
Copyright is owned by the Author of the thesis.  Permission is given for 
a copy to be downloaded by an individual for the purpose of research and 
private study only.  The thesis may not be reproduced elsewhere without 
the permission of the Author. 
 



The. Con6oJunai. G!toup 
& 

A thesis presented for the degree of 

Doctor of Philosophy 

in Mathematics at Massey University 

WILLIAM DEAN HALFORD 

January, 1977 .  



THE CONFORMAL GROUP 

& 
EINSTEIN SPACES 



ABSTRACT 

This thesis presents 

( a )  a survey of the use of the conformal group 

from its beginnings to the present time , and 

( b )  a determinat ion of those algebraically special 

vacuum E instein space-t imes with an expanding 
and/or twisting congruence of null geodesics , 

whi ch locally possess a homothetic  symmetry 

as well as a Killing symmetry ( isometry ) . 

Unles s  the space-time is Petrov type N with twist-free 

geodesic rays , one can restrict attent ion to one proper homotheti c  

motion plus the assumed Killing mot ion ( s ) . 

The formalism developed to undertake the systemati c  search 

for such vacuum space-times is an extension of the tetrad formalism 
• ( 1 ) ( 2 ) used by Debney , Kerr & Sch�ld and by Kerr & Debney . 

The spaces which admit one homothetic  Killing vector ( HKV ) 

plus 2 , 3  or 4 Killing vectors ( KVs ) are completely determined .  There 

are 9 such metrics ( 12 with 3 degeneracies ) - one admitting 4 KVs , one 

with 3 KVs , and seven with 2 KVs . Those spaces which admit one HKV 
plus one KV are not completely determined owing to the field equat ions 

not being solved in some cases . 

of which appear to be new .  

However , 9 metrics are found , many 

Petrov type N vacuum spaces with expans ion and/or twist which 

admit a homothety ane poss ible when one KV of special type ts also 

present , or when the homothety alone is of special type . 

An extensive bibliography is given . 
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PREFACE 

The amount of interest in the use of the conformal group in physics 
has increased a great deal in the last decade . Most of the current 
activity appears to be in the mi crophysical arena , with attention being 
given to such matters as the breaking of conformal invariance in quantum 
field theory . But the studj of conformal motions as an external 
symmetry in the theory of gravitation and cosmology is also developing . 
This thesis present3 
( a )  a survey of the use of the conformal group from its beginnings to 

the present time , and 
( b )  a determination of those algebrai cally special vacuum Einstein 

space-times with an eX?anding and/or twisting congruence of null 
geodes i cs ,  which locally possess a homothetic symmetFJ as well as 
a Ki lling symmetYJ . 

Chapter 1 provides a �rief introduction to the mathe�atical 
structure of the confor�al group . Besides their group theoretic 
properties , the place of co�formal motions within the hierarchy of 
col lineations is discussed . 

Chapter 2 is a s urvey of the mathematical development of the 
conformal group and its a??lication to relativity and gravitation ,  
cosmology , and other physical theories ,  notably quantum field theory . 

With the background of the first two chapters , the scene is set 
in Chapter 3 for the task (b) above . 

Chapter 4 sets up the formalism which is used throughout the rest 
of  the work . It is an extension of the tetrad formalism used by 
Kerr and Debney to deterr.�ne vacuum Einstein spaces which possess 
isometries . 

Chapters 5 and 6 contain the bulk of the work involved in 
determining those  spaces which admit one homothetic Killing vector plus 
2 ,  3 or 4 Killing vectors ( Chapter 5) or j ust one Killing vector ( Chapter 6). 

The possibility of Petrov type N vacuum spaces admitting a homothety 
is considered separately in Chapter 7 .  

There follows a Conclusion , a list of Appendices, and an extensive 
Bibliography containing over 460 references . 
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