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ABSTRACT

This thesis develops the theory of Legendre foliations on contact manifolds by
associating a contact metric structure with a contact manifold and investigating
Legendre foliations on the resultant contact metric manifold. The contact metric
structure introduces a metric for the Legendre foliation which enables us to
study the curvature properties of a Legendre foliation, furthermore when this
metric is bundle-like we have a semi-Riemannian foliation hence we can define
a semi-Riemannian Legendre foliation and study its properties.

We use the invariant [] as defined by Pang to define a family of contact metric
structures for a non-degenerate Legendre foliation and from this family we pick
out a unique contact metric structure the canonical contact metric structure.
Furthermore a canonical contact metric structure is identified for a flat
Legendre foliation and shown to be a Sasakian structure.

Under some circumstances a Legendre foliation on a contact metric manifold
has a second Legendre foliation, the conjugate Legendre foliation, associated
with it. We investigate the conditions for the existence and the properties of the
conjugate Legendre foliation.

By using a definition similar to that of a Legendre foliation on a contact metric
manifold we conclude this thesis by defining a complex Legendre foliation on a
complex contact metric manifold and beginning an investigation of its
properties.
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CHAPTER 1. INTRODUCTION

1 (a). INTRODUCTION

A contact manifold as introduced by J. W. Gray [9] is an odd dimensional
differential manifold which carries a contact structure. This contact structure is
closely related to pseudogroups of contact transformations. The second volume of
Sophus Lie's Theorie der transformation gruppen, 1890, is devoted to the local
study of contact transformations in general and to the study of global contact
transformations in the special case of euclidean space. The study of contact

manifolds is a generalization of Lie's results to odd dimensional spaces.

Since the early 1960's the theory of contact manifolds has been developed by many
authors, notably S. Sasaki for whom Sasakian manifolds are named, S. Tanno and
D. E. Blair.

Foliation theory has its origins in the study of the solution curves of systems of
ordinary differential equations. C. Ehresmann and G. Reeb in the 1940's defined the
general notion of a foliation. Since then both the geometric theory and the differential
geometry of foliations has been widely developed. An important class of foliations
are the Riemannian foliations introduqed by B.Reinhart [24] in 1959. Riemannian

foliations have a metric for which the leaves are locally a constant distance apart.

A Legendre foliation as introduced by Pang [2] is a particular foliation of a contact
manifold. So the study of Legendre foliations combines the theory of contact
manifolds with foliation theory.

The purpose of this thesis is to investigate the properties of Legendre foliations on
contact metric manifolds. Both, M. Y. Pang in his paper "The structure of Legendre
foliations" and P. Libermann in her paper "Legendre foliations on contact
manifolds", investigated the properties of Legendre foliations on contact manifolds,
without a contact metric structure. We extend this work by associating a contact



metric structure with a contact manifold, and investigating the properties of Legendre
foliations on the resultant contact metric manifold.

One of the main results of M. Y. Pang's paper is that any Legendre foliation is
locally equivalent to a particular Legendre foliation on a unit cotangent bundle. To
classify Legendre foliations he introduced two invariants, the fundamental quadratic
form [ which is a symmetric 2-form on the tangent bundle of the foliation and the
invariant G, a symmetric 3-form on the tangent bundle of the foliation. When [T is
non-degenerate we have a non-degenerate Legendre foliation in which case Pang
defined a canonical set of coframes and a unique connection. Furthermore when [] is
positive definite and G = 0 a Riemannian Legendre foliation is defined.

In her paper Libermann used Jacobi structure methods to recover many of Pang's
results. She also introduces a semi-Riemannian metric but does not actually define a
contact metric structure.

We show that the leaves of a Legendre foliation are anti-invariant submanifolds of a
contact metric manifold. Formulae for [] and G are given in terms of the contact
metric structure, although [1 and G do not depend on the contact metric structure on
the contact manifold. This form of [] enables classification of a Legendre foliation in

terms of the Lie bracket [X, €] where X is a tangential vector field of the foliation.

For a contact manifold there exist many contact metric structures. Among the
possible contact metric structures on a contact manifold which carries a flat Legendre
foliation, we identify a canonical contact metric structure and show it to be a
Sasakian structure.

Furthermore when [] is non-degenerate, we have a non-degenerate Legendre
foliation and the semi-Riemannian metric introduced by Libermann can be used to
define a canonical contact metric structure that is related to the canonical coframe
given by Pang. We show that this canonical contact metric structure is unique. It
belongs to a family of contact metric structures defined by [I, which we call the
canonical family of contact metric structures. The unique connection given by Pang

is related to the Levi-Civita connection of the canonical contact metric structure.



To enable the canonical contact metric structure to be defined in a natural way we
have widened the definition of a contact metric structure to include cases where the
metric g is not positive definite. A canonical contact metric structure for a non-
degenerate Legendre foliation can be defined where g is positive definite and used to
obtain similar results for Legendre foliations on the class of contact metric manifolds
where g is positive definite. But the notation needed is complicated so we study
Legendre foliations on the wider class of contact metric manifolds.

For a non-degenerate Legendre foliation on a unit cotangent bundle we obtain
expressions for contact metric structures from the canonical family in terms of the

local coordinates on the cotangent bundle.

Under some circumstances a Legendre foliation has a second Legendre foliation
associated with it, which we call the conjugate Legendre foliation. We investigate the
conditions for its existence which are related to the nature of the contact metric
structure as well as to the classification of the Legendre foliation. We show that the
conjugate of a flat Legendre foliation on the canonical Sasakian manifold exists and
is also flat. Conditions for the existence of a conjugate Legendre foliation of a non-
degenerate Legendre foliation on a manifold from the canonical family of contact
metric manifolds are found. Furthermore, if a Legendre foliation of a K-contact
manifold has a conjugate Legendre foliation then both Legendre foliations have the
same classification.

We show that a Riemannian Legendre foliation, as defined by Pang, is a Riemannian
foliation on any manifold from the canonical family of contact metric manifolds. An
alternative definition of a Riemannian Legendre foliation in terms of a bundle-like
contact metric structure is given. This definition of Riemannian Legendre foliations is

then extended to semi-Riemannian Legendre foliations.

A complex contact manifold is a complex manifold of odd complex dimension.
Using a definition similar to that of a Legendre foliation of a contact manifold, we
define a complex Legendre foliation on a complex contact manifold. We show that
the invariant [] can be defined naturally, but can not be used to define a complex
contact metric structure. We begin an investigation of the properties of complex
Legendre foliations, especially where they differ from Legendre foliations.



Throughout this work examples of Legendre foliations on contact metric manifolds
are given and referred to. These are used to illustrate the properties of Legendre
foliations that are being explored. These examples are produced by techniques
developed in this work.

The first chapter is a general introduction to this work, giving the basic definitions
and properties of contact manifolds and of foliations. Legendre foliations are
introduced in the second chapter along with the invariants [] and G. Flat Legendre
foliations in are studied in chapter three.

Chapter four investigates non-degenerate Legendre foliations. The canonical family
of contact metric structures and the canonical contact metric structure are defined and
their properties investigated. The conjugate Legendre foliation is defined in chapter
five, and conditions for its existence found.

The introduction of a contact metric structure enables a semi-Riemannian Legendre
foliation to be defined in terms of a bundle-like contact metric structure and its
properties are studied in chapter six. Also a family of semi-Riemannian Legendre

foliations whose conjugates exist and are flat is given.

In chapter seven Legendre foliations on K-contact and Sasakian manifolds are
investigated. By investigating the second fundamental form of a Legendre foliation
we also study totally umbilic, totally geodesic, isoparametric and harmonic Legendre
foliations. |

An extension of this work to complex Legendre foliations on complex contact
manifolds is expounded in chapter eight.



1 (b). NOTATION

Throughout this work the following notation is used:

1)

iii)

1v)

V)

vi)

The summation convention is used, where a repeated index indicates a
summation,

The Latin indices i, j, .... range from 1 to n+1 and the Greek indices a, B,...

range from 1 ton.

If B —» M is a vector bundle, then I'B denotes the set of all smooth sections
of B.

If B is a vector subbundle of TM then py is the natural projection onto B

pB:TM——>B.

The local coordinates (x;) on a (n+1)-dimensional manifold M induce local

coordinates (X;, y;) on the cotangent bundle T*M. If F is a function on T*M,

R OF B 0%F B mx O .
then F; =—, k= , Fjj ==——=— and so on.
179y, Y oydy;t Y dydy;

[X, Y] denotes the Lie bracket of the vector fields X and Y.

£X denotes the Lie derivative with respect to the vector field X while 1(X)

denotes the interior product with respect to the vector field X.

The exterior derivative and the interior product are defined with the p+1 factor
included for example if @ is a 2-form on a manifold M then for any X, Y,Z € ['TM
we have

doX, Y, Z) = 3 {(X(((Y, 2) + Y(o(Z, X)) + Z(w((X, Y)) - o(X,Y], 2)

| —

-0([Y,Z], X) - o((Z,X], Y)}



and
(IX)o}Y) =20(X,Y).
Hence

£Xm =1(X)dw + d({i(X)w).

This is in line with the work of Blair [3], [4], [S], [6] and Yano and Kon [16] but
not with that of Pang [2] and Libermann [1].

1 (c). CONTACT MANIFOLDS

The following is a brief review of contact manifolds, to introduce the properties and
notation used in this work.

A (2n+1)-dimensional manifold M, is a contact manifold if it carries a global 1-form
1M such that

nA@)"£0
everywhere on M, where the exponent denotes the nth exterior power.
M is a contact form of M and (M, 1) is the corresponding contact manifold.
A contact manifold (M, M) has a contact metric structure (9, €, M, g) where ¢ is a

tensor of type (1,1), & is a global vector field and g is a semi-Riemannian metric
such that

(1.1) nE) =1
(1.2) 02=-I1+n®E

(1.3) dn(W, W') = g(W, oW") VW, WelTM.



A contact metric structure (¢, &, M, g) usually has g positive definite but we do not
make this restriction and study the larger class of contact manifolds. Duggal [7] also
lifts this restriction.

The characteristic vector field, €, is a unique global vector field determined by 1 for
the contact manifold (M, n).

Yano and Kon [16] have shown that any contact manifold (M, 1) has a contact
metric structure (¢, &, 11, g). This contact metric structure is not unique. (M, 1) is
used to denote a contact manifold when the contact metric structure is not specified
while (M, ¢, €, 1, g) is used to denote the contact manifold (M, 1) with the contact
metric structure (9, &, 1, g), M, ¢, €, 1, g) is called a contact metric manifold.

From properties 1.1, 1.2 and 1.3, (see Yano and Kon [16] and Duggal [7]), it can
be shown that,

(1.4) 0§=0
(1.5) ne=0
(1.6) rank ¢ = 2n
(1.7) g€ &) =¢

where € = + 1 or - 1 depending on whether § is spacelike or timelike
(1.8) nwW) =gg(W, &) VWelTM
(1.9) g(OW, OW') = g(W, W') - en(W)n(W") YW W e TTM

(1.10) gW, oW") + g(éW, W) =0 VW, WelITM.



The following lemma shows that given a contact metric structure with & timelike we

can always find a contact metric structure such that & is spacelike, or vice versa.
Lemma 1.11
If (M, ¢, &, n, g) is a contact metric manifold such that & is timelike then there exists

a contact metric structure (¢, &, 1, € ) such that & is spacelike.

Proof
Let

g=g+2n®n,
then

So & is spacelike.

It can be easily shown that (¢, €, n, € ) is a contact metric structure. ol

Lemma 1.11 shows that there is no loss of generality in assuming that € = +1, which

we do in the following work.

The contact distribution, H, of a contact manifold (M, 1) is defined by

H = ann(n})
={We TMIN(W) =0}

and a line bundle E is defined by

E =span(§).



Thus the tangent bundle of (M, M) has the natural orthogonal decomposition

TM=H®E.

The following relationships will be used later in this work.

Forany U € I'H we have

g([U, €1, &) =n(U, &)
=-2dn(U, &)
=-2g(U, ¢&)
=0

Thus we have

(1.12) (U, €] e TH

Similarly for any U, U' € T'H we have

(1.13) g([U, 6U1, &) = 2g(U, U".

Also foranyZ € TE and W € I'TM we have

(1.14) (1(Z2)dn)(W) = - 2dn(W, Z)
=-2g(W, 02)
=0

by 1.8
since U e 'H
by 1.3
by 1.4.

VvV Ue I'H.

by 1.3
by 1.4.

For a contact metric manifold (M, ¢, & M, g) where g is positive definite the

structure group of the tangent bundle, TM, reduces to U(n) x 1, Blair [3]. Similarly

in the case where g is a semi-Riemannian metric the structure group of the tangent
bundle of the contact metric manifold (M, ¢, &, , g), reduces to U(p, q) x 1, where
(p, q) is the signature of gly;. Using this we get the following lemma, which shows

that it is possible to build up a contact metric structure on a manifold from an open

cover of contact submanifolds.
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Lemma 1.15
Let {Ug} s € I be an open cover of a contact manifold (M, 1) such that for each
s euly (0% & g5 ) is a contact metric structure on Ug. Then the union of all such g

and the union of all such g, for s € I, provide a contact metric structure
(Vg & M, Lgg) on (M, M).

An important class of submanifolds of a contact metric manifold are the anti-invariant
submanifolds which we now define.

Definition 1.16
Let (M, 1) be a contact manifold with contact metric structure (¢, &, n, g). A
submanifold M of M is anti-invariant if OT,( M) < Ty( IT/I)l forall xe M

Torsion Tensors on a Contact Manifold

For a contact metric manifold (M, ¢, & M, g) the Nienhaus torsion Nq> of ¢ is
defined by

(1.17) No(W, W) = 0H[W, W1 + [0W, OW'] - 0[0W, W - 0[W, W]
VW, WelTM.

Now we define the following tensors

(1.18) () N'(W, W) = Ny(W, W) + 2dn(W, W)E VW,W'eITM
) NZW,w)=(L ¢wn)W' e ¢w'”)w VW, WelTM
i) N3(W) = <£§¢>W V We I'™

(iv) NYW)= (£én)w V We I'TM.
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The following lemmas, 1.19 and 1.20, are proved in Yano and Kon [16], chapter V,
section 3.

Lemma 1.19
If NI =0, then N2=N3=N4=0.

A vector field W on M is a Killing vector field if and only if the Lie derivative

’BW g=0.
Lemma 1.20

Let (M, ¢, &, 1, g) be a contact metric manifold, then N2 and N4 vanish. Moreover,
N3 vanishes if and only if € is a killing vector field with respect to g.

These torsion tensors are used to define two important classes of contact metric

manifolds, the K-contact manifolds and the Sasakian manifolds.

Definition 1.21
(1) A K-contact manifold is a contact metric manifold (M, 0, §, n, g) with
N3 =0, thatis & is a Killing vector field.

(>i1) A Sasakian manifold is a contact metric manifold (M, ¢, &, n, g) with
Nl=0.

Thus a Sasakian manifold is also a K-contact manifold, by lemma 1.19.

As ¢& =0 we have ¢: TM — H, furthermore using 1.2, 1.4 and 1.6 it can be shown
that ¢ly: H — His an isomorphism with ((1>IH)‘1 = - ¢ly. Therefore since ¢2IH = -]
¢!y is an almost complex structure on H. Hence it follows that ¢l,; will be a complex

structure on H if and only if the projection,

pH(N¢(U, Uu) =0 vV U,U e I'H.
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In the following lemma and theorem, we will find an altemnative condition for ¢l to

be a complex structure on H.

Lemma 1.22
For a contact metric manifold (M, ¢, &, 1, g) the projection

peNI(U, UY) =0 VU, Ue I'H

Proof
As E is a line bundle spanned by &, the projection onto E of any vector field W on M
can be written as p(W) = g(W, §)&.

Furthermore for any U, U'e I'H we have

g((U, U1, &) = - 2g(U, ¢U") by 1.13
=g([oU, U], €) by 1.10 and 1.13.

Which as pg(W) = g(W, )& implies that

(1.23) pe((U, U'D) = pg([6U, 6U'T) VU, U e I'H.

Hence by 1.17 and 1.18 (i) we have for any U, U' e I'H that

pe(NI(U, UY) = pg( 02U, U] + [0U, 6U'] - 6[6U, U']
- 0[U, oU'] + 2dn(U, U)E)
=pg(- [U, UT+[0U, 6U'] - ¢[¢U, U']
- 0[U, 6U'))
by 1.2 and 1.8
=0 by 1.5 and 1.23.
a
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Theorem 1.24
For a contact manifold (M, n) with contact metric structure (9, &, 1, ), ol is a

complex structure on H if and only if
NlU,U) =0 VU, U e I'H.

Proof
From lemma 1.22 for any U, U' € I'H we have

NL(U, U) = p,(N}(U, U")
= py(N,(U, U) by 1.18 (i).

Hence ¢l is a complex structure on H if and only if Nl(U, Uy =0. o]

This implies that for a Sasakian manifold (M, ¢, &, 1, g), ¢ly; is a complex structure
on H.

Corollary 1.25
A K-contact manifold (M, ¢, , 1, g) is a Sasakian manifold if and only if ¢l is a

complex structure on H.

Proof
As E is a line bundle, for any Z € TE there exists a function f such that Z = f&.

Forany Z =ff e I'E and W € I'TM we have

NU(Z, W) = N(Z, W)) + 2dn(Z, W)E by 1.18 (i)
= ¢%[(Z, W] - 6[Z, oW] by 1.4, 1.14 and 1.17
=-[Z, W] +n([Z, W])§ - 6[Z, oW] by 1.2
= f(-[E, W] +n([E, WDE - O[E, OW]) by 1.1 and 1.4
= - fON3W by 1.2 and 1.18 (iii)

0 for a K-contact manifold by definition 1.21(i).
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Hence we have
Nl=0 ifandonlyif NIU,U)=0 Vv U,U e TH

ifand only if ¢l is a complex structure on H by theorem 1.24.

o
Since N2 = 0 on a contact metric manifold Lemma 3.4 of Yano and Kon [16],
chapter V, section 3 gives the following:

Lemma 1.26
For a contact metric manifold (M, ¢, &, N, g) and any W, W', W" € I'TM, we have

2g(Vy, OW, W) = gINL(W', W"), W) + 2dn (W', Wm(W")
- 2dn(oW", Wn(W")

where V is the Levi-Civita connection of g.
By substituting W = £ in lemma 1.26 and using 1.4 and 1.14 we get
(1.27) \% £ 0=0,

and from this we get

(1.28) V§i=0 and V:’;U e 'H VUe I'H.

Also for any U € I'H we have

(1.29) VUF,E I'H by 1.12 and 1.28.
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The Tensor h on a Contact Manifold

For a contact metric manifold (M, ¢, €, 1, g) Blair [4] defines a tensor of type (1,1)
by

(1.30) h=3 Ly 0
SoforanyW e I'TM

hW = 5 (&, 6W] - 0[5, W).

From definition 1.30 it follows that h has the following properties, see Blair [4],

(1.31) h and ¢h are symmetric operators
(1.32) oh+ho=0
(1.33) Noh =0
(1.34) hE = 0.
By definition
D N
h= 5 N°.

In the following work we will use h instead of N3, in line with the work done by
Blair. The following property of h, (which is proved by Blair [4],) is used later in
this work.

(1.35) \% OhW - OW VWe ITM.
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From 1.34, h has a maximum rank of 2n and by definition h = 0 if and only if
(M, 0, €, M, g) is a K-contact manifold. The following theorem obtained from Blair

[4] gives a case where h has rank 2n.

Theorem 1.36
For a contact metric manifold (M, ¢, €, 1, g) if R the curvature tensor field satisfies

RE, W), =0 vV We I'TM

then h has rank 2n and M admits three mutually orthogonal distributions defined by
the eigenspaces of h: namely D(0), D(1) and D(-1).

That is
D(1)={We TM | hW =W}, D(-1)={We TM | hW =-W}
and

DO)={We TMIhW =0)=E by 1.34.
It can be shown that D(1) and D(-1) both are of dimension n.

Olszak [12] proved the following relationship, which will be used in later work.

(1.37) (Vg DOW' + (Vo )W =

2g(W, W)HE - (W)W + hW + n(W)E)
VW, WelTM.

From which we can obtain the projection

(1.38) PH((V¢U POU) = - py((Vi; O)U) VU,U e I'H
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1 (d). FOLIATIONS

The following is a brief review of foliations to introduce the properties and notation
used in this work.

A foliation T of a n-dimensional smooth manifold M is a partition of M into

connected submanifolds of dimension p. These submanifolds are called the /eaves of
the foliation. The foliation is said to have dimension p and codimension q = n - p.

A foliation, F, of a manifold (M, g) provides an orthogonal decomposition of the

tangent bundle, TM, of M as
TM=Le®L"

where L is the subbundle of TM consisting of all vectors tangent to the leaves of F,

L is called the tangent bundle of the foliation. L* the transverse bundle of the
foliation is the subbundle of TM defined by

L'=(Ye TMIg(Y,X)=0,VXeL).

For a manifold (M, g) let L be a p-dimensional subbundle of TM. L is completely
integrable if for any X, X' € L the Lie bracket [X, X'] € L. By the Frobenius

theorem, Molino [22], L is completely integrable if and only if it is the tangent
bundle of a p-dimensional foliation, g, of (M, g). In which case the leaves of F are

the maximal connected integral submanifolds of L.

Bott Partial Connection

. . 1. ;
For any foliation F, the Bott partial connection VL in the transverse bundle Lt s
defined by

L, L
Vi V=X, V) VXeTlLVVe IL".
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. . L. : . : A
The Bott partial connection VL in L defines a Bott partial connection VI in the

J_*
dual space L™ by

T v =
% v)V =Xv(V) - v([X,V])

VXeTlLVVell:Vve It
= 2dv(X,V)
= (£X V)V

where £X is the Lie derivative.

Hence we have

(1.39) il =% VXelL Vve I'LY

=1(X)dv.

*

L
The Bott partial connection VX" is flat since for any X, X' € T'L, and any

*
v e I'LE its curvature tensor satisfies

L N
R (X,X)v—[£x,£x,]v-£[x,X,]v

=0.

Second Fundamental Form and Mean Curvature

For a foliation on a semi-Riemannian manifold (M, g) with V the Levi-Civita

connection of g we have

Vy X' =p(Vy X) + BX, X)) VX XeTlL
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and

_ 1
Vo V=-Ay X+ puVy V) VXeTlLVVe L,

where

B(X, X) = pu(Vy X)

is the second fundamental form and

Ay X=-p(Vy V)

is the Weingarten map.
A foliation on a semi-Riemannian manifold (M, g) is totally geodesic if its second
fundamental form vanishes identically, that is

B =0 which is equivalent to A =0.
The leaves of a totally geodesic foliation are totally geodesic submanifolds of (M, g).
We will use the following equivalences in later work, they are easily proved using
the geodesic condition and the properties of V the Levi-Civita connection of g, (see

Tondeur [26]).

Theorem 1.40
Let T be a foliation on (M, 2). Then the following conditions are equivalent:

1) F is totally geodesic, that is
g(Vy X, V) =0 VX, X'e L,V Ve I'LY;
i) Lyg =0 V Ve I'LY
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i) g(Vy Vo X) + (X, Vy, V) =0 VX XeTlLVVeIlL:

iv) gV, X],X) =0 V X e I'L such that IXI = 1 andV V € 'L .

The mean curvature vector field, T, of a foliation, g, on the manifold (M, g) is
defined by O'Neill [32]

T= g(Xi, Xj)B(Xi, Xj)

where (X;}, 1= 1....p, is a local orthonormal frame of L with respect to g.

Similarly the mean curvature form, x, is the one form defined by
K(V)=g(T, V) for Ve 'L,
and

i(X)x=0 forX e I'L.

Therefore for the local orthonormal frame {X;} we have

K(V) = g(X;, X)gBX;, X)), V) for Ve I'L".

A foliation on a semi-Riemannian manifold (M, g) is harmonic if the mean curvature
form vanishes that is
K =0 which is equivalent to T =0.

The leaves of a harmonic foliation are minimal submanifolds of the manifold (M, g).

A totally geodesic foliation is also a harmonic foliation.
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Riemannian Foliations

For a foliation, 9, on a Riemannian manifold (M, g) the Riemannian metric g is
bundle-like with respect to J if

L. 8V, V) =0 VXeTlLVV, VeIl

A foliation, &, on (M, g) is a Riemannian foliation if g is a bundle-like metric with
respect to 73

Locally the leaves of a Riemannian foliation are a constant distance from each other.

The following equivalences, which we will use later, are easily proved using the
bundle-like condition and the properties of V the Levi-Civita connection of g, (see
Tondeur [26]).

Theorem 1.41
Let F be a foliation on the manifold (M, g). Then the following conditions are

equivalent:

1) F is a Riemannian foliation that is g is bundle-like;

i)  g(Vy X, V) +g(V,V,X)=0 ¥ Xe L, ¥V, Ve 1y
i) gV V4V, V,X)=0 VXeTL VV,VerILl

iv)  g(X,V],V)=0 V Ve 'L’ such that IVI = 1 andV X e T'L.
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CHAPTER 2. LEGENDRE FOLIATIONS

In this chapter we define a Legendre foliation on a contact metric manifold and give
its basic properties. We also investigate how the foliation structure interacts with the
contact metric structure of the manifold.

For a Legendre foliation on a contact manifold (M, 1) there exists a bilinear form [1,

whose value does not depend on the contact metric structure on (M, 1). We use [] to
classify Legendre foliations and then the related invariants [T and G are introduced.

An important class of contact manifolds are the unit cotangent bundles. A Legendre
foliation is defined on a unit cotangent bundle and an example is given.

2 (a). LEGENDRE FOLIATIONS

A Legendre foliation, F, is a foliation of a (2n+1)-dimensional contact manifold
(M, 1) by n-dimensional integral submanifolds of 1. Since the leaves of J are

integral submanifolds of 7, the tangent bundle, L, of F is a subbundle of the contact

distribution, H, of (M, ). Let (¢, &, 1, g) be a contact metric structure on (M, 1),
then the transverse bundle of 7 is defined by

L'={Ye TMIg(Y,X)=0,VXe L).
Define Q a subbundle of H by

Q=HANL-

Then the foliation gives the following natural orthogonal decomposition of the
tangent bundle, TM, of (M, 1)

TM=L®Q®E



where H=L®Q and L'=Q®E.
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The leaves of a Legendre foliation & on a contact metric manifold (M, ¢, £, 7, g) are

anti-invariant submanifolds of (M, M) with respect to ¢, as the following theorem

shows.

Theorem 2.1

Let Fbea Legendre foliation on a contact metric manifold (M, ¢, &, 1, g) then

O0L=Q and
where oL ={¢XIXe L} and

Proof
For any X, X' € L we have

g(X, 0X) = dn(X, X)
= - 2n([X, X)
=0

Thus
0X'e L'=Q@E,
but by 1.4 and 1.6 we know that
0X'e H-
which implies that

X' e Q

As ¢l is an isomorphism the theorem follows.

oQ=L

0Q={¢YIYe Q).

by 1.3
as L is a subbundle of H

as L is completely integrable.

VvV X'e L.



24

As a result of theorm 2.1 the tangential and transverse metrics of a Legendre foliation
on a contact metric manifold are not independent.

Also as a consequence of theorem 2.1 for any Y, Y' € I'Q we have

0=g(Y, ¢Y")
—dn(Y, Y) by 1.3
=- %ﬂ([Y, Y") as Y, Y' e TH.

Thus for any Y, Y'e I'Q we have
(2.2) [V, B5) ENDHN
For a Legendre foliation the transverse vector fields are related to the tangential

vector fields by the contact metric structure as shown in the following lemma, which
is proved directly using 1.9 and theorem 2.1.

Lemma 2.3
LetT bea Legendre foliation on a contact metric manifold (M, ¢, &, 1, g) and

a} o=1,... ,n be a local drthonormal frame for L with respectto g

then

{0X,, &) o= 1,...,nis alocal orthonormal frame for L1 with respect to g.

Due to the contact metric structure, the tangential vector fields of a Legendre foliation
satisfy the following properties.
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Theorem 2.4
LetJ be a Legendre foliation on a contact metric manifold (M, ¢, &, 1, g) with {Xa}

o = 1,......,n a local orthonormal frame for L with respect to g and V the Levi-

Civita connection of g. Then

i) For any a, [ the projection

Ihb O
where k = [kaB] = [ g . Iq] and (p, q) is the signature of g, .

ii) For any o, B we have

g((VX 0)X XB) =- g((VX ¢)XB, Xo) VXe L.

iii) For any o, B the projection
pE(VXGXB) =- PE(V¢XQ¢XB)-

Proof

i) For any o, B we have

g([X g 9Xg), &) = 28(X, Xp) by 1.13
£ 2kaB

Hence for any a, 3 the projection

PE([Xg, 0Xp]) = 2kyg.
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ii) Using the properties of ¢ and of the Levi-Civita connection V together with
the complete integrability of L, we have for any o, B and any X € I'L that

0 = g(0Xq, [X, Xg]) - 80X, [X, X)) by theorem 2.1
= 80X VX - Vi X) - 86X VX - Vg X)
= 5(Xp, OV, X - Vi 0Xp) + (X, VXB¢X“ -V 0Xp)
=- 8Xp, (Vy 9)Xg) + (X, VXB 0X,, - anterB).

Hence for any a, B we have

B(Vy OXgo Xp) = 8K, Vg 0X - Vy 0Xp)
= - 8((Vy 0)Xp. X,).

iii) For any o, B we have

g(VXaXB’ §)=- g(VXa";- Xg)
= g(0X o + 00X, Xp) by 1.35
= 5 2(0(01X o, E1 - [0X g, D, Xp)
by 1.30 and theorem 2.1
=- % g([Xgs &) + 00X, €, Xg) by 1.2 and 1.12

1 .

= ? g(vxaé - Vixa + ¢V¢Xag - ¢V€¢Xa$ XB)

=-=gV v X 12
2 g( xag + q) ¢X0'.g, B) by 7

1 1

Hence for any «, B we have

g(VXaXB' g) i g(vtpxaq)xﬁi g) e
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The contact metric structure associated to a Legendre foliation induces a coframe,

which satisfies the following properties.

Lemma 2.5

Let F be a Legendre foliation on a contact metric manifold (M, ¢, &, n, g). If

(X 90Xy, £} is a local orthonormal frame for TM with respect to g then

(€% 0% m)isthe corresponding local coframe of T*M which satisfies

1)

ii)

1i1)

where

(2.6) (1)

(ii)

and

0% e Q" and €% rL*.
dn =285 6% A €F.

gIQ = kaB Ga ® BB, gEL = kaﬁea® SB, giE =M ® n.

8“:-%1()(&) dn,

€%= % kopi (90X ) dn

I, O
k = [kep) = [ 6’ ) Iq]’ (p, q) is the signature of gl .

Note that the subbundles L*, Q"< and E* of T*M are defined by

L= ann(Q @ E), Q* =ann(L @ E),

E = ann(L @ Q) = ann(H) = span{n}.



Proof

Using 1.3, 1.9, 1.10 and 2.6 we have obtain any o and any W € I'TM

(2.7) B4 W) = - dn(X,, W)
= g(W, 0X,)
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and EXW) = k,gdn(0Xg, W)
= kaBg(W, XB)

Using theorem 2.1 for any X € I'L we have,

8%X) =0,
furthermore by 1.14

6%€)=0
which implies that

0%e FQ*.

Similarly we have for any a that

€% 1",

For any o, B using 1.9 and 2.7 we have

(@) 6%(0Xp)

80X, 0Xp)
= g(Xa’ XB)
= kaB

which with 1.1 implies that

_ o B
ng_kaBB ® 6P,

ea(XB) = kayg(xa, Xy)

gIL = kaﬁga ® EB,

=84

gle=m®n.
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By 1.3 we have for all o, 3 that

dn(9X,, Xp) = g(0X, 9Xp)
—3 kaB’

andforall X, X'e I'L, Y,Y'e I'Q, Ze I'E, and W € 'TM we have that
dnX, X") =dn(Y,Y)=dn(Z, W) =0 by 1.4 and theorem 2.1.

From which using (a) and part (i) it can be shown that

dn =285 6% A €P o

For a Legendre foliation on a contact metric manifold (M, ¢, &, n, g) we call

(€% 6% 1} the local coframe of T*M induced by the contact metric structure

(9,€,m, g).

A vector field W on M is foliate if for all vector fields X € I'L the Lie bracket
[X, W] belongs to I'L, Molino [22].

Theorem 2.8 .
IfFisa Legendre foliation on a contact manifold (M, M), then the non-zero sections

of Q are not foliate vector fields.
Proof
Let (¢, &, M, g) be a contact metric structure on (M, 1). Then by theorem 2.1 for

Y#0,Y e I'Qwe have Y #0 and Y € T'L.

SoforaY e I'Q, Y # 0 we have

g(lY, 0Y], &) =2g(Y,Y) by 1.13
#0.
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This implies that
[Y,0Y] e TL. o)

Thus if Z is a foliate vector field with respect to a Legendre foliation, then Z is a
section of E® L.

2 (b). MEAN CURVATURE OF A LEGENDRE FOLIATION

For any Legendre foliation the Weingarten map in the direction of the characteristic
vector field, €, can be expressed in terms of the tensors ¢ and h. Furthermore, when
h: L — L the mean curvature vector field is a section of Q.

Lemma 2.9
For a Legendre foliation, &, on a contact metric manifold (M, ¢, &, 1, g)

A& = p_(¢h).

Proof
For any X, X' e I'L we have

g(Aé X, X') == g(vx a’ X')

= g(¢ohX + ¢X, X") by 1.35
= g(¢hX, X") by theorem 2.1.

Hence

= h).
Aé p(0h) o
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Corollary 2.10
For a Legendre foliation, F, on a contact metric manifold (M, 0, &, M, g) such that

h: L — L the mean curvature vector field is given by

T= g(Xa!XB)pQ(VXaXB)l

o) @ =1,....,n is a local orthonormal frame for L with respect to g.

For any a, B we have

g(VXaXB, 8) = - g(Xp, ané)
= g(Xg, OhX, + 0X,) by 1.35

=0 by theorem 2.1 as h: L —» L.

This implies that

o
= g(xasXB)pQ(VXaxﬁ) a

2(c). THE INVARIANTS JI, [T AND G ON A LEGENDRE
FOLIATION

For a Legendre foliation, I, on a contact manifold (M, M), Pang [2] introduced on L

a symmetric, bilinear form [ which can be defined by

(X, X) = - (L Ly ME) VX XelL.



32

Thus for any X, X' e I'L we have

X, X) =- (L Ly m)E)
- (XL, mE) - (L mX, E)) )

- {X{XM(©) - (X', &) - XX, ED)
+ (X', [X, EID)
= -n(X, [X, E]]) by 1.1 and 1.12.

Since X', [X, &]  H this shows that [] can also be written as

(2.11) (X, X)) = 2dn(X, [X, £)) VX XeTlL
=2g((£,X], 0X') by 1.3 and 1.10,

where (¢, £, M, g) is any contact metric structure on (M, M).
It is proved later that [] is symmetric. By definition [] is an invariant of a Legendre
foliation, so that its value does not depend on the contact metric structure on (M, ).

[T may be used to classify Legendre foliations as follows.

Definition 2.12
LetT bea Legendre foliation on a contact manifold (M, 1) then

(i)  Fisa flat Legendre foliation if [T=0,

(ii)  JFisanon-degenerate (degenerate) Legendre foliation if [ is non-degenerate

(degenerate),

(i) T isa positive definite Legendre foliation if IT is positive definite.
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As the value of [] doesn't depend on the contact metric structure definition 2.12
implies that though the Legendre foliation F defined by the subbundle L < H on the

contact metric manifold (M, ¢, &, m, g) is different from the Legendre foliation F
defined by the subbundle L < H on the contact metric manifold (M, ¢', &, n, ), g
and F are of the same classification.

It follows from 2.11 that a Legendre foliation can be classified in terms of the Lie
bracket [, X], where X is any tangential vector field.

Lemma2.13
Let J be a Legendre foliation on a contact manifold (M, ) then

(1) F is a flat Legendre foliation if and only if & is a foliate vector field, that is the

projection
po(l&, XD =0 ¥ Xe IL.
(i1) T is a non-degenerate Legendre foliation if and only if the projection
P&, XD #0 VXeTlL
(iii) & is a positive definite Legendre foliation if and only if
g([&, X1, ¢X) >0 : VXeTlL,
where (¢, €, M, g) is any contact metric structure on (M, 1).

For a non-degenerate Legendre foliation it will be useful to extend [] to a bilinear
form defined on TM. To do this we define a tensor, A, of type (1,1) by

(2.14) [MTAW, X) = 4dn(W, X) VXeTIL VWeTI'TM,
then

ATM —>L and thekemelof AisL®E.
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The existence of A is shown by Libermann [1], who also shows that A is a surjective'
map satisfying A2 = 0.

For any X € I'L, we will show that A satisfies
(2.15) ALE, X] = 2X.

For any X, X'e I'L we have
1
dn([g, X], X') =5 [I(X, X)) by 2.11,

and

an((e, X1, X) = 3 TIALE, X1, X) by 2.14.

Since A: TM — L this implies that

As A is a surjective map and L c kernel A, for a non-degenerate Legendre foliation
on a contact manifold (M, 1), we can use 2.15 to give a local frame of TM.

Lemma 2.16
Let F bea non-degenerate Legendre foliation; if p, SRR s Xn generate L in an
open set U of M, then Xj,........ » X €, X1,y [, X ] generate H in U.

This is proposition 2.16 of Libermann [1].

Thus if (X} =1, ... ,n is a local frame of L then {X, [€, X,], £} is a local
frame of TM.
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For a non-degenerate Legendre foliation A enables us to define a symmetric, bilinear
form ITon TM related to the bilinear form [T on L as follows

(2.17) iow, w = % AW, AW" VW, W'e I'TM.

[T will be useful in our work on non-degenerate Legendre foliations.

For a Legendre foliation, I, on a contact manifold (M, M), Pang [2] also introduced

on L a symmetric 3-form G which for any X, X', X" € I'L can be defined by

G(X, X', X") =% (XTI, X" + XTIX, X" + X"TI(X, X

2 (£X'£X£X"n £ £X,,£X£X,n)(g)]

By definition G is an invariant of a Legendre foliation, so that its value does not
depend on the contact metric structure on (M, 1n). Furthermore we will see later that

G can be used to define semi-Riemannian Legendre foliations.

A simpler formula for G is given by

GX, X', X") = % (- XTI, X - XTI, X" - X'TI(X, XY

- (X", X X €D - X [X, X781
V X, X, X" e TL.

Which is obtained from the definition of G by using the following formula

(£X,£X£X,.n)(§) =- XTI(X, X" - XIT(x', X" - X"TI(X, X9

-N(IX", X, [X, E11D)
VX X, X"eTIL.
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This is calculated as follows, for any X, X', X" € I'L we have

(Lo Loy L) =X {(Ly Ly ME@) - Ly Ly MIXED)

= X'{X{X"(&) - n([X", ED} - X"n([X, &D)
+M(X", [X, 81D} - X{X"(n(X', D) - n(X", [X, €ID)

+X"(n(X, (X, €D - (X", [X, [X', €11D)

= X'(n(X", [X, 1)+ X{n(X", [X', 1)
+X"{(n(X, [X, €D - n(X", [X, [X, E]ID)
by 1.1 and 1.12

- 2X'{dn(X", [X, &) - 2X{dn(X", [X, §D)}

- 2X"{dn(X, [X', &) - n(X", [X, [X', EN]D)
by 1.12

CXTICX, X" - XTI, X - XTICX, X0
-n({X", [X, (X, E1D)
by 2.11.

From this simpler formula for G we obtain the following altemative formula for G,
in terms of any contact metric structure on (M, 1) which we will use in later work.

For all X, X', X" € 'L we have

(2.18) G(X, X', X") = - Xg((&, X', ¢X") + g([X, [, X1, 6X")
’ +g([X, [€, X"]], $X")

where (0, &, 1, g) is any contact metric structure on (M, M).

To prove 2.18 for any X, X', X" € 'L and any contact metric structure (9, £, 1, g)
on (M, M), we first need the following relationships,

2g((€, X], ¢X") = TI(X, X") by 2.11
= [I(X', X) as [1 is symmetric
= 2g((E, X', 6X) by 2.11,
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and

(X", [X, [X, €N = - 2dn(X", [X, [X, E]D) + X" (X, [X', E]])
as X" e I'L
=-2dn(X", [X, [X, €]]) - 2X"dn(X, [X', E])
as X, [X',E]e TL
=-2{gX", 0[X, [X, €]]) + X"g(X, 6[X', E]))
by 1.3,

Then by substituting these into the simpler formula for G and using 2.11 we obtain
2.18.

2 (d). PARTIAL CONNECTIONS ON LEGENDRE FOLIATIONS

For a Legendre foliation, F, on a contact manifold (M, n), the Bott partial

163 *
connection, VL | given by 1.39 induces a partial connection V@ in Q defined by
VQ* 1 e
Xv=pQ(VXv) VXellL VvelIQ.

Let F be a Legendre foliation on a contact metric manifold (M, ¢, &, 1, g) with {X o)

o = 1,......,n a local orthonormal frame for L with respect to g and {68%, 1} the local
coframe for L*" induced by (9, €, M, g).

By evaluating the Bott partial connection on this frame and the corresponding
coframe we will obtain the following:

(2.19) G) Vg{*n .20
o
*
(i) VL 6= 0R(X,, 0X5Dks07 - 01Xy, EIM.

o



(iif) Vg; 0P = - B([X o, 0X5))ks,0".

For any o we have

o .
(V% =i(Xgdn

=-20%

hence 2.19 (i).

For any «, B and y we have

*
(V5 6P(0X,) = ((X,)d0P(oX.)
o

= 2d0P(X;, 0X.)
=- eﬁ([xay q)x'y])s

and

5

1k
(V% 89E) =((Xo)d6)E)

= 2d6P(X . €)
=- 88X, ED).

From which 2.19 (ii) and (iii) follow.
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by 1.39

by 2.6 (i),

by 1.39

by 1.39

. Lk )
The relative partial connection form ® = (0)1! ) of VL is determined by the equation

gL oP _ 0)5 mE+1 g QY
n (1)?” 0 n
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From 2.19 we have

(2.20) () B (Xo) = 0F([X, 0X5Dks,.
(i) 0B, 1(Xg) = 6F([X, ED.
(ii) (X o) = 28,

Lk . . . .
VL is flat so Q = dw + ® A ® vanishes and the relative connection form (wj!)

satisfies the equation
5 d
oM+l o wgﬂ 0 ol o

From which we get the following equations

221) @)  oflarwd; =0

n+
i)  dof + @8 red)=0.

n+1 n+1 5y —
(ii1) dcnY + (0% /\(DY)—.O.

Evaluating 2.21 (i) on X, Xg with o # B gives

0= 0! r0d (X Xp)
1
= {0¥1Xo) 021 (Xp) - 0 Xpop,1(Xg)}

= (0%(Xp, &)) - OP([X o E) by 2.20 (ii) and (i)
= (- 8([&, Xpl, 0X) + &([§, X, 0Xp)) by 2.7

1 1
=‘EH(XI3’ Xa)+5H(Xa, XB) by 2.11.
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This shows that JT given by 2.11 is symmetric. Furthermore from this we obtain

op, (X, = 68X, &) by 2.20 (i)
= Ga([Xﬁ, E)) by above
= o (Xp) by 2.20 ().

Evaluating 2.21 (iii) on Xa’ Xﬁ gives

0 = (do™! + 0} A 0 )(X,, Xp)
1
=3 1 05 (X Xp)) + 0F1(X,) @) Xp) - 0} (Xp)ao) (X}

1
=5 {- 0} ([X, X)) + 205(Xp) - 208(X ) by 2.20 (ii).

From the above with 2.20 (i) we obtain

1
(0%([Xp, 0Xg) - OX[X, OX 5Dk Xy = 7 Y I([X g, XX,

= [XQ’ XB]
by 2.20 (iii), as L is completely integrable.

Using 2.7 this can be shown to be equivalent to

Let ®: L — Q™ be the isomorphism defined by

1
B(Xg) = 5 i(Xg)dn

=- 9%
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It follows that @ Q* — L and is defined by

-1:q 0
% = - X,

Now let VL be the partial connection on L defined by

V;‘(X' = d)“oV?: o®(X') VX XeTlL.

Hence for any o, 3

Sk
(2.23) VL Xa= 1oV o d(Xp)
Xo B X, B

— .oy QB
() OVXae

= & (0P([X o, 0X5Dkey0") by 2.19 (iii)
=- 0P([X 5, 0X5Dkgy X,y

It can be shown (see Pang [2]) that VL is torsion free and has curvature

(2.24) RE(X,X)X" = TI(X', X)X - TI(X, X)X’ VX X,X"eIL.

Thus if & is a flat Legendre foliation then Rl = 0, so the leaves of a flat Legendre

foliation have a natural flat affine structure.

Theorem 2.25

Let T be a Legendre foliation on a contact manifold (M, 1) of dimension 2 5 then

RN =0ifand only if F is a flat Legendre foliation.

Proof

Suppose RL = 0 and [T # 0, then there exists X € I'L such that [T(X, X) = 1 and as
the dimension of (M, 1) is 2 5, L is of dimension 2 2 so there exists X' # 0 e 'L
such that [I(X, X') = 0.
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For this X, X' we have

RMX, X)X = [IX, X)X' - TI(X, X)X
=X'# 0.

Thus RE =0 = [T =0 = F is a flat Legendre foliation. a

2 (e). UNIT COTANGENT BUNDLES

An important class of examples of Legendre foliations comes from the unit cotangent
bundles which we will now investigate.

Let M be a (n+1)-dimensional manifold. Then the cotangent bundle T*M is a (2n+2)-
dimensional manifold, with a symplectic structure defined by the canonical 1-form
‘¥, which has local expression

A= yldxl

where (x;, y;) denote the local coordinates on T*M induced from the local
coordinates (x;) on M.

Let F be a function on T*M which is homogeneous of degree one, that is

F: T"M >R and F(v)=tF(v) Vve T*M,VteR.

We now define the unit cotangent bundle, S;M, by
SEM = F-1(1).

S;M, is a subbundle of T*M. It is also a (2n +1)-dimensional contact manifold, with

contact 1-form 1 given by the pull-back of the canonical 1-form ¥ on T*M.
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In local coordinates we have
(2.26) (1) n= yidxi.

OF & _ OF 9

Gy & =

The foliation given by the fibres of the projection map
*
p:SgM—->M

is a Legendre foliation. We call this foliation the Legendre foliation S}’F on S;M.

Two Legendre foliations 51 and 52 on contact manifolds (M, n;) and (M,, n,)
respectively are equivalent if there exists a diffeomorphism p: M; — M, satisfying

the conditions
p*n, =1, and p*d, =F,

where p*gz is the foliation of M; whose leaves are inverse images under p of the
leaves of 5‘2.

Theorem 2.27
Any Legendre foliation is locally equivalent to one of the form E}F. The foliation .“}'F
is called the normal form of .

This is the normal form theorem of Pang [2].

Since F is homogeneous of degree one, we have on T*M that

(2.28) F=y.F. and y.F

i iij

=0,



2
where Fi = ..Q_F_‘.’ Fi' = 0“F '
ayi J ayian

Since F =1 on S;M for the Legendre foliation gp we have

(2.29) dF(X) = Fydy;(X) = 0 V XeIL.

This implies that the tangent bundle of gF is given by

L = {a;— | Fa. = 0}

and the normal bundle N is given by

_ TSgM
N=—p

= span{aixi}.

So we get a natural decomposition of TS;M as
(2.30) TSfM=L® N

0 0
= {E-lia_yi | Fa; = 0} @ span{aT}.

1

Pang [2] defines 1 on a Legendre foliation of the form 51; as

and proves in proposition 3.3 that it is equivalent to the definition of [T we have
givenin 2 (c).
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Now since, see Pang [2] page 442,

1
L F2).. dv- = (E-F-+ FE..) dv ;
5 (F2);;dy; ® dy; = (F;F;+ FF;)) dy; ® dy;
= F;dy; ® dy, by 2.28 and 2.29,

we get the following alternative definitions of [ for a Legendre foliation gp on S;M.

(231) IT =F;;dy; ® dy;
1

1

In the following example we give a Legendre foliation on a unit cotangent bundle of
R3 and introduce two different contact metric structures. Then we examine the
properties of the resultant non-degenerate Legendre foliations on the different contact
metric manifolds.

Example 2.1: Non-degenerate Iegendre foliation on a unit cotangent bundle
Let

M =R3
= {(x]» X9, X3)) | x;€ R}

and consider the function F: T*M — M defined by

() - ()’

Foxy) = 73

yz3# 0

0 otherwise.

Then

SEM = F-1(1)
= {(x15 X9, X3, Y1, Y2, ¥3) | ()/1)2 - (Y2)2 =y3).
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So by 2.26 (i) and (ii) we have

n= yldx1+ y2dX2+ }’3dK3

Let gp be the Legendre foliation given by the fibres of the projection

D S;M — M.

By 2.31 we have

Il

F,.dy; ® clyj

= 52 {ysdy, ® dy,; - y,dy; ® dy; - y3dy, ® dy,
3

+ y,dy, ® dy; + dy; ® dys - ydy; ® dy, + y,dy; ® dy,}.

Hence [] is non-degenerate so 91: is a non-degenerate Legendre foliation.

The tangent bundle, L, of F¢ is given by

L = span{X;, X,}

where
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0 0

As (yl)2 - (y2)2 =y and y5 # 0 everywhere on S;M, X, and X, are well defined,
global vector fields on S;M.

In (a) and (b) below we give two different contact metric structures for (S;M, mn),

and investigate the non-degenerate Legendre foliations defined by L.

(a)

We introduce a contact metric structure (¢, &, n, g°) for (S;M, M) so that L
defines a non-degenerate Legendre foliation 510: of (S;M, 0% 18 m, s

Let Q be the subbundle of H given by Q = ¢°L where ¢€ is the tensor of type
(1,1) given by

0 0 0  -y; 0

0 0 0 0 y3 -y

o il O 0 0y -y, -l
v3) (v3)’ 0 2Y1(y3)3 o 0 0

0 ()’ 23,3 0 0 o0
_zyl(h)a 23’2()'3)3 4 Y3)4 o 0 0

Thus
_2f, 9 9 9
Y, = 0%,



48

Furthermore let g€ be the semi-Riemannian metric defined by

1
qu:Z

1 0 2y

gc| = % 0 -1 2y2 dxi ® de,
2y, 2y, 4y3

glle=n®n,

g=0 elsewhere.

o o £
It can be shown that (¢%, &, 1, g°) is a contact metric structure on (SgM, M),

with {X;, X5, Yy, Y,, £} an orthonormal frame for TSEM with respect to
c

[

Calculating the Lie brackets we get

(X1, X,]1=0 ' [Y,. Y,]1=0

[Xl’ i] =1 2Y1 [Xz, §] - 2Y2
[Y1,81=0 [Y,, &1 =0

[Xy, Yi1=-3V2Y, +2¢ (X}, Yyl =-V2Y,
[X,, Y1 =-2Y, © [Xp Yol =V2Y, - 28,

So L defines a non-degenrate Legendre foliation 5; on the contact metric
manifold (SEM, ¢¢, &, 1, g°).



(b)

49

By calculation we have fora =1, 2

h®X, =X, and Y==Y.
Also by calculation we have
VXaXB = for any o, .

Which implies that F IC: is a totally geodesic Legendre foliation.

It can also be shown by calculation that

VY1Y1 =-3\2X, and VY2Y2 =N,

. . U ] *
We now select a different contact metric structure (¢, &, 1, g") on (SgM, M)
and use L to define a non-degenerate Legendre foliation 51: on the contact

metric manifold (S;M, o', € M, g).

Let Xi and X,Z be the global vector fields defined by

x;:[ﬁa o Bt ng
y3 9y; y3 9y, dy;
vty

‘\/5}’.3
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Note that L = span{X;, X,} = span{X;, X;} and that {X;, X,} is an
orthonormal frame of L with respectto g', where g'is the semi-Riemannian

metric defined by

y3 0 -y

ghh=10 =-y3 vy, [dy; ® dyj.
31 Yo 1
; 1 0 2y,

g’lQ-= 4—),3 0 -1 2y2 dXi ® de,

2y; 2y, 4y
g'lE = T\ ® n1
g =0 elsewhere,

and where Q' is the subbundle of H given by Q = ¢'L and ¢' is the tensor of
type (1,1) given by

0 0 0 0 2y; 2y,

¢' =
I W B 0 0
2y3 ¥3
L 0 0 0
2y3 Y3
RIS 2 0 0 0




Thus

Y) =0

)
b 2()’13—)(1 Y e

Y- 0%,

d
= {—yza + hE

51

NO 5 *
It can be shown that (¢', €, M, g') is a contact metric structure on (SgM, M),

with (X, X5, Y., Y, £} an orthonormal frame for TSEM with respect to
1> X2, Xp» X3, € F

2.

Calculating the Lie brackets we get

1 ] 2 1
(Xp, %] =- 3

] I (]
Xy, El=-—= Y
[ 1@] (Y3)2 1
[Y;.€1=0

1 l_-i— '
(X1, i) =- 3 ¥ 408

' 1 1 1
0%, Y =-3- Y

[Y;, Y51=0

[ ]_ 1
Xy El=-—7 Y
[ 2 EJ] ()’3)2 2
[Y,,E1=0

' ' 1 '

[X5, Yol = ;1; Y, -2,

So L defines a non-degenrate Legendre foliation ‘C}F on the contact metric

manifold (SgM, ¢', &, 1, g).

By calculation we have for o = 1, 2

1 1 1
h'X_ =- X
o 2(}'3)2 o




Also by calculation we have

T T ¢ P
V |X =_X, V 'X =1 PP E)
X2 2 y3 1 X2 1 y3X2

Which implies that 51'; is a totally geodesic Legendre foliation.

It can also be shown by calculation that

] ] ]
VY{Yl = - Y1 X and \%

SV
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CHAPTER 3. FLAT LEGENDRE FOLIATIONS

In this chapter we investigate the properties of flat Legendre foliations and give some
examples of these foliations.

Among the possible contact metric structures on a contact manifold which carries a
flat Legendre foliation we identify a canonical contact metric structure and show that
with this structure the contact manifold is Sasakian.

We know by lemma 2.13 (i) that a Legendre foliation & on a contact manifold (M, 1)

is a flat Legendre foliation if and only if € is a foliate vector field, that is [X, &] € TL
for all X € T'L. We also know that if J is a flat Legendre foliation then RL = 0,

where Rl is the curvature of the partial connection VL defined in section 2 (d) and is
independent of any contact metric structure on (M, n). Thus the leaves of a flat

Legendre foliation have a natural flat affine structure.

For a contact manifold (M, M) there exist local coordinates (X 4, ¥, 2) such that, (see
Blair [3]),

1
n=s (dz - ydx,,
Also, for a p-dimensional foliation F on a n-dimensional manifold M there exist local

coordinates (x;, yj), i=1,...,q9 Jj=1l....,p, where q = n - p, such that the
foliation is locally defined by x; = constant, i = 1,......, q, (see Molino [22]).

A Legendre foliation F on a contact manifold (M, 1) has both the contact metric
structure and the foliation structure. Thus there exist local coordinates (xa, Vs Z)

such that

1
n=3 (dz - y,dx,)



54

and there exist local coordinates (Xa’ y('l, z') such that the foliation is defined by

x', = constant, z' = constant. In general these natural local coordinates do not

coincide, but they do for a flat Legendre foliation as the next theorem shows.

Theorem 3.1
Let 7 be a Legendre foliation on a contact manifold (M, n). Then & is a flat

Legendre foliation if and only if there exist local coordinates (X, Y, z) such that

) 1
(1) n=5 (dz - yodxg)-
(i1) The foliation is locally defined by z = constant, X, =constant.
Proof

Let F be a flat Legendre foliation then by theorem 4.1 of Pang [2] there exist local

coordinates (X, Y, 2) such that (i) and (ii) are satisfied.

Suppose there exist local coordinates (xa, Yoo 2) such that (1) and (ii) are satisfied

then

d

where X =2——.
o aya

Thus for any o the Lie bracket

_ |29 L9 | .
[Xo- &] = [25, 2ayJ =0

hence J is a flat Legendre foliation by lemma 2.13 (i). ol

Theorem 3.1 shows that all flat Legendre foliations are locally equivalent.
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From the natural local coordinates given by theorem 3.1 we can derive a contact
metric structure which is Sasakian.

Theorem 3.2
Let J be a flat Legendre foliation on a contact manifold (M, 1) then there exists a

contact metric structure (¢S, &, mn, g such that (M, ¢, &, 1, g is a Sasakian
manifold.

Furthermore for this Sasakian structure
L i} s ' '
VXX-VXX VX, XellL,
where V is the Levi-Civita connection of g©.

Proof

By theorem 3.1 for any point m € M there exists an open neighbourhood U of m
with local coordinates (X, ¥, 2) such that

(a) n= % (dz - yudxa).
0

(b) Xy = 2 where L = span{Xa}.
9y,

Let (¢, &, M, g,) be a contact metric structure on U defined by

| *Ya¥p O Vo

gu = Z 0 SaB 0
“Ya 0 1

0 8y O

(bu = _SaB O 0
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(X & M g is a Sasakian structure on U, (See Yano and Kon [16] page 276.).
So we can find an open cover {US} s € I of (M, M) such that (Cps, E gs) is a

Sasakian structure on Ug, thus (¢¢ = Use1 0, &, M, g°= Use1 g¢) is a Sasakian

structure on M, by lemma 1.15.

It can be shown that

d
X, = 2—
{ * E)ya}

is a local orthonormal frame for L. with respect to g€ therefore

Y 9
{‘DCXOL = 2(8)(& * Vo azj}

is a local orthonormal frame for Q = ¢°L with respect to g°.

Calculating the Lie brackets for any o, 8 we obtain
[Xg Xgl =0 o [0°X g, 6°X ] =0
[Xq &1=0 [0°Xq €1 =0
[X ¢CXB] = 28{1[35,.

From these Lie brackets it is easily seen for any o, P that

Vo, Xg=0.
X, B

Furthermore from 2.23 for any o,  we have that

VL X.=0.
X8
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Thus

L v [ '
VXX_VXX VX, XeTIL.

Therefore we have that
R(X, X)X" = RK(X, X)X" =0 vV X X, X"eIL,

where R is the curvature tensor field of g€. Hence the leaves of a flat Legendre
foliation on the Sasakian manifold (M, ¢¢, &, n, g°) are flat.

We call the contact metric structure, (¢¢, &, n, g°), given by theorem 3.2 the
canonical contact metric structure of a flat Legendre foliation and (M, ¢%, &, n, g°) is
the canonical Sasakian manifold of a flat Legendre foliation. Note that g€ is a
Riemannian metric since it is positive definite.

For a flat Legendre foliation there are many other contact metric structures, but as &

is a foliate vector field they must all satisfy the following lemma.

Lemma 3.3
LetT bea Legendre foliation on a contact metric manifold (M, ¢, €, 1, g) then Fis
a flat Legendre foliation if and only if there exists an associated (n + 1) - dimensional

foliation F on (M, ¢, £, 1, g) defined by L @ E.

Proof
By Frobenius Theorem L @ E is the tangent bundle of a foliation if and only if
L @ E is completely integrable.

As L is the tangent bundle of the Legendre foliation & it is completely integrable.

Thus as E is a line bundle we have that L @ E is completely integrable if and only if

[X,E]le LOE VXel.
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Asforany X € L, [X, &) € Hby 1.12 we have that

[X,E]e LOE VXel,

if and only if £ is a foliate vector field of F. That is by lemma 2.13 (i) if and only if
F is a flat Legendre foliation. o]

The local coordinates of a flat Legendre foliation with an arbitrary contact metric
structure can also be defined.

Lemma 3.4
Let 7 be a flat Legendre foliation on a contact metric manifold (M, ¢, &, n, g) then

there exist local coordinates (x z) such that

o’ y(X’

E= span{éa-z—} ! = span{aaTa} I Q =span{Y,)
where
d d 0
Y. = £ -
% 0x,, T lop ayB T Ya 0z

and faB = fBa are functions on M.
Note: { Y, } need not be a local orthonormal frame for Q with respect to g, that is Y,
need not satisfy Y, = X, where {X} is an orthonormal frame for L with respect

to g.

Proof
Let (X4, Yo 2) be the local coordinates given by theorem 3.1.

From theorem 3.1 (i) we have

ih
n=s (dz - y,dx,).



This implies that
1
dn =- 5dyg A dxg, and
Thus we have
0
E= span[a—Z }.

Furthermore theorem 3.1 (i1) implies that

8}'

L= span{W
o
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F’ZZE'

We now define a local frame {Xa, e £} of TM, which need not be an orthonormal

frame of TM with respect to g.

Let X, = %, note that while {X,} need not be an orthonormal frame for L with
a

respect to g, it is a local frame of L.

Let

6% = - 7 (i(X)dn)
1

.. d

d dx
(I(Wa) Y A B)
dx

.a.

IS N

Clearly (6%} is a local frame of Q* = ann{L @ E}.

Define local vector fields Wiprowslosgsin by

P 2 5
Yo = X, *lop dyg T Ve,

for some functions faB'
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Then for any o, we have

1 d ) 0
a(y,) = E(dz - dexY) F + faﬁa + Yom

Ve~ Yo

= el

b

which implies that Y, € H, for any c.

Furthermore for any o, B we have

g b g O 5 o
4 oxg By 9y, Yo7,

1
7 Sap;

eﬂ(Y

B) 1 0 0 )

which implies that Y , € L, for any o.

So there exist functions fonB such that Ya € I'Q. Thus Yojpmmiem AN linearly

independent vector fields that span Q.
faB = fBa as for any «a, 3, we have

0=dn(Y, Yp)

1
= —E(de A de)

d 0 d 0 ) 0
—+ f

— + g e i fo ——— ==
0X, ad dys Yo, axB Pe 0y 4 F”

1
=7 (fop - fpo .

Clearly

[Ya,aa—ﬁ], [Y,, %], [Ye Yple LOE.
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Furthermore when fOlB =0 for any o, B and g is a Riemannian metric with
(X =2X,) alocal orthonormal frame of L with respect to g then (M, ¢, £, 1, g) is
the Sasakian structure given by theorem 3.2 and ¢X_, = 2Y .

The following theorem gives a family of flat Legendre foliations on contact metric
manifolds which are not Sasakian.

Theorem 3.5

If (M, ¢, &, M, g) is a contact metric manifold such that the curvature tensor field R
satisfies

(1) R(E, W) =0 VWe I ITM.
(ii) R(X, X")¢ =0 V X, X' e D(-1).

Then D(-1) defines a flat Legendre foliation, where D(-1) is the distribution defined
by the -1 eigenspace of h as in theorem 1.36.

Proof
For any X € D(-1) we have

Thus for any X € D(-1) we have

(a) VX§ =- ¢X - 6hX by 1.35
= - 0X + 0X
= 0.

To show that D(-1) is completely integrable, we note that for any X, X' € D(-1)

0 = R(X, X')E
= VeV 6- VeV 8- V[x, X'] S
o[X, X'] + 0h[X, X'] by (a)and 1.35,
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and

pe([X, X)) = g([X, X'], §)
= g(X, Vx- &) = g(xls VX &)
=0 by (a).
From the above we obtain
¢h[xa X|] =- ¢[Xs Xl]

=  ¢2h[X, X' =- 02X, X']

=  h[X, X]=-[X, X by 1.2 and 1.33 as p((X, X']) = 0.

Thus we have

[X, X'] € D(-1) VX, X' e D(-1).

Hence D(-1) is completely integrable. Furthermore by theorem 1.36 D(-1) is a n-
dimensional subbundle of H, thus D(-1) defines a Legendre foliation F on
M, ¢,&,m, g).

F is flat as for any X € D(-1) we have

0=R(X, &%

= VxVe s VeV 5 Vix g

= 0[X, &] + ¢h[X, &] by 1.28, (a) and 1.35.
Therefore by 1.2, 1.12 and 1.33 we have
h(X, €] =- [X, £]
which implies that

[X, &) e D(-1) V X € D(-1).
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Thus & is a foliate vector field so J is flat by lemma 2.13 (i). Q

In the following we give an example of a contact manifold and introduce five
different contact metric structures on it. We then define a Legendre foliation on each
of the resultant contact metric manifolds, show that they are all flat Legendre
foliations and examine their properties.

Ex le 3.1 : Flat Legendre foliation
Let

M =R3 - {y, axis)
= {(X], X2, y]: )’2, Z) ‘ Xi, yp zZ€e Rs )’1 # 0}

and
1
n=s (dz - y,dx- y,dx,).
Then we have
1
dn=- 3 (dyyA dxq +dy, A dx,)
which by calculation gives

nAa (dT])2 = - % (dxyAdx,y A dy, A dy, A d2z)

# 0 everywhere on M

thus (M, 1) is a contact manifold.
Consider the vector fields

)
X1 = 23),—1 and Xy =25—.

These are global vector fields and belong to H the contact distribution of (M, 1).
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Let L be the subbundle of H given by

L = span{X|, X,}.

L is a completely integrable 2-dimensional subbundle of H therefore L defines a
Legendre foliation on (M, ). This is a flat Legendre foliation as the coordinates
(X1, X9, Y15 Y2, 2) satisfy (i) and (ii) of theorem 3.1. We now define five different
contact metric structures on (M, M) and use L to define a Legendre foliation on each

of the different contact metric manifolds.

(a) Let (M, ¢¢, €, N, g°) be the canonical Sasakian manifold given by theorem
3.2. Thus (¢, &, , g°) is given by :

i : )
+(y1)” vz 0 0 -y,
2
| oy 1+ (v2) 0 0 Y2
g — =
g 4 0 0 1 0 0
0 0 0 1
| N ~¥2 0 0 1 ]
0O 0 1 0 O
O 0 0 1 O
el 8 a @ o
O -1 0 0 O
I 0 0 Y1 Yo O_
9
&= 282'
Hence
Y§ =96, Y5 =0°X,

d d d d
= 2(3x—1 + Y137 = 2(3x—2 +Y23,)>



(b)
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so (X, X,, Y§, Y5, £} is an orthonormal frame for TM with respect to g°.

Calculating the Lie brackets we get

(X1, X,1=0 [Yf,Y5]=0
[le El=0 [XZ’ E1=0
[Y§, 8] =0 Y5, &)= 0
(X1, Y§1=2¢ (X1, Y51=0
[X,, Y{1=0 [X,, Y§] = 2€.

Thus L = span{X,, X,} defines a flat Legendre foliation F° on the Sasakian
manifold (M, ¢S, £ 7, g°). It can be shown that F “ is totally geodesic.

We now select a different contact metric structure (¢, &, 1, g) on (M, m), so
that L defines a flat Legendre foliation F on M, ¢, &, n, g).

Let (¢', €, n, g') be the contact metric structure given by

5 .
1+(y1) +22 Y1¥s z 0 -y
2
|2 ) e 02—y,
g = 7 z 0 1 0 0
0 z 01 0
I -y ) 00 1
Ml =2 0 1 0 0]
0 z 0 1 0
o' = ~-1-22 0 -z 0 0
0 -1-22 0 -z 0
| ¥z Y22 Y1 Yo O]
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Thus we have

S I i SCWN
:2(E-za—y1+ yla—z) :2(a—x2-za—y2+ y2$)
=‘-ZX1+Yi: ='ZX2+YS,

so {X;, X,, Yl' , Yz', €} is an orthonormal frame for TM with respect to g'.

Calculating the Lie brackets we get

[X],X5]=0

(Y], Vo] =2y,X; - 2y1X,

(X}, 81=0 (X2, 81 =0
[Y; . &) =2X, [Y;, €] = 2X,
(X, Yy1=28 (X1, Y51 =0
[X5, ¥;1=0 [BX5: Yoly="2E.

Thus L = span{X;, X,} defines a flat Legendre foliation F ' on the contact
metric manifold (M, ¢, €, M, g). It can be shown that F'is totally geodesic.

By calculation fora =1, 2

hence (M, ¢, &, 1, g is not a K-contact manifold.

We now select a different contact metric structure (¢", &, 1, g") on (M, 1),
so that L defines a flat Legendre foliation F" on M, 6", €, M, g".

Let (¢",&,m, g") be the contact metric structure given by



1+ (y,)” +(y2)’
g = ) Y2
0
& _yl
_ . .
0 Y1
' 2
0" = |-1-(y,) 0
0 —l—(y1)2
Y1¥2 Yi¥Y2
0
§=23;
Thus
Yy =X,

) d d
= 2(3—,{1 “Yogy, * Y137
=- Yoy ® Y]

Y1Y2 y 0 -y
2 2
(y1) +()’2) 0 v -y
0 1 0 0
1 0O O
0 1 0
i ¥y 0]
Y; =0X;

d d d
= 2(&; “Yigy, * Y23,
=-le2+ Y%,
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s0 {Xy, Xy, Y7, Y, &) is an orthonormal frame for TM with respect to g".

Calculating the Lie brackets we get

[X1, X,]1=0

[Y], Y51 = 2y,X, - 2y,X;
(X, €E1=0

[Y], & =0

(X}, Y71=28

[X,, Y;1=-2X]

(X, €] =0

[Ys E1=0

(X1, Yol = -2X,
(X2, Yal =28
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Thus L = span (X, X,} defines a flat Legendre foliation F" on the contact

metric manifold (M, ¢", &, n, g"). F" is a harmonic but not a totally geodesic

Legendre foliation as

Vy X1 =0

Furthermore we have
Vi, Yo~ Ha- iy

Vg, Y1 =%~ ¥
Thus

which shows that

By calculation we have

h"W =0

Vighodl 224731,

A Y, X, =- pL(Vx1Y§)= X,

VWeIlTM.

hence (M, ¢", &, M, g") is a K-contact manifold.

But (M, ¢", €, 1, g") is not a Sasakian manifold as

NU(Xy, Xp) = - [X), Xo) + (07X, 9"X,) - 9"[0"X,, X))

- 0"[X;, 0"X,)



69

d) We now select a different contact metric structure (¢, €, 1, g) on (M, 1), so
that L defines a flat Legendre foliation & on (M, ¢, £, 1, g).

Let (¢, &, M, g) be the contact metric structure given by

™ 2
1+(y1) Y1Y2 0 0 _yﬂ
2
| 2 -1+(y2)” 0 0 -y,
= = 0 1 O 0
g 4 0
0 0 0 -1
0 0 1 0 O]
o 0 0 -1 0
o = -1 0 O 0O O
o 1 O 0O O
0 O 1 "Yz 0_
0
£=23;

It can be shown that (¢, &, 1, g) is a Sasakian contact metric structure.

Thus
g ¢X5 d e d )
=23, * Y137 =-25x,* V232"
= Y$ =-Y5§,

o) {Xl, X5, Yy, Y5, £} is an orthonormal frame for TM with respect to g.
Note as g(Y,, Y,) =-1, g is not a Riemannian metric.
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Calculating the Lie brackets we get

(X, X,1=0 (Y, Y,5]=0
(X}, €] =0 (X, £] = 0
(Y, E1=0 [Y,,E1=0
(X, Y] =28 (X}, Y,] =0
(X, Y;]=0 (X, Y, = - 2¢

Thus L = span{X,, X,} defines a flat Legendre foliation J on the contact
metric manifold (M, ¢, €, 1, g). It can be shown that Fis totally geodesic.

We now select a different contact metric structure (¢#, €, , g#) on (M, ),
so that L defines a flat Legendre foliation F* on M, o#, &, m, gh).

Let the subbundle L# c H be given by

d d
X} =2yyn— X8 =2y;=—
1 Ylayl 2 Ylay2
=¥1X; =y1X2
Let the subbundle Q# c H be given by
#_2 .0 0 4_2 .0 90
Y= ylz(axl Y13 Wis yi (8x2 + Y257
— _YC = —Y¢S
Y1 1 Y1 2

Then {X#, X#, Y#, Y’z‘, £} is an orthonormal frame for TM with respect to
the metric g# defined by

B o= lgc, o#|

Q¥ = (yl)zgc’

Nn® n and g*= 0 otherwise.
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Let ¢# be the tensor defined by

¢#X§ = Yf;, ¢#Y# = - X# O*E =0 for oo =1, 2.

Then (¢#, €, ), g#) is a contact metric structure on the contact manifold
(M, n).

Calculating the Lie brackets we obtain

(X X5 =X (Y%, Y4 =
(X}, &1=0 (X4, €1=0
(Y] &= [Y4 &1 =0 |
(X{, Y] =- 2Y# +28 (X%, Y81 =- 2v4 |
(X5, Y4 =0 (X4 Y =- 2t |

Thus L = span{X#, Xg} = span{ X, X,} defines a flat Legendre foliation
F* on the contact metric manifold M, ¢o#, &, m, gh).

Furthermore by calculation

Vk?x?=2x? Vi X§=2x4

V§§X§=O VLgXZ—Q
and

VX#X#=0 VX?X§=0



2

Thus

VL. X% 2V_. XE
X# P x# B

From above we can show that RL = 0 but we have

# oyw# \Wv# — #_ # _ #
- # #
u VX"{ 2X7 - szg X3
=4X% #0.
Hence the leaves of F* are totally geodesic but not flat.
Furthermore by calculation we have
h#W =0 ' VWeITM.

hence (M, ¢#, €, n, g#) is a K-contact manifold.

But (M, ¢#, €, 1, g#) is not a Sasakian manifold as

NIxE, x8) =- (xt, X8 + [0#X%, o#XE] - o#[o#XE, X3]
- o*[X%, 9#X5)
_=4xg¢a

Example 3.1 (e) shows that the second part of theorem 3.2 can not be generalized to
a flat Legendre foliation on an arbitrary contact metric manifold (M, ¢, &, 1, g).
Therefore the leaves of a flat Legendre foliation have a natural affine structure given
by VL but they need not be flat.
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CHAPTER 4.NON-DEGENERATE LEGENDRE
FOLIATIONS

In this chapter we investigate the case where [] is non-degenerate, giving non-
degenerate Legendre foliations. The properties of a non-degenerate Legendre

foliation will be investigated and examples given.

Among the possible contact metric structures on a contact manifold which carries a
non-degenerate Legendre foliation we identify a canonical contact metric structure
and show that it is unique. The properties of the canonical contact metric structure
and those of the family it belongs to will be investigated. Then the corresponding
canonical connection will be defined and its properties given.

4 (a). THE CANONICAL CONTACT METRIC STRUCTURE

Let F be a Legendre foliation, not necessarily non-degenerate, on a contact manifold
(M, m), then the subbundles H € TM and L < TM are fixed and known. But the
subbundle Q = L c TM is determined by the contact metric structure (9, &, m, g). A
different contact metric structure (¢', &, 1, g) on (M, ) may give a subbundle
Q'=0'L < TM different from Q. Hence the Legendre foliation F defined by L on
the contact metric manifold (M, ¢', &, 1, g') is different from the Legendre foliation
T defined by L on the contact metric manifold (M, ¢, &, n, g). But as [ is not

determined by the contact metric structure F and F will be of the same

classification.

Alternatively for a contact manifold (M, mn) with a completely integrable n-
dimensional subbundle L < H, and a contact metric structure (¢, £, 1, g) L defines a
Legendre foliation on the contact metric manifold (M, ¢, &, 1, g). Now we fix gl
and generate a different Legendre foliation defined by L. Let {X,} be a local
orthonormal frame of L with respect to gl; then {¢X} is a local orthonormal frame
of Q = span{¢X,} with respect to gly- For some functions ¢, on M we define a
contact metric structure (¢', &, 1, g) where ¢' is defined by
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(a) 0'Xg = 0X o + CoXop 00X ) = - Xop € =0,
and g' is defined by
(b) g0 X 0'Xp) = g%, Xp) = 28X Xp)
g'(Xg, 0'Xp) = g%, &) = g%, &) = 0.
Note: TM = span{X, 9'X, £} = span (X, 0X,, &).

A series of straightforward calculations shows that (¢', &, M, g') is a contact metric
structure. For example for any o, B we have

i) 02(0'X ) = 0'(9'(9'X ) = - ¢'X,, by (a).
(i) dn(Xq, 0'Xp) = dn(X,, 0Xg +cpXp) by (a)
=dn(Xy, 0Xp)  asdn(X,X)=0,VX,X'e I'L
=- g(X XB) by 1.2 and 1.3
=g (X - Xp) by (b)
= g(Xq 0'(0Xp)) by (a).

Note: Q' # Q unless ¢, =0 for all o as -

Q' = span{¢'X )
= span{¢X, + ¢ X}

Hence if Cou # 0 for some o, L defines a Legendre foliation 5' on M, ¢',&,mn, g)
different from the Legendre foliation F on M, 0, &, n, g), since (M, ¢, &, 1, g) and

M, ¢', €, m, g) are different contact metric manifolds.
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In example 3.1 of chapter 3 the contact manifold (M, n) and the subbundle L of TM
are fixed and the contact metric structure is changed to give Legendre foliations on
different contact metric manifolds. Note that

gl =gl =g"l_ =dy; ® dy, + dy, ® dy,.

For a non-degenerate Legendre foliation F on the contact manifold (M, n) IT is a

non-degenerate, symmetric, bilinear form on L so we can use [] to define a semi-
Riemannian metric on L, which can be extended to a contact metric structure on
(M, M) using the tensor A. Furthermore by fixing the semi-Riemannian metric on L

we can define a family of contact metric structures. Then from this family we pick
out a particular contact metric structure, (¢¢, £, 1, g€), which we call the canonical

contact metric structure of the non-degenerate Legendre foliation.

Lemma 4.1
Let F be a non-degenerate Legendre foliation on a contact manifold (M, 1). Then

there exists a contact metric structure (¢, £, 1, g) on (M, 1) with

I_1
S'L =gl

Proof

We build up a contact metric structure (9, §, n, g) for (M, 1) with gl, = %1'[. Let

{Xa}, U= | N , n, be a local orthonormal frame for L with respect to —}4—1_[,
choose a local frame {Y,} of HN L', where
(a) LAY, =X,

o

Aisdefinedby2.14,andL'= {(We TMIW ¢ L } is the complement of L.

Let Q=span{Y,} so

AQ: Q — L is an isomorphism.
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Let (0, &, 1, g) be a contact metric structure for (M, 1) such that
1
(b) gl =711
(c) Y, =0X, YV .

These conditions define the contact metric structure (¢, &, M, g). From (c) we have
for any o that

A(9X,) =AY,
=X, by (a),

which implies that
(A0)l, = identity on L.
Thus

ol = (JUQ)'l.

Also by (c) we have for any o that

oYy = 0(0X,)
= X(l by 12
=-AY, by (a).
Thus
0l = - Mg,

Furthermore for any a, f we have
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1
= 11Xy, Xp)

by (b)
3
= TI(Y,, Yp) by 2.17
= H(‘Dxa’ q)X a) by (C)
Thus
glo= l'Ilq.
Hence a contact metric structure (¢, &, 1, g) with gl; = %l'[ can be defined by
42) gl =11 il ol = gL
ge=n®n & =0 otherwise
g=0 otherwise. a

Note: (9, &, M, g) is not a unique contact metric structure on (M, M), for example

choose the local frame of H m L' given by {Y('x =Y, + X} and define a subbundle
of Hby Q' = span{Y('l}. Then for any o0 we have

|

MY, = MYy + Xy

I
>
=

as the kernel of L is L @ E
=X

So replacing Q by Q' in 4.2 gives another contact metric structure (¢', & M, g') of
M, ).

LetT bea non-degenerate Legendre foliation on (M, M). The collection of all contact

metric manifolds having gl; = %I_I is called the canonical family of contact metric

structures for (M, &). Furthermore for any non-degenerate Legendre foliation we
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can obtain an invariant formulation for [] from the coframe, {€% 6% n}, induced

by any contact metric structure (¢, §, M, g) with gl, = %l'[.

Lemma 4.3
For a non-degenerate Legendre foliation F on the contact manifold (M, i)
IT=kop 6% ® 6P
where 0% = - % 1(Xdn, {Xa} o = 1,......, n, is a local orthonormal frame for L

with respect to %H, and

I
k= [kaB] = [ 0p i ?q] and (p, q) is the signature of [].

Proof
Let (¢, & 1, g) be a contact metric structure with gl; = %I'[ given by 4.2 and let

(€% 6% n) be the local coframe induced by it. Hence

Ig=glg by 4.2

= kop 0% ® OF by lemma 2.5 ().
Let {Xa} o = l,......,n, be a local orthonormal frame for L with respect to %I"[ and
= % 1(X,)dn. Then 8%is the local coframe of Q* = ann{L @ E} induced by any

contact metric structure (¢, €, M, g) with gl; = iﬂ hence

M=k, 6°® 6P, o

There are several equivalent definitions of the canonical family of contact metric

structures defined by gl; = %H.
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Lemma4.4
Let F be a non-degenerate Legendre foliation on a contact metric manifold

M, ¢, £, M, g). Then the following are equivalent

i g =311

i) pLu(lE, X]) = p(&, X] vXell
= 20X.

iif) dlg=- Mg

Proof

(i) < (i) follows from 1.12 which shows that the projection

pLUlE, X]) = pI&, X]) vV X e I'L,

and 2.11 which states that for any vector fields X, X' tangent to the leaves of F we

have
(X, X) =7 g(l&, X1, 6X)
=g(-%¢[é, X], X" by 1.10.
Hence
gl =411 g(X, X) = g(- 3 0l8, XJ, X)

pu(- 5 018, X]) = X
op[€, X]) =-2X by theorem 2.1
PQ([Q X)) =20X since X € T'L.

g8 ¢ ¢

To prove (ii) < (iii) for any X € I'L use

- 0©0X) = X by 1.2
= 2 ALE, X) By 241
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= }L(pQ[gv X] S5 p]_‘[gs X])
Mpg&, X) since L < kernel A.

ST ST

Hence

) e 60X)=-AeX)
& Olg=- XIQ. a

For a non-degenerate Legendre foliation, the tensor ¢ from any contact metric
structure (¢, &, 1, g) belonging to the canonical family of contact metric structures
can be written in terms of the tensor ¢' from any other contact metric structure
(¢', €, M, g from this family.

Lemma 4.5
Let F be a non-degenerate Legendre foliation on the contact metric manifold

M, ¢, &, n, g) with gl; = %H. Then if (¢', €, 1, g) is any contact metric structure

for (M, n) with g, = %I—[ there exist functions Cop ON M such that
Q) 0o = 0Xg + CopXp
where {X,} o =1,.....,n is alocal orthonormal frame for L with respect to }—JI.

Furthermore for any o,

@ Car s = %y

Proof
As {Xa, ¢X,} is a local frame for H and ¢'X, € T'H, for any o there exist
functions Caps daB on M such that

(‘b'Xa = daBQ)XB + CGBXB.



So for any a, B we have
[TA9'X Xg) = 4dn(0'Xy, Xg)
= 4g'(Xq Xp)
= I(Xy> Xp)

similarly we have for any a, 8

[TAOX XB) = [I(X, XB)

Thus for any o

MKy = M0X, = X,

Using this, for any o we obtain
Xo= A0X,
= )\.(daB(DXB 93 CaBXB)
= daB)\'q)XB
= dopXp;

which implies that

Thus for any o we have

¢0'Xa = ¢X{1 + CU_BXB.

81

by 2.14
by 1.3and 1.9

1
as gy, = 41,

as A'X ?u;)Xa, X,eIL,

as the kemel of L is L @ E
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Let F' be the Legendre foliation defined by L on the contact metric manifold

(M, 0',€,1m,g). Then as (¢, &, n, g) and (¢', €, M, g") are the contact metric
structures for the Legendre foliations F and F respectively, by 2.2, we have for

any o, B that the projections

Pe([0Xq, 0Xp]) = pp([0X, 9'Xg]) = 0.

Thus for any o, B we have

0 = pg([0'X, $'Xpl)
= pe([0X ¢ + CoyX s 0Xp + cpsXs)) by (i)
= Pe(Cay[Xy 0Xpl + cps(9Xy X5])
as [X, X1, [0X, 0X, X, X', 0X, 0X'e TH, V X, X' e TL
B 2C01Y kYﬁé ] 2CB5 koS by theorem 2.4 (i).

Which implies

CaykyB = pr*yo- -

We now define a canonical coframe for a non-degenerate Legendre foliation and
then use it to define the canonical contact metric structure, which belongs to the
canonical family of contact metric structures.

Theorem 4.6
ForF a non-degenerate Legendre foliation on a contact manifold (M, n) there exists

a canonical set of coframes {Sg, 6%, N} on M, 1) such that
G 62erQ*

- o

(i) dn = 28&[580 A SE

(i) T1=kopo% ® 6P
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(iv) 1)-& II=- 250439% ® SE . 26(138? ® QE_

This is theorem 5.4 Pang [2], with some changes of the constants due to our
defining the exterior derivative and the interior product with the p + 1 factor
included.

From Pang's proof of theorem 5.4, taking into consideration the changes of the

constants we get the following relationships.

If {X,} is a local orthonormal frame of L with respect to %H then

(4.7) G) 0% = - i(Xo dn.

c

(i) €F (Xp) = 8yp.

From 1.14 we have i (§)dn = 0 so using theorem 4.6 (ii) we can show that

Eg’e H* = ann(E).

LetL? = span{€ } then L} is a subbundle of H* and we get a decomposition of H*

as

H*=L!®Q"
= span{ﬁgl ) @ span{(—)g}.

Now we use Lz to define QC a subbundle of H N L' by

(4.8) ¢=ann(L; ®E")
= {Y e TMIEZ(Y)=1(Y)=0).



Let {Yg) be alocal frame of Q° such that

4.9) 0c(YH)= kogp-

We have for any o, [ that

2k 1(Y§)dN = kg 1(YS)85,02 A €7

= ko, B0(YHEY
= g‘c"
Thus we have
1 .
(4.10) €¢= 5kqp i(Yf)dn.

For any o, B we have

dn(YS, Xp) = 285,00 A €Y (YS, Xp)
= 85,00 (YOE (Xp)
= kaB

Now we define a tensor field A% Q° — L of type (1,1) by

)\.CY;= XO‘.

Then

H()LCYC’ XB) = H(Xaa XB)
= 4kaB
= ddn(YS, Xp)
= TI(A.YS, Xp)

84

by theorem 4.6 (ii)

by 4.9.

by theorem 4.6 (ii)

by 4.7 (ii) and 4.9.

from above
by 2.14,
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which implies that

A® = Nge-

From 4.7 (ii) it can be easily seen that
1 o B
‘“4‘1-[ = kaBSC @ SC'

These properties allow us to define the canonical contact metric structure of a non-
degenerate Legendre foliation.

Definition 4.11

The canonical contact metric structure for a non-degenerate Legendre foliation is
(0%, &, M, g°) where

0 gl = 31
= k€S ® €,
gc[Qc - HIQ:

o
= kg 00 ® 65,
glg=m®n,

g¢ =0 otherwise.

(i) ¢l = Qo) L,
¢CIQC =& MQCs

¢° =0 otherwise.
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Where {82l , 6% , N} is the canonical coframe given by theorem 4.6, QCis the

subbundle of H given by 4.8 and where

k=] kaB ]= ép i ?q] and (p, q) is the signature of [1.

As

i c
X, =AYS
- C
-AYS
_ C 0,0 o
==Y by definition 4.11 (ii),

By 1.2 we have

(4.12) YS = X,

{Eg, 9%, N} is the local orthonormal coframe induced by (¢S, &, 1, g°) as given by
lemma 2.5. From this and definition 4.11 (i) we can see that the canonical contact
metric structure is a contact metric structure from the canonical family of contact
metric structures whose induced coframe satisfies theorem 4.6. For a non-degenerate
Legendre foliation on the contact manifold (M, 1) let (M, ¢, &, 1, g°) be the
canonical contact metric manifold, that is the contact manifold (M, M) with the
canonical contact metric structure. In the next theorem we show that the canonical

contact metric manifold is unique.

Theorem 4.1 _
The canonical contact metric structure of a non-degenerate Legendre foliation is
unique.

Proof
For any non-degenerate Legendre foliation F on a contact manifold (M, 1) with the

canonical contact metric structure (¢S, €, 1, g°) let {Eg, 6%, M} be the local coframe

induced by (¢¢, &, m, g°). Suppose (¢', €, M, g') is another contact metric structure
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on (M, n) with g, = %H whose induced coframe{E% 6% m} also satisfies theorem

4.6.

a} a=1,.... ,n be a local orthonormal frame for L with respect to %I_I.

Thus as g€l =%I'[ by definition 4.11 (i) and g, = %I_I, {X¢) is a local orthonormal

frame for L with respect to gl and g, .

We have for any o
a 1 .
B, =- 5 i(Xy)dn by 4.7 (i)
= % by 2.6 (i).

By lemma 4.5 (i) there exist functions Cap ON M such that
0Xy = q)c)((1 + CGBXB‘
hence

= % ki (0'X ) dN by 2.6 (ii)
= % kaBI (q)CXB 5 Cﬁ))('Y) dn
= % kaﬁi (¢°Xﬁ)dn + % CByka[ii (XY)dn

= € - kqp cpyBY by 4.7 (i), 4.10 and 4.12.

As {€% 6% n) and {EY, 9?, n) both satisfy theorem 4.6 we have

L T1=-28,46% @ €P .25, € ® 6P by theorem 4.6 (iv)
= - 28,307 ® (R - kgyc560)
- 285 (€%~ kgy0ys00) ® O



88

=- 28,3600 ® 8- 25,5 €2 ® 6F + 25,307 ® kp,c. 560
+28,3kq,C1500 ® 6F
=2, T+ 25,407 @ kG400 + 2858k 500 ® 6
by theorem 4.6 (iv).

This implies that

o 3 3
28,3KpyCy50% ® 63 =- 28,5k, 500 © 6F.

ay©ys

Thus for any «, Y, d we have

Koy®y6= - KoyCyar

Now if we multiply this by kg, it enables us to use lemma 4.5 (ii), noting that kg; is

symmetric in 8, y. So for any a, 8, ¥, A, we have

KoyCys kar = - KgyCyaksn
kaycké kay =- kSYCyakSk by lemma 4.5 (ii)
KavkyaCas = - KysksrCya

8asCas = - OyaCyo

Cra = Cha-

U

Thus all o, A we have
o =0,
which implies

0'X = 90X

Hence we have

¢, & n, g)= (95 &, n, g°). o
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4 (b). PROPERTIES OF THE CANONICAL CONTACT METRIC
STRUCTURE

Lemma 4.14
IfF is a non-degenerate Legendre foliation on the canonical contact metric manifold
M, ¢%, &, 1, g°) then
h“:L— L and h®: Q¢ —» QF,
which implies
£ =

Proof
For any Y, Y' € I'Q° we have

0= £§ (Y, Y") by theorem 4.6 (iv)
— ofC ' C
_g (VYg’Y)'*'g (VY' g’Y)
= - g%0°Y + 0°h°Y, Y') - gS(¢CY" + ¢chCY', Y) by 1.35
=-2g%¢°h°Y, Y") by 1.31 and theorem 2.1.
This implies that
h¢: Q¢ — Q°.

As ¢€l; is an isomorphism for any X € I'L there exists a Y € I'Q° such that
¢°Y = X. Thus for any X € I'L we have

h®X =h%CY where ¢¢Y =X
— - 0°hCY by 1.32.
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Thus by theorem 2.1 as h®Y € I'Q° we have for any X € I'L that h*X € T'L, hence

h®:L—> L.

Furthermore by lemma 2.9 we have

Aé =p.(6h°)

=0 ash®:L— L.
o

The following theorem gives the conditions for a contact metric structure to be the

canonical contact metric structure.

Theorem 4.15
For a non-degenerate Legendre foliation, F, on a contact metric manifold

M, ¢, &, M, ), (¢, E, M, g) is the canonical contact metric structure if and only if

. 1
o) gl =711
(ii) h:L — L.
Proof

If (0, €, M, g) is a canonical contact metric structure then by definition 4.11 (i)

gl = %H and h: L - L by lemma 4.14.

Suppose

gl = %1'[ and h: L - L.

Let {X ) be a local orthonormal frame of L with respect to g and (€% 0%, 1)be the

local coframe induced by (¢, £, M, g). By lemma 2.5 and lemma 4.3 (€% 6%, 1)
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satisfies properties (i), (ii) and (iii) of theorem 4.6 so we must show that it also
satisfies property (iv), that is

£ T=-28,40%® €P- 28,5 ® 6P.

Evaluating the right hand side of this on the local orthonormal frame (X, $Xy, &)
of TM we obtain

(@ (25,507 ®ED- 28,5E7® 09)(X,, 0Xp) = - 28,5 £1(X,)8%0Xp)
= -2kyg by 4.7 (ii) and 4.9,

(b)  (-28,587® €% 28,5 £Y® 6%(X,, Xp) = 0,
(© (- 28,56Y® 5 25 5 £Y0 690X, 0Xp) =0,

@ (- 28,507® €% 23 5 EY® 69)(E, W) =0 VW e I'TM.

Now evaluating the left hand side on the local orthonormal frame {Xov [0), G £} of
TM, and using gl = ﬁIQ, we get

L X 0Xp) = & T1 (X, 0Xp) - TIE X, 0Xp) - TT(X g, (6, 0X )
- ﬁ([a’ Xa]a q)Xﬁ)

- ng (pQ[é’ XoJs ¢X[3)

=- 280X 0Xp) by lemma 4.4 (i)
= - 2Kgp
= (-28.,507® €5- 28 5€Y ® 69(X,, 9Xp) by (a).

% ﬁ (Xaa XB) = & ﬁ(Xa9 XB) - ﬁ([é’ Xa]s Xﬁ) 3 ﬁ(xa’ [é’ XB])
=0
= (- 28,507 ® €°- 28,5€7 ® 69(X,, Xp) by (b).
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Le THOX o 0Xp) = & THOX g, 0Xp) - TI((E, 0X ), 0Xp)
- ﬁ(¢Xa’ [&7 ¢XB])
= £8(9X, 0Xp) - £((E, 90X ), 9Xp) - 20X, (€, 0Xp))
=8(Vgx . & 0Xp) + 8(Vgx, & 6Xo)

= - 2g(0hoX,, ¢X[3) by 1.31 and 1.35
=-2g(hX,, ¢XB) by 1.2 and 1.32
=0 ash:L—> L

= (- 28,58Y® €% 25,5 EY® 690X, 0Xg) by (0.

£§ TE W)= TT¢E W) - TI(E 8, W)- TIE [E W) VWe I'TM
=0
= (- 28,507 ® £% 25 5 £1® O, W) by (d).

Hence we have

£, T=-28,56%@ gP- 28, ® 6P

Thus (€% 6% m) is the local coframe induced by (0, €, M, g) satisfies theorem 4.6

hence it is the canonical contact metric structure. a

The examples of chapter 2 illustrate these ideas.

Example 2.1: (a) 9’; is a non-degenerate Legendre foliation on
(S;M, 0% €, M, £9. As gfl = %l'[ and h®: L - L, by theorem
4.15, (0% &, 1, £°) is the canonical contact metric structure.

(b) 51: is a non-degenerate Legendre foliation on
(S;M, ¢, €, 1, g). As gl # %]'[, (¢, €, m, g") is not from

the canonical family of contact metric structures.
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For a non-degenerate Legendre foliation we define a tensor, S, of type (1,1) by

(4.16) SX)=0 VXell,
S XD = 4 (& X1 - T8, (&, X)) VXeTL

Thus the kernel of S is L and by using 1.12, 2.14 and lemma 2.16 it can be shown
that S: H — H.

Forany X € I'L we have

@17 AS(E XD =5 (ME X] - FAXE, [& X)) by 4.16
=X as A2 = 0 and by 2.15.

The tensor S can be used to construct the canonical contact metric structure for a
non-degenerate Legendre foliation as the following theorem shows.

Theorem 4.18
For a non-degenerate Legendre foliation, . on a contact manifold (M, m) the

canonical transverse bundle Q€is given by theimage of S, that is
Q°={S((& X)) XeTL}).

Proof
Let {X,, ) be a local orthonormal frame of L with respect to %H. Then define vector

fields Y, by

Y, = S(E, X))

Thus for any o0 we have

AYy =X, by 4.17.
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Let Q be the subbundle of H defined by

Q= span{Y}.

For this Q let (¢, &, M, g) be the contact metric structure given by 4.2. We will show
that this is the canonical contact metric structure for J .

Asgl = %]"[ we have by lemma 4.4 (ii) that for any o

(@ P&, Xol) = 20X, = 2Y,,.

By theorem 4.15 if h: L — L then (¢, &, n, g) is the canonical contact metric
structure for .

For any o we have

ME, Yol = ME, S(E, X))
= ME 5 (& Xo] - 7 ME, & XglD) by 4.16
S (MG (8 X)) - 3 AME AL, [, X 1])
(ALE, (8 X,]] - 5 A&, [& X))

by 2.15as A[E, [, X]] e TL

= 7 (M&, pLLE, X 11 + AL, polE, X, 1)
1
)

N — N

—_

(P& Xo] +ALE, Y, ]) by 2.15 and (a).

Thus for any o

(b) X'[g"lfo;] = pL[&’Xa]-
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For any o we have

hY =7 (8 0Y,] - 0L, Yol) by 1.30
= 3 (- [&.Xo] - 0Py [E, Yol - 0PQIE, Yo} a5 0l = - Mg by 4.2
= 2 (- [6 Xo) - PQOIE, Yol +ALE Yol)  asdlg=- Al by 4.2
= 3 (- [& Xg] - PhIE. Yg] + Py 6 X o) by (b)
= 2 (- Pglt, XoJ - PQOIE, Y}
=~ Y, - 3p0E Yol € TQ, by 4.2 and lemma 4.4 (ii).

Thus h: Q — Q which implies h: L — L so (¢, €, n, g) is the canonical contact
metric structure for F , and

Q%= (S([§, X])IXe L ). o]

Lemma 4.19
For F a non-degenerate Legendre foliation on the canonical contact metric manifold

(M, ¢, &, n, g° we have the projection

p.([€, $°X]) = 2(h°X - X) Vv Xe I'L.

Proof

Forany X e I'L we have

heX =5 (&, 6°X] - (&, X1 by 1.30
=3 (&, 0°XD) - py(@°(&, X]))  ash®L — L by lemma 4.15 (ii)
= 1 (py((&, 0°X)) - 6°p(LE, X1)) by lemma 2.1
= % (P&, $X]) + 2X) by lemma 4.4 (ii) as g°l, = %H.

o]
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Lemma 4.20

Let F be a non-degenerate Legendre foliation on the canonical contact metric
manifold (M, ¢¢, &, n, g°), then for any o = 1,....,n,

M) g[X 8 Xp) = - g°([Xp, &1, X;) thus g°([Xq, €, X)) =0,

(ll) gc([¢cxas 2:7]! ¢CXB) =% gc([¢cXB$ F)]! ¢Cxa) thus gc([¢cxa9 F’]! ¢CXQ) = Oa

(iii)  Furthermore if [X,, £] € I'Q°® then for any X € 'L we have

gc([xa’ chXB]! X) =" gC([qJCXa, XB]: X):

where {X,} is a local orthonormal frame of L with respect to g°.

Proof
By lemma 4.14 h®: L — L and h®: Q¢ — Q€ so for any X € I'L we have

(a) VX € =-¢°X - ¢°h®X e I'Q° by theorem2.1ash®: L - L
and
(b) V ex £= - 0°6°K) - 00X
=X-hXeTlL ash® L > L.
(1) For any oo we have
g([X g B, Xp) = - g°(V X, Xp) by (a)

= gc(xa, Vé XB)
= - g°((Xp £ Xg) by (@).
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(i1) For any o we have

£ (10K g, £, 0°Kp) = - £°(V; 6K, 0°K) by (b)
= 20X, Vi %)
= - 50X, ], 6°X ) by (b).

(iii)  Suppose [X, €] € T'QC for any a, then for any o, B and any X € TL we

have

£°([X g0 0°X ), X) =3 €K [& X)), X)
by lemma 4.4 (ii) as g°l, = %l_[
= 3 £([[Xg. Xg). & + [[(Xg E]. Xgl, X)

by the Jacobi identity _
= - g(0°[Xp, X ), X) - g(0°X o Xl X) |
by lemma 4.4 (ii) as gclL = %I'I |
= - g%([¢X XB]’ X) by lemma 2.1. |

o

4 (c). THE PROPERTIES OF A NON-DEGENERATE LEGENDRE
FOLIATION

We will now investigate the properties of a non-degenerate Legendre foliation on a

manifold from the canonical family of contact metric manifolds .

Theorem 4.21
Let F be a non-degenerate Legendre foliation on a contact metric manifold

M, 9,&,1n, g), then

£Xg(Y,z)so Y e lilsY Y= ¥ Zie [E.

if and only if (¢, &, M, g) is a contact metric structure with gl = %H.
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Proof
E is a line bundle so for any Z € T'E there exists a function f on M such that Z = f&,

Forany X e I'L,Y e I'Q,Z =1 € I'E we have

Log(Y, 2) = Xg(Y, Z) - g([X, Y), Z) - &Y, [X, Z])

X
=- g([X, Y], f€) - g(Y, [X, f€])
=-2fg(¢X, Y) - fg(Y, [X, &) by 1.10 and 1.13
=-f(g20X + [X, E], Y))
thus the theorem follows by lemma 4.4. o

Let & be a non-degenerate Legendre foliation on a contact metric manifold

M, ¢, &, m, g) from the canonical family of contact metric manifolds and let {X)

be a local orthonormal frame of L with respect to gl; = %ﬂ then for any o, [ the

relative partial connection form of 2.20 (ii) gives

ob (X)) =0R[X,, &) by 2.20 (ii)
= g0Xp, [Xq &) by 2.7
= - 2g(0Xp, $X ) by lemma 4.4 (i)
= - 20R0X,) by 2.7.

Thus for any a, B we have

wnﬁ+l (X(x) == ZkaB'

Substituting this in 2.21 (ii) gives for any o, 3 the following relationship

0= (dwd, ;+®d A m}f,ql )Xo Xp)
= dwd, | (Xy, Xp) +75 (03 (X 0T, 1(Xp) - 0f Kpol,; (X))
= 3 (Xo08,1(Xp) - Xg0d,; (Xg) - 08, ((Xq Xp)

a " n+
+ 08 (X )0}, (Xp) - 08 Xp) ot X))
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5 - 08, ((Xg Xg)) + (08 (X 0y (Xp)
-0 (X oY, (X))
=% (- 0841 ([Xg» XpD) - 208 (X kg - 0F (Xpkyq)
= 6%01X Xg]) - 03Xy, 0Xg)) + B%(Xg, 60X, )
by 2.20 (i) and above.

Thus by 2.7 for any o, B, 8 we have

g(qua’ ¢[Xa, XB] = [Xg) ¢Xﬁ] = [¢Xw Xﬁ]) =0.

From which it can be deduced that
(4.22) g([X, X'], X") = g([X, ¢X'] + [¢X, X'],0X") V X, X', X" e I'L.
Furthermore it also implies that

(4.23) pL(O2[X, X7 - ¢[X, 6X'] - 0[0X, X) =0 VX XelL.

From 4.22 and 2.22 we get for any o, [3, y that

(4.24) g([X g 0Xpl, 0X,) + g((9X, . Xgl, X))

Theorem 4.25

Let J be a non-degenerate Legendre foliation on a contact metric manifold

M, ¢, €, m, g) with gIL=%I'[, then

G(X,X,X)=2g(V¢X,¢)X +V¢X,,¢)X,X) % %, %0 54 = ke,

where V is the Levi-Civita connection of g.
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Proof

1 . .
Using lemma 4.4 as gl = ZH we can substitute pQ([é, X)) = 2¢X in 2.18 thus for
any X, X', X" € I'L we obtain

G(X, X', X") = 2{ - Xg(0X', 6X")+ g (X", [X, 0X'])
+g(0X', [X, 6X"]))
=2{ - Xg(9X', 9X") + g(6X", V. 0X) + g(¢X', V 0X")
- g((bX"’ V¢xv X) - g(q)x" V¢X" X)}
X', X)

=2g(V, o, X" +V

oX 0X"

as V is the Levi-Civita connection of g.
o

Consider a Legendre foliation F on a contact metric manifold (M, ¢, &, M, g) such

that for any tangential vector field, X, the Lie bracket satisfies
pu((E, X)) = 2foX

for some smooth function f # 0. Then by lemma 2.13 (ii) Jis a non-degenerate

Legendre foliation. Furthermore a contact metric structure from the canonical family
can be generated as the next theorem shows.

Theorem 4.26

Note: The summation convention is not used in this theorem and its proof.

Let JF be a non-degenerate Legendre foliation on the contact metric manifold
(M, ¢, €, 1, g), such that there exist smooth non-zero functions f, on M which

satisfy
IJLL([&, Xa]) = 2f(1¢xo_

where {X,} is a local orthonormal frame of L with respect to g.
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Then a contact metric structure, (¢', &, 1, g) with gl = %I'I is given by

i) g'Xo» Xo) = o 8(Xy, Xo)
g(0X g, 0X) = fl—ag(xa, X,)
g'€ & =¢gE &

g=0 otherwise

ii) OXa = fa¢1)(a
00Xy =- f_Xa
a
$'E = 0.

Proof

Note that when f, =1 for all o then by lemma 44 g, = %H. Suppose f, # 1 for

some o then we first show that (¢, &, m, g') as given by (i) and (ii) is a contact
metric structure on (M, M). Also note that {X,, $X,, £} is alocal frame for TM.

By (ii) the definition of ¢' for any a we have

0'(0Xq) = £,0'(0X),  9'(9'0Xq) =- é‘b'xm ¢'g =0.
=-Xq =-0Xg

Thus ¢' is a tensor of type (1,1) which satisfies 1.2.

It is easily shown that g’ is a semi-Riemannian metric with {X, ¢'X,, £} alocal

orthogonal frame of TM with respect to g'. For example for any o we have

g (0Xq, 0'Xg) = g(f0Xo, ,0Xo) by (ii)
= f,8(Xq, Xo) by (@)

= fa,
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and for any o # 3

g(0Xq, 0'Xp) = g'(f0Xo, f50Xp) by (ii)
=0 by ().

Thus for any o, B we have

g(0'Xy, ' Xp) = fccka[i'

A series of straight forward calculations shows that (¢', &, 1, g') satisfies 1.3. For
example for any o, B we have

g'Xa 0'(0'Xp)) = - g'(Xq, Xp) by (ii)
{ 0 if a =B

= fB if a = B
=- fBg(Xa, XB)
= g(Xq» ¢(fﬁ¢xﬁ))
= g(Xo,0(0'XR)) by (ii)
= dn(X o, 9'Xp) by 1.3.

Hence (¢', €, N, g') is a contact metric structure on (M, 1) with the property that the
projection '

pL-L([gy X(X.]) = 2fa¢Xa
=20'Xo by (ii),

which by lemma 4.4 implies that

; 1
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This situation is illustrated in example 2.1 of chapter 2.

Example 2.1: (b) g'F is a non-degenerate Legendre foliation on
(SgM, ', &, M, g) with

&, XS] =0l

10X, fora=1,2
Ay @

where {X,} is an orthonormal frame of L with respect to g'.

Thus

1

= fora=1,2
& 2y

satisfies the conditions of theorem 4.26. It can be shown that
(0% &, n, g°) from example 2.1 (a) is the contact metric

structure with g, = %I’I given by (i) and (ii) of theorem 4.26.

Corollary 4.27
Let F be a non-degenerate Legendre foliation on the contact metric manifold

(M, ¢, €, m, g), such that there exist smooth non-zero functions fa on M which

satisfy
pL.L([as XO’.]) = 2fa¢’xa

where {Xa} is a local orthonormal frame of L with respect to g. Then the transverse
bundle L* determined by g is also the transverse bundle L' determined by g' where
(¢', €, m, g') is the contact metric structure with gl = %I'[ given by theorem 4.26.

Proof

L_L

= span{(bXa, g}
= span{f,0X, &)
=span{¢'X, &) by theorem 4.26 (ii)

=I_:J'_ o]
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In the following example we give a contact manifold and introduce two different
contact metric structures on it. We then define a non-degenerate Legendre foliation

on each of the resultant contact metric manifolds and examine their properties.

Example 4.1: Non-degenerate Legendre foliation
Let

M=R3
={(x,y,2) I x,y,z€e R}

and

n =% (coszdx + sinzdy).

Then we have
dn =% (sinzdx - coszdy) A dz
which by calculation gives

nad =-%(dXAdyAdZ)

# 0 everywhere on M.

Thus (M, M) is a contact manifold, with characteristic vector field

= 2(c052§; + sinzaa—y ).

Consider the vector field

This is a global vector field which belongs to H the contact distribution of (M, M).
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Let L be the subbundle of H given by

L = span{X}.

As L is a line bundle, L is a completely integrable subbundle of H. So L defines a
Legendre foliation on (M, M). By calculation we get that the Lie bracket

[X, ] = 4(- sin z% + coszaa—y ).

Using this and 2.11 we get

[I(X, X) = 2dn(X, [X, &])
= 8((sinzdx - coszdy) A dz)(% - sinzé% + cosz% )
=I4vz

Thus [] is non-degenerate, so L defines a non-degenerate Legendre foliation on

(M, m). Furthermore {X} gives an orthonormal frame of L with respect to %l’[. We

now give two different contact metric structures on (M, 1) each from the canonical

family of contact metric structures, and investigate the resultant non-degenerate
Legendre foliations defined by L.

(@) We introduce a contact metric structure (¢, &, 1, g°) with gl = %ﬂ so that L

defines anon—degenerate Legendre foliation € of (M, ¢€, &, 1, g°). This

contact metric structure is shown to be the canonical one.

Let (¢€, €, 1, g°) be the contact metric structure given by

N
S O -
S = O
- O O
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0 0 sinz
0 0 —Ccosz

‘DC

—sinz coSz 0

Thus

Y = ¢°X

= 2(sin za% - caoszaa—y )

and {X, Y, &) is an orthonormal frame of TM with respect to g°.

Calculating the Lie brackets we get

[X’ é] = -12¥
[Y’ é] =0
(X, Y] = 2€.

Thus L = span{X} defines a non-degenerate Legendre foliation F° on the

contact metric manifold (M, ¢%, &, 1, g%) with by lemma 4.4 g, :% )

By calculation we have

heX =X . and h°Y ==Y,

Hence by theorem 4.15 (¢°, &, n, g°) is the canonical contact metric structure

for the non-degenerate Legendre foliation defined by L .

It can be shown that F € is totally geodesic.



107

(b) We now select a different contact metric structure (¢', &, 1, g") on (M, 1), so
that L defines a non-degenerate Legendre foliation F on (M, ¢, &N, g).

Let (¢', &, M, g be the contact metric structure where ¢' is given by

—sin2z  sinzcosz sinz
¢' = |sinzcosz —cos?z —cosz |,
—sinz Ccosz 1

and g' is the semi-Riemannian metric defined by
gX, X) = g(0X, ¢X) = g€, &) =1

g(X, 9X) = g(¢X, §) = g(X, §) = 0.

Thus

Y =0¢'X
=2(sin zaa—x - cosz% - %)

=Y +X

and {X, Y, &}is an orthonormal frame of TM with respect to g'.

Calculating the Lie brackets we get

[X, €] =2X -2Y’
BRI EN) &5
[X, Y'] = 2E.

Thus L = span{X} defines a non-degenerate Legendre foliation & "on the

contact metric manifold (M, ¢', €, 1, g) with by lemma 4.4 g'|| = %ﬂ-
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By calculation we have
h'X = 2Y’ and h'Y' = 2X.
Hence by theorem 4.15 (¢, €, 1, g') is not the canonical contact metric

structure for the non-degenerate Legendre foliation defined by L.

Also by calculation we have
VXX=-2§ and VY.Y BPE
so the mean curvature vector field of F ' is given by
Ti=-2E.

Hence J is not a harmonic Legendre foliation.

4 (d). THE CANONICAL CONNECTION FOR A NON-DEGENERATE
LEGENDRE FOLIATION

The canonical contact metric structure of a non-degenerate Legendre foliation induces
a canonical connection.

Theorem 4.28 (Theorem 5.10 Pang[2])
For a non-degenerate Legendre foliation F on a contact manifold (M, 1) there exists

a unique connection V¢ on M such that

i) Ven =Vedn) = VeI =Ve [1 = v'ﬂ(c-ﬁ‘g =0,

ii) The torsion T€ of V¢ has vanishing component in Q ® (/\Z(Q* ®E™Y) and in
L® (ALY),
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where L: = span{€J)
=ann(Q° @ E).

Furthermore if (¢¢, &, N, g°) is the canonical contact metric structure then (i) implies

that

Vegly = Voglloe = Vc(ﬁggcch) =0.

For W € I'TM, V¢ is defined by (See Pang [2])

by gtifen 5)) o < v

2
Ve o = <(7L*)_1(VW7L*O)) o e TL;
0 o e [E

where forany e I'Q*, ®* is the unique section of Q¢ determined by

o(Y) = TI(®*, Y) VY e I'QS.

With the canonical contact metric structure this becomes

%pQ*(«wn(dw + %[a%*g"bcﬂ & T

c ;_c* c*) %
Vwco—< q)(qu)m w e 'L,

0 w € ['E

where for any ® € I'Q*, ®* is the unique section of Q¢ determined by

@(Y) = gl (@*, Y) VY e I'QS.
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Let {X,} be alocal orthonormal frame of L with respect to g% then {Y = ¢°X . ]

is the corresponding local orthonormal frame of L Evaluating the canonical
connection V€ on this local orthonormal frame we get the following, where V is the

Levi-Civita connection of g¢:

4200 (7 8B)0Y) = Ty 0B)Yy) + 3 65K, [¥p, Y.
@ (Ve By = Ty By,
(i) (V% 8 = (V, 6D)(Y .
) (Ve BB = kgl (Vg Ot 5 850X Y, YD)
W) (Ve EDHXy = kgs((Vy 6XYy).
Vi) (Ve €DK = kpsl (V 62XY).
(vii) (VCW m2) = (VW n2z)=0 VWeIlITM,VZeTlE.

(viii) Ve=0 otherwise.

A series of straightforward calculations using the definition of V¢ proves these, we

will only prove 4.29 (i) and (iv) the others are proved similarly.

First for any o, B we have

82 (¢°Xp) =-dN(Xy, 9°Xp) by 4.7 ()
= gC((j)CXa, ¢CXB) by 1.3.
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As 6% e Q" we have 6%* € QF, so the above implies that for any o,

X
9% =0Xq
=Y,

Using this in the definition of V¢, we have any «a, 3 that

(Ve 0Dy = 5 (Kool 3 (Lgp* oYy
= a0B(X, Yy + 3 (£YB* £ (K gr Yy
= % {XaOE (Y, - YYOE Xy - eE X, YD)

+ Ypgdlge(X o Yy - e[ Y, X1, Y
n gleC(Xaa [YB’ Y‘y])}

1

=5 (Xo&(Yg, Y, - €0, (X, Y,))

- 8(Yp, Xal, Yy)
by 2.7

= Xo08(v,) - 0By Y+ 5 (X, [Yp Yy)

Thus we have proved 4.29 (i) that for any o, B and 7y

(Vey 0D = 7y BRIV, + 3 8K [Yp, Y.

To show 4.29 (iv) for any a, B we use

"€ (Yp) = €T 0°Yp)
- €5 (Xp)
=- 88 by 4.7 (ii).
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Hence we have
0L = ko0 by 4.9.

Using this in the definition of V¢, we have any c, B that

(Voy EDXKp=-6"(Vey ¢"EHK,
= kps((Vx_8(Yy)
= kgal Vo 62)Y) +5 E(Ky [Yp, )

by 4.29 (i).

Therefore we have proved 4.29 (iv) that for any a,  and y

(Vey EDYXy) =kps( Ty By + 2 (X [Yg, Y,).

As the torsion T¢ of V€ hasaL ® (/\2L: ) vanishing component and V°g®l, =0, the
restriction of V¢ to the leaves of a non-degenerate Legendre foliation, F, is the Levi-

Civita connection, V, of g€ restricted to the leaves. Thus for any o, B, Y we have
c B = eB
Furthermore by writing this as a difference and expanding using 4.29 (iv) we have

0= (Ve E0) - (Vy EDXy

= kgsl(Vy, BRI, + 58K Vs, YD) - (7 EDEX,
by 4.29 (iv)
= k(X030 - 62V Yy + 58X [Yg, Yy 0)

- X LX) + SEWXGXY)
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1
=kps{ X,8%(Ys5, Yy) - 8°(Y5, anYv) +5 88X [Y5 Y 0)
- X8%(Xg, X,) + 25X, anx,()}

by 2.7
1
= kpoleXg Vi X)) - 8°(Y5 Vy Yy +738° X [V YD)

by 1.9.

Therefore for any o, y, & we have

1
(4.30) £V Vi Yy - 85X, Ve X)) =75 £6Xg, [V, Vo))

Let ng be the o(p, q)-valued 1-form such that

VoY= - n% ® oF ad  VEY =% ® e

for the existence of ng see Pang [2].

The first structure equations of the canonical coframes are given as follows.

Theorem 4.31

The canonical coframes {8?, 6%, N} and ng satisfy the first structure equations

d€Y 1 -ty 0 0 eg
02

do; | = —=| 0 ry 0 G
dn 0 0 0 n

_KgYeE Ao+ SInaef + ol A €

where S, Q% = QP and K& = - K2 are functions chosen to satisfy these
B> By~ “cay By B

equations.
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This is theorm 5.20 of Pang [2] with a change of constants due to our definition of
the exterior derivative with the p+1 factor included.

We use these first structure equations and conditions on the functions Q[% and Kgy

in chapters five and six.

4 (e). CONTACT METRIC STRUCTURES ON SgM

In this section we restrict our attention to non-degenerate Legendre foliations on the
unit cotangent bundle SgM and obtain expressions for a contact metric structure

(0,€,n, g) with gl = %H in terms of the local coordinates (x;, yj) on T*M.

For a Legendre foliation 5F on the contact metric manifold (S;M, o, €, n, g), given

that gl = Eij dy; ® dyj, consider the tensor X of type (1,1) defined by

9 9 .9
(4.32) Xay; = 2C gijax; *+ fady, )

where the functions f;; are such that for any point p in S;M the following are

satisfied,
. n '
(1) XXp € Lp \vd Xp € Lp,
) XxZyeLi V Z, e T,T*M such that Z, ¢ TSEM.

From 2.30 we have

TSEM=L & span{é%—_]
1

d 0
= {am"a?l I Flam = 0] @ Span['a_';} 5

1

which shows that there exist functions f;, that satisfy (i) and (ii).
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Lemma 4.33
Let gF be a non-degenerate Legendre foliation on the contact metric manifold

(S;M, o, €, M, g) with gl; = %I'I then

X =0l

Proof
As gl = %H by 2.31 we have

=1(1:2)-.dyi®dyj A P —

(F F + F"I:U)dyl ® dyj.

Let g =% (FiFJ- + FFij) and {X, =a B%;} be a local orthonormal frame of L with

respect to g, then {¢X,} is a local orthonormal frame of Q with respect to g. By
2.29 the coefficients a ,; are restricted so that F;a; = 0.

First we will show that XX, € I'Q. For any o we have

g(XX 4, &) =n(XX,) by 1.8
n@gyX aiyi)
=2a,mn(- gijg% + fiké% ) by 4.32
] k
= 220;y19% (- &ijox; *+ fikdy, )
y 2aaiyj &j 1
= a,yJ(F iFj + FEy) as g =7 (FF; + FFy)

=0 as F;a ;= 0 and by 2.28,

Since XX, € 'Lt this implies that XX, TQ
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Since {X,, )} be a local orthonormal frame of L with respect to g we have

(4.34) ko = 8ILXq Xp)

= Aoipj8ij

Furthermore the local orthonormal frame {6} of Q™ with respect to g is given by

(4.35) 6% = - 3i(Xodn by 2.6 (i)

1. d
=-§l( ﬁaia—yi)dﬂ

pa—

oo

Using 4.34 and 4.35 for any o, B we have that

gXXq, 0Xpg) =dn(XXy, Xg) by 1.3
=6B(x,) by 2.7
1 0
=5 X @gikzy) by 4.35
0 0
A0i%p;8ij
=Kop by 4.34
I g(¢xa’ ¢XB )

as {¢X} is a local orthonormal frame of Q with respect to g.
Thus XX, = ¢X, as XX, X, € T'Q. o]

Theorem 4.
For a non-degenerate Legendre foliation ?}F on the contact metric manifold

(SEM, 0, &, M, g) with

o
=
[
B—
=

(FiFj + FF-j)dyi ® dyj by 2.31

1

(F2); dy; ® dy; i, j= 1.,

00| — A —
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then
= 2y, y-1
and
g =0 otherwise.
Proof
Let g;;= % (F;F; + FF;;) therefore % gl = (FF+ FF)! where (g;)™! = (g9), and let

(X =8y aiyi} be a local orthonormal frame of L with respect to g, then {0X} isa

local orthonormal frame of Q with respect to g, by 2.29 the coefficients a; are
restricted so that F,a,; = 0.

We will first show that

T
go=78"dx® dx;.

Consider a symmetric tensor, h of type (2,0) defined by

1

(4.37) h =7 gl dx; ® dx;

Then

h(9X ¢0Xg) = h(XX,, XXp) by lemma 4.33
~ . 0 d
=4ag;h(- g gy * gy - &m x

Xm

d
* fin gy )3pj
by 4.32
= aaigikgkmgjmaﬁj by 4.37
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=240, 8map;

= kog by 4.34
= g(q)Xa! ¢XB )

as (0X,} is a local orthonormal frame of Q with respect to g.

Thus we have

ng = 1Q

gij dx; ® dxj.

B—= 5

Now consider the local vector field Z on T*M where

(4.38) Z-= 2yiaiy_.

Since F is homogenous of degree one we have F = y.F; which implies that
dF(Z) = F,dy,(2)
=2y.F, by 4.38
= 2F.

At any point p in S;M by the definition of S;M we have F =1 so

*
dF(Zp) =2 V pe SgM.

Thus by 2.29 and 2.30 we have

* *
Z,¢ T,SeM Vpe SgM.



1

This shows that Z is a vector field normal to S;M, SO at any point p in S;M we have

T,T*M =T, SgM @ span(Z,)
= L;EB L, ® span(Z,).

Which enables us to define L a subbundle of T*M by

= *
Lp=Lp€B span[Zp} Vpe SgM.

In the following we restrict F and the vector field Z to S;M, hence F = 1.

We now define a semi-Riemannian metric g' on T*M such that gl =gl g'lQ = ng

and g'lp= EIE, then we show that g'l; = glg, that is g' is an extension to T*M of the
metric g on S;M.

Consider the semi-Riemannian metric on T*M such that
. , 1 -
(4.39) (1) gll= a ghdx; ® dxj

() glg= gij dy; ® dy;.

{X > Z) is a local orthonormal frame of L with respect to g' as

(4.40) gc(Z,2) = g‘[C(Zyiaiyi, 2yjaiyj) by 4.38

= 4YiYjg; by 4.39 (ii)
1
as gj=3z (FiFj+ FF-j)

1

=1 by 2.28.
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Also for any o we have

. . d )
= 2¥i40j8j; by 4.39 (ii)
1 1
=7 OiFdgfj+ agFyiFy)  asgy=g (FFp FEp

-0 by 2.29,

and for any a, B
glXo» Xp) = gl (Xq» Xp)

=k
ofp
as {X,,} is a local orthonormal frame of L with respect to g.

We now prove that g'l-and g'l; L are related by the following

(4.42) gl L(XX, XX = glp(X, X VX XelL
For any i, j we have
NI B I R B B
& |LJ.(Xa_yl', Xa;yj) = 4g |L.L(' glkaxk + fllayl, - gjmaxm + fjnayﬂ )
by 4.32
= gk ™ jm by 4.39 (i)
. by 4.39 (ii).

=gl f;(g‘)—,;, g;l )

HenceasL = span {aiy} and X: L — L* we have 4.42.
1

Using 4.42 we now show that {¢X, €} is a local orthonormal frame of L1 with

respect to g'.
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First we note that

(4.43) XZ = 2yi>cai by 4.38
Yia d
=~ 4Yitijgy * Wilikay, by-52
d d 1
d d

Then we have

. . -9 OFd _09 OFJ E
gL 8) = gL Figy - Fxayy Fjaxj “anpy)  DY226()

= g'IL_L(Fiaixi , Fja—xj) by 4.39 (i)
=gl L(- Fia—a}zi—+ 4yifik33—k , - Fja-a—xj + 4yjfjlaaT'l)

by 4.39 (i)
=gl L(XZ, XZ) by 4.43
=gl (Z, Z) by 4.42
=1 by 4.40.

Similarly for any o we have

g'ILL(i, 0Xo) =- g1 L(XZ, 0X) by 2.2 (ii), 4.39 (i) and 4.43
=-glt(Z, Xg) by lemma 4.33 and by 4.42

=0 by 4.41,
and for any a, B we have
gl L(0X,,, ¢XB) =gl L(0X,, ¢X[3)

=k
of
as {¢pX,) is a local orthonormal frame of Qwith respect to g.

Thus gL =gl L.
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Hence {X,, $X, &} is a local orthonormal frame of TS;M with respect to g' and g,
o) g'|Tsi'_iM = g. Thus by 4.39 we have

1 .
ghil=7 ghdx; ® dx;
= 2((F?);)'dx; ® dx;

where
1
gl =7ll
1
=3 (1:?)ij dy; ® dy; by 2.31
1

From lemma 4.3 we have

IT = kyp 6% ® 6P
= Z kaBaaiaBjdxi ® dX-l

where 0% = —% i(X )dn and (X, = auié%—i} is a local orthonormal frame of L with

respect to %l_[.

Furthermore from theorem 4.36, any contact metric structure (0, &, 1, g) with

gl = %H will give the same formula for g, 1, thus

My = gy
= ((FF;+ FF;) ldx; ® dx)lg by theorem 4.36.

This implies that

= (F%);) 1dx; ® dxly -
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From which we also obtain

a1
(4.45) (F{F;+ FF};) 1= 7 Kaplaidp)
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CHAPTER 5. CONJUGATE LEGENDRE
FOLIATIONS

If for a Legendre foliation F on a contact metric manifold (M, ¢, &, m, g) the
subbundle Q is completely integrable, then Q defines a Legendre foliation F on the
contact metric manifold (M, ¢, &, 1, g) related to R This Legendre foliation is called
the conjugate Legendre foliation of F. The existence of gdepends on the contact

metric structure on the contact manifold. In this chapter we define the conjugate
Legendre foliation of a Legendre foliation and find conditions for its existence when
the Legendre foliation is flat and when it is non-degenerate. Then we give a family of
Legendre foliations for which the conjugate always exists.

S (a). CONJUGATE LEGENDRE FOLIATIONS

On a contact manifold (M, M) of dimension 2n + 1 a subbundle L of the tangent

bundle TM defines a Legendre foliation if and only if
i) L is completely integrable.
i1) L is n-dimensional.
iii) L is a subbundle of the contact distribution H.
Now consider a Legendre foliation, &, on a contact metric manifold (M, ¢, &, 1, g).

We know that ¢ly; is an isomorphism and ¢& = 0, so the subbundle Q = ¢L isa n-

dimensional subbundle of H. Hence if Q is completely integrable it defines a
Legendre foliation F with tangent bundle L = Q and with transverse bundle

el @Bl

We will call F the conjugate Legendre foliation of .
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Note: (i) F and Fare complementary foliations when restricted to H.

(i1) I depends on the contact metric structure. In general for a Legendre

foliation J on a contact manifold (M, m) different contact metric

structures may give different conjugate Legendre foliations.

(ili)  Fora Legendre foliation F the con jugate Legendre foliation need not
exist, and if it does it may have a different classification from 7.

S (b). EXISTENCE OF CONJUGATE LEGENDRE FOLIATIONS

We will now find conditions for the existence of the conjugate of a Legendre

foliation. First as a line bundle is completely integrable we have the following result.

Theorem 5.1
If & is a Legendre foliation on a 3-dimensional contact metric manifold

(M, 0, £, M, g) then the conjugate Legendre foliation F of Fexists.

For a Legendre foliation, &, the existence of a flat conjugate Legendre foliation is

dependant on the existence of a complementary foliation to & as the next theorem

shows.
Theorem 5.2

For F a Legendre foliation on a contact metric manifold (M, ¢, &, 1, g) the conjugate

Legendre foliation F exists and is flat if and only if there exists a foliation g
complementary to 7.

Proof
Suppose there exists a foliation F complementary to F then Q @ E is completely

integrable which, using 1.12, implies that Q is completely integrable so F the
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conjugate Legendre foliation of F exists. J is flat by lemma 3.3 with F as its

associated (n+1)-dimensional foliation.

Suppose F exists and is flat then, by lemma 3.3, there exists an associated (n+1)-

dimensional foliation & defined by L® E =Q® E. This associated foliation F is
complementary to . a

These theorems are illustrated in the examples of chapter 4.

Example 4.1: (a) & is a non-degenerate Legendre foliation on a contact metric

manifold of dimension 3, thus F the conjugate Legendre
foliation of J exists by theorem 5.1. Furthermore, as

[Y, &] = 0 it is flat. The associated foliation given by theorem

521is 5 defined by L = span{Y, &}. 5 is complementary to
F.

(b) Fisa non-degenerate Legendre foliation on a contact metric
manifold of dimension 3, thus g’ the conjugate Legendre
foliation of F exists by theorem 5.1. Furthermore, as
[Y',&] =2X - 2Y' it is non-degenerate. Thus the subbundle
span{Y', £} of TM is not completely integrable so doesn't

define a foliation of M.

For a non-degenerate Legendre foliation on a manifold from the canonical family of

contact metric manifolds we get the following existence theorem for the conjugate
Legendre foliation.

Th m 3.
Let F be a non-degenerate Legendre foliation on a contact metric manifold

M, ¢,&,1m, g) with gl = AITH’ then the conjugate Legendre foliation FoF exists if

and only if the projection

p (NI(X, X)) =0 VX, X eTIL.
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Proof
For any X, X'e I'L by 1.18 (i) we have

pL(NL(X, X)) = p (62X, X1 - 6[0X, X - 0[X, 6X] + [0X, 6X'])

pL([¢X, $X']) by 4.23,

which with 2.2 implies that Q is completely integrable if and only if

p (NI(X, X)) =0 VX XelL.

o]

Therefore if F is a non-degenerate Legendre foliation on a contact metric manifold
M, 9, &, m, g) with gl = %I'I, such that ¢!, is a complex structure on H then the

conjugate Legendre foliation F of F exists.

Theorem 5.3 is illustrated in the examples of chapter 2.

Cr T .
Example 2.1: (a) g}: is a non-degenerate Legendre foliation on a unit cotangent
bundle Sf:M with the canonical contact metric structure.

Looking at the Lie brackets we have for a =1, 2 that
[¥y, Ys1 =0, [Y,, &l =0.

Hence g}c: the conjugate Legendre foliation of 5% exists and

is flat. It can be shown that

pL(NM(X, X)) =0 VX XeTIL.

(b) gF is a non-degenerate Legendre foliation on a unit cotangent

bundle Sf:M with the contact metric structure (¢', €, 1, g")

m 1
with g'lp = 4I1.
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Looking at the Lie brackets we have for =1, 2 that
[Yy, Y5 =0, [Y,,,k] ='0.

Hence gi: the conjugate Legendre foliation of gi: exists and

1s flat. Also from the Lie brackets can be shown that

! ' 4 1
N1(X}, X)) e

Example 2.1 (b) shows that in general theorem 5.3 can not be extended to a non-
degenerate Legendre foliation, F, on a contact metric manifold (M, ¢, &, n, g) with

1 . pa— .
gl # ZI_I. But when the contact metric structure satisfies the conditions of theorem
3 1 [} . [} 1
4.26, the contact metric structure (¢', &, 1, g) with gl = ZH generated by theorem

4.26 can be used in theorem 5.3 to get the following theorem.

Theorem 5.4
Let J be a non-degenerate Legendre foliation on a contact metric manifold

M, ¢, €, 1, g) such that there exist smooth non-zero functions fa on M which

satisfy
PLL(E, X)) = 2f,0X,,
where (X} is a local orthonormal frame of L with respect to g.

Then the conjugate Legendre foliation F of F exists if and only if for any

X, X"'e TI'L the projection

PLNI(X, X)) = pL (02X, X - 00X, X7 - ¢'[X, ¢'X']
+[0'X, 0'X'])
=1 0,

where (¢, €, 1, g') is the contact metric structure with gl = él—ll'l generated by

theorem 4.26.
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Proof

By corollary 4.27, as Q = Q', Q' is completely integrable if and only if Q is, and by
theorem 5.3 Q is completely integrable if and only if

p (N}(X, X)) =0 VX, X eTIL.

There are several equivalent conditions for the existence of the conjugate of a non-
degenerate Legendre foliation on a manifold from the canonical family of contact
metric manifolds.

Lemma 5.5
Let F be a non-degenerate Legendre foliation on a contact metric manifold

M, ¢, 8, m, g) with gl = %I-[. Then the following are equivalent where V is the

Levi-Civita connection of g.

1) pL(Nl(X, XN=0 VX XelL.
(i1) pQ((VX $)X)=0 VX XellL.
(iii) pL((VX 9»)Y)=0 VXeTlL VYeTIQ.
>iv) pQ((VY 9»)Y) =0 ; VY YeTlQ.
(v) pL((VY $)X)=0 VXelIL VYeTIQ.
Proof

1) & (v) Forany X, X', X" € 'L we have

g(NI(X, X)), X") = - g(N'(X, X)), 0(¢X")) by 1.2

=- 2g((V¢X., )X, X) by lemma 1.26.



(i1) & (i) For any X, X'e I'L we have

0PQ((Vy 9)X) =P 0((Vy, 9X)
= pL(O(Vy, OX' - OV X))
= pL(OVy OX' + YV, X)
= PL(OV 0X' - V4 0(0X))
= - pL((Vy 0) 6X).

>iil) & (v) Forany X e I'L and Y € I'Q we have

PLx DY) =- (Y ) 0V)

(il) & (iv) For any X, X' eI" L we have

PV 9X) =-po((V 4 ) 6X)

We also get the following corollary to theorem 5.3

Corollary 5.6
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by theorem 2.1

by 1.2
by 1.2

by 1.38.

by 1.38.

Let F be a non-degenerate Legendre foliation on a contact metric manifold

M, ¢, &, M, g) with gl = }ZH. Then if the conjugate Legendre foliation FofF

exists we have

Py X) = Po(Vyx X)
where V is the Levi-Civita connection of g.
Therefore the Weingarten map of F satisfies

A, 0X' = Ay, 6X

VX Xell,

VX XelL.
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Proof
As Q is completely integrable for any X, X', X" € 'L we have

0 =g((¢X, X7, X")

=8V OX'- Vo 0X, X7)
=- g(V¢X X' - V¢X' X, 0X") by 1.10 and lemma 5.5 (v).
Hence
PQ((V ¢ X) = P((V ¢ X) VX XellL,
andas L= Q we have
XX 0X' = KX. oX VX, X elL.

Note that in general for a Legendre foliation on a contact metric manifold

Ay 0X' = Ay, 0X

for tangential vector fields X and X', see example 3.1 (c).

Using the canonical connection we get the following proposition when the contact
metric structure of a non-degenerate Legendre foliation is the canonical contact metric
structure.

Proposition 5.7
Let & be a non-degenerate Legendre foliation on the canonical contact metric

manifold (M, ¢¢, £, 1, g°), then NélH =0 if and only if K%y = 0, where K%Y are the

functions given by theorem 4.31.

This is a rewording of proposition 5.42 of Pang [2].
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From the structure equations of theorem 4.31 for any «, f3, Y we have

dEY (9°Xp, 0°X,) = (KEOS A 65)(0°Xp, 0°X)
1
=5 K020 BE(0°X )

- KZB2(0°X )OE(0°Xp))

1
=+ — o = a
5 Kpy Kyp)
=+ K% @ —_K®*
_KBY as KBY KYB'
Therefore K%Y =0 if and only if
0 =du(Y, Y V'Y, ¥'e FQ ¥ o aLL*
1
= E(D([Y, Y']).

if and only if the projection

p (LY, YD =0 VY, Y e Q.
Since by 2.2 the projection
Pe(Y, YD =0 VAT, Yite G
we have that Q is completely integrable if and only if K‘% = 0. o

So when the contact metric structure of a non-degenerate Legendre foliation is the
canonical contact metric structure theorem 5.3 can be stated more generally as
follows
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Theorem 5.8
Let F be a non-degenerate Legendre foliation on the canonical contact metric

manifold (M, ¢, &, n, g°). Then the conjugate Legendre foliation F of T exists if
and only if

() Nl =0,

C
which is equivalent by lemma 1.26 to the projection

i1) pH((VU 69U =0 VU, U e I'H.

Theorem 5.3 can only be extended to theorem 5.8 when (¢, §, n, g) with gl = %I'I is

the canonical contact metric structure, as example 6.1 (d) will show.

We also get the following extension to corollary 5.6.

Corollary 5.9
Let F be a non-degenerate Legendre foliation on the canonical contact metric

manifold (M, ¢¢, &, , g°). Then if the conjugate Legendre foliation Fof F exists

the projection
pL((VX' 0°X) = pL((VX ¢¢X") VX, X eTlL,

where V is the Levi-Civita connection of g.

Therefore the Weingarten map of J satisfies

Agex X' =Agex:

X VX XelL.
Proof
Suppose the conjugate exists. Then for any X, X', X" € I'L as L is completely

integrable we have



0 = g%([X, X'], $¢X")
m— U cyn"
= (VXX VX,X,q)X )
e G cy! [ "
= g%V 09K - Vi 66X, X7)
Hence

pL((VX' X) = pL((VX $¢X")

which implies that
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by 1.10 and theorem 5.8.

VX XeTllL,

VX XelL.

When the contact metric structure of a non-degenerate Legendre foliation & is the

canonical contact metric structure and the conjugate Legendre foliation of F exists,

the canonical connection is a restriction of the Levi-Civita connection of g€, the

canonical semi-Riemannian metric, as the next theorem shows.

Theorem S5.10

For a non-degenerate Legendre foliation, &, on the canonical contact metric manifold

(M, ¢¢, &, 1, £° such that the conjugate Legendre foliation of F exists the canonical

connection V¢, where V is the the Levi-Civita connection of gC,

V¢ w

Pl (VW(D) VWeTllM,if o e TLY
VW eTITM, if o e TQ*

pE*(VWm) VW elTM, if o e [E*
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Proof
By 4.29 (vii) and (viii) we have

c 5, - C *
Vwﬁ)—pE*(Vwﬁ))uo VWelTM,if we IE".

As Q is completely integrable from 4.29 (i), (ii), (iii) and (viii) it follows that

c _ 9 %
VW(D—pr(VW w) VWelITM,if e I'Q".

For any a, 3, 8,y and any W € I'TM we have

kas(Vyy BD(0°K,) = (Vo kggb)(0°X)
= - (Vy, 0" €D (6°X )
as 0*€P = - k5300 by 47 (i) and 4.9
= - WER0°(6°X ) + EB(0°(Vyy, 6°X )
= - weboe(eex)) + ERV, 0°0K,)

by theorem 5.8 (ii)
- webxy - €207, X,

5 B

= (VW Ec)(XB).
From this and 4.29 (iv), (v), (vi) and (viii) as Q is completely integrable it follows
that

vam = p(Vyy ©) VWe I'TM, if e L]

0]

The following theorem shows that for a flat Legendre foliation there always exists a
contact metric structure such that the conjugate Legendre foliation exists.
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Theorem 5.11
Let F be a flat Legendre foliation on the canonical contact metric manifold

M, 65, &, m, g then the conjugate Legendre foliation, g, of F exists and is flat.

Proof
Take the canonical contact metric structure (¢, €, 1, g given by theorem 3.2, then

there are local coordinates (xa, Yoo z) such that
d
X =
o ‘3};
YU- - ¢CX{1
b, 0
= 2 * Yoz
d
§=25,

and {X,} is a local orthonormal frame of L with respect to g°.

Calculating the Lie brackets we get for all o, B

(X Xp) =0
[Yq Yp) =0
(X &= 0

[Yo E1=0

(Xgo Yp) = 28,8

Hence J the conjugate Legendre foliation of F exists and by lemma 2.13 (i) it is

flat. ]

The examples of chapter 3 illustrate theorem 5.11

Example 3.1: (a) FCis a flat Legendre foliation on the canonical contact metric

manifold which is Sasakian. Looking at the Lie brackets we
have for oo = 1, 2 that

Y5, Y31 =0, [YS, &1 =0
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Hence J° the conjugate Legendre foliation of F¢ exists and

is flat.

(b) F'is a flat Legendre foliation on a contact metric manifold.

Looking at the Lie brackets we have that

Hence the conjugate Legendre foliation of ¥ does not exist.

(c) F'is a flat Legendre foliation on a K-contact manifold.

Looking at the Lie brackets we have that
[Y, Y3 =2y, X5~ 25Xy

Hence the conjugate Legendre foliation of ¥ does not exist.

(d) Fis a flat Legendre foliation on a Sasakian manifold.

Looking at the Lie brackets we have for a = 1, 2 that
[Y;. Y;1=0, (Y, E1=0

Hence J the conjugate Legendre foliation of F exists and is
flat.

Theorem 5.11 shows that for a flat Legendre foliation, F, on the canonical contact

metric manifold (M, ¢%, &, n, g©) the conjugate Legendre foliation exists and is flat,

but it need not be the only one, for example see example 3.1 (d).

Later a family of flat Legendre foliations will be introduced for which the conjugate
exists and is a non-degenerate Legendre foliation.
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S (c). PROPERTIES OF CONJUGATE LEGENDRE FOLIATIONS

The mean curvature vector fields of a Legendre foliation and its conjugate satisfy the
following relationship.

Lemma 5.12
LetFbe a Legendre foliation on the contact metric manifold (M, ¢, &, n, g) such that

the conjugate exists then

gT8=-g T8

where T is the mean curvature vector field of F and T is the mean curvature vector
field of & which is given by

T = 80X, OXp (P (Vg Xp)+ PV gy 0Xp))

where {0X,} is a local orthonormal frame of L= Q with respect to g.

Proof
Let {X,} be a local orthonormal frame of L Q with respect to g then

87 8) = 8%, Xple(Vy Xp, O

=~ 80X, XV gy 0X,8)

by 1.9 and theorem 2.4 (iii)
S g( Tv &) a

Hence if F is a non-harmonic foliation such that g(T, &) # 0, then g is not harmonic
and g( T, &) #0.



This is illustrated by example 4.1 (b).

Example 4.1: (b) F and g exist and are not harmonic also
T= pQ(VXX) + pE(VXX) =- 2&

and

T =PV 5 0%) + PV 0X) = 28,

Thus

gT,8)=-2=-g( T,5),

which is consistent with lemma 5.12.
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S(d).A FAMILY OF LEGENDRE FOLIATIONS AND THEIR

CONJUGATES

Let (M, ¢,&, M, g) be a contact metric manifold such that the curvature of V the

Levi-Civita connection of g satisfies

R(W, W) = o(g(W', )W - g(W, EIW") VW, WeITM,

where © is a real number.

Thus for any U € I'H we have

(5.13) RE, U)E =-nU.
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Blair [5] gives the following relationship for any W € I'TM

By restricting this to U € I'H and substituting 5.13 into it we get

2 (- BU +600U) = h2U + U VUe TH
therefore

h?U = (@ - 1)¢?U,

thus we obtain

(hly)? = (1 - ©).

Thus hly,; has eigenvalues | = \/(1 -O)and- L =- \/(1 - ©), hence if
o<l hly has rank 2n and if

O=1 h=0so M, ¢, § n, g) is a K-contact manifold.

The following proposition, which is a rewording of proposition 5.1 of Tanno [15],
shows that if F is a Legendre foliation on a contact metric manifold (M, ¢, &, 1, g)

whose curvature satisfies
R(W, W)E =w(g(W', )W - g(W, EIW") VW, W eIlTM,

where © < 1, then the conjugate of F exists.
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Proposition 5.14
Let (M, ¢, &, M, g) be a contact metric manifold where for some real number @ the

curvature of V, the Levi-Civita connection of g, satisfies
R(W, W)E = @(g(W', E)W - g(W, E)W") VW, W e [TM.
Then @< 1, alsoif © < 1 then (M, ¢, &, M, g) admits three mutually orthogonal and

completely integrable distributions D(0), D(it) and D(-|1) defined by the eigenspaces
of h where p = V(1- ®).

Therefore D(11) and D(-|t) define a Legendre foliation and its conjugate.

Note: if @ = 0 then )L = 1 and the conditions of theorem 3.5 are satisfied. Therefore

D(-1) defines a flat Legendre foliation and D(1) defines its conjugate Legendre
foliation.
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CHAPTER 6.SEMI-RIEMANNIAN LEGENDRE
FOLIATIONS

Pang defines a Riemannian Legendre foliation as a Legendre foliation that is locally
equivalent to one of the form 5F on S"I}IVI where F is the norm induced by a
Riemannian metric g on M. In this chapter we show that a Riemannian Legendre
foliation has a naturally defined contact metric structure (¢, &, 1, g), related to the
canonical contact metric structure, where g is a bundle-like metric. Thus we get an
alternative definition of a Riemannian Legendre foliation , in terms of this bundle-like
metric. We then extend the definition of a bundle-like Riemannian metric to a semi-

Riemannian metric and define a semi-Riemannian Legendre foliation.

The properties of semi-Riemannian Legendre foliations are investigated and

examples of semi-Riemannian foliations are given.

6 (a). SEMI-RIEMANNIAN LEGENDRE FOLIATIONS

The definition of a bundle-like metric with respect to a foliation can be naturally
extended to a bundle-like contact metric structure with respect to a Legendre
foliation. '

Definition 6.1
Let F be a Legendre foliation on a contact manifold (M, 1), then a contact metric

structure (¢, &, M, g) on (M, m) is bundle-like with respect to I if

Lo gl 1=0 VXelL

where £ is the Lie derivative.
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Usually a bundle-like metric g is assumed to be positive definite, and a foliation on a
Riemannian manifold (M, g) is a Riemannian foliation if g is a bundle-like metric.
But we do not make this restriction and define a semi-Riemannian foliation as a
foliation on the semi-Riemannian manifold (M, g) where g is a bundle-like semi-
Riemannian metric, that is for any tangential vector field X the Lie derivative

:.Bxg!LJ. = (.

The following theorem shows that a bundle-like contact metric structure belongs to

. ) : . 1
the canonical family of contact metric structures with gl; = ZH'

Theorem 6.2
Let J be a Legendre foliation on a contact metric manifold (M, ¢, €, M, g). If the
contact metric structure is bundle-like with respect to F then

1) F is a non-degenerate Legendre foliation.
e . 1
ii) (¢, €, M, g) is such that gl; = ZH'

Proof
Assume that (¢, & 7, g) is a bundle-like contact metric structure with respect to F

and let (X} be a local orthonormal frame of L with respect to g.
1) Suppose 9 (and therefore [1) is degenerate, then there exists a Xa such that
[1(X,, X,) =0.

For this Xa we have

Lo 80X &) = - 8(X o X0, 8) - 8% E). 0X )
o

= - 28(Xg Xo) + 3 T(Xgy Xg) by 1.13 and 2.1

=x2=0.
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Hence (¢, €, M, g) is not a bundle-like contact metric structure, and we have a
contradiction. Therefore F is a non-degenerate Legendre foliation.

i1) As (¢, €, m, g) is a bundle-like contact metric structure we have

£Xg(Y,Z)=0 V'R & T, ¥ Y'e'FQ, V' Zic'TE.

Thus, as & is non-degenerate by part (i), theorem 4.21 shows that gl = %I'[.

o]

We call a Legendre foliation, &, on a contact metric manifold (M, ¢, &, 1, g) a semi-

Riemannian Legendre foliation if (¢, €, M, g) is a bundle-like contact metric
structure. Furthermore when the bundle-like contact metric structure is such that g is
positive definite we have a Riemannian Legendre foliation. For a Riemannian
Legendre foliation it follows from theorem 6.2 (ii) that [] is positive definite as g is
positive definite. Hence a Riemannian Legendre foliation is a positive definite
Legendre foliation.

A semi-Riemannian Legendre foliation is a semi-Riemannian foliation as it has a
bundle-like semi-Riemannian metric and a Riemannian Legendre foliation is a
Riemannian foliation. We will show later in this chapter that the semi-Riemannian
Legendre foliations defined here correspond to the semi-Riemannian Legendre
foliations defined by Pang [2]. Furthermore theorem 6.2 shows that a semi-
Riemannian Legendre foliation is a foliation on a manifold from the canonical family
of contact metric manifolds.

Lemma 6.3
Let F be a non-degenerate Legendre foliation on a contact metric manifold

M, 0, &, n, g), with gl = %I'I. Then J is a semi-Riemannian Legendre foliation if

and only if the Lie derivative

i) ,Exg(Y, Y) =0 VXeTlL VY, YeTlQ,
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which is equivalent to

ii)

Proof

(1):

g(X, VYY' + VY.Y) =0 VXelL VY, YeTlQ.

For any Z, Z' € TE there exist functions f, h such that Z = f€ and Z' = h&,
then for any X € I'L we have

£,82.2) = L, g(f€ ht)

= Xg(f&, hg) - g([X, €], hE) - g(f&, [X, hE])
= X(fh) - (XDh - £(Xh) - 2fh(g([X, &], &))

=0 by 1.12.

Furthermore as gl; = }TH forany X e I'L, Y e I'Q,and Z € T'E we have

"?’x g(Y,Z)=0 by theorem 4.21.
These imply that
Logh1=0 V XeIL,
if and only if
£Xg(Y, Y)=0 vVXeTlL VY, Y e Q.
The equivalence of (i) with (ii) is shown by Tondeur [26]. o

Theorem 6.2 shows that a bundle-like contact metric structure belongs to the

canonical family of contact metric structures. In the following theorem we show that

if one contact metric structure from this family is bundle-like then all contact metric
structures in the family are bundle-like.
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Theorem 6.4
Let F be a semi-Riemannian Legendre foliation on a contact metric manifold

(M, ¢, €, 1, g) defined by the subbundle L < H. Then for a contact metric manifold
M, ¢, €, n, g") with g'IL=%H the Legendre foliation F ' defined by the subbundle

L < H is semi-Riemannian.

Proof
1
Let {X,} be a local orthonormal frame of L with respect to ZH‘ Then {¢X} is a

local orthonormal frame of Q = ¢L with respect to g and for any o, 3, Y we have

) Ly e0Xg 0X)) = - 8([Xq 0Xgl, 0X,) - 80X, [Xgp 0X))

= - 2(0[X o 9Xpl. 02X, - 807X, O[X o X)) by 1.9
' g(l[xaﬁ q)Xﬁ]a X’y) - g(XB’ )\'[Xa’ ¢Xy])
as g =-Aly by 4.2

= —% (TTALX o, 0Xp), X,) + TT(Xp, AX o 0X,]))

1
as gl = ZH'

For any contact metric structure, (¢', &, n, g'), with gl = %I'I, by lemma 4.5 (i)

there exists functions Cop ON M such that

qJ'Xa = ¢0Xa + CGBXB.

As {¢'X,} is a local orthonormal frame of Q = ¢'L with respect to g', for any a, [3,

Y we have

£Xag'<¢'x3, 0'X,)) = - g([Xg 0Xpl, 0'X) - g0'Xp, (X 0'X,))
=- g ([Xq, 9Xp + cpsXl 0'X,)
- 8(0Xp, (X 90Xy + e Xe])
=- g'([Xg 0Xpl, 0'X)) - gO0Xp, (X, 0X,))

as L is completely integrable
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=- 20X, 0Xgl, ¢'2XY) 3 g'(‘b'zxg, 0'[Xg» 0X,1)
by 1.9
=- g'(A[Xq 90X, X)) - g'(Xp, AXq, 0X.1)
as ¢'ly=-Mgby 42

= - 3 (TT(AXg, 6Xgl, Xy - TI(Xg, AXg, 0X,1)
as g'IL = %H
=] £Xag(¢XB, ¢X»Y) by (a)

=0
as (9, £, m, g) is a bundle-like contact metric structure.

Thus (¢', &, n, g) is a bundle-like contact metric structure by lemma 6.3 (i). a

A bundle-like contact metric structure can also be defined in terms of the invariant G.

Theorem 6.5
Let F be a non-degenerate Legendre foliation on a contact metric manifold

M, 0,&, 1, g) with gl, = %I_I. Then & is a semi-Riemannian Legendre foliation if
and only if

Proof .
From theorem 4.25 for any X, X', X" € I'L, we have

G(X, X', X" =2¢g(V oX" +V 0X', X).

oX' oX"

Thus the theorem follows from lemma 6.3 part (ii). o]

Let Fbea non-degenerate Legendre foliation on a contact manifold (M, 1) with
G =0, then by lemma 4.1 there exists a contact metric structure (¢, &, M, g) with

g = %I'[, hence by theorem 6.5 J is a semi-Riemannian Legendre foliation on the

contact metric manifold (M, ¢, €, 1, g). Furthermore, if Fisa Legendre foliation on
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a contact metric manifold, (M, ¢, &, 1, g), such that G = 0, it follows from theorem

6.2 and theorem 6.5 that & is a semi-Riemannian Legendre foliation if and only if

1
glL:ZH'

Pang [2] gives the following definition for a Riemannian Legendre foliation.

Definition
A Legendre foliation, 97, on a contact manifold (M, 1) is a Riemannian Legendre
foliation if & is locally equivalent to a Legendre foliation of the form gF on S;M

where F is the norm induced by a Riemannian metric g on M.

Furthermore we get the corresponding definition for a semi-Riemannian Legendre
foliation.

Definition
A Legendre foliation, F, on a contact manifold (M, M) is a semi-Riemannian
Legendre foliation if & is locally equivalent to a Legendre foliation of the form Jg on

SEM where F is the norm induced by a semi-Riemannian metric g on M.

The following proposition is a rewording of Pang's [2] proposition 5.32.

Proposition
A non-degenerate (positive definite) Legendre foliation, F, is a semi-Riemannian

(Riemannian) Legendre foliation if and only if G = 0.

This proposition and theorem 6.5 imply that if a Legendre foliation & on a contact
manifold (M, n) is a semi-Riemannian Legendre foliation in the sense of Pang, then
giving (M, 1) its canonical contact metric structure (0, £, n, g°) makes F a semi-
Riemannian Legendre foliation according to our definition. Also theorem 6.4 allows

us to give (M, 1) any contact metric structure from the canonical family of contact
metric structures and obtain & as a semi-Riemannian Legendre foliation under our
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definition. Hence if F is a semi-Riemannian Legendre foliation by Pang's definition

we can introduce a bundle-like contact metric structure to make it a semi-Riemannian
Legendre foliation by our definition, which shows that our definition of a semi-
Riemannian Legendre foliation is consistent with Pang's definition. But note that the
condition G = 0 is not a sufficient condition for a non-degenerate Legendre foliation

on a contact metric manifold to be semi-Riemannian we also need the condition that

1
glL = ZI—I

For a semi-Riemannian manifold (M, g), let F be the norm induced by the semi-
Riemannian metric g on M. We will call the unit cotangent bundle given by this F

SZM and denote by 5g the semi-Riemannian Legendre foliation given by the

projection

Let gg be the Legendre foliation on the unit cotangent bundle S;M obtained from the

semi-Riemannian manifold (M, g). Then F is the norm induced by g on M, so

1
(a) B = (gij(X)yiyj)E

where g(x) = gij(x)dxi ® dxj is a function of x only.

Thus by 2.31 we have

1
= (gij(X))dyi ® dyj by (a).
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and by 4.44 we have
I = (FF;+ FF;j) dx; ® dxply A
= 2((F2);) 1dx; ® dxj)ly 1
= (g’J(x)dxi ® dxj)lH AL by (a),

where (gij(x))'l = gli(x).

Let (¢, €, M, g) be a contact metric structure on SZM with

1
gl= ZH

1
= 7&;(x)dy; ® dy; by (b).

Then 5g on the contact metric manifold (Sg*M ¢, &, M, g) is a semi-Riemannian

Legendre foliation and by theorem 4.36 we have

ght= ?‘((Fz)ij)'ldxi ® dx;
= gl(x)dx; ® dxj by (a).

This implies that when g is a Riemannian metric the projection
P Sg*IUI - M, gD

is a Riemannian submersion, (Reinhart [25]), as the tangent map at each point
me S;M

TS Ty * Xt o1
p* .TmSgM—> T,M, g%)
is onto and induces an isometry between L#l and T} (M, g1). Since any Riemannian

Legendre foliation is locally equivalent to one of the form gg this shows that any

Riemannian Legendre foliation is locally defined by a Riemannian submersion. This
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is consistent with Reinhart's [25] definition of a Riemannian foliation as a foliation

that is locally defined by Riemannian submersions.

In the following example we give a Legendre foliation on a unit cotangent bundle of
R3 and then introduce 4 different bundle-like contact metric structures. Then we
examine the properties of the resultant semi-Riemannian Legendre foliations on the
different contact metric manifolds.

Example 6.1: Semi-Riemannian Legendre foliation on a unit cotangent bundle
Let

M =R3
= {(xq, X9, X3) | X, € R}

and the function F: T*M — R be defined by
1
2 2 2\5
_ _ 2
Blx. y) = ((yl) b (yz) (%) ) '

So F is the norm of g the semi-Riemannian metric on M defined by

g = dx;® dxg +dx, ®dx2 - dx3 ® dx;.

Then

SEM =F1(1)
= {51, %2 X3, Y1, Y2, ¥9) L ()% + (99 - (v3)2 = 1),

Thus by 2.26 (i) and (ii) we have

M =y dx;+ ypdx, + y3dxg
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SR B S 3
Y 0x, 72 0X, Y3 0x3 ’

Let 971; be the Legendre foliation given by the fibres of the projection

p: SEM— M.

By 2.31 we have

1
IT =5 #);dy; ® dy,
= dy,®dy; +dy, ®dy, - dy; ® dys,

and by theorem 4.44
B - 2y. .\-1
IT=2@F )ij) dx; ® dxj

=dx; @ dx; + dx, ® dx, - dx3 @ dx3.

I1 is non-degenerate so f}F is a non-degenerate Legendre foliation. As F is the norm
of a semi-Riemannian metric on M, gF on a contact metric manifold

(SI"_:M, ¢, &, M, g), with glL = %I'I, is a semi-Riemannian Legendre foliation.

The tangent bundle, L, of gF is given by

L = span{X;, X, }

where
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and

Thus
0= H(- ydx; + v dxy)
02 = U( yqy3dx; + yay3dx, + ((y)2 + (y2)2)dxs )
¢ = HUY1Y30X + ¥o¥y30Xp + ({y)" + (¥2)7)dX3 ).

As (yl)2 + (y2)2¢ 0 everywhere on SI"_iM, X, and X, are well defined, global vector
fields on SI"SM. Furthermore {X;, X,} is an orthonormal frame of L with respect to

1
Al

In (a) to (d) below we give four different contact metric structures for (SI"SM, n),

each from the canonical family of contact metric structures, and investigate the semi-
Riemannian Legendre foliations defined by L = span{X, X,}.

(a) We introduce a subbundle Q° of TSI"_:M and a contact metric structure
(05 &, m, g% with g, = 41—11_1, so that L defines a semi-Riemannian Legendre

foliation g}c: on (SI"SM, 0%, &, M, g°). This contact metric structure is shown to

be the canonical one.

Let the subbundle Q° < TSEM be given by

Q%= span{Y{, Y5}
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where

0 0
YE = = yp— —
1 L{ \p) ax, + ¥ szj

2
= “{F y13’33ixl B yz%% i ((YJZ * (yz) )%}

Then {Yﬁ, Ycz} is an orthonormal frame of Q¢ with respect to the metric g°
defined by

gl = %ﬂ, EC'QC - ﬁlq, glle=m®m and g°=0otherwise.

Let ¢ be the tensor defined by

0°X g =- Yo 0°YS=X,, %€ =0 foro=1,2.

(0%, &, m, £°) is a contact metric structure on the contact manifold (S;'_iM, )

and {X;, X,, Y], Y5, £} is an orthonormal frame for TSEM with respect to
g°.

Calculating the Lie brackets we get

(X, X5l =20y3X, [Y{, Y51=0

(X, &1 =-2Y] [XGE]= - 2675
[Y$. E1=0 (Y5 E1=0

[X;, Y{1=2uy;Y5 + 28 [Xy, Y5)=2py,Y]

[X,, Y{1=0 5%, Y5 = - 2&
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It can be seen from the Lie brackets that f’}}c:, the conjugate Legendre foliation

of 5; exists and is flat.It can also be shown that 5}% and 5}% are both totally
geodesic.

By calculation we have fora =1, 2

KX, = X

Cc Cc
" and hCYa =-Y,.

Hence by theorem 4.15 (¢, €, m, g°) is the canonical contact metric structure

for glc:

(b) We now select a different subbundle Q' < TS;M and introduce another
contact metric structure (¢', &, 1, g") with g'lL = }—1]1, so that L defines a

semi-Riemannian Legendre foliation gp on (SI"_iM, 0, & n, g).

Let the subbundle Q' © TSEM be given by
Q' = span(Yy, Y,)

where
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Then {Yl', Yé} is an orthonormal frame of Q' with respect to the metric g'
defined by

' 1 ' hm| ' ' 3
gl=7I1 glg = Ilg, glg=n®n and g =0 otherwise.

Let ¢' be the tensor defined by

0X, =- Y, 0'Y, =X, ¢'E =0 fora =1, 2.

Then (¢, &, M, g') is a contact metric structure on the contact manifold
(S}"SM, n) and {X;, X, Yi, Yé, €) is an orthonormal frame for TSI"SM with
respectto g'.

Calculating the Lie brackets we get

(X1, X5] = 21y3X, (Y}, Y,] = 2uy3Y;
[X,, €] = 2X, - 2Y) [X,, €] = 2X, - 2Y,
[Y;, &l = 2X, - 2Y; [Y,, €] = 2X, - 2Y,
(X1, Yq] =- 2Uy;X, + 21y;Y, + 28 (X1, Yé] = 2Uy3Y;
[Xp, Yi.] = - 2uy5X, [X,, Yp] = - 28,

It can be seen from the Lie brackets that J, the conjugate Legendre foliation
of 51; exists and is non-degenerate. Furthermore for any o = 1, 2 the

projection

pl ([ g, 1) =~ 20'Y;, = 2X,,.

Therefore (¢, §, 1, g belongs to the family of canonical contact metric
structures for the conjugate Legendre foliation ?fF which is defined by Q' It

can also be shown that 51: is a semi-Riemannian Legendre foliation.
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By calculation we get

VX 1X1 = 2[.1)(3)(2 = 25‘, VX2X2 = 2&

also for any a,

PL(VXang )=0 PLVy ©)=2X,

Thus
T=-4E T=4E,

therefore gF and .Cfp are not harmonic Legendre foliations.

By calculation we have fora =1, 2

h'X . =2Y., and h'Y. =2X

(¢4 03

Hence by theorem 4.15 (¢', &€, M, g') is not the canonical contact metric
structure for either Fpor Fp.

We now select another subbundle Q" c TSI"_iM and introduce a different
contact metric structure (¢", £, 1, g") with gl = }IH, so that L defines a

semi-Riemannian Legendre foliation ff; on (SI"_:M, 0", & n, g").
Let the subbundle Q" TSI"_:M be given by

Q" =span{Y}, Y,)
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where

Yl" =u(—yi+yi+2(y +yy)a

29 1 ox ayl
2 2
4 2(" Wt yzys)% i 2[(y1) % (yz) )%]
=X1 +X2+Y(i.

2 2
Y, = u[— 1’3 ai y25’38;? [(yl) () ]ﬁ

C
=- Xl + Yz.
Then {Y'l', Y;} is an orthonormal frame of Q" with respect to the metric g"

defined by

gl = %r[, gly = Mg, glg=®n and g'=0otherwise.

Let ¢" be the tensor defined by

0"X,=-Y], 0" Yo =Xq 0E=0  foro=1,2.

a

Then (¢", £, M, g") is a contact metric structure on the contact manifold
(SEM, m) and {X, X,, Y7, Y,, €} is an orthonormal frame for TSEM with

respect to g".



Calculating the Lie brackets we get

[X;, X,] =2py3X,

(Y], Yal =2py5(X; - X, + Y[ +Y5)
[X,, & = 2X, +2X, - 2Y]

[X,, &l = - 2X, - 2Y,

(Y], €] =2X,- 2Y] - 2Y,

[Y,, €] = - 2X - 2X, +2Y,

(X}, Y11 =2uy5( X, + Y, ) + 28
(X}, Yol =2Uy3(- X, - X+ Y))
(X5, Y1 =- 2Uy3X,

[X,, Y5] = 2uy3X, - 28,
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It can be seen from the Lie brackets that 5F, the conjugate Legendre

foliation of 9"F does not exist.

By calculation we have

VY.{ Y] = 2uy,Y, +2§ VY5Y§= - 2uy3Y]

Thus gF is not a harmonic Legendre foliation.
Furthermore by calculation we have
h"X, =X, - X, +2Y] +2Y,

h"Y] =2X; +2X,- Y] +Y;
h"Y; = -2X, - Y] +2Y,.

Hence by theorem 4.15 (¢", & M, g") is not the canonical contact metric

structure.
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(d) We select a another subbundle Q TSf;M and introduce a different contact
metric structure (¢, &, 1, g) with gl = IZH, so that L defines a semi-

Riemannian Legendre foliation F¢on (SEM, ¢, &, n, g").

Let the subbundle Q c TSI":‘M be given by
Q=span{Y,, Y,}

where

=-X;-X,+Y5.

Then {Y,, Y,} is an orthonormal frame of Q with respect to the metric g
defined by

gh= }—;ﬂ, gIQ = IT[IQ’ ge=m®n and g=0 otherwise.
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Let ¢ be the tensor defined by

©
o
I
<
©
<
R
I

X.. 05=0 fora=1,2.

Then (¢, &, M, g is a contact metric structure on the contact manifold
(SI"EM, 1) and {Xl, X5 Y1, Y, €} is an orthonormal frame for TS;M with

respect to g.

Calculating the Lie brackets we get

(X, X5] = 2uy3X,

(Y, Y)]= 2“)’3( Y, +Y,)

(X, & = 2X, +2X, - 2Y,

[Xat=n- X, 7%, 12V

0¥, J] = 2%, =3%,

[Y,, E] = 2Y, +2Y,

(X1, Y{1=20y5( 22X, + X, + Y, ) + 28
(X5, Y ] =- 2;Ly3X1

[X;, Yol = 21ty5( - 2X; - X, + Y))
[X5, Yol = 2uy3X, - 28,

It can be seen from the Lie brackets that 51:, the conjugate Legendre
foliation of 51: exists and is flat.

By calculation we have

Vi X1= 3(Xp-2Yp- 20 - 28 Vy Xy =- 2%



162

which shows that gF is not a harmonic Legendre foliation and 51: isa

harmonic but not a totally geodesic Legendre foliation.

Furthermore we have

X

Thus
Hence
Ay Xi# Ay X

But as the conjugate exists by corollary 5.6 we have for any a, 3 that

AXaYﬁ = AXﬁYU"
By calculation we have

hY, =2X; +2X; - Y,

hY2 =- 2X1 = 2X2 + Y2
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Hence by theorem 4.15 (0, &, M, g) is not the canonical contact metric
structure.

From the Lie brackets

NU(X,, Xp) = - [X), Xp) + [0Xy, 0X,] - 0[0X), X,] - 01X, 9X,)]

Thus (¢, €, 1, g) satisfies theorem 5.3 but not theorem 5.8. As (¢, &, N, g)
is not the canonical contact metric structure this shows that theorem 5.3 can

only be extended to theorem 5.8 when (¢, &, 1, g) with gl = %H, is the

canonical contact metric structure.

6 (b). THE PROPERTIES OF A SEMI-RIEMANNIAN LEGENDRE
FOLIATION

We will now investigate the properties of semi-Riemannian Legendre foliations.

Lemma 6.6 ,
A Legendre foliation F on a 3-dimensional contact metric manifold (M, ¢, &, 1, g) is

a semi-Riemannian Legendre foliation if and only if

6) T is non-degenerate.
. 1
(i1) g = Z

(i)  g((X, ¢X], $X) =0

where {X} is a local orthonormal frame of L with respect to g.
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Proof
(1): Forany Y', Y" € I'Qand any X' € I'L there exist functions f, h and k such
that Y'=foX, Y" =h¢X and X' =kX, for this X', Y', Y" we have

Lo8(Y, Y7 = Lo g(f0X, hoX)

= X'g(foX, hoX) - g([X', f0X], hoX)

- g(f0X, [X', hoX])
= X'(fh) - (X'P)h - £f(X'h) - 2fh(g((X', $X], $X))
= - 2fhk(g([X, ¢X], $X)).

Then the theorem follows from theorem 6.2 and lemma 6.3 (i). a

The bundle-like contact metric structure of a semi-Riemannian Legendre foliation
allows us to say the following about the conjugate Legendre foliation.

Theorem 6.7
Let F be a semi-Riemannian Legendre foliation on a contact metric manifold

(M7 ¢’ é’ n’ g)’

i) Then F the conjugate Legendre foliation of & exists if and only if the

projection

plL(VyY) =0 VY, Y e IQ.

ii) Suppose the conjugate Legendre foliation, g, of & exists. Then g is totally

geodesic if and only if (¢, &, M, g) is the canonical contact metric structure.

Proof

As T is a semi-Riemannian Legendre foliation by theorem 6.2 (ii) we have gl; = %I-[.



165

i) Forany X € I'Land any Y, Y' € I'Q as & is a semi-Riemannian Legendre

foliation we have

0= £Xg(Y, Y
=g(VyX, Y) + gV X, Y)
= g(lY', Y], X) - 2g(Vy,Y, X),

which implies that

g([Y', Y, X) = 2g(V,.Y, X) VXeTlL VY, Y e IQ

Part (i) of the theorem follows from this.

ii) If the conjugate Legendre foliation of & exists then from part (i) we have that
the projection
pIL(VYY') =0 VY, YeTlQ.

Also for any Y, Y'e I'Q we have

g(VYvY’ é) = = g(Y’ Vyvé)

= g(Y, ohY' +0Y") by 1.35
=g(Y, ohY") by 2.1,

which implies that the projection

Plg (VYY') =0 YV M, ¥'e IBQ,
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if and only if h: Q - Q. From theorem 4.15 this is so if and only if
(¢, €, M, g) is the canonical contact metric structure. a

These results are illustrated in the following examples.

Example4.1: (a) JFis a Riemannian Legendre foliation by lemma 6.6, as the
Lie bracket [X, Y] = 2&, and F the conjugate of F exists by
theorem 5.1. F can be shown to be totally geodesic which is
consistent with theorem 6.7 (ii) as (9%, &, M, g°) is the

canonical contact metric structure.

(b) T 'is a Riemannian Legendre foliation by lemma 6.6, as the
Lie bracket [X, Y'] =2&, and ' the conjugate of I ' exists

by theorem 5.1. & 'is not totally geodesic as

This is consistent with theorem 6.7 (ii) as (¢', €, 1, g') is not

the canonical contact metric structure.

Example 6.1:  (a) 510: the conjugate Legendre foliation of glc: exists and is

totally geodesic. Also (¢°, €, m, g©) is the canonical contact

metric structure.

(b) gF the conjugate Legendre foliation of gF exists and is a semi-

Riemannian Legendre foliation. ‘C}F and 9:1: are both harmonic
but not totally geodesic and (¢', €, M, g) is not the canonical

contact metric structure for either gF or gF .
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(d) 513, the conjugate Legendre foliation of 51; exists and is not

totally geodesic. Also (¢', €, m, g) is not the canonical
contact metric structure.

Corollary 6.8
Let J be a non-degenerate Legendre foliation on the canonical contact metric

manifold (M, ¢, &, M, g°) such that the conjugate exists. Then F is a semi-

Riemannian Legendre foliation if and only if & is totally geodesic.
Proof

Suppose JF is a semi-Riemannian Legendre foliation then as (¢S, &, 1, g°) is the

canonical contact metric structure J is totally geodesic by theorem 6.7.

Suppose 7 is totally geodesic then by theorem 4.25 for any X, X', X" € T'L, we

have
G(X, X', X") = 2g(V¢X, 0X" + V¢X" 0X', X)
=0.
Hence & is semi-Riemannian by theorem 6.5. a

Corollary 6.8 is illustrated by the following example from chapter 2.

Example 2.1: (a) glc; is a non-degenerate Legendre foliation on the canonical
contact metric manifold (SEM, 0¢, &, n, g°) and Fp the
conjugate Legendre foliation of 5; exists. But g; is not

totally geodesic as

VYIYI =- 3\2X,.
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oo g . C . .
This is consistent with corollary 6.8 as gF is not a semi-

Riemannian Legendre foliation .

The bundle-like contact metric structure of a semi-Riemannian Legendre foliation
allows us to say the following about the partial connection on L.

Lemma 6.9
If F is a semi-Riemannian Legendre foliation on a contact metric manifold

(M, ¢, €, M, g), then the partial connection on L

V;‘( X' = p(0[0X', X]) Vi SR FL.

Proof
Let {X,) be a local orthonormal frame of L with respect to g and V be the Levi-

Civita connection of g. &F is a semi-Riemannian Legendre foliation so (¢, &, N, g) is a

bundle-like contact metric structure hence for any o, B we have
g(V;‘(aXB, Xy = - 8((Xq 0X,4), 0Xp) by 2.7 and 2.23
=-g(Vy, 0X, -V . X 0Xp)
Xo ' Y d}XY 01 B

by lemma 6.3 (ii)
= g([xa’ ¢XB]s (bX,Y)
= g(0[0Xp, Xl X)) by 1.10.

This implies that

V)L( X' = p (O[6X', X]) ¥ X @ (Dl
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Therefore if (¢, &, 1, g) is any bundle-like contact metric structure on (M, n) and
(¢¢, &, 1, g°) the corresponding canonical contact metric structure we have

pL(O[0X’, X]) = V3 X'
= py (6°[¢X", X)).

A semi-Riemannian Legendre foliation is non-degenerate, hence for a semi-
Riemannian Legendre foliation on a contact manifold of dimension 2 5 we have by
theorem 2.25 that RI # 0. Which implies that for some a, P the projection

PL(OL X5 Xo)) = Vi X #0.

Hence for some «, [ by 2.1 the projection

Furthermore when the conjugate exists we get the following lemma.

Lemma 6.10
Let J be a semi-Riemannian Legendre foliation on a contact metric manifold

(M, ¢, €, 1, g) such that the conjugate Legendre foliation exists. Then the partial
connection on L

L |_. U [
VXX -pL(VXX) VX, XelL

where V is the Levi-Civita connection of g.

;-U

roof
Let {X,,} be a local orthonormal frame of L with respect to g.
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As the conjugate exists we have

V>L<leB = pL(9[0Xg, X)) by lemma 6.9
=PV Xa~ 0Vx_ 0Xp)
= pL(V¢XB 0X,, + VXQXB) by lemma 5.5 (iii) and (v)
= pL(VXaXB) by theorem 6.7 (i).

o]

Thus by Lemma 6.9 we have

PL(Vy X)) =pLO[0X",X]) VX, X eTIL.

For a semi-Riemannian Legendre foliation on the contact metric manifold,
(M, 0, &, m, g), with the property that the conjugate Legendre foliation exists, lemma

6.10 shows that the curvature of the Levi-Civita connection when restricted to the
leaves, is the curvature of the partial connection VL thus by 2.24

R(X, X)X" =TI(X', X"X - [I(X, X"X' VX X,X"eTIL,

where R is the curvature tensor field of g.

Theorem 6.11
Let F be a semi-Riemannian Legendre foliation on a contact metric manifold

(M, ¢, &, 7, g) such that the conjugate Legendre foliation exists then the leaves of F

have constant sectional curvature 4.

Proof
Let {X,) be alocal orthonormal frame of L with respect to g. Then for any a, f we

have
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as gl = %I'I by theorem 6.2 (ii)

=4, a
This theorem can be extended to semi-Riemannian Legendre foliations where the
conjugate does not exist as follows.

Corollary 6.12
Let F be a semi-Riemannian Legendre foliation on a contact metric manifold

(M, ¢, €, M, g) defined by the subbundle L < H. If there exists a semi-Riemannian
Legendre foliation & on a contact metric manifold (M, ¢', &, M, g") defined by the

subbundle L < H, such that the conjugate Legendre foliation of F  exists, then the
leaves of F have constant sectional curvature 4.

Proof

Asgl =gl = %I'[ by 6.2 (ii) we have for any X, X' € I'L the projections
pIL(VX X)= pIL(V‘X X"

where V and V' are the Levi-Civita connection of g and g' respectively.

Thus as the leaves of F have constant sectional curvature 4, by theorem 6.11, so do
the leaves of &. o
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Proposition 5.23 of Pang states that if G =0 then Q% = 0, where Q% is given by
By By

theorem 4.31. Hence for a semi-Riemannian Legendre foliation on the canonical
contact metric manifold (M, ¢, &, N, g€) theorem 4.31 is reduced to,

Theorem 6.13
For a semi-Riemannian Legendre on the canonical contact metric manifold,

(M, 9%, €, M, £°). The canonical coframes {8(: , 0%, M) and n% satisfy the first

structure equations

B 03
des {w% 0 0
1
deg | = - S| 0 g 0
dn 0 0 0

KgYeE A GZ + Sgn A QE

+ - 2kaﬁn A EE’

where S% and K& = - K&, are functions chosen to satisfy these equations.
p Y B y q

We will now give an example of a Riemannian Legendre foliation on a unit cotangent
bundle, give it a canonical contact metric structure and calculate its first structure
equations.

Example 6.2: Semi-Riemannian Legendre foliation on a unit cotangent bundle
Let

M =R?
= {(xq, xp) I x; > 0)
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and the function F: T*M — R be defined by

Fx v) = —((n)" + (52)° 2

1

Thus F is the norm of g the semi-Riemannian metric on M defined by

1 1
g -_—-—2dxl® dxl +_2de ®dXQ
* 1

Then

SiM =Fl(1)
= (x> X Y1 ¥) | (Y% + (¥% =(x)?).

Therefore by 2.26 (i) and (ii) we have

n= yldx1+ ),f2d>(2

x% 1 0x, 2 0x4 1 dy,
Lot ?}F be the Legendre foliation given Iby the fibres of the projection

p: SEM— M.

By 2.31 we have

1 -2
[T =5 F)jdy; ® dy;

1
= al)_g(dﬁ@ dy; +dy, ® dy,),
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and by theorem 4.44
T = 2y..)-1
[T =2(F )ij) dx; ® dxj

= (x%(dx; ® dx; + dx, @ dx,).

[1 is non-degenerate so ffFis a non-degenerate Legendre foliation. As F is the norm

of a semi-Riemannian metric on M, the foliation 5}: on the contact metric manifold

(S;M, ¢, &, g), with gl; = %H, is a semi-Riemannian Legendre foliation.

The tangent bundle, L, of 9:}: is given by
L = span{X]

where

As (yl)2 + (y2)2 =(x1)2 and X, > 0, X is a global vector field. Furthermore {X} is

an orthonormal frame of L with respect to %H.

Thus by 2.6 (i) we have

0 = - y,dx, + y,dx,.

We now introduce a subbundle Q€ of TS"ISM and a contact metric structure
(0% &, m, g% with g€l = IZH’ so that L defines a semi-Riemannian Legendre

foliation gf: of (SEM, ¢, &, 1, g°). This contact metric structure is shown to be the

canonical one.
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Let the subbundle Q° < TSEM be given by
Q€ =span{Y})
where

_— ( N NP a)
- T 2w 1 = B
(X1)2 0, 0x, dy,

Then (Y} is an orthonormal frame of Q° with respect to the metric g¢ defined by

& = 41-111 Elg= ﬁIQ:, glle=m®n and g°=0otherwise.

Let ¢° be the tensor defined by

O°X =-Y, 0°Y = X, 0% = 0.

(0% €, n, g° is a contact metric structure on the contact manifold (S}":‘M,n) and
{X,Y, &) is an orthonormal frame for TSI":‘M with respect to g©

Furthermore by 2.6 (ii) we have

€ = ——(- x{dx, + y,dy; - y,dy,).
2("1)2_ 10Xo +Yyody - ¥14Y2

Calculating the Lie brackets we get

X, & = - 2Y
.1
[Ys é] T 2(X1)4 x

(X, Y1=2¢
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It can be seen from the Lie brackets that g}c:’ the conjugate Legendre foliation of gf:

exists and is non-degenerate. Furthermore as the projection

1
2xy)*

p (Y, &) = X#-20Y

(0%, €, 1, g does not belong to the canonical family of contact metric structures for

the conjugate Legendre foliation g}c: defined by Q€. It can also be shown that 5;

and 510; are both totally geodesic.

By calculation we have

4
(4xpP* - 1) %

heX = 2
4(xy)

Hence by theorem 4.15 (¢¢, €, 1, g°) is the canonical contact metric structure of gﬁ—

We will now calculate the first structure equations of gf; . By calculation using

x,dx; =y,dy; + y,dy, it can be shown that

d€ = 2(—1)—3 (xqdx; Adx, - 2y,dx; Ady, + 2)’1dX1 Ady,
X
1

- 2x1dy; A dy,)

20,7 M A6).

d6 = dx; Ady, - dxy Ady;
=-2nA &

dn ='dX1/\dy1‘dX2/\dY2
=-29/\8,
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Therefore we have

[ | 1
d€ nAB6
2
2(xy)
de = -2nA €
dn 20 A €

1

and it follows from theorem 6.13 that t =K =0and S = 2 )4 .
X
1

(M, g) is the Poincaré half-plane, which has constant curvature of -1. This is a

counter example to corollary 5.40 of Pang [2] as S = #-1.

2(x)*

6 (c).A FAMILY OF SEMI-RIEMANNIAN LEGENDRE FOLIATIONS
This section is an adaptation of the work of Blair [5] to Legendre foliations.

If we have a contact metric manifold which satisfies proposition 5.14 with @ =0,

then +1 are the non-zero eigenvalues of h and
R(W, W) =0 VW, WelTM.
In which case proposition 5.14 can be extended to

Theorem 6.14
Let (M, ¢, &, M, g) be acontact metric manifold such that

R(W, WHE =0 VW, WelTM
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then D(1) defines a semi-Riemannian Legendre foliation and D(-1) defines its

conjugate which is flat and totally geodesic. Furthermore (9, &, 1, g) is the canonical

contact metric structure of the Legendre foliation defined by D(1).

Proof

From proposition 5.14 D(1) and D(-1) define a Legendre foliation and its conjugate.
Also D(-1) defines a flat Legendre foliation by theorem 3.5. Let F be the Legendre

foliation defined by D(1). Then J has tangent bundle L = D(1) and transverse bundle
Q® E =D(-1) ® E. The conjugate Legendre foliation JF of & is the flat Legendre
foliation defined by D(-1). T has transverse bundle Q @ E=L® E =D(1) ® E

and tangent bundle L=Q=D(-1).

We now show that (¢, &, ), g) is the canonical contact metric structure g8

For any X e I'D(1) =I'L we have
(a) hX =X

which implies by 1.35 that

Vo & =-0X- 0hX
= - 20X.

Furthermore forany Y € I'D(-1) =T"'Q we have
(b) hY =-Y
which implies by 1.35 that

Vy &=-0Y - ohY
= 0.
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As Fis a flat Legendre foliation, we have by lemma 2.13 (i) that & is a foliate vector

field with respect JF, that is

p o(l9X, €]) =p ([0X,E]) =0 VoXe I' L=TQ

From this we obtain

(© 0=rp.([¢X, ED)
= pL(V(DX E: - VE_, 0X)
=pL(- Vé ¢X) by (b), as 9X € T'Q =I'D(-1).

Thus we have

PLOIX, E]) =p (6V & - ¢V§ X)

=p.(- 202X - Ve 0X) by 1.27 and (a)
=2X by (c),

therefore
po((X, &) =- 20X VXeID()=TL.

This implies by lemma 4.4 that gl, = 41—11'[. Furthermore from (a) we have that

h: L — L so (¢, &, m, g) satisfies the conditions of theorem 4.15 thus (0, , 1, g) is
the canonical contact metric structure for F.

Now we show that D(1) defines a semi-Riemannian Legendre foliation, A
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Let {X,) be alocal orthonormal frame of L = D(1) with respect to g, then for any

o, B we have

0 = R(X,, 0Xp)E
=V, V - -
Xq 0Xp : Vq}xﬁvxa& V[xa,q;xﬁ] .
=2V 0X; 0X ) +20p; ([X g, 9Xp])

by (a), (b) 1.28 and theorem 2.4 (i).

Therefore for any o, B we have

(d) V¢XB 0Xq = - Pod([Xg, 6Xg)).

From which for any o, B, Y we have by theorem 4.25 that

G(X s XB’ XY) = Zg(VQ)XB OXy+ V‘DXY ¢XB, Xy

=0 by (d).

Thus by theorem 6.5 the Legendre foliation F defined by D(1) is a semi-Riemannian

Legendre foliation. Furthermore as (¢, &, M, g) is the canonical contact metric
structure of F and D(-1) defines the conjugate Legendre foliation F of & , also F is

totally geodesic by theorem 6.7 (ii). a
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CHAPTER 7. SPECIAL CASES

7 (a). LEGENDRE FOLIATIONS ON K-CONTACT AND SASAKIAN
MANIFOLDS

In this section we will investigate the properties of Legendre foliations on K-contact
manifolds and on Sasakian manifolds.

A contact metric manifold (M, ¢, , n, g) is a K-contact manifold if £ is a Killing
vector field with respect to g which by lemma 1.20 implies that
N3

h= 0.

1
2

Lemma 7.1
Let (M, ¢, €, 1, g) be a K-contact manifold then

1) VWF;=-¢W VWeIlITM
(i1) (€, OW] = ¢[E, W] VWe ITM.
Proof

1) For any W € I'TM we have

VW§=-¢W-¢hW by 1.35
=- OW ash=0.

(>i1) For any W € I'TM we have

0 = 2hW
=[€, oW] - 0[€, W] by 1.30.
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Lemma 7.2
Let T be a Legendre foliation on a K-contact manifold (M, ¢, &, M, g) then the

projections of the Levi-Civita connection of g satisfy

() Pe(Vy 0Xp) =kqpl, Pe(Vgx_ Xp) = Kot
(i1) pE(VXa XB) = pE(V¢Xu¢XB) ={.
Where (X, $X,, &} is a local orthonormal frame for TM with respect to g.

Proof
For any o, B we have

g(vxa ¢'Xﬁ! &) T g(d)XB! an};)
= g(0Xg, 0X;) by lemma 7.1 (i)
=Ky,

The rest are proved similarly. a

The contact metric manifold (M, ¢, €, 1, g) is a Sasakian manifold if Nl=0 A
Sasakian manifold is also a K-contact manifold as N! =0 implies N3=0 by lemma
1.19.

Lemma 7.3
Let (M, 0, &, M, g) be a Sasakian manifold then the Levi-Civita connection has the

additional projection property

Pr((V; 9)U) =0 V U, U' e TH.
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Proof
As N1 =0 for any U, U, U" € 'H we have

0 =g(NI(U', U"), ¢U)
= 28((VU o)u', Uu") by lemma 1.26.

o]

For a Legendre foliation on a K-contact manifold we show that the second
fundamental form is a section of the subbundle Q.

Lemma 7.4
Let Fbea Legendre foliation on a K- contact manifold (M, ¢, €, 1, g) then

(1) Ay !

g
(i1) B(X, X)e I'Q VX XelL,
which implies that
T =g(Xy XB)B(XQ, XB) e I'Q
where (X} is a local orthonormal frame of L. with respect to g.

Proof
(1) Aé =pp(6h) by lemma 2.9

=0 since h = 0.

(i1) For any tangential vector fields X, X' we have

B(X, X)) = ppi(V X)
= pQ(VX X" since pE(VX X") =0 by lemma 7.2 (ii).

Hence B(X, X') € I'Q. o}
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From lemma 7.4 we get the following theorem

Theorem 7.5
LetJ be a Legendre foliation on a K-contact manifold (M, ¢, €, 1, g) then

(1) T is totally geodesic if and only if the second fundamental form B of F is

parallel in the transverse bundle,

(i) T is harmonic if and only if the mean curvature vector field T of F is parallel

in the transverse bundle.

) Suppose B is parallel in the transverse bundle, that is

pLJ-(VX B(X, X") =0 VX, X', X"eTIL.

Then for any vectors X, X', X "€ TL, we have

0= g(Vy BX' X), &)
= - g(B(X', X"), V, &)
= g(B(X', X"), $X) by lemma 7.1 (i).

As BX', X") e I'Q by lemma 7.4 (ii) we have g(B(X', X"), W) = 0 for any
vector field W on M, that is B = 0, thus F is a totally geodesic foliation.

Suppose J is totally geodesic that is B = 0 hence B is parallel in the

transverse bundle.

(i1) Suppose T is parallel in the transverse bundle that is

pLJ_(VX T)=0 ¥ XaTL
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Then for any vector X € I'L , we have

0 =g(Vy 1,8
= g(Ta VX é)
= g(T, 6X) by lemma 7.1 (i).

As Te I'Q by lemma 7.4 (ii) we have g(T, W) =0 for any vector field W on M, that
is T=0, hence T is a harmonic foliation.

Suppose J is harmonic that is T = 0 which implies that T is parallel in the transverse

bundle. o}
Lemma 7.6

Let F bea Legendre foliation on a Sasakian manifold (M, ¢, &, 1, g) then

‘= VX, Xell,
A¢XX A(DX'X , X' e

which implies that
g(B(X', X"), ¢X) = g(B(X, X"), ¢X") VX, X,X"eTIL.

Proof

For any tangential vector fields X, X', X" we have

0 = g([X, X'], X™) as L is completely integrable
= g( 9V, X'~ 9V, X, X") by 1.10
=- g(VX oX' - VX' 0X, X") by lemma 7.3
= g(A X, ) o

X 2o A¢X'
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The next theorem proves that if the conjugate of a Legendre foliation, F , on a K-
contact manifold exists it is of the same classification as & .

Theorem 7.7

LetF bea Legendre foliation on a K-contact manifold (M, ¢, &, 1, g) such that the
conjugate Legendre foliation of & exists, then the conjugate is of the same
classification as .

Proof
Let {X,, 90Xy, £} be a local orthonormal frame for TM with respect to g, then for
any o the projection

pL((E, 9X,)) = pL(O[E, X)) by lemma 7.1 (ii)
= 0po((&, X)) by theorem 2.1.
As 0l is an isomorphism the theorem follows by lemma 2.13. o]

The following examples from chapter 3 illustrate these ideas.

Example 3.1: (@) JC is a flat Legendre foliation on the canonical Sasakian

manifold for which the conjugate Legendre foliation exists and
is flat by theorem 5.11.

(©) F" is a flat Legendre foliation on a K-contact manifold that is

not a Sasakian manifold. The conjugate Legendre foliation of
J " of does not exist.

d) T isaflat Legendre foliation on a Sasakian manifold which is

not the canonical Sasakian manifold. The conjugate Legendre
foliation of F exists and is flat.

(e) T *isaflat Legendre foliation on a K-contact manifold that is

not a Sasakian manifold. The conjugate Legendre foliation of
T # exists and is flat.
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We now investigate the properties of non-degenerate Legendre foliations on K-
contact manifolds.

Theorem 7.8
Let F be a non-degenerate Legendre foliation on a K-contact manifold

M, ¢, &, n, g). Then (¢, €, n, g) is the canonical contact metric structure if and only
: 1
if glL = ZH

Proof

As h =0, the conditions of theorem 4.15 are satisfied if and only if gl; = %I'I. o]

Lemma 7.9
IfFisa non-degenerate Legendre foliation on a K-contact manifold (M, ¢¢, €, 1, g%)

where (0€, €, 1, g°) is the canonical contact metric structure then the projection
g proj

) pL([&, 6°X]) = - 2X.

Furthermore for any X € I'L we have

(i1) pL(V £ 0°X) = (02X and pQ(Vg X) = 0°X.
=-X

Proof
(i) Let (X, ¢°X,, £} be a local orthonormal frame for TM with respect to g€,

then using lemma 7.1 (ii) for any o we obtain

pLUE, 6°X ) = pLo°((&, X))
= 9p(&, Xql) by lemma 2.1
= 0°(2¢°X,) by lemma 4.4 (ii)
=-2X,,.
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(i) From part (i) for any X € I'L we have

2X .= pL([g, q)CX])
=- pL(Vé ¢CX - V¢CX &)

=- pL(Vé’; 0°X) + X by lemma 7.1 (i).
This implies that
PV 4K = - X
and

pQ(Vé X)=- pQ(Vé $(6°X))
=- q)CpL(Vé 0¢X) by 1.27
= 6°X. ol

When J is a non-degenerate Legendre foliation and the K-contact metric structure is

the canonical contact metric structure we have the following existence theorem for the
conjugate.

Theorem 7.10
Let ¥ be a non-degenerate Legendre foliation on a K-contact manifold

M, ¢, €, m, g) with gl; = %l'[, then g}the conjugate Legendre foliation of & exists if
and only if (M, ¢, &, M, g) is a Sasakian manifold.

Proof

(0, €, M, g) is the canonical contact metric structure by theorem 7.8 so

F exists if and only if Nél y=0 by theorem 5.8
if and only if ¢l is a complex structure on H by theorem 1.24
if and only if (M, ¢, &, 1, g) is a Sasakian manifold

by corollary 1.25.
o]
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For a Legendre foliation, &, on a K-contact manifold we have shown in theorem
7.7, that if the conjugate Legendre foliation of JF exists, it is of the same

classification as &. Example 6.1 (b) shows that we can have a Legendre foliation

with a conjugate of the same classification on a contact metric manifold which is not
a K-contact manifold. Thus this property is not restricted to K-contact manifolds.
But for a non-degenerate Legendre foliation on the canonical contact metric manifold
we get the following theorem.

Theorem 7.11
Let T be a non-degenerate Legendre foliation on the canonical contact metric

manifold (M, ¢, &, n, g° such that T the conjugate Legendre foliation of & exists.
Then (M, ¢¢, &, 1, g°) is a Sasakian manifold if and only if & is non-degenerate and

(6, €, n, g°) is the canonical contact metric structure of .

Proof
Suppose F is non-degenerate and (¢¢, £, 7, g°) is the canonical contact metric

structure of . Then for any X € I'L we have the projection

pL(E. 6°X1) = p (&, 6°X])
= 20%0X) by lemma 4.4 (ii)
=S

By lemma 4.19 this implies that h® = 0, that is (M, ¢, &, n, g is a K-contact

manifold. Thus as the conjugate exists, (M, ¢, &, n, g°) is a Sasakian manifold by
theorem 7.10.

Suppose (M, ¢, &, 1, g°) is a Sasakian manifold then F is non-degenerate by
theorem 7.7. Furthermore we have h® =0 and for any X € I'L the projection
pL([&, °X]) = 26°(6°X) by lemma 7.9 (i).

Hence by lemma 4.4 the conditions of theorem 4.15 are satisfied for F so

(9%, £,m, £°) is the canonical contact metric structure of J. a
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For a Sasakian manifold corollary 6.8 can be extended to

Theorem 7.12
Let & be a non-degenerate Legendre foliation on a Sasakian manifold

(M, ¢¢, £, M, g°) then F( g ) is a semi-Riemannian Legendre foliation if and only
if F (F)is a totally geodesic Legendre foliation.

Proof

The conjugate Legendre foliation exists by theorem 7.10 as g°l; = %H. Also by

theorem 7.11 (¢, &, 1, g°) is the canonical contact metric structure of F and F.

Thus the theorem follows by corollary 6.8. o]
We now give an example of a non-degenerate Legendre foliation on a Sasakian
manifold, which illustrates these theorems.

Example 7.1: Non-degenerate Legendre foliation on a Sasakian manifold
Let

M=$3
= {(x], X, Y1, Y) | (x)2 + (x0)2 + (y )2 + (y)? =1)

and
N = y,dx; + y,dx, - x,dy; - X,dy,.
Then we have
dn =2(dy; A dx; +dy, A dx, )
which by calculation gives
N AdN = 2(y,dx; A dxy Ady; - ydx; Adxy Ady,

+x,dx; A dyy Ady, - x;dxy Ady; Ady,)

# 0 everywhere on M.
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Thus (M, M) is a contact manifold. Furthermore (M, ¢¢, &, n, g°) a Sasakian
manifold where (¢, £, 1, g©) is the Sasakian structure given by

1 @ @ 0
0100
gt =
0010
0 0 0 1
[0 0 -1 0
(DC_OOO—I
1 0 0 O
0 1 0 0
0 0 )

= yy— + y,— — X - X :
¢ 7 0x, y2 ox, . ady, . dy,

Consider the vector field

Then

Y =¢°X
0 d ) d

= Yo = Yy— + Xy— — Xj—.
¥2 ox, J X, 28y1 18y2

These are global vector fields which belong to H the contact distribution of
(M7 ¢C’ E,n T]a gc)'
Calculating the Lie brackets we get

[X, &) =-2Y =-2¢X

[Y,&] =2X = - 2¢°Y
BN g
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Thus L = span {X} defines a non-degenerate Legendre foliation F and Q = span {Y )
defines a non-degenerate Legendre foliation J , the conjugate of F. The Lie brackets
show that (¢, &, 1, g°) is the canonical contact metric structure for Fand F. As

[X, Y] = 2&, lemma 6.6 (iii) shows that F and F are both semi-Riemannian

Legendre foliations, it can also be shown that they are both totally geodesic.

7 (b). TOTALLY UMBILIC AND TOTALLY GEODESIC LEGENDRE
FOLIATIONS

A foliation & on a semi-Riemannian manifold (M, g) is totally umbilic ifthere exists

a one form, a, on L1 such that

Ay =aV)l VVerlIL.

The leaves of a totally umbilic foliation are totally umbilic submanifolds of (M, g).

Remember that a foliation F on a semi-Riemannian manifold (M, g) is totally

geodesic if its second fundamental form vanishes identically, that is,

B =0 whichisequivalentto A =0.

Hence a totally geodesic foliation is also a totally umbilic foliation.
Note that a foliation which is harmonic and totally umbilic is also totally geodesic.

Lemma7.13
Let J be a totally umbilic Legendre foliation on a contact metric manifold

(M, ¢, €, M, g) then for any o, B the projection

P(Vy Xp) = 80X Xplkyga(0X)0X, +a())
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where A 0X = a(¢XB)I, Aé =a(g)], and {X,) is alocal orthonormal frame of L with
B

respectto g.

Proof
For any a, B3, y we have

a(0X)E(X o Xp) = 220X, X o Xp)

which implies that

pQ(VXa Xp) = g(Xq, Xk 5a(0X5)0X,.

Furthermore for any o, [ we have

a®)g(X o Xp) = ga®)X g, Xp)

= g(A, Xgn Xp)
=- g(vxaé’ XB)
= g(é’ an XB):
which implies that
pE‘(VXa XB) = g(xa: XB)a(E.i)E.I o

Lemma 7.13 implies that for a totally umbilic Legendre foliation & the projection

(V, Xp)=0 Vv a#f.
Pl Xa B B
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Furthermore the mean curvature vector field of F is given by

T = 8(Xo Xppu(Vy Xp)

= 8(Xgr X)g(X g Xp) (k520X p0X, +a(d)E)
= n(k,52(0X 0X, + a(8)E).

Theorem 7.14
Let F be a Legendre foliation on a Sasakian manifold (M, ¢, &, M, g) then J is a
totally umbilic Legendre foliation if and only if F is totally geodesic.

Proof

We have already noted that a totally geodesic foliation is totally umbilic.

Suppose 7 is a totally umbilic Legendre foliation. Let {X} be alocal orthonormal

frame of L with respect to g, then as (M, ¢, &, n, g) is a Sasakian manifold by
lemma 7.6 for any ., B we have

0=- g(A¢XB X Xg, Xp)

o Aq,xa

-80Xg Ve Xp)+ 20X VXB Xg).

I

For a # [ this implies that

g((DXa, VXB XB) = g(¢XB, VXa XB)

=0 by lemma 7.13.

But for any o we have

= 8Ayx Xp- Xp)
= a(¢X,)g(Xp, Xp) as J is totally umbilic.
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This implies for all o that

a(0X,) = 0.

Hence J is harmonic as

T= pQ(V’X X by corollary 2.10. ash =0
o
=0 by lemma 7.13, as a(¢X,) = 0 for all c.
Thus J is totally geodesic asit is totally umbilic and harmonic. o

Theorem 7.15
Let J be a non-degenerate Legendre foliation on the canonical contact metric

manifold (M, ¢¢, £, 1, g°), such that T the conjugate Legendre foliation of & exists.
Then & is a totally umbilic Legendre foliation if and only if Fis totally geodesic.

Proof

From corollary 5.9 as the conjugate exists we have

A JX'=A X VX XelL,

and as (9¢, &, M, g°) is the canonical contact metric structure, we have h®: L — L,

from theorem 4.15.

Using these two conditions the proof is the same as for theorem 7.14. o

An example of a Legendre foliation that is totally umbilic but not totally geodesic is

given in chapter 6.
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Example 6.1 (b): gF is a semi-Riemannian Legendre foliation on a contact

metric manifold (M, ¢', €, M, g") which is not the canonical
contact metric manifold. By calculation for any o, B we have

Ay'ﬁxa =- pL(VXaYb) =0
AE Xa i pL(VXag) = _2XO:'

This implies that gF is a totally umbilic Legendre foliation
with a(Y,) = 0 and a(€) = - 2. Furthermore

= “(ky6a(¢x6)¢’xy +a(g)k).
=2(- 28)
= -4

Hence ?J-'F is not a harmonic Legendre foliation.

7 (¢c).ISOPARAMETRIC AND HARMONIC LEGENDRE
FOLTATIONS

A foliation & on a semi-Riemannian manifold (M, g) is isoparametric if the mean

curvature form K is parallel along the leaves, that is

,,BX»c:o ¥ X T

where k € L™ is the one form given by

K(Y) = g(T, V) V Ve I'LL.

The leaves of an isoparametric foliation are isoparametric submanifolds of (M, g).
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Remember a foliation F on a semi-Riemannian manifold (M, g) is harmonic if the

mean curvature form K vanishes that is

K =0 which is equivalent to T =0.

Hence a harmonic foliation is also an isoparametric foliation.

Lemma 7.16
Let J be an isoparametric Legendre foliation on a contact metric manifold

(M, ¢, €, m, g) such that h: L — L then

g(T, (X, € =0 VvV Xe L.

Proof
As T is a isoparametric Legendre foliation for any X € I'L we have

0= £X»<(g)

= Xk(®) - (X, &)

Xg(1,8) - (T, [X, &)

- (T, [X, E]) as T e I'Q, by corollary 2.10.
o

Theorem 7.17
If F is a non-degenerate Legendre foliation on the canonical contact metric manifold

M, ¢¢, €, M, g°). Then & is an isoparametric Legendre foliation if and only if F is a

harmonic Legendre foliation.

Proof

We have already noted that a harmonic foliation is isoparametric.
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Suppose J is an isoparametric Legendre foliation. Let {X,) be alocal orthonormal
frame of L with respect to g¢, then h®: L — L by theorem 4.15, thus for any o we

have

0= g%T, [Xg €D by lemma 7.16
= - 2%(T, 6°X g ) by lemma 4.4 (ii), as gl =4T1.

As T € I'Q by corollary 2.10, we have g&(T, W) = 0 for any vector field W on M,

thatis T = 0, soJ is a harmonic Legendre foliation. o]
Corollary 7.18

If F is a non-degenerate Legendre foliation on the canonical contact metric manifold

(M, 0%, &, M, £°). Then & is a totally umbilic and isoparametric Legendre foliation if
and only if J is a totally geodesic Legendre foliation.

Proof
If F is a totally geodesic Legendre foliation then by definition & is totally umbilic and

isoparametric.

Suppose 7 is a totally umbilic and isoparametric Legendre foliation then by Theorem
7.17 F is harmonic so as 7 is also totally umbilic & is a totally geodesic Legendre

foliation. o}

Theorem 7.19
If & is a non-degenerate Legendre foliation on a K-contact manifold (M, ¢, £, M, g).

Then & is an isoparametric Legendre foliation if and only if & is a harmonic

Legendre foliation.

Proof

We have already noted that a harmonic foliation is isoparametric.
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Suppose J is a isoparametric Legendre foliation. Let {X) be a local orthonormal
frame of L with respect to [, then by theorem 2.1 Q = span{¢X ), note

{X g 9X,) need not be a local orthonormal frame of H with respect to g.

Ash:L - L, T e I'Qby corollary 2.10, so there exists functions a, such that

T=2a,0X,
For any B we have
0=g(T, [XB’ ED by lemma 7.16

= g(aaq)xa’ [XB’ é])
= aag(q)xa: [XB7 é])

1
=-§aaH(Xa, XB) by 2.11
1
=" 2%k
1
=73
which implies that T=0, so F is a harmonic Legendre foliation. g

Corollary 7.20
Let ¥ be a non-degenerate Legendre foliation on a K-contact manifold

M, 0, £, M, g). Then J is totally umbilic and isoparametric if and only if F is a

totally geodesic Legendre foliation.

Proof
If F is a totally geodesic Legendre foliation then by definition & is totally umbilic and

1soparametric.
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Suppose 7 is a totally umbilic and isoparametric Legendre foliation then by Theorem
7.19 F is harmonic so as 7 is also totally umbilic F is a totally geodesic Legendre

foliation. o]

Theorem 7.21
Let F be a semi-Riemannian Legendre foliation on a contact metric manifold

M, ¢, €, M, g) then F is an isoparametric Legendre foliation if and only if Fisa

harmonic foliation.

Proof
As g is a bundle-like metric forany X € I'L and V € 'L} we have

0= £Xg(r, V)

=Xg(T, V) - g((X, 1), V) - (T, [X, V])
=Xk(V) - k([X, V]) - g([X, 1], V)
=£XK(V) - g([X, 1], V).

This implies that

£XK(V) =g([X, 1], V).

Thus £XK =(0ifand only if T is a foliate vector field.

Suppose J is an isoparametric Legendre foliation which is not a harmonic foliation,

then T # 0 is a foliate vector field. This implies by theorem 2.8 that T € T'E. Thus
there exists a non-zero function f such that T = f€, as T is a foliate vector field it can
be shown that £ is also a foliate vector field. This by lemma 2.13 (i) implies that F is

a flat Legendre foliation, but as (¢, £, 1, g) is a bundle-like contact metric structure g

is a non-degenerate Legendre foliation by theorem 6.2 (i), which is a contradiction.

Thus F is an isoparametric Legendre foliation if and only if & is a harmonic foliation.

o
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CHAPTER 8.
COMPLEX LEGENDRE FOLIATIONS

In this chapter we extend our work on Legendre foliations on contact metric
manifolds to complex Legendre foliations on complex contact metric manifolds.

A complex contact manifold is a complex manifold of odd complex dimension which
carries a complex contact form. The definition of a complex contact manifold is given
and then we define a complex contact metric structure on a complex manifold.

We then define a complex Legendre foliation on a complex contact manifold and

investigate its properties especially where they differ from the properties of a
Legendre foliation on contact a manifold.

8 (a). COMPLEX CONTACT MANIFOLDS

A complex manifold M of complex dimension 2n + 1 is a complex contact manifold
if it carries a global holomorphic 1-form 1 such that

nA@n)*=0
everywhere on M.

The complex contact formm determines a holomorphic global vector field £, the

complex characteristic vector field defined by Lin [30],
nE) = 1.
The complex contact distribution H of a complex contact manifold is defined by

H =ann(n)
={WeTMINn(W) =0},
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and a complex line bundle E is defined by

E = span(§).
Let J be the natural almost complex structure on the complex contact manifold
(M, M), and T*M be the complexified tangent bundle of M.

Define global vector fields by

U=t+& V=-iE- &),

Therefore we have

(8.1) (@@ V=-JU v=u-J,
(ii) W=y u=-vel,

and furthermore

(8.2) u(U) =v(V)=1 u(V) =v(U) =0.

The complexified contact distribution H® of a complex contact manifold is defined by

H®= ann(u, v)
={We T°M I u(W) =v(W) =0},

and the complexified line bundle E€ is defined by

E° = span(U, V).
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For a complex manifold M with almost complex structure J, g is a Hermitian metric
on M if g is a Riemannian metric which for any vector fields W and W' on M
satisfies

gUW, JW') = g(W, W),
as J2 = - I this implies that

g(W, JW) = - g(JW, W) VW, We I T°M.

A complex contact manifold (M, n) has a complex contact metric structure
(G, &, n, g) where g is a Hermitian metric and G is a tensor of type (1,1) such that,
(see Ishihara and Konishi [28])

(8.3) (i) G2=-1+u®U+v®V.

() g(W,GW) = du(W, W) + 3 g(Vyy, U, VIV(W)
1
5 &V, U, VIV(W)
VW, W e ITM.

gi) GJ=-JG.

Note that G is the negative of the tensor defined by Ishihara and Konishi [28]. This
change in sign gives a direct correspondence between property 8.3 (ii) and property
1.2 of a contact metric structure. Furthermore as g is a Hermitian metric g is positive
definite.

In this chapter (M, M) is used to denote a complex contact manifold when the
complex contact metric structure is not specified while (M, G, €, n, g) is used to
denote the complex contact manifold (M, n) with the complex contact metric
structure (G, &, M, g), M, G, &, n, g) is called a complex contact metric manifold.
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From the properties of 8.3 it can be shown that for any W, W'e I'T°M,
(8.4) (i) GU =GV =0.
(ii) u-G =v-G =0.
(iii) rank G =4n.
Giv) gU,U)=gV,V)=1 and g(U, V) =0.
v)  gW,U)=uW) and g(W, V) = v(W).
(vi) g(GW, W') =- g(W, GW").

(vil)  g(GW, GW") = g(W, W) - u(W)u(W") - v(W)v(W").

We now define a tensor K of type (1,1) by

K =GlJ.
Then if (G, &, n, g) is a complex contact metric structure on a complex contact
manifold (M, 1), for any W, W' e I'T°M we have,

(8.5) () K2=-1+u®U+v®V.

(i) g(W, KW') =dv(W, W') - %g(VW, U, V)u(W)

+3 g(Vyy, Uy VIu(w).

From the properties of 8.3, 8.4, 8.5 and J2 = - 1, it can be shown that for any
W, W'e I'T*M we have,

(8.6) (1) Kl=-JK=-G.
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(i) KG=-GK=J+u®V-ve®U.

i) KU=KV=0.

(iv)  u-K=v.-K=0.

(v) rank K =4n.

(vi)  g(KW, W' =- g(W, KW").

(vii)  g(KW, KW') = g(W, W) - u(W)u(W") - v(W)v(W").

(viii) g(GW, KW' = g(W, JW") + u(W)v(W') - v(W)u(W").
From 8.3 (i), 8.4 (i) & (iii), 8.5 (i) and 8.6 (iii) & (v) we can show that Glyc and
Kl,c are isomorphisms with

(Glyo) ! = - Glye and  (Kle)! = - Klye.

For any W € I'H® we have

g((W, U], U) = u([W, U]) by 8.4 (v)
=-2du(W, U) as W e I'H®
=-2g(W,GU) + g(VU U, V)v(W) - g(VW U, V)v(U)

by 8.3 (ii)
=0 by 8.2, 8.4 (i) as W e THC.

Similarly for any W € 'H® we have

g([W, V], V) = 0.
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g((W, V], U) =u([W, V])
=-2du(W, V)
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by 8.4 (v)
as W e TH¢

= - 2g(W, GV) + g(V, U, VIV(W) - (V. U, V)v(V)

= - g(Vy, U, V)

by 8.3 (ii)

by 8.2, 8.4 (i)and (iv) as W € I'HE.

Similarly for any W € 'H® we have

g((W, U], V)= g(Vy, U, V),

These relationships imply that

g((W, V], U) = - g([W, U], V).

Therefore we have
®8.7) @  gW,U],U)=u(W,U)=0
i)  g((W, V], V)=v(W,V])=0
(i)  g((W, VI, U) =u((W, V])=-g(V\;, U, V)

(v)  g(W, U], V) =v(IW, U])=g(Vy, U, V)

(v)  g(W,V],U)=-g(W, UL V)
which implies that

u([W, V]) = - v([W, U)).

VY W e T'HC.

VY W e TTHC

VY W e I'HC.

VY W e THC

VY W e THES,



For any W, W' e I'H® we have
g((W, GW'], U) = u((W, GW'))
= - 2du(W, GW"
=-2g(W, GZW")
= 2g(W, W)

Similarly for any W, W' e I'H® we have

g([W, KW, V) = 2g(W, W)

Furthermore for any W, W'e I'H® we have
g((W, GW'], V) = v([W, GW'])
= - 2dv(W, GW’)
= - 2g(W, KGW')
= - 2g(W, JW)

Similarly for any W, W' e T'H® we have

g((W, KW'], U) = 2g(W, JW").

Therefore we have

(8.8) ()  g(W,GW'], U)= 2g(W, W)
(i)  g((W, KW, V) = 2g(W, W)
@i  g((W, GW1, V) = - 2g(W, JW")

Giv) g(W, KW'}, U) = 2g(W, JW)
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by 8.4 (V)
as W, W'e 'HC
by 8.3 (ii)
by 8.3 (i).

by 8.4 (v)

as W, W'e 'H¢
by 8.5 (ii)

by 8.6 (ii).

Y W, W'e 'HC.

Vv W, W'e I'HC.

V W, W'e I'H

vV W, W'e 'HC.



208

Theorem 8.9
For a complex contact metric manifold (M, G, €, M, g), U and V are analytic vector
fields, that is the Lie derivatives

£UJ=£VJ=0

which is equivalent to
(U, JW]=JUW] and [V,IW]=]J[V,W] VWeIITM.

Proof
Yano and Kon [16], page 117-118, give an isomorphism 6

1
9:X—)E(X-UX)

from the Lie algebra of analytic vector fields to the Lie algebra of holomorphic vector
fields.

Using the inverse of this isomorphism, as
1
&= Z(U-1iJU)
2
is a holomorphic vector field, we obtain that U is an analytic vector field.
Similarly as & is a holomorphic vector field so is - i€ and we have

1
-i§ =5 (V-iIV).

Hence by the inverse of 0 we obtain that V is also an analytic vector field. a
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From theorem 8.9 we obtain that the Lie bracket

[U, V] =-[U, JU] by 8.1 (i)
= J[U, U] by theorem 8.9
= 0.

A holomorphic foliation is a foliation on a complex manifold (M, g), where g is a
Hermitian metric, with an almost complex structure J which satisfies, Kamber and
Tondeur [20].

(i) J:Li 5 Lh

(ii) g((£XJ)w, W) =0 VXeTlLVW W e L.,

which is equivalent to the projection

ppL([X, IW]) = p LU[X, W]) VXeTlLVW,eTILL

As [U, V] =0, E® is a completely integrable distribution on T°M. Hence E€ defines a
foliation on M of real dimension 2. Since U and V are analytic vector fields this is a
holomorphic foliation.

Lemma 8.10
Let (M, G, &, 1, g) be a complex contact metric manifold then

i) Vy U=V V=V, U=V, V=0,

(i1) du(U, V) =dv(U, V) = 0,

where V is the Levi-Civita connection of g.
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)
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For any W e I'H® we have

= g(VW U, V) + g(W, VU V).

Thus

g(VUV,W)=O V W e I'HC.

Also, as [U, V] =0 we have

0 =g(U, V], U)
=g(V; V., U)- gV, U, U)
= g(VU Vv, U) as {U, V} is an orthonormal frame of EC.
Thus
gV, v, U) =0.

Furthermore, as (U, V} is an orthonormal frame of E® we have

gV, V. V) =0.

Hence

The others are proved similarly.
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(11) We have

2du(U, V) =2g(U, GV) - g(Vv U, V)v(U) + g(VU U, V)v(V)

by 8.3 (ii)

= &V, U, V)v(Y) by 8.2 and 8.4 (i)

=0 by part (i).

dv(U, V) =0, is proved similarly. a

8 (b). COMPLEX LEGENDRE FOLIATIONS
Consider a complex contact manifold (M, 1) of complex dimension 2n + 1. A

complex Legendre foliation, &, of (M, 1) is a holomorphic foliation of M by integral

submanifolds of 1, of complex dimension n.

Since the leaves of J are integral submanifolds of 1, we have L¢ c HE, where L® is
the complexified tangent bundle of . Let (G, &, 1, g) be a complex contact metric
structure on (M, 1) then the complexified transverse bundle of T is defined by

[l={Ye TMIg(Y,X)=0,V X e LF}.
Define a subbundle Q€ of H by

OF=H I
Then the foliation gives the following natural orthogonal decomposition of the
complexified tangent bundle of (M, n)

T'M=1°*®Q°®ES®

where L1 =Q°@®E° and H°=1L°® Q°.
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As & is a holomorphic foliation w e have the following relationships, see Kamber and
Tondeur [20],
8.11) ) L1 and J L > 1S

(ii) g(cf.),x]) W, W) =0 VW, WeTllLVXeTIlLS,

which is equivalent to the projection

PLCL([X, JW]) = p; c1(J[X, W]) V XeTIlS,VWe I'L’L

Hence by 8.11 (i) the leaves of a complex Legendre foliation on a complex contact
metric manifold (M, G, &, 1, g) are invariant submanifolds with respect to the
complex structure J.

If W =U is substituted in 8.11 (ii) for any X e I'L® we have the projection
(8.12) ()  pLer(lU, X)) = ppey(DJU, X])
= - preu((V, X)) by 8.1 (0.
Also with W=V in 8.11 (ii) for any X € I'L* we have the projection
(8.12) (i)  preaV, X]) =preu(JV, X])

= prey([UX]) by 8.1 (ii).

Theorem 8.13
If & is a complex Legendre foliation on the complex contact metric manifold

M, G, &, m, g) then

(1) u(X)=v(X)=0 VXe L



(>ii) Gl =CQF
where

GLE = {GX | X € L€ )

(ii1) KLE =Q°
where
KIC={KXIXe L€}

Proof

and

and

and

and
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GQe =1°,

GQS = {GY Y e QF).

KQS =1¢,

KQCS = {KY Y e QF}.

i) As L€ is a subbundle of H® for any X € 'L we have

u(X) = v(X) =0.

(1) & (iii)
For any X, X' € I'L® we have

2g(X, GX) = 2du(X, X))
=-u([X, X)

=0

Thus GX' e L% but by 8.4 (ii) GX' € HS, so

GXe Q°

Similarly

KX e Q°

As Gl¢ and Kl are isomorphisms the theorem follows.

by 8.3 (ii) and part (i)
as L¢ c H¢

by part (i), as L¢ is completely integrable.

VXelf

VXelt.
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Thus the leaves of a complex Legendre foliation on a complex contact metric
manifold (M, G, &, 1, g) are anti-invariant submanifolds with respect to the complex
tensors G and K.

Lemma 8.14
Let J be a complex Legendre foliation on the complex contact metric manifold

M, G, & n, g)if

(X IX gl =1 ,n is a local orthonormal frame for L¢ with

respect to g then

O, NG B 1, i 8 . is a local orthonormal frame for Q¢ with
respect to g, where {Y =GX,JY, =JGX, =- GIX, =- KX}

Furthermore

(i) 8([X,, GXp), U) = 28
g([Xq GXp], V) =0
80X, GIXp), U) = g(UX, KXp), U) =283
g(JXq GIXp), V) = g(UX KXpl, V) =0
g([JXa, GXB]’ U) =0.

() g([Xy KXgl, V) =28,
g([X o KX, U) =0
g(JX . KIXg), V) = - g([IX 5, GXgl, V) =28
g([IX o KIXpl, U) = - g(JX, GXpl, U) =0
g([JX o KXpl, V) = 0.

(iii) ,,Exg(z, Z)=0 VX enl$, ¥ ZuZua B
Proof

Using 8.4 (vii), 8.6 (vii) & (viii) and theorem 8.13 it can be easily shown that
(Yo JYob o= 1, . is a local orthonormal frame for Q¢ with respect to g.
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(@) & (ii)
For any o we have

g([Xq, GXgl, U) = 2g(Xy, Xp) by 8.8 (i)
- 26aB

The others are proved similarly.

(ili) For any X € L° we have

LU, V) =-g([X, U], V) - g([X, V], U)

- g([X, IV], V) - g([X, V1, IV) by 8.1 (ii)
= -g([X, JV], V) + g(J[X, V], V) since g is Hermitian
= - g(L, DV, V)

=0 by 8.11 (ii).
o

8 (c). THE INVARIANTS [I, AND ] ON A COMPLEX LEGENDRE
FOLIATION

We introduce for a complex Legendre foliation on a complex contact manifold (M, 1)

a symmetric, bilinear form [] on L® defined by

X, X) = - ((£X£X,u)(U)) +u([X', VDv(IX, U)) V X, X'e TLE.

By definition [] is an invariant of a complex Legendre foliation, so that its value does
not depend on the complex contact metric structure on (M, 1n). This definition
corresponds to the definition for the invariant [] in chapter 2 (c) for a Legendre
foliation, with an extra term u([X', V])v([X, U]). We see in the following lemma

that this term enables us to find an expression for [] in terms of any complex contact
metric structure on (M, 1) that corresponds to 2.11.
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Lemma 8.15

For a complex Legendre foliation the invariant [] satisfies the relationship

[TI(X, X)) =2g([U, X], GX) Vi X e TES
= 2g([V, X], KX") VvV X, X'e TLE.

For any complex contact metric structure (G, &, 1, g) on (M, ).

Proof
For any X, X'e T'L¢, we have

- (Ly Ly (V) = -{X(X'u(U) - u((X', UD) - Xu(X, U]

+u([X, [X, U]D)
=-u([X, [X,U]]) by 8.2 and 8.7 (i)
=2du(X', [X, U)) by 8.7 (i) as X, X'e I'L®
=2g(X', G[X, U]) + gV X U, V)v((X, U))

by 8.3 (ii) as X'e I'L¢
=2g(X', G[X, U)) - u((X', VIv((X, U]) by 8.7 (ii).
Hence for any X, X' € I'L® we have

(X, X)= - ((Ly Ly u)(U) + uX', VIV(IX, UD
= 2g(X', G[X, U))

= 2g([U, X], GX") by 8.4 (vi)
=2g(J[V, X], GX') by 8.12 (ii) as GX' e I'QF
=2g([V, X], GJX") by 8.3 (iii) since g is Hermitian
=2g([V, X], KX"). Q

Furthermore for any X, X' € I'L® we have

- (L3 L V) = - (XXV(V) - V(X VD) - XV(IX, V])

+v([X', [X, VID)
= - v([X", [X, V]]) by 8.2 and 8.7 (i)
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=2dv(X', [X, V]) by 8.7 (ii) as X, X'e T'L®
=2g(X', K[X, V] + g(VX, V, Uu([X, V])

by 8.5 (ii) as X'e I'L®
=2g(X', K[X, V]) - v([X", UDu([X, V]) by 8.7 (iv).

Thus for any X, X' € T'L® we have

- ( Ly Ly MIV) + v(IX, UDu(IX, VD)

=2g(X', K[X, V])
= 2g([V, X], KX") by 8.6 (vi)
= [I(X, X" by lemma 8.15.

Therefore [1 can be equivalently defined by

X, X) = - (Ly Ly V) - gV V, Du(X, V1)
V X, X'e TLE.

We now use [T to classify complex Legendre foliations.

Definition 8.16
Let J be a complex Legendre foliation on the complex contact metric manifold

M, G, &, n, g) then

(1) F is a flat Legendre foliation if [1= 0.

(ii) Fisa non-degenerate (degenerate) Legendre foliation if [] is non-degenerate

(degenerate).
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Note that [] can not be positive definite as for any X, X'e TI'LS

(X, X') = 2g([U, X], GX") by lemma 8.15
=2g(J[U,X], JGX") since gis Hermitian
=-2g([U, JX], GIJX" by 8.3 (iii) and theorem 8.9
=-[10X, JX by lemma 8.15.

This shows that [T cannot be regarded as a Hermitian metric on L€ so [] cannot be
used to define a canonical complex metric structure.

Lemma 8.17
Let J be a complex Legendre foliation on the complex contact metric manifold

M, G, &, n, g) then

1) F is a flat complex Legendre foliation
if and only if ch([U, XH=0 v X e I'lS
if and only if pg([V,X]) =0 V X e T'LS,

(i) T isanon-degenerate complex Legendre foliation
if and only if pg([U, X]) # 0 Vv X e I'LS,
if and only if p([V, X]) 0 V X e I'LS.

These follow readily using Lemma 8.15.

Theorem 8.18
Let F be a complex Legendre foliation on the complex contact metric manifold

M, G, &, m, g) then

.ﬂxg(Y, 7)#0 for some X € TLS, Y € I'QF, Z € TES.

Proof
Let {Xa, JX o GX (o GIX s U, V) be a local orthonormal frame for T°M with

respectto g.
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Case I: T is degenerate

By lemma 8.17 (ii) there exists an o such that the projection

P X U =0

For this o we have

Ly 8GXq U) = - 8([Xgy GXg), U) - 01X, UL, GXy)

=i- 220 by lemma 8.14 (i).

Case II: F is non-degenerate

Suppose

£Xg(Y,Z)=O VXells,¥YelQSYZe TEC.

Then for any o, B we have

0= ‘£xag(GXB’ U)

=- g([Xqp GXB]’ U) - g([Xy, Ul GXB)
=- 26043 - g([Xy, U], GXB) by lemma 8.14 (i).

Thus for any a, B we have

(a) &([X U], GXp) =- 284,

For any a we also have

0= £Jxag(KxB, U)

= - (X, KXgl, U) - (X, U], KXp)
=- 2501[3 - g((IX . U], KXB) by lemma 8.14(i).
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Hence for any a,  we have

&([TX, Ul, KXg) = - 28,5,

But also for any a, B we have that

g(JX,, Ul, KXB) = g(J[X U], GJXg) by theorem 8.9
= - 8([X, Ul, GXp)

by 8.3 (iii) since g is Hermitian
= 25&[3 by (a),

which is a contradiction. a

The following corollary is a direct result of theorem 8.18.

Corollary 8.19
For a complex Legendre foliation & on the complex contact manifold (M, 1) there is

no complex contact metric structure (M, G, &, M, g) such that g is bundle-like. That

is semi-Riemannian complex Legendre foliations do not exist.

8 (d). CONJUGATE COMPLEX LEGENDRE FOLIATIONS

On a complex contact metric manifold (M, G, &, 1, g) a subbundle, LS, of the

complexified tangent bundle, T°M, defines a complex Legendre foliation if,
(i) L€ is completely integrable.
(ii) L€ is of real dimension 2n.

(iii) L€ is a subbundle of the complexified contact distribution H.
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(iv)  LF satisfies the holomorphic condition, that is

g((£XJ) W, W) =0 VW, W' e 'l V¥ X e TLE.

For a complex Legendre foliation, &, on a complex contact metric manifold
M, G,&,n, g), as Glg is an isomorphism and GU = GV = 0, the subbundle
Q@ = GL® ={GX | X €L°} is areal 2n-dimensional subbundle of HE. Suppose Q€ is

completely integrable then Q€ defines a foliation whose leaves are real 2n-
dimensional integral submanifolds of 1. But this foliation will only be a complex

Legendre foliation if Q€ also satisfies the holomorphic condition. So we get the

following definition of the conjugate complex Legendre foliation.

Definition 8.20
Given a complex Legendre foliation & on a complex contact metric manifold

M, G, &, n, g). If Q° defines a complex Legendre foliation 5 on M, G, &, M, g

then Jis the conjugate complex Legendre foliation of &F.

Lemma 8.21
If F is a complex Legendre foliation on a complex contact metric manifold

M, G, &, n, g) then the conjugate complex Legendre foliation g'exists if and only if

1) QCis completely integrable.

ii) g((aﬂYJ W, W) =0 VW, WeTI(L*@E®, VY e I'QS.
Note Q€ could also be defined as Q¢ =KL ={KX | X € LF}.

We give an example of a non-degenerate complex Legendre foliation whose
conjugate exists and is flat.
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Example 8.1 : Non-degenerate complex Legendre foliation
Let

M=0C3- {(z}, 2y, 23) | cO8Z5C08 Z3+ sinz3sin 23 = 0}}

= {(zy, 25, 23) 1 z;€ C, coszycos 23+ sinzysin 23 20}
and

n= % (coszgdz; + sin z3dz,).

Then we have
dn =%( - sinzzdzy A dz; + coszgdzz A dz,)
which by calculation gives

Ul /\dn=—%(dzl/\d22/\dz3)

#0 everywhere on M.

Hence (M, M) is a complex contact manifold, with complex characteristic vector field

given by
d d
= 2|c0Sz; — +Sinz, —
s [ >azy 3322]
Thus
—-— | 2 9 . _ 2
=2|C08Zqy— +SINZq—— +COSZy — +SINZ7 —
L P PR S

V =-2i|cosz —a——+sinz —?—-—cosi —a-—sini _8_
39z, 30z, 39z, 39z,



Let (G, &, M, g) be the complex contact metric structure of (M, ) given by

S e & = ©

0 0 0 1
0 00O
1o 0 O 6
=8ul1 0 0 0
01 00O
0 0 u 0
) 0
0 0
0 0
G=1 0
0 0
h—sinz3 COsZ4

Where WL = cosz;c0s z3+ sinz3sin z3.

Consider the vector fields

X=2 i+i

JX= 21 ~§—~——a— !
dzy 0dZ3

Then we obtain the vector fields

Y = GX

=2|sinzy ——c0$z,——+sInZ
3 3 3
[ J 22

Z1

o e = E e e

0
0
0
sinz;
— CO0SZ3
0

0
0
— sinzy
0
0
0

o7,

0
0

cosi3

0
0
0

—— —CO0SZq —
Q=
822

)

223

sinzg
— €08Z3
0

0
0
0
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JY= -GIX

= 2i|sinz -—a——cosz ~a——“sini —-a—+cos'£ i
39z, 39z, 9y 39z,

It can be shown that {X, JX, Y, JY} is a orthonormal frame of H® with respect to g.

By calculation we have

GU=0 KU =0
GvV=0 KV =0
GX=Y KX =-JY
GIX =-JY KiIX=-Y
GY=-X KY =JX
Gy =JX KJY = X.
Calculating the Lie brackets we get
[X,U]=-2Y [X, V] = 2JY
X, U] =-2JY UX,V]=-2Y
[Y,U]=0 [Y,V]=0
JY,U]=0 (JY,V]l=0
X, Y] =2U (X, JY]=-2V
X, Y]=-2V (JX,JY]=-2U
[X,JX]=0 Yo 4 ¥]i=0
[U, V] = 0.

It is clear that [W, W'] =0 for all W, W' e span{X, JX]} so this is a completely
integrable submanifold of real dimension 2. Also X and JX belong to H® and the

holomorphic condition 8.11 (ii) can be verified from the Lie brackets. Thus
L = span{X, JX} defines a complex Legendre foliation, F, with Q¢ = span{Y, JY}.

Similarly Q¢ defines J the conjugate complex Legendre foliation of &F .
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From the Lie brackets it can be seen that & is a non-degenerate complex Legendre

foliation while f'_] is a flat complex Legendre foliation.

8 (e). KAHLER CONTACT MANIFOLDS

A Hermitian manifold (M, J, g) is a Kahler manifold if and only if the Levi-Civita
connection of g satisfies VJ = 0.

By theorem 3.2 page 128 Yano and Kon [16] the condition VJ = 0 is equivalent to
the almost complex structure having no torsion and the fundamental 2-form @ being
closed, that is, N=0, and d® = 0.

Suppose J is a complex Legendre foliation on a complex contact metric manifold

(M, G, &, n, g) such that the Hermitian manifold (M, J, g) is Kahlerian, then the
leaves of F are Kahlerian submanifolds of real dimension 2n. Yano and Kon [16]

proposition 1.1 page 181, gives the following theorem

Theorem 8.22
If F is a complex Legendre foliation on a complex contact metric manifold

(M, G, &, 1, g) such that the Hermitian manifold (M, J, g) is Kahlerian, then & is

harmonic.

From the work of Vaisman [31] we get the following theorem when a complex
contact metric manifold (M, G, &, 1, g) is also a Kahler manifold.

Lemma 8.23
Let J be a complex Legendre foliation on the complex contact metric manifold

M, G, &, n, g) suchthat (M, J, g) is a Kahler manifold. Then

(i) L 8W, IW) = g((W, W, JX) VW, W'e L% VXe I,
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Furthermore if 5 the conjugate complex Legendre foliation of F exists then

(ii) £Yg(w, IW") = g((W, W', JY)
VW, We (L°@®ES), VY e I'QC.

Proof
Let @ be the fundamental 2-form of (M, J, g) which is defined by

DO(W, W) = g(W, IW") VW, We I'T*M.

Note that for a Kahler manifold the fundamental 2-form is closed, that is d® = 0.

6) As (M, J, g) is a Kahler manifold for any X € I'L* and any W, W' € et

we have

0 =3dd(W, W', X)
= Wg(W', JX) + W'g(X, JW) + Xg(W, JW') - g((W, W], JX)
- g([W', X], JW) - g(IX, W], TW?)
Xg(W, IW) - g([X, W], JW") - g(J[X, W], W)
- g((W, W1, JX)

Xg(W, IW') - g([X, W], JW') - g([X, JW'], W)
- g([W, W', JX)
by 8.11 (ii)

= £Xg(w, IWY - g([W, W', JX),

which implies that

£Xg(w, JW) =g([W, W', JX) VW, WeTllVXe LS

(1) Suppose J the conjugate complex Legendre foliation of & exists then as
(M, J, g) is a Kahler manifold for any W, W'e I'(L°® ® E°) and for any



22

Y € I'Q® we have 0 = 3dd(W, W', Y). Hence similar to the proof of (i)

using lemma 8.21 (ii) we obtain

£Yg(w, IWY) = g((W, W', JY)

VW, We I(L°®E),VYe I'Q“
o]

Theorem 8.24
Let J be a complex Legendre foliation on a complex contact metric manifold

M, G, &, 1, g) such that (M, J, g) is a Kahler manifold and T the conjugate
complex Legendre foliation of F exists then

(1) T is a non-degenerate complex Legendre foliation.
(i1) 5 is a non-degenerate complex Legendre foliation.

Proof
Let {Xou JXa, GXa, GJXa, U, V} be a local orthonormal frame for T°M with

respect to g.
(i) Suppose F iig degenerate then by lemma 8.17 (ii) there exists an & such that
Pg((Xgr UD =0,
and using theorem 8.9 as J: f — (F this implies that

pg1Xg, UD = pg(lUX,, UD) = 0.

For this o, and any B we have

0= g([Xa, U], GXB)
= - g([Xq U1, JUGXp)) since J2 = - I
= ,BG JXBg(Xa’ JU) by 8.3 (iii) and lemma 8.23 (ii)
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= - g(GIXp, XoJs JU) - g([GJXB, JUJ, X)
— 25043 - g([GJXB, JUJ, X)) by 8.1 (i) and lemma 8.14 (ii)
= - 26&[3 + g([GJXB, U], JX(I)

by lemma 8.21 (ii) as g is Hermitian,

which implies that

(a) g([GJXB, U], JX,) = 280{B'

Furthermore for this o, and any § we have

0 = g(JX,, Ul, GJXB)
= - g(IX,, U], JGXp) by 8.3 (iii)
= "BGXBg(JXO" JU) by lemma 8.23 (ii)

= g((GXg, JX,), JU) + g((GXp, JUL, JX,)
=- 28043 + g([GXB, JUJ, JX) by 8.1 (i) and lemma 8.14 (ii)
=-28,3 +8((GXp, UL X,)  bylemma8.21 (i) since 12=_1,

which implies that

(b)  g(GXp, UL, Xy) = 285

But we also have
g([GJXB, U], JX,) = g(J[JGXB, U], X)
by 8.3 (iii) since g is Hermitian

=- g([GXB’ U], X,,) by theorem 8.9
= - 28,4 by (b),

which contradicts (a) hence F can not be degenerate.

Similar to (i).
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From theorem 8.24 we get the following corollary.

Corollary 8.25
Let F be a complex Legendre foliation on a complex contact metric manifold

M, G, €, n, g) such that 5 the conjugate complex Legendre foliation of F exists. If
For Fisa degenerate complex Legendre foliation then (M, J, g) is not a Kahler

manifold.

This corollary is illustrated by

Example 8.1: Fisa non-degenerate complex Legendre foliation on the complex

contact metric manifold (M, G, &, n, g). By calculation we obtain

3doJY, V, JX)
=JYO(V, JX) + VO(UX,JY) + IXDJY, V)
-OJY, V], IX) - O([V, JX],JY) - O([JX,JY], V)
g(JY, VI, X) + g([V,JX],Y) - g(JX,JY], JV)
2g(Y,Y) +2g(U, U)
=4 %0.

This implies that (M, J, g) is not a Kahler manifold, which is
consistent with corollary 8.25 as F the conjugate of & exists but is a

flat complex Legendre foliation.

8 (f). COMPLEX K-CONTACT MANIFOLDS

Definition 8.26
A complex contact metric manifold (M, G, &, M, g) is a complex K-contact manifold
if £ is a Killing vector field with respect to g.
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Theorem 8.27
A complex contact metric manifold (M, G, &, 1, g) is a complex K-contact manifold

if and only if U and V are Killing vector fields with respect to g.

Proof
As & =%(U +1V) we have,
“Bzgg =Ly ive
=48t 1£Vg.
Thus
:Eég =0 if and only if £Ug =0 and oﬁvg =0. a
Lemma 8.28
For a complex K-contact manifold (M, G, &, 1, g
(1) g(W, GW") = du(W, W) VW, WelTM,
g(W, HW") = dv(W, W) VW, WeIlTM.
(ii) VWU=-GW VWeIlTM,
VWV=—KW VWe IT°M.

iii) £UG - £VK = 0.
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Proof
(1) As U is a Killing vector field for any W € I'TM we have

0= £Ug(v, W)
=g(V,, U, W) + g(V, Yy, U)
=g(V, Vi U) by 8.10 (i).

Thus by 8.3 (ii) and 8.5 (ii) we have
g(W, GW') = du(W, W' VW, We I'T'M
and

g(W, KW' = dv(W, W') VW, W e IT°M.

(i) From part (i) for any W, W' € ['T°M we have

2g(W, GW") = 2du(W, W'
= Wu(W') - W'a(W) - u(W, W)
= Wg(U, W) - W'gU, W) - g(U, [W, W)

by 8.4 (v)
= g(VW U, W' - g(VW, U, W)
=-2g(W, VW' U) as Uis a Killing vector field.
Hence
V., U=-GW VWe ITM

W

and similarly

VWV=-KW VWe I'T°M.
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(ili) Forany W e I'T*M we have

0=2g(W, GU) by 8.4 (i)
=2du(W, U) by part (i)

Wu(U) - Uu(W) - u([W, U))

- {Uu(W) - u([U, W]}

- ((Lymw)).

Thus

Furthermore since for any W € I'T"M

du(W, U) = g(W, GU) by part (i)
=0 by 8.4 (i),

we have

£Udu = i{(U)d(du) + d(i(U)du)
=0.

Thus for any W, W' e I'T°'M we obtain

0= (£Udu>(w, W)

= Udu(W, W) - du([U, W], W') - du(W, [U, W'])

=Ug(W, GW) - g([U, W], GW") - g(W, G[U, W) by part (i)
=L,8W, GW) + gW, (£,0W)

=g(W, (£UG)W') as U is a Killing vector field.

Hence



233

and similarly

“EVK =0. a

Theorem 8.29
Let J be a complex Legendre foliation on a complex K-contact manifold

(M, G, &, m, g) such that the conjugate complex Legendre foliation of F exists, then
the conjugate is of the same classification as 7.

IlireLto{fXa, JX 4 GX, GIX . U, V] be a local orthonormal frame for T°M with
respect to g.
Then from lemma 8.27 (iii) for any &t we have
(U, GX,] = G[U, X1, (U, GIX,] = G[U, JX]
and
[V, KX,] = K[V, X1, [V, KIX,] = K[V, JX,].
Thus theorem follows by lemma 8.17. a

Example 8.2 : Flat complex Legendre foliation on a complex K-contact manifold
Let

M=C3
= {(z1, 2y, z3)lz, e C)

and

1
n=3 (dz; + z,dzy).
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Then we have
1
dn= 3 (dzy A dz3)
which by calculation gives

1']/\dT]=%(le/\d22/\dZ3)

=0 everywhere on M.

Hence (M, n) is a complex contact manifold, with the complex characteristic vector

d
e z(a—zl]

Thus we obtain the global vector fields

field given by

<

1]

1

v
QU
¥

|
Q)
&|o
S e

0 0 0 1 0 Z, |
0 0 0 0 1 0

1 0 0 0 z, 0 1+2,7,
=% 1 0 z, 0 0 0
0 1 0 0 0 0

| 3, 0 1423, 0 0 0




0 0 0 0 2z
O 0 0 o0 o
. O 0 0 0 -1
jo =z, © @ 0
O 0 1 0 O
_0 -1 0 0 O
Consider the vector fields
.
s . )
822 822
Then we obtain the vector fields
Y = GX
_o, 0 _9 59 9
2821 823 zail
JY = JGX
_ol, 9 _ 9 -9 9
292y 9z; ‘97, 91

d

S O © © —~ O

d

]

d
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Note that X, JX, Y, JY, are global vector fields and that {X, JX, Y, JY} is an

orthonormal frame of H® with respect to g.

By calculation we have

GU=0
Gv=0
GX=Y

KU=0
KV =0
KX =-JY
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GIX =-JY KIX=-Y
GY=-X KY =JX
GJY =JX KJY =X

Calculating the Lie brackets we get

[X,U]=0 X,V]=0
UX,U)]=0 OX,V]l=0
[Y,U] =0 [Y,V]=0
Jy,u] =0 ¥, W =10
[X,Y]=2U [X,JY]=-2V
X, Y]=-2V [JX, JY] =-2U
[X,]JX] =0 [Y,JY]=0
[U, V] =0.
As
[W,U]=0 V W e I'T°M such that g(W, W) = 1.
We have
£Ug(w, W' =0

Vv W, W' e I'T°M such that g(W, W) = g(W', W) = 1.

This implies that U is a Killing vector field with respect to g. Similarly the Lie
brackets show that V is a Killing vector field with respect to g. Hence by theorem
8.26 M,G, &, n, g) is a complex K-contact manifold.

It is clear that [W, W'] =0 for all W, W' € span{X, JX]} so this is a completely
integrable submanifold of real dimension 2. Also X and JX belong to H® and the
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holomorphic condition 8.11 (ii) can be verified from the Lie brackets. Thus
LS = span({X, JX} defines a complex Legendre foliation, F, with Q¢ = span{Y, JY}.

Similarly Q€ defines F the con jugate complex Legendre foliation of F .

From the Lie brackets it can be seen that F and & are flat complex Legendre

foliations.

Also by calculation we obtain

3doJY, V, JX)
=JYD(V, JX) + VOUX, JY) + IXDJY, V)
-O(JY, V], IX) - O([V, JX],JY) - D(JX, JY], V)
g(JY, V], X) + g([V,JX], Y) - g(JX,JY], JV)
2g(U, U)
=2=0.

This implies that (M, J, g) is not a Kahler manifold which is consistent with
corollary 8.25 as F and 7 are flat complex Legendre foliations.
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