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Abstract

This thesis addresses existence and uniqueness of solutions to certain classes of
initial-value problems with functional differential equations. The technique of scales
of Banach spaces is used. A scale of Banach spaces is a collection of Banach spaces
varying on a real parameter. A scale consisting of function spaces can be used to
suppress one variable in an initial-value problem in a partial differential equation
of two independent variables, therefore enabling local existence and uniqueness of
a solution to the problem to be shown with the classical method of successive ap-
proximations from the Picard-Lindelof Theorem of ordinary differential equations.
Tuschke’s presentation (c.f. [7]) of this technique and a related theorem has been
adapted in Chapters 1 and 2. Chapters 3 and 4 present original theorems, stating
existence and uniqueness of solutions to more general initial-value problems, having

a retarded character.
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Chapter 1

Scales of Banach Spaces

1.1 Introduction

The existence and uniqueness of solutions for certain classes of differential equations
are investigated in this thesis, using the technique of scales of Banach spaces. This
technique has been extended to a certain class of functional partial differential
equations. Related equations arise in geodesic problems, including some in optics.
Work in this area has been done by Friedmann and McLeod [2], Rogers [4], and van-
Brunt and Ockendon [8]. The differential equations investigated in these references
have real-valued solutions depending on only one variable, and were treated without
the use of scales of Banach spaces. The differential equation dealt with in Chapter 3,
however, requires a complex valued solution depending on one real and one complex
variable. The presence of derivatives on the right-hand side of the differential
equation results, after a functional reformulation, in an unbounded operator on
the right-hand side. A scale of Banach spaces is instrumental in dealing with such
an unbounded operator.

Dependence on the complex variable is suppressed, and the solution is rep-
resented by a function valued in the scale of holomorphic function spaces, and
depending on only the real variable. Then the method of successive approxima-
tions, from the standard proof of the Picard-Lindeldf theorem, can be applied. The
method of successive approximations is illustrated in its simplest case in the im-
mediately following section, since it will be used repeatedly throughout the rest of
the thesis.

Existence and uniqueness results for functional differential equations in scales of
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Banach spaces have been established by Sekine and Yamanaka [5], Walter [9], and
Yamanaka and Tamaki [10]. The simplest existence and uniqueness result of this
nature, generalising the Cauchy-Kowalevski theorem, appears in Tutschke [7], and
has been included in Chapter 2 to illustrate the method of proof, much of which
carries over into the existence and uniqueness proofs in Chapter 3. The differential
equation investigated in Chapter 3 is notable in that retarded values of the timelike
derivative are involved on the right-hand side. Chapter 4 extends the results in
Chapter 3, by generalising the operator affecting the retardations appearing on the

right-hand side of the differential equation.

1.2 The Picard-Lindelof Theorem in a Banach
Space

Techniques appearing in this thesis are developments on the method of succes-
sive approximations used in the standard proof of Picard’s Theorem for ordinary

differential equations (cf. [1}). Picard’s Theorem concerns the initial value problem

dw
M) = fw), (1)
w(0) = w, (1.2)

where wq is some prescribed real number. A solution w is a function mapping from
some interval containing 0 € R to R which satisfies both of these equations. If f is
Lipschitz continuous on an open set around (0,wp), then the theorem states that
there is a unique solution to initial value problem (1.1), (1.2) on some open interval
containing 0. As the generalisation to the case in which the solution w is valued
in a Banach space is straightforward, the method of successive approximations will

be illustrated in this context.

Theorem 1 Let B be a Banach space with norm || -||. Let wo € B, and suppose
that f is a Lipschitz continuous mapping from a neighbourhood of (0,wq) into B.
Then the initial-value problem (1.1), (1.2) has a unique solution on the interval

[0,T*] for some positive number T*.

The initial-value problem (1.1), (1.2) is equivalent to the integral equation

w(t) = wo + /Ot (7, w(r))dr. (1.3)
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Successive approximations are defined recursively by substitution into the right-
hand side of this equation, that is, the approximations wy, ws, ... map the interval
[0,T] into B according to

wi(t) = w0+/0t f(r,wo)dr (1.4)
wrpi(t) = wg—}—/ot f(r,wp(7))dr. (1.5)

These approximations are then shown to converge uniformly on some subinterval
[0,7*], and the limit function w thus defined is shown to solve integral equa-

tion (1.3), and hence also initial-value problem (1.1), (1.2).

1.2.1 Proof of Existence

Initially the conditions in the statement of the theorem must be quantified. Suppose

that the domain of f is the cylinder
[0,T] x {w € B:|lw—wo| <R}, (1.6)

where T and R are positive numbers. Clearly 7™ will be some positive number not
exceeding T'. Also, since f is Lipschitz continuous, there is a positive constant L

such that whenever ¢ € [0,T] and w, v € {w € B : ||w — wo|| < R},

[t w) = £(E,v)l| < Lijw = v]|. (1.7)

Further, since f is continuous and the set {(¢,wo) : ¢t € [0,T]} is compact, there is

some positive number K such that
1f(two)|| < K (1.8)

whenever ¢ € [0, T].

The initial-value problem (1.1), (1.2) is equivalent to the integral equation (1.3).
Define the successive approzimations wy : [0,T] — B, k = 1,2,... by equa-
tions (1.4) and (1.5). Inequality (1.8) yields

s (£) — wol| < Kt (1.9)

for 0 <t <T, and therefore for 0 <t < T™.
If wi41 1s to be defined by equation (1.5), then the integrand on the right-hand

side of that equation must be defined, so that it is necessary for 7 to be no greater
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than 7', as mentioned before, and similarly for ||wg(7) — wo|| < R. This will be
satisfied if it can be shown that, for £ > 1,

lwi(7) — we_a(7)]] £ xR, (1.10)

where {¢;} is some sequence of positive numbers satisfying

oo
Yo <1, (1.11)
k=1

since then

k

lwi(7) = wol| < [Jwe(7) — wr—a (P + -+ + [Jwi(7) —wol]| <D &R < R. (1.12)
j=1

Inequality (1.10) in the case £ = 1 is implied by inequality (1.9) if K¢ is re-

stricted to be no greater than €; R, i.e., if ¢ is restricted to be no greater than %33“;

to this end choose T™ < 5}\{3‘ In the general case kK = j > 1, the definition (1.5)

and the inequalities (1.7) and (1.10) give

wot [ Flrwima (M) = w0 = [ flryw5ma()dr]
< [ 15w () = o wsa(r))ldr

< L [ hoja(r) = wya(r) dr

i
< L/ ¢; Rdr < LT"¢;_,R. (1.13)
0

lwi(t) —wia ()] < |

Thus, inequality (1.10) with £ = j — 1 implies the inequality (1.10) with & = j if
€ > LT e¢;;. (1.14)
Since LT™ is independent of 7, a geometric sequence is obtained by defining
€; = LT*éj_l, (1.15)
and the series (1.11) will converge if LT* < 1. Merely choosing €; < 1 — LT™ will
yield inequality (1.11).
It has been proven that T* can be chosen sufficiently small that the successive
approximations {wy} are all defined on the interval [0,77], and satisfy inequal-

ity (1.11). Inequality (1.10) implies that the sequence {w;(t)} is Cauchy for each

t € [0,7*]. Since B is a Banach space, there must exist a limit

w(t) = lim wg(t). (1.16)

k—o0
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Now it remains to show that the limit function w thus formed is a solution ;c'o
initial-value problem (1.1), (1.2), i.e., that integral equation (1.3) is satisfied. The
left-hand side w(t) of (1.3) is the limit of the points wg(t), and if its left-hand side,
wo + f§ f(7,w(7))d7, can also be shown to be the limit of the points wy(t), then w
is a solution to initial-value problem (1.1), (1.2), and the existence result is thus
established. By the definition (1.5),

.wo—i—/ ))dr —wk(t)ll
wo—}—/f d'r~<wo—}—/f’rw;~ (7 ))dT)I
< [ 1) = frwma )l (1.17)

By the Lipschitz condition,

[ 16w = frwa @t < [ D) = wa(lldr

< Lt) R (1.18)

j=k

As k — 00, 3252, ¢;R — 0; thus w is a solution.

1.2.2 Proof of Uniqueness

Suppose that w; and wy are two solutions to the initial-value problem (1.1), (1.2),
both defined on the interval [0,U]. Here it will be demonstrated that, on the
interval [0, U], the two solutions w; and w, are equal. Since the solutions are both
differentiable, they are a fortiori continuous, and therefore so is their difference;

thus, for any ¢. € (0,U], the supremum

sup.[lwn(t) — wa(t)] (1.19)

1€[0,t.]
is finite. As observed above, the initial-value problem (1.1), (1.2) is equivalent to

the integral equation (1.3), so that the difference w;(t) — w,(t) satisfies
t
wi(t) — wa(t) = /0 (f(r,wi(7)) = f(r,ws(r))) dr. (1.20)
Applying the Lipschitz condition, if ¢t < £, then

fos(t) = wa@)l < [ Llwa(r) = wa(r)lldr

< LiT:EIz | [[wi(7) = w2 (7)]], (1.21)
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w1(7) — wo(7)|| must vanish, i.e., wi(¢) = wq(t)

so that if Li. <1, then sup ¢,
on [0,,]. Dividing the interval [0, U] into subintervals of length smaller than , it

can now inductively be shown that w;(¢) = wy(t) on the whole interval [0, U].

1.3 Complex Differentiation as an Unbounded

Operator

Consider the initial-value problem

ot 0z’
w(0,z) = wo(z). (1.23)

The solution w will be a complex-valued function, differentiable with respect to
the real independent variable ¢, and holomorphic with respect to the complex in-
dependent variable z. The initial condition wq is a holomorphic function defined

on the disc

Q={z€C:|z| < s},

where sq is some positive number. Let B be the Banach space of all holomorphic

functions defined on the disc 2, with the norm
£l = sup [f(2)]-
z€Q

Let D denote the complex differentiation operator gd; on B, that is, whenever

f € B, let
df
(1)) =2 (2)
for each z € Q. Then the initial value problem (1.22), (1.23) can be reformulated

as the following initial-value problem in the space B:
w'(t) = D(w(t)) (1.24)
w(0) = wo. (1.25)
Since, for any given ¢, the dependence of w upon z is described by the one point

w(t) in the function space B, the variable z in equations (1.22), (1.23) can be

suppressed in this formulation.
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The reformulation of initial-value problem (1.22), (1.23) as (1.24), (1.25) does
not rely on the properties of R, C, or holomorphic functions. If U, V and W are
arbitrary sets, and f : U x V — W, and II is the set of functions mapping V into
W, then we can naturally define a function F': U — II representing f, by letting

F(u) be the function which maps v into f(u,v), whenever u € U and v € V, i.e.,
(F(u)(v) = f(u,v). (1.26)

This is the approach taken here to initial-value problem (1.22), (1.23); the solution
is naturally a function of two variables, but can be expressed as a function of one
variable and the method of successive approximations can thus be applied.

The initial-value problem (1.24), (1.25) is in the form of problem (1.1), (1.2),
so that, were the operator D Lipschitz continuous, the Picard-Lindeldf theorem in
a Banach space would apply, ensuring, locally, the existence of a unique solution
to the initial-value problem. However, D is not Lipschitz continuous. To see
this, suppose L is a Lipschitz constant for D, satisfying, for any two holomorphic

functions f and g,
IDf = Dyl < LIIf =g, (1.27)
that is,

cup {ffi(z> SUEHEE } < Lsup{f(z) - 9(z): [Fl S o). (1.28)

dz

The functions f and g are arbitrary, and the operation of differentiation is linear,
so that inequality (1.28) must be satisfied for the function A = f — ¢ holomorphic
on 2. Now any hypothetical Lipschitz constant L would have to satisfy

| DRl < Li[A]], (1.29)

that is,
dh
up 3 S (2) 2] < s0} < Lsup{h(z) : 2] < so}. (1.30)
(In the language of functional analysis, the existence of such a finite positive con-
stant L would imply that the operator D is bounded.) Let A be any integer greater

than Lso, and suppose
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5o Re

Figure 1.1: A nonuniform bound on the derivative of a holomorphic function

Clearly Lsup{h(z) : |z] < s} = L, but sup {%(z) z] < 30} = ;A; > L, so
that inequality (1.30) cannot be satisfled. Thus, the right-hand side of differential
equation (1.24) is not Lipschitz continuous with respect to the argument w(t),
and consequently Picard’s Theorem cannot be applied directly to this initial-value
problem.

It is useful to consider in detail the unbounded nature of the operator D. A
nonuniform bound describing the behaviour of D can be derived from the Cauchy
integral formula. Let f be some holomorphic function on the disc (1.3), and let zg
be some point on the interior of the disc (see Figure (1.1)). The distance from zg
to the boundary of the disc is s — |2o|, s0 if 0 < p < sg — |20|, then the circle C

of radius p with centre z lies entirely within the disc (1.3). The Cauchy integral

Y o) = Ljé__._(f(z)dz (1.31)

dz (20) = 2w Jo (z — z0)?’

formula states that

and leads immediately to

2p = Hi“— (1.32)

1
<
T 2m p? p

i,
FAe
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Letting p — so — |20] gives

a

£
dz (Zo)l e

Sog — IZOI '

(1.33)

This inequality is known as Nagumo’s Lemma (c.f. Tutschke [7]).

1.4 Scales of Banach Spaces

In the last section, it was shown that the complex differentiation operator D,
mapping B, the space of functions holomorphic on the disc {z € C : |z| < s¢}, into
itself, is unbounded, so that the Picard-Lindel6f theorem in a Banach space cannot
be applied directly to initial-value problem (1.24), (1.25); however, a nonuniform
bound on D was found, viz. inequality (1.33). The use of this bound requires the
definition of a scale of Banach spaces. Instead of just the one Banach space B, for
each 7 € (0,7) define B, to be the space of bounded functions holomorphic on the

disc {z € C : |z] < r}, with the norm

[£llr = sup{[f(2)] : [z] < r}.

Now let 0 < s < r < sg. An argument similar to that in the last section shows

that if f € B, and zg € C satisfies |29| < s, then

]df

@W’ < Wil (1.34)

3
r—3

that is,

107, < Ml

r—3

In the language of functional analysis, D is a bounded operator from B, to B, with
norm no greater than —1-.

The collection of these spaces {B, : 0 < r < so} forms what is called a scale
of Banach spaces. For 0 < s < r < 89, any function holomorphic on the disc
{z € C :|z] < r} is certainly holomorphic on the disc {z € C': |z| < s}, and the
domain restriction operator

I.s: B, — B,

can be defined by
Lsf(2) = f(2) Y|zl < s
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Figure 1.2: Complex differentiation as a bounded operator between two function
spaces

whenever f € B.. Thus the action of I, is merely to shrink the domain of f
from {z € C : |z] <7} to {z € C :|z| < s}. This is clearly a linear operator with
II1:s]] <1, where

Il = sup{I[ 1 flls + (| 1l = 1}

Note also that the domain restriction operator I, ; is an injection, that is, if f and
¢ are holomorphic functions belonging to B,, such that I, f = I..g, then f =g,
since holomorphic functions identically equal on an open set are equal throughout
the intersection of their domains.

Generalising the scale {B,}, we define a scale of Banach spaces to be a set of
Banach spaces {H, : 0 < r < sq}, each space H, having norm || - ||,, together with
a set of scale operators {J,s : 0 < s < r < s}, each linear, injective, and satisfying
|J-s]] <1. Then the set

{B,:0<r<s0}

of function spaces defined above is a scale of Banach spaces, and the set of domain

restiction operators I, s are the scale operators.
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Chapter 2

Initial Value Problems in Scales

of Banach Spaces

2.1 Mappings into Scales of Banach Spaces

In the last chapter the reformulation of initial-value problem (1.22), (1.23), using
the function space B to suppress the complex variable z, was considered. The
inital-value problem (1.24), (1.25) resulting cannot immediately be shown to have
a solution using the method of successive approximations, because the operator
D, representing complex differentiation, is unbounded. However, with the scale of
function spaces B,, a more sophisticated approach can be considered, viz. to seek a
solution to initial-value problem (1.24), (1.25) valued in a scale of Banach spaces.
A solution whose domain varies in width, or extent in the z-plane, as ¢ changes,
can thus be considered. Specifically, it is reasonable to expect the extent in the
z-plane over which existence can be proven to contract as ¢ increases, yielding a
conical domain. That is, the desired solution w(¢) will be defined for ¢ € [0, 7™
for some positive T, but for each given ¢, the point w(¢) will belong only to some
of the function spaces B,. Figure (2.1) illustrates this geometry. If w(t) € B,
whenever 0 < ¢ < a(sg — r), then w(¢,z) is specified for each (¢,z) lying in the
cone, where T™ = asg, whereas, if only the one function space B, is defined, and
w(t) is required to belong to B,, whenever 0 < t < T, then w(t, z) is specified
in the cylinder. Intuitively, existence and uniqueness of a solution within the cone
are more plausible than within the cylinder, which contains the cone.

An alternative and shghtly less gesticulative description of what is meant by a
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T ez (Re)

\“____—/so

Figure 2.1: A scale of Banach spaces allows a conical domain to be considered

mapping into a Banach space is given for precision. Let {H, : 0 < 7 < so} be a scale
of Banach spaces with scale operators {J,;: 0 < s <r < so}. For each r € (0, s0),
let w, be a mapping from some interval Y,, possibly empty, into H,. Suppose
O<s<r<se Y, CYT, and, foreacht € T,

ws(t) = Jr swi(t),

then w, and w, are said to be compatible. If w, and w;, are compatible whenever
0 < s < T < 80, then the collection of mappings {w, : 0 < 7 < 3o} is said to consti-
tute a mapping into the scale of Banach spaces { H,}. The condition of compatibilty
arises naturally in the case at hand, where the Banach spaces in the scale are the
function spaces B,. If w, and w; represent the same function w(¢, z), and w.(¢) is

defined and |z| < r, then

w(t, z) = (wi(2))(2).
If also |z| < s, then

w(t, z) = (ws(1))(2),
so that

(ws())(2) = (wr())(2)-

In terms of the scale operator I, ;, this can be written

ws(t) = I sw, ().
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2.2 Generalised Cauchy-Riemann Operators

Let
{H, :0<r<so}

be an arbitrary scale of Banach spaces with scale operators {J,; : 0 < s <7 < s8¢},

and consider the initial-value problem

ul(t) = Frs(t,u(t)) (2.1)
US(O) = Uog,s- (22)

Here u is to be valued in the scale { H, }, in the sense described in the last paragraph,
and specifically, u, is valued in the space H;. Whenever 0 < s < r < s9, the
operator F) ; takes one real argument and one argument from the space H,, and
has a value in the space H,. If this equation is to be soluble, it can immediately
be seen that a compatibility condition must be met by the operators F,;. Let

0<s<r<p<sg, sothat

WL(E) = Frslty0n(t)) = Frlt, Jprisn(1))
and
ul(t) = Fps(t,up(t)).
Thus it is required that
Fos(t, Jorup(t)) = Fps(t, up(t)). (2.3)
As regards the initial condition (2.2), it is clearly required that
Ug,s = Jr,sU0,r-

For brevity, then, the functionals F; ; will not be distinguished, and neither will the

initial condition functions ug s be, so that the initial-value problem will be written

u'(t) = F(t,u(t)) (2.4)
u(0) = wuo. (2.5)
If {H,} is the scale {B,} of holomorphic function spaces, then the conditions

imposed here on the right-hand side operator F' will allow for retardation-type

displacements in the complex variable. Choose any zo € C with |z < so. For
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every s € (|zol, s0), differential equation (2.4) specifies 2%(%, zo) in terms of ¢ and
u(t), where r € (s, o) is chosen arbitrarily. Since u,.(¢) encapsulates all of the

values u(t,2) such that |z| < r, to calculate 2%(t, z0), one must know the value

of ¢t and also of u(t,z) for each |z| < r. However, one is free to choose r as any
number exceeding |zo|, so that any dependence of £%(t, z0) on u(t, z), if |2o| < |2|,
is spurious, only appearing formally. If any of the values u(¢,z) for |z| < |20 are
unknown, however, then %(t, zg) cannot be calculated, unless such values are first
obtained using analytic continuation. Even if this approach is taken, it is necessary
for some values u(t, z) to be known. Such values are described as retarded due to
the inequality |z| < |zo].

The property of example differential equation (1.24) which will allow proof of
local existence and uniqueness of a solution to an initial-value problem is that the

right-hand side Dw(t) obeys Nagumo’s Lemma, that is, that

|y — ws|»

1D (w1 = ws), < (2.6)

r—s
whenever 0 < s <r < sg and wy, we € B,. Take the initial-value problem (2.4),
(2.5), with the conditions that the operator F' on the right-hand side is continuous

with respect to ¢, and, generalising inequality (2.6), satisfies

Hulri‘l:zllr (

£t ) = F(tu)lls < C 2.7)

whenever 0 < s < r < 3¢ and u,, uy € H,, for some positive number C independent
of ¢, u;, and us. Because inequality (2.7) arises from the properties of complex
differentiation, an operator satisfying this inequality is called a generalised Cauchy-
Riemann operator. Proofs of local existence and uniqueness of a solution to initial-
value problem (2.4), (2.5) now follow, adapted from similar material appearing in
Tutschke (op. cit.).

Theorem 2 Let {H, : 0 < 7 < so} be a scale of Banach spaces. Suppose there
exist positive constants T and R such that, whenever 0 < s < r < so, the right-hand

side F(t,u) of differential equation (2.4) is a continuous function from
[0,T] x ©, (2.8)

to H, where
O, ={uveH, :|u—ul <R}




CHAPTER 2. IVPS IN SCALES OF BANACH SPACES 15

Suppose further that F(t,u) is a generalised Cauchy-Riemann operator with respect
to u, that is, that there is some positive constant C such that inequality (2.7) holds
whenever 0 < s < r < s and uy, uz € O,. Moreover, assume that, for each
t € [0,T), the function F(t,uo) satisfies the asymptotic bound

K

7
Sog—7T

1E(t, uo)ll» < (2.9)

for each r € (0, s0), where K is some positive constant. Then there exists a unique
solution u to initial-value problem (2.4), (2.5) on some conical domain of positive
height, that is, there is a positive constant a and, for each r € (0,s0), a unique
function w, mapping the interval [0,a(so — r)] into the space H, such that u, is a

solution to initial-value problem (2.4), (2.5), and the functions {u,} are compatible.

2.3 Proof of Existence

This proof uses the method of successive approximations illustrated in Section 1.2.

The initial-value problem (2.4), (2.5) is equivalent to the integral equation

u(t) = wo+ [ CF(r,u(r))dr. (2.10)
In view of this, we define the successive approximations uy, ug, ... recursively:
wlt) = v+ [ " F(r,uo)dr, (2.11)
wlt) = w+ [ " Fr s (r))dr, (2.12)
for each £ = 2, 3, .... This is analogous to equation (1.3) and definitions (1.4) \

and (1.5) in the case of the Picard-Lindelof theorem for ordinary differential equa-
tions. The approximations u; may not all be defined everywhere, and where they
are, they may not belong to each of the spaces H,. Certainly for ui(t) to be defined,
it is required that 0 < ¢ < T, since the integrand defining ux(t) in equation (2.12) is
undefined for 7 ¢ [0,T]. The integrand will also be undefined if u;_1(7) lies outside
the ball ©,. Note that this condition depends on r, so that if 0 < s < 7 < s, it
may happen that u(t) € H; but ui(t) & H,, that is, if {u, : 0 < r < so} are the
compatible functions constituting the function ug, it may be that uy s(t) is defined
but ug,(t) is not.

These approximations will be shown to converge absolutely and uniformly on

the conical domain described above, that is, it will be shown that there exists a
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convergent series

kak =< oo (2.13)
b=1

of positive terms such that, for each £ € N, if 0 <r < sg and 0 <t < a(sg —r),
the inequality
lur(t) — up-1 ()|l < wi (2.14)

holds (read wug for uj_1(¢) in the case £ = 1). From this follows the existence of a
limit function u. To see this, let 0 < r < sg and 0 < ¢t < a(sgp — 7). The sequence
{uy,(t)} is Cauchy in H,, since, assuming without loss of generality that m < n,

n

[ns(t) = ums Ol < 30 Nk (t) = wemr o (D)5

k=m+1

oo
< Z Wi,

k=m+41
and since
o0
S
k=1

is convergent,

Z wk——+0

k=m+1
as m — oo. Thus, as H, is complete, the sequence {u,(t)} converges to a limit
u,(t) € H,, that is,
[k (2) = we (B)- — 0.
For fixed r, as ¢ varies, we obtain a function v, mapping the interval [0, a(so — 7))
into the space H,. For this to define a function v mapping into the scale {H,} as

r varies, the two functions us and u, must be compatible, where 0 < s < r < s0.
Clearly [0,a(so — 1)) C [0,a(so — s)). Let t € [0,a(sg —7)). For each k € N,

”us(t) - IT,SuT(t)”s < Hus(t) - uk,s(t)Hs + Huk,s(t) - Ir,suk,r(t)”s
‘}r‘[[Ir,suk,r(t) - Ir,sur(t)”s
< JJus(t) = wrs(0)lls + 0+ NJurr(8) — ue ()]l
— 0

as k — oo. Thus us; and wu, are in fact compatible, and the limit functions

{ur : 0 <7 < 50} define a limit function v mapping into the scale {H,}.
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The limit function u solves integral equation (2.10) and therefore initial-value
problem (2.4), (2.5). If 0 < r < 5o and 0 <t < a(sg — ), then a number ¢ can be
chosen such that 0 < r < ¢ < sg and 0 <t < a(so — ¢), for instance,

-t
q——2 S0 2 rl.

Then

r

u(t) - <u0 + [ tF(T,u(T))dT)

arsa(t) = (w0 + Ot F(r, us(r))dr )
(wo+ [ P w(r))dr ) = (wo+ [ CF(ru(r))dr
= u®) — wn @l + | [ (Plrua(r)) = Flru(r) dr

< Wﬁ%wmﬂﬂm+ﬁwwﬂ‘“4ﬂmﬁ

< lu(t) = upga (D]l +

r

T

q—r
[ee] t o0
R
j=k+2 97 okt

as k — oo. Thus u(t) and
ug + /Ot F(r,u(r))dr

are equal in H,, and hence represent the same holomorphic function, so that in-
tegral equation (2.10) is solved. It has now been shown that if inequalities (2.13)
and (2.14) can be satisfied, then the successive approximations u; converge abso-
lutely and uniformly to a function u solving initial-value problem (2.4), (2.5).

From the definition of the first approximation u; an idea of the shapes of the
domains of the successive approximations can be obtained. Of course since the u
argument of the operator F' in the integrand in equation (2.11) is always simply
ug, the function u; may be defined and belongs to H, whenever 0 < r < sp and
t € [0,T]. From equation (2.11) and property (2.9),

la8) —woll < [ NFCr,ulldr < = (215)

So—T

Thus if a, is some positive number, and r and ¢ are such that
0<i< a1(30 - 7"), (216)

then
llur(t) — woll» < Kay. (2.17)
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If, further, T
ai S —, (218)

So
then the restriction (2.16) implies 0 < t < a1(sg — 7). If, further still, Ka; < R,
then whenever 0 < r < 50, 0 <t < a1(sp — ), and 0 < 7 < ¢,

wlt) = o+ | (ryun(7))dr, (2.19)

and u;(7) in the integrand lies within the ball ©,, so that us(t) € H, for any
positive s < r.
Extrapolating, require a sequence {a;} such that not only is ux(%) defined and

an element of H, whenever 0 < r < 59 and 0 < ¢ < ax(so — 1), but also
lur(t) — woll» < R. (2.20)
Now, if the sequence {a;} is strictly decreasing, then
0<t<apsi(so—s) = 3Ire(s,s0):0<1t<ap(so—r), (2.21)

so that if 0 < s < sp and 0 < ¢ < app1(so — s) then certainly wgyq(t) is de-
fined and belongs to H;, and considerations may be restricted to ensuring that

luk1(t) — wolls < R. Inequality (2.20) will be satisfied if
k(@) = wea (Dl + Nlur-1(t) = wea @l + - + Jua (@) —woll» < B, (2.22)

and thus we will require the existence of a sequence of positive reals {¢;} such that

for each k € N, whenever 0 <7 < sg and 0 <t < ag(sg — 1),

llur(t) — we—1(t)|l» < e R, (2.23)

and N
> <1 (2.24)

k=1

Note that inequality (2.17) implies inequality (2.23) in the case k£ = 1, provided
that

e R
a1§ }{.

Since the terms €, are all positive, inequality (2.24) implies

(2.25)

doea<l (2.26)
1=1
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for each positive integer n. Since the sequence {a;} is decreasing, inequality (2.23)

holds whenever £ <n and 0 < r < sg and 0 < ¢ < an(so — ). Thus

k
[ur(t) = woll, < ;Huz'(t)—uz'—l(t)l%r

L
_<_ ZeiR
=1

< R,

so that inequality (2.20) is satisfied for each k.

Inequality (2.23) has another important consequence. Because {a;} is a de-
creasing sequence of positive numbers, it has a nonnegative limit ¢. Assume for
the moment that « is positive. Since, for each k, a < ay, inequality (2.23) will
hold whenever 0 < r < s and 0 < ¢t < a(sp — r). If wp = €R, inequali-
ties (2.13) and (2.14) are satisfied; thus the approximations wuj, us, ...converge
to a limit function u which, as shown earlier, must be a solution to initial-value
problem (2.4), (2.5). Therefore, the existence result will be established if it can be
shown that the inequality )

a= lim a; > 0, (2.27)

k—co

as well as, whenever 0 < r < sg and 0 <t < ax(so — r), inequality (2.23), and
inequality (2.24) are all satisfied.

For the present, it will be assumed merely that {e.} and {ax} are sequences of
positive numbers, and that the sequence {a)} is strictly decreasing and bounded
above by inequality (2.18). Inequality (2.23) will be established, dependent on
certain relationships between the sequences {¢;} and {ax}, and it will subsequently
be shown that such relationships can be satisfied for appropriate choices of the
sequences {ex} and {a;} which also satisfy inequalities (2.24) and (2.27).

Inequality (2.23) will be established by induction, but not directly. A direct
approach might begin by assuming that inequality (2.23) holds for k£ = [, so that

larss(®) = w@lle = | [ (Fr,u() = Fryua(r))dr
< [P () = Frua()lds
< [ oS - wa@lldr by 27)
CteR

bl
¢—r
where ¢ is chosen such that 0 <7 < ¢ < sp and 0 <t < ai(so — ¢q). Any such ¢ is

r

< (2.28)
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less than sp — i;, and ¢t may be as large as a;+1(so — ), so that the last expression

in calculation (2.28) becomes at least as large as

Cajpa(so—r)eR  CapagR
So — alil(SO“‘T) — a; — aj41

ay

If this is to imply inequality (2.23) for &k = [+ 1, then €41 must be defined in such

a way that
Ca1+1az€1R S 61+1R,
ar — a4
that 1s,
€1 Caiaar

6 oar—aipr
But, if the sequence {ar} converges to a positive number, then this fraction must
tend to infinity, and therefore, if the numbers ¢, are positive, then €; — oo, so that
inequality (2.24) breaks down.
Earlier it was seen that the first approximation wu; satisfies inequality (2.15);
thus ’ ) )
a(t) = o], < Kt < Kt _ Kaqt (2.29)

30—7*—30—7‘—;1—% ay(so—r)—1t’

whenever 0 < r < 5o and 0 < ¢ < ai(sg — r). The inequality

Mt

llue(t) — w1 ()] < ar(so —1) — 1t

(2.30)

is generalised from this for the case of u;, where { M.} is some sequence of positive

numbers yet to be specified. When k = 1, ug should be read for u;_(t), and
A/fl = I{(Zl. (231)

Inequality (2.30) provides what can be thought of as a catalyst: although in-
equalities (2.23) and (2.30) cannot readily be proven by induction independently,
considered together they can be established.

Inequality (2.23) is satisfied for & = 1 (read ug for ux_;(¢)) provided that a,
satisfies inequalities (2.18) and (2.25). Inequality (2.29) and equation (2.31) show
that inequality (2.30) holds in the case & = 1. Therefore suppose that inequali-
ties (2.23) and (2.30) each hold in the cases k =1, 2, ..., j, whenever 0 < r < sg
and 0 < t < ap(so — 7). Inequality (2.30) will be established first, in the case
k=141, whenever 0 < r < sp and 0 < t < a41(sg — 1), and inequality (2.23)

in the case k = [ + 1 will be shown shortly afterward. It is important to remind
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the reader that these inequalities are to be established on the condition that the
sequences {e}, {ar} and {M;} satisfy certain relationships: the sequences {e},
{ar} and {M;} will then be defined so as to satisfy these relationships.

Let 0 < s < spand 0 <t < ai41(so — s). Then

luipa(t) —w(®)]ls = l/t( (myw(T)) — F(r,wia(7)))dT
A ”F myu(r)) = F(rua (7))l
/0 T () = wa (7)) dr, (2.32)

S

IN

IN

where 7 is chosen so that 0 < s <r < spand 0 <t < a;(so—s), by inequality (2.7).
Note that the application of this inequality requires that w;, wi_; € ©,, but that
this follows from inequality (2.23) in the cases k = 1, 2, ..., k, as was shown on

page 19. There is no reason why r cannot depend on 7, so here we define

1( n T)
r=—-—138 S— — .
9 \7° a

Substituting, and applying inequality (2.30) to the integrand of inequality (2.32)

gives

i (8) —w(t)]ls < /Ot ;;‘jgg_—llluz(ﬂ = w1 ()l soe- 297

s
ay
i y 27
S / 2C ..,.1/[17‘ dr
0 so—s—f;az(so—-s)—
1My [T
B " 1a1/0 (ai(so —s) — 7)2
dr
< 4CMait /
< 1a; (@(s0 —5) = 7)?

40]V[1t2
(ar(so — 5) = t)(s0 — s)°

Since it is assumed that 0 <t < ai31(s0 — $), it follows that

401‘/‘[{&1.{_1(30 - S)t
(ai(so — s) — t)(so — s)
- 4:061[4.11‘{[[

s (t) —w@®)lls <

ai(sog—s)—t
Since ai41 < ay, it follows that

t

arp1(so—s) —t’

lwiza (t) = w(t)lls < 4Cai M,
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so that inequality (2.30) is satisfied in the case £ = [ + 1 provided that
My > 4C a1 M. (2.35)
Recalling equation (2.31), define
M, = (4C)*'Kdt (2.36)

for each £ € N. Then My, = 4CaM;, and since a;11 < ai, inequality (2.35) is
satisfied. Inequality (2.34) becomes

t

11 - -
i1 (t) = Ul(t)”s < (4C) ayarp K mo (2'3()
Noting once more that 0 <t < aj41(so — 3), this yields
! afla’?—*-l -
s (8) = w®)] < (40244 g
ap — a4
so that inequality (2.23) is satisfied if
! allalz+1 -
(4C) ————K < ¢41R. (2.38)

ap — a4
It has now been proven by induction, if {e;} and {a)} are sequences of positive
numbers and {ax} is strictly decreasing, and inequalities (2.18), (2.24), (2.25), (2.27)
and (2.38) hold, that, for each k € N, whenever 0 < r < sg and 0 <t < ar(sg — ),
inequalities (2.23) and (2.30) hold, and therefore that the approximations u; con-
verge absolutely to a solution to initial-value problem (2.4), (2.5) on a conical

domain of positive height. For each k € N, let
er = 111 = p), (2.39)

for any p € (0,1), so that inequality (2.24) holds with equality. If

(4C)*rat T2 K

Qpy1 = dg — eriR
.+1

then, since the sequence {a;} is decreasing,

(40)’~'————-—-“§“2'+1 K < (40)’*—-—————“11\'“[‘)
ap ~ Qp1 - ap — Q41
k+2[f
= (4C)k Cicl+2 -
(4CYeai ™ K /e R

= €k R)
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so that inequality (2.38) holds. Repeated application of equation (2.40) gives

. & (4C)aiT*K
a = }1mak:a1~zm—T
k—co k=1 €L+1

?

whence equation (2.39) yields

4Ca3Kp & (4()@1)‘
a=a — 5 —-=
" OR(L-p) ;; z
If
ay < %’ (2.41)
then
4Ca3K p
= qy — ;

_ __ 4Ca
R(1 = ) (1~ %5)
if this expression is positive then inequality (2.27) is satisfied. Thus, the inequalities

remaining to be shown are (2.18), (2.25), (2.41), and

4Ca3K
ar — e . (2.42)
— _ 4Cay
R(1 —p) (1 " )
The first three of these inequalities put together require that
. T R pu
0<a < {——,-——,——}, 2.43
s mm so. K "4C (243)

and it is easily seen that this is compatible with the condition (2.42); one way is to
note that at a; = 0, the expression in (2.42) has value 0 and a positive derivative,
so that a positive value for a; can necessarily be chosen satisfying inequality (2.42)

and small enough to satisfy inequality (2.43). Thus the existence result is shown.

2.4 Proof of Uniqueness

It will be shown that two solutions to initial-value problem (2.4), (2.5) mapping
into the same space H, must be equal on the intersection of their domains. From
this it will follow that two mappings v and v into the scale of Banach spaces
{H, : 0 < ¢ < so} which each solve initial-value problem (2.4), (2.5) must be equal
on the intersection of their domains.

Let 0 < ¢ < sg, and suppose that u: [0,A] — H, and v : [0, A] — H, are two

solutions to initial-value problem (2.4), (2.5), where A is some positive number
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not exceeding T'. Because the initial-value problem is equivalent to the integral

equation (2.10),

mnuu@y=ﬁlmﬁu@»_F@mﬁ»Mf (2.44)
Thus, if 0 < s < ¢, then

o) = v@)lls < [ IF(u(m) - Flr,v(r)ldr

< [ St~ o(e)ldr, (2.45)

=

T—3

where r is chosen to satisfy 0 < s < r < g. Let a be an unspecified positive con-
stant; it will first be shown that v and v are equal on the closed conical domain with
base {z € C : |z| < ¢} and height aq. Or, if ag > A, then u and v will be shown to
be equal on the same cone truncated at height A. In terms of the function spaces,

this will amount to showing that whenever 0 < s < ¢gand 0 <t < min{a(g—s),A},
[[u(t) —v($)]ls =0, (2.46)
where, for notational convenience, we define

lullo = |u(0)].
Let

= = sup {[Iu(t) —v(t)||s (9—(—(—1;—3) — 1) :0<s<gand 0 <t < min{a(gq— s),A}} .

Assuming that = is finite, it will be shown that o can be chosen sufficiently small
that = must vanish. Then the proof that = must be finite will follow.
Let 0 < s < ¢ and 0 < ¢ < min{a(g — s),A}. The radius r in inequality (2.45)

may be chosen to depend on 7; specifically it may be chosen as

1 T
r=gle-5+e)

Then inequality (2.45) becomes
t ¢
lu@) = o)l < [ 75— llu(r) = o()ld
° 3 le-2-9)

t dr

<%(Q(Q;5)+T) _ 1) (a(q _ S) _ T)
- [t 7d
B 400@/0 (a(g—s

t
< 4CaZ———,
alg—s)—t

< 2Ca= /
0

=

N’
!
\]
S~—r
(3%
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so that

that is,

(1]

<4Ca

[

Therefore, if a < 1/4C, then = = 0, assuming that = is finite.

It will now be shown why = must be finite. The difference v — v is a continuous
function mapping the closed interval [0, A] to H,, so that it must be bounded;
therefore, let A be the finite number

A = sup{|lu(t) —v(t)lly - ¢ € [0, Al}.

Now

= = s {Jlt et (2222 ).

0<s SqandOStSmin{a(q—s),/_\}}

TP {[ , C ) = vl (3@7‘-‘—) - 1) :

0 <s<gandd <t < min{a(q— s),A}} (by (2.45))

sup{ tCA (a(q—-s) B l) :
qg— 38 3

0<sSqandOStﬁmin{a(q—s),A}}

AN

IN

= (CAsup {a —
= (CAca.

8:O<sSqandOﬁtSmin{a(q—s),A}}
q.._.

Therefore the conclusion of the last paragraph is valid, so that in fact
[[u(?) = v(@)lls =0

whenever 0 < s < ¢ and 0 < ¢ < min{a(g — s), A}, that is, whenever
t€[0,aq)N[0,4]

and

t
0<s<q—;.
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For each

choose

It has just been seen that
[w(t) = v(@)]ls = 0.
By the injective property of the scale operators, since

u(t) —o(t) € Hy,

it follows that
[|w(t) = v()llg = 0.

Thus it has been shown that the solutions uw and v are equal on the interval

[0,aq) N [0,A]. Depending on the value of «, this interval may not be the full

interval [0, A], but in that case an inductive approach can be taken.

Suppose that v and v are equal on the interval
[0,F) C [0,A]
Assume for notational simplicity that
Ez%g
To show that u and v are equal on the interval
[mE+%§mmAL

first note that u and v are equal on the closed interval

aq
QE——ﬁ.
[ 2

Now define

= = sup {num — ()]s (;—_ﬁ(éi_)j) _ 1) :

0<s§qandE—%gStSmin{E+a(%—s),A}}.

L
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t=0qg
P ” 4 M—x\ t=0g/2
LT ] 2 (Re)

~_

Figure 2.2: Regions within which uniqueness can successively be shown

The same method used above can be applied to show that = must be finite, and
thus that = =0, 1.e.,

Jru(t) = v(®)lly = 0

whenever
E’-—%g StSmin{E—k%q,T};
consequently « and v are equal on the interval (2.47). Now clearly this procedure
can be repeated to show that u and v are equal on [0, A].
Figure (2.2) illustrates the geometry of this induction, in the case where {H, }
is the scale {B,} of holomorphic function spaces. It is first established that u(t, 2)
and v(t,z) are equal within the bottom cone depicted in the figure, i.e., where
0<|z]<¢and 0 <t<alg—|z]). Analytic continuation, corresponding to the
injective property of the scale operators, immediately shows that u(¢,z) = v(¢, 2)
within the cylinder, open at the top, circumscribing the cone, i.e., where 0 < |z| < ¢

and 0 <t < ag. Now it can be shown that u(t,z) = v(¢,2) on the second cone,
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whose base is the cross-section midway up the last cylinder, using the same proof
as for the first cone. Repeating this, it is inductively shown that u(¢,z) = v(¢, 2)
within the cones depicted, and thus within the cylinders circumscribing them. The
top cone extends beyond the top of the cylinder of height A, so that u(¢, z) = v(¢, 2)
for each ¢t € [0, A], and whenever |z| <gq.

If v and v are two mappings into the scale {H,} of Banach spaces which solve
initial-value problem (2.4), (2.5), then they must be equal on the intersection of

their domains, in the sense that if u(¢) and v(¢) both belong to a space H,, then

u(t) = v(®)]}» = 0.

From the definition of a mapping into a scale of Banach spaces, it can be seen
that if u(t) € H,, then u(r) € H, for every 7 € [0,1]; this is because the domain
of u as a function into H, must be an interval, and u(0) = ug € H,. Similarly
v maps the interval [0,¢] into H,. Since they are both solutions to initial-value
problem (2.4), (2.5), u and v must be equal on this interval, so that u(t) = v(t).
[

In this chapter it was seen how a scale of Banach spaces could be used to
reformulate initial-value problems of the type (2.4), (2.5) as a differential equation
in one independent variable, and existence of a solution to such an initial-value
problem was then established using the method of successive. Note that while the
injective property of the scale operators was instrumental in showing uniqueness
of a solution, the existence result made no appeal to it.

Results similar to this have been shown by others, using the same procedure
of reformulating a partial differential equation as a differential equation of one
independent variable, by suppressing the other variable or variables through the use
of a scale of Banach spaces, defining successive approximations by integration, and
showing that they converge uniformly to a solution to the reformulated differential
equation. One such result appeared in a paper by Sekine and Yamanaka [5], and
deals with retardations in the real variable remaining after reformulation. That is,

they deal with a differential equation
u'(t)=F (2.48)

where the independent variable ¢ is real-valued, the solution u maps into a pre-
scribed scale of Banach spaces, and the right-hand side F' depends not only on ¢

and u(t), but on the behaviour of u over the whole interval [t —d, ¢], where d is some
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positive constant. If ¢ is thought of as time, this differential equation stipulates
the rate of change of some system in terms of the current time together with the
history of the system over the period of length d leading up to the present. An ini-
tial condition for this differential equation must therefore specify u over an interval
of length d. Sekine and Yamanaka consider the initial-value problem combining

equation (2.48) with the condition that
u(r) =0 (2.49)

whenever 7 € [—d,0].
The precise formulation of the problem (2.48) requires some additional notation.
Let

{H,:0 <7 <sp},
with the collection of scale operators
{Jis:0<s<r <sel,

be the scale of Banach spaces into which v will map. Fix some positive constant
d. For each r € (0, s0), let D, be the space of all differentiable mappings from the
interval [—d,0] into H,. If n € D,, then define the norm ||-||, by

Inll, = sup{lin(2)ll- : = € [-d, 0]}

Under this norm, D, is a Banach space. The collection of these spaces forms

another scale of Banach spaces
{D::0<r<s0}

A natural definition for the scale operator @, ; associated with this scale states
that

(@rsm)(z) = Jrs(n(z))
whenever z € [—d, 0].
Ifu:[—-d,T] — H,, where T is some positive constant, then, for each ¢t € [0, T],
define (U(t) to be that point in D, such that

(@) (@) =u(t+2)

for each @ € [—d,0]. There is no new information contained in this function; it is

emphasised that the definitions of {D, : 0 < r < 5o} and “u serve merely notational
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ends. For any ¢ € [0, 7], @ (t) describes the behaviour of u over the whole interval
[t — d,t]. Thus a function F' can be defined, taking one argument from R and one
argument from D,, and mapping into H,, so that the left-hand side of differential
equation (2.48) can be described as

The resulting differential equation
W(t) = F (t, % (1)) (2.50)

does indeed give u/(¢) in terms ¢ and not only u(¢), but the behaviour of u over the
whole interval [t — d, t].

Sekine and Yamanaka proved that if the right-hand side operator F is a con-
tinuous generalised Cauchy-Riemann operator, and the inequality

K

Sg—7T

£ 0)], <

holds for some positive constant K, then the initial-value problem (2.50), (2.49)

has a unique solution defined on the cone of base
{z€C:|z| <so}

and some positive height. The proof is similar to that of Theorem 2.
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Chapter 3

An Integro-Differential Equation

in a Scale of Banach Spaces

The integro-differential equation addressed in this chapter is similar to equation (2.50)
in that 1t gives the solution’s derivative in terms of retarded values of the solution
itself, but not as general, because the retardation is affected by an integral, posing
more stringent conditions on the right-hand side of the differential equation than
in equation (2.50). In another sense, however, it is more general. The derivative
of the solution is given in terms not only of the real independent variable ¢ and
retarded values of the solution, but also of retarded values of the derivative of the
solution. In the next chapter an equation which combines the generality of both
of these equations will be considered; the initial-value problem investigated in this
chapter serves to illustrates the result of next chapter in the context of a specific
scale of Banach spaces and a somewhat concrete retardation operator.
Let
{B,:0<r<so}

be the scale of holomorphic function spaces introduced in Section (1.4), with the

domain restriction scale operators
{I,s;:0<s <71 <sp}.

Let ®,,, X;,, and ¥;, be bounded operators which depend on a real parameter ¢
and map the space B, into itself, for each r € (0, sg). For each r, the operator @,

maps B; into itself; it is required, however, that

Qt,s]r,s = Ir,sq)t,r) (31)
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so that in this sense ®;, and @, can be regarded as the same operator, and we
can refer to either as ®; without risk of ambiguity. This compatibility condition
will be more clearly motivated after the initial-value problem is presented. Similar
compatibility conditions hold for the operators X; and W;. It is also assumed that
®,, X;, and ¥, depend continuously on the parameter ¢, in the sense that for every
r € (0,50), ¢t > 0, and bounded Y C B,, the operators ®,, X, and ¥, converge
uniformly on Y to ®,, X; and W, respectively, as 7 — ¢, for 7 > 0.

The initial-value problem addressed in this chapter is the integro-differential

equation .
W(t) = /O [0:((r)) + Xe(D(w(7))) + Te(w'(7))] dr, (3.2)

where the prime (') denotes differentiation with respect to ¢, and the symbol D
denotes the complex differentiation operator with respect to z, together with the

initial condition

w(0) = wo, (3.3)

where wq € B, for each r € (0, sp), and satisfies an asymptotic bound akin to (2.9)
from Theorem 2. A solution to this initial-value problem is a function mapping
one real independent variable ¢ into the complex function spaces B,, so that the z
dependence of the solution is suppressed in the notation.

It can now be seen how the compatibility condition (3.1) arises naturally. The
mapping w into {B; : 0 < r < so} satisfies the compatibility conditions on a map-
ping into a scale of Banach spaces, so that, letting w, and w; be the mappings of
w into the spaces B, and B,

ws = I; swy.

Differential equation (3.2) in detail is

W(0) = [ [Buwn(7) + Xen(Draan (7)) + Vol ()] dr, (34)
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where D, is the complex differentiation operator mapping B, to B,. Of course

differentiation with respect to ¢ commutes with the scale operator, that is,

Low.(t) = I.,lim
] T ] ¢

1T
_ I, sw.(t) — I sw.(7)
Tt t—T1
() (o)
Tt t—7
= w,(t),

since I, is linear. Thus

t
W(t) = g (8) = [ [Ts®ur(0n(7) + LsXep (s () + Ly (7)) dr,
(3.5)
again appealing to the linearity of I, ;, this time in bringing it inside the integral.

On the other hand, substituting s in for r in equation (3.4) gives

wl(0) = [ [Balws(r) + el Dulws(r)) + Tes(w ()] dr
- /Ot (@51 (wr (7)) + Xe oL o(Dr (0,(7))) + U o(wl(7))] . (3.6)

Comparison of equations (3.5) and (3.6) motivates the compatiblity condition (3.1).

An example of equation (3.2) is the following differential equation:
¢
w'(t) = /O Ri(w(r) + Dw(r) + w'(r))dr. (3.7)

Here the rotation operator

R; : B, — B,

for arbitrary s, is defined by
(R())(2) = f(e¥2)
whenever |z| < s, for each f € B;. Equation (3.7) in detail is
t , , :
%i:-(t, z) = /0 (w(T, e'z) + %_?(T, e'z) + %15(7‘, e”z)) dr. (3.8)
In terms of this formulation, an initial condition would take the form

w(0, z) = wo(z), (3.9)
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where wq is some prescribed function holomorphic on B; for every s € (0, s0). The

differential equation (3.7) states that if, for a given ¢, the holomorphic functions

given by ,
/ w(z)de,
0
4
./o Dw(z)dz
and
w(t) — wo

are added together, and the resulting function is rotated about 0 by and angle of
t, the function w’(t) is obtained.

Before the existence and uniqueness of a solution to initial value problem (3.2), (3.3)
is addressed, the possibility that it is reducible to a simpler problem is considered.

Consider the ostensibly similar integro-differential equation

W)= [ @ (w(r)) + X (D(w(r))) + T (w'(r)] dr. (3.10)

Prima facie, this appears to define the w'(¢) in terms of the history of the solution
and both of its first partial derivatives on the cylinder Q. It can, however, be

differented with respect to ¢, to give

w’(t) = @4(w(t)) + Xe(D(w(t))) + Le(w'(t)), (3.11)

so that integro-differential equation (3.10) is not actually retarded with respect to
t. On the other hand, if the same reduction is attempted with equation (3.2) (even
assuming that the derivatives @}, X} and ¥} of ®;, X; and ¥, with respect to ¢ can

be defined) the resulting expression is

w'(t) = Ou(w(t)) + Xe(D(w(t))) + Te(w'(2))
+ / [@(w(r)) + Xi(D(w(r))) + Ti(w'(7))] dr, (3.12)

which still manifests a retarded nature with respect to ¢. To clarify this point,
consider the example from last paragraph. Differentiating with respect to ¢ yields
62

: Jw : ow :
1t 2t 11
pYD —(t,z) = w(t,ez) + N (t,e"z) + . (t,e"z)
J*w

o . 2 ) . .
+ / <e”4—g etz) + e‘tz—g%—g;(f, etz) + e‘tzg;;(r, e”z)) dr, (3.13)



CHAPTER 3. AN IDE IN A SCALE OF BANACH SPACES 35

which still shows the retarded form of the original equation (3.7). On the other
hand, the corresponding differential equation (3.10) is

t . . .
%?(t, z) = /0 (w(f, ez) + %%(T, e'"z) + %S—(*r, e"z)) dr, (3.14)

which can be differentiated to give

2 . . .
%Zg(t, z) = w(t, e’z) + %_z:(t’ e'z) + %lg(t, ez). (3.15)

Although this equation is functional with respect to the z argument, it is no longer

retarded in ¢, so that, essentially, equation (3.14) is not retarded in ¢.

Existence and uniqueness results now follow.

Theorem 3 Suppose the operators ®;, X¢, and U, depend continuously on the real
parametert and are bounded uniformly with respect tot and r on a certain cylidrical
domain; that is, suppose the existence of positive constants T, Ry, Ry, K, L and
M such that Vt € [0,T], v € (0,30), if ur, uz, v1 and vy belong to B, with

lin —woll, < Ry, [lua — wollr < Ry,

Hvl”?‘ S RQa ”vQ“r S RQa

then

IA

|®iur — Prusl|, Kl|luy — ualls,
IXeDuy — X Dusgllr < L||Duy — Dusl|s,
P01 — Tpvall, < Mlvy — valr. (3.16)
Suppose further that the initial value wq satisfies the compatibility condition
wo,s = Ir swo r, (3.17)

where wo s and wo, correspond to the initial value wy in the spaces Bs and B,,
respectively, and that there exist positive constants Xo, Yo and Zy such that the

points 4(uo), Xe(Duo) and ¥(0) obey the asymptotic bounds

Xo
[[®:(uo)ll> < (oo = 1)
Yo
[Xe(Duo)ll> < (o0 = 1)’
Ol < =2

uniformly int. Then the initial value problem (3.2), (3.3) has a unique continuously

differentiable solution w mapping into the scale {B,}. A positive constant a can
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be chosen such that the compatible functions w, constituting the mapping w are

defined on the intervals [0, a(so — )?].

3.1 Proof of Existence

The existence of a solution to initial value problem (3.2), (3.3) can be established
using a variation of the method of successive approximations similar to that used
in the proof of Theorem 2. Note that any solution w : [0,T;] — B, to the integral

equation

wo+// )+ X (D(w(2)) + ¥, (w'(2))] dedr  (3.18)

also solves initial value problem (3.2), (3.3). Therefore, the successive approxima-

tions are defined by
t 7
w1(t) = wo + / [@T(wo) + X (Dwg) + \I/T(O)J dx dr
o Jo
t
= wy —{—/O T [@T('wo) + X;(Dwo) + \PT(O)} dr (3.19)

and, for k& > 1,

Wi (1) = w0+/ / )+ X, (D(wi(x))) + Tr(wh(a))] dudr.  (3.20)

It will be shown that the sequence {w;} converges to a continuously differentiable
function w. It is first shown, however, that such a limit function satisfies integral
equation (3.18).

Recall from the proof of Theorem 2 that inequalities (2.23) and (2.24) serve the
dual purpose of ensuring that each approximation is definable from the previous
one, in view of the limited extent of the domain of the right-hand side operator F,
and at the same time causing the sequence of approximations to converge absolutely
and uniformly. A similar technique will be employed here. Since the right-hand
side operator F' now takes an argument of retarded values of the derivative of the
solution, and its domain is bounded in this argument as well, it must be ensured
that the derivative remains bounded, and not merely the solution. Let

S = min{%, RQ} , (3.21)

and suppose the existence of a sequence {e;} of positive numbers and a strictly

decreasing sequence {ay} of positive numbers such that, whenever 0 < r < sg and
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0<t<ai(so—r)?

lwi(t) — wi (Bl < €S, (3.22)

and .
der <1 (3.23)

k=1

It is convenient for the condition 0 < ¢ < a?(sp — r)? to imply ¢ € [0, T, and it does

if ST
ag S l
5o

Since the sequence {a;} is decreasing, it suffices to choose a; such that

T
a < VT, (3.24)
Sg

Now
wi(t) = wiy (Dl < eSS < e,

so that, after a telescoping argument similar to that used in the proof of Theorem 2,
[ (B)]l> < Ra,

and therefore the bound in (3.16) on the operator W, can be applied. Further,
definition (3.20) gives immediately

wi(0) = wo,

so that

¢

/w;c(’i'>d7'

0 T
¢

< !

< [ loh(m)lndr,

llwr(t) — woll, = l

whence the same telescoping argument gives
[ (t) = woll, < tS < R,

so that the bounds in (3.16) on the operators ®; and X; are also applicable.

As has been noted, in this proof the differences of the derivatives, as well as of
the approximations themselves, are being bounded. Beyond this, the only difference
between this and inequalities (2.23) and (2.24) is that the regions over which the

bounds take effect are defined by a quadratic relationship between ¢ and r, rather
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than a linear one. This is because the condition that the difference of the derivatives
be bounded is stronger than the condition that the difference of the approximations

themselves be bounded, and cannot be shown on as large a region.
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Provided that inequalities (3.22) and (3.23) hold, for each r € (0,s0) and
t €[0,a*(so — 7)?), the sequence {w} (t)} is Cauchy in the space B, and thus
converges to a point w.(t) € B,. Letting t vary gives a function w] mapping the
interval [0, a®(sp — 7)?) into B,. The functions w/, produced in this way for differing
values of r are compatible. To show this, it is first shown by induction that the
facets wj, , and wj,, of the k*" approximation are compatible, where 0 < s < r < s
and k € N. Firstly, the constant functions mapping [0, a*(so — s)?) to wo,, and

Oth

[0,a2(so — 7)?) to wo,, which can loosely be called the 0*" approximations in B,

and B,, are compatible, by equation (3.17). Clearly their derivatives with respect
to t are also compatible, since they are simply the zero mappings into B, and B,.
Now fix k € {0} UN, and suppose that wy, and wy, are compatible, and also that

their derivatives wj , and wj, . are compatible. Then

Wit = [ (@ealions(r)) + XesDorons(r) + Uo7 d
= [ (Busstone() + XeaDuLston (7)  Wa L, (7)) dr
= [ (TBurions(7) + LXa Dy () LWl (7)) dr
= Lo [ (®er(rr(7)) + Xenl Do (7)) + We (), (7))
= LrsWiy, (1),
and
Wit1,s = woys—{»/otw;ﬁl’s(/”)d/’
= Do, + [ Ty, (r)dr
= I, <w0,r + /Oi w2~+1,r("’)d’”>
= L swrp1 ()

therefore, by induction, wj, ; and wj , are compatible, as are w; s and wy,,, for each

ke N. It follows that

[wi(t) = Lswl ()]s =
= lim [Jw (¢) = T owj, ,(£)]]s

= lim 0 =0,

k—co

lim wy , — I, s lim wy,
k—co Thk—oo |

so that w} and w, are compatible, and thus constitute a mapping w’ into the scale

{B}.
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Now w can be defined by
w(t) = wo+ | "W (F)dr. (3.25)
This is composed of compatible functions, too, since
ws(t) = wos+ /Dt wi(r)dr
Lo, + [ wl(r)dr
= I <w0,r + /t w;(T)dT>
= I sw(t). :
Ifke N,0<r<soand 0 <t<a?(so—r)?, where
a = lim a; >0, (3.26)

k—oo

then

w(t) = wo— [ [ [8:(w(@)) + X, (D(w(z))) + V-(w'(z)] de dr
< Jeoft) = wisa (0l

4 a0 = wo— [ [ [8r(w(e)) + Xc(Dlw(a))) + Wl (2))] dadr
< Jott) = e @l + [ [ [I12000(@) - . (a@)],

£ IKAD((e) = Xe( D@, + 18! (2)) = o (@)]]] dodr
< Joolt) = wena @l + [ [ [Klho(@) = wil@)l,

+ L|ID(w(2)) = D(wi(2))|l; + M|jw'(2) - wi(2)|.] dedr, (3.27)

T

r

where the numbers K, L, and M are the bounds on ®;, X; and ¥; from inequal-

ities (3.16). If some ¢ is chosen satisfying 0 < r < ¢ < sp and 0 < t < a®(sp — ¢)3,

1 t
q:"—)'(SO—'\K:’*‘T),

for instance

a

P

then Nagumo’s lemma can be applied to the middle term of the above integrand

to give -

”w(t) — wp — /Ot /07 [@T(w(w)) + X (D(w(z))) + \I’,(w’(:c))] dz dr
< ) = wess@le+ [ [ |Kllwle) - o)l +

T

lo(2) — wi(@) ]l

g—r
+ M|w'(z) - wi(az)HT} dzdr. (3.28)

Equation (3.20) gives wi(0) = wp, and similarly equation (3.25) gives w(0) = wo;
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thus, letting
= [0,0%(s0 - q)?),
lo(e) = wi@)ll, < Jfuwe) =iz,
LI () = (@) ledy
[ sup (i@ — wi@ls 15 € Ty
< Tsup{lw'(§) = wi(@l: § € I}

IA

IA

Similarly,
lw(z) = wea (@)l < Tsup{|[w'(7) — wip (@)l - ¥ € I},
and

lw'(2) = wh(@)] < Jw'(z) = wh(2)ll,

< sup{[[w'(y) — wi(@ll, - 7 € T}

A

Inequality (3.28) thus implies

wl(t) ~wo — | t [ (20 w(@) + Xo(D(w(@)) + ¥, (! (2))] da dr
< Tsup{|lw'(§) — wpp (T)llq 2 7 € I}
v [ (KT e M) sup{|[w/(7) = wi(@l, : § € [}dadr
<

T sup{[[w'(§) = w2 (D)llq : § € T}

2 LT o o _
+ 5 IxT+;7+zv1 sup{|[w'(y) — wi(§)ll, - ¥ € I}.

L

T

Now since w}(7) — w'(§) in By as k — oo, the suprema in the above expression

tend to zero, so that in fact

wlt) — wo— [ t [ [2:w(@)) + Xo(Daw(@)) + o(w'(2))] dar dr

that is, w(¢) and

wo — /Ot /OT [@T(w(:c)) + X, (D(w(z))) + \I/T(w'(x))] dz dr

are equal in the space B, so that initial-value problem (3.2), (3.3) is solved.

=0,

r

The successive approximations wy, as well as the solution w, are continuously
differentiable mappings from the interval [0, a*(so—7)?] into B,, for each r € (0, o).

Consider the first approximation, w;. Definition (3.19) implies

wy(t) =t [@T(wo) + X, (Dwo) + \I/T(O)} ,
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which is continuous with respect to t. Now suppose that wy is continuously dif-
ferentiable with respect to . If [t,¢ + A] C [0,a%(so — r)?], where h is some small

number, then
Wiy (t+ h) — wieyq (2)
t+h
= / [®t+h<wk(,~)) + Xeen(Duwi (7)) + Leen(awi(7))] dr
(wi(7)) + Xe(Dwi (7)) + \I!t(wi(T))} dr

t

[ [o
[(Been = @)(w02() + (Kegn = X)(Duon(r)) + (T — L) (w(r))] dr

i
S~ 5— 3

£ [ [@en(wn()) + Xera(Dur(r) + Wgn(w(7))] dr

t

+ J, (3.29)

Il
—

say. The functions wy, Dwy and wj, are, by hypothesis, continuous on the compact
interval [0, a*(so — r)?], and therefore bounded by some positive constant =. Since
the operators ®;1; — @4 Xippn — X¢ and Wypp, — W, converge uniformly to the
zero operator on bounded sets as A — 0, the integral / tends to 0 as A — 0.
The integrand of J is bounded, because the operators ®;,r, Xiyn and Wiy are
bounded uniformly with respect to ¢ + h, and their arguments are bounded by =.
As h — 0, the range of integration defining J approaches zero, so that J — 0.
Therefore |Jwi,,(t + h) — w1 (¢)|lr — 0 as B — 0, and w4y is thus continuously
differentiable with respect to ¢; by induction, wy is continuously differentiable for
each £ > 1. Now w’ is the uniform limit of the sequence of continuous functions
{w.}, and is thus continuous itself, so that w is continuously differentiable.

It has been shown that if sequences of positive numbers {¢;} and {ax} can be
found such that ap decreases to a positive limit a, inequality (3.23) holds, and
whenever 0 < 7 < sp and 0 < ¢ < a}(so — r)?, inequality (3.22) holds, then the
approximations wy, for k = 1, 2, ..., converge to a continuously differentiable
mapping w solving initial-value problem (3.2), (3.3). The solution w comprises the
functions w,, for 0 < r < sq, and each w, maps the interval [0, a®(so — r)?] into the
space B,.

It will be shown by induction that, for 7 > 1, the inequalities

lw}(t) — w1 (B)]ls < S (330)
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and

(a;(so—s) — L
M; (ai(s0 o) 22) (3.31)
(aj(s0 — 5) = V)

hold whenever 0 < s < sgand 0 <t < a?(sc — 8)?, for some sequence of positive

[[05(2) = wi_a ()]s <

constants {M;}, and assuming certain relationships between the sequences {e}
and {ax}. Inequality (3.31) is a catalyst inequality facilitating the establishment
of inequality (3.30). These two inequalities together are the analogue of inequali-
ties (2.23) and (2.30) in the proof of Theorem 2. As in that proof, after it has been
determined what relationships the sequences {ex}, {a;} and {M};} must satisfy in
order that this induction can work, the sequences will be specified so as to satisfy
those relationships.

In the case j = 1, w;_1(¢) is to be interpreted as the initial value wo, and
consequently w}_,(¢) is equal to 0. Recalling equation (3.19), we see that if ¢ and

r satisfy the relations 0 < 7 < sp and 0 < ¢ < a?(sg —r)? < 1, then

i
[l = | [ (@i(wo) + X(Duwo) + w(0)] dr
= | ®:(wo) + Xi(Dwo) + T, (0)],
Xo+ Yo+ 2o
< t—— .32
< (50— 1)? (3.32)
Therefore, if M; = a‘;fs()(Xg + Yo + Zp), then
) My Mi(ai(so—s) =%
lwi(B)]], < — < ( 22)
150 (al(So —s8)— \/E>
whenever 0 < s < sg and 0 <t < a?(so — )%, and if
2 X— 7 Z
o> Al °+;°+ ), (3.34)
then
[[w;(t) — woll- < €S (3.35)

Suppose inequalities (3.31) and (3.30) are valid for j = k; if & > 1, then
equation (3.20) gives
£
ha ) = k@)l = | [ [2e(wn(r)) = @ufwis(7)) + Xe( D7)

= Xu(Dwpea (1)) + Tu(w(r)) = Vel (7))] dr (3:36)

)
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Nagumo’s lemma and Inequality (3.16) imply
7 7 LT t / ! ¥ 4
fan(®) — b < [K7+ 2t ] [ i) ~wha (Pt (337

forr € (3, So — ff) Letting N = (KT + M)so + LT gives the simpler bound

[ (8) = wi(B)ls <~ — wy_y (7)[lrdT. (3.38)

For definiteness, let
2
r= (so - —&\[- + s) /2. (3.39)
Inequality (3.31) implies

t M, (ak(SO —-7r)— —\/—;)

t
wi (1) —wi_, (D)]|,dr < / 2 Ldr
k) = il < [ =
_ Mt
CLk(SO — 7’) - \/7,z
llfgi
= , (3.40)
Flot i —o) -V
and substituting this into inequality (3.38) gives
N Mt
w1 () —wi (D), <
” k+1() k()” <30-£——3)/2%’*(80+£~8)—\/f
dap M Nt
- asMiNt (3.41)

(ak(so —38)— \/i>2

For each fixed s, the last expression is maximised when ¢ is greatest, that is, when
t=ua2,,(so—s)? Thus

, , 4ak]V[kNaz+1
Wig(t) —wi()|ls £ ——=5 3.42
I (8) — w2, < TR (3.42)
so that inequality (3.30) will be satisfied for j = k£ + 1 provided
41V[kNakai+1 < Sek+1(ak - ak+1)2. (343)
It remains to establish inequality (3.31) for j =k + 1. If
dap M Nt < My (ak+1(50 —$) — ?) (3.44)

(ar(so—s) - \/5)2 T (arsa(so—5) = V%)
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holds for 0 < s < s9, 0 < t < a2,,(s0 — s)?, inequality (3.41) implies that inequal-
ity (3.31) is satisfied. Inequality (3.44) is satisfied if

3
Miyr > 825 N M. (3.45)
ar
For simplicity let
M; = (8a}soN)Y ™' M, (3.46)

for general j, so that, since ar41 < ar < a1, inequality (3.45) holds. Substituting
this into inequality (3.43) gives

4(8&%50]\7)k“1ﬁiﬁNa,kaiH S Sék.;.l (ak - ak+1)2. (347)

It remains to prove the existence of sequences {¢;} and {a;} such that inequal-
ities (3.23) and (3.47) hold. To this end let ¢, = r*=1(1 — ), for some r € (0, 1), so
that the relation (3.23) holds with equality. Now «; must be chosen small enough

to satisfy inequality (3.34). Inequality (3.47) becomes
4(8aisoN) My Nagal,, < Sr*(1 —r)(ar — app)*. (3.48)

Since agy1 < a < ay, this inequality is satisfied if

(3.49)

r

Ry
a 21+J 4Mya; N <8a§30j\') g

Akt Sr(l—r)

Let T' = 45%%% and A =4/ M. In terms of these constants, inequality (3.49)

15
ag

This relation is satisfied with equality if, for all £ > 2,
ay, = “ (3.51)

(1 +TARF2)(I +TAF3) . (1+ 1)

where a; will be defined. Now the existence result requires only that a, = lim;_.. a;

remain positive, and this is true if

and the series

S TA!
t=1
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converges, i.e.,if 0 < A < 1. By the definition of A, this means that

<. J-= 3.53
NS 8eoN (3.53)

Fixing r arbitarily in (0,1), we now have only the restrictions (3.24), (3.34), (3.52),

and (3.53) on ay, and it is clear that these may be satisfied simultaneously.

3.2 Proof of Uniqueness

In this section it is shown that any two continuously differentiable solutions w, and
v, to initial value problem (3.2), (3.3), mapping from the common interval [0, T]
into spaces B, and B, respectively, where 0 < s < r < s, must coincide where

their domains overlap, that is, they must be compatible, satisfying
I s(u: (1)) = vs(t). (3.54)

Suppose u, : [0,T] — B, is a continuously differentiable solution to initial value
problem (3.2), (3.3), i.e.,

t
W (0) = [ [@uurlm) + Xu((Dur)(r) + Wil (7)) dr (3.55)
and
ur(0) = wo (3.56)
in B,. The operator I, is linear and commutes with /, D, ®,, X, and U,; thus, for
Us = dp,slr,
¢
U (0) = [ [0u(uslr) + Xu((Due)(r) + Wilul(r))] dr (3.57)
and
us(0) = wo (3.58)

in B;. If vy € B; is also a continuously differentiable solution, then
t
vi(t) = [ [@:(0x(r)) + Xe((D0)(7) + Wulvl(r))] dr (3.59)

and

v5(0) = wo , (3.60)
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in B,. Subtracting equation (3.59) from (3.57) gives

(1) = (6) = [ [Bu(us(r)) — Bu(wa() + Xe((Dus)(7)
~Xe((Dva)(7)) + Balu () — We(oi ()] (3.61)

Using the bounds (3.16), and letting h(t) = us(t) — vs(t) € Bs for all t € [0,T],

gives
IO < [ [KIB+ S Ol + M (362

provided 0 < ¢ < p < s.

It will firstly be shown that there exists a positive number a such that if
h(r) =0 for all 7 € [0,T], where T is any nonnegative number, and 0 < ¢ < s,
then ||A'(t)||, = 0 for t € [T, T + a(s — ¢)]. This relation and the injective prop-
erty of I, can then be used to show that ||2'()||; = 0: because the holomor-
phic function represented by the point h'(t) is identically zero on the open set
{z € C: |z| < ¢}, it must be identically zero on the full domain {z € C: |z| < s},
whenever t € [T, T + as), and certainly whenever ¢ € [T, T + as/2]. Since h'(0) =
0, this means that A'(¢) = 0 for all ¢ € [0,T); moreover, since also ||A(0)] = 0, it
also implies that A(¢) = 0 V¢ € [0,7]. Thus, the two arbitrary solutions u, and v;
whose difference is given by h are equal.

Let a € (0,min{1/s,T/s}). Fix T € [0,T), and assume that h(t) = &'(t) = 0
whenever 0 < ¢t < T. Since u/(t) and v/(t) are continuous on [0,7], &’ is also

3

continuous on this interval and consequently there is a finite number = such that
= =sup{||F(t)|l,: 0< ¢g<sand T <t <min{T +a(s — ¢),T}}. (3.63)

It will be shown that = < p=, for some p € [0,1), and, thus, that = must be zero.
Let ¢ and ¢ satisfy 0 < ¢ < s and T < ¢t < min{T + a(s — ¢),T}. From the

bound (3.62), replacing ||A/(¢)|| and ||A(¢)|| on the right side both by = for 7 > T

and by 0 for 7 < T, we obtain

t—T

' = [, L - -
IR ()l < ;/T [I& + P + J\J} dr == {(t —TY K+ M)+ . qL . (3.64)
Since t — T < a(s — ¢) < as, and i"_f < a, this becomes
WA (Oly < Za[s(K + M) + L]. (3.65)

Clearly we can now choose some positive number ¢ so small that the factor

a[s(K+ M) + L]
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is less than unity; consequently, = = 0. Note that « is independent of T', and thus,

the desired uniqueness result is shown.
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Chapter 4

A More General Retardation
Operator

The differential equation (3.2) considered in the last chapter is more general than
equation (2.50) considered by Sekine and Yamanaka (op. cit.), in that it expresses
the current derivative in terms not only of ¢ and retarded values of the solution,
but of retarded values of the derivative as well. However, in equation (2.50), the
retardation is more general than in equation (3.2). Leaving aside for the moment
the dependence on retarded values of the derivative, the right-hand side of equa-

tion (3.2) becomes
/0 [@:(u(r)) + Xu(D(u(r)))] dr,

which is a special case of the right-hand side
F (t, (1))

of equation (2.50). Therefore, in this chapter, an equation is considered which
combines the dependence on retarded values of the time-like derivative appearing
in the last chapter with the more general form of retardation considered by Sekine
and Yamanaka. The required notation will be explained first.

The solution u will map into the scale of Banach spaces
{H,:0<r < s}

with scale operators

{J,s:0<s<r<se},
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not necessarily the scale

{B,:0<r < s}

of holomorphic function spaces. In the initial-value problem (2.50), v/(¢) is given
in terms of ¢ and values of u(z) for z € [t — d,1], an interval of fixed size. A point
in the Banach space D, is used to describe the behaviour of u over this interval.
Here, instead, u/(t) will be given in terms of ¢ and values of u(z) and u'(z) for
z € [0,t], an interval of varying length. If ¢ is thought of as time, this differential
equation gives the rate of change of a system in terms of the current time together
with the history of the system over the whole duration from 0 to ¢. Consequently,
a continuum of Banach spaces D! will be required in place of the single space D,.
For each r € (0,s0) and ¢ > 0, let D! be the space of all differentiable mappings
from the interval [0,¢] into H,. If n € D,, then define

il = sup{lin(2)ll, : = € [0, 4]}
Under the norm ||-||%, D¢ is a Banach space, and, for each t > 0, the collection
{DL:0<r<so}
is a scale of Banach spaces. If 0 < s < r < s, the scale operator Q| is defined by

(@r,m)(z) = Jrs(n(2))

whenever ¢t > 0, n € D%, and z € [0,1].
If w:[0,T) — H,, where T is some positive constant, then, for each t € [0,T],
define w () to be the point in D! satisfying

(7 (1)) (2) = ul2)

for each z € [0,t]. Now ‘u () describes the behaviour of u over the whole interval
[0,2].

The initial-value problem considered in this chapter is
J(t) = F (t, T(t), 37(7:)) (4.1)
u(0) = wuo. (4.2)

The initial value up must belong to every H, with 0 < r < sg. The function F'

must satisfy certain conditions:
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(i) There exists a unique wo € H, such that
F(0, 1o, wo) = w. (4.3)

(73) There are positive constants Ry, Rp and T such that ' maps continuously into
H at the point (¢,v,£) wherever 0 < s <7 <s0,0<t < T, |Jv — uol[: < R;
and [|€ = wol; < R,

(iid) F is a generalised Cauchy-Riemann operator with respect to its second ar-
gument, that is, there is a positive constant C such that if 0 < s < r < s,
0<t< T, ||lv— u()]]f_ < Ry, ||l — uo[[: < R; and ||¢ — wo[[: < R,, then

Cli¢ =l

r—38

I[F(t7é/€) - F(t7v7§)[[5 S

(iv) F is a bounded operator, with norm D < 1 uniform in the scale parame-
ter r, with respect to its third argument, that is, if 0 <7 < s, 0 < ¢ < T,
lv — uon, < Ry, ||€ - woﬂf. < Ry and ||lv — wo[[f. < Ry, then

IF(t,v,v) = F(t,v,0)ll, < Dlv ~¢]I; .
(v) As @ — 0, the norm
[ F(a*(s0 — )%, u0, wo) — wol| — 0
uniformly over r € (0, so), that is,

SUP{HF(CLZ(SO - 7')2,“0, wo) — woll, : 0 < r < se} — 0.

é——
Of course, u' (t) can be obtained from ‘u (¢) by differentiation, sinceif 0 < z < ¢,
then

<§7(t)) () = u(z).

- (7)) (2)).

—
An explicit formal dependence of F on v’ (t) is maintained, however, so that con-

ditions (#%) and (iv) above are more easily expressible and applicable.
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Condition (i) is an algebraic compatibility condition, arising directly from the

initial-value problem. The substitution ¢ = 0 into equation (4.1) gives
—
u'(0)=F (0, @ (0), o (O)) .

The space D, to which % (0) and (7,7(0) belong, is isomorphic to H,. The point
% (0) is the function defined on only the singleton {0}, mapping 0 to u(0), and
thus no distinction is made between % (0) and u(0). Similarly (17(0) and u'(0) are
equivalent, so that
u'(0) = F(0,u(0),u'(0)).

Letting wo = u/(0) yields equation (4.3); if this cannot be satisfied, then initial-
value problem (4.1), (4.2) cannot have a solution.

Condition (77) describes the domain of the right-hand side operator F. Its first
argument must belong to the interval [0, 7], and its second and third must belong
to the balls in D! of radius R; and R, centred on ug and wp, respectively. In the

proof, the constants R; and R, will be replaced by

. [ By
S = min {7; - 111001150,122} , (4.4)
where T" is some positive constant not exceeding 7', such that
R
-T-} — lwolls, > 0. (4.5)

(This is a generalisation of equation (3.21) in the proof of Theorem 3.) Suppose, for

example, that u is a mapping from the interval [0, 7"] into the scale { H,}, satisfying
() = woll < 5.

Then
[|/(2) — woll» < R,

so that (7%) can be used to bound w/(¢). Further, if u(0) = uo, then

u(®) = wolls < /Ot]]u'(/’)[lrdf

< [ r) = woll, + lwoll- er
< tS A ||woll-

< TS+ funll

< Ry,

so that the bound (7)) will hold for u(t). Recall that although the initial value wug
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need not belong to H,,, but only to every H, with 0 < r < so, the initial derivative
wo must belong to Hy,; this paragraph indicates the reason.

Condition (4i7) states that F' is a Cauchy-Riemann operator with respect to its
second argument, representing retarded values of the solution. It has been seen
that this can be used to model a first order complex differentiation operator, when
the scale of Banach spaces under consideration is the scale {B, : 0 <r < s¢} of
holomorphic function spaces.

Condition (7v) requires F' to be bounded, uniformly in the scale parameter r, in
its third argument, representing retarded values of the derivative of the solution.
Again referring to the case of the scale {B, : 0 < r < so} of holomorphic function
spaces, the right-hand side of differential equation (4.1) may involve retarded values
of quantities such as u and 3“ , through the second argument, and of derivatives
such as &%, through the thlrd but not of 2

at > gtoz”
Condition (v) allows the first approximation to the solution to be formed in the

proof of existence, and is analogous to the bound (2.9) in Theorem (2).
Now it will be proven, using methods similar to those in previous chapters, that

the initial-value problem under consideration has a unique local solution.

Theorem 4 Under conditions (i) to (v) above, the initial-value prodblem (4.1), (4.2)

has a unique solution v mapping into the scale
{H, : 0 <r<so}.
The domains [0,T,) of the functions
w2 [0,T;) — H.,
constituting the mapping u can be chosen to satisfy
T, = a*sh

for some positive a.

4.1 Proof of Existence

The method of successive approximations will again be used to establish existence.

The integral equation

£) = uo + / <T T(r), é_(f)) dr (4.6)
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is equivalent to initial-value problem (4.1), (4.2). The first approximation u; -is
defined by
= ug—}—/ 7, uo,wg clT. (4.7)

For each 7 > 0, the second and third arguments in the ordered triple

e
T, Ug, Wo

are to be interpreted as those elements in D] which map every point in the interval
[0,7] to the points uo and wo respectively, that is, U represents the ‘history’
from 0 to 7 of the constant function wug, and similarly for iwg. The subsequent

approximations are defined recursively by

ups1(t) = uo -{—/0 F <7‘, g (7), uy, (7‘)) dr, (4.8)

for each k£ > 1.

Differentiating equation (4.7) with respect to ¢ and evaluating at ¢ = 0 gives

ui(0) = F (0,1, 1)
= F(O,UO,’U}())

- Wq-
Suppose u(0) = wp for some k € N. Then

U (0) = F (o, 7(0), Z(O))
= F(0,ux(0),u(0))

= F(0,uq,wo)
= Wp.
Thus, by induction, for each £k € N,
ur.(0) = wo. (4.9)

As in the proof of Theorem 3, it will first be shown that if the derivatives {u}}
of the approximations converge absolutely and uniformly whenever 0 < r < sg and
0<t< a2( 8g — r) for some positive a, then their limit «’ defines a solution u to
initial-value problem (4.1), (4.2) by

1
u(t) = uo + /0 o' (7)dr



CHAPTER 4. A MORE GENERAL RETARDATION OPERATOR 55

The convergence of {u},} will then be established. Fix a > 0, and suppose theie

exists a sequence {ex} of positive numbers satisfying inequality (2.24) such that
llui(t) — woll- < &8 (4.10)

and, for each k € N,
[ty (B) = (D> < €x42S (4.11)

2

whenever 0 < 7 < sg and 0 <t < a?(sg—r)® Fix such r and ¢. The sequence

{u}(¢)} is Cauchy in H,, and therefore converges to some limit u'(¢) € H,. Further,
for each 7 € [0,¢], 7 also satisfies the inequality 0 < 7 < a®(so — r)?, so that the
sequence {u}(7)} is Cauchy in H,, and converges to a limit u’(7). This convergence
is uniform in 7, so that in fact the sequence {Z(t)} converges to a limit ?(t) in

Dt. Choose ¢ > r also satisfying 0 < ¢ < sg and 0 < ¢ < a?(so — ¢)?, for instance,

1 Vi
q:5<30—‘a—+7‘)-

L

— —
Then the above holds for ¢ also, that is, u(t) converges to u’(t) in the space DY

Having defined the derivative u’, integrate it to define the mapping u,

14
u(t) = uo +/0 u'(T)dr.

Now u(0) = uo, and since each of the approximations uy also has initial value uq,
4
le(®) = w®ll = [ () = wi()ldr

t oG
| S (r) = () o

0 i

=)
/ Z€j+1d7

0 i

co k
< a’siS (Z 6§ — > q)
i=1 =1

i

IN

IN

— 0

uniformly in ¢ € [0, a*(so — ¢)?), so that

t
— (.

T

u(t) - uil?)
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Thus

IS
=
S

|
o\\&

y

=1

il
—~

\]
}/

IS
N

\"
N’

~—

5

< lu(t) = wrgr (8]

¥ /Ot( =) - T )

q—rT

Each of the three above norms tends to zero, so that the first expression, hav-
ing no dependence on k, is equal to zero. This implies that u satisfies integral

equation (4.6). Since also
u'(0) = limuy,(0) = limwy = wo,

u satisfies initial-value problem (4.1), (4.2).

As in the previous proofs, a strictly decreasing sequence {ay} of positive num-
bers will be employed, whose limit ¢ will ultimately be made positive. As in
the proof of Theorem 3, it will be shown that, for each j € N, if 0 < r < 50 and
0 <t < a?(so—r)? then

[[u;(t) — u;_l(t)”r <¢€;S. (4.12)

If ¢t € [0,a%(so — r)?), then [0,2] C [0, a?(so — r)?), and inequality (4.12) implies

o Tl < e
wp () —ui_y (B)]| < €8S (4.13)

r

The ‘catalyst’ inequality used in this proof analogous to (3.31) is

aj(so—r) — L
iso=r) =% (4.14)

(aj(so—7) = V1)?

Here uj_,(t) should be interpreted as wo in the case j =1, and {M;} is some

[[w5(2) — w1 (D)l < M;

sequence of positive numbers to be specified. Note that the right-hand side of
inequality (4.14) is increasing with increasing ¢, so that if inequality (4.14) holds
for 0 < r < s0, 0 <t < a?(so — r)?, then also

t

< M; as(s0 = 1) = %

c T (ag(so =) = VAP

(4.15)
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An induction will determine what relationships the sequences {e;}, {ax} and
{M,;.} need to satisfy to ensure that inequalities (4.12) and (4.14) hold. Fix 7"
positive but sufficiently small that inequality (4.5) holds. Each aj must be chosen

small enough that, whenever 0 < r < 5o and 0 <t < aj(sg — r)?,
t<T.

This is implied by

or, since the sequence {a;} is decreasing,

ay <

(4.16)

So

Differentiating equation (4.7),
ui(t) = F (¢, o, o)
Condition (v) implies that there is some number @ depending on ¢; such that, if

aq < (—i, (417)

then whenever 0 < r < sg and 0 < ¢ < a?(sg —r)?,
|14 (t) — woll» < €5, (4.18)

so that inequality (4.12) holds in the case 7 = 1.

The expression

611(30 — 'f‘) — lg

(ar(so —1) = \/%)2

is bounded below, for fixed M; and a;, on the region 0 < 7 < 50,0 < ¢ < a?(sg — 7)?,

M- 1

by the expression

M,

b
180

so that if

M
61;5’ S _'_—1——,
a180

then, by inequality (4.18), inequality (4.14) holds in the case j = 1. Therefore let

My = €,a18085. (4.19)
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Now let ¥ € N and suppose that inequalities (4.12) and (4.14) hold whei-
ever 0 <r <sp and 0 <t <a}(so—r)? for j€{1,2,...,k}. Since the region
0<r<so 0<t<al(so—r)? is contained in each of the regions 0 < r < so,
0 <t<aX(so—r)? for j €{1,2,...,k}, inequality (4.12) holds for each such j
whenever 0 < r < sg and 0 < ¢ < a}(sg —r)% Thus

i (t) - woll, < Znu;a)—u;_l(t)ur

< Z€]S<S

j=1
where u;_1(t) is to be interpreted as wq in the case j = 1. Thus, as explained on
page 52, the ordered triple
— .\ o
(t, ur(t), uk(t)>

now belongs to the domain of the right-hand side operator F, (that is, the facet
of F' which maps from R x D! x D! to H, for each s € (0,7)) at each point in the
region, and conditions (i) and (iv) are applicable.

Now choose 7, s and ¢ satisying
O<s<r<sy (4.20)

and

0<t<aj(so—7) <aj(so—r)* <aj(so—s)’ (4.21)

In view of definition (4.8),

osa (8) — D] = ]] (cm0.d0) - (nasedn0)) - e
Now conditions (7f) and (zv) give
(1) = Ol <~ i) |+ D i) ()] - (429)

If s and ¢ are chosen to satisfy 0 < s < sp and 0 <t < a?(sp — s)?, and r is given

by
1 t
7‘:—(50——\[——{—3),

F

then inequalities(4.20) and (4.21) above are satisfied, and inequality (4.23) becomes

B (4.24)

s

ol < —2 @ TORRYING

(=)l < —— | B(e) - Ga@)| +0
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Because the right-hand side of inequality (4.14) is increasing with ¢, for each
pE (07 50)7

— E— ¢ ailsn — _ /e
) | <mte D= (4.25)
) (aj(‘SO - p) - \/{)2

That is,

t

(1)~ (1) = sup {lu(r) = wy ()] 0 S T < 7)

P

ar(so—p) =L _
< sup {Mk(ak(so—p)—\ﬂ:)? .Ogtg,}
611\-(30“'13)*\/7E

< My

(ar(s0 = p) = V1)*
Further, since u(0) = wug-1(0) = g, the bound (4.14) can be integrated to give

I‘Jkt
ax(so —p) — Vi’

and the right-hand side of this inequality is increasing with ¢, so that

s (t) = weaa (D) <

Mt
ap(so —p) — vVt

Putting p = r in inequality (4.26) and p = s in inequality (4.25), inequality (4.24)

() - G, < (4.26)

becomes
C Mt
wrr (8) = wp(@]ls < '
+ T ORI R OFF EP R
M, (ak(so - S) — %_Z)

whence judicious use of the inequalities 0 < s < sp, 0 < ¢ < ai(so — 5)? will reveal

that

apy1(s0 — 8) — ‘{é

(ar+1(s0 = 8) — \/g)y

Hulk—f-l(t) - “;;(t)”s < My

where

M1 = (16Ca?so + D) M,

so that the bound (4.14) holds in the case j = k + 1. Hence, in view of equa-
tion (4.19), the sequence {M;} is defined by

My, = e1a1505(16Ca%sq + D)k'l. (4.28)
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In a similar fashion to the derivation of the inequality (4.25), the inequality Q

— — I
ur () —u_ (B < eS. (4.29)

p

is implied by the bound (4.12). Inequality (4.27) above was obtained by replacing
the norms on the right-hand side of inequality (4.24) with their bounds derived
from inequality (4.14) with j = k. Estimating the first of these norms in the same

way, but instead using inequality (4.29) with j = k for the second, yields

40M’ktak
(ax(so—s) = V?)

gy () = wp(B)ls < 5 T DerS.

With equation (4.28), this becomes

4C ayasgert

(ax(so = 5) = V1)?

If ¢ is restricted to the interval [0, af,;(so — 5)?), it can be seen that

lthon (1) = a(0)]e < ( (16Ca2ss + DY + D> s

¥ha(8) = 0l < (4Cadsne (2

Qlt1

- 1) (16Cakso + D)1 + Dek> S.

Here, one occurance of a; has been replaced by a;, since a; < ay, to simplify the

manipulations. Thus, if

ar
4Ca;123061
Ql+1

- 1) (16Ca%sy + D)k_1 + Der < €p41, (4.30)

then the bound (4.12) holds in the case j = k + 1, and the induction step is com-
plete.

This means that if sequences {¢;} and {a;} of positive reals can be found, the
latter strictly decreasing, which satisfy the conditions (2.24), (4.16), and (4.30),
then the inequalities (4.12) and (4.14) hold for each j € N whenever 0 < r < sg and
0 <t<ai(so—r)? While the catalyst inequality (4.14) is of no further interest
here, inequality (4.12) implies, as seen earlier, that the successive approximations
uy converge to a solution u on the region 0 < r < 59, 0 <t < a2(30 - 7’)2, which
will be of positive height if

a = lim a; > 0.

k—co

Condition (2.24) is satisfied by the assignment

e = (1 —r)rt?
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for each k, where r is any ratio strictly between 0 and 1. Put

E =16Ca%sy + D.

Require
Vv1—D
a; < 5 (4:31)
4\/ OSO
so that
0< FE <1
Inequality (4.30) is now
4Calse(1 —7) < L 1) E*' 4+ D1 — )"t < (1 = r)rk, (4.32)
ar41
or Cu?
4Caiso [ ak b1
—1|E77 <r—D. 4.3.
k1 <CLL~+1 ) =7 (4.33)

Clearly this is possible only if » > D, but since D < 1, this is allowable.
If condition (4.33) holds with equality, then

ax
1+ 52 (5)

If this is used together with some assignment for a; to define recursively the se-

Ap41 =

quence {ay}, then inequality (4.30) holds. Now

k—1 1
ar = dy H 5

-1
i=1 1+ Ca?s (%)

so that
a*llmak—alﬂ ! T
7= 11+4C’aso (%)

If the series D -
o . o\ k-
k; 4Ca?sg <E> (4.34)

converges, then the infinite product

fi(1+ 22 (3)7)

converges to a finite number (c.f. Titchmarsh [6]), and thus a is positive. The
series (4.34) clearly converges if

r< F.
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Therefore fix E > D by some choice of a; satisfying inequalities (4.16) and (4.31),
and then fix r arbitrarily, such that

D<r<BE.

The conditions (2.24), (4.16), and (4.30) now all hold, and additionally a > 0, so

that the existence result is established.

4.2 Proof of Uniqueness

It will be shown that two solutions u and v to initial-value problem (4.1), (4.2)
mapping the interval [0, A] into the space H,, where A € (0,7] and 0 < ¢ < 3o,
must be equal. From this it will follow that two mappings into the scale {H,}
which solve initial-value problem (4.1), (4.2) must be equal on the intersection of
their domains.
Suppose that
u:[0,A] — H,

and
v:[0,A] — H,

are two solutions to initial-value problem (4.1), (4.2). Their difference is a con-
tinuous function, and is therefore bounded on the compact interval [0,A]. Fix
be (0, l/-;z] , so that whenever 0 < r < g and 0 < ¢ < b*(¢ —r)?, u(t) and v(¢) both
belong to H,. The expression
(b(so — 1) — V1)?
b(sg— 1) — L

2

is bounded above by bsg when 0 < r < ¢ and 0 < ¢ < b*(¢ —r)?, so that the supre-
mum

(b(g =) = Vt)?
b(g—7)— %

2

:O<r<soand0_<_t<b2(q—7“)2}

M = sup {][u'(t) =o' ()|
(4.35)
is some finite nonnegative number. It will be shown that if b is sufficiently small

then M must be zero, implying that

/(&) = V' ()]l = 0
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on the region 0 < 7 < 8¢, 0 < # < b*(so — r)2. By the injective property of the scale
operator, this implies that

[['(£) = v'(t)]lg = 0
whenever 0 < ¢ < b*¢?, that is, that v’ and v’ are equal on the interval [0, b%¢?].
Since

u(0) = v(0) = uo,
this means also that u and v are equal on the same interval.

Let 0 <s<r<qgand0<t<b*qg—r)2 It can be seen from differential equa-
tion (4.1) that

(t) - (@)l = “F (uw),?u))—F(t,*"zw),i?(t))

s
t

C — -

< —[ww- TO| +D | -1, (436)

using the condtions (#ii) and (iv). Integrating the bound

bg—s) =%
W) —v ()|, < M z_ 4.37
o) (0l < M IS (4.37)

noting that u(0) = v(0) = uo, yields
Mt

u{t) —v(t)], < 4.38
Jut) = vOll < s (4.39)

Because the right-hand sides of inequalities (4.37) and (4.38) are increasing with
t, as in the existence proof, these bounds apply also to the retarded expressions,
that is,

t

_g) e
<M blg=s) =%

s (blg—s) =V

W (1) — o (2)

and Y
t
T -0l < —28
[v0 -0l < fr=a
Substituting these bounds into inequality (4.36) gives
C Mt b(g—s) — L
u(t) = o'(t)ls < + DM 2_

and on letting

1 Vit
7'=§<q——b—+8),
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this becomes

_s) =
2C 2Mt L DM blg—s)—%

(—i-shg—s) Vi Bla—s) VIR

Substituting this into definition (4.35) gives

Mt blg—s) — L
M < sup{( 20 2M + DM (9=9)—% )

lw'(2) = o' (@)]ls <

(—f=sba—s) =i (a—s) = VO

(Blg=r) = V)’

blg —r) — 4

N 4CbMt bg—s) =L \ (b(g—r) — Vi)
? { (wq— -V TP =9 = W) b —v)— L

:O<r<qand0§t<62(q—-7°)2}

2

:O<7‘<qandO§t<bg(q—fr)g}. (4.39)

Whenever 0 < s < g and 0 <t < b*(q — s)?,

b(q—é‘)—g > bg —s) — b(q;s) = b(qz_s),

L F

so that

Thus inequality (4.39) implies

8CV(q — 5)M (b(g — 5) — %) bg—s) - %
ns Sup{( (b — 3) — VI +m’[<b(q—s>—-¢i)2)

blg — 1) — V1t)?
lg—r) \/\/) :0<r<qgand 0 <t<b(qg—r)?
b(g—r) =%
= M sup {SC’bz(q —s)+D:0<r<gand 0 <t <b(qg— 7")2}
= M(8Cbq+ D).

Since D < 1, b can be chosen sufficiently small that the factor 8C¥%*¢ + D < 1,
whence, since M is nonnegative and finite, is implied M = 0.

As remarked above, the vanishing of M implies that v and v are equal on the
interval [0,b%¢?]. If b*¢*> < A then an induction can be used to show that u and v
are equal on the interval [0, A]; this is not essentially different from the inductive

approach described in the uniqueness proof of Theorem 2, and is omitted.
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Let u and v be two mappings into the scale {H,} which solve the initial-value
problem (4.1), (4.2). Then, for each ¢ € (0, so), v and v map intervals [0,7,) and
[0,7,), respectively, into H,. If ¢ is a nonnegative number belonging to both of
these intervals, then u and v each map the interval [0, ] into Hy, so that, as above,
u and v are equal on the interval [0,¢], and hence u(t) = v(t). Therefore v and v
are equal on the intersection of their domains, that is, the solution found in the
existence proof is unique.
|

The requirement that the solution wg of equation (4.3) be unique can be relaxed.
It does not appear at all in the existence proof, and only arises in the uniqueness
proof when it is assumed that v and v have the same initial derivative. Thus, if
equation (4.3) has more than one solution, then initial-value problem (4.1), (4.2)
has a unique solution u for each solution wy of the algebraic compatibility condi-
tion (4.3), satisfying v'(0) = wo.

Theorem 3 is a corollary of Theorem 4. Let {H,} be the scale {B,} of holo-
morphic function spaces. Let the operators @, X; and U, satisfy the conditions on

Theorem 3, and let

F (t, @ (1), fu_’(t)) = /: (Pe(u(7)) + Xe(Du(r)) + Vi (u'(7))) dr.

Now conditions (i) to (v) on Theorem 4 hold. The constants Ry, R, and T are
equal in both theorems, and condition (7) holds. The initial derivative wq is equal

to zero since
(0) = [ (@ofulr)) + Xo(Du(r) + ol ())) dr = 0,

and thus condition (73) holds. Conditions (i) and (iv) are easily verified by varying

the arguments first of ®; and X, and then of ¥,. Condition (v) is satisfied, since

a?(sp—r)?
/0 <@a2(50_r)2 (uo) -+ XaE(so-r)2(Du0) -+ \Ifaz(s(rr)z(())) dr

T

= a2(50 - r)2 ((Daz(so_r)z (uo) + Xaz(SO_T)z (Duo) + \Ilaz(sO_T)z (0))
2X0 + YE) + ZO
(so —r)?

= a*(Xo+ Yo+ Zo) — 0

< a2(30 - )

uniformly in r as ¢ — 0. Now Theorem 4 concludes existence and uniqueness of a

solution to initial-value problem (3.2), (3.3).
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Chapter 5

Conclusion

5.1 Summary

This thesis has shown how Scales of Banach spaces arise in the treatment of certain
partial differential equations. It ¢ is real-valued and z is complex-valued, a scale of
complex function spaces can be used to reformulate a partial differential equation
such as

du du
—a~t(t,4) = F(t,p,u(t,é),g—z-(t,é)),

where u 1s to be complex valued, as an ordinary differential equation

Do) = P00,
where U is to be valued in the scale of function spaces, and represents the originally
sought solution u. Now that only one independent variable is formally present, the
technique of successive integral approximations from the standard proof of the
Picard-Lindelof theorem is applicable to an initial-value problem based on this
differential equation. This method was illustrated with the inclusion of Theorem 2
and its proof, taken from Tutschke(op. cit.).

Initial-value problems in scales of Banach spaces involving retardations in the
real independent variable ¢ have been considered by Sekine and Yamanaka (op.
cit.). The two original theorems presented in this thesis in Chapters 3 and 4
incorporate such retardations, and dependence on retarded values of the timelike
derivative was introduced. Without retardation, right-hand side dependence on the

timelike derivative in a first order differential equation is meaningless, for instance,
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the differential equation

au au
S (t) = F(,U(0), ()

can be solved for 2L (t) to give

du

—(t) = G(t,U(t)).

(1) = G(t, U()
However no such simplification is possible in the case of equations (3.2) or (4.1).
For each of these equations, existence of a solution to an initial-value problem was

shown under certain conditions on the the right-hand side operator F.

5.2 Further Work

One avenue for generalisation from here would be into generalised Cauchy-Riemann

th

operators of the n*" order. As in Section 1.3, let f be some holomorphic function

on the disc (1.3), and let zo be some point on the interior of the disc. The Cauchy

integral formula gives a bound not only on d—{( o), but also on ‘; S

(z0), where n
is any positive integer. Integrating around the same circle C' of radius p, (see
Figure (1.1)),

dtf | n! f(z)dz
dzm ()| = %ﬁ (z — zp)7H1

_ nl, Ul

- ‘)'T pn+1

_ il

pn
As p — 8o — |20|, the bound
af, n!|| £l

ClZn (éO)I - So — [ZQ[

is obtained. In terms of the scale { B,} of complex function spaces, this means that

if the operator
dn

dzn
is viewed as mapping from B, to B,, where 0 < s < r < s, then

D" =

1™ <

n!
(r—s)*
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Therefore F': B, — B, is a generalised Cauchy-Riemann operator of order n §f,

whenever u, v € B,,
flu — vl

sy

for some positive constant K. It is probable that similar techniques to those used

[1F(u) = Fv)|ls < K

in this thesis could be used to prove existence theorems for initial-value problems
in scales of Banach spaces for differential equations whose right-hand sides are
generalised Cauchy-Riemann operators of order n, for n > 1. In the case of the
scale {B,} of complex function spaces, a simple example of a partial differential

equation which could be modeled in this way is

ou o™

"a—t_(tr *") = Dzn (t) 3)'

Another possible generalisation would be to consider systems of simultaneous
first order differential equations in scales of Banach spaces. A coupled pair of

equations of the class (2.4), for instance, might be considered.
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