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ABSTRACT 

This thesis is concerned with the lifetime distribution of a device 

subject to environmental shocks. The terms "device" and "shock" are 

used here in an abstract sense and although industrial interpretations 

are the most obvious, the models described in this thesis can also be 

applied in other fields, for example, in biology and finance. 

Several models are presented and in each case the main question of 

interest is to determine the class of distributions to which the 

lifetime distribution associci.ted vii th the model belongs. This 

approach to the study of shock models i 5 t ci.k en since it is often 

difficult to derive an e>:plicit e>:pression for the lifetime 

distribution of a device, but if the class to which the distribution 

belongs can be identified it is usually possible to obtain a bound on 

the distribution. 

Since classes of lifetime distribution have an important role to play 

in the study of shock models and in reliability theory generally, the 

first part of this thesis is devoted to a review of the classes which 

have proved useful in these areas. The classes are defined and some 

justification for their use in reliability theory is provided. In 

addition, alternative characterisations of the classes are given and 

it is shown that a function which is closely related to the Laplace 

transform can be used to characterise all the classes. 

The discussion of shock models commences, in chapter two, with a 

survey of results pertaining to the standard shock model :-

-H(t) = E P(N(t)=k)PK, 
k•IZI 

where H(t) = 1 H(t) is the 

lifetime distribution of a device subject to shocks whose arrival is 

governed by the stochastic counting process {N(t)}. The probability· 

that the device survives K shocks is given by PK where k=0,1,2, .••••• 

This model has received a good deal of attention in the literature 



Page iii 

(see, for example, Esary, Marshall and Proschan 119731, A- Hameed and 

Proschan (1975), Klefsjo 11981, 19851. The most striking feature of 

the model is that under appropriate conditions on {Nit)} the lifetime 

distribution inherits its class from the discrete class of the 

survival probabilities (Pk) Results are presented under a variety 

of assumptions on {Nit)} ranging from the assumption of a homogeneous 

Poisson process to the assumption that {Nit)} is a generalised renewal 

process. In addition, a model where {Nit)} is assumed to be a doubly 

stochastic Poisson process is introduced. For the more general models 

it is often the case that the life distribution H inherits its class 

not only from the survival probabilities but also from the class of 

the shock interarrival time distribution. 

The final part of this thesis is concerned with shock models in which 

failure occurs according to some specified mechanism. In particular, 

two methods of failure are considered. Firstly, the case where 

failure occurs on the occurrence of a shock which exceeds some 

critical threshold is studied and, secondly, the case where failure 

occurs when the total accumulated damage due to shocks exceeds some 

critical threshold is considered. In both cases, the initial approach 

is to use the standard model with an appropriate structure imposed on 

the survival probabilities (Pk) A more general approach which 

allows for some dependency between the shock magnitudes and shock 

interarrival times and, in the case of the cumulative damage model, 

for wear or recovery between shocks, is then adopted. Such models 

have been studied by Shanthikumar and Sunmita (1983 1 1984) and by 

Shanthikumar (19841. Their results are summarised and the importance 

of the class of the shock inter-arrival time distributions in 

determining the class to which the lifetime distribution of the model 

belongs is noted. In addition, some minor extensions to 

Shanthikumar's (1984) work on the cumulative damage model are made. 



Page iv 

INTRODUCTION 

This thesis is concerned with the lifetime distribution of a device 

subject to shocks. The terms device and shock are used here in an 

abstract sense so, depending on the context, a device may be 

interpreted as: for exam.EJ.e, a biological organism, a financial 

account, or a piece of industrial machinery. Similarly, a "shock" may 

be interpreted as a myocardial infarction, a demand or withdrawal, or, 

in the industrial context, as a blow which causes damage to the device 

or even as a repair causing negative damage to the device. 

The study of shock models is approached from the point of view of 

establishing the class of distributions to which the lifetime 

distribution of the model belongs. The justification for taking this 

approach is that :-

a) in practice it is often difficult to obtain an explicit expression 

for the lifetime distribution of a device subject to shocks, and, 

b) if the class to which a distribution belongs can be determined, it 

is usually possible to obtain bounds on the distribution. 

Since the study of Shock Models is approached in this way, Chapter One 

of this thesis is devoted to a summary of the classes of life 

distribution useful in studying Shock Models and in Reliability 

Theory, generally. The classes are defined and some justifications 

for their use in Reliability Theory is presented. Alternative 

characterisations of the classes are provided using a function closely 

related to the Laplace Transorm and, where appropriate, the Total Time 

on Test transform. The Chapter concludes with a summary of the 

closure properties of the classes under the reliability operations of 

formation of coherent systems, mixture and convolution. Some bounds . 

for distributions belonging to the classes are presented and the 

relationship between the classes are summarised. 
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Chapter · Two includes a survey of the literature on the standard Shock 

Model, 

R(t) = E P(N(tl=k) pk 
k-m 

proposed by Esary, Marshall and Proschan (19731. Here, it is assumed 

that shocks arrive at a device according to the Stochastic counting 

process {N (t)} and that the probability of surviving k shocks is given 

by Pk• Hit) = 1 - H(tl is the survivor function for the device in 

question, i.e. if Tis a random variable denoting the lifetime of the 

device Rltl = PIT >tl• 

The main aim of the Chapter is to determine conditions on the survival 

probabilities (Pk) and on the process {N(tl} which are sufficient 

for the lifetime distribution H(. l to belong to one of the classes of 

distribution introduced in Chapter one. 

In Chapter three, some account is made of the actual mechanism by 

which devices fail. 

considered :-

In particular, two modes of failure are 

al the maximum shock model where failure occurs when the magnitude of 

a shock exceeds some critical level, and 

bl the cumulative damage model where shocks all cause damage which 

accumulates until the total accumulated damage exceeds some 

critical threshold and failure occurs. 

Initially these models are studied by imposing an appropriate 

structure on the survival probabilities (Pk) of the standard model 
k-m 

discussed in Chapter two. A more general approach which allows the 

possibility of correlation between the shock magnitudes and the 

intervals between shocks and, in the case of the cumulative damage 

model, the possibility of wear or recovery between shocks, is then 

considered. 
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Some remarks on the layout of this thesis are in order. Theorems, 

Lemmas and corallaries are numbered within subsections so that Theorem 

(3.lA.1) is the first theorem presented in subsection lA of Chapter 3. 

Equations are numbered sequentially throughout sections, thus equation 

(2.1.24) is the 24th equation of section 1 of Chapter 2, regardless of 

whether it is located in subsection 2. IA or 2.IF. This should not 

cause too much inconvenience since, with few exceptions, numbered 

equations are only referred to locally. 

Where a lemma is specific to a particular Theorem, it has usually been 

included within the proof of that Theorem so as not to interrupt the 

flow of the text. 

Owing to some technical problems in the typing of this thesis some of 

the notation is not quite standard, for example · s · has been used 

where the Greek letter 'lambda' would normally be appropriate. Thus, 

the birth coefficients of a pure birth process are referred to as 

s1, s2, •.. and Poisson probabilities are given by e-•t(st)k/k! 

In section 2. IE a capital letter, B, has been used to denote a 

probability density function rather than a lower-case character as is 

more common. 

In Chapter three the symbol d 2 /dxdy is used to denote partial 

derivative but it is clear from the context what is meant. 

Finally, I would like to thank Dr C. D. Lai for his encouragement in 

the researching and writing of this Thesis, and Olaf Skarsholt et.al. 

for their efforts in making it legible for you to read. 
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CHAPTER 1 :- CLASSES OF LIFE DISTRIBUTION 

USEFUL IN THE STUDY OF SHOCK MODELS 

~1.0 Preliminaries 

The study of shock models in the conte xt of reliability theory is 

primarily concerned with the lifetime distribution of a machine or 

device subject to random en vi ronmental shocks. In general, an 

e>:plicit form for the lifetime distribution is difficult to obtain 

but, provided it can be established that the distribution belongs to a 

sufficiently well-known (non-parametric) class of life distributions, 

bounds on the distribution can often be obtained. Consequently, the 

study of classes of life distribution is of great importance in the 

analysis of shock models and in reliability theory generally. 

In this Chapter we present a summary of the main classes of lifetime 

distribution which have proved useful in reliability theory and, in 

particular, in the study of shock models. For each class, we attempt 

to provide an indication of the reasons for the class's usefulness and 

some alternative characterisations of the class based on the Laplace 

transform and the less well-known Total Time on Test transform 

(TTT transform) which is discussed briefly below. 

Total Time on Test 

Suppose n components are placed on test for a period of time, t, then 

the total time on test statistic is defined to be the sum of the 

failure times for each component. If no failures occur, the total 

time on test during the interval [0,t] is nt. 

The total time on test (TTTl statistic can be defined more formally as 

follows :- Suppose that then items placed on test are assumed to have 

a common life distribution F, and that successive failures are 

observed at times Yc1,, Yc2,, Yen,, Yc1, can be regarded as the 

i th order statistic from a sample of size n from the distribution F. 
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The TTT statistic T(tl, is given by :-

r(tl = nYc1J + (n-1) (Yc2J - Yc1J) + n-2(Yc:sJ - Yc2J) + .... 

+ (n-i+l)(Yc1.J - YC1.-1J) + (n-i)(t - Yc1.J) 

where i E (1 •.• n) and YuJ =< t =< Yu+1J 

i.e. If we define YcmJ :df 0 then, 

( 1. 0. 1) 

where 

l 

T(t) = E (n-j+1) (Yen - (YcJ-1Ji + (n-1) (t-Yc1.Jl 
J-1 

belongs to (1 ... n) and Yc1.J =< t =< Yu+1J 

The TTT concept was introduced by Epstein and Sobel (1953) who used 

the TTT statistic to make inferences about the exponential 

distribution. Beginning with a paper by Barlow and Campo (1975), the 

TTT concept has been generalised and found to be of use in a variety 

of areas of reliability theory, e.g. 1 hypothesis testing, model 

identification, determination of optimal age replacement intervals and 

characterisation of classes of life distribution. Bergman and Klefsjo 

(1983) provide a useful summary of the use of the TTT concept in 

reliability theory. The generalisation of the TTT concept most useful 

for characterizing classes of life distribution is the TTT transform 

which arises as follows : 

The TTT at the time of the i th failure is given by 

I. 

T(Ycn} = E (n-j+l)(Ycn - YCJ-1J} J-1 
-1 

Fn(i/n) 
Hence, T(Yc1.J} = Je, Fn(x}dx, 

Where Fn is the empirical distribution function 

-1 d f 

and Fn(t} = inf{x:Fn(x))=t} 

Now, by the Glivenko-Cantelle Lemma and the strong law of large 

numbers it follows that if Fis the underlying distribution then with 

probability one (W.P.11 

F-l < t > 
T(Ycn} -> !

111 
F(x)dx 

uniformly in (0 1 1) as i/n -> t and n -> m 



i.e. As i/n t and n - > m 

- 1 
F < t > 

then P(T(Yc11) /
0 

~(xldx uniformly in [0,1]) = 

(c.f. Barlo~,, Bartholomew, Bremner and Bunk (1972) p.37>. 

Consequently, we call the quantity 

- 1 
( 1. 0. 2) H~ ( t) 

the TTT transform of the distribution F. 

If F has mean, ~, then 

( 1. 0. 3) h(tl = ------- = -------

is called the scaled TTT transform of the distribution F. 

An interesting property of the TTT transform is that if 

-•>< 
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F(xi = 1 - e where s > 0, :-: > 0 then tF(t) = t, ~,here 0 < t < 1 

i.e. the scaled TTT transform carries the exponential distribution 

into the uniform distribution on [0 1 1] Other useful properties of the 

TTT transform include :-

( i ) there is a one to one correspondence between life 

distributions and their TTT transform 

-1 

(ii) HF(t) is continuous int iff Fis strictly increasing 

-1 

(iii) HF(tl is strictly increasing iff Fis continuous. 

(iv) If F is absolutely continuous, with density f, and strictly 
increasing, then, 

-1 -1 

d/dt(HF (t)) = 1 / R (F(t)) 

for almost all t belongs to (0,1], 

where R(xl = f(x) / F(:<l 

-1 

(v) HF (0) = ~~, the mean of F. 
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We are now in a position to systematically study some classes of life 

distribution. The classes to be introduced here are all based on 

notions of ageing, the different notions of ageing giving rise to 

different classes of distribution. 

One of the most straightforward notions of ageing is that of 

increasing failure rate, which can be characterised by the 

instantaneous probability of failure at time t given survival to time 

t, increasing as the device ages. The concept of failure rate is 

fundamental to much of reliability theory. 

Consequently, it is essential to begin our survey of classes of life 

distribution with the increasing failure rate and decreasing failure 

rate classes. 



~1.1 The Increasing Failure Rate and Decreasing Failure 

Rate Classes of Lifetime Distribution. 
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Suppose a device has a life distribution, F, then the conditional 

probability of failure during the next period of duration x given that 

the device has survived until time t is given by ·-

Fi >:lt> = ( F(t+:<l - F(tl l / F(tl 

and the conditional failure rate R(tl can be defined by 

( 1 . 1 . 1 l r ( t l Lim .. -0 1/x F(t+:d - F(tl / F(tl 

= f<tl ; F<t> 

whene ver the limit e>: ists and F ' (t) = f(t) 

Thus, the failure rate can be thought of as the instantaneous rate of 

change of the conditional probability of failure given that the device 

has survived until the present. Alternatively, r(tldt represents the 

conditional probability of failure in the small time interval 

(t, t+dtl given that the device has survived until time t. 

In the interests of generality, we use the conditional life 

(distribution F<x1t) rather than the failure rate, r(tl, to define the 

IFR and DFR classes as follows: 

Definition (1,1,1) 

A life distribution F (i.e. a distribution F with F<0-i = 0 l belongs 

to the increasing failure rate (lFRl class of distributions if :-

( 1. 1. 2 l F<xltl = < F<x+tl - FCtl l / F(tl 

is increasing in t 

If F(x1tl is decreasing in t then F belongs to the decreasing failure 

rate (DFRl class. 
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Clearly, if F has c:1. density f then F< >:1t> increasing (decreasing) int 

i s e qui v a 1 en t to r ( t ) i n c re as i n g (de c re as i n g ) i n t . 

For convenience, we will often abbreviate the statement "Fis a member 

of the IFR class" to Fis IFR or FE {IFR} 

In the case of a discrete sequence of probabilities , it is possible to 

define classes analogous to the !FR and DFR classes defined above. 

Thus we have :-

Definition (1.1.2) 

be a sequence of probabilities, then 

(Qn>n-m is discrete !FR (DFRl iff :-

where n = 1,2, ... 

i.e. (Qnln-1 is log concave (conve x). 

In this thesis we will, in the main,be dealing with decreasing 
-sequences of probabilities (Qk) satisfyinq Qm = 1. We will term such 
k•0 -

sequences as sequences of survival probabilities. The reason for this 

is as follows Suppose discrete probability 

distribution satisfying Pm= 0. It is convenient to interpret pk as 

the P (a device fails on the kth shock it receives). Now, define 

where k = 0,1,2, ... 

then Qm = 1 and (Qk)k is a decreasing sequence. Further, the obvious 

interpretation of :-

-Qk = E PJ 
J-k+l 

is that Qk = P(a device survives the first k shocks it receives> 

where n = 0 1 1;2, ..• 
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Before proceeding with some examples of IFR and DFR distributions, it 

is worthwhile to consider the distinction between repairable and 

non-repairable devices. 

that the device in 

The discussion so far has implicitly 

question is discarded upon failure. 

repaired on failure and placed back in devices are 

assumed 

Often, 

service however, 

until the next failure. This distinction is of some importance when 

one considers the notion of failure rate of a repairable device. 

The sequence of failures of a repairable device can be represented by 

a stochastic point process {Nit)} where Nit) equals the number of 

failures up to time t. 

If M = EIN(tll it seems entirely reasonable and is certainly 

intuitively appealing to define the failure rate to be ,It) = M' (ti 

whenever the derivative of M exists. According to Thompson 119811 such 

a definition is in accord with well established scientific usage of 

the word "rate". The problem is that this latter definition of the 

term failure rate is not equivalent ta our earlier definition as the 

following example demonstrates. 

The lifetime of a non-repairable device can be represented by a simple 

stochastic process CN(t)} which takes values 0 or 1; so that EINltll = 

Flt) = M(tl; where F is the lifetime distribution of the device. Now, 

if the derivative exists, then ,<t) = M' It) = f (ti <> r(tl 

Essentially, the difference arises because the failure rate of a 

repairable device is the unconditional failure rate of the stochastic 

process governing the sequence of failure, while in the non-repairable 

case the failure rate is the conditional failure rate of the lifetime 

distribution of the device. 

In this thesis we are primarily concerned with non-repairable devices 

and consequently it is the failure rate in the sense of distributions 

that will be of interest to us. 

A link between the two notions of failure rate can in fact be drawn 

provided one introduces a type of conditional failure rate for 

stochastic processes. Thompson (1981) illustrates this as follows :-
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Consider a non-repairable device of which n copies are sampled and let 

Nit) be the number of failures up to time t. Then the number of 

copies surviving after time t, Sit) = n - Nltl, is a pure death 

process with transition probabilities given by :-

p ( s ( t ) =j ! s ( r) = i ) where 'T < t 

= (;) (F'(t>' (F ( t l F(r))1-J 
-------------------------

F < n 
= 0) [~~~!~~~ (F(U - Fl'Tll 1-J] 

<Fl'Tll' <F('Tll1-J 

i.e. the conditional distribution of the number of survivors given the 

survivors to an earlier time is binomial. 

Consequentl Y, E [Nit) - N('T) S('T) J 

= E [S('T) - S(U s ( 'T) ] 

= S('T) - S('T) F(t) 

F ('Tl 

= SIT) 1 - F<tl 

F < n 

= S(1) F(t) - F(T) 

F ('Tl 

a.nd hence . -. 
r p ( t) = Lim 

E [::~t2_--~~-~] 
s ('T) 

t-)'T+ 

it-'T)S('T) 

= Lim [ F(tl - Ft>] 
t- )'Ti- --- -- - --a-n F('Tl 

= f ( 'T) 
J.-.-

F (1l 

= r ( 'T) , 

the failure rate of the distribution, F. 
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1.e., if n copies of a nan-repairable device are sampled, the failure 

rate r 1t l o f the life distribution of the device is equivalent tc the 

instantaneous rate of change of conditional expected num~er of 

failures (given the number of survivors) with respect to time and per 

individual at risk. 

The function rptt) can te interpreted as the conditional failure rate 

of th€ stochastic process CN(t)}. 

We n~w present some examples of IFR and DFR distributions:-

ll The exponential distribution is both IFR and DFR since its 

failure rate is constant. The exponential distribution is the 

only distribution with this property. 

2) The Weibull distribution has distribution functions 

F.(tl = 1 - e-<•t>• wheres, a > 0 and a polynomial failure rate 

r(ti = a.s(st)•- 1 

Consequently, the Weibull distribution is IFR for a >= 1 and DFR for 

0 < a. =< 1. 

3) The Gamma distribution :-

The density of the Gamma distribution is given by :-

for t )= 0 and s,a > 0 

r <a) 

and the failure rate of the Gamma distribution is given by: 

-[r(Ur 1 = J (l+u/U•- 1 e-•u du 
Ill 

hence the Gamma distribution is IFR for a= < 1 and DFR for a ·,­, - 1. 
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41 The IDB distribution recently introduced by Hjorth 119801 differs 

from the previous three distributions in that its failure rate is 

not necessarily monotone. Consequently, this distribution is 

useful for modelling situations involving the so-called bathtub 

shaped failure rate. The IDB (increasing, decreasing, bathtub) 

distribution is defined by :-

FI ti = - F (t) = e:, P(-(st 2 1 / 21 

(l+Btl 8 ' 8 

where s > 0, e > 0, B > 0 

and has failure rate given by 

r ( tl = st + e i 11 + Btl 

Now if st = 0 tt-,en F is DFR, and, 

i f s _;-= eB then F i S IFR I and, 

if 0 < s < 8B then r (ti has the bathtub shape. 

The failure rate of a distribution may not always be easy to obtain 

explicitly and consequently it is of some use to have alternative 

methods of identifying IFR and DFR distribution. 

We will present two alternative characterisations of the IFR and DFR 

classes, the first of these is based on a function related to the 

-Laplace transform, F•(sl = / e-••dF(xl 
GI 

F 

Let Anis) = (-1)" d" [1-F*(s)J 

n~ ds" [ s 

-( 1 , 1 • 3 l = !GI x"/n~ e-•" F(x)dx 

and define :­

< 1. 1. 4) a~ Is> = 1, 

Vinogradov (1973) established the following result ·-
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Theorem (1.1.1) 

Let F be a life distribution (i.e. F<0-) = 0) Then, Fis IFR (DFR) iff 

F 

(a" (sl ln-1 is discrete IFR (DFR) · for every s > 0 

i.e. for all s 
2 

~, a~(s) >= (= <) a~-1(s)a~+1(s) ~,here n = 1,2, ... 

We present the proof only in the IFR case. The DFR case follows 

similarly. First, suppose that Fis IFR and note that in Barlow and 

Proschan (1965) it was shown that if Fis IFR then:-

( 1. 1. 5) 

Now if F is IFR so is G(tl = 1 -(1-F(Ue-• t ), for every s > 0 and 

replacing F by G in (1.1.4) above yields 

(1.1.6) For all s > 0, A~2.(s) >= A,.n-ds)AFn+i<s) where n = 1,2, ... 

and hence aF'2.(sl .>= a"' (s)aF (sl ~ n-1 n+l as required. 

The proof of sufficiency requires the following two lemmas; details of 

their proofs are omitted here but can be found in Vingradov (1973). 

The first lemma establishes the desired result for all life 

distributions with bounded, continuous densities while the second 

lemma is used in the extension of this result to more general 

distributions. 

Lemma ( 1, 1, 1) 

Let F be any lif~ distribution with a continuous bounded density, f, 

and suppose .AF~ (s) >= AFn- 1 (s)AFn+i (s) holds for all s >= 0 where 

n=l,2, •.• 1 then Fis IFR. 
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The proof relies on an inversion formula for Laplace transforms and 

the fact that the failure rate r(t) = f(ti / F(t) can be written in 

terms of the AFn<sl and as a consequence of the condition of the lemma 

can be shown to be increasing. 

Lemma ( 1. 1. 2) 

Let F1 (t) be any life distribution and F2(t) defined by 

F2(tl = 1 - e-•t where t >= 0. 

Suppose that for all s >= 0 1 (AF"(s)) 2 

where n=1,2, ... 

then, 

<Bn(sll 2 >= Bn-1<s>Bn+1(sl 

-where Bn(s) = ! 111 e::~_!: t(tldt 
n ! 

t 

f(t) = 1 - t(t) = 1 - !IIIF2(t-Y)dFi(y). 

Now, continuing with the proof of sufficiency of the theorem, let 

F2•(tl = 1 - (l+bt)e-bt then it can be shown that Lemma 2 applies with 

F2• in place of F2, This follows from the fact that 

t 
F2•(tl = /

111
F2(t-yldF2(yl and by repeated application of Lemma 2. Now, 

if Fi is any arbitrary life distribution then Feller vol.2 (1966) has 
t 

shown that the distribution •<tl = ! F2•(t-yldF1(yl has a continuous, 
Ill 

bounded density and by Lemma (1.1.2) 

<Bn(s)) 2 >= Bn-i<slBn+i<sl and hence by lemma (1.1.1) tis IFR but 

t -> F1 weakly ass-> m and since the class of IFR distributions is 

closed under weak convergence (c.f. Basu and Bhattacharjee (1984)) F1 

is IFR. Since F1 was arbitrary the theorem is proved. 
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Th e ( A " ( s ) )~ - 1 o f t h e p r e v i o u s t h e o r e m c an b e g i v e n a sh o c k - m o d e l 

interpretation as follows :-

Suppose a device is subject to shocks which each cause a random amount 

of damage and let E1 denote the amount of damage caused by the i th 

shock. If the E1 are i.i.d. with a common exponential distribution of 

mean 1/s wheres > 0 then X = E1-1 E1 is a gamma random variable with 

density function 

fn(s,x) : snxn-l e-•" 

( n -1) ! where s > 0 1 n >= 0 1 x >= 0 

Now, suppose that damage is caused only by shocks and that the device 

fails when the total accumulated damage exceeds some critical 

threshold, C. Further suppose that C is itself a random variable as 

would be the case if we were considering a population of identical 

devices with significant variation in individual device's ability to 

withstand damage. 

Now the lifetime distribution of the device is given by 
N < t l 

R<tl = P(E E1 < Cl where {N(tl} is the stochastic Point Process 
i - 1 

governing the arrival of the shocks. 

k k 

Hence R(tl = E P!N(tl=klP(E E1 <Cl where 
k-0 1-1 

P(E E1<:Cl 
i - 1 

is the 
probability of the device surviving k shocks. 

k 

Now, P(E
1

_
1
E1(Cl 

• k k 

= J P(C > E E1 
CZ, 1-1 

E E1=xl fk(s,xld x 
1-1 

= ! skxk-1 e- •H F(xldx • -------
( 1:-1) ! 

= ak(Sl 

where F is the distribut°ion of the threshold, C. 

So the (ak<->>1o:-1 defined by (1.1.3) are the survival probabilities in 

a cumulative damage random threshold model. We will meet this model 

again in Chapter three. 

The Total Time on Test transform can also be used to obtain an 

alternative characterisation of the IFR and DFR classes, The relevant 

result is contained in the following Theorem due to Barlow and Campo 

(1975). 
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Theorem (1,1,2) 

A life distribution F with finite mean, P.-, is IFR IDFR) iff the scaled 

TTT transform:-

-1 
F < t: > 

J 
III 

Flxldxl/P.-

is concave (conve>:l. 

Only the case where Fis absolutely continuous (a.c,l and strictly 

increasing is considered here. Barlow and Campo 11975) extend the 

result to more general F via limiting arguments, while Langberg et al 

(1980) present an alternative proof which avoids some of the technical 

difficulties inherent in the limiting arguments of Barlow and Campo. 

Let F be an a.c. and strictly increasing life distribution. Now :-

HF- 1 '(tl = 1 / r1F- 1 (tl (by property (ivl of TTT transforms 

mentioned in section 1.0); where r(.) is the failure rate of F. 

S0 1 if Fis IFR (DFR) then HF- 1 '(tl is decreasing (increasing) in the 

interval (F- 1 10) 1 F- 1 (1)) 1 hence ( HF- 1 (t)) /,., is concave lconve>:l. 

Conversely, assume ( HF- 1 ltl ) / ,- is concave (convex) int then 

HF'lt) = 1 / r(F- 1 (t) is decreasing (increasing) int 

i.e. r(.) is decreasing (increasing). Fis IFR (DFRl as required. 

I 

Other characterisations of the IFR class are possible, e.g. Langberg 

et al (1980) established a characterisation based on weighted spacings 

between order statistics. 

We conclude this section with a brief discussion of a sub-class of the 

IFR class. 
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Recall that a life distribution F was defined to be IFR iff, 

[F( :< +tl FltlJ / Flt) was increasing int for all x >= 0, This 

definition is equivalent to'F is IFR iff 

( 1, 1. 71 F (XI tl - - ' = Flt+ x ) / Fltl 

is decreasing in t for each x . The sub-class we are interested in 

consists of those IFR distributions with densities which satisfy 

(1.1.71. Any non-negative function, h, satisfying (1.1.71 for all x 

in its' support is known as a 'Polya Freq uency function of Order 2 

Consequently, if a life distribution F has a density f for which 

(1.1.71 holds, i.e. 

(1.1.8) f(t+>:I / f(tl decreasing int for all ,, > 0 we say f is a PF2 

density. 

Many standard distributions in statistics, for example, the uniform 

and the gamma, have PF2 densities. 

It is easy to show that if f is a PF2 density, then the corresponding 

distribution, F, is IFR (see Barlow and Proschan (1975) p.77). Thus 

the class of life distribut i ons with PF2 densities is indeed a 

sub-class of the IFR class. 

It should also be noted that the statement "Fis IFR" is equivalent to 

"Fis PF2". The condition (1.1.8) is equivalent to:-

( 1. 1. 8 I ' I f(x1-Yi) f(x1-Y2) I >= 0 
f(x2-Y1) f (x2-Y2) 

for all - CD < X 1 < X2 < CD and, 

- CD < y 1 < Y2 < (I) and to 

I 1. 1. 8 l " log f(x) is concave on (-m,m) 

We could define an analogous sub-class of the DFR class either by 

reversing the inequality in (1.1.8)' or imposing the condition :-

(1.1.9) log f(xl is convex. 



~1.2 The Increasing Failure Rate Average and Decreasing 

Failure Rate Average Classes of Life Distribution 
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The IDB distribution introduced in the previous section is an example 

of a distribution with a non-monotone failure rate. Such 

distributions arise quite frequently in reliability problems, e.g., 

the lifetime distribution of a device consisting of two independent 

but non identically exponentially distributed components in parallel 

has a failure rate which is initially increasing but eventually 

decreases (c.f. Barlow and Proschan (1975) p.83). 

It may be the case, however, that a failure rate which is not monotone 

increases or decreases "on the average". The average failure rate of 

a distribution F with density f is given by :-

G ( tl = 
t: 

! r(x)dx 
0 

t: 

/ t where r(x) = f(x) / F(x) 

Since - log F(t) = !
0 

r(x)dx 

it is clear that, GCtl = ( - log FCtl l / t 

hence we have, 

Definition (1.2.1) 

A life distribution, F belongs to the Increasing Failure Rate Average 

(IFRAl Class iff 

(1-2,1) ( - lo9 F(tl ) / t is increasing in t. 
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Definition (1.2,2) 

A life distribution F belongs to the Decreasing Failure Rate Average 

<DFRAl Class iff 

( 1. 2, 2 l ( - 1 o9 F ( ti / t is decreasing 1n t. 

The IFRA and DFRA classes are characterised by the be]l?viour of 

[F(tl] 1 /t i,e., 

( 1. 2, 3 l F is IFRA iff [F(tl ] 1
/t is decreasing in t > 0 

(1.2,4) F is DFRA iff (F(t)] 1
/t is increasing int > 0 

If 0 < a < then [j:'(tl] 1 /t decreasing implies 

q.·(t)]1/t =< [j:'(at))l/•t 

i.e. [F'(tl]• =< i=<atl. 

Hence the IFRA and DFRA classes can be defined by ·-

(1.2.5) F is IFRA <DFRAl iff 

=< <>=) i=<atl where 0 < a < 1 

In the discrete case definitions analagous to (1.2.3) and (1.2.4) can 

be used to define discrete IFRA or DFRA sequences of probabilities as 

follows :-

Definition (1,2,3) 

Let a discrete sequence of probabilities with Qm = 1 then 

then (Qnl is a discrete IFRA <DFRAl 
n -0 

sequence iff 

decreasing (increasing) inn. 
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The IFRA and DFRA classes arise naturally in a number of reliability 

situations, e.g., the distribution, mentioned earlier, of a device 

consisting of two independent exponentially distributed components can 

be shown to be IFRA. We will see, in our consideration of cumulative 

damage Shock Models in Chapter three that the IFRA class has an 

important role to play in this area too. 

Barlow and Pre-schan (1975) provide a good summary of the properties of 

the IFRA and DFRA classes including the following result which will 

prove useful in the study of some shock models considered later. 

Lemma (1.2.1) 

A life distribution Fis IFRA CDFRAl iff for each s > 0 F(tl e-•t 

has at most one change of sign and if one change of sign does occur 

then it occurs from+ to - (from - to+). 

It is well known that the IFRA class contains the IFR class and that 

the DFRA class contains the DFR class. This follows from the fact 

that F IFR is equivalent tor PF2 i.e. log Fis concave. 

As with the IFR and DFR classes, it is possible to obtain an 

alternative characterisation of both the IFRA and DFRA classes, via 

the Laplace transform. The following Lemma due to Block and Savitts 

(19801 will be of use in establishing the characterisation as well as 

alternative characterisation classes to be considered subsequently. 

Lemma(l,2,2) 

Let F be a l i f e d i st r i bu ti on w i th (AF" ( s l 1°';. 111 and ( A,." ( s ) )";: _ ~ def i n e d 

as in (1.1.3) and (1.1.4) respectively. If u > 0 is a continuity 

point of F, S = S(n,u) and limn-::..c,c:,n/s = u then 

(1.2.6) limn-:ioo an+l (s) = F (u) 



a_~+ 1 ( S ) = f'O n + 1 n 

'li, =----~­n( 

= tF(:il dGn(xl 
(1.2.7) where dGn(X) = sn+l e-•" xn dx 

n( 

i.e. is a gamma distribution 

characteristic function 

= [s / s-itJn 

and 

So, limn->• hn(tl = limn->• [ (1-itl / n/u)-n 
= eiut 
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consequently has 

which is the characteristic function of the one point distribution ·­

G(x) = {0 for x < u 

{ 1 for x >= u 

hence Gn(xl - > G(xl weakly since convergence of characteristic 

functions implies weak convergence of the corresponding distribution 

(c.f. Bilingsley (19681. 

So --limn->•' FlxldGn!xl 

= ,C FlxldGl xl 

= Flul as required-
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Klefsjo {1982) has shown, by a similar argument, that . 

( 1. 2. 8 l limn->- ,CGn(x)F(x)d :< = J F(x)dx 

and by . <1.1.3) and (1.1.4), 

( 1. 2. 9) So limn->- (1/s Ek-n+1a{(s)] = J F(x)dx 

whenever limn->- n/s=u. (1.2-8) and (1.2-9) will Prove useful in 

establishing alternative characterisation of classes of distribution 

to be discussed later. 

We can now establish the following result also due to Block and Savits 

(1980). 

Theorem (1.2.1) 

A life distribution Fis IFRA <DFRA) iff <a:(s))1'n is discrete IFRA 

(OFRA) inn for every s > 0 

Only the IFRA case is considered here. The DFRA case is very similar. 

First suppose F is IFRA and let s > 0 be fixed but arbitrary. Then 

A~(sl = i;'<xn/n!) J(x)d(x) where J(:<l = e-sxF(x) 

Clearly from the definition of the IFRA class J(xl is IFRA iff F(xl is 

IFRA. 
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Now, A~ ( s l = f; ( X " / n ! ) J ( X ) d ( X ) 

and integration by parts yields :-

A~(s) = 1/(n+l) 1 r:{". 1 dG( x ) 

= E(x"• 1 J / (n+ll ! 

= Vn+1 

where <Vnl 1 /" is decreasing in n=1,2, ... by corrollary 6.5 p.112 of 

Barlow and Proschan (1975). 

i.e. (A~(s)) 1 /" is decreasing inn and consequently so is 

(a~(S))l/'n 

i.e. (a~(sl) 1 /" is discrete IFRA and since s was arbitrary the 

desired result is established for all s > 0. 

Now suppose 

rewritten as 

,r 
<an<slln is decreasing in n. This condition can be 

(1.2 . 10) (for all s > 0) a~+1<s) >= [a.!...k+1Cs)Jn+l/n+k+l 

where n,k=1,2, ••. 

Now let X = p/q where p and q are integers such that 0 < p < q and let 

X > 0 and aX be continuity points of F (1.2.10) holds for all s > 0, 

n,k, > 0 so in particular it holds for n = mp, k = m(q-pl where mis a 

positive integer, ands= n / ax 

As m - .> m; n/s -> aX, (n+k)/s - > a and (n+1)/(n+k+1) - > a 

So by taking limits on both sides of (1.2.10) we have by Lemma 

(1.2.2). :-

j:'(aX) >= (j:'(X))• where 0 <a= < 1 

i.e. (j:'(Xl) 1 "x is decreasing in X hence since the set of points {X} 

of the type considered is dense Fis IFRA. 

The TTT transform is not as useful in the identification of IFRA 

distribution as it is in the !FR case. Barlow (1979), however, has 

shown that if Fis IFRA (DFRA) then the inverse of its TTT transform 

HF(x) satisfies. 
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(1.2.11) HF(xl/x is increasing (decreasing) in x where 0 < x <,. where 

y. = I xdF<xl 

The converse is unfortunately false. A function which satisfies 

(1.2.111 on its support is sometimes referred to as a starshaped 

(anti-starshaped) function. Thus the IFRA property can be written 

as :-

(1.2.12) F is IFRA iff -log F<tl is starshaped. 

We conclude this section with two further characterisations of the 

IFRA and DFRA Classes, both due to Langberg et al (1980) 

Theoru (1.2,2) 

let F be a life distribution and let X,,n be the i th order statistic 

from a sample of size n, from F, then F is IFRA <DFRAl iff 

PCX,,n > x/nl is increasing (decreasing) inn >= N for some N. 

Details of the proof are omitted here but we note that the proof is · 

based on the fact that:-

P<X1,n > x/n) = (F(X/n))" 

Langberg et al (1980) have also established the following result :-

Theorem (1.2.3) 

Let F be a continuous life distribution with finite mean. If the 

support of Fis an interval and F(0) = 0 then Fis IFRA (DFRAl iff 

is decreasing (increasing) in i where i = 1,2, ••• ,n for infinitely 
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~1.3 The Decreasing Mean Residual Life and Increasing Mean Residual 

Life Classes of Life Distribution. 

An alternative to the failure rate as a means of describing the ageing 

of a device is the mean residual life. The mean residual life 

corresponding to a life distribution Fis given by ·-

( 1. 3, 1) eF(t) = EIT-t I T>= tl 

where T is the random lifetime of the device in question. 

Now, 

-( 1. 3. 2) EIT-t I T>=tl = ! Flt+x) ) / Flt) dx 

hence 

11,3,3) eF(t) : 

or eF(t) = 

eF(t) can be used 

obvious way. 

Definition 11.3.1) 

Ill 

.i:'Flx)dx ) / Flt) 

0 

when FI t) 0 0 

when F(tl = 0 

to define two classes of life distribution in an 

Let eFltl be defined as in (1.3.1) or (1.3.2) then if eFlt) is 

decreasing we say F belongs to the Decreasing Mean Residual Life Class 

IDMRL) and if eFlt) is increasing we say F belongs to the Increasing 

Mean Residual Life Class (lMRU. 

The IMRL Class has proved useful in a social science context e.g. 1 

empirical labour turnover studies have indicated that the length of 

tenure in a job can be well fitted by an IMRL distribution, i.e. 1 the 

longer one has spent in a job the more likely one is to stay in the 

job (see e.g. ,Bartholomew (1982) and Gerchak (1984)). Now, since the 

!FR class is characterised by :-

1-F<xltl = Flxltl = Flt+xl I Fltl 

decreasing int for all x > 0 it follows from (1.3.2) that the DMRL 

Class contains the IFR class and similarly the IMRL Class contains the 
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DFR Cla~s. No such relationship has been found to exist between the 

IFRA and DMRL Classes or between the DFRA and IMRL Classes. 

The DMRL and IMRL Classes are related to the IFR and DFR Classes in 

another way, as is shown below. 

Suppose F is a life distribution with mean fF and denote by 

( 1. 3. 4 l 

the distribution of the first interval, X1 in the equilibrium renewal 

process with common interval distribution, F for intervals X1 where 

i=2,3, .•. Then we have :-

Theorem (1,3, 1) 

A life distribution F is DMRL (IMRLI iff F- is IFR (DFRl 

Recall that for any IFR (DFRI distribution G, log G is concave 

(convex I i.e., - 1 og G is convex (concave l and converse! y. 

Hence F" is IFR (DFRl 

iff R-(t) = -lo9 (1-F-(t)) is convex (concave). 

and 

!': F ( x l dx eF(t) 

hence R-(tl is convex (concave) iff e~(tl is decreasing (increasing) 

hence the desired result follows. This result is due to Rolski (1975), 

although he stated the result only in the DMRL case. 
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the context of renewal theory the result states that if the 

stribution of the first interval in the equilibrium renewal process 

IFR IDFR) then the common distribution of all succeeding intervals 

at least DMRL (lMRLi land converselyi. 

The DMRL IIMRL) class has the following property which will prove 

useful both in establishing an alternative characterisation of the 

class and later in establishing the DMRL property of shock models 

under certain conditions. 

F is DMRL (lMRLl iff 

(1-~ .. 5) h(ul = ,C"F(YldY - cF(u) where c >= 0 

changes sign at most once and if once from+ to - (-to+). Discrete 

DMRL and IMRL classes can be defined as follows:-

Definition (1.3,2) 

A sequence of probabilities Q0, Q1 , •.• is discrete DMRL IIMRLl iff 

(E:-1 Qk) / Q" is decreasing (increasing) inn= 1,2, ... 

We can now present a characterisation of the DMRL and IMRL classes, 

based on the Laplace transform. 

Theorem (1.3,2) (Block and Savitts (1980)). 

Let F be a life distribution, then F is DMRL (lMRLl iff laC~k-0 is 

discrete DMRL (IMRU where ak is defined as in (1.1.4). 

Only the DMRL case is considered here, the IMRL case follows by an 

exactly similar argument. 
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We first · prove necessity. 

a f • 1 ( s ) = s i., ( ( s x ) k / k ! ) e - • " F ( :< ) d x 

Note that the kernel :-

(cf.1.1) Now, PF2 functions possess the variation diminishing 

property which is discussed in Chapter 2 (see Theorem (2.0.lll and can 

be summarised here as follows :-

If g(k,sl is PF2 then :-

h ( k) 
llo = J'

0
g(k,s)f(s)ds 

follows the same sequence of sign changes as f(sl i.e., if f(.l has 

one sign change from+ to - then so does h(.), 

We note also that :-

J' - ~ - -s 
O 

e-u ( (s:dk / k~) ( J,. F(Y)dY - cF(x))d:< 

= 1/s E1.-k+2 ai (s) - cak+1 (s} where c >= 0 

So, by the sign change property of DMRL distributions described by 

(1.3.51 and the variation diminishing property of the PF2 kernel :-

it follows that ·-

1/s E~k+2 a~(s) - caf+ 1 (sl changes sign at most once and if 

once from+ to -

i.e. 

af+1 (sl 

is decreasing in n for all s > 0. 
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Hence 

a! ( s) 

is decreasing in n for all s > 0, as is, 

+ 

for all s > 0 

i.e. 

Now, to prove sufficiency , suppose 

i.e. E7-k ar(s) 
----------at ( s) 

is decreasing in k for each s > 0; hence . 

for n=l,2, ... and k=l,2, • .. ands > 0 therefore 

( 1. 3. 6) 

where n=l 1 2, ... and s > 0 

In particular, ( 1. 3 . 6) holds for 

n = (l<v / uJ 

F. Thus:-

s = k / u where u and v are continuity points of 

limn->. (n+k / s) = (u + v) and u = ( k / s) 

so by lemma 1.2.2. 

(1.3,7) and 

limk->• af+n+ds) = F(u+v) 
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Now, recall that by (l.2,9) 

( 1. 3. 8} 

whenever limk->• (k / sl = u 

hence using (1.3.7) and (1.3.8) in (1.3.6) \-le have 

(1,3-9} F(u+v) ('F<x)dx >= F(u.) 

for all continuity points u, v. 

i . e , e F ( u } = ( .r:'F ( x } d x } / F ( u } 

is decreasing in u, and since the set of continuity points of a DMRL 

distribution is dense, hence the desired result is established. 

The DMRL and IMRL Classes can also be characterised by the behaviour 

of a function related to the scaled TTT transform. Klefsjo (19821 

established the following result . 

Theorem (1.3.3) 

Let Q(t) = ( 1-tF(tl l / 1-t 

where tF(t} is the scaled TTT transform of the Life Distribution F, 

then F is DMRL (IMRLl iff Q(t) is decreasing (increasing) in t. 
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Graphically, this result can be interpreted as in the Figure 11.3.1) 

following 

t e 1 
t 

Figure (1.3.1) F is DMRL iff Bltl is decreasing (increasing) 

as a function of t. 
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~1,4 The New Better than Used (NBU) and New Worse than Used (NWU) 

Classes of Life Distribution 

These classes of life distribution arise most naturally in the study 

of maintenance and replacement policies but the mathematical 

tractability of their definition together with the fact that the 

classes encompass a wide range of distribution has ensured their 

importance in the study of shock models. In particular, the NBU and 

NWU Classes have been used to describe some of the more complex models 

considered in Chapter three where, for example, recovery between 

shocks takes place. 

Definition (1.4,1) 

A Life distribution, F, is NBU (NWU) iff 

( 1 · 4, 1) F(x+tl!F<tl =< <>=l F(xl for al 1 t >= 0 

i.e. F is NBU (NWU) iff 

( 1, 4, 2) F<x+tl -/ --. ()=) F(:<lF(tl 

The expression on the left in inequality 11.4.1) is the conditional 

reliability of a used device of age t, while the expression on the 

right is the reliability of a new unit, hence the terms 'New Better 

than Used' and 'New Worse than Used', 

In the discrete case an analagous definition is as follows :-

Definition (1,4,2) 

A sequence of probabilities (Qk)::,m is discrete NBU <NWU) iff 

where k = 0,1,2, ••. and l = 0,1 1 2, .•. 
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The NBU ·and NWU Classes contain the IFRA and OFRA Classes respectively 

(and hence the IFR and DFR Classes) and the same relationship exists 

behieen the discrete NBU (NWU) and the discrete IFRA (OFRA) Classes. 

No such relationship has been found to exist between the NBU and OMRL 

or NWU and IMRL Classes. 

As with the other classes of life distribution studied so far, Bloc k 

and Savits (1980) have presented a characterisation of the NBU a,..D_d NWU 

Classes based on the Laplace transform. This result is contained in 

the following theorem:-

Theorem ( 1. 4, 1 l 

A life distribution F is NBU (NWU) iff 

(af(sll':-0 is discrete NBU (NWU> 

for all s > 0 where , 

<at(sll":-0 is as defined in (1.1.4). 

Proof 

The proof of necessity is very similar to the proof of necessity in 

Theorem (1.2.1) (the corresponding characterisation of the IFRA (OFRAl 

Classes) except that the condition (Vnl 1 '" decreasing is replaced by 

the result, also due to Barlow and Proschan (1975), that if 

j(x) = e-SKr(x) and Cn = <,,,nln!) where )4-n is the nt:h moment of J(,) 

then J(.) NBU implies (cnl is discrete NBU, 

To prove sufficiency the condition of the Theorem can be re-written as :-

a.f+1 (s) a!+1 (s) >= an':m+2(s) 

for m,n=l,2, ..• and for all s > 0. 
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Now arguing as in the proof of sufficiency in Theorem (1.3.2) (the 

DMRL case) and again using Lemma 1.2.2. it follows that :-

F( u+vl =< F(ulF(vl for all u, v > 0 

No relationship has been found to exist between the TTT transform and 

the NBU and NWU Classes. 

Langberg (et all give two further characterisations of the NBU Class 

but for our purposes the following result presented by Block and 

Savits (1978) will prove more useful. 

Theorem (1.4.2) 

A life distribution F is NBU (NWUl iff 

f,,..,,9(t- x ldF(tl =< O=l F( xl (°g(tldF(tl 

for all x >= 0, g >= 0 and increasing on <0,ail. 

Sufficiency follows by considering : -

g(t) = lcu,.,(t) u >= 0 

where IA is the indicator function of the set A. To prove necessity, 

first note that the result certainly holds for functions of the form 

g(t) = IA(t) where A= (t,m) or (t,m). The desired result follows 

from the fact that any non-negative increasing function can be written 

as limit of linear combinations of such functions (i.e. as the limit 

of simple functions). We will have cause to use the following 

corrollary to the above theorem in a later Chapter (2). 
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Corrollary (1.4,ll (Block and Savits (19781). 

Let X and Y be non-negative random variables and suppose X has a NBU 

distribution, F, then for all :{ , y >= 0. 

Proof 

P(X+Y >= x+y I X>xl =< PIX+Y>yl 

P(X+Y > x+y I X>xl = J:or.G ( x + y-z ) d F ( z l 
0 

(where G is the distribution of YI 

=< F'<xl fPi3<y-zldF(z) 
0 

(since Fis NBU and G is non negative and increasing in z). 

= F'lul F'(X+Y>yi 

=< P(X+Y>yl as required, 

Another useful characterisation of the NBU and NWU Classes is 

(1.4.3) F is NBU (NWUI iff 

- log F'(tl is superadditive (sub-additive), 

i.e. - log F'(t+s) >= <= <l - log F'(tl - log i=<sl, 

for a 11 t I S ) 0 

This result follows almost directly from the definition of NBU (NWUl Class . 

We will have cause to use (1.4.3) in Chapter 2. 
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~1.s The. New Better than Used in Expectation (NBUEl and New Worse than 

Used in Expectation (NWUEl Classes of Life Distribution 

These classes of life distribution are defined by comparing the 

conditional expected remaining life of a used device with the expected 

lifetime of a new device. Consequently, they are closely related to 

the DMRL and IMRL Classes. 

Formally, the NBUE and NWUE Classes are defined as follows: 

Definition 1.5,1 

A life distribution, F, is NBUE (NWUEl iff 

al F has a finite (finite or infinite) mean,/-<, 

and 

bl ( 1. 5, 1) GP-
( J"' F<xldx l / F(tl =< <>=> 

i.e. 

( 1, 5. 2 l t°F<xldx =< ~ F<tl 
~ 

Now suppose F is DMRL then, 

eF(tl = ( ('F(xld :< l / F(tl 

is decreasing in t and hence, 

(1.5-3) ('F(:<ldx l / F(tl =< ( (F<xldx ) F(0l - ~F / F(0l 

Where fF is the mean of F. 

Now, the only DMRL distribution with mass at 0 is the distribution 

degenerate at 0, so by 1.5.3 it follows that F DMRL => F NBUE. 

Similarly, F IMRL => F NWUE. 

As would be expected, it is also easy to show that the NBUE (NWUE) 

Class contains the NBU (NWUl Class. In the discrete case, NBUE and 

NWUE Classes can be defined as follows:-
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Definiti~n (1,5,2) 

A sequence of probabilities(Qk):=: 0 is discrete NBUE (NWUEi iff 

a) E::111 Qk is finite (finite or infinite) 

and 

b) E:°-n Qk ==( ( )-=:) On E:°-0 Qk 

The relationships between the discrete NBUE (NWUEI and the discrete 

DMRL (IMRL) and between the discrete NBUE (NWUEI and discrete NBU 

(NWU) Classes are the same as in the general case. 

We 

NWUE 

now present 

Classes of 

three 

1 if e 

alternative characterisations of the NBUE and 

distribution beginning as usual with a 

characterisation based on the Laplace transform and due to Block and 

Savi ts ( 1980). 

Theorem (1.5.1) 

Define the sequence (a~(sli°e.-0 as in (~.1.3) and (1.1.4) there is a 

life distribution F is NBuE (NWUE) iff 

<af(s) l~-111 is discrete NBIJE (NWUE) for '3.11 s > 0 

We prove necessity first and consider the NBUE case only since the 

NWUE case is very similar. We must show that, 
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for all s > 0 

Now A~ ( s l = foo0 < u" / n ~ l e - • u F ( u l du 

(as defined in (1.1.2)) 

>= 1/t -.'S:<u"/n 1 )e-•u -(F(w)dwdu 

(_;here,, .. is the mean of F} Since Fis NBUE; and swapping the order of 

integration gives :-

, 
An (s) >= 1/11-

Now, repeated integration of the inner integral by parts with 

summation of the resultant series, gives :-

Reversing the order of integration and summation gives:-

( 1. 5, 1) 

i.e. 

( 1. 5. 2 l 

Now, 

= 

= 

= s i:'F<u)du 

= s/1-

and substituting this result in (1.5.2) we have:-

(1-5,4) a.!+1 (s) >= 
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Now, by adding af.i<sl to both sides of (1.5.4) and noting that 

a~(si = 1 we have, 

where n = 1,2, ... 

and hence, 

a.~ (s) E:'-111 a~ (s) >= E::°-n at (s) 

where n = 1,2, ... 

i.e. (a~(sll:'-111 is discrete NBUE. 
,: .,c 

Now suppose (ak (s)) k-111 is discrete 

NBUE, i.e., 

( 1. 5. 5 l for all s > 0, 

,: ,:-,OC> F 
c!.n(s) Lk-111a1ds) 

where n = 1,2, ... 

In the proof of necessity it was shown that 

E~1 at<sl = s/'-· and consequently, 

Thus (1.5.5) can be rewritten as :-

for a 11 s > 0, 

a~(s) (1 + s -'o°F(u)du) )= Ek-n a~(s) 

where n = 1,2, ..• 

i.e. for all s > 0 

where n = 1,2, ..• 
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and hence, 

( 1. 5. 6 l san+1(s) I;F(u)du >= E~n+2 at(s) 

where n = 1,2, ... 

Now, define s =df n/a for some continuity point a of F, then . 

1 i m11 - > - n / s = 1 i ml\ - > - ( ( n + 1 ) / s ) = a 

Hence by lemma (1.2.2) and equation (1.2.9) letting n -> m on both 

sides of (1.5.6) yields :-

F(:<>s, 
.,_ 

>= s J~ F ( u) du 

i.e. F(xl/4- \-
' - fx°F(u)du 

and arguing as in the proof of sufficiency in Theorem (1.3.2) (the 

DMRL case) it follows that F is NBUE. 

The following integral inequality can also be used to characterise the 

NBUE and NWUE Classes. 

Theorem (1.5.2) (Block and Savits (1978)) 

A life distribution, F, is NBUE 1 CNWUE) iff 

a) F has a finite (finite or infinite) mean, JI-= .r:'F<x)dx and 

bl J;°9CzlF<z>dz =< <>=> ,.. rog(zldF(zl 

for all non-negative g increasing in (0,m). 
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Proof 

Exactly as for Theorem (1.4.2) (the corresponding result in the NBU 

(NWIJl case). 

The scaled TTT transform is quite useful in identifying NBUE and NWUE 

distribution as the following result shows :-

Theorem (1.5,3) 

A life distribution, F, is NBUE (NWUE) iff 

0 =( t =< 

where •F<t) is the scaled TTT transform of F, as defined by (1.0,3). 

For strictly increasing and continuous distributions F the result 

follows directly from the definition of the scaled TTT transform and 

the NBUE (NWUE) class, once one makes the substitution t = Fix). 

Klefjo (1982b), however, has pointed out that care must be taken in 

making this substitution in the more general case since not all NBUE 

(NWUE) distributions are strictly increasing and continuous. 

The above theorem was first presented by Bergman (1979) in the NBUE 

case and later extended to the NWUE case by Klefjo (1982b). 

The NBUE and NWUE Classes are probably the classes of life 

distribution for which the TTT transform is most useful, since if the 

scaled TTT transform tF(t) can be obtained in a manageable form, a 

quick graphical _ comparison with the line tF(t) = t can indicate 

whether or not the distribution of interest is NBUE or NWUE. 
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~1.6 The Harmonic New Better than Used in Expectation (HNBUE) and 

Harmonic New Worse than Used in Expectation (HNWUE) Class of 

Life Distribution. 

The role of the exponential distribution is central to much of 

reliability theory and application. It seems reasonable therefore to 

classify distributions by in some sense comparing them with the 

exponential distribution. The classes considered in this section are 

defined via such a comparison. 

In reliability and queueing theory, the following method of ordering 

distribution is sometimes used (c.f. Rolski (1975)): If F and G are 

two distributions, we say F <c Giff 

J:xdG (x) < co and, 

( 1. 6, 1 l (i= (x l dx =< !0-
J-l G ( :< ) d x t >= 0 

It can be shown that (1.6. 1) holds iff for every increasing conve>: 

function f, 

-/ - , 

If in (1.6.1) G denotes the expondential distribution with mean, /1-, 

then we have :-

( 1, 6. 2 l t >= 0 

and it is this inequality which is used to define the HNBUE and HNWUE 

Classes as follows :-
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Definition (1.6,11 

A Life distribution F is HNBUE (HNWUEl iff 

( 1. 6. 3) 

where f•' F : the mean of F, 

Thus, a distribution F is HNBUE iff 

- / - '· 

where G is the expondential distribution with the same mean as F. 

The HNBUE Classes were introduced by Rolski 119751 and further studied 

by Klefsjo (1982a). 

The name HNBUE arises from the fact that it can be shown that (1.6.3) 

holds iff 

I 1. 6, 4) =< /I' t >= 0 

where, as before, the mean residual 1 if e . 

eF (;<) = (r-'aldt ) / r(x) 

I 1. 6. 4) says that the integral harmonic mean of the mean residual life 

of a used unit is less than or equal to the mean life of a new unit. 

Of course, since if G is the exponential distribution of mean , then :-

= 

equation (1.6.4) can also be interpreted as a comparison between the 

integral harmonic means of .eF(xl and ei:,(xl. 

Since the geometric distribution is the discrete analog of the 

exponential, it seems reasonable to define discrete HNBUE and HNWUE 

Classes, as follows :-
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Definition (1,6.2) 

A sequence of survival probabilities (Qklk-m is discrete HNBUE (HNWUE) 

i ff 

Notice that if <Fkl~-m are the survival probabilities corresponding to 

the geometric distribution and , = E:.mFk then ~k = (1-1/p)k and 

E~-nPk = ~[1-1/~]n 

We turn now to the question of providing additional characterisations 

for the HNBUE and HNWUE Classes. 

As in the DMRL <IMRL) case, it is possible to characterise the HNBUE 

(HNWUE) class via a condition on the first interval in the equilibrium 

renewal process 

If F-(t) = 11,F J f(x)dx is the distribution function of the first 

interval in the equilibrium process with underlying distribution F 

then we ha.ve : -

Theorem (1.6,1) 

F is HNBUE <HNWUEl i ff 

t >= 0 

where fF is the mean of F = t;F(:<ldx) 
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Proof 

F is HNBUE iff 

I t ) : 0 

i.e. iff _11-F - f;F< x)dx =<: l4F exP(-t!uF] 

< = = > ( 1 - F .,, ( t ) J = < e :< P ( - ti j.tF J 

The HNWUE case follows, similarly, by reversing the inequalities, 

The above result is due to Klefsjo (1982al as is the following 

characterisation based on the Laplace transform. 

Theorem (1.6.2) 

A life distribution Fis HNBUE (HNWUE) iff (a~(sllk is discrete HNBUE 

(HNWUE) for every s > 0i where the a~ (s) are defined as in (1.1.3l and 

( 1. 1. 4). 

We prove necessity first. 

Assume F is HNBUE, then we must show that • 

for all s > 0 1 

where 

Now, 

= 

= 

E:."!.nat\s} =< _11-(s) (t-1/_11-(s}}" 

JI- ( s) = Ek - 111 a~ ( s) and n = 1 , 2, . • • 

f~s"- 1 u"- 2 e-•u dudx Q_ ___________ _ 

(n-2) ! 
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and reversing the order of integration gives ·-

= f.~s"u"- 2 e-•u 
ID --------

!°F(x)dxdu 
""' ( n-2) ! 

-/ - ,. f.00 s"u"- 2 e-•u . -------
(n-2) ! 

since F is HNBUE and making the substitution ,t = x(s,F +1) 

yields . 

Ek~n ak (s) =< /°tn- 2 e-t dt 

hence, 

( 1 +SfF) ,;-::-l 

(SJ(-F)" 
= -----------

0 --------
(n-2) ! 

(c.f. proof of Theorem 1.5.1) 

(Jl·(s)-1)" 

(J(-(s) )n-1 

E.:0..n af.(s) =< Jl-(s) (1 - 1/f(s) )" 

as required. Now to prove sufficiency, suppose that the condition of 

the theorem holds, 

i.e. , Eoo F 
1<-n h(s) =< Jl· (s) (1 - 1/P.(s))" 

wheres > 0, n = 1 1 2, ... 

So, 

= (J(-(5) - 1) (1 - 1/)',(5))" 

Since 

( 1. 6. 5) 1/s E 
00 ,.. 

k-n+l a1o:(s) = il'F(l - 1/(l+sil'F))" 

where for all s > 0, n = 1,2, .•. 
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Now let x be a continuity point of F and chooses= nix then letting 

n -> m on both sides of (1.6.5) and using equation 11.2.91 and the 

fact that · -

limn->• [ 1 - (x//1-~) / (n+x/J!-F) ]" 

= e :{ P[- :{IJI- F] 

i . e. F is HNBUE. 

The final characterisation of the HNBUE class that we shall present 

here is based on the TTT transform. 

Theorem (1.6.31 

A strictly increasing life distribution, F, of finite mean, u, is 

HNBUE ( HNWUE) if f 

h(t) > = (= ( ) 1 - e :{ P[-F- 1 (tl//l-] 0 =< t =< 1 

where • Flt) is the scaled TTT transform of F. 
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F is HNBUE iff 

-0 
!~ ~ (u l du - I - ,. :{ > 0 

and since F is strictly increasing it follows that F is HNBUE i ff 

"°-!f!'l.F (u) du =< /I' exP[-:</F- 1 ( t)] 0 - I t =< 1 
(A) 

- -. 

F·s.~"I 
e:<P[-x/F- 1 (t)] i . e. 1 - 1 / /I' ~ F(u)du =< 

<== > h(t> '>- 1 - e:<P[-:<IF- 1 (t)] ' -

0 =< t =< 1 

It should be noted that the HNBUE (HNWUE) Class contains the NBUE 

(NWUEl Class, since, 

F is NBUE (NWUEl with mean /I' => 

eF(:d =< <>=) Y.· :, >= 0 

i. e- t =< ()=) 

i. e-

i.e. F NBUE <NWUE) => F HNBUE <HNWUEl. 

To conclude this section we briefly mention a generalisation of the 

HNBUE (HNWUE) Class which has been introduced recently by Basu and 

Ebrahimi (1984), 
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Definition (1.6,3) 

A life distribution F, of finite mean , is K-order HNBUE 

(K-order HNWUEI iff 

where k = 1,2, ... 

Def i n i t i on T l . 6 . 3) says that a d i st r i but i on i s K - order H NB U E i f the I< 
. 
. 

order integral harmonic mean of the mean residual life of a used unit 

is less than the integral harmonic mean of the mean life of a new unit 

or, alternatively, of the mean residual life of a used unit with an 

exponential life distribution. 

We will often write K-HNBUE IK-HNWUEI for K-order HNBUE (K-order 

HNWUE I . 

Of course, for K=l the K-HNBUE (K-HNWUE) Class is just the HNBUE 

(HN~JUEl Class. (c.f. (1.6.4ll. 

Basu and Ebrahimi state that their motivation for introducing these 

classes of distribution was two-fold: firstly, to provide a larger 

class of alternatives to the e xponential distribution in hypothesis 

testing situations and, secondly, to establish analytical results for 

as large a class of life distributions as possible. 

The HNBUE Class is contained by the K-HNBUE Class K >= 2 and, in fact, 

the K-HNBUE Class is contained by the K+l-HNBUE Class, K >= 1 so that 

as K increases the K-HNBUE Classes form an increasing sequence of 

classes. 

In the HNWUE case the direction of inclusion is reversed, i.e., the 

HNWUE Class contains the K-HNWUE Class, K >= 2. This follows from the 

fact that the K-HNWUE Class contains the K+l-HNWUE Class, K >= 1 i.e. 

as K increases the K-HNWUE Classes form a decreasing sequence of life 

distribution. 
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Since the HNWUE class also contains the NWUE Class, the relationship 

between the K-HNWUE and NWUE Classes is of interest and it turns out 

that the K-HNWUE Class contains the NWUE Class for K >= 1. 

Basu and Ebrahimi have established that every binary random variable 

has a distribution which is 2-HNBUE, e.g., If Fis defined by 

F ( >:) -c 0 =< X < 
1/4 1 =< X < c-.., 

X \- 5 ,-

Then Fis 2-HNBUE. Note, however, that Fis not HNBUE and hence the 

conclusion of the HNBUE Class within the K-HNBUE Class; K >= 2 is 

strict. 

We conclude this discussion by noting that the results for shock 

models presented in Chapters two and three have not as yet been 

extended to the K-HNBUE (K-HNWUEJ Classes. 

~1.7 The L and L Classes of Distribution 

Recently, Klefsjo (19831 proposed two additional classes of life 

distribution, defined via a comparison of the Laplace transform of a 

distribution with the Laplace transform of the exponential 

distribution of the same mean as the distribution of interest. Thus 

we have:-

Definition (1.7.ll 

A Life distribution F belongs to the Class L ([l iff 

( 1. 7, 1 l t:e-•tr<tldt >= <=<l ,-l(l+s~l 

where ,- = f'r< tl dt 
0 
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Klefsjo . suggests a number of reasons why the Land [ Classes are of 

interest in reliability theory. The most obvious of these is the fact 

that the Laplace transform of a distribution is often easier to obtain 

in a manageable form than an explicit expression for the distribution 

function itself. Another interpretation particularly relevant in a 

shock model context is as follows: Suppose a device with distribution 

F, as of mean u, is subject to the possibility of a catastrophe (or 

shock) which is always fatal. Suppose further,that the time to the 

catastrophe is e~:ponentially distributed with mean ~ l/s, then 

fo°e-•tF(t)dt is the probability of a catastrophe in the lifetime of 

the device. 

Hence, (1.7.11 says 

Pia catastrophe in the component ' s lifetime) 

>= J+ I (l+SJ+) 

i.e. The probability of a catastrophe during the lifetime of the 

device is at least as large as the probability of a catastrophe during 

a the life of a device with an exponential lifetime distribution. 

In the discrete case we can define Classes G and§, analogous to Land 

[, by comparing the probability generating function lp.g.f.l of a 

discrete sequence of survival probabilities with the p.g.f. of the 

survival probabilities corresponding to the geometric distribution 

with the same mean as the distribution of interest. 
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Definition (1.7.2) 

Let <0 .. )~111 be a sequence of survival probabilities so that ·-

then <Q .. >:°-111 belongs to the Class G (G) iff 

( 1. 7. 2) 

where 0 =< p =< 

It should be noted that the L ([) Class is strictly larger than the 

HNBUE (HNWUE) Class. This follows from the fact that :-

( 1. 7. 3 l 

= I" - s(e-•t <.(F <>: l dx) dtl 

and, consequently, if F is HNBUE. We have :-

= ,<1 - s~/(l+sS,l)l 

= f ( 1 / ( 1 + Sjl) ) 

If F is HNWUE, reversing the inequalities in the above argument 

shows that F belongs to t. 
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That the inclusion in both the Land [ cases is strict follows from 

the following examples due to Klefsjo :-

e>:ample al Let F be defined by 

F ( t) = 

E7 
0 :( t 0.3 

0.3 = ( t < 
., 
~' 

t >= 0 

then F belongs to L but F i S not HNBUE. 

e>: ample bl Define F by . -

F ( tl = r~2 0 =< t <'. 

t >= 1 

then F belongs to L but is not HNWUE. 

The relationship between G and the discrete HNBUE Class and between§ 

and the discrete HNWUE Class is the same as in the general case 

discussed above. 

Since the Land [ Classes are defined via the Laplace transform, it is 

not surprising that, as with the other classes of distribution we have 

encountered, it is possible to characterise the Land [ Classes in 

terms of a sequence of functions related to the Laplace transform, 

namely, the ak(sl of (1. 1.4). 

The appropriate result is presented below. It was established by 

Klefsjo (1983) in a shock model context, i.e., with the ak(sl 

interpreted as the survival probabilities in a random threshold 

cumulative damage shock model (c.f. the interpretation of the ak(sl 

given in Section 1. 1l. 
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Theorem (1.7.1) 

A Life distribution F belongs to L ([) iff (af(s)lk-111 belongs to G (§l 

for every s > 0 

Suppose F belongs to L i.e. for all s > 0, 

Mow, 

= 1 + sp,rE~-111 (ps>:l"'/k! e-° F(x)dx 

( 1. 7. 4 l = 1 + s p t.,, e - • M < 1 - P > F ( >: l d >: 

( 1. 7. 5) >= 1 + ps 

l+s(l-p)/1-F 

since F belongs to L 

Now recall that 

hence, 1 + pS j\-F 

1 + s(l-p)/1-F 

: 1 + 5)4-F 

1 +S)I-F - pS)I-,.-

= /1-( sl 

/1- ( s) - PSJI-F 

= r-( s) 
-------------

jl-(S) (1-p)+p 

i.e. by (1.7.4), 

)I- ( s) ------------
_,K,(S) (1-p)+p 



and this holds for all s 

<af(s) l':'-m belongs to G 

0 a nd for a.11 p in.·. 
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rn,1l so 

Now assume iaE(s)l~-m belong s to G so that by (1.7.5) and the 

definition of G ·-

+ sp J:°e-•" <t-p> F (>:l d i: >= y.-(s) 
0 

p+(l-pl ,idsl 

for all s > 0 and pc <0,ll 

i • e. y.-( s) 

ps (p +(l-p)y.-(sll sp 

ps(p+(l-pl (l+sy.-Fl 

(1.7.7) = J',F 

where s > 0, p . 1"'1 . (0' 1) 

i . e. 

( 1. 7. 8) 

wheres = s<1-pl 

and since (1.7.7) holds for every s > 0 and every p belongs to (0,1) 

so also does (1.7.8) hold for every s > 0 

i.e. F belongs to L. 

The [ case follows by reversing inequalities. 



Page 62 

~1.8 Closure properties 

In the previous sections we have studied a number of classes of life 

distributions. In the first part of this section we turn our 

attention to the question of whether distributions from a particular 

class yield distributions from that class under certain operations, 

e.g., a reliability practitioner may be interested in the convolution 

of NBU distributions since convolution corresponds to the addition of 

life lengths of independent components. 

Three operations on distribution functions, often referred to in the 

literature as reliability operations, are of particular interest in 

reliability theory:-

al Formation of Coherent Systems 

Suppose a system consists of n components, then at any given time each 

component may be in one of two states, functional (denoted by a '1 · l 

or non-functional (denoted by a ' 0 ' ), Let t<x1, .. ,>:n) be the 

structure function of the system where xi e {0,1} and i=l,2, ... n and 

•<~l e {0,1} then a system is said to be coherent if • is increasing 

in each argument and for :-

.(X1 1 .. ,X1-1 1 1 1 X1+1 1 ,,,Xn) (> 
•<x1,,,,X1-1 1 0, X1+1 1 ,,.Xn) 

where i = 1, ... n 

Series and Parallel systems are of course coherent. 

It is of interest to determine whether the life distributions of 

coherent systems of components with life distributions in a particular 

class belong to that class. 

b) Convolution 

As stated previously, 

reliability as the 

lengths. 

convolution of distributions arise naturally in 

distribution of the sum of independent life 
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c) Mixture 

Suppose H.<.i<tl is the survivor function of a device subject to 

shocks whose arrival is governed by an inhomogeneous Poisson process 

with mean value function, 

l(t) = fts(>:ld x / t 
0 

Now suppose the rate (or intensity) function is itself random i.e. 

for every x > 0, S(xl is a random variable, so that the process 

governing the arrival of shocks is in fact a doubly stochastic Poisson 

process. The survivor function of a device subject to such a shock 

process is given by :-

i.e. a mixture of the survivor functions H•<-><tl. 

We will study such a model in Chapter two and, consequently, it is of 

interest to determine whether or not a class of distributions is 

closed under the mixture operation, i.e., whether a mixture of 

distributions from a particular class is still a member of that class. 

The closure properties of the classes considered in this Chapter, 

under the operations a), b) and c) described above, are summarised in 

the following tables • 



Table 1 

IFR 

IFRA 

DMRL 

NBU 

NBUE 

HNBUE 

HNBUE 

L 

Table 2 

DFR 

DFRA 

IMRL 

NWU 

NWUE 

K-HNWUE 

NWUE 

[ 

Closure properties of classes with "positive" 

ageing under reliability operations. 

Formation of 

Coherent Systems 

Not Closed 

Closed 

Not Closed 

Closed 

Not Closed 

Not Closed 

Not Closed 

Not Closed 

Convolution Mixture 

Closed Not Closed 

Closed Not Closed 

Not Closed Not Closed 

Closed Not Closed 

Closed Not Closed 

Closed Not Closed 

Unknown Not Closed 

Closed Not Closed 

Closure Properties of Classes with negative 

ageing under reliability operations. 

Formation of Convolution Mixture 

Coherent System 

Not Closed Not Closed Closed 

Not Closed Not Closed Closed 

Not Closed Not Closed Closed 

Not Closed Not Closed Closed 

Not Closed Not Closed Not Closed 

Not Closed Not Closed Closed 

Not Closed Not Closed Closed 

Not Closed Not Closed Closed 
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It should be noted that a mixture oi HNBUE distributions, all of which 

have the same mean .s HNBUE and the NWU and NWUE Classes are closed 

under mixtures of distribution that do not cross. 
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~1.9 Reliability bounds and Relationships between the Classes of Life 

Distribution. 

One of the motivating factors for the study of classes of life 

distribution is the derivation of bounds on the survivor function for 

distributions belonging to a particular class. In this section, a few 

such bounds are presented. The bounds that we will present are based 

on a known mean, u, and/or a known point of the distribution, i.e., 

Flt*) is assumed known for some t•. 

The bounds based on a known mean and a known point of the distribution 

are better than those based only on a known mean. 

It should also be noted that the smaller the class the better the 

bound. Now, in the course of sections 1. 1 1. 7, the following 

relationships between the classes of distribution discussed there, 

were established. 

(a) 

(bl 

{I FR} 

{DFR} 

I 

'IV 
{!MRU 

> 

-- > 

> 

{IFRA} 
I 

'V 
{NBU} 

I 

rn't°UE} 
I 

CHtBUE} 
I { r} 

{DFRA} 
I 

CNtU} 
I 

{NWUE} 
I 

{Kw- HNWUE} 
I 

{H~WUE} 
I 

( ~ \ L , 

{K-HNBUE} 

Hence the fact that the bounds for smaller classes are better than 

those for larger ones means that if, for example, a distribution Fis 

IFR, the bound for the IFR class provides a closer approximation to F 

than does the HNBUE bound. 
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Many bounds are available in the literature but only a few basic 

bounds are presented here. Useful references in this context are 

Barlm~ and Marshall (I and II, 1964, 1965), Marshall and Proschan 

( 1 9 7 2 ) a n d H a i n es a n d S i n g p u r w a 1 _l a ( 1 9 7 4 ) • 

We begin with the IFR Class. 

If F is IFR with known mean, 14-

( 1. 9. 1) F<tl >= [ :-.,, t < J4-

t >= J4-

and, 

(1.9.2) F < u =< [ :. t =< J4-

t ;- J4-

where Wm uniquely satisfies J4- = t f. Wm" dx 
0 

If F is DFR with mean _II- then, 

(1.9.3) f<tl =( c-.,, t =( )4 

,e- 1 /t t 
,_ 

)4 ,-

If F is IFRA with known mean J4- then, 

(1.9.4) F < t > =< 

[' 
t =< )4 

e-wt t ) )4 

where W1 = w l ( t I satisfies l - W l )4 = e-"\t 
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If F is DMRL with known mean, and F(t*I = a for some fixed t• and 

known a, then, 

( 1. 9. 5 I 

a.nd 

and 

and where 

where 0 ={ t =< t• =< , 

F(tl >= F(t*I - CF(t*IF (t-t*)/(rt*I 

F' ( t) >= 0 

= 

where 0 =< t• =< t =< f t• 

where t >= ft• 

>'· + t• F<t•1 - t• 

F < t • 1 

If Fis IMRL with known mean , and Flt*) = a for some fixed t• and 

known a, then, 

( 1. 9. 6 I F' ( t) =< /',• /(y.+t) where 0 < t =\ t• 

F(t*)(rt• F(t*il 
=< ------- - ----- - -- -

f+tF(t*J-2t*F l t*I 

where t >= T* 

If Fis NBU with F(t•1 = a for some fixed t• and known a, 

F(tl >= a1/k for t*/k+l < t < t*/k 

fork= 0 1 1 1 2 1 ... 

and 

for kt*= < t < (k+llt* 

Similarly, if Fis NWU with F(t*l = a for some fixed t• and known a, 

then :-



( 1. 9. 7) - F ( t) =< a<1/k>•1 t•/k+l = ( t < t*/k 

where k = 0 1 1 1 2 ... 

F(tl >= ak•1 kt•= < t < Ck+l)t• 

If F is NBUE with known mean /1- then! 

(1.9.8) i=<tl >=<rtl/11- where t =< /1-

If in addition it is known that F(t•i = a for some t• such that 

0 =< t• =< ,, then, 

(1.9.9) F(tl >= ma>:Ca,(.,._.-tl/,.,J , 0 =< t =< t• =< 11-t• 

F(tl >= l/11- [11--t·-a ct-t*)) 

and where t• =< t =< 11-t• 

where ft• is as defined in (1.9.5). 

If F is NWUE with known mea n 11-, 

(1.9.10) t >= 0 

and if in addition F(t*) = a for some t• then, 

F C tl =< ,.,11)1-+t) 0 =< t =< t· < m 

(1.9.11) F < t) = ( min [a,/1-t(,.,+t)J t• =< t <tm 

)I- - t•a 
F <-tl =<. -------

,.,+t-t· tm =< t ( m 

If F is HNBUE with known mean JI-, 
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(l,9,t2i F i: t ; = <. e >~ P c ( f .- ·- t , / r- J t .> = r 

.-· - e-w/,,._. 0 t 

where w = wi t) is the largest non-negativ e number for whic h 

( W - t + _H· ) e ~: !J \ - ~i ! _;+ / - f.- + t -:: 0 

If F is HNWUE with known mean y 1 then, 

( 1. 9. 1 ::. ) f(t) =< p./ t (1-e-t 1 ,.1 t .>= 11 

If a life distribution F is K-HNBUE with mean r then, 

( 1.9.141 

\'l::,;-t 

for t < f."' 

Here, W3 = W3(t) is the la rge st non-negative solution of · -

11,.._1-:-i (w3-t+;;-"i e'.:p (-~uy.•=1- _)', + t = 11 

If a life distribution F is K-HNWUE with mean y then, 

F ( t 1 =< ){· t l / k 

for t >= 0 

It appears that no bounds for the L or [ classes have yet been 

presented in the literature. 



Page 70 

CHAPTER 2 THE STANDARD SHOCK MODEL 

INTRODUCTION 

Suppose a device is subject to shocks or blows which occur at discrete 

points in time. Further, suppose that the occurrence of these shocks 

is governed by a stochastic point process {N(t)} where for each t > 0, 

N(t) is the number of shocks suffered by the device up to time t. The 

origin, time to= 0, can be thought of either as the beginning of the 

device's period of service or as the time at which observation of the 

device commences. 

We are interested in the lifetime distribution, F, or more 

particularly the survivor function 1-F of the device. If we assume 

that the probability of surviving k shocks is given by Pk where k = 

1,2, ••• and that the device fails only on the occurrence of a shock, 

so that no failures occur between shocks, we have:-

( 2. 0. l l P(T>tl = R(t) = E:c!eP(N(t)=k)pk 

where Tis the lifetime of the device. We will assume throughout that 

Our aim is to establish sufficient conditions on the 

the process {N(t)} so that H(t) belongs to one of the classes of life 

distribution discussed in Chapter one. Of particular interest will be 

the degree to which the continuous life distribution H(t) inherits its 

class from the analogous discrete class of the survival probabilities 
00 

(pklk-•• 

The justification for approaching the study of Shock Models in this 

way is that once the class to which the life distribution belongs is 

known, it is possible to calculate bounds on the distribution, (c.f. 

1.9) also knowledge of the class of distribution to which a 

distribution belongs can often lead to more precise estimation results 

and a more appropriate choice of maintenance policy. 
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The model (2.0.1) has been discussed extensively in the literature; 

Esary, Marshall and Proschan (1973) considered this model in the case 

that {N(t)} is a homogeneous Poisson process while A-hameed and 

Proschan (1973) discussed the more general case where {N(t)} is a 

non-homogeneous Poisson process. A-Hameed and Proschan (1975) and 

l<lefsjo (1980) have considered the model (2.0.1) under the condition 

t h a t { N ( t ) } i s a p u r e bi r t h p ro c e s s an d r e c en tl y Th a 1 1 ( 1 9 8 1 ) h a s 

discussed the model (2.0.1) assuming a Poisson cluster process for the 

process governing the arrival of shocks. Still more general model-s­

for {N(t)} have been discussed by Block and Savits (1978) and Klefsjo 

(1981, 1983). 

In this Chapter we will summarise the results of the above papers and, 

in addition, introduce a model in which {N(tl} is a doubly stochastic 

Poisson process. 

Firstly, however, it is worth making some general comments about the 

model : -

R(t) = E~-m P(N(t)=k) Pk• 

One notable feature of this model is that the survival probabilities 

(Pk) are implicitly assumed to be independent of time. The area of 

applicability of the model (2.0.1) is wider than this, however, since 

if Pk(tl = P(surviving K shocks in (0,tll = F(tlpk where F(tl = P(no 

failures not due to shocks in (0,tll then the survivor function for 

the device in question is given by:-

= ~(t)E~e P(N(t)=k)pk 

(2.0.3) = j:'(t) R<tl 

where H(tl is defined by (2.0.ll. 
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Now, (2.0.3) is the survivor function of two independent components 

connected in series hence using the closure properties of the classes 

discussed in Chapter one under the formation of coherent systems (c,f. 

1.9), the class to which HF(t) belongs can be determined provided the 

classes to which F(.) and H(.) belong are known and are classes which 

are closed under the formation of Coherent Systems. Hence,even in 

this case the survivor function R(t) = Ek•• P(N(t)=k)pk is of 

considerable interest. 

The term "shock" has connotations of causing damage. However, in this 

thesis the term "shock" is an abstraction which can best be defined as 

"an identifiable event in the lifetime of a device" so that, for 

example, the shocks of model (2.0.1) may in fact be inspections of the 

device. Damage may accumulate continuously but because inspection 

takes place at discrete points in time, the model (2,0.ll applies. In 

this case the "shocksu themselves cause no damage (assuming inspection 

does not damage the device). Another possibility is that the shocks 

of the model are actually repairs so that the shocks cause negative 

damage. As a consequence of our general definition of the term 

"shock" the area of applicability of the results which we will present 

is quite wide, It is also pertinent to note that a shock in the 

context of reliability may be interpreted as a demand in the theory of 

inventory control or a claim in risk analysis and, of course, shock 

models also arise in Biometry. 

Several of the results to be presented in this Chapter rely on the 

notion of a totally positive function and some of the results from the 

theory of total positivity. For this reason, a brief discussion of 

total positivity follows. A totally positive function is a 

generalisation of a PF2 function (c.f, 1,1) and can be defined as 

follows:-
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Definition (2,0,1) 

Let A and B be subsets of the real line. A function K<x,yl on Ax B 

is said to be totally positive of order n (TPnl if :-

for all ( X,.. 

< y,.. 

in A 

in B 

>= 0 

and 

where r = 1 1 2 1 ••• n 

A function which is totally positive of all finite orders is said to 

be totally positive. Note that if h(xl is PF2 then K<x,yl = h(x-yl is 

TP2 where x and y range over the real line. 

An important property of totally positive function is the variation 

diminishing property, stated in the following theorem. 

Theorem (2.0.1) (c.f.Barlow and Proschan p.93. Theorem 3.5) 

Let K (x,yl be TP,.. on Ax Band let f be a bounded measurable function 

on B. Let g(xl= JeK(x,ylf(yldy be finite for each x in A then :-

S(gl =< S(fl provided S(fl =< r-1 where for any function h 

S(h) = sup S [h(td,h(t2), .•• h(t")J and S(x1,.,.x .. l is the number of 

sign changes of the sequence Cx1, •.• x .. l zero terms being discarded. 

Essentially, the above theorem states that if K(x,yl is TP,.. then 

g(xl = Ja K<x,yl f(yldy has at most as many sign changes as f. 

In addition, it can be shown that under the conditions of Theorem 

(2.0.1) if S(g) . = S(f) =< r-1 then f and g exhibit the sa• e sequence 

of signs. 

Another useful result is the Basic composition formula (c.f. Karlin, 

p.17 or Barlow and Proschan p.100) which is stated below. 
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Theore111 <2. 0. 2) 

Let W<x,z) = J U<x,y)V(y,z)d@(y) where the integral converges absolutely 

and d@(y) is a sigma-finite measure. Then, 

J J 

= X 

The theory of total positivity has application in many areas, 

mathematics as well as in mechanics, economics and statistics. The 

most comprehensive reference is Karlin (1968). 

~2.1 Poisson and related models 

In this section we consider the 111odel :-

R(t) = E~. P(N(t)=k)pk 

under a variety of assu111p~ions on the form of {N(t)} As stated in 2.0 

our aim is to establish sufficient conditions on the survival 

probabilities <pk)k• • and on the process {N(t)} so that H(t) belongs 

to one of the classes discussed in Chapter one. 
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One approach would be to begin by assuming CN(t)} to be a homogeneous 

Poisson process and then to consider progressively aore general 

processes, e.g., inhomogeneous Poisson processes and pure birth 

processes for {N(t)}. This is i n fact the way in which the subject has 

evolved with the paper by Esary, Marshall and Proschan (1973) serving 

as a starting point. 

Our approach, however, will be slightly different in that we will 

begin by studying the model (2.0.1) under the condition that CN(t)} is 

a pure birth process and obtain results for the case where {N(t)} is a 

homogeneous Poisson process as a special case. This approach has the 

advantage of simplifying several of the proofs. 

.. 2, lA The Stationary Pure Birth Shock Model 

Suppose that a device is s ubject to shocks whose occurrence is 

governed by a Markov process {N(t)} with the following transition 

probabilities . 

( 2. 1 • 1 l ( i ) 

(2.1 .2) (ii) 

P[N(t+dl - N(tl = 1 I N(t) = kJ 

= sk d + o(d) 

P[N(t+dl - N< t l = 0 N(tl = k] 

= 1 - sk d + o(d) 

for small d. 

(iii) P[N<t+dl - N<tl < 0 I N(tl = kl = 0 

then CN(t)} is a stationary pure birth process (c.f. Karlin (1966) p. 

177) and we will refer to the model :-

R(tl = E:-e P(N(t)=k)pk 

as the stationary pure birth shock model. 

Clearly if sk = s where k = 0,1,2, •.. then {N(t)} is just the familiar 

homogeneous Poisson process. 
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We are interested only in sequences (ski,:' •• for which the probability 

of infinitely many shocks in (0,tl is zero. This is equivalent to the 

condition Ee:' •• P(N(tl=kl = 1 and by the Feller-Lindberg theorem (c.f. 

F e 1 1 er ( 1 96 8 l p . 4 5 2 l t h i s i s e q u i v a 1 en t t o E :°-• 1/ s k = • . 

One important feature of the stationary pure birth process is that the 

intervals between the kth and k+l th shock where k = 0,1,2, ••• are 

independently and exponentially distributed with mean 1/sk, 

We note also that if {N(tl} is a stationary pure birth process with 

birth coefficients (sk>k-• then, 

(2. 1.3) 

(2. 1. 4) 

(2.1.5) and 

(2. 1. 6) 

Zk(t) = P(N(t)=k) = 

= 

Za(t) = exp(-sat) 

Za' (t) = - Sa Za(t) 

Jt. e x p < s k x I z k - 1 ( x l d x 
0 

where k = 1,2, ••• 

Zn'(t) = - Sn Zn(t) + Sn-1 Zn-dt) 

where n >= 1 

(c.f. Karlin (1966) pp.177-179). FurtherA1ore, if H(tl is defined by, 

H has a density h given by:-

(2. 1. 7) h ( t > 

where Pk = Pk-1 Pk, the probability of failure on the kth shock. 

This follows from (2.1.5) and (2.1.6). 
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Another useful result is that if {N(tl} is a stationary pure birth 

process then Zk(tl = P(N(tl = kl i S TP (in k and t). This follows 

from Theorem 3 of Karlin and Proschan (1960) which states 

(ftl1-1 i S a sequence of densities of non-negative random 

and each f 1 is PFk then . -. 

h(n,xl = CF1 * F2 * .. , Fn(x)J - CF1 * F2 .. ,Fn+i<xlJ 

is TPk. 

that if 

variables 

Here* denotes convolution. Since the shock inter-arrival times in 

the stationary pure birth process are independently, exponentially 

distributed and the exponential distribution is PF it follows that 

zk(tl is TP. 

We can now state the main result for the stationary pure birth shock 

model. 

Theorem (2,1A,1) 

Let {N(tl} be a stationary pure birth process with birth coefficients 
00 

(sk)k•e then if H(tl is defined by :-

R <tl 

~ "° al His IFR whenever <s .. lk-e is increasing in Kand (l5klk-11 

discrete IFR. 

bl H is IFRA whenever (sk)~-e is increasing and (l5kl~-e discrete IFRA 

cl H is DMRL wherever (sklC: • ., is increasing and (l5kl~-e is 

discrete DMRL. 

dl His NBU wherever (skl':'.e is increasing and <p .. l discrete NBU. 

el His NBUE whenever (skl°::-e is increasing and 

discrete NBUE. 
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fl His HNBUE wherever 

E~k fJ SJ- 1 =< a., 7[J-e (1-(a.,sJ)- 1) 

for k = 1,2,3,... where a., = EJ~e 15J SJ 

g) H belongs to L wherever SJ >= s., for j = 1,2,3 •• 

and co 
CP~/sklk-e is decreasing and in 6. 

~ Proof 

00 
al Suppose (Pk) discrete IFR and (sklk-e increasing ink and consider 

the determinant :-

D 

(2.1.7) 

D 

= 

= 

·r-hCt1l 

-h(bl 

H(til 

H<bl 

and by the basic decomposition formula this is equal to:-

X 

Now, the first determinant is non-negative since zk(t) is TP (Karlin 

and Proschan (1960). 



The second determinant is non-negative since sk1 < sk2, 

increasing and the IFR property of <Pklk-e implies 

< 

Hence 

i.e. r(t2l > r(til where r(t) is the failure rate. 

Consequently His IFR. 
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bl To establish the IFRA result a preliminary lemma due to A-Hameed 

and Proschan (1975) is required. 

Lemma 2.1A.1 

Let f(tl be an increasing function satisfying f<0-l=0 and for each 

0 = \ B < m let there exist a function ge(t) such that gB(t) is 

increasing int and 

9e(tl - f(t) ) = 0 

=( 0 

Then f {tl/t is increasing int. 

Now, let Hp(tl 

for 0 =< t =< B 

for B =< t =< m 

part (a) of this theorem since (sk) is increasing and (pk) is discrete 

IFR. 

co 
(Pklk-m is discrete IFRA implies pk -pk changes sign at most once and 

if once from+ to - - for each fixed 0 =< p =< 1 (c.f Lemma 1.2.1) and 

using the variation diminishing property of the totally positive 

kernel zk(t) = P(N(t)=kl it follows that :-
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changes sign at most once (int) and if once from+ to 

since the log function is monotone :-

Moreover, 

- log Rp<t> - <- logR<t>> 

changes sign at most once and if once from+ to Note that since HP 

is IFR it is also IRFA, i.e. logRp(t) / t is increasing int. Now, 

given 0 =< a= < m and letting p vary between 0 and 1. 

log HP (a) - (- log H (a) J 

varies continuously between 

<s11a - (- log H (a)] 0=0) and -(- log H (a) J (=(0). 

Hence there exists a p. such that :- - log Rp(a) - (- log R(a)J = 0 

Consequently by the sign change property of :-

- log Rp(a) - [- log R<a)l and Lemma 2.1A.1 

1 og R< t > I t is increasing int, i.e., His IFRA, 

cl To establish the desired result in the DMRL case we first show that 
00 00 

H(t) is DMRL if (sk>k-11 (pk>k-11 satisfy the weaker conditions. 

,0 

PJLk•J Pk/sk decreasing in j, 

We then show that the conditions of the theorem, (skl~-11 increasing 

and 
«:) 

(pk>k-11 discrete DMRL imply the above condition. To show that 

H(t) is DMRL if PJE:':J pk/sk is decreasing in j we first note 

that (il :-

(2. 1.8) f.(PZ k ( u) du 
0 

= 1/Sk 

and 

(2.1.9) 00 00 J
0 

zk(u)du = 1/skEJ-11 z J ( t) 

where z J (u) = P(N(u)=j) 

(see A-hameed and Proschan (1975) for details of the proof of ii). 

Now, for C >= 0 :-

{'R<uldu - CR<t> = 

E':- 11 1/ S k pk E~ • 11 Z J ( t ) - CE ~ 11 Z J ( t) p J 
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Now, by assumption pjE~-J Pk/sk is decreasing in j hence -Ek-J Pk/sk - CpJ changes sign at most once and if once from+ to - and 

by the variation diminishing property of the TP kernal ZJ(tl it 

follows that tR<Uldu - CR(tl has the same sign change property, 

consequently by (1.3.5) His DMRL. 

To complete the proof we must show that (skl~-111 increasing and (pkl':-111 

discrete DMRL implies PkE~J pJ /SJ decreasing in k. 

Now, if (sk>~-111 is increasing then • 

limk->• sk = s- 1 >= 0 exists. 

Consequent! y, 

(2. 1. 10) 

= 

+ 

The first term on the right hand side of (2.1.10) is non-negative 

since (pkf':-111 is discrete DMRL 

If in the second term on the right hand side of (2.1.10), we write 

(sJ-s- 1
) =E~J <sv-Sv+il and then change the order of summation we 

have : -

= .. oo ( _, _, ) _, ,s, - _, 
Lv-k Sv-Sv+l Pk LJ-k PJ 

""' ( _, _, .. , ,,p - _, 
Lv•k+l Sv-Sv+1lPk+l Ej=k+l PJ 

(2.1.11) = 



Page 82 

Now since (skl"e-111 is increasing ink the right hand side of (2.1.11) 

is non - negative provided :-

.k(v) = ("-1Ev p I': .. , E°" -i rk J•k j - rn+l J•k+l PJ >= 0 

for v = k+l, k+2, ••• 

But this follows from the facts that :-

since 
tO 

<Pnln-111 is decreasing and, 

since <pkr;;>.. is discrete DMRL. 

So we have shown that (skf..-111 is increasing in Kand (pkl~-• discrete 

DMRL =) (pk EJ•n PJ/SJl is decreasing ink which implies His DMRL. 

dl To establish the desired result in the NBU case, we recall that the 

shock interarrival times have independent exponential 

distributions <Fk<.llk with mean 1/s.,, Thus the (Fk<.ll are NBU where 

k = 0,1,2 ... and further, if <sk)°!;' •• is increasing the <Fk(,ll~-• are 

decreasing ink. Now, 
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(since <pklk is discrete NBU,l 

Since, 

where Tk1 is the time of the ki th shock 

(since <Fk(,llk is decreasing in kl 

i.e. H is NBU 
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el We first note that by an argument very similar to that used in (cl 

to prove that (sk)k increasing and (pk) discrete DNRL implies (PkEJ•k 

PJ/SJl decreasing ink, with (sklk increasing and (pk) discrete NBUE 

i11plies :-

(2.1.12) 

where k = 0,1,2 ••• 

we now show that condition (2.1.12) i • plies that His NBUE 

(since 

>= by (2.1.12) 

= 

= 

= R<u>du 

i.e. R<tl l."A<uldu 
0 

00 

>= -lR<uldu 

i.e. H i S. NBUE 

f) We have to show that :-

(2.1.13) 

=> H is HNBUE 

where 

The followina Le1111a will orovP 11•a•f11L 
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Le •• a (2.1A.2) (c.f Klefsjo (1983)). 

Let CN<tl} be a stationary pure birth process with birth coefficients 
00 

<s1cl1c-•• 

Suppose there exists a j. such that 0 < 1/@ =< SJ for j >= j., define, 

E ~~ I 
• =d• 1 and E1c :d• WJ-• (1-@s~ >, where k= 1,2, •.• and 

let J(t) = E1c-• Z1c<tlE1c where Z1c(t) = P(N(t)=k) then, 

(2.1.14) J(t) = exp(-t/@) provided E1c-• 1/s1c = • 

Now, 

by (2.1.9) 

= 

(2. 1.15) =< 

by (2.1.13). 

(2.1.13) also i111plies that:-

1/ae =< S1c for every k such that p1c > 0. 

So by Le11aa (2.1.2) we have, via (2.1.15) :-

(X) 
J R(u)du =< a. exp(-t/a • l 
~ 

and the proof is co1pleted by noting that :-

,. = 
CID t R(u)du 

oO 
= E1c-• t z1c(u)du P1c 

C a• 

(by definition, c!f. (2.1.13)). 

So J:A<uldu =< ,-exp(-t/,-) 

i.e. H is HNBUE 
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g) Recall that /
0A (t) dt 

0 

Now we have to show that :-

00 
= Ek•• pk/ zk(t)e-•tdt 

(2.1.lbl 

where Qk(sl is the Laplace transfora of :-

Zk(t) = P(N(t)=k) 

i.e. 

Qk (s) = 1 /s.+s fork= 0 

Now, since the Laplace transform is scale invariant we can w.l.o,g. 

take Se = 1. So, 

>= 1\-1 WJ• • <ll(l+s)) (1/sk(l+sl) 

(2.1.17) 

since s1 >= s., j = 1,2, ••. and k = 0,1 1 2 1 ••• 

Thus from (2.1.lb) and (2,1.171 we have:-

and since (pk/Sk) belongs to 6 and a.= Ek-• Pk/Sk = r1<t)dt 
0 

it follows that, 

i.e. H belongs to L 
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It should be noted that in the IFRA, DMRL, NBU, NBUE and L cases in 

Theorem (2.1A.1) above the relevant results have not been stated under 

The conditions used are those which best show the relationship between 

the class to which (pk)k belongs (or <pk/sk)k in the L case) and the 

class of life distribution to which R<t) belongs. In the DMRL, NBUE 

and L cases, weaker conditions on (pk)k were actually established in 

the course of the respective proofs. In the NBU case it is the 

condition on {N(t)} that can be weakened. i.e.,Theorem (2.1A1(d)) 

holds for processes more general than stationary pure birth processes. 

In the IFRA case, Klefsjo (1980) has shown that the result of Theorem 

(2.1A.1(b)) holds if the conditions (sk)k increasing and Pk discrete 

IFRA are replaced by:-

(il for all @ such that 0 <@<Se the sequence 
1(-1 

Pk - TIJ•e (1-@/sJ) for k = 1,2, ••• changes sign at most once 

and if once from+ to - and, 

(ii) There exists a je such that SJ >= Se for j >= je Klefsjo has also 

shown that these conditions are weaker than those of Theorem (2,1A.1). 

A companion result to Theorem(2.1A,0can be established for the dual 

classes DFR, DFRA, IMRL, NWU, NWUE, HNWUE and L 

For completeness, we state the appropriate result below and note that 

the proof follows by reversing inequalities and direction of 

monotonicity in Theorem (2.1A.1l except that some care is needed in the 

HNWUE case and consequently an extra condition is included in the 

HNWUE part of the Theorem. 
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Theorem (2, 1A, 2) 

Let CN(t)} be a stationary pure birth process with birth coefficients 

(sk)k•• then if H(t) is defined by :-

= Ek-· Zk(t) Pk 

al H is DFR if 
CIO 

<sklk-• decreasing and 
co 

(Fk)k•B is discrete DFR. 

b) H is DFRA if 
110 

(Sk)k•B i S decreasing and 00 
(Fk)k•B is discrete DFRA. 

C) H is IMRL if 
(JO 

(Sk)k•B is decreasing and 
a, 

(!5k)k•B is discrete IMRL. 

d) H is NWU if 
Q:) 

(Sk)k•B is decreasing and IIO 
(pk)k•B is discrete NWU. 

e) His NWUE if (sk)": •• is decreasing and (Fkl"~-• is discrete NWUE 

with p,- = Ek•• Pk<•· 

~-• f) His HNWUE if EJ•k PJ/SJ >= a. nJ-• (1-<amSJ)-l) and"'3 km 

such that a.>= 1/sk for every k > km for which ~k > 0 where 

a.= f; •• pJ/SJ, 

g) H belongs tor if SJ=< s., j = 1,2,3 •.• , 

and in G• 

As in Theorem (2.1.1) the conditions in parts (bl, (cl, (d), (e) and 

(gl of the above theorem can be weakened. 



Page 89 

"'2, 1 B The Homogeneous Poisson Shock Model 

If, in the stationary pure birth process {N(t)} the birth coefficients 

sk =. s, k = 0,1,2 ... then {N(tl} is the familiar homogeneous Poisson 

Process of rates. 

Consequently, the survivor function of a device subject to shoc ks 

whose arrival is governed by an homogeneous Poisson Process is given 

by:-

(2.1.18) 

Particularly appealing is the case that pk= @k where 0 =<@ =< 1 and 

I: = 0, 1, 2, ... 

R(t> = e - •t<1-•> 

Note that if Pk = @k where 0 =< @ =< 1 and k = 0,1,2, ••• then R(t) is 

the p.g.f. of P(N(t)=k). It can be shown that His exponential iff 

Pk= @k where 0 =< @ =< 1 and k = 0,1,2, ••. 

By differentiating (2.1.18) it can be seen that the density function 

for the life distribution of an homogeneous Poisson Shoc k Model is 

given by :-

(2.1.19) 

If 

p = 0 

where k = 0,1, •.• n 

where k > n 

then (2.1.19) is the density of a gamma distribution of order n+l. 

Our interest in studying the homogeneous Poisson Shock Model is to 

determine sufficient conditions for the life distribution H to belong 
I 

to one of the classes discussed in Chapter one. To this end, we 

obtain the following corol l ary to Theorems (2.1A,1) and (2.1A.1l 

simply by setting sk = s where k = 0,1,2, ••• 
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Corollary (2,1B,1) 

Let {N(t)} be a homogeneous Poisson Process of rates. Then if H(t) is 

defined by :-

'R'<t) = E~ .. P(N(t)=k)Pk 

= 

a) H is IFR <DFR> if 
(0 

(pk)k•lil is discrete IFR <DFR). 

b) H is IFRA <DFRA) if <lO 
(pk)k•II is discrete IFRA <DFRA). 

C) H is DMRL ( I MRLl if 00 
(l5k)k•IB is discrete NBU (NWU). 

dl H is NBU <NWU) if 
a:, 

(l5k)k•II is discrete NBU (NWU). 

e) H is NBUE <NWUE) if ~ 
(l5k)k•II is discrete NBUE (NWUE). 

f) H is HNBUE (HNWUE) if <X) 
(Pk) k•lil is discrete HNBUE (HNWUE). 

g) H belongs to L ([') if «) 
(l5k)k•lil is in G (G'). 

Although we have obtained this result as a corollary of the 

corresponding results for the stationary pure birth shock model it 

should be noted that Esary, Marshall and Proschan (1973) established 

parts (al to (el of corollary (2.1B.1) directly using, in the main, 

the total positivity of the kernel :-

k ! 

and Klefsjo (1981) obtained part (f) also without reference to the 

stationary pure birth shock model. 



Page 91 

One possible application of the homogeneous Poisson Shock Model, 

proposed by Barlow (1985) is in the area of Software failure in 

Computer Science, Let N* be the number of distinct types of input to 

the software and let N be the number of input types that result in 

failure, N* is assumed to be large relative to N. 

It is also assumed that processing of an input is instantaneous and 

that once failure occurs, errors in the logic or coding of the program 

are corrected with the result that N is reduced by one. If inputs to 

the software occur according to a homogeneous Poisson process of rate 

s then the probability that no software failures occur in (0,tl is 

given by :-

(2.11.20) 

which is of the form (2.1.18) with . 

Pk = ((N* - N)/N*)k 

Of course, since pk is of the form pk= @k, 

where 0 =<@ = (N*-Nl/N• < 1 the survivor function in (2.1.20) is that 

of an exponential distribution. 

"'2. 1 C The Non-Stationary Pure-birth Shock Model 

The Non-Stationary Pure birth Shock Model is a generalisation of the 

stationary pure birth model considered in section 2.1A. In this model 

shocks are assumed to arrive at a device in accordance with a Markhov 

Process, {N(tl} with the following transition probabilities:-

(2.1.21) 

(2.1.22) 

P(N(t+d)-N(tl = 1 I N(tl=k) = sks(tld + o(d) 

for sufficiently small d 

P(N(t+d)-N(t) > 1 I N(tl=kl = o(dl 

for sufficiently small d 
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Clearly if s(tl = 1 and t > 0 then the non-stationary pure birth 

process defined by (2. 1. 18) and (2. 1. 19) reduces to the stationary 

pure birth process while if sk =sand k = 0,1,2, ..• then (2.1.21) and 

(2.1.22) define an inhomogeneous (or non-stationary) Poisson process. 

The non-stationary pure birth shock model was introduced by A-Hameed 

and Proschan (1975) and further studied by Klefsjo (1981). It should 

be noted that the non-stationary pure birth proc~ss can be obtained 

from the stationary pure birth process via the transformation t -> 
I ( t l w her e I ( t l = ii s ( x l d x T h i s f o 11 ow s s i n c e i f N • < t l i s a s t at i on a r y 

pure birth process then by (2.1.1) :-

P<N•(J(tl+dl - N•(J(t>l I k shocks in <0,I<tll 

= sk I' (tld + o(dl 

= sk s<tld + o(dl 

the transition probability for a non-stationary pure birth process. 

Now, the survivor function of a device subject to shocks whose arrival 

is governed by a non-stationary pure-birth process {N(t)} is given 

by : -

(2.1.23) R(t) = E~-a P(N(t)=k)pk 

(2.1.24) 

where {N(tl} is a stationary pure birth process. So:-

(2.1.25) R<tl = W<I<tll 

where R•<.l is the survivor function of the stationary pure birth 

11odel. This relationship (2.1.25) together with the following lemmas 

provide a straightfor~ard 

corresponding to Theorem 

shock model. 

method 

(2.1.1) 

of establishing a result 

for the non-stationary pure birth 
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Lemma (2,1C.1l 

Let K(tl = F(G(tll then :-

al if Fis increasing and F and Gare both convex (concave) then K is 

convex (concave) 

bl if Fis increasing and F and Gare both starshaped (antistarshapedl 

i.e. (f(t)/t increasing (decreasing) and G(tl/t increasing 

(decreasing)). 

cl if Fis increasing and F and Gare both superadditive (subadditivel 

then K is superadditive (subadditivel. 

Lemma (2,1C.2) 

Let K(tl = F(G(t)l where F and K are lifetime distributions then :-

(al if G is increasing and convex (concaveland Fis DMRL (lMRU then 

K is DMRL (lMRU. 

(bl if G is increasing and starshaped (antistarshapedl and Fis NBUE 

(NWUE) then K is NBUE (NWUEl. 

(cl if G is starshaped (antistarshapedl and F is HNBUE (HNWUEl then 

K is HNBUE (HNWUEl. 

dl if G is starshaped (anti-starshapedl and F belongs to L ([l then 

K belongs to L ([l. 

lemma (2, 1C.1 l and parts (al and (bl of Lem111a (2.1C. 2l are due to 

A-Hameed and Proschan (1975l while parts (cl and (dl of Lemma (2.1C.2l 

are due to Klefsjo (1981, 1983 ) . 

Using the above Lemmas and the relationship (2.1.15) the next result 

follows almost immediately. 
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Theoreia (2,1C,1> 

Let {N(t)} be a non-stationary pure birth process as defined by 

(2.1.21) and (2.1.22) and let:-

R(t) =E~. P(N(t)=k)pk 

is a decreasing sequence of survival probabilities then :-

a) His IFR if (sk>~-• is increasing, 

discrete IFR 

co 
s(t) increasing and <pk) k-11 is 

i. 
b) His IFRA if I(t) ={s<xldx is starshaped (i.e. I(t) increasing in 

0t) 

tl, <sk) k-11 increasing and (pk) discrete IFRA. 

C) H is DMRL if 
oi) 

(Sk)k-11 is increasing s ( t) is increasing and 00 
(l5klk-11 

discrete DMRL, 

d) H is NBU 
00 

if (Sk)k_ll is increasing I(t) is superadditive and 
a, 

(l5klk-11 

is discrete NBU. 

NBUE if 
a:> 

el H is (Sk)k-11 is increasing I ( t l i 5 star shaped and DO 
(l5k)k•II 

is discrete NBUE. 

f) H is HNBUE if 00 
PJ/SJ =< 1(-1 

EJ•k ae 7rJ•II (l-<a.sJ>- 1 > where k = 1, 2, ••• 
and a. =E~k PJ/SJ and is star shaped. 

g) H belongs to L if Sk >= 511 k = 1,2,3, ... (l5k/Sk) ='•II is decreasing 

and in 6 and I<t) is starshaped ( i • e. I(tl/t increasing) 
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For parts Cd) - Cg) the Theorem follows directly from Theorem (2.lA.1) 

and Lemma (2. lC. 2). 

To establish part (a) one must recall that H is IFR <==> - log R(t> is 

conve>:. The result then follows from Lemma (2.1.2(a)) and Theorem 

(2.lA.1). In part (b) the result follows from the fact that the IFRA 

property is characterised by (- log R<tl)/t increasing int, and Lemma 

(2.lC.l(b)) together with Theorem (2.lA.l(b)). 

The NBU result follows from the fact that His NBU <==> - log R<t) is 

superadditive (c.f. (1.4.3) together with Lemma (2.lC.1) and Theorem 

(2.lA.l(c)). 

As in Theorem (2.1.1) it is possible to weaken the condition on 

(sklk-m and on (pklk-m in the IFRA, NRU, NBUE and L cases. In the NBU 

case, Theorem (2.lC.1) holds for more general {N(t)} than 

non-stationary pure-birth processes (see section 2.2). 

For the dual classes DFR, DFRA , IMRL, NWU, NWUE, HNWUE and [ a result 

exactly analagous to Theorem (2.lC.1) holds and can be established by 

a straight forward application of Lemmas (2.lC.1) and (2.lC.2) and 

Theorem (2.1A. 2). 
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"'2, 1 D The Non-Stationary Poisson Shock Model 

If in the non-stationary pure birth model just considered we set 

s then the stochastic process {N(tl} just defined is a 

non-stationary Poisson process with mean value :-

I ( t l = s /s(x)dx and, 
0 

P(N(tl=kl = ( e-i<t> (l(t))k > 1 I:! 

Consequently, the survivor function of a device subject to shocks 

which arrive in accordance with a non-stationary Poisson process is 

given by :-

(2.1.26) R(t) =h-111(<e- 1 <t»(I(t))k) / k~) p~ 

where ,Pe= 1 >= 151 >= P2 

We will refer to H(t) as defined by (2,1.26) as the survivor function 

of the non-stationary Poisson Shock Model. Since the non-stationary 

Poisson process can be obtained from the non-stationary pure birth 

process simply by setting sk = s > 0 it is straight forward to obtain 

sufficient conditions for H(t) as defined by (2.1.23) to belong to one 

of the classes of life distribution discussed in Chapter one. 

Consequently, we have the following corollary to Theorem (2.1C.1) 

Corollary (2,1D.1> 

Let CN(t)} be a non-stationary Poisson Process with mean value 

function l(tl and define H(tl by (2.1.26) then 

al H is IFR <DFRl if s ( t) = I/ < t l is increasing (decreasing) and 
00 

(pk)k-111 is discrete IFR <DFRl. 

bl H is IFRA if I<tl/f is increasing (decreasing) and ao 
(pklk- • S is 

discrete IFRA (DFRAl, 

C) H is DMRL ( I MRU if s ( t) = I/ < t l is increasing (decreasing) and 
00 

(pk)k-111 is discrete DMRL ( I MRU 
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d) H is NBU (NWU) if l(t) is superadditive (subadditive) and (pk>":'-0 

is discrete NBU (NWU). 

e) His NBUE (NWUE) if I(tl/t is increasing (decreasing) and 

is discrete NBUE (NWUE) 

f) His HNBUE (HNWUE) if l(tl/t is increasing (decreasing) and ~pk)~-0 

discrete HNBUE l.HNWUE). 

00 ~ 
g) H belongs to L ([) if I(tl/t is increasing (decreasing) and (pk>i.:-1'1 

belongs to G (§) 

It should be noted that in each part of the above corollary the 
00 condition required by (pk)k-0 is the discrete analog of the condition 

desired for H and in the IFR, IFRA and NBU cases, the condition 

imposed on I (t) implies that e- 1 <t> is respectively IFR, IFRA or NBU. 

In all the other cases, however, the condition on e- 1 <t> is stronger 

than that required for <~kl~-0 and concluded to hold for H. Whether 

it is possible to weaken the condition on e- 1 <t> appears to be an open 

question at the moment. 

The question is complicated, somewhat, by the fact that if the arrival 

of shocks is governed by a non-stationary Poisson process the 

intervals between the shocks are not independent (c.f. Cox and Isham 

(1950) p. 48). As a consequence of this, it is not possible to answer 

this question by using the results of the next section where the 

arrival of shocks is assumed to be governed by a generalised renewal 

process in which the interarrival times are independent and have 

distribution belonging to the same class but are not necessarily 

identical. Of course, a similar question to the one just raised 

arises in considering the non-stationary pure birth shock model 

discussed earlier. 

We note also that just as theorem (2.1C.1) was obtained from the 

corresponding result for the stationary pure birth shock model by 

using the transformation t -> I (tl, Corollary (2.1D.1) can be obtained 

from Corollary (2.18.11, the corresponding result for the homogeneous 

Poisson Shock Model, using the same technique. This was the approach 

adopted by A-hameed and Proschan (1973). 
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"'2. 1 E . Doubly Stochastic Poisson Shock Models 

In their discussion of non-stationary Poisson Shock Models, A-hameed 

and Proschan (1973) note that the rate, s(tl, at which shocks arrive 

at a device may well be subject to random variation. This suggests 

that in many practical situations it may be appropriate to regard s(t) 

as a realisation of a Stochastic process, {S(t)} say so that for each 

t, s(tl is a realisation of a random variable. 

A stochastic process with a rate function which is itself a stochastic 

processis referred to as a doubly stochastic process. In particular, 

given a realisation of the rate process S(.) the Point process {N(t)} 

is a non-stationary Poisson process so that :-

(2.1.27) 

{N(t)} is 

Note that 

P(N(t) = k I <S<x) :-l. = s(x)}111) 

-t -t. = exp (- ts(xldx (( i s(x)dx)k) / k! 

said to be a doubly stochastic Poisson process. 

we use the notation {S(x) = ~ s (x) }., to represent the event 

that SCxl = s(x) over the interval (0,t) i.e. s (.) is a sample path of 

S(.l in the interval (0,t). 

Of course,our interest centers on the unconditional probability that a 

device subject to shocks governed by a double stochastic Poisson 

process, {N(tl} survives for a time t. Let T denote the lifetime of 

the device, then ·-

(2. 1. 28) 

< 2. 1. 28) 

t 
PCT)tl I CS(x)=s<xl}111l = - ~ ~ Ek-111 exp(- I. s(xldxl ((f. s(xldx)k) / k! p-k • • 

= F.<.>, say 

and the unconditional survivor function is given by:-

R<t) = P<i",t.) = ,t. 
Eca<N>> (P(T)t I {S(x)}e) 
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(2.1.29) = E c a < ,., > E .!": ., (e x p < - l s < x ) d x l (( ,,.* s < x > d x ) k ) / k ~) p k 
0 0 

( 2. 1 • 30 l = 

where Ecs<w>><Z) is the expectation of Z with respect to {S(x)} over 

the range <0,U. 

The use of the expectation operator in (2.1.29) and (2.1.30) is 

equivalent to "integrating" over all possible sample paths of the rate 

process, {S(.)}. Hence, (2.1.29) and (2.1.30) are really mixtures of 

the conditional survivor functions F.,., defined in (2.1.28). 

This fact, together with the closure properties of the DFR, DFRA, 

IMRL, NWU, NWUE, HNWUE and L classes under mixture c.f. (1.8) leads to 

the following corollary to Theorem (2.lC.1), (In fact, the result is a 

further corollary to corollary (2.1D.1». 

Corollary (2,1E,1l 

Let a life distribution H be defined by <2.1.29) or (2.1.30) then, 

al His DFR if (pk>"::-11 is discrete DFR and for every realisation s(t) 

of {S(t)} s<t> is decreasing int. 

bl H is DFRA if <pk>~-11 is discrete DFRA and for every realisation 

s(t) of the rate process {S(t)} ( J.ts(x)dxl/t is decreasing 
0 

in t. 

cl H is IMRL if (pk)c:;_., is discrete IMRL and for every realisation 

s(tl of the rate process {S(tl}, s(tl is decreasing. 

dl His NWU if <Fk>~-11 is discrete NWU, and for every realisation s(t) 

of {S(tl}, I(tl = i;s(xldx is sub-additive and none of the 

conditional survivor functions 
-t. 

F.<.><t> = P<T>t I {S(xl=s(x)}.,) cross. 
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el His NWUE if <Pklk-e is discrete NWUE, for every realisation s(t) 

of {S(tl}, ( t.~s(xldxl/t is decreasing int and none of the 
0 

conditional survivor functions 

F • , . > ( t l = P ( T > t I C S < x ) = s < x > }\ ) c r o s s • 

fl H is HNWUE if <pk>~-• is discrete HNWUE and for every realisation 

s<.> of {S(t)}, ( /s(x)dxl/t is decreasing int. 
0 

g) H belongs to [ if (pklk-e belongs to G and for every realisation~ 

s(t) of {S(tl}, ( ,r,\<xldxl/t is decreasing int. 

The proof follows directly from applying the mixture results of 

section 1.8 to corollary (2.10.ll. 

Unfortunately, since none of the classes with upositive ageing" (i.e. 

IFR - Ll are closed under mixture, a similar technique cannot be used 

toestablish a corresponding result for these classes. 

A more explicit result than corollary (2.1E.1) can be obtained if the 

form of the rate process CN(tl} or, alternatively, the form of the 

random function I(tl = /s<>:ldx is specified. 
0 

A-Hameed and Proschan (1973) suggest that a plausible model for the 

(random) mean-value function I(tl is :-

(2.1.31) I(tl = t.°"S<xldx = 
0 

YH(tl 

where Y is a random variable and H is a continuous deterministic 

function of the age of the device. In this case the survivor function 

is given by :-

(2.1.32) 

and from corollary (2,1D.1) the following result is immediate. 
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Corollary (2,1E.2l 

Let CN(tl} be a doubly stochastic Poisson process with a random mean 

value function given by (2.1.21) then if His defined by (2.1.32) 

( al 00 His DFR if (pklk-e is discrete DFR and m(tl = M/(t) is decreasing 

in t. 

(bl H_ is DFRA if (pkl~-e is discrete DFRA and M(tl/t is decreasing 

in t. 

(cl H is IMRL if 
00 

(pk)k•e is discrete IMRL and m(tl = M'(tl is 

decreasing int. 

(d) His NWU if (~kl~-e is dicrete NWU, M(t) is subadditive and none 

of the survivor functions 

Fv(tl = Ek-e~-yN<t> ((yM(t))k) / k!)Pk cross. 

(el H is NWUE if <pk~-a is discrete NWUE M(tl/t is decreasing int 

and none of the survivor functions 

F v ( tl = E k - a (e - Y" < t 1 ( ( y M ( t ) ) k ) / k !) P k c r o s s • 

0() 

(fl His HNWUE if <pklk-e is discrete HNWUE and M(t)/t is decreasing 

in t. 

(g) H belongs to [ if (pk>k-e belongs to G and M(tl/t decreasing int. 
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Another possible model for the rate process {N(t)}, is to assume that 

{N(t)} is an alternating renewal process of the following kind :-

S(t) alternates randomly between two values s1 and s2 so that a sample 

path of {N(t)} would look like:-

,-, 

s ( t) 

52 ---------o --------o 

51 --------o --------o 

-- ---------------------------------------> t 

The lengths of the intervals in which S(t) = s1 or s2 are random 

variables and we will suppose that they have density functions a(.) 

and BL) respectively. We will call an interval in which S(t) = s1 a 

type 1 interval and an interval in which S(t) = s2 a type 2 interval. 

When S(t) = s1 we will say that the system (the device plus its 

operating environment in state 1 and whe~ S(tl = will say the 

system is in state ,, 
Lo All intervals are assumed to be mutually 

independent. 

Gaver (1963) used such a process, {S(t)} to describe a randomly 

alternating operating environment in which the failure rate of a 

device's life distribution is itself a random variable. In 

particular, if either of s1 or s2 is equal to zero the process {S(t)} 

is a good model of the failure rate for a situation in which a device 

is alternately in and out of use; when out of use (e.g. while 

undergoing repair) the failure rate is zero, and when in use the 

device's failure rate is a constant, s1 = s. 

A similar interpretation can be given to {S(t)} in the current 

context. S(t) is the rate at which shocks arrive at a device and this 

rate may alternate between two values depending on random fluctuations 

in the level or intensity of operation of the device, e.g., when not 

in use the device may be stored safely and not subject to shocks so 

that s1, say, is equal to zero, but when in use shocks may occur at a 

constant rate s2, 
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Similarly, the shock arrival rate may alternate between two non-zero 

values corresponding to two speeds or intensities of the device's 

operation, e.g., the faster a device works the more prone it may be to 

shocks, 

In order to evaluate:-

(2.1.33) 

where {S(t)} is an alternating renewal process as discussed above, an 

initial condition must be specified. There are two possibilities. 

(1) at time t=0 a type 1 interval commences; or 

(2) at time t=0 a type 2 interval commences. 

Note that the points at which {S(t)} has a jump constitute a point 

process and we are assuming here that this process has a point at the 

origin, i.e., the point process is synchronous. Looking firstly at 

case <ll • 

If at time t=0 a type one interval commences then for any interval 

(0,t') either :-

(i) the same n~mber of type one and two intervals commence in (0,t') 

and t' is covered by a type 2 interval, or 

(ii ) the 

than 

type 

number of type 2 intervals commencing in <0,t') is one less 

the number of type one intervals and t' is covered by a 

1 interval. 



The probability of the event (il above is given by :-

E:,.1 ,C'P<m type 1 intervals commence in (0,tl, 
0 

= E .. -1 

= E.-1 

where 

m type 2 intervals commence in (0,t) 1 

Total length of type 2 intervals in (0 1 tl is (t-xl, 

with t covered by a type 2 interval l dx 

/- P<m type 1 intervals commence in (0,t>, 
0 

m type 2 intervals commence in (0' t)' 

Total length of type 2 intervals in (0,t) is (t-x l, 

with t covered by a type 2 interval ) dx 

,t. 
,Ca<"'> (xl P(11 type 2 intervals co11111ence in (0,t), 

Total length of type 2 intervals in (0,tl is (t-xl, 

with t covered by a type 2 interval ) dx 

(where a(11) (.) is the 111-fold 

convolution of a(.) with itself) 

= E .. -1 ( a<•> <x> f B<•- 1 > (v) f ~- .. -vB(wl dwdvdx 

Q.,.(t-x) = t:-f'< ... - 11 <v> r~-.. -vB<wl dwdv 
0 

and B<•> <.> is the •-fold convolution of B<.> with itself. 

Similarly, the probability of (ii) is given by. 

o,) -t: 
E--1 t P<• type 1 intervals co1111ence in (0,t), 

where 

m type 2 intervals coamence in (0,tl, 

Total length of type 2 interval in (0,t) is 

(t-xl, with t covered by a type l interval) dx 

= E.-1 
t -t B.-1<t-x)L.<x>dx 

L.(x) = [,~fa<•- 1 >(v)a(wldwdv. 
:.t,..y 
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Now for a given x = total length of type 1 intervals in (0,t) :-

and hence conditional on the first interval being of type one we 

have:-

( /s<xldx)k) / k!l 
0 

X <L .. <x>B< .. -1> (t-x) + Q.,(t-x)a<•> (x)) dx 

Consequently, the survivor function is given by:-

(2. 1. 34) 

X <L .. (x)B< .. -1> (t-x)+ Q .. (t-x)a<•> <x> )j5k dx 

(2. 1. 35) 

X <L.<x>B<•- 1 1 Ct-x> + Q.(t-x)a< .. > (x) > dx 

The combined effect of integra t ing over x and su• aing over • in 

(2.1,35) is to integrate over all possible sa• ple paths of {SC.>} 

over the interval (0,t). 

A siailar argu • ent to the one above leads to the following expression 

for the survivor function given that the first interval is of type 2:-

(2.1.36) 

X CB<•> ct-N>L.<x> + a<•-1> (x)Q.(t-x) ]dx 

Now, fro• (2.1.35) and (2.1.36) it is clear that whether the first 

interval is of type one or two:-

H, Ct> = E ctac., Ct> 1 i = 1,2, ••• 

where "Ira C. ) ( t) 
00 t = E .... e-f• <N>dN 

-t 
(JS(xldxl" / k! j5k 
• 
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Note that Bae.> is just the survivor function for the inho•ogeneous 

Poisson Shock Model with aean value function l(t) = /tct>dt i.e. 
0 

the survivor function (2.1.35) or (2.1.36) is the mixture of survivor 

functions of inhoaogeneous Poisson Shock Models. 

For a particular realistion, s<.l, of S<.> :-

l(tl =six+ s2<t-x) where x is the (given) total length of 

type one intervals in <0,tl Since l'(tl is constant in t 

and the DFR and IMRL Classes are closed under • ixture we have 

by corollary (2.1D.1) or corollary (2.lE.1.l 

Corollary (2.1E.3l. 

Let (N(tl} be a doubly stochastic Poisson process with an alternating 

renewal process CS(.)} as the rate process then if H is defined by 

(2. 1. 35) or (2. 1. 36) we have :-

a) H is DFR if 

bl H is IMRL if <P1c>°;>-• is discrete IttRL. 

A si • ilar result does not in general hold for the classes DFRA, NWU, 

NWUE, HNWUE and [ since l(t)/t is not necessarily decreasing, nor 

is I<t> necessarily subadditive. 

Before studying a special case of the • odel <2.1.33) we note that the 

aodel can be generalised by allowing the rate process CS(.)} to 

alternate between • ore than two values. e.g. CS<.>> • ay alternate 

between 3 values s1, s2 ands~ in the following aanner :-
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Such a process is referred to as a cyclic renewal process (c.f. Nang 

Ann Lee ( 1975) > • The three possible values of S(,) aay correspond 

to three speeds or intensities of the device's operation so that s,, 

i = 1,2,3 ••• is the rate at wh i ch shocks occur when the device is 

operating at speed i. In essence, the argu•ent used to investigate:-

is the saae whether S(t) is 2,3,or n valued. First, an initial · 

condition must be specified, e.g., if S(t) is 3 valued the first 

interval ~ay be of type one, two or three (where an interval is of 

type i if S(t) = s, in that interval). Suppose the first interval 

is of type one then for any interval (0,t) there are three rather 

than two mutually exclusive possibilities; (i) The same nuaber of type 

one, type two and type three intervals commence in the interval (0,t) 

and t is covered by a type 3 interval. 

(ii) The same number of type one, and type two intervals comaence in 

(0,t) and one less type three interval com~ences in (0,t) and t is 

covered by a type two interval, or 

( i i i ) The same number of type 2 and 3 intervals commence in (0,t) 

one more type 1 interval commences in (0,t) and type t is covered 

by a type one interval. Now, by an analysis si~ilar to that used in 

the two-state case, we have the following expression for the 

probability of the first of these events:-

where R.(x) = Jh<..- 11 (v) 'r°h(w)dwdv 
~ i-v 

and h(,) is the density function of the type three intervals. 

All other notation is as in the 2-step case. 



Similarly the probability of the second event is given by:-

o0 ~ t;•1C1 

E.-1JJ a< .. > (xi)h<"'- 11 (t-x1-x2l Q.,.<x2ldx2dx1 
00 

and the third probability is given by :-
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combining these three probabilities we have the following expression 

for the for the survivor function conditional on the initial interval 

being of type 1 :-

(2.1.37) = 
-t.~-"'-1 

E ... ,JJ Ek-• e-<•," • • .,,_ .. • •it;- .. , - .. ~, X 
•o 

Of course, similar results can be obtained if the first interval is of 

type two or three. Moreover, if CS(.)} is an n-step cyclic process 

so that S(t) alternates between n levels in the order s, -> s 2 -> 
s:s -> .... ->Sn-> s, and at<.) is the density of the i t;h type of 

interval and, 

t:_ 
L-;.. <x l = l·a, <•- 1 > (v) l'0a, (wl dwdv 

0 ~,~ 

we have :-
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1\-1 

(2.1.38) = rt Jt - M 1 1t-l: Eoo b . I. '-t k•II 
0 0 

Despite the complexity of expressions (2.1.37) and (2. 1.38) the 

crucial thing to note is that they are still mixtures of survivor 

functions of inhomogeneous Poisson Shock Models. Consequently, 

corollary (2.1D,3) generalises to give:-

Corollary (2,1D.4) 

Let {N(tl} be a doubly stochastic process with an n-step cyclic 

process, {S(.)} governing the rate, then if H is defined by 

(2.1.38) ·-

(a) H is DFR if 

(bl H is IMRL if (pk)~e is discrete IMRL. 

We now return to the two-state case, i.e., the case where the shock 

arrival rate alternates between two values and obtain a more explicit 

expression for the survivor functions ·c2.1.35) and (2.1.36) in the 

special case that the shock survival probabilities are those of a 

geometric distribution (2.1.39) :-

(2.1.39) 0 =< u =< 1, k = 1,2, •••• 
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We will also assume that the type one and two intervals of the rate 

process are exponentially distributed with mean 11,1 and 1/~2 

respectively. 

If the first interval is of type 1 we have from (2. 1.34) 

k ! 

L.(x)B•- 1(t-x) + Q.,(t-x)a'"''(x)dx pk 

where k = 0,1,2 1 ••• then : -

(2. 1. 40) 

L..,(x)B .. - 1(t-x) + Q..,(t-x)a'"''(x)dx pk 

Now Ek•• P(N(t)=k)uk 

0 =< u =< 1 is just the probability generating function 

(p.g.f.) of N(t), hence j::ji(t) in (2.1.40) is the p.g.f. of N(t) 

where {N(t)} is a doubly stochastic Poisson process with an 

alternating renewal process governing the rate. Srinivasan (1979) 

gives the Laplace transform for the p.g.f. of such a process and hence 

for ih<t>. 

(2.1.41) 

Thus we have :-

Ri*<s> = /°e-"t Hi(t)dt = 
0 

1 / (1- a•(w+s1-s1u> B•(w+s2-s2u>> 

1- a*(w+s1-s1ul + a•(w+s1-s1u> 

H + 51 - S1U 

X 

where a•(.) and B•(.) are the Laplace transforms of a(.) and 8(.), 

the densities of the type one and two intervals respectively. Now 

using the assumption of exponentiality for a(.) and 8(,) (2.1,41) can 

be written as:-



( 2. 1. 42) 1 
R1"'4l = ------------------------------------ X 

+ 

1 - -------------

X 1 - ------------- + 

-~~:~~~=:=::~~ ___ <,1+w+s1-sul <,2+w+s2-s2ul_ 
W + S2 - S2U 

= -------------------------------------------
w(w+s2-s2u+,1+s1-s1u+~2+,2(s1-s1ul + 

,i<s2-s2ul + <s1-s1ul <s2-s2ul 

(2.1.44) = 

where 

w + k/2 + sqr(k 2 /4 - J)l(w + k/2 - sqr(k 2/4 - Jll 

sqr = square root of ( .•. l 

Inverting (2.1.40) gives • 

<2.1.451 Ri<t> = 

= -----------------------------------------------------
2 sqr(k 2 /4 - Jl 

k/2 - (s1-s1ul +sqr(k2/4 - J)Je-<k/2 + aqr(k /4 - J)t 

2 sqr(k 2/4 - Jl 

Note that sqr(k 2 /4 - Jl is real since ·-
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+ 

Similarly, if the initial interval is of type two, then we have :-

(2,1.46) 

W + ~1 + ~2 + S1 - S1U 

( w + k/2 + sqr (k 2 /4 - Jl (w + k/2 - sqr (k 2/4 - Jl ) 
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(2, 1. 47) and 

J l X 

exp[-(k/2 + sqr(k 2/4 - Jlt l 
------------------------- - --- + 

2 sqr(k 2/4 - Jl 

(k/2 -(s2 - S2Ul + sqr(k 2/4 - J)) 
--------------------------------- X 

2 sqr(k 2/4 - Jl 
exp[ -(k/2 - sqr(k 2/4 - Jllt l 

In discussing the homogeneous Poisson Shock Model, it was noted that 

if the survival probabilities (pkre •• were of the form pk= uk 

for 0 =< u =< 1 then the corresponding life distribution was 

exponential. Clearly the same is not true in the Doubly Stochastic 

Poisson Model although (2.1.45) and (2,1.47) can be interpreted as the 

scaled sums of exponential survivor function. Since the survival 

probabilities (pk=uk)k•• are discrete DFR it is immediate from 

corollary <2.1E.3l that H defined by (2.1.45) or (2.1.47) is DFR. 

The mean time to failure of the device can be obtained easily since if 

T1 is the lifetime of the device conditional on the initial interval 

being of type i :-

(2.1.48) 

so, 

E<T il = 

and similarly: 

E <hl = ~1 + ,2 + 51 - S1U 

Note that if 51 < 0) 52 then E<Til > «l E(hl 

i.e., on the average, a device which begins operation with an interval 

in which fewer shocks occur will have a longer expected lifetime than 

a device which begins operation with an interval in which a greater 

number of shocks occur. 
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Note that as u -> 1 the advantage becomes negligible. This is 

intuitively appealing since if the probability of surviving each 

individual shock is close to 1 then it should make little difference 

to the device's lifelength whether the initial interval is one of low 

or high shock incidence. 

Other moments of the distribution of T1 and 

via the formula :-

(2. 1.49) 

T2 can be obtained 

The special case where one of the rates s1, s2 is equal to zero is 

worthy of special mention. As indicated earlier, such a model 

corresponds to a situation where a device is alternately in and out of 

use and while out of use is free from shocks. Thus the rate process 

is a homogeneous Poisson process interspersed with periods when no 

shocks occur. Suppose s1 = 0 then :-

R1 <tl = 

(k/2 + sqr(k 2 /4 -Jll exp[-(k/2 - sqr(k 2/4 -Jllt] 
------------------------------------------------ + 

2 sq r (k 2 /4 - J) 

(sqr(k 2 /4 -Jl - k/2) exp[-(k/2 - sqr(k 2 /4 -J))t] 

2 sqr(l: 2 /4 - J) 

where the constants k and J are somewhat simplified so that 

and, 

and, 

R2<tl is as in (2.1.47) 

Hore interestingly, 

and, 
E(hl = 
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Clearly, as expected :- E(Ttl > E(hl 

i.e., commencing operation with a period free from shocks increases 

the lifetime of the device. 

Of course, similar results can be obtained if s2 = 0 

"'2. 1F The Poisson Cluster Shock Model 

Thall (19811 introduced a model in which shocks arrive at a device in 

accordance with a homogeneous Poisson cluster process. 

As with the Doubly Stochastic Poisson Shock Model, we will see that 

the results obtained are much less general than for the models 

considered earlier in this chapter. 

As usual, our interest in studying a Poisson Cluster Shock Model is to 

establish sufficient conditions for the life distribution defined by:-

R(tl 00 
= Ek- • P(N(t)=k) pk 

to belong to a particular class of distribution where, in this case 

{N(tl} is a Poisson cluster process. 

Firstly, however, we will present some basic properties of the Poisson 

Cluster process. 

The general structure of a homogeneous Poisson cluster process is as 

follows :-

There is a homogeneous Poisson process {No(tl} with rates, say, of 

cluster centres and associated with each point, tJ, of the process is 

a subsidiary process or cluster, with occurrences at the points :-



where k is an integer valued random variable with, 

P(K=ki> : 1Tk+1 and 

is a collection of random variables such that Xe= 0 and 

CX1, ..• Xk} have some prescribed distribution Wk on 1Rk, 
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We denote the subsidiary process by CN < • > (.)} and the Poisson Cluster 

process CN(.)} is the superposition of all the subsidiary processes. 

We will suppose that CNe(,)} 1 (N<•>(.)} and {N(.l} have associated 

probability measures Pe, p<•> and P. 

Also of interest is the synchronous version of {N(.l} i.e., the 

process {N(.)} conditioned on the occurrence of a shock at the origin. 

We denote the synchronous process by CN-(.)} and note that the 

probability generating function of N(. l and N-(.) are related by the 

well-known Palm-Khinchin equations as follows :-

Let 

then, 

where 

•<z,tl = E(zN<t>J; •-<z,tl = e(zN<t>) 0= < z <1 

d/dt •<z,tl = -rp(l-zlt-(z,tl 

= intensity (rate) of {N(.)} 

= 

Now label the occurrence corresponding to tJ + x, in any cluster as an 

occurrence of type i and cons i der a single subsidiary process {Nr(,)} 

with corresponding probability measure pr having a single point at t = 

0. Suppose {Nr(.)} is a randomised subsidiary process in the sense 

that the choice of type of occurrence at the origin is made randomly 

and the probability that a type i occurrence is chosen is the same as 

the proportion of type i occurrences in the cluster process CN(.)}. 

The following lemma due to Oakes (1975) will prove useful in 

establishing the main result of this section. 
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Lemma ( 2. 1 F, 1) 

If p~ 
' 

P and P''"' are defined as above, then :-

p~c.> = P * P''"'<.> 

where* denotes convolution 

Thall (1981) gives somewhat complex expressions for the density and 

failure rate of the Poisson Cluster Shock Model but of more interest 

to us is the following result :-

Theorem (2,1F.1) 

Let {N(tl} be a Poisson cluster process and let H be defined by :-

R(t) = ~-- P(N(t)=k) Pk 

where : zk and 0 =< z =< 1 

then, His strictly DFR except when {N(t)} exhibits no clustering in 

which case His exponential, and the failure rate r(tl is constant. 
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It follows from the Lemma (2.1F.ll that the p.g.f's of N~(,), N<tl and 

Nr(t) are related by the equation :-

•<z,t) = •<z,t) •r<z,t) 

Now, combining this equation and the Palm-Khinchin equations and 

noting that :-

implies R<t> = t<z,tl we have·-

r(t) = -• ✓ <z,tl / •<z,tl 

= 

which is strictly decreasing int except when there is no clustering 

in which case tr(z,tl = 1 and the failure rate r(t) is constant. 

Thall (1981) also shows that H is DFR if (pk>~-e is completely 
-a 

monotonic and DFR. A sequence of real constants <Ek>k-e such that 

0 =< Ek=< 1 is said to be completely monotonic if ·-

t\ 
E.--e ("C,.) (-1)'" Ek+r- )= 0 

for all n, k = 0,1,2 ... and D0 (Ek) = Ek 

Thall (1981) also shows, by counter-example, that for the Poisson 

Cluster Shock Model (pk)k•e discrete IFR does not imply that His IFR. 



Page 118 

~2.2 Generalised Shock Models 

In this section, we study the lifetime distribution of a device 

subject to shocks governed by a generalised renewal process where, 

here, the term generalised refers to the fact that while the shock 

interarrival times are independent but are not necessarily identically 

distributed. We assume, however, that the interarrival times have 

distributions which belong to the same non-parametric class of 

distribution. 

The aim in studying these models is to establish sufficient conditions 

on the shock survival probabilities (pk>k-• and on the process 

governing the arrival of shocks {N(tl} for the life distribution, H to 

belong to one of the claims of life distribution discussed in Chapter 

one. The main feature of the Poisson and related shock ~odels 

considered in the earlier part of this Chapter is the relationship 

between the class to which H belongs and the discrete class to which 

the survival probabilities (pk)k•e belong. In the case of the 

generalised shock model we will see that H inherits its class from 

both the survival probabilities and the shock interarrival time 

distribution. 

Before proceeding, we need to introduce some notation. 

Let Tk denote the time of the kth shock, :-

Set where k = 11 2,3 ••• , Te= 0 

and let zk(tl = P(N(tl=kl 

where {N(tl} is a generalised renewal process. Now define Ak by:-

(2.2.1) 

(2.2.2) 

Here IA is the indicator function of the set A. We will denote by 

Jk(,l the distribution of Uk, 
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As usual, we define the life distribution H of a device subject to 

shocks governed by a generalised renewal process {N(.)} by:-

(2. 2. 3 l R <t > 
ao 

= Ek-a P<N(tl=k) Pk 

= E~-a Z k ( t) Pk 

where pk = P(surv i ving k shocks). 

We are now in a position to establish the following theorem. 

Theorem (2,2,1) 

Let {N(. )} be a process with independent interarrival times Uk and 

suppose His defined by (2.2.3) then :-

Ca) His NBU if the interarrival distribution Jk(,) are increasing in 

k for each t and NBU, and (pk>~-a is discrete NBU. 

(b) H is NBUE if the (Jk( , )l~-a are NBUE and . 

< 2. 2. 4) 

where j = 0,1, ... and Ak = E(Uk+1l 

(c) His HNBUE if the interarrival times distributions Jk(,), 

k = 1, 2, ... are HNBUE and • -

(2.2.5) 
~ ~, 
EJ-k PJAJ =< aa nJ-• (1-(AJla.) 

where k = 1,2, .•• and 

(d) H belongs to· L if the Jk(.l k = 1,2, ... belong to Land:-
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(2.2.6) 

where a., = 

ne<s) = 1 / (A.,- 1 + s) 

where k = 1,2,3 ••• 

"° Note: the <nk<s))k•e are the Laplace transforms of zk(t) = P(N•(t)=k) 

where CN ( t)} is a stationary pure birth process with birth 

coefficients (Ak- 1 >~-• 

Proof 

al The NBU case was established in the course of proving Theorem 

(2.1A. (d)), the corresponding result for the stationary pure-birth 

shock model. 

b > We have to show that : -

"'° -! H(X)dx =< ,R<t> 
~ 

where = J R<xldx 

Nmc, = 

where ZJ(tl = P(N(t)=jl 

co = EJ•II z J ( t) PJ X 

Ek•II 15kAk 

>= ~ 
EJ-• z J ( t) E~J 15kAk by (2. 7. Sl 

= 00 Ek•II pkAk E~ • z J ( t) 



hence it suffices to show that · -

)= (R<xldx 

but "" ,4__R(xldx = 

so we need only show that, 

i.e. 

(2. 2. 7l E(Uk+1l P[N(tl=<kl >= fP<N(xl=kldx 
~ 
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Now, recall that the time of occurrence of the kth shock is a random 

variable, Tk, We will denote by FTk the distribution function of Tk, 

P(N(t)=(k) = P(Tk+1>tl and 

o() 

f P<N<xl=kldx 
t 

00 
: ft E ( I ( T k , T k + 1 ) ( X ) ) d X 

Where IA(,) is the indicator function of the set A. 

= 
tO 

E(Jt I <Tk,Tk+1> (xldxl 

= 

= 

by the assumption of independent inter-arrival times. So (2.2.7) 

reduces to :-

(2.2.8) 
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Now again using the assumption of independent inter-arrival times, we 

have:-

p(T k=<t<T k+t] = 

(2.2.9) = l PCUk+t > t-sl dFTk(s) 

Now, for any non-negative random variable X with distribution function 

F : -

(2. 2.10) E<Xlc ••• ,(x)l = sF(sl + if<uldu 
' 

= 

= 

= /-'fP<Uk+1-Ct-s>>ul dudFTk<s> 
0 0 

(2.2.11) =ff P<Uk+1>u) dudFh<s> 
0 t-~ 

by (2.2.10> 

It follows fro• (2.2.9), (2.2.11) and (2.2.8) that:-

t 
= I <E<Uk+tl P<Uk+i>t-sl 

0 

>= 0 since <Uk+1l~-• have NBUE distributions. 
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(c) We first show that if :-

K(t) = 

is the survivor function of a device subject to shocks whose 

occurrence is governed by a stationary pure birth process CN•(t)} such 

that :-

P<N•(t)=k) 

(2.2.12) "° ! R<x)dx 
-t. 

= 

.oc,_ 
=< ! K(x)dx 

-t. 

then, 

The result then follows fro~ the fact that K was shown to be HNBUE in 

Theorem (2.lA.l(f)l, under the condition on pk and on Ak of this 

theorem. 

Now, R<xl "° = EJ-• Z J ( X) PJ 

c .. ., 
= (Ek- • Z k ( X ) ) ( F5 J -p J + l ) 

00 .,., 
= EJ-• P(Ek•l Uk)X) (pJ-PJ+tl 

and hence, 

00 
4_R(X)dx = 

t:Jt) .,,., 

EJ-• <tP<Ek:1 Uk>xl dx<PrPJ+il 

Denote by Vk where k = 1,2, ••• the inter-arrival tiaes of a stationary 

pure birth process with birth coefficients (Akl~-• so that:-

k = 1,2, ••• 

Since the Uk are HNBUE it follows that :-
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Now, Theore• 4.2 of Marshall and Proschan (1970) states that if :-

{F.<xldx =< ('6t<xldx i = 1,2, ••• n 

where F,, G, are distributive functions and, 

F(t) = F, * Fz * ... * Fn(t) ' G(t) = 61 *···* Gn(t) 

then 
00 

lF<xldx 
,t. 

f:;o 

=< SG<x>dx 
~ 

Using this result and the independence of inter-arrival times we have 

fro• : -

(2.2.13) 

i.e. 

=< 

i.e. fj:j<xldx =< /°K<xldx 
't. t 

and since by Theorea (2.1A.1(fl), K is HNBUE under the condition of 

this theore• it follows that His HNBUE. 

dl In a si~ilar fashion to proof of part (c) of this Theorem we 

first show that:-

(2.2.14) 

where K(.l is the survivor function of the stationary pure birth shock 

• odel. Ne then show that under the condition on (pk>~-• and 

of this theorea K belongs to Land consequently the desired result 

follows. (2.2.14) follows fro• an argu• ent very si • ilar to that used 

in the HNBUE case to show that :-

-a 
lfi(x)dx =< "° ' / i((xldx 

t 



The one additional step require d is that :-
• I fe-•t P<tk-1 Uk>tldt >= [e-•t P<Et-1 Vk>tldt 

for k = 1,2,3, ••. 

but this is a well known result of Laplace transfor•s. 

Now, under the conditions of the theore• :-

«> 
Ek-• Pk W1c(s) >= ae/(l+sael 
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where a. = E~-• pkAk and the wk k = 0 1 1,2, •.• are the Laplace 

transforms of zk(t) = P(N*(t)=k) k = 1,2, ... where {N*(.)} is a 

stationary pure birth process. 

i • e. 

So K, and by (2.2.13) H, both belong to L. 

Part <al of Theorem (2. 2.1 > above is due to A-Hameed and Proschan 

(1975) part (bl is due to Block and Savitts (1978) and parts (cl and 

(d) to Klefsjo (1981, 1983), although in the L case the condition on 

<pk)k and <Ak)k is weaker than that used by Klefsjo. 

In parts (bl, (cl and (d) of Theore111 (2.2.1) quite general conditions 

have been imposed on <p1clk and (Aklk in order to emphasise the 

relationship between the class to which the inter-arrival distribution 

Fk(.) k = 1,2, ••• belongs and the class to which H(.l belongs. 

In the theorems to follow, stronger conditions on (pk>1c and on <A1clk 

will be i~posed and these will better illustrate the relationship 

between the classes of H(.) and the discrete survival probabilities 

(l51c)1c;. •• 

The obvious analog to Theorem (2.2.1) holds for the dual classes NWU, 

NWUE, HNWUE and[. 

By imposing stronger condition s on (pk>~-• and on 

ThPorPm (? . ? . 1) thP inl 1 nw i nn r <>c11l t r~n h<> nht~ Lni:,_,L 
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Theorea (2.2.2) 

Suppose the shock inter-arrival times Uk are independent and His 

defined by (2,2.3) then :-

(al His NBUE (NWUEl if the interarrival time distribution J(.) 

(bl ( i l 

k = 1,2, ... are NBUE <NWUE>, (Ak = E(Uk+ill, k = 0,1,2, ... 

is decreasing (increasing) ink and <Pk>k- • discrete NBUE 

<NWUEl 

H is HNBUE if the Jk(,) are HNBUE k = 11 2, ••• 

decreasing and :-

00 t<-\ 
EJ-• PJ iJ- • <1-(AJ/a • ll 

where k = 1,2,3... and 

(bl(iil His HNWUE if the Jk(.) are HNWUE, 

finite limit, 

40 
(Aklk- • is increasing to a 

)= 4'C) "~' EJ• • PJ iJ- • <1-<A • laall 

and there exists a k• such that a. >= Ak for every k >= k• for which 

r->k ) 0 

(cl H belongs to L ([l if Jk(,l belongs to L <[l n = 1 1 2 1 ••• , 

Ak =< ()=) A• k = 1,2, ... and (pkAk~-• is decreasing 

and belongs to 6 <0l, 

Proof 

Ne will consider only the NBUE, HNBUE and L classes here. The proof 

ofthe corresponding results for the NWUE, HNWUE and L classes are 

quite similar. 
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00 (a) By Theorem (2.2.1) we need only show that (Ak>k-e decreasing and 

(pk>~-• discrete NBUE implies :-

>= j = 0,1,2, ... 

but this was shown in the course of proving Theorem (2.1A.1(e)). 

(bl By Theorem (2.2.l(cll it suffices to show that (Aklk-11 decreasing 

and : -

k=l,2,3, ••. 

implies 

We will find it convenient to define Bk by·-

~,, 
1fJ•11(l-AJ/a11) k= l ,2, ... (Note that Bk= < 1) 

00 Now , (Aklk-11 decreasing implies that limk->• Ak = A exists, 

consequently, 

(2.2.15) = 

= + 

By assumption, the expression in brackets in (2,2.15) is non-negative, 

since :-

= 
~ V 

Ev-k Av-Av+l EJ•k Pk 

we have:-

= 
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The first expression on the right hand side of (2.2.16) is 

non-negative since (Akf': •• is decreasing. The second term is also 

non-negative by the following argument. 

Let h(v) = 

then 

since Bk=< 1, consequently tk(v) >= limv->. tk(v) 

but by the assumption of this theorem:-

= >= . 0 

So tk<v> >= 0 and consequently, 

>= k = 0,1,2, ... 

as required. 

(cl By Theorem (2.2.l(d)) it suffices to show that Ak =< Ae 

and (pkAk/"!: •• is decreasing and belongs to G implies :-

where 
{Jt) 

am= Lk•m pkAk and nk<s) is the Laplace transform of P(N*(tl=k) 

where {N*(.)} is a stationary pure birth process. 

This was shown in the course of proving Theorem (2.1A.1(g)) 

Now, if the shock inter-arrival times all have the same mean, 

i.e. Ak = A where k = 0,1,2, ••• the following corollary to 

Theorem (2.2.2) is immediate. 
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Corollary (2.2.1) 

Let {N(t)} be a generalised renewal process with independent 

interarrival times Uk such that E(Uk) = A where k = 1,2, .•• then if H 

is defined by (2.2.3) 

al His HNBUE (NWUE) if the shock inter-arrival time distributions 

J 1o: (. ) k = 0 , 1 , 2 , • • • a r e NB U E ( NW U E ) an d q5 k )~ • 111 i s d i s c r e t e 

NBUE ( NWUE l • 

bl H is HNBUE (HNWUE) if the J k (.) are HNBUE (HNWUEl and 

(pk )~-m discrete HNBUE (HNWUEl. 

C) H belongs to L ([) if the J k ( •) belongs to L ( [) 

k = 1, 2, •.. and cO 
(pk)k•II belongs to G < § l • 

In the NBU (NWU) case, it is possible to rel a>: the assumption of 

independent interarrival times whilst still obtaining a useful result. 

This result is contained in the following Theorem due to Block and 

Savitts (1978). 

Theorem (2.2.3) 

Let H be defined by (2.2.3) then H is NBU (NWU) if (l51cl~-11 is discrete 

NBU (NWU) and the stochastic process {N(t)} satisfies:-

(2.2.17) PCN(x+y =< j+k, N(x)=kJ =< 

<>=) PCN(yl =< j] P(N(xl=k] 

i.e. 

( 2. 2. 18 l PCN(x+yl > j+k I N<x>=k] >= <=<) P(N(y))jl 



For all X' y > 0 

R<x+yl 

. -. 

00 -= E1-• P, P[N(x+y}-il 

= E~. Pl Et •• P(N(x+y)=i, N<x>=k) 

= E:0 .• E~-k P[N(x+y)=i, N(x=k] P1 

and putting j = i-k gives:-

R(x+y) = E:' •• E~-• P[N(x+y)=j+k, N(x)=kl PJ+k 

=< E='-• E~e P[N(x+y)=j+k, N(x)=kl PJPk 

=< E~-• E~-• PCN(x+y)=j+k, N(xl=kl PJPk 

=< 

=< 

(by assumption (2.2.17), 

= E~• P(N(x)=k)pk E~-• PCN(y)=(il (P1-P1+1) 

"° = R<xl Et-• P[N(yl=il Pt 

= j'.j(xlj'.j(y) 

i.e. j'.j(x+yl =< j'.j(x)j'.j(y) 
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The proof in the NWU case follows similarly. 

Note that the single condition (2.2.18) in the above Theorem replaces 

the conditions on {N(tl} in Theorem (2.2.1(all of mutually independent 

interarrival times with distributions Jk(,) k = 1,2, ••. which are 

increasing and NBU. In fact it has been shown by Block and Savits 

(1978) that the condition (2.2. 18) is weaker than the conditions used 

in Theorem (2.2.l(all. 

We have seen that in the case of the NBU, NBUE, HNBUE and L Classes of 

lifetime distribution and their duals, the NWU,NWUE, HNWUE and L 

Classes, the lifetime distribution of a device subject to shocks 

governed by a generalised renewal process inherits its Class from the 

shock inter-arrival time distributions and the shock survival 

probabilities (Fkl~-m, 

Unfortunately, the same is not true in the IFR, IFRA, DFR or DFRA 

Classes. A-Hameed and Proschan (1975) provide counter examples in the 

IFR and IFRA Classes and an obvious modification of these examples 

yields counter examples for the DFR and DFRA Classes. 

To date, the preservation of the DMRL and IMRL Classes in the context 

of generalised shock models appears not to have been considered in the 

literature. 
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CHAPTER 3 PHYSICALLY MOTIVATED MODELS FOR FAILURE 

~3.0 Introduction 

In Chapter two we investigated the model :-

R<t> 

under a variety of prescribed structures on the process {N(t)}. The 

nature of th~survival probabilities was largely ignored; we assumed 
~ 

only that (pk)k=0 formed a decreasing sequence and that Pm= 1. 

In this Chapter we take some account of the method by which a device 

may fail, e.g., failure may occur on the first occasion a shock 

exceeds some critical magnitude or failure may occur when the total 

accumulated damage due to shocks exceeds some critical threshold. 

~ 

In the context of the model R<t> =Ek•m P(N(tl=k)pk accounting for the 

method of failure is equivalent to imposing some structure on the 

survival probabilities (pk)C:.e. Moreover, classifying shock models 

according to the means by which failure occurs allows us to consider 

more general models in which there is some dependency between the 

probability of surviving k shocks and the shock interarrival times or 

in which failure may occur at times other than on the occurrence of a 

shock. 

Considerations such as these render the model :­

R<tl = E~e P(N(t)=k)pk 

no longer applicable and we will see that an alternative approach is 

required. 

In this Chapter we associate with each shock the physical quantity:­

magnitude of shock, or amount of damage inflicted. This by no means 

compromises the generality of our models since, for example, the 

magnitude of a shock may be negative, corresponding to a partial 

repair of the device, 
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The structure of this Chapter is as follows :- We begin by considering 

Maximum Shock Threshold Models in which failure occurs on the first 

occasion a shock exceeds some critical magnitude. We return briefly 

to the model • -

A(t) : E::'0 P(N(tl=klpk 

and structure the pk so as to accommodate a maximum shock threshold 

model. Models where the shock magnitudes are correlated to the shock 

interarrival times are then considered. 

Next, we consider Cumulative Damage Models in which damage caused by 

shocks accumulates and failure occurs when the total accumulated 

damage exceeds some critical threshold. Again, we begin the study of 

such models by returning to the model :-

A(t) : Lk~0 F'(N(tl=k)j5k 

and structuring the <Fklk appropriately. We then consider models in 

which damage still accumulates but between shocks, either wear 

continues or the device is partially repaired. 

Finally, we consider accumulative damage models in which the critical 

threshold is random. 

Throughout, our main aim is to obtain sufficient conditions for the 

life distribution associated with each of these models to belong to a 

particular class of life distribution. 
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"'3,1 . Maximum Shock Threshold Models 

In this section, we suppose that shocks arrive at a device but cause 

no damage unless the magnitude of the shock is greater than some 

threshold value, in which case failure of the device is instantaneous. 

Esary, Marshall and Proschan (1973) suggest that such a model provides 

a plausible description of the fracture of brittle glass. 

"'3, 1A The Standard Maximum Shock Threshold Model 

Ne will assume that the Shock Magnitudes X1 i = 1 1 2 1 ••• are random 

with distribution Ft<.) i = 1,2, ..... If the magnitudes are mutually 

independent and independent of the shock interarrival times, then for 

a critical threshold z, the probability of the device surviving k 

shocks is given by:- pk= nf-1 Ft<z) k = 1·,2, .... will assume Pm= 1. 

Consequently, the 

R<tl 

corresponding survivor function is . 

: E::°-111 P(N(t)=k)pk 
"° ,I( = Ek-1 PCN(tl=kl 1T1-1 F1(zl +P(N(tl=0l 

Clearly, if {N(tl} is a homogeneous Poisson process, a stationary or 

non-stationary pure birth process or a generalised renewal process, 

the results of Chapter two apply with the condition on (pk>k-111 

replaced by the identical condition on the sequence:- (1, n~-1 F1 (zl 

k = 1 1 2, ... l 

In some cases, it is possible to establish sufficient conditions on 

the Fdzl for the sequence:- (1, 1Ts.-:.1 Fdz) k = 1 1 2 1 .. ,) 

to belong to a discrete Class of survival probabilities. Thus we have 

the following Lemma:-
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Lemma (3.1A.1) 

The sequence (1, nt'~1 F1U: >, k=l,2, ... l is. 

(al discrete IFR (DFRl if (F1 ( z) i7.1 is decreasing (increasing) in i 

(bl discrete IFRA (DFRAl if 

( 1T 1'<. 1 F 1 ( Z ) ) 1 / k ) : ( : ( ) F k + 1 k = 11 2 1 .. 

(ci discrete NBU (NWUl if :-
c:,() 

1T1•k+LF1(z) =< D=l 1Ti-1 Fdz) 

k = 1,2, ... .L= 1,2, ... 

Proof 

In each case the proofs follow directly from the definition of the 

Class in question. 

As a consequence of the above lemma, if CN(t)} is a non-stationary 

pure birth process with :-

( 3. 1. 1 l P(N(t+dl-N(t)) = 

P(N(t+d)-N(tll > 1 

N(t)=k) = sks(t)d+o(d) 

N(t>=k) = o(d), 

where d is small. 

the following theorem follows directly from Theorem (2.lC.1) • 

Theorem (3.1A.1) 

Define H by :­

R(tl 00 ~ = Eic-1 P(N(tl=kl lh-1 F, (z) + P<N(tl=kl 

where {N(t)} is a non-stationa r y pure birth process with probabilities 

given by (3.1.1) 

c:io al His IFR <DFRl if <sk>k-e is increasing (decreasing), s(tl is 

decreasing (increasing) and (F.(zll':°-1 is decreasing (increasing)in i. 
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b) H is IFRA (DFRA) if (sk)k is increasing (decreasing) ink, 

1;<s<xldx)/t is increasing (decreasing) in t and ·-
~ <lh-1Ft.Czl) 1"k >= (=<l Fk+i<z) , k = 1,2, ... 

c) H is NBU (NWU) if Cs1c) is increasing (decreasing) in k s(x)dx is 

superadditive (sub-additive) int and :-
eo L 

1Tt-1c+L F, (z) =( <>=) n,-1 F, (z) 

k = 1,2, ••. ; L = 1,2, ••• 

By setting sk ~ s where k = 1,2 1 ••• a corresponding result can be 

obtained for the case where shocks arrive according to a 

non-stationary Poisson process and by setting s(t) = 1 the 

corresponding result for the stationary pure birth process can be 

obtained. 

If {N(t)} is a generalised renewal process, Theorem (2.2.l(a)) applies 

with the condition :-
Cl!) 

1h•k+1 F, (x) =< 

in place of the condition that 

lr1-1 F, Cxl 
II() 

(~k)k•e is discrete NBU. 

The special case where the shock magnitudes X, are i.i.d is of some 

independent interest. 

In this case, if the magnitudes have common distribution F and the 

critical threshold below which shocks cause no damage and above which 

failure occurs is denoted by z I the probability of surviving k shocks 

is given by:-

(3. 1. 2) 

Consequently, if shocks arrive according to a homogeneous Poisson 

process of rates the survivor function of the device in question is 

given by :-

R(tl = E~-- P(N(t)=k) Pk 

= E~e e-•t (st)k (F(x))k 
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That is, the lifetime distribution for the maximum shock threshold 

~odel with i.i.d shock magnitude is exponential whenever the process 

governing the arrival of the shocks is a homogeneous Poisson process. 

More formally, we have 

Theorem (3.1A.2) 

Let 1-H(t) = R(tl =E~m P(N(t)=k)pk- where pk= [F(x)]k then H is 

exponential if {N(t)} is a homogeneous Poisson process. 

Since the survival probabilities pk= (F(xJ)k are both discrete IFR 

and discrete DFR, we have in a similar vein to Theorem (3.1.2) above, 

the following results which follow directly from Theorem (2.1A.1l 

corollary (2.10.11 and Theorem (2.1C.1) respectively. 

Theorem (3,1A.3) 

Let 1-H(tl = H(t) =E::111 P(N(tl=k) (F(z)k, 

If {N(tl} is a stationary pure birth process with birth coefficients 

( s k l~ - 111 t h e n H i s I FR (D F R l i f ( s k ~ _ ., i s i n c r e a s i n g ( d e c r e a s i n g l . 

Theorem (3,1A.4) 

Define H(tl by :-

R(tl = E~e P(N(tl=k)(F(zJ)k 

Let {N(tl} be a non-stationary Poisson process with (mean-value 

function l(tl = /s(xldx then:-
o 

(a) H is IFR (DFRl if s(t) is increasing (decreasing) 

(bl H is IFRA (DFRA) if l(t)/t is increasing (decreasing) 

(c) H is NBU (NWU) if l(tl is superadditive (subaddditive). 



Theorem (3,1A,5l 

Define H by :-

R(tl = E:° •• P(N(tl=kl (F(z)k 

and let 

and 

then : -

CN(tl} be a non-stationary pure birth process with 

P!N(t+dl-N(tl = 1 

P(N(t+dl-N(tl > 1 

N(tl=kl = sks(tld + o(dl 

N(tl=kl = o(d), 

where dis small. 
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. -. 

(al H is IFR (OFR) if (sk>~-• is increasing (decreasing) and s(tl is 

increasing (decreasing) in t. 

(bl His IFRA (DFRA) if sk is increasing (decreasing) in k and 

t's<xldx/t is increasing (decreasing) in t. 

(cl H is IFRA <DFRAl if sk is increasing (decreasing) and s(xldx is 

superadditive (subadditivel. 

In the case that {N(tl} is a generalised renewal process we have the 

following result directly from Theorems (2.2.1) and (2.2.2) :-

Theorem (3,1A,6l 

Define H(tl by:-

R<tl = 1-H<tl GO = 1-Ek•• P<N<tl=kl (F(z))k , z > 0 

where CN(t)} is a generalised renewal process; then :-

( a ) H i s NB U i f t h e sh o c k i n t er - arr i v a 1 t i II e d i st r i b u t i on s ( J d t l l -::'. 1 

are increasing (decreasing) in i for each t and NBU (NWUl 

(bl H is NBUE <NWUEl if the inter-arrival time distribution <J1 (tl i1-1 
are NBUE (NWUEl and their first moments A1, i = 1,2, ••• form a 

decreasing (increasing) sequence. 
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If we impose the additional condition that the interarrival times all 

have the same first moment, then a similar result to the one above 

holds for the HNBUE and L Classes (c.f. Corollary (2.2.1)) 

Esary, Marshall and Proschan (1973) identified the following practical 

application of Theorem (3.1A.1(a)l in the case that the interarrival 

times are i.i.d. Suppose that each shock causes a change in the 

threshold which does not depend on the shock magnitudes. If the 

successive thresholds are denoted by z1, z2, •.• and Fis the common 

magnitude distribution then pk= n;-1 F<z,l which is very similar to 
'( 

the form pk: n,-1 Ft<zl. 

In fact, Theorem (3.1A.1l applies with Ft<zl replaced by F<a:l e.g., in 

the special case that sk = s, k = 0,1,2, ••. and s(tl = 1 so that 

shocks arrive according to a homogeneous Poisson process, it follows 

from Theore1R (3.1A.1 Call that if successive shocks cause a lowering 

(raising) of the threshold i.e. -.:> 
Cz, l ,-1 decreasing (increasing) then 

the life distribution His IFR CDFRl. 

One possible generalisation of the Maximum Shock Threshold Model is to 

the case where the threshold level is itself a random variable. 

Suppose the threshold level has a distribution G and retaining the 

assumption of mutually independent shock magnitudes, which are 

independent of the shock interarrival times, it is clear that the 

probability of surviving k shocks is given by:-

(3. 1. 3) = i:n~-1 F, Czl dG(zl 

and the survivor function for this rando~ threshold model is given by:-

(3. 1. 4) RCtl =J'E~1 PCNCtl=kl TI~-1 F, Cxl dG(z) + 
0 

PCN(tl=0). 

Now by the closure properties of the DFR, DFRA and NWU Classes under 

the mixture operation, we have the following ccrollary to Theorem 

(3.1.1). 
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Corollary (3,1A,1> 

Let CN(tl} be a non-stationary pure birth process with transition 

probabilities as in Theorem (3.1.1), then if His defined by (3.1.4) 

. -. 

(al H is DFR if s(tl decreasing (skl':'.e is decreasing and F, (zl is 

increasing in i for every z > 0. 

(bl His DFRA if /~s(xldx/t is decreasing int, (skl~-e is decreasing in 
0 

k and :-

k = 1,2, •.• , z > 0. 

(cl H is NWU if 1:s<xldx is subadditive (skl~-e is decreasing ink and:-
= L lr1.•k•h F,.(zl >= l[,-1 Fdz) 

k = 1,2, ••• , L = 1,2, .•• , z > 0 

and none of the functions E~-1 P<N(t)=k), 1[1.K..1 F,(z), cross 

where z > 0 

In the special case that the shock magnitudes are i.i,d. similar 

corollaries to Theorem (3.1A,2) (3,1A.6) can be obtained. In 

particular, we note that if CN(t)} is a homogeneous Poisson process:­

A < t > = ('E :'.. 1 e-•" <st> k / k ! 1[ ,le_ 1 F, < s) d G < x ) + P < N < t ) = 0) 

= ,C'e-•"< 1 -F<N>> dG(xl + P(N(tl=0> 
0 

and consequently, since a mixture of exponential distribution is 

logarithmically convex, then His logarithmically convex, i.e., log H 

is a convex function i.e., His DFR. 
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~3.1B A Maxi1u1 Shock Threshold Model with Shock Magnitudes Correlated 

with the Preceding lnterarrival Time 

A more interesting type of maximum shock threshold model arises if the 

shock magnitudes X, i = 1,2, ..• are allowed to depend on the process 

(N(tl} which governs the arrival of shocks, or, more particularly, on 

the interarrival times of the process. In this case, the aodel :-

R(t) =E~. P(N(t)=k)pk 

studied in Chapter two and section 3,1A may not be applicable. 

Consequently, we shall study the lifetime distribution of this more 

general maximum shock threshold model by using a direct analysis of 

the system-failure time, Tx, although it will be shown that 

R.<tl = P<Tz>tl can be written in the form:-

A.(t) = Ee: • P(Nz(t)=k)pk 

where <Nz(.)} is a stochastic process related to the process governing 

the arrival of shocks. 

The models discussed in this and the following section have been 

studied extensively by Shanthikumar and Sunita (1983, 1984) and the 

following discussion is based largely on their work, 

We will first consider the case where the magnitude of the nth shock, 

Xn, is correlated with the time between the (n-ll th and nth shocks, 

We will suppose that the random vectors (Xn, Yn> are independent 

pairwise and have a common joint distribution function given by :­

Fx.v<x,y) = PCXn =< x,Yn =< y] where n = 0 1 11 2 •• , 

For each n, Xn and Yn aay be correlated Shanthikumar and Su• ita (1983, 

1984) term such a sequence of random vectors a correlated pair of 

renewal sequences. If z is the threshold below which shocks cause no 

damage and above which shocks cause immediate failure, then the 

lifetime distribution of the device in question is given by:-



(3. 1.5) Hz(tl = PCT,.=<tl = P(M(tl>zl 

where M(tl = 111ax,. •< J •< N<~» (XJl 

and the system failure time T. is given by :-

(3. 1.6) T,. = infCt M ( t l >= z}. 
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Although our •ain aim is to establish sufficient conditions for the 

distribution of T. to belong to a particular class of life 

distribution, we will also present some results concerning the •oments 

of Tz and the li•iting properties of its distribution. To this end, 

the following notaion will prove useful. Let :-

(3.1.7) 

thus : -

(3.1.8) 

V<z,tl = P(M(tl =< zl 

H,.(tl = 1 - V(z,tl 

We will denote the Laplace transfor•s of V<z,tl and H,.(tl by v•<z,sl 

and H.•(sl respectively. Throughout the following discussion, we Hill 

assume that for each n the rando• variables Xn and Yn have finite 

first and second moments and are absolutely continuous with joint 

probability density function given by:-

fx.v(x,y) = d2 Fx,v<x,y) 

(dxdyl 

The corresponding •arginal distribution survivor and density functions 

are given by:-

Fx(xl = Fx,v<x, • l ; Fv<yl = F<e,yl 

Fx (x) = 1-Fx(X) ; F'x(y) = 1-Fv(yl 

fx <x l = ffx,v<x,y)dy ; fv(y) = ('fx,v<x,y)dx 

For this model it will also be assu•ed that X• =Ya= 0 w.p.1. 

It Hill prove convenient to define the following functions: 

- :,c. (3.1.1) 6,c(X~y) :d1' I fx,v<t,y>dt, 
0 

Gv(x,y) :d1' irfx,v<x,t)dt, 
0 

6x<x,y) :d1' ,C°fx,v<t,y)dt, 
and lrv<x,y) :d1' 

(JO 

~ fx,v<x,t)dt 
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Loosely speaking Gx<x,y) is the probability that a shock occurring a 

time y since the last shock is of magnitude less than or equal to x, 

and Gx<x,y) is the probability that a shock of magnitude x occurs 

following an interval of length smaller than or equal toy since the 

previous shock. 

Note that : -

(3.1.10) 

and 

(3.1.11) 

Gx(x,y) = fv(y) - Gx(x,y) 

Bv(x,y) = fx(X) - 6v(x,y) 

The results concerning the moments of T. will be established using 

Laplace transform techniques and, consequently, the following Lemma 

will prove useful. 

LHH (3.18.1) 

Let V (z ,t> and H. (t) be defined as in (3. 1. 7l and <3. 1.5) and let 

H.<t> = d/dt H.<t> then:-

a) v•cz,s) = .. 1- fy < s) Re(s) >= 0 ------------s(1-6x(z,s) 

b) h*(s> = s:cz,s) Re<sl >= 0 ---------
" 1-Gx<z,s) 

a) V(z,t) = P<N(t) =< z). Conditioning on the first renewal ti • e Y, 

gives : -

(3.1.12) V(z,t) = lP<M(t) =< z I Y1E (y,y+d) fv(y)dy 

and using the regenerative property of the paired process <<Xn,Yn>> at 

Y1 we have :-

(3.1.13) V<z,ti = 
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Now, taking Laplace transfor•s on both sides of (3,2,13) yields:-

V*(z,s) = 1/s -(f*v(s))/s + (tte-•t Y(z,t-y) 6x(z-y) dydt 

= 1 / s ( 1 - f • v ( s > ) + fo6f> (' e - • t V ( z , t -y ) 6 x ( z , y ) d t d y 

= 1/s (1-f*v(s)) + ((e-•(t-v> V(z,t) 6x(z,y) dtdy 

= 1/s (1-f*v(s)) + G*x(z,s) V*(z,s) 

hence 

s(l-G*x(z,s)) as required. 

bl Now, H.<t> = 1-V<z,tl 

hence 

and 

H.*(s) = 1/s - V*(z,s) 

hz*(s) = sH.,•(s) 

1-f*v(s) 
= 1 - ------------

1 - G*x(z,s) 

f y• ( s) - Gx*(z,s) 
= ---------------

(1-Gx*(z,s)) 

Gx*(z,s) 
= ---------

1-Sx*(z,s) by (3.1.1111). 

h.•(s) is of course the Laplace Transform of the density of Tz and 

consequently by differentiating hz*(s) and equating s to zero, the 

moments of T. can be obtained. Thus we have the following result :-

Theore111 (3, 18.1) 

al 

bl 

c> 

E (T"') = 

E (T z2) 

Var <Tz) 

E<y2) 

Fx(z) 

= 

= 

E(yl I Fx(z) 

E(y2l 2Fx(z)E(y) 
+ ----------- E<Y,X < Z> 

F'x(z) <rx<z)) 2 

E(yl 
+ -------- (2fx(z) E<Y I X < zl - E<Yll 

<rx<z» 2 

The above theore• and proceeding lemma are both due to Shanthikumar 

and Sumita (1983). In the same paper, it is shown that as z -> • 
(i.e. as the threshold becomes large):-
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P (T"/E(T") >= U -> e-t 

provided 0 < Fx, v(x,y) =< 1 for 0 < X < m 1 0 < y < m, 

i.e. the distribution of T"/E(T") approaches that of an exponential 

variate of mean one as z -> •· 

One further aspect of the distribution of Ta worth noting is that as 

the threshold z becomes large, the probability of a system failure 

tends to zero since the probability of any shock magnitude exceeding z 
~ 

decreases as z increases. So for some fixed t, Rz(t) = P(T" < t) is 

increasing in z. 

This is formalised in the following theorem, but first a definition is 

required. 

Definition (3.1B.1> 

A random variable X is stochastically larger than a random variable Y 

(X >= Yl if P(X>t) >= P<Y>tl -m < t < m, 

Theorem (3,1B,2) (Shanthikumar and Sumita (1983)! 

T" as defined by (3.1.6) is stochastically increasing in z, 

i.e. 

Inverting the Laplace transform:­

Gx*(z,s) 
= -------

1-Gx*(z,s) 

gives the following real-domain form for h.(t) :-

(3.1.14) h.(t) · = Gx<z,t) + Gx<z,t) * E 6x<k>(z,t) 

where Gx<k+l>(z,u) = {Gx<z,t-u) Gx<k>(z,u)du 

and the asterisk denotes similar convolution int. 



Now 
P<T. >= tl = R,.(tl 

= ~.,(uldu 

and it follows that :-

R•(tl = Fx(t) + Fx(t) * tk-1 Gx<k> (z,t). 

Clearly, R.,(t) is non decreasing in z i.e. T,.1 =< T,.2 whenever 

zl =< z2. 

Page 146 

We now turn our attention to the question of determining the class of 

distributions to wh..i-ch H,.(tl belongs. The general aim is to establish 

conditions on the distributions of Xn and Yn and/or on the bi-variate 

distribution of (Xn,Ynl which guarantee that H.,(t) = P(T,. =< t) 

belongs to a particular class of distributions. 

Definition (3.1B,2) (Barlow and Proschan (1975) p. 142) 

For given random variables X and Y, Xis said to be stochastically 

increasing in Y (SI (X I Yl) if P (X>x I Y=y) is increasing in y for 

all x, 

Similarly, if P(X>x I Y=y) is decreasing in y for all x we say X is 

stochastically decreasing in y (SD(X I Yll 

Definition (3,1B,3) (Barlow and Proschan (1975) p. 142) 

For given random variables X and Y, X is said to be Right-tail 

increasing in y <RTI <X I y» if P(X>x I Y>yl is increasing in y for 

all x. 

X is right tail increasing in Y (RTD (X ( yl l if P<X>x I Y>yl is 

decreasing in y for all x. 

In establishing conditions under which H.(tl belongs to the NBUE, 

NWUE, HNBUE and HNWUE Classes, the function 

(3.1.15) 

(3.1.16) 

Ex<y,t) :d1' P(X)x I Y>y+t) - P(X)x y )y) 

x,y,t >= 0 

= Fx(xl-Fx,Y<x,y) Fx(xl-Fx,v<X,y+t) --------------- - -----------------
Fv<yl Fv<y+tl 



is of some importance. It is clear that . 

(3.1.17) . 

( 3. 1. 18 l 

RT I < X 

RTD CX 

Yl <==> Ex<y,tl >= 0 

Yl <==> Ex<y,tl >= 0 

X 1 y 1 t )= 0 

X 1 y 1 t )= 0 
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We are now in a position to present the main result for the general 

maximum shock threshold model. The result is due to Shanthikumar and 

Sumi ta (1984). 

Theorem (3,1B.3) 

~ ~ 
Let <Ynln-e be the sequence of shock interarrival times, <Xnln-e the 

sequence of shock magnitudes and Tz the failure time of a device 

subject to CXn,Ynl~m :-

(a) If the Yn all have distributions which are NBU and 

SI <Xn I Ynl n = 0,1 1 2 1 ... then Hz<tl = P<T 2 (tl is NBU. 

(bl If the Yn all have distributions which are NBUE and 

for Xn,Yn Ex<0,tl >= 0 

for all x,t >=0 ; n = 0,1 1 2 1 ••• then Hz(tl is NBUE 

(cl If the Yn all have distributions which are HNBUE and for Xn,Yn 

Ex<0,tl >= 0 for all x,t,n >= 0 then Hz(tl is HNBUE 

(Note since this proof is quite involved many of the details have been 

ommitted here but can be found in Shanthikumar and Sumita (1984) 

a) We have to show that :-

Rz<t+sl =< Az<tl Rx<sl 

i.e. PCT" > t+s I T" > tl =< P<Tz>sl; 

s,t >= 0 

s,t >= 0 
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The following notation will prove useful :-

Let . - (3.1.19) RL = 0 L = 0 J RL = EJ-1 VJ L >= 

and let ~L = t- rL 

Further, let . -. 
(3. 1.20) P<s,ul = p (T z > s+u I u<Y1l 

t:\'.) 
Now by using the regenerative property of the renewal sequence <Ynln-e 

together with some straight-forward computation (see Shanthikuma-F- and 

Sumita (1984) ) it proves possible to write:-

Az(s+tl = P(T., > s+t I T., > tl 
Fi" ( t ) as follows :-

(3.1.27) A,.(s+tl = P(s,tl Fv<tl + E,-1 P(N(tl=L I T., > tl 
Fi" ( t ) 

X l P ( s ,)C&.. l d P ( E J - 1 Y J = < r L f T,. > t , N ( t l = U 

By (3.1.27) it is clear that the desired result holds provided it can 

be shown that P(s,tl =< fi.,(s) for any t>0 This last step is 

established via a rather detailed argument which is omitted. We note 

however that the argument relies on the regenerative and NBU 

properties of the renewal sequence ~ 
Ynln-e and the fact that Xn is 

stochastically increasing in Yn, n = 0 1 1,2, ••• i.e. SI <Xn I Ynl 

(bl To show that H.,(t)= P(T,. < tl is N.B.U.E. we must establish that :-
~ t Rz<s+tlds_ =< E<T,.l 

fi,. < t l 

By (3.1.27l it suffices to show that:-
., t P(s,tlds =< E(T.,) for any t > 0 

where P<s,tl is as defined by (3.1.20) and this follows by using the 

conditions of the theorem:-

Ex<0,t) = Fx(z) - Fx(z) Fx,v<z,t) >= 0 

F,y< t l 

and Fv<.) is NBUE : and by noting that :-

E(T.,I = E<Vl/F~(zl by Theorem 3,1B.l(al 
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(cl To show that Hx(t) = P(Tz =< t) is HNBUE we must show that Hz(t) 

satisfies the inequality • 

-0 
JtHz(slds =< E<Tzl exp[-t I E(TzlJ 

now conditioning on X in (3.1.13) gives:-

(3.1.33) 

where 

R z < t l = F v < tl + F x ( z l 1; Hz ( t -y l d F z ! y l 

Fz(yl = P(Y =< y I X =< zl 

Repeated substitution of (3.1.33) into the Hz of the right hand side 

of (3.1.33) yields:-

(3. 1.34) Rz(tl = En•II Cf.,<n>(t) Fv(tl -

Fz 1 "
1 (t))(Fx(z))" 

where * denotes convolution and Fz <n> (t) the nth fold convolution of 

Fz(t) with itself, the result follows by integrating both sides of 

(3.1.34) with resect to t over the range (t,.l, and by using the 

conditions of the Theorem via two technical lemmas due to Shanthikumar 

and Sumita (1984) ( Lemmas 1.0.1 and 1.0.2) 

It is interesting to observe that the expression obtained for the 

survivor function in (3.1.34) is of the form:-

E~-11 P(N*(tl=nl Pn with the expression in brackets on the right 

hand side of (3.1.34) being the: P(exactly n shocks of magnitude less 

than or equal to z occur in time t) = P!N*(tl=nl 

The following Corollary to Theorem (3.1B.9l follows directly from (3.1.16) 

Corollary (3.1B.1) 

al If for n = 1 I 2 I• , , Yn has an NBUE distribution and 

RTI ( Xn I Ynl Hz ( t l = P(Tz < tl is NBUE. 

bl If for n = 1 I 2 I••• I Yn has a HNBUE distribution and 

RTI !Xn I Ynl item H. ( t l is HNBUE. 



Page 150 

We have seen that for the NBU, NBUE and HNBUE Classes of life 

distributions, the distribution Hz inherits its class from the 

distribution of the shock interarrival times provided certain 

conditions on the paired sequence (Xn,Yn> are satisfied. In an 

exactly analagous fashion, corresponding results can be established in 

the NWU, NWUE and HNWUE cases. For completeness, these results are 

presented below. 

Theore111 (3.1B, 4) 

"O Let (Ynln-m be a sequence of shock interarrival times (with (Ym = 0)) 1 
. ,x) 

<Xnln-m be the shock magnitude and let Tz be the failure time of a 
oO 

device subject to <Xn, Ynln-m then we have:-

(a) 
eo 

If the <Ynln-m all have distributions which are NWU 

and SD(Xn I Ynl n = 0,1,2, ••• then 

Hz= P<Tz =< tl is NWU. 

(b) If the <Ynl°;;1-• all have distributions which are NWUE 

and ExC0,tl=<t for every x and t >= 0 

then Ha Ct) = P<Tz =< t) is NWUE. 

0,) 
(c) If the <Ynln-e all have HNWUE distribution and 

Ex(0,t) =< 0 for all x and t >= 0 then 

Ha is HNWUE for every z > 0 

Corollary (3.1B,2) 

(a) If the Yn all have NWUE distributions and 

RTD ( Xn I Ynl n = 0 1 1 I 2 ! , • • 

then H. is NWUE for every z > 0 

( b) If the Yn all have HNWUE distributions and 

RTD ( Xn I Ynl n = 0,1,2, ••• then H. is HNWUE 

for every z ) 0 
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.. 3. 1C A Maxi~u~ Shock Threshold Model with Shock Magnitudes 

Correlated with the succeeding Inter-arrival Times 

The model just considered has dealt with the case where the magnitude 

of the nth shock is correlated with the length of the interval between 

the (n-ll th and nth shock. In this section we consider the situation 

where the nth shock affects the length of the following interval. 

This model is closely related to the one just studied but some 

important differences do arise. For example, the lifetime 

distribution Hz has a mass Fx(z) = P<Xe > z) at the origin because of 

the zero'th shock, whereas in the previous model we were able to 

assume that Xe = Ye= 0 with probability 1. Another difference is 

that the successive failure times Tz form a renewal sequence for the 

model discussed in section 3.1B but that is not the case for the 

current model. 

Despite these differences, results very similar to those obtainedin 

section 3.1B can be obtained for the moments of the distribution of Tz 

and for the Class to which it belongs. 

We will see that as in the proof of Theorem (3.1B.3(cll it proves 

possible to write the survivor function Hz<tl in the form 

Az(t) = Ee':e P(Nz(tl=k) Pk 

. -. 

for some process (Nz(,)}, and consequently a result from Chapter two 

can be applied to determine the Class of distributions to which Hz(,l 

belongs. 

Firstly, however, some results concerning the moments of the 

distribution of Tz are presented. Laplace transform techniques are 

again used and consequently the following Lemma is of some importance. 

(All notation is the same as in section 3.18), 
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Lemma (3,lC,1> 

Let V ( z It) = (P(M(tl < z) 

Ha< t l = p (Ta =< t) = P<M<tl )= z) 

and ha (tl = d/dt H., < t l 

then 

<al v•cz,s) = F,cCzl - Gx"(z,s) ----------------
and 

s(l-Gx*(z,s) 

(bl ha*Csl = F X ( z) ----------
1-Gx"(z,sl 

Proof 

As in the proof of Lemma (3.1B.1) we condition on the first renewal 

time, Ym in this case, and use the regenerative property of the paired 

process <Xn, Yn) to obtain:-

(3.1.35) 

(3.1.36) 

~ oO 
V(z,t) = JtGx<z,yldy + JmGx(z,y)V(z,t-yldy 

t 
= Fx(z) - Fx,v<z,t) + JmGx(z,y)V(z,t-yldy 

and taking Laplace transforms of both sides of (3.1.35) yields the 

desired result. Part (bl of the lemma follows from the fact that 

Now as for Theorem (3.18.1), the corresponding result in section 3.18, 

differentiating ha"(sl at s = 0 yields the following result :-

Theorem (3,1C,1l 

al E <Ta l = ECY I X < z) F X ( z) 

F X ( z) 

bl E<Ta 2 l = E(Y 2 I X < z) F X ( z) 
+ 2CE<Tall 2 

Fx(z) 

cl Var Ta = E(Y2 I X ( z) F X ( z) 
+ (E<Tall 2 

Fx(z) 
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Note that the condition that X < z in the above theorem is really a 

condition on the zeroth shock which ensures that the lifetime, Ta, is 

strictly positive. Hence, in studying this model, the conditional 

lifetime Tz I Xm < z is of some importance. We will denote the 

conditional lifetime by T2 •. 

We note also that inverting hz*(s) yields the following real-domain 

form for hz(t) 

(3. 1. 38) hx(t) = Fx(z) 

(where o is the Diriac delta 

(3.1.8) we have. 

Theorem (3,1C,2) 

(g(t) + Ek-1 Gx<k>(z,t>) 

function) and analagously 

Tz is stochastically increasing in z :-

i.e. 0 =< zl =< z2 == > T.1 =<.t T. 2 

as for Theorem (3.1B.2) 

to Theorem 

The above results are due to Shanthikumar and Sumita (1983) who also 

established that under the conditions :-

0 < Fx.v<x,y) ( 1 for 0 < x ( m1 0 < y < m 

and E(Y) < m 

P<T. I E<Tz> > tl -> e-t as z -> m 

Thus it is clear that the moment and limiting properties of the 

lifetime distribution of the current model are analogous to those of 

the model in which shock magnitudes are correlated with the length of 

the interval preceding the shocks, studied in section 3.1B. 

We turn now to the question of establishing sufficient conditions for 

H.(t) to belong to particular classes of lifetime distribution. We 

first note that . 
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(3.1.39) Ha<tl = P(T,. =< tl 

= P<Ta =< t I T,. >= 0l F,dzl + Fx(zl 

and hence Ha belongs to the same class as Ha+ , the distribution of 

the conditional lifetime Ta+ Therefore, it suffices to study the 

conditional lifetime H,.+, 

The following lemma shows that it is possible to write Ha+(tl in the 
A:> form: Ra+(t) = Ek-11 P(N,.(tl=kl Fk for some process N,.(.) and sequence 

of survival probabilities (Pklk-11• 

lemma (3. 1C. 2) 

Let Y,. have a distribution F,.(yl = P(Y<ytX<zl 

with corresponding density function :­

f,.(yl = Gx(z,y) 

F X ( z) 

then 

H,.+(tl = P<T,.+ > tl 

=Fx(z) Ek-11 F,.<k+l>(t) (Fx(z))k 

Proof 

by Lemma (3.lC.l(bll 

inverting gives 

= Fx(z) Gx*(z,s) 
X --------

Fx(z) 1-Gx*(z ,sl 

= Fx(zl f,.*(s) 

1-Fx(zlf,.*(s) 

Re(sl >= 0 

Re(s) >= 0 

h,.•(t) = Fx(z) Ek-11 f.<k+ 11 (t)(F,.(z))k 

and interpreting both sides of the above yields the desired result. 
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Now, if CN.(tl} is the counting process associated with the sequence 

0 f inter Va 1 s ( y z • n )~ - Ill s O that : -

= 

then it is clear from (3.1.40) that :-

(3.1.41) 

k = 0 

k >= 1 

and since Pk= <Fx(z))k is discrete IFR and consequently discrete NBU, 

discrete NBUE, discrete HNBUE and also a member of the Class G the 

following result follows from Corollary (2.21) and equations (3.1.39) 

and (3.1.41) since the intervals between the events of {N(t)} are 

independent. 

Theorem (3,lC.3) 

(a) If F.,(t) as defined in Lemma (3.lC.2) is NBU (NWU) 

then H.• is NBU (NWU) and consequently so is H.,. 

(b) If F.,(t) is NBUE (NWUE) then H.,• is NBUE (NWUE) 

and consequently so is H.,. 

(cl If F.,(t) is HNBUE (HNWUE) then H.,• is HNBUE (HNWUEl 

and consequently so is H.,. 

(dl If F.,(tl belongs to L ([) then so does H.,•. 
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Directly from corollary (2.2.1) and (3.1.39) and (3.1.41) since the 

intervals <Yz,nr,,-11 are i.i.d. and hence have constant mean. 

Note that for this model the lifetime distribution inherits its class 

not from the class of the interarrival times of the process governing 

the arrival of the shocks but from the interarrival times of a related 

process. We should also remark that writing Hz• in the form • 

00 
Ek-II P(Nz(t)=k)pk 

has allowed us to extend the result concerning Hz's class to the Land 

[ Classes. This extension is not so easily made for the model of 

section 3.1B since although we saw in the proof of Theorem (3.1B.3(c)) 

that the survivor function of that model could be written as :-

Rz (t) = E:°-11 P(N*(t)=k)pk 

for some counting process N*(t) the expression P(N*(t)=k) is quite 

complicated. Further, it is not clear that an independent sequence of 

intervals corresponding to {N*(t)} exists. If however, a sequence of 

i.i.d. interarrival times corresponding to the counting process N• can 

be found then Corollary (2.2.1) could again be applied and not only 

could Theorem (3.lC.3) be extended to include the L Class but the 

proofs of parts (a), (bl and (cl could be greatly simplified. In 

fact, the sequence of interarrival times need not be i.i.d , all that 

is required is that their first moments be identical. 

To conclude this section, it should be noted that the first three 

parts of the previous theorem are presented in Shanthikumar and Sumita 

(1984) but the extension to the Land [ Classes is new. 
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"'3. 1 D Minimum Shock Threshold Models 

The previous three sections, 3.1A, 3.18 and 3.lC, have dealt with 

models where system failure occurred on the first occurrence of a 

shock of magnitude greater than some critical threshold value. In an 

analogous fashion, some systems or devices may fail the first time the 

magnitude of a shock falls below some critical level, e.g., consider a 

stochastic clearing system in which constant demand occurs after 

random time intervals. - If the accumulated quantity reaches the demand 

level before the occurrence of such an epoch, production is terminated 

and the demand fulfilled. If, on the other hand, the accumulated 

quantity is insufficient to fill the demand, a severe penalty may be 

imposed. In this case, the shock magnitudes 

accumulated quantities at the random ti~es of demand <Ynl~-• Rather 

than failure time, we are interested in the time until a penalty is 

imposed. If {N(tl} is the counting process associated with the 
0() 

renewal sequence <Ynln-• and 

M(t) = Mine<J<N<t> {Xj} 

then the time to imposition of a penalty, T1 , say, is given by :­

T1 = inf {t:m(tl =< i} 

The results of sections 3.lA, 3. lB and 3, 1C concerning the 

distribution of the failure time T. of the maximum shock threshold 

model carry over in an obvious way to the distribution of T,. 
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~3.2 Cumulative Daaage Shock Models 

In this section, the lifetime distribution of a device subject to 

shocks which each cause a random amount of damage is considered. The 

damages accumulate and the device fails when the accumulated damage 

exceeds some critical threshold. The threshold may be fixed or it may 

be regarded as varying randomly. 

Note that in the previous section it was the shock magnitudes which 

were considered important and shocks inflicted no damage unless their 

magnitude exceeded some critical level. By contrast, it is assumed in 

this section that each shock causes damage and it is the amount of 

damage caused that is crucial in analysing the life distribution of 

the device subject to shock. 
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~3.2A The Standard Cumulative Damage Model 

Initially, we return to the model • 

(3. 2. 1 l 

where {N(t)} is the stochastic counting process governing the arrival 

of shocks and pk is the probability of surviving k shocks. In view of 

the results of Chapter two, if {N(tl} is a homogeneous or 

non-stationary Poisson process, a stationary or non-stationary pure 

birth process, or 

establish sufficient 

a generalised renewal 

conditions for the 

process, 
.., 

(F5klk-e to 

we need 

belong 

only 

to a 

discrete class of distributions for the lifetime distribution H(.l to 

belong to the corresponding continuous class (provided, for the more 

general processes, that certain conditions on the process are met). 

i:) 

Firstly, however, we must structure the (pklk-• so as to accommodate a 

cumulative damage threshold model. 

In this section we will let X1 denote the amount of damage inflicted 

by the i" h shock and we will suppose that Fu (xl = P(X 1 =<xl is its 

distribution function. We will further suppose that da11age 

accumulates additively and that the damages <X1l,-1 are independent of 

the process {N(t)}. For a fixed threshold z:-

< 3. 2. 2 l P (surviving k shocks) = P <E1-1 X1=<zl 

= 1 

k>= 1 

k = 0 

If the X, are i.i.d. with common distribution F then :-

(3.2.3) pk = F<k> (zl where F<k> is the k-fold convolution 

of F with itself. 

It is possible that successive shocks may become increasingly 

effective at causing damage even though the damages themselves remain 

independent. In this case, the X, while remaining independent can not 

be assumed to be identically distributed. Thus we have:-



(3.2.4) Pk= Fi* F:z * ... * Fk(zl k >=1 and P• = 1 where 

(F, (zl l~-1 is decreasing in i for each z. 
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More generally, the X, aay be neither independent nor identically 

distributed as would be the case if an accumulation of damage resulted 

in a loss of resistance to further damage. Thus, in this case, 

a111ount of damage inflicted by any one shock depends to some extent 

the damage inflicted by previous shocks. In order to 11ake 

progress with this mor-e general cumulative damage model, it 

necessary to 111ake the following reasonable assumptions:-

(3.2.5) 

(3.2.6) 

(3.2.7) 

P ( Xk =< x I X,, ... Xk-il depends on 

X1,,,Xk-1 only via Zk-1 = X1+, •• +Xk-1 

P<Xk =< x I Zk-1=zl is decreasing in z >= 0. 

P(Xk =< x I Zk-1 = zl >= P<Xk+1 =< x 

z >= 0, k = 1, 2, ... z. = 0 w. p. 1 

the 

on 

any 

is 

Condition (3.2.6l says that an accumulation of da11age lowers 

resistance to further damage while (3.2.7) says that for any given 

accumulation of damage, later shocks are likely to have a more severe 

effect. 

For some fixed threshold, z, conditions (3,2.5.l, (3,2,6) and (3,2.7) 

give :-

(3.2.8) 

where 

P• = 1 

pk= Fckl(z) 

FCkl(z) : p (X1+X:z+ ••• xk =< z) 

= P <Xk =< z-x I Zk-1=x> dFtk-lJ(x> 

For each of the three models for the survival probabilities (pk)k•• 

outlined above Esary, Marshall and Proschan (19731 and Barlow and 

Proschan (1975, pp. 94-96) have shown that th~ sequence (pk>k•• is 

discrete IFRA, i.e. <Pk"kh is decreasing in k. 
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Now, it was shown in Chapter two that, in general, the lifeti • e 

distribution, H(.l , of a device inherits its class from the survival 

probabilities <Pkl, Consequently, the result below follows directly 

fro111 the IFRA property of the (pk) k••, Theorems (2. lA.1 l, . (2. lC.1 l and 

Corollaries (2,18,1) and (2.1D.ll. 

Theoru (3,2A,1) 

Let H(,l be a life distribution defined by :­

R<tl = r: .. P<N<tl=k>pk 

where <Fkl~-• satisfies one of (3.2.3l, (3.2.4) or (3.2.8) under the 

assuaptions (3.2.5)-(3.2.7) then His IFRA wherever :-

(al {N(t)} is a ho• ogeneous Poisson process of rates, 

(bl {N(t)} is a non-stationary Poisson process with • ean-value 

function l(t) = J! s(xldx satisfying l(t)/t is increasing int, 

(cl {N(tl} is a stationary pure birth process with birth coefficients 
o.l 

(sklk-1 which are increasing ink, 

or 

(dl {N(t)} is a non-stationary pure birth process with 

P (shock in Ct, t+d) I k shocks in (0,tll 

= sks(tld + o(d) where dis s • all. 

and (skl~-1 is increasing and <J; s(xldxl/t is increasing int. 

If {N(,l} is a generalised renewal process it is still possible to 

obtain a useful result by recalling that the discrete IFRA class is 

contained by the discrete NBU, 

and the Class 6, Hence the 

Corollary (2.2.ll. 

discrete NBUE, 

next result 

discrete HNBUE Classes 

follows directly fro • 



Theore• (l.2A.2) 

Let H(tl be defined by:-

HCt) = E PCNCtl=klpk where 
I( 
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o,;;, 
cp .. 1 .... 

satisfies one of (3.2.3), (3.2.41 or (3,2.8) under the assumption 

(3.2.5l-<3~2,7l and <N<tl} is a generalised renewal process with 

independent inter-arrival tiaes whose distributions have a coaaon 

first aoaent, then :-

(al His NBUE if the inter-arrival tiae distributions are NBUE 

(bl His HNBUE if the inter-arrival tiae distributions are HNBUE 

Cc) H belongs to L if the inter-arrival tiae distributions belong to L. 

In the NBU case, we have the following result directly from the IFRA 

property of the cp .. l~-• and Theore• 2.2.l(al, 

Theore• (3.2A.l) 

Let HCtl be defined by H<tl = E PCNl <tl=klpk where <Pk>~-• satisfies 

one of (3.2.3), (3.2.4) or (3,2.8) under the assumptions 

(3.2.5)-(3.2.7) and {N(tl} is a generalised renewal process with 

independent inter-arrival tiaes whose distributions s .. <t> are 

increasing in k for each t then H is NBU if G .. <t) is NBU, 

k = 1 1 2 1 3, ... 

In the above discussion, we have assu• ed that daaage due to shocks 

accumulates additively. Ross (1981) has considered the more general 

case where the accumulation of damage is governed by a function which 

is symmetric and increasing. More formally, if shocks cause a randoffi 

amount of damage X, and exactly n shocks occur up to ti • e t the aaount 

of damage sustained by the device up to time t is given by the 

function:-



(3.2.9) Dt<x1,,,.Xn 1 0l which satisfies the condition :­

Dt<x1,,,.xn,0l = Dt<i1 1 i 2 ,.,.in,0l 
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where i1,i2,,,.i" is a permutation of 1,2, ••• n and is increasing in 

each of its argu111ents. 

One exa111ple of such a function is:-

Dt(xl = {Ex1 max =< A 

111ax > A { 111ax (101, E 

If the critical threshold above which failure occurs is 100 this 

suggests that the device fails when any single shock causes da111age 

greater than an amount A or if the sum of all da111ages exceeds 100. 

The survivor function of a device subject to shocks causing da111age 

which accumulates according to an increasing symmetric function Dt<xl 

is given by :-

(3.2.10) R<tl = P<Dt Cx1,,,.Xn;0l < zl 

where z is the (fixed) threshold. 

Ross (1981) studies the distribution defined by (3.2.10) in the case 

that the shocks arrived according to a non-stationary Poisson Process 

and the relevant result is contained in the following Theorem:-

Theore111 (3.2A.4l. 

Let H(tl be defined by (3.2.10) where Dt(xl is increasing and 

symmetric in each of its arguments. Suppose shocks arrive according 

to a non-stationary Poisson Process {N(tl} and that the damages are 

independent of the process. 

If the mean-value function of {N(tl} , 1; s(xldx, is starshaped 

i.e., <1! s(xl~xl/t is increasing int then His IFRA. 
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Proof 

The proof requires the notion of an IFRA stochastic process which can 

be simply defined as a stochastic process {X(tl} which has first 

passage times T. = inf{t: X(tl > a} which have IFRA distributions. 

For our purposes, the following example of such a process will prove 

useful • 

Let X ( t l = max<X1,,,.XN<t.>l 

0 

N ( t l >= 1 

N(tl = 0 

where X, is a value associated with the i t.h event of the process 

CN(tl}. Since it is assumed that {N(tl} has a mean-value function :­

°" Je SC>c'') d.J( 

which is star shaped in t and the failure rate of . -. 
H.Ctl = p (T. =< t) is given by . -. 

r < t l = s(tl (1- G(al) 

where G (. l is the distribution of the PO common (Xtl,-1, it follows that 

H. is IFRA, and consequently CX(tl} is an IFRA process. 

We will refer to {X(tl} as a record process with value distribution G 

and intensity function s(tl . An event of the record process, {X(tl} 

will be said to occur whenever an event of the associated 

non-stationary Poisson process {N(tl} occurs even though the 

occurrence of an event may not change the value of CX<tl}. Now, let m 

be large and fixed and consider m independent record processes {X, (t)} 

i = 1, ••. m each having value distribution G and intensity function 

s(t)/m. A Cumulative Damage Shock Model can be generated from these 

record processes by defining a shock to occur whenever an event from 

any of the m record processes occurs and by letting the damage 

inflicted be the value associated with the corresponding Poisson 

event. 

Ross (1979) has shown that if 
~ 

(XtCtll,.1 are m increasing IFRA 

functi ans and • ( X) is an increasing function then 

t<X1(tl,X2Ct), ••• X .. Ctl) is also an increasing IFRA function hence 

D<t.> <X1, (tl , ••• X.,(tl 1 0) is an IFRA process. 
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Now, let N be the number of shocks that occur up until the device 

fails. If the first N shocks all come from different record 

processes, the time at which the device fails is just the first 

passage time of the process :-

{Dt(X1(tl ,h(tl , ... Xn<U, 0)} to the threshold, z. 

Since we have shown that {DtCX 1 (tl,--Xn,(t),0l} is an IFRA process, 

this first passage time must have an IFRA distribution. Now, the 

prob ab i l i t y that a 11 shocks up u n ti l fa i l ure come from di ff ere n t 

record processes can be made arbitrarily close to one by taking • 

large enough. Hence, the result follows by letting m go to infinity 

and noting that the limit of IFRA distributions is also IFRA. 

Although the condition of symmetry on the function Dt(Xl in the above 

proof is not used explicity, it is required to ensure that the 

accumulated damage at time tis indeed given by Dt(Xi(tl 1 ... X .. (tl 1 0) 

since even if the first m shocks to occur all come from different 

record processes, there is no guarantee that the i th shock to occur 

comes from the i th process. 
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"'3, 2B Cumulative Damage Models with Wear or Recovery 

The models considered so far have assumed that wear to a device is 

caused only by shocks and, further, that once inflicted any damage 

caused by the shocks continues to impair the performance of the device 

for the duration of the device's lifetime. In this section, we 

consider a model in which the wear on a device is allowed to increase 

or decrease between shocks in some deterministic fashion, i.e., either 

dam--a1]e continues to accumulate between shocks or recovery takes place. 

Failure occurs on the total accumulated wear exceeding some critical 

fixed threshold. Since wear (or recovery) is allowed between shocks a 

device may fail at times other than immediately following a shock and 

thus the model R(tl = E:'!.m (P(N(tl = klpk is not appropriate in the 

current context. To investigate the lifetime distribution, H.(t), of 

a device subject to shocks with wear or recovery between shocks, it is 

helpful to introduce the notion of a damage process. 

Let {Z(tl} be a stochastic process such that for every t > 0, Z(t) is 

the amount of wear on the device at time t. It is clear that for a 

fixed threshold ~ ·-,. . 

(3.2.11) Hz(tl = P<T,.(Zl<tl 

where T.(Zl is the first passage time of the process {Z(t)} to the 

level z Thus it is the first passage times of the process {Z(tl} 

which are of interest in determining the clas of distributions to 

which H.(tl belongs. The analogy with the maximum shock threshold 

models of section 3.1B and 3.lC is quite strong. For those models, 

the lifetime distribution was determined by the first passage time of 

the maximum process:-

{M(tl = maxm-<J•<N<t> XJ} 

where XJ is the magnitude of the j th shock. 
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In studying the cumulative damage model of this section we will, as in 

sections 3.1B and 3. lC, make use of the correlated pair of renewal 

sequences <Xn,Ynl~-• where, in this case, Xn denotes not the magnitude 

of the nth shock but the amount of damage inflicted by the nth shock. 

Yn is the length of the interval between the (n-ll th and nth shocks 

and we will assume that Xe =Ye= 0. For any n Xn and Yn ~ay be 

correlated. 

~e w i 11 denote the epoch at which the nth shock occurs by ·-

{ Rn 

{ Re 

and our interest 

abbreviated to 

= Et-1 Yt 

= 0 

will focus 

{Z, RL 

on the pair 

n 
, _ , -

oil 
{Z(tl ,<Rnln-e} which will be 

The first passage time (i.e. the failure time) T,.(zl will sometimes be 

abbreviated to T,.. We will show that under certain conditions on the 

correlated pair of renewal 

NBU. In particular, it will 

00 
sequences <Xn,Yn>n-• Hz= P(T(zl=<tl is 

be shown that Hz inherits the NBU 

property from the inter-arrival times <Ynl":;'_ •• 

The · NBU property of H,.(tl will be established under quite general 

conditions but for more practical purposes, it will be seen that it 

suffices to study a special case. We will largely follow the approach 

of Shanthikumar (1984) who generalised the earlier work of Marshall 

and Shaked (198 3 ). Marshall and Shaked (1983) assumed that for each 

n, the damage, Xn and the inter-arrival time Yn were independent but 

Shanthikumar (1984) relaxed this assumption. 

Initially we will assume that the sequence of shock inter-arrival 

times <Ynl~-• forms a renewal sequence but later, more general 

sequences will be considered. 

Now, in order to characterise mathematically a cumulative damage shock 

model with wear or recovery between shocks, it is necessary to define 

the damage process {Z(tl} so that at each epoch Rn it jumps an amount 

Xn and in between jumps moves deterministically in a manner dependent 

on the time and magnitude of the previous jumps. This must all be 

subject to the condition that (for all t >= 0) Z(t) >= 0 
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The most convenient way to achieve this is to consider the sequence of 

real-valued monotone functions:-

{ h111(tl 

{ (hJ<X1,,,.XJ ; Y1,,,.YJ 

defined on 1R• and to define:-

(3.2.13) Z(tl = [hJ <X1,,,.XJ; Y1,,,.YJ; t-RJ),J• 

RJ =< t < RJ+l j = 0,1,2, ... 

Clearly, hJ(,l decreasing on the internal <RJ,RJ+1l corresponds to a 

device exhibiting recovery between shocks while if hJ(,) is increasing 

on <RJ,RJ+1l j = 0,1,2, ••• , the model (3.2.13) corresponds to a 

situation where wear continues between shocks. Of course, it is 

possible that in some intervals recovery takes place while in others 

wear continues to accumulate. However, we consider here only the case 

where the hJ(,l are either all increasing or all decreasing. 

In most applications, it can be assumed that the damage process {Z(tl} 

satisfies the condition :-

(3.2.14) [Z<Rn-l + Xnl• = Z<Rnl 

where Z<Rn-l = limt:->Rn (Z(tll, 

and for any function g ( t) . -. 
[g(t)]+ = ( g ( t) g(t) > 0 

( 0 g ( t) =< 0 

From (3.2.14) it follows that we are interested in sequences of 

functions (hJ(,lJ-• which satisfy:-

(3.2.15) [hJ-1 <X1,,,.XJ-l1 Y1,,,.YJ-l1 RJ-RJ-1l+ XJ]+ 

= hJ<X1, ••• XJ; Y1, ••• YJ; RJ-RJ} 

so that the process CZ(t)} does indeed jump an amount XJ at time RJ, 

subject always to the requirement of non-negativity. 
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We will see, however, that neither of the conditions (3.2.141 or 

(3.2.15) are required to establish the NBU property of the lifetime 

distribution of a device subject to a damage process {Z(tl}. On the 

other hand, the requirement that {Z(tl} remains non-negative is 

required to ensure that if, for example, a situation involving 

recovery between shocks is being modelled, recovery stops once the 

wear on a device returns to its original level, i.e. once Z(tl = Z(0l. 

Thus recovery cannot improve a device's performance beyond the 

original level. The shock magnitudes can, of course, be negative, 

corresponding to repairs of the device but the non-negativety 

requirement ensures that no amount of repair can improve the device to 

a state better than its original one. 

In order to establish that the life distribution Hz(t) defined by 

(3.2.121 is NBU, 

establish some 

it is necessary to introduce some notation and 

preliminary results. Firstly, some notions 

conditional first passage time will prove useful :­

Tz<Zl = inf<t: Z(tl ) z} 

to 

of 

is the unconditional first passage time. Conditional first passage 

times for the process {Z(tl} may be defined as follows·-

(3.2.16) s > 0 

(3.2.17) s > 0. 

We now restate the definition of the NBU Class of life distributions 

in terms of the stochastic comparison relation, >=.t which is 

defined as follows :-

Definition (3.28) 

Let X and Y be two non-negative random variables:-

X >=.t Y <==> P<X>=xl >= P(Y)x) for every X > 0 
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A random variable X has a NBU distribution if ·-

(3.2.18) X >=.t CX-s I X>s l for every s > 0. 

For convenience, a stochastic process with NBU first passage times 

will be referred to as a NBU process. By (3.2.18) above, it follows 

that {Zit)} is a NBU process iff :-

(3.2.19) s > 0, Z > 0 

Hence, in order to establish that the life distribution 

H. ( t) = p (TIC ( z) ( t) 

of a device with damage threshold z subject to the damage process 

{Z(tl} is NBU, it suffices to show that (3.2.19) holds. 

If : -

(3.2.20) s > 0, z > 0 

we will say that (Z,R) is a single step N.B.U. process (s.s. NBU). 

This definition is somewhat artificial but is useful for establishing 

that a stochastic process is NBU since , as is shown later, a process 

{Z(t)} is NBU (under appropriate conditions) if <Z,R} is s.s. N.B.U. 

The notion of stochastic dominance of one process over another will 

also be of some use and is defined below. 

A stochastic process Z(t) stochastically dominates a process W(t) 

written Z(tl >=est> W(t) if :-

(3.2.21) E(f(Z) >= E(f(W) for every non-decreasing functional, f, for 

which the expectations exists. 

A conditional type of stochastic dominance can also be defined as 

follows :-

-
A process {Z,R} stochastically dominates a process <W,S} over a single 

step written CZ,R} >=,., CW,S} if :-



(3.2.22) <Z<t+sl I Z(ul = Z(ul, R1 > s} 

>=<•t> {W(t+sl W(ul = w(ul, S, > s}, 

for all t ands > 0 whenever Z(ul >= W(ul 

0 <= u <= S 

and 

(3. 2. 23) PCZCul >= W<ul I R, > s, S, >s l = 1; 0= < u =<s 

It follows from ( 3 .2.21) and (3.2.22) that 

(3.2.24) <Z,R} >=<•> <W,Sl => T,.ucz,Rl 

=<.t T,.u(W,Sl 

for every u, z > 0 
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The following transformations of the process will also prove useful • 

Define {Z.<.l} by:- z.ctl =.t Z(t+sl, t > 0, s > 0 

This is equivalent to shifting the origin to s while the next 

transformation shifts the origin to Rn 

Define {Z",R"} by :-

(3,2,25) (Zn,Rn) =<•t> (Z(t+Rn), (Rkn = Rn+k-Rnlk-111 

for every t > 0 and n >= 1 

The final transformation of interest traces the historical ma ximum of 

the process {Z(tl} 

Define cz-ctl} by • -

(3.2.26) z-ctl = Maxm<u<t {(Zul} for every t > 0 

We will also find it useful to be able to refer to the "history" of 

the process CZ, (t)} and its transformations. To this end, define 

Hist(Z(,) ,tl to be the history of the process {Z(.l} up to time t i.e., 

the realisation of Z(w,u) over the interval (0,t) where w belongs to · 

Q, the sample space on which {Z(.)} is defined. 

We will find Hist(Z,Rnl useful in discussing the process Z",R"} and 

Hist<Z,sl useful in discussing {Z.<.l} 



Page 172 

Shanthikumar (1984) states that stochastic dominance over a single 

step is a stronger property than ordinary stochastic dominance and is 

generally difficult to establish directly. The following Theorem, due 

to Shanthikumar, provides a means of establishing the property of 

stochastic dominance over a single step. 

Theorem (3.28.1) 

Suppose there exist two stochastic processes:­

{Z*(.l ,R*} and {W*<.l,S*} 

defined on the same probability space <o, ) , Pl such that R1* = s1•. 

If 0. :df {W R1*Cwl > s WE O} s > 0 

and for every s > 0 

then 

Z*(t,wl >= W*(t,wl, t > s, for every w € o. 
and 

min ... 1h {Z*(u,w)} >= 
max ... ns {W*(u,wl} 

and further if :­

CZ,R} -.t 

<W,S} =.t 

CZ*,R*} 

CW*,R*} 

then {Z,R} >=<•t> CW,S} 

and 

0 =< u < s 

We are now in a position to establish the main result of this section 

that the life distribution of a device subject to shocks with wear 

or recovery between shocks and a fixed damage threshold level is NBU. 

Theorem (3.2B,2) 

Let {Z(t)} be a daRiage process as defined in (3.2.13) and let H,,(tl = 

P<Tx(Z)(t) be the life distribution of a device subject to {Z(t)} and 

with a fixed damage threshold z. Suppose:-
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i ) 
ro 

<Xn,Ynln•m is a correlated pair of renewal sequences. 

ii) Yn has a NBU distribution n = 1,2, ... 

iiil ha(tl >= 0 t >= r111 

where t > 0, . - 'J ' J - ~, ·J' . .. 

vl hj <X1,Y1,Cx1,Y1,l i=2, ... j;tl is Stochastically Increasing (Sll on 

R1 i.e. on Y1 

Then Hz (tl is NBU for every Z > 111 

The proof of this Theorem is quite involved so we will begin with an 

outline of the proof :-

Outline of Proof of Theorem (3,2B,2) 

To show that Hz (t) is NBU we must show that the process (Z (tl} has 

first passage times which have NBU distributions, i.e., we must show 

that (Z(t)} is an NBU process. Now, conditions (i) and (iv) allow us 

to construct a process {W,S} such that :-

(3.2.27) 

and 

(3.2.28) 

<W<.l,S} =c.t> {Z(.l,R} 

{W<.l,S} =<,., Z"<.),R"} 

Theorem (3.2B.1) is required to show the stochastic dominance over a 

single step of {Z"(.)R"} over {W(.) ,S}. The following Theorem, 

(3.2.27) and (3.2.28) imply that {Z(t)} is NBU whenever CZ(.) ,R} is 

s.s. N.B.U. 
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Theorem (3.28.31 

Suppose that for each n >= 1 and every history Hist<Z,Rnl there exists 

a stochastic process {W, (.), S} such that : -

( i ) ( w ! ( • ) ! s} =< C *) Z"<.),R"} 

and 

( i i ) {Z<.l,R} = <•t:) {W<.),S} 

(or {Z<.l,R} =< C ., TIH.l,S}I 

then { z (. ) } is an NBU process wherever . -. 
{ z (.) IR} is s.s N.B.U. 

The proof of this result is omitted here but is given in full in 

Shan th i kumar ( 1984 l. 

The s.s. N.B.U. property of {Z(.) ,R} is established using conditions 

(ii) and (vi of the Theorem as well as an additional Lemma. 

We can now proceed with the proof of Theorem (3,2B.2) :-

Define n = 0 1 1,2, ... 

W(t) : h<Xn+1,,,.Xn+J;Yn+1,,,.Yn+J ; t-Sj) 

where SJ=< t < SJ+1 

Now {W,S} =cat> {Z,R} since <Ynl~-11 is a renewal sequence. Thus 

condition (ii) of Theorem (3.2B.3) is satisfied. To show that 

condition (i) of Theorem (3.28.31 is satisfied, 

i.e., that 

We note that 

and 

Further 

and 

{Z",R"} >=c•> {W,S} for every history Hist<Zn,Rnl, 

{Z(t+Rnl l (RJ"l".:'-1} =cat) Z",R} 

by definition 

condition (iv) of Theorem (3.28.21) implies (via a si111ple induction on 

j) that for any 0 < L =< j and t >= 0 



( i V ' ) ·,­, -

hJ-1 (X1,Y1, i= L+l,L+2, ••. j tl 

In the case L = j this reduces to :-

( i V II ) hm(tl =< h., CX1,Y1 i=l,2, ... j t) 
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Now applying condition (iv) in the above expression for Z(t+Rnl yields:-

For 

Z(t+Rnl >= h<J+n>-n CX 1 ,Y1; i=n+l, ... n+j; (t-Rn+J -Rnl 

where RJ+n-Rn =< t =< Rn+J+i-Rn 

= hJ <X1,Y1; i=n+l, ... n+j; t-SJl 

where SJ= < t < SJ+1 

= WCtl SJ=< t < SJ 

t < S < R1" = S1 

W(tl = hm(tl =< hnCX1,Y1 i=l, ••• n; tl 

by condition (iv"l 

= Z<t+Rnl t < s < R1" = 

Now by taking :-

{W*,S"l = (W,S} and {Z*,R*} = {Z(t+Rnl,R"k} 

in Theorem (3,2B.ll it follows that :-

(3.2.29) {Z",R"} >=<•> {W,S} 

and consequently, by Theorem (3.2B.2l {Z(.l} is NBU whenever {Z,R} is 

s.s. NBU. Thus to establish the NBU property of {Z(.l} and hence of 

H.(.l we now need only to establish that <Z,R} is s.s. NBU. To this 

end, define Tz by :-

Tz = inf {t : hmCtl > z, t € IR•} 

so that Tz is the first time he(tl exceeds z. If no such Tz exists 

then set Tz = Cl! 

Define y la: =df Yi if Y1 =< Tz 

=df T" if Y1 > Ta: 

and 

T • • :df TIC ( z) - y 1" 

(so T., C z l = TIC. + Y1•l 
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Condition (vl of Theorem (3.28.21 implies that Ta• is stochastically 

decreasing on Yi and hence on Yia i.e.:-

(3.2.30) for every s >·0 

From condition (iil of the Theorem we know that Yi has a NBU 

distribution :-

i.e. for all s)0 

and it follows that :-

(3.2.31) 0 < s < ,._ 

hence since if Yi > s > Ta then Yia = Yi then we conclude that Yis 

also has an NBU distribution. 

Now by convolving (3.2.30) and (3.2.31) it can be shown that :-

(3.2.32) (c.f Definition 3.1B.2) 

by the following Lemma it follows that :-

T.• + Yi• >=.t [(T,.* I Yi>s + Yi" I Yi•>sl -s] 

i.e. T.(Zl >=.t T,.• <Z,Rl 

Thus by (3.2.20) {Z,R} is s.s. NBU as required. Hence by (3.2.29) 

and Theorem (3.28.3) {Z(tl} is N8U and so is Hz(tl = P<Tz(Zl < tl. 

Lemma (3.2B,1) (Shanthikumar C1984ll 

Let X and Y be two non-negative random variables. 

If : -

Cil Xis stochastically decreasing in Y 

(c,f, Definition (3,1B.2) 

Ciil Y has a NBU distribution. 

Then X + Y >=.t tX+Y I Y>s> - s , s > 0 
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Some remarks on the statement of Theorem (3.28.21 are in order. The 

non- negativity of {Z(tl} follows from conditions (iii) and (iv) of 

the Theorem. Shanthikumar does not explicitly include condition (iii) 

but it has been included here since in our context any damage process 

{Z(tl} must satisfy this condition. 

Shanthikumar (1984) notes that Theorem (3.28.3) still holds if conditions :­

(il and (ii) are replaced by:-
( i ) . 

( i i ) . {Z,R} =<<•> {W,S} 

We have seen that under some quite general conditions on the 

correlated pair of renewal sequences OD 
(Xn,Ynln-1 the lifetime 

distribution of a device subject to a damage process {Z(tl} generated 

by a sequence of shocks with magnitudes <Xnl~-1 and interarrival times 
00 <Ynln-1, and in which deterministic wear or recovery takes place 

between shocks is NBU. 

We now present some examples of such processes by specifying the 

sequence of functions 

of the definition (3.2.13). :-

Example 1 

If hJ<X1,,,.XJ;Y1,,,.YJ;t •.. RJl = E,-1 X, 

j = 1,2,3 ... 

and z ( t) = hJ<X1 1 ... XJ;Y1, .. ,YJ; t-RJl 

RJ =< t < RJ+l 

as in (3.2.131 then the model reduces to the cumulative damage model 

of section 3.2A in which no wear or recovery is allowed between 

shocks. Note, however, that condition (ivl of Theorem (3.2B.2) holds 

only if the damages X, are all non-negative. Provided this condition 

and the other conditions of Theorem (3.2B.2.l are met, the life · 

distribution of a device subject to {Z(tl} as defined above is NBU. 
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If the shock interarrival times are i.i.d. exponential random 

variables, i.e., shocks arrive according to a Poisson process and for 

each n Xn and Yn are independent, then by Theorem (3.2A.1> the 

lifetime distribution of the device in question is IFRA. 

Many damage processes can be modelled as the random interruption of a 

continuous monotonic function so that the deterministic movement of 

the process between shocks is governed by the same function in each 

interval. This is the special case of interest in mast practical 

applications. The following examples are all generated by the rando111 

interuption of a continuous function and we will see that the fact 

that the deterministic movement of the process between shocks is 

govened by the same functions in each int~rval ensures that condition 

(iv> of Thereom 3.2B.2 is met. 

We will begin by presenting a set of examples which have in common the 

fact that the rate of wear or recovery between shocks depends only on 

the age of the devices, not an the amount of wear or on the sequence of 

shacks and intervals. 

Example 2 

Consider a damage process {Z(t)} with deterministic wear between 

shacks which is governed by the continuous strictly monotone 

increasing function, g, defined on 1R•. Now, if no shacks occur then 

at time t Z(t) must equal g(t) and if shocks do occur then Z(t) is 

equal to the accumulated damage due to shocks plus the amount of 

damage that would have accumulated had no shocks occurred, i.e., plus 

g ( t> • Si n c e g i s III on o t on e i n c r e as i n g t h e ( h J <. > >~ _ 1 of ( 3 • 2 • 1 3 ) mus t 

also be all increasing. (If we are considering a model with recovery 

between shocks, then g would be monotone decreasing and so would the 

(hJLl)~.,) 

The (hJL»".?-1 are of course related to the function g and it is the 

nature of this relationship that ensures that condition (iv) of 

Theorem (3,2B.2) is met, A simple exaaple may aake this clear. 
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Exuple 2a (Linear Wear) 

Suppose g(t) = t so that between shocks wear continues as a linear 

function of time. A typical sample path of the process would look 

like fig. (3.2B.1). 

z ( t) 

gVi)1-
/ 

.X1+X1,, 

/ 
}x~ 

r., +)(1 

~><, 
'i 

) 
lj .-,_ .l 

Fig, (3,28,ll Sa• ple Path of a Da• age Process with 

Linear Wear between Shocks 

For the moment let us suppose that all damages are non-negative. 

Under this assumption it is clear that :-

(3.2.35) 

he(tl = t = g(tl ; 

t-ri) = t + X1 = g(t)+x1; 

h2Cx1,x2;y1,Y:z; t-r2l = t + X1 + x:z 

= g(t)+xs+X:z 

t >= 0 

t >= r1 

(hnCX1,,,.XniY11•••Yni t-rnl : t +E,-1 x, 

= g(tl +E,-1 X, 

where t >= rn 

It is clear that the <hn(,)l~-1 thus defined satisfy:­

hn<x,,.,,XniY1,y2,.,.yn; t-rnl 

>= hn-l (x:z, .. ,XnjY:z,,,.yn; t-rnl 

and hence condition (iv) of Theore• (3.2B.2) is met. 
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Note that equation (3.2.35) can be written recursively as follows:-

(3.2.36) 

he<tl = g(tl t >= 0 

h1<x1,Y1; t-ril = g(t)+(he<r1l + Xt -g(r1ll 

t >= r1 

h2<x1,x2;Y1,Y2; t-r2l = 

= g<tl + <h1<x1,Y1;r2-r1l + X2-g<r2ll 

t >= r2 

hn(X1, ••• Xnj Yt1•••Yn; t-rnl : 

: g(t) + <hn-1<x1, ••• Xn-1;Y1, ••• yn-1;rn-rn-1l 

t >= rn 

Equations <3.2.36) hold for any continuous •onotone increasing 

function g such that g(0l =0 provided that the assu•ption of 

non-negative damages is aet. The ter~s in parenthesis on the RHS of 

(3.2.31) represent the difference between the height of the process, 

{Z(tl} at the beginning of the nth interval and the height {Z(tl} 

would have attained (i.e. the amount of wear on the device at time tl 

had no shocks occurred. 

To allow for the possibility that soae or all of the damages 5ay be 

negative (3.2.36) can be generalised as follows:-

(3.2.37) 

he(tl = g(tl 

h1<x1,Y1,;t-r1l = g(t) + (Che<r1l+x1]• - g(r 1)) 

t >= r1 

hn<x,, ••• XniY11•••Yni t-rn> : 

: g(t) + Chn-1(x,, ••• XniY11•••Yni rn-rn-tl +xn]+ - g<rn> 

t >= rn 

These equations hold for any continuous monotone increasing g and, in 

the special case that g<tl = t they reduce to:-

he(t) = t 



(3.2.38) hn<x1,,,.XnjY1,,,.yn; t-r1l = 

= t + Chn-1<x1,,,.Xn-1jY1,,,.yn-1;rn-rn-il + xn]• - rn 

t >= rn 

From (3.2.37) and the definition (3.2.13) it follows that:-

d/dt Z(tl = g/(t) Rn=( t ( Rn 

n = 0,1 1 2, ••• 
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i.e., the wear rate of the device in between shocks is indeed a 

function only of the age of the device. 

Now in this more general case where da~ages are allowed to be 

negative, it can be shown by the following straight- forward induction 

that condition (iv) of Theorem (3.2B.2) is met, provided we iapose on 

the process {Z(t)} the additional condition :-

(3.2.39) P(X1>=0) = l 

To show that the sequence of functions <hnC,lln-1 satisfy condition 

(iv) of Theorem (3.2B.2) we proceed by induction on n. 

Condition (iv) of Theore~ (3.2B,2) holds for n = l since g is 

increasing and X1 >= 0 with probability 

condition (ivl holds for n = j-1 then :-

hJ<x1,,,.XJjY1,,,.yJ; t-rJl = 

(w.p.l.). Now suppose 

= g(tl -g<rJl +[hJ-1<x1,,,.XJ-1jY1,,,.yJ-1jrJ-rJ-1l +xJ]• 

>= g(tl -g(rJl +[hJ-2<x2,,,.XJ-1jY2,,,.yJ-1jrJ-rJ-1l +xJ]• 

(by the inductive hypothesis) :-

as required. 

We now illustrate equations (3.2.37) by a damage process with · 

exponential wear between shocks :-



Exa•ple 2b (exponential wearl 

Let g(tl = (e•t -ll @ > 0, t >= 0 

then by (3,2.37) 

he(tl = e•t -1 

h1(x1,Y1;t-r1l = e•t + Cexp(@r1l -l+x1J• -exp(@r1l 

t >= r1 
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= e•t +Chn-1<x1,,,,Xn-1iY1,,,,yn-1;rn-rn-1l +xn]• -expC@-rnl 

t >= rn 

If it can be assumed that the shock magnitudes are all non-negative, 

this reduces to:-

h• Ctl = e•t ; t >= r0 =0 

h1<x1,Y1; t-r1l = e•t -1 + X1 ; t >= r1 

hnCX1,,,,XnjY1,,,.yn;t-rnl = (e•t -1) +E1-1 X1 

t >= rn 

Note that in this case the rate at which wear accumulates between 

shocks is given by :-

d/dt Z(tl = d/dt <hnCX1,,,.XniY1,,,,yn; t-rnl 

rn ( t ( rn+l j n: 0 1 1 1 2 1 ,,, 

= @e•t, a function of the age of the device. 

Before turning our attention to examples of shock models with recovery 

between shocks, it is pertinent to remark that for the damage process 

{Z(tl} defined by (3.2.13) with the (hJ(,ll~. 1 as in (3.2.37l it 

follows that if the device subject to {Z(t)} is ever fully repaired 

and the level of damage reset to zero, the damage process does not 

begin anew but, rather, damage continues to accumulate at the same 

rate as it would had no repair taken place. This reflects the feeling 

that a device which has been damaged and subsequently repaired is 

likely, on account of its age, to wear faster than a new device. 
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If, on the other hand, the wear rate was a function only of the amount 

of damage sustained by a device, it would be reasonable to assume that 

following a complete repair damage would begin to accumulate as if the 

device were new. To model such a situation adequately, involves 

shifting the monotonic function g by appropriate amounts. For an 

example of such a model, see example 3. 

Illustrating a model with a recovery between shocks but with a 

recovery rate dependent only on the age of the device, also invovles 

some shifting of the continuous monotonic function g as is shown 

below. 

This case differs from the previous one in that since recovery begins 

anew immediately after each shock, the monotone decreasing functions 

g(,) must be shifted by varying amounts when the (hJ(.))J. 1 are 

written in terms of g(.l 

A typical sample path of a damage process with recovery between shocks 

is shown in Figure (3.28.2) :-

" 

z ( t) 

r, r,_ rl '4 rs 'i r, 
Figure (3.2B.2). Sample path of a damage process with 

recovery between shocks. 

The fact that g is monotonic decreasing implies that all the functions 

(hJ<.>?:?-m are decreasing. That is, damage to the device is caused 

only by 5hocks and it follows that: 

hm(tl = 0 1 t >= 0. 
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We will only consider continuous monotone decreasing functions g such 

that g(0l=0. 

Under these assumptions, the <hJ C.) l J•11 of (3. 2.13) can be related to 

g(.) as follows:-

(3.2.40) 

h111(tl = 0 ; t >= 0 

h1<x1,Y1;t-r1l = g(t-r1l + Z<r1l; 

h2<x1,x2;y1,Y2;t-r2l = g<t-r2l + Z<r2-J 

t >= r 1 

t >= r2 

hn<X1,,,,XnjY1,,,.yn;t-rnl : g(t-rnl + Z<rn-) 

t >= rn 

Equation (3,2.35) can be written recursively as follows :-

(3.2.41) 

h111(tl = 0 

hdx1,Y1;t-ril = [g(t-ri> + xi]• 

h2<x1,x2;Y1,Y2; t-r2l = 

= [g(t-r2l + hi<x1,Y1;r2-ril + X2]• 

hn(X1,x2,. .. XniY1,,,.yn; t-rnl : 

t >= r 1 

= [g(t-rnl+<hn-1<x1,,,,XniY1,,,.yn;rn-rn-1l +xnl• 

t >= rn 

By an inductive argument very similar to that used for the case of g 

increasing but without the additional condition X1 >= 0 w.p.1. it is 

easily shown that the sequence of functions (hJ(,llJ-e defined by 

(3.2.41l satisfies condition (iv) of Theorem (3,28,2>. 

Consequently, if g(,) is either :­

(al decreasing 

or 

(bl increasing and X1 >= 0 w.p.1 

then the following corollary follows from Theorem (3,28,2), 
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Corollary (3.2B.1) 

Let Z(tl be defined by (3.2.13) with the hJLl as in (3.2.37) or (3.2.41). 

If 

( i ) Ci) 
<Xn,Ynln-e are a correlated pair of renewal sequences. 

(ii) Yn has a NBU distribution 

(iii) X" is stochastically increasing on Yn, Rn and Z<Rn-l 

n : 1 I 2 I••• 

then the failure time of a device subject to tZ<tl} without a fixed 

damage threshold has a NBU distribution. 

The corollary follows directly from Theore~ (3.2B.2) Conditions (il 

and (ii) of the corollary are identical to conditions (il and (iil of 

Theorem (3.28.2). As has already been shown, conditions (iii) and 

(iv) of Theorem (3.2B.2) follow from the definition of (hJ(,)lJ-e and 

their relationship to g. Condition <vl of the Theorem follows from 

condition (iii) of the corollary. Thus all the conditions of Theorem 

(3.28.2) are satisfied and the corollary follows. 

Note that if g is decreasing and the HJ(.) are defined by (3.2.41) then. 

rn =< t < rn+t ; n = 0,1,2, ••• 

so that the rate of recovery between shocks is a function only of the 

age of the device. 

Recall that in the case of a damage process with wear between shocks 

(e.g. examples 2a and 2bl it was shown that: 

d/dt Z(tl = g"(tl ; rn =< t < rn+t ; n = 0,1,2, ••. 

In fact, the wear or recovery rate together with the condition Z<Rnl = 

[ZCRn-l + Xnl• where n = 0,1,2, ••• can be used instead of (3.2.13) to 

define the damage process {Z(tl} 
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By specifying g(t) we can study a shock model with recovery between 

shocks more closely, for example :-

Example 2c (Linear recovery> 

Let g(tl = -t 

then by (3.2.36) we have :-

h111 C tl = 0 ; 

hi<x1,Y1;t-ri> = [g(t-ri> + xi]• 

= [r1-t+xi]• 

t >= 0 

t >= r 1 

t >= r 1 

[rn-t +Chn-i<x1,, .. XnjY1,,,.yn;rn-rn-il +xn)]• 

t >= rn 

Note that recovery is complete, i.e., 

hn(:<1,X2,- .. XniY1, .. ,Yn;rn-rn-il = 0 when 

and further, when recovery is not complete, i.e., when 

t < rn + Z<rn-l 

the recovery rate is d/dt Z(tl = -1 

Example 2d <Exponential recovery) 

Let g(t} = e-•t -1 then g (0) = 0 

and by (3.2.41) 

h111(t) = 0 j t >= 0 

h 1 ( t) = Cexp(-@(t~r1ll -1 + X1]• t >= r1 

= [exp(-@(t-rnl -1 +hn-1CX1, .. ,XniY1,, .. yn;rn-rn-ill· +xn 

t >= rn 

= Cexp(-@(t-rnl -1 + ZCrn-l +xnJ• 

= Cexp(-@(t-rnl -1 + Z<rn)J• 

t >= rn 



In this example, recovery is complete only if 

i.e. 

Z<rnl =< 

Z <rnl =< 

and 

t >= -1/@ ln(l-Z<rn-l + rnll 
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If Z<rnl > 1 then recovery cannot be completed before the next shock. 

In between shocks, recovery takes place at a rate of :-

d/dt Z(tl = -@exp(-@(t-rnl ; rn<t<rn+i; n=0,1 1 2, ... 

Example 3 

The next series of examples are all of the following form The rate 

of change of the damage process {Z(tl} depends only on the height of 

the process. This is a common situation in practice since, often, 

subjecting a device to wear increases is susceptibility to further 

damage. 

More generally, if we suppose that r(x) is the wear or recovery rate, 

then whether :-

r(x) =< 0 (recovery takes place between shocks) 

or 

(3.2.42) 

r < x) >=0 (wear continues between shocks) 

{Z(t)} can be defined by • 

d/dt (Zit> = r(Z(tll 

Z<Rnl = Z(Rn- + Xn> 

As with example 2, such a process can be thought of as the random 

interruption of a monotonic function but in this case, the 

relationship between the sequence of functions (hJ(,)l~-• of (3.2.13) 

and the monotonic function, g, say, is different. 
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From (3.2.42) it follows that the (hJ(,)) are either all increasing or 

all decreasing and if we suppose that the monotonicity is strict where 

the function is positive and that hJ(,l is continuous, j = 1,2, •.. 

then because the rate of wear or recovery is an implicit function of 

the device ' s age, it follows (from the Implicit Function Theorem) that 

there exists a continuous non-negative monotone function g such that:-

(3.2.43) 

= g(t-rJ +g- 1[hJ-dX1, .. ,xJ-1iY1, .. ,YJ-1;rJ .,.r:-J-d +xJ]+) 

t >= rJ 

(c.f. Marshall and Shaked (1983)) 

As in example two it seems reasonable to suppose :-

(3.2.44) ha(t) = 0 if g decreasing 

ha(tl = g(t) if g increasing 

It should be noted that the monotone, continuous function g of 

(3.2.43) and (3.2.44) is also required to be non- negative. This 

extra condition was not required in Example 2. 

A straight-forward inductive argument very similar to that used in 
A) 

example 2, shows that (hJ(,llJ-a defined by (3.2.43) and (3.2.44) 

above satisfy condition (ivl of Theorem (3.2B.2l. Consequently, we 

have the following Corollary to Theorem (3.2B.2). 

Corollary (3.2B.2l 

If Z is defined as in (3.2.40) (or by (3.2.13) with the hJ(,) as in 

(3.2.43) and (3.2.44) 



and 

( i ) 

(ii ) 

(ii i ) 

Proof 
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00 
<Xn,Ynln-1 is a correlated pair of renewal sequences 

Yn is NBU 

Xn is stochastically increasing on Yn and on 

Z<Rn-l n = 1,2, .•• then the lifetime distribution of 

a device, with a fixed damage threshold, 

and subject to {Zit)} is NBU. 

Conditions (il and (iil of the Corollary are the same as conditions 

(il and (iil of Theorem (3.28.21. Conditions (iii) and (ivl follow 

from the definition of {Z(tl} (i.e. equation (3.2.43) and (3,2.44). 

Condition (v) of Theorem (3.28.2) follows from Condition (iii) of the 

corollary. Hence, the result follows from Theorem (3.2B.2). 

The above Corollary is very similar to Corollary 31 of Shanthikumar 

(1984). 

By specifying g(.) we can illustrate the above with the following 

examples :-

Example 3a (Li near Wear l 

Let g(tl = t ; t >= 0 

then by (3.2.41) and (3.2.42) we have • 

h111(tl = g(tl t >= 0 

hdx1,Y1;t-ril = g(t-r1 +g- 1 ([h111(ril +xi]•)) 

= (t-ri) + [h111(ril +xiJ•;t >= r1 

= [hn-1<x1,,,,Xn-1jY1,,,.yn-1j rn-rn-1l+xnJ• +(t-rnl 

t >= rn 
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Note that this is exactly the same as linear wear in the case of 

example (2a) c.f. equation (3.2.38). By (3.2.13) we have:-

Z(t) = Z<rnl +(t-rnl ; rn < t < rn+l 

and as in example 2a :-

d/dt Z(tl = 

Example 3b (Exponential Wear) 

Let g(t) = e•t-1 t >= 0 

then by (3.2.43) and (3.2.44) we have :-

he(t) = e•t -1 t >= 0 @ ) 0 

h1<x1,Y1;t-r1) = g(t-r1+g- 1 ([exp(@r1) -l+x1]•)) 

= g(t-r1 + 1/@ ln([exp(@r1) -l+x1]• + 1)) 

X exp(@(t-rl) + ln([exp(@ri) -1 +xi]• +1)] -1 

= exp(@(t-rtl) ([exp(@ri) -1 +x1]+ +1) -1 

= exp(@(t-rtl) -1 

>:1 > 1-exp(@ri) 

= e•t +x1e•<t-r. 1 -1 

X1 > 1-exp(@ri) 

t >= r 1 

t >= r 1 

: g(t-rn t g- 1[hn-1 (x1 , ••• Xn-1lY11•••Yn-1; X 

rn-rn-il + Xnl•) 

: exp(@(t-rnl t ln((hn-d>:1, .•. Xn-1iY1, ••• yn-1; X 

rn-rn-1> + Xn]• +l)) -1 

: ((hn-1CX1,, •• Xn-1,Y11•·•Yn-1;rn-rn-1l t 

Xn]+ +1) e>:p(@(t-rnll -1 

= <Z<rnl +ll exp(@(t-rn» -1 

so by (3.2.131 

and 

Z(t) = (Z<rnl +1) exp(@(t-rnll -1 ; rn < t < rn+l 

d/dt Z(tl = @<Z<rnl +11 exp(@(t-rnll; r" < t < rn-t 

= @(Z(tl +ll 

a fun ct i on of the height of- the process I Z ( t l • 

Note that exponential wear in this case is quite different from 

exponential wear in example (2(bl). 



Example 3c (linear Recovery! 

Let g(tl = [-t]• 

then by (3.2.41) and (3.2.42) we have. 

h0 (tl = lil t >= lil 

= g(t-r1 

[ [>: i] ... 

hn(X1, .. ,XnjY1,,,.yn; t-rnl = 

[ X 1 ] +) 

(t-r1)J• 

= g(t-rn + g- 1[hn-1(X1,,, ,Xn-1;y1, •.. yn-1; X 

rn-rn-1l + Xn]•) 
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= [[hn-dX1, ... xn;Y1,, .. yn-1; rn-rn-il +xnJ• -(t-rn)J• 

= [Z(rnl - (t-rnl]• rn<t<rn+l 

If all damages are positive then this example is identical to Example 

2c. Of course if in Example 2c we had used : g(tl = [-tJ• instead of 

g(tl = -t then because of the linearity of g the two examples would be 

identical regardless of the sign or the damages. 

We have used g(tl = [-tJ• here in order to satisfy the requirement 

that g be non-negative. 

In this example, as in Example 2c, the rate of recovery between shocks is • 

d/dt Z(tl = -1 

and recovery is complete when t >= rn + Z(rnl 

Example 3d (Exponential recovery) 

Let g(t) = [e-•t -1]• 

then for x >= lil g- 1 (xl = -1/@ ln(x+ll 

and by (3.2.43) and (3.2.44) we have :-

h0(tl = 0 t >= 0 



so 

hdx1,Y1; t-ril = g(t-r1 +g- 1 (h11(ri)+xiJ•1 

= g(t-r1 +g- 1 (X1]+) 

= g(t-rnl -1/@ ln((xi]+ +1)) 

= (exp(-@(t-rd) ((xi]•+ 1) -1]• 

hn(X1,, ,,XniY1,,,.yn; t-rnl : 
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= g(t-rn -1/@ ln((hn-1 (x1 1 , ,,Xn-1;Y1,,,.yn-1; X 

rn-rn-il +>:n]• +1)) 

: (exp(-@(t-rnll ((hn-iCX1, .. ,Xn-1iY1, .. ,Yn-1; X 

rn-rn-il+xn]+ +1) -1]• 

= (exp<-@(t-rnll <Z(r") +1) -1]• ; t >= r" 

Z(tl = (exp(-@(t-rnl) <Z<rnl+ll-1]•; rn < t < rn+1 

and recovery between shocks occurs at a rate of :-

d/dt (Z(tl = -@exp(-@Ct-rnll CZ<-rnl +1) -1 

= -@(Z(tl +1) 

Note that recovery is complete whenever :-

t >= r" + 1/@ ln<Z<rnl +1) 

Again, we note that this example is quite different from the 

corresponding · example in the case of a damage process where recovery 

rate depends only on the age of the devi~e. 



Page 193 

Example 4 

It may be the case that the rate at which wear or recovery occurs 

between shocks is a function both of the age of the device and the 

amount of damage sustained (i.e. the height of the process {Z(tl}.l In 

this case, the damage process {Zit)} can be defined as follows :-

13.2.44) d/dt Z(tl = r(Z(tl,tl 

n = 0,1,2, ... 

n = 0,1,2, .•. 

where r(x,t) is a real-valued function defined on 1R• X 1R• such that 

either :-

(3.2.45) ( i ) r(>:,tl >= 0 and increasing int 

(wear continuous between shocks) 

or 

(iil r(x,tl =< 0 and is increasing int 

(recovery takes place between shocks) 

It is, in principle, possible to define {Z(t)} in terms of a sequence 

of functions :-

(hJ (X1, .. • xJ;Y1, .•. yJ; t-RJl l~-1 

as in (3.2.13), but (3.2.43) and (3.2.44) provide a more convenient 

definition in this case. That a device with a fixed damage threshold 

and subject to {Z(t)} defined by (3.2.44) and (3.2.45) has a N8U life 

distribution can be seen by comparing Corollaries 13.28.1) an~ 

(3.28.21 and again applying Theorem (3.28.2). Thus we have the 

following result which is actually due to Shanthikumar 11984), 

Corollary 13.2B,3) 

Let {Z(t)} be defined by (3.2.44) and (3.2.45) and let Ha be the 

lifetime distribution of a device which is subject to the damage 

process {Z(t)} and has a fixed damage threshold Z. If :-

( i ) ~ 
<Xn,Ynln-1 is a correlated pair of renewal sequences 

liil Yn is NBU 

(ii i ) Xn stochastically increasing on Yn then Ha is NBU. 
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Proof. 

This corollary is easily verified from corollaries (3.2B.1) (3.2B.2) 

and Theorem (3.2B.2>. 

Example 5 (A Random-Repair-time process) 

One application of the cunrulative damage shock model with wear between 

shocks which has been studied in some detail is the random-repair time 

process. Moshe and Shaked (1983) and Shanthikumar (1984) both discuss 

this model. 

Shocks, 

during 

in this model, are all assumed to cause negative damage and 

the random intervals between shocks it is assumed that wear 

continues to accumulate. The shocks can be thought of as repairs and 

the (negative) damages as the amount of damage repaired. We note here 

that the title Random-Repair-time process is somewhat misleading since 

it is not the repair-times which are random but rather the times at 

which repair takes place. The rate at which wear occurs between 

shocks is assumed to depend on the height of the (damage) process and 

possibly on the age of the device. We will consider first the case 

where rate of wear is independent of time. Let g be a monotonically 

increasing function and as usual let Xn denote the udamage" caused by 

the nth shock and let (Yn>n-m be the sequence of shock interarrival 

times. 

If (Xn,Ynl is a correlated pair of renewal sequences and the da~age 

process {Z,R} is generated by the random interruption of g by (Xn,Ynl 

as in example 3, then it follows from Corollary (3.20.2) that the 

process {Z(t)} is an NBU process whenever :-

and 

( i l Y" is NBU 

( i i ) Sl(Xn I Ynl, Sl(Xn I Z(Rnl 

(cf. Defn. 3.1B.2) 

n = l, 2, ••. 



Page 195 

Recall that {Z(t)} is NBU is equivalent to the lifetime distribution 

of a device with a fixed damage threshold and subject to {Z(t)} 

belonging to the NBU Class of distribution. 

Mosne and Shaked (1983) established the NBU property of {Z(t)} under 

the alternative condition :-

(i)' Yn i.i.d. with a common exponential distribution 

(ii)· for each n Xn and Yn are independent 

Shanthikumar (1984) relaxed the condition that Yn be exponential to 

(i)" Yn has a DFR distribution. 

In the case where the wear rate depends on both the height of the 

damage process and the age of the device we have as in Example 4 :-

d/dt ( z (t) = r(z(tl,t) 

where Rn < t ( Rn+l ! n = 1 ,2, ... 

Z <Rn) = CZ<Rn-l + XnJ 
where r (X I t) >= 0 and increasing in t. 

Thus from corollary (3.2B.3) it follows that {Z(t)} is NBU (i.e. the 

life distribution of a device subject to {Z(tl} with a fixed damage 

threshold is NBU) wherever :-

(il Yn has a NBU distribution 

(ii) Xn is stochastically increasing on Yn, Z<Rn-l 

and Rn , n = 1 1 2, ... 

Up to now, in this section (3.2B.2) it has been assumed that the shock 

interarrival times /JO 
<Ynln-m form a renewal sequence. We now consider 

the more general case in which the Yn n = 0,,,m while reaaining 

independent are allowed to have different distributions. That is 

<Ynl~-m forms a generalised renewal sequence in the sense of the 

generalised renewal processes of section (2.21. For convenience, we 

will term the associated damage process a generalised damage process. 

We will restrict ourselves to the case where the damage process CZ(tl} 

is generated by the random interruption of a monotonic function g by 

the paired sequence of random variables <Xn,Ynl~-•· 
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Thus, as in examples 2 - 4, the deterministic movement of the damage 

process between shocks is governed by the same function in each 

interval. 

It will be shown that under appropriate condition on the daaages 

<Xnl~-• and interarrival times <Yn>~-• the lifetime distribution of a 

device with a fixed threshold and subject to the <generalised) damage 

process {Z(t)} is NBU. Since the <Ynl: •• no longer form a renewal 

sequence, the regenerative property of renewal sequences cannot be 

used to establish this result. Instead, a condition on the maximum 

process ,z, is used. 

The damage process <Z<tl} that we are interested in here could be 

defined as in (3.2.13) but since we are dealing only with the case 

where {Z(t)} is generated by the random interruption of a monotonic 

function, it is more convenient to use the following definition :-

(3.2.47) 

( i ) 

<ii >al 

Define {Z(t)} by:-

2(0) = 0 

d/dt Z(t) = d/dt g(t) rn < t < rn+1; 

n = 0,1,2, ... 

where g(t) is a continuous, monotone function defined on 1R• or :-

Ci i lb l 

where 

or 

and 

iii ) 

d/dt 

r ( X) 

r ( X) 

Z<Rnl 

z ( t) = r ( X) 

=< 0, for 

> 111, X > 

= CZ<Rn-l 

1x=z(tl; 

all X > 0 

0 

+ Xnl• n = 0,1,2, ..• 

We know from examples 2 and 3 that if either of conditions ii al or ii 

b) in the above are satisfied, then the sequence of functions 

(hJ(,)j = 1,2, ... of the definition (3.2.13) can be related to the 

monotonic function g. 

From the point of view of establishing the NBU property of the 

lifetime distribution of a device subject to CZ(tl} it does not matter 

which of ii a) or ii b) is satisfied. The crucial point is that the 

behaviour of the process in between shocks is governed by the same 

function (subject possibly to shifting) in each interval. 
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Before establishing the NBU propery of the process {Z(t)} defined by 

(3.2.47) it should be noted that Shanthikumar (1984) discusses this 

generalised model only in the case where recovery takes place between 

shocks; we will also consider the case where damage continues to 

accumulate but only under the condition that all the damages are 

positive with probability 1. 

In order to establish the NBU property of the generalised damage 

process -< Z(t)} and hence of the lifetime distribution of a device with 

a fixed damage threshold, subject to {Z(t)}, some preliminary results 

are required. These results are analogous to those established for 

the case where the shock interarrival times form a renewal sequence, 

Firstly, we have a result which is quite similar to Theorem (3.28,3). 

The proof is omitted here but can be found in Shanthikumar (1984). 

All notation is the same as used previously. 

Theoru (3.2B.4) 

Suppose ~ 
<Ynln-e forms a geeralised renewal sequence and that the 

stochastic process {Z(tl} is generated by the random interruption of a 

continuous monotonic function g by the paired sequence of random 

variables <Xn,Ynl~-e, If for each n and every History Hist(Z,Rnl 

there exists a stochastic process (W,S) satisfying :-

( i ) r =<.t: w-
(ii ) {W,S} =<c•> {Zn,Rn} 

and 

( i ii ) {W,S} is s.s. NBU 

then {Z} is NBU. 

The next Theorem provides a means of verifying condition (i) of the 

previous Theorem. 
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Theore• (3.28.~) 

Let {Z(t)} and {W(t)} be two stochastic processes generated by the 

random interruption of a continuous monotonic function g, by the 

paired sequences of 

respectively. Suppose further that either g is decreasing ; or g is 

increasing and P<Xn >= 0) = P(Xn' >= 0) = 1 n = 0,1,2, ••• ·­

n = 1,2, ••• If ( i l Xn • >=at Xn 

and (ii> Yn' =<.t Yn n = 1,2, ••• 

Then {ZA(t)} =<.t {WA(t)} 

It is obvious fro• the condition of the Theore• and the condition on g 

that for all t > 0 :-

P < wA < t > >= r < t > , = 1 (see Figure 3.2B.3) 

it follows that 

A A 

I 
/ )(J" 

I 
Height I I 

of 
I 

'{ :P 
I 

I )(l / / I 
I I 

Process I 4/ I 
I I 
I , i I 
I X:i.. ,,/ I 
I ./4<,, ! , •{'-:1""--I .,,, 
he'[ ,;> 
t,7' I x, l.~ '<,f·---~- -- '"-0 ....... __ --

Figure 
S1 lj la, '"i. l ~ rJ. " s.._ r, s"" r~ s~ "-

(3.28.2) 1 S11ple p1th1 of the d111¥e grocess1. 
W <unbroken line) and < roken int) 
under the conditions of Theor11 (3.28.,J 

Theorems (3.2B.4> and (3,2B.S) can now be used to establish the NBU 

property of generalised damage processes. 
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Theore• (3,28,6) 

00 
Let <Ynln-• be a generalised renewal sequence and let {Z(t)} be a 

damage process generated by the rando• interuption of the continuous 

monotonic function g by the paired sequence of rando• variables 
00 <Xn,Ynln-e so that {Z(t)} satisfies (3.2.47). Further, suppose that 

either g is decreasing; or g is increasing and P<Xn>=0) = 1; 

n = 1,2, ••• 

If :­

< i ) 

i.e. 

( i ) 

and 

(iii) 

Xn is stochastically increasing in n 

Xn+l }=.~ Xn n = 1,2, .. 

Yn is stochastically decreasing in n 

Yn has a NBU distribution n = 0,1,2, ... 

then <Z<tl} is a N8U process and hence the lifetime distribution of a 

device with a fixed threshold and subject to {Z(tl} is also NBU. 

The proof of this Theore• is quite siAlilar to the proof of Theorem 

(3.28.21 and consequently some of the details are omitted. As with 

Theorem (3.2B.2l we begin the proof with an outline :-

Outline of proof of Theore• (3,28,6) 

Conditions (il and (iil of the Theorem allow the construction of a 

process {W,S} which can be shown to satisfy conditions (il and (iil of 

Theorem (3.28.4). Theorem (3.2B.5) is used to show that {W,S} 

satisfies condition (il of Theore• (3.28.4). 

The process {W,S} can be shown to be s.s. N8U by using condition (iii) 

of this Theorem and hence the desired result follows fro• Theore• 

(3,2B.41. 



To construct the 

Let Sk = 
X,, k 

X" • 

and 1 et Y"k 

Y"• 

process 

Rn+k -

= Xn+k 

= 0 

= sk -
= 0 

{W,S}, 

Rn 

Sk-1 

we proceed as follows:­

k = 0,1,2, ••• 

k = 0,1,2, ••. 

k = 1,2, ••• 
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Suppose that {W,S} is generated by the random interruption of g, by 

(x ,, - y,, Do 
n1 nln-• and that {W,S} satisfies (3.2.47). 

By condition (il of the Theorem it follows that :-

( X,, n l >=.t Xn l n = 1,2, .•• 

and by condition (ii) 

Y" n =<.t Yn n = 1,2, ••• 

so by Theore11 3.28.5 it follows that . -. 
{W-(tl} >=est> {Z-(t)} 

We now note that the processes <zn,R"} and {W,S} , where {Z",Rn} is as 

defined in the earlier part of this section (see (3.2.25)) are similar 

in that they both commence at time Rn, They differ, however, in that 

the height of {W,S} at time Rn is given by Z(0l = 0 whereas {Z",R"} is 

of height Z<Rnl at time Rn • 

Since 0 = Z(0l =< Z<Rnl and by our conditions on the monotonic 

function g and/or on, the sequence of damages <Xnln-1 and the fact 

that fro~ time Rn on, the sequences of shocks and intervals of the two 

processes <Zn,Rn} and {W,S} are identical, it follows from Theorem 

(3.28.ll that {Zn,R"} >=c•> {W,S}, where the relation <>=c.,l is as 

defined earlier. 

Before appealing to Theorem (3.28.4) we must show that {W,S} is a s.s. 

NBU process. This follows by first noting that if :-

then 

T.• = T.(wl - Y"1 

Ta• )= Ta• I Y 1 ' ) S for every S > 0 
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and that Yi· has a NBU distribution (by condition (iii) of this 

Theorem). That <W,S} is s.s. NBU then follows by an exactly analogous 

argument to that used in the proof of Theorem (3.2B.2>. 

Thus all the conditions of Theorem (3.2B.4) are satisfied and 

consequently {Z(t)} is a NBU process as required. 

Theorems (3.2B.5) and (3.2B.6) are essentially due to Shanthikumar 

(1984) although, as mentioned previously, he considered only the case 

where g(t) was decreasing. In the case that g is increasing, the 

condition P<Xn>=0l = 1 is required on the damages to ensure that 

Theorem 3.2B.5 holds. 

Shanthikumar has shown that condition (iii) of Theorem (3.2B.6) can be 

weakened to:-

( i i i ) , Yi >=.1: CYn I Yn > ul -u u > 0, n = 1,2, ... 

As in the case where the shock interarrival ti~es form a renewal 

sequence, it may be that the rate of wear or recovery is dependent on 

both the height of the damage process and on the age of the device. 

In this case we can define {Z(t)} as follows ·-

(3.2.50) Z (0) = 0 

d/dt (Z(t)) = r(Z(U,U 

n = 0,1,2, ... 

Z<Rnl = [Z(Rn-) + Xn]•, 

where here r(x,tl satisfies one of :-

n = 0,1,2 1 ... 

(3.2.51) 

or 

(3.2.52) 

r(x,t), =< 0, x >= 0, t >= 0 and increasing 

int 

r(x,tl >= 0, x >= 0, t >= 0, 

r(x,t) is increasing int and 

P<Xn >= 0) = 1 n = 0,1,2, ... 

Note that if (3.2.51) holds, then recovery takes place between shocks 

and if (3.2.52) holds, damage continues to accumulate between shocks. 
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For a damage process defined by (3.2.50) nothing in the proof of 

Theorem (3.2B.6) is changed. Consequently, the following Corollary 

holds :-

Corollary (3,28,4) 

Let CZ(t)} be generated by the random interruption of the continuous 

monotonic function g by the paired sequence of .r:.andom variables 

<Xn,Ynl~-• where <Yn):,_. is a generalised renewal sequence. Further, 

suppose that {Z(t)} satisfies (3.2.50) then if :-

(i) <Xn-1l stochastically increasing in n 

(ii) <Ynl stochastically decreasing in n 

(iiil Yn has a NBU distribution, n = 0,1,2, •.. 

then {Z(t)} is a NBU process i.e., the lifetime distribution of a 

device with a fixed damage threshold and subject to the damage process 

CZ(t)} is NBU. 
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"'3, 2C Cumulative Damage Shock Models with Random Threshold 

It is often the case that a population of otherwise identical devices 

exhibits a significant amount of variation in the ability of 

individual devices to withstand damage. In addition, there may be no 

practical way to inspect an individual item to determine its damage 

threshold. In these circumstances, it is often appropriate to regard 

the threshold level as a random variable. Such a model is the topic 

of this section. 

Ne will return to the short model proposed by Esary Marshall and 

Proschan (1973) i.e. if H(tl is the lifetime distribution of a device 

subject to shocks which arrive according to the stochastic counting 

process {N(t)}, then:-

1 - H(tl = R < tl 

where pk = P(surviving k shocks). 

Now, if failure occurs on the first occasion that the total ccumulated 

damage due to shocks exceeds some random threshold with distribution 

6(.l such that 6(0) = 0 and the damages X1, X2,,,. have distributions 

F1, F2,,,. then:-

(3. 2. 53) = 
00 

{, F1 * F2 * ... Fk(xldG(xl 

where * denotes convolution. 

Thus in this section we are primarily interested in the survivor 

function :-

00 OQ 
{3.2.54) Alt) =Ek•m PIN(t)=kl J F1*F2*,,,Fk(x)dG(x) It will be assumed 

0 

that damage accumulates linearly. As usual,the principal aim in 

studying this model is to establish conditions on the (pkl~e defined 

by 13.2.53) which are sufficient for Hit) as defined by 13.2.541 to 

belong to one of the classes of lifetime distribution discussed in 

Chapter one. In view of the results of Chapter two, however, we know 

that it is often the case that Hit) inherits its class from the 

survival probabilities (pklf.m, 
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Consequently, if it is possible to establish conditions on the 

threshold distribution G and on the damage distribution F1 i = 1,2, ..• 

which are sufficient for the <Pkl~-e to belong to a discrete class of 

distributions, then we will be able to conclude that H<.l belongs to 

the analogous continuous class • . In addition we will, of course, have 

to impose appropriate conditions on the process governing the arrival 

of shocl:s. 

We will begin by studying the simplest case where damages <X1l1-1 are 

i.i.d. with common distribution F. In this case :-

(3.2.55) = rF<k> (xl dG(x) 
(> 

= ,r°G ( X ) d F ( k > ( X ) 
0 

where f<k> (xl is the k-fold convolution of F with itself. 

It is convenient to assume that f<k> and G have no 

discontinuities in which case there is no problem in writing 

(3.2.56) 

In this case :-

(3.2.57) H<tl =E~-a P(N(tl=kl {°fk(xldG(xl 
C) 

and the following result is almost immediate. 

Theorem (3.2C.1l <Esary, Marshall and Proschan (1975ll 

common 

Let {N(tl} be a homogeneous Poisson process and let H(tl be defined by 

(3.2.57), then His exponential for any F iff G is exponential. 
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If {N(t)} is a homogeneous Poisson Process it is clear that H(t) is 

exponential iff 

~ 
f
0 

P ( x ) d G ( x ) 

for any F. 

Now, suppose that 6 is exponential Then ·-

fF(x)dG(xl = J G<xldF(xl 
0 

which is the Laplace transform of F. Hence, by a basic property of 

Laplace transforms:-

= (fG'<xldF(x)]k 
0 

= ( J"'F ( X ) d G ( X ) ] k • 
0 

Conversely if /'0 f<k>(x)dG(x) = (jF(x)dG(x)]k for any F, let F be 
0 C 

degenerate at Xe >= 0. Then by the condition of the Theorem·-

Now let u be a continuity point of G then since ·-

limxo->m x.,(u/x.,] = u where (u/x 11 ] = the integer part of 

(u/x.,] we have :-

G <ul = limxo->m G (x.,(u/x111]) 

= limxo->m <!3(Xm)) Cu/Xol 

= limxo->m (G(x.,))1/Xo[u/XolXo 

= limxo->CZI ( (G(x.,) ll'Xoju 

= limxo->m ( 1 - SXm + O(Xe)ul'Xo 

for SOllle 0 ( s < G) 

= e-•u by the exponential limit theorem 

i.e. G is exponential. 

The next result also due to Esary Marshall and Proschan (1973) 
~ provides sufficient condition for (pklk-11 as defined by (3.2.551 to 

belong to the IFRA and NBU Classes. 
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Theorem (3,2C,2> 

Let 
,0 

(pklk-e be defined by (3.2.55) then we have :-

(al (I() 
(pk)k•• is discrete IFRA for all F is G is IFR 

(bl (pk>:> •• is discrete NBU for all F iff G is NBU. 

Note that the condition that G must be IFR for (pk)":;'.e to be discrete 

IFRA is stronger than we would really like but as yet it has not been 

shown that in general G IFRA => (pk>t •• discrete IFRA. BlocK and 

Savi ts (1978), however, have shown that this is the case if the common 

damage distribution Fis exponential. 

We note also that Esary, Marshall and Proschan have also shown that G 

in (3.2.551 is IFRA whenever (pk~-e is discrete IFRA. 

Theorem (3.2C.2) can be used to establish the class to which the 

lifetime distribution defined by (3.2.57) belongs by combining it with 

the appropriate results from Chapter two. Thus, directly from Theorem 

(3.2C.2) and Corollaries (2.18.1) and (2.1D.1) and Theorems (2.lA.11 

and <2.lC.11 we have:-

Theorem (3,2C.3l 

Let H be defined by (3.2.57) so that His the lifetime distribution of 

a cumulative damage shock model with a damage threshold which has a 

distribution 6 and damages which are i.i.d. with a common 

distribution F. If 6 is IFR we have :-

(al If {N(tl} is a homogeneous Poisson process of rates 

then H is IFRA. 

(bl If {N(t.)} is a non-stationary Poisson process with 

mean-value function :-

I < t l = 't 
/6 s(xldx, such that 

l(tl/t is increasing in t then H is IFRA. 

(cl If <N(t)} is a stationary pure birth process with birth 

coefficients (sk~-• which are increasing ink then His IFRA. 
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(d) If . {N(t)} is a non-stationary pure birth process with transition 

probabilities given by ·-

P(shock in Ct, t+d) I k shocks in (0,t) 

sk s(t)d + o(d) ; sk > 0 , s(tl > 0 

t h en H i s I F R A w h en e v er ( s k )~ _., i s i n c r e a s i n g i n k an d J t s ( x ) d x I t i s 
0 

increasing int. 

By using Theorem (3.2C.2(b)l and Corollaries (2.1B.1) and (2.1D.ll and 

Theorems (2.lA.ll and <2.lC.ll an exactly similar result could be 

established in the NBU case. 

We turn now to the slightly more general case where the da~ages X1 i = 

1,2, ... are no longer i.i.d. but their distribution Fi<zl i = 

1,2, ... are decreasing in i for all z. As in section "'3.2A we note 

that this provides a good model of a situation in which successive 

shocks become increasingly effective at causing damage. Esary, 

Marshall and Proschan state that Theorem (3.2C.2(bll holds in this 

more general case, i.e., if·-

(3. 2. 58) 

where 

then 

= 

<F1 (xl~-1 is decreasing in i for each x 

(pkl~-111 is NBU iff G is NBU. 

Using this fact and again applying Corollaries (2.18.1) and (2.1D.ll 

and Theorems (2.lA.ll and (2.lC.ll yields:-

Theorem (3.2C.4) 

Let H be defined by:-

R(tl = Ek":.111 PCN(tl=kl f.~ F1•F2* Fk<xldG(x) where 
0 

(Fj <xrJ-1 is decreasing in j for each x then if G is NBU we 

have :-

al If {N(t)} is a homogeneous Poisson process of rates then His NBU. 
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bl If {N(tl} is a non-stationary Poisson process with mean value 

function l(tl = l"s<xl d>:/t such that: l(tl is increasing in 
0 

t then His NBU. 

(cl If {N<tl} is a non-stationary pure birth process with birth 

coefficients (skl~-e which form an increasing sequence then H 

is NBU. 

(dl If {N(tl} is a non-stationary pur---e birth process 

with transition probabilities given by:-

P<shock in (t,t+dl I k shocks in <0,tll = sk s(t)d + o(d) for small d, 

where (skl~-e is increasing ink and Js(xldx/t is increasing int then 

His NBU. 

So far, the case where {N(tl}, the process governing the arrival of 

shocks, is a generalised renewal process has not been considered. 

However, by combining Theorem (3.2C.2) and/or (3.2.58) with Theorems 

(2.2. lal and (2.2.2(al and Corollary (2.2.11 the following result is 

easily obtained. 

Theorem (3.2C.5) 

Define H by :-

R<tl 

is a generalised renewal process but has independent 

interarrival times, and either :-

F, ( x) = F<xl i = 1 I 2 I ' ' • I X )= 0 

or ( F, ( x) ) ~-1 is decreasing in i I X >= 0 Then we have 

( a I H is NBU if the shock interarrival times 

J' ' i = 1 I 2 I • • • are NBU and decreasing in i. 

(bl H is NBUE if the shock interarrival times, Y, I say, have NBUE 

distributions and E<Y,l = A, is decreasing in i. 

(c) His HNBUE if the shock interarrival times have distributions 

which are HNBUE and E<Y,) = A i = 1,2, ... 

. -. 
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(d) H belongs to L if the shock interarrival times have distributions 

which belong to Land E<Y1l = A, 

i = 1,2, ... 

The results presented so far have assumed only fairly mild conditions 

on the damage distribution F1 i = 1,2, ••• If stronger conditions are 

imposed on the F1 it might be expected that, under appropriate 

conditions on the threshold distribution G, stronger conclusions could 

be drawn. It will be shown that This is in fact the case. A-Hameed 

and Proschan (1975) proposed a model in which the damages have gamma 

distributions F1 i = 1,2, •.. with densities :-

f 1 ( X) 

In this case, the 

pk = 
= 

(3.2.59) = 
where sk = 

fl Ci) 

b >= 0 
(c i)_ > 0 ~ 

l - 1 1 '- 1 , , , 

probability of surviving k shocks is given by ·­

jJ:1 * ... * Fk(xldG(xl 
A) 

JG(x) d<F1* ... Fk(x)l 
0 

ao b 1 G(x) (e-b"(bx)(ck)-1)/f(Sk) dx 
0 

E1-1(ci) 

Note that if Sk = k the pk of (3.2.59) are just the ak(bl used in 

Chapter one to provide alternative characterisation of classes of 

lifetime distribution. A-Hameed and Proschan (1975) established 

conditions under which the (Fkl~-m defined by (3.2.58) belong to the 

discrete IFR, discrete IFRA, discrete NBU, discrete NBUE and discrete 

DMRL Classes. These results were extended to the HNBUE and L Classes 

by Klefsjo (1980, 1983). Combining these results yields the following 

theorem :-

Theorem (3.2C.6) 

Define pk as in (3.2.591; k = 0,1,2, ... where G is a survivor function 

such that 6(0) = 1. Then we have : -

(al ~ 
<pklk-m is discrete IFR for every b > 0 if (Sklk-1 

is convex i.e. 1 (ck) increasing in k, and G is IFR. 
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( b > 
~ 

(pk)k-lJ is discrete IFRA for every b > 0 if (Sk/k)k 

is increasing and G is IFRA. 

( C) (pk)~v, is discrete NBU for every b > 0 if 
oO 

(Sk>k-GI 

is superadditive and G is NBU. 

( d) (pk >':'-e i S discrete DMRL for every b ' 0 if sk = k I , 

I·· = 1, 2, .•. and G is DMRL. 

< e > (pk):>..e is discrete NBUE for every b > 0 if Sk = k I 

k = 1, 2, ••. and G is NBUE. 

( f) «> 
(pk)k-lJ is discrete HNBUE for every b >= 0 if Sk = k I 

k = 1,2, ... and G is HNBUE. 

( g) (P(k)~., belongs to G for every b > 0 if Sk = k I 

k = 1, 2, .•• and G belongs to L. 

Note that in the special case that Sk =kit was shown in Chapter one 

that the conditions of this Theorem are both necessary and sufficient. 

Note also that in Theorem (3.2C.6) the discrete sequence of survival 

probabilities ao 
<pk)k_., inherits its class from the distribution Gin 

much the same way as the lifetime distribtion H of Chapter two 

inherited its' class from the discrete sequence of survival 

probabilities. 

A companion result to Theorem (3.2C.6) holds for the dual Classes DFR, 

DFRA, IMRL, NWU, NWUE, HNWUE and [. Similarly the results to be 

presented below show corresponding results for the dual class also. 

The next result is an obvious consequence of Theorem (3.2C.6l above 

and Corollary (2.10,1), 



Theorem (3.2C.7l 

Let H<tl = 1 - R<tl be defined by :-

(3.2.60) R<tl =t':?-111 P(N(tl=kl ('bG(xle-b:-~~=:- 1 dx 

r<sk1 
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where b > 0i Sk >= 0, and§ is a survivor function 
satisfying G<0l = 1. 

If {N(t)} is a non-stationary Poisson process with mean value I(t) = 

£s(uld >: then :-

(al H is IFR whenever G is IF R, ( s k )~ - 1 is convex and 

I (tl is conve >: 

(bl H is IFR wherever G is IFRA, (Sk/k) is increasing 

in k and I(tl/t is increasing in t. 

( C) H is NBU whenever G is NBU < sk 1~-1 is superadditive 

and I ( t l is superadditive. 

< d l H is DMRL whenever G is DMRL Sk = k k = 1, 2, ... 

and I ( t l is conve>:. 

( el H is NBUE whenever G is NBUE sk = k' k = 1, 2, .•• 

and I (tl /t is increasing in t. 

( f) H is HNBUE whenever G is HNBUE sk = k ; 

k = 1, 2, ... and I ( t l / t is starshaped. 

(gl H belongs to L whenever G belongs to L, 

k = 1,2, ... and I(tl/t is increasing int. 

Of course, this result includes the case where {N(tl} is a homogeneous 

Poisson process. One need only put s(tl = s > 0 in the above, so that 

I(tl = t and all the conditions required of I(tl are automatically 

satisfied. Thus 
DO 

only the condition on (Sklk-1 and Gare required for 

the homogeneous Poisson Model. 

A similar result to Theorem (3.2C.7l can be established when {N(tl} is 

a non-stationary pure birth process. This result follows from Theorem 

(3.2C.6l and (2.1C.1l 



Page 212 

Theorem (3.2C.8l 

Let H(tl be defined as in (3.2.60) and let {N(tl} be a non-stationary 

pure-birth process with transition probabilities given by :-

P(shock in Ct, t+dl 

sk s(tld + o(dl 

Then we have . 

k shocks in <0,tll = 

where dis small, 

Sk } 0 1 S(t) } 0, 

(al H is IFR whenever Sk as defined in (3.2.59) is 

convex, <skl~-1 is increasing, l(tl = l~<xldx 

is convex and G is IFR. 

(bl H is IFRA whenever G is IFRA, (Sk/kli-a is increasing 

in k, l(tl/t is increasing in t and (sk>~-0 is 

increasing in k. 

(cl H is NBU whenever G is NBU, (Skl~-0 and l(tl are 

superadditive and (skl~-0 is increasing ink. 

(dl H is DMRL whenever G is DMRL, Sk = k, k = 1,2, ••. , 

l(tl is convex and (skl~-m is increasing ink. 

(el H is NBUE whenever G is NBUE Sk = k, k = 1 1 2 1 ... 

I(tl is starshaped and (skl~-e is increasing ink. 

By putting s(tl ; 1 in the above Theorem, the corresponding result for 

the stationary pure birth model is obtained. 

Unfortunately, in the case of the non-stationary and stationary pure 

birth models, straight forward results for the HNBUE and L classes are 

not available. This is because the required conditions on the 

survival probabilities <Pnl and on the birth coefficient, (skl~-m are 

stronger than (sk) increasing and (pk) discrete HNBUE or (pk) belongs 

to G (C.f Theorems (2.lA.ll and (2.1C.1ll 

The next result deals with the case where shocks arrive according to a 

generalised renewal process. The result is a direct consequence of 

Theorem (3.2C.6) and Theorems (2.2.l(a)), (2.2.2(a)) and Corollary 

(2.2,1). 
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Theorem (3,2C.9) 

Let H be defined as in (3.2.60) and let {N(tl} be a generalised 

renewal process :-

< al H is NBU whenever the shock inter-arrival times have distributions 

J l I which are NBU and decreasing in i I G is NBUE and 

(Sk l superadditive. 

(bl H is NBUE whenever the shock interarrival times, y l I have N-1:ttJE 

distributions of E<Yd = Al is decreasing in i and G is NBUE. 

(cl His HNBUE whenever the shock inter-arrival times (Yll have HNBUE 

distributions and E(Yll = A, i = 1,2, .... and G is HNBUE. 

(d) H belongs to L whenever the shock inter-arrival times have 

distributions belonging to L, E<Xll = A; i = 1,2, •••• and G 

belongs to L. 

It is clear from the above results that when the arrival of shocks is 

governed by a homogeneous or non-stationary Poisson process or by a 

stationary or non-stationary pure birth process, the lifetime 

distribution of the associated random threshold Cumulative Damage 

model, in which the damages are assumed to be independent Gamma random 

variables, inherits its class from the threshold distribution. 

In the NBU case the assumption of independent shock interarrival times 

may be relaxed somewhat. If the assumption of independence is 

replaced by ·-

{N(t)} is a stochastic counting process such that :-

(3.2.61) P(N(x+yl > j+k I N(x) = kl >= P(N(y))j) 

for any x>0, y)0, j)0 k)0. 

The following result is a direct consequence of Theorems (2.2.3) and 

(3.2C.6l~ 
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Theorem (3.2C.10) 

Define H by (3.2.60) where (N(tl} satisfies (3.2.61) then H is NBU 

whenever csk_:) is superadditive and G is NBU. 

Once again we note that the life distribution H inherits its class 

(NBU in this case) from the threshold distribution. 

A random threshold ,-Cumulative damage model in which the shock 

interarrival times are constantly correlated has been studied by 

Sathiyamoorthi (1980). In this model, no distribution is assumed for 

the damages but the threshold is assumed to have an exponential 

distribution and as well as being constantly correlated, it is assumed 

that the interarrival times are exchangeable exponential random 

variables. CA sequence <Ynl of random variables is said to be 

exchangeable if the joint distribution, Jn<Yt,••·•Ynl of any n of the 

variables can be written as :-

where Q is the space of wand for each w in Q KwCyl is a 

conditional distribution function in y, and for a given y Kw(y) is a 

random variable in w. 

Using an earlier result of Gurland (1955) Sathiyamoorthi (1980) 

derives the Laplace-Stieltjes transform of the life distribution for 

such a model and gives the first and second moments of the 

distribution. 

Another cumulative damage model with an exponentially distributed 

threshold is proposed by Ramanarayanan (1976). In this model it is 

assumed that a shock causes damage only if the worker in charge of the 

device is not alert. Periods of alertness are assumed to be i:i.d 

random variables and initially the worker is assumed to be alert. 

After the occurrence of a shock the worker is re-alerted with 

probability P. 
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Ramanarayanan obtains the Laplace-Streltges transform of the lifetime 

distribution for such a ~odel in terms of the Laplace-Stieltges 

transform of the distribution of the interval between successive 

da~ages. 

To conclude this section, we remark that a random threshold model in 

which wear or recovery is allowed between shocks as in section 3.2B 

would be of some interest. As yet, however, such a model appears not 

to have been considered in the literature. The NBU results of section 

3.2B do not carry over to the random threshold case in any obvious way 

since if G is the Threshold distribution and T.<zl is the first 

passage time of the damage process {Z(tl} to the level z then the 

survivor function of interest is :-

H(tl = f'P<T.(Zl>tldG(z) and the NBU class is not closed under the 
0 

mixture operation. 
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Conclusions and Suggestions 

The common theme running through the models presented in this thesis 

is that the lifeti•e distributions associated with the models inherit 

their class from the shock survival probabilities and, in the case of 

more general models, the shock interarrival times. 

This prompts the question :-

Is it any easier to establish the class to which the shock 

survival probabilities and the shock interarrival times 

belong than it is to determine the class of the lifetime 

distribution directly? 

For an answer to this question, we will have to wait until such tiae 

as the theory of shock models is applied more frequently to practical 

problems. 

To date, the literature on applied Shock Models is extremely sparse. 

However, with so•e of the more recent theoretical developments, e.g., 

the models with wear and recovery of section 3.2B, seemingly quite 

plausible and well-suited to practical application, this situation ~ay 

be rectified soon. Of course, even if establishing the Class of the 

survival probabilities and shock interarrival times proves no easier 

than establishing the Class of the lifetime distribution directly, the 

results presented in this thesis may still be of some interest, 

provided that the physical properties of the system being aodelled 

lend themselves to the assumption of a particular class for the 

survival probabilities and/or the interarrival time distributions. 
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While the application of the theory of Shock Models to practical 

problems would seem to be an obvious step in the develop • ent of the 

subject, further development of the theory itself is also required. 

In particular, models with correlated shock interarrival ti•es have 

not yet received Much attention, although the paper by Sathiyamoothi 

(1980) is a step in ~his direction and we also noted, in passing, that 

the interarrival times between shocks which occur according to a 

non-stationary Poisson Process are not independent. In adopting a 

correlation scheme for the interarrival times, it may well~ that an 

Exponential Autoregressive process (EAR process) is appropriate, since 

it is a quite mathematically tractable generalisation of the Poisson 

Process and is easy to si • ulate on a computer <see Sower and Lewis 

(1980), Jacobs and Lewis (1977> and also Cox and Isham (1980) 

pp. 62-65. 

In this thesis, a • 01ack-boxu approach has been taken regarding the 

device which is subject to shocks, i.e., the structure of the device 

has been ignored. It may be, however, that the device in question is 

made up of several components, each of which has a different tolerance 

to shocks, hence the internal structure of the device may be of some 

importance in determining the lifetime distribution of the device. 

Considerations such as these lead to Multivariate Shock Models and 

require the definition of classes of multi-variate distributions. 

Some work has been done in this area, notably by Ghosh and Ebrahimi 

(1982), Shuyre and Marshall (1984) and Marshall and Shaked (1979). 

The theory of •ultivariate models, however, is not as well advanced as 

it is in the univariate case. In fact, it may often be the case that 

a univariate model can be applied successfully to a • ulti-component 

device. Suppose, for example, that the components of a device are 

connected in series and all have different shock survival 

probabilities, then provided we assume that each co• ponent is equally 

prone to shocks, the shock survival probability of the device is equal 

to the smallest survival probability of the components. If the 

components are connected in parallel, the shock survival probability 

of the device is equal to the largest survival probability of the 

co11ponents. 
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Another type of multivariate Shock Model is one in which there is more 

than one source of shocks. Such a model has been studied by Barlow 

and Proschan (1975) although their main motivation for introducing 

such a model appears to have been to generate a multivariate 

exponential distribution. Multivariate models of this form do not 

appear to have received much subsequent attention. Consequently, this 

is another area which could provide scope for further developments in 

the theory and application of Shock Models. It is likely that the 

theory of superposition of Point Processes could prove useful in this 

context. 

In conclusion, then, it appears that while the theory of shock models, 

especially in the univariate case, is quite well developed and 

encompasses some apparently quite plausible situations, it has not 

often been applied in a meaningful way. Thus there is a need for 

further development in the area of applied shock 

likely that this will generate a need for 

developments. 

1odels 

further 

and it is 

theoretical 
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