity by more than 1072, then we consider its eigenvalues not accurate enough and
mark this orbit as unstable by default. For instance, some orbits in Figure 7.12 are shown as
unstable, although they are located in the stable region in the middle. Several orbits from them

were checked by a nonlinear simulation for over a 1000 periods and appeared to be stable.
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*  vertically unstable
vertically stable

Figure 7.13: Vertically stable and unstable regions in the planar unequal mass family. The
black and blue dashed lines illustrate the double choreography line and zero angular
momentum line, respectively. The zero angular momentum line transforms into the small blue
region in the centre since there are three crossings of zero by the angular momentum and its
values do not deviate from zero by more than 0.01.

In Figure 7.10 it can be seen that there are only two big regions with planar stable orbits
(shown in dark green) that are unstable vertically. These regions lie in the middle of the masses
range and include the case of equal masses. The yellow, vertically stable, region in the middle
includes, and is situated around, the double choreography line and the line of zero angular
momentum. This is shown in Figure 7.11 and Figure 7.13 for vertically stable and unstable

orbits.

The region at the beginning of the family for m; — 0 and dy5 — 0 is highly unstable with
orbits disintegrating after a couple of periods. The stability parameters in this region are of

order 10% — 10*. Also, as shown in Figure 7.6 in the previous section, the rapid change from
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A = 0 for collinear orbits to nearby planar orbits happens almost instantaneously. So, it is very

hard to search for orbits in this region and the results are mostly achieved by interpolation.

Another interesting question appeared prior to the stability analysis. This concerns the
connection between the angular momentum A and the symmetric stability parameter k;. During
the study of the equal mass orbits it was noticed that every time when A was at an extremum,

the parameter k; crossed the boundary between stable and unstable orbits.

Similar behaviour was observed in the planar three-body problem by Hénon [32]. He
called the orbits corresponding to the boundaries between regions “critical orbits” and made
the connection between such orbits and extrema of A. He deduced that this property is valid
because the perturbation of the orbit for an extremum of A corresponds to an eigenvector of
the monodromy matrix which is associated with an eigenvalue 1. Thus, one of the stability
parameters should be 2 since the eigenvalues of the Hamiltonian monodromy matrix occur in

reciprocal pairs; and so, an extremum of A corresponds to a critical orbit.

In the planar four-body family of Schubart-like orbits for equal masses there are four
extrema of A: one maximum at the beginning of the family, one local minimum in the middle
before reaching the equal mass double choreography orbit and the other two symmetrically
related to them. All these four extrema correspond to a critical orbit associated with a change

in the stability of the symmetric stability parameter k;.

A similar behaviour persists for the other choices of pairwise symmetric masses. As long as
the maximum of angular momentum exists, it corresponds to the change from general symmetric
linear stability to solely vertical stability. However, for m; > 1.8 (Figure 7.14b) when the

maximum of A transforms into a cusp, we notice the following peculiarity.

In the middle of the d5 range for m; ~ 1.872 another two regions start forming: the yellow
vertically stable region and the green overall stable region. This seems to coincide with the
formation of the cusp. At the same time, the stable region at the peak of angular momentum
slides down, and the cusp then corresponds to the change in vertical stability to instability.

This is shown in Figure 7.14b as curves of A for particular masses m; that are bigger than
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(b) Angular momentum curves for several m; > 1.75

Figure 7.14: Stability zones plotted for the values of angular momentum for extreme masses
in regions I and IV. This shows the forming of the “cusp” when the third stable region
appears for large values of m;. The colours used in Figures 7.14a and 7.14b are consistent
with those defined in Figure 7.10.
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1.800. The stability zones are shown on top of the values of A using the same colour code as
for Figure 7.10. The corresponding regions for related small values of mass m; are shown in

Figure 7.14a.

The local maxima and minima of A near the double choreography line merge when m; ~ 0.7
and become one local minimum (or local maximum at m; ~ 1.3). For the whole range of
masses my this change happens between the symmetric and vertically stable orbits to the solely

vertically stable orbits.

It is still of interest why no change in stability was found when angular momentum becomes
purely negative for highly unstable orbits in region III (similarly when it becomes purely positive
in region IT). One explanation could be that initially the change is from symmetrically stable
to vertically stable zones. However, in the highly unstable zone the change from A = 0 on the
boundary to the one with A,,;, happens instantaneously, and there is no change in the stability.

This requires further investigation.

7.4 Absolute periodic orbits and double choreographies

In general, the orbits that belong to the planar family of interplay orbits are relative periodic
orbits [12]: they are not periodic in the fixed coordinate system, but periodic relative to a
rotating coordinate frame (see Section 3.3 for details). There are, however, orbits that are
periodic with respect to both fixed and rotating frame: these are called absolute periodic

orbits.

One of the examples of such orbits in the family are the collinear boundaries, discussed in
Section 7.1. These boundaries are constructed from the collinear Schubart orbits [71]. Since
there is no rotation present, the orbits look the same in all coordinate frames. Figure 7.15
shows the location of some other absolute periodic solutions in the initial-value space of the

family:.

In the family there are absolute planar periodic orbits with zero angle of rotation. One
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Figure 7.15: Absolute periodic orbits in the family with the angle of rotation § = 0 (magenta
dashed lines), # = 7 = —7 (black dashed line), # = + 7/2 (green dashed lines), 6 = +27/3
and 6§ = + 7/3 (blue dashed lines).
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example of such orbits is provided in the previous chapter for equal masses and presented in
Figures 6.3 - 6.5 as orbit D. This orbit generates a planar sub-family of the present family,
with zero rotation. The zero rotation orbits are shown in Figure 7.15 by two magenta dashed
lines. Interestingly, this orbit exists only for cases when the bodies are near-equal, or the big

masses are in the middle and small masses are outside for most of the time.

In order to qualify for absolute periodicity, the orbit must satisfy the following criteria:
the bodies must return to their initial positions and have the same initial momenta at ¢ = 0
(in real non-rotating space) after one revolution about the centre of mass. In other settings of
the system that means that when the absolute periodic orbit is followed for one period T, the

angle of rotation is either 0 or 2.

However, if # is a rational multiple of 27 then at some point, possibly after performing
several periods, the orbit closes up and starts to repeat. If 6 is an irrational multiple of 27 then
the orbit never closes up and “fills” an entire circle in space with its infinite path. If we restrict
the orbit to only one full revolution about the centre of mass, then, in order to have an orbit
with a closed path, the angle of rotation must be of the form § = 2T where k € Z \ {0}. The

case k = 1 coincides with the previously discussed zero rotation orbits.

The case k = 2 is the double choreography orbit with § = +x. It was first discovered, and
its existence was proved, by Chen [20] for the case of equal masses. It is also known as the

criss-cross orbit, and its description can be found in Section 6.1 and shown in Figure 6.7.

This orbit does not have any collisions and is situated in the middle of the family (for both

equal masses and unequal masses). Also, one of its features is that the masses change their

T
’y 9

configuration from collinear at times ¢t = 0 T, etc. to a square at times t = %, %, etc., and
the configuration remains a parallelogram for all times. If followed for one period, the outer
bodies, as well as the inner bodies, are swapped. Following the orbit for two periods will close

up the orbit. Thus, we say that the criss-cross orbit is absolute periodic with period T =2T.

There are other double choreographies in the family that exist for the case of pairwise

symmetric unequal masses. As discussed in Section 7.1, the line of double choreographies
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Figure 7.16: Selected double choreography orbits for particular values of m;.
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together with the equal mass line divides the family of orbits into four regions of corresponding
orbits. This line is shown in Figure 7.15 in a black dashed line. Figure 7.16 shows some of the

selected double choreographies in order of increasing m;.

As mentioned in Section 7.2, the angular momentum is constantly growing with mass m,
for double choreographies and is symmetric across the equal mass solution. From the plots in
Figure 7.16 it can be noted that the lighter the body, the more elongated is its orbit. For the

heavy mass, the orbit transforms into a circle.

Starting from equal masses, the double choreography orbit lies near the boundary of the
symmetric linear stability but remains in the symmetrically stable region. As the ratio between
pairwise symmetric masses grows, the orbits switch from being linearly stable in a symmetric
and vertical sense to being linearly stable under all types of perturbations (for m; < 0.150 and

In the case k = 3, the angle of rotation is 6 = :I:%’T. So, in order to complete the orbit
in the fixed frame, the orbit must be followed for 3 periods. Similarly, for £ = 4, the orbit is
absolute periodic and makes one full revolution about the centre of mass in 4 periods. The

solution curves for k = 3, k = 4, k = 6 are shown in Figure 7.15.

For k = 4, it is interesting to note that the configuration of the bodies at ¢t = 27T is the
same as at t = 0, but with switched outer bodies and switched inner bodies. Thus, the outer
bodies are on one path and so are the inner bodies, and the orbit for £ = 4 is another double
choreography. The same was observed with the criss-cross orbit (k = 2) and also applies to

orbits with £ = 6, 8, 10, etc.

Overall, there is an infinite number of absolute periodic solutions in the family. The orbits
with even values of k (except for & = 0) are also double choreographies. The number £ indicates
the number of periods the orbit has to complete in order to close up. Examples of the orbits

for some of the values of k£ can be found in Appendix C.
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7.5 The extreme masses

Another special case for the planar family of orbits occurs as the mass of two bodies decreases to
zero. The symmetric four-body system for these solutions can be further reduced,to a restricted

model such as of the three-body system.

As Steves and Roy [67] discuss, there are known equilibrium four-body solutions for
particular initial configurations. One of them is a collinear configuration in a rotating system,
that is analytically shown to converge to the Lagrange points of the Copenhagen problem, or
the circular restricted three-body problem, when two pairwise symmetric masses go to zero.
The connection between the restricted and general problems has been used by
Hadjidemetriou [24, 25] in his numerical investigation of the similar family in three-body

systems.

In our setting, when two of the masses become infinitesimal, the system can be considered
as the restricted three-body problem. Depending on the form of the orbit, it is either the elliptic
or circular (i.e. special case of elliptic) restricted problem. This has two equal masses moving
on an elliptic orbit and another massless particle orbiting them. The fourth massless body will
repeat the motion by symmetry. The massless particles have minimal influence on the motion

of the heavy bodies, except they may restrict the heavy bodies from moving towards each other.

Table 7.1 shows a selection of orbits for a mass m; = 0.072 and my = 1.928. This value
of the mass was chosen because, at the time this analysis was carried out, it was the smallest
mass for which orbits were found. Nevertheless, the difference in the masses is so dramatic that

some conclusions can be drawn about the motion in the limit m; — 0.

Also, to have a more careful look at the orbits we depict them in several rotating systems.
In general, we use the rotating coordinates in terms of an angle # which is measured between
—m and m. Another two rotating coordinate systems show § measured in regions [0, 27] and

[—2m, 0].
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Thus, the system that we use as a default coincides with one or another of these new
rotating systems. In fact, when the angle 6 changes from positive to negative values (or from
negative to positive values), it appears as if the system “jumps” from one rotating frame to

another.

The first orbits from Table 7.1 (orbits 1 - 4) belong to the highly unstable region discussed
in Section 7.3. They survive roughly a dozen periods and disintegrate into two binaries that
move away from each other. With increasing angular velocity, the motion of the small particles
(shown in purple and blue colours in Table 7.1) becomes more circular, as seen in the default

rotating systems’ plots.

The heavier bodies (shown in green and red colours) are almost stationary; they are merely
perturbing. However, this can be interpreted as the big masses being situated on two opposite
sides of a circle and slowly moving along that circle. The light bodies, although almost massless,
play an important role in the system. They move at very high speeds compared to the heavy
bodies, and so the kinetic energy of the system is mostly associated with their motion. They
also carry a significant part of the momenta of the system and affect the heavy bodies in the

way that they are not permitted to move towards the centre.

While this type of motion persists, the orbits move from the unstable region to a vertically
stable region (orbit 5) and then reach overall linear stability (orbits 6 and 7). The stable region
contains the double choreography with angle § = m = —7. Because such angles are located on
the boundaries of the rotating system used by default, for this orbit we observe switching from
one boundary to the other one, or between the two other rotating systems. This is shown in
the rotating coordinate plots for orbits 6 and 7: the former system coincides with the rotating

system for 6 € [—27, 0] and the latter coincides with the system for 6 € [0, 27].

Soon after reaching the double choreography a change in the motion of the heavy bodies
becomes conspicuous (orbits 8 and further). In the plots for the real system and the default
rotating system we observe a collapse of the single circular orbit for the massive bodies into two
different orbits. The four-body system motion then transforms into a recognisable chain-like

interplay similar to the equal-mass orbits from Chapter 6.
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Continuing along the family, the circular orbits of the heavy bodies reduce to more eccentric
ellipses. In the extreme limit dijs — di2, maz (1), they eventually become rectilinear Schubart
orbits. Closer to the end of the family, the small bodies also restrict their motion towards the
line with angular momentum reaching near-zero values (orbit 14). They no more meet at the
centre; on the contrary, they are staying as the outer bodies and only interact with the closest
heavy bodies. The heavy bodies are situated in the middle and bounce off each other at the
centre. We notice another switch between the two different rotating coordinates between orbits
12 and 13, when the angle of rotation becomes negative. Between these two orbits lies another

absolute periodic orbit with zero angle of rotation.

In principle, for extreme masses we recognise four different types of motion. The first type
(not shown in Table 7.1) is represented by a single orbit for dj; = 0. The heavy masses are not
moving, and the motion of the small masses is purely collinear. The motion instantaneously
transforms from collinear to planar and thus switches to the second type with heavy masses
moving on a slightly perturbed circle. The third type occurs as soon as the circle falls apart into
two ellipses, which become progressively more extended and eccentric. The fourth recognised
type is again collinear with two central heavy masses moving on a line and bouncing off each

other at the centre of mass.

As was pointed out earlier in this section, eventually when m; = 0 (or m; = 2), the system
mostly depends on the motion of the heavy bodies. The other two bodies, although being
massless, play an important part in the system. Because they shift in the middle of the system
at very high speeds, they carry a part of the system’s momenta and prevent the big bodies from
moving towards the origin. This changes while the heavy bodies move close together, with the
small bodies on the sides of the system. When this happens, the system is mostly dominated

by the motion of the heavy masses which are almost independent of the massless bodies.

Since the origin is the centre of mass of the two heavy bodies, we can always choose the
rotating x-axis so that the heavy bodies are not moving in the rotating frame. So, the problem
becomes the elliptic restricted problem with two equal heavy bodies and two zero masses (with

initially highly eccentric orbits; later, near-circular).
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Chapter 8

Summary and conclusions

In this study we have investigated a new family of orbits that exists in the framework of the
Caledonian symmetric four-body problem (CS4BP) [66, 58]. This planar family is generated
from the Schubart orbits that are collinear interplay orbits, discovered and studied by
Sweatman [70, 71, 73]. We have parametrised the family by two physical variables of the

system: the mass of the outer body my and the distance d;» between the two bodies 1 and 2.

The orbits - members of the family - are not periodic in the sense that each time the system
performs a period, it repeats itself in the real physical space. They are rather periodic relative
to a rotating frame in which the bodies return to their initial configuration and scale [22]. In
the real frame the configuration after one period is rotated by an angle #, which is associated
with the angular velocity of the system about the centre of mass. This type of orbit is often

called a relative periodic solution [12, 13].

The orbits from the discovered family have a very important characteristic: during the
period of their integration there are two different close encounters of the masses in the system.
One of them is a simultaneous close approach by two pairs of masses on two sides of the system’s
centre of mass. This is followed by a flyby of the two masses near the centre of mass. As long
as the system is planar, there are no collisions. However, the closer it is to collinear motion,

the closer the encounters are to a collision.
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All four bodies gravitationally interact with each other. The system can be considered as
follows. Two masses rotate about their common centre of mass and never meet each other.
Each mass has another mass nearby and forms a close binary with it. The other two masses
are attracted by each other and encounter each other near the centre of mass. As a result of

the motion, the four-body orbit is illustrated by a chain of single orbits.

The CS4BP, that was used, is the simplified problem that studies the four-body systems
with special symmetries: about the centre of mass and in time. The central symmetry fixes
the centre of mass of the system at the origin. The time symmetry is applied in the form of
the Mirror theorem [57, 58, 66|, which defines the initial state of the system. Using these two

kinds of symmetries allowed us to significantly reduce the initial number of variables.

We have closely followed the approaches by Hénon [31, 32, 33, 34|, who studied the
original Schubart orbit for three bodies, and Sweatman [70, 71}, who did a similar study for
the collinear Schubart orbit in the four-body system. Some alterations have been introduced
in the algorithm. For example, the definition of the system’s period has been modified in
order to increase the algorithm’s efficiency. A different regularisation has been used for a
search: we have used the Levi-Civita coordinates with the relation for rescaled time, similar

to that proposed by Heggie [27].

In studying the planar systems of four bodies, we have considered and applied two different
versions of the problem: the CS4BP with symmetries and the general problem of four bodies.
The latter has been used for studying the orbital stability and the orbit’s survival under various

types of introduced perturbations.

In Chapter 2 we have reviewed the literature dedicated to three and four-body problems,
especially that closely-connected with the study of the Schubart orbits, for both three and four-
body systems. The numerical and analytical investigations in different aspects of the problem
have been discussed. We have also given an overview of the regularisation methods and the

history of their development.

In Chapters 3, 4 and 5 we have provided a mathematical model of the problem and the
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methods that have been used for solving it. In Chapter 3 we introduced the CS4BP in the way

it was originally formulated by Steves and Roy [66, 67], also Roy [58].

We have developed the framework for integrating the equations of motion, with the chosen
initial configuration of the system provided. In doing so, we have followed the approach by
Sivasankaran, Steves and Sweatman [63, 64]. We have introduced and defined a rotating frame
for a system and the criterion that is used for indicating the time at which the bodies have

completed one period within both the rotating and real coordinate frames.

In Chapter 4 we have formulated the general problem of four bodies and the general
equations of motion. The different, unrestricted by symmetries or simplifications, version of
the system has been considered and applied. For dealing with close encounters and collisions,
we have used a different regularisation method which uses Mikkola’s [40] implementation of
the Heggie [27] global regularisation with time transformation in the form of an inverse of
the system’s Lagrangian. Following the generalisation of the problem, we have introduced the

rotating coordinate frame that deals with the orbits perturbed in the three-dimensional space.

One of the major outputs of this work has been presented in Chapter 5 which explains
the program developed for the search and analysis of the orbits. The program is based on an
algorithm that is applicable to any solution of the CS4BP when provided with the existence of

this solution and an initial guess of the configuration of the bodies.

We have provided a flowchart of the overall program and the differential corrections
algorithm used for a single orbit search. We have generated the family of the orbits by
varying two parameters, the mass m; and the angular momentum of the system A. The
parameter A is implicitly connected to the distance dyo: by following the trend of A we aim to

constantly increase dis.

The search procedure is performed by introducing linear differential corrections to the
dataset of orbits, which is updated with a newly discovered orbit on every successful iteration
of the algorithm. The initial dataset is represented by the orbits previously discovered by
Sweatman [70, 71, 73].
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Before each round of differential corrections, polynomial interpolation has been used to
achieve a prediction of the initial configuration that corresponds to the chosen values of my
and dy5. We have also introduced criteria for a resetting of the search, when the solution is not

achievable with satisfactory accuracy within the chosen time frame.

The successful passage through the differential corrections step is followed by the analysis
of the orbital stability. For an orbit, we have developed three different versions of the formal
stability analysis which all introduce perturbations of a chosen kind to the orbit. The
symmetrical planar linear stability analysis is performed immediately after the orbit has been
found. The subsequent planar linear stability analysis and vertical linear stability analysis

have been applied to selected orbits (members of the family).

We have also developed a non-linear stability check in the form suggested by Mikkola and
Hietarinta [44]. This check has been used for a selection of orbits in order to have a quick
interpretation whether each orbit is stable or unstable overall, without performing the full

linear stability analysis.

We have presented the results of the current work, the planar four-body family of the
interplay orbits, in Chapters 6 and 7. In Chapter 6 we have considered the special case of the
family with four equal masses. The results presented in this chapter have been presented in

the published paper [22].

The relation between the planar orbit from Sweatman [73] and the Schubart orbit [70, 71]
has been confirmed. It has been found that the equal-mass family starts and ends with the
Schubart orbit, at different points in the orbit. In the middle of the family we have discovered
and located the double choreography solution, also known as the criss-cross orbit [17, 20, 48,

49, 50].

We have analysed and followed the changes occuring in the physical variables of the system
along the equal-mass family, such as the angular momentum A, angle of rotation 6, period T
and the initial position and momentum coordinates of the system. The linear stability analysis

showed the existence of symmetrically stable, planar and vertically stable regions in the family.
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The results have been confirmed by the non-linear stability check. The family was found to be

overall unstable as was the ancestral Schubart four-body orbit.

In Chapter 7 we have presented the family of orbits that arose by varying the ratio between
masses in the family from Chapter 6. By varying the mass m; we have generated and observed
the family from the cases of heavy outer bodies with massless inner bodies to the cases of

relatively small outer masses with heavy inner masses.

We have used the results from Sweatman [70, 71| to construct the boundaries within which
the planar family exists. The symmetries of the family have been discussed by introducing four
regions I - IV, separated by the equal-mass line and the double choreography line. Based on

this discussion, the analysis of the family has been conducted.

Similarly to the equal-mass case, as considered in Chapter 6, we have followed the physical
quantities of the system and have drawn a connection between them and changes in the orbits.
The stabilities of the orbits have been analysed. Because of the abundance of data (164,215
orbits overall), we have performed a full stability analysis only on the orbits for every 5th value

of the mass m;.

We have found that there are five overall stable regions: three of them originate from the
collinear motion. Another stable region is situated nearby and exists for about a half of the
values of the mass m; (if two corresponding symmetric regions are considered). The fifth stable
region forms when the masses m; and my differ significantly. The relation between the angular

momentum of the system and some of the stability regions has been discussed.

Some of the special orbits that belong to the planar family have been considered. The
double choreography solutions have been generated for many mass ratios. It has been found
that, although the equal-mass double choreography is unstable, the double choreographies

become stable when reaching the cases of extreme masses.

We have also classified the absolute periodic orbits, i.e. the orbits that are periodic in
both real and rotating coordinate frames, that exist in the family. An orbit is absolute periodic

if the angle € is an integer multiple of 27 (a rational multiple if several revolutions about the
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centre of mass are considered). If, for absolute periodic orbits, the angle  is an even multiple

of 27, an orbit is a double choreography.

The behaviour of the orbits has been considered when the outer mass becomes extremely
small or big. The orbits close to limits in mass have been shown with the use of three different
rotating coordinate frames. Using different perspectives of the orbits we have deduced the
motion in the limits. A conclusion has been drawn about the four types of final motion and

the relation with the elliptic restricted three-body problem.

Some of the questions that arose in this work still remain unanswered. It is still unclear
how the formation of the “cusp” in the angular momentum affects the motion in the region of
extremely heavy masses m;. We have observed and commented on the dependence between
the angular momentum and the stability parameter k;. This has been shown valid in the
three-body system [32], and the four-body system for most of the masses m; except for the

highly-unstable zone in Regions II and III.

The algorithm developed and presented in Chapter 5, could be improved both in terms
of precision and performance. Some suggestions are presented. In the future we plan to
achieve better accuracy for the results presented in this work. The planar and vertical linear
stability analysis will be applied for the whole range of orbits. This will produce more accurate

boundaries of the stability regions.

Another aspect of the problem which would be interesting to explore is an investigation of
the family with an introduced central mass (The Caledonian Symmetric Five-Body Problem).
This system can be studied in terms of the four equal masses or the pairwise symmetric masses.
It is maybe more practical to think of a system rotating about the centre of mass that has its
own mass, especially for the cases of the heavy central body and the four comparatively near-
massless orbiting bodies. Two examples of such systems are presented in Figures 8.1 and 8.2.
These five-body orbits are extended from the criss-cross orbit (discussed in Section 6.1 and
presented in Figure 6.7) by introducing the stationary mass myq at the origin with the condition

on the total mass M = 2my + 2ms + mg = 4 and four equal masses (m; = my).
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Figure 8.1: The criss-cross orbit for the system of five bodies. The central mass my is four
times larger than the other four equal masses.
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Figure 8.2: The criss-cross orbit for the system of five bodies. The central mass mgo = 3.6
dominates the system with the four masses m; = my = 0.1.
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Appendix A

Units of the four-body system

Following Hénon’s [29] concept of choosing N-body units, we define units of mass U,,, length
U, and time U, by the condition that the gravitational constant G and the total energy E of

the system, expressed in these units, should be respectively:

We set m = U,,m, where m is the actual mass of the body, m is the dimensionless mass,

and
total mass of the system

Up = Mgy = ; ,
" “ " number of bodies in the system

where my, is the average mass of a body in the system.

The corresponding unit of length is

and © = Uz, y = Uy, 7 = Upr, where x,9 are actual coordinates of the body, x,y are their
dimensionless counterparts, and 7 and r denote the interbody distance in dimensional and

non-dimensional forms, respectively.
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The unit of time is .

Q
&

and time is rescaled by ¢ = Uyt.

Similarly, the velocities @ and @, the angular momentum A, total energy E, kinetic energy

K, potential energy U and the gravitational constant G are rescaled by

ﬁ—%v
= v
&—ﬁu
=
. U?
A=-LA

U,

. U?
E=_-LU,E,
U?

- U?

K=-LtU,K
U} ’

. U2

U=—-LUnU,
Ut

~ U3

G=—+—0G.
U2 Uy,
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Appendix B

The collinear four-body Schubart

orbits

In this section we produce some of the collinear Schubart orbits that build the boundaries for
the family. The orbits shown in Table B.1 were discovered by Sweatman [70, 71] by varying
the ratio between the outer and inner masses with a fixed value of total mass. The mass m; in
the Table B.1 indicates the mass of the outer bodies (red and purple, respectively). The green

and the blue bodies have mass ms = 2 — m;.

my Orbit

0.001
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Table B.1: Some of the collinear Schubart orbits
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Appendix C

Absolute periodic orbits in the planar

family of interplay orbits

We present the absolute periodic orbits that appear in the planar family of interplay orbits for
various masses. We showed that these orbits appear when the angle of rotation is 6 = 27” where
k € Z. In the following sections we show some of the examples of these orbits for different

values of k. We provide the value of the parameter m; for these orbits.

The orbits are integrated until they perform one full revolution about the centre of mass,
i.e. ‘close up’ one orbit. For double choreographies we integrate the orbits for only half of the

revolution in order to show that the symmetric bodies are on the same path.

In all of the following plots the bodies 1 and 4 have a mass m; and are shown with blue
and purple paths, respectively. The bodies 2 and 3 have a mass ms = 2 — m; and are shown

with red and green paths, respectively.
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Figure C.1: Absolute periodic orbits for 8 = 0.
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Figure C.2: Double choreographies for § = 7. (A reproduction of Figure 7.16).
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Figure C.3: Absolute periodic orbits for § = 27 /3.
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Figure C.4: Double choreographies for § = 27/4 = 7/2.
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Figure C.6: Double choreographies for § = 27w /6 = 7/3.
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Figure C.7: Absolute periodic orbits for 6§ = 27/7.
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Figure C.8: Double choreographies for 6§ = 27/8 = 7 /4.
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Figure C.9: Absolute periodic orbits for § = 27 /9.
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Figure C.10: Double choreographies for § = 27/10 = 7 /5.
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Figure C.11: Double choreographies for § = 27/20 = 7/10.
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