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Abstract

Thelkepstrum({or [éompl ex[eepstrum)inethod(iisevi sited@ndMappli edEoThelproblemlof [$pectral Mactori zation]
wherelthelSpectrum(isldirectlylestimatedfrom(abservati ons.[T helSol uti onfolthi siprobl emlinfurnTeadsfo@new
approachibloptimal [filtering,[Smoothi nglandIprediction s nglthelWi ener [theory. [Wnlikelprevi ousi@pproachesito]
adaptiveland(se f-tuning(filtering, thelfechni que, henlimpl emented, [doesfiot requi re@lpriori thformationOnthed
typelorLorder [of (Thel3ignal (Igeneratingmodel . CAndinlikelbther [approaches30vith[Theléxceptionof ($pectral O
subtraction[3 (holstate-spacel or [Tpolynomial Cimodel [isChecessary.[nthisfirstCpaper CresultsCareltestrictedtol]
stationary(si gnal [and(additivelwhitenoi se. [T

O

O

Notation

© MMM Bamplinglinterval, [0
oI Thormalizeddrequencyldt (0< 60 < 2m) O
q " (M Backwardshift@perator: [V, , =qy, .0

QUM ansformVariable  ‘€orresponding b fhelbackwardshift @perator.]
E[.] O [IIexpectationloperator]

w,,&,, Vv, [ihite-noiselprocesses]

Y., S, [ITEgnal [@ndimessagelprocesses.[]

¢, [IITMMMTThnovationsiprocess’]

0y (C) [IBrossiSpectral [density(fransformibetween(signal [and(hessage. [
0 (€) [MMBpectral [densityfransform(of (fessagelprocess.]

A(§), Z(C) [Bpectral factor@ndmormalized(Spectral [factor]

U
U
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1.0ntroductionO

This[paper [éxtendsihekepstrumBpproachTol$pectrumléstimati onTinvesti gatedbyThelriter sisomelyear siago
[1,2][@pplyinglit{ofheldonstructi on[of (Wi ener il ters. 0T helkepstrum@pproach([i3,4] [evol vedfromfathematical [
work[on[3pectral factorization(]5,6, 7] EhelvordCkepstrum', [duefolRobi nson,[¢omi ngfiromhelinitial ietter sfof
'K olmogorovieéquati onlpower [Series. 0T

Thelkepstrum(@pproachlikia most, thoughotiquite, identi cal i ththeltepstrum'Or [tompl ex@epstrum'@pproach
onlhichChumerousivorksChavelappearedivith@pplicati onHolécholdetection,[geophysi cs, [Fpeech[processing, [
vibration(signal [anal ysi s(étc.[Bogart[ét[al (8] [irstdoi nedfhelmamellcepstrum’ Holineanthelinver selFFT [of (Thel]
logarithmof Thelfnodul usiof [Thelsi gnal [Spectrum. [T hi sldefi niti onwasTiater [éxtendedTibthe"tompl ex[depstrum’' T
wherelthellogarithmlihcl udes@ solitsiimagi narypart 9, 10] LIfor [@ppli cati onfbhomomorphi clsignal [processing’, [
i.e.[uselof(thellogarithmlof theliransfer Functiontolmakeladditivelthe[passagel of [& gnal sithroughltascaded
operations. [Tl

Theldepstrumethodlikiessential ly@practi cal [@pproachibl€ gnal [@nal ysi siBasedonthellseldf thelBFT . [Fromthed
theoreti cal [poi nt[of Wi ew@helobj ecti ontnaybeltal sedThat [it s based[dn A duantityboth[dependent [on[Sampl e[l
length@nd$ubjectfolstati stical [Wari ati on. [(MHer e[thel@l ternati velkepstrumZpproachMappear siiolsuppl ylasurer O
theoreti cal foundation.[IT hel¢ompl ex [eepstrumdefi ned@slaninver selFFT [arrayisliepl aced by thelTkepstrum
defined(asthelSequenceldf[doeffi ci entsiih[thelK ol mogor oviSeri esiéxpansi on, thelrel ati onshi pBetweenfhesebe ng
thattheldompl ex[depstrumik@iruncatediver s onlof ThelkRepstrumidoeffi ci entsidor respondi nglibthelSampl ellength
chosen. [T helkepstrumisiiot[Subject{olstati sti cal Bariati on. [@nd(Solit[dl arifi esthee ati onBetweenthelestimate[
foundiémpiricallyfromlaSampl elandihelfruelval ue. I

Thelkeyuinderlyingechni quelinihisipaper [isdhe@ppli cati on[lof (Mkepstrum@nal ys sifolpectral factori zation
directlyfromTobserved(signal s.(Welal ready(gavethefheory(of thi slhethod[111, 1, 2] whi chWwastherelapplied ol
systemlidentifi cation.[TEssenti ally(ithe[$amelmethodWaslimoreltecently[ised[by(El i ot And[Rafael y(]12]. The[
present[paper (Wil (&gai n(teviewiheltheorylof Thelethod[and@henCappl y(itolWiener il teringland & milar D
problems, [Thelprocedurelgi vingafioundati onfor (A general [Methodlof [donstructingWiener [fil tersidi rectlyfromO
observed(data. [TAIthoughthe[Wiener il ter hasbeenlinlexi stencesi ncelthe1940s[113] [diffi cul ti eslin[Gomputing ]
theffilter havelledolitfarel ybe ng@ppli edihpracti celinlitsoriginal (formBecauselthelflequired@ gebrai cihodel sCI
of [thelsignal [andmoi selgenerati ng(processesiarelinknown. Furthermore, [éven(if [thi slinformati onlislknown, [the[
spectral (factorizati onleadsTolcompl ex[al gebrai cléxpressi onsfromQOivhi ch@procedur elnust[bel ¢arried[outHol
enabl elthelfil ter olbBeldausal . [T helfi nal [Answer ikIBompli cated@ndiboldependentdnipoor| yknownparameters. [l
Theliteraturelhasmanyapproachesoladapti velmi nimumiiean-squaredlerror il tering@ndperhapstheinost
popul ar [@relbased(onTheladapti velhoi sel¢ance  ation]114,15,16] tvhi chWises[mnul ti pl e[$ensor sfand[@Teast-mean
sguares(L M S) vei ght(esti mati onSchemeltblarrivelat @nladapti velfi nitelimpul se-responsel(F R) il ter. [3el f-tuningd
filters,[Smoothersiand(predi ctor sihaveldl sobeeniri edihi ch@relsi mil ar But Based(ihsteaddn@n@daptivelihfinite-
impul selfesponsel{l | R) (tethods(117,18] [@nduseléxtendedlieast- squares(EL S) [0r [fhaxi mum(fecursi vellikelihood D
parameter [identifi cationdn@nA RM A [hodd . [Hlowever [Both(@pproachesiriequi relSomelformof iodel [Grder Ththe
adaptivelschemelandtheltomputati on[becomesimorelintenselasiheinodel [order [increases. In{acttnanyeal [
problemsimayivel | heedhi ghinodel [order sHol¢opelvi th[Suchprobl emsasiioomeverberation.[An@ ternativel
approachlislof [toursefollise[K al man(il ter s 19] tlvhi chlar elinorelSuitabl elfor (i me-varyi nglinodel sthut [even(if [
suchmodel slarelknown[alpriori [@domputati onal l ylihtenselRi ccati [équati onhustfhenbel<ol vediandionce@gain(l
theldomputati onal [Gompl exitylincreasesiwithmodel [drder. T

O

2.[KepstrumlAnalysis]

H({) mwill Mepresent(aldi screteffransfer functi onl(t.f) Written(infermsof fhelihver selof fhelZ-transformMariabl e. [T
If@mf.[H({) lisboth(stabl e@nd(mi nimumiphase, lile. Mt Hasholpol eslor (Zer osion[or [ihsi delfheflinitdircl e, fhen(it 0
i sipossi bl elfbldefi nelthelkepstrumifLinction

m O O O K({)=InH({)O 0 0 0 O O (1O

asl@regul ar functionfwi thinfEheldinitldircle. [T hislis{al sol¢al | edkepstrumigener atingfunction{k.g.f) becauselit [
defineslthelkepstrumidoeffi ci entsior [Repstrumiwhi chiarelfheldoeffi cientsiK,,dntheléxpansiond

O O O O K() =k, +k+Kk,C*+...0 O O O O @0 O
validiwithintheltinit(dircle. [T helkepstrumfunctionhasihelfol | owinglproperties.(]
0

0
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O

Property({i) TAdditivityT

mmmmmn @ dn{H, () H, (@)} =InH,(Q)+InH,({)0 O O (3)0
Property({ii)IInversel

0 0 0 In{l/HE)}=-InH)O O 0 0 0 40
(I

Fromheseliitfol l owsthat Thelkepstrumdoefficientslarelfespectivel yladded@ndmhegat edTfor (heldper ati onsof [
cascading@ndlihversion.[

O
I fthelRepstrumidoeffi cients@relknown(or [GanBeléstimatedthenthedlf
0 O 0 HQ) =expK()Oo O 0 0 O 0 (50
can(BelGomputed iising@Series@xpansion. MPuttingL = € ° 0 < 0 < 21t ) Ehend
O O O InH(Ee ) =K(e"") =k, +k,e"’ +k,e? +..0 O (6)0
Then(dlearly
0 0 0 INH(e™®) =In| H(e™)|+ j£H(e™) oo 0 0 70
wherellX Mepresentsiphase. [From((6) it ol | owsthat[]
0 0 0 In|H(e‘je)|:k0+klcose+k200326+...D 0 0 )0
O O O ZH(E")=-(k,sin0+k,sin20+..) O O O (9)0
From(theFourier(dosi nelSeri es((8) fherelfioll ows]
2n

0 0 0 kozifln‘ He™)|don O 0 0 0

2m +

1 2n _
0 0 0 K, == [In|H(e™)|cosnb do, n=123,.m 0 (L0)0 [

L 0

whichidan(@l solbelwrittenfover thelhal f-rangel{ 0 < 6 < 77 ).[From(theselal uesiof [thelk, [phaseldan(in(principal (]
befound(isinglthel$ nel$eries(9). T husiphaselis te-constituted@romIogamplitude. [IFor [practi cal (iselaf (fhel
abovelseri esliltlisimecessary(tolfruncatefhemumber [of (Kepstrumidoefficients. Wselisinadeldf ThelFFT [@ndthesed
estimatesiarelknownlihthelliteraturelascepstrumicoefficients . I

O

2.1[Further [Proper tieslof Thelk epstr um

O

Property({iii)ISpectral [Factorization]

Spectral [factorizati on(@ri seslin(Optimal [filtering. [T heldi screte-timelSpectral [densitylisTdefinedtheoretical lyfromO
thelbil ateral Transform(of thelautocorre ati onfuncti on.Menotinglthi sBy(g((),, ThelSpectral [density($(0) isdefined
as[]

(TN S(0) = g(e'?) m 0 0 0 O O @O
wherel@(ikithelnormalisedfrequency. T5(0)(is@peri odi cifuncti onlaf [@ [@ndmaybeldefi nedih@ny(riangelof 2rBut ]
i sihost[dommonl yldefi ned(Tfor [0<[@ &2[z. T helprobl em(of (Spectral [factori zati onlisibrepresent[d(C) ihtheformO
O O O my(l) = AQ)AC M DD O O O O (12)0
givingltheldorrespondingfrequencyepresentati on(of thelSpectral [density ]

0 0 0 S(0) = ‘A(e"e)‘2 o O 0 0 0 0 (13)0

wherelA [{£) lisiboth Stabl e@ndmini mumphase. [Herefhelfl f A () [isBoth Mnstabl e@ndmon-mini mumphasebut [
isChormallyCtonsi deredolbelanuncausal (i epresentati onLof (thel$pectral (factor. [INotelthat [{13) [impliesihel]
positivity[of [(3(0).1T heldbovelSpectral [densitymaybelriegar ded(@sriesul ti ng[fromthelpassagelof hi telnoi selihput [
Wwichavingnitivariancethrough@lf.[AE) [l e. [of [AlProcess]

(O T
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(I s =A(QH)w, m a a d d g (140
g
From({114) follows]
s I« In|A(€")| :%InS(e) o 0 0 @ Omo (350
andmow(from({10) Tvelrayhrite[]
2z
kO:iIInS(H) dém 0 0 (T
4r 5,
1 2z
kn:ZIInS(H) cosnddé n=12.0 O 0 [16)0
0
for [theldoeffi ci entslof Thelkepstrumepresentati on(of TA (L) O
(D O M) =k, +k+k,(*+...0 O 0 O O @7o
Theselal solgi velthelRepstrumldoeffi ci entsiof [thelbil ateral [Repstrumlexpans on[of TH(.) O
sincelfromd
(D O Ing({)= InA({)+InA(HO 0 O O (18)0
itfollowsthatfhelog-spectrumiwil | havelthelbil ateral Mepresentation
(. O dng(Q) =..+ kL2 + kT + 2k, +k,C+ Kk, +...0 O (19)0
On[putti ngT&* tfor ([ Tfhi sigji veswi celthel@dompl ex formof thelFouri er [Seri eslof (A [{) [@ndagai n Meadsfothel]
val uesi(16)[6f ThelkRepstrum(doefficients.[
I t(isléonveni ent[al solfolork with[@mormalized(Spectral [factor [Z () vhi chlisldefi nedluisi ngthelautoregressivel
representation(of thelsignal [

S =bs ,+bs ,+..£ 0 O O O O (200
wherelk, islIhelinnovati ons.sequencelWhichlisvhitelhoi sefof (zerolmean..[TTUs nglo*, Bhelbackwardishift(]
operator hi chldorrespondslihfhelfi me-domai niblthelMari abl el[ihfhelfrequencyldomain, thi siéquati ontaybel]
writtend

s, =Z(q e, 0 O O O O O (21)0
where[]

Z({)=@Q-b¢-b?-.)" 00 O O O (22)0
(Herell

Z(0)=10O O O O O O O [@3)m
andldomparing[(21)@nd({14)it(isSeenfhat ]

0 O 0 O A)=2()o. O 0 0 0 O O (240
wherel O, [isthelstandard(deviation[of fthelihnovati onsiSequence. 11
Then(ibkingllbgslof[{24)

INA)=InZ({)+Inc,0 O 0 0 0 (25)0
and, [0sing((8), thelZer othRepstrumidoeffi cient isTfoundas]

ko=Inoc,0 O O O O O O (26)0

whichlfrom({(16)[gi ves(ri selfolfhelflormul alof (K ol mogorov ]
2n
6.2 = exp{i I INS(6) de} 0o 0 0 0 @no
2m +

From((25),(26) it [fol | owsthatThelRepstrumiexpans on[of [Z(() [doi nci desivithThat [6f (A (C) But(Starting )
with(thelSecondierm,file.0]

InZ(¢) =k, l+k,(*+..0 O O O O (28)0
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O

Thelamplitudelinformati on[aboutEhel$pectrumlisihus tontai nedlinihetonstantEerm, Thetemainingderms
describedby(Z({) Bei nglindependent(df[@mplitude.(]
O

Pr oper ty({iv) Impul selfesponselfromkepstrumidoefficients
Supposethatfhekepstrumfuncti onK () [dor respondsiibihemi nimumiphaself.[H() O
havingpower [Series]

H()=h,+h{+h,*+...0 O O O (29)0

Then[H({) hayBelfepresented@s]

(LTI H(C) = exp(k, + kL +k,C*+..) =expk, Z({)O O (30)
wherel]

. Z(8) = exp(k,C+ K, + kCP+..) 0 O g (31O
(] U

Thisls[&milartolthelFpectrumFactori zati on[taselWherelA () (Wastepresented[as Al $cal ingfactor [1imesall
normalizedfunction.IThefunctionZ({) (mayl&asi | yTbeldeterminedby[a[di ght[imodifi cati on[of (the(tecursivel
method(as(describedBy[3ilvial& [Robinson([4].[Differentiati on[af [(B10Igi ves

. meZ () /dg = (K, + 2K,E+3k,E% +..).Z2(0) 0 O (320 O
NowTiet [T

(I O Z(Q)=a,+al+a,*+al’+..0 O O (33)0
wherelll

(I (8, = Z(0) =10

Then, Byldifferentiati ng((33)[@nd(Substituti on(ih[(32) @ndlequati ngldoeffi ci entsionBoth(Si des, therel@refoundfor
n=1,2,3,...theldel ations]

n
(I [ha, = kla“_l+ 2kzaﬂ_2 +...+nkna0 = Z:rkran_r o 0O 3490 O
r=1
fromwhi chltheldoeffi cients@,[GanBeldeter minedrecursively. [T
Thelihverselof thelflf.[H () thayBeldeterminediSimilarly: [

H(C)™ =exp{—(K, + kL +K,C* +..)} =exp(-k,)Z(C) '@ (35)0
Z(C.;)_l = eXp(—k1C - kzc.:z - k3C3 - ) il 0 (36)0

Theldal cul ati onlfemai nsithelSamel@part from(theldifferent(Scal ingfactor [@ndtheléhangelin (€ gnlaf thelkepstrum
coefficients.O
O
O
3.Wiener [Estimator s
Thelclassi cal [ east-sguar esIsol utionfor CFil tering, (lsmoothi ngClandCpredi cti onCwasgi ven Ui ndependentl yChy (1
Kolmogorov(Tfor [discrete-timeandby[(Wiener (Tfor Leontinuous-time.[6,7,13] dn(hi s sectionDivelil | teview
resultsidescribedlin(detail (in[alprevi ousipaper (byBarrett&: (M oir [20] for [Theflormiof Theldptimal [di scretelfimel]

filter ol lowingtheWiener [theory. [t il | Belshown(that!it ([Gan Beepresentedtisi nglihnovati onsiandthelSol uti on
foundusi ngkepstrumicoeffi cients. I

Welgonsi der [Thelbasi clproblemlof (atandomisignal Ly [orruptedivith[additivelzero-meanvhitelnoiselV, [fol]
givelalmessagels, [

O O O O S =Y,+tv, 00O O O O O (370
wherelthelsignal [y, [isihodel ed(aslalfr ansfer [functi on[drivenby(Zero-meanwhiteoi sellincorrel atedwith [V, .00
O O O O Y, =W(q)E, m O O O O (38)00

ItOsCassumedthat dirivi ng@nd@dditive@oise[have@arianc&ctbg , 03 (Mespectively.[IT helésti mate)?k of by, i
foundfromthels,[processby]
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(I I D]:i/k:H(q'l)%|||||||||||||||||||||||||||||||||||||||||||||||||| 0 0 [B9)U
wherelH(.) hasbeenldhosen i ni mi zelmhean-squarediérror
O O O O Ele]=E[(y, -¥)]om O O O O (40)0
This@ptimal [estimator [fransfer functionlisdivenBy
O O O O H(C)z{g“(_cl)} 1 O O O O (410
AL ], A@Q)

where(Tg, (L) fstheleross-spectral [densitylfransformibetween(3gnal [andnessagel s, which, [$incehoi sefis’]
uncorrel atediwithifhessage, fekestheform]
O O O O 9,:(0)=W(QW({(Moio O O O O (42)0
A() listheistabl e, [finimumiphaseSpectral factor foundfrom(fheSpectral [density(of Thelinessage: [
O O O O 95(8) = AQQACHBWEQW(L ) 02 Bro; 00 O (43)0
(], denotesthelTealizableCpartCtorrespondingtolthelinterval O3 [of thelmessage{seelbelow)TAD
detail edideducti on[Bf fthi sPesultiivasigiven ihEher1987Paper @ited[20] 0

il
Alfurther [$implificati onesul tslonisi ngihemor mal i zedSpectral factor [from({24). Weldanritefhel
term{ihBracketsiasall aurent(Series]
gyS (C) = n
O O O ———=C({)= > c,{" 00 O O O (440
20, - O= 2

when(theléstimator [is[]

0 0 0 0 H(E) =[C(L)]., % 0g 0 0 0 0 [@5)0

wherefC(C)], isfoundmy(iruncation(@fthel aurentSeriesile.]

O O O O [COL=>ct'0 D O O O O (46)0]
ned
Herel[$3 [is[@suitablylhosenlinterval [dependinglonthreelpossi bl eldases. [
U
U
() Eiltering8 ={0,1,2,3,...} 0
ThisCtorresponds(tolinstantaneous estimation(ly ,, .e.linformationCon(S, isCrequiredCuptolandD
including(fi melk. [T heléstimator [Becomes]
2
o, 1
0 0 O 0 H) =1-—f——0 O 0 0 0 0 (47)0
o; Z(C)

(i))SmoothingmS = {-d,—d +1,-d+2,..}, d>00
Thisldorrespondsifolalfixed-lagiSmoothedestimately, ,, , , OfthelSignal @t i melkithihformationmpLl

tol@nd(includinglfi melk+d. [T heléstimator ikl a a (T a
o, R(C™)

O O O H) =1-—-<2>-m O O O O (48)0
o, Z(C)

wherelthelpolynomial [P, ({ ™) (islthef@xpansi on(fold(ferms(of thefinfinitelpower Series(l
Z(CH =1+ p Tt +p L+ A P L+ P, LD O (49)00
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O

(ii)PredictionmB = {d,d+1,d+2,...},d > 00

Thislgorresponds{iolald-steplahead(predictor Dglk /k—qg Of 1@t i meRWith(ihformation(dpiobandincl udingfimelk-
d.[Fromthelpower [Seriesléxpans on(for thelnormali zed(Spectral factor [

O O O Z(¢) =1+al+a,l*+..+a,l"+a,, " +...0 O (50)00

follows

0 O O H() =[a,{" +a,,,0*" +a,,,0" +.. ]%DD 0 (5Y0

It[Shoul d(al sobemotedThat [Thel@boveléxpress onsfior [Smoothi ngland(predi ctionhavelother forms, [&.g. iveldan[]
definel¥, 4 @ndY,, 4, dfihformationlistakenobepioandind udingf melk for BothGases. [ThisaddsE@nC]

extraldel ay(fermfor [thelSmoother [@ndlald-stepladvancelfor Thelpredi ctor. [Thelpredictor (ik(stil | [Gausal for [fhi sidase

as[dan(BelSeenfrom((b1) thatfherelis@l readyl@ld-steplfime-del aylimpli citiwi thinfheffransfer functi on@slit[stands. [T
O

O

O

3.1Mnnovationslfor mor [@stimator s

Thellnnovati onsodel [inust[gener atelthel$Samel$pectrum@sitheinessagelVi alivhite-noi seldrivingthroughthel

transfer functi on(of thelSpectral factor. MU seldf [(21) [fesul tslinthelfol | owinglihnovati onsforms. [

O

() Filteringl@andSmoothingHagander [& Wittenmark([117],Barrett[& W oi r [[20] DO

62
Virksa = 2 angkm o o 0 0 O (520
where[ﬂor[ﬁlteringmlzomnd[ﬂ)r@noothingmioerO
(Dii)[E’redictionE(NVittmmark[18],[Barrett@[ﬂ/loir[ZO] od
Verd = Zdaﬂek_n O O O O O O (53)0
=

For [thelSpeci al [daselwhen(d=1,fhelonelstep@headpredi ctor[becom&cl]

D o0 O HEQ) =[al +a,0" +a, +. ]%DD o0 (640
0 O 0 0 =1-7(0)™"o o O O O O (55)0
Thelihnovati onslfiepresentati onlikthen (Il

O O O Vs =S —€.0 O O O O O (56)0
0

0

3.2[T helk epstr umimhethod(@ppliedioViener [@stimation
In@pplyingthelkepstrumhethodibléquati onsfor thelWi ener [estimator sithereldrelSeveral inknown(quantities.If

thelkepstrumicoeffi ci entsldorrespondingfolfhellogari thmlof fheSpectral factor AN Z ({’)  canlbelfound, Thenlby
using(34) fhelimpul sefesponsel{or [power Seriesiéxpansion) 0f (Z ({)  canbefiound@ndhencefheldoefficients]
a, i =1,2,...in[{50).[Furthermore, (hyiisingThelinvers on[property{4),[i.e. I8 mpl ybyhegati ngfhelkepstrum
coefficients, theldoeffi ci entsiof thelpower - seri esléx pansi onldf [thelihver seldf (thelSpectral [factor [

Z(C ) =1+pl +p, L0+ Pyl + Py, LT+ D (570
areleasi | y[flound. T heldoeffi ci entslaf [(57) [af Theldausal [Sequencelbecomelidenti cal folfhellin-causal [Sequencelof (]

(49) By Bubstitution@f [ = ¢ . Thelinnovationsl¥ari ancelfol lowsfrom(26)
o’ =exp(2Kk,) O O O O O O (58)0
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Theldnnovati onsCsequencel_tanbefoundCbyapplyingCalwhiteni ngilter tolthelmessageprocess. [THencelif [
Z (&)™ canibelestimatedfhen(]

O O O O O g, =Z(0) s 0 O O O O (59)0

will[generatelfhelwhitelihnovati onsiSequence. [TheldnlyinknownlisthelMarianceldf thelwhi telheasurement oi sel’
whi chinust (belassumedTolbelknown@priori Lor [¢an[beléstimatedivhenEhel$i gnal [is[absent. [T hi slis[hot ool
unrealisti c[3i ncelastandar diuvay [of [ésti mati ng[hoi selstati sti cslor inodel slisfolassumeliiegi onsiaf Cinoise-alone’ . [
When[@ppliedtolSpeech(thi sidanBeldonelduringfhelperi odsbetweenwor dsiisi nghior d-boundaryldetection. [Onel]
suchmethodiwhichiworksat Tow[SNRsand(infeal i sti clénvironmentsisigi venby[Agai byl@andMoir [21] Similar O
methodslareltised(for [Spectral [Subtraction([22] (]

O

4.[Frequency-domain(adaptiveWiener [éstimator s.0]

ThelpreviousSecti onldutlinedThelinethodfor fimpl ementinglaninnovati onsbased (il ter, [Smoother [or [predi ctor.[]
Theléstimati onlof [Ihelkepstrumlcoeffici entslof (Bhel$pectral Hactor andTheltorrespondingransfer-function, sl
donelby(thefechni queldescribedlinBarrett@ndV oir[ 2]) s nglthefiast-Fourier fransformFFT) [@nd it siihverselIT
Thishethodtisesthelperi odogram(of [@n[observati on[Sequenceliblderivelan(esti matelof thelmagni tudel@andiphasel]
of[@n(arbitrary(fransfer functiondrivenBywhite-noise. [T

Thelgenericimethodfor [éstimati ngkepstrumcoeffici entslisishown(ih[Fig. 1 He ow.

U
U
S . Periodogram = ki,i=012.
—» Window > FFT > Comput%tion > In()+7 > IFFT » Average |—p
il
Fig.ATEstimation(of (Repstr umcoefficients]
U

InCihelAboveltliagram,&fter (Windowingtheltlata, (thelN [point(FFT [{or(DFT) [s dlefinedlisingthel]
commonlysediotationOW,, = € 2N @]

N-1 _
0 0 0 0 0 X =Y xWy,k=012.N-10 O 0 (60)0
i=0

andlitslihverse.[@s]

N-1 )
O O O O O X; =%ZXKW"",G =0,1,2.N-100 O (61)0
k=0

Thelperiodogramlisithelesti matelof (Spectral [densi ty(at[@achfrequency-bin[@ndlikfoundfromiheFFT O

o 1 2
0 = — — j—
0 0 0 0 S Coo R N\Xk\ k=0,12,.,N-1m 0 (62)0

Afteriakingthelhatural Moglof [peri odogramlitisfoundhat [Thereléxi stsialbi aslégual fin[nagnitudeiolmi nus
Euler’ sléonstant}y =0.577215..,[{Wahba[ 23], Barrett[& [Moir[ 2], [Ephrain[& [Rahi m[ 24] DT hereforelinfig. 1.0

showsEuler’ siéonstant[@dded(follin-bi asithelperiodogram. i nal l y{thelkepstrumidoeffi ci entsldan, [if (desi red, (bel]
averaged(for [Stati onary(si gnal slthi sléontri buti ng@flor mi6f ([donver genceltolthelal gorithm. [Of [Gour selthi siwil | Aot
belpossi bl elif thelfi me-seri eslikiion-stati onary. [tshoul dBeliotedthat[§ ncelthesel@relestimates, [Stri ctl yiSpeaking D
these[houl dCbeltermed cepstrumCtoefficients [hutkepstrumlisCimai ntai nedthroughoutthepaper tolavoidll
confusion.d

Real =
Kepstrum InMag .

Magnitude
Coefficients Truncate N[Point EXP() _ag
— N ko = kol 2 FFT
< ? -1 l—
Imag=Phasel{r ads)

+1MirectTransfer
Function

-1Mnver seTransfer
Function

[Fig.2.[Estimation[df iminimum-phaselSpectr al flactor [fr equencyesponse.

Y
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O

O
Fig.2showsamethodiherebytheirequencyliesponselof [thel$pectral factor [or [itslinver se) [¢anbeleéstimated
accuratel yiwi th@Tew@dditi onal [Steps.[ThelZerothkepstrumidoeffi ci ent ust Belhal ved@ndthelwhol elkepstrum

N
serieslfruncatedat[@suitabl eival uell < 5 1. [Pointsi@bovelY [@relSet(folZerolmai ntai ning@nMl[pointSequence. ]

Truncati nglthelSeri esgivesiasmoothing(of thelésti matedfrequencyfesponseBut fbohuchfruncati ondanfemovel]
peakslin[a$pectrum. Bylintroduci ngAsi gnichangelbymul ti plyi ngihekepstrumicoeffi ci entsbymi nusionethe
inverseldf(thelSpectral factor [Ganbeléstimated. [AnFl RKepstrumipol ynomi al [Ganfowbeldefined ]

O O O O K,(Q) =k, +k,+k,*+..+k, (D O O (63)00

whoseldoeffi ci entsidanBenegated(for Thelpur posesiof[ésti mati nglthelihver selSpectral factor [6r TEft nchanged@nd
theldirect(Spectral factor [éstimated. [T helfi nal (FFT [in[Fig. 2@ndthelstepsiafter it [@renot [isedherelbut [Goul dbel]
empl oyed(if [frequency-domain[éonvol uti onlisltised. [Consi der [thelfol | owi ngfivolpossi bl eldases.[]

O

() EignichangelinRepstrumidoefficients.O
Assumingthelinver se@pectral factor [Z (£) ™ isfolbelesti matedrfromEhekepstrumtoeffici entsof Ehehatural

logarithmBfan(1/ Z({)) .[From({34) Ehedoeffici entsof Ehelpower Beri esiéxpansiondf Z () ~* @Erefoundfrom(n

np, =->.1p,_k,,n=12..4000 O O (64)0

r=1

andiwelhavellll

O O O O Z@Q) ' =1l+pl+p, P +..+p, LD D O (65)01
whi chihasBeen(@pproximatedfoY [Goefficients.]

0

(i) Nolsigniéhangelihthelk epstr umldoefficients
HereltheltlirectCspectral (Factor0Z(£) O stolbelestimatedfromthelkepstrumltoefficientsCtorrespondingtol]

InZ(C) .[From((34) fheldoeffi cientsiof fhelpower [Seri eséxpansionIBf [Z ({) areléstimatedfromID

O O O O na,=>ra,_k,n=12.40 0 O O (66)0
=1

andielhavel

O O O O Z(¢) =1+al+al’+...+al'0 O O (67)0

whi chhas[been@pproximatedfo ¥ [¢oefficients.In({i)[and({ii ) (Above, EheTwolsetsiof [(pol ynomial [¢oeffi cients[]
a,, [p; [Arelequiredinhelprediction[problemlandonly[P, ihthelSmoothinglproblem. T helihnovationsvariancel]
canBeffound(in((ii) frommexp(K, ) = o, @ivinglo- = exp(2K,) .0

d

4.1MnnovationsiSequenceléstimation]
This@pproach(blabtai ningthelihnovati onsIBequencelisioiecogni zelthat thelkepstrumigeneratingfunctionhas]

finitelorder @ndhasiheformof apolynomial CK , () fvhichfvoul dvialFig. (2havelgiveni seolasmoothed

spectral [{or [inver selSpectral Difiactor [frequencyesponse. (Wellequirelthelinver selSpectral (factor [@andthi siinfurn
generatesalpol ynomial [gi venBy((49) vhi chlikthelwhitening(filter. [T heléstimatedihnovati onsithenBecomes]

!
O O O O €= PySicn O O O O (68)0]
n=0

where[]o, = 1.0nSimulati onslit(hasbeenfoundhat, for [thost[eal i sti cljprobl ems, [40Her msLar [Messare(sufficient ]

for [good@ccuracy. For [probl emsivher elfthelmumber [of Hermslisigreater [fhan[around®0, frequency-domai n[FFT O
convolutionCill Chefaster,[(With, [for Cexampl e, thelbver| ap-savelor thelbverl ap-addCmethod[Mitra2001[ 25] (I
making(ful | Mseldf [Fig. 2. 0T heldirect[Gonvol uti onfhethodlislisedherelihthelfol | owingfwo@ gorithms.O

O
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Algorithm(4. 1[TFiltering{d=0)[@nd3moothing{d>0)
For[fhelessage S, ,@smme[b‘f (isCéi ther (knownCor [¢an el éstimated[apriori LT hen(for Céach[batchlof [datal]

S,k =0,1...N — 1 WhereNisthe[FFT Tength, [dofhefol lowing: [
Step. MEstimatelthelkepstrumicoefficientsifrom(Fig.[1.00

N
Step[2. [T helkepstrumitoeffi cientsCarelpreservedUipEolsomelpoint[1/ < > 1Gandiheltest[SetfolZzero{IthsO

assumedthat¥ >>d.)[Bettk, =k /2.0

[Step3. [Estimatefhelpol ynomial Goefficientsp,,, N = 1, 2...¢ From((64) @nddal culatel:—li2 =exp(-2K,) .00
c

€

Step@. [Estimatethelihnovations £, from((68)(
Step(B. [T heffiltered{d=0) [0r [dIStepsiSmoothed(ésti mateldf (thels gnal [isfoundfrom((52) (1

2 d
A o ~
0 0 O O Yiikea =Sk _0_; > P O O u 0 (690

¢ n=0

Algorithm(4.2[Prediction[{d>0)

Assumel&[inessagesS, Ebs [isthot[fequired.[Thenfor [éachbatch(of [datal s, , K = 0,1,.., N — 1 [hereINisEhe
FFT Tength, [dolthelfollowing: [

g

Stepstold(arelidentical oAl gorithm(4.1.00

Step(5. [Estimatethelpolynomial [GoefficientsCa, , N =1, 2...£ From((66).0D
Step(B. [Etimateltheld>0Etepsidhead(predi ctedlestimatefrom(53)

!
O O O O Via =2 &80 O O O O (70)0
n=d
wherelthelSerieslistruncated@t (¥ ferms.O]

5.lustr ativelExamples]

Alsimul atedléxampl elisisShown(firstithels gnal [8onsi sting(of [ni tari ancelhi te-noi selpassi ngthough @Tow-pass]
Butterworth(filter Cof Corder [(fifteenCandCtut-of f (frequency[410Hz. [T helsampling[frequencyCvas 22050 Hz. [
Uncorrel atedeasurement moi selof [Wari ancel0.20vasladdedfotheldutput ivhi chgavelasi gnal -to-noi se{SNR) [
ratioldf([37dB.[AnFFT [of Tength[2048Wer eltised fblesti matelfhelkRepstrumidoeffi ci ents.[Thelkepstrum(coeffi cients]
werelaveragedidver [fi mel@andtheresul tslof thelsi mul ati on(arelSshownih(Fig.[3.00

O
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Fig.[3.[Per for manceldf [Smoothing(ilter . [T r uelSignal ShownwithBrokenline.) O
O

ThelSmoothi ngTagiwasichosenfobeld=5stepsiandtheldut-off(poi ntfor fhelRepstrumldoeffi ci entsiwasiéhosen(@s(]
£ = 40 terms. [T helfruesignal [andthelestimatelarelshownfogether ih(Fig. [3land@relquiteld osefoldnelanother [

other than(thelfi me-del aylintroducedBythelSmoother lag. [T
ThelSamelsignal [And(noi selstati sti csM/eremsed[fbrllne@tep—aheadmredi ctor[@ndlthelriesul tsi@relshownlinFig.[4.0

O

Ooooogog

1.0-

0.5-

WMM M\ JW ot

-0.5-
1EIEIEI 12EIEI MEIEI 1EDD 1E=EIEI 2EIEIEI
Signal + White Moize

.-'-‘-.mplltude

2200

0.0 -G

Amplitude
- =
(]
1

oS00 400 GO0 800 1000 1200 1400 1600 1800 2000 2200
True Signal and Prediction 0

Fig.[4IPer for manceldf [@lonelstep-aheadpr edictor .[(Tr uelSignal [Showniwithbr ok enline)
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Thelpredi ctor [Butput(isihorelnioi sylthanthelSmoother [Eslesslinformati onlis@vail abl e. Ththeldaseldf thelpredictor
alfurther [@pproxi mati onlisimadelVi al{i70) Whi chlisTimitedfo¥ = 40 [ferms{for thisiéxample. [Bowever, it isive | (]
known(that by makingSuchapproxi mati onsioolargefhat[érrorsidan(oftenBe@addedather fThanMeduceddueoT
stati stical Minaccuraci es. [(Akai kel]126]) (Fi nal l y[Holshow(thelpossi bl el@ppli cati onslof [thi siinethod (& SpeechSignal [
waslprocessedby(thelal gorithm@fter Addinglcomputer [generatedihite-noi se. [T helsamplingatelis22050Hz
usi ngBbits/samplelandan[FFT dengthlaf 1024 [poi ntshvastised wvi th ATIdel ay[d=5.[T helkepstrumldoefficients
werelfruncated@t¥ = 40 fermsandiwverenotaveragediasithels gnal lislassumedmon-stati onaryfromEFT framel]
toframe. [T helBNRWasimeasur ed[as[0. 71dBfor [fhelvhol eiun. [The[BNR&fter [Smoothinghvasieasured(@s(]
14.2dBOWwhichOsCanfmprovement [of[(113.49dB. [T helFesul tingCtomposi te[speechaveformsoundedCaudi bl y [
improvediwi thhotabl yTessihi ss. [T heldompl etelSpeech(Si gnal for thelwhol elfun(isShownlinFig. Biogether bvith D

ia)

(b}

()

Fig.[B.[Original [Signal [(a) [plusinoi sel{b)[@nd[Smoothedéstimatel{c) ]
O

thelsi gnal [pl ustmoi sel@ndthelsmoothedléstimate.[T heylareléach[shown(isingthelSamelscal ing. [T he[SNRvas[]
measured@fter Smoothi ngbyineasuri ngihelmoi selpower [(between(Uitter ances) [andthelsi gnal [pl usihoi se(power [
duringfanutterance. [Fromihislihformati onl(it[is(Strai ght forwardfoléval uatelSN Rpi ecewi seland@veragelfor thell
wholelvaveform. [T hi sldf [dour selassumeslihat fhelioi seldemai nsistati onarythroughout Eheldurati on(af thelSpeech,
whichlfior (i siéxampl eliisr ue. (it [nust helpoi nted[but however That for fhi siéxampl ethelari anceldf Thelwhite
noi seCivasCassumelknown[CandCal thoughthelFesul ts ook [ mpressive thesmoothedki gnal CdidCsuffer (FromO
something|(si milar folmusi cal [Aoi se’ Mvhi chlisavel | known(Spectral [Subtracti on(phenomena. I



MMoir(&[J.F.Barrett,[K epstrum(@pproachblFil tering,[Smoothing@ndPrediction 01470
O

6.[Conclusions]

ThelkepstrummethodhiasBeen(@ppli edibthelprobl emsiaffil teri ng, [Smoothi ng@ndipredi ction(df random(Signal s
withQivhite[additi velieasurementmoi se. [T helapproachdoesot Mequirelany[A RM A [or [State-spacelinodel s.[For [
predi ctionfheliimpul selfesponselof [(part[of [Thelpredi ctor [{thelSpectral factor) [isi@pproxi matedby(fruncationand
thisCtoul dbel$ai d[olbelequival ent[Rolbther Capproachesivhi chflise[FI RCapproxi mati ons. [T heltechniquelivas]
applied(iblSeveral [éxampl esiwi th{promi singesul ts. It [Femai nsitblSol veltheoreldeneral [dol oured-noi selproblem.d
O
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