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ABSTRACT ARTICLE HISTORY
In this article we consider the partitioned linear model .#1, = Received 12 August 2021
{y, XiB; +X2B,, V} and the corresponding small model .#; = Accepted 9 March 2022

{y, XiB;, V}. We focus on comparing the best linear unbiased esti-
mators, BLUEs, of X; 8, under .#,, and .#. In other words, we are
interegted.in the effect of addjng regressors on the BLUE§. Particular estimator: BLUE: Lowner
attention is paid on the consistency of the model, that is, whether ordering; partitioned linear
the realized value of the response vector y belongs to the column model; adding regressors
space of (X; : V) or (X; : X3 : V).
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Best linear unbiased
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1. Introduction

In this article we consider the partitioned linear model y = X; 8, + X,f, + ¢ and so-
called small model (submodel) y = X;f, + & or shortly

My =1y, XB, V} ={y, Xup, +Xop,, V}, 41 ={y, Xip,, V}.

Here y is an n-dimensional observable response variable, and ¢ is an unobservable ran-
dom error with a known covariance matrix cov(¢) =V = cov(y) and expectation
E(¢) = 0. The matrix X is a known n X p matrix, that is, X € R™*?, partitioned column-
wise as X = (X, : Xp), X; € R, i=1,2. Vector = (B;,p,) € RP is a vector of
fixed (but unknown) parameters; symbol ' stands for the transpose.

As for notation, r(A), A=, A*, ¥(A), /' (A), and ¥(A)", denote, respectively, the
rank, a generalized inverse, the (unique) Moore-Penrose inverse, the column space, the
null space, and the orthogonal complement of the column space of the matrix A. By
Al we denote any matrix satisfying #(A) = €(A)". Furthermore, we will write Py =
Pya) = AAT = A(A'A)" A’ to denote the orthogonal projector onto ¥(A). The orthog-

onal projector onto %(A)" is denoted as Q4 = I, — P5, where I, is the a x a identity
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matrix and a is the number of rows of A. We write shortly
M=1,—-Px, M;=I,—Px,i=1, 2.

One obvious choice for X! is M.

When using generalized inverses it is essential to know whether the expressions are
independent of the choice of the generalized inverses involved. The following lemma
gives an important invariance condition; cf. Rao and Mitra (1971, Lemma 2.2.4)

Lemma 1.1. For nonnull matrices A and C the following holds:
AB C=AB'C for all B~ <= %(C) C¥(B) & %(A) C%(B).

For a given linear model .# = {y,Xp,V}, let the set W(.#) of nonnegative definite
matrices be defined as

W(t) ={WeR™ :W=V+XUUX, 4(W)=%4(X:V)}. (1.1)

In (1.1), U can be any matrix comprising p rows as long as (W) = (X : V) is satis-
fied. Lemma 1.2 collects together some important properties of the class W(.#); see,
for example, Puntanen, Styan, and Isotalo (2011, Prop. 12.1 and 15.2).

Lemma 1.2. Consider the model /4 = {y,XB,V} and let W =V + XUU'X' € W(.4).
Then

G = X(X'W X) XW' =Py — VM(MVM) MPy

. N (1.2)
=Py — VM(MVM)" = Py — VM(MVM) M.

Moreover, the following statements are equivalent:

(@) €X:V)=%(W),

(b)  €(X) C (W),

(¢) X'W~ X is invariant for any choice of W~,

(d) FX'W X)=%(X) for any choice of W,

(e) X(X'WX) X'W X =X for any choices of W~ and (X’'W X) .

It is noteworthy that the matrix Gy, in (1.2) is invariant for the choice of the general-
ized inverses denoted as “~”, and it is independent of any choice of W € W(.Z).
Notice also that the invariance properties in (d) and (e) in Lemma 1.2 are valid for all
choices of W € W(.#). 1t is clear that V.€ W(.#) if and only if 4(X) C 4(V).

In Lemma 1.2, the matrix W is nonnegative definite, denoted as W>10. A corre-
sponding version of Lemma 1.2 can be presented for W = V + XTX' which may not be
symmetric but satisfies (X : V) = €(W).

Corresponding to (1.1), we will say that W; € W(.#;) if there exist U; such that

W, =V+XUUX, 4W)=%(X;:V), i=12. (1.3)

[y A4

For the partitioned linear model .#;, we will say that W € W(.#1,) if
W=V +X,U,UX] + X, U, U)X},

where U; and U, are defined as in (1.3). For our considerations the actual choice of U;
and U, does not matter as long as they satisfy (1.3).

By the consistency of the model ./# it is meant that y lies in 4(X : V) with probabil-
ity 1. Hence we assume that under the consistent model .# the observed numerical
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value of y satisfies
YyEFX:V)=%4(X: VM) = 4(X) ® €(VM) = ¢(X) BE(MV),

where “@” refers to the direct sum and “H” refers to the direct sum of orthogonal sub-
spaces. For the equality ¢(X : V) = ¢(X : VM), see Rao (1974, Lemma 2.1).

For parts (a) and (b) of Lemma 1.3, see, for example, Puntanen, Styan, and Isotalo
(2011, Th. 8). and for part (c), see the rank rule of the matrix product of Marsaglia and
Styan (1974, Cor. 6.2). Claim (d) is straightforward to confirm.

Lemma 1.3. Consider X = (X, : X;) and let M, = I, — Px,. Then

(@ FXi:Xp)=%(X;: MX,),
(b) M=1,-Pxx,) =L~ (Px, + Py,x,) = MuQu,x, = Qui,x, Mo,
(C) r(M2X1) = r(Xl) - dlmfg(Xl) N (g(Xz),

For Lemma 1.4, see, for example, Puntanen, Styan, and Isotalo (2011, p. 152).

Lemma 1.4. For conformable matrices A and B the following three statements are
equivalent:

(a) Py — Pg is an orth. projector, (b) Py —Pp>10, (c) ¥(B) C 4(A).

If any of the above conditions holds then

Py —Pg = P%(A)ﬁ%‘(B)l = P_pp)a-

Let A and B be arbitrary m x n matrices. Then, in the consistent linear model .#,
the estimators Ay and By are said to be equal (with probability 1) if

Ay=By forallye 4(X:V)=%(X: VM) =% (W), (1.4)

where W € W(.#). Thus, if A and B satisfy (1.4), then A —B = CQy for some matrix
C. It is crucial to notice that in (1.4) we are dealing with the “statistical” equality of the
estimators Ay and By. In (1.4) y refers to a vector in R". Thus we do not make any
notational difference between a random vector and its observed value.

According to the well-known fundamental BLUE-equation, see Lemma 2.1 in Section
2, Ay is the BLUE of Xp if and only if

AX: VM) =(X:0).

Obviously (A + NQyw)y is another representation of BLUE for any n x n matrix N.
However, the equality

Ay = (A+NQyw)y for all y € €(W)

holds when the model is consistent in the sense that y € ¥(W). The properties of the
BLUE deserve particular attention when %(X : V) = R” does not hold: then there is an
infinite number of multipliers B such that By is BLUE but for all such multipliers the
vector By itself is unique once the response y has been observed. The case of two linear
models, %4; = {y,Xp,V;}, i=1,2, is extensively studied by Mitra and Moore (1973).
They ask, for example, when is a specific linear representation of the BLUE of u = Xf
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under %, also a BLUE under %,, and when is the BLUE of g = X under %, irre-
spective of the linear representation used in its expression, also a BLUE under %,.

The purpose of this paper is to consider the models .#; and .#,, in the spirit of
Mitra and Moore (1973). We pick up particular fixed representations for the BLUE s of
#; = X; B, under these two models, say Gy and G,zy, and study the conditions under
which they are equal for all values of y € €(X; : X, : V) ory € (X, : V), that is,

G1W1 = Gl#Wl, or G1W = GI#W. (15)

Moreover, we review the conditions under which (1.5) holds for all representations of
the BLUE s, not only for fixed G; and G,g. Some related considerations were made by
Haslett, Markiewicz, and Puntanen (2020) when these models are supplemented with
the new unobservable random vector y,, coming from y, = Kf, +&,, where the
covariance matrix of y, is known as well as the cross-covariance matrix between y,
and y.

The well-known (or pretty well-known) results are given as Lemmas, while the new
(or at least not so well-known) results are represented as Propositions.

2. The fundamental BLUE equations

A linear statistic By is said to be linear unbiased estimator, LUE, for the parametric
function Kf in .#, if its expectation is equal to Kf, which happens if and only if
K' = X'B; in this case Kf is said to be estimable. The LUE By is the best linear
unbiased estimator, BLUE, of estimable K if By has the smallest covariance matrix in
the Lowner sense among all LUEs of K :

cov(By) <p cov(Bgy) for all By : B4X =K.
It is well known that g, = X, p; is estimable under .#,, if and only if
(X)) NE(Xy) =40}, ie, r(MX;)=r(Xj).
For Lemma 2.1, characterizing the BLUE, see, for example, Rao (1973, p. 282).
Lemma 2.1. Consider the model ., where n = Kp is estimable. Then

(a) Ay =BLUE(Xf) <= A(X: VM) = (X:0), that is, A € {Py.4,}

(b) By =BLUE(Kf) <= B(X: VM) = (K:0), thatis, B € {Py.4,}

In particular, if u;, = X, B, is estimable,

() Cy=BLUE(s,) <= C(X;: X, : VM) = (X, : 0: 0), that is, C € {P, 4, }.

Of course, under the model .#; we have
Dy = BLUE(,) <= D(X; : VM) = (X; : 0), i.e, D € {P, 4}
To indicate that A € {P, 4,,} we will also use notations
Ay = ji(#12) = BLUE(XB | .#1;), Ay € {BLUE(XB | #1,)}.

Using Lemma 1.2 we can obtain, for example, the following well-known solution to A
in Lemma 2.1:

X(X'WX) X'W™ € {Pys,}
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where W € W(.#1,) and we can freely choose the generalized inverses involved.
Expression X(X'W~X')"X'W~ is not necessarily unique with respect to the choice of
W~ but by Lemma 1.2, the matrix

G = X(X'W X)) X'W' = Pyy — VM(MVM) MPy
is unique whatever choices of W~ and (X'W™X')" we have and moreover, Gi, does

not depend on the choice of W € W(.#1,). The general solution for A in Lemma 2.1,
can be expressed, for example, as

Go = G + NQy, where N € R"™" is free to vary,

and Qw = I, — Pyw. Thus the solution for A (as well as for B and C) in Lemma 2.1 is
unique if and only if (X : V) = R".

Consider then the estimation of p; = X, under .#, assuming that g, is estimable.
Premultiplying the model .#;, by M, yields the reduced model

Mrzz = {May, MuXiB,, MpVM,}.

Now the well-known Frisch-Waugh-Lovell theorem, see, for example, Grofl and
Puntanen (2000, Sec. 6), states that the BLUE s of u, under .#;, and .#1,, coincide.
To obtain an explicit expression for the BLUE of M,X;f, under .#,, we need a W-
matrix in .#1,.,. Now any matrix of the form

M,VM, + MuX, T T/ XM, = My(V + X, T, )X/ )M,
satisfying
EM,(V: X T))] = €M(V : X))] = €(MaW)), (2.1)
is a W-matrix in .#1,.,. Choosing T, = U as in (1.3) we have
M, WM, = MyW M, € W(.#13.5).
Thus the BLUE of M,X, B, under .#1,., can be expressed as
BLUE(M,X, B, | A 122) = MpX; (X, M,X,)” X Myy,

where M2 = Mz (MzW]Mz)_Mz.
We observe that (2.1) holds for Ty = 0 if and only if ¥(M,X;) C ¥(M,V), that is,
see part (d) of Lemma 1.3,

Our conclusion: If (2.2) holds, then the BLUE of M,X, 8, under .#1,, can be expressed
as

BLUE(M,X, B, | A 122) = MuX; (X, MayX;) X, M,yy, (2.3)

where M,y = M, (M,VM,) M,. Actually, it can be shown that (2.2) is also a necessary
condition for (2.3). It is obvious that under the estimability of u, we have

BLUE(p, | A 12,) = BLUE(p, | 4 1;) = X1 (X, M2X,) "X, My, (2.4a)
BLUE(w, | #12.1) = BLUE(n, | 41;) = X,(X,M, X)) X,Myy, (2.4b)

where M; = M;(M;WM;) M,,i = 1,2.
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An alternative expression for the BLUE of u; can be obtained by premultiplying the
fundamental BLUE-equation

XX'W X)) XW (X, : X, : VM) = (X, : X; : 0)
by M;, yielding
(MZXI : 0) (X/W_X)_X/W_ (Xl : X2 . VM) = (MZXI :0: 0) (25)

Because r(M,X;) = r(X;), we can, by the rank cancelation rule of Marsaglia and Styan
(1974), cancel M; in (2.5) and thus an alternative expression for (2.4a) is

it (M) = (X1 : 0)(X'W X) X'Wy.

Now we should pay attention to numerous generalized inverses appearing in the rep-
resentations of the BLUEs. Namely, when the observable response y belongs to a
“correct” subspace of R”, then there is no problem with the generalized inverses. In the
next section we will consider particular unique representations of the multipliers of y

and study the equality of the relevant estimators taking the space where y belongs
into account.

3. Some useful matrix results
Let us denote
Gz = Xi(X\MX)) XM, Dz = (X;:0)(XW X) XWT,
Gy = X(XOMX,) XM, Duy = (0: X,)(X'W X) X'WT,
where M, and M, are now unique (once W is given) matrices defined as
M; = M;(M;WM;) "M, = M;(M;W,M;) "' M;,
M; = My(M;WM,) "M, = My (MW M) "M,
It is noteworthy that the following types of equalities hold:
M;(M,;WM,)"M, = M,(M;WM,)" = (M;WM,)".
Now under the estimability of u, = X, B, we have
By (A1) = X (XIMLX) "X My = (X : 0)(X'W X) X'Wy,
By (A1) = X (XM X)) XMy = (0: X,)(X'WX) " X'Wy,
and
i(AM12) = (G + Gog)y = (Dyg + Doy )y for all y € €(W).
Because G,# and D 4 belong to {P, | ,,,}, they satisfy the equation
GsW = D sW. (3.3)
Next we show that we also have
G#Qw = D4Qw. (3.4)

We immediately observe that D,;4#Qyw = 0 and what remains is to show that G;#Qw =
0. Now the equation
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G#Qw = Xi(X{M:X)) X M:Qy = 0
holds if and only if
X'M,Qyw =0, ie, %M,;X;)C E(W). (3.5)

Clearly (3.5) holds because

%(M2X,) C €(M,) = € [(M,W,M,)"] = 4(My;W;) C G(W),
where the last inclusion follows from

X :Xy:V)=%[X,: Mp(X; : V)] = €(X; : MuW)).

Combining (3.3) and (3.4) gives the following result.
Proposition 3.1. Assume that p, is estimable under 4 1,. Then

Gz = Xi(X\MuX)) XM, = (X, : 0)(X'W X) X'W' =Dy, (3.6)
where M, = MZ(M2W1M2)+M2. Moreover, the expressions in (3.6) are invariant for any

choices of generalized inverses (X, M,X,)”, W~, and (X'W~X)~ as well as for the choice
of W € W(.M13). Corresponding equality holds between G,g and D,y. Moreover,

G = X(X’W’X’)*X’WJF =G+ Gy = Dp + Dy
We will also need the following proposition.
Proposition 3.2. Denote
Gy =X, (X/lexl)_X/le,
where My = My(MyW M) ™ M,. Then
(@) FX,MyW) = (X, MX,) = 4(X\M,),
(b) r(W1M2X1) = I'(WMzX]) : r(X'1M2X1) = I'(MgXl),
(c) %(WG’I#) = F[WM,X,; (X MxX;) X|] = €(WM X)),
(d) C(GI#W) - C(Xl/Mz).
In parficular, when Hy is estimable under .4 1,, we have
(e) FXM,W) =% (XM:X;) = %(G,;2W) = 4(X]).
Proof. Property (b) comes from the following:
r(M2X1) Z I'(W]szl) = r[wle(Mzwle)_szl]

Z I'[M2W1M2 (M2W1M2)7M2X1] (37)
= I’(szl ) .
The last equality in (3.7) follows from the fact that ¥(M,X;) C ¥(M,W;). The other
statements can be confirmed in the corresponding way. O

Proposition 3.3 appears to be useful for our BLUE-considerations and it also
provides some interesting linear algebraic matrix results. By A'/? we refer to the non-
negative definite square root of a nonnegative definite matrix A and A™"/2 = (A1/?)" so
that A/2AT1/2 = p,.
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Proposition 3.3. The following five statements hold:

@) F(W'X)' =%(WM:Qy)=%(VM: Qy),

(b) G(WiX))" =% (WM, : Qy,) = %4(VM, : Qy,),

(C) P‘Nl/zM2 =Pw — PW“/ZXZ’

(d) PwM,Py =W - WIX,(X,WHX,) X W,

(e) WMX; = WM,X,; = [I, - X,(X,WHX,) "X, WHX;.
The following three statements are equivalent:

(f) r(Xy) = dim%(W,) N6 (X,) + dim% (W)™ NE(X,),
(g r(Wp)=r(WM)+r(W:X,),
(h) P 1/2 - PW1 - P

wi2M, wx,
If any of the conditions (f)-(h) holds, then
(i) Pw,MPy, = W — WIX,(X, W X;) XOWY,
() WM.X; = WiMX; = [Pw, — Py, Xo(XoWiXo) XWX,
If %(Xz) Q %(Wl), then
k) WMX; = WM,X, = [I, - X,(X,W{X,) X, Wi X;.
Proof. The first five statements (a)-(e) appear in Markiewicz and Puntanen (2019, Sec.
4). The claim (h), that is,
PWi/ZMZ = Pwl - Pwrl/zxz,
holds if and only if, see Lemma 1.4,
GWIM,) = G(W'X, : Qw, )" = G(W /X))t ng(w)). (3.8)
Now (3.8) holds if and only if
r(W}/zMz) =n— r(WIH/ZXZ 1 Qw, )s
that is,
r(Wl) = r(WIMz) + I'(W1X2),

which further is equivalent to (f). Clearly (f) holds, for example, when %(X,) C €(W;).
Assuming that (f) holds we can write

Py, M,Py, = Py, M (MW, M,) "M, Py,
= w,p Wi“MzWIH/z (3.9)
=W (Py, — Py, )W, 12
=W, — WX, (X, W/ X,) X, W
From (3.9) it follows that
WiMLX; = W, [W = WX, (XOWX,) " XWX,
= [PWI - PW1X2(X/2WTX2)7X/2WT] X1

and hence, supposing that ¢(X;) C %(W;), we obtain (k):
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WiMX,; = [In - Xz(XlzwaXZ)_Xlzwﬂxl‘
Thus the proof is completed. O
4, Difference of the BLUEs under the full and small model

Next we introduce a particular expression for the difference (G, — G,#)y which is valid
for all y € €(W).

Proposition 4.1. Consider the models .1, and ., and suppose that pu, = X, B, is estim-
able under M . Using the earlier notation, we have for all y € €(W):

(G1 — G#)y = G1Gyy

=X (XIW X)) X\W, - X,(X,M, X,) X, M. “1)
Proof. 1t is clear that G;G,# = G,#. Premultiplying
G, = Pw — VM(MVM) MPy,
by G; we observe that GG, = Gy as G;VM = 0. Thus we have
G — G = G1(G12 — Gj¢) = G1Gy4. (4.2)
The claim (4.1) follows from (4.2). 0

Proposition 4.1 was proved by Haslett and Puntanen (2010, Lemma 3.1) in the situ-
ation when

Using different formulation and proof, it appears also in Werner and Yapar (1996,

Th. 2.3). See also Sengupta and Jammalamadaka (2003, Ch. 9) and Giiler, Puntanen,

and Ozdemir (2014). In the full rank model, that is, when X has full column rank and
V is positive definite, it appears, for example, in Haslett (1996).

Remark 4.1. We might be tempted to express the equality G,y = G4y as
ﬂl(eﬁl) = ﬁl(,ﬂu), i.e., BLUE([[J%I) = BLUE(ﬂllﬂu) (43)

However, the notation used in (4.3) can be problematic when the possible values of the
response vector y are taken into account. It is clear that G,y is the BLUE of u, under
M and we may write shortly Gyy = ji,(.#,). Now, there might be another estimator
Ay for which we can also write Ay = ji,(.#,) but, however, Ay and G,y may have dif-
ferent numerical observed values. The numerical value of the BLUE under .#; is unique
if and only if y lies in € (W)). O

Notice that in above considerations all the matrices G;, Gj, and so on. are fixed. Let
us check whether (4.1) holds for arbitrary Hy, € {P, |.4,},» Hiz € {Py.4,,} and so on.

Corollary 4.1. Let us denote

H; = G; + N1Qyw,, Hp =G +N2Qy,
Hj# = Gy + NsQw, Hyp = Gy + NuQu,

where the matrices Ny, ..., Ny are free to vary. Then
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(a)  (H; —H3)y = GiGpy + NiQy,y for ally € €(W),

(b) (Hy —Hy4)y = HiH,4y forall y € (W).
Moreover, the following two statements are equivalent:

(©  @(X;) CE(Wi),

(d)  (Hy —Hyg)y = GGy forall y e €(W).

Proof. In view of
(Hi — Hjz)W = (G1 + NiQyw, — Gj# — N;Qw)W
= (G1 +NiQw, — G;»)W
= (G1 — G ;)W + NiQyw, W
= GG W + N Quw, W,
the statement (a) holds. We observe that
H H,3W = (G; + N1Qy, )Gz W
= Gle#W + I‘I]Qw1 GZ#W.
Thus the statement (b), that is, the equality (H, — H,4)W = H;H,4W holds if and only if

Replacing W with (X : X, : VM) in (4.5) we observe that (4.5) indeed holds. The
equivalence of (c) and (d) is obvious. O

Proposition 4.2. Consider the models .1, and /1 and suppose that u, = X, is estim-
able under M 1. Then the following statements are equivalent:

(@) Gy = Gy for ally € €(W), that is, GGW = G4W,

(b)  Giy = Gy forally € €(X, : X,),

()  Giy= Gy forally € R", that is, G; = G4,

(d) G, € {P[ll\/flz}’ that is, Gly € {BLUE(ﬂllﬂm)},

) X,WiX,=0,

fH GiX,=0,

(g G(X2) CE(WiX))" =E(WiM; : Qy,) =C(VM; : Qy,).

Proof. Consider the statement (a) which is obviously equivalent to (d):

Gl(Xl : X2 : VM) = Gl#(Xl : X2 : VM) (46)
Now G, VM = G, VM;Qy;,x, = 0 and hence (4.6) holds if and only if
(X] : G1X2 : 0) == (X] :0: 0), (47)

that is,
G X, = X;(X]W; X)) X,W/X, =0,
which is equivalent to X, WX, = 0. The equivalence between (a) and (b) follows from

the equivalence between (4.6) and (4.7).
To prove that (a) and (c) are equivalent we need to show that

G1Qw = G#Qw-
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It is clear that G;Qw = 0. Similarly, G,#Qw = D,#Qw = 0. Thus (a) is equivalent to

i{c), The claim l(g) follows from part (b) of Proposition 3.3. O
emark 4.2. Clearly (a) in Proposition 4.2 is equivalent to

(1) Gl(Xl ZXz) = Gl#(Xl ZXZ) = (Xl . 0) and (ll) G1V = GI#V,

that is, (i) G1X; =0 and (ii) G;V = G;#V. Here is a question: where does the condi-
tion (ii) vanish in Proposition 4.22

In view of Proposition 4.2, the condition (i) implies that G; = G,#, and hence trivially
(ii) holds, that is, G;V = G,#V. However, (ii) does not imply (i). Moreover, the condition
(ii) implies that cov(G;y) = cov(G,#y) which by Proposition 4.3 (see below) is equivalent
to X W*X, = 0. Thus we can conclude that XWX, = 0= XWX, = 0. 0

In Propositions 4.3-4.5 we assume that g, = X, f, is estimable under .# ;.
Proposition 4.3. The following statements are equivalent:

(@) Gy = Gy for ally € €(W,), that is, GGW; = G, W,

(®) Gy € {Py 0, }> that is, Ggy € {BLUE(u,|.4,)},

(c) {BLUE(m, | #12)} € {BLUE(p, | .#1)}, that is, {Py s} C{Pyi}s
@ (H —Hg)W, =0 forall H € {P, )} Hy € [Pyoh
(&) G#VM, =0, .

O CWMX;) = ¢(WiM:X,) = ¢(X1),

(g WMX, = WMX, =X,

(h) XWX, =0,

(i) GV =GV,

() cov(Ggy — Giy) =0,

(k) cov(Gry) = cov(G,zy).

Moreover, we always have

() cov(Gysy — Guy) = cov(Gysy) — cov(Gry),
(m)  cov(Gyy)<pcov(G#y),

n) X,W{X,=0=X,WX,=0.

Proof. 1t is clear that (b) is simply an alternative expression for (a) and similarly (d) for
(c). The claim (a) holds if and only if

Gi(X; : VM) = G4(X; : VM) = (X : 0),
which gives (e): G;# VM; = 0, that is,
X, (X/M,X,) X, M,VM, = 0. (4.8)
Premultiplying (4.8) by X, M, yields
X,M,VM,; = X,M,WM, = X,M,W M, =0,
that is, ¥(WM,X;) C 4(X;). In view of Proposition 3.2, we have r(WM,X;) = r(X;)
and hence ¥(WM,X;) C %(X;) becomes
E(WM,X,) = (W MxX,) = 4(X,). (4.9)

Thus we have shown that (e) and (f) are equivalent. Equality (4.9) implies
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XWX, =0, (4.10)
that is, (f) implies (h). In view of part (e) of Proposition 3.3 we have
WMX, = [I, - X(X,WHX,) X, WHX,. (4.11)

Substituting (4.10) into (4.11) we observe that (h) implies (g), and so far we have con-
firmed the equivalence between (a) and any of (e)-(h).
The statement (c) holds if and only if

(Gl# + NZQW)(XI : VMl) = (X1 : O) for all N2 S Rnxn’
that is,
(Gy# + N2Qw)VM; =0 for all N, € R™",

which holds if and only if G, VM; = 0. Thus (c) and (e) are equivalent.
The claim (a) holds if and only if G;(X; : V) = G,4(X; : V), which is precisely (1):
GV = G#V. It is clear that (i) is equivalent to (j). Consider then
cov(Gyg — G1)y = G4 VG.y + G VG, — G VG, — G VG,
Notice that G;T; = G;4T; = T}, where T; = X;U;U}X| and hence
GlVG’1 =G (W, — Tl)G’1 =X (XQWTX1)7X/1G1 -T
= X1 (X;WTXl)_XII - Tl,
and
G1VG,1# - G] (Wl - Tl)Gll# = G1W1 /1# - T1

=Xi(X{W X)) X|Gly — Ty

= X;(X,W}X,) X, - T, = G,VG,.
Thus cov(G,#y — G1y) = cov(G,4y) — cov(Gyy), and so (1) and (m) hold. Statement (1)

obviously confirms the equivalence between (j) and (k). Property (n) is obvious. See
also Remark 4.1. 0

Next we consider the condition under which an arbitrary matrix from the set
P,u rovides the BLUE for g, under .# ;.
m |- p 1

Proposition 4.4. The following statements are equivalent:

(@) {BLUE(w, | #1)} C {BLUE(n, | #12)}, that is, {Py ., } C {Ppu iz, }>
(b) (H1 — 1#)W 0 fOT’ all H] c {Plh‘-////l}’ Hl# c {Pll1|e////12}’

() %(Xy) C¥(X;:VM,), thatis, (W) = €(W), and XWX, =0,

d X ) %(VM,),

(e) %(Xy: VM) C %(VM,),

(0 {BLUE(uI | 40)} = {BLUE(, | #00)), that is, {1} = (P )
(8) €(X;: VM) =%(VM,).

Proof. Notice first that (b) is simply an alternative way to express (a). The statement (a)
holds if and only if

(Gl + NIQWI)(XI . X2 : VM) = (X1 :0: 0) for all N] S Rnxn’
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that is,
(G1 +Ni1Qw,)X; =0 for all N; € R™",
which holds if and only if Qy,X; = 0 and G,;X; = 0, which is precisely (c). Moreover,
(c) implies that
for some A and B and
X{W/(X;A+ VM;B) = X]W{X;A = 0. (4.13)

Now (4.13) implies that W{X;A = 0, which further implies that X;A = 0, so that by
(4.12) we get (d). The claim (d) obviously implies (c). The equivalence between (d) and
(e) is obvious because (VM) C 4 (VM;).
It is clear that (f) implies (b). Thus to confirm the equivalence of (b) and (f) we have
to show that
(b) = {BLUE(w, | #1,)} C {BLUE(w, | 41)}. (4.14)

This follows at once from Proposition 4.3 by noting that the right-hand side of (4.14)
means that (H; — H;4)W; = 0. The equivalence between (f) and (g) follows by combin-
ing part (d) of Proposition 4.4 and (k) of Proposition 4.3. O

Our next task is to find necessary and sufficient conditions for
Gy = Gy for all y € 4(W)
when the inclusion %(X,) C ¢(X; : V) holds.
Proposition 4.5. Consider the models 1, and .4, and suppose that
C(Xy) CE(X,: V) = (W), ie, C(Wy)=%(W). (4.15)
Then the following statements are equivalent:
(@ GIW; =G Wy,
(b) H1W1 = HI#WI fOT all H1 and Hl#’
() {BLUE(w|.#12)} € {BLUE(w|.41)}, that is, {Pyu,} © {Ppja}>
(@) {BLUE(w,|.#))} € {BLUE(,|-#12)}, that is, {Bpys,} (P}
(e) BLUE(u,|-#,) = BLUE(u,|-#1,) with probability 1,
H XW/X,=0,
(g (X)) S E(VMy),
(h) X,C"*X} =0, where C'? is defined as

+

et [ XWX XIWPX, ) ¢t cP

(XW1X> = , , = " Nk (4.16)
X,WiX, XWX, ¢! c

Proof. The equivalence between (a)-(g) is obvious. Consider then part (h). Now we
have

D = (X, : 0)(X'W X) X'W* = (X; : 0)(X'W; X) X'W/. (4.17)
Hence (a) holds, under (4.15), if and only if G;W; = D4 W,, that is,
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Gi(X; : VM) =D4(X; : VM) = (X; : 0),
that is,
D,sVM,; = D,z WM, = 0. (4.18)
Using (4.17) the equality (4.18) becomes

DsVM; = (X, : 0)(X'W;X) X'W/ W, M,
= (X, : 0)(X'WX) X'Pw, M,
— (X, : )(X’w X) X'M, (4.19)
= (X1 : 0)(X'WX) (0: M X)

= X,C*X)M, =0,

where C'? is defined in (4.16). In light of r(X,M,;) = r(X;), we can cancel M; in the
last expression in (4.19). This proves the equivalence between (a) and (h). O

5. Conclusions

In this article we consider the partitioned linear model .#; = {y, X8, +X,f8,, V}
and the corresponding small model .#; = {y, X;p,, V}. We focus on comparing the
BLUEs of u; = X, p, under .#,, and .#,. The observed numerical value of the BLUE is
unique under the model .#, if the .#, is consistent in the sense that y € ¢(X; : V)
and the same uniqueness concerns the full model in the respective way. But now there
may be some problems if we write

BLUE(X.p, | .#,) = BLUE(XB, | 4 12). (5.1)

What is the meaning of the above equality? It is not fully clear because we know that
under .#, the values of y vary over ¢ (X, : V) but under .#,, the values of y vary over
%(X; : X, :V) and these column spaces may be different. However, if ¢(X; : V) =
% (X; : X, : V) there is no difficulties to interpret the equality (5.1), which means that

Ay =By foralyec%X;:V),

where Ay € {BLUE(p, | .#,)} and By € {BLUE(y, | .#12)}.

We consider the resulting problems by picking up particular fixed expressions for the
BLUE s of u, = X;p, under these two models, and study the conditions under which
they are equal for all values of y € ¥(X;:X,:V) or y € ¢(X; : V). Moreover, we
review the conditions under which all representations of the BLUE s in one model con-
tinue to be valid in the other model. Some related considerations, using different
approach, have been made by Lu et al. (2015), Tian (2013), and Tian and Zhang (2016).
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