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ABSTRACT

My research is primarily concerned with the convexity properties of distortion functionals
(particularly the linear distortion) de ned for quasiconformal homeomorphisms of domains
in Euclidean n-spaces, though we will mainly stick to three-dimensions. The principal appli-
cation is in studying the lower semi-continuity of distortion on uniformly convergent limits
of sequences of quasiconformal mappings. For example, given the curve family or analytic
de nitions of quasiconformality - discussed in Chapter 3 - it is known that if ffagl_, is a
sequence oK -quasiconformal mappings (and hereK depends on the particular distortion
but is the same for every element of the sequence) which converges to a functiénthen the
limit function is also K -quasiconformal.

Despite a widespread belief that this was also true for the geometric de nition of quasi-
conformality (via the linear distortion H(f) de ned below) Tadeusz Iwaniec gave a specic
surprising example to show that the linear distortion function is not lower semicontinuous.
The main aim of this thesis is to show that this failure of lower semicontinuity is actually far
more common, perhaps even generic in the sense that it is true that under mild restrictions
on a quasiconformalf, there may be a sequencéf,gi_, with f, ! f uniformly and with
limsup,y H(fn) < H(f). The main result of this thesis is to show this is true for a wide
class of linear mappings and give bounds for the maximal jump down in the limit.
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Chapter O

Introduction

0.1 Introduction

The principal objects of study in this thesis are quasiconformal mappings, and in particu-
lar, the convexity properties of linear distortion functionals are investigated. Quasiconformal
mappings are generalizations of conformal mappings, the de ning feature is that they are ge-
ometric homeomorphisms of \bounded distortion". The notion of distortion can be quanti ed

in various ways and we will see some of them here, indeed the di erent distortions and their
properties are of fundamental interest to us.

Quasiconformal mappings can be considered not only on domains in the complex plane and
higher dimensional Euclidean spaces, but also on Riemann surfaces and on Riemannian man-
ifolds in all dimensions, and even on arbitrary metric spaces. However, although our results
have consequences in this framework, we will not discuss these generalisations here. The
importance of quasiconformal mappings in complex analysis was realized by Ahlfors and
Teichmuller in the 1930s. Ahlfors used quasiconformal mappings to Nevanlinna's value distri-
bution theory in his geometric approach. He chose the term \quasiconformal” in his work in
1935. Teichmuller used quasiconformal mappings to nd and measure a distance between two
conformally inequivalent compact Riemann surfaces. For more details and historical progress,
you can see \What is a quasiconformal mapping?" [35] or [42].

Quasiconformal mappings are generalizations of conformal mappings. There are three de ni-
tions for quasiconformal mappings in Euclidean spaces: metric, geometric and analytic. We
can start with the metric de nition, which is the easiest way to see and which makes sense in
arbitrary metric spaces. It explains the property that in nitesimal balls are transformed to

in nitesimal ellipsoids of bounded eccentricity (see [35] or [42]).

Let beadomainin R",letf: ! R" be a continuous injection. Thelinear distortion

or dilatation of f at the point x in A is the quantity H(x) or H(x;f) de ned by

_ Cen 1 Lt (X;r) .
H:(x) = H(x,f)—Ilrr:!s%p o Q)



0.1 Introduction Xl

where for O<r < dist(x; @) we set

Lt (x;r) = max kf(x + h) f(x)k; t(x;r)=min kf(x + h) f(x)k:
khk=r khk=r

In other words,

H = H(x:f) = i maXghk=r Kf(x + h)  f(x)k
1002 HOGO=IMSP i K1) 100K

(2)

Let and “be domainsinR" with n 2, and letf be a homeomorphism of onto 0 The
linear distortion of function f is de ned

H(f)=supfH{(x) : x2 g; 3)

whereH;:(x) 1 is the linear distortion of f at x as de ned at (1). The homeomorphismf is
a conformal mapping if and only if H(f) = 1 (see [30] p.77). A homeomorphismf : ! R"
is quasiconformal mappings ifH (f) is bounded. The central problem discussed in this thesis
concerns the semicontinuity properties of distortion functionals for quasiconformgl mappings.
In particular, if ff gl_; is a sequence of quasiconformal mappings ®" = R"“flg onto
itself and that

fr f; 4

uniformly on R", in the spherical metric
X Vi .
1+jxj2" 1+ jyj?

dix;y)= p

We ask for which distortion functionals K = K(g), de ned for a quasiconformal mapping g
of R" do we have the lower semicontinuity property

K()  liminf K(f ); (5)

so that the limit f is itself a K-quasiconformal mapping ofR™ onto itself. For instance, K could
be the linear distortion, maximal distortion, outer and inner distortion de ned below etc. This
lower semicontinuity property is related to issues of convexity of the functionalK de ned on
the space of mappings or more precisely the pointwise di erentials of these mappings. We will
provide references which show that the functionals determined by the distortion of modulus
of curve families and also those determined by the pointwise di erential inequality do in fact
have the lower semicontinuity property given at (5). For the linear distortion the question
of lower semicontinuity has been answered negatively by Tadeusz Iwaniec (see [24]). In his
paper [39], he proved that there is a sequence of quasiconformal mappings as at (4) such that
for the linear distortion

H(f) > Ililm H(f ): (6)

Notice that the limit here does exist and the limit mapping f above must be quasiconformal
(and so H(f) < 1) since the other two functional distortions are controlled by the linear

distortion functional. Since the very beginning of the multidimensional quasiconformal map-
pings theory, it has been widely believed that the class oK -quasiconformal mappings in
R" is closed with respect to uniform convergence, wher& stands for the linear distortion.

The key element of this thesis is the linear distortion function fails to be rank-one convex in
dimensions higher than 2 (see [39]).
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Lemma 0.1.1. (lwaniec's Lemma) Givenn 3 andH > 1, there is a matrix A and
a rank-one matrix B and numberst;s > 0 such that

H(A sB)= H(A+tB)= H< H(A): (7)

The reason for this unusual and anomalous behaviour of the linear distortion function is
that it fails to be rank-one convex in dimensions higher than 2. Recall that the determinant
function det : R™ " I R, in spite of the non-linearity of this polynomial of n? variables,
is, in fact, linear in the directions of rank-one matrices. More precisely, this means that the
function of the real variable t 7! det(A + tB) is linear if rank(B) 1. The same is true for
lower-order minors and consequently for null-Lagrangians, being linear combinations of the
minors of Df. We know that if B is a rank-one matrix then it can be written as the tensor
product of two vectors (see [42], page 197). The previous lemma and the next theorem are
existence theorems and Iwaniec found a striking counterexample with an amazing calculation
that refutes the lower semicontinuity property. lwaniec's example is for dimension 3 and he
extended his example to higher dimensions (see [42] and [30]).

Theorem 0.1.2. (lwaniec's Theorem) For eachn 3 andH > 1, there exists a
sequencef f gl_; of quasiconformal mappingsf : R" ! R" converging uniformly to a
linear quasiconformal mapfo : R" !  R" such that

H(x;f) H< H(x;fo); almost everywhere inR"  =1;2;:::

These results show that there exists at least one linear mappind and a sequencel ! T
such that the linear distortion is not lower semicontinuous. The key idea in Iwaniec's work is
that the linear distortion function fails to be rank-one convex in dimensionn 3. The linear
distortion functional is de ned pointwise from the di erential matrix when it is nonsingular.
At the points X 2 R® of di erentiability of a quasiconformal mapping a local analysis of the
convexity properties of the linear distortion can be given if we only consider the nonsingular
linear mappingsx 7! Tx, T = Df(Xg) 2 GL(3;R). To compute the linear distortion we study
the eigenvalues of

A =TT 2 Sym; 4(R);

the space of symmetric positive de nite 3 3 matrices. Given such anA the spectral theorem
tells us A is orthogonally diagonalisable and so we may as well suppose it is diagonal since
we can diagonalise it by orthogonal (conformal) transformations (at a point). In this way,
we reduce the problem of the convexity of the linear distortion functional to considering
that functional de ned on the space of 3 3 positive de nite diagonal matrices A = (a; ),
aj =0, if i 8 j. All the diagonal entries a; are positive and we can further suppose that
l=aj;; ap, agz; by scaling and a further conjugation by orthogonal matrices - neither of
which a ects the linear distortion.

We show that it is always possible to nd a rank-one matrix B so that (7) holds for diagonal
matrices A with distinct positive eigenvalues. An interesting question - possibly connected
with some aspects of materials science - is to determine the \rank-one direction” for which
the linear distortion function at A is most concave. This might identify the structure of the
laminations for the minimisers of certain stored energy functionals occurring in the calculus of
variations. An unanswered question, (partly posed by Gehring and lwaniec) is to determine
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how big the di erence between the left-hand side and the right-hand side of (7) can be? In
Chapter 4, we answer this question, in the linear and general cases.

In the rst chapter, we recall some background in analysis, linear algebra, topology and
Sobolev space that we use in this thesis. The second chapter presents three di erent notions of
convexity; named polyconvexity, quasiconvexity and rank-one convexity and their properties
and relationships with each other. In Chapter 3, we de ne the linear distortion and three
de nitions of quasiconformal mappings and their relations. The main new results of my
research can be found in Chapter 4. Finally, in the last chapter we describe our conclusion
and potential applications in material science. In Chapter 4, we try to answer three problems
which result in four new theorems. This means that not only do we extend Ilwaniec's Theorem
to all matrices A with distinct singular values, but also that we can nd the maximum jump

H(A) H (A));
with A; ! A unifomly on compact sets.

The main foci of the PhD thesis are the following three problems:

Problem 1. Let 2 3
1 00

A=40 a 0°
0 0b

be diagonal with 1< a < b. Determine vectorsu and v in R® with kuk = kvk = 1 so
that with Bo= u v we have

d

Ot 1o 1A+ tBo) = 05 (8)
d? d?
EI:OH(A+tBO) Et:OH(A'i'tB), (9)

for every rank one matrix B 2 R® 3 with & . H(A + tB)=0.
=

Thus problem 1 asks us to nd the \best" rank-one direction - that which maximises
the negative of the second derivative. With regard to this problem we might also ask if
this direction is unique (up to sign). In this direction we expect to nd the minimum
values ofH(A + tB).

The second problem that we will discuss next, is nding an interval for variable t for which
H(A+tB) < H(A). There are conjectures by Gehring and Iwaniec concerning the gap between
the linear distortion and the outer distortion with regard to limiting processes, basically trying

to estimate the maximum size of the jump showing the failure of lower semi-continuity. The
solution to problem 2 below should go some way to providing concrete examples of what
can happen and possibly resolve their conjectures, or o er more insight and potentially new
conjectures.
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Problem 2. Let 2 3
1 00

A=40 a 0°
0 0b

be diagonal with 1 < a < b and supposeu and v in R® have kuk = kvk = 1 so that
Bo=u V!is a solution to Problem 1.

1. Determine the largest magnitudes of real numberg¢, > 0 andt < 0 so that
H(A + tBy) is a smooth function of t in the interval t <t< t..

2. DetermineH(A +t Bgp) and H(A + t4 Bo).

We expect that the valuest andt, will be where the singular values ofA + tB ¢ cross.
These might be determined from a (rather challenging) discriminant problem. We also
conjecture:

For all rank-one matrices B with

d d?
atzoH(A+ tB)=0; and Wt:oH(A-F tB) < 0;

we have for allt> 0

H(A+tB) maxtH(A+t Bo);H(A+ t:Bo)g:

o

This conjecture expresses the hope that the best direction also leads to the biggest ga
betweenH(A) and H(A + tB) and therefore gives us the approximation toA of least
linear distortion.

As can be seen in Problem 2, on the interval { ; t.), the value of H(A + tBy) is less than
H(A) and H(A + tB), where B is a rank-one matrix with the above conditions. Finally
problem 3 seeks to put the previous two problems in a more general framework.

Problem 3. Let C 2 GL(3;R) and suppose thatC has distinct singular values (soC'C
has distinct real eigenvalues). Then

1. Determine the best rank-one directionB (as per Problem 1) for C.

2. Determinet ;t. as per Problem 2, and alstH(C+t B )and H(C+t.B ), that
produce the largest interval of concavity for H(C + tB ) and the smallest values
for the linear distortion of an approximant.

Finally, we discuss new models for static nonlinear deformations via scale-invariant conformal
energy functionals based on linear distortion. In particular, we give examples to show that,
despite equicontinuity estimates giving compactness, minimising sequences will have strictly
lower energy than their limit, and that this energy gap can be quite large.
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Topology, Linear Algebra, Analysis
and Linear Distortion
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Figure 1.1: Distortion in Optics
Source: Images for linear distortion photography
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Chapter 1

Linear Algebra

This chapter presents an introduction to linear algebra and some of its applications in geome-
try. It includes ten short sections that we need for the following chapters. In the rst section
we recall Euclideann-space, some topology background and mathematical spaces.

1.1 Euclidean n-Space and Topology Background

This section is about mathematical structures called norms and spaces.

Denition 1.1.1. A collection of subsets of a seiX is said be atopology in X if has
the following properties:

1. 2 andX 2 T
2. 1fvi2 fori=1;2:::;n, then V, 2
-
3. If fVg is an arbitrary collection of members of ( nite, countable or uncountable),
then V 2

Properly speaking, atopological space is an ordered pair (X; ). The members of are
called the open sets inX . If X and Y are topological spaces and if is a mapping of X into
Y, then f is said to be continuous provided thatf (V) is an open set inX for every open
setV in Y (see [55], [51]).

De nition 1.1.2. A collection M of subsets of a seX is said to be a -algebra in X if M
has the following properties (see [64], [4]):

1 X 2M.
CIFA2 Ig then A®2 M where A°® is the complement of A relative to X.
3 If A= lAnandlfAnZMforn-l 2., then A2 M.

If M isa -algebrainX, then X is called ameasurable space , and the members ofM are
called the measurable sets in X. The prex refers to the fact that the property (3) is
required to hold for all countable unions of members oM . If (3) is required for nite unions

only, then M is called the algebra of sets . If X is a measurable spaceY is a topological
space andf is a mapping of X into Y, then f is said to be measurable provided thatf (V)
is a measurable set inX for every open setV in Y. Let X be a set andM be a -algebra on
X. Afunction from M to the extended real number line is called themeasure or measure

function if it satis es the following properties:

1. Forall E in M, we have (E) O.
2. ()=0.
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3. For all countable collectionsf Ekgﬁ=1 of pairwise disjoint sets in M, we have

L %
( Ex= (Ex):
k=1 k=1

Property (3) is called countably additive . A triple ( X; M; ) is called a measure space .

A positive measure is a function dened on a -algebra M, whose range is in [01 ]
and which is countably additive (see [64], page 16). A measure space is a measurable space
that has a positive measure de ned on the -algebra of its measurable sets. A measure
spaces might not be a topological spaces (see [64], [71], [76]). Let;(M 1) and (Y;M>) be
two measurable spaces, then the functiori : X ! Y is said to be ameasurable function

if the preimage of E under f isin M1 for everyE 2 M ».

De nition 1.1.3. A metric space is a setX in which a distance function or metric d is
de ned, with the following properties:

1.0 d(x;y) 1 forallxandyin X.

2. d(x;y)=0ifand only if x = y.

3. d(x;y)=d(y;x) forall xandy in X.

4. d(x;y) d(x;z)+d(z;y) forall x,yandzin X.

Theorem 1.1.1. If F is any collection of subsets oiX , there exists a smallest -algebraM
in X suchthatF M .

This M is sometimes called the -algebra generated byF. We do not want to prove this
theorem. There exists one in [64] on page 12.

De nition 1.1.4. Let X be a topological space. By theorem (1.1.1), there exists a smallest
-algebraB in X such that every open set inX belongs toB. The members ofB are called
the Borel sets of X [27], [58].

In particular, closed sets are Borel sets, and so are all countable unions of closed sets and alll
countable intersections of open sets. These last two are called 's and G 's, respectively,
and play a considerable role. SincdB is a -algebra, we may now regardX as a measurable
space, with the Borel sets playing the role of the measurable sets; more concisely, we consider
the measurable spaceX; B). If f : X | Y is a continuous mapping of X, whereY is
any topological space, then it is evident from the de nitions that f (V) 2 B for every open
setV in Y. In the other hand, every continuous mapping ofX is Borel measurable. Borel
measurable mappings are often called Borel mappings or Borel functions (see [26],
[66] and [27]). We explain some other de nitions that are useful for this thesis.

De nition 1.1.5.  We need some spaces and their norms that are useful to understand the
rest of this thesis.

1. The closure E of asetE X is the smallest closed set inX which contains E.

2. A setK X is compact if every open cover ofK contains a nite subcover. In
particular, if X is itself compact, then X is called acompact space .

3. X is aHausdor space if the following is true. If p2 X, q2 )f, and p 6 g, then p has
a neighbourhoodU and g has a neighbourhoodV such that U V =

4. X is locally compact space if every point of X has a neighbourhood whose closure
is compact.
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5.

~

10.

11.

12.

13.

An inner product space is a vector spaceV over the eld F (F is either the eld of
real numbersR or the eld of complex numbers C) with an inner product, i.e., with a
map

h;i:v V! F

that satis es the following axioms for all vectors x;y;z 2 V and all scalarsa 2 F:
(@ bhyi = hy;xi.

(b) hax;yi = atx;yi.

() +y;zi = hxzi + hy;zi.

(d) m;xi 0.

(e) m;xi=0, x=0.

The following norm that will be de ned by

q
1
kxk = h;xiz = X2+ x3+ 110+ xZ;

norm in vector spaceV .

. A normed vector space is a pair (V;k k) where V is a vector space andk k a inner

product norm on V.
The vector spaceR" with inner product norm is called a Euclidean n-space.

. A metric spaceM is called acomplete or Cauchy space if every Cauchy sequence of

points in M has a limit that is also in M . In the other words, if every Cauchy sequence
in M converges inM .

. A Hilbert space H is a real or complex inner product space that is also a complete

metric space with respect to the distance function induced by the inner product.

A function space is a set of functions of a given kind from a setX to a setY. It can

be a topological space, vector space or both of them.

A Banach space is a complete normed vector space. Thus, a Banach space is a vector
space with a metric that allows the computation of vector length and distance between
vectors and is complete in the sense that a Cauchy sequence of vectors always converges
to the well de ned limit that is within the space.

Iff :V ! W is a function between two vector spaces/ and W on eld F, and k is

an integer, thenf is said to be homogeneous of degrdeif

f(v)= X (v) (1.1)

for all nonzero 2 F andv 2 V. When the vector spaces involved are over the real
numbers, a slightly less general form of homogeneity is often used, requiring only that
the equation (1.1) holds for all > O.
For a real numberp 1, the p-norm or LP norm of vector x in a real vector space
is de ned by

kxkp = (X1]P + JXaP + 11+ JxnfP) 7
The Euclidean norm from above falls into this class and is the 2-norm, and the 1-norm

is the norm that corresponds to the rectilinear distance. TheL?! -norm is the limit of
LP-normforp!1 . So,
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We can summarise some of these de nition in the diagram below. An arrow from space
A to spaceB implies that spaceA is also a kind of spaceB. That means for instance,
that a normed vector space is also a metric space.

e

o —

! ' |

[ Manifold } Banach space Hilbert Space J

(Norm & completeness) (Dot product & completeness)

| !

Normed vector space ¢ Inner Product Space
(norm) (Dot Product)

| v

Metric space Locally convex spaces
(Distance) (Seminorm)
= Vector space
[ To P?Bogéﬁaslei?ace J { {Linear combination) w

Figure 1.2: Abstract mathematical spaces

More information and theorems and examples can be found in [63], [64], [4].

1.2 Msbius n-Space

A Msbius transformation is a mappingf : R" I R" such that f is a composition of a
nite number of the following transformations (see [74] p.14)

Translation: f(x) = x + a; fora xed a2 R":

Stretching: f(x) = rx; wherer is a positive real number.

" Orthogonal mapping: f is linear and kf (x)k = kxk for all x 2 R":

~

Inversion in a sphereS" (a;r): f(x) = a+ rkzyiafz); wherer > 0 is the radius and
a 2 R" is the centre of the sphere.

The function s called stereographic projection  of R" to S", de ned as follows : (1 ) =
en+1, and for x 2 R", (x) is the point of intersection with S" of the Euclidean ray that
issues fromen+1 and passes throughx. We can nd the equation of function (x) by using
elementary analytic geometry as

(X)_ 2X1 ..... 2Xn .ka2 1 .
T kxk2+177 T kxk2+ 1 kxk2+1
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It is easy to see that (x) is an injective function. So, its inverse is de ned

yi Y2 cee. Yn
1 Vo1l Y1 1 Yau

Yy) =

fory 6 e,+1, while  (en+1) = 1 . Stereographic projection provides a new metric structure
on R" (see [30]). Ifx and y are two points in R", then the chordal metric on R" is de ned
by

A

if x;y2R"
1+ kxk2 1+ kyk? Y

AMN

axy)=1j (x)  (X)j=

597 if x2R" ' y=1:
' 1+ kxk?2 y

1.3 Analysis and Measure Theory Background

In this section we introduce the Lebesgue measure and conformal maps . Let X be a
measurable space and a topological space. IfF is a symbol that denotes eitherR or C, then
let X be a measurable space then any constant function fronX into F is measurable. The
sum and product of two measurable functions fromX into F are measurable. The complex
conjugate of any measurable function fromX into C is measurable. A function from X into
C is measurable if and only if its real and imaginary parts are both measurable. All proofs
of these statements exist in [76].

De nition 1.3.1.  Let (X; M; ) be a measure space. A measurable subsatof X is called
anull set if (A)=0. A statement P(x) is true for almost every x if there is a null set A
such that P (x) is true for every x not belonging to A. The measure is complete if every
subset of every null set is measurable.

The extended non-negative real axis [0;+1 ] is the non-negative real axis [0+1 ) =
fx 2 R:x Ogwith the additional element adjoined to it, which we label + 1 . We begin
by de ning the Lebesgue outer measure which assigns to each subse§ of R an outer
measurem (S). Thus m will be a function

m :P(R)! [0;+1]

where P (R) denotes the power set ofR. m is not countably additive. Instead, it has the
weaker property of countable subadditivity, meaning that,

[ X
m( Sn) m (Sn)

n2N n2N
for any sequencd S, g of subsets ofR.
Denition 1.3.2. If S R, the Lebesgue outer measure 0% is de ned by

R
m (S) =inf f (k)i S Ik where | are open intervals g:

k=1 k=1

The Lebesgue outer measure has these following properties:
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1. m is de ned for every set of real numbers.

2.0 m(S) 1

3. m (A) m (B) provided A B ( monotonic).

4. m()=0.

5. m (fag) = 0.

6. m (I)= "(I). l'is an interval. The Lebesgue outer measure of an interval is its length.

7. m (é +¢=m (ﬁ) (translation invariant).

8. m ( ,on Sh) a2n M (Sn) for every sequence of sets of real numbers (countable
subadditivity).

Proofs of these properties exist in pages (96) and (97) of [17] or in the book [71].
De nition 1.3.3. A subsetE of R is said to belLebesgue measurable if
m (S\ E)+ m (S\ E®=m (S)

for every S of R. In this case, the outer measuran (E) of E is called the Lebesgue measure
of E, and is denotedm(E).

De nition 1.3.3 is symmetric between E and E€. Thus a setE is measurable if and only if
its complement E€ is measurable. Lebesgue measure and Lebesgue measurable sets have the
following properties:

1. If E and F are measurable subsets dR, then E [ F is also measurable.
2. If E and F are measurable subsets R, then E \ F is also measurable.
3. éet fExg be a sequence of pairwise disjoint measurable subsets Bf Then the union
won Ek Is measurable, and
[ X
m(  Ex)= m(Ek):

k2N k2N
4. Every interval | in R is Lebesgue measurable.
5. (Heine-Borel Theorem ) Let[a; b be a closed interval inR, and C be a family of open

intervals that covers [a; b]. Then there exists a nite subcollection of C that covers [a; b).

6. For every interval | in R, m(l)= "(I).

Proofs of all parts exist in (http://math.bard.edu/belk/math461/LebesgueMeasure.pdf) or
you can see [17] and [71]. AssumeX{ M) is a measurable space, then the functiofi : X ! R
is said to be aLebesgue measurable function if and only if M is the -algebra of Lebesgue
measurable sets and for all 2 R the setf x 2 X : f(x) < gis Lebesgue measurable. This
de nition can also be described byf x 2 X : f(x) > g, fx 2 X : f(x) g and

fx2X :f(x) g. All de nitions are equivalent. Lebesgue measurable functions are
important in mathematical analysis because they can be integrated.
Let (X; M; ) be a measure space. I§: X ! [0;1 ) is a measurable simple function, of the
form

X

S= i A ;

i=1
Where 1; 2;:::; n arethe distinct values of s andA; are disjoint members ofM. If E 2 M,
we de ne 7

X

sd = i (Ai\ E):

E i=1


http://math.bard.edu/belk/math461/LebesgueMeasure.pdf
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The convention 0 1 = 0 is used here; it may happen that ; = 0 foe somei and that
(AjVE)=1.1ff : X ! [0;1)is measurable, andE 2 M, we de ne
Z Z
fd =sup sd; (1.2)
E E

the supremum being taken over all simple measurable functiors suchthat0 s f. The

left side of (1.2) is called theLebesgue integral of f over E, with respect to the measure
. Itis a number in [0;1 ] (see [64] p.19).

In this section, we start to de ne some useful ideas that help to de ne a new concept that

is called linear distortion. Let A be a subset ofR" and B be a subset ofR™. Then we can

prove that for a function f : A'! B, the following are equivalent:

~ f is continuous.

~

For every setU that is open in B, then f 1(U) is open in A.
" For every setU that is closed in B, then f 1(U) is closed inA.

Proof of this proposition exists in [55] or [72]. But you should note that R" and R™ are
Euclidean normed and also topological spaces (see Figure 1.2). We next wish to describe
what it means for A and B to be topologically the same. There should be a bijection between
them that pairs open sets with open sets (see [72]).

De nition 1.3.4. Afunction f : A! B is called ahomeomorphism if f is bijective and
continuous and f 1 is continuous. If such a function exists, thenA and B are said to be
homeomorphic

So, another way to de ne a homeomorphism is to say that it is a bijective correspondence
f:A!l B suchthat f(U) is open in B if and only if U in open in A. This remark shows
that a homeomorphismf : A1 B gives us a bijective correspondence not only between
A and B but also between the collections of open sets oA and of Y (see [55]). A subset
U R" is called path-connected if for every pair p;q 2 U, there exists a continuous
function g : [0;1] ! U with g(0) = p andg(1) = q. AsetU R" is called connected

if there is no subset ofU that is both open in U and closed inU. We can prove that every
path-connected setU R" is connected (see [72] and [55]). Letq;d) be a metric space and
f :X ! R be areal valued function. We recall thatUy and L, denote upper contour set of
f and lower contour set off at y. They are de ned as

Uy=f Yy;1)= x2Xjf(x) y

Ly="f Y(1 ;yh)= x2Xjf(x) vy:

Letf : X ! R be a function. Then we can prove that the following are equivalent.

Forany y 2 R, Uy is closed.
" Foranyy2 R,f (1 ;y))=[U,]°is open.

~

For any x 2 X, if the sequence x, in X converges tox, then for any > O thereis a
natural number N such that for all n >N , f (x) >f (xp)

Also, we can prove that the following are equivalent.
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" Foranyy?2 R, Ly is closed.
" Foranyy 2 R,f 1((y;1))=[Ly]°is open.

" Forany x 2 X, if the sequence x, in X converges tox, then for any > O there is a
natural number N such that forall n>N , f (x) <f (xp) +

We do not prove these theorems and skip on their proofs that can be found all of the proofs
in most of the topology and mathematical analysis books.

De nition 1.3.5. Letf : X ! R be a function.
1. f is upper semicontinuous if and only if forany y2 R, f ((1 ;y))is open.
2. f is lower semicontinuous if and only if for any y 2 R, f 1((y:1)) is open.

Informally, a function is upper semicontinuous if it is continuous or, if not, it only jumps

up; a function is lower semicontinuous if it is continuous or, if not, it only jumps down. We
can show that f is continuous if and only if it is both upper and lower semicontinuous. It
is obvious that f is lower semicontinuous if and only if f is upper continuous and vice
versa. There is another de nition for lower and upper semicontinuous. Letf : X ! R bea
function. f is called lower semicontinuous ata 2 X if

|II;(T'!I |gf f(x) f(a);
and is called upper semicontinuous ata 2 X if

Iim|supf (x) f(a):

Theorem 1.3.1. Letf : X ! Rbe afunction. Then the following conditions are equivalent:
1. f is lower semicontinuous on X.
2. The lower contour set off aty 2 R, Ly, is closed.

3. The epif is closed inX R (epif is de ned in Equation (2.7)).

We can express this theorem for upper semicontinuous functions oK . For more details and
the proof you can see [14] and [42]. An important property of lower semicontinuous functions
is given by the following well-known Weierstrass theorem. A lower semicontinuous function f
on a compact topological spaceX takes a minimum value onX (see [14]). We need to next
theorem to de ne another de nition.

Theorem 1.3.2. Let A be a subset ofR", and let f : A ! R" be an injective function.
Suppose thatf is continuous in some neighbourhood of a point x, thatf is di erentiable at x
itself, and that Df(x) is nonsingular. Theny = f(x) is an interior point of f(A), the function
g=f 1:f(A)! A isdierentiable aty, and

Dg(y) =[Df(x)] *

Consider an open setJ in R" and injective function f belonging to C¥ for somek 1. In
the casek 1 assume additionally that J¢(x) 6 O for every x in U, where J¢ denotes the
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Jacobian determinant  of f, i.e., J;(x) = det[ Df (x)]. (see [42], [30] and [6]).
Let A be a subset ofR" and B be a subset ofR™. In this case, A and B are called dif-

feomorphic , if there exists a smooth bijective functionf : A ! B whose inverse is also
smooth. Thenf is called adi eomorphism . In general, we can say, folk a positive integer
or 1 , a CK-di eomorphism f between open setsA and B in R" is a bijectionf : A! B

such that both f andf ! are of classCX. Unless otherwise stated, the word \di eomorphism"

will mean C!-di eomorphism. If k 1 and the setA is connected, then eitherJ;(x) > 0 for

every x in A or Js(x) < 0 for all suchx. Now we can explain a criterion that enables us to
determine whether a function is, at least on a local level, a di eomorphism.

Theorem 1.3.3. Let U be an open set inR", and let f be a member of the clasCk with
1 k 1 . Ifxisapointof U for which Js(x) 6 0, then there exists anr > 0 such that the
restriction of f to the ball B = B"(x;r) is a CX-di eomorphism of B onto f(B).

If an embeddingf : U ! R" is dierentiable at a 2 U, then the Jacobian determinant
Ji (x) = det[ Df(x)] represents the in nitesimal change of volume under the mappingf. To be

precise, we have _ _

rro jB(ajr)j (1.3)

wherejBj denotes the n-dimensional measure d8. For more details you can see [30] and [42].
If A and B are nonempty subsets ofR", then diam(A) and dist(A; B) denote the chordal
diameter of A and the chordal distance betweenA and B, respectively. Thus

diam(A)=sup q(x;y) : x;y 2 A ; dist(A;B)=inf q(x;y) : xX2A;y2B :

We shorten dist(f xg; B) to the more compact dist(x; B) (see [30]). Now, we de ne the main
subject of this thesis that is called linear distortion or dilatation. We know that the domain

in topology means an open connected set. So, in the rest of this thesis, whenever we use
the domain term, we mean a connected open set iR".

1.4 Dierentiation in Higher-Dimensions

De nition 1.4.1.  Supposef : R" ! Ris a scalar eld of n variables. The partial deriva-
tive of f with respect to x; is the ordinary derivative of the partial function with respect to
Xi. Symbolically, we have

@x h'o h (1.4)

Sometimes, in some functions the partial derivatives exist, but the existence of partial deriva-
tives alone is not enough for di erentiablity of the function f. Because of that, we need to

de ne the di erentiability in the general case. Let X be an opensetinR" andf : X ! R
be a scalar eld; leta=(aj;az;:::;a,) 2 X. We say that f is di erentiable at a  if all the
partial derivatives fy, (a), i =1;2;:::;n, exist and if the function h : R" ! R de ned by

h(x)= f(a)+ fx,(a)(xa ay)+ i1+ fy (@) (xn  an) (1.5)
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is a good linear approximation to f near a, meaning that

lim fe) he) = 0: (1.6)
x! a X a

We can use vector and matrix notation to rewrite things a bit. De ne the gradient of a
scalar eld f : X R"! R to be a vector

@x @x
Let X be an opensetinR" andletf : X ! R™ be a vector eld of n variables. We de ne
the matrix of partial derivatives of f , denoted Df, to be the m n matrix whose ij -th
entry is g—;, wheref; : X R" ! R s thei-th component function of f. That is,
2 @i @i ... m3

X ¥ T @x%

@ @b Q@b
fx) = Df(x1;Xz;1:1;%n) = @ @1 @ @x (1.7)

@« @ T @x

The i-th row of Df is nothing more than Df;, and the entries of Df; are precisely the compo-
nents of the gradient vectorr f;. (Indeed, in the case wheran =1, r f and Df mean exactly
the same thing.) Now we can de ne derivative for vector elds.

De nition 1.4.2. Let X be an open setinR", letf : X ! RM™ andleta?2 X. We say
that f is dierentiable at a  if Df(a) exists and if the function h : R" !  R™ de ned by

h(x) = f(a)+ Df(a)(x a)

is a good linear approximation to f near a. That is, we require

lim

x! a

= lim = 0 (1.8)
a x!'a X a

f(x)  h(x) f(x) [f(a)+ Di(a)(x a)
X

In fact, we could have approached our discussion of di erentiability much more abstractly

right from the beginning. We could have de ned a function f : X R" ! R™ to be
di erentiable at a point a 2 X to mean that there exists some linear mappingA : R" | R™M
such that

i f00 @+ A a)] _

x! a X a
We can say iff : X R" ! R™ is di erentiable at a, then it is continuous at a. Also, we
can prove that if f : X RN 1 R™ is such that, fori = 1;:::;mandj =1;:::;n all @%f(
exist and are continuous in a neighborhood ofa in X, then f is di erentiable at a. In general
we can show that a functionf : X R" I R™ is dierentiable at a 2 X if and only if
each of its component functionsf; : X R" ! R, is dierentiable at afori =1;2;:::;:m.

If you want to see the proofs of these statements you can see [5], [63] or [18]. In general, if
f:X R" I R is a scalar eld of n variables, then the kth-order partial derivative
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with respect to the variables Xi,; Xi,;:::; X;, (in that order), where i;io;:::;ix are integers
in the setf1;2;:::;ngis the iterated derivative
af @. @ @, .. ...
f(X11 X21 1Xn)

@x 1 @x@x - @x ~ @x @x

Equivalent notation for this kth-order partial is

De nition 1.4.3.  AssumeX is an open set inR". A scalar eld f : X R"! R™ whose
partial derivatives up to (and including) order at least k exist and are continuous onX is
said to be of class CX. If f has continuous partial derivatives of all orders onX, then f is
said of class C1 or smooth . Avector eld f : X R" ! R™ is of classCK (or of class
Cl) if and only if each of its component functions is of classC (or of classC? ).

Theorem 1.4.1. Letf : X RN 1 R be a scalar eld of classCK. Then the order in

these integers, then
@ _  @f
@x 1@ @y i@

We can also prove the chain rule is true for a scalar eld and a vector eld. This theorem has
a long proof (see [18] or [63]).

1.5 Higher-Order Taylor's Series

Our goal in this section is to provide a means of approximating any scalar eld by a polynomial
of given degree, known as thélaylor polynomial

Theorem 1.5.1. (First-order Taylor's formula in several variables) Let X be an open
set in R" and suppose thatf : X R" ! R is dierentiable at the point a in X. Let

p1(x) = f(a)+ Df(a)(x a): (1.9)
Then
f(x) = p1(x) + Ra(x;a);
whereR(x;a)= x a ! Oasx! a:

We may also express the rst-order Taylor polynomial using the gradient in place of formula
(1.9), so,
p1(x) = f(a)+ r f(a)(x a):

Before we explore higher-orders of Taylor's theorem in several variables, we consider the linear
approximation in further detail.
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De nition 1.5.1. Let f : X RN I R and let a 2 X: The incremental change of f |,

denoted f, is
f=f(a+ h) f(a);

whereh = x a: The total dierential of f , denoted d (a; h), is
@ @ @

df(a;h) = —(a)hy+ —(a)h2 + ::: + ——(a)hp:

(a;h) @X()l@)é()Z @X()n

The signi cance of the di erential is that for ht O,

ft df:

We have abbreviated d(a;h) by df. The incremental change f equals the change in z-
coordinate of the graph ofz = f(x;y) as a point in R? changes froma = (a;b to a+ h =
(a+ h;b+ k). The di erential d f equals the change in z-coordinate of the graph of the tangent
plane at (a,b).

Figure 1.3: The total di erential of f
Source: Page 250 of book [18]

Now we state the second-order version of Taylor's theorem precisely. Taylor's theorem can
be explained for every order but it requires thatf be aCX class function.

Theorem 1.5.2. (Second-order Taylor's formula) Let X be an open set inR", and
suppose thatf : X R"! R is of classC?. Let

X 1 X
p2(x) = f(a)+ fx,(Xi &)+ > fax (@i a)(x;  a): (2.10)
i=1 ij =1
Then
f(x) = p2(x) + Ra(x;a);
where Ry(x;a) = x a 1 Oasx! a

Proof of this theorem exists in [5] and [18]. Recall that the formula for the rst-order Taylor
polynomial p; was written as

pi(x)= f(a)+ r f(a)(x a):
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If we considerh = x a. Then the formula that was written in the above line becomes

X @
p1(x)= f(a)+ Df(a)h = f(a)+ —(a)h;: (1.11)
i=1 @x

We can show this formula by using vector and matrix notation. It turns out it is possible to
do something similar for the second-order polynomiab, (see [18]).

De nition 1.5.2. The Hessian matrix of a functionf : X R" ! R is the matrix whose
ij th entry is @f=@x@x. That is,
2
fX1X1 fX1X2 fX1Xn
fX2X1 fX2X2 fXZXn
H(f)=§ . o e (1.12)
fxnxl fxnxz fxnxn

Now let's look again at the formula for p, in Theorem 1.5.2:

X 1 X
p2(x) = f(a)+ fx, (@)(Xi &)+ > fux (@ a)(xj &)
i=1 i =1
If we considerh; =(x; &) and h; =(x; @), then we can write
X 1 X
p2(x)=f(a)+  fx(a)hi + > fxix; (@)hih;:
i=1 ij =1
We have leth = x  a (see [18]). This can be written as
2 3 2 3;2 32 3
hl hl fx1x1 fxlxz fxlxn h1
h h f f fxoxn 7 8h
pa)= 100 bl o ot §pBTE R e g
hn hn anXl anX2 anXn hn
Thus, we see that
X 1
pa(x)= f(a)+  fy(a)(hi) + éh‘Hf(a)h: (1.13)

i=1
For more information you can see [18]. If we want to write the second-order Taylor's formula
for function f, then

X 1
f(x)=f(a)+ fx; (@)(hi) + éhtHf(a)h + Ry(x;a);
i=1

where Ry(x;a) = h 1 Oasx! a

A scalar eld f is said to have anabsolute maximum at a point a of a setX in R" if

f(x) f(a)
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for all x 2 X: The number f(a) is called the absolute maximum value of f on X. The
function f is said to haverelative maximum  at a if the top inequality is satis ed for every x
in some n-ball B(@) lying in X . The terms absolute minimum  and relative minimum  are
de ned in an analogous fashion, using the opposite direction for the top inequality. A number
which is either a relative maximum or a relative minimum of f is called anextremum of f.
Assumef is dierentiable at a. If r f(a) = Df(a) is either zero or unde ned, then the point
a is called acritical point of f . A critical point is called a saddle point if every n-ball
B(a) contains points x such that f(x) < f(a) and other points such that f(x) > f(a).

Theorem 1.5.3. Let X be anopensetinR" andletf: X R"! R be dierentiable. If
f has a relative extremum ata 2 X, then Df(a) = 0.

We do not want to prove this theorem, if you want to see the proof of this theorem, see [18].
The next theorem describes the kind and nature of the critical points in terms of the algebraic
sign of the quadratic form of the Hessian matrix.

Theorem 1.5.4. Let X beanopensetinR" andf: X R"! R be a function of class
C2. Suppose thata 2 X is a critical point of f

1. If the HessianH f(a) is positive de nite, then f has a relative minimum at a.
2. If the HessianH f(a) is negative de nite, then f has a relative maximum at a.
3. If detHf(a) 6 0 but Hf(a) is neither positive nor negative de nite, then f has a saddle

point at a.

1.6 Linear Algebra Background

Theorem 1.6.1. If A and B are symmetric matrices with the same size, and if k is any
scalar, then:

(a) Alis symmetric.

(b) A+ B and A B are symmetric.

(c) KA is symmetric.

De nition 1.6.1. If A and B are square matrices with the same size such thadB = BA,
then A and B are calledcommutative
It is not true, in general, that the product of symmetric matrices is symmetric. But it is
easy to see, the product of two symmetric matrices is symmetric if and only if the matrices
commute.
Theorem 1.6.2. If A is an invertible symmetric matrix, then A 1 is symmetric.
Theorem 1.6.3. If A'is an invertible matrix, then AA' and A'A are also invertible.
De nition 1.6.2. A square matrix A with the property
A=A

is said to be anorthogonal matrix
It follows from this de nition that a square matrix A is orthogonal if and only if

AA' = A'A = I
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Theorem 1.6.4. For orthogonal matrices, we can prove the following statements:
(&) The inverse of an orthogonal matrix is orthogonal.

(b) A product of orthogonal matrices is orthogonal.

(c) If Aiis orthogonal, then det(A) =1 or det(A) = 1.

De nition 1.6.3. Let A be ann n matrix. If there is an orthogonal matrix P such that
the matrix P AP is an orthogonal, thenA is said to beorthogonally diagonalizable and
P is said to orthogonally diagonalize  A.

De nition 1.6.4. A quadratic form in the n real variables x1;X»2;:::; X IS an expression
that can be written as 2 3
X1
X2
X1 X2 Xn AB . (1.14)
Xn

X

X

2 3
1
2
where A is a symmetricn n matrix. If we let x = § z then formula (1.4) can be written

Xn
more compactly as
x AX: (1.15)

If we use the fact that A is symmetric, that is, A = Al, then the formula (1.15) can be

expressed in terms of the Euclidean inner product by writing
x'Ax = x'(Ax) = PAX;xi = hx; Axi:
For more information you can see [3], [47] or [38].

Theorem 1.6.5. Let A be a symmetric n n matrix whose eigenvalues in decreasing size
order are ; o il n. If X is constrained so that x =1 relative to the Euclidean
inner product on R", then :

(@ 1 x'Ax n-

(b) x'Ax = , if x is an eigenvector of A corresponding to , and x!'Ax = 1 if x is an
eigenvector of A corresponding to ;.

We do not want to prove this theorem. Its proof exists in the most linear algebra book. For
more information see [3] page 480.

De nition 1.6.5. A quadratic form x'Ax is called positive de nite  if xX!Ax > 0 for all
x 6 0, and the symmetric matrix A is called apositive de nite matrix

A symmetric matrix A is positive de nite if and only if all the eigenvalues of A are positive.
Also, we can prove a symmetric matrixA is positive de nite if and only if the determinant of
every principle submatrix is positive. For matrices with real entries, the orthogonal matrices
and symmetric matrices play an important role in the orthogonal diagonalization problem.
But we need something for matrices with complex entries. We review some de nitions of
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matrices with complex entries. If A is a matrix with complex entries, then the conjugate
transpose of A, denoted by A , is de ned by

A =A% (1.16)

If A and B are matrices with complex entries andk is any complex number, then we can
prove some properties like A ) = A, (A+B) =A +B ,(kA) = kA or(AB) =B A .
By De nition 1.6.2 a matrix with real entries is called orthogonal if A 1= Al. This sort of
matrix is called unitary matrix for complex entries.

De nition 1.6.6. A square matrix A with complex entries is calledunitary if

Al=A: (1.17)

Recall that a square matrix A with real entries is called orthogonally diagonalizable if there
is an orthogonal matrix P such that P AP is diagonal. For complex matrices we have an
analogous concept. A square matrixA with complex entries is calledunitarily diagonaliz-
able if there is a unitary P such that P AP = P AP is diagonal; the matrix P is said to
unitarily diagonalize  A.

De nition 1.6.7. A square matrix A with complex entries is called Hermitian  or self-
adjoint if

A=A
It is easy to recognise Hermitian matrices by inspection: The entries on the main diagonal are

real numbers, and the mirror of each entry across the main diagonal is its complex conjugate.
Also, a matrix A with complex entries is called normal if

AA = A A
We have two results with these de nitions that we will use in the next chapters (you can see
[3] or [47]).
Theorem 1.6.6. The eigenvalues of a Hermitian matrix are real numbers.
Theorem 1.6.7. The eigenvalues of a symmetric matrix with real entries are real numbers.

Now, we should review some properties of diagonalizable matrices. An n matrix A is
called diagonalizable if it can be written asA = P 1DP, where D is a diagonal matrix.

P = by by;::i;by : Thus P = Pg, the \change of coordinate” matrix Pg[X]g = x and
(Pg) (x) =[x]g. An orthogonal matrix is a square matrix for which A 1 = A!; equivalently,
an orthogonal matrix is a square matrix with orthonormal columns.

Theorem 1.6.8. (The Spectral Theorem) A (real) n n matrix A is orthogonally diag-
onalizable if and only if A is symmetric.

Theorem 1.6.9. Let Abe ann n real symmetric matrix, and let
XX

Q(y) = yAy'= aj viyj
i=1 j=1
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Then we have

(@ Q(y) > 0 for all vectorsy 6 0 (A is positive de nite) if and only if all eigenvalues of A
are positive real numbers.

(b) Q(y) < O for all vectorsy 6 0 (A is negative de nite) if and only if all eigenvalues of A
are negative real numbers.

The last concept we will describe here is the singular values of a matrix that is used in
Chapters 4 and 5. IfA isanm n matrix, then n n matrix A'A is a symmetric matrix and
hence can be orthogonally diagonalized, by the spectral theorem. Not only are the eigenvalues
of AA all real (Theorem 1.6.7), they are all nonnegative.

Denition 1.6.8. If Alisanm n matrix, the singular values of A are the square roots
of the eigenvalues ofA'A and are denoted by 1; »;:::; n. Itis conventional to arrange the
singular values so that ; 2 il he

We explain the following extremely important theorems and properties of singular values of
a matrix A without proofs. For more details and proofs, you can see [60] pages 590 to 599.

Theorem 1.6.10. If A isanm n matrix with singular values 1 2 Ill r > 0 and
r+1 = r+2 = ::: = p =0. Then there exist an m m orthogonal matrix U, ann n
orthogonal matrix V, and anm n matrix
2
1 O 0 O 0
0o - 0 O 0]
= 0 O r O 0
0 O 0 O 0
0 O 0 O 0
such that
A=U V.

wherel r n.

The factorisation of A as in Theorem 1.6.10 is called aingular value decomposition or
SVD of A. The columns of U are calledleft singular vectors  of A, and the columns ofV
are calledright singular vectors  of A (see [60]). TheSV D provides new geometric insight
into the e ect of transformations. We have said several times that anm n matrix transforms
the unit sphere in R" into an ellipsoid in R™. For this propose, we can express the following
theorem which is proved in [60] on page 598.

Theorem 1.6.11. If A isanm n matrix with rank r. Then the image of the unit sphere
in R" under the matrix transformation that maps x to Ax is

" the surface of an ellipsoid inR™ if r = n.

~ a solid ellipsoid in R™ if r < n (The dimension of this ellipsoid isr).

In general, we can describe the e ect of anm n matrix A on the unit sphere in R" in
terms of the e ect of each factor in its SVD, A = U V!, from right to left. Since V! is an
orthogonal matrix, it maps the unit sphere to itself. The m n matrix does two things:



1.7 Dilatation and Distortion of Linear Maps 19

g

—
\, 724

Figure 1.4: The singular value decomposition

A=U V!
" The diagonal entries (41 = (42 = :::= p, =0collapsen r of the dimensions of the
unit sphere, leaving an r-dimensional unit sphere, which the nonzero diagonal entries
1; 2;::1; r then distort into an ellipsoid.

For more information about theorems and applications of singular values of the matrixA and
its geometric approach, we refer you to [60] chapter 7 section 4.
1.7 Dilatation and Distortion of Linear Maps

Let T : R" ! R™ be a linear transformation. We de ne the maximal stretching L(T)
and minimal stretching  (T) of T by

L(T)=max jT(x)j;  (T)=min jT(x)j: (1.18)
jXj=1 jxj=1
The quantity L(T) frequently goes by a di erent name, The operator norm of T , under

the alternate notation jTj. For the composition ST of linear transformations T : R" ! R™
and S:R™ ! RP,itis true that

L(ST) L(S)L(T); (ST)  (S)(T): (1.19)
A linear transformation T : R" I R" is nonsingular if and only if *(T) > 0 in which event
LT H="M% (TH=Lm*" (1.20)

Recall that the nonsingular linear transformations of R" form a group under composition,
the general linear group GL(n) . A linear transformation T : R" ! R" is called
an orthogonal transformation if jT(x)j = jxj for every x in R" or, equivalently, that
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HT (x); T(y)i = hx;yi for all x andy in R". The orthogonal transformations of R" constitute
a subgrup of GL(n), the orthogonal group O(n) . An element T of GL(n) belongs to O(n)
ifand only if T 1= T , whereT denotes the adjoint of T, the unique linear transformation
T :R"! R" that satis es

T (x);yi = ;T (y)i

forall x andy in R". If U is an element ofO(n) ( we represent orthogonal transformations
by the letters U and V) then L(U) = “(U) =1, while the determinant of U is either 1 or -1.
If an orthogonal transformation U has det(U) = 1, we call U a rotation of R".

The special orthogonal group SO(n) is the subgroup of O(n) consisting of all such rota-
tions. It is not hard to see that

L(VTU)= L(T); (VTU) = (T); (1.21)

for any linear transformation T : R" !  R™ wheneverU 2 O(n) and V 2 O(m). Let U be
an open set inR", and x 2 U. We de ne the maximal stretching L¢(x) and the minimal
stretching “¢(x) at x of a functionf :U R"! R" by:

Kf(x + h)  f(x)k
khk !

L¢(x) =limsup
ht 0

kKf(x + h) f(x)k
khk '

f(x) = |IrTh]!Ing

Theorem 1.7.1. Iff:U R"! R"isdierentiable at x 2 U, then L;(x) = L(Df(x)) =
L(FYx)) and “1(x) = *(Df(x)) = *(fAx)).

Proof. We prove the rst part. Recall thatif T :R" ! R™ is a linear transformation then
L(T) =max jTO05 () = min jT();:
We can chose a smalh such that x + h 2 U. By Theorem 1.5.1, we can write
jfoc+ ) £005 = jf0)h+ h (h)j j hiL(FYx)) + jhj (h)j:

So, we have
Lt (x) Iilfplsgp(L(fO(X))+ i (i) = LEYx)):

Also, we can chosen 2 S" 1 such that L(fq{x)) = jf{x)hj. Then by de nition of derivative

we have
jif(x + th) f(x)j
mO =

. = jf00hj = LE));

and the proof is completed. The second part of proof is the same as the rst part. .

Li(x) i

t!

Corollary 1.7.1.1. Iff:U R"! R"isdierentiable at x 2 U, then L;(x) = jf{x)j.
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Let n 2. A linear transformation T : R" !  R" is conformal if T is nonsingular and
preserves Euclidean angles, in the sense that

[T TYI= (x3y)

for all nonzero vectorsx and y in R". For more information you can see [30].
Theorem 1.7.2. Let n 0. The following statements concerning a linear transformation
T 2 GL(n) are equivalent :

1. T is conformal;

2. T= U, where is a positive number andU belongs to O(n);

3. T " =jdet(T)j;

4. T T = jdet(T)j="I:
where | denotes the identity matrix.

The proof of this theorem exists on pages (19) and (20) of the book [30].

Now we want to introduce properties of distortion and two new de nitions of inner and
outer distortion. We recall some de nitions of linear algebra. When a linear transformation
S:R"! R" enjoys the property that S = S, we say that S is symmetric or self-adjoint.
For example, if T : R" I R" is an arbitrary linear transformation, then both T T and TT
are symmetric or self-adjoint. By the Spectral Theorem 1.6.8, we can say§ is a symmetric
linear transformation of R", then there existsU 2 O(n) such that D = U 1SU has the form

D(X) =( 1X1; 2X2;:i; nXn)
In particular, by Theorem 1.6.7 the eigenvalues ofS (that is, 1; 2;:::; n) are real. The
previous transformation D is called adiagonal transformation . We observe that
q
min i jDi= BE+ BG4t B max ] (1.22)
I n I n

whenever jxj = 1, so L(D) = max1 i nj ijj and (D) = miny i nj ij. Also, we have
det(D)= 1 2::: p. To say that a linear transformation T : R" |  R" is positive de nite
(respectively, positive semide nite) means that hx; T(x)i > 0 (respectively,hx; T(x)i  0) for
every nonzero vectorx in R". Forinstance, if T : R" ! R" is an arbitrary linear transforma-

tion,then T T and TT are positive semide nite. If, in addition, T is nonsingular, thenT T
and TT are actually positive de nite. By Theorem 1.6.9, any eigenvalue of a positive de nite
(respectively, positive semide nite) linear transformation is positive (respectively, nonnega-
tive). You can see [42] or [30].

Suppose that a linear transformationT : R" ! R" is both symmetric and positive semidef-
inite. We can list the eigenvalues of T in the manner 1 2 T 0 and assert
the existence ofU in O(n) for which U 1TU = D, where D(x) = ( 1X1; 2X2::1:: nXn).

According to formula (1.21), we can write that
L(T)= L(U TU)= L(D)= 1:

Similarly, *(T)= nanddet(T)= 1 »2::: n. We can explain the next theorem.
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Theorem 1.7.3. Any linear transformation T : R" ! R" can be factored asT = PU,
where U belongs to O(n) and P is both symmetric and positive semide nite.

The linear transformation P in Theorem 1.7.3 is uniquely determined byT: denoting by |
the identity transformation of R", we compute

TT =(PU)PU) = PUUP =PIP = P%

and learn that P is the (known to be unique) symmetric, positive semide nite square root
of TT (see [30], page 10). This observation entitles us to list the eigenvalues & as

}zz; %zz;:::; 122 \where ; > i n 0 are the eigenvalues off T . Therefore,
there is an orthogonal transformation V such that V. 1PV = D, with y = D(x) given as

follows:

=2, ..... - 1=
yl - 1 Xl ’ ’ Yn - n Xn1
wherex = (X1;X2;:::;Xn) 2 R". If T is nonsingular then all eigenvalues off T are positive,

which makes it apparent that D maps the sphereS" ! bijectively to the ellipsoid E whose
equation is (y3= 1)+ (y3= 2)+ :::+(y2= p) = 1. BecauseU(S" )= V(" )= " 1 we
can write

T(S" H=PUE H= P H=PV(S" H= VDS )= V(E):
So, we can say p__
L(M=LPU)=LP)= 1= 1

and

p
(M= "(PU)="(P)= = n;

where ; and , are singular values of T. A further result of Theorem 1.7.3 is the useful
inequality
(M™ j det(T)j L(T)Y (1.23)

valid for any linear transformation T : R" !  R". We know that
. : P
jdet(T)j =det(P) = 1200 n;

in which 1; 2;:::; n are eigenvalues of T (see [30]). Now, we can express a theorem such
that it summarizes these above discussions.

Theorem 1.7.4. Let T : R" ! R" be a linear transformation, and list the eigenvalues
1; 2;::1; n Of TT in nonincreasing order. Then there exist orthogonal transformations
U;V 2 O(n) such that VTU = D, where
1=2 1=2

D(X)=( 1 7X1; 5 Xo;iit; pnXn):

De nition 1.7.1.  We can de ne the linear dilatation = H(T), the inner dilatation H, (T),

and the outer dilatation  Ho(T) of a nonsingular linear transformation T : R" ! R" as
_ L), _ idet(T)j, _ Lm" .
H(T) = YO Hi(T) = TOLE Ho(T) = Tdet(T))” (1.24)

If T is singular it is customary to setH(T)= H,(T)= Ho(T)= 1 (see [30]).
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In geometric terms, H(T) measures the eccentricity of the ellipsoidT (S" 1) while H, (T) and
Ho(T) relate the volume of T(B") to the volumes of the balls centered at the origin that are,
respectively, inscribed in and circumscribed aboutT (S" 1). We remark that

HT H=HT);  HI(T H=Ho(TM);  Ho(T 1= H((T) (1.25)
and that

H(VTU) = H(T); H (VTU)= H (T); Ho(VTU) = Ho(T) (1.26)
if V and U are members ofO(n). Because of (1.26) and Theorem 1.7.4, we can show that
1 Ho H (MY 1 H(T) Ho(M"* (1.27)

and also that
1 minfH [ (T);Ho(T)g H (T)™  maxfH (T);Ho(T)g H (T)" ?! (1.28)
We can see that as a result of (1.28H(T) = H,(T) = Ho(T) when n = 2 (see [42] and [30]).

De nition 1.7.2. Let beadomainin R",letf: ! R" be a continuous injection. The
linear distortion or dilatation of f at the point x in A is the quantity H(x) or H(x;f)
de ned by

H¢(x) = H(x:;f) = limsup L (x;r),

o f(x;r)’ (1.29)

where for O<r < dist(x; @) we set

Lf(x;r)= kf(x + h) f(x)k;  “f(x;r)= min kf(x+ h) f(x)k:
(OGN = max ki +h) feOki GG = min kiGx+h) ()

In the other words,

He(x) = H(x:f) = limsup —oxkhk=r K+ ) Tk, (1.30)

0o Mingy=, kf(x + h) f(x)k’

Let and °be domainsinR" with n 2, and letf be a homeomorphism of onto © The
linear distortion of function f is de ned

H(f)=supfH{(x): x2 g; (2.31)

where H¢(Xx) 1 is the linear distortion of f at x as de ned at (1.29). f is a conformal
mapping if and only if H(f) = 1 (see [30] p.77).

At points where the di erential Df(a) exists and is nonsingular we clearly have the limit in
(1.30) existing. This shows the following equation is correct.

maxjDf(x)hj H (x;f) min jDf(x)hj (1.32)
jhj=1 jhj=1

Geometrically this means that the dierential Df(a) : R" !  R" maps the unit sphere
to an ellipsoid for which the ratio of the lengths of the largest and smallest semiaxes, the
eccentricity , is equal toH(a;f). If we de ne Cf(x) = D'f(x):Df(x), this matrix is referred
to as the right Cauchy-Green strain tensor . The positive square roots of its eigenvalues,
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the singular values ofDf (a), are the principal stretchings . The corresponding eigenvectors
are called theprincipal directions  of the deformation at a2 (see [42]).
Our distortion tensor  will be represented by the positive symmetric matrix de ned by

G(x) = Js(x) 7D (x)DFf(x): (1.33)
Let
0< 1(x) 2x) v n(X) (1.34)

denote the positive square roots of the eigenvalues of the direction tens@(x). Now returning
to equation (1.32) one easily obtains the identity

n(X)
1(X)
Thus H;(x) = H(x;f) measures the maximum possible relative distortion of linear objects

(e.g. length of curves) at the in nitesimal level at a2 (see [42]). Now we recall the following
result of Rademacher-Stepano .

Hi(x) = H(x;f) =

(1.35)

Theorem 1.7.5. (Rademacher-Stepano ) Let f : ! R" be an arbitrary mapping
de ned on an open set R". Consider the set
n : : o]
E= a2 :limsup M< 1 :

x! a xX g

Then E is a Lebesgue measurable set andis di erentiable at almost every point of E.
Proof. Proof of this theorem exists in Federer [26], page 218. .

In this thesis, we use the termembedding to mean a continuous injection. Also, we remark
that in the Rademacher-Stepano theorem the mappingf need not even be assumed measur-
able. Let be an open subset of R", n 2, andletf: | R" be an embedding. Then
the linear distortion function H;(x) = H(x;f) de ned in (1.30) is a Borel function (see [42]
and [30]). The rst step towards establishing the regularity properties of mapping of nite
distortion is given by the following di erentiability theorem.

Theorem 1.7.6. Every embeddingf : ! R" is dierentiable at almost every point of the
set
E=fx2 : HXf)<1lg:

Moreover, for almost every pointx 2 E we have
iDE)] H (D ()i (1.36)

and
maxjDf(x)hj H (x;f) min jDf(x)hj (1.37)
jhj=1 jhj=1

A proof can be found in [42], page 103 and 104. We can explain the following corollary that
will be useful.

Corollary 1.7.6.1.  Every continuous locally injective mapping f : !  R" whose linear
distortion function is nite almost everywhere is di erentiable almost everywhere in .
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1.8 Tensor Product

In this section, we explain de nitions and properties of another method of the product of
vectors. We are familiar with the inner and cross products, but we introduce another type of
product for the other concepts.

De nition 1.8.1. (tensor product of vectors) If u andv are vectors on lengthm and n,
respectively, their tensor productu v isde nedasanm nmatrixdenedby (u Vv)j = ujv;.

In other words,

u v=uvt

This is called the outer product of vectorsu and v. The outer product contrasts with the
dot product, which takes as input a pair of coordinate vectors and products a scalar. For
complex vectors, it is customary to use the conjugate transpose 0¥, so in this case we can
write

u Vv=uv:

Theorem 1.8.1. If Aisan m n matrix then A is a rank-one matrix if and only if there
are two vectorsu and v with m and n components, respectively such that

A=u v: (1.38)

It is easy to show that, if the rank of a real symmetric matrix is equal to 1, then the diagonal
elements of the matrix can not be all zero. We leave this proof for readers. Now, we want to
explain another result for rank-one matrices. This theorem will be proved in 3-dimensions,
the general proof for n-dimensions will be similar. It is used in the analysis of rank-one
convexity for the linear distortion later.

Theorem 1.8.2. Let A be a3 3 rank-one symmetric matrix. Then A can be written as
A= (Lixy) Lxy): (1.39)
In the other words, the matrix A can be expressed by
A= u u= uub
whereu = (1;x;y) is a vector in R3,
Proof. SinceA is a rank-one matrix, by Theorem 1.8.1, there are two vectorsy and w in R®
with
A=v w=vwwt
The vectorsvy = 7 andwjy = ' are unit vectors. So,v = kvkv; andw = kwkw;. Thus,
A= vw'= kvkkwkviw;t:
If kvkkwk = ¢2 R, then A = cviw;!. SinceA is symmetric, we get

viwy' = wavyh (1.40)
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wherev, and wy are unit vectors. If (1.40) is multiplied on the left by w1' and on the right
by v,

wi'(vawi vy = wit(wavifvy

(wi'vi)(wi'vy) = (wi'wi)(vi'vy)

(wW1'v1)? = kvk?kwk?

(wi'vy)?=1 1=1;

~— N N~

which implies
jvawij =1 = kvikkwik:

This is the equality case of Cauchy-Schwarz which holds if and only if/; and w1 are linearly
dependent. The two are both unit vectors so it follows thatv, = w;. Therefore, we have

A= c(vi Vvi)= c(vivih):
Let vq = (C1;C2; C3), then vy = ci(1; &; &). So,
C> C3 C C3
A= c(ae)d;,—;,— 1, —;—):
(cc2)( o Cl) ( e Cl)
If c(ac)= ,Z=xand @ =y,then

A= (Lxy) @Lxy);

as required. These arguments complete the proof of Theorem 1.8.2. .

1.9 LP Spaces vs P Spaces

In section (1.1), we explained theLP and "P norms. Now, we can extend these concepts to
functions and their spaces.

De nition 1.9.1. Let (X; M; ) be a measure space and 1 p< 1. The LP(X)-space is
a set of equivalence classes of measurable functiohs X | R such that
z
kf kp = jfj°d
X

T

<1: (1.41)

The kf kp is called the LP-norm of f. The notation LP(X) assumes that the measure is
understood (see [33] and [56]).

De nition 1.9.2. Let be an open set in the Euclidean spaceR" andf : ! Rbea
Lebesgue measurable function. If 1 p 1 the function f satis es
z
jfiPdx < 1 : (1.42)
A

This meansf 2 LP(A) for all compact subsetsA 2 . f is called locally integrable and the
set of all functions is denoted byLP () (see [33] and [56]).

loc
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The LP functions are allowed to take values of1 , like any measurable functions. However,
it follows from the de nition of an LP function that it takes nite values almost everywhere,
so there is no harm in restricting to LP functions X ! R.

It is obvious that any scalar multiple of an LP function is again LP. Moreover, if f and g are
LP functions, then by Minkowski's inequality

ki + gkp K fkp+ kgkp < 1 ; (1.43)

sof + gis anLP function. Thus the set of LP functions forms a vector space. Forl p< 1,
the LP(X)-space is a Banach space. So, we can s&y(X)forl p< 1 isthe Banach space
of measurable functionsf with jf jP integrable in X (see [33], [23] and [16]).

Example 1.9.1. Letf :[0;1]! R be a function

()=

where the value off (0) is immaterial. Then by the monotone convergence theorem,
z z 1 h iy
jfjdm=lim —dm(x)= lim logx =1:
[0:1] th 0" 1) X t! o* t

Thus, the function f is not LL. It is easy to see thatf is not LP function for any p2 [1;1 ).
If

1
Fx)= P
then, 7 7 L h 0 J .
jfjdm= lim p=dm(x)=Ilim 2 x =2:
[0:1] t ot g1 X t! 0* t
In fact, 8 .
z 21 if r 1
idm(x) =
[0;1] X' > % if r< 1

It follows that the function f(x) = Xi, is LP function if and only if pr < 1. For instance,

f(x)= p% is LP for all p2 [1;2), butis not LP forany p2 [2;1).
|

Itisnotdiculttoseethatif( X;M; )isameasurespaceandl p q<1 and (X)=1,
then
kfkp Kk fkg; (1.44)

for every measurable functionf . More generally, if 0< (X) < 1, then
kf kp (X)) kf Kg; (1.45)

for every measurable functionf , wherer = (1=p) (1=0g), and hence everylL 9 function is also
LP.
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De nition 1.9.3. If p2[1;1), the "P-norm of a sequencd a,g of real numbers is de ned
by the formula -
X 3
kf angky = janj? (1.46)
n2N

An “P sequence is a sequencd a,g of real number for which

X
janjP < 1 : (1.47)

n2N

Example 1.9.2. Recall from calculus and analysis that thep-series

X o

p
n=1 n

converges if and only ifp > 1. It follows that sequencef 1=nPg is *! if and only if p > 1. For
instance,

1 . 1 1
fﬁg is L but ﬁg and f %ﬁg are not:
Moreover, since (En")P =1=n'P, we nd that f1=n"gis "P if and only if p > 1=r. Therefore,

1 . . . 1 . . .
fpgls 2- put not landf!%ﬁgls 3: put not %

|
It is easy to see that, foreach 1 p < 1 the set P is a vector space andk:ky is a norm on
it. Also, we can prove thatif1 p<gqg< 1, then every P sequence is also [33].

De nition 1.9.4. Let (X; M; ) be a measure space, letf,g be a sequence of measurable
functions on X and let P 2 [1;1 ) (see [23] and [16]).

1. A sequenceff,gis anLP Cauchy sequence if for every > 0 there exists anN 2 N,
so that
) N=)k fi fjk<: (1.48)

2. A sequence f,g hasbounded L P-variation if
kfner frk< 1: (1.49)
n2N

3. A sequencef f,g converges in L P to a measurable functionf , if
n!Illm kfn fkp=0: (1.50)
Theorem 1.9.1. Let (X; M; ) be a measure space, letf,g be a sequence of measurable

functions on X with bounded LP-variation. Then ff,g converges pointwise almost everywhere
to the measurable functionf , and f, ! f in LP.



1.10 Weak Derivative and Sobolev Spaces 29

De nition 1.9.5. Let (X; M; ) be a measure space, anfl be a measurable function onX .
The L1 -norm of f is de ned as follows

kfky :=inffc>0 : jfj c almosteverywherey: (2.51)

Then kf k.1 = 1 if the set of the right-hand side is empty (see [33]). The functionf is called
anL! function ifkfk; < 1.

Not only does the set
fc>0 :jfj c almosteverywhera; (1.52)

have an in mum, but it also has a minimum. If jfj c+1=nalmost everywhere for alin 2 N,
then it follows that jfj ¢ almost everywhere. TheL?! -norm kf k; is sometimes called
the essential supremum of jfj, and L' functions are sometimes said to beessentially

bounded or bounded almost everywhere . Note that a continuous function on R is an
L1 function if and only if it is bounded, in which case kf k; is equal to the supremum ofjf j.

De nition 1.9.6.  Let fa,g be a sequence of real numbers. The! -norm of fa,g is de ned
as follows:
kfangks = sup janj: (1.53)
n2N

Therefore, an’! sequence is bounded. Note that ip 2 [1;1 ), then any P sequence must be
"1 because any P sequence must converge to zero (see [33] and [56]).

1.10 Weak Derivative and Sobolev Spaces

We recall De nition 1.4.3. Let be a nonempty subset of R". We de ne the function spaces
CK( ;R™)= CX()for k=0;1;2;::: by: CO :R™) = CO) is the class of all continuous
functionsf: ! R™. For k 1, CK() consists of the functions f in C°() such that all
partial derivatives

Qf @ @ @
= i f(X1; X270 %n); 1.54
@x L @x@x  @x @y @x X2 n) (1.54)
withl ° kand1l iq;ig;:::;i+ naredenedand continuous in (see [30]). The class
Cl ( ;RM) = C! () is the intersection of the classes CX(), k=0;1;2;:::,
L
ct()= ck() : (1.55)
k=0

Assume that a function f belomgs to C°(), we employ supp(f) to designate its support.
This means the closure relative to of the set of all x 2 such that f(x) 6 0 (see [30]). So,

supp(f)=fx2 : f(x)60g: (1.56)

For0 k 1 ,we useC§( ;R™) = C¥() to denote the subclass to C() comprising
those functions f for which the support of f is a compact subset of . Those functions in
C! () whose support is compactly contained in are called the test functions , and

ct(RMm=ct()= ct()\c&kH= ff: fisacompactly supported smooth functiorg: (1.57)
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Example 1.10.1. Let betheunitball B(0;1)andf: ! R be a function given by
f(x)=1 j xj:

It is obvious that for all x 2 B(0;1), f(x) > 0, so, the suppf)= B(0; 1) [46].

Example 1.10.2. Letf :R! R be a function given by
8

< x? if x O

f(x)=,

X2 if x< O

The function f is C1(R) but not C?(R), (see [46]).
|

Let us start with the motivation for the de nition of weak derivatives. Let 2 R" be an
open set,u2 C1()and ' 2 C} (). Integration by parts gives
Z Z
u: @ dx = u(x)" (x) @
@x @x

There is no boundary term becauseé has a compact support in and thus vanishes near@

[46]. The basic intuition is that weakly di erentiable functions look di erentiable except for a

set of zero measure. This allows functions that are not normally considered di erentiable to
have a weak derivative that is de ned everywhere on the original domain of de nition. The
reason why weak derivatives ignore sets of zero measure is precisely because weak derivatives
are de ned by integrals, and integrals can not see the behaviour on sets of zero measure. Let

dx; (1.58)

u2 CK(), k=1:;2;3;::;,andlet =( 1: 2::::; n) 2 W' (W = N[f Ogis whole numbers)
be amulti-index such that the order of multi-index j j= 1+ 2+ :::+ L is at mostKk.
We denote o
@'u @! @r
D u= = u: 1.59
@x':r@x" @' Q@x" (1.59)
De nition 1.10.1. Let be an open setin R" (n=1is allowed), andletu;v: ! Rbe
functions that are locally integrable in , u;v2 LL_. Let 2 W" be a multi-index. We say
that v: ! R is aweak partial derivative or distributional  of u of order in with
respect to the variablex if it is true that (see [30])
z z z

ux)D " (xX)dmp=( 17 D u(x)' x)dmny=( 1)1 v(x)' (x)dm,; (1.60)

where' 2 C} (). Recall that to de ne the weak derivative @ u, we do not need the existence
of derivatives of smaller order (like in the classical de nition). The weak derivative is de ned
as an element ol ., so we can change it on some set of measure zerovlis-a second function
satisfying these conditions, then it is not di cult to show that ~v = v almost everywhere in
, SO V is essentially unique (see [30], and [46]).We can also prove thatif2 Li_ satis es

A

f' dx=0; (1.61)
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for every' 2 C} (), then f =0 almost everywhere in . This is an integral way to say that
a function is zero almost everywhere.

Example 1.10.3. Letn=1and =(0 ;2). Consider

8
<X if 0<x< 1

u(x) = .
1 if 1 x< 2

and 8
<1 if 0<x< 1

v(x) =

-0 if 1 x< 2
We want to prove that u®= v in the weak sense. We must show
Z Z,

u' %x = v'odx;
0 0

for every' 2 C} ((0;2)). By the fundamental theorem of calculus and integration by parts,

we get z, z, z,
ux)" odx = x" ddx+  x)dx
0 0 . 1
h iq Z,
= x (%) (Xdx+ (" (2 (1)
Z, 0
= " (x)dx
Zol Z,
= 1' (x)dx 0' (x)dx
Zo2 1
= v' (x)dx;

0
for every' 2 C} ((0;2)). Recall that ' is zero on@, so ' (2) = ' (0) = 0 (see [46] and [48]).

De nition 1.10.2. Suppose that is an open set in R". The Sobolev space WkP()
consists of functionsu 2 LP() such that for every multi-index with j j  k, the weak
derivative D u exists andD u 2 LP(). Therefore

WKP()=  u2LP(): Du2LP);jj k: (1.62)

If u2 WKP() we de ne its norm (see [46] and [42])

I 1
P

Kukwkp () = jiD ujPdx 1 p<1; (1.63)

and X
Kukwi1 () = esssupgD uj: (1.64)
ik
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So, the Sobolev spac@V P () consists of functions in LP() that have weak derivatives
up to order k and they belong to LP(). The Sobolev space WKP(), with 1 p 1
and k =1;2;3;:::; is a Banach space. Thdocal Sobolev space Wl'é;f() consists of those
functions whose partials of orderk or less are inL{ (). We say that the sequence ffig

loc
converges tof in WP () if

lim k@t @fkisx) =0; (1.65)
I

for every compact setX and every j | Kk, see [42]. The spacelvg;p() is de ned as
the closure ofC§ (), the compactly supported smooth functions, with respect to the norms

de ned at (1.63) and (1.64). The spaceW(',‘;p() is the set of all functions u which are an
element of the spacaV kP () where u is zero on the boundary of (@).

WEP()= fu2 WKP(): uiszeroon@ g: (1.66)

For k = 1, the norms on WXP() in (1.63) and (1.64) can be expressed by

1
kukwk;p() = kukEp() + kDUkEp() p; (167)
forl p<1,andforp=1 we have
kuky k1 (y = esssupjuj +esssupDuj: (1.68)
Example 1.10.4. Let =[0 ;2] [0;2 Jandu: ! R be afunction given by

u(x) = u(xz;X2) = sin X1 + COSX2:

We see that%J = cosx; and %’ = sinxs.

Figure 1.5: The Sobolev function inW 2() Figure 1.6: The Sobolev function inW%2()
space given byy = sin(x1) + cos(x»): space given byy = sin(x;) + cos(xz) from
another perspective.

Moreover, we obtain
Z Z Z Z

jui?dx = (sinxy + cosxz)2dx jl+1j%dx=  4dx=4j j<1;
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4
@u?2 . 2 9 .
dx = cosx1j<dx lj“dx = <1:
@x J 1) 14 J ]
and . . .
@uz

—~ dx= | sinxyj?dx jljifdx=j j<1:
@x J 2 14 ||

Thus, u 2 W%2(), and this means the function u is a Sobolev-function (see [49]).

Example 1.10.5. Let =(0 ;1) (0;1) be the open unit square andletu: ! Rbea
function given by D
u(x) = u(x1;x2) = © X1:

The partial derivatives of u are & = »L—, and §!=0: So, we have

@x 2
z 7,7, z,
L. . 1 1
Ju12dx= px12 dxidx, = = dxo= =< 1;
0 2 9 2
Z.Z Z
) 1Z 1 1
@u dx = O0dxodx; =0: dx;=0<1;
@x 0 0 0
and
Z Z .7 Z .7
) 141 141
Qu dx = Zx 2 dxgdxp = 1 X tdxi dx,
@x 0 0 4 0 o
1 1

(In1 InO)dxp=- 1 =1:
0 4

This shows that u 2 W2(), but u 2 WZL(). That means whether u is or is not a Sobelev
function depends on the space (see [49], page 6).

*2 10

Figure 1.7: The Sobolev function inW (), and the, non-Sobolev function in W 2() given by
u(X1;X2) = 7 X1
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Figure 2.1: A graph of a simple convex Figure 2.2: A quasiconvex function that is
function with the equation: not convex with equation:

f(xy) = x?+ y2 f(x;y) = log( x? + y?):
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Chapter 2

Polyconvex, Quasiconvex and Rank-One Convex Func-
tions

We have assigned this chapter to an important subject in this thesis concerning convexity.
We seek to generalise convexity for the space of alh n matrices. In the rst section,
we describe the concept of convexity in higher dimensions. In the second section, we de ne
polyconvex, quasiconvex, rank-one convex functions, and the relations between them.

2.1 Convex Functions in Higher Dimensions

In this section we de ne convex and concave function in all dimensions.

De nition 2.1.1. Let I be a nondegenerate interval oR. A function f : 1 ! R is called
convex if

f(x1+(1  Ix2) F (x))+(@Q  )f(x2) (2.1)

forall x; and x, in 1 and 2 [0;1]. Itis called strictly convex if the inequality (2.1) holds
strictly whenever x1 and x» are distinct points and 2 (0;1). If the function f is convex
or strictly convex then we say that f is concave or strictly concave , respectively. If f is
both convex and concave inl, then f is said to beane (see [14], [52], [59])).

The convexity of a function f : | ! R means geometrically that for allu; v 2 | and
u < v, the points of the graph of f in the interval [ u;v] are under or on the chord joining the
endpoints (u;f (u)) and (v;f (v)).

Figure 2.3: The graph of a convex function is under the chord.
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Theorem 2.1.1. ( J.Jensen Midpoint Convex )Letf :1 ! R be a continuous function.
Then f is convex if and only if it is midpoint convex, that is,

x+yo f)+f(y)

f( > ) > for all x;y 2 I: (2.2)
Corollary 2.1.1.1. Letf :1 ! R be a continuous function. Then f is convex if and only if
f(x+h)y+f(x h)y 2f(x) O (2.3)

forall x 21 and all h> 0 such thatx+ handx hareinl.
Corollary 2.1.1.2.  (The second derivative test for convexity ) Suppose thatf : I ! R
is a twice di erentiable function. Then:

1. fis convex if and only iff °¥x) 0 for all x in I;

2. fis strictly convex if and only if f °?x) 0 and the set of points wheref “vanishes does
not include intervals of positive length.

3. fis concave if and only iff °x) 0 for all x in I;
4. f is strictly concave if and only if f °¥x) 0 and the set of points wheref ®vanishes
does not include intervals of positive length.
Theorem 2.1.2. (The operations with convex functions)

1. Adding two convex functions de ned on the same interval we obtain a convex function;
if one of them is strictly convex, then the sum is also strictly convex.

2. Multiplying a (strictly) convex function by a positive scalar, we obtain, also, a (strictly)
convex function.

3. The restriction of every (strictly) convex function to a subinterval of its domain is also
a (strictly) convex function.

4. Iff :1 ! R is a convex (strictly convex) function and g: R! R is a nondecreasing
(an increasing) convex function, theng f is a convex (strictly convex) function.

For more information and proofs you can see chapter one of book [59]. Convex functions
provide basic techniques in optimization theory, partial di erential equations and geometric
inequalities. The natural domain for a convex function is a convex set. That is why we shall
start by recalling some basic facts on convex sets. A functiod de ned on an interval J is
said to be Lipschitz if there exists a constantL 0 such that

if(x) f(y)j Ljx vy for all x;y 2 J: (2.4)

A subset C of a vector space (linear space are assumed henceforth to be re&d)to be is said
to be convex if it contains the line segment

yl=f(1 )x+yj 2[01]g

connecting any of its pointsx and y.
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. MNon-convex set
Convex sel

Figure 2.4: The convex and Non-convex (concave) sets.
Source: The convex function images

A subset A of E is said to be ana ne set if it contains the whole line through any two of
its points. Algebraically, this means

forall x;y2 A and 2R (1 X+ y 2 A

For the given set E R"; E; @E;intE and E° respectively stand for the closure, the
boundary, the interior and the complement of E. The ane hull of asetE R" is the
smallest a ne set containing E. It is denoted by a E . A hyperplane H R" is a set of
the form

H=fx2R"jhx;ai = g¢; (2.5)

wherea 2 R", a6 0 and 2 R: Also, we can de ne the convex hull of a setE R",
denoted by coE, is the smallest convex set containinge .

De nition 2.1.2.  Let U be a convex subset oR" (real linear space) and letf : U ! R be
a function

1. The subgraph of f , denoted subf, is the set
subf = f(x;y)2U Rjf(x) vyo (2.6)

2. The epigraph of f , denoted epi f, is the set
epif = f(x;y)2U Rjf(x) vy (2.7
3. The domain of f is de ned as

domf = fx 2 R"jf(x) < 1g : (2.8)

4. The lower contour set of f at 2 R or lower-level set of f at 2 R, isde ned as

L =fx2Ujf(x) o (2.9)
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5. The upper contour set of f at 2 R or upper-level set of f at 2 R, denoted
U , is the set

U =fx2Ujf(x) g (2.10)

The subgraph of a function is the region lying below the graph of the function, and the
epigraph of a function is the region lying above the graph of the function. IfU is a convex
subset ofR" andf : U ! R is a function, we say thatf is convex onU if subf is a convex
set. Also, we say thatf is convex onU if epif is a convex set. Note that concave and convex
functions are required to have convex domains. For more information about these sets you
can see [59] or [19]. Source of the gure below: (http://scottmccracken.weebly.com/uploads/
9/0/6/6/9066859/convexity-print _version.pdf)

Y i

. e

H I
Figure 2.5: The subgraph and epigraph of f.

De nition 2.1.3. Let U be a convex subset oR" and let f : U ! R be a function. Then

1. f is convex if and only if for all x;y 2 U and 2 [0;1], we have
fOx+@ y) fx)+@ H(y):

2. f is concave if and only if for allx;y 2 U and 2 [0; 1], we have
fOx+(@ y) fx)+@ H(y):

3. f is strictly convex if and only if for all x;y 2 U and 2 (0;1), we have
fOx+@  y)< f)+@  Hf(y):

4. f is strictly concave if and only if for all x;y 2 U and 2 (0; 1), we have

fOx+@ y)> f)+@  Hf(y):

It is easy to prove that if U is a convex subset oR" andf : U ! R is a function, then f
is a convex function if and only if f is concave and vice versa. If; : U ! R are convex
(concave) functions anda; are positive numbersi = 1;:::;Kk, then

arf1 +  axfy


http://scottmccracken.weebly.com/uploads/9/0/6/6/9066859/convexity-print_version.pdf
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is a convex (concave) function. Convexity in the case of several variables is equivalent to
convexity on each line segment included in the domain of de nition. So we can say, a function
f:U! Risconvex if and only if for every two points x and y in U the function

"0 1Y R )= (2 t)x+ty)

is convex. We can prove that each level set of height of a convex function is a convex set.
Convex functions exhibit a series of nice properties related to maximum and minimum of
functions. We want to describe some theorems about convex and concave functions.

Theorem 2.1.3. Let U R" be an open and convex set and lef : U ! R be either a
convex or a concave function. Thenf is a continuous function.

Theorem 2.1.4. LetU R" be anopenandconvexsetandlet: U ! R be dierentiable.

1. A function f is convex if and only if for any x;y 2 U we have
f(x) r fy)(x y)+ f(y): (2.11)
2. A function f is concave if and only if for anyx;y 2 U we have

f) r fy)x y)+ f(y): (2.12)

The proofs of these theorems are long and we don't intend to describe them here. But you
can see their proofs in books [59], [19] or article (https:/pages.wustl.edu/ les/pages/imce/
nachbar/concavity.pdf). By Theorem 1.4.1 we know that the order in which we calculate any
kth-order partial derivative does not matter. The matrix of second order partial derivatives
is the Hessian denoted byH f(x) = D?f(x) = D(r f)(x). By Theorem 1.4.1 if f is C? then
Hf(x) = D?f(x) is symmetric.
Theorem 2.1.5. Let U R" be an open and convex setand lef : U! R be C2.

1. If Hf(x) = D?f(x) is negative de nite for every x 2 U then f is strictly concave.
If Hf (x) = D?f(x) is negative semi-de nite for every x 2 U then f is concave.
If f is concave andC? then Hf(x) = D?f(x) is negative semi-de nite for every x 2 U.
If Hf(x) = D?f(x) is positive de nite for every x 2 U then f is strictly convex.

If Hf (x) = D?f(x) is positive semi-de nite for every x 2 U then f is convex.

o a0~ w D

If f is convex and C2 then Hf(x) = D?f(x) is positive semi-de nite for every x 2 U.

2.2 Polyconvex, Quasiconvex and Rank-One Convex Func-
tions and Examples
We start this section with three important de nitions and their relationships to each other.

One of these de nitions is related to the main question of this thesis and so we will nd
some equivalent conditions for it. One major application of convex and concave functions


https://pages.wustl.edu/files/pages/imce/nachbar/concavity.pdf
https://pages.wustl.edu/files/pages/imce/nachbar/concavity.pdf
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is optimization. As we will see, any relative maximum of a concave function is an absolute
maximum. The notion of polyconvexity is a generalisation of the notion of convexity for
functions de ned on spaces of matrices.

De nition 2.2.1. A function F : My h(R)! RJ[f +1g is polyconvex if there exists a
convex function G: R (M) 1 R[f +1g (in general non-unique) such that

F(A)= G(T(A));

forevery A2 M n(R), where T: R™ "1 R (Mn) js such that

In this de nition, Minors (A stands for the matrix of all r r minors of the matrix A 2
Mn n(R),2 r m”n=minfm;ngand

XN
(m;n):= (r); where (r):=
r=1

min! _
(rH2(m r)i(n )’

In other words, F is polyconvex if F (A) is a convex function of subdeterminants of the matrix
A or F is polyconvex if F (A) is a convex function of the minors of the matrix A (See [19],
[69], [70], [68] or [21]). We will show that the function G is not unique.

Example 2.2.1. In the casem = n =2 (see [19], [9]), we have

1 o _ 21 21 ~
@an2e 12 1)!‘4’ (2)= (222 22 2)

1= 1;

X2
(m;n):= M= @O+ @=5; T(A)=(A; detA):
r=1

Let

(@I
o T

and
F(A)= jAjP= a2+ P+ P+ d?=(a d)?+(c+ d)?+2detA:

SupposeG; G : R (MM = RS 1 R s de ned by
Gi(A;x) := jAj? and G(A;x):=(a d)?+(c+ d)?+2x:
Then it is easy to checkG, and G, are convex,G 6 & and

F(A) = G(T(A)) = Gi(A; detA) = G(T(A)) = G(A; detA):

|
Polyconvexity is a more general property than convexity, because there are examples of poly-
convex functions that are not convex. The following example shows this concept.
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Example 2.2.2. LetF : M, o(R)! RI[f +1g be afunction (see [62], p 354) with equation

8 1
3 SotA if det(A) > O;
F(A) =

T+l if det(A) O

There is a convex functionG: R>! R[f +1g such that
F(A)= G(T(A); where T(A) = (A ;detA):
Let 8 1
= if x> 0O;
G(AX) = X

T+l if x O
The function G is convex, and that means the functionF is polyconvex. But the function F
is not convex. Let
A =

19 . _ 0 4
01 ’ B= 1 0’

be two 2 2 matrices in M, 2(R). So, det(A) = 1 and det(B) = 4, then F(A) =1 and
F(B) = 1=4. Therefore

FA+(L JF(B)= +@ )z=5+3>0 8 2[01]

N
W

But

_ 9 0 4 13 4
A +(1 )B = 1 0 :

1
o1 ) 1
Thus det( A +(1 YB)=14 2 17 +4,forall 2 [0;1]. If we choose = % then
1, 1
det( A +(1 )B) = 14( é) 17(§)+4: 1

Hence we haveF ( A +(1 )B) =+ 1 : So, this proves the functionF is polyconvex but
not convex.

There is also another example that is a polyconvex function but not convex. LetF
M, o(R)! RIJ[f +1g be a function with equation

F(A) :=det( A):

It is not di cult to see this function is polyconvex but not convex (see [19]). Now we describe
the concepts of quasiconvexity and rank-one convex. At rst, we explain an easy de nition
for quasiconvex functions, and we extend the following de nition to an advanced de nition.

De nition 2.2.2. Let U be a convex subset oR" and let F : U ! R be a function. Then

1. A function F is quasiconvex if all its lower-level sets are convex.
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2. A function F is quasiconcave if all its upper-level sets are concave.

Suppose thatL is the lower-level set ofF at 2 R, thenx 2 L is equivalent to F (x)
So:

F is quasiconvex h ]
i
,8 2R;8x;y;8 2[0;1]: x;y2L ) x+(1 )y 2L
h

8  2R;8xjy;8 2[0;1]: F(x) ; F(y) JE (x+(@  y)
h

,8 2R;8x;y;8 2[0;1]: max F(x);F(y) JE (x+(1  )y)
8 x3y; 8 2[0;1]: hF( x+(1 y) max F(x);F(y) |
So,
1. A function F is quasiconvex if and only if
8x;y; 8 2][0;1]: hF( X+ (1 )y) max F(x);F(y) I: (2.13)

2. A function F is quasiconcave if and only if
h i
8x;y;8 2[0;1]: F( x+(1 )y) min F(x);F(y) (2.14)

De nition 2.2.3. Let U be a convex subset oR" and let F : U ! R be a function.

1. A function F is strictly quasiconvex ifforall x;y 2 U with x 6 y and all 2 (0;1),

we have
F( x+(1 )y) < max F(x);F(y) : (2.15)
2. Afunction F is strictly quasiconcave ifforall x;y 2 U with x 6 y andall 2 (0; 1),
we have
F(x+(1 )y) > min F(x);F(y) : (2.16)
Example 2.2.3. LetF :U R?! R be a function with equation F (x) = log( x2 + y?),
where x = (x;y) 2 R2. The lower-level set of functionF is F (x) . So, the lower-level set
of F is
F (x) . log(x? + y?) , X>+y? 10:

It is obvious that the lower-level set of the function F is convex, therefore, the functionF is
quasiconvex. With a little calculation, we can see that the function F is not convex, because
with x =(1;1) andy =(3:;3)in U R?, we have

F(x+(@1 )y)=F@ 2:;3 2)=log((3 2)>+@B 2)%=log2+2log(3 2):

If =1=2thanF( x+(1 )y)=0:903, But the value of F(1;1)+(1 )F(3;3)=0:7781.
So, F is not convex.
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Figure 2.6: The graph of a simple convex Figure 2.7: The quasiconvex function that is
function given by: F(x;y) = x? + y2: not convex given by: F (x;y) = log( x? + y?):
|
Let U be a convex subset oR" and let F : U ! R be a function. Then F is quasiconvex

(or quasiconcave) if and only if F is quasiconcave (or quasiconvex). Alsof is strictly
quasiconvex (or strictly quasiconcave) if and only if the function F is strictly quasiconcave

(or strictly quasiconvex). In addition, let F : U ! R be a quasiconvex function. IfG: R !

R is an increasing function, thenG F is quasiconvex. IfF : U ! R is a quasiconcave and
G:R! Rs an increasing function, thenG F is quasiconcave.

Theorem 2.2.1. Let U be a convex subset oR" and let F : U ! R be a di erentiable

function on U. Then

1. F is quasiconvex if and only if

8x;y 2 U; F(x) F (y)) DFEX):(y x) O (2.17)

2. F is quasiconcave if and only if
8x;y 2 U; F(y) F (X)) DF(X):(y x) O (2.18)

Proof. (Proof of part 2) Suppose rst that F is quasiconcave onJ. Fix x;y 2 U and
assumeF (y) F (x). Forany 2 [0; 1], we have

Fix+ (y x)=F(y+@ )x) min F(X);F(y) = F(x):
So for all 2 (0; 1] we can write

Fxr v x) F ()

We know that if ! 0", then the following limit gives us the directional derivative con-
cerning the vector (y x). Therefore,

Fox+ (v x) F ()

D(y X)F(X)= |'|m

O+
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So, by calculus we haveD, ,)F(x) = DF(x):(y x) 0. Conversely, assume that for all
X;y 2 U such that F(y) F (x), we haveDF (x):(y x) 0. Choose anyx;y 2 U, and
suppose without loss of generality that

min F(X);F(y) = F(X):
Now, we must prove that for any x;y 2 U and 2 [0;1], we have
F(x+(1 )y) min F(x);F(y) = F(x):
Suppose that is not true . This means there existx;y 2 U and 2 [0; 1], we have
FOx+(@ )y)<min F(x);F(y) =F(x) F (y):

Foreacht 2 [0;1],we denez, =(1 t)x+ty=x+tly x),andg(t)=F({(1 t)x+ ty).
Since U is convex, thenz; 2 U. Sinceg( ) < g(0) = F(x), there exists 1 2 (0; ) such
that g4 1) = (g( ) g(0)=( 0). Similarly, since g( ) < g(1) = F(y), there exists

22 (; Dsuchthatgy 2)=(g( ) 9@)= 1). Thuswe have 0< ;< < ,<1and
g¥ ) > 0>g( 1). This implies

o 1)(2 1)<0 and g (1 2)<0

If g( 1) g( 2), then F((1 X+ 1y) F (@ 2)X + 2y). So, by the condition we
getg{ 2)( 1 2) O.1fg( 1) o 2), by the condition we getg¥ 1)( 2 1) 0. Both
cases give us a contradiction and the proof is completed. For more information you can see
[19], [59]. .

This proof says that the angle between the gradient and the vectory x) is acute or right.
Part (2) is illustrated in the following Figure 2.8 ( Source of Figure 2.8: http://scottmccracken.
weebly.com/uploads/9/0/6/6/9066859/convexity-print  _version.pdf). We now explain another
de nition for quasiconvex functions. In this de nition, the domain of the function F is the
setMpy n(R), the space of allm n matrices. First, it is necessary to state a few concepts.

Figure 2.8: The angle between vectors f(x) and (y x) is acute.
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De nition 2.2.4. Let U R" be a bounded openset, : U R"! R™ is continuous,
has uniformly bounded gradient and' =0 on @U Let M, ,(R) be the space of allm n
matrices over the eld of real numbers R. Then a continuous function F : M, n(R) ! R
is quasiconvex if

Z Z

, 1
! F(A+r'(x)) F (A)dx 09 a5l

F(A+ D' (x))dx F (A); (2.19)
u

for every A 2 M, n(R), for every bounded open setJ R" and every function' with those
conditions (See [19], [21], [69] and [67]).

In this de nition r ' (x) stands for the gradient matrix of partial derivatives of the function
'. So,
2 . .3

1

e
e
sfe

®
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®

®
=
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>

r'(x)=D"(x)=

9
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®
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where' (x) 2 Wol;l (U;R™) (Sobolev Space); see [19]. In the next theorem (Theorem 2.2.2),
we will explain that every polyconvex function is a quasiconvex function. That means the
Examples 2.2.2 andF (A) := det A where A 2 My, n(R) are quasiconvex. But there are
several examples withm;n 2 of quasiconvex functions that are not polyconvex. We will
see two of them in this chapter. The last main de nition in this chapter is the concept of
rank-one convex function that Charles B. Morrey introduced for the rst time with another
terminology [53], but the term rank-one was used by John M. Ball in [9].

De nition 2.2.5. Let M, n(R) denote the space of allm n matrices over the eld of real
numbers R and U be an open subset oM, ,(R). A function F : U My (R)! Ris
said to berank-one convex if for every A 2 U the function of real variablet 7' F (A + tB)
is convex neart = 0, whenever the rank of B is less than or equal to one [42].

Rank-one convexity expresses the convexity of a function along all line segments M, n
(Mm n denotes the set all of realm n matrices) whose the initial and end points di er
by a matrix of rank one (see [67], [25]). This leads us to de ne another de nition for rank-
one convex function, as a result of the de nition (2.2.5). It is easy to prove that these two
de nitions are equivalent (see [9], pages 352 and 353).

De nition 2.2.6. A function F : U Mm n(R) ! R is a rank-one convex function if
FtA+(1 t)B) tF(A)+(@ t)F(B), whenevert 2 (0;1) and A; B 2 M, n(R) with
rank(A B) 1 (See [19], [20], [21], [42] and [67]).

It is not di cult to see that every rank-one convex function is continuous [67].
Theorem 2.2.2. LetF : My n(R)! R. Then
1. F convex) F polyconvex) F quasiconvex) F rank-one convex.

2. If m=1or n =1, then all these notions are equivalent.
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3. IfF :Mn n(R)! R s convex, polyconvex, quasiconvex or rank-one convex, theR
is locally Lipschitz.

Proof. There are long and complete proofs for this theorem in [11], [9], [54] and [19]. The
converse implications of all parts of result (1) above are false, when 3. .

For instance, whenm = n = 2, Example 2.2.2 or the function F (A) = det( A) is polyconvex
but not convex (See [21]). Also, we can nd quasiconvex functions such that they are not
polyconvex. The following two examples show quasiconvex functions which are not polycon-
vex. One example has been given by Sverak (see [68]). You can nd the other given example
by Alibert and Dacorogna in [2].

Example 2.2.4. (The example of Alibert-Dacorronga-Marcellini): Let M2 2(R) be
the set of 2 2 real matrices endowed with Euclidean norm

X2
jAj? = a? forall A2 M, »(R):
ij =1
Letk2RandletF :My n(R)! R bedenedas

F (A) = jAj?(jAj2 2 detA):

Then
. . : 2P
F isconvex () j J c= 3 2 0:942809
F is polyconvex () j i p=1;
F is quasiconvex () | i q=1+ ; (there exists > 0);
F is rank one convex|() ] i r = 92—3 1:1547

The last result and the fact that if F is polyconvex, thenj j 1, were established by
Dacorogna-Marcellini [22]. All the other results were rst proved in Alibert-Dacorogna [2].
The long and complete proof of this example exists in [19] (see pages 221 to 233). The
example ?JSP provides a quasiconveﬁ function that is not polyconvex. The problem of knowing
if q=2= 3isstill open. if §< 2= 3, then this would provide a rank-one convex function
that is not quasiconvex (see [19]). The following picture shows the conditions in this example.
You can see [75].

(]
]

0

Y]

{2}
=1 <"'\|l\J
il

convex

polyconvex

quasiconvex

rank-one convex

Figure 2.9: The example of Alibert-Dacorronga-Marcellini.
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The existence of a rank-one convex function that is not quasiconvex whem 3, n 2
was proved by Vladimir Sverak [69]. A classical result in this direction is that a quadratic
function f is quasiconvex if and only if it is rank-one convex ( see [11], [54] and [70]). This
can be proved by using the Fourier transformation.

Inthe casem =2 and n 2, however, it is anopen problem to determine whether

F is rank-one convex; F is quasiconvex.

Example 2.2.5. (Vladimir Sverak's example): We need to explain some lemmas and
propositions that are useful for Sverak's example (see [69]). The proof of this example is
divided into ve steps.

Step 1: We do not prove the following lemmas, you can nd their proofs in Sverak [69] or
Dacorogna [19]. The following lemma can be found for example in [12].

Lemma 2.2.3. A continuous function F : My o(R) ! R is quasiconvex if and only if
z
F(A+ D' (x)dx F (A); (2.20)
01"
for eachA 2 M, n(R) and each smooth function' : R" I R™ which is periodic with
respect to Z". That means ' (x + k) = ' (x) for each x 2 R" and eachk 2 Z", and

Step 2: Let w:R?! R3 be a function given by

sin(2x 1)
w(x) = > @ sin@@xy) A (2.21)
sin(2 (x1 + X2))
So,
cos(2X 1) 0
rw(x)= Dw(x)= — @ 0 cos(2x 2) A

cos(2 (X1 + X2)) €os(2 (X1 + X2))

for eachx 2 R?. For eachx 2 R? the gradient Dw(x) of w lies in the linear subspace of
M3 2(R) given by 0 1
n r O 0
= @0 sA: rsit2R:
t t

Letf: ! R bedenedhby
00 11
r O
f@@0 sAA = st (2.22)

t t

It is gbvious that the only rank-one directions in are given by

0 1 0 1 0 1
10 00 00

@0 0A; @0 1A; and @0 0A:
00 00 11
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Thus the function f is convex (in fact linear) on each rank-one line contained in . By
expanding formula
cos@+ h) =cosacosb sinasinb;

we have
V4 Z

f(Dw (x))dx = (cos 2x 1)?(cos 2x »)2dx1dx, < 0 = f(0): (2.23)
[0;1]? [0;1]2
Now we can extend the functionf to a rank-one convex function onM3 2(R). This is not
obvious and easy.
Step 3: We can considerM3; »(R) as the six-dimensional Euclidean space. The norm of
A 2 M3 »(R) is given by X
JAJ? = (aj )*:

1 3

1§ 2
Now we can state the following lemma without its proof. This lemma was proved by Sverak
in [69], pages 187 and 188. The keen reader can also nd this proof in Dacorogna [19].

Lemma 2.2.4. Let be the linear subspace of M3 »(R) dened in Step 2 and let P :

M3 2(R) ! be the orthogonal projection such that
2 au 0 3
P(A) = g 0 az2 é; forall A 2 M3 »(R):
(as1t+ase) (asitase)
2 2
Letf: ! R be dened by Equation 2.22. Then for each > 0, there existsk = k() > 0

such that the function F : My n(R) ! R given by
F(A)= f(P(A)+ [AJ?+ JAJ*+ KA P(A) (2.24)

is rank-one convex onMm, 1 (R).

Step 4: In this step, we are ready to explain a theorem that gives us a rank-one convex
function that is not quasiconvex.

Theorem 2.2.5. There exists > 0 and k > 0 such that the function F given by (2.24) is
rank-one convex but is not quasiconvex.

Proof. Let w be the function de ned (2.21). SinceDw is bounded, we see from (2.23) that

we can choose > 0 such that
Z

f(Dw(x))+ jDw(x)j?+ jDw(x)j* dx < O: (2.25)
[0;1]?
By Lemma 2.2.4 we can nd k = k( ) such that the function

F(A)= f(P(A)+ JAJ*+ JA[*+ KA  P(A)?
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is rank-one convex. SincgDw(x) P (Dw(x))j =0 for all x 2 R?, we have from (2.25) that
z
F (Dw(x))dx < 0= F(0); (2.26)
[0;1]2
and using Lemma 2.2.3, we see thaF is not quasiconvex. The proof of Theorem 2.2.5 is
completed. .

Notice that the function F is a polynomial of degree four. We have nally reached the nal
step that can complete the proof of Sverak's example.

Step 5: In this step we prove a corollary of Theorem 2.2.5 that generalises the example to
higher dimensions.

Corollary 2.25.1. Letn 2andm 3andletT:My n(R)! M3 2(R)is de ned by
2 3
X11 Xi12
T(X) = §X21 Xzzz :

X31 X32

Let F :Mm n(R)! RbedenedF (X)= F(T(X)), where F is the function from the
theorem above. ThenF is rank-one convex but is not quasiconvex.

It is easy to see, becausd maps rank-one lines to rank-one linesfF is rank-one convex.
Considering the periodic function

where w is the function de ned above. We see from (2.26) thatF is not quasiconvex. The
example is nished.

If m = n =2 the above implication would have far-reaching consequences. In the article [15],
the authors claimed to have found a counterexample for the casen = n = 2, that F is a
rank-one convex function but is not quasiconvex. But in the article [57], Patrizio Ne has
shown that the example in [15] is not a counterexample and this case is still an open problem.
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Quasiconformal Mappings

Figure 3.1: Quasiconformal Maps

Source: https://www.youtube.com/watch?v=iOwPGG5-54Q
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Chapter 3

Quasiconformal Mappings

Quasiconformal mappings are generalizations of conformal mappings. They can be considered
not only in Riemann surfaces but also on Riemannian manifolds in all domains, even on arbi-
trary metric spaces. Quasiconformal mappings occur naturally in various mathematical and
often a priori unrelated contexts. In mathematics, the distortion is a measure of the amount
by which a function from the Euclidean plane to itself distorts circles to ellipses. There are
three main de nitions for quasiconformal mappings in Euclidean space: geometric, analytic,
and metric de nitions. In Introduction 0.1 we de ned the linear distortion and the history of

the quasiconformal maps. For more details, you can see [28], [31], [29], [35], [74], [30], [6] and
[42].

In this chapter, at rst, we recall the curve family de nition. In the two rst sections of this
chapter, we explain the concept and de nitions of linear, outer, and inner distortion and their
properties. The third section aims to show the lower semicontinuity property of the inner,
outer and maximal distortion functions. We will nish this chapter with lwaniec's Lemma
and Theorem that show the linear distortion function, is not lower semicontinuous. Also we
illustrate with some gures and examples (see [42] and [30]).

3.1 The Moduli of Curve Families

In this section, we will explain the notion of the moduli of curve families. This subject is used
to describe quasiconformal mappings and their properties in this chapter. We are starting
with some essential de nitions and theorems.

De nition 3.1.1. A path in R" is a continuous mapping :1 ! R" wherel is an interval
in R. The path is said to be closed or open ifl is closed or open, respectively. Thdocus
jjofapath :1 ! R"isthe pointset (I) R". The subpath of :1! R"isa
restriction of to a subinterval of |. Supposea =ty t; ::: tx = bis a partition of
interval [a; 1. Then we de ne the length of :[a;H! R" and denote by ( ) as

X
()=sup ) (o) 3.1

i=1

ThusO () 1 anditisobvioustosee ( )=0ifandonlyif isaconstant. If ( )< 1
then is calledrecti able path . A path in R" such that 12 jis non-recti able, except
for the constant path (t) = 1 (see [74] p.1).
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Theorem 3.1.1. Let :[a;b! R"bearectiablepath,andleta=1t, t; ::: tc=Db
be a partition of interval [ a;b]. Then every restriction |[ti 1 t;] is recti able, and
~ X< ~ -
()= (ilti utl: (3.2)
i=1
Proof. This proof is obvious (see [74], [30]). .
De nition 3.1.2. Thepath °:[0;°( )]! R" is the normal representation  of (see

[30], [74]). It is also called the parametrisation of by means of its arc length.
De nition 3.1.3.  Apath :[a;H! R"islocally rectiable if each compact subpath of
is recti able. We then denote

()=sup (); over all compact subpaths  of

It is obvious that the concepts recti able and locally recti able coincide for closed paths.
Furthermore, for a closed path , the two de nitions of “( ) are equivalent. For instance, the
path :( 1;1)! R?dened by

(= (ttsin() 2 R

is not locally recti able. Because its subpath j(0;1) is locally recti able but not recti able
[74]. We can prove that, if :(a;b) ! R" is a rectiable open path, then there exists a
unique extension to closed path :(a;b! R", Also ()= ( ). Let :[aH! R" be
a recti able path. For all t 2 [a;b], we denote™( j[a;t]) by s (t) or only by s(t). The function
s :[a;bf! R is called thelength function of

Lemma 3.1.2. Let :[a;b! R" be a rectiable path of length *, and let s = s be its
length function. Then

1. (b) (wj s(t) s(u),wherea u t b

2. s is nondecreasing and continuous;

3. s is absolutely continuous if and only if is as well;

4. sqt) and qt) exist and satisfy s{t) = j qt)j for almost everyt in [a; D;
5

. both s®and °belong to L([a; b)) and

z Z,

b
i Widt= js{Oidt (3.3)

a a

with equality holding precisely when is absolutely continuous.

Proof. The proof of this lemma is long and we leave it to the keen reader (see [30], [74])s
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De nition 3.1.4.  Assume that R" is a Borel set and that :A! R is a nonnegative
Borel function. For each recti able closed path : [a;b] ! , we de ne the line integral of
over as follows: 7 Z
ds = ( °(t)dt ; (3.4)
0

where © is the normal representation of .

The integral on the right exists, because  ° is a nonnegative Borel function. Its value may
be +1 . We can show thatif :[a;l! is absolutely continuous, then

()
ds = . (°®)j W jdt (3.5)

In section (1.5) we de ned conformal mappings. Now we want to give another de nition for
it.

De nition 3.1.5. Let and °be domains inR", and f : ! 9be a homeomorphism.
Then f is conformal if f 2 Wlé;cz and jDf(x)hj = jDf(x)jjhj for almost all x 2 and h 2 R".

We can also say aC' homeomorphismf is conformal if and only if jDf(x)j" = J;(x) for all
X 2 . By Liouville's theorem , if is a domain in R" with n 3, then any conformal
mapping f : ! R" is arestriction to of a Mebius transformation (see [42] and [30]). It
is well known that a two-dimensional di eomorphism with positive Jacobian is conformal if
and only if it is complex analytic. We also know that, for n 3, every conformal mapping is
a Mebius transformation. Suppose that is a family of smooth paths in . is called a
curve family and it is simply a collection of curves. Let and °be domains inR", with
n 2 andf: ! Obe a di eomorphism. Assume that is a family of smooth paths in
. We denote f() for ff . 2 g. So,f()is also a family of smooth paths in  ©
Given a curve family , an admissible density is a Borel function : ! [0;1), if a
-length © ( ) to any smooth path 2 :
z
()= (X)jdxj 1 forevery 2 (3.6)

In the other words, the continuous function : ! [0;1 ) is an admissible density if for
al 2 ,wehave * () 1. Thereis an analogous notion of -volume: the -volume (A)
of a Lebesgue measurable subset A of is given by

Z
(A) = "(x)dx; (3.7)
A

dx denoting integration with respect to Lebesgue measure irR". The collection of all such
admissible densities is denoted by Adm() (see [30] p.78).

The condition ~ () 1 prevents from being, on average, excessively small along the
trajectory of any 2 . So, if is an admissible density for and if contains su ciently
many paths and their collective trajectories Il up a substantial portion of , one might
expect that the associated volume () could not itself be small.
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De nition 3.1.6. Let p 1. The p-modulus of curve family is
z

Mp()=inf f (): 2 Adm() g=inf P(x)dx; (3.8)
Rn

where the in mum is over all admissible densities for .

If Adm() = then we setMp() =+ 1 . This happens only if contains a constant path,
because if 2 is a constant curve, the condition
Z
X)jdxj  1; forevery 2 ;

can not be satis ed since the integral is always zero. Therefore, there are no admissible
densities for a curve family with a constant curve. In the de nition of the modulus of a curve
family we have in mum taken over an empty set. So, inf =+ 1 (recall thatinf =+1
and sup = 1 on the extended real numberskR = R [f +1; 1g ). From the de nition

of the modulus of curve family, we have 0 My() 1 (see [30], [74]). The case = n

is the most important. In this case we simply write M () for the modulus. There are some
properties of the modulus of a curve family and we explain and list them.

1. Adm() = if and only if contains a single constant path.
2. If 1 2, then M( 1) M( 2).
3. M()=0.
S, P
4. M( i=1 i) i=1 M( i)-
5. If 1 and » are curve families such that every curve in , has a subcurve in i, then
M( 1) M( 2).

All proofs exist in VaiR's book [74] from page 16 to 20. One of the most important results
is that modulus is a conformal invariant. This will be proved by Theorem 3.1.5.

De nition 3.1.7. Let 1 and » be curve families inR". We say that 5 is minimized by 1
and denote » 1, ifevery 2 5 has a subcurve which belongsto;. Acurve :J! RN
is called of a subcurve :1 ! R", if J is a subinterval of | and is the restriction of to
J and it is shown by

Theorem 3.1.3. If » 1, then Mp( 2)  Mp( 1).

Proof. The assertion is trivial if Mp( 1) =+ 1 . If Mp( 1) < +1 , consider a function from
Adm( 1). If a curve from 1 is locally recti able and if is chosen so that , then
Z Z

ds ds 1:

This means that belongs to Adm( 2). Thus
z

Rn
Since was an arbitrary member of Adm( 1), the inequality Mp( 2) Mp( 1) follows when
the inmum is taken over all such (see [30], [74]). .
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Theorem 3.1.4. Suppose that the curves of a family lie in a Borel setG R", and for
every locally rectiable 2 ,wehave () r> 0. Then

m(G).
Mp() .
Proof. De ne the function :R"! R by
81
2 - if x2G
)=
T+l if x2G:
Then 7 Z . .
= — = — - =1
ds ; ds="() r ; ;
so nds itself in Adm(), and
4 Z
1 m(G)
p = J— = N
Mp() . dmy o 1 dmjy o
This completes the proof (see [30], [74] and [73]). .

Here is some notation that we will use in the following examples:

LetE;F;G R", the notation ( E;F : G) stands for the family of open paths with endpoints
that connect E and F through G. More precisely, a path : [a;f] ! R" belongs to
( E;sF:G)ifandonlyif (a)2 E, (b2 F andfora<t<b we have (t) 2 G (see [30],
[74] and [73]).

Example 3.1.1. (The Cylinder) Let E be a Borel setinR" ! and let h> 0. Set

Then G is a cylinder with basesE and F = E + he, and with height h. Set = ( E;F : G).

Figure 3.2: The cylinder of the family of open paths with endpoints that
connectE and F through G.

We show that
m(G) _ him, 1(E) _ my 1(E).

Mp() = he ~ hp T php 1
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Since’( ) h, forevery 2 , Theorem 3.1.4 implies

m(G).
Mp() ho

Let be an arbitrary function in Adm(). Foreach y 2 E, let Yy : [0;h] ! R" be the
vertical segmentYy(t) = y + te,. Then Yy 2 . Suppose that p > 1, we obtain by Helder's
inequality

Z "z L Z, #p

p =
1 1. ds 19ds * Pds
Yy 0 0

Tl

=hs  Pds=hP 1  P(y+tepn)dt:
0

So, we have
1 hP!? P(y + tep) dt:
0

Integration over y 2 E yields by Fubini's theorem
z Z, z z

mn «(E) hP 1 dm, 1 Ply+te,)dt=hP 1 Pdm=hP ! Pdm:
E 0 G

Since this holds for every 2 Adm(), we get

Mpy l(E) .
Mp() Thp L
Thus, we proved that Mp() = Mp( ); where is the subfamily of consisting of the

vertical segmentsYy (see [30], p.101 and [74], p.21).
|

Remark. In Example 3.1.1, the modulus is invariant under similarity mappings if and only if
p = n. This is the reason why the case = n is so important in the theory of quasiconformal
mappings. Later in this section we will prove that M () is a conformal invariant (see [74]).
For the next example we use the following notation

B"(x;r)=fy2R":jx yj<rg;

Bh(x;r)=fy 2R": jx yj rg;

S Yx;r)=fy2R": jx yj=rg:
If r = 1, then the unit ball and the unit sphere are shown by B"(1) = B" and " (1)= S" 1,
respectively. The boundary of the n-dimensional ball is shown by @B'(x;r). So, we can
write S 1(x;r) = @B(x;r). The notation B"(x;r) is called the closure ofB"(x;r), and it

is obvious to see
B"(x;r)= B"(x;r)[ @B(x;r):

Recall that the volume of the n-dimensional unit ball can be expressed by

[N=]

Vp = (39)

(0+1)°

where is Euler's gamma function. The surface area ofS" ! is denoted by! ,, 1. It is well
known that ! , 1 = nVj.
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Example 3.1.2. Let xg be a pointof R" ,and 0<a<b< 1. Let = ( E;F :G), where
E=9 Yxp;a), F=95" 1(xp;b), and G = B"(xp;b) nB"(xg;a). Thenforl<p< 1 ,itis
true that

b 1n

a ;

where! , 1 shows the surface area 08" . Let 2 Adm(). For each unit vector y 2 S" 1,
we deneYy :[a; ! R" to be the radial segment, given byYy (t) = ty.

Mp()= !'n 1 log

by

Figure 3.3: The spherical ring with O<a<b< 1

By Helder's inequality (for p= -"; and q= n), we obtain

z . Zy L .
1 1 ds = (ty)t! o tn ldt
n Yy a
Zy 1 Ly L n 1#”
(ty)tt = " dt tn L odt "
a
Zy Zy
— n n 1 1 n
= (ty)t" *dt t tdt
a a
b n 1Z b
= log— M(ty)t" Ldt
a a
So, by integrating overy 2 S 1, we have
b Z
'n1 log "1 ngm: (3.10)
Taking the in mum over all 2 Adm(), we obtain
b n 1

n1 log_ " "M( e) (3.11)
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Next we de ne the function given by

% I - if x2G
Xjlo
(x) = jxjlog 3
§
if x2G
It is obvious that is admissible for g, because
. “o g 1 %0
() T . bdX: b —dX=l,
a jXjlog3 logz a JX
so, 2 Adm( ) and hence
z Z,
M( g) "dm=1, 1 |og9 Llas=1, |og§1”: (3.12)
RN a a a
By (3.11) and (3.12), we have
b1 n

M(g)="!'n1 Iogf ;

and this example is proved (see [30], [74], [61] and [73]).
|

Let A be a subset ofR" and that f : A!  R" is continuous. If is a family of paths in A,
then the family == ff : 2 gis called the image of under f.
Theorem 3.1.5. Let and 9be domains inR", f : ! 0is a conformal map and

= f(),then M()= M(7, forall

Proof. Let ~2 Adm(7), now we can dene (x) = ~(f(x)) jDf(x)j. We have 2 Adm()
since for all locally recti able 2

Z Z Z
ds= ~f(x))jDf(x)jds = ~x)ds 1L
f
Therefore, we can write 7
M () Ndx
Z
= (Hf(x)))"IDf(x)j"dx
Z
= (A ()" I (x)dx
Z
= (~x)"dx:

Now by taking the in mum over all ~ we obtain M () M (7. Since f is conformal,f 1! is
conformal. So, with the same reasoning we hav# (7 M (), and so, M()= M(7 (see
[42] or [74]).
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Suppose thatf : ! Ois a di eomorphism between domains and %in R", where
n 2. In the proof of Theorem 3.1.5, we de ned with respect to ~that is called the push
forward . Let : ! [0;1 ) be dened by

(x) =~ f(x) IDF(X)j:

Let :[a;b! be a path in . Then =f is a path and member of 7 because it is
easy to prove that
z Z, Z,
1 ()= ~idi= A ®] Widt= A OIfT © Widt
a a
Zy Zy z

4 ONIfT (1] Widt= (@) Widt= (jdxj=" ()

a

3.2 De nitions of Quasiconformal Mappings

In this section, we give three main de nitions for quasiconformal mappings in Euclidean space,
geometric, metric, and analytic de nitions. We also establish various results concerning their
properties and di erences.

De nition 3.2.1. Let and 9be domainsinR", andf : ! Ope a homeomorphism.
Let be a curve family in and its image = f 2 is a curve family in  ©
The outer distortion K (f) and inner distortion K, (f) of a function f are de ned as the

following formulas

MO . K.(f)—sup M .

K (f)-sup M MO

(3.13)

where M () and M () are not simultaneously 0 or 1 . The maximal distortion of f is
de ned by
K(f) =max Ko(f);K,(f) : (3.14)

We note that Ky  1lorKg 1, henceK 1,sinceM()= M()J= 1, whenever one and
hence the other of the families and ~contains a constant path, and the constant paths have
no inuence on K, (f) and Ko(f). In order to avoid technical di culties, we shall assume
from now on that every path family contains only non-constant paths (see [74] p.41 and 42).

De nition 3.2.2. (Geometric de nition of quasiformality): Let and “be domains
in R", and f : ! Ope a homeomorphism. Let be a curve family in and its image
= f 2 is a curve family in % Then f is said to be aK-quasiconformal

mapping of to  Oprovided K (f) < 1. If, in fact, K (f) K< 1, thenwecallf a
K-quasiconformal mapping. For this to be true it is necessary and su cient that

MO M KM () (3.15)

holds for every family of curves in (see [30] p.206, [42] p.14 and [74]).
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From the de nition of the inner and outer distortion we obtain the following relations :

Theorem 3.2.1. Let and Cbe domains inR", andf : ! 9be a homeomorphism.
The following properties hold for everyx 2
1) Ki(f) = Ko(f 1) 2) Ko(f) = Ki(f 1)
3) K(f 1)=K(f) 4) Ki(f g9) Ki(f)Ki(9) (3.16)
5) Ko(f 9) Ko(f)Ko(9) 6) K(f g9) K(f)K(g)
Proof. (Proof of part 1) Suppose that is a family of pathsin and ™= f(). By De nition

3.2.1, we have
M(J _ M
MO M(@F X))
and by taking the supremum over all we obtain K, (f) Ko(f 1). By same process we can
showKo(f 1) K, (f), soK,(f)= Ko(f 1). Proofs of part (2) and (3) are similar to (1).
(Proof of part 4) Consider K, (f g), by de nition of inner distortion we have

MO _ M 9)) _ M({f 9)) M(g()) :

MO T MO M@ Mg DR
Taking the supremum over all from both sides gives usK, (f g) K, (f)K,(g). For parts
(5) and (6) we have same processes (see [42] and [74]). .

Ko(f 1)

Corollary 3.2.1.1. If f is a K-quasiconformal mapping, thenf 1 is a K-quasiconformal
mapping.

Corollary 3.2.1.2. If h = f g and f is a Kj-quasiconformal mapping andg is a K-
quasiconformal mapping, thenh is a K 1K 2-quasiconformal mapping.

While modulus isn't easy to understand at rst glance, once mastered it is a powerful tool in
geometric function theory. In addition, the geometric de nition (3.2.1) leads quickly to many
strong properties of quasiconformal mappings; for instance, the inverse of a quasiconformal
mapping is also quasiconformal, which is not apparent from the metric de nition. In the
De nition 1.7.1, we de ned linear, inner and outer dilatations for linear transformation T.
We know that the derivative of T is a linear transformation (see [30] and [42]). We can de ne
the linear distortion  H(T), inner distortion  H,(T), and the outer distortion Ho(T) of

a nonsingular linear transformation T : R" I R" as
_ L(M). _ jdet(T)j. _ o Lmn .
H(T) = T Hi(T) = Ty Ho(T) = T det(Ty;. (3.17)
If T is singular it is customary to set H(T) = H,;(T) = Ho(T) = 1 (see [30]). Let the
transformation T is presented by an n matrix A, andlet0 < ; 2 e n be
singular values of the matrix A (this means they are the eigenvalues of matrixAtA and real
positive numbers). Recall that L(T) = L(A) = 4, (T) = (A) = 1, and jdet(T)j =
jdet(A)j = 1: 2::::: 5. Hence, by (3.17) we can write
9l giliis n 1
H(T)= —; Hi(T)= == Ho(T)= ———: (3.18)
1 1 1. 2vunnn n 1
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Theorem 3.2.2. Let and 9be domains inR", and A : ! Obe a linear bijection.
Then

1. Hi(A) H o(A)" L

2. Ho(A) H (A" 1

3. H(A)" = H{(A):Ho(A);

4. H(A) minfH | (A);Ho(A)g H (A)2 maxfH (A);Ho(A)g H (A)" 1

Proof. (Proof of part 3) Let 0 < 1 2 n be singular values of the matrix A.
Thus
n n
HA"= = =
1 1
n .« _aaaan
- _n. 2. 3uii.n n 1
T 2i 3l
_ - 20 311110 10
120001 nl
= Ho(A):H, (A):
This nishes the proof of part (3). The proofs of the other parts are the similar. .

It is obvious that all three linear, outer, and inner distortions are bigger than or equal to 1.
They have the following geometric intuition. The image of the unit ball B(0; 1) under A is
an ellipsoid E(A). Let B, (A) and Bpo(A) be the inscribed and circumscribed balls ofE (A),
respectively (see [42] and [74]). See Figure 3.4.

B
I
£ 2

X
[

3

2

x

It

]
EF

Figure 3.4: Eccentricity of the ellipsoid
Source: Page 110 of book [42]
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We recall De nition 1.7.2 that de ned the linear distortion of a function at a point or its
domain. If A is a linear transformation given by its matrix. If n = 2, computing distortion
can be done by a relatively simple formula (see [74]).

Example 3.2.1. Let A:R?! R? be a linear bijection given by (see [74], pp 44 and 45)
A(z) = ax+ by+ i(cx + dy);

where z is the complex notation in R? with z = x + iy and a, b, ¢, and d are real numbers
such that ad bc6 0. Sincen =2, then H(A) = H,(A) = Ho(A). Let

a b

A:Cd'

We know that the singular values of matrix A is the square roots of the eigenvalues of matrix
A'A, thus

Ap- @ C.ab a’+ 2 ab+cd |
- c d

b d- T ab+tcd B+ d?

The charactristic equation of A'A is

det(A'A 1 )= ?2 (@+P+c2+d) +(ad bd?=0;

wherel is the 2 2 identity matrix. By solving the characteristic equation we get

a2+ P+ A+ d? p(a2+b2+c2+d2)2 4(ad bo? ;

i
|
NI NI

p
2= - A+ PP+ E+d?+ (a2+ P+ 2+ d?)2 4ad bo? :

So, the singular values of matrixA are

q .
p_  a2+R++d | (a+ P+ 2+ )2 4@ad bo?
1= 1= P= ;
2
and q b
p a+PP+cc+d+ (a2+ PP+ 2+ d?)? 4(ad bg?
2= 2= pé :

It is easy to see that ; 2, hence the linear distortion of matrix A is
q
H(A)= Hi(A)= Ho(A) = &

a2+ P+ 2+ 2+ (@2+ P+ 2+ D2 4(ad bo?

2+ P+ 2+ | (a2+ P+ 2+ D2 4(ad bo?

We now de ne the linear distortion of a function at a point x.
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De nition 3.2.3. Let beadomainin R",letf: ! R" be a continuous injection. The
linear distortion or dilatation of f at the point x in A is the quantity H;(x) or H(x;f)
de ned by

Hi(x) = H(x: ) = limsup =100,

o f(x;r)’ (319)

where for O<r < dist(x; @) we set

Ls(x;r) = mle(li(r kf(x + h) f(x)k; f(x;r) = IEEIer]rkf(X+ h) f(x)k:

In other words,

maXynk=r Kf(x + h)  f(x)k
Ht(x) = H(x;f) = limsup k=1 KT ( ALY
r!

0 Minge= kF(x + h)  f(x)k’ (3.20)

Let and “be domainsinR" with n 2, and letf be a homeomorphism of onto 0 The
linear distortion of function f is de ned

H(f)=supfH{(x): x2 g; (3.21)

where H¢(x) 1 is the linear distortion of f at x as de ned at (1.29). f is a conformal
mapping if and only if H(f) =1 (see [30] p.77).

fax |f (x+h)=Ff(x)]

min 1f (+R)—f GOl 70

H(x, f) = lim sup

H(f) = sup{H(x, f) : Vx € D}.

Figure 3.5: Linear distortion of the funcion f at a piont in the domain.

Let and 0 pe domains inR", and f : I Ope a di eomorphism. This means a
di eomorphism is a C*-homeomorphism whose Jacobiads (x) does not vanish. If the function
f is a di eomorphism, then by (3.17), Theorem 1.7.1 and Corollary 1.7.1.1, we have. (x) =

jDf(x)j and det(Df(x)) = Js(x), so

iDF(X)" .
J9r(x)j

We now introduce some theorems that lead us to other de nitions of quasiconformal mappings
and the relations between them (see [42] and [74]).

I (x)]

Ho(Df(x)) = Df )"

H (Df(x)) = (3.22)
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Theorem 3.2.3. Let and ©be domains inR", with n 2, andf : ! Ope a
homeomorphism with f di erentiable at the point x 2 . If Ko(f) < 1, then

DI Ko(Mids (x)i: (3.23)

Proof. The reader can see [74] pages 47 and 48. .
Theorem 3.2.4. Supposef : | Ois a di eomorphism, then

Ko(f)=8;gp Ho[Df(x)I; Ku(f)=SXL;p H [Df(x)]: (3.24)

Proof. It su ces to prove the rst equation, because the second one follows it by applying
the inverse mappingf. Suppose thatHo[Df(x)]= K< 1 . We have to show

M ()
M ()
for an arbitrary path family in . The proof is similar to the proof of the Theorem 3.1.5

for the conformal invariance. In fact the Theorem 3.1.5 is a special case of this theorem. Let
:R" I R" be a function that

Ko(f) =

K

8
2 YF(x)jDf(x)] ifx2 ;

)= |
-0 if x 2
Suppose that is a locally recti able path in . By De nition 3.1.4 we obtain
z z
ds Ods 1

f

Therefore, 2 Adm(), and °2 Adm( 7, which implies

z z
M() "dm = U (x)"DF(x)j" dm
Z Z
K Afx)"jJds(x)jdm = K o (9" dm
Z
K (93"dm:
Rn

Since this holds for every 22 Adm( 7, we get M () KM (7. By Theorem 3.2.4 we can
prove the reverse inequality. So

Ko(f) = sup Ho[Df(x)]:

By f 1: 01 and K, (f)= Ko(f 1), we can prove the second equation, thus

K|(f)=Sl;IO H [Df(x)]:
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Corollary 3.2.4.1. Letf: ! Obe a di eomorphism, then f is K-quasiconformal if and
only if _ .
PIOIT 501 K @FG)™
for all x 2 . Moreover,
1 Ko(f) Ki(H" % 1 Ki(f) Ko(H" ™

Corollary 3.2.4.2. If f is a dierentiable quasiconformal mapping at point x in , then
either Df(x) =0 or J¢(x) 6 O (see [74], page 48).

Example 3.2.2. Let A:R"! R" be a linear bijection. ThenD (A(x)) = A for all x 2 R".
By Theorem 3.2.3 we obtain

Ko(A) = Ho(A); Ki(A)= H|(A):

Therefore A is a quasiconformal mapping.

The de nition of linear distortion tellsus 1 H ¢(x) 1 . If A:R"! R" is a bijective
linear mapping, H(x;A) = H(A), for all x 2 R". We omit the very technical proof of the
following theorem. It can be found in [74] pages 78 and 79.

Theorem 3.2.5. Assumef ;: ! Ojs a homeomorphism such that for somé& < 1 either
Ko(f) K orK;(f) K. Then H(x;f) is bounded by a constant which depends only om
and K .

Corollary 3.2.5.1. If f: ! Vs a quasiconformal mapping, thenH (x; f) is bounded.
De nition 3.2.4. A function f :[a;h ! R™ is said to beabsolutely continuous if for
each > O there exists a > 0 such that
X( . .
jf(b)  f(a)j<
i=1
whenevera= a; <b; a)<b, ::: a<byx=band
X( . .
jbaj<:

i=1

It is easy to see that every absolutely continuous function is uniformly continuous and, there-
fore continuous. Also, we can prove that every Lipschitz-continuous function is absolutely
continuous (see [42] and [64]).

De nition 3.2.5. Forj=1;2:::;n,letl; =[a;ly] be a closed interval andQ = 1, >
In be a rectangular box that lies in a domain in R". Consider thej th face

Q=11 iy 1+ F ag lj+1 iiln:
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Then we can say a continuous functiorf : !  RM™isACL( ;R™), absolutely continuous
on lines if foreveryj =1;2;:::;n and almost everya 2 Q;, with respectto (n 1)-measure,
the function

t7! f(a+ te)), a t+hagi Db

is absolutely continuous. g denotes thejth unit basis vector (see [42] p.106). Forp 1, an
ACL mappingf: ! R"™is said to be ACLP if all partial derivatives of f are in Lﬁ)c().
In other words,

@

—2LP

@X |oc() , 1 i n.

Sometimes,ACLP is known asW P (see [77], Chapter 2). There is a fundamental result of
Gehring and Va@l, its proof exists in VaimR's book [74]. This result links geometric and
analytic concepts in the theory of quasiconformal mappings.

Theorem 3.2.6. Letf: ! R" be a homeomorphism such thatH (x;f) is bounded, for
all x2 . Then fisACL( ;R").

Theorem 3.2.7. (Gehring-\VaakR ) Every quasiconformal mappingf : ! R" lies in the
spaceACL( ;R").

There are others important results in Vaal's book [74] that we now explain.

Theorem 3.2.8. Suppose that and Care domains inR",with n 2, andf : ! Obe
a homeomorphism such thatH (f) is bounded. Thenf is di erentiable almost everywhere.

Proof. The proof of this theorem can be found in [74], page 109. .

Corollary 3.2.8.1.  Every quasiconformal mapping is di erentiable almost everywhere.

Theorem 3.2.9. If and 9 are domains in R", with n 2, and f : ! Ois a
homeomorphism and if 1 K 1 , then the following are equivalent:
1. Ko(f) K

2. f is ACL, almost everywhere di erentiable, and jf{x)j” K jJ;(x)j almost everywhere.
Moreover, each of these conditions implies thaf 2 ACL" (see [74] p.110 and 111).
Corollary 3.2.9.1. Every quasiconformal map isACL".

Lemma 3.2.10. If f: ! 0is a homeomorphism, such thatH (x;f) is bounded by a
constant H, for all x 2 . Then (see [74])

iFOOI" H " 43

Proof. By Theorem 3.2.6, the homeomorphismf is ACL, and by Theorem 3.2.8,f is di er-
entiable almost everywhere. Also, by Corollary 3.2.4.2, and Theorem 1.7.1, we can write that
for x 2 either f{x)=0 or

0< H(fYx)) = H(x;f)= H:
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If f4x) = 0, then the result is obvious, therefore we choose & H(fq{x)) = H(x;f) = H:
Accordingly,
i _
JIr(X)j

Ho(f4x)) maxtH,(f%;Ho(f% H (fO" 1= H" 1

or
LA OOV I NG TE

Theorem 3.2.11. Let and 9be domains inR",with n 2. Then the homeomorphism
foo Ois a quasiconformal mapping if and only ifH (f) is bounded.

Proof. Let f be a quasiconformal mapping. Then by Corollary 3.2.5.1H(x;f) is bounded,
for all x 2 . Conversely, suppose that H(x;f) H < 1 ,forall x 2 . By Theorem 3.2.6,
the homeomorphismf is ACL, and by Theorem 3.2.8,f is di erentiable almost everywhere.
By Corollary 3.2.4.2 and Theorem 1.7.1, for allx 2 , we have fqx)=0or 0 < H(f{x)) =
H(x;f) H . In both cases,jfqx)j” H " 1jJ;(x)j. Lemma 3.2.10 tells us

Ko(f) H "%

for H" 1 = K. SinceKo(f) = K, (f 1), Theorem 3.2.5 leads toH(y;f 1) is bounded, for
ally 2 0 By repeating the above process we geK;(f) = Ko(f 1) < 1. Hencef is a
quasiconformal mapping (see [42], [30] and [74]). .

Corollary 3.2.11.1. A homeomorphismf : ! Ois quasiconformal if and only if one of
the distortions Ko (f) or K| (f) is nite.

Proof. Let f be quasiconformal, then by Theorem 3.2.11H(x;f) is bounded and at least one
of the inner or outer distortion is nite. Conversely, assumeK o(f) or K, (f) is nite. By The-
orem 3.2.5, we can sayH (x;f) is bounded and also by Theorem 3.2.11f is a quasiconformal
map (see [74] p.114). .

Now, by Theorem 3.2.11, we have another de nition for quasiconformal mappings that is
called the metric de nition of quasiconformal mappings. For more details, you can see [42]
or [30].

De nition 3.2.6. (Metric de nition of quasiconformality) Let and %be domains in
R", with n 2, andf: ! Obe a homeomorphism. Therf is called H -quasiconformal ,
if thereisaconstant1 H 1 such that H(f) H

This distortion function is a quantity that we shall meet repeatedly. If the function f is
conformal, then H(x;f) = 1. Indeed, the converse is also true. This metric de nition is
simple, direct, very general, and quite appealing from a geometric-aesthetic vantage point.
Further, it requires no regularity of di erentiability properties of the mapping to formulate.
Unfortunately, this metric de nition, while aesthetically pleasing, is di cult to work with.
Nowadays, the following analytic de nition of quasiconformality is more common (see [42]
and [30]). The following theorems and de nitions show the relationship between quasicon-
formality and bounded distortion for di eomorphism. But before the analytic de nition, we



3.2 De nitions of Quasiconformal Mappings 68

give some de nitions that we need. At rst, we present an important theorem.

Theorem 3.2.12. Let and ©9be domains inR", with n 2, andf : ! Obhe a
homeomorphism. Thenf is K -quasiconformal if and only if the following conditions are
satis ed:

1. f is ACL,
2. f is di erentiable almost everywhere,

3. For almost everyx 2 we have

ifai”
K

I KT ()™ (3.25)

Proof. Let f be aK -quasiconformal, then by Theorem 3.2.7 (Gehring-Vaah) f is ACL, and
by Corollary 3.2.8.1 the homeomorphismf is di erentiable almost everywhere. So, properties
(1) and (2) are true. Sincef is K -quasiconformal, we can write

ifai”
131 (X))

forall x 2 that f is dierentiable at x. We may also choosgJ;: (x)j & 0. We know that the
f lis alsoK -quasiconformal and di erentiable at y = f(x). Hence,

91005 = (3¢ 1 ()i Kif® Hy)i= K ()™

The above relation shows us the condition (3) is also true. Conversely, assume that the three
conditions hold. That means f is ACL, dierentiable almost everywhere, and for almost
x 2 the following inequality holds

RN
K

Note that the above inequality gives usKo(f) K and this inequality by Theorem 3.2.9
implies Ko(f) is nite. Therefore, by Corollary 3.2.11.1, f is a quasiconformal map. Since
jJi (X)j & 0 almost everywhere, we haveK | (f) K (see [30], p 243 and [74], p 115). .

3l K™

This theorem leads us to de ne a quasiconformal mapping in a third way. We had geometric
and metric de nitions before, but the next one is called the analytic de nition of quasicon-
formal mapping.

De nition 3.2.7. (Analytic de nition of quasiconformality) Let and ©be do-
mains in R", with n 2, and f : ! O be a homeomorphism. Thenf is called K-
quasiconformal if the rst partial derivatives of f exist as Lebesgue functions, the Jacobian
determinant of f is locally integrable and does not change sign in and there is a constant
Ko 1, such that f satis es the distortion inequality

if0I" Ko jdr(x)i; (3.26)

for almost everywhere in (see [42] p.106). In a simple way, we can say is quasiconformal
if the following conditions are satis ed:
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1. f isACL,
2. f is di erentiable almost everywhere,
3. For almost everyx 2 , Equation 3.26 holds.

Now we can explain a theorem that shows the equivalence of these three de nitions of quasi-
conformal mappings.

Theorem 3.2.13. Let and ©9be domains inR", with n 2, andf : ! Obhe a
homeomorphism. For all in the following are equivalent:

1L.AM(O) M) KM():

2. H(x; f) is bounded.

3. f is ACL, f is di erentiable almost everywhere and for almost everyx 2 we have
O™ K ()i

Proof. To get from (1) to (2) we can use Theorem 3.2.5 and Corollary 3.2.5.1. Also, we can
prove by Theorem 3.2.12, the formula (1) implies (3). By Lemma (3.2.10), Theorem 3.2.11
and Theorem 3.2.12 we can show that (2) and (3) are equivalent. But the proofs that (2)

or (3) implies (1) are technical and we omit those. For the complete proof, you can see [74]
pages 121 to 123. .

We should note that in 2 dimensionsH = K. This means if n = 2 then the constant H
and the constant K are equal. Butifn 3, H and K are di erent constants in the metric
de nition and analytic or geometric de nitions. Because if 0 < ; 5 Il n, then in
the analytic de nition we have

feOI" K (0)j:
Therefore,

()" K12 n.
On the other hand, we know that

L H:
1

So, it is obvious to see that ifn = 2, the constants H and K are equal. Now, we can extend
these functions for linear mappings. Supposé 2 M, ,(R) is a nonsingular matrix, and
0< 1 2 i n are square roots of eigenvalues of the matriA'A (this means that
they are singular values of matrix A). Here and in what follows, all distortion functions of a
singular matrix are assumed to be equal tdl , except for the zero matrix where by convention
they are all equal to 1. In two dimensions all these distortion functions coincide. This is not
the case forn 3. However, these distortion functions are coupled by the inequalities (see
[42]).

H Ko K KJ*? Ko KM?! Ki K3 *
H K, K KM? Ko HM? K HM? (3.27)
H Kn K H"!? Ko K K, K
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Proof. Recall that L(A)= ,, (A)= 1andjdet(A)j= 1: 2::::: n. We want to prove
Ko(A) Ki(A)" &

Let0O< 1 2 i n be square roots of eigenvalues of the matriAtA (this means
that they are singular values of matrix A). So,

n 1 Ce
n 2__nnl
1 1
12 n o1 1
n 1 n 1 n 1
n 2 ~=n .
1 . 1
10 2000 n 1 (0 Hn1
n 1. n 1
1 2 i1,
1 . 1
10200 n 1 (0 1
n 1 nl... n1l
1 2 Yn1 .
102100 n 1 (0 2
1.1 1 2"t gl p
2 3 ho1 1 1 1

This is obviously true because the left-hand side is less than or equal to 1 and the right-hand
side is bigger than or equal to 1. Thus the inequality is proved. .

In fact, there are more distortion functions which are most readily de ned in terms of singular
values of A. We call them the sectional distortions of A and they are de ned for 1
; n 1as

K; (A)= ( n nll2 n )+1) (3.28)

There is no repetition here. We can sayjkK. = K o oifandonlyif = %and = O(see
[42]). Outer, inner and linear distortions can be described as particular cases of thi .

1L Kyn 1(A)=( 12 n 1) Y n)"=Ko(A);
2. Ky 12(A)=( D' "( 23 n)= Ki(A)
3. Kpa(A) = n=1=H(A):
Also note the following symmetry relation:
K: (A h)=K; (A);
when det(A) 6 0 (see [42] p.110). Also we can write that
K. (AB) K . (AK, (B):

The distortion functions K. with + = n have the very nice property of being polyconvex.
This implies lower semicontinuity on the space ACL". In even dimensions, the distortion
functions are expressed byK = (K-:)¥, when " = n=2. This de nition has all desired
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features mentioned above, which the inner, outer and linear distortions do not. So, for this
reason we denote

K(A)= Ko (a)= Lon i 0 1),

(det(A))
for  =1;2;:::;n 1, and in even dimensions we set
. n
KAay= 12 R
(A= —— 5
All the distortion functions K. ,1 n 1, can be expressed in terms of the distortion

functions K- by the formula
1
K. =(K K, )n:
Having analysed these distortion functions for linear mappings, we de ne for &ACL " mapping
f: ! R" the pointwise distortion functions

K. (x;f)= K. (fqx)) (3.29)

and in even dimensions
K(x;f) = K(fYx)) (3.30)

at the points x 2 where the di erential exists (see [42] p.111). We will nish this section
by recalling the de nition of the distortion tensor

e .
J3r00f 7 (FO))(F (%)) if Jr(x) 60
|

Gx) = if Jr(x)=0:

(3.31)

3.3 Convergence of Quasiconformal Mappings

In the previous two sections, we showed that there are three de nitions of quasiconformality
that are equivalent. They were curve family, analytic and geometric de nitions (see [36]). We
recall some de nitions and properties of convergence sequences and after that, we start the
convergence of quasiconformal mappings.

Let and °be domains inR", and f, : ! Obe a sequence of functions. We say that
the sequenceff,gt_, is uniformly convergent  with limit f : ! Oif and only if for
every > 0, there exists an integerN such that

kfn(x) f(X)k< ;

for all n N and all x 2 . The sequence ffngl_, is said to be locally uniformly
convergent with limit f, if is a metric space and for every x 2 , there exists an r> 0
such that the sequence f,gt_; is uniformly convergent onB (x;r)\ . The sequence ff,gt_,
is pointwise convergent to f if and only if for every > 0 and everyx 2 , there exists an
integer N, depending on and on x, such that

kfn(x) f(X)k< ;

forall n > N . Itis clear that uniformly convergence implies locally uniformly convergence and
easy to see that local uniformly convergence results in pointwise convergence (see [63]). Let
(X; ) be atopological space and Y; dy) be a metric space. A sequencéf,gi_; of functions
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fo : X I Y is said to converge tof : X ! Y uniformly on compact subsets ofX if, for
every compact setK X and every > 0, there is the positive integerNg. such that

kfn(x) f(X)k< ;

forall x 2 X andn N (see [64] and [55]). Now we want to investigate the convergence of
quasiconformal mappings. For this purpose, we explain some theorems such that their proofs
are omitted.

De nition 3.3.1. Let fD,g be a sequence of sets iR" with n 2. The kernel of fDng,
denoted by kerni; Dy, is the set de ned as follows:

5 v

kernin Dp = int D :

n=1 i=n

Hence, a pointx belongs tokern;;  Dp if and only if x has a neighbourhoodJ that is included

in D, for all suciently large n. This implies that each compact subset ofker,i; Dy is

contained in D, oncen suitably large. It is obvious that kerni1 Dy is an open set and this
set need not be connected, however, even if each of the sdlg, is a domain ([30] p.284).

Theorem 3.3.1. Let fD,g be a sequence of domains ifR" with n 2, let f, be a K-
quasiconformal mapping ofD,, onto a domain D2, and let D be a subdomain ofkery;; Dy.
Assume thatf, ! f pointwise in D. There are the following three possibilities for the limit
mapping f:
1. f might take exactly two values in D (one of these at precisely one point oD) in which
event the convergence of f, g%zl is not locally uniform in D;

2. f might be a homeomorphism ofD onto a subdomain ofkerp; Dﬂ, in which event the
convergence of f,gl_, is locally uniform in D;

3. f might be constant in D, in which event the convergence of f,gl_, may or may not
be locally uniform in D.

Proof. There is long and complete proof in [30] in pages 284 to 286. Also you can see [74]
pages 69 and 70 or [28]. .

Theorem 3.3.2. Let fD,g be a sequence of domains ifR" with n 2, let f, be a K-
quasiconformal mapping ofD, into R", and let D be a subdomain ofker,i; D,. Suppose
that f, ! f locally uniformly in D, wheref is a homeomorphism. Then

K (f) Iirr]r!11inf Ki(fn); Ko(f) Ii;r!llinf Ko(fn):
In fact, if each of the mappingsf, is a K-quasiconformal mapping, thenf is a K-quasiconformal

mapping as well.

Corollary 3.3.2.1. Let D be a domain in R". The functions K, (f), Ko(f), and K (f)
de ned on the space of quasiconformal mappings db into R" with topology of local uniform
convergence are lower semicontinuous (see [30] p.287).
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Theorem 3.3.3. Assume that ff,gl_, is a sequence of K-quasiconformal mappings dRn
onto itself and that f, !  f uniformly on R". Then f is a K-quasiconformal mapping ofR"
onto itself. Moreover, f, 2! f 1 uniformly on R" as well.

Theorem 3.3.4. If ff,gl_; is a sequence of homeomorphism ®" and if ffngi_, converges
uniformly on R" to a homeomorphismf, then f,1 1 f 1 uniformly on RN,

There exist technical proofs in [30] from page 283 to 293. More details can be found in [1],
[74] and [32]. These theorems show us that if we have a sequerfdggl_, of K-quasiconformal
mappings (with curve family de nition) on R", and if ffngt-, converges uniformly onR" to
af, Then f is a K-quasiconformal mapping ofR" onto itself and the distortion of f is equal
to or less than distortion of all functions f,. This fact is also true for the analytic de nition
for distortion.

These theorems show us that, with curve family and analytic de nitions of quasiconformal
mappings, if ff,gl_, is a sequence oK -quasiconformal mappings ofR" onto itself and that
f, ! f uniformly on R", then f is a K -quasiconformal mapping of R" onto itself. This
theorem says the sequencéf,gl_, and function f have the same constants and sometimes
the constant of f is less than the constant offf,gl_, (for more details and proofs you can
see [42], [30], [74] and [40]).

3.4 The Failure of Lower Semicontinuity of Linear Distortion

Theorems 3.3.3 and 3.3.4 show the lower semicontinuity holds for geometric and analytic
de nitions of quasiconformality. But for the metric de nition of quasiconformality, we have
not proved the linear distortion function to be lower semicontinuous. Ifffngﬁz1 is a sequence
of H-quasiconformal mappings (metric de nition) of R" onto itself and that f, !  f uniformly
on R, then f is a K -quasiconformal mapping ofR" but f might not be a H-quasiconformal
mapping. We can ask the following question regarding to lower semicontinuity of the linear
distortion: In the above conditions for metric de nition, is

H(x;f) limsupH(x;f,)?
n!l

This question has been answered negatively by Tadeusz Iwaniec (see [24]). In the article
[39], he proved for a certain sequence of quasiconformal mappindis converging tof locally
uniformly that H(x;f) > H(x;f,) almost everywhere inR". The key idea is that the linear
distortion function fails to be rank-one convex in dimensionsn 3. At rst, we recall some
de nitions and after that explain the lemma such that it is useful for the next theorem. Recall
that M, (R) denotes the real vector space of alh n matrices endowed with the norm

jAj = max jAhj:

1A jhj:ll J
By Theorem 1.8.1, a matrix B is rank one if and only if it can be written as the tensor product

in R" such that

B=u v=[bj]=[uvl]; i) =1;2;00n:
By de nition of linear distortion for matrix A 2 M, »(R) (3.18) we have
manhj:]_ jAhj

H(A) = T
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The linear distortion function H(A) is not rank-one convex. This content is described in the
next lemma.

Lemma 3.4.1. (lwaniec's Lemma) Givenn 3 andH > 1, there is a matrix A and a
rank-one matrix B and numberst;s > 0 such that

H(A sB)= H(A+tB)= H< H(A):

There is a long and technical proof with interesting computation in [39] in dimension 3. This
proof can be extended to higher dimensions. Now we can explain the theorem that the linear
distortion function fails to be rank-one convex in dimensions higher than 2 (see [39]).

Theorem 3.4.2. (lwaniec's Theorem) For each n 3 and H > 1, there exists a se-
quenceffngl_; of quasiconformal mappingsf, : R" ! R" converging uniformly to a linear
guasiconformal mapfp : R" ! R" such that

H(x;fn) H< H(x;fo); almost everywhere inR" n=1;2;:::
Proof. The complete proof is in [42], page 198. .

In the next chapter, we try to determine the general cases for this question and answer them.
We are interested in nding the best direction of vectors u and v and the interval for variable

t so that the conditions are satis ed in that interval. Also, we solve these questions for general
linear mapping.
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Chapter 4

New Research

Iwaniec showed in [39] that there exists at least one linear mappingl' with the property
described in Theorem 3.4.2. That is there is a sequendd g of H-quasiconformal mappings
(H is the linear distortion) and f ! T locally uniformly in R" and

imHE )= Hy < H(T): (4.1)

In order to get our generalisation, we note that, Iwaniec's construction will work (it is a
common construction in the calculus of variations) provided we are able to solve the following
three problems. Given a linear mappingx 7! Ax + b; we must nd a rank-one direction Bg
such that t 7! H (A + tB) has a local maximum att = 0. We will identify the best rank-one
direction in the sense that

d H(A+ tBg)=0; and d—z H(A + tBy); 4.2)

dt t=0 0 ' dt2 t=o 0/ '
is largest. This is a long calculation which occupies most of the chapter. Then, to estimate
the jump between limH(f ) and H(T), as at (4.1), we must identify the largest interval on
which t 7! H (A + tBo) is concave. We will identify this interval for all linear mappings T
with distinct singular values. Problem 1. is about nding the best rank-one direction B that
which maximises the di erence betweenH (A + tB) and H where A is a 3 3 diagonal matrix
with distinct singular values.

Problem 1. Let 2 3
1 00

A=40 a 0°
0 0b

be diagonal with 1< a < b. Determine vectorsu and v in R® with kuk = kvk = 1 so
that with Bg= u v, we have

d

it o HA+1tBo) = 0 (4.3)
d? d?
Wt:OH(A‘}'tBO) Et:OH(A‘I'tB) (44)

for every rank one matrix B 2 R® 3 with & . H(A + tB)=0.
t=

Thus Problem 1. asks us to nd the best rank one direction . That which max-
imises the negative of the second derivative. With regard to this problem, we might
also ask if this direction is unique (up to sign). In this direction, we expect to nd the
minimum values of H (A + tB ) and this leads us to the second problem, to nd an interval
around 0, where this happens.
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We know the linear distortion function H(A + tB) is a real-valued function with respect to
t. Problem 2. investigates what would be the biggest interval fort in the direction identi ed
by the solution to Problem 1.

Problem 2. Let 2 3
1 00

A=40 a 0°
0 0b

be diagonal with 1 < a < b and supposeu and v in R® have kuk = kvk = 1 so that
Bgo= u Vv is a solution to Problem 1.

1. Determine the largest real numberst, > 0 andt < 0 so that H(A + tBy) is a
smooth function of t in the interval t <t< t..

2. DetermineH(A +t Bp) and H(A + t4 Bo).

We expect that the valuest andt. to be where the singular values ofA + tB g cross.
These will be determined from a (rather challenging) discriminant problem.

Conjecture: We also conjecture for all rank-one matricesB with

d d?
atzoH(A+ tB)=0; and Wt:oH(A-F tB) < 0;

we have for allt> 0

H(A+tB) maxtH(A+t Bo);H(A+ tiBo)g:

This conjecture expresses the hope that the best direction also leads to the biggest gaj
betweenH(A) and H(A + tB) and therefore gives us the approximation toA of least
linear distortion.

o

The solution to Problem 2, through the construction, leads to the identi cation of the biggest
jump between H(A) and H(A + tBy) in the best direction. This requires another lengthy
calculation examining the behaviour of the singular values ofA + tB o to determine when they
cross. We solve these rst two problems in the casé\ is diagonal, then show how to reduce
the general case to this case. Finally, we put all this together to get the generalisation we
seek with an estimate of the largest possible jump in linear distortion.

Iwaniec's Lemma gives an example that fails lower semicontinuity. If

2 3
1 0 O

A=40 c 09;
0 0 ¢
andB=u v,whereu=(1;b;gandv =(1; b;9. Thus
HA+tB)=c® 2%+ O(t%) H (A)= c*

It follows that there is some some smalltg so that

H(A) > H(A + tgB):
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So, the lower semicontinuity property for linear distortion functions does not hold (see [39]).
As you see, there are only two variables in his exampleb and c. Despite the simplicity of
having two variables in solving this problem, it was still solved with a complex and extraor-
dinary calculation, and this shows us that solving the problem, in general, is basically a very
di cult discussion.
The natural question here would be what happens if matrix C, instead of being diagonal,
is an arbitrary 3 3 matrix with distinct singular values. Next Problem 3. addresses this
question. We know that every matrix C with distinct singular values can be factorised by
Theorem 1.6.10 as

C = UAVY
where U and V' are 3 3 orthogonal matrices andA is a diagonal matrix with entries that
are singular values of the matrixC.

Problem 3. Let C 2 GL(3;R) and suppose thatC has distinct singular values (soC'C
has distinct real eigenvalues). Then

1. Determine the best rank-one directionB (as per Problem 1) forC.

2. Determinet ;t. as per Problem 2, and alstH(C+t B )and H(C+t.B ), that
is the largest interval of concavity for H(C + tB ) and the smallest values for the
linear distortion of an approximation.

Finally, we put the solutions to these three problems together to get our main result.

4.1 Solving Problem 1.

Theorem 4.1.1. Let 2 3
1 00

A=40 a 0°
0 0b

be diagonal with 1< a <b. Then there are vectorsu and v in R® with kuk = kvk =1
such that with Bg= u v, we have

d

Gt o H(A+1Bo) = 0

d2 d2

— + — +
Gz A+ tB0) Gz L, HA+tB)

for every rank one matrix B 2 R® 3 with & . H(A + tB)=0.
t=

Proof. Our problem now is to determine the best rank-one matrixBg = ug:v, kugk = kvok =

1, so that

d
it o H(A+1B0)=0; (4.5)

and that for all other rank one matrices B with % o H(A + tB) = 0 we have
t=

d? d?

07 G HA+ B o HA+B): (4.6)
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That is the coe cient of the quadratic term in the series expansion of H(A+ tB) is as negative
as possible. Sincai;v 2 S?, a compact space, there is an absolute minimum. Let

2 3
1 00

A=40 a 0°
0 0b
be a diagonal matrix and B be a rank-one matrix such thatB = u v = u V!, where

utz(p 1 r2rcos(1);rsin( 1))
; 1); 1

and

t p H
vi=( 1 s2;scos();ssin( 2))
are unit vectors in R3, for 0 s 1and 1, »in[0;2 ]. The matrix A'A has three
eigenvalues 1a° and ¥ where 1< a <b. By de nition of H(A) we have
S r

The largest eigenvalue of AtA g _
The smallest eigenvalue ofAtA 1

b:

H(A) =

But H(A + tB) is a function with respectto t, r, s, 1 and ,. Since A + tB)'(A + tB)

is symmetric, then all eigenvalues ofX = (A + tB)'(A + tB) are nonnegative real numbers.
Assume that 1(t), 2(t) and 3(t) are eigenvalues ofX . The functions 1(t), 2(t) and 3(t)

are continuous and di erentiable for degree two of di erentiations with respect to t. By using

the Taylor series for several variable functions, we get

R — — 1. H — — A2 R — — .
im y(t)= 10)=1; lm 2()= 200)=a% lim st)= 30)=b*
These limits show that for su ciently small t in the neighbourhood of 0, we have
1(t) < 2o(t) < 3():

So, fort su ciently small, S

s().

H(A + tB) = Nl

If t tends to in nity then
lim HA+ tB)= Ilim H(é+ B)= lim H(B)=1;
to+1 T+l t T+l S

becauseB is a rank-one matrix. The two matrices A + tB and %A + B have the same ratio
of singular values. That meansH (A + tB) and H(% + B) are conformally equivalent. Note

that
1

A A 1

(T+ B)t(?+ B) = t—ZAtA+ f(AtB + B'A)+ B'B:

Eigenvalues are solutions to the an equation with coe cients from this matrix. Eigenvalues
converge locally uniformly to B'B which has only one non-zero eigenvalue. For various choices

of B the following gures show what can happen.
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H
15 15 1 HiA+B)
10 + — H{A+B) 10 |
HA

-4 -2

Figure 4.2: Linear distortion function

2

" t

d . d? .
d—tH(A+tB) . < 0; dt—zH(A+tB) -0 > 0

o

— H[AE)

-4 -2

Figure 4.4: Linear distortion function

GHA+B) =0 L H(A+1B) >0
t= t=

Figure 4.6: Linear distortion function

— H[AE)

LH(A+B) >0 L HA+1B) <o
t= t=

-4 -z

Figure 4.3: Linear distortion function
2
JH(A+1B) >0 L HA+1B) L, >0

N HiAE)

Figure 4.5: Linear distortion function
2
dH(A+1B) o =0; SSH(A+1B) o < o:

Hi& B

Figure 4.7: Linear distortion function
2
dH(A+1B) o < 0, ISH(A+1tB) o < o:
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The functions H(A) and H(A + tB) may have one of the six previous graphs on a neighbour-
hood of 0. Those six cases depend on the signs of the rst and the second derivatives of the
function H(A + tB). In all cases the function H(A) is the constant b. In Figures 4.2 and 4.7
for positive small t near to O, the function H(A + tB) is less thanH(A) and for negative t
near to 0 is bigger thanH(A). In Figures 4.3 and 4.6 the function H(A + tB) for positive
small t near to 0, is bigger and for negativet near to 0, is less thanH (A). Also, in the Figure
4.4, we have

d d?
- + =0; — + > 0
at H(A + tB) <0 0; dtZH(A tB) <0 0

These equations show us the functiorH (A + tB) on a neighbourhood of 0, is bigger than
H(A) (see Figure 4.4). But in Figure 4.5, the rst and the second derivative of H(A + tB)

are
2

d d
aH(A+tB)t:O—O, WH(A+tB)t=o<0'

These equations show that there is a neighbourhood of 0 such that for every & 0 on this
neighbourhood we have

H(A+ tB) < H(A):

It is very obvious that in order to answer our main question, the state of Figure 4.5 is a
desirable answer. In this case for every su ciently smallt near to O there are vectorsu and
v such that

H(A+tu v)<H(A):

In the rest of this section we try to nd best vectors ug and vg and relations between their
components and the entries of matrixA such that

2

d d
— + =0: — + < 0 .
GHA+Bg) =0; GoHA+Bo) <0 (4.7)

The matrix B can be written as

2p_— I 3
pl r2p1 s? pl r2scos( ») IO1 r2ssin( )

=4r_ 1 s?cos(1) rscos(1)cos(2) rscos(1)sin( )2:
r1 s?sin( 1) rscos(2)sin( 1) rssin( 1)sin( 2)

Now, we consider the matrix A + tB .

2 P _ _
1+ pl r2p1 s? tspl r2cos( 2) tspl rZsin( )
A+tB =4 tr 1 s2cos(1) a+ trscos(1)cos(z) trscos(1)sin( 2) 2:
tr 1 s2?sin( 1) trs cos( 2) sin( 1) b+ trs sin( 1) sin( 2)

Then set X = (A + tB)T(A + tB). We calculate for small t the smallest and the biggest
eigenvalues ofX . Let | be the identity 3 3 matrix, then the smallest eigenvalues ofX can
be found by

detfX 1] detfA+tB (L+ xt+ yt?)I]=0;

where ;< ,< 3 are eigenvalues of the matrixX . The equation above shows:

P o
X=2 r2 1 s?
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2
arp 1 s2cos( 1)+ sp 1 r2cos(>) brp 1 sZsin( 1)+ sp 1 r2sin( )

az 1 P 1
So, we can write the rst three terms of the smallest eigenvalue of theX . Therefore

y=1 ¢°

5 arpl s2cos( 1) + spl I’ZCOS(Z)

p—pPp —
t)y=1+2 1 r2 1 s2t+ 1 s
1() az 1

brp 1 s?sin( 1)+ sp 1 rZsin( 2)
o1

t2 + O(t%):

With the same process, we can use the rst three terms of the biggest eigenvalue of the
matrix X and approximate the eigenvalue. The biggest eigenvalue is

2
3(t) = B?+2 brssin( 1)sin( 2) t + % %sz cos(2 o)+

brp 1 s?sin( 1)+ sp 1 rZsin( 2) N s? rb cos( ,)sin( 1)+ ra cos(1)sin( ) 2

t2
o1 ¥ a2
+ O(t%):
Therefore for small enought, the linear distortion function H is de ned by
s

3(t) _ 3

HA+tB)= —=2= 2

( ) 1(t) 1

where 3(t) and (t) are the largest and smallest eigenvalues of the matrixX and 3 and
1 are the largest and the smallest singular values oK , respectively. By using Taylor series,
H(A + tB) can be written as

H(A+ tB)= b+ ! 1t + I 5t? + O(t%);

where ! ;1 and ! » can be described in terms of the four variables, s, 1 and > and two
parametersa and b. If we expand the linear distortion H(A + tB), then the exact formula
takes the form:

2

p——p ——
HA+B)= b+ b 1 r2 1 s2+ rssin( 1)sin( 2)t+2—1b % %szcos(zz)

brIO 1 s?sin( 1)+ sp 1 r2sin( 2)
P 1

P—pP
dbrs 1 r2 1 s2sin( q)sin( o)+

s? rb cos( ,)sin( 1)+ ra cos(1)sin( ») 2 bp ﬁp 1 2 rs sin( 1) sin( 2) 2, 4.8)

k¥ a?
p p
, , , ar 1 s?cos(1)+s 1 r2cos(»)
PP 1+s2+4(r2 1)(s* 1)+ 71 +
brp 1 s?sin( 1)+ sp 1 rZsin( 2) !
2+ O(t3):

P o1
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By equation (4.5), the rst derivative of H(A + tB) must be zero. So

P——p . ,
b 1 r2 1 s2 +rssin(1)sin( ) =0:

After simpli cation, we get

pPp—P —— _ _
b 1 r2 1 s2 =rssin( 1)sin( 2);

P r?)@A  s?) = r2s?sin?( 1) sin?( 2) (4.9)

We want to minimise the quadratic coe cient of Equation (4.8). The quadratic coe cient is

a function of the four variablesr, s, 1 and » and the two parametersa and b. The quadratic
coe cient is

2 p p
Q(ris; 1; 2)= — S %szcos(zz) 4brs rz. 1 s?sin( 1)sin( o)+

brp 1 s?sin( q)+ sp 1 r2sin( ,) 2 . s? rb cos( ,)sin( 1)+ ra cos(1)sin( ») 2
o1 ¥ a?

(4.10)

b r2 1 2 rssin( 1)sin( 2) 2+ B 1+ S2+4(r2 1)(s® 1)+

P—0H 2 !
+

az 1 P 1

If we replace Equation (4.9) in Equation (4.10), we get

1 r?cos(2,) 2P+ )+ s?( 5+3P+20Y) (¥ 5)s?cos(2 ) .\

Q(r;s; 15 2)= 3 b

3r2s2+ 204 (5r2  4)(s? 1)+ B r?(14 17s?)+12s> 8 +( 4P +3(PK*  1)r?)s?cos(2 2)+
b b
2 r2sin?( 1)

1
4o co3( 2) r1+ o

!
2a(k?  1)r?s?sin(2 1)sin(2 2)
(@2 1)(@® ) '

5 (1 s?) s?sin?( 1)
+4a°r?cod( 1) = 1T B e

(4.11)

It is obvious that the function Q is -periodic, so we assume the values of; and , are
between 0 and . By looking at (4.11), we have found the equation involves onlyr? and s2.
Assume that = r? and = s? The Equation 4.11 can be written as:
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1 cos(2y) 20+ BY+ ( 5+3KP+20Y) (¥ 5) cos(22)
Q(s s 1 2):§ 5 b +

3 +20'G5  4)( 1D+ (14 17)+12 8 +( 4P +3(K¥ 1)) cos(22)+
B b

1 sin?( 1) b1 ) sin?( 1)

4b co( ,) ~ l+ = azl +4a% cod( 1) 2 1 + 7 azt)
!
2a(? 1) sin(2 1)sin2 2)

(@ 1)(a* )

(4.12)
The rst derivative of H(A + tB) is
@A r?)@  s?) = r?s?sin®( 1)sin?( 2)
) P )@ )= sin(1)sin®( 2) (4.13)

o+ 1

2 sin?( 1)sin?( 2)

) =

We can therefore eliminate the nonlinear term , using Equations 4.12 and 4.13, the function
Q can be simpli ed to

1

Ui 127 m@ HE D@ a B sn( )sin’( 1)

b b'@32 7 7)+8K°( + 2) TH( + )+2a' + 4 4P( + 3)

h
a’ 8+ K40 21( + )+ +8b( + ) +(a® b 8 2a%( 4+4K(@1+ Y+ )+

i h
K@ 8*( 1)+ ) cos(21)+(1 2a’+ ) cos(4i) + 8@> 1) bK( + 2)+ (4.14)
a?( 1+ BP( + 1)) cos(21)+(a? b)) 8+ +a*8 2 +8b¥ 1)+ bP( 8b’( 1)+

[

+ +8 )+(2a®> B 1) cos(d:) cos(22) 2@ bB)R2a® K 1) cos(42)sin®( 1)
8ah(k? 1)%( + 1)sin(2 1)sin(2 2) :

Sincel a b then =32(a 1E 1)(K¥ ad)and = B sin?( 1)sin?( o) are
positive. The function Q has four variables, we can rewrite it with respect to four variables
, 1and 2 as below,
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+ +
Lo )= : : : 4.15
QLiv 1 2 2@ 1P )R a) B sin?( 1)sin?( 2) (4.15)
So,
+ +
Q55 15 2= —————; (4.16)
where , and are functions with respect to 1 and ». Equation 4.14 leads us to the
following equations:
(1, 2)=b a® 2a*+ 7 21a°+8a* P+ 7+8a° K 8° 8a% 1
h
Pcos(21) a’+ b+ a? 1 cos(2») a2 P 1+p 8
i (4.17)

+a2 2+80 cos(2o)+2 1 2a’+ B cos(4q)sin?( o) +
2 . .
8ab ¥ 1 sin(2 1)sin(2 ») ;
(1 2)=b a® 2a*+ 7 21a°+8a* P+ 7+8a’ b 8°+cos(2 1)

h i

a® P 1+ 8t+a?er 2 8a’> 1bcos(2,) +

h i (4.18)

2 a® 4@’ 1bcos(2y)+ 1 2a’+ B cos(4,)sin?( 1)

+8ab ¥ 1 2sin(2 1)sin2 ,) ;

(1, 2)= b3 16°+8a?1 5 +8a*3¥ 1 8a% I
h
a> b 1cos(21)+cos(2,) 8K 1 a2 B 1 a’+ (4.19)
i 2
8a? 1 a’+ a’ 2B cos(21) +8ab k¥ 1 sin(2 1)sin(2 )

The constraint is given at (4.13), and since the denominator at (4.14) does not vanish, we may
multiply the constraint by this term and clear the multiplicative factor. We then consider
Lagrange multipliers to examine the function.

We get the following three equations
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F_ _
1. 8= + —=0;
F_ .
2. &F = + —=0;
3. @F=2( 1+ + ) =0:
Hence we have the two sets of solutions for and
q— q-p__
bb " bb P b
1= ; 1= ; 1= —P——; (4.21)
b ?
q — q-—p__
b b+ —p ? b b+ P 2 p__
o= : 5= ; 2= —Pp—: (422)
b ?
Since 0 ; 1, we must check which is the set of solutions between 0 and 1 that we want.
NowletsshowO ; 1,0 1 1, » 1land » 1.Wehave = P sin?( 1)sin®( 2) ,
o]
P q
b? = sin( 1)sin?( 2) = jsin( 1)sin( 2)j =sin( 1)sin( 2);

which is a positive real number. For ,, we have

r _—

P+b —(sin( 1)sin( 2) B B sin?( 1)sin?( 2) :

So, q

?+b — (sin( 1)sin( 2))

27 T sin( 1)sin( 2)

Also we can write
r

K+ b j(sin( )sin( 2) B B sin®( 1)sin?( 2) ;

therefore,
q— .
P+ b —(sin( 1)sin( 2))

27 TR sing( 1)sin?( o)

We have proved that » > 1 and , > 1, this means that , and ; are not solutions for above
system of equations. Now we must showthat0 ; 1andO 1 1

We claim, the absolute minimum of the function Q is negative . This can be proved
by the following statements. Letr = sand , = 1, then the vectorsu and v are

ut:(pﬁ-rcos( );rsin( 1));
; 1), 1))

and

vt:(pﬁ- rcos( 1);rsin( 1)):
; 1) -
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Then

3
1+t(1 r?) trpl r2cos( 1) trpl r2sin( 1)
A+1tB = gtrpl rZcos(1) a tr?co( 1) tr2cos(1)sin( 1)&:

trp 1 r2sin( 1) tr2cos(41)sin( 1) b+ trZsin®( 1)
The smallest and the biggest eigenvalues of matrixX = (A + tB)!(A + tB) can be found

(r? 1)1+a b+r?2+ab(r? 1) (a+ br?cos(2,)
(@a+1)(b 1)

1(t) =1+ 2(1 r2)t + t2 + O(ts),
and
3(t) = B2 +2 bresin?( 1)t

r2 b3r2+hbr2 4) +ar2+b3r2 4) +(a b(b 1)cos(2i) sin’( 1)
2(a+ b(b 1)

t2+ O(t%):

The linear distortion function is de ned by
s

H(A+ tB) = 3Oy, L(r; 1)t+ Q(r 1)t?+ O(t3);

1(t)
where 3(t) and 1(t) are the largest and smallest eigenvalues of the matrixX, and L(r; 1)

and Q(r; i) are linear and quadratic coe cients of the linear distortion function, respectively.
The rst derivative of the linear distortion function must be zero.

L(r; 1)= b(r? 1)+ r?sin’( 1)=0;
so, we get
r2sin( 1),
b :
If we put the above equation in the quadratic coe cient function, it is simpli ed as

(r> 1)=

r’ 4a+1)(a+b 1+a+a’+(a 1b+ P r?
8a+1)(b 1(a+ b

Q(r; 1) =

r’ 4(a+1)(a+ bcos(21)+ 1+a+a’+(a 1)b+ P r?cos(4 1)
8@+1)(b 1)(a+ b '

+

We rst nd the critical points, these occur when

%(r%r; 1)=0; Q(%f; 1) =0:

The solutions of the partial derivatives above are
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So, the critical points only happen on boundaries. Ifr = 0, then Q = 0. Butif r =1 then
the function Q is

4a+1)(a+b l1+a+a’+(a 1b+ P
8a+1)(b 1)(a+ b

Q@; 1) =

4(a+1)(a+ bcos(21)+ 1+a+a’+(a 1)b+ b cos(41)
8@+1)(b 1)@+ b

In this case the partial derivative of Q with respectto 1 is

@(%1_ ) = 8(a+1)(a+ bsin@2 1) 41+a+a’+(a 1b+ P sin@é l)—O
@ Y 8@@+1)(b 1)a+ b =
Since 1<a<b,0 r 1,and0 1 ,the expression 8a+ b)(b 1)(a+ 1) can not be

equal to zero. So, the functionQ can be de ned everywhere in [ ]. In this case, there are
ve critical points on [0 ; ].

1=0; 1= E; 1=
1 = arctan ﬂ; 1= arctan ﬁ;
X1 X1
where
= (a+1)(a+ b
17" 1%a+ a2 b+ ab+ 2’
and

. (b 1)p1+2a+2a2+2ab+ 2 _
yi "1+2a+3al+ a® 2b+2ab+3+3a2? 203 +2aB + b
The values of function Q1 at the critical points are
1

>
1

Q1(0)=0; Ql(E) =5 0; Qi( )=0;

<0

yi,_ yi,_ (b 1)3
Qi(arctan X1) = Qi(  arctan Xl) "~ 4(@+1)(b+a) 1+a+aZ+ba 1)+

So, the absolute minimum of function Q is negative. Thus, we have proved that the
absolute minimum of the quadratic coe cient function is negative . At this point,
we know that the absolute negative minimum either occurs at 1, 1 or on the boundary. In
the next step, we will prove that the quadratic function Q is positive on the boundaries. The
values of 1 and » are 0 or on the boundaries. So,

1=0and = ; 1= and o= ;
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1= and -,=0; 1= and o= :

There are four cases here, and we will prove only the rst case and leave the others for readers,
as they are entirely similar. By the substitution ;=0and = at the very beginning, we
obtain

p
ut=( 1 r2r0)

and

vi=( 1 s2;scos();ssin()):

The matrix A + tB whereB=u Vv is
p_—Pb_— p_—— p_——

1+t 1 r2 1 s?2 ts 1 r2cos() ts rZsin( )
A+1tB = g tr P 1 s? a+ trs cos() trs sin( )
0 0 b

ConsiderX = (A+1tB)'(A+tB),and 3(t)and 1(t) are the largest and smallest eigenvalues
of the matrix X . The linear distortion function is

S
H(A+tB)= igg = b+ L(rs; )t+ Q(rs; )t + O(t%);

where the linear ceo cient function is

p -
L(r;s; )= b r2 1 s?
and the quadratic coe cient function is

11 o r?(s? 1)(2a® 3) 2arsp 1 r2p 1 s?cos()
4 s+ +
a2 1 a2 1

Q(r;s; )=g 2+§ 7
I

s?(r2  1)cod( ) szcos(2)+ (P a?)(P+1) (1 222+ b)r2 s?sin®( )

a2 1 2K P 1) a?) .

We know the rst derivative must be zero and this gives us

b r2 1 s2=0:

So,r =1 or s=1. We should prove in both cases the functionQ is positive on the boundaries.
Case 1. Letr =1, then

_ bs?+a’(2 3s?)+20P(s® 1)+(a® 1)s?’(2cog() 1)

Q(L;s; ) 42 1)@ )

_ b2s(@2 1)1 coR( ) +2(P? a1 s?)
- 4@ 1)(k? a?) '
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Figure 4.8: If A =(1;2;4) is a diagonal matrix, then on the boundaries the functionQ has
positive values.

Since 1<a<b,0 s 1,andO , then it is obvious to see

Q;s; ) O

Case 2: Let s=1, then

1 )= b (PP 1) ad)@ rdcod()+(a? 1) r3(@ 1)+(@2 rd(F? ad '
Qi L )= 3 @ DIF NI )
Since l1<a<b,0 r 1,andO , then it is obvious to see
QL ) O

The other cases can be proved by the same procesSo, the quadratic function is positive
on its boundaries . The quadratic function Q is continuous and smooth on its compact
domain, which means it has an absolute minimum. We have proved the absolute minimum is
negative and the function Q is positive on its boundaries, thus the absolute minimum happens
in an interior point of its domain. This shows us the absolute minimum occurs at ; and ;.
Therefore

0 1 1, 0 1 1

Now the equation of function Q can be described with respect to 1, 1 and . But the
equations 1, i include the expressions

r— r
— and —;

respectively. That says, the ranges of functions and are important to correctly de ne the

function Q, and the function Q can be de ned by taking correct branches of square roots.

The quadratic function is the Hessian matrix of a linear distortion function which is continuous
and smooth in its domain. That means the quadratic function is well-de ned.
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Remark: There are computational issues associated with the choice of square root in our
formula, that we resolved to present the graph of the functionQ. For instance, if A = (1;2;4)
isa 3 3 diagonal matrix, then the graph of functions and are given below in Figure 4.9.

Figure 4.9: If A =(1;2;4) is a diagonal matrix, then the functions and are the blue and the
green graphs, respectively.

This issue came from the extra condition that happened in our algebraic solution for nding
the quadratic function Q. This means in the actual quadratic function Q, we do not have the

expressions ro "

— and —

So, the points of [ ] [O; ] belong to the domain of functionQ if and have the same
sign. By substitution 3, 1 in Equation 4.16, we have

bo PR b P
-+ +
Q(1; 2)=
By simpli cation, the function Q can be written as
q— q_—
P b —sin(4)sin(2) + B b —sin( 1)sin( 2) +
Q( 1 2)= 5 ;
therefore,
8 p_p— . .
E RP( + ) 2b i sin( 1) sin( 2) + it 3 and 0
Q( 1 2)= (4.23)

P .
2P + )+2b sn(gsin2)* . < gand < O
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But for the second case (< Oand < O, the bothcase < Oand > Oor > Oand < O
are not acceptable), we can write
2bp = 2b 1j j 1§ j= 2bi2 jj jj=+2b jjjj=+2b

wherej jandj j are positive. Hence, < Oand < 0 concludep_p_ is a real number.
Thus, in both cases ( 0 and 0)or( < Oand < 0), the function Q will be as follows

_B((5 2% (52) 2 (52 (nasin(gsin()* (12 (1 2)

201 2) (4.24)

Q( 15 2)

Figure 4.10: The function Q if A =(1;2;4) Figure 4.11: The function Q if A = (1;2;10)
is a diagonal matrix. is a diagonal matrix.

N e /N
XAt T

o

Figure 4.12: The function Q if Figure 4.13: _The fgnction Qif _
A =(1;2;105) is a diagonal matrix. A = (1,99 154) is a diagonal matrix.
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The function Q has various properties, for instance:
1. Q(1 2)= Q( 2 1)

2.Q( 1 2= Q( 11 2);

3.Q(1 2= Q( 1 2);

4.Q(1 2)=Q2 22 1)

5. Q( 1 2)=Q( 2 1):

The proof of some of the above properties is easy, so we only prove the third and fth

properties. At rst, we prove symmetry for functons , , and . Since cos( ) =
cos( ), cos(2 ) = cos( ), sin(2 )= sin( ) and sin( ) =sin( ), then
( 1 2)=b a® 2a*+ 7 21a®°+8a* b+ 7+8a’ b 8p°

8a’? 1blcos(2( 1) a*+b+ a® 1cos2( 2)

h
a®> b 1+ 8bt+a® 2+8KF cos(2( )+
i
21 2a%+ 1B cos(4( 1)) sin?( 2) +

8ab ¥ 1 2sin(2( 1)) sin(2( 2))

=b a? 2a*+ 7 21a?+8a* 1+ 7+8a*p 8 8a® 1

h
Pcos(21) a?+ b+ a? 1 cos(22) a®> v 1+p 8p

i (4.25)
+a> 2+80 cos(22)+2 1 2a’+ B cos(41)( sin( 2)? +
2
8ab ¥ 1 ( sin(2 1)) sin 2))
=ba® 2a'+ 7 21a°+8a' b+ 7+8a°h' 8 8a 1
h
P cos(21) a?+ b+ a? 1 cos(22) a> b 1+bp 8p
i
+a> 2+80 cos(22)+2 1 2a’+ B’ cos(41)sin?( 2) +
2
8ab ¥ 1 sin(2 1)sin(2 2)
= (1 2)
With the same method, we can prove
( 1 2= (15 2);
(4.26)

( 1; 2)= (1 2):
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Also,
( 1; )= P sin¥( 1) sin( 2)

b sin( )% sin( 2)? (4.27)

B sin?( 1)sin?( 2) = (1 2)

Now by Equations 4.25, 4.26 and 4.27, we can prove the functio® is symmetric.

o gL A (a2

2( 1; 2)
p p . .
26 1 2) 1; 2) sin( 1) sin( 2)

2( 1; 2)

+ ( 1; 2) ( 1 2)
2( 1; 2)
p p
_ BP( (1 2)+ (152) 20 (12 (1 2)sin()sin(2)+ (1 2) (15 2)
2( 1, 2)

= Q( 1; 2):

(4.28)

Therefore, we showed the functionQ is -periodic. The proof of the fth property is not

easy because the functions and are not symmetric with respect to the line 1+ > =,

and the functions and are symmetric with respect to the same line. Although the and

functions are not symmetric with respect to the line 1+ 2 = , we prove that the function
Q is symmetric with respect to that line. It can be calculated with some e ort that,

(1; 2) ( 2; 1)= [ (1 2) ( 2; 1)] =

(4.29)
a® B’)( 1+2a® b’) cos(21) cos(2 2) 1+41 +cos(2 1) +2cos(2 2)sin?( 1)
and,
(1520 ( 2; )= (1,2 ( 2; 1)=0: (4.30)
Thus,
Q(1; 2) Q( 2, 1) =
_B( (5% (52) 2 (52 (nosn(sin(2)+ (1 2) (1 2)
2( 1; 2)
b ( 2; )+ ( 2; 1))
2( 2 1) (4.31)
p p . .
2b | 2; 1) ( 2; 1) sin( 2) sin( 1,
2( 2 1)
( 2; 1) ( 2; 1) .
2( 2 1) '
Since sin( 2) sin( 1) =sin( 9)sin( 2), (1; 2)= ( 2; 1)and (1; 2) =

( 2 1) then the equation (4.28) can be simpli ed
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Q( 1, 2) Q( 2; 1) =

(1 2+ (15 2) B*( ( 2; 0+ ( 2; 1))

2( 15 2)
p p . . p p . .
2b (1 2) (1 2)sin( 1)sin( 2) + 2 ( 2; 1) ( 2; 1)sin( 2)sin( 1)
2(1; 2)
(15 2) (17 2) ( 2; 1) ( 2; 1)
* 2 )
(4.32)
The third fraction is zero. So,
Q(1; 2) Q( 2; 1) =
V3 (1; 2) ( 2; 1) + (15 2) ( 2, 1)
2 .
(1 2) (4.33)
p p p p
2bsin( 1) sin( 2) (1520 (1 2) ( 2; 1) ( 2; 1)
2( 15 2)

The rst fraction in Equation 4.33 is also zero by Equation 4.29. For the second fraction, we
multiply and divide the conjugate of the numerator to the fraction, then

2bsin( 1)sin(2) (15 2) (1520 ( 2; 1) ( 2; 1)

2(1; 2) Y (1 2)'U (1 2+ Y ( 2; 1)'U ( 2; 1)

But it is easy to check that the function ( 1; 2) ( 1; 2) is symmetric with respect to the
line 1+ = . That means

(12 (12 ( 2; 1) ( 2 1) =0:

The equation above tells us the second fraction in (4.33) is equal to zero and we get

Q( 15 20 Q( 2; 1)=0;

SO,
Q1 2)= Q( 2; 1)

Therefore, the Function Q is symmetric with respect to the line 1+ > = . These symmetries

suggest that the absolute minimum value is taken along the line , = 1: The function Q

is positive on the boundary because,

- )
QO: 2= Q(; 7= 222, Q0= Q( 1 )= 250,
2(P? PGS

a?)’
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That means the absolute negative minimum must occur in interior points of the domain
[0; 1T [O; ]. Butif we look at the symmetry line 1+ =, then there are two negative
minima of the function Q. Now, we must show the function extremes are located on the
symmetric lines 1= sand 1+ = (see gures (4.10) to (4.13)).

To nd the extremes of the function Q, the two following equations of the partial derivatives
of the function Q with respect to the two variables 1 and , must be solved.

gl(% 1, 2) =0; gz(% 1, 2) =0: (4.34)
These two equations are very di cult to solve analytically because they are of eighth degree
and trigonometric. Also the equations are very long and can not be simplied. Although

the equations can not be solved analytically, fortunately, it can be proved that the extremes
of the function Q are on the lines of symmetry. For this purpose, we must prove that the
contour maps of the partial derivatives of Q intersect each other on lines of symmetry. See
the gures below.

30p

25¢

20p

05f

00}
0.0 05 1.0 15 20 25 30 0.0 05 1.0 15 20 25 30

Figure 4.14: The contour maps of$9( ;; ») Figure 4.15: The contour maps of 29( y; ;)
and 39( 1; 2), if A=(1;2;4)is a diagonal and 32( 1; »), if A=(1;2;86) s a diagonal
matrix. matrix.

At rst, the partial derivatives of Q are symmetric with respect to the line ; = . That
means

@ @

@1(% 1, 2) @3 2, 1)=0;

gf( 2= gf( 2 1): (4.35)

or,

The point (5; ») is the intersection point of the lines of symmetry ;= ;and 1+ 2=
If the origin (0;0) is transferred to the point (5; ), then the two partial derivative of the
function Q are symmetric with respect to the line 1 = 5. That means one of these two
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functions can be considered a§ and the other one isf 1. As a consequence, the solutions
of the simultaneous equationson [0 ] [0; ],

59?1; 2)=0 if i1and 22[0; ] [0 ]
@1

(4.36)
EQ? 1, 20=0 if qand 22[0; ] [0 I;
@3

are located on the lines of symmetry 1 = > and 1+ 2= , and the proof of this part is
completed. Hence, the critical points ofQ lie on lines of symmetry, and in this case, we need
to nd the cross-sections of Q concerning on lines 1 = ,and ;+ = . The following
graphs show these two cross-sections of functio®.

Figure 4.16: If A = (1;2;4) is a diagonal matrix, then the function Q has two absolute negative
minimums at interior points of the domain.

o C
Q Q
0.4r
025
03} 0.20
0.15
02r
0.10
01}
0.05
. . : . . . : : : 61
05 1.0 15 20 25 30 “ s 0 5 20 25 ~—730
Figure 4.17: The cross-section of) with Figure 4.18: The cross-section of) with
respectto line 1= 5. respectto line 1+ 5=

To nd the absolute maximums and minimums of Q, we only need to consider these two
cross-sections of). So, we have two cases.
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Case 1: (1= »)
In this case the functions , , and are one-variable functions and their equations
can be written as follows:

()=ba 2a*+ 7 21a%+8a* ¥+ 7+8a’b 8P +cos(2,)(a® )
( 1+2a® 9P +8K) 8@ 1)°Pcod(2.)+2(a®> P)(2a?® B 1)

cos(4,)sin?( 1) +8ab(? 1)?sin?(2 1) ;
(4.37)

(1)=ba® 2a*+ 7 21a®+8a* ¥+ 7+8a’lk 8P +cos(2.)(a® )
( 1+2a% 9P +8b) 8@ 1)K cod(2,)+2(a? K)(2a® ¥ 1)

cos(4,)sin®( 1) +8alb(t? 1)?sin’(2 1) ;

(4.38)
()= 8a%(l 5 20/ 2)+a*@r 1) 20 1)(F¥ a2
(1 a®+b)cos(1) (a2 1) a?+(a® 2 co(2 )+ (4.39)
ab?  1)?sin?(2 1) :
Also, for the function and constant , we have
()=(F sin'() ; =32 1DEF 1 &): (4.40)
These show thatif ; = , then (1) = ( 1). The function Q converts to a one-

variable real-valued function and nding the maximum and minimum points is straight
forward.

p—P— .,
P(()+ (1) 2o (1) (osin’( )+ (1) (1)

Qu( 1) = 2( 1)

(4.41)

where ; 2 [0; ] and Q; is the cross section of functior with respectto ; = 5. The
rst derivative of Q; with respect to ; can be simpli ed as

dQ. 2+60 +4a%(b+1) 4da(b+1)? sin(2 1)
T( 1) :2b2 3 +
1 (@ b(b 1)(a 1) 1+2b cos(21)

1 2a%(b+1)+2a(b+1)2+ b 2+b 207) sin(4 1) 0 (4.42)
(@ b(b 1)a 1) 1+2b cos(2:) °
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Sincel<a<b and0 , the expressiond b(b 1)(a 1) 1+2b cos(2,) 3
can not be equal to zero. So, the functioQ; can be de ned everywhere in [0 ]. In
this case, there are ve critical points on [ ].

1=0; 1= E; 1=,
1 = arctan ﬁ; 1= arctan &;
X1 X1
where p
N (b 1) b .
YT M1 2a+2a?2+2b 4ab+2ab B 2aB + 20
and
P p
vy = b+1 1 2a+2a? 2ab+ P
L=

"1 2a+2a2+2b 4dab+2alb P 2aF +20

The values of functionQ; at the critical points are

b
1

Q1(0) =0; Ql(z) ™ > 0 Qi( )=0;

bb 1)3 .
Ha 1)(b a)(b+l) 1+a2+bb 1) alb+1)

Qi (arctan y—1) = Qq( arctan y—1) =
X1 X1

The end-points ; =0 and ;= have value zero and ; = 5 has positive value. If
we apply the second derivative test for; = 5, then

@Q:, ,_ 2r(a 1y¢+(b a7
—5(5)‘ (@ 1)(b 1)(b a)(b+1)2

> 0;

because I a < b: That means the point ; = 5 is a local minimum ofQ;. So, the
function Q; has boundary values zero at; =0 and ;= and two local and absolute
maximums at

1 = arctan ﬁ; 1= arctan &;

X1 X1
and nally, two absolute minimums at the end-points.
Since the functionQ is symmetric with respect to the line , = 1, then the function
Q1 is symmetric with respect to the vertical line ; = 5. Hence, these two absolute
maximums have the same value.

Qq(arctan %) = Qi(  arctan %) = Absolute maximum value:
1 1

This completes the proof of case 1.
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Case 2. ( 2= 1)
In this case, the functions , , and are

()=ba® 2a*+ 7 2la’+8a* b+ 7+8a’ b 8 +cos(2,)(a® )
( 1+2a% 9P+8bY) 8@ 1)KPcod(2,)+2(a% )(a? b 1)

cos(4,)sin’( 1) 8ab? 1)*sin’(2 1) ;
(4.43)

(1)=ba® 2a*+ 7 21a®+8a* ¥+ 7+8a’ b 8P +cos(2,)(a® )
( 1+2a% 9P +8b) 8@ 1)K cod(2,)+2(a? P)2a® P 1)

cos(4,)sin®( 1) 8abk? 1)?si?(2 ,) :

(4.44)
()= 8ba’(1l 59 208 2)+a*@r 1) 20 1)K a2
(1 a+b)cos(21) (a2 1)@ +(a® 2))cos(2 1) (4.45)
ab?  1)?sin?(2 1) ;
Also, for the function and constant , we have
()=(F sin*( 1); =32(a®> 1) 1 &d): (4.46)
These show that if , = 1 then (1) = (1). The function Q converts to a
one-variable real-valued function and we can nd the maximum and minimum points.
BP( ()+ (1) pr ( 1)p (9sinf( )+ (1) (1)
Q 1) = 5 (4.47)
(1)
where 1 2 [0; ] and Q, is the cross-section of functior® with respect to , = 1.
The rst derivative of Q, with respect to ; can be simpli ed as follows
dQ, ~ * 2b 1+cos(2 1) )
ER l)_8(a+1)(a+ b(b 1) (b sin?( 1))2(b+sin?( 1))3 1 3 2a°(b+1)
(4.48)

2a(b+1)2+ 1+2a%(b+1)+2 a(b+1)%+ b2 b+2b%) cos(21) sin(2 1)=0



4.1 Solving Problem 1. 101

Since 1<a<b and0 , the expression 8§+ 1)(a+ b)(b 1)(b sin’( 1))?(b+
sin?( 1))® can not be equal to zero. So, the functio®, can be de ned everywhere in
[0; ]. In this case, there are ve critical points on [Q ].

1=0; 1= E; 1=,
1 = arctan ﬁ; 1= arctan Y2
X2 X2
where p
2R
Xo= P (b ) b ; (4.49)
l1+2a+2a2+2b=4ab+2a?2b P+2ar+2b
and
P b+ 1'D 1+2a+2a2+2ab+ I?
Y2 (4.50)

~ "1+2a+2a’+2b+dab+2a’b B +2aB +2b

The values of functionQ, at the critical points are

b
1

Q2(0) = 0; Qz(i) =B > 0 Qz( )=0;

Qz(arctan ){—2) = Qy arctan??)= bbb 1)°
2

x,)  d@+1)(b+1)(a+ (l+a+a+ab b+ D)

The end-points ; =0 and ; = have value zero and; = 5 has the positive value.
If we apply the second derivative test for; = 5, then

d’Q,, . 20 (a+ b?+(a+1)?
d—g(ﬁ)' (a+1)(b 1)(a+ b(b+1)2

<0

because Xk a < b: That means the point ; = 5 is a local maximum ofQ.. So, the
function Q; has boundary values zero at; =0 and ;= and two local and absolute
minimums at

1 = arctan ﬁ; 1= arctan 22

X2 X2

Since the functionQ is symmetric with respect to the line ; = , then the function
Q2 is symmetric with respect to the vertical line ; = 5:Also, the function Q; is a
continuous and smooth function, therefore the values of the two minimums are equal
and negative. Thus,

Qz(arctan ){—2) = Qu( arctan %) <0 absolute negative minimun values
2 2
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61

1.0 156 20 25 0

Figure 4.19: The cross section of) with respect to the line , = 1.

As a result, we have found the best rank-one direction that which maximises the neg-
ative of the second derivative. Now, we are able to determine vectansand v in R®
with kuk = kvk = 1. Recall

ut = (p 1 rZrcos(y);rsin( 1));

and p
vi=( 1 s2;scos();ssin( »)):
We know that in the best direction, , = 1and (1) = (1). We chose = r?
and = s?. Then
q— q-p _
bb _p ? b b _p k?
1= ; 1=

Since (1)= (1), thenr?2=s? orr = s. Without loss of generality, assume that
r=s, so,

9p__
bbb P _ B bsin?( 1) _ bb sin’( ) .
r=s= TR sinf(1) (b sirA( 1))(b+sin( 1))’
Hence,
r=s=_— B . (4.51)
(b+sin?( 1))’ '
Now, we have best rank-one direction
Jt = P 2bsin( 1) +sin?( ;) bcos(i)  bsin(,) (4.52)
- (b+sin®( 1)) " (b+sin®( 1))’ (b+sin?( 1) ' '
and,
ot o ® Zbsin( 2+ sin%( 1), _bcos(y) . bsin(.) . (4.53)

(b+sin?( 1)) (b+sin?( 1)) (b+sin( 1))



4.1 Solving Problem 1. 103

where

2 2
1 = arctan y—; 1= arctan y—;

X2 X2

and x, and y, satisfy Equations (4.49) and (4.50). The vectors and v can be written
with respect to a and b as:

c
|

Ug; Uo; Uz ;|

V. = Uz, Uz U3,

where
(b 1)
u = p

20+ 1)1+ a+ @2+ ba 1)+ ®)

S

1+2a2+ PP+2a(l+ b
= X 4.54
12 2(1+a+ a2+ ba 1)+ (4.54)

e o '
TP obr 1+ atra+ ba 1)+ )

The minimum of the function Q is a function with respect to two variablesa and b.
The equation of the minimum function with 1<a<b is

bb 1)°

Min (a:b) = J@+ 1) b+ D(a+ DAL+ a+ 22+ ab b+ B

(4.55)

Figure 4.20: The minimum function of the function Q5.

Ifa! l1landb!1l , then the limits of the minimum function are:
lim Min(a;b = b 1)° ;
al 1 "7 8(b+1)2(R+3)]
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1 -
4+4a’

b!I{m Min(a; b =

We begin with these examples for Theorem 4.1.1:

Example 4.1.1. Let 2

matrix, where

So, the matrix A + tBg is

If K =(A+ tBo)!(A + tBy), then the characteristic equation is
det K | =0;

wherel is the 3 3 identity matrix, which is

11t 11212 224  19a?2
+t2 2+ 84 + 50t 64 ———+ ——  =0:

3+ - +
21 5 100 5 25

The equation above has three very long solutions but by Taylor's series the rst three terms
of the eigenvalues of the matrixK are equal to

1. 1, .
=1+ —t+ —t°+ :
() =1+ St o7+ O(t°);
10, 29, .

= Tt =ttt + :
2)=4  St+ 7+ O
16, 8, .

=16+ —t+ —t°+ :

() =16+ Tet+ ot?+ O(tY);
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where 1(t) 2(t) 3(t), on an interval around 0. The linear distortion is
S

_s(t)
1(t)

The graph of quadratic coe cient function Q is

H(A + tBo) = =4+ L(1; 2)t+ Q( 1; 2)t?+ O(t%):

Figure 4.21: If A =(1;2;4) is a diagonal matrix, the function Q has two absolute negative
minimums at interior points of domain.

We have proved that all extreme points lie on the lines , = 1 and ;= 1, therefore the
planes = jand ;= 1 intersect the graph above at two curvesC; and C,. These
two curves are shown below:
C1 CZ
Q Q
04f
025+
03} 020f
015+
02t
010
01t
0.05+
05 10 5 20 25 a0 £ 10 15 20 25~—15
Figure 4.22: The cross section of) with Figure 4.23: The cross section 0of) with
respect to line ; = ». respectto line 1+ , =

v

u
3(0_{"16‘*11—%*'%_4 i2+o3-
(t)_ 1+ 1 o 90t (t2):
1 + o+

H(A + tBg) =
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20 )
\/(/ Max eigenvalue value
ot

Mid eigenvalue value

I I —— e ¢ Min eigenvalue value
-4 -2 2 4

Figure 4.24: The eigenvalues of the matrixk = (A + tBo)'(A + tBy), when A =(1;2;4) is a
diagonal matrix and By is the optimal direction.

It is easy to see the rst derivative of H at t = 0 is 0 and the second derivative ofH is %:

So,
2

1
& HA+tB)= =
dt? t=o0 ( )

d
_ + =0: .
OH(A tB)=0; and 90

dt t=

This is equal to the minimum value of quadratic coe cient Q. So, there is a rank-one matrix
Bg such that

d

it o HA+ 1B0)=0;

d2 d2

g2 oHA+ B0 S5 H(A+1B);

for every rank-one matrix B 2 R® 3 with § o H(A + tB) =0.

Example 4.1.2. Let 2 3
100
A=40 2 ®;
0 0 8
and ro !
7 109 14

<
I

3158 1583 79

r_—
7 109 14

Fiss 1583 79

So,Bp = u v is the optimal rank-one direction. The rst three terms of the eigenvalues of
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the matrix K = (A + tBo)!(A + tBy) are
49 9653

_ i 2 3y.
() =1+ 23t 72028+ O
_ 218 1967123, ~
20 =4 <5+ 3370120 + O
_ 3136, 12544, -
3(t) =64+ 7711t + 731205t + O(t°):

Therefore, by Taylor's series, the rst three terms of the linear distortion of the matrix A+1tBg
can be written

S S
HA+Bg= 30 - S4TSR o 343,
1(t) 1+ 29¢4 9658 2 10665

711 674028

The graph of quadratic coe cient function Q is

Figure 4.25: The function Q, where Figure 4.26: The function Q, where
A =(1;2;8) is a diagonal matrix. A =(1;2;8) is a diagonal matrix.

It is easy to see the rst derivative of H at t = 0 is 0 and the second derivative ofH is ;303

So,

d d? 343

— H(A+tB)=0; and — HA+tB)= ——:

dt t=o0 ( ) dt? =0 ( ) 10665
We have proved that all extreme points lie on the lines , = 1 and » = 1, therefore the
planes ;= j1and ;= 1 intersect of the graph above at two curvesC; and C,. These

two curves are shown below:
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C1 CZ
Q Q
010
0.05}
s 81
05 /10 15 20 \25 0
05 10T 20 25 3o
Figure 4.27: The cross section o) with Figure 4.28: The cross section of with
respect to line ; = ». respectto line 1+ 5=
S0.Qun = 13
Example 4.1.3. Let 2 3
1 0 O
A=40 2 05;
0 0 120

andBp=u V!, where

q
r—
119 | 14893 238 iy
117 29054 29054 11

q [

r !

119 . 14893 238 1y
11 29054 29054 11

The rst three terms of the eigenvalues of the matrix K = (A + tBo)'(A + tBo) are

14161 416744069

=1 +
(1) 175776'} 30642097450

gZ + O(t3),

29786 51146568663792

3
14527t 18691679444944 +O(t);

2(t) =4

203918400 N 1129300099200,

= +
3(t) = 14400 1757767 155763995374t9 ot

3):
Therefore, by Taylor's series, the rst three terms of the linear distortion of the matrix A+tBg
can be written

s s
203918400, . 112930009920
a(t) _ 14400 + 2500800 + 1e8aa00sarad” _ 8425795 ,

= =120
14161 416744069
1(t) 1+ 1757767t + 306420972508 10722378;

H(A + tBg) =
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The graph of quadratic coe cient function Q on the domain [0 ] [0; ]is

Figure 4.29: The function Q, where Figure 4.30: The function Q, where
A =(1;2;120) is a diagonal matrix. A =(1;2;120) is a diagonal matrix.

It is easy to see the rst derivative of H at t = 0 is 0 and the second derivative ofH is
0:0785813972So0,

d d2 8425795

—_— + = : N + = -
dt o TATB)=0; and . JHA+IB)= 107553787

We have proved that all extreme points lie on the lines , = 1 and , = 1, therefore the
planes = i1and ;= 1 intersect of the graph above at two curvesC; and C,. These
two curves are shown below:

025}

0.20F

i -0.02
015}

0.05| -006 |

: : : : : S 01 =0.08}
05 1.0 15 20 25 3.0
Figure 4.32: The cross section 0of) with

Figure 4.31: The cross section of) with respect to line 1+ 5=

respect to line ; = ».

So, the negative minimum of the quadratic coe cient function Q is equal to

8425795 _

Qwmin =
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The second problem that we will address, is nding a neighbourhood of O for variable for
which H(A + tBo) < H(A). The regular branches of the maximum and minimum eigenvalues
do not cross, but they have intersection points with the middle eigenvalue (See [34]). The
middle eigenvalue intersects each of the largest and the smallest eigenvalues just once at typ-
ically asymmetric points (t < 0 for the mid and max eigenvalues, and . > 0 for the mid
and min eigenvalues).

These crossings typically yield di erent values of the linear distortion. The lim-

iting jump is determined by the largest of these two values , [34]. The next section

is devoted to this topic and some related examples.

4.2 Solving Problem 2.

There are conjectures by Gehring and Iwaniec concerning the gap between the linear distortion
and the outer distortion with regard to limiting processes, basically trying to estimate the
maximum size of the jump showing the failure of lower semi-continuity. In three dimensions
as a consequence of Gehring and Iwaniec (see [32], and [28]f;if! f and H(x;f;) H,
then

H(x;f) %(H + H?)5:

The solution to problem 2 should go some way to providing concrete examples of what can
happen and possibly resolve their conjectures, or o er more insight and potentially new
conjectures.

Theorem 4.2.1. Let 2 3
1 00

A=40 a 05
0 0b

be diagonal with 1 < a < b and supposeu and v in R® have kuk = kvk = 1 so that
Bo=u v!'is a solution to Theorem 4.1.1.

1. There are the largest magnitude of two real numberg, > 0 andt < 0 so that
H(A + tBy) is a smooth function oft in the interval t <t< t..

2. There are two real numbersH(A+t Bg) and H(A+t. Bg) such that for all rank-one
matrices B with

d _ d2 _
Gt HA+1B)=0; and o H(A+1tB)<0;

we have for allt> 0

H(A+ tB) maxfH (A+t Bo);H(A + t:Bo)g:

We expect that the valuest andt., are where the singular values oA + tB ¢ cross. These are
determined from a (rather challenging) discriminant problem. This conjecture expresses the
hope that the best direction also leads to the biggest gap betweehi (A) and H(A + tB) and
therefore gives us the approximation toA of least linear distortion via Iwaniec's construction.
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We need to nd the maximum interval on which H(A + tBg) is smooth and concave. Thus
we need to identify the discriminant of the eigenvalue equation forH (A + tBg) as it is the
transverse crossing of the eigenvalues which impligd loses smoothness.

Proof. The two vectors

S

o (b 1) . 1+2a2+ R +2al+h) (b 1)pB .
T "20+0@A+ ataZ+ba 1+ ) 20+a+ai+ba L)+ 2b+1) 1+ a+al+ ba 1)+ BP)
and
s p_
~ (b 1) ) 1+2a2+ PP +2a(l+b (b 1) b
© T 2b+D)I+ ataZ+ba 1+ PP)  2Q+a+aZ+ba 1)+ P 2(br1)(L+ atalt ba 1)+ )

give the optimal rank-one matrix Bo = u v as at (4.54) before. Suppose that the eigenvalues
of the matrix (A + tBg)!(A + tBg) are 1 < , < 3. Using Taylor's series the rst three
terms of the eigenvalues can be calculated up to order 2 as

S+ (b 1)? N (b 1)’(3+4a’+2¥ b+5a+3ab 2.
L (b+1)(1+ a+ a2 b+ ab+ k?) 4@+ (b+1)(1+ a+ a2+ ha 1+ ¥)?2 '
h
, a(l+2a+2a?+2ab+ 1) 1+2a(l+ a)+2ab+ ¥ a+2a*(l+ b+

2= (1+ a+ a2 b+ ab+ ) +4(a+1)(b+1)(a+b)(1+ a+ a2+ ba 1)+ k?)2

i
4231+ b2+ b1+ b1+ )+ a?(1+ b(5+2b+57) + ab(8+ b( 2+ b8+ b))
4@+ 1)(b+1)(a+ b1+ a+ a2+ bla 1)+ ¥)2 '

P+ (b 1)K . PP(b 1)?@2+4a? b+3¥+3a+5abh
8- (b+1)(1+ a+ a2z b+ ab+ ?) 4@+ b(b+1)(1+ a+ aZ+ bla 1)+ )2
Therefore, the rst four terms of the Taylor's series for the linear distortion function around

0 are
S

3O _ ob_1)° .

AABI = ) 7" Z@ri(bri(a+ i+ ara?+ab br B

It is easy to see thatcj’—t . H(A + tBg) = 0; and the coe cient of the quadratic term is
(=

bb 1)°

Q(a;b) = 4a+1)(b+1)(a+ b(l+ a+ a2+ ab b+ )

= Min( a; b):

This coe cient of the quadratic term is equal to the minimum function in the Equation 4.55,
because we use the best rank-one direction matriBy. However, Taylor's series can not be
used here and we need the actual eigenvalues oA (+ tB)!(A + tB) to nd the intersection
points of the eigenvalues.

Let K be the 3 3 matrix K = (A + tBg)!(A + tBp). So K is symmetric and hence can



4.2 Solving Problem 2. 112

be orthogonally diagonalised, by the Spectral Theorem (Theorem 1.6.8). Not only are the
eigenvalues ofK all real (Theorem (1.6.7)), they are all nonnegative. To show this, let be
an eigenvalue ofK with corresponding unit vector x. Then

0 k Kxk?=(Kx) (Kx)=(Kx)'Kx=x'K'KKx=x! x= (x x)= kxk?= ;
so, all eigenvalues of matrixK are nonnegative. The characteristic equation detK 1 )=0

IS:

R 2a%(b+1)+2 a®(b+1)(b t+1)+2 a(® 4bt+1) (I + P+ b+1)t
det(K 1 )=

4b+1)2 a2+ ab+ a+ ® b+l °

1

4(b+1)2 a2+ ab+ a+ B b+1 ° b B8 b+ )L b O

8°(t 2)t+ t? +4bt? +4b't(t+2) 4B°t(3t+4)+2 b't(15t +4) +4 BP(1+ 2t +2t%)+
P(t2+4) 40°@t2 2t 2)+4a*(b+1) 3+30° 30'(t 1) 3t+t2+ b(t? 10t +3)+
B2 10t+7)+ (> 6t+7) 2a(b+1) 20t (t 2t 36t 2) 8P+ bP( 8%+
6t 4) P(t2+4) 4°Q2t?+1) KFP@t*+4) +4ad(b+1) 2+20°+ BP(2  4t) 4t + t3+
B'(t?2 8t+4)+2 BP(t> 6t+2)+2 b*(3t? 6t +4)+ b6t2 8t+2) + a’(b+1) 4+4b

8t+5t2 40°(2t+1)+ b (5t> 28t +20)+2 bP(11t? 36t+6)+ b21t? 28 4)+ b(12+

1

5 4
Y orDAF ata brabrp STO ALy

8t +21t%) + (20 + 8t + 22t?)

a(b+1)(L+ b 2t)+ Bt 1%+t 2bt+ b't+ 2+ BP(1+2b)+ a(l+ b1+ b+ b+

bt Bt+t2+ b))+ a’(b+1) 2+2F 2t+t> b1+2t) 2 =0
(4.56)

This characteristic equation (4.56) has three nonnegative real roots. These three eigenvalues
have long and very complicated equations. That means we can not nd their intersection
points by the following equations:

3(t) = a(t); 3(t)y = 2t); 2(t) = a(t):

To avoid this complexity, we use an algebraic trick. A root to the above equations means that
there is a repeated root of the characteristic equation (4.56). It seems quite remarkable that
the discriminant admits a simple quadratic factor, but this is a consequence of the fact only
two eigenvalues are crossing. This quadratic factor of Equation 4.58, given below, determines
the crossing points of the singular values [34].
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L C 1 2 )
Discriminant factorisation = T60+1)51+a+a? brab+b2)p Pt) "R(@®); (4.57)

where P (t) is equal to

P(t)= 1 a 2a%> 4b 7ab 4a’b+2bF 7ab 23’ 40 ab® bt %+
1+2a+ a’+4a® 6b 4ab+7a’b+8a%b P 12alf +7a%P +4a
b® 4ab’+ a’b® ebf+2alt Bt 2 a+a*+b ab 2a’b+2a‘b+ K+
2atf  4a’? + a*t? +2ab® 2a’b*+ bB* abt+ b ab =0:
(4.58)
The discriminant of this quadratic equation is
h
4 =(¥ 1)? 1+4b+6b°+4P + P +4a(b+1) B*+3b°+3b+1 +4a’(b+1)
(4.59)

i
3+(2+3b) +2a%(1+ b+ ) 5+b6+5b +a*9+h9% 2) ;

which is obviously positive. That means the quadratic equation has two real roots that are
calledt, andt . If
at?+bt+c =0;

is a quadratic equation, and4 = P 4dac >0.Ift; tp= g— < 0, then the two real roots
have di erent signs. In the quadratic equation (4.58), we have

_ 2(a 1)(a b(b+1)%2(1+ a+ a® b+ ab+ b)) .
" 1+a+2a?+4b+7ab+4a’b+2P(a® 1)+7aP+4b3+ abB + B’

C
a

which is obviously negative, because X a < b. Thus the two real roots of the quadratic
equation (4.58) have di erent signs. Lett, > 0 andt < 0. We write

Giah ¥ 1" I@b

“Z3(1 a 22 4b 7ab 4atb+ 20 7af 2220 4P af b
0 (4.60)
= Gi(a;p+ (¥ 1) Ji(a;h) _
" 2(1 a 222 4b 7ab 4a?b+2P? 7ak 232 4 ab b’
where,
Gi(a;b=1 2a a’ 4a*+6b+4ab 7a’b 8a’b+ ¥ +12ab’ 7a’k?
(4.61)

4% + PP +4ab’ a’pP+6K  2abt + b
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and
Ji(a;b) =1+4 a+10a’+12a%+9a* +4b+ 16ab+ 22a’b+20a%b 2a’b+

12al? + 32a%1? + 2037 + 9a’? + 6b° + 12ab® + 22a°b° + 12303+ (4.62)

16ab* + 10a%b* + 4B + 4ab + b°:
If the Equation 4.58 is written as:
D; 3+ Cy 2+B; +A1=0; (4.63)
where

Di= 4(b+1)21+a+a?+(a 1b+ R 3
Ci=4(b+1) 1+a+a’+(a b+ 1+ +b+bP+a*b+1)+ a’(b+1)
L+b 20)+(b 1*P+1t+(BP+1)t?+ a’(b+1) 2 b+2K 2(b+1)t+

t> + a(b+1) 1+b+ KP+b (FP+1)t+(b+1)t? ;

Bi= 4a%b+1)3(K¥+1) 40b*+b? 81+ b?(KP+1)1+ b t) 8 1)?

h i
(BP+1)t 1+b4+b8+b 12+Db30+ b 12+bB8+4(4+ b))  +

4a*(b+1)  (b+1)B+7 B +3b)+(b+3)Bb+1)(KP+1)t (b+1) (P +1)t? +

4a3(b+1) 2 1+b+ B(b+1)2+2b+ b)) +4(b+1) (K +1)(1+ b+ b))t

(P+1)1+ b6+ b)t? +a’(b+1) 4b+1)(FP+1) 1+b 2+ b6+

|
h i
( 2+bb +4 2+b 7+b 2+Db18+b 2+ b7+2h) t (1+Db

#
5+b 16+b9+b16+5b) t2 +2a(b+1) 4+ B+ b+ ) +2t

I #
1+ b*(3+3b+ b 1+b 8+b 3+b8+ b3+ b8+ h) t?

A= 2a3(b+1)+2a%b+1)1+ b t) (b+1)(KP+1)t+2a(l+ b 4bi) ‘.
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The roots of the Equation 4.63 are

25 Y(a;b;1) . X(aby

= Z(a;b;t X
! ( ) 3 X(ajb;t 3 25 D,
1 ip§ 2% Y(abt) 1+ip§ X(abt)
»= Z(ajb;t) + —2 i CREE I (4.64)
3 X(a;b;t 3 25 D,
1+i 3 L T h- 1 ip§ T h-
235 Y(a;b;t X(a;b;t
3= Z(abi+ —2 by Z— X(@hby
3 X(a;b;t) 3 25 D,
where
q (Y
X(a;b;t) = 2C13 +9B1C:1D1 27A1D1 + 4 C% 3B1D;: 8 + ZCE 9B.C1D; +27A1D% 2 ,
n_ ( CI+3BiDy) U O
Y (a;b;t) = — b, and Z(a;b;t) = 3D,
g S _p— i .
We know that 0 1 2 3, SO, 0 1= 1 2 = 2 3= 3, are singular
values of matrix (A + tBg). The linear distortion of matrix A + tBg is:
r
_ 3 _ 3.
HA+tBg= —= - (4.65)
1 1

These three eigenvalues are nonnegative real numbers, but they are described by three vari-
ablesa, b, and t. The eigenvalues and the linear distortion are one-variable functions con-
cerning t.

A

20 _
\/{/ Max eigenvalue value

10

X _ Mid eigenvalue value
—— —— r— Min eigenvalue value
-4 -2 [ 2 4 6 8

Figure 4.33: The eigenvalues of matrixk = (A + tB)'(A + tBg), when A = (1;2;4) is a
diagonal matrix.

By using Equations 4.60 and 4.65, we can nd the values of the following

tve; t ; H(A+1tiBg); HA+1t By):
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Linear Distortion

5+ Max singular value

Mid singular value

\/ Min singular value

-2 ; 2 4

1L
Figure 4.34: The eigenvalues and the linear distortion of matrixK = (A + tB)!(A + tBo), when
A =(1;2;4) is a diagonal matrix.
So, the maximum jump is
Maximum jump =minfiH (A+t +Bg) H (A)j;jH(A+t Bg) H (A)jg:
Remember that the value of H(A) is b. .

Example 4.2.1. Following on from the Example 4.1.1, we computeH (A + tB), its graph,
t andt . The graph of eigenvalues of matrixK is shown in Figure 4.35.

A

20 .
/ Max eigenvalue value
Tl

Mid eigenvalue value

. . —— =+ Min eigenvalue value
-4 -2 2 4

Figure 4.35: The intersection points of the eigenvalues oK .

The graphs of singular values and the linear distortion show two intersection points. At this
point, we have shown how to nd the best direction, and given this direction, how to nd the
maximal interval on which the linear distortion is smooth and concave (see [34]).

By using (4.60), (4.61), (4.62) and (4.65), those two points are (forA = diag(1;2; 4))

t+ =1:19219 t = 204584 H(A+t+Bp)=3:97539 H(A+t Bp)=3:97539
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Linear distortion

5- Max singular value

Mid singular value

\//— Min singular value

-2 [ 2 4

Figure 4.36: The singular values and the linear distortion of matrix (A + tB ), when
A =(1;2;4) is a diagonal matrix.

So, forallt 2 ( 2:04484 1:19219), we haveH (A + tBo) < H(A). The the biggest jump is
Maximum jump =min fiH (A+t +Bg) H (A)j;jJH(A+t Bg) H (A)jg =0:0246%

since the value ofH(A) is 4.

Example 4.2.2. Let 2 3

1 00
A=40 2
0 0 8
be a diagonal 3 3 matrix, then by the Equation 4.54 the matrix Bo = u v is the best
rank-one matrix direction, where

r !
7 109 14

P15 1583 79
r !

7 109 14
3' 158’ 158’ 3' 79

If K =(A+1tBg)'(A+ tBy), then the graphs of the eigenvalues of the matrixK are shown in
Figure 4.37

The graphs of singular values and the linear distortion show two intersection points. At these
points we have sketched how to nd the best direction, and given this direction, how to nd

the maximal interval on which the linear distortion is smooth the concave. By using the
Equations 4.60, 4.61, 4.62 and 4.65, those two points are

ty =1:4429628 t = 6:095007 H(A+t+Bp)=7:90656 H(A+t Bp)=7:60938
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80 - :
/ Max eigenvalue value

20
' Mid eigenvalue value
Min eigenvalue value

-10 -8 -6 -4 -2 0 2 -

Figure 4.37: The intersection points of the eigenvalues oK .

H
10 - : : .
i Linear distortion
- Max singular value
6
af
Cay Mid singular value
.....\."\.,_,.--r Min singular value
-10 -8 -6 -4 =2 [ 2 4

Figure 4.38: The singular values and the linear distortion of matrix (A + tB), when
A =(1;2;8) is a diagonal matrix.

So, forallt 2 ( 6:09501 1:442963), we haveH (A + tBg) < H(A). The biggest jump is
Maximum jump =min fiH (A+t +Bg) H (A)j;jJH(A+t Bg) H (A)jg =0:09344

since the value ofH(A) is 8.

Now, we can extend the Iwaniec's Lemma and Theorem to (Lemma 3.4.1 and Theorem 3.4.2).
Both his lemma and theorem are existence results. But we expand them to a wide range of
matrices. The results of Problem (1) and Problem (2) in the previous section and this section
show it is always possible to nd a rank-one matrix B so that

H(A+tBg) = HA+tu V)< H(A); (4.66)

holds for a diagonal matrix A with distinct positive singular values. The rank-one matrix By
is the best rank-one direction for which the linear distortion function at A is most concave. An
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unsolved and unanswered question (Partly posed by Frederick W. Gehring and T. Iwaniec)
was to determine how big the di erence between the left-hand and the right-hand side of
inequality (4.66) can be?

In Problems 1 and 2, not only do we nd the best direction for which the inequality (4.66)
holds but we considered the Gehring and Ilwaniec question and found the biggest jump and
di erence between the left-hand and the right-hand side of inequality (4.66) for a specic
diagonal matrix A with distinct singular values. lwaniec's lemma gives an example (actually
counterexample) for the inequality (4.66). With the results we have established so far, we
have

Theorem 4.2.2. Let 2 3
1 00

A=40 a 0°
0 0b

be diagonal with 1 < a < b. Then there are two unit vectors u and v in R® described
at (4.54), and a rank-one matrix Bo = u v (the best rank-one direction) and two real
numberst < 0 andt. > 0, the roots of P(t) as in (4.58), such that

d

it o HA+1Bo) = 0 (4.67)
d2 d2
— + — + _
§i7 o A+ tBo) G7 A+ 1tB) 0 (4.68)

interval (t ;t4+) so that H(A + tBg) is a smooth function of t in this interval and

for every rank-one matrix B 2 R® 3 with & o H(A + tB) = 0. Also, there is a largest

maxfH (A+t Bog); H(A+ t+Bg)g< H(A):
The jump and di erence is de ned to be

Maximum jump =minfiH (A+ t+Bo) H (A)j;jJH(A+ t Bgo) H (A)jog;

Recall that the value of H(A) is b.

It is hard or maybe impossible to prove the Theorem 4.2.2 inn-dimensions, because the
characteristic equations of A + tB can not be solved and we have a lot of variables and
parameters. But in a special case, the above arguments work in higher dimensions when we
extend the matrices A and B by the rules (see [39])

2 3
10000 0
0a000 0
0 0boO O 0

A=80 0 0 a0 0
0000O0a 0
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and

2P — - . 3

IO1 r2p1 s? IO1 r2scos( 2) pl réssin( ) 0 O 0

r.1 s?cos(1) rscos(i)cos(2) rscos(i)sin(2) 0 0O 0

r 1 s?sin( 1) rscos(z)sin( 1) rssin( 1)sin(2) 0 0 0]
B = 0 0 0 00 07 -

0 0 0 00 0]

0 0 0 00 0

Remark: Remember that these two extended matricesA and B in R" " do not give us
the best rank-one direction and the maximum jump. They only show the inequality (4.66)
can be true in n dimensions. More precisely, this means that then n matrices A and B
can be a counterexample for the lower semicontinuity property of linear distortion functions.
Note that we only need three distinct singular values for this to happen. Now we can extend
Theorem 3.4.2 to the general case iflR3. In this theorem, we construct a sequencd T g'_,
of uniformly bi-Lipschitz maps T :R3! RS, that is,

1. . . . .
chx oyl T x) T i Cix ]
forall x,y 2 R3and =1:2; 3::::with a constant C independent ofx, y and . The linear
distortion function of each T turns out to be constant and equal to H almost everywhere:
H(x;T )= H, =1; 2

The sequence T g converges uniformly to a linear mapTo : R®!  R3 whose distortion is
bigger than H (see [39], [42], [30]).

Theorem 4.2.3. (Generalisation of Iwaniec's Theorem) If n=3and H> 1
and To : R® ! R3 with To(x) = Ax such that A is a 3 3 diagonal matrix with
distinct singular values, then there always exists a sequencd T g'_; of quasiconformal
mappingsT :R3! R3 converging uniformly to a linear quasiconformal mapT g such
that

H(X;T) H<Ho H (X;To);

almost everywhere inR3.

Proof. This follows with the aid of Theorem 4.2.2. We haveB = u v for vectors u;v in R3.
Consider To(x) = Ax, and for =1;2;:::, we de ne a sequencé T g'_; by equation

T (x)= Ax + Eh( u x)v

where h is a periodic piecewise linear function on the real line as follows: Giveh < 0 and
t+ > 0 of the lemma

( i

t r ﬁ

h(r) = i
Lt T

I A

,.‘__ ,_.‘
i
-+
="

r

—
+
—
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for any integer i. Then we can extendh to the entire line (saw-tooth function). the function

h is a bounded Lipschitz function whose derivative assumes only the two values and t. .
The sequencef T g'.; converges uniformly to To. The derivative of T also assumes only
two values, which are independent of , apart from countable set of points where it is not
de ned.

Figure 4.39: The saw-tooth function

DT =A+hY u x)u v=A+h{ hu;xi)B2fA t B:A+t.Bg:
In either case, the linear distortion of DT (x) is equal to H:
H(x;T )= H(DT (x)) H< H(A)= H(X;To):

lwaniec's argument now proves the result. We remark that the sequencéhy hu;xi)gl.,
converges weakly inL! (R®)to0as !1 , but not pointwise almost everywhere. .

4.3 Limit and the Jump Ratio

In this section we consider various limit regimes modelling the situation in one or two di-
mensions by letting a;b ! 1 in various ways. This has the same e ect as letting the
smallest singular value tend to 0 and e ectively removing a variable from the deformation.
Let A = diag(1;a;b) be a diagonal matrix with 1 < a < b, and supposeu and v in R? have
kuk = kvk =1 so that Bo = u v is a solution to Problem 1. We have outlined above the
closed form solutions for the two values where the singular values cross and therefore have
the following limits. If b! 1 , then the limits of t. andt are

|O!Ierl ti(a;b=2(a 1) b!Ilrpl t (a;bh= 1
The Figure 4.40 illustrates that the limit of t is 1  whenb! +1 . This is obvious,

because

p___
) . 1+ +pP)+(¥ 1) 1+ +b) 20 + o _
b!llrplt - b!lm;ll 2( 1 b*) - b!lmjl S+ b!lm;]l( b+ )= 1
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2ol Limit=2(a-1)=2

2.0

t,(a,b)

L]

0 100 200 300 400

Figure 4.40: The limit of the function t, (a;b) whena=2and b! +1.

100 200 300 400 500 600

=100
-2001
=300

—400[ t_(a.b)
-500F \
—600[

Figure 4.41: The limit of the function t (a;b) whena=2and b! +1.

In this case, the graph oft is linear and tends to 1 : Our explicit formulas allow compu-

tational investigation to help understand the size of the jump (see [34]). Assume the matrix

2
1 00

A=40 a 0°
0 0D

is given, we de ne the jump ratio as the value of

The jump ratio = maxfH (A +t Bp); H(A + t: Bg)g _ maxfH (A +t Bp); H(A + t, Bo)g;
H(A) b

sinceH (A) = b. Recall the best rank-one direction matrix Bo and the valuest and t: can

be determined by numbersa, and b, where the singular values ofA + tBy cross. We know

thatif t 2 [t ;t.], then H(A + tBg) is concave and has absolute maximunb at t = 0, and

the absolute minimum happens at one of the two pointst ort.. So,

HA+ t Bg) HA+ t+BO)g'

Thej io = f
e jump ratio = max 5 5

(4.69)

If the matrix 2 3
1 0 O

A=40 x 0 5;
0 0 f(x)
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where 1< x < f (x), then the jump ratio will be di erent. Suppose that A = Sing(1;a;b
shows a digonal matrix A with distinct ordered singular values 1, a, and b. It is easy to
see that the two trivial cases A = Sing(1;1;x) or A = Sing(1;x;x) represent the constant
graphs. These di erences depend on the type of functiorf and its coe cients and powers.
For instance, if f (x) = x® then the jump ratios for dierent s> 1 are

Ratio
1.00f Y=
r - 1.2
095} Sing(1,x,x %)
090}
0.85}
' Sing(1.x.x% 1)
080 Sing(1x.x %)
L . 2
[ Sing{1,x,x
0.75f g(1.x,x%)
0 2 4 6 8 10 12 14

Figure 4.42: The relative jump ratio for A 2 Sing(1; x;x®), wheres > 1. The function f is
indicated by the labelling.

The following graph shows us the dierent curves off (x) = x® for more values ofs and
Sing(L x; x?) has the bﬂggest jump ratio. If s> 2 or s < 2 the jump ratio function tends to a
number bigger than 1= 2, so, the jump ratio in these cases are smaller than the case= 2.

Ratio
100} y=1
: Sing(1xx™ 1)
095} Sing(1,x,x"2)
Sing(1x,x %)
0.90¢ Sing(1,x,x%)
[ Sing(1,x,x )
0.85}
[ Sing(1,x,x17)
ool sing(1,x,x%%)
Sing(1,x,x2 1)
075l Sing(1,x,x"9)
Sing(1 x,x%)
0 2 4 6 8 10 12 "

Figure 4.43: The relative jump ratio for A 2 Sing(1; x;x%), where s > 1. The function f is
indicated by the labelling.
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Nayv, we wnat to prove that the limit of the jump function for A = Sing(1;x; x?) is equal to
1= 2asal!l . First, we substitute b= a? in Theorems 4.1.1 and 4.2.1 and nd the best
rank-one direction asB = u v where

a 1 . 1 . a(a® 1) _
u=(p§p (@+1)(a2 a+1)’ 4 %P3 (@+1)(a*+ a3+ a+1)
2 aZ+1

a 1 1 a(a® 1)
v=(psp @)@ arD) 5 2 T2 (@rD(atrar a+1)):
2 a‘s+1

Hence the linear distortion is

a(a 1)°

2 3y.
e s e () (4.70)

H(A+ tB)= a?

However, we need to compute the actual eigenvalues and the points. andt . These are

q
(a 1)(a*+1) 1 a2 5a+a’(5+(a 2)a) + (a+1)4@2+1) 1+a?(7+ a(@®+7a 8))

2+2a%(a>+6a%+ a2+ a+6)

q
(a 1)(a*+1) 1 a2 5a+a’(5+(a 2)a) (a+1)4(a2+1) 1+ a?(7+ a(a®+7a 8))

t =
2+2a%(a>+6a%+ a2+ a+6)

Notice that
8 6 1
ty =2a 2 5+?+O(?) asall :
and 1 5 1
t = a’+a -+ —+0(=% asa'!l
a a2 (a3)

By substitution b= a? in Equations (4.63) and (4.64), we have

23Y (a;t) . X@y

1= 2@0 3 Y@y 3 25 D(a)

@ "3 Y@y @1+it3 X@t)

2= Z(ajt) +
3 25 X(at) 3 25 D(a)
@+ ip§) Y(a;t) (1 ip§) X (a;t)
3= Z(at)+ 5 7 ;
3 23 X(at) 3 25 D(a)
whereD(a) = 4(@2+1)2 1+a+ a2+(a 1)a®+a*%and 1 , s Actually note
that all ;, terms are real with the same branch choices-solutions of a cubic equation with

real roots. Each of the functionsX, Y, Z, and D is a polynomial in a and t (both assumed
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large)or the square root of such. Now we have the actual eigenvalues and singular values. By
Equation (4.69) the jump ratio is

maxfH (A+t B);H(A+ t:B)g.

The jump ratio = H(A)

But we know that H (A) = a2, so,

maxfH (A+t B);H(A+ t:B)g.

The jump ratio = 2

Sincet, andt are described bya, thus the jump ratio is a function with respect to a. If we

calculate the Taylor series for each part of the jump ratio function asa!1 , then
. , , HA+1t B _ H(A+ t:B
The jump ratio =max f lim ¥; lim Qg:
al +1 a2 al +1 a?
et H(A + t.B) HA+t B)
+ +
ti+(a) = T+; t (a)= T:

With regard to the variable a, both functions t. andt have very long equations. The limit
of these functions can be calculated by using the following Taylor series

p 12 1
a8+8af 8ab+14a* 8ad+8a2+1= a*+4a’® 4a 1+ 2t 0(5)2: (4.71)

and repeatedly removing the terms that are ine ective asa ! 1 . Therefore
p
. . H(A+ t:B R +
im t,(a)= lim DAY LB) L )= o rea@* 2a) .o
Al @l a @'+l a2 Re(s(a) 4() s(a)

where (Re) is the real part of the expressions, and

ga® +223(1 i’ 3)(a’ + a®)( 14182 +48a® 1671

1(3) = 360al0  48all +24a%2
(8) = 1+ i 3) 94a°(a® +1)*=* 8a’'(a®+1)** +8a**(a® + 1)
2 ( 48all +24a12)( 136a% +24a2t 8a2)i=
(@) = 2a'® +20a'* 24a®® +90a'? 154al
ST Galz 12all +90al® 156a° +450a8
(a) B 808a18 (aZ + 1) 2=3 23%19(32 + 1) 2=3 4 112&20 (a2 + 1) 2=3 8a21 (a2 + 1) 2=3 4 8 3.22 (a2 + 1) 2=3
¢ (90028  312a° +180al® 24all +12al?)( 1304al® +416al® 136a20 +24a2l 8a22)l=3
(@ = (@®+a’+6a° 3a°)( 8a*+24a® 144a%° +440a”" 1440a°)'72
5 - .

6al2  12all +90al® 156a° +450a°
(4.73)
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Using the common denominator, simplifying algebraic expressions, the Taylor series, equation
(4.72) can be written as follows

p__
. . H(A+ t:B R
im o (a)= lim DA LB) P e( 1(a) L (4.74)
ale @l a '+l a2 Re( 2@ a(@) 4(a)
where
(@) = 16( 12222 +4(1 + ip§)a16(1+ a%)?=3
1 24( 1)1:33_40:3
_1 4 3 52
2(a) = é(a +2a°> a° 1l8a+1)
(4.75)
(a) = 31+ a®)%3(al%+2a’+2a® 32a’ +10ad)
s ( 1)173(18a22=3 18al%3 + 84al6=3 138133 + 226a103)
1 1=3
4(a) = %(a2+3a 3 28! 8a?)(2a® 2a+10 16a '+28a ?):
Now, It is easy to calculate the limit of Equation (4.74) asa ! 1
p__
. . + . R
lim t+(a)= lim H(A72t+8) = lim p e 1(a)) = pl—,: (4.76)
al +1 al +1 a al +1 a2 Re( Z(a) 3(a) 4(a)) 2
By the same computation, we can prove that
, o HA+t B) _ 1
a!Ilrpl t (a)= aI!lrrl1 — e - % 4.77)

So, the limit of the jump ratio function (as a!1l )is

: o . HA+t B) . HA+t:B) 1
The jump ratio = max fa!llrp1 — a!Ilrpl Tg— EFE

This completes the proof of the limit.
These examples suggest & = (1 ; x; x®) is a diagonal matrix then the largest jump can happen
wheres = 2. It seems the relative jump is

p

__I\)\

The biggest relative jump =

|

whenx !'1 . This means
Sing(L; x; x?) < Sing(L x; x%);

forall s> 1lands 6 2p.7The graph of the jump ratio for diagonal matrix A = (1;x;x?)

shows that the liney = 72 is a single horizontal asymptote and a lower bound. The function
f (x) = x5 can be replaced by other positive-valued functions.
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JumpRatio
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p_
Figure 4.44: The relative jump ratio for t. (a) and its horizontal asymptote line y = 72 if
A =Sing(1;x; x?).

Jump Ratio
111

09r

081

0 10 20 3‘0 40 50 Sb 70
Figure 4.45: The relative jump ratio for t (a) and its horizontal asymptote line y = 72 if
A = Sing(1; x;x?).

For instance, f can be a linear function likef (x) = x + g where q is a constant positive real
number. For linear function f (x) = x + g, the grgghs of the jump ratios show that with the

bigger numbers ofq the jump ratio tends to y = 72 So, if 1 <2 then
Sing(Lx;x + u) > Sing(1; x; X + op);

whenx !'1 . By increasing t‘hg number g, the relative jumps are smaller than before and
the largest jump tends toy = 72 So, for di erent numbers q, the function f has di erent
graphs as below:
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Ratio
1.00} y=1

. Sing(1,x.x+1)
095} Sing(1,x,x+2)

: Sing(1.x.x+10)
090} Sing(1,x,x+100)
0.85}

080}
L L L L 1 L L L L 1 L L L L 1 L L L L 1 X

0 10 20 30 40

Figure 4.46: The relative jump ratio for A 2 Sing(1; x;x + @), where q > 0. The function f is
indicated by the labelling.
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Figure 4.47: The relative jump ratio for A 2 Sing(L; x;x + @), where g > 0. The function f is
indicated by the labelling.

These graphs also indicate tlag largest jump ratio for linear functionsf (x) = x+ qwith g > 0,
tends to asymptote liney = 2.

If f(x) = a*, then some relative jump functions are shown in Figure 4.48. Ifa > 4 then
the graph of each relative jump has a minimum atx = 2, traalt gives the largest jump. If
a! +1 ,the minimums of the relative jumps tends toy = 72 at x = 2.

These calculations show in the functionf (x) = a*, the minimum relative jump decreases
faster than functions f (x) = x®> and f (x) = x+ g, but f (x) ! 1, wherex ! +1 .
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Ratio
1.00] y=1
sing(1,2,2%)
0.95 Sing(1,2.2,2.2%)
Sing(1,e.e™)
090 Sing(1,3,3%)
0.85 Sing(1,4,4%)
Sing(1,5,5%)
080f Sing(1,8,8%)
Sing(1,10,10%)
075 Sing(1,20,20%)
__________________________________________ Sing(1,40,40%)
070f | | . . . y=J2/2

Figure 4.48: The relative jump ratio for A 2 Sing(1; a;a*), where x > 1. The function f is
indicated by the labelling.

Ratio
1.00f o
' Sing(1,2,2%)

0o Sing(1,2.2,2.2%)
Sing(1 ,e,ex)

B sing(1,3,3%)

0.85 Sing(1,4,4%)
Sing(1,5.5%)

080} Sing(1,8,8%)
Sing(1,10,10%)

o Sing(1,100,100%)

0.70 : Sing(1,1000,1000")

I . . ) y:ﬁm

Figure 4.49: The relative jump ratio for A 2 Sing(1; a;a*), where x > 1. The function f is
indicated by the labelling.

A brilliant mathematician, Cauchy worked in many areas of mathematics. However, he

is primarily known for his work on calculus and is recognized as one of the founders of
the modern theory of mathematical analysis (see[65]). The functional equations that are
particularly associated with Cauchy are the four equations in the table below.

Table 4.1: Cauchy's Functional Equations and Their Solutions.

| No. | Functional Equations | Domains | Answers
1 [ fx+y)=fxX)+f(y) | x;y2R f(X)= mx; m is a constant
2 f(x+y)=fX):f(y) X;y2R | f(x) 0, or f(x)= a* a> 0is a constant
3 f(xy)=f(x)+ f(y) | x;y2R" f (x) = alogjxj; ais a constant
4 f(xy) = f(x):f(y) X;y 2 R* f(x) 0; or f(x)=jxj? ais a constant
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We checked out the jump ratios and their minimums for all types of Cauchy's functional
equations except the functionf (x) = log jxj. Note that the other three type were

2 3 2 3 2 3
1 0 O 1 0 0 1 0 O
A=40 x 095; A=40 x 0 9; A=40 x 05;
0 0 x° 0 0 x+q 0 0 &

where 1< x <f (x), 1<x,a> 0anda6 1. But the last case is also one of these three
types. Because by choosing

f(x)=logjxj=g (forall x> 1)() x=109;

then the matrix A can be written as

2 3 2 3 2 3
10 O 10 O 1 0 O

A=40 x 05=40 x 095=40 1® 05;
0 0 f(x) 0 0 logx 0 0 g

whereg > 1. The two following matrices have the same eigenvalues and singular values.

2 3 2 3
1 0 O 10 0

40 100 09; 40 g 05:
0 0 g 0 0 1¢

It is known that interchanging two rows in a diagonal matrix A does not change the linear
distortion because elementary row operations in a matrix preserve the eigenvalues and of
course, the singular values oA and linear distortion will be the same as before. So, we can say
that the behaviour of Cauchy's functions for their relative jumps are identied as x ! +1 .
Now, in the following graphs, we can compare all these types of Cauchy's functions.

Ratio

I y=1
N
1.0 — — Sing(1,3,3%)
Sing(1,2,2%)
0.9 i Sing{1,x,xs)
Sing{1,x,x+100)
[ Sing(1.x,x%)
08}
07l y=\[212

1 1 I 1 1 I 1 ‘{
0 2 - a] 8

Figure 4.50: Comparison of the relative jumps for Cauchy's functions. The functionf is
indicated by the labelling.
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The graphs above show iff (x) = x? then the relative jump tends to horizontal asymptote
y= 2=2asx! +1,in all types of Cauchy's functions.
However, we can not yet prove that this is best possible and thatA 2 Sing(L x;x?) is a

critical case (see [34]). However we do have the following theorem.

Theorem 4.3.1. Let m > p?. Then there are a sequence ofl-quasiconformal self-
mappings of R® converging locally uniformly to an H; -quasiconformal self-mapping of
R3 (and no smaller) with

mH > H;

Proof. Suppose that 2 3

and we de ne a linear mapfg = A(x) that is a H; -quasiconformal self-mappings oR3. We
de ne a sequenceff g'_; by equation

f (x)= Ax + 1h( hu xi)v;

where h is a periodic piecewise linear function on the real line as in Theorem (4.2.2). By the
same process in the proof of Theorem (4.2.2), the following inequality holds,

H(x;f )= H(Df (x)) H< Hi(A)= Hz (x;fo):

So, the relative jump is

. . H(x;f) 1 1
The jumprato= ——— > p—> —:
Jump H1 (x;fo) iGF2 m

The inequality above can be written as

mH > Hj ;

and this then proves the theorem. .

Theorem 4.3.1 is an existence theorem and we only showed that there is a sequencetHof
quasiconformal self-mappings ofR® converging locally uniformly to an |'r51 -qUﬁ\siconformaI
self-mapping of R® so that the relative jump is bigger than or equal to 1= 2= 2=2:

This leads us to a more general conjecture. In Theorem 4.2.1, we found the best rank-one

direction matrix Bg and the interval [t ;t.] such that for all t in this interval we have
maxfH (A+t Byp); H(A+ t:Bg)g< H(A):
and for all individual linear distortion functions, the biggest jump was found. Theorem 4.2.2

shows that there always exists a sequence fét -quasiconformal self-mappings oR® converging
locally uniformly to an H1 -quasiconformal self-mapping ofR? so that
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H(x;T ) H< H; (X;To) foral =1:2;:3;::::
Conjecture: Let ff g'_; be a sequence of quasiconformal self-mappingsRf converging
locally uniformly to a quasiconformal self-mappingfy of R". Suppose thatH(f ) ! H;
as | +1 ;then for the biggest jump or relative jump, the following inequality holds:
H(f ) | H pl_
H(fo) = H(fo) 2
In other words, mH H (fp), for all m > > 2.

Gehring and Iwaniec showed in [32], that the limit mappingf of a weakly convergent sequence
of mappingsf with nite distortion also has nite distortion and give several dimension-free
estimates for the distortion of f.

Their arguments are based on the weak continuity of the Jacobian determinants and the
concept of polyconvexity (see [32]). They presented the following theorem.

Theorem 4.3.2. Suppose thatf R" | R" is a sequence of mappings of nite

distortion which converges weakly inW,-" to f and suppose that

H(x;f) H<1 for =1;2;3;::

almost everywhere in . Then f has nite distortion and

N

H(x;f) %(H+H” i H2§;

almost everywhere in .

If n =3, then as we said L
H(xif)  S(H + H2)3:
Notice that the ratio of the jump here is

IH+H)F 1
H 2

W=

H as H!1

Our results in the conjecture above and Theorem 4.3.1 suggest that
p_
H(x;f) 2H;

might be the best possible limit for largeH .



4.4 Solving Problem 3. 133

4.4 Solving Problem 3.

Finally problem 3 seeks to put the previous two problems in a more general framework.

Theorem 4.4.1. Let C 2 GL(3;R) and suppose thatC has distinct singular values (so
C!'C has distinct real eigenvalues). Then

1. there is a best rank-one directionB (as per Problem 1) forC,

2. there are two numberst ;t. as per Problem 2, and alstH(C+t B ) and H(C +
t+ B ), that is the largest interval of concavity for H(C + tB ) and the smallest
values for the linear distortion of an approximation.

Proof. Let C 2 GL(3;R) be a3 3 matrix with three distinct singular values 1< < 3:By

the singular value decomposition (SVD) , Theorem 1.6.10, the matrix C can be written
C = UAVY;
whereU and V! are 3 3 orthogonal matrices and
2 3
1 0 O
A=40 5 09;
0O 0 3

where 1, 2 and 3 are singular values of the matrix C. We want to determine the best
rank-one direction matrix B for C such that

d

G H(E+tB) =0 (4.78)
d? d?

—_  H(C+tB —_  H(C+tB 4.7
dZ o H(CT1B) diZ oo H(C1B) (4.79)

We claim that the best rank-one direction B is
B = UBpV!;

where U and V! are two orthogonal matrices from singular value decomposition forC and
By is best rank-one direction for the diagonal matrix A from Problem 1. Because

H(C+tB )= H(UAV'+ tUBoV'!) = H(U(A + tBg)V') (4.80)
But by Equations (1.21) and (1.26) we have
H(C+tB )= H(A + tBy); (4.81)

where By is the best rank-one direction matrix that is found in problem (1) and t 2 [t ;t+]
that is found in problem (2). So, the best rank-one direction matrix for matrix C is the
matrix B = UBgV! and the real valuet belongs to the interval [t ;t.] and then

H(C+tB )= H< H(C) forallt 2t ;t.]:

We remark that the matrices U and V! in the Singular Value Decomposition Theorem (SVD)
for matrix C = UAV! are orthogonal matrices. They rotate the domain and do not have any
a ect on linear distortion (see Figure 1.4). .
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Example 4.4.1. Let

2 3 2 3
2 1 1 6 5 5
5 1 15 7
= § 1 3 z?, =) cic= § S 7 éé
1 5 7 15
1 3 3 S 3 7

The 3 3 matrix C'C is symmetric and hence can be orthogonally diagonalised by the
Spectral Theorem. Not only are the eigenvalues ofC'C all real, they are all nonnegative.
The singular values of C are the square roots of the eigenvalues of'C. By the Singular
Value Decomposition (Theorem 1.6.10) the matrixC can be factorised asC = UAV'!, where
the matrices U and V' are orthogonal matrices andA is a diagonal matrix with singular
values ofC. So,

p p 3

o

3 3

2 p_- _ 2 p_ _ p_

3 6 3 33

Tpo 3 00 ]
c§12%§;; :2 zo§;§o;;§w

s Pz P8 01 s s Ps

3 2 6 3 6 6

Since the matricesU and V! are orthogonal matrices, then
H(C)= H(UAV'Y) = H(A):
The best rank-one direction matrix B for the matrix C can be calculated by
H(C+1tB )= H(UAV'+ tUBoV!) = H(U(A + tBg)V') = H(A + tBy):

But by Examples 4.1.1 and 4.2.1 the best rank-one direction matrixBg is
2 3

.|

For all t in the interval [t ;t.]=] 2:.044841.19219], we have

Sk ok g

Wk ool ol
P IS TS =
O~RKN

H(C+tB )= HA+tBg) =4 9—10t2< H(C)= HA)=4;

where

2 4p§ 9 6+2p§+2op§ 5p6 6 2 2+20 3 5 6 3

180 180

P P
= t — 6+2 2 20 3+5 6 4 2 69 81 4 2+20 3+1O 6
B =UBoV' = g 180 180 180 %
6 22 20°3+5" 5 81+4” 2420”7 3410 5 37 69
180 180 180

The biggest jump in this example is

minfiH (C+t B ) H (C)jg=minfiH (A+t Bg) H (A)jg=0:02461
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Figure 5.1: Conclusion and Summary
Source: https://pixabay.com/en/photos/result/
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Chapter 5

Conclusion and Summary

The central problem discussed in this thesis concerns the semicontinuity properties of the
distortion functional for quasiconformal mappings. In particular, if ffogl_; is a sequence of
quasiconformal mappings ofR" onto itself and

fo ! f: (5.1)

uniformly on R", we ask for which distortion functionals K = K(g), de ned for a quasicon-
formal mappings g of R" do we have the lower semicontinuity property

K(f)  liminf K(fn); (5.2)

so that the limit f is itself a K-quasiconformal mapping of R" onto itself. For instance, K
could be the linear distortion, maximal distortion, outer or inner distortion and etc. This
lower semicontinuity property is related to issues of convexity of the functionalK de ned on
the space of mappings or more precisely the pointwise di erentials of these mappings.

5.1 Summary of Thesis Problems

In this thesis, we discussed three di erent notions of convexity, hamely polyconvexity, qua-
siconvexity, and rank-one convexity and their known (and unknown) relationships with one

other. We then discussed three di erent distortion functions, which give rise to the same class
of mappings - namely the quasiconformal mappings - but with possibly di erent associated
constants. Each such functional gave rise to a di erent de nition of quasiconformality. These

three di erent de nitions were:

1. the geometric de nition via the distortion of the modulus of curve families
2. the metric de nition via the linear distortion, and
3. the analytic de nition de ned via a di erential inequality.

We provided references which show that the functional determined by the distortion of mod-
ulus of curve families and also that determined by the pointwise di erential inequality do in
fact have the lower semicontinuity property given at (5.2). You can see the Theorems 3.3.2
to 3.4.2. For the linear distortion the question of lower semicontinuity has been answered
negatively by Tadeusz lwaniec (see [24]). Theorem 3.4.2 is proved in his paper (see [39]).
This asserts that there is a sequence of quasiconformal mappings as at (5.1) such that for the
linear distortion

H(f) > nIli{n H(f): (5.3)
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Notice that the limit here does exist and the limit mapping f above must be quasiconformal
(and so H(f) < 1) since the other two distortion functionals are controlled by the linear
distortion functional. Since the very beginning of the multidimensional theory of quasicon-
formal mappings, it has been widely believed that the class of K-quasiconformal mappings
in R" is closed concerning uniform convergence, where K stands for the linear distortion. In
article [39], T. lwaniec proved one lemma and a theorem that refutes this belief. The key
element of his construction is that the linear distortion function fails to be rank-one convex
in dimensionsn 3.

Lemma 5.1.1. (lwaniec's Lemma) Givenn 3 andH > 1, there is a matrix A and a
rank-one matrix B and numberst;s > 0 such that

H(A sB)= H(A+tB)= H< H(A):

Theorem 5.1.2. (Iwaniec's Theorem) For eachn 3 and H > 1, there exists a se-
quenceff,gi_; of quasiconformal mappingsf, : R" !  R" converging uniformly to a linear
quasiconformal mapfp : R" ! R" such that

H(x;fn) H < H(x;fo); almost everywhere inR"; n=1;2;::::

The linear distortion functional is de ned pointwise from the di erential matrix when it is
nonsingular. At the points xg 2 R® of di erentiability of a quasiconformal mapping a local
analysis of the convexity properties of the linear distortion can be given if we only consider
the nonsingular linear mappingsx 7! Tx, T = Df(Xo) 2 GL(3;R). To compute the linear
distortion we study the singular values of

A=T!T 2 M3 3(R);

the space of symmetric positive de nite 3 3 matrices. Given such anA the Spectral Theorem
tells us A is orthogonally diagonalisable and so we may as well suppose it is diagonal since
we can diagonalise it by orthogonal (conformal) transformations (at a point). In this way,
we reduce the problem of the convexity of the linear distortion functional to considering
that functionally de ned on the space of 3 3 positive de nite diagonal matrices A = ( ajj ),
aj =0if i 6 j, all the diagonal entries a; are positive and we can further suppose that
l1=aj; apy ass; by scaling and a further conjugation by orthogonal matrices - neither of
which a ects the linear distortion. Now, we can extend the lwaniec's Lemma and Theorem to
(Lemma 3.4.1 and Theorem 3.4.2). Both of his lemma and theorem are existence theorems.
But we expand them to a wide range of matrices. The results of Problem (1) and Problem (2)
in the previous section and this section show it is always possible to nd a rank-one matrix
Bg so that

H(A+tBg)= HA+tu v)<H(A); (5.4)

holds for a diagonal matrix A with distinct positive singular values. The rank-one matrix
Bo is the best rank-one direction for which the linear distortional function at A is most
concave. An unsolved and unanswered question (Partly posed by Frederick W. Gehring and
T. lwaniec) was to determine how big the di erence between the left-hand and the right-hand
side of inequality (5.4) can be?

In problems (1) and (2), not only do we nd best direction that the inequality (5.4) holds
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but we partly answered the Gehring and Iwaniec question and found the biggest jump and
di erence between the left-hand and the right-hand side of inequality (5.4) for a specic

diagonal matrix A with distinct singular values. lwaniec's lemma gives an example (actually
counterexample) that the inequality (5.4) happened.

Theorem 5.1.3. Let 2 3
1 00

A=40 a 0°
0 0b

be diagonal with 1 < a < b. Then there are two unit vectors u and v in R® described
at (4.54), and a rank-one matrix Bo = u v (the best rank-one direction) and two real
numberst < 0 andt. > 0, the roots of P(t) as a (4.58), such that

d

it o H(A+1Bo) = 0 (5.5)
d2 d2
— + — + :
G2 oy A+ tBo) g7 A+ 1tB) 0 (5.6)

for every rank-one matrix B 2 R® 3 with & H(A + tB) =0. Also, there is a largest
t=
interval (t ;t4+) so that H(A + tBg) is a smooth function of t in this interval and

maxfH (A+t Byg); H(A+ t+Bg)g< H(A):
The jump and di erence is de ned to be
Maximum jump =minfiH (A+ t+Bg) H (A)J;]JH(A+ t Bg) H (A)jg;

Recall that the value of H(A) is b.

Now we can extend the Theorem 5.1.2 to the general case R®. In this theorem, we construct
a sequenced T g'_; of uniformly bi-Lipschitz maps T :R3! RS, that s,

1. L. . . .
chx vl T X T Cjx vyj

forall x,y 2 R3and =1: 2; 3::::with a constant C independent ofx, y and . The linear
distortion function of each T turns out to be constant and equal to H almost everywhere:

H(x;T )= H; =1; 2.
The sequence T g converges uniformly to a linear mapTo : R® ! R3 whose distortion is
bigger than H (see [39], [42], [30]).
Theorem 5.1.4. (Generalisation of Iwaniec's Theorem): fn=3and H> 1
and Tg : R® ! RS2 with To(x) = Ax such that A is a 3 3 diagonal matrix with
distinct singular values, then there always exists a sequencé T g'_; of quasiconformal
mappingsT :R3! R3 converging uniformly to a linear quasiconformal mapT o such
that
Hx;T) H<Ho H (X;To);
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almost everywhere inR® and =1;2;:::.

We showed if 2 3
1 0 O
A=40 x 0 35;
0 0 f(x)
and f (x) = x2, then the relative jump tends to horizontal asymptote y = = 2=2 asx ! +1 ,

in all types of Cauchy's functions. However we can not yet prove that this is best possible
and that A 2 Sing(1;x;x?) is a cirtical case (see [34]). However we do have the following
theorem.

Theorem 5.1.5. Let m > pi. Then there are a sequence of -quasiconformal self-
mappings of R® converging locally uniformly to an H; -quasiconformal self-mapping of
R® (and no smaller) with

mH > H;

Finally the last theorem that we have proved, seeks to put the previous two Theorems 5.1.3
and 5.1.4 in a more general framework.

Theorem 5.1.6. Let C 2 GL(3;R) and suppose thatC has distinct singular values (so
C!C has distinct real eigenvalues). Then

1. there is a best rank-one directionB (as per Problem 1) forC,

2. there are two numberst ;t. as per Problem 2, and alstH(C+t B ) and H(C +
t+ B ), that is the largest interval of concavity for H(C + tB ) and the smallest
values for the linear distortion of an approximation.

5.2 Potential Applications

Aspects of material science:  The use of nonlinear elasticity to describe martensitic trans-
formations and their microstructure starts with J.M. Ball and R.D. James (1987) [13], fol-
lowing the work of many authors applying nonlinear elasticity to crystals, especially J.L.
Ericksen. There is a \linearized" version of the theory due to Khachaturyan and Roitburd.
The lecture notes of Ball [8] gives a very good overview of the subject at an introductory
level. In fact, one of the most studied phase transitions in nonlinear materials science is the
Martensitic transition, the di usionless structural transition from a high symmetry to a lower
symmetry crystallographic phase. This transition is often induced by changing temperature or
stress and shows athermal character and proceeds intermittently as a sequence of avalanches
ultimately producing a complex multiscale microstructure.

Recently the theory of mappings of nite distortion has emerged and shown promise in mod-
elling various aspects of nonlinear materials science with interesting associated extremal prob-
lems, see for example [6], [7], [37], [41], [42], [43], [45], [44] and [50]. Many of the distortion
functionals studied in these cases are lower semicontinuous and extremals are quite regular -
often di eomorphisms. However, the images below suggest that this cannot be the case for
the sort of phase transitions occurring in these structural transformations.

Thus we analyse a slightly di erent (but still well known) distortion functional where we lose
polyconvexity and hope to gain models of non-smooth extrema. Here we are only concerned
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Figure 5.2: These images are from Chu and James's experiments in Cu-Al-Ni single crystals,
and M. Morin

with static models but are well aware that the real problem is dynamical. We hope to address
this elsewhere. Distortion functionals are polyconvex in two dimensions, so it is unlikely we
will see these complicated micro-scale structures with purely two-dimensional models using
distortion. However, an interesting feature of our models is that although fundamentally
three-dimensional, limiting processes yield two-dimensional and even one-dimensional models
that at least suggest connections. Distortion functionals are scale-invariant measures of the
anisotropic nature of a deformation. Consider deforming abody  R3 by a homeomorphism
f: 1 f() R3. Typically the assumption that deformation is a homeomorphism is given
to us by the principle of inter penetrability of matter, see [10]. It is a remarkable feature
of mappings of bounded distortion, coming from the modulus of continuity estimates on
mappings and their inverses, that this topological condition is retained under limits (see
[34]). Let R", n 3, beadomainandf: ! R" be ahomeomorphism. Typically
one assumes some regularity of the deformations in question, namely

f2Wel0)

the Sobolev space of mappings whose rst derivatives are im.3. This condition is basically
the minimal assumption one can make to ensure that the Jacobian determinant is locally
integrable and that something like the change of variables formula might hold [42]. The
distortion inequality assumes that the full di erential of mapping is controlled by the Jacobian;
there is a constantK < 1 such that

kfqx)k? K:J (x;f);  foralmosteveryx 2 : (5.7)
Such mappings are called quasiconformal. Deformations satisfying the distortion inequality
enjoy many properties, including higher regularity

f2 WI1;3+ (K);

ocC

positive Jacobian J(x;f) > 0 almost everywhere and the change of variables formula [42].
Thus one can de ne the distortion function

2
K (x;f) = m (5.8)

It is not obvious, but not too hard to see that K (x;f) is a convex function of the minors
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of Df (x). Thus one can consider various extremal problems, for instance, minimising the
LP-norms of K (x;f) among deformations with prescribed boundary values linking with the
calculus of variations. Some novel phenomena arise in such problems including the Nitsche
phenomena where [7] geometric obstructions preclude the existence of a minimiser. However,
it is expected that minimisers are smooth when they exist (and they should exist for alp > 1)

if there is a candidate \barrier". For x 2 , we set

ma - kf + h f k
Ht(x) = H(x;f) = limsup Xhk=r KF(x + ) f(X)k

r' 0 minkhk:r kf (X + h) f(X)k . (59)

Let and ©be domains inR3, and let f be a homeomorphism of onto © The linear
distortion of function f is de ned

H(f)=supfH{(x): x2 g; (5.10)

We know that if H(x;f) is bounded in , then f is K-quasiconformal for. someK bounded
by a function of H (See [34]). In particular f lies in the Sobolev spacewlé’f() and satis es
the distortion inequality

maxjDf(x) j H (f) min jDf(x) j:
jj=1 jj=1

Geometrically this means that the di erential Df(x) : R" ! R" maps the unit sphere to
an ellipsoid. The converse is also true, but a remarkable theorem of Heinonen and Koskela
(1995) shows that one only requires the liminf in (5.9) to gain quasiconformality (with the
same constants).

A natural question is: Can these scale-invariant problems and Martensite tran-

sitions be modelled by distortion functionals? This relationship (if it exists at all) is
predicated that at molecular scales we see piecewise linear mappings of uniformly bounded
distortion as illustrated below. There are also some conjectural ideas regarding boundary
values and questions such as are local scales determined Yigterfacial energy” ?

Figure 5.3: Nonclassical interface with Figure 5.4: Noqclassical austeite-
double laminate [13]. martensite interface [13].
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Recall that a function F : U R" "1 R, de ned on an open setU of n n matrices, is a
rank-one convex atAg 2 U if for every rank-one matrix X 2 R" " the function

t 70F (Ag + tX)

is convex neart = 0. By Theorem 1.8.1, a matrix X has rank one if and only if it is the
tensor product of two vectors X = u v, whereu;v 2 R" (See [34]).

The Hadamard jump condition asserts that the piecewise linear functionF = fA;Bg is
continuous across the interface if and only ifA B = u v, and the normal to the interface
iS V.

Figure 5.5: Rank-one connected planar interface

5.3 FRurther Research

The results above show that it is always possible to nd a rank-one matrix B so that (5.4)
holds for a diagonal matrix A with distinct positive eigenvalues. An interesting question
- possibly connected with some aspects of materials science - is to determine the \rank-
one direction” for which the linear distortion function at A is most concave. This might
identify the structure of the laminations for the minimisers of certain stored energy functionals
occurring in the calculus of variations. This problem is basically what we solved in this thesis.
An unanswered question, (partly posed by Gehring and Iwaniec) is to determine how big the
di erence between the left-hand side and the right-hand side of (5.3) can be?
The Theorem 5.1.5 is an existence theorem and in this theorem we only showed that there
is a sequence oH -quasiconformal self-mappings ofR® converging locally uniformly to an
Hb quaalconformal self-mapping ofR3 so that the relative jump is bigger than or equal to

2=2: This result leads us to a more general conjecture. In Theorem 5.1.3, we found
the best rank-one direction matrix Bp and the interval [t ;t.] such that for all t in this
interval we have

maxfH (A+t Bog); H(A+ t+Bg)g< H(A):

and for all individual linear distortion functions, the biggest jump was found. Theorem 4.2.2
shows that there always exists a sequence éf-quasiconformal self-mappings oR? converging
locally uniformly to an H1 -quasiconformal self-mapping ofR? so that

H(x;f) H< Hjp(x;fo) forall =1;2,3;::::
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