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ABSTRACT 

This thesis develops the theory of Legendre foliations on contact manifolds by 

associating a contact metric structure with a contact manifold and investigating 

Legendre foliations on the resultant contact metric manifold. The contact metric 

structure introduces a metric for the Legendre foliation which enables us to 

study the curvature properties of a Legendre foliation, furthermore when this 

metric is bundle-like we have a semi-Riemannian foliation hence we can define 

a semi-Riemannian Legendre foliation and study its properties. 

We use the invariant TI as defined by Pang to define a family of contact metric 

structures for a non-degenerate Legendre foliation and from this family we pick 

out a unique contact metric structure the canonical contact metric structure. 

Furthermore a canonical contact metric structure is identified for a flat 

Legendre foliation and shown to be a Sasakian structure. 

Under some circumstances a Legendre foliation on a contact metric manifold 

has a second Legendre foliation, the conjugate Legendre foliation, associated 

with it. We investigate the conditions for the existence and the properties of the 

conjugate Legendre foliation. 

By using a definition similar to that of a Legendre foliation on a contact metric 

manifold we conclude this thesis by defining a complex Legendre foliation on a 

complex contact metric manifold and beginning an investigation of its 

properties. 
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CHAPTER 1. INTRODUCTION 

1 (a). INTRODUCTION 

A contact manifold as introduced by J. W. Gray [9] is an odd dimensional 

differential manifold which carries a contact structure. This contact structure is 

c losely related to pseudogroups of contact transformations. The second volume of 

S ophus Lie's Theorie der transformation gruppen, 1 890, is devoted to the local 

study of contact transformations in general and to the study of global contact 

transformations in the special case of euclidean space. The study of contact 

manifolds is a generalization of Lie's results to odd dimensional spaces. 

S ince the early 1 960's the theory of contact manifolds has been developed by many 

authors, notably S. Sasaki for whom Sasakian manifolds are named, S. Tanno and 

D. E. Blair. 

Foliation theory has its origins in the study of the solution curves of systems of 

ordinary differential equations. C. Ehresmann and G. Reeb in the 1940's defined the 

general notion of a foliation. Since then both the geometric theory and the differential 

geometry of foliations has been widely developed. An important class of foliations 

are the Riemannian foliations introduced by B.Reinhart [24] in 1 959. Riemannian 

foliations have a metric for which the leaves are locally a constant distance apart. 

A Legendre foliation as introduced by Pang [2] is a particular foliation of a contact 

manifold. So the study· of Legendre foliations combines the theory of contact 

manifolds with foliation theory. 

The purpose of this thesis is to investigate the properties of Legendre foliations on 
contact metric manifolds. Both, M. Y. Pang in his paper "The structure of Legendre 

foliations" and P. Libermann in her paper "Legendre foliations on contact 

manifolds" , investigated the properties of Legendre foliations on contact manifolds, 

without a contact metric structure. We extend this work by associating a contact 
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metric structure with a contact manifold, and investigating the properties of Legendre 

foliations on the resultant contact metric manifold. 

One of the main results of M. Y. Pang's paper is that any Legendre foliation i s  

locally equivalent to a particular Legendre foliation on a unit cotangent bundle. To 

classify Legendre foliations he introduced two invariants, the fundamental quadratic 

form n which is a symmetric 2-form on the tangent bundle of the foliation and the 

invariant G, a symmetric 3-form on the tangent bundle of the foliation. When TI is  
non-degenerate we have a non-degenerate Legendre foliation in which case Pang 

defined a canonical set of coframes and a unique connection. Furthermore when TI is 
positive definite and G = 0 a Riemannian Legendre foliation is defined. 

In her paper Libermann used Jacobi structure methods to recover many of Pang's 

results. She also introduces a semi-Riemannian metric but does not actually define a 

contact metric structure. 

We show that the leaves of a Legendre foliation are anti-invariant submanifolds of a 

contact metric manifold. Formulae for TI and G are given in terms of the contact 

metric structure, although TI and G do not depend on the contact metric structure on 
the contact manifold. This form of TI enables classification of a Legendre foliation in 

terms of the Lie bracket [X, S] where X is  a tangential vector field of the foliation. 

For a contact manifold there exist many contact metric structures .  Among the 

possible contact metric structures on a �on tact manifold which carries a flat Legendre 

foliation, we identify a canonical contact metric structure and show it to be a 

S asakian structure. 

Furthermore when TI is non-degenerate, we have a non-degenerate Legendre 

foliation and the semi-Riemannian metric introduced by Libermann can be used to 

define a canonical contact metric structure that is related to the canonical coframe 

given by Pang. We show that this canonical contact metric structure is unique. It 

belongs to a family of contact metric structures defined by TI, which we call the 

canonical family of contact metric structures.  The unique connection given by Pang 

is related to the Levi-Civita connection of the canonical contact metric structure. 
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To enable the canonical contact metric structure to be defined in a natural way we 

have widened the definition of a contact metric structure to include cases where the 

metric g is not positive definite. A canonical contact metric structure for a non­

degenerate Legendre foliation can be defined where g is positive definite and used to 

obtain similar results for Legendre foliations on the class of contact metric manifolds 

where g is positive definite. But the notation needed is complicated so we study 

Legendre foliations on the wider class of contact metric manifolds. 

For a non-degenerate Legendre foliation on a unit cotangent bundle we obtain 

expressions for contact metric structures from the canonical family in terms of the 

local coordinates on the cotangent bundle. 

Under some circumstances a Legendre foliation has a second Legendre foliation 

associated with it, which we call the conjugate Legendre foliation. We investigate the 

conditions for its existence which are related to the nature of the contact metric 

structure as well as to the classification of the Legendre foliation. We show that the 

conjugate of a flat Legendre foliation on the canonical Sasakian manifold exists and 

is also flat. Conditions for the existence of a conjugate Legendre foliation of a non­

degenerate Legendre foliation on a manifold from the canonical family of contact 

metric manifolds are found. Furthermore, if a Legendre foliation of a K-contact 

manifold has a conjugate Legendre foliation then both Legendre foliations have the 

same classification. 

We show that a Riemannian Legendre foliation, as defined by Pang, is a Riemannian 

foliation on any manifold from the canonical family of contact metric manifolds. An 

alternative definition of a Riemannian Legendre foliation in terms of a bundle-like 

contact metric structure is given. This definition of Riemannian Legendre foliations is 

then extended to semi-Riemannian Legendre foliations. 

A complex contact manifold is a complex manifold of odd complex dimension. 

Using a definition similar to that of a Legendre foliation of a contact manifold, we 

define a complex Legendre foliation on a complex contact manifold. We show that 

the invariant IT can be defined naturally, but can not be used to define a complex 

contact metric structure. We begin an investigation of the properties of complex 

Legendre foliations, especially where they differ from Legendre foliations. 



4 

Throughout this work examples of Legendre foliations on contact metric manifolds 

are given and referred to. These are used to illustrate the properties of Legendre 

foliations that are being explored. These examples are produced by techniques 

developed in this work. 

The first chapter is a general introduction to this work, giving the basic definitions 

and properties of contact manifolds and of foliations. Legendre foliations are 

introduced in the second chapter along with the invariants IT and G.  Flat Legendre 

foliations in are studied in chapter three. 

Chapter four investigates non-degenerate Legendre foliations. The canonical family 

of contact metric structures and the canonical contact metric structure are defined and 

their properties investigated. The conjugate Legendre foliation is defined in chapter 

five, and conditions for its existence found. 

The introduction of a contact metric structure enables a semi-Riemannian Legendre 

foliation to be defined in terms of a bundle-like contact metric structure and its 

properties are studied in chapter six. Also a family of semi-Riemannian Legendre 

foliations whose conjugates exist and are flat is given. 

In chapter seven Legendre foliations on K-contact and Sasakian manifolds are 

investigated. By investigating the second fundamental form of a Legendre foliation 

we also study totally umbilic, totally geodesic, isoparametric and harmonic Legendre 

foliations. 

An extension of this work to complex Legendre foliations on complex contact 

manifolds is expounded in chapter eight. 
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1 (b). NOTATION 

Throughout this work the following notation is  used: 

i) The summation convention is used, where a repeated index indicates a 

summation, 
The Latin indices i, j, . . . .  range from 1 to n+ 1 and the Greek indices a, �, ... 

range from 1 to n. 

ii) If B --1 M is a vector bundle, then rB denotes the set of all smooth sections 

of B .  

iii) If B is a vector subbundle of TM then PB is the natural projection onto B 

PB: TM -tB. 

iv) The local coordinates (xi) on a (n+ I )-dimensional manifold M induce local 

coordinates (xi, Yi) on the cotangent bundle T*M. If F is a function on T*M, 

aF a2F a2F 
then Fi = -a , Fij = a a , Fij = a a and so on. 

Yi Yi  Yj Y i  Yj 

v) [X, Y] denotes the Lie bracket of the vector fields X and Y. 

vi) £X denotes the Lie derivative with respect to the vector field X while i (X) 

denotes the interior product with respect to the vector field X. 

The exterior derivative and the interior product are defined with the p+ 1 factor 
included for example if ro is a 2-form on a manifold M then for any X, Y, Z E rTM 

we have 

1 dro(X, Y, Z) = "3 {X(ro(Y, Z)) + Y(ro(Z, X)) + Z(w(X, Y)) - ro ([X,Y] , Z) 

- ro([Y,Z] , X) - ro ([Z,X] , Y) } 
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and 

{ i (X) eo } (Y) = 2w (X, Y). 

Hence 

£
X 

eo =  i (X)dw + d(i (X)w ) .  

This i s  in line with the work of Blair [3] , [4] ,  [5] ,  [6] and Yano and Kon [ 1 6] but 

not with that of Pang [2] and Libermann [ 1 ] . 

1 (c). C O NTACT MANIFOLDS 

The following is a brief review of contact manifolds, to introduce the properties and 

notation used in this work. 

A (2n+ ! )-dimensional manifold M, is a contact manifold if it carries a global l -form 
11 such that 

everywhere on M, where the exponent denotes the nth exterior power. 

11 is a contact form of M and (M, 11) is the corresponding contact manifold. 

A contact manifold (M, Tt) has a contact metric structure (<!>, �' 11 ,  g) where <1> is a 

tensor of type ( 1 , 1 ) ,  � is a global vector field and g is a semi-Riemannian metric 

such that 

( 1 . 1 )  11(�) = 1 

( 1 .3) d11(W, W') = g(W, <I>W') V W, W' E ITM. 
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A contact metric structure (<!>, �' 11, g) usually has g positive definite but we do not 
make thi s  restriction and study the larger class of contact manifolds. Duggal [7] also 
lifts this restriction. 

The characteristic vector field, �' is a unique global vector field determined by 11 for 
the contact manifold (M, 11). 

Yano and Kon [ 1 6] have shown that any contact manifold (M, 11 )  has a contact 
metric structure (<)>, �' 11, g). This contact metric structure is not unique. (M, 11) is 
used to denote a contact manifold when the contact metric structure is not specified 
while (M,<)>, �' 11, g) is used to denote the contact manifold (M, 11 ) with the contact 
metric structure (<!>,�' 11, g), (M,<)>,�' 11, g) is called a contact metric manifold. 

From properties 1 . 1 , 1 .2 and 1 .3, (see Yano and Kon [ 1 6] and Duggal [7]), it can 
be shown that, 

( 1 .4) <!>� = 0 

( 1 .5) 11<1> = 0 

( 1 .  6) rank<!> = 2n 

( 1 .7 )  g(�, �) = £ 

where £ = + 1 or - 1 depending on whether � is spacelike or timelike 

( 1 .8 ) Tl(W) = Eg(W, �) V W E  ITM 

( 1 .9) g(<)>W, <)>W') = g(W, W') - E'fl(W)'fl(W') "i/W, W' E ITM 

( 1 . 1 0) g(W, <!>W') + g(<)>W, W') = 0 V W, W' E ITM. 
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The following lemma shows that given a contact metric structure with � timelike we 

can always find a contact metric structure such that � is spacelike, or vice versa. 

Lemma 1 . 1 1  
If (M, <j>, �' 11, g) is a contact metric manifold such that � is timelike then there exists 

a contact metric structure (<j>, �' 11, g) such that � is spacelike. 

Proof 

Let 

then 

g (�, �) = g(�, �) + 211 (�)11 (�) = 1 .  

So � i s  spacelike. 

It can be easily shown that (<j>, �' 11, g) is a contact metric structure. D 

Lemma 1 . 1 1 shows that there is no loss of generality in assuming that£ = + 1 ,  which 

we do in the following work. 

The contact distribution, H, of a contact manifold (M, 11) is defined by 

H = ann(ll) 

= { W E TM 111 (W) = 0 }  

and a line bundle E is defined by 
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Thus the tangent bundle of (M, 11) has the natural orthogonal decomposition 

TM = H EB E. 

The following relationships will be used later in this work. 

For any u E rn we have 

Thus we have 

( 1 . 1 2) 

g([U, �]. �) = 11 ([U, �] )  

= - 2d11(U, �) 

= - 2g(U, <!>�) 

= 0  

[U, �] E ffi 

Similarly for any U, U' E rn we have 

( 1 . 1 3) g([U, <j>U'] ,  �)  = 2g(U, U') .  

Also for any Z e rE and W e ITM we have 

( 1 . 1 4) (i (Z)d11)(W) = - 2d11(W; Z) 

= - 2g(W, <j>Z) 

= 0  

by 1 . 8  

since u E rH 

by 1 .3 

by 1 .4. 

V U e rH. 

by 1 . 3  

by 1 .4. 

For a contact metric manifold (M, <j>, �. 11 . g) where g is positive definite the 

structure group of the tangent bundle, TM, reduces to U(n) x 1 ,  Blair [3] .  Similarly 

in the case where g is a semi-Riemannian metric the structure group of the tangent 
bundle of the contact metric manifold (M, <j>, �. 11. g), reduces to U(p, q) x 1 ,  where 
(p, q) is the signature of giH' Using this  we get the following lemma, which shows 

that it is possible to build up a contact metric structure on a manifold from an open 

cover of contact submanifolds. 
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Lemma 1 . 1 5 
Let {Us } s e  I be an open cover of a contact manifold (M, 11) such that for each 
s E I, (<J>s, �' TJ, &; ) is a contact metric structure on Us. Then the union of all such <l>s 
and the union of all such &;, for s e I, provide a contact metric structure 
(u<J>s , �' TJ, U&;) on (M, 11) . 

An important class of submanifolds of a contact metric manifold are the anti -invariant 
submanifolds which we now define. 

Definition 1 . 16 
Let (M, 11 )  be a contact manifold with contact metric structure (<!>, �' TJ, g) . A 
submanifold M of M is anti-invariant if <j>T x< NI) c T x< M)_i for all x E M 

Torsion Tensors on a Contact Manifold 

For a contact metric manifold (M, <j>, �' 11,  g) the Nienhaus torsion Nq, of <1> is 

defined by 

( 1 . 1 7) Nq,(W, W') = <j>2[W, W'] + [<j>W, <j>W'] - <j>[<j>W, W'] - <j> [W, <j>W'] 
V W, W' e ITM. 

Now we define the following tensors 

( 1 . 1 8) (i) N1 (W, W') = Nq,(W, W') + 2dTJ(W, W')� 

(iii) N\W) = (£� <j>)W 

V W, W' e ITM 

V W, W' e  ITM 

V W e iTM 

V W e ITM. 
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The following lemmas, 1 . 1 9  and 1 .20, are proved in Yano and Kon [ 1 6] ,  chapter V, 
section 3 .  

Lemma 1 . 19 

If N1 = 0, then N2 = N3 = N4 = 0. 

A vector field W on M is a Killing vector field if and only if the Lie derivative 

Lemma 1 .20 
Let (M, <j>, �' 11, g) be a contact metric manifold, then N2 and N4 vanish . Moreover, 

N3 vanishes if and only if � is a killing vector field with respect to g. 

These torsion tensors are used to define two important classes of contact metric 

manifolds, the K-contact manifolds and the Sasakian manifolds. 

Definition 1 .2 1  
(i) A K-contact manifold is a contact metric manifold (M, <j>, �' 11, g) with 

N3 = 0, that is � is a Killing vector field. 

(ii) A Sasakian manifold is a contact metric manifold (M, <j>, �' 11, g) with 

N1 = 0 .  

Thus a Sasakian manifold is also a K -contact manifold, by lemma 1 . 19. 

As <!>� = 0 we have <j>: TM --7 H, furthermore using 1 .2, 1 .4 and 1 .6 it can be shown 
that <j>IH: H --7 H is an isomorphism with (<J>IHY1 = - <j>IH. Therefore since <J>21H = - I, 

<j>IH is an almost complex structure on H. Hence it follows that <j>IH will be a complex 

structure on H if and only if the projection, 

PH(Nq, (U, U')) = 0 v u, u E rn .  
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I n  the following lemma and theorem, we will find an alternative condition for <j>IH to 

be a complex structure on H. 

Lemma 1 . 22 
For a contact metric manifold (M, <j>, s, 11, g) the projection 

v u, u e rH. 

Proof 
As E is a line bundle spanned by s, the projection onto E of any vector field W on M 
can be written as pE(W) = g(W, S)s. 

Furthermore for any U, U' E rn we have 

g([U, U'] ,  S) = - 2g(U, <j>U ' )  
= g([<j>U, <j>U'] , S) 

Which as pE(W) = g(W, S)S implies that 

( 1 .23) 

Hence by 1 . 17 and 1 . 1 8 (i) we have for any u' U' E rn that 

by 1 . 13 

by 1 . 10 and 1 .13. 

v u, u e rn. 

PE(N1 (U,U')) = PE( <j>2[U, U'] + [<j>U, <j>U'] - <j>[<j>U, U'] 

- <j>[U, <j>U'] + 2dll(U, U ')s) 
= PE( - [U, U'] + [<j>U, <j>U'] - <j>[<j>U,  U'] 

= 0  

- <j>[U, <j>U'] )  

by 1 .2 and 1 .8 

by 1 .5 and 1 .23. 
c 
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Theorem 1 .24 
For a contact manifold (M, T\ )  with contact metric structure (<!>, �' T\ ,  g), <j>IH is a 

complex structure on H if and only if 

Proof 
From lemma 1 .22 for any U, U' E rn we have 

N1(U, U') = PH(N1 (U, U')) 
= PH(N�(U, U')) 

v u, u E rH. 

by 1 . 1 8  (i). 

Hence <j>IH is a complex structure on H if and only if N1(U, U') = 0. 0 

This implies that for a Sasakian manifold (M, <j>, �' T\ ,  g), <j>IH is a complex structure 

on H. 

Corollary 1 .25 
A K-contact manifold (M, <j>, �' T\, g) is a Sasakian manifold if and only if <j>IH is  a 

complex structure on H. 

Proof 
As E is a line bundle, for any Z E m there exists a function f such that Z = f�. 

For any z = f� E m and w E rTM we have 

N1 (Z, W) = N<I>(Z, W)) + 2dT\(Z, W)� 

= <j>2[Z, W] - <j>[Z, <j>W] 

= - [Z, W] + T\( [Z, W])� - <j>[Z, <j>W] 
= f( - [�, W] + T\([�, W])� - <!>[�, <j>W]) 

= - f<J>N3w 

by 1 . 1 8 (i) 

by 1 .4, 1 . 14 and 1 . 17 

by 1 .2 

by 1 . 1  and 1 .4 

by 1 .2 and 1 . 1 8  (iii) 

= 0 for a K-contact manifold by definition 1 . 2 1 (i). 
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N1 = 0 if and only if 
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vu, u e rn  
if and only if <)>IH is a complex structure on H by theorem 1 .24. 

D 

Since N2 = 0 on a contact metric manifold Lemma 3.4 of Yano and Kon [ 1 6] ,  

chapter V, section 3 gives the following: 

Lemma 1 .26 
For a contact metric manifold (M, <)>, �' TJ, g) and any W, W', W" E ITM, we have 

2g((V 
W <)>)W', W") = g(N1 (W', W"), <)>W) + 2dTJ(<)>W', W)TJ(W") 

- 2dTJ ( <)> W", W)TJ (W') 

where V is the Levi-Civita connection of g. 

By substituting W = � in lemma 1 .26 and using 1 .4 and 1 . 14  we get 

( 1 .27) 

and from this we get 

( 1 .28) and vu e rn. 

Also for any U e rn we have 

( 1 .29) by 1 . 12 and 1 .28. 
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The Tensor h on a Contact Manifold 

For a contact metric manifold (M, <1>, �' ll, g) Blair [ 4] defines a tensor of type ( 1 ,  1 )  

by 

( 1 .30) 

So for any W E ITM 

1 
hW = 2 ([�, <I>W] - <1>[�, W]). 

From definition 1 .30 it follows that h has the following properties, see Blair [4] , 

( 1 .3 1 ) h and <l>h are symmetric operators 

( 1 .32) <l>h + h<l> = 0 

( 1 .33) ll oh = 0 

( 1 .34) h� = 0. 

By definition 

In the following work we will use h instead of N3, in line with the work done by 

Blair. The following property of h, (which is proved by Blair [4] ,) is used later in 

this work. 

( 1 .35) '\/W e ITM. 
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From 1 .34, h has a maximum rank of 2n  and by definition h = 0 i f  and only if 

(M, <j> ,  S,, Tl, g) is a K-contact manifold. The following theorem obtained from Blair 

[4] gives a case where h has rank 2n. 

Theorem 1 .36 
For a contact metric manifold (M, <j>, S,, Tl , g) if R the curvature tensor field satisfies 

V W E fTM  

then h has rank 2n and M admits three mutually orthogonal distributions defined by 

the eigenspaces of h: namely D(O), D( l )  and D( - 1 ). 

That is 

D( l )  = { W E TM I hW = W } ,  D(- 1 )  = {W E  TM I hW = - W }  

and 

D(O) = {W E  TM I hW = 0 }  = E by 1 .34. 

It can be shown that D( 1) and D( - 1 )  both are of dimension n .  

Olszak [ 1 2] proved the following relationship, which will be used in  later work. 

( 1 .37)  (V 
<j>W <!>)<!>W' + (V W <j>)W' = 

From which we can obtain the projection 

( 1 .38 )  

2g(W, W')S - TlCW') (W + hW + Tl(W)S) 

V W, W' E  ITM. 

V U, U' E rH. 
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1 (d). FOLIATIONS 

The following is a brief review of foliations to introduce the properties and notation 

used in this work. 

A foliation S: of a n-dimensional smooth manifold M is a partition of M into 

connected submanifolds of dimension p. These submanifolds are called the leaves of 

the foliation. The foliation is said to have dimension p and codimension q = n - p. 

A foliation, S:, of a manifold (M, g) provides an orthogonal decomposition of the 

tangent bundle, TM, of M as 

TM = LEB Lj_ 

where L is the subbundle of TM consisting of all vectors tangent to the leaves of S:, 

L is called the tangent bundle of the foliation. L j_ the transverse bundle of the 

foliation is the subbundle of TM defined by 

Lj_ = { Y E TM I g(Y, X) = 0, V X E L } .  

For a manifold (M, g) let L be a p-dimensional subbundle of TM. L i s  completely 
integrable if for any X, X' E L the Lie bracket [X, X'] E L. By  the Frobenius 

theorem, Molino [22] , L is completely integrable if and only if it  is the tangent 
bundle of a p-dimensional foliation, S:, of (M, g). In which case the leaves of S: are 

the maximal connected integral submanifolds of L. 

Bott Partial Connection 

For any foliation S:, the Bott partial connection V L j_ in the transverse bundle L j_ is 

defined by 

j_ 
V� V = Pr_J.([X, V]) j_ V X E rL, V V E rL . 
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The Bott partial connection vL .l 
i n  L .l defines a Bott partial connection vL .l 

* 
in the 

..L* dual space L by 

L..L* (V 
X 

v)V = Xv(V) - v([X,V] ) 

.l ..L* v x e IL, v v e rL , v v e rL 
= 2dv(X,V) 
= (£X

v)V 

where £
X 

is the Lie derivative. 

Hence we have 

(1.39) 
..L* 

vL
X 

V = X
x v 

= i (X)dv. 

* 
The Bott partial connection vL .l 

is flat since for any X, X' e IL, and any 
* 

v e rL .l its curvature tensor satisfies 

RL.l* 
(X, X')v = [£X , £X ' ] v - £

[X ,  X ' ]  
V 

= 0. 

Second Fundamental Form and Mean Curvature 

For a foliation on a semi-Riemannian manifold (M, g) with V the Levi-Civita 

connection of g we have 

V 
X X' = PL(V 

X X') + B(X, X') V X, X'e rL 
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and 

where 

B(X, X') = Pt_.i(V' 
X 

X' )  

i s  the secondfundamentalform and 

is the Weingarten map. 

A foliation on a semi-Riemannian manifold (M, g) is totally geodesic if its second 

fundamental form vanishes identically, that is 

B = 0 which is equivalent to A = 0. 

The leaves of a totally geodesic foliation are totally geodesic submanifolds of (M, g). 
' 

We will u se the following equivalences in later work, they are easily proved using 
the geodesic condition and the properties of V the Levi-Civita connection of g, (see 

Tondeur [26]) .  

Theorem 1 .40 
Let � be a foliation on (M, g). Then the following conditions are equivalent: 

i) 5- is totally geodesic, that is 

g (V
X 

X', V)= 0 

ii) 



iii) 

iv) 

g(V
X 

V, X') + g(X, VX' V) = 0 
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j_ V X, X' E IL, V V E IL ; 

g([V, X] ,  X) = 0 V X e IL such that lXI = 1 andV V e ILl_. 

The mean curvature vector field, 't, of a foliation, 2f, on the manifold (M, g) is 

defined by O'Neill [32] 

where { Xi } ,  i = 1 . . .. p, is a local orthonormal frame of L with respect to g. 

Similarly the mean curvature form, K, is the one form defined by 

K(V) = g('t, V) 

and 
i (X)K = 0 for X e IL. 

Therefore for the local orthonormal frame { Xi } we have 

A foliation on a serni-Riemannian manifold (M, g) is harmonic if the mean curvature 

form vanishes that is 

K = 0 which is equivalent to 't = 0. 

The leaves of a harmonic foliation are minimal submanifolds of the manifold (M, g). 

A totally geodesic foliation is also a harmonic foliation. 
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Riemannian Foliations 

For a foliation, S:, on a Riemannian manifold (M, g) the Riemannian metric g is 

bundle-like with respect to S: if 

£
X g(V, V') =  0 V X E rL, V V' V' E rL j_. 

A foliation, S:, on (M, g) is a Riemannian foliation if g is a bundle-like metric with 

respect to S:. 

Locally the leaves of a Riemannian foliation are a constant distance from each other. 

The following equivalences, which we will use later, are easily proved using the 
bundle-like condition and the properties of V' the Levi-Civita connection of g, (see 

Tondeur [26] ). 

Theorem 1 .4 1  
Let S: be  a foliation on  the manifold (M, g). Then the following conditions are 

equivalent: 

i) S: is a Riemannian foliation that is g is bundle-like; 

iv) g([X, V] , V) = 0 V V e rL_i such that lVI = 1 andV X e rL. 
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CHAPTER 2. LEGENDRE FOLIATIONS 

In this chapter we define a Legendre foliation on a contact metric manifold and give 

its basic properties. We also investigate how the foliation structure interacts with the 

contact metric structure of the manifold. 

For a Legendre foliation on a contact manifold (M, 11) there exists a bilinear form IT, 
whose value does not depend on the contact metric structure on (M, 11). We use I1 to 

classify Legendre foliations and then the related invariants I1 and G are introduced. 

An important class of contact manifolds are the unit cotangent bundles. A Legendre 

foliation is defined on a unit cotangent bundle and an example is given. 

2 (a). LEGENDRE FOLIATIONS 

A Legendre foliation, S:, is a foliation of a (2n+ 1 )-dimensional contact manifold 

(M, 11) by n-dimensional integral submanifolds of 11· Since the leaves of S: are 

integral submanifolds of 11, the tangent bundle, L, of S: is a subbundle of the contact 

distribution, H, of (M, 11). Let (<j>, �. 11, g) be a contact metric structure on (M, 11), 
then the transverse bundle of S: is defined by 

L.l= { Y E TM I g(Y, X) = 0, T:/ X E L } .  

Define Q a sub bundle of H by 

Then the foliation gives the following natural orthogonal decomposition of the 
tangent bundle, TM, of (M, 11) 

TM = L Et7 Q Et7 E 



where H = L EEl Q and L_i = Q EEl E .  
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The leaves of a Legendre foliation g: on a contact metric manifold (M, <j>, �. 11 ,  g) are 

anti-invariant submanifolds of (M, ll)  with respect to <j>, as the following theorem 

shows .  

Theorem 2.1 
Let g: be a Legendre foliation on a contact metric manifold (M, <j>, �. ll, g) then 

where 

Proof 

<j>L = Q and 

<j>L = { <j>X I X E L}  and 

For any X, X' E L we have 

g(X, <j>X') = dll (X, X') 

Thus 

= 
- i ll ([X, X']) 

= 0  

but by 1.4 and 1.6 we know that 

<j>X' E H · 

which implies that 

<j>X' E Q 

As <I>IH is  an isomorphism the theorem follows. 

<j>Q = L  

<I>Q = {<I> y I y E Q} . 

by 1.3 

as L is a sub bundle of H 

as L is completely integrable. 

V X' E L. 

c 
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As a result of theorm 2. 1 the tangential and transverse metrics of a Legendre foliation. 

on a contact metric manifold are not independent. 

Also as a consequence of theorem 2.1 for any Y, Y' e !Q we have 

0 = g(Y, <J>Y') 

= dT)(Y, Y') 

= - !T\([Y, Y']) 

Thus for any Y, Y' E rQ we have 

(2.2) [Y,  Y'J e rn. 

by 1.3 

as Y, Y' E rn. 

For a Legendre foliation the transverse vector fields are related to the tangential 

vector fields by the contact metric structure as shown in the following lemma, which 

is proved directly using 1 .9 and theorem 2.1. 

Lemma 2.3 
Let S: be a Legendre foliation on a contact metric manifold (M, <J>, �. T), g) and 

{ Xa } a = 1, . . . . . .  ,n be a local orthonormal frame for L with respect to g 

then 

{ <l>Xa, � } a = 1, . . . .  ,n is  a local orthonormal frame for L.l with respect to g. 

Due to the contact metric structure, the tangential vector fields of a Legendre foliation 

satisfy the following properties. 
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Theorem 2.4 
Let S: be a Legendre foliation on a contact metric manifold (M, <j>, �. 11, g) with { Xa} 

a = 1 , .. . . . .  ,n  a local orthonormal frame for L with respect to g and V the Levi-

Civita connection of g. Then 

i) For any a, � the projection 

where k = [ka�] = [ J _ �] and (p, q) is the signature of giL. 

ii) For any a, � we have 

iii) For any a, � the projection 

Proof 
i) For any a, � we have 

g( [Xa, <j>X�] ,  �) = 2g(Xa, X�) 

= 2ka�· 

Hence for any a, � the projection 

V X E IL. 

by 1.13 
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ii) Using the properties of <1> and of the Levi-Civita connection V together with· 

the complete integrability of L, we have for any a, � and any X e rL that 

Hence for any a, � we have 

iii) For any a, � we have 

Hence for any a, � we have 

by 1.35 

a 
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The contact metric structure associated to a Legendre foliation induces a coframe, 

which satisfies the following properties. 

Lemma 2.5 
Let S: be a Legendre foliation on a contact metric manifold (M, <!>, �. 11 .  g). If 

{ X  a, <!>X a, � } is a local orthonormal frame for TM with respect to g then 

{ £a, ea, 11 }  is the corresponding local coframe of T*M which satisfies 

i) and 

ii) 

iii) 

where 

(2.6) (i) 

(ii) 

and 

k = [ka�] = [ i _ �], (p, q) is the signature of glL. 

* * * * Note that the sub bundles L , Q and E of T M are defined by 

* L = ann(Q EB E), * Q = ann(L Ef) E), 

* 
E = ann(L Ef) Q) = ann(H) = span { 11 } . 
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Proof 
Using 1 .3 ,  1 .9, 1 . 10 and 2.6 we have obtain any a and any W e  ITM 

(2.7) S
a(W) = - dll(Xa, W) 

= g(W, <J>Xa) 

Using theorem 2. 1 for any X e rL we have, 

furthermore by 1 . 14 

which implies that 

Similarly we have for any a that 

For any a, � using 1 .9 and 2.7 we have 

(a) S
a(<J>Xp) _= g(<J>Xa, <J>Xp) 

= g(Xa, Xp) 

= kap 

which with 1 . 1  implies that 

and £0.CW) = kapdll(<J>Xp, W) 

= kapg(W, Xp) .  

£a(Xp) = ka-ygCXa, �) 
= 8ap 



By 1 . 3  we have for all a, � that 

dll (<I>Xa, Xj3) = g(<j>Xw <j>Xj3) 

= g(Xa, Xj3) 

= kap• 
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by 1 .9 

and for all X, X' E fL, Y, Y ' E rQ, z E m, and wE ITM we have that 

dll(X,  X') = dll (Y, Y') = dll(Z, W) = 0 by 1 .4 and theorem 2. 1 .  

From which using (a) and part (i) it can be shown that 

D 

For a Legendre foliation on a contact metric manifold (M, <j>, �. 11, g) we call 

{ Ea, ea
, 11} the local coframe of y* M induced by the contact metric structure 

(<j>, � .  ll , g) .  

A vector field W on M is  foliate i f  for all vector fields X e rL the Lie bracket 

[X ,  W] belongs to fL, Molino [22] .  

Theorem 2.8 
If 5- is a Legendre foliation on a contact manifold (M, ll), then the non-zero sections 

of Q are not foliate vector fields. 

Proof 
Let (<j>, �. 11, g) be a contact metric structure on (M, ll) .  Then by theorem 2. 1 for 

Y * 0, Y E rQ we have <j> Y * 0 and <j> Y E fL. 

So for a y E rQ, y * 0 we have 

g([Y, <j>Y] , �) = 2g(Y, Y) 

*0. 

by 1 . 13 
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This implies that 

[Y, <j>Y] � rL. D 

Thus if  Z is a foliate vector field with respect to a Legendre foliation, then Z is a 
section of E $ L. 

2 (b). MEAN CURVATURE OF A LEGENDRE FOLIATION 

For any Legendre foliation the Weingarten map in the direction of the characteristic 
vector field, �. can be expressed in terms of the tensors <1> and h. Furthermore, when 

h: L ___, L the mean curvature vector field is a section of Q. 

Lemma 2.9 
For a Legendre foliation, S:, on a contact metric manifold (M, <j>, �. 11, g) 

A� = Pt_(<j>h). 

Proof 
For any X,  X' E rL we have 

Hence 

g(A� X, X') = - g(V 
X 

�. X') 

A� = IJL(<J>h). 

= g(<j>hX + <j>X, X') 
= g(<j>hX, X ') 

by 1 . 35 

by theorem 2. 1 .  

D 
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Corollary 2.10 
For a Legendre foliation, S:, on a contact metric manifold (M, <j>, s, Tl, g) such that 

h: L --7 L the mean curvature vector field is given by 

where { Xa } a = 1 ,  . . . . . .  ,n is a local orthonormal frame for L with respect to g. 

Proof 
For any a, � we have 

g(Vx 
x�, s) = - g( x�, vx s) 

a a 

This implies that 

= g(X�, <j>hXa + <J>Xa) by 1 .35 

= 0 by theorem 2.1 as h: L --7 L. 

D 

2 (c). T H E  I N V A RIANTS TI, TI A N D  G O N  A L E G EN D R E  

F OLIATION 

For a Legendre foliation, S:, on a contact manifold (M, Tl), Pang [2] introduced on L 

a symmetric, bilinear form n which can be defined by 

V X, X' E fL. 



32 

Thus for any X,  X' E rL we have 

ncx, X') = - { <£x
£

x11 )C�) l 
= - { X(£X'11) (�) - (£X'11)( [X,  �]) } 

= - { X { X'11 (�) - 11 ( [X', �]) } - X'11 ([X, �] ) 

= - 11 ([X', [X, �] ] )  

Since X', [X, � ]  c H this shows that I1 can also be written as 

(2.11) ncx, X') = 2d11cx·, [X, �J) 

= 2g([�,X] , <)>X') 

where (<)>, �' 11 , g) is any contact metric structure on (M, 11) .  

+ 11 ( [X', [X, �]] ) }  

by 1 .1 and 1.12. 

V X, X' E rL 
by 1.3 and 1 .10, 

It is proved later that I1 is symmetric. By definition I1 is an invariant of a Legendre 
foliation, so that its value does not depend on the contact metric structure on (M, 11) .  

ll may be used to classify Legendre foliations as follows. 

Definition 2.12 
Let 5- be a Legendre foliation on a contact manifold (M, ll) then 

(i) 5- is a flat Legendre foliation if I1 = 0, 

(ii) 5- is a non-degenerate (degenerate) Legendre foliation if ll is non-degenerate 

(degenerate), 

(iii) 5- is a positive definite Legendre foliation if n is positive definite. 
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As the value of TI doesn't depend on the contact metric structure definition 2. 1 2  
implies that though the Legendre foliation S: defined by the subbundle L c H on the 

contact metric manifold (M, <!>, �' 11 , g) is different from the Legendre foliation ff' 
defined by the subbundle L c H on the contact metric manifold (M, <!> ' ,  �. 11 ,  g'), ff 
and S:' are of the same classification. 

It follows from 2. 1 1  that a Legendre foliation can be classified in terms of the Lie 
bracket [�, X] , where X is any tangential vector field. 

Lemma 2. 1 3  
Let ff be a Legendre foliation on a contact manifold (M, 11 )  then 

(i) ff is a flat Legendre foliation if and only if � is a foliate vector field, that is the 

projection 

PQ( [�, X]) = 0 V X E fL. 

(ii) ff is a non-degenerate Legendre foliation if and only if the projection 

(iii) ff is a positive definite Legendre foliation if and only if 

g([�, X] , <!>X)> 0 

where (<!>, �. 11 , g) is any contact metric structure on (M, 11). 

V X E fL. 

V X E fL, 

For a non-degenerate Legendre foliation it will be useful to extend TI to a bilinear 
form defined on TM. To do this we define a tensor, A., of type ( 1 ,  1 )  by 

(2. 1 4) 

then 

TICA.W, X) = 4d11(W, X) V X E fL, V WE ITM, 

A.: TM � L and the kernel of A. is L EEl E.  
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The existence of 'A is shown by Libermann [ 1 ] ,  who also shows that 'A is a surjective
. 

map satisfying 'A 2 = 0. 

For any X E rL, we will show that A satisfies 

(2 . 1 5 )  'A[�, X] = 2X. 

For any X, X ' E rL we have 

d11 C [�. XJ, X') = i rrcx, X') by 2. 1 1 , 

and 

d11 ([�, X], X') = � Il(A.[�, X] , X') by 2. 14. 

Since 'A: TM -t L this implies that 

As 'A is a surjective map and L c kernel A, for a non-degenerate Legendre foliation 

on a contact manifold (M, 11), we can u5e 2. 1 5  to give a local frame of TM. 

Lemma 2. 16 
Let ;1 be a non-degenerate Legendre foliation; if X1 , . . . . . . . .  , Xn generate L in an 

open set U of M, then X1 , . . . . . . . .  , Xn, [� , Xd · · · · · · · · · [�, Xn] generate H in U.  

This is proposition 2 . 16  of Libermann [ 1 ] . 

Thus if {Xa } a = 1 ,  . . . . . . .  , n is a local frame of L then {Xa, [�, Xa] ,  � }  is a local 

frame of TM. 
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For a non-degenerate Legendre foliation A, enables us to define a synunetric, bilinear 
form fi on TM related to the bilinear form fi on L as follows 

(2. 17 ) IT(W, W') = � fl(/..W, /..W') V W, W' E ITM. 

rr will be useful in our work on non-degenerate Legendre foliations. 

For a Legendre foliation, ff, on a contact manifold (M, 11), Pang [2] also introduced 
on L a  symmetric 3-form G which for any X, X', X" E rL can be defined by 

G(X, X' , X") = � {Xfl(X', X") + X'fl(X, X") + X"fl(X, X') 

+ (£X'
£X£x . .  1l + £X,£X£X'Tl)(S) } 

By definition G is an invariant of a Legendre foliation, so that its value does not 
depend on the contact metric structure on (M, 11) .  Furthermore we will see later that 
G can be used to define serni-Riemannian Legendre foliations. 

A simpler formula for G is given by 

G(X, X', X") = � { - Xfl(X', �") - X'fl(X, X") - X"Il(X, X') 

- Tl ( [X", [X, [X', s] ] ] ) - Tl ([X', [X, [X" ,s] ] ] ) } 
V X, X', X" E rL. 

Which is obtained from the definition of G by using the following formula 

(£X'£X£X,Tl)(S) = - X'II(X, X") - Xfl(X', X") - X"fl(X, X') 

- Tl ( [X", [X, [X' , s] ] ] )  
V X, X', X" E rL. 



This is calculated as follows, for any X, X ' ,  X"  E rL we have 

c£x,£x£x . .  11 )(�) = x· { c£x£x . .  11) (�) } - c£x£x . .  11) ( [X',�D 

= X' { X { X"11 (�) - 11([X" , �] ) } - X"11 ( [X, �] ) 
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+ 11 ([X" , [X , �]] ) }  - X { X" {11 ([X', �])} - 11 ( [X", [X', �]] ) }  

+ X" {11 ([X, [X', �]]) - 11 ( [X" , [X, [X', �]] ] )  
= X' {11 ([X", [X, �]] } + X { 11([X", [X', �]] ) }  

+ X" { 11 ([X, [X', �]]) - 11 ([X" , [X, [X', �] ] ] )  

by 1 . 1  and 1 . 12 
= - 2X' {d11 (X" , [X, �]) } - 2X {d11 (X" , [X', �] ) } 

- 2X" {d11 (X, [X', �]) - 11 ( [X" , [X, [X' , �]] ] )  

by 1 . 12 

= - X'Il(X, X") - XTI(X', X") - X"Il(X, X') 
- ll ([X", [X, [X', �] ] ] )  

by 2. 1 1 . 

From this simpler formula for G we obtain the following alternative formula for G, 
in terms of any contact metric structure on (M, 11) which we will use in later work. 

For all X, X', X"  E rL we have 

(2. 1 8) G(X, X' , X") = - Xg([�, X'] , <j>X")  + g([X, [�, X'] ] ,  <j>X" )  

+ g([X, [�, X"] ] ,  <j>X') 

where (<j>, �. 11 ,  g) is any contact metric structure on (M, 11 ) .  

To prove 2 . 1 8  for any X ,  X', X" E rL and any contact metric structure (<j>, � .  11 ,  g) 

on (M, 11) , we first need the following relationships, 

2g([�, X] , <j>X') = Il(X, X') 

= Il(X', X) 
= 2g([�, X'] ,  <J>X) 

by 2. 1 1  

as TI is symmetric 
by 2. 1 1 , 
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and 

11 ([X", [X, [X', �] ] ]) = - 2d11 (X", [X, [X', �] ]) + X"ll ([X, [X', �] ] ) 
as X" e rL 

= - 2d11 (X" ,  [X, [X' , �]] ) - 2X"d11 (X, [X', �] ) 
as X, [X', �] e rL 

= - 2 ( g(X" ,  <j> [X, [X', �] ]) + X"g(X, <j>[X', �] ) }  
by 1 .3, 

Then by substituting these into the simpler formula for G and using 2. 1 1  we obtain 
2 . 1 8 .  

2 (d). PARTIAL CONNECTIONS O N  LEGENDRE FOLIATIONS 

For a Legendre foliation, g., on a contact manifold (M, 11 ) , the Bott partial 
l.* * connection, VL 

, given by 1 .39 induces a partial connection VQ in Q defined by 

* l.* vQ V = p (VL v) X Q X v x e IL, v v e rQ* . 

Let fJ be a Legendre foliation on a cont�ct metric manifold (M, <j>, �. 11 , g) with {Xal 
a = 1 ,  . . . . . .  ,n a local onhonormal frame for L with respect to g and { ea, 11 } the local 

l.* coframe for L induced by (<j>, �. 11 .  g). 

By evaluating the Bott partial connection on · this frame and the corresponding 
coframe we will obtain the following: 

(2. 1 9) (i) 

(ii) vr* 6� = - 6�( [Xa, <J>XsDksy6Y - 6�( [Xa> �] )11 . a 



(iii) v � e� = - eP([xa, <!>X0] )k8 .. lY· a 

For any a we have 

hence 2 . 19  (i). 

For any a, P and y we have 

.i* 
(V� S�(<!>Xy) = (i (Xa)dS�(<!>Xy) a 

= 2ctePcxa, <!>Xy) 
= - eP([Xa, <!>Xy] ) , 

and 

.i* (V� e�(S) = Ci CXa)dS�(S) a 
= 2ctePcxa, s) 
= - S�([Xa, s] ) .  

From which 2. 19  (ii) and (iii) follow. 
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by 1 .39 

by 2.6 (i), 

by 1 . 39 

by 1 . 39 

. L.l* The relative partial connection form ro = (roj ) of V is determined by the equation 
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From 2. 1 9  we have 

(2.20) (i) 

(ii) 

(iii) 

.l* vL is flat so Q = dw + ffi 1\ ffi vanishes and the relative connection form (ffii) J 

satisfies the equation 

From which we get the following equations 

(iii) dffi;+ 1 + ( 0)8+ 1 1\ (J)� ) =. 0.  

Evaluating 2.2 1 (i) on Xa, X� with a "#  13 gives 

0 = ffi8+1 1\ ffi�+1 (Xa, X�) 
1 

= 2 { (J)8+1 cxa) (J)�+ l ex�) - (J)8+1 cx�)ffig+1 ex an 
= ceUC[X�, sD - e�([Xa, sD) by 2.20 (ii) and (iii) 
= c- g([s, x�] , cpxa) + g([s, Xa] , cpx�)) by 2.1 

1 1 
= - 2 I1(X�, Xa) + 2 ll(Xa, X�) by 2. 1 1 . 
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This shows that ll given by 2. 1 1  is symmetric. Furthermore from this we obtain 

ro�+ 1 (X a) = S�([Xa, �]) 
= SUC[X�, �] ) 
= ro�+ 1 (X�) 

Evaluating 2.2 1 (iii) on Xa, X� gives 

From the above with 2.20 (i) we obtain 

by 2.20 (ii) 
by above 

by 2.20 (ii) . 

by 2.20 (iii). 

1 
(Sa([X�, <1>XiD - S�([Xa, <j>X0] ))k0-(Cy = 2 ro;+1 ( [Xa, X�] )Xy 

= [Xa, X�] 
by 2.20 (iii), as L is completely integrable. 

Using 2.7 this can be shown to be equivalent to 

Let <1>: L -7 Q* be the isomorphism defined by 

1 
<I>(Xa) = 2 i(Xa)dll 

= - ea. 



It follows that <1>-1: Q* --7 L and is defined by 

Now let VL be the partial connection on L defmed by 

Hence for any a, � 

(2.23) V� X� = <IY1 oV �* o <D(X�) a a 
= - <D-1 oV Q* 8� X a 
= <D-1 ce�( [Xa, <J>X0] )k0y8Y) 
= - e�( [Xa, <J>X0] )k0yKy 
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'<:/ X, X' E ['L. 

by 2. 19 (iii) 

It can be shown (see Pang [2] )  that vL is torsion free and has curvature 

(2.24) RL(X,X')X" = I1(X', X")X - I1(X, X")X' '<:/ X, X' , X" E rL .  

Thus i f  5 is a flat Legendre foliation then RL = 0, so the leaves of a flat Legendre 
foliation have a natural flat affine structure. 

Theorem 2.25 
Let S: be a Legendre foliation on a contact manifold (M, 11 )  of dimension � 5 then 
RL = 0 if and only if S: is a flat Legendre foliation. 

Proof 
Suppose RL = 0 and I1 -:F- 0, then there exists X E rL such that TI(X, X) = 1 and as 
the dimension of (M, 11 )  is � 5, L is of dimension � 2 so there exists X' :1: 0 E !L 
such that TI(X, X') = 0. 



For this X, X' we have 

RL(X', X)X = TI(X, X)X' - TI(X', X)X 
= X' -t:- 0. 

Thus RL = 0 => TI = 0 => � is a flat Legendre foliation. 

2 (e) .  UNIT COT A N  GENT B UNDLES 
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a 

An important class of examples of Legendre foliations comes from the unit cotangent 

bundles which we will now investigate. 

Let M be a (n+ I )-dimensional manifold. Then the cotangent bundle T*M is a (2n+2)­

dimensional manifold, with a symplectic structure defined by the canonical 1 -form 
'¥, which has local expression 

'¥ = Y ·dX· I I 

where (xi, Yi) denote the local coordinates on T*M induced from the local 

coordinates (xi) on M.  

Let F be a function on T*M which is homogeneous of  degree one, that is 

F: T*M � R  and F(tv) = tF(v) "i/ V E T*M, "i/ t E R. 

We now define the unit cotangent bundle, s;M, by 

s;M, is a sub bundle of T*M. It is also a (2n +I )-dimensional contact manifold, with 

contact I -form 11 given by the pull-back of the canonical i -form '¥ on T*M. 



In local coordinates we have 

(2.26) (i) 

(ii) � = aF a aF a 
oy . ax .  ox . ay . 1 1 J J 

The foliation given by the fibres of the projection map 

* p :  SpM _, M  

is a Legendre foliation. We call this foliation the Legendre foliation B'j:;- on s;M. 
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Two Legendre foliations 2f1 and 2f2 on contact manifolds (M1 ,  T\ 1 ) and (M2, T\2) 
respectively are equivalent if there exists a diffeomorphism p: M1 _, M2 satisfying 
the conditions 

and 

where p*!J2 is the foliation of M1 whose leaves are inverse images under p of the 
leaves of 8'2. 

Theorem 2.27 
Any Legendre foliation is locally equivalent to one of the form B'F. The foliation g.F 
is called the normal form of S:. 

This is the normal form theorem of Pang [2] . 

Since F is homogeneous of degree one, we have on T*M that 

(2.28 )  F = y·f. 1 1 and 



Since F = 1 on s;M for the Legendre foliation 5F we have 

(2.29) 

This implies that the tangent bundle of B'F is given by 

a 
L = {a · - I Fa · = 0} I :1 I I uy i 

and the normal bundle N is given by 

TS*M F N = L 
a = span{-;-} .  OXj 

So we get a natural decomposition of TS;M as 

(2.30) * TSFM = L Ei1 N 
a = {a· - I _ I ayi 

Fa ·  I I 
a 

= 0} ffi span{-}. 
OX · 1 

Pang [2] defines TI on a Legendre foliation of the form S:F as 

TI = F ·dy · ® dy -lJ I J 
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'\/ X E IL. 

and proves in proposition 3.3 that it is equivalent to the definition of TI we have 
given in 2 (c) .  



Now since, see Pang [2] page 442, 

1 - (F2) . .  dy· ® dy· = (FF+ Ff . .  ) dy· ® dy· 2 1J 1 J 1 J 1J 1 J 
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= f. .  dy· ® dy · 1J 1 J by 2.28 and 2.29, 

we get the following alternative definitions of ll for a Legendre foliation S'F on s;M. 

(2.3 1 )  n = f . .  dy- ® dy-1J 1 J 
1 = - (F2) · ·  dy· ® dy · 2 lJ 1 J 

= (f.F+ Ff . . ) dy· ® dy-1 J IJ I J "  

In the following example we give a Legendre foliation on a unit cotangent bundle of 
R 3 and introduce two different contact metric structures. Then we examine the 
properties of the resultant non-degenerate Legendre foliations on the different contact 
metric manifolds. 

Example 2. 1 :  Non-degenerate Legendre foliation on a unit cotangent bundle 
Let 

M = R3 
= { (x i , x2, x3)) I xi e R }  

and consider the function F: T*M --7 M defined by 

F(x, y) = 

0 otherwise. 

Then 

s;M = F- I ( 1 )  
= { (x i , x2 , x3 , Y I •  Y2• Y3) I (y 1 )2 - (y2)2 = Y3 } .  
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So by 2.26 (i) and (ii) we have 

Let B'p be the Legendre foliation given by the fibres of the projection 

By 2.3 1 we have 

Hence IT is non-degenerate so B'p is a non-degenerate Legendre foliation. 

The tangent bundle, L, of B'p is given by 

where 
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As (y1 )2 - (y2)2 = y3 and y3 -:t 0 everywhere on s;M, X1 and X2 are well defined, 
* global vector fields on SpM. 

In (a) and (b) below we give two different contact metric structures for (S;M, 11 ) ,  

and investigate the non-degenerate Legendre foliations defined by L. 

(a) We introduce a contact metric structure (<)le, �' 11 ,  gc) for (S;M, 11 )  so that L 
defines a non-degenerate Legendre foliation ;}� of (S;M, <)>c, �' 11, gc) . 

Let Q be the subbundle of H given by Q = <)>CL where <)>C is the tensor of type 
( 1 , 1 )  given by 

0 0 0 -y3 0 Y1 
0 0 0 0 Y3 -y2 

<l>c 1 0 0 0 Y1 -y2 -1 
= 

(Y3 )2 (Y3 )3 3 
0 2yl (y3 ) 0 0 0 

0 -(y3 )3 2y2 (Y3f 0 0 0 

2yi (Y3r 2y2 (Y3 )3 4(y3 ) 4 
0 0 0 

Thus 
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Furthermore let gc be the semi-Riemannian metric defined by 

elsewhere. 

It can be shown that (<j>c, �. 11, gC) is a contact metric structure on cs;M, 11) , 
with {X1 , X2, Y1 , Y2, � } an orthonormal frame for TS;M with respect to 
gc. 

Calculating the Lie brackets we get 

[X 1 , X2] = 0 

[X 1 , �] = - 2Y1 
[Y 1 ,  �] = 0 

[X 1 , Y1 ] = - 3-/2Y1 + 2� 
[X2, Y1 ] = - -I2Y2 

[Y 1 , Y2] = 0 

[X2, �] = - 2Y2 
[Y 2, �] = 0 

[X1 , Y2] =- -12Y2 
[X2, Y 2] = -12Y 1 - 2�. 

So L defines a non-degenrate Legendre foliation S:� on the contact metric 
manifold (S;M, <j>c, �' 11, gc) . 
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By calculation we have for a =  1 ,  2 

and 

Also by calculation we have 

for any a, p. 

Which implies that S:� is a totally geodesic Legendre foliation. 

It can also be shown by calculation that 

and 

(b) We now select a different contact metric structure (<j>', �. 11, g') on (S;M, Tl ) 
and use L to define a non-degenerate Legendre foliation S:� on the contact 
metric manifold (S;M, <j> ' ,  �' Tl ,  g ' ) .  

Let X� and x;_ be  the global vector fields defined by 

x; = (Y2 _i_ + Y1 d J Y3 ()yl Y3 ()y2 
1 = 

..,fiy3 
x2 . 
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Note that L = span {X1 , X2 } = span {Xi ,  Xl l and that { Xi ,  Xl l is an 
orthonormal frame of L with respect to g' , where g' is the semi-Riemannian 
metric defined by 

g' lo· = _1_p 
0 

-1  4y3 2yl 2y2 

g' IE = ll ® ll, 

g' = 0 elsewhere, 

2yl ] 
2y2 dxi ® dxj , 
4y3 

and where Q' is the subbundle of H given by Q' = <I>'L and <I>' is the tensor of 
type ( 1 , 1 )  given by 

0 0 0 -2y3 0 2yl 

0 0 0 0 2y3 -2y2 

0 0 0 2yl -2y2 2 
<I>' = 1 

0 11_ 0 0 0 
2y3 Y3 

0 
1 Y2 0 0 0 

2y3 Y3 
Il Y2 2 0 0 0 
Y3 Y3 
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Thus 

It can be shown that (<j>', �' TJ, g') is a contact metric structure on (S;M, TJ) , 

with { Xi ,  X� ,  Yi ,  Y�, � } an orthonormal frame for TS;M with respect to 
g ' . 

Calculating the Lie brackets we get 

So L defines a non-degenrate Legendre foliation ff� on the contact metric 
manifold (S;M, <j> ', �' TJ, g'). 

By calculation we have for a. = 1, 2 

and 



Also by calculation we have 

V I 2 I 

X � xi = - �, 2 Y3 

Which implies that S: � is a totally geodesic Legendre foliation. 

It can also be shown by calculation that 

and 
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CHAPTER 3. FLAT LEGEND RE FOLIATIONS 

In this chapter we investigate the properties of flat Legendre foliations and give some 
examples of these foliations. 

Among the possible contact metric structures on a contact manifold which carries a 
flat Legendre foliation we identify a canonical contact metric structure and show that 
with this structure the contact manifold is Sasakian. 

We know by lemma 2. 1 3  (i) that a Legendre foliation S: on a contact manifold (M, T\) 

is a flat Legendre foliation if and only if � is a foliate vector field, that is [X, �] E fL 
for all X E rL. We also know that if S: is a flat Legendre foliation then RL 

= 0, 

where RL is the curvature of the partial connection VL defined in section 2 (d) and is 
independent of any contact metric structure on (M, T\) .  Thus the leaves of a flat 
Legendre foliation have a natural flat affine structure. 

For a contact manifold (M, T\) there exist local coordinates (xa, y a• z) such that, (see 
Blair [3]) ,  

Also, for a p-dimensional foliation S: on a n-dimensional manifold M there exist local 
coordinates (xi, Yj) ,  i = 1 , . . . . . .  , q, j = 1 ,  . . . . . .  , p, where q = n - p, such that the 
foliation is locally defined by xi = constant, i = 1 , . . . . . . , q, (see Molino [22] ) .  

A Legendre foliation S: on a contact manifold (M, T\) has both the contact metric 
structure and the foliation structure. Thus there exist local coordinates (xa, y a.• z) 

such that 
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and there exist local coordinates (x�, y�, z') such that the foliation is defined by 

x ' a = constant, z' = constant. In general these natural local coordinates do not 

coincide, but they do for a flat Legendre foliation as the next theorem shows. 

Theorem 3 . 1  
Let g. be  a Legendre foliation on a contact manifold (M, 11 ). Then g. i s  a flat 

Legendre foliation if and only if there exist local coordinates (xa, Ya' z) such that 

(i) 

(ii) The foliation is locally defined by z = constant, xa = constant. 

Proof 
Let g. be a flat Legendre foliation then by theorem 4. 1 of Pang [2] there exist local 

coordinates (xa, y a' z) such that (i) and (ii) are satisfied. 

Suppose there exist local coordinates (xa, y a' z) such that (i) and (ii) are satisfied 

then 

� = 2� 
dZ 

a 
where Xa =2--. 

dYa 

Thus for any a the Lie bracket 

and L = span {Xa} 

[xa , �] = [2�, 2_i_] = o 
dZ dYa 

hence ff is a flat Legendre foliation by lemma 2. 1 3  (i) .  

Theorem 3. 1 shows that all flat Legendre foliations are locally equivalent. 

D 
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From the natural local coordinates given by theorem 3. 1 we can derive a contact 

metric structure which is Sasakian. 

Theorem 3.2 
Let 5 be a flat Legendre foliation on a contact manifold (M, Tl) then there exists a 

contact metric structure (<j>c, �. 11, gc) such that (M, <j>c , �' 11, gc) is a Sasakian 

manifold. 

Furthermore for this Sasakian structure 

VL X' = V X'  X X 

where V is the Levi-Civita connection of gc. 

Proof 

V X, X' E IL, 

By theorem 3 . 1 for any point m e M there exists an open neighbourhood U of m 
with local coordinates (xa, y a• z) such that 

(a) 

(b) where L = span{Xa l ·  

Let <<l>u' �. 11, gu) be a contact metric structure on U defined by 

= 
�[Sa� +

0
YaY� 0 -�a ] 

gu oa� 
-ya 0 

$. = H� 

oa� 

� l 0 

y� 

a 
� = 2az · 
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(<l>u' �' ll, gu) is a Sasakian structure on U, (See Yano and Kon [ 1 6] page 276.). 

So we can find an open cover { Us } s E  I of (M, ll) such that (<J>s, �'  ll , gs) is a 
Sasakian structure on Us, thus (<j>c = Use l <l>s' �' ll, gC = Use l gs) is a Sasakian 

structure on M, by lemma 1 . 15 .  

I t  can be shown that 

is a local orthononnal frame for L with respect to gc therefore 

is a local orthononnal frame for Q = <j>cL with respect to gc. 

Calculating the Lie brackets for any a, p we obtain 

From these Lie brackets it is easily seen for any a, p that 

Furthermore from 2.23 for any a, p we have that 

V� X� = 0. 
a 



Thus 

vL X' = V X' 
X X 

Therefore we have that 

R(X, X')X" = RL(X, X')X" = 0 
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V X ,  X' E IT.... 

a 

V X, X', X" E IT..., 

where R is the curvature tensor field of gc . Hence the leaves of a flat Legendre 
foliation on the Sasakian manifold (M, <Pc, �' 11, gc) are flat. 

We call the contact metric structure, (<Pc , �' 11 ,  gc) ,  given by theorem 3 .2  the 

canonical contact metric structure of a flat Legendrefoliation and (M, <Pc, �' 11 ,  gc) is 

the canonical Sasakian manifold of a flat Legendre foliation. Note that gc is a 

Riemannian metric since it is positive definite. 

For a flat Legendre foliation there are many other contact metric structures, but as � 

is a foliate vector field they must all satisfy the following lemma. 

Lemma 3.3 
Let S: be a Legendre foliation on a contact metric manifold (M, <P, �' 11,  g) then S: is 

a flat Legendre foliation if and only if there exists an associated (n + 1 )  - dimensional 

foliation fJ on (M, <P, �' 11,  g) defined by L EB E. 

Proof 
B y  Frobenius Theorem L Ef) E is the tangent bundle of a foliation if and only if 

L Ef) E is completely integrable. 

As L is the tangent bundle of the Legendre foliation S: it is completely integrable. 

Thus as E is a line bundle we have that L Ef) E is completely integrable if and only if 

V X E L. 
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As for any X e L, [X, S] e H by 1 . 1 2  we have that 

[X, S] E L EB E V X e  L, 

if and only if s is a foliate vector field of S:. That is by lemma 2 . 1 3  (i) if and only if 
S: is a flat Legendre foliation. o 

The local coordinates of a flat Legendre foliation with an arbitrary contact metric 

structure can also be defined. 

Lemma 3.4 
Let S: be a flat Legendre foliation on a contact metric manifold (M, <P. s. 11. g) then 

there exist local coordinates (xa, y a• z) such that 

a E = span {az l ,  
a 

L = span {aYa
} ,  Q = span { Ya} 

where 

and fa� = f�a are functions on M. · 

Note: { Ya } need not be a local orthonormal frame for Q with respect to g, that is Y a 
need not satisfy Ya = <PXa where { Xa } is an orthonormal frame for L with respect 

to g. 

Proof 
Let (xa, y a• z) be the local coordinates given by theorem 3 . 1 .  

From theorem 3 . 1  (i) we  have 



This implies that 

Thus we have 

a E = span { az } . 

Furthermore theorem 3 . 1 (ii) implies that 

a 
L = span {-} . ay a 
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and 

We now define a local frame {Xa, Y a' � } of TM, which need not be an orthonormal 

frame of TM with respect to g. 

Let Xo. = a
a , note that while {Xo.} need not be an orthonormal frame for L with 
Yo. 

respect to g, it is a local frame of L. 

Let 

Clearly { eo. } is a local frame of Q* = ann { L EB E } .  

Define local vector fields Y o.' a = 1 , . . . .  , n by 

for some functions fo.�· 
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Then for any a, we have 

= 0, 

which implies that Y a e H, for any a. 

Furthermore for any a, P we have 

which implies that Y a e L, for any a. 

So there exist functions fap such that Ya e rQ. Thus Y 1 ,  . . . .  ,Y n are n linearly 

independent vector fields that span Q. 

fap = f�a as for any a, p, we have 

Clearly 

0 = dll (Ya, Y p) 
1 

= -
2 (dyy 1\ dxy ) 

[ a:a 
+ fa� a�� 

+ Ya :z a:� 
+ f�, a�. 

+ Y� :z J 
1 = - 4 (fap - fpa) .  c 
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Furthermore when fa� = 0 for any a,  � and g i s  a Riemannian metric with 

{ X� = 2Xa} a local orthonormal frame of L with respect to g then (M, <j>, � .  11, g) is 

the Sasakian structure given by theorem 3.2 and <!>X� = 2Y a· 

The following theorem gives a family of flat Legendre foliations on contact metric 

manifolds which are not Sasakian. 

Theorem 3.5 
If (M, <j>, �. ll ,  g) is a contact metric manifold such that the curvature tensor field R 

satisfies 

(i) R(�, W)� = 0 V W E  ITM. 

(ii) R(X, X')� = 0 V X, X' E D(-1 ) .  

Then D( -1 ) defines a flat Legendre foliation, where D( -1) i s  the distribution defined 

by the - 1  eigenspace of h as in theorem 1 .36. 

Proof 
For any X E D(-1 ) we have 

hX = - X. 

Thus for any X E D(-1) we have 

(a) V -� = - <j>X - <j>hX X . 
= - <j>X + <!>X 

= 0. 

by 1 .35 

To show that D(-1 ) is completely integrable, we note that for any X, X' E D(-1 ) 

0 = R(X, X')� 
= V

X
V

X, � - V
X,VX 

� - V
[X, X']

� 

= <j>[X, X '] + <j>h[X, X'] by (a) and 1 .35 ,  
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and 

PE( [X, X']) = g( [X, X'] ,  �) 

= g(X, V 
X' 

�) - g(X', V 
X 

�) 

= 0  by (a) . 

From the above we obtain 

<j>h[X, X'] = - <j> [X, X'] 

<j>2h[X, X'] = - <j>2[X, X'] 
h [X, X'] = - [X, X'] by 1 .2 and 1 .33 as PE([X, X']) = 0. 

Thus we have 

[X, X'] E D(- 1 )  V X,  X '  E D(- 1 ) .  

Hence D(  - 1 )  is completely integrable. Furthermore by theorem 1 .36  D(- 1 )  is a n­
dimensional sub bundle of H, thus D (- 1 )  defines a Legendre foliation S: o n  

(M, <j> ,  � .  11 ,  g). 

S: is flat as for any X E D(-1 )  we have 

0 = R(X, �)� 

= V 
X 

V
� 

� - V
� 
V 

X 
� - V 

[X, �] 
� 

= <j>[X, �] + <j>h[X, �] 

Therefore by 1 .2, 1 . 1 2  and 1 .33 we have 

h [X, �] = - [X, �] 

which implies that 

[X, �] E D(-1 )  

by 1 .28, (a) and 1 .35. 

'V X E D(- 1 ) .  
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Thus � is a foliate vector field so fF is flat by lemma 2. 1 3  (i). 0 

In the following we give an example of a contact manifold and introduce five 

different contact metric structures on it. We then define a Legendre foliation on each 

of the resultant contact metric manifolds, show that they are all flat Legendre 

foliations and examine their properties. 

Example 3. 1 : Flat Legendre foliation 

Let 

M= Rs - { y 1 axis } 

= { (x1 , x2, y 1 , y2, z) I xi, Yi· z e R, y1 � 0}  

and 

Then we have 

which by calculation gives 

Tl A (d'Tl)2 = - i (dx 1A dx2 1\ dy1 1\ dy2 1\ dz) 

�- 0 everywhere on M 

thus (M, Tl) is a contact manifold. 

Consider the vector fields 

and 

These are global vector fields and belong to H the contact distribution of (M, Tl). 
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Let L be the sub bundle of H given by 

L = span {X 1 , X2} .  

L is a completely integrable 2-dimensional subbundle of H therefore L defines a 
Legendre foliation on (M, T\). This is a flat Legendre foliation as the coordinates 
(x 1 , x2, y 1 , y2, z) satisfy (i) and (ii) of theorem 3. 1 .  We now define five different 

contact metric structures on (M, Tt) and use L to define a Legendre foliation on each 

of the different contact metric manifolds. 

(a) Let (M, q,c, �' T\ ,  gc) be the canonical Sasakian manifold given by theorem 

3.2 .  Thus (<!>c, � ,  T\ ,  gC) is given by : 

Hence 

1 gC = 

4 

0 

0 

q,c = -1 

0 

0 

a 
� = 2az· 

0 

0 

0 

-1 

0 

1 0 

0 1 

0 0 

0 0 

Y1 Yz 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

1 

0 
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so {X 1 , X2, Yf ,  Y�, � }  is an orthonormal frame for TM with respect to gc. 

Calculating the Lie brackets we get 

[X 1 ,  X2] = 0 
[X1 ,  �] = 0 
[Yf ,  �] = 0 
[X1 , Yf ]  = 2� 

[X2, Yf] = 0 

[Yf ,  Y� = 0 
[X2, �] = 0 
[Y�, �] = 0 
[X1 ,  Y�] = 0 
[X2, Y�] = 2�. 

Thus L = span {X1 , X2 } defines a flat Legendre foliation ffc on the Sasakian 
manifold (M, <j>c, �. 11. gc). It can be shown that ffc is totally geodesic. 

(b) We now select a different contact metric structure (<j>', �, 11 ,  g') on (M, T\) ,  so 
that L defines a flat Legendre foliation ff' on (M, <j>' , �, 11. g') . 

Let (<j>', � .  11. g') be the contact metric structure given by 

1 + (y1 )2 + z2 Y1Y2 z 0 -yl 
Y1Y2 � + (y2 )2 + z2 0 z -y2 

g' 1 
= - z 0 1 0 0 4 

0 z 0 1 0 

-yl -y2 0 0 1 

z 0 1 o . 0 
0 z 0 1 0 

<1>' = -1 - z2 0 -z 0 0 
0 -1 - z2 0 -z 0 

YIZ Y2Z Y1 Y2 0 

a 
� = 2az· 
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Thus we have 

so {X 1 ; X2, Y� , Y�, S }  is an orthonormal frame for TM with respect to g'. 

Calculating the Lie brackets we get 

[X l , X2J = 0 
[Y� , Y�] = 2y2X1  - 2y lX2 
[X l , S] = 0 
[Y� ' S] = 2Xl 
[X 1 , Y� ] = 2S 
[X2, Y� ] = 0 

[X2, S] = 0 
[Y�, S] = 2X2 
[X 1 , Y�] = 0 
[X2, Y�) = 2S,. 

Thus L = span {X1 , X2} defines a flat Legendre foliation ff ' on the contact 
metric manifold (M, <j>', S,, ll ,  g'). It can be shown that ff' is totally geodesic . 

By calculation for a = 1 ,  2 

hence (M, <j>', S,, ll ,  g') is not a K-contact manifold. 

c) We now select a different contact metric structure (<j>", S,, ll,  g") on (M, ll) ,  
so that L defines a flat Legendre foliation ff" on (M, <j>", S,,  ll ,  g") . 

Let (<j>", S,, ll, g") be the contact metric structure given by 



Thus 

g" = 

<1>" = 

1 
4 

1 + (yt )
2 

+ (Y2)
2 

Y1Y2 

Y2 
0 

Y2 0 

0 Y1 
-1 - (y2 )

2 
0 

Y1Y2 
1 + (YI )

2 
+ (Y2)

2 

0 

1 0 

0 1 
-y2 0 

0 -1 - (yi )
2 

0 -yl 
Y1Y2 Y1Y2 Y1 Y2 

a 
� = 2az-

0 

0 

0 

0 

0 

Y2 
0 

1 

0 

0 0 1 
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so {X 1 ,  X2, Y� , Y;, � } is an orthonormal frame for TM with respect to g". 

Calculating the Lie brackets we get 

[X1 ,  X2] = 0 

[Y� , Y;] = 2y2X2 - 2y1X 1 
[X1 ,  �] = 0 

[Y� , �] = 0 

[X1 ,  Y� ] = 2� 
[X2, Y� ] = - 2X 1 

[X2, �] = 0 
[Y;, �] = 0 

[X1 ,  Y;] = - 2X2 
[X2, Y2] = 2� 
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Thus L = span { X  1 , X2 } defines a flat Legendre foliation fJ" on the contact 
er " metric manifold (M, <j>", �' 11, g"). u is a harmonic but not a totally geodesic 

Legendre foliation as 

Furthermore we have 

Thus 

which shows that 

By calculation we have 

h"W = O V W E  ITM. 

hence (M, <j>", �, 11 ,  g") is a K-contact manifold. 

But (M, <j>", �' 11,  g") is not a Sasakian manifold as 

N1 (X1 , X2) = - [X1 , X2] + [<j>"X 1 , <j>"X2] - <j>" [<j>"X1 , X2] 

- <j>"[Xl , <j>"X2] 
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d) We now select a different contact metric suucture (<!>, �' 11 ,  g) on (M, 11),  so 
that L defines a flat Legendre foliation fJ on (M, <j>, �. 11 ,  g). 

Let (<!>, �. 11 ,  g) be the contact metric suucture given by 

1 + (y1 )
2 

Y1Y2 0 0 -yl 

1 
Y1Y2 -1 + (y2 )

2 0 0 -y2 
g = - 0 0 1 0 0 

4 
0 0 0 - 1 0 

-yl -y2 0 0 1 

0 0 1 0 0 
0 0 0 -1 0 

<I> = -1 0 0 0 0 
0 1 0 0 0 
0 0 Y1 -y2 0 

a 
� = 2 az· 

It can be shown that (<j>, �. 11, g) is a Sasakian contact metric suucture. 

Thus 

- ye - 1 

so { X1 , X2, Y 1 , Y2, � } is an orthonorrnal frame for TM with respect to g. 

Note as g(Y 2, Y 2) ,;, - 1 ,  g is not a Riemannian metric. 



Calculating the Lie brackets we get 

[XI , X2] = 0 

[XI , �] = 0 
[Y I •  �] = 0 
[XI , YI ]  = 2� 
[X2, YI ]  = 0 

[Y I • Y2] = 0 
[X2, �] = 0 
[Y2, �] = 0 
[XI , Y2] = 0 
[X2, Y2] = - 2� 
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Thus L = span {X1 , X2 } defines a flat Legendre foliation 2f on the contact 
metric manifold (M, <j>, �' n,  g). It can be shown that 2f is totally geodesic. 

e) We now select a different contact metric structure (<j>#, �. n ,  g#) on (M, n),  
so that L defines a flat Legendre foliation ff# on (M, <j>#, �. ll ,  g#) . 

Let the subbundle L# c H be given by 

Let the subbundle Q# c H be given by 

2 a · a y#l = - <-a + Y I-a ) YI XI z 
= l_yc 

YI 1 

2 a a y# = - (-+ y -) 2 Y I ax2 2az 
2 = - Ye YI 2 . 

Then {X1 , X� , YT , Y�, � }  is an orthonormal frame for TM with respect to 
the metric g# defined by 

g# l  = 
1 c g# l = (YI )2 gc , L# (yif g ' Q# 

g# l E# = ll ® ll and g# = 0 otherwise. 
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Let <!># be the tensor defined by 

for a = 1 ,  2. 

Then (<!>#, �. 11 , g#) is a contact metric structure on the contact manifold 
(M, 11 ) . 

Calculating the Lie brackets we obtain 

[X1, X�] = 2X� 
[X1, �] = 0 

[Y1, �] = 0 

[X1, Y1J = - 2Y1 + 2� 
[X�, Y1J = 0 

[Y1, Y�] = 0 

[X�, �] = 0 

[Y�, �] = 0 

[X1, Y�] = - 2Y� 
[X�, Y�] = - 2�. 

Thus L = span {X1, X� } = span {X1 , X2 } defines a flat Legendre foliation 
ff# on the contact metric manifold (M, <j>#, �. 11, g#). 

Furthermore by calculation 

and 
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Thus 

From above we can show that RL = 0 but we have 

Hence the leaves of S:# are totally geodesic but not flat. 

Furthermore by calculation we have 

h#W = O V W E  ITM. 

hence (M, <j>#, �. 11. g#) is a K-contact manifold. 

But (M, <j>#, �. 11, g#) is not a Sasakian manifold as 

N 1 (X!, X�) = - [X!, X�] + [ <j>#X!, <j>#X�] - <j>#[ <j>#X!, X�] 
- <j>#[X!, <j>#X�] 

Example 3 . 1  (e) shows that the second part of theorem 3.2 can not be generalized to 
a flat Legendre foliation on an arbitrary contact metric manifold (M, <j>, �. n .  g). 
Therefore the leaves of a flat Legendre foliation have a natural affine structure given 
by VL but they need not be flat. 

\ 
\ 
I I 
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CHAPTER 4. NON-DEGENERATE LEGENDRE 
FOLIATIONS 

In this chapter we investigate the case where TI is non-degenerate, giving non­
degenerate Legendre foliations. The properties of a non-degenerate Legendre 
foliation will be investigated and examples given. 

Among the possible contact metric structures on a contact manifold which carries a 
non-degenerate Legendre foliation we identify a canonical contact metric structure 
and show that it is unique. The properties of the canonical contact metric structure 
and those of the family it belongs to will be investigated. Then the corresponding 
canonical connection will be defined and its properties given. 

4 (a). THE CANONICAL CONTACT M ETRIC STRUCTURE 

Let S: be a Legendre foliation, not necessarily non-degenerate, on a contact manifold 
(M, 11),  then the subbundles H c TM and L c TM are fixed and known. But the 
subbundle Q = <j>L c TM is determined by the contact metric structure (<!>, s, 11, g). A 
different contact metric structure (<!>' , s, 11,  g') on (M, 11)  may give a subbundle 
Q'  = <!>'L c TM different from Q. Hence the Legendre foliation S:' defined by L on 
the contact metric manifold (M, <!>', s, 11, g') is different from the Legendre foliation 
S: defined by L on the contact metric manifold (M, <j>, s, 11, g). But as TI is not 
determined by the contact metric structure S: and S: ' will be of the same 
classification. 

Alternatively for a contact manifold (M, 11 )  with a completely integrable n­
dimensional subbundle L c H, and a contact metric structure (<j>, s, 11, g) L defines a 
Legendre foliation on the contact metric manifold (M, <j> ,  s, 11 ,  g). Now we fix giL 
and generate a different Legendre foliation defined by L. Let { Xa } be a local 
orthonormal frame of L with respect to giL then { <I>Xa} is a local orthonormal frame 
of Q = span { <!>X a} with respect to gl0. For some functions ca on M we define a 
contact metric structure c<!>' , s, 11,  g') where <!>' is defined by 
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(a) <!>'� = 0, 

and g' is defined by 

Note: TM = span {Xa, <!>'Xa, � } = span {Xa, <I>Xa, � } .  

A series of straightforward calculations shows that <<!>', �' 11 ,  g') is a contact metric 
structure. For example for any a, � we have 

(i) by (a) . 

(ii) d11 (Xa, <!>'X�) = d11(Xa, <!>X� + c�X�) by (a) 
= d11 (X a, <!>X�) as d11 (X, X') = 0, V X, X' E rL 
= - g(Xa, X�) by 1 .2 and 1 .3 
= g'(Xa, - X�) by (b) 
= g'(Xa, <!>'(<!>'X�) ) by (a) . 

Note: Q' "I= Q unless ea = 0 for all a as · 

Q' = span {<!>'Xa } 
= span {<!>Xa + caXa l · 

Hence if ca -:�= 0 for some a, L defines a Legendre foliation ff' on (M, <!> ' , �' 11 ,  g') 
different from the Legendre foliation Ef on (M, <!>, �' 11, g), since (M, <!>, �' 11,  g) and 
(M, <!>', �' 11, g') are different contact metric manifolds. 
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In example 3.1 of chapter 3 the contact manifold (M, T\)  and the subbundle L of TM 
are fixed and the contact metric structure is changed to give Legendre foliations on 

different contact metric manifolds. Note that 

For a non-degenerate Legendre foliation 5' on the contact manifold (M, T\ )  IT is a 

non-degenerate, symmetric, bilinear form on L so we can use IT to define a semi­

Riemannian metric on L, which can be extended to a contact metric structure on 
(M, T\ )  using the tensor A. Furthermore by fixing the semi-Riemannian metric on L 

we can define a family of contact metric structures. Then from this family we pick 
out a particular contact metric structure, (<j>C, �' T\, gc) ,  which we call the canonical 

contact metric structure of the non-degenerate Legendre foliation. 

Lemma 4. 1 
Let 5' be a non-degenerate Legendre foliation on a contact manifold (M, T\) .  Then 

there exists a contact metric structure (<j>, �' T\, g) on (M, T\) with 

Proof 

We build up a contact metric structure (<J>, �' T\,  g) for (M, T\ )  with giL = iiT. Let 

{ X  a } ,  a = 1 ,  . . . . . .  , n, be a local orthonormal frame for L with respect to iiT , 
choose a local frame { Y  al of H n L', where 

(a) 

A is defined by 2. 14, and L' = { W e TM I W e L } is the complement of L. 

Let Q = span { Y  al so 

AIQ: Q -7 L is an isomorphism. 
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Let (<j>, S,, 11, g) be a contact metric structure for (M, 11) such that 

(b) 

(c) V a. 

These conditions define the contact metric structure (<j>, S,, 11, g). From (c) we have 

for any a that 

which implies that 

(A<j>)IL = identity on L. 

Thus 

Also by (c) we have for any a that 

<j>Y a =  <j>(<J>Xa) 
= - X a 
= - AYa 

Thus 

Furthermore for any a, p we have 

by (a), 

by 1 .2 

by (a) .  

by 1 .9 



1 = 4TI(Xa, X�) 
· 1  = 4TIO .. Ya, A.Y�) 

= !}<Ya, y �) 
= TI(<!>Xa, <I>Xa) 

Thus 
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by (b) 

by (a) 
by 2. 17  

by (c) . 

Hence a contact metric structure (<j>, �' 11 ,  g) with giL = �TI can be defined by 

(4.2) 1 giL = 4TI 

giQ = TIIQ 
giE = 11 ® Tl 
g = 0 otherwise. 

and <j>IL = (A.IQr 1 

<j>IQ = - /...IQ 
<1> = 0 otherwise 

D 

Note : (<j>, �' 11,  g) is not a unique contact metric structure on (M, Tl) ,  for example 
choose the local frame of H n L' given by {Y� = Ya + Xa} and define a subbundle 
of H by Q' = span {Y�} . Then for any a we have 

A.Y� = A.(Ya + Xa) 
= A.Ya 
= Xa. 

as the kernel of A. is L Et> E 

So replacing Q by Q' in 4.2 gives another contact metric structure (<j>', �' 11 ,  g') of 
(M, Tl). 

Let ff be a non-degenerate Legendre foliation on (M, 11).  The collection of all contact 

metric manifolds having giL = �TI is called the canonical family of contact metric 

structures for (M, S: ) . Furthermore for any non-degenerate Legendre foliation we 



78 

can obtain an invariant formulation for fi from the coframe, { ea, ea, 11 } , induced 

by any contact metric structure (<j>, S,, ll, g) with giL = �TI . 

Lemma 4.3 
For a non-degenerate Legendre foliation S: on the contact manifold (M, 11) 

where ea = - � i (Xa)d11 , {Xa } a = 1 ,  . . . . . . , n, is  a local orthonormal frame for L 

with respect to �ll, and 

k = [ ka� ] = [ �p - �q ] and (p, q) is the signature of n. 

Proof 
Let (<j>, S,, 11 ,  g) be a contact metric structure with giL = in given by 4.2 and let 

{ ea, ea, 11 }  be the local coframe induced by it. Hence 

by 4.2 

by lemma 2.5 (iii) .  

Let { Xa } a = l ,  . . . . . .  ,n, be a local orthonormal frame for L with respect to �TI and 

ea = - � i (Xa)d11 . Then ea is the local coframe of Q* = ann {L  EB E }  induced by any 

contact metric structure ($, S,, 11 ,  g) with giL = in hence 

a 

There are several equivalent definitions of the canonical family of contact metric 
1 

structures defined by giL = 4n .  
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Lemma 4.4 
Let S: be a non-degenerate Legendre foliation on a contact metric manifold 
(M, <j>, � ,  11 ,  g). Then the following are equivalent 

i) 

ii) 

Proof 

PL_L([�, X]) = PQ( [� , X]) 
= 2<j>X. 

V X e rL 

(i) � (ii) follows from 1 . 1 2  which shows that the projection 

V X E IL, 

and 2. 1 1  which states that for any vector fields X, X' tangent to the leaves of S: we 
have 

Hence 

�TI(X, X') = � g([�, X] , <j>X' ) 

= g(- � <j>[�, X] , X ') 

g(X, X') = g(- � <j>[�, X], X') 
1 

PL(- 2 <j>[�, X]) = X 

by 1 . 10 . 

<l>Pcf[�, X]) = - 2X by theorem 2. 1 
Pcf[�, X]) = 2<j>X since X E IL. 

To prove (ii) � (iii) for any X E rL use 

- <j>(<j>X) = X 
1 = 2 A.[�, X] 

by 1 .2 
by 2. 1 
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since L c kernel /... 

Hence 

(ii) <j>(<j>X) = - /..(<j>X) 
<j>IQ = - /..IQ. D 

For a non-degenerate Legendre foliation, the tensor <j> from any contact metric 

structure (<j>, S,, 11, g) belonging to the canonical family of contact metric structures 

can be written in terms of the tensor <1>' from any other contact metric structure 

(<j> ' ,  S,, T) ,  g') from this family. 

Lemma 4.5 
Let S: be a non-degenerate Legendre foliation on the contact metric manifold 

(M, <j>, S,, T), g) with glL = �Il Then if (<j>' , S,, T), g') is any contact metric structure 

for (M, T)) with g'IL = �n there exist functions ea� on M such that 

(i) 

where { Xa } a = l ,  . . . . . . ,n is a local orthonormal frame for L with respect to �n . 

Furthermore for any a, P 

(ii) 

Proof 
As { Xa, <J>Xa } is a local frame for H and <j> 'Xa E rn, for any a there exist 

functions ea�' da� on M such that 



So for any a, � we have 

TIO .. <J>'Xa, X�) =  4dll (<l>'Xa, X�) 

= 4g'(Xa, X�) 

= Il(Xa, X�) 

similarly we have for any a, � 

Thus for any a 

Using this, for any a we obtain 

Xa = /...<j>'Xa 

which implies that 

= A(da�<PX� + ca�X�) 

= da�/...<j>X� 
= da�X�, 

Thus for any a we have 

8 1  

by 2. 14  

by 1 .3 and 1 .9 

as g'IL = irr ,  

as the kernel of A is L ffi E 
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Let S: '  be the Legendre foliation defined by L on the contact metric manifold 

(M, <)> ' , � ' 11 ,  g'). Then as (<)> , � ' 11 ,  g) and (<)> ', � ' 11 ,  g ') are the contact metric 
structures for the Legendre foliations S: and S:' respectively, by 2.2, we have for 

any a, � that the projections 

Thus for any a, � we have 

Which implies 

0 = PE([ <)>'Xa, <)>'Xp] ) 
= pE([<l>Xa + cayxy ,  <!>Xp + cp0X0] ) by (i) 

= PE( cay[XY' <)>Xp] + cp0[ <)>X a> X0] ) 
as [X, X'] , [<)>X, <)>X'] , X, X' , <)>X, <)>X' E rH, V X, X' E rL 

= 2cay kyp� - 2cp0 k0a� by theorem 2.4 (i). 

D 

We now define a canonical coframe for a non-degenerate Legendre foliation and 

then use it to define the canonical contact metric structure, which belongs to the 

canonical family of contact metric structures. 

Theorem 4.6 
For S: a non-degenerate Legendre foliation on a contact manifold (M, 11) there exists 

a canonical set of coframes { £.� , e �, 11 }  on (M, 11) such that 

(i) e� E rQ* 

(ii) 

(iii) 
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This is theorem 5.4 Pang [2] , with some changes of the constants due to our 
defining the exterior derivative and the interior product with the p + 1 factor 
included. 

From Pang's proof of theorem 5 .4, taking into consideration the changes of the 
constants we get the following relationships. 

If {Xa} is a local orthonormal frame of L with respect to irr then 

(4.7) (i) 

(ii) 

From 1 . 14 we have i (�)dT) = 0 so using theorem 4.6 (ii) we can show that 

ea * c c  E H = ann (E) . 

Let L� = span { £� } then L� is a subbundle of H* and we get a decomposition of H* 

as 

H* = L� EB Q* 

= span (£� } EB span { 8�} . 

Now we use L� to define Qc a sub bundle of H n L' by 

(4.8) Qc = ann (L� EB E* ) 

= (Y E TM I E� (Y) = T)(Y) = 0 } .  



Let {Y�} be a local frame of Qc such that 

We have for any a, �  that 

Thus we have 

i ka� i (Yp)dll = ka� i (Yp)80y8� " EJ 

= ka�8sy8�(Yp)EJ 
= Ea 

c 

For any a, � we have 

dll(Y�, X�) = 280y8� " EJ (Y�, X�) 
= 88y8� (Y�)EJ (X�) 
= ka� 

Now we define a tensor field A c: Qc � L of type ( 1 , 1 ) by 

Then 

fl(J....CY�, X�) = fl(Xa, X�) 
= 4ka� 
= 4dll(Y�, X�) 
= Il((A.Y�, X�) 
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by theorem 4.6 (ii) 

by 4.9. 

by theorem 4.6 (ii) 

by 4.7 (ii) and 4.9. 

from above 

by 2. 14, 



which implies that 

From 4.7 (ii) it can be easily seen that 

ln - k ca t)(' c� 
4 - a�cc \Cl cc. 
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These properties allow us to define the canonical contact metric structure of a non­

degenerate Legendre foliation. 

Definition 4. 1 1  

The canonical contact metric structure for a non-degenerate Legendre foliation is 
(<Pc, �' ll, gc) where 

(i) 1 gCIL = 4-TI 

= ka�E�® E�, 

gc = 0 otherwise. 

(ii) 

<Pc = 0 otherwise. 
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Where { £� ' e � ' 11 }  i s  the canonical coframe given by theorem 4.6, QC i s  the 

subbundle of H given by 4.8 and where 

As 

k = [ ka� ] = [ �p - �q ] and (p, q) is the signature of rr. 

by definition 4. 1 1  (ii), 

By 1 .2 we have 

(4. 1 2) 

{ £�, 8�, 11 }  is the local Orthonormal COframe induced by (<)>c, S, 11 ,  gC) as given by 

lemma 2 .5 .  From this and definition 4. 1 1  (i) we can see that the canonical contact 

metric structure is a contact metric structure from the canonical family of contact 

metric structures whose induced coframe satisfies theorem 4.6. For a non-degenerate 
Legendre foliation on the contact manifold (M, 11 )  let (M, <)>c, s, 11 ,  gc) be the 

canonical contact metric manifold, that is the contact manifold (M, 11) with the 

canonical contact metric structure. In the next theorem we show that the canonical 
' 

contact metric manifold is unique. 

Theorem 4. 13 

The canonical contact metric structure of a non-degenerate Legendre foliation is 

unique. 

Proof 
For any non-degenerate Legendre foliation 5 on a contact manifold (M, 11)  with the 

canonical contact metric structure (<Pc, ;, 11 ,  gc) let { £�, e � ,  11 }  be the local coframe 

induced by (<)>c, s, 11 ,  gc) .  Suppose (<!>', �' 11 ,  g') is another contact metric structure 
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on (M, 11) with g'IL = in whose induced coframe {f,O·, ea, 11 }  also satisfies theorem 

4 .6 .  

Let {Xa } a =  1 , . . . . . .  ,n be a local orthonormal frame for L with respect to in . 
Thus as gCIL = �n by definition 4. 1 1  (i) and g'IL = in . {Xal is a local orthonormal 
frame for L with respect to gCIL and g'IL. 

We have for any a 

6� = - � i (Xa) dll 
= Sa 

by 4.7 (i) 

by 2.6 (i) . 

By lemma 4.5 (i) there exist functions ea� on M such that 

hence 

EY = � kapi (<J>'Xp) dll by 2.6 (ii) 

= � ka�i (q,cxp + c�.(Cy) dll 

= � ka�i (q,cx�)dll +
·� c�}a�i (Xy)dll 

= E� - ka� c�y8J by 4.7 (i), 4. 10 and 4. 1 2. 

As { Ea, ea, 11 }  and { E�, e� , 11 }  both satisfy theorem 4.6 we have 

by theorem 4.6 (iv) 

= - 28a�e� ® (E� - k�ycy08� ) 

- 28a� (E� - kaycy08� ) ® 8� 
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= - 28a�8� ® £� - 2 8a� £� ® 8� + 28a�8� ® k�yCy08� 
+ 28a�kayCy08� <8) 8� 

= £s fi + 28a�e� ® k�ycyoe� + 28a�kaycy8e� ® e� 

by theorem 4.6 (iv) . 

This implies that 

Thus for any a, y, 8 we have 

Now if we multiply this by k0A. it enables us to use lemma 4.5 (ii), noting that k0A. i s  

symmetric in 8, y. So for any a, 8, y, A, we have 

kaycyo koA. = - kofyakoA. 
kaycM koy = - kofyakoA. 
ka�yocM = - kysksA. cya 

8a8CM = - 8yA. Cya 
cA.a = - cJ..a· 

Thus all a, A we have 

which implies 

Hence we have 

by lemma 4.5 (ii) 
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4 ( b ) .  PRO PERTIES O F  THE C A NO N I C AL CONTACT METRIC 

STRUCTURE 

Lemma 4. 14 
If � is  a non-degenerate Legendre foliation on the canonical contact metric manifold 

(M, <!>c, s. T\.  gc) then 

and 

which implies 

As = o. 

Proof 
For any Y, Y' E rQc we have 

0 = £S 
gc(y, Y') by theorem 4.6 (iv) 

= gc(V 
y s, Y') + gC(V 

Y ' S, Y )  

= - gC(<I>cy + <!>chcY, Y') - gC(<I>cy• + <!>chcY', Y )  by 1 .35 

= - 2gc(<!>chcY, Y') by 1 . 3 1 and theorem 2. 1 .  

This implies that 

As <l>c iH is an isomorphism for any X E rL there exists a Y E rQc such that 

<l>cy = X. Thus for any X E rL we have 

heX = hc<l>cy 

= _ <l>chcy 

where <l>cy = X 

by 1 . 32. 



Thus by theorem 2. 1 as hey e rQc we have for any X E IL that hex E fL, hence 

Furthermore by lemma 2.9 we have 
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The following theorem gives the conditions for a contact metric structure to be the 

canonical contact metric structure. 

Theorem 4. 1 5  
For a non-degenerate Legendre foliation, S: , o n  a contac t metric manifold 

(M, q,, � .  11 ,  g), (q>, � .  11 ,  g) is the canonical contact metric structure if and only if 

(i) 

(ii) h :  L --7 L. 

Proof 
If (q>, �' 11 ,  g) is  a canonical contact !J1etric structure then by definition 4 . 1 1  (i) 

1 
giL = 4n and h :  L --7 L by lemma 4. 14. 

Suppose 

and h: L --7 L. 

Let { Xa} be a local orthonormal frame of L with respect to g and { ea, 9 a, 11 }  be the 

local coframe induced by (q>, �' 11, g) . By lemma 2.5 and lemma 4.3 { ea, e a, 11 }  
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satisfies properties (i) ,  (ii) and (iii) of theorem 4.6 so we must show that i t  also 

satisfies property (iv), that is 

Evaluating the right hand side of this on the local orthonormal frame {Xa, <!>Xa, � }  
of TM we obtain 

(a) c- 2oy8eY ® £8- 2oy8£Y ® e� cxa, <!>X�) = - 2oy8 £Ycxa)98
(<J>X�) 

= - 2ka� by 4.7 (ii) and 4.9, 

"i/ W E  ITM. 

Now evaluating the left hand side on the local orthonormal frame {Xa, <I>Xa, � }  of 

TM, and using glQ = TIIQ, we get 

� ll (Xa, <!>X�) = � fi (Xa, <!>X�) - fi ([�, Xa] ,  <!>X�) - fi (Xa, [�, <I> X�] )  

= - fi ([�, Xa] ,  <j>X�) 
= - glQ (pQ[�, Xa] , <J>X�) 
.= - 2g ( <I>Xa, <I> X�) by lemma 4.4 (ii) 

= - 2ka� 
= (- 2oy8eY ® £8- 2oy8£Y ® e� cxa, <J>X�) by (a). 

� I1 (Xa, X�) =  � fi (X a, X�) - fi ([�, Xa] ,  X�) - fi (X a, [�, X�] ) 

= 0 

by (b). 
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� fi (<J>Xa, <J>Xp) = � IT (<J>Xa, <J>Xp) - ll ([� ,  <J>Xa] , <J>Xp) 

- TI (<l>Xa, [�, <J>Xp]) 
= �g(<J>Xa, <J>Xp) - g([� , <J>Xa] , <J>Xp) - g(<J>Xa, [�, <J>Xp] )  
= g(V <J>Xa � .  <J>Xp) + g(V <J>Xp � .  <l>Xa) 

= - 2g( <j>h<J>Xa, <J>Xp) by 1 .  3 1  and 1 .  35 
= - 2g(hXa, <J>Xp) by 1 .2 and 1 .32 
= 0 as h :  L � L 

by (c) . 

� IT(�, W) = � fi (�, W) - fi ([�, �] , W) - fi (�, [�, W] ) V W E ITM 

= 0 

by (d). 

Hence we have 

Thus { Ea, ea, 11 }  is the local coframe induced by (<j>, �. 11 ,  g) satisfies theorem 4.6 
hence it is the canonical contact metric structure. a 

The examples of chapter 2 illustrate these ideas. 

Example 2. 1 :  (a) S:� is a non-degenerate Legendre fol i ation on 

(S;M, <j>c, ; , 11,  gC). As gciL = �TI and he: L � L, by theorem 

4. 1 5, (<j>c, �. 11, gc) is the canonical contact metric structure. 

(b) S:� is a non-degenerate Legendre fol i at ion on 
(S;M, <j> ' , ; , 11,  g'). As g 'IL * �TI, (<j>', � .  11, g' ) i s  not from 

the canonical family of contact metric structures. 
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For a non-degenerate Legendre foliation we define a tensor, S, of type ( 1 ,  1 )  by 

( 4. 1 6) S (X) = 0 

1 1 S ([s ,  X]) = l ([s, X] - 4" A.[s, [S, X]]) 

\;/ X E rL, 

\;/ X E rL. 

Thus the kernel of S is L and by using 1 . 1 2, 2. 1 4  and lemma 2. 1 6  it can be shown 
that S :  H --t H. 

For any X e rL we have 

(4. 1 7 )  "-S<[s, x]) = i <"-[s, x1 - � A.2( [s, [s, x1m 
= X  

by 4. 1 6  

as A.2 = 0 and by 2. 15 .  

The tensor S can be used to construct the canonical contact metric structure for a 

non-degenerate Legendre foliation as the following theorem shows. 

Theorem 4. 1 8  
For a non-degenerate Legendre foliation, 5-, on a contact manifold (M, T\ )  the 

canonical transverse bundle Qc is given by the image of S, that is 

Qc = { S ([s, X]) I X e rL } . 

Proof 

Let {Xa} be a local orthonormal frame of L with respect to in. Then define vector 

fields Ya by 

Thus for any a we have 

by 4. 17 .  



Let Q be the sub bundle of H defined by 

Q = span { Y  al · 
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For this Q let (<j>, �' 11 ,  g) be the contact metric structure given by 4.2. We will show 
that this is the canonical contact metric structure for S: . 

As giL = �IT we have by lemma 4.4 (ii) that for any a 

By theorem 4. 1 5  if  h :  L -7 L then (<!>, �' 11, g) is the canonical contact metric 
structure for S:. 

For any a we have 

A.[�, Y al = A.[�, S ([�, Xa])l 

Thus for any a 

1 1 = A.[�, 2 ([� , Xal - 4 A.[�, [�, Xal] ) ] 
1 1 = 2 {A.[�, [�, Xa]] - 4 A.[�, A.[�, [�, Xa]] ] } 
1 . 1 

= 2 { A.[�, [�, Xa]l - 2 A.[�, [�, Xa] ] } 

by 4. 1 6  

by 2. 15  as A.[�, [� , X]] E rL 
1 

= 4 { A.[�, Pd�, Xal l  + A.[�, PQ[�, Xa]] } 
1 

= 2 { pd�, Xa] + A.[�, Y al } by 2 . 1 5  and (a). 



For any a we have 
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by 1 .30 

as <)>IQ = - A.IQ by 4.2 

as <)>IQ = - A.IQ by 4.2 

by (b) 

by 4.2 and lemma 4.4 (ii) . 

Thus h :  Q � Q which implies h: L � L so (<)>, s, 11, g) is the canonical contact 
metric structure for S: , and 

Qc = { S([S, X]) I X E rL } .  D 

Lemma 4. 19  
For S: a non-degenerate Legendre foliation on the canonical contact metric manifold 

(M, <)>c, s, 11, gc) we have the projection 

Proof 
For any X E rL we have 

hex = � Us, <!>ex] - <l>e[s, XD 
1 = 2 (pL([s, <)>eX]) - PL(<)>c[S, X] )) 
1 = 2 (pL([s, <j>eX]) - <)>cpd[S, X] )) 
1 = 2 (pL( [S, <j>cX]) + 2X) 

V X E rL. 

by 1 .30 

as he: L � L by lemma 4. 1 5  (ii) 

by lemma 2. 1 

by lemma 4.4 (ii) as gciL = irr . 
D 
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Lemma 4.20 
Let S: be a non-degenerate Legendre foliation on the canonical contact metric 

manifold (M, <j>c, � , 11 ,  gc) , then for any a =  1 ,  . . . . ,n ,  

(i) 

(iii) Furthermore if [Xa, �] E rQc then for any X E rL we have 

where {Xa } is a local orthonormal frame of L with respect to gc. 

Proof 
By lemma 4. 14 he: L ---7 L and he: Qc ---7 Qc so for any X E rL we have 

(a) by theorem 2. 1 as he: L ---7 L 

and 

(b) V <j>cx � = - <l>c(�cx) - <l>chc<j>cx 

= X - hex E rL 

(i) For any a we have 

gc([Xa, �] ,  X�) = - gc(V � Xa, X�) 

= gc(Xa, V� Xp) 

= - gc([X�, �] , Xa) 

by (a) 

by (a) . 
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(ii) For any a we have 

gC([ <)>cXa, �] , <)>eX�) = - gC(V � <)>cXa, <)>eX�) 
= gc(<!>cXa, V l; <!>eX�) 

= - gC([<)>CXp, l;] , <)>cXa) 

by (b) 

by (b) . 

(iii) Suppose [Xa, �] e rQc for any a, then for any a, � and any X e rL we 

have 

1 gC([Xa, <)>eX�] , X) = 2 gC ([Xa, [�, X�]] , X) 

by lemma 4.4 (ii) as gCIL = in 
1 

= 2 gc( [[X�, Xa] , �] + [ [Xa, �] , X�] , X) 

by the Jacobi identity 
= - gc( <!>c[X�, X a] , X) - gc([ <!>eX a> X�] , X) 

by lemma 4.4 (ii) as gCIL = ln 
= - gc([<)>CXa, x13] ,  X) by lemma 2. 1 .  

a 

4 (c) . THE PROPERTIES OF A NON-DEGENERATE L E GENDRE 

FOLIATION 

We will now investigate the properties of a non-degenerate Legendre foliation on a 

manifold from the canonical family of contact metric manifolds . 

Theorem 4.21 
Let � be a non-degenerate Legendre foliation on a contact metric manifold 

(M, <)> , � ,  TJ ,  g), then 

v x e IL, v Y e rQ, v z e m. 

if and only if (<)>, �' TJ,  g) is a contact metric structure with giL = in . 
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Proof 
E is a line bundle so for any Z E m there exists a function f on M such that Z = f�. 

For any X E rL, y E rQ, z = � E m we have 

£Xg(Y, Z) = Xg(Y, Z) - g( [X, Y] , Z) - g(Y, [X, Z] )  
= - g([X, Y] , f�) - g(Y, [X, f�] )  
= - 2fg(<J>X, Y) - fg(Y, [X, �]) by 1 . 10 and 1 . 1 3  
= - f(g(2<j>X + [X, �] , Y)) 

thus the theorem follows by lemma 4.4. a 

Let fJ be a non-degenerate Legendre foliation on a contact metric manifold 

(M, <j>, � .  11, g) from the canonical family of contact metric manifolds and let {Xa} 
be a local orthonormal frame of L with respect to giL = in then for any a ,  � the 

relative partial connection form of 2.20 (ii) gives 

co�+l CXa) = 8�([Xa, �] )  
= g(<j>X� , [Xw �] )  
= - 2g(<j>X�, <J>Xa) 
= - 28�(<1>Xa) 

Thus for any a, � we have 

by 2.20 (ii) 
by 2.7 

by lemma 4.4 (ii) 

by 2.7. 

Substituting this in 2.2 1 (ii) gives for any a, � the following relationship 

0 = (dco�+ l + co� 1\ co'h+ 1 )(Xa, X�) 
= dco�+l (Xa, X�) + ! { co� (Xa)coh+ l (X�) - co� (X�)coh+l (Xa) } 

= i {Xaco�+l (X�) - X�co�+l (Xa) - co�+l ([Xa, X�]) 

+ ro� (Xa)coh+ l  (X�) - ro� (X�)roh+l (Xa) } 
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= � {- m�+ 1 ([Xa, X�]) + ( ro� (X a) m h+ 1 (Xp) 
- m� (X�) m h+ 1 (X a)) } 

= � { - m�+1 ([Xa, X�] ) - 2ro� (Xa)kyf3 - m� (X�)kya } 
= 8°( <!>[Xa, XpD - 8°([Xa, <I>XpD + 8°([Xp, <!>X aD 

by 2.20 (i) and above. 

Thus by 2.7 for any ex., �' 8 we have 

From which it can be deduced that 

(4.22) g([X, X'] , X") = g([X, <)>X'] + [<)>X, X'] , <)>X") 'il X, X' , X" e rL. 

Furthermore it also implies that 

(4.23) PL ( <)>2[X, X'] - <)>[X, <)>X'] - <)>[<)>X, X'] ) = 0 

From 4.22 and 2.22 we get for any ex., �' y that 

(4.24) g([Xw <)>Xp] , <!>Xy) + g([<!>Xa ,Xp] , <!>Xy) 

'il X, X' E rL. 

= g(<!>Xa, [Xp,<!>XyD - g(<!>Xp, [Xa,<!>XyD· 

Theorem 4.25 
Let 5 be a non-degenerate Legendre foliation on a contact metric manifold 

(M, <)> , � . Tt ,  g) with giL = �TI, then 

G(X, X', X") = 2g(V' <)>X' <)>X" + V' <)>X" <)>X', X) v x, x·, X " e rL, 

where V is the Levi-Civita connection of g. 
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Proof 
Using lemma 4.4 as giL = lrr we can substitute PQ( [� , X]) = 2<j>X in 2 . 1 8  thus for 

any X, X', X" E IL we obtain 

G(X, X' , X") =  2 {  - Xg(<j>X' , <J>X")+ g (<J>X", [X, <j>X']) 
+ g(<j>X' , [X, <J>X"] ) }  

= 2{ - Xg(<J>X' ,  <J>X") + g(<j>X" , V X <J>X') + g(<J>X' , V X <J>X") 
- g(<j>X", V <j>X' X) - g(<j>X' , V <j>X" X) } 

= 2g(V <j>X' <j>X" + V  <j>X"  <j>X' , X) 

as V is the Levi-Civita connection of g. 
a 

Consider a Legendre foliation S: on a contact metric manifold (M, <j>, �' 11 ,  g) such 
that for any tangential vector field, X, the Lie bracket satisfies 

PL.L([�, X]) = 2f<J>X 

for some smooth function f "#- 0. Then by lemma 2. 1 3  (ii) S: is a non-degenerate 
Legendre foliation. Furthermore a contact metric structure from the canonical family 
can be generated as the next theorem shows. 

Theorem 4.26 
Note: The summation convention is not used in this theorem and its proof. 

Let S: be a non-degenerate Legendre foliation on the contact metric manifold 
(M, <j>, � ' 11 ,  g), such that there exist smooth non-zero functions fa on M which 
satisfy 

where {Xal is a local orthonormal frame of L with respect to g. 



Then a contact metric structure, (<j>', �. T\,  g') with g'IL = �IT is given by 

i) g'(Xa, Xa) = fag(Xa, Xa) 
g'(<!>Xa, cJ>Xa) = f-g(Xa, Xa) a 
g'(�. �) = g(�. �) 
g' = 0 otherwise 

ii) cJ> 'Xa = fa<l>Xa 

Proof 

<l>'<l>Xa = - f-xa a 
cj>'� = 0. 

10 1  

1 Note that when fa = 1 for all a then by lemma 4.4 giL = 4TI. Suppose fa * 1 for 

some a then we first show that (cj> ' , �. T\,  g') as given by (i) and (ii) is a contact 
metric structure on (M, T\). Also note that { Xa, cj>Xa, � }  is a local frame for TM. 

By (ii) the definition of cj>' for any a we have 

cj>'� = 0. 

Thus cj>' is a tensor of type ( 1 ,  1 )  which satisfies 1 .2. 

It is easily shown that g' is a semi-Riemannian metric with {Xa, cj>'Xa, �} a local 
orthogonal frame of TM with respect to g'. For example for any a we have 

g '(cj> 'Xa, <j> 'Xa) = g'( fa<I>Xa, fa<l>Xa) 
= fag(Xa, Xa) 
= fa, 

by (ii) 
by (i) 



and for any a '# �  

g'(<j>'Xa, <j>'X�) = g'( fa<!>Xw f�<j>X�) 
= 0  

Thus for any a, � we have 
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by (ii) 
by (i). 

A series of s traight forward calculations shows that (<j>', s, 11, g') satisfies 1 .3 .  For 
example for any a, � we have 

g ' (Xw <j>'(<j>'X�)) = - g'(Xa, X�) 

= { - �� 
if a ;t; � 

if a = �  

= - f�g(Xa, X�) 
= g(Xw <j>(f�<j>X�)) 
= g(Xa,<j>(<j>'X�)) 
= dll (Xw <j>'X�) 

by (ii) 

by (ii) 
by 1 .3 .  

Hence (<j>', s ,  11, g') i s  a contact metric structure on (M, 11) with the property that the 
projection 

PL_L([s, XaD = 2fa<l>Xa 
= 2<j>'Xa 

which by lemma 4.4 implies that 

by (ii), 

D 
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This situation is illustrated in example 2. 1 of chapter 2. 

Example 2. 1 :  (b) 

Corollary 4.27 

S:� i s  a non-degenerate Legendre fol i ation on  
(S;M, <)> ' , � , ll ,  g') with 

for a =  1 ,  2 

where {Xa } is an orthonormal frame of L with respect to g'. 
Thus 

for a = 1 ,  2 

satisfies the conditions of theorem 4.26. It can be shown that 
(<)le, � , n ,  gc) from example 2 . 1 (a) is the contact metric 
structure with gciL = �TI given by (i) and (ii) of theorem 4.26. 

Let S: be a non-degenerate Legendre foliation on the contact metric manifold 
(M, <)>, � , ll ,  g), such that there exist smooth non-zero functions fa on M which 
satisfy 

where {X a } is a local orthonormal frame of L with respect to g. Then the transverse 
bundle L..l determined by _g is also the transverse bundle L'..l determined by g' where 
(<)>', �' ll,  g') is the contact metric structure with g'IL = �TI given by theorem 4.26 . 

.1 L = span { <I>Xa, � } 
= span { fa<I>Xa, � }  
= span { <I>'Xa, � }  
= L'..l . 

by theorem 4.26 (ii) 
0 
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In the following example we give a contact manifold and introduce two different 
contact metric structures on it. We then define a non-degenerate Legendre foliation 
on each of the resultant contact metric manifolds and examine their properties. 

Example 4. 1 :  Non-degenerate Legendre foliation 
Let 

M = R3 

= { (x, y, z) I x, y, z e R }  

and 

ll = i (cos zdx + sin zdy) .  

Then we have 

dTJ = � (sin zdx - cos zdy) 1\ dz 

which by calculation gives 

1 
ll 1\ dTJ = - 4 ( dx 1\ d y 1\ dz ) 

:f. 0 everywhere on M. 

Thus (M, TJ) is a contact manifold, with characteristic vector field 

· d d ; = 2(cos zax + sin zay ) .  

Consider the vector field 

d 
X = 2az· 

This is a global vector field which belongs to H the contact distribution of (M, TJ). 
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Let L be the subbundle of H given by 

L = span {X } .  

A s  L is a line bundle, L is a completely integrable subbundle of H .  So L defines a 
Legendre foliation on (M, Tl). By calculation we get that the Lie bracket 

[X, /;] = 4(- sin ztx + cos z:y ). 

Using this and 2. 1 1  we get 

ncx, X) =  2dTl (X, [X, /;] ) 
= 8((sin zdx - coszdy) A dz)(tz - sinztx + cos z:y ) 

= 4 -:t:- 0. 

Thus n i s  non-degenerate, so L defines a non-degenerate Legendre foliation on 
(M, Tl). Furthermore {X }  gives an orthonormal frame of L with respect to in. We 

now give two different contact metric structures on (M, Tl) each from the canonical 
family of contact metric structures, and investigate the resultant non-degenerate 
Legendre foliations defined by L. 

(a) We introduce a contact metric structure (<)>c, 1;, Tl , gc) with gc iL = in so that L 

defines a non-degenerate Legendre foliation s:c of (M, <)>c, 1;, Tl , gc). This 
contact metric structure is shown to be the canonical one. 

Let (<)>c, 1;, Tl , gc) be the contact metric structure given by 

[ 1 0 0] 
gC = � 0 1 0 

0 0 1 



Thus 

Y = <j>cx 

0 

0 

cosz 

sm z l 
-c�s z  

= 2(sin zlx - coszly ) 

and {X, Y, s } is an orthonormal frame ofTM with respect to gc . 

Calculating the Lie brackets we get 

[X, S] = - 2Y 
[Y, s] = O  
[X, Y] = 2<; . 
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Thus L = span {X }  defines a non-degenerate Legendre foliation g:c on the 
contact metric manifold (M, <j>c, <;, 11, gc) with by lemma 4.4 gciL = in .  

By calculation we have 

and 

Hence by theorem 4. 15  (<j>c, <;, 11, gc) is the canonical contact metric structure 
for the non-degenerate Legendre foliation defined by L . 

It can be shown that g:c is totally geodesic. 
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(b) We now select a different contact metric structure (<j>', s, 11,  g') on (M, 11),  so 
that L defines a non-degenerate Legendre foliation f'F '  on (M, <j>' , s, 11, g'). 

Let (<j>', s, 11, g') be the contact metric structure where <)>' is given by 

l - sin2 z 
<)>' = sin z

.
cosz 

- sm z 

sin z cosz 
-cos2 z 
cos z 

sin

1 

z ] · 
-cosz 

and g' is the semi-Riemannian metric defined by 

Thus 

g'(x, x) = g'(<)>'x, <I>'X) = g(s , s) = 1 

g'(x, <I> 'X) = g'(<j> 'x, s) = g(x, s) = o. 

y' = <j>'X  
2 (  . a a a ) = smzax - coszay + az 

= Y + X 

and {X, Y' , s } is an orthonormal frame of TM with respect to g'. 

Calculating the Lie brackets we get 

[X, S] = 2X - 2Y' 
[Y', S] = 2X - 2Y' 
[X, Y'] = 2s . 

Thus L = span {X }  defines a non-degenerate Legendre foliation f'F '  on the 
contact metric manifold (M, <j>', ;, 11, g') with by lemma 4.4 g'IL = �n . 
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By calculation we have 

hiX = 2YI and h 1Y 1 = 2X. 

Hence by theorem 4. 1 5  (<j>1 , �' 11,  gl) is not the canonical contact metric 
structure for the non-degenerate Legendre foliation defined by L. 

Also by calculation we have 

and 

so the mean curvature vector field of s-: I is given by 

'"C = - 2�. 

Hence s-: I is not a harmonic Legendre foliation. 

4 ( d ) .  THE CANONICAL CONNECTION FOR A NON-DEGENERATE 

LEGENDRE FOLIATION 

The canonical contact metric structure of a non-degenerate Legendre foliation induces 
a canonical connection. 

Theorem 4.28 {Theorem 5. 10 Pang[2]) 
For a non-degenerate Legendre foliation s-: on a contact manifold (M, 11) there exists 
a unique connection vc on M such that 

ii) The torsion � of vc has vanishing component in Q ® (A 2(Q* EB El) and in 

L ®  (A2L; ), 
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where L� = span { E�} 
= ann( Qc Et> E ) . 

Furthermore if (<j>c, �. TJ,  gc) is the canonical contact metric structure then (i) implies 
that 

For W E IlM, vc is defined by (See Pang [2]) 

�PQ' ( i(w)l( dw + H.£"', rr)) w e rQ' 

V�w = ("-*f1 (v w"-*w) w e IL: 

0 w e m* 

where for any (I) E rQ* , w* is the unique section of Qc determined by 

W(Y) = il ( W*, Y) 

With the canonical contact metric structure this becomes 

(1) E rL: 

0 w e m* 

where for any (I) E rQ*, w* i s the unique section of QC determined by 
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Let { Xa} be a local orthonormal frame of L with respect to gc, then { Y a = <l>cXa, � }  
is the corresponding local orthonormal frame of L_l_. Evaluating the canonical 
connection vc on this local orthonormal frame we get the following, where V is the 
Levi-Civita connection of gc: 

4.29 (i) 

(ii) 

(iii) 

(iv) 

(v) 

(vi) 

(vii) \;/ W E rTM, \;/ Z E rE. 

(viii) vc = 0 otherwise. 

A series of straightforward calculations using the definition of vc proves these, we 
will only prove 4.29 (i) and (iv) the others are proved similarly. 

First for any a, � we have 

8� (<j>CX�) = - dTJ(Xa, <j>CX�) 
= gc(<j>CXa, <j>CX�) 

by 4.7 (i) 
by 1 .3 .  



As e� E Q* we have e�* E Qc, so the above implies that for any a, 

ea * = thCX c 't' a 
= Ya . 

Using this in the definition of vc, we have any a, � that 

(Vc X 8� ) (Y 'Y) = � (i (Xa)(d8� + � (£8� * gclq:)(Y y) a c 
= dS� (Xa, Yy) + � <2y *gciQC)(Xa, Y'Y) 

1 1 1  

1 � 
= 2 {X a 8� (Y r) - Y re� (X a) - 8� <lXa, Y rD 

+ Y �gciQc(Xa, Y y) - gciQC([Y �· Xa] ,  Y 'Y) 
- gciQc(Xa, [Y �· Y yD } 1 = 2 {Xagc(Y�, Y'Y) - gc(Y�,[Xa, Yy] )  

- gc([Y �· Xa] , Y y) } 
by 2.7 

= Xa8� (Y 'Y) - 8� (V X Y 'Y) + i gc(Xa, [Y � · Y yD a 
= (VX eg ) (Yy) + � gc(Xa, [Y�, YyD· a 

Thus we have proved 4.29 (i) that for any a, � and y 

To show 4.29 (iv) for ariy a, � we use 

<J>c*£�(Y �) = £� (<j>CY �) 
= - c� (X�) 
= - oa� by 4.7 (ii). 
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Hence we have 

by 4.9. 

Using this in the definition of vc, we have any a, � that 

by 4.29 (i). 

Therefore we have proved 4.29 (iv) that for any a, � and y 

As the torsion � of vc has a L ® (/\ 2L; ) vanishing component and vcgciL = 0, the 
restriction of vc to the leaves of a non-degenerate Legendre foliation, S:, is the Levi­
Civita connection, V, of gc restricted to the leaves. Thus for any a, �. y we have 

Furthermore by writing this as a difference and expanding using 4.29 (iv) we have 

0 = (Vc X £�)(Xy) - (V X t�)(Xy) a a 
= k�0 {(V X e� )(Y y) + � gc(Xa, [Y 0, Y yD } - (V X £�)(Xy) a a 

by 4.29 (iv) 
= k�{Xa6�(Yy) - 6� (V X Yy) + 1 gc(Xa, [Y0, Yy] ) }  a 
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by 1 .9 . 

Therefore for any a ,  y, 8 we have 

(4.30) 

Let rc(3 be the o(p, q)-valued 1-form such that 

for the existence of rc(3 see Pang [2] . 

The first structure equations of the canonical cofrarnes are given as fol lows. 

Theorem 4.3 1 
The canonical coframes { E� , e �, 11 } and 7tp satisfy the first structure equations 

[
dE�
] 

-(rct )� 
dSa = 1 0 c 2 
d11 0 

0 
rea � 
0 

0 
0 
0 

a e� K�y c " e
y a � a � cY c + s� 11 1\ Se + Q�yec 1\ Cc 

+ -2ka�11 " E� + 8a�Gcr�ykcr�e� 1\ EJ 

28�re� 1\ El 

where S�, Qpy = Q!Y and Kpy = - K..;p are functions chosen to satisfy these 
equations. 
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This is theorm 5 .20 of Pang [2] with a change of constants due to our definition of 
the exterior derivative with the p+ 1 factor included. 

We use these first structure equations and conditions on the functions Qlh and �Y 
in chapters five and six. 

4 (e). C O NTACT M ETRIC STRUCTURES ON s;M 

In this section we restrict our attention to non-degenerate Legendre foliations on the 
unit cotangent bundle s;M and obtain expressions for a contact metric structure 

(<j>, � '  11 ,  g) with giL = in in terms of the local coordinates (xi, Yj) on T*M . 

For a Legendre foliation S:F on the contact metric manifold (S;M, <j>, �' 11, g), given 
that giL = gij dyi ® dyj, consider the tensor X of type ( 1 , 1 )  defined by 

(4.32) 

where the functions fik are such that for any point p in S�M the following are 
satisfied, 

(i) xxP E L� 

(ii) xzP E L� 

From 2.30 we have 

which shows that there exist functions file that satisfy (i) and (ii). 
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Lemma 4.33 
Let S:F be a non-degenerate Legendre foliation on the contact metric manifold 

(S;M ,  <j>, l;, 11, g) with giL = �TI then 

Proof 
1 As giL = 4n by 2.3 1 we have 

1 2 giL = 8 (F )ij dyi ® dyj 1, J = l ,  . . . . . . . . ,n 
1 = -4 (Ff .  + Ff. .)dy· ® dy· I J IJ I ] " 

Let gij = � (Flj + FFij) and {Xo. = ao.i a�i } be a local orthonormal frame of L with 

respect to g, then { <I>Xo. }  is a local orthonormal frame of Q with respect to g. By 
2.29 the coefficients ao.i are restricted so that Fiao.i = 0. 

First we will show that XXo. E rQ. For any a we have 

Since xxo. E rL.L this implies that xxo. E rQ. 

by 1 .8 

by 4.32 

1 as g· · = -4 (FF + Ff. ·) IJ I J IJ 

as Fiaai = 0 and by 2.28. 
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Since {Xa } be a local orthonormal frame ofL with respect to g we have 

(4.34) ka� = g iL(Xa, X� ) 
= aaia�jgij· 

Furthermore the local orthonormal frame { ea} of Q* with respect to g is given by 

(4.35) by 2.6 (i) 

by 2.26 (i). 

Using 4.34 and 4.35 for any a, � we have that 

Theorem 4.36 

= aaia�jgij 

by 1 .3 

by 2.7 

by 4.35 

by 4.32 

= ka� by 4.34 
= g(<j>Xa, <j>X� ) 

as { <t>Xa} is a local orthonormal frame of Q with respect to g. 

D 

For a non-degenerate Legendre foliation S:F on the contact metric manifold 
(S;M, <j>, � . 11 ,  g) with 

1 giL = 4rr 
1 

= -4 (f.f. + Ff . . )dy· ® dy· I J IJ I J 

= � (F2)ij dyi ® dyj 

by 2 .3 1  

1 ,  J = 1 ,  . . . . . . . .  ,n,  
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then 

and 

g = 0 otherwise. 

Proof 
Let gij = � (FiFj + FFij) therefore � gij = (Fl/ FFijr 1 where (gi/1 = (gij) , and let 

{ X  a = aai a�i } be a local orthonormal frame of L with respect to g, then { <J>Xa } i s a 
local orthonormal frame of Q with respect to g, by 2.29 the coefficients aai are 
restricted so that Fiaai = 0. 

We will first show that 

Consider a symmetric tensor, h of type (2,0) defined by 

(4.37) 

Then 

by 4.37 



= aai 0imgjma�j 
= aamgjma�j 

1 1 8 

= ka� by 4.34 
= g( <!>X a, <j>X� ) 

as ( <J>Xa} is a local orthonormal frame of Q with respect to g. 

Thus we have 

Now consider the local vector field Z on T*M where 

(4.38)  
a z = 2y·:;-. 10Yi 

Since F is homogenous of degree one we have F = yiFi which implies that 

dF(Z) = Fidyi(Z) 
= 2y-F I I 

= 2F. 

At any point p in s;M by the definition of s;M we have F = 1 so 

Thus by 2.29 and 2.30 we have 

by 4.38 
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This shows that Z is a vector field normal to s;M, so at any point p in s;M we have 

Which enables us to define L a subbundle of T*M by 

In the following we restrict F and the vector field Z to s;M, hence F = 1 .  

We now define a semi-Riemannian metric g' on T*M such that g\ = glL ' g' IQ = glQ 
and g'IE= h l E, then we show that g: IE = glE, that is g' is an extension to T*M of the 
metric g on s;M. 

Consider the semi-Riemannian metric on T*M such that 

(4.39) (i) 

(ii) g ' l - = g· . dy· ® dy · L lJ I ] " 

{ Xa, Z }  is a local orthonormal frame of L with respect to g' as 

(4.40) g' lc(Z, Z) = g'lc(2yil .• 2yr(l . ) Y1 YJ · 

= 4yiyjgij 
= y ·Fy .P. + y ·Fy-f. . I I J J J 1 1J 

= 1 

by 4.38 

by 4.39 (ii) 
1 as g · ·  = -4 (FF+ FF ·) 1J 1 J 1J 

by 2.28. 



Also for any a we have 

(4.4 1 )  g' lc(Z, Xa) = g'lc(2Yia�i
, aaja�j ) 

= 2yiaajgij 
1 = 2 (yiFiaal/ aalYiFij ) 

= 0 

and for any a, p 

g' lc(Xao X�) = giL(Xao X�) 
= ka� 
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by 4.39 (ii) 
1 as g . .  = -4 (FF+ FF -) IJ I J IJ 

by 2 .29, 

as {Xa } is a local orthonormal frame of Lwith respect to g. 

We now prove that g'lcand g'IL..1. are related by the following 

(4.42) v x, x e r L  

For any i, j we have 

g' IL..l.CXa
a 

·' 
Xa

a
. ) = 4g'IL..1.(- gika

a 
+ fii a

a 
, - gjmi- + fjna

a 
) 

Y1 YJ xk Y1 xm Yn 

- a - j_ Hence as L = span {-a } and X: L --7 L we have 4.42 . 
Y i 

by 4.32 
by 4.39 (i) 

by 4.39 (ii) . 

Using 4.42 we now show that { <J>Xa, s} i s a local orthonormal frame of L ..1. with 
respect to g'. 
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First we note that 

(4.43) 

Then we have 

a xz = 2y·X-a 1 Yi 
a a = - 4Y·g . .  -a + 4Y·f.k-a 1 IJ X ·  1 1 Yk 

by 4.38 

by 4.32 
J 

a a = - Y · (FF + FF . . )-a + 4Y ·f.k-a 1 1 J IJ X . 1 1 y k 
a a 

J 

1 as g . .  = -4 (f.f . + Ff . . ) lj 1 J lj 

= - F-a + 4Y·f.k-a J xj 1 1 Yk 

g' IL_i(;, ;) = g'IL_i (fia
a 

- a
aF 

...,
a 

, pJ . .t- - �F ...,
a 

) 

by 2.28. 

by 2.26 (ii) Xi Xkoyk oxj ox1oy1 

= g'IL_i(f. .... a , F .... a ) by 4.39 (i) t ax ·  J oX · 
t a J 

a a a = g IL_i(- F-s- + 4y.f.k� , - F"'� + 4y .f.1-s- )  t axi I I oyk Joxj J J oy1 
by 4.39 (i) 

= g'IL _i(XZ, XZ) 
= g' lc(Z, Z) 

= 1 
by 4.43 
by 4.42 

by 4.40. 

Similarly for any a we have 

g' IL_i(; , <J>Xa) = - g\_i (XZ, <J>Xa) 
= - g' lc(Z, Xa) 

-= 0 

and for any a, � we have 

g'I L_i(<)>Xa, <J>X�) = giL_i(<J>Xa, <J>X�) 
= ka� 

by 2.2 (ii) , 4.39 (i) and 4.43 
by lemma 4.33 and by 4.42 

by 4.4 1 , 

as { <PXa} is a local orthonormal frame of Qwith respect to g. 
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Hence {Xa, <J>Xa, � } is a local orthonormal frame of TS;M with respect to g' and g, 
so g'ITs*M = g. Thus by 4.39 we have 

F 

1 . .  
giL..l = 4 g1J dxi ® dxj 

= 2((F2)ijr
1ctxi ® dxj 

= (P.F+ FP. ·)- 1 dx · ® dx · I J IJ I J '  

where 

From lemma 4.3 we have 

ft = kap ea ® eP 
1 = -4 k r:ta .ar:t ·dx· ® dx · ap m pJ 1 J 

by 2.3 1 

0 

where ea = - i i (X )dl1 and { Xa = aai a�i } is a local orthonormal frame of L with 
1 respect to 4rr . 

Furthermore from theorem 4.36, any contact metric structure (<j>, �, "f1 ,  g) with 
giL = �IT will give the same formula for giLl., thus 

IT IQ = giQ 
= ((FF+ FF· ·)- 1dx· ® dx·)IQ I J IJ I J by theorem 4.36. 

This implies that 

(4.44) 
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From which we also obtain 

(4.45) 



CHAPTER 5 .  
FOLIATIONS 

CONJUGATE 
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L E GE ND R E  

I f  for a Legendre foliation S: on a contact metric manifold (M, <j> ,  �' 11, g) the 
subbundle Q is completely integrable, then Q defines a Legendre foliation S: on the 
contact metric manifold (M, <j>, �. TJ, g) related to S:. This Legendre foliation is called 
the conjugate Legendre foliation of S:. The existence of S: depends on the contact 

metric structure on the contact manifold. In this chapter we define the conjugate 
Legendre foliation of a Legendre foliation and find conditions for its existence when 
the Legendre foliation is flat and when it is non-degenerate. Then we give a family of 
Legendre foliations for which the conjugate always exists. 

5 (a). CONJUGATE LEGENDRE FOLIATIONS 

On a contact manifold (M, ll )  of dimension 2n + 1 a subbundle L of the tangent 
bundle TM defines a Legendre foliation if and only if 

i) L is completely integrable. 

ii) L is n-dimensional. 

iii) L is a subbundle of the contact distribution H. 

Now consider a Legendre foliation, S:, on a contact metric manifold (M, <j>, �' TJ,  g). 
We know that <j>IH is an isomorphism and <!>� = 0, so the subbundle Q = <j>L is a n­
dimensional subbundle of H. Hence if Q is completely integrable it defines a 
Legendre foliation S: with tangent bundle L = Q and with transverse bundle 
J?- = L EB  E .  

We will call S: the conjugate Legendrefoliation of S:. 



Note: (i) 

(ii) 

125 

5- and 5- are complementary foliations when restricted to H. 

5- depends on the contact metric structure. In general for a Legendre 
foliation 5- on a contact manifold (M, T\)  different contact metric 

structures may give different conjugate Legendre foliations. 

(iii) For a Legendre foliation 5- the conjugate Legendre foliation need not 
exist, and if it does it may have a different classification from 5-. 

5 (b). EXISTENCE OF CONJUG ATE LEGENDRE FOLIATIONS 

We will now find conditions for the existence of the conjugate of a Legendre 
foliation. First as a line bundle is completely integrable we have the following result. 

Theorem 5 . 1  
If 5- i s  a Legendre foliation on a 3-dimensional contact metric manifold 
(M, <)> , � ' 11 ,  g) then the conjugate Legendre foliation 5- ofS: exists. 

For a Legendre foliation, 5-, the existence of a flat conjugate Legendre foliation is 
dependant on the existence of a complementary foliation to 5 as the next theorem 

shows. 

Theorem 5.2 
For 5 a Legendre foliation on a contact metric manifold (M, <)>, �' 11, g) the conjugate 

Legendre foliation 5- �xists and is flat if and only if there exists a foliation ff 
complementary to 5. 

Proof 
Suppose there exists a foliation S: complementary to S: then Q EB E is completely 
integrable which, using 1 . 1 2, implies that Q is completely integrable so 5' the 
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conjugate Legendre foliation of S: exists. S: is flat by lemma 3 .3 with S: as its 

associated (n+ ! )-dimensional foliation. 

Suppose S: exists and is flat then, by lemma 3.3 ,  there exists an associated (n+ ! )­

dimensional foliation f1: defined by L EB E = Q EB E. This associated foliation S: is 
complementary to S:. c 

These theorems are i llustrated in the examples of chapter 4. 

Example 4. 1 :  (a) S: is a non-degenerate Legendre foliation on a contact metric 

manifold of dimension 3, thus ET- the conjugate Legendre 

foliation of S: exists by theorem 5 . 1 .  Furthermore, as 

[Y, �] = 0 it is flat. The associated foliation given by theorem 
- -

5.2 is S: defined by [ = span { Y, � } .  S: is complementary to 

S:. 
(b) S:' is a non-degenerate Legendre foliation on a contact metric 

manifold of dimension 3 ,  thus ff.'  the conjugate Legendre 

foliation of S: '  exists by theorem 5 . 1 .  Furthermore, as 

[Y ' , �] = 2X - 2Y' it is non-degenerate. Thus the subbundle 

span { Y', � }  of TM is not completely integrable so doesn't 

define a foliation of M. 

For a non-degenerate Legendre foliation on a manifold from the canonical family of 

contact metric manifolds we get the following existence theorem for the conjugate 

Legendre foliation. 

Theorem 5.3 
Let S: be a non-degenerate Legendre fol iation on a contact metric manifold 

(M, <J> , � .  11 .  g) with glL = �TI. then the conjugate Legendre foliation 5' ri S: exists if 

and only if the projection 

'V X, X' E rL. 
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Proof 
For any X, X' E rL by 1 . 1 8  (i) we have 

PL(N 1 (X, X')) = PL(<j>2[X, X'] - <j> [<j>X, X'] - <j> [X, <j>X'] + [<j>X, <j>X'] ) 
= PL ( [ <j>X, <j>X'] ) by 4.23, 

which with 2.2 implies that Q is completely integrable if and only if 

V X, X' E IL. 
[J 

Therefore if S: is a non-degenerate Legendre foliation on a contact metric manifold 

(M, <j> ,  � ' 11 ,  g) with gi L = in, such that <j>IH is a complex structure on H then the 

conjugate Legendre foliation S: of S: exists. 

Theorem 5.3 is illustrated in the examples of chapter 2. 

Example 2. 1 :  (a) S:f. is a non-degenerate Legendre foliation on a unit cotangent 
bundle sf.M with the canonical contact metric structure. 
Looking at the Lie brackets we have for a =  1 ,  2 that 

Hence 5'f. the conjugate Legendre foliation of S:f. exists and 

is flat. It can be shown that 

PL(N�(X, X')) = 0 V X, X' e IL. 

(b) S:p is a non-degenerate Legendre foliation on a unit cotangent 
bundle SpM with the contact metric structure (<!>' , ;, 11, g') 

with g'IL '# �IJ. 
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Looking at the Lie brackets we have for a = 1 , 2 that 

[Y� , Y�] = 0, [Y�, �] = 0. 

Hence 5"f. the conjugate Legendre foliation of 5f. exists and 

i s  flat. Also from the Lie brackets can be shown that 

Example 2. 1 (b) shows that in general theorem 5.3 can not be extended to a non­
degenerate Legendre foliation, 5, on a contact metric manifold (M, <j>, � . 11 ,  g) with 

giL '# �IT. But when the contact metric structure satisfies the conditions of theorem 

4.26, the contact metric structure (<j>' , � .  11 ,  g') with g'IL = irr generated by theorem 

4.26 can be used in theorem 5. 3 to get the following theorem. 

Theorem 5.4 
Let 5 be a non-degenerate Legendre foliation on a contact metric manifold 

(M, <j>, � .  11,  g) such that there exist smooth non-zero functions fa on M which 

satisfy 

where {Xa} is a local orthonormal frame of L with respect to g. 

Then the conjugate Legendre foliation 5 o f  5 exists if and only if  for any 

X , X ' e fL the projection 

PL(N 1 (X, X')) = PL(<j>'2 [X, X'] - <j> ' [<j>'X, X'] - <j> ' [X, <j>'X '] 
+ [<j>'X, <j>'X'] ) 

= 0, 

where (<j>', �. 11,  g') is the contact metric structure with gi 'L = irr generated by 

theorem 4.26. 
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Proof 

By  corollary 4.27, as Q = Q', Q' is completely integrable if and only if Q is, and by 

theorem 5.3 Q is completely integrable if and only if 

V X, X' E IL. 

There are several equivalent conditions for the existence of the conjugate of a non­

degenerate Legendre foliation on a manifold from the canonical family of contact 

metric manifolds. 

Lemma 5.5 
Let S: be a non-degenerate Legendre foliation on a contact metric manifold 

(M, <j>, � .  TJ ,  g) with giL = in. Then the following are equivalent where V is the 

Levi-Civita connection of g. 

(i) 

(ii) 

(iii) 

(iv) 

(v) 

Proof 
(i) <:::> (v) 

PL(N1 (X, X')) = 0 V X, X' E IL. 

PQ((V 
X <j>)X') = 0 V X, X' E IL. 

PL((V 
X <j>)Y) = 0 v x e IL, v Y e rQ. 

PQ((V y <j>)Y') = 0 V Y, Y' e rQ. 

PL((V y <j>)X) = 0 v x e IL, v Y e rQ. 

For any X, X', X" e IL we have 

g(N l (X, X ') ,  X") = - g(N
1 (X, X'), <J>(<j>X") )  by 1 .2 

= - 2g( (V <I> X" <1> )X, X') by lemma 1 .26. 



(ii) � (iii) 

(iii) � (v) 

(ii) � (iv) 
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For any X, X' E rL we have 

<J>p0((V X <J>)X ') = PL<J>((V X <j>)X') by theorem 2. 1 

= PL(<j>(V X <j>X' - <j>V X X' )) 
= PL(<j>V X <j>X' + V XX') by 1 .2 

= PL(<j>V X <j>X' - V x<l>(<J>X')) by 1 .2  

= - PL((V X <j>) <j>X') . 

For any X E rL and y E rQ we have 

PL((V X <j>)Y) = - PL((V <j>X <j>) <j>Y) by 1 .38 .  

For any X, X' E r  L we have 

pQ((V X <j>)X') = - pQ((V <j>X <j>) <j>X') by 1 .38 .  

We also get the following corollary to theorem 5.3 

Corollary 5.6 
Let S: be a non-degenerate Legendre foliation on a contact metric manifold 

(M, <j>, � '  11 ,  g) with giL = �TI. Then if the conjugate Legendre foliation fJ: of fJ 
exists we have 

pQ((V <j>X' X) = pQ((V <j>X X') '\/ X, X' E IL, 

where V is the Levi-Civita connection of g. 

Therefore the Weingarten map of fJ satisfies 

\;j X, X' E IL. 
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Proof 
As Q is completely integrable for any X, X', X" e IL we have 

0 = g([ q>X, q>X'] , X") 
= g(V 

q>X 
q>X' - V 

$X' q>X, X") 

= - g(V 
q>X 

X' - V 
$X' X, q>X") by 1 . 10 and lemma 5.5 (v) . 

Hence 

and as L = Q we have 

V X, X' E IL, 

V X, X' E IL. 

D 

Note that in general for a Legendre foliation on a contact metric manifold 

for tangential vector fields X and X', see example 3 . 1  (c). 

Using the canonical connection we get the following proposition when the contact 

metric structure of a non-degenerate Legendre foliation is the canonical contact metric 

structure. 

Proposition 5.7 
Let S: be a non-degenerate Legendre foliation on the canonical contact metric 

manifold (M, q,c, � ' 11 ,  gc) ,  then Nl iH = 0 if and only if K�'Y = 0, where K�'Y are the 

functions given by theorem 4.3 1 .  

This is a rewording of  proposition 5 .42 of Pang [2] . 
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From the structure equations of theorem 4.3 1 for any a, p, y we have 

d£� (<!>eX�, <!>cXy) = (Kse8� 1\ 8�)(<!>cX�, <!>cXy) 1 = 2 {Kse8�(<!>cX�)8�(<!>cXy) 

- K& 8�( <!>cXY)8�( <!>eX�) } 
1 

- + - (Ko. Ko. ) - - 2 �y- y� 
= + Ko. - p y  

Therefore K�Y = 0 if and only if 

0 = dW(Y, Y') 1 
= 2 W([Y, Y']) .  

if and only if the projection 

PL([Y, Y'] )  = 0 

Since by 2.2 the projection 

PE([Y, Y']) = 0 

Ko. - Ko.  as �Y- - y� · 

* v Y, Y' E rQ, v w E  rL 

V Y, Y' E rQ. 

V Y, Y' E rQ, 

we have that Q is completely integrable if and only if Klfr = 0. c 

So when the contact metric structure of a non-degenerate Legendre foliation is the 

canonical contact metric structure theorem 5.3 can be stated more generally as 

follows 
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Theorem 5 .8  
Let 5- be a non-degenerate Legendre foliation on the  canonical contact metric 

manifold (M, <j>c, � .  11 ,  gc) . Then the conjugate Legendre foliation 5- of 5- exists if 

and only if 

(i) 

which is equivalent by lemma 1 .26 to the projection 

ii) v u, u e rn. 

Theorem 5 .3 can only be extended to theorem 5.8 when (<j>, �. ll, g) with giL = in is 

the canonical contact metric structure, as example 6. 1 (d) will show. 

We also get the following extension to corollary 5.6. 

Corollary 5.9 
Let 5- be a non-degenerate Legendre foliation on the canonical contact metric 

manifold (M, <j>c, � .  11 .  gc) . Then if the conjugate Legendre foliation 5- of 5- exists 

the projection 

V X, X' e IL, 

where V is the Levi-Civita connection of g.  

Therefore the Weingarten map of 5- satisfies 

V X, X' E IL. 

Proof 
Suppose the conjugate exists. Then for any X, X ' ,  X "  e rL as L is completely 

integrable we have 
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0 = gC([X, X'] , <j>CX") 
= gc(V X X' - V X' X, q,cX" ) 
= - gc(V X q,cX' - V X ' q,c

x, X") by 1 . 10 and theorem 5 .8 .  

Hence 

V X, X' E f'L, 

which implies that 

V X, X' E f'L.  

0 

When the contact metric structure of a non-degenerate Legendre foliation S: is the 

canonical contact metric structure and the conjugate Legendre foliation of S: exists, 

the canonical connection is a restriction of the Levi-Civita connection of gc, the 

canonical semi-Riemannian metric, as the next theorem shows. 

Theorem 5 . 1 0  
For a non-degenerate Legendre foliation, S:, on the canonical contact metric manifold 

(M, q,c, ; , 11. gc) such that the conjugate Legendre foliation of S: exists the canonical 

connection vc, where V is the the Levi-Civita connection of gc, 

PL� (V Wro) V w E ITM, if (I) E f'L* c 

vc (I) 
= 

pQ* (vwro) V w E  ITM, if ro E rQ* 
w 

PE* (V Wro) V w E  ITM, if ro E m* 
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Proof 

By 4.29 (vii) and (viii) we have 

v w e rTM , if w e  m*. 

As Q i s  completely integrable from 4.29 (i), (ii), (iii) and (viii) it follows that 

V�oo = PQ* (VW 00) v w e ITM, if w e rQ*. 

For any a, �. o, y and any W E ITM we have 

k�0(V W 8�)( <j>cXy) = (V W k�08�) ( <j>cXy) 

= - (V <j>c*£�) ( <j>cX ) w c y 

as <l>c*£� = - k�08� by 4.7 (ii) and 4.9 

= - WE�(<j>C(<j>CX )) + E�(<j>C(V <j>CX ) ) c - -y c w y 

= - WE�(<j>c(<l>c�) ) + E�(V W <l>c(<l>c�)) 
by theorem 5 .8 (ii) 

= WE�(X ) - £�(V X ) c y c w y 

= (V W E�)(X�) .  

From this and 4.29 (iv), (v), (vi) and (viii) as Q is completely integrable it  follows 

that 

V w E ITM, if (0 E IL�. 
D 

The following theorem shows that for a flat Legendre foliation there always exists a 

contact metric structure such that the conjugate Legendre foliation exists. 
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Theorem 5. 1 1  
Let fJ be a flat Legendre foliation on the canonical contact metric manifold 

(M, <Pc, � .  11 , gc) then the conjugate Legendre foliation, g., of fJ exists and is flat. 

Proof 
Take the canonical contact metric structure (<J>c, �. 11 ,  gc) given by theorem 3.2, then 
there are local coordinates (xa, y a• z) such that 

and {Xa } is a local orthonormal frame of L with respect to gc. 

Calculating the Lie brackets we get for all a, � 

[Xa, X�] =  0 

[Ya, Y �] = 0 

[Xa, �] = 0 

[Ya, �] = 0 

[Xa, Y �] = 28a�� 

Hence S: the conjugate Legendre foli
.
ation of fJ exists and by lemma 2. 1 3  (i) it is 

flat. 

The examples of chapter 3 illustrate theorem 5 . 1 1 

Example 3 . 1 :  (a) EJC is a flat Legendre foliation on the canonical contact metric 

manifold which i s  Sasakian. Looking at the Lie brackets we 
have for a = 1 ,  2 that 
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Hence s:c the conjugate Legendre foliation of 5c exists and 

is flat. 

(b) 5' is a flat Legendre foliation on a contact metric manifold. 

Looking at the Lie brackets we have that 

Hence the conjugate Legendre foliation of S:' does not exist. 

(c) S:" is a flat Legendre foliation on a K-contact manifold. 

Looking at the Lie brackets we have that 

Hence the conjugate Legendre foliation of S:" does not exist. 

(d) S: is a flat Legendre foliation on a Sasakian manifold. 

Looking at the Lie brackets we have for a = 1 ,  2 that 

Hence S: the conjugate Legendre foliation of 5 exists and is 

flat. 

Theorem 5. 1 1  shows that for a flat Legendre foliation, S:, on the canonical contact 

metric manifold (M, <j>c, �, 11, gc) the conjugate Legendre foliation exists and is flat, 

but it need not be the only one, for example see example 3 .1  (d). 

Later a family of flat Legendre foliations will be introduced for which the conjugate 

exists and is a non-degenerate Legendre foliation. 
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5 (c). PROPERTIES O F  CONJUGATE LEGENDRE FOLIATIONS 

The mean curvature vector fields of a Legendre foliation and its conjugate satisfy the 

following relationship. 

Lemma 5 . 1 2  
Let ;] be a Legendre foliation on the contact metric manifold (M, <j>, �.  11 ,  g) such that 

the conjugate exists then 

where 't is the mean curvature vector field of ;] and "i is the mean curvature vector 

field of ;] which is given by 

where { G>Xa} is a local orthonormal frame of L = Q with respect to g. 

Proof 
Let {X  a} be a local orthonormal frame of L Q with respect to g then 

g( 't, �) = g(Xa, X�)g(y X 
X�, �) 

a 
= - g(<J>Xa, <j>X�)g(V 

<1>Xa 
<j>X�, �) 

= - g( 't, �) . 
by 1 .9 and theorem 2.4 (iii) 

D 

Hence if S: is a non-harmonic foliation such that g('t, �) -::�; 0, then S: is not harmonic 

and g( 't, �) -::�; 0. 
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This is  illustrated by example 4. 1 (b). 

Example 4. 1 :  (b) S: and S: exist and are not harmonic also 

and 

Thus 

which is consistent with lemma 5 . 12. 

5 ( d ) .  A F A M I L Y  O F  L EGENDRE FO LIATIONS AND T H EIR 

CONJUGATES 

Let (M, <!>,  � .  TJ,  g)  be a contact metric manifold such that the curvature of  V the 
Levi-Civita connection of g satisfies 

R(W, W')� = m(g(W', �)W - g(W, �)W') 

where m is a real number� 

Thus for any u E rn we have 

(5. 1 3)  R(�. U)� = - mu. 

V W, W' E ITM, 
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Blair [5] gives the following relationship for any W E  ITM 

By restricting this to U E rn and substituting 5. 1 3  into it we get 

V U e  rn 

therefore 

thus we obtain 

Thus hiH has eigenvalues ll = -../( 1  - m) and - ll = - -../( 1  - m), hence if 

m < 1 hiH has rank 2n and if 

m =  1 h = 0 so (M, <j>, �. 11 ,  g) is a K-contact manifold. 

The following proposition, which is a rewording of proposition 5. 1 of Tan no [ 1 5] ,  
shows that if S: is a Legendre foliation on a contact metric manifold (M, <j>, � .  11 .  g) 

whose curvature satisfies 

R(W, W')s = ru(g(W', S)W - g(W, s)W') V W, W' E ITM, 

where m < 1 , then the conjugate of S: exists. 
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Proposition 5 . 1 4  
Let (M, <)>, �. 11,  g )  be a contact metric manifold where for some real number m the 
curvature of V, the Levi-Civita connection of g, satisfies 

R(W, W')� = m(g(W', �)W - g(W, �)W') V W, W' E ITM. 

Then m ::;; 1 ,  also if m <  1 then (M, <)>, �. 11, g) admits three mutually orthogonal and 
completely integrable distributions D(O), D()..L) and D(-)..L) defined by the eigenspaces 
of h where )..L = .Y( 1 - m). 

Therefore D()..L) and D(-)..L) define a Legendre foliation and its conjugate. 

Note: if m = 0 then )..L = 1 and the conditions of theorem 3.5 are satisfied. Therefore 
D( - 1 )  defines a flat Legendre foliation and D( l )  defines its conj ugate Legendre 
foliation. 
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CHAPTER 6.SEMI-RIEMANNIAN LEGENDRE 
FOLIATIONS 

Pang defines a Riemannian Legendre foliation as a Legendre foliation that is locally 
equivalent to one of the form ffp on S�M where F is the norm induced by a 

Riemannian metric g on M. In this chapter we show that a Riemannian Legendre 
foliation has a naturally defined contact metric structure (<!>, �' 11 ,  g), related to the 
canonical contact metric structure, where g is a bundle-like metric. Thus we get an 
alternative definition of a Riemannian Legendre foliation , in terms of this bundle-like 
metric. We then extend the definition of a bundle-like Riemannian metric to a semi­
Riemannian metric and define a semi-Riemannian Legendre foliation. 

The properties of semi-Riemannian Legendre foliations are investigated and 
examples of semi-Riemannian foliations are given. 

6 (a). SEMI-RIEMANNIAN LEGENDRE FOLIATIONS 

The definition of a bundle-like metric with respect to a foliation can be naturally 
extended to a bundle-like contact metric structure with respect to a Legendre 
foliation. 

Definition 6. 1 
Let fF be a Legendre foliation on a contact manifold (M, 11) , then a contact metric 
structure (<!>, �' 11 ,  g) on (M, 11) is bundle-like with respect to fF if 

'v' X e rL 

where £ is the Lie derivative. 
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Usually a bundle-like metric g is assumed to be positive definite, and a foliation on a 
Riemannian manifold (M, g) is a Riemannian foliation if g is a bundle-like metric. 
But we do not make this restriction and define a semi-Riemannian foliation as a 
foliation on the semi-Riemannian manifold (M, g) where g is a bundle-like semi­
Riemannian metric, that is for any tangential vector field X the Lie derivative 

The following theorem shows that a bundle-like contact metric structure belongs to 
the canonical family of contact metric structures with giL = in .  

Theorem 6.2 
Let S: be a Legendre foliation on a contact metric manifold (M, <)>, �' 11 , g) . If the 
contact metric structure is bundle-like with respect to S: then 

i) S: is a non-degenerate Legendre foliation. 

ii) ( <)>, �, 11, g) is such that giL = in .  

Proof 
Assume that (<)>, �' 11, g) is a bundle-like contact metric structure with respect to S: 
and let { Xa} be a local orthonormal frame of L with respect to g. 

i) S uppose S: (and therefore n) is degenerate, then there exists a Xa such that 

For this Xa we have 

£X g(<!>Xa, �) = - g([Xa, <!>Xa] ,  �) - g([Xa, �] , <I>Xa) 
a 

1 = - 2g(Xa> Xa) + 2 Il(Xa, Xa) by 1 . 1 3  and 2 . 1 1  

= ± 2 # 0. 



144 

Hence (<j>, S,, 11, g) is not a bundle-like contact metric structure, and we have a 
contradiction. Therefore S: is a non-degenerate Legendre foliation. 

ii) As (<j>, S,, 11. g) is a bundle-like contact metric structure we have 

v x e IL, v Y e rQ, v z e m .  

Thus, as S: is non-degenerate by part (i), theorem 4.21 shows that giL = in .  
D 

We call a Legendre foliation, S:, on a contact metric manifold (M, <j>, S,, 11. g) a semi­

Riemannian Legendre foliation if (<j>, S,, 11 .  g) is a bundle-like contact metric 
structure. Furthermore when the bundle-like contact metric structure is such that g is 
positive definite we have a Riemannian Legendre foliation .  For a Riemannian 
Legendre foliation it follows from theorem 6.2 (ii) that n is positive definite as g is 
positive definite. Hence a Riemannian Legendre foliation is a positive definite 
Legendre foliation. 

A semi-Riemannian Legendre foliation is a semi-Riemannian foliation as it has a 
bundle-like semi-Riemannian metric and a Riemannian Legendre foliation is a 
Riemannian foliation. We will show later in this chapter that the semi-Riemannian 
Legendre foliations defined here correspond to the semi-Riemannian Legendre 
foliations defined by Pang [2] . Furthermore theorem 6.2 shows that a semi­
Riemannian Legendre foliation is a foliation on a manifold from the canonical family 
of contact metric manifolds. 

Lemma 6.3 
Let S: be a non-degenerate Legendre foliation on a contact metric manifold 

(M, <j>, S,, 11 .  g), with giL = in . Then S: is a semi-Riemannian Legendre foliation if 

and only if the Lie derivative 

i) £Xg(Y, Y') = 0 V X e IL, V Y, Y' e fQ, 
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which is equivalent to 

ii) v x E rL, v Y, Y' E rQ. 

Proof 
(i): For any Z, Z' E rE there exist functions f, h such that Z = f� and Z' = h�, 

then for any X E rL we have 

£xg(Z, Z') = £xg(f�, h�) 

= Xg(f�, h�) - g([X, f�] , h�) - g(f�, [X, h�] ) 
= X(fh) - (Xf)h - f(Xh) - 2fh(g([X, �] , �)) 
= 0 by 1 . 1 2 .  

1 Furthermore as giL = 4n for any X E rL, y E rQ, and z E rn we have 

by theorem 4.2 1 .  

These imply that 

V X E rL, 

if and only if 

V X E  rL, V Y, Y' E rQ. 

The equivalence of (i) with (ii) is shown by Tondeur [26] . IJ 

Theorem 6.2 shows that a bundle-like contact metric structure belongs to the 
canonical family of contact metric structures. In the following theorem we show that 
if one contact metric structure from this family is bundle-like then all contact metric 
structures in the family are bundle-like. 
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Theorem 6.4 
Let S: be a semi-Riemannian Legendre foliation on a contact metric manifold 

(M, <)>, � ' 11 ,  g) defined by the subbundle L c H. Then for a contact metric manifold 

(M, <)>', �' 11, g') with g'IL = irr the Legendre foliation S: ' defined by the subbundle 

L c H is semi-Riemannian. 

Proof 
Let { Xal be a local orthonormal frame of L with respect to irr. Then { <I>Xa l is a 
local orthonormal frame of Q = <j>L with respect to g and for any a., �' y we have 

a) £X g(<J>Xp , <J>Xy) = - g([Xa, <J>Xp] , <!>Xy) - g(<J>Xp, [Xa> <J>Xy] )  a 
= - g(<j>[Xa, <J>Xp] , <)>2Xy) - g(<j>2Xp, <j>[Xa, <J>Xy] )  by 1.9 
= - g(A.[Xa, <J>Xp] , Xy) - g(Xp, A.[Xa, <J>Xy] )  

as <)>IQ = - A.IQ by 4.2 
1 = - 4 {ll (A.[X a' <J>Xp] ,  Xy) + IT(Xp, A.[Xa, <!>Xy] ) } 

1 as giL = 4f1 . 

For any contact metric structure, (<)> ' , �' 11 ,  g'), with g\ = in , by lemma 4.5 (i) 

there exists functions cap on M such that 

As { <j>'Xa} is a local orthonormal frame of Q = <j>'L with respect to g' , for any a., �' 

y we have 

£X g'(<j>'Xp , <j>'Xy) = - g'([Xa, <j>'Xp] ,  <j> 'Xy) - g'(<j>'Xp , [Xa, <j>'Xy] )  
a 

= - g'([Xa, <)>X� + cp0X0] ,  <)>'Xy) 
- g'(<j>'X� , [Xa, <J>Xy + c'YEXE] ) 

= - g'([Xa, <J>Xp] ,  <J>'Xy) - g'(<j>'Xp, [Xa, <J>Xy] )  
as L is completely integrable 
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= - g'(<j>' [Xa , <j>X�] ,  <j>'2X'Y) - g'(<j>'2X� , <j>' [Xa, <J>Xy] ) 
by 1 .9 

= - g'(A.[Xa, <j>X�] ,  Xy) - g'(X� , A.[Xa, <J>XyD 
as <j>'IQ. = - A.IQ. by 4.2 

1 = - 4 { Il (A.[Xa, <j>X�] ,  Xy) - I1 (X�, A. [Xa, <J>XyD } 
as g' IL = �IT 

= £X g(<j>X�, <J>Xy) by (a) a 
=0 
as ( <j>, �' 11, g) is a bundle-like contact metric structure. 

Thus (<j>', �' 11 ,  g') is a bundle-like contact metric structure by lemma 6.3 (i). o 

A bundle-like contact metric structure can also be defined in terms of the invariant G. 

Theorem 6.5 
Let S: be a non-degenerate Legendre foliation on a contact metric manifold 

(M, <j>, � '  11 ,  g) with giL = �IT. Then S: is a semi-Riemannian Legendre foliation if 

and only if 

G = 0. 

Proof 
From theorem 4.25 for any X, X', X" E rL, we have 

G(X, X', X") = 2g(V <j>X' <j>X" + V <j>X" <j>X', X) . 

Thus the theorem follows from lemma 6.3 part (ii). D 

Let S: be a non-degenerate Legendre foliation on a contact manifold (M, T\) with 
G = 0, then by lemma 4. 1 there exists a contact metric structure ( <j>, �. 11,  g) with 
giL = �TI, hence by theorem 6.5 5 is a semi-Riemannian Legendre foliation on the 

contact metric manifold (M, <j>, �' 11, g). Furthermore, ifS: is a Legendre foliation on 
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a contact metric manifold, (M, <j>, 1;, 11 ,  g), such that G = 0, it follows from theorem 
6.2 and theorem 6.5 that 5- is a semi-Riemannian Legendre foliation if and only if 

1 giL = 4rr . 

Pang [2] gives the following definition for a Riemannian Legendre foliation. 

Definition 
A Legendre foliation , 5-, on a contact manifold (M, 11 )  is a Riemannian Legendre 
foliation if 5- is locally equivalent to a Legendre foliation of the form ffF on S�M 

where F is the norm induced by a Riemannian metric g on M. 

Furthermore we get the corresponding definition for a semi-Riemannian Legendre 
foliation. 

Definition 
A Legendre foliation, 5-, on a contact manifold (M, TJ )  is a semi-Riemannian 
Legendre foliation if 5- is locally equivalent to a Legendre foliation of the form 5-F on 
S�M where F is the norm induced by a semi-Riemannian metric g on M. 

The following proposition is a rewording of Pang's [2] proposition 5.32. 

Proposition 
A non-degenerate (positive definite) Legendre foliation, ff, is a semi-Riemannian 
(Riemannian) Legendre foliation if and only if G = 0. 

This proposition and theorem 6.5 imply that if a Legendre foliation ff on a contact 
manifold (M, TJ) is a semi-Riemannian Legendre foliation in the sense of Pang, then 
giving (M, TJ) its canonical contact metric structure (<j>c, 1;, TJ, gc) makes ff a semi-
Riemannian Legendre foliation according to our definition. Also theorem 6.4 allows 
us to give (M, 11) any contact metric structure from the canonical family of contact 
metric structures and obtain S: as a semi-Riemannian Legendre foliation under our 
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definition. Hence if ff is a semi-Riemannian Legendre foliation by Pang's definition· 
we can introduce a bundle-like contact metric structure to make it a semi-Riemannian 
Legendre foliation by our definition, which shows that our definition of a semi­
Riemannian Legendre foliation is consistent with Pang's definition. But note that the 
condition G = 0 is not a sufficient condition for a non-degenerate Legendre foliation 
on a contact metric manifold to be semi-Riemannian we also need the condition that 

1 giL = 4n . 

For a semi-Riemannian manifold CM:, g), let F be the norm induced by the semi­
Riemannian metric g on M. We will call the unit cotangent bundle given by this F 
S�M and denote by ff g the semi-Riemannian Legendre foliation given by the 
projection 

Let ff g be the Legendre foliation on the unit cotangent bundle s;M obtained from the 
semi-Riemannian manifold (M, g). Then F is the norm induced by g on M, so 

1 
(a) F = (gi}x)yiyj2 

where g(x) = gij(x)dxi ® dxj is a function of x only. 

Thus by 2.3 1  we have 

(b) by 2. 3 1  

by (a) . 



and by 4.44 we have 

IT = (FiFj + FFij) - ldxi ® dxj)IH 11 L' 
= 2((F2)ij) - ldxi ® dxj)IH 11 L' 
= (gij(x)dxi ® dxj)IH 11 L' 

Let (<j>, �. 11, g) be a contact metric structure on s;:M with 
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by (a), 

by (b). 

Then fJ g on the contact metric manifold (S ;M, <j>, �. 11, g) is a semi-Riemannian 
Legendre foliation and by theorem 4.36 we have 

giL .L = 2( (F2)ij) - ldxi ® dxj 
= g1J(x)dxi ® dxj 

This implies that when g is a Riemannia.n metric the projection 

by (a) . 

is a Riemannian submersion, (Reinhart [25]) ,  as the tangent map at each point 
m e  s;:M 

P* · T* S *M � T* (M� g- 1 ) · m g m ' 

is onto and induces an isometry between L� and T�(M, g-1 ). Since any Riemannian 
Legendre foliation is locally equivalent to one of the form S: g this shows that any 
Riemannian Legendre foliation is locally defined by a Riemannian submersion. This 
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i s  consistent with Reinhart's [25] definition of a Riemannian foliation as a foliation 
that is locally defined by Riemannian submersions. 

In the following example we give a Legendre foliation on a unit cotangent bundle of 
R3 and then introduce 4 different bundle-like contact metric structures. Then we 
examine the properties of the resultant semi-Riemannian Legendre foliations on the 
different contact metric manifolds. 

Example 6. 1 :  Serni-Riemannian Legendre foliation on a unit cotangent bundle 
Let 

M = R3 
= { (x 1 , x2, x3) I xi E R } 

and the function F: T*M --7 R be defined by 

1 
F(x, y) = ((y1t + (yz )2 - (y3t y� . 

So F is the norm of g the serni-Riemannian metric on M defined by 

Then 

S�M = F-1 ( 1 ) 
= { (x 1 , Xz, X3 , Y 1 ' Yz, Y3) I (y 1 )2 + (y2)2 - (y3)2 = 1 } .  

Thus by 2.26 (i) and (ii) we have 



Let EF F be the Legendre foliation given by the fibres of the projection 

p: S�M--7 M. 

By 2 .3 1  we have 

1 n = 2 CF2)ijdYi ® dyj 
= dyl® dyl + dy2 ® dy2 - dy3 ® dy3 , 

and by theorem 4.44 

- 2 - 1  n = 2((F )ij ) dxi ® dxj 
= dx1 ® dx 1 + dx2 ® dx2 - dx3 ® dx3 . 
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TI is non-degenerate so EfF is a non-degenerate Legendre foliation. As F is the norm 
of a semi -Riemannian metric on M,  EFF on a contact metric manifold 
(S�M, <j>, �' 11 ,  g), with glL = �TI, is a semi-Riemannian Legendre foliation. 

The tangent bundle, L, of EF F is given by 

where 
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and 

1 1 

� = ((YJ + (y2 J'P + + (YJr2 

Thus 

As (y 1 )2 + (y2)2-:�; 0 everywhere on S�M, X1 and X2 are well defined, global vector 
fields on s;M. Furthermore {X 1 , X2 } is an orthonormal frame of L with respect to 
1 4n . 

In (a) to (d) below we give four different contact metric structures for (S�M, 11 ) ,  

each from the canonical family of contact metric structures, and investigate the semi­
Riemannian Legendre foliations defined by L = span {X 1 , X2 } .  

(a) We introduce a subbundle Qc of TS�M and a contact metric structure 
( <j>c, � .  11, gc) with gciL = in, so that L defines a semi-Riemannian Legendre 
foliation S:� on (S�M, <l>c, � ,  11 ,  gc). This contact metric structure is shown to 
be the canonical one. 

Let the subbundle Qc c TS�M be given by 



1 54 

where 

Then { Y� , Y� } is an orthonorrnal frame of Qc with respect to the metric gc 
defined by 

Let q,c be the tensor defined by 

for a. =  1 ,  2. 

(q,c, �' 11,  gc) is a contact metric structure on the contact manifold (StM, 11) 
and { X1 , X2, Y� , Y�, � }  is an orthonorrnal frame for TS;M with respect to 
gc. 

Calculating the Lie brackets we get 

[X l , X2] = 2�y3X l 
[X 1 , �] = - 2Y� 

�' �] = 0 
[X1 , Y�] = 2�y3 Y� + 2� 
[X2, Y�] = 0 

�' Y�] = 0 

[X2, �] = - 2 Y� 
[ �, �] = 0 

c 2 c [X l , y 2] = �Y3 y 1 
[X2, Y�] = - 2�. 
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It can be seen from the Lie brackets that S:�, the conjugate Legendre foliation. 
of S:� exists and is flat.It can also be shown that S:� and S:� are both totally 
geodesic. 

By calculation we have for a =  1 ,  2 

and 

Hence by theorem 4. 1 5  (<\>c, �' 11 ,  gc) is the canonical contact metric structure 
for S:�. 

(b) We now select a different subbundle Q' c Ts;M and introduce another 
contact metric structure (<\>' , �' 11 ,  g') with g' I L = �Il, so that L defines a 

semi-Riemannian Legendre foliation S:� on (StM, <\>', �' 11,  g'). 

Let the subbundle Q' c TS.fM be given by 

Q' = span {Yi ,  Y� } 

where 

y' = �(- Y2 _j_ + y _j_ + 2y2 _j_ - 2y _j_J 1 dx 1 
1 dx2 dy1 

1 dy2 
= x1 + Y� 
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Then {Y{ , Y2 } is an orthonormal frame of Q' with respect to the metric g '  
defined by 

g' IL = in, g'IQ. = TIIQ' , g' IE = 11 ® 11 and g' = 0 otherwise. 

Let <!>' be the tensor defined by 

tt-'X = - y ' 
'+' a a <P's = o for a = 1 , 2. 

Then (<)>', 1;, 11 ,  g ' )  is a contact metric structure on the contact manifold 
(S�M, 11 )  and { X1 , X2, Y� , Y2, S }  is an orthonormal frame for TS�M with 
respect to g' . 

Calculating the Lie brackets we get 

[Xl , X2] = 21ly3X l 
[X l , S] = 2X l - 2Y� 
[Y� , S] = 2X l - 2Y� 
[X 1 , Y�] = - 211y3X2 + 211y3 Y2 + 21; 
[X2, Y{ ,J = - 211y3X 1 

[Y� ,  Y2J = 211y3 Y{ 
[X2, S] = 2X2 - 2Y2 
[Yl, S] = 2X2 - 2Y2 
[X 1 ,  Y2J = 211y3 Y{ 
[X2 , Y2J = - 21;. 

It can be seen from the Lie brackets that 5-'�, the conjugate Legendre foliation 
I 

of S:F exists and is non-degenerate. Furthermore for any a = 1 , 2 the 
projection 

Therefore (<)>', 1; ,  11 ,  g') belongs to the family of canonical contact metric 
structures for the conjugate Legendre foliation 5-'� which is defined by Q'. It 
can also be shown that 5-'� is a semi-Riemannian Legendre foliation. 
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By calculation we get 

also for any a, � 

Thus 

therefore S:� and 5'� are not harmonic Legendre foliations. 

By calculation we have for a =  1 ,  2 

and 

Hence by theorem 4. 1 5  (<!> ' ,  ;, 11 ,  g') is not the canonical contact metric 
structure for either S:� or 5'�. 

(c) We now select another subbundle Q" c TStM and introduce a different 
contact metric structure (<!>", ;, 11 ,  g") with g" IL = �IT, so that L defines a 

semi-Riemannian Legendre foliation S:� on (S�M, <!>", ;, 11 ,  g") .  

Let the subbundle Q" c TS�M be given by 

Q" {Y" Y" } = span 1 , 2 



where 

a 
- 2y - + 

2 ay 1 
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Then { Y� , Y2, } is an orthonorrnal frame of Q" with respect to the metric g"  
defined by 

g'\ = in , g"IQ .. = TIIQ .. , g" IE = 11 ® 11 and g" = 0 otherwise. 

Let <!>" be the tensor defined by 

"' "X = - y "  '!' a a' "'" y "  = X  '!' a a' <!>"� = 0 for a = 1 , 2. 

Then (<j>", �' T), g") is a contact metric structure on the contact manifold 
(S;M, 11) and { X 1 , X2, Y�, Y2,, � }  is an orthonorrnal frame for TS;M with 
respect to g". 



Calculating the Lie brackets we get 

[Xl ' X2] = 2Jly3X l 
[Y� ,  Y2l = 2Jly3( X 1 - X2 + Y� + Y2) 
[X 1 , �] = 2X1 + 2X2 - 2Y� 
[X2, �] = - 2X1 - 2Y2 
[Y�, �] = 2X2 - 2Y'{ - 2Y2 
[Y2, �] = - 2X1 - 2X2 + 2Y2 
[X1 , Y�] = 2Jly3( X 1 + Y2 ) + 2� 
[X1 , Y2J = 2Jly3( - X 1 - X2 + Y�) 
[X2, Y�] = - 2Jly3X 1 
[X2, Y2J = 2Jly3X1 - 2�. 
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I t  can be seen from the Lie brackets that s:;, the conjugate Legendre 
foliation of s:; does not exist. 

By calculation we have 

Thus S:� is not a harmonic Lege.ndre foliation. 

Furthermore by calculation we have 

h"X1 = X1 - X2 + 2Y'{ + 2Y2 
h"X2 = X1 + 2X2 - 2Yl 
h"Y� = 2X1 + 2X2 - Yl + Yl 
h"Y" - 2X y" 2Y" 2 - - 1 - 1 + 2 • 

Hence by theorem 4. 1 5  ( <1>" ,  �. 11 ,  g") is not the canonical contact metric 
structure. 
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(d) We select a another subbundle Q c TS�M and introduce a different contact 

metric structure (� , �' ll, g) with giL = �IT, so that L defines a semi­

Riemannian Legendre foliation S:F on (S�M, <1>" , �' ll, g"). 

Let the subbundle Q c TS�M be given by 

where 

c 
= X 1 + X2 + Y 1 · 

a yly3 ax -1 

- 2(y2 + 

Then { Y 1 ,  Y 2 } is an orthonormal frame of Q with respect to the metric g 
defined by 



Let <1> be the tensor defined by 

16 1  

<!>�  = 0 for a = 1 ,  2. 

Then (<j> , �. 11, g) is a contact metric structure on the contact manifold 
(StM, 11) and {X 1 , X2, Y1 , Y2, � } is an orthonormal frame for TStM with 
respect to g. 

Calculating the Lie brackets we get 

[X1 , X2] = 2jJ.y3X 1 
[Y1 , Y2] = 2)J.y3( Y 1 + Y2) 
[X 1 , �] = 2X 1 + 2X2 - 2 Y 1 
[X2, �] = - 2X 1 - 2X2 - 2Y2 
[Y 1 , �] = - 2Y 1 - 2Y 2 
[Y 2, �] = 2Y 1 + 2Y 2 
[X 1 '  y 1 ]  = 2jJ. y 3 ( 2X 1 + X2 + y 2 ) + 2� 
[X2, y 1 ] = - 2)J.Y3X 1 
[X1 , y 2] = 2)J.y3( - 2X1 - X2 + y 1 ) 
[X2, Y2] = 2jJ.y3X 1 - 2�. 

It can be seen from the Lie brackets that fJF, the conjugate Legendre 
foliation of fJ F exists and is flat. 

By calculation we have 
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which shows that S: F is not a harmonic Legendre foliation and S: F i s a 

harmonic but not a totally geodesic Legendre foliation. 

Furthermore we have 

Thus 

Hence 

But as the conjugate exists by corollary 5 .6 we have for any a, � that 

By calculation we have 

hX1 = X1+ 2Y1 + 2Y2 
h Y 1 = 2X 1 + 2X2 - Y 1 

hX2 = X2 - 2Y 1 - 2Y 2 
h Y 2 = - 2X 1 - 2X2 + Y 2. 



163 

Hence by theorem 4. 1 5  (<j> , �' 11, g) is not the canonical contact metric 
structure. 

From the Lie brackets 

N1 (X1 , X2) = - [X 1 , X2] + [<j>X 1 , <j>X2] - <j> [<j>X 1 , X2] - <j>[X1 , <j>X2] 
= 4llY3(Y 1 + y 2) .  

Thus (<j>, �' 11,  g) satisfies theorem 5 .3 but not theorem 5 .8 . As (<j>, �. 11, g) 
is not the canonical contact metric structure this shows that theorem 5.3 can 
only be extended to theorem 5.8 when (<j> , �. 11, g) with gi L = �TI, is the 
canonical contact metric structure. 

6 (b).  THE PROPERTIES O F  A S E MI-RIEMANNIAN LEGENDRE 

FOLIATION 

We will now investigate the properties of semi-Riemannian Legendre foliations. 

Lemma 6.6 
A Legendre foliation S: on a 3-dimensional contact metric manifold (M, <j>, �' 11, g) is 

a semi-Riemannian Legendre foliation if and only if 

(i) g. is non-degenerate. 

(ii) 

(iii) g([X, <j>X] , <j>X) = 0 

where (X }  is a local orthonormal frame of L with respect to g. 
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Proof 
(i): For any Y', Y" E fQ and any X' E rL there exist functions f, h and k such 

that Y' = f<!>X, Y" = h<!>X and X' = kX, for this X', Y', Y" we have 

£X'g(Y', Y") = £X'g(f<!>X, h<!>X) 

= X'g(f<!>X, h<!>X) - g([X', f<!>X] , h<!>X) 
- g(f<!>X, [X', h<!>X]) 

= X'(fh) - (X'f)h - f(X'h) - 2fh(g([X' , <!>X] ,  <!>X)) 
= - 2fhk(g([X, <!>X] , <!>X)). 

Then the theorem follows from theorem 6.2 and lemma 6.3 (i). [J 

The bundle-like contact metric structure of a semi-Riemannian Legendre foliation 
allows us to say the following about the conjugate Legendre foliation. 

Theorem 6.7 
Let S: be a semi-Riemannian Legendre foliation on a contact metric manifold 
(M, <!>, � '  11 ,  g) , 

i) Then S: the conjugate Legendre foliation of S: exists if and only if the 

projection 

"i/ Y, Y' E fQ. 

ii) S uppose the conjugate Legendre foliation, S:, of S: exists. Then S: is totally 
geodesic if and only if (<!>, � ' 11, g) is the canonical contact metric structure. 

Proof 
As S: is a serni-Riemannian Legendre foliation by theorem 6.2 (ii) we have giL = irr .  
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i) For any X e IL and any Y, Y' e rQ as 5 is a semi-Riemannian Legendre 

foliation we have 

0 = £Xg(Y, Y') 

= g(V YX' Y') + g(V y.X, Y) 

= g([Y', Y] , X) - 2g(V y,Y, X) ,  

which implies that 

g([Y', Y] , X) = 2g(V y,Y, X) V X E rL, V Y, Y' E rQ. 

Part (i) of the theorem follows from this. 

ii) If the conjugate Legendre foliation of 5 exists then from part (i) we have that 
the projection 

Also for any Y, Y' E fQ we have 

g(V y,Y, S) = - g(Y, V yS) 
= g(Y, <j>hY' + <j>Y') 
= g(Y, <J>h Y') 

which implies that the projection 

V Y, Y' e rQ. 

by 1 .35 
by 2. 1 ,  

V Y ,  Y' e rQ, 
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if and only if h :  Q � Q. From theorem 4. 1 5  this is so if and only if 
( <j>, � , Tl, g) is the canonical contact metric structure. D 

These results are illustrated in the following examples. 

Example 4. 1 :  (a) 5- is a Riemannian Legendre foliation by lemma 6.6, as the 
Lie bracket [X, Y] = 2�, and 5- the conjugate of 5- exists by 
theorem 5. 1 .  5- can be shown to be totally geodesic which is 
consistent with theorem 6.7 (i i) as (<j>c ,  �. Tl,  gc ) is the 
canonical contact metric structure. 

(b) 5- I is a Riemannian Legendre foliation by lemma 6.6, as the 
Lie bracket [X, Y1] = 2�, and 5- I the conjugate of 5- I exists 
by theorem 5. 1 .  5- I is not totally geodesic as 

This is consistent with theorem 6.7 (ii) as (<j>1, �. Tl, g1) is not 
the canonical contact metric structure. 

Example 6. 1 :  (a) 5�, the conjugate Legendre foliation o f  5� exists and i s  
totally geodesic. Also (<j>c, �. Tl ,  gc) is the canonical contact 
metric structure. 

(b) 5� the conjugate Legendre foliation of 5� exists and is a serni­

Riemannian Legendre foliation. S:� and 5'� are both harmonic 
but not totally geodesic and (<j>1, �. Tl,  gl) is not the canonical 
contact metric structure for either 5'� or 5'� . 
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(d) S:p. the conj ugate Legendre foliation of S:p exists and is not 
totally geodesic . Also (<j> ' , �. 11 ,  g') is not the canonical 
contact metric structure. 

Let S: be a non-degenerate Legendre foliation on the canonical contact metric 
manifold (M, <j>c, �. 11 ,  gc) such that the conjugate exists. Then S: is a semi-

Riemannian Legendre foliation if and only if S: is totally geodesic. 

Proof 
Suppose 5 is a semi-Riemannian Legendre foliation then as (<j>c, �, 11, gc) is the 

canonical contact metric structure S: is totally gecxiesic by theorem 6.7. 

Suppose 5 is totally geodesic then by theorem 4.25 for any X, X', X " E IL, we 
have 

G(X, X' , X") = 2g(V <J>X' <j>X" + V  <J>X" <j>X', X) 

= 0. 

Hence S: is semi-Riemannian by theorem 6.5. D 

Corollary 6.8 is illustrated by the following example from chapter 2. 

Example 2. 1 :  (a) 5� is a non-degenerate Legendre foliation on the canonical 
contact metric manifold (S�M, <j>c ,  �. 11, gc) and 5p the 
conjugate Legendre foliation of 5� exists. But 5� is not 

totally geodesic as 
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This is consistent with corollary 6.8 as S:� i s  not a semi­

Riemannian Legendre foliation . 

The bundle-like contact metric structure of a semi-Riemannian Legendre foliation 
allows us to say the following about the partial connection on L. 

Lemma 6.9 
If S: is a semi-Riemannian Legendre foliation on a contact metric manifold 
(M, <j> ,  � ,  11 ,  g), then the partial connection on L 

V X, X ' E rL. 

Proof 
Let {Xa } be a local orthonormal frame of L with respect to g and V be the Levi-
Civita connection of g. S: is a semi-Riemannian Legendre foliation so (<J>, �' 11, g) is a 
bundle-like contact metric structure hence for any a, � we have 

This implies that 

g(V� X�, X'Y) = - g([Xa> <J>X'Y] ,  <j>X�) by 2.7 and 2.23 
a 

= - g(V X <j>X'Y - V Jt\X X a, <J>X�) a '+' 'Y 
= - g(V X <J>Xy <j>X�) - g(V Jt\X Xa, <J>X'Y) a '+' � 

= g([Xa, <J>X�] ,  <J>Xy) 
= g(<J>[<J>X�, Xa] ,  Xy) 

by lemma 6.3 (ii) 

by 1 . 10 .  

V X, X' E rL. 

c 
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Therefore if (<j>, �' ll ,  g) is any bundle-like contact metric structure on (M, ll) and 
(<j>C, �' ll, gc) the corresponding canonical contact metric structure we have 

PL(<!>[<!>X', X]) = v�x · 
= PL(<j>C[<j>CX' , X]) .  

A semi-Riemannian Legendre foliation is non-degenerate, hence for a semi­
Riemannian Legendre foliation on a contact manifold of dimension � 5 we have by 
theorem 2.25 that RL -t:- 0. Which implies that for some a., � the projection 

Hence for some a., � by 2. 1 the projection 

Furthermore when the conjugate exists we get the following lemma. 

Lemma 6. 10 
Let S: be a semi-Riemannian Legendre foliation on a contact metric manifold 
(M, <j>, � .  ll ,  g) such that the conjugate Legendre foliation exists. Then the partial 
connection on L 

"i/ X, X' E rL 

where V is the Levi-Civita connection of g. 

Proof 
Let { Xal be a local orthonormal frame of L with respect to g. 
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As the conjugate exists we have 

V� Xp == pL(<!>[<!>X�, Xa] )  by lemma 6.9 a 
== PL(<j>V n-.x Xa - <j>V X <J>Xp) 

'!' p a 
== PL(V n-.x <!>Xa + V X Xp) by lemma 5.5 (iii) and (v) 

'!' p a 
== PL(V X Xp) by theorem 6.7 (i) . a 

D 

Thus by Lemma 6. 9 we have 

V X ,  X' e IL .  

For a semi-Riemannian Legendre foliation on  the contact metric manifold, 
(M, <j>, s, TJ ,  g), with the property that the conjugate Legendre foliation exists, lemma 
6. 10 shows that the curvature of the Levi-Civita connection when restricted to the 
leaves, is the curvature of the partial connection VL thus by 2.24 

R(X, X')X" == TI(X', X")X - Il(X, X")X' v x, x· ,  X"  e rL, 

where R is the curvature tensor field of g. 

Theorem 6. 1 1 
Let ff be a semi-Riemannian Legendre fol iation on a contact metric manifold 
(M, <j>, s ,  T\ ,  g) such that the conjugate Legendre foliation exists then the leaves of ff 
have constant sectional curvature 4. 

Proof 
Let {Xa} be a local orthonormal frame of L with respect to g. Then for any a, � we 
have 
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g(R(xa, x� )x� , xa ) 
= g(Xa, Xa)g(x� , x�) 

g(rr(x�, xp )xa - rr(xa , xp )xp , xa ) 
= g(Xa , xa )g(xp , x� ) 

rr(xp , xp )g(Xa , xa) 
= g(Xa , xa )g(xp , x� ) 
= 

4g(Xp , xp )g(Xa, xa) g(Xa, xa)g(Xp , Xp ) 
as giL = �TI by theorem 6.2 (ii) 

= 4. D 

This theorem can be extended to semi-Riemannian Legendre foliations where the 
conjugate does not exist as follows. 

Corollary 6. 1 2  
Let S: be a semi-Riemannian Legendre foliation on a contact metric manifold 
(M, <j>, � .  11. g) defined by the subbundle L c H. If there exists a semi-Riemannian 
Legendre foliation ff ' on a contact metric manifold (M, <j>' , �' 11 ,  g') defined by the 
subbundle L c H, such that the conjugate Legendre foliation of S: '  exists , then the 
leaves of S: have constant sectional curvature 4. 
Proof 
As giL = g'IL = �n by 6.2 (ii) we have for any X, X ' e rL the projections 

where V and V' are the Levi-Civita connection of g and g' respectively. 

Thus as the leaves of S: '  have constant sectional curvature 4, by theorem 6. 1 1 , so do 
the leaves of S:. D 
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Proposition 5.23 of Pang states that if G = 0 then Qlh = 0, where Qlh is given by. 
theorem 4.3 1 .  Hence for a semi-Riemannian Legendre foliation on the canonical 
contact metric manifold (M, <j>c, s, TJ ,  gc) theorem 4.3 1 is reduced to, 

Theorem 6. 1 3  
For a semi-Riemannian Legendre on the canonical contact metric manifold, 

(M, <j>c, s, TJ ,  gc). The canonical coframes { £� ,  e<e ,  Tt }  and 1t� satisfy the first 
structure equations 

dE a c 
dSa 1 

= - -
c 2 

dTJ 

-( 1t t ); 0 

0 1ta � 
0 0 

0 

0 

0 

K�re� " e� + s�Tt " e� 
+ - 2ka�Tl " £� 

2o�re� " EJ 

where S� and I)\= - I<ya� are functions chosen to satisfy these equations. 

We will now give an example of a Riemannian Legendre foliation on a unit cotangent 
bundle, give it a canonical contact metric structure and calculate its first structure 
equations. 

Example 6.2: Semi-Riemannian Legendre foliation on a unit cotangent bundle 
Let 

M = R2 
= { (x 1 , x2) I x 1 > 0 }  
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and the function F: T*M � R be defined by 

Thus F is the norm of g the semi-Riemannian metric on M defined by 

Then 

S�M = p- 1 ( 1 ) 

= { (x l ,  x2, Y 1 ' Y2) I (y 1)
2 + (YiP =(x 1)

2
} . 

Therefore by 2.26 (i) and (ii) we have 

Let g.F be the Legendre foliation given by the fibres of the projection 

p: S�M� M. 

By 2.3 1 we have 
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and by theorem 4.44 

fi = 2((F2)ij t1dxi ® dxj 
= (x 1)

2(dx1 ® dx 1 + dx2 ® dx2) .  

n is  non-degenerate so S:F i s  a non-degenerate Legendre foliation. As  F i s  the norm 

of a semi-Riemannian metric on M, the foliation S:F on the contact metric manifold 

(S�M, <!>, �' 11 ,  g), with giL = in, is a semi-Riemannian Legendre foliation. 

The tangent bundle, L, of S:F is given by 

L = span {X } 

where 

As (y1)
2 + (Yi/ =(x 1)

2 and x 1 > 0, X is a global vector field. Furthermore {X }  is 

an orthonormal frame of L with respect to in .  

Thus by 2.6 (i) we have 

We now introduce a subbundle QC of TS�M and a contact metric structure 

( <!>c, �' 11 ,  gc) with gciL = �n, so that L defines a semi-Riemannian Legendre 

foliation S:� of (S�M, <!>c, �' 11 ,  gc). This contact metric structure is shown to be the 

canonical one. 
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Let the subbundle Qc c TS�M be given by 

where 

Then { Y }  is  an orthononnal frame of Qc with respect to the metric gc defined by 

Let <l>c be the tensor defined by 

<j>cY = X, 

(<j>c, S,, 11, gc) is a contact metric structure on the contact manifold (S�M, 11)  and 

{ X, Y ,  S, }  is an orthonorrnal frame for TSpM with respect to gc. 

Furthermore by 2.6 (ii) we have 

Calculating the Lie brackets we get 

[X, S] = - 2Y 
1 [Y .1:] - -- x  

' �  - 2(x1)
4 

[X, Y] = 2S, 



1 76 

It can be seen from the Lie brackets that 5-'�, the conjugate Legendre foliation of ff� 
exists and is non-degenerate. Furthermore as the projection 

(<j>c, s, 11 , gc) does not belong to the canonical family of contact metric structures for 

the conjugate Legendre foliation 5-'� defined by Qc. It can also be shown that ff� 
and 5-'� are both totally geodesic. 

By calculation we have 

Hence by theorem 4. 1 5  (<j>c, s, 11 ,  gc) is the canonical contact metric structure of ff�. 

We will now calculate the first structure equations of 5-'� . By calculation using 

x 1dx1 = y 1dy1 + y2dy2 it can be shown that 

d8 = dx1 A  dy2 - dx2 1\ dy1 

= - 211 /\ E. 

d11 = - dx1 A dy 1 - dx2 A dy2 

= - 28 1\ £. 



Therefore we have 

1 
--4..,.. 11 1\ e 
2( x1 ) 

d£ 

d9 = - 211 1\ £ 

d11 2 9  1\ £ 

and it follows from theorem 6. 13  that 1t = K = 0 and S = � . 2(x 1) 

177 

(M, g) is the Poincare half-plane, which has constant curvature of - 1 .  This is a 
1 counter example to corollary 5 .40 of Pang [2] as S = 4 -:t - 1 .  2(x 1) 

6 (c).  A FAMILY OF SEMI-RIEMANNIAN LEGENDRE FOLIATIONS 

This section is an adaptation of the work of Blair [5] to Legendre foliations. 

If we have a contact metric manifold which satisfies proposition 5 . 14 with m = 0, 
then ±1 are the non-zero eigenvalues or' h and 

R(W, W')� = 0 V W, W' e  ITM. 

In which case proposition 5. 14 can be extended to 

Theorem 6. 14 
Let (M, <J>, �' 11, g) be a contact metric manifold such that 

R(W, W')� = 0 V W, W' E ITM 
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then D( 1 )  defines a semi-Riemannian Legendre foliation and D(- 1 )  defines its 
conjugate which is flat and totally geodesic. Furthermore (<j>, �. 11. g) is the canonical 

contact metric structure of the Legendre foliation defined by D( 1 ). 

Proof 

From proposition 5. 1 4  D( l )  and D(- 1 )  define a Legendre foliation and its conjugate. 
Also D(- 1 )  defines a flat Legendre foliation by theorem 3 .5 .  Let S: be the Legendre 

foliation defined by D ( l ) .  Then S: has tangent bundle L = D(1)  and transverse bundle 

Q $ E = D(- 1 )  $ E. The conjugate Legendre foliation S: of S: is the flat Legendre 

foliation defined by D(  - 1  ). S: has transverse bundle Q $ E = L $ E = D(  1 )  $ E 

and tangent bundle L = Q = D(- 1 ) .  

We now show that (<j>, � .  11 .  g) i s  the canonical contact metric structure S:. 

For any X E 1D( 1 )  = IL we have 

(a) hX = X  

which implies by 1 .35 that 

V � = - <)>X - <)>hX 
X 

= - 2<)>X. 

Furthermore for any y E me - 1 )  = rQ we have 

(b) hY = - Y 

which implies by 1 .35 that 

V y � = - <1> Y - <j>h Y 

= 0. 
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As S: is a flat Legendre foliation, we have by lemma 2 . 1 3  (i) that s is a foliate vector 

field with respect :1, that is 

p Q<[<)>x, sD = PL<[<)>x, sD = o 

From this we obtain 

(c) 

Thus we have 

therefore 

0 = PL([<)>X, s] ) 

= PL (V 
<)>X S - V

S 
<)>X) 

= PL(- \
\

<)>X) 

PL(<)>[X, s] ) = PL(<)>V 
X S - <)>V

S X) 

= pL(- 2<)>2X - V
S 

<)>X) 

= 2X 

PQ([X, s] ) = - 2<)>X 

V <)>X e r L = rQ. 

by (b), as <)>X e rQ = rD(- 1) .  

by 1 .27 and (a) 

by (c), 

V X e rD(l )  = rL. 

This implies by lemma 4.4 that g iL = in. Furthermore from (a) we have that 

h:  L � L so (<)>, s, Tl, g) satisfies the conditions of theorem 4. 1 5  thus (<)>, S,, Tl, g) is 
the canonical contact metric structure for S:. 

Now we show that D( l) defines a semi-Riemannian Legendre foliation, S: . 
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Let { Xa } be a local orthonormal frame of L = D(l )  with respect to g, then for any 

a, � we have 

0 = R(Xa, <J>Xp)� 

= Vx 
Vt�-.X 

� - V"'X 
V

X � - V
[X t�-.X ]

� 
a '+' P '+' p a a•'+' p 

= 2(\7 <J>Xp 
<J>Xa) + 2<j>pL ([Xa, <J>Xp] )  

by (a), (b) 1 .28 and theorem 2.4 (i) . 

Therefore for any a, � we have 

(d) 

From which for any a, �. y we have by theorem 4.25 that 

G(Xa, Xp, Xy) = 2g(V 
<J>Xp 

<J>Xy + V 
<J>Xy 

<J>Xp, Xa) 

= 0  by (d) . 

Thus by theorem 6.5 the Legendre foliation S: defined by D( l )  is a semi-Riemannian 

Legendre foliation. Furthermore as (<j>, �. 11, g) is the canonical contact metric 
- -

structure of S: and D( - 1 )  defines the conjugate Legendre foliation S: of S: , also S: is 
totally geodesic by theorem 6.7 (ii). D 
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CHAPTER 7 .  SPECIAL CASES 

7 (a). LEGENDRE FOLIATIONS O N  K-CONTACT AND SASAKIAN 

MANIFOLDS 

In this section we will investigate the properties of Legendre foliations on K-contact 

manifolds and on Sasakian manifolds. 

A contact metric manifold (M, <!>, �' 11, g) is a K-contact manifold if � is a Killing 

vector field with respect to g which by lemma 1 .20 implies that 

Lemma 7. 1 
Let (M, <!>, �' 11, g) be a K-contact manifold then 

(i) 

(ii) [�, <I>WJ = <!>[�, W] 

Proof 
(i) For any W E ITM we have 

V � = - <!>W - <!>hW w 
= - <I>W 

(ii) For any W E ITM we have 

0 = 2hW 
= [�, <I> W] - <!>[�, W] 

V W E  ITM 

V W E  ITM. 

by 1 .35 

as h =  0 .  

by 1 .30. 
D 
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Lemma 7.2 
Let 2f be a Legendre foliation on a K-contact manifold (M, <j>, s, 11, g) then the 

projections of the Levi-Civita connection of g satisfy 

(i) 

(ii) 

Where {Xa., <J>Xa., S }  is a local orthonormal frame for TM with respect to g .  

Proof 
For any a, � we have 

by lemma 7 . 1  (i) 

The rest are proved similar! y. D 

The contact metric manifold (M, <j>, s, 11, g) is a Sasakian manifold if N 
1 

= 0. A 
Sasakian manifold is also a K-contact manifold as N 

1 
= 0 implies N3 

= 0 by lemma 

1 . 1 9 .  

Lemma 7.3 
Let (M, <J>, s, 11, g) be a Sasakian manifold then the Levi-Civita connection has the 

additional projection property 

v u, u e rn. 



Proof 
As N1 = 0 for any U, U', U" E rn we have 

0 = g(N1 (U' ,  U "),  <j>U) 
= 2g((V 

U 
<j>)U ', U" )  
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by lemma 1 .26. 

D 

For a Legendre foliation on a K-contact manifold we show that the second 

fundamental form is a section of the sub bundle Q. 

Lemma 7.4 
Let S: be a Legendre foliation on a K- contact manifold (M, <j>, �' 11, g) then 

(i) A� ::: 0. 

(ii) B (X, X') E rQ V X, X' E rL, 

which implies that 

where { Xa } is a local orthonormal frame of L with respect to g. 

Proof 
(i) 

(ii) For any tangential vector fields X, X' we have 

by lemma 2.9 

since h = 0. 

B (X, X') = PL.L (V 
X 

X ') 

= PQ(V
X X') since pE (V 

X 
X') = 0 by lemma 7 .2 (ii). 

Hence B (X, X') E rQ. D 
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From lemma 7.4 we get the following theorem 

Theorem 7 .5  
Let 5 be a Legendre foliation on  a K-contact manifold (M, <j> ,  � '  11, g)  then 

(i) 5 is totally geodesic if and only if the second fundamental form B of Ef is 

parallel in the transverse bundle, 

(ii) 5 is harmonic if and only if the mean curvature vector field 't of 5 is parallel 

in the transverse bundle. 

Proof 

(i) Suppose B is parallel in the transverse bundle, that is 

PJJ-(V 
X B(X', X")) = 0 

Then for any vectors X, X ' ,  X " E rL, we have 

0 = g(V 
X 

B (X', X"),  �) 

= - g(B(X' ,  X"),  V 
X

�)  

= g(B(X', X") ,  <)>X) 

V X , X ' , X " E rL. 

by lemma 7 . 1  (i) . 

As  B (X', X") E rQ by lemma 7.4 (ii) we have g(B(X', X") ,  W) = 0 for any 
vector field W on M, that is B = 0, thus 5 is a totally geodesic foliation. 

S uppose 5 is totally geodesic that is B = 0 hence B is parallel in  the 

transverse bundle. 

(ii) S uppose 't is parallel in the transverse bundle that is 

PLJ.(V 
X 't) = 0 V X E  rL. 



Then for any vector X E rL , we have 

0 = g('V 
X 

't, �) 

= - g('t, 'V X 
�) 

= g('t, <j>X) 
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by lemma 7. 1 (i). 

As 't E !Q by lemma 7.4 (ii) we have g('t, W) = 0 for any vector field W on M, that 
is 't = 0, hence S: is a harmonic foliation. 

Suppose S: is harmonic that is 't = 0 which implies that 't is parallel in the transverse 

bundle. D 

Lemma 7.6 
Let S: be a Legendre foliation on a Sasakian manifold (M, <j>, �' TJ,  g) then 

which implies that 

g(B(X', X"), <j>X) = g(B(X, X"), <j>X') 

Proof 

For any tangential vector fields X, X', X" we have 

0 = g([X, X'] ,  <j>X")  
= - g( <j>'V 

X X' - <j>V 
X'X, X")  

= - g(V' 
X 

<j>X' - V 
X' <j>X, X")  

= g(A
<j>X X

' - A
<j>X' X,  X") .  

V X, X' E IL, 

V X, X' ,  X" E rL. 

as L is completely integrable 
by 1 . 10 

by lemma 7 .3  

D 
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The next theorem proves that if the conjugate of a Legendre foliation, S: , on a K­

contact manifold exists it i s  of the same classification as S: . 

Theorem 7.7 
Let 5 be a Legendre foliation on a K-contact manifold (M, 4>, �' 11,  g) such that the 

conj ugate Legendre foliation of S: exists, then the conjugate is of the same 

classification as S:. 

Proof 
Let { X  a, 4>Xa, �} be a local orthonormal frame for TM with respect to g, then for 

any a the projection 

PL( [�, 4>Xa] )  = PL(<I>[�, Xa] )  

= <I>PQ([�, Xa]) 

As 4>� is an isomorphism the theorem follows by lemma 2. 13 .  

The following examples from chapter 3 illustrate these ideas. 

by lemma 7 . 1  (ii) 

by theorem 2. 1 .  

0 

Example 3 . 1 :  (a) 5c is a flat Legendre foliation on the canonical Sasakian 

manifold for which the conjugate Legendre foliation exists and 

is flat by theorem 5. 1 1 . 

(c) 5 "  is a flat Legendre foliation on a K-contact manifold that is 

not a Sasakian manifold. The conjugate Legendre foliation of 
er "  <I of does not exist. 

(d) 5 is a flat Legendre foliation on a Sasakian manifold which is 

not the canonical Sasakian manifold. The conjugate Legendre 
foliation of 5 exists and is  flat. 

(e) S:# is a flat Legendre foliation on a K-contact manifold that is 

not a Sasakian manifold. The conjugate Legendre foliation of 
S: # exists and is flat. 
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We now investigate the properties of non-degenerate Legendre foliations on K­

contact manifolds. 

Theorem 7.8 
Let S: be a non-degenerate Legendre foliation on a K-contact manifold 

(M, <j>, s, 11, g) . Then (<j>, s, 11, g) is the canonical contact metric structure if and only 

if g iL = in .  

Proof 

As h = 0, the conditions of theorem 4. 15  are satisfied if and only if glL = in .  o 

Lemma 7.9 
If S: is a non-degenerate Legendre foliation on a K-contact manifold (M, <j>c, s, 11 ,  gC) 
where (<j>c, s, 11, gc) is the canonical contact metric structure then the projection 

(i) 

Furthermore for any X E rL we have 

(ii) PL (VS 
<j>cX) = ( <j>c)2X and 

= - X  

Proof 
(i) Let { Xa, <j>cXa, S }  be a local orthonormal frame for TM with respect to gc, 

then using lemma 7 . 1  (ii) for any a we obtain 

PL ( [s, <J>cXa])  = PL <J>c([S, X a] )  

= <l>cPQ([S, XaD 

= <j>C(2<j>cXa) 

= - 2Xa. 

by lemma 2. 1 

by lemma 4.4 (ii) 



(ii) From part (i) for any X E IL we have 

2X = - PL([�, <J>cX] )  

= - PL (V� 
<J>cX - V 

<j>CX 
�) 

= - PL(V 
� 

<J>cX) + X  

This implies that 

and 

- X  

PQ(V 
�

X) = - PQ(V 
� 

<J>c(<J>CX)) 

= - <J>cpL (V� 
<J>cX) 

= <J>cx. 

1 8 8  

by lemma 7 . 1  (i). 

by 1 .27 

D 

When 5- is a non-degenerate Legendre foliation and the K-contact metric structure is 

the canonical contact metric structure we have the following existence theorem for the 

conjugate. 

Theorem 7 . 1 0  
Let 5 be a non-degenerate Legendre foliation on  a K-contact manifold 

(M, <j>, �' 11 ,  g) with giL = �TI, then 5:. the conjugate Legendre foliation of 5 exists if 

and only if (M, <J>, �' 11, g) is a Sasakian manifold. 

Proof 
(<J>, �' 11 ,  g) is the canonical contact metric structure by theorem 7.8 so 

ff exists if and only if N�IH = 0 by theorem 5.8 

if and only if <J>IH is a complex structure on H by theorem 1 .24 

if and only if (M, <J>, �' 11 ,  g) is a Sasakian manifold 

by corollary 1 .25. 
D 
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For a Legendre foliation, S:, on a K-contact manifold we have shown in theorem 

7 .7 ,  that if the conj ugate Legendre foliation of fF exists, it is of the same 

classification as S:. Example 6. 1 (b) shows that we can have a Legendre foliation 

with a conjugate of the same classification on a contact metric manifold which is not 

a K-contact manifold. Thus this property is not restricted to K-contact manifolds. 

But  for a non-degenerate Legendre foliation on the canonical contact metric manifold 

we get the following theorem. 

Theorem 7. 1 1  
Let fF be a non-degenerate Legendre foliation on the canonical contact metric 

manifold (M, <j>c, � ,  11 ,  gC) such that fF the conjugate Legendre foliation of fF exists. 

Then (M, <j>c, �' 11, gc) is a Sasakian manifold if and only if fF is non-degenerate and 

( <l>c, �' 11, gc) is the canonical contact metric structure of S:. 

Proof 
S uppose fF is non-degenerate and (<j>c, �' 11 ,  gc) is the canonical contact metric 

structure of ff. Then for any X E fL we have the projection 

PL<[�, <J>cxD = P 0<[�, <J>cxD 

= 2<j>C(<j>CX) 

= - 2X. 

by lemma 4.4 (ii) 

By  lemma 4. 19  this implies that he = 0, that is (M, <j>c, �' 11 ,  gc) is a K-contact 

manifold. Thus as the conjugate exists, (M, <j>c, �' 11, gc) is a Sasakian manifold by 

theorem 7 . 10. 

S uppose (M, <j>c, �' 11,  gc) is a Sasakian manifold then 5 is non-degenerate by 

theorem 7.7. Furthermore we have he = 0 and for any X E rL the projection 

by lemma 7.9 (i) . 

Hence by lemma 4.4 the conditions of theorem 4. 1 5  are satisfied for 5: so 

( <j>c, � ,  11 ,  gc) is the canonical contact metric structure of S:. c 
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For a Sasakian manifold corollary 6.8 can be extended to 

Theorem 7 . 1 2  
Let 5= be a non-degenerate Legendre foliation o n  a S asakian manifold 

(M, <j>c, � ,  ll , gc) then 5= ( 5= )  is a semi-Riemannian Legendre foliation if and only 

if 5= (5= ) is a totally geodesic Legendre foliation. 

Proof 

The conjugate Legendre foliation exists by theorem 7 . 10  as gciL = �Il Also by 

theorem 7. 1 1  (<j>c, � '  11 ,  gc) is the canonical contact metric structure of 5= and 5=. 
Thus the theorem follows by corollary 6.8. 0 

We now give an example of a non-degenerate Legendre foliation on a Sasakian 

manifold, which illustrates these theorems. 

Example 7. 1: Non-dee,enerate Lee,endre foliation on a Sasak:ian manifold 

Let 

M =  s3 
= { (x l , x2, Y 1 · Y2) I (x l )

2 + (x2)2 + (y l )
2 + (y2)2 = 1 }  

and 

Then we have 

which by calculation gives 

ll A  dll = 2(y2dx1 A dx2 A dy1 - y 1dx1 A dx2 A dy2 
+ x2dx1 A dy1 A dy2 - x 1dx2 A dy1 A dy2) 

# 0 everywhere on M. 



191 

Thus (M, 11) i s  a contact manifold. Furthermore (M, <l>c, �. 11 ,  gc) a S asakian 

manifold where (<J>c, �. 11, gc) is the Sasakian structure given by 

1 0 0 0 
0 1 0 0 

gC = 
0 0 1 0 
0 0 0 1 

0 0 -1 0 
0 0 0 -1 

<l>c = 
1 0 0 0 
0 1 0 0 

� 
a a a a = yl - + Y2 - - X - - x2 - · axl ax2 

1 ay l ay2 

Consider the vector field 

X 
a a a a 

= x2 - - x - - Y2 - + Y1
-

. 
ax l 

1 ax2 ayl ay2 

Then 

Y = <J>cX 
a a a a = Y2 - - y - + x2

-

- XI - · axl 
1 ax ayl ay2 2 

These are global vector fields which belong to H the contact distribution of 
(M, <J>c, � .  11 ,  gc) .  

Calculating the Lie brackets we get 

[X, �] = - 2Y = - 2<J>cX 
[Y, �] = 2X = - 2<J>cy 
[X, Y] = 2�. 
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Thus L = span { X }  defines a non-degenerate Legendre foliation 5' and Q = span { Y }  · 

defines a non-degenerate Legendre foliation 5' , the conjugate of 5'. The Lie brackets 

show that (<J>C, ; , Tj , gc) is the canonical contact metric structure for 5' and 5' .  As 

[X ,  Y] = 2;, lemma 6.6 (iii) shows that 5' and 5' are both semi-Riemannian 

Legendre foliations, it can also be shown that they are both totally geodesic . 

7 (b). TOTALLY UMBILIC AND TOTALLY GEODESIC LEGENDRE 

FOLIATIONS 

A foliation 5 on a semi-Riemannian manifold (M, g) is totally umbilic ifthere exists 

a one form, a, on L 1_ such that 

Ay =  a(V)I 

The leaves of a totally umbilic foliation are totally umbilic submanifolds of (M, g). 

Remember that a foliation 5 on a semi-Riemannian manifold (M, g) is totally 

geodesic if its second fundamental form vanishes identically, that is, 

B = 0 which is equivalent to A = 0. 

Hence a totally geodesic foliation is also a totally umbilic foliation. 

Note that a foliation which is harmonic and totally umbilic is also totally geodesic. 

Lemma 7. 1 3  
Let 5 be a totally umbilic Legendre foliation on a contact metric manifold 

(M, <j>, ; ,  Tj ,  g) then for any a., � the projection 
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where A
<I>Xp 

= a(<J>Xp)I, A
� = a(�)I, and { Xa} is a local orthonormal frame of L with 

respect to g .  

Proof 
For any a, �.  y we have 

a(<J>Xy)g(Xw Xp) = g(a(<J>Xy)Xa, Xp) 

= g(A<J>Xy
X a, Xp) 

= - g(V 
X <j>X'Y' Xp) 

a 
= g(<j>X'Y' V 

X 
Xp) ,  

a 

which implies that 

Furthermore for any a, � we have 

a(�)g(Xa, Xp) = g(a(�)Xa, Xp) 

= g(A� Xa, X p) 

= - g(V 
X 

�. Xp) 
a 

= g(�, V 
X Xp) ,  

a 

which implies that 

Lemma 7. 1 3  implies that for a totally umbilic Legendre foliation 5 the projection 

0 
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Furthermore the mean curvature vector field of ff is given by 

't = g(Xa, X�)pL1_(V X Xl3) a 
= g(Xa, X�)g(Xa, X�) (ky0a( <j>X0)<!>Xy + a(S)S) 

= n (ky0a(<j>X0)<j>Xy + a(S)S) .  

Theorem 7. 1 4  
Let ff be a Legendre foliation on a Sasakian manifold (M, <j>, s, fl ,  g) then ff is a 

totally umbilic Legendre foliation if and only if ff is totally geodesic. 

Proof 

We have already noted that a totally geodesic foliation is totally umbilic. 

Suppose ff is a totally umbilic Legendre foliation. Let {Xal be a local orthonormal 

frame of L with respect to g, then as (M, <j>, s ,  11 , g) is a Sasakian manifold by 

lemma 7 .6 for any a, � we have 

For a '# � this implies that 

g(<j>Xa, V X X�) = g(<j>X�, V X X�) � a 
= 0  by lemma 7 . 13 .  

But for any a we have 

as 5= is totally umbilic. 



This implies for all a that 

Hence S: is harmonic as 
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by corollary 2. 1 0. as h = 0 

by lemma 7 . 1 3 , as a( <I>Xa) = 0 for all a. 

Thus S: is totally geodesic as it is totally umbilic and harmonic. D 

Theorem 7 . 1 5  
Let S: be a non-degenerate Legendre foliation on the canonical contact metric 

manifold (M, <j>c, � ,  TJ ,  gC), such that S: the conjugate Legendre foliation of S: exists. 

Then S: is a totally umbilic Legendre foliation if and only if S: is totally geodesic. 

Proof 

From corollary 5.9 as the conjugate exists we have 

V X, X' E rL, 

and as (<j>c, �. TJ ,  gc) is  the canonical contact metric structure, we have he :  L -7 L, 

from theorem 4. 1 5 . 

Using these two conditions the proof is the same as for theorem 7 . 14. a 

An example of a Legendre foliation that is totally umbilic but not totally geodesic is 

given in chapter 6. 
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Example 6. 1 (b) : 5'� is a semi-Riemannian Legendre foliation on a contact 

metric manifold (M, <!>', s. 11, g') which is not the canonical 

contact metric manifold. By calculation for any a, � we have 

This implies that 5'� is a totally umbilic Legendre foliation 

with a(Y�) = 0 and a(s) = - 2. Furthermore 

't = n (k'Y0a(Q>X0)<!>Xy + a(s)s) .  

= 2(- 2�) 

= - 4s. 

Hence 5'� is not a harmonic Legendre foliation. 

7 (c). I S O  P A R A M E T R I C  

FOLIATIONS 

A N D  H A R M O N I C L E G E N D R E  

A foliation 5' on a semi-Riemannian manifold (M, g) is isoparametric if the mean 

curvature form K is parallel along the leaves, that is 

£ K = 0 
X 

where K E rL .l * is the one form given by 

K(Y) = g('t, V) 

V X E  rL 

The leaves of an isoparametric foliation are isoparametric submanifolds of (M, g). 
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Remember a foliation S: on a semi-Riemannian manifold (M, g) is  harmonic if the 

mean curvature form K vanishes that is  

K = 0 which is equivalent to 't = 0. 

Hence a harmonic foliation is also an isoparametric foliation. 

Lemma 7. 1 6  
Let S: be an  i soparametric Legendre foliation on  a contact metric manifold 

(M, <)>,  �. 11. g) such that h: L � L then 

g('t, [X, �] ) = 0 V X E IL. 

Proof 
As S: is a isoparametric Legendre foliation for any X E fL we have 

Theorem 7 . 1 7  

0 = J?'xK(�) 

= XK(�) - K([X, � ] )  

= Xg('t, � )  - g('t, [X, �] ) 
= - g('t, [X, �] ) as 't E rQ, by corollary 2. 10. 

0 

If S: is a non-degenerate Legendre foliation on the canonical contact metric manifold 

(M, <j>c, �' 11,  gc) . Then S: is an isoparametric Legendre foliation if and only if S: is a 

harmonic Legendre foliation. 

Proof 

We have already noted that a harmonic foliation is isoparametric. 
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Suppose 5- is an isoparametric Legendre foliation. Let {Xal be a local orthonormal 

frame of L with respect to gc , then he: L --7 L by theorem 4. 15 ,  thus for any a we 

have 

0 = gc('t, [Xa, ;])  

= - 2gc('t, q,cxa ) 

by lemma 7 . 1 6  

by lemma 4.4 (ii), as giL -!rr . 

As 't E rQ by corollary 2. 10,  we have gc('t, W) = 0 for any vector field W on M, 
that is 't = 0, so 5- is a harmonic Legendre foliation. o 

Corollary 7. 18 
If 5- is a non-degenerate Legendre foliation on the canonical contact metric manifold 

(M, <j>c, ;, 11, gc) . Then 5- is a totally umbilic and isoparametric Legendre foliation if 

and only if 5- is a totally geodesic Legendre foliation. 

Proof 
If 5- is a totally geodesic Legendre foliation then by definition 5- is totally umbilic and 

isoparametric. 

S uppose 5- is a totally umbilic and isoparametric Legendre foliation then by Theorem 

7 . 1 7  5- is harmonic so as 5- is also totally umbilic 5- is a totally geodesic Legendre 

foliation. D 

Theorem 7 . 19  
If 5- i s  a non-degenerate Legendre foliation on a K-contact manifold (M, <j> ,  ; ,  11 ,  g). 

Then 5- is an isoparametric Legendre foliation if and only if  5- is a harmonic 

Legendre foliation. 

Proof 

We have already noted that a harmonic foliation is isoparametric. 
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Suppose S: is a isoparametric Legendre foliation. Let { Xa } be a local orthonormal 

frame of L with respect to IT, then by theorem 2 . 1  Q = span { <j>X a } ,  note 

{ X  a, <J>Xa} need not be a local orthonormal frame of H with respect to g. 

As h: L --7 L, 't E rQ by corollary 2 . 10, so there exists functions aa such that 

For any � we have 

0 = g('t, [Xp , �J)  

= g(aa<l>Xa, [Xp, �] ) 

= aag(<J>Xa, [Xp, �] ) 
1 

= - 2 aaTICXw X�) 
1 

= - 2 aaka� 
1 

= ± 2 a�, 

which implies that 't = 0, so S: is a harmonic Legendre foliation. 

Corollary 7.20 

by lemma 7 . 1 6  

by 2. 1 1  

D 

Let S: be a non-degenerate Legendre foliation on a K-contact manifold 

(M, <j>, � ,  11 ,  g). Then S: is totally umbilic and isopararnetric if and only if S: is a 

totally geodesic Legendre foliation. 

Proof 
IfS: is a totally geodesic Legendre foliation then by definition S: is totally urnbilic and 

i sopararnetric. 
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Suppose S: is a totally umbilic and isoparametric Legendre foliation then by Theorem 

7 . 1 9  S: is harmonic so as S: is also totally umbilic S: is a totally geodesic Legendre 

foliation. D 

Theorem 7 .2 1  
Let S: be  a semi-Riemannian Legendre foliation on  a contact metric manifold 

(M, <j>, S, ,  11 , g) then S: is an isoparametric Legendre foliation if and only if S: is a 

harmonic foliation. 

Proof 
As g is a bundle-like metric for any X E TL and V E fL.l we have 

o = £xg(-r, V) 

This implies that 

= Xg('!, V) - g([X, '!] , V) - g('!, [X, V] )  
= XK(V) - K([X, V] ) - g([X, 't] , V) 
= £

XK(V) - g([X, '!] , V). 

£
X

K(V) = g([X, '!] , V) .  

Thus £
X

K = 0 if and only if '! is a foliate vector field. 

Suppose S: is an isoparametric Legendre foliation which is not a harmonic foliation, 

then '! -:/;  0 is a foliate vector field. This implies by theorem 2 .8  that '! E m. Thus 

there exists a non-zero function f such that 't = fs, as '! is a foliate vector field it can 
be shown that s is also a foliate vector field. This by lemma 2. 1 3  (i) implies that S: is 

a flat Legendre foliation, but as (<j>, S,, 11 ,  g) is a bundle-like contact metric structure S: 

is a non-degenerate Legendre foliation by theorem 6.2 (i), which is a contradiction. 

Thus S: is an isoparametric Legendre foliation if and only if S: is a harmonic foliation. 

D 
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CHAPTER 8 .  
COMPLEX LEGENDRE FOLIATIONS 

In  this chapter we extend our work on Legendre foliations on contact metric 

manifolds to complex Legendre foliations on complex contact metric manifolds. 

A complex contact manifold is a complex manifold of odd complex dimension which 
canies a complex contact form. The defmition of a complex contact manifold is given 

and then we define a complex contact metric structure on a complex manifold. 

We then define a complex Legendre foliation on a complex contact manifold and 

investigate its properties especially where they differ from the properties of a 

Legendre foliation on contact a manifold. 

8 (a). COMPLEX CONTACT M ANIFOLDS 

A complex manifold M of complex dimension 2n + 1 is a complex contact manifold 

if it canies a global holomorphic 1 -form ll such that 

everywhere on M. 

The complex contact form ll determines a holomorphic global vector field �' the 

complex characteristic vector field defined by Lin [30] , 

ll (�) = 1 .  

The complex contact distribution H of a complex contact manifold is defmed by 

H = ann(ll ) 
= { W  E TM l ll (W) = 0 } ,  
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and a complex line bundle E is defined by 

E = span(s) . 

Let J be the natural almost complex structure on the complex contact manifold 
(M, Tl), and 'fCM be the complexified tangent bundle of M. 

Define global vector fields by 

u = s + f: 

and one-forms by 

Therefore we have 

(8 . 1 ) (i) V = - JU 

(ii) U = JV 

and furthermore 

(8 .2)  u(U) = v(V) = 1 

v = - i Cs - �, 

1 -
V = 2 i (Tl - Tl ) .  

v = u · J ,  

u = - v • J ,  

u(V) = v(U) = 0. 

The complexified contact distribution He of a complex contact manifold is defined by 

He= ann(u, v) 
= { W E  'fCM I u(W) = v(W) = 0 } ,  

and the complexified line bundle Ee is defined by 
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For a complex manifold M with almost complex structure J, g is a Hermitian metric 

on M if g is a Riemannian metric which for any vector fields W and W'  on M 

satisfies 

g(JW, JW') = g(W, W'), 

as J2 = - I this implies that 

g(W, JW') = - g(JW, W') 

A complex contact manifold (M, 11 )  has a complex contact metric structure 

(G ,  �. 11 ,  g) where g is a Hermitian metric and G is a tensor of type ( 1 , 1 )  such that, 

(see Ishihara and Konishi [28] ) 

(8 .3) (i) o2 = - I + u ® u + v ® v. 

(ii) g(W, GW') = du(W, W') + i g(V 
W' U, V)v(W) 

- i g(V 
W 

U, V)v(W') 

V W, W' E rfCM. 

(iii) GJ = - JG. 

Note that G is  the negative of the tensor defined by Ishihara and Konishi [28] . This 

change in sign gives a direct correspondence between property 8 .3 (ii) and property 

1 .2 of a contact metric structure. Furthermore as g is a Herrnitian metric g is positive 

definite. 

In this chapter (M, 11) is used to denote a complex contact manifold when the 

complex contact metric structure is not specified while (M, G, � .  11 ,  g) is used to 

denote the complex contact manifold (M, 11 )  with the complex contact metric 

structure (G, � ,  11 ,  g), (M, G, � .  11 ,  g) is called a complex contact metric manifold. 



From the properties of 8.3 it can be shown that for any W, W '  e JlCM, 

(8 .4) (i) 

(ii) 

(iii) 

(iv) 

(v) 

(vi) 

(vii) 

GU = GV = 0. 

u •G = v·G = 0. 

rank G = 4n. 

g(U, U) = g(V, V) = 1 

g(W, U) = u(W) 

g(GW, W') = - g(W, GW'). 

and 

and 

g(U, V) = 0. 

g(W, V) = v(W). 

g(GW, GW') = g(W, W') - u(W)u(W') - v(W)v(W'). 

We now define a tensor K of type ( 1 ,  1) by 

K = GJ. 
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Then if (G, �. 11. g) is a complex contact metric structure on a complex contact 

manifold (M, 11), for any W, W' E rrcM we have, 

( 8 . 5 )  (i) K2 = - I +  u ® u + V ® V.  

(ii) g(W,  KW') = dv(W, W') - !  g(V W' U, V)u(W) 

+ } g(V 
W U, V)u(W'). 

From the properties of 8.3, 8.4, 8 .5  and J2 = - I ,  it can be shown that for any 
W, W '  E JlCM we have, 

( 8 .6) (i) KJ = - JK = - G. 



(ii) KG = - GK = J + u ® V - v ® U .  

(iii) KU = KV = 0. 

(iv) u o K  = v o K  = 0. 

(v) rank K = 4n. 

(vi) g(KW, W') = - g(W, KW') .  

(vii) g(KW, KW') = g(W, W') - u (W)u(W') - v (W)v(W'). 

(viii) g(GW, KW') = g(W, JW') + u (W)v(W') - v (W)u(W'). 
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From 8 .3 (i), 8 .4 (i) & (iii) ,  8.5 (i) and 8.6 (iii) & (v) we can show that GIHc and 

KIHc are isomorphisms with 

For any w E rnc we have 

g([W, U] , U) = u([W, U]) by 8.4 (v) 
= - 2du(W, U) as w E  rnc 
= - 2g(W, GU) + g(V 

U 
U, V)v(W) - g(V 

W 
U,  V)v(U) 

by 8 .3  (ii) 
= 0  by 8.2, 8 .4 (i) as W E  ffiC. 

S imilarly for any w E  rnc we have 

g([W, V] , V) = 0. 
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Furthermore for any w E me we have 

g([W, V] , U) = u([W, V]) by 8.4 (v) 

= - 2du(W, V) as w E  me 

= - 2g(W, GV) + g(V 
V

U,  V)v(W) - g(V 
W 

U, V)v(V) 

by 8.3 (ii) 
= - g(VW 

U, V) 

by 8.2, 8 .4 (i) and (iv) as W E  rne. 

Similarly for any w E  me we have 

g([W, U] , V) = g(V 
W 

U, V). 

These relationships imply that 

g([W, V] , U) = - g([W, U], V).  

Therefore we have 

(8 .7) (i) g([W, U] , U) = u([W, U]) = 0 V w E  rne. 

(ii) g([W, V] ,  V) = v([W, V]) = 0 V w E  rne. 

(iii) g([W, V] , U) = u([W, V]) = - g(V
W U ,  V) V w E  rne. 

(iv) g([W, U] , V) = v([W, U]) = g(V W U,  V) V w E  me. 

(v) g([W, V] , U) = - g([W, U], V) V w E  me, 

which implies that 

u([W, V]) = - v([W, U]) .  



For any W, W' E rnc we have 

g([W, GW'] , U) = u([W, GW']) 
= - 2du(W, GW') 

= - 2g(W, G2W') 

= 2g(W, W') 

S imilarly for any W, W' E rnc we have 

g([W, KW'] , V) = 2g(W, W'). 

Furthermore for any W, W' E rnc we have 

g([W, GW'] , V) = v([W, GW'] ) 
= - 2dv(W, GW') 

= - 2g(W, KGW') 

= - 2g(W, JW') 

Similarly for any W, W' E rnc we have 

g([W, KW'] , U) = 2g(W, JW'). 

Therefore we have 

(8 .8 )  (i) g([W, GW'] , U) = 2g(W, W') 

(ii) g([W, KW'] , V) = 2g(W, W') 

(iii) g([W, GW'] ,  V) = - 2g(W, JW') 

(iv) g([W, KW'] ,  U) = 2g(W, JW') 
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by 8.4 (v) 
as W, W' e rHc 

by 8 .3  (ii) 

by 8.3 (i) . 

by 8 .4 (v) 
as W, W' E rnc 

by 8 .5  (ii) 

by 8.6 (ii). 

\:l W, W' e rnc. 

\:l W, W' e rnc. 

V W, W' E rnc. 

V W, W' e rnc. 
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Theorem 8.9 
For a complex contact metric manifold (M, G,  S,, 11 , g), U and V are analytic vector 

fields, that is the Lie derivatives 

£ J = £ 1 = 0  
U V 

which is equivalent to 

[U, JW] = J[U,W] 

Proof 

and [V, JW] = J[V, W] 

Y a no and Kon [ 16] , page 1 1 7- 1 1 8, give an isomorphism 8 

from the Lie algebra of analytic vector fields to the Lie algebra of holomorphic vector 

fields. 

Using the inverse of this isomorphism, as 

1 
S = - (U - iJU) 

2 

is a holomorphic vector field, we obtain that U is an analytic vector field. 

Similarly as s is a holomorphic vector field so is - i S, and we have 

Hence by the inverse of 8 we obtain that V is also an analytic vector field. a 



From theorem 8 .9 we obtain that the Lie bracket 

[U, V] = - [U, JU] 

= J[U, U] 

= 0. 
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by 8. 1 (i) 

by theorem 8 .9 

A holomorphic foliation is a foliation on a complex manifold (M, g), where g is a 

Herrnitian metric, with an almost complex structure J which satisfies, Kamber and 

Tondeur [20] . 

(i) J : L_L -7 L_L. 

(ii) "d x E rL, v w, w· E rL_l_, 

which is equivalent to the projection 

PL_L( [X, JW]) = PL_L(J[X, W]) 

As [U, V] = 0, Ec is a completely integrable distribution on 'J'CM. Hence Ec defines a 

foliation on M of real dimension 2 .  Since U and V are analytic vector fields this is a 

holomorphic foliation. 

Lemma 8. 10 
Let (M, G, �' 11, g) be a complex contact metric manifold then 

(i) 

(ii) du(U ,  V) = dv(U, V) = 0, 

where V is the Levi-Civita connection of g. 
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Proof 
(i) For any w E rnc we have 

g(V 
W U, V) = g([W, U] , V) by 8.7 (iv) 

= g(V
W 

U, V) + g(W, V
U 

V) .  

Thus 

g(V
U 

V, W) = 0 V W e  rnc. 

Also, as [U, V] = 0 we have 

0 = g([U, V], U) 
= g(V0 V, U) - g(VV U, U) 

= g(V 
U 

V, U) as { U, V }  is an orthonormal frame of Ec. 

Thus 

g(V
U V, U) = 0. 

Furthermore, as {U,  V} is an orthonormal frame of F we have 

g(V
U 

V, V) = 0. 

Hence 

The others are proved similarly. 



(ii) We have 

2 1 1 

2du(U, V) = 2g(U, G V) - g(V 
V U,  V)v(U) + g(V 

U 
U, V)v(V) 

, = g(V
U 

U, V)v(V) 

= 0  

dv(U, V) = 0 , is proved similarly. 

8 (b). COMPLEX LEGENDRE FOLIATIONS 

by 8 .3 (ii) 
by 8.2 and 8.4 (i) 

by pan (i). 

a 

Consider a complex contact manifold (M, ll )  of complex dimension 2n + 1 .  A 
complex Legendre foliation, S:, of (M, ll) is a holomorphic foliation of M by integral 

submanifolds of 11 ,  of complex dimension n. 

Since the leaves of 2f are integral submanifolds of 11 ,  we have Le c He, where U is 

the complexified tangent bundle of S:. Let (G, �. 11 ,  g) be a complex contact metric 

structure on (M, 11) then the complexified transverse bundle of 2f is defined by 

Define a subbundle Qc of He by 

Then the foliation gives the following natural orthogonal decomposition of the 
complexified tangent bundle of (M, ll) 

where 
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As 5- is a holomorphic foliation w e  have the following relationships, see Kamber and 

Tondeur [20] , 

(8 . 1 1 )  (i) and 

(ii) 

which is equivalent to the projection 

Hence by 8 . 1 1 (i) the leaves of a complex Legendre foliation on a complex contact 
metric manifold (M, G, �. ll ,  g) are invariant submanifolds with respect to the 

complex structure J. 

If W = U is substituted in 8. 1 1  (ii) for any X E fLC we have the projection 

(8 . 1 2) (i) PLc_L(J [U, X]) = PLc_L( [JU, X] ) 
= - PLc_L([V, X]) 

Also with W = V in 8 . 1 1  (ii) for any X E fLC we have the projection 

(8 . 1 2) (ii) 

Theorem 8. 1 3  

PLc_L(J[V, X]) = PLc_L( [JV, X] ) 
= PLc_L( [U ,X] )  

by 8. 1 (i). 

by 8. 1 (ii) . 

If fJ is a complex Legendre foliation on the complex contact metric manifold 

(M, G ,  �. ll, g) then 

(i) u(X) = v(X) = 0 
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(ii) and 

where 

GLC = {GX I X E LC } and 

(iii) and 

where 

and 

Proof 
i) As U is a subbundle of He for any X E IT..C we have 

u(X) = v(X) = 0. 

(ii) & (iii) 
For any X , X' E rLe we have 

2g(X, GX') = 2du(X, X') by 8 .3 (ii) and part (i) 
= - u([X, X'] )  as Le c He 

= 0 by part (i), as Le is completely integrable. 

Thus GX' E Lc.l but by 8.4 (ii) GX' E He, so 

Similarly 

As Gla: and Kllf are isomorphisms the theorem follows. c 
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Thus the leaves of a complex Legendre foliation on a complex contact metric 
manifold (M, G, S,, 'f1, g) are anti-invariant submanifolds with respect to the complex 
tensors G and K. 

Lemma 8. 14 
Let 5 be a complex Legendre foliation on the complex contact metric manifold 
(M, G ,  S,, 'f1 ,  g) if 

{ Xa , JXa } ,  a = l ,  . . . . . . . . . .  ,n is a local orthonormal frame for Le with 
respect to g then 

{ Y a• JY a } , a = l ,  . . . . . . . . . .  ,n is a local orthonormal frame for Qc with 
respect to g, where {Y  a = GXa, JY a = JGXa = - GJXa = - KXa } .  

Furthermore 

(i) g( [Xw GX�] , U) = 28a� 
g([Xa, GX�] , V) = 0 

g( [JXa, GJX�] , U) = g( [JXa, KX�] ,  U) = 28a� 
g([JXa, GJX�] , V) = g([JXa, KX�] ,  V) = 0 

g([JXa, GX�] ,  U) = 0. 

(ii) g([Xa, KX�] ,  V) = 28a� 
g([Xa, KX�] , U) = 0 

g([JXa, KJX�] ,  V) = - g([JXa, GX�] ,  V) = 28a� 
g([JXa, KJX�] , U) = - g([JXa, GX�] ,  U) = 0 
g([JXa, KX�] , V) = 0. 

(iii) £Xg(Z, Z') = 0 

Proof 

V X E U, V Z, Z' E Ec. 

Using 8.4 (vii), 8.6 (vii) & (viii) and theorem 8 . 1 3  it can be easily shown that 
{ Y a• JY a} ,  a = 1 , . . . . . . . . . .  ,n is a local orthonormal frame for Qc with respect to g. 



(i) & (ii) 
For any a we have 

g([Xa, GX�] ,  U) = 2g(Xa> X�) 
= 28a�· 

The others are proved similarly. 

(iii) For any X E U we have 

£Xg(U, V) = - g([X, U] , V) - g([X, V] , U) 

= - g([X, JV] , V) - g([X, V], JV) 

2 1 5  

by 8.8 (i) 

by 8. 1 (ii) 
= - g([X, JV] ,  V) + g(J[X, V] , V) since g is Hermitian 
= - g((£XJ)V ,  V) 

= 0 by 8 . 1 1  (ii). 
IJ 

8 (c). THE INVARIANTS IT, AND IT ON A COMPLEX LEGENDRE 

FOLIATION 

We introduce for a complex Legendre foliation on a complex contact manifold (M, 11) 

a symmetric, bilinear form IT on Le defined by 

IT(X, X') = - ( (£X£X'u)(U)) + u( [X', V])v([X, U]) V X, X'E rU. 

By definition IT is an invariant of a complex Legendre foliation, so that its value does 
not depend on the complex contact metric structure on (M, 11 ). This definition 
corresponds to the definition for the invariant IT in chapter 2 (c) for a Legendre 
foliation, with an extra term u([X', V])v([X, U]). We see in the following lemma 
that this term enables us to find an expression for IT in terms of any complex contact 
metric structure on (M, 11) that corresponds to 2. 1 1 .  
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Lemma 8 . 1 5  
For a complex Legendre foliation the invariant TI satisfies the relationship 

TI(X, X') = 2g( [U, X] , GX') 
= 2g([V, X] , KX') 

'i/ X, X' E fLC 

'i/ X,  X'E fLC. 

For any complex contact metric structure (G, �. 11 ,  g) on (M, 11). 

Proof 
For any X, X'e fLC, we have 

- (£X£X'u)(U) = - {X(X'u(U) - u([X', U])) - X'u([X, U] ) 

+ u([X', [X, U]]) } 
= - u([X', [X,U]] ) by 8.2 and 8 .7 (i) 
= 2du(X', [X, U]) by 8.7 (i) as X, X' E fLC 

= 2g(X' , G [X, U]) + g(V X' U, V)v([X , U]) 

by 8 .3 (ii) as X'e fLC 

= 2g(X', G[X, U]) - u([X', V])v([X, U] ) by 8.7 (ii) . 

Hence for any X, X' E fLC we have 

TI(X, X) = - ((£X£X,u)(U)) + u([X' , V] )v([X, U]) 

= 2g(X', G[X, U]) 
= 2g([U, X] , GX') 
= 2g(J[V, X] , GX') 
= 2g([V, X] , GJX') 
= 2g([V, X] , KX'). 

Furthermore for any X, X' E rLc we have 

by 8.4 (vi) 
by 8 . 1 2  (ii) as GX' e r(f 

by 8.3 (iii) since g is Hermitian 
0 

- (£X£X,v) (V) = - {X(X'v(V) - v([X', V])) - X'v([X, V]) 

+ v([X' , [X, V]] ) }  
= - v([X', [X, V]]) by 8.2 and 8.7 (ii) 
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= 2dv(X', [X, V] ) by 8.7 (ii) as X, X'e ru 
= 2g(X', K[X, V] ) + g(V X' V, U)u([X, V]) 

by 8 .5 (ii) as X'e n__,c 
= 2g(X', K[X, V]) - v([X', U])u([X, V]) by 8 .7 (iv). 

Thus for any X ,  X' E I1} we have 

- (£X£X'v)(V) + v( [X' , U])u([X, V] ) 

= 2g(X' , K[X, V]) 

Therefore TI can be equivalently defined by 

= 2g([V, X] ,  KX') by 8.6 (vi) 
= TI(X, X ') by lemma 8 . 15 .  

V X , X'e n__,c _ 

We now use TI to classify complex Legendre foliations. 

Definition 8 . 16  
Let fF be a complex Legendre foliation on the complex contact metric manifold 
(M, G ,  � ,  11 ,  g) then 

(i) fF is a flat Legendre foliation if n = 0. 

(ii) fF is a non-degenerate (degenerate) Legendre foliation if TI is non-degenerate 

(degenerate). 
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Note that n can not be positive definite as for any X ,  X' E ru 

TI(X, X') = 2g([U, X] , GX') 
= 2g(J[U,X] , JGX') 
= - 2g([U, JX] , GJX') 
= - TI(JX, JX') 

by lemma 8 . 1 5  

since g i s  Hermitian 
by 8 .3 (iii) and theorem 8.9 

by lemma 8 . 15 . 

This shows that n cannot be regarded as a Hermitian metric on LC so n cannot be 
used to define a canonical complex metric structure. 

Lemma 8. 17 
Let g. be a complex Legendre foliation on the complex contact metric manifold 
(M, G ,  � '  11, g) then 

(i) 

(ii) 

g. is a flat complex Legendre foliation 
if and only if P<f( [U, X] ) =  0 

if and only if P<f([V, X] ) = 0 

g. is a non-degenerate complex Legendre foliation 
if and only if P<f([U, X] ) -:t:. 0 
if and only if P<f( [V, X] ) -:t:. 0 

These follow readily using Lemma 8. 15 .  

Theorem 8 . 1 8  . 
Let g. be a complex Legendre foliation on the complex contact metric manifold 
(M, G ,  �' 11 ,  g) then 

Proof 
Let {Xa, JXa, GXa, GJXa, U, V }  be a local orthonormal frame for reM with 
respect to g. 



Case 1: S: is degenerate 
By lemma 8 . 17 (ii) there exists an a such that the projection 

P<f([Xa, U]) = 0 

For this a we have 
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£
X 

g(GXa, U) = - g([Xa, GXa] ,  U) - g([Xa, U],  GXa) 
a 

= - 2 :t: O  

Case II: S: is non-degenerate 

Suppose 

Then for any a, � we have 

0 = £
X 

g(GXp, U) 
a 

= - g([Xa, GXp] ,  U) - g([Xa, U] ,  GX�) 

= - 2oa� - g([Xa, U], GX�) 

Thus for any a, � we have 

(a) 

For any a we also have 

0 = £
JX g(KX�, U) 

a 
= - g([JXa, KX�] ,  U) - g([JXa, U] ,  KXp) 

= - 2oa� - g([JXa, U] , KX�) 

by lemma 8 . 1 4  (i). 

by lemma 8. 1 4  (i). 

by lemma 8. 14(i). 



Hence for any a, � we have 

But also for any a, � we have that 

g([JXa, U], KX�) = g(J[Xa, U] , GJX�) 

= - g([Xa, U] , GX�) 
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by theorem 8. 9 

by 8.3 (iii) since g is Hermitian 
by (a), 

which is a contradiction. a 

The following corollary is a direct result of theorem 8 . 1 8. 

Corollary 8 . 19  
For a complex Legendre foliation 2F on the complex contact manifold (M, 11)  there is 
no complex contact metric structure (M, G, s, 11 ,  g) such that g is bundle-like. That 
is serni-Riemannian complex Legendre foliations do not exist. 

8 (d). C ONJUGATE COMPLEX LEGENDRE FOLIATIONS 

On a complex contact metric manifold (M, G,  s, 11, g) a subbundle, Le , of the 
complexified tangent bundle, 'J'CM, defines a complex Legendre foliation if, 

(i) Le is completely integrable. 

(ii) Le is of real dimension 2n. 

(iii) Le is a subbundle of the complexified contact distribution He. 



(iv) Lc satisfies the holomorphic condition, that is 
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For a complex Legendre foliation, g., on a complex contact metric manifold 
(M, G ,  �' 11 ,  g), as Gla: is an isomorphism and GU = GV = 0, the subbundle 
q = GLc ={GX I X e U } is a real 2n-dimensional subbundle of He. Suppose Qc is 
completely integrable then Qc defines a foliation whose leaves are real 2n­
dimensional integral submanifolds of 11· But this foliation will only be a complex 
Legendre foliation if Qc also satisfies the holomorphic condition. So we get the 
following definition of the conjugate complex Legendre foliation. 

Definition 8 .20 
Given a complex Legendre foliation g. on a complex contact metric manifold 

(M, G ,  �' 11 ,  g). If Qc defines a complex Legendre foliation g. on (M, G ,  �, 11 ,  g) 

then g. is the conjugate complex Legendre foliation of g._ 

Lemma 8 .21 
If g. is a complex Legendre foliation on a complex contact metric manifold 

(M, G ,  �' 11 ,  g) then the conjugate complex Legendre foliation g. exists if and only if 

i) Qc is completely integrable. 

ii) 

Note QC could also be defined as Qc = KLc = {KX I X e Le } .  

We give an example of a non-degenerate complex Legendre foliation whose 
conjugate exists and is flat. 



Example 8 . 1  : Non-degenerate complex Legendre foliation 
Let 

M =  C3 - { (z1 , �· z3) I cos z3cos i}+ sinz3 sin i} = 0 } } 

= { (z1 , z2, z3) I zi E C, cos z3 cos i} + sinz3 sin i} :;; 0 } 

and 

Then we have 

which by calculation gives 

1 
11 1\ dll = - 4 (dz1 1\ dz2 1\ dz3 ) 

:;; 0 everywhere on M. 
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Hence (M, 11) is a complex contact manifold, with complex characteristic vector field 
given by 

Thus 
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Let (G, s, 11, g) be the complex contact metric structure of (M, 11) given by 

0 0 0 1 0 0 

0 0 0 0 1 0 

1 0 0 0 0 0 � g = -
8� 1 0 0 0 0 0 

0 1 0 0 0 0 

0 0 ll 0 0 0 

0 0 0 0 0 smz3 
0 0 0 0 0 - cosz3 
0 0 0 - sinz3 cosz3 0 

G = 
0 0 smz3 0 0 0 
0 0 - cosz3 0 0 0 

- sinz3 cosz3 0 0 0 0 

Where � = cosz3cos i3+ sinz3 sin Z3 · 

Consider the vector fields 

Then we obtain the vector fields 

Y =  GX 
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It can be shown that {X, JX, Y, JY } is a onhonormal frame of He with respect to g. 

By  calculation we have 

GU = O  

GV = O  

GX = Y  

GJX = - JY 

GY= - X  

GJY = JX 

Calculating the Lie brackets we get 

[X, U] = - 2Y 
[JX, U] = - 2JY 
[Y, U] = 0 

[JY, U] = 0 

[X, Y] = 2U 

[JX, Y] = - 2V 
[X, JX] = 0 
[U, V] = 0. 

KU =0 

KV =O 

KX = - JY 

KJX = - Y 

KY = JX 

KJY = X. 

[X, V] =  2JY 
[JX, V] = - 2Y 
[Y, V] = 0 

[JY, V] = 0 

[X, JY] = - 2V 

[JX, JY] = - 2U 
[Y, JY] = 0 

It is clear that [W, W'] = 0 for all W, W' e span { X, JX } so this is a completely 

integrable submanifold of real dimension 2. Also X and JX belong to He and the 

holomorphic condition 8 . 1 1  (ii) can be verified from the Lie brackets. Thus 
Le = span { X, JX } defines a complex Legendre foliation, 5, with Qc = span { Y, JY } .  

S imilarly Qc defines 5 the conjugate complex Legendre foliation of 5 .  
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From the Lie brackets it can be seen that S: is a non-degenerate complex Legendre 

foliation while S: is a flat complex Legendre foliation. 

8 (e). KAHLER CONTACT MANIFOLDS 

A Hennitian manifold (M, J, g) is a Kahler manifold if and only if the Levi-Civita 
connection of g satisfies 'VJ = 0. 

By theorem 3.2 page 128 Yano and Kon [ 1 6] the condition 'VJ = 0 is equivalent to 

the almost complex structure having no torsion and the fundamental 2-form <l> being 

closed, that is, N = 0, and d<l> = 0. 

Suppose S: is a complex Legendre foliation on a complex contact metric manifold 

(M, G ,  � .  ll ,  g) such that the Hennitian manifold (M, J, g) is Kahlerian, then the 
leaves of S: are Kahlerian submanifolds of real dimension 2n. Yano and Kon [ 1 6] 

proposition 1 . 1  page 1 8 1 ,  gives the following theorem 

Theorem 8.22 
If S: is a complex Legendre foliation on a complex contact metric manifold 

(M, G ,  �. 11 .  g) such that the Hennitian manifold (M, J, g) is Kahlerian, then 5= is 
harmonic. 

From the work of Vaisman [ 3 1 ]  we get the following theorem when a complex 
contact metric manifold (M, G, �. n .  g) is also a Kahler manifold. 

Lemma 8.23 
Let S: be a complex Legendre foliation on the complex contact metric manifold 

(M, G ,  �. n .  g) such that (M, J, g )  is a Kahler manifold.Then 

(i) £
X

g(W, JW') = g([W, W'] ,  JX) '1/ W, W' E ILcl., '1/ X E ILc. 
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Furthermore if ff the conjugate complex Legendre foliation of ff exists then 

(ii) £
y

g(W, JW') = g([W, W'] , JY) 

'V W, W'E f(LC Ef) Ec), 'V y E  rQc. 

Proof 
Let <I> be the fundamental 2-form of (M, J, g) which is defined by 

<I>(W, W') = g(W, JW') '<;/ W, W' E flCM. 

Note that for a Kahler manifold the fundamental 2-form is closed, that is d<l> = 0. 

(i) As (M, J, g) is a Kahler manifold for any X E ru and any W, W' E fLC.l 
we have 

0 = 3d<I>(W, W', X) 

= Wg(W', JX) + W'g(X, JW) + Xg(W, JW') - g([W, W'] , JX) 

- g([W', X] , JW) - g([X, W] , JW') 

= Xg(W, JW') - g([X, W] ,  JW') - g(J[X, W'] , W) 

- g([W, W'] , JX) 

= Xg(W, JW') - g([X, W] , JW') - g([X, JW'] ,  W) 

= £
X

g(W, JW') - g([W, W'] , JX), 

which implies that 

- g([W, W'] , JX) 

by 8. 1 1  (ii) 

£
X

g(W, JW') = g([W, W'] , JX) V W, W' E fLc.l, V X E rLc. 

-

(ii) S uppose ff the conjugate complex Legendre foliation of ff exists then as 

(M, J ,  g) is  a Kahler manifold for any W, W '  E r(Lc Ef) Ec) and for any 
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y E  rQc we have 0 = 3d<I>(W, W', Y) .  Hence similar to the proof of (i) ­

using lemma 8.2 1 (ii) we obtain 

£
yg(W, JW ') = g([W, W'] ,  JY) 

Theorem 8 .24 

V W, W'e rcLc $ Ec), V y E  rQc. 
0 

Let S: be a complex Legendre foliation on a complex contact metric manifold 

(M, G ,  �' 11 , g) such that (M, J, g) is a Kahler manifold and S: the conj ugate 

complex Legendre foliation of S: exists then 

(i) S: is a non-degenerate complex Legendre foliation. 

(ii) S: is a non-degenerate complex Legendre foliation. 

Proof 
Let { Xa, JXa, GXa, GJXa, U, V }  be a local orthonormal frame for TcM with 

respect to g. 

(i) Sup pose S: is degenerate then by lemma 8. 17 (ii) there exists an a such that 

Pcf([Xa, U]) = 0, 

and using theorem 8.9 as J: (f -7 (f this implies that 

For this a, and any � we have 

0 = g([Xa, U],  GX�) 
= - g([Xa, U] , J(JGX�)) 
= £

GJX 
g(Xa, JU) 

� 

since J2 = - I 
by 8 .3 (iii) and lemma 8 .23 (ii) 
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= - g([GJX�, Xa] ,  JU) - g([GJX�, JU] , Xa) 

= - 28a� - g([GJX�, JU] ,  Xa) by 8. 1 (i) and lemma 8 . 1 4  (ii) 

= - 28a� + g([GJX�, U] ,  JXa) 

by lemma 8.21 (ii) as g is Hermitian, 

which implies that 

Furthermore for this a, and any P we have 

0 = g([JXa, U], GJX�) 

= - g([JXa, U],  JGX�) by 8 .3  (iii) 

= - £
GX g(JXa, JU) by lemma 8 .23 (ii) 

� 
= g([GX�, JXa] ,  JU) + g([GX�, JU] ,  JXa) 

= - 28a� + g([GX�, JU] ,  JXa) by 8. 1 (i) and lemma 8 . 14 (ii) 

= - 28a� + g([GX�, U],  Xa) by lemma 8 .2 1  (ii) since P = - I , 

which implies that 

But we also have 

g([GJX� , U] , JXa) = g(J[JGX�, U], Xa) 

by 8.3 (iii) since g is Hermitian 
= - g([GX�, U] ,  Xa) by theorem 8.9 

= - 28a� by (b), 

which contradicts (a) hence 5' can not be degenerate. 

S imilar to (i). Cl 
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From theorem 8.24 we get the following corollary. 

Corollary 8 .25 
Let S: be a complex Legendre foliation on a complex contact metric manifold 

(M, G ,  s ,  11 ,  g) such that S: the conjugate complex Legendre foliation of S: exists. If 

S: or S: is a degenerate complex Legendre foliation then (M, J, g) is not a Kahler 

manifold. 

This corollary is illustrated by 

Example 8. 1 :  S: is a non-degenerate complex Legendre foliation on the complex 

contact metric manifold (M, G ,  s, 11, g) . By calculation we obtain 

3d<I>(JY, V, JX) 
= JY<I>(V, JX) + V<I>(JX, JY) + JX<I>(JY, V) 

- <l>([JY, V] , JX) - <I>([V, JX] ,  JY) - <l>([JX, JY] , V) 
= g([JY, V] , X) + g([V, JX] , Y) - g([JX, JY] ,  JV) 

= 2g(Y, Y) + 2g(U, U) 

= 4 :�:- 0. 

This implies that (M, J, g) is not a Kahler manifold, which is 

consistent with corollary 8 .25 as S: the conjugate of 5 exists but is a 

flat complex Legendre foliation. 

8 (f). C OMPLEX K-CONTACT MANIFOLDS 

Definition 8 .26 
A complex contact metric manifold (M, G, s, 11 ,  g) is a complex K-contact manifold 

if s is a Killing vector field with respect to g. 
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Theorem 8 .27 

A complex contact metric manifold (M, G, �. TJ ,  g) is a complex K-contact manifold 

if and only if U and V are Killing vector fields with respect to g. 

Proof 

As � = i (U + iV) we have, 

Thus 

if and only if 

Lemma 8.28 

£ g = O  u 

For a complex K-contact manifold (M, G,  �. TJ ,  g) 

(i) 

(ii) 

g(W, GW') = du(W, W') 

g(W, HW') = dv(W, W') 

V
W 

U = - GW 

V V = - KW 
w 

and 0 

V W, W' E f!CM, 

V W, W' E f!CM. 

V W  E f!CM, 

V W E  f!CM. 



Proof 

(i) As U is a Killing vector field for any W E flCM we have 

O = £
u

g(V, W) 

= g(V
V 

U, W) + g(V, VW 
U) 

= g(V, VW 
U) 

Thus by 8 .3  (ii) and 8 .5 (ii) we have 

g(W, GW') = du(W, W') 

and 

g(W, KW') = dv(W, W') 

(ii) From part (i) for any W, W' E f!CM we have 

2g(W, GW') = 2du(W, W') 

= Wu(W') - W'u(W) - u([W, W']) 

23 1 

by 8 . 10 (i) . 

V W, W'E r'[CM 

= Wg(U, W') - W'g(U , W) - g(U, [W, W']) 

Hence 

by 8 .4 (v) 

= g(V'
W 

U, W') - g(V
W

, U, W) 

= - 2g(W, V 
W' 

U)  a s  U i s  a Killing vector field. 

V
w

U = - GW V W E  f'TCM 

and similarly 

V W e  f!CM. 



(iii) For any W e !fCM we have 

Thus 

0 = 2g(W, GU) 

= 2du(W, U) 

= Wu(U) - Uu(W) - u([W, U]) 

= - { Uu(W) - u( [U, W]) }  
= - { (£

U
u)(W) } .  

Furthermore since for any W e  !fCM 

du(W, U) = g(W, GU) 

= 0  

we have 

£
U

ctu = i (U)d(du) + d(i(U)du) 

= 0 . 

Thus for any W, W' E f!CM we obtain 

0 = (£
U

du)(W, W') 

= Udu(W, W') - du([U, W] , W') - du(W, [U, W'] )  
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by 8.4 (i) 

by part (i) 

by part (i) 

by 8.4 (i), 

= Ug(W, GW') - g([U, W] , GW') - g(W, G[U, W']) by part (i) 

Hence 

= £
U

g(W, GW') + g(W, (£
U

G)W') 

= g(W, (£
U

G)W') as U is a Killing vector field. 
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and similar! y 

0 

Theorem 8.29 
Let S: be a complex Legendre foliation on a complex K-contact manifold 

(M, G ,  �' 11, g) such that the conjugate complex Legendre foliation of S: exists, then 

the conjugate is of the same classification as S:. 

Proof 

Let { Xa , JXa, GXa, GJXa, U, V }  be a local orthonormal frame for TcM with 

respect to g. 

Then from lemma 8 .27 (iii) for any a we have 

and 

Thus theorem follows by lemma 8 . 17 .  

Example 8 .2 : Flat complex Legendre foliation on a complex K-contact manifold 

Let 

and 

M = C3 

= { (z1 , z2, z3) 1 zi E C }  

0 
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Then we have 

which by calculation gives 

1 11 !\ d11 = 4 (dz1 !\ dz2 !\ dz3) 

;e O  everywhere on M. 

Hence (M, 11 ) is a complex contact manifold, with the complex characteristic vector 

field given by 

Thus we obtain the global vector fields 

Let (G, S,, 11 , g) be the complex contact metric structure on (M, 11) given by 

0 0 0 1 0 � 
0 0 0 0 1 0 

1 0 0 0 z2 0 1 + z2z2 g = -
8 1 0 z2 0 0 0 

0 1 0 0 0 0 

z2 0 1 + z2� 0 0 0 
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0 0 0 0 z2 0 

0 0 0 0 0 1 

0 0 0 0 -1 0 
G =  

0 
-

0 0 0 0 z2 
0 0 1 0 0 0 

0 -1  0 0 0 0 

Consider the vector fields 

Then we obtain the vector fields 

Y = GX 

JY = JGX 

Note that X, JX, Y, JY, are global vector fields and that {X, JX, Y, JY } is an 

orthonormal frame of He with respect to g. 

By calculation we have 

GU = O  

GV = O  

GX = Y  

KU = O  

KV = O  

KX = - JY 



GJX = - JY 

GY= - X  

GJY = JX 

Calculating the Lie brackets we get 

As 

We have 

[X, U] = 0 

[JX, U] = 0 

[Y,  U] = 0 

[JY, U] = 0 

[X, Y] = 2U 

[JX, Y] = - 2V 

[X, JX] = 0 

[U, V] = 0. 

[ W, U] = 0 

£
U

g(W, W') = 0 

KJX = - Y 

KY = JX 

KJY = X  

[X, V] = 0 

[JX, V] = 0 

[Y, V] = 0 

[JY, V] = 0 

[X, JY] = - 2V 

[JX, JY] = - 2U 

[Y, JY] = 0 
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V W E  fTCM such that g(W, W) = 1 .  

V W, W' E rfCM such that g(W, W) = g(W', W') = 1 .  

This implies that U i s  a Killing vector field with respect to g .  S imilarly the Lie 

brackets show that V is a Killing vector field with respect to g. Hence by theorem 

8 .26 (M,G, �' 11 ,  g) is a complex K-contact manifold. 

It is clear that [W, W'] = 0 for all W, W' E span {X, JX } so this is a completely 

integrable submanifold of real dimension 2. Also X and JX belong to He and the 
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holomorphic condition 8 . 1 1  (ii) can be verified from the Lie brackets. Thus 
Le = span { X, JX } defines a complex Legendre foliation, S:, with Qc = span { Y, JY } .  

Similarly Qc defines S: the conjugate complex Legendre foliation of S: . 

From the Lie brackets it can be seen that S: and S: are flat complex Legendre 

foliations. 

Also by calculation we obtain 

3d<l>(JY, V, JX) 

= JY<l>(V, JX) + V<l>(JX, JY) + JX<l>(JY, V) 

- <l>([JY, V] ,  JX) - <l>([V, JX] , JY) - <l>([JX, JY] , V) 

= g([JY, V] , X) + g([V, JX] , Y) - g([JX, JY], JV) 

= 2g(U, U) 

= 2 -:F- 0. 

This implies that (M, J ,  g) is not a Kahler manifold which is consistent with 

corollary 8.25 as S: and S: are flat complex Legendre foliations. 
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