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Abstract

Lattices and discrete networks are cornerstones of a number of scientific subjects. In con-
densed matter, optical lattices allowed the experimental realization of several theoretically
predicted phenomena. Indeed, these structures constitute ideal benchmarks for light and
wave propagation experiments involving interacting particles, such as clouds of ultra-cold
atoms that Bose-Einstein condensate. Moreover, they allow experimental design of partic-
ular lattice topologies, as well as the implementation of several classes of spatial pertur-
bations. For example, Anderson localization being observed for the first time in atomic
Bose-Einstein condensate experiments and Aubry-André localization discovered with light
propagating through networks of optical waveguide.

This thesis considers different types of lattices in the presence of quasiperiodic modula-
tions, mainly the celebrated Aubry-André potential. Particular attention will be given to
spectral properties of models, localization features of eigenmodes and the transition from
delocalized (metallic) eigenstates to localized (insulating) ones within the energy spectrum.
We additionally discuss the relation between the model’s properties and the dynamics of
particles hopping along the lattice.

After introducing the linear discrete Schrödinger equation, we first discuss the spec-
tral properties of the Aubry-André model. We then study the transition between metallic
and insulating regimes of a class of quasiperiodic potentials constructed as an iterative
superposition of periodic potentials with increasing spatial period. Next, we discuss the
Aubry-André perturbation of flat-band topologies, their energy-dependent transition (mo-
bility edge), which can be expressed in analytical forms in case of specific onsite energy
correlations, highlighting existence of zeroes, singularities and divergences. We then discuss
two cases of driven one-dimensional lattices, namely an Aubry-André chain with a weak
time-space periodic driving and an Anderson chain with a quasiperiodic multi-frequency
driving. We show anaytically and numerically how drivings can lift the respective localiza-
tion and generate delocalization by design. Finally we discuss the problem of the possible
generation of correlated metallic states of two interacting particles problem in one dimen-
sional Aubry-André chains, under a coherent drive of the interaction.
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CHAPTER 1

Motivations and Outline

The concept of waves, the study of their properties, and their behavior in time is at the
very foundation of modern physics. From the differential equations of classical mechanics
to modern techniques of quantum mechanics, waves have always played a central role in
practically every branch of the fundamental sciences. One of the most notable example
concerns the study of light waves. From the first experiments that cemented the foundation
of quantum mechanics to the latest achievements in photonics, light propagation has always
been an exemplar development of the natural sciences. As a result, optics found applications
in a vast range of fields, yielding technologies that play a vital role in our lives, for example
in telecommunications, medicine, surgery, renewable energy.

The study of waves can be traced through the various periods of human history, from
ancient times towards the Renaissance until our modern era. Pythagoras (c.560-480 BC)
studied the relation of pitch and length of strings in musical instruments. Essential concepts
such frequency and fundamental harmonic were introduced by Benedetti (1530-90), Beeck-
man (1588-1637) and Galileo (1564-1642). Newton (1642-1727) was the first to calculate the
speed of sound in air in his Principia [1]. Leonardo da Vinci (1452-1519) portaited and dis-
cussed the flow patterns produced by water flowing, introducing a few centuries in advance
the concepts of turbulence and chaos, as well as their relations with wave transports.

From all the studies developed during the centuries, it appeared clear that properties of
the wave and their transport are deeply connected with the media where the phenomena
are taking place. A particular aspects, present in any physical system, assumed more and
more importance: the presence of alterations in the media. Impurities, imperfections and
defects are naturally present in any material or element. In the past many underestimated
the importance, the physical relevancy, and the amount of outcomes that could have been
obtained by including irregular and chaotic perturbations in their models. Disordered sys-
tems still nowadays is an incredibly prolific research field, with applications ranging from
condensed matter physics to material science.

One of the highlights of the twentieth century was obtained in 1958, when Anderson
predicted the complete localization of waves along a one dimensional lattice under the pres-
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ence of uncorrelated random potentials [2]. At that time, other studies had already been
performed in spatially perturbed periodic models, highlighting unusual scattering phenom-
ena of the conduction of electrons in metallic structures due to the presence of magnetic
impurities [3–5]. However, Anderson’s prediction was a breakthrough that put the study of
waves in disordered media (or, generally, aperiodic) at the very core of condensed matter
physics.

Anderson himself was probably motivated in his research from the practical interests of
understanding the conductance properties of semiconductors, a field under huge expansion
at that time. Practical interest extended the research towards more complicated disor-
dered systems, with respect to a one-dimensional chain. Since the 1958, a huge number of
achievements followed, from higher dimensional structures [6, 7] to systems of many inter-
acting particles [8–12] and non-linear chains [13–18]. Optics have been an ideal benchmark
for the observations and the experimental measurements of the wave localization phenom-
ena [19, 20]. Several experimental observations of Anderson localization have been realized
in a number of different physical systems, from light and sound waves, to electronic gases
and microcavities [21–29]. Recently, Anderson theory has found application in the study of
lasers and their dynamic [30–35], biological systems [36,37], and material science [38–41].

Several of the natural models where Anderson theory has been tested exhibit certain type
of recurrence in their spatial perturbations, making clear that the uncorrelated uniformly
distributed disorder was not the only case worth considering. Studies involved systems
with correlated disorder [42, 43], correlated spatial perturbation in optical lattices [44] and
metamaterial [45], and lattices with off-diagonal correlated disorder [46–48]. Among these,
a particular class of spatially correlated perturbation became important in the study of
wave localization: the class of quasiperiodic potentials. The quasiperiodicity belongs to a
the set of quasi-concepts, that represents systems where a characterization, a property is
not satisfied, but instead it is approximated. Within the scientific community, names like
quasiparticle or quasicrystal have become commonly used, but in general the quasi-concepts
still lacks mathematical definition. The major focus of this work, the quasiperiodic case,
aims to consider those physical systems that exhibit an approximated periodicity along
either the spatial or the temporal coordinate.

Chapter 2 will introduce basic concepts, while results will be presented throughout the
thesis. Starting from introducing photonic lattices, optical lattices and the tight-binding
approximation, we will move towards the Schrödinger equation. We then discuss the effects
of breaking the periodicity, with a focus on specific cases of localizing potentials. The second
part of the chapter will be devoted to the quasiperiodic case, in particular the Aubry-André
model. We will discuss in detail the features of its spectral and dynamical properties.

Chapter 3 will continue discussing features of the Aubry-André model. However in this
chapter we intent to understanding a specific property of the model, namely the topological
Cantor structure of the spectrum and its self-similar fashion. In doing so, we construct
a new class of quasiperiodic potentials. We will show the existence of an approximated
transition between metallic and insulating regimes for our new model. For one case of the
class, we will also computationally obtain the energy dependent transition (called mobility
edge).

Chapter 4 will focus onto the implementation of the Aubry–André quasiperiodic potential
in very specific one-dimensional lattices, the flat-band lattices. First we will introduce the
concept of flat-band in crystalline lattices, reviewing properties, effects and classification.
We will also introduce a Fano rotation method of the unit cells, that explains the existence
of the flat-band. Then we will discuss the presence of quasiperiodic potential, and the
appearance of an energy dependent mobility edge. Making use of the rotation formerly
introduced, we will obtain analytical expressions of the mobility edge for specific energy
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correlations.
Chapter 5 will discuss two examples of a driven one-dimensional chain. The first is an

Aubry-André chain under a driving, that is spatially quasiperiodic and periodic in time,
while the second is an Anderson chain under a multi-frequency quasiperiodic driving. We
will see how the former will generate metallic states by resonant coupling of groups of
localized ones. The second driving instead will substantially increase the localization length
of the models, needing an infinite number of frequencies to generate complete delocalization.

Chapter 6 will discuss two interacting particles in a one-dimensional Aubry-André chain.
We first overview the topic of the Many-Body Localization. Then we will focus on the case
of two interacting particles in disordered and quasiperiodic chains. We will at last discuss
the introduction of certain classes of external driving, and present some preliminary results,
from both the analytical and the numerical point of view.

We then summarize our results and discuss open issues to be tackled. At last in the
appendices, we will refer to most of the technical details (analytical and numerical) that
have been omitted from the main chapters.
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CHAPTER 2

Introduction

This chapter reviews basic concepts and fundamental results of transport and localization
in optical lattices. We will first introduce the Schrödinger equation and its tight-binding
approximation. We then discuss the effects of periodicity breaking in the model, and its
connections to natural systems. Particular attention will be given to specific two cases
of localizing potentials: random and quasiperiodic. From Anderson localization, we will
shift focus to the Aubry-André model as the main example of quasiperiodicity, discussing
its analytical properties. We will finish the chapter by presenting recent experimental
realizations of the Aubry-André model.

2.1 Wave Propagation in Continuous and Discrete Systems

Although electromagnetic waves are unique in that they can propagate in a vacuum, in
general any type of wave (e.g., sound wave) cannot propagate through a vacuum. Instead,
a transmission medium must exist. The nature and characteristics of the medium is of
fundamental importance for the properties of the waves themselves, as well as their propa-
gation. There exists several classes of differential equation that describe the propagation of
waves in media, each of them describing different phenomena and setting - for example, the
wave equation, the diffusion equation or the heat equation. The main differential equation
class of this work is the Schrödinger equation. Based on the works of Einstein, Bohr, and
DeBroglie, it is a particular wave equation about the relations between light, particles and
energy quantization. This particular equation was introduced in 1926 by Erwin Schrödinger,
with the intention of finding a wave equation for electrons [49]. Schrödinger derived this
celebrated equation starting from Maxwell’s equations for classical electrodynamic on a
continuous medium, under the assumption of a small particle velocity with respect to the
speed of light in vacuum, obtaining

i
∂

∂t
ψ(r, t) = Δrψ(r, t) + V (r)ψ(r, t) . (2.1)
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where i is the complex unit, and the wave function ψ(r, t) depends on the variable r, which
is a positional vector of dimension D, and the time variable t. The operator Δr is the
Laplacian operator, while the symbol ∂

∂t denotes the time derivative. The potential term
V (r) is of fundamental importance for the type of systems represented by Eq.(2.1), and it
is a key element for the develop of this dissertation.

Let’s now refer to the one-dimensional case D = 1. The continuous equation Eq.(2.1)
can be discretised with a tight-binding approximation, which is obtained approximating the
continuous field ψ(r, t) with the sum ψ(r, t) =

∑
l ψl(t)ωl(r) of the single site mode ωl(r),

for the vector of complex numbers {ψl(t)}l

i
∂

∂t
ψl(t) = εlψl(t) +

∑
m�=0

Wl−mψl−m(t) . (2.2)

This approximation holds in the limit of weakly coupled modes. The real sequence {Wl−m}m�=0
discretizes Δr, and it describes the strength of the hopping. Typically, only the coupling
between the nearest neighbouring sites is significant hopping (Wl−m = 1 for l − m = ±1
and 0 elsewhere), yielding to the classical version of the discrete Laplacian operator. The
real sequence {εl}l is the onsite potential. A detailed derivation of Eq.(2.1) and Eq.(2.2)
could be found in [50].

Although it is not in the interests of this dissertation, it is worth recalling that the
Schrödinger equation have been generalized in several ways. Here we recall one case of the
discrete nonlinear Schrödinger equation

i
∂

∂t
ψl(t) = εlψl(t) + ψl−1(t) + ψl+1(t) + βψl(t)|ψl(t)|2 . (2.3)

where the real number β controls the strength of the nonlinearity. This cubic nonlinear
term represent the propagation of light through the Kerr media [51]. Nonlinear problems
have been studied since the pioneer work by Fermi, Pasta and Ulam in 1955. Together with
M. Tsingou, they analyzed the phenomenon of the energy equipartition in a finite chain of
nonlinearly coupled oscillators [52]. This problem has been under investigation for more
than 50 years, and it has inspired many problems in condensed matter physics [53–57]. One
notable example where Eq.(2.3) has been used goes back in 1989, when Peyrard, Bishop [58]
and Yakushevich [59] introduced two nonlinear tight binding chains in order to describe
the DNA double-helix structure and its duplication/transcription processes. A number of
works followed since, involving the nonlinearity [60–62], the 3D helicoidal geometry of the
DNA chains [63], and the relation between nonlinearity and the spatial distribution of the
nucleobases (Adenine, Cytosine, Guanine and Thymine) [64,65].

Here follows the time-dependent one-dimensional discrete Schrödinger equation

i
∂

∂t
ψl(t) = εlψl(t) + ψl−1(t) + ψl+1(t) . (2.4)

This equation can be expanded using amplitude-phase coordinates

ψl(t) = Ale
iEt , (2.5)

for the system energy E. It follows the associated time-independent eigenvalue problem

EAl = εlAl + Al−1 + Al+1 . (2.6)

From here on, we drop the notation (t) in the time dependent equation Eq.(2.4). For
the various models considered in following chapters, the analysis will be focused on the
computation of the time evolution of Eq.(2.4) and the diagonalization of the associated
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eigenvalue problem Eq.(2.6). We will report the numerical schemes used for the studies in
every chapter. A detailed report on the numerical techniques can be found in Appendix
A. In the linear case, a key element of the spectral and dynamical properties of the model
becomes the onsite perturbation {εl}l. According to its nature, the model’s features may
change drastically. We will focus on a particular case of correlated disorder, the quasiperiodic
perturbation. Before introducing this class of onsite perturbation, we will first discuss the
periodic and the uncorrelated cases.

2.2 Periodic Structures

Periodicity is a fundamental concept in mathematics and fundamental science. In nature,
periodic patterns can be easily spotted, from flower petal arrangements to animal fur mark-
ing. Even though these patterns are usually altered by the presence of imperfections, defects
and minor alterations, the identification of periodicities and symmetries in a system is gen-
erally a great achievement, allowing drastic simplification in the complexity of a problem
by applying certain mathematical tools. One of these is the Bloch decomposition.

This decomposition consists in expressing the solution of crystalline or periodic structures
in Bloch waves [66]. This kind of solution, in general, holds for any wave-like phenomenon
in a periodic medium, for example a periodic dielectric in electromagnetism (which leads to
photonic crystals) or a periodic acoustic medium. In the case of the continuous Schrödinger
equations - Eq.(2.1) - the Bloch solution exists in the periodic case (there exists T such that
V (r + T) = V (r) for every r). In this case, first we obtain the time-independent eigenvalue
problem with the expansion ψ(r, t) = φ(r)eiEt, in analogy with Eq.(2.5). This expansion
turns Eq.(2.1) into

Eφ(r) = Δrφ(r) + V (r)φ(r) . (2.7)

In the case of periodic potential V (r), the Bloch theorem states that the energy spectrum
is made of a discrete set of bands E = En(k), where n is the band index and k the
wave vector, that lives in the Brillouin zone [66]. The eigenmodes are instead Bloch wave
φ(r) = un(r)eik·r, where un(r) have the same periodicity of the potential V (r). The Bloch
waves, substituted in Eq.(2.7), yields to an eigenvalue problem for the Bloch function un(r)

En(k)un(r) =
[
Δr + 2ik∇r − k2 + V (r)

]
un(r) , (2.8)

where ∇r is the gradient operator. The Bloch wave expansion is a useful tool for the study
of a periodic model, since the decomposition in energy bands of the spectrum allows, for
example, the understanding of linear wave-packet dynamics, or the understanding of certain
nonlinear phenomena (band transitions). We will use the spectral decomposition in band
structure E = En(k) in Chapter 4 for flat-band lattices. Before introducing non-periodic
models, we shall describe two topological structures that can be represented with the discrete
linear Schrödinger equation Eq.(2.2). These have been used to experimentally benchmark
the localization phenomena discussed in this thesis: photonic lattices and optical lattices.

Photonic lattices are families of coupled optical waveguides arranged according to specific
topologies. Since each waveguide emits an evanescent field (an oscillating field spatially
concentrated in the vicinity of the guide), the waveguides in close proximity then couple
through phase coherent transfer. This coupling is called evanescent coupling. The spatial
coordinate r describes the arrangement of the waveguides according to a periodic potential
V (r), from which follows a traslation invariance on a smaller section of the waveguides.
The time coordinate t becomes the spatial propagation along each waveguide [67]. Specific
coupling arrangements of the waveguides yield emulations of various physical systems [68,
69]. Experimentally these lattices are realized using waveguides etched in semiconductiors
[70], and lattices induced optically in photorefractive media [71,72].
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Optical lattices are instead structures consisting of microtraps that are created by in-
terfering optical laser beams. Due to interference, the overlap of two counter-propagating
laser beams form an optical standing wave, which can trap atoms or particles in the equi-
spaced wells. Varying the lasers’ intensities changes the wave’s amplitudes, and with that
the hopping strength of the model. By interfacing more lasers higher dimensional lattices
can be formed [73]. The resulting structure is called an optical lattice, and they act as dis-
crete structures to trap ultracold quantum gases of bosons and fermions. Additionally the
particle-particle interactions are easily controlled via Feshbach resonance, therefore they
form an ideal benchmark for quantum many-body systems, strongly correlated quantum
phases and nonlinear wave dynamics.

Figure 2.1: Left: Photonic Lattice that form the Honeycomb lattice profile. The param-
eter a is the nearest-neighbor distance. Figure taken from [74]. Right: Two-
dimensional optical lattice formed as the overlap of several standing waves, each
generated by superimposing two laser beams. Figure taken from [75].

2.3 Periodicity-Breaking and Localizing Potentials

Having introduced systems exhibiting spatial translation invariances, a natural phenomenon
generally present in physical systems is the breaking of the periodicity. One effect of the
periodicity breaking is the presence of defects and alterations on the spatial domain of the
lattices. The presence of these entities usually makes the lattice’s fundamental elements
(site, cavities or guides) non-indistinguishable, and since the perturbations are distributed
according to non periodic distributions, the models lose their translation invariance. In the
remainder of the chapter, we will discuss causes and effects of the presence of disordered
and correlated onsite perturbations.

In nature perfectly crystalline media do not exist, and instead every structure posses im-
perfections and defects. The influence of the presence of impurities on a periodic medium
can lead to very rich physics. From certain types of semiconductor to the metastable states
of the charge-density wave systems, it has been shown that presence of impurities pins
dynamics around the defects [76–78]; in particular, unusual scattering phenomena of the
conduction of electrons in metallic structures due to the presence of magnetic impurities.
In 1934, de Haas, de Boer and van den Berg observed a resistance alteration in gold depen-
dent on the temperature, and they hypothesized in some additional scattering mechanism
giving an anomalous contribution to the resistivity [3]. Other examples of metals and heavy
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fermions showing a resistance minimum were later observed [79]. In 1957, Landauer pro-
posed a formula relating the electrical resistance of a quantum conductor to the scattering
properties of the conductor [80–82]. In 1964, van den Berg showed the reciprocity be-
tween resistance minima and the number of magnetic impurities in gold [4]. In the same
year, Kondo described how certain scattering processes are generated from the presence
of magnetic impurities, and how they could give rise to a resistivity contribution depend-
ing logarithmically of the temperature [5]. Kondo’s explanation of the observed resistance
alteration was considered a highly satisfactory solution to this longstanding puzzle. The
phenomenon has since been given his name (Kondo effect). From the study of the scat-
tering effects of metallic structures with sparse impurities, the step towards systems with
impurities scattered everywhere along the spatial domain was short.

During the studies of these phenomena of resistance alterations and absence of transport
related to presence of irregularly scattered impurities, the analysis of the model’s spectrum
and the related eigenstates has revealed to be a fruitful effort. This followed from the
understanding of the relation between the vanishing of the model’s conductivity and the
amplitude decay in the space of the eigenmodes. This introduced a separation between those
modes whose amplitude decays along the spatial coordinate, called localized, and those where
instead the decay does not occur, called extended - see Fig.2.2. The understanding of the
decay law of the eigenmodes (if any) and the nature of the energy spectrum fully describes
the dynamics of a single particle in an optical lattice. This constitutes a step of fundamental
importance for the understanding of many-body problems.

Figure 2.2: Example of extended (left plot) and localized waves (right plot). In the extended
case we do not expect any regularity of the wave amplitude (as with the Bloch
waves), however the wave profile does not exhibit any decay law, which instead
it is shown in the localized case, here represented from the dashed curve. Figures
courtesy of Boris L. Altshuler.

In 1958, Anderson predicted that one-dimensional waves localize in the presence of uncor-
related random potentials [2]. By obtaining the exponential decay of every eigenstate of a
disordered class of one-dimensional linear wave equations, Anderson proved the localization
of a single quantum particle, within a finite volume of the chain, due to disorder. Since
then, disordered systems have been of large interest within the condensed matter commu-
nity, especially in the study of transport phenomena. Anderson localization has been well
studied analytically and several features are now common knowledge. We recall here the
major ones, since they will be used throughout the thesis.

Anderson localization occurs in a one-dimensional lattice of Eq.(2.4). With the phase
amplitude expansion ψl = Ale

iEt we obtain the eigenvalue equation Eq.(2.6), here recalled

EAl = εlAl + Al−1 + Al+1 . (2.9)

The onsite potential is an uncorrelated sequence εν ∈ [ − W
2 , +W

2
]

uniformly distributed
over an interval of width W (parameter called disorder strength). The energy spectrum is
a dense and discrete set with the eigenenergies Eν uniformly distributed within the interval
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Eν ∈ [ − 2 − W
2 , 2 + W

2
]
. The width of the spectrum is then Δ = 4 + W . The eigenvector’s

amplitudes {Aν
l }l corresponding to the energy Eν exhibits spatial decay Aν

l ∼ e−|l|/ξ(Eν)

for |l| → +∞. The decay rate ξ(Eν) is called localization length, and it depends of the
energy value Eν and on the disorder strength W . An approximation for W ≤ 4 is ξ(Eν) ≈
24(4 − E2

ν)/W 2 [83]. In general, the analytical and numerical calculations of ξ are a highly
useful tool in the study of disordered systems (or, generally, systems with modes exhibiting
exponential decay). Alongside the localization length, others measures that describe the
finite behavior of the eigenmodes {Aν

l }l are usually calculated which focus on the region of
strongly excited sites before the exponential decay (called localization volume, Vν). For a
renormalized mode,

∑
l Aν

l = 1, the participation number

Pν =
1∑

l(Aν
l )4 , (2.10)

counts the number of non-negligibly excited sites. The second moment

mν
2 =

∑
l

(
l −

∑
l′

l′
∣∣Aν

l′
∣∣2)2 ∣∣Aν

l

∣∣2 (2.11)

approximates the distance between the exponentially decaying tails. The ratio between the
two is called compactness index, and is defined as ζν = P 2

ν /m2 (parameters true only for the
one-dimensional case). From numerical arguments, the localization volume is of the order
Vν ≈ 3 ξν , and it converges to unity Vν = 1 in the limit of strong disorder. We refer to
Appendix A for further details.

Figure 2.3: Left: Localization length zeta versus normalized eigenvalue for W = 0.5 (green),
W = 1 (red), W = 2 and W = 4. Inset: zoom for W = 0.5 around the band-
width center. Right: Averaged localization volume V (red), participation num-
ber P (green) and localization length ζ (blue) of normal modes with eigenmodes
E ≈ 0 versus the disorder strength W . The dashed lines estimates the asymp-
totic behaviors of V and ζ at weak disorder. The dashed lines have equations
330/W 2 and 100/W 2 respectively. Both figures taken from [84].

Beyond Anderson’s pioneering work, theoretical studies have been performed on higher
dimensional lattices in random potentials, showing absence of diffusion in the two dimen-
sional case [6], and mobility edges between the insulating and the metallic phase in the
three dimensional case [7]. A few and many body problems in disordered lattices have been
extensively studied [8–12] as well as the case of non-linear disordered chains, reporting a
loss of the Anderson localization [13–18]. Experimentally, Anderson localization has been
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observed in a number of experiments. In the remaining part of the section we briefly recall
two experiments: atomic Bose-Einstein condensates (BEC) in a one dimensional optical
lattice [19] and one with light waves on disordered photonic lattices [25]

In the first experiment [19], a BEC formed by 1.7 × 104 atoms of rubidium-87 is trapped
in an anisotropic opto-magnetic hybrid trap in an optical lattice. A weak disorder potential
is applied using an optical speckle produced by shining a laser beam through a diffusive-
detuning plate. Fig.2.4 - left (a) portraits the trapped BEC. The longitudinal magnetic
confinement is released and the BEC starts expanding but the expansion rapidly stops due
to the disorder perturbation. Fig.2.4 - left (b) the BEC expanding after the release and
exhibiting exponential localization.

In the second experiment, the system consists in a one-dimensional set of waveguides, and
light is injected into one of the guides, Fig.2.4 - right (a). The onsite potential is introduced
by changing the width of each waveguide, and light can tunnel to the other guides as
it propagates longitudinally. Light intensity is measured at the output. Fig.(b) and (c)
correspond to lights propagating in two different periodic potential, and both images show
a final extended state. Fig.(d) instead corresponds to light propagating through a disorder
lattice, showing absence of light propagation between the waveguides.

Figure 2.4: Left: Anderson Localization in Optical Lattices. (a) magnetically trapped BEC
in a weakly disordered optical lattice. (b) the BEC expanding after the release
and exhibiting exponential localization. Figure taken from [19]. Right: Ander-
son Localization in Photonic Lattices. (a) Schematic view of the experimental
setting. (b)-(d) Light amplitude along the lattice over a few sites: (b) periodic
lattice; (c) in disordered lattices, with a large value of localization length ξ; (d)
in disordered lattices, when the localization is clearly observed. Figure taken
from [25].

2.4 The Quasiperiodic Class

From the case of uncorrelated random potential, other classes of aperiodic potentials found
interest within the condensed matter community. In this section we will discuss one par-
ticular case of correlated disordered sequences, the class of quasiperiodic potentials. The
property of quasiperiodicity is deeply connected with the concept of incommensurability,
which is the impossibility to compare objects using integer multiples. In general, quasiperi-
odic objects are characterized by the presence of two or more periodic structures which are
incommensurate with each other, i.e., the ratios of their periodicities are irrational numbers.
Therefore, quasiperiodicity is related to the field of irrational numbers.
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The property of quasiperiodicity can be found in several mathematical and natural ob-
jects. One of the most important and renown example is the family of quasicrystals, which
yielded the Nobel Prize in Chemistry to Shechtman in 2011 for a work published in 1984 [87].
Quasicrystals are crystalline structures characterized by the lack of spatial translation in-
variance (or symmetry) and the existence of an infinite set of translations which leave the
network almost invariant [87–89]. Related to the quasicrystal is another notable example
of quasiperiodic structure, the Penrose tiling [90]. Moreover, quasiperiodic objects have
been studied and found applicability in several areas of mathematics [91–93], computer
science [94,95], and cryptography [96].

In mathematics it is well known the class of quasiperiodic functions of a single real variable.
Moreover, there exists the quasiperiodic sequence. Both of these two cases will be studied
in this thesis, with particular focus on the latter. We recall here the definition of the former
case, however it will be discussed in greater details within Sec.5.3 and Appendix B.1. We
introduce here the latter case, since it will be the major focus of this work.

The case of quasiperiodic continuous functions of a single real variable ϕ : R −→ R is of
great importance in the whole field of mathematical physics; for example, the quasiperiodic
oscillations on D-dimensional tori for the Kolmogorov-Arnol’d-Moser (KAM) theorem [97,
98]. The definition of a quasiperiodic continuous functions is

Definition. Let ϕ : R −→ R be a real continuous one-dimensional function. For ϕ being
quasiperiodic implies that there exists continuous function F : RD −→ R with D ≥ 2 periodic
in every component with period 2π such that

ϕ(t) = F (ω1t, . . . , ωDt) , t ∈ R , (2.12)

for D frequencies Ω = (ω1, . . . , ωD) incommensurate between each other

k · Ω = k1ω1 + · · · + kDωD 
= 0 , ∀ k ∈ ZD , k 
= 0 . (2.13)

More technical details about this function will be given in Appendix B.1, while in Sec.5.3
we will consider a particular case of this function class as the driving of the Anderson chain.
Spatially quasiperiodic sequences are defined as following

Definition. A real sequence {εl}l∈Z ⊂ R is quasiperiodic if for every δ > 0, there exists
T = T (δ) > 0 such that for all l ∈ Z we have

|εl+T − εl| < δ . (2.14)

We call the sequence of vectors {ε�}�∈ZD ⊂ R quasiperiodic if for i = 1, . . . , D and for every
δ > 0, there exists Ti = Ti(δ) > 0 such that for all 
 ∈ Z

|ε�+Ti·ei − ε�| < δ . (2.15)

where ei is the i-th element of the canonical basis of R.

The incommensurability is not explicitly contained in this definition. Instead, the defi-
nition highlights the approximated translation invariance Eq.(2.14). However, the incom-
mensurability appears in the general construction of such potentials. Let’s consider a real
periodic continuous function f of period T restricted to the lattice Z, renormalized to period
1, and then modulate with an irrational parameter α ∈ R \ Q

f(·) 
−→ f(T ·) 
−→ f(T ·)|l∈Z 
−→ f(αT ·)|l∈Z , (2.16)

Since the function f is continuous and periodic, it is bounded |f(x)| ≤ M < +∞ for every
x ∈ R. The sequence generated in Eq.(2.16) is therefore bounded and of a given strength.
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It naturally follows to include a parameter λ > 0 to control this strength the sequence
amplitude

εl = λf(αT l) , l ∈ Z , α ∈ R \ Q . (2.17)

Due to the density of the irrational numbers in the real numbers and the continuity of
the real function f , the inequality Eq.(2.14) holds and the sequence defined in Eq.(2.16) is
quasiperiodic. The key ingredient for the quasiperiodicity of this potential is the irrational
number α: since the period of the potential 1/α is irrational and therefore incommensurate
with the lattice spacing Δl = 1. Other quasiperiodic sequences are the Cantor sequence [99],
the Fibonacci sequence [100–102] or the Rudin-Shapiro one [103,104].

Let’s consider the linear Schrödinger model Eq.(2.4), with an onsite energy sequence of
the form Eq.(2.17). For the crystalline case λ = 0, the energy spectrum obtained from the
associated eigenvalue problem Eq.(2.6) consists of a single band. For λ 
= 0, if the parameter
α is rational α = p/q (p and q 
= 0 integers), the lattice is periodic and the energy spectrum
splits into q sub-bands. In the incommensurate limit |q| 
−→ +∞, the number of sub-bands
increases and, since the total spectral width is not increasing, the sub-band lengths decay
to zero. Consequently, the spectrum becomes more and more fragmented. For α irrational,
it is then legitimate to expect a discrete spectrum, though not dense in any interval as for
the disordered case, since the gaps opened are, in general, sets of a non-empty interior. For
specific choices of the function f , spectral properties and features of the dynamics of the
single particle have been analytically and numerically studied. We will now introduce one
particular case, also discussed in the next chapter.

One of the most important cases of this class of potentials is defined by choosing the
cosine function in Eq.(2.16). This specific case, also called Harper or Aubry-André potential
is then defined as

εl = λ cos(2π(αl + θ)) , (2.18)

where α ∈ R\Q is the incommensurate parameter, θ ∈ R is a phase shift and the parameter
λ > 0 controls the potential strength. This onsite potential has been introduced by Harper
in 1955 [85]. It came as a surprise that in 1980 Aubry and André predicted that such
quasiperiodic model allowed a Metal-Insulator transition (MIT) between metallic and insu-
lating regime through a critical value [86]. This MIT is tuned by the strength λ of the cosine
function and separates a metallic phase for λ ∈]0, 2[ from an insulating phase for λ ∈]2, +∞[.
This analytical result has been introduced thanks to a duality principle, relating states and
spectrum in direct and Fourier space. This very principle prevents the appearance of mobil-
ity edges. The transition between extended or localized states of the Aubry-André model is
not dependent on the eigenenergy but only on the potential strength λ. Much attention has
been dedicated to the spectrum of this model, from topological structure [105], Lebesgue
and fractal measures [106–111] and its spectral decomposition [112–114]. In Fig.2.5 we show
the participation number P versus the potential strength λ in either the real and momentum
spaces. The figures are mirror images of each other and reflects the Aubry–André duality.

An interesting extension of the duality principle has been proposed in [116], for an onsite
potential defined as a finite sum of Aubry-André potentials of higher harmonics in a lat-
tice with long range hopping. Other studies have been dedicated to the transition between
metallic and insulating regimes in models which do not posses any self duality feature.
The lack of such principle usually leads to a energy dependent metal insulator transition
in the energy spectrum, called mobility edge. An example of mobility edge transition is
a bichromatical quasiperiodic lattice [117, 118]. Moreover, the lack of self duality makes
the model’s analysis most likely to be exclusively numerical. Even if the mobility edge is
frequent for quasiperiodic model, this is not the case for every quasiperiodic lattice. For
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Figure 2.5: Left: participation number P versus the potential strength λ in the real space.
Right: participation number P versus the potential strength λ in the momentum
space. Both figures, system size is N = 144 (green), N = 1597 (blue) and
N = 10946 (red). Figure taken and re-elaborated from [115].

example, a Fibonacci sequence based quasiperiodic potentials kept the system at the criti-
cal point [119, 120]. Another quasiperiodic chain shows that the localized regime could be
maintained irrespective of the potential strength [121,122]. In this regard, an extended dual
transformation, based on Aubry duality principle, allowed to show the dynamical localiza-
tion (localization in the momentum space) for a particle evolving in a rotor. Quasiperiodic
potentials have been proposed for the study of chains that aimed to described the dynamics
of the DNA chains [65]. A recent study of two interacting particles in the Aubry-André
model established the appearance of metallic correlated bound states deep in the insulating
regime for a single particle [123].

Figure 2.6: Left: the quasiperiodic potential experiemntally realized. J is the hopping
strength between nearest-neighbor sites while Δ is the onsite energy shift in-
duced by the secondary lattice. Right: time evolution of the BEC after the
release of the harmonic confinement. We observe diffusion for the first two cases
and localization for the third and the fourth cases. Figure taken from [20].

Experimental studies on light propagating through optical waveguide networks [124] and
ultracold atomic clouds expanding in optical potentials [20] successfully tested the MIT
within the Aubry-André model. The experiment shown in Fig.2.6 refers to [20], and it
consists in a cloud of cold potassium-39 atoms with the s-wave scattering length turned to
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(almost) zero by the use of the Feshbach resonance [125, 126]. It results a non-interacting
BEC kept confined in a subregion of the optical lattice by a harmonic confinement. The
quasiperiodic potential is created by the superposition of two counter-propagating lasers
of wavelength respectively of λ1 ≈ 1.032 nm and λ2 ≈ 862 nm. In Fig.2.6 - right, the
time evolution of the BEC after the release of the harmonic confinement is shown for four
different settings. The first two (Δ/J = 0 and Δ/J = 1.8) belong to the metallic regime
Δ/J ≤ 2, while the the last two (Δ/J = 4.2 and Δ/J = 7) belong to the insulating regime.
Localization is observed for the latter cases, while for the former ones spread along the
lattice, confirming the MIT transition of the Aubry-André chain. The flexibility in the choice
of potentials makes these optical lattices ideal benchmark for the experimental realization
of other quasiperiodic potentials. Discussion about possible experimental observation of
the mobility edge in the bichromatical lattice can be found in [118]. At the same time
these systems have finite size, and have unavoidable precision limitations on the generated
potentials [127, 128]. Desired effects like the MIT or mobility edges are therefore needed
only up to that precision, and only to be observable on these length scales.

2.5 Summary and Discussions

In this introductory chapter we discussed basic notions and fundamental results we will
use along the thesis. We first introduced the wave propagation in continuous and discrete
systems. We introduce the tight-binding model and the discrete Schrödinger equation and
the Bloch waves for waves in periodic media. We then focus on the breaking of spatial
periodicity and the arising of wave localization phenomena. After an overview of Ander-
son localization, we have introduced the main concept of the thesis: the quasiperiodicity.
The last part of this introduction has been dedicated to discussing fundamental knowledge
and applications of this class. The beginning of the next chapter naturally continues this
introduction, since there we will discuss one of the most renown quasiperiodic model: the
Aubry-André model.
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CHAPTER 3

Wave Localization in Quasiperiodic
Potentials

In this chapter we first discuss more in detail certain properties of the Aubry-André model
mentioned in the former section. In order to reproduce the self similar nature of the
Aubry-André spectrum, we propose an iterative construction of quasiperiodic potentials
from sequences of potentials with increasing spatial period. At each finite iteration step the
eigenstates reflect the properties of the limiting quasiperiodic potential properties up to a
controlled maximum system size. We then observe approximate metal-insulator transitions
(MIT) at the finite iteration steps. We also report evidence on mobility edges which are at
variance to the celebrated Aubry-Andre model. The dynamics near the MIT shows a critical
slowing down of the ballistic group velocity in the metallic phase similar to the divergence
of the localization length in the insulating phase.

This chapter is based on the following publication:

• C. Danieli, K. Rayanov, B. Pavlov, G. Martin and S. Flach, "Approximating metal-
insulator transitions", Int. Journal of Mod. Phys. B 29, 1550036 (2015).

3.1 Introduction

In the introduction we have reviewed several fundamental concepts of the field of wave
localization in localizing potentials, with main focus on Anderson localization, quasiperiodic
lattices and the Aubry-André model. The topic is still very open and unrestrained of new
results. As an example, we discuss the construction of localizing potentials which offer
designable localization properties. In this chapter we propose a recursive construction of a
new class of quasiperiodic potentials that exhibit an approximated energy dependent metal
insulator transition. However, in the first part of the chapter we discus more in detail the
Aubry-André model.
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This Hamiltonian model, the tight-binding model Eq.(2.6) defined with the quasiperiodic
potential Eq.(2.18) that we call Aubry-André model, has been introduced by Harper in the
1955 to study the problem of crystal electrons in the presence of a magnetic field [85]. In
the scientific community, this system is also renown as the Ten Martini problem [105] and
the Almost Mathieu operator [110, 112, 113]. Several works and significant progresses have
been recently made in the study of this model, from the analytical to the numerical point
of view. Nowadays, the Aubry-André model can be considered one of the main example
in the condensed matter theory where several properties could be exhaustively stated and
proved analytically.

One of the main Aubry and André contribution to the understanding of the Harper model
is the so called duality principle [86]. Such fundamental principle allowed to show the
Metal-Insulator transition between insulating and metallic regime in the energy spectrum
via a critical value. Several other quasiperiodic models show a similar transitions between
insulating and metallic regimes. However their transition consist in an energy dependent
transition (called mobility edge) and in general these models lack of a duality principle.
Of course the feature of the transition is not necessarily connected to the quasiperiodicity,
since there exists examples of quasiperiodic chains that are kept at the critical transition
value [119,120], or localized irrespective to the potential strength [121,122]

Several analytical studies have been done on the Aubry-André model during the last
years. Particular attention has been given to the model’s spectral properties. Its spectrum
has indeed revealed to be a very intriguing mathematical object, where a number of its
properties have been showed analytically. Among these properties, it has been showed that,
for any potential strength λ and incommensurate parameter α ∈ R \ Q of Eq.(2.18), the
energy spectrum of the Aubry-André model is self-similar, meaning that it is formed by
a finite number of bands that are gaped, and each sub-bands is gaped, and this process
follows ad infinitum, similarly to the celebrated Cantor set.

The self-similarity of the spectrum of the Aubry-André model inspired the project dis-
cussed in this chapter. Here we present a systematic and constructive way to approximate a
quasiperiodic potential by a periodic one. Each approximation is defined both by its period
and by the convergence criteria of the amplitude sequence of higher harmonics. This flexi-
bility allows us to obtain a wide variety of quasiperiodic potentials which can be expected
to exhibit the above phenomena. In addition the experimentally relevant length scale can
be easily taken into account by the corresponding periodic approximation of a quasiperiodic
potential.

The chapter is structured as follows: in Sec.3.2 we discuss more in depth the Aubry-André
model, we will introduce the duality principle and list and briefly comment on its properties,
specifically about spectral properties and wave packet spreading. In Sec.3.3 we introduce
the construction principle for the new class of quasiperiodic potentials. We discuss the main
properties of localized and extended states for particular amplitude sequences. Finally in
Sec.3.4 we conclude and summarize the results.

3.2 Aubry-André model

Consider the D = 1 dimensional discrete Schrödinger operator H : 
2(Z) −→ 
2(Z), also
known as Aubry-André model, defined by

(Hψ)l := εlψl + ψl+1 + ψl−1 , l ∈ Z ; (3.1)

discussed in Sec.2.4 of the introduction defined with a quasi-periodic potential

εl = λ cos(2π(αl + β)) , α ∈ R \ Q , (3.2)
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with a positive real strength λ > 0, β ∈ R, and irrational α. As formerly introduced, one
property very unique of this model is the self duality. This principle is based on the idea of
mapping the model from the real space to the momentum space via the Fourier expansion.
The expansion

ψl = ei2πkl
∑
m

fmei2πm(αl+β) (3.3)

maps the Aubry-André model equation in the real space

iψ̇l = λ cos(2π(αl + β))ψl + ψl+1 + ψl−1 , (3.4)

to the equation in the momentum space

iḟm = 2 cos(2π(αm + k))fm +
λ

2
(
fm+1 + fm−1

)
. (3.5)

The transformation Eq.(3.3) maps the hopping of Eq.(3.4) to the onsite energy of Eq.(3.5).
Analogously, the onsite energy of Eq.(3.4) is mapped into the hopping of Eq.(3.5). There-
fore, the transformed Aubry-André model Eq.(3.5) is of analogous form of the original one
Eq.(3.4). It follows that the Aubry-André model is self dual under the Fourier transform.

Up to the phase shifts of the onsite energy β and k, the two equations are exactly the same
when the potential strength λ is equal to 2. It is commonly called critical value. Aubry
and André first and several other later showed analytically and numerically that at the
critical value λ = 2 the model exhibits a transition between a metallic phase for λ ∈]0, 2[
and an insulating phase when λ ∈]2, +∞[. In the insulating regime, the model behaves
as the Anderson case. It has been shown in [86] that, for any given λ in the insulating
phase, all normal modes decay exponentially in space as e−l/ξ, with the localisation length
ξ = 1/ ln(λ/2) being independent of the eigenenergy. The eigenenergy spectrum σλ(α, β)
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Figure 3.1: Spectrum σλ of the Aubry-André model when α = (
√

5 − 1)/2.

of the Aubry-André model has a Cantor set structure for all λ 
= 0 [105]. When the
incommensurate parameter is chosen as the golden mean α = (

√
5 − 1)/2, the spectrum

exhibits a self-similiar structure which consists of three bands which again each consists of
three sub-bands and so forth (Fig. 3.1). The self-similiar structure does not depend on β.
The Lebesgue measure [106] can be found analytically by the formula

μ(σλ) = 2|2 − |λ|| .

while the spectral decomposition has been discussed in [112–114]. The spectrum’s fractal
dimension has been object of several studies, in particular at the critical value. This di-
mension is an index for characterizing fractal sets, by relating their distribution in space to
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the change in scale. There exist several definition of fractal dimension, and in the following
we will refer to the so-called box-counting dimension (detail can be found in [99, 129]). For
λ 
= 2 in 1986 Tang et al. [107] showed that the fractal measure is 1. Instead, at the critical
value λ = 2, former studies [107–109] show that the fractal dimension is 0.5. Note that our
working golden mean value for α is covered by the above statements. Latter works [110,111]
show that 0.5 is in fact an upper bound, and find classes of irrational numbers α for which
the correspondent spectrum’s fractal dimension is lower than 0.5. Remarkably, there are
much more exact results for the spectral properties of the Aubry-André model as compared
to the dynamical properties of wave packet spreading

iψ̇l = (Hψ)l (3.6)

where the numerical results known are [111,127,128]. Let’s consider a single site excitation
for a normalized wave function

∑
l |ψl|2 = 1. Its evolution in time leads to a time dependent

distribution nl(t) = |ψl(t)|2. The dynamics can be characterized by the second moment
m2 =

∑
l(l − ∑

k knk)2nl, which in a delocalized regime is expected to grow algebraically
in time m2 ∼ tγ with real exponent γ. For the case of the golden mean we can distinguish
three different notable spreading regimes [127,128]:

m2(t) ∼
⎧⎪⎨
⎪⎩

v2
g t2 Ballistic Spreading

Dt Diffusive Spreading ,
ξ2 Localisation

where the coefficients are: the group velocity vg, the diffusion coefficient D and the local-
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Figure 3.2: The second moment m2 for a single site excitation as a function of time in a
log-log plot. From top to bottom: λ = 0.5 (red), λ = 1.5 (black), λ = 1.9
(green), λ = 1.97 (orange), λ = 2 (blue), λ = 2.05 (brown) and λ = 2.5 (violet).
The dashed-dotted lines indicate power laws m2 ∼ t (diffusive) and ms ∼ t2

(ballistic). Here α = (
√

5 − 1)/2 and β = 0.

isation length ξ. In particular, spreading is expected to be ballistic in the metallic regime
λ < 2 and diffusive at the critical point λ = 2 [127, 128]. Other studies [111] showed cases
where at the critical value the spreading is slightly sub-diffusive ( with γ � 1). Further
interesting issues concern the connection between the spectral measure, the fractal dimen-
sion, temporal correlations, and the diffusive growth [130]. We plot our calculations of the
time evolution of the second moment for the different regimes in Fig.3.2.
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We see that for λ = 2 spreading appears to be diffusive in agreement with [127, 128].
However we can not exclude a slightly subdiffusive spreading with γ ≈ 0.95 as reported in
Ref. [111]. We also confirm the predicted ballistic asymptotics in the metallic regime and
localisation in the insulating regime. However, we also observe a diffusive transient in these
regimes, which becomes longer the closer one gets to the critical point. We compute the
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Figure 3.3: The dependence of the group velocity vg on 1/(2 − λ) in the metallic phase in
a log-log plot. The symbols are the actual computed values, the dashed line
corresponds to the law vg ∼ (2 − λ)2.

group velocity vg which is given by the square root of m2 up to a constant prefactor, and
plot it in Fig.3.3. We find that it vanishes at the critical point as vg ∼ (2 − λ)2.

It remains an intriguing task to explain these spreading regimes in their relation to the
Cantor spectrum of the model. This concerns in particular the crossover time τλ, the critical
exponent for vg, and the question why spreading into a large but finite localization volume
in the insulating regime happens to be diffusive and not ballistic, as for one-dimensional
uncorrelated disorder (e.g. [131]). These observations may be rather special features of the
highly symmetric Aubry-André model which enjoys duality.

3.3 Approximating Metal-Insulator Transition - A
Cantor-like Construction of a Class of Quasiperiodic
Potentials

We now construct quasiperiodic potentials in a systematic way approximating them by
periodic potentials at each iteration step. The standard construction of a 1/3 Cantor set
(cut out the middle third of an interval, then repeat with the reamining subintervals ad
infinitum) gives a set of measure zero and nonzero Hausdorff dimension log 2

log 3 . Here we
modify this procedure for the eigenenergy spectrum effectively by stretching and changing
the cutting ratio. This is all achieved by defining sequences of periodic potentials with
increasing spatial period. For simplicity we shall start with an example which has a three-
band structure (where each band again subdivides into three sub-bands etc) similar to the
golden mean case of the Aubry-André spectrum before we generalize.

3.3.1 The Scheme

Consider a sequence of discrete periodic functions Ek(l) with k = 1, 2, 3, .... Each function
is periodic with spatial period Lk = 3k: Ek(l + Lk) = Ek(l). The function E1 has period
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L1 = 3 and it is defined for l ∈ Z and for the real positive value a1

E1(l) :=

⎧⎪⎨
⎪⎩

−a1 l = 3m
0 l = 3m + 1 , m ∈ Z

+a1 l = 3m + 2

and it has the schematic form represented in Fig. 3.4
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•a1

−a1 l ∈ Z

Figure 3.4: Schematic picture of the potential E1, for a real positive value a1

The second function E2 has period L2 = 9 and it is defined for l ∈ Z and for the real
positive value a2

E2(l) :=

⎧⎪⎨
⎪⎩

−a2 l = 9m + {0, 1, 2}
0 l = 9m + {3, 4, 5} , m ∈ Z

+a2 l = 9m + {6, 7, 8}
and it has the schematic form represented in Fig. 3.5
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a2

−a2 l ∈ Z

Figure 3.5: Schematic picture of the potential E2, for a real positive value a2

Higher order functions Ek(l) are defined along the lattice l ∈ Z in a similar way and are
characterized by the corresponding real positive amplitude ak:

Ek(l) :=

⎧⎪⎨
⎪⎩

−ak if l = 3km + q
0 if l = 3k−1(3m + 1) + q , m ∈ Z

+ak if l = 3k−1(3m + 2) + q

with 0 ≤ q ≤ 3k−1 −1, and their schematic form is represented in Fig. 3.6. Now we consider

��
l ∈ Z0 3k−1 2 · 3k−1 3k

• • • • • • • • • • • •ak

−ak

Figure 3.6: Schematic picture of the potential Ek for a real positive value ak

the superposition of all Ek(l) for all 1 ≤ k ≤ K:

εl,K := λ
K∑

k=1
Ek(l) , ∀l ∈ Z , (3.7)

where λ > 0 is again the potential strength parameter. The potential εl,K is periodic
with period LK . For example, for K = 2 we obtain a potential of period L2 = 9: εl,2 =
E1(l) + E2(l) with the spatial profile represented in Fig. 3.7
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Figure 3.7: Schematic picture of the potential E1 + E2 for the real positive values a1 and a2

The same construction could be done for sequences of periodic functions Ek,s(l) with
k = 1, 2, 3, ... of spatial period Lk,s = sk with s ∈ N: Ek,s(l + Lk,s) = Ek,s(l). We can
simplify notations by using the definition [l]m ≡ l mod m to arrive at

Ek,s(l) =
(⌊ [l]sk

sk−1

⌋
−

⌊
s

2

⌋)
ak =: φk,s(l)ak , ∀l ∈ Z . (3.8)

where
⌊
.
⌋

denotes taking the integer part of a real number. The final expression for the
potential εl,K is

εl,K := λ
K∑

k=1
φk,s(l)ak , ∀l ∈ Z , (3.9)

where {ak}K
k=1 is the generating sequence of the potential and {φk,s(l)}K

k=1 the partitioning
sequence.

In the absence of any potential εl the spectrum of the operator in Eq.(3.1) is given by
one band σ = 2 cos p where p is a Bloch wave number. For K = 1 and in the case s = 3,
the spectrum splits into three bands which are separated by two gaps. The first step in the
above construction therefore cuts two segments out of the one band spectrum. At the next
step of the approximation K = 2, the spatial period L2 = 9, and the spectrum consists
now of 9 bands and 8 gaps. Therefore each of the three bands of the K = 1 spectrum is
split into three narrower ones, with the new subgaps removing parts of the K = 1 bands.
At the same time the bands edges may also shift, thus we obtain a Cantor-like iterative
construction.

3.3.2 The Quasiperiodic Limit

We now push the iterative construction to its limit by extending (3.9) to an infinite sum

εl := λ
+∞∑
k=1

φk,s(l)ak , l ∈ Z . (3.10)

The boundedness of this sum depends on the convergence properties of the generating
sequence. We make the following definition: a sequence {εl}l∈Z is quasiperiodic if for every
δ > 0, there is T = T (δ) > 0 such that for all l ∈ Z we have |εl+T − εl| < δ. We have the
following:

Lemma. Let’s consider a family {{εk
l }l∈Z}+∞

k=0 of potentials, and suppose that for each k
the sequence {εk

l }l∈Z is periodic with period Lk and the tails satisfy

lim
N→∞

sup
l∈Z

∞∑
k=N

εk
l = 0 .

Then the sequence {ε̃l}l∈Z defined by the sum

ε̃l =
∞∑

k=0
εk
l (3.11)
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is quasiperiodic.

The proof is simply to observe that any partial sum
∑N

k=0 εk
l is periodic with period

TN := lcm(L1, L2, . . . , LN ) (here lcm means least common multiple) and that the tail sums∑∞
k=N εk

l are uniformly small, independent of l. So, for a given δ > 0, we choose N = N(δ)
such that

sup
l∈Z

∞∑
k=N+1

εk
l <

δ

2
.

It follows that ∀l ∈ Z we have

|ε̃l+TN
− ε̃l| =

∣∣∣ N∑
k=0

εk
l+TN

+
+∞∑

k=N+1
εk
l+TN

−
N∑

k=0
εk
l −

+∞∑
k=N+1

εk
l

∣∣∣ < 2 · δ

2
= δ .

The property of quasiperiodicity stated above holds for the potential ε̃l stated in (3.11).
This ends the proof of the lemma.

As a direct corollary we see that the potential defined by (3.10) is quasiperiodic. Thus
the above class of potentials, which is defined by its generating sequence {ak}+∞

k=1 and the
choice of the integer s of the partitioning sequence {φk,s(l)}+∞

k=1, is quasiperiodic.

3.3.3 Numerical Results

In this section, we analyze a particular case of the potentials Eq.(3.9), defined by the
geometric sequence ak = μk for a real value μ ∈]0, 1[ and s = 3

εl,K := λ
K∑

k=1
φk,3(l)μk , ∀l ∈ Z . (3.12)
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Figure 3.8: The eigenenergy spectrum versus μ. Here s = 3, λ = 1 and K = 9.
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In Fig. 3.8 we show how the spectrum changes for different potential strength parameter
μ ∈]0, 1[ obtained for λ = 1. For μ from 0 to 0.5 the width of the spectrum and its sub-band
shrinks and then, for μ ≥ 0.5 it starts to stretch. A similar effect is seen in the Aubry-
André model spectrum around the transition value λ = 2. To characterize localization of
the corresponding eigenstates, we compute the Participation Number P = 1/

∑
l |ψl|4 of

each eigenmode (ψl)l∈Z and consider the maximum Pmax for a given μ. We find that P −1
max

Figure 3.9: Inverse of the largest participation number Pmax versus μ for N =
1000, 2000, 3000, 4000, 5000. Here s = 3, λ = 1 and K = 9.

drops down to zero around μ = 0.5 irrespective of the used system size (Fig.3.9). These
graphs suggest that at μ ≤ 1/2 some eigenstates become extended, and so the insulating
regime is lost. Calculations for other λ > 0 show how this threshold value of the loss of the
insulating regime evolves continuously along the set of parameters (μ, λ) ∈]0, 1[×]0, +∞[.
The outcome is shown in Fig.3.10, where the MIT curve limits the red shaded area in which
metallic delocalized states appear.
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Figure 3.10: Phase diagram of the quasiperiodic chain defined with potential (3.12). The
red shaded area corresponds to where extended eigenstates exist. Here s = 3
and K = 9.
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We have observed (not showed here) similar MIT with potential (3.10) defined with
different generating sequence ak (for example, and algebraic sequence ak = 1/kν , for a real
value ν ∈]1, +∞[) We compute again for λ = 1 the Participation Number P of eigenstates
for different values μ ∈]0.25, 0.6[. Now we consider energy intervals which correspond to
various sub-bands of the spectrum (see caption in Fig.3.11). In each of these intervals we
choose the largest value of Pmax and plot its inverse as a function of μ in Fig.3.11. We

Figure 3.11: Curves of Inverse of the largest Participation Number Pmax vs μ ∈]0.25, 0.6[
for N = 5000 for five evergy sub-intervals. From bottom to top: 0 < E < 0.31
(red), 0.31 < E < 1 (brown), 1 < E < 1.58 (green), 1.58 < E < 1.92 (blue),
1.92 < E < 2.5 (yellow). Here s = 3, λ = 1 and K = 9.

find that the MIT transition values of μ and the sharpness of the transition depend on the
chosen energy sub-band. Therefore we observe energy dependent MIT values of μ, i.e. an
energy dependent mobility edge Fig.3.12.
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Figure 3.12: Zoom of the eigenenergy spectrum versus μ from Fig. (3.8). The mobility edge
is indicated by the thick dashed red line. Here s = 3, λ = 1 and K = 9.

Next we study the dynamics of this quasiperiodic chain similarly to the Aubry-André
case. We compute the time evolution of the second moment m2 for a single site excitation
for different values μ of the generating sequence in the interval ]0, 1[ (Fig. 3.13). We
find that the basic properties of the Aubry-André model are qualitatively recovered. For
small values μ ∼ 0.05 − 0.1 the spreading is close to ballistic. An increase of μ changes the
dynamics: an increasingly long transient region of slower spreading is emerging. At μ ≈ 0.5,
the dynamics is close to diffusive up to the largest times of computation. A more in-depth
analysis of these dynamical processes can be rather interesting and complicated especially
in the parameter region of the mobility edge 0.3 ≤ μ ≤ 0.5 where extended states coexist
with localised states with arbitrary large localisation length. For μ closer to 1, the wave
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Figure 3.13: The second moment m2 for a single site excitation as a function of time in a
log-log plot. From top to bottom: μ = 0.05 (red), μ = 0.29 (black), μ = 0.4
(green), μ = 0.43 (indaco), μ = 0.47 (magenta), μ = 0.5 (blue), μ = 0.55 (dark
green), μ = 0.575 (celeste), μ = 0.6 (orange), μ = 0.65 (brown) and μ = 0.7
(purple). The dashed-dotted lines indicate power laws m2 ∼ t (diffusive) and
m2 ∼ t2 (ballistic). Here s = 3, λ = 1 and K = 9.

dynamics shows spreading into a finite volume, which imply localisation.

3.4 Summary and Discussions

We obtained an iterative construction of quasiperiodic potentials from sequences of poten-
tials with increasing spatial period. At each finite iteration step the eigenstates reflect the
properties of the limiting quasiperiodic potential properties up to a controlled maximum
system size. We observe approximate metal-insulator transitions (MIT) at finite iteration
steps. We observe mobility edges, at variance to the celebrated Aubry-Andre model. The
dynamics near the MIT shows a critical slowing down of the ballistic group velocity in the
metallic phase. An important open question concerns the existence of suitable choices of
the generating sequence (and even different periodic modulations) so that the model has a
duality principle. In particular it would be interesting to find such a special choice which
will reobtain the Aubry-Andre case. Further, as observed in [132,133], the spectral proper-
ties of a few-body Hamiltonians may follow from the spectral properties of the Hamiltonian
of the one-body case. The presented potential construction algorithm may be of use for
future studies concerning the property of self-similarity of the energy spectrum between one
and few-body quantum systems.
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CHAPTER 4

Quasiperiodicity and Mobility Edges in
Flat-Band Topologies

Flat-band topologies are lattices that in the crystalline case, due to local symmetries and
macroscopic degeneracies, exhibit one or more dispersionless energy bands. The eigenstates
associated with these flat energy bands are compact and localized in space. In this chapter,
we discuss the effects of quasiperiodic modulations in certain flat-band lattices. We will
first review general features of these networks, and a technique that rotates flat-band lat-
tices into lattices of Fano defects. We will then introduce an Aubry-André-type of spatial
modulation. The Aubry-André duality principle jointly with the rotation technique allow
to a precise engineering and fine tuning of mobility edges. We obtain analytic expressions
for singular mobility edges for two flat-band lattice examples. In particular, we engineer
cases with arbitrarily small energy separations of mobility edge, zeroes, and divergencies.

This chapter is based on the following publication:

• C. Danieli, J. D. Bodyfelt and S. Flach, "Flatband engineering of mobility edges",
Phys. Rev. B 91, 235134 (2015);

• J. D. Bodyfelt, D. Leykam, C. Danieli, X. Yu and S.Flach, "Flat bands under corre-
lated perturbations", Phys. Rev. Lett. 113, 236403 (2014).

4.1 Introduction

As discussed in Sec.2.2 of the introduction, the crystalline case of a lattice is solved in a
Bloch wave basis, which yields a decomposition of the linear spectrum into spectral bands.
The number and the nature of the bands, their multiplicities, and the characteristics of
the associated eigenmodes depend on the model’s spatial topology. In this chapter we will
discuss a particular topology class, where the band decomposition is characterized by the
existence of one or more horizontal (and thus, "flat") bands.
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Flat-bands are macroscopically degenerate spectral bands that occur in crystalline lat-
tices. The origin of these bands is local symmetry and the consequent destructive interfer-
ence that suppresses transport of the Bloch waves along the lattice. The modes of the flat (or
dispersionless) bands are usually compact localized states (CLS), i.e. modes with nonzero
amplitude only at a finite number of lattice sites. There exist flexible approaches to design
flat-band lattices in a variety of dimensions [134–137], which can support new topological
phases [138], and even model the fractional quantum Hall effect resulting from flat-band
degeneracies of electronic Landau levels interacting within a magnetic field [139]. Moreover,
in recent studies the presence of a disordered potential [140, 141], nonlinearity [142], and
magnetic field [143,144] have been considered.

Well-known within condensed matter, flat-band lattices have gained great interest in the
scientific community, due to theoretical advancements, applications for modeling of natural
systems, and experimental realizations. The cross-stitch lattice (see Sec.4.3.3) has been used
as a model for DNA transport [145–148]. Experimentally, flat-band topologies have been
realized in optical lattices [149–151], ultra cold atomic gases [152,153], trapped ions, [154],
Josephson junctions [155–157], plasmons [158], lasers [159], and waveguides arrays [160,161].

An innovative procedure to detangle flat-band states from dispersive ones has been re-
cently developed for a certain subclass of lattice models [162]. The detanglement yields
dispersive states on a lattice of tight-binding form, while the flat-band states rest on Fano
defects (see Sec.4.3.1). In this chapter, we will study specific onsite potential correlations
that allow the finding of metal-insulator transition occurring in flat-band lattices under
quasiperiodic Aubry-André perturbations.

The chapter is structured as follows: in Sec.4.2 we introduce examples flat-band topolo-
gies, discussing their fundamental aspects and features. In Sec.4.3 we discuss the detangling
procedure of flat-band lattices, focusing on two particular models (cross-stitch and diamond
lattices). We will define the quasiperiodic Aubry-André onsite perturbation, and will high-
light the distinct chain correlations. In Sec.4.4, our findings for these two topologies are
presented. Where applicable, the exact mathematical expression obtained for the mobil-
ity edge is jointly shown with numerically obtained transitions for these particular onsite
correlations. Finally, in Sec.4.5 we conclude and summarize.

4.2 Flat-Band Topologies

Let’s consider the time-independent quasi one-dimensional Schrödinger equation with nearest-
neighbor hopping

Eψl = εlψl − V̂ ψl − T̂ψl−1 − T̂ †ψl+1 . (4.1)

For all l ∈ Z, each component of the vector ψl = (ψ1
l , . . . , ψ�

l )T represents a site of a periodic
lattice, while the set of sites represented by ψl is the l-th unit cell. E is the eigenenergy
of the problem. The real 
 × 
 matrix V̂ defines the geometry of the unit cell, while the
real 
 × 
 matrix T̂ describes hopping to neighboring cells (as will be clarified below for
each model). The T̂ † represents the Hermitian conjugate of the matrix T̂ . At each of the
lattice’s i-th leg {ψi

l}l, an onsite perturbation {εi
l}l is defined. The unit cell perturbation εl

of Eq.(4.1) is thus given by the diagonal square matrix εl = diag
(
εa
l , εb

l , . . . , ε�
l

)
.

The model geometry is contained in the matrices T̂ and V̂ . The dispersion spectrum can
be derived in the unperturbed crystalline εl = 0 via the Bloch solution ψl = φkeikl for the
wave vector k. Eq.(4.1) yields the dispersion relation

Eφk =
(
V̂ + e−ikT̂ + eikT̂ †)φk = B(k)φk

⇒ p(E; k) ≡ det[E I� − B(k)]
(4.2)
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The solution of this linear system yields a k-dependent polynomial p of order 
 in E (
 is
the number of lattice sites of the unit-cell). Each root of p defines a spectral band, and
their union gives the band decomposition of the spectrum. In general, the bands depend
on the wave vector k. These bands are called dispersion bands. If one band is independent
of the wave vector k, in the Brillouin zone it assumes a constant value. This band is called
dispersionless, or flat. The corresponding eigenmodes to this flat-band energy are usually
compact localized states (CLS), i.e. modes whose amplitude is nonzero only across a finite
number of sites [162]. These compact modes are due to the local symmetries of the lattice
topologies and consequent macroscopic degeneracies. We call Flat-band topology a lattice
model in which in the crystalline case εl = 0 exhibits at least one flat-band in the spectrum.
In Fig.4.1, we show some examples of quasi one-dimensional flat band topologies. For each
topology, the correspondent band structure is shown.

Figure 4.1: Quasi one-dimensional flat-band topologies. Circles denote the lattice sites, solid
lines the hopping terms with value one and dashed lines are hopping elements
with tunable value t. The black circles indicated the sites of the compact local-
ized state with identical amplitude. The signs refer to the amplitudes. All the
other sites have zero amplitudes in these flat band states. The band structure
is shown below each lattice. Dispersive bands are denoted in black, flat-bands
in red. Onsite energies are all zero, except in (f) where it is set all constant to
one. (a) cross-stitch, t = 1; (b) diamond, t = 1; (c) one-dimensional pyrochlore;
(d) one-dimensional Lieb; (e) stub; (f) saw-tooth. Figure taken from Ref. [162].

One possible generalized version of the time-independent Eq.(4.1) in the crystalline case
εl = 0 is a lattice topology with long range hopping

Eψl =
∑

k

Ĥl−kψl−k , (4.3)
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where ψl = (ψ1
l , . . . , ψ�

l )T and the 
 × 
 matrices satisfy the condition Ĥl−k = Ĥ†
l+k. This

model equation Eq.(4.3) can either be a flat-band model with finite size interaction (i.e.
there exists an 1 ≥ m < +∞ such that Ĥk = 0 for |k| > m) and with non-local hopping.
Multi-dimensional flat-band topologies follow Eψl = Hψl for a vector ψl = (ψ1

l , . . . , ψ�
l )T .

The index l is a multi-index l = (l1, . . . , lD) and D is the spatial dimension of the topology.
The Bloch representation ψl = φkeik·l holds for the wave vector k = (k1, · · · , kD). This
expansion yields the band decomposition of the spectrum, which rests in D-dimensional
manifolds. An example is the two-dimensional Lieb lattice. In this case, l = (l, m) and the
unit cell is made by three lattice sites ψl = (al,m, bl,m, cl,m)T , as shown in Fig.4.2. The wave
component k = (kx, ky) of the Bloch wave gives ψl = φkeik·l = φkei(kx·l+ky ·m) which make
the spectral bands to be composed of three surfaces (Fig.4.2 - right). This particular model
has two dispersive bands and one flat-band

E±(kx, ky) = ±2

√
cos2 kx

2
+ cos2 ky

2
, EF B = 0 . (4.4)

The two dispersive bands E± touch each other at k = (kx, ky) = (0, 0). At this point, the
two dispersive bands intersect at a singular point, whose neighborhood is called the Dirac
cone.

Figure 4.2: Left: The two dimensional Lieb lattice – the grey shaded region indicates the
unit cell. The black circles indicated the sites of the compact localized state
with identical amplitude. The signs refer to the amplitudes. Right: The band
structure. The blue (top) and red (bottom) are dispersive bands, while the
central one (green) is flat.

The geometry of the topologies and their local symmetries give rise to the shape and the
properties of the compact localized states correspondent to the flat-band(s). In Sec.4.2.1,
we will review the most important concepts regarding the compact states of the flat-band
lattices. In Sec.4.2.2 we will briefly discuss the effect of the presence of disorder, nonlinearity,
and a magnetic field on the diamond chain. In Sec.4.3 we will introduce a coordinate
rotation that arises from the presence and the nature of the compact states. We will use
this technique in Sec.4.4 to study the effect of a certain type of quasiperiodic perturbation
on flat-band topologies.

4.2.1 Flat-Band States, Topology, Class and Open Issues

Compact localized states corresponding to a flat-band energy are states that span over a
finite amount of lattice sites of the topology. As seen in Fig.4.1 and Fig.4.2, the shape and
the distribution of the compact states vary amongst for different topologies. The relation
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between the lattice portion occupied by the compact states, and the minimal unit cell of
the topology is one way to classify the flat-band lattices. From [162], we state the following:

Definition. For a flat-band topology, the class U of one flat-band is the minimum number
of unit cells the compact localized states occupies.

For the one-dimensional topologies shown in Fig.4.1, this definition yields: (a) cross-stitch
U = 1; (b) diamond U = 1; (c) one-dimensional pyrochlore U = 1; (d) one-dimensional Lieb
U = 2; (e) stub U = 2; (f) saw-tooth U = 2. All these lattices have a single flat-band,while
the one-dimensional pyrochlore (c) has two different bands. In this case, both bands have
the same U , which defines the model’s class. In general for multiple flat-band lattices, each
flat-band class needs to be separately specified. This definition can also be used for higher
dimensional topologies. For the two-dimensional Lieb lattice in Fig.4.2, according to the
definition given above, the class is U = 3. However, the definition of flat-band class can be
extended to D-dimensional lattices in the following way

Definition. For a D-dimensional flat-band lattice, the class U = (U1, . . . , UD) is the min-
imal number of unit cells occupied by a compact localized state along each of the lattice
dimensions.

According to this definition, the class of the Lieb lattice shown in Fig.4.2 is U = (2, 2).
In general for higher-dimensional case, this definition allows better representation of the
extension of the compact states along each of lattice dimensions. Moreover, this class defi-
nition is able to represent those topologies with states unbounded in one or more direction,
but bounded in the others (i.e. there exists 1 ≤ i ≤ D where Ui = ∞, while Uj < ∞ for
j 
= i).

Even if the topic of flat-band lattice is not new, it has recently gained attention due to
several analytical advancements in certain sub-classes of flat-band models. Particular at-
tention has been given to the nature of the compact localized states and their relation with
the spectral properties of the flat-band lattice. Recently, these issues have been approached
analyzing the topological invariants of the models’s spectrum: Chern number, Berry curva-
ture and Berry phase. These quantities have been regularly used during this last decade to
study periodic physical systems [163–167]. An intriguing issue consists in finding examples
or families of topologically non-trivial flat-band lattices (non-triviality defined as flat-band
with a nonzero Chern number). Haldane in 1988 [168] and later Chen et. al. [169] showed
that a two dimensional topologically non-trivial flat-band cannot exist with local hopping
(finite hopping in Eq.(4.3)). Several works aimed to design long-range hopping lattices with
exactly specified compact modes corresponding to nonzero Chern number bands [170,171].
Recently however, Scaffidi and Simon proposed a topology with an exact topologically non-
trivial flat-band with finite range hopping occuring in a finite lattice [172].

Flat-band lattices is an open research area, where several intriguing issues are still un-
solved, for the interest of mathematicians, theoreticians and experimentalists - as said,
topologically non-trivial flat-band lattices could potentially be new setting for exploring
novel states of lights and matter. While these exciting aspects are not the central objects of
this chapter, they are worth mentioning, as they are closely related to current hot research
topics in condensed matter. We then move back towards fundamental examples of flat-band
lattices. However, before to proceed discussing the detangling procedure of the compact
localized states and the introduction of quasiperiodic modulations in flat-band lattices, we
review some recent results obtained for one of the most important flat-band lattice: the
diamond chain.
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4.2.2 Diamond Chain - Disorder, Nonlinearity and a Magnetic Field

In the last decade, several studies were dedicated to the class of flat-band topologies. How-
ever, most of them have been focused on either examples in the presence of external agents,
or crafting particular topologies endowed with specific features. Among the different cases,
the diamond chain (Fig.4.1 (b) - formal definition in Sec.4.3.3) is one of the most stud-
ied flat-band lattice. Despite its class U = 1 and its topological triviality, it has heavily
used model for testing theories, analyzing perturbations, and performing experiments. This
subsection reviews recent studies regarding the diamond chain.

In [142], Leykam et.al. discussed the presence of an onsite disorder in the diamond chain.
They considered an uncorrelated uniformly distributed random variable εi

n ∈ [−W/2, W/2]
with disorder strength W < +∞, which in a one-dimensional tight-binding model yields An-
derson localization [2]. Numerical calculations show that the localization length ξ, obtained
using an iterative scheme (see Appendix A), exhibits different exponents of the scaling
law ξ(W ) ∼ W γ on/off the flat-band energy E = EF B. These scaling exponents are yet
unexplained, and remain objects for further investigations.

In the same work, Leykam et.al. also discussed the presence of a cubic nonlinearity (as
in Eq.(2.3)) in the diamond chain and its interplay with disorder. In the disorder-free pure
flat-band energy excitation case, it was shown that the presence of the nonlinearity does
not provoke any spreading. For a disordered nonlinear diamond chain (as for the a one-
dimensional chain), the nonlinearity introduces hybridization between the localized modes
of the linear case, causing different spreading regimes. These different regimes (weak, inter-
mediate and strong) correspond to different strengths of the nonlinear term, and respectively
yields complete localization, spreading and self-trapping.

The effects of a uniform magnetic field in the diamond chain were analyzed by Vidal
et.al. in [143]. The magnetic field is introduced by multiplying the hopping by a phase
factor eiγi,j [173] which, for convenience, it can be put in only one hopping per unit cell eiγ

- Fig.4.3 (a). This yields to the presence of a magnetic flux φ = γ/2π in the chain [173].
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Figure 4.3: (a) Diamond chain under uniform magnetic field. (b) and (c) Compact localized
states correspondent to the flat-band energies E0 = 0 and E±1 = ±2. Figures
taken from [143].

The three spectral bands have equations

En(k) = 2n
√

1 + cos(γ/2) cos(k) , n = 0, ±1 . (4.5)



4.3 Rotation of Flat-Band lattices into Lattices of Fano Defects 35

The flat-band E0 = 0 exists for any value of the flux φ. For γ = π, both dispersive bands
E±1 are independent from the wave vector k. The correspondent states of each band are
compact localized states. In the case of the already existent flat-band E0 = 0, the states
turns from class U = 1 for zero flux φ = 0 to class U = 2 - Fig.4.3 (b). The states of the
flat-bands E±1 = ±2 are also of class U = 2 - Fig.4.3 (c).

We notice how many different features arise from the same flat-band topology. Among the
discussed results, several questions remain open from either the spectral or the dynamical
point of view. Many questions and issues appear about this class of lattice. One of them
(quasiperiodic modulation) will be discussed in the following section. To perform our study,
we use an innovative technique to analyze flat-band topologies, which has been introduced
by Flach et.al. in 2014 [162].

4.3 Rotation of Flat-Band lattices into Lattices of Fano
Defects

In this section, we discuss the rotation of a flat-band lattice into a Fano defect lattice. We
will discuss existence and properties of the coordinate rotations in relation to the nature of
the flat-band states, and we will describe in detail the rotation for the class U = 1 lattices
in presence of spatial perturbation. Before to proceed, let’s motivate the choice of the name
lattices of Fano defects.

4.3.1 Fano-Anderson Model

The name lattices of Fano defects has been introduced in [162] to call the rotated version
of certain flat-band lattices, due to their analogy with the Fano-Anderson model [174].
The Fano-Anderson model consists in the combination of two systems: the first is a one-
dimensional linear chain, like Eq.(2.4); the second consists of one or many non-interacting
states (called Fano states, or also Fano defects) coupled to the chain. In Eq.(4.6) we intro-
duce one example of Fano-Anderson model with a single Fano state of energy EF , repre-
sented by the complex field φ, hopping to the chain with the coupling constant V

i
∂

∂t
ψl = εlψl + C

(
ψl−1 + ψl+1

)
+ δn,0V φ

i
∂

∂t
φ = EF φ + V ψ0 .

(4.6)

A representation of this example of Fano-Anderson model is showed below

• • • • •

�

C

V

EF

Figure 4.4: One-dimensional Fano-Anderson model with a single Fano defect. C is the
hopping of the dispersive chain, EF is the Fano state energy, and V is the
hopping between the Fano state and the dispersive chain.

The coordinate rotation proposed in [162] transforms one-dimensional class U = 1 flat-
band lattices into one-dimensional tight-binding models, where the compact localized states
act like Fano defects. In the crystalline case (εl = 0 in Eq.(4.1)), the rotated compact
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localized states are decoupled from the dispersive chain, and they have Fano energy equal
to the flat-band energy. Onsite perturbations of the flat-band lattice (εl 
= 0 in Eq.(4.1))
couple the Fano defects to the dispersive states.

4.3.2 Detangling Compact Localized States

The basic idea of the detanglement procedure is to map the unit cell(s), expressed in the
canonical basis ε, into a basis v made of the model’s compact localized states and their
orthonormal vectors. This new basis should isolate the compact states from the orthonormal
ones, which represent the dispersive states of the crystalline model. From Sec.4.2.1, we
learned that a compact state’s class is the minimum number of unit cells the state occupies.
In one-dimensional lattices, the compact localized states are usually (all the known cases)
linearly independent for any class U ≥ 1. For higher dimensional flat-band topologies with
U > 1, the states can be linearly dependent (for example the 2D Lieb lattice - Fig.4.2).

For class U = 1, the compact states lie within a single unit cell. Different states then do
not overlap (no shared lattice site), therefore they are orthogonal according to the standard
scalar product. It follows that the compact states form a complete orthonormal basis for
the flat-band. From Eq.(4.1), the flat-band states belong to a 
-dimensional vector space
V � R� (
 is the number of sites per unit cell). The new basis v of V then spans vectors
orthogonal to the flat-band ones. Mapping the topology from the canonical basis ε into the
basis v detangled the compact states from the orthogonal (dispersive) ones. This forms a
dispersive chain, i.e. it isolates the flat-band states from each other (zero hopping), and
they are only connected to dispersive states of their same lattice index. A class U = 1
topology allows detangling all compact localized states simultaneously. For class U > 1, in
general the flat-band states spatially overlap, which lifts their orthogonality. To perform a
similar detangling done for the U = 1 case, the minimal unit-cell needs to be extended to a
super unit-cell made by a group of U unit-cells. In this representation, the lattice become
of class U = 1 for certain compact states (one every U). Therefore, those flat-band states
within the enlarged unit-cells belong to a U · 
-dimensional vector space Ṽ � RU ·�, and the
rotation can be constructed as with the basic case U = 1. This procedure detangles one
compact states every U .

Both the compact states and the orthonormal counterparts for either class U = 1 and
class U ≥ 1 topologies will define a rotation matrix Û . This rotation ϕl = Ûψl is then used
to map the lattice equation Eq.(4.1) into

Eϕl = ÛεlÛ
−1ϕl − Û V̂ Û−1ϕl − Û T̂ Û−1ϕl−1 − Û T̂ †Û−1ϕl+1 . (4.7)

where some coordinates of the rotated vector ϕl = (ϕ1
l , . . . , ϕU ·�

l ) correspond to the compact
states, which will be isolated and act as Fano coordinates. Let us indicated these coordinates
by f i

l . The complementary set of coordinates representing the dispersive bands will be
indicated by pi

l. It is interesting to note that the rotating scheme proposed for the crystalline
case also provides a rotation method that remains valid also with the presence of onsite
perturbation εl, of any nature. This method is then very effective for understand the effects
of onsite perturbation on flat-band topology, and it also remain valid for lattices of class
U > 1.

4.3.3 Cross Stitch and Diamond chains

In this subsection we consider two lattice topologies – the cross-stitch and chains. Both are
examples of "frustrated two-leg ladders”, which garnered the interest of the quantum spin
community [175–178]. The cross-stitch model, shown on the left of Fig.4.5, is defined for
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a unit cell ψl = (al, bl)T with a 2 × 2 perturbation matrix εl. This yields for Eq.(4.1) the
following matrices

V̂CS =
(

0 t
t 0

)
, T̂CS =

(
1 1
1 1

)
. (4.8)

Figure 4.5: Left: The cross-stitch lattice – the grey shaded region indicates the unit cell.
Right: The transformed Fano defect lattice of Eq.(4.16).

Likewise for the diamond lattice, as shown on the left of Fig.4.6, the unit cell is ψl =
(al, bl, cl)T with a 3 × 3 perturbation matrix εl. In this case, the matrices in Eq.(4.1) are

V̂DC =

⎛
⎜⎝ 0 t 1

t 0 1
1 1 0

⎞
⎟⎠ , T̂DC =

⎛
⎜⎝ 0 0 0

0 0 0
1 1 0

⎞
⎟⎠ . (4.9)

Figure 4.6: Left: The diamond lattice – the grey shaded region indicates the unit cell. Right:
The transformed Fano defect lattice of Eq.(4.27).

In the unperturbed crystal εl = 0, the dispersive bands are

E(k) =

⎧⎨
⎩

−t − 4 cos k, Cross-Stitch,

−1
2

(
t ± √

t2 + 16 cos k + 16
)

, Diamond.
(4.10)

Additionally, both models contain a flat-band at E(k) = t.
Associated with the flat-band energy, a resulting compact localized states (CLS) is con-

structed: ψl = (1, −1)T δl,l0/
√

2 (cross-stitch) and ψl = (1, −1, 0)T δl,l0/
√

2 (diamond). Note
that both are contained within a single unit cell. Therefore, according to the definition
previously stated, both lattices are of flat-band model class U = 1. Coordinate transfor-
mations local to the unit cells rotate these lattices into a Fano defect form [162]. For the
cross-stitch, the rotation is defined by the real matrix ÛCS(

pl

fl

)
= ÛCS ψl, ÛCS =

1√
2

(
1 1
1 −1

)
. (4.11)

Similarly for the diamond lattice the transformation is defined by the real matrix UDC⎛
⎜⎝ pl

fl

cl

⎞
⎟⎠ = ÛDC ψl, ÛDC =

1√
2

⎛
⎜⎝ 1 1 0

1 −1 0
0 0

√
2

⎞
⎟⎠ . (4.12)
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Lastly, this local coordinate transformation must also rotate the onsite perturbation. For
both lattices, this gives

ε±
l = (εa

l ± εb
l )/2. (4.13)

From Eq.(4.13), notable correlations between the a-leg and b-leg perturbations appear and
will be object of our studies for both models; namely

Symmetric: ε−
l = 0 ⇔ εa

l = εb
l ,

Antisymmetric: ε+
l = 0 ⇔ εa

l = −εb
l .

(4.14)

4.4 Flat-Band Engineering of a Mobility Edge

The effect of quasiperiodic Aubry-André perturbations on the cross-stitch and diamond
topologies is the focus of this subsection. For both lattices, the onsite perturbations {εi

n}
are defined as independent Aubry-André potentials

εi
l = λi cos [2π (αl + θi)] , (4.15)

for the i = a, b (cross-stitch) and i = a, b, c (diamond) legs. The parameters λi are positive
real values controlling the perturbative strength, θi is the phase-shift, and α is an irrational
number (here set to the golden ratio) called the incommensurate parameter. Without loss
of generality, the a-leg phase can be zeroed (θa = 0). We also set the leg potential strengths
equal to each other, λi = λ. Since the a-leg phase has been zeroed, from Eq.(4.15) these
two correlations - Eq.(4.14) - are obtained solely from the b-leg phase, e.g. θb = 0.5 (θb = 0)
for the antisymmetric (symmetric) case.
Note that in the crystalline case εl = 0, the number of bands in the dispersion relation
equals the number of sites in the unit cell for each of the above models, Eq.(4.10). Breaking
the translation invariance of the lattices with the introduction of a non-periodic onsite
perturbation [e.g. Eq.(4.15)] will generally lead to a loss of the spectral band structure due to
hybridization, resulting in one single energy spectrum for the model. However as seen here,
the symmetric case of Eq.(4.14) renormalizes the flat-band states, yet keeps their compact
localized form due to the absence of any hybridization with the rest of the dispersive states.
Note that the resulting eigenstate separation into two groups (compact localized states and
dispersive) is unrelated to the abovementioned band structure of the crystalline case, since
the spectra of both groups will overlap in general. We start the analysis of these models
with the cross-stitch in Sec.4.4.1, and then with the diamond lattice in Sec.4.4.2.

4.4.1 Cross-Stitch Lattice

By Eqs.(4.11,4.13), the cross-stitch lattice transforms into

(E + t) pl = ε+
l pl + ε−

l fl − 2 (pl−1 + pl+1) ,

(E − t) fl = ε+
l fl + ε−

l pl .
(4.16)

This results in a Fano chain, as shown in the right of Fig.4.5. The local rotation yields
a dispersive coordinate pl and a compact Fano coordinate fl. The sequence ε+

l describes
onsite perturbations of both pl and fl, while the sequence ε−

l couples the dispersive to the
Fano coordinate within the rotated unit cell [162]. Solving for the Fano coordinates fl in
the second equation above, we obtain a new equation for the dispersive portion

(E + t) pl =
[
ε+
l +

(ε−
l )2

(E − t) − ε+
l

]
pl − 2 (pl−1 + pl+1) . (4.17)
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The reduced topology assumes a tight-binding form. If eigenmodes are exponentially local-
ized, their asymptotic decay is ψν

l ∼ e
− l

ξ . The rate ξ−1(E) is the inverse localization length
of a localized state at eigenenergy E ∈ R, found by applying the recursive iteration

ξ−1(E, λ) = lim
M→+∞

1
M

M∑
l=1

ln
∣∣∣pl+1

pl

∣∣∣. (4.18)

for any given potential strength λ. We will use this method in all the numerical computations
of the two models’ localization lengths, for M = 106. The energy E in Eq.(4.17) will be
numerically found from an exact diagonalization of a finite lattice of N = 512 unit cells.
In all the figures showed in the rest of this chapter, if the recursive iteration converges to
a finite value (chosen [179] here as ξ ≤ N/10), the datapoint (E, λ) is declared a localized
state and plotted in blue. Otherwise if the iteration diverges, the datapoint is declared an
extended state and plotted in red.

4.4.1.1 Symmetric Case: Metal-Insulator Transition

We analyze first the symmetric case ε−
l = 0, obtained for θb = 0.0. Eq.(4.16) reads

(E + t) pl = ε+
l pl − 2 (pl−1 + pl+1) ,

(E − t) fl = ε+
l fl

(4.19)

with ε+
l = εa

l = εb
l . The two sets of states pl and fl decouple and generate two independent

spectra, respectively labeled σp and σf . The parameter t then simply operates as a shift
parameter, translating σp and σf relative to each other by 2t.

The dispersive states pl are described by an Aubry-André chain, displaying a MIT at
λc = 4. The σf states keep their compact feature, but the degeneracy of their eigenenergies
is now removed - these eigenenergies are given by E = ε+

l + t. In Fig.4.7, we plot the
dispersive spectrum from Eq.(4.19), as a function of λ. In this symmetric case, the spectra
σp and σf are independent, since the pl and the fl coordinates decouple. For every potential
strength λ > 0, the Fano states spectrum σf = {ε+

l }l is equidistributed within the interval
[t − λ, t + λ]. In Fig.4.7 we indicate its boundaries by dashed lines. For the dispersive
spectrum σp, the localization length is numerically found with the recursive iteration (4.18),
and the localized phase (red) is demarcated from the extended one (blue). At the critical
value λc = 4, all dispersive states switch from extended to localized. In this case, there is
no mobility edge.

4.4.1.2 Asymmetric Case ε−
l 
= 0: Numerical Evidence for a Mobility Edge

Breaking the symmetry ε−
l 
= 0 (θb 
= 0) of the Fano chain, Eq.(4.16) effectively couples

the dispersive states pl to their compact Fano counterparts fl. Therefore, the self-duality
is lost, and the two independent spectra (σp,f ) are now joint. Nevertheless, we expect a
transition between localized and extended states via an energy-dependent mobility edge. In
Fig.4.8 we plot the spectrum of the lattice in the asymmetric case for θb = 0.25 and t = 0.
A mobility edge is clearly observed separating the localized regime (red) from that which is
extended (blue).

4.4.1.3 Antisymmetric Case (ε+
l = 0): Analytic Mobility Edge

Among all the non-symmetric cases obtained for θb 
= 0, antisymmetry (θb = 0.5) deserves
special attention. It was already introduced in [180], providing a starting point in which to
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Figure 4.7: Symmetric Case: The dispersive spectrum (σp) of the cross-stitch lattice, for
ε−
l = 0 and t = 0. The Fano state spectrum σf is omitted, but its boundaries

indicated by black dashed lines. The black line represents the MIT at λ = 4,
which clearly separates extended states (blue) from those localized (red).

clarify technical details and to obtain a closed form for mobility edge curves; this will be
made use of later on for discussion of the diamond chain.

In this situation ε+
l = 0 and Eq.(4.16) transforms into

(E + t) pl = ε−
l fl − 2(pl−1 + pl+1),

(E − t) fl = ε−
l pl.

(4.20)

Since ε−
l 
= 0, from the second equation of (4.20) it follows that at the flat-band energy

ε−
l pl = 0 ⇒ pl = 0 , (4.21)

Then, from the first equation of (4.20) we conclude

ε−
l fl = 0 ⇒ fl = 0. (4.22)

Therefore, only (pl, fl) = (0, 0) satisfies Eq.(4.20) exactly at the flat-band energy E = t. It
follows that all compact localized states are expelled from the unperturbed flat-band energy
E = t, since their energies are shifted away from this energy due to hybridization with the
dispersive states. The resulting states are then localized modes, located in the localized
portion of the energy spectrum.

For this case we identify the analytical form of the mobility edge. Indeed the dispersive
part, Eq.(4.17), reads

(E + t) pl =
(ε−

l )2

E − t
pl − 2(pl−1 + pl+1) . (4.23)

By trigonometric bisection

(ε−
l )2 = λ2 cos2(2παl) =

λ2

2
[1 + cos(4παl)] . (4.24)
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Figure 4.8: Asymmetric Case: Spectrum of the cross-stitch lattice, for θ = 0.25 and t = 0.
The extended (localized) portion of the spectrum is shown in blue (red), while
the color boundary is a mobility edge approximation of the spectrum.

Substituting Eq.(4.24) back into the previous equation, we obtain

Ẽpl =
λ2

4(E − t)
cos(4παl) − (pl−1 + pl+1),

where Ẽ :=
E + t

2
− λ2

4(E − t)
.

(4.25)

Therefore, the model becomes an Aubry-André chain eigenvalue equation, but with an
onsite perturbation strength depending on both λ and E. From [86], the MIT occurs when
the potential strength is twice larger than the hopping strength. Imposing this condition,
an analytic expression is found for the mobility edge, λc(Ec):

∣∣∣ λ2
c

4(Ec − t)

∣∣∣ = 2 ⇒ λc(Ec) = 2
√

2|Ec − t| . (4.26)

Note that for Ec = t, the critical potential strength λc vanishes in a square root manner,
where the previously discussed lack of states at the unperturbed flat-band energy E = t
occurs. The analytic curve of the mobility edge plot in Fig.4.9 displays excellent agreement
with the numerical result.

4.4.2 Diamond Lattice

Under the transformation in Eqs.(4.12, 4.13), the diamond lattice’s Eq.(4.1) become

(E + t) pl = ε+
l pl + ε−

l fl − √
2(cl + cl+1),

(E − t) fl = ε+
l fl + ε−

l pl,

(E − εc
l ) cl = −√

2(pl−1 + pl),
(4.27)

as illustrated graphically in the right plot of Fig.4.6. Expressing the fl and cl variables
through the pl ones, we reduce these equations to a tight-binding form which contains the
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Figure 4.9: Anti-symmetric Case: Spectrum of the cross-stitch lattice, for θ = 0.5 and
t = 0. The analytically predicted mobility edge Eq. (4.26) (black line) separates
extended (blue) and localized (red; ξ < 51) modes.

pl coordinates only:

(E + t) pl =
[
ε+
l +

(ε−
l )2

(E − t) − ε+
l

+
2

E − εc
l

+
2

E − εc
l+1

]
pl

+
2

E − εc
l

pn−1 +
2

E − εc
l+1

pl+1,

≡ ε̃l pl + γl−1 pl−1 + γl+1 pl+1 . (4.28)

The effective onsite potential ε̃l is a function of the three onsite energies of the diamond
lattice εa,b,c

l in Eq.(4.15). However, the effective hopping terms γl±1 depend on the onsite
energy εc

l of the c-chain. Since the model has both quasiperiodic onsite energies and hopping
coefficients, one may expect that the Aubry-André duality does not generally hold.

Also note that the functional dependence of several terms in Eq.(4.28) is of the form

2
E − εc

l

=
2

E − λ cos [2π (αl + θc)]
, (4.29)

which was used in Ref. [181] for a model with constant hopping coefficients, arriving to
analytically expressable mobility edges. Therefore, one can expect that mobility edges will
be present in our model as well. As an example, in Fig.4.10 the spectrum of the diamond
lattice Eq.(4.28) is plotted, for θb = 0.5, θc = 0.05 and t = 0 – a mobility edge is clearly
observed.

To obtain closed forms of the mobility edge, the hopping terms are set constant: γl±1 = Γ.
From Eq.(4.29), this choice corresponds to

2
E − εc

l

= Γ ⇔ εc
l = K (4.30)

for a real constant value K. Eq.(4.28) becomes

(E + t) pl =
[
ε+
l +

(ε−
l )2

(E − t) − ε+
l

+
4

E − K

]
pl

+
2

E − K

(
pl−1 + pl+1

)
.

(4.31)
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Figure 4.10: Spectrum of the diamond lattice, for θb = 0.5, θc = 0.05 and t = 0. The
extended (localized) spectral portion is shown in blue (red), while the color
boundary is again a spectral mobility edge approximation.

As a consequence of this choice, an extended state D exists at energy E = K, regardless of
any other control parameters of Eq.(4.27):

E = K , cl = (−1)n , fl = pl = 0 . (4.32)

The state’s amplitudes reside only on the c sites (see Fig.4.11). The existence of this
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Figure 4.11: Extended state D at energy E = K on the diamond lattice in case of constant
onsite potential εc

l = K on the c-chain (up to normalization).

extended state is not affected by the perturbation strength λ, the flat-band energy E = t,
nor any specific correlation of the onsite potential. Therefore, if the model admits a mobility
edge curve λc(Ec), it follows that it will diverge λc(Ec = K) = ∞, yielding a singularity.

4.4.2.1 Symmetric Case: Analytic Mobility Edge

We consider first the symmetric case ε−
l = 0, obtained for θb = 0.0. In this situation,

Eq.(4.27) reads

(E + t) pl = ε+
l pl + −√

2(cl + cl+1) ,

(E − t) fl = ε+
l fl , (4.33)

(E − K) cl = −√
2(pl−1 + pl) .

The fl states decouple from both pl and cl states, generating two independent spectra σf

and σp,c. The flat-band energy t shifts the two energy spectra of 2t relative to each other.
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The rotated Eq.(4.31) now turns into

Ẽ pl =
(E − K)λ

2
cos(2παl) pl + pl−1 + pl+1,

where Ẽ :=
(E + t)(E − K)

2
− 2.

(4.34)

Note the onsite potential strength is now dependent on λ and E. Imposing the equality
between the potential strength and the Aubry-André critical value, we arrive at the mobility
edge ∣∣∣∣∣(Ec − K)

2
λc

∣∣∣∣∣ = 2 ⇒ λc(Ec) =
∣∣∣∣∣ 4
Ec − K

∣∣∣∣∣ . (4.35)

The mobility edge curve diverges at E = K due to the existence of the delocalized state
D. We plot this mobility edge curve in Fig.4.12 and observe very good agreement with the
numerical results.

Figure 4.12: Symmetric Case: Dispersive spectrum (σp,c) of the diamond lattice, for ε−
l = 0,

K = 1, t = 0. The Fano state spectrum (σf ) is omitted, but its boundaries
are indicated by black dashed lines. The extended (localized) states of the
dispersive spectrum are shown in blue (red) – the boundary between these is
a mobility edge approximation, in good agreement with its analytical form of
Eq.(4.35), shown as a solid black line. Note that at E = K, the mobility edge
diverges to infinity.

4.4.2.2 Antisymmetric Case: Analytic Mobility Edge

We consider the antisymmetric case ε+
l = 0 obtained with θb = 0.5, and with εc

l = K.
Eq.(4.27) reads

(E + t) pl = ε−
l fl − √

2(cl + cl+1) ,

(E − t) fl = ε−
l pl ,

(E − K) cl = −√
2(pl−1 + pl) .

(4.36)

For t 
= K, all eigenenergies are expelled from the flat-band energy E = t.
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In Fig.4.13 we plot the spectrum for this antisymmetric case for t = −1 and K = 1. We
derive an analytical expression of the mobility edge by reducing Eq.(4.36) to an Aubry-
André form for the pl coordinates:

Ẽ pl =
E − K

2
λ2

2(E − t)
cos(4παl) pl + pl−1 + pl+1,

where Ẽ :=
E − K

2

[
(E + t) − λ2

2(E − t)

]
− 2.

(4.37)

The condition for the MIT yields

∣∣∣∣∣E − K

2
λ2

c

2(E − t)

∣∣∣∣∣ = 2 ⇒ λc(E) = 2

√√√√2
∣∣∣∣∣ E − t

E − K

∣∣∣∣∣ (4.38)

Figure 4.13: Antisymmetric Case: Spectrum of the diamond lattice, for ε+
l = 0, K = 1,

t = −1. The extended (localized) spectral portion is shown in blue (red). The
boundary between is an approximation of the spectrum’s mobility edge – in
good agreement with the analytical form of Eq.(4.38), plotted as a black line.
Not the mobility edge curve zeroes at E = t, as well as diverges at E = K.

In Eq.(4.38), the mobility edge curve λc(Ec) diverges to infinity at E = K, in correspon-
dence to the delocalized state D. The curve also displays a zero at E = t, which corresponds
to the lack of any states at the flat-band energy [182]. The mobility edge curve of Eq.(4.38)
is plotted in Fig.4.13 and shows excellent agreement with the numerical data.

4.5 Summary and Discussions

In this chapter we have discussed two examples of class U = 1 flat-band lattices. General
perturbations of these topologies lead to a removal of the degeneracy. This has especially
dramatic consequencies for quasiperiodic Aubry-André form perturbations. The flat-band
energy now hosts a zero of a mobility edge curve λc(Ec). When approaching this zero the
density of states grows, and the spatial extent of the eigenstates drops, making them more
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localized. For specific symmetries of the applied quasiperiodic potential, the dependence
λc(Ec) is obtained analytically, confirming the predicted zero, and further proving the strict
nonexistence of any state at the former flat-band energy. Some flat-band topologies allow the
existence of completely delocalized eigenstates at certain energies E = K. This leads to even
more complex mobility edge curves which allow for a coexistence of zeroes and divergencies
of λc(Ec). Possible future topics of study include extension to U > 1 topological classes
and higher dimensional flat-band models. It is our hope that the use of flat-band topologies
contributes interest to tunable mobility edges, e.g. by those realized in graphene [183],
monolayered dichalcogenides [184], or vandium dioxide films [185,186].
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CHAPTER 5

Driven Lattices with Quasiperiodic and
Random Potentials

In this chapter, we study the effects of time-dependent perturbations on one-dimensional
lattices in the presence of localizing potentials. In the following sections, we discuss two par-
ticular types of driven systems, one with quasiperiodicity in space, and one with quasiperi-
odicity in time. Specifically, in the first we consider a quasiperiodic one-dimensional Aubry-
André model chosen to be well in the localized regime and add a weak time-space dependent
periodic perturbation. In the second, we instead consider a disordered one-dimensional An-
derson chain in the presence of a quasiperiodic multi-frequency driving. Remarkably, the
drivings generate two distinct outcomes. In the former, for particular frequency values the
perturbation resonantly couples groups of localized eigenstates of the undriven model and
turns them into extended ones. In the latter, for regimes of slow driving the multi-frequency
perturbation substantially increases the localization length of the localized modes. How-
ever, the localization length stays finite for any finite number of frequency components.

This chapter is based on the following publication:

• H. Hatami, C. Danieli, J. D. Bodyfelt and S. Flach, "Quasiperiodic driving of An-
derson localized waves in one dimension", Phys. Rev. E 93, 062205 (2016);

• L. Morales-Molina, E. Doerner, C. Danieli and S. Flach, "Resonant metallic states
in driven quasiperiodic lattices: Aubry-Andre localization by design", Phys. Rev. A
90, 043630 (2014).

5.1 Introduction

During the last few decades, a very intense theoretical and experimental research activity has
been dedicated to the understanding of novel features of quantum and classical systems in
presence of either strong or weak time-dependent external field [187]. In particular, driving
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in time finds interest not only because it can modify the system’s asymptotic dynamics, but
also because it might profoundly change its spectral properties, and even generate novel
states of matter and light.

The realization of new states of light and matter is a hot topic within the scientific
community. Among the different routes investigated to achieve this goal, driving the system
using external fields in order to obtain synthetic gauge structures is an highly-considered
one [188–191]. For example, a number of works have recently proposed different methods
to design spin-orbit coupling or mimicking a magnetic field in driven cold atoms by using
shaken optical lattices [192–196]. Another case is in superfluids, where the Floquet Majorana
fermions have been created by proper external drivings of superconducting systems [197–
200].

An important aspect associated with the introduction of an external driving in a system
is the possible loss of the phase coherence. This effect usually involves the presence of
random fluctuations in time. Such dephasing might potentially yield a complete change of
the physical phenomena observed in the undriven system. In one-dimensional disordered
lattices, for example, Anderson localization is lost by introducing a random dephasing of
the onsite energy [131] (see Sec.5.3 for details). Both models considered in this chapter are
spatially non-periodic one dimensional lattices in the presence of coherent driving. We will
approach the issue of the phase decoherence in Sec.5.3, where we will discuss the case of
a one-dimensional disordered lattice in presence of a quasiperiodic driving. Such driving
is characterized by the presence of D ≥ 2 incommensurate frequencies (colors). With any
finite number of colors the driving is effectively coherent, however the randomness of the
driving (and the consequent decoherence) is then achieved in the limit of D 
−→ +∞ (see
Sec.5.3 and Appendix B.1 for details).

Interest of spatially non-periodic systems exists in the scientific community, ever since
Anderson’s prediction of wave localization in a one-dimensional lattice under an uncorrelated
random disorder [2] (Sec.2.3 of the introduction). The question whether certain driving
terms would effect the localization of this chains naturally follows. This might depend on
the spectral properties of the undriven model, as well as on the nature of the the driving
terms themselves. Often these systems allow one to construct solid analytical frameworks
based on Floquet and/or harmonic analysis, in order to support numerical evidences of
alteration in the time behaviour of the model.

The chapter is structured as follows: in Sec.5.2 we discuss the case of a one-dimensional
Aubry-André lattice in the presence of time-periodic and spatially quasiperiodic weak drive.
In Sec.5.3, we discuss a one-dimensional random chain in presence of a multi-frequency
quasiperiodic drive of the onsite energy. Finally in Sec.5.4 we conclude and summarize the
results. We refer to Appendix B.1 for all the technical details omitted in the main text.

5.2 Resonant Metallic States in Driven Quasiperiodic
Lattices

As introduced in Sec.2.4 and Sec.3.2, one-dimensional quasiperiodic lattices usually allow
for the existence of localized and extended states. In the Aubry-André case, the metal-
insulator transition (MIT) separates extended states (metallic regime) from localized states
(insulating regime) and is controlled by the depth of the quasiperiodic potential. Notably,
the MIT for the Aubry-André model is energy-independent, due to a duality symmetry
[86]. Extensions can include driven-AC forces to allow additional control over the MIT
[201]. Here, we address the question whether a weak (but resonant) space-quasiperiodic
and time-periodic perturbation can destroy the Aubry-André localization. Early studies
of Anderson localization with uncorrelated random potentials show that the absence of
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correlations allows for a finite increase of the localization length in the presence of time-
periodic AC perturbations, but keeps to a finite upper bound [202–204]. Despite a number of
further publications on driven Harper models [205,206] and versions of driven Aubry-André
models [207], the results are basically soft modifications of the properties of the unperturbed
eigenstates in the presence of driving. We consider a time-periodic moving lattice which
mimics the effect of a driving force. The amplitude of the moving lattice is taken to be
small, but its oscillation frequency is chosen such that it resonantly couples localized states
from distinct bands of the undriven Aubry-André system. At the same time the additional
spatial quasiperiodic perturbation effectively increases the reciprocal space dimensionality
from D = 1 to D = 2. At a spatial resonance, this is reduced to an effective one-dimensional
ladder topology. As a result of this resonant coupling, delocalization takes place. We use
a Floquet representation to extract the eigenstates of the driven system. We find that at
certain resonant values of the driving frequency, groups of eigenstates completely delocalize.
We study the properties of these resonant extended eigenstates, and perform wave packet
evolution tests to show that off-resonance AA localization holds, but on-resonance ballistic
transport is obtained.

5.2.1 The Model

Ultra-cold atoms in optical lattices offer an ideal benchmark for the study of Anderson
localization, since disordered lattices are experimentally feasible to build. For instance, a
quasiperiodic lattice potential can be created by a bichromatic lattice [208,209] of the form

U(x) = U1 cos(k1x) + U2 cos(k2x + φ), (5.1)

where φ is a constant phase introduced to shift the two lattices relative to each other. Here
k1 and k2 are the wavevectors and U1 and U2 are the amplitudes of the two lattice potentials
(see [210] for generalizations).

Within the tight-binding approximation obtained in the limit U1 � U2 [209], the quantum
dynamics for a particle moving in a quasiperiodic potential Eq.(5.1) can be described by the
Aubry-André (AA) [86] or the Harper model [85]. Details of the derivation of the AA model
can be found, for instance, in [211]. The experimental verification of the MIT of the AA
model, and therefore the realizability of the tight-binding approximation, was demonstrated
in Ref. [20] for ultracold atoms. Here we consider the driven Aubry-André model

i
∂

∂t
ψl = ψl+1 + ψl−1 + V1 cos(2παl + δ)ψl

+ V2 cos(2πβl + Ωt)ψl . (5.2)

The first line in Eq.(5.2) corresponds to the undriven AA model in dimensionless units.
Here ψl is the complex wave function amplitude at lattice site l, V1 is the strength of the
quasiperiodic potential, α is an irrational number setting the spatial period 1/α which is
incommensurate with the lattice spacing Δl ≡ 1 (here α will be chosen as α =

√
3 − 1 ≈

0.732), and δ is a relative phase. Note that V1 is a certain function of U1,2 from Eq.(5.1) [209].
The second line in Eq.(5.2) represents a time-space-periodic perturbation potential with
amplitude V2, spatial period 1/β, and the AC driving frequency Ω. It can be realized by
ultracold atomic gases adding a term U3 cos(k3x), U3 � U1, to the trichromatic lattice
laser potential, together with a time-dependent variation [208] (see also [187], page 95).
Note that the Eq.(5.2) are invariant under shifts of α or β by any integer, therefore their
irreducible space is confined to the unit interval. Despite the time-dependent perturbation,
the above equations maintain a generalized symmetry β → −β, t → −t and ψ → ψ∗. For
all practical computational purposes, we use a finite system size N with fixed boundary
conditions ψ0 = ψN+1 = 0.
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ω0

Figure 5.1: Energy spectrum E vs. V1 of the undriven Aubry-Andre model (V2 = 0) with
α =

√
3 − 1. The shadowed region indicates the metallic regime for V1 < 2.

The arrow indicates the separation between edge and center bands for V1 = 2.5
within the insulating regime. Length of the separation is denoted with ω0.

In the absence of ac driving, V2 = 0, the system (5.2) is self-dual, and is known to possess
a MIT at the critical depth of the potential V1 = 2 [86]. This is usually shown through a
duality transformation. We generalize this transformation to our driven model. In analogy
to the procedure in [86] we define

ψl ≡ ei2πKl
∑
n,m

fn,mei[(2παl+δ)n+(2πβl+δ)m] . (5.3)

Here fn,m are the complex wave function amplitudes in reciprocal (spatial Fourier) space
with the Bloch wave number K ∈ R. The indices n, m can take all integer values. They
correspond to the two lattice frequencies 2πα and 2πβ of the model. So far we consider
the case when the ratio α/β is irrational as well. Then the equations (5.2) turn into a
two-dimensional lattice problem in reciprocal space:

i
∂

∂t
fn,m = 2 cos [2π(αn + βm + K)] fn,m

+
V1
2

(fn+1,m + fn−1,m)

+
V2
2

(
ei2πg(t)fn,m−1 + e−i2πg(t)fn,m+1

)
(5.4)

where the function
g(t) = Ωt − δ (5.5)

takes care of the time-dependent relative phase shifts of the two potentials. The complex
term e±i2πg(t) introduced in the hopping along the momentum direction of Eq.(5.4) by the
time-dependent relative phase shifts g(t) suggests that the second perturbation potential
acts as a magnetic field. However, the total flux φ per plaquette in the two-dimensional
reciprocal lattice Eq.(5.4) is zero, since in each plaquette, φ = (2πg(t) − 2πg(t))/2π = 0.
[173].

Let us discuss these results for Ω = 0. Eq.(5.2) is a one-dimensional Schrödinger equation
(on a lattice). We could always transform it into a Bloch basis of extended plane waves.
However the consequence of that will be, in general, some nonlocal coupling between the
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Bloch states for irrational α and β. Instead, the transformation Eq.(5.3) uses a basis
which transforms Eq.(5.2) by keeping a nearest neighbour interaction network as observed
in Eq.(5.4). In particular, for V2 = 0 the resulting network interaction is an infinite set
of noninteracting one-dimensional networks, while for V2 
= 0 it becomes two-dimensional.
Conceptually, this is close to recent advances in emulating three-dimensional Anderson MIT
using quantum kicked rotors with several additional temporal frequencies [212].

For V2 = 0, the two-dimensional lattice Eq.(5.4) decouples into independent and equiv-
alent one-dimensional ones. These chains are identical to the unperturbed Aubry-Andre
case in real space Eq.(5.2) and exhibit a MIT at the critical value V1 = 2. With the ansatz
ψl(t) = e−iEtφl we solve the corresponding eigenvalue problem for the eigenenergies E.
Fig.5.1 shows the spectrum of energy E as function of V1. A well defined hierarchy of gaps
and subgaps appears in the spectrum between different eigenenergies, due to its topological
structure (for all V1 
= 0, the spectrum is a Cantor set [105, 213]). However, the nature
of the corresponding eigenmodes depends on V1, since for V1 > 2 all the eigenstates are
localized, whereas for V1 < 2 they are extended. This means that any initially localized
wavepacket for V1 > 2 will remain localized at all times.

5.2.2 Driven Lattice Resonances

Spatial resonances happen for V2 
= 0 but with a commensurate ratio of the two spatial
frequencies α/β = p/q with {p, q} integers. Then the transformation (5.3) extends only
over a q independent integers m = 0, 1, 2, ..., q − 1, turning the two-dimensional lattice (5.4)
into a one-dimensional ladder with q legs. The boundary conditions between the 1st and
the qth leg are defined by the second integer p.

Let us add a weak perturbation potential V2 = 0.25 for the case V1 = 2.5, where the
eigenstates of the undriven system are localized. We hunt for a resonant coupling of the
eigenstates of the undriven case through the AC driving. Therefore the driving frequency Ω
should take values of the order of the gaps of the spectrum of the undriven case in Fig.5.1.

Due to the time-periodic forcing, it is convenient to use the Floquet formalism. The
wavefunction is expanded in terms of Floquet states ul(t) = e−iεtφl(t), with φ(t+T )l = φl(t),
where T = 2π/Ω (see also [214] for details). To determine the degree of (de)localization of
Floquet states, we compute the participation number [83,215]

P =
∑

l |ul|2∑
l |ul|4 . (5.6)

with the lower bound P = 1 which accounts for maximal localization, and the upper bound
P = N corresponding to an extended state with constant amplitude (here N is the number
of lattice sites). Any localized eigenstate will produce a finite P which does not scale with
the system size N � P . Extended eigenstates have fluctuating amplitudes, and their P
is always less than N , strictly speaking with no lower bound on the ratio P/N . However,
their distinct feature is that P scales linearly with N . For each parameter set {β, Ω} we
find all Floquet eigenstates, compute P for each of them, and identify the highest value.
Fig.5.2 shows the intensity plot of the highest participaton number as a function of β and Ω.
While even the states with largest spatial extend stay very localized for almost all parameter
values, we find a strong resonant spot at β ≈ 0.37 and Ω ≈ 2.9, and its symmetry related
partner point at β ≈ 0.63. Weaker spots are observed at Ω ≈ 2.4, 4, 5.8.

At the main resonance, β corresponds approximately to α/2. Therefore the two-dimensional
lattice in reciprocal space Eq.(5.4) is reduced to a two-leg ladder. The resonance frequency
Ω = 2.9 fits very well the distance between the edge and center bands ω0 in Fig.5.1. To
make sure that the observed resonance is indeed due to extended states, we plot in Fig.5.3
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Figure 5.2: Left plot: Density plot of highest participation number vs Ω and β. Dashed
lines indicates the resonances Ω = ω0 = 2.9 and Ω = 2ω0 = 5.8. Here V1 = 2.5,
V2 = 0.25, α =

√
3 − 1, Here N = 200.

the participation numbers P for all Floquet eigenstates of a system with size N = 200
sorted according to their increasing value. In addition we also plot their second moments

m2 =
∑

l

(l − 〈l0〉)2|ul|2, (5.7)

where 〈l0〉 =
∑

l l|ul|2 is the first moment of the wavepacket. Note that we do not reorder

Figure 5.3: Upper panel: Ordered values of P of the Floquet states vs Floquet state number
ν. The insets show the absolute value of the wave function versus lattice site n for
the state with smallest and largest P . Lower panel: Same for the second moment
m2, with the sorting index from the upper panel. Inset shows enlargement of the
region around the number 150 for a logarithmic scale. Here V2 = V1/10 = 0.25,
α =

√
3 − 1, β = 0.37, Ω = 2.9. N = 200.

the second moments, but plot them using the same sorting as for the participation numbers.
We find that states with increasing size are detected using both measures. In the inset of
the upper panel in Fig.5.3, we show the wave function of the state with the smallest P
and the highest one. While the former one is strongly localized, the state with the highest
participation number is clearly delocalized over the whole system.
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If the observed resonance is leading to complete delocalization in an infinite system, the
highest participation number should scale linearly with the system size N of a finite lattice.
We test this prediction and show in Fig.5.4 that it is indeed correct. Therefore the observed
resonance at Ω = 2.9 and β = 0.37 generates extended eigenstates.

0 500 1000 1500 2000
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100

200

300

400

P

Figure 5.4: Highest participation number as a function of the system size N at resonance
β = 0.37, Ω = 2.9. Other parameters V1 = 2.5, V2 = 0.25, α =

√
3 − 1.

In the presence of stronger driving the observed resonances are expected to broaden. We
test this prediction repeating the calculation in Fig.5.2 while doubling the strength of the
driving potential V2 = 0.5. The outcome is shown in Fig.5.5 and confirms our expectations.
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Figure 5.5: Density plot of the highest participation number vs Ω and β. Here V1 = 2.5,
V2 = 0.5, α =

√
3 − 1. Here N = 200.

5.2.3 Wave Packet Spreading

Another consequence of the generation of delocalized extended eigenstates is that an ini-
tially localized wave packet will spread, if at least a part of it has nonzero overlap with
extended eigenstates. We perform an integration of the time-dependent Eq.(5.2) using a
modified SBAB2 symplectic integrator [216–220] with initial condition ψN/2(t = 0) = 1 and
ψl �=N/2(t = 0) = 0. For the Floquet eigenvalue problem on an infinite lattice, the eigen-
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values and eigenvectors are insensitive to the value of the relative phase δ (see Eq.(5.2)),
which essentially shifts the potential, relative to the lattice. The overlap of a given initial
state with Floquet eigenstates however does depend in general on the location of the ini-
tial state, or equivalently on the value of δ. We perform short runs for the resonance case
β = 0.37, Ω = 2.9 up to t = 103 with system size N = 28, and measure the second moment
m2 as a function of δ (Fig.5.6). Note that in all cases the system size was large enough
so that the wave packet did not reach the system boundaries. As expected we find strong
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Figure 5.6: Second moment m2 of |ψl(t = 103)|2 as a function of δ for a single site excitation
at resonance β = 0.37, Ω = 2.9. Other parameters V1 = 2.5, V2 = 0.25,
α =

√
3 − 1, N = 28.

fluctuations due to varying overlap. We choose δ ≈ 1.225 and perform long-time runs up
to t = 105 with system size up to N = 215 for several values of V2 = 0.25, 0.275, 0.325, 0.5.
We plot the time dependence of log10 m2(t) versus log10 t in Fig.5.7. For V2 = 0.5 (blue top
line) we observe ballistic spreading m2 ∼ t2 over three decades in time. When lowering V2,
the onset of ballistic spreading is postponed and preceeded by an intermediate spreading
regime which resembles normal diffusion m2 ∼ t. This is a typical feature of approaching a
MIT, since at the critical point (here V2 → 0) the system transits into a localized insulating
regime. The inset in Fig.5.7 shows that the density distribution for t = 105 and V2 = 0.25
has a clearly visible extended part (originating from the overlap with extended eigenstates).
A test run off-resonance with Ω = 2.6 shows no signature of spreading, a small second
moment which is constant on average, and a highly localized wave function density at the
final integration time in Fig.5.7.

5.3 Quasiperiodic Driving of Anderson Localized Waves in
One Dimension

In this section, we consider a quantum particle in a one-dimensional disordered lattice under
multi-frequency perturbation of the onsite energies. The randomly chosen onsite energies
are coherently driven in time by an finite sum of D < +∞ time-periodic drives (cosine
wave) with incommensurate frequencies (quasiperiodic driving). In the following section,
we will use the term colors to indicate the driving terms.

A series of computational studies was devoted to this very issue [202–204]. While the
first conclusion was that Anderson localization can be destroyed for D ≥ 2, a more accurate
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Figure 5.7: log10 m2 versus log10 t. From top to bottom: Ω = 2.9 and V2 = 0.5 (blue),
V2 = 0.325 (green), V2 = 0.275 (magenta), V2 = 0.25 (red), and Ω = 2.6
and V2 = 0.25 (black, off resonance). The dashed-dotted lines indicate normal
diffusion m2 ∼ t and ballistic spreading m2 ∼ t2. In all cases β = 0.37, V1 = 2.5,
α =

√
3 − 1, δ ≈ 1.225, N = 215. Inset: density distribution of the wavefunction

at the final time of integration for V2 = 0.25. Red extended curve:Ω = 2.9 (on
resonance), black localized curve: Ω = 2.6 (off resonance). Other parameters as
in the main figure.

recomputation showed that the localization length might well increase, yet stay finite. Other
studies considered the case of single color D = 1 homogenous external AC fields [221–223].
In particular, Martinez et. al. [221] reported on numerical evidence of the localization length
increase with decreasing driving frequency, while Refs. [222, 223] focused on the properties
of conductance statistics in finite samples.

Wave localization inherently relies on the phase coherence within the wave state. If the
disordered potential is allowed to temporarily fluctuate in a random way, phase coherence is
lost, and the previously localized wave starts to diffuse without limits [131,224]. Assuming
that the temporal fluctuations are represented as a quasiperiodic function of time with D
incommensurate fundamental frequencies, the random noise can be effectively reached in
the limit of D → ∞. Here we address the case of a finite number of frequencies (colors) D.
Will the localization length ζ stay finite for any finite D? If yes, what is its dependence on
D? At fixed D how does ζ depend on the remaining control parameters, such as frequency,
fluctuation amplitude and disorder strength?

In the following, we try to answer these questions. We first consider a single frequency
color (that is, a time-periodic drive). We use the Floquet representation to arrive at a
time-independent eigenvalue problem on a two-dimensional lattice, with one direction cor-
responding to the original spatial extension, and the second one to the Floquet (driving)
one. We transform into a Wannier-Stark basis which is diagonal along the Floquet di-
rection, and analyze the resulting eigenvalue problem. For large driving frequencies, the
equations reduce to uncoupled single channel ones, which are essentially equivalent to the
undriven case. For small driving frequencies, we obtain a multi-channel regime with a
substantial increase of the localization length, and its divergence in the limit of vanishing
frequency. This multi-channel regime divides into two further regimes of weak and strong
driving amplitudes, which yield different scaling laws. We then generalize to the case of
many incommensurate frequencies, and compare our findings to numerical results.
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The section is organized as following. In Sec. 5.3.1 we introduce the model and its general
features. In Sec. 5.3.2, we derive the results for one frequency (color) drive. We generalize
to many colors in Sec. 5.3.3, and discuss numerical results in Sec. 5.3.4. We conclude with
discussions, a summary, and an outlook.

5.3.1 The Model

We consider a disordered one-dimensional tight-binding chain in the presence of a coherent
time-dependent driving of the onsite energies. The equations of motion read

i
∂

∂t
ψl = εl

[
1 +

D∑
i=1

μi cos(ωit + φi
l)
]
ψl − λ(ψl+1 + ψl−1) , (5.8)

The onsite energies of each lattice site εl are random uncorrelated numbers with a probability
density function (PDF) of value 1/W inside the interval εl ∈ [−W/2, +W/2] and zero
outside. The parameter W parametrizes the strength of the disorder. The coefficient λ is the
strength of the hopping between nearest neighbor lattice sites, while μi and ωi respectively
are the amplitude and frequency of the i-th driving. D is the total number of frequencies
(colors) in the driving. The frequencies Ω = (ω1, . . . , ωD) are chosen incommensurate with
each other

k · Ω = k1ω1 + · · · + kDωD 
= 0 , ∀ k ∈ ZD \ {0} . (5.9)

The random phases φl are uncorrelated and have a PDF of value 1/(2π) inside the irreducible
interval φl ∈ [−π, π]. Their presence ensures broken time reversal symmetry of Eq.(5.8).
For μi = 0, Eq.(5.8) reduces to the well-known Anderson model with all eigenstates being
localized with a finite upper bound on the localization length [2, 83].

The above model can be realized experimentally in atomic Bose-Einstein condensates
when laser beams with different frequencies perturb the atomic system and also the optical
lattice itself. Similar models have also been considered for the conductivity of electrons
in two-dimensional confinements where local scatterers (defects, phonons) act as time-
dependent sources of dephasing [224]. Other approaches consider noise in external AC
fields, which should not change the physics outcome dramatically [221–223].

5.3.2 One Color

We first consider a driving with only one frequency D = 1. In this case, Eq.(5.8) reads

i
∂

∂t
ψl = εl (1 + μ cos(ωt + φl)) ψl − λ(ψl+1 + ψl−1) . (5.10)

Since the perturbation is time periodic with period T = 2π
ω , we first perform a Floquet

expansion which will yield an effective two-dimensional lattice problem. The details calcu-
lations of the expansion is performed in Appendix B.2.1.

5.3.2.1 From Floquet to Wannier-Stark

According to the Floquet theorem [225,226], a solution of (5.10) is given by

ψl(t) = ul(t)e−iEt , (5.11)

where E is the quasienergy and the Floquet functions ul(t) = ul(t + T ). They can be
represented in a Fourier series

ul(t) =
∑

k

Al,keik(ωt+φl) . (5.12)
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The Floquet expansion of the wave function ψl(t) is then given by

ψl(t) =
∑

k

Al,ke−i[(E−kω)t−kφl] . (5.13)

This transformation maps Eq.(5.10) into a time independent eigenvalue problem on a two-
dimensional lattice

EAl,k = (εl + kω)Al,k +
μεl

2
(
Al,k−1 + Al,k+1

)
− λ(ξ−

l,kAl−1,k + ξ+
l,kAl+1,k)

(5.14)

with the coefficients
ξ±

l,k = e−ik(φl−φl±1) = e−ikθ±
l (5.15)

dependent on the random phase differences θ±
l = φl − φl±1, which introduce a synthetic

gauge field in the two dimensional lattice of Eq.(5.14)
Consider first λ = 0. We can solve the remaining eigenvalue problem for each lattice site l

independently, as this case corresponds to the well-known Wannier-Stark ladder [227] under
an effective DC electric field ω and l-dependent hopping coefficient μεl/2. The eigenfunc-
tions B

(ν)
l,k = Jk−ν(μεl/ω) are obtained using the Bessel function of the first kind Jk(x) with

fixed argument x, and their eigenvalues form equidistant spectra Eν,l = εl + ων [228, 229].
These eigenfunctions are localized (along the Fourier direction k), with tails decaying super-
exponentially. The localization volume (size) L of an eigenstate is estimated as L ∼ 2

∣∣μεl
ω

∣∣
for ω

μεl
≤ 10, and reaches its asymptotic value L = 1 for ω

μεl
≥ 10 [230].

We use these Wannier-Stark eigenstates as a new basis for each lattice site l of Eq.(5.14)
:

Al,k =
∑

ν

cl,νB
(ν)
l,k . (5.16)

The transformed eigenvalue problem for λ 
= 0 reads as

Ecl,ν = (εl + ων)cl,ν

−λ
∑

s

[
eisϕ−

l Js
(
Δ−

l

)
cl−1,ν−s + eisϕ+

l Js
(
Δ+

l

)
cl+1,ν−s

] (5.17)

where

tan ϕ±
l = − εl±1 sin θ±

l

εl − εl±1 cos θ±
l

,

Δ±
l =

μ

ω

√
ε2
l + ε2

l±1 − 2εlεl±1 cos θ±
l .

(5.18)

This eigenvalue problem has zero hopping along the Fourier direction ν. Instead, each lat-
tice site cl,ν is connected to a number of nearest neighbor sites cl±1,ν−s given by the complex
hopping coefficients eisφ±

l Js(Δ±
l ) (see Fig. 5.8). The number of strong links (connectivity)

with a given site at l, ν depends on the ratio of the difference in the new onsite energies
|εl − εl±1 + sω| and the hopping strength |Js(Δ±

l )|. Strong links are thus characterized by
|(εl − εl±1 + sω)/Js(Δ±

l )| ≤ 1.

5.3.2.2 Single channel vs. multi-channel regimes

In the case of zero driving strength μ = 0, it follows Δ±
l = 0 for all l, and Js(0) =

δs,0. The two dimensional lattice Eq.(5.17) turns into an infinite set of independent one-
dimensional Anderson chains. For nonzero driving strength (μ 
= 0), all the Floquet channels
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Figure 5.8: Two-dimensional eigenvalue problem Eq. (5.17). Each given site (l, ν) is con-
nected to a set of sites (l ± 1, ν − s) through the hopping eisφ±

l Js(Δ±
l ).

are connected. Since [228,229]

Js(Δ±
l ) 
−→ (Δ±

l )s

2ss!
, for s 
−→ +∞ (5.19)

only a finite number of channels will have a non-exponentially weak hopping strength, and
that number depends on the value of the argument of the Bessel functions Δ±

l . If for every
l the argument is close to zero |Δ±

l | ≤ δ � 1, it follows that J0(Δ±
l ) ≈ 1, and for s 
= 0 the

Bessel functions Js(Δ±
l ) decay as Eq.(5.19). As a consequence Eq.(5.17) becomes an infinite

set of uncoupled equivalent Anderson chains, and the model resembles the unperturbed case.
We call this the single channel regime. This result is true irrespective of the ratio of ω/W
which controls the energy differences between connected sites. While this is evident for
large frequencies ω � W (where the energy difference is of order W ), it is also true in the
opposite limit ω � W where the energy difference can be of order ω for a suitably large
value of s ∼ W/ω, since the hoppings decay superexponentially fast with large s (5.19).

In contrast, when Δ±
l ≥ 1, a finite number L±

l of the Bessel functions Js(Δ±
l ) for s 
= 0

are not negligible. Their typical values can be approximated as [228,229]:

Js(Δ±
l ) ≈

√
2

πΔ±
l

cos
(

Δ±
l − sπ

2
− π

4

)
, |s| ≤ L±

l

2
(5.20)

In Eq.(5.18), the square root of Δ±
l is on the order of the disorder strength W . We define

the parameter Δ as
Δ±

l 
−→ Δ =
μW

ω
, (5.21)

It follows that, if Δ ≥ 1, the averaged number of connected channels L is given by

L±
l = 2Δ±

l 
−→ L = 2Δ =
2μW

ω
, (5.22)
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while in Eq.(5.20), neglecting the cosine term that represents the Bessel function oscillation,
the general value of the hopping can be approximated as

Js ≈
√

2
πΔ

=
√

2ω

πμW
, |s| ≤ L

2
(5.23)

We call this regime the multi-channel regime. Therefore, for any given disorder and driving
strengths W and μ, this regime will be realized in the limit of small frequencies ω. This
latter regime will be the focus of our investigation, since in the single channel regime the
model acts similar to the undriven case. Our results confirm earlier intuitive interpretations,
that the increase in the channel number can be responsible for a substantial increase in the
localization length in the presence of adiabatic single color external AC driving [221,222].

5.3.2.3 The multi-channel regime

5.3.2.3.1 Weak driving Let us first consider the case μ � 1. For a given site (l, ν),
there are L matrix elements connecting this site to a set of sites (l + 1, ν′). The onsite
energies of these connected sites vary in an interval [εl+1 − μW, εl+1 + μW ]. For μ � 1
this interval is narrow compared to W which characterizes the spread of εl. Therefore the
difference in the onsite energies between two connected sites is still of the order W .

In general, for ladders with a finite number N of equivalent Anderson chains, Dorokhov,
Mello, Pereyra and Kumar [231,232] estimate the localization length ζ of a N -leg ladder as
a product of the localization length ζA of each leg and the number of legs N :

ζ ∼ N · ζA . (5.24)

The number of legs N corresponds to L. The single channel localization length can be
estimated using the ratio Weff between the energy mismatch (disorder strength) W and the
matrix element λJs from Eq.(5.23):

Weff =
W

3
2

λ

√
μπ

2ω
. (5.25)

We then obtain [83]

ζA(ω) ∼
{ 100

W 2
eff

if Weff ≤ 10,
1

| ln(1/Weff)| if Weff > 10.
(5.26)

It follows that in the case of weak effective disorder Weff ≤ 10, the localization length ζ of
our driven model is given by

ζ(ω) ∼ 400λ2

πW 2 , ω ≥ μπW 3

200λ2 . (5.27)

The localization length ζ does not depend on the frequency ω and the driving strength μ,
since the increase of the number of connections L and the decrease of the localization length
ζA along each Anderson chain balance each other. Upon further decrease of the frequency
ω, this balancing effect is destroyed since Δ grows, the matrix element λJs decays, and the
effective disorder Weff > 10. With Eq.(5.26) it follows

ζ(ω) =
2μW

ω
·
∣∣∣∣∣ ln

(
λ

W
3
2

√
2

πμ
ω

)∣∣∣∣∣
−1

, ω ≤ μπW 3

200λ2 . (5.28)

The localization length then diverges for ω → 0.
To summarize: in the weakly driven multichannel regime we expect a plateau in the

dependence ζ(ω) for ω ≥ μπW 3

200λ2 , which is replaced by a divergence for ω ≤ μπW 3

200λ2 .
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5.3.2.3.2 Strong driving Let us consider the case μ ≥ 1, and constant phases φl =
const. For a given site (l, ν), there are L matrix elements connecting this site to a set of
sites (l + 1, ν′). The onsite energies of these connected sites vary in an interval [εl+1 −
μW, εl+1 + μW ]. For μ ≥ 1 this interval is larger than W , which characterizes the spread of
εl. Therefore there will be typically one onsite energy amongst the connected set which is
detuned by a mismatch of order ω from the one on site (l, ν). It follows that for μ ≥ 1 and
ω � W , we can trace a path in Eq.(5.17) where the onsite mismatch is of the order of the
frequency |εl − εl±1 + sω| ∼ ω and the hopping scales with the square root of the frequency
Js ∼ √

ω for every l. We call this the optimal path. The optimal path is a one dimensional
random walk within the two dimensional network. Along that optimal path, the localization
length ζOP follows from the effective disorder Weff between the energy mismatch (disorder
strength) ω and the matrix element λJs from (5.23)

ζOP(ω) =
100J2

ŝ

ω2 =
100
ω2 .

(√
2ω

πμW

)2

=
200

πμW

1
ω

. (5.29)

For small frequencies this optimal path consists of strong links. Furthermore, paths neigh-
boring the optimal one, are also strong links, as long as the energy detuning is not exceeding
the matrix element. Since the matrix element scales with

√
ω, the number of strong links

diverges as N ∼ 1/
√

ω. Using the Dorokhov estimates, we conclude that the localization
length on the network is scaling as

ζ ∼ 200
πμW

1
ω3/2 . (5.30)

Therefore the localization length diverges for vanishing frequency faster than in the weak
driving case.

5.3.2.3.3 Local suppression of strong driving The presence of random phases will
suppress the optimal path through an increase of the minimal value of the driving strength:

μ

√
1 +

2εlεl±1
(εl − εl±1)2 (1 − cos θ±

l ) ≥ 1 (5.31)

where θ±
l = φl − φl±1. In particular if θ±

l = π, the square root term of Eq.(5.31) is equal to
zero if

−2εlεl±1 = ε2
l + ε2

l±1 ⇔ εl = −εl±1 (5.32)

In this case, Eq.(5.31) does not hold for any finite value of μ, and locally between site l and
site l ± 1 the optimal path is not accessible.

Therefore, for uncorrelated phases φl, the square root term of Eq.(5.31) can be arbitrarily
close to zero if θ±

l ≈ π and εl ≈ −εl±1. As a consequence, μ must diverge to infinity in order
to satisfy Eq.(5.31) at every step l and so, for given finite values of the driving strength,
the optimal path is interrupted. This will lead to a slower divergence of the localization
length, which is still expected to be faster than in the weak driving regime, since there will
be finite volume parts in which the optimal path will survive.

5.3.2.3.4 Local suppression of the multi-channel regime Since εl and φl are random
phases, the square root term of Eq.(5.18) can be arbitrarily close to zero. Therefore, even
deep in the multi-channel regime Δ � 1, there might exist one or more lattice sites l such
that the Bessel function argument Δ±

l � 1. In that case, the hopping Js(Δ±
l ) ≈ δs,0, as in
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the single channel regime. As a result, the multi-channel regime between site l and l ± 1
becomes locally suppressed.

In the case of constant phases (φl = const), this local suppression appears if |εl − εl±1| �
ω/μ. The single channel then still shows an energy difference of the order of ω or less, similar
to the optimal path. For uncorrelated phases φl, the probability of a local suppression of
the multi-channel regime is reduced. Indeed, in order to violate the multi-channel condition
Δ±

l � 1, we now need satisfy either |εl −εl+1| � ω2/μ2 and |θ±
l | � 1, or |εl +εl+1| � ω2/μ2

and ||θ±
l | − π| � 1. The previously obtained estimates on the localization length ζ in either

weak and strong driving regimes are then the upper bounds.

5.3.3 Many Colors

For the general case of Eq.(5.8), the Floquet expansion in the momentum space and the
rotation of the eigenvalue problem in a basis of Bessel functions for each frequency is a
natural generalization of what we have previously described in Sec.5.3.2 for one color D =
1 (details in Appendix B.2.2). Since the frequency components of Ω are chosen to be
incommensurate Eq.(5.9), the general form of the Floquet expansion (5.13) runs over the
vector index k = (k1, . . . , kD) ∈ ZD [233] (See also appendix B.1), and yields a D + 1
dimensional time independent eigenvalue problem:

Ecl,v = (εl + Ω · v)cl,v

−λ
∑

s

[
eis·Φ−

l J −
s cl−1,v−s + eis·Φ+

l J +
s cl+1,v−s

]
,

(5.33)

where s, v ∈ ZD and Φ±
l = (ϕ±

l,i)
D
i=1. The coefficients are defined as

tan ϕ±
l,i = − εl±1 sin θ±

l,i

εl − εl±1 cos θ±
l,i

,

J ±
s =

D∏
i=1

Jsi

(
Δ±

l,i

)
,

Δ±
l,i =

μi

ωi

√
ε2
l + ε2

l±1 − 2εlεl±1 cos θ±
l,i ,

(5.34)

which depend on the random phase difference θ±
l,i = φi

l −φi
l±1 for i = 1, . . . , D. The resulting

eigenvalue problem Eq.(5.33) has D frequency (color) directions (with zero hopping along
them) and each site cl,v is connected to the nearest neighbor ones cl±1,v−s through the
complex matrix elements eis·Φ±

l J ±
s . Each frequency color will add to the total number of

channels.
Let us assume that all frequency components satisfy the same condition for single or

multi-channel (either strong or weak driving) regimes. Then we conclude that the single
channel regime will be applicable to multi-color driving as well, i.e. in the limit of large
frequencies localization length corresponds to its value from the undriven case. In the multi-
channel regime, the localization length ζD will be of the order of ζD ∼ Dζ with ζ being the
corresponding single color localization length discussed in the previous section. Therefore
the localization length will stay finite for any finite number of colors. The divergence of ζD

in the limit of D → ∞ is in agreement with the result that a random noise driving leads to
dephasing and complete delocalization [131,224].

5.3.4 Numerical Results

We first analyze the single color driving and then discuss the two color case. We decide not
to diagonalize the eigenvalue problem Eq.(5.14), since this will limit the required system size
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N and the number of colors D. Instead, we compute the spreading of the wave packet over
time for a single site excitation ψl(t = 0) = δl,N/2 as an initial condition using a numerical
symplectic integration scheme SBAB2 [216–220] This method keeps the norm fluctuations
bounded, and allows one to easily incorporate any number of colors, without significant
additional computational expense. However, the number of colors increases the expected
localization length, and therefore there will be an overall restriction on the number of colors
which can be implemented in a computational run, under a CPU time of the order of one
week.

To measure the evolution of the wave packet, we calculate the second moment m2, which
for localized modes estimates the squared distance between the eigenmode tails. It is related
to the localization length ζ of one mode as m2 ∼ ζ2, and is defined as

m2(t) =
∑

l

(
l −

∑
l′

l′
∣∣ψl′(t)

∣∣2)2 ∣∣ψl(t)
∣∣2 . (5.35)

Hereafter, unless indicated differently, in Eq.(5.8) we choose the hopping amplitude λ = 1
and the disorder strength W = 4. Furthermore, for the numerical computations we choose
a system size N = 1024 and we average log10 m2(t) over 512 disorder realizations, unless
stated otherwise.

5.3.4.1 One color

Let us analyze the frequency dependence of the time evolution. For the weak driving case,
we choose the driving strength μ = 0.1. The multi-channel regime (Δ ≥ 1) is then obtained
for frequencies ω ≤ 0.4. The time evolution of the second moment m2 is shown in the left
plot of Fig.5.9.

We observe that the second moment first increases with time, but saturates at later
times; indicating a halt of spreading, and a localization of the wave packet. Therefore we
conclude that there is a finite upper bound on the localization length ζ of the corresponding
eigenvalue problem. The onset of spreading beyond the undriven reference curve (black plot
in left of Fig.5.9) scales inversely with the driving frequency as expected.

We use the saturated value of the second moment at time t = 106 as a measure of the
squared localization length and plot it as a function of frequency ω in the right plot of
Fig.5.9. Increasing ω in the single channel regime (ω > 0.4) leads to a quick decay of the
saturated second moment, reaching the undriven case reference value already at ω ≈ 4. In
the multichannel regime, we observe two features: a plateau at an intermediate frequency
interval, and a subsequent increase of the saturated second moment by further lowering the
frequency. This is in agreement with our analytics in Sec. 5.3.2.3.1.

For the strong driving regime, we consider a driving strength μ = 1. In the left plot of
Fig.5.10, we show the time evolution of the second moment m2 for different frequencies
in the multi-channel regime ω ≤ 5. The second moment m2 increases as the frequency ω
decreases, in agreement with Eq.(5.30). Moreover, we observe the appearance of transient
regions of normal diffusion that extend their length as the frequency ω decreases. Again
m2(t) saturates at larger time, indicating a halt of spreading, and a localization of the wave
packet. The frequency dependence of the saturated values of the second moment m2 is
shown in Fig. 5.10, where we plot the second moment of the wave packet at time t = 105

as function of the frequency ω. For comparison we also replot the weak driving curve
from Fig.5.9; right plot. Similar to the weak driving (blue curve), the second moment for
the strong driving (red curve) tends to the undriven case (black horizontal line) for large
frequencies and diverges for small ones. In agreement with Eq.(5.30), the plateau (which was
observed for weak driving) is suppressed, although a reminding shoulder exists at ω ≈ 2.5.
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Figure 5.9: Left plot: Time evolution of the second moment m2 with driving strength μ =
0.1. Frequency values (from top to bottom at the right edge of the plot): ω =
5 · 10−4 (orange), ω = 5 · 10−3 (blue), ω = 10−1 (green), undriven (black). Right
plot: Saturated second moment m2 at t = 106 as a function of frequency ω of
a one-color perturbation with μ = 0.1. The black horizontal line indicates the
value for the undriven case.

Figure 5.10: Left plot: Time evolution of the second moment m2 with driving strength
μ = 1. The dashed line indicates normal diffusion m2 ∼ t. Frequency values:
ω = 5 (black), ω = 2 (red/circles), ω = 0.5 (magenta-diamonds), ω = 0.02
(blue-triangles). Right plot: Saturated second moment m2 at t = 105 as
a function of frequency ω of a one-color perturbation with μ = 0.1 (blue,
bottom) and μ = 1 (red, top). The black horizontal line indicates the value of
the undriven case.

The strong driving yields much larger values of the saturated second moment as compared
to the weak driving case, in accord with our predictions. The frequency dependence is
weaker than the predicted law in Eq.(5.30), most likely due to local suppression of strong
driving and multi-channel regimes, as previously discussed.

In Fig.5.11 we plot the time evolution of the second moment m2 for different values
of the driving strength μ in the strong driving regime. The inset of Fig. 5.11 shows the
dependence of the almost saturated second moment m2 at t = 107 on μ. We observe that
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the saturated moment increases up to μ ≈ 1 and starts to decrease for larger values of μ.
This subsequent decrease is qualitatively in agreement with the prediction ζ ∼ 1

μ following
from Eq.(5.17). We also note that the data for large values of μ did not completely saturate,
due to limitations in the computational power.

Figure 5.11: Time evolution of the second moment m2 with frequency ω = 5 · 10−3. Driving
strength values (from top to bottom at the right edge of the plot): μ = 1.0
(magenta), μ = 3.0 (orange), μ = 5.0 (blue), μ = 0.5 (green), μ = 0.1 (black).
The inset plot shows the dependency of the almost saturated second moment
m2 at t = 107 on the drive strength. System size N = 2048, and log10 m2 is
averaged over 32 disorder realizations.

We note that Nakanishi et. al. [224] have studied the dynamics of a quantum particle
(electron) in a two-dimensional setting with a single color strong driving in the adiabatic
regime of small frequencies. There an unbounded normal diffusion was reported, which is
probably due to the higher dimensionality of the underlying lattice. We further mention
the numerical study of the increase of the localization length with decreasing frequency of
an external AC field [221], which is similar to our analytical and numerical results for single
color fluctuating potentials.

5.3.4.2 Two colors

We assume the driving strengths to be equal μ1 = μ2 and we fix the frequency relation ω2 =√
2ω1. We first consider the weak driving case. In the left of Fig. 5.12, we compare one and

two color cases for same driving strength μ1 = μ2 = 0.1 and frequency ω1 = ω2 = 3 · 10−2.
The presence of a second incommensurate driving term enhances the spreading of the wave
packet. However, the integration time t = 105 is not enough to see the saturation of the
second moment. To obtain saturation at time t = 105, we reduce the driving strength to
μ1 = μ2 = 0.05. In the right of Fig.5.12, we show the saturated value of the second moment
m2 at time t = 105, as a function of the frequency ω1, and compare it to the weak driving
single color result (μ = 0.1) from Fig.5.9’s right plot. The values approach the undriven case
(black horizontal line) for approximately ω1 ≥ 4, in good agreement with the single channel
regime ω1, ω2 ≥ 2. Similar to the one color case, the saturated second moment exhibits a
plateau in the multi-channel regime. Notably, the height of the plateau is practically equal
to the single color one reported in Fig.5.9. This is in full accord with our estimate of the
localization length in Eq.(5.27), which is independent of the driving strength μ, and more in
general, independent of the number of participating channels. Therefore the presence of a
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Figure 5.12: Left plot: Time evolution of the second moment m2 for one-color (blue, bottom)
and two-color (red, top) cases with driving strength μ = μ1 = 0.1 and frequency
ω = ω1 = 3 · 10−2. We recall ω2 =

√
2ω1 for the two color case. Right plot:

Saturated second moment m2 at t = 105 as a function of driving frequency ω1
with driving strengths μ1 = μ2 = 0.05 (red curve, top at left corner). The blue
curve corrsponds to the single color one from Fig.5.9. We recall ω2 =

√
2ω1.

The black horizontal line indicates the value of the undriven case.

second frequency (which increases the number of channels), should not change the plateau
value, as observed.

For the strong driving case, we consider μ1 = μ2 = 1. In Fig. 5.13, we show the time
evolution of the second moment m2 for frequencies ω1,2 chosen in the multi-channel regime.
We observe long lasting transient regions of diffusive spreading, with a clear tendency to-

Figure 5.13: Time evolution of the second moment m2 with driving strength μ1 = μ2 = 1.
We recall ω2 =

√
2ω1. The dashed line indicates normal diffusion m2 ∼

t. Frequency values: ω1 = 5 · 10−1 (maroon/triangles), ω1 = 5 · 10−2

(green/diamonds), ω1 = 5 · 10−4 (blue/squares), undriven (black).

wards a subsequent halt and localization. Again the onset of spreading beyond the undriven
reference curve (black one in Fig.5.13) is scaling inversely with the driving frequency as ex-
pected, similar to the D = 1 case. We also observe a significant increase in the localization
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length as compared to the single color case, in agreement with our predictions.

5.4 Summary and Discussions

In this chapter we have studied two examples of spatially non-periodic one-dimensional
lattices that exhibit exponential localization of their eigenmodes, in the presence of two
different kinds of coherent driving. Both drivings, in certain situations, lead to a profound
change of the localization features of the models.

In Sec.5.2 we have studied the Aubry-Andre system in the presence of a weak driving
force. The driving force is introduced by superimposing a moving time-periodic lattice
over a stationary quasiperiodic potential. The undriven Aubry-André model is chosen to
be well in the insulating regime. For a spatial resonance which reduces the reciprocal
space dynamics to an effective one-dimensional two-leg ladder case, the AC perturbation
resonantly couples groups of localized eigenstates of the undriven Aubry-André model and
turns them into extended ones. Slight detuning of the spatial and temporal frequencies
off resonance returns these states into the family of localized ones. Initial wave packets
overlap with resonant extended eigenstates and lead to ballistic spreading. Therefore the
proposed AC perturbation can be used as a simple and elegant method to control the degree
of localization of wave packets in quasiperiodic lattices.

In Sec.5.3 we have studied the spreading of a wave packet for a one-dimensional disordered
chain in the presence of a multi-frequency quasi-periodic drive. For each term (color) of
the driving, the Floquet representation is used to arrive at a time-independent eigenvalue
problem on a two-dimensional lattice, with one direction corresponding to the original
spatial extension, and the second one to the Floquet (driving) one. We transform into a
Wannier-Stark basis which is diagonal along the Floquet direction, and analyze the resulting
eigenvalue problem. For large driving frequencies the equations reduce to uncoupled single
channel ones, which are essentially equivalent to the undriven case. For small driving
frequencies we obtain a multi-channel regime with a substantial increase of the localization
length, and its divergence in the limit of vanishing frequency. This multi-channel regime
divides into two further regimes of weak and strong driving amplitudes, which yield different
scaling laws.

In the many-color case, we have shown that each incommensurate color is independent
from the others and can be treated separately. The localization length of the model will
then be proportional to the single color localization length, and scales with the number of
colors set in the multi-channel regime. Therefore, it will remain finite for any finite number
of colors.

Numerically we have observed that in the strong driving, the model exhibits transient
regions of diffusive dynamics before the onset of localization. The localization volume
increases as the number of colors increases, when satisfying the multi-channel regime con-
dition. It follows that for D → ∞, the localization length will diverge to infinity and the
region of diffusive dynamics will extend to infinity, until a complete delocalization is ob-
served. The divergence of the number of colors D corresponds to the loss of quasiperiodicity
of the driving term, and consequently to an effective random driving which leads to a loss
of Anderson localization in that limit [131,224].

Mathematical studies of the single color D = 1 case [234] and multicolor case D > 1 [235]
predict stability of Anderson localization in the regime of strong disorder. These results are
in line with our findings, since the limit of strong disorder is corresponding to the single
channel regime; which is essentially independent on the number of colors, with a localization
length close to the one of the undriven case.
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CHAPTER 6

The Two Interacting Particles Problem in
Quasiperiodic Chains

In this chapter we study the problem of two interacting particles in a one-dimensional
Aubry-André chain, under a coherent driving in the interaction. We first introduce the two
interacting particle problem as a fundamental case of the field of the many-body problem.
Then, we will present the two interacting particles problem in a one-dimensional Aubry-
André chain, highlighting the appearance of correlated metallic states within the insulating
regime of the single particle. Next, we introduce a coherent drive in the interaction term of
the model. Aim of the driven interaction is to generate these families of states by design,
inducing delocalization in regions of the parameter space where it does not occur. On the
other hand, we observe strong evidences that within regions where correlated metallic states
exist, the driving suppress the delocalization of the two interacting particles.

6.1 Introduction

Within condensed matter physics, one of the most active research topic during the last
decades has been the Many-Body Localization (MBL). The MBL belongs to the class of
Many-Body Problems, and it aims to understand the transport properties (or the absence
of transport) of systems with an arbitrary number of interacting particles, where each one in
the non-interacting case exhibit spatial localization. Within the MBL, the interplay between
Anderson localization and many-body interaction has been one of the first considered and
still one of the most important cases [236–240]. Several fundamental concepts have been
introduced in 2006 in a seminal work of Basko, Aleiner and Altshuler [8], where they studied
the transport of many electrons in disordered chains in regimes of small temperatures. Since
then, theoretical and experimental results followed with an impressive rate.

One of the fundamental cases of the many-body problem is the two interacting particles
problem (TIP), since the comprehension of the basic particle-particle interaction is essential
to study systems with an arbitrary number of particles. This case has been discussed
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and analyzed extensively during these past years, in one-dimensional chains with different
localizing potentials, as well as lattices of higher dimensions. Particular interests received
the case of TIP in Anderson chains, where several works focused on the possible relation
between the localization length ξ1 of a single particle to the localization length ξ2 of the
two interacting ones [10,241–247] and subdiffusion of the TIP in case of large values of the
single particle localization length [248].

In this chapter we will focus of the TIP in presence of quasiperiodic Aubry-André po-
tentials. The quasiperiodic TIP has been analyzed for decades [255–260], reporting strong
evidences of spreading in the single particle insulating regime. Recently, delocalization
for the TIP has been observed in two dimensional lattices [261] and for weakly interacting
bosons in one dimension [262]. In the following we will discuss the TIP in a one-dimensional
Aubry-André chain and the spreading effect due to the existence of correlated metallic states
within the single particle insulating regime [123].

In the first section Sec.6.2, we review one of the main framework used to analyze systems of
interacting particles, the Bose-Hubbard model. We will discuss this hamiltonian system and
introduce the formalism of the Fock states. Then, in the case of two interacting particles, we
will first overview the mapping of the one dimensional quantum model to a two dimensional
lattice. Then, in Sec.6.3 we enter the case of two interacting particles in a quasiperiodic
Aubry-André chain. We first discuss the appearance of correlated metallic states within the
single particle insulating regime for certain values of the interactions strength [123]. We
consider the interaction term of the system coherently driven in time in order to generate
correlated metallic states in regimes of smaller interaction strengths. The driven problem
is studied analytically and numerically, expanding the model equation using the Floquet
analysis and computing numerically the time evolution of the wave packet. The original
purpose though has not been achieved with this class of driving.

6.2 The Two Particles Problem

As a special, yet fundamental, case of the many-body problems, in this section we introduce
the two interacting particles (TIP) on a one dimensional lattice, in presence of a local
interaction term. This model, in presence of an Aubry-André potential, will be the main
focus of the following section and of the whole chapter. The Hamiltonian of the system
reads

H =
∑

l

εlb̂
+
l b̂l + b̂+

l+1b̂l + b̂l+1b̂+
l +

U

2
b̂+

l b̂+
l b̂lb̂l , (6.1)

where b̂+
l and b̂l are the creation and the annihilation operators. The scalar U controls the

interaction strength between the two particles. This model ultimately leads to the hamil-
tonian equation of the model i ˙|ψ〉 = H|ψ〉, where the dot indicates the time derivative of
the state |ψ〉. In the single particle case, the interactions term does not contribute. The
Bose-Hubbard model can be generalized to higher dimensional lattice, longer range and
anisotropic hopping, non local interactions and presence of frustration [249–251]. It more-
over can be reformulated for describe ring-shaped optical lattice [252] or for topologically
nontrivial flat-band lattices [253]. In the following subsection we discuss the one dimen-
sional case Eq.(6.1), introducing the Fock states and the equivalent model associated that
arises from the expansion in this alternative basis (details in Appendix C.1).

6.2.1 Expansion in Fock states

In quantum mechanics, the Fock states are elements of an Hilbert space (the Fock space),
and they describe the displacements of distinguishable or undistinguishable particles on a
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lattice. These states are characterized by the numbers {lk}, each one describing the k-th
particle on the site lk

|l1, l2, . . . , lk, . . . 〉 (6.2)

The presence of absence of the particles are described by the creation and the annihilation
operators b̂+

l and b̂l, operators that put or remove a particle on the site l. In the case of
fixed number of particles N , these states can be rewritten where the number {lk}N

k=1 define
the lattice site each particle is occupying. For the single particle case N = 1, the Fock states
are defined as |l〉 := b̂+

l |0〉, where l is the lattice site. The set |l〉 form a basis with which a
state |ψ〉 can then be expanded as |ψ〉 =

∑
ϕlb̂

+
l |0〉. This expansion reduces the hamilton

equation i ˙|ψ〉 = H|ψ〉 for the hamiltonian H in Eq.(6.1) to a one-dimensional tight-binding
model Eq.(2.4) on the expansion coefficient ϕl,

i
∂

∂t
ϕl = εlϕl + ϕl+1 + ϕl−1 . (6.3)

For the two indistinguishable particles case N = 2 we will use the basis |l, m〉, for l and m
lattice sites, defined as

|l, m〉 :=
b̂+

l b̂+
m|0〉√

1 + δl,m
, l ≤ m . (6.4)

The condition l ≤ m holds since the two particles are considered indistinguishable. The
expansion of a state |ψ〉 in this basis follows

|ψ〉 =
∑

l

∑
m≥l

ϕl,m|l, m〉 , (6.5)

This basis yields the Hamiltonian quantum model into a two-dimensional problem on the
expansion coefficient ϕl,m [254], that exists on half of the two-dimensional lattice Γ ≡
{(l, m)|l ≤ m}.
⎧⎪⎪⎨
⎪⎪⎩

i ∂
∂tψl,m = (εl + εm)ψl,m + ψl−1,m + ψl+1,m + ψl,m−1 + ψl,m+1 , l < m − 1

i ∂
∂tψl,l+1 = (εl + εl+1)ψl,l+1 + ψl,l+2 + ψl−1,l+1 +

√
2ψl,l +

√
2ψl+1,l+1 , l = m − 1

i ∂
∂tψl,l = (2εl + U)ψl,l +

√
2ψl+1,l +

√
2ψl−1,l , l = m

(6.6)
A representation of the lattice Γ is shown in Fig.6.1. This lattice problem Eq.(6.6) can be
unfolded to a two dimensional lattice via the transformation{

ϕl,l =
√

2ψl,l , l = m ;
ϕl,m = ψl,m , l 
= m .

(6.7)

The unfolded two dimensional lattice equation than holds

i
∂

∂t
ϕl,m = εl,mϕl,m + ϕl+1,m + ϕl−1,m + ϕl,m+1 + ϕl,m−1 ; (6.8)

where the onsite energy terms εl,m are

εl,m = εl + εm + Uδl,m . (6.9)

Let’s notice that the two dimensional lattice has the interaction term U present only in
the diagonal term, as the interaction between particles is local and occurs only when the
particles are located in the same site. We refer the details to the Appendix C.1.
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Figure 6.1: Schematic picture of the lattice Eq.(6.6). The lattice holds for the lower triangle
l ≤ m. The single bars "−" indicates hopping coefficient 1, while the double bars
"=" indicates hopping coefficient

√
2.

We can calculate the Probability Distribution Function pl (PDF) of |ψ〉 at lattice site l
between 1 and L (the system size) with the formula

pl ≡ 1
2

[
l∑

s=1

∣∣ϕs,l

∣∣2 +
L∑

s=l

∣∣ϕl,s

∣∣2] ; (6.10)

and its participation number P

P ≡ 1∑L
l=1 p2

i

(6.11)

From (6.5) we can calculate the second moment m2 of ψ. We first define the centers of mass
l̄ and m̄

l̄ ≡
L∑

l=1

[
L∑

m=l

l · ∣∣ϕl,m

∣∣2] , m̄ :=
L∑

l=1

[
L∑

m=l

m · ∣∣ϕl,m

∣∣2] . (6.12)

It follows that

m
(ψ)
2 :=

L∑
l=1

[
L∑

m=l

[
(l − l̄)2 + (m − m̄)2] · ∣∣ϕl,m

∣∣2] (6.13)

We refer to Appendix A.3 for details. In the next subsection we discuss certain results of
the two interacting particles problem, before to enter the problem in an Aubry-André chain
in Sec.6.3.
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6.3 Two Interacting Particles in an Aubry-André Chain

The Hamiltonian of the system is the Bose-Hubberd hamiltonian Eq.(6.1), defined with the
quasiperiodic Aubry-André potential

εl = λ cos(2π(αl + β)) . (6.14)

The incommensurate parameter α is chosen as the golden mean α = (
√

5 − 1)/2 and the
phase shift β is irrelevant for the fate of the eigenstates, therefore it can be arbitrarily
chosen in [0, 2π]. Recently Flach et.al. highlighted the existence of pairing bound states
and consequent appearance of delocalization phenomena in the Aubry-André insulating
regime of the single particle case [123]. The subsection Sec.6.3.1 refers then to the results
reported in this paper.

6.3.1 Existence of Correlated Metallic States

In the non interacting case U = 0 with α chosen as the golden mean, the spectrum de-
composes in five bands that are the products of the three bands of the single particle
Aubry-André spectrum. The band structure is maintained also in presence of interaction
U 
= 0. This follows since most of the states corresponds to the two particles situated in
the lattice further than the localization volume of the single particle case. Therefore these
states are practically unaffected by the increasing of the interaction constant. In Fig.(6.2) -
left plot, we plot the participation number P versus the eigenvalues, and we clearly observe
the five bands in the interacting case U = 7.9. Moreover, we notice that most of the states
have low values of participation number, while certain ones exhibit a substantially higher
P . In the right plot of Fig.(6.2) we plot the energy density pl of two states, one localized
(red), correspondent to a low value of the participation number of the left plot, and one
extended (blue), correspondent to a high value instead. In [123], it has been shown that in
this case {U, λ} = (7.9, 2.5), the value of the highest participation number scales linearly
with the system size L, which implies the appearance of delocalized states in the energy
spectrum of the TIP within the single particle insulating regime. These states have been
renamed correlated metallic states. The fact that these states occur only for certain values
of the interaction strength U for given values of the potential strength λ in the phase space
seems to indicates a resonance mechanism between renormalized states. We will discuss
this issue more in depth in Sec.6.3.2.2.

Figure 6.2: Left: Participation number P of the two interacting particles versus the respec-
tive eigenstates. Right: PDF distribution pl of a localized state (red) and an
extended one (blue). In this case, λ = 2.5, U = 7.9 and α = (

√
5 − 1)/2. Figure

taken from [123]
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From the spectral analysis of the TIP, the time evolution has been computed for different
values of the parameters {U, λ}. Initial state has been chosen as the two particles located
at adjacent sites, and the Schrödinger equation Eq.(6.8) has been evolved until total time
t = 1.5 · 104. For each case {U, λ} of the phase space, the wave packet second moment has
been measured for sixty different initial positions of the particle, and the highest value of
m2 is plotted in Fig.6.3, left plot. We notice that, irrespective to the interaction strength
U , for λ ≤ 2 the TIP is in complete metallic regime. This follows from the fact that for
λ ≤ 2 every single particle state is extended. In the single particle insulating regime λ > 2,
different regions of correlated metallic states can be observed. These regions correspond
to values of {U, λ} where correlated metallic eigenstates exist in the TIP energy spectrum.
In Fig.6.3 - right plot, the time evolution of the distribution function pl is computed for
two cases: U = 2, which corresponds to insulator case and U = 4.5, which corresponds to
the correlated metallic case. For both cases, λ = 2.5. These computation confirms that in
the former case, the particles exhibit complete localization while in the latter delocalization
appears.

Figure 6.3: Left: Phase diagram of the square root of the second moment at time t = 1.5·104

for a system size N = 610 sites. Right: Time evolution of the PDF distribution
pl for λ = 2.5 with U = 2 - insulator (left panel) and U = 4.5 - correlated
metallic (right panel). For both figures, initial state with two particles located
at adjacent sites and α = (

√
5 − 1)/2. Figures taken from [123].

These computations have clearly shown the existence of correlated metallic states in the
energy spectrum within the insulating regime of the single particles λ > 2. The time
evolution in correspondence of these states confirmed the wave packet spreading. However,
the mechanism of the generation of these states in certain sub-regions of the phase space
{U, λ} is yet not clear. To this end, and to possibility generate them by design, we introduce
the driving component in the interaction term. Our studies though have revealed to be not
completely successful with respect to our original aim. However, they contributed on the
understanding of the quasiperiodic case of the two interacting particle problem.

6.3.2 Driving the Interaction

We consider the Bose-Hubbard hamiltonian Eq.(6.1) in presence of a coherently driven
interaction constant U(t), defined as

U(t) = U0(1 + μ cos(ωt)) ; (6.15)

where U0 is the interaction strength of the undriven model, 0 < μ � 1 the driving strength
and ω the driving frequency. The presence of the driving term does not break the expansion
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of the one-dimensional Bose-Hubbard hamiltonian into a two dimensional lattice, Eq.(6.8).
The lattice equation has the driven interaction acting on the diagonal.

i
∂

∂t
ϕl,m = (εl + εm + U(t)δl,m)ϕl,m + ϕl−1,m + ϕl+1,m + ϕl,m−1 + ϕl,m+1 . (6.16)

We will expand this time-dependent model equation using the Floquet expansion [225,226],
which yields to an effective time-independent three dimensional eigenvalue problem.

6.3.2.1 From Floquet to Wannier-Stark

Let’s define the Floquet expansion for every lattice site (l, m) for a real value E

ϕl,m =
+∞∑

k=−∞
Al,m,ke−i(E−ωk)t (6.17)

The equation (6.16) becomes a three dimensional lattice

EAl,m,k, = (εl + εm + U0δl,m + ωk)Al,m,k

+ Al+1,m,k + Al−1,m,k + Al,m+1,k + Al,m−1,k

+
μU0

2
δl,m

(
Al,m,k−1 + Al,m,k+1)

(6.18)

In absence of real hopping along l and m, we can solve the eigenvalue problem along the
momentum direction k, which corresponds to the Wannier-Stark ladder [227] under an
effective DC electric field ω. On the lattice diagonal, the hopping coefficient is μU0/2, while
off-diagonal the Wannier-Stark ladders have null hopping. The eigenfunctions are obtained
using the Bessel function of the first kind Jk(x) with fixed argument x, and their eigenvalues
form equidistant spectra Eν,l,m = εl + εm + U0δl,m + ων [228,229].

B
(ν)
l,m,k = Jk−ν

(
μU0
ω

δl,m

)
, Eν,l,m = εl + εm + U0δl,m + ων . (6.19)

We want to use this basis to define a coordinate rotation in the momentum space

Al,m,k, =
∑

ν

cl,m,νB
(ν)
l,m,k . (6.20)

This coordinate transformation rotates Eq.(6.18) into

Ecl,m,ν = (εl + εm + U0δl,m − ων)cl,m,ν

+
∑

s

(
Js(z−

l,m)cl−1,m,ν−s + Js(z+
l,m)cl+1,m,ν−s+

+ Js(x−
l,m)cl,m−1,ν−s + Js(x+

l,m)cl,m+1,ν−s

) (6.21)

where

z±
l,m =

μU0
ω

(δl,m + δl±1,m)

x±
l,m =

μU0
ω

(δl,m + δl,m±1)
(6.22)

We refer to Appendix C.3 for the details of the expansion. The resulting lattice has zero
diagonal hoppings along the Fourier direction ν. Instead, each diagonal lattice site cl,l,ν is
connected to every first off-diagonal sites cl±1,l±1,ν−s by the hopping coefficients Js(Δ±

l,m),
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with Δ = x, z. The number of strong links (connectivity) with a given site at l, ν depends
on the ratio of the difference in the new onsite energies |εl − εl±1 + sω| and the hopping
strength |Js(Δ±

l )|. Strong links are then characterized by |(εl − εl±1 + sω)/Js(Δ±
l )| ≤ 1.

These expansion, in analogy with the driven Anderson chains discussed in Sec.2.3, exhibit
two distinct single channel and multi-channel regimes, according to the frequency values.
In the former regime we expect that the driven model behaves as the undriven system. In
the latter regime it is legitimate to expect an enhancement of the localization length as the
frequency ω decays to zero, in analogy to the driven Anderson case presented in Sec.6.3.2.
Then in particular, we want to see if the driving, for values of the frequency ω of the order
of the gaps between the spectral bands, artificially generates the correlated metallic states
within regions of the phase space Fig.6.3 - left plot, where families of these states do not
exist.

 A
B

Figure 6.4: Phase diagram in Fig.6.3 - left plot, with our two regions of interest, highlighted
in green boxes. Region A ≡ [0, 2] × [2.4, 2.7] and Region B ≡ [3, 6] × [2.2, 2.8].

We focus in two sub-regions of the parameter space {U, λ}, Fig.6.3 - left plot. Region
A, defined as A ≡ [0, 2] × [2.4, 2.7], where complete localization holds in the undriven case.
Region B, defined as B ≡ [3, 6]× [2.2, 2.8], where delocalization is observed, due to existence
of correlated metallic states. Within region A, we aim to understand if the coherent driving
could generate delocalization, either in the case of small frequency ω 
−→ 0 and in the case
of resonant generation of correlated states. Within region B, we aim to understand the
faith of the correlated states. Region A and B are shown in Fig.6.4. For both regions A
and B, we compute the time evolution the two particles placed at adjacent sites in the
center of the chain. For each computation performed, we first scan over the phase shift β
of the Aubry-André potential (6.14)) in order to select the optimal one. Then, with the
selected shift β̂, we compute the time evolution longer in time. The computations then
will be performed for given values (U0, λ) within the respective regions, computing the time
evolution of the wave packet spreading.

6.3.2.2 Region A

One of the motivation of the existence of resonant metallic states in the undriven case
is rooted in the spectral structure given by the Aubry-André potential Eq.(6.14) in the
undriven case. As seen in Fig.6.2, the spectrum is formed by some different minibands
(five, for the choice of the golden ratio as the incommensurate parameter α in Eq.(6.14))
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that are the products of the three single-particle spectral minibands. The renormalization of
each bands is given by the averaged values of the overlap integrals I0 (see Appendix C.2 for
details). For the first sub-band, its value is I0 ≈ 0.5, while for the second is I0 ≈ 0.3 [123].
With the increase of the interaction constant U , certain renormalized states of the first
band resonate with certain weakly renormalized states of the second band, generating the
correlated metallic bound states. The width of the gaps between the bands is about two
units, for λ = 2.5. Therefore, from the relation I0U ≈ 2, the interaction strength U is
expected to be U ≈ 4 for the first overlap integral I0 ≈ 0.5, and U ≈ 6.7 for the second one
I0 ≈ 0.3. In Fig.6.3, for λ = 2.5 in correspondence of U ≈ 4 and U ≈ 6.7 we observe regions
where exist correlated metallic states. These two regions are separated from a insulator
gap.

The idea of the driving the interaction term - Eq.(6.15) - is to amplify the mechanism
of formation of correlated metallic states that occurs in the undriven case, and possibly
to generate families of these states in regions where these states are absent. Region A ≡
[0, 2] × [2.4, 2.7] has then been chosen since it is well into the insulator phase. In the case
of a driven interaction Eq.(6.15) defined with U0 = 1, we expect the frequency ω to satisfy
the relation I0ω ≈ 2 and resonantly generate metallic states. Then, from the first overlap
integral I0 ≈ 0.5 it follows a resonant frequency ω ≈ 4, and from the second overlap
integral I0 ≈ 0.3 it follows a resonant frequency ω ≈ 6.7. In Fig.6.5 we show one case of
the scan of the second moment m2 at time t = 103 for different equispaced frequencies ω
for (U0, λ) = (1.0, 2.5) with driving strength μ = 0.2 (left plot) and μ = 0.4 (right plot).

Figure 6.5: Left plot: second moment m2 at time t = 103 versus the frequency ω for μ = 0.2.
Right plot: second moment m2 at time t = 103 versus the frequency ω for
μ = 0.4. Both cases, U0 = 1.0 and λ = 2.5. Omegastep = 0.05, system size
L = 28.

At first, we can notice that in both plots of Fig.6.5, for frequencies ω ≥ 10, the second
moment oscillations flatten down at m2 ≈ 67.5. This follows because, for high frequency
values, the model enters the single channel regime, behaving as the undriven case. For
frequencies ω ≤ 10, in both plots of Fig.6.5 we observe the highest fluctuations for frequency
values around 3.5 ≤ ω ≤ 5 with also some peaks appearing for ω ≈ 7. Let’s consider the
highest peak observed in Fig.6.5, obtained for ω = 3.7 and μ = 0.4. In Fig.6.6 we show the
time evolution of the second moment m2 for a driving term defined with frequency ω = 3.7
for either μ = 0.2 and μ = 0.4.

In Fig.6.6 - left plot, we can notice that the two curves of the time evolution of the second
moment exhibit nearly analogous localization. In Fig.6.6 - right plot, we plot the energy
density pl for both μ = 0.2 and μ = 0.4 at time t = 104. The two cases show similar
exponentially localized profiles. Several other simulation for different values (U, λ) in region
A or for higher diving strength μ (not shown here for sake of space) exhibited the same
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Figure 6.6: Left plot: time evolution of the second moment m2 for μ = 0.2 (black curve)
and μ = 0.4 (red curve). Right plot: energy density pl versus lattice sites l at
final time t = 104. Both cases, ω = 3.7, U0 = 1.0 and λ = 2.5. System size
L = 28.

outcomes here exposed. It follows that the resonance mechanism (if exists) is anyway too
weak to resonantly generate correlated metallic states. This numerically shows the lack of
generation of correlated metallic states by this driving term.

In the case of small frequency ω, we enter multi-channel regime. We expect that the
localization length of model increases as the frequency decays to zero ω 
−→ 0. In Fig.6.7
we show the time evolution of the second moment m2 for the undriven case with U0 = 1.0
and λ = 2.5, and two cases in presence of the driving with μ = 0.2 with frequencies
ω1 = 5 · 10−2 and ω1 = 5 · 10−5. We notice to the strong decrease of the frequency, it
corresponds a weak increase of the second moment. This follows since the increase of the
number of channels in the momentum space direction occurs only along the diagonal.

6.3.2.3 Region B

The region B ≡ [3, 6] × [2.2, 2.8] in Fig.6.4 contains one of the main area of the phase
space (U, λ), where correlated metallic states exist in the undriven case. Our aim is the
understanding of the effect the driving term Eq.(6.15) has on these correlated states. In
particular, we are interested to see if this driving term leads to any coherent destruction of
the tunneling.

The coherent destruction of the tunneling consists in the loss of spatial transport in
the system due to the presence of external time-dependent driving, and it is an intrigu-
ing phenomenon in the study of driven quantum systems. Theoretically forecast in the
nineties [263–265], it has been analytically discussed recently by Gong et.al, in [266], and
experimentally observed [267,268]. In particular, the coherent destruction of tunneling has
been experimentally observed in many body systems, with noninteracting cold atoms in a
double-well potential [269]. A possible realization of this phenomenon with many interacting
particles has been proposed by Longhi in [270].

The region B includes the case (U0, λ) = (4.5, 2.5) that, as showed in Fig.6.3, there exists
correlated metallic states in the undriven case [123]. In Fig.6.8 we show the second moment
m2 at time t = 103 versus the frequency ω, for two driving strengths μ = 0.2 (left plot) and
μ = 0.4 (right plot). In both figures we observe that the second moment m2 substantially
decreases its value. On the left plot, for μ = 0.2, the values of the second moment is
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Figure 6.7: Time evolution of the second moment m2 in multichannel regime for U0 = 1.0,
λ = 2.5 and μ = 0.2. Frequency values: ω1 = 5 ·10−2 (red), ω1 = 5 ·10−5 (blue),
undriven (black). System size L = 28.

Figure 6.8: Left plot: second moment m2 at time t = 103 versus the frequency ω for μ = 0.2.
Right plot: second moment m2 at time t = 103 versus the frequency ω for
μ = 0.4. Both cases, U0 = 4.5 and λ = 2.5. Omegastep = 0.05, system size
L = 28.

generally lower than the undriven case m2 ≈ 15 × 103, which hints to loss of delocalization.
For frequency values 5 ≤ ω ≤ 7, the fluctuations of the second moment appears stronger,
with peaks of the order of the unperturbed case. Likewise, we can observe an increase of
the second moment m2 for 11 ≤ ω ≤ 12.5, before the frequency gets to ω ≥ 13, where the
second moment saturates around m2 ∼ 103. This follows because, for high frequency values,
the model enters the single channel regime, behaving as in the undriven case. Analogous
features can be observed in the right plot as well for μ = 0.4, where the second moment
flattens, up to 5 ≤ ω ≤ 7 where it exhibits weak fluctuations, and 11 ≤ ω ≤ 12.5 where
instead fluctuations of the second moment are of the order of the undriven case m2 ∼ 103.
We notice also that as the perturbation strength μ increases, the more the average values of
the second moment decreases, as a signature that the destruction of tunneling is stronger.
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We then focus on the left plot, with μ = 0.2. In Fig.6.9 we show the time evolution of the
second moment m2 for the highest peaks observed in both regions of high fluctuations of
the second moment, ω = 6.15 for the first one (5 ≤ ω ≤ 7) and ω = 12.3 for the second one
(11 ≤ ω ≤ 12.5). Moreover, we compute the time evolution of the second moment for two
local minimums ω = 4.5 and ω = 7.7. Then, in the right plot we plot the energy density
function pl at time t = 104 for two one peak (ω = 6.15) and one local minima (ω = 4.5)

Figure 6.9: Left plot: time evolution of the second moment m2 for ω = 6.15 (black - local
peak), ω = 12.3 (red - local peak), ω = 4.5 (green - local minimum) and ω = 7.7
(blue - local minimum). The magenta curve corresponds to the undriven case.
Right plot: energy density pl versus lattice sites l at final time t = 104 for
ω = 6.15 (black - local peak) and ω = 4.5 (green - local minimum). Both cases,
U0 = 4.5, λ = 2.5 and μ = 0.2 and L = 28.

The curves of the time evolution correspondent to the two peaks ω = 6.15, 12.3 behave as
the undriven case and therefore exhibit delocalization. The time evolution correspondent
to local minima ω = 4.5, 7.7 instead exhibit localization, confirming the destruction of
tunneling effect given by the driving term. From these figures we confirm how this coherent
driving lift the presence of the correlated metallic states for large regions of the frequency
domain. However, this effect vanishes in certain intervals, which might be connected to
possible resonances.

6.4 Summary and Discussions

In this chapter we discussed preliminary studies done on the two interacting particle problem
in a quasiperiodic chain in presence of driven interactions. From reviewing the undriven
case of two particles in an Aubry-Andé chain, we have moved towards the analysis of the
driven case, with the goal of understanding the generating mechanism of the groups of
renormalized extended states. We studied the problem analytically, performing the Floquet
analysis of the driven model Eq.(6.16), and numerically, studying the time evolution of
wave packets. Even though we have observed hints of interesting phenomena, this class of
driving does not generate families of extended states in regions of the model’s phase space
where these states do not exist. It follows that the generation of the correlated metallic
states are yet unclear and, as a consequence, this project still lacks of conclusive results and
it is currently ongoing. A better understanding could possibly arrive from a more careful
analytical and numerical analysis of the undriven spectrum and the overlap integral in the
mode representation of the equation, and discussing further the coherent destruction of
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tunneling in combination with the Bessel function representation of the model described in
Sec.C.3.
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CHAPTER 7

Conclusions and Outlook

In these last decades, lattice structures have shown to be fundamental for the study of
light, wave and particles propagation in periodic and aperiodic media, with the essential
achievements of the theoretical prediction and the experimental realization of Bloch oscilla-
tions, Anderson localization and Aubry-André metal-insulator transition. Interests in these
discrete systems is nowadays focused on the design of innovative lattice’s spatial topology,
for instance graphene, the implementation of several classes of spatial perturbations, time-
dependent driving, and external fields. Lattices then confirmed to be ideal benchmarks for
the study of emergent physical phenomena in condensed matter physics.

This thesis has been focused on the quasiperiodic Aubry-André-type of spatial pertur-
bation of discrete systems, particularly one-dimensional chains. Localization phenomena
in disordered and quasiperiodic topologies are longstanding problems in condensed matter,
which yet posses a huge number of unsolved issues. In the case of the quasiperiodic lattices,
these issues concern in particular the transition between metallic and insulating regimes in
the energy spectrum. Our ultimate goal was to describe the transport features of certain
quasieriodic lattices and their transitions by relating them the Aubry-André one-dimensional
chain and its self-duality principle.

In order to achieve this goal, we initially focused on the one-dimensional Aubry-André
chain and its energy spectrum, particularly on its self-similar nature. We constructed an
iterative sequence of spatially periodic potentials with increasing period. The energy spec-
trum of a one-dimensional chain defined with this sequence of potential emulates the Aubry-
André self similar structure. In the limit of infinite step, the potential turns quasiperiodic,
the chain lacks of self duality principle and it exhibits an energy dependent transitions
(mobility edges). We thus introduced a set of potentials that bonds the self-similarity of
the energy spectrum of the chain, its quasiperiodicity and the transition between insulating
and metallic phase.

After having established a connection between spectral self-similarity of a quasiperiodic
chain and its phase transition, we shifted our studies to the Aubry-André perturbations
of the flat-band topologies. It is well-known that spatial perturbations lift the spectral
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singularities characteristic of these topologies, and they hybridize the flat-band states with
the dispersive states. On the other hand, the rotations of these topologies into lattice of Fano
defects generally holds also in presence of spatial perturbations. We combined the rotation
of the topologies to the Aubry-André duality principle. In the very case of class U = 1 flat-
band topologies, the combination of these two elements yielded to closed analytical forms of
energy dependent phase transitions (mobility edges) in case of specific spatial correlations.
In particular, we analytically showed the presence of singluarities, zeroes and divergencies
in the mobility edge curves, prediction confirmed by numerical studies.

We then shifted focus into driven systems, namely two different one-dimensional chains
driven in time. In the first case, we consider an Aubry-André chain and the driving con-
sists in a weak external field periodic in time and quasiperiodic in space. The topological
structure of the energy spectrum of the undriven Aubry-André model is closely related to
the origin of the resonant metallic states within the model’s insulating phase generated by
drive. We found that for frequencies comparable to the model’s main spectral gaps, the
drive resonantly couples groups of localized eigenstates of the undriven model, generating
groups of extended ones. Fact supported from the small detuning from the resonant fre-
quencies returns these families of localized states to be decoupled and the delocalization
gone. It follows that we found a simple but effective method to control the localization and
generate extended states by design within the insulating regime of an Aubry-André chain.

The second case of the driven chains consists in a disordered chain in presence of a coher-
ent quasiperiodic multi-frequency (color) driving in time acting on the spatial perturbation.
By mean of Floquet and harmonic analysis, jointly with numerical methods, we highlighted
presence of different regimes in the parameter space where the Anderson localization is un-
affected, and regions where the localization lengths shows a substantial increase. Moreover,
we showed that the localization length remains finite for any finite number of frequencies,
and its divergence occurs in the limit of frequency going to zero. However, it is legitimate
to expect that the localization length diverges as the number of colors diverges to infinity
and the driving coherence is lost.

Finally, we explored the problem of two interacting particles in a one-dimensional Aubry-
André chain. In this problem, groups of renormalized extended states exist within the
insulating phase of the single particle for particular values of the interaction strength. We
aimed to control the generation of families of correlated metallic states by a coherent drive
of the interaction term. The scheme proposed did not generate new groups of renormalized
extended states, leaving open the issue of generate them by design.

The theme underlying the thesis was the concept of quasiperiocity, and the main goal was
the establishment of relations between the topological properties of the lattices, their energy
spectrum with the model’s localization feature. The examples considered exhibited different
interesting effects related to the transition between metallic and insulating regimes. Thus,
they showed that the interplay between lattice’s topology, external driving and spatially
quasiperiodic perturbation leads to interesting possible experimental developments of fine
tuning of the metal-insulator transition in optical lattices.

In relation to experiments, after almost a decade of the experimental observation of
Anderson localization [19] and Aubry-André metal-insulator transition [20], recently im-
portant examples of flat-band topologies (saw-tooth, Lieb) have been experimentally re-
alized [160, 161, 271, 272], reporting the realization of the compact localized eigenmodes.
Likewise, the recent years have witnessed advancements on the experimental realzation
and control of the external driving of optical and photonic lattices [273, 274]. The com-
binations of these experimental results will possibly lead to the experimental realization
of quasiperiodically perturbed flat-band topologies and driven quasiperiodic chains, the
observation of the energy dependent mobility edge with their spectral singularities and di-
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vergencies, as well as the realization of delocalization by design of particles within their
insulating regimes. These could provide useful insights of transport phenomena of particles
in quasiperiodic topologies, and the control of the transition between localized and metallic
regimes. This would ultimately leads to possible advancements towards the synthesis of
artificial semiconductors [275].

Even if these studies showed promising results, the link between the model topology, its
spatial quasiperiodic perturbation, its spectral properties and the model’s transport prop-
erties need more rigorous analytical argumentations. The Aubry-André model itself has
shown in these years to be particularly inclined towards exact analytical proofs of its fea-
tures. This strengthening could arise from the analysis of further examples of quasiperiodic
topologies and the development of analytical tools (topological invariants, harmonic anal-
ysis, algebraic analysis), that would allow more systematic and extensive studies of the
spectral decomposition of the lattices, their singularities, and the topology of the model
spectrum after the introduction of the quasiperiodic potential. This could possibly also
allow a more rigorous understanding of the role of many-body interaction and nonlinearity
in quasiperiodic lattices.
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APPENDIX A

Numerical Methods

The majority of the numerical work done in this thesis concerned the time integration of
the Schrödinger equation Eq.(2.4), and the numerical diagonalization of associated time
independent eigenvalue problem Eq.(2.6). In this appendix we introduce the numerical
methods used and we present the parameters we use to characterize the eigenmodes.

A.1 Numerical Diagonalization

All the numerical simulations have been performed using initially C++, and then switching
to Fortran90. Concerning the numerical solution of eigenvalue problems Eq.(2.6), in the case
of C++, we have used the TNT diagonalization routine (http://math.nist.gov/tnt/). In the
case of Fortran90, we have used the LAPACK routine (http://www.netlib.org/lapack/).

A.2 Wave Packet Dynamics

The computation of the time evolution of the cases of Schrödinger equation considered
in this work have been performed numerically using symplectic integrators. These types
integrators are numerical integration scheme for Hamiltonian systems, where each integra-
tion step from time t to time t+τ is performed using a canonical symplectic transformation.

For our cases, we use schemes that separate the Hamiltonian H in two integrable parts
H = A + εB, each one with solutions etLA and eεtLB . Then, we express the differential
operator eτLH , which defines the formal solution of the differential equation iψ̇ = Hψ, as a
combinations of etLA and eεtLB

eτLH =
s∏

i=1
eciτLAeεdiτLB + O(τ s+1) ; with

s∑
i=1

ci = 1 ,
s∑

i=1
di = 1 (A.1)

The higher the order s is, the better the precision and stability of the method are. However,
higher order s costs in computational time. The scheme we have used for our cases of
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Schrödinger equation is a third order s = 3 scheme, called SBAB2. In Sec.A.2.1 we discuss
this symplectic scheme, and in Sec.A.2.2 we discuss the modification performed to the
SBAB2 scheme in case of time-dependent hamiltonians.

A.2.1 SBAB2

The SABA2 integration scheme is obtained from Eq.(A.1) where s = 3. The integrator
then is

SABA2 = eεd1τLB ec2τLAeεd2τLB ec2τLAeεd1τLB ; (A.2)

with c2 = 1
2 , d1 = 1

6 and d2 = 2
3 . In the case Eq.(2.4)

i
∂

∂t
ψl = εlψl + ψl−1 + ψl+1 , (A.3)

the hamiltonian A and B are (ε = 1)

A =
∑

l

[
ψ∗

l+1ψl + ψl+1ψ∗
l

]
; B =

∑
l

εl|ψl|2 . (A.4)

The differential operators etLA and etεLB are

ψl(t + τ) = etLAψl(t) =

⎧⎪⎪⎨
⎪⎪⎩

ϕq(t) =
∑

m ψm(t)ei2πq(m−1)/N .

ϕq(t + τ) = ϕq(t)ei2 cos(2π(q−1/N))τ ,

ψl(t + τ) = 1
N

∑
q ϕq(t + τ)e−i2πl(q−1)/N .

(A.5)

ψl(t + τ) = etLB ψl(t) = e−iεlτ ψl(t) . (A.6)

A.2.2 Time Dependent Hamiltonian

To take properly into consideration the presence of time-dependent terms Vl(t) in the hamil-
tonian equation

H(t) = H0 + Vl(t) ; (A.7)

we integrate the time independent part H0 using the scheme indicated above, and manually
integrate the time-dependent component. We show here the case of the driven Aubry-André
case Sec.5.2. The cases of driven Anderson Sec.5.3 and driven two interacting particles
Sec.6.3.2 are very similar to the case discussed.

The hamiltonian of the system Eq.(5.2) is

i
dψl

dt
= ψl+1 + ψl−1 + V1 cos(2παl + δ)ψl

+ V2 cos(2πβl + Ωt)ψl . (A.8)

The time dependent component Vl(t) yields an integral from time t to time t + τ as

ψl(t + τ) = ei
∫ t+τ

t
Vl(r)drψl(t) . (A.9)

The integral lying at the exponent has solution∫ t+τ

t
Vl(r)dr = .V2

∫ t+τ

t
cos(2πβl + Ωr)dr =

V2
Ω

sin(2πβl + Ωr)
∣∣∣∣
t+τ

t

=
V2
Ω

[
sin(2πβl + Ω(t + τ)) − sin(2πβl + Ω(t))

]

=
2V2
Ω

sin
(Ωτ

2

)
cos

[
(2πβl + Ω

(
t +

τ

2

)]
.

(A.10)
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In Eq.(A.6), the differential operator etLB becomes

ψl(t + τ) = etLB ψl(t) = e−i[εlτ+Wl(t,τ)]ψl(t) . (A.11)

for Wl(t, τ) defined as

Wl(t, τ) ≡ 2V2
Ω

sin
(Ωτ

2

)
cos

[
(2πβl + Ω

(
t +

τ

2

)]
. (A.12)

A.3 Mode’s Characterization

In this section, we introduce some measures we have used to quantify the localization
features of the mode ψ ≡ {ψl}l∈Z. Without loss of generality, we consider ψ to be one-
dimensional and of unitary norm N = 1 (norm defined as)

N =
∑

l

|ψl|2 . (A.13)

We address the case of the mode’s exponential localization, which indicate that the mode’s
amplitude |ψ| is non negligible within a finite subset of the lattice, and its tails decay
exponentially as

|ψl| ∼ e−|l|/ξ(E) ; |l| 
−→ +∞ ; (A.14)

for E the mode’s energy. The decay rate ξ(E) of the mode is called localization length,
while the subset of the spatial domain between the two tails, where mode’s amplitude |ψ|
is non negligible, is called localization volume. From Eq.(A.14), it follows that the smaller
the localization length ξ(E) is, the faster the decay. In one-dimensional chains, an iterative
scheme can be used to approximate the localization length ξ(E). We first observe that, if
the mode decays exponentially as Eq.(A.14), for large enough lattice site l it holds that

Rl =
∣∣∣∣ψl+1

ψl

∣∣∣∣ =
Al+1
Al

∼ e
1

ξ(E) . (A.15)

with the amplitude-phase expansion ψl = Ale
iEt, Eq.(2.5). The natural logarithm of

Eq.(A.15) lead us to obtain the inverse of the localization length ξ−1(E). We obtain the
sequence Rl recursively for an initial value R0 = 1 from the eigenvalue problem associated
to the one-dimensional tight-binding Eq.(2.4). Eq.(2.6) can be rewritten as

Al+1 = (εl − E)Al − Al−1 ; (A.16)

which, dividing by Al, it is equivalent to

Rl = (εl − E) − 1
Rl−1

; (A.17)

where Rl = Al+1/Al. We then approximate the inverse of the localization length ξ−1(E) by
the formula

ξ−1(E) = lim
M→+∞

1
M

M∑
n=1

ln |Rl| (A.18)

Numerically the recursion does not go infinity M 
−→ +∞. Even if for large M this
expression is self-averaging, it can be helpful to introduce further averages 〈·〉, for example
over the disorder realization for onsite energy εl considered as an uncorrelated sequence
uniformly distributed over a bounded set (Anderson case). This yields to

ξ−1(E) = lim
M→+∞

1
M

〈
M∑

n=1
ln

∣∣∣∣Al+1
Al

∣∣∣∣
〉

. (A.19)
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This approach becomes impractical for higher-dimensional lattices or more complicated
topologies. The flat-band lattices are a separate case, since this recursive technique is made
possible because of the rotation of the models in lattices of Fano defect, as described in
Eq.(4.18)

Next to quantify the decay rate of the localized mode ψ ≡ {ψl}l∈Z, we can define the
following measures [84]:

• the participation number P describes the number of sites of non-trivial amplitude. It
is defined as

P =
1∑

l |ψl|4 . (A.20)

P = 1 indicates a mode localized in one site, while if the participation number the
P ∼ N scales linearly with the chosen system size N , it indicates an extended mode.

• the second moment m2 estimates the squared distance between the mode’s tails. It is
defined as

m2 =
∑

l

[∑
k

k|ψk|2 − l
]2|ψl|2 . (A.21)

A large value of second moment indicates that there exists strongly excited sites far
away from each other., however, the strongly excited sites can be very sparse.
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APPENDIX B

Quasiperiodic Driving of Disordered
Chains

In this appendix we discuss some concepts and analytical results we have been using in
Sec.5.3 for the analysis of the Anderson model in presence of quasiperiodic multi-frequency
driving. In Sec.B.1 aspects of multi-frequency perturbation are discussed and in Sec.B.2 we
explain in details the Floquet expansion and the rotation in a basis of Bessel function done
in Sec.5.3.2 and Sec.5.3.3 on the driven one-dimensional Anderson model.

B.1 Multi-Frequency Perturbation

In this section we introduce the concept of quasiperiodicity in time and we review elements
of the Floquet theory and Fourier analysis of multi-frequency dynamical systems, in relation
to 5.3. As introduced in 2.4, we recall the definition

Definition. Let ϕ : R −→ R be a real continuous one-dimensional function. For ϕ being
quasiperiodic implies that there exists continuous function F : RD −→ R with D ≥ 2 periodic
in every component with period 2π such that

ϕ(t) = F (ω1t, . . . , ωDt) , t ∈ R , (B.1)

for D frequencies Ω = (ω1, . . . , ωD) incommensurate between each other

k · Ω = k1ω1 + · · · + kDωD 
= 0 , ∀k ∈ ZD , k 
= 0 . (B.2)

The periodicity in each component makes the domain RD of the function F to become a D
dimensional torus TD = RD/(2πZ)D. The trajectory described by the function γ : R → TD,
γ(t) = (ω1t, . . . , ωDt) along the manifold TD forms a closed loop if Eq.(B.2) does not hold
and the frequencies ω are commensurate. Instead for incommensurate frequencies, the
trajectory fills densely the manifold. It follows that for every x0 ∈ TD, x0 = γ(0) and
for every δ 
= 0 small, there exists a tδ such that x = γ(tδ) ∈ U δ

x0 with U δ
x0 a punctured
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neighborhood of x0, U δ
x0 = B(x0, δ[ \ {x0}. By translation invariance, for any δ 
= 0 small

this feature holds for every x0 = γ(t0) with the same tδ. By the continuity of F , it follows
that for every t0 and for every ε 
= 0 small there exists δ � 1 and tδ such that

|ϕ(t0 + tδ) − ϕ(t0)| ≤ ε . (B.3)

This property is in analogy with the property of spatial quasiperiodicity for discrete se-
quences reported in Eq.(2.14).

The incommensurate condition of the frequencies Eq.(B.2) is the origin of the feature
Eq.(B.3). Such condition also modifies mathematical objects we have used on the anal-
ysis of a single frequency driven Anderson chain Sec.5.3, such as Floquet expansion and
Fourier series. The so-called many-modes Floquet expansion exists for Hamiltonian function
H which time dependence is described as Eq.(B.1), (B.2). A solution of the time evolution
equation iΨ̇ = HΨ can then be expanded as

Ψ(t) = u(t)e−iEt . (B.4)

for the quasienergy E and the component u(t), which shares the time dependence with the
Hamiltonian H, can be expanded in a generalized Fourier series written as

u(t) =
∑
k1

∑
k2

· · ·
∑
kD

Ak1,k2,...,kd
eik1ω1teik2ω2t · · · eikDωDt . (B.5)

Each series correspond to one of the frequency of Ω. Using the vector notation for the index
k ∈ ZD, the expansion can be condensed in

u(t) =
∑

k
Akeik·Ωt . (B.6)

In our case, for an Hamiltonian H defined as Eq.(5.8), the Floquet and the Fourier trans-
formation combined yield to an expansion

ψl(t) =
∑

k
Al,ke−i[(E−k·Ω)t−k·Φl] (B.7)

where Φl is the vector of Φl = (φ1
l , . . . , φD

l ) ∈ ] − π, π[D for every lattice site l ∈ Z.

B.2 Floquet Analysis

In this section we analyze in details the Floquet expansion and the representation in Bessel
function coordinate of the Anderson chain in presence of a multicolor quasiperiodic driving
Eq.(5.3.2.3). In Sec.B.2.1 we discuss the single color case, in Sec.B.2.2 the general case.

B.2.1 Single Color

We focus on the one color case D = 1 using references [228, 229]. The D color case is a
generalization of these calculations. The one-dimensional time-dependent model Eq.(5.10)
is mapped to a time independent two-dimensional eigenvalue problem Eq.(5.14) via the
Floquet expansion Eq.(5.11)

ψl(t) =
∑

k

Al,ke−i[(E−kω)t−kφl] . (B.8)
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With

μεl cos(ωt + φl)ψl =
μεl

2
∑

k

[
Al,k−1 + Al,k+1

]
e−i[(E−kω)t−kφl] (B.9)

and

λ(ψl+1 + ψl−1) = λ
∑

k

[
Al−1,ke−i[(E−kω)t−kφl−1]

+ Al−1,ke−i[(E−kω)t−kφl−1]
]

− λ
∑

k

[
Al−1,ke−ik(φl−φl−1)e−i[(E−kω)t−kφl]

+ Al+1,ke−ik(φl−φl+1)e−i[(E−kω)t−kφl]
]

(B.10)

we define the hopping coefficients ξ±
l,k as

ξ±
l,k = e−ik(φl−φl±1) (B.11)

to arrive at ∑
k

(E − kω)Al,ke−i[(E−kω)t−kφl] =

=
∑

k

[
εlAl,k +

μεl

2
(
Al,k−1 + Al,k+1

)

− λ
(
ξ−

l,kAl−1,k + ξ+
l,kAl+1,k

)]
e−i[(E−kω)t−kφl]

(B.12)

which finally yields the two dimensional eigenvalue problem of Eq.(5.14)

EAl,k = (εl + kω)Al,k − λ(ξ−
l,kAl−1,k + ξ+

l,kAl+1,k)

+
μεl

2
(
Al,k−1 + Al,k+1

)
.

(B.13)

This is then transformed using Eq.(5.13):

Al,k =
∑

ν

cl,νB
(ν)
l,k , B

(ν)
l,k = Jk−ν

(
μεl

ω

)
. (B.14)

The basis B = {B
(ν)
l,k }ν diagonalizes the eigenvalue problem in the Fourier direction k with

eigenvalues εν = ων. It follows that

kωAl,k +
μεl

2
(
Al,k−1 + Al,k+1

)
=

=
∑

ν

cl,ν

[
kωB

(ν)
l,k +

μεl

2

(
B

(ν)
l,k−1 + B

(ν)
l,k+1

)]

=
∑

ν

ων cl,νB
(ν)
l,k .

(B.15)

The eigenvalue problem Eq.(B.13) in the new basis B reads

E
∑

ν

cl,νB
(ν)
l,k =

∑
ν

[
(εl + ων)cl,νB

(ν)
l,k

− λ
(
ξ−

l,kcl−1,νB
(ν)
l−1,k + ξ+

l,kcl+1,νB
(ν)
l+1,k

)]
.

(B.16)
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We multiply both sides of Eq.(B.16) with a second Bessel function B
(ν2)
l,k of index ν2 and

then sum over k. Using the Bessel functions orthonormality relation [228,229]

∑
k

B
(ν)
l,k B

(ν2)
l,k =

∑
k

Jk−ν

(
μεl

ω

)
Jk−ν2

(
μεl

ω

)
= δν,ν2 (B.17)

in Eq.(B.16) we obtain

E
∑

k

∑
ν

cl,νB
(ν)
l,k B

(ν2)
l,k = Ecl,ν ,

∑
k

∑
ν

(εl + ων)cl,νB
(ν)
l,k B

(ν2)
l,k = (εl + ων)cl,ν .

(B.18)

The matrix elements (hopping) along the real direction l become
∑

k

∑
ν

ξ±
l,kcl±1,νB

(ν)
l±1,kB

(ν2)
l,k =

=
∑

ν

cl±1,ν

(∑
k

ξ±
l,kB

(ν)
l±1,kB

(ν2)
l,k

)
.

(B.19)

Using Graf’s generalization of Neumann’s addition theorem [228,229]

∑
k

eikθJν+k(x)Jk(y) =
(

x − ye−iθ

x − yeiθ

) ν
2
Jν

(√
x2 + y2 − 2xy cos θ

)
. (B.20)

and defining the random phase difference

θ±
l = φl − φl±1 , (B.21)

Eq.(B.19) is modified as
∑

k

∑
ν

ξ±
l,kcl±1,νB

(ν)
l±1,kB

(ν2)
l,k =

∑
s

(
σ±

l

)s
Js
(
Δ±

l

)
cl±1,ν−s (B.22)

where

σ±
l =

(
εl − e−iθ±

l εl±1

εl − eiθ±
l εl±1

) 1
2

,

Δ±
l =

μ

ω

√
ε2
l + ε2

l±1 − 2εlεl±1 cos θ±
l .

(B.23)

Since the complex coefficient σ±
l has absolute value equal to unity, we rewrite it as

σ±
l = eiϕ±

l , tan ϕ±
l = − εl±1 sin θ±

l

εl − εl±1 cos θ±
l

. (B.24)

The final eigenvalue problem becomes (Eq.(5.17))

Ecl,ν = (εl + ων)cl,ν

−λ
∑

s

[
eisϕ−

l Js
(
Δ−

l

)
cl−1,ν−s + eisϕ+

l Js
(
Δ+

l

)
cl+1,ν−s

]
.

(B.25)
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B.2.2 General Case

Let’s recall the general case of the driven model Eq.(5.8)

iψ̇l = εl

[
1 +

D∑
i=1

μicos(ωit + φi
l)
]
ψl − λ

(
ψl+1 + ψl−1

)
. (B.26)

We introduce the vectors

k =(k1, . . . , kD) ∈ ZD ;
Φl =(φ1

l , . . . , φD
l ) ∈ ] − π, π[D , l ∈ Z ;

Ω =(ω1, . . . , ωD) ∈ RD .

(B.27)

Moreover, we define ei as the i-th vector of the canonical basis of ZD. The frequencies ωi

can then be rewritten as ωi = ei · Ω. The Floquet expansion is

ψl(t) =
∑

k
Al,ke−i[(E−k·Ω)t−k·Φl] (B.28)

Let’s start with the driving term of Eq.(B.26). Each term of the sum over i from one to D
results

μiεl cos(ωit + φi
l)ψl =

μiεl

2
∑

k
Al,k

[
ei(ωit+φi

l) + e−i(ωit+φi
l)
]
e−i[(E−k·Ω)t−k·Φl]

=
μiεl

2
∑

k
Al,k

[
e−i[(E−(k+ei)·Ω)t−(k+ei)·Φl]

+ e−i[(E−(k−ei)·Ω)t−(k−ei)·Φl]
]

=
μiεl

2
∑

k

[
Al,k−ei + Al,k+ei

]
e−i[(E−k·Ω)t−k·Φl] .

(B.29)

The hopping terms of Eq.(B.26) turns in

λ
(
ψl+1 + ψl−1

)
= λ

∑
k

[
Al+1,ke−i[(E−k·Ω)t−k·Φl+1]

+ Al−1,ke−i[(E−k·Ω)t−k·Φl−1]
]

− λ
∑

k

[
Al+1,ke−ik·(Φl−Φl+1)e−i[(E−k·Ω)t−k·Φl]

+ Al−1,ke−ik·(Φl−Φl−1)e−i[(E−k·Ω)t−k·Φl]
]

.

(B.30)

Defining the complex hopping coefficients ξ±
n,k as Eq.(5.15)

ξ±
l,k = e−ik·(Φl−Φl±1) =

D∏
i=1

e−iki(φi
l−φi

l±1) =
D∏

i=1
ξi,±

l,ki
. (B.31)

Eq.(B.26) becomes ∑
k

(
E − k · Ω

)
Al,ke−i[(E−k·Ω)t−k·Φl] =

=
∑

k

[
εlAl,k +

D∑
i=1

μiεl

2

(
Al,k−ei + Al,k+ei

)

− λ
(
ξ−

l,kAl−1,k + ξ+
l,kAl+1,k

)]
e−i[(E−k·Ω)t−k·Φl]

(B.32)
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which yield to the D + 1 dimensional eigenvalue problem in Eq.(5.14)

EAl,k =
(
εl + k · Ω

)
Al,k − λ

(
ξ−

l,kAl−1,k + ξ+
l,kAl+1,k

)

+
D∑

i=1

μiεl

2

(
Al,k−ei + Al,k+ei

)
,

(B.33)

We define ν as the index vector

v = (ν1, . . . , νD) ∈ ZD . (B.34)

The rotation in the momentum space is then defined

Al,k =
∑

v
cl,vD(v)

l,k ;

D(v)
l,k =

D∏
i=1

B
i,(νi)
l,ki

=
D∏

i=1
Jki−νi

(
μiεl

ωi

)
.

(B.35)

where, for every i, the Bessel function B
i,(νi)
l,ki

diagonalize the Wannier-Stark ladder in the
momentum direction ki with eigenvalues ενi = ωνi

k · ΩAl,k +
D∑

i=1

μiεl

2

(
Al,k−ei + Al,k+ei

)
=

=
D∑

i=1

[
kiωiAl,k +

μiεl

2

(
Al,k−ei + Al,k+ei

)]

=
D∑

i=1

∑
v

cl,v

[
kiωiD(v)

l,k +
μiεl

2

(
D(v)

l,k−ei
+ D(v)

l,k+ei

)]

=
∑

v
cl,v

[
D∑

i=1

(∏
j �=i

B
j,(νj)
l,kj

)

(
kiωiB

i,(νi)
l,ki

+
μiεl

2

(
B

i,(νi)
l,ki−1 + B

i,(νi)
l,ki+1

))]

=
∑

v
cl,v

[
D∑

i=1

(∏
j �=i

B
j,(νj)
l,kj

)
ωiνiB

i,(νi)
l,ki

]

=
∑

v
cl,vD(v)

l,k

[
D∑

i=1
ωiνi

]

=
∑

v
Ω · v cl,vD(v)

l,k

(B.36)

Eq.(B.33) in the new basis B reads

E
∑

v
cl,vD(v)

l,k =
∑

v

[
(εl + Ω · v)cl,vD(v)

l,k

− λ
(
ξ−

l,kcl−1,vD(v)
l−1,k + ξ+

l,kcl+1,vD(v)
l+1,k

)]
.

(B.37)

We then multiply Eq.(B.37) for a second Bessel function product D(n)
l,k of index n =

(η1, . . . , ηD) ∈ ZD and then sum over k. Let’s first analyze the Bessel function factor
D(v)

l,k D(n)
l,k . Recalling the Bessel function’s orthonormality relation

∑
ki

B
i,(νi)
l,ki

B
i,(ηi)
l,ki

=
∑

k

Jki−νi

(
μiεl

ωi

)
Jki−ηi

(
μiεl

ωi

)
= δνi,ηi (B.38)
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we obtain

∑
k

D(v)
l,k D(n)

l,k =
∑

k

[
D∏

i=1
B

i,(νi)
l,ki

B
i,(ηi)
l,ki

]
=

=
∑
k1

B
1,(ν1)
l,k1

B
1,(η1)
l,k1

[∑
k2

· · ·
∑
kD

(
B

D,(νD)
l,kD

B
D,(ηD)
l,kD

)]

=
∑
k1

[∑
k2

· · ·
∑

kD−1

(
B

D−1,(νD−1)
l,kD−1

B
D−1,(ηD−1)
l,kD−1

)]
δνD,ηD

=
∑
k1

[∑
k2

· · ·
∑
km

(
B

m,(νm)
l,km

B
m,(ηm)
l,km

)]( D∏
i=m+1

δνi,ηi

)

= · · · =
D∏

i=1
δνi,ηi = δv,n

(B.39)

It therefore follows in Eq.(B.37)

E
∑

k

∑
v

cl,vD(v)
l,k D(n)

l,k = Ecl,v ;

∑
k

∑
v

(εl + Ω · v)cl,vD(v)
l,k D(n)

l,k = (εl + Ω · v)cl,v .
(B.40)

In the hopping terms of Eq.(B.37), the Bessel function factor Eq.(B.39) includes the complex
factor Eq.(B.31). By Graf’s theorem Eq.(B.20) and recalling the definition of the complex
coefficients of the hopping Eq.(B.31), the product then turns

∑
k

ξ±
l,kD(v)

l,k D(n)
l,k =

=
∑
k1

[∑
k2

· · ·
∑
kD

(
ξD,±

l,kD
B

D,(νD)
l,kD

B
D,(ηD)
l,kD

)]

=
∑
k1

[∑
k2

· · ·
∑

kD−1

(
ξD−1,±

l,kD−1
B

D−1,(νD−1)
l,kD−1

B
D−1,(ηD−1)
l,kD−1

)
(∑

s

(
σ±

l,D

)s
Js

(
Δ±

l,D

))]

=
∑
k1

[∑
k2

· · ·
∑
km

(
ξm,±

l,km
B

m,(νm)
l,km

B
m,(ηm)
l,km

)]
[

D∏
i=m+1

(∑
si

(
σ±

l,i

)si

Jsi

(
Δ±

l,i

))]

=
D∏

i=1

(∑
si

(
σ±

l,i

)si

Jsi

(
Δ±

l,i

))

(B.41)

where

σ±
l,i =

(
εl − eiθ±

l,iεl±1

εl − e−iθ±
l,iεl±1

) 1
2

Δ±
l,i =

μi

ωi

√
ε2
l + ε2

l±1 − 2εlεl±1 cos θ±
l,i

(B.42)
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Defining the integer vector s = (s1, . . . , sD) ∈ ZD, the hopping terms along the real direction
l become ∑

k

∑
v

ξ±
l±1,kcl±1,vD(v)

l±1,kD(n)
l,k =

=
∑

s

(
D∏

i=1

(
σ±

l,i

)si

Jsi

(
Δ±

l,i

))
cl±1,v

(B.43)

Defining the complex coefficient

Γ±
l,s =

D∏
i=1

(
σ±

l,i

)si

, s ∈ ZD (B.44)

The eigenvalue problem Eq.(B.37) reads as Eq.(5.33)

Ecl,v = (εl + Ω · v)cl,v

− λ
∑

s

[
Γ−

l,s

D∏
i=1

Jsi

(
Δ−

l,i

)
cl−1,v−s

+ Γ+
l,s

D∏
i=1

Jsi

(
Δ+

l,i

)
cl+1,v−s

] (B.45)
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APPENDIX C

The Two Interacting Particles Problem -
Technical Issues

In this appendix we discuss three technical aspects of the two interacting particle problem.
The first consists in the mapping of the one dimensional quantum problem expressed in the
Fock basis into a two dimensional linear lattice. Then we recall the definition of overlap
integral between single particle modes due to the interaction term. The third one consists
in the details of the expansion of the two dimensional time dependent problem into a three
dimensional time independent problem using the Bessel function representation.

C.1 Mapping

The Bose-Hubbard hamiltonian Eq.(6.1) consists in two part: H0 which describes the dy-
namic of each single particle, and H1, which describes the particle-particle interaction.

H =
∑

n

[
εnb̂+

n b̂n + b̂+
n+1b̂n + b̂n+1b̂+

n

]
+

U

2
∑

l

b̂+
n b̂+

n b̂nb̂n ≡ H0 + H1 , (C.1)

We recall the basis |l, m〉 defined in Eq.(6.4) for two indistinguishable particles

|l, m〉 :=
b̂+

l b̂+
m|0〉√

1 + δl,m
, l ≤ m . (C.2)

In the basis a state ψ can be expanded in

ψ =
∑

l

∑
m≥l

ϕl,m|l, m〉 . (C.3)

This basis maps the Hamiltonian quantum model into a two dimensional lattice Eq.(6.8).
Let’s start from H0, computing the onsite energy term on the general basis term |l, m〉 for
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l ≤ m. ∑
n

εnb̂+
n b̂n|l, m〉 = εlb̂

+
l b̂l|l, m〉 + εmb̂+

mb̂m|l, m〉

= (εl + εm)|l, m〉 .
(C.4)

Let’s consider now the first of the hopping terms. First, the off-diagonal case l ≤ m + 1∑
n

b̂+
n+1b̂n|l, m〉 = b̂+

l+1b̂l|l, m〉 + b̂+
m+1b̂m|l, m〉 l ≤ m + 1

= |l + 1, m〉 + |l, m + 1〉 .
(C.5)

For the diagonal case l = m

∑
n

b̂+
n+1b̂n|l, l〉 = b̂+

l+1b̂l|l, l〉 =
1√
2

b̂+
l+1b̂lb̂

+
l b̂+

l |0〉 l = m

=
1√
2

b̂+
l+1(1 − b̂+

l b̂l)b̂+
l |0〉

=
1√
2

b̂+
l+1b̂+

l |0〉 +
1√
2

b̂+
l+1b̂+

l (1 − b̂+
l b̂l)|0〉

=
1√
2

|l, l + 1〉 +
1√
2

b̂+
l+1b̂+

l |0〉 +
1√
2

b̂+
l+1b̂+

l b̂+
l b̂l|0〉

=
√

2|l, l + 1〉.

(C.6)

Likewise it follows for the complex conjugate term of the hopping that∑
n

b̂n+1b̂+
n |l, m〉 = |l − 1, m〉 + |l, m − 1〉 , l ≤ m + 1 ;

∑
n

b̂n+1b̂+
n |l, l〉 =

√
2|l − 1, l〉 l = m ,

(C.7)

The general term 〈l′, m′|H0|ł, m〉 for l, l′, m, m′ with l ≤ m and l′ ≤ m′ follows

〈l′, m′|H0|ł, m〉 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if l < m + 1, (l′ ± 1 = l ; m′ = m)
1 if l < m + 1, (l′ = l ; m′ ± 1 = m)√

2 if l = m + 1, (l′ − 1 = l ; m′ = m)√
2 if l = m + 1, (l′ = l ; m′ + 1 = m)

1 if l = m + 1, (l′ + 1 = l ; m′ = m)
1 if l = m + 1, (l′ = l ; m′ − 1 = m)√

2 if l = m, (l′ + 1 = l ; m′ = m)√
2 if l = m, (l′ = l ; m′ − 1 = m)

(C.8)

which yields to a set of equations that describes one half of a two-dimensional lattice l ≤ m
(see Fig.(6.1)) in Sec.6.2)⎧⎪⎪⎨
⎪⎪⎩

iψ̇l,m = (εl + εm)ψl,m + ψl−1,m + ψl+1,m + ψl,m−1 + ψl,m+1 , l < m − 1
iψ̇l,l+1 = (εl + εl+1)ψl,l+1 + ψl,l+2 + ψl−1,l+1 +

√
2ψl,l +

√
2ψl+1,l+1 , l = m − 1

iψ̇l,l = 2εlψl,l +
√

2ψl+1,l +
√

2ψl−1,l , l = m

(C.9)
Unfolding the triangular structure combined with the transformation{

ϕl,l =
√

2ψl,l , l = m ;
ϕl,m = ψl,m , l 
= m .

(C.10)
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lead to
iϕ̇l,m = (εl + εm)ϕl,m + ϕl+1,m + ϕl−1,m + ϕl,m+1 + ϕl,m−1 . (C.11)

Including the interaction hamiltonian H1 implies the presence of an extra term onsite term
in Eq.(C.11).

U

2
∑

l

b̂+
n b̂+

n b̂nb̂n|ł, m〉 =
U

2
√

2|l, l〉 . (C.12)

The general term 〈l′, m′|H1|ł, m〉 for l, l′, m, m′ follows

〈l′, m′|H1|ł, m〉 =
U

2
√

2
√

2 = U . (C.13)

In Eq.(C.11), the interaction hamiltonian H1 generates a diagonal terms Uδl,m. Defining
the onsite term

εl,m = εl + εm + Uδl,m ; (C.14)

it follows Eq.(6.8)

iϕ̇l,m = εl,mϕl,m + ϕl+1,m + ϕl−1,m + ϕl,m+1 + ϕl,m−1 . (C.15)

In Sec.6.2, for sake of space we report this equivalent version of the Bose-Hubbard model
Eq.(6.1). The triangular version is more cumbersome, however convenient for numerical
purposes, since it allows to decrease the total number of CPU operations and, therefore the
CPU time.

C.2 Overlap Integral

Let’s consider two eigenmodes of the two non-interacting particle problem Aμ
k and Aν

l with
μ ≤ ν

|μ, ν〉 =
1√

1 + δμ,ν

∑
k,l

Aμ
kAν

l b̂+
k b̂+

l |0〉 . (C.16)

We can expand an eigenstate |ψ(t)〉 as

|ψ(t)〉 =
∑
μ≤ν

∑
ν

φμ,ν |μ, ν〉 . (C.17)

and, in presence of interaction U , the time evolution equation of the coefficients φμ,ν is

iφ̇μ,ν = εμ,νφμ,ν + U
∑

μ′≤ν′

∑
ν′

Iμν,μ′ν′φμ′,ν′ . (C.18)

The terms εμ,ν (renormalized energies) Iμν,μ′ν′ (overlapping integrals) are obtained with the
following formlua

εμ,ν = (Eμ + Eν) + UI0
μν ;

I0
μν =

2
1 + δμ,ν

∑
j

(Aμ
j Aν

j )2 ;

Iμν,μ′ν′ =
2√

(1 + δμ,ν)(1 + δμ,ν)

∑
j

Aμ
j Aν

j Aμ′
j Aν′

j .

(C.19)

The values of the overlapping integrals describe the renormalization strength of each spectral
bands.
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C.3 Floquet Analysis

Equation (6.1) can be mapped in the two dimensional linear lattice of equation

iϕ̇l,m = (εl + εm + U(t)δl,m)ϕl,m + ϕl−1,m + ϕl+1,m + ϕl,m−1 + ϕl,m+1 . (C.20)

with
U(t) = U0(1 + μ cos(ωt)) . (C.21)

We define a Fourier expansion in time defined for every lattice site (n, m) for a real value E

ϕl,m =
+∞∑

k=−∞
Al,m,ke−i(E−ωk)t (C.22)

The equation (C.20) becomes

+∞∑
k=−∞

(E − ωk)Al,m,ke−i(E−ωk)t =
+∞∑

k=−∞

[
(εl + εm + U0δl,m)Al,m,k

]
e−i(E−ωk)t

+
+∞∑

k=−∞

[
Al+1,m,k + Al−1,m,k + Al,m+1,k + Al,m−1,k

]
e−i(E−ωk)t

+
+∞∑

k=−∞

μU0
2

[
An,m,k−1 + An,m,k+1

]
e−i(E−ωk)t ;

(C.23)

which give a three dimensional eigenvalue problem

EAl,m,k, = (εl + εm + U0δl,m + ωk)Al,m,k

+ Al+1,m,k + Al−1,m,k + Al,m+1,k + Al,m−1,k

+
μU0

2
δl,m

(
Al,m,k−1 + Al,m,k+1) .

(C.24)

Along k - second line - there is a Wannier-Stark ladder with dc field ω and hopping coeffi-
cient (μU0/2)δl,m. Therefore, off diagonal the Stark ladder has zero hopping.

For given (l, m),the family of Bessel function of first kind constitutes a basis of eigen-
vectors of the Wannier-Stark ladder along k. Therefore, we define the set {B

(ν)
l,m,k}ν along

the lattice in k defined as

B
(ν)
l,m,k = Jk−ν

(
μU0
ω

δl,m

)
, Eν,l,m = εl + εm + U0δl,m + ων . (C.25)

where, for each ν, E(ν) is the associated eigenvalue. For every (n, m) these Bessel functions
{B

(ν)
n,m}ν diagonalize the Wannier-Stark ladder along k (second line of the equation (C.24)).

We want to again use these two sets
{{B

(ν)
n }n

}
ν

to expand {An,m}n,m along k

Al,m,k, =
∑

ν

cl,m,νB
(ν)
l,m,k . (C.26)
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Equation (C.24) now reads

E
∑

ν

cl,m,νB
(ν)
l,m,k =

∑
ν

[
(εl + εm + U0δl,m + ωk)cl,m,νB

(ν)
l,m,k

]

+
∑

ν

[
cl+1,m,νB

(ν)
l+1,m,k + cl−1,m,νB

(ν)
l−1,m,k+

+ cl,m+1,νB
(ν)
l,m+1,k + cl,m−1,νB

(ν)
l,m−1,k

]
+

∑
ν

μU0
2

δl,m

[
cl,m,νB

(ν)
l,m,k−1 + cl,m,νB

(ν)
l,m,k+1

]
.

(C.27)

Considering the Stark Ladder along the momentum direction k, we have

∑
ν

cl,m,ν

[
ωkB

(ν)
l,m,k +

μU0
2

δl,m

(
B

(ν)
l,m,k−1 + B

(ν)
l,m,k+1

)]

= −
∑

ν

cl,m,νωνB
(ν)
l,m,k

(C.28)

Therefore, equation (C.27) reads

E
∑

ν

cl,m,νB
(ν)
l,m,k =

∑
ν

[
(εl + εm + U0δl,m − ων)cl,m,νB

(ν)
l,m,k

]

+
∑

ν

[
cl+1,m,νB

(ν)
l+1,m,k + cl−1,m,νB

(ν)
l−1,m,k+

+ cl,m+1,νB
(ν)
l,m+1,k + cl,m−1,νB

(ν)
l,m−1,k

]
(C.29)

We use the orthonormality of the Bessel function along the lattice direction k.

∑
k

B
(ν)
l,m,kB

(ν2)
l,m,k =

∑
k

Jk−ν

(
μU0
ω

δl,m

)
Jk−ν2

(
μU0
ω

δl,m

)
= δν,ν2 (C.30)

Therefore first we multiply by B
(ν2)
l,m,k for an integer ν2. Then we first sum over the lattice

index k and then over the Bessel function index ν2. Let’s consider the left side of equation
(C.29)

E
∑
ν2

∑
k

∑
ν

cl,m,νB
(ν)
l,m,k · B

(ν2)
l,m,k = E

∑
ν

cl,m,ν

[∑
ν2

∑
k

B
(ν)
l,m,kB

(ν2)
l,m,k

]

= E
∑

ν

cl,m,ν

∑
ν2

δν,ν2

= E
∑

ν

cl,m,ν

(C.31)

Likewise for the onsite energy
∑
ν2

∑
k

∑
ν

(εl + εm + U0δl,m − ων)cl,m,νB
(ν)
l,m,k · B

(ν2)
l,m,k =

=
∑

ν

(εl + εm + U0δl,m − ων)cl,m,ν

[∑
ν2

∑
k

B
(ν)
l,m,kB

(ν2)
l,m,k

]

=
∑

ν

(εl + εm + U0δl,m − ων)cl,m,ν

(C.32)
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The hopping term reads
∑
ν2

∑
k

∑
ν

[
cl±1,m,νB

(ν)
l±1,m,k + cl,m±1,νB

(ν)
l,m±1,k

]
· B

(ν2)
l,k

=
∑

ν

[
cl±1,m,ν

(∑
ν2

∑
k

B
(ν)
l±1,m,kB

(ν2)
l,m,k

)

+ cl,m±1,ν

(∑
ν2

∑
k

B
(ν)
l,m±1,kB

(ν2)
l,m,k

)]
(C.33)

Within the sum in round brackets along the first real coordinate l we have

∑
k

B
(ν)
l±1,m,kB

(ν2)
l,m,k =

∑
k

Jk−ν

(
μU0
ω

δl±1,m

)
Jk−ν2

(
μU0
ω

δl,m

)

=
∑

k

Jk−(ν−ν2)

(
μU0
ω

δl±1,m

)
Jk

(
μU0
ω

δl,m

) (C.34)

We rewrite the Eq.(C.34) along the coordinate l using the Neumann’s Addition Theorem
(Abramopwitz and Stetgun) ∑

n

Jl±ν(x)Jl(y) = Jν(x ∓ y) (C.35)

It follows that
∑

k

Jk−(ν−ν2)

(
μU0
ω

δl±1,m

)
Jk

(
μU0
ω

δl,m

)

= Jν−ν2

(μU0
ω

δl±1,m +
μU0
ω

δl,m

)

= Jν−ν2

(μU0
ω

(δl±1,m + δl,m)
)

= Jν−ν2(z±
l,m) .

(C.36)

with
z±

l,m =
μU0
ω

(δl,m + δl±1,m) (C.37)

This simplification holds also for the second real coordinate m. Eq.(C.33) becomes
∑
ν2

∑
k

∑
ν

[
cl±1,m,νB

(ν)
l±1,m,k + cl,m±1,νB

(ν)
l,m±1,k

]
· B

(ν2)
l,k

=
∑

ν

∑
ν2

[
Jν−ν2(z−

l,m)cl−1,m,ν + Jν−ν2(z+
l,m)cl+1,m,ν+

+ Jν−ν2(x−
l,m)cl,m−1,ν + Jν−ν2(x+

l,m)cl,m+1,ν

]
,

(C.38)

where

z±
l,m =

μU0
ω

(δl,m + δl±1,m)

x±
l,m =

μU0
ω

(δl,m + δl,m±1)
(C.39)

Since for an integer s it holds

ν − ν2 = s ⇔ ν2 = ν − s , (C.40)
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it follow that ∑
ν2

∑
k

∑
ν

[
cl±1,m,νB

(ν)
l±1,m,k + cl,m±1,νB

(ν)
l,m±1,k

]
· B

(ν2)
l,k

=
∑

ν

∑
s

(
Js(z−

l,m)cl−1,m,ν−s + Js(z+
l,m)cl+1,m,ν−s+

+ Js(x−
l,m)cl,m−1,ν−s + Js(x+

l,m)cl,m+1,ν−s

)
,

(C.41)

Equation (C.29) now reads

E
∑

ν

cl,m,ν =
∑

ν

(εl + εm + U0δl,m − ων)cn,m,ν

+
∑

ν

∑
s

(
Js(z−

l,m)cl−1,m,ν−s + Js(z+
l,m)cl+1,m,ν−s+

+ Js(x−
l,m)cl,m−1,ν−s + Js(x+

l,m)cl,m+1,ν−s

)
(C.42)

which gives an eigenvalue problem in the momentum space

Ecl,m,ν = (εl + εm + U0δl,m − ων)cl,m,ν

+
∑

s

(
Js(z−

l,m)cl−1,m,ν−s + Js(z+
l,m)cl+1,m,ν−s+

+ Js(x−
l,m)cl,m−1,ν−s + Js(x+

l,m)cl,m+1,ν−s

)
;

(C.43)

where

z±
l,m =

μU0
ω

(δl,m + δl±1,m)

x±
l,m =

μU0
ω

(δl,m + δl,m±1) .

(C.44)

which correspond to the eigenvalue problem Eq.(6.21).
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