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ConCS: A Continual Classifier System for
Continual Learning of Multiple
Boolean Problems

Trung B. Nguyen™', Member, IEEE, Will N. Browne

Abstract—Human intelligence can simultaneously process
many tasks with the ability to accumulate and reuse knowl-
edge. Recent advances in artificial intelligence, such as transfer,
multitask, and layered learning, seek to replicate these abilities.
However, humans must specify the task order, which is often dif-
ficult particularly with uncertain domain knowledge. This work
introduces a continual-learning system (ConCS), such that given
an open-ended set of problems once each is solved its solution can
contribute to solving further problems. The hypothesis is that the
evolutionary computation approach of learning classifier systems
(L.CSs) can form this system due to its niched, cooperative rules.
A collaboration of parallel LCSs identifies sets of patterns link-
ing features to classes that can be reused in related problems
automatically. Results from distinct Boolean and integer clas-
sification problems, with varying interrelations, show that by
combining knowledge from simple problems, complex problems
can be solved at increasing scales. 100% accuracy is achieved for
the problems tested regardless of the order of task presentation.
This includes intractable problems for previous approaches, e.g.,
n-bit Majority-on. A major contribution is that human guid-
ance is now unnecessary to determine the task learning order.
Furthermore, the system automatically generates the curricula
for learning the most difficult tasks.

Index Terms—Building blocks, code fragment (CF), continual
learning, learning classifier systems (LCS), multitask learning
(MTL).

I. INTRODUCTION

CCUMULATING and transferring/reusing knowledge
are inherent abilities of humans. A human accumulates
knowledge through their lifetime from the most intuitive con-
cepts and simple skills to increasingly abstract and complex
knowledge [1]. This increasing order of knowledge difficulty
is important for fast learning progress, but humans do not need
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strict orders of problems, skills, and lessons to progressively
acquire knowledge.

The abilities of knowledge accumulation and reusabil-
ity are also desirable features for artificial intelligence (AI)
systems [2], [3] as learning complex problems from scratch
faces the challenge of intractable search spaces. Layered learn-
ing (LL) is a sequential learning paradigm that can achieve
such abilities [4]. LL enables learning complex knowledge,
plus functions to manipulate this knowledge, by incrementally
learning a series of subtasks and associated component knowl-
edge, where previous knowledge, i.e., functions and skills, !
can bootstrap later tasks. Similarly, continual learning is an
Al concept that encapsulates the continuity of the sequen-
tial learning process with knowledge reusability [5]. These
mechanisms are analogous to how humans accumulate knowl-
edge, as mentioned above. LL normally refers to sequential LL
by default, which assimilates knowledge components sequen-
tially. Sequential learning requires human guidance to specify
an order of learning tasks (learning order) that allows each
learning stage to obtain its target knowledge. Also, it limits the
autonomy of the Al system. Automatic discovery of the learn-
ing order is also a desirable ability for an Al system because
it provides understandings on the dependencies among knowl-
edge components. This feature leads to concurrent LL, which
is learning all stages of sequential LL in parallel without the
requirement of the learning order [6], [7]. However, a concur-
rent LL system targets only a specific problem. This limits the
potential of such systems to be within specific domains.

In this work, we seek to utilize knowledge reusability in a
system of multiple distributed learning agents” to accumulate
knowledge and solve multiple problems for the following ben-
efits. First, the intractable search space of a complex problem
can be divided amongst agents to ease the task. By solving
more problems, the system can accumulate more knowledge
and maximize its problem-solving capability. Second, hav-
ing multiple agents can minimize the complexity of each
agent, which arguably encourages the generality of each agent.
Accordingly, the system can flexibly adapt its complexity dur-
ing its operation by adding or removing agents. Finally, this
system can work as a continuous learning system [8], i.e.,
designed for problem solving—especially pattern discovery,

T A skill is a function without a returned value, e.g., the loop skill.
2In the scope of this article, an agent is a complete evolutionary computa-
tion (EC) system.
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and state-action-reward/state-class predictions—from a stream
of data from various problems.

EC algorithms can learn optimization problems through
building blocks that can facilitate sharing knowledge [9]. There
are many attempts to exploit this feature of EC to develop
EC algorithms with the ability of reusing knowledge across
multiple tasks. One of the research directions in EC focused
on this ability is evolutionary multitasking [10]. This research
direction is related to our work in terms of the distribu-
tion property, but such algorithms are mainly designed for
optimization, rather than the classification tasks considered
here [11].

Among EC algorithms, learning classifier systems (LCSs)
are a problem-solving approach that is decentralized by nature
by dividing a problem into subproblems, which can be
solved more easily by subsets of its solution [12]. XCS is
the most common LCS, with its accuracy-based Michigan
approach [13] having been developed and applied to a wide
range of tasks since 1994 [14], [15]. The use of code frag-
ments (CFs), directed graphs that have input data features
or other CFs in their leaf nodes and functions in internal
nodes to form tree-based programs, in LCSs has extended
their scalability, particularly by enabling knowledge reusabil-
ity. This ability makes CF-based LCSs promising algorithms
for imitating human-learning abilities. XCSCFC enabled fea-
ture reusability where relevant building blocks of knowledge
was transferred in the form of CFs [9]. Alvarez et al. showed
that an LCS-produced ruleset could be treated as a func-
tion,> which is reusable in future tasks [16]. He then extended
the reusability of ruleset functions to produce XCSCF* [17]
with LL. This system was able to discover the complicated
logic of the multiplexer (Mux) problem domain, so can solve
the problem at any given scale. However, these attempts at
implementing the ability to reuse knowledge were limited to
sequential learning. Also, they required human intervention,
such as specifying the numbers of transferred CFs and design-
ing a curriculum.* Designing a curriculum is a nontrivial task
because it requires a deep understanding of target problems in
advance [18]. Therefore, these systems were strictly limited in
flexibility and not appropriate for a continual learning system.

A justification for the use of LCSs is the problem of “catas-
trophic forgetting,” which is common in machine learning,
where once trained on one task and then trained on a second
task, many machine learning models forget how to perform
the first task [19]. In connectionist approaches to machine
learning, this can be attributed to overfitting (hence using
dropout and other regularization techniques to mitigate the
problem) [20] and storing knowledge in a network that is
likened to a locality-sensitive hashtable [21] (hence consid-
ering capsule networks to increase spatial information [22]).
LCSs are inherently symbolic (so can reason about variables
directly), built on the concept of generalization (e.g., schema
theory and the “don’t care” representation concept to avoid
overfitting) [23] and are niche-based (subsets of rules only

3The input arguments of the function are equivalent to the conditions of
the rules, where the resultant action is the function’s returned value.

4Curriculum: Orders of tasks depict the connection of knowledge amongst
tasks and their dependencies.
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address specific regions of the input space, so can be kept
until reencountered) [24].

In this study, we propose a novel continuous Al system of
multiple XCS-based agents, termed continual classifier system
(ConCS). ConCS is targeted to learn multiple tasks in parallel
and continuously. ConCS solves problems with the ability to
accumulate knowledge in a knowledge pool and reuse it in
novel tasks. This results in its capability of tackling complex
problems at the scale that no other Al systems can without
a priori knowledge.

The contribution is a novel system that can be presented
with any Boolean string-encoded classification/regression
problem(s) at any time. ConCS will discover any relationship
to previous problems to bootstrap learning, solve the problem
in a continuous learning manner, and fit the problem into
its developing curricula. The novel methods in ConCS will
enable it to encode learned knowledge k; using CF-based rule-
set functions (f(s)) in a knowledge pool [KP] = {k;} + {f;}.
These methods address different tasks using the introduced
connected and distributed representation as [KP]. This avoids
the requirement to sum all knowledge learned from past
tasks [KP] # ) asks(ki), Which may result in a forget-
ting effect like the catastrophic forgetting in connectionist
approaches [25]. Type-fitting based on the representation is
introduced to further reduce the size of [KP], which is essential
for computation efficiency as [KP] grows with the number of
problems successfully addressed. By building such a system,
we have achieved the following contributions in this work.

1) A system that is capable of continual learning and solv-
ing complex Boolean problems. The tested problems are
considered intractable to isolated learning.

2) Methods to automatically form a learning curriculum
when presented with multiple problems at once. The
system determines the next problem that is most appro-
priate to address, and thereby removes the requirement
of human intervention, e.g., in LL [17], [26].

3) The representation of solutions to enable a clear under-
standing of learned problems, cf. eXplainable AI [27].
This interpretability of the learned solutions also pro-
vides knowledge dependencies among problems.

There is an important paradigm shift in designing test prob-
lems when switching from learning systems that consider a
single problem to continual learning systems. As a human
cannot learn integration without first knowing addition, the
building blocks (both knowledge and skills to manipulate
the knowledge) must be made available. In genetic program-
ming (GP), the researcher defines the function and terminal
set, while, in ConCS, it is the problems themselves and the
skills/functions they provide that are paramount, e.g., once the
Boolean “AND” problem is learned, the “AND” function can
be reused along with its component knowledge.

ConCS will be tested with multiple problems, in this
case 19, including regression and classification problems, to
demonstrate its learning capabilities. A range of well-known
complex Boolean problems was selected, e.g., Mux, Parity,
Majority-on, and Carry problems. These problems can be
used to form hierarchical problems, i.e., where the solu-
tions of one type of problem can form the input to another,
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such that they exhibit a measurable search space, dependency
structure, multimodal solutions, and distributed niches (sub-
solutions) [28]. Importantly, the feature space is not linearly
separable as the problems exhibit heterogeneity (the same class
can be caused by different input modes) and epistasis (the
importance of one feature depends on other feature values).
Unlike many real-world problems they have precisely known
solutions such that the correctness of the produced solution
can be evaluated.

As well as the positive reasons for using Boolean prob-
lems as the test suite, there were reasons not to immediately
use real-world problems—although CFs can accept real-world
(integer, float, symbolic, categorical, and so forth) features that
can be processed in GP-tree like structures. First, the signal-
to-noise ratio is often unquantified, so even with the error
threshold parameter enhancing noise reduction in LCSs, it
would be impossible to disambiguate poor performance caused
by poor algorithm performance versus poor signals related
to the patterns. Second, and most importantly, the datasets
are not yet curated for continuous learning, i.e., the data sets
are produced at too high a level of complexity without the
underlying problems being available that teach the necessary
building blocks. However, ConCS is designed to be readily
adaptable for future implementation in real-world/real-valued
domains.

II. BACKGROUND AND RELATED WORK
A. Learning Classifier Systems

LCSs refer to a family of rule-based online-learning algo-
rithms in the fields of EC and machine learning adopted from
the study of cognition [23], [24], [28]. Unlike many other EC
algorithms, LCSs have been used directly to solve machine
learning and robotic tasks instead of addressing optimization
tasks. A characteristic strength of LCSs is the capability of
dividing a problem into smaller niches (subproblems) where
each can be resolved by a subset of its solution [24]. The niche
of a rule becomes larger when the rule becomes more gener-
alized by the pressure toward generality within LCSs. Among
LCSs, CCS [29], and CXCS [30] were the first LCSs that
managed to link knowledge among rules, so can be considered
agents.

XCS is an online reinforcement learning LCS adapted for
machine learning and robotics problems, especially classifi-
cation tasks and maze problems [13], [31]. An XCS evolves
its population of rules interacting with an environment rep-
resenting the target problem. Each rule is in the form of “if
condition then action,” where the condition tells whether the
rule matches the perceived environment state, and the action
part specifies the action to be executed on the environment.
The rule conditions enable divide-and-conquer by matching
the rule with an environment niche. Here, a rule can compete
with other rules in the niche to be chosen for performing its
action. A rule is also known as a classifier when incorporating
its performance statistics. XCS for Boolean problems tradition-
ally represents the actions of rules by numeric constants and
the conditions by ternary alphabet {0, 1, #}. By correlating the
fitness of a rule with the prediction accuracy of the rule, XCSs
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can form a complete map from pairs of (state, action) to its
estimated returns.

The original ternary alphabet in XCS performs well if
an optimal parameter configuration can be determined [32].
However, it is still limited in scalability as generalization is
only provided through the “don’t care” (#) symbols [9], which
remove redundant/irrelevant features. In order to better parti-
tion the search space, i.e., not just in hyper-rectangles, alterna-
tive encodings have been proposed, e.g., neural networks [33],
[34], [35], [36], [37], [38], tree-based programs [9], [39], [40],
[41], [42], [43], and cyclic graphs [44].

B. Scalable LCSs

In order to scale to complex problems, CFs [9] were
developed to encapsulate blocks of learned knowledge to trans-
fer from small to more complex problems in a single domain.
CFs are small GP-like tree-based programs with the depth
initially limited to 2, so this representation is flexible and
highly interpretable. There have been many advancements to
use CFs to improve learning scalability of XCS. Igbal et al. [9],
who first introduced the concept of CFs, used them in the
rule conditions, cf. XCSCFC. Their experiments demonstrated
the scalability of XCSCFC with transfer learning by learning
Mux problems from small scales to large scales. XCSCFC
was the first XCS that successfully solved the 135-bit Mux
problem. However, using this method to solve hierarchical
problems, where an overarching problem consists of subprob-
lems, was still an unanswered question. Such problems are
difficult for machine learning algorithms as the search space
consists of multiple interacting patterns that are often repeated,
which obfuscates the decision boundaries. Based on XCSCFC,
Alvarez et al. [16] later introduced ruleset functions in CFs in
XCSCF? to enable the reusability of CFs with learned ruleset
functions for the function nodes. This system can solve hier-
archical problems, such as 18-bit Hierarchical Mux problem,
with transfer learning. The scaling of building blocks repre-
sented by CFs is in the bottom-up manner, which grows from
elemental building blocks to complex ones. This is opposite
to Automatically Defined Functions [45], a tree-based pro-
gram that enables learning functions in tree nodes. These
works achieved high performance but required a customized
sequence of LL with manual transferring criteria.

Several works later improved the autonomy of CF-based
XCSs. CF conditions in XCS were extended with an extra
population of CFs to address the problem regarding the large
search space in tree-based programs in XOF [46], [47]. XOF
used a new parameter CF-fitness and an observed list of prefer-
able CFs to improve the learning performance and enhance
the generalization of rule conditions. XOF could solve com-
plex problems with no upper bound for the depth of CFs.
Nguyen et al. [48] introduced mXOF with a new related-
ness parameter as a relationship measure (magnitude) among
tasks in multitask learning (MTL) system to transfer features
efficiently without crafting transferring criteria. Also, the abil-
ity to automatically adjust feature transferring is particularly
appropriate for systems that grow tree-based features as the
set of features for each learning system changes during the
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learning process. mXOF improved the learning performance
when multiple tasks were supportive and also reduced negative
transfer in the case of unrelated tasks.

Another approach to increasing the generality of XCS rules
is to use CFs in rule actions. Rule actions using CFs can flex-
ibly adapt action values regarding the environment state. The
advent of this approach was XCSCFA [43] that has the abil-
ity to achieve high-level knowledge. Alvarez et al. [17], [26]
later extended the reusability of ruleset functions in XCSCFA
to produce XCSCF*. XCSCF* can transfer ruleset functions
between XCSCFA systems where each addresses a problem in
a sequence. The sequence was ordered in a curriculum to guar-
antee the increasing level of complexity and compositionality,
i.e., LL [49]. This system was able to find a general solution
for the Mux problem domain, which can solve the problem at
any scale. CFs were later used to extend the capability of XCS
in multistep problems [50]. The CFs in XCS rules enable XCS
to overcome the aliasing problem and thereby solve complex
maze problems.

However, all these attempts to integrate the ability to reuse
knowledge required human intervention, such as specifying
the numbers of transferred CFs (XCSCFC) and designing a
curriculum (XCSCF? and XCSCF*).

C. Other Related Work

This work develops a complex classification system that
uses transfer learning to learn in both multitask (parallel)
learning and continual learning with incremental progress. In
the field of LCSs, this is the first system with such prop-
erties. However, there have been related work in other Al
fields with analogous abilities [51], [52], [53], [54]. In the EC
field, Da et al. [51] introduced an EC framework that enables
online learning and exploitation of similarities across multiple
optimization problems. A salient aspect of the framework is
that it accounts for latent similarities that are not apparent
on the surface but may be revealed during the evolution-
ary search. Other than EC, Tommasino et al. [52] developed
a transfer expert reinforcement-learning model that acquires
multiple skills, through the skill-to-skill knowledge transfer,
to enable learning processes to focus on the novel aspects of
the new skills. A key feature of this model is the capacity
of its gating networks to accumulate, in parallel, evidence on
the capacity of experts to solve the new tasks to increase the
action responsibility. Next, lifelong metric learning is another
online learning approach to mimic “human learning” in using
previous experiences to help learn new tasks [53]. This new
metric learning framework maintains a common subspace for
all learned metrics, transfers knowledge from the subspace to
learn each new task, and redefines this subspace over time
to maximize performance across all metric tasks. AutoML-
Zero was designed to build machine learning algorithms from
scratch using evolutionary methods [54]. This was aimed to
reduce human bias in the algorithm design and indirectly
enable more autonomy to designed Al systems. AutoML-Zero
constructs an algorithm by filling three elementary functions,
i.e., Setup, Predict, and Learn, but this requires a prerequisite
set of basic arithmetic operations.
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Fig. 1. ConCS model. Each environment (Env) represents a task.

One may relate the learning paradigm of ConCS with
MTL [55]. The general concept of MTL is to learn multiple
different tasks together to improve the learning performance
of each task. Technically, the proposed ConCS also learns
multiple tasks together, but it differs from standard evolution-
ary approaches to MTL where the objective is optimization
(MTO) rather than classification [10]. ConCS not only
addresses increasingly more complex tasks (the complexity
of tasks is set a priori, and remains fixed in standard MTO)
but also serves as a general Boolean problem-solving system.
This includes being able to handle unrelatedness among
the presented tasks. Furthermore, a general problem-solving
system should also be able to solve problems arriving at any
arbitrary time, unlike standard MTO where tasks (typically
only two) are presented simultaneously. For these reasons,
the learning paradigm of ConCS incorporates core aspects of
LL, continual learning [5], and MTL, where the system learns
multiple problems/tasks incrementally and continually.

III. CONCS: CONTINUAL CLASSIFIER SYSTEM

The ConCS is composed of multiple agents where each is
dedicated to a task (see Fig. 1 and Algorithm 1), i.e., solv-
ing a specific problem. The target of the whole ConCS is
to accumulate knowledge from its agents. This global target
is expected to support the problem-solving capability of the
agents of ConCS. Note the global target is not needed a pri-
ori, plus a new target can be given once an old one has been
reached without the need for retraining. The proposed system
spawns a new agent for each task. The objectives of each agent
are not only solving its task, but also accumulating knowledge
from solving its task into the knowledge pool of ConCS, which
is the common goal of the whole ConCS. The problem-solving
capability is validated with its ability to scale and comprehend
harder tasks with increasing complexity.

Communication among agents in ConCS is indirect and
limited to interactions through the knowledge pool. The
knowledge pool consists of learned populations (can be reused
as functions), CFs (can be reused with or without the func-
tion where they were originally generated), and axiomatic
functions/skills/terminals along with the input/output type of
each of these elements. An agent can extract skills and func-
tions from the knowledge pool to reuse after it has learned a
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Algorithm 1 Workflow of Coordinating Agents and

Accumulating Knowledge

1: Start all agents
2: Total progress Pyora = Y11 agents i Py, i, where Py ; is the default progress
of agent i

: while exist any unsolved problems do

Roulette wheel to run the next iteration of an agent A regarding agents’
progress

if Agent A solves its problem then

if first time then
Compact, Add its ruleset to the knowledge pool

W

A

if Current ruleset of agent A differs from the rulesets of existing
knowledge then
9: Compact, Add its ruleset to the knowledge pool

problem, it can append its completed function/skill to the pool.
That is, a function (skill) maps from input to output (input
to procedure), which can be learned through rules mapping
conditions (subsets of input) to actions (output).

Continual MTL produces challenges for ConCS. First,
ConCS without the curricula might pick up a complex task
by chance and get stuck there. The intuitive resolution is that
ConCS should focus on the easiest task, identified by most
often having positive environmental feedback with the least
effort. This leads to a need to prioritize agents for access to
the CPU. Ultimately, ConCS will be configured for truly par-
allel GPU-based cloud computing but initial development is
kept simple to avoid confounding factors. Second, the search
space becomes larger as more knowledge is available. To add
limits to the search space, the type-fitting XCSCFA introduced
in XCSCF* [26] is also used as the learning agent in ConCS
to learn both subproblems and target problems. XCSCFA
with the type-fitting property can divide the search space into
smaller sections by compatible types [26]. This enables accu-
mulating more knowledge without making the search space
of each agent intractable. Therefore, we propose two key
components of ConCS to address these issues: 1) type-fitting
XCSCFA and 2) knowledge management. These components
will be described in the following sections. We will also
provide a brief explanation of all subproblems designed to
bootstrap the system’s learning performance.

A. Type-Fitting XCSCFA

We employed type-fitting XCSCFA [26] as the algorithm for
the agents of ConCS. This version of XCSCFA generates ver-
ifiable CFs (typed CFs) as it enables the type-fitting property
in generated CFs. This property guarantees connected nodes
within generated CFs to be compatible with one another and
the CFs’ input and output to be compatible with the problem
(environment). Although ConCS is not limited to using only
XCSCFA, this algorithm is suitable to learn the high-level
logic behind the tested problems as it can address both regres-
sion and classification problems. ConCS must be able to spawn
an agent with a suitable algorithm (or multiple agents) if no
prior experience regarding a new problem is detected.

Generating Typed CFs (T-CFs) applies a top-down recursive
process of generating tree nodes, i.e., the function genNode
illustrated in Algorithm 2. In ConCS, we keep the depth limit of
base CFs as 2, as is the original definition of CFs [9]. Generating

Algorithm 2 Typed CFs Are Generated Based on a Recursive

Function for Generating Nodes. The Function Is Given the
Set of Action Types T,, the Type Set of Base CFs T}, the
Expected Output Types T,, the Expected Input Types T;, the
Intermediate Level /;, and a Clustered Set of All Functions Sy
1: procedure GENNODE(Ty, Tj, ;)

2: T; = { (empty set)

3: if [; =2 then

4: Output types T, = Ty

5: if /; = 1 then

6: Output types Ty = T} U {integer}

7: Filter function set Sfjsereq from Sy by required output types 7, and
input types T;

8: Function f = randomSelect(Sgiered)

9: for index i in f.inputs do

10: if I; — f.level > 0 and random[0, 1) < 0.5 then

11: [f.inputs[i]=GENNODE(f .input_types|il, Ty, l; — f.level)

12: else

13: Set of compatible base CFs Spcp = ¢

14: if integer € function.input_types[i] then

15: ¢ = randomSelect([1, ..., len(Atts)])

16: for cfpuse in all base CFs do

17: if cfpase-out_types&f .input_typesl(i] # ¢ then

18: Add Cfbase to SpcF

19: [f.inputs[i] = randomSelect(SpcF)

a new CF needs to match with the action types of the problem
and available output types from the base CFs (CFs that encode
data input), i.e., data input types. First, the top node of a T-CF
must employ a function with output types compatible with
the action types of the problem. Then, the process recursively
builds lower-level nodes that satisfy the type-fitting property.
At any point when generating nodes, there is also a fixed
probability of 0.5 for generating a leaf node from base CFs,
which stops the CF from going any deeper.

There are four possible types in this implementation:
1) Boolean; 2) integer; 3) float (real numbers); and 4) list.
While Boolean variables are compatible with integers and
floats, and integers are compatible with floats, the compatibil-
ity does not follow the opposite way. Lists are not compatible
with other types. Other details about the type-fitting property
of XCSCFA with the type-fitting property can be found in [26].
We also propose several improvements for XCSCFA [43] to
process redundant genotypes of functions (function versions).
The following section will describe CF-equality checking,
which is related to function genotypes.

CF Equality: Checking equality between CFs in ConCS is
needed when adding new rules to the rule population, adding
new CFs to the CF population, function compaction (in each
agent, described later in Section III-C), and adding a func-
tion to the knowledge pool to prevent unnecessary duplication
that slows computation and can obscure knowledge. Checking
CF equality is not as simple as checking the equality of all
their corresponding nodes (Algorithm 3). Two CFs are gener-
ally equal if they have the same genotype. However, because
there are distinct versions of the same functions, the criterion
of genotypic equality varies case by case. A genotypic differ-
ence in the reused function makes two CFs unequal in general
learning processes of each problem. This enables diversity
by function genotypes. This diversity is rational because two
genotypes of a function can behave unevenly in problems
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Algorithm 3 Recursive Process of Comparing Two CFs.
The Flag f_version Determines Whether the Difference of
Functions by Versions Only Makes the CFs Different, i.e.,

Function Returns False
1: procedure COMPARECFS(cf1, ¢f>, flag f_version)
2: if (cf]function # cfy.function) Vv (f_version A (cfi.f.version #*
cf>.f.version) then

3: return False

4: if len(cf.inputs) # len(cf,.inputs) then

5: return False

6: for input iy € cfj.inputs A iy € cf;.inputs do
7: if i1, ip are CFs then

8: if = COMPARECFS()(i1, i2), f_version then
9: return False

10: else

11: if iy # iy then

12: return False

13: return True

other than the one that produces the function. On the contrary,
the inequality caused by function genotypes is ignored when
checking the equality of classifiers during compacting solu-
tions (see Section III-C). Even though they have different
versions of functions f, which might create unexpected behav-
ioral differences, they do not demonstrate any distinction of
knowledge.

B. Stochastic Task Preference

Selecting the next task to be run has a minor contribution
to ConCS as it can still solve the problems with a naive uni-
form distribution of task prioritization. We designed a simple
heuristic method to prioritize agents/tasks with higher learn-
ing progress. This is to reduce the total computation time
by focusing on tasks with the high potential of being solv-
able. Therefore, repeated Roulette Wheel selections based on
agents’ learning progress determines which agent to run at
each iteration until there are no more operating agents. In this
work, we define the learning progress as a parameter corre-
lated with the absolute accuracy and the improvement of the
accuracy of the agent

(1)

where accuracy,q; is normalized to initially start at approxi-
mately 0.5 for all agents and 1.0 when the problem is solved.
This leads to an initial progress value of approximately 0.05
when there is no increase in accuracy. The normalization is as
follows:

progress = max(O.l % acCuracy,;, Aaccuracy)

accuracy|actions|—1
Jactions|—1

*0.54+0.5
if classification

accuracy/2 + 0.5, if regression.

2

accuracy,qj =

It can be inferred that the frequency of updating agent
progress is equal to the frequency of updating agent accu-
racy, which is set to once every 500 iterations (250 explored
instances) for all agents.

C. Knowledge Management

The knowledge pool is the collection of built-in and
obtained skills/functions/CFs. In other words, it is the func-
tion set listing all available knowledge (how features through
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Iy = o183 (s + 22))
append zo (I;¢) to Oloep
Sit = Sit + T2

output of loop Ol

Fig. 2. Flowchart of a function with the loop skill. This function iteratively
applies another function xy on x; with a step size of x and concatenates the
iterative output in Ojgop.

functions/skills are related to higher order features (CFs) and
ultimately to actions). Agents search for solutions by combin-
ing functions from this function set and their base CFs. At the
beginning, the knowledge pool has prerequisite knowledge,
termed built-in axioms (see Table I). These built-in axioms
must include the building blocks required to construct solu-
tions for the target problems (see Section III-D), which is
common practice in GP algorithms [56]. In addition to the
necessary building blocks, the knowledge pool also provides
general functions for Boolean problems that might or might
not be useful, with the assumption that ConCS should be
able to choose the appropriate functions. While the majority
of these functions are general knowledge that can be reused
in many other problems, some of them are tailored for these
problems and may not be generally applied.

The general loop is a general skill that requires a core
process, i.e., a function, given by the input xy to become a
function. General loop iteratively applies function xy on input
list x; with a moving starting point s;; (Fig. 2). In the first
iteration, function xo processes x| from the first item. At each
iteration, the starting point on x; moves x» steps from the
preceding iteration to extract the input for xg. The loop ends
when the starting point moves beyond the end of x;. The out-
put of a loop is the concatenated list of outputs of x¢ in all its
iterations.

We do not divide the initial subproblems any further
although it was demonstrated that CF-based XCSs could learn
such functions from even smaller subproblems [16]. Future
work with ConCS will explore the intellectually interesting
question of “what are smallest axioms that can initialize
learning?”

Function Compaction: When an agent solves a problem
successfully for more than 500 instances, it will try to com-
pact its population to extract a solution, as a function, to
its problem. The steps are listed in Algorithm 4. First, the
agent selects only experienced (exp > 6p), max-prediction
(P = 1000 commonly), and accurate classifiers (err = 0)
from its population. Then, it finds the highest fitness fpax in
its classifier population. All classifiers having low fitness (i.e.,
f < 0.5 finax) are filtered out. Next, the agent tries to subsume
all over-specific classifiers.
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TABLE I

AXIOMATIC SKILLS AND FUNCTIONS. THE OPERATOR x[a, b] IS TO EXTRACT A LIST OF ITEMS OF THE LIST x STARTING
FROM THE INDEX a TO, BUT NOT INCLUDING, THE END INDEX b. BINARY NUMBERS HAVE TWO VALUES (0, 1).

@ AND © ARE BINARY ADDITION AND SUBTRACTION, RESPECTIVELY
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Skills & Functions (tag) Inpgt Length Input types Output type Operation
(inputs)
AT (@) 2 (zo,x1) list, integer i?lrtlzg(e)f, 11312(;1,6??51 zo[z1]
LENGTH (len) 1 (zo) list integer len(zo)

AND (A) 2 (zo,x1) Boolean Boolean Ty A\ T1

OR (V) 2 (zo,x1) Boolean Boolean To V T1

XOR (x) 2 (zo,x1) Boolean Boolean To XOr T1

NOT () 1 (zo) Boolean Boolean -0

FLOOR (floor) 1 (zo) integer, float integer By
CEIL (ceil) 1 (z0) integer, float integer [z0] = |0 + 1]
SUMMATION of 1 i int float
list items (sum) (o) 1st integer, floa sum(zo)

ADD (+) 2 (zo,x1) integer, float integer, float zo + T1
SUBTRACT (subt) 2 (zo,x1) integer, float integer, float Ty — X1
MULTIPLY (mul) 2 (zo, 1) integer, float integer, float T * T

DIVIDE (div) 2 (zo,x1) integer, float integer, float zo/x1
GREATER (isGreater) 2 (zo,x1) integer, float Boolean zo > 217
HEAD (head) 2 (zo,x1) list, integer Tist z0[0 : x1]
TAIL (tail) 2 (zo,x1) list (length [), integer list zolz1 : ]
GENERAL LOOP (loop) | 2 (zo,z1,z2) function, list, integer list convolute 1 by vfuwflctlon zo with
problems size x2
LOG?2 (log2) 1 (zo) integer, float integer, float loga (o)
BINADD (binadd) 2 (zo,x1) list (of Boolean) list (of Boolean) Ty D x1
BINSUB (binsub) 2 (zo,x1) list (of Boolean) list (of Boolean) zo O 1
BIN2DEC (bin2dec) 1 (zo) list (of Boolean) integer Cigvg;c]?g;r};lun;gier
MODULO (mod) 1 (z0) integer integer 20 %2
CONSTANT (c) 0 () N/A integer return a constant number

Algorithm 4 Function Compaction When a Problem Is Solved

: Make a copy of the classifier population

: Select only accurate and experienced classifiers

. Get max classifier fitness from the population <.

: Remove classifiers with fitness < 0.5£Sh,

: Compare and remove duplicate classifiers (action CFs with the same
structure but different function versions are also duplicate)

: Remove classifiers that can be subsumed by any other classifier remaining
in the population

7: if the remaining population solves the problem then

8: Add to the knowledge pool

[ NI SR

=)

ConCS needs to check the equality of ruleset functions to
avoid adding functions with the same logic more than once to
the knowledge pool, which undesirably enlarges the search
space of all agents. In this case, functions are considered
equal if they contain the same rule sets. ConCS confirms
the equality of two ruleset functions by matching all rules
of the ruleset of one function to all rules in the rule sets of
other ruleset functions. In function compaction, the equality
of CF actions ignores the differences of function genotypes
(see Section III-A for the justification).

D. Target Problems

Although real-world domains contain reusable patterns,
existing benchmark datasets are often separate in the pat-
terns they contain, e.g., UCI Zoo, Wisconsin Breast Cancer,
and Sonar datasets, where a discovered sample distribution
is not present in another dataset. We need a set of problems
with feature patterns that are constructed from subpatterns to

test the scaling capability of ConCS in related problems. We
also need separate problems as continual learning might face
independent problems with distinct patterns. Boolean domains
satisfy these criteria because they have known solutions and
are interrogable. Therefore, target problems are four hierarchi-
cal problems and 15 subproblems to be solved continually and
in parallel with the hierarchical problems. These subproblems
provide knowledge that is potentially prerequisite for the tar-
get problems. In the Mux domain, most of the subproblems
are identical to the subproblems used in XCSCF* [26].

We designed the learning stages of the target problems and
subproblems with variable scales, i.e., lengths of input bits, to
require successful solutions, if any, to be scale invariant. Our
experiments show that when learning fixed-scale problems,
constants (CFs) [26] can contribute to generating solutions that
are only valid at the fixed scale, which inhibits scaling. Being
scale invariant means that successful solutions are capable of
solving these subproblems at any scale.

The rationale behind the selection of the 19 Boolean prob-
lems (see Table II for an overview and Supplementary material
for a complete description) was threefold: 1) the most difficult
hierarchical problems that have been widely tested in the LCS
literature should be included; 2) likely problems with func-
tionality that could be useful in addressing 1) should also be
included; and 3) the problems should not be overly curated to
1) and 2) such that surprising curricula might arise. Finally,
past research has shown that LCS variants, even with proper
parameter tuning, fail to learn as the search space scales [32]
due to having to learn decision boundaries from scratch as
either the search space or the number of possible decision
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TABLE II
To BE LEARNED FUNCTIONS/SKILLS. A FEW OF THEM ARE HIGHLY REUSABLE IN GENERAL CASES. len() IS A FUNCTION TO RETURN
THE LENGTH OF THE INPUT WITH TYPE list. (xg, X[, ..., ) ARE INPUTS OF THESE FUNCTIONS
Id Functions (abbreviations) Inputs Input types Output type Anticipated operation to be learnt
0 Address Length int int lloga (o))
given Mux size x0 integer integer og2(zo
1 gi\/}eidlr\j[fx]fi?s%;?ng zo list integer llog2(len(zo))]
2 Address Bits 0 list list 20[0 : [log2(len(zo))]]
3 o]?e/iiirgis\s/aéuifs Zo list integer bin2dec(xo[0 : [logz(len(zo))]])
4 Data Bit Position Z0 list integer [loga(len(xo))] + bin2dec(xo]0 : [loga(len(zo))]])
5 | General Multiplexer (mux) Z0 list Boolean xo[[loga(len(xo))] + bin2dec(xo[0 : [loga(len(xzo))]])]
6 Half String Size Z0 list integer len(xzo)/2
7 First Half Z0 list list 20[0 : (len(x0)/2)]
8 Second Half Z0 list (length 1) list zo[(len(x0)/2) : ]
9 | Binary Addition of 2 halves zo list list 20[0 : (len(z0)/2)] ® xo[(len(xo)/2) : 1]
10 | Length of Binary Addition z0o list integer len(zo[0 : (len(xo)/2)] & zo[(len(xo)/2) : 1))
11 General Carry-one (carr) zo list Boolean len(zo[0 : (len(xo)/2)] @ xzo[(len(zo)/2) : I]) > len(zo)/2
12 Sum Modulo 2 zo list Boolean sum(zo) %2
13 | General Even-parity (epar) L) list Boolean sum(zo)%2 = 07
14 | General Majority-on (maj) zo list Boolean sum(zg) > len(xg)/27
15 Hierarchical Multiplexer Zo list Boolean mux(X) where X = loop(epar, zo, 3)
16 Hierarchical Carry-one Zo list Boolean carr(X) where X = loop(epar, zo, 3)
17 Hierarchical Majority-on Zo list Boolean maj(X) where X = loop(epar, zg, 3)
18 Hierarchical Even-parity 0 list Boolean epar(X) where X = loop(epar, zo, 3)

boundaries is too large to begin to find and recombine useful
blocks of knowledge.

IV. EXPERIMENTS

We evaluated the proposed ConCS by solving 19 differ-
ent problems. Each agent is a type-fitting XCSCFA with
a common configuration. We examined whether the system
(without human-guided customization) can work on all prob-
lems. The settings for all agents are the general configuration
for XCS [31]: the population size of 1000; the learning rate
B = 0.2; the probability of crossover operation in reproduction
x = 0.8; the probability of mutation ; = 0.04; the probability
of using a don’t care in each classifier condition when cover-
ing Pyonicare = 0.33; the experience threshold for a classifier
to be a subsumer Oy, = 20; the initial fitness value assigned
to new classifiers F, = 0.01; the fraction of classifiers selected
for tournament selection from an action set 0.4; error thresh-
old €9 = 10.0. Additionally, the minimum number of actions
in the match set 6,,,, was set to 4 for both classification and
regression problems. This value of 6,,,, encourages each agent
to create more genotypes to increase the chance of obtaining
the desired CF action.

Each experiment was run 30 times with 30 fixed random
seeds. The stopping criteria were when the agent consistently
maintained 100% accuracy for at least 50000 instances, or
when it reached the maximum learning instances for each
agent, 2000 000 instances, which was chosen to be arbitrarily
large.

The first experiment of ConCS was run on 19 problems in
parallel with 19 agents starting at the same time to show the
discovery of the network of knowledge (corresponding to 19
problems). Then, the performances of ConCS were compared
with those of XCSCF* using type-fitting XCSCFA, on differ-
ent sets of problems. In these experiments, XCSCF* shared
the same configuration and the problem sets with agents of

ConCS, except that XCSCF* runs sequentially. ConCS and
XCSCF* are also compared with XCS and XCSCFC in solv-
ing target problems at specific scales. XCS and XCSCFC are
configured with their empirical configurations, which require
much larger population sizes. Solutions yielded by these two
approaches are limited to solving the tested problems at
fixed scales. Additionally, another comparison of ConCS with
XCSCF* and popular machine learning algorithms in terms
of accuracy in supervised learning was executed to assess the
generalization of ConCS’ solutions.

Finally, an extra experiment with random arrivals of the
19 problems was performed to show the ability of ConCS to
learn continually and learn multiple tasks in parallel. A starting
problem was chosen randomly. The other 18 problems were
initialized at random times from the starting point using a
uniform random generator within the range of 0 to 1 h. The
arrival times were generated once and fixed in all 30 runs.

A. Discovered Knowledge

Experiments on all 19 problems demonstrated the ability
of ConCS to achieve 100% performances on all problems in
all 30 runs (see Section IV-B for details on learning perfor-
mances). Table III shows the learned solutions from the agents.
These acquired solutions are interpreted from the actions of
the rules in compacted solutions. It is noted that rule con-
ditions of all these acquired solutions are composed of only
don’t care, which is expected as the learned CF in the rule
action addresses all possible inputs correctly.

For several problems, such as the Even-parity problem, solu-
tions acquired for the same problem involve distinct genotypes
in the CF action, where some contain bloat or inefficient solu-
tions. However, the bloat in such solutions is limited. Thus, it
is trivial to verify that diverse solutions for each problem are
equal. Also, acquired solutions are highly interpretable. Thus,
it is straightforward to confirm that these solutions, shown in
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TABLE III
LEARNED FUNCTIONS/SKILLS. attlst IS A BASED CF REPRESENTING THE LIST OF ALL INPUT ATTRIBUTES. i AND k
REFER TO ARBITRARY INTEGERS IN CONSTANTS (CFS)

Inputs

Skills & Functions (based CFs)

Function Name

Learned Solutions

Address Length

given Multiplexer size attlst, zo

muz_addr_length

floor(log2(zo))

Address Length

given MUX attributes attlst, o, o1, ...

muz_addr_length2

muz_addr_length(len(attlst))

Address Bits attlst, xg, x1, ...

mux_addrbits

head(attlst, muz_addr_length2(attlst))

Decimal value

of Address Bits attlst, zo, 1, ...

muz_gate

bin2dec(mux_addrbits(attlst))

Data Bit Position attlst, xo, x1, ...

mux_databit

add(muz_gate(attlst), muz_addr_length2(attlst))

Variable-size Multiplexer attlst, xg, x1, ... mux

Q(attlst, mux_databit(attlst))

Hierarchical Multiplexer attlst, xg, 1, ... hpar

mux(loop(epar, xo, 3))

Sum Modulo 2 attlst, xgp, 1, ...

epar_remainder_2

mod(sum(attlst), 2)

—(epar_remainder_2(attlst))

Variable-size Even-parity attlst, zo, x1, ... epar greater(c(1), epar_remainder_2(attlst))
greater(div(i, k), epar_remainder_2(attlst) (i < k)
Hierarchical Even-parity attlst, xg, 1, ... hpar epar (loop(epar, zo, 3))

epar(loop(epar, zo, 1))

Half String Size attlst, xg, 1, ...

half_length

div(len(attlst), 2)
mul(len(attlst), div(c(i), c(27)))

First Half attlst, xg, x1, ...

car_headstring

Second Half attlst, xg, x1, ...

car_tailstring

head(attlst, hal f _length(attlst))
tail(attlst, hal f_length(attlst))

Binary Addition of 2 halves | attlst,zo,x1, ...

car_binadd

binadd(car_headstring(attist), car_tailstring(attlst)))

Length of Binary Sum attlst, xg, x1, ...

car_lenbinadd

len(car_binadd(attlst))

Variable-size Carry-one attlst, xg, x1, ... carr

greater(car_lenbinadd(attlst), hal f _length(attlst))

Hierarchical Carry-one attlst, xg, 1, ... hecar carr(loop(epar, xo, 3))
Variable-size Majority-on attlst, o, x1, ... maj greater(sum(xg), hal f _length(attlst))
Hierarchical Majority-on attlst, xg, 1, ... hmaj maj(loop(epar, xo, 3))

Table III, are identical to the logic of the 19 given problems
in Table II. However, in certain cases, the evolved solutions
deliver new and unexpected insights into the problems (see
Supplementary material).

The final solutions from Table III on all problems form
a network of knowledge, where we can learn about the
dependencies of one problem on others. Fig. 3 illustrates
the learned network of knowledge. An arrow directed from
a problem A or a preprovided function f to a problem B
means the solution for B uses the solution (i.e., learned
function) discovered from learning problem A or function
f. ConCS found that the Half String problem is one of the
most generally reused as it is used in at least four other
problems (car_headstring, car_tailstring, carr, maj). For the
innately provided skills, general loop loop, constant function
¢, and length len are the three most commonly used functions.
The constant function c is the most used one as it creates the
base CF attlst for almost all solutions. On the contrary, oth-
ers, such as binary operators [A, V,x] and binary subtraction,
were found redundant as they were never used in any learned
solution.

New Understanding of Hierarchical Even-Parity Problem:
Table III lists all discovered solutions for the Hierarchical
Even-parity hpar problem. In addition to the expected first rule
on the Table, ConCS also yields the second unanticipated rule
in all 30 runs. This rule proposes a new understanding of the
Hierarchical Even-parity problem that was unexpected before
experiments. Specifically, the lower level of the Even-parity
loop with step 1 (represented by CF cl), is the Even-parity
problem on each bit of the input. The Even-parity problem
on one-bit inputs can be interpreted as the negation of the

only bit in the input. Therefore, the second rule proposes
that the Hierarchical Even-parity problem is equivalent to a
“flat” Even-parity problem on the bitwise negation of the
input bitstring. This finding is validated in the Supplementary
material.

B. Learning Performances

Fig. 4 illustrates the learning performances of ConCS in the
experiment running all 19 problems concurrently. As the tasks
include both regression and classification, the overall trend
graph is the portion of correct outputs for given instances:
predictions for classification and integer values for regression
tasks.

We also separated the learning performances of agents and
concatenated them in the order of increasing indices, follow-
ing Table II, because the learning process of an agent only
requires knowledge from agents with smaller indices. The
next graph starts at the average number of instances that all
agents on the left side (smaller indices) need to complete solv-
ing their problems. This format of illustration is also used in
the next sections for comparisons between ConCS and other
approaches.

The performance statistics of ConCS and XCSCF* are sum-
marized in Table IV. When accumulating all agents, ConCS
needs an average of 874317 instances (standard deviation
284 341) in all agents to finish learning all problems. The
longest run took up to 2462 000 instances to complete solving
all problems, while the fastest run took only 254 240 instances.
For Hierarchical Carry-one and its subproblems, ConCS needs
an average of 227300 instances to find its optimal solution,
which was longer than the 120100 instances that XCSCF*
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Discovered network of knowledge by ConCS. See Tables II and III for the acronyms of the preprovided functions in green boxes and the learned

functions (all boxes except green ones), respectively. These provide curricula to learn the target (top nongreen boxes) functions given initial axiomatic skills

(green boxes).
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[0]
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—— [0]-[18] Agents' performances of ConCS
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Fig. 4. Learning performances of ConCS. The Average graph depicts the portion of completely correct instances (accurate integer regression or classification)
of 19 agents regarding the total experience of ConCS. Agent performances are the average learning curves of agents across runs which are ordered with
increasing indices (see Table II) from agent indexed from [0] to [18]. The agent performances are plotted with their individual experience (instances). Starting
points of these curves concatenate with the average number of completing instances of all their previous agents (on the left).

needed. XCSCF* learns faster than ConCS in all six curricula.
This is expected with the curriculum learning overhead.

1) Comparison With XCSCF*, XCS, and XCSCFC: In this
section, we will compare ConCS with XCSCF* using type-
fitting XCSCFA [26], XCS, and XCSCFC. Because these three
approaches were designed to learn a target problem, compar-
isons with them must be tested on specific problems instead
of 19 problems with unrelatedness. The tests on XCSCF* and
XCSCFC also follow their designed learning paradigms. For
example, to test on Mux problems, while XCS learns a Mux
problem at a specific scale, XCSCFC reuses CFs from Mux
problems at lower scales. ConCS and XCSCF* both need a

set of components from subproblems before achieving the
solutions for Mux problems. In terms of computation cost,
ConCS and XCSCF* need fewer learning instances to solve
the target problems compared with XCS [32] and XCSCFC [9]
solving the 135-bit Mux problem even when including the
numbers of instances for subproblems. Nevertheless, the pop-
ulation sizes of each individual system in ConCS and XCSCF*
are much smaller than those of XCS and XCSCFC. Therefore,
both ConCS and XCSCF* can finish learning the n-bit target
problems swiftly for each run.

The first five problems from Table II are selected to
test ConCS and XCSCF* as these are components of the
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TABLE IV
PERFORMANCE STATISTICS OF CONCS ON GIVEN PROBLEMS. ALL
NUMBERS ARE THE NUMBERS OF EXPLORED INSTANCES TO REACH
OPTIMAL SOLUTIONS WITH 100% ACCURACY. H. IS HIERARCHICAL

ConCS XCSCF*

Problems Ave. Std. Ave. Std.

All 19 problems | 874,317 | 284,341 n/a n/a
Multiplexer 71,400 29,468 39,800 24,915
Carry-one 80,667 24,980 52,817 20,244
H.Multiplexer 150,550 54,527 86,667 50,019
H.Carry-one 227,300 83,310 120,100 | 57,293
H.Majority-on 104,000 47,547 60,250 26,030
H.Even-parity 31,400 17,949 17,883 8146

e L e pa—

! |
ey
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Fig. 5. Learning performances on the variable-scale Mux problem. Red
curves depict the learning performances of agents in ConCS. These curves
are arranged in the same manner with the agent performances in Fig. 4.

Mux domain. Fig. 5 shows four learning curves of the four
approaches and the learning curves of ConCS agents in the
same manner that Fig. 4 separates the component learning
performances.

XCS and XCSCFC are tested on the Mux at a specific scale
of 135 bits. In this experiment, XCSCFC learns 135-bit Mux
problem with the identical configuration of Transfer Learning
from 6-, 11-, 20-, 37-, and 70-bit Mux problems in [9]. We
only compared with XCSCFC in this experiment because it
can solve this problem at large scales (70 and 135 bits) while
it cannot completely solve problems at relatively large scales
of later experiments. We also did not compare with XCS in the
Hierarchical Even-parity problem because XCS cannot scale
well to this problem.’

According to Fig. 5, XCSCF* solves the variable-size Mux
problem at a faster learning rate than ConCS, although both
systems ultimately achieve the same classification/regression
performance. This was because XCSCF* followed an LL style
where the curriculum was fixed a priori while ConCS must
determine the curriculum itself. If it is possible to provide cor-
rect human knowledge to the learning system XCSCF* will
perform faster than without, but at the cost of having to have
human knowledge in the first place. ConCS can generate the
same solution as XCSCF* within 150000 instances. ConCS
and XCSCF* both outperform XCS and XCSCFC. This pat-
tern of performance differences among the tested systems are
analogous to those in other experiments for the sets of general

SHierarchical Even-parity problem requires a one-to-one mapping of
instances to rules in the solution of standard XCS.
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problem.

Learning performances on the variable-scale Hierarchical Mux

Hierarchical Mux (Fig. 6), Carry-one, Hierarchical Carry-one,
Hierarchical Even-parity, and Hierarchical Majority-on prob-
lems (see the Supplementary material).

2) Comparison With Other Machine Learning Algorithms:
In this section, we compare ConCS and XCSCF* with other
graph-based machine algorithms, i.e., XGBoost (XGB) and
random forest (RF), and standard GP on classifying large-
scale and complex problems, such as Carry-one, Hierarchical
Mux, Hierarchical Carry-one, Hierarchical Majority-on, and
Hierarchical Even-parity problems. It is noted that, in these
experiments, other methods were tasked with solving the prob-
lems directly without the provision of subproblems. The aim
of the comparisons is to highlight ConCS performance when
it is provided with subproblems.

Standard GP, XGB, and RF are normally used in super-
vised learning with separate training and testing sets. However,
because ConCS can access any instance of the tested problems
as its agents are online learning systems, we also experimented
with the other methods having access to all possible instances.
Because both ConCS and XCSCF* can solve the tested prob-
lems within less than 200000 instances (one instance per
iteration), we provided other methods with the same expe-
rience of 200000 instances.® Grid search was used to tune
hyper-parameters of XGB and RF (not standard GP). The
results are from the best parameters for each problem.

Results on Table V show that ConCS and XCSCF* [26]
both achieve 100% accuracy in all problems. Because of the
ability to solve tested problems at any scale, the accuracies of
ConCS and XCSCF* are constantly 100%, which are signifi-
cantly higher than the average accuracies of other methods in
most problems (statistical significance based on the Wilcoxon
signed rank test with p-value < 0.05). The differences will be
increased if we enlarge the scales of the benchmark problems.

C. Continual Learning With Randomly Arriving Problems

This experiment shows the capability of ConCS to learn
continually when the tasks arrive at different points in time.
ConCS consistently solved all 19 problems in all 30 runs.
ConCS was able to solve hard problems once the easier prob-
lems providing the necessary building blocks were presented

SFor any 18-bit or higher scale Boolean problem, this is smaller than the
total possible number of instances so overfitting is tested.
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Fig. 7. Learning performance of agents related to the Hierarchical Mux domain when the problems are presented in a random order. Agents of ConCS were
labeled using the “Id” column in Table II. The bigger the number, the more complex we consider the problem. Only problems [0-5] and [15], which are in

the curriculum of the Hierarchical Mux domain, are shown for clarity.

TABLE V
ACCURACY COMPARISONS WITH OTHER MACHINE LEARNING
APPROACHES: STANDARD (NAIVE) GP, XGB, AND RF. CONCS AND
XCSCF*‘s RESULTS ARE BOLD IF THEY ARE SIGNIFICANTLY HIGHER
THAN THE RESULTS OF ALL OTHER BENCHMARK METHODS

Problems ConCS | XCSCF* GP XGB RF
16-bit Carry-one 1.0 1.0 0.959 | 0.998 | 0.994
18-bit H. Multiplexer 1.0 1.0 0.805 | 0.855 | 0.868

18-bit H. Carry-one 1.0 1.0 0.78 1.0 1.0
15-bit H. Majority-on 1.0 1.0 0.728 | 0.999 | 0.992
21-bit H. Majority-on 1.0 1.0 0.687 | 0.985 | 0.923
18-bit H. Even-parity 1.0 1.0 0.531 | 0.854 | 0.859

and solved. For clarity, Fig. 7 depicts only the learning
curves of all agents related to the Hierarchical Mux problems.
Problem 0, which was to find the address length given the Mux
problem size (Section III-D), was presented later than most of
the other problems. ConCS was gradually able to solve these
other problems once the problem 0 was solved as it provides
necessary building blocks to enable learning hard problems.
This figure shows clearly that ConCS can learn continually by
accumulating progressively more complex knowledge.

D. Experiments on Monk’s Problems

ConCS was also experimented on Monk’s problems 1 and 2
to validate its potential on real-valued problems. For Monk 1,
we created two additional component subproblems to address
two parts: Ay = Az and As = 1. For the experiment on
Monk 2, a subproblem was added to address the following out-
put Y (equal(attlst, 1)). The system converged accurately on
all runs with slight diversity on solutions for both Monk 1 and
Monk 2. Figs. 8 and 9 show sample solutions of the two prob-
lems. The solution diversity is minor enough to easily infer
the actual logic behind these problems, e.g., greater(2, As) was
discovered instead of equal(As, 1).

V. DISCUSSION

ConCS can simultaneously solve a large number (19) of
problem types, comprising a mix of regression and classi-
fication problems. ConCS can automatically determine the

Monk 1

Monk 1
part 2

Monk 1
part 1

A1l A2 2 A5

Input
A1-A6

Fig. 8. ConCS’ sample solution on Monk 1 problem.
Monk 2
Monk 2
= @
List
(A1-AB) ! 2
Input
A1-A6
Fig. 9. ConCS’ sample solution on Monk 2 problem.

learning curricula, which need to be provided externally in
XCSCF*. Replacing the human-in-the-loop from specifying
the exact problems in exact order for continual learning with
only needing to identify problems that might be relevant to
each other without order is considered important to contin-
ual learning systems. Instead of fixed curricula to a known
goal, open-ended problems without known curricula can be
explored.
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ConCS was slower to reach optimum performance in bench-
mark problems compared with XCSCF*. Efficiency is lost
to gain the ability to continually learn without the need for
human bootstrapping of the curricula. This result is predictable
because each learning process can only commence when all
prerequisite building blocks are available, where ConCS has
to determine itself which agents have all the necessary build-
ing blocks available unlike other systems that are provided
with this order. In separate experiments, XCS and XCSCFC
(in the Mux domain only) can only solve tested problems at
limited scales. In contrast, both ConCS and XCSCF* produce
general solutions, which can solve tested problems at infinite
scales (any scale within the limit of computation hardware)
with 100% accuracy. Therefore, if we choose a problem at a
large enough scale as the benchmark, ConCS, and XCSCF*
will always outperform XCS and XCSCFC because prediction
performances of ConCS and XCSCF* are not affected by the
problem scale.

A major strand of future work will be the introduction
of real-valued domains into ConCS. As CFs are tree-based
programs they can accept real values as features into their
leaf nodes. Thus, CFs have been adapted to image classifi-
cation [57] and robot navigation [58] with ongoing work in
linguistics due to their semantic compositionality (capacity
to combine structures into sequences with learned meanings,
such that the meaning is a function of the meanings of its
parts [59]). The varied features in the root nodes are passed in
the CFs to appropriately typed functions that ultimately return
a Boolean yes/no at the root node of the CF tree.

CF functions and their hyper parameters in the nodes of
trees can be deterministic, stochastic, or probabilistic. They
can be case-based (as in decision trees), loops (as in recursive
functions), or state machines, where how to set default val-
ues, stop infinite loops, and ensure terminating state machines,
respectively, are open questions. Furthermore, CFs enable
symbol productivity, i.e., unbounded expressive power through
finite means, compacting the representation of knowledge [59].

Arguably the biggest issue faced for the adoption of real-
valued problems is the creation of early curriculum train-
ing problems/environments that can help guide the learning
system. Thus, an issue is a lack of appropriate datasets to
continually build functions plus the related CFs with encapsu-
lated useful knowledge—an analogy is the need for children’s
books rather than teaching directly from the Encyclopadia
Britannica. The focus shifts from designing algorithms to
designing training environments with interesting problems
that lead to reusable knowledge/functionality. Co-evolution
of environments and agents is possible, cf POET [60],
although this may be less straightforward than creating
multiple environments with preseeded properties that could
become useful to the agent as its problem-solving abilities

improve.
Next is ConCS generalizes well (removes redun-
dant/irrelevant information) but only partially abstracts

information (identifies higher order patterns from previous
problems), where the introduction of a lateralized architecture
will enable the system to consider the current input at both
local and holistic levels simultaneously [58]. Currently, a
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rule-base needs to achieve perfect performance prior to being
reused as a function, which would not be possible in noisy
or continuous data domains. In future, not only would it be
possible to (re)use emerging rule-bases as functions, but it is
plausibly beneficial as the worth of each alternative rule-base
could be measured both on the performance in its domain
and its ability to improve solutions in other problems where
its functionality is encapsulated in their CF nodes.

ConCS, XCSCF*, and GP with tree programs are capa-
ble of encoding precisely the patterns of target tasks, while
XGB and RF aim to approximate the output. The advantage of
ConCS and XCSCF* is the ability of GP-like trees to encode
complex knowledge with the use of provided functions and
ruleset functions. GP-like trees are more flexible than XGB
and RF’s graphs that rely on linear separation. With constituent
patterns obtained from continual learning, ConCS can com-
bine the tree-based piecewise knowledge to construct novel
decision boundaries in any nonlinear/linear combinations that
accumulated knowledge enables.

Arguably, ConCS and XCSCF* solved tested problems
more effectively than standard GP because these two systems
were provided with the subtasks representing problem compo-
nents. However, the provision of the subproblems is analogous
to the way young children build up their intelligence with
sets of lessons that have been optimized over human civi-
lization. It is possible that GP with proper modifications and
subproblems can also capture the complex logic of tested
problems.

Experimental results on Boolean problems showcase the
capability of using tree-based LCSs to learn continually and
accumulate complex knowledge. Other categories of tasks
might require different approaches of adapting continual or
layered LCSs (ConCS/XCSCF¥*), such as using another encod-
ing method, such as neural networks or another complexity-
growing approach, such as the online feature-generation
module in XOF [46], [47].

It is interesting to consider the computational complexity
of a system that seeks to produce a general solution to a
problem. Wilson, and then Butz, conclude that XCS scales
polynomially in time and space complexity [61], [62], where
all systems considered here inherit their core functionality
from this framework. The additional type-fitting and commu-
nication between interacting populations are again considered
polynomial. However, once ConCS has discovered a general
solution to a problem, this will scale depending on the patterns
within the solution, rather than the number of features within
the input.

VI. CONCLUSION

In this study, we developed ConCS as the first system
that can solve multiple Boolean problems continually without
human-developed curricula. The minimal human involvement
is to provide axiomatic knowledge and useful subproblems,
where more than necessary can be provided—the system
learns but does not reuse unrelated problems. This enabled
solving complex Boolean problems at scales (any n-bit scale)
beyond conventional approaches.
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The novelty that enables ConCS to learn continually is a
system of LCSs utilizing type-fitting tree-based programs to
encode high-level knowledge in a pool to store/reuse accumu-
lated knowledge. Type-fitting trees enable ConCS to capture
complex knowledge behind target problems, which was shown
to have the potential to extend beyond Boolean domains.
Moreover, through learning continually with parallel tasks and
subtasks, ConCS can construct novel knowledge by combining
flexibly preprovided functions and constituent patterns learned
in subtasks.

Thanks to the apparent representation of the learned tree-
based rules, it is straightforward to formulate a network of
knowledge among problems. The network connections enable
effective references to only relevant knowledge. This char-
acteristic is important in an Al system with a huge volume
of accumulated knowledge, where checking all knowledge is
impractical. Moreover, the resulted knowledge network can
yield learning curricula, which was previously guided by
humans in LL [17], [26]. This new capacity increases the
autonomy of Al systems as human guidance may not be
always available.

In certain cases, learned knowledge provided by ConCS
delivers an unexpected understanding of target problems,
which can be surprisingly simple. Even with an increasing
volume of knowledge that leads to increasing search spaces,
the problem-solving capability of ConCS keeps being built up
by acquiring progressively more complex functions.

The current implementation of ConCS relies on a sin-
gle physical computation unit where prioritization of agents
is necessary. Utilizing distributed LCS frameworks [63] and
hardware could accelerate the learning process by distribut-
ing the computation into multiple physical computing units.
Parallelizing the computation also enables accumulating a
larger volume of knowledge to assist in solving a greater range
of problems.
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