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Abstract

We are interested in monotone iterative algorithms for solving nonlinear singularly per-
turbed convection-diffusion problems. These problems arise in many physical phenomena.
One of the most common sources of these problems is the linearization of Navier-Stokes
equations with large Reynolds numbers, other sources include drift-diffusion equations of
semi-conductor device modelling, financial modelling, modelling in mathematical biology,
fluid dynamics and heat transport problems. Singularly perturbed convection-diffusion
problems are characterized by thin areas of rapid change of solutions. Many of these
problems can not be solved analytically but must instead be solved numerically. Classical
numerical approaches for solving these problems do not always work and may show unsat-
isfactory behaviours. In this thesis, we focus on constructing monotone iterative methods
for solving nonlinear singularly perturbed convection-diffusion problems. Monotone dif-
ference schemes have significant advantages: they guarantee that systems of algebraic
equations based on such schemes are well-posed; the finite difference operators satisfy the

discrete maximum principle.

We construct a uniform convergent difference scheme for solving a nonlinear singularly
perturbed two-point boundary value problem of the convection-diffusion type with dis-
continuous data. The uniform convergence of this scheme is proven on arbitrary meshes.

A monotone iterative method is applied to computing the nonlinear difference scheme.

In the past fifteen years, much interest has been shown in domain decomposition
techniques for solving singularly perturbed convection-diffusion problems. In this thesis,
we construct one- and two-level monotone domain decomposition algorithms based on the
multiplicative and additive Schwarz algorithms. These algorithms are proven to converge

to the exact solution of the problem.

We construct monotone relaxation methods by modifying the point and block w-Jacobi

iii



v

and successive underrelaxation methods. We prove that the point and block monotone
relaxation methods converge to the exact solution of the problem.

We combine the monotone domain decomposition algorithms and relaxation methods
to construct composite monotone domain decomposition algorithms. These algorithms
are proven to converge to the exact solution of the problem.

Multigrid methods are generally accepted as fast efficient solvers. The standard multi-
grid method has been shown to be unsatisfactory when applied to singularly perturbed
problems. We construct monotone multigrid methods for solving nonlinear singularly
perturbed convection-diffusion problems. We prove that these methods converge to the

exact solution of the problem.
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Chapter 1

Introduction

1.1 Singularly perturbed convection-diffusion problems

‘Imagine a river - a river flowing strongly and smoothly. Liquid pollution pours into the
water at a certain point. What shape does the pollution stain form on the surface of the
surface of the water?

Two physical processes operate here: the pollution diffuses slowly through the water,
but the dominant mechanism is the swift movement of the river, which rapidly convects
the pollution downstream. Convection alone would carry the pollution along a one di-
mensional curve on the surface; diffusion gradually spreads that curve, resulting in a long
thin wedge shape ’[58].

The above is a description of a convection-diffusion problem. Convection-diffusion
equations occurs when the differential equations modelling the process contain both con-
vective and diffusive terms. Some typical examples where convection-diffusion equations
occur include pollution dispersal in water or in the atmosphere, Fokker-Planck equation,
semi-conductor equations, groundwater transport problems [51].

In convection-diffusion problems, the second order derivatives are multiplied by a
parameter €. In standard problems where ¢ = O(1), diffusion is the dominant term and
is the main influence on the numerical solution of the problem. In general, this results
in a relatively smooth solution, and classical numerical methods are usually sufficient
to solve such problems. When ¢ << 1, diffusion is no longer the dominant term and
the convective term strongly influences the numerical solution. The diffusion term has

a significant influence on the solution in a small area or layer. Within this thin layer
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the gradient of the solution is large, hence, the dependent variable undergoes very rapid
changes. This is a characteristic of singularly perturbed problems. As ¢ is the parameter
which influences this behaviour, it is known as the perturbation parameter. These thin
areas of rapid change are known as boundary layers if they occur near a boundary, or
interiour layers if they occur within the domain not adjoining the boundary.

Singularly perturbed convection-diffusion problems arise in many physical phenomena.
One of the most common sources of these problems is the linearisation of Navier-Stokes
equations with large Reynolds number. These problems also occur in drift-diffusion equa-
tion of semi-conductor device modelling, financial modelling, modelling in mathematical
biology and in fluid dynamics and heat transport problems. Many more examples may
be found in [42], [43] and [51]. It is due to the regular occurrence of singularly perturbed
convection-diffusion problems in applied mathematics and engineering that there is much
interest in finding solutions to them.

For a two dimensional problem to be elliptic, the following inequality of the quadratic
form must be satisfied

2

S aitig; > wlla? + &)%), for all & and &,

i,j=1

where a;; are the coefficients of the second derivatives and x > 0 is the ellipticity constant.
The differential operators in convection-diffusion problems with small values of € stretch
this definition, since the ellipticity constant is close to zero. Many classical approaches
for solving these convection-diffusion problems are designed for elliptic problems. When
applied to singularly perturbed convection-diffusion problems, these classical approaches
do not always work and may show unsatisfactory behaviour such as instability [67], failure
to converge and oscillatory behaviour within the boundary layers which are not physically
realistic [51]. Therefore, there is much interest in investigating different methods for
solving singularly perturbed convection-diffusion problems.

Prandtl first introduced the idea of boundary layers in 1904 in the study of fluid
dynamics. However, he did not delve into the mathematical complexities of the problems.
Prandt] proved that a flow (such as in water or air) around a body may be split into
two regions, one which adjoins the body and one which does not. It is only in the region
adjoining the body that friction has a prominent effect. The following in a translation of

a section of [55]:
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‘The physical processes in the boundary layer between fluid and solid body can be
calculated in a sufficiently satisfactory way if it is assumed that the fluid adheres to the
walls, so that the total velocity there is zero or equal to the velocity of the body. If the
viscosity is very small and the path of the fluid along the wall is not too long, the velocity
will have again its usual value very near to the wall. In the thin transition layer the sharp
changes of velocity, in spite of the small viscosity coefficient, produce noticeable effects’
[1].

Although Prandtl introduced the idea of singularly perturbed problems but the term
singularly perturbed was not introduced until 1946, where Friedrichs and Wasow [34]
introduced it while researching relaxation oscillations of the Van der Pol type.

So far there have been two main approaches for finding approximate solutions for sin-
gularly perturbed problems, one using asymptotic expansions and the other is a numerical
method approach. The approach using asymptotic expansions has grown since the mid
1960’s. Asymptotic expansions prove valuable information about an exact solution for a
problem. The expansions provide an approximation to the solution using simple known
functions. It is therefore a qualitative approach, looking at gaining insight into the be-
havior of families of problems. Asymptotic expansions are useful for certain classes of
problems, however, Roos et al. [58] state ’asymptotic expansions may be impossible to
construct or may fail to simplify the given problem and the numerical approximations are
often the only option’. Numerical methods are developed for a broad range of problems,
whereas asymptotic methods are developed for a comparatively narrow range of prob-
lems. For these reasons, the study of the numerical method approach has steadily gained
momentum since the 1970’s. The first textbook in this area [30] was published in 1980.
However, very few, if any, additional textbooks were published for another 16 years, after
1996, [32], [50], [51], [57] and [58] were published.

The focus on numerical methods for solving singularly perturbed problems is to find
robust layer-resolving methods. The four key properties of the robust layer-resolving

numerical method are the following [32]:
e it is defined at each point in the domain,
e it is point-wise accurate,

e it is parameter-uniform,
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e it is monotone.

A numerical method is said to be parameter-uniform if there exist positive numbers Ny,
C, and p which are independent of N and the parameter ¢, such that for all N > Ny [32]

sup ||U —u|lg < CN7P, (1.1)
0<e<l1

where U and u are the discrete numerical and exact solutions, respectively, Q is the
computational domain and NV is the number of mesh points.

Most contemporary numerical methods are not robust layer-resolving when applied
to singularly perturbed problems. There are two main approaches in the construction
of robust layer-resolving numerical methods, they are fitted operator methods and fitted
mesh methods.

Fitted operator methods were first introduced in 1955 by Allen and Southwell [29]
while researching steady laminar motion of an incompressible viscous fluid past a sta-
tionary cylinder: that is, motion at speeds such that neither inertia nor viscosity can be
neglected. Fitted operator methods work by replacing a standard finite difference opera-
tor with a specially designed finite difference operator which takes into account the nature
of the singularly perturbed problem. An extensive amount of fitted operator methods are
published in [7], [8], [30], [32] and [65].

In [32], [62] and [63], it is proved that there are classes of problems in the two dimen-
sional case, where there is no fitted operator method which is robust and layer-resolving
on uniform mesh, hence, a special nonuniform mesh must be used.

The fitted mesh approach is the second main approach in constructing the robust
layer-resolving numerical methods. The first special nonuniform mesh was introduced in
1969 by Bakhvalov [2], where the mesh is a graded mesh based on a logarithmic scale.
It is very fine within the boundary layers and course elsewhere. The Bakhvalov-type
meshes were generalised by Vulanovié¢ [72]-[77] and Boglaev [9],[10],[12], and are known
as Bakhvalov-type meshes. In 1989, Shishkin [62] suggested a simple piecewise uniform
mesh. The piecewise uniform or Shishkin mesh, is uniformly fine in the boundary layers
and uniformly course outside of the boundary layers. The Shishkin mesh uses a-priori
knowledge of the derivatives to determine the transition point between the course and
fine meshes. The corresponding numerical methods have been shown to be robust and

layer-resolving [32], [58]. Due to the simplicity of its construction, the Shishkin mesh has
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been widely used. The drawbacks of the Shishkin-type meshes are that a-priori knowledge
of the derivative is needed to determine the transition point and at this stage they have
only been applied to problems on rectangular domains [66]. An alternative approach is
to use an adaptive mesh approach. The adaptive mesh technique contains a function
which identifies boundary layers and adapts the mesh to suit. To do rigorous analysis of
the adaptive mesh method, an a posteriori bound on the error in the computed solution
(that is, the error bound which is expressed entirely in terms of local data of the current
computed solution) is needed [58]. Many numerical techniques used to estimate the error
lead to problem-dependent constants for convection-diffusion problems. This may lead to
the error estimate not being very reliable due the constants being large and dominating
the error estimate [40]. The adaptive mesh approach for solving singularly perturbed

problems has been developed in [4]-[6],[47], [54], [59] and [78§].

1.2 Domain decomposition algorithms

Over the past 15 years, with an increase in high performance parallel computers, much
interest has been shown in domain decomposition techniques to help reduce the processor
time and the computer memory required for solving problems. Domain decomposition al-
gorithms are techniques for solving differential equations where the computational domain
is partitioned (or decomposed) into several subdomains. The subdomains may or may
not overlap. Subproblems, which are of a reduced size, are then formulated and solved on
each of the subdomains while enforcing suitable continuity requirements between neigh-
bouring subdomains [28]. The domain decomposition techniques may be applied either
directly to differential equations - the continuous approach, or to discrete approximations
of differential equations - the discrete approach. The domain decomposition techniques
enable the use of different numerical schemes and also different kinds of equations in
different subdomains [56]. This is a reason that there is interest in the domain decom-
position algorithms for solving singularly perturbed problems, where the solutions have
diverse behavioral change in its boundary or interior layers. Recently much interest has
been shown in Schwarz-type iterative domain decomposition algorithms. The Schwarz
iterative domain decomposition algorithms can be classified into two classes: multiplica-

tive and additive [28], [56], [64]. The overlapping Schwarz algorithm or multiplicative
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am—l em

Qm—l Qm—i—l

Figure 1.1: Illustration of the domain decomposition with overlapping subdomains.

Schwarz algorithm can be described in the following way. The domain €2 is split into M
overlapping vertical strips ,,, m = 1,..., M (an example of this decomposition is shown
in Figure 1.1). For the convection-diffusion problem, the strips are then solved in series
starting at the left or the right boundary (according to upwind error propagation) [37].
This process is known as an outer iteration. The outer iterations are continued until a
required accuracy is reached. The multiplicative Schwarz algorithm is a special instance
of the classical or alternating Schwarz algorithm. In the alternating Schwarz algorithm,
the overlapping regions are not necessarily solved in a serial fashion but may be solved in
a different ordering. The other Schwarz-type iterative domain decomposition algorithm is
based on nonoverlapping subdomains, which is known as the additive Schwarz algorithm.
This decomposition consists of splitting the domain into M nonoverlapping strips €2,,,
m=1,...,M, and M — 1 interfacial subdomains 6,,, m = 1,..., M — 1 (an example of
this decomposition is shown in Figure 1.2) [37]. This domain decomposition algorithm has
a natural way of constructing a parallel algorithm. The subdomains ©,,, m =1,..., M,
can be solved in parallel on their own processors, then the interfacial subproblems 6,,,
m=1,...,M — 1, are solved in parallel on their own processors and used to update the

boundary values between the strips.

We now describe the development of the domain decomposition approach for solving
singularly perturbed convection-diffusion problems. A domain decomposition algorithm
was first applied to a singularly perturbed problem in [31], where the discrete Schwarz
algorithm is applied to one dimensional semilinear singularly perturbed problems. The

continuous Schwarz algorithm on two subdomains is applied to one dimensional linear
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Figure 1.2: The domain decomposition with nonoverlapping subdomains.

convection-diffusion problems in [50]. The algorithm is proven to be parameter uniformly
convergent. In [35] and [36], for solving two dimensional problems the asymptotic anal-
ysis is in use to determining the domain partitioning and for constructing the domain
decomposition algorithm. In [49], a two dimensional linear convection-diffusion prob-
lem is solved by the continuous Schwarz algorithm on two subdomains, and the conver-
gence rate is estimated in the maximum norm. In [16], [20] and [21], for solving two
dimensional linear convection-diffusion problems, the domain decomposition algorithms
are constructed on an arbitrary number of subdomains, and the convergence rate is esti-
mated in the maximum norm. In [15], the domain decomposition algorithm on arbitrary
number of subdomains is constructed and investigated for solving one dimensional non-
linear convection-diffusion problem. However, in [15] there is no discussion on solving the

nonlinear problems on the subdomains.

There is not a large amount of research which has been carried out on monotone
Schwarz algorithms, which combine the monotone approach with Schwarz algorithms. The
advantages of the monotone Schwarz algorithms are that these algorithms solve only linear
discrete systems at each iterative step of the iterative process and converge monotonically
to the exact solution of the nonlinear problem. In [45] and [46], the theoretical convergence
properties of the continuous monotone Schwarz algorithms applied to Poisson’s equation
and a nonlinear reaction-diffusion equation, respectively, are investigated. Neither of
the problems in [45] and [46] are singularly perturbed and there is no discussion of the
convergence properties of the discrete monotone Schwarz algorithms. In [48], it is shown

that the convergence properties of the continuous Schwarz algorithm does not indicate the
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same convergence properties for the corresponding discrete Schwarz algorithm. In [17], for
solving two dimensional nonlinear convection-diffusion problems, the monotone Schwarz
algorithm, based on the monotone approach and outer iterates from [37], is constructed,

and the uniform convergence rate is estimated.

1.3 General overview of the thesis

The remainder of this chapter is as follows. In Section 1.4, we discuss uniformly convergent
numerical methods for three two dimensional convection-diffusion problems. In Section
1.5, we construct a nonlinear difference scheme for solving nonlinear singularly perturbed
convection-diffusion problems. The maximum principle is proven for a linear difference
scheme. In Section 1.6, we construct a monotone iterative method and prove its monotone
convergence. A simple method for finding initial upper or lower solutions without any
prior knowledge of the solution is provided.

Chapter 2 deals with a uniform (in a perturbation parameter) convergent difference
scheme for solving one dimensional nonlinear singularly perturbed two-point boundary
value problem of the convection-diffusion type with discontinuous data. Uniform con-
vergence of the proposed difference scheme on arbitrary meshes is proven. A monotone
iterative method, which is based on the method of upper and lower solutions, is applied
to computing the nonlinear difference scheme. Numerical experiments are presented.

Iterative domain decomposition algorithms for solving two dimensional nonlinear sin-
gularly perturbed convection-diffusion problems with a convective dominated term are
discussed in Chapter 3. We consider one-level and two-level domain decomposition al-
gorithms. We prove that the algorithms converge monotonically to the exact solution.
The advantage of the two-level algorithm is that it has a potential for parallel computing.
Results of numerical experiments are presented.

Chapter 4 deals with monotone relaxation methods based on the w-Jacobi and suc-
cessive underrelaxation methods. Point monotone w-Jacobi, point monotone successive
underrelaxation methods, block monotone w-Jacobi and block monotone successive un-
derrelaxation methods are constructed, and their monotone convergence are proven. We
compare the convergence of the block monotone iterative methods. A comparison of the

point monotone and block monotone iterative methods is given. Results of numerical
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experiments are presented.

In Chapter 5, we describe composite monotone domain decomposition algorithms
based on the Jacobi, Gauss-Seidel, block Jacobi and block Gauss-Seidel methods for
solving nonlinear singularly perturbed convection-diffusion equations. These algorithms
are combinations of the monotone domain decomposition algorithms presented in Chapter
3 and the monotone relaxation methods presented in Chapter 4. The advantages of
these composite monotone domain decomposition algorithms are that the algorithms solve
only linear discrete systems at each iterative step of the iterative process and converge
monotonically to the exact solution of the nonlinear problems. Numerical experiments
are presented.

In Chapter 6, we construct three monotone multigrid methods: the monotone multi-
grid method, the block monotone multigrid method and the two-level monotone multigrid
algorithm. Monotone convergence of these algorithms is proven, and numerical experi-
ments are presented.

Chapter 7 deals with the general overview of the conclusions from Chapters 1-6.

1.4 Uniform convergent numerical methods for two dimen-

sional convection-diffusion problems

In this section, we consider three examples of two dimensional singularly perturbed

convection-diffusion problems.

1.4.1 Convection-diffusion problem with elliptic boundary layers
—&(uaa +uyy) +01(z, Y)ue +ba(z, y)uy + f(z,y,u) =0, (z,y) € 2=[0,1]x[0,1], (1.2)

by > 1 = const. >0, by > P2 =const. >0, u(x,y)=g(z,y), (z,y)e€ i,

fu>co=const. >0, (z,y,u) € QX (—00,00), (fu=0f/0u),

where 052 is the boundary of Q. Using the mean value theorem, we can write f(x,y,u) =
f(z,y,0) + fu(z,y,0(z, y)u)u, where 0 < 6(z,y) < 1. Now, we may consider (1.2) as a
linear problem with the smooth coefficient f,, and use the bounds of the exact solution

and its derivatives obtained in [58] for linear problems.
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Figure 1.3: Solution of the convection-diffusion example with elliptic boundary layers.

Proposition 1.

O e < (14 Lexp (-5 122,
ox - .

1 1—
6u($’y) <C|1+ —exp —5QM ’
dy - .

where C' is a constant independent of ¢ and N = max (N, Ny).

This convection-diffusion problem with elliptic boundary layers is characterised by
boundary layers of width O(e|lnel) close to z = 1 and y = 1. The solution of (1.2) with

by =by =1, f(x,y,u) =exp (—1)—exp (—u), g(x,y) = 0, and ¢ = 0.001 is given in Figure
1.3.
. . —h =hx  =hy
We introduce a nonuniform mesh " = Q™ x Q7 :

O = {2, 0<i < Np3 w0 =0, an, = 1; hyi = 201 — 7}, (1.3)
—h .
QY ={y;, 0<7 < Nys yo=0, yn, = 1; hyj = yj1 — yj},

and on this mesh approximate (1.2) by the upwind difference scheme

Lo(p) + f(p,v) =0, peQ, v(p)=g(p), peco, (1.4)



SECTION 1.4 11

where the difference operator L is defined by
Lv = —e(DYD? + DY DY)v+ b D% v + byDY v.

(D% D" )u(p) and (DYDY )v(p) are the central difference approximations to the second
derivatives and D*v and DY v are the backward difference approximations to the first

derivatives with respect to x and y, respectively,

(DYD” )iy = (hai) M (Vig1,j — vij) (hai) ™' = (vij — vic1,) (haiz1) V], (15)
(DYDY yoij = (hys) " [(vig1 = vig)(hyg) ™ = (vig = vig—1) (hyy—1) V],
D?vij = (hai1) " (vij —vic1y),  DYwig = (hyj—1) " (vij — vij1),

B = 27 (i + hic1), By = 27 (hyj + hyj 1)

where v;; = v(x;,y;). We write the difference scheme at an interior mesh point (z;,y;) €

Q" in the form
dijvij — Wiji-1,j = €ijVit1j = SijVij—1 — Nijvije1 + f (@i, Y5, 0i) + g5 =0, (1.6)
where g;; is associated with the boundary function g(p), and

wij = €/(hgihgi—1) + b1ij/hai-1, €ij =€/(Agihai) + b2ij/hy j—1,

sij = &/ (hyjhyj-1),  nij = e/(hyjhy;),  dij = wij + eij + sij + nij -
The coefficients of the difference scheme satisfy the inequalities

dij > 0, Wij 5 €35 5 Sij 5 Nij > 0, (1.7)

dij—(wij+eij+sij+nij)20, i=1,...,N, =1, j=1,...,N,—1.

We use the piecewise uniform Shishkin mesh [32] in the z- and y-directions. As this
problem has a boundary layer close to x = 1, we divide the z-interval [0, 1] into two
intervals [0,1 — o,] and [1 — 0;,1]. We locate half of the mesh points evenly in the
boundary layer [1 — 0,,1], and the remaining half are distributed evenly outside of the
boundary layer [0,1 — 0,]. We distribute the mesh points in the y-direction in a similar
way. We divide the y-interval [0, 1] into two intervals [0,1 — o,] and [1 — 0y, 1] and locate
half of the mesh points evenly in the boundary layer [1 — o, 1]. The remaining half are

distributed evenly outside of the boundary layer [0,1 — o,]. This results in the course
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mesh in the intervals [0,1—o0,] and [0, 1 — 0y] and the fine mesh in the intervals [1 — oy, 1]

and [1 — oy, 1]. We define hy; and hy; as follows

2(1—0s . . 21— . _N
)R iy )R i<
i = % N. ‘ hyi =90 5, N, . (1.8)
T;a Tx—i_lSZSNxv Nja Ty—i_lSJSNZﬁ

The transition point 1 — o, and 1 — o, are given by [50]

min { 1 2eIn(V;) } in { 1 2eln(Ny) }
Og = ' o (> Oy = o' A (-
2. B Y 2 P

We conjecture that the upwind difference scheme (1.4) on piecewise uniform mesh

(1.8) converges e-uniformly to the solution of (1.2), that is,

max U(p) —u(p)] < CA(NY), N =min(N,, N,),
peQ

where d is near order 1 in N~!, and constant C is independent of € and N. Our numerical

experiments on some test problems confirm this conjecture.

1.4.2 Convection-diffusion problem with parabolic layers

—&(Uaa + uyy) + 01(2, Y)ue + fz,y,u) =0, (2,y) € 2=1[0,1] x [0,1], (1.9)
by > B =const. >0, wu(z,y) =g(z,y), (,y)c I,
fu>co=const. >0, (z,y,u) €N x(—00,00), (fu=0f/0u).

In [75], the following bounds on the first derivatives are proven.

Proposition 2.

g?;(xvy)‘ <C <1+iexp <B(1 _”3)>),

3

ezt b o (52) s ().

where C' is a constant independent of ¢ and N = max (N, Ny).

This convection-diffusion problem with parabolic layers is characterised by an elliptic
boundary layer of width O(e|lng|) close to x = 1 and by two parabolic boundary layers
of width O(y/e|lne|) close to y = 0 and y = 1. The solution of (1.9) with b = 1,
f(z,y,u) =exp(—1) — exp (—v), g(z,y) = 0, and € = 0.001, is given in Figure 1.4.

We approximate (1.9) by the upwind difference scheme

Lo(p) + f(p,v) =0, peQ, v(p)=g(p), peco, (1.10)
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Figure 1.4: Solution of the convection-diffusion example with parabolic boundary layers.

where Q" from (1.3), and the difference operator £ is defined by
Lv = —e(D5D* + DYDY )v+ b1 D%

(D% D" )u(p) and (DYDY )v(p) are the central difference approximations to the second
derivatives and D* v is the backward difference approximation to the first derivative with
respect to x, as defined in (1.5). We write the difference scheme at an interior mesh point

(zi,y5) € Q" in the form (1.6), where

wij = €/(hgihzi—1) + bij/hai-1, e€ij =€/(hpiha) ,
sij = &/ (hyjhy 1), nij =e/(hyihys),  dij = wij + eij + sij + N -
The coefficients of the difference scheme satisfy the inequalities (1.7).

We use the piecewise uniform Shishkin mesh [32] in the z- and y-directions. As this
problem has an elliptic boundary layer close to z = 1, we use the piecewise uniform mesh
(1.8). As this problem has two parabolic layers close to y = 0 and y = 1, we divide
the y-interval [0, 1] into three intervals [0, 0y], [0y,1 — 0y, and [1 — oy, 1], and locate a
quarter of the mesh points evenly throughout the boundary layers [0, 0,] and [1 — oy, 1].

The other half of the mesh points are distributed evenly in the interval outside of the
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boundary layers [0y, 1 — o,]. This results in the fine mesh in the boundary layers [0, o]

and [1 — oy, 1] and the course mesh in the interval [y, 1 — 0,]. We define h,; and hy; as

follows
doy P Ny
2(1—0z) 1<7J<& Ny 1<5< 4
Nx ) — — 2 — .
hmi = hyj = 2(1N2Gy)7 % +1 < J < %7 (111)
¥ B+ 1<i< N, so, 3N, ,
N, Tl s Ny,

The transition points 1 — oy, 0, and 1 — g, are given by [32]

1 2eIn(Ny) 1 eln(Ny)
Gx—mln{Q,IB}, Uy—mln{4,\/a}.

We conjecture that the upwind difference scheme (1.10) on piecewise uniform mesh

(1.11) converges e-uniformly to the solution of (1.9), that is,

max U(p) —u(p)] < CA(NY), N =min(N,, N,),
peEQ

where d is near order 1 in N~!, and constant C is independent of € and N. Our numerical

experiments on some test problems confirm this conjecture.

1.4.3 Anisotropic convection-diffusion problem
_guxx_uyy"i_bl(may)ux—i_f(xvyvu) :07 (LL’,y) € Q: [07 1] X [07 1]7 (112)
bl Zﬁ:COHSt' >0’ ’U,(l’,y) :g(may)v (‘/an) G@Q,

fu > ci =const. >0, (x,y,u) € Qx(—00,00), (fu=09f/0u).

Similar to the proof of the bounds on the first derivatives for the anisotropic convection-
diffusion problem of parabolic-type from [14], one can prove the following bounds on the

first derivatives of problem (1.12).

2t < (1 e (41220)).
o)

Proposition 3.

<,

where C'is a constant independent of € and N = max (N, Ny).
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Figure 1.5: Solution of the anisotropic convection-diffusion example.

This anisotropic convection-diffusion problem is characterised by an elliptic boundary
layer of width O(e|lne€l) close to x = 1. The solution of (1.12) with by = 1, f(x,y,u) =
exp (—1) —exp (—u), g(x,y) = 0, and € = 0.001 is given in Figure 1.5.

For a mesh function v(p), p € Q" an approximation of (1.12) using the upwind

difference scheme is given by
Lo(p) + f(p,v) =0, peQ’, v(p)=g(p), peo", (1.13)
where Q" is the mesh (1.3), and the difference operator £ is defined by
Lv = —e(D{D%)v — (DYDY )v+ b D%v.

(D% D*)u(p) and (DYDY )v(p) are the central difference approximations to the second
derivatives and D*v is the backward difference approximations to the first derivative
with respect to x from (1.5). We write the difference scheme at an interior mesh point

(zi,y;) € Q" in the form (1.6), where

wij = €/ (hgihzi—1) + bij/hai—1, ey = €/ (haihai)

Sij = 1/(hyjhyj71) , Mg = 1/(hyjhyj) R dij = W45 + €55 + Sij + Ny -
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The coefficients of the difference scheme satisfy the inequalities (1.7).

We use the piecewise uniform Shishkin mesh [32] in the z-direction and a uniform mesh
in the y-direction. As this problem has an elliptic boundary layer close to x = 1, we use
the piecewise uniform mesh (1.8) in the z-direction. The mesh points in the y-direction
are distributed evenly over the whole interval [0, 1].

We conjecture that the upwind difference scheme (1.13) on piecewise uniform mesh
(1.8) in the z-direction and uniform mesh in the y-direction, converges e-uniformly to the
solution of (1.12), that is,
max |U(p) — u(p)| < Cd(N™Y), N =min(N,, N,),

ped”
where d is near order 1 in N~!, and constant C is independent of € and N. Our numerical

experiments on some test problems confirm this conjecture.
1.5 Nonlinear difference scheme
We consider the nonlinear convection-diffusion problem in R*, k =1,2,...,

Lu+ f(z,u) =0, z=(x1,22,...,2%) € Q, (1.14)

u(z) = g(x), z €0,

where 2 is a connected bounded domain with boundary 9€2. The differential operator L

is given by
9% b ou
Lu=—¢ —+Zba(x)—
2 9
= 0x?, = 0%,
where ¢ is a small positive parameter, and the coefficient b, (z), « = 1,2, ..., k, are smooth
functions.

For approximation of (1.14), we use the nonlinear difference scheme

Lo(p) + f(p,v) =0, peQ", wv(p)=g(p), ped (1.15)
Lo(p) = d(p)v(p) — > elp.p)o@),
p'€d’(p)
where o (p) is the stencil of the scheme at an interior point p, o/(p) = o(p)\{p}, Q" isa
mesh and 99" is the boundary of Q". We assume that the mesh Q" is connected, that
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is, for any two interior mesh points in the domain, there exists a path through adjacent
mesh points from within the domain, connecting the points. We make the following

assumptions on the coefficients of the difference operator L:

d(p) >0, ep,p) >0, dip)— Y elp,p)>0, pet (1.16)
p'€a’(p)

We introduce a linear version of (1.15)

(L+w(p) = folp), peQ, (1.17)

w(p) = g(p), ped, c(p)>co=const>0, pe".

In the following lemma, we prove the maximum principle for the difference operator

L + ¢ and estimate the solution of (1.17).

Lemma 1. Let the difference operator L satisfy (1.16) and the mesh Q" be connected.

(i) If a mesh function w(p) satisfies the conditions
(L+e(p)w(p) 20(<0), peQt, w(p)20(<0), ped,

then w(p) >0 (<0), p € ",

(ii) The following estimate of the solution to (1.17) holds true

lollgg < masx [l gnn 1ollg /co] - (118)

where

[wlgr = max [w(p)|, [lwllagn = max |w(p)|, [ follgr = max|fo(p)|-
@ peﬁh peIN” @ peﬁh
Proof. We prove the first part of the lemma by the method of contradiction. Assume that
(L4 c)w(p) >0, p € Q" and w(p) > 0, p € 0. Suppose that there exists p € Q" such
that w(p) < 0. Let W denote the set of mesh points where w(p) = minpeﬁh w(p). Thus,

W is the set of all the mesh points where w(p) is minimal. By our assumptions, w(p) is

not constant, therefore, there exists p, € W such that for some p’ € o/(p), w(p') > w(ps).
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From here, (1.16) and w(ps) < 0, we have
(L+w(p) = dp.)+cp)wp)— Y elp.,p)w)
= (d(ps) + c(ps))w(ps) + e(ps, ') (w(ps) — w(p))

- Z e(p*;p/)w(p*)

p'€a’ (ps)

= (dp.) = D eap))wps) + clps)w(ps)

p'€0’(p+)

+ > elpsp)(wlps) —w(p)) <O0.

p'€o’(p«)
This contradicts our assumption, and we prove the result. The case of the reversed
inequalities, (£ + c)w(p) <0, p € Q" and w(p) < 0, p € IQ", may be proved in a similar
manner. Thus, we prove part (i).
We now prove part (ii) of the lemma. Suppose w(p) attains its maximum on the

boundary Q"
Hngh = [lwllaqn-
Part (ii) of the lemma is satisfied. Suppose w(p) attains its maximum at an interior mesh

point p* € Q" where |w(p*)| > |w(p)|, for all p € Q". From here, (1.16) and (1.17), we

have
(L4 Quwp)] = |dp)+wp)— Y. ep,p)w@)
p'€c’(p*)
> |dp) +wp) =1 > elp.p)w@)]
p'€c’(p*)
> (dp) +o)lw®) - Y elp,p)w@)|
p'€0’(p*)
> () - Y el )wp)| + cw(p®)]
p'€c’(p*)
> clw(p”)l.

From here, it follows that
clw(p®)| < [ foll-

Taking into account that [|w||5» = w(p*), and ¢ > co, we prove part (i) of the lemma. [
We say that 7(p) is an upper solution of (1.15) if it satisfies the inequalities

Li(p) + f(p,7) >0, peQ', T>g on Q"
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Similarly, v(p) is called a lower solution if it satisfies all the reversed inequalities.

Lemma 2. Upper and lower solutions of (1.15) satisfy the inequality
_ =h
v(p) <o(p), peEQ. (1.19)

Proof. Let v = U — v. From the definition of lower and upper solutions and the mean

value theorem, we have

v

£o(p) + (,9) - (Lo(p) + f(p,v) = 0
L(©(p) —v(p) + f(p,v) — f(p,v) 0

Lov(p) + fo(p)v(p) > 0, peQ,

v

where f,(p) = fu[p,0(p)], v(p) lies between v(p) and v(p). Therefore dv(p) satisfies the
conditions of the maximum principle in Lemma 1. Applying the maximum principle, we

have
_ —h
dv(p) =v(p) —u(p) >0, pel,

and prove the lemma. ]

1.6 Monotone iterative method
We assume that the mesh function f(p,v) satisfies the two-sided constraint
0<ce < fu<c", e, ¢ =const. (1.20)

We select an initial mesh function v on Q" such that it satisfies the boundary condi-
tion g(p) on 9Q". The monotone iterative method is given by the following recurrence
formulae:

(L+ )z (p) = —R(p,v™ V), peh (1.21)

Z(p) =0, ped, v (p) =2 (p)+vV(p), ped’,
R(p, v~ 1) = LoD (p) + f(0l"=D), p).
Remark 1. For simplicity, we require our initial solution satisfies the boundary condition

g(p) on 90" however this is not essential. Instead, we can only require that

7 (p) > g(p), vV(p) <glp), pe o
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In this case, 2™ (p) is now defined by

D) = gp) —7Vp), or 2V(p) = g(p) — 0O (p), pe ",
XMp)y=0, n>2 pedt

Using this definition, we see that

v (p) = vO(p) + 20 (p) = v (p) + (9(p) — vV (p)) = 9(p), p € Q"

Theorem 1. Let 570, v be upper and lower solutions of (1.15). Assume that the dif-
ference operator L and function f satisfy (1.16) and (1.20), respectively, and the mesh
Q" is connected. Then the upper and lower sequences {5} and {v™} generated by the
iterative method (1.21) converge monotonically from, respectively, above and below, to the

unique solution v of (1.15):
V) < oM () < vlp) <2 (p) <TVE), pe@ n>L

Proof. We only consider the case of upper solutions. The case of lower solutions may be
shown in a similar manner.
Assume that 7% (p) is an upper solution which satisfies the boundary condition. Then

from (1.21) with n = 1, we have
(L+c)20(p) = -Rp,aW) <0, pe, :Mp)=0, peoa

By the maximum principle from Lemma 1, we conclude that 2™ (p) < 0, p € ", Using

the recurrence formula (1.21) and the mean value theorem, we have

R(p,oM) = R(p,70 + (V)
= LvO(p) + L2 (p) + f(p, 50 + 2(V))
= LvO(p) + f(p,vV) + L2V (p) + f(p, 0O + 2) — f(p,v?)
= R(p,7®) + LD (p) + £5 (p)=M (p)
= —(L+e)20E) +LO(p) + £ (p)2V (p)
= —(c = )V ),

where fzgl)(p) = fo[p, 79 (p) + WD (p)2M (p)], 0 < O (p) < 1. From here and (1.20), we

obtain

R(p, o) = —(c* — fPD(p)zD(p) > 0,
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and conclude that v(l)(p) is an upper solution. By induction on n, we can prove that
zM(p) <0, p € ﬁh, and 7™ (p) is an upper solution for all n > 0. Thus, {7} is a
monotonically decreasing sequence of upper solutions. This sequence is bounded below
by v, where v is any lower solution (1.19). We conclude that the mesh function defined
by
ERT —(n) =h
v(p) = lim v (p), peQ,
n—oo

exists.

We now prove that v(p) is the exact solution to (1.15). From (1.21), it follows that

lim (£ + ¢*)z™(p) = lim —R(p,vo™ V).

n—oo n—o0

As lim,,_y o0 2™ (p) > 0,p€ ﬁh,

lim —R(p,v" V) = —R(p,v) = 0.

n—oo
Thus, Lv(p) + f(p,v) = 0, p € Q", and taking into account that v(p) = g(p), p € OQ", we
prove that v(p) is the exact solution of (1.15).
We now prove that v(p) is the unique solutions of (1.15). Suppose there exists another

solution v(p) of (1.15). Let ¢(p) = v(p) —v(p), p € Q. By the mean value theorem,

R(p,v(p)) = R(p,v(p)) = Lo(p)+ f(p,v(p)) — Lu(p) — f(p,v(p))
= L(v(p) —v(p) + f(p,v(p)) — f(p,v(p))
= Li(p) + f3s(p) =0, peQ,
where f* = f,(p,v*(p)), v*(p) lies between v(p) and v(p). Since ¢(p) = 0, p € IQ", by

the maximum principle from Lemma 1, we conclude that

~ =h

s(p) =v(p) —o(p) =0, pec,
and prove the uniqueness of the solution v(p) and the theorem. O
Remark 2. An advantage of the monotone iterative method is that we can provide a
simple method of finding initial upper or lower solutions without any prior knowledge of

the solution. Let ¢(p) be an arbitrary mesh function defined on Q" which satisfies the

boundary condition ¢(p) = g(p) on dQ". We consider the difference problems
Lz,(p) + cxz(p) = v[R(t,q)|, peQ, 2,=0, ped, v=1,-1, (1.22)

where R(t,q) = Lt(p) + f(t,q). Then 70 (p) = t(p) + 21(p), 'V (p) = t(p) + 2-1(p),

=h s . .
p € 1, are initial upper and lower solutions, respectively.
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Proof. We consider only the case for the initial upper solution, as the lower solution
case may be shown in a similar manner. By the maximum principle from Lemma 1, we
conclude that z1(p) > 0, p € Q". From here and (1.22), by the mean value theorem, we
have
Lo (p) + f(p,7Y) = L(tp) +21(p)) + f(p,t + 21)
= Lt(p) + f(p,t + z1) + Lz1(p) £ cxz1(p)
= Lt(p)+ f(p,t+21) = f(t,p)
+[LH(p) + f(E,p)] — cxz1(p)
= Lt(p) + fp, 1) + [Lt(p) + f(t, D)
+fo21(p) — cz1(p)
= Lt(p) + fp, 1) + [Lt(p) + f(t,p)|
+(fy — e)zilp) 20,
where f = fu(p,v*(p)), v*(p) lies between t(p) and ¢(p) + z1(p). From here, we conclude
that 5(9) (p) is an upper solution. O



Chapter 2

One dimensional

convection-diffusion problem

This chapter deals with a uniform (in a perturbation parameter) convergent difference
scheme for solving a nonlinear singularly perturbed two-point boundary value problem
of the convection-diffusion type with discontinuous data. Construction of the difference
scheme is based on locally exact schemes or on local Green’s functions. Uniform con-
vergence of the proposed difference scheme on arbitrary meshes is proven. A monotone
iterative method, which is based on the method of upper and lower solutions, is applied

to computing the nonlinear difference scheme. Numerical experiments are presented.

2.1 Introduction

In this chapter, we are interested in the semilinear two-point boundary-value problem

with a convective dominated term and discontinuous data
—eu” 4+ b(z)u + c(z,u) + f(z) =0, zeQ=(0,1), (2.1)

w(0) =0, u(1) =0, b(x) > by =const >0, ¢, >0, (¢, =dc/Ou),

where ¢ is a small positive parameter. Suppose that the function c¢ is sufficiently smooth

and b, f are piecewise smooth functions, i.e.

b(x), f(x) € Q;(ﬁ), n > 0.

23
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We say that v(z) € Qp(€) if it is defined on Q and has derivatives up to order n, the
function itself and its derivatives may only have jump discontinuities at a finite set of
points p = {p1,...,ps},0 <p; <pj+1,j=1,...,J —1, ie, QZ(Q) = C™"(Q\p).

The solution to (2.1) is a function with a continuous first derivative, which satisfies
the boundary conditions and the equation everywhere, with the exception of the points

in p. The problem (2.1) has a unique solution [70]
u(z) € CHQ) N Q).

Linear versions of problem (2.1) with discontinuous data are investigated in [19], [33].
The solution of the linear problem possesses a strong boundary layer at z = 1 and weak
interior layers at the points of discontinuity p. The boundary layer is strong in the sense
that the solution is bounded, but the magnitude of its first derivative at x = 1, grows
unboundedly as ¢ — 0. The interior layers at p are weak: the solution and the first
derivative are bounded but the magnitude of the second derivative grows unboundedly as
e — 0. We show (see Lemma 3) that problem (2.1) possesses a strong boundary layer at
x = 1, and the solution and the first derivative are bounded at the points of discontinuity
p.

Our goal is to construct an e-uniform numerical method (1.1) for solving problem
(2.1). In [19], [33], for solving the linear version of problem (2.1), the uniform numerical
methods are constructed by using the integral-difference method (or the method of locally
exact schemes) on arbitrary nonuniform meshes [19], and by using the standard upwind
finite difference method on the piecewise uniform mesh, which is fitted to boundary and
interior layers [33].

In Section 2.2, we establish some a priori estimates of the solution and its first deriva-
tive. In Section 2.3, we construct a numerical method by applying the integral-difference
approach. Note that in the constructed numerical method, a difference operator corre-
sponding to the linear differential operator —ed?/dx? + bd/dz is equivalent to the upwind
finite volume method from [44], [79]. In Section 2.4, we prove uniform convergence of
the numerical method on arbitrary nonuniform meshes by extending in a natural way the
proof of the main theoretical result from [13] (the difference scheme in the case of problem
(2.1) with smooth data converges e-uniformly). In Section 2.5, we construct a monotone

iterative method for solving the nonlinear difference scheme and prove that the iterates
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converge e-uniformly to the solution of problem (2.1). In Section 2.6, numerical results
are presented, which are in agreement with the theoretical results.

Most of the content of this chapter is published in [25].

2.2 Properties of the continuous problem

The following lemma contains a priori estimates of the solution to problem (2.1).

Lemma 3. If b(z), f(z) € Qp(Q), n > 0, then a unique solution to (2.1) exists and
u(x) € CH Q) NQIT2(Q). The solution u(x) satisfies the following estimates:

d*u(x)
dxk

be(1—2)
5

‘SC’[I—Fe_kexp(— )]xeﬂ k=0,1,

here and throughout the chapter, C denotes a generic positive constant independent of ¢.

Proof. The result that problem (2.1) with the piecewise smooth functions b and f has a
unique solution can be found in [70].
Firstly, we estimate the solution u(z) to (2.1). The transformation u(x) = e’ w(x)

with a positive constant ~ yields the equation and the boundary conditions
—ew” +b(z)w + &z, w) +e P f =0, w(0)=w(l)=0,
b=b—2ey, &z,w)=e %c(z,e*w)+ (by — ey?)w.
If we choose v = b, /4 and assume that ¢ < 1, then
b(z) > by =b,/2, &> & = (3/16)b%

If w(x) is the exact solution of the above problem, then by the mean-value theorem, we

can represent ¢(x,w) in the form
, w) = (z,0) + Gyl2)w(),

where ¢, () = ¢, (x,0(z)w(x)), 0 < O(x) < 1. Assuming that ¢, (z) is given as a function

of x, then the solution w(z) may be considered as a solution of the linear problem

1" ~

Low = —cw 4 b(x)w + ép(a)w = —f(z), ze€Q=(0,1), (2.2)
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We now prove that the maximum principle for the differential operator L. with
the piecewise smooth coefficients holds true: if w(z) € C'(€2) N Qpt?(Q) and satisfies
Lew(z) > 0, z € Q, w(0),w(1) > 0, then w(x) > 0, 2 € Q. Suppose to the contrary
that there is a point = where w(z) < 0. Let W denote the set of mesh points where
w(z) = min g w(z). Thus, W is the set of all the mesh points where w(z) is minimal.
By our assumption, there exists z, € W such that w(z,) < 0. If z, ¢ p, where p is the
set of the points of discontinuity, then from w'(z,) = 0 and w” (z,) > 0, it follows that
Esw(x*) < 0, so we get the contradiction with our assumption. Now suppose that x, € p.
Since w'(z) is a continuous function then w'(z,) = 0 and w’(z) < 0 in some small vicinity
[£s—0, 2], 6 > 0. In general, w” (x) has a jump point at z., but on the interval [z, —d, ),
it is a continuous function. Now, if & is small enough, then b, &, and f are continuous
functions and w" () does not change a sign in this interval. Representing w’(z) in the
form w'(z) = —ff*fo w” (s)ds, we conclude that w”(z) < 0, = € [z, — d,2,). Hence,
Lew(z) <0,z € [z« — d,24), that contradicts our assumption. The uniform estimate on
the solution w(zx) of problem (2.2) is derived by applying the maximum principle to the
functions — max,eq | f()|/é + w(z). Taking into account that u(z) = exp(yx)w(z), we
prove the uniform estimate on u(z).

We now prove the estimate on u (). Representing the differential equation from (2.1)

in the linear form (2.2)

—eu” +b(@)u + cu(@)u+ f(z) =0, f(z) = c(z,0) + f(a),
we can prove the estimate on u'(z) in the same way as in [19]. O

Consider the problem

—ev (z) + b(z)v (x) + c(z,v) + f(z) =0, x € Q= (0,1), (2.3)

where ¢ and b, are defined in (2.1).
Lemma 4. In (2.1), (2.3), let b(x),b(z), f(x), f(z) € Qp(Q), n > 0. Then for z(x) =

u(z) —v(x) the following estimate holds:

max [z(z)] < C <Sup|b(93) = b(z)| +sup | f(z) - f(fﬁ)) ;

z€Q zeQ zeQ
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where u(x), v(z) are the solutions to (2.1) and (2.3), respectively, a constant C' is inde-

pendent of €.
Proof. Introduce Green’s function of the differential operator L = —ed?/dx? + bd/dx:

1
—ew(s)

11
©p 0

G(x,s) = .
© 0

1
pl(2) = Ux)/10), ¢ (2) =1 (2), Uz)= / e(s)ds,
1
e(s) = exp (-51 / b(T)dT> w(s) = —e(s)/1(0).
The functions ¢! (z), ! (z) are the solutions of the problems
Lt =0, 2 €9, '(0)=¢"(1) =1, ¥'(1) = ' (0) = 0.

From the definition of G(z, s), one can conclude that G(z,s) > 0.

Now we prove the uniform in the small parameter estimate

1
max/ G(x,s)ds < C. (2.4)
zeQ JO

Using the explicit formula for G(z, s), we get

/1 G(z,s)ds = 1/x H)(i(0) = l(s))ds +
0 0

5 1(0)e(s)
1 (U(0) — Ha))i(s)
/ 0)e(s)

From here, it follows that

1 2 (H10)—1I(s), 2 [ Ve
/{)G(:c,s)dsge/o e(s)ds_s/og( )ds,

o(s) = exp <s—1 / 1 b(t)dt) /0 " exp (-51 /y 1 b(t)dt) dy.

The function g(s) is the solution of the initial value problem

From the maximum principle for this initial value problem, we obtain the estimate

max |g(s)| < &/by.
s€f)

From here, we conclude (2.4) with C' = 2/b,.
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From (2.1), (2.3) and using the mean-value theorem, it follows that z(z) = u(z) — v(z)

is the solution of the following problem

Loz(z) = —e2" (2) + b2 (2) + cuz(z) = —(b =)' (z) — (f — f), =z €,

Let z*(x) be the solution of the problem
Lz (x) = (b= b0 (2)| + | f(2) = f(2)l, @€, 2*(0)=z"(1)=0.

From the maximum principle, the following inequality holds

Now using Green’s function G(z,s) of the differential operator L?, we write down z*(x)

in the form

1
2¥(x) = —/0 G(z, s)cu(s)z*(s)ds +

1
| 6t (10 =0 @)1+176) = 7651 .
Since G(x,s) > 0, z*(x) > 0 and ¢,(z) > 0, it follows that
1 o B
@) < [ Glas) (16-50 0]+ 1) - F)]) ds
From here, (2.4), Lemma 3 applied to (2.3), and taking into account that

1
51/ exp (—e b (1 —2)) dz = b, ' (1 —exp (7 by) < 20,7,
0

we prove Lemma 4. O

2.3 Construction of the difference scheme

On ©, introduce a nonuniform mesh
—h h
Q ={0=xg<m1<...<ay1<zny=1, hj =wzj41 —z;}, pCQ

where we assume that the points of discontinuity of the functions b(z) and f(z) belong

to QM.
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On ©, introduce the piecewise-constant functions

b(z) =b(z; +0), f(z)=f(z:i+0), z <z < @i,

i eQ',i=0,...,N—1, flz;£0) = lim f(z).

x—x; £0

We now apply the integral-difference method from [19] to the problem

" - / =

—ev (z) +b(z)v (z) + c(z,v) + f(x) =0, z€Q, (2.5)

where the functions b and f are defined above and the function ¢ from (2.1). Let G;
be Green’s function of the differential operator —ed?/dx? + b(x;)d/dx on [z;,x;11]. We
represent the exact solution of the problem (2.5) on [z;, z;+1] in the form

Li+1

vi (@) = v @) el @) + v (@) ol @)+ [ Gilwss)i(5)ds,

lﬁz(ﬂf) = —C(.T,’U) - f(fl,’), S [xi,ll’i-q-l],

where the local Green function G; is given by

Gi(z,s) =

!/ !/

wi(s) = o (s) [pl (@)],_, — o1 (s) [l (@)].,_, .

and ¢! (z), ¢H (z) are defined by

1 —exp (=bi(wiy1 — 7)/€)
i (l‘) 1— exp (—blhl/€) ’ 2 (‘7;) 1 2 (‘T)’ Ti =T > T+,

where b; = b(x; +0). Equating the derivatives dv;_1(z; — 0)/dz and dv;(x; + 0)/dx calcu-
lated on the intervals [x;_;,x;] and [z;, x;11], respectively, we get the following integral-

difference scheme
Bi(vig1 —vi) — Aj(vi —vim1) = V5 [Yi—1,%), i=1,...,N -1, (2.6)

vo =vn =0,

bi—1

Ai = - ;
1 —exp (=bi—1hi—1/e)

Bi = exp (—bihi/e’f) Ai+17
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3

bz—l
% /%M [exp (bi(xil — S)> - 1] Yi(s)ds.

Now we approximate ¢(s,v) on [z;—1,x;+1] by the value at x;. Doing this, we obtain the

TS / [1—exp (—W)}wimms—

following nonlinear difference scheme

Bi(Vigr = V) = Ai(Vi = Vier) = =Dye (@i, Vi) = (DU fia + D 1) - (27)
i=1,....N—=1, Vy=VN=0, DZ:\I/Z[I,I], fZ:f(IBz—i-O),
D, =D 4 p, p® Mtz e o po e [Bilhi
o v bi—1 bi-a~ bi bi

We mention here that the coefficients of the difference scheme satisfy the inequalities
A; <0, B;<0and D; > 0.

With the above assumptions on the data of the problem (2.5), the nonlinear problem
(2.7) has a unique solution [52]. Under the assumption ¢* > ¢, > ¢, > 0, where ¢y, ¢* are

constants, this result will be proved in Section 2.5.

Remark 3. The linear part of the nonlinear difference operator from (2.7) corresponding

to the linear differential operator —ed?/dx? + bd/dx can be represented in the equivalent

form
Vili—=Vi  Vi— Vi
BiVig1 = Vi) — 4(Vi = Vi) = —g< Vi 1) .
7 i—1
b;h;
P( - >bi(V%+1—V%)+
bi—1h;_
p (—151) bt (V= Vi),
where

0= (1 o)

This difference operator is equivalent to the upwind finite volume method from [44], [79],
where the weighting function p(() is denoted by p7(¢). We mention here that the difference

operator satisfies the maximum principle.

2.4 Uniform convergence of the difference scheme

In the following lemma, we estimate a solution of the linear difference problem

B; (Wprl — Wl) — A; (WZ — Wifl) =T 1<i<N-— 1, Wo=Wn = 0, (2.8)
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where A; and B; from (2.7).

Lemma 5. For the linear difference problem (2.8), the following estimate holds true
1 .
ywi\sb*}_lejr, 1<i<N-1, (2.9)

where by defined in (2.1).

Proof. First of all, we transform the difference problem (2.8) to a self-adjoint form [61].
We multiply each equation in (2.8) by P; # 0 and require that A; P; = a; and B;P; = ;1.

From here, one can conclude that A;11 P41 = B;P; = a;y1, i.e.,

P, Bi ' p = P1H

+1 =
Aiv1 Ak+1

Using the relation By = exp (—bghi /) Ax41 from (2.6) and choosing P, = 1, we get

: bih
)

k=1
From here and taking into account that a;11 = A;11 P11, the difference problem (2.8) is

transformed to the self-adjoint form

aiy1(Wig1 = Wi) —a;(W; = W) =T;F;, 1<i<N-1, (2.10)

_ - o br
Wo =Wy =0, az+1—< = expl bh/e)HeX< ),

where a; = A;. Representing the right hand side in the form

N—-1
T,Pi=Ri—Riy1, Ri=)» TiP, 1<i<N-1, Ry=0,
k=i

we obtain
aj1(Wipr = W) + Rjp1 = a;(W; = W) + Rj =K, 1<j<N-1,

where K is a constant which will be determined below. Thus,

K — R;

aj

Summing these expressions from j =1 to j = i, we get

Wi:wowzg_z%
j=1"7  j=1
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From here and taking into account that Wy = Wy = 0, one can conclude that

-1

N N
R; 1
K=|> 2>
=17 ) \j=1 "/
We can represent W; in the form
i N
R; R;
W,:—(1—9Z-)ZJ+91 W 1<i<N-1
=1 Y jmir1 Y
where .
‘1 N\
= (S L[] ocna
=1 % = Y
Thus,
N N N-1
R; R; R;
‘Wi|§(1_9i)ZM+QiZM§ M,
= lagl S el T ayl
where we take into account that By = 0. Now we estimate
|R | N1 [N-1
Q= Z =2 | 22 Tl P
|a]| = ;] g

Changing the order of summation, write down @ as

N—-1 i q
Q=3 ITlP (Z ,)
j=1 k=1
Representing |a;4+1| in the form
bi

1 1>
PiJrl - Pz

lair1| = 1<i<N-1, |a]=—-A4,

and using the assumption on b from (2.1), we estimate

Zia Tl "&b Thp
Thus,
| N-1
and we prove the lemma. ]

Theorem 2. The nonlinear difference scheme (2.7) on arbitrary meshes converges -

uniformly to the solution of problem (2.1) :

max |u(z;) —Vi| <Ch, h= max h,.
0<i<N 0<i<N-—1
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Proof. From Lemma 4 and the construction of the functions b and f in (2.5), we conclude
the estimate

max |u(z) —v(x)| < Ch, (2.11)
€S

where u and v are the solutions to (2.1) and (2.5), respectively.

We now estimate the error {Z; = v(z;) — Vi, 0 < i < N} in the approximation of
the continuous solution of the problem (2.5) by the nonlinear difference scheme (2.7).
From (2.5) and (2.7) by the mean-value theorem, we conclude that the error function

{Z;, 0 <i < N} solves the following difference problem
Bi(Zit1 = Zi) — Ai(Zi — Zi—1) + DicyZ; = V;[0i-1,8i], 1<i< N -1, (2.12)

Zy= 24N =0,

where

zi g 5 d
di-1(s) :/s édﬂf, s € [wi—1,m],  0i(s) = —/xi éd@“, 8 € [z, Tiya),
and the functional ¥; is defined in (2.6).

Let wi(s) > 0, s € [z, zi+1], 0 <i < N—1. From (2.6), we can represent U, [w;_1, w;]

in the form

1 Zq
YT T b/ / (1= exp (=bia(s = zica) &) wica (s)ds +
1 Tit1
exp (bihi/g) — 1 /x [exp (bi(ziy1 — 5)/€) — 1] w;(s)ds.

Taking into account the inequalities
1 —exp (—bi,l(s — :El',l)/a?) <1—exp (—biflhi,1/€) , SE [:L'Z',l, .Ti],

exp (bi(zit1 — s)/e) — 1 < exp (bihife) — 1, s € [zi, i),

we prove that
Z; Ti+1
0 < U wi—1,w;] < / wi—1(s)ds +/ wi(s)ds, 1<i<N-—1.
Ti1 i
From here, Lemma 3 applied to (2.5), we obtain the estimate of the right-hand side from
(2.12) in the form
0i[6i-1,6,1]| < T3, 1<i<N-—1, (2.13)
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Ti+4+1 .
Ti—C/ h[l—i—lexp (—b*(l S)ﬂds.
Ti1 g g

Using the maximum principle for the difference operator in (2.8) and Lemma 5, the

solution of problem (2.8) with the above right-hand side is estimated as

N-1

0<W bl T, < Z/LH [1—|—exp< b(1_8>)]ds.

7j=1
Thus,
0<W; <Ch, 1<i<N-1.

‘We now show that

where {Z;, 0 <i < N} is the solution to (2.12) and {W;, 0 <i < N} is the solution
to (2.8) with the right-hand side from (2.13). {W;, 0 <i < N} satisfies the difference

problem
B (Wip1 —W;) — Ay (Wi — Wiq) + Dic,W; =Ty + Dic,W;, 1<i< N -1,

Wo=Wn =0,

where ¢, from (2.12). Taking into account that D; > 0, ¢, > 0, W; > 0 and |¥;[d;—1, d;]| <
T;, 1 <i < N —1, by the maximum principle for the difference operator in (2.12) we
conclude (2.14). The theorem now follows from (2.11) and (2.14). O

2.5 Monotone iterative method

In this section, we construct an iterative method for solving the nonlinear difference
scheme (2.7) which possesses monotone convergence. This method is based on the mono-
tone approach from [10].

Additionally, we assume that c¢(x,u) from (2.1) satisfies the two-sided constraint
0<ce <cy <, ¢4 = const. (2.15)

We mention that the assumption ¢, > ¢, can always be achieved by a transformation
u = texp(yx), with v chosen appropriately.

Introduce the linear version of (2.7)

(ﬁ—I—CZ)Wz—— i, 1<1<N-—-1, Wy=wy, Wn=w, (2.16)
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6> =const >0, 1<i< N, F=(D"fiy+ D) /D,
EWi = [Bi(Wi—H — WZ) — AZ(WZ — Wi_1>] /Dz

Now we formulate the maximum principle for the difference operator £ 4 ¢ and give an

estimate of the solution to (2.16). We use the notation V = (Vp,..., Vy)T.
Lemma 6. (i) If W satisfies the conditions
(L+ec)W;>0(<0), 1<i<N-—-1, Wy, Wy 2=>0(<0),

then W; >0 (<0), 0<i<N.
(ii) The following estimate of the solution to (2.16) holds true

[W[gr < max [[Wol, [Wnl, || fillgn /o] (2.17)
where
Wl = gmax (Wil 17l = s 15l

Proof. Taking into account that D; = Dl(l) + DET), we conclude
[Fllan < [[fllqn- (2.18)
Now, the proof of the lemma can be found in Lemma 1. O

The iterative method is constructed in the following way. Choose an initial mesh
function V(©) satisfying the boundary conditions VO(O) = V]SO) = 0. The iterative sequence

{V(™}, n > 1, is defined by the recurrence formulae
(L+c)Z™ = —R; (V<"—1)) . 1<i< N1, (2.19)
7z =z =,
v =y z0 0 <i< N,
Ri (Vo) =2y Vs e (V) + R

where £ and F' are defined in (2.16) and R; (V("_l)) is the residual of the difference
scheme (2.7) on V(»=1),
We say that V is an upper solution of (2.7) if it satisfies the inequalities

Evi—i-ci(v@')—i—FiZO, 1<i<N-1, Vo,VNZO.
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Similarly, V is called a lower solution if it satisfies the reversed inequalities. Upper and

lower solutions satisfy the inequality

=
o
IA
A
=

V; <

This inequality is proved in Lemma 2.
We have the following theorem which gives the monotone property of the iterative

method (2.19).

Theorem 3. Let V(O),K(O) be upper and lower solutions of (2.7), and let c(x,u) satisfy
(2.15). Then the upper sequence {V(n)} generated by (2.19) converges monotonically from
above to the unique solution V of (2.7), the lower sequence {V ™} generated by (2.19)

converges monotonically from below to V:

VO <y <yt oy < it ) o

Y, i 7

O 0<i<N,

and the sequences converge at the linear rate ¢ = 1 — ¢, /c*.

Proof. We consider only the case of the upper sequence. If V(O) is an upper solution, then

from (2.19) we conclude that
+czW <0, 1<i<nN-1, zM=2zP=o.

From Lemma 6, by the maximum principle for the difference operator £ + ¢*, it follows
that Zz-(l) < 0,0 <7< N. Using the mean-value theorem and the equation for Zi(l), we

represent R; (V(l)) in the form
Ri (V) = (e —clhz, 1<isN -1, (2.20)

where cgz = cu[x@-,VEO) + ﬂgl)Zi(l)],O < 192(-1) < 1. Since the mesh function Z(!) is non-
positive on Q" and taking into account (2.15), we conclude that VW is an upper solution.
By induction we obtain that Zi(n) <0,0<i<N,n=1,2,..., and prove that {V(n)} is
a monotonically decreasing sequence of upper solutions.

We now prove that the monotone sequence {V(n)} converges to the solution of (2.7).

Similar to (2.20), we obtain

Ri(V™) = ~(¢ =z, 1<i<N-1,
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and from (2.19), it follows that Zi(nﬂ) satisfies the difference equation
(L+c)z" ) =~ )z, 1<i<N -1
Using (2.15) and (2.17), we have
120+ < g2
From here, and by induction on n it follows that
1Z0 g < @120 - (2.21)

This proves convergence of the upper sequence at the linear rate q. Now by linearity of
the operator £ and the continuity of ¢, we have also from (2.19) that the mesh function
V' defined by

V=1lm V™, 0<i<N,

n—00
is an exact solution to (2.7). The uniqueness of the solution to (2.7) follows from estimate
(2.17). Indeed, if by contradiction, we assume that there exist two solutions V; and V4 to
(2.7), then by the mean-value theorem, the difference V' = V; — V4 satisfies the difference
problem

L6Vi+cuidVi=0, 1<i<N—1, Vy=24Vy=0.

By (2.17), 6V = 0 which leads to the uniqueness of the solution to (2.7). This proves the

theorem. O

An initial upper or lower solution for the monotone iterative method may be con-

structed using the method given in Remark 2.

Remark 4. Since the initial iteration in method (2.19) is either an upper or lower solution,
which can be constructed directly from the difference equation without any knowledge of
the solution, this algorithm eliminates the search for the initial iteration as is often needed
in Newton’s method. This gives a practical advantage in the computation of numerical

solutions.

Let the initial function V;-(O), 0 <4 < N be chosen in the form of (1.22) with ¢(x) = 0,

that is, V(O is the solution of the difference problem

(L+e) VY =vle(z;,0)+ F|, 1<i<N-1, (2.22)
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VO =viP =0, v=1,-1.
(0)

Then the functions V| KZ(-O) 0 <1 < N, corresponding to v = 1 and v = —1 are upper

and lower solutions, respectively.

Theorem 4. If the initial upper or lower solution V) is chosen in the form of (2.22),
then the monotone iterative method (2.19) converges e-uniformly to the solution of prob-

lem (2.1):

(n) _ ‘ < c (9)" 0Vl N
[V —u < on+ G (et 0l + sl )
q:l—%<1, 60:36*4-*0’

c CyC

where constant C' is independent of € and h.

Proof. Using (2.21), we have

ntk—1 e
o S Z Hv(j-&-l)_v(j)Hﬁh: Z Hz(jﬂ)‘

n
< (q)
1—g¢q

N

Hv(nm —ym

Q

IA

B

Luz(n)
1—gq

=

Q Q
Taking into account that lim V"% = V' as k — oo, where V is the solution to (2.7), we
conclude the estimate

v -v

=

< — . 2.2
Qh - 1- q Qh ( 3)

From (2.18), (2.19), (2.22), the definition of R; in (2.19) and the mean-value theorem

1 1 1
1) = (0) =+ 1/(0) 1
|20 < S evO|, + = [le@i O | + 5 17l
1
< = (e[| + i, 0)llgr + 1711 ) +

1 1
il , (0) -
o ||C($Z70)||§h + HV ‘ﬁh + o Hf”g’l :

From here and estimating V(%) from (2.22) by (2.17) and (2.18),

v

1 1
o = o @i Ol + = Il

we conclude the estimate on Z(1) in the form

|2

o < 0 (lletws, O)llgn + 1)

where ¢ is defined in the theorem. Thus, from here, (2.23) and Theorem 2, we prove the

theorem. O
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2.6 Numerical experiments

We solve the nonlinear difference scheme (2.7) on uniform meshes by the monotone iter-

ative method (2.19). The stopping criterion is

max |V;(n) _ ‘/Z(”—l)‘ <o,
0<i<N

where o is the required accuracy. If at step n = n, we satisfy the stopping criterion, then
V = V@) where V is the corresponding numerical solution.

In the absence of an exact solution for test problems, for fixed value of e, the nonlinear
difference scheme (2.7) with N = 8192 is solved by the monotone iterative method (2.19)
with the stopping criterion ¢ = 107°. This generates a reference solution V. i

The basic feature of monotone convergence of the upper and lower sequences is ob-
served in all the numerical experiments. In fact, the monotone property of the sequences
holds at every mesh point in the domain. Of course, this is expected from the analytical
considerations.

Test problem 1. Consider the following test problem:
—eu” +b(z)u + c(z,u) + f(z) =0, w(0)=1, u(l)=1,

c(x,u) =1 — exp(—u),

1, z < 0.5,
b(x) =1, f(x)=
—0.5, x> 0.5.
It is easily seen that
v =1, v@ =0, o0<i<N, (2.24)

are upper and lower solutions to (2.7). From Theorem 3, we conclude that

Cx= min ¢, =e ', ¢ = max ¢, =1, (2.25)
0<u<1 0<u<1

where ¢, and ¢* are defined in (2.15). In our numerical experiments, the upper solution
VEO) =1,0<i< N is used as an initial iteration.

In Table 2.1 for various values of € and IV, we present the maximal approximate error

EN,E = oIgnzagufv EN,{-:(-Ti)a EN,E = |VN,€ - Vref,€|a

where Vi . is the numerical solution of the nonlinear difference scheme (2.7) by the mono-

tone iterative method (2.19). For e < 10™*, the error is independent of ¢ and decreases
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N\e 0.1 0.01 0.001 < 0.0001
32 [ 252x107% 5.04x1073 532x107% 533 x1073
64 | 1.23x 1073 249 x 1073 264 x 1073 2.65 x 1073
128 | 6.07x107* 1.23x1073 1.31 x1073 1.31 x 1073
256 | 2.97 x 107% 6.03 x 107* 6.42x 10~* 6.45 x 1074
512 | 1.44 x 107* 291 x107* 3.10x 107* 3.12x 107
1024 | 6.70 x 107° 1.36 x 107* 1.45x 107* 1.46 x 1074
2048 | 2.87 x 1075 582 x 107° 6.20 x 107> 6.24 x 107

Table 2.1: Maximal approximate error Ey . for the monotone iterative method (2.19)

applied to the test problem 1.

with N. This table verifies our convergent results from Theorems 2 and 4, that is the
nonlinear difference scheme by the monotone iterative method converges e-uniformly.

The numerical order of convergence @y and the uniform numerical order of conver-
gence @’y are calculated as in [32],

E pu—
N,e 0<

aye = log <RN’€> ay = log —E*N
€ 2 §2N76 Y N 2 R;N Y

and are close to one. This confirms the theoretical result from Theorem 2.

— _
max ’VN,e - ‘/QN,E‘a RN = maXRN,aa
<i<N €

The iteration counts are presented in Table 2.2. For ¢ < 1073, the convergence
iteration count is 6. This result confirms the theoretical result from Theorems 3 and 4,
that the convergence factor ¢ of the monotone iterative method (2.19) is independent of
€.

The approximate error Ey . with N = 128 and ¢ = 1072,1072 is depicted in Figure
2.1. The maximum of the approximate error ia attained in the vicinity of the point of
discontinuity « = 0.5 of f(x).

Test problem 2. The second test problem is defined by
—eu + b(x)u + c(z,u) + f(z) =0,

c(x,u) =1 —exp(—u),
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Figure 2.1: En.(z) with N=128 and ¢ = 1072,1073 for the test problem 1.

N\e |1 0.1 0.01 <0.001
32 5 7 6 6
64 5 7 6 6
128 |5 7 6 6
256 |5 7 6 6

>912 |5 7 7 6

Table 2.2: Iteration counts for the monotone iterative method (2.19) applied to the test

problem 1.

2, x<0.5,
b(z) = ,  flx)=-0.5.
1, x> 0.5,

Similar to the test problem 1, the functions from (2.24) are upper and lower solutions to
(2.7) and ¢y, ¢* are defined by (2.25). The upper solution VZ(»O) =1,0<¢< N is used as
an initial iteration.

In Table 2.3, the maximal approximate error is presented for various values of ¢ and
N. For € < 1074, the error is independent of ¢ and decreases with N. This table verifies

our convergent results from Theorems 2 and 4.
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N\e 0.1 0.01 0.001 < 0.0001
32 [3.97x107% 825x107* 869 x107* 8.69 x 10~*
64 | 1.95x107% 4.08x107* 4.40x 107* 4.40 x 10~*
128 | 9.64x107° 2.02x107% 219x107* 2.20x 107*
256 | 4.76 x 107°  9.92x 107° 1.08 x 10~* 1.09 x 1074
512 [ 2.33x107° 4.80x107° 522x107° 5.27 x 107
1024 | 1.12x 1075 224 x 107° 244 x 107° 2.46 x 107
2048 | 5.23 x 1076 9.63 x 1076 1.05 x 107° 1.06 x 107

Table 2.3: Maximal approximate error Ey . for the monotone iterative method (2.19)

applied to the test problem 2.

The numerical order of convergence oy and the uniform numerical order of conver-
gence ay are close to one, this confirms the theoretical result from Theorem 2.

The iteration counts are the same as for the test problem 1 presented in Table 2.2.
For £ < 1073, the convergence iteration count is 6. This result confirms the theoretical
result from Theorems 3 and 4 that the convergence factor ¢ of the monotone iterative
method (2.19) is independent of ¢.

The approximate error Ey . with N = 128 and ¢ = 1072,1073 is depicted in Figure

2.2. The maximum of the approximate error is attained in the boundary layer at = = 1.

2.6.1 Numerical observations

The numerical experiments confirm the theoretical result in Theorem 2 on uniform conver-
gence on the nonlinear difference scheme (2.7). The numerical experiments also confirm
the theoretical results in Theorems 3 and 4, that the iterative method (2.19) converges

monotonically and e-uniformly.

2.7 Conclusions

In this chapter, we construct the nonlinear difference scheme (2.7) for solving the semilin-
ear two-point boundary-value problem with the convective dominated term and discon-
tinuous data (2.1). The construction of the nonlinear difference scheme is based on locally

exact schemes or on local Green’s functions. In Lemma 3, a priori estimates of the exact
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Figure 2.2: Ey . with N=128 and ¢ = 1072,1073 for the test problem 2.

solution are proved. In Theorem 2, we prove that the nonlinear difference scheme (2.7)
on arbitrary meshes converges e-uniformly to the solution of the continuous problem (2.1)
by extending in a natural way the proof of the main theoretical results from [13]. The
monotone iterative method (2.19) based on the upper and lower solutions is constructed
to compute the nonlinear difference scheme (2.7). In Theorem 3, we prove that the upper
and lower solutions generated by (2.19) converge monotonically to the exact solution of
(2.7) with a linear rate. By choosing the special initial functions (2.22), in Theorem 4
we prove e-uniform convergence of the iterative sequences to the exact solution of the
continuous problem. The numerical experiments are implemented for the test problems

and confirm the theoretical results.
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Chapter 3

Monotone domain decomposition

algorithms

This chapter describes iterative domain decomposition algorithms for solving two dimen-
sional nonlinear singularly perturbed convection-diffusion problems with the convective
dominated term. We consider one-level domain decomposition algorithm which consists
of outer iterates and two-level domain decomposition algorithm which consists of outer
and inner iterates. One outer iterative step represents computing nonlinear difference sub-
problems on overlapping subdomains in serial according to upwind error propagation (the
multiplicative Schwarz method). The one-level domain decomposition algorithm solves
linear subproblems, whereas the two-level domain decomposition algorithm solves nonlin-
ear subproblems. At the level of the inner iterations, each nonlinear subproblem is solved
by the monotone additive Schwarz algorithm. The advantage of the algorithm is that the
algorithm solves only linear discrete systems at each iterative step. We prove that the
algorithms converge monotonically to the exact solution of the system. The advantage
of the two-level algorithm is that it has a potential for parallel computing. Results of

numerical experiments are presented.

3.1 Introduction

In this chapter, we consider the one- and two-level Schwarz domain decomposition algo-
rithms from [37]. The one-level domain decomposition algorithm consists of outer itera-

tions, whereas the two-level domain decomposition algorithm consists of the two iterative

45
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processes: outer and inner iterations. Omne outer iterative step represents computing
M subproblems on overlapping vertical subdomains (strips) Q,, m = 1,..., M, serially
starting from subdomain €; and finishing off on Qj; (according to upwind error propa-
gation). Thus, the multiplicative Schwarz method is the outer part of the algorithm. At
the level of the inner iterations, each vertical strip €2, is split into nonoverlapping boxes
(horizontal strips) with interface 7. Small interfacial subdomains are introduced near
the interface -, and approximate boundary values computed on ~ are used for solving
problems on the nonoverlapping box-subdomains. Thus, the additive Schwarz method is
the inner part of the algorithm.

The proposed algorithm combines the Schwarz domain decomposition algorithm with
the method of upper and lower solutions. The method of upper and lower solutions is a
monotone iterative method which also provides a method of constructing initial solutions
without prior knowledge of the actual solution, as is often required in Newton’s method.
The monotonicity condition guarantees that systems of algebraic equations based on such
methods are well posed. The advantages of the algorithm are that the algorithm solves
only linear discrete systems at each iterative step, converges monotonically to the exact
solution of the system and is parallelisable.

In Section 3.2, we investigate the one-level monotone domain decomposition algorithm
for solving the nonlinear difference scheme (1.15). Monotone convergence of upper and
lower solutions generated by this algorithm is proved. Numerical experiments are im-
plemented for the convection-diffusion problem with parabolic layers and the anisotropic
convection-diffusion problem. Section 3.3 deals with the two-level monotone domain de-
composition algorithm for solving (1.15). We prove monotone convergence of the inner
iterates. Numerical experiments are implemented for the convection-diffusion problem

with parabolic layers and the anisotropic convection-diffusion problem.

Some of the content of this chapter is published in [22] and [23].

3.2 Monotone domain decomposition algorithm

In this section, we investigate the one-level monotone domain decomposition algorithms
for solving the nonlinear difference scheme (1.15) based on the multiplicative Schwarz

algorithm. We assume that f(p,v) in (1.15) satisfies the two-sided constraint (1.20), and
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9m—1 0m

Qm—l Qm—i—l

Figure 3.1: Fragment of the domain decomposition with overlapping subdomains 2, 1,

Qun, Qa1 and overlaps 0,1, O,

the computational domain 2 is two dimensional rectangular domain. The rectangular
mesh Q" = Q" x Q" given in (1.3) is used.
We introduce the set of the overlapping vertical strips Q,,, m = 1,..., M, with the

boundaries

Oy = Ak, Urr, UAS,,

where 4. and 47, are the left and right boundaries of Q,,, respectively, and 72, belongs to
the boundary of Q. A fragment of the domain decomposition is illustrated on Figure 3.1.

Thus,

QN Qi1 =0, m=1,...,M—1,

where 6,, is the overlap between two subdomains €2,,, and Qni1. We assume that the left
A=At NQ" and right Y7 = A7 N Q" boundaries of ﬁfn = O ﬂﬁh, m=1,...,M, are
mesh lines.

One complete iterative step includes solving a sequence of M problems on subdomains
ﬁ:w m =1,..., M, in serial. For computing the problem on subdomain ﬁfn, m > 1, the
Dirichlet boundary condition on the left boundary is updated by using the solution of the
problem on subdomain ﬁz%l (previous substep of the outer iterative step). The solution
on the right boundary is set equal to the solution found from the previous iteration
v("_l)(p), and the solutions on the top and bottom boundaries are equal to the original
boundary condition g(p).

The domain decomposition algorithm is as follows:
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1. Initialisation: On the whole mesh ﬁh, choose an initial function v (p), p € ﬁh,

satisfying the boundary condition v(°)(p) = g(p) on IN".

2. On subdomains ﬁ}an m = 1,..., M, compute in serial mesh functions vﬁg) (p),
m=1,..., M, satisfying the difference schemes
(L+c)z(p) = —R(p,v" V), pel, (3.1)

2 (p) = o (p) — v" "V (p),
R(p, o) = £ D(p) 4+ f(p, ),

with the boundary conditions

(n) (Y _ 27(:11(19)7 p €,
Zm (p) - hr ho
0, PEYm Y s

where

hl l ah h ah h ah
Y= N Qs Y =V N s T =Y, N Dy

3. Compute the solution v(™ (p), p € " by piecing together the solutions on the

subdomains

o) (p) =

ol (p), peQu\ bk, m=1,....M 1 52)

—=h
v](\/[)(p)7 pe QM

4. Stopping criterion: if
max [o™) (p) — oD (p)| < A,
peEN
where A is the required accuracy, then stop; otherwise continue iteration by

going to Step 2.

The following theorem gives the convergence property of the monotone domain de-

composition algorithm (DD).

Theorem 5. Let 79, v be upper and lower solutions of (1.15). Then the upper

and lower sequences {7} and {v™} generated by the monotone DD algorithm (3.1)-
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(3.2), converge monotonically from above and below, respectively, to the unique solution v

of (1.15):

WD (p) <o (p) < v(p) <TM(p) <T"V(p), pe@’, n>1.

Proof. We consider only the case of upper sequences, as the case of lower sequences is

proved in a similar manner.

Let 59 (p), p € Q" be an upper solution of (1.15) satisfying the boundary condition.

From (3.1) with n =1, m = 1, we have
(£ +e)2" () = ~R(p,0®) <0, peal,
200)=0 peonl.
By the maximum principle in Lemma 1, we conclude
2Vp) <o, peql. (3.3)
From here and (3.1) with n = 1 and m = 2, we have
(£ +e)2" () = ~R(p,0®) <0, pen,
2008 =208 <0 A0 =0, AV (40 =o.
By the maximum principle in Lemma 1, we conclude
2(p) <0, pe,

and by induction on m, zﬁnl)(p) <0,pc€ QZL, m = 2,...,M. From here and (3.3), it

follows that
zD(p) <o, peﬁfn, m=1,..., M. (3.4)

m

We now prove that v(!) (p) defined in Step 3 is an upper solution, that is,

Rp, o) >0, pe (3.5)
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From (3.1) and the mean value theorem,

R(p,v) = R(p, 9 +2))
= £09(p) + Lz (p) + f(p, 0O + =)
= £09p) + f(p,7) + L2 (p) + f(0, 00 + 25)) — f(p, 0
= R(p,0?) + L5 (0) + £V ()2 ()
= —(L+)N )+ L2 p) + V()= ()

= —( = fME)Pp), peQl, m=1,...,M,

where fél)(p) = folp, 7O (p) + @%)(p)z,(&)(p)], 0 < @%)(p) < 1. From here, (1.20) and
(3.4), we have

Rp o) = (¢ — f0@)W >0 pedl, m=1,. M
From here and (3.2), we have
M
R(p,oM) >0, pe @\ =[]
m=2
We therefore only need to verify (3.5) on the boundaries v, m = 2,..., M. Let
n n n n n —h
S0 =0 0) vl 0) = 20 0) — 2l (), peb,
Form=1,...,M —1, from (3.1) we have
) ~(1) _ h
(£+C)Cm (p)_oa p69m>

Py >0, ek =0, WA NAE0) =0,

and by the maximum principle in Lemma 1, conclude Q(,P >0,pe @fn, m=1,....M—1.

From here, it follows that

U(l)(p)zvgll(p)v pe?fnv mzla"'aM_l'

m
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ForpE'yﬁfH,mzl,...,M—l,wehave

Rip,oM) = (dp)+cpWp)— D elp, )M @)
p'eo’(p)

= (dp)+ V) — > e )V )

p'€or(p)

- > el M)

p'€oy(p)

= (dp)+ P m) - D el )W)

p'€or(p)

- 3 el (@)

p' €0y (p)

> (dp) + ) - D elp, )N ()
p'€or(p)

- > el @)

p'€oy(p)
= R(pvvﬁrp) >0,

where oy (p) and or,(p) are the set of stencil points corresponding to a strictly upper and
lower triangular part of o(p), respectively, such that o’(p) = oy (p) U or(p). Thus, v
is an upper solution to (1.15). By induction on n, {t(™} is a monotonically decreasing
sequence of upper solutions bounded below by v (1.19), where v is any lower solution.

Let v(p) be defined by

o(p) = lim 7™ (p), peQ".

n—o0

We now prove that v(p) is the solution to (1.15). From (3.1),

lim 2™ = lim (b — oY) =0, m=1,...,M.
n—oo n—oo

Using (3.1) and (3.2), we have

Rips) = Jim Rip. o) = limg Rip. ) = = lin (£ +7)=20) = 0

peQt N\ m=1,... M—-1, peQy.

Thus,

R(p,v) =0, peQ

Since, v(p) = g(p), p € N, we conclude that v(p) is the solution of (1.15). O
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3.2.1 Numerical experiments

We apply the monotone domain decomposition algorithm (3.1)—(3.2) to two test prob-
lems, a convection-diffusion problem with parabolic layers and an anisotropic convection-
diffusion problem. For the following numerical experiments, the required accuracy is
A =107%, and the number of mesh points in the 2- and y-directions are set equal to N.

To solve the linear difference problems (3.1), GMRES with restarts is used with a
diagonal preconditioner. Within GMRES, the required accuracy is 107%, the maximum
number of iterations is 50 and a maximum of 20 restarts.

GMRES is an iterative method for finding a numerical solution to a nonsymmetric
system in the form Az = b [60]. In the nth iteration, GMRES approximates the solution
by using Arnoldi iterations to find a vector in a Krylov subspace K, with the minimal
residual, where K, = span{b, Ab, A%b, ..., A" 1b}. One of the disadvantages of GMRES is
the amount of storage required. To overcome this, GMRES with restarts is used. When
the solver is restarted all the accumulated data are cleared and the last set of results is
used as the initial data. Preconditions are often used within GMRES to accelerate the
convergence. Using a preconditioner P, GMRES solves the problem PAx = Pb. We use a
diagonal preconditioner, where P is the inverse of the diagonal part of A.

For the following experiments, we focus on balanced domain decompositions where M
is even and M /2 vertical strips are placed within the boundary layer.

To decompose the domain Q" into M overlapping subdomains, we begin by splitting

the domain into M subdomains @]:n, m=1,..., M,
Qh = {(i,yy) : (m—1)N/M < i <mN/M,0<j< N},

—h —h . .
Qmeerl:ngn 'yf;:{(x,-,yj):z:mN/M,OgjgN},

: : : . —=h —h
where 4/, is the interfacial boundary between subdomains Q,, and Q,, 41
We consider two locations of overlaps. In the first one, we choose overlaps on the left

of the interfacial boundaries

0" = {(zi,y;) :mN/M —d <i<mN/M,0<j <N}, 1<d<N/M-—1,

where the minimal and maximal overlap sizes are d = 1 and d = N/M — 1, respectively.
Thus, the overlapping subdomains are defined by

Q' ={(zi,y;): (m—D)N/M—d<i<mN/M,0<j <N}, m=2 ..M,
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Figure 3.2: (a) Location of the overlap on the left. (b) Location of the overlap on the

right.

where ﬁ}f = @;l Figure 3.2(a) illustrates this case. If we choose overlaps on the right of
the interfacial boundaries, then in a similar way, we define the overlapping subdomains

in the form

0" = {(z1,5) : (m — 1)N/M < i <mN/M +d,0< j < N},

1<d<N/M-1, m=1,....M—1, O =0q).

Figure 3.2(b) illustrates this case.

We apply the monotone DD algorithm (3.1)—(3.2) to the test problem (1.12) with
bi(z,y) =1, f(z,y,u) = 1 —exp(—u) and g(z,y) = 1. Table 3.1 displays the iteration
counts and execution times of the monotone DD algorithm for the two different locations
of the overlaps. Table 3.1 shows that for the minimal overlap size the iteration count is
smaller when the overlaps occur on the left of the interfacial boundaries. However, for the
maximal overlap size, there is very little difference in the iteration counts of the monotone
DD algorithm. For both the minimal and maximal overlap sizes there is little difference in
the execution times for the difference locations of the overlaps. Due to the above reasons,
the following numerical experiments have the overlaps located on the left of the interfacial
boundaries.  We define the serial acceleration of the domain decomposition algorithm
as the execution time of the undecomposed method (M = 1) divided by the minimum
execution time of the domain decomposition algorithm. A serial acceleration greater than

1 indicates an advantage in the domain decomposition algorithm.
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€ 1071 1072 1072 1074
M |1 2 4 8|1 2 4 8|1 2 4 8|1 2 4 38

Iteration counts

Execution times (seconds)
Lt [ % 3 3w b § F[wd 3 3| kP
Rigt |5 % 4 30 B F 3w p g 2w b gl

Table 3.1: Iteration counts and execution times of the monotone DD algorithm with the
overlaps located to the left and right of the interfacial boundaries using the minimal and

maximal overlap sizes above and below the line, respectively.

3.2.2 Convection-diffusion problem with parabolic boundary layers

Consider the test problem
—&(uga + Uyy) +ue + f(z,y,u) =0, (z,y) € 2=(0,1) x (0,1), (3.6)

f(z,y,u) =1—exp(—u), u=1on IN.

This problem is the convection-diffusion problem with parabolic boundary layers (1.9),
which is characterised by an elliptic boundary layer close to * = 1 and by parabolic
boundary layers close to y = 0 and y = 1. To solve this problem numerically, we use the
two dimensional piecewise uniform Shishkin mesh (1.11) constructed in Section 1.4.2. We
also require the constants ¢, ¢* from (1.20). For this test problem, we have f,, = exp(—u)

and the reduced equation
Uy +1—exp(—u) =0, (z,y)€ Q.

Thus, u, = 0 is the solution to the reduced equation. By writing the difference scheme at
an interior mesh point as in (1.6), where the coefficients satisfy the inequalities (1.7), we
can see that u(p) = 1, p € Q and u(p) =0, p € Q, u(p) =1, p € OQ are upper and lower
solutions, respectively. Therefore 0 < u(p) < 1, exp(—1) < fu(p) <1, p € Q" and

ce =exp(—1), ¢ =1. (3.7)
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We also require an initial solution. For the test problem (3.6), @ (p) =1, p € Q" is an

initial upper solution.

Table 3.2 displays the iteration counts and execution times over varying numbers
of subdomains for different values of € and N for the monotone DD algorithm. The
results are displayed for the minimal and maximal overlap size above and below the
line, respectively. The iteration counts in Table 3.2 show that the maximal overlap gives
the smallest iteration counts. The table also shows that as the number of subdomains
increases the iteration counts also increase. The iteration counts for all € smaller than
10~ are the same, therefore we can conclude that the monotone DD algorithm uniformly

converges in its iteration counts with respect to ¢.

N 32 64 128
5/M 1 2 4 8 1 2 4 8 16 1 2 4 8 16 32
Iteration counts
101 8 20 27 42 ] 34 46 T3 129 | o 60 82 131 234 430
8 11 30 8 10 25 89 8 10 23 75 207
102 9 9 20 35 9 9 29 46 84 9 11 44 68 120 226
9 10 25 9 9 1t 59 9 9 13 39 155
103 9 9 21 36 9 9 29 49 91 9 9 44 70 128 244
9 10 21 9 9 18 64 9 9 14 43 170
104 9 9 21 37 9 9 29 49 92 9 9 44 71 130 249
9 10 27 9 9 18 6 9 9 14 44 173
10~° 9 9 21 37 9 9 29 49 92 9 9 44 71 130 249
9 10 27 9 9 18 6 9 9 14 44 173
10~ 9 9 21 37 9 9 29 49 92 9 9 44 71 130 249
9 10 27 9 9 18 6 9 9 14 44 173
Execution times (seconds)
-1 0.43 0.30 0.32 57 46 34 39 443 122 57 44 68
107" 020 G35 G5 031| 53 60 28 33 36| % 13 15 15 40 5
2 0.16 0.17 0.20 12 21 18 2.9 71 54 26 30 51
107"/ 030 §33 078 o8| 79 T3 20 T6 26|22 165 o8 a4 w3 41
0 om S HE B8Jee B B M B|m B B B BB
0llom S35 HE BE|se BB M H|w B OE B B8
-5 011 012 0.15 1.0 14 12 21 58 34 16 17 37
10771027 G35 011 o713 | 8% 75 12 09 18 |19 208 3 13 1 29
—6 011 012 0.15 1.0 14 12 21 58 36 15 17 37
10771027 G35 011 o3| 8% 71 12 09 17 |17 207 34 13 10 99

Table 3.2: Iteration counts and execution times of the monotone DD algorithm using the
minimal and maximal overlap size above and below the line, respectively, for the test

problem (3.6).
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Using the execution times in Table 3.2, we display the serial acceleration for the mono-

tone DD algorithm in Figure 3.3. Figure 3.3 shows that for all values of ¢ and N, the

]
<

Serial acceleration
p—t
=

=]

Figure 3.3: Serial acceleration of the monotone DD algorithm for the test problem (3.6).

serial acceleration is greater than 1 indicating an advantage in using the monotone DD al-
gorithm. As e decreases the serial acceleration from using the monotone DD algorithm

increases. For ¢ < 1072, as N increases the serial acceleration also increases.

3.2.3 Anisotropic convection-diffusion problem

Consider the test problem
—EUgy — Uyy + Uy + f(z,y,u) =0, (x,y) € Q2=(0,1)x(0,1), (3.8)

f(z,y,u) =1—exp(—u), u=1on IN.

This problem is the anisotropic convection-diffusion problem (1.12) which is characterised
by an elliptic boundary layer close to x = 1. To solve this problem numerically, we use the
two dimensional piecewise uniform Shishkin mesh (1.8) constructed in Section 1.4.3. We
also require the constants c,, ¢* from (1.20). For this test problem, we have f,, = exp(—u)

and the reduced equation
Uyy + Uy +1 —exp(—u) =0, (z,y) €

Thus, u, = 0 is the solution to the reduced equation. By writing the difference scheme at
an interior mesh point as in (1.6), where the coefficients satisfy the inequalities (1.7), we
can see that u(p) = 1, p € Q and u(p) =0, p € Q, u(p) =1, p € OQ are upper and lower
solutions, respectively. Therefore 0 < u(p) < 1, exp(—1) < fu(p) < 1, p € Q" and

ce =exp(—1), ¢ =1. (3.9)
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We also require an initial solution. For the test problem (3.8), @ (p) =1, p € Q" is an
initial upper solution.

Table 3.3 displays the iteration counts and execution times over varying numbers of
subdomains for different values of € and N for the monotone DD algorithm. The results are
displayed for the minimal and maximal overlap size above and below the line, respectively.
These iteration counts show that for the larger overlap size, the iteration counts are less.
Table 3.3 also shows that as the number of subdomains increases so does the number of
iterations needed for the method to converge. We can also conclude from Table 3.3 that
the monotone DD algorithm uniformly converges in its iteration counts with respect to e.

Using the execution times in Table 3.3, we display the serial acceleration for the
monotone DD algorithm in Figure 3.4. Figure 3.4 shows that for all values of ¢ and NV,
the serial acceleration is greater than 1 indicating an advantage in using the monotone

DD algorithm.

Serial acceleration

Figure 3.4: Serial acceleration of the monotone DD algorithm for the test problem (3.8).

3.2.4 Numerical observations

Through the numerical experiments, we observe that for both of the test problems the
monotone DD algorithm is parameter uniformly convergent in its iteration counts. We
can also see that the serial acceleration for both of the test problems is greater than one
when compared to the undecomposed method. This indicates an advantage in using the

monotone DD algorithm.

3.3 Two-level monotone domain decomposition algorithm

In this section, we investigate the two-level monotone domain decomposition algorithm

for solving the nonlinear difference scheme (1.15) based on the multiplicative Schwarz
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N 32 64 128

€/M 1 2 4 8 1 2 4 8 16 1 2 4 8 16 32
Iteration counts
101 ¢ 12 1B 1|, 1 2 20 46|, 32 37 51 8 18
6 7 13 6 7 11 32 6 7 10 28 102
1072 ¢ 6 1 2| T 2 2 5| 8 32 4 1 1
6 7 17 6 7 12 38 6 6 10 26 100
103 ¢ 6 1T 2| g 6 20 3 7| o 9 37 58 103 19
6 8 20 6 7 14 19 6 7 11 34 134
104 ¢ 6 1T 28| o 6 25 4 72| o 11 3T 59 106 200
6 8 20 6 7 15 51 6 7 12 36 139
103 ¢ 6 11 28| o 6 25 4 7| . 10 37 60 107 20
6 8 20 6 7 15 51 5 7 12 36 140
106 ¢ 6 1 28|, 6 2 4 |, 7 3 6 107 201
6 8 20 6 7 15 51 7 7 12 36 140
Execution times (seconds)

—1 044 025 0.21 103 47 29 27 538 182 64 38 39
10771043 G571 031 093 | 76 785 19 25 o7 |13 Too Tos 62 30 39
—2 0.30 0.44 0.50 53 65 80 9.9 146 143 88 117 158
107" 050 67 051 o032| 92 117 70 67 o6 | 212 171 85 81 163
-3 030 049 0.60| .., 39 7.6 97 144 214 153 118 160 250
10771049 T3 056 o059 | 93 153 64 73 132|184 68 295 92 110 230
—4 0.29 048 0.61 37 67 91 141 257 134 117 167 259
107 049 G353 053 o8| 92 153 64 75 136|184 %60 294 103 113 240
-5 029 047 0.59 37 69 9.0 136 233 129 110 154 258
10720049 G363 055 o5 | 94 154 63 74 129| M7 315 2T 99 107 230
-6 029 048 0.56 37 68 88 13.5 168 127 100 153 260
107" 049 G363 052 o055 | 94 154 62 74 123|184 3w 219 98 103 297

Table 3.3: Iteration counts and execution times of the monotone DD algorithm using the
minimal and maximal overlap size above and below the line, respectively, for the test

problem (3.8).

algorithm. The domain decomposition algorithm consists of the two iterative processes:

outer and inner iterations.

3.3.1 The outer iterates

We assume that the computational domain €2 is two dimensional rectangular domain and
use the rectangular mesh Q' =0" <" given in (1.3).

We introduce the set of the overlapping vertical strips Q,,, m = 1,..., M, with the
boundaries

Oy = Ak, Ui UAS,,

where 'yfn and 47, are the left and right boundaries of €1,,, respectively, and ’y?n belongs to
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the boundary of Q. A fragment of the domain decomposition is illustrated on Figure 3.1.

Thus,

ﬁmm§m+1:§m, mzl,...,M—l,

where 0, is the overlap between two subdomains €, and [

We assume that the left v = ! N Q" and right ¥ = 47 N Q" boundaries of
ﬁ:l =Qn ﬁﬁh, m=1,..., M, are mesh lines.

At the level of the outer iterates of the algorithm from [37], one complete iterative step
includes solving a sequence of M problems on subdomains ﬁfn, m=1,..., M, in serial.
For computing the problem on subdomain ﬁfn, m > 1, the Dirichlet boundary condition
on the left boundary is updated by using the solution of the problem on subdomain ﬁfn_l
(previous substep of the outer iterative step). The solution on the right boundary is set

equal to the solution found from the previous outer iteration v~ (p) and the solutions

on the top and bottom boundaries are equal to the original boundary condition g(p).

The algorithm for the outer iterates of the two-level monotone domain decomposition

algorithm is as follows:

1. Initialisation: On the whole mesh ﬁh, choose an initial function v (p), p € ﬁh,

satisfying the boundary condition v(¥)(p) = g(p) on Q.

2. On subdomains QZL, m = 1,..., M, compute in serial mesh functions vﬁg ) (p),
m=1,..., M, satisfying the difference schemes
Lo (p) + f(p, o)) =0, peqy, (3.10)

with the boundary conditions

’Uﬁ:{l(p)’ p € ,%f;,’bl’

v (p) = v D(p), penh,
9(p), p €Y,

where

hl I ~ ol h ol h ol
Y=o N s Y = N Qs 1 =7 N Qe
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3. Compute the solution v(™ (p), p € " by piecing together the solutions on the

subdomains

)(p), peﬁfn\ﬁﬁl, m=1,...,M—1;

B (3.11)
'(p), peQy.

(n

Um

vWp) =1 |,
U

On ﬁ};n \ 67, we set v(™) equal to the solution vfff ), and overlap éfn is included

in ﬁfn 41
4. Stopping criterion: if
max [v®(p) — oD (p)] < A,
pEQ
where A is the required accuracy, then stop; otherwise continue iterating by

going to Step 2.

3.3.2 The inner iterates

We assume that f from (1.15) satisfies the two-sided constraint (1.20).
For solving the nonlinear problems (3.10), we use the inner iterates based on the
nonoverlapping box-subdomains from [18]. We decompose each subdomain €, into S,,

nonoverlapping box-subdomains s, s = 1,...,5,,, with the boundaries
s = Voos UNms UAL, UAL
ms ’Yms ’Yms ,Ym ’Yms’

where 7., 0o, 7%, and ~L,. are the left, right, bottom and top boundaries of Q,,s. We

b =pb N Q" and top

m

t

assume that the bottom ~/* s = phsN Q" boundaries of Qs

s=1,...,Sn, are mesh lines. Additionally, we introduce (S, — 1) interfacial subdomains

Ums, s =1,..., 5, — 1 (horizontal strips), with the boundaries
6197718 - pins U p:ns U p?ns U pfns?

where pl,., ph.s, pbs and pt, . are the left, right, bottom and top boundaries of ¥,,s. We
hb  _

assume that the bottom p*. = pb N Q" and top pit, = pl,s N Q" boundaries of Timss
s=1,...,8, — 1, are mesh lines. Figure 3.5 illustrates a fragment of the box-domain

decomposition. On each iterative step of the inner iterates, we first solve problems on the
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Qm,s—i—l
Prms | -
’ans l ﬁms
R EECCEEEEEEEEEEEEEEEEES SEREE
Pms
Qms
pfn,s—l ___________________________
7215 I ﬂm,sfl
U SCESCEEETTEELEEEPEEEE SEPEE
pm,s—l
Qm,sfl .
Vi Vim

Figure 3.5: Fragment of the box-domain decomposition.

nonoverlapping subdomains ﬁ:m = Qs N ﬁfn, s =1,...,8n, with Dirichlet boundary
conditions passed from the previous iterate. Then Dirichlet data are passed from these
subdomains to the horizontal interfacial subdomains Efns = Upms ﬂﬁfm s=1,...,8,—
and problems on the horizontal interfacial subdomains are computed. Finally, we piece

together the solutions on the subdomains.

1. Initialisation: On ﬁzl, choose an initial mesh function v,(ff 0) (p), p € ﬁfn, satis-
fying the boundary conditions in (3.10).
2. On the box-subdomains ﬁfm, s=1,...,8,, compute mesh functions zglgk) (p)

(here the index k stands for a number of inner iterative steps) satisfying the

difference problems

(L + )P (p) = —R(p,oFD), peh (3.12)
z?&?ék)(p) = 07 pe aQQ@sv
n n,k— n —=h
o) (p) = R D (p) + 2(BF (p),  p € Qs

where R(p, v,(g’kfl)) is the residual of the difference scheme (3.10) on vﬁg’kfl),
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that is,
R(p, vi* V) = Lo§F D (p) + f(p, vl * V).
3. On the horizontal interfacial subdomains Efns, s=1,...,5, — 1, compute the
difference problems
(L + )P (p) = —R(p.vi* ), p e, (3.13)
~(n n,k— n 3h
TP (p) = o * V() + 2050 (0),  p € T,
0, P € prs N Pt
2wy = 2P, peph,

(n,k) ht
Zm,s+17 D € Pms-

4. Compute the mesh function pimk) (p),p € ﬁfn by piecing together the solutions

on the subdomains

n =h —h —h

o D), P € Wy \ (T oy UTny),
s=2,...,5,—1;

v () =3 o), pe T\ s (3.14)

m,1

e =h —h
U;:LL,SBH (p)7 pe Qm,.S'm \r&m,Smfl;
~(n,k —h
U%ls’)(p), pEVg s=1,...,8,—1.

5. Stopping criterion: if

max |R(p, v(™*))| < 6, (3.15)
peqy,

where ¢ is the required accuracy, then stop; otherwise go to Step 2.

Algorithm (3.12)—(3.14) can be carried out by parallel processing. Each of the box-

subdomain problems on €,,,5, s = 1, ..., S, in Step 2 can be solved on their own processor
in parallel. In Step 3, each of the interfacial subdomain problems on 511”5, s=1,...,58,—1,

can be solved on their own processors in parallel.

Theorem 6. Let 5%’0), y&?’o) be upper and lower solutions of (3.10). Then the sequences

{vﬁf”“) (p)} and {QEZZ”“) (p)} generated by (3.12)-(3.14) converge monotonically from above
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(n)

and below, respectively, to vy,
o F D (0) < o) <ol () < TP ) <7D, pey,
where v is the solution of (3.10).

Proof. We consider only the case of upper solutions. The case for lower solutions may be
proved in a similar way.
Let vgn 0)( ), p € ﬁfn be an upper solution satisfying the boundary conditions in

(3.10). From (3.12) we get
(L+ )z (0) = —R(p,om”) <0, peQhy,
zﬁ,?sl)( )=0, peadQl. s=1,...,5n,.

By the maximum principle in Lemma 1, we conclude that

n —h
ZD(p) <0, peQy,, s=1,...,5 (3.16)
(

We now prove that fu,ffs’l)(p) is an upper solution on ﬁfﬁw- Using the mean value theorem,

from (3.12) we have

Lol (p) + flp, o)) = L2050 (p) £ 250 (p) + LG (p) + f(p, vl (3.17)
= —R(p, oY) — 2050 (p) + LG (p)
+f(p,of5Y)
= Lo (p) = f(p,0"™0) — 2N ()
+Lo % (p) + f(p, vl
= —(c" = ") ), e Qs

where £V (p) = fulp, 50 (p) + 5" (p)ziV (p)], 0 < OV (p) < 1. From (1.20),
(3.12) and (3.16), we conclude that

coli’ () + Fp.vis?) > 0, peql,, (318
vis () =50 (p),  p € OO,
Thus, it follows that v(n l)(p) pE me =1,...,Sn, is an upper solution. From (3.13)

and (3.16), we have

(£ + )z (p) = —R(p,o5”) <0, p eI,
Zmp) <0, peovh,
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By the maximum principle from Lemma 1, we conclude that

) <o, ped

ms?

s=1,...,5, —1. (3.19)

We now prove that o )( ) is an upper solution on 5},;5. By the mean value theorem,

from (3.13) we have

3D () + fp, Yy = L2 () £ ED () + L0080 () + £, T
= R = HED ) + L0 )
+f(p, 0Y)
= Lo (p) = fp,7™) = 2V ()
+Lo570 (p) + f(p, ")

= 7(0* - ﬁgn’l))g(rr?s’l) (p)a peE ﬁmsv

where f"V(p) = fulp, 7m0 () + 655" (0)Z05Y ()], 0 < O3 (p) < 1. From (1.20), (3.13)
and (3.16), we conclude that

Lo + fp, oY) > 0, pedl (3.20)

v (p),  pe phl U pht
~(n,1
T p) =9 oD (p),  peptt

1
o (p), p e Pl

We now prove that o 1)( ) defined by (3.14) is an upper solution on ﬁﬁl From (3.14),
(3.18) and (3.20), we have

Sm—1
£U£g71)(p) + f(pﬂ)ﬁg’l)) >0, pe Qh \ Z pms U pms

This is due to the construction of v,(,?’l)( ) from (3.14): 1)7(7?’1)(19) is set equal to the

solution of the difference problem (3.12) on p € Qms \ < 1 U19 ) and equal to
the solution of the difference problem (3.13) on p € 19 . Therefore we only need to

check that v (p) is an upper solution on the interfacial boundaries pl% and pl,. Let

w%sl)(p) = U%sl)(p) - Eﬁ,?;l)(p) = Zr(r?sl)(p) — %J(T:Llsl)( ) and £ms = sMN 19?”5, then we have
LoV (p) + cwliD () = L2050 (p) + 2050 (p) (3.21)

—(LzZ (0) + <2 (0)

= —Rp, oY) + R(p, oMy =0, peet,
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7(7231)( ):07 p€6§ \7

By (3.19), we have

wimD(p) = v{mD(p) -3 (p)
= o9 (p) — 3D (p)

= o3 P(p) = (i (p) + 2550 (0) 2 0, pe.
From here and (3.21), by the maximum principle from Lemma 1, we have
wli () = o) (1) =35 (1) 2 0, pe G
From here and (3.14), we have for p € pb,

Lol (p) + f(p,ofY) = dpplD ()= Y elp,p )l ()

p'€a’(p)
+f(p, V)
= dp)i ) — > elp )l ()
p'€ay(p)
— > e, )W) + FpofiY)
p'€ay;(p)
> dpviPe) - Y elp. )l (@)
p'€a’(p)
+f(p,vis)

> LoD (p) + f(p,vlmY) >0,

where o7;(p) is the set of stencil points corresponding to a strictly upper triangular part
of o’(p), and o (p) is the set of stencil points corresponding to a strictly lower triangular
part of o/(p), such that o’(p) = o(;(p) U o7, (p).

Let @ (p) = o1 (p) — Tons” (p) and €1, = QL Nk s=1,...,5, 1. Ina

similar way as in (3.21), we can show that
cagp) + cagip) = 0. pegy,
7(777,151)( ) =0, pe ag \’Ymts»

@D (p) = ol (p) — 5D (p) = o0 (p) — TV (p) 2 0, p e AL

By the maximum principle from Lemma 1, we have

SN n, ~(n —=ht
B (p) = v () =TV () 2 0, p el
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From here, we have for p € pl_|

LoD @)+ FpoY) = A e) - Y el i ()

p’'€0’(p)
+£(p, oY)

= Al o)~ S elp, )TN )

p'€a’ (p)
— 3 eI W) + Fpoli)
p'€oy;(p)
n,1 n,1l
> Al ) — S elp p)olL @)
p'€c’ (p)
(n,1)
+f(p1 ms+1)
Z Evfnsj-l +f( b, 7(7711513-1) > 0.

From here, we conclude that

Lo + f(p, oDy >0, peQl,

v ) = v (), p € O

Thus, v,(;f Y s an upper solution on ﬁzl By induction on k, we are able to conclude that
{v,(ff ’k)} is a monotonically decreasing sequence of upper solutions bounded below by v,,

(1.19), where v,,, is a lower solution on ﬁ:l Let

o(p) = lim ofP(p)  pe)

me
k—o0

We now show that v\ (p) is the solution to (3.10). By (3.12)—(3.14),

v (p) = vk (p) = 0 (p), peont.

Hence, ol (p) satisfies the boundary conditions in (3.10). From (3.14), we have

Jim 2039 (p) = Jim (o0 (p) — ol V()] =0, p e\ 0

k—o0 ml

peQh \ (19%%5_1 udh), s=2,...,8,—1, peQl S \ern,sm—lv

lim Z00(p) = tim [o9 (p) — 5555V (p)] = 0,
— 00
peﬁ SZl,...,Sm—l-

ms?
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From here, (3.12) and (3.13), we obtain

R(p.vi)) = lim R(p, o) = — lim (£ +¢)205" (p) = 0,
—00
p € le \ﬁml’ E Qm Sm \ﬁ?n,sm—l’
pEans\(ﬁfbn,s—IUﬂms)’ 5:27-~';Sm_17
R(p,vﬁ,’f)) = lim R(p, Uﬁ,’f’k_l)) =— lim (£ + ")z, z(n, k)( ) =0,
k—o0 k—o0
peﬁms, s=1,...,8,—1.

Thus, v is a solution of (3.10) on Q" \ US’” L(phb U pht)). We now verify that v

satisfies (3.10) on the interfacial boundaries p%., pft s =1,...,S,, — 1. Since

o) (p) — ) (p) = oD (p) — oMW (p),  p et

we conclude that

lim o9 (p) — 0P (p) =0, perlt, s=1,...

ms
k—o0

From (3.21), we have

LofP (p) + cwiP(p) =0, ped,

w(F (p) =0, pe e\,

s=1,..

win (p) = o (0) =TGP ), v € M.

S — 1,

(n)

m

Taking the limit as k& — oo and applying the maximum principle from Lemma 1, we

conclude that

lim w{™" (p) = lim v (p) — 2P (p) = 0,

k—o00 k—o00 Ums

From here and (3.14), we have

—hb
P E Ems-

lim o(H (p) = lim 3050 (p) = oD (p),  p € G

k—o0 k—o0

From here and (3.17), it follows that for s = 1,...,S,, — 1,

cof (o) + fp.vi)) = lim (LofiP(p) + £(p, o)
— T (Lof0) + o)

= lim (—(c* — f"P(p))2P (p)) = 0,

k—00

hb
D € Ps-
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Thus, v,(,?) is a solution of (3.10) on p € p"° s =1,...,85,, — 1. In a similar way, we can

prove that for s =1,...,5, — 1,

Cof(p) + fpvi?) = lim (Lofi0(p) + £(p, o)
= lim (Lo (o) + S, l)
= Jlim (@ = [P @)zl (1) =0, p el
Thus, vv(ff) is a solution to (3.10) for p € ﬁ:l, and we prove the theorem. O

3.3.3 Numerical stability of the outer and inner iterates

The solution generated by the two-level domain decomposition algorithm (3.10),(3.11),
(3.12)~(3.14) will be denoted by 2™ (p), p € a".

Theorem 7. The two-level domain decomposition algorithm (3.10),(3.11), (3.12)-(3.14)

with the stopping criterion (3.15) is numerically stable:

~ 1

5™ — U(n)Hﬁh < 0:5, n>1, (3.22)
where v™ (p) is the solution generated by the outer iterates (3.10),(3.11).

Proof. Introduce the notation

n ~(n n oh
w™ (p) =3 (p) = v (p), peQ
where 9" (p) is defined by (3.11) with o) (p) instead of i (p). Since 7 = () from

(3.10), (3.15) and applying the mean-value theorem, we conclude that
1 1 1 1
Loy (o) + fuwiV(0) = 67 0), pe O, [0 gy <6

wP(p) =0, peoal,

where f, is calculated at an intermediate point between 17§1)(p) and vgl)(p). From (1.20),

by (2.17), we have ngl)Hﬁh < (1/c4)d. Similarly, for wél), we can get the difference
1
problem

cws’ (o) + fuw’ () =0V (), pe b, (85 ||gn <0,

0, p € V0 UAbe;

1
wiV(p), pelt,
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From (1.20) and the estimate on wgl), by (2.17), we have Hwél)Hﬁh < (1/cy)d. Now by
2

induction on m, we can conclude that

1
Hﬂfn_c ’

*

Jw} m=1,..., M,

and, hence, we prove (3.22) for n = 1.

In the same way as before, we can obtain the difference problems for wg), m =
1,..., M,

Lw@ )+ fwD () =62 (), peM, 62 ]an <0,

0, p €41,
w@(p) =< w? (p), pe~b

wD(p), penke
Since w@(p) =0, p € PP, from (1.20) and (3.22) with n = 1, by (2.17), we have
HU}EZ)Hﬁh < (1/¢4)d. Now by induction on m, we can conclude that
1
<L

)Hﬁfn =~ ¢ ’

*

w2 m=1,..., M,

and, hence, we prove (3.22) for n = 2. Finally, by induction on n, we can prove the

required estimate on w(™ = (" — (), ]

3.3.4 Numerical experiments

We apply the two-level monotone domain decomposition algorithm (3.10), (3.11), (3.12)—
(3.14) to two test problems: the convection-diffusion problem with parabolic layers (1.9)
and the anisotropic convection-diffusion problem (1.12). For these test problems, the
required accuracy for the outer and inner iterations are A = § = 1075,

The number of mesh points in the z- and y-directions are set equal to N, and the
width of the interfacial subdomains is held fixed at N/(2S), where S = S,,,, m=1,..., M.

To solve the linear difference problems within the inner iterates (3.12), (3.13), GM-
RES with restarts is used with a diagonal preconditioner. Within GMRES, the required
accuracy is 1079, the maximum number of iterations is 50 and a maximum of 20 restarts.

For the following experiments, we focus on balanced domain decompositions where
M is even and M /2 vertical strips are placed within the boundary layer. Balanced do-
main decompositions are more suited to parallel implementation than unbalanced domain

decompositions.
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The domain is decomposed into M overlapping subdomains as described in Section
3.2.1. The overlap between the vertical strips is chosen so that for the two vertical strips
either side of the boundary layer, the overlap occurs outside of the boundary layer, as
described in Section 3.2.1.

At each step of outer iteration, we require an initial function. In the following numer-
ical experiments, we use the method given in (1.22) to construct initial upper or lower
solutions. By using this method, we are guaranteed monotonic convergence within each
of the vertical strips by Theorem 6. The method of obtaining initial upper or lower solu-
tions given in (1.22) requires the use of an arbitrary function which satisfies the boundary
conditions. Instead of using an arbitrary function, the solution from the pervious outer
iterate is used.

For the tables presented below, results for the minimal and maximal size of the overlaps

appear above and below the line, respectively.

Convection-diffusion problem with parabolic boundary layers

Consider the test problem (3.6). This test problem is the convection-diffusion problem
with parabolic layers (1.9). It is characterised by an elliptic boundary layer close to x = 1
and parabolic boundary layers close to y = 0 and y = 1 (see Section 1.4.2 for details). To
solve this problem numerically, we use the piecewise uniform Shishkin mesh (1.11). The
construction of this mesh is described in Section 1.4.2. We require the constants c, and
c*. From (3.7) we have

ce =exp(—1), =1

Table 3.4 shows the outer iteration counts over varying numbers of vertical strips and
for different values of ¢ and N. Through numerical experiments, we observe that the
number of horizontal strips does not affect the outer iteration counts. The outer iteration
counts in Table 3.4 show that for the larger overlap size the outer iteration counts are less.
The number of vertical strips increases so does the number of outer iterations needed for
the algorithm to converge. Table 3.4 also shows that the two-level domain decomposition
algorithm uniformly converges in its outer iteration counts with respect to e.

Table 3.5 displays the serial execution times over varying numbers of vertical and
horizontal strips, for different values of ¢ and N. From these results, we observe that

the execution times are smaller for the maximal overlap size compared to that of the
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£ 1072 1073 10~4
N\M|[2 4 8|2 4 8|2 4 38

Iteration counts

25 6 10 1|4 10 13} 3 10 13
3 5 1|3 B 13|3 B 13
96 T 13 17| 4 13 17| 3 13 17
3 4 T |3 4 T |3 4 7
97 10 19 25 4 19 25| 3 19 25
3 4 5|3 4 5|3 4 6

Table 3.4: Outer iteration counts using the minimum and maximum overlap size, above

and below the line, respectively, for the test problem (3.6).

minimal overlap size. In Table 3.5, the bold results are the minimal execution times for
the maximal and minimal overlap size in each column for N = 128. These show that the
absolute minimum execution time, for both the minimal and maximal overlap size, for all
g, occurs when the number of vertical strips is 8 and the number of horizontal strips is
1. By using these execution times, the acceleration (execution time of the undecomposed
algorithm / minimum execution time of the two-level domain decomposition algorithm)
of the two-level domain decomposition algorithm is 9, 25, 75, for ¢ = 1072, 1073, 1074,
respectively.

Table 3.5 shows that for a fixed number of vertical strips the ideal number of horizontal
strips is the same for all values of €. For example, for M = 2, 4, 8, the minimum execution

times occurs for both the minimal and maximal overlap size when S = 8, 4, 1, respectively.

Anisotropic convection-diffusion problem

For the following numerical experiments a Linux cluster from the New Zealand Super-
computing Centre (NZSC) is used. The NZSC supercomputer consists of about 3000
processors. For these experiments a chassis of 28 processors is used. The chassis consists
of 14 IBM H20 Dual Blade servers each of which contain 2 x 2.8Ghz Intel Xeon processors,
6GB of RAM and 40GB of local disk. Nodes are interconnected with gigabit ethernet.
The code used for the experiments below is programmed in C using MPI (Message Passing

Interface) to specify the communication between processors.

Consider the test problem (3.8). This test problem is the anisotropic convection-
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£ 1072 1073 1074
N S\M 1 2 4 8 1 2 4 8 1 2 4 8
Execution times (seconds)
1 | o4 g5 §3 g1 | 0% o3 01 03|09 01 o7 03
1 |13s &2 44 350y, 32 21 22, 29 20 LI
2 |85 I &1 gy 22 L1 33 0,5 350 34 28
26459%%%10.2%%%13.1%%%
2 |2031 321 8942 O8T | g95 1700 496 395 14 2108 481 STH

Table 3.5: Execution times using the minimum and maximum overlap size, above and

below the line, respectively, for the test problem (3.6).

diffusion problem (1.12). It is characterised by an elliptic boundary layer close to x = 1
(see Section 1.4.3 for details). To solve this problem numerically, we use the piecewise
uniform Shishkin mesh (1.8) in the z-direction and uniform mesh in the y-direction . The
construction of this mesh is described in Section 1.4.3. We require the constants ¢, and
c*. From (3.9), we have

ce =exp(—1), =1

Table 3.6 shows the outer iteration counts over varying numbers of horizontal strips
for different values of € and N. Through numerical experiments, it is observed that the
number of horizontal strips does not effect the outer iteration counts. From these outer
iteration counts, it is apparent that for the larger overlap size the outer iteration counts

are less. It can be seen that as the number of vertical strips increases so does the number
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N\M|2 4 8|2 4 8|2 4 38

Iteration counts

o5 |4 7 93 s 1|3 9 1
3 4 9 3 5 11 3 5 11
o6 | 6 10 123 1 15| 3 1 15
3 4 5 3 4 6 3 4 7
o7 | 8 14 17| 4 16 2|3 16 2
3 3 4 3 3 5 3 3 5

Table 3.6: Outer iteration counts using the minimum and maximum overlap size, above

and below the line, respectively, for the test problem (3.8).

of outer iterations needed for the algorithm to converge. We can also conclude from
Table 3.6 that the two-level domain decomposition algorithm uniformly converges in its

outer iteration counts with respect to e.

£ 1072 1073 1074
N |S\M| 1 2 4 8 1 2 4 8 1 2 4 8
Execution times (seconds)
1 4.9 % % %g 31.0 % % g—g 56.3 % % %
2 1.3 % % % 6.7 % % % 11.5 % % %
220 4 [os 12 37 Pl PO 221, 22 27 20
8 |o7 15 23 221,; 12 22 35,),, 12 23 33
2 12.8 % % % 116.6 % % %g 248.5 2{?? %4_'07 %
261 4 | 7s A3 160 1331, 4L 202 200 .4, 295 382 303
8 |51 P 2l 2T 1gpo g3l 122 120,95 195 169 162

Table 3.7: Parallel execution times using the minimum and maximum overlap size, above

and below the line, respectively, for the test problem (3.8).

Table 3.7 displays the execution times over varying numbers of vertical and horizontal

strips, for different values of ¢ and N. In these numerical experiments, the number of
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processors P is set equal to the number of horizontal strips S. The numerical experiments
indicate that for serial processing, there is no advantage in increasing the number of hori-
zontal strips, since the minimal executions times occurring when the number of horizontal
strips is minimal at S = 1. From these results we can observe that the execution times
are smaller for the maximal overlap size compared to that of the minimal overlap size.
Figure 3.6 displays the serial acceleration (execution time of the undecomposed al-
gorithm S = M = 1 / minimal execution time of the two-level domain decomposition
algorithm) of the two-level domain decomposition algorithm. From Figure 3.6, it is evi-
dent that there is a significant advantage of the two-level domain decomposition algorithm
for serial processing. It can also be seen that as the number of mesh points N increases
and/or e decreases, the acceleration of the two-level domain decomposition algorithm

increases.

200
180+ e
160+ S 1
140+ L .
120+ . }

100+ d i

o0
<
T

N,
hY

Serial acceleration

\\\\\
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=
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N
\
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Figure 3.6: Serial acceleration of the two-level domain decomposition algorithm for the

test problem (3.8).

If we let T'(N, P) represent the minimal execution time over all the two-level domain
decompositions for a fixed N and number of processors P, then the parallel speedup is

defined as T'(N,1)/T(N, P). Using this definition, the parallel speedup of the two-level
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Figure 3.7: Parallel speedup of the two-level domain decomposition algorithm with ¢ =

102 for the test problem (3.8).

domain decomposition is shown in Figure 3.7 for different values N with ¢ held fixed at
10~2. From Figure 3.7, it is apparent that if the number of processors is greater than 4 the
parallel speedup is greater than 1 for all values of N, indicating an advantage in parallel
computing. It is also clear from Figure 3.7, that as the number of mesh points increases
the parallel speedup also increases. Similarly, as the number of processors increase the

parallel speedup also increases. Similar observations were made for different values of €.

Numerical observations

From these numerical experiments, we observe that the two-level domain decomposition
algorithm is uniformly convergent in € in its outer iteration counts. It is also observed
that the execution time of the two-level domain decomposition algorithm decreases as the
overlap size increases. The serial execution times for the two-level domain decomposition
algorithm show a considerable acceleration compared to the undecomposed method for
certain combinations of vertical strips. It is also observed that for large values of N

and/or small values of ¢, parallel computing using the two-level domain decomposition
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algorithm results in a moderate speedup.

3.4 Conclusions

In this chapter, we investigate the one-level monotone domain decomposition algorithm
(3.1)—(3.2) based on the multiplicative Schwarz method. In Theorem 5, we prove mono-
tone convergence of this algorithm. We apply this algorithm to the two test problems:
the convection-diffusion problem with parabolic layers and the anisotropic convection-
diffusion problem. Through the numerical experiments, we observe that for both of the
test problems the one-level monotone domain decomposition algorithm is parameter uni-
formly convergent in its iteration counts, and the serial acceleration for both of the test
problems indicates an advantage in using the one-level monotone domain decomposition
algorithm.

We construct the two-level monotone domain decomposition algorithm (3.10)—(3.14)
based on the combination of outer and inner iterates (the additive Schwarz method). In
Theorem 6, we prove monotone convergence of the inner iterates. The numerical stability
of the algorithm is proved. Numerical experiments are implemented for the convection-
diffusion problem with parabolic layers and the anisotropic convection-diffusion problem.
The anisotropic convection-diffusion problem is solved on serial and parallel computers.
From these numerical experiments, we observe that the two-level domain decomposition
algorithm is parameter uniformly convergent in its outer iteration counts. It is also ob-
served that the execution time of the two-level monotone domain decomposition algorithm
decreases as the overlap size increases. The serial execution times for the two-level mono-
tone domain decomposition algorithm show a considerable acceleration compared to the
undecomposed method for certain combinations of vertical strips. It is also observed that
for large number of mesh points and/or small values of €, parallel computing using the

two-level monotone domain decomposition algorithm results in a moderate speedup.



Chapter 4

Monotone relaxation methods

This chapter deals with monotone relaxation methods based on the w-Jacobi and succes-
sive underrelaxation methods. Point monotone w-Jacobi and successive underrelaxation
methods are constructed, and their monotone convergence are proven. Block monotone
w-Jacobi and successive underrelaxation methods are constructed, and their monotone
convergence are proven. We compare the convergence of the block monotone iterative
methods. A comparison of the point monotone and block monotone iterative methods is

given. Results of numerical experiments are presented.

4.1 Introduction

In this chapter, we construct point monotone and block monotone relaxation methods
based on the w-Jacobi and successive underrelaxation methods, where w is the relaxation
parameter. The proposed methods combine the relaxation methods with the methods of
upper and lower solutions. In [53], the monotone Jacobi and Gauss-Seidel methods with
the relaxation parameter w = 1 are constructed and investigated.

We define the w-Jacobi and successive underrelaxation methods for solving the non-
linear difference scheme (1.15), by modifying the w-Jacobi and successive underrelaxation
methods for solving the linear difference scheme [69] by introducing the diagonal precon-
ditioner wc*, where ¢* is from (1.20).

In the case of the block w-Jacobi and successive underrelaxation methods, we mod-
ify the corresponding methods for linear difference schemes by introducing the diagonal

preconditioner wc*I, where I is the block identity matrix.

7
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In Section 4.2, we construct the point monotone w-Jacobi and successive underrelax-
ation methods and prove monotone convergence of the methods. In Section 4.3, the block
w-Jacobi and successive underrelaxation methods are constructed, and monotone conver-
gence of these methods is proved. In Section 4.4, we compare the convergence properties
of the point monotone and block monotone relaxation methods. Section 4.5 presents nu-
merical experiments for the convection-diffusion problem with parabolic boundary layers

and the anisotropic convection-diffusion problem.

4.2 Point monotone relaxation methods

For solving the nonlinear difference scheme (1.15), we now introduce two point monotone
iterative methods, the w-Jacobi (wJAC) and successive underrelaxation (SUR) methods.

The w-Jacobi iterative method for solving the linear problem

Lo(p)+ f(p) =0, peQ", wv(p)=g(p), pecdQ", (4.1)
is given by the recurrence formulae

d(p)z™ (p) = —wR(p, o™ V), peQh Mp)=0, pedh,
V™ (p) = oD (p) + 2 (p), peq’, we(0,1],
R(p,v" V) = LoD (p) + f(p),

where w is the relaxation parameter. We define the w-Jacobi iterative method for solving
the nonlinear difference scheme (1.15) in a similar way with the diagonal preconditioner

wc*,

= —wR(p,v™ V), peQh, 2M(p)=0, pecot,
p) =" D) +200p), pe, we(0.1) (4.2)
Lose = d(p) +we*,  R(p, v ) = LoV (p) + f(p,0"71),
where ¢* is defined in (1.20).

Remark 5. A special case of the w-Jacobi method is when w = 1. If we substitute w =1

n (4.2), we get the resulting equation

(d(p) + )™ (p) = —f(p, o™ ), pe Q.

This is the monotone Jacobi method for solving the nonlinear difference scheme.
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The successive underrelaxation iterative method for solving the linear problem (4.1)

is given by the recurrence formulae

d(p)z"(p) —w Y elp.p)MP) = —wR(p,v" V), peql

p'€or,(p)
M) =0, pea’, v (p)=v"Dp)+:(p), pe"’, we(0,1],
R(p, o™ V) = LoD (p) + f(p),

or(p) is a set of stencil points corresponding to a strictly lower triangle part of o(p).
We define the successive underrelaxation iterative (SUR) method for solving the nonlinear
difference scheme (1.15) in a similar way with the diagonal preconditioner wc*. The SUR

method is defined by the recurrence formulae
Loz (p) = —wR(p,o" V), pe @, Mp)=0, peont,  (43)
o (p) =0 D (p) + 2 (p), pe’, we(0,1],

Loorz™ (p) = [d(p) + w2 (p) —w > elp,p)2 "),
p'€or(p)

R(p, o™ V) = LoD (p) + f(p,v7V).

Remark 6. A special case of the SUR method is when w = 1. If we substitute w = 1 in

(4.3), we get the resulting equation

(dp) +c™p) = Y el )M @) = o D)+ Y elp )" )
p'€or(p) p'€oy(p)
_f(pvv(nil)% p € th

where o7 (p) is the set of stencil points corresponding to a strictly upper triangular part
of o(p) such that ¢’(p) = oy (p)Uor(p). The above method is the monotone Gauss-Seidel

method for solving the nonlinear difference scheme.

Lemma 7. If the coefficients of the difference operator L satisfy (1.16), then for the

difference operators Losac and Lgur the mazimum principle in Lemma 1 holds true.

Proof. To prove the lemma, we show that the difference operators L,;,c and Lgyr satisfy
the conditions from (1.16).
For Lyjac = d(p) + wc*, the diagonal entries are d(p) + wc* > 0 and the off diagonal

entries are e(p,p’) = 0, p’ € o/(p). Therefore L, satisfies the conditions in (1.16).
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For Lsurz"™ (p) = [d(p) + w2 (p) —w I—— e(p,p') 2™ (p), the diagonal entries
are d(p) + wc* > 0 and the off diagonal entries are e(p,p’) > 0, p’ € o7 (p). Using the
conditions w € (0,1], ¢* > 0 and (1.16), we have

d(p) +wc" —w Y elp,p)=dp)— > elp,p) > 0.
p'eor(p) p’€o(p)
By Lemma 1, we conclude that the maximum principle holds for the difference operators

Lyyac and Lgyg. O

Theorem 8. Let 70, v be upper and lower solutions of (1.15). Then the upper and
lower sequences {7} and {v™} generated by the w-Jacobi method (4.2) converge mono-

tonically from above and below, respectively, to the unique solution v of (1.15):
n— n —=(n —(n— ah
oD (p) <u™(p) <vlp) <TM(p) <V V(p), peQ’, n>1.  (44)

Proof. We consider only the case of the upper sequence. The case for lower solutions may
be proved in a similar way.

If 79 is an upper solution, then from (4.2) it follows that
LinczW(p) <0, pet, Dp)=0, peo
By the maximum principle in Lemma 7, we conclude
2O (p) =W (p) -0 (p) <0, pe”. (4.5)

Using (4.2), we represent wR(p,v") in the following form:

wR(p,oY) = w[£oM(p) + f(p, V)] (4.6)
= wldEWp)— Y eV @)+ f(p, 7))
p'€0’(p)
= wR(P,7Y) +dp)Vp) - D elp. )P
p'€c’(p)

—(f(p, 7 = f(p, o))
= —(d(p) + we")zV (p) + wd(p) =V (p)
—w Z e(p,p/)z(l)(p/) + wfqgl)(p)z(l)(P)

p'€o’(p)

= —(1-wdp)zVp) -w > epp)D @)
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where the mean value theorem is used in the form
F(p,0) = £(p, 0V = f(p, 0 = £(p, 0O + 21)) = — £V (p)2,

FO®) = fulp, 70p) + 0D ()2 (p)], 0<8W(p) < 1.

Taking into account (1.16), (1.20) and (4.5), we conclude that R(p,7))) > 0, p € Q". By
construction, 7 (p) = 7 (p) = g(p), p € I, therefore 7 (p) is an upper solution to
the difference scheme (1.15).

By induction on n, we conclude that
M) <o, pe@”, n>1. (4.7)

Thus, {E(")} is a monotonically decreasing sequence of upper solutions. This sequence is
bounded below by v, where v is any lower solution (1.19). This means that the function

v(p) defined as
o(p) = lim 7). peq’, (4.8)

exists. We now prove that v(p) is a solution to (1.15). From (4.2), we have

lim 2" (p) = lim (@™ (p) — 7" V(p)) =0, peQ".

n—oo n—oo

Similar to (4.6), using the mean value theorem, we can show

WwR(p,d™) = —(1-w)d(p)z™ —w Y ep,p)z™
p'€o(p)
—w(c* = fM(p)™, pe”

where fé") (p) = folp, 7" D(p) + 00 ()2 (p)], 0 < 8™ (p) < 1. Since lim 2" = 0 as
n — oo, we have

lim wR(p,7™) = 0.

n—oo

From here and (4.8), it follows that v(p) satisfies
Lv+ f(p,v) =0, peQ,

v(p) = lim 2™ (p) = g(p) p e O™

n—oo

Therefore v(p) is a solution of (1.15), and we prove the theorem. O
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Theorem 9. Let 79, v be upper and lower solutions of (1.15). Then the upper and
lower sequences {0} and {v™} generated by the SUR method (4.3) converge monoton-

ically from above and below, respectively, to the unique solution v of (1.15):
n— =(n —(n— or
oV (p) <o (p) <olp) <™ (p) <2V(p), peQ’, n>1.  (49)

Proof. This theorem is proved in a similar manner as Theorem 8. The full proof can be

found in Appendix A. O

The following theorem gives a comparison result on convergence of the monotone

sequences obtained by the w-Jacobi method (4.2) and the SUR method (4.3).

Theorem 10. Let {vaAC} {iﬁlc} and {US ®}s {’USUR} be the sequences of upper and lower
solutions generated by the w-Jacobi method (4.2) and the SUR method (4.3), respectively,
where UEJ])AC = vi(,%)R =79 and QS?])AC = yﬁ?}R = 0. Assume that the relazation parameter

w used in each method is the same. Then

_(n _(n n n —h
o0 (p) < TAD), o) = v Phe(p), pe@’, n>1.

Proof. We prove this theorem only for the case of upper solutions. The case for lower

solutions may by shown in a similar way. We first introduce the following notation:

() g gD ) ) ) ) ) ()

Zwiac = VYwiac — VYwiac'sy  Zsur — Usur — VUsur > = VUsur — Ywjac-

From (4.2) and (4.3) with n = 1, we have

(d(p) + we D) = (dp) +we")Thik(p) = (d(p) + we" )T he(p)
= (d(p) +we*) (25 (p) + 1)
—(d(p) + we") (255 (p) + 1)
= (d(p) + we")2ih(p) — (d(p) + we™)2bho(p)

= w > epp)n)

Using (1.16), (4.7), (A.3) and w € (0,1], we have (d(p) +wc*)¢™M (p) < 0. By construction,

¢ @ (p)=0,pe€ 09" and applying the maximum principle in Lemma 1, we conclude that

¢O(p) =vih(p) — vt he(p) <0, pe@”. (4.10)
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From (4.2) and (4.3) for n = 2, we have

(d(p) +we )P (p) = (dp) +we)en(p) — (d(p) + W) Tne(p)
= (d(p) + we)Zn(p) — (d(p) + W) Z e ()

+(d(p) +we )W (p)

= —w[R(p,T) — R, The) +w > el p)2Ah ()

p'€or(p)

+(d(p) + we*) ¢ (p)
= —wldp)Wp) - D elp )V

p'€a’(p)

~(f(.0he) — F TGN +w Y elp,p) i)

p'€or(p)
+(d(p) +we) W (p)
= W0, Tohe) — F,080)] + we¢W (p)
+dP)1 - )V @) +w > e ) V)

p'€a’(p)

o > elp, ) @).

p'€or(p)

From here, and the mean value theorem, we have,

(d(p) +we )P (p) = w(c = fN )M (D) + d(p) (1 —w)¢M (p)
+w Y @)V e D elpp)bn®),

p'€a’(p) p'€ar(p)

where

Fp, 050 — Fo, 350 = — £ (0)¢ D (p),

D) = folp 0 (@) + 0D PV @), 0< 00 (p) < 1.
Taking into account (1.16), (1.20), (A.3), (4.10) and w € (0, 1], we have

(d(p) +we* )P (p) < 0.

By construction, ¢ (2)(p) =0, p € 99", and applying the maximum principle in Lemma 1,

we have
¢@(p) = vZh(p) — 1he(p) <0, pe”.

By induction on n, we can show

n | —h
¢ (p) = Bh(p) — The(p) <0, peQ", n>1.
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Thus, we prove the theorem. O

Remark 7. Theorem 10 shows that if the same initial upper or lower solution and the
same value of the relaxation parameter w are used, the SUR method converges faster than

the w-Jacobi method.

4.3 Block monotone iterative methods

We now solve the nonlinear difference scheme (1.15) on a two dimensional rectangular

mesh ﬁh = ﬁ’w X th :

—hzx .
O ={zy, 0<i< Ny 20=0, xn, =1; hgi = zip1 — 24},

—h .
Q" ={y;, 0<j <Ny yo =0, yn, = 15 hyj = yj1 —yj}-

We write down the difference scheme (1.15) at an interior mesh point (z;,y;) € Q" in the

form
*
dijvij — WijV;—1j — €jVit1,j — SijVij—1 — NijVij+1 + f (x4, Yi vij) +9i; = 0, (4.11)

where g;; is associated with the boundary function g(p).

Assume that the coefficients of the difference scheme satisfy the inequalities
dz‘j > O, Wij, €355 Sijs Nij > O, (4.12)

dij — (wij + €5 + 855 +ni5) >0, i=1,..., N, —1, j=1,...,N,—1,

and define vectors and diagonal matrices by

T * * * T

‘/; e ('Ui717-..,'vi,Ny—]_) 5 G’L = <gi,17"'79i,Ny71) ;
T

Fy (vi) = (f (@i, y1,0i0) -+ f (T yn,— 1,068, -1))

VVZ' = d1ag (wi,l, . 7wz’,Ny71) y El = d1ag (6@1, ceey ei,Nyfl) .
Then the difference scheme is represented in the vector-matrix form

AV, — W,V _EZ"/;;JFl“I—Fi (‘/z)—i-G;k =0, 1=1,...,N,—1, (413)
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with the tridiagonal matrices A;, i1 =1,..., N, — 1,

di —1N;1 0
—5i2 dio —1N;.2
A=
—Si,Ny—2 di N,—2 —T N, —2
|0 —S8iN,—1 di N, —1

Matrices W; and E; contain the coupling coefficients of a mesh point, respectively, to the
mesh point on the left (west) line and the mesh point on the right (east) line.
The block w-Jacobi (BJAC) iterative method for solving the linear system A;V; —

W;Vi—1 — E;Vit1 + F; = 0 has the form (see Varga [69, p.223] for details)
A7 = —wR, (VD)

ZMW =y _yh i1 N, -1, we(0,1],

RV ) = AV WiV - BV + Ry

where w is the relaxation parameter. We define the BJAC method for solving the nonlinear
system (4.13) in a similar way with the diagonal preconditioner wc*I, where I is the

(Ny — 1) x (N, — 1) identity matrix,
(Ai +we 2™ = —wR,(VD), (4.14)

ZM =—y™ _yeh i — 1 N,—1, w=conste (0,1],
n— -1 -1 -1 -1 %
Ri(VO D) = AV —wiviY - BV + ROV + 6
Remark 8. An advantage of the BJAC method is that each block (line) may be solved
independently of each other and this method if fully parallisable.

The block successive underrelaxation (0 < w < 1) or overrelaxation (1 < w < 2) it-
erative methods for solving the linear system A;V; — W;V;_1 — E;V;11 + F; = 0 has the
form (see Varga [69, p.223] for details)

AiZi(n) - wWiZZ.(f)l = —wR; (VD)
2"y _yeD N, 1, we (0,2

RV ) = AV —wviT - BT + R
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where w is the relaxation parameter. We define the block successive underrelaxation
(BSUR) method for solving the nonlinear system (4.13) in a similar way with the diagonal

preconditioner wc*I, where I is the (N, — 1) x (N, — 1) identity matrix,
(Ai + w1 Z™ — wW, 20, = —wR; (VD) (4.15)

Zi(”):VZ.(”)—V.(n_l), i=1,...,N; —1, w=const e (0,1],

Ri(VOD) = A —wivi Y - BV 4 B Y) G

Remark 9. An advantage of the BSUR method is that starting from ¢ = 1 and finishing off
with ¢ = N, — 1, in serial, we only solve tridiagonal systems for Vi(n), i=1,...,N, — 1.

Therefore a simple tridiagonal solver such as the Thomas algorithm can be used.
In the notation V = (V1,..., Viz_1)T, we have the following theorem.
Theorem 11. Let V(O),K(O) be upper and lower solutions of (4.13). Then the upper

and lower sequences {V(n)} and {V™Y generated by the BIAC method (4.14) converge

monotonically from above and below, respectively, to the unique solution V' of (4.13):

vl <cym <y <™ <yl s (4.16)

Proof. We consider only the case of the upper sequences obtained by the BJAC method.
The case of the lower solutions may be proved in a similar way.
From (4.12), it follows that A; is an M-matrix [69], that is, A;' > 0. Since wc*T is a

positive diagonal matrix, then A; + wc*I is also an M-matrix, that is,
(A; +wer )™t > 0. (4.17)
1tV is an upper solution, then from (4.14) it follows that
(Ai+weD)ZM <0 i=1,...,N,—1. (4.18)
From (4.17), we have Z) <0i=1,...,N, — 1, that is,
v <7y O i1 N, -1 (4.19)

7

(1)

—(1) . . .
We now need to prove that V" is an upper solution, that is,

RVY)y>0, i=1,...,N, —1. (4.20)
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From (4.14), we have

wR(VY) = wR,(T 4 20)

= w4,z —w,z" — Bz + PV 4+ 20+ 6

—HU(AZ‘VZ(-O) — Wivz@l — EZVE%)

= waz) Wizl - Bzl + FY 4 210 - PV

+wR(VY)
= w(Az) - Wizl - Bzl + FV + 20) - F(7))

—(A; + wc*I)Zm

)

1 1 1
W _wEZY — oW,z

= —(1- w)AiZi(l) —wc'Z i1 i

)

+w(FT + 20y - P71y

= —(1-wAzl) —w(eT-F )2 —wB 2zl — oW,z
where we use the mean value theorem

PO+ 20) - Pv0) = ) 2.

FYis a diagonal (N, — 1) x (N, — 1) matrix with diagonal entries

—(0) 0) (1
Dy, _ OF;(V;" + @§ )ZJ(‘ )

( 2,U )jj ou )

j=1,...,N, —1,

)
J

here, (4.12), (4.17), (4.19) and w € (0, 1], we conclude (4.20).

where ©:7, j = 1,..., N, — 1, are diagonal matrices with entries lying in (0,1). From
By induction on n, we are able to conclude that {V(n)} is a monotonically decreasing
sequence of upper solutions. By (1.19), this sequence is bounded below by V', where V is

any lower solution. Therefore the sequence converges. Let V' be defined by

V= lim V.

n—oo

We now prove that V = (Vi,...,Vy,_1) is the solution to (4.13). From (4.14), we have

lim Zz™ = lim (VY V" Yy =0, i=1,... N, 1.

n—oo0 n—oo.

From here and (4.14), it follows that

lim —wR; (VD) = lim (4 + we'D)Z™) =0, i=1,...,N,—1.

n—oo n—oo
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Thus,
RZ(V) = h_}m ’R,Z(V(n)) =0, i=1,...,N; —1,
and hence, V = (Vi,...,Vn,_1) is a solution to (4.13). We prove the theorem. O

Theorem 12. Let V(O) VO pe upper and lower solutions of (4.13). Then the upper
and lower sequences {V } and {V™Y generated by the BSUR method (4.15) converge

monotonically from above and below, respectively, to the unique solution V' of (4.13):

VO <y <y <7 <V s (4.21)

Proof. This theorem is proved in a similar manner as Theorem 11. The full proof can be

found in Appendix A. O

The following theorem gives a comparison result on convergence of the monotone

sequences obtained by the BJAC method (4.14) and the BSUR method (4.15).

Theorem 13. Let {VBJAC {VBJA(} and {VBSUR {VBQUR} be the sequences of upper
and lower solutions generated by the BIAC method (4.14) and the BSUR method (4.15),
respectively, with V](;;)UR = Vgilc =7 and zg?m = 71(3%0 = VO, We assume that the

relaxation parameter w used in each method is the same. Then
Vl(azzm < Vl(;;/)xca Kgsl%m > Kg}/)xc’ n>1.

Proof. We prove this theorem only for the case of the upper solutions. The case for the

lower solutions may be proved in a similar way. We first introduce the following notation:

n —(n —(n—1 n 7 -1
Z( )= V1(3J/)xc,i - Vl(3JAC,37 Z( i = VlgSEJRr»i - V](g‘SUR")i’

BJAC,2 BSUR,?

dn) = V](BZEJRJ B V](;.;L/)%C,i? i=1,..., Ny — L.
Forn=1andi=1,...,N, — 1, using (4.14) and (4.15), we have

(A +we D™ = (A +we DV s — (A + we Vo (4.22)

= A+wer D28 AV = A+ wer D (20 + T

BSUR,% BJAC,T

= (A +wc I)Z(l) — (A + wc I)Z()

BSUR,? BJAC,T

= Wiz RV ) 4 wR, (V)

BSUR,?

= wW; Z(l)

BSUR,%"
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From (4.12), (A.6), and w € (0, 1], we have
(Ai+werD)cM <0, i=1,... N, - L
From here and (4.17), we conclude that
(<o, i=1,...,Ny—1. (4.23)

—(1 1 .
Thus, Vogsns < Verneis 8 = 1,0y Ny — 1.
Using (4.22) with n = 2, we have

(Ai+werDC? = (Ai+we DV — (A +we DV ok,

= (AFweD)(Z, + Vi)

BSUR,%

—(Ai+we D)2+ Vi)

BJAC,?

= (A +weDZP (A +we D)2

BSUR,? BJAC,?
+(A; +we 1))

—(1 —(1
— Wi 22— WR(Vo) + wRi(V i)

BSUR,i
) * 7y ~(1)
+(Ai + wc' )¢

= wW;z? + (4; —I—wc*I)CZ-(l)

BSUR 7
1 —(1
—w(RA(V i) — wRi(V k)

= w;Zz? + (A; —i—wc*[)(.(l)

BSUR, 7
(1
—W(Az‘C' - ‘/VZCZ(P1 — E; z(+)1 + F; (Vl(ss)UR z) - E(VéJLC,i))

= wW;z? A +wWic) + wECH)

BSUR,? (

+we C(l) (Fi(V(l) ) B Fi(V(l)

BSUR,? BJAC z))

= wh; Zés%m +(1— w)A’iCi( + wW; C(ll + Wk <z+1

+w(e — F2he,
where we use the mean value theorem similar to (A.8). From (1.20), (4.12), (A.6), (4.23),
and w € (0, 1], we conclude that

(A +weD¢P <0, i=1,...,N,.

From here and (4.17), it follows that
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By induction on n, we conclude that

C(n) :v](BZBJR,’L_VI(;]L‘)AC,’L SO? Z.Zla"'7N$_17 n > 17

)

and prove the theorem. ]

Remark 10. Theorem 13 shows that if the same initial upper and lower solution and the
same value of the relaxation parameter w are used, the BSUR method converges faster

than the w-Jacobi method.

4.4 Comparison of the point monotone and block monotone

iterative methods

To compare the point monotone methods with the block monotone methods, we first

write the point iterative methods in the same form as the block iterative methods. Let
Ai = Dz — Sz — NZ‘, (424)

where D; is a diagonal matrix, S; is a lower off-diagonal matrix and V; is a upper off-

diagonal matrix. The point monotone w-Jacobi method (4.2) may be written in the form
(Di + we' ) Z™ = —wR; (VD) (4.25)

Zi(") = Vl.(n) —v™ Y i=1,...,N,—1, w=conste (0,1],

(2

RV ) = A4V —wivtY - Byt 4+ RV 6y

The point monotone SUR method (4.3) may be written in the form

(D; + we) 2™ — (8,2 + W Z™)) = —wR (V) (4.26)

71—

Zi(">:v;(”)_v.(”‘1), i=1,...,N; —1, w=const e (0,1],

(2

Ri(V," ) = 4v Y —wivt oY — BV + BT 6l

The following theorem gives a comparison result on convergence of the monotone
sequences obtained by the BJAC method (4.14) and the point monotone w-Jacobi method

(4.25).
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Theorem 14. Let {Véﬁ,{c}, {K]g?lc}, and {fojlc}, {K&LC} be the sequences of upper
and lower solutions generated by the BJAC method (4.14) and by the monotone w-Jacobi
method (4.25), respectively, with VS&C = V{(B])AC — 79 and Kgle = ZE,OJ)AC =vO, we

assume that the relaxation parameter w used in each method is the same . Then
71(37}/10 < Va(f])Acv KIEJT}Z%C < K](SGLZ‘,Ca n>1.

Proof. This theorem is proved in a similar manner as Theorem 13. The full proof can be

found in Appendix A. O

The following theorem gives a comparison result on convergence of the monotone
sequences obtained by the BSUR method (4.15) and the point monotone SUR method

(4.26).

n

Theorem 15. Let {VS;%R}, {Kg;%m}, and {VQUL}, {Zg%} be the sequences of upper and
lower solutions generated by the BSUR method (4.15) and by the monotone SUR method
(4.26), respectively, with VS;)UR = Vg?J)R — VO 4nd zg?UR = Kg?}R = VO, We assume

that the relaxation parameter w used in each method is the same . Then

4O AR 7 AP 1 O §

Proof. This theorem is proved in a similar manner as Theorem 13. The full proof can be

found in Appendix A. O

Remark 11. Theorems 14 and 15 show that if the same initial upper or lower solutions
and the same value of the relaxation parameter w are used, the BJAC and BSUR methods
converge faster than the w-Jacobi and SUR methods, respectively, in regards to iteration

counts.

4.5 Numerical experiments

We apply the monotone BSUR method and the monotone SUR method to two test problems.
The number of mesh points in the z- and y-directions are set equal to N. In our numerical
experiments, the stopping criteria for the iterates is

max [0 (p) — v~ V(p)|| < 1075,
peQ
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4.5.1 Convection-diffusion problem with parabolic layers

Consider the test problem (3.6). This problem is the convection-diffusion problem with
parabolic boundary layers (1.9), which is characterised by an elliptic boundary layer close
to z = 1 and by a parabolic boundary layers close to y = 0 and y = 1. To solve this
problem numerically, we use the two dimensional piecewise uniform Shishkin mesh (1.11)
constructed in Section 1.4.2. We also require the constants c.,c* from (1.20), and an

initial solution. From (3.7) we have
e =exp(—1), ¢ =1.

Using (1.6) and (1.7), we can see that 7 (p) =1, p € 0" is an initial upper solution.

Figure 4.1 displays the iteration counts and the execution times of the monotone
BSUR and monotone SUR methods over varying values of w , with N = 128 and ¢ = 1073,
From this figure, we can see that the iteration counts and the execution times are minimal
when w = 1. From numerical experiments, w = 1 results in the minimal execution times
and iteration counts for varying values of mesh points N and values of the perturbation
parameter . From this, we conclude that w = 1 is optimal. All of the following numerical
experiments have w = 1.

Table 4.1 displays the iteration counts of the monotone BSUR and monotone SUR meth-
ods for the test problems (3.6). From this table, we can see that for both methods the
iteration counts stay constant for ¢ smaller that 10~°. This indicates that both methods
converge uniformly with respect to €. From Table 4.1, we can also see that the iteration
counts are smaller for the monotone BSUR method than for the monotone SUR method.
This is consistent with Theorem 15.

Figure 4.2 displays the execution times of the monotone BSUR and monotone SUR meth-
ods for different values of N. From Figure 4.2, we can see that for £ smaller than 1072

the monotone SUR method converges slightly faster than the monotone BSUR method.

4.5.2 Anisotropic convection-diffusion problem

Consider the test problem (3.8). This problem is the anisotropic convection-diffusion
problem (1.12) and is characterised by an elliptic boundary layer close to z = 1. To solve
this problem numerically, we use the two dimensional piecewise uniform Shishkin mesh

(1.8) constructed in Section 1.4.3. We also require the constants c,, ¢* from (1.20) and an
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Figure 4.1: Execution times of the monotone SUR and monotone BSUR methods, for the

test problem (3.6), over varying values of w, N = 128 and ¢ = 0.001.

N/e 1107t 1072 103% 107* 10 10°¢

Monotone SUR iteration counts

32 | 444 235 244 246 247 247
64 | 1477 598 617 625 626 626
128 | 4874 1635 1643 1673 1676 1677

Monotone BSUR iteration counts

32 | 252 225 243 245 245 246
64 | 820 563 614 622 623 623
128 | 2707 1505 1634 1665 1668 1669

Table 4.1: Iteration counts of the monotone SUR and monotone BSUR methods for the

test problem (3.6).

initial solution. From (3.9) we have
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Figure 4.2: Execution times of the monotone SUR and monotone BSUR method for the

test problem (3.6).

From (1.6) and (1.7), we can see that 7 (p) =1, p € Q" is an upper solution.

Figure 4.3 displays the iteration counts and the execution times of the monotone
BSUR and monotone SUR methods over varying values of w, with N = 128 and ¢ = 1073,
From this figure, we can see that both the iteration counts and the execution times are
minimal when w = 1. From numerical experiments, w = 1 results in the minimal exe-
cution times and iteration counts for varying values of mesh points N and values of the
perturbation parameter €. From this, we conclude that w = 1 is optimal. All of the fol-
lowing numerical experiments have w = 1. Table 4.2 displays the iteration counts of the
monotone BSUR and monotone SUR methods. From this table, we can see that for mono-
tone BSUR method and the monotone SUR method, the iteration counts stay constant for e
smaller than 104 and 1073, respectively. This indicates that both the methods converge
uniformly with respect to €. From Table 4.2, we can also see that the iteration counts
are smaller for the monotone BSUR method that for the monotone SUR method. This is
consistent with Theorem 15.

Figure 4.4 displays the execution times of the monotone BSUR and monotone SUR meth-
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Figure 4.3: Execution times of the monotone SUR and monotone BSUR methods, for the

test problem (3.8), over varying values of w, N = 128 and ¢ = 0.001.

ods for different values of N . From Figure 4.4, we can see that the monotone BSUR method

converges faster than the monotone SUR method.

N/e | 107 1072 107* 107* 107° 107°
Monotone SUR iteration counts

32 649 685 690 690 690 690

64 | 2102 2194 2201 2202 2203 2203

128 | 6344 6510 6531 6536 6537 6537
Monotone BSUR iteration counts

32 86 132 166 171 171 171

64 278 343 449 464 466 466

128 | 908 923 1229 1279 1284 1285

Table 4.2: Iteration
test problem (3.8).

counts of the monotone SUR and monotone BSUR methods for the
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Figure 4.4: Execution times of the monotone SUR and monotone BSUR method for the

test problem (3.8).

4.5.3 Numerical observations

From the numerical experiments, we observe that the monotone BSUR and monotone
SUR methods are both uniformly convergent in their iteration counts with respect to the
perturbation parameter e. The numerical experiments also confirm Theorem 15 for both
of the test problems that the iteration counts for the monotone BSUR are smaller than that
of the monotone SUR method. We also observe that for both methods w = 1 is the optimal
relaxation parameter. When w = 1, the monotone BSUR and monotone SUR methods are
actually the block monotone Gauss-Seidel and point monotone Gauss-Seidel methods
for solving the nonlinear difference scheme. When comparing the execution times of
the monotone BSUR and monotone SUR methods, we can see that for the test problem
(3.8), which is the anisotropic convection-diffusion problem, the monotone BSUR method
converges the faster than the monotone SUR method, whereas for the test problem (3.6),
which is the convection-diffusion problem with parabolic layers, the monotone SUR method
converges slightly faster than the monotone BSUR method. It can be shown that point

relaxation methods are not good for anisotropic problems due to poor error smoothing in
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the x direction. Point relaxation methods only smooth in the direction which has ‘strong

coupling’ in the operator [68], for anisotropic problems this is in the y-direction.

4.6 Conclusions

In this chapter, we investigate the point monotone relaxation and block monotone re-
laxation iterative methods. In Theorems 8 and 9, monotone convergence of the point
monotone w-Jacobi and point successive underrelaxation iterative methods, respectively,
is proven. In Theorem 10, we prove that the successive underrelaxation iterative method
converges to the solution of the difference scheme faster than the point monotone w-Jacobi
iterative method.

In Theorem 11 and Theorem 12, we prove monotone convergence of the block mono-
tone w-Jacobi and the block monotone successive underrelaxation methods, respectively.
In Theorem 13, the convergence of the two block monotone methods are compared, and
it is shown that the block successive underrelaxation method is the fastest. In Theorem
14, we compare the convergence of the point and block monotone w-Jacobi methods. It
is proven that the block monotone w-Jacobi method is the fastest. Similarly, in Theorem
15, we compare the point and block monotone successive underrelaxation methods, where
the block monotone successive underrelaxation method is the fastest.

From our numerical experiments, we observe that the point and block monotone suc-
cessive underrelaxation methods are both e-uniformly convergent with respect to their
iteration counts. The numerical experiments also confirm Theorem 15 for both of the test
problems. For both of the methods, it is observed that w = 1 is the optimal relaxation
parameter. When comparing the execution times of the point and block monotone succes-
sive underrelaxation methods, it is observed that for the anisotropic convection-diffusion
problem, the block monotone successive underrelaxation method is the fastest, whereas
for the convection-diffusion problem with parabolic layers, the point monotone succes-
sive underrelaxation method converges slightly faster than the block monotone successive

underrelaxation method.
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Chapter 5

Composite monotone domain

decomposition algorithms

In this chapter, we describe composite monotone domain decomposition algorithms based
on the Jacobi, Gauss-Seidel, block Jacobi and block Gauss-Seidel methods for solving non-
linear singularly perturbed convection-diffusion equations. These algorithms are combina-
tions of the monotone domain decomposition algorithms presented in Chapter 3 and the
monotone relaxation methods presented in Chapter 4. The advantages of these compos-
ite monotone domain decomposition algorithms are that the algorithms solve only linear
discrete systems at each iterative step of the iterative process and converge monotonically

to the exact solution of the nonlinear problems. Numerical experiments are presented.

5.1 Introduction

In this chapter, composite monotone domain decomposition algorithms are constructed.
Each of these domain decomposition algorithms is based on the combination of one of
the domain decomposition algorithms presented in Chapter 3 and one of the relaxation
methods presented in Chapter 4.

As with the domain decomposition algorithm, we split the domain into a set of overlap-
ping vertical strips €,,, m =1,..., M. One complete iterative step involves solving M
problems on subdomains ﬁfn, m=1,...,M, in serial. The first subdomain ﬁ}f is solved
using one of the relaxation methods Jacobi, Gauss-Seidel, block Jacobi and block Gauss-

Seidel which are presented in Chapter 4. The following subdomains ﬁ:l, m=2,..., M,

99
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are solved using one of the monotone domain decomposition algorithms presented in
Chapter 3.

In Section 5.2 and 5.3, we investigate the monotone composite domain decomposition
algorithm based on the one-level monotone domain decomposition algorithm presented in
Section 3.2. In Section 5.2, two monotone composite domain decomposition algorithms
based on the Jacobi and Gauss-Seidel methods are constructed. Monotone convergence
of these algorithms is proven. A comparison of convergence of the two algorithms is pre-
sented. In Section 5.3, the composite monotone domain decomposition algorithms based
the block Jacobi and block Gauss-Seidel methods are constructed. Monotone convergence
of the two algorithms is proved, and a comparison of convergence of the algorithms is pre-
sented. A comparison of convergence of the composite monotone domain decomposition
algorithms based on the point relaxation methods and the composite monotone domain
decomposition algorithms based on the block relaxation methods is presented. In Section
5.4, we construct a two-level composite monotone domain decomposition algorithm based
on the two-level monotone domain decomposition algorithm in Section 3.3. Monotone
convergence of this algorithm is proven, and a remark is given illustrating the fully par-
allelisable nature of this algorithm. In Section 5.5, numerical experiments are presented
for the convection-diffusion problem with parabolic boundary layers and the anisotropic
convection-diffusion problem.

Some of the content of this chapter is published in [26].

5.2 Composite monotone domain decomposition algorithms

based on the Jacobi and Gauss-Seidel methods

In this section, we are interested in the Jacobi domain decomposition algorithm (JAC-DD)
and the Gauss-Seidel algorithm (Gs-DD). The JAC-DD algorithm and the Gs-DD algo-
rithm are combinations of the Jacobi (JAC) method and the Gauss-Seidel (GS) method,
respectively, with the domain decomposition (DD) algorithm based on the multiplicative
Schwarz method.

As with the domain decomposition algorithm, we split the domain into a set of over-
lapping vertical strips ©,,, m = 1,..., M. One complete iterative step involves solving

M problems on subdomains ﬁfm m = 1,..., M, in serial. The first subdomain ﬁ’f is



SECTION 5.2 101

9m—1 0m

Qm—l Qm—i—l

Figure 5.1: Fragment of the domain decomposition with overlapping subdomains 2, 1,

Qun, Qa1 and overlaps 0,1, O,

solved using either the JAC method or the GS method. The following subdomains ﬁ:ln,
m = 2,...,M, are solved using the monotone domain decomposition algorithm. The

algorithm for the monotone JAC-DD and the GS-DD algorithms are as follows:

1. Initialisation: On the whole mesh ﬁh, choose an initial function v(¥(p), p € ﬁh,

satisfying the boundary condition v(?) (p) = g(p) on Q™.

2. On the first subdomain ﬁlf, compute mesh function zgn) (p) by using either the

Jacobi method (4.2) or the Gauss-Seidel method (4.3), and denote

n n— n =h
M) =0 D)+ M), peq). (5.1)
3. On subdomains Q:l, m = 2,...,M, compute in serial mesh functions vﬁ,? ) (p),
m=2,..., M, satisfying the difference schemes
(L4 )z (p) = —R(p, o™ V), peQl (5.2)

20 (p) = o5 (p) — vV (p),
R(p, v V) = LoD (p) + f(p, 0™V,
with the boundary conditions

2" (p), perht

0, pEAT U,
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where

—h —h —h
YW= N, A =00, =900,

4. Compute the solution v("™) (p), p € Q" by piecing together the solutions on the

subdomains

oD (p), pe@i N m=1,... M—1;

UM (p)7 p S QM

5. Stopping criterion: if
max [v") (p) — "7V (p)| < A,
peN
where A is the required accuracy, then stop; otherwise continue iteration by

going to Step 2.

The following theorem gives the convergence property of the Jacobi domain decom-

position algorithm (JAC-DD).

Theorem 16. Let 70, v(© be upper and lower solutions of (1.15). Then the upper and
lower sequences {7} and {v™} generated by the monotone JAC-DD algorithm (5.1)-

(5.3), converge monotonically from above and below, respectively, to the unique solution v

of (1.15):
V) <o) < vlp) <2 (p) <TVE), pe@ n>L

Proof. We consider only the case of upper sequences, as the case of lower sequences is
proved in a similar manner.
Let 70 (p), p € Q" be an upper solution of (1.15) satisfying the boundary condition.

From (5.1) with n = 1, m = 1 and using (4.4) from Theorem 8, we have
#V(p) <0, pedy (5.4)
From here and (5.2) with n = 1 and m = 2, we have

(L + )z (p) = —R(p, o) <0, penk

1 .
AV =2k <0, AV =0, 2V (80 =o.
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By the maximum principle in Lemma 1, we conclude
1 =h
Zé )(p)§07 p6927

and by induction on m, zﬁé)(p) <0,pce ﬁfn, m = 2,...,M. From here and (5.4), it
follows that
D) <0, pel, m=1,..., M. (5.5)

We now prove that v!)(p) defined in Step 4 is an upper solution, that is,
R(p,oM) >0, pel (5.6)
From (5.2) and the mean value theorem,
R(p, oY) = Rp, 00 +2{))
= Lo (p) + L5 (p) + fp, 0O + =)
= £090) + f(p.70) + L2 (0) + F(0, 50 + 20)) = F (0. 77)
= R(p,0) + L5 (0) + £V ()23 ()
= —(L+)z () + L5 (o) + £ (0)25) ()
= (=Y p), pe, m=1,...,M,

where f$7(p) = fulp, 7 (p) + O (p)2% (p)], 0 < ON(p) < 1. From here, (1.20) and
(5.5), we have

Rip,ofy)) = =(c* = P (0)=) 20 peQ, m=1... M

From here and (5.3), we have

R(p,v™M) >0, pe @\, =]
We therefore only need to verify (5.6) on the boundaries ¥*, m =2,..., M. Let
() = v (1) = v () = 280() = zls P E D
Using (4.2) with w = 1 and (5.2) with m = 2, we obtain
(L+eGm) = L+ 0~ (L+e)z ()
= £+ )2 (0) + R(p, o)

= (dp)+ )"~ Y elp,p) (W) + R(p,v®)

p'€a’(p)

= - Z (1) )7 pee?

p'€a(p)
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From here, (5.4) and (1.16), it follows that
L xy ~(1) > 9h
(L+c)G 7 (p) =20, peby.
Using (5.2), we have
D/ hr 1 1
d'ein =0, Gk =0, ¢V =0,
and by the maximum principle in Lemma 1,
—h
D=0, ped. (5.7)

Form=2,...,M — 1, from (5.2) we have

£+ )G (p)

( 0, peﬁfm
Py =0, k) =o,

G (0 N5 =0,

and by the maximum principle in Lemma 1, conclude Qg) >0,p¢€ g m = 2,..., M.

m»

From here and (5.7), it follows that

vWp) >0 (), pebl, m=1,.. M-1

ForpE'yﬁllH,m:l,...,M—l, we have

R(p, o) = (dp)+c)oDp)— > elp,p)oV ()

p'€c’(p)
= (dp)+c)Dp) - > eV @)
p'€Eor(p)
- > el @)
p'€oy(p)
= (d(p)+cPm) - D el )W)
p'Ear(p)
— 3 el )l )
p'€oy(p)
> (d(p)+ o)) — Y e, )l ()
p'€or(p)
— Y elpp)D )
p'€oy(p)

= R(p,vy)) > 0.

Thus, vM) is an upper solution to (1.15). By induction on n, {(™} is a monotonically

decreasing sequence of upper solutions bounded below by v (1.19), where v is any lower
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solution. Let v(p) be defined by

v(p) = lim 5™ (p), peQ".

n—o0

We now prove that v(p) is the solution to (1.15). From (5.1)—(5.3),

lim 2™ = lim (o{?

n—0o0 n—oo

From here and (4.2),

R(p,v) = lim R(p, o™ V) = ~[lim ((d(p) + )" ()] =0, peQf\6}.

n—00

Using (5.2) and (5.3), we have

R(p,v) = lim R(p,v™) = lim R(p,o") = — lim (£ + ")z (p) = 0,

n—oo n—oo n—o0

peQi N\ m=2_.. M-1 peQy.

Thus,

R(p,v) =0, pe€ Or.

Since v(p) = g(p), p € N, we conclude that v(p) is the solution of (1.15). O

The following theorem gives the convergence property of the Gauss-Seidel domain

decomposition algorithm (GS-DD).

Theorem 17. Let 79, v be upper and lower solutions of (1.15). Then the upper and
lower sequences {7} and {v™} generated by the monotone GS-DD algorithm (5.1)-

(5.3), converge monotonically from above and below, respectively, to the unique solution v

of (1.15):
n— n —(n —(n— ah
o™V (p) <™ (p) <wlp) <TM(P) <" V(p), peQ’, n>1.

Proof. This theorem is proved in a similar manner as Theorem 16. The full proof can be

found in Appendix B. O

The following theorem gives a comparison result on convergence of the monotone
sequences obtained by the JAC-DD algorithm (5.1)—(5.3) and the ¢s-DD algorithm (5.1)—
(5.3).
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Theorem 18. Let {EETA%_DD}, {QSZ%_DD} and {E(GQDD}, {QE;QDD} be the sequences of upper
and lower solutions generated by the JAC-DD algorithm (5.1)-(5.3) and the GS-DD algo-
rithm (5.1)-(5.8), respectively, where EE%_DD = @S)S)_DD =7 and QS%_DD = Qéos)_DD =,

Then

(n)

_ _ —h
Usac-op(P) < Q(G@DD(I)) < ’U(G@DD (p) < UEZé—DD(p)v peQ, n>1
Proof. We prove this theorem only for the case of upper solutions. The case for lower

solutions may be shown in a similar way. We introduce the following notation:

¢ () =B pm (D) — D opm(P), P EQm, m=1,..., M.

From (5.1) and Theorem 10 with m = 1 and n = 1, we have

1 (1 (1 =h
G 0) = Vpn 1 () = Bl () 2 0, pe Q. (5:8)
From (5.2), for m = 2 and n = 1 it follows that,

L+ S 0) = (L4 N pa(d) — (£ + )08 o2 ()

= (L4 )20 na(®) — (£ + )T (p)
—(L+ C*)zéls)_DDQ(p) + (L + )0 (p)

= —RE)+Rp,7) =0, peq,
Using (5.8), we get

1 _(1 _(1 1 r
Dty = o 8 =o)L (e >0, V(v uAkY) =o.

JAC-DD,1 GS-DD,1

By the maximum principle in Lemma 1, we conclude

=h
2(1)(])) 2 07 p € QQ;

h

mo

and, by induction on m, C,(ﬁ)(p) >0,p€Q,,, m=2...,M. From here and (5.8), it

follows that

_ _ =h
Cr(r%)(p) = vgllk)C—DD,m(p) - USS)—DD,m(p) 2 07 b € Qma m = ]-7 st 7M' (59)

From here and (5.3), we conclude that

_ | —h
Tihon (0) = Tion(p), pe Q. (5.10)
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From (5.1) and the mean value theorem, for m = 1 and n = 2 it follows tha
o (2 (2 (2
(@(p) + )G ) = (D) + N1 () = (A0) + €T,

t

(p)

= (d(p) + )22 01 () — (d(p) + ) 1)

+Hd(p) + )¢ p), peal,

From here, (4.2) and (4.3), we get

@)+ @) = = 3 e )2 or () + R(1,T5400) — R(p,Thtn)

p’'€a’(p)
+(d(p) + )¢ (p)

= - 2 <np>gmm@®—amd”@>

p'€a’(p)

+ Z ) + f(p, UGs)DD) - f(p,ﬁgi)c_

p’'€a’(p)
+(d(p) + )¢ (p)

op)

= — 3 e )i @)+ S el )W)

p'€a’(p) p'€o’ (p)
et = AN ), peal,

where
F20) = folp, 0w (@) + 0P )M )], 0 < 0P (p) < 1.

Taking into account (1.16), (1.20), (5.10) and Theorem 9, we have

(d(p) + )P (p) >0, pel

) = T Mo () = T () 20, (P (T U~ =0,

By the maximum principle in Lemma 1, we conclude

_ _ —h
P p) =20 pp1(P) — vé?_m,l(p) >0, peqy.

From (5.2) for n =2 and m = 2, it follows that

L+ (p) = (L4 a2 p) = (L+ VL o)
= LA ) o (0) — (L +)E ()
(£ + )ihenn(p) — (£ + )05 00 ()
= —R(p,Tsrbow) + R(P, TN op)

(£ + )0 Mo (p) — (£ + )T 00 (p).

(5.11)



108 CHAPTER 5

From here and by the mean value theorem, we have

L+ M) = —LT5nn(p) — F(0,TiNenn) + LT 00 (0) + £ (1, Toson)
(£ + )T koo (p) — (£ + )T on (p)
= [ (0, Nen) + F(0, Do)
TN (D) — TG o ()
= "0+ o)
= (&~ PN ), peak,
where £ (p) = fu(p, 0 pp s + 05¢G7), 0 < ©57 (p) < 1. From here, (1.20), (5.9) and
(5.11), we have
(L + ) (p) > 0,
G =T () — TR 1 (18D > 0, (P (%) =0,
ST = 0aon (W) — 5 o (147) > 0.

By the maximum principle in Lemma 1, we conclude that
2 —h
2()(]))207 p6927

and by induction on m, (7(,%)( ) >0,p€ Q' m = 2,...,M. From here and (5.11), it

m?

follows that

_ _ —h
ng)( ) = UEA)C DD m(p) UE‘?DD m(p) >0, pe Qm7 m=1,..., M.

Using (5.3), we conclude that

_ —h
UE?C-DD(])) véb)DD(p)v pefl,

and by induction on n, we prove the theorem. O

5.3 Composite monotone domain decomposition algorithms
based on the block Jacobi and block Gauss-Seidel meth-

ods

In this section, we are interested in the block Jacobi domain decomposition algorithm

(BJAC-DD) and the block Gauss-Seidel algorithm (BGS-DD). The BJAC-DD algorithm and
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the BGS-DD algorithm are combinations of the block Gauss-Seidel (BGS) method and the
block Jacobi (BJAC) method, respectively, with the domain decomposition (DD) algorithm.
A basic advantage of the BJAC method and the BGS method is that a simple tridiagonal
solver such as the Thomas algorithm may be used for each of the linear subsystems defined
on these subdomains.

As with the domain decomposition algorithm, we split the domain into a set of over-

lapping vertical strips Q,,, m = 1,..., M. One complete iterative step involves solving M
. —h . . . =h.

problems on subdomains €2,,, m = 1,..., M, in serial. The first subdomain €2, is solved

using the BJAC method or the BGS method. The following subdomains ﬁfn, m=2,...,M,

are solved using the monotone domain decomposition algorithm. The algorithm for the

monotone BJAC-DD and BGS-DD is as follows:

1. Initialisation: On the whole mesh ﬁh, choose an initial function v (p), p € ﬁh,

satisfying the boundary condition v(®)(p) = g(p) on IQ".

2. On the first subdomain ﬁ?, compute mesh function zgn) (p) by using either the

BJAC method (4.14) or the BGS method (4.15), and denote

n n— n =h
o) = "V ) + 2" (), pey. (5.12)
3. On subdomains ﬁfn, m = 2,...,M, compute in serial mesh functions vg; ) (p),
m =2,..., M, satisfying the difference schemes
(L4 )z (p) = —R(p, o™ V), pel, (5.13)

(n) Za(v?ll(P)u pE M,
' (p) = hr ho
0, PEYm YUtm s

where
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4. Compute the solution v(™) (p), p € Q" by piecing together the solutions on the
subdomains

w(,?)(p), peﬁ,};\efn, m=1,...,M —1;

(n)

v (p) = .
Vg (p)7 pE QM

(5.14)

5. Stopping criterion: if
max [v®(p) — oD (p)] < A,
pEQ
where A is the required accuracy, then stop; otherwise continue iteration by

going to Step 2.

The following theorem gives the convergence properties of the block Jacobi domain

decomposition (BJAC-DD) algorithm.

Theorem 19. Let 59, v(© be upper and lower solutions of (1.15). Then the upper
and lower sequences {7} and {v™} generated by the monotone BIAC-DD algorithm

(5.12)-(5.14), converge monotonically from above and below, respectively, to the unique

solution v of (1.15):
v (p) <u(p) < olp) <) TV, pe @’ L

Proof. We consider only the case of upper sequences, as the case of lower sequences is
proved in a similar manner.

Let 59 (p), p € Q" be an upper solution of (1.15) satisfying the boundary condition.
From (5.12) with n =1, m = 1 and using (4.16) from Theorem 11, we have

A(p) <0, pey. (5.15)
From (5.13) with n =1 and m = 2, we have

(£ + A (p) = —R(p,v0) <0, pek,
A0 =206, Ay =0, N80 =o.

From (5.15), we have zél)(ygl) < 0. By the maximum principle in Lemma 1, we conclude

—h
Zél)(p) <0, peQ,.
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By induction on m, we conclude z%)( ) < 0,p€ Qm, m = 2,...,M. From here and

(5.15), it follows that
zD(p) <0, peﬁﬁl, m=1,..., M.
We now prove that v(l)(p) defined in Step 4 is an upper solution, that is,
R(p,oM) >0, peq.
From (5.13) and the mean value theorem,

R(p,viy)) = R +2))

= Lo0(p) + L2 (0) + F(p, 07 + =)

= L0Op) + f(p,0) + L2 () + f (0,7 +21)) = f(p,0)

= R(p,7) + £z (p) + £ (p)2Y (p)
= —(L+)2WD )+ L2D () + £V ()2 (p)

= — (= fM)V(p), peQl, m=1,...,M,

(5.16)

(5.17)

where f(0) = fulp, 7O () + 00 ()2 ()], 0 < OW(p) < 1. From here, (5.16) and

(1.20), we have

Rip, vy = —(c* — fO @)D >0 peh, m=1,... M.

From here and (5.14), it follows that

Rp.oM) >0, pe@\y", =]

We therefore only need to verify (5.17) on the boundaries 7%, m=2,...,M. Let

n n n n n —h
) = o)~ o) =20 0) ~ ik, P e
Using (4.14) with w = 1 and (5.13) with m = 2, we obtain

(Ai+c D) = (A+enzl) — A+ e nz)

= —Ry(V") - WiZélz‘) 1~ Ei Zélz)+1 +Ri(V?)

= WiZ) Bz, i=h+1. 0

W=z _zZW gz — vtz =T, i) m=1,2

_]_7

(5.18)

(5.19)
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where i = i1 and i = i correspond to the left % and right 7" boundaries of 5?,

respectively. From here, (4.12) and (5.16), we have
(A +e D) >0, i=Gi+1. 0 -1,
and using (4.17), it follows that

Cl(p) > 07 pe 9?

As ¢ (4 = 0, ¢V (74m) = =28V (747) > 0, we conclude
G(p) >0, ped. (5.20)
From (5.13) and (5.16), we have
L+ = (L + )z —(E—FC*)ZSZA =0, pebl, m=2..., M.

(=0, peatt\yr, (V) =-20, >0 penlr.

From here and by the maximum principle in Lemma 1, we get
—h
>0, peb,, m=2...,M—1,
and using (5.20), it follows that

¢V = —o >0, pedl, m=1,...,M—1. (5.21)

m+1l =

Let i correspond to AP then

R:(v) = a4y —wivh - Bv + RO + 6

= AEVSEU WV(I,)1 i1 E%V(l) +F(V() )‘|‘G*

From here and using (5.21), we have

RA(VD) >

AR VA A OV A M T e B

4; 1
= R(W >0, m=2.. M,

m

and using (5.18), it follows that

R(p, o) >0, pel,
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and, hence, vV is an upper solution to (1.15). By induction on n, we are able to conclude
that {70} is a monotonically decreasing sequence of upper solutions. By (1.19), this
sequence is bounded from below by v, where v is any lower solution. Therefore the

sequence converges. Let v(p) be defined by

o(p) = lim 7™ (p), peQ".

n—o0

We now prove that v(p) is the solution to (1.15). From (5.12)—(5.14), we have

lim 2™ = lim (W — o)y =0, m=1,..., M,
n—oo n—oo

and from here and (4.14),

lim R; (V™) = — lim ((4; + N2y =0, i=1,...,%.

n—o0 n—o0

Thus,
R(p,v) = li_>m R(p,v™) = lim R(p, v%n)) =0, peQl\or.

n—o0

Using (5.13) and (5.14), we have

R(p,v) = lim R(p,v(")) = nl;rgo R(p,v(")) =— lim (L + c*)zfﬁ) (p) =0,

n—oo m n—o0

peQr o m=2... M-1, peQl.

Thus,
R(p,v) =0, peQl

From (5.12)-(5.14), we have v(p) = g(p), p € 9Q", and conclude that v(p) is the solution
of (1.15). O

The following theorem gives a comparison result on convergence of the monotone
sequences obtained by the JAC-DD algorithm (5.1)—(5.3) and the monotone BJAC-DD al-

gorithm (5.12)—(5.14).

Theorem 20. Let {ﬂg;%-DD}; {Q&%-DD} and {@lg?/)xc-DD}; {Qg?lC—DD} be the sequences of
upper and lower solutions generated by the JAC-DD algorithm (5.1)-(5.3) and the BIAC-
DD algorithm (5.12)-(5.14), respectively, where EE%_DD = @QLC_DD =20 gnd QSQ)C_DD =

ng(i?@c-DD = Q(O)- Then

n n —_(n —h
QSA%—DD(p) < Ql(%J/)AC-DD(p) < Ul(aJ/)\c-DD (p) = Vjac-pp (p)’ pe, n=>1
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Proof. This theorem is proved in a similar manner as Theorem 18. The full proof can be

found in Appendix B. O

The following theorem gives the convergence property of the monotone block Gauss-
Seidel domain decomposition (GS-DD) algorithm.

Theorem 21. Let 79, v(© be upper and lower solutions of (1.15). Then the upper
and lower sequences {0} and {v™} generated by the monotone BGS-DD algorithm
(5.12)—(5.14), converge monotonically from above and below, respectively, to the unique

solution v of (1.15):
Q(n—l)(p) < Q(n)(p) < v(p) < 5(”)(]9) < @(Tb—l)(p)’ pE ﬁh’ n>1.

Proof. This theorem is proved in a similar manner as Theorem 19. The full proof can be

found in Appendix B. O

The following theorem gives a comparison result on convergence of the monotone se-
quences obtained by the Gs-DD algorithm (5.1)—(5.3) and the monotone BGS-DD algorithm

(5.12)~(5.14).

Theorem 22. Let {@E{QDD}, {QE;ZEDD} and {EEZ)S_DD}, {Q](;é)s_DD} be the sequences of upper
and lower solutions generated by the GS-DD algorithm (5.1)-(5.3) and the BGS-DD algo-
(0) (0)

rithm (5.12)—(5.14), respectively, where @E;OS)_DD = 51(3(25-1)1) =70 and vudpp = Uses.op =

Q(O) . Then

n n _(n _(n —=h
QE}SEDD(p) < Q}gG)S-DD(p) < Ul(a(;)s-DD(p) < vg}szDD(p)a peQ, n>1

Proof. This theorem is proved in a similar manner as Theorem 18. The full proof can be

found in Appendix B. O

The following theorem gives a comparison result on convergence of the monotone
sequences obtained by the monotone BJAC-DD algorithm (5.12)—(5.14) and the monotone

BGS-DD algorithm (5.12)—(5.14).

Theorem 23. Let {@1(37}1)\0—DD}, {21(3?3\0—131)} and {@lgTé)S—DD}a {QI(BZ)S—DD} be the sequences of

upper and lower solutions generated by the BJAC-DD algorithm (5.12)-(5.14) and the BGS-

DD algorithm (5.12)-(5.14), respectively, where E]gelc_DD = ESQS_DD =70 and yﬁﬂLC_DD =

Q](B(QS—DD = Q(O)~ Then

n n —_(n _(n —h
ng/)AC—DD(p) < Ql(ac)s-DD(P) < Ul(ac)s-nn(p) < UgJ/)AC—DD(p)v pe, n=>1
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Proof. This theorem is proved in a similar manner as Theorem 18. The full proof can be

found in Appendix B. O

5.4 Composite monotone two-level PDD and BDD algo-

rithms

Here, we consider the composite montone two-level PDD and BDD algorithms, where Step
3 in the algorithms (5.1)-(5.3) and (5.12)—(5.14) are solved by the two-level monotone
domain decomposition algorithm (3.10), (3.11), (3.12)—(3.14).

Theorem 24. Let 79, v©) be upper and lower solutions of (1.15). Then the upper and
lower sequences {5} and {v™} generated by the either the monotone PDD method
(5.1)-(5.3) or the BDD method (5.12)-(5.14) and where Step 3 is solved using (3.10),
(8.11), (3.12)-(3.14), converge monotonically from above and below, respectively, to the
unique solution v of (1.15):

n— n =(n —(n— ah
oD (p) <u™(p) <olp) <TM(p) <" V(p), peQ’, n>1.
Proof. The proof of this theorem follows directly from Theorems 6, 16, 17, 19 and 21. [

Remark 12. An advantage of using either the w-Jacobi or the BJAC method in Step 2 is
that this method is easy parallelisable as each line (block) may be solved independently
from the others. By using the (3.12)-(3.14) to find the solution in Step 3, we are able to
solve this step in parallel. Each of the box-subdomain problems on Q,,s, s = 1,..., S,
can be solved on their own processor in parallel. Each of the interfacial subdomain
problems on Efns, s=1,...,5, — 1, can be solved on their own processors in parallel.

Constructing algorithms for use on parallel computers aids in the reduction of problems

caused by processor time and computer memory.

5.5 Numerical experiments

As the theoretical results indicate that the composite block Gauss-Seidel domain decom-
position (BDD) algorithm results in the fastest convergence, we apply this algorithm to
two test problems. We compare these results with the numerical results obtained from

the monotone domain decomposition (DD) algorithm in Section 3.2.1 and the monotone
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block SUR (BSUR) method in Section 4.5. The number of mesh points in the x- and
y-directions are set equal to N. In our numerical experiments, the required accuracy for
the stopping criteria is A = 107,

To solve the linear difference problems within the monotone BDD algorithm, GM-
RES solver with restarts is used with a diagonal preconditioner. Within GMRES, the
required accuracy used is 107, the maximum numbers of iterations and restarts are 50
and 20, respectively.

The domain is decomposed into M overlapping subdomains as described in Section
3.2.1. The overlap between the vertical strips is chosen so that for the two vertical strips
either side of the boundary layer, the overlap occurs outside of the boundary layer, as
described in Section 3.2.1.

We define the serial acceleration of the domain decomposition algorithm as the exe-
cution time of the undecomposed method / the minimum execution time of the domain

decomposition algorithm.

5.5.1 Convection-diffusion problem with parabolic boundary layers

Consider the test problem (3.6). This problem is the convection-diffusion problem with
parabolic boundary layers (1.9), which is characterised by an elliptic boundary layer close
to x = 1 and by parabolic boundary layers close to y = 0 and y = 1. To solve this
problem numerically, we use the two dimensional piecewise uniform Shishkin mesh (1.11)
constructed in Section 1.4.2. We also require the constants c,, ¢* from (1.20) and an initial

solution. From (3.7), we have
e =exp(—1), ¢ =1.

From (1.6) and (1.7), we can see that 7 (p) =1, p € Q" is an initial upper solution.
From Section 4.5.1, it is observed that the monotone BSUR method has the smallest
iteration counts and fastest execution times when w = 1, leading to the conclusion that
w = 1 is optimal. All of the following numerical experiments have w = 1. Using the
execution times from the numerical results in Section 4.5.1, the serial acceleration for
the monotone BSUR method is calculated and displayed in Figure 5.2, where the serial
acceleration is the execution time of the undecomposed method (M = 1) / the execution

time of the BSUR method. From Figure 5.2, we can see that for all values of N and ¢
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the serial acceleration of the BSUR method is significantly greater than one, indicating a
very significant advantage in the monotone BSUR method. We can also see from Figure

5.2 that as € decreases the serial acceleration increases.

b2
<

1 2 3 -log1 o) 4

Serial acceleration
p—
]

o

Figure 5.2: Serial acceleration of the monotone BSUR method for the test problem (3.6).

To investigate the serial acceleration of the monotone BDD algorithm, we begin by
looking at the effect of varying the size of the first subdomain, which is the subdomain
solved using the monotone BSUR method. Tables 5.1, 5.2 and 5.3 display the iteration
counts and execution times of the monotone BDD algorithm for N = 32, N = 64 and
N = 128, respectively. Nj is the number of mesh points in the z-direction in the first
subdomain. The minimum execution times for each value of the parameter ¢ are displayed
in bold. From these tables, we can see that for ¢ < 1072 the execution times are minimal
when the first subdomain contains a quarter of the mesh points in the z-direction. From
the tables, it can also be seen that for N = 32,64, 128 and for ¢ < 1072, the minimal
execution times occur when the number of subdomains are 5,9 and 9, respectively. For
fixed values of N; and M, the iteration counts are the same for ¢ < 107°. From this, we
can conclude that the monotone BDD algorithm is parameter uniformly convergent in its
iteration counts.

Figure 5.3 displays the serial acceleration of the monotone BDD algorithm. From
Figure 5.3, we can see that for all values of IV and ¢ the serial acceleration is greater than
one indicating an advantage in the monotone BDD algorithm. It can also been seen that
as N increases the serial acceleration increases, and as ¢ decreases the serial acceleration
increases.

We now compare the monotone DD algorithm, the monotone BSUR method and the
monotone BDD algorithm. Figure 5.4 displays the serial accelerations for all the three
algorithms. From this figure, it follows that for ¢ > 10~% the monotone BSUR method

results in the highest serial acceleration. For ¢ < 1073, the monotone BDD algorithm
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Ny N/4 N/2 3N/4
M| 2 3 5 92 3 5 92 3 5
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Table 5.1: Iteration counts and execution times of the monotone BDD algorithm for the
test problem (3.6), using the minimal and maximal overlap size above and below the line,
respectively, for N = 32. N7 is the number of mesh points in the z-direction, where the

monotone BSUR method is in use.

results in the highest serial acceleration.
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Figure 5.3: Serial acceleration of the monotone BDD algorithm for the test problem (3.6).
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N N/4 N/2 3N/4
eg/M| 2 3 5 9 172 3 5 9 1712 3 5 9
Iteration counts
[ B8 % Bl B BB [ 8B B
1020 B8 B Uw 0B Ll s e
T TR I
R R R I
1079 0 B4 Ly 0l e, e
SIEEREE TR E XL EE 8
Execution times (seconds)

107! 106.013177'18% % % 48.9 % % 1’%0 %’8 16.7 % % %
10_212.9%% % 3—; 6.1 % %%—? % 7.7 % %‘01 j%g
107920 30 12 14 26150 26 18 17 835, 99 30 49
107801 37 BB 28[as 20 34 8 8255 30 37 50
1079)21 3382 34 24la0 HOM0 M 8 er 28 0 2
107021 32 82 34 23]a0 32 09 4 805, 23 30 4o

Table 5.2: Iteration counts and execution times of the monotone BDD algorithm for the

test problem (3.6), using the minimal and maximal overlap size above and below the line,

respectively, for N = 64. N7 is the number of mesh points in the z-direction, where the

monotone BSUR method is in use.

5.5.2 Anisotropic problem

Consider the test problem (3.8). This problem is the anisotropic convection-diffusion

problem (1.12) and is characterised by an elliptic boundary layer close to z = 1. To solve

this problem numerically, we use the two dimensional piecewise uniform Shishkin mesh

(1.8) constructed in Section 1.4.3. We also require the constants ¢, ¢* from (1.20) and an

initial solution. From (3.9), we have

From (1.6) and (1.7), we can see that 70 (p) =1, p € Q" is an upper solution.

¢ = exp (—1),

C

1.
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N N/4 N/2 3N/4
e/M|2 3 5 9 17 332 3 5 9 17 33|2 3 5 9 17

Iteration counts

10—1 1035 1035 1037 1046 1066 1122 1923 1926 1935 1954 1987 2505 2509 2518 2531

1035 1035 1037 1048 1122|1922 1022 1023 1026 1944 1987|2994 2504 2506 2514 2531
102 op 82 87 111 169 297 ,. 155 167 203 292 463 ||,5, 1232 1236 1247 1265
7T 7T 77 91 207 151 152 162 235 463 1231 1233 1241 1265
103 16 49 58 107 176 313 | ., 144 160 206 311 4941 .5, 1384 1388 1398 1415
16 16 21 69 313 140 142 157 249 494 1383 1385 1393 1415

—4 49 58 109 179 317 1420 1423 1434 1451
10 9 9 10 20 69 317 | 145 147 163 257 505 |19 1419 1421 1429 1451

1075 g 49 58 109 179 318|,,. 150 166 213 321 506 |, 5, 1424 1427 1438 1455
9 9 20 6 3I8 145 148 164 258 506 1423 1425 1433 1455

1076 g 49 58 109 179 318|,,. 150 166 213 321 506 |, 5, 1424 1428 1438 1455
9 9 20 69 318 145 148 164 258 506 1424 1425 1433 1455

Execution times (seconds)

10~ hoose 56 905 T30 395 03 | 9488 G914 1660 514 209 293|507 BT 3o 134 135
1072830 82 35 8 35 13|50 s3r fo 39 o o1 |54 3% 108 8 7
072 5 5§ 18 B4 &g 63 0 22 55| P9 30 8 o5 87
1071ns 55 37 § 10 0|42 a4 11 18 56 |72 T4 68 o4 8
10-6[ 15 63 18 10 16 40 35 10 10 20 55 |,. 46 36 49 83

120 23 8 10 40 |%™ 772 38 13 17 55 139 58 52 83

Table 5.3: Iteration counts and execution times of the monotone BDD algorithm for the
test problem (3.6), using the minimal and maximal overlap size above and below the line,
respectively, for N = 128. N is the number of mesh points in the x-direction, where the

monotone BSUR method is in use.

In Section 4.5.2, it is observed that for the monotone BSUR method w = 1 results in
the minimal iteration counts and execution times, leading to the conclusion that w =1 is

optimal. All the following numerical experiments have w = 1.

Using the execution times from Section 4.5.2, we compare the monotone BSUR method
with the undecomposed method (M = 1) by calculating the serial acceleration. The serial
acceleration is the execution time of the undecomposed method / by the execution time
of the monotone BSUR method. The results are displayed in Figure 5.5. Figure 5.5 shows
that for all values of N and e the serial acceleration is significantly greater than one,

indicating a very significant advantage in the monotone BSUR method.
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Figure 5.4: Serial acceleration of the monotone BDD algorithm, the monotone DD algo-

rithm and the monotone BSUR method, for the test problem (3.6).
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Figure 5.5: Serial acceleration of the monotone BSUR method for the test problem (3.8).

To investigate the serial acceleration of the monotone BDD algorithm, we begin by
looking at the effect of varying the size of the first subdomain, which is the subdomain
solved by the monotone BSUR method. Tables 5.4, 5.5 and 5.6 display the iteration counts
and execution times of the monotone BDD algorithm for N = 32, N = 64 and N = 128,
respectively. N7 is the number of mesh points in the z-direction in the first subdomain.
The minimum execution times for each value of the parameter e are displayed in bold.
From these tables, we can see that for € < 107! the execution times are minimal when

the first subdomain contains half the mesh points in the z-direction. This occurs when
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the monotone BSUR method is used outside of the boundary layer and the monotone
DD algorithm is used within the boundary layer. From these tables, it is also clear that
for N = 32,64 and 128 the execution times are minimal when the number of subdomains
are 3,5 and 9, respectively. In all of the tables, we can also see that for each value of Ny
and M the iteration counts are the same for e < 1074, This indicates that the monotone
BDD algorithm is parameter uniformly convergent with respect to its iteration counts.

Figure 5.6 displays the serial acceleration of the monotone BDD algorithm. From this
figure, it is clear that for all values of N and ¢, the monotone BDD algorithm gives a serial
acceleration greater than one. It is also apparent that as € decreases the serial acceleration
of the monotone BDD algorithm increases.

Figure 5.7 displays the serial accelerations of the monotone BSUR method, the mono-
tone DD algorithm and the monotone BDD algorithm. From this figure, it is clear that
the monotone DD algorithm results in the lowest serial acceleration. For € > 1077, the
monotone BSUR method results in the fastest acceleration, however, for ¢ < 107° the

monotone BDD algorithm results in the highest serial acceleration.

5.5.3 Numerical observations

For both of the anisotropic convection-diffusion problem and convection-diffusion prob-
lem with parabolic layer, the monotone DD algorithm, the monotone BSUR method and
the monotone BDD algorithm are parameter uniformly convergent with respect to their
iteration counts. The serial acceleration for both of the test problems is greater than one
for all the three of the methods. This indicates an advantage using these methods. For
both of the test problems, for sufficiently large values of £ the monotone BSUR method
results in the highest serial acceleration. However, for ¢ sufficiently small the monotone

BDD algorithm results in the highest serial acceleration.

5.6 Conclusions

In this chapter, we investigate the composite monotone domain decomposition algorithms
based on the Jacobi, Gauss-Seidel, block Jacobi, block Gauss-Seidel methods and the
one- and two-level domain decomposition algorithms. In Theorems 16 and 17, monotone

convergence of the Jacobi domain decomposition algorithm and the Gauss-Seidel domain
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Ny N/4 N/2 3N/4
e/M|2 3 5 912 3 5 92 3 5
Iteration counts
1072 10 18 19 215 3L 3T 4575 L6 L6
Execution times (seconds)

Table 5.4: Iteration counts and execution times of the monotone BDD

algorithm for the

test problem (3.8), using the minimal and maximal overlap size above and below the line,

respectively, for N = 32. Nj is the number of mesh points in the x-direction, where the

monotone BSUR method is in use.
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Figure 5.6: Serial acceleration of the monotone BDD algorithm for the test problem (3.8).
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N N/4 N/2 3N/4
eg/M| 2 3 5 9 172 3 5 9 1712 3 5 9
Iteration counts
107105 165 200 167 d10]uy, g0tz el 2o 07 o
02 BB 8 Tw 808 H 0 o om
TR EEE T
0740 ¥ B R Ela 8B el m o
056 ¥R B BEle BB MW 8w
SRR R LN EE LT T
Execution times (seconds)

107! 82.8%%% % 61.7%5’% % % 8.6 % f’fg g%j
10_215.0%% % % 9.6 % %% % % 6.6 % %‘ gf'g
107956 33 42 47 58|00 14 09 13 2205, 30 25 2
107441 27 32 44 2700 007 18 2245 23 24 2
1079)aa 22 35 44 52100 98 08 03 215y 19 21w
10°0) a0 20 34 47 83|,0 07 08 03 2055 17 20 0

Table 5.5: Iteration counts and execution times of the monotone BDD algorithm for the
test problem (3.8), using the minimal and maximal overlap size above and below the line,
respectively, for N = 64. N7 is the number of mesh points in the z-direction, where the

monotone BSUR method is in use.

decomposition algorithm, respectively, is proven. In Theorem 18, the convergence of
these two algorithms is compared and proven that the Gauss-Seidel domain decomposition

algorithm is the fastest.

In Theorems 19 and 21, monotone convergence of the block Jacobi domain decomposi-
tion algorithm and the block Gauss-Seidel domain decomposition algorithm, respectively,
is proven. In Theorem 20, the point and block Jacobi domain decomposition algorithms
are compared, and it is shown that the block Jacobi domain decomposition algorithm con-
verges faster. In Theorem 22, the point and block Gauss-Seidel domain decomposition

algorithms are compared, and it is shown that the block Gauss-Seidel domain decompo-
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N N/4 N/2 3N/4

s/M 2 3 5 9 17v 33(2 3 5 9 17 3|2 3 5 9 17
Iteration counts
107|500 320 520 521 525 534, 752 752 753 T56 759 | oo 866 867 868 870
520 520 520 522 534 752 752 752 755 759 866 866 867 870
1072 44 44 44 63 104 185| ., 82 88 112 170 279 |.,. 745 TAT 752 759
4 44 44 44 185 82 82 8 132 279 745 T46 750 759
103 11 39 48 84 138 245) ., 104 116 152 234 377, .4 1010 1013 1021 1036
i1 11 16 55 245 100 102 112 184 377 1010 1011 1017 1036
10-4| ; 40 49 88 144 254| . 110 123 161 247 394 | .. 1058 1061 1070 1085
7 7 17 57 254 106 108 120 195 394 1057 1058 1065 1085
10—° g 40 49 88 145 255, 111 124 162 248 396 |, .., 1063 1066 1075 1091
6 7 17 57 255 107 108 120 196 396 1062 1064 1070 1091
10~6 g 40 49 88 145 256 | 5. 111 124 162 248 396 |, .., 1063 1066 1076 1091
6 7 17 57 256 107 109 121 196 396 1063 1064 1071 1091
10-6| ¢ 40 49 88 145 256| . 111 124 162 248 396 ., 1063 1066 1076 1091
6 7 17 57 256 107 109 121 196 729 1063 1064 1071 1151
Execution times (seconds)

-1 5143 1109 231 127 98 1903 402 158 96 102 206 87 55 60
1077|8851 70947 5831 T899 280 07 |9692 7037 3104 350 130 103 | 96! %03 187 T4 60
—2 456 105 72 89 79 132 23 14 15 32 99 47 35 46
107" 985 1557 537 163 75 70 |07 563 170 23 15 32 | 986 a0 119 1B 16
3|, 157 72 58 103 163 40 13 10 16 40 79 42 39 57
107°1273 367 185 37 84 7163|994 348 50 16 14 10 | 242 358 01 15 58
—4 94 41 45 94 166 30 10 8 15 40 58 35 38 58
10771164 535 97 %6 76 106|305 363 35 12 13 40 |20 %01 70 1 B9
-5 76 42 42 89 158 2 7 7 14 39 36 27 34 56
10771137 175 55 3 70 13|39 355 96 o9 T2 30 |12 15 1 37 87
-6 72 45 42 84 160 20 7 7 14 39 31 25 34 56
10771137 1755 96 % 73 100|%% 350 21 o T2 30|9% 93 1 3 36

Table 5.6: Iteration counts and execution times of the monotone BDD algorithm for the
test problem (3.8), using the minimal and maximal overlap size above and below the line,
respectively, for N = 128. Nj is the number of mesh points in the xz-direction, where the

monotone BSUR method is in use.

sition algorithm converges faster. In Theorem 23, the convergence of the Gauss-Seidel
and block Gauss-Seidel domain decomposition algorithms is compared and proven that

the Gauss-Seidel domain decomposition algorithm converges faster.

The two-level composite monotone domain decomposition algorithms are constructed.

The parrallisable nature of these algorithms are discussed.

As the theoretical results indicate that the block Gauss-Seidel domain decomposition
algorithm has the fastest convergence, we apply this algorithm to the two test prob-

lems: the convection-diffusion problem with parabolic boundary layers and the anisotropic
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Figure 5.7: Serial acceleration of the monotone BDD algorithm, the monotone DD algo-

rithm and the monotone BSUR method for the test problem (3.8).

convection-diffusion problem. For both of the test problems, the block Gauss-Seidel do-
main decomposition algorithm converges e-uniformly with respect to its iteration counts.
The numerical experiments are compared to the numerical experiments in Chapters 3
and 4. The numerical experiments on the test problems show that for sufficiently large
values of e, the monotone BSUR method from Chapter 4 results in the highest serial ac-
celeration. However, for € sufficiently small the composite monotone block Gauss-Seidel

domain decomposition algorithm results in the highest serial acceleration.



Chapter 6

Multigrid methods

In this chapter, we construct three monotone multigrid methods: the monotone multigrid
method, the block monotone multigrid method and the two-level monotone multigrid
algorithm. The monotone multigrid method, the block monotone multigrid method and
the two-level monotone multigrid algorithm use the monotone successive underrelaxation
method, the monotone block successive relaxation method and the monotone domain
decomposition algorithm, respectively, for the smoothing part. All three methods use
the full approximation scheme (FAS) from [27] for the course correction part. Monotone

convergence of these algorithms is proven and numerical experiments are presented.

6.1 Introduction

Multigrid methods are accepted as fast efficient solvers, especially for elliptic problems.
They consist of the two parts: the smoother which reduces the high frequency components
in the error between numerical and exact solutions and the coarse correction based on
the fact that the smooth error can be well represented on coarser meshes. The standard
multigrid methods have shown to be unsatisfactory when applied to singularly perturbed
problems [38].

A modified multigrid method is applied to linear singularly perturbed convection-
diffusion equations in [38]. In [41], the monotone multigrid method is applied to nonlinear
elliptic boundary value problems, and its monotone convergence is proven. In [3] and
[71], a monotone multigrid method for nonlinear elliptic problems where the prolongation

parameter is determined adaptively, is presented. The prolongation parameter p,&n) is

127
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chosen as large as possible from the solution of

[Ak + Fio2(p) = fr — Lok, oy (0) = ;(p) peQ (6.1)

where Ay and Fjv are the linear and nonlinear terms, respectively, of Lv;, and eg(p) is
the prolongated error of the approximation on the mesh ;1. The course grid correction

to the approximation is given by

w]({n) _ U’(cn’tl) + p]gn)elgn)

From (6.1), we have
w" () = 0" (p) + 2(p).

From here and (6.1), we can see that the course grid correction w,(gn) (p) does not receive any
information from the approximation on the meshes €2;_; and hence, there is no reason
to find approximations on different meshes and, hence, this method is not a multigrid
method.

In this chapter, we construct three monotone multigrid methods: the monotone multi-
grid method uses the monotone successive under-relaxation (SUR) method for the smooth-
ing part; the block monotone multigrid method uses the block monotone successive under-
relaxation (BSUR) method for the smoothing part; the monotone multigrid algorithm uses
the monotone domain decomposition algorithm from Chapter 3 for the smoothing part.
All the three monotone multigrid methods use the full approximation scheme (FAS) from
[27] for the course correction part. The advantages of the monotone multigrid methods
are that they solve only linear discrete systems at each iterative step and converge glob-
ally. Numerical results show that the monotone multigrid methods converge uniformly in
the perturbation parameter.

In Section 6.2, we construct the monotone multigrid method and prove monotone
convergence of the method. Numerical experiments are presented in Section 6.2.1 for
the convection-diffusion problem with parabolic layers and the anisotropic convection-
diffusion problem. In Section 6.3, we construct the monotone multigrid method and
prove monotone convergence of the method. Numerical experiments are presented in
Section 6.3.1. In Section 6.4, the two-level monotone multigrid algorithm is constructed,
and monotone convergence of the algorithm is proven. Numerical experiments for two

test problems are presented in Section 6.4.1.
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6.2 Monotone multigrid method

In this section, we investigate the monotone multigrid method for solving nonlinear sin-

gularly perturbed convection-diffusion problems. Let {QZ} be the sequence of meshes
Qrcatc...cal, (6.2)

where Q}}{ is the finest mesh. On each mesh Q’,;‘, k =0,...,K, the nonlinear difference

scheme (1.15) can be represented in the form
Lrvp(p) + f(p,or) =0, peQ, w(p)=gp). peY, (6.3)

Lior(p) = dr(p)ok(p) — > er(p, ) (®).

p'€oy,(p)

On the finest mesh Q% choose an initial function vﬁ?) (p), p € O, satisfying the boundary

condition vgg) (p) = g(p), p € 90", and which is an upper or lower solution to (6.3).

As (1.15) is the nonlinear problem, the full approximation scheme (FAS) multigird
cycle [27] is used. Both the linear multigrid cycle and the FAS multigrid cycle transfer
the defect r,(gn) to the course grid. The FAS multigrid cycle also transfers the restricted
approximation v,in) to the course grid. When going from a course grid level to a fine grid
level, the linear mulitgrid cycle interpolates the solution. However, for nonlinear prob-
lems, in general, this does not converge to a solution [68]. Instead, the FAS multigrid
cycle prolongs the error 6}(:) on the course mesh. This error is then used to correct the
approximation on the finer mesh. The algorithm for the FAS monotone multigrid method

is as follows:

FAS monotone multigrid cycle v,&nﬂ) = MMG{k, v,in), Ly, gbé"), ti,ta}

ng?) = 0 on the finest mesh Q}}(

1. Presmoothing:

v,gn’t) = Sk(vlgn’t_l),ﬁzUR, Ln),tl), t=1,...,t, (6.4)
where v,gn’o) = v,(gn), the mapping Sy defines the monotone SUR method (4.3) on

QZ, and t; is the number of presmoothing steps.
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2. Coarse-grid correction:

(a) On QP compute the residual
Ris(of" ") = Lo + flof).
(b) Restrict v,(cn’tl) and Rk(v,g"’tl)) on the coarse mesh QF
ol = ety g i)y (6.5)
where [ ,’j_l is a restriction operator.
(c) On QF ., solve the nonlinear difference scheme
ﬁkflwi(f—)l + f(w,(i)l) = ¢1(4n—)17 ¢1(<:n—)1 = kal(vgl—)ﬁ - 7”1(:1)17 (6.6)
wi™,(p) = 9(p), p €Oy
If £ = 1 then solve (6.6) as exactly as necessary, by using the monotone
SUR method (4.3) on Q. If k > 1 then solve (6.6) by the algorithm
w™ = MMG{k — 1,0, L1, t1, 12},
with the initial iterate w,(:f(l)) = U](Cn_)l, where v,(i)l is defined in (6.5).
(d) Prolong the error egi)l = wl(;i)l — ’Ul(gi)l on the fine mesh QZ
e = I 1w — o).
where [ ,’;71 is a prolongation operator.

(e) Correct the approximation v,gn’tl) on the fine mesh QZ

w’gn) _ U](gn,tl) n p,in)@én), (6.7)
~n), \ _ 0, pE Qb = {p : Ri(p, Ul(ﬂn’tl)) =0},
€L (p) = (n)

e (p), peQh={p:Ru(p,o™™) £ 0},

where a prolongation parameter p](en) > 0 is chosen in (6.9).

3. Postsmoothing:

o™ = G o™ L8 gl g b=t 42t g+ 1, (6.8)
with the initial iterate v,(gn’tlﬂ) = wlgn), where w,(cn) from (6.7), Sy replaces the

monotone SUR method (4.3) on QZ, and t2 is the number of postsmoothing steps.

On QZ, set up U’(JLJA) _ Uén7t1+t2+l).
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The prolongation parameter pén) in (6.7) is given by

Y = min —[Ri(p, ") /(Lx + ¢ (v)], (6.9)

peQ*
where in the case of upper (lower) solutions, Qz* is given by
Q= {p: (Lt g (p) <0 (>0)), Q.
We say that @ is a monotone operator if v > w implies Q{v} > Q{w}, and assume
that I ,’:_1 and [ ,]j_l are linear and monotone.
Remark 13. In the two dimensional case, the full weighted restriction operator (I ,’jflvk =

vg—1) and the standard prolongation operator (I ,lj_lvk_l = vy) are given by

1
Vk—1;; = E[Ukmﬂ,zjﬂ + Vkoi—1,25+1 + Vkoit1,2j-1 + Vkait1,2j+1
+2(UI€21‘,2]‘—1 + Vkgi,25+1 + Vkgi—1,25 + Uk2i+1,2j) + 4vk2i,2j]7

_ 1
Ukgio; = Vk—1; 5  Ukoiojt1 — Z[vk-li,j + Vk—19;,j41Vk—1i41,; + Uk—12i+1,j+1]’

1 1
Vkos 0541 — Q[kali,j + Uk*12i,j+1]7 Ukoiy1,2; — E[kali,j + vk*12i+1,j]7

0<ij<N/2-1.

It is easy to check that both the full weighted restriction operator and the standard

prolongation operator are linear and monotone.

Theorem 25. Let the coefficients of the difference operators from (6.3) satisfy (1.16).
If Egg) and yg?) are upper and lower solutions of the difference scheme (6.3), then the
upper sequence {E%)} obtained by the monotone multigrid method converges monotoni-
cally from above to the unique solution vk of (6.3), the lower sequence {y%)} converges

monotonically from below to v :
n— n _(n _(n— —=h
vie V) <o) <ok ) T 0) <70, pely nzlL

Proof. Let E,(CO) be an upper solution. Using @,(CO’O) (p) = E,(io) and Theorem 9, from (6.4)
we have

_ _(0.,t— —h
2" (p) <oV (), peqy,
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Rie(p,7%) >0, peQf, t=1,... 1. (6.10)

From here and using the monotone property of I ,]:_1, we conclude
7.(0) Ik IR ( (0, tl)) >0 Qh
bl = , pe_q. (6.11)

The residual of the difference scheme (6.6) may be written as

* 0 0 0
) = Leaw® )+ f,wl) = Rea(p0l) + 1,

- Rk*l(p7 w]E;O_)l) - Rk*l(p7 UIE:O—)I) + r](go_)la p S QZ—I

From here, (6.11) and w,(go (i) (p) = (O)I(p), we have

0,0 0
Rk 1(p7w]({; 1)) TIE:—)I > 0, pE QZ—I

Therefore, w,g()_’(i) (p) is an upper solution to (6.6). Using (4.9), from Theorem 9 we have

w;(f_tl)(p) < @,(f_’tfl)(p) < @;E;O_’Ol)(p) = v,(f_)l, peEQ_, t=1,...t.

From here, w]E:()_)l(p) = EIE:()_’tll)(p) and using the monotone property of I ,’jfl, we have

—h
e (p) = 11 (" (p) — vy () <0, peQ. (6.12)
From here and (6.7), we have Eé )( )<0,p€ Q , and, hence,

w(p) <o), peqy, (6.13)

O We now prove that w(o)( ) defined in (6.7) is an upper

for all positive values of p,.
solution, that is,

Rilp,w”) >0, pef. (6.14)

We have w,(co) (p) = v,&o’tl)(p), pE QZ From here, (1.16) and (6.13), we have

R(p,w,(co)) = Ekw,go)—kf(p,w,(co)) (6.15)
= dlp)w) - > e(p.p )y + f(p,w)))
p'€0’(p)
= dp)o>™ — Y elp,p)w + flp,v")
p'€0’(p)
> Ay = N e, )0 + flp, o)
p'€c’(p)

Rilp,v"™) >0, pef.

v
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For p € ﬁz, using the mean value theorem, we have

Rilpwy”) = Low” + f(p,wy”)
= Lo + Li(p)] )’éio)Jrf(p, R L))
= Ly U(O,t1)+£ (o (0) )if( Otl )+f(p,vk ’t1)+p,(€0)€§€0))
= L™+ f(p,v 0“))+£ (p](§°>g§€0)+fv<o)(p)pl(€0)g§€o)
= Ry (p,vg)tl)) + (Ly, +f(0)) %0)

where féo)( ) = (p, v,(CO’ 1)( ) + @,io)(p)p,(go)ééo)(p)), 0 < @,io)(p) < 1. From here, (1.20),
(6.7), (6.12) and p,g) > 0, we have

Rilpwl”) > Rilp,ol™™) + (L + )ple0 (), pe Q.
For p € QZ \ Q. (Lp + c*)é{ko) (p) > 0. From here, (1.16) and (6.10), we conclude
Rilp,w®) > Ry(p, o™y >0, pe i\ Q. (6.16)
For p € QZ*, (Lk + c*)@io) < 0. From here, we have

Ri(p,w”) = Rilp, o)+ (L + Ve (p), pe

min _Rk(p7 (0, tl))
Pl (Ly + c*)é‘k“) ()

= Relp, o)+ Lk + e (p),

where
. _R 7v(07t1) _R pvv(07tl) *
min — P ) |y @) x| e oz
pe* (Ly + c*)e,” (p) (Lr +c*)e,  (p)
(0,t1) hx

From here, we obtain
Ri(p i) = Ri(p, o) = Ru(p, o) =0, pe Ol

From here, (6.15) and (6.16), we prove (6.14). Since v,iwlﬂ) (0), pE Qk, using (4.9),

from Theorem 9 we have
_ . — —h
o (p) <o V), peqy,

Re(p,v®) >0, peQl t=t14+2,...t;+ta+1.
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As ”/(cl)(p) = Ui(go’tlﬂﬁl)(l’)a pE QZ, we have

Ri(p, v (p)) > 0,

(1)

and conclude that v, ’(p) is an upper solution, where

—h
vV (p) < o™ (p) < @ (p) < vV (p) <O (p), peqf.

By induction on n, we can prove that {v,gn) (p)}, p € QZ is a monotonically decreasing
sequence of upper solutions. This sequence is bounded below by vy, where vy is any

lower solution (1.19), and, hence, the mesh function defined by

. _(n —=h
UK(p) = lim U%)(p), pe QK7

n—oo

exists. Since

lim Egg)(p) = lim U&?’t) (p), pe QZ(,

n—oo n—oo

and from Theorem 9, it follows that
Ri(p,vk) = lim Ry (p, o)) = Jim Rk (p, vty =0, peQy,

ik(p) = g(p), pe€ .

Thus, vk (p) is the solution to the difference scheme (6.3). O

6.2.1 Numerical experiments

We apply the monotone multigrid method (MMG) to the two test problems: the convection-
diffusion problem with parabolic layers and the anisotropic convection-diffusion problem.

For the following numerical experiments, the stopping criteria for the iterates is
max || (p) — oD (p)|| < 107°,
peﬁh
The number of mesh points in the z- and y-directions are set equal to N. For the

restriction and prolongation operators, we use the full weighting and bilinear interpolation

operators, respectively.
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Convection-diffusion problem with parabolic boundary layers

Consider the test problem
—&(Uge + Uyy) + g + f(z,y,u) =0, (z,y) € Q=(0,1) x (0,1), (6.17)

f(z,y,u) =exp(—1) —exp(—u), u =0 on JN.

This problem is the convection-diffusion problem with parabolic boundary layers (1.4.2),
which is characterised by an elliptic boundary layer close to z = 1 and parabolic boundary
layers close to y = 0 and y = 1 (see Proposition 2 from Section 1.4.2 for details). To solve
this problem numerically, we use the two dimensional piecewise uniform Shishkin mesh
(1.11). We also require the constants c,, c* from (1.20). For this test problem, we have

fu = exp(—u) and the reduced equation
uy +exp(—1) —exp(—u) =0, (z,y) €.

Thus, u, = 1 is the solution to the reduced equation. By writing the difference scheme
at an interior mesh point as in (1.6), where the coefficients satisfy the inequalities (1.7),
we can see that @(p) =1, p € Q" 1u(p) =0, p € 0Q" and u(p) =0, p € ﬁh, are upper and

lower solutions, respectively. Therefore, 0 < u(p) < 1, exp(—1) < f,(u) <1, p € Q" and
ce =exp(—1), ¢ =1. (6.18)

We also require an initial solution. For the test problem (6.17), 7@ (p) = 1, p € Q",
7 (p) = 0, p € Q" is an initial upper solution.

Figure 6.1 displays the four graphs for the cycle counts of the MMG method over
varying values of w and €. Each graph corresponds to different numbers ¢1, to of pres-
moothing and postsmoothing steps, respectively. All the four graphs indicate that for
€ < 10~ the cycle counts are independent of €. This leads to the conclusion that the
MMG method converges parameter uniformly in its cycle counts. The graphs also show
that the relaxation parameter w = 1 is optimal for the MMG method when applied to the
convection-diffusion problem with parabolic boundary layers.

Figure 6.2 displays the execution times of the MMG and SUR methods for the test
problem (6.17). From Figure 6.2, it is apparent that for ¢ < 107! the SUR method results

in the fastest execution times.
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Figure 6.1: Cycle counts of the MMG method for N = 64 and varying values of € for the

test problem (6.17).

Anisotropic convection-diffusion problem

Consider the test problem

—EUggy — Uyy + Uy + f(x,y>u) =0, (CE, y) €el= (07 1) X (Oa 1)’ (619)

f(z,y,u) =exp(—1) —exp(—u), u =0 on JN.

This problem is the anisotropic convection-diffusion problem (1.12) which is characterised
by an elliptic boundary layer close to x = 1 (see Proposition 3 from Section 1.4.3 for
details). To solve this problem numerically, we use the two dimensional piecewise uniform
Shishkin mesh (1.8). We also require the constants c.,c* from (1.20). For this test

problem, we have f,, = exp(—u) and the reduced equation

e Q.

Uyy + Uz 1 €XP (_1) _exp(_u) =0, (:r,y)

Thus, u, = 1 is a solution to the reduced equation. By writing the difference scheme at

an interior mesh point as in (1.6), where the coefficients satisfy the inequalities (1.7), we
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Figure 6.2: Execution times of the MMG and SUR methods for NV = 64 and varying values

of € for the test problem (6.17).

can see that T(p) = 1, p € Q" u(p) = 0, p € 9" and u(p) = 0, p € ﬁh, are upper and

lower solutions, respectively. Therefore, 0 < u(p) < 1, exp(—1) < fu(u) <1, p € Q" and
e =exp(—1), ¢ =1. (6.20)

We also require an initial solution. For the test problem (6.19), @ (p) = 1, p € QP,
79 (p) = 0, p € Q" is an initial upper solution.

Figure 6.3 displays the four graphs with the cycle counts of the MMG method over vary-
ing values of w and €. Each graph corresponds to different numbers 1, to of presmoothing
and postsmoothing steps, respectively. All the four graphs indicate that for e < 10~ the
cycle counts are independent of €. We therefore conclude that the MMG method con-
verges parameter uniformly in its cycle counts. These graphs also show that the relaxation
parameter w = 1 is not optimal for the MMG method when applied to the anisotropic
convection-diffusion problem.

Figure 6.4 displays the execution times of the MMG and SUR methods for the test

problem (6.19). From Figure 6.4, it is apparent that for ¢ < 10! the SUR method results
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Figure 6.3: Cycle counts of the MMG method for N = 64 and varying values of € for the

test problem (6.19).

in the fastest execution times.

Numerical observations

From these numerical experiments we observe that the MMG method is uniformly con-
vergent in € in its cycle counts. For the convection-diffusion problem with parabolic
boundary layers, the relaxation parameter w = 1 is optimal. However, w = 1 is not op-
timal for the anisotropic convection-diffusion problem. For both the convection-diffusion
problem with parabolic boundary layers and the anisotropic convection-diffusion prob-
lem, the SUR method results in the fastest execution times than the MMG method. For
both of the test problems, through the numerical experiments, it is observed that the
prolongation parameter p,gn) as given in (6.9) is extremely small. This is the reason why
the SUR method results in the fastest execution times and why there is no advantage in

using the MMG method.
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Figure 6.4: Execution times of the MMG and SUR methods for NV = 64 and varying values

of € for the test problem (6.19).
6.3 Block monotone multigrid method

In this section, we investigate the block monotone multigrid method for solving nonlinear
singularly perturbed convection-diffusion problems. Similar to the previous section, we
represent the nonlinear difference scheme (1.15) on QF, k = 0,..., K, in the form (6.3).
On the finest mesh Q% . choose an initial function vﬁ?) (p), p € Q% satisfying the boundary
condition vgg) (p) = g(p), p € 90%, and which is an upper or lower solution to (6.3).

As (1.15) is the nonlinear problem, the full approximation scheme (FAS) multigird

cycle from [27] is used. The algorithm for the block monotone multigrid method (BMMG)

is as follows:

FAS block monotone multigrid cycle

o™ = BMMG{k, v, Ly, ¢\ 11, 15}
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(;Sg?) = 0 on the finest mesh Q7.
1. Presmoothing:

o = BS (oY, LB o ), t=1,. 1,

where v,(gn’o) = v,in), the mapping BSj, defines the monotone BSUR method (4.15)

on Q’kL, and t; is the number of presmoothing steps.
2. Coarse-grid correction:

(a) On QF, compute the residual
Ri(of" ) = Lo + f(of).
(b) Restrict v,(cn’tl) and Rk(v,gn’tl)) on the coarse mesh Q' |
v,(fn_)l = I,’:flv,(fn’tl), r,(fi)l = I,ffle(v,(ﬁn’tl)), (6.21)

where [ ,]jfl is a restriction operator.

(c) On QF |, solve the nonlinear difference scheme
Ek*lw](gn_)l + f(w](cn_)1) - ggn_)lv ](cn—)l = 'R,k,1<’l)](€n_)1) - 7”](51)1, (6'22)

wi () = 9(p), p eI,

If £ =1 then solve (6.22) as exactly as necessary, by using the monotone

BSUR method (4.15) on QF. If k > 1 then solve (6.22) by the algorithm

w,(;i)l = BMMG{k — 17w;(€7f(1)), Ly_1, ¢;(:_)1,t1,t2},
with the initial iterate w,(:ﬁ(l)) = v,(c’i)l, where v](i)l is defined in (6.21).

(d) Prolong the error e,@l = w,(ﬁ)l — U,(;i)l on the fine mesh QZ

v = I/irc—l(wl(:—)l - ”l(c@l)’

where [ ,’j_l is a prolongation operator.
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(e) Correct the approximation vlin’tl) on the fine mesh QF

), )0, p e ={p: Relp,vy"™) =0},

e (0), peQf ={p: Rilp.vy™) 0},

where a prolongation parameter pgl) > 0 is chosen in (6.9).

3. Postsmoothing:

oM = BS Lo Y L g ), b=t 42, i+t 1, (6.24)

with the initial iterate v(n fhtl) _ w,(gn), where w,(gn) from (6.23), BSy, replaces the

monotone BSUR method (4.15) on QZ, and ty is the number of postsmoothing

steps. On QF, set up v,gnﬂ) U}(ﬂn,t1+t2+1)'

We assume that I ,’:_1 and I ,’j_l are linear and monotone.

Theorem 26. Let the coefficients of the difference operators from (6.3) satisfy (1.16). If

ﬁg) and yg) are upper and lower solutions of the difference scheme (6.3), then the upper
sequence {U%)} obtained by the block monotone multigrid method converges monotoni-
cally from above to the unique solution vy of (6.3), the lower sequence {v } converges

momnotonically from below to vg:

n— n _(n _(n— —h
o) <o) < or(p) <P () < V), peTp, n>1.

Proof. The proof of this theorem follows directly from the proof of Theorems 12 and
25. ]

6.3.1 Numerical experiments

We apply the BMMG to the two test problems: the convection-diffusion problem with
parabolic layers (1.9) and the anisotropic convection-diffusion problem (1.12). For the
following numerical experiments, the stopping criteria for the iterates is

max [0 (p) — oD (p)|| <107,
pGQ
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The number of mesh points in the z- and y-directions are set equal to N. For the
restriction and prolongation operators, we use the full weighting and bilinear interpolation

operators, respectively.

Convection-diffusion problem with parabolic boundary layers

As a test problem, we consider the convection-diffusion problem with parabolic layers
(6.17). To solve this problem numerically, we use the piecewise uniform Shishkin mesh

(1.11). We require the constants ¢, and ¢*, where from (6.18) we have

e =exp(—1), ¢ =1.
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Figure 6.5: Cycle counts of the BMMG method for N = 64 and varying values of ¢ for

the test problem (6.17).

Figure 6.5 displays the four graphs with the cycle counts of the BMMG method over
varying values of w and e for the test problem (6.17). Each graph corresponds to different
numbers t1, to of presmoothing and postsmoothing steps, respectively. All the graphs
indicate that for e < 10~ the cycle counts are independent of ¢, leading to the conclusion

that the BMMG method converges parameter uniformly in its cycle counts. The graphs
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also show that the relaxation parameter w = 1 is optimal for the BMMG method. Figure
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Figure 6.6: Execution times of the BMMG and BSUR methods for varying values of & for

the test problem (6.17).

6.6 displays the execution times of the BMMG and BSUR methods for varying values
of ¢ for the test problem (6.17). From Figure 6.6, it is evident that for ¢ < 1072 the
BSUR method has the fastest acceleration time, indicating there is no advantage in using

the BMMG method.

Anisotropic convection-diffusion problem

The test problem here is the anisotropic convection-diffusion problem (6.19). To solve
this problem numerically, we use the piecewise uniform Shishkin mesh (1.8). We require

the constants ¢, and ¢*, where from (6.20), we have
e =exp(—1), ¢ =1.

Figure 6.7 displays the four graphs with the cycle counts of the BMMG method over
varying values of w and ¢ for the test problem (6.19). Each graph corresponds to different

numbers t1, to of presmoothing and postsmoothing steps, respectively. All the four graphs
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Figure 6.7: Cycle counts of the BMMG method for N = 64 and varying values of ¢ for

the test problem (6.19).

indicate that for e < 107 the cycle counts are independent of . This leads to the
conclusion that the BMMG method converges parameter uniformly in its cycle counts. The
graphs also show that the relaxation parameter w = 1 is optimal for the BMMG method.
Figure 6.8 displays the execution times of the BMMG and BSUR methods for varying
values of ¢ for the test problem (6.19). From Figure 6.8, it is evident that for all values
of € the BSUR method has the fastest acceleration times, indicating there is no advantage

in using the BMMG method.

Numerical observations

From these numerical experiments, we observe that the BMMG method is uniformly con-
vergent in € in its cycle counts. The relaxation parameter w = 1 is optimal for both of
the test problems. For both the convection-diffusion problem with parabolic boundary
layers and the anisotropic convection-diffusion problem, the BSUR method results in the
fastest execution time than the BMMG method for all values of €. For both of the test

problems, through the numerical experiments it is observed that the prolongation pa-



SECTION 6.4 145

02 N =32
O'Iy -
0.\ ) L | I L 1
= 1 2 3 4 5 6 7
g 5 | N =64
(]
] N EmEEmmEmEEs
L5k e |
¢
i 1_,/'"'
EO.SH""‘ L | NI TR L | I L | P L | NI L | NI L
5 1 2 3 4 5 6 7
30 N =128
— BSUR
200 aemsmmmoSTEmmTRTTRRRSRmmmsssemmmmd ---- BMMG |!
o —— -
0.\ Il i 1 Lo i Il
1 2 3 4 5 6 7
-log, (€)

Figure 6.8: Execution times of the BMMG and BSUR methods for varying values of & for

the test problem (6.19).

rameter pén) as given in (6.9) is extremely small. This provides an explanation why the

BSUR method results in the fastest execution time and why there is no advantage in using

the BMMG method.

6.4 Two-level monotone multigrid method

In this section, we investigate the two-level monotone multigrid algorithm for solving
nonlinear singularly perturbed convection-diffusion problems. Similar to the previous
sections, we represent the nonlinear difference scheme (1.15) on QZ, k=0,...,K, in the

form (6.3). On the finest mesh Q% choose an initial function vg) (p), p € Q| satisfying

the boundary condition UE({)) (p) = g(p), p € 9N, and which is an upper or lower solution
to (6.3).
As (1.15) is the nonlinear problem, the full approximation scheme (FAS) multigrid cy-

cle [27] is used. The algorithm for the two-level monotone multigrid algorithm (TLMMG)

is as follows:
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FAS two-level monotone multigrid cycle

oY = TEMG{k, o™, Ly, o, 11, 12}

qbg?) = 0 on the finest mesh Q}}(

1. Presmoothing:

o™ = DDV, L0 6 1), t=1,.. 0,

(n,0) (n)
k

where v = v, the mapping DD}, defines the monotone domain decompo-

sition algorithm on Qz, and ¢ is the number of presmoothing steps.
2. Coarse-grid correction:

(a) On QF, compute the residual
Ric(of")) = L™ + fu™).
(b) Restrict v,gn’tl) and Rk(v,gn’tl)) on the coarse mesh Qf
v,(cri)l = I,’j*lv,(cn’tl), 7"1@1 = I,Ij*le(v,(fn’tl)), (6.25)

where [ ,lj_l is a restriction operator.

(c) On QF |, solve the nonlinear difference scheme

Lyaw™y + Ff™) = o, o = Reao)) =y, (6.26)

wy”\(p) = g(p), pe O,

If £ = 1 then solve (6.26) as exactly as necessary, by using the two-level
monotone domain decomposition algorithm (3.10-5.14) on Q2. If k > 1

then solve (6.26) by the algorithm

w,(!i)l =TLMG{k — 17’w;(€7f(1))7 L1, ¢;(:_)1,t1,t2},

with the initial iterate w,(ﬁ(l)) = v,in_)l, where v,gn_)l is defined in (6.25).
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(d) Prolong the error eén)l = w/,(c )1 U;(Ji)l on the fine mesh QF

k
o = I, — ol
where [ 11571 is a prolongation operator.

. . (n,t1)
(e) Correct the approximation v,

ol = ofo) 4 o) 21
~(n) 0, pE Qb = {r: Ri(p,v nt1)) =0},

e (p), pe={p: Ru(p,v™™)) #0}.

where a prolongation parameter pgl) > 0 is chosen in (6.9).

3. Postsmoothing:
’U]E;n’t) = D.Dk:{vl(gn,til)u EED’ ¢](<;n)) t2}’ t= tl + 27 s )tl + t2 + 17 (628)

with the initial iterate v(n hitl) _ (n), where w,, ™) from (6.27), DDy, replaces

the monotone domain decomposition algorithm (3.10-5.13) on Q' and ¢ is the

number of postsmoothing steps. On QF, set up v,(gnﬂ) v,in trttatl)

Theorem 27. Let the coefficients of the difference operators from (6.3) satisfy (1.16).
If @g) and Qgg) are upper and lower solutions of the difference scheme (6.3), then the
upper sequence {@g?)} obtained by the two-level monotone multigrid algorithm converges
monotonically from above to the unique solution vy of (6.3), the lower sequence {Q(I?)}

converges monotonically from below to vi:

n— n _(n _(n— —h
o) <o) < or(p) <TP () <TE V), pep, n>1.

Proof. The proof of this theorem follows directly from the proof of Theorem 6 with S =1
and Theorem 25. ]

6.4.1 Numerical experiments

We apply the two-level monotone multigrid algorithm to the two test problems: the

convection-diffusion problem with parabolic layers (6.17) and the anisotropic convection-
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diffusion problem (6.19). For the following numerical experiments, the stopping criteria
for the iterates is

max [0 (p) — v~V (p)|| <1075,
peN

The number of mesh points in the z- and y-directions are set equal to N. For the
restriction and prolongation operators, we use the full weighting and bilinear interpolation
operators, respectively.

To solve the linear difference problems within the monotone domain decomposition
algorithm, GMRES with restarts is used with a diagonal preconditioner. Within GMRES the
required accuracy is 1079, the maximum number of iterations is 50 and a maximum of 20
restarts.

For the following numerical experiments, the balanced domain decomposition is used,
where the number of subdomains is even with half of the subdomains placed within the
boundary layers.

The computational domain is decomposed into M overlapping subdomains as de-
scribed in Section 3.2.1, where the overlap between the vertical strips is chosen such that
for the two vertical strips either side of the boundary layer, the overlap occurs outside of

the boundary layer, as described in Section 3.2.1.

Convection-diffusion problem with parabolic boundary layers

The test problem here is the convection-diffusion problem with parabolic layers (6.17).
To solve this problem numerically, we use piecewise uniform Shishkin mesh (1.11). We

require the constants ¢, and ¢*, where from (6.18) we have
ce =exp(—1), =1

We also require an initial solution. For the test problem (6.17), @®(p) = 1, p € QF,
7 (p) =0, p € Q" is an initial upper solution.

Tables 6.1-6.4 display the cycle counts and execution times for the TLMMG algorithm
with (t1,t2) = (1,1),(2,1),(1,2),(2,2), respectively, where ¢; and ty are the number
of presmoothing and postsmoothing steps, respectively. From these tables, we observe
that for ¢ < 1073 the cycle counts are independent of . Similar results are observed
for numerical experiments for varying numbers of mesh points. This indicates that the

TLMMG algorithm converges parameter uniformly with respect to its cycle counts. We also
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€ 102 1073 1074
S\M | 1 2 4 8 1 2 4 8 1 2 4 8
Cycle counts
5 25 38 3 29 47 3 29 48
1 : 3 7T |?2 3§ 7T 9?2 35 T 3
9 10 12 28 41 9 8 30 48 6 6 29 49
2 2 3 7 2 2 1 9 2 2 4 9
4 |1 16 20 42 |l w30 4 |8 T 29 49
2 3 3 7 2 2 1 9 2 2 1 9
g |2 2 33 46 |25 18 3 5 |14 1 30 49
7 7 6 0 |6 6 5 0 |1 14 1 9
Execution times (seconds)
1 720 4167 3476 | - 321 3555 2811 | 4 150 2751 2049
9 728 1105 9 912 94l 6 629 723
9 87 1157 2434 2492 | 77 678 2313 2128 | 46 486 1914 1621
9 700 1224 2294 | 10 743 1636 2771 | 6 877 1569 2459
4 65 908 1208 1350 | 72 636 1241 1451 | 47 622 1161 1089
510 528 921 | 18 390 774 1249 | 11 493 879 1162
g |55 63 701 1030 | 69 600 795 1196 | 51 576 796 964
29 454 424 600 | 35 580 463 714 | 26 547 475 635

Table 6.1: Cycle counts and execution times of the two-level monotone multigrid algorithm
using the minimal and maximal overlap sizes for both S and M above and below the line,

respectively, with (t1,t2) = (1,1) and N = 64 for the test problem (6.17).

observe that as the number of presmoothing and/or postsmoothing iterations increase,
the cycle count decreases.

Table 6.5 displays the iteration counts and execution times for the two-level domain
decomposition (DD) algorithm (3.10)-(3.14). From Table 6.5 for ¢ < 1072, the iteration
counts are independent of €. This is observed for varying numbers of mesh points, in-
dicating that the two-level domain decomposition algorithm is parameter uniform with
respect to its iteration counts. By comparing the execution times in Table 6.5 with the
execution times in Tables 6.1- 6.4, it is observed that the two-level domain decomposition
algorithm results in the smallest execution times for all combinations of M and S and
values of . Therefore, there is no advantage in using the two-level monotone multigrid

algorithm.

Anisotropic convection-diffusion problem

The test problem here is the anisotropic convection-diffusion problem (6.19). To solve

this problem numerically, we use piecewise uniform Shishkin mesh (1.8). We require the
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€ 1072 1073 10~
S\M | 1 2 4 8 1 2 4 8 1 2 4 8
Cycle counts
1 4 1T 2 3 2 3 |9 2 2 3
2 3 5 2 3 6 2 3 7
9 |1 1 2. 30 |1 7T 21 34 |6 5 20 34
2 2 3 5 2 2 3 2 2 3 7
4 16 15 22 32 14 10 21 35 9 7 21 34
2 3 6 2 2 3 7 2 2 3 7
g |30 2 2 39 |2 1 23 3 |15 1 2 3
7 7 6 9 6 6 4 8 i 1 3 7
Execution times (seconds)
1 g 129 5347 4493 | g 334 4771 3645 | o 157 3516 2685
12 678 1248 13 973 1242 8 929 1098
9 96 1061 3228 3150 | 85 475 2049 2672 | 47 256 2481 2011
11 706 2460 3288 | 11 743 2458 4319 | 7 874 2389 3830
4 68 726 1603 1726 | 73 434 1617 1807 | 48 621 1503 1381
18 512 1039 1551 | 18 388 1150 1935 487 1328 1804
8 56 468 965 1354 | 71 386 1047 1445 | 52 579 1040 1247
30 455 829 1062 | 36 580 720 1140 | 27 549 689 979

Table 6.2: Cycle counts and execution times of the two-level monotone multigrid algorithm
using the minimal and maximal overlap sizes for both S and M above and below the line,

respectively, with (t1,t2) = (2,1) and N = 64 for the test problem (6.17).

constants ¢, and ¢*, where from (6.20) we have
e =exp(—1), =1

We also require an initial solution. For the test problem (6.19), @ (p) = 1, p € QP,
) (p) = 0, p € 90" is an initial upper solution.

Tables 6.6-6.9 display the cycle counts and execution times for the TLMMG algorithm
with (t1,%2) = (1,1),(2,1), (1,2),(2,2), respectively, where t; and t2 are the number of
presmoothing and postsmoothing iterative steps, respectively. From these tables, we
observe that for ¢ < 1072 the cycle counts are independent of . Through numerical
experiments, we observe similar results for varying numbers of mesh points. This indicates
that the TLMMG algorithm converges parameter uniform with respect to its cycle count.
As the number of presmoothing and/or postsmoothing iterations increases, the cycle
counts decrease.

Table 6.10 displays the iteration counts and execution times for the two-level domain
decomposition (DD) algorithm (3.10)—(3.14). From Table 6.10 for ¢ < 1072, the iteration

count is independent of €, indicating that the two-level domain decomposition is param-
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€ 1072 1073 104

S\M | 1 2 4 8 1 2 4 8 1 2 4 8
Cycle counts
4 17 26 3 20 33 2 20 33
L2 5 3 7 5 3 %6 |2 3 3 7
9 |10 1 2 30 |10 7 21 34 |6 5 20 34
2 2 3 5 2 2 3 7 2 2 3 7
4 |16 15 2 32 |4 10 21 3 |9 7 20 34
2 3 3 6 2 2 3 7 2 2 3 7
8§ |30 2 2 39 |2 1 23 3 |15 1 2 3
77 6 9 6 © 1 8 1 1 3 7
Execution times (seconds)

1 § BT 2716 2337 | o 167 2407 1882 | o 157 1837 1408
1 360 8I2 12 601 657 8 394 B8
9 97 862 1754 1714 | 87 478 1600 1505 | 51 375 1354 1086
720 1233 1646 | 11 762 1235 2160 | 7 894 1185 1922
4 69 674 837 930 | 74 436 856 983 | 47 624 816 751
17 513 528 792 | 18 388 580 969 493 663 909
§ |56 467 495 T4 | 70 422 544 809 | 53 57T 563 653
30 454 424 540 | 35 578 372 573 | 27 550 360 495

Table 6.3: Cycle counts and execution times of the two-level monotone multigrid algorithm
using the minimal and maximal overlap sizes for both S and M above and below the line,

respectively, with (t1,t2) = (1,2) and N = 64 for the test problem (6.17).

eter uniform with respect to its iteration counts. By comparing the execution times in
Table 6.10 with the execution times in Tables 6.6—6.9, it is observed that the two-level
domain decomposition algorithm (3.10)—(3.14) results in the smallest execution times for
all combinations of M and S and values of €. Therefore, there is no advantage in using

the two-level monotone multigrid algorithm.

Numerical observations

From these numerical experiments, we observe that the two-level monotone multigrid
algorithm is parameter uniformly convergent with respect to its cycle count. For both of
the test problems, the two-level domain decomposition algorithm (3.10)—(3.14) results in
the fastest execution times. This indicates no advantage in using the two-level monotone

multigrid algorithm for these test problems.
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€ 1072 1073 10~
S\M | 1 2 4 8 1 2 4 8 1 2 4 8
Cycle counts

3 14 20 2 16 25 2 16 26

Lz 5 T2 3 0% %2 3§ 3 %
9 10 10 17 24 9 7 16 27 6 5 16 26

2 2 2 4 2 2 3 5 2 2 3 5

4 15 14 18 27 39 17 27 8 6 16 26

2 2 3 5 2 2 3 5 2 2 3 5

g |2 240 24 34 |24 15 18 2 |4 10 16 2

7 7 6 8 6 6 4 6 i 1 3 6

Execution times (seconds)

1 11 553 4074 3437 | ¢ 319 3533 2820 | o 151 2742 2071
15 676 1020 13 651 043 9 69 869
9 102 741 2534 2393 | 81 368 2316 2113 | 51 258 1888 1566
12 705 1648 2625 | 11 745 2458 3083 | 8 880 2397 2744
4 66 550 1245 1332 | 72 369 1239 1375 | 46 534 1141 1073
17 345 1041 1206 | 18 388 1148 1380 | 12 48 1331 1297

g | 60 375 7T 1031 | 72 316 796 1099 | 54 520 806 940
32 460 831 947 | 37 583 721 859 | 28 551 691 842

Table 6.4: Cycle counts and execution times of the two-level monotone multigrid algorithm
using the minimal and maximal overlap sizes for both S and M above and below the line,

respectively, with (t1,t2) = (2,2) and N = 64 for the test problem (6.17).

6.5 Conclusions

In this chapter, we investigate the monotone multigrid methods for solving nonlinear sin-
gularly perturbed convection-diffusion problems. In Section 6.2, we construct the mono-
tone multigrid method and in Theorem 25 prove the monotonic convergence. The numer-
ical experiments in Section 6.2.1 indicate that for both of the test problems the monotone
multigrid method convergence parameter uniformly with respect to its cycle count. For
the convection-diffusion problem with parabolic boundary layers, the relaxation parameter
w = 1 is optimal. However, w = 1 is not optimal for the anisotropic convection-diffusion
problem. For both of the convection-diffusion problem with parabolic boundary layers
and the anisotropic convection-diffusion problem, the successive underrelaxation method
results in faster execution times than the monotone multigrid method. For both of the
test problems, through the numerical experiments, it is observed that the prolongation
parameter p,(cn) as given in (6.9) is extremely small. This is the reason why the succes-

sive underrelaxation method results in the fastest execution times and why there is no

advantage in using the monotone multigrid method.
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€ 1072 1072 10~

S\M | 1 2 4 8 1 2 4 8 |1 2 4 8
Iteration counts
9 46 711 5 53 88 4 54 90
L 12 5 5 3|2 32 % |2 2 % 1
9 2 9 47 202 5 54 8 | 2 4 55 91
2 2 5 13| 2 2 6|2 2 6 17
4 2 9 48 B2 35 5 9% | 2 4 54 91
2 2 5 122 2 6 16|2 2 6 17
8 |2 9 4 wm |2 5 6 9|2 4 5 92
2 2 5 1|2 2 6 16|2 2 6 17
Execution times (seconds)

1 5 10 20 21 5 4 19 24 3 16 18
7 7 10 78 11 i 6 9
o |8 110 172 136 | 72 55 111 84 |43 2 63 44
7 10 10 13 |7 9 9 124 5 7 10
4 58 66 94 72 | 64 37 62 49 | 42 25 47 36
5 18 13 13 |16 18 11 10|9 1 9 9
8§ |49 41 59 39 |62 25 44 20|47 21 46 26
26 28 16 13 | 31 33 15 11 | 23 24 1 10

Table 6.5: Iteration counts and execution times of the two-level domain decomposition
algorithm (3.10)—(3.14) using the minimal and maximal overlap sizes for both S and M

above and below the line, respectively, with N = 64 for the test problem (6.17).

In Section 6.3, we construct the monotone multigrid method and in Theorem 26 prove
the monotonic convergence. The numerical experiments are presented in Section 6.3.1.
From the numerical experiments, we observe that the block monotone multigrid method
is uniformly convergent in € in its cycle counts. The relaxation parameter w = 1 is
optimal for both of the test problems. For both of the convection-diffusion problem with
parabolic boundary layers and the anisotropic convection-diffusion problem, the block
successive underrelaxation method results in the fastest execution times than the block
monotone multigrid method for all values of €. For both of the test problems, through
the numerical experiments, it is observed that the prolongation parameter is extremely
small. This provides an explanation why the block successive underrelaxation method
results in the fastest execution times and why there is no advantage in using the block

monotone multigrid method.

In Section 6.4, the two-level monotone multigrid algorithm is constructed. Theorem
27 proves monotone convergence of this algorithm. The numerical experiments for the

two test problems are presented in Section 6.4.1. From these numerical experiments, we
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€ 102 1073 10~
S\M | 1 2 4 8 1 2 4 8 1 2 4 8
Cycle counts

1 5 2 38 3 29 47 3 20 48

2 7 2 4 9 2 4 9

) 10 12 28 41 10 9 30 48 10 8 30 49

2 2 3 2 2 4 9 2 2 4 9

4 |18 16 20 42 |16 12 30 49 | 16 1 30 50

2 3 3 7 2 2 1 9 2 2 4 9

8 |z 2 3 4 |20 20 3 5 |30 20 33 52
7 7 6 10 7 7 5 10 7 7 5 10

Execution times (seconds)

1 § 126 4187 3492 | ¢ 332 3737 2881 | g 171 2001 2002
12 733 1108 12 957 974 i1 802 763
9 102 1160 2434 2508 | 103 795 2308 2141 | 100 719 1743 1403
704 1223 2204 | 12 736 1628 2855 | 12 735 1624 2586
4 68 907 1212 1350 | 82 721 1261 1510 | 89 920 1301 1037
18 510 530 926 | 21 402 776 1215 | 23 473 944 1117
3 55 658 708 1033 | 81 705 813 1259 | 119 1080 1015 1108
30 458 428 603 | 41 657 44l 716 | 59 1074 667 732

Table 6.6: Cycle counts and execution times of the two-level monotone multigrid algorithm
using the minimal and maximal overlap sizes for both S and M above and below the line,

respectively, with (t1,t2) = (1,1) and N = 64 for the test problem (6.19).

observe that the two-level monotone multigrid method is parameter uniformly convergent
with respect to its cycle counts. For both of the test problems, the two-level domain
decomposition algorithm (3.10)—(3.14) results in the fastest execution time. This indicates

no advantage in using the two-level monotone multigrid method for these test problems.
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£ 1072 1073 1074

S\M | 1 2 4 8 1 2 4 8 1 2 4 8

Cycle counts

4 17 26 3 20 33 2 20 33

1 2 3 5 | 2 35 3 5 |2 3 3 7
o | w =m0 | w8 2 m lun 8 2. 3
2 2 3 5 2 2 3 2 2 7

4 |16 15 2 32 |16 1 2 3 |1 1 2 35
2 3 6 2 2 3 7 2 3 3 7

8 |3 2 2 39 |3 19 23 38 |3 19 24 38
7 7 6 9 7 7 5 8 8 7 5 8

Execution times (seconds)

1 11 727 5403 4534 | 1 330 5044 3746 | 7 171 3669 2589
4 683 1249 15 1055 1278 15 1245 1180

9 98 1047 3241 3171 | 101 586 2937 2694 | 106 503 2281 1684
I1 703 2462 3292 | 12 735 2442 4476 | 13 738 2493 4053

4 69 725 1607 1727 | 84 517 1622 1854 | 92 627 1661 1296
18 511 1048 1561 | 21 400 1147 1874 | 24 697 1391 1749

8 56 469 969 1344 | 81 457 1019 1483 | 121 713 1311 1380

30 457 834 1059 41 657 855 1137 61 1076 1241 1166

Table 6.7: Cycle counts and execution times of the two-level monotone multigrid algorithm
using the minimal and maximal overlap sizes for both S and M above and below the line,

respectively, with (¢1,t2) = (2,1) and N = 64 for the test problem (6.19).
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£ 102 1073 1074
S\M | 1 2 4 8 1 2 4 8 1 2 4 8
Cycle counts
4 17 26 3 20 33 2 20 33
1 3 3 s |2 %5 3% % 2?2 3 3 7
9 |10 wm oz 30 |1 s 2 3 | 1L 8 2 35
2 2 3 5 2 2 3 2 2 7
4 |16 15 2 32 |16 w1 2 3 |1 1 2 35
2 3 6 2 2 3 7 2 3 3 7
8 30 27 27 39 31 19 23 38 31 19 24 38
7 7 6 9 7 7 5 8 8 7 5 8
Execution times (seconds)
1 11 567 2770 2367 | 17 173 2538 1930 | 19 177 1944 1389
15 368 820 16 655 671 15 481 639
9 111 863 1754 1725 | 109 595 1601 1475 | 107 506 1249 983
12 717 1237 1644 | 13 753 1229 2230 | 13 746 1212 2014
4 68 669 838 925 82 518 884 1032 | 90 629 886 707
17 512 530 794 | 20 401 579 944 | 24 698 707 871
8 56 468 498 711 81 492 566 8565 | 120 710 700 741
30 457 428 542 | 41 657 441 572 | 61 1069 650 587

Table 6.8: Cycle counts and execution times of the two-level monotone multigrid algorithm
using the minimal and maximal overlap sizes for both S and M above and below the line,

respectively, with (¢1,t2) = (1,2) and N = 64 for the test problem (6.19).
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£ 1072 1072 10~4
S\M | 1 2 4 8 1 2 4 8 1 2 4 8
Cycle counts

1 3 14 20 2 16 25 2 16 26
2 2 4 2 3 5 2 3 5

2 10 10 17 24 10 7 17 27 10 7 16 27
2 2 2 4 2 2 3 5 2 2 3 5

4 | 1B 14 18 2 |15 w0 1 2 |1 10 17T 8
2 2 3 5 2 3 5 2 3 6

g |28 2 2 3 |20 1 1 3 |2 18 2 30
7 7 6 8 7 7 1 7 7 7 1 7

Execution times (seconds)

1 19 552 4082 3467 | 19 330 3761 2898 | 19 171 2892 2013
15 678 1026 16 733 993 16 922 oM

9 104 746 2542 2411 | 107 484 2305 2076 | 106 393 1779 1308

13 705 1646 2628 | 14 740 2448 3191 | 14 740 2486 2952

4 72 559 1256 1334 | 89 386 1271 1420 | 94 531 1290 994

19 351 1056 1306 | 23 404 1156 1338 | 24 476 1407 1509

) 58 375 760 1032 | 84 352 807 1131 | 123 531 1012 1036

31 460 841 948 | 43 660 689 994 | 62 1084 1008 1021

Table 6.9: Cycle counts and execution times of the two-level monotone multigrid algorithm

using the minimal and maximal overlap sizes for both S and M above and below the line,

respectively, with (¢1,t2) = (2,2) and N = 64 for the test problem (6.19).
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€ 1072 1073 1074

S\M | 1 2 4 8 1 2 4 8 1 2 4 8

Cycle counts

9 46 71 5 53 88 4 54 90

L2 3 % B2 3 % |2 3 % 1T

9 2 9 41 72| 2 5 54 8 | 2 4 55 92

2 2 5 13 2 2 6 16 2 2 17

4 2 9 48 73 2 5 55 90 2 4 56 93

2 2 5 12 2 2 6 16 2 2 6 17

8 2 9 49 75 2 5 56 92 2 4 59 9

2 2 5 13 2 2 6 16 2 2 6 17

Execution times (seconds)

12 21 21 5 19 22 4 18 21

L6 v 5 w|6 5 5 |7 5 9 1

9 |9 115 172 137 | 94 65 123 94 | 91 56 100 70

9 11 11 13 10 12 10 12 9 12 10 12

4 60 67 95 2 |17 42 72 55| 84 36 64 42

18 14 13 19 21 13 11 21 24 14 12

8 50 41 59 40 72 29 51 32 | 106 30 66 30

27 29 16 13 37 38 18 12 52 54 23 13

Table 6.10: Iteration counts and execution times of the two-level monotone domain de-

composition algorithm (3.10)—(3.14) using the minimal and maximal overlap sizes for both

S and M above and below the line, respectively, with N = 64 for the test problem (6.19).
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Conclusions

In Chapter 1, we review singularly perturbed convection-diffusion problems and domain
decomposition algorithms. We identify some of the issues with applying contemporary
methods to singularly perturbed convection-diffusion problems. The discussion on uni-
formly convergent numerical methods for the three two dimensional convection-diffusion
problems is presented. We construct the nonlinear difference scheme and prove the max-
imum principle for the linear version of the scheme. The monotone iterative method is
constructed, and its monotone convergence is proven. The simple method for finding
initial upper or lower solutions without any prior knowledge of the solution is provided.

In Chapter 2, we construct the nonlinear difference scheme for solving the semilinear
two-point boundary-value problem with the convective dominated term and discontinuous
data. The construction of the nonlinear difference scheme is based on locally exact schemes
or on local Green’s functions. A priori estimates of the exact solution are proved. We
prove that the nonlinear difference scheme on arbitrary meshes converges e-uniformly to
the solution of the continuous problem. The monotone iterative method based on the
upper and lower solutions is constructed to compute the nonlinear difference scheme. We
prove that the upper and lower solutions generated by the monotone iterative method
converge monotonically to the exact solution with a linear rate. By choosing special initial
functions, we prove parameter uniform convergence of the iterative sequences to the exact
solution of the continuous problem. For the test problems, the numerical experiments are
implemented, and the experiments confirm the theoretical results.

In Chapter 3, we investigate the one-level monotone domain decomposition algorithm

based on the multiplicative Schwarz method. Monotone convergence of this algorithm is

159
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proven. We apply this algorithm to the two test problems: the convection-diffusion prob-
lem with parabolic layers and the anisotropic convection-diffusion problem. Through the
numerical experiments, we observe that for both of the test problems the one-level mono-
tone domain decomposition algorithm is parameter uniformly convergent in its iteration
counts, and the serial acceleration for both of the test problems indicates an advantage

in using the one-level monotone domain decomposition algorithm.

We construct the two-level monotone domain decomposition algorithm based on the
combination of outer and inner iterates (the additive Schwarz method). We prove mono-
tone convergence of the inner iterates. The numerical stability of the algorithm is also
proven. The numerical experiments are implemented for the convection-diffusion problem
with parabolic layers and the anisotropic convection-diffusion problem. The anisotropic
convection-diffusion problem is solved on serial and parallel computers. From these nu-
merical experiments, we observe that the two-level domain decomposition algorithm is
parameter uniformly convergent in its outer iteration counts. It is also observed that the
execution times of the two-level monotone domain decomposition algorithm decrease as
the overlap size increases. The serial execution times for the two-level monotone domain
decomposition algorithm show a considerable acceleration compared to the undecom-
posed method for certain combinations of vertical strips. It is also observed that for large
number of mesh points and/or small values of €, parallel computing using the two-level

monotone domain decomposition algorithm results in a moderate speedup.

In Chapter 4, we investigate the point monotone relaxation and block monotone re-
laxation iterative methods. Monotone convergence of the point monotone w-Jacobi and
point successive underrelaxation iterative methods is proven. We show that the successive
underrelaxation iterative method converges to the solution of the difference scheme faster

that the point monotone w-Jacobi iterative method.

Monotone convergence of the block monotone w-Jacobi and block monotone successive
underrelaxation methods is proven. The convergence of the two block monotone methods
are compared, and it is shown that the block successive underrelaxation method is the
fastest. We compare the convergence of the point and block monotone w-Jacobi methods.
It is proven that the block monotone w-Jacobi method is the fastest. Similarly, we com-
pare the point and block monotone successive underrelaxation methods, where the block

monotone successive underrelaxation method is the fastest.
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From our numerical experiments, we observe that the point and block monotone suc-
cessive underrelaxation methods are both parameter uniformly convergent with respect
to their iteration counts. For both of the methods, it is observed that w = 1 is the opti-
mal relaxation parameter. When comparing the execution times of the point and block
monotone successive underrelaxation methods, it is observed that for the anisotropic
convection-diffusion problem, the block monotone successive underrelaxation method is
the fastest, whereas for the convection-diffusion problem with parabolic layers, the point
monotone successive underrelaxation method converges slightly faster than the block

monotone successive underrelaxation method.

In Chapter 5, we investigate the composite monotone domain decomposition algo-
rithms based on the one- and two-level domain decomposition algorithms from Chapter
3 and the Jacobi, Gauss-Seidel, block Jacobi, block Gauss-Seidel methods from Chapter
4. Monotone convergence of the composite monotone Jacobi domain decomposition and
composite monotone Gauss-Seidel domain decomposition algorithms is proven. The con-
vergence of these two algorithms is compared, and proven that the composite monotone

Gauss-Seidel domain decomposition algorithm is the fastest.

Monotone convergence of the composite monotone block Jacobi domain decomposi-
tion and block Gauss-Seidel domain decomposition algorithms is proven. The compos-
ite monotone point and block Jacobi domain decomposition algorithms are compared,
and it is shown that the composite monotone block Jacobi domain decomposition algo-
rithm converges faster. The composite monotone point and block Gauss-Seidel domain
decomposition algorithms are compared and it is shown that the composite monotone
block Gauss-Seidel domain decomposition algorithm converges faster. The convergence
of the composite monotone Gauss-Seidel and block Gauss-Seidel domain decomposition
algorithms is compared and proven that the composite monotone Gauss-Seidel domain

decomposition algorithm converges faster.

The two-level composite monotone domain decomposition algorithms are constructed.

The parrallisable nature of these algorithms is discussed.

As the theoretical results indicate that the composite monotone block Gauss-Seidel do-
main decomposition algorithm has the fastest convergence, we apply this algorithm to the
two test problems: the convection-diffusion problem with parabolic boundary layers and

the anisotropic convection-diffusion problem. For both of the test problems, the compos-
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ite monotone block Gauss-Seidel domain decomposition algorithm converges parameter
uniformly with respect to its iteration counts. The numerical experiments are compared
to the numerical experiments in Chapters 3 and 4. The numerical experiments on the test
problems show that for sufficiently large values of €, the monotone BSUR method from
Chapter 4 results in the highest serial acceleration. However, for e sufficiently small the
composite block monotone Gauss-Seidel domain decomposition algorithm results in the

highest serial acceleration.

In Chapter 6, we investigate monotone multigrid methods for solving nonlinear sin-
gularly perturbed convection-diffusion problems. We construct the monotone multigrid
method and prove its monotonic convergence. The numerical experiments indicate that for
both of the test problems, the monotone multigrid method converges parameter uniformly
with respect to its cycle counts. For the convection-diffusion problem with parabolic
boundary layers, the relaxation parameter w = 1 is optimal. However, w = 1 is not opti-
mal for the anisotropic convection-diffusion problem. For both of the convection-diffusion
problem with parabolic boundary layers and the anisotropic convection-diffusion problem,
the successive underrelaxation method results in faster execution times than the monotone
multigrid method. For both of the test problems, through the numerical experiments it is
observed that the prolongation parameter is extremely small. This is the reason why the
successive underrelaxation method results in the fastest execution times and why there is

no advantage in using the monotone multigrid method.

We construct the block monotone multigrid method and prove its monotonic conver-
gence. The numerical experiments are presented. From these numerical experiments,
we observe that the block monotone multigrid method is parameter uniformly conver-
gent in its cycle counts. The relaxation parameter w = 1 is optimal for both of the test
problems. For both of the convection-diffusion problem with parabolic boundary layers
and the anisotropic convection-diffusion problem, the block successive underrelaxation
method results in the fastest execution time than the block monotone multigrid method
for all values of €. For both of the test problems, through the numerical experiments, it
is observed that the prolongation parameter is extremely small. This provides the expla-
nation why the block successive underrelaxation method results in the fastest execution

times and why there is no advantage in using the block monotone multigrid method.

The two-level monotone multigrid algorithm is constructed, and its monotone conver-
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gence is proven. The numerical experiments for two test problems are presented. From
these numerical experiments, we observe that the two-level monotone multigrid method
is parameter uniformly convergent with respect to its cycle counts. For both of the test
problems, the two-level domain decomposition algorithm results in the fastest execution
times. This indicates no advantage in using the two-level monotone multigrid method for

these test problems.
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Appendix A

Theorem proofs from Chapter 4

Proof of Theorem 9. We consider only the case of the upper sequence. The case for lower
solutions may be proved in a similar way. If 7(°) is an upper solution, then from (4.3) it
follows that

Loz (p) <0, pe, W(p)=0, peoa

By the maximum principle in Lemma 7, we conclude
| _ —=h
2W(p) =vD(p) =5V (p) <0, peq”. (A.1)

Using (4.3), we represent wR(p, v(l)) in the following form:

WwR(p, oY) = w[£oW(p) + f(p, 7)) (A.2)
= w[dp)r(p)— Y elp.p) V@) + f(p, o))
p'€a’(p)
= W[RP,P) +dp)Np) - Y el )M @)
p'€a’(p)

_(f(p> @(O)) - f(p7 @(1)))]

= —(d(p) +we")2WY(p) +w Z e(p, )2V () + wd(p)zM (p)

p'€or(p)
—w Y elp, )2V +wfP(p)2M(p)
p'€0’(p)
= —(1-wdp)zVp) -w > emp)V @)
p'€oy(p)

—w(c* = £V (p)2M(p), peQl
where the mean value theorem is used in the form
£, 79 = £(p,7V) = f(p, 0 — £(p, 7O + 21)) = — £V (p)2,

165
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0 ®) = fulp, 70 (p) + 6V )=V (p)], 0 <68 (p) < 1.
Taking into account (1.16), (1.20) and (A.1), we conclude that R(p,5(1)) > 0, p € Q". By
construction, 6(1)(])) =50 (p) = g(p), p € ON", therefore 6(1)(1)) is an upper solution to
the difference scheme (1.15).

By induction on n, we conclude that
Mp)<o0, pe ﬁh, n > 1. (A.3)

Thus, {E(")} is a monotonically decreasing sequence of upper solutions. This sequence is
bounded below by v, where v is any lower solution (1.19). This means that the function
v(p) defined as

o(p) = lim 3™ (p), pe Q" (A.4)

n—o0

exists. We now prove that v(p) is a solution to (1.15). From (4.3), we have

lim 2 (p) = lim (@™ (p) — 7" V(p)) =0, peQ".

n—oo n—oo
Similar to (A.2), using the mean value theorem, we can show
WwR(p,d™) = —(1-w)dp)z™ —w > e(p,p)z™

p'€ou(p)
—w(ct = fMp)™, peal

where fzgn) (p) = folp, 7™ D (p) + 0 (p)2M(p)], 0 < 8™ (p) < 1. Since lim 2™ = 0 as
n — oo, we have

lim wR(p,7™) = 0.

n—oo

From here and (A.4), it follows that v(p) satisfies
Lot f(p,v) =0, peat,

v(p) = lim 3™ (p) = g(p) p € O™

n—oo

Therefore v(p) is a solution of (1.15), and we prove the theorem. O

Proof of Theorem 12. We consider only the case of the upper solutions. The case for the
lower solutions may be proved in a similar way.
From the proof of Theorem 11, A; + wc*I is an M-matrix (4.17). If V(O) is an upper

solution, then from (4.15) it follows that

* 1 1
(A + werD)ZY — iz, <. (A.5)
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From here with ¢ = 1 and using the fact that Zél) =0, we get
* (1)
(A1 +wc' D)z <0.

From (4.17) with ¢ = 1, we conclude that Z%l) < 0. From here and (A.5) with ¢ = 2, we
have

(Ay + werD) Z8Y < w2 < 0.

Using (4.17) with ¢ = 2, we conclude that Zél) < 0. By induction on i, we are able to
show 2 <0, i=1,...,N, — 1, that is,

v <y i1 N, -1 (A.6)

—(1) . . .
We now need to prove that V( ) is an upper solution, that is,

RV >0, i=1,...,N,—1 (A.7)
From (4.15), we have
wRi(V(l)) = WwRi(V ( 1))
= w4z —wiz® - Bz + P 4z + 6

-1

+w<AzV§°> W, vi‘”l EV)

= wiz) —wizlhy - B2l + FVD 4+ 20 - F)
+wR (V)

= waz -wizlhy - B2+ PV + 2") - (7))
—(Ai + wer D ZWY + oWz,

= —(1-w)Az" —werzM —wEZ,
+w(FV +20) - FV))

7

1 * 1 1 1
= —(1-wAz" —w(c - F)z" —wEZD),

where we use the mean value theorem

FVO + 20 - ) = £ 2. (A.8)
F‘z(j;) is a diagonal (N, — 1) x (N, — 1) matrix with diagonal entries
(0) (0) (1)
OF;(V;" +06:"Z2
(1(111)]]_ j( . : 2 )7 j:]-a 7Ny_17
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where G)g-o), j=1,...,N, — 1, are diagonal matrices with entries lying in (0,1). From
here, (4.12), (4.17), (A.6) and w € (0, 1], we conclude (A.7).

By induction on n, we are able to conclude that {V(n)} is a monotonically decreasing
sequence of upper solutions. By (1.19), this sequence is bounded below by V, where V is

any lower solution. Therefore the sequence converges. Let V' be defined by

V= lim V.

n—oo

We now prove that V = (Vi,...,Vy,_1) is the solution to (4.13). From (4.15), we have
lim Zz™ = lim (VY V" Yy =0, i=1,...,N, 1.
n—oo n—oo

From here and (4.15), it follows that

lim —wR; (V) = lim (A4 + we'DZ™ —wW;2M) =0, i=1,...,N, — 1.

n=ro0 n=ro0
Thus,

Ri(V) = T}Ln;oRi(V(")) =0, i=1,...,Ny—1,
and hence, V = (V4,...,Vn,_1) is a solution to (4.13). We prove the theorem. O

Proof of Theorem 14. We prove this theorem only for the case of upper solutions. The
case for lower solutions may be shown in a similar way. We introduce the following

notation:

Z(n)

BJAC,?

_ V](;}) _yrh o a0

_ () 7(n—1)
AC,i BJAC,1? wWIAC, VwJ - VwJAc,iv

AC,i

C-(n) = V](STILZAC'L - Vg?xcm n > 1.

7

From (4.14) and (4.25), we have

(Ai+we D = (At we DV — (A + w0 DV,

= (4;+ wc*I)(-(n_l) + (A + wc*I)Z(n)

7 BJAC,T

—(A; + wc*I)Z(n)

WIAC,E

= (A +we DY 4 (S + N2

WIAC,E
—(n—1 —(n—1
—w(R(Vind) = RaVID))

= (A +we DY 4 (S + N2

1 WIAC,T
(i)"Y = Wit Y - B

—(n—1 —(n—1
"’Fi(vl(&mc,b - Fi(ViJAc,)i))'
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From here, (4.14) and (4.25),we have
i +we . = —w + +w ) 4 we :
A + wet D™ 1—w) A" +owic™ Y + wECT (A9
—(n—1 —(n—1
(S N)Z5 ks = W(Fi(Vied) — E-(VLJAC?»)
Forn =1, as Cl-(o) =0,i=1,...,N, — 1, we have
w1 1
(A +we D) = (Si+N)Zs
From Theorem 8, ZSJ)AC ; < 0. From here and (4.12), we have
(Ai+werD)cM <0, i=1,... N, - L
From here and (4.17), we conclude
¢W<o, i=1,...,.N,—1 (A.10)
Using (A.9) with n = 2, we have
A +we )P = W) A + Wi ¢+ wE ), + wer e
( 1 1
2 (1 —(1
(S + N)Zhes = W(F(Vidhes) = Fi(Viihe))
= (1-w)A) + Wi, + wECH + (Si+ N)Z
+w(cT - U,
where we use the mean value theorem
—(1 —(1
F(VngLc,z’) - F(Vw.J)Ac,i) = P;SZ)Cz(l)’
and Fz(i) isa (N, — 1) x (N, — 1) diagonal matrix with entries
(1 1
Jjj = 871, ) J=5L. Yy )
where @g-l), j=1,...,N, — 1, are diagonal matrices with entries lying in (0,1). From

here, (1.20), (4.4), (4.12), (A.10) and w € (0, 1], we have
(A; + wc*[)(l-@) <0.

From here and (4.17), we conclude
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By induction on n, we conclude that
Cz(n):VI(SZLI)%CZ_VEJT;lCZSO i=1,...,No =1, n=>1,
and prove the theorem. O

Proof of Theorem 15. We prove this theorem only for the case of upper solutions. The

case of lower solutions may be shown in a similar way. We introduce the following notation:

n F(n —(n—1 n >(n —(n—1
Zlgst)m,i = V](3S3JR,1' - V](3$UR,,)Z'7 Zs(m){,i = Véuzm' - VéUR,i)7
n —(n —(n
Cz( )= VBS?JR,i - éuza,iu n > 1.

From (4.15), (4.26) and Z\") . — z® = ¢ ™Dy =1, N, — 1, we have

BSURZ SURZ
(A +we D™ = (A + we I)V](gszml (A; +we I)VéUi” (A.11)
= (A +we DY 4 (A + wer D) ZW

BSUR,%

—(A; + wc*I)Z( n)

SUR,?

= (A +we DY 4wzl (1 - w) Sz

BSUR,i—1 SUR,

n n n—1 n—1
AN 2T w2 — w(Ri(V o)) = RV D))

SUR,% SUR,i—1

— (A4 we D+ (1—w) S 2T+ Nz

SUR,? SUR,1

Wi (28— 2ty — (A gt

BSUR,?z—1 SUR,
~EC Y 4 F(Viagn) = F(Virei)

= (A +we DY+ (1- w28+ NiZ$)
Wi — Wi — w(A¢" Y - wig Y
~ECD 4 F(Vien) — F(Va 1’)))

= (1= w) A 4 o™ + wECTT
(1 =) S 20+ NZE e c(" b
~w(F(Vitons) = F(Vioi)).

For n =1, as (Z-(O) =0,7=1,..., N, — 1, we have

(A +wer D)V = Wi + (1 —w) Szl 4 Nz

SUR,? SUR,¢"

(A.12)
For i =1, as ({V =0,

SUR,1*

(A +we D)) = (1-w)S12{)

SUR,1
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From (4.9) with n =1, (4.12) and w € (0, 1] we have
(A1 + wc*[)dl) <0.
From here and (4.17), we conclude that
¢V <o. (A.13)
From (A.12) with i = 2, we have

(A2 +we D)) = wWolt) + (1 - w)S$eZ8) 5 + No 2L

SUR,2*

From (4.9), (4.12), (A.13) and w € (0, 1], we have
(A2 + wc*[)(él) <0.

From (4.17), we conclude that

By induction on ¢, we conclude
t1=1,...,N; — L (A.14)

Thus, V]gS)URZ < VS}RZ, =1,...,N; — 1.
Using (A.11) with n = 2, we have

(A +we D = (1 - w) A +wWic?) + B + NiZl),
+(1 - w)S; ZéU?K’L +we C
—@1 —@1
~w(F(Vigons) — F(Vé@))
= (1-w) A" + Wil + wECD, + N 28
(1= w)SiZ) o T — Fohe,
where we use the mean value theorem
—(1 —@1
F(Vigns) = (Vi) = Fo)¢

and Fi(i) is a (N, — 1) x (N, — 1) diagonal matrix with entries

(1) aFlJ(VgU)R] + @gl)C( )
(Fi7u )jj = ou ’

j=1,...,N,—1,
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where @;l) ,j=1,...,N, — 1, are diagonal matrices with entries lying in (0,1). Taking

into account CéQ) = 0, from here with ¢ = 1, we have

(A1 +wer D) = @ —w)A Y +wB Y + N 2P

SUR,1

+(1—w)$ 22

SUR,1

+w(c'I — Fl(llz) {1).
From (1.20), (4.9) with n = 2, (4.12), (A.14) and w € (0, 1], we have
(A + wc*I)dQ) <0.

Using (4.17), we conclude that
¥ <o. (A.15)

For i = 2, we have

(A +wer DS = (1= w)As) + wWal? + wEsl) + Ny 2L

SUR,2

(1 - w)Sp 22

SUR,2

+w(e T - R,
From (1.20), (4.9) with n = 2, (4.12), (A.14), (A.15) and w € (0, 1], we have

2)

By induction on i, we conclude that

Now by induction on n, we conclude that

C(n) :V]gzzJR,z_Vézz{,léoy izla"'aN-T—l’ 77,2 17

7

and prove the theorem. O
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Theorem proofs from

Chapter 5

Proof of Theorem 17. We consider only the case of upper sequences, as the case of lower

sequences is proved in a similar manner.

Let 70 (p), p € Q" be an upper solution of (1.15) satisfying the boundary conditions.

From (5.1) with n =1, m = 1 and using (4.9) from Theorem 9, we have

1 =h
zﬁ)(p)go, pE Q.
From here and (5.2) with n = 1 and m = 2, we have

(L + )" (p) = =R(p,v®) <0,
AV = 2Vl <0, 2V =0,

By the maximum principle in Lemma 1, we conclude
1 —=h
Zé )(p)gov pGQQa

and by induction on m, z%)(p) <0,pc€ ﬁ?n, m = 2,.

follows that

m

We now prove that v(l)(p) defined in Step 4 is an upper

R(p,oM) >0, peq.

173

2D(p) <0, pey, m=1,...

(B.1)

pe

21 (80 = 0,

.., M. From here and (B.1), it

M.

solution, that is,

(B.2)
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From (5.2) and the mean value theorem,

Rp,vh)) = R, +20)
= £09(p) + L2 (p) + f(p, 0O + 1))
= L0Op) + f(p,7) + £25) () + f(p, 0O + 20)) - £, 7)
= R(p,0) + L5 (p) + £V ()2 ()
= —(L+)z) () + L2 () + £ (0)25) (p)

= (¢ = D)D), pel, m=1,... M,

where fzgl)(p) = folp, 7 (p) + ol (p)z%)(p)], 0< ol (p) < 1. From here and (1.20), we

have

Rp,vi)) = —(¢" = fN0)zl) 20 pe @, m=1,....M.

From here and (5.3), we have

R(p,vM) >0, pe@m\M, A= LAj T
m=2
We therefore only need to verify (B.2) on the boundaries v, m =2,..., M. Let
) = o0 0) ~ o) = 200~ 5. p e,
Using (4.3) with w =1 and (5.2) with m = 2, we obtain

L+ p) = (L+e)AV ) — (£ + )= p)
= (L+ )" () + R(p,v®)
= (dp)+ )"0~ Y e r)A W)+ Rip, o)
p'€d’(p)

= )+ w) — Y el )@

p'€or(p)

— Y e ) @) + Rp, 0 )
p'€ou(p)

= = > e, pedf

p'€oy(p)

From here, (1.16) and (B.1), it follows that

£+ Vp) =0, peol
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Using (5.2), we have
dVain =0, (Pah =0, (a4 =o,
and by the maximum principle in Lemma 1,
Dp)y>0, pebdy. (B.3)

Form=2,...,M — 1, from (2.19) we have

(£ + )¢ (p)
Sty =0, k)

0, peoh,
1
0, WO NAL0) =0,

and by the maximum principle in Lemma 1, conclude Q(,%) >0,p¢€ g:w m=2,...,M.

From here and (B.3), it follows that
1 —h
D B) Z v (), pETy, m=1,. M1
ForpE’y;‘an, m=1,...,M — 1, we have

Rip,vM) = (dp)+cnMp) - D e, @)

p'€a’(p)
= (dp)+c Ve - D el
p'€or(p)
- > el M)
p'€oy(p)
= (d(p)+c)Pm) - D el )P @)
p'€or(p)
- > )i @)
p'€oy(p)
> (dp) + ) = D elp, )N (@)
p'€or(p)
— Y elp. )R ()
p'€oy(p)

= R(p,v{) > 0.

Thus, v(") is an upper solution to (1.15). By induction on n, {7} is a monotonically
decreasing sequence of upper solutions bounded below by v (1.19), where v is any lower

solution. Let v(p) be defined by

o(p) = lim o™ (p), pe@”.

n—o0
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We now prove that v(p) is the solution to (1.15). From (5.1)—(5.3),

) o=y =0, m=1,...,M.

lim 2z = lim (v7 o

n—o0 m n—oo

From here and (4.3),

R(p,v) = lim R(p,v""")
_ : ), (1) ()N
= —[lim () + )= )~ Y el
p'Ear(p)
Using (5.2) and (5.3), we have
- T My — 1 (n)y — _ |5 ), (n) () —
R(p,v) = lim R(p,o™) = lim R(p,vy,”) = — lim (L +¢") 27 (p) = 0,

peQri N\ m=2... . M-1, peQyuy.

Thus,
R(p,v) =0, peQ

Since v(p) = g(p), p € IQ", we conclude that v(p) is the solution of (1.15). O

Proof of Theorem 20. We prove this theorem only for the case of upper solutions. The
case for lower solutions may be shown in a similar way. We introduce the following

notation

7(:) (p) = ESZ%—DD,m(p) - @1(3?1)\0—Db7m(p)7 peE ﬁm, m=1,...,M.
From (5.1), (5.12) and Theorem 14 with m = 1 and n = 1, we have
_ _ =h
GV 0) =T 0) = Thihapa () 20, p Y. (B.4)
From (5.2) and (5.13), for m = 2 and n = 1 it follows that
oy ~(1 (1 (1
(E tc )Cé )(p) = (E tc )USA)C—DD,Q(p) - ('C +c )v](%J)AC—DD,Q(p>
= (L4 mtama(®) = (£+)0 )

(L4 )2 e @) + (£ + )50 (p)

= —R(p.7) +R(p,o") =0, pea
Using (B.4), we get

V08" = Tiaeooa () ~ Tyheona (81 2 0, P87 UAS%) =0,

JAC-DD,1 BJAC-DD,1
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By the maximum principle in Lemma 1, we conclude

—h
Wpy=0, pes,

and, by induction on m, C,(nl)(p) >0,pe€e ﬁ:l, m = 2,...,M. From here and (B.4), it

follows that

_ _ —h
V() =T ihopm(D) — Tshcopm(P) >0, pE o, m=1,..., M. (B.5)

From here, (5.3) and (5.14), we conclude that

(1 (1 =h
UgA)c-DD(p) 2 UIngC—DD(p)u pef. (B.6)
Using the vector-matrix form as in Section 4.2, denote

VZ(TL) _ (553)7 o 7@1(3\)@*1)7 Zl(n) = (Cz'(ﬁ); RN i(;r]L\)fyfl)'

Let i correspond to AP, Using (4.14) and (4.25), form =1,n=2and i = 1,... -1,

we have

. - -
(Ai+ec I)Zi(z) = (di+c I)VSA)C—DDJ —(Ai+c I)V](3J?AC—DD,’L'

= A+ DZY 4 (A + 1)z

JAC-DD,i

—(A; + 1) 22

BJAC-DD,%

= Ai+cDnzZY - (S + Nz

JAC-DD,i
—(1 —(1
_Ri(ng)C—DD) + Ri(V](BJ?AC—DD)

= A+cDzP - (S + Nz

JAC-DD,3

1 1 1
~ 4,20 + w2z + B2

—(1 —(1
_E(VEA)C—DD,i) + E(VE;J?/%C—DD,’L'))
= Wiz + Bz - (i + Ny 28

JAC-DD,i

+He T - F)z

where A;, E; and W; are defined in (4.13) and S; and N; are defined in (4.24). Here we

use the mean value theorem as follows

—(1 —(1
F(V o) = FVohnni) = ~FD 20,

BJAC-DD,%

and FV is (Ny — 1) x (IV, — 1) diagonal matrix with entries

OFj(Vheonn; + O 2

1 BJAC-DD,j .
(‘F;(,u))]]: 611 ’ j:]-a"'aNy_ly
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where @§1)7 j=1,...,Ny, — 1 are diagonal matrices with entries lying in (0,1).

here, (1.20), (4.4), (4.12) and (B.5), we have
(A + 2P > 0.

From here and (4.17),

that is,
(@p) >0, peql.

Using (B.6), we get

dQ) (’Y{lr) = @gzlx)c-DD('Y? ) - Ug]Lc DD('Y1 ) >0,

By the maximum principle in Lemma 1, we conclude

(2)(

YU A0) =

P p) =22 01 (0) =k p1(p) 20, peQ.

JAC-DD,1 BJAC-DD,1

0.

From

(B.7)

From (5.2), (5.13) and by the mean value theorem, for n = 2 and m = 2, it follows

that

L+ D) = (L4 VT paP) = (L4 )T hen2(?)

(2)

= (L+ )2 a0) = (L4 )2k mnaP)

(£ + )0 3enn (p) — (£ + )05 heon ()

= _R(paﬁg./lk)c—DD) + R(p, E%LC-DD)

(1)

(L+c )’USA)C DD( ) — (E + ")V src-pp

= _Eﬁg/l\)c—DD (p) - f(p7ﬁ§/1\)c—DD) + ﬁﬁ(l)

()

BJAC-DD

(L+ec )UEA)C DD( ) — (ﬁ +c )vgJ?AC DD(p)

= _f(p> EJ}A)C—DD) + f(paﬁBlJZxc-DD)
"‘C*ag/l\)c—DD (p) - C*El(;llc—DD (p)

= @0 +eG W)
= (= 1PeNE ®), peas,

(p) + f(p, 05y

)

where féQ)(p) = fv(p,*(l) + @9(52)), 0< @g) (p) < 1. From here, (1.20), (B.5) and

<

JAC-DD,2

(B.7), we have
(L + )P () > 0,
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2 _(2 _(2 2
GO = Tt () = Thcana (18 2 0. V040 =0,
2 _(2 _(2
é )(’75”") = UEA)c:-DD(’YQT) - U]&JZ&C—DD(’Y;W) > 0.
By the maximum principle in Lemma 1, we conclude that

—h
2(2)(p) Z 07 D € 927

=h

and by induction on m, C,(,?)(p) >0,p€,, m=2..,M From here and (B.7), it

follows that

_ _ =h
Cr(r%)(p) = UEQA)C—DD,m(p) - ,UI(B?JLC—DD,m(p) 2 07 p S Qm? m = ]-7 e JM'

Using (5.3) and (5.14), we conclude that

(2 (2 =h
USA)C—DD(p) > UgJ?\C—DD(p)a peQ,
and by induction on n, we prove the theorem. ]

Proof of Theorem 21. We consider only the case of upper sequences, as the case of lower
sequences is proved in a similar manner.

Let 5©) (p), p € Q" be an upper solution of (1.15) satisfying the boundary condition.
From (5.12) with n =1, m = 1 and using (4.21) from Theorem 12, we have

D)y <o, peql. (B.8)
From (5.13) with n =1 and m = 2, we have

(L + ) (p) = —R(p,5@) <0, pe Qb
A0 =206, Dy =0, 2N (680 =o.

From (B.8), we have zél)(fygl ) < 0. By the maximum principle in Lemma 1, we conclude

—h
Zgl)(p) <0, peQ,.

By induction on m, we conclude z%)(p) <0, pe ﬁfn, m = 2,...,M. From here and
(B.8), it follows that
:Dp)<0, pe, m=1,..., M. (B.9)

We now prove that v(l)(p) defined in Step 4 is an upper solution, that is,

R(p, o) >0, peq. (B.10)
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From (5.13) and the mean value theorem,

R(p,ol)) = R(p, 00 +20))
= £89p) + L2 (p) + f(p, 7 + =) ()
= LoOp) + f(p,70) + L3 (0) + F(p, 0O + 25)) = (p, 7))
= R(p,vV) + £25)(p) + £V (p)2) ()
= —(L+)2 )+ L2 () + 1V ()2 (p)

= (= Y)Y p), peQt, m=1,...,M,

m

where fél)(p) = fulp, 7O (p) + @%)(p)zg)(p)], 0 < @ﬁ})(p) < 1. From here, (1.20) and
(B.9), we have

R(p, o) = —(c" = fOE)=D(p) 20 peh, m=1,.. M

(%

From here and (5.14), it follows that

M
R(p, o) >0, pe @\, M= ] (B.11)
m=2
We therefore only need to verify (B.10) on the boundaries 4/, m = 2,..., M. Let

n n n n n —h
) = o) () = vl i (p) = 250(p) = 25y, p € by
Using (4.15) with w =1 and (5.13) with m = 2, we obtain
A+ D) = (A+enzl) — A+ Dz (B.12)

- WZ‘ZE@'LI - Rz‘(v(o)) - WiZé,li)q - EZZ§11)<|>1 + Ri(v(o))

= W2\, -Z8) )~ Bz i=Thi a1,
C{l) :Z£1)_Z§1)7 Zy(yi) :{Zm,’iai:/i\la""il}v m:1727

where i = 4; and i = iy correspond to the left vgl and right 7{” boundaries of 5}11,

respectively. Since Zil?) = Z;lz) , for 7 =71+ 1, we have
s01 521
R sy~ 1)
(4541 Fe I)Cﬁlﬂ = By

From (4.12) and (B.9), we conclude

" e
(A y + DG >0,
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and using (4.17), it follows that
o _ 0 L0
41,?1+1 - Zl,?ﬁl Z2,?1+1 > 0. (B.13)
From (B.12) with i = i1 + 2, we get
D/ Tae N | (NN AU AU B oS A

i1 1142 171+1 271+1 i1+2727,+3°

From here, (4.12), (B.9) and (B.13), we have

and using (4.17), it follows that

By induction on i, we get
(1) . .
Cl,i >0, 2=u+1,...,41 — 1.
Thus, ¢1(p) >0, p € 6. As Cfl)(vgl) =0, dl)(%’”) = —zél)(yf”) > 0, we conclude
—h
G(p) =0, peby. (B.14)
From (5.13) and (B.9), we have
(L+ D) = (L+ D) — (L+c) () =0, pebl, m=2,... M.

CMp)=0, peati \Alr, ¢Dp)=—-2U ) >0, perl

From here and by the maximum principle in Lemma 1, we get
C,(,%)(p) >0, pE?ZL, m=2,...,M—1,
and using (B.14), it follows that
Oy =oDp) - (p) >0, pebl, m=1,...,M—1. (B.15)
Let ¢ correspond to ’yf}ll, then

vy - Av®O ey oy (D (D *
R; (VYY) = A4V WV — BV + F(V; )+ G,

= sz(l) i W;Vél_)l -1 Eivrsgﬂ + Ff(vn(zl—)1 DTG

m—1, i—1
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From here and using (B.15), we have

(M O _wev@® _ .y Ly *
Ri(VE) = AV = WiV BV L TRV ) TG
= R )>0, m=2.., M

From here and (B.11), it follows that
R(pa v(l)) 2 07 p S Qh7

and, hence, v is an upper solution to (1.15). By induction on n, we are able to conclude
that {E(”)} is a monotonically decreasing sequence of upper solutions. By (1.19), this
sequence is bounded from below by v, where v is any lower solution. Therefore the

sequence converges. Let v(p) be defined by

o(p) = lim o™ (p), pe@”.

We now prove that v(p) is the solution to (1.15). From (5.12)—(5.14), we have

lim z() lim (v (")—vr(,’ffl)):o, m=1,..., M,

n—oQ n—oo

and from here and (4.15),

lim R;(V™) = — lim (4 + ¢ N2z —wiz" ™My =0, i=1,... 7.

n—o0 n—oo

Thus,

R(p,v) = nh_>ngo R(p,v™) = lim R(p, v§ )) =0, peQl\or

n—oo

Using (5.13) and (5.14), we have

R(p,v) = 7};120 R(p,v(”)) = nlLrgOR(p,v,g’f)) =— lim (L+ ")z (n )(p) =0,

n—0o0

peQr N\ m=2.. . M-1, peQl.

Thus,

R(p,v) =0, pe€ 0",

From (5.12)(5.14), we have v(p) = g(p), p € 00", and conclude that v(p) is the solution
of (1.15). O
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Proof of Theorem 22. We prove this theorem only for the case of upper solutions. The
case for lower solutions may be shown in a similar way. We introduce the following

notation:

¢ (p) =88 o (D) — T8 pm(®)y D E Dy, m=1,..., M.

From (5.1), (5.12) and Theorem 15 with m =1 and n = 1, we have
1 (1 (1 =h
GV (P) = 0001 (P) — Trcs oo (p) 2 0, p €T (B.16)

From (5.2) and (5.13), for m = 2 and n = 1, it follows that,

L+ ) = (L4 )T a®) = (£ + )T ()
= (L4 )2 pap) — (L + )0 (p)
(L + )2y a(p) + (£ + )50 (p)
= —R@p,7Y)+R(p,vV) =0, peql,

Using (B.16), we get
GO = 01 (B ~ T () 2 0. P04 UAEY) =0,
By the maximum principle in Lemma 1, we conclude
Pp) >0, pe,

and by induction on m, Q(,P( )>0,p¢€ Q. m= 2,...,M. From here and (B.16), it

m»

follows that
(D B) = 0o m(P) ~ Tisopm(p) 20, pEQ, m=1,. .M. (BI7)
From here, (5.3) and (5.14), we conclude that
oo (p) = 7 oo(p), pEQ". (B.18)
Using the vector-matrix notation as in Section 4.2, denote

P = ), 2 = )

i i %,
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Let 7 correspond to AT, For m = 1, n = 2 using (4.15) and (4.26), for i = 1,... -1,

we have

A+ DZD = (A4 DV s — (A + DV ok s (B.19)

= A+ DZY 4 (Ai+ Dz

GS-DD,2

—(Ai+ D Z?

BGS-DD,

= Ai+cnz® +wz? A

GS-DD,t—1 GS-DD,2

—(1
_Ri(vés)—DD) Wi Z( ) 1+ Ri (V1(3(;)s DD)

BGS-DD,i—

= Ai+enzM +wiz? - Nz

GS-DD,%

1

~4z2M v wiz™ 4 Bz,
~F(Vidon ) + FiV s, )

= W;2® +wiz!) + Bzl - Nzl

141 GS-DD,2

+H(e L - Fh M,
Here we use the mean value theorem
(1) (1) 1) (1
F(VBGS—DD,i) - F(VGS-DD,i) = _Fi(,u)zi( )7

and F,ﬁ) is (IVy — 1) x (Ny — 1) diagonal matrix with entries

(D (1) z(1)
OF;;(Vason.i + 0572
(Fi(i))jj: i3 ( BGS-DD,j J < ), F= 1 N1,
' ou
where @5-1), j=1,...,Ny — 1 are diagonal matrices with entries lying in (0,1). From

(1.20), (4.9), (4.12), (B.17) and (B.19), for i = 1 as Z{% = 0, we have
(A1 +c 2P > 0.
From here and (4.17), we conclude that
2z > 0.
From here, (1.20), (4.9), (4.12), (B.17) and (B.19), for ¢ = 2 we have
(A3 + Dz > 0.

From (4.17), we conclude that
z? >o.
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By induction on ¢, we conclude

that is,

(Pp)>0, pel

Using (B.18), we get

B ) =5 () = Bson (V) =0, (B (AR UAR) =0,

By the maximum principle in Lemma 1, we conclude

_ | —h
(P 0) = 0 1 (D) — Tk ppa () 20, pe Q. (B.20)

From (5.2), (5.13) and by the mean value theorem, for n = 2 and m = 2, it follows that

L+ D) = (L4 )T onsp) — (£+ )Tt 2 ()
= (L4 o) — (L + )2tk nna(p)
(£ + )T o0 (p) — (£ + ¢)ds00(p)
= R, o) + R(p, Tooson)
(L + )00 (p) — (£ + ) Tsds.on(p)
= LTG0 (p) — F(2, TS o) + LTbas00(P) + (9, Thas on)
(£ + ) Tedon(p) — (£ + )00 ()

= — (P, o) + F (050 00)

+C*@éls)-DD (p) - C*UJ(31G)S DD (p)
=~ D)+ p)

= (= PN ), pe9d,

where ff) (p) = fv(p,@éls)_DDQ + @9@”5”), 0< @g) (p) < 1. From here, (1.20), (B.17) and
(B.20), we have
(£+ e () >0,

DAY =08 o (A =0 o (B > 0, (P (0 =0,

C§2) ('Vgr) = 6825)—DD(7£L7‘) - U1(32G)s DD ('YSW) > 0.
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By the maximum principle in Lemma 1, we conclude that
2 —h
é)(p)207 peQQa

and by induction on m, (7(,3)( )>0,pc€ Q" ms M = 2,..., M. From here and (B.20), it
follows that

2 (0) = o0 m(D) ~ Titsoom(@) 20, peQp, m=1,... M.
Using (5.3) and (5.14), we conclude
Toton(P) > Toos.on(p), €,
and by induction on n, we prove the theorem. ]

Proof of Theorem 23. We prove this theorem only for the case of upper solutions. The
case for lower solutions may be shown in a similar way. We introduce the following

notation:
¢80 (P) = Thirc-oo.m(P) ~ Tocsoom(@), P E Dy m=1,..., M.
From (5.12) and Theorem 13 with m = 1 and n = 1, we have

1 _(1 _(1 =h
é )(p) = UE;S)DD,I(p) - vl(ac;)s-DD,l(p) 2 O? pe Ql' (B'Ql)

From (5.13), for m = 2 and n = 1, it follows that,

L+ ) = (L4 ) Thenna(®) = (£+ VT2 (D)
= (L+ )2 hena®) — (L+ )T (p)
(L4 )2 op 2 () + (£ + )T (p)
= —Rp,7V)+R(p, o) =0, peh,

Using (B.21), we get

C( )(’72 ) 1(3112\(‘ DD, 1(731) U}(sl(“)s DD, 1(72 ) Z 0’ Cél)(’YgT U 730) = 0.

By the maximum principle in Lemma 1, we conclude

—h
Wpy=0, pey,
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and by induction on m, Cr(rp(p) >0,pe€e ng m = 2,...,M. From here and (B.21), it

follows that

_ | —h
Q}(ﬁ)(p) = U](BIJLC—DD,m(p) - UI(BIG)S—DD,m(p) >0, peQ,, m=1,...,M. (B.22)

From here and (5.14), we conclude that

1 (1 —h
U](SJ)AC-DD(p) 2 Ul(sc;)s-DD(p)a pe. (B.23)
Using the vector-matrix notation as in Section 4.2, denote

A RICNC B R Y

% 7

Let i correspond to Y2, For m = 1, n = 2 using (4.14) and (4.15), for i = 1,... ,/i\— 1,

we have

A+ DZP = (A4 DV i — (A + DV ok s (B.24)

= A+ DZY 4 (A + Dz

BJAC-DD,i

—(A; + 1) 22

BGS-DD,t

= (Ai+ec I)Zi( ) Ri(VI(BJ)AC-DD) - WiZ( )

BGS-DD,i—1
+Ri (VBG)S—DD)

= A+ Dz —wiz? ~ 4,20 w20

BGS-DD,i—1

1 —(1 —(1
+EiZ‘(+)1 - Fi(vl(}]z%C—DD) + E(V]g(})S—DD)

7

— Wiz

BGS-DD,i—1

+ Wiz + Bz,
(eI - FhzW.
Here we use the mean value theorem
F(Vitoon) = F(Viheon) = —FLy) Z(,
and Fl(i) is (Ny — 1) x (N, — 1) diagonal matrix with entries

(1) (1) (1)
OF;:(V iiann i + 05 Z;
(Fz‘(,i))jj: 2 BGSD;; — )’ J=1. Ny —1,

where @5.1), j=1,...,N, — 1 are diagonal matrices with entries lying in (0,1). From

(1.20), (4.12), (4.21), (B.22) and (B.24), we have

(A +cD)2? > 0.
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From here and (4.17), we conclude that

that is,
¢@p)>0, peqf.

Using (B.23), we get

C£2) (’Y{W) = U](;L)AC DD('Y{W) - Uge)s DD('Y{W) > 0, {2)(7{1l U 'V{LO) =0.

By the maximum principle in Lemma 1, we conclude

P p) =) (p) =B o1 (p) >0, peq. (B.25)

BJAC-DD, 1 BGS-DD, 1

From (5.13) and by the mean value theorem, for n = 2 and m = 2, it follows that

L+ D) = (L4 N0 henna®) = (£ + )ik op2(p)

= (L+ C*)zglc-DD o(p) = (L + ) 1(32(;)5 DD,2 (p)

(E +c )'Ul(alzxc DD( ) - ('C + C*>ﬁ](31(‘BS—DD(p)

= _R(pv E1(34112xc-DD) + R(paﬁlglG)S—DD)

(£ + ) Theon (9) — (£ + )05 o0 (p)
= _L:E}(%lJLC—DD (p) - f (pa Elglszc—DD) + EE](;G)S_DD (p)

+f(p, EI(BQS—DD) +(L+c )IU](BJLC oo (P) — (£ + C*)@l(alc)s—DD(p)

= _f(p, UBJZ&C DD) + f(pv UBlG)S DD)
+C*6](3%]2%C—DD (p) - C*@](;G)S—DD (p)

= "))+ p)
— (@ = PN ), penk

where f52)( ) = fv(paf(l) + @9(&2)), 0< @gQ)(p) < 1. From here, (1.20), (B.22)

Usjyac- DD,2

and (B.25), we have
(£ +e967 () 20,

DB =00 (8D =B o (A >0, P (49 =0,

€§2) ('VST) = Ul(flgxc DD('YST) - @1(320)5 DD(’YQLT) > 0.
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By the maximum principle in Lemma 1, we conclude that
2 =h
2()(]))207 pEQQ,

and by induction on m, Q(r%)(p) >0,pe€ ﬁfn, m = 2,...,M. From here and (B.25), it

follows that
_ _ —h
Cy(yf) (p) = UI(S?J?AC—DD,m(p) - Ul(a2c;)s—DD,m(p) >0, peQ,, m=1,...,M.
Using (5.14), we conclude

_ . —h
U](f]z%C—DD(p) > U}(32G)S—DD(p)7 peQ,

and by induction on n, we prove the theorem. O
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