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A B S T R A C T

We study two-dimensional, two-piece, piecewise-linear maps having two saddle fixed points.
Such maps reduce to a four-parameter family and are well known to have a chaotic attractor
throughout open regions of parameter space. The purpose of this paper is to determine where
and how this attractor undergoes bifurcations. We explore the bifurcation structure numerically
by using Eckstein’s greatest common divisor algorithm to estimate from sample orbits the
number of connected components in the attractor. Where the map is orientation-preserving the
numerical results agree with formal results obtained previously through renormalisation. Where
the map is orientation-reversing or non-invertible the same renormalisation scheme appears to
generate the bifurcation boundaries, but here we need to account for the possibility of some
stable low-period solutions. Also the attractor can be destroyed in novel heteroclinic bifurcations
(boundary crises) that do not correspond to simple algebraic constraints on the parameters.
Overall the results reveal a broadly similar component-doubling bifurcation structure in the
orientation-reversing and non-invertible settings, but with some additional complexities.

. Introduction

Complex dynamics are caused by nonlinearity, and many physical systems involve an extreme form of nonlinearity: a switch.
xamples include engineering systems with relay or on/off control which involve distinct modes of operation [7,23,43]. Mathemat-
cal models of systems with switches are naturally piecewise-smooth, where different pieces of the equations correspond to different
ositions of a switch.

Piecewise-smooth maps arise as discrete-time models of systems with switches [16,33] and as Poincaré maps or stroboscopic
aps of continuous-time models [5]. For multi-dimensional piecewise-smooth maps there are many abstract ergodic theory results

tating that if an attractor satisfies certain properties (e.g. expansion) then it is chaotic in a certain sense (e.g. has an SRB
easure) [8,30,35,42,45]. This paper in contrast provides explicit results for a physically-motivated family of maps. We study the

our-parameter family

𝑓𝜉 (𝑥, 𝑦) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

[

𝜏𝐿𝑥 + 𝑦 + 1
−𝛿𝐿𝑥

]

, 𝑥 ≤ 0,

[

𝜏𝑅𝑥 + 𝑦 + 1
−𝛿𝑅𝑥

]

, 𝑥 ≥ 0,

(1)
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where 𝜉 = (𝜏𝐿, 𝛿𝐿, 𝜏𝑅, 𝛿𝑅) ∈ R4. This is known as the two-dimensional border-collision normal form (BCNF) [26]. This family
provides leading-order approximations to border-collision bifurcations where a fixed point of a piecewise-smooth map collides with
a switching manifold as parameters are varied [36]. As such (1) can be used to capture the change in dynamics as parameters are
varied to pass through border-collision bifurcations. In this regards it has been applied to mechanical oscillators with stick–slip
friction [41], DC/DC power converters [47], and various models in economics [33]. We stress that unlike Poincaré maps of smooth
invertible flows, the piecewise-smooth maps arising from these applications are mostly non-invertible. We distinguish four generic
cases based on the signs of the determinants 𝛿𝐿 and 𝛿𝑅:

• With 𝛿𝐿 > 0 and 𝛿𝑅 > 0 (1) is orientation-preserving. This is the classical scenario considered in the ‘robust chaos’ paper of
Banerjee et al. [4].

• With 𝛿𝐿 < 0 and 𝛿𝑅 < 0 (1) is orientation-reversing. Misiurewicz [25] used this scenario in the subfamily of Lozi maps
(𝜏𝐿 = −𝜏𝑅, 𝛿𝐿 = 𝛿𝑅) for his novel rigorous demonstration of robust chaos.

• With 𝛿𝐿 > 0 and 𝛿𝑅 < 0 (1) is non-invertible mapping both the left half-plane (𝑥 ≤ 0) and the right half-plane (𝑥 ≥ 0) onto the
upper half-plane (𝑦 ≥ 0). This scenario applies to border-collision bifurcations in a wide range of power converters whereby a
switch in a circuit creates non-invertible dynamics [3,6,46].

• With 𝛿𝐿 < 0 and 𝛿𝑅 > 0 (1) is again non-invertible with applications to power electronics, but now maps to the lower half-plane
(𝑦 ≤ 0) and exhibits different dynamical features (notice (1) maps the origin to the right half-plane so does not have left/right
symmetry).

Despite its apparent simplicity (1) has an incredibly complex bifurcation structure that remains to be fully understood [2,10,
38,40,47]. The most significant bifurcations are those at which the attractor splits into pieces. In [13] we used renormalisation
to uncover an infinite sequence of codimension-one bifurcations. However, this only accommodated the orientating-preserving
setting of Banerjee et al. [4]. In this paper we identify similar sequences of bifurcations in the orientation-reversing and non-
invertible parameter regimes. Again we use renormalisation to find bifurcations, but now this approach misses some bifurcations.
For this reason we combine the analytical framework with brute-force numerical simulations that compute the number of connected
components from the behaviour of forward orbits.

The remainder of this paper is organised as follows. We start in Section 2 by reviewing the bifurcation structure of one-
dimensional piecewise-linear maps (skew tent maps) and how this structure can be generated through renormalisation. This
corresponds to the BCNF in the special case 𝛿𝐿 = 𝛿𝑅 = 0, and it is helpful to view the bifurcation structures described in later
ections as extensions or perturbations from the structure that arises in one dimension. Then in Section 3 we review the parameter
egion 𝛷 ⊂ R4 where the BCNF has two saddle fixed points. We describe special points on the stable and unstable manifolds of the
ixed points whose relation to one another can be used to characterise the occurrence of homoclinic and heteroclinic bifurcations
here the attractor is destroyed. In Section 4 we introduce the renormalisation scheme and describe some basic aspects of this

cheme that hold for all values of 𝛿𝐿 and 𝛿𝑅. Then in Section 5 we summarise the results of [13] for the orientation-preserving
etting.

Next in Section 6 we describe an algorithm for numerically determining the number of connected components of attractor. The
lgorithm outputs the greatest common divisor of a set of iteration numbers required for an orbit to return close to its starting point.
he algorithm is effective when the components of attractor are not too close to one another and the dynamics on the attractor is
rgodic. Applied to the orientation-preserving setting it reproduces the bifurcation structure obtained by renormalisation.

In Sections 7, 8, and 9 we study the orientation-reversing and non-invertible cases and explain why the same renormalisation
cheme should be expected to work in these settings. Formal proofs are beyond the scope of this study because, as evident from [13],
hese require a detailed analysis of the four-dimensional nonlinear renormalisation operator, plus will involve additional complexities
ecause now stable period-two and period-four solutions are possible. Also if 𝛿𝐿 < 0 and 𝛿𝑅 > 0 then the bifurcations that destroy

the attractor are different and more difficult to characterise. In Section 10 we describe a special case unique to the non-invertible
settings where the dynamics reduces to one dimension. Concluding remarks are provided in Section 11.

2. Skew tent maps

With 𝛿𝐿 = 𝛿𝑅 = 0 the 𝑦-dynamics of (1) is trivial and the 𝑥-dynamics reduces to

𝑥 ↦

{

𝜏𝐿𝑥 + 1, 𝑥 ≤ 0,
𝜏𝑅𝑥 + 1, 𝑥 ≥ 0.

(2)

This is a two-parameter family of skew tent maps. For any values of the parameters 𝜏𝐿 and 𝜏𝑅 for which (2) has an attractor, this
attractor is unique. Fig. 1 shows typical examples of the attractor using 𝜏𝐿 > 1 and 𝜏𝑅 < −1 with which (2) is piecewise-expanding, so
the attractor is chaotic in a strict sense by the results of Lasota and Yorke [21] and Li and Yorke [22]. Fig. 1 shows typical examples
of the chaotic attractor. In panel (a) the attractor is the interval [𝜏𝑅 + 1, 1] whose endpoints are the first and second iterates of the
switching value 𝑥 = 0. In panel (b) the attractor is a disjoint union of four intervals whose endpoints are the first through eighth
iterates of 𝑥 = 0.

For all values of 𝜏𝐿 and 𝜏𝑅 the nature of the attractor is well understood [24,27,39]. Fig. 2 shows how the part of the (𝜏𝐿, 𝜏𝑅)-plane
that is relevent to us divides into regions according to the number of intervals that comprise the attractor. In the top-left region
2
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Fig. 1. Cobweb diagrams showing the attractor of the skew tent map (2) with two different combinations of the parameter values. In (a) the attractor is
an interval; in (b) the attractor is the union of four disjoint intervals. The maps are also instances of the BCNF (1) with 𝜉 = (1.3, 0,−2, 0) in panel (a) and
= (1.1, 0,−1.1, 0) in panel (b).

abelled 𝐿𝑅 the map has a stable period-two solution. This solution has one point in the left half-plane and one point in the right
alf-plane, so is termed an 𝐿𝑅-cycle. This region is bounded by the curve 𝛼0(𝜏𝐿, 𝜏𝑅) = 0, where

𝛼0(𝜏𝐿, 𝜏𝑅) = 𝜏𝐿𝜏𝑅 + 1, (3)

hich is where the 𝐿𝑅-cycle loses stability by attaining a stability multiplier of −1. The boundary in the lower-right part of the
igure is a homoclinic bifurcation where 𝑥 = 0 maps in two iterations to the fixed point of (2) in 𝑥 < 0. This occurs on the curve
0(𝜏𝐿, 𝜏𝑅) = 0, where

𝜙0(𝜏𝐿, 𝜏𝑅) = 𝜏𝐿𝜏𝑅 + 𝜏𝐿 − 𝜏𝑅. (4)

As shown by Ito et al. [17,18] the remaining boundaries can be identified through renormalisation as follows. Suppose there
xists an interval neighbourhood 𝐼 of 𝑥 = 0 that maps into 𝑥 > 0, then, on the second iteration, back into 𝐼 . In this case the restriction
f the second iterate of (2) to 𝐼 is piecewise-linear with two pieces. The 𝑥 < 0 piece corresponds to iterates with symbolic itinerary
𝑅 and has slope 𝜏𝐿𝜏𝑅 < −1, while the 𝑥 > 0 piece corresponds to iterates with symbolic itinerary 𝑅𝑅 and has slope 𝜏2𝑅 > 1. Thus

he second iterate of (2) on 𝐼 is conjugate to (2) with 𝜏2𝑅 in place of 𝜏𝐿 and 𝜏𝐿𝜏𝑅 in place of 𝜏𝑅. This corresponds to the substitution
ule (𝐿,𝑅) ↦ (𝑅𝑅,𝐿𝑅), and induces the renormalisation operator

𝑔(𝜏𝐿, 𝜏𝑅) = (𝜏2𝑅, 𝜏𝐿𝜏𝑅). (5)

y using the preimages of the homoclinic bifurcation boundary we define the sequence of regions

𝑛 =
{

(𝜏𝐿, 𝜏𝑅)
|

|

|

𝜏𝑅 < −1, 𝜙0 (𝑔𝑛(𝜉)) > 0, 𝜙0
(

𝑔𝑛+1(𝜉)
)

≤ 0, 𝛼0(𝜏𝐿, 𝜏𝑅) < 0
}

, (6)

shown in Fig. 2. These are non-empty for all 𝑛 ≥ 0 and converge to (𝜏𝐿, 𝜏𝑅) = (1,−1) as 𝑛 → ∞. In 0 the attractor consists of one
interval:

Theorem 2.1. For any (𝜏𝐿, 𝜏𝑅) ∈ 0 with 𝜏𝐿 ≥ 1, the interval [𝜏𝑅 + 1, 1] is the unique attractor.

A simple proof of Theorem 2.1 can be found in Veitch and Glendinning [44]. The condition 𝜏𝐿 ≥ 1 is needed because for some
< 𝜏𝐿 < 1 and 𝜏𝑅 < −1 the attractor is periodic. This condition can be weakened but this is not needed for our purposes.

To characterise the attractor in the other regions 𝑛 we first make the following observation that follows simply from the
efinitions of 𝑔 and 𝑛.

roposition 2.2. If (𝜏𝐿, 𝜏𝑅) ∈ 𝑛 with 𝑛 ≥ 1, then 𝑔(𝜏𝐿, 𝜏𝑅) ∈ 𝑛−1.

Thus if (𝜏𝐿, 𝜏𝑅) ∈ 𝑛 then 𝑔𝑛(𝜏𝐿, 𝜏𝑅) ∈ 0. Theorem 2.1 can be applied at this parameter point because any point below 𝜏𝑅 = −1
maps under 𝑔 to the right of 𝜏𝐿 = 1. Moreover, the above conjugacy can be shown to hold under all 𝑛 applications of 𝑔, see Ito
et al. [17,18], thus the 2𝑛-iterate of (2) has an interval attractor. The images of this interval under (2) give 2𝑛 disjoint intervals and
hence the following result.

𝑛

3

Theorem 2.3. If (𝜏𝐿, 𝜏𝑅) ∈ 𝑛 with 𝑛 ≥ 1, then (2) has a unique attractor comprised of 2 disjoint intervals.
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Fig. 2. A two-parameter bifurcation diagram of the skew tent map family (2). In 0 the attractor is an interval. In each 𝑛 with 𝑛 ≥ 1 the attractor is comprised
of 2𝑛 disjoint intervals. Below 𝜙0(𝜏𝐿 , 𝜏𝑅) = 0 the map has no attractor; above 𝜏𝑅 = −1 it has a stable fixed point in 𝑥 > 0; in the top-left region it has a stable
𝐿𝑅-cycle (period-two solution). The triangles indicate the parameter values used in Fig. 1.

3. Two-dimensional piecewise-linear maps with two saddle fixed points

We now return to the BCNF (1) with non-zero values of 𝛿𝐿 and 𝛿𝑅. In this section we identify two saddle fixed points and
compute some important points on their stable and unstable manifolds.

Motivated by Banerjee et al. [4] we focus on the following subset of four-dimensional parameter space:

𝛷 =
{

𝜉 ∈ R4 |

|

|

𝜏𝐿 > |𝛿𝐿 + 1|, 𝜏𝑅 < −|𝛿𝑅 + 1|
}

. (7)

It is a simple exercise to show that 𝛷 is the set of all parameter values for which (1) has two saddle fixed points [11]. These fixed
points are

𝑋 =
(

−1
𝜏𝑅 − 𝛿𝑅 − 1

,
𝛿𝑅

𝜏𝑅 − 𝛿𝑅 − 1

)

, (8)

𝑌 =
(

−1
𝜏𝐿 − 𝛿𝐿 − 1

,
𝛿𝐿

𝜏𝐿 − 𝛿𝐿 − 1

)

, (9)

where 𝑋 is in the open right half-plane 𝑥 > 0, and 𝑌 is in the open left half-plane 𝑥 < 0. Let

𝐴𝐿 =
[

𝜏𝐿 1
−𝛿𝐿 0

]

, 𝐴𝑅 =
[

𝜏𝑅 1
−𝛿𝑅 0

]

, (10)

denote the Jacobian matrices associated with 𝑌 and 𝑋 respectively. With 𝜉 ∈ 𝛷 the matrix 𝐴𝐿 has eigenvalues |𝜆𝑠𝐿| < 1 and 𝜆𝑢𝐿 > 1,
while 𝐴𝑅 has eigenvalues |𝜆𝑠𝑅| < 1 and 𝜆𝑢𝑅 < −1.

Since 𝑋 and 𝑌 are saddles their stable and unstable manifolds are one-dimensional, and since the map is piecewise-linear these
manifolds are piecewise-linear. Their stable manifolds 𝑊 𝑠(𝑋) and 𝑊 𝑠(𝑌 ) have kinks on the switching manifold 𝑥 = 0 and at
preimages of these points, while their unstable manifolds 𝑊 𝑢(𝑋) and 𝑊 𝑢(𝑌 ) have kinks on the image of the switching manifold
𝑦 = 0 and at images of these points. For instance, as we grow 𝑊 𝑢(𝑋) outwards from 𝑋, in one direction its first kink occurs at the
point

𝑇 =
(

1
1 − 𝜆𝑠𝑅

, 0
)

, (11)

on 𝑦 = 0, see Fig. 3. Similarly as we grow 𝑊 𝑢(𝑌 ) outwards from 𝑌 , in one direction its first kink occurs at

𝐷 =
(

1
𝑠 , 0

)

. (12)
4

1 − 𝜆𝐿
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Fig. 3. Phase portraits of the BCNF (1) for four different parameter combinations: (a) 𝜉 = (2.1, 0.06,−1.7, 0.18); (b) 𝜉 = (2.1, 0.4,−1.7,−0.55); (c) 𝜉 =
2.2,−0.3,−1.7, 0.1); (d) 𝜉 = (1.8,−0.75,−1.6,−0.4). Each plot shows the linear segments of the stable and unstable manifolds emanating from the fixed points 𝑋
nd 𝑌 , as well as an adjoining segment of the stable manifold of 𝑌 . We also indicate some of their intersections with 𝑦 = 0: 𝑇 , 𝐷, and 𝐶; formulas for these

are given by (11), (12), and (13). To illustrate the chaotic attractor the black dots show 2000 iterates of a typical forward orbit after transient dynamics has
decayed.

A third point 𝐶 will be also central to our later calculations. This point is where 𝑊 𝑠(𝑌 ), when grown outwards from 𝑌 to the right,
irst intersects 𝑦 = 0 at a point with 𝑥 > 0 and is given by

𝐶 =

(

𝜆𝑢𝐿
2

(𝛿𝑅 − 𝜏𝑅𝜆𝑢𝐿)(𝜆
𝑢
𝐿 − 1)

, 0

)

. (13)

Fig. 3 indicates the points 𝑇 , 𝐷, and 𝐶 for four example phase portraits, one for each of the four cases for the signs of 𝛿𝐿 and 𝛿𝑅.
Notice if 𝛿𝐿 > 0 (upper plots) the left half-plane maps to the upper half-plane, while if 𝛿𝐿 < 0 (lower plots) the left half-plane maps
to the lower half-plane. Similarly if 𝛿𝑅 > 0 (left plots) the right half-plane maps to the lower half-plane, while if 𝛿𝑅 < 0 (right plots)
the right half-plane maps to the upper half-plane.

4. Renormalisation in two dimensions

In Section 2 we saw that renormalisation based on the substitution rule (𝐿,𝑅) ↦ (𝑅𝑅,𝐿𝑅) explains the bifurcation structure of
the one-dimensional skew tent map family shown in Fig. 2. For the BCNF (1) this rule defines the renormalisation operator

𝑔(𝜉) =
(

𝜏2𝑅 − 2𝛿𝑅, 𝛿2𝑅, 𝜏𝐿𝜏𝑅 − 𝛿𝐿 − 𝛿𝑅, 𝛿𝐿𝛿𝑅
)

. (14)

The four values on the right-hand side of (14) are the traces and determinants of 𝐴2
𝑅 and 𝐴𝑅𝐴𝐿. In this section we extend the basic

aspects of this renormalisation operator beyond the orientation-preserving setting of our earlier work [13]. Renormalisation has also
been applied to subfamilies of (1) by Pumariño et al. [31,32] and Ou [29].

We first identify the subset of 𝛷 where the BCNF has a stable 𝐿𝑅-cycle. Generalising (3) we have that the matrix 𝐴𝐿𝐴𝑅 (whose
eigenvalues are the stability multipliers of the 𝐿𝑅-cycle) has an eigenvalue −1 when 𝛼(𝜉) = 0, where

𝛼(𝜉) = 𝜏 𝜏 + (𝛿 − 1)(𝛿 − 1). (15)
5

𝐿 𝑅 𝐿 𝑅
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If 𝛼(𝜉) > 0 this eigenvalue is greater than −1. For the 𝐿𝑅-cycle to be stable we also need det(𝐴𝐿𝐴𝑅) < 1, where det(𝐴𝐿𝐴𝑅) = 𝛿𝐿𝛿𝑅,
o we define

2 =
{

𝜉 ∈ 𝛷 |

|

|

𝛿𝐿𝛿𝑅 < 1, 𝛼(𝜉) > 0
}

. (16)

roposition 4.1. If 𝜉 ∈ 2 then 𝑓𝜉 has an asymptotically stable 𝐿𝑅-cycle.

roof. Let 𝜏𝑅 = 𝜏𝐿𝜏𝑅 − 𝛿𝐿 − 𝛿𝑅 and 𝛿𝑅 = 𝛿𝐿𝛿𝑅 be the trace and determinant of 𝐴𝐿𝐴𝑅. All eigenvalues of 𝐴𝐿𝐴𝑅 have modulus less
han 1 if and only if 𝛿𝑅 < 1 and −𝛿𝑅 −1 < 𝜏𝑅 < 𝛿𝑅 +1. Certainly 𝛿𝑅 < 1 by assumption, and −𝛿𝑅 −1 < 𝜏𝑅 by the definition of 𝛼; also

𝜏𝑅 − 𝛿𝑅 − 1 = 𝜏𝐿𝜏𝑅 − (𝛿𝐿 + 1)(𝛿𝑅 + 1) < −|(𝛿𝐿 + 1)(𝛿𝑅 + 1)| − (𝛿𝐿 + 1)(𝛿𝑅 + 1) ≤ 0

y the definition of 𝛷.
The composed map 𝑓𝑅◦𝑓𝐿 is affine with unique fixed point

𝑃 = −1
𝜏𝑅 − 𝛿𝑅 − 1

(

𝜏𝑅 + 𝛿𝑅 + 1,−𝛿𝑅(𝜏𝐿 + 𝛿𝐿 + 1)
)

.

Let

𝑄 = 𝑓𝐿(𝑃 ) =
−1

𝜏𝑅 − 𝛿𝑅 − 1
(

𝜏𝐿 + 𝛿𝐿 + 1,−𝛿𝐿(𝜏𝑅 + 𝛿𝑅 + 1)
)

.

Notice the first component of 𝑃 is negative while the first component of 𝑄 is positive, thus {𝑃 ,𝑄} is a periodic solution of 𝑓𝜉 . Above
we showed all eigenvalues of 𝐴𝐿𝐴𝑅 have modulus less than 1, hence {𝑃 ,𝑄} is asymptotically stable. □

If 𝛼(𝜉) < 0 the 𝐿𝑅-cycle is unstable. This is always the case if 𝛿𝐿 + 𝛿𝑅 ≥ 0:

Proposition 4.2. If 𝜉 ∈ 𝛷 with 𝛿𝐿 + 𝛿𝑅 ≥ 0 then 𝛼(𝜉) < 0.

Proof. Suppose 𝜉 ∈ 𝛷 with 𝛿𝐿 + 𝛿𝑅 ≥ 0. If 𝛿𝐿, 𝛿𝑅 ≥ −1 then

𝛼(𝜉) < −(𝛿𝐿 + 1)(𝛿𝑅 + 1) + (𝛿𝐿 − 1)(𝛿𝑅 − 1) = −2(𝛿𝐿 + 𝛿𝑅) ≤ 0,

using the definition of 𝛷 in the first inequality. If instead 𝛿𝐿 < −1 or 𝛿𝑅 < −1 then 𝛿𝐿𝛿𝑅 < −1 because 𝛿𝐿 + 𝛿𝑅 > 0, so

𝛼(𝜉) < (𝛿𝐿 + 1)(𝛿𝑅 + 1) + (𝛿𝐿 − 1)(𝛿𝑅 − 1) = 2(𝛿𝐿𝛿𝑅 + 1) < 0. □

Now we show that if 𝛼(𝜉) < 0 then the renormalisation operator 𝑔 produces another instance of the BCNF in 𝛷.

Proposition 4.3. If 𝜉 ∈ 𝛷 and 𝛼(𝜉) < 0 then 𝑔(𝜉) ∈ 𝛷.

Proof. Let 𝜏𝐿 = 𝜏2𝑅 − 2𝛿𝑅, let 𝛿𝐿 = 𝛿2𝑅, and let 𝜏𝑅 and 𝛿𝑅 be as in the proof of Proposition 4.1; then 𝑔(𝜉) =
(

𝜏𝐿, 𝛿𝐿, 𝜏𝑅, 𝛿𝑅
)

. Observe
̃𝐿 − 𝛿𝐿 − 1 = 𝜏2𝑅 − (𝛿𝑅 + 1)2 > 0 because 𝜏𝑅 < −(𝛿𝑅 + 1), and 𝜏𝐿 + 𝛿𝐿 + 1 = 𝜏2𝑅 + (𝛿𝑅 + 1)2 > 0 because 𝜏𝑅 < 0, thus 𝜏𝐿 > |𝛿𝐿 + 1|.
Also 𝜏𝑅 − 𝛿𝑅 − 1 = 𝜏𝐿𝜏𝑅 − (𝛿𝐿 + 1)(𝛿𝑅 + 1) < 0 because 𝜏𝐿 > 𝛿𝐿 + 1 and 𝜏𝑅 < 𝛿𝑅 + 1, and 𝜏𝑅 + 𝛿𝑅 + 1 = 𝛼(𝜉) < 0, by assumption, thus
̃𝑅 < −|𝛿𝑅 + 1|. □

Now let

𝛱𝜉 =
{

𝑓−1
𝜉 (𝑥, 𝑦) ||

|

𝑥 ≥ 0
}

, (17)

e the set of all points that map to the right half-plane. On 𝛱𝜉 the second iterate 𝑓 2
𝜉 has only two pieces:

𝑓 2
𝜉 (𝑥, 𝑦) =

{
(

𝑓𝑅,𝜉◦𝑓𝐿,𝜉
)

(𝑥, 𝑦), 𝑥 ≤ 0,
𝑓 2
𝑅,𝜉 (𝑥, 𝑦), 𝑥 ≥ 0.

(18)

For any 𝜉 ∈ 𝛷 (18) is affinely conjugate to 𝑓𝑔(𝜉). Specifically 𝑓 2
𝜉 = ℎ−1𝜉 ◦𝑓𝑔(𝜉)◦ℎ𝜉 on 𝛱𝜉 , where

ℎ𝜉 (𝑥, 𝑦) =
1

𝜏𝑅 + 𝛿𝑅 + 1

[

𝑥
𝛿𝑅𝑥 + 𝜏𝑅𝑦 − 𝛿𝑅

]

, (19)

is the necessary change of coordinates. As an example Fig. 4-a shows 𝛱𝜉 (in the phase space of 𝑓𝜉) at the parameter point

𝜉(1)ex = (1.5, 0.4,−1.5, 0.4), (20)

while Fig. 4-b shows ℎ𝜉 (𝛱𝜉 ) (in the phase space of 𝑓𝑔(𝜉)). The map 𝑓𝑔(𝜉) has an invariant set 𝛬 ⊂ ℎ𝜉 (𝛱𝜉 ), so, as shown below,
ℎ−1𝜉 (𝛬) ⊂ 𝛱𝜉 is an invariant set of 𝑓 2

𝜉 . Moreover, the union of ℎ−1𝜉 (𝛬) and its image under 𝑓𝜉 is an invariant set of 𝑓𝜉 . It is easy to
infer the number of connected components in this set from the number of connected components of 𝛬, and this forms the basis of
6

the renormalisation scheme.
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Fig. 4. Phase portraits of the BCNF (1). Panel (a) uses the example parameter point 𝜉(1)ex given by (20) where the attracor 𝛬̃ has two connected components,
one of which lies entirely in 𝛱𝜉 (shaded). Panel (b) uses the parameter point 𝑔

(

𝜉(1)ex
)

where the attractor 𝛬 has one connected component in ℎ𝜉 (𝛱𝜉 ) (shaded).

roposition 4.4. Suppose 𝛬 ⊂ ℎ𝜉 (𝛱𝜉 ) is an invariant set of 𝑓𝑔(𝜉). Then 𝛬̃ = ℎ−1𝜉 (𝛬) ∪ 𝑓𝜉
(

ℎ−1𝜉 (𝛬)
)

is an invariant set of 𝑓𝜉 . Moreover, if
−1
𝜉 (𝛬) ∩ 𝑓𝜉

(

ℎ−1𝜉 (𝛬)
)

= ∅ then the number of connected components of 𝛬̃ is twice the number of connected components of 𝛬.

roof. Let 𝑆 = ℎ−1𝜉 (𝛬). Since 𝑆 ⊂ 𝛱𝜉 ,

𝑓 2
𝜉 (𝑆) = ℎ−1𝜉

(

𝑓𝑔(𝜉)
(

ℎ𝜉 (𝑆)
))

. (21)

ut ℎ𝜉 (𝑆) = 𝛬 and 𝑓𝑔(𝜉)(𝛬) = 𝛬, so the right-hand side of (21) is ℎ−1𝜉 (𝛬) = 𝑆. Thus 𝑆 is invariant under 𝑓 2
𝜉 , so 𝑆 ∪ 𝑓𝜉 (𝑆) is invariant

nder 𝑓𝜉 . Since ℎ𝜉 is invertible the number of components of 𝑆 is the same as the number of components of 𝛬. If 𝑆 ∩ 𝑓𝜉 (𝑆) = ∅
hen 𝑓𝜉 (𝑆) also has this many components (for otherwise 𝑓 2

𝜉 (𝑆) = 𝑆 would not be possible because 𝑓𝜉 is continuous). □

. The orientation-preserving case

In this section we summarise the main results of our earlier work [13]. Let

𝛷(1) =
{

𝜉 ∈ 𝛷 |

|

|

𝛿𝐿 > 0, 𝛿𝑅 > 0
}

, (22)

e the subset of 𝛷 for which the BCNF is orientation-preserving. In a large part of 𝛷(1) an attractor is destroyed when the points
and 𝐷 (shown in Fig. 3-a) coincide. This is a homoclinic bifurcation, or homoclinic corner [37], where the stable and unstable
anifolds of the fixed point 𝑌 attain non-trivial intersections. Straight-forward algebra gives

𝐶1 −𝐷1 =
𝜙+(𝜉)

(𝜆𝑢𝐿 − 1)(1 − 𝜆𝑠𝐿)(𝛿𝑅 − 𝜏𝑅𝜆𝑢𝐿)
, (23)

here

𝜙+(𝜉) = 𝛿𝑅 − (𝜏𝑅 + 𝛿𝐿 + 𝛿𝑅 − (1 + 𝜏𝑅)𝜆𝑢𝐿)𝜆
𝑢
𝐿. (24)

ig. 5 shows an example. In panel (a) the closure of the unstable manifold of 𝑋,

𝛬 = cl(𝑊 𝑢(𝑋)), (25)

s a chaotic attractor. As the value of 𝜏𝐿 is increased the attractor approaches the point 𝐷 and is destroyed at 𝜏𝐿 ≈ 1.9083 when
+(𝜉) = 0, panel (b). At larger values of 𝜏𝐿 almost all forward orbits diverge, panel (c).

In some parts of 𝛷(1) the attractor 𝛬 is not destroyed at 𝜙+(𝜉) = 0. This occurs when it does not approach 𝐷 as 𝐶 → 𝐷; instead
he attractor is destroyed in a subsequent heteroclinic bifurcation involving a period-three solution [12].

With 𝛿𝐿 = 𝛿𝑅 = 0 we have 𝜙+(𝜉) = 𝜏𝐿𝜙0(𝜏𝐿, 𝜏𝑅), so in this case the bifurcation surface 𝜙+(𝜉) = 0 reduces to the homoclinic
ifurcation 𝜙0(𝜏𝐿, 𝜏𝑅) = 0 of the skew tent map family. This motivates the definition

(1)
𝑛 =

{

𝜉 ∈ 𝛷(1) |
|

|

𝜙+(𝑔𝑛(𝜉)) > 0, 𝜙+(𝑔𝑛+1(𝜉)) ≤ 0
}

, (26)

or all 𝑛 ≥ 0. The constraint 𝛼(𝜉) < 0 is not needed in this definition because, by Proposition 4.2, if 𝜉 ∈ 𝛷(1) then automatically
(1) (1) +
7

(𝜉) < 0. As shown in [13] the regions 𝑛 are disjoint and cover the subset of 𝛷 for which 𝜙 (𝜉) > 0. These regions are more
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Fig. 5. Phase portraits of (1) with 𝛿𝐿 = 0.1, 𝛿𝑅 = 0.1, 𝜏𝑅 = −2 and three different values of 𝜏𝐿. These parameter values correspond to the black triangles in
ig. 6-a. Panel (b) uses 𝜏𝐿 such that 𝜙+(𝜉) = 0 to ten decimal places. In (a) cl(𝑊 𝑢(𝑋)) is a chaotic attractor; in (b) 𝑊 𝑠(𝑌 ) and 𝑊 𝑢(𝑌 ) form a homoclinic corner
y intersecting at 𝐷 = 𝐶; in (c) there is no attractor.

ifficult to visualise than those in Section 2 because they are four-dimensional. Fig. 6 shows two-dimensional slices of parameter
pace defined by fixing 𝛿𝐿 > 0 and 𝛿𝑅 > 0. In these slices only finitely many (1)

𝑛 are visible because as 𝑛 → ∞ they converge to
= (1, 0,−1, 0) (a fixed point of 𝑔). The following result describes 𝛬 for parameter values in (1)

0 . For a proof see [13].

heorem 5.1. For any 𝜉 ∈ (1)
0 ,

(i) 𝛬 is bounded, connected, and invariant under 𝑓𝜉 ,
(ii) has a positive Lyapunov exponent, and
(iii) if 𝛿𝑅 < 1 there exists a forward invariant set 𝛥 ⊂ R2 with non-empty interior such that

∞
⋂

𝑛=0
𝑓 𝑛
𝜉 (𝛥) = 𝛬. (27)

Item (ii) says 𝛬 is chaotic in the sense of having a positive Lyapunov exponent. We believe it satisfies Devaney’s definition of
haos throughout 𝛷(1), but have only proved this in a subset of 𝛷(1) [12]. Item (iii) says 𝛬 is a Milnor attractor. We believe the
ondition 𝛿𝑅 > 1 is unnecessary and 𝛬 is in fact a topological attractor throughout (1)

0 .
To understand the dynamics in all other regions (1)

𝑛 we use the renormalisation operator 𝑔. The following result follows simply
rom Proposition 4.3 and the definition of (1)

𝑛 .

(1) (1)
8

roposition 5.2. If 𝜉 ∈ 𝑛 with 𝑛 ≥ 1, then 𝑔(𝜉) ∈ 𝑛−1.
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Fig. 6. Two-dimensional slices of the orientation-preserving parameter region 𝛷(1) showing the curves 𝜙(𝑔𝑛(𝜉)) = 0, for low values of 𝑛, overlaid upon the
numerical results of Eckstein’s greatest common divisor algorithm, explained in Section 6. Each point in a 200 × 200 grid is coloured by the greatest common
divisor of a set of close return iteration numbers 𝐽 according to the colour bar on the right. In the algorithm we used 𝜀 = 0.001 and 𝑀 = 106; also points are
coloured white if iterates appeared to diverge. The black triangles correspond to the parameter values of Fig. 5.

So if 𝜉 ∈ (1)
𝑛 then 𝑔𝑛(𝜉) ∈ (1)

0 where the attractor is connected. Then by 𝑛 applications of Proposition 4.4, 𝑓𝜉 has an attractor
with 2𝑛 connected components as long as the assumptions of Proposition 4.4 are satisfied in each application. This is indeed the
case, as shown in [13] through a series of careful calculations, and gives the following result.

Theorem 5.3. For any 𝜉 ∈ (1)
𝑛 with 𝑛 ≥ 0, 𝑓𝜉 has a chaotic Milnor attractor with exactly 2𝑛 connected components.

For example Fig. 4-a uses 𝜉 = 𝜉(1)ex belonging to (1)
1 so the attractor has two connected components, as shown. The renormalisation

allows us to say more about this attractor. Specifically each piece of the attractor is an affine transformation of the one-component
attractor of (1) with 𝜉 = 𝑔

(

𝜉(1)ex
)

belonging to (1)
0 , shown in Fig. 4-b.

6. A component counting algorithm

To support an extension of the theoretical results of Section 5 to the orientation-reversing and non-invertible settings, we perform
numerical simulations to count the number of connected components of the attractors. There are many methods for estimating the
number of connected components of a set 𝛹 from a finite collection 𝐹 of points in 𝛹 . For example Robins et al. [34] connect all
pairs of points in 𝐹 with line segments to form a complete graph, then base their estimation from a minimal spanning tree. In our
setting 𝛹 is generated by a map, so it is more effective to use a method that utilises the dynamics. For this reason we compute the
number of components as the greatest common divisor of a certain set of computed values. This method originates with Eckstein [9]
and is described by Avrutin et al. [1]. As explained at the end of this section, the effectiveness of the method relies on the following
result.

Lemma 6.1. Suppose a compact invariant set 𝛹 of a continuous map 𝑓 has 𝑘 ≥ 2 connected components, and 𝑓 has an orbit that visits all
components. Then the components can be labelled as 𝛹1, 𝛹2,… , 𝛹𝑘 such that 𝑓 (𝛹1) = 𝛹2, 𝑓 (𝛹2) = 𝛹3,… , 𝑓 (𝛹𝑘−1) = 𝛹𝑘, and 𝑓 (𝛹𝑘) = 𝛹1.

Thus the components of 𝛹 are ordered cyclically, each has one ‘predecessor’ and one ‘successor’. The following proof is adapted
from [1,9]. It uses a small quantity 𝜀 to avoid reference to path-connectedness.

Proof of Lemma 6.1. By assumption there exists 𝑃 ∈ 𝛹 whose forward orbit enters all components. Let 𝛹1 be the component
containing 𝑃 . Suppose for a contradiction 𝑓 (𝛹1) contains points in two different components, 𝑇 and 𝑈 . Since 𝛹 is compact there
exists 𝑑 > 0 such that any point in 𝑇 and any point in 𝑈 are at least a distance 𝑑 apart. Since 𝛹1 is connected for any 𝜀 > 0 there
exist 𝑄,𝑅 ∈ 𝛹1 with ‖𝑄 − 𝑅‖ < 𝜀 such that 𝑓 (𝑄) ∈ 𝑇 and 𝑓 (𝑅) ∈ 𝑈 . But ‖𝑓 (𝑄) − 𝑓 (𝑅)‖ > 𝑑 so this is not possible because 𝑓 is
continuous, hence 𝑓 (𝛹1) is a subset of one component of 𝛹 . This component is not 𝛹1 (because then 𝛹1 would be forward invariant
and the forward orbit of 𝑃 could not reach the other components), let us call it 𝛹2. So 𝑓 (𝛹1) ⊂ 𝛹2.

By a similar argument 𝑓 (𝛹2) is a subset of one component, and if 𝑘 > 2 this component is neither 𝛹1 nor 𝛹2, call it 𝛹3. Inductively
we obtain 𝛹1, 𝛹2,… , 𝛹𝑘 with 𝑓 (𝛹1) ⊂ 𝛹2, 𝑓 (𝛹2) ⊂ 𝛹3,… , 𝑓 (𝛹𝑘−1) ⊂ 𝛹𝑘. Also 𝑓 (𝛹𝑘) is a subset of one component.

But 𝛹 is invariant, meaning 𝑓 (𝛹 ) = 𝛹 . Thus 𝑓 (𝛹𝑘) ⊂ 𝛹1, and further 𝑓 (𝛹1) = 𝛹2, 𝑓 (𝛹2) = 𝛹3,… , 𝑓 (𝛹𝑘−1) = 𝛹𝑘, and 𝑓 (𝛹𝑘) = 𝛹1 as
required. □
9
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Now fix 𝜉 and suppose 𝑓𝜉 has an attractor 𝛬 with 𝑘 ≥ 1 connected components. To compute the value 𝑘, which is assumed to
be unknown to us a priori, the algorithm proceeds as follows. Fix 𝜀 > 0 (we used 𝜀 = 0.001 or 𝜀 = 0.0001) and 𝑀 > 0 (we used
𝑀 = 106) and let 𝐽 = ∅. Choose some initial point assumed to be in the basin of attraction of 𝛬 and iterate it under 𝑓𝜉 a reasonably
large number of times (we used 104 iterations) to remove transient dynamics and obtain a point in 𝛬, or extremely close to 𝛬, call
it (𝑥0, 𝑦0). Iterate further, and for all 𝑖 = 1, 2,… ,𝑀 evaluate the distance (Euclidean norm in R2) between 𝑓 𝑖

𝜉 (𝑥0, 𝑦0) and (𝑥0, 𝑦0). If
his distance is less than 𝜀, append the number 𝑖 to the set 𝐽 . Finally evaluate the greatest common divisor of the elements in 𝐽 —
his is our estimate for the value of 𝑘.

For example using 𝜉 = 𝜉(1)ex , as in Fig. 4-a, the algorithm generated a set of 1249 numbers

𝐽 = {1292, 3170, 3778,… , 999930},

hose elements have greatest common divisor 2 (and indeed at this parameter point the attractor has two components).
Fig. 6 shows the output of this algorithm over a 200 × 200 grid of parameter points. The results show excellent agreement to

he theory described in Section 5. For example parameter points where the greatest common divisor of the numbers in 𝐽 is two
ave boundaries indistinguishable from the true bifurcation boundaries 𝜙(𝑔(𝜉)) = 0 and 𝜙(𝑔2(𝜉)) = 0.

Two principles underlie the effectiveness of the algorithm. First, if the distance between any two components of 𝛬 is greater
han 𝜀, then ‖

‖

‖

𝑓 𝑖
𝜉 (𝑥0, 𝑦0) − (𝑥0, 𝑦0)

‖

‖

‖

< 𝜀 implies that 𝑓 𝑖
𝜉 (𝑥0, 𝑦0) and (𝑥0, 𝑦0) belong to the same component of 𝛬 (assuming (𝑥0, 𝑦0) ∈ 𝛬).

y Lemma 6.1 this is only possible if 𝑖 is a multiple of 𝑘. Thus the elements of 𝐽 are all multiples of 𝑘.
Second, assuming 𝑓𝜉 is ergodic on 𝛬, the set of all 𝑖 > 0 giving ‖

‖

‖

𝑓 𝑖
𝜉 (𝑥0, 𝑦0) − (𝑥0, 𝑦0)

‖

‖

‖

< 𝜀 will not be expected to share a multiple
arger than 𝑘. This is because ergodicity implies the dynamics of 𝑓𝑘

𝜉 on any component are well mixed (see Haydn et al. [15] and
eferences within for theory on the probability distribution of the values of 𝑖 when 𝜀 is small). In our setting 𝑀 = 106 seems to
enerate large enough sets 𝐽 to ensure the greatest common divisor of the numbers in 𝐽 is 𝑘, instead a multiple of 𝑘. One can
lso modify the algorithm, as described in [1,9], to search for a close return to several reference points, instead of the single point
𝑥0, 𝑦0).

. The orientation-reversing case

Let

𝛷(2) =
{

𝜉 ∈ 𝛷 |

|

|

𝛿𝐿 < 0, 𝛿𝑅 < 0
}

, (28)

e the subset of 𝛷 for which the BCNF is orientation-reversing. As shown originally by Misiurewicz [25], the closure of the unstable
anifold of the fixed point 𝑋 can be a chaotic attractor. This attractor contains the point 𝑇 , as shown in Fig. 3-d, so under parameter

ariation is destroyed when 𝑇 = 𝐶. This is a heteroclinic bifurcation beyond which the unstable manifold of 𝑋 is unbounded. From
he formulas (11) and (13) we obtain

𝐶1 − 𝑇1 =
𝜙−(𝜉)

(𝜆𝑢𝐿 − 1)(1 − 𝜆𝑠𝑅)(𝛿𝑅 − 𝜏𝑅𝜆𝑢𝐿)
, (29)

here

𝜙−(𝜉) = 𝛿𝑅 − (𝛿𝑅 + 𝜏𝑅 − (1 + 𝜆𝑢𝑅)𝜆
𝑢
𝐿)𝜆

𝑢
𝐿 . (30)

n example illustrating the destruction of the attractor is shown in Fig. 7. As the value of 𝜏𝐿 is increased the attractor is destroyed
hen 𝑇 = 𝐶 at 𝜏𝐿 ≈ 2.0104.

Analogous to the orientation-preserving case, if 𝛿𝐿 = 𝛿𝑅 = 0 the expression 𝜙−(𝜉) reduces to 𝜙−(𝜉) = 𝜏𝐿𝜙0(𝜏𝐿, 𝜏𝑅). Thus the
eteroclinic bifurcation 𝜙−(𝜉) = 0 reduces to the familiar homoclinic bifurcation 𝜙0(𝜏𝐿, 𝜏𝑅) = 0 of the skew tent map family in the

limit (𝛿𝐿, 𝛿𝑅) → (0, 0).
We are now ready to subdivide 𝛷(2) into regions based upon the renormalisation operator 𝑔, (14). But 𝜉 ∈ 𝛷(2) implies 𝑔(𝜉) ∈ 𝛷(1),

o we again use the preimages of 𝜙+(𝜉) = 0 under 𝑔 to define the region boundaries. Specifically we let

(2)
0 =

{

𝜉 ∈ 𝛷(2) |
|

|

𝜙−(𝜉) > 0, 𝜙+(𝑔(𝜉)) ≤ 0, 𝛼(𝜉) < 0
}

, (31)

(2)
𝑛 =

{

𝜉 ∈ 𝛷(2) |
|

|

𝜙+ (𝑔𝑛(𝜉)) > 0, 𝜙+ (

𝑔𝑛+1(𝜉)
)

≤ 0, 𝛼(𝜉) < 0
}

, for all 𝑛 ≥ 1. (32)

Fig. 8 shows these regions in two typical two-dimensional slices of parameter space. Unlike in the orientation-preserving setting we
need to impose 𝛼(𝜉) < 0 in these regions so that they do not overlap 2 where a stable 𝐿𝑅-cycle exists.

We conjecture that throughout (2)
0 the map has a unique chaotic attractor with one connected component equal to the closure

of the unstable manifold of 𝑋, as in Fig. 7-a. In earlier work [11] we proved this to be true on a subset of (2)
0 . In the special case

𝜏𝐿 = −𝜏𝑅 and 𝛿𝐿 = 𝛿𝑅 of the Lozi family of maps, the constraint 𝜙−(𝜉) > 0 reduces to equation (3) of Misiurewicz [25].
The following result is a simple consequence of Propositions 4.2 and 4.3 and (32).

(2) (1)
10

Proposition 7.1. If 𝜉 ∈ 𝑛 with 𝑛 ≥ 1, then 𝑔(𝜉) ∈ 𝑛−1.
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Fig. 7. Phase portraits of Eq. (1) with 𝛿𝐿 = −0.2, 𝛿𝑅 = −0.2, 𝜏𝑅 = −1.8, and three different values of 𝜏𝐿 corresponding to the black triangles in Fig. 8-b. Panel
(b) uses 𝜏𝐿 such that 𝜙−(𝜉) = 0 to ten decimal places. In (a) cl(𝑊 𝑢(𝑋)) is a chaotic attractor; in (b) 𝑊 𝑢(𝑋) and 𝑊 𝑠(𝑌 ) have corner intersections; in (c) there is
no attractor.

Fig. 8. Two-dimensional slices of the orientation-reversing parameter region 𝛷(2) showing the bifurcation curves overlaid upon numerical results obtained using
𝜀 = 0.0001 and 𝑀 = 106. The black triangles correspond to the parameter values of Fig. 7.
11
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Fig. 9. Panel (a) is a phase portrait of (1) at the parameter point 𝜉(2)ex (33) where the attractor has two connected components in the orientation-reversing case.
Panel (b) uses instead 𝑔

(

𝜉(2)ex
)

.

This suggests that for any 𝜉 ∈ (2)
𝑛 the BCNF has an attractor with 2𝑛 connected components. For example

𝜉(2)ex = (2.5,−0.1,−1.1,−0.2) (33)

elongs to (2)
1 and indeed the attractor shown in Fig. 9-a appears to have two connected components. One component belongs to

𝜉 so Proposition 4.4 applies. Hence this component is an affine transformation of the attractor of (1) at the parameter point 𝑔
(

𝜉(2)ex
)

hat belongs to (1)
0 , and we know its attractor has one component by Theorem 5.1.

Fig. 8 shows that our conjecture is supported by the output of the greatest common divisor algorithm. The boundaries of the (2)
𝑛

losely approximate the places with the value of the greatest common divisor changes. This value changes slightly above 𝜙+(𝑔(𝜉)) = 0
ecause here the two components of the attractor are very close and 𝜀 = 0.0001 is insufficient to detect this difference. Also (2)

0 has
ixels erroneously corresponding to more than one component because here the attractor is relatively large and 𝑀 = 106 iterations
re insufficient for the algorithm to consistently obtain a greatest common divisor of 1.

. The non-invertible case 𝜹𝑳 > 𝟎, 𝜹𝑹 < 𝟎

Here we study the parameter region

𝛷(3) =
{

𝜉 ∈ 𝛷 |

|

|

𝛿𝐿 > 0, 𝛿𝑅 < 0
}

, (34)

here (1) is non-invertible. In this region an attractor of (1) can be destroyed by crossing the homoclinic bifurcation 𝜙+(𝜉) = 0 or
he heteroclinic bifurcation 𝜙−(𝜉) = 0. This is because near these boundaries the attractor contains the point 𝑇 and is close to the
oint 𝐷 so is destroyed when one of these points collides with 𝐶. For example in Fig. 10 𝑇 lies to the left of 𝐷, so the attractor is
estroyed when 𝐷 = 𝐶, i.e. when 𝜙+(𝜉) = 0. In contrast in Fig. 11 𝑇 lies to the right of 𝐷, so the attractor is destroyed when 𝑇 = 𝐶,
.e. when 𝜙−(𝜉) = 0. For this reason we define

𝜙min(𝜉) = min[𝜙+(𝜉), 𝜙−(𝜉)], (35)

nd

(3)
𝑛 =

{

𝜉 ∈ 𝛷(3) |
|

|

𝜙min (𝑔𝑛(𝜉)) > 0, 𝜙min
(

𝑔𝑛+1(𝜉)
)

≤ 0, 𝛼(𝜉) < 0
}

, (36)

or all 𝑛 ≥ 0. Two-dimensional slices of these regions are shown in Fig. 12. We conjecture that throughout the first region (3)
0

he BCNF has a unique chaotic attractor with one connected component, and this is supported by the numerical results shown in
ig. 12. To explain the dynamics in the remaining regions we use the following analogy to Propositions 5.2 and 7.1. Here, however,
he result is not trivial, so we provide a proof.

roposition 8.1. If 𝜉 ∈ (3)
𝑛 with 𝑛 ≥ 1, then 𝑔(𝜉) ∈ (3)

𝑛−1.

Proof. Choose any 𝜉 ∈ (3)
𝑛 with 𝑛 ≥ 1 and write 𝑔(𝜉) =

(

𝜏𝐿, 𝛿𝐿, 𝜏𝑅, 𝛿𝑅
)

as in the proof of Proposition 4.3. By Proposition 4.3 we
ave 𝑔(𝜉) ∈ 𝛷. Further, 𝑔(𝜉) ∈ 𝛷(3) because 𝛿 = 𝛿2 > 0 and 𝛿 = 𝛿 𝛿 < 0. Also 𝜙

(

𝑔𝑛−1(𝑔(𝜉))
)

> 0 and 𝜙
(

𝑔𝑛(𝑔(𝜉))
)

≤ 0. Finally
12

𝐿 𝑅 𝑅 𝐿 𝑅 min min
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Fig. 10. Phase portraits of (1) with 𝛿𝐿 = 0.3, 𝛿𝑅 = −0.4, 𝜏𝑅 = −2.4 and three different values of 𝜏𝐿 corresponding to the blue triangles in Fig. 12-b.

(𝑔(𝜉)) = 𝜏𝐿𝜏𝑅 + (𝛿𝐿 − 1)(𝛿𝑅 − 1) where 𝜏𝐿 = 𝜏2𝑅 − 2𝛿𝑅, 𝛿𝐿 = 𝛿2𝑅, 𝜏𝑅 = 𝜏𝐿𝜏𝑅 − 𝛿𝐿 − 𝛿𝑅, and 𝛿𝑅 = 𝛿𝐿𝛿𝑅. By substituting 𝜏𝐿 > 𝛿𝐿 + 1 and
𝜏𝑅 < −(𝛿𝑅 + 1) (true because 𝜉 ∈ 𝛷) we obtain (after simplification)

𝛼(𝑔(𝜉)) < −2
(

1 + 𝛿𝑅 + 𝛿2𝑅
)

(𝛿𝐿 + 𝛿𝑅).

So if 𝛿𝐿 + 𝛿𝑅 > 0 then 𝛼(𝑔(𝜉)) < 0 (because 1+ 𝛿𝑅 + 𝛿2𝑅 ≥ 3
4 > 0). If instead 𝛿𝐿 + 𝛿𝑅 ≤ 0 then 𝛿𝐿 + 𝛿𝑅 = 𝛿𝑅(𝛿𝐿 + 𝛿𝑅) ≥ 0 because 𝛿𝑅 < 0,

so again 𝛼(𝑔(𝜉)) < 0 by Proposition 4.2 applied to the parameter point 𝑔(𝜉). □

Proposition 8.1 suggests that throughout each (3)
𝑛 with 𝑛 ≥ 1 the BCNF has an attractor with exactly 2𝑛 connected components,

nd Fig. 12 supports this conjecture. Fig. 13-a provides an example using the parameter point

𝜉(3)ex = (3, 0.3,−.9,−0.4) , (37)

hich belongs to (3)
1 . The attractor has two pieces, one of which belongs to 𝛱𝜉 , so as above this piece is an affine transformation

f the attractor of 𝑔
(

𝜉(3)ex
)

∈ (3)
0 shown in Fig. 13-b.

. The non-invertible case 𝜹𝑳 < 𝟎, 𝜹𝑹 > 𝟎

It remains for us to consider

𝛷(4) =
{

𝜉 ∈ 𝛷 |

|

|

𝛿𝐿 < 0, 𝛿𝑅 > 0
}

, (38)

here (1) is non-invertible. In this region the attractor is usually destroyed before the boundaries 𝜙+(𝜉) = 0 and 𝜙−(𝜉) = 0 in
a heteroclinic bifurcation that cannot be characterised by an explicit condition on the parameter values. This occurs when the
attractor contains points on 𝑦 = 0 that lie to the right of 𝐷 and 𝑇 and is destroyed when its right-most point collides with 𝐶.
13
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Fig. 11. Phase portraits of (1) with 𝛿𝐿 = 0.3, 𝛿𝑅 = −0.4, 𝜏𝐿 = 3, and three different values of 𝜏𝑅 corresponding to the black triangles in Fig. 12-b.

Fig. 12. Two-dimensional slices of the non-invertible parameter region 𝛷(3) showing the bifurcation curves overlaid upon numerical results obtained using
𝜀 = 0.001 and 𝑀 = 106. The blue [black] triangles correspond to the parameter values of Fig. 10 [Fig. 11].

Fig. 14 shows an example. In panel (a) the attractor is the closure of the unstable manifold of 𝑋. As we grow the unstable
manifold outwards from 𝑋 it develops points on 𝑦 = 0 that lie further and further to the right, but not beyond 𝐶. This occurs as a
14
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Fig. 13. Panel (a) is a phase portrait of (1) at the parameter point 𝜉(3)ex (37) where the attractor has two connected components in the 𝛿𝐿 > 0 non-invertible
case. Panel (b) uses instead 𝑔

(

𝜉(3)ex
)

.

onsequence of the geometric configuration afforded by 𝑓𝑅 being orientation-preserving and 𝑓𝐿 being orientation-reversing. As the
alue of 𝜏𝐿 is increased the attractor is destroyed when its right-most point collides with 𝐶, panel (b). With a slightly value of 𝜏𝐿,
anel (c), typical forward orbits diverge even though 𝐷 and 𝑇 still lie to the left of 𝐶. Fig. 15 provides a second example. Here the
arameter values are such that 𝐷 and 𝑇 are switched around but the attractor is destroyed in the same way.

Fig. 16 shows the results of numerical simulations applied to two slices of 𝛷(4). The white areas just to the left of 𝜙+(𝜉) = 0 and
−(𝜉) = 0 correspond to the phenomenon that we have just described. These areas are bounded on the left by a curve of heteroclinic
ifurcations. Since we cannot identify this curve with hand calculations, it is natural to attempt to compute the curve numerically
ith numerical continuation methods. However, we do not show the result of such a computation because we suspect this curve
ighly irregular, e.g. non-differentiable at infinitely many points, as explained by Osinga [28].

In each plot in Fig. 16 the attractor does in fact persist up to where the boundaries 𝜙+(𝜉) = 0 and 𝜙−(𝜉) = 0 meet. This is because
n the curve 𝜆𝑠𝐿 = 𝜆𝑠𝑅 the right-most point of the attractor is 𝐷 and 𝑇 , which are equal. Also near the top of Fig. 16-a the attractor
ersists slightly beyond 𝜙+(𝜉) = 0 because here the attractor fails to approach 𝐷 so is not destroyed when 𝐷 = 𝐶 at 𝜙+(𝜉) = 0.

Despite the extra complexities in 𝛷(4) it still appears that renormalisation is helpful for explaining the bifurcation structure. Let

(4)
0 =

{

𝜉 ∈ 𝛷(4)|
|

|

𝜙min(𝜉) > 0, 𝜙min(𝑔(𝜉)) ≤ 0, 𝛼(𝜉) < 0
}

. (39)

ased on Fig. 16 we conjecture that for any 𝜉 ∈ (4)
0 , if (1) has an attractor then this attractor is chaotic with one connected

omponent. Now let

(4)
𝑛 =

{

𝜉 ∈ 𝛷(4)|
|

|

𝜙min(𝑔𝑛(𝜉)) > 0, 𝜙min(𝑔𝑛+1(𝜉)) ≤ 0, 𝛼(𝜉) < 0, 𝛼(𝑔(𝜉)) < 0
}

. (40)

Unlike in previous sections here we have included the extra constraint 𝛼(𝑔(𝜉)) < 0 so that the (4)
𝑛 do not include the region 4,

defined to be where (1) has a stable period-four solution with symbolic itinerary 𝐿𝑅𝑅𝑅. This region is visible in Fig. 16-b and
shown more clearly in the magnification, Fig. 17. Note that here we do not show the result of the numerics because the component
counting algorithm does not work efficiently close to the curve 𝛼(𝑔(𝜉)) = 0. The following result is a trivial consequence of our
definitions.

Proposition 9.1. If 𝜉 ∈ (4)
𝑛 with 𝑛 ≥ 1, then 𝑔(𝜉) ∈ (3)

𝑛−1.

Based on this we conjecture that for any 𝜉 ∈ (4)
𝑛 with 𝑛 ≥ 1 the map (1) has a chaotic attractor with exactly 2𝑛 connected

components, and this is supported by the numerics in Fig. 16. Fig. 18-a shows the attractor of (1) for a typical parameter point in
(4)

1 , specifically

𝜉(4)ex = (2.2,−0.4,−1.5, 0.4) . (41)

As expected it has two connected components, one of which is contained in 𝛱𝜉 , and both of which are affine transformations of the
single-component attractor of (1.1) with 𝑔

(

𝜉(4)ex
)

∈ (3)
0 shown in Fig. 18-b.

10. Reduction to one dimension

Finally we address a novelty of the non-invertible settings. In these settings the stable eigenvalues 𝜆𝑠𝐿 and 𝜆𝑠𝑅 have the same sign
(they are both positive if 𝛿 > 0 and 𝛿 < 0, and both negative if 𝛿 < 0 and 𝛿 > 0), so it is possible for them to be equal. From
15
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Fig. 14. Phase portraits of (1) with 𝛿𝐿 = −0.4, 𝛿𝑅 = 0.4, 𝜏𝑅 = −2.8, and three different values of 𝜏𝐿 corresponding to the blue triangles in Fig. 16-a. The parameter
alue used in panel (b) is approximately where the attractor is destroyed. In all three panels 𝐷 lies to the left of 𝑇 which lies to the left of 𝐶.

he formulas (11) and (12) for the points 𝐷 and 𝑇 we have

𝐷1 − 𝑇1 =
𝜆𝑠𝐿 − 𝜆𝑠𝑅

(

1 − 𝜆𝑠𝐿
) (

1 − 𝜆𝑠𝑅
) . (42)

Thus 𝐷 and 𝑇 coincide when the stable eigenvalues are equal. Thus the boundaries 𝜙+(𝜉) = 0 and 𝜙−(𝜉) = 0, where 𝐶 = 𝐷 and
𝐶 = 𝑇 respectively, intersect where 𝜆𝑠𝐿 = 𝜆𝑠𝑅, and this is evident in Figs. 12 and 16. Also for each 𝑛 ≥ 1 the boundaries 𝜙+(𝑔𝑛(𝜉)) = 0
and 𝜙−(𝑔𝑛(𝜉)) = 0 intersect where 𝜆𝑠𝐿 = 𝜆𝑠𝑅.

We now show that if 𝜆𝑠𝐿 = 𝜆𝑠𝑅 then the pertinent dynamics reduces to one dimension, as in Fig. 19.

roposition 10.1. If 𝜉 ∈ 𝛷 with 𝜙min(𝜉) > 0 and 𝜆𝑠𝐿 = 𝜆𝑠𝑅, then 𝑓𝜉 is forward invariant on the line segment from 𝑇 to 𝑓𝜉 (𝑇 ). Moreover,
on this segment 𝑓𝜉 is conjugate to the skew tent map

𝑧 ↦

{

𝜆𝑢𝐿𝑧 + 1, 𝑧 ≤ 0,
𝜆𝑢𝑅𝑧 + 1, 𝑧 ≥ 0,

(43)

n
[

𝜆𝑢𝑅 + 1, 1
]

.

roof. The line segment from 𝑇 to 𝑓𝜉 (𝑇 ) is

𝛤 =
{

𝛾(𝑧) || 𝑧 ∈
[

𝜆𝑢𝑅 + 1, 1
]

}

, where 𝛾(𝑧) =
(

𝑧
𝑠 ,

(1 − 𝑧)𝜆𝑠𝑅
𝑠

)

,

16
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Fig. 15. Phase portraits of (1) with 𝛿𝐿 = −0.4, 𝛿𝑅 = 0.4, 𝜏𝑅 = −1.8, and three different values of 𝜏𝐿 corresponding to the black triangles in Fig. 16-a. The
parameter value used in panel (b) is approximately where the attractor is destroyed. In all three panels 𝑇 lies to the left of 𝐷 which lies to the left of 𝐶.

Fig. 16. Two-dimensional slices of the non-invertible parameter region 𝛷(4) showing the bifurcation curves overlaid upon numerical results obtained using
𝜀 = 0.001 and 𝑀 = 106. The blue [black] triangles correspond to the parameter values of Fig. 14 [Fig. 15].
17



Communications in Nonlinear Science and Numerical Simulation 134 (2024) 108025I. Ghosh et al.
Fig. 17. A magnified version of Fig. 16-b showing the regions having a stable 𝐿𝑅-cycle (period-two solution) and a stable 𝐿𝑅𝑅𝑅-cycle (period-four solution).

Fig. 18. Panel (a) is a phase portrait of (1) at the parameter point 𝜉(4)ex (41) where the attractor has two connected components in the 𝛿𝐿 < 0 non-invertible
case. Panel (b) uses instead 𝑔

(

𝜉(4)ex
)

.

because putting 𝑧 = 1 gives (𝑥, 𝑦) =
(

1
1−𝜆𝑠𝑅

, 0
)

= 𝑇 by (11), while putting 𝑧 = 𝜆𝑢𝑅 + 1 gives (𝑥, 𝑦) =
(

1+𝜆𝑢𝑅
1−𝜆𝑠𝑅

,
−𝜆𝑠𝑅𝜆

𝑢
𝑅

1−𝜆𝑠𝑅

)

which is identical
to 𝑓𝜉 (𝑇 ) = (𝜏𝑅𝑇1 + 1,−𝛿𝑅𝑇1) (since 𝜏𝑅 = 𝜆𝑠𝑅 + 𝜆𝑢𝑅 and 𝛿𝑅 = 𝜆𝑠𝑅𝜆

𝑢
𝑅). If 𝑧 ∈ [0, 1] then

𝑓𝜉 (𝛾(𝑧)) =
(

𝜏𝑅𝑥 + 𝑦 + 1,−𝛿𝑅𝑥
)

=
(1 + 𝜆𝑢𝑅𝑧

1 − 𝜆𝑠𝑅
,
−𝜆𝑠𝑅𝜆

𝑢
𝑅𝑧

1 − 𝜆𝑠𝑅

)

= 𝛾(𝜆𝑢𝑅𝑧 + 1),

while if 𝑧 ∈ [𝜆𝑢𝑅 + 1, 1] then

𝑓𝜉 (𝛾(𝑧)) =
(

𝜏𝐿𝑥 + 𝑦 + 1,−𝛿𝐿𝑥
)

=
(1 + 𝜆𝑢𝐿𝑧

1 − 𝜆𝑠𝑅
,
−𝜆𝑠𝑅𝜆

𝑢
𝐿𝑧

1 − 𝜆𝑠𝑅

)

= 𝛾(𝜆𝑢𝐿𝑧 + 1),

and the result follows. □

Notice 𝜆𝑢𝐿 > 1 and 𝜆𝑢𝑅 < −1, which corresponds in Fig. 2 to a point in some 𝑛, with 𝑛 ≥ 0. Thus, with this value of 𝑛, the
attractor of the skew tent map (43) is comprised of 2𝑛 disjoint intervals. Consequently the attractor of 𝑓𝜉 is comprised of 2𝑛 disjoint
line segments. Places where the value of 𝑛 changes can be computed by solving for where 𝜙0◦𝑔𝑛 = 0 in Fig. 2. We computed these
points numerically and have plotted them as black dots in Figs. 12 and 16 from which we see that, as expected, these points are
where 𝜙+◦𝑔𝑛 = 0 and 𝜙−◦𝑔𝑛 = 0. In this way the conjectures in Sections 8 and 9 on the number of connected components of the
attractors are confirmed in the special codimension-one scenario that the stable stability multipliers associated with 𝑋 and 𝑌 are
equal.
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Fig. 19. Panel (a) shows the attractor of (1) at the given parameter point which belongs to (3)
0 . This attractor is the line segment from 𝑇 to 𝑓𝜉 (𝑇 ). The

estriction of 𝑓𝜉 to the attractor is the one-dimensional map (43) indicated in panel (b).

1. Discussion

It has long been known that symmetric tent maps and skew tent maps readily admit attractors with 2𝑛 connected components,
nd that for any given slopes for the two pieces of the map the value of 𝑛 can be determined through renormalisation. Here we
ave shown how this can be realised for two-dimensional maps and uncovered some novel complexities relating to the possibility
f stable period-two and period-four solutions. We have also shown how the attractor can be destroyed at heteroclinic bifurcations
boundary crises) that cannot be characterised algebraically.

It remains to verify the conjectures in Sections 7–9 on the number of connected components of the attractor in the various
arameter regions we have defined. We feel this should be possible by following the methodology used in [13] but suspect it
ill be a substantial undertaking. Chaos in higher-dimensional piecewise-linear maps has applications to cryptography [19], and it

emains to see what aspects of the renormalisation can be described for the 𝑁-dimensional border-collision normal form [36] with
o restriction on 𝑁 . Also it remains to see if renormalisation schemes based on other symbolic substitution rules can be used to
xplain parameter regimes where (1) has attractors with other numbers of components, e.g. three components, as described in [14].

Finally we note that Proposition 10.1 provides a rare example of dimension reduction in a piecewise-smooth setting. Dimension
eduction is core element of smooth bifurcation theory whereby centre manifolds allow us to explain the dynamics of high
imensional systems with low dimensional equations [20]. In general the bifurcation theory of piecewise-smooth systems is
ampered by an inability to do this usually centre manifolds do not exist [5]. It remains to see how far Proposition 10.1 can be
eneralised to help us understand border-collision bifurcations involving two eigenvalues that are identical, or are nearly identical.
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