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Abstract

Srinivasa Ramanujan (1887-1920) was one of the world’s greatest mathemat-
ical geniuses. He made substantial contributions to elliptic functions, continued
fractions, infinite series, and the theory of numbers. For many years people have
studied Ramanujan’s work and tried to obtain a better understanding of his work.

The main purpose of my thesis will be to consider some important classical
results on elliptic functions and give proofs of these results using the methods which
could have been used by Ramanujan. This will give an insight inito how Ramanujan
may have proved many of his results since his own proofs are often unknown.

This thesis contains five chapters. Chapter | is the introduction and this is
related to Chapter 2 up to Chapter 4. The goal for Chapter 2 is to write the trans-
formation of Sz, 1 (q), @, (@), Uan (q), and V5, (g) in terms of P (p), @ (p), and
R (p). Chapter 3 discusses Ramanujan’s congruence for partitions and we give a
proof for Ramanujan’s modulus 5 partition congruence. In Chapter 4, we investi-
gate a method of determining the number of representations of an integer n as the
sum of two, four, six, and eight squares and triangular numbers. Then we present
two computer programs which are for the sums of squares and triangles. Finally,
some interesting relations between the sums of squares and the sums of triangles

are shown.
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Introduction

Srinivasa Ramanujan (1887-1920) was an Indian mathematician who had to contend
with a lack of education and resources. In 1913, Ramanujan wrote his first letter to G. H.
Hardy. Hardy ([19], p. 9) said, “...they defeated me completely; I had never seen anything
in the least like them before. A single look at them is enough to show that they could only
be written down by a mathematician of the highest class. They must be true because, if they
were not true, no one would have had the imagination to invent them. Finally... the writer
must be completely honest, because great mathematicians are commoner than thieves or
humbugs of such incredible skill.”

Ramanujan lived a short life. He died on April 26 1920, and left behind three note-
books, a “lost notebook™ and other manuscripts, and published papers [21].

The goal of this thesis is to gain a better understanding of Ramanujan’s work. All my
work, methods, and ideas are based on those in K. Venkatachaliengar’s [36] monograph.
Venkatachaliengar’s work is significant to this thesis.

“We have no idea how he did the marvelous things he did, what led him to them.
or anything else,” said mathematician Richard Askey ([26], p. 280), a Ramanujan scholar
at the University of Wisconsin in Madison. Bruce Berndt ([26], p. 280) said I still don’t
understand it all. I may be able to prove it, but I don’t know where it comes from and where
it fits into the rest of mathematics,” after years of working through Ramanujan’s notebooks.

He also said, “The enigma of Ramanujan’s creative process is still covered by a curtain that
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has barely been drawn.” So I think it is worthwhile to study his work and to have a better

understanding of Ramanujan’s work and of himself.

This thesis consists of five Chapters. Chapter 1 is an introduction to Chapter 2, 3, and
4. We will introduce some of Ramanujan’s identities and use some theorems and results
due to Venkatachaliengar to prove them. Then we introduce Ramanujan’s 17/, summation
formula, which is related to many different identities. The Jacobi triple product identity
and the Jordan-Kronecker function are special cases of Ramanujan’s summation formula.
Then we introduce the fundamental multiplicative identity, the Weierstrass function and
three special cases of F(a,t). Next we give series expansions for ¢, (a), ¢,(a), and p(a)
and introduce the series P, (), and 7.

In 1916, Ramanujan published a paper called “On certain arithmetical functions™
([21], pp.136-143) which contain the formulas for S,,, ¢, ;, and Ramanujan differential
equations. According to Venkatachaliengar, the transformation formulas for S;,.1, @, ..
Us,, and V5, can be calculated. The aim of Chapter 2 is to write the transformation of
Sont1(q)s 0,5(q), Usn(q), and V5, (q) in terms of P (p), @ (p), and 1 (p).

Ramanujan discovered properties of p (n), the number of partitions of n, by studying
MacMahon’s table of values of p (n). Ramanujan observed that the number of partitions
of numbers 5m + 4, Tm + 5, and 11m + 6 are divisible by 5, 7, and 11 respectively. In
Chapter 3, we will give a proof of Ramanujan’s modulus 5 partition congruence and the
idea is based on Venkatachaliengar’s work.

The problem of the representation of an integer n as the sum of a given number

k integral squares and triangles is one of the most interesting in the theory of numbers.
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Chapter 4 will present proofs of formulas for the sums of two, four, six, and eight squares
and triangles, all based on Ramanujan’s summation formula. For instance, Jacobi proved an
identity for the sum of six triangles (which is not widely known) but I found a proof using
Ramanujan’s result. Ramanujan has given a formula for the sum of twenty-four squares. I
wrote two computer programs which can find the number of ways of writing an integer as
a sums of & squares and triangles, how many groups there are, and their nature. The last
section will indicate some interesting relationships between sums of squares and sums of
triangles.

A flow chart in the next page represents the main results of this thesis and indicates
how we connect some of our results to Ramanujan’s works. Each box contains either the
equation and the equation number or just the equation number. The equation numbering 1s

standard so that for example (1.4.22) can be found in Chapter 1, section 4, equation 22.
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Chapter 1
Basic definition

1.1 Introduction

In this Chapter, I summarise some results given by K. Venkatachaliengar [36] on “Devel-
opment of the elliptic functions according to Ramanujan™, and S. Cooper [13] on “The
development of the elliptic functions according to Ramanujan and Venkatachaliengar™, ei-
ther to be used later in the thesis or provide a better understanding of Ramanujan’s works.

Notice that S. Cooper’s [13] is based on the monograph by K. Venkatachaliengar [36].

1.2 Notation

Let 7 be a fixed complex number satisfying Iin 7 > 0 and let ¢ = ¢'™", so that || < 1. We

will make use of the following notation for products. Let

n—1

(azg)., = H (1-aq’), = s
=0

o0

(@;9)ss = H (1- (.r.qj) .

3=0
Then

(a;q)

a;q), = ,
( (aqn; q)w

and we take this as a definition for n € R. We define

(a1,a2, ..., an; q) o, = (a159) (@23 9) o -+ (AR} G) o -
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Note that Venkatachaliengar and some others take ¢ = ¢*™ instead of ¢ = ¢'™".

1.3 The generalised Ramanujan identity

Ramanujan gave many different identities. One of his most famous identities is

2
1 7] o0 n
(Z cot > -+ Z ] f — sin -n.t?)

n=1

mn

PRE T = na"
= (%coté) +n:lmcosnb’+%z L (1 —cosnf). (1.3.1)

ey 1=
In 1916, Ramanujan ([21], p. 139) published a paper containing (1.3.1). G. H. Hardy
has also mentioned (1.3.1) in ([20], p. 134) and ([19], p. 312). We will state the following

theorem and then use it to prove the identity (1.3.1).

Theorem 1.3.1 (Theorem 1.1, [36]) Let

where |q| < 1 and the prime denotes that n = 0 is excluded in the summation. Then
a) The series p, converges for |¢*| < |z| < 1;
b)The series p, converges for |¢*| < |z| < |q| =%

¢) Given any three constants «, 3, 7y satisfying a3v=1 and |q| < |al, |3| < 1, we have

p1(a)py(B) — pi(afB)(py(@) + p1(B)) = pa(@) + pa(B) + pa(7)- (1.3.2)

Venkatachaliengar given a proof of this theorem in ([36], p. 4) and bases Chapters 1 and 2

on this identity.
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Proposition 1.3.2 ([36], p. 5)

142 o q2nz q2nz—1
= — — : 1.33
n) = 57— +;(1_q2nz = (1.3.3)
B 1 = { 2ng*"z 2ng®" 2! 13.4
’02(2) =5 _E+Z 1_q2nz+ l_q‘Z?lz—] X (1.3. )

n=1

These formulas give the analytic continuations of p, and p,, and they are valid for all =

except where there are poles.

Corollary 1.3.3 ([36],p. 5)

(a) p, has simple poles at the points z = ¢, r =0, £1, £2,..., and is otherwise analytic
in0 < |z| < oo.

(b) py (2) = —p, (271). (Symmetry)

(c) p, (¢°z) = p, (2) + 1. (Quasi-periodicity)

Corollary 1.3.4 ([36], p. 6)
(a) p, has simple poles at the points z = ¢°, r = +1, +2,..., and is otherwise analytic in
0 < |z| < o0.
() py (2) = py (=), (Symmery)
(©) pa(2) = p2(6%2) = 5 + 1 (2). (Quasiperiodicity)
Notice that the generalised Ramanujan relation (1.3.2) can be extended to all values

of a, 3, and v, using the analytic continuation, the properties of symmetry and quasi-

periodicity of the functions p, and p,. Therefore we may restate (1.3.2) as
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Theorem 1.3.5 ([36], p. 7) For any three constants «, [3, 7y satisfying a3y = 1, we

have

p1(@)py(B) + p1(B)p1(7) + pi(Y)pi (@) = py(@) + pa(B) + pa(y)- (1.3.5)

Definition 1.3.6 ([36], p. 7) Put z = €' and set ¢ = €™, where Im(7) > 0. Then

define

6.0) = py(2)/2, (1.3.6)
0.(0) = py(2)/2. (1.3.7)

The following properties of ¢, (1.3.6) and ¢, (1.3.7) follow immediately from the

corresponding properties of p, and p..

Proposition 1.3.7 ([36],p.7)

(i)
(o= e ¢ 20 (138
) )_400 +;1—q' sin 2nd, 3.8)
(1)
62(0) = —5; + Z oy Cos b, (1.3.9)
(iii)
‘.151(_9) = —¢,(0),
(iv)
(252(_9) = ¢2(9)!
(v)

¢'1('9 +27m) = ¢1(9)1



1.3 The generalised Ramanujan identity 9

(vi)
$2(0 +2m) = 05(0),
(vii)
$1(0 +2m7) = ¢,(0) — i/2,
(viii)
$9(0 + 277) = ¢,(0) — i, (0) — 1/4,
(ix)

Oyhas simple poles at 0 = 2mm + 2mitn, m,n € Z, and is analytic elsewhere,
(x)
@ohas simple poles at 0 = 27vm + 2mwiTn,m,n € Z.n # 0.and is analytic elsewhere.
And, if a + b + ¢ = 0, then we can rewrite (1.3.5) as

oy (a)oy(b) + ¢,(b)o,(c) + @,(c)d,(a) = —:1)-(6}2(({) + 9,(b) + 9s(c)). (1.3.10)

Venkatachaliengar has shown that the functions ¢, and ¢, together with the generalised
Ramanujan identity (1.3.10), can be used as the foundation for the development of elliptic
functions. Elliptic functions involve two real or complex numbers w; and ws whose the

. Wy . ; - ;
ratio — is not a real number. A function satisfying the relation
wa

fE+2wm)=f(2), [flz+2w)=7(2),

for all complex values of z at which f (2) exists, is called a doubly periodic function of z
with periods 2w;, 2ws. A doubly periodic function that is meromorphic in the finite part of

the complex plane is called an elliptic function.
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The identity (1.3.1) can be obtained from (1.3.10) in the following way. Set ¢ =

— (a4 b) in (1.3.10). Since ¢, (¢) is an odd function, we have

¢1(a) @1 (0) = 61 (b) ¢ (a+b) — &, (a) ¢y (a+b) = *% [¢2 (a) + ¢ (b) + 2 (a +b)].
(L3011}

Observe that

¢, (a+b) — ¢, (a)
b

6,(0) (¢, (a-+1) ~ &1 (@) = (o6, ) ) - 6@ asb—0.

Now write (1.3.11) as
1
01 (b) (61 (a+b) — ¢, (a)) + &, (ajd (a+b) = 5 [0, (@) + ¢, (b) + &, (a +b)],
and let b — 0 to get
- 9 L,
5% (a) + o7 (a) = ¢y (a) + 5(32 (0). (1.3.12)

By substituting the series (1.3.8) and (1.3.9) into (1.3.12), we see that this equivalent to

(1.3.1). Hence equation (1.3.12) can be rewritten as

' 1 i
¢ﬂm=¢ﬂ@+§%un—?mﬂ. (1.3.13)

Letting ¢° — ¢ in the functions ¢, and ¢, enables us to write some results which are special
cases of (1.3.13).
Putting @ = 7 into (1.3.13) simply gives a tautology.

2
Puta = -E;E into (1.3.13), we have

1 2 4 5 2

=T SIS ST SNIRUR. . S

6 1—-q 1—-¢* 1-¢* 1-¢°

1 1[ ¢ 2q* 4q" 5q°
_zm+3L—q+1-&+1—¢+1-& 1"
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where 1, 2, 4, 5,... are the natural numbers without the multiples of 3. This result can be
found in ([21], p. 139).

Puta = g into (1.3.13), we have

1. q ¢’ 7 q :
[4+l—q —¢ 1-¢ 1-¢ "
1 1] ¢ 2¢* 3¢° 5¢° 64°
= — 4= wwlq (1314
1(')_!-2[1—(}-1-1—572 1—ff3+1—q5+1—q6+ ( )

where 1, 2, 3, 5, 6,... are the natural numbers without the multiples of 4. We will use
(1.3.14) to obtain a formula for the number of representations of an integer as the sum of
four squares in a later section. This result can also be found in ([21], p. 140).

Puta = g into equation (1.3.13), we have

I, & ¢’ ¢' Vi ¢ :
2+l—q+1—q2 1 — ¢! l—q5+1—q?+
4 q  2¢* 3q° 4q* 5¢° 79"
T ATl 1@ 1@ 1= 1B "Ig
where 1, 2, 3, 4, 5, 7,... are the natural numbers without the multiples of 6.
Puta = 34—'- into (1.3.13), we have
2 1
(V2A+B) =V3C+ D+ SE+V3F+G,
where
ik q q3 q5 q'r' qg
A = - - - ez
2l1—q+1—q3+1—q5 —q 1-¢ "
2 6 10
q q q
B =1 = — e
c 1l g ¢ & . 4 . 8 ]
2la-¢* (-¢¢ (-¢ (-¢* a-¢* "I
acl 4 8 12
1) = i e & 5 e

24 (1-¢"2 " (1-¢°2 (1-¢2)
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-1 2¢°
B =L, 4 ¢ 303.+“!
24 1—-q 1—¢* 1-¢°
11 3q* 5¢° 7q" 9g°
F————q+ qt_oqr+q_ q(+..
412 1-¢q 1-¢° 1—-¢° 1—-¢° 1-¢°
1 2q¢* 4q° 6q"?
g o= Lp B 40 W
4 1—q¢* 1-—gq 1—q"

. = 2 : .
Notice that similar results for —, where n = 5, 6, 7, 8,..., can be given for other n in
(£ A
principle, but these are more complicated.

With o = €', equation (1.3.12) can be rewritten as

ap) (@) = g2 (@) = 2py (@) + py (1).

1.4 Ramanujan’s {7, summation formula

Ramanujan gave another famous formula called the Ramanujan ;¢», summation formula.
G. H. Hardy ([20], p. 222) described it as “a remarkable formula with many parameters”.
The first published proofs appeared in 1949 and 1950, by W. Hahn [18] and M. Jackson
[24] respectively. There are number of proofs of equation (1.4.1). For example Venkat-
achaliengar ([36], pp. 24-27, pp. 29-30) and R. Askey [4].

Ramanujan’s summation formula is a very useful result. In Chapter 4 we will use it
to investigate the sums of two and four squares and triangles formulas. From the top of the
flow chart, we can see that Ramanujan’s summation formula is related directly or indirectly

to all the main results presented in this thesis. Ramanujan’s summation formula is
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Theorem 1.4.1 (Ramanujan’s;7); summation formula)
o T4, g,
Z (a q)n in (a2 q) oo (m,q) (4 9)os (a,q)m
- o b q
(%;9)s (m,q)m(b @)oo (a q)m

<|;r:|<1

) (1.4.1)

b
where |q| < 1 and

Proof To obtain Ramanujan’s summation formula, we let
q
(ax;q) (—_;q)
f(z) = gl‘ =3 (1.4.2)
(2:9) (u:q)
axr 56

Then, by Laurent’s theorem, we can expand (1.4.2) as a Laurent series

o0

Flg)= 3, " (1.4.3)

Y b ) ; ;
valid in the annulus ‘— < |x| < 1 where [ (x) is analytic. Next, consider the Laurent
(42

. : . : X .
expansion of f (qx), which exists for |[—| < |z| < —. So, we assume additionally that

aq la]
! i
2l Now, both f (x) and f (gx) are valid in ‘—J- < |z] < 1and |g| < 1. Then
aq aq

construct the functional equation
f(z) (0; 0)os (a..r'q)oc (425 9)oc (arp q)x
i b 1
7{g%) (#59) ( ,q) (aqr; q) (—_:q)

% i 7 S

(1 - ax) (1 - i)

aqr

1
(1 , a) (=)

b— aqx
q(l—=z)

Hence

q(1—2) f (z) = (b— agz) f (qz). (1.4.4)
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Then, substituting (1.4.3) into (1.4.4) gives

oo

q(l—x) Z Crz™ = (b — agz) Z Cng"x™.

n=—oo n=—0oo

Equating the coefficients of powers of 2" gives
gCpn — qCr—q = bCoq™ — aC\,_1q".
Simplifying gives the recurrence relation

(1—ag"™)
= ——Cﬂ— 3
O A=)

and iterating , we get

(1—=ag" ) (1 —ag™?)...(1—a)
(1-— bq" {1 - bg™%) ... [1—1)
(a;

L = Co

a; q)
5 n (0,
(biq),

forn =1, 2, 3,.... Next, replacing n by 1 — n in (1.4.6) gives

(1—5bg™™)

C—n =
(I —ag™)

C*!Hrl-

[terate this to give

(1—bg7") (1 —bg~ ™) ... (1 —bg™?)

Con (1—ag™) (1 —ag")..(1 - (Lq'l)c0
(a;9)_
= —Co, =193
(bi9)_,

Combining the results of (1.4.7) and (1.4.8), we have

(a;q)
oM T
(b9), °

Now, put (1.4.9) into (1.4.3) to get

n=0,=x1,%2,...

14

(1.4.5)

(1.4.6)

(1.4.7)

(1.4.8)

(1.4.9)

(1.4.10)
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Finally, we need to find Cj,. Abel’s continuity theorem ([4], p. 504) states that:

o0 o0

15

Suppose f (z) = Z a,z" and lim a,, = a. Then lim (1 — z) Z Gz =@,

n—ono Tr—1-
n=(0 n=—oo

Apply (1.4.11) to (1.4.9) gives

_ ~ l89)s
18 O = Cop (b:9)

and thus we have verified that lim,,_..a,, = a. By Abel’s continuity theorem

lim (1—2) f (z) = Gy 3%

o1 (b;q)
Then we work out the limit
(a259) (i.:q) i)
lim (1 —z) G 400 E = Ch (!‘ )”"
e : ) h: ¢
: (1—-a)(1—gqx)(l—q*n).. ( q) Voo
T ") o
We have
(
(a;q) (i:q) 4
>~ \a o L laiq)
b =Lo (b;q)
(2:9) (— q) o
€1 53
Therefore

(6;9) o (%10

.
(4:9) (2 "-?)m

Put the result of (1.4.12) into (1.4.10) to get

(559) (g q)m i

(2:9) (a q)m =00
Put (1.4.13) into (1.4.2) to get
(az;q) (i;q)m (b 9) (g —~ (a;9), ,
b - b 2 0,
(73 9) a;q) (2:9) i) B

CU =

flz) =

(1.4.11)

(1.4.12)

(1.4.13)

(1.4.14)
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We can rewrite (1.4.14) as

i (3:9), (@7:0)s (550) . @ 0) (
= (%:0) (%;q)m(b 1) o ( ’

Qlc"‘
)
SO

8

Q|‘Q
o
S

g

which completes the proof. H

—az

i l
By replacing g and = by ¢* and = respectively in (1.4.1), set l —)2 and

b '9'\
a yad

and z respectively. There is another way to write Ramanujan’s summation formula (1.4.1)

> (1/a;¢?), (—ag)* i . = (1/8:8). (=Ba)*
1 ‘9
. Z (Bg? ,qz)k 2 2 (rlq q &

= ( q«q) (=0/20%) (g% ¢%) . (afBq?; q)
- {( quq ( }3(}/H_ }{( Q }w _;q q) }- (1.4.15)

where |3q| < |z| < 1/|ag|. There is a connection between Ramanujan’s summation

formula and many different identities such as the following.

Corollary 1.4.2 (Jacobi triple product identity-Ramanujan’s form)

(—a,—b,ab;ab)o = 1+ Y (ab)" ™ V/3(a" +b"). (1.4.16)

n=1

Proof Setqz=a,q/z=0b,(ie,q¢° =ab, 2> =a/b)andleta =3 =0in(1.4.15). 1
Thus the Jacobi triple product identity is a special case of Ramanujan’s summation

formula. There are two other common ways of writing the Jacobi triple product identity as

(o2 —g/5 D= Y @2 (1.4.17)
and
(2:9/2:69)e = D (-1)"g"12", (1.4.18)

n=—oo
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Note that if we put @ = gz and b = ¢/z in (1.4.16), then we get (1.4.17). Similarly putting

a=—zand b= —q/zin (1.4.16) we have (1.4.18).

Corollary 1.4.3 (g-binomial theorem)

(ar Q) > (a: q),1
. (1.4.19)
(Z9)0 Z (7:9)n

n=0

Proof Putb=gin(1.4.1). 1

Corollary 144 ([3], p. 500)

(i) Euler’s formula

(:9)o = i (=L, (1.4.20)
(ii) Jacobi's formula o
(@0 = 3 (=17 (20 + g2 (1.421)
n=0
(iii) Gauss's formula

vl
(q’q )x n=0

Equation (1.4.22) is the generating function for triangular numbers.

1.5 The Jordan-Kronecker function

The Jordan-Kronecker function is defined by

o

Fla,t)= ) . (1.5.1)

]== a_q2n

n=-—oo

where |¢?| < |t| < 1,a # ¢*,and k = 0, +1, +2, ...
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Theorem 1.5.1 (Jordan-Kronecker function)

2
T . ‘
©  n (at; %), (E:qz) gl M T
3, 1—ag ¢ » 7 ' WS
B (£ ¢%) o (T:q'-’) (a;¢%) (—;qz)
” oo a 00
Proof To obtain (1.5.2), letx =t, ¢ — ¢° and b = aqg® in (1.4.1) to give
2
q :
0 2 (at;¢°) | =514 (q ¥ Vos TS0 )
G P at’
2 (0% ¢, q° g V)
' 00
Now use the following identities
(1)
(a:q?), _ l1-a
(ag* ¢%), 1-—ag™
(i1)

(1—a) (r:qu;qz)x = (a;qg)aC

We can rewrite (1.5.3) as

2
a 5
0 at: g* —:q° s q*; q*
Z o _( q)x(m_q)m(q i IO o ) I
1—ag® 9 2 : g, aY
n=—00 (£:9%) o (T;q-) (a:q%) (—:w)
00 @ o0

which completes the proof. B

Below are some elementary properties of function F.

Theorem 1.5.2 ([36], p. 38, [13], p. 66)
F(a,t) = F(t,a),
Fla,f) = —F(=3),

F(a,t) = tF(aq’,t) = aF(a,tq®).
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Let £ = ¢€” in (1.5.1) and recall that the Bernoulli numbers B,, are defined by

B t?n
= Z - for |t| < 2m.

m!

Then, write the Jordan-Kronecker function as

o0

i e'l)n
Fla.e) = ) 1o

n=—oo

1 1 aq.!n nv o lq2n(, nv
B for 154
1 —a — eV Z (1 = aq2n l—a= }zn ( )

n=1

1 Bm,b.m 1
= e f —Eb
l—a Z m!

m=0

o0 A -1_.2n oo a1/ A
+Z = {(nv) _agq \—nw)
1- aq-’” c~ ml 1 —alg?" m!

n=1 m=(

1 1+a = g R
= ha [l S Wl P

v 2(1 —a) esl—pg® 1=d higan

+ i Bm+] 4 zx: ?l'mnq"” (_l)rn”m” If]2” o™
m+1 — 1 — ag®® 1 —a g =

m=1

G

= —-—+E P 1”
m+ f”l

m=A()

where
1+a = aq*" e
!J[(aJ o -2_(:[_—”) +§ (1 _ aq‘in o 1— a=! }Zn ?
and
ym— 1 n m—1_-—1_2n
m n a q i 5
pm(a) = o e Z ( e aqz" (_l)mT—lqzn) ,m=2,3,4,... (L5.5)

The series (1.5.4) converges for |Rev| < [Im 277|. Observe that the functions p, and p, are
exactly the same functions as these already encountered in (1.3.3) and (1.3.4). For m = 3,

4, 5, --, we take (1.5.5) as the definition of p,,. We use these results later in Chapter 3
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section 2. Venkatachaliengar derives a fundamental multiplicative identity for the function

F which will be shown in the next section.

1.6 The fundamental multiplicative identity

In this section, we look at the fundamental multiplicative identity, then introduce the Weier-
strass g function and three special cases of the function F' (a, t) which we denote by fi, fo,

and f;}.

Theorem 1.6.1 (Fundamental Multiplicative Identity) ([36], p. 40, [13], p. 66) Let
F' be the Jordan-Kronecker function defined by (1.5.1) and let p, be as in equation (1.3.4).

Then
F(a,t)F(b.t) = f;—iF(nh. t) + F(ab,t)(p,(a)+ p,(D)). (1.6.1)

Note that a simplified version of Venkatachaliengar’s proof can be found in [13].
Now using the change of variable t = ¢", the fundamental multiplicative identity (1.6.1)

becomes

F(a,e’)F(b,e’) = Ed;F ab, e”) + F(ab,e”)(p,(a) + py(b)).

Expand both sides of this powers of v using (1.5.4) to get

['_; Z pm+1 ] T _{_ Z pm-i—l ﬂ?']

m=>0 m=0

F o= Z ,Ont.,.g(a-b]% = | === + Z pm+1((lb ] [fol (G + pl(b)]
m=0 ‘ L

m=0
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Equating coefficients of v™, m = 0, 1, 2,..., gives

Z (m) Prs1(@) P11 (b) = Pr42(8) + Prns2(P) +Pmi2(ab)+pp 41 (ab) (pr (@) +p, (0).

g m+1
(1.6.2)
We setm = 0, 1, 2, and 3 in (1.6.2) as follows
(M)m=20
p1(a)py(b) = pa(a) + py(b) + pa(ab) + py(ab) [pi(a) + py(b)] . (1.6.3)
(i)m=1

91 (@) 22 (6) + 3 () py (6) = 5 [pa (@) + pa (B)] + p (ab) + p (ab) [y 0) + py (B)].

(1.6.4)

(m)m = 2

1 (@) p3 (b) + 2p, (a) py (b) + py (@) py ()

% [p4 (@) + pg (b) + py (ab)] + p3 (ab) [p, (a) + py (b)].

(v)m =23

p1(a) py (b) + 3p, (a) py (b) + 3pg (@) py (b) + py (@) py (D)

= 105 (@) + ps(8)] + s (ab) + py () [y (a) + 1 ()]

Note that formula (1.6.3) is the same as (1.3.5). We will use (1.6.3) to obtain a formula for
the number of representations of an integer as the sum of two squares in Chapter 4 and use

(1.6.4) to obtain Ramanujan’s modulus 5 partition congruence in Chapter 3. Next, ([13], p.
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68) we define the Weierstrass g function with periods 27 and 277 by

S WINUME Y |

e L(0—2rm — 2m7n) (2rm + 277n)

[t can be shown ([13], p.68) this 1s equivalent to

] o
gl) (9) 12 5 nzl "31[1 mTn 1 Zoo ‘-:ln + ?TTH)

Recall that ¢ = ¢'™. Then

-1 1 - 1
& (9) - E + 22 (qn — q—ri)2 N Z ((,.56‘,!2qn = f.—iﬂj‘.!q—n)z

Tiz=]

= 5 2n £o i 2n

q e q’
= — 492 s — (1.6.5)
12 ; (1—q¢2) Z {1~ aqzn)i
2 oo q'.ln
= = =
12 ; (] — g®)”
(n‘? i [ :ﬂqiu —:()q.!n
(1 {19]2 £ (1 — eifg2n) (1— e—¥g2n)
1 = g d 0
- — 2 . EE A S
12 L "Z {1 — qzn) §F !d()pl ( ) ) (160}
n=1
Thus if we let
o0 q.?n
P=1-24 . o) (167)
; (L~
then substitute (1.6.7) in (1.6.6), we have
d 0 P
. = f— W 1.6.
p(0) =i=p (€°) — 15 (1.6.8)

We now consider three special cases of the function F' (a,t), which we call f;, fo, and f;.

Their properties follow from those of F' (a, t) and Ramanujan’s 7/, summation formula.

Definition 1.6.2  ([36], p. 111,[13], p. 69) Let

fi(0) = %F (e, e, (1.6.9)
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10_/2 ) )
f2 (9) — ..T,_F (ew.n“r’ezﬁ) ,

f3 (9) s —F (ei:lr-i—ifrr’ez‘ﬂ) .

23

(1.6.10)

(1.6.11)

The factors 1/i and €"/? /i are included to make f,, f2, and f; real valued when 6 is real.

The Fourier expansions follow directly from (1.5.1). Rewrite (1.6.9) as

fl(g) = _ 2n

q
1cot.— — Qi g sinnf.
2 9 1+ ¢*"

Similarly we can rewrite (1.6.10) and (1.6.11) as

(,?'ﬁ‘/;! o e inf
5 (0 = R
f')( ) q = (}2n+1
n=—00
1 0 e qz-n+l 1
= —csc=+2Y ———sin(n+=)6,

2 2 f-(‘l 1 — g?ntl 2
(_,1'0,/2 d emnd

fr(0) =

g 2n+1
i =~ l+g

1 0 oF 2n+1 1
= —csc——2 PE il sin (n + ;) 0.

272 Ty g

(1.6.12)

(1.6.13)

(1.6.14)

(1.6.15)

(1.6.16)

(1.6.17)

The series (1.6.12), (1.6.14), and (1.6.16) converge for 0 < Im 0 < 2Im 7, and the series

(1.6.13), (1.6.15), and (1.6.17) converge for —2Im7 < Im# < 2Im7. We use those

series to obtain a formula for the number of representations of an integer as the sum of six

squares and triangles formulas in Chapter 4. Using the infinite product formulas (1.5.2) we

can rewrite (1.6.9), (1.6.10), and (1.6.11) as

1(—€?,—¢*e™™,¢%,¢% %),

h(9) i (e, q?e—zﬁ =3 _qz.qz)
1 {@9%). qz) (14 2¢*" cos 0 + q*")
2( —q¢2; %) H(1—2q2“cost9+q““)

(1.6.18)

(1.6.19)
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0i9/2 (qeiG‘qe—iG‘q'Z’ et q2)
f(0) = —r T Je (1.6.20)
i(e9, %%, 90.0:9°)

1(g% %)% O+ (1—2
=—(q'Q)°°csc—H( q

2n—1 47:—2)

costl + q

z & . 1 (1-6.21)
" 2 = 2n ' an
2 (q;42), 2 b (1 - 2¢**cosf + q**)
/2 (—ge® —qe® @, ¢ ¢
f3(0) = — (3.9 = — ) (1.6.22)
i(e?, g% —q 0 )
2n—1 4n—-2
B l(q q) _H (1+2q : co~st9+qr4 )_ (1.6.23)
2(—q -+ (1—2¢*"cost+q*")

The functions f;, fo, and f3 are connected with the Weierstrass ¢ function but we first

define the Weierstrass invariants e, €5, and e3.

Definition 1.6.3 ([13],p. 71) Let

er = p(n), (1.6.24)
e = p(n7), (1.6.25)
ez = p(r+n7). (1.6.26)

21 6 - [1 — 271)2 & (1 _+_q2n.)21

n=1 q n=1
i 1 +2i (Zn " )i q‘2n—l
2 = T 75 Y e Dy
12" " = T =gt
1 2 q2n q‘Zn—l
e = ——=+2y ——— 42y ——. (1.6.27)
12 ; (1- q-ﬂ.)Z ; (14 qzn~1)2

Equations (1.6.27) can be found in ([13], p. 71). Next we consider the relation of each
of fi, fo, and f; to the Weierstrass p function. First, let b — 1/a in the fundamental

multiplicative identity (1.6.1) to get

lim F(a,t) F(bt) = lim t%F(ab t) + lim F(ab,t)(p, (a)+ p, (b)). (1.6.28)

b—1/a b—1/a 8 b—l/a
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The left hand side of (1.6.28) is just F' (a,t) F'(1/a,t). The first limit on the right hand side

of (1.6.28) is

lim ta i ai = lim i ot
b—1/a Ot 1 —abg®™ — b—1/a 1 — abg®
n=—oc n=—oc
o 2

e i — g
d
= t— L) .
dtﬂl ()

Using (1.3.3) it follows that p, (b) = —p, (1/b). Using this and the infinite product formula

(1.5.2) for the function F, the remaining limit on the right hand side (1.6.28) becomes

lim F(ab,t) (p, (a) + p, (b))

b—1/a

= lim (1 —ab) F (ab,t) lim p(a) +p, (b)

b—1/a b—1/a 1 —ab
bt, % /abt, %, ¢%: ¢° ) @) = pi 1 —1
— lim (1— ab) (ab ,‘:} /ab .fi 4 .f{’ )5 i 2 (a) — py (1/0) ==
b—1/a (t,q*/t,ab,q*/ab; ¢°)x b—1/a a—1/b b
= (1)¢ (a) (—a).
Hence ([13], p. 72)
d d
F(a,t) F (1/a,t) :fapl (t) —ao-p (a). (1.6.29)
Then setting a = €', t = ¢', and using (1.6.8), this becomes ([13], p. 72)
F (e e?) F (e, e”) = p(a) — p(0). (1.6.30)

Then letting @ = 7, @ = 77, and @ = 7 + 77 respectively in (1.6.30), and simplifying,

leads to ( [13], p. 72)

1) = p(0)—e, (1.6.31)

3(0) = p(0)— e (1.6.32)
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f30) = p(6) —es. (1.6.33)

Letting = 77 in (1.6.31), # = m + 77 in (1.6.32), # = 7 in equation (1.6.33), and using

the infinite products for f,, f, and f3 gives ([13], p. 72)

1(=¢;0%)5 (6% 6%)a
4(g; 0% (=% 6,
R W c 5. o4
- = g (i) (1.6.35)
(~0:9%) s, (9:6°) o
1 . 2y4 2. 2y
ey = 2T (@0 (1.6.36)
4(—g0Y)5 (—5 %)

(1.6.34)

€L = By =

Note that since Im 7 > 0 this implies that e, # e;, €; # e3, and €2 # e3. If we combine
the equations (1.6.31), (1.6.32), and (1.6.33) two at a time to eliminate the @ () term, we

obtain ([13], pp. 72-73)

f3(0) - f7(6) = e1—es (1.6.37)

f3(6) = f3(8) = es—es, (1.6.38)

0)-f0) = er—es (1.6.39)

Now we will look at the derivatives of f, (8), f» (6), and f5 (). By replacing t by ¢’ in the
fundamental multiplicative identity (1.6.1) it becomes

F(a,e)F(b,e?) = %% (ab, €™®) + F(ab, e”)(p,(a) + py(b)). (1.6.40)

1 ; ; ; 1
Now let a = ¢'™ and b = ¢'™". Since from (1.3.3), we have p,(e'™) = 0 and p,(e'™") = 7

(1.6.40) becomes

F (-1,e") F(g,€") = %%F (—q,€®) + %F(—q,ew) : (1.6.41)
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We can rewrite the left hand side of (1.6.41) as

F(-Le®) F(qe?) = ifi(0)ie™2f,(0)

= —c"2f,(6) £2(0), (1.6.42)

and the right hand side of (1.6.41) as

8 - ! —ifl/2
;% (m fs (9)) - -2-f1 f3(0)
eIRLL(0) = e f3 (0) + ey (6)
- (_’_ig/zf.; (). U

Combining the result of (1.6.42) and (1.6.43) gives ([13], p. 73)

f3(0) = —f1(0) £2(0) . (1.6.44)

Similarly by letting a = €™, b = ¢™*"" and a = """ b = ¢'" respectively in (1.6.40)

gives

1(0) = —f2(0) f3(0), (1.6.45)

f0) = —f3(0) £ (0). (1.6.46)

We will use the functions of fi, f2, and f; to obtain formulas for the number of representa-

tions of a positive integer as sum of six squares and triangles in Chapter 4.
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1.7 Series expansions

28

In this section, we give series expansions for ¢,(a), ¢,(a), and p(a) and introduce the

series P, (), and R. Let us define

oo oo
o r.. 8. 2mn
brs = 3.3 minig™,

=1 n=1
- 2o nrq2n
S, = R +
2(r+1) ; 1—¢*
0 e+ 1)

Theorem 1.7.1 ([36], p. 15)

y 1 T (_I)Hfl 2n-1
& (a) = —+Zr'_52n.—1“ 3

2a : 2n —1)!
1 — ("1)” 2n
(.-“)2(0-) — _§+;'_.:WG)217,10 )
d = (_I)Hﬁl 2n
pla) = F+2;W52"Ha .

are
i1 Pa Q& R
¢(a) = % 24 @F - l?mg = iy
Po(a) = —g = (?52‘1% + '354,11 = siag
where

a 2n
- 1-2421"" — = 245, = 1 - 244,
_q“ i)

(1.7:1}

(1.7.2)

(1.7.3)

(1.7.4)

(1.7.5)



1.8 Summary 29

=i 3.9
nq
Q = 1+240) — o = 24083 = 142406,
n=1
o n5q2n
B =1-504) — 7 = 50455 = 1 - 5046y (1.7.6)

n=1

Ramanujan derived the results of equations (1.7.1), (1.7.2), and (1.7.6) in ([21], pp. 137-140).

1.8 Summary

In this chapter, we have presented some of Ramanujan’s identities and used some theorems
and results due to Venkatachaliengar to prove them. Then we introduced Ramanujan’s
11y summatinn formula, which is related to many different identities. The Jacob: iriple
product identity and the Jordan-Kronecker function are special cases of Ramanujan’s sum-
mation formula. Then we introduced the fundamental multiplicative identity, the Weier-
strass function and three special cases of F(a,t). After that we wrote ¢,(a), ¢,(a), and

¢(a) as a series and introduced the series P, 2, and R.



Chapter 2
The transformation of Sy,,1(q), ¢, 4(q), U2,(q),
and V5,(q)

2.1 Introduction

In 1916, Ramanujan published a paper called “On certain arithmetical functions” ([21], pp.
136-143). In this paper, he gave formulae for S,,, ¢, ;, and derived what are now called the
Ramanujan differential equations. The aim of this chapter is to write the transformation of
Son+1(q)s 0,.4(q), Uan(q), and V5, (q) in terms of P (p), Q (p). and R (p). Here ¢ = €'

in,/T

andp=e¢e"

2.2 The Ramanujan differential equations

Ramanujan has used his identity (1.3.1) to prove the following theorem.

Theorem 2.2.1 ([13],p. 13)

(i) (Eisenstein and Weierstrass) Sor_1,7 > 2, is a polynomial in S5 and S5 with rational
coefficients.

(ii) (Ramanujan) If v+ s is odd and s # 0, then ¢, ; is a polynomial in P, Q, and R with

rational coefficients.

30
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In (i)
—P
el
_ 0
% = up
—d
Ss = o7 (220

Ramanujan gave the following recurrence relation for the S,,, 3 in ([21], p. 140)

=
12(n+1)(2n+1 2n ; L
S-zn+3 == n—1) 9” A o E - ( ) 23 !-IbZZrH-l—'.Zj- n=23,.., (2.2.2)

S0 Sy, 43 18 a polynomiai in Ss, S5, Sz..... Since S7, Sq,... are polynomials in S5 and S5
with rational coefficients, it follows that Sy, , 3 is a polynomial in S and S (or in terms of

@ and R) with rational coefficients. The first few values are

a5 = 48{)2
b{) = _5-()—4(9
R o+ 25
1040 6552
| S
S = ‘—Q"R,
_ 539 n 25 o
S5 = g 4QR’
203 3 1375
S = —15 @R
1617 2425 A
519 — 400Q QR
19061 )y, 5125
S = — g QRT3 T35 OF
788557 17500 4y 257125,
g = ik D273
52 2080 Q'+ @R+ 3276 - 52
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In (ii) Ramanujan gave the following recurrence relation of ¢y, , in ([21], p. 141)

Pon1 = ~as S i - S2;-15 ; wheren = 1,2,3
. N 2(2ﬂ+ 1) o i=1 2] —1 2j-192n+1-2j, H S gy Ty wvey
(2.2.4)

SO @1 5, is a polynomial in Sy, S3, S5, S7,.... Since S7, Sy,... are polynomials in S3 and S
with rational coefficients, ¢, ,. is a polynomial in Sy, S3, and S5 (or in terms of P, @), and

R) with rational coefficients.

Next we introduce Ramanujan differential equations.

d
q'd_qd’r,s = ¢r+1.s+l' (225)
dP P:-Q )
— = 2.2,
4 dq 2 (2.2.6)
dQ  PQ-R o
q = 3 (2.2.7)
St o, EH=E (2.2.8)
dq 2

Equations (2.2.6), (2.2.7), and (2.2.8) are called the Ramanujan differential equations and
proofs can be found in ([21], p. 142). By induction on the minimum of r and s using (2.2.5)
and the Ramanujan Differential Equations, provided r + s 1s odd, ¢, , 1s a polynomial in

P, @, and R with rational coefficients. The first few are as follows:

¢y = (Q— P?)/288,
¢y = (PQ— R)/720,
$61 = (Q*— PR)/1008,
¢, = (PQ*—QR)/720,

b1 = (3Q+2R?-5PQR)/1584,



D121

2.2 The Ramanujan differential equations

(441PQ* — 691Q*R + 250 P R?) /65520,
(3Q" + 4QR* — TPQ*R) /144,

(3PQ — P° = 2R) /1728,

(P2Q + Q% — 2PR) /1728,

(2PQ* — P’R — QR)/1728,

(9P2Q* + 5Q3 — 18PQR + 4R?) /8640,
(6PQ? + 4PR* - 5P’QR — 5Q*R) /1728,
(—1382PQ°R + 406Q R? + 285Q" + 441 P?Q?
+250P%R?) /60480,

(6P%Q + 3Q* —8PR — P*)/6912,

(P2Q +3PQ? — 3P’R — QR)/3456,

(6P%Q* + Q* + R* — 2P°R — 6PQR) /5184,

(3P3Q* 4+ 5PQ* + 4PR* — 9P°QR — 3Q*R) /3456,

(9P2Q3 + 2Q* — 3PQ*R + 3QR* + 6P?R* — 5P*QR) /1728,
(10P3Q + 15PQ* — 20P%R — 4QR — P?)/20736,

(TP'Q + 42P%Q* — 28P*R + 3Q* — 28PQR + 4R?) /41472,
(2PR? + 2PQ* + 4P*Q? — P'R — 6P2QR — Q*R) /3456,

(—132P3QR + 88P2R? 4+ 110P%Q® — 132PQ*R + 20QR?

+13Q* + 33P*'Q?) /41472,

(75P*Q + 225P%Q* + 9Q* + 16 R?

33
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—5P% — 200P°R — 120PQR) /248832,

(TP°Q + T0P*Q* + 15PQ° + 20PR?

—35P*R — T0P?QR — TQ*R) /62208,

(25P2R? — 25PQ?R — 50P3QR + 25P*'Q* + 25 P?@°
+2Q* — 5P°R + 3QR?) /20736,

(105P°Q + 525P*Q* + 63PQ* + 112PR?

—5P7 — 350P'R — 420P*QR — 30Q*R) /497664,

(7TP5Q + 60P2R? 4+ 45P2Q® + 4QR? - 422P°R + 105P*Q*
—105P*QR - 42PQ*R + 3Q") /82944,

980P%Q + 3136 P2 R? + 1764 P*(® + 128QR* — 3920P° R
+7350P*Q? — 7840P3*QR — 1680PQ*R + 117Q*

—35P%) /5971968. (2.2.9)

Ramanujan ([21]. p. 143) has given a general form for (2.2.9) as follows

brs=>_ KimaP'Q"R", (2.2.10)

where | — 1 does not exceed the smaller of » and s and

A4+4dm+6n=r+s+1,

and K is a rational number.
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2.3 The transcendentals U/, and V,

According to Venkatachaliengar ([36], p. 31), Ramanujan’s notebooks contain two other

transcendentals (2.3.1) and (2.3.2) which are also polynomials in P, (), and R. These are

0 = 2}. (} 2;1 + l)n+1 k(k+1)/2 (2 3 l)
S 5 - 0( 1 (2k 4 1)gk(k+1)/2 o
. Zk__x 61. +1)q k(3k+1)/2
vV, = Zk__ e . (2.3.2)

where the denominators are the Jacobi and Euler products in (1.4.20) and (1.4.21) respec-

tively.

Theorem 2.3.1 ([36], p. 31)

Uh=W = 1,
= H‘F’”
Upyo = PU, +8¢q—— (2.3.3)
dq ’
dV,

Vate = PVp+24q (2.3.4)

dq
Corollary 2.3.2 ([36], p. 31) Uy, and Vs, are polvnomials in P, Q), and R. Furthermore
the coefficients in the expression for Us, are rational numbers whose denominators are
powers of 3 only, and the coefficients in the expression for Vs, are integers.

The first few polynomials are:

th = P

Ui (5P% —2Q)/3,

Us (35P® — 42PQ + 16R)/9,
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(35P* — 84P%*Q + 64PR — 12Q%)/3,

(385P° — 1540P°Q + 1760P? R — 660 PQ* + 64QR) /9,
(5005P°% — 30030P*Q + 45760P*R — 25740P%Q?
+4992PQR + 552Q* — 512R?) /27,

(—210210P°Q — 3648Q* R — 300300P*Q? + 400400P* R

—17920P R* + 19320PQ* + 87360 P’QR + 25025P7) /27,

15P% — 30PQ + 16R,

105P* — 420P°Q + 448 PR — 132()°,

945P% — 6300P%(Q) + 10080P°R — 5940PQ* + 1216QR,
10395P" — 103950 P*'Q + 221760P3 R — 196020 P*Q?,

+80256 PQR — 2712Q° — 9728 R?,

—1891890P°Q + 138048Q*R — 5945940 P*Q* + 5045040P* R

—885248 PR* — 246792PQ* + 3651648 P°QR + 135135P7.

36

(2.3.5)

(2.3.6)

By using the results of Ramanujan differential equations and applying the induction in

equation (2.3.3), we can rewrite the solutions of (2.3.5) as

wheren=1,2.3. ...,

U2n = Z Gl,m,wP[Qme,

(2.3.7)



2.4 The transformation of Sa,11(q), ¢, ,(q), Uan(q), and Vo, (q) 37

where 2] 4+ 4m + 6w = 2n and ( is a rational number. Similarly, the solutions of (2.3.6)

can be represented as
Vis =Y HimoFPQ"R*, wheren=123,.., (2.3.8)

where 2] + 4m + 6w = 2n and H is a rational number.

2.4  The transformation of S,,.(q), ¢, ,(q), Us,(q), and
Vau(q)

This section is the key section for this Chapter, in which we rewrite S,,,.1(q), @, ,(q),

U3n(q), and Vo, (q) in terms of P(p), Q (p), and R (p) where ¢ = ™" and p = ¢ ""/". Ac-

cording to Venkatachaliengar, the transformation formulae for various functions S,,, .1 (q),

¢,.(q), Uzn(q), and 15,,(q) are able to be calculated. We have calculated these and written

them in a simple form.

In ( [36], p.32), the transformation of P(p}, Q(p), and R(p) are represented as

67

P(p) = T2P(q)+;- (2.4.1)
Qlp) = ™Q(q), (2.4.2)
R(p) = 7°R(q). (24.3)

Pg) = %P(P)“i‘f—i,
Qlg) = ;1—4 (p),
R = ~R(p). (2.4.4)
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Then putting these results in (2.2.3) we obtain the following results.

Si) = —5P0) - 1

5@ = 52@0),

S5(a) = —z=sR ),

S1@) = 7250,

5@ = ~5mQ @) R ),

Sule) = 104?)712(93 (p) + (;5.r)2§r12R2 (@)

S5@) = ~5m@ RO,

S (@) = 2romQ" (0) + 5o Q (9) B (9),

S (@) =~z @ () R(p) — = B (7).

S(@) = 00 mQ" (1) + @ () (1), (2.45)

By using the results of (2.4.4) and apply the induction in (2.2.1) and (2.2.2), the solution of

(2.4.5) can be represented in the form of

——P(p) - —, ifn=0,
Sant1(q) = : ) (2.4.6)
g ¥ Gl (5 B p) ifn=123,..,

where 4m + 6w = 2n + 2 and C is a rational number.

Next by putting the results of (2.4.4) in (2.2.9) we obtain the following results.

Q(p) — P*(p) , 367 —12P(p)m

¢2,1 (q) 2881.4 372 :
P - R 1
e
% (p) — i
o ) Q@ -PpPRpP 6 R(p)’

100878 T
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3P (p)Q (p) — P*(p) —2R(p) . iQ (p)m* —iP?(p)7® + 6P (p) Tm + 12i7?

$32(0) = 79876 g 96753 .
dealdl 1= Pr(p)Q(p) +Q*(p) —2P (p) R(p) _ iP(p)Q(p) ™~ iR(p) ™ —3Q (p)T
a2\l = 172875 144772 :
_ 6P%(p)Q(p) +3Q*(p) — 8P (p) R(p) — P*(p)

de‘:i (Q) = 691275

3P () Q (@) 7 —9Q (p) 77° — 2iR (p) 7° — iP3 (p) w3

288774
2/, 2 : 2 KRS
+9P (p)tm +2§gif;(j))7' T — 541 | 2.4.7)

By substituting equations (2.2.10) into (2.4.4) we get

6 ] m 1 n
r 5 Uf Z I\l Jm,n (_ p) + _.;) (FQ (p)) (;(:R (p)) 5 (248)

where 21 + 4m + 6n = r + s + 1. Observe that

{
(r:.+b)" = Z ( i )n.jb‘r_*"

j=0
- Z ( ! ):}Jf)k
J+h=l J
-1 I
= .q’+2( j )n*b’-f (2.4.9)
i=0
So we can rewrite (2.4.8) as
> KimaP' (p) Q™ (p) R" (p)
¢"|-‘5 (Q) - T2J’+-1m.+6u
l 1 i 6i k 1 m 1 n
b () (5P0) (2) (zew) (Fr0)
2Q+4Am+6n=r+s+1 J Tz e le Tb
G+k=1
(2.4.10)

where 2l +4m+6n =r+s+1,j+k =[,and K is a rational number. Equation (2.4.10)

can be written in a simple form of

.8 E; m,n i
¢"v3 (Q) - fr'-l-s(fl) + Z = Tr-l—(sngkﬂfcp) (p) (241 l)
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where 2l +4m +6n=r+s+ 1, j+ k = [, and E is a rational number.
Next by putting the results of (2.4.4) in (2.3.6) we obtain the following results of

which the first few polynomials are

P(p) 6
Us (Q] = = : o ;5
5P%(p) —2Q (p ) 20iP (p) m — 607
U4 (Q) = 374 B ) 3
_ 35P%(p) —42P (p) Q (p) + 16R (p)
{’rﬁ (Q) i g_rﬁ
+70'EP2 (p) ™ — 420P (p) 7w — 840i7* — 28Q (p) 7>
e )
35P* (p) — 84P% (p) Q (p) + 64P (p) R (p) — 12Q* (p)
Us(o) = .
, 2680iP%(p)r* — 2520P(p)r® — 10080iP (p) 7°
JT"’ﬂ"
20+ —
& 1512073 — 336iP(p)Q (p) =* (2.4.12)
3r7md
P(p) 6i
Va(q) = T(j‘*‘;
3P2 (p) —2Q (p) 30:1’ (p) T — 1(}5T
Valg) = g 32
15P% (p) — 30P (p) Q (p) + 16R
Veldh = ) (ii) 2 (p) (p)
27[}31" (p) w2 — 1620 P (p) 7w — 3240i72 — 180iQ (p) 7>
7573
Va (q) 105P* (p) — 420P% (p) Q (p) + 448P (p) R (p) — 132Q7 (p)
8 \¢ = 3
-
| 2520iP° (p) 7 — 22680P (p) 7 — 90720iPrr + 1360807
Tt
15120Q (p) Tm? — 5040iP (p) Q (p) =* + 2688iR (p) 7
g (2.4.13)

By substituting equations (2.4.4) into (2.3.3) we get

Unn @ = 3 Gumes P(p)+93)( 200) (ZRw) . @4
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where 21 + 4m + 6w = 2n and G is a rational number. Using the results of (2.4.9), we can

rewrite (2.4.14) becomes

2 Gi,m,wP{ (p) Qm (p) 1 v (P)

U2n (Q) = T.2£+4m+6n

[ 1 J 6i k 1 o i "
) (5 ) (770) () (700) (770)
2-’+4n§w=2n J T T - =

k=l

(2.4.15)

where 2] + 4m + 6w = 2n, j + k = [, and G is a rational number. Equation (2.4.15) can

be written in a simple form of

(2.4.16)

o (1 Gy o - ! m W ()
Lr‘.!r: (q) . _U:n U) i Z BJ,A,Lm_.u P ([’) Q (,U} j? (p!’

TEH T‘;‘n—.‘.‘ﬂ-ﬂ'
where 21 +4m + 6w = 2n, j+ k = [, and B is a rational number. Similarly by substituting

equations (2.4.4) into (2.3.4) to obtain

. 1":21:. (P) A_,J'.k,f,m.urp’ (_P) Qm (n“) R (}JJ
1. n (Q) = _.',-2'”. + Z TZH‘ --’n'?-rk 1

(2.4.17)

where 20 + 4m + 6w = 2n, ) + k = [, and A is a rational number.

2.5 Summary

In this chapter, we have written the transformation of Sy, 1(q), ¢,..(q), Uz.(q), and V2, (q)
in terms of P (p), Q (p), and R (p) and got simple formulas for them. Next Chapter, we
will introduce another important Ramanujan result called Ramanujan’s congruence for par-

titions.



Chapter 3
Ramanujan’s congruence for partitions

3.1 Introduction

A partition of a number n is a representation of n as the sum of any number of positive

integral parts. Thus the integer 5 has 7 partitions:
5=44+1=34+2=34+1+1=2+2+1=24+14+14+1=1+1+1+1+1.

We denote by p (n) the number of partitions of n; thus p (5) = 7. Ramanujan was the first
mathematician to discover the properties of p () by studying the table of values of p(n)
constructed by MacMahon from n = 1 to 200. Congruences for the partition function have
formed an important part of number theory.

According to Askey ([4], p. 569) Ramanujan discovered, and gave « simple proof of,

the fact that
p(dn+4) =0 (mod5), R 1 R
He also found expressions for the generating function of p (5n + 4) as a product. Ramanu-

jan ([21], pp. 210-213) sketched a proof of the result

4
S )-_I

Y p(sn+4)q" =5H(1__—q

- for |q| < 1, (3.1.1)
n=>0 n=1 (1 qn)t

and promised to give details, but he died a year later. However, Askey mentioned that
([4], p- 569) Ramanujan gave enough details in an unpublished manuscript for others to

complete the proof.

42
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Theorem 3.1.1 ([19], p. 286) The generating function for the partition is

1 o0
T le (n) g™ (3.1.2)

Theorem 3.1.2 ([19], p. 286) The recurrence relation for the partition is

."ik?—k <n g 3k 4k Zn
— k% —k — . 3k*+ k
= k+1 k+1 .
p(n) = A.EZI (=)' p (n =5 ) + kél (—-1)""p (n. - ) d

(3:1:3)

Next we will give a proof for Ramanujan’s modulus 5 partition congruence.
3.2 Ramanujan’s modulus 5 partition congruence

Theorem 3.2.1

i [ l,]."m +1 B l,},:’m-i»‘_? B q:'m +3 " Qﬁn+4 :I y ﬁ (1 - q.-'m)-'l
(l - q:'m-i—l)-) (l - qu:+2}3 {1 - q.’m +-.'i)-)- (1 - q."m-i--i).‘)' (1 Ll q”}

nn=I()

for |q| < 1.

Proof Using the case m = 1 case of (1.6.2) and replacing ¢* by ¢ in the functions p;, p,,

and ps, we get

p1 (@) py (b) + py (@) py (b) = % (ps (@) + p3 (b)) + py (ab) + p, (ab) [py (a) + py (D)] -
(3.2.2)

o g .
Apply as- = b% in (3.2.2) to get

apy (a) py (b) + ap, (a) py (b) — bpy (a) py (b) — bpy (a) py ()
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1

2

= (ap3 (2) = b ) + 2 (ab) [ap) (a) — by (8)]

e

(3.2.3)

We can write expansions of these functions using (1.5.5) and replacing ¢* by ¢ in the

functions p,, p,, and p4 to get

1 _14a
G- — + ﬂ'l H?'ﬂ . -'ﬂ’i. mr ,
{)2 ((I) . Z Z n“mq?rm + na-—mqmn) ,
m=1 n=1
Ps ((L) _ ZZ nZ”mqmn e za—mqrmr)‘ (324)
m=1 n=1
d ;
We now apply a— to (3.2.4) to obtain
da
G-,O’I (”_) 2 1 = ” 2 + ;: ; ma’ rqmn + _nla_—mqm.n) 1
ﬂp; {a] = Z Z (mna™q™" — mrm‘"’g’”’”) (3.2.5)
m=1 n=1
”'{;s ({1) — Z Z (ff.’.'f_(]”ll?r”” + rfiff?.fl ﬂ'!ql'ﬂﬂ)
m=1 n=1
d
= ag (pa(a).
Observe that, letting £ = 5" and substituting into (3.2.4) and (3.2.5), we have
P (‘51) = —h (52) )
&p (&%) = £ (&),
n (&) = p (&%),
P2 (6'4) = 5 (6) )
&0, () = -0 (8,
£ (&) = Ep(87). (3.2.6)
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Next we put (a,b) = (£,£?) into (3.2.3), to get
£y (€) Py (€%) +€p2 (€) p1 (€7) — €20, (&) 12 (€%) — €2p2 (&) P} (€9)
= 5 (R © -4 )+ (&) [en © -5 ()]
and use the result from (3.2.6) to get
£py (€) pa (€2) + €05 (€) p1 (€%) — 20, (€) 3 (€7) — €20, (€) Py (€7)
= 2 (En© -26(E) +n (@) [t © -2 )] (3.27)
Similarly, we put (a,b) = (6,53) in (3.2.3) and use (3.2.6) to get
£y (€) P2 (€%) — €p2.(8) p1 (€%) +E°p, (8) p2 (€7) — €2p, (£) P} (€°)
= 5 (e O -En (@) + (e [t O - €6 )] (3.28)
Then add (3.2.7) and (3.2.8) to get
2p, (€) p2 (€%) — 262, (€) P (€7)
= 5O =& () + (RO +m(E)] [gn©-En ()] 629

Observe that

P2 (§)

(2?1'?:)
qn) 5

|
+
=" Mx

q 145 " 7 =1 = 3/5 \
(1-q)? 4 (1-¢?)? 4
_ -1 7 —1-+/5 ¢ —1++5
2 +u—@f( i )+u—¢f( 1 )
q5
\ - )

i 1L 7 ¢ ¢ q' 7’ )
= Ty ey 7+ 2 2 2
12 2((1—q) (1-¢q?) +(1—q3) +(l—t;r“‘) +(1—q6)2+
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5 10
q q
+2 + =+ ...
((1 —¢)’  (1-q)° )
+\/5( ¢ q" ¢ q* q° )
g - 5= a1 2 2 g
2 \(1-¢0)* (1-¢" (1-¢)° (1-¢) (-4
= “_l_lz_qn_Jrgi_‘?S"_
= D) )
12 24~(1-4q7) = (L=g"}
2 \/g o ( q5n+l q5n+2 q5n+3 q5n+4 )
fe— = = — R ——
4 =~ (1 qcm+l)2 1= q5n+z)2 iy qan+3)z {1 — q5n+4)2
= 24+ 2BV5,
| 1 qn o qm
where A = — — = +2
12 2 {1—¢) ,,Z_;(l ~ )
1 00 Sn+1 5n+2 En+43 5n+4
o Z ( . sn+132 - : sn4232 N . Snt3)2 T : Sn+4 ":) '
= Al =g [legeis (LT (1 gt

Similarly, we can rewrite p, (£°), &p; (€), and £%p; (£7) as

) (fz)
Ef;l (&)
£, (8%)

=1 1

4 1

5n

where C' =

=1 Ix

20 44

= 24— 2Bv5,
= 2C +2DV5,
= 2C — 2DV/5,
ng" = 5-nq5”
— 4 =
1 — q” ; 1 By qfl?!
(5n + 1) g°H! (5n + 2) ¢+
= q5n+l - T = q5u+2
(571 o 3) q5n+3 (571 il 4) q.'m-M
= g +3 1 — gonta

Furthermore, we can rewrite £py (€) and £%p; (€7) as

(€)= (2 (©) =207 (A+BVE),
' d d
EQP:; (52) qd_q (P2 (52)) = qu—q (A Fa B\/g) .



3.2 Ramanujan’s modulus 5 partition congruence 47

Then, rewriting (3.2.9) in terms of A, B, C, and D gives

2 (20 " 2D\/§) (QA s QB\/5) _9 (2A + 23\/5) (20 - 2D\/€)
= 2q% (A # B\/B) = qu% (A = B\/E)
+[24+2BV5 +24 - 2BV5] [Qc +2DV5 - 2C + QD\/S] :

which can be simplified to give

dB

— = —4BC.
5
Therefore
-4C  1dB
~ Bdyqg’
(s ]
nq" 5nq d(In B)
-+ - — - — ' 3.2.10
Z 1 e qrt ; n) dq ( )
Integrating both sides with respect to ¢ in (3.2.10) gives
Ing — Z In(1—-4")+4 Z In ( 5” =InB +Ink where £ is a constant,
or

In (" Hz—l 8 = Z))) — In(kB).
n=1

Take the exponential of both sides and rewrite B as a series, which gives

(00 _ ko
(69w 42_;

5n+l q5r1+2 q5n+3 q5n+4
[(1 — gon+1)? . (1 — gon+2)? N (1—gm+3)? " (1 — gontt)?
(3.2.11)

Now equating the coefficient of ¢ on each sides in (3.2.11), gives

k=4.
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Put the value k = 4 in (3.2.11) gives

Sn+1 5n+2 Sn+3

5
(0 0)s _ i [ g 4 4 e }
(2:9) [T~ q5n+1J2 (1~ q5r1+2}2 (1 — q5n+3)2 0L = qsn.+4)2

n=0

By using the notation in section (1.2), the above identity can be represented as

Sn+2 5n+3 n+4 :| o0 (1 . qsn.)5

oo Sn4-1
q q q q
2 = F o = 5 + = ! = q ]
Z [(1 — q.’m+l)z (1 o q:m.—i-Z)? (1 = q:m+3)2 (1 = qn:;.+4)2 H (1 _ qn)

n=0
which completes the proof.

The above proof is the same as Venkatachaliengar’s ([36], pp.49-52), except we use
p, and p, instead of ¢,and ¢,. The same technique can also be used to give the number of

representations of an integer as a sum of two squares (in the next Chapter).

From identity (3.2.1) Ramanujan deduced another of his famous identities (3.1.1):

Theorem 3.2.2
B snpes it
p(dn+4)q" = ‘JH——n Jfor |q] < 1, (3.2.12)
1i=() n=1 (]' = q”‘)

where p (n) is the number of partitions of n.
The following proof was given by H. H. Chan [10].

Proof First, rewrite the left hand side of (3.2.1) as

n+2 5n+3 Sn+4

5 [ q _q _q L4 |
(1—gmt1): (1 —gn+2)? (1 —¢t3)? (1 — gon+e)?

oo Sn+1

T i (g) ki kq™, (3.2.13)
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where ( 2 ) is the Legendre symbol defined by the following

0 if 5|n,
)={ 1 ifa=Skxl,
5

—1 W= Shi2
By (3.1.2), we rewrite the right hand side of (3.2.1) as

> (1-)°  q(dd)>
QE 1-¢") (69
= q(¢d").> pn)a". (3.2.14)
n=0

By combining the results of (3.2.13) and (3.2.14), the identity (3.2.1) can be represented as

Zp(n d _Z(”)Vﬁq"* (3.2.15)

n=u n=1 k=1

Next by equating the coefficients of powers of ¢ which are multiples of 5 in (3.2.15) we

have
_ o0 o 2 o0
((]5;(]:}); Zp (5.” g 4} q5'rl+:'1 - z (_r)_) Z snk
n=0 1=1 f -
25. 25\9
_ 5l )x (3.2.16)
(0% ¢°)
Simplifying (3.2.16) gives
Y p(En+4)¢> = u. (3.2.17)
n=>0 (q q )oo

Then replacing ¢° with ¢ in (3.2.17), gives Ramanujan’s identity

= 5 (@ @)>,
D 4)qg" = .
n2=op( n+4)q (q’ o

(L—g¢)
= B2 4,
,1:[1 (1-g»)"

This completes the proof of (3.2.12). B
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Hardy ([4], p. 572) remarks that he would agree with Major MacMahon in selecting
(3.1.1) if he had to select one beautiful formula from all of Ramanujan’s work. Next, we

give a proof of another of Ramanujan’s formulas.

Theorem 3.2.3

I—¢ 1-¢ 1-¢ 1-¢ 1-¢

Y, : 2 4;
Precof Use the result of fundamental muitiplicative identity (1.6.30). Leta = Tﬂ- Y= —;,
5 5

2mi 1 1 + ¥ -
w=e3,sothatw® =1, — = wh, —; = w”, then substitute into (1.6.29) and replacing
w w

q° by g, the left hand side of (1.6.29) becomes

F (rr.‘,?r"']) F (wd, Il-'g)

P S y )
Wity = Gl g €
( Wk 0.0,9.9:9)

11 - L L ’ _
W, —, _1, ‘“?q. 1“2‘ .U’,..)‘ Q'“"“_ q“.i: q
wow -

(w?, qu*, w, qu*,q.9.9.9:9)
(w, w*, qu*, wq, w?, w?, qu3, qu?; q)

oc

- (1—w’) (1-w) (qu, qu?, qu*, qu',4,4,9,4:q) .
(1=w)(1—w*)(1—w?)(1-w?) (qu, qu, qu?, qu?, qu?, qu3, qu*, qu*; q)
_ V5 (¢;9)2
5 (g,qw, qu?, qu?, qut;q),
_ V5 (5 9)3%
5 [Ih2 (1—g") (1 —wg™) (1 — w?q") (1 — wigr) (1 — wig™)
V5 (49)%
5 H;I.‘;l (1 — q5n)
V5 (60 3.2.19
5 () Weal
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°. Then rewrite the right

since (1 —z) (1 —wz) (1 — w?z) (1 —wiz) (1 —wiz) =1
hand side of (1.6.30) and replacing ¢* by q as
— el Ro
g’.J((I) —p (9) _ — — Z eian g™ + ne —zanqmn)
(l - e:.c::) m=1 n=1
—E’ie oC oo
- 5 — Z Z (ne?t‘}nqmn + ne zﬂnqnm)
(1 —€ ) m=1 n=1
1 = "’q" an —ian
—3 - - + -
[4 sin® 5 ; 1—gqn (e ‘ )J
= ng"
n‘)n —rﬂn
e e ; 3.2.20
!4 sin” % ; 1—g" )] ( )
e 2n ; ,
Letd = —, a = —, and substitute into (3.2.20)
5 5
1 = ng 2mn
—p@) = — — 2
p(a) = p(0) [4 sinz;”_ g B 5 }
1 = nqg" 4mn
[4 sin® 2% WZ: 1—g® e }
2 2r  24° ir  3¢3 6
= -2 g cos — + < =008 — 2 ,(S—Tr
5— /5 1—gq 5  1-—¢° 5 — ¢ 5
" 4q" 8w 1 5q° 107 6q° 127 %
co CoS - COS —
1—-¢ 75 " 1-g¢ ° 5 " 1-¢ "5
2 q 4 2q° 8w 3q* 127
5+\/g—2(1_qcos-5-+ 1 _q,_,co.s?+ l—qfimb 5
X 4q* 167 @ 5q° 207 " 6q° 24m %
co cos cos
1I-¢® "5 "1-¢ 75 "1-¢g " 5
_ (o425 a (V51 2° (=v5-1
- 20 1—g 4 1-¢2 4
L3 —V5-1 49" (V51
1—¢3 4 1—q* 4
" 5q° £ 6° [VB—1 &
1—q¢° 1—¢f 4
~[10-2V5 of 4 —~3/5—1 2¢2 [v5-1
20 1—g¢ 4 1—¢? 4




3.3 Summary 52

n 3¢ [VB5-=1 N 4¢* [ —V/5-1
I—g® 1 1—¢* 1
+

22 3 4 6
_51_5 q qq_ 3q‘+ 4q n Gg .
5 l—q 1—-¢* 1—-¢® 1—q¢* 1-¢°
(3.2.21)

Combining (3.2.19) and (3.2.21) we have

e g gf. 0 W _ S W W N
(¢ ¢°) L=g l=g L= 1l=g* lL=¢

which completes the proof. B

The above proof is the same as W. N. Bailey [6], except we use the fundamental
multiplicative identity instead of the 47°; summation formula. Another way to represent the

above formula is given below.

If

4 (1-z2)1-zY1-2%)0-27..
@) = A A=) .

then

L% - iﬁ““”’"f

fdz 6w T ™

A very complicated proof of this result was given by H. B. C. Darling [15] and Bailey [5]

and this follows immediately from Theorem 3.2.3.
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3.3 Summary

Ramanujan observed that the numbers of the partitions of numbers 5m + 4, Tm + 5, and

11m + 6 are divisible by 5, 7, and 11 respectively, that is
p(bn+4) = 0 (mod5), 3.3:1)

p(Tn+5) = 0 (mod7), (3.32)

p(lln+6) = 0 (modll).

> <] o} 1 — g™ 5
Z;)(S‘:‘;—Hi)q" = SH(——?TIT for |g| < 1 (3.3.3)
n=0 n=1 (l —q )
oo o0 1 — g™ . ik AR
Zp(.’n+5)q“=?qH( fin )4 40;‘1_[\1 qn)h for |g <1, (3.3.4)
n=>0 n=1 (1 —9q ) n=1 ( =4 )
- f) q 0 (1=¢™)
= =i for |q| < 1 (3.3.5)
;(J (l_qﬂ)z E 1 (]” | |
”) n l+qn ) n\3 ' ( _QI”)T
- ==q|]|(1-=¢") (1 —-q¢") + 8¢° for |q| <1
(3.3.6)

We proved Ramanujan’s modulus 5 partition congruence (3.2.1) by using the case m = 1
case of (1.6.2) and letting ¢> — ¢ in function p;, p,. and p;. Ramanujan found a simple
proof of (3.3.1) and (3.3.2) which used the properties of the elliptic functions, Euler’s
formula (1.4.20) and Jacobi’s formula (1.4.21). Hardy ([21], p. 232) has given a new
proof on the first two congruences and also proved the third congruence. Berndt ([21],
p. 372) mentioned that Ramanujan stated without proof (3.3.4), most proofs of (3.3.3)
and (3.3.4) are based, respectively, on Ramanujan’s identities (3.3.5) and (3.3.6). Chan
[10] mentioned that the first proof of (3.2.1) was given by Bailey [S] and the first proof of

(3.3.6) was given by N. J. Fine [17]. Berndt ([21], p. 373) also mentioned that many people
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have given proofs of either (3.3.3) or (3.3.5), including H. B.C. Darling [15], L. J. Modell
[30], H. Rademacher and H. S. Zuckerman ( [31], [33]), S. Chowla [12], D. Kruswijk [28],
Chan [10], and M. D. Hirschhorn ([23], [22]). Proofs of either equations (3.3.4) or (3.3.6)
were given by Mordell [30], Rademacher and Zuckerman [31], Dobbie [16], Fine [17], O.
Kolberg [27], Raghavan [34], and Chan [10].

We tried to prove (3.3.6) by considering the case m = 2 in equation (1.6.2) and

. - 2wi — . 2wi .
putting £ = e instead of e, but we failed because we cannot write e 7 in rational

form.



Chapter 4
The representations of sums of squares and
triangles

4.1 Introduction

In this Chapter I prove formulae for the number of representations of integers as sums
of two, four, six, and eight squares (and triangles) identities and give some relationships
between squares and triangles. Let rx(n) be the number of ways of expressing n as a sum
of k squares, and 5 (n) be the number of ways of expressing n as a sum of k triangles. We

define r4. (0) = t4(0) = 1. Thus |

e k e
(Z q“u) = ZI‘;\.(I'r.)q".

n=—0C n=()

x " o0
(Z f[”[h" ljr,-;g) - Z “_(”)qn‘

n=0 n=>0

4.2 Sums of Squares

The k squares problem is to count the number r (n) of integral solutions (zy, xs,..., ) of

the equation
422+ .. 42 =n

We need to be careful of the sign and order of the z,, x»,..., Z\.

39
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For example we can write the integer 25 as
0‘2_+_52 3
52 + 02
0% + (—5)°
(=5) + 0
32+42
42+32
(=38)° 4 #2 &
4* + (-3)?
3+ (-4)°
(— 4) + 32
(-3)" + (—4)*
(-4)" + (-3)° J

50 there are 12 ways to write 25 as the sum of two squares and therefore r, (25) = 12.

In the next section we use Ramanujan’s summation formula to obtain a formula for
the number of representations of an integer as the sum of two and four squares For the sum
of six squares we will use the three special cases of the fundamental multiplicative identity.
We will also use the fundamental multiplicative identity to prove a formula for the number

of representations of an integer as the sum of eight squares.

4.2.1  Sum of two squares

Theorem 4.2.1 If |q| <1, then

oo ) H+1 211 1
(Z q”) —1+4Z znl : 4.2.1)

n=—00 =l

Proof Just as the m = 1 case of (1.6.2) can be used to obtain Ramanujan’s modulus 5
partition congruence, the same procedure when applied to the m = 0 case of (1.6.2) leads

to the number of representations of an integer as a sum of two squares. First considering



4.2 Sums of Squares 57

the case m = 0 of (1.6.2) and replacing ¢° with g in the functions p; and p,, we obtain
p1(a)py(b) = py(a) + po(b) + pylab) + py(ab) (py(a) + py (b)) - (4.2.2)
Then applyin aﬁ — b2 in (4.2.2) we get
ppy g 5 aa 8b e g
apy (a) py (b) = bp, (a) py (b)
= apy(a) —bp, (b) + py (ab) [ap) (a) — bpy (b)].
Puta = e? =i, b= e™ = —1, and ab = —i into the above equation and simplify using

py (—1) =0, p, (—1) = 0 to obtain

2p1 (8) py (1) = ip} (i) - py (3) i} (7). (4.23)
Let
p(i) = A,
pi(-1) = B,
igi(d) = C.
iph (i) = Q%m (i)zq%. (4.2.4)

Substitute (4.2.4) into (4.2.3) to get

2AB = qﬁ — AC.
dq

Then rearrange the above equation to obtain

1dA 1

3% =7 (B+0). (42.5)

Integrate both sides with respect to ¢ in (4.2.5)

dlnA 1
dg= | = (2B + C) dg,
f T /q( ) dq
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implies to
1
lnA+lnk=fw(23+C) dq, (4.2.6)
q
where k is a constant and
: 3 5 7
(] ; q q q q
A= =42 — , wit] 4
2 z[1—@_ i—@ I-¢F 1-qF
1 2q 4q* 6q° 8q*
B = - - -
4+1—q 1~(]2+1—q3 l—q4+ )

1 4q* 8q* 124°
C = —=~— — o 4.2.7
2 1—(}!24_1—(}‘&l 1—(;!"+ ( )

Put the results of (4.2.7) in L (2B + C) we have

q
1 I [e=d(2n—1)g>? =6 (dn—2) g2 %nq
-2B+C) = - - =
q ( &) q (§ fiiss q2n—1 ; = qdﬂ—2 ;

An—1

=4 (2n—1) g2 6 (4n — 2) g*"3 an
= Z l_ 2n—1 _Z | = "1”— _Z (428)

a2
n=1 1 =1 n=1

Integrating both sides with respect to ¢ in (4.2.8) we get

oc = o

-] (- +w]](1-¢") +m]] (1-¢*)°

n=1 n=1 n=|

o0 _ 4An—-2)\0 _ qdn
N luH(l ) (1 —¢%)

/l(QBJrC) dq
q

n=1 (1 = 12’?“1)‘1
= In —) (1=a) (1= _(1_"_8)4 el (4.2.9)
(1—q] (1—q "A-¢) ' (1 -q)" ..

Put the results of (4.2.7) in In A + In & we have

(1-¢)°(A—g")’ (1-¢%"(1-¢%)’...
(1 — q)4 (1 _ q3)4 (1 - qs)’l (1 _ q7)4 ] ¢ (4.2.10)

Then, combining the results of (4.2.9) and (4.2.10) into (4.2.6) to get

InkA =1In [

& ol @ @ @ q
A,|i2+2£ ll— 1_q3+1_q5—1_q7+___]]
(1-¢3)°(1-¢")’(1-¢%)°(1—¢%"...

(1—9‘)4(1~q3) - (—q) . (4.2.11)
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Putting ¢ = 0 in (4.2.11) gives

and thus

q q q° q
4 - .
S 1—g 1—(;3+1—q5 1—q7+ ]
-’ -)(1-¢")°(1- 8)2 42.12)
(-9 -)'(1-)'(1—q)". -

Rewrite the right hand side of (4.2.12) and using the notation in section (1.2) we have

(¢ 4" (¢":q")% (qg;qg)i(qg;q")ic_

o = (4.2.13)
(4:4%)% (4:¢%)%
Using the fact that (¢% ¢") . = (7:¢) (—¢: ¢*).. we can rewrite (4.2.13) as
9 6 2 9 9
(") (@9 _ (6565 (@ d)s (Ca: )5
(4:4%)% (4:¢%)%
944 5. 9y2
= (") (50,
= (—q._ —q.q°; qg]i : (4.2.14)
Putz = 1 in(1.4.17) to get
), ¢ =(~a-0.4%4),- (4.2.15)

n=—oo

Using the result of (4.2.15). We can rewrite (4.2.14) as

(4% %)%, (g% 4") (Z . ) . (4.2.16)

(4:¢%)a P

We can combine the results of (4.2.12) and (4.2.16) to obtain

n+l 2n 1

(i q"z) _1—|—4Z 2n— y

which is the sum of two squares formula. ®
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Notice that if we put ¢ — ¢*, ¢ = g, a = —1, and b = —¢* into Ramanujan’s

summation formula (1.4.1), then we get the same result of (4.2.1).

Corollary 4.2.2  Let 15 (n) denote the number of the representations of n as a sum of
two squares, let dy, (n) denote the number of positive divisors of n that are congruent to
1 (mod 4) and let dy 3 (n) denote the number of positive divisors of n that are congruent to

3 (mod4). Then,

ry (n) = 4[dsy (n) — dasz ()] . (4.2.17)

Proof To prove (4.2.17) we expand the series (4.2.1) to obtain

oo o0 2
ZTB(”)Q‘" -— (Z (]”2)

n=0 n=-—0p0
3 5 T
q q q q
= 1+4 - - 4 Sk SEhs
(l—q l—-¢* 1—-¢° 1—¢q° )
00 dn+1 e An+3
= / ; q
= 1448 i g 4 Z ] — gint3
n=I0 n=(
oG 4n--3 oo An—1
- ) q q
= 1+ 4; = z:‘: =
oo 00 oo 00
= 144 Z Z qrr!(dn—li) ) Z Z qm(-1u~l) (4218)
=l n=1 m=1n=1
00 00
= 144 di(n)q" —4) das(n)q"
n=1 n=1

By considering the coefficient of ¢" in (4.2.18), it now follows that

r2(n) = 4[ds1 (n) — dy3 (n)],

which completes the proof.



4.2 Sums of Squares 61

Venkatachaliengar ([36], p. 108) used the Jacobi triple product identity to prove the
sum of two squares formula. Milne ([29], p. 3) mentioned that Diophantus (325-409 A.D.)
knew that no integer of the form 4n — 1 is a sum of two squares, and that Girard conjectured
in 1632 that n 1s a sum of two squares if and only if all prime divisors ¢ of n with ¢ = 3

(mod 4) occur in n to an even power.

4.2.2  Sum of four squares

Theorem 4.2.3 If |¢| < 1, then

00 \ 4 7
(Z q) =1+8%" l'f’q”. (4.2.19)

n=—00 4

Proof To obtain the sum of four squares formula, we first square both sides of the sum of
two squares formula and use the result of (1.3.14) to prove (4.2.19). This gives

4 . 2
- n? £ S (_1)”+1 F=d
(Z q ) - (l"‘LlZ 1_{12:?1 )

n=-—0oc

which completes the proof. B

Corollary 4.2.4  Let 14 (n) denote the number of ways of writing n as sum of four

squares, then

ra(n)=8 Y d, n=123,.. (4.2.20)

d|n,did
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Proof Rewrite the right hand side of the series (4.2.19) to get

n=>0

= 1+8

= 1+8

| n=1

> ran)g" = (z q”Q)

n=—og

i ln_q‘;ﬂ B Z dng 4,,]

o -3 ()]

| n=1

= 14 SZ [cr (n) — 4o (%)} q".

n=1

Equate the coefficients of ¢" in (4.2.21) to obtain

rqa(n)

which completes the proof. B

= 8(0(;3)—40(%))
= 8 4,

din.4rd

n=01.2.3 ..

62
aso(n) = Z d
dln
(4.2.21)

Venkatachaliengar ([36]. pp. 108-109) has given a proof of the sum of four squares

formula. Askey ([4], p. 508) used Ramanujan’s summation formula to prove (4.2.19).

About (4.2.20), Milne ([29], p.3) mentioned that Diophantus was aware that all positive

integers are sums of four integral squares.

Lagrange gave the first proof in 1770.

4.2.3

Lemma 4.2.5

Sum of six squares

Bachet conjectured this result in 1621, and
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Proof By (1.6.34),
(—a:¢%)5 (6% ¢°)s
4(g;02)n (a2 025
(~a)L (~ud*)L (¢%d°)L

€ — € =

Il

(0,4, —a% %)~

- 4
(£)
n=—o0o

e i

which completes the proof. B

Lemma 4.2.6

O = fi(0)[f5(0)+ f5(0)],
£500) = f200) [fF0)+ f;(0)],
f50) = f500)[f£0)+ £3(0)].

Proof Using (1.6.44) - (1.6.46) we have
f1(0)=—F2(0) f3(0).
Then differentiate to get

10 = —(£200) £ (0)
= —£3(0) f3(0) - £2(0) 5 (0)
= f1(0) f3(0) + f1 (0) £2 (6)
= L) [f50)+f50)].

63
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Similarly,

2 (0) = £00)[f£0)+ f0)],
5(0) = fs(0) [f7(0)+ £3(0)].

which completes the proof. B

Higher derivatives can be calculated in the same way.

Lemma 4.2.7

wilw

2 (m) —iff (r7) = (€1 — e3)? .

Proof By (1.6.18)-(1.6.23), (1.6.24) - (1.6.26), (1.6.31) - (1.6.33), the results of Lemma

4.2.6 imply

V(xr) = filx7) [f3 (n7) + f3 (w7)]

= = : R Es — E3
2i(q,9,—¢* —¢% q%). [ |

= —ife,—aa) (an—8), (4.2.22)
where (1.6.34) was used to obtain the last line. In the same way we also get

2 (1) = fo(m) [fF () + f3 (m))]

2 2. a2
—q.—4,9°,q97;
B ((—1 —¢%,q q‘t??))m P, b ey
_ (-4-9.¢.¢% ) i~ 2]
2(-¢% 9% 9.0

= (e1—e)% (e —e3). (4.2.23)
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Combining (4.2.22) and (4.2.23) gives

3 (m) —if{ (x7) = (e1—e2)? (e —e5) — i (—i(el — &)t (e=— 533;))

Nl—

= (e1—e3)2(e1 —e3—ex—e3)

M..-;

= (61 = f’2)

which completes the proof.

Theorem 4.2.8 [f |q| < 1, then

6
= = (=1)"(2n—1) g =~ 12°¢" “4_2.74)
T 7-’} _]: ( —— S
(n:z—:xq ) ' Z 1 N Q“" I ’ 162 L = l'}

n=1 n=1

Proof The ideas of following proof can be traced back to V. Ramamzari [35 ], altFaouigsh her

methods are slightly different. Lemma 4.2.7 together with Lemma 4.2.5 givess
- 6
(Z ,.) = 8f3 (v) — 8iff (). Ll

Lambert series for fy (7) and f' (77) can easily be obtained using th e scries expo@IAS1I«ONS

(1.6.13) and (1.6.15).

Specifically,
" - ( ) 2t—1 q-)“ :
8fy(m) = 1+4) l(—q2” )1
n=1
2 2 3 2 5
l-q 1—-¢* 1-—g¢q
and
8if! (r1) = lﬁi i
: a 149

2 2.2 2.3
- 16[ L P a5 +] c4Z22277)

65
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Combining the results of (4.2.26) and (4.2.27) in (4.2.25) to obtain

oo 6 oo n . W VA )
n? (—1)" (2n - 1) g™ n’q"
(Z q ) =1+42 1_q2n—l +1621+q2n’

n=—o00 fi=1 n=1

which completes the proof. B

Corollary 4.2.9 Let rg (n) denote the number of the representations of n as a sum of

Six squares

4n? s 4n? 2
re(n) =4 Y =i =4 Z =~ %) (4.2.28)
. din
Proof Start with (4.2.24)

o0 o0 6
Z?'(s (n)g" = (Z ‘1”2)

n=—0o0

00 _1 n 2 _1‘-—’ 2n—1 oC 21
- 1_}_42( )" (2n—1)"gq -I-IGZ “q."

n=1 == (]2""1 n=1 1+ q.’r
_1 n+1 2” 2 1) 2n+41 o (”+ l)'—\qn-H
= 144 16 b il e 0 O
; s q.!r.'+l + ”Z_[) 1 -4 {]27r+‘2
0o 00
= 1+4 Z Z ”J'] )” + 1)-— 2n+1 I(zn+1]m
n=0 m=0
oo o0
+16 ) (n+ 1) g™ (=gt
n=0 m=0
ST NETTN
k=0 m=0
oo 0o
+4) ) (—1)™ (2k +2)? gkHVEmHY, (4.2.29)
k=0 m=0

Equate the coefficients of ¢" in (4.2.29) to obtain

re(m)=4 Y  DMEE+1)+16 ) ()™ (k+1)°. (4.2.30)

(2k+1)(m+1)=n (k+1)(2m+1)=n
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Let d = 2k + 1 in the first term and d = 2m + 1 in the second term of (4.2.30) to get

re(n) = 4 Z =T 16 Z l)m( )

d(m+1)=n (k+1)d=n
=4 Y DT L+16 Y ( ‘“( ) . (4231
d(m+1)=n d(k+1)=n

Notice that (-1)1'3_l = —1 when d = 1(mod4) and (—1)1%_l = 1 when d = 3(mod 4).

Similarly, (—1)*7 = —1 when d = 3(mod4) and (—=1)7 = 1 when d = 1(mod 4).

Using this fact and put them into (4.2.31) to get

T

o
rg(n) = —42(/‘ Zd“ 16 ?-%IGZ—Z
I 'I(H d= ‘3(4) :i;f‘l’;-l) N

ne dn*

d=1(4)

which completes the proof. B

Berndt ({8], p. 36) has given the formula (4.2.28).

4.2.4  Sum of eight squares

Theorem 4.2.10 [f |q| < 1, then

B8
= = nig"
n —1+4+16 _— 4232
(5 0) =reus 2t w2

n=—0oo

Proof The following proof is a simplified version of a proof by S. H. Chan [11]. He used

fundamental multiplicative identity (1.6.29) to obtain the eight squares formula. First we
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divide both sides of (1.6.29) by (1 — at) (1 - E) , we have

a

1
F(a,t)F (E’t) - t%pl (&) — ﬂ%ﬂl (a)

ol N (4.2.33)
(1 —at) (l—a) (1 —at) (1—5)
Then we can rewrite (4.2.33) as
(1 — at) (atg* %) (q—i,qzaqg;qg)m (1 — %) (tzfg;ffz)x (Ef—?,q'l,ngq?)m
(1 —at) (t ? a, I. g2 )x (1_.£) (;‘q;!(l’!aqz;q-_})x

i n(t" —a") 4 Z —n(t™—a™)

n=1 (1 — ¢2?) (1 — at) (1——) n=1(1—-¢q2")(1 u()(l—i)
a a

P2 9 2
Il 17 P
atq?, 1 ‘f_. { P
a."at” it -

Q‘ (} a,—,—,aq?%; q>
B o
> o0 ‘
(U? fl‘l . n (.'H f no__ —H) IZH
4 4234
Z; 1 —q?)(1—at)(t—-a) ; —g¢>)(1—at)(a—1) ( )

Next we let a — ¢ in (4.2.34) to get
4

2 9 (1’2 2
(f .G, ol A
0
g . 1q ,,)
tt,—,—,t, =, —,tg% ¢
( LT -

'7_

t

e an (t" — a") an(t™™ —a ") q"
1 li ,
alE}( ; (1—¢%")( l—af)(t—a ) - (nz;( 1—g¢*) (l—at')(u.—i.))

(4.2.35)

By using L’Hopital’s rule on the right hand of (4.2.35) we get
22, 2 . , 2
t4- 1 . . ]
(q 1 q )oo (tQ ' q )OO (q q )oo n‘Zt—nq2n

T\ = -
2 1—¢)(1- 1—¢)(1—
(%)% (q—g;qz) (2% ¢%) G;q@) pm =) (1 =8) 5 (=) (A=)

o0

t

o0

(4.2.36)
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Rewrite the right hand side of (4.2.36) to get

o n2n o0 nt—™m q‘Zn.
=7 . — + = -
,,Z:; (L —gm) (1 —13) ; (1—¢*)(1—12)
o0 ¢ o0 D
._Qtn 1= 2n 2n ; 2f n,.2n
T ot T il
STA- (-0 = U-@) (-0
N _i n?fﬂg +i _.n‘.?tn.qia _+_n2t—1;q2n.
n=1 l_f n=1 (1—q71)(1—f )
—% o (_trl +f-")?’12q2”
= 4= - — ., 4.2.37
=y T T—a- )
Put the result of (4.2.37) into (4.2.36) to get
2,9 9 q 2, .9
(0" Fq°) (f, q) (0% ¢°) ©(_n 4 7 p2g?
- o Z J f—} (4.2.38)
553 Q' § ‘ 5 1 A 1 - f{"” =)
(e%)se | 50 (%68%) | 7348 e
{ . A
Putt — —1 into (4.2.38) to zet
2, 2\8 —n u 2n
: 1 t —f
—3 = Ff_-; 3 )-x2 = > = - ,, + lllu Z ( ey ) n'g -
(1) (—0%10%) (0% %) oo (11 0P) o 1, —if— =~ =
2, 2\8 00. f n—-1 __ ,gn—1y .2 2
I(}qd,q ),’i o l 5 11111 Z (—nt™ .,“”f ‘)n q
(—1;¢%)% (—0% ¢?) o 16 === (L=¢*) (=2¢)
(4% q2)% 1 (=1 g
=S R =, s _ 4.2.39)
]6(—(}2;(}'2); 16 HZ (1 —_ ({‘") (

From (4.2.39), replacing ¢* by —q we get

(—q: —q)° ﬂq
Y™ o _ 1418
(g:—q)%, Zl = (=g

o 8
(n;w q“ﬂ) = 4. IGZ 1 _n(q PR

which completes the proof. B
Milne ([29], p.3) mentioned that Jacobi introduced elliptic and theta functions in 1829

and motivated by Euler’s work on four squares, Jacobi then used his theory of elliptic and
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theta functions to derive remarkable identities for the two, four, six, and eight squares iden-
tities. The identities (4.2.17) and (4.2.20) and their interpretations were first discovered by

Jacobi in 1829.

Corollary 4.2.11 Let rg (n) denote the number of ways of writing n as sum of eight

squares

rg(n) =16 ) (—1)"*+d>. (4.2.40)

oo oG 8
St - (5¢)

N=—00

] " x ”jiqn
= 1Z = "

n=1

1 + 16 i i ”:‘q‘? (_q)n.m

n=1 m=0

oc oo
= 1+16) Y (=1 adgmm, (4.2.41)

n=1 m=1

Equate the coefficients of ¢" in (4.2.41) to obtain

rg(n) = 16 Z(— 1yHed,

din

which is same as (4.2.40). ®
Andrews [2] has given a proof of the sum of two, four, and eight squares formulas.

Jacobi has given the sum of two, four, six, and eight squares formulas.
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4.3 Sums of Triangles

For sums of triangles, tx (n) is the number of solutions of

() + 1 To(xo+ 1 xa(xg3+ 1 Tz + 1
@ +) | et l) sl , o)

=13, (4.3.1)

for non negative integers x, T,..., Tg.

For example we can write the integer 16 as

1+15
15+1
6+ 10
10 + 6

so there are 4 ways to write i6 as the sum of two triangles and therefore ¢, (16) = 4

In the next section, we prove the sum of two and four triangles formulas by using
Ramanujan’s summation formula. To prove the formula of the sums of six triangles, we
will use three special cases of the fundamental multiplicative identity. Then using the

fundamental multiplicative identity to prove the sum of eight triangles.

4.3.1 Sums of two triangles

Theorem 4.3.1 [f |q| < 1, then

5r) -t U2

=0
Proof By (1.4.22),

E) - (G5

n=0
(@0 % e )
(0,9, 0% q*)

(4.3.3)
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Replacing g with ¢* into (1.5.2) and then putting ¢ = ¢, a = g gives

(¢* ¢ q" ¢ 0" _ i g
(9:9.¢% ¢% ") e 1~
o qn
2 Z 1 = q4n+l 3 (434)

Combining (4.3.3) and (4.3.4) completes the proof. B

Corollary 4.3.2 Let ty (n) denote by the representation of n as a sum of two triangles

to(n) =dyy(dn+ 1) —dyz(dn+1). {4.3.5)

Proof Rewrite the right hand side of the series (4.3.2) to get

2

S ta(n)q" = (th)

n=0

n

oo {1
= ZT—W

n=—00
o0 —00 qn,
ol e - M o 1= gintt
n=0 n=-—1
B i qn + Zx: q—n—l (q-11t+:i)
- — adn+l _ 4—4n—3 An+3
n=( 1 q P n=0 1 g 4 o
e st 'm+2
- Z _ 4 1 Z _ Ant3
n=>0 1 q 5 n=0 1 7 .
s (4n+1)m 3n+9 (4n+3)m
D) WL S ) B
n=0 m=0 n=0m=0
oo 0o oo 0o
s [(4n+1)(dm+1)—1]/4 _ Z Z [(4n+3)(4m+3)—1]/4
= q q (4.3.6)
n=0 m=0 n=0 m=0

8

= Z d4'] (4n £ ].) q" - z d4'3 (47’1 -+ ].) qn.
n=>0 n=0



4.3 Sums of Triangles 73

Equate the coefficients of ¢" in (4.3.6) to obtain
ta(n) =dsy (An+1) — dy3 (4n i 1) ;

which completes the proof. B

Adiga [1] says that (4.3.5) can be obtained from Ramanujan’s 7/, summation for-

mula but does not give the explicit details.

4.3.2  Sums of four triangles

Theorem 4.3.3 If |q| < 1, then

4 :
= nint1) = (2n+1)q"
(Zq ; ) =y L — (4.3.7)

n=0 n=>0

Proof By using Gauss’s formula (1.4.22), we can write the left hand side of (4.3.7) as

1 i ‘.!. 2
zq wpn ) _ (0,0,0%,050 ) (4.3.8)
(:90.9.4:¢°)

n=0

Now, put b = ag? into the Ramanujan’s summation formula (1.4.1) to get

¢ 5 2 .9
oc 28 (G.L‘, E-Q 47 q )
(1 N al) Z 1 2n & 2 =
— ag q q
n=—o (:r,—,aq —,q)
. . o
2
g = 5
s " (aw,a,qzaqz;qz)
T B ; -

¥
. on 2 2 !
n=-—00 3ol (:r, q—, a, q—; qz)
T a o

q.4
00 n (a‘r'lavqga q2;q2)
- S (4.3.9)

1 i
2 Z 1 — ag?* 2 2 i
(]. — q_) =00 w (I1 q_s a, q_! qz)
x a 5
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Next, put a = g in (4.3.9) to get

3
il ,
. » - (q:r, el L qz)
: .. e
> 1

- ] . (4.3.10)

B 2 - q2-n.+1 q .
(1 :r) WS (r,;—,q,q; tf)
= o0

The left hand side of (4.3.10) may be broken up into sums

oo 1

1 13 . 1 B " ] o
(1 = 2) ﬂ;x L= qu_l a ( q) Z 1 — q2"'+l Li Z (P q?n+l
z

| n=0 n=-—1

o0 n o0

1 T N q'z n+1
= (1 Q) Z 1 — g2+l +Z 1— g2n-1 (q'.Zn-H)

n=0

oo 4 —_n—
T "t — f}'””_'_l.'i" n—1 ‘.],._.n+l
= s (1 - i{) E{I T q':‘u.+1 :I-H-i-]
bead n=
T
% 2n+l 2n+1

- o q =4
- T—QZ rri—l(i_quI)

n=I)

- B (o)
Sl r—4q T (l = q"hz-} 1)

?H e ?‘2” lq+ f3u+£q N _|_qzn

— : (4.3.11)
; fi'a(l __I,}_u+l)
Then, put the results of (4.3.11) in (4.3.10) to get
( @ 5 2)
&5 ; B g qgr,—.,q°,q";
JTZﬂ __i_._rZN.—]q_'_:rZu-}-..qZ S +q£n B 1 T 7,354 - . 12)
o (1 . qzn.+1) = r}'.! ’ ( Ll
re=() (J.', —, 4. 4; qz)
I o0
Now, take the limit of letting x — ¢ into (4.3.12) we have
e 2 + ]. L 21 2! 2! 2; #
Z( i+ 1)g"  (¢558°95959 ) (4.3.13)

L— q2n+1 a (fi'» Q1Qaq;q2)m

n=>0
Finally, combine the results of (4.3.8) and (4.3.]3) to get
= n(n41) (2n + 1) ¢"
Z: Z 2n+1 )
n=0

which completes the proof. B
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Corollary 4.3.4 Let t4 (n) denote the representation of n as a sum of four triangles

ta(n) = ) d. (4.3.14)

d|2n+1

Proof Start with (4.3.7)

> talma" = (ZQJ—)

n=>0

_ i (2n+1)4q"

1 q;!n+l

= i i (-2” ki l)qnq{Zn-ﬁ—l)m
oy
= Z Z (2n + l}qz””” ol

= (H]

= Z Z (2;‘ + 1) q[{‘lk+l)(2m+1}—]];"'.‘. (4.3.15)

k=0 m=0

-

Equate the coefficients of ¢" in (4.3.15) to obtain

ta(n) = Z (2k+1). (4.3.16)

2k+112n+41

Putd = 2k + 11n (4.3.16) to get

ty(n) = Z d,

d|2n+1

which completes the proof.
C. Adiga [1] has also used Ramanujan’s 17/, summation formula (1.4.15) to prove

(4.3.14), but the proof we have given here is simpler.

4.3.3  Sums of six triangles
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Lemma 4.3.5

- 4
ez — ey = 4q (Z Qn(nﬂ)) .

n=0

Proof By (1.6.35)

€3 —ey = 4dq =

- 4(] (Z qn{n+1)) '

n=0

which completes the proof.

Lemma 4.3.6

3 (m+7r) — iff (n7) = (e3 — e2)? .

Proof By (1.6.18) - (1.6.23), (1.6.24) - (1.6.26), (1.6.31) - (1.6.33), the results of the

Lemma 4.2.6 imply

fi(mr) = fy(ar) {ff (z7) + f3 (77)]

_ 4 (—4% _1,(;3.1'}2;(12)0:- le2 — e1 + €3 — e
i0.9:-0-0¢)x _

—Afes—~s)h (e — 2, (4.3.17)

If

where (1.6.34) was used to obtain the last line. In the same way we also get

s (m+71) = folm+77) [j"l2 (7 +77) + f2 (7|'+7I‘T)]

(-¢*-1,¢%,¢%¢%
(—¢,—4,9,9;¢%)
(=%, -4, %, %5 0%)

2 e:
(=¢,=4,9,¢; ¢*) = les

(e3— e2)? (e3 —€1) - (4.3.18)

= ¢t 2 [es — ey + e3 — e3)

—ei]

I
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Combining (4.3.17) and (4.3.18) gives

y (m+77) —ify (77) = (e3—e2)

Wl
i

(e3 —e1) — —i(e3 — €2)? (e2 — 1)

= (e3— €2)? (e3— e2)

L=

= (e3—e2)?,
which completes the proof. B
Theorem 4.3.7 [f |q| < 1, then
00 6 o0 2 n=1 - o0 n o m=1
. nintl) 1 (2n+1)"¢ =7 1 (-D)"(2n+1)"¢2
gy 1 jae & P97 4aie
(?:ﬁq 16,; l+q 7 1‘5,,,Zzn l—q% R

Proof Lemma 4.3.6 together with Lemma 4.3.5 gives

w

x 1
(P-.", — f’.‘-_;)? — lq (Z r)u{r:-kl))
n=I>)

It can be written as

- 6 ,
1 i
an(n—{-]) T _:; (7 +77) — !3 :;’ (77). (4.3.20)
= 8q2 8q2

Lambert series for f (w + 77) and f3 (77) can easily be obtained using the series expan-

sions (1.6.15) and (1.6.17), specifically,

~1 & (-1)"(2n+1)2¢"
"
8q% s (M+7T) = IGq% ZO 1 — gt

- FYLL O L
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where
00 2ntl),
y i (2n + 1)2 {25 )ilrter)
b/ (ﬂ- + ﬂ-T.} = Z z = q2n+l
-1 i (—1)" (2n+1)2 ¢
- %) ] : q2n+l
and
5 i — (2n+1)%e (25 Jimr
3 (?TT) o :i Z 1_|_q2n+]
i e 20 l) amt
= = (4.3.22)
2 ; 1 + GZH-{—I
where
—i 1 < (@2n+1)% g™
) = gy Rt g
8q?2 1697 — 1+4q
e gt + 32("%‘ - 52'?%_. +
162 |1+q 1+¢ 1+¢°
Combining (4.3.21) and (4.3.22) and put into (4.3.20) to get
oo G o0 2n41 o .r_, 3 9 2n4l
] (9”+l) q -1)"(2n+1)"¢qg 2
n(n41) Nl
(Zq * ~ 1605 Z 1 + g2n+1 16 3 Z 1 — g2n+1
n=»0 q: n= (]2 n=>0 q
(4.3.23)
Then, let ¢ — q% in (4.3.23) to obtain
an(n;ll o 1 i (2?? + 1)2 _L i 2?7 + 1) _1_1
n=0 16(}% n=>0 1 ;= q ;l 16(}‘: n= L= q2"2"

°°2+1
= Zon’

which completes the proof. B

l

0
(-)"(2n+1)*¢"F
Zntl ’
l1—qg2

3!

n=0

Berndt ([8], pp. 38-39) has given a proof of (4.3.19).
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Corollary 4.3.8 Let ts (n) denote by the representation of n as a sum of six triangles

d{4n43 djdn+3
d=3(4) d=1(4)

Proof Start with (4.3.19

Z te(n)q" = (

n=0

—

B 1§:(2n+1)2q1§—‘ 1 o =1 a1 g T
WET R T g

n=0

(4.3.25)

It is easy to see that when m and n are same parity, then the terms in the sum (4.3.25)

become zero. Now rewrite (4.3.25) becomes

n 1 e Sk U O st
Zfﬁ(")q = 6 z ZZ(?N—%— 1)? glien+1)(@m+1)-31/4

n=0 m even n odd

1 ' n 2m —3]/
S S s s

mm odd n even
oo

o0
. l Z (dn + 3)2 q[(4n+3)(4m+l)ﬁ3i/4
8

n
00
—l Z Z (47? + 1)2 q[(4“+1)(4m+3}_3]/4
8

LSS ke 326)
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Equate the coefficients of ¢" in (4.3.26) to obtain
te(n) = > (k+3°— D (@k+1)%. (4.3.27)
4k+3|4n+3 4k+1]|4n+3
From (4.3.27), put d = 4k + 3 such that d = 3(4) into the first summation and d = 4k + 1
such that d = 1(4) into the second summation to get

te(n) = % Z d* —é Z d*,

dldn 43 djdn+3
d=3(4) d=1(4)

which completes the proof. B
Note that the sum of six triangles formula was not given by Ramanujan in his note-

book. The above proof is the same as Berndt ([8], p. 40).

4.3.4  Sum of eight triangles

Theorem 4.3.9 [f | < 1, then

2n
n=I[) =1 q

]
== n{n41) = !.’{q“j
2 e 2
(Zq ) > (43.28)

Proof The following proof is a simplified version of a proof by Chan [11]. He used the
result of fundamental multiplicative identity(1.6.29) to obtain the eight triangles formula.

2
Divide both sides of (1.6.29) by (1 - q_t) (1 - E) to get
a a

1
F(at)F (gs f-) |t (0) ~ asopy (a)

)

(4.3.29)
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We consider the left hand side of (4.3.29) to get
1 B s B e 60 5
F(a,t)F (—,t) (atq—,q‘!,qz;qz) (i,ﬁ,q',q";qz)
a B at o L& »
2 = 2 2 2
q t o qa. . g L . .
1__ 1__ t!_! '_;2 ts_s‘!'z; 2
(-8)(-2)  (Tebe), (hiwe),
¢ ¢t ¢*a . 5 B
ats}_:f_$_$qzaq2aqzsq2;q-
- AT . - (4.3.30)
( P 1 , 7 q-zl 2) - 2t
Gy = = 0% Tyl ——5q
a a t "1 -
Next consider right hand side of (4.3.29) to get
d d
:Eﬂl (1) ﬂ-am (a)
: t
(50D
at a
= n(t" —a” RAET = )"
:Z(l ( (r) . (/ qz}} t\}
n=1 ‘_'_’n j e | P 1 — g2n e s ) e e
e S T T
o —an (" — a™ an (1% — a® (2?1
_ Z | ( = ) 1 ( );2
n=1 | (1 — g2") (1 = —) (t—a) (at)" (1-q?) (1 — —) (t —a)
] at at
—an (f”‘ ﬂﬂ.) 1 2n
- > e o
= Tres n ¥ 2 2
L 1 at
- q2n
B i —an (t" — a"®) (at)"
S A=-g)(t-a | |, &
L at
. —an(t® —a") - ¢m
=y ( ) z 4.3.31)

T—¢™) (t—a) 2= (at)"™

n=1
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Combining (4.3.30) and (4.3.31) we have
Y ¢*t q*a .
(at,q_f' %1 quq23q2~qzs QQ,G’Q) _an fn—a ) n—1 q2m’
— : : . (43.32)
41 4 gt Zl— n) (t — )™
(a-,q—,—,a.qr?,t t,q—,q—;q") (1=}t ~a) 5 (at)
a a t 1 -
Then putting a — g and t — ¢ into (4.3.32) we have
(¢ ¢* 6% " 0 " 5 ) _ Zx: —n’" o~ "
N n=1 1- q'l”- m=0 (q2)m

P R
q,4q, E?q 4, 49,4,9:9°

(1-q) (6% ¢*)%

o0

(1_

which is called the sum of eight

i _”.’iqn
|

1 an 8 qZN
5) (7:0%) o=
& Gl oo .
» Eg_z; f}')).x B ik —n"’q"
a8 - I
(q’ql)rx n=1 1 g
(qz;qz); B 0 “’-qn 1
a8 2n
(q:q‘!)x n=1 1-¢"
. 8 :
yx‘ alat1) i ”,{qh—-l
{ - =
et } ) == q'.!n
n=(0 n=1

triangles formula. W

Corollary 4.3.10 Let ts (n) denote by the representation of n as a sum of eight triangles

Proof Start with (4.3.28)

Z ts(n)q"

n=0

n—+1
d

'

tg(n) = Z (

din41
d odd

>

(n =0

st}
q

TL q
il q'.?u

('ﬂ, o 1)3 n
; q2(n+l]

(4.3.33)
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oo

I
M2

(T?"{"l)’} n 2(n+1)m
0

Il
=

n n=

Z (Ei-=1)° gtREm)-1 (4.3.34)

n=0

I
M]3

>
Il

(

-

Equate the coefficients of ¢" in (4.3.34) to obtain

ts(n) = ¥ (k+1)°. (4.3.35)

(k+1)(2m+1)=(n+1)

Putd = 2m + 11n(4.3.35) to get

din+1
Hd

which is the same as (4.3.33). &

Ramanujan [21] has given an amazing sum of 24 squares formula as following

16 . , 128 o n
ra (n) = = (1) Z(—l)’d”+0m{ 1" r(n) = 5127 (5)
d|n

where 7 (n) is defined by

& 9

a{1-q) (1-¢° ‘r"}l = ZT (n)q".

=]

Now we have got the sum of two, four, six, and eight squares and triangles formulas. The
next question is what are they? We have written two programs can solve this problem. As
an illustration we start with an example for r, (100). In Appendix A we put 100 and 4 into

the command lines from the end of the program and indicated by (*). The result is

[ 10 &
9 192
48
192
96
192
16

—
—

N = o Wo
= =N O = O

v -3 = 0o 0o
G 00 W

..“]
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total := 744

The program outputs 3 results: a matrix box, a value 7, and a total 744. The value 7
indicates that there are 7 groups in the matrix box. The first four values in each row mean
a group, for example the first group containing four numbers, that is 10, 0, 0, 0 represents
102 4- 0% 4+ 0% + 02 and this gives 8 representations. Similarly 9% + 32 + 32 + 12 gives 192
representations and so on. When we adding all the representations then we have the ‘total’
equal 744 which is the number of ways of writing 1000 as a sum of four squares. Notice that
this computer program can compute the number of ways and their nature of representing of
an integer as a sum of A squares where & is any positive integer. Furthermore, the program
in Appendix B is to compute the number of ways and their nature of representing of an

integer as a sum of 4 triangles.

4.4 Relationships between squares and triangles

In this section, we will provide some relationships between squares and triangles. There
are more interesting relationships between sums of squares and sums of triangles. Observe

that multiplying equation (4.3.1) by 8 and adding k to both sides gives

(2 +1)2 4+ (220 + 1%+ ... + Cz + 1) =8n + k.

Thus #4 (n) is 27* times the number of representations of 8n + k as a sum of k odd squares.

Below are some other relationships between two, four, six and eight squares and triangles.
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Theorem 4.4.1 [l14]

ro(dn+1) = 4dts(n),
ra(2n+1) = 8ty(n),
re(dn+3) = 160ts(n),

rs(2n+1) = 16t5(2n).

4.5 Summary

In this Chapter, we have given a proof of the sum of two, four, six and eight squares and
triangles formulae. We have used Ramanujan’s summation formula to prove sum of two
and four squares and triangles. For the sum of six squares and triangles, we used three
special cases of the fundamental multiplicative identity to prove them. The method for
the sum of eight squares and triangles was based on Chan [11] who used the fundamental
multiplicative identity to prove them; Berndt [8] used Ramanujan’s Lambert series to prove
those results. Berndt ([8], p. 41) mentioned that Ramanujan has written “There are of
course well known formulae for the number of representations of a number as the sum
of two, four, six and eight squares or triangular numbers. There are also various other
arithmetical problems in which the partition method gives the actual value. [ shall quote
a few examples and reserve the discussion of these to another paper.” But the “another
paper” was never written. Ramanujan gives a general approach for deriving formulas for
ror (1) and tox (1) but he did not work out the details. So, it would be useful to fill out

the omitted part by Ramanujan. I have written two programs as Appendix A and B, which
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compute the number of ways and their nature of representing of an integer as a sum of k

squares and triangles.



Chapter 5
Conclusion

We recall that our goal for this thesis was to obtain a better understanding of Ra-
manujan’s work. We have considered some important classical results on elliptic functions
and have given proofs of these results using the methods which may have been used by
Ramanujan.

In the first Chapter we introduced some basic definitions and used it to prove one
of Ramanujan’s most famous identities. Then we introduced Ramanujan’s 1, summation
formula and all of the results presented here were directly or indirectly related to Ramanu-
jan’s summation formula. and can be referred to the flow chart. The Jacobi triple product
identity and the Jordan-Kronecker function are special cases of Ramanujan’s 1), sum-
mation formula. Next we introduced the fundamental multiplicative identity, Weierstrass
function, and three special cases of F'(a,t) namely f,, f>, and f;. Then we weote ¢,(a),
®y(a), and p(a) as series and introduced P, (), and R.

The task for the second Chapter was to write the transformation of Sy,,41(q), @, .(q),
Usn(q), and V5,,(q) in terms of P (p), Q (p), and R (p). According to Venkatachaliengar,
we can calculate the transformation formulas and we got simple formulas for them.

Ramanujan was the first mathematician to discover the properties of p (n) and ob-
served that the numbers of the partitions of numbers 5m + 4, Tm + 5, and 11m + 6 are

divisible by 5, 7, and 11 respectively. There are others who have given a proofs of those
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results. In the third Chapter, a further proof is presented for the Ramanujan’s modulo 5

partition congruence.

The fourth Chapter provided a substantial amount of work by giving proofs of formu-
las for the sums of two, four, six, and eight squares and triangles, all based on Ramanujan’s
results. Ramanujan’s summation formula was used to get the sum of two and four squares
and triangles formulas. For the sum of six squares and triangles, three special cases of the
fundamental multiplicative identity was used to prove them. To prove the sum of eight
squares and triangles formulas, the fundamental multiplicative identity was used to prove
them. Then we gave two programs ,which compute the number of ways of representing
an integer as a sum of & squares and triangles and their nature. Lastly, we stated some
relationships between squares and trianglzs.

For the future development, we can try to solve the problem of Ramanujan’s modulus
7 or 11 partition congruence by using the same technique on Ramanujan’s modulus 5 parti-
tion congruence. To do this will require the development of ideas related to such things as
Ramanujan’s summation formula and Ramanujan differential equations etc. This approach
could be used to construct new proofs of some recent problems in elliptic function theory,

and thus increase our understanding of the work of Ramanujan himself.



Appendix A
Program for sums of squares

The following is a Maple V release 5 program for finding the number of ways of

writing an integer as a sums of squares and their nature.

> sumsqrt := proc(x,level)

>

N

local temp, temp2, 1, j, k, I, m, n;
with(linalg):
if (x =0) then
temp := matrix(l,level,0):
elif (level = 2) then
l1:=1;
for 1 from trunc(sqrt(x)) by -1 to trunc(sqrt(x/2)) do
k=x-1"2;
J = sqrt(k);
if (j = trunc(j) and 1 >=j) then
temp2 := matrix(1,2,0);
temp2[1,1] :=1;
temp2[1,2] :=3j;
if (1 > 1) then
temp := stackmatrix(temp, temp2):

else
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Appendix A Program for sums of squares

temp := copy(temp2):

temp2 = sumsqrt(k.level-1):
if (type(temp2.matrix)) then
m := rowdim(temp2);
n := coldim(temp2);

else

if (m > 0) then
j=1;
while (j <=m)do
if (temp2[j,1] > 1) then
temp2 := submatrix(temp2,2..m,1..n);

m:=m-1;
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> j=Ei=1

> fi;

> j =yl

> od;

> if (1= 1) then

> temp := augment(matrix(m,1,i),temp2);
> else

> temp2 := augment(matrix(m,1,1),temp2);
> temp := stackmatrix(temp, temp2);

> fi

> l=1+1;

> fi

> od;

> i

> if {type(temp,’matrix’)) then
> RETURN(copy(temp)):
> else

> RETURN(‘undefined®);
>

> end:

> w_sumsqrt := proc(A)

> local temp, st, temp2, st2, 1, j, k, m, n, res, fin_res;
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with(linalg):

m := rowdim(A):

n := coldim(A):

if (m = 0) then
return(0);

fi:

for i from 1 by 1 to m do
res := factorial(n)*2"n:

focj from 1 by ! to ndo

temp[j] := 1:
od:
j=1
st:=n

while (st > 0) do
if (temp[j] <> 0) then
st2 =0;

for k from j by 1 to ndo

if (A[i,k] = A[ij]) then

st:=st-1:
st2 :=st2+ 1:
temp[k] := 0:

02
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> od:

> res := res/factorial(st2):
> if (A[i,)] = 0) then

p- res = res/(2"st2):

2 fi:

> fi:

> j=j+ 1

> od:

> if (1= 1) then

> fin_res := matrix(1,1,res):
> else

> fin_res := stackmatrix(fin_res,matrix(1,1,res)):
> fi:

> od:

> RETURN(copy(fin_res));
> end:

> SumCol := proc(B)

> local m, i, res;

> m = rowdim(B):

> res:=0;

> forifrom 1 by | to mdo

> res .= res + B[i,1]:
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>  od:

> RETURN(res):

> end:

> A =sumsqrt(100,4):  (*)
> B = w_sumsqrt(A):

> augment(A,B);

> rowdim(A):

> total := SumCol(B);

The following is the program output.

C10 0 0 08
9 3 3 1 192
8 6 0 0 48
8 8 4 2 199
7 7T 1 1 96
7 5 5 1 192
.5 5 5 5 16 |

total := 744
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Appendix B
Program for sums of triangles

The following is a Maple V release 5 program for finding the number of ways of

writing an integer as a sums of triangles and their nature.

> sumtri := proc(x,level)

>

>

\

\/

local temp, temp2, i, j, k, I, m, n;
with(linalg):
if (x = 0) then
temp := matrix(1,level,0):
elif (level = 2) then
L:=1;
for i from trnc((-1+sqrt(1+8*x))/2) by -1 to trunc((-1+sqrt( 1 +8%x/2))/2) do
k =x-1*i+1)/2;
] = (-1+sqrt(1+8*Kk))/2;
if (j = trunc(j) and 1 >=) then

temp2 := matrix(1,2,0);

Il

temp2[1,1] = 1*(i+1)/2;

temp2[1,2] == j*(+1)/2;
if (1 > 1) then

temp := stackmatrix(temp, temp2):

else
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temp := copy(temp2):

else
1:=1;

for i from trunc((-1+sqrt(1+8%*x))/2) by -1 to trunc((-1+sqrt(1+8*x/level))/2)

k =x-1*1+1)/2;
temp2 ;= sumtri(k,level-1):
if (type(temp2,matrix)) then
m := rowdim(temp2);
n := coldim(temp2);

else

if (m > 0) then
=1
while (j <=m) do
if (temp2[j,1] > 1*(i+1)/2) then

temp2 := submatrix(temp2,2..m,1..n);
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> m:=m-lI;

2 j=j-1;

> fi;

> j=j+1;

> od;

> if (1= 1) then

> temp = augment(matrix(m,1,(1*(1+1)/2)),temp2);
> else

> temip2 ;= augment(matrix(m, 1,(i*(i+1)/2)),temp2);
> temp = stackmatrix(temp, temp2);
> fi;

> 1:=1+1;

> fi;

S od;

> cfi

> if (type(temp, matrix’)) then

> RETURN(copy(temp));

> else

2 RETURN(‘undefined®);

> fi;

> end:

> w_sumtri := proc(A)
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local temp, st, temp2, st2, i, j, k, m, n, res, fin_res;
with(linalg):
m := rowdim(A):
n = coldim(A):
if (m = 0) then
return(0);
fi:
fori from 1 by 1 to m do
res ;= factorial(n):

forj from I by 1 to n do

temp[j] = L:
od:
j=1
st :=n’

while (st > 0) do
if (temp[j] <> 0) then
st2 =10:
for k from j by 1 to n do
if (A[i,k] = A[i,j]) then
sti=gt=1;
st2 =st2+1:

temp[k] := 0:
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> fi:

= od:

> res := res/factorial(st2):
> fi:

= Ja=it1s

> od:

> if(i=1) then

S fin_res := matrix(1,1,res):

> else

> fin_res := stackmatrix(fin_res,matrix(1,1,res)):
> fi:

> od:

>  RETURN(copy(fin_res));
> end:

> SumCol := proc(B)

> local m, 1, res;

> m:=rowdim(B):

> res . =0;

> forifrom1byltomdo
B res :=res + B[i,1]:

> od:

>  RETURN(res):
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> end:

> with(linalg):

> A = sumtri(18,4):
> B :=w_sumtri(A):
> augment(A,B);

> rowdim(A);

> total := SumCol(B);

The following is the program output.
[15 200 12

15 1 1 1 4
10 6 1 1 12
6 6 6 0 4
6 6 3 3 6

n

total = 38
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