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ABSTRACT

This thesis is concerned with the lifetime distribution of & device
subject to environmental shocks. The terms "device" and "shock" are
used here 1n an abstract cense and although industrial interpretations
are the most obvious, the models described in this thesis can also be

applied in other fields, for example, in bioclogy and finance.

Several models are precented and in each case the main question of
interest is to determine the «class of distributions to which the
lifetime distribution ascsociated with the model belongs. This
approach to the study of shock models 1s taken since 1t 1is often
difficult to derive an explicit eupression for the lifetime
distribution of & device, but if the class to which the distribution
belongs <can be identified it is usually possible to obtain a bound on

the distribution.

Since classes of lifetime distribution have an important role to play
in the study of shock models and in reliability theory generally, the
first part of this thesis is devoted to a review of the classes which
have proved useful in these areas. The classes are defined and some
justification for their use in reliability theory 1is provided. In
addition, alternative characterisations of the classes are given and
it is shown that a function which is closely related to the Laplace

transform can be used to characterise all the classes.

The discussion of shock models commences, 1in chapter two, with a

survey of results pertaining to the standard shock model :-

Ait) = £ P(N(E)=k) P,
where H(t) = {1 - H(t) 1is the
lifetime distribution of a device subject to shocks whose arrival is
governed by the 5ﬁucha5tic counting process ({N(t)}. The probability
that the device survives K shocks is given by By where k=8,1,2,......

This model has received a good deal of attention in the 1literature
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(see, for example, Esary, Marshall and Proschan (1973), A-Hameed and
Proschan (1975), Klefsjo (1981, 1985). The most striking feature of
the model is that under appropriate conditions on {N{t)} the lifetinme

distribution inherits its «class from the discrete class of the

survival probabilities ;ﬁk): : Results are presented under a variety
of assumptions on {N(t)} rang;ng from the assumption of a homogeneous
FPoisson process to the assumption that (N(t)} is a generalised renewal
process. In addition, a model where {(N(t)} is assumed to be a doubly
stochastic Poisson process is introduced. For the more general models
it is often the case that the life distribution H inherits 1its class
not only from the survival probabilities but also from the class of

the shock interarrival time distribution.

The final part of this thesis is concerned with shock models in which
failure occurs according to some specified mechanism. In particular,
two methods of failure are considered. Firstly, the case where
failure occurs on the occurrence of a shock which exceeds some
critical threshold is studied and, secandly, the case where failure
occurs when the total accumulated damage due to shocks exceeds some
critical threshold is considered. In both cases, the initial appreoach

is to use the standard model with an appropriate structure imposed on

the survival probabilities (F,) . A more general approach which
allows for some dependency betueenk-:he shock magnitudes and shock
interarrival times and, 1in the case of the cumulative damage model,
for wear or recovery between shocks, is then adopted. Such models
have been studied by Shanthikumar and Sunmita (1983, 1984) and by
Shanthikumar (1984). Their results are summarised and the importance
of the class of the shock inter-arrival time distributions in
determining the class to which the lifetime distribution of the model
belongs is noted. In addition, some minor extensions to

Shanthikumar ‘s (1984) work on the cumulative damage model are made.
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INTRODUCTION

This thesis is concerned with the lifetime distribution of a device
subject to shocks., The terms device and shock are used here in an
abstract sense so, depending on the context, & device may be
interpreted as: for example, a biclogical organismy, a financial
account, or a piece of industrial machinery. Similarly, a "shock" may
be interpreted as a myocardial infarction, a demand or withdrawal, or,
in the industrial context, as & blow which causes damage to the device

or even as a repair causing negative damage to the device.

The study of shock models is approached from the point of view of
establishing the class of distributions to which the lifetime
distribution of the model belongs. The justification for taking this

approach is that :-

a) 1in practice it is often difficult to obtain an explicit expression

for the lifetime distribution of a device subject to shocks, and,

b) 1if the class to which a distribution belongs can be determined, it

i1s usually possible to obtain bounds on the distributiaon.

Since the study of Shock Models is approached in this way, Chapter One
of this thesis 1is devoted to a summary of the classes of life
distribution useful 1in studying Shock Models and in Reliability
Theory, agenerally. The <classes are defined and some justifications
for their wuse in Reliability Theory is presented. Alternative
characterisations of the classes are provided using a function closely
related to the Laplace Transorm and, where appropriate, the Total Time
on Test transform. The Chapter concludes with a summary of the
closure properties of the classes under the reliability operations of
formation of coherent systems, mixture and convolution. Some bounds
for distributions belonging to the classes are presented and the

relationship between the classes are summarised.
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Chapter Two includes a survey of the literature on the standard Shock

Model ,

Att) = E PIN(t)=k) Fu
k=0

proposed by Esary, Marshall and Froschan (1973). Here, it is assumed
that schocks arrive at a device according to the Stochastic counting
process {N{(t)} and that the probability of surviving k shocks is given
by Fwx. H(t) = 1 - H(t) is the survivor function for the device 1in
question, i.e. if T is a random variable denoting the lifetime of the

device H(t) = P(T>t).

The main aim of the Chapter is to determine conditions on the survival

probabilities (Fy) and on the process {N(t)} which are sufficient

k=@
for the lifetime distribution H(.) to belong to one of the classes of

distribution introduced in Chapter one.

In Chapter three, some account is made of the actual mechanism by
which devices fail. In particular, two modes of failure are

considered :-

a) the maximum shock model where failure occurs when the magnitude of
a shock exceeds some critical level, and

b) the cumulative damage model where shocks all cause damage which
accumulates until the total accumulated damage exceeds some

critical threshold and failure occurs.

Initially these models are studied by imposing an appraopriate

structure on the survival probabilities (f.) of the standard model
discussed in Chapter two. A more general app:;;ch which allows the
possibility of correlation between the shock magnitudes and the
intervals between shocks and, 1in the case of the cumulative damage

model, the possibility of wear or recovery between shocks, is then
considered.
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Some remarks an the layout of this thesis are 1n order. Theorems,
Lemmas and corallaries are numbered within subsections so that Theorem
(3.1A.1) is the first theorem presented in subsection 1A of Chapter 3.
Equations are numbered sequentially throughout sections, thus equation
(2.1.24) is the Z4th equation of section | of Chapter 2, regardlecs of
whether it 1s located 1in subsecticn 2.1A or 2.1F. This should not
cause too much inconvenience since, with few exceptions, numbered

equations are only referred to locally.

Where a lemma is specific to a particular Theorem, it has usually been
included within the proof of that Theorem so as not to interrupt the

flow of the text.

Owing to some technical problems in the typing of this thesis some of
the notation is not quite standard, for example 's’' has been used
where the Greek letter ‘lambda’ would normally be appropriate. Thus,
the birth coefficiente of a pure birth process are referred to as
S15 S2,... and Foissaon probabilities are given by e™®=®(st)&/|!

In section 2.1E a capital letter, B, has been used to denote a
probability density function rather than a lower-case character as is

mOore common.

In Chapter three the symbol d2/dxdy is used to denote partial

derivative but it is clear from the context what is meant.

Finally, I would like to thank Dr C. D. Lai for his encouragement in
the researching and writing of this Thesis, and Olaf Skarsholt et.al.

for their efforts in making it legible for you to read.
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CHAPTER | :- CLASSES OF LIFE DISTRIBUTION
USEFUL IN THE STUDY OF SHOCK MODELS

~“1.8 Preliminaries

The study of shock models in the context of reliability theory 1is
primarily concerned with the lifetime distribution of & machine or
device subject to random envirocnmental shocks. In general, an
explicit form for the lifetime distribution is difficult to obtain
but, provided it can be established that the distribution belongs to a
sufficiently well-known (non-parametric) class of life distributions,
bounds on the distribution can often be obtained. Consequently, the
study of classes of life distribution is of great importance 1in the

analysis of shock models and in reliability theory generally.

In this Chapter we present a summary of the main classes of lifetime
distribution which have proved useful in reliability theory and, 1in
particular, 1in the study of shock models. For each class, we attempt
to provide an indication of the reascns for the class’'s usefulness and
some alternative characterisations of the class based on the Laplace
transform and the less well-known Total Time on Test transform

(TTT transform) which is discusced briefly below.

Total Time on Test

Suppose n components are placed on test for a period of time, t, then
the total time on test statistic 1is defined to be the sum of the
failure times for each component. If no failures occur, the total

time on test during the interval [@,t] is nt.

The total time on test (TTT) statistic can be defined more formally as
follows :- Suppose that the n items placed on test are assumed to have
a common life distribution F, and that successive failures are
observed at times Ycais, Yeza, ... VYen3s. VYess can be regarded as the

i*" order statistic from a sample of size n from the distribution F.
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The TTT - statistic T(t), 1is given by :-
T{t) = nYeaa + (n-1){Yecz23 = Ye1a) + n-2(Yesa - Yeza) + ...,
£ in-i+1) (Yeia = Yee-13) + {n=-1){t = Yei2)
where § € ({...n) and VYeea =¢ t =¢ Yeue1a

i.e. If we define Yewa =9f @ then,

.
(1.2.1) T(t) = E,-in"j+1)(YtJ: = (Yeg-13) + n=-1)(t-Yeya) .unn.

where 1 belongs to (1...n) and VYees = t =¢ Yeswaa

The TTT —concept was introduced by Epstein and Sobel (1933) who used
the TTT statistic to make inferences about the exponential
distributien. Beginning with a paper by Barlow and Campo (1973), the
TTT concept has been generalised and found to be of use in a wvariety
of areas of reliability theory, e.g., hypothesis testing, model
identification, determination of optimal age replacement intervals and
characterisation of classes of life distribution. Bergman and Klefsjo
(1983) provide a useful summary of the use of the TTT concept in
reliability theory. The generalisation of the TTT concept most useful
for characterizing classes of life distribution is the TTT transfornm

which arises as follows :

The TTT at the time of the 1%*" failure is given by :-

i

T(Yeia) = EJ_}H“j+1)(YEJ1 - Yes-113)

-1
Fnti/n)
Hence, T(Yc1a) = Ia Fafx)du,
Where Fn is the empirical distribution function
-1 d+¥
and Falt) = inf{x:Fnaix) =t}

Now, by the Glivenko-Cantelle Lemma and the strong law of large
numbers it follows that if F is the underlying distribution then with

probability one (W.FP.1)

=1

F e
T(Yesa) -> Ie Fix)dx

uniformly in (@,1) as i/n -> t and n -’ o
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i.e. As i/n -*>t and n -7 o

1
then P{T(Yeuia) =3 ja ?E ;dx uniformly in (@,1]) =1

(c.f. Barlow, Bartholomew, Bremner and Bunk (1972) p.37).
Consequently, we call the quantity

-1
-1 F _tt)

(1.2.2) He (t) = J Fix)dx
the TTT transform of the distribution F.

1+ F has mean, s, then :-

(1.0.3 $rit) = smemeo

is called the =scaled TTT transform of the distribution F.

An interesting property of the TTT transform is that if

Fix) =1 - e where s > B, x > @ then ¢-(t) = t, where @ < t < 1

i.e. the scaled TTT transform carries the exponential distributiaon
into the uniform distribution on [@,1]1 Other useful properties of the

TTT transform include :-

(i) there ls a one to one correspondence between life

distributions and their TTT transform

-1
(ii) He(t) is continuous in t iff F is strictly increasing
s o e =1 . . . . - . -

(iii) He(t) is strictly increasing iff F is continuous.

(iv) 1f F is absolutely continuous, with density 4, and strictly
increasing, then,

d/dt(He (£)) = 1 / K (F(t))

for almost all t belongs to (0,11,
where R(x) = f(x) / F(x)

-1
(v) He (@) = pe, the mean of F.
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We are now in a position to systematically study some classes of life
distribution. The classes to be introduced here are all based on
notions of ageing, the different notions of ageing giving rise to

different classes of distribution.

One of the most straightforward notions of ageing 1is that of
incressing failure rate, which can be characterised by the
instantaneous probability of failure at time t given survival to time
t, inc;;asing as the device ages. The concept of failure rate is

fundamental to much of reliability theory.

Consequently, 1t is essential to begin our survey of classes of life
distribution with the increasing failure rate and decreasing failure

rate classes.
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e 5 ¢ The Increasing Failure Rate and Decreasing Failure

Rate Classes of Lifetime Distribution.

Suppose a device has a life distribution, F, then the conditional
probability of failure during the next period of duration x given that

the device has survived until time t is given by :-

Fixlt) = ( Flt+x) = F(t) ) / F(t)

and the conditional failure rate FR(t) can be defined by :-

(1.1.1) rit) =" Limx-o 1/% { F(t4x) - F(t) / F(t) )
= f(t) / F(t)
whenever the limit exists and F'{t) = f(t)

Thus, the failure rate can be thought of as the instantaneous rate of
change of the conditional probability of failure given that the device
has survived until the present. Alternatively, r{t)dt represents the
conditiaonal probability of failure in the small time interval

(t, t+dt) given that the device has survived until time t.
In the interests of ogenerality, we use the conditional life

(distribution F(x|t) rather than the failure rate, r(t), to define the

IFR and DFR classes as follows:

Definition (1.1.1)

A life distribution F (i.e. a distribution F with F(8-) = @ ) belongs

to the increasing failure rate (IFR) class of distributions if :-

(1.1.2) , Flxlt) = € Flast) = Fetd ) 1 Fatd

is increasing in t

I+ F(x|t) is decreasing in t then F belongs to the decreasing failure
rate (DFR) class.
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Clearly, if F has a density f then F(x|t) increasing (decreasing) in t

is equivalent to r(t) increasing (decreasing) in t

For convenience, we Will often abbreviate the statement "F is a member

of the IFR class" to F is IFR or F ¢ {IFR}
In the case of a discrete sequence of probabilities, it is possible to
define classes analogous to the IFR and DFR classés defined above.

Thus we have :-

Definition (1.1.2)

Let @ = 1y @i, @2z, @3, ... be a sequence of probabilities, then
(Bn)nme 15 discrete IFR (DFR) iff :-

(Ba)® 2= (=€) Bn-i1 Bnaea where n = 1,2,...

i.e. (Bn)a=y is log concave (convex).

In this thesis we will, in the main,be dealing with decreasing

sequences of probabilities {Hkl: nsatisfying B = 1. HWe will term such
sequences as sequences of survival probabilities, The reason for this
is as follows Suppose (pu):_B is a discrete probability

distribution satisfying pe = @. It is convenient to interpret p. as

the P (a device fails on the k*" chock it receives). Now, define

By =df E . ..Ps where k = 0,1,2,...

then Be = 1 and (Bu)« is a decreasing sequence. Further, the obvious

interpretation of :-

B = Pas

Jd=k+1

is that @« = P(a device survives the first k shocks it receives)
where n = 8,1,2,...
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Before proceeding with come examples of IFR and DFR distributions, it
is worthwhile to consider the distinction between repairable and
non-repairable devices. The discussion so far has implicitly assumed
that the device in question 1is discarded upon failure. Often,
however, devices are repaired on failure and placed back 1in service
until the next failure. Thic distinction is of some importance when

one considers the notion of failure rate of a repairable device.

The sequence of failures of & repairable device can be represented by
a stochastic point process (N{(t)? where N(t) equals the number of
failures up to time t.

If M = E(N(t)) it seems entirely reasonable and 1is certainly
intuitively appealing to define the failure rate to be p(t) = M" (1)
whenever the derivative of M exists. According to Thompson (1981) such
a definition is in accord with well established scientific usage of
the word "rate". The problem is that thice latter definition of the
term failure rate is not equivalent to our earlier definition as the

following example demonstrates,

The lifetime of a non-repairable device can be represented by a simple
stochastic process (N(t)} which takes values @ or 1; so that E(N{L)) =
F(t) = M(t); where F is the lifetime distribution of the device. Now,

if the derivative exists, then p(t) = M (L) = f(t) {2 r(t)

Essentially, the difference arises because the failure rate of a
repairable device is the unconditional failure rate of the stochastic
process governing the sequence of failure, while in the non-repairable
case the failure rate is the conditional failure rate of the lifetime

distribution of the device.

In this thesis we are primarily concerned with non-repairable devices
and consequently it is the failure rate in the sense of distributions

that will be of interest to us.

A link between the two notions of failure rate can in fact be drawn
provided one introduces a type of conditional failure rate for

stochastic processes. Thompson (1981) illustrates this as follows :-
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Cansider a non-repairable device of which n copies are sampled and let
N(t) be the number of failures up to time t. Then the number of
copies surviving after time t, S(t) =n - N(t), 1is a pure death

process with transition probabilities given by :-

Pistty =i | (1) = i) where 7 ¢ t
= (@) (FLE)*  (F(t) - FLme-e
e s S
F(r)

{(Fir)y)ys—

]
o,
o
ey
] e~
T T
—_ ] -
- | rt
— ]
— |
w |
—
n
—
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e

i.e., the conditional distribution of the number of survivors given the

survivors to an earlier time is binomial.

Consedquently, E [N{t) - N(7T) | S(1)]

= E [5{7) - S(t) | S(m™)1]
% 5{7) - 8{1) FI(t)
Fir)
= S(T) 1 - F(t)
F(r)

= S1FY Ft) — F{7

F(r)
and hence :-
re(t) = Linm E [ﬁ(t} - N{T Y] SfT1)
3" Sepe e i e -
{(t-1)S(71)
= Linm Fit) - F(71)
T B
tt-1) F(7)
= £(71)
L_———
F(T)
= r(7),

the failure rate of the distribution, F.
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1.2.,. 1f n copies of a2 non-repailrable device are sampled, the failure
rate rit) of the life distribution of the device 1s equivalent tc the
instantanecus rate of change of conditiconal expected number of
feilures  f{given the number of survivors) with respect to time and per

individual at risk.

The function rp(t) can ce interpreted as the conditional fallure rate

of the stochastic pracess {Nit):,
We nnw present some examples of IFR and DFR distributions:-

1) The exponential distribution 1s both IFR and DFR since 1ts
failure rate iz constant. The exponential distribution 1is the

anly distribution with this property.

2) The Weibull dietribution hae distribution functions
Faft) = 1 - e~¢=%>a yhere 5, a > @ and a polynomial failure rate

r{t) = ac{gt)e-1

Consequently, the Weibull distribution is IFR for & »>= 1 and DFR for

B < a =41,

3) The Gamma distribution :-
The density of the Gamma distribution is given by :-

Ou,aft) = sotea-ilg-wt for t »>= @ and s,a > @

and the failure rate of the Gamma distribution is given by:

[rit)1-% = I;(l+uft)"‘ e="" du

hence the Gamma distribution is IFR for & =< 1| and DFR for a = 1.



Fage 18

4) The IDB distribution recently introduced by Hjorth (1983) differs
from the previous three distributions in that its failure rate is
not necessarily moncotone. Consequently, this distribution is
useful for modelling situations involving the so-called bathtub
shaped failure rate. The IDB (increasing, decreasing, bathtub)
gistribution is defined by :-

F(t) = 1 - F(t) = exp(-{st?)/2)

(1+Bt)esm
where s > @, @8 > @, B >0

and has failure rate given by :-

r(t) = st + 8/(1 + Bt)

MNaow 1if st = @ then F is DFR, and,
if s »= @B then F is IFRK, and,
if @ < s ¢ gF then r(t) has the bathtub shape.

The failure rate of a distribution may not always be easy to obtain
explicitly and consequently it is of some use to have alternative

methods of identifying IFR and DFR distribution.

We will present two alternative charactericsations of the IFR and DFR

classes, the first of these 1is based on a function related to the

Laplace transform, F*(s) = f; e mxgFix)

F
Let fpis) = (=1)vde [i=F*{5)]

(1.1.3) = J_ x"/n' e™™" F(x)dx

and define :-

(1.1.4) - aBis) = 1, a%ii(s) =9f gn+1pF

Vinogradov (1973) established the following result :-
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Theorem (1.1.1)

Let F be a life distributicn (i.e. F(B~) = @) Then, F is IFR (DFR) iff

F
(2an(s))pnay is discrete IFR (DFR) for every s > @

2
i.e. for all s > @, af%(s) = (=¢) af_-,(s)af..:(s) where n = 1,2,...

PROOF

We present the proof only in the IFR case. The DFR case follows
similarly. First, suppose that F is IFR and note that in Barlow and

Proschan (1963) it was shown that if F 1s IFR then :-

(o R ARY(B) = ATa_1(B)AT..,(B) where n=1,2,...

Now if F is IFR so is G(t) =1 -({-F(t)e~=*), for every s > @ and
replacing F by G in (1.1.4) above yields

(1.1.6) For all s > @, ﬁ;z(S] = R"n-1(s)AF 4. (5) where n = 1,2,...

and hence 351(51 »= a%np-a1(s)af,.1(s) as required.

The proof of sufficiency requires the following two lemmas; details of
their proofs are omitted here but can be found in Vingradov (1%73).
The first lemma establishes the desired result for all life
distributions with bounded, continuous densities while the second
lemma is used in the extension of this result to more general

distributions.

Lemma (1.1.1)

Let F be any life distribution with a continuous bounded density, f,

and suppose .an'(si >= A h-1(s)AFL+1(5) holds for all s >= @ where

n=1,2,..., then F is IFR.
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Proof

The proof relies on an inversion formula for Laplace transforms and
the fact that the failure rate r(t) = f(t) / F(t) can be written in
terms of the AF,(s) and as a consequence of the condition of the lemma

can be shawn to be increasing.

Leana (1.1.2)

Let Fi.(t) be any life distribution and Fz{(t) defined by
Fz2(t) = 1 - e™=* where t »>= 0.

Suppose that for all s >= @, (AF,(s))2 = Afn-1(s)AF 44 (5)
where n=1,2,...

then,
(Bn(5))2 2= Ba-1(s)Bnesl(s)

where Ba(s) = J_ e™®t t" #(t)dt

F(t) =1 - #(t) =1 - f°F2(t~¥}dF1(Y)-

Now, continuing with the proof of sufficiency of the theorem, let
F2*(t) = 1 - (1+bt)e~®* then it can be shown that Lemma 2 applies with
F2* in place of Fz. This follows from the fact that

Fa*(t) = f:Fe(t—ylsz(y) and by repeated application of Lemma 2. Now,
if Fy is any arbitrary life distribution then Feller vol.2 (1966) has
shown that the distribution #(t) = ;:F:‘(t—y}dF.(y) has a continuous,
bounded density and by Lemma (1.1.2)

(Bn(s))2 >= Ba-1(s)Bn+1(s) and hence by lemma (1.1.1) ¢ is IFR but
¢ -> F. weakly as s -> o and since the class of IFR distributions is
closed under weak convergence (c.f. Basu and Bhattacharjee (1984)) F,

is IFR. Since F. was arbitrary the theorem is proved.
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The (An(s))ha: of the previous theorem can be given a shock-model

interpretation as follows :-

Suppose a device 15 subject toc shocks which each cause a random amount
of damage and let E, denote the amount of damage caused by the ith
shock. If the Ey are i.i.d. with a common exponential distribution of
mean 1/s where s > @ then X = Ey=: E, is a gamma random variable with
density function :-
fals,x) = §o)n-t p-mx
_;;:;;?_ where s > @, n 2= 8, x >= @

Now, suppose that damage is caused only by shocks and that the device
fails when the total accumulated damage exceeds some critical
threshold, C. Further suppose that C is itself a random variable as
would be the case if we were considering a population of identical
devices with significant variation in individual device's ability to

withstand damage.

Now the lifetime distribution of the device is given by
Nit)

Htt) = P(E _ E« < C) where {N(t)} is the stochastic Point Process

governing the arrival of the shocks.

Hence R(t) = E__ P(N(t)=k)P(E _ E«<(C) where P(E _ E:«¢C) 1is the
probability of the device surviving k shocks.

k

Nows P(E _ E«<C)

1 L

fu P(C > E‘-:E‘ I B ~ E1=x) fulsyx)dx

i

= J_ s*x*7! p=®* F(x)dx

ax(8)

where F is the distribution of the threshold, C.

So the (ax(-))y=: defined by (1.1.3) are the survival probabilities in
8 cumulative damage random threshold model. We will meet this model

again in Chapter three.

The Total Time on Test transform can also be used to obtain an
alternative characterisation of the IFR and DFR classes. The relevant
result 1is contained in the following Theorem due to Barlow and Campo
(1975).
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Theorem (1.1.2)

A life distribution F with finite means #s is IFR (DFR) iff the scaled
TTT transform :-

-1
F (e

HEY(t) /0 = (T  Flx)dx)/p

is concave (convex).

Proof

Only the case where F is absolutely continuous (a.c.) and strictly
increasing 1is considered here. Barlow and Campo (1975) extend the
result to more general F via limiting arguments, while Langberg et al
(1988) present an alternative proof which avoids some of the technical

difficulties inherent in the limiting arguments of Barlow and Campo.
Let F be an a.c. and strictly increasing life distribution. Now :-

He=2'(t) = 1 / r(F"*(t) (by property (iv) of TTT transforams

mentioned in section 1.8); where r(.) is the failure rate of F.

So, if F is IFR (DFR) then He=*'(t) is decreasing (increasing) in the
interval (F=*(@), F=*(1)), hence ( He"*(t) ) / p is concave (convex).
Conversely, assume ( He~%(t) ) / p 1is concave (convex) in t then

He'(t) = 1 / r(F-*(t) is decreasing (increasing) in t

i.e. r(.) is decreasing (increasing). F is IFR (DFR) as required.
Other characterisations of the IFR class are possible, e.g. Langberg
et al (19B0) established a characterisation based on weighted spacings

between order statistics.

We conclude this section with a brief discussion of a sub-class of the
IFR class.
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Recall that a lite distribution F was defined to be IFR 1itf,
[Fi{x+t) - Fi(t))l [/ F(t) was increasing in t for all x >= @. This

definition is equivalent to F is IFR iff

(1.1.7) Eiwit) = Bitery S8

is decreasing in t for each . The sub-class we are interested in
consists of those IFR distributions with densities which satisfy
(1.1.7).  Any nun:ﬁegative function, h, satistying (1.1.7) for all «x
in its® support is known as a 'Polya Frequency function of Order 2
(PF2)’

Consequently, 1if a life distribution F has a density f +for which
(1.1.7) holds, i.e. :-

(1.1.8) {f(t+x) / f(t) decreasing in t for all % > @ we say f is a PF2

density.

Many standard distributions in statistics, for example, the wuniform

and the gamma, have FF2 densities.,

It is easy to show that if f is a FF-> density, then the corresponding
distribution, F, 1is IFR (see Barlow and Proschan (1973) p.77). Thus
the class of life distributions with PFz densities is indeed a

sub-class of the IFR class.

It should also be noted that the statement "F is IFR" is equivalent to

"F is PF2". The condition (1.1.8) is equivalent to :-

(1.1.8)° fina=¥Y1) ${x1-v2) 53 8
fluz-y1) fx=2-¥=2)
for all - ® { x1 { x=2 ¢ ® and;
- @ L ¥ { Ya A B and to :-
(1.1.8)" log f(x) is concave on (-0,@)

We could define an analogous sub-class of the DFR class either by

reversing the inequality in (1.1.8)° or imposing the condition :-

bk 9) log f(x) is convex.
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1.2 Tﬁe Increasing Failure Rate Average and Decreasing

Failure Rate Average Classes of Life Distribution

The IDB distribution introduced in the previous section is an example
of a distribution with a non-monotone failure rate. Such
distributions arise quite frequently in reliability problems, e.g.,
the lifetime distribution of a device consisting of two independent
but non identically exponentially distributed components in parallel
has a failure rate which 1is initially increasing but eventually

decreases (c.f. Barlow and Proschan (1973) p.83).

It may be the case, however, that a failure rate which is not monotone
increases or decreases "on the average"”. The average failure rate of

a distribution F with density f is given by :-

t -
8{t) = { far(xldx Y It where rix) = $(x) / F(x)

t

Since - log F(t) = J rix)dx

it is clear that, G(t) ( - log F(t) ) / t

"

hence we have,

Definition (1.2.1)

A life distribution, F belongs to the Increasing Failure Rate Average
(IFRA) Class if4

(1.2.1) { - log F(t) ) 7/ t is increasing in t.
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Definition (1.2.2)

A life distribution F belongs to the Decreasing Failure Rate Average

(DFRA) Class iff

(1.2.2) ( - 109 F(t) ) / ¢ is decreasing in t.

The IFRA and DFRA classes are characterised by the behaviour of

[F_"(t}]”t 1.8y

(1.2.3) F is IFRA it¢ [F(t)1*'’* 1is decreasing in t > @

(1.2.4) F is DFRA iff [F(t)1*/* ic increasing int > @

I+ 8 ¢ a < 1 then [F(t)1*/*t decreasing implies
[F(t)17e =¢ [F(at)lrv=e
i.e. [E(E)I= =¢ F(at).

Hence the IFRA and DFRA <classes can be defined by :-

(1.2.3) F is [IFRA (DFRA) iff
CF(t) 1~ =¢{ (»=) F(at) where @ ¢ a < 1

In the discrete case definitions analagous to (1.2.3) and (1.2.4) can

be wused to define discrete IFRA or DFRA sequences of probabilities as

follows :-

Definition (1.2.3)

Let (R,) be a discrete sequence of probabilities with Qe = { then

nm-

i/n

then (8,)° is a discrete IFRA (DFRA) sequence iff (Q,) is

n=@

decreasing (increasing) in n.
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The IFRQ and DFRA classes arise naturally in a number of reliability
situations, e.g., the distribution, mentioned earlier, of a device
consisting of two independent exponentially distributed compaonents can
be shown to be IFRA. We will see, in our consideration of cumulative
damage Shock Madels in Chapter three that the IFRA class has an

important role to play in this area too.
Barlow and Preschan (1975) provide a good summary of the properties of

the IFRA and DFRA classes including the following result which will

prove useful in the study of some shock models considered later.

Lemma (1.2.1)

A life distribution F is IFRA (DFRA) iff for each s > @ F(t) - e~=t
has at most one change of sign and if one change of sign does occur

then it occurs from + to - (from - to +).

It is well known that the IFRA class contains the IFR class and that
the DFRA class contains the DFR class. This follows from the fact

that F IFR is equivalent to F PFz i.e. log F is concave.

ARs with the IFR and ODFR classes, it 1is possible to obtain an
alternative characterisation of both the IFRA and DFRA classes, via
the Laplace transform. The following Lemma due to Block and Savitts
(198@) will be of use in establishing the characterisation as well és

alternative characterisation classes to be considered subsequently.

Lemma(1.2,2)
Let F be a life distribution with (AF.(5))Cus and (grn(syfg_o defined
as in (1.1.3) and (1.1.4) respectively. If u > @ is a continuity

point of F, § = S(n,u) and lima-seon/s = u then

(1.2.6) limMn-300 an+1(s) = Flu)
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Proof
heile) = i'!""s"”_x" Flx)e™* dx
n!
= {??tx) dGn(x)
(1.2.7) where dGn(x) = gn*1l p=sx yn du

i.e. Gnix) is a gamma distribution and consequently has

ctharacteristic function :-

hn(t) = Eletxt)
=g / s~itl"
So: lima->= hnf{t) = lima->= [{i1-it) / n/ul™"

E‘ut

which is the characteristic function of the one point distribution :-
G(x) = {@ for x < u

{1 for & »>=u

hence Gn(x) =-» G(x) weakly since convergence of characteristic
tunctions implies weak convergence of the corresponding distribution

(c.f. Bilingsley (1968).

. - _
lima->e [ F(x)dBn(x)
 Foodem

Flu) as required-

So limn-se ahes(s)

1

n



Fage 28
Klefsjo (1982) has shown, by a similar argument, that :-
(1.2.8) limn->e ['Bn(x)F(x)dx = [ Fix)dx
and by (1.1.3) and (1.1.4),
1/s Exmnsraki(s) = £ BalOF (0 dx
(1:2.9) S0 limn-»>= [1/5 Exens1dr(s)] = & F(x)dx

whenever limn->= n/s=u. (1.2.8) and (1.2.9) will Prove useful in
establishing alternative characterisation of classes of distribution

to be discussed later.

We can now establish the following result also due to Block and Savits
(1980).

Theorem (1.2.1)

A life distribution F is IFRA (DFRA) iff (af(s))1/n is discrete IFRA
(DFRA) in n for every s > @

Proof

Only the IFRA case is considered here. The DFRA case is very similar.

First suppose F is IFRA and let s > @ be fixed but arbitrary. Then
Ak (s) = L (x"/nt) J(x)d(x) where J(x) = e"™*F(x)

Clearly from the definition of the IFRA class J(x) is IFRA iff F(x) is
IFRA,



Fage 29

Nows AR(s) = Sx™/nt) Tx)dix)

and integration by parts yields :-

ah (s)

1/(n+1) 0 [Px"*1d6(x)
E(x"*1) / (n+1)!

n

= Vn+1

where (Va)t7n is decreasing in n=1,2,... by corrollary 6.5 p.112 of
Barlow and Praoschan (1%975).

i.e. (AR (s))17m s decreasing in n and consequently so is

taf(g))17sn

i.e. (af(s))17n is discrete IFRA and since s was arbitrary the

desired result is established for all s » @.

Now suppose (a:(s))n is decreasing in n. This condition can be

rewritten as :-

(1.2.18) (for all s » @) afii(s) »= [adies(g) In=1/nenes

where n,k=1,2,...

Now let X = p/q where p and q are integers such that @ < p {( g and let
X > @ and aX be continuity points of F (1.2.18) holds for all s > @,
nyk, > @ so in particular it holds for n = ap, k = m(g-p) where m is a

positive integer, and s = n / aX

As m -> @3 n/s =-» aXy (n+k)/s => a and (n+1)/{n+k+l) -3 a

So by taking limits on both sides of (1.2.1@) we have by Lemma
(1aZiZ)s -

FlaX) >= (F(X))=  where @ < a =¢ 1

i.e. (F(X))*/% {5 decreasing in X hence since the set of points (X}

of the type considered is dense F is IFRA.

The TTT transform is not as wuseful in the identification of IFRA
distribution as it is in the IFR case. Barlow (1979), however, has
shown that if F is IFRA (DFRA) then the inverse of its TTT transform

He (x) satisfies.
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(1.2.11) He(x)/x is increasing (decreasing) in x where @ ¢ x ¢ » where
p = I xdF(x)

The converse is wunfortunately false. A function which satisfies
(1.2.11) on its support is sometimes referred to as a starshaped
(anti-starshaped) function. Thus the IFRA property can be written

a8 1 —
(1.2.12) F 1is IFRA iff -log F{t) is starshaped.
We conclude this section with two further characterisations of the

IFRA and DFRA Classes, both due to Langberg et al (198@)

Theorem (1.2.2)

Let F be a life distribution and let Xi,~ be the it" order statistic
from a sample of size n, from F, then F is [IFRA (DFRA) iff
P(Xisn > %x/n) is increasing (decreasing) in n >= N for some N.

Proo¢f

Details of the proof are omitted here but we note that the proof is
based on the fact that :-

P(Xssn > x/n) = (F(x/n))"
Langberg et al (198@) have also established the following result :-

Theorem (1.2.3)

Let F be a continuous life distribution with finite mean. 14 the
support of F is an interval and F(B) = @ then F is IFRA (DFRA) iff

E{Xswn) £ L Exw1 1/(n-k+1)1

is decreasing (increasing) in i where i = 1,2,...,n for infinitely

mAanue .
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“1.3 The Decreasing Mean Residual Life and Increasing Mean Residual

Life Classes of Life Distribution.

An alternative to the failure rate as a means of describing the ageing

of a device 1is the mean residual 1life. The mean residual life

corresponding to a life distribution F is given by :-

(1.3.1)  ee(t) = E(T-t | T>=t)

where T is the random lifetime of the device in questian.

Now,

(1.3.2) E(T-t | Ti=t) = { I:?<t+x1 5 7 EUEY dy

hence

(1.3.3) er(t) = ( fSFG0dx ) /7 Fl8) 5 when F(t) <> @
or er(t) = @ H when F(t) =8

er(t) can be wused to define two classes of life distribution in an

obvious way.

Definition (1.3.1)

Let er(t) be defined as in (1.3.1) or (1.3.2) then 1if er(t) Iis
decreasing we say F belongs to the Decreasing Mean Residual Life Class
(DMRL) and if ee(t) is increasing we say F belongs to the Increasing

Mean Residual Life Class (IMRL).

The IMRL Class has proved useful in a social science context e.g.,
empirical 1labour turnover studies have indicated that the length of
tenure in a job can be well fitted by an IMRL distribution, i.e., the
longer one has spent in a job the more likely one is to stay in the
job (see e.g.,Bartholomew (1982) and Gerchak (1984)). Now, since the

IFR class is characterised by :-

1-Fixlt) = Fixlt) = Fit+x) / F(t)

decreasing in t for all x > @ it follows from (1.3.2) that the DMRL

Class contains the IFR class and similarly the IMRL Class contains the
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DFR Class. No such relationship has been found to exist between the

IFRA and DMRL Classes or between the DFRA and IMRL Classes.

The DMRL and IMRL Classes are related to the IFR and DFR Classes in

another way, as is shown below.

Suppose F is a life distribution with mean sr and denote by :i-
(1.3.4) FP(t) = 1/ke §7F(x)dx

the distribution of the first interval, X, in the equilibrium renewal

process wWith common interval distribution, F for intervals X: where

i=2,3,... Then we have :-

Theorem (1.3.1)

A life distribution F is DMRL (IMRL) iff F~ is IFR (DFR)

Proof

Recall that for any IFR (DFR) distribution G, log § is concave

(convex) i.e., - log § is convex (concave) and conversely.

Hence F”" is IFR (DFR)

iff R™({t) = -1lo9 (1-F"(t)) 1is convex {(concave)-.
Now RT(t) = -log (1/ke [F (x)dx)
and R™7(t) = preF(t) = Fr

IT E(x)dx er (t)

hence R™(t) is convex (concave) iff er(t) is decreasing (increasing)
hence the desired result follows. This result is due to Rolski (1973),

although he stated the result only in the DMRL case.
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the context of renewal theory the result states that if the
stribution of the first interval in the equilibrium renewal process
[FR (DFR) then the common distribution of all succeeding intervals

at least DMRL (IMRL) (and conversely).

The DMRL (IMREL) class has the following property which will prove
useful both in establishing an alternative characterisation of the
class and later in establishing the DMRL property of shock models

under certain conditions.

F is DMRL (IMRL) iff :-

(1.3.5)  h(w) = F(dy - cF(w)  where c = @

changes =sign at most once and if once from + to - (- to +). Discrete

DMRL and IMRL classes can be defined as follows :-

Definition (1.3.2)

A sequence of probabilities @e, @,,... 1s discrete DMRL (IMRL) iff

C(Ehws: Byd 7 n is decreasing f(increasing) inn = 1,2,...

We can now present a characterisation of the DMRL and IMRL classes,

based on the Laplace transform.

Theorem (1.3.2) (Block and Savitts (1980)).

Let F be a life distribution, then F is DMRL (IMRL) iff (affi.e is
discrete DMRL (IMRL) where ax is defined as in (1.1.4).

Proof

Only the DMRL case is considered here, the IMRL case follows by an

exactly similar argument.
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We first prove necessity :-
aferls) = s "C (sx)*/k! ) o™ Flxrdx
Note that the kernel :-

Dulkas)l = { (swl* J k) pres

is PFz. (cf.1.1) Now, PFz functions possess the variation diminishing

property which is discussed in Chapter 2 (see Theorem (2.0.1)) and can

he summarised here as follows :-
If glk,s) 1is PF2 then :-

hik) = f%a(kis)f(s)ds

follows the same sequence of sign changes as f(s) i.e., if f(.) has

ane sign change from + to - then so does h(.).
We note also that :-

s L7 ( (sx)% /7 k') IWFdy - cF (x))dx

= 1/s Eimk+z a1{s) - cake+1(s) where ¢ >= 0@

So, by the sign change property of DMRL distributions described by

(1,3.5) and the variation diminishing property of the FF2 kernel :-

( (sx)ke==x ) /[ !

Qn(k,sl
it follaws that :-

i/s Ef2k+2 atl(s) - cars+1(g) changes sign at most once and if

once from + to -

i.e. Eimusz a6 (5)

dkes(s)

is decreasing in n for all s > @.
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o F
Hernce - Eimks+tr diis5)

ak (s)

is decreasing in n for all s *» @, as is,

B Sits) ak(s)
ak(s) ) arls)
= B1% alis)
__;Ei;;”—p for all s > @
i.e. (af(s)Mae is discrete DMRL.

Now, to prove sufficiency, suppose :-
F L ; .
(ak(s))w-o 1is discrete DMRL

Z -
1.e. Eimi af(s!

is decreasing in k for each s » @; hence :-
F < :
Akan+a (s) Ei""*‘lar(s‘] F= auﬁ:fl.‘-'k,nﬂa‘(s}

for n=1,2,... and k=1,Z2,... and s > @ therefore -

~
]

(1.3.6) liMi-se Aihnes (8] 1/8 Efwe1af(s)

lil'ﬂk-:. akEI(S) i/s E:’Lk»nuafis)

where n={,2,... and s > @

In particular, (1.3.6) holds for :-

n = [Kv / ul i s =%k / u where u and v are continuity points of
F. Thus :-
lima->a (n+k / s) = (u + v) and u = (k / s)

so by lemma 1.2.2 :-

(1:3.7)  limk->= awes(s) = Flu) and

link->e aven+s1{s) = Flu+y)
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Now, recall that by (1.2.9)
(1.3.8)  limk->= 1/s EiZweran(s) = [PF () dx
whenever limek->= (k / s) = u
hence using (1.3.7) and ¢1.3.8) 1in (1.3.6) we have
(1.3.9)  Ftusv) JFodx >= Fao [PFoodx
[r

for all continuity points u, v.

i.e. er(u) = ( LZF(x)dx ) / Fu)

is decreasing in u, and since the set of continuity points of a DMRL

distribution is dense, hence the desired result is established.

The DMRL and IMRL Classes can also be characterised by the behaviour
of a function related to the scaled TTT transform, Klefsjo (1982)

established the following result :-

Theorem (1.3.3)

Let get) = ( 1l-¢e(t) ) 7 1-t
where ¢s(t) is the scaled TTT transform of the Life Distribution F,
then F is DMRL (IMRL) iff @(t) is decreasing {increasing) in t.
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Graphically, this result can be interpreted as in the Figqure (1.3.1)

following :-

§e(t)

RED

Q_—_.—.—_ — _ —

S

Fiqure (1.3.1) F is DMRL 1iff B(t) is decreasing (increasing)

as a function of t.
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“1.4 The New Better than Used (NBU) and New Warse than Used (NWU)

Classes of Life Distribution

These classes of life distribution arise most naturally in the study
of maintenance and replacement policies but the mathematical
tractability of their definition together with the fact that the
classes encompass a wide range of distribution has ensured their
importance in the study of shock models. In particular, the NBU and
NWU Classes have been used to describe some of the more complex models
cansidered in Chapter three where, for example, recavery between

shocks takes place.

Definition (1.4.1)

A Life distribution, F, 1is NBU (NWU) 1iff

(1.4.1)  Fix+t)/Ftt) =< (>=) Fix) for all t »>= @

i.e. F is NBU (NWU) iff

(1.4.2) Flx+t) =< {>=) F(x)F(L)

The expression on the left in inequality (1.4.1) is the conditional
reliability of a used device of age t, while the expression on the
right 1is the reliability of a new unit, hence the terms 'New Better

than Used' and ‘New Worse than Used’.

In the discrete case an analagous definition is as follows :-

Definition (1.4.2)

A sequence of probabilities (B«)iZe is discrete NBU (NWU) iff

Qurer =¢ (>=) Qkul

where k = B,1,2,... and 1 = 8,1,2,...
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The NBU and NWU Classes contain the IFRA and DFRA Classes respectively
(and hence the IFR and DFR Classes) and the same relationship exists
between the discrete NBU (NWU) and the discrete IFRA (DFRA) Classes,
Mo such relationship has been found to exist between the NBU and DMRL

or NWU and IMRL Classes.

As with the other classes of life distribution studied so far, Block
and Savits (198@) have presented a characterisation of the NEU and NWU

Classes based on the Laplace transform. This result is contained in

the following theorem :-

Theorem (1.4.1)

A life distribution F is NEU (NWU) iff

(af(s))Pue is discrete NBU (NWU)

for all s > @ where :-

(af(s))1%-0 is as defined in (1.1.4).

Proof

The proof of necessity is very similar to the proof of necessity in
Theorem (1.2.1) (the corresponding characterisation of the IFRA (DFRA)
Classes) except that the condition (V,)*/m decreasing is replaced by

the result, alsoc due to Barlow and FProschan (1973), that if
T(x) = e **F(x) and cn = (ga/n') where p, is the n*" moment of J(.)

then J(.) NBU implies (cn) is discrete NEU.
To prove sufficiency the condition of the Theorem can be re-written as :-
ale ta) allaits) 32 aSeat®)

for myn=1,2,... and for all s » 0.
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Now arguing as 1in the proof of sufficiency in Theorem (1.3.2) (the

DMRL case) and again using Lemma 1.2.2. it follows that :-

Flu+v) =< F(wWF(v) for all us v > @

No relationship has been found to exist between the TTT transform and

the NBU and NWU Classes.

Langberg (et al) give two further characterisations of the NBU Class
but for our purposes the following result presented by Block and

Savits (1978) will prove more useful.

Theorem (1.4.2)

A life distribution F is NBU (NWU) iff

Fatt-x)dft) =¢ =) Foo {Lact)dFt)

for all % »= @, g »= @ and increasing on (@,an).

Proof
Sufficiency follows by considering :-
glt) = liu,e(t) i u >= @

where Ia is the indicator function of the set A. To prove necessity,
first note that the result certainly holds far functions of the form
g(t) = TIa(t) where A = [t,e) or (t,o). The desired result follows
from the fact that any non-negative increasing function can be written
as limit of linear combinations of such functions (i.e. as the limit
of simple functions). We will have cause to use the follawing

corrollary to the above theorem in a later Chapter (2).
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Corrollary (1.4.1) (Block and Savits (1978)).

Let X and Y be non-negative random variables and suppose X has a NEU

distribution, F, then for all z, y »>= @.

POX+HY 2= w4y | X3x) =0 F{X+Yly)

Proof
FOX+Y > n+y | Xix) = Q?E(x+y-z)ﬁF(z]
(where 6 1is the distribution of Y)
=¢  Filx) ﬂrﬁ(y-z}dF(z]
(since F is NBU and § is non negative and increasing in z).
= Flu) P{X+Y2y)
=¢{ P(X+Y»y) as required.
Another useful characterisation of the NEU and NWU Classes is :-
(1.4.3) Fis NBEU (NWU) iff
- log F(t) is superadditive (sub-additive).
i.e. - log F(t+s) »= (=¢) - log F(t) - log F(s),
for all t ys5 280
This result follows almost directly from the definition of NBU (NWU)

We will have cause to use (1.4.3) 1in Chapter 2.

Class.
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“1.9 The New Better than Used in Expectation (NBUE) and New Worse than
Used in Expectation (NWUE) Classes of Life Distribution

These classes of life distribution are defined by comparing the
conditional expected remaining life of a used device with the expected
lifetime of a new device. Consequently, they are closely related to

the DMRL and IMRL Classes.

Formally, the NBUE and NWUE Classes are defined as follouws:

Definition 1.5.1

A life distribution, F, 1is NBUE (NHUE) iff

al F has a finite (finite or infinite) mean y

and
b} {1.5.1) er(t) = ( [JF(x)dx ) / F(t) =¢ (O=) »
1.8.
(1520 Jf?(x)dx =¢ p F(t)

Now suppose F is DMRL then,

er(t) = | J:?tx)dx ) / F(t)

is decreasing in t and hence,

{1:5:3) « J:'I‘-'(x)dx Y 4 PR =¢ ( {”F(x)dx ) F(B) - me / F(B)

Where pe 1is the mean of F.

Now, the only DMRL distribution with mass at @ is the distribution
degenerate at @, so by 1.5.3 it follows that F DMRL => F NBUE.
Similarly, F IMRL => F NWUE.

As would be expected, it is also easy to show that the NBUE (NWUE)
Class contains the NBU (NWU) Class. In the discrete case, NBUE and

NWUE Classes can be defined as follows :-
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Definition (1.5.2)

A sequence of probabilities(@u)r=e is discrete NEUE (NWUE) iff

a) Er=o O» ic finite (finite or infinite)
and
b) Bl e 20 (38) O Bty s

The relationships between the discrete NBUE (NWUE) and the discrete
DMRL (IMRL) and between the discrete NBUE (NWUE) and discrete NBU

(NWU) Classes are the same as in the general case,

We now opresent three alternative characterisations of the NEUE and
NWUE Classes of 1life distribution beginning as usual with a
characterisation based on the Laplace trancform and due to Block and

Savits (198@).

Theorem (1.5.1)

Detine the sequence laf(s)fﬁ-a as in (1.1.3) and (1.1.4) there 15 a

life distribution F is NBUE (NWUE) iff

(aftsilf-u is discrete NBUE (NWUE) {for all < > @

Proof

We prove necessity first and consider the NBUE case only since the

NWUE case is very similar. We must show that,



‘Eean afls) =X al(s) Eie a%is) for all s > @

Now abis) = CPwn/ntiem™ Fiwdu

(as defined in (1.1.2))

= e IFwm e OF (w)dwdu
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(;here p is the mean of F) Since F is NBUE; and swapping the arder of

integration gives :-
F = -
Anls) D= 1/# J:F{wl L7 tu"/nt)re " dudw

Now, repeated integration of the 1inner integral by

summation of the resultant series, gives :-

Anf(s) 3= Exwnsr(s*w*/k!')e~""dy

Reversing the order of integration and summation gives :-

(.81 AR(s) 3= 1/7F8™*'  Exenes(s*a%(s)
1.e.

C65: 93 pe ankals) B= Pesaes akie)

Nows Ekes ai(sl = Eims Skﬁ:-xis}

Exm1s® JPC u*™ /7 (k-1)! ) e™™“F(u)du

SO Ek=1((sw)*™*) 7 (k-1)! e™™“F(u)du

= s JgF(udu

and substituting this result in (1.5.2) we have :-

(1.5.4) afeite) Beeaahis) = Elneaafis)

parts

with



Page 45

Now, by adding af.i(s) to both sides of (1.5.4) and noting that

ag(s) = 1 we have,

afiits) ERhe aKis) = Brener ok (s)

1]

where n Ly@eman

and hence,
afi(s) Enve akis) 3= Enva afte)

where n = 1,2,...

i.e. (af(s)) e is discrete NEUE. Now Suppose (ai(s))f-a is discrete

NBUE, i.e.,

(1.5.3) for all s > @,

afiie) Brewalils) 3= Eerna% (s)

where n = 1,2;...

In the proof of necessity it was shown that :-

Efs: af(s) cp and caonsequently,

"

e alie) 1 + sp

Thus (1.5.3) can be rewritten as :-

for all s > @,

an(s) (1 + s LFludu) >=  Exen akis)

where n = 1,2,...
i.e. for all s > @

afls)s SF(Wdu >= Ew-nsrakis)

where n = 1,2,...



and hence,

(1.5.6)  sanes(s) LF(wdu >= EZaez al(s)

where n = 1,2,...
Now, define s =9f n/a for some continuity point a of F,

limpg->= n/s = limn->= ((n+1)/s) = 4

Hence by lemma (1.2.2) and equation (1.2.9) letting n -7
sides of (1.5.4) yields :-

Fix)sr >= s JeF(u)du

i.e. Fexr d>=  [F (u)du

and arguing as 1in the proof of sufficiency in Theorem (1.3.2)

DMRL case) it follows that F is NBUE.

then :-
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an

both

{the

The following integral inequality can also be used to characterise the

NBUE and NWUE Classes.

Theorem (1.5.2) (Block and Savits (1978))

A life distribution, F, is NBUE, (NWUE) iff

a) F has a finite (finite or infinite) meany ¥ = J';’?(x)dx and

b)Y  [Patz)F(z)dz =¢ (>=) » [Fa(z)dF(z)

for all non-negative g increasing in (@,a).
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Praoof

Exactly as for Theorem (1.4.2) (the corresponding result in the NEU

(NWU) case).

The scaled TTT transform is quite useful in identifying NBUE and NWUE

distribution as the following result shows -

Theorem (1.5.3)

A life distribution, F, 1s NEUE (NWUE) iff
br(t) = (=) ¢t § @ =< t =¢ 1

where ¢=(t) is the scaled TTT transform of F, as defined by (1.0.3).

Proof

For strictly increasing and continuous distributions F the result
follows directly from the definition of the scaled TTT transform and
the NBUE (NWUE) class, once one makes the substitution t = F(x).
Kletjo (1982b), however, has pointed out that care must be taken in
making this substitution in the more general case since not all NBUE

(NWUE) distributions are strictly increasing and continuous.

The above theorem was first presented by Bergman (1979) in the NBUE
case and later extended to the NWUE case by Klefjo (1982b).

The NBUE and NWUE Classes are probably the classes of life
distribution far which the TTT transform is most useful, since if the
scaled TTT transform 4e(t) can be obtained in a manageable form, a
quick graphical _comparison with the line #e(t) =t can indicate

whether or not the distribution of interest is NBUE or NWUE.
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1.6 The Harmonic New Better than Used in Expectation (HNBUE) and
Harmonic New Worse than Used in Expectation (HNWUE) Class of

Life Distribution.

The role of the exponential distribution is central to much of
reliability theory and application. It seems reasonable therefore to
classify distributions by in some sense comparing them with the
exponential distribution. The classes considered in this section are

defined via such a comparison.

In reliability and queueing theory, the following method of ordering
distribution is sometimes used (c.f. Rolski (1973)): 1If F and G are

two distributions, we say F <. G iff
IoxdB(x) < o and

(1.6.1)  JgF(xddx =¢ JgBx)dx vt =0

It can be shown that (1.6.1) holds iff for every increasing convex

function f,

BHUOdFG0 =¢ [P GO dB )

If in (1.4.1) G denotes the expondential distribution with mean, g,

then we have :-

(1.6.2)  [[Flx) =¢ pe~t/” y t =1

and it is this inequality which is used to define the HNBUE and HNWUE

Classes as follows :-
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Definition (1.6.1)

A Life distribution F 1is HNBUE (HNWUE) iff

(1.6.3)  [Fix) =¢ (¥=) pee=t/pr

"

where FF ﬁ??(x)dx y the mean of F.

Thus, a distribution F is HNBUE iff

where 6 1is the expondential distribution with the same mean as F.

The HNBUE Classes were introduced by Rolski (1975) and further studied
by Klefsjo (1982a).

The name HNBUE arises from the fact that it can be shown that (1.6.3)
holds iff

(1.6.8) t ljf er{x)) " dx ) ={  p ' i o o

where, as befare, the mean residual life :-

erix) = ( ;frtt;dt y 7 Fix)

(1.6.4) says that the integral harmonic mean of the mean residual life

of a used unit is less than or equal to the mean life of a new unit.
0f course, since if G 1is the exponential distribution of mean p then :i-

t /@ eatxtdx ) =

equation (1.6.4) can also be interpreted as a comparison between the

integral harmonic means of er(x) and egfix).

Since the geometric distribution is the discrete analog of the

exponential, it seems reasonable to define discrete HNBUE and HNWUE

Classes, as follaws :-
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Definition (1.6.2)

A sequence of survival probabilities (Bx)xe.e is discrete HNBUE (HNWUE)
itf

EganBie =< (>=) pL1I-1/p17
where # = Eflelw.

Notice that if (Pw)¥ee are the survival probabilities corresponding to

the geometric distribution and p = E:Lapk then Pp = (1-1/p)% and

EvenPr = pLI-1/p1"

We turn now to the question of providing additional characterisations

for the HNEUE and HNWUE Classes.

As in the DMRL (IMRL) case, it is possible to characterise the HNBUE
(HNWUE) class via a condition on the first interval in the equilibrium

renewal process

If F~(t) = 1/pr f F(x)dx 1is the distribution function of the first
interval in the equilibrium process with underlying distribution F

then we have :-

Theorem (1.6.1)

F is HNBUE (HNWUE) 1iff
LI-F7(t)]1 =C (>=) expl-t/prl y t 2= 0

where e is the mean of F (= J[JF(x)dx)
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Proof

F is HNBUE iff

LFtx)dx =¢ Feexpl-t/pe) 4 t = 0
i-e. iff pe - [FFG)dx =¢ P oexPl-t/ur]
(==) [1-F*(£)1 =¢ exPl-t/pur]

The HNWUE case follows, similarly, by reversing the inequalities.

The above result is due to Klefsjo (1982a) as is the following

characterisation based on the Laplace transform.

Theorem (1.6.2)

A life distribution F is HNBUE (HNWUE) iff (af(s)). is discrete HNBUE

(HNWUE) for every = > @; where the af(s) are defined as in (1.1.3) and

(1.1.4).

Proof

We prove necessity first.

Assume F is HNBUE, then we must show that :-

for all s > @,

Edenat(s) =¢ p(s)(1-1/p(s))"

where #(s) = Exema®(s) and n=112y...
Nows Eeen axis) = Bivw s (sx)%~*e="*F (x)dx
k=11

|
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un
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and reversing the order of integration gives :-

[- =] =
Eken ak(s) = JPgnyn-2g-mu f:F(x)dxdu

=( [ s"yr-2g-u *rexpl-u/prl du

(n-2)!

since F is HNBUE and making the substitution pt = u(spe +1)
yields :-
[ -]
Dian ants) =¢  (spe)m P g

(1+spe)n—?
but pls) = (l+spe) {c.f. proof of Theorem 1.5.1)
hence,

O
Ex=n ak(s) =¢ (p(s)-1)"

8 £ ) Ream

pis) (1 - 1/K(s))"

M

¥ L] I~
i.e. Eken akr(s) =

as required. Now to prove sufficiency, suppose that the condition of

the theorem holds,
j.ees Evmn ak(s) =¢ p(s)(1 - 1/p(s))"
where s > B8, n = 1,2,...
So Eiones akls) = p(s)(1 - 1/K(s))® - ahis)
= (#(s) - 1)1 - 1/r(s))"
Since £l ar(s) = p(s)

(1:6:5) 1/5 Euones akis) = pe(l = 1/(1+spe))"

where for all s > @, n = 1,2,...
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Now 1let % be a continuity point of F and choose s = n/x then letting
n -> o on both sides of (1.6.3) and using equation (1.2.9) and the

fact that :-

lima->= [ 1 = {(x/Fr) / (n+x/re) 1"

= enxPl-u/rel
we have,
IFlwdy =< reexpl-u/pr]
i.e. Fis HNBUE.

The final characterisation of the HNBUE class that we shall present

here is based on the TTT transform.

Theorem (1.6.3)

A strictly increasing life distribution, F, of finite mean, u, 1is

HNBUE (HNWUE) iff¢
Pe(t) = (=) 1 = exP[-F7*(t)/»] @ =¢ t =C 1

where ¢e(t) 1is the scaled TTT transform of F.
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Proof
F 1is HNBUE iff
IgF(udu  =¢ pe~eim ' x >0

and since F 1is strictly increasing it follows that F is HNBUE i+ff

@ _

ﬁﬁftu)du ={ # expr[-x/F~* (1)1 =<t =1

D
)

i.e. 1 - 1/ L Ftuddu =¢ exPL-x/F7'(t)]

Se(t) >= 1 - exPl-x/F7*(t)]

-~
1]
"

~*

It should be noted that the HNBUE (HNWUE) Class contains the NBUE

(NWUE) Class, since,

Fis NBUE (NWUE) with mean p =3

erl(x) =¢ (=) Pox >= 0
ie. t=¢ 0= Lrler(x) dx
i.e. t 7 Iyter(x))™t dx  =¢ (>=)
i.e. FNBUE (NWUE) => F HNBUE (HNWUE).

To conclude this section we briefly mention a ageneralisation of the

HNEUE (HNWUE) Class which has been introduced recently by Basu and
Ebrahimi (1984). '
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Definition (1.6.3)

A life distribution F, of finite mean p 15 K-order HNBUE

(K-order HNWUE) 1f¢

t / (erix)dy) =< (3=)  px

where k = [,2,...

Definition (1.6.3) says that a distribution is K-order HNBUE if the K
order 1inteqral harmonic mean of the mean residual life of a used unit
is less than the integral harmonic mean of the mean life of a new unit
or, alternatively, of the mean recsidual life of a used unit with an

exponential life distribution.

We will often write K-HNERUE (K-HNWUE) for K-order HNBUE (K-order
HNWUE) .

0f course, for K=1 the K-HNBUE (K-HNWUE) Class is just the HNEUE
(HNWUE) Class. (c.f. (1.6.4)).

Basu and Ebrahimi state that their motivation for introducing these
classes of distribution was two-fold: firstly, to provide a larger
class of alternatives to the exponential distribution 1in hypothesis
testing situations and, secaondly, to establish analytical results for

as large a class of life distributions as possible.

The HNBUE Class is contained by the K-HNBUE Class K »>= 2 and, in fact,
the K-HNBUE Class is contained by the K+!1-HNBUE Class, K »= 1 so that
as K increases the K-HNBUE Classes form an increasing sequence of

classes.

In the HNWUE case the direction of inclusion is reversed, 1i.e., the
HNWUE Class contains the K-HNWUE Class, K »= 2. This follows from the
fact that the K-HNWUE Class contains the K+1-HNWUE Class, K > 1 i.e.
as K increases the K-HNWUE Classes form a decreasing sequence of life

distribution.
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Since the HNWUE class also contains the NWUE Class, the relationship
between the K-HNWUE and NWUE Classes is of interest and it turns out
that the K-HNWUE Class contains the NWUE Class for K 2= 1.

Basu and Ebrahimi have established that every binary random variable

has a distribution which is 2Z-HNBUE, e.g., If F is detined by :-

Fix) =11 B =¢ x < 1
1/4 I = x < 5
X *= 9

Then F is 2-HNBUE. Note, however, that F is not HNBUE and hence the
conclusion of the HNBUE Class within the K-HNBUE Class; K »= 2 is

strict.

We conclude this discussion by noting that +the results {for shock
models presented in Chapters two and three have not as yet been

extended to the K-HNBUE (K-HNWUE) Classes.

2 B The L and T Classes of Distribution

Recently, Klefsjo (1983) proposed two additional classes of life
distribution, defined via a comparison of the Laplace transform of a
distributian with the Laplace transform of the exponential
distribution of the same mean as the distribution of interest. Thus

we have :-

Definition (1.7.1)

A Life distribution F belongs to the Class L () iff
(1.7.1) frem=tE(t)dt = (=()  p/(1+sp)

where » = SF(t)dt
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kletsjo . suggests a number of reasons why the L and [ Classes are of
interest in reliability theory. The most obvious of these is the fact
that the Laplace transform of a distribution is often easier to obtain
in a manageable form than an explicit expression for the distribution
function itself. Another interpretation particularly relevant in a
shock model context 1s as follows: Suppose a device with distribution
F, as of mean u, 1is subject to the possibility of a catastrophe (or
shock) which is always fatal. Suppose further,that the time to the
catastrophe is  exponentially distributed with mean /s, then
ﬂ?e"‘?(t)dt is the probability of a catastrophe in the lifetime of

the device,

Hence, (1.7.1) says :-
F(a catastrophe in the component’'s lifetime)
7= p [/ (l+sp)

i.e. The probability of a catastrophe during the lifetime of the
device is at least as large as the probability of & catastrophe during

a the life of a device with an exponential lifetime distribution.

In the discrete case we can define Classes G and §, analogous to L and
Ly by comparing the probability generating function (p.g.f.) of a
discrete sequence of survival probabilities with the p.g.f. of the
survival probabilities corresponding to the geometric distribution

with the same mean as the distribution of interest.



Fage S8

Definition (1.7.2)

Let (Ov)vew be a sequence of survival probabilities so that :-
B =1 and x =Enee Bi
then (Bx)T=o belongs to the Class 6 (6) iff

(1.7.2) £ @ p* = (=4)  p/p+il-p)p
where 8 =¢ p =¢ 1

It should be noted that the L ({) Class is strictly larger than the
HNBUE (HNMWUE) Class. This follaows 4ram the fact that :-

{1:743) ﬂ?e"‘F(t}dt =
—e'“J;‘F(x}dx lema - sj;"e'“ (_[‘:F(x}dx)dt
= - -mt
B s:e (J:F(x}dx)dt}
and, consequently, if F 1is HNBUE. We have :-

et Eithdt 3= 5 = sfippmtieedin gy

p(l = sp/(1+sm))

p (17 (14sp))

If F is HNWUE, reversing the inequalities in the above argument

shows that F belongs to T.
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That the inclusion in both the L and [ cases 1s «strict follows from

the following examples due to Klefsjo :-

example a) Let F be defined by :-
F(t) = 1 @ =¢ t £ 0.3
a.7 B.3 =< t ¢ 3
2 t =0

then F belongs to L but F is not HNEUE.
example b) Define F by :-

Flt) = 1/2 @ =t < 1
4 t =1

then F belongs to L but is not HNWUE,

The relationship between G and the discrete HNBUE Class and between §
and the discrete HNWUE Class is the same as 1in the general case

discussed above.

Since the L and [ Classes are defined via the Laplace transform, it is
not surpricsing that, as with the other classes of distribution we have
encountered, it 1is possible to characterise the L and [ Classes in
terms of a sequence of functions related to the Laplace transform,

namely, the aw(s) of (1.1.4),

The appropriate result 1is presented below. It was established by
Klefsjo (1983) in a shock model context, i.e., with the ax(s)
interpreted as the survival praobabilities in a random threshold
cumulative damage shock model (c.f. the interpretation of the awx(s)

given in Section 1.1).
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F
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A Life distribution F belongs to L () iff (aw(s))w=e belongs to G (§)

for every s > @

Proof

n,

Suppose F belongs to L i.e. +for all s * @,

e =< Flx)dx »>= pr / (l+spe) where pe = [*Fx)dx

Now, Ewwe aw(s)p® = 1 + E2a (ps)®*t £Re/k! e-=*F(x)dx

= 1+ spfPER-e (psx)*/k! e~=* F(x)dx

(1.7.4) = k4 SpptecsA el By idy
(1.7.9) »= 1 + ps e
1+s(1-p) pe

since F belongs to L

Now recall that

plS) = Exae awis) = 1 + spe

hence, U - pPs pre

p(s) (1=-p)+p
i.e. by (1.7.4),

Ekee ak(s)pk )= pis)

pis) (1-p)+p
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and this holds for all s » @ and for all p in (0,1) so

(af(5) ) Fun belongs to G
Now assume laf(s]ff-m belongs to 6 so that by (1.7.5) and the
definition of G :-

1+ sp fem=xci-e> Fx)dx >=  pl(s)

ptl{l-plpis)
for all s > @ and p c (@,1)
{8 [ e-e=xt1i-e> F(x)dx = pis) 1
ps(pt(l-plpls))  sp
= (1+Spe)=(p+(1-p)) (14spp)

(1:?-?‘ = rFE
1+(1-p)spe
where s > @, p in -~ (8,1)
1|E|
(1.7.8) e =" Fix)dx >= P
15 pe
where s’ = s({-p)

and since (1.7.7) holds for every s » @ and every p belongs to (@,1)
so also does (1.7.8) hold for every s’ > @

i.e. F belongs to L.

The [ case follows by reversing inequalities.
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“1{.8 Closure properties

In the previous sections we have studied a number of classes of life
distributions. In the first part of this section we turn our
attention to the question of whether distributions from a particular
class vyield distributions +from that class under certain cperations,
e.0., a reliability practitioner may be interested in the convolution
of MNBU distributions since convolution corresponds to the addition of

life lengths of independent components.

Three operations on distribution functions, often referred to in the
literature as reliability operations, are of particular interest in

reliability theory :-
al Formation of Coherent Systems

Suppose a system consists of n components, then at any given time each
component may be in one of two states, functional (denoted by a ‘1)
or non-functional (denoted by a '@°). Let #(x1,...%a) be the
structure function of the system where %, ¢ {@,1} and i=1{,2,...n and
¢(x) ¢ {@,1} then a system is said to be coherent if ¢ is increasing

in each argument and for :-

.(xlglllxi—1| 11 xl.-rl.,-;-}(n} <
.(x‘,lllx‘_I‘ a, X1+:,...Kn]

where 1 = l,...n

Series and Farallel systems are of course coherent.

It is of interest to determine whether the 1life distributions of
coherent systems of components with life distributions in a particular

class belong to that class.
b) Convolutian

As stated previously, convolution of distributions arise naturally in
reliability as the distribution of the sum of independent 1life

lengths.
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c) Mixture

Suppose Hac¢.»(t) 1is the survivor function of a device subject to

shocks whose arrival is governed by an inhomogeneous Foisson process

with mean value function,
iy = j‘:s(x)dx /t

Mow suppose the rate (or intensity) function 1s 1itself random 1.e.
for every ¥ *» B, S(x) 1is a random variable, =o that the process
governing the arrival of shocks i1s in fact a doubly stochastic Foisson
process. The survivor function of a device subject to such a shock

process 1s given by :-
Rlt) = Esc.r[fuc. (t)]
1.6, a mixture of the survivor functions fHac.s(t).

We will study such a model in Chapter two and, consequently, it is of
interest to determine whether or not a class of distributions is
closed wunder the wmixture operation, i.e., whether a mixture of
distributions from a particular class 1s still a member of that class.
The closure properties of the classes considered in this Chapter,
under the operations a), b) and c) described above, are summarised in

the following tables :-



Table 1 :

Closure properties of classes with "positive"

ageing under reliability operations.

Formation of Convolution Mixture
Coherent Systems ‘

IFR Not Closed Closed Not Closed
IFRA Closed Closed Not Closed
DMRL Not Closed Not Closed Not Closed
NBU Closed Closed Not Closed
NBUE Not Closed Closed Not Closed
HNEUE Not Closed Closed Not Closed
HNBUE Not Closed Unknown Not Closed

L Not Closed Closed Not Closed
Table 2 : Closure Properties of Classes with negative

ageing under reliability operations.
Formation of Convolution Mixture
Coherent Systenm

DFR Not Closed Not Closed Closed
DFRA Not Closed Not Closed Closed
IMRL Not Closed Not Closed Closed
NWU Not Closed Not Closed Closed
NWUE Not Closed Not Closed Not Closed
K-HNWUE Not Closed Not Closed Closed
NWUE Not Closed Not Closed Closed

E Not Closed Not Closed Closed

Fage &4

It should be noted that a mixture of HNBUE distributions, all of which

have the same mean .5 HNBUE and the NWU and NWUE Classes are closed

under mixtures of distribution that do not cross.
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b L Reliability bounds and Relationships between the Classes of Life
Distribution.
One of the motivating factors for the study of classes of life

distribution is the derivation of bounds on the survivor function for

distributions belonging to a particular class. In this section, a few

The bounds that we will present are based

such bounds are presented.

on & known mean, u, a&and/or a known point of the distribution, i.e.,

F(t*) is assumed known for some t*,

The bounds based on a known mean and a known point of the distribution

are better than those based only on a known mean.

It should also be noted that the smaller the class the better the
bound. Now, in the course of sections 1.1 ~- (.7, the f{following
relationships between the classes of distribution discussed there,
were established.
(a) (IER} ) (Ifﬂﬁ}
i (NEU)
DML sy NS
KBUE}  --3  CK-HNBUE)
(3
(h) {DFR} ==} (DFRA}
: NWU3
(OMRLY - NWuE:
k"'~ HNWUE3
tHRWUE3
(¥
Hence the fact that the bounds for smaller classes are better than

those for
IFR,

than does the HNBUE bound.

larger aones means that if,

for example, a distribution F is

the bound for the IFR class provides a closer approximation to F
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Many bounds are available in the literature but only a few basic
bounds are presented here. Useful references 1in this context are
Barlow and Marshall (I and II, 1964, 19435), Marshall and Proschan
(1972) and Haines and Singpurwalla (1974).

We begin with the IFR Class.

I+ F is IFR with known mean, p —

L B e ) F(t) »= TRbEe t < g
2 t = p

and,

(1.9.2) EF(t) = 1 t =< »
Ha t 7 »~

where We uniquely satisfies , =t t'wn‘dx
If F is DFR with mean p then,

£1.9.3) F(t) =¢ g=t/n t =¢ p
pe=t/t t = p

If F is [IFRA with known mean » then,

]
P
—
poy

1]
e

=

(1.9.4) Flt)

grnt t g

where Wi = wW,(t) satisfies 1 - Wip = et
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If F is DMRL with known mean w and F(t®) = a for some fived t*

known a, then,
% B ) F(t) 2= maw [F(E"), {p-t)/pl,

where @ =< t ={ t* =<

and
ity = pFtY) = TFE*IID {E-t")1 0 p-t*)
where B8 =< t* ={( t =¢ pee
and
gty = @ where £t 7= pea
and where pews = op + tT E(ET) - £
Fit*)

If F is IMEL with known mean x and F(t*) = a for come fixed t*

known a, then,

(1.9.6) F(t)  =¢  p/(p+t) where @ ¢ t =¢ t=

S FOE*) D=t Fit )
F R T e st e e ke e e
prEF(E®) -2t=F (t=)

where t = T*
If F is NBU with F(t*) = a for some fixed t* and known a,
F(t) »= atsk Far  terkEl Ot & ek
for k = @,1,2,..u
and

F(t) =¢ a* for kt® =¢ t ¢ (k+1)t*

Similarly, if F is NWU with F(t*) = a for some fixed t* and known

then :-

and

and
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{1.9.7) - F(t) =¢ attskist y trk+l =5t o Ltk

where k = @,1,2...

Flt) »= ax+1 | kte =¢ t ¢ (k+1)t*

If F is NBUE with known mean p then,

(1.9.8) F(t)  =(p-t)/p where t =< »

If in addition it is known that F(t*) = a for some t* such that

@ =< t* =¢ p, then,

(1.9.9) F(t) >= maxla,(p=t)/p] , @ ={ t =¢ t* =¢ pt*

F(t) 3= 1/p [p-t-a(t-t*)]

and where t* ={ t ={ pt*

where pews 15 as defined in (1.9.5).

I+ F is NWUE with known mean g,

(1.9.1@) F(t) =< p/(ptt) ' t »= 0
and if in addition F(t®) = a for same t* then,
F(t) =¢ pl (ptt) y B =C t =C t* { o

(1.9.11) F(E) =¢ min [a,p/(ptt)] i % =¢ & Cte

Flf) =X ‘eemem—s
P+t't. y te ={ t ¢ @

If F is HNBUE with known mean *y



=
ar
ul
i
Cr

£t

(1,9.1%2) gity = exp [(p-tripl ¢ Bes g
Bt = EgTwse , @ E & g
where w = wit) 1¢ the laraest non-negative number for which
(W-t+p) euni-wipg) - p + t = 0@

If F 1s HHWUE with known mean s, than,

(L9131 FL) =</t (l-e7v7m) y L 2= 4

I+ 2 life distribution F 15 E-HMEBUE with mean p then,

(1.9.14) Fit) 3= exp (~uz/p¥) (Wwa-t+pc-yu)

Here, Wy = wz(t) 15 the largest non-negative sclution of -

LAp®=t (Wz—t+p®) exp (~w/ipk)- p + t = 0

I+ a life distributien F 15 K-HNWUE with mean s then,
A — for t 3= 0
t"'/k.'l’i'f.

It appears that no bounds for the L or [ classes have yet been

presented in the literature,.
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CHAPTER 2 : THE STANDARD SHOCK MODEL

~2.8 INTRODUCTION

Suppose a device is subject to shocks or blows which occur at discrete
points in time. Further, suppose that the occurrence of these shocks
is governed by a stochastic point process (N(t)} where for each t > @,
N(t) is the number of shocks suffered by the device up to time t. The
origin, time to = @, can be thought of either as the beginning of the
device's period of service or as the time at which observation of the

device commences.

We are interested in the lifetime distribution, Fy ar more
particularly the survivor function 1-F of the device. If we assume
that the probability of surviving k shocks is given by Px. where k =
1,2,... and that the device fails only on the occurrence of a shock,

so that no failures occur between shocks, we have :i-
(2.0.1) PAT>t) = A(t) = Ex2aP (N(t)=k)Pw

where T is the lifetime of the device. We will assume throughout that

Pe =1

Qur aim is to establish sufficient conditions on the (pk)ﬁ.. and an
the process {N(t)} so that H(t) belongs to one of the classes of life
distribution discussed in Chapter one. O0f particular interest will be
the degree to which the continuous life distribution H(t) inherits its
class from the analogous discrete class of the survival probabilities

(Puﬁ?—o.

The Jjustification for approaching the study of Shock Models in this
way is that once the class to which the life distribution belongs 1is
known, it is possible to calculate bounds on the distribution, (c.f.
1.9) also knowledge of the class of distribution to which a
distribution belongs can often lead to more precise estimation results

and a more appropriate choice of maintenance policy.
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The model (2.8.1) has been discussed extensively in the literature;
Esary, Marshall and Proschan (1973) considered this model in the case
that {N(t)¥ 1is a homogeneous FPoisson process while A-hameed and
Proschan (1973) discussed the more general case where (N(t)} 1is a
non-homogeneous Foisson process. A-Hameed and Proschan (1975) and
Klefsjo (198@) have considered the model (2.8.1) under the condition
that (N(t)} 1is a pure birth process and recently Thall (1981) has
discussed the model (2.@.1) assuming a Poisson cluster process for the
process governing the arrival of shocks. ©Still more general models
for {(N(t)} have been discussed by Block and Savits (1978) and Klefsjo
(1981, 1983).

In this Chapter we will summarise the results of the above papers and,
in addition, introduce a model in which {(N{(t)} is a doubly stochastic

Poisson process.

Firstly, however, it is worth making some general comments about the

model :-
A(t) = Exma P(N(t)=k) Fr.
One notable feature of this model is that the survival probabilities

(Pu) are implicitly assumed to be independent of time. The area of

applicability of the model (2.8.1) is wider than this, however, since
if Pu(t) = P(surviving K shocks in (@,t)) = F(t)Fx where F(t) = Filno
failures not due to shocks in (@,t)) then the survivor function for
the device in question is given by :-
Re(t) = Ewme P(N(t)=k) F(t)Pw
= F(t)Exme P(N(t)=K)pu

(2.08.3) = F(t) gt)

where H(t) is defined by (2.0.1).
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Now, (2.8.3) is the survivor function of two independent components
connected in series hence using the closure properties of the classes
discussed in Chapter one under the formation of coherent systems (c.f.
1.9), the class to which Hg(t) belongs can be determined provided the
classes to which F(.) and H(.) belong are known and are classes which
are closed under the formation of Coherent Systems. Hence,even in
this case the survivor function PA(t) = Exe=e P(N(t)=k)Px 1is of

considerable interest.

The term "shock" has connotations of causing damage. However, in this
thesis the term "shock" is an abstraction which can best be defined as
“an identifiable event in the lifetime of a device" so that, for
example, the shocks of model (2.8.1) may in fact be inspections of the
device. Damage may accumulate continuously but because inspection
takes place at discrete points in time, the model (2.8.1) applies. In
this case the "shocks" themselves cause no damage (assuming inspection
does not damage the device). Another possibility is that the shocks
of the model are actually repairs so that the shocks cause negative
damage. As a consequence of our general definition of the term
“shock" the area of applicability of the results which we will present
is quite wide. It 1is also pertinent to note that a shock in the
context of reliability may be interpreted as a demand in the theory of
inventary control or a claim in risk analysis and, of course, shock

models also arise in Biometry.

Several of the results to be presented in this Chapter rely on the
notion of a totally positive function and some of the results from the
theory of total positivity. For this reason, a brief discussion of
total positivity follows, A totally positive function is a
generalisation of a PFz function (c.f. 1.1) and can be defined as

follaows :-
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Definition (2.0.1)

Let A and B be subsets of the real line. A function K(x,y) on A x B

is said to be totally positive of order n (TP,) i1f :-

KiXa,¥1) ous KXy, ye-)

b : >= 0
K(Xeyy1) oun Kixeq,y.)
for all 4 € saw £ ¥e in A and
Ya § sae § ¥¢ in R where r = 1,2,...n

A function which is totally positive of all finite orders is said to
be totally positive. Note that if h(x) is PFz then K(x,y) = h(x-y) is

TP2 where x and y range over the real line.

An important property of totally positive function is the variation

diminishing property, stated in the following theoren.

Theorem (2.@8.1) (c.f.Barlow and Proschan p.%3. Theorem 3.5)

Let K (x,y) be TP on A x B and let f be a bounded measurable function

on B. Let g(x)= feK(x,y)f(y)dy be finite for each x in A then :-

S{g) =< S(f) provided S(f) =¢ r-1 where for any function h

S(h) sup § [h(ty),h(tz),...h(ts)] and S(Xs,...Xa) is the number of

sign changes of the sequence (Xi,...%Xa) zero terms being discarded.

Essentially, the above theorem states that if K(x,y) is TP, then

g(x) = rm K(x,y) f(y)dy has at most as many sign changes as f.
In addition, it can be shown that under the <conditions of Theorem
(2.8.1) if S(g) = 8(f) =¢ r-1 then ¥ and g exhibit the same sequence

of signs.

Another useful result is the Basic composition formula (c.f. Karlin,

p.17 or Barlow and Proschan p.100) which is stated below.
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Theorem (2.0.2)

Let Wix,z) = f U(x,y)V(y,z)d€(y) where the integral converges absolutely

and de(y) is a sigma-finite measure. Then,

H(xl‘ZI, L] H(XI‘Z‘}

(] 1
[} ]

WiXnyZ1) 2ee WiXny2n)

I " aw I U(X;,Y;} ] U(X1|yn]’

= i i X

Y;(---(Yn U(Xﬂ,Yl) e U(xn|Yﬂ)

Vibayza) ..v Viy, yZn)

: : d&(yl’ . de(YﬂJ

Viyny21) see YiYn,yza)
The theory of total positivity has application in many areas,

mathematics as well as in mechanics, economics and statistics. The

most comprehensive reference is Karlin (1968).

~2.1 Poisson and related models

In this section we consider the model :-
A(t) = Exza PIN(t)=k)pw

under a variety of assumptions on the form of (N(t)} As stated in 2.0
our aim is to establish sufficient conditions on the survival
probabilities (Pux)x.e and on the process (N(t)} so that H(t) belongs

to one of the classes discussed in Chapter one.
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One approach would be to begin by assuming (N(t)} to be a homogeneous
Poisson process and then to consider progressively more general
processes, e.Qg., inhomogeneous Foisson processes and pure birth
processes for {N{t)}. This is in fact the way in which the subject has
evolved with the paper by Esary, Marshall and Proschan (1973) serving

as a starting point,

OQur approach, however, will be slightly different in that we will
Eégin by studying the model (2.08.1) under the condition that {(N(t)} is
a pure birth process and obtain results for the case where {N(t)} is a
homogeneous Foisson process as a special case. This approach has the

advantage of simplifying several of the proofs.

~2.1A The Stationary Pure Birth Shock Model

Suppose that a device is subject to shocks whose occurrence is
governed by a Markov oprocess ({N(t)} with the following transition

probabilities :-

(2.1 .1) (i) PIN(t+d) - N(t) 1 | N(Y) = k]

s, d + of(d)

(2.1 «2) (ii) PIN(t+d) - N(t) @ | N(t) = k1l
= 1 - s, d + of(d)

for small d.
(iii) PIN(t+d) - N(t) < @ | N(t) = k) = @

then (N(t))} is a stationary pure birth process (c.f. Karlin (1966) p.
177) and we will refer to the model :-
Alt) = Ef-e PIN(t)=k)pw

as the stationary pure birth shock model.

Clearly if sy = 5 where k = 0,1,2,... then {N(t)} is just the familiar

homogeneous Poisson process.
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We are interested only in sequences (s«)%=e for which the probability
of infinitely many shocks in (B,t) is zero. This is equivalent to the
condition EW%e P(N(t)=k) = 1 and by the Feller-Lindberg theorem (c.f.
Feller (1968) p. 452) this is equivalent to Ef=e 1/Sk = @.

One important feature of the stationary pure birth process is that the
intervals between the k*" and k+1*" shock where k = 0,1,2,... are

independently and exponentially distributed with mean 1/sw«.

We note also that if (N(t)} is a stationary pure birth process with

birth coefficients (s¢)wu-e then,
(2.1.3) ze(t) = P(IN(t)=k) =

= Sk-1 exp(-syt) &fexptsux)zk-1(xldx

where k = 1,2,...

(2.1.4) Zo(t) exp(-sat)

(2.1.3) and 2o (L) - S0 Zoft)

(2.1.6) 25" (t) = 5n Znlt) + S5a-1 Za-a1(t)

where n >= 1

(c.f. Karlin (1966) pp.177-179). Furthermaore, if H(t) is defined by,

Alt) Evma PIN(t)=K) P = Exae zu(t)Pfx

H has a density h given by :-

(2u3:71  BEE) ® Biow 2ult) Su Prsi

where px = Pu-y - Px, the probability of failure on the ken shock.
This follows from (2.1.3) and (2.1.6).
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Another useful result is that if {(N(t)} is a stationary pure birth
process then z.(t) = P(N(t) = k) is TP (in k and t). This follows
from Theorem 3 of Karlin and Proschan (1968) which states that 1if
(fs)g4ay is a sequence of densities of non-negative random variables

and each f, is PFx then :-

hin,x) = [Fs # F2 #... Falx)] = [Fy # F2...Fnes1(x)]
is TPk.

Here ¥ denotes convolution. Since the shock inter-arrival times in
the stationary pure birth process are independently, exponentially
distributed and the exponential distribution is PF it follows that
Ze(t) is TP.

We can now state the main result for the stationary pure birth shock

model .

Theorem (2.1A.1)

Let (N(t)} be a stationary pure birth process with birth coefficients

co . .
(Sx)xme then if H(t) is defined by :-
A(t) = Euma PIN(t)=k)p.

a) H is IFR whenever (Ek}fta is increasing in K and (kaf.n

discrete IFR.
b) H is IFRA whenever (s«)%-e is increasing and (pu)v-e discrete IFRA

c) H is DMRL wherever (s¢)%ee is increasing and (Puiﬁt. is

discrete DMRL.

d) H is NBU wherever (sy)fee is increasing and (pPx) discrete NBU.

e) H is NBUE whenever (su)%ee iS increasing and (Pkff-. is

discrete NBUE.
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f) H is HNBUE wherever :

gioe By 8570 w0 be Faew (I-laass)i=

for k = 1,2,3,... where aes = £f2e Ps S
g) H belongs to L wherever s; >= se for j = 1,2,3..
and  (Pu/Sk)ome is decreasing and in G.
— Prootf

a) Suppose (P.) discrete IFR and (sk}:in increasing in k and consider

the determinant :-

D = "[-h(ty) H(t,) where ty < ta2
-h(tz) H(tz)
{2.1.7T)
D = “Exme Zel(ti)Skprss Exme Zulty)Pw

“Ekme Zul(tz)Skpres Exmo Zkltz)pw

and by the basic decomposition formula this is equal to :-

Zika (ty) Zrz2(t,)

Zrailta) Zr=2(tz)
B<ki1<{k=z¢m

- Sk1 Pur + 1 Pri

- Sk2 pPkz + | Prz

Now, the first determinant is non-negative since z.(t) is TP (Karlin
and Proschan (1960).
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; ; . : o© )
The second determinant is non-negative since Sk: ¢ Skz. AS (Sk)k=ew 15

increasing and the IFR property of (Pu)w-e implies :

Pri+1 Pr2+1
_____ " S —
P Pr1
Hence D = PRAlti)h(tz) = f(ta)hit,) > @

i.e. ritz) > r(t,) where r(t) is the failure rate.

Consequently H is IFR.

b) To establish the IFRA result a preliminary lemma due to A-Hameed

and Froschan (1973) is reqguired.

Lemma 2.1A.1

Let f(t) be an increasing function satisfying f(87)=@ and for each
@ =¢ B ¢ o let there exist a function ge(t) such that ge(t) is

increasing in t and

ge(t) - £(t) >= @ for @ =C t =C B
=¢ 0 for B =C t = o

Then +f{t)/t 1is increasing in t.

Now, let Hp(t) =gP2ez.(t)p* where @ =C p =< 1 then Hp(t) is IFR by
part (a) of this theorem since (s«) is increasing and (p*) is discrete

IFR.

(Fu)k=e is discrete IFRA implies P -p* changes sign at most once and
if once from + to - for each fixed @ =¢ p =¢ | (c.f Lemma 1.2.1) and
using the variation diminishing property of the totally positive

kernel zx(t) = P(N(t)=k) it follows that :-

Ait) = Relt) = Ef2e zw(t) (Pu=p%)
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changes sign at most once (in t) and if once from + to -. Moreover,

since the log function is monotone :-

- log Hp(t) - (- logH(t))
changes sign at most once and if once from + to -. Note that since Hg
is IFR it is also IRFA, 1i.e. - logHe(t) / t is increasing in t. Now,

given @ =¢ a ={ o and letting p vary between @ and 1.

- 1log Hefa) - [- log Hla)l
varies continuously between b
(sea - [- log fH(a)l (>=@) and -[- log H(a)ll (=<8).

Hence there exists a pa such that :- - log fe(a) - [- log f(a)l = @

Consequently by the sign change property of :-
- 1log fe(a) - [- log H(a)]l and Lemma 2.1A.1
- log H(t) / t is increasing in t, i.e., H is IFRA.

c) To establish the desired result in the DMRL case we first show that
H(t) is DMRL if (Su)ime (Pu)imo satisfy the weaker conditions.
\
PsEx=3s Pw/Sw decreasing in j.
We then show that the conditions of the theoren, 1% increasing
and (pk)ftu discrete DMRL imply the above condition. To show that

H(t) is DMRL if PsE<as Pw/sk is decreasing in j we first note

that (1) :-

(2.1.8) ::zk(u)uu = 1/8k

and

(2.1.9) I:Zu(u)du & 1LI8xESve Zyit]

where zs(u) = P(N(u)=j)

(see A-hameed and Proschan (1973) for details of the proof of ii).

Now, for C >= 0@ :-

Q’ﬁ(u)dﬁ - Citt) =

Fiwa 1/5y PutSan 25(t) - CE 2 24(t) P,

= E;o-- 5 E) [P Pe/sw« - CPs1l
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Now, by assumption PIES2, Pu/s. is decreasing in j hence
Eves Pu/Sw - CFs changes sign at most once and if once from + to - and
by the wvariation diminishing property of the TP kernal z,(t) it
follows that J:ﬁ(u}du - CH(t) has the same sign change property,

consequently by (1.3.5) H is DMRL.

To complete the proof we must show that (sk)fL. increasing and (pu}::a

discrete DMRL implies puERZ, P,/s, decreasing in k.
Now, if (Su)ieme i5 increasing then :-
lime-sa 5, = 57 »= @ exists.

Consequently,

(2.1.10)  pYESZw Pssy - Paer Esower Piyss-!
= LE4iipi e P = Plei Eamiess Fall
- -_ |
+ [EkEs=x Pslsy-s—1) - Pe+1Esmrsr Pslsy-571)]

The +first term on the right hand side of (2.1.1@) is non-negative

since (Pill-o is discrete DMRL
If in the second term on the right hand side of (2.1.108), we write

(s5-57%) =£, (sv-sve:) and then change the order of summation we
have :-

[Fiﬁg-u(ﬁj’snl} = Pk+1 Limi+a Pslsy-5-1)1

Ekatéﬁ_S:Ll}Pﬂ Zfik ﬁ;'

- =] -l ~ oo e |
= Ev-k+l(5v‘5v41)PJ+; Ej=u+1 Ps

-1 ~{ - ~ - -
(Sk=Sk+1) PuEsax Py +Ev-k¢l(5J_5JLi)

(2.1.11)

X {P:“E;’-u PJ"'p:l;: E:’—ki-l ﬁJ"
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Now since (5e)%me is increasing in k the right hand side of (2.1.11)

is non-negative provided :-
0e(v) = (PRESew Py - PadiESaues Fs) 3= 0
for v = Etly kt24...
But this follows from the facts that :-
$c (V) = delvtl) = Posr(Prsr-F) 2= 0

since (Pnlf-- is decreasing and,

liMv->a 0u(v) = BB cn Ps - PrhiESokes Ps 3= @
since (Puff.. is discrete DMRL.

So we have shown that (Sufi-, is increasing in K and (Puff-. discrete

DMRL => (P« Eswn Ps/ss) is decreasing in k which implies H is DMRL.

d) To establish the desired result in the NBU case, we recall that the
shock interarrival times (Y«)%=e have independent  exponential
distributions (Fe{.))x with mean 1/s«. Thus the (Fx(.)) are NBU where
k = @,1,2... and further, if (5i) owa, 18 increasing the (ch.)rﬂi. are
decreasing in k. Naow,

Hitittz) = EuTeefum-e PIN(ti)=ky) PIN(ti+tz)-N(t,)
= kz | N(ti1)=kil Puiexz

=¢ Extmolkawe P(N(ti)=ks) PIN(ts+tz)-N(t,)

= ka2 | N(ti) = k1] PuiPuz



Since,

(since (Pw)w 1is discrete NEU,)
= B eEi e PIN(ty)=ky)Pyy PIN(ts+tz)-N(ts)
¢ kz | Nty)=kylpua
where pxz = Pxz-1 = Pk=2

(-] i
Exz=a0 P(N(t,+tz) - N(t,) = kz | N(ty) = ki)Pu=

P(survival to time t.+tz | N(t,) = ky)

Ewz P(N(ti+tz) = N(ts) < kz | N(ts) = K1 Puz

Hitstta) =(Et-eEuzee PiNalti)=ki)Pui X

£ Pllstliass Foeolivona ¥ Eatti=Thsl Bua

where Tks is the time of the ki®*" shock

=¢ £k %afkaoe PNz (ty)=ks Prs P(dsmus Usdtz) X

¥ PSS Uy B Buv-TiaVpws
=C T i=eTia-e PINGEsizkilpa PISS%a s 5 talpue
B Prugen POHEIZE I Pis. Bugen PiEiaw Vs ¥ Ealpun

(since (Fu(.))w« is decreasing in k)

Eci=e P(N(ts)=ki)pui ERzea PIN(ta)<ka)pyz

Ewiee PIN(t:1)=ki)pPus Evnoee P(N(tz)=kz)pya

Alta)ft2) i.e. H is NBU

Page

83
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e) We first note that by an argument very similar to that used in (c)
to prove that (sw«)w increasing and (pw«) discrete DMRL implies (PuBsex
Ps/ss) decreasing in k, with (sx). increasing and (P«) discrete NBUE
implies :-

(2.1.12) Puliew Ps/ss d= Eson Psl/s,

where k = 0,1,2...

we now show that condition (2.1.12) implies that H is NBUE
Alt) CRUIAE = Exee ze(t)Pu Eioe Pal/sy
(since zy(uldu = 1/s4),
M Peow FeltITR e Buls, by (2.1.12)
s Erue (palSs) Erow Zait)
P o0
= Es=e (Ps/s,) 5;‘£Zn(uldu

(since.jgu(uluu = 1/5«Esmm 24(t))

= fAfuldu
. ” i 00
i.e. Att) 5:H<u)du = _gﬁ(uldu
i.e. A is NBUE

f) We have to show that :-
a "
{2-1-13) EJ-& P_‘ 5_‘ =< i- H:-l. (1_(a.511—l} "here k = 1‘2'!'!
=2 H is HNBUE

where aeg =£:°-- Ps/s,

The followina Lemma will nrove usaful.
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Lemma (2.1A.2) (c.f Klefsjo (1983)).

Let (N{(t)} be a stationary pure birth process with birth coefficients

‘5& }?—I .
Suppose there exists a je such that @ < 1/@ =< s, for j >= je, define,
Ee =9* { and Ewx =9¢ fioe (1-8s7), where k= 1,2,... and

let J(t) = Evee Zwu(t)Ewx where z«(t) = P(N(t)=k) then,

(2.1.14) J(t) = exp(-t/€) provided Ex=e 1/S5kx = @

Naw, {oﬂtuldu P y-a z2x(u)Pidu

Esoe 1755 (Edow zw(t))Ps

by (2.1.9)
& Fitw B2 Bulsd) 3w ttd
(2.1.15) =( Erwe Zx(t) 3@ e (1-(3e5,)-1)

by (2.1.13).
(2.1.13) also implies that :-

l/ae =¢( s for every k such that P« > 0.
So by Lemma (2.1.2) we have, via (2.1.135) :-

{fh(u)du =¢ aa exp(-t/ae)
and the proof is completed by noting that :-
o0 [ ]
p= g Aluldu = Ex=a £ Zwlu)du P
= Ewume Pu/Sk = de
(by definition, c.f. (2.1.13)),
0 _
So LbH(U)dU =¢ pexp(-t/p)

i.e. H is HNBUE
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g) Recall that aes = EFree Pu/Sx = ;:’ﬁ(tadt
Now we have to show that :-
CRtIe==tdt >= e /' (l+sae)
ffh‘t'e"tdt = Ewes Px [ Zu(t)e-=tdt
(2.1.16) = Euce Px Qu(s)

where @«(s) is the Laplace transform of :-

Ze(t) = PIN(t)=k)
llel
Be(s) = | /sets for k = @
w=|
Qu(s) = ﬁ,..(s;fs,. J (/s )

Now, since the Laplace transform is scale invariant we can w.l.0.Q.

take se = 1. So,

Quls) >= frow(1/7(145)) (1/5(1+s))

(2.1.17)

n

(1/1+¢s)"*t  (1/s5y)
since sy >= Sey, j = 1,2,... and k = 0,1,2,...
Thus from (2.1.16) and (2.1.17) we have :-
fﬁ(tle-"dt >=  1/(148)Ewme (Pu/si) (1/(145))%

and since (Pu/sw) belongs to 6 and de = Ewes Px/Sw = S H(t)dt
o

it follows that,
£°H(t19"‘dt >= ae/(1+5ae)

i.e. H belongs to L
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It should be noted that in the IFRA, DMRL, NBU, NBUE and L cases in
Theorem (2.1A.1) above the relevant results have not been stated under

the most general possible condition on (sy)ioee and (Fx)Pre.

The conditions used are those which best show the relationship between
the class to which (p«)x belongs (or (Pwx/sw«)x in the L case) and the
class of life distribution to which {(t) belongs. In the DMRL, NBUE
and L cases, weaker conditions on (Pwx)x wWwere actually established in
the course of the respective proofs. In the NBU case it is the
condition on (N(t)} that can be weakened. 1i.e.,Theorem (2,1A1(d))
holds for processes more general than stationary pure birth processes.
In the IFRA case, Klefsjo (1988) has shown that the result of Theorenm
(2.1A.1(b)) holds if the conditions (su«). increasing and P« discrete

IFRA are replaced by :-

(i) for all @ such that 8 ¢ & ¢ s¢ the sequence
-1
Px - fse=e (1-8/s,) for k = {y2,... changes sign at most once

and if once from + to - and,

(ii) There exists a je such that s; >= se¢ for i »>= je Klefsjo has also

shown that these conditions are weaker than those of Theorem (2.1A.1).

A companion result to Theorem(2.1A.1)can be established for the dual

classes DFR, DFRA, IMRL, NWU, NWUE, HNWUE and L

For completeness, we state the appropriate result below and note that
the proof follows by reversing inequalities and direction of
monotonicity in Theorem (2.1A.1) except that some care is needed in the
HNWUE case and consequently an extra condition is included in the

HNWUE part of the Theorem.
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Theorem (2.1A.2)

Let (N(t)} be a stationary pure birth process with birth coefficients

(Sx)k=e then if H(t) is defined by :-

At) Ex=a P(N(t)=Kk)Pw«

Exme Zwu(t) P

a) H is DFR if (sx)w.e decreasing and (Px)w-e is discrete DFR.

b) H is DFRA if (sk}fﬁ. is decreasing and lPuff-. is discrete DFRA.
c) His IMRL if (se)Pue is decreasing and (Pu)hee is discrete IMRL.
d) H is NWU if (skfe.. is decreasing and (Fk’fLﬂ is discrete NHWU.

e) H is NWUE if (s5u)%me is decreasing and (pkffl. is discrete NWUE

With g = Euee Pu € .

; - ~1
f) H is HNWUE if Esex Ps/s; >= ae ﬂ'r—. (1-(aesy)~*) and 3 ke
such that ae »>= 1/s« for every k > ke for which P« > @ where
dg = ﬁ-u Ps/Ss.

g) H belongs to T if 55 =€ Sa@, J = 1,2,3..., (ﬁkfsk’ttn is increasing

and in @.

As in Theorem (2.1.1) the conditions in parts (b), (c), (d), (e) and

(g) of the above theorem can be weakened.
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~2.1B The Homogeneous Poisson Shock Model

I[f, in the stationary pure birth process (N(t)} the birth coefficients
S« = s,k = 08,1,2... then {(N(t)} is the familiar homogeneous Foisson

Process of rate s.

Consequently, the survivor function of a device subject to shocks
whose arrival is governed by an homogeneous Poisson Frocess is given

by :-
(2.1.18) Hit) = ERa (e~=t(st)*)/k! B

Farticularly appealing is the case that Pu. = €% where @ =¢ € =¢( 1 and
k =a,1'2’.‘.

ﬁ(t) - E—lt(l-—-.)
Note that if P« = €% where @ =¢ @ =¢ { and k = 0,1,2,... then {(t) is
the p.g.f. of P(N(t)=k). It can be shown that H is exponential iff

Px = €% where @ =¢ € =¢ 1 and k = 0,1,2,...

By differentiating (2.1.18) it can be seen that the density function

for the 1life distribution of an homogeneous Poisson Shock Model is

given by :-
(2:1:19) h(El = s Piai Pele~=t(st)r~L) £ (k=-1)!
where px = Pu-t Px
If Pe = 1 where k = @,1,...n
P =0 where k > n

then (2.1.19) is the density of a gamma distribution of order n+l.

Qur interest in studying the homogeneous Poisson Shock Model is to
determine sufficient conditions for the life distribution H to belong
to one of the classes discussed in Chapter one. To this end, we
obtain the following corollary to Thearems (2.1A.1) and (2.1A.1)
simply by setting s« = s where k = 0,1,2,...
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Corollary (2.1B.1)

Let {N(t)} be a homogeneous Poisson Process of rate s. Then if H(t) is

defined by :-

Ht) Exoe P(N(t)=k) Py

Evoe (="t(st)%) / k' Py

a) H is [IFR (DFR) if (Fu}fla is discrete IFR (DFR).
b) H is IFRA (DFRA) if (Pu)Tee is discrete IFRA (DFRA).
c) H is DMRL (IMRL) if (Fuff-. is discrete NBU (NWU).
d) H is NBU (NWU) if (Pk)ffo is discrete NBU (NWU).
e) H is NBUE (NWUE) ‘if (Pu)%=e is discrete NBUE (NWUE).
f) H is HNBUE (HNWUE) if (pu)%ee is discrete HNBUE (HNWUE).
q) H belongs to L (T) if (Pklfi. is in 6 (B).
Although we have obtained this result as a corollary of the
corresponding results for the stationary pure birth shock model it
should be noted that Esary, Marshall and Proschan (1973) established
parts (a) to (e) of corollary (2.1B.1) directly using, in the main,
the total positivity of the kernel :-

Ze(t) = e~=t(st)k

and Klefsjo (1981) obtained part (f) also without reference to the

stationary pure birth shock model.
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One possible application of the homogeneous Poisson Shock Model,
proposed by Barlow (1985) is in the area of Software failure 1in
Computer Science. Let N* be the number of distinct types of input to
the software and let N be the number of input types that result in

failure. N* is assumed to be large relative to N.

It 1is also assumed that processing of an input is instantaneous and
that once failure occurs, errors in the logic or coding of the progranm
are corrected with the result that N is reduced by one. If inputs to
the software occur according to a homogeneous Poisson process of rate
s then the probability that no software failures occur in (@,t) is

given by :-

(2.11.20) R{t) = Exee((e~=t(st)*) / k¥) ((N*-N)/N*)*

which is of the form (2.1.18) with :-

Fr = ((N* = N)/N*)*

0f course, since P« is of the form P« = €%,

where @ =¢ @ = (N*-N)/N* ¢ { the survivor function in (2.1.2@) is that

of an exponential distribution,

w2.40 The Non-Stationary Pure-birth Shock Model

The Non-Stationary Pure birth Shock Model is a generalisation of the
stationary pure birth model considered in section 2.1A. In this model
shocks are assumed to arrive at a device in accordance with a Markhov

Process, {N(t)} with the following transition probabilities :-

(2.1.21) PIN(t+d)-N(t) = 1 | N(t)=k) = ses(t)d + o(d)

for sufficiently small d

(2.1.22) P(N(t+d)-N(t) > 1 | N(t)=k) = ald)

for sufficiently small d
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Clearly if s(t) = 1 and t > @ then the non-stationary pure birth
process defined by (2.1.18) and (2.1.19) reduces to the stationary
pure birth process while if s« = s and k = @,1,2,... then (2.1.21) and

{(2.1.22) define an inhomogeneous (or non-stationary) Poisson process.

The non-stationary pure birth shock model was introduced by A-Hameed
and Proschan (1975) and further studied by Klefsjo (1981). It should
be noted that the non-stationary pure birth process can be obtained
from the stationary pure birth process via the transformation t ->
I(t) where I(t) = jgs(xldx This follows since if N*(t) is a stationary

pure birth process then by (2.1.1) :-
PIN®(I(t)+d) - N*(I(t)) | k shocks in (B,I(t))

sk [°(t)d + o(d)

s s(t)d + o(d)

the transition probability for a non-stationary pure birth process.

Now, the survivor function of a device subject to shocks whose arrival

is governed by a non-stationary pure-birth process {(N(t)} is given

by :-
(2.1.23) Alt) = Ena PIN(t)=k)Py
(2.1.28) = £ 00a PIN®(I(t)=k)Pu

where ({N(t)} is a stationary pure birth process. So :-

(2.1.23) Ait) = f=(1(t))

where H*(.) is the survivor function of the stationary pure birth
model. This relationship (2.1.25) together with the following lemmas
provide a straightforward methaod of establishing a result
corresponding to Theorem (2.1.1) for the non-stationary pure birth

shock model.
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Leama (2.1C.1)

Let K(t) = F(6(t)) then :-

a) if F is increasing and F and G are both convex (concave) then K is

convex f(concave)

b) if F is increasing and F and G are both starshaped (antistarshaped)
i.e. (F(t)/t increasing (decreasing) and G(t)/t increasing

(decreasing)).

c) if F is increasing and F and G are both superadditive (subadditive)

then K is superadditive (subadditive).

Lemma (2.1C.2)
Let K(t) = F(G(t)) where F and K are lifetime distributions then :-

(a) if 6 is increasing and convex (concaveland F is DMRL (IMRL) then

K is DMRL (IMRL).

(b) if G is increasing and starshaped (antistarshaped) and F is NBUE
(NWUE) then K is NBUE (NWUE).

(c) if 6 is starshaped (antistarshaped) and F is HNERUE (HNWUE) then
K is HNBUE (HNWUE).

d) if G is starshaped (anti-starshaped) and F belongs to L () then
K belongs to L ().

Lemma (2.1C.1) and parts (a) and (b) of Lemma (2.1C.2) are due to
A-Hameed and Proschan (1975) while parts (c) and (d) of Lemma (2.1C.2)
are due to Klefsjo (1981, 1983).

Using the above Lemmas and the relationship (2.1.135) the next result

follows almost immediately.



Page 94

Theorem (2.1C.1)

Let {(N(t)} be a non-stationary pure birth process as defined by
(2.1.21) and (2.1.22) and let ;=

A(t) =Eze PIN(t)=k)fw
is a decreasing sequence of survival probabilities then :-

a) H is IFR if (sklfL- is increasing, s(t) increasing and (Pu)ft. is

discrete IFR

+
b) H is IFRA if I(t) =L5(x)dx is starshaped (i.e. I(t) increasing 1in

t), (suff.. increasing and (f«) discrete IFRA.

c) H 1is DMRL if (Sg}fL. is increasing s(t) is increasing and (Fu)fz.

discrete DMRL.

d) His NBU if (Su)pme iS increasing I(t) is superadditive and (kafl.

is discrete NBU.

e) H is NBUE if (sx)hee is increasing I(t) is starshaped and (Pu}:t-

is discrete NBUE.

£) H is HNBUE if Ejaw Ps/ss =€ aea ﬂ;:; (1-{aes4)~') where k = 1,2,...

and ae =E52. Ps/sy and is starshaped.

g) H belongs to L if s« >= se k = 1,2,3,... {FafSa]EL¢ is decreasing

and in 6 and I(t) is starshaped (i.e. I(t)/t increasing)
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Proo+

For parts (d) - (g) the Theorem follows directly from Theorem (2.1A.1)
and Lemma (2.1C.2).

To establish part (a) one must recall that H is IFR (== - log H(t) is
convex. The result then follows from Lemma (2.1.2(a)) and Theorem
(2.1A.1). In part (b) the result follows from the fact that the IFRA
property is characterised b§f(— log H(t))/t increasing in t, and Lemma
(2.1C.1(b)) together with Theorem (2,1A.1(b)).

The NBU result follows from the fact that H is NBU <==> - log {(t) 1is
superadditive (c.f. (1.4.3) together with Lemma (2.1C.1) and Theorenm
(Z:18:.14ch)

As in Theorem (2.1.1) it 1is possible to weaken the condition on
(Sk)k=e and on (Pwu)wee in the IFRA, NRU, NBUE and L cases. In the NBU
case, Theorem (2.1C. 1) holds for more general {(N(t)} than
non-stationary pure-birth processes (see section 2.2).

For the dual classes DFR, DFRA, IMRL, NWU, NWUE, HNWUE and [ a result
exactly analagous to Theorem (2.1C.1) holds and can be established by
a straight forward application of Lemmas (2.1C.1) and (2.1C.2) and
Theorem (2.1A.2).
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~2.1D The Non-Stationary Poisson Shock Model

If in the non-stationary pure birth model just considered we set
S« = & then the stochastic process ({N(t)} just defined is a

non-stationary Poisson process with mean value :-

I(t) = s fFs(x)dx and,
L]
PIN(t)=k) = ( e=1¢ ([(t))% ) / k!

Consequently, the survivor function of a device subject to shocks
which arrive 1in accordance with a non-stationary Poisson process is

given by :-

(2.1.26) RA(t) =Ew-a(le~1¢®22(I(t))%) / k) Fw
where ,Pe = 1| >= P1 )= P2

We will refer to H(t) as defined by (2.1.26) as the survivor function
of the non-stationary Poisson Shock Model. Since the non-stationary
Poisson process can be obtained from the non-stationary pure birth
process simply by setting s« = s > @ it is straight forward to obtain
sufficient conditions for H(t) as defined by (2.1.23) to belong to one
of the classes of life distribution discussed in Chapter one.

Consequently, we have the following corollary to Theorem (2.1C.1)

Corollary (2.1D.1)

Let {N(t)} be a non-stationary Poisson Process with mean value

function I(t) and define H(t) by (2.1.24) then

a) H is IFR (DFR) if s(t) = 1I“(t) 1is increasing (decreasing) and
(Pu)%=0 is discrete IFR (DFR).

b) H is IFRA if 1I(t)/t is increasing (decreasing) and (Pk)fl.s is
discrete IFRA (DFRA).

c) H is DMRL (IMRL) if s(t) = I“(t) is increasing (decreasing) and
(Pu)w-w is discrete DMRL (IMRL)
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d) H is NBU (NWU) if I(t) is superadditive (subadditive) and (Fk}fi.
is discrete NEBU (NWU).

e) H is NBUE (NWUE) if I(t)/t is increasing (decreasing) and (Pklfia
is discrete NEBUE (NWUE)

f) H is HNEUE (HNWUE) if I(t)/t is increasing (decreasing) and (Fk]fi'
discrete HNEUE {(HNWUE).

g) H belongs to L ([) if I(t)/t is increasing (decreasing) and (PkJ:in

belongs to G (§)

It should be noted that in each part of the above corollary the
condition required by (Px)%=e is the discrete analog of the condition
desired for H and in the IFR, IFRA and NBU cases, the condition
imposed on I(t) implies that e~*‘t’ is respectively IFR, [IFRA or NEU.
In all the other cases, however, the condition on e~*¢®*’ is stronger
than that required for (Pk]fiu and concluded to hold for H. Whether
it is possible to weaken the condition on e~1¢t’ appears to be an open

question at the moment.

The question is complicated, somewhat, by the fact that if the arrival
of shocks is governed by a non-stationary Foisson process the
intervals between the shocks are not independent (c.f. Cox and Ishanm
(195@) p. 48). As a consequence of this, it is not possible to answer
this question by wusing the recsults of the next section where the
arrival of shocks is assumed to be governed by a generalised renewal
process in which the interarrival times are independent and have
distribution belonging to the same class but are not necessarily
identical. O0f course, a similar question to the one just raised
arises in considering the non-stationary pure birth shock model

discussed earlier.

We note alsoc that Jjust as theorem (2.1C.1) was obtained from the
corresponding result for the stationary pure birth shock model by
using the transformation t -> I(t), Corollary (2.1D.1) can be obtained
from Corollary (2.1B.1), the corresponding result for the homogeneous
Foisson Shock Model, wusing the same technique. This was the approach

adopted by A-hameed and Proschan (1973).
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YZ+1E Doubly Stochastic Poisson Shock Models

In their discussion of non-stationary FPoisson Shock Models, A-hameed
and Proschan (1973) note that the rate, s(t), at which shocks arrive
at a device may well be subject to random variation. This suggests
that in many practical situations it may be appropriate to regard s(t)
as a realisation of a Stochastic process, (S(t)} say so that for each

t, s(t) is a realisation of a random variable.

A stochastic process with a rate function which is itself a stochastic
processis referred to as a doubly stochastic process. In particular,
given a realisation of the rate process S(.) the Point process ({N(t)}

is a non-stationary Foisson process so that :-

(2.1.27) PIN(L) k | {6(x) = Sfx)f:)

exp (- {:s(x)dx ({ its(xldx)“} ! k!
{N(t)} 1is said to be a doubly stochastic Fpisson process.

Note that we wuse the notation {(S(x) = stx)f: to represent the event
that S(x) = s(x) over the interval (@,t) i.e. s(.) is a sample path of
§¢(.) in the interval (@,t).

0f course,our interest centers on the unconditional probability that a
device subject to shocks governed by a double stochastic Poisson
process, {N(t)} survives for a time t. Let T denote the lifetime of

the device, then :-

(2.1.28) P(T>t) | {S(x)=s(x)it) =
oo 4+ t 2
Exwa exp(- J, s(x)dx) ((& s(x)dx)*) / k! P«

(2.1.28)
* Teu.ss 'say

and the unconditional survivor function is given by:-

Alt) = PUTOL) = Ecscos (PATOt | (S(x) %)
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(2.1.29) = Ecaoors ExZa(exp(- [fs(x)dx) (C Fsd ) 7 kD fu

(2.1.30)

n

Ew“e&wb~ESHMx){(fSHMM“)/kOPn
o

where Ecs«w>>(Z) is the expectation of I with respect to ({S(x)} aver

the range (@8,t).

The wuse of the expectation operator in (2.1.29) and (2.1.308) is
equivalent to "integrating" over all possible sample paths of the rate
praocess, {S(.)}. Hence, (2.1.29) and (2.1.30) are really mixtures of

the conditional survivor functions Fa(., defined in (2.1.28B).

This fact, together with the closure properties of the DFR, DFRA,
IMRL, NWU, NWUE, HNWUE and L classes under mixture c.f. (1.8) leads to
the following corollary to Theorem (2.1C.1). (In fact, the result is a

further corollary to corollary (2.1D.1)).

Corollary (2.1E.1)

Let a life distribution H be defined by (2.1.29) or (2.1.38) then,

a) H is DFR if (Pu)ve-e is discrete DFR and for every realisation s(t)

of {S(t)} s(t) is decreasing in t.

b) H is DFRA if (Pu)¥s is discrete DFRA and for every realisation
s(t) of the rate process {(S(t)} ( &fs(x}dx}/t is decreasing

in: &,

£Y¥ H 3% IMRE. 1% (Pk)t:. is discrete IMRL and for every realisation

s(t) of the rate process (8(t)}, s(t) is decreasing.

d) H is NMWU if (Pu}fLB is discrete NWU, and for every realisation s(t)
of (8(t)}, I(t) = j:s(x)dx is sub-additive and none of the
conditional survivar functions

Fac.ry (t) = P(TOt | {S{x}=s(xlf:} cross.
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e) H is NWUE if (Pu)nae is discrete NWUE, for every realisation s(t)
of {S(t)}, ( gfs(x)dx)/t is decreasing in t and none of the

conditional survivor functions

Fac.> (t) = P(TOt | €S(x)=s(x)3%) cross.

f) H is HNWUE if (Pkff-. is discrete HNWUE and for every realisation

s(.) of {S(t)}, ( {fs(xldx)!t is decreasing in t.

g) H belongs to [ if (Pu)xee belongs to § and for every realisation__
s{t) of (S(t)}, ( E%(x)dx}(t is decreasing in t.

Proof

The proof follows directly from applying the mixture results of

section 1.8 to corollary (2.10.1).

Unfortunately, since none of the classes with “positive ageing" (i.e.
IFR - L) are closed under mixture, a similar technique cannot be used

toestablish a corresponding result for these classes.
A more explicit result than corollary (2.1E.1) can be obtained if the
form of the rate process {N(t)} or, alternatively, the form of the

random function I(t) = i:S(x)dx is specified.

A-Hameed and Proschan (1973) suggest that a plausible model for the

(random) mean-value function I(t) is :-

{(2.1.31) I(t) = {:S(x}dx = YM(t)

where Y is a random variable and M is a continuous deterministic
function of the age of the device. In this case the survivaor function
is given by :-

(2.1.32) R(t) = EE:&.(E“*"“’ ¢ (YM(t))*) / k') P

and from corollary (2.1D.1) the following result is immediate.



Page 1@1

Corollary (2.1E.2)

Let (N(t)} be a doubly stochastic Poisson process with a random mean

value function given by (2.1.21) then if H is defined by (2.1.32)

(a) H is DFR if (Fxf?-a is discrete DFR and m(t) = M7(t) is decreasing

in t.

(b) H_is DFRA if (Fk}iiu is discrete DFRA and M(t)/t is decreasing

in L,

(c) H is IMRL if tpulfi. is discrete IMRL and m(t) = M"(t) is

decreasing in t.

(d) H is NWU if (Fu}faa is dicrete NWU, M(t) is subadditive and none

of the survivor functions

Fe(t) = Evma(e~Y"¢e? ((yM(t))*) / k!)P. cross.

(e) H is NWUE if (Pufree is discrete NWUE M(t)/t is decreasing in t

and none of the survivor functions

Fy(t) = ExapCe-vneer ((yM(t))*) / kD P. cross.

e

o
{(f) is HNWUE if (Pux)xae is discrete HNWUE and M(t)/t 1is decreasing

in t.

belongs to [ if (Pu)w-e belongs to § and M(t)/t decreasing in t.

o

(g)
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Another possible model for the rate process {(N(t)}, 1is to assume that

{N(t)} is an alternating renewal process of the following kind :-

S(t) alternates randomly between two values s, and sz so that a sample
path of {N(t)} would look like :-

S(t)

B [ 202 (ieumeessa g 2 SeeRassw 4]

The lengths of the intervals in which S(t) = s, or sz are random
variables and we will suppose that they have density functions af.)
and B(.) respectively. We will call an interval in which S(t) = s, a
type 1| interval and an interval in which S(t) = s> a type 2 interval.
When §(t) = s, we will say that the system (the device plus its
operating environment in state 1 and when S§(t) = sz will say the
system is in state 2. All intervals are assumed to be mutually

independent.

Gaver (1963) used such a process, {S§(t)} to describe a randomly
alternating operating environment 1in which the failure rate of a
device's life distribution is itself a random variable. In
particular, 1if either of s. or s= is equal to zero the process {S(t)}
is a good model of the failure rate for a situation in which a device
is alternately in and out of use; when out of use (e.g. while
undergoing repair) the failure rate is =zero, and when in wuse the

device’'s failure rate is a constant, s, = s,

A similar interpretation can be given to {5(t)} in the current
context. S(t) is the rate at which shocks arrive at a device and this
rate may alternate between two values depending on random fluctuations
in the level or intensity of operation of the device, e.g., when not
in use the device may be stored safely and not subject to shocks so
that s., say, is equal to zero, but when in use shocks may occur at a

constant rate sa,
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Similarly, the shock arrival rate may alternate between two non-zero
values corresponding to two speeds or intensities of the device’'s
operation, e.g., the faster a device works the more prone it may be to

shocks.

In order to evaluate :-

(2.1.33) Alt) = E(Ecae(e™ ®*29= (( S(x)dx)*%) / k!) Py)
where (S(t)} is an alternating renewal process as discussed above, an

initial condition must be specified. There are two possibilities.

(1) at time t=0 a type | interval commences; or

(2) at time t=0 a type 2 interval commences.

Note that the points at which {S(t)} has a Jjump constitute a point
process and we are assuming here that this process has a point at the
origin, 1i.e., the point process is synchronous. Looking firstly at

case (1) :-

If at time t=0 a type one interval commences then for any interval

(B,t") either :-

(i) the same number of type one and two intervals commence in (@,t")

and t° is covered by a type 2 interval, or

(ii) the number of type 2 intervals commencing in (@,t’) is one less
than the number of type one intervals and t' is covered by a

type 1 interval.
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The probability of the event (i) above is given by :-

gl {fP(m type 1 intervals commence in (8,t),
m type 2 intervals commence in (@,t),
Total length of type 2 intervals in (@,t) is (t-x),
with t covered by a type 2 interval ) dx

= Emmi £*P(m type 1 intervals commence in (0,t),
— m type 2 intervals commence in (0,t),
Total length of type 2 intervals in (8,t) is (t-x),
with t covered by a type 2 interval ) dx

= Em=1 fba"’(x) P(m type 2 intervals commence in (@,t),
Total length of type 2 intervals in (B,t) is (t-x),
with t covered by a type 2 interval ) dx

(where af{m)(.) is the m-fold

convolution of a(.) with itself)

S @'a‘-'¢x1 [ B0 (y) | ¢ow-vB(W) dwdvdx
= o ) =

m-1 £ a (%) | Ba(t-x) dx
where Qa(t-x) = Ji’ﬁ"“"‘“(v! f"c-x-vB(ﬂ} dwdyv
and B‘"?(,) 1is the m-fold convolution of B(.) with itself.
Similarly, the probability of (ii) is given by :-
0o -+ - :
Em=1 & P(m type 1 intervals commence in (@,t),
m type 2 intervals commence in (0,t),

Total length of type 2 interval in (@,t) is
(t-x), with t covered by a type | interval) dx

" Busi éfa._.tt~k}L.(x:dx

i
where Lalx) = f°a"““(vlatu)dndv.
T
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Now for a given x = total length of type ! intervals in (@,t) :-
{:S(T)dT = 51x + Sz(t-x)
and hence conditional on the first interval being of type one we
have :-
E e~ wenbin [ MRyl 4 kD
= £l Fermn v macemm (s k5o (t-x) )% / k!
X (La(x)Bt™=12(t-x) + Qu(t-x)a‘=?(x)) dx

Consequently, the survivor function is given by :-

(2.1.34)

Ralt) = ECeeBllyffem=vn * ®a0e= (six4sa(t-x))*% / k!
X (Lalx)B=~12{t-2)+ Ralt-x)a*"? (x})Pu di
— oo = =
(2.1.35) = Exwo[Emmy E7%U"*®fE=%) (g x452(t-x))% / k! Pu
X (Laix)Be=~20(t-x) + Quit-x)a‘**{x)) dx
The combined effect of integrating over x and sumsming over a in
(2.1.35) is to integrate over all possible sample paths of (S(.)}

over the interval (@,t).

A similar argument to the one above leads to the following expression

for the survivor function given that the first interval is of type 2:-
0 t oo
(2.1.386) Hz(t) = Eam1fExk=e® e“""*'15"“'Gs;x+52(t-xll“ / k{)ﬁu
o
X [B*" te—srlamix) + at==22(x)Qa.(t-x)Idx

Now, from (2.1.35) and (2.1.34) it is clear that whether the first

interval is of type one or two :-
Hitt) = E (Bac.y (t)] i ® 1

+
where  Bac.(t) = Frew e-f2C0@x ((S(x)dx)% / k! P
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Note that Gmc¢.» is just the survivor function for the inhomogeneous
Poisson Shock Model with mean value function I(t) = t)dt i.e.

o
the survivor function (2.1.35) or (2.1.36) 1is the mixture of survivor

functions of inhomogeneous Poisson Shock Models.

For a particular realistion, s(.), of S(.) :-
I(t) = s4x + s2(t-x) where x is the (given) total length of
type one intervals in (@,t) Since ['(t) is constant in ¢t
and the DFR and IMRL Classes are closed under mixture we have

by corollary (2.1D.1) or corollary (2.1E.1.)

Corollary (2.1E.3).

Let {(N(t)} be a doubly stochastic Poisson process with an alternating
renewal process (8(.)} as the rate process then if H 1is defined by
(2.1.35) or (2.1.36) we have :-

a) H is DFR if (Pu)hee is discrete DFR

b) H is IMRL if (Pu)Cee is discrete INRL.

A similar result does not in general hold for the classes DFRA, NWU,
NWUE, HNWUE and [ since I(t)/t is not necessarily decreasing, nor

is I(t) necessarily subadditive.

Before studying a special case of the model (2.1.33) we note that the
model can be generalised by allowing the rate process (S(.)} to
alternate between more than two values, e.g. {(S(.)} may alternate

between 3 values 53, sz and ss in the following manner :-

S1 =) S2 -> 53 =) 8.
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Such a process is referred to as a cyclic renewal process (c.f. MWang
Ann Lee (1973)). The three possible values of S(.) may correspond
to three speeds or intensities of the device’'s operation so that s,,
i=1,2,3... 1is the rate at which shocks occur when the device is

operating at speed i. In essence, the arguament used to investigate :-
p(t) = E (Ek.i(e‘ff'"‘““ (U:S(x}dx}“} / k!)r:..}

is the same whether S(t) 1is 2,3,0r n valued. First, an initial
condition must be specified, e.g., if §&(t) is 3 valued the first
interval may be of type one, two or three (where an interval is of
type 1 if S(t) = s, in that interval). Suppose the first interval
is of type one then for any interval (@,t) there are three rather
than two mutually exclusive possibilities; (i) The same number of type
ane, type two and type three intervals commence in the interval (@,t)

and t 1is covered by a type 3 interval.

(ii) The same number of type one, and type two intervals commence in
(B,t) and one less type three interval commences in (@,t) and t is

covered by a type two interval, or

(iii) The same number of type 2 and 3 intervals commence in (@,t)
one more type 1 interval commences in (@,t) and type t 1is covered
by a type one interval. Now, by an analysis similar to that used in
the two-state case, we have the following expression for the

probability of the first of these events :-
-1
ama {’a"‘(x,}B"f" (X2) Ralt=X1-xz) dxz2dx,
where Ralx) = Zh"“"(vl fohtuldudv
=t
and h(.) 1is the density function of the type three intervals.

All other notation is as in the 2-step case.
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Similarly the probability of the second event is given by:-

Lt 11

4
1SS 3™ (X )h ™20 (t-X3-X2) Qmixz)dxzdx,
eo

2]
PP

E

and the third probability is given by :-

o +

=%y
E--:££ BIm=12 (x) h™ 1> (t-%1-X2) Lalxy) dxzdx,

combining these three probabilities we have the following expression
for the for the survivor function conditional on the initial interval

being of type 1 -

T
Hi(t) = E (Emoe -48¢trat ufsmdrm / k! Bl

€ =%
Emm1f[] Exmp 7 ®p " * ®max + sgt-x, —xg) ¥
00

£2.1.37)
(5!X:+52K:+53{t"‘3 1=X2))%/k! Fk X

a“™ (x1)B*"? (X2)Ra(t-x1-%X2) +

a‘® {x3) hem=2) (tex,=%2)Balxz) +

B2 (x2)h¢™= 2 (t-Xx,1-X2)La(x3)] dx2dx,
0f course, similar results can be obtained if the first interval is of
type two or three. Moreover, if {S5(.)} 1is an n-step cyclic process

so that §S(t) alternates between n levels in the order s; -) s2 -»

S3 =Y +.ss —2 Sa -2 Sy and a;(.) is the density of the i%*" type of
interval and,

©
Lalx) = {:‘a.‘--“m;‘:‘gum dudv

we have :-
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f~
(2.1.38) Hatt) = Bmmr frpe=to 3 e
o [}
BXPl-SaX1+S2Xat.. . 45n-1Xpn-y +
n
+ Salt = Ei=r x1)1 7 k! ) X

“lsax+s52xat.. «Sn=1¥n-1+5a (t-Eyay X4)I%/k! P

CAs e b % wou B @y} Dinerla -Eicans) 4
210 (04) X s X Ben—20@8n 00 Lt (fng) +
8271 (X2) K veu X 8n =17 (t=Frouka )L (xa) X
0¥n-10Xn-2 ... OdX3.
Despite the complexity of expressions (2.1.37) and (2.1.38) the
crucial thing to note is that they are still mixtures of survivor

functions of inhomogeneous Poisson Shock Models. Consequently,

corollary (2.1D.3) generalises to give :-

Corollary (2.1D.4)

Let {(N(t)} be a doubly stochastic process with an n-step cyclic
pracess, {(S(.)} governing the rate, then if H 1is defined by

(2wl 38) &=

. : 00 : .
(a) H is DFR if (Pu)lwee 1is discrete DFR.
(b) M is IMRL if (Pu)uee is discrete IMRL.
We now return to the two-state case, i.e., the case where the shaock
arrival rate alternates between two values and obtain a more explicit
expression for the survivor functions (2.1.35) and (2.1.36) in the

special case that the shock survival probabilities are those of a

geometric distribution (2.1.39) :-

(2.1.39) Pu = uk @ =C u =¢ 1, k= 1420000
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We will also assume that the type one and two intervals of the rate
process are exponentially distributed with mean 1/ps and 1/p=

respectively.

I1f the first interval is of type | we have from (2.1.34)

= o +
Hi(t) = Erve zfﬂ;i pmw Htma (€= (govigo (t-x))* X

La(x)B™"2 (t-x) + Qa{t-x)a‘"’(x)dx P«
Now if Pux = u* where k = 0,1,2,... then :-
£
(2.1.40) R (k) = Em=a [ expl-(six+sz2(t-x))(1-u)d X
La(x)B™ 2 (t-x) + Qun(t-x)a‘™’ (x)dx P«

Now Ex=a P(N(t)=k)u*

@ =C u=¢1 1is just the probability generating function
(p.g.f.) of N(t), hence Ffi:(t) in (2.1.40) is the p.g.f. of N(t)
where {N(t)} is a doubly stochastic Poisson process with an
alternating renewal process governing the rate. Srinivasan (1979)
gives the Laplace transform for the p.g.f. of such a process and hence

for Ha(t). Thus we have :-
Ri*(s) = fe-=t f,(t)dt =
o

(2.1.41) 1 / (1- a*(w+s;-s,u) B*(w+sz-szu)) X

1= a®"(w+sy-s;u) + a*(W+5,-5,u)

a*(wts,-s;u) B*(w+sz-52u)

where a%*(.) and B*(.) are the Laplace transforms of a(.) and B(.),
the densities of the type one and two intervals respectively. Now
using the assumption of exponentiality for a(.) and B(.) (2.1.41) can

be written as :-
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(2.1.42) 1
ﬁ;ﬁu\ Sk e e L ek X
Fa Je1
1 S ——— e S S S, L - I——
prtWts,;—-s,u pztHtS2-55U
P
e +

(2.1.43) W+t gy + g2 + 52 - 52U
H(H+52"52u+ﬁ‘+5‘—51u+#2+”2(51—51u} +

p1l(s52-52u) + (s53-5,u) (52-52u)

(2.1.44) = Wt py + pa + 52 - 52U

(w+ k/2 + sqr(k2/4 - J))(w + k/2 - sqr(k2/4 - J))

where sqr = square root of (...)

k = (}01"‘}\»2"'5;"51“"'52“52“]

J = (p2(sy-su) + py(s2-s5zu) + (s,-53u) (52-5S2u)

Inverting (2.1.40) gives :-

(2.1.43) He (t) =

~k/2 +{si-5,u) +sqr(k2/4 - J))p—¢k/2 + marck /4 - J>¢

2 sqrik2/4 - J)

ki2 = {Si~5:u) *sqrik2/4 ~ J))e='%s2 < sarik 74 = J7¢

2 sqr(k2/4 - J)

Note that sqr(k®/4 - J) 1is real since :-

kZ2/4 - J = 1/4 [{patpz =(s2-52u) +(s,-5,u) + Apap=2)1 > 0B

Similarly, if the initial interval is of type two, then we have :-

(2.1.46) Ha(w) =

(W + k/2 + sqr{k=2/4 - J)(w + k/2 - sqr(kZ®/4 - J) )
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(2.1.47) and
Rz(t) = (-k/2 +(sz-szu) + sqr(k2/4 - J) X

expl-(k/2 + sqr(k2/4 - J)t 1

2 sqr(k=2/4 - )

(k/2 =(s2 - szu) + sqr(k2/4 - J))

2 sqr(k=/4 - J)
expl -(k/2 - sqri(k2/4 - J))t 1

In discussing the homogeneous Poissan Shock Model, it was noted that
if the survival probabilities (p«fR-a were of the form px = u®

for @ =¢ u = 1 then the corresponding life distribution was
exponential. Clearly the same is not true in the Doubly Stochastic
Poisson Model although (2.1.45) and (2.1.47) can be interpreted as the
scaled sums of exponential survivor function. Since the survival
probabilities (Px=u*)y.e are discrete DFR it is immediate from
corollary (2.1€E.3) that H defined by (2.1.45) or (2.1.47) is DFR.

The mean time to failure of the device can be obtained easily since if
T, 1is the lifetime of the device conditional on the initial interval

being of type i :-

(2.1.48) E{Ty) = Fu*(@)
50,

E(T,) = #1 t p2 + 52 - szu

pz(S;“S;U) t+ pilsa-sau) + (Sz‘SIU)(Sz“SzU)

Note that if s < (2) S2 then E(T,) > () E(T2)

i.e., on the average, a device which begins operation with an interval
in which fewer shocks occur will have a longer expected lifetime than
a device which begins operation with an interval in which a greater

number of shocks occur.
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Note that as u -> | the advantage becomes negligible. This is
intuitively appealing since if the probability of surviving each
individual shock is close to 1| then it should make little difference
to the device's lifelength whether the initial interval is one of low

or high shock incidence.

Other moments of the distribution of T, and T= can be obtained

via the formula :-

(2.1.49) ELTi™ = (L= @ 22/ds*c32 {§,%(58)) | aus

The special case where one of the rates s., s> 1is equal to zero is
worthy of special mention. As indicated earlier, such a model
corresponds to a situation where a device is alternately in and out of
use and while out of use is free from shocks. Thus the rate process
is & homogeneous Poisson process interspersed with periods when no

shocks occur. Suppose s; = @ then :-

Aalt) =
(k/2 + sqr(k2/4 -J)) expl-(k/2 - sqr(k2/4 -J))t]

2 sqr(k=®/4 - J)

{sqr(k=/4 -J) - k/2) expl-(k/2 - sqr(k®/4 -J))t1]

2 sqr(k2/4 - J)

where the constants k and J are somewhat simplified so that

K = p1 + p2 + 54 - 520
and,

J = palsy - syu)
and,

Hz(t) 1is as in (2.1.47)

More interestingly,

E(T4)

I
-
|
+
-
N
+
un
N
1
(1]
N
=

and,

E(T2)

p1(s52-521)
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Clearly, as expected :- E(Ty) > E(Tz2)
i.e., commencing operation with a period free from shocks increases

the lifetime of the device.

0f course, similar results can be obtained if s= = @

~2.1F The Poisson Cluster Shock Model

Thall (1981) introduced a model in which shocks arrive at a device in

accordance with a homogeneous Poisson cluster process.

As with the Doubly Stochastic Poisson Shock Model, we will see that
the results obtained are much less general than for the models

considered earlier in this chapter.

As usual, our interest in studying a Poisson Cluster Shock Model is to

establish sufficient conditions for the life distribution defined by:-
A(t) = Ecoa PIN(t)=k) P

to belong to a particular class of distribution where, in this case

{N(t)} is a Poisson cluster process.

Firstly, however, we will present some basic properties of the Foissan

Cluster process.

The general structure of a homogeneous Poisson cluster process 1is as
follows :-

There 1is a homogeneous Poisson process {(No(t)} with rate s, say, of
cluster centres and associated with each point, ty, of the process is

a subsidiary process or cluster, with occurrences at the points :-
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{tJ + Aoy tJ + Xy tj + Xa2t,.. t; t Kl

where k is an integer valued random variable with,

P(K=kx) = ﬂh+; and {XQ, X,, oE e Kk}

1s a collection of random variables such that Xe = 8 and

X1, ... X«} have some prescribed distribution W. on |R%,

We denote the subsidiary process by {(N¢f2(,)} and the Foisson Cluster
process {N(.)} is the superposition of all the subsidiary processes.
We will suppose that {(Na(.)3}, {N¢*’(.)} and {N(.)} have associated

probability measures Fo, F¢f’ and P.

Rlso of interest is the synchronous version of ({N(.)} i.e., the
process {N(.)} conditioned on the occurrence of a shock at the origin.
We denote the synchronous process by {N7(,)} and note that the
probability generating function of N(.) and N°(,) are related by the

well-known Palm-Khinchin equations as follows :-

Let ez t) = E(gheer)s ¢z, t) = e(zN¢e) p=( z <!
then,
d/dt e(z,t) = -rpo(i-z1¢"(z,t)

where e intensity (rate) of (N(.)}

oo
S Ek=1 I«

Now label the occurrence corresponding to ty + x, in any cluster as an
occurrence of type i and consider a single subsidiary process {N7(.)}
with corresponding probability measure P™ having a single point at t =
0. Suppose {N"(.)} is a randomised subsidiary process in the sense
that the choice of type of occurrence at the origin is made randomly
and the probability that a type i occurrence is chosen is the same as

the proportiaon uf_type i occurrences in the cluster process {N(.)Z.

The following lemma due to Oakes (1973) will prove useful in

establishing the main result of this section.
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Lemma (2.1F.1)

I+ P°y P and P‘"> are defined as above, then :-

F=%a) =0 B % Pl 5

where % denotes convolution

Thall (1981) gives somewhat complex expressions for the density and

failure rate of the Poisson Cluster Shock Model but of more interest

to us is the following result :-

Theorem (2.1F.1)

Let {N(t)} be a Poisson cluster process and let H be defined by :-

n

(L) Frea PIN(t)=K) Bu

n
-
~

]
~
o

where P = zk and a

then, H is strictly DFR except when (N(t)} exhibits no clustering in

which case H is exponential, and the failure rate r(t) is constant.
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Proof

It follows from the Lemma (2.1F.1) that the p.g.f's of N~ (.), N(t) and
N (t) are related by the equation :-

0z t) = el(z,t) e7(z,t)

Now, combining this equation and the Palm-Khinchin equations and

noting that :-

Pe = z* implies H{t) = ¢(2,t) we have :-

rit)

"

-0/ (z,t) / ¢(z,t)
= Treli-z)g¢r¥(z,t)

which is strictly decreasing in t except when there is no clustering

in which case ¢7(z,t) = 1 and the failure rate r(t) is constant.

Thall (1981) also shows that H is DFR if (Pkff-. is completely
menotonic and DFR. A sequence of real constants (Eufi-n such that

@ =¢ Ex =C 1 is said to be completely monotonic if :-
n
D"(Ex) =9F Frae ("Cr)(-1)" Eper 3= 0
fnr a].l I"I, k = 3,1,2.-. aﬂd Dﬂ(Ek} = Ek

Thall (1981) also shows, by counter-example, that for the Poisson

Cluster Shock Model (Pw)kee discrete IFR does not imply that H is IFR.
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nead Generalised Shock Models

In this section, we study the lifetime distribution of a device
subject to shocks governed by a generalised renewal process where,
here, the term generalised refers to the fact that while the shock
interarrival times are independent but are not necessarily identically
distributed. We assume, however, that the interarrival times have
distributions which belong to the same non-parametric class of

distribution. —

The aim in studying these models is to establish sufficient conditions
on the shock survival probabilities (Pwx)w-es and on the process
governing the arrival of shocks {(N(t)} for the life distribution, H to
belong to one of the claims of life distribution discussed in Chapter
one. The main feature of the Poisson and related shock models
considered in the earlier part of this Chapter is the relationship
between the «class to which H belongs and the discrete class to which
the survival probabilities (Pw«)w-e belong. In the case of the
generalised shock model we will see that H inherits its class from
both the survival probabilities and the shock interarrival time

distribution.

Before proceeding, we need to introduce some notation.

Let Tw denote the time of the k*" shock, :-

Set U = Te = Te-a where k = 1,2,3..., To = @

and let 2k (t) = P(N(t)=k)

where (N(t)} is a generalised renewal process. Now define Ax by :-

(2.2.1) A =t Cz..mdx = é"PrT.=<x<TH,1dx
[ «]
= Elleve,vk+1a2(x)1dx = E[g”AXJ
- L3
(2.2.2) = E{Tkes = Tu) = Elllues)

Here Ia is the indicator function of the set A. We will denote by
Ji(.) the distribution of U.
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As usual, we define the life distribution H of a device subject to

shocks governed by a generalised renewal process (N(.)} by :-

(2.2.3) (t) Erma F(N(t)=k) P

P Zlt) P
where Pw« = P(surviving k shocks).

We are now in a position to establish the following theorem :-

Theorem (2.2.1)

Let {N(.)} be a process with independent interarrival times U« and

suppose H is defined by (2.2.3) then :-

(a) H is NBU if the interarrival distribution Ju«(.) are increasing in

k for each t and NBU, and (Px)f-e is discrete NBU.
(b) H is NBUE if the (Ju(.))%=e are NBUE and :-
(2.2.4) Py Eiie Bulie: 3= Eiues B My
where j = @,1,... and Ax = E(Uk+1)

(c) H is HNBUE if the interarrival times distributions Ju«(.),
k = 1,2,... are HNBUE and :-

-1
(2.2.5) Pinw By %€ B Yoo H~Byfasd
where k€ @ 1,2,ves aN0 da = Chnw Buls

(d) H belongs to L if the J«(.) k = 1,2,... belong to L and :-
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(2.2.6) Lvme P fu(S) >= ae / (1+sae)
where as = Eroe PwAx and
Tels) = 1/ (Re~* + 5)

(55 As/Asts) 1/A4+s

Me(s)

where k = 1,2,3...

Note : the (ﬂutsllft. are the Laplace transforms of z.(t) = P(N*(t)=k)
where {N(t)} is a stationary pure birth process with birth
coefficients (Au~1)tne
Proof
a) The NBU case was established in the course of proving Theorem
(2.1A.(d)), the corresponding result for the stationary pure-birth
shock model.
b) We have to show that :-

o0 _ e =

i Hix)dx =<C pH(t) where = I H{x)dx

= 0]

Now, A PROOAE = Efte 25 (8)ps [TEe 2k (x) Pudx

where z,(t) = P(N(t)=j)

o0
= Esme z4(t) Ps X
Exwe PxfAx

>= E52e 25(t) B2 Pl by (2.7.5)

= Eis Pefle E2e 24(t)



hence it suffices to show that :-

but

Ef~0 Pufux Eswe Ay(t) = £rxdx

fﬂ(x!dx = Froi pufzk(x)dx

so we need only show that,

i.e.

(2.2.7)

B Boow zatk) B= J_“:zu(x)dx

E(Ukss) PIN(t)=Ck] >= ,ijpmmwm
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Now, recall that the time of occurrence of the k*" shock is a randonm

variable, Twu. We will denote by FTx the distribution function of T..

Where

by the

PIN(t)=Ck) = P(Tesadt) and

"

,fjpmtx}:k)dx ;fPtT.‘=<x<T.Mde

a0
Q.

EC(Il cvue,7Tes1s () )dx

Ia(.) 1is the indicator function of the set A.

= Et,flm..n.”(x}dx:

E((Tuss=T) Leo,vur (L) + (Tesr=t) Leri,vieers (L))
E(Uk+1) P(Tu)t} + E((Ta¢1_t) I(Tk,Tk'l’(t)}

assumption of independent inter-arrival times.

reduces to :1-

(2.2.8)

E(Ukas) X PUTR={t{Tuas)

¥= EL (Tued=t) Lowi,fueastt)

So (2.2.7)
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Now again using the assumption of independent inter-arrival times, we

have :-

PITw=Ct<{Tues]d = PlTeaa-Tedt-Tu, T,=¢t]

= [ PlUkea?t-Tu, Tu=<t | Tw =<(5,5+ds)dFTx (s)
(2.2.9) = f PlUk+s > t-s] dFTk(s)

Now, for any non-negative random variable X with distribution function
L

(2.2.10) E(XIca,ar (X)) = sF(s) + f:Ftuidu

so EL(Tusa=t) Tevm,7Teess(t)] =

EL(Tusa~t) Tewm,ns{To) Iivoas {Tueilld

E[(Tu+1—Tu-(t‘Tu)) I{..t:(Tn] I(g—ru,.a(Taoa‘Tu}

t
% ElUkes-(t-5) It-,.)(Uk+;-(t‘5))dFTa(5)

b,
)
° o

P(Ukes-(t-5)2u) dudFTk{s) by (2.2.10)
_ %
(2:2+11) = P(Uksr2u) dudFTk(s)

0 &~

It follows from (2.2.9), (2.2.11) and (2.2.8) that :-

E(Uk+s) X P(Tk=<t(Tu¢a] - E[(Txes-t) Ig73,1u+t)(t1}

E{Uk+g}P{Uu+1>t—5 dFTw (s) -

]
O‘—.c*_
g,

P{Uk+a2u) dudFTe(s)
s

-~

+
£ (E(Ukes) P{Ukes2t-5) -
- PP(Ukesdu) du) dFTw(s)
sy

>= @ since (Ux+1)nee have NBUE distributions.
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(c) We first show that if :-
a0

K(t} = Ek-l Zk(t] Fk
is the survivor function of a device subject to shocks whose
occurrence is governed by a stationary pure birth process {N®"(t)} such
that :-

PIN®(t)=k) = z.(t), then,

20 0
(2.2.12) Hix)dx =( E(x)dx
{H {_-K

The result then follows from the fact that K was shown to be HNBUE in

Theorem (2.1AR.1(f)), wunder the condition on P and on A« of this
theorenm.
Now, A(x) = Ej-w 25(x) B,

Fiee (Evsam 2elx))(Pi-Baes)

00 art
Eimm P(Ek—: Uh)X)(PJ‘ﬁJv:)

and hence,
o0 [
fzn(x)dx = Esme {P(Ex=a UdX) dX(Ps=Paes)

Denote by Vi« where k = 1,2,... the inter-arrival times of a stationary

pure birth process with birth coefficients (Ax)v.e so that:-
P(Vedx) = exp(-x/Ak-1), k = 1,240
Since the U« are HNBUE it follows that :-

PP dx =< FP(Vux) dx
t <
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Now, Theorem 4.2 of Marshall and Proschan (197@) states that if :-
;:F.tx)dx =< J:’s.txldx i = $%ecan
where Fy, 6, are distributive functions and,

F(t)

F‘ * F: * see ¥ Fn(t} 3 B(t, = B‘ *.--* Gﬂ(t)
o 0

then SFdx =< f6(x)dx
* +

Using this result and the independence of inter-arrival times we have

from :-
(2:2:13) P(ERes Uwdx)dx  =¢ f P(ER: Vudx)dx
2 oo (-]
i.e. Esme (f P{Exwma Undx)dx (Ps=Ps+1)
=¢ Ejee (f P(Ewes VidX)dX (Ps=Pses))
2 A a0
i.e. f:H(x}dx =< J'txtx}dx

and since by Theorem (2.1A.1(f)), K is HNBUE under the condition of
this theorem it follows that H is HNBUE.

d) In a similar fashion to proof of part (c) of this Theorea we
first show that :-

(2.2.14)  [OPA(t) e==t dt )= FEt) em=t dt
L]

where K{.) is the survivor function of the stationary pure birth shock
model. We then show that under the condition on {Pulf.. and  (Au)hee
of this theorem K belongs to L and consequently the desired result
follows. (2,2.14) follows from an arqument very similar to that wused
in the HNBUE case to show that :-

o0
LRI = f:Elxldx
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The one additional step required is that :-

flem= P(Elay UtIdE )= f’e-" P(Ekas Virt)dt
if {oe"‘ P(Ux2t)dt 2= [ P(Vedt) e~=t dt
but this is a well known result of Laplace transforas.

Now, under the conditions of the theorem :-

o
Ex=o Pk flx(s) »= ae/(l+tsae)

where ae = £lZe PwAx. and the T« k =0,1,2,... are the Laplace
transforms of zu(t) = P(N*(t)=k) k = 1,2,... where ({(N*(.)} is a

stationary pure birth process.
i.e. Ef?- Pelle(s) = {De"‘ Zu{t)dt 2= ae/(ltsae)
So K, and by (2.2.13) H, both belong to L.

Part (a) of Theorem (2.2.1) above is due to A-Hameed and Proschan
(1973) part (b) is due to Block and Savitts (1978) and parts (c) and
(d) to Klefsjo (1981, 1983), although in the L case the condition on

(Pe)w and (Ax)w is weaker than that used by Klefsjo.

In parts (b), (c) and (d) of Theorem (2.2.1) quite general conditions
have been imposed on (pPw«)x and (Ax)w in order to emphasise the
relationship between the class to which the inter-arrival distribution

Fu(.) k = 1,2,... belongs and the class to which H(.) belongs.

In the theorems to follow, stronger conditions on (Pw)x and on (Ak)k
will be imposed and these will better illustrate the relationship
between the classes of H(.) and the discrete survival probabilities

(pk)k--l

The obvious analog to Theorem (2.2.1) holds for the dual classes NHWU,
NWUE, HNWUE and [.

By imposing stronger conditions on (Pkf?-- and on (Rufs_. than in

Thearem (2.2.1) the fnllawina recnlt ran he nhtained.
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Theorem (2.2.2)

Suppose the shock inter-arrival times Uy are independent and H is

defined by (2.2.3) then :-

(a) H is NBUE (NWUE) if the interarrival time distribution J(.)
k = 1'2,010 aTE NBUE (NNUE)‘ (ﬂk = E(qu-l}], k = ‘1,2!'..
is decreasing (increasing) in k and (Px)w=e discrete NBUE

(NWUE) -1

(b) (1) H is HNBUE if the Jw(.) are HNBUE k = 1{,2,... (An)eme is

decreasing and :-
£55: Ta A Biee Ps Tooa (=tBalash)
where k = 1,2,3... and
da = Es-e PsA

(b)(ii) H is HNWUE if the Jw«(.) are HNWUE, (ﬂaii-. is increasing to a

finite limit,
ES2% Py 5 Biow Bs Treell-tAefani)

and there exists a ke such that as >= A« for every k >= ke for which

P > @

(c) H belongs to L ([) if Ju(.) belongs to L ({) n = 1,2,...,
A =C¢ (>=) Ap k = 1,2,... and (Puﬂufi-. is decreasing
and belongs to 6 (§).

Proof
We will consider only the NBUE, HNBUE and L classes here. The proof

ofthe corresponding results for the NWUE, HNWUE and L classes are

quite similar.
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(a) By Theorem (2.2.1) we need only show that (. Py o decreasing and

(Pu)e-e discrete NBUE implies :-
Ps Ek=e Prfu = Evos PuBe  § = 0,1,2,...
but this was shown in the course of proving Theorem (2.1A.1(e)).

(b) By Theorem (2.2.1(c)) it suffices to show that (Aw)w=e decreasing

and :-
Jur Ba ¢ Ei%6 Fi Tome (1-Aslas), k=1,7,3,00
implies Esax Psfs =¢ Esunw PsAs Toow (1-As/2e)
We will find it convenient to define B. by :-

=\
Bx =9¢ fy-e(1-As/ae) , k=1,2,... (Note that Bx. =< 1)

Now , (Ax)0es decreasing implies that limk->a Ak = A exists,

consequently,
- 0
(2. 25 15) By Ejme Fsfy - Bymi FsAy =
= [(Bx Esmue PsA - Esmw PsAl +
Bk Fimo Ps(As-A) - Eimx Fs(As-R)

By assumption, the expression in brackets in (2.2.15) is non-negative,

since :-

ESO Pulfs=A) = Fowx Av-fver Eser Px
we have :-

Bu Ejme FslAs-R) = Eymu Pslfy-h)

= Bk E‘:-t-n (ﬁv-nvﬂ-l) E‘:-ll -P—J = E?—k (ﬂv—ﬁv.ﬂ Er-k P,
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(2.2.16) = Be Eﬁja (Av-Ay+i) E:L- Ps ¢ Zfig (Av-Av+1) X

[Bu Esaw Ps = Eiew Psl

The first expression on the right hand side of (2.2.16) is
non-negative since thafeuw is decreasing. The second term is also
non-negative by the following argument.
Let 0u(v) = B EYme Ps - Es-u Py
then t(v) = 0elvtl) = Puey (1-Be) >= @
since Bk =< 1, consequently #x(v) = limv->a 0x(v)
but by the assumption of this theorem :-

lifu->e 0u(v) = Bu Eia Py - Esew Ps = 0
So ¢(v) >= @ and consequently,

Bi Edwe Pshs D= B PiA, K= 8,1,2,0..
as required.

(c) By Theorem (2.2.1(d)) it suffices to show that Ak =< Ae

and  (PuBufree is decreasing and belongs to G implies :i-
Eveoe Px fxl(s) 2= ag/(l+sag)

oo
where as = Ex=e Pufwx and flx(s) is the Laplace transform of P(N*(t)=k)

where {N®(.)} is a stationary pure birth process.
This was shown in the course of proving Theorem (2.1A.1(g))
Now, if the shock inter-arrival times all have the same mean,

i.e. Ax = A where k = 0,1,2,... the following corollary to

Theorem (2.2.2) is immediate.
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Corollary (2.2.1)

Let {N(t)} be a generalised renewal process with independent
interarrival times Ux such that E(Ux) = A where k = 1,2,... then if H

is defined by (2.2.3)

a) H is HNBUE (NWUE) if the shock inter-arrival time distributions
Jel.) k =0,1,2,... are NBUE (NWUE) and (Fufﬁ-n is discrete

NEBUE (NWUE).

b) H is HNBUE (HNWUE) if the Jw«(.) are HNEUE (HNWUE) and
(Pu)%eo discrete HNBUE (HNWUE).

c) H belongs to L () 1if the J«(.) belongs to L ()
k= 1,2,... and (Pu)r-e belongs to 6 (§).

In the NBU (NWU) case, it is possible to relax the assumption of
independent interarrival times whilst still obtaining a useful result.
This result is contained in the following Theorem due to Block and
Savitts (1978).

Theorem (2.2.3)

Let H be defined by (2.2.3) then H is NBU (NWU) if (Puf:-. is discrete
NBU (NWU) and the stochastic process (N(t)}) satisfies :-

(2.2:17) PIN(x+y =< j+k, N(x)=kl

n
-~

{>=) PIN(y) =C j1 P(N(x)=k]
i.e.

(2.2.18) POIN(x+y) > j+k | N(x)=k]l 2>= (=) F(N({y)2>]j)
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Proof

For all x, vy > @8 :-

Alx+y) = Eice Py PIN(x+y)-il
= ERe Py £iee PIN(x+y)=i, N(x)=k)
= PR £P-x PIN(x+y)=i, N(x=kl P,
and putting i = i-k gives :-
Ax+y) = Cona E%e PIN(X+y)=j+k, N(X)=K] Pjesw

=¢ Lrwe Lice PIN(x+y)=itk, N(x)=k] Pspw
=( Enee ETms PIN(x+y)=j+k, N(x)=k] PP

since (Pw)w=e 15 discrete NBU,

Eee Px EPe PMx+y)=j+k, N(x)=k] Esms(Ps-P1as)

%0 = = i ’

Ex=e Px Ei=e (Pi-Py+1) Ejae PIN(x+y)=j+k, N(x)=k]
00 o —_— - y

={ Ex=e Pk Eim=e (Pyi-Pys1) PIN(x+y)=<itk, N(x)=k]
o0 o0 - ’

=¢ Exm=e Px Ei=e (Py-Pys+a) PIN(y)=<id PIN(x)=k]

(by assumption (2.2.17),

00 ) "

= Exme P(N(X)=k)Px Eiwe PIN(y)=<il (Py=Py+q)

= A(x) Eiw=e PIN(y)=i) P,

= Ax)fty)

i.e. Aix+y) =C x)IHY)
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The proof in the NWU case follows similarly.

Note that the single condition (2.2.18) in the above Theorem replaces
the conditions an {(N{(t)} in Theorem (2.2.1(a)) of mutually independent
interarrival times with distributions Ju(.) k = 1,2,... which are
increasing and NBU. In fact it has been shown by Block and Savits
(1978) that the condition (2.2.18) is weaker than the conditions used
in Thearem (2.2.1(a)).

We have seen that in the case of the NBU, NBUE, HNRUE and L Classes of
lifetime distribution and their duals, the NWU,NWUE, HNWUE and T
Classes, the lifetime distribution of a device subject to shocks
governed by a generalised renewal process inherits its Class from the
shock inter-arrival time distributions and the shock survival

probabilities (Fu)yee.

Unfortunately, the same is not true in the IFR, IFRA, DFR or DFRA
Classes. A-Hameed and Proschan (1975) provide counter examples in the
IFR and IFRA Classes and an cobvious modification of these examples

yields counter examples for the DFR and DFRA Classes.

To date, the preservation of the DMRL and IMRL Classes in the context
of generalised shock models appears not to have been considered in the

literature.
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CHAPTER 3 : PHYSICALLY MOTIVATED MODELS FOR FAILURE

~3.0 Introduction

In Chapter two we investigated the model :-
R(t) = Edee P(N(t)=k)p.

under a variety of prescribed structures on the process ({N(t)}. The

nature of the_survival probabilities was largely ignored; we assumed

(=]
only that (pw)«=@ formed a decreasing sequence and that pa = 1.

In this Chapter we take some account of the method by which a device
may fail, e.g., failure may occur on the first occasion a shock
exceeds some critical magnitude or failure may occur when the total

accumulated damage due to shocks exceeds some critical threshold.

In the context of the model R(t) =Fce P(N(t)=k)p« accounting for the
method of failure 1is equivalent to imposing some structure on the
survival probabilities (Pu)fRes. Moreover, classifying shock models
according to the means by which failure occurs allows us to consider
more general models in which there is some dependency between the
probability of surviving k shocks and the shock interarrival times or
in which failure may occur at times other than on the occurrence of a

shock.

Considerations such as these render the model :-
Alt) = E2a PIN(t)=k)pw
no longer applicable and we will see that an alternative approach is

required.

In this Chapter we associate with each shock the physical quantity :-
magnitude of shock, or amount of damage inflicted. This by no means
compromises the generality of our models since, for example, the
magnitude of a shock may be negative, corresponding to a partial

repair of the device.
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The structure of this Chapter is as follows :- We begin by caonsidering
Maximum Shock Threshold Models in which failure occurs on the first
occasion a shock exceeds some critical magnitude. We return briefly
to the model :-

At) = EZa PIN(E)=K) Py
and structure the P« so as to accommodate a maximum shock threshold
model. Models where the shock magnitudes are correlated to the shock

interarrival times are then considered.

Next, we consider Cumulative Damage Models in which damage caused by
shocks accumulates and failure occurs when the total accumulated
damage exceeds some critical threshold. Again, we begin the study of

such models by returning to the model :-

A(t) = ExZa PIN(t)=k)Pw
and structuring the (Pw). appropriately. We then consider models in

which damage still accumulates but between shocks, either wear

continues or the device is partially repaired.

Finally, we consider accumulative damage models in which the critical

threshold is random.

Throughout, our main aim is to obtain sufficient conditions for the
life distribution associated with each of these models to belong to a

particular class of life distribution.
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et i | Maximum Shock Threshold Models

In this section, we suppose that shocks arrive at a device but cause
no damage unless the magnitude of the shock 1is greater than some
threshold value, in which case failure of the device is instantaneous.
Esary, Marshall and Froschan (1973) suggest that such a model provides

a plausible description of the fracture of brittle glass.

~3.1A The Standard Maximum Shock Threshold Model

We will assume that the Shock Magnitudes Xy i = {,2,... are random
with distribution F.(.) 1 = 1,2,..... [If the magnitudes are wmutually
independent and independent of the shock interarrival times, then for
a critical threshold z, the probability of the device surviving k

shocks is given by :- px = ur-; Fetz) k = 142,.... will assume fo = 1.

Consequently, the corresponding survivor function is :-
A(t) = Ema P(N(t)=k)fw
Evmr PIN(t)=k) HTL, Felz) +P(N(t)=0)

Clearly, 1i1f {(N(t)} is a homogeneous Foisson process, a stationary or
non-stationary pure birth process or a generalised renewal process,

the results of Chapter two apply with the condition on (Pulik=e
replaced by the identical condition on the sequence :- (1, ﬁf;, Fy(2)

k= 1,2,00.)

In some cases, it is possible to establish sufficient conditions oan
the Fy(z) for the sequence :- (1, 7% Fua(z) k = 1,2,...)
to belong to a discrete Class of survival probabilities. Thus we have

the following Lemma :-
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Lemma (3.1A.1)
The sequence (1, fla=a Fylz), k=1,2,...) 1is i-

(a) discrete IFR (DFR) if (F,(zllfﬁ; is decreasing (increasing) in 1
(b) discrete IFRA (DFRA) if :-
(ees Felz)) 2% 3= (=€) Fray % £a%as
(c) discrete NBU (NWU) if :-
Tt Falz) =€ =) fias Ful2)
B 2 1 Rens BB LaByas

Proof

In each case the proofs follow directly from the definition of the

Class in guestion.

As a consequence of the above lemma, 1if {(N(t)} is a non-stationary

pure birth process with :-

(3.1.1) PIN(E+d)-N(t)) =1 | N(t)=k)
PON(E+d)-N(E)) > 1 | N(t)=k)

Sks(t)d+o(d)
Cold),

where d is small.

the following theorem follows directly from Theorem (2.1C.1) :-

Theorem (3.1A.1)

Define H by :-
P & K =
ACt) = Ewxma PAN(E)I=k) fo=1 Falz) + P(N(t)=k)
where {N(t)} is a non-stationary pure birth process with probabilities

given by (3.1.1)

a) H is IFR (DFR) if (su)%ee is increasing (decreasing), s(t) is

decreasing (increasing) and (F;(z))fﬁ, is decreasing (increasing)in i.
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b) H is IFRA (DFRA) if (sw)x is increasing (decreasing) in k,
ﬂ:(stx)dx)/t is increasing (decreasing) in t and :-
(ﬂtk-lFu(Z}}""k ): (=<j Fkﬁt{z} ¥ k = 112,-1:

c) H is NBU (NWU) if (s«) is increasing (decreasing) in k s{x)dx is
superadditive {sub-additive) in t and :-
fomer Fulz) =¢ O=)  f5as Fu(2)
K= 152 0ay L= 1525000

By setting s« = s where k = 1,2,... a corresponding result can be
obtained for the case where shocks arrive according to a
non-stationary Poisson process and by setting si(t) = 1 the
corresponding result for the stationary opure birth process can be

obtained.

If {(N(t)} is a generalised renewal process, Theorem (2,2.1(a)) applies
with the condition :-
fi=wer Fulx) =¢ femr Felx)

in place of the condition that (Pg)fl. is discrete NBU.

The special case where the shock magnitudes Xy are i.i.d 1is of some

independent interest.

In this case, if the magnitudes have common distribution F and the
critical threshold below which shocks cause no damage and above which
failure occurs is denoted by z , the probability of surviving k shocks

is given by :-

(3120 P = (ELEN*-,
Consequently, if shocks arrive according to a homogeneous Poisson
process of rate s the survivor function of the device in question is
given by :-

Ait)

Ex=e PIN(t)=k) P
Evle e-"t (st)* (F(x))*

e"*s{1~-F(x))
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That 1is, the lifetime distribution for the maximum shock threshold
model with i.i.d shock magnitude is exponential whenever the process
gaoverning the arrival of the shocks is a homogeneous Poisson process.

More formally, we have :-

Theorem (3.1A.2)

Let 1-H(t) = g(t) =E:Em P(N(t)=k)pw  where P« = [F(x)1* then H is

exponential 1f {N(t)} is a homogeneous Foisson process.

Since the survival probabilities fwx = (F(x))* are both discrete IFR
and discrete DFR, we have in a similar vein to Theorem (3.1.2) above,
the following results which follow directly from Theorem (2.1A.1)

corollary (2.1D.1) and Theorem (2,1C.1) respectively.

Theorem (3.1A.3)

Let 1-H(t) = H(t) =£%e P(N(t)=k) (F(z)*,
If (N(t)} 1is a stationary pure birth process with birth coefficients

(sw)%ew then H is IFR (DFR) if (s«fPue is increasing (decreasing).

Theorem (3.1A.4)

Define H(t) by :-
A(t) = E%e PIN(t)=k) (F(z))*
Let {N(t)> be a non-stationary Foisson process with (mean-value
function I(t) = éfs(x)dx then :-
(a) H is IFR (DFR) if s(t) 1is increasing (decreasing)

(b) H is IFRA (DFRA) if [I(t)/t 1is increasing (decreasing)

(c) H is NBU (NWU) 1if I(t) 1is superadditive (subaddditive).
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Theorem (3.1A.35)

Define H by :-
A(t) = Evre PIN(t)=k) (F(z)*

and let {N(t)} be a non-stationary pure birth process with :-
PIN(t+d)=-N(t) = 1 | N(t)=k) sks(t)d + o(d)

and P(N{t+d)-N{t) > 1 | N(t)=k) o(d),

where d is small.

then :-

(a) H is IFR (DFR) if (5u)%me is increasing (decreasing) and s(t) is

increasing (decreasing) in t.

(b) H is IFRA (DFRA) if s« 1is 1increasing (decreasing) in k and

gksix}dxlt is increasing f(decreasing) in t.

(c) H is IFRA (DFRA) if s« is increasing (decreasing) and s{x)dx is

superadditive (subadditive).

In the case that {N(t)} is a generalised renewal process we have the

following result directly from Theorems (2.2.1) and (2.2.2) :-

Theorem (3.1A.6)

Define H(t) by :-
A(t) = 1-H(t) = 1-Ei2a P(N(t)=k) (F(z))* , z > @

where {N(t)} 1is a generalised renewal process; then :-

(a) H is NBU if the shock inter-arrival time distributions (J.(t)l?l;

are increasing (decreasing) in i for each t and NBU (NWU)

(b) H is NBUE (NWUE) if the inter-arrival time distribution (J, (t))3%,
are NBUE (NWUE) and their first nmoments As, i = 1,2,... form a

decreasing (increasing) sequence.
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If we impose the additional condition that the interarrival times all
have the same first moment, then a similar result to the one above

holds for the HNBUE and L Classes (c.f. Corollary (2.2.1))

Esary, Marshall and Proschan (1973) identified the following practical
application of Theorem (3.1A.1(a)) in the case that the interarrival
times are 1.1.d. Suppose that each shock causes a change 1in the
threshold which does not depend on the shock magnitudes. If the
successive thresholds are denoted by z,, 2z,... and F is the common
magnitude distribution then px = ﬁfL; F(zy) which is very similar to

the form pe = n:i‘ Fialz).,

In fact, Theorem (3.1A.1) applies with Fy(z) replaced by F(.) e.g., in
the special case that s« = s, k =0,1,2,... and s(t) = 1 so that
shocks arrive according to a homogeneous Poisson process, it follows
from Theorem (3.1A.1(a)) that if successive shocks cause a laowering
(raising) of the threshold i.e. (z,)7=-. decreasing (increasing) then
the life distribution H is IFR (DFR),

One possible generalisation of the Maximum Shock Threshold Model is to
the case where the threshold level 1is itself a random variable.
Suppose the threshold level has a distribution 6 and retaining the
assumption of mutually independent shock magnitudes, which are
independent of the shock interarrival times, it is clear that the

probability of surviving k shocks is given by :-
(3.1.3) Pe = [fs=1 Fi(z) d6(2)
and the survivor function for this random threshold model is given by :-

(3.1.4) git) =.(:?..."L PIN(t)=k) fsms Fylx) dG(z) +
P(N(t)=0).

Now by the closure properties of the DFR, DFRA and NWU Classes wunder
the mixture operation, we have the following ccrollary to Theorea

(3.1.1).
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Corollary (3.1A.1)

Let {(N(t)} be a non-stationary pure birth process with transition

probabilities as in Theorem (3.1.1), then if H is defined by (3.1.4)

(a) H is DFR if s(t) decreasing (Sk}ft' is decreasing and F.(z) 1is
increasing in i for every z > 0.
(b) H is DFRA if ﬁfs(x}dx!t is decreasing in t, (Sk)iw i5 decreasing in

k and :-
(ams Falx)11/%  =¢ Fraalz) Kk = 1,2,000, 2 > 0.

(c) H 1is NWU if Lfs(x}dx is subadditive (5¢)hme is decreasing in k and:-
T2kl Folz) 3= gl Fatz)
k = 124000y L= 1,2400,2z 280
and none of the functions Exe: PAN(t)=k), fi%. Fu(z), cross

where z > @

In the special case that the shock magnitudes are i.i.d. similar
corollaries to Theorem (3.1A.2) - (3.1A.6) can be obtained. 1In
particular, we note tﬁat if (N(t)} is a homogeneous Poisson process :-
p(t) = g“zfi; e™"t (st)w/k! T Fi(s) dB(x) + P(N(t)=0)
= %TE"“"F‘"” d6(x) + P(N(t)=0)
and consequently, since a wmixture of exponential distribution is
logarithmically convex, then H is logarithmically convex, i.e., log H

is a convex function i.e., H is DFR.
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*3.1B A Maximum Shock Threshold Model with Shock Magnitudes Correlated
with the Preceding Interarrival Time

A more interesting type of maximum shock threshold model arises if the
shock magnitudes X, i = 1,2,... are allowed to depend on the process
{N(t)} which governs the arrival of shocks, or, more particularly, on

the interarrival times of the process. In this case, the model :-

A(t) =E%2a P(N(t)=K)ps«
studied in Chapter two and section 3.1A may not be applicable.
Consequently, we shall study the lifetime distribution of this wmore
general maximum shock threshold model by using a direct analysis of
the system-failure time, Tx, although it will be shown that

A=(t) = P(T:.>t) can be written in the form :-

Ax(t) = Evam P(Ng(t)=k)Pe
where {Nx(.)} is a stochastic process related to the process governing

the arrival of shocks.

The models discussed in this and the following section have been
studied extensively by Shanthikumar and Sunita (1983, 1984) and the

following discussion is based largely on their work.

We will first consider the case where the magnitude of the n®*™ shock,

Xay 1is correlated with the time between the (n-1)*" and n*" shocks,
Yﬂ-

We will suppose that the random vectors (Xn, Yan) are independent
pairwise and have a common joint distribution function given by :i-

Fx,v{x,y) = P[Xn =< %4Yn =< y] where n = 0,1,2...

For each n, X» and Y. may be correlated Shanthikumar and Sumita (1983,
1984) term such a sequence of random vectors a correlated pair of
renewal sequences. If z is the threshold below which shocks cause no
damage and above which shacks cause immediate failure, then the

lifetime distribution of the device in question is given by:-
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(3:1:5) Hx(t) = P(T=¢t) = P(M(t))>z2)
where M(t) = maX (e m¢ 3 =< nmeer> (X3)

and the system failure time T. 1is given by :-

(3.1.6) Te = inf{t : M(t) >= z}.

Although our main aim is to establish sufficient conditions for the
distribution of T. to belong to a particular class of life
distribution, we will also present some results concerning the moments
of Tax and the limiting properties of its distribution. To this end,

the following notaion will prove useful. Let :-

(3147} Viz,t) = P(M(t) =C 2)
thus :-
{3.1.8) Hx (t) = 1 - V(z,t)

We will denote the Laplace transforms of V(z,t) and H.(t) by V*(z,s)
and Hy*(s) respectively. Throughout the following discussion, we will
assume that for each n the random variables X, and Y. have finite
first and second moments and are absolutely continuous with joint
probability density function given by :-

fx,v(x,y) = dZ  Fx,v(x,y)

The corresponding marginal distribution survivor and density functions

are given by :-

Fx(x) = Fx,v(x,e) 5 Fy(y) = Flo,y)
Fx(x) 1=-Fx(x) 5 Fx(y) = 1-Fy(y)
fx(x) {?f:.v(ﬂ,?)dy ;s fvly) = {ofx,v(X|Y)dX

For this model it will also be assumed that Xe = Ye = @ w.p.1.

It will prove convenient to define the following functions:

(3.1.1) Bx(xyy)  =2*  he v(t,y)dt,
Gy (x,y) =9 {rfx.v(x|t)dt,

Gx(x,y) =9* ;ff;.v{t,yldt,

and By(x,y) =97 ;ff:.vtx,tldt
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Loosely speaking Gx(x,y) is the probability that a shock occurring a
time y since the last shock is of magnitude less than or equal to «x,
and 6Gx(x,y) is the probability that a shock of magnitude x occurs
following an interval of length smaller than or equal to y since the

previous shock.

Note that :-

(3.1.10) Bx (x,y) = fy(y) = Bx(x,y)
and .
(3.1.11) Bri(x,y) = fx(x) - By(x,y)

The results concerning the aoments of T, will be established using
Laplace transform techniques and, consequently, the following Leamma

will prove useful.

Lemma (3.1B.1)

Let V(z,t) and H.(t) be defined as in (3.1.7) and (3.1.3) and let
Ha(t) = d/dt He(t) then :-

a)  V*(z,s) = 1- f3(s) Re(s) »= @
s (1-65(z,5)

b)  h*(s) = Bx(z,5) Re(s) >= @
1-6%(z,8)

Proof

a) V(z,t) = P(M(t) =< z). Conditioning on the first renewal time VY,

gives :-

£3:1.:12) Viz,t) = IP(H{ti =C z | Yie (y,y+d) fyv(yldy
and using the regenerative property of the paired process {(Xa,Yn)} at

Y: we have :-

(3.1.13)  Viz,t) = Eylt) + Ev(z,t—y) 6x (z,y)dy.
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Now, taking Laplace transforms on both sides of (3.2.13) yields :-
V*(z,s) = 1/s ~(§*v(s))/s + [(Fe~=* V(z,t-y) Bx(z-y) dydt

1/s (1-f*,(5)) + Lf;?e--t Viz,t-y) Gx(z,y) dtdy

1/s (1-f"y(s5)) + {”{fe"“"’ V(z,t) Bx(z,y) dtdy

1/s (1-f*y(s)) + G6°x(z,s) V*(z,s)

hence V*(z,s) = 1-f*v(s)
;IIZE:;?;:;?I as required.
b) Now, Ha(t) = 1-V(z,t)
hence H:*(s) = 1/5 - V*(z,s5)
and hz*(s5) = sH:*(s5)
1-¥*y(s5)

1 - 6°%(z,s)

fv*(s) - Gx*(z,s)

1=Bx*(z 5} by (3.1.18).
h«*{s) 1is of course the Laplace Transform of the density of T. and
consequently by differentiating h:*(s) and equating s to =zero, the

moments of T. can be obtained. Thus we have the following result :-

Theorem (3.1B.1)

a) E (Tg) = E(y) / Fx(z)
b) E (T:2) = Ely=®) 2Fx (z)E(y)
----- $ mmmmmmemaee E(YyX < D)
Fx(z) (Fx(z))=2
c) Var (Tp) =
E(y?) Ely)
————— B mmsm=ees (PRL(2) EW | & C 2) = EGY))
Fx(z) (Fx(z))?=2

The above theorem and proceeding lemma are both due to Shanthikumar
and Sumita (1983). In the same paper, it is shown that as z -> e

(i.e. as the threshold becomes large) :-



P (T</E(Te) = t) =) e"*®
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provided B < Fx, «vix,y) =¢1 for 8 { x o , 0 <y« o.

i.e. the distribution of T:/E(T.) approaches that of an exponential

variate of mean one as z -> e.

One further aspect of the distribution of T. worth noting is

that as

the threshold z becomes large, the probability of a system failure

tends to zero since the probability of any shock magnitude exceeding z

decreases as z increases. So for some fixed t, Pfz(t) = P(T. € t) is

increasing in z.

This is formalised in the following theorem, but first a definition is

required.

Definition (3.1B.1)

A random variable X is stochastically larger than a random variable Y

(X 2= Y) if P(X2t) >= P(Y>t) -o < t € w.

Theorem (3.1B.2) (Shanthikumar and Sumita (1983))

T« as defined by (3.1.6) is stochastically increasing in z,

i.e. B =z, = 22 == Tz1 ={st T.2

Proof

Inverting the Laplace transform :-

he ey 2 BXT(18)
1-6x*(z,s)
gives the following real-domain form for he(t) :-
(3.1.14) he(t) = gExl(z,t) + gxl(z,t) # E Bx‘%(z,t)
where  Gx‘%*%’(z,u) = Eﬁx(z,t-ul Bx “*? (z,u)du

and the asterisk denotes similar convolution in t.
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Now
P(Te >= t) = fHe(t)
= fhe(wdu
and it follows that :-
Re(t) = Fx(t) + Fx(t) # Ewms Gx'%?(z,t).

Clearly, A«(t) is non decreasing in z i.8. Tz1 =¢( Tz2 whenever
z1 =< 22,

We now turn our attention to the question of determining the class of
distributions to which H:(t) belongs. The general aim is to establish
conditions on the distributions of X» and Y. and/or on the bi-variate
distribution of (X.,Y,) which guarantee that H.(t) = P(T, =( t)

belongs to a particular class of distributions.

Definition (3.1B.2) (Barlow and Proschan (1975) p. 142)

For given random variables X and Y, X is said to be stochastically
increasing in Y (SI(X | Y)) if P (X>x | Y=y) is increasing in y for

all x.

Similarly, if P(X>x | Y=y) is decreasing in y for all x we say X 1is

stochastically decreasing in y (SD(X | Y))

Definition (3.1B.3) (Barlow and Proschan (1975) p. 142)

For given random variables X and Y, X 1is said to be Right-tail
increasing in y (RTI(X | y)) if P(X>x | Y»>y) is increasing in y for

all x.

X is right tail increasing in Y (RTD (X | y) ) if P(X>x | Y>y) is

decreasing in y for all x.

In establishing conditions under which Hi:(t) belongs to the NBUE,
NWUE, HNBUE and HNWUE Classes, the function
(3.1.15) Ex{y,t) =9 P(X>x | Yoy+t) = P(X>x | Y)y)
X,¥,t >= @
(3.1.16) = Fx(x)-Fx,Y(x,y) Fx(x)=Fx,y(X,ytt)

Fv(y) Fely+t)
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is of some impartance. It is clear that :-
(3.1.17) RTI (X | Y) <==> Ex(y,t) >=08 X,y,t >= 0
(3.1.18) RTD (X | Y) <==> Ex(y,t) >= @ X,y,t >= @

We are now in a position to present the main result for the general
maximum shock threshold model. The result is due to Shanthikumar and

Sumita (1984).

Theorem (3.1B.3)

Let (Yn)%-o be the sequence of shock interarrival tinmes, Wadaws Ehe
sequence of shock magnitudes and T. the failure time of a device

subject to (anYn):iB 5

(a) If the Y, all have distributions which are NBU and
SI (Xn | Ya) n = 0,1,2,... then H.(t) = P(T.<t) is NBU.

(b) If the Y. all have distributions which are NBUE and

for Xny¥n Ex(B,t) >=0
for all x,t >=8 ; n =@,1,2,... then Hz(t) is NBUE

(c) If the Y, all have distributions which are HNBUE and for X.,Yn
Ex(@,t) >= @ for all x,t,n >= @ then Hz(t) is HNBUE
Proof

(Note since this proof is quite involved many of the details have been

ommitted here but can be found in Shanthikumar and Sumita (1984)

al We have to show that :-
A= (t+s) =< f=(t) f=(s) C s,t >= 0
i.e. P(Te > t4s | T > t) =<C P(Te)s); s,t >= 0
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The following notation will prove useful :-
Let :- (3.1.19) Ru =@ ; L =20 J

Re = Esa1 Y, 3 L o=
and let e = t- ro
Further, let :-
(3.1+28) Plsyu) = P(Tz > s+u | udY,)

Now by using the regenerative property of the renewal sequence (Ynfﬁ-.
together with some straight-forward computation (see Shanthikumar and

Sumita (1984) ) it proves possible to write :-

A=(s+t) = P(T. > s+t | Tx > t)
“ﬁ:?i;" as follows :-

(3. 1.27) Rz (s+t) = P(s,t) F,(t) + Eyas PIN(t)=L | T2 > t)
Rty

X LPUsy) dP(Esms Yy =C re | Te > £, N(t)=L]
By (3.1.27) it is clear that the desired result holds provided it can
be shown that P(s,t) =<¢ {z(s) for any t>8 This last step is
established via a rather detailed argument which is omitted. We note
however that the argument relies on the regenerative and NBU
properties of the renewal sequence ( Yn)ﬁ-. and the fact that Xan |is

stochastically increasing in Yo, n = 0,1,2,... 1i.e. SI{Xa | Ya)

{(b) To show that Hx(t)= P(Te ¢ t) is N.B.U.E. we must establish that :-
ORratsttids =¢ E(T.)

By (3.1.27) it suffices to show that :-
£Pis,tids =¢ E(T.) for any t > @
where P(s,t) is as defined by (3.1.28) and this follows by using the

conditions of the thearem :-

Ex(B,t) = Fx(z) - Fx(z) Fx,v(z,t) >= @

and Fy(.,) is NBUE : and by noting that :-
E(TL) = E(Y)/Ex(z) by Theorem 3.1B.1(a)
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(c) To show that Hx(t) = P(T. =¢( t) is HNBUE we must show that H:(t)

satisfies the inequality :-

[PHa (s)ds =¢ E(T.) expl-t | E(T.)]

now conditioning on X in (3.1.13) gives :-

(3.1.33) A= (t)

Fv(t) + Fx(z) f:H.(t-yl dF« (y)

n

where Fely) PLY =C y | X =< 2)
Repeated substitution of (3.1.33) into the H: of the right hand side
of (3.1.33) yields :-

{3-1-34} H:(tl = Enua (F:{nl(t} ﬁY(t) =
Fxm2(t)) (Fx(z2))"

where * denotes convolution and Fo.¢"?(t) the nth fold convolution of
F:(t) with itself, the result follows by integrating both sides of
(3.1.34) with resect to t over the range (t,e), and by using the
conditions of the Theorem via two technical lemmas due to Shanthikumar

and Sumita (1984) ( Lemmas 1.0.1 and 1.0.2)

It is interesting to observe that the expression obtained for the

survivor function in (3.1.34) is of the form :-
Em=a P(N*(t)=n) Pn with the expression in brackets on the right
hand side of (3.1.34) being the : P(exactly n shocks of magnitude less

than or equal to z occur in time t) = P(N"(t)=n)

The following Corollary to Theorem (3.1B.9) follows directly from (3.1.16)

Corollary (3.1B.1)

a) If for n =1,2,... Ya has an NBUE distribution and
RTI(Xn | Yn) He(t) = P(Te < t) is NBUE.

b) If for n = 1,2,..., Y. has a HNBUE distribution and
RTI(Xn | Yn) item H.(t) 1is HNBUE.
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We have seen that for the NBU, NBUE and HNBUE Classes of life
distributions, the distribution H: 1inherits its class +from the
distribution of the shock interarrival times provided certain
conditions on the paired sequence (Xn,Yn) are satisfied. In an
exactly analagous fashion, corresponding results can be established in
the NWU, NWUE and HNWUE cases. For completeness, these results are

presented below.

Theorem (3.1B.4)

Let (Yn)new be a sequence of shock interarrival times (Wwith (Yo = 8)),
(Xn)5 -0 be the shock magnitude and let T. be the failure time of a

device subject to (Xn, Yn)neos then we have :-

(a) If the (Yn)nee all have distributions which are NHWU
and SD(X, | Yo) n = 08,1,2,... then
Hx = P(T, =¢ t) 1is NHU.

(b} If the (Ynﬁﬁ-- all have distributions which are NWUE
and Ex(@,t)=<t for every x and t >= @
then Hx(t) = P(T, =¢ t) is NHUE.

(c) If the (Yn)2%ue all have HNWUE distribution and

Ex(@,t) =¢ @ for all x and t >= @ then
He is HNWUE for every z > @

Corollary (3.1B.2)

(a) If the Y, all have NWUE distributions and
RTD(Xn | Yn) 0 = 8,1,2,...
then H. is NWUE for every z > @

(b) If the Yn all have HNWUE distributions and

RTD(Xn | Ya) n =0,1,2,... then H. is HNWUE
for every z > @
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310 A Maximum Shock Threshold Model with Shock Magnitudes

Correlated with the succeeding Inter-arrival Times

The model just considered has dealt with the case where the magnitude
of the nth shock is correlated with the length of the interval between
the (n-1)*" and n®*" shock. In this section we consider the situation
where the nth shock affects the length of the following interval.
This model 1is «closely related to the one Jjust studied but some
important differences do arise. For “example, the lifetime
distribution H: has a mass Fx(z) = P(Xe » z) at the origin because of
the zero'th shock, whereas in the previous model we were able to
assume that Xe = Yg = @ with probability 1. Another difference is
that the successive failure times T. form a renewal sequence for the
model discussed in section 3.1B but that is not the case for the

current model.

Despite these differences, results very similar to those obtainedin
section 3.1B can be obtained for the moments of the distribution of T.

and for the Class to which it belongs.

We will see that as 1in the proof of Theorem (3.1B.3(c)) it proves
possible to write the survivar function H:(t) in the form :-

A= (t) = Ef%a P(N.(t)=k) Pu
for some process {(N:(.)}, and consequently a result from Chapter two
can be applied to determine the Class of distributions to which Hz(,)

belongs.

Firstly, however, some results concerning the moments of the
distribution of T, are presented. Laplace transform techniques are
again used and consequently the following Lemma is of some importance.

(All notation is the same as in section 3.1B).
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Lemma (3.1C.1)

Let Viz,t) = (P(M(t) < z)
He (t) = P(Te =C t) = P(M(t) >= z)

and h=(t) = d/dt H.(t)
then
{a) V*(z,8) = Fx(z) - Bx*"(z,5)
. sU1-Bx"(z,8)
(b) hz*(s) = Fx(z)

1-6x" (z,5)
Proof.

As in the proof of Lemma (3.1B.1) we condition on the first renewal
time, Yo in this case, and use the regenerative property of the paired

process {(Xn, Y,) to obtain :-

(3.1.35) Viz,t) = [YBx(z,y)dy + fabx(z,y)Viz,t-y)dy
(3.1.36) = Fx(z) - Fx,vlz,t) + fth(z,y]Vtz,t—y)dy

and taking Laplace transforms of both sides of (3.1.35) yields the
desired result., Part (b) of the lemma follows from the fact that :
he*(s) = 1 - 5 Vy*(s)

Now as for Theorem (3.1B.1), the corresponding result in section 3.1E,

differentiating hx*(s) at s = @ yields the following result :-

Theorem (3.1C.1)

a) E{T.) = E(Y | X € z) Fx(z)
Fx(z)
b) E{T22) = E(Y2 | X < 2) Fx(z)
l S22 4 2(EtT.NE
_ Fxl(z
c) Var T= = E(Y2 | % € zY¥ Fxl2)
————— + (E(T.))Z2
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Note that the «condition that X < z in the above theorem is really a
condition on the zeroth shock which ensures that the lifetime, T., is
strictly positive. Hence, 1in studying this model, the conditional
litetime T. | Xe ¢ z is of some importance. We will denote the

conditional lifetime by T.*.

We note also that inverting h.*(s) yields the following real-domain
form for he(t)

(3.1.38) ha(t) = Fx(z) (5(t) + Exas Bx%(z,t))

(where § is the Diriac delta function) and analagously to Theorem

(3.1.8) we have :-

Theorem (3.1C.2)

T 1is stochastically increasing in z :-

ilEI B =( 21 =< 22 — TII =<-t le

Proof as for Theorem (3.1B.2)

The above results are due to Shanthikumar and Sumita (1983) who also

established that under the conditions :-

B ¢ Fx,vix,y) <1 for @ { x { @, @ <y <o
and E(Y) €< o
P(T, / E(T) > t) =3 e-t¢ as z -2 o

Thus it is clear that the moment and limiting properties of the
lifetime distribution of the current model are analogous to those of
the model in which shock magnitudes are correlated with the length of

the interval preceding the shocks, studied in section 3.1B.

We turn now to the question of establishing sufficient conditions for
H: (t) to belong to particular classes of lifetime distribution. We

first note that :-
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(3.1.39) Hx (t)

n

P(T. =€ t)
P(T: =C t | Te 2= @) Fx(z) + Ex(z)

and hence H: belongs to the same class as H:* , the distribution of
the conditional lifetime Tx* Therefore, it suffices to study the

conditional lifetime Hx*.

The following lemma shows that it is possible to write H:*(t) in the
form : g=*(t) = E:in P(Ng (t)=k) P« for some process N:.(.) and sequence

of survival probabilities (Pr)kme.

Lemma (3.1C.2)

Let Y. have a distribution Faly) = PU(Y < v | X ¥ 2)
with corresponding density function :-
f=ly) = Gx(z,y)
Fxz)
then
He*(t) = P(T.* > t)

= Fx(z) Ewme Fz%*12(t) (Fx(z))*

Proof

hz**(s) = (he*(s) - Fx(z)) / Fx(z)
= Fx(z) Gx*(z,s) Re(s) >= @
Fx(z)  1-6x"(z,5)
by Lemma (3.1C.1(b))
= Fxl(z) f.‘(sl__ Re(s) »>= @
1-Fx(2) £, (s)
inverting gives
he*(t) Fx(Z) Exme fu®**1’(t)(F,.(z))*

and interpreting both sides of the above yields the desired result.
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Now, if (N;(t)} is the counting process associated with the sequence

of intervals (Y..n)owe so that :-

FIN: (t)=k)

(F= (1) k =@
(Fa CRPLELR) = Peb®ElEY ¢ k 3= 1

then it is clear from (3.1.4@) that :-

(3.1.41) Ax*(t) = Exee P(Nz(t)=k) (Fx(z))*

and since Pk = (Fx(z))* is discrete IFR and consequently discrete NBU,
discrete NBUE, discrete HNBUE and also a member of the Class G the
following result follows from Corollary (2.21) and equations (3.1.39)
and (3.1.41) since the intervals between the events of {N(t)} are

independent.

Theorem (3.1C.3)

(a) If F.(t) as defined in Lemma (3.1C.2) is NBU (NWU)
then H:* is NBU (NWU) and consequently so is H:.

(b) If Fo(t) 1is NBUE (NWUE) then H:* is NEUE (NWUE)

and consequently so is Hs.

(c) If Fo(t) 1is HNBUE (HNWUE) then H.* is HNBUE (HNWUE)

and consequently so is Hx.

(d) If F.(t) belongs to L () then so does H.*,
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Proof

Directly from corollary (2.2.1) and (3.1.39) and (3.1.41) since the

intervals (Y, .fh-e are i.i.d. and hence have constant mean.

Note that for this model the lifetime distribution inherits its class
not from the class of the interarrival times of the process governing

the arrival of the shocks but from the interarrival times of a related

process. We should also remark that writing H:* in the form :-

Eeea P(Ng (t)=k) P
has allowed us to extend the result concerning H:‘s class to the L and
f Classes. This extension is not so easily made for the model of
section 3.1B since although we saw in the proof of Theorem (3.1B.3(c))

that the survivor function of that model could be written as :-

A= (t) = Eite PIN*(t)=k)Pw
for some counting process N®"(t) the expression P(N*(t)=k) is quite
complicated. Further, it is not clear that an independent sequence of
intervals corresponding to (N*(t)} exists. If however, a sequence of
i.i.d. interarrival times corresponding to the counting process N® can
be found then Corollary (2.2.1) could again be applied and not only
could Theorem (3.1C.3) be extended to include the L Class but the
proofs of parts (a), (b)) and (c) could be greatly simplified. In
fact, the sequence of interarrival times need not be i.i.d , all that

is required is that their first moments be identical.

To conclude this section, it should be noted that the first three
parts of the previous theorem are presented in Shanthikumar and Sumita

(1984) but the extension to the L and [ Classes is new.
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*3:1D Minimum Shock Threshold Models

The previous three sections, 3.1A, 3.1B and 3.1C, have dealt with
models where system failure occurred on the first occurrence of a
shock of magnitude greater than some critical threshold value. In an
analogous fashion, some systems or devices may fail the first time the
magnitude of a shock falls below some critical level, e.g., consider a
stochastic clearing system in which constant demand occurs after
random time intervals.— If the accumulated quantity reaches the demand
level before the occurrence of such an epaoch, production is terminated
and the demand fulfilled., If, on the other hand, the accumulated
quantity is insufficient to fill the demand, a severe penalty may be
imposed. In this case, the shock magnitudes (Xn)ﬁ.. are the
accumulated quantities at the random times of demand (Yn)n-e Rather
than failure time, we are interested in the time until a penalty 1is
imposed. If {N(t)} 1is the counting process associated with the

renewal sequence (Yn)o.e and

M{t) = Minecs<mces {Xi?
then the time to imposition of a penalty, T, , say, is given by :-
Ty inf {t:m(t) =¢ i}

The results of sections 3.1A, 3.1B and 3.1C concerning the

distribution of the failure time T, of the maximum shock threshold

model carry over in an obvious way to the distribution of Ti.
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*3i2 Cumulative Damage Shock Models

In this section, the lifetime distribution of a device subject to
shocks which each cause a random amount of damage is considered. The
damages accumulate and the device fails when the accumulated damage
exceeds some critical threshold. The threshold may be fixed or it may

be regarded as varying randomly.

Note that in the previous section it was the shock magnitudes which
were considered important and shocks inflicted no damage unless their
magnitude exceeded some critical level. By contrast, it is assumed in
this section that each shock causes damage and it is the amount of
damage caused that is crucial in analysing the life distribution of

the device subject to shock.
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~3.2A The Standard Cumulative Damage Model

Initially, we return to the model :-

(3.2.1) A(t) = ExZe PIN(t)=k)pw

where {N(t)} is the stochastic counting process governing the arrival
of shocks and P« is the probability of surviving k shocks. In view of
the results of Chapter two, if {N(t)} is a homogeneous or
non-stationary Poisson process, a stationary or non-stationary pure
birth process, or a generalised renewal process, we need only
establish sufficient conditions for the (Pu}f-. to belong to a
discrete class of distributions for the lifetime distribution H(.) to
belaong to the corresponding continuous class (provided, for the wmore

general processes, that certain conditions on the process are met).

Firstly, however, we must structure the (Fu}:L. so0 as to accommodate a

cumulative damage threshold model.

In this section we will let X; denote the amount of damage inflicted
by the i*"™ shock and we will suppose that Fxi(x) = P(X, =<{x) is its
distribution functian. We will further suppose that damage
accumulates additively and that the damages (Xy),-, are independent of

the process {(N(t)}. For a fixed threshold z:-

(3.2.2) P (surviving k shocks) P (Eims Xy4=<(2) k>=

1
1 k=2

If the Xy are 1i.i.d. with common distribution F then :-

(3.2.3) Px = F‘%2(z) where F‘%* ig the k-fold convolution
of F with itself.

It is possible that successive shocks may become increasingly
effective at causing damage even though the damages themselves remain
independent. In this case, the X:; while remaining independent can not

be assumed to be identically distributed. Thus we have :-
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(3.2.4) Px = Fy % F2 ¥ ... # Fu(z) k >=1 and Pa = 1 where

(F.{z}}ft; is decreasing in i for each z.

More generally, the X, may be neither independent nor identically
distributed as would be the case if an accumulation of damage resulted
in a loss of resistance to further damage. Thus, 1in this case, the
amount of damage inflicted by any one shock depends to some extent on
the damage inflicted by previous shocks. In order to make any
progress with this more general cumulative damage model, it is

necessary to make the following reasonable assumptions :-

(3.2.9) P(Xue =¢ x | Xayuus Xk=1) depends on

X1..00Xk=2 only via Zx-1 = Xi+...ot+Xi-2
(3.2.6) P(Xwe =¢ x | Ik-1=2) is decreasing in z »>= @.

(3.2.7) P{Xy =¢ % | ly-1 = 2) >= P(Xuaes =€ ¥ | Le-1 = 2),
2 >= a| k': 1,2,.-- L] Z-=a "Ip. 1

Conditian (3.2.6) says that an accumulation of damage lowers
resistance to further damage while (3.2.7) says that for any given
accumulation of damage, later shocks are likely to have a more severe
effect.

For some fixed threshold, z, conditions (3.2.5.), (3.2.6) and (3.2.7)

give :- Pe = 1

(3.2.8) Py = Ftx3(z)
where FEx3(z) = P (Xi+Xat...Xx =¢ 2)

= P (X =€ 2=-% | Ik-1=x) dFtx-13(y)

For each of the three models for the survival probabilities (Pu)uwme
outlined above Esary, Marshall and Proschan (1973) and Barlow and
Proschan (1975, pp. 94-96) have shown that the sequence (Pu)wxee iS

discrete IFRA, i.e. (Pu'’*)y is decreasing in k.
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Now, it was shown in Chapter two that, in general, the lifetime
distribution, H(.) , of a device inherits its class from the survival
probabilities (Pw). Consequently, the result below follows directly
from the IFRA property of the (Pw)we-e, Theorems (2.1A.1), (2.1C.1) and
Corollaries (2.1B.1) and (2.1D.1).

Theorem (3.2A.1)

Let H(.) be a life distribution defined by :-

A(t) = Efee P(N(t)=K)Pw
where (Pu)R.e satisfies one of (3.2.3), (3.2.4) or (3.2.8) under the
assumptions (3.2.5)-(3.2.7) then H is IFRA wherever :-

(a) (N(t)} 1is a homogeneous Poisson process of rate s,

(b) {N(t)} is a non-stationary Poisson process with mean-value

function I(t) = f: s(x)dx satisfying I(t)/t is increasing in t,

(c) {(N(t)} is a stationary pure birth process with birth coefficients
(Eurf-a which are increasing in k,
or
(d) {N(t)} is a non-stationary pure birth process with
P (shock in (t, t+d) | k shocks in (@,t))

n

skes(t)d + o(d) ; where d is saall.

oo
and (Sx)xw1 is increasing and (ff s(x)dx)/t is increasing in t.

If (N(.)} is a generalised renewal process it 1is still possible to
obtain a wuseful result by recalling that the discrete IFRA class is
contained by the discrete NBU, discrete NBUE, discrete HNBUE Classes
and the Class 6. Hence the next result follows directly from
Corollary (2.2.1).
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Theorem (3.2A.2)

Let H(t) be defined by :-
H(t) = EP(N(t)=k)p« where {7 o

satisfies one of (3.2.3), (3.2.4) or (3.2.8) wunder the assumption
(3.2.9)1-(3.2.7) and {N(t)} is a generalised renewal process wWith
independent inter-arrival times whose distributions have a comaon
first moment, then :-

(a) H is NBUE if the inter-arrival time distributions are NBUE

(b) H is HNBUE if the inter-arrival time distributions are HNBUE

(c) H belongs to L if the inter-arrival time distributions belong to L.

In the NBU case, we have the following result directly from the IFRA
property of the (Px)h.e and Theorem 2.2.1(a).

Theorem (3.2A.3)

Let H(t) be defined by H(t) = E P(N) (t)=k)P. where (Px)i.e satisfies
one of (3.2.3), (3.2.4) ar (3.2.8) under the assumptions
(3.2.5)-(3.2.7) and (N(t)} 1is a generalised renewal process with
independent inter-arrival times whaose distributions B (t) are
increasing in k for each t then H is NBU if Bw(t) is NBU,

k= 12300

In the above discussion, we have assumed that damage due to shocks
accumulates additively. Ross (1981) has considered the more general
case where the accumulation of damage is governed by a function which
is symmetric and increasing. More formally, if shocks cause a random
amount of damage X; and exactly n shocks occur up to time t the amount
of damage sustained by the device up to time t 1is given by the

function :-



Page 163

(3.2.9) De(xyy.0.%n,@) which satisfies the condition :-

Dt(x;,...xn,ﬂl = Dt(i1|iz‘.-.in,ﬂ}

where i3,i2,...i, 1is a permutation of 1,2,...n and is increasing in

each of its arguments.

One example of such a function is :-
De(x) = {Ex, max =¢( A
{ max (1@, E max > A

If the critical threshold above which failure occurs 1is 108 this
suggests that the device fails when any single shock causes damage

greater than an amount A or if the sum of all damages exceeds 108@.

The survivor function of a device subject to shocks causing damage
which accumulates according to an increasing symmetric function De(x)

is given by :1-

(3.2.10) R(t) = PDe (X14y...%Xn30) ¢ 2)

where z 1is the (fixed) threshold.
Ross (1981) studies the distribution defined by (3.2.18) in the case

that the shocks arrived according to a non-stationary Poisson Process

and the relevant result is contained in the following Theorem :-

Theorem (3.2A.4).

Let H(t) be defined by (3.2.18) where De(x) 1is increasing and
symmetric in each of its arguments. Suppose shocks arrive according
to a non-stationary Poisson Process {(N(t)} and that the damages are

independent of the process.

1f the mean-value function of {N(t)} , IE s(x)dx, is starshaped

i.e., (f§ s(x)dx)/t is increasing in t then H is IFRA.
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Proof

The proof requires the notion of an IFRA stochastic process which can
be simply defined as a stochastic process {(X(t)} which has first

passage times T. = inf{t: X(t) > a} which have IFRA distributions.

For our purposes, the following example of such a process will prove
useful -
Let X(t) = ( max(Xs1,...Xnces) 4 N(E) 2= 1

(e N(t) =18

where Xy is a value associated with the it" event of the process

{N(t)}. Since it is assumed that {N(t)} has a mean-value function :-

s soo oy
which is starshaped in t and the failure rate of :-
Ha(t) = P(Ta =< t) is given by :-
rit) = s(t) (1- G(a))

where 6(.) is the common distribution of the (lefL,, it follows that

Ha is IFRA, and consequently {X(t)} is an IFRA process.

We will refer to (X(t)} as a record process with value distribution G
and intensity function s(t). An event of the record process, {X(t)?
will be said to occur whenever an event of the associated
non-stationary Poisson process {N{t)} occurs even though the
occurrence of an event may not change the value of (X(t)}. Now, let m
be large and fixed and consider m independent record processes {X;(t)}
i =1,...m each having value distribution 6 and intensity function
s{t)/m. A Cumulative Damage Shock Model can be generated from these
record processes by defining a shock to occur whenever an event from
any of the m record processes occurs and by letting the damage
inflicted be the value associated with the corresponding Poisson

event.

Ross (1979) has shown that if (X, (t))5w: are 'm increasing IFRA
functions and e (x) ~ is an increasing function then
¢ (Xy(t),X2(t), ... Xm(t)) is also an increasing IFRA function hence
Dees(Xy,(t),...Xa(t),B) is an IFRA process.
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Now, let N be the number of shocks that occur up wuntil the device
fails, [f the first N shocks all come from different record
processes, the time at which the device fails 1is just the first
passage time of the process :-

{De (X3 (), X2(t)yuu.Xnlt) , @)} to the threshold, z.

Since we have shown that {De(X,(t),--X,,(t),@)} is an IFRA process,
this first passage time must have an IFRA distribution. Now, the
probability that all shocks wup until failure come from different
record processes can be made arbitrarily close to one by taking m
large enough. Hence, the result follows by letting m go to infinity
and noting that the limit of IFRA distributions is also IFRA.

Although the condition of symmetry on the function De(x) in the above
proof 1is not wused explicity, it 1is required to ensure that the
accumulated damage at time t is indeed given by De(Xi(t),...Xa(t),0)
since even if the first m shocks to occur all come from different
record processes, there is no guarantee that the i®" shock to occur

comes from the i*" process.
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~3.2B Cumulative Damage Models with Wear or Recovery

The models considered so far have assumed that wear to a device is
caused only by shocks and, further, that once inflicted any damage
caused by the shocks continues to impair the performance of the device
for the duration of the device's lifetime. In this section, we
consider a model in which the wear on a device is allowed to increase
or decrease between shocks in some deterministic fashion, i.e., either
damage continues to accumulate between shocks or recovery takes place.
Failure occurs on the total accumulated wear exceeding some critical
fixed threshold. Since wear (or recovery) is allowed between shocks a
device may fail at times other than immediately following a shock and
thus the model A(t) = Ex=a (P(N(t) = k)Pe is not appropriate in the
current context. To investigate the lifetime distribution, H.(t), of
a device subject to shocks with wear or recovery between shocks, it is

helpful to introduce the notion of a damage process.

Let {(Z(t)} be a stochastic process such that for every t > @, 1I(t) is
the amount of wear on the device at time t. It is clear that for a

fixed threshold z :-

(3.2.11) He (£) = PATL(Z)<E)

where T.(Z) is the first passage time of the process ({Z(t)} to the
level z . Thus it is the first passage times of the process {(Z(t)}
which are of interest in determining the clas of distributions to
which Hse(t) ©belongs. The analogy with the maximum shock threshold
models of section 3.1B and 3.1C is quite strong. For those models,
the lifetime distribution was determined by the first passage time of
the maximum process :-

{M(t) = maXemcsm<nmcer X2

where Xs is the magnitude of the j*™ shock.
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In studying the cumulative damage model of this section we will, as in
sections 3.1B and 3.1C, make use of the correlated pair of renewal
Sequences (Xh,Ynlf-. where, in this case, X, denotes not the magnitude
of the n®*" shock but the amount of damage inflicted by the n*" shock.
Yo is the length of the interval between the (n-t1)*" and n®" shocks
and we will assume that Xe = Yo = @. For any n X, and Y. may be

correlated.

We will denote the epoch at which the en shock occurs by :-

{ Rn = Eim1 Yy n =1

{Re = @
and our interest will focus on the pair {(Z(t),(Rn)%-e} which will be
abbreviated to (Z,R}.

The first passage time (i.e. the failure time) Ty(z) will sometimes bhe
abbreviated to Tx. We will show that under certain conditions on the
correlated pair of renewal sequences (Xn,Yn}ﬁ-. He = P(T(z)=£t) is
NBU. In particular, it will ©be shown that H: inherits the NBU

property from the inter-arrival times (Yn)7Tuo.

The - NBU property of Hz(t) will be established under quite general
conditions but for more practical purposes, it will be seen that it
suffices to study a special case. We will largely follow the approach
of Shanthikumar (1984) who generalised the earlier work of Marshall
and Shaked (1983). Marshall and Shaked (1983) assumed that for each

n, the damage, X, and the inter-arrival time Y. were independent but

Shanthikumar (1984) relaxed this assumption.

Initially we will assume that the sequence of shock inter-arrival

times (Yn)hae forms a renewal sequence but later, more general

sequences will be considered.

Now, in order to characterise mathematically a cumulative damage shock
model with wear or recovery between shocks, it is necessary to define
the damage pruceés {I(t)} so that at each epoch R, it jumps an amount
Xn and in between jumps moves deterministically in a manner dependent
on the time and magnitude of the previous jumps. This amust all be
subject to the condition that (for all t >= @) Z(t) >= 0
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The most convenient way to achieve this is to consider the sequence of

real-valued monotone functions :-

{ he(t)
ag
{ (h;(x;,...x; H Yl,-;.YJ i t‘RJ}. )1-3
defined on |R* and to define :-
‘3.2-13} z(t) = thj ‘xl’lilxj; Ylgl--YJ; t'Rj},]"
RJ = t ¢ R;+1 j - B|1,2?-|-

Clearly, hs(.) decreasing on the internal (Rs;,Rs+:) corresponds to a
device exhibiting recovery between shocks while if hs(.) is increasing
on (RsyRs+:) j = 0,1,2,..., the model (3.2.13) corresponds to a
situation where wear continues between shocks. Of course, it |is
possible that in some intervals recovery takes place while in others
wear continues to accumulate. However, we consider here only the case

where the h;(.) are either all increasing or all decreasing.

In most applications, it can be assumed that the damage process (1(t)}

satisfies the condition :-

(3.2.14) [Z(Rn~) + Xal* = IZ(Rn)
where LRn") = lime-s>mn (Z(t)),
and for any function g(t) :-
[g(t)]* = (g(t) , g(t) > @
(e g(t) =< @

From (3.2.14) it follows that we are interested in sequences of

functions (hy(.) = which satisfy :-

(3.2.1%) [hj—l {X;,...K,_;, Y],---YJ-‘, R;'RJ-1}+ X;]‘
= h;(X;,...X,; Yig-ssYs3 Rs-Ry)

so that the process (I(t)} does indeed jump an amount X; at time Ry,

subject always to the requirement of non-negativity.
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We will see, hawever, that neither of the conditions (3.2.14) or
(3.2.15) are required to establish the NBU property of the lifetime
distribution of a device subject to a damage process (Z(t)}. On the
other hand, the requirement that (Z(t)} remains non-negative is
required to ensure that 1if, for example, a situation involving
recovery between shocks 1is being modelled, recovery stops once the
wear on a device returns to its original level, i.e. once Z(t) = 1(@).
Thus recovery cannot improve a device’'s performance beyond the
original level. The shock magnitudes can, of course, be negative,
corresponding to repairs of the device but the non-negativety
requirement ensures that no amount of repair can improve the device to

a state better than its original one.

In order to establish that the life distribution H:(t) defined by
(3.2.12) is NBU, it is necessary to introduce some notation and to
establish some preliminary results. Firstly, some notions of
conditional first passage time will prove useful :-

Te(Z) = inflt & T(E) ¥ 2}
is the unconditional first passage time. Conditional first passage

times for the process {(Z(t)} may be defined as follows :-

(3.2.16) T=(l) =9* [T.(Z)-s5 | T2(1)>s1 , s > @

(3217 Tx(Z,R) =9* [To(I1)-5 | T(Z)>s,Rs>s1 , s > 0.

We now restate the definition of the NBU Class of life distributions

in terms of the stochastic comparison relation, 2?=ae , which is

defined as follows :-

Definition (3.2B)

Let X and Y be two non-negative random variables :-

X J=ae Y <(==> P(X>=x) >= P(Y>x) for every X > @
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A random variable X has a NBU distribution if :-
(3.2.18) X ?=a¢ [X-5 | X>s 1 for every s > 0.

For convenience, a stochastic process with NBU first passage times
will be referred to as a NBU process. By (3.2.18) above, it follows

that {Z(t)} is a NBU process iff :-
(3:.2:19) T2 (1) >=ae Tz=(1) s >@, 7 >80

Hence, in order to establish that the life distribution

He{t) = PAT(2) € &)
of a device with damage threshold z subject to the damage process
{Z(t)} is NBU, it suffices to show that (3.2.19) holds.

IE =

(3.2.20) T2(Z) DJ=4¢ T:*"(L,R) s >0, z >80

we will say that (Z,R) is a single step N.B.U. process (s.s. NBU).
This definition is somewhat artificial but is useful for establishing
that a stochastic process is NBU since , as is shown later, a process

{Z(t)} is NBU (under appropriate conditions) if {Z,R} is s.s. N.B.U.

The notion of stochastic dominance of one process over another will

also be of some use and is defined below.

A stochastic process 1(t) stochastically dominates a process MW(t)

written Z(t) >=(aey HW(t) if :-

(3.2.21) E(f(Z) >= E(f(W) for every non-decreasing functional, +f, for

which the expectations exists.

A conditional type of stochastic dominance can also be defined as

follows :-

A process {I,R} stuchasticélly dominates a process {(W,S} over a single
step written (Z,R} >=(ey (W,S5} if :-
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{3:2.22) (Z(t+s) | Z(u) = Z(u), R: > 53
>=cats {HW(t+s) | W(u) = w(u), Sy > s},
for all t and s > @ whenever Z(u) »>= W(u)
@ <=u<=95§
and
(3. 2:23) P{Z(u) >= W(u) | Ry > s, Sy13s) = 1; @=¢( u =<5

It follows from (3.2.21) and (3.2.22) that :-

(3.2.24) (Z,R} >=¢er (W,5) => T.4(Z,R)
=(ue TL“(W,5)

for every u, z > @
The following transformations of the process will also prove useful :-

Define {Za(.)} by :- La(t) =a¢ I(t+s), t>e, s >0
This 1is equivalent to shifting the origin to s while the next

transformation shifts the origin to R. ;
Define {I",R"} by :-

CZa2029) lzn,Rn) Stmt) {Z(t*ﬁn), (Re™ = Rn-i-k_Rn}k-a
for every t > @ and n >=1

The final transformation of interest traces the historical maximum of

the process {1(t)}
Define {Z7(t)} by :-

(3:2:26) I7(t) = MaXe<u<e ((Zu)}) for every t > @

We will also find it useful to be able to refer to the "history" of
the process {I,(t)} and its transformations. To this end, define
Hist(Z(.),t) to be the history of the process {(I(.)} up to time t i.e.,
the realisation of Z(w,u) over the interval (@,t) where w belongs to

Q, the sample space on which (Z(.)} is defined.

We will find Hist(Z,R,) useful in discussing the process I",R"} and

Hist(Z,s) useful in discussing {(Z.(.)}
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Shanthikumar (1984) states that stochastic dominance over a single
step 1is a stronger property than ordinary stochastic dominance and is
generally difficult to establish directly. The following Theorem, due
to Shanthikumar, provides a means of establishing the property of

stochastic dominance over a single step.

Theorem (3.2B.1)

Suppose there exist two stochastic processes :-
{Z*(.),R*} and {W=*(.),S5*}
defined on the same probability space (Q, ), F) such that R,* = §,*,

If Qu =9 {w : Ri*(w) > s 3 we O} s > @
and for every s > @
then
I*(t,w) 2= W*(t,w), t > s, far every w € Qa
and

MiN w e au (Z%(u,w)) »=
MaXx w o o (W*(u,w)l ; @ = u<s
and further if :-
{Z,R} =a¢ £Z* ,R*}% and
{W,5 =a¢ (W™ ,R*3
then {I,R} *=¢(ae> {W,S}

We are now in a position to establish the main result of this secticn

: that the life distribution of a device subject to shocks with wear

or recovery between shocks and a fixed damage threshold level is NBU.

Theorem (3.2B.2)

Let {Z(t)} be a damage process as defined in (3.2.13) and let Ho(t) =

P(T.(Z)<t) be the life distribution of a device subject to {(Z(t)} and
with a fixed damage threshold z. Suppose :-
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i) (XnyYn)nee is a correlated pair of renewal sequences.
ii) Y~ has a NBU distribution n = 1,2,...
1i1) hal(t) »= @ H t = le

iv) Bl R (R 20 e n Tt 22 Bimd 18 Vi 152, e as 155D
where t > @, J = 2,3,...

v) hs (Xey¥1,(x4,ys,) i=2,...33t) is Stochastically Increasing (SI) on

Ry i.e. on Y,
Then Hz(t) is NBU for every I > @
Proof
The proof of this Theorem is quite involved so we will begin with an

outline of the proof :-

Outline of Proof of Theorem (3.2B.2)

To show that H.(t) is NBU we must show that the oprocess {Z(t)} has
first passage times which have NBU distributions, i.e., we must show
that {Z(t)} is an NEU process. Now, conditions (i) and (iv) allow us

to construct a process (W,S5} such that :-

(3.2:.27) {W(.) 48 =cmwey {1(.),R}
and

(3.2.28) W) ,8 =C¢wr I7(.),R™

Theorem (3.2B.1) 1is required to show the stochastic dominance over a
single step of (I"(.)R"} over (W(.),5}. The following Theoren,
(3.2.27) and (3.2.28) imply that (Z(t)} is NBU whenever {Z(.),R} is
s.5. N.B.U.
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Theorem (3.2B.3)

Suppose that for each n >= 1 and every history Hist(I,R,) there exists

a stochastic process (MW,(.),5} such that :-

(i) (Wy(a) 48 =<cws I7(.),R™}
and
(ii) {Z(.) 4R} =¢aes (W(.),S}
(or {Z(.) R} =< cuy TW(.),53)
then {Z(.)} 1is an NBU process wherever :-

{I(.),R} is s.s N.B.U.

The proof of this result is omitted here but 1is given in full in

Shanthikumar (1984).

The s.s. N.B.U. property of {(Z(.),R} is established using conditions

(ii) and (v) of the Theorem as well as an additional Lemma.
We can now proceed with the proof of Theorem (3.2B.2) :-

DE"'I'.I'IE Sk = Rn#k = Rﬂ n = @,1,2,-..
Wit) = h(Xnﬂ.,...X...+4;Yn+1,...\*.-...., H t"'SJJ
where S5 =< t ¢ S+,

Now (W,S} =(ue> {I,R} since (Yn)h-e is a renewal sequence. Thus
condition (ii) of Theorem (3.2B.3) 1is satisfied. To show that

condition (i) of Theorem (3.2B.3) is satisfied,

i.e., that {Z",R"} >=(e, {(W,5} foar every history Hist(I,,Rn).

We note that (2EE#RA] , (RI™ 5 Bigues Im,R}

by definition
and Ri® = Ra+r = Rn = 8;
Further L{t+Rn) = hyen (X4, Yy3i=1,...5%0; t=(Ryen-Rn))
and

condition (iv) of Theorenm f3.28.21} implies (via a simple induction on
i) that for any @ ¢ L =¢( j and t >= @
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Wy hglNe,Ya 3 020,2,000d § €1 3=
Ryg-s (Xg,Y¥g, i= Lel,L42,...3 3 t)

In the case L = j this reduces to :-

(iv")  helt) =¢ by (Xa,¥e i=1,2,.00.3 3 ©)

Now applying condition (iv) in the above expression for I(t+R,.) yields:-

Z(t*‘&n) >= h(J*‘h’—h (XI'Y‘; i=n+1,---l'l+j; (t_Rﬂ"'J _Rﬂ)

where Rsen-Rn =¢ t =¢ Rp+s+1-Rn

hy (Xi,Ys3 i=n+il,...0+i; t=-84)
where Sy =( t ¢ S,;+:

W(t) Sy =¢( t ¢ 8§,

n

For t <8 < Ri» = 5,
W(t) = ha(t) =¢ ha(Xs,Yy i=1,...n § t)
by condition (iv")

n
n

Tit#Rs) 3t €8 { Ry® S1,
Now by taking :-

{W*,5*) = (W,S5r and <{I*,R*}
in Theorem (3.2B.1) it follows that :-

{L(t+Rn) ,R7y)

(3.2.29) {I°,R™} >=¢ur {W,S2

and consequently, by Theorem (3.2B.2) {Z(.)} is NBU whenever (I,R} is
s.5. NBU. Thus to establish the NBU property of (Z(.)} and hence of
He(.) we now need only to establish that (Z,R} is s.s. NBU. To this

end, define . by :-

7= = inf {t : he(t) > z, t € |R*}
so that 5. 1is the first time he(t) exceeds z. If no such 7. exists

then set 7 = o

Define Ya= =9¢ Y. if Y, =C g,
=2t To if ¥ 3 ww
and
Ta® =97 Tol1) = ¥y»
(so Tx(z) = T® + Y;*=)
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Condition (v) of Theorem (3.2B.2) implies that T.* 1is stochastically

decreasing on Y, and hence on Y;* i.e.:-

(3.2.30) Ix™ F=as (02" | Ya= 3 &) for every s >-@

From condition (ii) of the Theorem we know that Y, has a NEU

distribution :-

i.e. Yi d=ae (Y1 | Yids - s) for all s > @
and it follows that :-

(3.2.31) Yi® d=ae (Y2® | Yyd8 - 5) B < s < 71«

hence since if Y, > s > T, then Yi® = Y, then we conclude that ¥V¥,=
also has an NBU distribution.

Now by convelving (3.2.3@) and (3.2.31) it can be shown that :-

(3.2.32) SD (Tx* | Y;=) (c.f Definition 3.1B.2)
by the following Lemma it follows that :-

Te® + Y;= Yoge [(Te*™ | Yads + Y,= | Yi=>s) -s1
i.e. T=(1) ?ar Tx® (1,R)

Thus by (3.2.20) (IZ,R} is s.s. NBU as required. Hence by (3.2.29)
and Theorem (3.2B.3) {(Z(t)} is NBU and so is Hz(t) = P(T.(Z) € t).

Lemma (3.2B.1) (Shanthikumar (1984))

Let X and Y be two non-negative random variables.
£ g
(i) X is stochastically decreasing in Y

(c.f. Definition (3.1B.2)

(ii) Y has a NBU distribution.
Then X + Y D=ac (X+Y | ¥YI5) - 5 , s >0
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Some remarks on the statement of Theorem (3.2B.2) are in order. The
non- negativity of {(I(t)} follows from conditions (iii) and (iv) of
the Theorem. Shanthikumar does not explicitly include condition (iii)
but it has been included here since in our context any damage process

{1(t)} must satisfy this condition.

Shanthikumar (1984) notes that Theorem (3.2B.3) still holds if conditions :-
(i) and (ii) are replaced by :-

(3 {W,8} =<(ey (1"",Rn}

(ii) "’ {1,R} =<(ay (W,S
We have seen that under some quite general conditions on the
correlated pair of renewal sequences (Xn,Ynff., the lifetime
distribution of a device subject to a damage process (IZ(t)} generated
by a sequence of shocks with magnitudes (X.)a-: and interarrival times
(Ynf:-;, and in which deterministic wear or recovery takes place

between shocks is NBU.

We now present some examples of such processes by specifying the
sequence of functions : hat(Xa,=-Xs3Y2,-Ys3t-R5) §=0,1,2,...

of the definition (3.2.13). :-

Example 1
1f h_q(X;,...X;;Y;,...Y,;t...ﬂ;} = EBima X4

j = 1|2‘3'||
and L(t) = hj(X;,.-.X;?Y:,..-YJ; t"RJ]

3 =€ t ¢ Ry

as in (3.2.13) then the model reduces to the cumulative damage wmodel
of section 3.2RA in which no wear or recovery is allowed between
shocks. Note, however, that condition (iv) of Theorem (3.2B.2) holds
only if the damages X, are all non-negative. Provided this condition
and the other conditions of Theorem (3.2B.2.) are met, the life

distribution of a-device subject to {Z(t)} as defined above is NBU.
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If the shock interarrival times are 1i.i.d. exponential random
variables, i.e., shocks arrive according to a Poisson process and for
each n X, and Y, are independent, then by Theorem (3.2A.1) the
lifetime distribution of the device in question is IFRA.

Many damage processes can be modelled as the random interruption of a
continuous monotonic function so that the deterministic movement of
the process between shocks is governed by the same function 1in each
interval. This 1is the special case of interest in most practical
applications. The following examples are all generated by the randonm
interuption of a continuous function and we will see that the fact
that the deterministic movement of the process between shocks 1is

govened by the same functions in each interval ensures that condition

(iv) of Thereom 3.2B.2 is met.

We will begin by presenting a set of examples which have in common the
fact that the rate of wear or recovery between shocks depends anly on
the age of the devices, not on the amount of wear or on the sequence of

shocks and intervals.

Example 2

Consider a damage process {I(t)} with deterministic wear between
shocks which is governed by the continuous strictly monotane
increasing function, g, defined on |R*. Now, if no shocks occur then
at time t I(t) must equal g(t) and if shocks do occur then 1I(t) is
equal to the accumulated damage due to shocks plus the amount of
damage that would have accumulated had no shocks occurred, i.e., plus
g(t). Since g is monotone increasing the (hs¢(.))%.; of (3.2.13) must

also be all increasing. (If we are considering a model with recovery
between shocks, then g would be monotone decreasing and so would the

ths(.)) 2e)

The (hs(.))%-: are of course related to the function g and it is the
nature of this relationship that ensures that condition (iv) of

Theorem (3.2B.2) is met. A simple example may make this clear.
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Example 2a (Linear Wear)

Suppose gf(t) = t =so that between shocks wear continues as a linear
function of time. A typical sample path of the process would look

like fig. (3.2B.1).

(t)
g+
X1+ X, }x\'
rl
+X i;/”
n
% T

Fig. (3.2B.1) Sample Path of a Damage Process with
Linear Wear between Shocks

For the moment 1let us suppose that all damages are non-negative.

Under this assumption it is clear that :-

he(t) = t = g(t) ; ' t >=0

hl‘xqul' y t-ri) =t + x1 = g(t)+x,; t >=r,

t+x:,‘|‘x:

glt)+x1+x= t >=ra

(3.2.339) hz(X1,X23y1,Y2; t-rz)

n

t +8i-l Xy
git) +Esan X4

(hﬂ‘x]'--lxn;yl,lc|Yﬂ; t—rﬂ]

where t >= rn,

It is clear that the (hn(.)ffL; thus defined satisfy :-
Rn(XgyeeeXniY13¥2y0ee¥n} t-ra)

7= Bnet (K201 eXnjY29eeaYn] t=ral

and hence condition (iv) of Theorem (3.2B.2) is met.
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Note that equation (3.2.35) can be written recursively as follows:-

he(t) = g(t) to=20
Ri(xa,y1; t-ri) = g(t)+(helry) + x5 -glry))
t >=ra.
(3.2.36) hz(X1,X25Y1,yY2; t-r2) =
= g(t) + (halxa,ysjr2-ri) + x2-glrz))
t 2= -]
hn(X;....K"; Y|,|-..Yh; t"f") =
= g(t] + (hﬂ—l{x.,-l'xn—l;ylguclYn—l;rn-rﬂ—tl

+ Xa=gira)) t >= ra

Equations (3.2.36) hold for any continuous monotone increasing
function g such that g(@) =@ provided that the assumption of
non-negative damages is met. The terms in parenthesis on the RHS of
(3.2.31) represent the difference between the height of the process,
{I(t)} at the beginning of the n*™ interval and the height {Z(t)}
would have attained (i.e. the amount of wear on the device at time t)

had no shocks occurred.

To allow for the possibility that some or all of the damages may be

negative (3.2.36) can be generalised as follows :-

he(t) = g(t)

halxayys,5t-ra) = g(t) + ([ha(ri)+x,1* - g(ry))
(3.2.37) ti=r,

hﬂ(xj’ll.xﬂ;yl'lllYﬂi t_rﬂ) =

= g(t) + [hn-s(X3yeeeXnjY1geee¥n} Fn=Tna-1) #Xal* - glra,)
t >=ra

These equations hold for any continuous monotone increasing g and, in
the special case that g{t) = t they reduce to :-

he(t) = t

ht(lt,yl; t-ra) =t + [ra+x,1* - raj t >=r,



Page 181

(3-2-38} hn(“[,-tu“ni?lgonuYﬂ; t—r;] =

i t + [hﬂ—l(xly--lxn—l;YI||ucYn—1;rn"rn—1} * xn]* = Tn
t >=ra

Fram (3.2.37) and the definition (3.2.13) it follows that:-

d/dt Z(t) = g (t) Rn =¢ t < Rn
n = a'1'2‘..l
i.e., the wear rate of the device in between shocks 1is 1indeed a

function only of the age of the device.

Now in this more general case where damages are allowed to be
negative, it can be shown by the following straight- forward induction
that condition (iv) of Theorem (3.2B.2) is met, provided we impose on

the process {(Z(t)} the additional condition :-

(3.2.39) P(X1>=0) = 1

To show that the sequence of functions (ha(.)),.-: satisfy condition

(iv) of Theorem (3.2B.2) we proceed by induction an n.
Condition (iv) of Theorem (3.2B.2) holds for n = 1 since g is

increasing and Xy »>= @ with probability 1 (w.p.1.). Now suppose

condition (iv) holds for n = j-1 then :-

RalksyouRs3Yaygonaysj t-rs) =

g{t) -g(ry) *lh:-:(Xa,..-K;-:;Y;,...y,-:;r;—r,_;) +tX41*

~
]

g(t) -glry) +[h,-z(x2,...x,-;;yz,...y,-;;r,—r,_;) +X51*

(by the inductive hypothesis) :-

= ha-s{X2yeeeXsjY2y0aaysy t=ry) as required.

We now illustrate equations (3.2.37) by a damage process with

exponential wear between shocks :-
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Example 2b (exponential wear)

Let g(t) = (e®*t -1) e >o,t >0
then by (3.2.37)
he(t) = e®t -{
RalXa,ys5t-ri) = e®t + [exp(@r,) -1+x,1* -exp(@r,)
t >=r.
PnlXsyeeeXnjY1yeeeYn} t-rn) =
= 8% ¢lhn-1(Xageeehn=1Y1ysesYn=2}Tn"Thn=1) *Xal* -exp (€r,)
t >=ran
If it can be assumed that the shock magnitudes are all non-negative,

this reduces to :-

he(t) = e®t ; t >=r@ =0

ha(Xa,y15 t-ra) = e®* -1 + x, 3 t >= r,

hn(X1yeeeXnjYageeaynit=ra) = (2%t =1) +F a1 X,
t >=ra

Note that in this case the rate at which wear accumulates between

shocks is given by :-

d/dt Z(t) = d/dt (hn(X1yeceXnjY2140ee¥Yn} t-rp)

rn<t(rn¢l ; ﬂ=ﬁ,1,2,...
= @e®t, a function of the age of the device.

Before turning our attention to examples of shock models with recovery
between shocks, it is pertinent to remark that for the damage process
{1(t)} defined by (3.2.13) with the (h,(.lf?-; as in (3.2.37) it
follows that 1if the device subject to (I(t)} is ever fully repaired
and the level of damage reset to zero, the damage process does not
begin anew but, rather, damage continues to accumulate at the same
rate as it would had no repair taken place. This reflects the feeling
that a device which has been damaged and subsequently repaired is

likely, on account of its age, to wear faster than a new device.
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[f, on the other hand, the wear rate was a function only of the amount
of damage sustained by a device, it would be reasonable to assume that
following a complete repair damage would begin to accumulate as if the
device were new. To model such a situation adequately, involves
shifting the monotonic function g by appropriate amounts. For an

example of such a model, see example 3.

Illustrating a model with a recovery between shocks but with a
recovery rate dependent only on the age of the device, also invovles
some shifting of the continuous monotonic function g as is shown

below.

This case differs from the previous one in that since recovery begins
anew immediately after each shock, the monotone decreasing functions
g(.) wmust be shifted by varying amounts when the (h;(.)), .y are

written in terms of gf.)

A typical sample path of a damage process with recovery between shocks

is shown in Figure (3.2B.2) :-

Z(t)

"3{\0 ﬁ’i\a

X, {3:\‘¢ x&:ﬁi

"o R o A , t

Figure (3.2B.2). Sample path of a damage process with

recovery between shocks.
The fact that g is monotonic decreasing implies that all the functions
(h,(.)F?-n are decreasing. That is, damage to the device 1is caused

anly by shocks and it follows that:

he(t) = @, t b= 8.
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We will only consider continuous monotone decreasing functions g such
that g(@)=8.

Under these assumptions, the (h;(.)) e 0f (3.2.13) can be related to

gl{.) as follows :-

ha(t) =0 ; t >= 10

hx(x;,y;;t“r:) = g(t-r’;) + Z‘r:); t 2

]
3
-

(3.2.40) h:‘“:,ﬂziY:,Y:;t'fz) = glt-rz2) + I(rz")
t >=r2

NalXayeesRniYagasos¥nit=ra) = git-ra) + Lira")
t >=ra

Equation (3.2.33) can be written recursively as follows

-

ha(t) = @
h;(xx,y,;t—r:l = [glt-ry) + x,7* H t >=r,
(3.2.41) hz2(X1,X25y1,y2; t-r2) =

= [g(t-r2) + ha(Xa,ys13r2-ry) + x21*

Rn(X1yX2ye0eXnjY1yeeeyYn} t-ra) =

(glt-rn)+(hn-a(XsyeeeXn}¥ayeee¥niTn—Tn-1) +Xnl*
t 7= Cn

By an inductive argument very similar to that used for the case of g
increasing but without the additional condition X, >= @8 w.p.1. it is
easily shown that the sequence of functions (hy(.)) .0 defined by
(3.2.41) satisfies condition (iv) of Theorem (3.2B.2).

Consequently, if g(.) is either :-
(a) decreasing
or

(b) increasing and Xi >= @ wW.p.l

then the following corollary follows from Theorem (3.2B.2).
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Corollary (3.2B.1)

Let Z(t) be defined by (3.2.13) with the hs(.) as in (3.2.37) or (3.2.41).
[f
; @ .
(i) (XayYn)n=e are a correlated pair of renewal sequences.
(ii) Y~ has a NBU distribution
(iii) X. 1is stochastically increasing on Y., R, and Z(Rn-)
n=1,2,...

then the failure time of a device subject to (Z(t)} without a fixed

damage threshold has a NBU distribution.

Proof

The corollary follows directly from Theorem (3.2B.2) Conditions (i)
and (ii) of the corollary are identical to conditions (i) and (ii} of
Theorem (3.2B.2). As has already been shown, conditions (iii) and
(iv) of Theorem (3.2B.2) follow from the definition of (hs(.))s5-e and
their relationship to g. Condition (v) of the Theorem follows from
condition (iii) of the corollary. Thus all the conditions of Theoren

(3.2B.2) are satisfied and the corollary follaows.
Note that if g 1is decreasing and the Hy(.) are defined by (3.2.41) then :-

d/dt I{t] = g,(t_rn) ; Mn =< t ( rnqnl .g n = 8'1’2|l.l
so that the rate of recovery between shocks is a function only of the

age of the device.

Recall that in the case of a damage process with wear between shocks

(e.g. examples 2a and 2b) it was shown that:

d/dt Z(t) = g7 (t) ; Fn =X t $ Fass 30 = B,1,2,004
In fact, the wear or recovery rate together with the condition ZI(Rn) =
[Z(Ra-) + X.1* where n = @,1,2,... can be used instead of (3.2.13) to
define the damage process (Z(t)}
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By specifying g(t) we can study a shock model with recovery between

shocks more closely, for example :-

Example 2c (Linear recovery)

Let git) = -t
then by (3.2.36) we have :-
ha(t) = 0 t =0
ha(xayyajt-ri) = [glt-ra) + x,1* ; t 2= r,
= [ra-t+x,1* f 2= ra

Rn(XsyX2y0eeXniYiyeeeYnjt-ra) =
[rn-e +(haoa(X1yueeXniYayeeeYniTa=Ta-1) #+Xna)1°
t >= ran

Note that recovery is complete, i.e.,
(X1 4X2,00ekniYigeseYniln=rn-1) = 8 when
£ 3 o # DasaagaaXniVasvos Vi FaPaci) g
=rn +{I(ra") +xa) = ra +1(r,)
and further, when recovery is not complete, i.e., when
t € ra o+ 24ra>)
the recovery rate is d/dt Z(t) = -1

Example 2d (Exponential recovery)

Let g(t) = e™®** -1 then g(@) =0

and by (3.2.41)
he(t) = 0 ; t >= 0
ha(t) = [exp(-€(t-ri)) -1 + x,1* ; t >=r,

hﬂtxl,ullxn;y;,QQIYﬂ; t_rn) =
= lexp(-€(t-rn) =1 +ha-s(X1,e0eXnjYaiyeesYniln=Fn-1)1" +x
t 22 n

n

Cexp(-€(t-rn) -1 + Z(ra") +x,1* ; _ t )= ran
Cexp(-@({t-rn) -1 + I(ra)l*



Page 187

In this example, recovery is complete only if :-

Zira) =< 1 and exp(-@{t-rn) + Z(rn~) =¢ 1
i.e. I(ra) =<1

t 2= =18 In{l-2{rs=) * ra))

I[f I(rn) > 1 then recovery cannot be completed before the next shock.
In between shocks, recovery takes place at a rate of :i-

d/dt I(t) = -@exp(-B(t-rn) § ra<tdraes; n=0,1,2,.0,

Example 3

The next series of examples are all of the following form : The rate
of change of the damage process {Z(t)} depends only on the height of
the process. This 1is a common situation in practice since, often,
subjecting a device to wear increases 1is susceptibility to further

damage.

More generally, 1if we suppose that r(x) is the wear or recovery rate,
then whether :-

r{x) =< @ (recovery takes place between shocks)
ar

rix) >=@ (wear continues between shocks)

{1(t)} can be defined by :-

(3.2.42) d7dt (T4t) = vAZCE)) §  ToaktlPpsasl D50,1,2, 00
ZiRn) 2 TRA= #* %)

As with example 2, such a process can be thought of as the random
interruption of a monotonic function but in this case, the
relationship between the sequence of functions (h,(.lff-. of (3.2.13)

and the monotonic function, g, say, is different.
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From (3.2.42) it follows that the (hs(.)) are either all increasing or
all decréasing and if we suppose that the monotonicity is strict where
the function 1is positive and that hs;(.) is continuous, j = 1,2,...
then because the rate of wear or recovery is an implicit function of
the device’'s age, it follows (from the Implicit Function Theorem) that

there exists a continuous non-negative monotone function g such that:-

(3.2.43)  hy(XayuseXsiYaqenaysjt-rs) =

= g(t"r.i *l]"‘[h_i—:(xl,...x;-;;y,,...y,_;;r,-.-r-_,_,) +X31*)
t >= Ms
(c.f. Marshall and Shaked (1983))

As in example two it seems reasonable to suppose :-

(3.2.44) he(t)
he(t)

(] if g decreasing

g(t) 1if g increasing

It should be noted that the maonotone, continuous function g of
(3.2.43) and (3.2.44) 1is also required to be non- negative. This

extra condition was not required in Example 2.

A straight-forward inductive argument very similar to that wused in
example 2, shows that (h,(.)}fla defined by (3.2.43) and (3.2.44)
above satisfy condition (iv) of Theorem (3.2B.2). Consequently, we

have the following Corollary to Theorem (3.2B.2).

Corollary (3.2B.2)

If 7 is defined as in (3.2.4@) (or by (3.2.13) with the h;(.) as in
(3.2.43) and (3.2.44)



Page 189

and
(i) (Xn,Yn}fL: is a correlated pair of renewal sequences
(ii) Yo is NBU
(iii) Xa 1s stochastically increasing on Y, and on
I(Ra~™) n = 1,2,... then the lifetime distribution of
a device, with a fixed damage threshold,
and subject to {Z(t)} is NBU.
Proof

Conditions (i) and (ii) of the Corollary are the same as conditions
(i) and (ii) of Theorem (3.2B.2). Conditions (iii) and (iv) follow
trom the definition of (Z(t)} (i.e. equation (3.2.43) and (3.2.44).
Condition (v) of Theorem (3.2B.2) follows from Condition (iii) of the

corollary. Hence, the result follows from Theorem (3.2B.2).

The above Corollary is very similar to Corollary 31 of Shanthikumar
(1984).

By specifying g(.) we can illustrate the above with the following

examples :-

Example 3a (Linear Wear)

Let git) = t j t >= 0
then by (3.2.41) and (3.2.42) we have :-
ha(t) = g(t) t >= @

halxa,ya3t-ri) g(t-ry +g~*([he(r,) +x;1%))

(t"r:,} + [hg(r;) +K;]+;t >= M

hnlXsyeeeXnjY1yeeeYn] t-rn)
= [ha-1{XayeeeXno13Y1gere¥n=1} Tn-Tna-1)+Xnl* +(t-ra)
t >=ra
= LLra) 1= + (t=ra)
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Note that this is exactly the same as linear wear 1in the case
example f2a} c.f. equation (3.2.38). By (3.2.13) we have :-

1(t) = I(r,) +(t-rn) ;3 ts % £ £ Pass
and as in example 2a :-

d/dt 1(t) = 1 rn < t <{rn+s

-

Example 3b (Exponential Wear)

Let gi{t) = get-1? t »>= 0
then by (3.2.43) and (3.2.44) we have :i-
ha(t) = e®t -{ t >0 ;€ >8

hilxXs,ya13t=-ri) = g(t-ry+g=*(Lexp(@r,) -1+x;1%))
= glt-rys + 1/@ In(lexp(€r,y) -1+x,1* + 1))
X expl@(t-r1) + In(lexp(@ry) -1 +x,1* +1)1 -1

exp(@(t-ry)) (lexp(@ry) =1 +x41*% +1) -1
expl@(t-ry)) -1

¥y 2 l-exp(€ry) 3 t 2= ry

et 4x,e®¢t-fy

X1 2> l-exp(€r,) 3 t »=ry

NalXayiesXniVagees¥ng t=Tn) =

g(t_r" * g‘l[hﬂ—l(xlgl-'“n-l;Yl|-nuYn—l; K

rﬂ—rn-—l] + xn]‘}

exple(t-rn) + In(lhn-s(X1,.0uXn=13Y1yeea¥n-2} X

ta~Fa=1¥ £ %¥xl1* +1)] —1}

(lha-i (BayereXn—1y¥ageneYn=siTafay) +
Xnl* +1) exp(€(t-ra)) -1
(Z(rn) +1) exple@(t-r,)) -1
sa by (3.2.13)
1(t) = (I(rn) +1) expl@(t-rn)) -1 ; Frn C t € Faea
and d/dt Z(t)

n

€(Z(rn) +1) exp(@€(t-ra)); rn < t < rp-1
@(Z(t) +1)

a function of the height of the process, 1(t).

190

of

Note that exponential wear in this case is quite different from

exponential wear in example (2(b)).
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Example 3c (Linear Recovery)

Let g(t) = [-t1~
then by (Z.2.41) and (3.2.42) we have :-
ha(t) = @ ; t »= 8

h:lX:,y;,t-r1} g(t-r; b q"[@+x;]’)
glt-ry = [x317)

5 [{Hl]* = {T=rqg)l*

ho(XigeeeXnjVagsen¥n] t-Tp) =

1"

g(t_rn + Q_‘{hn—l(X1,...Xn_:;yi|...yn—l; X

rﬂ_]'-n-':l.:| t* 2nl*)

"

[lhn-1(X1yeseXniYigeusYn-1] Fn-Tn-1) +Xal* -(t-r.)1*

[ern] = {t_rﬂj]‘- l“n{t‘:rn+1

If all damages are positive then this example is identical to Example
2c. 0f course if in Example 2c we had used : g(t) = [-t1* instead of

g{t) = -t then because of the linearity of g the two examples would be

identical regardless of the sign or the damages.

We have wused gflt) = [-t]* here in order to satisfy the requirement

that g be non-negative.

In this example, as in Example 2c, the rate of recovery between shocks is :

d/dt Z(t) = -1 rm C t € raes

and recaovery is complete when t >= ra + I(r,)

Example 3d (Exponential recovery)

Let g(t) = [e~®* -11~*
then for x >= 0 ; g~ *(x) = ~1/8 In(x+1)
and by (3.2.43) and (3.2.44) we have :-
ha(t) = @ t >= 0
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hal%a,Y13 t=ra) glt-ry +g=* [helri)+x:1*)
glt-ra. #g=% Cxed*)
glt-rns -1/€ In(lxs1* +1))

[exp(-@(t-ry4)) ([x,1* + 1) -11*

RnlkayeesXnjYageee¥nt t-rn) =
= glt-ra -1/@ Inthn=a ajessRn=adYayran¥n=-2) X

Fa~Fn=1) +3a1% +1))

[exp(-@(t-rn)) ([hn-1(X1y00i:%n=13Y1400e¥n-25 X
rn-rn—‘l}"'xn]* 1) =1 1*

lexp(-€(t-ra)) (I(rn) +1) -11* ;3 t >=r,

n

sa Lit) = [exp(-€(t-rn)) (Zilr,)+1)-11*3 rn ¢ t ¢ rpses
and recovery between shocks occurs at a rate of :-
d/dt (Z(t) = -@exp(-€(t-rna)) (I(-rn) +1) -1
= -@(L(t) +1)

Note that recovery is complete whenever :-

t 2= ra + /0 In(Z(r,) +1)
Again, we note that this example 1is quite different from the
corresponding- example in the case of a damage process where recovery

rate depends only on the age of the device.
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Example 4

It may be the case that the rate at which wear or recovery occurs
between shocks is a function baoth of the age of the device and the
amount of damage sustained (i.e. the height of the process {I(t)}.) In

this case, the damage process {(IZ(t)} can be defined as follows :-

(3.2.44) afdt ZEEY = mer'ttkytd 3 e £ £ %Cnwa
n = B; L2500

I(ra) = [Z(ra=) + Xal1* n=20,1,2,...
where r(x,t) 1s a real-valued function defined on |R* X |R* such that
either :-
(3.2.45) (1) rix,t) >= @ and increasing in t

(wear continuous between shocks)

or

(i1) rx,t) =< 0@ and is increasing in t

(recovery takes place between shocks)

It isy, 1in principle, possible to define {(Z(t)} in terms of a sequence
of functions :-

iy BpgwasByt s s ciys BBl o

as in (3.2.13), but (3.2.43) and (3.2.44) provide a more convenient
definition 1in this case. That a device with a fixed damage threshold
and subject to (Z(t)} defined by (3.2.44) and (3.2.45) has a NBU life
distribution can be seen by comparing Corollaries (3.2B.1) and
(3.2B.2) and again applying Theorem (3.2B.2). Thus we have the
following result which is actually due to Shanthikumar (1984).

Corollary (3.2B.3)

Let {(I(t)} be defined by (3.2.44) and (3.2.43) and let Hx be the
lifetime distribution of a device which 1is subject to the damage

process {Z(t)} and has a fixed damage threshold Z. If :-

(i) (Xn,Ynlfl; is a correlated pair of renewal sequences
(ii) Yn 15 NBU

(iii) Xn stochastically increasing on Y. then H. 1is NBU.
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Proof.

This corollary 1is easily verified from corollaries (3.2B.1) (3.2B.2)

and Thearem (3.2B.2).

Example 5 (A Random-Repair-time process)

One application of the cumtulative damage shock model with wear between
shocks which has been studied in some detail is the random-repair time
process. Moshe and Shaked (1983) and Shanthikumar (1984) both discuss

this model.

Shocks, in this model, are all assumed to cause negative damage and
during the random intervals between shocks it is assumed that wear
continues to accumulate. The shocks can be thought of as repairs and
the (negative) damages as the amount of damage repaired. We note here
that the title Random-Repair-time process is somewhat misleading since
it is not the repair-times which are random but rather the times at
which repair takes place. The rate at which wear occurs between
shocks 1is assumed to depend on the height of the (damage) process and
possibly on the age of the device. We will consider first the case
where rate of wear is independent of time. Let g be a monotonically
increasing function and as usual let X, denote the “"damage" caused by
the n*" shock and let (Y,),-a be the sequence of shock interarrival

times.

If (Xa,Yn) 1is a correlated pair of renewal sequences and the damage
process {(Z,R} is generated by the random interruption of g by (Xn,Yn)
as in example 3, then it follows from Corollary (3.20.2) that the

process {(Z(t)} is an NBU process whenever :-

(i) Yo is NBU
and (ii) SI(Xn | Yn)y, SI(Xn | Z(Ra) n = 1,2,...
(cf. Defn. 3.1B.2)
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Recall that (I(t)} is NBU is equivalent to the lifetime distribution
of a device with a fixed damage threshold and subject to {Z(t)?}

belonging to the NBU Class of distribution.

Mosne and Shaked (1983) established the NBU property of {I(t)} wunder

the alternative condition :-

(i)" Yo i.i.d. with a common exponential distributian
(ii)" for each n X, and Y, are independent

Shanthikumar (1984) relaxed the condition that Y, be exponential to
(i)" Y, has a DFR distribution.

In the case where the wear rate depends on both the height of the

damage process and the age of the device we have as in Example 4 :-

dfdt (Z(t)y = r(zi{t),t)
where Rn {( t ¢ Rpe1y n = 1,2,...
L{Rn)

where ri(x,t) »>= @ and increasing in t.

[Z{Rs") + Xal

Thus from corollary (3.2B.3) it follows that {(Z(t)} is NBU (i.e. the
life distribution of a device subject to (Z(t)} with a fixed damage

threshold is NBU) wherever :-

(i) Yn has a NBU distribution
(ii) X» 1is stochastically increasing on Y., Z(Ra")
and Rn y, n = 1,2,...

Up to now, in this section (3.2B.2) it has been assumed that the shock
interarrival times (Y.)n.e form a renewal sequence. HWe now consider
the more general case in which the Y, n = @0...0 while remaining
independent are allowed to have different distributions. That is
(Yn)5-e foras a generalised renewal sequence in the sense of the
generalised renewal processes of section (2.2). For convenience, we
will term the associated damage process a generalised damage process.
We will restrict 6urselves to the case where the damage process {Z(t)}
is generated by the random interruption of a monotonic function g by

the paired sequence of random variables (Xn,Y.)Rue.
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Thus, as in examples 2 - 4, the deterministic movement of the damage
process between shocks is governed by the same function in each

interval.

It will be shown that wunder appropriate condition on the damages
(Xa)n-e and interarrival times (Ynff-. the lifetime distribution of a
device with a fixed threshold and subject to the (generalised) damage

process {Z(t)} 1is NBU. Since the V) ona 0 longer form a renewal

sequence, the regenerative property of renewal sequences cannot be
used to establish this result. Instead, a condition on the maximum

process ,L, is used.

The damage process (Z(t)} that we are interested in here could be
defined as in (3.2.13) but since we are dealing only with the case
where {(Z(t)} is generated by the random interruption of & monotonic

function, it is more convenient to use the following definition :-

(3.2.47) Define <{I(t)} by :-

(i) 1(0) = @

(ii)a) d/dt Z(t) = d/dt g(t) rs €t € ravly
o= Wde 2 s

where g(t) 1is a continuous, monotone function defined on |R* or :

(ii)b) d/dt Z(t) = r(x) |x=z(t); Frn ¢t < ratl
where rix) = @, for all x > @

or rix) > 0, x > 0

and

iii) Z(Rn) = [Z(Rn=) + Xna1* & 5 BT

We know from examples 2 and 3 that if either of conditions ii a) or ii
b) in the above are satisfied, then the sequence of functions
(hs(.)i = 1,2,... of the definition (3.2.13) can be related to the

monotonic function g.

From the point of view of establishing the NBU property of the
lifetime distribution of a device subject to (Z(t)} it does not matter
which of ii a) or ii b) is satisfied. The crucial point is that the
behaviour of the process in between shocks is governed by the same

function (subject possibly to shifting) in each interval.
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Before establishing the NBU propery of the process (Z(t)} defined by
(3.2.47).it should be noted that Shanthikumar (1984) discusses this
generalised model only in the case where recovery takes place between
shocks; we will also consider the case where damage continues to
accumulate but only under the condition that all the damages are

positive with probability 1.

In order to establish the NBU property of the ogeneralised damage
praocess—{Z(t)} and hence of the lifetime distribution of a device with
a fixed damage threshold, subject to {(Z(t)}, some preliminary results
are required. These results are analogous to those established for

the case where the shock interarrival times form a renewal sequence.
Firstly, we have a result which is quite similar to Theorem (3.2B.3).

The proof is omitted here but can be found in Shanthikumar (1984).

All notation is the same as used previously.

Theorem (3.2B.4)

Suppose (Yn)n.e forms a geeralised renewal sequence and that the
stochastic process (Z(t)} is generated by the random interruption of a
continuous monotonic function g by the paired sequence of random
variables (Xn,Yn)%-e. If for each n and every Histary Hist(Z,R.)

there exists a stochastic process (W,S5) satisfying :-

(i) 17 =(ae W

(ii) {W,8} =<(uy {In,Rn?
and

(iii) {W,5% 1is s.s. NBU
then {1} is NBU.

The next Theorem provides a means of verifying condition (i) of the

previous Theorenm.
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Theorem (3.2B.35)

Let (ZI(t)} and (W(t)} be two stochastic processes generated by the
random interruption of a continuous wmonotonic function g, by the
paired sequences of random variables (Xn,Yaloss (Xn',Y"'):il

respectively. Suppose further that either g is decreasing § or g is

ll'leE:'tSlﬂg and P(Xn >= B} = P(Xn‘ >= a) = 1 n= a,!.,z'.-- Hie
I* ‘i} xﬂ‘ >=.t x.-. l'l = 1|2'tl-

and (ii) Yn' =<.t Yn I'I = 1'21.-0

Then {(I7(1)} =Cae (W7(L)}

Proof

It is obvious from the condition of the Theorem and the condition on g

that for all t > @ :-

PH™(t) >= I7(t)) = 1 (see Figure 3.2B.3)
it follows that Wo(t) J=ae I17(t)

Height / "‘,ic:»
of xi{ /'/
Process //
v
‘&5
%4 L ‘
X' '4.3 xi{%\—g
'{ “:{\cn{\&‘_{:““--ﬁk‘-‘_\
£ Bt v A T T E P Su ™
Figure (3.28.2) * 1 “Gample paths of the damage process "
W (unbroken line) and (broken line)
under the conditions of Theorea (3.2B.5I

Theorems (3.2B.4) and (3.2B.5) can now be used to establish the NBU

property of generalised damage processes.
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Theorem (3.2B.4)

Let (Yﬂff-u be a generalised renewal sequence and let ({I(t)} be a
damage process generated by the random interuption of the continuous

monotonic function g by the paired sequence of random variables

(XnyYn)nee so that (Z(t)} satisfies (3.2.47). Further, suppose that

either g is decreasing; or g is increasing and P(X,>=8) = 13
n = l,2400.

I+ ==

(i) Xn is stochastically increasing in n

i.e. Xn+es 2%ae Xn ns 142400

(i) Yn 1is stochastically decreasing in n

and

(ii1) Y~ has a NBU distribution R=Byl424as

then (Z(t)} is a NBU process and hence the lifetime distribution of a
device with a fixed threshold and subject to {(Z(t)} is also NBU.

Proof
The proof of this Theorem is quite similar to the proof of Theoren

(3.2B.2) and consequently some of the details are omitted. As with

Theorem (3.2B.2) we begin the proof with an outline :-

Qutline of proof of Theorem (3.2B.6)

Conditions (i) and (ii) of the Theorem allow the construction of a
process {W,S} which can be shown to satisfy conditions (i) and (ii) of
Theorem (3.2B.4). Theorem (3.2B.5) 1is wused to show that (W,S}

satisfies condition (i) of Theorem (3.2B.4).

The process (W,S5} can be shown to be s.s. NBU by using condition (iii)
of this Theorem and hence the desired result follows from Theorena
(3.2B.4).
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To construct the process (W,S5}, we proceed as follows :-

Let B & Rasw = R R U
e ® e 3 Byl T
X = @

and let ¥ = B ~ Biei K ® LB in
Y = @

Suppose that (W,S} is generated by the random interruption of g, by
(X“ny Y/n)ree and that (W,S} satisfies (3.2.47).

By condition (i) of the Theorem it follows that :-

(X7n) >=ae Xn) noE LeZveia
and by condition (ii)
Y'n =ae VYn 0= §@yeue

so by Theorem 3.2B.3 it follows that :-
{W™ ()2 7 (mt) {I=(t)}

We now note that the processes {(I",R"} and {(W,5} , where (I",R"} is as
defined in the earlier part of this section (see (3.2.25)) are similar
in that they both commence at time R.. They differ, however, in that
the height of (W,S5} at time R, is given by Z(8) = @ whereas {I",R"} is
of height Z(R,) at time R, .

Since @ = 1(8) =<{ 1I(R,) and by our conditions on the monotonic
function g and/or on, the sequence of damages (Xn).,-: and the fact
that from time R. on, the sequences of shocks and intervals of the two
processes {Iln,Rn} and (W,S} are identical, it follows from Theorenm
(3.2B.1) that {I",R"} >=(a., {W,S5}, where the relation (>=¢ay) 1is as

defined earlier.

Before appealing to Theorem (3.2B.4) we must show that (W,8} is a s.s.
NBU process. This follows by first noting that if :-

Ta® = Talw) - ¥/,
then T=® 3= e | %* ¥ 8 far every S > @
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and that Y,° has a NBU distribution (by condition (iii) of this
Theorem). That {(W,S} is s.s. NBU then follows by an exactly analogous

argument to that used in the proof of Theorem (3.2B.2).

Thus all the conditions of Theorem (3.2B.4) are satisfied and

consequently {Z(t)} is a NBU process as required.

Theorems (3.2B.5) and (3.2B.6) are essentially due to Shanthikumar
(1984) although, as mentioned previously, he considered only the case
where g(t) was decreasing. In the case that g is increasing, the
condition P(X,>=@) = 1 is required on the damages to ensure that

Theorem 3.2B.5 holds.

Shanthikumar has shown that condition (iii) of Theorem (3.2B.&) can be

weakened to :-

(iii)” Yo >%ge (Yo | Yn > u) =u 3 u >0, n=1,2,...

As in the case where the shock interarrival times form a renewal
sequence, it may be that the rate of wear or recovery is dependent on
both the height of the damage process and on the age af the device.

In this case we can define {Z(t)} as follows :-

(3.2.50) 1(8) = @
d/dt (1(t)) = r(I(t),t) Rn ¢ t ¢ Rntl
n= 0,1,2,00-
L(Rn) = [Z(Ra™) + Xn1+, n=0,1,2,...

where here r(x,t) satisfies one of :-

(3.2.81) rix,t), =< @8, x »= @, t >= @ and increasing
in t

or

(3.2.52) rix,t) >= 0, x »= @8, t >=40,
rix,t) 1is increasing in t and

P(Xn >= 0) =1 n=20,1,2,...

Note that if (3.2.51) holds, then recovery takes place between shocks

and if (3.2.52) holds, damage continues to accumulate between shacks.
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For a damage process defined by (3.2.30) nothing in the proof of

Theorem (3.2B.6) is changed. Consequently, the following Corollary
haolds :-

Corollary (3.2B.4)

Let {Z(t)} be generated by the random interruption of the continuous

monotonic function g by the paired sequence of random variables

(XnyYn)n=e where (Y.)%%, is a generalised renewal sequence. Further,
suppose that (Z(t)} satisfies (3.2.5@) then if :-

(i) (Xn-1) stochastically increasing in n
(ii) (Yn) stochastically decreasing in n
(iii) Y~ has a NBU distribution, 0= Byl 2sens

then {Z(t)} is a NBU process i.e., the lifetime distribution of a
device with a fixed damage threshold and subject to the damage process
{Z(t)} is NBU.
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b A Cumulative Damage Shock Models with Random Threshold

It 1is often the case that a population of otherwise identical devices
exhibits a significant amount of variation in the ability of
individual devices to withstand damage. In addition, there may be no
practical way to inspect an individual item to determine its damage
threshold. In these circumstances, it is often appropriate to regard
the threshold level as a random variable. Such a model is the topic

of this section.

We will return to the short model proposed by Esary Marshall and
Proschan (1973) i.e. 1if H(t) is the lifetime distribution of a device
subject to shocks which arrive according to the stochastic counting

process {N(t)}, then:-

1 - H(t) = Q(t) = Exea P(N(t)=k) Pu

where Px = P(surviving k shocks).

Now, if failure occurs on the first occasion that the total ccumulated
damage due to shocks exceeds some random threshold with distribution
6(.) such that G(@) = @ and the damages X:, Xz2,... have distributions
Fiy, F2,... then:-

(3.2.53) P = LFu % Fz ¥ ... Fulx)d6(x)
where #* denotes convolution.
Thus in this section we are primarily interested in the survivor

function :-

(3.2.54) Rit) =E£2a P(N(t)=k) {TF;*F:*...Fk(x}dG(x) It will be assumed
that damage accumulates 1linearly. As wusual,the principal aim in
studying this model is to establish conditions on the (Pu)ize defined
by (3.2.53) which are sufficient for H(t) as defined by (3.2.54) to
belong to one of the classes of lifetime distribution discussed in
Chapter one. In view of the results of Chapter two, however, we know
that it is often the case that H(t) inherits its class from the

survival probabilities (Fx)%-e.
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Consequently, if it 1is possible to establish conditions on the
threshold distribution 6 and on the damage distribution Fy i = 1,2,...
which are sufficient for the (Pk):L. to belong to a discrete class of
distributions, then we will be able to conclude that H(.) belongs to
the analogous continuous class. In addition we will, of course, have
to impose appropriate conditions on the process governing the arrival

of shocks.

We will begin by studying the simplest case where damages (X;)sa: are

i.i.d. with common distribution F. In this case :-

(3.2.53) Px

f:"Fm(x} dG(x)
B (x) dF ¢ (x)

where F‘%’(x) 1is the k-fold convolution of F with itself.

It is convenient to assume that F¢%? and 6 have no common

discontinuities in which case there is no problem in writing

(3.2.54) Pe = E(B(Xy + X2 + ... Xx)
In this case :-
(3.2.57) H(t) =EP=a P(N(t)=k) {fF“(x)dG(x)

and the following result is almost immediate.

Theorem (3.2C.1) <(Esary, Marshall and Proschan (1975))

Let {N(t)} be a homogeneous Poisson process and let H(t) be defined by

(3.2.57), then H is exponential for any F iff 6 is exponential.
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Proof

[f (N(t)} 1is a homogeneous Poisson Process it is clear that H(t) is

exponential 144

o0
Jp FH(x)1dB(x) = Lng(xldgtx}ik

for any F.

Now, suppose that 6 1is exponential then :-
_f’F(x)dE(x] = f B(x)dF(x)
which is the Laplace transform of F. Hence, by a basic property of
Laplace transforms :-
£BaIdF(x) = CfB(x)dF (x) 1%
= [{fF(xldG(x)]“.

Conversely if @f Fexr (x)d6(x) = [f°F(x)d6(x)I% for any F, let F be
-l

degenerate at xe »>= @. Then by the condition of the Theorem :-

Blkxa) = (Bixo)k.
Now let u be a continuity point of 6 then since :-

limxo->e ¥elu/¥%el = u where [u/Xel] = the integer part

(u/%xel] Wwe have :-

Glu) = limxe->e B(xelu/xel)
= liMxo->8 (F(Xg))Eus/xel
= limxa->8 (B(Xp))i/XetusXeiXxe
= lilxe->8 ((Bixg)2/%Xo)u
= lifxo->8 (1 - SXa + O(xe)us/Xe
for some B ¢ s { o
= e"®+ by the exponential limit theorenm
i.e. G 1is exponential.

The next result also due to Esary Marshall and Praoschan (1973)
provides sufficient condition faor (Puf?-. as defined by (3.2.53) to

belong to the IFRA and NBU Classes.

of
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Theorem (3.2C.2)

Let (Pu}f-- be defined by (3.2.533) then we have :-

(a) (Fk]ﬁLU is discrete IFRA for all F 1is 6 1is IFR
(b) (Px)e=e is discrete NBU for all F iff 6 is NBU.

Note that the condition that G must be IFR for (kaf_. to be discrete
IFRA is stranger than we would really like but as yet it has not been
shown that in general 6 IFRA => (Px)¥-e discrete IFRA. BlocK and
Savits (1978), however, have shown that this is the case if the common

damage distribution F is exponential.

We note also that Esary, Marshall and Proschan have also shown that G
in (3.2.53) 1s IFRA whenever (pkfﬁ_a is discrete IFRA.

Theorem (3.2C.2) can be wused to establish the class to which the
lifetime distribution defined by (3.2.57) belongs by combining it with
the appropriate results from Chapter two. Thus, directly from Theorenm
(3.2C.2) and Corollaries (2.1H.1) and (2.1D.1) and Theorems (2.1A.1)
and (2.1C.1) we have :-

Theorem (3.2C.3)

Let H be defined by (3.2.57) so that H is the lifetime distribution of
a cumulative damage shock model with a damage threshold which has a
distribution 6 , and damages which are i.i.d. with a common

distribution F. If G is IFR we have :-

(a) If ({N(t)} is a homogeneous Poisson process of rate s
then H 1is IFRA.
(b) If {N(t)} 1is a non-stationary Poisson process with
mean-value function :-
I(t) = fFs(x)dx, such that
I(t)/t 1is increasing in t then H 1is IFRA.
(c) If A{N(t)} 1is a stationary pure birth process with birth

coefficients (s.f%.o which are increasing in k then H is IFRA.
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(d) If {N(t)} is a non-stationary pure birth process with transition
probabilities given by :-

P(shock in (t, t+d) | k shocks in (@,t)

Sk 5it)d + o(d) ;3 s« > @, sit) >0
then H is IFRA whenever (sw«)%.e is increasing in k and ﬁf s(x)ldx/t 1is

increasing in t.

By using Theorem (3.2C.2(b)) and Corollaries (2.1B.1) and (2.1D.1) and
Theorems (2.1A.1) and (2.1C.1) an exactly similar result could be

established in the NBU case.

"

He turn now to the slightly more general case where the damages Xy i
1,2,... are no longer i.i.d. but their distribution Fy(z) ; i =
1,2,... are decreasing 1in i for all z. As in section “3.2A we note
that this provides a good model of a situation in which successive
shocks become increasingly effective at causing damage. Esary,
Marshall and Proschan state that Theorem (3.2C.2(b)) holds in this

more general case, i.e., if :-

{3.2.58) Pu = J:‘F,*in vee Fe(x)dB(x)
where (Fa ()% is decreasing in 1 for each
then (Pu)¥-e is NBU iff G is NBEU.

Using this fact and again applying Corollaries (2.1B.1) and (2.1D.1)
and Theorems (2.1A.1) and (2.1C.1) yields :-

Theorem (3.2C.4)

Let H be defined by :-
A(t) = Euoa P(N(t)=k) Lf Fi*Fz% ... Fux(x)d6(x) where
(Fi(xf?-s is decreasing in j for each x then if 6 is NBU we

have -

a) If (N(t)} is a homogeneous Poisson process of rate s then H is NBU.
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b)) It {N(t)} is a non-stationary Poisson process with mean value
function I1(t) = &fs(x) dx/t such that ¢+ 1I(t) is increasing in
t then H is NBU.

(c) I+ {N(t)} is a non-statiaonary pure birth process with birth

coefficients (s«)f.e which form an increasing sequence then H
is NBU.

(d) If (N(t)} 1is a non-stationary pure birth process

with trancition probabilities given by :-
P(shock in (t,t+d) | k shocks in (@,t)) = s, s(t)d + o(d) for small d,
where (su)%.e is increasing in k and fs(x)dx/t is increasing in t then
H is NBU.

So far, the case where {N(t)}, the process governing the arrival of
shocks, 1s a generalised renewal process has not been considered.
However, by combining Theorem (3.2C.2) and/or (3.2.58) with Theorenms
(2.2.1a) and (2.2.2(a) and Corollary (2.2.1) the following result is

easily obtained.

Theorem (3.2C.5)

Define H by :-
Alt) =free P(N(t)=k) {QFI*F2* eer Fr(x)dG(x) where (N(t)}

is a generalised renewal process but has independent

interarrival times, and either :-

Fi(x) = F(x) L= 320wy x2=0
ar (Fa (%)) tus is decreasing in i, x >= @ Then we have :-
(a) H is NBU if the shock interarrival times

Jiy i = 1,2,... are NBU and decreasing in 1i.
(b) H is NBUE if the shock interarrival times, Y, , say, have NBUE

distributions and E(Ys) = A, is decreasing in i.

(c) H is HNBUE if the shock interarrival times have distributions
which are HNBUE and E(Ys) = A ; i =1,2,...
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(d) H belongs to L if the shock interarrival times have distributions
which belong to L and E(Yy) = A,
i= 1'2’.!!

The results presented so far have assumed only fairly mild conditions
on the damage distribution Fy 1 = {,2,... If stronger conditions are
imposed on the Fy; it might be expected that, under appropriate
conditions on the threshold distribution 6, stronger conclusions could
be drawn, It will be shown that This is in fact the case. A-Hameed
and FProschan (1975) proposed a model in which the damages have gamma

distributions Fy 1 = 1,2,... with densities :-

Pudel = WElabVE Sy Aas g
Mci) 7w Lidye
In this case, the probability of surviving k shocks is given by :-
P = [Fa o8 Fu(x)dB(x)
= gﬁtx} d(Fy%...Fulx))
(3.2.59) = b _[:u[;(x} (e=®= (bx) (ck)-1) /T (Sx) dx
where Sk = Eima(ci)

Note that if S«

k the Fx of (3.2.59) are just the awx(b) wused in
Chapter one to provide alternative characterisation of classes of
lifetime distribution. A-Hameed and Proschan (1973) established
conditions wunder which the {Fk)fia defined by (3.2.58) belong to the
discrete IFR, discrete IFRA, discrete NBU, discrete NBUE and discrete
DMRL Classes. These results were extended to the HNBUE and L Classes
by Klefsjo (198@, 1983). Combining these results yields the following

theorem :-

Theorem (3.2C.4)

Define Fw« as in (3.2.59); k = @,1,2,... where G is a surviver function

such that B(@) = 1. Then we have :-

(a)  (Pu)i=e is discrete IFR for every b > @ if (Su)ues

is convex i.e.‘(pk)increasing in k, and 6 1is IFR.
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(b) (Pkfa-a is discrete IFRAR for every b > @ if (Su/k)

1s increasing and 6 1is IFRA.

() (pu)ile 1is discrete NEU for every b >0 if (Sk)f:ﬂ

is superadditive and 6 is NBU.

(d)  {(Pu)ime is discrete DMRL for every b > @ if S« = k,
k=1,2,... and 6 1is DMRL.

(e) (Pu)ree 1is discrete NEUE for every b > @ if S,
k= 1,2,... and G is NEBUE.

"
-~
-

(f) (Pu)fne is discrete HNBUE for every b »>= @ if S. = k,
k=1,2,... and G 1is HNBUE.

(g) Pln)ioa belongs to 6 for every b > @ if Sk = k,
k =1,2,... and G belongs to L.

Note that in the special case that Sx = k it was shown in Chapter ane
that the conditions of this Theorem are both necessary and sufficient.
Note also that in Theorem (3.2C.6) the discrete sequence of survival
probabilities (Px)bee inherits its class from the distribution G in
much the same way as the lifetime distribtion H of Chapter two
inherited its’ class from the discrete sequence of survival

probabilities.

A companion result to Theorem (3.2C.64) holds for the dual Classes DFR,
DFRA, IMRL, NWU, NWUE, HNWUE and [. Similarly the results to be
presented below show corresponding results for the dual class also.
The next result is an obvious consequence of Theorem (3.2C.4) above

and Corollary (2.10.1).
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Theorem (3.2C.7)

Let H(t) = 1 - H(t) be defined by :-
(3.2.60) Alt) =8Paa PIN(E)=k) {Pb5 (x)eon byx=k-idy

where b > @, Sy« »= @, and § is a survivar function
satisfying (@) = 1,

[f {N(t)} 1is a non-stationary Poisson process with mean value I(t) =

gétu)dx then :- —=

(a) H is IFR whenever 6 1is IFR, (S«)%-: is convex and
I{t) 1s convex

(b) H is IFR wherever G 1is [IFRA, (S«/k) 1is increasing
in k and I(t)/t 1s increasing in t.

(c) H is NBU whenever 6 is NBU (Su«)F., is superadditive
and I(t) 1is superadditive.

(dl H 1is DMRL whenever G is DMRL Sk = k k = 1,2,...
and I(t) 1is convex.

(e} H 1is NBUE whenever G 1is NBUE Sw =k, k =1,2,...
and I(t)/t 1is increasing in t.

(f) H 1is HNBUE whenever G 1is HNEBUE Sy = k ;
k=1,2,... and 1I(t)/t 1is starshaped.

(g) H belongs to L whenever 6 belongs to L, Sk = k,

k= 1,2,... and I(t)/t 1is increasing in t.

0f course, this result includes the case where {N(t)} is a homogeneous
Foisson process. One need only put s(t) = s > @ in the above, so that
I(t) = t and all the conditions required of [(t) are automatically
satisfied. Thus only the condition an (skfi-, and 6 are required for

the homogeneous Poisson Model.

A similar result to Theorem (3.2C.7) can be established when {N(t)} is
a non-stationary pure birth process. This result follows from Theorem

(3.2C.6) and (2.1C.1)
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Theorem (3.2C.8)

Let H(t) be defined as in (3.2.60) and let {N(t)} be a non-stationary

pure-birth process with transition probabilities given by :-

P(shock in (t, t+d) | k shocks in (@,t)) =
Sw s(t)d + ol(d) 3 where d is small,

S« > 8, s(t) > @.

Then we have -

(a) H 1is IFR whenever §. as defined in (3.2.59) is
convex, (sgf?-; is increasing, I(t) = é%(xldx
is convex and G is IFR.

(b) H 1is IFRA whenever G is IFRA, (Sk{k)::n is increasing
in k, I(t)/t 1is increasing in t and (8 5en i
increasing in k.

(c) H 1is NEU whenever 6 1is NBU, (Sk)?-. and I(t) are
superadditive and (su¢)oee is increasing in k.

(d) H 1is DMRL whenever G 1is DMRL, S« = k, k = 1,2,...,
I(t) is convex and (Sk)fma is increasing in k.

(e) H is NBUE whenever G 1is NBUE Sk = Kk, A

I{t) 1is starshaped and TR Al increasing in k.

By putting s(t) = 1 in the above Theorem, the corresponding result for

the stationary pure birth model is obtained.

Unfortunately, in the case of the non-stationary and stationary pure
birth models, straight forward results for the HNBUE and L classes are
not available. This 1is because the required conditions on the
survival probabilities (F.) and on the birth coefficient, (s«)h-e are
stronger than (s«) increasing and (p«) discrete HNBUE or (p«) belongs

to 6 (C.f Theorems (2.1A.1) and (2.1C.1))

The next result deals with the case where shocks arrive according to a
generalised renewal process. The result is a direct consequence of
Theorem (3.2C.4) and Theorems (2.2.1(a)), (2.2.2(a)) and Corollary
(2:2.%)s
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Theorem (3.2C.9)

Let H be defined as in (3.2.6@8) and 1let ({(N(t)} be a generalised

renewal process :-

{a) H is NBU whenever the shock inter-arrival times have distributions
Jay which are NBU and decreasing in i, 6 1is NBUE and

(S«) superadditive.

(b) H is NBUE whenever the shock interarrival times, VY., have NBUE

distributions of E(Y,) = Ay is decreasing in i and G is NBUE.

(c) H is HNBUE whenever the shock inter-arrival times (Y:) have HNBUE
distributions and E(Y,) = A, i = 1,2,.... and 6 is HNBUE,

(d) H belongs to L whenever the shock inter-arrival times have
distributions belonging to L, E(Xy) = A; 1 = 1,2,.... and G
belongs to L.

It 1s clear from the above results that when the arrival of shocks is
governed by a homogeneous or non-stationary Poisson process or by a
stationary or non-stationary pure birth process, the lifetime
distribution of the associated random threshold Cumulative Damage
nodel, in which the damages are assumed to be independent Gamma random

variables, inherits its class from the threshold distribution.

In the NBU case the assumption of independent shock interarrival times
may be relaxed somewhat. If the assumption of independence is
replaced by :-

{N(t)} 1is a stochastic counting process such that :-

(3.2.61)  P(N(x+y) > j+k | N(x) = k) >= P(N(y)>j)
for any x>0, y>@, >0 k>0.

The following result is a direct consequence of Theorems (2.2.3) and
(3.2E. 8}
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Theorem (3.2C.10)

Define H by (3.2.60) where {(N(t)} satisfies (3.2.61) then H 1is NBU

whenever (Syew) is superadditive and G is NBU.

Once again we note that the life distribution H inherits its class
(NBU in this case) from the threshold distribution.

A random threshold —cumulative damage model in which the shock
interarrival times are constantly correlated has been studied by
Sathiyamocorthi (198@). 1In this model, no distribution is assumed for
the damages but the threshold is assumed to have an exponential
distribution and as well as being constantly correlated, it is assumed
that the interarrival times are exchangeable exponential random
variables. (R sequence (Y,) of random variables is said to be
exchangeable if the joint distribution, Ja{ys,....yn) 0of any n of the

variables can be written as :-

JalYsgeaaaynl = L Ka(y1) oo iKulyn)dP (W)

where @ 1is the space of w and for each w in @ Ku(y) is a
conditional distribution function in y, and for a given y Kuly) is a

random variable in w.

Using an earlier result of Gurland (1955) Sathiyamoorthi (198@)
derives the Laplace-Stieltjes transform of the life distribution for
such a wmodel and gives the first and second wmoments of the

distribution.

Another cumulative damage model with an exponentially distributed
threshold is proposed by Ramanarayanan (1976). In this model it is
assumed that a shock causes damage only if the worker in charge of the
device is not alert. Periods of alertness are assumed to be i:i.d
random variables and initially the worker is assumed to be alert.
After the occurrence of a shock the worker is re-alerted with

probability P.
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Ramanarayanan obtains the Laplace-Streltges transform of the lifetime
distribution for such a model in terms of the Laplace-Stieltges
transform of the distribution of the interval between successive

damages.

To conclude this section, we remark that a random threshold model in
which wear or recovery is allowed between shocks as in section 3.2B
would be of some interest. As yet, however, such a model appears not
to have been considered in the literature. The NBU results of section
3.2B do not carry over to the random threshold case in any obvious way
since if 6 1is the Threshold distribution and T:(z) is the first
passage time of the damage process (I(t)} to the level =z then the

survivor function of interest is :-

H(t) = {?P(T,(Z)>t)d6(z} and the NBU class is not closed under the

mixture operation.
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Conclusions and Suggestions

The common theme running through the models presented in this thesis
is that the lifetime distributions associated with the models inherit
their class from the shock survival probabilities and, 1in the case of

more general models, the shock interarrival times.

This prompts the question :-
Is it any easier to establish the class to which the shock
survival probabilities and the shock interarrival times
belong than it is to determine the class of the lifetime

distribution directly ?

For an answer to this question, we will have to wait until such tiae
as the theory of shock models is applied more frequently to practical

problenms.

To date, the literature on applied Shock Models is extremely sparse.
However, with some of the more recent theoretical developments, e.g.,
the models with wear and recovery of section 3.2B, seemingly aquite
plausible and well-suited to practical application, this situation may
be rectified soon. O0Of course, even if establishing the Class of the
survival probabilities and shock interarrival times proves no easier
than establishing the Class of the lifetime distribution directly, the
results presented in this thesis may still be of some interest,
provided that the physical properties of the system being wmodelled
lend themselves to the assumption of a particular class for the

survival probabilities and/or the interarrival time distributions.
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While the application of the theory of Shock Models to practical
problems would seem to be an obvious step in the development of the
subject, further development of the theory itself is also required.
In particular, models with correlated shock interarrival times have
not yet received much attention, although the paper by Sathiyamoothi
(198@) is a step in this direction and we also noted, in passing, that
the interarrival times between shocks which occur according to a
non-stationary Poisson Process are not independent. In adopting a
correlation scheme for the interarrival times, it may well -be that an
Exponential Autoregressive process (EAR process) is appropriate, since
it is a quite mathematically tractable generalisation of the FPoisson
Process and is easy to simulate on a coamputer (see Gower and Lewis
(1988), Jacobs and Lewis (1977) and also Cox and Isham (198@)

pp. 62-63.

In this thesis, a “Black-box" approach has been taken regarding the
device which is subject to shocks, i.e., the structure of the device
has been ignored. It may be, however, that the device in question is
made up of several components, each of which has a different tolerance
to shocks, hence the internal structure of the device may be of some
importance in determining the lifetime distribution of the device.
Considerations such as these lead to Multivariate Shock Models and
require the definition of «classes of multi-variate distributions.
Some waork has been done in this area, notably by Ghosh and Ebrahimi
(1982), Ghuyre and Marshall  (1984) and Marshall and Shaked (1979).

The theory of amultivariate models, however, is not as well advanced as
it is in the univariate case. In fact, it may often be the case that
a univariate model can be applied successfully to a multi-component
device. Suppose, for example, that the components of a device are
connected in series and all have different shock survival
probabilities, then provided we assume that each component is equally
prone to shocks, the shock survival probability of the device is equal
to the smallest survival probability of the components. If the
components are connected in parallel, the shock survival probability
of the device is equal to the largest survival probability of the

components.
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Another type of multivariate Shock Model is one in which there is more
than one source of shocks. Such a model has been studied by Barlow
and Praoschan (1975) although their main motivation for introducing
such a model appears to have been to generate a multivariate
exponential distribution. Multivariate models of this form do not
appear to have received much subsequent attention. Consequently, this
is another area which could provide scope for further developments in

the theory and application of Shock Models. It is likely that the
theory of superposition of Point Processes could prove useful in this

context.

In conclusion, then, it appears that while the theory of shock models,
especially in the wunivariate case, is quite well developed and
encompasses some apparently quite plausible situations, it has not
often been applied in a meaningful way. Thus there is a need for
further development in the area of applied shock models and it is
likely that this will generate a need for further theoretical

developments.
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