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SYNOPSIS

This thesis is concerned with the application of interactive
computer-aided design techniques. These techniques are graphical
and based upon conventional control theory. They are the time-

response, frequency-response and root-locus techniques.

The design philosophy based on the above design techniques is
that an appropriate compensator is inserted and the overall
system performance is studied. The graph representing the system
performance after each adjustment of the compensator is adjusted

until the performance specifications are met.

The Computer techniques are developed which, having specified the
fixed configurations of the original system, permit varied

choice of the compensator., For each selection, the control system
may be investigated in either open- or closed-loop form. The
software for computer-aided control system design is programmed
in Algol and operates on the Massey University B6700 computer

system,

The program is operated via a Tektronix 4010 visual display
terminal in an online interactive mode. The control designer,
at the Tektronix console, is able to specify certain designs
‘and evaluate their effectiveness in terms of various graphical
analyses produced by the computer and displayed on the screen

of the Tektronix,
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CHAPTER ONE

INTRODUCTION

This thesis is concerned with the application of computer-
aided design to classical control theory, In classical control
theory, much of the effort of control system design is concerned
with the generation of charts for such aspects as time response,
root locus and frequency response characteristics. These charts
are time consuming to prepare by hand, even though short cut
techniques are often available to obtain sketches which closely
approximate the actual characteristics.

A digital computer is able to assist in these conventional
design procedures by generating the approp nate charts for
inspection by the designer, thereby taking much of the manual
effort out of the design processes,

This thesis describes the development of an interactive
design package, Software for computer-aided control system design
has been programmed to operate, via a visual display terminal,
in an online interactive mode, The control designer, using the
terminal console, is able to specify certain designs and evaluate
their effectiveness in terms of the various graphical analyses
produced by the computer and displayed on the screen of the
terminal,

The computer-aided approaches to control system design are
applicable to linear models. Although this assumption of linearity
is not exactly valid for most practical systems, it is a realistic
approach for three reasons: |

1. Many systems are essentially linear under normal operating

conditions,

2. Slightly nonlinear systems usually may be approximated

with sufficient accuracy by assuming linearity.



5. At present adequate mathematical methods for solving
non-linear equations have not been developed.

In this thesis, the system characteristics are determined by
time-response, frequency-response and root-locus methods. The
time-response method is a direct way of considering the system
performance in the time-domain, The output response is derived
for given inputs, The direct solutions of the differential equa-
tion of the system following a step input are plotted on an
"output versus time" graph. The system performance is specified
in terms of the information obtainable from this graph.

For the frequency-response methods, the frequency of
sinusoidal oscillation of the input signal is varied over a
certain range and the resulting frequency-response is studied. The
results are plotted on graphs such as the Bode diagrams, Nyquist
diagrams and Nichols charts, The root-locus method is a graphical
method used to evaluate the roots of the characteristics equation
of the system transfer function and determine the influence of
the system parameters on these roots, This method provides a
very effective way to carry out many design problems with
requirements specified in the time-domain,

The design philosophy based on the above graphical approaches
is that the graph representing the system performance, obtained
by any of the above methods, is shaped and reshaped until the
performance specifications are met. To achieve this, appropriate
compensation networks are usually required within the control
system structure,

Computer techniques have been developed which,having specifiec
the fixed configurations of the control system, permit varied
choice of the compensator, For each selection, the control system

may be investigated - either in open- or closed-loop form - using



any of the above methods, The software for computer-aided control
system design is programmed in Algol and operates on the Massey
University B6700 computer system, The interactive terminal is via
a Tektronix 4010 visual display unit, The designer, at the
Tektronix console, is able to adjust the designs in order to
improve the system performance by shaping various graphs displayed
on the screen of the Tektronix., Given a particular control system
structure, which may be either open-loop or closed-loop, the
designer may request the following options:

- A display of the system time response following a step

input.

- A Bode diagram display of the system frequency response.

- A Nyquist diagram display of the system frequency response

- A Nichols chart display of the system frequency response,
& - A Root-locus plot display of the roots of the system

characteristic equation as the system gain varies.

The designer seeks to satisfy all performance specifications
by means of educated trial-and-error repetition, Although the
design is based on a trial-and-error procedure, the experience of
the designer plays an important role in a successful design. An
experienced designer will be able to achieve an acceptable system
design using fewer trials,

Chapter Two in this thesis describes the analysis and design
techniques that have been utilized, namely time-domain, frequency-
domain and root-locus techniques. Chapter Three outlines the
‘structure of the software for computer-aided control system design,
detailing the methods employed to implement some of the concepts
discussed in chapter two, and also specifies how the system is
used, Chapter Four presents several illustrative design examples,

along with the computer generated graphs.
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CHAPTER TWO

SYSTEM ANALYSIS AND DESIGN

2.1 INTRODUCTION

This chapter describes some of the analysis and design
techniques for linear control systems. These techniques are
graphical and based upon conventional control theory.

A computer is able to assist in these design procedures by
generating the appropriate charts for inspection by the designer,
thereby taking much of the manual effort out of the design
processes,

To design a control system to meet given performance
specifications, it is necessary to determine the characteristics
of the system that is to be controlled either in the time domain
or frequency domain, Given such characteristics, several graphical
methods are available for analysis and design, namely time, response,
root-locus and frequency response methods,

The frequency response methods consist of the Bode, Nyquist
and Nichols chart techniques. The design philosophy based on
these graphical approaches is that the graph representing the
system performance, obtained by any of the above methods, is
shaped and reshaped until the performance specifications are met.
To achieve this objective, appropriate compensation networks are
usually required, The control system configuration that is
considered is shown in Figure 2.1 (it is assumed that G(s) and
H(s), are fixed configurations over which the designer has no
control).

Computer techniques have been developed which, having
specified G(s) and H(s), permit varied choice of Gc(s). For
each selection, the above system may be investigated - either in

open-loop or closed-loop form - using any of the above methods.



compensation network _54
G,(s)

feedback component
H(s)

Fig. 2.1 Control system



In the following sections, different design techniques are
described with most attention focussed on root-locus and
frequency-response design techniques. The time-response technique,

though it can be used for control system design with trial and
error methods, is more useful for checking time-domain performance
following the implementation of a design based upon frequency

or root-locus techniques.

2.2 TIME-RESPONSE METHOD

2.2.1 Time response analysis

The most direct method of analysis is to consider the
system performance in the time domain. The output response is
derived for given inputs. The step function is the most useful
form of input since control system performance is normally
described in terms of step function response,

Direct solutions of the system differential equation
following a step input, are plotted on an '"output versus time"
graph, with the condition that the system is at rest initially.
This graph can be broken into two parts, steady-state terms which
are directly related to the input, and the transient terms which
are either exponential oroscillatory with an envelope of exponen-
tial form.

The required transient-response characteristics of a control
system following a step input; are commonly specified in terms
of time delay, rise time, overshoot and settling time. These
time domain specifications are described in Appendix B.

A satisfactory system performance has:

- very small rise time, delay time and settling time,

- an overshoot not exceeding about 30 percent

- a subsidence ratio of about 3 : 1. The subsidence ratio

is the ratio of the amplitudes of successive cycles in a

decaying oscillation and no offset (or steady-state error).
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Since overshoot and rise time conflict with each other,
high accuracy and good stability are incompatible, and a good
design is a compromise between the two, It is therefore desirable
that the transient response must be sufficiently fast and suffi-
dently damped.

2,2.2 Time response design

The computer method employing the time response design
technique is a trial and arror approach, Given the transfer
functions G(s) and H(s) of the fixed configurations of the system
in Figure 2,1, a compensator G.(s) 1s inserted and the transient
response of the overall control system to a unit-step input is
then generated,

The resulting response provides information of the system
performance, such as overshoot, rise time, delay time, etc....

This information permits the selection of GC(S) in a trial and
error manner, i,e, the designer seeks to satisfy all the performance
specifications by means of educated trial and error repetition.

Setting the gain is the first step in adjusting the system for
satisfactory performance, In many practical cases, however, the
adjustment of the gain alone may not provide sufficient alteration
of the system behaviour, As is frequently the case, increasing the
gain value will improve the steady-state behaviour but will result
in poor stability or even instability., It is then necessary to
redesign the system by incorporating additional compensators.

Since the effects of the basic control action, such as
proportional, integral and derivative control are knownl.
their combination such as proportional-plus-derivative (P.D),
proportional-plus-integral (P,I) and proportional-plus-integral-
plus-derivative (P.I,D) control actions may be employed to provide
various modifications to the behaviour of the original system. The

compensator transfer function GC(S) may take any of the following
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forms:
Gc(s) - Kp(p + 7 2 ) (proportional-integral control)
I
Gc(s) = Kp(1l + Tds) (proportional-derivative control)
G _(s) = Kp(1 + L T,.s) (proportional-integral-derivative
C 1=5 d
I control)

where Kp represents the proportional gain
TI represents the integral time

Td represents the derivative time
Kp, TI and Td are adjustable,

The selection of Gc(s) may be made as follows:

- If an offset is tolerable within limits, a proportional action
may be used since it is simple and least expensive, (This 1is
equivalent to the adjustment of the loop gain.)

- If no offset is tolerable, (P,I) action can be used, but at
the expense of a more oscillatory behaviour,

- (P.D) control action increases the stability of the control
system by introducing damping.

- (P.I.D.) control action stabilizes the control system and
eliminates offset. It also permits increased sensitivity, and

consequently increased speed of response.

Overshoot may be reduced by decreasing the value of Kp. This
however results in a slower response. Overshoot can also be reduced
by increasing‘T} at a lesser expense to speed of response.

However, overshoot is not lowered by increasing Ty. The speed

of response is significantly increased by increasing the value of

10
Tdo

Hence, to decrease overshoot without seriously slowing the

response, a combination of changes needs to be made. Similarly,
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a hetter control system response with minimum oscillation,

lower overshoot, low rise and response time and with no offset
is devised, a series of possible combinations should be tried to
reduce Kp slightly and to increase Ty and T4 moderately.

In addition to the above basic control actions in combination,
other types of compensation, such as lead, lag and lead-lag comp-
ensation may be used to improve the control system behaviour,

The particular situation determines the type of the compensation
to be used.

- Lead compensation essentially yields an appreciable improvement
in transient response and a small improvement in steady-state
accuracy (with similar properties to derivative control), The

transfer function of a lead compensator is

.+ 3
G._(s) [ QR SR (Appendix C)
c 1
s +=T
a
where 0<a<1l, a = .1 is a sensible practical value,

Value of T may be adjusted arbitrarily until a satisfactory
system performance is reached.
- Lag compensation, on the other hand, yields an appreciable
improvement in steady-state accuracy at the expense of increasing
the transient'response time (with similar properties to integral
control),

The transfer function of a lag compensator is

-+

(

7]

e o 1
e,

1
G =1
c(s) B - (See Appendix C)

oy}
-3
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Lead-lag compensation combines the characteristics of

both lead compensation and lag compensation, i,e. lead-lag

compensation yields both fast response, and good static accuracy

The transfer function of a lead-lag network is:

1 1
5 + = 5 b s
6(s) = T(—l)(—T2-) . x_

If a is chosen to be %, then a lead-lag compensator is a

combination of lead and lag compensators,



14,

2.3 ROOT-LOCUS METHOD

2,3.1 Root-locus analysis

In the root-locus analysis problem, it is important to locate
the closed-loop poles in the s-plane. In the design of closed-loop
control system, it is desired to adjust the open-loop poles and
zeros so as to place the closed-loop poles and zeros at particular
locations in the s-plane, A simple method for finding the roots
of the characteristic equation has been developed by W R. Evans

and used extensively in control engineeringz. This method, called

the root-locus method, is one in which the roots of the character-
istic equations are plotted as the open loop gain constant is
varied from zero to infinity. Consider the feedback control system

given below:

R(s) *Q ) ——— C(5)

The closed-loop transfer function of this system is

Cis) . G(s)

R(s) 1+ Gls), Hls)

Let the open loop T.F G(s), H(s) be represented by

m m-1
KA (s) K(ags™ + ajs oy ¥ By 48 ad)

G(s), H(s) = —gy— = st + b sn T 4 + bs + b))

o 15 ‘e

where A(s) and B(s) are the finite polynominals of the complex
variable s, m < n and K is the open-loop gain factor - the closed-

loop transfer function then becomes

(overleaf)
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C(s) G(s)
R(s) 1+ KA(s)
B(s)

. G(s), B(s)

B(s) + KA(s)

The closed-loop poles are the roots of the characteristic equation

B(s) + KA(s) =0 (%.1]

In general the location of these roots in the s-plane changes
as the open-loop gain factor K is varied. A locus of these roots
plotted in the s-plane as a function of K is called the root-locus.

For K equal to zero, the roots of (2.1) are the roots of
the polynominal B(s), which are the same as the poles of the open-
loop T,F G(s), H(s).

If K becomes very large, the roots approach those of the
polynominal A(s), which are the open-loop zeros, Thus as K is
increased from zero to infinity, the loci of the closed-loop
poles originate from the open-loop poles and proceed toward and
terminate at the open-loop zeros.

For this project, the roots of the characteristic equation
are computed and plotted by a digital computer, the rules for
constructing root loci from the open-loop roots are therefore
not considered.

Stability

The system is unstable for all values of K for which any of the
loci pass into the right-hand half of the s-plane, i.e, poles with
positive real parts. The system is simple harmonic, in which case
the output is a stable amplitude sinusoidal oscillation, for any

value of K for which the closed-loop poles are on the imaginary
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axis (i,e. poles with zero real parts),
Angle and magnitude condition

In order for a branch of a root-locus to pass through a
particular point Sq in the s-plane, it is necessary that s, be

a root of the characteristic equation (2,1) for some real value

of K.
That is B(s) + KA(s) = 0O
or 1 + G(s),H(s) = O
GH(s ) KBALs) . . (2.2)
B(s)

therefore the complex number GH(s) must have a phase angle of

: GH(SI) = F1BO[2K + 1) (K = 0,12 vven)

This is the angle condition,

In order for Sl to be the root-locus, it is necessary that
Fig (2.2) be satisfied with regard to magnitude in addition to
phase angle.

This is the magnitude condition GH(gq) = 1

Dominant closed-loop poles
Those closed-loop poles which have dominant effects upon the
transient-response behaviour are called dominant poles. They are

the poles nearest to the jw axis,

Damping ratio from the root-locus

The gain factor K required to give a specified damping C
(or vice-versa) is easily determined from the root-locus., A line
is drawn from the origin at an angle of plus or minus ® with the
negative axis, where

ir

The gain factor at the point of intersection with the root-locus

® = cos

is the required value of K,
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2.3,2. Root-locus design

Design problem

The root-locus method can be used very effectively in the
design of control systems because it graphically illustrates the
variation of the closed-loop poles as a function of the gain
factor K. In its simplest form, the design is accomplished by
choosing a value of K which results in a satisfactory closed-loop
behaviour. If it is not possible to meet system specifications in
this way, another form of compensation can be added to the system
to alter the root-locus in the required manner.

The closed-loop system transient and frequency responses are
determined by the location of the closed-loop poles. If the system
has only two closed-loop poles and no finite zeros, performance
parameters such as percentage overshoot, rise time, and 3db
bandwidth are directly related to the damping ratio T and undamped
natural frequency W of the poles. For higher order systems the
relationship of these parameters to the closed-loop poles and
zeros becomes more complicated and it is necessary to resort to
standard curves or tables for this information, However, in many
instances a higher order system may be approximated by a second or
a third order system by using a dominant pole-zero approximation5
Specifications on allowable steady-state errors usually take the
form of a minimum open-loop gain factor, expressed in terms of
the error constants. (Appendix A)

Cancellation compensation

If the pole-zero configuration of the plant is such that
the system specifications cannot be met by an adjustment of the
open-loop gain factor, a cascade compensator, as shown in Fig.2.2
can be added to the system to cancel some or all the poles and
zeros of the plant, When poles of the plant are cancelled by zeros

of the compensator, the compensator also adds new poles to
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the forward loop transfer function,

The philosophy of the compensation technique is then to
replace undesirable poles, Once the effects on the root -locus of
the addition of poles and/or zeros are fully understood, the
locations of the pole(s) and zero(s) of the compensator can be
readily determined in order to reshape the root-locus as desired.
Effects of the addition of poles

The addition of a pole to the open-loop transfer function has
the effect of pulling the root-locus to the right, tending to
lower the system's relative stability and slow down the settling
of the response. Figure 2,3 shows examples of root-loci illustrating
effects of the addition of a pole to a single pole system and the
addition of two poles a single pole system.

‘Effects of the addition of zeros

The addition of a zero to the open-loop T.F has the effect
of pulling the root-locus to the left, tending to make the system
more stable and to speed up the settling of the response, Figure
2.4 shows the root-locus plots for the system when a zero is added
to the open-loop transfer function,

The procedures for designing a lag-lead compensator may be
stated as follows:

(a) From the given performance specifications, determine the
desired location for the dominant closed-loop poles.

(b) In order to have the dominant closed-loop poles at the
desired locations, calculate the angle contribution ¢
needed from the phase lead position of the lead-lag
network,

(c) Using the transfe{ functio? of the lead-lag compensator:
g e~ B ¥y
G.(s) = ——L-. AN
e s +_B & e ¢
Tl BTZ
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and

(e)

and
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determine the constant Kc from the requirement on the

particular error coefficient specified in the design
problem,

For the lead-lag compensator, we choose Tz sufficiently

large so that S 1
t T
—_
51 * BT, :
- is approximately unity, where

in one of the dominant closed-loop poles,

Determine the values of T1 and B from the requirements that
1
"3 Y M
s lkCG(slj = 1
1 BT2

1
Z ey 2
s, + B/Ty

Using value of B just determined, fhoose T2 so that
+

s
1L T | #1
Ko ok I
1 BT2

o{ & 3"

1 ﬁiz
The value of BT2 , the largest time constant of the lag-lead

network, should not be too large to be physically realized.

By choosing T2 sufficiently large, Fig.(2.3) becomes

GC[S) = S +_T__ K (2.4)

s +p/T_1
which is the transfer function of a lead-compensation network.
Steps a,b,c, (with Gc(s) from Fig.(2,4) and d may be
followed to design a lead compensator,

Similarly, by choosing T, sufficiently large, Fig.(2.3)
becomes
l/Tz
6.05] = s K (2.5)
9
/BT,
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which is the transfer function of a lag-compensation

network.
To design a lag compensation network, choose B between
1 and 15 (B = 10 is a good choice) and follow steps a, c (with

G.(s) from Fig,(2.5) and e,

Example: The following example illustrates the design of a lead-
lag compensator, following the stated procedures,

Consider the control system shown below

v

'—H____*t£é§i> s(s + 0.5)

The feed forward transfer function is

4

G(s) = s(s + 0.5)

It is desired to make the damping ratio equal to 0,5 and to
increase the undamped natural frequency to 5rad/sec and the

l. A lead-lag

static velocity error coefficient to 50sec
compensator is designed to meet all the performance specifications.
From the performance specifications, the dominant closed-

loop poles must be

since

4 = -235°
s(s + 0.5) §® -~ 2,5+ 5 4.33

the phase lead portion of the lead-lag network must contribute

55° so that the root locus passes through the desired location



22,
of the dominant closed-loop poles.

The compensated system will have the transfer function

P gl
B1s) 6y = S * S/ 5% A, K_ G(s)
g * /Tl s + 1/BT2

The static velacity error coefficient therefore becomes

K = 1im sG _(s)G(s) = 1lim sK G(s)
v 520 o o c

The requirement on the static velocity error coefficient is

K = 50sec t
v

Thus
KV = lim 54Kc
' s+0 s(s + 0.5)
= SKC = 50

hence KC = 6.25 and compensated open-loop transfer function

becomes

Gc(s),G[s)

. 1
s + /Ty [ s+ /Tz\ ( 25 )

5 + 18T2 / s{s + 0.5)

since TZ is chosen large enough that

1

& =
4

‘I‘“% 1

S o+ /BT2

if it is required that the closed-loop poles lie at s -2.5¢j4,33

the magnitude condition becomes

1
s & “JT
6 (s).6(s) - ! =
& ~2.5 % ja.3s 15 PR I T 0l w o3 5w 543
s+
= 1 > = 3
g & B/T1 4,77
and the angle condition becomes
1
s & T#T
i = 557
s + B/T,

g & =2.5 % 34.33
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It is a simple matter to graphically determine the values
of T1 and B that satisfy these magnitude and angle conditions.

Referring to Fig,(2,5), we can easily locate points A and B so

that N
. g8 = _ 517
//EPB = 55° , o5 s
VA
Graphically, from Fig, (2.5)
AD = 0.5 5 B0 = 5
Hence : .
= Mffy m =D.8 = BT = B

Thus T; = 2, B = 10

Therefore, the phase lead position of the lag-lead network

becomes S + 0.5

5 ¥ X
For the phase lag position of the lag-lead network, it is

required that

1
s+ /T, ¢ 1

1

's * ¥ le <205 & 58,33
1
0 < - * /TE < 39
R
5 + /1012

S 2 =2.5 # jA.33

Choose T2 = 10

. Then the transfer function of the lead-lag compensator is

/g + 0.5 (s + 0.1
G (s) _(s + 5 ) S 0.01) Bk

And the compensated system will have the open-loop transfer

function

B 25 (5 + 0.1)
G (8), Gis) = s(s + 5; (s + 0.01)




24,

P 1‘1m
(-2.5 +] k. 33) .
: &
55"
2
Re
- -é B & - A ‘
Fig. 2.5
Qutput \
.uncompensated system
W
oo e S
compensated system
© T time

Fig. 2.6 Unit.step response of the uncompensate
-d and compensated system
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Because the angle contribution of the phase lag portion of the lead-
lag network is quite small, there is no appreciable change in
the location of the dominant closed-loop poles from the desired
location, s = 2,5j * j4,33, Therefore, the compensated system
meets all the required performance specifications.

Thus, given the unalterable plant transfer function G(s), the
following procedure is applied to choose the necessary compensating

network C(s):

i\ Plot the root-locus of the given plant transfer function G(s).
2 Examine the loci to see if it is necessary to '"pull" it to
the left, making the system more stable and speeding up
the settling of the response, To achieve this, the dominant
pole(s) which results in oscillation, is approximately
cancelled by the compensating network zero(s), replacing it
with insignificant pole, The effect is to distinctly alter
the root locus, moving the oscillatory poles to the left.
3. If poles with small damping ratios are present in the
plant transfer function, they may be cancelled and replaced
with poles which have larger damping ratios.
Although this conpensation technique is simple, the
difficulty encountered in applying it is that it is not
always apparent what open-loop pole-zero configuration is
desirable from the standpoint of meeting specifications on
the closed-loop system performance.
Lead-lag compensation

Lead compensation essentially yields an appreciable improvement
in transient-response and a small improvement in steady-state
accuracy.

Lead compensation on the other hand, yields an appreciable

improvement in steady-state accuracy at the expense of increasing
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the time response. Lead-lag compensation combines the character

istics of both lead and lag compensation.

The transfer function of the lead-lag network is

(s + l/T1 ) ( s + 1/T2 ) "
8. s} sf —peet ] & (2.3)
¢ s + B/1) s + I/BTZ c

2.4 FREQUENCY-RESPONSE METHOD

2.4.1 Introduction

The term "frequency-response', means the steady-state
response of a system to a sinusoidal input. For frequency-response
methods, the most conventional methods available to control
engineers for analysis and design of control systems, the
frequency of the input signal over a certain range is varied and
the resulting frequency-response is studied. The results are
plotted on graphs such as Nyquist diagrams, Bode plots and Nichols
chart plots. A digital computer is of tremendous assistance in
accom— plishing the tedious task of plotting point by point,
especially when the system transfer function is of high order.

Design in the frequency-domain is simple and straight-
forward. The frequency-response plot indicates clearly the manner
in which the system should be modified in order to obtain the
desired transient-response characteristics.

Bode diagrams are convenient to use if we desire a certain
phase or gain margin. On the other hand, if a certain value of
the resonant peak value Mr is required, the Nyquist or Nichols
chart plot is more convenient to use. Usually Nyquist design
techniques provide rapid evaluation of stability of the system
and they are thus used to supplement other methods.

2.4.2 Bode design

Bode design techniques employ graphical representation of

the open-loop transfer function GH(jw), both plotted as a
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function of frequency w, Logarithmic scales are usually used for
the frequency axes because the magnitude and phase angle may be
graphed over a greater range of frequencies than with a linear
frequency axis. The magnitude G(jw) for any value of w is
plotted on a linear scale in decibel (db) unit, where

db = 20 1og20 G(jw)

The phase angle, in degrees, is plotted on a linear scale.

Fig, 2.7 shows the Bode representation of a second-order
transfer function. From Bode diagrams, information such as gain
and phase margins, bandwidth, cut-off frequency, resonant peak
and resonant frequency may be obtained. There frequency-domain
specifications are described in Appendix B.

Stability of the system

In most cases positive gain and phase margins obtained
from the o/p-loop T-F will ensure stability of the closed-loop
system, If the open-loop gain is increased by the gain margin
the overall gain at 180° phase shift will be unity (odb), and
the system is on the verge of instability.

Negative gain and phase margins indicate an unstable system.

For satisfactory performance, the phase margin should be
between 30° and 600, and the gain margin should be greater than
6db.

Bode design,

Design of a control system using Bode techniques entails
shaping and reshaping the Bode magnitude and phase angle plots
until the system specifications are satisfied, Setting the gain
is the first step in shaping the Bode plot for better performance.
In many practical cases, however, the adjustment of the gain
alone may not provide sufficient alteration of the system
behaviour. It is then necessary to shape the Bode plots by

adding cascade or feedback compensation in order to alter the
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overall behaviour so that the system will behave as desired.

Lead compensation

The lead compensator, presented in Appendix B, has the

following Bode form of frequency response function.

jo + /1

G.(Gw) = J_wH: Lot (@ < 1)

The primary function of the lead compensator is to reshape

the frequency-response curve to provide sufficient lead angle to

offset the excessive phase lag associated with the components of

the fixed system,

Assume that a unity feedback system is given, It is desired

to satisfy the performance requirements, which are given in terms

of phase margin, gain margin, error coefficients, etc. The pro-

cedures for designing a lead compensator may be stated as follows:

(a)

(b)

(c)

(d)

Determine the open-loop gain to satisfy the requirement
on the error coefficients,
Using the gain K thus determined, plot the Bode diagram of
the open-loop system and evaluate the phase margin of the
uncompensated system.
Determine the necessary phase lead angle P to be added to
the systemn,
Determine the attenuation factor a by use of Eq.

-a

sin@m = %:a (Appendix C), Determine the frequency at which

the magnitude of the uncompensated system is equal to
(L)

—2010g10 & (Appendix C)., Select this frequency as the

new gain crossover frequency. This frequency corresponds to

w, and the maximum phase shift @ occurs at this frequency.
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(e) Determine the corner frequencies of the lead network from
W = l/T ;W = 1/o.T

Finally, insert an amplifier with gain equal to é, or
increase the gain of the existing amplifier by a factor of é.
A design example using lead compensation techniques based

on the frequency-response approach is presented in Chapter 4.

Lag compensation

The lag compensation network has the following transfer

function 1
: o | § + ST
G.(jw) = 7 (B> 1)
c B s+ I/aT

The primary function of a lag network is to provide attenuation
in the high-frequency range in order to give a system sufficient
phase margin, The procedures for designing a lag compensator by
the frequency-response approach may be stated as follows:

(It is assumed that the system has unity feedback.)

(a) Determine the open-loop gain such as the requirement on the
particular error coefficient is satisfied.

(b) Using the gain thus determined, draw Bode diagram of the
uncompensated system and determine the phase and gain
margins of the uncompensated system.

(c) If the specifications on the phase and gain margins are not
satisfied, then find the frequency point where the phase
angle of the open-loop transfer function is equal to 180°
plus the required phase margin. The required phase margin is
the specified phase margin plus 5° to 12°, (The addition of

o}

5° to 12° compensates for the phase lag of the lag network.)

Choose this frequency as the new gain crossover frequency.
(d) Choose the corner frequency w = % corresponding to the zero
of the lag network) one decade below the new gain crossover

frequency.
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(e) Determine the attenuation necessary to bring the magnitude
curve down to odb at the new gain crossover frequency.
Noting that this attenuation is -20 1og108, determine the
value of B.Then the other corner frequency (corresponding
to the pole of the lag network) is determined from w = é%.

Lead-lag compensation
If the value of a for the lead network must be equal to the

reciprocal of the value of B for the lag network, a lead-lag

compensator may be designed by combining the individually designed
lead and lag compensators. Apart from lead, lag and lead-lag

compensators, other conventional control action such as P.I, P.D

or P.I.D control action may be employed to compensate for the

deficiencies of the system performance.
2,4,4, Nyquist design
Nyquist analysis, a frequency response method, is essentially
a graphical procedure for determining aholute and relative
stability of closed-loop control systems, Information about
stability is available directly from a graph of the sinusoidal
open-loop transfer function GH(jw).
The open-loop transfer function GH(s) may be written in an
equivalent form
CH(jw) = X(w) + jY{w)
A Nyquist plot of GH(jw) is a graph of Y(w) versus X(w)
in the finite position of the G(jw)-plane for -a w +a

Fig. 2.9 shows the typical Nyquist diagram of

2
|

CHO) = Ga)? + 250 (o) + o
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Nyquist stability criterion

The

a closed-

simplified Nyquist stability criterion states that for

loop system to be stable the locus of the open-loop

frequency response, plotted on a Nyquist diagram must not enclose

the point (-1,jo) as w varies from zero to infinity. Enclosing

the point (-1,0) may be interpreted as passing to the left of the

point,

Fig.

2.10 shows three systems with similar time constant but

different gain constants. When the loop is closed, system (a) is

stable,

(b) is just stable and (c¢) is unstable. The complete

Nyquist stability criterion states that for a closed-loop system

to be stable it is necessary and sufficient that the contour of

the open-

loop frequency-response GH(jw), describes a number of

counterclockwise encirclements of the point (-1,jo) as w varies

from -a to +©, not less than the number of poles of GH(jw) with

positive

Let PO

N —

For

real parts,

number of poles with =ve real part of GH(jw)

total number of counterclockwise encirclements of the
point (-1,jo)

N> 0 for counterclockwise encirclements

N«O for clockwise encirclements

the closed-loop system to be stable Nz P

A system with any clockwise net rotation is always unstable,

Nyquist design

Since it is not easy to generalize methods for the design of

lead, lag or lead-lag compensator using Nyquist design technique,

this method is normally used to provide rapid evaluation of system

stability and to support other methods.
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In the following, a method for determining the gain K so that

the system will have a specific resonant peak Mp is demonstrated.

Referring to Fig,2,11, the tangent line drawn from the

origin to the desired Mp circle has an angle of .

The value of sin ¢ is

__gPﬁ__ 3
sin ¢ =|M> -1 |= %
P M
s p
Mo
M2 - 1
p

The line drawn from point P, perpendicular to the negative real

axis, intersects this axis at the -1 + jo point. Consider the

control system shown in Fig. 2,12, The procedure for determining

the gain K so that G(jw) = KG;(jw) will have a desired value of Mp

(where Mp?l) can be summarized as follows:

L

Draw the Nyquist plot of the normalized open-loop transfer
function Gl[jm} = EL%El

Draw from the origin the line which makes an angle of

Y = sinhl(N%J with the negative real axis.

Fit a circlg with centre on the negative real axis tangential
to both the Gl(jm) locus and the 1line PO.

Draw a perpendicular line to the negative real axis from
point P, the point of tangency of this circle with the line
PO. The perpendicular line PA intersects the negative real
axis at point A.

In order that the circle just drawn corresponds to the

desired Mp circle, point A should be the -1+jo point.
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K= 10 K:A36 k-500

&

Fig. 2,10 Nyquist diagram of K
(1+.2jw) (1+jw) (1+10jw)

Fig, 2.11 M circle

Fig,

2,12 Control system
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The desired value of the gain K is that value which changes
the scale so that point A becomes the -1 + jo point.

Thus,

M e

i
o

Note that the resonant frequency mp is the frequency of the
point at which the circle is tangent to the G (jw) locus.
The present procedure may not yield a satisfactory value
for mp. If this is the case, the system must be compensated

in order to increase the value of o, without changing the

value of M_.
P

2.4.5 Nichols chart design

The closed-loop transfer function of the control system

shown in Figure 2.13 is

Clw) _ C(jw)
R(Jw) 1 +Gjw) Hjo)
. G(jw) - H(jw) ) 1
1 + Gw)-HJw) Hjw)
o i C(jw)
H(jw) ° R"(Jw)
Clw) . G6(w).H(jw)

R"Gew) T + G(Jw):-Hjw)
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C(jw)
R'(jw)
system with a forward transfer function of G(jw),H(jw) as shown

The term is the transfer function of a direct feedback

below

C(jw) .H(jw)

Put GH(jw) = Gz(jm) = G(cos @ + j sin P)
Where G and @ are function of
Hence the closed-loop transfer function of the direct feedback

system 1is

CGw) _ Gz(jm)
R'"(Jw) 1+ 6,00w)

G(cos P + j sin P)
1 + G(cos P + j sin D)

Then the closed-loop amplitude of the direct feedback system

is
G
M= /(1 + G cos 9)2 + G2 sin 2 4
G
2

V(1 + 2G cos @ + G

M%Z (1 + 2G cos P + G2) = G2

cos P =

%+ 2 i1y
MG © 2.6
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Similarly, the closed-loop phase angle of the direct feedback

6 =/G.(Go) - 1 /G, (o)

_ -1 G sin 9 5.7
6 =0 - TAN 1 + G cos 9

is

Equation 2.6 relates M to #(w) and G(w) so that contours for

constant M can be plotted as 20 1o G(w) against P(w).

£10

Similarly Eq. 2.7 relates & with 20 logloG(m) and #(w) so
that the constant 6 contours can also be drawn.

These constant gain and phase contours are plotted on the db
magnitude-degree phase diagram called the Nichols chart.

The magnitude-phase angle of the open-loop transfer function
G(jw) H(jw) plotted on a Nichols chart is called a Nichols chart
plot of GH(jw).

The Nichols chart applies only to direct feedback loops.

: C(jw) ; : 1
The chart can be used to find = and multiplying by H(w) *
as illustrated below:
. e e — —1
ROIW) A% G c & i * G.H &
_ L

Fig. 2.14 shows the plot of GH(jw) superimposed on a Nichols chart.
The Nichols chart is symetric about the-180° axis. The

magnitude-phase angle of the closed-loop transfer function of the

. Cia GH(jw) : ; g
direct feedback system ﬁ(Jm) + R (6 is obtained directly

from the chart as the plot of the points where the graph of GH(jw)

GH(jw)

and arg m) .

intersects the graphs of loci of constant 1%(jm)
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If the open-loop locus does not intersect the M = M, locus but
is tangentdto it, then the resonant peak value of M of the closed-
loop frequency response is given by Mr' The resonant frequency is
given by the frequency at the point of tangency. (Note that the)
closed-loop plot %, (jw) can be directly generated by the computer
The stability of the system based on the Nichols chart plot
is the same as the Bode diagram, i.e.: positive gain and phase
margins yield a stable system., Fig. 2,15 shows the gain and phase

margins of a stable and an unstable system,

Nichols chart design

Design by analysis in the frequency domain using Nichols
chart techniques is performed in the same general manner as the
design methods described in previous sections. Appropriate
compensation networks are introduced in the forward and/or
feedback paths and the behaviour of the resulting system is
critically analysed. In this manner, the Nichols chart plot is

shaped and reshaped until the performance specifications are met.

Gain-faetor compensation using constant amplitude curves
The Nichols chart may be used to determine KB (for a unity
feedback system) for a specified resonant peak Mp(db). The
following procedure is applied:
(a) Draw only constant amplitude Mp curve and the magnitude-phase
angle plot of G(jw) for KB = 1 on the Nichols chart.,
(b) Trace magnitude-phase angle plot of G(jw) on tracing paper.
. (c) Slide the plot up or down until it is just tangentsito the

constant amplitude curve of Mpdb. The amount of shift in db

is the required value of KB.
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Fig. 2.13 Control system

Fig. 2.14 Plot of G(jw).H(jw) superimposed
on a Nichols chart
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Lead compensation

jo + 1
The transfer function for a lead network is G _(s)=
F j o+ 1
where a<l1, aoT

For some systems in which lead compensation in the forward
loop is applicable, appropriate choice of a and b permits an
increase in KB, providing greater accuracy and less sensitivity,
without adversely affecting transient performance. The important
properties of a lead network compensator are its phase-lead
contribution in the low to medium frequency range (the vicinity
of resonant frequency wp) and its negligible attenuation of high
frequencies. If a very large phase-lead is required, several lead
networks may be cascaded. Lead compensation generally increases
the bandwidth of a system. The use of Nichols chart for selection
of phase lead network is particularly suited to problems where the

specification is given as a peak M (db) occurring at a resonant

max
frequency Wp - Consider the uncompensated system G(jw) of a
direct feedback control system. The procedure for designing a
lead compensator using Nichols chart techniques is as follows:
(a) From the Nichols chart, find the value of phase shift, 0,
corresponding to the peak of the specified Mmax contour.
(b) Find the value of phase shift for the uncompensated system

when w = wp (resonant frequency), say QR lag.

(c) The required value of phase lead then is

Pe =P = P jead
If compensation is required, P, >0.

(d) Determine the attenuation factor a by use of Fig,

sin Py = i . g (Appendix C)

Determine the frequency where the magnitude of the
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uncompensated system is equal to -20 loglO( Fl—) (Appendix C)
Select this frequency as the new gain crossovgr frequency. This
frequency corresponds to © and the maximum phase shift mm
occurs at this frequency,.

(e) Determine the corner frequencies of the lead network from

I
T oaT

(f) It now remains to find KC in cascade with the lead network
to yield the control system with the required resonant peak
Mmax' Plot KCG[Jw] on the Nichols chart with Kc = 1. It
can now be seen by how much the curve must be moved verticall

to make the open-loop curve tangential to the Mmax contour.

The vertical movement is 20 logloKCdb, hence Kc’

Lag compensation

The lag compensator has the following transfer function:

: . 5 ® T
G (jw) = x = (B>1)
¥ B s+ Lpr

The lag network provides compensation by attenuating the high

frequency position of the db magnitude-phase angle plot.

Several general effects of lag compensation are:

i The bandwidth of the system is unusually decreased

- The predominant time constant t of the system is unusually
increased, producing a more sluggish system,

- For a given constant, relative stability is improved.

The procedure for using lag compensation in Nichols chart

techniques is essentially the same as that for lag compensation

in Bode design technique,
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Lead-lag compensation
The design of a lead-lag network compensator is based on the
combination of the design techniques discussed under lead

compensation and lag compensation,

2,5 DISCUSSION
This chapter has described various graphical techniques used

in control system analysis and design, namely the time response,

root-locus and frequency-response methods.

- The root-locus method is most convenient to use when
specifications are given in terms of time domain quantities,
such as overshoot, rise time, etc.

= The Bode design technique is the most popular of the
frequency response methods if specifications are given in
terms of frequency domain quantities, such as gain and phase
margins,

- The Nichols chart design technique is used when a certain
value of the resonant peak Mr is required.

- The Nyquist design technique provides rapid evaluation of
stability of the control system and it is thus used to
supplement other methods.

The time response method, though it can be used for control system

design with trial and error approaches, is more useful for

checking time domain performance following the implementation of

a design based upon frequency or root-locus techniques,

However, whatever design technique is used, it is important
to note that no single compensation scheme is universally applicable.
The particular situation determines the type of compensation that

is appropriate. Chapter 3 describes the computer software that has
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been written to aid the design procedures described in

this chapter. This software is able, given the generalized
control system structure of Fig 2,1, to generate, for either
the open- or closed-loop form, any of the specified design charts.
The software operates interactively to give the designer wide
flexibility of choice in terms of the system structure to be
analysed and the technique to be applied. It is planned that the
facility will be enhanced to incorporate automatic design

procedures for compensation networks.

-00000-
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CHAPTER THREE

PROGRAMME DESCRIPTION

3.1 INTRODUCTION, OUTLINE OF PROGRAMME

The software for computer aided control system design has
been programmed in Algol and operates on the Massey University
B6700 computer system, This chapter outlines the structure of the
programme, detailing the methods employed to implement some of the
concepts discussed in Chapter 2, and also specifies how the
system is used,

The program is operated via a Tektronix 4010 visual display
terminal. It is designed to function in an online interactive mode.
The control system designer, at the Tektronix console, is able to
specify certain designs and evaluate their effectiveness in terms
of the various graphical analyses produced by the computer and
displayed on the screen of the Tektronix. The designer can then
adjust the designs in order to improve performance. Given a
particular control system structure, which may be either open-1loop
or closed-loop, the designer may request the following options:

{ A display of the system time response following a step input.

2o A Bode diagram display of the system frequency response.

5 A Nyquist diagram display of the system frequency response.
4. A Nichols chart display of the system frequency response.
S A root-locus plot of the roots of the system characteristic

equation as the system gain varies.
The designer is able to select the scales and ranges of these
displays so that any particular portion of a graph can be isolated

and magni-fied if required,
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3.2 EVALUATION OF SYSTEM TRANSFER FUNCTION

The control system is defined with the general structure
illustrated in Fig. 3,1, The three transfer functions of Fig. 3.1

are given as the polynomial ratios.
G, (s)
G(s) = Czisi = the process transfer function { 5.k

. | o
f_ C(s) - _‘W G(s) r————
|

f H(s) "
Figure 3.1 Control system
Hy(s)
H(s) = HETgT = the measurement transfer function (3.2)
d  C(s) e b i
an s) = CETET = the controller transfer function (3.3)

As mentioned above, the control designer is able to select
both open-loop and closed-loop analyses. To achieve this end the
program has been designed to be flexible so that the following
combinations of the above transfer functions can be studied by
request, at the console:

i. open-loop structure

G(s), KeC(s).G(s) and K.C(s).G(s).H(s) (3.4)
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ii. the full closed-loop structure of Fig. 3,1 for which the

transfer function may be devised as

K Cq(s): Gy (s)-H,(s) (3.5)
Cz(s).Gz(s).Hz(s) + K Cl(s).Gl(Ej-Hl(s)

subject to the option chosen, the software is able to manipulate
the constituent polynomials to obtain a final transfer function

of the form

(5%6)

which is that analysed.

3.3 FREQUENCY RESPONSE ANALYSIS
Frequency response analysis required evaluation of the

following frequency response function

w

R(jw) = %%5% (3.7)

| =

It is necessary that polynomials A(jw) and B(jw) and divided into

their real and imaginary parts, with

1

A(jw) = RA(w) + j TA(w) (3.8)

and

RB(w) + j IB(w) (5.9

B(jw)



47.
A procedure has therefore been developed to establish the real

and imaginary parts of a general polynomial, of degree N, given

the coefficients AO, Al’ AZ’ o 2 W B m Y % W om w An. i.e.,
AGe) = A Go)N + A GV e Lol Ay (Ge) + Ay (3.10)
= Ay *Jo Ay - @PAy , - § @Ay 5 + 0 Ay,
£ § @Ay s - @Ay ¢
= (A * @ Ay, * AL gt eeeenn.. )
-(mZAN_2 + méAN_ﬁ $ Srum i d R A ) £3.11)
L ) N )
- T N W R E s s )

Therefore the real and imaginary components are derived as

4 8 2 6
RA(w) = (AN + W AN-4 + W AN—S + ...) - (w AN-Z + W AN-G 4 cwnd [3.12)
and
IA (w) = (wA v o A + ) - (mSA + m7A + ) (3.13)
N-] N«h — =2 N-3 N-7 S

Terms in the above equations are included only if the indices for

A are not negative,

lev A=A = v v v oo o0 0
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A procedure has been developed to derive the real and
imaginary components by evaluating the above expressions for RA
and IA. Difficulties were encountered in this evaluation because
of particular properties of the supplied polynomial arithmetic
procedures. This necessitated the development of a slightly 1less
straightforward method of derivation than that indicated above.

For the Bode display, the gain is plotted as

2 2
20 loglo\/ RAZ (@) + JA"(@) 4 (3.14)

G = 20 log,,|R(jw)|
10 RBZ(w) + IBZ(w)

and the phase is

P = TAN"1 (

=l —

%%3%) - 1Nt ( R ) degrees (3-15)

The above expressions are also used for derivation of the Nichols
chart display.

R(jw) can also be written as

R(jo) = X(w) + jY(w)
with
X (@) RA (), RB(w) + IA(w),IB(w)
RB (0), 1B () (3.16)
and
Y (0) IA(®), RB(w) - RA(w).IB(w)

RBZ (@) . IBZ (@) (3.17)
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The Nyquist display is a plot of Y(w) vs X(w) as w varies.
Constant magnitude and phase contours may be drawn on the

Nichols display. These are derived using the expressions:

- ® + R*v® - 1))

cos P = 3 (3.18)
2M™R
_ i -1 R sin @
(3.19)

R and @, functions ofw, are the magnitude and phase angle of

the open loop transfer function of a direct feedback control
system (H(s) = 1), M and & are the magnitude and phase angle of
the closed-1loop transfer function of a direct feedback system.
The M and & contours are plotted on the Nichols display to

generate the standard configuration.

3.4 ROOT-LOCUS ANALYSIS
A root-locus display is established by plotting the roots of

the characteristic equation extracted from expression 3,5, namely:
Cz(s),Gz(s).Hz[s] + K-Cl(s).Gl(s).Hl(s) =0

as K varies. Open-loop poles and zeros are established from

the roots of

n
o

Cz(s).GZ{s).Hz(s)
and

|
o

Cl(s)a Gl(s)-Hl[S) =

respectively,
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3.5 TIME DOMAIN ANALYSIS

The time-response of the system to a step input is obtained
by directly solving differential equations representing the

system.

Consider the final transfer function described in equation 3.2

18, BR8] w %%%%
M M-1
or ¥i2l - A05 * A1S * * AM
Q) 5o - BISN»I : P
N (3.20)

where N-1 > M

Equation 3.20 may be written

M SM-l

Y(s) _ AAOS + AAl - AAM 5. 51
UGs) N L pg N1 o 4 B
1 N
where
M, =R ;o oaa = AL  LLL AA, = Am
i % 5 17 M7 g
0 0 0
and
BB, = By . BB, = Bs g
B Bee D 5w BB,, = "N
0 0 : N B
0
From equation 3.1 we obtain
AA AA AA
N N-1 - 0 1 M
Y(s& + BB1 s € s * BBN) = U (SN_M + SN—(M-I) # siieci, N
or
s\-M ~ N-(M-1) s s s s
(3.2Z)

By introducing additional variables such as the rate of change of

output, the same system can be represented by N first-order equa-

tions involving N system variables.
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The state variable diagram for 'Hg. 3.22 is shown in Fig. 3.2

From Fig. 3.2 the following system of first-order equations

may be written:

3
]
1

=]

o=}

2
+

[

1 A &5 2
%s = - BB,.Z; + Zj
% = - BBy I, + I,
Iy-M T T BBy mrZy t Iyomer tAAQ U
In-Ms1 = " BByime1- %y * Inomez *AA D
g == BBy aoZi o Ty w ARG o B
s = - BBy Z; + AAy U 5.3
Expressing in matrix form
2o 0 0 0 0 | v ]
Zy 0 - BB, ) A o| 1 2y
- 0 - BB, 0 0] |
3 5 1
In-M [Mo - BBy uM l | IN-M
. ’ ‘ | |
~ . | | 4
| |
- - i | .
In-1| |MAy-1 - BBy, l{ | In-1
Zie AAy - BBy 0 OJ | Zy
Zy = 0
Y =1 (3.24)

Equations 3.24 are solved numerically using a standard differential

equation solving subroutine.
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3.5 USE OF THE PROGRAM

The program is entered directly into the B6700 by command
from the Tektronix terminal, When the program is executed, the
following steps are performed in order. (Appendix E illustrates
a block flow diagram of the program,)

5 The program asks the user to specify the type of response
by printing "TIME OR FREQUENCY RESPONSE?" on the screen.

2. The user types "T" for time response and "F" for
frequency response.

S Assuming "F" is typed in, the program then asks for the
required option, i.e. open- or closed-loop system, by
printing "OPEN- OR CLOSED-LOOP?"

4. The user types in the appropriate answer from thce keyboard,
"0/P" for open-loop, and "CLOSED" for closed-loop system.

5 The program asks for system gain and coefficients of the
polynomials of the constituent transfer functions, i.e. K,
Cl[s], Cz(s), Gl(s), Gz(s), Hl(s) and Hz(s). These values
are entered from the keyboard as required

6. The program asks the user to specify the type of frequency-ies

onse graph to be displayed by printing "WHICH GRAPH? - BODE,
NYQUIST, NICHOLS OR R-LOCUS?"

(Note: Root-locus is included as a frequency-response plot

to facilitate the programming.)

i The user enters the appropriate answer to the question in stey
6 by typing "B'" if Bode diagram is required

"NY'" if Nyquist diagram is required
"NI" if Nichols chart plot is required
"R" if Root-locus plot is required.

8. After the variables relating to the required graph are

entered, the graph is displayed on the screen. Five seconds

after the plotting is finished, the program asks if the
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user wants to change the scale of the graph by printing

"DO YOU WANT TO CHANGE THE SCALE?"
If "Y" is answered, steps 8, 9 are repeated,
If "N" is answered,the program continues to ask if the user
wants any other frequency-response plot, by printing "DO YOU
WANT ANY MORE GRAPH?"
If "Y" is the answer, step 6, 7. 8 9, 10 and repeated.
If "N" is the answer, the program asks if the user wants to
change to any new values, i,e. new Cl(s}, C2(5), Gl(s), Gz(s)
Hz(s], Hl{s] and K, by printing "DO YOU WANT TO CHANGE TO
ANY NEW VALUES?"
If "Y" is typed in, step 5, 6 7, 8, 9, 10,11, are repeated.
If "N" is typed in, the user is asked "DO YOU WANT ANY MORE
FREQUENCY-RESPONSE?"
T£ "I is entered, step 3, 4; 5; 65 ¥ 85 95 0; 115 12 #re
repeated.
If "N" is entered, the user is asked "WHAT ABOUT TIME-
RESPONSE?"
If "Y", step 3, 4, 5 are performed and followed by steps
14, 15, 16, 17,
If "N" the program ends.
The program asks for the required information to generate
the time-response of the system to a step input, such as
the value of step-function, the output range and increment,
time range and increment,
After the plotting of the time-response is finished, the
user may change the scale of the graph or value of step-
input by typing "Y" in answer to the question '"DO YOU WANT
TO CHANGE THE SCALE?"

If "Y" step 14, 15, 16 are repeated.
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If "N", the user is asked "DO YOU WANT TO CHANGE TO ANY
ANY NEW VALUES?"

If "Y" step 13 is repeated,

If "N" the program ends.

However, if in step 2, the answer to be typed in is "T"
instead of "F", i.e. the time-domain response is required
first, the procedure to be followed is:

Step 3, 4, 5, 14, 15, 16 are performed.

If "N" is answered to question "DO YOU WANT TO CHANGE TO
NEW VALUES?" from step 16, steps 20, 21, 22 are performed.
If "Y", steps 18, 19 are repeated.

The program asks "WHAT ABOUT FREQUENCY-RESPONSE?"

If "Y" is entered, steps 35, %, 5, 6 7, 8. 9§, 10, 11 are
performed.

If "N" is answered to question '"DO YOU WANT ANY MORE FREQUENCY -
RESPONSE?" from step 11, program ends

If "Y" is entered, steps 21, 22 are performed

The following example illustrates the use of the program. Consider

the direct feedback control system shown below:

R—@— - s +4,41 N
- 116,8 G[S)=m G(S}=52 & 98
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If a Bode diagram of the open-loop transfer function of the
system is to be generated, the communication between the computer
and the user begins as follows:

C: TIME OR FREQUENCY RESPONSE?
nEN

0/P OR CLOSED-LOOP?

”O/P"
VALUE OF K?
116.8
DEGREE OF Cy, C,, Gy, G,, Hy, H,?

1,1, 0, 1, 0, 0
COEFFICIENTSOF Cq(s)?
1, 4.41

COEFFICIENTSOF C,(s)?
1, 18.4

COEFFICIENT OF G(s)?
1

COEFFICIENTS OF G, (s)?
1. 2. D

COEFFICIENT OF Hy(s)?
1

COEFFICIENT OF H,(s)?
g

WHICH GRAPH? - BODE, NYQUIST, NICHOLS OR ROOT-LOCUS?
g

FREQUENCY RANGE?

1, 100

GAIN RANGE?

-40, 40

PHASE RANGE?

SO e e &g 5 g o & O 8 e a8 g 5 oae a0 @ n g g o @& o

v -~180, 0
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C GAIN, PHASE AND FREQUENCY INCREMENT?
144 14, 30 1
C IS GRID WANTED?
U i
After the plotting is finished, the communication between the
user and the computer continues:
Cr DO YOU WANT TO CHANGE THE SCALE?
U: YN
G3 DO YOU WANT MORE GRAPH?
If the user does not want any more graph she should answer
|8 B 9.
(=3 DO YOU WANT TO CHANGE TO NEW VALUES?
If the user wants to change the T.F of the system, she should
type "Y", and the process starts from the beginning. If she
does not with to do so, she can type "N", the computer then
answers
LB DO YOU WANT ANY MORE FREQUENCY PLOT?
This gives the user option to change from open-loop to closed-loop
T.F. or vice versa. If she does not want any more frequency-response
plot of the system, either open- or closed-loop, she may type
103 "N"
BE WHAT ABOUT TIME-RESPONSE?
U: N
End of the program,
Other graphs, such as time-response, Nyquist diagram, Nichols chart
plot and Root-locus may be generated in the same manner, with

different questions to answer,

3.7 DISCUSSION
This chapter has decided the software for computer-aided
control system design. Specific design examples are described

in Chapter 4. These examples further illustrate aspects of the
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design software, A full listing of the programme and details of
its constituent procedures are presented in Appendices D and G.
The software development exercise has been taken to a certain
stage only because of the limited project time. There are many
more options open for anhanced development to further facilitate
the design procedure. For example
i. the direct display of the gain and phase margins on the
frequency-response charts;
ii. the direct display of frequency at any point on the Nichols
chart and Nyquist diagram;
iii. the direct display of the open-loop gain at any point on
the root-locus plot
and 1iv. automatic evaluation of the angle and magnitude condition
on the root-locus diagram.
Many other features can be incorporated to make the design

procedures more automatic.

-oo00o00-



58,

CHAPTER FOUR

RESULTS

Three illustrative design examples are presented in this
chapter. These utilize the interactive computer software. The
first example is via the trial-and-error approach. The second
example is through analysis, has system performance specifications
given in terms of time-domain quantities. The third example, through
analysis, has system performance specifications given in terms
of frequency-domain quantities.

4,1 DESIGN EXAMPLE VIA TRIAL-AND-ERROR APPROACH

Consider the system shown in Figure 4.1. With no stringent
performance specification required, it is desired to compensate
the system so that the system has satisfactory relative stability
and high-precision closed-loop control.

The following information obtained from the computer-generated
graphs indicates that the system is unstable when the loop is closed.

From Figure 1 showing the closed-loop time response to a unit-
step function input, the transient terms are seen oscillatory with
an increasing exponential envelope.

From Figure 2 showing the Nyquist diagram of the open-loop
system, the lgcus encloses the point (—1(yun as w is varied from
.1 to 20 rad/sec.

From Figure 3, showing the Root-locus of the open-loop system,
the loci pass into the R-H half of the s-plane (i.e. poles with
positive real parts) when the open-loop gain is increased from
zero to 30.

From Figures 4, 5 showing the Nichols chart plot and the
Bode diagram of the open-loop system, the gain and phase margins
are found to be -8,67db and -16°,

Hence, the system is unstable
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K

1 |
» *h{ s(.s+1)(s+1) [ ¢

Fig., 4.1 uncompensated system

o= 1(, 5s+1) = 1 o

(.05s8+1) s(.s+1)(s+1)

Fig. 4.2 The Lead-compensated system
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Reducing the system open-loop gain K is the first step in
improving the behaviour of the system. The resulting characteristics
of the system are examined and it is found that the system is on
the verge of instability for K = 11, as seen in the following
graphs.

From Figure 6 showing the time response of the closed-loop
system to a unit-step input, the output is a stable amplitude
sinusoidal oscillation.

From Figure 7 showing the Nyquist diagram of the open-loop
system, the locus passes the point (-1, jo) as w is varied from
.01 to 9 rad/sec.

Figure 8 shows the Root-locus of the 0/P-loop system. For the
0/P-loop gain K - 11, the poles of the closed-loop T.F. are found
on the imaginary axis (i.e. the real parts : 0). The loci will pass
into the R H. half of the s-plane if K-=11 and the system is then
unstable.

Figure 9 shows the Nichols chart plot of the 0/P-loop system.
The gain and phase margins are found zero.

Figure 10 shows the Bode diagrams of the O/P-loop system. Gain
and phase margins are found zero, as calculated from Figure 9.

The above information illustrates the'marginal stability' of
the system, in which case the output oscillates with a stable
amplitude.

The 0/P-loop gain K may be further reduced to make the above
'marginally stable' system stable. However, by improving the
system stability, the speed of response and therefore the delay
and settling time are increased.

Thus, high precision closed-loop control and good stability
are incompatible, as seen in Figure 11, Figure 12, Figure 13, and
Figure 14.

Resulting quantities measuring the performance of the closed-
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lbop system with different values of K are shown in Table 4.1.

Therefore the reduction of the 0/P-loop gain alone may not
provide sufficient alteration to produce a satisfactory performanc
It is then necessary to redesign the system by incorporating
additional compensation in order to improve the overall system
behaviour.

The best possible design is a compromise between good
stability and as high a loop gain as possible. A lead compensation
network is added to the system with the O/P-loop gain K = 11,

the transfer function of the lead compensator is
| + §T

Bl
where B and T are chosen arbitra#%ly: B = 10 is a sensible
practical value and T is chosen-as .5. The compensated system
1s shown in Figure 4.,2. System characteristics can be seen in
Fig. 15, Fig. 16, Fig., 17, Fig. 18 and -Fig. 19,

From Fig, 15 representing the closed-loop time response
to a unit-step function input, the following quantities
- overshoot = 33,8%

- delay time = ,26secs

- rise time = 11 secs

- settling time = 1,58secs

indicating a satisfactory system performance,

From Fig.16 representing the Nyquist diagram of the 0/P-loop
system, the locus does not enclose the point (-1,0) as w is
varied from .01 to 30rad/sec,

From Fig.17 representing the Root-locus of the O/P-loop
system, the loci do not pass into the R.H half of the s-plane
(i.e. there are no poles with +ve real parts) as K is increased
from 0 to 11,

From Fig.18 representing the Nichols chart plot of the 0/P-loo

system, the gain and phase margins are found 13,7dbs and 38.1°.



Overshoot Rise Time Delay Time Settling Time State of Output
Case 67.6% .07 secs .47 secs T1 >> 10 secs poor stability
more oscillation
Case 51.4% .94 secs « 38 Secs 10 < T, < Tl better stability
less oscillation
slower response
Case 20.5% 2 secs 1.23 secs T, < T, good stability
sluggish response
Case 13.23% 2.64 secs 1.56 secs T, = 7.05 secs good stability
more sluggish response

" 49L
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From Fig.1l9 representing the Bode diagrams of the 0/P-loop &L

system, gain and phase margins are found to be the same as
calculated from Fig.18.

The above information justifies that the compensation
network has yielded a satisfactory control system with fast
response, no oscillation, negligible delay time, negligible rise
time and virtually no offset.

Often, better results can be achieved by trial-and-error
adjustment of T and B. Further phase lead can be introduced

by using more than one network if necessary.

4,2 DESIGN EXAMPLE USING ROOT-LOCUS METHOD
Consider the control system shown in Fig. 4.3. The feed

forward transfer function is
4
G(s) = s(s + .5)

The root-locus plot for this system is shown in Fig.20. The

closed-loop transfer function becomes

Cls) . 4

=L 52 * .5 5 %4

4
(s 25 # J 1.98) (s # .25 = 37 1.98)

The closed-loop poles are located at
s =-0.25 +3j 1.98

The damping ratio is .125, the undamped natural frequency is 2 rad/
sec. It is desired to make the damping ratio equal to .5 and to
increase the undamped natural frequency to 5 rad/sec. An appropriate
compensation will be designed to meet these performance specifi-
cations.

Since the specifications are given in terms of time-domain
quantities, the rool-locus approach to design is used.

The closed-loop time response to a unit-step input, shown in
Fig.22, indicates that the system has an undesirable transient-
response characteristic and it therefore needs some form of

compensation in order to produce a more satisfactory system which
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In the present example, the desired locations of the closed-

loop poles are

In some cases, after the root-loci of the original system have
been obtained, the dominant closed-loop poles may be moved to
the desired location by simple gain adjustment. This is, however,
not the case for the present system. Therefore a lead
compensator is inserted in the feed forward path,

A general procedure for determining the lead compensator
is as follows:
First, find the sum of the angles at the desired location of one
of the dominant closed-loop poles with the 0/P-loop poles and zeros
of the original system, and determine the necessary angle @ to be
added so that the total sum of the angles is equal to t1800(2K+1].
The lead network must contribute this angle.(If the angle is quite
large, then two or more lead networks may be needed.)

If the original system has the open-loop transfer function
G(s), then the compensated system will have the open-loop transfer

function

TE % 1
aTs + 1 Kc G(s)

Gl(s) = a
where the first term on the right-hand side corresponds to the
lead network, the second term K. is the gain of the amplifier,
and the last term G(s) is the original open-loop transfer function.
Note that there are many possible values for T that will yield
the necessary angle contribution at the desired closed-loop poles.

The next step is to determine the locations of the pole and
zero of the lead network, in other words the value of T, In
choosing the value of T, a procedure is introduced to obtain the
largest possible value for a so that the additional gain required

for the amplifier is as small as possible. First, a horizontal

line is drawn passing through point P, the desired location for
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one of the dominant closed-loop poles. This is shown as line PA
in Fig. 4.4. Also a line is drawn connecting point P and the origin.
The angle between the lines PA and PO is disected as shown in
Fig.4.4.

The intersection of PC and PD with the negative
real axis give the necessary location for the pole and zero of the
lead network, The compensator thus designed will make point P
on the root-locus of the compensated system. The open-loop gain
is determined by means of the magnitude condition,

In the present system, the angle of G(s) at the desired

closed-loop pole is

issf5)| = 235°
s+ = - 2.5+ 4.2

S

Thus for the root-locus to go through the desired closed-loop

pole, the lead network must contribute @ = 559

at this point.
By following the foregoing procedure, the pole and zero of the
lead network, as shown in Fig.Z20 are determined to be

pole at s = -9.4, zero at s = -2,6
The lead compensator consisting of the lead network and an
amplifier has the transfer function Gc(s) = %g—;—éf%% 'Kc
Thus the open-loop transfer function of the compensated system

becomes

I
—
m

+ 2.6)
G.(s) G(s) rg v 0.4) X' s v 37

= ==,
K (s » 2.6) [
s{§ + .5) (8 + 9.4) where K™ = 4 K




S (s * .5)

Fig. 4.3 Control system
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R e i I _ C(S
— (MWL 1k =4} [ =13.5 (s + 2.6) 1
n%ad } Ry (s ¥ 0.4) S5+
Fig. 4.5 The Compensated System.
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The gain K is evaluated from the magnitude condition as

follows

K* (s # 2,6) -1
s(s + .5) (s + 9.4) .

or K # 54

It follows that

54 (s + 2.6)
6.[8)- 608] = ere Sy F o)

The gain constant K. of the amplifier is

1
o B &
K. = = = 13.5

The compensated system is shown in Fig., 4.5. Fig. 21 shows
that the root-locus of the compensated system passes through
the desired closed-loop poles s = -2.5%j4,2.

The time response of the closed-loop system to a unit-step
input is shown in Fig,23 where the quantities measuring the

performance of the system may be obtained, as follows:

- overshoot = 36.4%

- delay time = ,008secs
- rise time = ,17secs
- settling time = .88secs

It is concluded that the present design is satisfactory since
is yields a very fast, almost immediate, response, negligible
delay, rise and settling time and virtually no offset., The

compensated system is shown in Fig. 4.5.

4.3 DESIGN EXAMPLE USING FREQUENCY-RESPONSE APPROACH

Consider the system shown in Fig. 4.6, The open-loop transfer

function is

6(s) = 55y
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s(s+2)

Fig, 4,6 Uncompensated system

REy | k=bolAk =4,17 c= (8+4.41) G=_1
b o (s+18.,4) s(s+2)

Fig., 4.7 Compensated system
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It is desired to find a compensator for the system so that the
static velocity error coefficient Ky is ZOsecnl, the phase margin
is at least 500, and the gain margin is at least 10db. In the
present example, the phase and gain margins have been specified.
Bode diagrams will therefore be employed.

The first step in the design is to adjust the gain K to meet
the steady-state performance specification or to provide the

required static velocity error coefficient.

Since this coefficient is given as 20sec T,
; - 4K
Kiy = 1im sG(s) = 1im —TE——— = 2K = 20
y s=>0 s+0 Sis * 2y
or K = 10

With K = 10, the system of Fig, 4,8 satisfies the stead-state
requirement,

Next plot the diagrams of

Fig 24 shows the magnitude and phase angle curves of G(jw). From
this plot, the phase and gain margins of the system are found to
17° and db respectively, A phase margin of 17° implies that the
system is quite oscillatory, as seen in Fig.26. Thus, satisfying
the specification on the steady-state yields a poor transient-
response performance. The specification calls for a phase margin
of at least 50°, It is thus found that the additional phase lead
necessary to satisfy the relative stability requirement is 33°.
In order to achieve a phase margin of 50° without decreasing the
value of K, it is necessary to insert a suitable lead compensator
into the system.

Noting that the addition of a lead compensator modifies the
magnitude curve in the Bode diagrams, the gain crossover frequency

will be shifted to the right, The increased phase lag of G(jw),
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due to this increase in the gain crossover frequency must be offset.
Considering the shift of the gain crossover frequency, assume that
)

means that 5° has been added to compensate for the shift in the

- the maximum phase lead required, is approximately 38°. (This

gain crossover frequency.)

Since
sin @ = 1 -a
- m 1 +

Q

Gm = XR9 corresponds to a = .24, Once the attenuation facto:

a has been determined on the basis of the required phase lead

&

angle, the next step is to determine the corner frequencies w = T

w = Té%T of the lead network. To do so, first note that the
maximum phase lead angle @n occurs at the geometric mean of the
1

Vo. T

The amount of the modification in the magnitude curve at

two corner frequencies, or w =

1 .
w = 15
Na.T
1 %3 A

1 + jwaT ¥ = ) Va 1

1+ jwaT . : .

I+ jeal | - G 1+ja g Vo
Note that

1 1 1

Ja = /28 = Tig T 6.2 db

and G(jw) = 6,2db corresponds to w =9 rad/sec, as seen in

Fig.24. This frequency is selected to be the new gain crossover

z . 1 -
frequency w.. Noting that this frequency corresponds to Jo T

i 1
OF B = mT o
_
T = v‘amc = 4.41
and )
L ow € 389 .
aT Va * are obtained.

The lead network thus determined is
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To compensate for the attenuation due to the lead network,
1

.24
this were not done, the required static velocity error coefficient

the amplifier gain is increased by a factor of = 4.17. (1f

could not be realized.) Then the transfer function of the
compensator which consists of the lead network and the amplifier
becomes

¢ (s) = (8.17) 4502

The compensated system has the following open-loop transfer functic

GC(S) G(s) = (4'17)(E: : jé?i))(s(s4g 2))

Fig,25 shows the magnitude and phase-angle curves for the
compensated system, The lead compensator causes the gain crossover
frequency to increase from 6.3rad/s (Fig.24) to 9 rad/sec. The
increase in this frequency means an increase in bandwidth. This
implies an increase in the speed of response which can be seen
from Fig,27 showing the compensated system closed-loop time
response to a unit-step input,

With an overshoot of 21.3%, zero delay time, negligible rise
time and .47secs settling time, the system can be seen to have a
much more satisfactory performance in comparison with the original
system, shown in graph 26.

From Fig,25, the phase and gain margins are seen to be 69°
and + odb, respectively. The compensated system shown in Fig.4.7
therefore meets both the steady-state and the relative-stability

requirements.

4.4 DISCUSSION
The design examples in this chapter illustrate the use
of the computer-aided system design techniques. The system
-software has been developed which, having specified the

control system configurations G(s) and H(s), permits varied
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choice of Gc[s) using trial-and-error analysis approaches,.

The results from this chapter show how the typical design
techniques described in chapter 2 are implemented in the control
system design with the assistance of a digital computer. Different
graphs representing the system performance in either time- or
frequency-domain are exactly generated and analysed to obtain
information essential for the compensation of the system deficien-
cies:

The trial-and-error method, although it is seen less direct
and involving many trials, is useful in designing systems with
no set performance specifications.

The root-locus approach is seen very convenient in designing
systems with performance specifications given in terms of time-
domain quantities, such as damping ratio, natural frequency, etc.

The Bode technique is seen very effective in producing
systems with performance specifications given in terms of frequency
domain quantities, such as gain and phase, bandwidth, etc,..

Whatever design technique may be used, it is important to
note that a unique system will not be yielded. In fact many
systems may satisfy the given specifications. An optimal choice
among the many possibilities may be made from such considerations
as projected overall performance, cost, space and weight.

The computer system developed contributes a major part
in the control system design. It helps the designer to avoid much
of the numerical drudgery necessary for the checking of the
‘system performance after each adjustment of the compensator
parameters. The information about the overall-system performance
is manually calculated from the computer-generated graphs. The
present computer system therefore may be further developed to
provide complete knowledge of the system performance, i.e. the gain
and phase margins, overshoot, delay time, rise time, etc... may

be obtained directly from the computer. Automatic design of the
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compensation networks may also be incorporated to enhance the

facility.

~00000 -
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CHAPTER FIVE
CONCLUSION AND SUGGESTIONS FOR FURTHER STUDY

The software for computer aided control system design
facilitates the design via analysis or trial-and-error approaches.
The control designer, at the Tektronix console, is able to specify
certain designs and evaluate their effectiveness in terms of
the various graphical analyses produced by the computer and
displayed on the screen of the Tektronix. If performance
specifications are given in terms of time-domain quantities, such
as overshoot, rise time, etc..., the root-locus approach to
design is very powerful to use, If performance specifications are
given in terms of frequency-domain quantities, such as gain and
phase margins, the Bode method is the most popular to use,
However, if a certain value of the resonant peak is required, the
Nichols chart technique is more convenient to use. The Nyquist
technique provides rapid evaluation of stability of the control
system, it is therefore used to supplement other methods. The
time-response method is normally used for checking to see
whether or not the designed system satisfies the requirements in
the time-domain, though a satisfactory performance may be reached
using this method.

Hence, for complete quantitative information of a system,
both the differential-equation and the transfer-function
representations are desirable, The transfer-function for ease
in design, the differential equation for exact performance data
on several important characteristics of the system.

The software development exercise has not yet been completed
because of the limited project time. Many other features can be
incorporated to further facilitate the design procedures and to
make them more automatic, (Section 3.7.)

Although the classical approaches to control system design
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have many outstanding advantages, they have numerous shortcomings.
Empiricism, trial—an&verror design, and a lack of a fundamental
theory combine to make conventional control more an art than
a science.5

The root-locus and frequency-response methods, which
essentially consist of the loop-gain adjustment and the design
of appropriate compensators, are quite useful but are limited
to idealized and relatively simple control systems, such as
single-input-single-output linear time-invariant systems.
Such classical design approaches suffer from severe limitations
and difficulties when applied to the design of multiple-input-
multiple-output and time-varying systems. In other words, for the
exact requirements of the more complex automatic control problems
in modern technology, classical methods are entirely inadequate.
This is where '"modern control" enters the picture. Modern control
theory utilizes time-domain system description (state variables)
rather than transfer-function methods, Extensive use is made of
digital computing. The methods of modern control have been
developed in many instances by applied and pure mathematics, with
the result that much of the written presentation is very formal
and quite inaccessible to most control engineers. By applying
modern control theory, the designer is able to start from a
performance index, together with constraints imposed on the
system, and to proceed to design a stable system by a completely
analytical procedure. The advantage of design based upon such
‘control theory is that it enables the designer to produce a
control system which is optional with respect to the performance
index considered.

In addition, the concept of adaptive control systems has
also been introduced to cope with the problem where the plant

is normally exposed to varying environments so that plant
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parameters change from time to time,
However, it is important to note that if performance
specifications are given in terms of the time-domain or

frequency-domain quantities considered in this thesis, modern
design techniques are not convenient, and the classical

techniques are useful for the control system design.
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APPENDIX A

ERROR COEFFICIENTS
2,3.1. Statie error coeffieients

i. Steady-state errors

Consider system shown in Fig. 2.13. The closed-loop

T:F: 48

0

(s) . G(s)
R(s) T+ G(s)H(s)

=

The transfer-function between the actuating error signal
and the input signal r(f) is

E(s) . ¥ = C(s)H(s) _ 1

R(s) R(s) + G(s S
where the actuating error e(t) if the difference between the
input signal and the feedback signal. The final value theorem
provides a convenient way to find the steady-state performance of
a stable system. Since E(s) 1is

_ |
E(s) 1+ GisiHis)R(s)

The steady-state actuating error is

s R(s)
1 + G(s)H(s)

The static error coefficients defined in the following are

figures of merit of control systems.
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ii. Static position error coefficient kp
The steady-state error of the system for a unit-step

input is

S

—
| =

e =

im
S )

s ss0 1 + G(s)H(s) S

1
1 + G(o)H(0)

The static position error coefficient kp is defined by

k = 1im G(s)H(s) = G(o)H(o)
P 5-30

Thus, the steady-state error in terms of the static position

error coefficient kp is given by

iii. Static velocity error coefficient kv

The steady-state error of the system with a unit-ramp

input is given by

_ : S 1
eq = 1lim 3
7S s 1 + G(s)H(s) s
1im 1

ss0 s G(s)H(s)
The static velocity error coefficient kV is defined by

kv = 1lim sG(s)H(s)
$-30

" Thus the steady-state error is
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iv, Static acceleration error coefficient ka

The steady?state error of the system with a unit-parabol

input (acceleration input) which is defined by

£2
r(t) = — for t>o0
2
= 0 for £t<o
is given by e_ = 1im 2 .
Sg 1 + G(s)H(s) g3
530
= 1im __2__.__:_]'..._.__.
sy S G(s)H(s)

The static acceleration error coefficient kC is defined by the
equation

k, = Lim s2G(s)H(s)
5=0

The steady-state error is then

The error coefficients kp, ku, and ka describe the ability of
a system to reduce or eliminate steady-state error., Therefore
they are indicative of the steady-state performance. The higher
the coefficients, the smaller the steady-state error. Therefore,
it is generally desirable to increase the error coefficients, whil
maintaining the transient response within an acceptable range.
2,3.2 Dynamie error coefficients

The dynamic errors provide some information about how
" the error varies with time. We shall now introduce dynamic error
coefficients to describe the dynamic error and we shall limit
our systems to unity-feedback ones, By dividing the numerator
polynomial of E(s)/R(s) by its denominator polynomial, E(s)/R(s)

can be expanded into a series in ascending powers of s as

follows E(s) _ 1 _ 1 1 .
= = s L 5— + —.——S + ~ % . . .
R(S) I+ G(s) ki X, ky
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The coefficients ky, kZ’ kg, -« . . ., are defined to be the

dynamic error coefficients, Namely,

kl dynamic position error coefficient

kz = dynamic velocity error coefficient

ks

1

dynamic acceleration error coefficient
An advantage of the dynamic error coefficients becomes clear

when E(s) is written on the following form:

E(s) = E% R(s) + f% sRs) + f% SPR(S) # « w o o s = v o

The region of convergence of this series is the neighbourhood of
s = o. This corresponds to t = in the time domain. The
corresponding time solution or the steady-state error is given,
assuming all initial conditions are zero and neglecting impulses
at t = o, as follows

lim e(t) _ lim [% r(t) + % F(t) + % F(E) + . . .. .

t—a t-a 1 : 3

The steady-state error due to the input function and its
derivatives can thus be given in terms of the dynamic error

coefficients.
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APPENDIX B

PERFORMANCES SPECIFICATIONS

Frequency-domain specifications

Frequency-domain specifications are usually stated in the

following terms:

a,

gain-margin GM, a measure of relative stability, is

defined as the log modulus (db) of the system when the phase
shift is 1800, denoted positive for negative db.

On the Nyquist diagram, the gain margin is given directly

by -2010g10M where M is the value of G GH(jw) when the

curve cuts the negative axis,

phase-margin PM, a measure of relative stability, is

defined as 180° minus the phase angle at the frequency where
the gain is unity (odb).

On the Nyquist diagram, the phase margin is found by

drawing a circle of unity radius about thr origin and
drawing the radius from the centre to the point where the
curve GH(jw) cuts the unit circle,

The phase margin is then the angle between this radius and
the negative X(w) axis, positive below the axis and

negative above. Gain and phase margins Bode diagrams and
Nyquist diagrams are shown in Fig, B-1.

bandwidth BW, a measure of the speed of response of a system,

is defined as that range of frequencies over which the
magnitude ratio does not differ by more than -3db from its
value at a specified frequency, For many feedback control
systems this frequency is zero,

resonant peak Mp, a measure of relative stability, is the

maximum value of the magnitude of the closed-loop frequency
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.response,

e, resonant frequency mp’ is the frequency at which M
P

occurs. Bandwidth, resonant peak and resonant frequency

are illustrated in Fig. R.32,

2. Time-response specifications

Time-response specifications are uspally stated in terms
of the unit-step function response, Typical specifications
are:

a. Overshoot 1is the maximum difference between the transient

and steady-state solutions for a unit-step function input.
It is a measure of relative stability and is often repre-
sented as a percentage of the final value of the output.
The following four specifications are measures of the
speed of reaponse.

b Delay time Td is often defined as the time required for

the response to a unit-step function input to reach 50
percent of its final value,

&5 Rise-time Tr 1is customarily defined as the time required fo

the response to a unit-step function input to rise from ]0
to 90 percent of its final value.

d, Settling time Ts is defined as the time required for the

response to a unit-step function input to reach and remain
within a specified percentage (frequently 2 or 5 percent)
of its final value,

e, Subsidence ratio is the ratio of the amplitudes of

successive cycles in a decaying oscillation.

The above specifications are illustrated in Fig. B.3.
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APPENDIX C

COMPENSATION NETWORKS

1, Lead compensation

a. Lead network A schematic diagram of an electrical lead

network is shown below

Cl
]

".’\n‘wt

« ]
e
l,

Define Rjc = T, s - edl

Then the transfer function for the above network may be

derived as

Eo[s) TS + 1 s-*%
'.:D< T e S T =
Ei[Sj aTs + 1 S +£%
B Characteristics of lead network

Fig, Cl shows the Nyquist diagram of

joT + 1

w jwaT + 1

( O¢ca ¢ 1)

For a given value of a, the angle between the positive real

axis and the tangent line drawn from the origin to the semicircle
.gives the maximum phase lead angle, @m. Define the frequency at
the tangent point to be W . From Fig. Cys the phase angle at

W= w_ 15
m

sin §_ = —%—;~9 (Cq)
* o
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Fig.C2 Bode diagram of a lead network



Fig. C, shows the Bode diagram of a lead network when a = .1.

The corner frequencies for the lead network are w = % and w = é%.

By examining Fig, C,, it is seen that @ is the geometric mean
of the two corner frequencies, or

i i 1
7 [ log ¢ + log =]

Ii

‘log .

Hence () = .l_

aT
As seen from Fig, CZ’ the lead network is basically a high-pass
filter, therefore an additional gain elsewhere is needed to

increase the low frequency gain,

Zs Lag compensation

a, Lag network A schematic diagram of an electrical 1lag

network is shown below

RI
?;-' = e J\U%‘\iﬁ\‘k T i __f
| g ]
| y )
¢, = °
| ‘ C |
A R
Rl + R, '
Define Roll = F, —vme—"ew @ 1
Ry

Then the transfer function for the network may be derived as

E s + 1
E—O(s)=%( T)
i e o B
s +
aT

b. Characteristics of lag network

Fig. C; shows the Bode diagram of a lag network when B =10.

The corner frequencies of the lag network are w = % & m:=§%.

As seen from Fig, Czs the lag network is essentially a
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low~pass filter,
B Lead-lag compensation

a. Lead-lag network

%13 .

The electrical network of a lead-lag network is shown below:

M'
11

W
R‘ i
&l RL

& |

W

H

<

—

The transfer function of this network is

1 1
Eg(s) (s +p(s + 55)
E.(S)
i (s 453 (s )
1
With Rys Cys = Tys  Rgw Tyy = Ty
e R i + R Ly = Tl + AT B 1)
1¥1 ¢ &Y Hae 1 ™2 5 2
b Characteristics of lead-lag network

Fig. Cy shows the Nyquist diagram of a lead-lag network. It

can be seen that for O w (wyp the network acts as a lag
network, while for 0,4 © { a it acts as a lead network.

The frequency at which the phase angle is zero is

1

w, = ——
VTi1 Ty

1

Fig. C. shows the Bode diagram of a lead-lag network when

B = 10 and T2 = 10Tl.
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APPENDIX D

CONSTITUENT PROCEDURES

The program consists of the following constituent

procedures:

Ls POLYADD which adds two polynomials

2. POLYMUL which multiplies two polynomials

3; REALPOLYZEROFINDE which finds all the zeros of a real
polynomial

4, DIFEQNS which solves a system of first order differential
equations. (The above procedures are system proceduresa.]

S I which calculates the imaginary part of polynomial with
order less than three, as w varies,

6. Ry which calculates the real part of polynomial with order
le