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Abstract

The growth rates of microbes can be thermodynamically limited by unfavourable ratios of energy
substrates and end products. This thesis explored and expanded mathematical models that
apply to a broad range of anaerobic microbes with different metabolisms, especially at low
substrate to product ratios.

The rates considered here fall into four categories based on how they are derived. Prima facie
these rates are unrelated; however, for large concentrations of substrate they are in agreement.
A new term based on the properties of the ATP synthase enzyme was added to a model derived
from the Briggs-Haldane rate to allow the microbe to vary the energy required to produce ATP
(AGaTp) at low substrate concentrations. Experimental data were used to show that different
values of AG atp were better suited for predicting K,pp and Smin, substrate concentration values
corresponding to half-maximal growth rate and growth shutoff, respectively. This term allowed
growth to continue in challenging thermodynamic conditions by optimising AGaTp to maximise
the growth rate. When AG arp was considered variable between biologically relevant limits, the
model predicted the measured K,p, and Syin values from the dataset.

Results from the model were compared with experimental data reported at multiple times as
growth occurs. The results agreed qualitatively for batch cultures with and without thermody-
namic inhibition. The model produced results that were consistent with experimental data for
a continuous culture for two strains of microbe. In addition, it was adapted for modelling direct
competition between the two strains which compete for the same energy substrate. Modelling
this competition identified conditions for stable coexistence, a result that has yet to be shown
analytically.

Different approaches for modelling metabolisms where multiple substrates are simultaneously
required to produce ATP were explored, with a focus on four variations of an analogy between
microbes and enzymes. This analysis identified several rates that may have applications in
different situations, and also identified a derivation for a widely-used empirical rate as a special
case. An extension of a rate based on statistical mechanics to multiple substrates also showed

promise.

X
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Chapter 1

Introduction

1.1 Modelling Microbes

Bacteria and Archaea are two of the three major domains of life, the third being Fukarya,
containing animals, plants, fungi, and protozoa [140]. Bacteria and archaea, which we will
collectively call microbes, are characterised by generally being single-celled organisms with cell
dimensions of the order of 1-2 ym. There is an enormous species diversity in both of these
microbial groups [104], and understanding how they compete, cooperate, and otherwise interact
in the often highly species-diverse ecosystems they inhabit is challenging [146]. Models based
on the behaviour of microbial cells can be used to describe and explore the growth (and decay)
of populations of a microbial species, along with species interactions. In this work, we focus
on models with substrate concentration limiting the microbial growth rate. We will use the
term substrate to refer to a compound(s) that a microbe takes up from its environment and
transforms to harness some of the Gibbs free energy change from that transformation for its
maintenance and growth.

Mathematical models that capture the population dynamics of microbes, species interac-
tions, and the impact of substrate and product concentrations are motivated by practical in-
terests in addition to academic study. Microbe population dynamics play a key role in many
problems including, for example: methane emissions from methanogens in environments like the

rumen; fermentation processes to produce high value chemicals; anaerobic water purification
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for wastewater treatment and biogas production; and understanding the human gastrointestinal
tract. Experiments to understand microbes in their natural settings can be time-consuming,
difficult, and expensive. From a purely practical standpoint, a model might provide enough
information to avoid the need to perform the experiment, or to identify how the experiment
should be focused in order to maximise the utility of the results while minimising the time, dif-
ficulty, and cost. More “academic interests” include, for example, the effects of thermodynamic
inhibition on microbial growth. The concentration of products, as well as reactants, contribute
to the environment that a microbe is in and can influence how quickly reactions take place,
inhibiting the reaction rate when product concentration is high, even if reactant concentration
is also high. Clearly, the practical and academic interests have a considerable overlap.

There are different approaches to modelling microbes. One approach is the agent-based
modelling explored by Nagarajan et al. in their review [130]. Here, each member of a population
is individually modelled interacting with their local environment. At the other extreme is the
dynamical system approach such as that by Gonze et al. [56], where entire populations are
considered together. The approach that we will take is between these two. We make two
fundamental assumptions: there is a huge population of any single microbial species, with
individual cells at different stages of their growth cycle, so we can treat it as a continuum,
and there is a uniformity to the environment resulting in homogeneity. Obviously the second
assumption does not always hold, but these assumptions will allow us to consider what happens

at the scale of a single cell without modelling every individual.

1.2 This Work - an Outline

The main goal of this work is to produce a mathematical model that is applicable to multiple
microbial populations with a range of different metabolisms, to identify the limits of validity
of the model using data found in the literature, and to identify avenues for further model
development. The model should use parameters that have a predictable physical basis to allow
demonstration of its usefulness for predicting outcomes.

In Chapter 2 we review existing mathematical models of microbial growth. We separate the
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growth rates used in these models into four categories based on how they are derived. These

categories are:

1. Empirical;

(\V)

. Hybrid of empirical with thermodynamic considerations;
3. Enzyme kinetics analogues; and
4. Statistical mechanics.

The derivation of these rates is briefly discussed and then the rates are compared and some new
connections between them are described .

The existing rates have strengths and the merit of simplicity, but more is known about the
biology of microbes that could be incorporated into the model. In Chapter 3 we seek a model that
balances mathematical tractability with key biological ideas. We thus turn our attention to the
development of a model that incorporates additional biological information. We then compare
the new model against some existing ones. To do this, we surveyed literature and collated a
dataset of 107 experiments. This dataset is then used to test the relevance of including the
additional biologically-motivated terms. We use the dataset to motivate the inclusion of the
new term, and then explore some properties that this term should have, which then will aid us
in choosing the most suitable form for that term. We also use the dataset to assess how well
our new rate can predict the substrate concentration for each experiment.

A feature of the above dataset is that, in each experiment, data were recorded for at least
one of two scenarios, viz., when the substrate concentration is at a threshold value (i.e., the
concentration below which the microbe can no longer grow) or when the concentration results in
half of the maximal growth rate. In Chapter 4 we turn our attention to examples that illustrate
the efficacy of the new model for microbes using different metabolic reactions where experimental
data are available. We start with a batch culture that has negligible thermodynamic inhibition
and compare the experimental results to the results of our simulations. We next compare
experimental data and results from our model for a batch culture with thermodynamic inhibition.

Finally, we consider a continuous culture example with thermodynamic inhibition. This last
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example is a more realistic experimental analogy to nature and applications, so it is an important
benchmark for the model. This example includes two strains of microbe utilising different
fermentation pathways which allows us to explore competition and coexistence, in addition to
comparing the results of our simulation to the reported experimental results.

The models considered in Chapters 2, 3, and 4 involved microbial growth limited by a single
substrate. Growth rates limited by multiple substrates are also of interest and a target of
any model would be its adaptability to microbial growth with multiple limiting substrates. In
Chapter 5 we look at different approaches for modelling this situation, with a focus on the case
where the multiple substrates are simultaneously required to produce ATP. Any extensions to
multiple limiting substrate models require a deeper knowledge of how the microbe utilises the
substrates. For example, does it need substrate A before substrate B to produce ATP? Can
the microbe “harvest” substrate A and store it whilst trying to acquire substrate B? It turns
out that even for two substrates there are many possible extensions. We begin this Chapter
with a brief exploration of empirical rates that have been used or suggested for multiple rate-
limiting substrates. We then consider a variety of possible extensions to enzyme kinetic models,
exploiting the analogy between microbes and enzymes. Finally, we consider how a rate derived
from statistical mechanics could be extended to multiple rate-limiting substrates and we discuss
some links between the different rates and mechanisms. A summary of results and suggestions

for future work is provided in Chapter 6.



Chapter 2

Single Substrate Models

2.1 Introduction to Microbes

Bacteria and Archaea are two of the three major domains of life, the third being Fukarya,
containing animals, plants, fungi, and protozoa [140]. Bacteria and archaea, which we will
collectively call microbes, are characterised by generally being single-celled organisms with cell
dimensions of the order of 1-2 ym. There is an enormous species diversity in both of these
microbial groups [104], and understanding how they compete, cooperate, and otherwise interact
in the often highly species-diverse ecosystems they inhabit is challenging [146]. Models describing
the behaviour of microbial cells can be used to describe and explore the growth of populations
of a microbial species, and so help us to better understand communities that consist of multiple
co-existing populations.

We will use the term “substrate” to refer to a compound that a microbe takes up from
its environment and transforms to harness some of the Gibbs free energy change from that
transformation for its maintenance and growth. Microbes usually take up substrates from their
environment using transporter proteins in the cell envelope, although a few substrates can diffuse
across the cell envelope. The substrate is transformed through a series of steps, catalysed by
multiple enzymes [4], in a sequence that is called a metabolic pathway. The final products are
then secreted or diffuse from the cell. There is an enormous diversity of metabolic pathways [83]

and, since most microbes have not been studied ([104], [146]), the potential for novel metabolisms
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is large.

Microbial growth proceeds from the transformation of substrate to product, with temporary
capture in the form of ATP of some of the Gibbs free energy associated with the transformation,
at a yield of ATP per substrate transformed (7)) that is determined by the pathway and the
total amount of Gibbs free energy available. That ATP is then broken down again and the
energy released is used to do useful work in the cell. That work may be cell maintenance or the
synthesis of new cell material. Although ATP is sometimes thought of as an energy-carrying
molecule, in reality the utility for coupling ATP to drive metabolism comes from maintaining the
ratio of ATP and its breakdown products (ADP and inorganic phosphates) away from chemical
equilibrium. A simplified scheme of microbial metabolism is shown in Figure 2.1. The amount
of ATP used for cellular maintenance functions (m) by a live cell can be assumed to be non-
zero [174] and depends on the physical conditions of the cell’s environment, which result in
physiological stresses on the cell [60], as well as ATP requirements for normal cell homeostasis
and regulation of its general metabolism. If the energy available for ATP synthesis exceeds that
required for cell maintenance, that excess can be used to produce more cell material. The way
that the cell uses ATP for growth depends on the substrate and other available nutrients and
is described as a cell yield factor Y. This yield is often expressed as cell matter produced per
unit of substrate, but here we express it as cell matter produced per ATP, remembering that
the amount of ATP per substrate transformed is 7. As new cell matter is produced, the cell
increases in size (usually in length) until it divides into two daughter cells.

Product accumulation can reduce the rate of substrate transformation, and this effect is
thought to be due to less favourable reaction thermodynamics. Examples include the activity
of hydrogen-forming fermentative microbes being inhibited by hydrogen accumulation [152],
acetate slowing the metabolism of acetate-forming bacteria [144], and methane inhibiting the
activity of methane-forming methanogens [31].

If a microbe metabolises substrate to product so that the concentration of substrate de-
creases and the product concentrations increase, at some point the thermodynamics are no

longer favourable, and metabolism halts. The substrate concentration when metabolism ceases
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microbe

S /vﬂ\ > P

7 (ADP + POs*)  pATP

new cell \ / metabolic

matenal intermediates

Figure 2.1: Simplified scheme of microbial metabolism. Substrate, S, is taken up from the
external environment and transformed to product, P, through metabolic pathways. The microbe
harnesses part of the Gibbs free energy change of that transformation by forming adenosine
triphosphate (ATP) from adenosine diphosphate (ADP) and either free phosphate (POi_) in the
cell or phosphate from phosphate-containing metabolic intermediates in its metabolic pathways.
The ratio of ATP molecules formed per substrate molecule is . That ATP is used for cellular
maintenance (not shown) and to provide the energy for synthesis of new cell material from a
subset of metabolic intermediates at a cell yield per ATP (Y'). Other constituents of cell material
can also be taken up from the external environment (not shown).

is termed a threshold, Sy, and these have been experimentally demonstrated for different mi-
crobes and substrates, e.g., for ethanol [170], glutamate [132], acetate [122], and hydrogen [36].
Lynch et al. showed how different values of 1 can result in different Spi, for microbes with
otherwise identical substrates and products, and growing under identical conditions [108]. The
differences in 1 result from differences in the metabolic pathways transforming substrates to
products. This is because increasing 1, while increasing ATP, decreases the magnitude of the
net Gibbs free energy change associated with the transformation of substrate to product due to
the energy required for ATP formation. However, even when working with the same strain of
the same species, different authors report different Sy, values. These are likely the result of
using different experimental set-ups resulting in different concentrations of other components in
the reaction beyond the substrate, so producing different thermodynamic effects. For example,
Smin values for hydrogen of 1.1 x 1078, 2.3 x 1078, and 6.9 x 10~8 M have been reported for
Methanospirillum hungatei strain JF-1 (cf. [36], [106], [155]). More examples are included in

the dataset we used in Chapter 3.
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2.2 Introduction to Modelling Microbial Growth

A wide range of mathematical models for microbial growth can be found in the literature. The

basic form of many of these models is

s

dX
dat = g X, (2.2)

where S is the concentration of the growth limiting substrate, X is the concentration of the
microbe, ¢ is a factor that accounts for how quickly the microbe can grow compared to the
substrate consumption, and ¢ is the rate of substrate metabolism (the reaction rate). It should be
noted that these models consider a single growth-rate limiting substrate only. Other substrates
needed for growth, whether needed for ATP production or for cell synthesis, are assumed to be
in plentiful supply and are not considered in the models. Multiple species models are of the

form

ds &
=1
adX;
= ¢;q;i X, 2.4
- = i (2.4)

where X; are the concentrations of the n different species of microbes and ¢; and ¢; are the ¢ and
q corresponding to their respective species. There are often other terms included in these models
such as a passage rate through the system and the rate of substrate formation or introduction
into the system, but it is the reaction rate ¢ that is the main distinguishing feature of a given
model. The reaction rate is an element of all models but there are many different forms, each
with their own justification. In forming our model a primary consideration is that the rate
used has a robust theoretical basis for the presence and position of each term. The parameters
should have biological significance and be experimentally measureable. The model should: be
generalisable to a number of applications; explicitly include thermodynamic inhibition; have

a non-zero threshold substrate concentration; and be able to be extended to include multiple
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rate-limiting substrates.

We first consider the case where there is a single rate-limiting substrate. That substrate is
usually the energy yielding substrate for growth that is considered to drive ATP formation and is
usually present in the environment at concentrations that limit the rate of metabolism. However,
it is possible that other substrates, like electron acceptors, are also rate-limiting. Therefore, we
will go on to explore ways to incorporate multiple rate-limiting substrates. The rates proposed
for microbial growth fall into four categories based on how they were derived. These categories

are:

1. Empirical,;

(\V)

. Hybrid of empirical with thermodynamic considerations;
3. Enzyme kinetics analogues; and
4. Statistical mechanics.

Investigating these different approaches provides a broad understanding of how microbial growth
has previously been modelled. To easily identify the rates, we have given each of them a name
taken from one or two of the authors who were involved in modelling the rate, while noting that

these rates have been widely used and other authors have also contributed.

2.3 Existing Single Substrate Models

The Monod model [125] captures all of the features of microbial growth described earlier, in
a pair of parameters. In practice, the Monod model is fitted to experimental data, and the
parameters gmax and Kj; describe the curve that is fitted. The theoretical interpretation for
the maximum growth rate, gmax, is relatively simple to understand since we know it contains n
and Y. The original Monod model used a parameter describing population growth, pimax, which
implicitly contains 7, Y, the maximum rate of substrate transformation, ¢muax, and also the cell
maintenance component of metabolism, m. In contrast, K, is a term that is fitted to the data

but its biological significance is unclear ([91], [102]). The Monod model has been adapted to
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include maintenance as an explicit term and other modifications have been made to include
substrate thresholds, Sin, and product inhibition [143].

A different approach is to model substrate transformation by the cell and then describe the
growth of the cell based on an ATP or Gibbs free energy budget. This is the approach used by
Lynch et al. [108] and Desmond-Le Quéméner and Bouchez [39] (among others, e.g., Kleere-
bezem and Van Loosdrecht [89]). The rate of substrate transformation to product is described
using non-linear saturation kinetics with a maximum rate of substrate transformation guax and
the rate of ATP formation described using the ATP to substrate stoichiometric parameter 7.
The ATP is then partitioned into use for maintenance (at an ATP requirement per unit of time)
and growth using the residual ATP after the maintenance requirement has been met. The yield
parameter Y can be used to convert ATP to cell material and thereby the growth rate of the
cell can be calculated [179]. In this case, the gmax and K terms contain neither the yield nor
maintenance parameters. If thermodynamic control is also added to the model, then gy.x and
K do not depend on contributions from thresholds and product inhibition. Instead, thresholds
and product inhibition emerge from this new model [108]. The K term reflects other features of
microbial metabolism, including substrate encounter frequency and capture efficiencies, which
are more easily comprehended. If we assume that substrate encounter frequency is similar for
simple dissolved molecules and for cells of similar size [13], and that evolution has optimised
capture efficiencies on the assumption that organisms with less-than-optimal capture efficiencies
would be uncompetitive and go extinct, we may be able to generalise a value of K without
needing to determine this parameter for every microbe, substrate, and set of environmental con-
ditions. This general K value seems particularly applicable for anaerobes because the influence
of the thermodynamic terms is greater than that of the K term. This will be elaborated on in
a later chapter. Parameters such as the ATP yield per substrate (1) have a profound effect on
the growth competitiveness of different species [108], and such models allow exploration of the
effects of end products under thermodynamic limitation, differing Y, and increases in m such
as when stresses are increased.

We first present the modelled growth rates for the four main categories of models together,

to allow easy comparison of the equation forms and different parameters. We then elaborate on
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these rates individually. In all the rates we use S as the concentration of the energy-yielding
substrate and normalise ¢uax, the maximum rate, to 1, which non-dimensionalises the rates for

easier comparison.

1. The Monod rate is

S
K [ — 2.5
wi(8) = g (2:5)
where K is a positive constant that depends on the organism.
2. The Jin and Bethke rate is
S
S)=——F 2.6
qs(S) TR (2.6)

where K ; is a positive constant that depends on the organism and Fr is a thermodynamic
potential factor that depends on the temperature and the thermodynamic driving force

(which is determined by the prevailing concentrations of substrates and products).

3. The Modified Haldane rate is

_80-0) i p<1
0 if 6>1,

where K is a positive constant that depends on the organism and € is a thermodynamic

inhibition factor that depends on the temperature and the prevailing concentrations of

substrates and products.

4. The Desmond-Le Quéméner and Bouchez rate, hereinafter referred to as the DLQB
rate, is

gp(S) = e M5, (2.8)

where A is a positive constant that depends on the organism, the temperature, and the

concentrations of substrates and products.

We now look at each of these rates in more detail and discuss the underlying models and their

shortcomings before comparing the rates and possible extensions to multiple substrates.
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2.3.1 Monod (Empirical)

Several growth rates based on fitting to experimental data have been proposed as models of

microbial growth with one growth-limiting substrate. Figure 2.2 shows a plot of what some
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Figure 2.2: Plot of idealised experimental data with non-dimensionalised units.

idealised experimental measurements could look like. The values have been synthesised for this
plot with the intention of showing the shape that has been seen by microbiologists since Monod.
Here, the rate ¢ is the non-dimensional rate, which is the quotient of the rate and the maximum
rate, so its maximum value is 1. This shows an asymptotic approach to gmax after a steep initial
increase at low concentration, with the inset showing that reaction rate is 0 at some non-zero
concentration.

Bader [6] notes that the empirical rates are based, in general, on one of three types. In

dimensionless form these are:
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1. Monod
J— z .
q= 1+ 2
2. Blackman
% if z <2
q =
1 if 2> 2
3. Exponential
g=1-277%.
Here,
S
z= —.
K

The earliest rate is perhaps that given by Blackman [17] in 1905. Monod [124], [125] proposed
his rate in 1942. The three rates are depicted in Figure 2.3. Again, the measurements shown
on the graph are intended to be indicative of the shape seen by microbiologists but they are not
actual data. The graph shows that the Monod rate approaches the asymptote ¢ = 1 much slower
than the other rates. Bader [6] refers to this speed at which the rates approach the asymptote
as the saturation rate. Full saturation is when the addition of more substrate does not increase

the rate. Of the three rates, only the Blackman rate reaches full saturation. He notes that:

The Blackman and exponential models generally give a better fit to experimental
data; primarily because they both saturate faster than the Monod model. Most data

fall between the Blackman and exponential models...
Nonetheless, it is the Monod model that is most widely used. Bader further remarks

The Monod model is also a simple and continuous algebraic relationship which lends
itself readily to theoretical analysis. Of the three models, the Monod model generally

represents the worst fit to experimental data.
Concerning the Blackman and exponential models, Bader explains

Both of these models are not frequently used because of the [derivative] discontinuity
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Blackman

Reaction Rate, ¢

« experimental measurement z=S/K

Figure 2.3: Shapes of three empirical rates.

in the Blackman model and the exponential term in the exponential model. These

lead to mathematical complexities which one frequently would prefer to avoid.

Dabes et al. [37] discuss and compare the three rates in more detail. They also show that the
rates are connected through a three parameter model and make a case for the Blackman model
under certain circumstances.

The Monod model is certainly the most widely used model for microbial growth that is limited
by a single substrate. This model has attracted the interest of many researchers who attempt
to find a deeper understanding of the rate beyond simply a curve fit to data. Liu [102] gives
an overview of various theoretical approaches to derive the Monod rate. Approaches include
straightforward biological models [14], analogies with enzyme kinetics (discussed in the next

section), thermodynamics [101], [103], mass transport [119] and statistical quantum mechanics
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[171]. The variety of approaches leading to the Monod rate is partially a consequence of various
rates from related applications that are functionally identical. In particular, the Monod rate is
formally the same as the Michaelis-Menten rate from enzyme kinetics. In addition, this rate is
also functionally the same as the Langmuir adsorption rate, which is derived in chemical kinetics,
thermodynamics, and also in statistical mechanics (cf. [48], [185]). As noted by Bader [6], the
Monod rate has the advantage of simplicity; moreover, it has the advantage that a number of
related processes have rates with the same functional form, which allows one to use analogies to
guide refinements and modifications to the basic model.

The rates discussed in this section are empirical in character, though this is somewhat hidden
in the non-dimensional form in which they are presented. The empirical character emerges from
the parameter K in the variable z. The constant K is the same for the three models. It
must be determined from experimental data, and this prompts the ticklish question of what K
means/measures. Here, we will refer to K as the Monod constant.

The Monod constant is elusive. Monod himself maintained that the rate was empirical in
character, being determined by the substrate concentration that results in the growth rate being
half of the maximum rate, and that the interpretation of K in terms of, say, the Michaelis-Menten
constant is meaningless (cf. Liu [102]). In fact, measurements of the Monod constant seem to
vary considerably with experimental conditions for (at least) Escherichia coli. Liu [102] remarks

that

So far, the large variation in values of the Monod constant has been extensively
reported in the literature. The data available for Escherichia coli growing with
glucose show that values of the Monod constant varied over more than three orders of
magnitude for different E. coli strains [91]. There is no conclusive explanation of such
a large variation in the Monod constant. In the past half century, the Monod equation
has been regarded as a mathematical analog of the Michaelis—-Menten equation for
an enzyme-catalyzed reaction, but it is empirical. In this regard, Monod [125] noted
that there is no relationship between the Monod constant and the Michaelis—Menten

constant.

Certainly a weakness in the three rates discussed is the nature of K. Roughly speaking K seems
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to depend strongly on the conditions under which the experiment was performed. This suggests
that the “constant” K, in fact, depends on temperature, inhibition caused by other substrates

and products, and other thermodynamic quantities. Liu [102] concludes:

In my opinion, the Monod equation would only have numerical meaning for microbial
growth, but might not have biological basis other than a regression-based mathemat-
ical formula. Obviously, on the journey to understanding the Monod equation, we
are making progress, but we are not yet close to the truth even after more than a

half-century of intensive research efforts.
Yet other shortcomings of the these rates are:

1. They all predict a non-zero growth rate for any positive concentration. We know that there
is no growth below a certain concentration of substrate because not enough ATP can be
formed if S is too small. This is known as the threshold, Spin, and has been measured

experimentally to be non-zero in many organisms (e.g., [36], [122], [132], [170]).

2. As noted by Bader [6] the rates (except Blackman) never reach full saturation. Using
Monod or exponential rates, the rate will always increase towards the asymptote ¢ = 1
as S is increased. In practice, there should be a concentration greater than which the

organism cannot grow any faster, i.e., finite S saturation.

It is the first shortcoming that indicates the need for terms that reflect the thermodynamic
restrictions on growth.

The Monod model is flexible and can be adapted to many scenarios: it forms a foundation
upon which more sophisticated models can be built. It cannot be applied generically to all
situations, but it can often be adjusted to meet with specific requirements. For example, Moser

[127] proposed the rate

ZTL

BT

q

This rate was subsequently derived from statistical mechanics [171], where the parameter n
corresponds to the number of binding sites. The rate also appears as the Hill-Langmuir equation

[54].
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Yet another variation is the rate proposed by Contois [35]

_z
q_ 1—1—27
where
L S
- KcX’

X is the population density of the microbe, and K¢ is a Monod-like constant. These variants
have spawned a number of related rates adapted to particular conditions. The reader is referred
to Gerber and Span [53] for a more comprehensive account.

The Monod rate is empirical, and this makes it difficult to generalise, to incorporate, for
example, the effects of thermodynamics. Nonetheless, this rate is widely known and used: it is
the “industry standard”. The other rates that we discuss are related to the Monod rate, at least

in functional dependence.

2.3.2 Jin and Bethke (Empirical and Thermodynamics Hybrid)

The Jin and Bethke rate [79] is regarded as a “hybrid” rate because it incorporates thermody-
namic effects, but such terms are multiplicatively appended to empirical parts. Jin and Bethke
first considered the dissolution and precipitation of a mineral and developed the form of the

thermodynamic potential factor, F7, to apply to microbial growth.

(2.9)

FT =1 — exp <AG+AGM> )

xRT

where AG and AG)s are the Gibbs free energy changes of the substrate to product reaction and
of the hydrolysis of ATP, respectively, x is the average stoichiometric number which represents
the number of times the rate-determining step occurs for each turnover of the full reaction,
R is the ideal gas constant (R = 0.00831446 kJ K~! mol~!), and T is the temperature. They

considered some empirical rate laws (0-order, 1%¢-order, logistic, logarithmic, Monod) and chose
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to base their model on the Monod rate. Recall that the Jin and Bethke rate is

S
K;+ S

qs(S) = Fr.

The rate they derived came from appending the thermodynamic potential factor “in a way that
honors the requirement of thermodynamic consistency” [79]. No explanation is given for why
the thermodynamic potential factor should be appended to what is otherwise the Monod rate
and so we regard it as a ‘hybrid’ that uses an empirical relation (Monod) along with a factor
derived from thermodynamic principles. The rate provides a better fit to data than the Monod
rate and it has been implemented by van Lingen et al. [176] to model microbial metabolism in

the anaerobic rumen environment.

2.3.3 Modified Haldane (Enzyme Kinetics)

In contrast to the Monod rate, the Modified Haldane rate comes from enzyme kinetics. We
call the rate shown in Eq. (2.7) the Modified Haldane rate as it starts with the rate from the
work Briggs and Haldane [22], it was adapted to microbial growth by Hoh and Cord-Ruwisch
[67], and was refined by Lynch et al. [108]. There is a formal similarity between the Monod
rate and the Michaelis-Menten rate. The latter is an early result from enzyme kinetics and
it is unsurprising that this theory can be used on models for microbial growth. The Haldane
rate is imported directly from the work of Briggs and Haldane [22] on enzyme kinetics. In the
derivation of gy we will see that the thermodynamic terms emerge as a consequence of the
system of differential equations, arising from the assumption of mass action, that model the
chemical reactions. Significantly, the Briggs-Haldane theory includes Michaelis-Menten kinetics
as a special case, but there are notable differences in the assumptions leading to the functional
form for this rate. The Michaelis-Menten rate was published in 1913 [120]; the Haldane rate was
published in 1925 [22]. Both rates are widely used in enzyme kinetics. The Michaelis-Menten
rate is now derived using the Briggs-Haldane approach along with their interpretation of the
Michaelis-Menten constant.

Modelling microbial growth through an analogy with enzyme kinetics provides a promising
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framework for generalisations to more complicated scenarios, including multiple limiting sub-
strates, multiple products, and substrates that inhibit growth. It is thus worth a look at the
derivation of gz in detail. Before we do this, however, it is helpful to comment on the analogy
itself. How can we use enzyme kinetics to model microbial growth?

An enzyme is a protein that acts as a catalyst in the conversion of substrate to product.
Enzymes are produced by living organisms and they accelerate chemical reactions. A microbe
contains many copies of many different enzymes catalysing metabolic reactions; however, in the
analogy we regard the microbe itself as a single enzyme. The resulting model is thus simplified
substantially because the need for a detailed knowledge and analysis of the enzyme kinetics
within the microbe is avoided, yet the model itself captures the role of the microbe as a catalytic
entity that facilitates the conversion of an energy-yielding substrate to a product.

Reactions involving enzymes are typically characterised by:
1. The concentration of the enzyme is small compared to that of the substrate.
2. The enzyme complex is formed rapidly compared to the formation of the product.

3. The enzyme is not altered by the reaction in that, after the product formation, it is
available for further reaction with substrate. There is no loss or gain of enzymes in the

reaction.

Microbes viewed as catalysts analogous to enzymes arguably satisfy these characteristics for
many models.

The differential equations that model reactions involving enzymes (like most chemical re-
actions) are based on the law of mass action. At the heart of the Briggs-Haldane approach,
however, is an assumption known as the “quasi-steady-state assumption” (QSSA) that reflects
the rapidity at which enzymes complex with reactants (characteristic 2). A partial justification
for this is the assumption that the enzymes are present in small concentrations compared to
the substrate (characteristic 1). We will see that the QSSA yields to a conservation law for
enzymes (characteristic 3). The mathematical foundations of the assumption have been studied
extensively. It is beyond the scope of this work to give a complete account of the QSSA and

its ramifications, but the reader can consult Murray [129] for a biologically-relevant account of
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the assumption. We note that the assumption was introduced by Briggs and Haldane in 1925
[22] and thereafter used extensively in enzyme kinetics. It was more than 50 years after their
work was published that the assumption drew the attention of mathematicians (e.g., [150], [159],
[160]). There is now extensive mathematical literature concerning this assumption, its limita-
tions, and its extensions. For examples: Schnell and Maini [154] have studied the validity of the
QSSA under certain conditions when the concentration of the enzyme is large; the QSSA has
been adapted for stochastic versions of enzyme kinetics [2], [84]; and the “use and abuse” of the
QSSA has been discussed [47].

The QSSA in enzyme kinetics requires two time scales. The fast scale tracks the speed at
which a catalyst forms a complex with a reactant; the slower scale reflects the speed at which
the product is formed. Pursuing the analogy to microbes, we require yet another time scale
for the reproduction of the organsim. It is important to recognise the need for this slow scale
because, for enzyme kinetics, the QSSA implies the conservation of the enzyme. If a microbe is
regarded as an enzyme, then its number will be conserved under the QSSA. We are reminded
here that we seek a model for microbial growth/decay. The answer is that there is yet another,

still slower time scale. In this analogy we thus juggle three time scales:
1. the fast scale that reflects the rate at which enzymes interact with substrate;

2. the intermediate scale which concerns the speed that products are formed by the reac-

tion, and;
3. the slow scale that models the speed at which a microbe reproduces.

Roughly speaking, although the QSSA predicts a conservation of enzyme (in our case a microbe),
it can be argued that microbes reproduce on a time scale much slower than the rate at which
products are formed.

Typical measurements support the assumption of three distinct time scales. Let E, S, Cg,
and P denote the concentrations of enzyme, substrate, enzyme complexed with substrate, and

product respectively. We consider the following reaction:

k k
E+S—=—=Cs=—E+P, (2.10)
ko ka
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where the k; denote reaction rates, and compare typical rates of substrate binding and trans-
formation to product. This is followed by determining a typical number for the specific growth
rate of a microbe. We first estimate the “fast rate”, i.e., the rate of substrate binding to the
enzyme.

Fersht [46] tabulated association rate constants for enzyme-substrate interaction, k;. These
are in the range 10° to 108s7}(mol L=!)~!. Let us use a value of 107s™!(mol L=1)~!. Intra-
cellular concentrations of enzyme substrates in the bacterium FEscherichia coli, tabulated by
Bennett et al. [12], were in the range of 1.3 x 10~7 t0 9.7 x 1072 mol L ™!, with a median value of
2.4 x 10~*mol L~!. Assuming first-order reaction kinetics, the rate of substrate binding to the
enzyme can be calculated from k1 x S, which yields (2.4x10"#mol L=!)x (107 s~ !(mol L=1)~!) =
2.4 x 103571,

We now consider the rate of substrate to product transformations by an enzyme. This rate
is denoted in the literature by kcat. In terms of Eq. (2.10) we have keay = k3 x P. Bar-Even
[9] summarised kst values for 1942 purified enzymes and calculated a median keay = 13.7s71.
We note that the estimated k.,t values for enzymes in cells of Fscherichia coli were in good
agreement for those determined for purified enzymes [38].

We now consider the time scale for a microbe to grow and divide to form two daughter
microbes. Escherichia coli has a doubling time, t4, of 21 to 150 min under optimal conditions,
depending on the growth substrate [186]. Doubling times for other microbes are 28 min to over
13 h (cf. [140]). For a microbe growing rapidly with a doubling time of 20 min, the specific

growth rate, p, can be calculated (cf. [143]) from

_ln2
n=

as approximately 6 x 107%s~!. The rates for the three time scales are summarised in Table
2.1. Finally, in this enzyme kinetics analogy model, the crucial assumption is made that the
rate of change of the microbe concentration is proportional to the rate of change of the product
concentration.

A key feature of the Briggs-Haldane approach is that it allows a reaction from product
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Table 2.1: Typical rate values for different time scales

’ time scale \ rate \ typical value
Fast k1S | 2.4 x 103571
Intermediate | k3P 13.7s71
Slow po| 6x1074s7!

back to substrate. This, in turn, opens the door for thermodynamic feedback. The Briggs and
Haldane derivation concerns only enzyme kinetics, but through the above analogy their work
was adapted for microbial growth by Hoh and Cord-Ruwisch [67]. In this manner it is possible
to “import” the thermodynamic terms from enzyme kinetics for microbial growth. The rate was
further adapted by Lynch et al. [108] to include directly the effects of ATP conservation in the
thermodynamic feedback, providing a formal description for different ATP yields (n) found in
microbes with the same overall metabolism.

Returning to Eq. (2.10) we now derive an expression for the rate of change of product
concentration P.

Assuming the law of mass action, the rates of change of the concentrations are given by the

differential equations:
dFE

= —k1ES + koCs + k3Cs — kyEP, (2.11)
B o kS + kO, (2.12)
% = k1 ES — koCs — k3Cs + k4EP, (2.13)
%’ = k3Cg — k4 EP. (2.14)

Adding Egs. (2.11) and (2.13) gives the conservation law %(E + Cs) = 0. Let E + Cs = Er,
where Ep is a constant that denotes the total amount of enzyme. The assumption that £ <« .S
is made, meaning that the enzyme is present in “catalytic amounts” and a quasi-steady-state is
established very quickly. This quasi-steady-state assumption (QSSA) amounts to the relations

dﬂ_dCS_O
.  dt
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i.e.,

kiES — koCg — k3Cs + k4 EP = 0. (2.15)

We now seek an expression for 22 that involves only S and P. The enzyme conservation law
p 2 y y

and the QSSA can be used to achieve this. First, since Cg = Er — F, Eq. (2.15) implies

(ko + k3)Erp

E= .
(kz + kg) + k1S + k4P

(2.16)

Note that Eq. (2.16) has only the variables, S and P. Substituting Er — E for Cs in Eq. (2.14)

gives
dP

E = ksEr — (kg + k4P)E

which, after replacing E using Eq. (2.16), becomes

P _ (ks +keP)(k2 + k3)Br
dt P (kg + kg) + k1S + ka P

ks + k4P )

= Er <k3_ 1+ kS | kP
ko+ks3 ko+k3

(2.17)

We thus have
dP ks + k4P
9 gy <k3_3+ 4 ) (2.18)

where Kg and Kp are defined as

Kg = : (2.19)

and
ko + k3
k4

Kp = . (2.20)

Defining the maximum forward reaction rate and maximum backward reaction rate as vy = Erks
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and v, = Erkg, respectively, Eq. (2.18) gives

S P
ap Er <k373 - k?*Kp)
- S P

S P
_ UiKs T Uk,

Tl Er A

Y

(2.21)

dpP

At equilibrium % = 0; hence,

v
L S -

s 2 Py =0

and
Pea _ osKp _
Seq vaS

Keq. (2.22)
Equation (2.22) is the Haldane relation. Substituting this relation into Eq. (2.18) gives

apP 75 (SKeq — P)
dt 1+%P(5%§+P>7
vp (SKeq — P)
KP"‘%SKeq‘FP’
vﬁ'(l—s%;q)
fgi +S(%+ Sllzeq)j
UfS(l—S%lJ
uke 4 s(1+ gk )

vp Keq

therefore,

apr vpS(1-10)
dt vra)’
KS+S(1+U—£9>

(2.23)

where

Q P P8y

Keq SKeq S Pe

0 = (2.24)

vy o_
vp

reaction rate. It is assumed by Hoh and Cord-Ruwisch [67] (and by Lynch et al. [108]) that

and % is the ratio of the maximum forward reaction rate and the maximum backward

these rates are equal (i.e., vy = v, or k3 = kg), and this gives the final form of the rate (Eq.

(2.7)), where Kg is renamed Ky for clarity when comparing to other rates. Note that @ is
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the reaction quotient and Keq is the equilibrium constant (the result of calculating the reaction

quotient using the equilibrium concentrations). The reaction quotient for the general reaction

c d
aA +bB = cC + dD is E“[ﬂg }]b where a, b, ¢, and d are the stoichiometric coefficients of the
respective species and the concentrations are taken in the prevailing conditions.
A special case is when the reaction from the complex to the product is irreversible, i.e.,

k4 = 0, so that the reaction is

k .
E+S%CSSE+P, (2.25)
2

In this case Eq. (2.17), using Kg as defined in Eq. (2.19), is

S

P _ Vs . vyS (2.26)
dt 1+Kis Kg+ S’ '

Eq. (2.26) is the Michaelis-Menten rate. We thus see that the Michaelis-Menten rate is a special
case of the Modified Haldane rate. It should be noted, however, that the original derivation of
the Michaelis-Menten rate differed from that of Briggs and Haldane in that they did not use the
QSSA. Instead, they used the more restrictive assumption that k1, ke > k3, and this leads to
an interpretation of the constant Kg as

ko

Kg=-2
S kl

The interpretation and history of the Michaelis-Menten rate and constant are discussed in depth
by Johnson [80]. An English translation of the original paper [120] is provided by Johnson and
Goody [81].

2.3.4 DLQB (Statistical Mechanics)

The DLQB rate was developed by Desmond-Le Quéméner and Bouchez [39] using statistical
mechanics and has since been used to model the growth of methanogenic microbes [128]. An
outline of the derivation is given here.

The derivation deals with three systems:

1. ¥ is the whole system, comprised of n elementary volumes (or statistical units) where
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n = Viot/Vharv, Viot is the total volume, and Vjap is the volume that each individual
microbe can access to harvest the substrate: Vj .. is a volume of environment per cell and

can be seen as a term related to substrate concentration;
2. Y is the subsystem comprised of the N statistical units that contain microbes; and
3. Ris the reservoir, the n— N statistical units that do not contain microbes, i.e., R = X —3.

It is assumed that ¥ has much larger volume than Y. Considering the canonical ensemble of
microstates that each consist of a distribution of substrate molecules in ¥ gives a Boltzmann
distribution. Using the partition function and Stirling’s approximation they determine the
proportion of microbes that have enough substrate within their statistical unit to trigger division

to be

Nt —v
- - - 2.2
exp ( — S) , (2.27)

where N% is the number of statistical units containing microbes that have enough substrate
within their elementary volume to trigger division and v is the threshold number of substrate
molecules. They then showed that Eq. (2.27) can be interpreted as a rate. Gibbs energy methods

derived earlier by Kleerebezem and van Loosdrecht [89] are modified and used to estimate v as

Ev + Egis
V= —

2.2
Ecat ( 8)

Here, E); is the energy captured in the biomass if it were to be assembled from its constituent
components and Fy;s is the energy dissipated during biomass formation. The sum Ej; + Fyjs
is a constant for a microbe on a certain substrate and gives the amount of energy required per
mole of produced cell matter. FEgyt is the negative of the Gibbs free energy change associated
with the conversion of substrate to product. If the Gibbs free energy change is not negative
then E. . is set to zero, which halts metabolism when the forward reaction is thermodynamically
unfavourable, ensuring the microbe doesn’t degrade itself and its products back to substrate.
This shows that v can be interpreted as the ratio of energy captured to energy available. The

ratio
v Ey+ Egis

- — A,
Vharv Ecat . Vharv
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returns the rate to the form shown in Eq. (2.8).

2.3.5 Rates Comparisons

The four rates we have presented come from different sources ranging from pure empirical
(Monod), enzyme kinetics (Modified Haldane), and statistical mechanics (DLQB). Despite their
different origins, there are connection among these rates. In this section we establish these
connections.

We note first that the Monod rate is of the same form as the Michaelis-Menten rate, and
the connection between this rate and the Modified Haldane rate has already been discussed. In
addition, it is clear that gp; can be readily recovered from ¢; as the special case Fr = 1, and
from qp as the special case § = 0. In other words, the Monod rate, ¢qps, corresponds formally
to q; and qg with the thermodynamic influence neutralised. A link between the Monod rate
and the DLQB rate is less obvious and will be given below. We now look at comparisons of the

rates qy, qmr, and gp.
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o
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Figure 2.4: Comparison of the shape of the Monod, Modified Haldane, and DLQB rates showing
high substrate concentration behaviour.

Figure 2.4 illustrates the typical shapes of the Monod, Modified Haldane, and DLQB rates

and the similar behaviour of the rates at high substrate concentration. Figure 2.5 highlights the
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Figure 2.5: Comparison of the shape of the Monod, Modified Haldane, and DLQB rates showing
low substrate concentration behaviour.

significant differences between the rates at low substrate concentration. The Jin and Bethke rate
was not included as its functional similarity to the Modified Haldane rate would mean that its
inclusion would provide no further insight. As these plots are intended to show the typical shape
of the rates, the product concentration was held constant while the substrate concentration was

varied in making these plots.

Modified Haldane and Jin & Bethke

The rates qg and ¢y share the feature of an explicit thermodynamic term that can produce a
reaction shutdown. They both predict non-zero threshold values, Spin- If the thermodynamics
in Eq. (2.9) are repackaged as Fr = 1 — 6 (a move similar to that done by Jin and Bethke
when comparing their thermodynamic potential factor to the thermodynamic terms of Hoh and
Cord-Ruwisch [79]), then Eq. (2.6) is

S(1 - 0)

= —", 2.2
K;+ S (2.29)
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Seq
Peq?

Now, 6 is given by Eq. (2.24) so that if K is defined as K; = K g + C, where v = S0 = P

then g; can be expressed in the form

- S(1—10) - S(1-0)
_KJH+’Y+S_KJH+S(1+9)’

qJ (2.30)

which is the same form as the Modified Haldane rate. In this sense, the Jin and Bethke rate
does not provide a rate form distinct from the Modified Haldane rate. The identification of ¢
with gg is deceptively simple: it must be remembered that K;g = K; — v, and v depends
on the product concentration, which is generally not constant. This means that K ;g is not,
in general, constant, in contrast with K; which is a constant in ¢;. Jin and Bethke derived a
thermodynamic term and appended it to the Monod rate g;. This means that Ky = Kj. In
this limited sense, Jin and Bethke’s rate can be considered a “hybrid” that uses a thermodynamic
term derived from basic principles and a rate that is empirical.

The above connection between the rates is superficial and unsatisfactory because of the
product dependence of K ji. A deeper connection between the rates can be seen by going back
to the equations from enzyme kinetics but using the Michaelis-Menten assumption instead of the
QSSA. Unlike the derivation of the Michaelis-Menten rate, we let the reaction for the product
be reversible. Like the Michaelis-Menten derivation, however, we make the assumption that the

rates which complex the substrate dominate the product formation rates, i.e.,

k1, ko > ks, ky.

In this case, Eq. (2.15) can be replaced by

k1ES — kyCg =0, (2.31)

and since By = E + Cg, this implies
_ ErK
K+ 8’

(2.32)
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where K = ky/k; is the Michaelis-Menten constant. Eqgs. (2.14), (2.31), and (2.32) imply

AP ErkzS(1—0)

d  K+S
where the thermodynamic term 6 is
ky P
0= —K—. 2.33
i S (2.33)

Ignoring the multiplicative constant Erks, we get the rate

‘= SI({1+;), (2.34)

which is gy when we identify the Michaelis-Menten constant with the Monod constant and Frp

with 1 — 0. Note that if we had used the assumption that the only “slow rate” is ks, i.e.,

k17 k?a k4 > k37

then we would still get a rate of the form in Eq. (2.34) with K replaced by the Modified Haldane

constant Kg given by Eq. (2.19).

Modified Haldane and DLQB

The DLQB rate is functionally very different from the other rates. Nonetheless, Figure 2.4
indicates that the graph of gp is very close to gy for values of S away from zero. Figure 2.5
illustrates the different graph shapes near S = 0. The rates gp and ¢qg depend on S in very
different ways and this indicates that connections are most likely through a limiting case. Before
we look at a limiting case, we note the biological parameters needed for ¢z and gp. The Modified
Haldane rate requires finding a value of Kz in order to use the rate. This is the half-saturation
constant for a microbe growing without thermodynamic inhibition. It assumes all compounds
needed for growth other than the substrate of interest are in plentiful supply and the products
are in low concentration. A value for this must be measured experimentally, but once it has
been measured the value can be used for modelling any organism with length of about 1 —2 pm.

In contrast, the DLQB model requires estimating a value for Vj 5., which is needed to calculate
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A. This is the volume that a microbial cell can access to harvest substrate.
Regarding gp and g as functions of S, it is clear that for any choice of positive constants
A, Ky, and vy

lim ¢p(S) = lim qu(S) =1, (2.35)
S—00 S—00

which means the rates are asymptotic to the line ¢ = 1. This can be seen in Figure 2.4 as
the DLQB and Modified Haldane rates clearly approach ¢ = 1 asymptotically. For values of S
that are large compared to A and K, the Modified Haldane and DLQB rate converge but the
choices of constants have an effect on the rate of this convergence. We show, plainly speaking,
that the rate of convergence is fastest if A = K.

The Taylor series for the exponential is

1 1
T __ =02 .3
e —1+x+2!a: —|—3!a: + ...,

so that

1 1
ap(S) = e M5 = = : (2.36)

e

Using Egs. (2.7) and (2.24), the Modified Haldane rate (when v < S, so # < 1) can be expressed

as
1-3
=
In general,
1
n(8) = ap(5) = 0 5 (2.59
as S — oco. We seek a relationship among A, K, and « such that
1
() - p(8) = 0 (3 (2.39)

as S — oo. Egs. (2.36) and (2.37) imply

1 ~ A A\ 1 Kg+~
—gp= - (1+24(2) o4 ) = (142277,
a — 4D (1+ 52 e § << s>(+s+<s) ST > <+ S
v

S
(2.40)
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The O(%) terms of g — gp in Eq. (2.40) must cancel in order to satisfy Eq. (2.39), and this

leads to
A—~y Kg+v~v
— =0 241
Yy, (2.41)
consequently,
A=Kg+2y. (2.42)

Given the values of Ky and 7, the value of A determined by Eq. (2.42) brings the two rates
very close under the assumption that % < 1 (or S > A). Note that A is determined uniquely
by Eq. (2.39).

A link between the DLQB rate and the Monod rate can be made by noting that an O (%)
approximation of ¢p from Eq. (2.36) has the same form as the Monod rate with A in place of K,
and again relying on the assumption that S > A. In fact, Desmond-Le Quéméner and Bouchez
[39] identified A with Kjs. No explanation for this identification was given, but certainly they

compared their results with Monod using K; = A.

A
qp = €Xp _g )

_ Eais + By
Ecatvharv .

Recall that the DLQB rate is

where

A

Prima facie is appears that ¢p does not have a positive threshold. Indeed, Desmond-Le
Quéméner and Bouchez [39] interpret the flattening of the rate curve for small concentrations
as an “apparent threshold”. Desmond-Le Quéméner and Bouchez [39] and others [128] regard A
as a positive constant for specific microbes. The zero threshold comes from the relation gp — 0
as S — 0. In fact, with a careful definition of the rate, it is straightforward to incorporate a
positive threshold without changing the model.

The thermodynamic term in gp is Ecat. This term corresponds to the chemical energy
available for the microbe as a result of the conversion of substrate to product: FE.,; is thus
the negative of the change in Gibbs free energy associated with the reaction. We can therefore

express F,t in the same terms used for the thermodynamic parameter in the Modified Haldane
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rate. specifically,

~RTlh-%, if 0<Q <K,
Boat = et ‘) (2.43)

0 otherwise.

where ) and K4 are the reaction quotient and equilibrium constant, as described earlier. Let

_ Egis + Enp

v
Vharv

and define gp as follows:

exp (-%), if EcatS >0

0, if FearS = 0.

qp =

This definition is not arbitrary: it is the only way to define gp so that the rate is continuous
at F¢,tS = 0. Noting that the thermodynamic parameter in the Modified Haldane rate is

0 = Q/Keq, we can write

exp (—gprg), if SInf <0
4D =
0, if Slnf=0.
It is evident under the above definition that ¢ and gp have precisely the same thresholds for
the same thermodynamic reasons. In Figures 2.4 and 2.5 we held E.,; constant but if we allowed
FE..¢ to vary, the curve for the DLQB rate would move across and reach the x-axis in the same
place as the Modified Haldane rate. As # — 1 we see that gy — 0 and gp — 0 (the common
positive threshold). A fundamental difference in the rates is when # — 0. For the Modified
Haldane rate, gy takes the form of the Monod rate. In contrast, Inf — —oo as  — 0T so that
gp — 1. Small values of 6 can occur, for instance, when P is small but S is not. Consider, for
example the case where S = Ky and P is nearly zero. Then, gz ~ 1/2, but ¢p ~ 1.
In this chapter we have explored the rates from these different existing models and derived
some new links between them. We will next consider a new rate before using some experimental

data from literature to validate and illustrate the use of the single substrate models.



Chapter 3

A Model that Optimises AGaTp

We seek a model that balances mathematical tractability with key biological ideas. It should
reflect these ideas, apply to a range of microbes, and still be simple enough to test against
existing data and be used for predictions. The single substrate rates that were discussed in the
previous chapter, particularly the Modified Haldane and DLQB (shown in Egs. (2.7) and (2.8)
respectively), have strengths, but there is more known about the biology that can be incorporated
into a model. Knowledge of the ATP generating process in the cell membrane offers a means by
which the Gibbs free energy requirement for ATP synthesis can be varied in an understandable
way, with implications for the rate of ATP synthesis. The ATP synthase is a multi-subunit
enzyme that rotates on an axis perpendicular to a microbial cell’s membrane. A gradient of
ions is maintained across the membrane and each time an ion, driven by that gradient, crosses
the membrane through the ATP synthase, the rotor turns one step. The total number of steps
required for a full turn is determined by the number of proteins in the c-ring (between 8 and 15),
and one full turn results in the synthesis of three molecules of ATP from three ADP and three
phosphate ions [117]. Miller et al. [121] present a model where the rate of ATP synthesis by the
membrane-bound ATP synthase is regulated by the size of the gradient across the membrane
(from outside the cell to inside), measured as the proton motive force (or sodium motive force for
organisms that use sodium ions rather than protons). There is a minimum proton motive force,
below which the rotor cannot turn [121] and there is a maximum rate, which is associated with

a proton motive force above which the rate of ATP synthesis cannot be increased any further

36
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[41] [121]. This range of proton motive force and the accompanying relation of the rate of
rotation of the ATP synthase can be interpreted as the thermodynamic potential of the proton
motive force driving the rotor. Out of thermodynamic considerations, there is also an equal
but opposite energy requirement to replenish the gradient, and that energy requirement will be
largest at the maximum gradient and smallest at the minimum gradient. It is understood that
gradient replenishment and gradient depletion occur simultaneously as the cell metabolises its
energy substrate (replenishment) and uses the gradient for functions including ATP synthesis
(depletion). Thus, as the proton motive force falls, less energy is required to export each proton
across the membrane, but the rate of ATP synthesis will be lower. This consideration now allows
us to propose a model where, as the thermodynamics of an energy-yielding metabolic reaction
that generates ATP become thermodynamically unfavourable, the cell lowers the membrane
potential to allow continued proton motive force replenishment, but with the penalty of a lower
rate of ATP synthesis as the ATP synthase turns more slowly with reduced proton motive force.
We further propose that a microbe will maximise the rate of ATP synthesis by optimising the
proton motive force. This is the model we explore in this chapter.

In this chapter we use a dataset collated from the literature to justify the need for a model to
incorporate this additional biological information. We then develop a model that incorporates
this additional biological knowledge. Finally, we compare the performance of this new model
against the experimental data. Although the DLQB rate shows promise for extensions, we will

focus on modifying the Modified Haldane rate.

3.1 AGarp in Current Models

The Gibbs free energy change for a reaction, AGY, can be expressed as

AG} = RTIn(Q/Key) = AG% + RT1n Q (3.1)

where AGY, is the Gibbs free energy change at standard conditions (which may be known using,

for example, tabulated standard enthalpy and entropy values). The net Gibbs free energy change
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for the reaction coupled to ATP formation, AGp, can instead be found using
AGr = AGT + RTInQ + nAGatp (3.2)

where 7 is the number of moles of ATP produced per mole of substrate consumed, and AG a1p
is the energy required to form a mole of ATP. This form of AGy is defined by Lynch et al. [108].
The novelty for this version of AGr is the addition of the term nAGaTp, which accounts for
the energy required for the microbe to produce ATP. We note that earlier work, including that
of Hoh and Cord-Ruwisch [67], does not include the energy required to produce ATP.

The thermodynamic inhibition term in the Modified Haldane rate, 8, was given in Chapter

2as 6= Kieq By including the ATP term from Eq. (3.2), Lynch et al. [108] obtain

. AGT + nAGaTp

6 = exp (AGr/RT) = Qex AT

(3.3)

The form of § in Eq. (3.3) is useful for modelling of the Modified Haldane rate because AGY. is
a constant for a particular reaction and 7 is a constant for a particular metabolic pathway, while
a fixed value of AGaTp can be chosen. While a fixed value may be justified over a wide range
of substrate concentrations; we have proposed (above) that organisms can change their AGatp
under near-threshold conditions, allowing them to continue to generate ATP by maintaining
AGaTp < AG%. In the Lynch et al. [108] model this AGatp term was considered constant. We
will see that the AGarp term can take values between about 55 kJ mol/}}P and 75 kJ moll}}P.

It is this behaviour that we build into a model.

3.2 Biology of AGarp

The term 7 is the number of moles of ATP formed per mole of the energy-yielding substrate that
is transformed. In more detail, it is the number of ATP (adenosine triphosphate) formed from
ADP (adenosine diphosphate) in conjunction with the energy-yielding reaction in the microbe.
The ATP can be formed either by substrate level phosphorylation or by an ATP synthase coupled

to a transmembrane gradient of H™ or Na™.
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Transmembrane gradients of HT or Na™ that are generated during substrate transformations
are harnessed by membrane-inserted ATP synthases to produce ATP in many anaerobes. ATP
that is generated in the cell can also be converted to transmembrane gradients that can be used
to drive uptake or other reactions. The value of AGarp must be the same as the energy used
to drive the number of protons required to generate one ATP via a membrane-inserted ATP
synthase. ATP synthases have different stoichiometries, with a complete cycle of the rotational
component of an ATP synthase generating 3 ATP and requiring between 8 and 15 ions (H* or
Na™) [117]. The number of ions required for a full rotation of the ATP synthase appears to be the
same within an organism but can vary between organisms [117]. Miller et al. [121] showed that
ATP synthases that require more ions for a full rotation have a smaller driving force (membrane
potenial, Ap) for the transport of one ion with the net result that the total amount of energy
required for a full rotation (and, hence, AG srp) is about the same, regardless of the number
of ions required to generate one ATP. The model by Miller et al. also predicts a minimum
AGATP, AGATPmin, below which Ap is insufficient for rotation of the ATP synthase and a
maximum AGaTp, AGATPmax, corresponding to a Ap where the ATP synthesis is maximal. We
use AGATPmin = 55 kJ molyrp and AGarpmax = 75 kJ molyrp as the limits on AGarp while
recognising that a range of similar values are used elsewhere. The justification for these values
is given in Appendix A.

When the supply of substrate is plentiful, the growth rate according to the Modified Haldane
rate is maximised if we use AGatp = 75 kJ molK%P and the ATP synthase is forming ATP at its
maximum rate. This was the value used by Lynch et al. [108]. Conversely, when the substrate
concentration is close to the threshold, so nAG aTp is close to the Gibbs free energy change, the
growth rate would be higher if a smaller value of AGarp was used. As the value of AGaTp
decreases, the threshold also decreases and growth, or survival, is possible in conditions that
would not be possible with AGaTp fixed at the high value. This behaviour is exhibited in Figure
3.1. The figure was produced using Desulfovibrio vulgaris growing with Ho and SOZ_. The basic
energetics and growth conditions are in Appendices B and D (M008 and C052, respectively).
The same ATP yield per Hs, environmental conditions, and reactant and product concentrations

were used for all calculations, except that the energy substrate Hy and AGarp were varied.
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Figure 3.1: Plot showing the difference in threshold concentration at different AGarp values
while other values (including product concentrations) are held constant.

3.3 The Data

We collated a dataset to test the relevance of the variable AGarp in the new rate against
what has been measured experimentally. With a focus on experiments that included anaer-
obes, literature was surveyed to verify whether the required information was present in the
paper or could be found (e.g., in supplementary material or through references to prevailing
experimental conditions in other papers). The required information included concentrations
of substrates and products, pH, and temperature. We concentrated on papers that reported
Smin and K,pp values. Dissolved concentrations of gases were calculated from gaseous par-
tial pressures using tabulated Ostwald coefficients [184] with corrections for temperature [10],

along with using the pH and dissociation constants for carbon dioxide. Papers in which not
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enough information was provided were not included and we were left with a dataset of 107 ex-
periments that we used to investigate how well the model predicts the values of Syin or Kapp,
compared to their experimentally-determined values. The dataset can be found in Appendix
D. We split the dataset into two groups based on whether the measurements were for Spin
(73 experiments) or K,p, (34 experiments). In Figures 3.2 and 3.3 we plot the reciprocal of
the reaction quotient calculated from the reported prevailing conditions for each experiment
against exp ((AG% + nAGatp)/RT)) for three values of AGarp. The first value of AGaTp is
0kJ molX%P, which removes the energetic cost of making ATP from the calculation, leaving it in
the form of earlier models such as that of Hoh and Cord-Ruwisch [67]. The other two values of
AGaTp used are 55 kJ molX%P and 75 kJ molX%P, corresponding to the approximate minimum
and maximum values described earlier.

Eq. (3.3) implies
. AGT +nAGaTp _ ﬁ

ex RT Q .

AGT+nAGATP

By plotting the experiment values for 1/Q against the model calculated values for exp T

we can easily identify the line corresponding to § = 1 (y = z in Figures 3.2 and 3.3). A value that
is on this line corresponds to shutdown due to thermodynamic inhibition. For the Sn;, data,
values should ideally lie on the line because the concentrations were recorded at the threshold.
In contrast, the K,pp, data has concentrations that were recorded when the reaction rate was
at half of its maximum value, which is non-zero, so we do not expect the K,,, data to fall on
the line. Instead, we expect it to be slightly below the line, which corresponds to maximising
the rate without reaching thermodynamic shutdown. The value of AGaTp affects the position
of a point and can determine whether it is above, below, or on the line. If the optimal value of
AG atp is different for the Syin and K,y data, which are two fundamentally different situations
for the microbe to be in, it suggests that a rate where AGarp is variable is an improvement.
The Spin data is given in Figure 3.2. We can see that ignoring the energy cost to produce
ATP (AGarp = 0) estimates values that are noticeably further from the centre line (0 = 1)
than either of the other AGarp values. This shows a benefit of the Lynch et al. rate compared

to the Hoh and Cord-Ruwisch rate, regardless of the choice for the value of AGarp. Using
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Figure 3.2: Plot of the Spin data comparing 1/Q for each experiment to

exp ((AGS +nAGatp) /RT) with three different values of AGarp.

AGatp = 75k] molg%P tends to over-correct and, on average, the calculations using AGatp =
55 kJ mol;%P tend to be closer to the line. This observation is quantified more formally by using
the L2 norm to measure the departure from the line. These norm values are shown in Table
3.1. Here, the norm value for AGatp = 0kJ molg%P is much larger than the norm values for
the other two, further reinforcing the benefit of using the Lynch et al. rate compared to the
rate of Hoh and Cord-Ruwisch. Note also that the value for 55 kJ moll}}P is smaller than that
for 75 kJ molgép. Note that this figure presents log transformed data, as do others later in the
chapter. While this does have the effect of reducing the apparent scale of differences from the
centre line or from other data points which decreases the apparent size of outliers, it also shows

the trend far more readily and allows us to use the whole dataset without the figures being
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Figure 3.3: Plot of the K,p, data comparing 1/Q for each experiment to
exp ((AGS +nAGatp) /RT) with three different values of AGarp. The outlier discussed
in the text is marked with an arrow.

dominated by a small number of extreme points.

Figure 3.3 shows the results when estimating K, data. Figure 3.4 increases readability by
ignoring the large outlier at about (-23,-121) when setting the axes. As for the Sy, data, the
points corresponding to AGarp = 0kJ molX%P are clearly further from the line than those for
the other values of AGaTp. Note that the points for AGatp = 75kJ mol;%P are the closest,
with many points lying very close to the line. The L2 norm values in Table 3.1 quantify these
observations. One might question the impact of the outlier on the relative values for the L2
norms. Table 3.1 lists the norm values with the outlier excluded. We note that although this
exclusion certainly reduces the L2 norm for AGarp = 0kJ molX%P, the hierarchy is preserved
and this value is still much larger than the others. The large difference between the norm
value for AGarp = 0kJ molK%P and the norm values for the other two again highlights the
improvement in using a rate that has an nAGarp term compared to one without such a term.

We can also use least squares methods to find which value of AGaTp would put the trend
line as close as possible to y = 2 (6 = 1) for each portion of the dataset. For the Sy, data this

value is approximately 58.8 kJ molK%P and for the K, data it is approximately 74.6 kJ molX%P.
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Figure 3.4: Rescaled version of Figure 3.3, ignoring the large outlier.

Further refinement of AGaTp values may be possible using such datasets.

We pause here to focus on the experiment containing the outlier in Figure 3.3 (due to the
size of the outlier when AGarp = 0klJ molK%P and as it has the only point that lies clearly
above the line, doing so by a large margin). The microbe in question is Geobacter sulfurreducens

growing on acetate and fumarate. This is the only experiment in the dataset using this proposed

-1

substrate: Lhe explanation for the

metabolism. The value of n that it used was 3.6 molaTp mol
choice for this value of 7 is given in Appendix B. The size of the outlier above the line for
AGaTp = 75 kJ mol~! prompted us to return to the biological assumptions that had been made

and check if any of them should be reconsidered. Upon further investigation we make the

-1

substrate for this microbe, with justification for this new value

argument that n = 3.3 molarp mol



CHAPTER 3. A MODEL THAT OPTIMISES AG atp 45

in Appendix B.2. In Figure 3.5 we see the effect of changing n from 3.6 to 3.3 for this microbe
is that the predicted value of exp ((AGS + nAGarp) /RT') using AGarp = 75kJ molK%P lands
very close to the line y = x. The proximity to the line y = x suggests this process produces
3.3 ATP, rather than 3.6, per substrate consumed. Note that this new value of n was suggested
based on reconsidering the biological assumptions and then replotting the figure using the new

value, resulting in a figure that provided support for the reasoning that led to the new value

—1
substrate*

of 3.3 molaTp mol The model predicts values that are generally a good fit for the data,

and prompts us to use the model to test our assumptions. In this case it led to us suggesting

a different value for n for Geobacter sulfurreducens growing on acetate and fumarate. Hereafter

-1

substrate 0T the Geobacter sulfurreducens reaction. This revised

we will use 7 = 3.3 molaTp mol
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Figure 3.5: Plot of the K,,, data showing the effect of using 7 = 3.3 molaTp mols_ulbstrate for the
Geobacter sulfurreducens reaction.
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value results in the least squares method for the K,,, data giving a value of 79.4kJ moll}}P,
rather than the original value of 74.6 kJ mol/}}ﬂp. We choose to continue using 55 kJ molgép and
75 kJ molK%P for the limits on AG 47p throughout the rest of our work, noting that available
literature values bracket these. We note here that a use of the model could be to estimate 7
values from data and so to help verify metabolic schemes.

When the concentration is near the threshold, the model supported by the data indicates the
best fit is for AGarp = 58.8 kJ molX%P. In contrast, the best fit for the K, data is AGarp =
79.4 kJ molg%P. Given the size of the data set, this difference in AGaTp values supports the
claim that the value of AGaTp is not constant over the range of substrate concentrations that a
microbe could encounter (e.g., Smin VS Kapp). This observation motivates the development of a
model for the growth rate that incorporates a variable AGatp. We now investigate a potential

avenue for how such changes in AGaTp could be incorporated into the rate.

Table 3.1: L2 norms for each choice of AGarp for the Syin data and the Ky, data.

AGarp 0kJ mol1p | 55 kJ molyp | 75 kI molyyp | 7
Shmin 45.2017 11.8218 16.6230 | 73
Kapp (with 1 = 3.6) 129.9335 42.2114 25.7717 | 34
K,pp (without outlier) 84.7846 37.2261 24.2707 34
Kapp (with = 3.3) 129.9335 45.6642 24.2721 | 34

3.4 An Optimised Rate

In Section 3.3 it was argued that a microbe could respond to challenging conditions, such as near
threshold substrate concentrations, by reducing its AGatp requirement. There is a minimum
AG arp value below which the microbe cannot reproduce and a maximum AG arp value above
which the ATP synthesis rate is not further increased. In this section we model a rate that

reflects these conditions. In particular, we require:

1. The rate is positive provided that AGaTp > AGATPmin Where AGATPmin 1S a given mini-

mum energy at or below which the rate is zero.

2. There is a maximum AGaTp, AGATPmax, that the microbe can use. Additional energy

beyond this value only impacts the rate through the other thermodynamic term 6.
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3. For a given substrate concentration, the microbe will use the value of AGaTp that max-

imises the rate.
The term AGatp is now considered a variable; hence, the thermodynamic term in the Modified
Haldane rate, Eq. (2.7), is written

T
O(AGatrp, S) = - exp (

nAGaTP
S

RT
where Y is positive, has the same dimensions as S, and does not depend on AGarp. We

introduce the non-dimensional variables

NAGATP

o =0(AGarp) = BT

and

v =v (AGaTp) = exp (0),

defining 09p = 0(AGATPmin) and 01 = 0(AGATPmax), as well as with vy = v (AGATPmin) and
v = V(AGATPmax).- The same extrema will be captured by v as by AGarp as v is a strictly

increasing function of AGarp. We also introduce the non-dimensional variable

S
U= —,
T
and the non-dimensional constant
Ky
K= —.
T

In terms of these new quantities, we have § = v/u and a non-dimensional growth rate ¢y p given
by
U —v

avp(v,u) = ———— v (3.4)

when v > v and 0 otherwise. If u has a fixed value, qyp decreases as v increases and so the

optimal value of v that would maximise gy p is always vg. If we used gxp for the model described

in assumptions 1-3, the microbe would always adjust the value of AGaTp to the minimum but
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we have assumed the rate to be zero at this value of AGarp in assumption 1. Thus, we are
motivated to introduce a “penalty function”, r(v), that does not increase the rate for v > 14
(AGATP > AGATPmax), and gives a zero rate for v < vy (AGarp < AGATPmin). The simplest
way to achieve this is to define the rate ¢ (v,u) = r (v)gnp (v,u). Here, we assume r has the

following properties:

1.0<r(v) <1

0 ifv <y
r(v) =
1 ifv >,

3. 7 (v) is continuous on [, v1] and differentiable on (v, v1) with 7/ (v) > 0 for all v € (v, 11),

and

4. r is dimensionless.
Together, the first three properties imply that r is monotonic strictly increasing and that 0 <
r(v) <1 for v € (vp,v1). We define the rate ¢ in term of v and v as

T(V) (u — V) (35)

q(v,u) = k+u+v

The rate ¢ has two thermodynamic ‘brakes’, the zeros of ¢, that represent two distinct mecha-
nisms. One zero occurs when v = v and models the thermodynamic inhibition caused by the
presence of products (this is the case # = 1 in the Modified Haldane rate). The other zero occurs
due to r when v = vy, capturing the assumption that the rate is zero when there is not enough
energy available to form ATP even when AGarp = AGATPmin. For any u, ¢(vp,u) = 0 and
q(u,u) =0 and

0<q(r,u) <1 (3.6)

for vy < v < w. This means that for any fixed value of u > vy there exists U € (vp,u) such that
q achieves its global maximum at (,u). We only optimise on v when ¢ is a function of v and u

because the microbe can “control” its AGarp response but it cannot control the environment

(u).
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Note that if v > vy, r =1 so q(v,u) = gqnp(v,u), and

dqnp
ov

<0. (3.7)

Now ¢ is continuous for v > 1y and Eq. (3.7) implies that for a fixed value of u, a global
maximum will be attained and it cannot be attained for v > v;. This implies that the global
maximum must be attained in (v, v1].

Suppose that o € (v, 1), then

2 4(o.) = (38)
We have
0 () K+ 2u o
Eq(y,u)— <r(y) (u—u)(l{—i—u+u)>q< ),

and Egs. (3.6) and (3.8), imply that

r'(v) K+ 2u B
rv) (w—v)(k+u+v) 0 (39)

Let

b(v) = —2 (3.10)

Then Eq. (3.9) can be recast as
u? +u (k- 2b(v)) — (b(v)k + vk + v?) = 0. (3.11)

Now u must be non-negative, hence,

1

uw) = ; <2b(u) i (2b(0) — R)? + A () + v+ ,,2)) . (3.12)

Eq. (3.12) shows that given any v € (v, v1) there is exactly one value of u that maximises the
rate. This is an implicit relation for . We would prefer to know if, given a value of u, there is

a unique value of v that maximises the rate. We note that if r is such that «’(v) > 0 then there
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will be a unique v that maximises the rate for a fixed value of u. We have

K+ 2v + 2b(v)b (v)

u'(v) =V (v) + .
V(@b(w) = 0)? + 4 (b(v)x + vi +1?)

(3.13)

The condition is satisfied if, for example, r”'(v) < 0 for v € (v, 1) because

<

V(v) = (%) =1-b(v) ((VV; !

so that o'(v) > 0 and hence u/(v) > 0 by Eq. (3.13).

Theorem 1 Let q be defined as in Eq. (3.5), where v has the properties 1-4. For a fixed value
of u, there is a U € (vy,v1] at which q assumes its global mazimum. If the maximum occurs in
(vo,v1), then Eq. (3.8) is satisfied and thus v is a solution to Eq. (3.12). A sufficient (but not

necessary) condition for Eq. (3.12) to have a unique solution, v, is

r(v) <0, (3.14)

for all v € (v, 1v1). If the maximum occurs at vy then the above inequality also ensures that the

global mazximum occurs only at vy.

We note that any property of r that ensures v/(v) > 0 will lead to a unique maximum location.
This condition is not necessary for uniqueness and certainly the condition in Eq. (3.14) is not

necessary.

3.4.1 gATP

The rate garp is non-dimensional and is defined for a given u as

qatp(u) = max q(v,u) (3.15)

ve(vo,vi]

with ¢ given in Eq. (3.5). There are two cases to consider: ¥ € (vg,v1) or U = vy.
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If the maximum occurs at some € (vp, 1) then Eq. (3.9) is satisfied at © and yields

q(o,u) =r' (@) (u—20) —rv).

Eq. (3.12) shows that 7 depends on the choice of u, so that if we regard u now as variable, then

v =v(u), and

qarp(u) = r'(0(u))(u — (u)) — (P (u)),

where ’ still denotes d/dv. We let kapp denote the value of u that produces garp(u) = 1/2, the
non-dimensional K-apparent. In this case where the maximum occurs in the interior, the value

of Kapp is given implicitly as the solution u = Kapp, to

If the maximum occurs at the endpoint v, then r(v1) = 1, so that

u—1r

U) = ————,
gare () o+ Ut

and

Kapp = K + 311

which is effectively the case studied for the Modified Haldane rate discussed in Chapter 2.

Eq. (3.12) defines a curve u = u(?) for v € [y, v1] that represents, for a given value of u near
the threshold, the ATP requirement o of the microbe for a maximal rate. We call this curve
the optimal curve. Assuming that u/(2) > 0, we can use the inverse function theorem to get (at
least in theory) © as a function of u. This is what was assumed implicitly in the calculations
for gaTp and Kapp. Under this assumption, the optimal curve has a positive slope and increases
from u(vg) = vp to u(v1). The optimal curve lies above the line defined by u = v, which is where
the rate is zero, intersecting only at the point (vg,ug). Figure 3.6 depicts a typical optimal

S

’ﬂg% and u = 5. The point (v, ug)

curve with non-dimensional variables, recall that o =

corresponds to the threshold (u > ug = vy for a positive rate); the other endpoint (v1,u(v1)) is
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the point at which the rate garp is maximised by v; for all values of u > u(vy).

Optimal curve
u=u(o)

Optimal rate at o,

U=0o

garp = 0

(thermodynamic)

=A \
= |
=
©
-
=
w
2
5
wn
Uy
gqarp =0
(not enough ATP)
YUp=-=m————— - ———f -
|
|
|
|
|
|
[
1
ap o

o ATP o

Figure 3.6: A typical optimal curve with non-dimensional variables, u = u(v).

3.4.2 Continuity of the Derivative of garp

The rate ¢ is as given in Eq. (3.5) which we could recast as

r(v(u))gnp(v,u) if u <wuy

garp(u) =
qnp(v,u)

where qnp is

u

QND(V7U) = K+

if u > ug,

— UV

u+v
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as in Eq. (3.4). We expect that the rate should be smooth (i.e., it should have a continuous

derivative with respect to the substrate concentration). We know that
0
5 (T(V)QND(Va U)) = 07 (316)

where a% indicates that w is held fixed. We also know that

u—

QATP(U) = ma

for u > uy, where v(u;) = v1. Note that v(u) = v for all u > uy.
Consider the derivative

() = 2 (o) + o (1)l u)) Y ()

= ?“(Z/)%(]ND(I/, w). (3.17)

Note that the second term vanishes due to Eq. (3.16) if u # uj. At uj, we have r(v(uy)) =
r(v1) = 1; hence, from “below”

lim (CZ (r(v)anp(v, U))) = lim <8auCIND(V1»u)>

u—)ul

and from “above”

lim (da; (anp (v, U))) = lim <§UQND(V1»U)) :

U*}’U&F 'U,*)’U‘l
The limits agree and so the derivative is continuous at u = w1, the upper limit of the substrate
concentration where the penalty function affects the rate. Note that the continuity of the

derivative uses only properties 1-4 for r.
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3.4.3 A Choice of r

There are many choices for r because properties 1-4 are not very restrictive. In this section we

choose a function r that leads to a more tractable optimisation problem. Specifically, let

0 — 6y e’ — %0 vV—1
= = = 5 3.18
"L 01— 0o el — e90 v — 1 ( )
where
AGH AG
0 = Qexp r +R7; ATP,
as in Eq. (3.3), 61 = 0(AGATPmax), 00 = 0(AGATPmin), 0 = T’Ag%, and v = exp (o).
We want to maximise
S(1-46)
h(o)=rp, - , 3.19
( ) KLynch+S(1+0) ( )
with respect to 0. Defining { = % allows us to restate Eq. (3.19) as
S _ o
h(o) =11, - ce (3.20)

KLynch + 5+ Ceo .

Maximising Eq. (3.20) with respect to o involves solving

d (€ =w)(S =) _
TAG e = B (3.21)

The positive solution occurs when

(Kiyneh +5) + v/ (KLyneh + S)? + (Kiynento + 2¢Svo + KiynenS + 52
: .

o7 — _ (3.22)

—(Kiyne S Kiyne S)2 Kivne 2(S KiynenS + 52
U:1n< (Kiyneh + 5) + /(KLyneh + )+§C Lynch 0 + 2CS1y + KiynenS + )7 (3.23)
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and

RT ln < 7(KLynch+S)+\/(KLynCh+S)2+CKLynChV0+QCSVO+KLynChS+SQ
¢

AGrp = (3.24)

Ui

For a particular set of values, if AGarp < AGATPmin, then the ATP production will shut
down; if the value of AGaTp > AGATPmax, then AGarp = AGATPmax. It is between these
bounds that the penalty function, ry is operating. For fixed product concentrations, we can
calculate the upper and lower bounds for S where the penalty function operates (i.e., the range
of S for which AGarp varies to maximise ry, - garp). Rearranging Eq. (3.22) to solve for the

positive value of S gives

S = % (2¢v — 2¢vy — Kyynen) + \/(QCV — 2Cvo — Krgnen)? 4+ 4(¢%0 + 2¢Kpynen? — (Krynen0)

(3.25)
The upper and lower bounds for S where the penalty function operates can be found using Eq.
(3.25) when v = 11 and v = 1. For example, we can find the bounds on S of the region where
the penalty function optimises AGatp for the reaction from Lynch et al. (2019) [108]. This
reaction is

[Ha] + 71005] = Z[OH] + 1[50, (3.26)

where S = [Hp| is the limiting substrate. The parameter values are given in Table 3.2. The
bounds are calculated to be 1.37 x 1078 mol L™ and 2.86 x 10~" mol L=!. This is shown in
Figure 3.7.

In Section 3.3 we looked at data of two types. The “threshold data” showed that AGarp =
AGATPmin produces a better fit; whereas, the “K,p, data” showed that AGatp = AGATPmax
is the better fit. This motivates the question about whether K,,, occurs when AGatp <
AGATPmax- For our choice of penalty function, r7, we can investigate where K., occurs for

the reaction used by Lynch et al. (2019) [108] by finding h(c1). Note that rr(c1) = 1 so

h(o1) = S—Cexp (a1)

K S+Cexp (1) and so the choice of r does not appear directly in h(oy) but is

relevant in the calculation of S. We find that the rate is approximately 0.220, which is clearly

less than 0.5. In this case K,pp occurs when AGaTp = AGATPmax. This is consistent with our
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Figure 3.7: The value of AGaTp that maximises ry, - qmaxﬁfgwj with parameter values
ync

taken from Lynch et al. [108].

results in Section 3.3.

3.5 Results

Earlier we used the dataset that we had collated in order to justify why a rate that allows AG atp
to change seems appropriate. Now that we have explored the penalty function and selected a
form which is mathematically convenient and biologically reasonable, we can use the form of the
rate ¢ to compare the substrate concentration that was reported from each experiment to what
the substrate concentration would be for the reaction to be at Spmin or Kapp.

For the S, data, we are looking for the largest substrate concentration where the rate

is 0. The threshold with a fixed value of AGaTp is lower for lower values of AGarp. Due
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Table 3.2: Parameter values for reaction from Lynch et al. [108], shown here in Eq. (3.26).

Symbol Description Value
AGT | Gibbs free energy change for the reaction —47.81 kJ mol~!
[CH4] Dissolved methane concentration 3.56 x 104 mol L !
[CO2] Dissolved carbon dioxide concentration 5.9 x 1072 mol L !
n ATP production per mole of substrate 0.15 molarp mol;jostrate
R Ideal gas constant 8.314 x 1073 kJ mol "' K~!
T Temperature 312K
Kt yneh Modified Haldane constant 2x 107" mol L~!

to the penalty function and the variable AGarp, the threshold would occur when AGaTp is
at its minimum value, i.e., AGarp = 55kJ mol/}}P. Mathematically, the threshold due to
thermodynamic shutdown with AGaTp at its minimum occurs at a substrate concentration that

can be found by making S the subject of the equation § =1, i.e.,

Simin = (3.27)

PP PP PR AGT + nAGATPmin
_— . eX
Spss _gg P RT

for the reaction
S1+ 5952 + 8353 + ... + 8 S — p1PL +paPo+ .. + pru Py

Everything in the RHS of Eq. (3.27) is known, so we calculate a theoretical value for Sy, in
the prevailing conditions and compare it to the value that was reported. The results of these
calculations are shown in Figure 3.8. The data are clustered close to the line y = x and the
correlation coefficient between log(Smeasured) and 10g(Scalculated) 1S approximately 0.9376.

For the K, data, we are looking for what the substrate concentration would have to be in

order for the rate to be half of its maximal value in the prevailing conditions.

q v—UW S — (v
Gmax vy — 1o KLynch+S+CV

Qrel = (328)

We cannot analytically solve Eq. (3.28) for S at a particular value of ¢ (e.g., at 0.5) due
to the variable nature of AGarp in the v terms. We solve this problem numerically. For

each experiment: we take a range of values of AGaTp, equally spaced between the maximum
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Figure 3.8: Plot of the S, data showing the reported (measured) value of S in each experiment
compared to the value of S calculated in the prevailing conditions according to Eq. (3.27).

and minimum values; and a range of values of S, equally spaced between multiple orders of
magnitude below the reported value and multiple orders of magnitude above the reported value.
We make a matrix where each entry is ¢, calculated in the prevailing conditions for a particular
choice of AGaTp and S. We record the largest value of ¢, for each value of S, along with what
value of AG arp it corresponded to, and then find which substrate concentration gave the closest
relative rate to 0.5. It was this substrate concentration that was recorded as the calculated value.
Figure 3.9 shows the results of this process using 201 values of AGarp between 55 kJ molX%P
and 75 kJ molK%P and 1000000 values of S equally spaced between four orders of magnitude
below the reported value and two orders of magnitude above the reported value. Apart from

one clear outlier at about (—7.5, —14), the rest of the data is clustered close to the line y = x
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Figure 3.9: Plot of the K, data showing the reported (measured) value of S in each experiment
compared to the value of S calculated in the prevailing conditions according to Eq. (3.28).

and the correlation coefficient between log(Smeasured) and 10g(Scalculated) 18 approximately 0.9100.
As noted in the previous section, it has not yet been proven whether K,,, occurs outside the
optimisation region for a general choice of r, but it is worth noting that the method used to find
the calculated substrate concentration for K,p, determined that the optimal value of AGaTp
was 75 kJ mol;%P for all 34 experiments. Given the wide variety of microbes and reactions
in the 34 experiments, this result again suggests that K,p, falls outside the region where the
optimisation occurs for our choice of ry.

As both portions of the analysis are built upon the same rate, we plot all the data together,
shown in Figure 3.10. Together, the fit to the line y = x appears strong and the correlation

coefficient for the full dataset is approximately 0.9400. This shows that our model, with the
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Figure 3.10: Combination of both Figures 3.8 and 3.9.

penalty function and variable AGaTp is effective at predicting the substrate concentration for
an experiment that is either at the threshold or at Kypp.

In this chapter we have: discussed AGaTp; used a dataset collated from literature to justify
a rate having different values of AGarp in different situations; explored how the variable AGaTp
could appear in the rate and suggested an appropriate form; and compared the reported substrate
concentrations to predicted values calculated using the rate. We acknowledge that the form for
the penalty function that we used was chosen because it is mathematically convenient and
biologically reasonable. The choice we made gives sensible results. A different » might be less
mathematically tractable but give more biologically appropriate results. It is beyond the scope

of this project to explore other possible forms and it is left as an avenue for future work. Thus
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far we have only used the rate with the penalty function at particular points of a reaction
(i.e., the threshold and the half-maximal growth rate). In the next chapter we investigate the

performance of the rate in more dynamic examples.



Chapter 4

Validation

As noted earlier, we expect that a model should exhibit behaviour that is qualitatively the
same as is seen experimentally. The model should be able to predict this behaviour before the
experiment takes place or even give insights into the outcomes of experiments or into the likely
outcomes of experiments that cannot (yet) be performed, rather than only being fitted to data to
yield parameter values for experiments that have already been carried out. This predictive nature
of the model, rather than simply being descriptive, will make it much more widely applicable. In
this chapter we explore the behaviour of the optimised rate, described in Chapter 3, when used
for modelling three different examples of microbes growing using different metabolic reactions
where experimental data are available. We start with modelling a batch culture of a microbe
using malonate as a substrate where thermodynamic inhibition was expected to have very little
effect. We then consider another batch culture of a microbe growing using crotonate where
thermodynamic inhibition has previously been postulated, before modelling continuous cultures
for two different microbes growing with glutamate, exploring the microbes in isolation and in
competition with each other. These different examples that we explore show the versatility
of the model and the final example, in addition to qualitatively reproducing what had been
found experimentally, allows us to make predictions about coexistence for microbes growing
in competition with each other, which we wouldn’t find by attempting to solve the system

analytically.

62
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4.1 Batch Culture with Negligible Thermodynamic Inhibition

We first consider a microbe growing in a batch culture using malonate according to the reaction

CgHgOZ — CQH302_ + COg, (4.1)

as described by Janssen [73], where 0.3 mol of ATP is produced for each mol of malonate that
is broken down into acetate and carbon dioxide, as explained in Appendix B.3. We will use
the term malonate to designate C3H3zO, , the singly dissociated form of this dicarboxylic acid.
This can also be written as Hmalonate™ to denote that only one of the carboxylic acid groups
is dissociated. Figures 1 (a)-(c) of Janssen [73] present data for the growth of three strains of
microbes on malonate. These are repeated in Figures 4.1-4.3, where optical density is a measure

of microbial biomass, and the data can be found in Tables C.1-C.3 in Appendix C.1. The
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Figure 4.1: Plot of strain 16mall growing with malonate.

experiments were performed at a pH of 7 and a temperature of 34 °C. The concentrations of
malonate and acetate were measured at various times during the experiments, and the concen-
tration of carbon dioxide was calculated according to the method described in Appendix C.2.
We use the standard enthalpies of formation (AH$) and the standard entropies (S°) given in

Table 4.1 to calculate the standard enthalpy change (AH®) and standard entropy change (AS?)
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Figure 4.2: Plot of strain NHI868 growing with malonate.

for the reaction using

AH°= Y AH}— >  AH?

products reactants

and

AST = > 80— Y s

products reactants

We then calculate the Gibbs free energy change at standard conditions (AG%) using
AGT = AH? —TAS°. (4.2)
We find the actual Gibbs free energy change, AGp, from
AGr = AGT + RTIn Q + nAGatp (4.3)

where R is the ideal gas constant (R = 0.00831446 kJ K~ mol™!), @ is the reaction quotient, n
is the number of moles of ATP produced per mole of substrate consumed (0.3 for this reaction,
as explained in Appendix B), and AGarp is the energy required to make a mole of ATP. We
used the total concentration of malonate and acetate and assumed they were fully in the ionised

forms shown in Table 4.1. The term AGr is as defined in Lynch et al. [108]. The cost of
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Figure 4.3: Plot of strain NCTC7427 growing with malonate.

producing ATP is not included in models such as that of Hoh and Cord-Ruwisch [67] but, when
it is included, AGaTp takes values between approximately 55 kJ moll}}P and 75 kJ moll}}P, as
explained in Chapter 3.

Note that for the general reaction
aA + B — ¢C + dD,

the reaction quotient is defined as

CeD?
@= papr
For Reaction (4.1) this becomes

Q- [CH3COO_]_[COQ]. (4.4)

[CH50,]

Recall that the thermodynamic parameter 6, introduced in Lynch et al. [108] is
AGY AG

0 — exp (AGr/RT) = Qexp 24 T 12CATP (4.5)

RT
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Table 4.1: Standard enthalpies of formation and entropies of formation for substances in the
malonate reaction, at 298.15 K and 1 bar.

Substance AH? Se Reference
(kJmol™1) | (kJ K~! mol™!)
CH30, Hmalonate™ -869.64 0.17866 [163]
CH3CO0O~ acetate ™ -485.8 0.0866 [30]
COq carbon dioxide -413.8 0.1176 [30]

Note also that 8 = 1 corresponds to complete thermodynamic shutdown and that 8 = 0 cor-
responds to no thermodynamic impact. Calculating the value of § and AG7 in the prevailing

conditions at each time point in the dataset gives us Figures 4.4-4.6.
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Figure 4.4: Plot of AGp and # at each measurement time point using data for strain 16mall
from Figure 4.1 and Table C.1.

We calculated AGr using AGarp = 0kJ molK%P (as in the work of Hoh and Cord-Ruwisch,
where the energy requirement to form ATP was not considered), along with AGarp = 55 kJ molK%P
and AGatp = 75 kJ molK%P (the lower and upper bounds being used for the optimised rate).

Figures 4.4-4.6 show that the value of AGr remains negative, regardless of the choice of
value of AGarp. This means the reaction remains thermodynamically favourable. Note that

the values of 6 remain very small, less that 0.001 for each data set and much less than this value

throughout most of the experiment. These results highlight that the growth of each of the three
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Figure 4.5: Plot of AGr and 6 at each measurement time point using data for strain NHIS68
from Figure 4.2 and Table C.2.

strains of microbe was limited by something other than product inhibition.

The application of this model to a batch culture where there is very little or no thermody-
namic inhibition until right near the end does not illustrate very well the impact of the penalty
function. We can show that the model nonetheless predicts experimental outcomes that are
qualitatively similar to the experimental data that were reported by Janssen [73].

The rate of malonate turnover for the Optimised rate is

S(1-0)
LA C .0 4.6
L I ) (46)
where 0 is as defined in Eq. (4.5) and r is the penalty function term, given by
exp (NAGatrp/RT) — exp (NAGATPmin/RT) (47)

r= .
exp (NAGATPmax/RT) — exp (NAG ATPmin/RT')

Here, AGATPmax and AGaTpmin are the upper and lower bounds for the range of values
that AGarp can take. As explained earlier, AGaATpmax = 75 kJ molXF}P and AGATPmin =
55 kJ molK%P, respectively. The so-called “penalty function” in the Optimised rate allows us to

model a microbe that can modulate its metabolism to its conditions. This captures the range of
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Figure 4.6: Plot of AGr and 6 at each measurement time point using data for strain NCTC7427
from Figure 4.3 and Table C.3.

possible AGarp values, maintaining garp by reducing AGarp to keep 6 < 1 at the expense of
the rate of ATP synthesis. Because ATP formation and substrate utilisation are strongly linked
through metabolic feedback, this can be expressed in Eq. (4.6) as 7. A more complete description
of 7 is given in Chapter 3. For the parameters in Eq. (4.6) we use: K = 2x10~" mol L™}, as used
by Lynch et al. [108] for work with hydrogen as a substrate; gmax = 7.07x 107 mol cell ™! day !
as the maximum rate of substrate turnover; and 7' = 307.15 K and pH = 7.0 as in the original
experiments [73].

Using the law of mass action we get the following differential equations for the rates of change

of the concentrations of the species present

dX
— = (g =m)Y)X, (4.8)
d[Malonate]
= —agX 4.
— X, (4.9)
d[Acetate] _ (4.10)
dt
d[COs]
- = gX. (4.11)

Here: X is the concentration of microbe cells (the population expressed as cells per litre); m is
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the maintenance requirement for the microbe, with units of molarp cell ™! day " it is the amount
of energy in the form of ATP required for all non-growth related cellular functions; and Y is the
reproduction coefficient which we take from Lynch et al. [108] to be Y = 2.36 x 103 cell molK%P.
We take the initial concentration of malonate to be 0.070 mol L™, the initial concentration of
acetate to be 0.0011 mol L™!, the initial concentration of carbon dioxide to be 0.0037 mol L1,
and the initial value of X to be 5 x 10% cells L=!. The inoculum size was 1% by volume from
a culture that had the maximum cell density possible from the initial malonate concentration.
This allows nearly seven doublings of cell numbers to observe the behaviour of the model. We
set maintenance to be 0 molarp cell™? day*1 for this simulation.

The simulation is depicted in Figure 4.7. This figure shows that the qualitative behaviour
matches that recorded experimentally in Janssen’s work. The obvious difference between Janssen’s
data [73] and Figure 4.7 is that the carbon dioxide concentration calculated from Janssen’s data
only increased by about 20% of the amount that acetate does, while the simulation in Figure
4.7 has the concentrations of acetate and carbon dioxide increasing at a 1:1 ratio as predicted
by Eq. (4.1). This difference is because the calculated carbon dioxide produced in Janssen’s
experiments are in equilibrium with the gas phase. In the modelled behaviour shown in Figure

4.7, all the carbon dioxide produced is retained in the growth medium. In Figure 4.8 we plot
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Figure 4.7: Plot of concentrations during simulation of malonate fermentation.
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0 and the optimised AGarp over time for this simulation to see the effect of thermodynamic

inhibition and the penalty function. Figure 4.8 reveals that there is very little influence either
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Figure 4.8: Plot of 8 and optimised AGaTp during simulation of malonate fermentation.

from the thermodynamic inhibition of 6 or from AGarp changing away from 75 kJ molX%P until
the end of the growth period for the batch culture, where the substrate has dropped from the
initial value of 0.070 mol L=! to less than 0.05 mmol L=!. The Optimised rate is designed to
cope with situations where there is thermodynamic inhibition due to the presence of products.
In a batch culture like this one, the key features of the model are not utilised until the brief
window at the end of the simulation. Importantly, however, the model still performs well when
the inhibitory effects of products are minimal. We now consider a situation where the inhibitive

effects of products are stronger.

4.2 Batch Culture with Thermodynamic Inhibition

Consider the reaction

1 1
CHg(CH)QCOO_ + HyO — CH3COO™ + §CH3(CH2)QCOO_ + §H+, (4.12)
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as presented by Wallrabenstein and Schink [177] for growth of strain DM-3 in a batch cul-
ture, breaking down crotonate into acetate and butyrate. This reaction was analysed by Jin
and Bethke [79] when validating their rate. Based on the known pathway of crotonate fer-
mentation, we estimate 0.5 mol of ATP is produced for each mol of crotonate fermented, i.e.,

-1
crotonate-

17 = 0.5 molayTp mol The explanation for this is given in Appendix B.3. We estimate the
prevailing concentrations of crotonate, acetate, and butyrate, along with the change in optical
density as a measure of biomass, at each measurement time point from Figure 1 in Wallraben-
stein and Schink [177]. No table of data was included in their work. These estimated values

are given in Table C.4. Repeating what we did in Section 4.1 for microbes growing with mal-

onate, we start with Figure 4.9, showing the data. Values for the enthalpy of formation and
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Figure 4.9: Plot of growth of strain DM-3 on crotonate with substrate and product concentra-
tions over time.

the standard entropy for crotonate are elusive so, rather than the process we used for malonate

fermentation, we use an integrated form of the Gibbs-Helmholtz equation,

T Ty — T
AGry ~ ﬁAGTl - AHQTll, (4.13)
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where T' is in Kelvin, to calculate AGy of each species present at 28 °C, using the values in

Table 4.2 for 25 °C. After calculating AG at 28 °C for each, AG% for the reaction is

AGq= > AGy— Y AGy,

products reactants

which works out to —11.723 kJ mol~'. We then calculate AG7 in the prevailing conditions using

Eq. (4.3), which was
AGr = AG% + RT IHQ + UAGATP-

Note that reaction quotients are normalised based on the activity of water being 1, so water

does not appear in the reaction quotient reactions occuring in aqueous solutions. This means

that the reaction quotient for crotonate fermentation is

_ [CH3COO~][CH3(CH;)2,COO~]*5[HF]0-5
“- [CH3(CH)2COO] : (4.14)

Plotting # and AGr in the prevailing conditions at each measurement time from the dataset
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Figure 4.10: Plot of AGT and 6 at each measurement time point using data from Figure 4.9
and Table C.4.

gives us Figure 4.10. We see that when AGaTp is either not included or set to 55 kJ molK%P,

AGT is negative throughout. The value of AGr is positive for the last few data points when
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AG aTp was set to 75kJ molX%P, indicating that late in the experiment the transformation of
crotonate becomes thermodynamically unfavourable at this value of AGarp. This is reflected
in the plot showing 6: the values are much larger than they were for the duration of malonate
fermentation; they stay below 2 x 1075 without AGarp; they reach about 0.1 by the end of
the experiment when AGarp = 55kJ molK%P; and they are very small for the first half of the
experiment when AGarp = 75 kJ molK%P before increasing rapidly, reaching 1 by the last few
days of the experiment. Thermodynamic inhibition is more evident than it was in the experiment
with malonate, although not as strong as the Optimised rate is capable of handling. We can
again run a simulation using some estimated values for parameters to show the model using
the penalty function generates an output that is qualitatively similar to the experimental data

reported by Wallrabenstein and Schink [177].

Table 4.2: Standard Gibbs free energy of formation and enthalpy of formation values for sub-
stances in crotonate fermentation at 298.15 K and 1 bar. AG? for crotonate is from Thauer
et al. [172], while AH3 is estimated based on values of similar organic acids as explained in
Appendix C.3

Substance AG? AH 7 Reference
(kJmol™1) | (kJ mol~!)
CH3(CH)2COO™ | Crotonate™ -277.4 -395.88 [172]
CH;CO0~ Acetate~ | -376.89 485.8 [29]
CH;(CH,)2COO~ | Butyrate~ | -372.04 | -535.55 [29]
H* Proton 0 0 [29]
H,0 Water -273.19 -985.84 [29]

We take g, the rate of crotonate turnover, to be given by Eq. (4.6), which was

S(1-06)
K+S(1+6)

q =T dmax

We use: K = 2 x 107" mol L™!, as used by Lynch et al. [108] for work with hydrogen as a

1 as the maximum rate of substrate turnover

substrate; gmax = 1.19 x 10714 mol cell™! day~
calculated from data presented by Wallrabenstein and Schink [177]; and 7" = 301.15 K and
pH =17.3.

Using the law of mass action we get the following differential equations for the rates of change
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of the concentrations of the species present

dX

i ((ng —m)Y)X, (4.15)

d[CroCti(t)nate] _ X, (4.16)
d|Acetate

d[Bugrate] = 0.5¢X, (4.18)
d[HT]

=0. 4.1
4 =0 (4.19)

Again, these equations use: X as the concentration of microbe cells; m as the maintenance

requirement for the microbe, with units of molatp cell™! dayfl

; and we also import from Lynch
et al. [108] Y = 2.36 x 103 cell mol 1, the reproduction coefficient. We set maintenance to
be 0 molarp cell ! day~! for this simulation. We observe in Figure 4.11 that the qualitative
behaviour matches that recorded experimentally by Wallrabenstein and Schink [177] and that
growth started to slow while there was still a significant amount of substrate left, rather than

growth accelerating until the substrate was almost completely exhausted as was seen in the mal-

onate example. In Figure 4.12 we plot 6 and the optimised AGarp over time for the simulation
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Figure 4.11: Plot of concentrations during simulation of crotonate fermentation.

to see the effect of thermodynamic inhibition and the penalty function during the simulation.
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We see that both controls move considerably away from their starting values when the biomass
is approximately half of its maximum value and when there is still about half of the substrate

remaining. We saw in the example of malonate fermentation that the Optimised rate, which

Concentration of cells (cells L'1)

0 20 40 60 0 20 40 60
Time (days) Time (days)

Figure 4.12: Plot of # and optimised AGarp during simulation of crotonate fermentation.

is intended to model situations with thermodynamic inhibition due to the buildup of products,
performs well in an example with batch cultures that have little of this inhibition until a very
brief window near the end of culture growth. We now see that the function also responds to
product inhibition by reducing AGarp to allow continued metabolism.

So our attention turns now to a continuous culture example where we can explore the be-

haviour of the model more fully.

4.3 Continuous Culture with Thermodynamic Inhibition

The previous sections simulated microbes growing in batch cultures with malonate and crotonate
where thermodynamic limitation occurs part way through or near the end of culture growth.
We now look at a continuous culture which is a more realistic representation of microbial growth
in nature. Substrate concentrations tend to be low and more-or-less continuously supplied. The
previous examples each only had one species of microbe present, but this example also allows

us to explore the more realistic situation where there are competing species of microbe present.
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Consider the following reactions which are respectively involved in the production of ATP
for two strains of bacteria, DKglul6 and DKglu26 respectively, as outlined by Nanninga et al.
[132]:

4 ) 1 2
glutamate + gHgO — §acetate + gpropionate + gCOz + ammonium (4.20)

and

6 2 6 2 1
glutamate + gHgO + 5H+ — 5acetate + gbutyrate + ammonium + COs + gHg (4.21)

We can model the growth of these microbes in different continuous culture conditions, both
separately or in direct competition with each other, and compare the results with those reported
by Nanninga et al.

Before we can run simulations of the model, we need to determine the values for some chem-
ical components in the reactions. The reaction in Eq. (4.20) produces 28/33 molarp per mole
of glutamate consumed, based on net 2 ATP per 3 glutamate by substrate-level phosphory-
lation [131], and 2 {H"/Na®} exported at the fumarate reduction step per 3 glutamate [65],
and assuming 11 {H"/Na*} are used per 3 ATP formed by the ATP synthase, as found in
Clostridium paradorum [118]. The reaction in Eq. (4.21) produces 19/20 molatp per mole of
glutamate consumed, based on the scheme that has been presented by Buckel and Thauer [26]
for Clostridium tetanomorphum which assumes 12 {H*/Nat} are used to form 3 ATP at the
ATP synthase. Nanninga et al. [132] classify DKglu26 as a member of Clostridium cochlearium.
C. tetanomorphum and C. cochlearium are closely related [33].

Using the standard enthalpies of formation (AH%) and the standard entropies (5°) in Table
4.3 we calculate the standard enthalpy change (AH?) and standard entropy change (AS°) for

the reaction using

AH°= Y AH}— >  AH?

products reactants

and

A= > 50— N S

products reactants

just as we did for malonate fermentation. We then calculate the Gibbs free energy change for
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Table 4.3: Standard enthalpy of formation and entropy of formation values for substances in glu-
tamate fermentation at 298.15 K and 1 bar. Conversions made from 1 cal to 4.184 J as required

[126].

Substance AH} S° Reference
(kJmol™!) | (kJ K= mol™!)

C3HsO4N- Glutamate 2979.68 0.18351 [5]
CH3COO~ Acetate -485.8 0.0866 [30]
CH3CH,COO~ Propionate -513.1 0.1109 [110]
CH3CH;CH,COO™ Butyrate -535.55 0.20167 [29]
H* Proton 0 0 [30]
Ho Hydrogen -4.184 0.05774 [98]
H,0 Water -285.8 0.0699 [30]
COq Carbon dioxide -413.8 0.1176 [30]
NH} ammonium -132.5 0.1134 [30]

standard conditions (AG%) using Eq. (4.2), which was
AGT = AH? —TAS°.
We can then find the actual Gibbs free energy change, AGp, from Eq. (4.3), which was
AGr = AGT + RT'InQ + nAGarp.

As before, R is the ideal gas constant (R = 0.00831446 kJ K~ mol~1), Q is the reaction quo-
tient, 7 is the number of moles of ATP produced per mole of substrate consumed (28/33 and
19/20 for these reactions, as detailed above), and AG arp is the energy required to make a mole
of ATP. Again, when the cost of producing ATP is included, AGaTp can take values between ap-

proximately 55 kJ molX%P and 75 kJ molX%P. The respective reaction quotients for the reactions

in Egs. (4.20) and (4.21) are

[acetate]®/?[propionate]'/3[carbon dioxide]?/?[ammonium]

4.22
[glutamate] (422)

and

[acetate]S/°[butyrate]?/® [carbon dioxide][ammonium][Ha]'/>

[glutamate][H+]2/5

(4.23)
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To model the growth of these microbes in a continuous culture, we consider a fixed volume
which has flow through it at some rate a. This passage rate through the system brings in
nutrients at chosen concentrations and washes out a proportion of the entire contents, which is
assumed to be well-mixed, to maintain the constant volume.

Again, we take ¢, the rate of substrate turnover for a substrate S, to be given by Eq. (4.6),

which was
S(1-90)
K+S(1+0)

g =T * dmax

The forms of 6 and r are given by Egs. (4.5) and (4.7), which were

AG? A
0 = exp (AGr/RT) = Qexp G 1 GATP,
RT
and
_exp (nAGaTp/RT) — exp (NAG ATPmin/RT)
€Xp (nAGATPmaX/RT) — €Xp (WAGATPmin/RT) .

We use K = 2 x 107" mol L™! as used by Lynch et al. [108] for work with hydrogen as a

1 as the maximum substrate turnover. We

substrate and gmax = 3.57 x 107 mol cell ™! day~
assume there is a buffer keeping the pH at 6.5 (so the HT used in the reaction for DKglu26 will
have a constant concentration) and the temperature in the culture is fixed at 7' = 308.15 K, to
match the pH and temperature used by Nanninga et al. [132].

Initially focusing solely on strain DKglul6, we use the law of mass action to get the following

differential equations for the rates of change of the concentrations of the species present:

O (a—m)y )X, (424)
CMZ;IHM = —¢X — a([Glutamate] — [Glutamate]g), (4.25)
d[Ac;fate] = qu — a([Acetate] — [Acetate]g), (4.26)
CM;W - %qX — a([Propionate] — [Propionate]s), (4.27)
d[Amrz;)nium] = ¢X — a([Ammonium] — [Ammonium]g), (4.28)
d[COs] _ 0. (4.29)

dt
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These equations use: X as the concentration of microbe cells; [Glutamate]g as the inflowing
glutamate concentration, with the other inflowing concentrations labelled in the same way; m as
the maintenance requirement for the microbe, with units of molarp cell ™' day~! it is the daily
amount of energy required to keep a microbe functioning; and we also import from Lynch et al.
[108] for Y = 2.36 x 10'3 cell molX%P, the reproduction coefficient.

We are assuming the concentration of carbon dioxide to be constant due to the system being
a continuous culture with a gas phase. We assumed that any excess carbon dioxide produced
will leave through the gas phase on a timescale much faster than the growth of the microbe
(see, for example, Gibbons and Edsall [55] or Garg and Maren [52]). We use the value from
the experiments reported by Nanninga et al. [132] to set this constant concentration of carbon
dioxide to be 0.013 mol L=!. For these simulations we also take [Acetate]s, [Propionate]s, and
[Ammonium]s to be 0 mol L™! as we are not actively adding these products to the culture. We
take the initial concentrations of acetate, propionate, and ammonium to be 0 mol L=! and both
the initial concentration of glutamate and [Glutamate]s to be 0.010 mol L~!. We set the initial
value of X to 2 x 10? cells L~!'. Nanninga et al. did not specify an inoculum volume. There is
no universally-accepted inoculum size for liquid cultures of microbes, and a typical description
is that a “small inoculum volume [is] transferred to a large volume of fresh medium” [43], so
we selected 1% by volume from a culture that had the maximum cell density possible from the
glutamate concentration supplied. This allows nearly seven doublings of cell numbers to observe
the behaviour of the model.

I'and run the simulation with a = 0.10 day !, with

We start with m = 0 molarp cell ™ day~
the concentrations shown in Figure 4.13 and the values of 8 and the optimised AGaTp shown in
Figure 4.14. These plots look similar to Figures 4.7 and 4.8 that were produced in the simulation
of malonate with the important difference of how far 8 and AGarp move. In the malonate
example, 0 increased very quickly to very close to one and the reaction effectively ceased at the
same time as AG arp dropped to almost 55 kJ mol;%P. In contrast, in the simulation here, with
glutamate, 6 only increased to about 0.43 and AGaTp only decreased to about 72.3 kJ molK%P

when the system reaches a steady state with the reaction rate balancing what is being washed

out of the system. The value of o was selected to produce these figures but we can learn more by
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glutamate at a = 0.1 day .
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using a range of values for a and comparing the resultant steady state glutamate and biomass
concentrations. However, we will first focus on the other glutamate-fermenting strain, DKglu26,
at the same value of a before comparing how both strains respond over a range of values of «.

Focusing solely on strain DKglu26, the equations we get from the law of mass action are:

dX

= (g —m)Y — )X, (4:30)
d[GlmZ;mm = —¢X — a([Glutamate] — [Glutamate]s), (4.31)
CZ[A‘Z%W = qu — a([Acetate] — [Acetate]s), (4.32)
d[Bu;W — %QX — o([Butyrate] — [Butyrate]g), (4.33)
d[AmIz:mum] = ¢X — a([Ammonium] — [Ammonium]g), (4.34)
d[i?z] 0, (4.35)

d[?:] o, (4.36)

d[;ﬂ o (4.37)

We again use 0.010 mol L~! for both the initial concentration of glutamate and [Glutamate]s.
We take the initial concentrations of acetate, butyrate, and ammonium to be 0 mol L™!, as
well as the values of [Acetate]g, [Butyrate]s, and [Ammonium]g. The concentrations of carbon
dioxide and protons are constant, as already explained, along with hydrogen. The concentration
of hydrogen was not measured in the experiment by Nanninga et al. so we assume the vessel
is open and the concentration of dissolved hydrogen is constant at 0.00075 molL~!. Figures
4.15 and 4.16 show the concentrations and the value of # and the optimised AGarp for the
simulation of strain DKglu26. These figures appear quite similar to those for DKglul6 but
this time @ increased to about 0.42 and AGa7p decreased to about 71.8 kJ mol/}}P, the final
biomass concentration is about 10% lower for strain DKglu26 than it was for strain DKglul6,
and it took approximately one more day to reach the steady state. The lower biomass is a direct
consequence of the smaller n for strain DKglu26.
The final glutamate concentration in the DKglul6 simulation was approximately 0.77 ymol L~!

while in the DKglu26 simulation it was approximately 6.0 umolL~'. The lower value for
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Figure 4.15: Plot of concentrations during simulation of strain DKglu26 fermenting glutamate
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DKglul6 tells us that at @ = 0.1day~! DKglul6 is able to use more of the glutamate and
survive with less glutamate available, suggesting that DKglul6 would outcompete DKglu26 if
the two microbes were competing for the glutamate in a combined system. At a glutamate
concentration of 0.77 pumol L™! strain DKglu26 could not grow at a rate sufficient to maintain
itself for this value of . Instead, it requires a glutamate concentration of 6.0 ymol L=! to grow
at a rate to balance cell loss at o = 0.10 day .

To see which microbe we expect to perform better at different values of a, we ran the
simulations for strains DKglul6 and DKglu26 using values of a between 0 and 1 at intervals
of 0.01. Plotting the final concentration of glutamate and the final biomass concentration each
time gives Figure 4.17. The plot shows that, for low values of o, DKglul6 can survive at
lower substrate concentrations than DKglu26. Therefore, we expect the substrate concentration
to be reduced to this value and so expect DKglul6 to outcompete DKglu26 in the region of
low « values if the two microbes were in the same culture. As « increases, we get to a point
where the steady state concentration for DKglul6 exceeds the steady state concentration for
DKglu26. This point is where a exceeds the maximum rate of DKglul6 and its population is
washed out of the system. At values of « greater than this we expect DKglu26 to outcompete
DKglul6 over the next range of values of « until a higher value of o where neither microbe can
avoid being washed out of the system. Above that, the substrate concentration in the system
matches the concentration being supplied by the flow. This relationship agrees qualitatively
with the predictions during the discussion of competition by Nanninga et al. [132] based on
their experimental data.

The smallest value of o that causes complete washout of the microbe is the maximum growth
rate of the microbe, fimax. Kapp is the substrate concentration when the growth rate is half of its
maximal value. Together, this means we can determine a value for K, for each of the microbes
by finding ptmax, halving this value, and finding the steady state glutamate concentration at that
value of a. We estimate pmax = 0.66 day~! and Kapp = 2.3 pmol L~! for DKglul6 along with
fmax = 0.74 day ™1 and K,pp = 22 umol L™ for DKglu26.

The simulations so far have used m = 0 molarp cell ™! day~!, but we know that the cells

1

do have a maintenance requirement. If we use a value of 6.22 x 1076 molsrp cell ! day~! and
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Figure 4.17: Plot of the steady state glutamate and biomass concentrations at different values
of a for strains DKglul6 and DKglu26.

repeat the simulation for values of o between 0 and 1, we get Figure 4.18. At very low values of
a, the steady state concentrations of DKglul6 and DKglu26 are significantly lower as the flow
into the system is providing very little glutamate to maintain the population once the initial
supply is consumed, reducing g and causing ng — m to leave small amounts of ATP for cell
synthesis. Beyond this early region, the plot looks very similar to Figure 4.17 but we can see
that the values of a that cause DKglul6 and DKglu26 to be washed out of the system have
both decreased by about 0.01. Figure 4.19 shows the same simulations as Figure 4.18 but using
100 values of o between 0.6 and 0.8 to more clearly show the detail of what is happening in the
region where washout begins to dominate. Using larger values of m give a similar result: the
shape stays the same but washout values of a are smaller. This means our predictions of which
microbe would perform better have the same structure but the region where we expect DKglu26
to survive while DKglul6 is washed out is shifted to slightly lower values of «.

By running simulations with both microbes present in direct competition with each other,
this model lets us take things a step further along the path that Nanninga et al. considered
experimentally, and allows us to test the predictions we made from simulating the microbes

growing individually. Using subscripts of 16 and 26 to refer to values for DKglul6 and DKglu26
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Figure 4.18: Plot of the steady state glutamate and biomass concentrations

of a for strains DKglul6 and DKglu26 with maintenance included.
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respectively, the equations that we get from the law of mass action are:

dil(t16 = ((meqi6 — m16)Y16 — @) X, (4.38)

diZ(t% = ((m26g26 — ma6) Y26 — ) X6, (4:39)
d[Ghlzmw = —q16X16 — q26X26 — a[Glutamate] + 0.010a, (4.40)
(W = gqngle + §Q26‘X26 — a[Acetate], (4.41)
W - équXlﬁ — a[Propionate], (4.42)
d[BHZM - %QQGX% — a[Butyrate], (4.43)
d[Amn;;mum] = q16X16 + ¢26X26 — o[ Ammonium], (4.44)
d[c:;ItQ] —0, (4.45)

d[(;?z] - (4.46)

d[gtﬂ o, (4.47)

Note that we have already assumed that the flow into the system contains only glutamate at a

concentration of 0.010 mol L~ to simplify the equations slightly.

1 1

Running the simulation first with m = 0molarp cell ! day~! and o = 0.1day~! we get
Figures 4.20 and 4.21 showing the concentrations of substrate and products and optimised
AGTp over the course of 70 days. Note that the simulations were run for longer but the figures
only show up to 70 days in order to allow the detail of the first 10 days to be visible while also
giving a feeling for the steady state values that are being approached. Figure 4.22 shows the
same simulation with a longer time span, highlighting that the quantities are reaching steady
state values.

We can see that growth is initially uninhibited due to the large concentration of glutamate
and DKglu26 grows faster due to having a larger value of . After about 6 days, almost all
of the glutamate has been consumed and both microbes are suddenly restricted and AGatp is

optimised to values below 75 kJ molX%P. DKglul6 is better able to cope in the low glutamate sit-

uation and continues to slowly grow while the population of DKglu26 decreases. The population
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Figure 4.22: Plot of Figures 4.20 and 4.21 extended to show longer time span.

of DKglu26 reaches a steady value of about 4.0 x 108 cells L=!, compared to 2.0 x 10! cells L~}
for DKglul6. These concentrations suggest that the microbes can coexist for this particular set
of conditions. Unfortunately Nanninga et al. didn’t run their experiment for long enough for
this coexistence to be seen. We will now consider what happens for a range of different values
of a.

L and values of o between 0 and 1. The final

We start, again, with m = 0 molarp cell™! day~
concentration of each microbe for each value of « is shown in Figure 4.23. As predicted by the
simulations for the microbes individually, we see DKglul6 dominating at low values of a before
a change to a region where DKglu26 dominates at higher . Both microbes are washed out of
the system at even larger values of . The changeover from DKglul6 dominance to DKglu26
dominance occurs in the region of o predicted when modelling the two microbes separately. We
notice that the first region, where DKglul6 is dominating, both microbes coexist. DKglul6
reaches a steady state concentration of about 2.0 x 10! cells L™!, while the lowest concentration
of DKglu26 in this simulation is more than 4.0 x 10% cells L™! after 70 days and is still above
3.9x 108 cells L™! after the simulation runs for 420 days. This suggests stable coexistence, rather

than DKglu26 slowly being eliminated. We do not see stable coexistence in the region where

DKglu26 is more successful because the value of « is too large for DKglul6 to survive.
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Figure 4.23: Plot of the steady-state glutamate and biomass concentrations at different values
of a for DKglul6 and DKglu26 in competition with each other.

We consider now what happens if m is non-zero. The result, shown in Figure 4.24, is what we
expect from the simulations where the microbes were growing separately. The crossover point
where the dominant microbe changes is shifted to a smaller value of o and the value of a where
both microbes are washed out also decreases, compared to the case without maintenance. As

before, the simulation shown in Figure 4.24 uses 6.22 x 10716 molap cell™! day—!

, and using a
larger value for m causes the same behaviour to happen at lower values of . Once again, the
lowest concentration of DKglu26 in the region where it is being outperformed by DKglul6 is
about 3.8 x 10% cells L' after the simulation runs for 70 days and is still above 3.7 x 10% cells L™!
after the simulation runs for 420 days, suggesting again that the microbes are coexisting.

We have assumed a great deal about these two microbes, only really differentiating them by
their glutamate fermentation pathways and their ATP yields, 5. Included in these simplifying
assumptions, we have taken Y, ¢qz, and m to be the same for both microbes. The approximate
cell dimensions of DKglul6 and DKglu26 reported in Nanninga et al. [132] show that cells of
DKglu26 have a greater volume than cells of DKglul6 by an order of magnitude. The yield,
maintenance, and maximum substrate turnover are being calculated per cell and they could be

affected by cell size. The model allows us to investigate the effects of setting these parameters

to different values for the two microbes, increasing Y by a factor of 10 and decreasing each of
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Figure 4.24: Plot of the steady-state glutamate and biomass concentrations at different values
of a for DKglul6 and DKglu26 in competition with each other and with maintenance included.

gmax and m by a factor of 10 for DKglul6. The result of running the simulation at values of «
between 0 and 1 is shown in Figure 4.25. We see that the general shape is very similar but the
cell concentrations of DKglul6 have increased by a factor of about 10. The interval of values of
« that cause washout of DKglul6 and allow DKglu26 to thrive starts and ends at approximately
the same values of & compared when the cell dimensions are the same (Figure 4.24). Including
the considerations of different cell size had no qualitative change to the growth behaviour of the
microbes or how they competed with each other. This suggests that the outcomes with microbes
of different sizes can be represented well by the model even if the same cell size is assumed. Thus
we don’t even need to know the cell volumes.

The simulations appear to show a range of values for o where the two microbes are in very
different concentrations to each other, but have stable concentrations, suggesting coexistence.
We can consult the differential equations to see if we could reach this conclusion analytically.

Eqgs. (4.38)-(4.47), the differential equations we derived from the law of mass action, must each
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Figure 4.25: Plot of the steady-state glutamate and biomass concentrations at different values
of a for DKglul6 and DKglu26 in competition with each other, with maintenance included, and
considering the relative sizes of the two microbes by changing Y, ¢maz, and m as described in
the text.

be equal to 0 and so we can learn something from the first seven equations. We get:

[DKglu16]f =Qora = (7716(]16 — mlg)Yw, (4.48)
[DKgluZG]f = 0 or & = (7]26q26 — mQG)Y%, (4.49)
1 1
[Glutamate]f = m — a (q16X16 + q26X26) , (4.50)
1/5 6
[Acetate] f = — [ 5q16X16 + —q26X26 | , (4.51)
a \ 3 )
. 1 /1
[Pr0p10nate]f = — <3q16X16> , (4.52)
«
1 /2
[Butyrate] ; = - gq26X26 : (4.53)
. 1
[Ammonium] s = o (q16X16 + 26X 26) , (4.54)

where the subscript f denotes the final concentration. To get coexistence, we assume the final

concentration of both microbes is non-zero so we can rearrange the right-hand parts of Egs.
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(4.48) and (4.49) to get

1 o
_ b g ) 4.55
a6 716 (Ym 16> (4.55)
1 «
2% _— (Y% 26) (4.56)

and note that if mig = mag and Yig = Yog then 115916 = 126¢26-
To make things easier to read, the final concentrations of glutamate, acetate, propionate,
butyrate, carbon dioxide, ammonium, and hydrogen will be designated: G, A, P, B, C, N, and

H respectively. We can find relationships between Eqs. (4.50)-(4.54) giving us

5
3P+ 3B~ N=0, (4.57)
5P+ 3B — A =0, (4.58)
1
N+G=—. 4,
+G =155 (4.59)

We replace the ¢ in Eq. (4.52) using Eq. (4.55) to get

1 /11 o
P=—|—-—[— X 4.60
o <37716 (Yw +m16> 16> ) ( )
3
X6 = QOZA :
Yio + mie
3ameYie
Xig=—""—"—P, 4.61
10+ mieYie (4.61)
3ameYie
Xig— ——"P=0. 4.62
107 o ¥ migYis (4.62)

Similarly, for g6 in Eq. (4.53) using Eq. (4.56), we get

1 /21 o
B=—-——(— X 4.63
- <57726 <Y26 +m26> 26> , (4.63)
50726
Xog = —2
Yoo -+ mog
5
5am26Yo6
Xpg = 2026726 p 4.64
7 0+ magYas (4.64)
5
2 Y-
Xopg — 202676 B _ g (4.65)

o + mogYos
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For each value of « in the coexistence region of Figure 4.24, the relationships in Eqs. (4.57)-
(4.59), (4.62), and (4.65) held when using the steady state concentrations.

We have two equations for ¢i6, Eq. (4.55) along with

V16 — V16min G — Ci6v16
max , (4.66)
V16max — V16min Kirynen + G + Ci6v16

where
A5/3P1/3C2/3N

Ci6 = oxp (AGrre /BT (4.67)

and C = 0.013mol L' is a constant. For brevity, we write Kiynen as K for the remainder of

this section. Egs. (4.55), (4.66), and (4.67) give

G . A5/3P1/302/3N

V16 — V16min ) oxp (AGr6/RT) V16 1 ( a >
Gmax - - - = — | = +mig |- (4.68)
_ . A5/3P1/302/5N
V16max V16min K —+ G + —exp (AGro/ET) V16 e leﬁ
This becomes
_ . 5/3 pl/3 N
V16 — V16min 2/3 A°/PP
max Y] G - C 1%
<V16max - V16min> (max16 116 < exp (AGTlG/RT) 16
A5/3pL/3 N
— Yig) | K + G+ C%/3 4.69
(a + Mg 16) ( + + exp (AGT16/RT) V16 ( )
or
V16 — V16mi
[( 16— Zlomin ) Gmax"16Y16 — (o + m16Y16)] G
Vi6max — V16min
_ . 5/3 pl/3
V16 — V16min 2/3 A2 PP Nuyg
- max Y . C
[<V16max — V16min) dmaxticYio + (@ + mlGYlb)} exp (AGr16/RT)

= (Oé + m16}/16) K. (4.70)

This is complicated and if v16 # Vigmax (recall Vigmax is exp (75 X n16/RT) as AGATPmax = 79)

then

—(K+G)+ \/(K +G)? + 16K Viemin + 2C16GV16min + KG + G2

vig = , 4.71
16 Ce (4.71)
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which increases the complexity and introduces several instances of (i (which is equivalent to
Eq. (4.67)). So, if the steady state is in a region where the penalty function is still acting,
Eq. (4.70) gets significantly more unyielding (according to Eqgs. (4.67) and (4.71)). If, instead,
the penalty function is not acting at the steady state, Eq. (4.70) simplifies slightly with v4

becoming the constant vi1gmax and the % terms disappear from the coefficients of G
and C.
We next repeat the process from Eqs. (4.66)-(4.71) for the analogous scenario with go6. For

¢26 we have Eq. (4.56) and

26 — V26min G — (o626
= x 4.72
B s — Vatmin Kiynen + G + (g6 (4.72)
where
A6/5BQ/50NH1/5

= . 4.
10-PH0-4 exp (AGro6/RT) (4.73)

G26

C = 0.013mol L™, H = 0.001 mol L, and pH = 6.5 are constants. Eqs. (4.56), (4.72), and

(4.73) give
G— A6/5B2/5CNHL1/5
< V26 — V26min ) q 10—2-6 exp (AGr26/RT) V26 _ L ( « X m26> (4 74)
max - . .
V26max — Y26min K+ G+ - AYSBYSONHIS - a6 \ Yog

1072'6 exp (AGT26/RT)

This becomes

_ in A8/5B2/5
< 726 r2e > qmaxn26}66 <G - CHl/S )

1%
V26max — V26min 10-26 exp (AGro6/RT) %

A6/5B2/5N
_ 1/5
(a0 4+ maeYas) <K +G+CH 1026 oxp (AG oo/ RT) V26> (4.75)
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or

V26 — V26min
[( 20 720 > Imax"26Y26 — (v + m26Y26>] G

V26max — V26min
A6/5B2/5NV26
10_2'6 exp (AGTQG/RT)

26 — V26min
- [( 20 720 > Gmax"26Y26 + (o + m26Y26>:| CH'Y®

V26max — VY26min

= (Oé + m26Y26) K. (476)

Similar to the case with g6, v2gmax = €xp (75 X 126/ RT) and if vog # Vogmax then

—(K+G)+ \/(K + G)? + (26K Vagmin + 226G Va6min + KG + G2
Va6 = : . (4.77)
26

So, if the penalty function is acting at the steady state, Eq. (4.76) increases in complexity
(according to Eqgs. (4.73) and (4.77)). Otherwise, Eq. (4.76) simplifies slightly.
Given the complexity of Egs. (4.70) and (4.76), we consider the case without the penalty

function to investigate whether or not the simplified problem is tractable. Therefore —~—*mio—

max —Vmin

is eliminated from Eqgs. (4.66) and (4.72). AGarp is now a constant so the remaining v’s are

constants (as v = exp (nAGarp/RT')). This means that Eqgs. (4.70) and (4.76) become:

[qmaxN16Y16 — (@ + Mi6yys)] G

02/31/16

A5/3P1/3N
exXp (AGTlg/RT)

- [Qmaxnlﬁylﬁ + (a + mlﬁYIG)]

= (a+mieY16) K (4.78)

and

[Qmaxn26Y26 - (Oé + m26Y26)] G

CH1/5I/26

A6/5B2/5N
1072‘6 exXp (AGTQG/RT)

— [qmaxm26Y26 + (@ + Magysg)]

= (Oé + m26Y26) K. (479)
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We now have seven equations in seven unknowns, Eqs. (4.78) and (4.79) along with

3P+ gB _N=o, (4.80)
5P+ 3B — A=0, (4.81)
1
N+G =1 (4.82)
X6 — mp ~0, (4.83)
X6 — m —0. (4.84)

We use Eq. (4.82) to get G = #5 — N, then eliminate G from (4.78) and (4.79):

- [Qmax7716Y16 - (Od + m16Y16)] N

C?Puy

— G % . A5/3P1/3N
[q axT6Y16 + (O‘ + mlGYm)] exp (AGTlﬁ/RT)
1
= (a + m16Y16) K — m [Qmax7716Y16 - (a + mlGYm)] (4'85)
and
— [qmax726Y26 — (v + Mapyye )] N
CH1/5I/26

A6/5B2/5N

— [dmax Y
[q 26 Y26 + (Oé + m26Y26)] 10—2.6 exp (AGTQG/RT)

1
= (a +maeYas) K — 100 [GmaxT26Y26 — (@ + Magyye)] - (4.86)
Next, we replace N and A using (4.80) and (4.81), leaving equations in P and B only. We have

N =3P+ %B and A = 5P + 3B. Replacing N and A gives

1

& <3P + gB> — Ry (5P + 3B)*/3 p1/3 <3P + 23) = Ry — 5B, (4.87)
5 5 1

—Ry <3P + 23> — R (5P + 3B)%/° B2/ <3P + 23) = Rs — 1o5Fa. (4.88)



CHAPTER 4. VALIDATION 97

where

R1 = gmaxmeY16 — (o + mieyie) » (4.89)
02/3V16
= |gmaxN16 Y1 , 4.
Ry = [qmaxmeY16 + (@ + migyig)] oxp (AGr1e/RT) (4.90)
R3 = (a + m16Y16) K, (4.91)
Ry = qmaxn26Y26 — (Ol + m26Y26) s (4.92)
CH1/51/26
Rs = |qmaxn26Y- , 4.93
5 = [qmax26Y26 + (@ + Mgy )] 1026 oxp (AG 120/ BT) (4.93)
R6 = (a + m26}/26) K. (494)

Note that R; — Rg are all constants. Using Eqgs. (4.61) and (4.64) we can see that if we could solve
Egs. (4.87) and (4.88) for P and B then the values of X6 and Xa¢ will follow. Eqs. (4.87) and
(4.88), while two equations in two unknowns, do not solve analytically, due in part to the different
fractional powers on terms containing P and B. As this is the simplified version of the problem,
where we eliminated the penalty function, we cannot solve the full problem analytically either.
This means that only dealing with the equations analytically, there would not be coexistence
apparent. The numerical simulations show evidence that the two populations are reaching non-
zero steady states and this supports stable coexistence. It is known that using the Monod
model, only one population can survive [69]. However, it is known, at least for special cases,
that coexistence can be established analytically when thermodynamic inhibition is considered
[59] [178]. The simulations we have explored provide numerical evidence for coexistence of this
sort, which would not occur without the thermodynamic inhibition terms that we have (r and
). Unfortunately, Nanninga et al. did not run their experiment for long enough to provide
experimental support for this coexistence.

The versatility of the model has been shown through the three examples that we have
explored: microbes growing on malonate, a microbe growing on crotonate, and two microbes
growing on glutamate. The utility is shown, in particular, in the final example where, in addition
to qualitatively reproducing what Nanninga et al. found experimentally for the two microbes,

we are able to make predictions about the microbes growing in competition with each other
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including predicting coexistence which we wouldn’t find by attempting to analytically solve the
system.

All of the work so far assumes that there is a single substrate limiting the reaction rate and all
other reactants are present in such excess that their concentrations are effectively constant and
they have no influence on the reaction rate. This is not always the case. While there can only
be one reactant that limits how much of a reaction can occur, there can be multiple reactants
limiting the rate of the reaction [167] [16]. We noted earlier that we would like our model to be
able to be extended to include multiple rate-limiting substrates. We turn our attention to this

in Chapter 5.



Chapter 5

Multiple Rate-Limiting Substrates

5.1 Introduction and Empirical Rates

The energy metabolism of most microbes is driven by the simultaneous use of at least two
compounds. Sometimes one of these is water, which is normally available in excess, present at
about 55 mol L~! when the other substrate might be present at a concentration six orders of
magnitude smaller. This is the same regime as the models discussed so far; they are for the
growth of microbes where there is one rate-limiting substrate. However, sometimes multiple
reactants in energy metabolism, other than water, are required and are present at similar low
concentrations. A microbe growing using two compounds that are simultaneously required for
ATP generation could experience conditions where both are at concentrations that, if either was
considered alone, would limit the growth rate. These effects could be primarily kinetic (i.e.,
via Monod kinetics) or thermodynamic. A model that allows thermodynamic limitation of the
rates of substrate use and ATP formation under multiple substrate limitation would be useful
to explore how microbes might respond or compete. This has to be differentiated from other
types of limitation also called dual substrate limitation, where a microbe could be limited for an
energy substrate and a second compound not directly involved in ATP generation, e.g., for the
supply of nitrogen, etc., to form cell material. Indeed, there is a large literature on dual carbon
and nitrogen limitation that is not directly applicable to our question.

Dual substrate limitation for ATP formation can occur in different systems, such as during

99
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oxygen and hydrogen use in termite guts [24], nitrification in waste water treatment [166], and
in the coexistence and competition between different pathways of nitrate reduction [175]. One
more detailed example is described here, of microbes in anaerobic sediments. Sulfate-reducing
bacteria (SRB) mainly use substrates like acetate or hydrogen as energy sources, linking their
oxidation to the reduction of sulfate to sulfide. Methanogens can also use acetate or hydrogen
for methane formation, but are less competitive than SRB if sulfate concentrations are large
enough [36] [107] [156]. Kuivila et al. [95] showed that sulfate reduction by SRB coupled to
these substrates dominated in Lake Washington sediments where sulfate concentrations were
about 35 to 40 ymol L™!. Acetate and hydrogen concentrations were lower in those strata of
the sediment, in agreement with a kinetic or threshold limitation on the use of those substrates
by methanogens. Deeper in the sediments, where sulfate concentrations were lower, the acetate
and hydrogen concentrations were greater, suggesting sulfate limitation for SRB but substrate
concentrations that result in favourable thermodynamic conditions for methanogenic use of
acetate and hydrogen. A model allowing dual substrate limitation of the energy source (hydrogen
or acetate for methanogens and SRB) and sulfate (the electron acceptor for SRB) would be useful
for modelling and understanding the transition from sulfate reduction to methanogenesis with
increasing depth in such sediments.

For simplicity, we will assume only two substrates limiting the growth rate and let A and B
denote the concentrations of these substrates. Before building a two substrate model we must
remind ourselves of some potential schemes for microbial metabolism and highlight our focus.
Figure 5.1 illustrates the simplified metabolism scheme for the single substrate case which was
explained in more detail earlier (Figure 5.1(a)), along with three different two substrate schemes.
Figure 5.1(b) illustrates a metabolism where one substrate is required in the series of reactions
that result in the production of ATP and the second substrate is required in the series of
reactions that result in the production of new cell material. Figure 5.1(c) illustrates a scheme
where there are two different metabolisms, each of which only requires one of the substrates,
that are effectively two copies of the single substrate case with alternative substrates. Figure
5.1(d) illustrates a metabolism where both substrates are required in the series of reactions that

result in the production of ATP. We assume that both substrates are needed at a fixed ratio
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(a) (b)

microbe microbe
S / \ > P A / \ > P
n (ADP + POs*) nATP 7 (ADP + PO4*) nATP
new cell metabolic new cell metabolic
material y intermediates material y intermediates
B
(c) , A (d) .
microbe microbe
A > P - > P
na (ADP+ POs*)  nuATP B
new cell metabolic 7(ADP+PO)  7ATP
material Y intermediates
ns(ADP + POs*)  nsATP new cell metabolic
material intermediates
B AN > P Y

Figure 5.1: Simplified schemes for microbial metabolism. Schemes include: (a) a single substrate
produces ATP, S; (b) a substrate, A, is required in producing ATP and a second substrate, B,
is required in creating new cell material; (c) either of two substrates, A and B, can be used to
produce ATP; and (d) both of the two substrates A and B are required to produce ATP.

determined by the metabolism of the microbe (i.e., they are not simply alternative substrates
for the microbe) and, in particular, both are required in the pathway that produces ATP. The
scheme of interest in this chapter is the one shown in Figure 5.1(d), repeated in Figure 5.2,
whenever multiple rate-limiting substrates are considered. We have chosen to use this scheme
because we are interested in thermodynamic effects on microbial ATP formation, and this model
represents the case where both substrates are unconditionally required to form ATP. This is not
the case for the schemes shown in Figures 5.1(b), or 5.1(c).

There are two promising avenues to pursue for models that incorporate thermodynamic
feedback for microbial growth when there are multiple rate-limiting substrates. The first is the
enzyme kinetics developed by Briggs and Haldane [22]. These kinetics can be generalised to
multiple substrates, and a thermodynamic term will emerge as in the single substrate case. The
second is the statistical mechanics approach of Desmond-Le Quéméner and Bouchez [39], which
can be adapted for multiple substrates with a product of Boltzmann distributions. In both cases

the obvious challenge is the identification and interpretation of the thermodynamic terms.
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A microbe

/—.\ > P
B

7(ADP + POs*)  pATP

new cell metabolic
material intermediates

Figure 5.2: Simplified scheme for microbial metabolism where both of the two substrates A and
B are required at a fixed stoichiometry to produce ATP.

Here, we concentrate on the general problem and look briefly at some empirical solutions be-
fore discussing the enzyme kinetics and statistical mechanics approaches in some detail. Some
immediate questions arise concerning (among other things) any interaction between the sub-
strates and whether the order of reaction is important. Bader [6], [7] partitions multiple sub-
strate models into two cases, recognising that most models will be somewhere between these
extremes. He describes two options that reflect the relations between the substrates and the mi-
crobe: noninteractive and interactive. In a noninteracting model, the substrates are considered
separately, treating the other substrate as not limiting. In this manner we find the two rates,
ignoring the other substrate. The smaller of the two rates is then used as the growth rate. For

instance, if we use the Monod rates associated with A and B, we have

A
QA:7KA+A
_ B
QB—m7

then the noninteractive model would give the rate

¢1 = min{qa,qB}. (5.1)

The noninteractive model, Bader argues, may be applicable for an organism that has two
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separate subsystems (metabolic pathways) that consume different substrates and produce dif-
ferent products. The reactions are needed for reproduction, but the pathways do not require
intermediates or products from the other pathway: they function independently. This is similar
to the scheme schown in Figure 5.1(c). In this scenario if, say, gg > g¢a, then the product
associated with B is produced in excess, and the growth rate is ¢4. Bader [6] notes that “... it
is unlikely that any two cellular subsystems would be totally independent of each other. How-
ever, the degree of interaction between certain subsystems may be rather small. In such cases,
a noninteractive type of model may accurately describe the growth rate of the organism.” In
contrast, the interactive model is based on the premise that if both substrates are present in
limiting quantities, then both must affect the growth rate. Continuing with the Monod rates, a

simple interactive model would yield the so called “double Monod” rate

42 = qA4B- (5.2)

Bader gives two examples where there is a strong interaction. The first involves a microbe
that requires the presence of a substrate (cofactor) B to convert substrate A into a product
required for growth. The second is an enzyme that requires two substrates (in linked pathways)
to produce a product. This is the case of greatest interest for us, shown in Figure 5.1(d).

The double Monod rate was proposed by Megee et al. [116] and used subsequently by Ryder
and Sinclair [148] in a model for the growth of aerobic microbes. Howell and Atkinson [68] also
use this rate in a fermentation problem and consider the rate

q3 = (5.3)

-

introduced by Bright and Appleby [23]. Mankad and Bunday [111] proposed a rate of the form

qa = Waga + Wgyp, (5.4)
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where the W), are weight coefficients based on relative saturations, i.e.,

Ka
VVA:ﬂ T
A B

N
Wp=-—+—2——
Ka , Kp
i 1tB

A criticism of the double Monod rate raised by Mankad and Bungay [111] is that ¢y predicted
rates that were too small when A and B are small, and that the problem is amplified if more
limiting substrates are included in a model (more “Monod factors”). Note that

B 2Wakp |
U=\ BLKgA :

so that g4 > g2. The rate ¢4 was also adapted by Bungay [27] to include inhibitory terms.

The rates g introduced above are empirical. Generally these rates were introduced to
overcome a problem with another rate, and the new rate was justified by experimental evidence.
In short, a very limited amount of modelling was used to deduce these rates, and this makes
it difficult to further model systems that have thermodynamic feedback directly from these
rates. As with the single limiting substrate case, however, the functional form of these rates
can reappear from an analogy with enzyme kinetics (much like the Monod form appears as the
Michaelis-Menten rate) and statistical mechanics. We discuss these approaches in more detail
in the following subsections. Here, however, we mention that Bertolazzi [14] derived these rates
from a simple cell model. In fact, a general function form of the rate was derived that included

q1, g2, and g3 as special cases. In addition, a special case for g4, viz.

B 1
CI4:§(QA+QB)7

is also included. This model shows some promise for generalisations and it remains for it to be
studied more closely. Finally, we note that Tan et al. [171] derived a rate related to g4, where
the weights W4 and Wp are replaced by weights based on the maximum specific growth rates.
Tan et al. used statistical mechanics to derive this rate. There is only one substrate in this

model, but there are two binding sites on an enzyme that respond to the substrate differently.
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It may be possible to adapt some of their analysis for a two substrate model for microbes where
the two binding sites that respond to the substrate differently in their model correspond to
the two substrates in the analogy. There are promising leads, particularly in the directions of
Desmond-Le Quéméner and Bouchez [39] and Bertolazzi [14], where further exploration could

yield interesting results.

5.2 Enzyme Kinetic Models

The extension of the enzyme kinetic model from one to two limiting substrates, with the analogy
between microbes and enzymes, is not straightforward, because there are many scenarios and
this escalates the complexity. As noted, the association of the enzyme with the substrates could
be interactive, noninteractive, or somewhere between the two. It may be that an enzyme can
form its final complex before making a product only if A precedes B. It may be that more than
one product is produced and these products appear after different stages in the reaction. Cleland
[32] gives a daunting list of possibilities for just two substrates. Eventually, we want to devise a
model by regarding a microbe as an enzyme, and this means that the level of information needed
about interactions should not be overly detailed. Following Bader [6], we consider some simple
cases that involve a ternary complex (a complex of the enzyme and two substrates) and our
knowledge that we are wanting to model microbial growth will help us select mechanisms that
seem appropriate. Unlike the single substrate case, it is possible that there are stoichiometric
considerations. For simplicity, we will use unit coefficients. The law of mass action serves to
introduce powers in the concentration variables if we have non-unit coefficients, and we can move
to this level of complexity after we understand the simplest case. Unlike Bader, however, we
make the enzyme to product reaction reversible in the spirit of the Briggs-Haldane approach.
There are four main mechanisms that we discuss here: the “Black Box” Mechanism, the Or-
dered Ternary Mechanism, the Random Ternary Mechanism, and the “Confluence” Mechanism.

These mechanisms each have their own merits and will be explored in detail.
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5.3 Black Box Mechanism

E+A+BaCOup=E+ P (5.6)
ko kg

The simplest of the mechanisms that we consider, which we have dubbed the Black Box Mech-
anism, is shown in Eq. (5.6). We see that an enzyme complexes with two substrates, A and B,
to form a ternary complex C4p that can then react to form a product P. In this mechanism we
are not concerned with how the substrates interact with each other. In the analogy to microbes
we can think of this as the microbe taking in two substrates and transforming them through a
metabolic pathway from which a product P, which is necessary for ATP formation, is formed.
Using the law of mass action, the differential equations for the concentrations of enzyme and

complexes are:

dE
pr =—kiEAB+ koCap + k3sCap — k4 EP,
dA dB
— = —=—-kKFEAB + kyC
I i 1 + R2CaB,
dCuB
7 =kiEAB — koCyp — k3sCyp + k4 EP,
dP

These equations are very similar to the single substrate case that lead to the Modified Haldane
rate as A and B only appear together and they are in the same place that S appears in the single
substrate case. Similarly, we get the conservation law E + Cap = Ep, where Ep is the total
amount of enzyme, a constant. We assume that £ < A, B, meaning that the enzyme is present

in catalytic amounts and a quasi-steady-state is established very quickly. This quasi-steady-state

assumption amounts to the relations % = dCd;‘B =0, i.e.,
k1EAB — koCap — k3Cap + k4 EP = 0. (5.8)

We can replace Cyp in Eq. (5.8) and in Eq. (5.7) using Cyp = Er — E to get

(k2 + k3) E1

E =
(kg + kg) + k1AB + k4P

(5.9)
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and
dP

% = ksEr — (/{73 + /{?4P) E. (5.10)

Replacing F in Eq. (5.10) using Eq. (5.9) gives

P _ (ks +kaP) (ks + ks)
dt — T\ (ko + k3) + k1AB + ks P
ks + k4P
= Ep <k2 i LR ) . (5.11)
L+ k21+k‘3 + inks

We now define the maximum forward reaction rate and maximum backward reaction rate as

vy = k3E7 and v, = koE7r, respectively, and define Kap = kQ,jl’% and Kp = ’”Ttk?’ Now

Eq.(5.11) becomes

AB P
dP  Vfx,; ~ UKy

— = . 5.12)
AB P (
dt 1+ Kap + Kp
At equilibrium %}; = 0; hence,
vf Vp
——AeqBeq — — Peq =0
Kap cabea™ g e
and
P, K
eq _ Urhp Keq, (5.13)

Aqueq B K ap
an analogue of the Haldane relation for a reaction with two rate-limiting substrates. We can
use this relation in Eq. (5.12) to get

dP vy (ABKeq — P)
dt  Kp+ e ABKeq + P’

P

K P
T;+AB(%+M>

Y

P
UfAB (1 — 7ABKCq)

v ke A (1+ Yok );

b Keq v, ABKoq
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therefore,
P _ vpAB (1 —6) (5.14)
 Kap+AB(1+3%0)

where
P AeBey P
ABK., P AB’

9:

The ratio Z—’; = ]Z—Z is the ratio of the maximum forward reaction rate and the maximum backward
reaction rate. In the single substrate case these rates are taken to be equal, i.e., vy = vy, or k3 = ko
(as assumed by Hoh and Cord-Ruwisch [67] and by Lynch et al. [108]). If this same assumption
is made in the two substrate case we get a final rate for the Black Box Mechanism of

AB(1-6)
Kap+ AB(1+0)

4BB = (5.15)

As expected from the form of Eq. (5.6) showing the mechanism, this rate has the same form as
the Modified Haldane rate for a single substrate but S has been replaced by AB. This rate is
relatively simple due to the uncomplicated nature of the mechanism but this means that it may
be an oversimplification.

It is not necessary to assume that both substrates react simultaneously to directly form a
ternary complex. What follows are explorations of mechanisms that consider pathways where

the substrates react individually and binary complexes are also formed along the way.

5.4 Ordered Ternary Mechanism
ki ks ks
FE+A+B—Cpy+B=—Cyp—FE+P. (5.16)
ko kg ke

The Ordered Ternary Mechanism, shown in Eq. (5.16), describes an enzyme that first complexes
with substrate A to make Cy, then Cy4 reacts with B to form the ternary complex C4p, which
then forms the product P. It is worth noting immediately that this mechanism is asymmetric
in A and B, and that B is not involved in the reactions corresponding to ki and ks but is shown
there in order to neatly present the mechanism in a single line. In the analogy from enzyme

to microbe, we can think of this mechanism as the microbe taking in two substrates that are
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sequentially transformed through metabolic pathways to produce ATP and form a product P.

The law of mass action yields the following system of differential equations:

% = —k1EA+ koCq + ksCap — kgEP,
% =~k EA+ kCy,
CiTE; = —k3CsB + ksCyp,
% — K EA — kyCp — ksCaB + ksCoap.
d(;’;‘B = k3CaB — kaCap — k5Cap + ke EP,
Z—f = ksCap — ke EP. (5.17)

The conservation law for the total amount of enzyme is now Ep = E+ C4 + Cyp. At this stage

we have two options of how to proceed:

e We assume that £ < A, B, meaning that the enzyme is present in catalytic amounts

and a quasi-steady-state is established very quickly. This quasi-steady-state assumption

amounts to the relation dc:ﬁ‘B =0, i.e.,
k3sCaB — kaCap — ksCap + k¢ EP = 0. (5.18)

t dA _ dB _ _dP
d

Considering the biological side of the analogy, we can assume tha = 7 =~ as

the amount of A that is used up by the microbe over time must match the amount of B

that is used and be equal to the amount of P that is produced to avoid build up of either

dCs _ dB dA this

complex. This is necessary because E < A, B. As Eq. (5.17) shows “74 = 7 p7

means that ddCTA = 0. It follows that % =0 as % = —dCdft‘B — %.

e We assume the “fast kinetics” assumption of Michaelis and Menten, that the rates of

catalyst and substrate to complex are much faster than product formation rates, i.e., k; >

dCys _ dCap dE __

dt —  dt dt

k; for j = 1,2,3,4 and ¢« = 5,6. This assumption implies not only

but
dA dB
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as well.

We consider the latter assumption due to the similarity to Michaelis-Menten.
From Eq. (5.19) we get
k3sCaB = ksCap (5.20)

and

k1 EA = kyCly. (5.21)

Egs. (5.20) and (5.21) can be used to replace C4 and C4p in the conservation law which yields

k k
ko ky
k1 k1 k3

=FE+ —FA+ ——FEAB
* ko * ko k4

B ky . kiks
=F (1 BT AB> . (5.22)

This rearranges to
- ET ET

= k kiks n :
L+ 5A+ B 1+%A(1+’,§—23>

(5.23)

Using Egs. (5.20-5.23) we can replace C4p and E in Eq. (5.17) to get

apP Mksks Br AB — ke Er P

dt 1+ bAyBRgp

Er (%AB - kGP)

k k1k:
1+ A+ ksap

kiksks _ kokakeP
Er kaka AB (1 k1k3k5AB)

1+ 8 A+8kap
vpAB (1 - gl
2 M A4+ AB
AB (1- erem) 5o

1 1
oV —|—K—BA+AB

)

i

?

where vy = ks E7 is the maximum forward reaction rate, K4 = % and Kg = Ig—j are the ratios

of the rate constants for the first and second sections of the mechanism, and If we consider
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equilibrium, where % = 0, we can see the denominator of Eq. (5.24) is non-zero so we are left

with

kG Pe
AcqBeq [ 1 - 1) =o.
vfea e ( ks K AK 5 Aqueq>

It follows that
ks Py

—KasKp = = Keq- 5.25
k6 ANBB Aqueq eq ( )
Replacing kdf% in Eq. (5.24) with %m gives
apP AB 1 P
&= e <1K AB). (5.26)
t KAiKp + KiBA + AB eq

We can define
_ 1 P AwgBeq P
- K. AB B Py AB’

and we get the final expression for the rate:

AB(1-196)
+%BA+AB'

qoTM = Vf—7 (5.27)

KaKp

This form can be considered a generalisation of the Jin and Bethke rate [79], discussed in Chapter
2, to two substrates. As expected for the Ordered Ternary Mechanism, the rate is asymmetric
in A and B as the denominator includes A and AB but not B. Compared to the Black Box
Mechanism we also notice the lack of thermodynamic inhibition in the denominator as there is
neither P nor kg in the denominator. The 0 term in the numerator provides the thermodynamic

inhibition in the rate and will produce a shutoff when the system is at equilibrium.
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5.4.1 Using an Expansion

Suppose that A(t) and B(t) for the Ordered Ternary Mechanism are defined as:

A(t) = Ag — €A1 (D), (5.28a)
A(t) = —ed) (1), (5.28b)
B(t) = By — ¢Bi(t), (5.28¢)
B'(t) = —eB,(t). (5.28d)

We are considering Ag and A1, along with By and B to be of similar size and € to be a small
factor so that Ag and By are several orders of magnitude larger than eA; and eBj, respectively.
These equations correspond to the very small changes in substrate concentration that occur
after the pre-steady-state period. We can use Eqgs. (5.28a)-(5.28d) for an alternative method to

derive the rate. The law of mass action gives

dE
—r = ~KIEA+ kyCa + ksCap — ke EP = —eA) + P’ (5.29a)
dA
o = RBA+ kG =~k B (Ao — edr) + kaCa = —eA) (5.29b)
dB
o= —k3CaB + k4Cap = —k3Ca (Bo — €B1) + k4Cap = —€B] (5.29¢)
CA L EA— kO — k — ¢ (A} - B,
5 = MBA = kaCa— 3CaAB + kyCap = € (A] — B}) (5.29d)
ac
7 = ksCaB — kiCap — ksCap + ke EP = B} — P’ (5.29)
P
— = ksCap — heEP = P. (5.29¢)

We can see that we still get the same conservation law, £ 4+ C4 + Cap = Ep. Again we assume
that the enzyme is present in catalytic amounts, i.e., ' < A, B, and a quasi-steady-state is
established very quickly. This assumption amounts to assuming % = 0 which we can see

from Eq. (5.29¢) implies

P =eBj.
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Suppose that €A] # eB], then either eA] < eB] which results in a shortage of C'4 from Eq.
(5.29d) or €A} > eB] = P’ and there will be a shortage of E from Eq. (5.29a). In a biological
setting we want to avoid either of these situations so we assume €A} = eB} which implies that
% = 0. As eBf = P’ and €A = eB] we also know that eA} = P’ so 22 = 0 too. Starting with

Eq. (5.29b) we get a relation for C'4 as follows:

-k FE (A(] — €A1) + koCy = —€A,1,

k1E (Ag — €Ar) — €A]

ko ’
kq (k?lEAl + All)
Tk 0 ks '

Cy=

(5.30)

Similarly, starting with Eq. (5.29¢) we can get a relation for C4p, first including C'4 and then

without, as follows:

—k3Cy (BO — EBl) + kyCyup = —EBi,

ksCa (By — €By) — eBj

CAB = L ’
4
ks (k1 (klEAl + All) Bi
FEAy—e——F—= ) (Byp —€B1) —e—
k4<k2 0 s (Bo — €By) T
kiks kiks ks / B ks /
= —-FAyB ——FEAyBy + —— (kiEA1 + AY) By + — kiEA; + AY) Bs.
leoka 0bo — (kk:4 01+kk(1 1+ )0+k4 +k2k4(1 1+ )
(5.31)
Egs. (5.30) and (5.31) we can replace C'4 and Cyp in the conservation law to get
k kik
Er=E (14749 —0(e) + —249By — O (¢) + O (¢?) (5.32)
ko kaky
and
E
L (5.33)

R B Ao+ 3 A0By — O (€) + O (€2)
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If we omit the O (e) and O (€?) terms from Eqgs. (5.31) and (5.33) we can replace Cap and E
in Eq. (5.29f) to get

P BHEEA By — keErP
dt 14 A+ BB ABy

9

Er (klk%k“'A By — ]{36P)
1+ klA + klk“AoBO
E k1k3k5A BO( k2k4k6p )

)

koky k1ksks Ao Bo

il kiks
k2 AO + koka AOBO

__kokakeP
vy AoBo (1 k1k3k5AoBo)

koky kg

ki P
B vaoBo (1 - m> (5.34)
s T 75 Ao+ 4oBo

)

where vy = ks E7 is the maximum forward reaction rate, K4 = % and Kg = ]]:—i are the ratios

of the rate constants for the first and second sections of the mechanism, and if we consider

equilibrium, where Cé—}; = 0, we can see the denominator of Eq. (5.34) is non-zero so we are left
with
kﬁ Pe
AcqBeq 1 — °— ) =0.
VS eq eq( kSKAKB Aqueq>
It follows that
k5 Peq
— Ky Kp = = Keq. 5.35
ke 7T AeqBeq (5.35)
Replacing 77 k6 in Eq. (5.34) with K%m gives
ar vy AgBoy <1 1 P )
dt m + %BAO + Ap By Keq Ao By

We can define
1 P AegBeq P

0= ,
Keq AoBy  Peq AoBo
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and we get the final expression for the rate:

AoBy (1 - 0)
dOTM—-E = Vf—73 1 .
Kaks iAo+ AoBo

(5.36)

This rate differs from that in Eq. (5.27) only by A and B being replaced by Ay and By,
respectively.

Eq. (5.16) details a specific pathway for product formation that might be applicable to
enzymes, but in our analogy for microbes it might be overly complicated. A feature of the
analogy is that it avoids the need for detailed information about how the microbe is using the
substrate and individual reactions occurring in the microbe. If adapted for microbial growth,
the rate given by Eq. (5.27) (or Eq. (5.36)) is valid under the assumption that substrate A is
used before substrate B. This may sometimes be the case, but this level of detail would need
to be justified in each case. We next turn our attention to the Random Ternary Mechanism,

which does not rely on the knowledge of which substrate reacts first.

5.5 Random Ternary Mechanism

ki1

E+A — Ca
ko
B (5.37)
ks || ka Kz | ks
ks kp
Cg+A — Cun = F+ P
ke krev

Consider the Random Ternary Mechanism as shown in Eq. (5.37). This shows a mechanism
with two possible routes for an enzyme to complex with the two different substrates to give the
ternary complex, which can then react to give the products. The different pathways allow either
binary complex, C4 or Cp, to be produced first before reacting with the other substrate to
give the ternary complex, C4p, with no preference for either pathway. This avoids the need to
specify the order while recognising the need for both substrates. In the analogy to the microbe,
this would mean the microbe can take up the substrates in either order, similar to two linked

Ordered Ternary Mechanisms operating simultaneously. In Equation (5.37) this is from top left
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to bottom right, going around the square either clockwise or anticlockwise. The return to a
mechanism with a symmetric form with respect to A and B means that we expect the rate to
be symmetric in A and B.

Using the law of mass action, the differential equations for the concentrations of enzyme and

complexes are:

dE
o= —kiEA+ koCa — k3EB + kaCp + kpCap — krev EP (5.38a)
dC
d—tA =k EA— koCy — k7CaB + ksCup (5.38b)
dC
TtB = k3B — kaCp — ksCpA + k¢Cup (5'38C)
dCap
= k7CaB — ksCap + k5CA — keCap — kpCap + krev EP. (5.38d)

These equations show that

E+Cpa+Cg+Cap=FEr (5.39)

where E7 is a constant, the total amount of enzyme. We are interested in finding an expression
for ‘il—lt) as this will be proportional to the growth rate of the microbe. By the law of mass action
we get,

dP

— = koCap — kev EP. (5.40)

We want to remove the terms involving the enzyme (C4p and E) and replace them with ex-
pressions involving terms that are measurable or fixed. In order to do this we need to use a
quasi-steady-state assumption (QSSA), as we did in the single substrate case and for the previous
mechanisms, but exactly what the QSSA should be is not obvious.

The difficulty here comes in extending from the relative simplicity of the single substrate
case to the complexity of the two substrate case. The common QSSA in the single substrate

case is usually given as
dE
=0
dt

and since there is only one enzyme-substrate complex, C's, by conservation of enzyme it follows
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that
dCg
22—
dt

also. In the single substrate case, assuming that either £ or Cyg is a constant implies that
the other is also a constant. Which one is assumed and which is implied does not matter; the
result is the same with both being constant. In the Random Ternary Mechanism there are three

different complexes that form so the choice of how the QSSA should be applied is less clear.

5.5.1 A Simple Quasi-Steady-State Assumption

First we consider what we may call the “regular” QSSA. Carrying across the QSSA, as it is

usually given, from the single substrate case we assume

dE _ dCy dCp dCagp
a @t @ T a

=0,

ie.,

kiEFA — koCp + ksEB — kyCp — kpCAB + krey EP = 0.

Some progress can be made in attempting to eliminate £ and C4p along with C4 and Cp from
Eq. (5.40) but it quickly becomes algebraically intractable. In the irreversible case (kyey = 0)
an expression for Cyp (and so, Cé—f) is eventually reached where the numerator has terms that
include ErAB, ErA?B, and ErAB? while the denominator includes A, B, AB, A%, B>, A’B,
and AB?, as shown by Laidler and Bunting [97]. The irreversible case is the simpler case, as
allowing kev to be non-zero adds more layers to the working, making it more complicated. This
equation is far too unwieldy to be used with experimental data. So, next we ask how can we
change the QSSA, or what other assumptions can we make, to lose some information that is not

required as a trade-off to make the derivation more manageable and the equation more usable?

A slightly stronger QSSA would be if

dE _dCy dCp dCap

dqt  dt . dt P

Here each of the enzyme-containing terms is a constant and this change allows some simplification
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in the working. However, it is not enough to give us an equation that is significantly more

approachable or useful.

5.5.2 A Michaelis-Menten-Type Approach

We now consider a QSSA which is more restrictive and, according to Laidler and Bunting [97],
the only condition under which the rate equation can be reduced to a simple form without block-
ing one pathway and effectively changing the mechanism to an Ordered Ternary Mechanism.
This new QSSA relies on the complexed species being in equilibrium with each other, so k, is

sufficiently small so as not to disturb this equilibrium. It can be represented as:

k EA = kyCy (5.41a)
ksCpA = kgCap (5.41b)
ksEB = kyCp (5.41c)
k7CAB = ksCup (5.41d)

This assumption is similar to the “fast kinetics” assumption of the Michaelis-Menten derivation.

Eq. (5.41a) can be rearranged to give

Cys= ﬁEA (5.42)
ko

which can be substituted into Eq. (5.41d) to give

ferk
Cup = - LEAB. (5.43)
leaks

Similarly, Eq. (5.41c) can be rearranged to give

Cp="pp (5.44)
k4
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which can be substituted into Eq. (5.41b) to give

Cap = X385 pap, (5.45)
kakg

The two expressions in Egs. (5.43) and (5.45) for C4p in terms of E, A, and B put a constraint

on the values of the k’s,

kiks  ksks
Faks  Kako (540)
and so
Cap = KEAB. (5.47)
Eqs. (5.42) and (5.44) can be used to replace Cy and Cp in Eq. (5.39), leaving
k k
Er=E+ “EA+ >EB+Cap
ko ks
which can be rearranged to
Er—-C
r—~AB (5.48)

1+ BA+ BB

Eq. (5.48) can be used to replace E in Eq. (5.47) which can then be rearranged as follows:

Er—C
Cap = K (TAB) AB
1+84+5B
KCapAB  KErAB
k k - k k
1+8A+8B 14+8A44+85B
KAB KEpAB
1+ 2A+ 2B 1+ 1A+ 2B
KErAB
1+l A+3B
Cap = 11 _ KAB
1+ A+33B
KEpAB
1+ 2A+ BB+ KAB
ErAB

- . 5.49
%+ A+ 2B+ AB (5.49)

Cag

Cap (1 +
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Recall that the rate of change of P is given by

dpP

7 = kpCap — ke EP. (5.50)

If we were considering the irreversible case (kyev = 0), we would be ready to proceed by replacing
Cap in Eq. (5.50) using Eq. (5.49). For the reversible case, we also need to be able to replace
FE with a term that does not contain Cp, so we will first eliminate C4p from our expression

for E. We do this using Eq. (5.49) as follows:

Er —Cagp
1+ MA+ BB
Ep— ETAB

+2 S A+ L SB+AB

1+6A+“B

_ ___BrKAB
Er I+ + 12+ KAB
1+ klA + k3B
(1+%A+ﬁB+KAB)ETfETKAB
1+’L1A+’LBB+KAB
B MA+kp
(1+k1 At 3B)ET
1+ k; A+ ki B+KAB
= k k
1+ 84y kp
E
— . s (5.51)
1+ 1A + B + KAB
Replacing Cyp using Eq. (5.49) and E using Eq. (5.51) in Eq. (5.50) gives
aP kyErAB Feoy B P
dt % +BA+EB+AB 1+£A+ BB+ KAB
. k ETAB k;rev ErP
_K+k8A+ MB+AB K L+A+BB4+AB
kyE AB krev P
Y Tk <1 - > (5.52)
*+F§A+ﬁB+AB k,K AB

We define vy,q, = kpEr and consider equilibrium, where = 0. The denominator of Eq. (5.52)
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is non-zero, so this means that at equilibrium

krev P
’Umaerdeq (]. B od > =0

kpK AcqBeq
and so
kK P
P = % = K.
krev Aqueq
. krev - . 1 -
Replacing g in Eq. (5.52) with Ko gives
P Vmax AB ( 1P )
dt — L4kAtispt AB KeqAB) '

Again, we define
1 P AeBeq P

= — = — 5.53
K. AB Py AB’ (5.53)
where C = Aef,ige“ and we get the final expression for the rate:
AB(1—-4
qRTM-MM = Umax | % ( ) (5.54)

_ .
L+BA+EptAB

Note that the k’s in Eq. (5.54) could be presented in other ways owing to their relationship as
given in Eq. (5.46). Due to the nature of the fast kinetics assumption, the form of Eq. (5.54)
is as expected with a thermodynamic shutoff in the numerator but without the thermodynamic
inhibition in the denominator that appears in the Modified Haldane rate. The form of 6 is as
expected, with a collection of k’s multiplied by the ratio of the concentration of product to
substrates. If there were two products being formed, say P; and P», we would expect P in Eq.
(5.53) to be replaced by P P,. As expected due to the symmetrical nature of the mechanism,
and unlike the result for the Ordered Ternary mechanism, this rate for the Random Ternary
Mechanism is symmetrical with respect to the two substrates.

This rate in Eq. (5.54), along with how 6 is defined in Eq. (5.53), is a generalisation of
the existing Modified Haldane rate to cope with two rate-limiting substrates, with an obvious
extension to cope with multiple products if necessary. The working to get this far required

similar steps to the derivation in the single substrate case but with a particularly careful choice
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of the QSSA to make sure we get something both tractable and useful without giving away too
much information about what is going on. This rate looks like it should be useful for modelling
microbes that have their reaction rate limited by two different substrates that are both required

for growth but can react in either order.

Double Monod

Suppose we take the QSSA from Section (5.5.2) and then assume either

ki ks

—_— = — = K

ko ke 4
or

ks k7

— = — = Kgp.

ki ks D

Note that from Eq. (5.46) we can see that if one of these relations between the ratio of k’s is
true, then the other must also be true. Then, the denominator of Eq. (5.54) can be factorised to
a form with the same structure as the Double Monod rate but with a thermodynamic inhibition
term included in the numerator, i.e.,

 _ AB(1-10)
dt " (Ka+ A)(Kg+B)’

(5.55)

If we considered the irreversible case (krey = 0), the thermodynamic inhibition term would not
be present and the rate would have the same form as the Double Monod rate.

One way of ensuring this relationship between the k’s would be to replace ks, kg, k7, and kg
with ok, ake, Sks, and Sk4 respectively, where o and 3 are constants. This means that the rate
constants for the forward and backward reactions involving A are changed by the same factor
as each other if B has already reacted and, similarly, the rate constants for the forward and
backward reactions involving B are changed by the same factor as each other if A has already
reacted. Such a change to the rate constants has not been explored thoroughly but it does not
seem unreasonable.

We have provided here the required set of assumptions, along with a rigorous derivation, to
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get to the form of a rate that matches that which has been used extensively in literature from
empirical approaches. This provides a new theoretical basis for the use of rates with a Double

Monod form.

5.5.3 A Partially Irreversible Consideration

We could consider a variation to the Random Ternary Mechanism where we do not allow the
ternary complex to deteriorate into either binary complex (i.e., k¢ = 0 and kg = 0). This changes

the Egs. (5.38a)-(5.38d) to

dE
E = —klEA + kQCA — k3EB + k4CB + kpCAB - krevEP
d
% = ki EA — kyCy — k:CAB
dcC
TtB = ksEB — ksCp — ksCpA
dCap
L = krCyB + ksCpA — kpCAB + krev EP.

It is still true that £+ Cy4 + Cp + Cap = Ep, but the QSSA of Section 5.5.2 will not work as
it would force ks and k7 to also be zero, meaning the ternary complex would not be formed.
Suppose we assume instead that % = % = % = dcgl% = 0. The working is algebraically
complicated and we get to an equation for the rate that cannot be written concisely and which
contains terms such as A?B and AB?. The form is unwieldy and not suitable for our purposes.

This agrees with Laidler and Bunting’s claim that the only QSSA that will give a useful equation

is the one used in Section 5.5.2.

5.5.4 Variations to the Random Ternary Mechanism

There are some variations that we may make to the structure of the Random Ternary Mechanism

to slightly alter what the analogy between enzyme kinetics and microbial growth is assuming.
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The most interesting of these variant mechanisms is shown in Eq. (5.57).

k K k
Ei+A —— Cpa+B == C(Cppi — E+P
kQ k8 rev
(5.57)
ks K k
Ex+B == Cp+A —= C(Cppp = Ey+P.
k4 k6 rev

In this mechanism the enzyme is split into two groups, F; and Fs, which respectively react
with A and B first. This is similar to the Random Ternary Mechanism but it does not allow
movement between the side that involves C'4 and the side that involves C'g. We are assuming
that Ejp reacts all the way through to produce P and Ej is released again, rather than F»
being released. Similarly, Fo reacts all the way through to produce P and FEs again rather
than releasing F7. All of this amounts to a form very similar to a pair of linked Order Ternary

Mechanism reactions. The law of mass action gives:

% = —k1F1 A+ koCa — ksCpA + keCapo (5.58a)
‘ilif — —kCAB + ksCap1 — ks EsB + kiC (5.58b)
% = —k1E1 A+ kCp + kpyCapr — krev 1P (5.58¢)
% = —k3Eo2B + ksCp + kpCapz — kroy E2 P (5.58d)
% =ki1E1A — koCy — k7CaB + ksCap (5.58¢)
% = k3FsB — ksCp — ksCpA + k¢Capn2 (5.58f)

dc;;Bl = k7CaAB — ksCap1 — kpCaB1 + krev E1 P (5.58g)

dCdf‘zBQ — ksCpA — ksCapa — kpCaps + krey Eo P (5.58h)
O kyCu — heowFAP + kyCas — b BoP

= kp (Cap1 + Cap2) — krev (E1 + E) P. (5.58i)

We get two parts to our conservation law: F1 +Ca+ Cap1 = Ep1 and Eo+Cp+ Caps = Eps.
The “fast kinetics” QSSA that we used for the Random Ternary Mechanism relied on the

complexed species being in equilibrium with each other, so k;, is sufficiently small to not disturb
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that equilibrium. Using the same QSSA here we have:

k1E1A = koCy
ksCpA = k¢Capo
ksEoB = k4Chp

k7CaB = ksCapai,

which, following the working of the Random Ternary Mechanism, gives:

%:Z&A (5.60a)
Cap1 = :;:;ElAB; (5.60b)
CB:::iEgB, (5.60¢)
chQ__iiZZﬂbAz; (5.60d)

For FE, we have

Ery = FE1 +Ca+ Cypa,

Eri = E1 + :;Ep‘l + Z;Z;ElAB,
R— Ele — (5.61)
1+ Bt Bl
For F5, we have
Ery = E> + Cp + Capg,
Ery = Eo + :iE2B + IZZZEzAB’
E, Ers (5.62)

1+ BB+ kAR
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Now we use Egs. (5.60)-(5.62) to replace Eq, Capi, Ea, and Caps2 in Eq. (5.581):

dP
E — kp (CABl + CABZ) - krev (El + EQ) P
kk ksk
= kp L E1AB — koo E1 P + by By AB — kyoy Eo P
kgkig k4k6
kik k3k
E (o 4z AB ke P) o (Fofks AB — kieu P)
- T k kik T2 k ksk
1+ 844 bkyp 1+ 3A+ kAR
kokgkrev P kakekrev P
AB (1 - fekshel) AB (1 - ksl
=P PP (5.63)
k1k7+F7 + k3/€5+E +

At this stage we replace Er; with py Er and Epe with po B where p; and ps are the respective
proportions of the total enzyme that are in each group (and so p; + po = 1) and define vy as

kpE7. These changes give

kokgkroy P kakekrev P
ap_ AB(L ) AB(1- ) (560
_— = pl’l)f Kok k pQ/Uf kak ki '
di BR T 44 AB ko TR DT AB

If pp =1 (or po = 1), the rate in Eq. (5.64) simplifies to the rate for the Ordered Ternary
Mechanism. This is as expected because p; =1 (or ps = 1) means that all of the enzyme is E;

(or E») so only the first (or second) line of Eq. (5.57) can occur.

Eq. (5.64) has the sum of two non-negative terms, so if we consider equilibrium (% =0)
we know that
P1VfAcqBeq (1 - m> =0 (5.65)
and
P2vfAeqBeq (1 - lm) = 0. (5.66)

We know that p; and p2 cannot both be equal to 0 simultaneously and we have already seen that
exactly one of them being equal to 0 means the mechanism simplifies to the Ordered Ternary

Mechanism. If neither p; nor ps is equal to 0, Egs. (5.65) and (5.66) give

kikrky,  Peg
kaSkrev B Aqueq

= Koq
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and
kskskpy — Peq i
= = Keq-
k4k6krev Aqueq
This means that
kik7 _ ksks (5.67)
koks  kakg ’
As usual,
1 P
0= —_—
eq AB
and we get the final expression for the rate:
AB(1-10) AB(1-10)
PP = P1Vf 17— % + P2V : (5.68)
oy —i—k—jA—FAB oy —i—k—gB—i-AB

With appropriate relabelling of p’s and k’s, the form of this rate is symmetrical in A and B, as
expected. This has the same form as p; Ry + po R where R; and Re are, respectively, the rates
for the Ordered Ternary Mechanism with A reacting first and with B reacting first.

Compared to the Random Ternary Mechanism, this rate has the added complication of the
proportions p; and ps. It remains to be seen if the extra information built into the model is

worth having the additional unknowns in the rate.

5.6 Confluence Mechanism

Another mechanism worth considering is shown in Eq. (5.69).

Ear+A é Ca
ko
k k
Té Cap == (Ea+Eg)+P (5.69)
6 rev

K
Es+B == (g
kg

In this mechanism we have two enzymes which can each react with only one of the substrates to
produce a binary complex. The confluence of the two binary complexes gives another complex
which can react to give the product along with returning both enzymes.

We start, as usual, by considering the law of mass action. This gives the following differential
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equations for the concentrations of the species involved:

A
(il—t = -k FEsA+ kaCy
dB
= —ksEgB + k
7 3EpB + k4sCp
dE
TtA = -k EAA+ ko Cy + k’pCAB — krevEAERP
dE
TtB = —k‘gEBB + k’4CB + kpCAB - krevEAEBP
dC
dTA = k1 EAA — koCy — ksCuCp + keCap
d
% = kgEBB — k4CB — /‘J5CACB + k6CAB
dC
d?B = k‘5CACB — k6CAB - kpCAB + krevEAEBP
P
Lilt = k’pCAB - krevEAEBP'

128

(5.70a)
(5.70D)
(5.70c)
(5.70d)
(5.70¢)
(5.70f)
(5.70g)

(5.70h)

We can find several conservation laws by combining these differential equations. For readability,

we first note that the terms in the mass action equations appear in pairs and rename the pairs

as follows:

W = —k1EsA+ kCa,
X = —ksEB + k4Cp,
Y = —ksCaCB + kgCap,

Z = —kyCap + krevEEAEBP.

(5.71)
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Egs. (5.70a)-(5.70h) can now be rewritten as

(f;;l =W (5.72a)
%f =X (5.72b)
dd% Wz (5.72¢)
CZETB =X-Z (5.72d)
% =-W+Y (5.72e)
% = X+4Y (5.72f)
dZ?B =-Y+2Z (5.72g)
% =7 (5.72h)

We can see that

ar ac dc
A, oCa  dbap

dt dt a Y

which means that

Efs+Cyu+Cup = Egr, (5.73)

where FEar is a constant and it represents the total amount of the enzyme present, in any form,

which can react with A. Similarly, we can see that

=0

dEp dCp dCap
dt * dt * dt

which means that

Ep+Cp+ Cap = Epr, (5.74)

where Ep7 is a constant and it represents the total amount of the enzyme present, in any form,

which can react with B. Another pair of conservation laws follow from noticing that

dA  dCs dCap
E"FW"FT-FP—O,
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which means that

A+Ca+Cyup+P=Ar,

and
@ . dCg dCap
dt dt dt

+P=0,

which means that

B+Cgp+Cup+ P = Brp,

130

(5.75)

(5.76)

where Ar and Br are constants which may be interpreted as the total amount present, in any

form, of species containing or derived from substrate A and substrate B, respectively. A further

pair of conservation laws follow from noticing that

dP dA dE4
w e a7

which means that
P+A—FE = Ny,
and

dP dB dEp

A a Y

which means that

P+ B — Ep = Ng,

(5.77)

(5.78)

where N4 and Np are constants. Subtracting Eq. (5.73) from Eq. (5.75) and comparing to Eq.

(5.77) shows that
Ny=Ar — Egr.

(5.79)

Similarly, subtracting Eq. (5.74) from Eq. (5.76) and comparing to Eq. (5.78) shows that

Np = By — Epr.

(5.80)

We now note that while we do not have a direct interpretation of Ny and Np, we can present
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them as the difference of two other constants that we do have a better understanding of. We
can interpret N4 as the difference between the total amount of A-containing material and E4-
containing material. If we start with only substrates and enzymes (no products or complexes),
this means that N4 is the difference between the initial concentrations of A and E4. The same
applies to Np, it is the difference between the total amounts of B-containing material and Ep-
containing material and, if we start with only substrates and enzymes, this means that Np is
the difference between the initial concentrations of B and Ep.

We may rearrange Eqs. (5.77) and (5.78) to make F4 and Ep the subject of each and then
replace E4 and Ep in Eq. (5.70h) as follows:

Ey=P+ A— Ny, (5.81)
Ep =P+ B — Np, (5.82)
dP
E:k:pCAB—krev(P—f-A—NA)(P—I—B—NB)P. (5.83)

The equation for % now has a term that is cubic in P and it is symmetric in A and B. In order

to progress further, we must make a quasi-steady-state assumption.

5.6.1 A Simple Quasi-Steady-State Assumption

We now need to determine what we should assume about the behaviour of the system. The

simplest QSSA that we could make is

dCup
dt

=0, (5.84)

which could also be stated as Y = Z. We can see, from either the law of mass action equations
or from the conservation laws, that this means ddE—tA + % =0 and C“;—tB + d%s = 0. These show
that the sum of E4 and Cy4 is a constant, as is the sum of Eg and Cp. This QSSA gives us a

new conservation law that we can consider,

Cug = Cagp (5.85)
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where the tilde denotes that the value is a constant. This means that

dpP

P kpCap — krev EAERP. (5.86)

Rearranging Eq. (5.70g) gives:

ksCaCp — keCap — kpCaB + krev EAEBP = 0,

(ke + kp) Cua = ksCaCB + kyew EAEBP. (5.87)

The LHS of Eq. (5.87) is a constant so we have a relation between Cy4, Cp, E4, Ep, and P (or

Ca, Cp, A, B, and P if we choose to replace E4 and Ep using Eqs. (5.81) and (5.82)).

5.6.2 A Biological Assumption

If, instead of assuming Eq. (5.84), we assume that W = X, we get a different situation. The
biological motivation for assuming W = X is that we know that the amounts of C4 and Cp
consumed to produce C'4p must match due to their 1:1 stoichiometry and so the net flux from

E4 to C4 is equal to the net flux from Ep to Cp. Under this assumption, the differential

equations that we get from the law of mass action clearly show that % = %, df—t’* = (%Ba and
dCs _ dCp
dt — dt -

If we assume that W and X are also equal to Z, i.e., W = X = Z, we can take this further.
The biological motivation for assuming W = X = Z is the 1:1 stoichiometry in the reaction
making F4 and Ep constants and meaning that the increase in P is equal to the decrease in A

and B. Assuming that both W and X are also equal to Z means that ddE—tA =0 and dg—tB =0

dCa _ dCp _ _ dCap
and that == 42

We can introduce three new constants, which we may call N1, No, and N3, and write A—B =
Ny, Eq4 — Eg = Ny, and C4 — Cg = N3. Note that while some of the other constants must be

positive, each of Ny, Na, and N3 may be positive or negative. Subtracting Eq. (5.78) from Eq.
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(5.77) gives

(A—Es)—(B—-FEp)=Na—Np
= (A7 — Ear) — (Br — EBr)

= (Ar — Br) — (Ear — EpT)

which we can now rewrite as N — Ny = (Ar — By) — (Ear — Epr).
Using Egs. (5.77) and (5.78) we can replace E4 and Ep with P+ A— Ny and P+ B — Np
in Eq. (5.86) to get

ap .
= kpCap — kueu(P + A= Na)(P + B — Np)P. (5.88)

This rate contains A, B, and P but also contains five constants for which we would need to
determine values.
We can get two other equations for % by replacing either B or A. Using our definition of

N; we can replace B from Eq. (5.88) and get

dP

%:kpC'AB—kreV(P+A—NA)(P+(A—N1)—NB)P

= kpyCap — kyey (P+A—Na)(P+A—Ny) P (5.89)

where Np + N1 = Ny4. Similarly we could replace A from Eq. (5.88) instead and get

dP

E:kpC’AB—krev(P—i—(B—i—Nl)—NA)(P—l—B—NB)P

= kyCap — kyey (P+B — N5) (P +B — Ng) P (5.90)

where N4 — N; = N5. We get a relationship N4 + Ng = Ny + N5. These two rates in Egs.
(5.89) and (5.90) should be the same as the rate in Eq. (5.88).

The number of constants in the equations for % that we have from this biological assumption
makes it mathematically intractable to go further without making a stronger assumption and,

if we got to a rate that we wanted to use, we would need to know values for all of the constants.
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We turn our attention next to a stronger assumption.

5.6.3 A Strong Quasi-Steady-State Assumption

The strong QSSA that we could make, analogous to the one that we used for the Random

Ternary Mechanism, is

dE4y dEp dC4 dCp dCyp

dt dt dt dt dt
We can get this assumption by assuming either dg—t‘“ = ‘ﬂg—f = d%% =0 or % = d%s =
dc;?B = 0. Comparing this assumption, whichever way we make it, to the equations from the
law of mass action gives us some information about W, X, Y, and Z. First, dCAB = 0 implies

that Y = Z. Additionally, dE—A = dEB = 0 implies that W = Z and X = Z, which further
implies that W = X. Similarly, dCA = dCB = 0 implies that W =Y and X =Y, which further
implies that W = X. Overall, this QSSA tells us that W = X =Y = Z (and it does not imply
that Z = 0). This means that the net flux over any pair of forward and backward reactions
in the mechanism (one set of arrows in the mechanism diagram) is the same. This is the flow
through the system of substrates A and B into product P with no net change to F4, Ep, Ca,
Cp, and C4p along the way. As each of the catalytic terms is a constant we may rename them
for transparency, call Cap = C’AB (as above), Ey4 = E'A, and Ep = EB. Now we replace terms

from Eq. (5.70h) and get
dP ~ U
E - kpC’AB - kreVEAEBP (591)
Note that kp, krev, C AB, E 4, and E B are all either rate constants or concentrations, so they are

all positive constants.

If W =X =Y = Z then we can see that % = Cfi‘? = —%22  This means we can also use
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Egs. (5.70a) and (5.70b) to get two other ways of presenting the overall reaction rate:

ap__dA
dt — dt
=kiEsA — koCy
= k1 EgA — kaCy (5.92)
and
ap__dB
dt — dt
= k3EpB — k4Cp
= k3EpB — ksCp (5.93)

where Cy = C4 and Cp = Cp. Egs. (5.92) and (5.93) each contain the concentration of one
substrate accompanying a collection of positive constants and so, along with Eq. (5.91), these
differential equations can be solved analytically. Before we solve the differential equations, we

combine Egs. (5.91) and (5.92), and use ' to mean the derivative with respect to time, to get

P+ A = kpks — kyey EAERP + koCp — k1 E4A = 0
(P'+A") = ~kyevEsEpP — ki E4A =0
— kyey EAERP + k1 EsP =0

ELP <k1 _ krevEB> —0.

This implies that

kl = krevEB
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as P’ = 0 only at equilibrium. We repeat this using Egs. (5.91) and (5.93) to get:

P'+ B’ = kpks — kyeyEAERP + k4Cp — ksEpB =0
(P'+A") = —~kwevEsEpP — k3EpB' =0
— kyeyEAERP + k3EpP =0

EpP' (kg - kEA) —0,

which implies that
k3 = krevEA

for the same reason. We also note that the conservation laws from Eqgs. (5.77) and (5.78) can

now be restated as

P—l—A:NA—i-EA:,OA

and

P+B=Np+Ep=pp

where p4 and pp are constants, each replacing a pair of constants.

Starting with Eq. (5.92) and solving the differential equation for A we get:

dA . .
2 B E A+ kO
I 18 AA + RaCg
1
_ — dA = 1dt
kyCa — k1 EAA
—kE -
_TMPA JA = —k Eadt
koCa — ki E4A

In kQéA — k1EAA = —klEAt + ap

k:géA — klEAA = efkléAtJral

A Ca @ g (5.94)
k‘lEA k‘lEA

where a1 is the constant of integration and as = +e® with the sign depending on the sign of
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k2Ca — k1 EaA. Similarly for Eq. (5.93) we get:

dB . .
— = —k3EpB + k4Cp
dt
_ ! = dB = 1dt
ksCp — ksEgB
—keF -
_MTB  IB = —kyEpdt
ksCp — ksEgB

In <k4C~'B — kgEBB> = —kgEBt + b1

kiCp — ksEpB = e FsBnt+h

s kCs by,

= — — (5.95)
ksEp ksEp
where by and be are as a; and ay are above. Finally, for Eq. (5.91) we get:
dP - ~
i —krevEAEBP + kyCap
1
- ————dP = 1dt
kpCAB - krevEAEBP
—krov EAE o
v AT P = —kyey EaEpdt
kpCAB - krevEAEBP
In <kpCN’AB - krevEAEBP) = _krevEAEBt + D1
kpéAB _ krevEAEBP — e_k'revEAEBt+pl
kpCAB . b2 e_krevEAEBt (596)

B krevEAEB kI‘EVEAEB

where p; and po are also as a; and ag are above.
To shed some light on what we have found, we consider the initial conditions and equilibrium

values. Suppose t = 0 then

. kgéA _ as
klEA klEA

ag = kgéA — k‘lEAAO

_ koC 4 _ koCa — k1 EaAg o—k1Bat
k?lEA klEA .

Ao

A(t)
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Note that the only zero of Eq. (5.92) occurs when A = %. We let

_ koCa
kiEa

eq

Suppose t — oo then

A(t) = Aeq — (Aeq — Ag) e F1Eat (5.97)

which shows that A, is a stable equilibrium. Similarly for B we get

by = k4Cp — ksEpBo
_ kiCp
k3Ep
B(t) = Beq — (Beq — Bo) e *3E5? (5.98)

€q

and for P we get

D2 = kpéAB - krevEAEBPO

_ kpéAB

“a krevEAEB

P(t) = Poy — (Pay — Py) e FrevEaEnt, 5.99
q q

We can see that Beq and Py are also stable.

The biological assumption gave a rate that is irreconcilably different in form to any of the
other rates that we have found. The cubic in P and the need for the equations in A and B to
give the same results are entirely novel.

The strong QSSA allowed us to get to a point where we could analytically solve the system
and get equations for A(t), B(t), and P(t). These equations contained many constants that
would need to be determined for the model to be used and it remains to be seen whether they

can be effectively applied to a microbial system.
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5.7 Statistical Mechanics

Having explored several enzyme kinetic mechanisms as possible ways to extend the Modified
Haldane rate to multiple rate-limiting substrates, we now consider the statistical mechanics
approach of Desmond-Le Quéméner and Bouchez [39] that gave the DLQB rate for a single rate-
limiting substrate. Their work assumes that multiple substrates can be considered as statistically
independent, which allows a much simpler expansion to multiple rate-limiting substrates when
using statistical mechanics compared to using enzyme kinetics. For substrates A and B we get

a rate of the form

upp — e~ MalA—As/B (5.100)

En+FEgis )

where the A’s are defined as for the single substrate case (A = o

This rate is simply
the product of two single-substrate DLQB rates due to the assumption of statistically indepen-
dent partition functions, which seems reasonable but more work is required for this to be fully
understood.

The values of Ejs, Fqis, and Ec,t depend on the reaction catalysed by the microbe and on
the concentrations of substrates and products in its external environment, but none of them
highlight a particular substrate. This means that the values of Ej;, Fqis, and Ecat will be the
same for A4 and Agp. If we assume that V}4 is the same for both substrates, which seems to
be a reasonable assumption, then A4 = Ap, which we will relabel as A, and the Double DLQB

rate becomes

qpp = e MAeMB, (5.101)

It required very little work to expand the DLQB rate from a single substrate to two substrates

but we are interested in how similar this equation is to some of the others that we have seen.
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Considering first the Taylor series for an exponential, we have

_ 1
e ?= 52 o
1+¢+j+j+...
()¢
S \1+¢ (S+%+.)
L4+
B 1 1
S \1+ 14w
B 1 1
S \1+9¢)\1-(-w)
where , ,
(§+50.)
W=
1+¢
Using a geometric series,
——=1- 2wt
1= (—w) w4 w w” +
as long as w < 1, and so
1
-9 _ 2 3
eV =—1-w4w —w +..).
1+¢( )
We can see that w = O(¢?), so
b= (140(@) = —— 10
1+¢ 1+¢

Egs. (5.102)-(5.103) show that, in the case where S > A,

1 A2
qp =€ 1+A/S+O<<S)>'

Let ¢1 = A/A and ¢ = A/B, then

1

—P1 ,—p2 _
e e =
1+ ¢

(14 0(43))

(1+0(41))
1

1+ ¢o

_ (1+0(g1 + 0(¢3) + 0(67)0(3)) -

(14 ¢1)(1+ ¢2)

140

(5.102)

(5.103)

(5.104)
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Let ¢, = max{¢1, p2}, then as ¢, — 0 the Double DLQB rate will be

_ 1 2
0= T Tt dg) TN
which we could rewrite as
_ AB ol (A i 5.105
D= AT B+A) <S> (5.105)

where S = min{A4, B}. This gives us a link from the Double DLQB rate to the Double Monod
rate but it should be noted that some of the assumptions that were required in this derivation
have not been thoroughly explored.

So far we have only considered the DLQB formulation with unit coefficients for each sub-
strate. If we had a reaction with non-unit coefficients, it appears that these coefficients would
manifest in the exponential for the corresponding substrate. For example, a reaction with a

stoichiometry of one of substrate A to two of substrate B would have the form

q=e MATAB, (5.106)

5.8 Summary

In this chapter we have explored several possible ways we can model situations where there
are multiple rate-limiting substrates. We focused on different variations of the analogy with
enzyme kinetics as we searched for an extension to the Modified Haldane rate that makes sense
biologically and is mathematically tractable.

The Black Box Mechanism leads us to a rate, in Eq. (5.15), that is quite similar to the
Modified Haldane rate, with S replaced by AB, but may be an oversimplification of what is
happening biologically.

Using a quasi-steady-state assumption in the spirit of Michaelis-Menten, the Ordered Ternary
Mechanism leads to a rate, in Eq. (5.27) that is also similar, though without an inhibitory

thermodynamic term in the denominator, effectively giving a generalisation of the Jin and Bethke



CHAPTER 5. MULTIPLE RATE-LIMITING SUBSTRATES 142

rate to two substrates. The rate is asymmetric in A and B and, while it may be applicable to
enzymes, the pathway may be an overly complicated for the analogy to microbes.

A strong, Michaelis-Menten-like QSSA for the Random Ternary Mechanism leads to a rate,
in Eq. (5.54), that seems to be a meaningful extension of the Modified Haldane rate to two
substrates. However, the required assumptions again resulted in there being no inhibitory ther-
modynamic term in the denominator. We have noted a particular situation where this rate can
factorise to have the same form as the Double Monod rate but with the addition of a thermody-
namic inhibition term in the numerator. As the Double Monod rate is a widely-used empirical
rate, providing a set of assumptions and a derivation that leads to a rate of analogous form is
an important contribution.

A variation of the Random Ternary Mechanism can lead us to a rate that has the form of
two Ordered Ternary Mechanism rates operating in different proportions, though it is not clear
whether the extra information in the model is worth additional unknowns.

The Confluence Mechanism leads us to a rate that is cubic in P and using a strong QSSA
allows us to analytically solve the system for A(t), B(t), and P(t), shown in Egs. (5.97)-(5.99).
This is novel among the mechanisms that we have investigated but it remains to be seen if this
mechanism can be effectively applied in a microbial context due to the large number of constants
that would need to be known.

The expansion of the DLQB rate to multiple substrates was relatively straightforward and
quickly led to the rate given in Eq. (5.101). Considering the Taylor series of the exponential
and a geometric series, we also found an equation, given in Eq. (5.105), that has a similar
form to Double Monod. We also briefly considered how this formulation can deal with non-unit
coefficients for the substrates. More work must be done to fully understand the assumptions

that allowed these expansions but their simplicity is promising.



Chapter 6

Conclusions

6.1 Introduction

The goal of this thesis is to derive a mathematical model that is applicable to multiple microbial
populations with a range of different metabolisms, to identify the limits of validity of the model
using data found in the literature, and to identify avenues for further model development. Here,
we review the extent to which these goals have been met and summarise the content and major

findings in this thesis.

6.2 Chapter 2

Chapter 2 begins with a summary of existing models of microbial growth. These models are
distinguished by the growth rates. We partitioned these models into four categories based on

how they are derived. These categories are:

1. Empirical;

[\)

. Hybrid of empirical with thermodynamic considerations;

3. Enzyme kinetics analogues; and

4. Statistical mechanics.

143
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A prominent example of an empirical rate is the Monod rate. This rate is still the most widely
used rate in the literature. Nonetheless, this model has its limitations, particularly its lack of
end-product feedback when thermodynamic effects become important. This prompted modi-
fications such as that by Jin and Bethke [79] that include factors in the rate that reflect the
thermodynamics. This results in a hybrid rate that suffers from the lack of a solid theoretical
grounding. It is here that the rates based on an analogy with enzyme kinetics come to the
fore. Using Haldane’s analysis, by interpreting a microbe as an analogue of an enzyme, a more
rational and unified result is achieved. Here, care must be taken to recognise the relative time
scales of reactions. Enzyme kinetics assume a conservation of enzyme, but microbial growth in
this analogy does not fit. Here we note a much slower time scale: microbes reproduce several
orders of magnitude slower than most chemical reactions, so the microbial population is effec-
tively constant on the timescale at which the chemical reactions occur. The Modified Haldane
rate comes from this analogy. The Desmond-Le Quéméner and Bouchez (DLQB) rate is derived
from statistical mechanics and is fundamentally different. This rate certainly captures both
the Monod type behaviour for large substrate concentrations and limiting growth behaviour for
small substrate concentrations. Comparing these rates, some key observations and results in

this thesis include:

1. The Monod rate corresponds formally to both the Jin and Bethke rate and the Modified

Haldane rate if they have their thermodynamic influence neutralised.

2. Redefining the constant in the Jin and Bethke rate as being made up of two parts which
depend on product concentration allows the rate to be written in a form that is not distinct

from the Modified Haldane rate.

3. Using the enzyme kinetics analogy used for the Modified Haldane rate modified by a fast
kinetics, Michaelis-Menten-like assumption, instead of the quasi-steady-state assumption,
leads to a rate with the same form as that of Jin and Bethke. This highlights the similarity
between the Jin and Bethke rate and the Modified Haldane rate. It provides a theoretical

bases for interpreting the Jin and Bethke rate in terms of enzyme kinetics.

4. The DLQB rate contains a constant in the exponential. This constant was associated with
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the Monod constant by Desmond-Le Quéméner and Bouchez [39], but, in fact, there was
little formal connection identified. In this thesis it was shown, through an asymptotic
expansion, as substrate concentration increases, that the constant must agree with the

Monod constant.

5. The DLQB rate, as presented by the authors, did not predict a non-zero threshold. The
peculiar “flick of the tail” of this rate as the substrate concentration went to zero did
account, at least experimentally, for the non-zero threshold. We showed through a simple
but careful interpretation of the rate that the full thermodynamic impact was contained

in this rate that included a non-zero threshold.

6.3 Chapter 3

The rates discussed above have the merit of simplicity. Indeed, we have shown that for large
limiting substrate concentration, these rates essentially correspond to a Monod type rate. The
merit here is that the Monod rate has one “biological constant” to be determined. At this
level, one need not delve into reaction rates, thermodynamic inhibitions from products etc.
This is a simple and effective model in the high limiting substrate regime. The problems come
when we are at small limiting substrate concentrations or environments where the concentration
of products inhibits growth. In Chapter 3 we turn towards models that capture some of the
thermodynamic effects of including additional biological information. The challenge was to find
a model that is mathematically tractable yet applicable to low concentration scanarios where
thermodynamic effects become important. Equally important was that the model should be
biologically tractable in that it should contain only key biological parameters. We developed a
model and compared it to some existing ones. In particular, we were interested in exploring the
AG arp term in the Modified Haldane rate.

In the Modified Haldane rate the AGarp term is a constant: it is typically stated as between
55 kJ mol;%P and 75 kJ molK%P. However, it has been observed that the value of AGaTp can
change to allow growth in conditions where it would not be possible if AGaTp was a fixed value.

In plain terms, organisms can respond to thermodynamically challenging environments/low
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substrate concentrations by lowering their AGarp demands. It was this behaviour that we
wished to capture in the model, by allowing AGarp to vary within limits, with a biologically-
relevant penalty in the rate of ATP formation when AGarp is decreased.

We collated a dataset from the literature to test the applicability of the variable AGaTp
in the new rate against experimental data. This dataset contained 107 experiments, of which
73 were experiments measuring the substrate threshold concentrations (Smin) and 34 were ex-
periments measuring the substrate concentration when the growth rate is half of its maxi-
mal value (K,pp). For each experiment we plotted the reciprocal of the reaction quotient
against exp ((AG% +nAGarp) /RT) three times, one with each of AGarp = 0kJ molK%P,
AGaTp = 55kJ molX%P, and AGatp = 75 kJ molX%P. The line y = x in these plots corresponds
to # = 1 in the Modified Haldane rate, which is shutdown due to thermodynamic inhibition. Us-
ing L2 norms to measure how far the data is from the line y = = (6 = 1) for each choice of AGaTp
showed that AGarp = 55 kJ moly1p was the best for Spin data while AGarp = 75 kJ mol1p
was the best for K,p, data. In both cases the L2 norms for AGarp = 0kJ molj&P (corre-
sponding to earlier forms of the Modified Haldane rate where AGaTp is not considered) were
much larger. In short, the premise that a microbe can respond to a challenging environment
by reducing its AGarp demands is supported by the data, and changed values in the Modified
Haldane rate reflect the potential for a model with variable AGaTp.

It is of interest that there was one outlier in the K,pp data. The size of the outlier compared
to the rest of the data prompted us to return to the assumptions that had been made and check
if any of them should be reconsidered. Upon further investigation, we proposed a biological
argument for a different value of  (the number of moles of ATP produced per mole of substrate
consumed) than the one we had been using. Using the new value for 1, the outlier moved to
where we expected it to be. Here, we emphasise that the parameter n was not changed to fit
the model; rather, the model identified the n assumed for the microbe to be suspect. The new
value of 7, as derived from biological considerations, was independent of the model and yet the
new value rectified the outlier problem.

The above analysis supports the value of a model that incorporates a variable AGaTp term

to capture growth behaviour in more challenging thermodynamic scenarios. It was at this stage
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that we further modified the Haldane rate to deal with a variable AG a4rp. The core idea is
that the microbe will optimise the AGaTp in challenging conditions to ensure growth/survival.
Guided by results in the literature, we know that there is a minimal value of AGa1p below which
growth cannot occur and that there is a maximum value of AG arp beyond which the microbe is
unable to use any excess energy. These values are approximately 55 kJ molf&P and 75 kJ mol[}}P
respectively. Built upon the Haldane rate, the Lynch model contains the AGaTp term, but a
direct optimisation simply leads to the choice of a maximum AG arp under all conditions, which
is not in agreement with the analysis. We thus looked for a modification that would allow the
growth rate to be non-zero in challenging thermodynamic environments. Essentially, there are
two mechanisms whereby growth is precluded. The “reaction quotient”, i.e., the 6 in the Lynch
model, is 1. In this case, in simple terms, growth has stopped because the chemical reaction has
stopped. The second mechanism is that AGarp has decreased to its minimal value and is not
sufficient for the microbe to continue ATP formation. The model we developed incorporated both
these mechanisms by using the rate in the Lynch model multiplied by a “penalty function”. The
mathematical details of this penalty function were discussed in Chapter 3. Here, we recognise
that this is doubtless a simplification and that further work is needed to refine the model.
Nonetheless, this model has the decisive merit of being mathematically tractable and it does
produce results in agreement with our data.

We used the new rate to predict what the substrate concentration would be at Syin or Kapp
for each experiment in the dataset, then compared this value to what had been reported, taking
the natural log of both values. The correlation coefficient for the Sy, data was approximately
0.94, for the K,pp data it was approximately 0.91, and for the whole dataset together it was
approximately 0.94. We noted that K,p, occurred (i.e., the substrate concentration was equal
to Kapp) when AGarp was its maximal value for each of the experiments in our data. The wide
variety of microbes and reactions in our dataset suggests that AGarp will be its maximal value
at K,pp for our choice of the “penalty function” term, but it has not yet been proved if this is

the same for a general choice of the term.
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6.4 Chapter 4

In Chapter 3, we focused on data that is given at either Spin or K,pp. In Chapter 4 we consider
examples where experimental data are available at multiple different times as microbial growth
occurs. The first example is a batch culture that has negligible thermodynamic inhibition.
Comparing the experimental results to those from our simulations, we showed that the model
predicts outcomes that are qualitatively similar. The second example involves a batch culture
that has thermodynamic inhibition; again, our model produces results that are qualitatively
similar to the experimental data. The third example includes experimental data for two strains of
microbe that utilise different fermentation pathways but share a substrate, allowing exploration
of competition and coexistence. This example is the more common scenario of a continuous
culture with thermodynamic inhibition and it is here that the model gets the opportunity to
show its strength. When considering either strain individually, the results from the model agree
qualitatively with experimental data. For a fixed flow rate, we predict that whichever strain has
a lower steady state substrate concentration when growing individually would outcompete the
other if they were in direct competition with each other. Testing a variety of values for the flow
rate allowed us to predict an interval of flow rates where one strain would thrive, followed by
an interval where the other strain would thrive, before the flow rate gets so high that neither
strain can grow fast enough to survive.

Shifting away from comparisons with experimental data, we modelled the two strains in
competition with each other to test the predictions that could be made from the simulations for
the individual strains. Initially, the microbial populations are small and the amount of substrate
exceeds what can be consumed. In this environment the strain with the higher growth yield
grows faster. Once the substrate concentration drops enough to limit the growth rates, however,
the strain that has a lower steady state substrate concentration in the individual simulations
dominates. When tested with a range of flow rates, we found that one strain dominates at low
flow rates; whereas the other strain dominates at higher flow rates. If the flow rate gets too high
neither strain will survive. A novel result is that in the interval of low flow rates, while one strain

is dominating, the other is not eliminated (as may be expected) but is instead at a steady cell
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concentration about one five-hundredth of the concentration of the other strain. This provides
numerical evidence that our model predicts a stable coexistence, which would not occur without
thermodynamic inhibition terms. After exploring the differential equations at steady state, we
determined analytical proof of this stable coexistence is, at present, elusive.

The prediction of coexistence from this model needs to be further qualified. Firstly, we note
that there are no experimental results in our dataset that support (or discourage) coexistence.
The data come from a continuous culture experiment, which was not run long enough for any
information about coexistence. Secondly, a great deal was assumed about the two strains of
microbe: they were differentiated only by their fermentation pathways and their ATP yields.
Taking into account the measured cell dimensions of the two strains, we determined some of
the parameters that may be affected by cell size and reduced the values of these for the strain
of smaller microbe. The resulting plots of concentrations over time were consistent with the
earlier simulations, with the notable difference that the cell concentrations for the smaller strain
increased by a factor approximately equal to the scaling factor on the altered parameters. The
results when considering the relative sizes of the strains suggest that microbes of a comparable
size can be well represented by the model and, while knowledge of finer details about the
microbes may give more precise results, the generic parameter values give results that are not
notably different than if different cell sizes are considered. The three examples, and the last
one in particular, showed the versatility of the model, qualitatively reproducing what was found
experimentally and allowing predictions of coexistence to be made that remain elusive to prove

analytically.

6.5 Chapter 5

In Chapter 5 we studied growth rates that are limited by multiple substrates. In particular,
we focused on the situation where there are two substrates, both of which are required in the
reaction pathway that produces ATP. We considered some of the many possible variations of the
analogy between microbes and enzymes for two rate-limiting substrates in search of an extension

to the Modified Haldane rate that makes sense biologically and is mathematically tractable. In
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particular, we investigated four different mechanisms for how two substrates could complex with
enzymes. These mechanisms are: the “Black Box” Mechanism; the Ordered Ternary Mechanism;
the Random Ternary Mechanism; and the “Confluence” Mechanism.

The “Black Box” Mechanism involves both substrates combining with the enzyme to give
a ternary complex in a single step. We derive a rate from this mechanism which is a simple
extension to the Modified Haldane rate (described in detail in Chapter 2), with the substrate
concentration in the Modified Haldane rate replaced by the product of the two substrate con-
centrations in the rate from the Black Box Mechanism.

The Ordered Ternary Mechanism involves one substrate forming a complex with the enzyme,
which the other substrate then reacts with to form a ternary complex. The rate that we derive
from this mechanism can be considered a generalisation of the Jin and Bethke rate to two
substrates, and ordered nature of requiring one substrate before the other means the equation
for the rate is not symmetrical with respect to the two substrates.

The Random Ternary Mechanism has two pathways to form the ternary complex, each with
the form of the Ordered Ternary Mechanism, which avoids the problem of reaction order by
allowing either reaction occur first. The extension of the quasi-steady-state assumption for this
case is not obvious. We had to make assumptions while balancing detail and flexibility against
a tractable model. We derived a rate that can be considered a generalisation of the Modified
Haldane rate to two substrates. A prominent rate in the literature for two substrate limited
growth is the Double Monod rate. This rate is an obvious generalisation of the Monod rate,
but it is empirical and lacks theoretical support. We showed that this rate can be derived from
our generalised Haldane rate through choices of constants. In short, the Double Monod rate is
a special case.

The “Confluence” Mechanism involves the two substrates separately reacting with enzymes to
form two binary complexes which then react with each other to produce a complex which includes
both enzymes and both substrates. Again, the choice of the quasi-steady-state assumption is
critical in allowing mathematical tractability without losing too much biological information.
The system was solved, resulting in equations for the concentrations of substrates and product

that were novel and irreconcilably different than any of the other rates due to the presence of a
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term cubic in product concentration. The equations contained many constants that would need
to be determined in order for the model to be used and it remains to be seen whether they can
be effectively applied to a microbial system.

The statistical mechanics approach of Desmond-Le Quéméner and Bouchez [39] is funda-
mentally different from the enzyme kinetic analogy models. The assumption of statistical inde-
pendence allows a much simpler extension to multiple rate-limiting substrates where the rate is
the product of single substrate rates for each included substrate. Through some assumptions
for the substrates we were able to show the Double DLQB rate agrees with the Double Monod
rate for large substrate concentrations. The simplicity of this approach is promising and signals

that more work should be done to further develop, refine, and validate this model.

6.6 Future Work

Our work suggests a number of paths for future work. These include:

1. The model developed in Chapter 3 involved the introduction of a “penalty function”,
allowing the model to optimise the rate by selecting a value of AGaTp within a given
range. This function was modelled based on the need for two thermodynamic brakes on
growth, viz., (1.) the product and substrate concentrations preclude further reaction and
(2.) AGaTp drops below the minimum threshold so that ATP formation stops. There are

two avenues we identified that warrant further study:

(a) The penalty function was simply incorporated into the rate as a coefficient. Although
this approach produces satisfactory results, it lacks a more rigorous foundation. Fu-
ture work would include a more in depth study of this approach or a more rigorous

derivation.
(b) Our dataset indicates that AG arp is maximum when K, occurs. It may be possible

to prove this analytically for a large class of microbes.

2. Multiple Substrate Limiting Rates.

The complexity of models based on analogies with enzyme kinetics escalates rapidly once
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two substrates are limiting the growth rate. There are a prodigious number of permutations
for reactions. The choice certainly requires deeper knowledge of the reaction, which in turn
means we must know a lot more about the biology. We looked at the simplest scenarios
and even here were confronted with difficulties, for example, with analogues for the quasi-
steady-state assumptions. This situations signals that a lot of groundwork is still needed
for these models. It is recognised that different microbes might have different orders of
reaction and kinetics. Indeed, the simple analogue of a microbe as an enzyme needs to be
reconsidered once multiple limiting substrates are introduced. It should be kept in mind
that any useful model must be mathematically tractable and contain a minimum number

of species specific biological parameters.

3. The DLQB Model
As noted, this model is very different from the models derived from analogy to enzyme
kinetics. This model does have thermodynamic inhibition built-in, though it was not
exploited in the literature. This model also shows perhaps the simplest way forward

towards a model for several substrates limiting the growth rate. Some future work includes:
(a) A detailed extension of this model to include thermodynamic terms similar to those
found in the Lynch model.
(b) Validation of the model using the existing dataset.

(c) Extension of this model for multiple limiting substrates. This entails, at the simplest

level, a product of Boltzmann distributions, but the interpretation needs further work.



Appendix A

Limits of AGaTp

This section states and justifies the values of AGATPmin and AGATPmax-

The rate of ATP synthesis by a membrane-bound ATP synthase depends on Ap, the proton
motive force across the cell membrane. The ATP synthase generates ATP from ADP, and we
assume that the AG for ATP synthesis, AGaTp, is similar for other intracellular mechanisms
of ATP formation because they all access the same intracellular pools of ATP and ADP. ATP
synthesis by the ATP synthase stops at a critical minimum Ap, at which the driving force
provided by Ap is no longer able to turn the molecular rotor that catalyses ATP production
[121]. Similarly, we assume there is a maximum rate of synthesis, limited by the maximum
catalytic rate of the ATP synthase enzyme, as demonstrated experimentally for a number of
different ATP synthases [41].

Miller et al. [121] suggest a minimum Ap of 170 mV for the ATP synthase of the bacterium
Escherichia coli, similar to values reported by Nicholls [134] for the mitochondrial ATP synthase.
Using a conversion of 10.35 mV kJ~! for HT translocation to generate the Ap [63] [135] [64], the
minimum AG for HT translocation is 16.4 kJ mol~!. The ATP synthases of E. coli and mito-
chondria have 10 c-ring subunits, requiring 10H™ to turn the ring and rotor once and so generate
three ATP [117]. At this minimum Ap, where ATP synthesis comes to a halt [121], AGarp is
therefore 54.7 kJ mol~!. We will therefore assume a minimum AGatp = 55 kJ molX%P, below
which ATP synthesis is not possible.

Nicholls [134] suggests the maximum rate of ATP synthesis in mitochondria occurs when Ap
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is 230 mV. Applying the same calculations as we used for the minimum AGaTp, this yields a
maximum AG arp of 74 kJ mol~!. Even if more free energy is available, the rate of ATP synthesis
by the ATP synthase cannot increase further. We will use a maximum AGatp = 75 kJ molK%P.

We will also assume that these maximum and minimum values also apply to Na™ gradients.



Appendix B

ATP Yields

This appendix states and justifies the ATP yield for the microbes in the collated dataset based

on the reaction they are using for growth.

B.1 ATP Yields used for the Dataset in Chapter 3

MOO01: Acetobacterium carbinolicum, 0.55 ATP per ethanol.
Ethanol + COy — 1.5 acetate™ + 1.5HT
Acetobacterium carbinolicum forms 0.55 ATP per ethanol [15], based on 10 {H"/Na™} used to
form 3 ATP by the ATP synthase [49] [112]. The growth yields are 4.5 to 5.9 g per mol ethanol
[44] [170], which is consistent with an ATP yield of 0.43 to 0.56 per ethanol, assuming a yield of
10.5 g cell dry matter per mol ATP for anaerobes growing using acetate for biomass synthesis
[168].

MO002: Acetobacterium spp., Sporomusa termitida, Acetitomaculum ruminis, 0.075 ATP per
Hs.
H, + 0.5 CO9 — 0.25 acetate™ + 0.5 HoO + 0.25 HT
These homoacetogens are assumed to translocate one {H™ /Na™} per acetate formed [145] [26],
and use 10 {H"/Na™} per 3 ATP formed by the ATP synthase [49] [112]. This yields 0.075
ATP per Hs.

MO003: Anaeromusa acidaminophila, 0.848 ATP per glutamate™.

155
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Glutamate™ + 1.333 HoO — 1.666 acetate™ + 0.333 propionate™ + 0.666 COo + NHZLIr
Anaeromusa acidaminophila forms 0.848 ATP per glutamate, based on net 2 ATP per 3 glu-
tamate by substrate-level phosphorylation [131], and 2 {H*/Na®} exported at the fumarate
reduction step [65] per 3 glutamate, and assuming 11 {H"/Na®} are used per 3 ATP formed
by the ATP synthase like that found in Clostridium paradozum [118].

MO004: Clostridium sp. strain DKglu26, 0.95 ATP per glutamate™.
Glutamate™ + 1.2 HyO + 0.4 HT — 1.2 acetate™ + 0.4 butyrate™ + NH} + CO2 + 0.2 Hy
Clostridium sp. strain DKglu26 forms 0.95 ATP per glutamate based on the scheme presented
by Buckel and Thauer [26] for Clostridium tetanomorphum, which assumes 12 {H*/Na*} are
used to form 3 ATP at the ATP synthase. Nanninga et al. [132] classify strain DKglu26 as a
member of Clostridium cochlearium. C. tetanomorphum and C. cochlearium are closely related
[33].

MO005: Desulfobacter postgatei, Desulforhabdus amnigenus, Desulfobacca acetoxidans, 0.5
ATP per acetate.
Acetate™ + SOZ‘ +2Ht - 2C0Os +HS™ + HyO
This calculation assumes the metabolism postulated by Orellana [136], with one {H*/Nat}
used for acetate transport, 2 {H*/Nat} used for SO3~ transport, 2 {HT/Na™} used to drive
succinate oxidation, and 10 {H* /Na'} exported during sulfate reduction. Two ATP are used
for SOF~ activation [100]. Acetate is oxidised via a citric acid cycle [19], with 1 ATP formed by
ATP-citrate lyase from acetyl-CoA and oxaloacetate [123]. Assuming 10 {H" /Na*} per 3 ATP
via ATP synthase for a proteobacterium [78], this yields 0.5 ATP per acetate. Pelobacter spp.,
which are also Deltaproteobacteria, are suggested to use 10 {H*/Na*} per 3 ATP [3].

MO006: Desulfobulbus propionicus, 0.55 ATP per ethanol.
Ethanol + 0.5 SOi_ — acetate”™ + 0.5 HS™ + H,O + 0.5 H*
Szewzyk and Pfennig [170] reported a growth yield of about 5.2 g per mol ethanol, or about 0.52
ATP per ethanol, assuming a yield of 10 g cell dry matter per mol ATP for anaerobes growing
using acetate for biomass synthesis [168]. Szewzyk [169] calculated a maximum yield of 5.5 g
per mol ethanol, or about 0.55 ATP per ethanol.

MOO08: Desulfovibrio spp., Desulfomicrobium hypogeium, 0.25 ATP per Hs.
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Hs 4 0.25 503 — 0.25 HS™ + H,0
It is assumed that acetate is taken up for biomass formation, since it was added to the growth
medium in the studies used in this analysis. Badziong and Thauer [8] and Nethe-Jaenchen and
Thauer [133] reported maximum growth yields of about 3.1 g per mol Hy. This suggests an ATP
yield of 0.3 mol per mol Hs, assuming a yield of 10 g cell dry matter per mol ATP for anaerobes
growing using acetate for biomass synthesis [168]. Badziong and Thauer suggest about 0.25 to
0.275 ATP per Hs.

MO009: Desulfovibrio vulgaris, 0.3 ATP per ethanol.
Ethanol 4 0.5 SO3~ — acetate™ 4 0.5 HS™ + Hy0 + 0.5H*
The growth yield was 1.5 g cell carbon per mol of ethanol [96], which is approximately 3.0 g cell
dry mass per mol of ethanol, assuming that approximately 47.5% of dry mass is carbon [20].
Assuming a yield of 10 g cell dry matter per mol ATP for anaerobes growing using acetate for
biomass synthesis [168], this is approximately 0.3 ATP per mol ethanol. Szewzyk and Pfennig
[170] report yields for different Desulfovibrio spp. of 2.4 to 3.6 g per mol ethanol. Szewzyk [169]
calculated a maximum yield of 3.2 g per mol ethanol.

MO010: Eubacterium limosum, 0.1875 ATP per Hs.
H, + 0.5 COy — 0.25 acetate™ + 0.5 HoO + 0.25 HT
FEubacterium limosum translocates 3 {HT /Na™} per acetate formed and 12 {H* /Na*t} are used
by the ATP synthase to form 3 ATP [74]. This yields 0.75 ATP per acetate, or 0.1875 ATP per
Hs. Jeong et al. also present metabolic schemes that would yield 0.25 or 0.50 ATP per acetate,
i.e., 0.0625 and 0.125 ATP per Hy, respectively. Sharak Genthner and Bryant [162] reported a
growth yield for Fubacterium limosum of 0.84 g DW per mol Hy. This suggests an ATP yield
of 0.08 mol per mol Hs, assuming a yield of 10 g cell dry matter per mol ATP for anaerobes
growing using acetate for biomass synthesis [168]. However, Lynd et al. [109] reported a growth
yield of 1.7 g per mol Hs for Butyribacterium methylotrophicum, which suggests 0.17 ATP per
mol Hy. The genomes of B. methylotrophicum and E. limosum harbour very similar genes [11],
suggesting that data from B. methylotrophicum can be used for E. limosum. Therefore, the
largest of the three values suggested by Jeong et al. [74] is used here.

MO11: Geobacter sulfurreducens, 3.6 ATP per acetate.
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Acetate™ + 4 Hfumarate™ + 2 HoO + HT — 2 CO4 + 4 Hsuccinate™
Geobacter sulfurreducens grows by coupling the oxidation of acetate with the reduction of four
fumarate to four succinate [51] [45]. The oxidation of the acetate plus one fumarate to form one
succinate and two carbon dioxide is proposed to generate three reduced electron carriers via a
partial citric acid cycle (NADH, NADPH, and a reduced ferredoxin [51]). If we assume CoA
transfer, from the succinyl-CoA formed in that reaction, is used to activate the acetate to acetyl-
CoA, this part of the reaction is ATP neutral, as suggested by Galushko and Shink [51]. The
three reduced carriers are then re-oxidised by coupling to the reduction of three further fumarate
molecules, yielding three more succinate molecules. This part of the metabolism is then able
to pump 12 protons out of the cell, four for each succinate reduction [51], generating a proton
motive force. The closely-related Pelobacter spp. are suggested to use the proton motive force
by coupling the re-entry of 10 protons to turn the ATP synthase once and so generate 3 ATP
[3]. The 12 protons thus generate 3.6 ATP for every acetate plus four fumarate metabolised.

MO012: Methanobacterium spp., Methanobrevibacter spp., Methanococcus spp., Methanoge-
nium spp., Methanospirillum spp., 0.15 ATP per Hs.
Hy +0.25 CO2 — 0.25 CHy + 0.5 H,O
2 {H" /Na™} exported per CHy formed and Ehb/Ehb have anabolic roles [86]. We assume that
10 {H*/Nat} are imported to rotate c-ring once to generate 3 ATP. This would result in an
ATP yield of 0.15 per Ha.

MO013: Methanosaeta spp., 0.333 ATP per acetate.
Acetate™ + HT — CHy + CO»
7 {H*/Nat} are exported per acetate metabolised [182]. We assume that 9 {H*/Nat} are
imported to rotate c-ring once to generate 3 ATP and that 2 ATP are used for acetate activation
[76] [75]. This gives net 0.333 ATP per acetate.

MO014: Methanosarcina spp., 0.25 ATP per Hos.
Hy + 0.25 COy — 0.25 CHy + 0.5 H,O
Methanosarcina spp. translocate 4 {H" /Na®} per CHy formed [173]. Assuming 12 {H*/Na*}
are used to generate per 3 ATP by the ATP synthase [113], this yields 0.25 ATP per Hs.

MO15: Methanosarcina spp., 0.5 ATP per acetate.
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Acetate™ + HY — CHy + CO,
Welte and Deppenmeier [182] suggest 7 {H'/Na't} are translocated per acetate, with one
{H*/Na™} used for acetate transport [181]. Twelve {H*/Nat} are used to generate per 3
ATP by the ATP synthase [113]. One ATP is used for acetate activation [1]. The ATP yield is
therefore 0.5 ATP per acetate.

MO016: Methanothermobacter spp., 0.125 ATP per Ho.
Hs + 0.25 CO2 — 0.25 CH4 + 0.5 Hy0
2 {H*/Na*} exported per CHy formed, with Ehb and Ehb having anabolic roles [86]. 12
{H"/Nat} are used to generate 3 ATP via ATP synthase [113]. This is an ATP yield of 0.125
per Hs.

MO17: Pelobacter propionicus, 0.333 ATP per ethanol.
Ethanol 4 0.666 CO2 — 0.333 acetate™ + 0.666 propionate™ + 0.333 HyO + H™
Schink et al. [153] suggest that ATP is only formed coupled to acetate formation via substrate
level phosphorylation at acetate kinase, and not to propionate formation, i.e., expect 0.333 mol
ATP per ethanol.

MO18: Propionibacterium freudenreichii, 0.666 ATP per lactate.
Lactate™ — 0.333 acetate™ + 0.666 propionate™ + COs 4+ HyO
Forms one ATP at acetate kinase [57], i.e., 0.333 per lactate. Exports 2 {H*/Na™} at fumarate
reduction step during propionate formation [65], i.e., 1.333 per lactate. Assuming 12 {H*/Na™}
per 3 ATP via ATP synthase, this step yields 0.333 ATP per lactate. Net therefore of 0.666
ATP per lactate.

MO019: Veillonella parvula, 0.633 ATP per lactate.
Lactate™ — 0.333 acetate™ + 0.666 propionate™ + COs + HyO
Forms one ATP at acetate kinase [57], i.e., 0.333 per lactate. Exports 2 {H"/Nat} at fu-
marate reduction step during propionate formation [65], i.e., 1.333 H+/Na+ per lactate. Ex-
ports 1 {H"/Na®} at methylmalonyl-CoA decarboxylase step during propionate formation [66],
i.e., 0.666 {H"/Nat} per lactate. Assume one {H*/Na™} for lactate uptake. Assuming 10
{H*/Na™} per 3 ATP via ATP synthase, this yields 0.3 ATP per lactate. Net therefore 0.633

ATP per lactate.
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MO020: Clostridium homopropionicum, 0.44 ATP per lactate.
Lactate™ — 0.333 acetate™ + 0.666 propionate™ + COo + HyO
Growth yield is 4.35 g per mol lactate [42]. This would be consistent with a yield of up to
about 0.44 ATP per lactate, assuming a yield of 10 g cell dry matter per mol ATP for anaerobes

growing using lactate for biomass synthesis [168].

-1

cubstrate fOT Geobacter sul-

B.2 Argument for n = 3.3 molprp mol

furreducens

Geobacter sulfurreducens grows by coupling the oxidation of acetate with the reduction of four
fumarate to four succinate [51] [45]. The oxidation of the acetate plus one fumarate to form
one succinate and two carbon dioxide is proposed to generate three reduced electron carriers
via a partial citric acid cycle (NADH, NADPH, and a reduced ferredoxin [51]). If we assume
CoA transfer, from the succinyl-CoA formed in that reaction, is used to activate the acetate to
acetyl-CoA, this part of the reaction is ATP neutral, as suggested by Galushko and Shink [51].
The three reduced carriers are then re-oxidised by coupling to the reduction of three further
fumarate molecules, yielding three more succinate molecules. This part of the metabolism is
then able to pump 12 protons out of the cell, four for each succinate reduction [51], generating
a proton motive force. The closely-related Pelobacter spp. are suggested to use the proton
motive force by coupling the re-entry of 10 protons to turn the ATP synthase once and so
generate 3 ATP [3]. The 12 protons thus generate 3.6 ATP for every acetate plus four fumarate
metabolised. However, this does not consider the total metabolism. The cell needs to transport
the fumarate into the cell, and this could be accomplished by harnessing fumarate import to the
export of the resulting succinate using a membrane-bound antiporter. Succinate and fumarate
are transported out of and into the cell, respectively, by an antiport system [28] [72]. The
acetate also needs to be transported into the cell. If this is catalysed by a symporter that is
driven by the co-transport of one proton, then only 11 protons remain to generate ATP via the

ATP synthase, yielding 3.3 ATP per reaction instead of 3.6.
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B.3 ATP Yields for the Reactions in Chapter 4

The ATP yield was estimated to be 0.3 per mole of malonate. We assume that malonate
decarboxylation to acetate results in the translocation of one sodium ion or one proton for each
decarboxylation [40]. These three strains are enterobacteria, which are known to use the sodium
or proton motive force by coupling the re-entry of 10 ions to turn the ATP synthase once to
generate 3 ATP [117]. So, one decarboxylation yields 0.3 ATP.

The ATP yield was estimated to be 0.5 per mole of crotonate. This was based on the
fermentation balances for strain DM-3 reported by Wallrabenstein and Schink [177] and the
enzymes reported for crotonate fermentation to the same product spectrum by Syntrophomonas
wolfei [115] [177]. Two crotonate are first activated to two crotonyl-CoA. One mol of crotonyl-
CoA is oxidised to two acetyl-CoA, and the second crotonyl-CoA is reduced to butyryl-CoA
to use the electrons arising from the oxidation of the first crotonyl-CoA. The three CoA-linked
acids can then form three ATP via substrate-level phosphorylation, two of which are reinvested
for further crotonate activation, or two of the CoA-linked acids can directly transfer CoA to
two further crotonate, leaving one to form ATP via substrate-level phosphorylation. In both
schemes, there is net formation of one ATP for every two crotonate metabolised and so 0.5 ATP

per crotonate.
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Additions for Chapter 4

C.1 Malonate and Crotonate Data

This section states the data shown in Figures 1(a), 1(b), and 1(c) of Janssen [73] and estimates

the data shown in Figure 1 of Wallrabenstein and Schink [177].

Table C.1: Data for the dataset shown in Figure 1(a) of Janssen [73].

Time | Biomass | Malonate | Acetate | Carbon dioxide
Hours | ODeggo molL™' | mol L1 mol L1
0 0.17 0.06888 0.0011 0.003696
5.75 0.1933 0.0698 0.00247 0.003591
6.75 0.21 0.06149 0.0077 0.004909
9.75 | 0.30444 | 0.04527 | 0.01734 0.007518
12.58 0.35 0.040 0.02881 0.00839
15.25 0.36 0.03096 | 0.03751 0.009848
20.00 | 0.40556 0.0171 0.04098 0.012082
24.75 0.40 0.01412 | 0.04556 0.01258
33.25 0.42 0.00789 | 0.05924 0.013621
49.17 0.42 0.00224 | 0.05717 0.014571

C.2 Initial Conditions for Malonate

The concentrations of acetate and dissolved carbon dioxide have the following origins.

The concentrations of acetate and malonate were provided by Peter Janssen from laboratory
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Table C.2: Data for the dataset shown in Figure 1(b) of Janssen [73].

Time | Biomass | Malonate | Acetate | Carbon dioxide
Hours | ODggo molL~™! | mol L1 mol L1
0 0.2200 0.07426 | 0.00148 0.003696
5.75 0.2600 0.06004 | 0.01005 0.005966
6.75 | 0.28667 | 0.04545 | 0.02321 0.008279
9.75 | 0.37333 | 0.03320 | 0.03466 0.010285
12.58 | 0.4100 0.02358 | 0.03763 0.011861
15.25 | 0.43667 | 0.01913 | 0.04891 0.012594
20.00 | 0.5000 0.01076 | 0.04779 0.013955
24.75 | 0.50667 | 0.00925 | 0.05758 0.014222
33.25 | 0.51667 | 0.00545 | 0.06145 0.014878
49.17 | 0.51333 | 0.00358 | 0.06055 0.015222

Table C.3: Data for the dataset shown in Figure 1(c) of Janssen [73].

Time | Biomass | Malonate | Acetate | Carbon dioxide
Hours | ODggo molL~! | mol L™t mol L1
0 0.2500 0.07920 | 0.00132 0.003696
5.75 0.2400 0.06662 | 0.00255 0.005708
6.75 | 0.25667 | 0.05978 | 0.00765 0.006801
9.75 | 0.33667 | 0.05189 | 0.01754 0.008105
12.58 | 0.3800 0.04086 | 0.02378 0.009896
15.25 | 0.37333 | 0.03754 | 0.02695 0.010445
20.00 | 0.3800 0.03504 | 0.03380 0.010864
24.75 | 0.3800 0.03052 | 0.03268 0.011607
33.25 | 0.3800 0.02783 | 0.03991 0.012076
49.17 | 0.40667 | 0.02052 | 0.03873 0.013289

notes made when conducting the experiments reported by Janssen [73].

The total dissolved

carbon dioxide concentration was calculated as described by Blanch and Clark [18] from the

amounts of NaHCOj3 added to the growth medium, the pH, and COs production assumed to

be one CO2 per malonate degraded. The dissolved COs concentration was calculated from

the partial pressure of gaseous CO2 using Henry’s law and a temperature-corrected Henry’s

law constant for 34°C calculated from data tabulated by Sander [149], with values for further

temperature corrections reported by Harned and Scholes [62] and Harned and Davis [61].
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Table C.4: Data for the dataset shown in Figure 1 of Wallrabenstein and Schink [177].

Time | Biomass | Crotonate

Butyrate | Acetate

Days | ODsrs mol L1

molL~! | mol L7t

0 0.036 0.00935
2 0.036 0.0092

6 0.062 0.0081
8 0.105 0.0066
9 0.142 0.0057
10 0.169 0.0041

12 0.208 0.0025
13 0.220 0.0016
14 0.228 0.0012
15 0.227 0.0007
16 0.225 0.0005

0.00005 | 0.0005
0.00015 | 0.0006
0.0006 0.0019
0.00085 | 0.0033
0.0015 0.0043
0.002 0.00585
0.00265 | 0.0073
0.00285 | 0.0078
0.003 0.0082
0.00285 | 0.0084
0.00285 | 0.0085

C.3 AHJ? and SJOC for Crotonate
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Standard enthalpies and entropies of formation for straight-chain organic compounds of 1 to

8 carbons were extracted from the literature and plotted to show that these varied linearly

by chain length with very similar intervals due to the introduction of a double bond. From

this, a set of differences were calculated. The standard enthalpy of formation was 133.669 to

137.232 kJ mol~! more positive for the introduction of a double bond into a four-carbon chain,

while the standard entropy of formation was 0.4168 to 14.2232 J mol~! K~! for positive. The

corrections were applied to the data for butyrate (four carbons, no double bonds) to calculate

data for crotonate (four carbons, one double bond). The data sources used are listed in Table

C.5.

Table C.5: Data used to estimate standard enthalpy and entropy of formation for crotonate

n-monocarboxylate anions (aq)
n-monocarboxylic acids (aq)
n-alkanes (aq)

n-alkenes (aq)

n-dicarboxylate mono-anions (aq)
n-dicarboxylic acids (aq)

fumaric acid (aq)

fumarate mono-anion (aq)

Shock and Helgeson [164]
Shock and Helgeson [164]
Shock and Helgeson [164]
Shock and Helgeson [164]
Shock [163]
Shock [163]
Chang [29]
Chang [29]




Appendix D

Dataset Conditions and Assumptions

This appendix lists the strains of microbe in the dataset used in Chapter 3 and states the

conditions and assumptions for the dataset.

D.1 Microbes in the Dataset

Each entry lists the microbial species, the strain (if known), the code for the metabolism (see
Appendix B.1), the code for the conditions, and whether the Sy, or Kg was reported. The

reference for the conditions is given in Appendix D.2.
1. Acetitomaculum ruminis 139B, M010, C069, Smin-
2. Acetitomaculum ruminis 190A4, M010, C069, Spmin.
3. Acetobacterium bakii Z-4391, M002, C022, K.
4. Acetobacterium carbinolicum HP4, M002, C026, Smin-
5. Acetobacterium carbinolicum HP4, M002, C026, Smin.
6. Acetobacterium carbinolicum HP4, M002, C026, Smin.
7. Acetobacterium carbinolicum HP4, M002, C026, Smin-

8. Acetobacterium carbinolicum HP4, M002, C026, Smin.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

. Acetobacterium carbinolicum WO0OPropl, M002, C064, Smin.

Acetobacterium carbinolicum WoPropl, M001, C001, K.

Acetobacterium psammolithicum CN-E, M002, C040, Smin.

Acetobacterium woodii strain not specified, M002, C051, Suin.

Acetobacterium woodii NZval6, M002, C072, Smin.

Acetobacterium woodii NZval6, M002, C072, Smin.

Acetobacterium woodii NZval6, M002, C072, Smin.

Acetobacterium woodii NZval6, M002, C064, Smin.

Acetobacterium woodiit WB1, M002, C042, Swin-

Acetobacterium woodit WB1, M002, C003, Kg.

Anaeromusa acidaminophila DKglul6, M003, C009, Kg.

Clostridium homopropionicum LuHBul, M020, C073, Ks.

Clostridium sp. DKglu26, M004, C010, Ks.

Desulfobacca acetoxridans ASRB2, M005, C068, Kg.

Desulfobacter postgatei 2ac9, M005, C004, Kg.

Desulfobacter postgatei 2ac9, M005, C005, Kg.

Desulfobulbus propionicus Lindhorst, M006, C059, Kg.

Desulfomicrobium hypogeium CN-A, M008, C041, Smin.

Desulforhabdus amnigenus ASRB1, M005, C068, Kg.

Desulfovibrio desulfuricans Essex 6, M08, C065, Smin-

Desulfovibrio desulfuricans strain not specified, M008, C052, Ksg.
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

Desulfovibrio sp. DG2, M008, C052, Kg.

Desulfovibrio sp. DG2, M008, C019, Kg.

Desulfovibrio sp. G-11, M008, C052, Kg.

Desulfovibrio sp. G-11, M008, C019, Kg.

Desulfovibrio sp. PS1, M008, C052, Kg.

Desulfovibrio vulgaris Madison, M008, C049, Sin-

Desulfovibrio vulgaris Madison, M008, C050, Spip.

Desulfovibrio vulgaris Madison, M008, C047, Smin.

Desulfovibrio vulgaris Madison, M008, C048, Smin-

Desulfovibrio vulgaris Marburg, M008, C039, Kg.

Desulfovibrio vulgaris Marburg, M009, C002, Kg.

Desulfovibrio vulgaris strain not specified, M008, C052, Kg.

Eubacterium limosum SA11, M010, C020, Smin.

Geobacter sulfurreducens PCA, M011, C029, Kg.

Methanobacterium bryantii Babl, M012, C027, Smin-

Methanobacterium bryantii Babl, M012, C027, Smin-

Methanobacterium bryantic Babl, M012, C027, Swmin-

Methanobacterium bryantii M.o.H, M012, C016, Smin-

Methanobacterium formicicum BRM9, M012, C063, Sin-

Methanobacterium formicicum JF-1, M012, C015, Spin-

Methanobacterium formicicum MF, M012, C066, Spyin-
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ol.

52.

53.

54.

55.

56.

o7.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

Methanobacterium formicicum strain not specified, M012, C035, Smin-
Methanobacterium sp. YCM1, M012, C063, Smin.
Methanobrevibacter arboriphilus AZ, M012, C066, Smin.
Methanobrevibacter arboriphilus AZ, M012, C013, Swin.
Methanobrevibacter arboriphilus AZ, M012, C038, Ks.
Methanobrevibacter arboriphilus DH1, M012, C034, Kg.
Methanobrevibacter ruminantium M1, M012, C063, Spin.
Methanobrevibacter smithii PS, M012, C066, Smin-
Methanobrevibacter smithii PS, M012, C046, Ksg.
Methanobrevibacter sp. 10-16B, M012, C044, Siin-
Methanobrevibacter sp. 10-18B, M012, CO18, Shin-
Methanobrevibacter sp. 229/11, M012, C063, Spin-
Methanobrevibacter sp. AbM4, M012, C063, Syin.
Methanobrevibacter sp. D5, M012, C063, Siin-
Methanobrevibacter sp. RMB-1, M012, C018, Sin.
Methanobrevibacter sp. RMB-2, M012, C018, Siin.
Methanobrevibacter sp. RMB-3, M012, C018, Spin.
Methanobrevibacter sp. RMB-4, M012, C018, Shin-
Methanobrevibacter sp. SM9, M012, C063, Shin-

Methanococcus maripaludis strain not specified, M012, C036, Spin-

Methanococcus vannielis SB, M012, C066, Syin-
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72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

Methanogenium frigidum Ace-2, M012, CO67, Smin.

Methanosaeta soehngenii Opfikon, M013, C032, Smin-

Methanosaeta sp. CALS-1, M013, C024, Smin.

Methanosaeta sp. Los Angeles River, M013, C062, Sin.

Methanosaeta sp. VeAc9, M013, C031, Swin-

Methanosarcina barkeri 227, M015, C060, Smin.

Methanosarcina barkeri Fusaro, M015, C070, Ks.

Methanosarcina barkeri Fusaro, M015, C030, Smin.

Methanosarcina barkeri Fusaro, M015, C033, Suin.

Methanosarcina barkeri Fusaro, M014, C008, Suyin.

Methanosarcina barkeri Fusaro, M015, C054, Ks.

Methanosarcina barkeri MS, M015, C031, Shin.

Methanosarcina barkeri MS, M014, C007, Kg.

Methanosarcina barkeri strain not specified, M014, C035, Swin.

Methanosarcina mazei S-6, M015, C061, Smin-

Methanosarcina sp. CALS-1, M015, C023, Sin.

Methanosarcina sp. VeA23, M015, C031, Syin.

Methanospirillum hungatei JF-1, M012, C066, Spin-

Methanospirillum hungatei JF-1, M012, C017, Spin-

Methanospirillum hungatei JF-1, M012, C053, Kg.

Methanospirillum hungater JF-1, M012, C055, Spin-
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93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

107.

Methanospirillum hungatei M1h, M012, C021, Smin-

Methanospirillum sp. PM 1, M012, C053, Kg.

Methanospirillum sp. PM 2, M012, C053, Ks.

Methanothermobacter marburgensis Marburg, M016, C028, Syin.

Methanothermobacter marburgensis Marburg, M016, C028, Spin.

Methanothermobacter marburgensis Marburg, M016, C028, Spyin.

Methanothermobacter marburgensis Marburg, M016, C028, Syin.

Methanothermobacter marburgensis Marburg, M016, C014, Spyin.

Methanothermobacter wolfei strain not specified, M016, C037, Spin.

Pelobacter propionicus KoEtOH1, M017, C012, Kg.

Propionibacterium freudenreichii 53-W, MO018, C056, Kg.

Sporomusa termitida JSN-2, M002, C025, Kg.

Sporomusa termitida JSN-2, M002, C064, Smin.

Sporomusa termitida JSN-2, M002, C043, Smin-

Veillonella parvula Te3, M019, C057, Kg.

D.2 Conditions and Assumptions

CO001: Acetobacterium carbinolicum WoPropl

Ethanol + COy — 1.5 acetate™ + 1.5 H'

170

Data from Szewzyk and Pfennig [170] and Eichler and Schink [44]. Kg (ethanol) estimated,

from continuous culture, to be 8.5 x 1073 mol L.

T =28°C

pH=71
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[ethanol] varied
[CO5] = 4.3 x 1072 mol L ! (the gas phase contained 20% COs)
[acetate] = 1.7 x 1072 mol L}
C002: Desulfovibrio vulgaris Marburg
Ethanol + 0.5 SO?{ — acetate” + 0.5 HS™ + H,O + 0.5 H"
Data from Szewzyk and Pfennig [170]. Kg (ethanol) estimated, from continuous culture, to be
5.8 x 1079 mol L.
T =28°C
pH="71
[ethanol] varied
[SO37] = 1.0 x 1072 mol L !
[acetate] = 2.0 x 10" mol L~}
[HS7] = 1.0 x 103 mol L}
C003: Acetobacterium woodii WB1
H, + 0.5 COy — 0.25 acetate™ + 0.5 HoO + 0.25 HT
Data from Peters et al. [141]. Kg (Haz) estimated, from continuous culture, to be 7.1 x
10-" mol L™ 1.
T =30°C
pH = 7.2
[Ho] varied
[CO2) = 5.1 x 1072 mol L™! (the gas phase contained 20% CO>)
[acetate] = 1.3 x 107* mol L}
C004: Desulfobacter postgatei 2ac9
Acetate™ + SO5~ +2H' — 2COy + HS™ 4+ 2 H20
Data from Ingvorsen et al. [71]. Kg (acetate) estimated, by fitting to substrate depletion curve,
to be 7.7 x 107> mol L1,
T =30°C
pH="72

[acetate] varied
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[SO27] = 5.0 x 1072 mol L
[CO2) = 7.1 x 1072 mol L~! (the gas phase contained 20% CO4 at 1.4 atm)
[HS™] = 2.5 x 10~* mol L ™!
C005: Desulfobacter postgater 2ac9
Acetate™ +SO?™ +2H* — 2COy + HS™ + 2 H,0
Data from Schonheit et al. [156]. Kg (acetate) estimated, by fitting to substrate depletion curve,
to be 2.3 x 1074 mol L.
T = 30°C
pH=6.9
[acetate] varied
[SO37] = 1.5 x 1072 mol L !
[CO2) = 2.8 x 1072 mol L~! (the gas phase contained 20% CO>)
[HS7] = 4.8 x 103 mol L}
C007: Methanosarcina barkeri MS
Hy +0.25 CO2 — 0.25 CHy4 + 0.5 H,O
Data from Robinson and Tiedje [147]. Kg (H2) estimated, by fitting to substrate depletion
curve, to be 1.3 x 107° mol L.
T =237°C
pH=6.7
[Ho] varied
[CO2) = 8.7 x 1072 mol L™! (the gas phase contained 100% COs)
[CHy] = 5.0 x 107 mol L~!
C008: Methanosarcina barkeri Fusaro
Hy + 0.25 CO3 — 0.25 CHy + 0.5 H,O

Data from Kaster [85]. Smin (Hz2) estimated, from substrate depletion curve, to be 1.1 x

107 % mol L1,
T =37°C
pH="7.0

[Ho] varied



APPENDIX D. DATASET CONDITIONS AND ASSUMPTIONS 173

[COg] = 3.0 x 1072 mol L (the gas phase contained 20% COs)
[CHy] = 1.3 x 1079 mol L~!
C009: Anaeromusa acidaminophila DKglul6
Glutamate™ + 1.333 HoO — 1.666 acetate™ + 0.333 propionate™ + 0.666 COq + NHZLIr
Data from Nanninga et al. [132]. Kg (glutamate) estimated, from continuous culture, to be
1.9 x 107 mol L™,
T =35°C
pH =6.5
[glutamate] varied
[acetate] = 1.7 x 1072 mol L}
[propionate] = 3.3 x 1073 mol L ™!
[CO2) = 1.3 x 1072 mol L™! (the gas phase contained 20% CO>)
[NHJ] =1.0 x 1072 mol L}
C010: Clostridium sp. DKglu26
Glutamate™ + 1.2 HoO + 0.4 HT — 1.2 acetate™ + 0.4 butyrate™ + NHI + COy + 0.2 Hy
Data from Nanninga et al. [132]. Kg estimated, from continuous culture, to be 7.0x107% mol L.
T =35°C
pH =6.5
[glutamate]| varied
[acetate] = 1.2 x 1072 mol L~}
[butyrate] = 4.0 x 1073 mol L~!
[NHf] =1.0 x 1072 mol L}
[CO2) = 1.3 x 1072 mol L™! (the gas phase contained 20% CO3)
[Ho] = 7.5 x 107* mol L~!
C012: Pelobacter propionicus KoEtOH1
Ethanol + 0.666 COs — 0.333 acetate™ + 0.666 propionate™ + 0.333 HoO + H™
Data from Szewzyk and Pfennig [170]. Kg (ethanol) estimated, from continuous culture, to be
5.5 x 107° mol L™,
T =28°C
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pH="7.1
[ethanol]| varied
[CO2]) = 4.3 x 1072 mol L™! (the gas phase contained 20% CO,)
[acetate] = 6.6 x 1073 mol L}
[propionate] = 1.3 x 1072 mol L !
C013: Methanobrevibacter arboriphilus AZ
Hy + 0.25 COy — 0.25 CHy + 0.5 H,O
Data from Kaster [85]. Smin (Hz2) estimated, from substrate depletion curve, to be 5.8 X
1078 mol L.
T =37°C
pH="7.0
[Ho] varied
[CO5] = 3.0 x 1072 mol L (the gas phase contained 20% COs)
[CHy] = 1.2 x 10" mol L~}
CO014: Methanothermobacter marburgensis Marburg
Hy + 0.25 COy — 0.25 CHy + 0.5 H,O
Data from Kaster [85]. Spin (Hz2) estimated, from substrate depletion curve, to be 5.7 x
1078 mol L1,
T =60°C
pH="7.0
[Ho] varied
[CO5) = 1.8 x 1072 mol L ! (the gas phase contained 20% COs)
[CHy] = 9.2 x 1078 mol L1
CO015: Methanobacterium formicicum JF-1
Hy + 0.25 COy — 0.25 CHy + 0.5 H,O
Data from Lovley [106]. Spin (H2) estimated, from substrate depletion curve, to be 4.7 X
1078 mol L1,
T =39°C
pH=6.9
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[Ho] varied
[CO3] = 5.4 x 1072 mol L~! (the gas phase contained 20% CO,, pressurised to 230 kPa)
[CHy] = 5.5 x 107 mol L1
C016: Methanobacterium bryantic M.o.H
Hs + 0.25 CO2 — 0.25 CHy + 0.5 HyO
Data from Lovley [106]. Spin (H2) estimated, from substrate depletion curve, to be 5.0 x
107® mol L™
T =39°C
pH = 6.9
[Ho| varied
[CO3] = 5.4 x 1072 mol L™! (the gas phase contained 20% CO,, pressurised to 230 kPa)
[CHy] = 5.5 x 1079 mol L~!
CO17: Methanospirillum hungatei JF-1
Hs + 0.25 CO2 — 0.25 CHy + 0.5 HyO
Data from Lovley [106]. Spin (Hg) estimated, from substrate depletion curve, to be 6.9 X
1078 mol L.
T =39°C
pH = 6.9
[Ho| varied
[CO5] = 5.4 x 1072 mol L~ (the gas phase contained 20% COg, pressurised to 230 kPa)
[CHy] = 5.5 x 1079 mol L~!
CO018: Methanobrevibacter spp. 10-18B, RMB-1, RMB-2, RMB-3, and RMB-4
Hs + 0.25 CO2 — 0.25 CHy + 0.5 HyO
Data from Lovley [105]. Smin (H2) estimated, from substrate depletion curves, to be: 8.7 x
10~ mol L' for strain 10-18B; 5.6 x 1078 mol L~ ! for strain RMB-1; 5.5 x 1078 mol L™! for
strain RMB-2; 5.9 x 1078 mol L~! fpr strain RMB-3; and 7.2 x 1078 mol L~! for strain RMB-4.
T =39°C
pH = 6.9
[Ho] varied
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[CO32] = 5.4 x 1072 mol L~! (the gas phase contained 20% CO,, pressurised to 230 kPa)
[CHy] = 1.6 x 107> mol L~!
C019: Desulfovibrio sp. G-11 and DG2
H, + 0.25 02~ — 0.25 HS~ + H,0
Data from Warikoo et al. [180]. Kg (Hs2) estimated, by fitting to substrate depletion curves, to
be 1.2 x 107 mol L~! for strain G-11 and 1.4 x 107 mol L~! for strain DG2.
T =35°C
pH="7.0
[Ho] varied
[SO27] =2.0 x 1073 mol L,
[HS7] = 1.6 x 10° mol L !
C020: Fubacterium limosum SA11
Hs + 0.5 CO3 — 0.25 acetate™ + 0.5 HoO +0.25 HT
Data from Kelly et al. [87] and Henderson and Janssen (unpublished). Spi, (Hz) estimated,
from substrate depletion curves, to be 2.2 x 1075 mol L.
T =39°C
pH = 6.5
[Ho] varied
[CO3] = 6.2 x 1072 mol L (the gas phase contained 100% CO»)
[acetate] = 1.2 x 1073 mol L~}
C021: Methanospirillum hungatei M1h
Hs + 0.25 CO2 — 0.25 CHy + 0.5 HyO
Data from Seitz et al. [161]. Smin (H2) estimated, from substrate depletion curve, to be 1.9 x
10~8 mol L1,
T = 28°C
pH="71
[Ho] varied
[CO5] = 4.3 x 1072 mol L ! (the gas phase contained 20% COs)
[CHy] = 3.2 x 107 mol L1
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C022: Acetobacterium bakii Z-4391
Hs + 0.5 CO9 — 0.25 acetate™ + 0.5 H,O 4+ 0.25 HT
Data from Kotsyurbenko et al. [90]. Kg (H2) estimated, by fitting to growth curve, to be
3.7%x 107 mol L1,
T =25°C
pH = 7.0
[Ho] varied
[CO3) = 2.2 x 1072 mol L™! (the gas phase contained 12% CO>)
[acetate] = 1.2 x 1072 mol L}
C023: Methanosarcina sp. CALS-1
Acetate™ + HY — CHy + CO,
Data from Min and Zinder [122]. Spi, (acetate) estimated, from substrate depletion curve, to
be 8.0 x 10~* mol L.
T =58°C
pH = 6.8
[acetate] varied
[CHy] = 1.8 x 107° mol L1
[CO2) = 1.9 x 1072 mol L™! (the gas phase contained 30% CO>)
C024: Methanosaeta sp. CALS-1
Acetate™ + HY — CHy + CO,
Data from Min and Zinder [122]. Sy, (acetate) estimated, from substrate depletion curve, to
be 1.8 x 107" mol L.
T =58°C
pH =6.8
[acetate] varied
[CHy] = 1.8 x 107° mol L1
[COg) = 1.9 x 1072 mol L ! (the gas phase contained 30% COs)
C025: Sporomusa termitidis JSN-2

H, + 0.5 CO9 — 0.25 acetate™ + 0.5 HoO + 0.25 HT
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Data from Breznak et al. [21]. Kg (Hz) estimated, by fitting to substrate depletion curve, to be
6.0 x 107 mol L™,
T = 30°C
pH="7.0
[Ho] varied
[CO2] = 4.1 x 1072 mol L™! (the gas phase contained 24% CO>)
[acetate] = 4.4 x 1073 mol L}

C026: Acetobacterium carbinolicum HP4
H, + 0.5 COy — 0.25 acetate™ + 0.5 HoO + 0.25 HT
Data from Conrad and Wetter [34]. Smin (H2) estimated, from substrate depletion curves, to
be: 3.7 x 107 mol L™! at T = 4°C with [COs] = 7.5 x 1072 mol L™!; 5.2 x 107" mol L~! at
T = 10°C with [CO2] = 7.0 x 1072 mol L™} 8.4 x 1072 mol L™t at T = 15°C with [COs] =
6.6 x 1072mol L% 1.2 x 1078 mol L% at T = 20°C with [CO3] = 6.1 x 1072 mol L™!; and
2.3 x 1078 mol L™! at T' = 25°C with [COg] = 5.6 x 1072 mol L.
pH = 7.05
[Ho| varied
[CO2] calculated at different temperatures (the gas phase contained 20% CO2 at 140 kPa)
[acetate] = 4.4 x 1073 mol L}

CO027: Methanobacterium bryantii Babl
Hy +0.25 CO2 — 0.25 CH4 + 0.5 H,O
Data from Conrad and Wetter [34]. Spin (Hz) estimated, from substrate depletion curves, to be:
2.0x107% mol L~ at T = 25°C with [COs] = 5.6 x10~2 mol L' and [CH4] = 5.1x107% mol L~!;
2.3x107Y mol L' at T' = 30°C with [CO2] = 5.2x 1072 mol L™ and [CH4] = 4.7x107% mol L™!;
and 4.4 x 1072 mol L™! at T = 40°C with [COy] = 4.3 x 1072 mol L™t and [CHy] = 4.0 x
10" mol L™ 1.
pH = 7.05
[Ho] varied
[CO2] calculated at different temperatures (the gas phase contained 20% COq at 140 kPa)

[acetate] calculated at different temperatures
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C028: Methanothermobacter marburgensis Marburg
Hs + 0.25 COg — 0.25 CHy + 0.5 H,O
Data from Conrad and Wetter [34]. Smin (H2) estimated, from substrate depletion curves, to be:
3.2x107% mol L~! at T = 30°C with [CO2] = 5.2x 1072 mol L~ and [CH4] = 4.7x107% mol L~!;
2.4x1078 mol L~ at T = 40°C with [CO2] = 4.3x10~2 mol L~! and [CH4] = 4.0x 1075 mol L~ !;
3.6x1078 mol L' at T = 50°C with [CO2] = 3.4x 1072 mol L™! and [CH4] = 3.6x107% mol L™!;
and 1.4 x 107" mol L™! at T = 60°C with [COy] = 2.7 x 1072 mol L™! and [CHy] = 3.3 x
107 mol L1,
pH = 7.05
[Ho| varied
[CO2] calculated at different temperatures (the gas phase contained 20% CO4 at 140 kPa)
[acetate] calculated at different temperatures

C029: Geobacter sulfurreducens PCA
Acetate™ + 4 Hfumarate™ + 2 HoO + HT — 2 CO4 + 4 Hsuccinate™
Data from Esteve-Nunez et al. [45]. Kg (acetate) estimated, from continuous culture, to be
3.0 x 107" mol L1
T =30°C
pH="7.0
[Ho| varied
[CO5] = 3.4 x 1072 mol L ! (the gas phase contained 20% COs)
[fumarate] = 9.0 x 1073 mol L ™!
[succinate] = 2.1 x 1072 mol L ™!

C030: Methanosarcina barkeri Fusaro
Acetate™ + HY — CHy + CO,
Data from Fukuzaki et al. [50] and Mazumder et al. [114]. Smin (acetate) estimated, from
substrate depletion curve, to be 6.2 x 10™* mol L~ 1.
T =37°C
pH=06.8

[acetate] varied
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[CHy] = 3.7 x 10~* mol L~}
[CO3] = 1.0 x 1073 mol L (the gas phase contained 0.1% CO»)
C031: Methanosarcina barkeri MS, Methanosarcina sp. VeA23, and Methanosaeta sp.
VeAc9
Acetate™ + HT — CHy + CO»
Data from GroBkopf et al. [58]. Swmin (acetate) estimated, from substrate depletion curves, to
be: 8.5 x 10~* mol L=t for Methanosarcina barkeri MS; 3.1 x 104 mol L™! for Methanosarcina
sp. VeA23; and 1.0 x 107° mol L™! for Methanosaeta sp. VeAc9.
T =25°C
pH = 7.2
[acetate] varied
[CHy] = 1.0 x 104 mol L ™!
[CO5] = 5.5 x 1072 mol L (the gas phase contained 20% COs)
C032: Methanosaeta soehngenii Opfikon
Acetate™ + HY — CHy + CO,
Data from Jetten et al. [77]. Smin (acetate) estimated, from substrate depletion curve, to be
7.0 x 107 mol L.
T =37°C
pH=76
[acetate] varied
[CHy] = 3.3 x 1079 mol L~!
[CO5] = 1.0 x 107! mol L™ ! (the gas phase contained 20% COs)
C033: Methanosarcina barkeri Fusaro
Acetate™ + HY — CHy + CO,
Data from Jetten et al. [77] and Scherer and Sahm [151]. Shin (acetate) estimated, from
substrate depletion curve, to be 2.4 x 107* mol L~ 1.
T =37°C
pH=64

[acetate] varied
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[CHy] = 2.4 x 107*mol L~!
[CO2) = 1.1 x 107 mol L™! (the gas phase contained 20% CO3)
C034: Methanobrevibacter arboriphilus DH1
Hy + 0.25 COy — 0.25 CHy + 0.5 H,O
Data from Junicke et al. [82]. Kg (Hz) estimated, by fitting to growth curve, to be 6.0 x
107" mol L.
T =37°C
pH="71
[Ho] varied
[COg] = 7.3 x 107*mol L (the gas phase contained 0.4% CO»)
[CHy] = 2.3 x 1079 mol L~!
C035: Methanobacterium formicicum and Methanosarcina barkeri, strains not specified
Hy + 0.25 COy — 0.25 CHy + 0.5 H,O
Data from Kral et al. [92]. Smin (Hz2) estimated, from substrate depletion curves, to be 1.7 x
108 mol L=! for Methanobacterium formicicum and 1.8 x 107" mol L~! for Methanosarcina
barkeri.
T =37°C
pH=7.0
[Ho| varied
[CO2) = 4.5 x 107 mol L™! (the gas phase contained 100% COsz at 3 atm)
[CHy] = 5.7 x 1079 mol L~!
C036: Methanococcus maripaludis, strain not specified
Hy + 0.25 COy — 0.25 CHy + 0.5 H,O
Data from Kral et al. [92]. Smin (H2) estimated, from substrate depletion curve, to be 4.2 x
1078 mol L.
T =25°C
pH =6.8
[Ho| varied

[CO2] = 3.9 x 107 mol L™! (the gas phase contained 100% COsz at 3 atm)
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[CHy] = 7.0 x 1079 mol L~}
CO037: Methanthermobacter wolfei, strain not specified
H2 +0.25 CO2 — 0.25 CH4 + 0.5 HR0
Data from Kral et al. [92]. Smin (H2) estimated, from substrate depletion curve, to be 4.7 x
10~® mol L1,
T = 55°C
pH=7.0
[Ho] varied
[CO2] = 3.0 x 107! mol L~! (the gas phase contained 100% COsz at 3 atm)
[CHy] = 4.6 x 1079 mol L~}
C038: Methanobrevibacter arboriphilus AZ
Hs2 +0.25 CO2 — 0.25 CH4 + 0.5 HR0
Data from Kristjansson et al. [93]. Kg (Ha2) estimated, by fitting to substrate depletion curve,
to be 6.6 x 107 mol L.
T =35°C
pH=16.9
[Ho] varied
[CO2) = 2.6 x 1072 mol L~! (the gas phase contained 20% CO>)
[CHy] = 1.7 x 107 mol L~}
C039: Desulfovibrio vulgaris Marburg
Hy +0.25 SO?™ — 0.25 HS™ + H,0
Data from Kristjansson et al. [93]. Kg (Ha2) estimated, by fitting to substrate depletion curve,
to be 1.3 x 1074 mol L1,
T =35°C
pH=46.9
[Ho] varied
[SO27] = 4.0 x 1073 mol L~
[HS7] = 1.8 x 10> mol L}

C040: Acetobacterium psammolithicum CN-E
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H, + 0.5 COy — 0.25 acetate™ + 0.5 HoO + 0.25 HT
Data from Krumbholz et al. [94]. Smin (H2) estimated, from substrate depletion curve, to be
4.1 x 107" mol L1
T = 30°C
pH=6.8
[Ho] varied
[COg] = 2.4 x 1072 mol L ! (the gas phase contained 20% COs)
[acetate] = 2.5 x 1073 mol L~}
C041: Desulfomicrobium hypogeium CN-A
Hy 4 0.25 503 — 0.25 HS™ + H20
Data from Krumholz et al. [94]. Spmin (H2) estimated, from substrate depletion curve, to be
2.1 x 1079 mol L™ 1.
T = 30°C
pH=6.8
[Ho] varied
[SO?7] = 7.6 x 1073 mol L !
[HS™] = 2.5 x 1073 mol L~!
C042: Acetobacterium woodii WB1
Hs + 0.5 CO9 — 0.25 acetate™ + 0.5 HoO 4+ 0.25 HT
Data from Le Van et al. [99]. Smin (H2) estimated, from substrate depletion curve, to be
2.8 x 107" mol L.
T = 30°C
pH=74
[Ho] varied
[COs] = 1.2 x 107! mol L (the gas phase contained 31.8% CO)
[acetate] = 3.9 x 1072 mol L~}
C043: Sporomusa termitida JSN-2
Hs + 0.5 CO9 — 0.25 acetate™ + 0.5 H,O 4+ 0.25 HT

Smin (H2) estimated, from substrate depletion curve, to be 6.6 x 107" mol L~ 1.
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T = 30°C
pH="71
[Ho] varied
[CO3] = 6.6 x 1072 mol L™ (the gas phase contained 31.8% CO3)
[acetate] = 3.9 x 1072 mol L~}
C044: Methanobrevibacter sp. 10-16B
Hy +0.25 CO2 — 0.25 CHy4 + 0.5 H,O
Data from Le Van et al. [99] and Bryant and Burkey [25]. Spmin (H2) estimated, from substrate
depletion curve, to be 9.3 x 1078 mol L1,
T =38°C
pH = 6.6
[Ho] varied
[COs] = 2.3 x 1072 mol L (the gas phase contained 31.8% CO»)
[CHy] = 1.7 x 1075 mol L~!
C046: Methanobrevibacter smithii PS
Hs + 0.25 CO2 — 0.25 CHy + 0.5 HyO
Data from Pavlostathis et al. [139]. Kg (H2) estimated, from continuous culture, to be 1.3 x
1076 mol L1,
T =237°C
pH = 6.6
[Ho] varied
[CO3] = 5.9 x 1072 mol L~! (the gas phase contained 0.798 atm COs)
[CHy] = 2.3 x 104 mol L~!
C047: Desulfovibrio vulgaris Madison
Hy + 0.25 802~ — 0.25 HS™ + H,0
Data from Phelps et al. [142]. Spin (H2) estimated, from substrate depletion curve, to be
2.0 x 107® mol L.
T=37°C
pH="7.0
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[Ho] varied
[SO37] = 1.9 x 1072 mol L
[HS7] = 1.4 x 1073 mol L}
C048: Desulfovibrio vulgaris Madison
Hy +0.25S03~ — 0.25 HS™ + Hy0
Data from Phelps et al. [142]. Spin (H2) estimated, from substrate depletion curve, to be
2.2 x 107 mol L.
T =37°C
pH="7.0
[Ho| varied
[SO37] = 1.9 x 1072 mol !
[HS™] =32 x 1073 mol L}
C049: Desulfovibrio vulgaris Madison
Hy +0.25 SO3™ — 0.25 HS™ + Hy0
Data from Phelps et al. [142]. Spin (H2) estimated, from substrate depletion curve, to be
1.2 x 107® mol L™,
T =37°C
pH=7.0
[Ho| varied
[SO37] = 1.8 x 1072 mol L !
[HS7] = 1.6 x 103 mol L !
C050: Desulfovibrio vulgaris Madison
Hy +0.25 SO3~ — 0.25 HS™ + H,0
Data from Phelps et al. [142]. Spin (H2) estimated, from substrate depletion curve, to be
1.1 x 1078 mol L™1.
T =37°C
pH="7.0
[Ho| varied
[SO27] = 1.8 x 1072 mol L !
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[HS7] =2.2 x 103 mol L}

C051: Acetobacterium woodii, strain not specified
H, + 0.5 CO9 — 0.25 acetate™ + 0.5 HoO + 0.25 HT
Data from Poehlein et al. [145] and Imkamp et al. [70]. Smin (H2) estimated from substrate
depletion curve, to be 1.9 x 1076 mol L.
T =30°C
pH="7.1
[Ho] varied
[CO2] = 4.1 x 1072 mol L™! (the gas phase contained 20% CO>)
[acetate] = 1.3 x 1072 mol L}

C052: Desulfovibrio desulfuricans, Desulfovibrio vulgaris, Desulfovibrio sp. DG2, Desulfovib-
rio sp. G-11, and Desulfovibrio sp. PS1
Hy 4 0.25 503 — 0.25 HS™ + Ho,0
Data from Robinson and Tiedje [147]. Kg (Hs2) estimated, by fitting to substrate deple-
tion curves, to be: 1.8 x 107 mol L™! for Desulfovibrio desulfuricans (strain not specified);
1.9 x 107% mol L~! for Desulfovibrio vulgaris (strain not specified); 1.4 x 1076 mol L ! for Desul-
fovibrio sp. DG2; 1.1 x 1079 mol L™! for Desulfovibrio sp. G-11; and 7.0 x 10~" mol L™ for
Desulfovibrio sp. PS1.
T =37°C
pH=6.7
[Ho] varied
[SO?7] =24 x 102 mol L !
[HS™] = 1.3 x 10~* mol L ™!

C053: Methanospirillum hungatei JE-1, Methanospirillum sp. PM 1, and Methanospirillum
sp. PM 2
Hy + 0.25 COy — 0.25 CHy + 0.5 H,O
Data from Robinson and Tiedje [147]. Kg (Hz2) estimated, by fitting to substrate depletion
curves, to be: 5.0 x 107 mol L™! for Methanospirillum hungatei JF-1; 2.5 x 106 mol L~! for

Methanospirillum sp. PM 1; and 4.1 x 107 mol L™! for Methanospirillum sp. PM 2.
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T =37°C
pH=6.7
[Ho] varied
[CO5] = 8.7 x 1072 mol L (the gas phase contained 100% CO»)
[CHy] = 5.3 x 1079 mol L~!
C054: Methanosarcina barkeri Fusaro
Acetate™ + HT — CH4 + CO,
Data from Schonheit et al. [156]. Kg (acetate) estimated, by fitting to substrate depletion curve,
to be 3.0 x 1073 mol L1,
T =30°C
pH = 6.9
[acetate] varied
[CHy] = 2.0 x 1075 mol L™! (estimated, headspace flushed with Ny/COq mixture)
[CO3] = 2.8 x 1072 mol L~! (the gas phase contained 20% CO>)
C055: Methanospirillum hungatei JF-1
Hs + 0.25 CO2 — 0.25 CHy + 0.5 HyO
Data from Scholten and Conrad [155]. Spmin (H2) estimated, from substrate depletion curve, to
be 1.1 x 10~® mol L1
T =37°C
pH = 6.9
[Ho] varied
[CO2]) = 4.2 x 1072 mol L~! (the gas phase contained 20% CO3 at 172 kPa)
[CHy] = 3.9 x 107" mol L~!
C056: Propionibacterium freudenreichii 53-W
Lactate™ — 0.333 acetate™ + 0.666 propionate™ + COo + HoO
Data from Seeliger et al. [158] and Seeliger [157]. Kg (lactate) estimated, from continuous
culture, to be 1.4 x 1074 mol L1,
T = 32.5°C
pH="71
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[lactate] varied
[CO5] = 4.0 x 1072 mol L ! (the gas phase contained 20% COs)
[acetate] = 3.3 x 1073 mol L~}
[propionate] = 6.9 x 1073 mol L™*
CO057: Veillonella parvula Te3
Lactate™ — 0.333 acetate™ + 0.666 propionate™ + COs + HyO

Data from Seeliger et al. [158]. Kg (lactate) estimated, from continuous culture, to be 2.9 x

1074 mol L1,
T = 32.5°C
pH="71

[lactate] varied
[CO2) = 4.0 x 1072 mol L™! (the gas phase contained 20% CO>)
[acetate] = 5.3 x 1073 mol L~}
[propionate] = 1.0 x 1072 mol L ™!
C059: Desulfobulbus propionicus Lindhorst
Ethanol 4+ 0.5 SOy~ — acetate™ 4+ 0.5 HS™ + HoO + 0.5 H'
Data from Szewzyk and Pfennig [170]. Kg (ethanol) estimated, from continuous culture, to be
5.3 x 1075 mol L~1.
T =28°C
pH="7.1
[ethanol] varied
[SO?7 ] =1.0x 1072 mol L !
[acetate] = 2.0 x 10" mol L~}
[HS7] = 1.0 x 103 mol L !
C060: Methanosarcina barkeri 227
Acetate™ + HY — CHy + CO,
Data from Westermann et al. [183]. Smin (acetate) estimated, from substrate depletion curve,
to be 1.2 x 1073 mol L.

T =37°C
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pH="7.0

[acetate] varied

[CHy] = 4.8 x 107 mol L1

[COg] = 4.5 x 1072 mol L ! (the gas phase contained 30% COs)

C061: Methanosarcina mazei S-6 Acetate™ + Ht — CHy + CO»

Data from Westermann et al. [183]. Smin (acetate) estimated, from substrate depletion curve,
to be 4.0 x 10~* mol L™ 1.

T =37°C

pH="7.0

[acetate] varied

[CHy] = 3.9 x 107 mol L~! [CO3] = 4.5 x 1072 mol L™! (the gas phase contained 30% COs)

C062: Methanosaeta sp. Los Angeles River
Acetate™ + HT — CH4 + CO,

Data from Westermann et al. [183]. Smin (acetate) estimated, from substrate depletion curve,
to be 6.9 x 107° mol L1,

T =37°C

pH="7.0

[acetate] varied

[CHy] = 6.0 x 1075 mol L~}

[CO5] = 4.5 x 1072 mol L ! (the gas phase contained 30% COs)

C063: Methanobrevibacter sp. 229/11, Methanobrevibacter sp. AbM4, Methanobrevibacter
ruminantium M1, Methanobrevibacter sp. SM9, Methanobrevibacter sp. D5, Methanobacterium
formicicum BRM9, and Methanobacterium sp. YCMI1
Hs +0.25 CO2 — 0.25 CH4 + 0.5 H2O
Data from Kim [88]. Smin (H2) estimated, from substrate depletion curves, to be: 1.8 x
1078 mol L~ for Methanobrevibacter sp. 229/11 with [CHy] = 5.5 x 107" mol L™1; 3.1 x
1078 mol L~! for Methanobrevibacter sp. AbM4 with [CHy] = 6.1x10~" mol L™; 3.3x107® mol L~}
for Methanobrevibacter ruminantium M1 with [CHy] = 5.5 x 107" mol L™%; 3.4 x 1078 mol L ™!

for Methanobrevibacter sp. SM9 with [CHy] = 5.0 x 107" mol L™!; 3.1 x 1078 mol L~! for
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Methanobrevibacter sp. D5 with [CHy] = 5.5x 1077 mol L™%; 1.5 x 1078 mol L~ for Methanobac-
terium formicicum BRM9 with [CHy] = 5.0x10~" mol L~!; and 8.7x 10~ mol L ! for Methanobac-
terium sp. YCM1 with [CHy] = 6.1 x 107" mol L.
T =39°C
pH=6.5
[Ho] varied
[CO5] = 6.2 x 1072 mol L~ (the gas phase contained 100% CO»)
C064: Acetobacterium carbinolicum WoPropl, Acetobacterium woodii NZval6, and Sporo-
musa termitida JSN-2
Hs + 0.5 COy — 0.25 acetate™ + 0.5 HoO +0.25 HT
Data from Cord-Ruwisch et al. [36]. Smin (H2) estimated, from substrate depletion curves,
to be: 7.2 x 107" mol L~! for Acetobacterium carbinolicum WoPropl; 4.0 x 10~" mol L~ for
Acetobacterium woodii NZval6; and 6.3 x 10~7 mol L=! for Sporomusa termitida JSN-2.
T =30°C
pH="72
[Ho| varied
[CO5] = 5.1 x 1072 mol L ! (the gas phase contained 20% COs)
[acetate] = 1.3 x 1072 mol L}
C065: Desulfovibrio desulfuricans Essex 6
Hy +0.25 SO3~ — 0.25 HS™ + H,0
Data from Cord-Ruwisch et al. [36]. Smin (H2) estimated, from substrate depletion curve, to be
6.9 x 107 mol L.
T =30°C
pH="72
[Ho] varied
[SO37] =2.9 x 1072 mol L
[HS7] =1.1 x 102 mol L !
C066: Methanobacterium formicium MF, Methanobrevibacter arboriphilus AZ, Methanobre-

vibacter smithii PS, Methanococcus voltae SB, and Methanospirillum hungatei JF-1
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Hy + 0.25 COy — 0.25 CHy + 0.5 H,O
Data from Cord-Ruwisch et al. [36]. Smin (H2) estimated, from substrate depletion curves, to
be: 2.1x107® mol L~! for Methanobacterium formicium MF; 6.9x 10~8 mol L~! for Methanobre-
vibacter arboriphilus AZ; 7.6x1078 mol L™! for Methanobrevibacter smithii PS; 5.7x1078 mol L~!
for Methanococcus voltae SB; and 2.3 x 10~8 mol L' for Methanospirillum hungatei JF-1.
T =30°C
pH=172
[Ho] varied
[CO2] = 5.1 x 1072 mol L™! (the gas phase contained 20% CO>)
[CHy] = 3.2 x 1079 mol L~}
CO067: Methanogenium frigidum Ace-2
Hy + 0.25 COg — 0.25 CHy + 0.5 H,O
Data from Chong et al. [31]. Smin (H2) estimated, from substrate depletion curve, to be
4.4 x 107" mol L™1.
T =25°C
pH="7.0
[Ho] varied
[CO2] = 5.6 x 1072 mol L (the gas phase contained 30% CO>)
[CHy] = 1.4 x 1079 mol L~}
C068: Desulforhabdus amnigenus ASRB1 and Desulfobacca acetoxidans ASRB2
Acetate™ + SO5~ +2H' — 2COy + HS™ 4+ 2 H,0
Data from Oude Elferink et al. [138], Oude Elferink et al. [137], and Stams et al. [165]. Kg
(acetate) estimated, by fitting to substrate depletion curve, to be 6.0 x 10~% mol L~!.
T = 30°C
pH=7.0
[acetate] varied
[SO27] =7.0 x 1073 mol L
[CO2] = 5.1 x 1072 mol L™ (the gas phase contained 20% CO3 at 1.72 atm)
[HS™] =5.0 x 1073 mol L™}
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C069: Acetitomaculum ruminis 139B and Acetitomaculum ruminis 190A4
Hs + 0.5 CO9 — 0.25 acetate™ + 0.5 H,O 4+ 0.25 HT
Data from Le Van et al. [99]. Spin (H2) estimated, from substrate depletion curves, to be
3.4x107% mol L~! for Acetitomaculum ruminis 139B and 2.9 x 10~¢ mol L= for Acetitomaculum
ruminis 190A4.
T =38°C
pH = 7.4
[Ho] varied
[CO2) = 1.1 x 107! mol L™! (the gas phase contained 31.8% CO,)
[acetate] = 3.9 x 1072 mol L}
C070: Methanosarcina barkeri Fusaro
Acetate™ + HY — CHy + CO,
Data from Fukuzaki et al. [50] and Mazumder et al. [114]. Kg (acetate) estimated, by fitting
to substrate depletion curve, to be 5.7 x 1073 mol L~
T =237C
pH=26.5
[acetate] varied
[CHy] = 3.7 x 1074 mol L !
[CO5] = 1.0 x 1073 mol L (the gas phase contained 1.5% CO»)
C072: Acetobacterium woodii NZval6
Hs + 0.5 COg — 0.25 acetate™ + 0.5 HoO +0.25 HT
Data from Conrad and Wetter [34]. Smin (H2) estimated, from substrate depletion curves, to
be: 1.2 x 1078 mol L™ at T = 15°C with [CO3] = 6.6 x 107> mol L™1; 2.0 x 107® mol L !
at T = 25°C with [COs] = 5.6 x 1072mol L™!; and 4.1 x 1078 mol L' at T = 30°C with
[COs] = 5.2 x 1072 mol L1,
pH = 7.05
[Ho] varied
[CO2] calculated at different temperatures (the gas phase contained 20% CO; at 140 kPa)

[acetate] = 2.0 x 1073 mol L~}
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C073: Clostridium homopropionicum LuHBul
Lactate™ — 0.333 acetate™ + 0.666 propionate™ + COo + HyO
Data from Seeliger et al. [158] and Seeliger [157]. Kg (lactate) estimated, from continuous
culture, to be 5.6 x 1074 mol L.
T = 32.5°C
pH="71
[lactate] varied
[CO3] = 4.0 x 1072 mol L™! (the gas phase contained 20% CO>)
[acetate] = 3.0 x 1073 mol L~}

[propionate] = 5.9 x 1073 mol L=*
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