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Abstract

One of the open questions in relation to the control of amplitude and frequency
of breathing is why a particular pattern of breathing is observed. This thesis
explores the hypothesis that the particular combination of breathing frequency
and amplitude realised, is optimal with respect to some objective function. Several
objective functions have been suggested in the literature, such as the rate of work
during inhalation, the average force exerted by the respiratory muscles, and the
weighted sum of volumetric acceleration and work during inhalation; all of these
objective functions were studied using 1D models and all provided physiologically
acceptable minima under normal conditions. The thesis investigates optimal
solutions of mathematical models that range from 2D to 6D and reflect more
accurately the coupling between lung mechanics and gas exchange. It shows how
published 6D and 5D models can be reduced to new 3D and 2D models. At its
simplest, the 2D model consists of two piecewise linear differential equations.
The use of higher dimension models require a new definition of the optimization
problem as minimizing a given objective function subject to several constraints,
such as satisfying the differential equations and maintaining one of the variables
at a given average value. The optimal problem can be solved analytically in the
case of the simplest 2D model, using concepts from optimal control theory. The
analytical solution is used to verify a numerical algorithm that is then used to solve
the more complex models. Solutions of the optimization problem for the different
objective functions, previously suggested in the literature have been calculated. In
all the optimal solutions found in this thesis, the duration of inhalation is equal to
the duration of exhalation. However, under normal conditions, the time duration
of inhalation is expected to be shorter than that of exhalation. This might be
resolved by imposing additional constraints or by proposing a different hypothesis

to explain why a particular pattern of breathing is observed.
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Nomenclature

Variables and parameters used in this thesis

Symbol Meaning Unit
t Time (Independent variable) S
Py Pleural pressure mmHg
Py Alveolar pressure mmHg
Va Alveolar volume l
fo Alveolar concentration of O,
fe Alveolar concentration of CO,
Po Partial pressure of O in the blood mmHg
Pec Partial pressure of CO, in the blood mmHg
Pao Partial pressure of O in alveoli mmHg
Pac Partial pressure of CO, in alveoli mmHg
z Concentration of HCOs3
q Airflow though airways Is7!
Po Average partial pressure of O, in the blood mmHg
Dec Average partial pressure of CO; in the blood mmHg
R(t) Ramp signal
Xm Muscle displacement m
F Driving force (2D Model) Is71
Y, Linear transformation of f; (2D Model ) s1
Y, Linear transformation of f, (2D Model) st

Table 1: Variables used in the various models.



Nomenclature

Symbol | Meaning Value

k1 Recoil rate constant of muscles 2571

ko Conversion constant 1ms!

o Conversion constant 25 mmHg m™!

Py, Mouth pressure 760 mmHg

Pw Vapor pressure of water at 37°C 47 mmHg

Pro Constant related to pleural pressure 55mmHg

E Lung’s elasticity (Normal) 25mmHg 7!
(Diseased) | 1.4 mmHg ™! «

R Resistance to flow (Normal) 1.0 mmHg s 17!
(Diseased) | 2.6 mmHg s ™! «

fom Concentration of O, in the mouth 0.21

fem Concentration of CO in the mouth 0

Vr Tidal volume 0.41

Vb Dead space volume 0.151

Ve Capillaries volume 0.07 1

T Respiratory period 5s

11 Heart beat period 60/72 s

w Respiratory angular frequency 2n/4rad st

D, Diffusion capacity of O, (Normal) 35x107* s mmHg™!
(Diseased) | 0.875x107* [ s ! mmHg™! «

D, Diffusion capacity of CO, ~ (Normal) 7.08x1073 s ! mmHg™!
(Diseased) 1.77x1073 157! mmHg_1 *

Cy unit conversion factor 25.426 1 mol™!

o Solubility of O, in plasma 1.4x 109 mol I"! mmHg™!

o Solubility of CO, in plasma 3.3x10° mol I"' mmHg™!

Ty, Concentration of hemoglobin 2x1073 mol I}

h Concentration of H* 107" mol I}

o Dehydration reaction rate 0.12 571

I Hydration reaction rate 164 x 103 I st mol™!

o Acceleration rate 1019

Kt Equilibrium constant in 10* I mol™!

the hemoglobin saturation function

Kg " 3.6 x10° [ mol™!

L " 1.712

a Parameter of the 2D model 2551

B " 2.295 571 %

% " ~0.058 mmHg ™! 57! «

Table 2: Parameters used in the various models. All the values are taken from [7]
except values with * which have been estimated in this thesis.



Chapter 1
Introduction

Respiration in mammals is a continuous process, which starts from the moment of
birth until the end of life. The primary function of the respiratory system is to bring
air from the atmosphere into a close contact with blood in the lungs, where gas
exchange takes place. Blood circulation around the body delivers oxygen (O,) from
the lungs to the tissues and carbon dioxide (CO,) from the tissues to the lungs to
meet metabolic demands [35]. The breathing control system is set up to maintain
partial pressures of CO, and O, within a physiological range. Variations in blood
CO, and O, levels trigger a change in the rate and amplitude of breathing; in turn,
breathing affects the amount of CO, and O in the blood.

The ventilatory response to lack of O, or excess of CO, can vary significantly
between individuals. In some cases, the response consists mainly of an increase
in breathing amplitude, in others it consists mainly of an increase in breathing
frequency and in some cases, an increase in both amplitude and frequency is
observed. Furthermore, physiological levels of O, and CO; in the blood can be
achieved with multiple combinations of breathing frequency and tidal volume
(volume of air inhaled in one breath). But why a specific combination of amplitude

and frequency is observed remains a mystery.

The aim of this thesis is to check the hypothesis that the particular combina-
tion of breathing frequency and amplitude realized, is optimal with respect to
some objective function. Several objective functions are explored using a range
of mathematical models. In this Chapter, we review the relevant physiology of

the control system. We then discuss the optimization of the respiratory system
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and models that incorporate both mechanical and chemical components. At the
end we discuss the theory of optimal control and its application to the respiratory

system.

1.1 The Respiratory Control System and its Modelling

The respiratory control system consists of receptors, controller and affectors that
work collectively to ensure that physiological levels of O, and CO, are maintained
in the blood. There are two types of sensors that provide feedback to the respi-
ratory control system, chemical and mechanical, known as chemoreceptors and
mechanoreceptors respectively [10], [16]. These inputs play the most important
role in adjusting the respiration in terms of tidal volume and the duration of in-
halation and exhalation.

There are two types of chemoreceptors: the peripheral chemoreceptors and central
chemoreceptors. The peripheral chemoreceptors are located in the aortic and
carotid bodies [41], [52], [59]. They sense and react to variations in blood partial
pressure of O, as well as CO,; a decrease in the blood partial pressure of oxygen
stimulates the carotid sinus nerve which leads to a change in ventilation and brings
the oxygen level back to normal [3], [72]. The central chemoreceptors are located
in the brainstem and are sensitive to changes in the level of partial pressure of CO,
and pH in their close environment [21], [26], [33]. The central chemoreceptors are
the main respiratory receptors in the breath-by-breath control of ventilation under
normal conditions [75]. However, in extreme conditions, O, (through the periph-

eral chemoreceptors) also affects the breath-by-breath control of respiration.

Alongside these chemoreceptors, the mechanoreceptors are responsible for non-
chemical respiratory regulation. These receptors are located in the bronchi’s wall!
of the lungs [20]. The response of these sensors is higher with a decrease in lung
compliance (measure of the lung’s ability to expand and stretch) [76]. During
inflation, these sensors become active and send signals to the brainstem via the
vagus nerve [22]. There are pure deflation activated receptors, which only respond
to deflation of the lungs and are mainly observed in small mammals like mice, cat
and rabbit [1], [45], [54].

IBronchi are the tubes through which the air travels to and from the lungs.



1.1 The Respiratory Control System and its Modelling

The respiratory controllers are located jointly in the region of the medulla ob-
longata and pons in the brainstem [10], [16], [19], [48], [55]. Studies suggest that
the respiratory neurons have a dense population in three centers: (1) the dorsal
respiratory group (DRG) which is located in a dorsal portion of the medulla, (2) the
ventral respiratory group (VRG) located in ventrolateral portion of the medulla,
and (3) the pontine respiratory region (PRG) located in pons [10], [30]. All together,
the DRG, VRC and PRG create the central pattern generator (CPG) of respiration
[44], [68]. They receive signals from respiratory related mechanoreceptors and
chemoreceptors, adjust the breathing pattern and send signals to the motor nerves

to generate movement of the respiratory muscles [18], [71].

Mathematical modelling of the respiratory system started after World War II, dur-
ing which many fields of science and technology have emerged. One of them was
control theory which later was used to study the quantitative nature of ventilation
control. Gray [27] introduced the first model in which the controller as well as the
controlled system were considered as black boxes and the system was restricted
to a static view (steady state). This formed a simple relationship between lung

ventilation and partial pressures of O, and CO- in the arteries.

The first dynamical control model of the respiratory system was proposed by
Grodin et al. [29], where the arterial CO, was considered as a respiratory regulator
and a variation in it affected the minute ventilation. In 1967, Grodin et al. [28]
upgraded their previous model by introducing several sources of delay along with
cerebral blood flow and cerebrospinal fluid (CSF) compartment that exhibited the
effects of p H on ventilation. This upgraded model was tested for a few different
scenarios such as the increased inspired fraction of CO,, exercise test and holding
the breath. Mixed results were achieved in general, but the result of the exercise
test did not match the experimental observations. Saunders et al. [67] modified
the model of [28] by incorporating cyclic ventilation, variable lung volume, dead
space volume, a blood shunt and a different equation of the controller along with
the elimination of CSF compartment. In 1999, Cabera et al. [12] presented a model
with four compartments including an alveolar compartment and different tissue
compartments such as skeletal muscle (muscles in the lower extremities), splanch-

nic (e.g. liver, stomach and intestines) and other tissues (which include the heart,
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brain, and the rest of the tissues). The model used the same ventilation controller
equations as those developed by [28] and [67]. Farhi and Rahn [23] proposed a
model of CO; storage, in which the total CO, of the body was stored in four com-
partments and connected through the circulation of blood. This model expressed
more accurately the impact of variation in ventilation on the stored CO, at steady
state. However, during the initial few minutes of either hyperventilation or apnea
(pauses in breathing), the rate of change of CO, was higher than those predicted
by other studies [14], [25]. A model with a nonlinear controller was used to study
the stability properties of the respiratory control system [40]. The model included
two compartments: lumped body tissues and lungs, which were connected by the
blood circulation. In 1991, this model was upgraded to stimulate breathing during

sleep [39]. The Grodin model was still used recently [58].

While the Grodin model evolved, other envelopments were taking place. The
publication of the Hodgkin Huxley model in 1952 [36] revolutionized the field of
physiology by introducing electro-physiology and modelling at the neural level.
More details about the respiratory neural network were discovered and models of
the respiratory central pattern generator (CPG) were developed. Of note is the dis-
covery of the Pre-Botzinger Complex [70]- a population of excitatory neurons that
are essential for breathing. Models of the neural circuitry range from 3 equations
[11] to hundreds of equations [64], [65]. See [2], [24], [60] and [61] for a review of
the different models developed at the neural level. There were a few attempts to
couple the models at the neural level with models of the lungs [7], [8], [49]. How-
ever, none of these models can control both frequency and amplitude of breathing
in response to inputs from all the chemoreceptors and mechanoreceptors. For
example, in [8], amplitude is controlled in response to changes in O, and CO,
but there is no control of frequency. While in [7] there is control of amplitude
and frequency but only in response to changes in CO,. One of the difficulties in
coupling mechanical models of the lungs to models of the neural circuitry is our
lack of understanding of why a particular combination of breathing frequency and

amplitude is selected by the neural system.

This thesis is motivated by the need to understand how the respiratory CPG regu-
lates the breathing amplitude and frequency . Early and recent models that treated

the respiratory CPG as a black box provided some useful insights about the res-
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piratory system but did not distinguish between the frequency and amplitude of
breathing; instead they considered minute ventilation as a control variable. This
prevents the use of studies at the neural level which found that there is separate
control of amplitude and frequency of breathing. Observations of the breathing
response to changes in O, and CO, concentrations led physiologists to look out
for criteria by which the body sets a particular breathing frequency and amplitude.

We discuss these studies in the next section.

1.2 Optimization of the Respiratory System

Rohrer [62] was one of the first to indicate that the frequency of breathing may be
selected by minimizing the mechanical respiratory work rate with the assumptions
of passive expiration, equal durations of inspiration and expiration and constant
flow rate during inhalation. He used a simple lung model in which the relationship

between the respiratory pressure and volume is given by:

Prs=E,s VRV (1.1)

where, P, represents the respiratory pressure required for breathing. V represents
the lung’s volume. E,; and R, represent the respiratory elastance and resistance
to airflow respectively. Rohrer developed the following formula for the work rate

(energy consumption per unit time) of the respiratory muscles during inhalation:

E i
W RRohrer = (2_;: + 2Rrs) (VA + ]CVD)2 (1.2)
where V4, Vp and f are the alveolar minute ventilation (the amount of air involved
in gas exchange per minute), dead space volume and respiratory frequency respec-
tively. The values obtained by minimizing Eq. (1.2) were similar to human resting
breathing frequency. Otis. et al. [53] added non-linear resistance into the model in

Eq. (1.1) and represented it as:
Prs=Ers V+ Ry V+Qrs Vz (1.3)

where Q,; represents the respiratory resistance due to turbulence. By considering

a sinusoidal airflow pattern, this gave the following mathematical expression for
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the work rate during inhalation for a given constant alveolar ventilation [53]:

E,, m° . 5 2m? ) 3

WRois = (ﬁ + ZR,s) (Va+ fVp) + TQ,S (Va+ fVp) (1.4)
The optimal breathing frequency that minimizes Eq. (1.4) was again consistent
with observations. The work rate criterion was confirmed by observations during
light exercise [46], however, Mead [47] found that the work rate criterion did not
explain the variations in breathing frequency during light to severe exercise. So, he
came up with a new criterion — that the optimal frequency is close to that which
minimizes the average force developed by the respiratory muscles. By considering
a sinusoidal airflow and the resistance due to turbulence, he found the following

formula for the optimal frequency :

1/3

VA Ers )2/3
=|— 1.5
fMead (VD) (ZﬂRrS (1.5)

The optimal frequency from the above expression is slightly higher than that which
optimizes Eq. (1.4). Mead found that the frequency from Eq. (1.5) is close to
human breathing frequency at all levels of exercise. This gave a better prediction

for breathing frequency than work rate mainly during exercise.

It was also suggested that neither the pressure integral nor the mechanical work
are individually minimized over an inspiration. This means that the optimization
criterion may involve the weighted sum of energy expenditure and work [4]. It was
believed that the quick variations in the rate of airflow might have certain harmful

effects. The weighted criterion sum was introduced as [31]:
) Ti ) r .
](VA):f [Vj+61PrsVA]dt+f [Vi+0,P%]dt (1.6)
0 T;

where 0, and 6, represent the weights; T and T; are the durations of inhalation and
whole breath respectively. In Eq. (1.6), the criterion for inspiration consists of the
weighted sum of the square of the alveolar acceleration and the mechanical work
produced by the respiratory muscles during inhalation while during expiration,
the term of mechanical work was substituted by the integral square of the driving
pressure. The cost function of inspiration was modified further by adding a term

that was responsible for the efficiency loss of gas exchange with muscular load [32].



1.3 A6D Lung Model

It was suggested that an optimum controller might balance the energetic needs
with metabolic needs of the body [57].

In all of these studies, a simple lung model was used (see Eq. (1.1)) where the
function of gas exchange was not involved directly (instead, effective minute venti-
lation was used). In our study, we consider more detailed lung models, which can
calculate how a variation in breathing frequency leads to a change in alveolar gas
concentrations. The use of more detailed lung models requires a new definition
of the optimization problem which we introduce in Chapter 3. We then solve the
newly defined optimization problem directly (i.e. for a given driving function)
similar to what has been done before. In Chapter 4 and 5, we search for an optimal
“driving function” i.e. we do not assume a particular shape of this function. This sig-
nifies another difference between our work and previous studies and also requires
the development of new methodologies for solving the optimization problem. In
the following sections we describe the lung models we use that have already been
published in the literature. We then review the literature for solving an optimal

driving function.

1.3 A 6D Lung Model

In our study, we consider a flexible lung model with gas exchange and gas transport
developed by Ben-Tal [5]. It includes both mechanical (pressure, volume and
airflow) and chemical (level of carbon dioxide and oxygen) components of the
respiratory system. In the flexible model, the airways are represented by a single
pipe with resistance R. The alveolar region is considered as a container with a
moving plate as shown in Fig. 1.1 (a). Gas exchange and gas transport are modelled
by a 'conveyor’ model, shown in Fig. 1.1 (b), in which the transit time of blood in
the lungs (where gas exchange takes place) is the same as the interval between

two consecutive heart beats. The system of differential equations for the 6D lung



Introduction

model is [5]:
@_E(p _p)+ﬁ (1.7)
de R YT ar .
dfc 1
E:?A[Dc(pc_Pac)+(fci_fc)Qi_fc(Do(pO_puO)+D6(pc_pu0))] (1.8)
d 1
dfl“o :V_A[Do(po—pao)"'(foi_fo) qi = fo (Do (Po— Pao) + D (Pe = Pac))] (1.9)
dp. D, 6l
_ _ ““hz+6 1.10
PT, CuUCVC(paC pc)+o_c Z+0r2pc ( )
d D AT, dS(po)\ ™
4t~ o, ( - d;fo ) Pao = Po) Y
u C [
dz
—:6rgacpc—6lghz (1.12)

dat

Vi Ly
Pao  Pac

==

(a)

Diffusion

/

| I]l Dissolved gas _|)

Binding to hemoglobin

Binding to water

Saturated

Hemoglobin

Bicarbonate

/ /
\___\,___ \___v___
Blood in right ventricle Blood in capillaries

Heart beat Heart beat

(b)

Fig. 1.1: Schematic description of the 6D model. (a) The lung is assumed to be a
single container with a moving plate. (b) Blood transport is modelled as a conveyor
model. R—overall resistance to airflow; k;—spring constant (lung elastance, E, is
equivalent to kg/ s2, where s is the area of moving plate), g—airflow. P,—pressure
in the lung, P,,—pressure at the mouth. f, and f; are the concentrations of O,
and CO; in the alveoli. p,, and p, are the partial pressures of O, and CO» in the
alveoli. p, and p. are the partial pressures of O, and CO; in the blood [5].

Where, P4 is the pressure in the alveoli; f, and f, are the concentrations of carbon

dioxide and oxygen respectively in the alveoli; p. and p, represent the blood partial

pressures of carbon dioxide and oxygen respectively; z is the blood concentration
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of bicarbonate, P; and P,, are the pleural and mouth pressures respectively (the
mouth pressure is assumed to be constant in this study); V4 is the lung’s volume.
The airflow, g is assumed to be proportional to the pressure difference between
the mouth and the alveolar region; p,. and p,, are the alveolar partial pressures of
carbon dioxide and oxygen respectively- they are calculated as p,. = fo(Pa— pw)
and pg,o = fo(Pa — pw) where p,, is the vapor pressure of water at 37°C. D, and
D, are the diffusion capacities of carbon dioxide and oxygen respectively; g; is
the inspired airflow; f;; and f,; are the inspired concentrations of oxygen and
carbon dioxide respectively; V; is the capillary volume; o and o are the solubility
of oxygen and carbon dioxide in plasma respectively; T}, is the concentration of
hemoglobin; I, is the hydration reaction rate; 6 is the acceleration rate; r» is the
dehydration reaction rate; h is the concentration of hydrogen ions and S(p,) is the

saturation function of hemoglobin. The volume of the lungs V, is:

1
Va= E(PA_PL) (1.13)

The airflow, g is:
1
q= E(Pm_PA) (1.14)

The inspired concentration of oxygen is:

V. V;
foi:{ . fo T<VD (1.15)
V_T(fOVD+f0m(VT_VD)) Vr=Vp

where Vr, Vp and f,,, are the tidal volume, dead space and the concentration of
oxygen in the mouth. By replacing f,; , fo and f,5, in Eq. (1.15) by f;i, fc and fcm

respectively we get the inspired alveolar concentrations of carbon dioxide..

The saturation function of hemoglobin is [5], [50]:

_ LKrapo(1+Kr0p,)’ + Kpopo (1 +Kropo)’

(1.16)

S(po)

(1+ KTapo)4 +(1+ KRUp0)4

where L, Kt and Ky are parameters.

The model assumes that after every heartbeat, a new bolus of blood enters the

lungs. Therefore, we re-initialize p,, p. and z after every heart period, T;. We
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also store the values of p, and p. just before the re-initialization as p,, and p,
where, p,. and p., represent the partial pressure of O, and CO, in the arterial

blood, which is supplied to the body.

1.4 A5D Lung Model

The 6D lung model introduced in the previous section was later reduced by Ben-Tal
et al. [6]. This was done by averaging the partial pressure of Oz (p,) and CO: (p.)
over one heart period. In the 6D model, we have to reinitialize the values of p, and
p. after every heartbeat which makes them discontinuous. The 5D model does
not require a re-initialization of the blood partial pressures, therefore it is easier to
find the optimal breathing pattern by using this model. This model is continuous
and smooth during inhalation and exhalation but not necessarily in the transition

from inhalation to exhalation.

Let T; be the transition time of the blood in the lungs, which is also assumed

to be the duration between two consecutive heartbeats. The average p, and p,

during this transition time is represented by p, = TLL fOTL podtand p, = TLL OTL pcdt.

By rearranging Eq. (1.11) and using % d Lo = 45 we get:

= — (Pao— po) - ——2 1.17
dtr CyuoV, (Pao = Po) o dt ( )

By using Eq. (1.10) and (1.12), we have:

dp. D¢ (Do — )_ldz (1.18)
dt  Cuo.V, Pac = Pe o.dt '

Now we integrate both sides of Eq. (1.17) and (1.18) from 0 to 77 and by assuming
that the partial pressures of O, and CO, in the lungs do not change much during

this short transition time, the following system of differential equations is obtained
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[6]:
dpc D, i
- 1.19
dt Cu ch(paC pe)+ lhT [pCO pc] ( )
ap D
dto — Cuo-OVC (Pao— Po) + [S(Poo) S(po)] (1.20)

where, p., and p,, represent the level of partial pressures of CO; and O in the
blood when it enters the lungs for gas exchnage. The alveolar concentrations of
03 (fo) and CO; (f:) do not change much during the transition time. Therefore,
the differential equations for P4, f. and f, in this model are the same as for the 6D
model. However, the variables p. and p, are replaced by p. and p, respectively in
Eq. (1.8) and (1.9) and represented as:

dfc :i[ ( pac) (fci_fc) Qi_fc (Do (ﬁo_pao)"‘Dc (ﬁc_pac))] (1.21)

% i[ ( Pao) (foi_fo) fO( (

~ Pao) + De (Pe = Pac))]
(1.22)

The differential equations for the 5D model, consists of Eq. (1.7) and (1.19) -
(1.22). The expression representing the volume of the lungs, airflow and inspired
concentration of O, and CO, are the same as in the 6D model (see Eq. (1.13), (1.14)
and (1.15)).

1.5 Optimal Control Theory

Optimal control theory of ordinary differential equations was first introduced
by Lev Semonovich Pontryagin and his students [56] and is now well known. It
is fundamentally an expansion of the classical variation technique of Lagrange,
Euler and Hamilton [15]. This method is used to find an optimal controller of a
dynamical system in the presence of constraints.

Consider the minimization of

t
W= f](t,x, udt (1.23)

Iy
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subject to the differential equation:
x(0)=g(,x,u) (1.24)
with boundary conditions:

X (to) = Xo, x(tf) =x¢

where x and u are the state and control variables respectively. Let H be the Hamil-

tonian of the problem which is:
H=Jt,xu)+AT (1) g(t,x,u) (1.25)

where A(f) is an unknown adjoint vector function, also known as Lagrange multi-

plier. By substituting Eq. (1.25) into Eq. (1.23) we get:

Iy
W= . (H-AT () x(t))dt (1.26)
If #p and 77 are fixed and the system of differential equations is continuous, the
optimization problem can be transformed into a boundary value problem of an
augmented set of differential equations [56], [43]. The augmented set of differential
equations is:

- 0H
Ai (1) = g
1

where, A; is the Lagrange multiplier asociated with state variable x;.

(1.27)

The optimization problem can also be solved when the terminal time is free [42],
[73] and the state variables are fixed and/or free at the initial and terminal times (Xq
and/or xg are fixed and/or free) [42], [73] . The constrains can also be augmented
by adding an algebraic constraint (i.e. the control and state variables satisfy an
algebraic relationship) [9], [42] and an interior point constraint (a state variable
has a particular value at some point of time between the initial and terminal times)
[9], [34], [74], [17]. The optimization problem can also be solved if the system of
differential equations is piecewise continuous with fixed and free time durations
[37].

The idea of optimal control theory was used to study the breathing pattern. By
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considering a simple lung model (Eq. (1.1)) and minimizing the work of breathing,
the airflow pattern during inhalation was found to be constant [77]. Similarly,
another study [63] showed that when the work rate was taken as a cost function,
the optimal flow was a constant. The same study also investigated minimizing
the average force and found that there was no optimal solution for a constant
resistance. However, the optimal air flow had a triangular shape (i.e. it increased
linearly with time during inspiration) for a dynamic resistance when Q,s was in-
cluded (see Eq. 1.3) [63]. When the work was optimized and the resistance to
flow was taken as nonlinear (Eq. 1.3), an optimal ratio between the inhalation and

exhalation durations satisfied the following cubic equation [38]:

3
(%) - RZIQEVT (%)_ Q;ETE =0 (1.28)
Re+ (2 ) \Te) Qe (52
Here, subscripts I and E represent the parameters and variables during inhala-
tion and exhalation respectively. T is the time duration, R and Q represent the
resistance to airflow and resistance to turbulent flow respectively, and V7 is the
tidal volume. By ignoring the resistance to turbulent flow (Q; = Qg = 0) and as-
suming that the resistance to airflow is the same during inhalation and exhalation
(Rr = Rg > 0), then the solution of Eq. (1.28) shows that the durations of inhalation

and exhalation are the same.

All the studies described in this section, where the optimal breathing pattern
(optimal shape of driving force) was found, have used a 1D linear model for the
lungs in which gas exchange was not taken into account directly. In most of the
studies, the duration of inhalation and exhalation was considered as a fixed con-
stant value. Compared with more general optimal problems that have been solved
in the past, our problem has some additional difficulties. Our system of differential
equations is piecewise and the transition between phases is defined by the rate
of change of one of the state variables. Additionally, one of the parameters in the
model (the tidal volume) as well as the time durations are part of the optimization
problem. We therefore had to develop some new methodologies for solving the

optimization problem which we describe in Chapter 4.
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1.6 Conclusions

Physiological levels of oxygen and carbon dioxide in the blood are tightly regu-
lated. This is mainly done by varying the frequency and amplitude of breathing.
Early models of respiratory control treated the system as a black box model, where
minute ventilation (the amount of inhaled air per minute) was taken as the con-
trolled variable. This did not provide a distinction between frequency and ampli-
tude of breathing because the same minute ventilation can be achieved by various
combinations of frequency and amplitude. Studies of breathing control at the
neural circuitry level found that there are distinct mechanisms for controlling the
amplitude and frequency of breathing. However, why a specific combination of
breathing frequency and amplitude is observed, remains a mystery. This thesis
explores the hypothesis that the observed combination of breathing frequency and
amplitude is optimal with respect to some objective function. Different objective
functions were studied previously such as the work rate and the average force
developed by the respiratory muscles during inhalation; all used 1D models. In
this thesis, we consider higher dimension models that reflect more accurately the
coupling between lung mechanics and gas exchange. We reviewed two previously
published models, which we will use in this thesis, labelled as the 6D model (see
Section 1.3) and the 5D model (see Section 1.4). We present in Chapter 2 other
models we will use in this thesis that have not yet been published. These are
simplifications of the 5D model and a slight modification of the 6D model. The
use of more detailed lung models requires a new definition of the optimization
problem, which we present in Chapter 3. We also show in Chapter 3 solutions of
the optimization problem when the driving force is a given function. Following
previous studies (see Section 1.2), we solve the problem for a sinusoidal driving
force. We go further by comparing solutions for other driving functions. The opti-
mization problem is more difficult when the driving force is not given. In Section
4.1, we reviewed methods for solving similar optimization problems using ideas
from optimal control theory. Our problem has additional difficulties as the system
of differential equations contains piecewise nonlinear equations with a few of the
parameters (tidal volume, and the durations of inhalation and exhalation) that are
unknown. This requires the development of new methodologies for solving the
optimization problem, which we present in Chapter 4. We also show in Chapter

4 an analytical solution of the optimization problem for a 2D piecewise linear
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model and a numerical algorithm we developed and used to solve the optimization
problem when the objective function is the work of breathing. The methodology
developed in Chapter 4 is used in Chapter 5 to solve the optimization problem for

other objective functions.






Chapter 2
Lung Models

The respiratory system is a highly complex control system and it is very difficult
to define or explain its behavior without the aid of some form of a mathematical
model. In this thesis, we use several models that represent the respiratory system at
various degrees of complexity. Some of these models have been published before
and have already been described in detail (see Sections 1.3 and 1.4). In this chapter,
we discuss additional modifications of the 6 D model. First we show how we couple
the 6D model to a neural signal. We then discuss a reduction of the 5D model to
3D and 2D models. A summary of all the models we use in this thesis is given in
Fig. 2.3.

2.1 Coupling a Neural Signal with the 6D Model

To represent the pleural pressure more accurately, we couple the the 6D model (see
Section 1.3) with a representation of a neural signal. Fig. 2.1 shows a schematic
description of the coupled model. In this model the brainstem transmits an electric
signal to generate contraction of the respiratory muscles. We assume that at the
muscle level, the force generator is in the waveform shown in Fig. 2.1 and depicted
by R, (#) (this mimics a "ramp signal"). The ramp signal enables us to generate a

more realistic pleural pressure with inspiration time different from expiration time.

The movement of the muscles x,, is modelled by [7]:

dxy,

W = —klxm+k2Rp(t) (2.1)
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Fig. 2.1: Coupling a neural signal with the 6D model. R, is a representation of
ramp signal from the brainstem. All other symbols have been described in Fig. 1.1.

and the pleural pressure, Py is taken as [7]:

where P, and P represent the pressure at the mouth and the pressure difference
that normally exists between the pleural cavity and the atmospheric pressure re-
spectively. k; represents the recoil rate constant of muscles whereas k; and k, are
conversion constants. The other equations of the 6D model are unchanged and
are given in Section 1.3 (see Eq. 1.7 to 1.12).

Under normal conditions, the brainstem sends a signal to the breathing mus-
cle during inhalation only. We assume that the ramp signal starts with amplitude
k, and increases linearly as shown in Fig. 2.2. The parameter k,, is also a control
parameter that changes the amplitude of the pleural pressure [7]. We also assume
that the rate of increase of the ramp signal during inhalation, «, is constant and is

independent of other parameters.
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Fig. 2.2: The ramp signal, R;,. T; and T, are the durations of inhalation and exhala-
tion respectively

The ramp signal R, (1) is:

k,+at 0<t=<T;
Ry, = 2.3)
0 T;<t<T
By solving Eq. (2.1), the muscle movement becomes:
(Xmo—A)e k1 + A+ Bt 0<t<T;
Xm = KT ki (t=T)) (2.4)
((xmo—Aye ™Mli+ A+ BT;)eU~1) Ti<r<T
_AekIT oK1 (T-T;) 3
where, X0 = (A If\:_ilT ;l)e . , B = k,?—la and A= k212+3. T and T; represent

the breathing period and the duration of inhalation respectively. The plueral

pressure can then be written as:

(Xmo—A)e !+ A+ Bt 0<t<T;
PL=Pp—Pr—kp (2.5)
(Ccmo—A e MTiv A+ BT;)e M=) T<t<T
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2.2 Reduction of the 5D Model

The aim of model reduction is to replace a high dimensional model with a simpler
model that contains the essence of the original behavior under study. Therefore by
solving a simpler model one can still observe the behavior of the original model.

In this section, we discuss the reduction of the 5D model to 3D and 2D models.

2.2.1 3D Models
By using Eq. (1.13) and Eq. (1.7), we get:
aVa _ __VA+%(Pm—PL) (2.6)

Following [6], Assume that the rate of change of the alveolar volume represents the
airflow (¢ = V) and the respiratory exchange ratio is one, that is Dy (po — Pao) =
-D, ( Pc— pac). This assumption decouples the components of CO, and O in the
model, therefore, Eq. (1.21) and (1.22) become

dfe _ 1 s _ Vr=Vp e

At Vy [Dc (Pe=Pac) +( v )(fcm fe) Vai 2.7)
and

dfo _ i = Vr—=Vp B -

At V, [D" (Po=Pao) +( v )(fom fo) Vai 2.8)
where, V,; = {VAU) ; VA(t) >0

0 s Va0

As we have Pac = fc(PA_ Pw) = fc(EVA + P — pw), Pao = fo(EVA + P — pw) and
fem =0, we get:

dfc

=—D.f, [E+ Fr- +D (VT_VD)V' (2.9)
dt B cle Va CVA Va Vr Al '
and
daf, [ (PL—pw)] Po . (fom=fo) (VT—VD) ,
=—Dof, |[E+ —"2 |+ D, 2 + Vi 2.10
dt ofo VA OVA VA VT Ai ( )
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Eq. (2.6), (2.9) and (1.19) represent the 3D model that explains the variation in
the level of CO; in the lungs and blood during gas exchange, whereas Eq. (2.6),
(2.10) and (1.20) represent the 3D O, model. These models are similar to a model
described in [6]. The difference is that here we assume that the airflow is equal
to the rate of change of the alveolar volume (g = V4). Another difference is that
Eq. (2.6) describes the rate of change of the alveolar volume rather than the rate of

change of the alveolar pressure as is done in [6].

2.2.2 2D Models

Let us assume that the blood flow in the lungs is so fast that there are no changes in
the level of partial pressures of CO, and O, in the blood during gas exchange. This
assumption further reduces the dimension of the models. Let p. and p, represent

the constant value of the partial pressure of CO, and O, respectively. This gives:

dfc [ (pL_pw) 19:(: fc (VT_VD) ;
— = D fo |E+ |+ DL - 2| —— | Vy; 2.11
dt efe Vi Vi Vil Vg A (2.11)
and
dfo (PL—pw)] Po (fom—fo)(VT—VD) :
=-D E+——— D,— Vi 2.12
dr ofo + Va + oVA+ Va Vr Ai ( )
. Valt) 3 Va)>0
where, Vy; = (1) .A( ) >
0 ;0 Va) <0

Eq. (2.6) and (2.11) form the 2D non-linear model , which represents the vari-
ation in the level of CO; in the lungs during gas exchange. Similarly, Eq. (2.6) and

(2.12) represent the variation in the level of O,.

Pr— 5 5 -
We now assume that the oscillations in M Pe i Po and M

Va ’ Va ’ Va ’ Va Va
are relatively small compared to their average values. By taking these ratios as

P —
constant we eliminate the non-linearity from the 2D models. Let (L—pu}) =Kj,

&:KZ’_EZKS,%=K4and—(fom_f°)

= K5, we get:
VA VA A VA 8
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d Vi—Vb) .,
2%z—DJﬂE+ﬁ%H%Q+K% a D%@i (2.13)
T
and
d Vo —Vp) ..
ﬁ:—DdﬂE+ﬁyu%m+K4 a D)mi (2.14)
dt Vr

Eq. (2.6) and (2.13) (or (2.14)) represent the 2D linear model of gas exchange
for CO, (or O,) in the lungs (here we assume that V7 is constant). By using the
transformations Y, = D, f. (E+ K;) — DK, and Y, = D, f, (E + K1) — D,K4, we can

rewrite the 2D linear model in the form:

dYC VT_ Vd .
=—-D.(E+K)Y.+D.(E+K7) K3 Vai (2.15)
dt Vr
and
dy, Vr—Vy)\ ..
T, =—-D,(E+Ky)Y,+D,(E+Kj) Ky Vai (2.16)
T
p,,—P E
Now let F = mR L, a= 7 B =D.(E+K;) and y = D, (E + K;) K3, therefore we
have:
Vat)=—aVa(t)+F (1) (2.17)

YV Vy() 5 Va) >0

Yc(t):—ﬁyc(f)+{y( Vr ) (2.18)
0 ;o Val) =0

If we assume that T is the period of F(¢), thatis F(t+ T) = F(¢) forall T and T; €
(0, T) such that V, is strictly increasing in the interval (0, 7;) and strictly decreasing

in the interval (T}, T) then equation (2.18) can be expressed as:

. ViV, ) ; 0<t<T;
Kxn:—ﬁxxn+{y(‘ﬁ )A() < ' (2.19)
0 ;o Ti<tsT

and we add two more boundary values for V4(1): VA(T;) = V7 + B and V4(T) = B,
where B represents the volume at the end of expiration. When we substitute actual

values, we get ¢ and >0 and y <0.
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EQ. (2.6) and (2.14) exchange for O,

Fig. 2.3: A summary of the models used in this thesis.

2.3 Checking the Assumptions We Made

In sectiom 2.3, we have reduced the 5D model to the 3D and 2D models by using
some assumptions. In this section, we discuss the effect of those assumptions on

the variables. For this, we consider the pleural pressure as a sinusoidal [5]:
Vr . Vr
P; =P, — Rw7 sin(wt) —E|B— > cos (wt) (2.20)

Now we solve the 5D model by using the sinusoidal pleural pressure defined above.
P " S -

L=Pw Jom=Jo Po fe 4 Pe

1% V4 Vi Vy V4

these ratios over time for the 5D model, we have observed that the variations in

We computed . Fig. 2.4 shows the variation in

)

these ratios are within 5% of their average values.

For the 2D model, we consider these ratios as constants and take their average
values. Fig. 2.5 shows a comparison of the 5D and the 2D models. It shows that
the average values of f, for the 5D and 2D models are close to each other for the

same tidal volume (V7) and breathing frequency (f).

2D nonlinear model of

2D linear model of gas

2D nonlinear model of

2D linear model of gas
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Fig. 2.4: Variations in ratios over time for the 5D model using a sinusoidal Py, when
Vr=04land f = % s7L.
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Fig. 2.5: Comparison of the solution of V4 and f; for the 5D and 2D models for a
sinusoidal Pz, when Vr =0.4 [and f = & s



Chapter 3
Optimization Problem

Breathing frequency and amplitude are regulated so that gases levels in arterial
blood are maintained at physiological levels. It is therefore natural to raise the
question under what criteria the system selects a particular combination. In this
chapter, we explore the hypothesis that the selected combination of frequency and
amplitude of breathing is an optimal solution. First, we define the optimization
problem in general and when the shape of the driving force for breathing is given.
We then solve the optimization problem with the predefined driving force for the
6D and 2D models.

3.1 General Formulation of the Optimization Problem

The aim of this study is to find the optimal combination of breathing frequency
(f) and amplitude (V) that minimizes some cost function (CF), with certain

constraints.

min CF 3.1)
f!VT

subject to:
(i) The model equations are satisfied.

(ii) The system is at steady state. For our purpose this means periodic with period
T.

(iii) The average value of one or two variables at steady state are constants.
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In the 2D linear model, constraint (iii) refers to the average value of Y, (or Y,) over

one period, which is maintained at a constant given value, Y,

1 T
Y= —f Y.(t) dt (3.2)
T Jo

The variable Y, provides a measure of CO, concentration in the lungs (recall that
Y. = D.(E+ K3) f. — D:K;, where, f; is the concentration of CO; in the lungs). Sim-
ilarly, Y, provides a measure of O, concentration in the lungs. In the 6D model,
constraint (iii) refers to the average values of partial pressures of O, and CO, in
arterial blood which are maintained constant at steady state. This reflects the
observation that the breathing pattern tightly regulates the blood levels of O, and
and in particular the levels of CO;.

Solving the optimization problem using the 6D model is too difficult, so we ad-
dress it instead in two steps. First, we compute the combinations of frequency and
amplitude of breathing that maintain specific level of gases in the blood. Then, we

substitute the calculated values into the given cost function and find its minimum.

Step 1: We compute the combinations of breathing frequency and amplitude that

= \_c(p*)12 _* 12 1
minimize a new cost function: y; [%] +12 [pc;*?”)] ,where P, (; fot poedr)
o c

and pee (% fot pcedr) are the averages of p,. and p.. respectively over a long time,
pX and p} represent the fixed level of partial pressure of oxygen and carbon diox-
ide respectively which we try to maintain and S(p,.) represents the saturation
function of hemoglobin at p,.. It is observed that the ventilation of breathing is
more sensitive towards p. than to p,., that is why we have used the saturation
function of hemoglobin in our cost function instead of partial pressure of oxygen
directly. The constants y; and y» represent the weights for maintaining the level of
O, and CO;, in the arterial blood. In order to maintain the specific level of p,. only,
we need to substitute y; =1, y2 =0, and y; =0, y2 = 1 for maintaining the level of
Pce Only.

We minimize this new cost function subject to the following constraints:
(@) The system of differential equations (1.7 — 1.12) is satisfied.

(b) The system is at steady state with period T.
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(¢) poe and p.. have constant average values at steady state, pye = % fOT Poedt and
_ T
Pce = %fo Peedt.

Step 2: We solve Expression (3.1) using the specific combinations of frequency
and amplitude we found in Step 1 and compute the optimal combination among

them that minimizes the mechanical cost of breathing. So,

min CF (3.3)
fivr

Subject to the combinations of breathing frequency and amplitude from Step 1.

Our study is in two parts. In this chapter, we solve the optimization problem
as defined in expression 3.1 directly by providing the shape of the driving force
(P(¢) for the 6D model and F(t) for the 2D model) following Steps 1 and 2. In
Chapter 4, we find the optimal trajectory of the driving force by using ideas from

optimal control theory.

3.2 Direct Calculation Using the 6D Model

In this section we consider two different representations of the pleural pressure: a

sinusoidal function and a function that mimics the result of neural excitation.

3.2.1 Sinusoidal Pleural Pressure

The breathing of mammals is periodic in nature, hence, we consider the pleural

pressure as a sinusoidal function:
A
PL:Pm—PLO—E[l—cos(a)t+¢))] (3.4)

where P,, is the mouth pressure, Prg is the pressure difference that generally
exists between the mouth and the pleural cavity, A is the amplitude of the pleural
pressure and ¢ is a phase shift. After substituting P; into Eq. (1.7) and solving the
differential equation at steady state, we get:

ARw

Pu(t) =Py + ——
Al =P 2(E2 + R2w?)

[Rwcos(wt + ) — Esin(wt + )] (3.5)
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From Eq. (1.13), the alveolar volume V, is:

V(t)—A+2P°_ A [Ecos(wt +¢) — Rwsin(wt+¢p)]  (3.6)
AT THE T2 T RPw?) ¢ ¢ '

Now, we can find a phase shift ¢ such that inhalation starts at ¢ = 0 regardless of

Vsl =0and ddgf‘ >0 wegetgp= tan~! (82).

Inhalation takes place from t = O to t = 7, therefore, the tidal volume can be

other parameters. By using

calculated as:
A

— 3.7)
VE2 + R%0?

Vr=V4 (g) —V4(0) =

this implies,

A=VrV E?+ R2w? (3.8)

As w =25 f, the pleural pressure in terms of f and V7 can be written as:

P(t) = Py — Py — %VT\/EZ +472 f2R? [1 —COSQRuft+¢) (3.9)

and

¢=tan"! (ZJZR) (3.10)

—Vr =031

‘ @ | —Vr =041 | ‘(b)‘
:Z VT=0.5l
5;2 ;gf T
e
g

Fig. 3.1: Numerical simulation of the 6D model showing that breathing at the
same frequency with different amplitudes leads to different blood partial pressures.
(a) Arterial partial pressure of oxygen at the end of each heartbeat. (b) Arterial
partial pressure of carbon dioxide at the end of each heartbeat. In both figures,
(f=gs!, T =s). See Table 2, for all other values of parameters.
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We solved the 6D model with the pleural pressure given in Eq. (3.9) using the
built-in MatLab function odel5s. At the end of every heart period we stored the
values of p, and p. as py. and p., respectively, and reinitialized p,, p. and z.
These stored values represent the level of p, and p. in arterial blood. Fig. 3.1
shows how the levels of partial pressure of O, and CO, in arterial blood vary due
to changes in the tidal volume with fixed breathing frequency and heart beat. Now,
we find the combinations of breathing amplitude and frequency that maintain

given levels of p,. and pce.

(a) S ®
1.27 -_—p, = 90’mmHg 1 1.27
= p, =104 mmHg
1r po =118 mmHg| 1 1r
08 =08}
5N SN
06" 0.6}
0.4rf 0.4r
0.2 . 02l
0 : : : : : 0
0 5 10 15 20 25 0 5 10 15 20 25
f (Breath per min) f (Breath per min)

Fig. 3.2: The combinations of frequency and tidal volume that maintain the specific
level of (a) arterial O, only, (b) arterial CO- only.

Fig. 3.2 shows the numerical relationship between the tidal volume and the breath-
ing frequency that maintains the specific level of partial pressure of O, or CO, in
arterial blood under normal conditions. It shows that in order to maintain the
specific level of gases in the blood, if the breathing rate increases the amount of
inhaled air during each breath (tidal volume) has to reduce as expected. Under
normal conditions, the partial pressures of O, and CO; in the blood arteries are

about 104 mmH g and 40 mm H g respectively. In other words, we minimize

[(S(p'oe) — 5(104) )2 . (p'ce —40)2]

(3.11)
S(104) 40

As the model is nonlinear, this optimization was done using the iterative numerical

algorithm that is the Nelder-Mead simplex method and the Gauss-Newton method
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1.2¢

087

Vr (1)

0.6+

0.4

0.2}

0 5 10 15 20 25
f (Breath per min)

Fig. 3.3: Combinations of frequency and tidal volume that minimize 3.11.

to evaluate the optimal value of tidal volume against the given frequency of breath-
ing. For this, the MatLab built-in tool called fminsearch which is an application
of the Nelder-Mead simplex method was used to estimate the tidal volume. Fig.
3.3 shows the numerical relationship between the breathing amplitude and fre-
quency that maintains arterial partial pressures of O, and CO; at 104 mmHg and
40 mmH g receptively by minimizing Eq. (3.11). Next, Eq. (3.3) gives the optimal
combination of tidal volume and breathing frequency among these, by minimizing
the mechanical cost CF. We tested different mechanical cost functions under
normal conditions as well as on disease-affected lungs to find which of them could

represent physiological observations better.

Work Rate of Breathing

The work rate of breathing is one of the costs functions previously suggested in the

literature (see Section 1.2). The differential expression for work is:
dW:APrs'dVA (3.12)

where, P, = Py, — Py is the respiratory pressure required for breathing and AP, =

P,¢(t) — P,5(0) represents the change in the respiratory pressure from the end of
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expiration. The work done by the respiratory muscles during inhalation is:

o dav,
Wy = f AP, - —2 dt (3.13)
0 dt

By substituting (3.6), (3.8) and (3.9) into Eqg. (3.13) and calculating the integral, we
get:

vz .
W= = (4cos¢(Ecos¢p + Rwsing) + nRw) (3.14)

Using tan¢ = RT‘” (see Eqg. (3.10)), we get:

Rw
Sing = ———— (3.15)
VE? + R2w?
E
COS(h = —— (3.16)
VE? + R2w?
Let w = 27 f and substituting Eq. (3.15) and (3.16) into Eq. (3.14), we get:
Lo 1, 2
Wi = JEVi+ n*fRV] (3.17)

Here, the first term in the above expression represents elastic work which shows
the work done by the diaphragm and the intercostal muscles and the second term
represents the work done against the resistance of airflow. The work rate (power,

W Ry) is the work per breath times the frequency of breathing.

1 1
WR=f-W;= EEfVT2+Zn2Rf2VT2 (3.18)

The work rate during inhalation can be computed numerically by substituting the
function shown in Fig. 3.3 into Eq. (3.18). Fig. 3.4 shows the relationship between
W R; and the breathing frequency while maintaining the specific levels of gases in
the arterial blood. It shows that under normal conditions, the optimal frequency
is about 11.2 breaths per min and the corresponding tidal volume is 0.408 liters
(see Fig. 3.3), these values are within the observed physiological range for normal

conditions at rest.

We tested this mechanical cost function on disease-affected lungs, in which the
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0.12

0.1

0.08

Wi (mmHg | s™)

0.06

0.04 R —
0 5 10 15 20 25 30 35
f (Breath per min)

Fig. 3.4: Work rate (W Rj) as a function of breathing frequency for normal condi-
tions. Calculations are done using the 6D model for a sinusoidal pleural pressure.
See Table 2, for all values of the parameters.

patient loses the elasticity of the lungs and has difficulty to breathe due to high
resistance to airflow in and out of the lungs. The diffusion capacities of O, and
CO, reduce due to a decrease in the surface area between the alveoli and the blood
capillaries. This mimics a mild chronic obstructive pulmonary disease (COPD)

condition.

== Normal
== Diseased

0.1

0.08 -

Wi (mmHg 1 s™)

0.06 -

0.04 | | | | | |
0 5 10 15 20 25 30 3¢
f (Breath per min)

Fig. 3.5: Comparison of work rate (W R;) as a function of breathing frequency for
normal and diseased conditions. Calculations are done using the 6D model for a
sinusoidal pleural pressure. See Table 2, for all values of the parameters.

It is observed that a patient with affected lungs breathe with a higher rate com-

pared to normal [51]. However, Fig. 3.5 shows that the optimal frequency for
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disease-affected lungs is lower than for the normal condition. Hence, this shows a

movement of the optimal frequency in the wrong direction.

Total Work of Breathing

The total work of breathing is the sum of the work done by the respiratory muscles
during inhalation and exhalation. If we assume that the same amount of work
against the resistance to air flow must be overcome during expiration as during
inspiration, and that the elastic energy stored during inspiration is available to
aid expiration, then the inspiration work can be calculated by Eq. (3.17) and the
expiatory work by:

1 1
Wy = —EEVTZ + L—anRfVTZ (3.19)

The first term in the above expression represents the release of energy which was

stored due to the elasticity of the lungs. The total work of respiration becomes

1
Total Work = Ean fvr? (3.20)
D
0234 @) 0.8 —8 )
~ Normal Diseased
S 0.21¢ 0.7+
T
g
BSRE 06/
=2
S
= 017 0.5f
.\S p
€ 0.15 0.4}
&~
0.13 0.3
0 10 20 30 0 10 20 30
f (Breath per min) f (Breath per min)

Fig. 3.6: Total work as a function of breathing frequency for (a) normal and (b)
diseased conditions. Calculations are done using the 6D model with a sinusoidal
pleural pressure. See Table 2, for all values of the parameters.

Fig 3.6 shows the total work as a function of breathing frequency. Panel (a) shows
the total work under normal conditions and Panel (b) shows the total work in

diseased lungs. The optimal frequency in Fig. 3.6 (b) is about the same as the
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optimal value under normal conditions at rest. Hence, minimizing the WOB gives
a movement of the optimal frequency in the right direction. This cost function

might be worth considering with a different pleural pressure.

Weighted sum of the average square of volume acceleration and work

There is an hypothesis that the efficiency of muscle contraction is expected to
reduce with high accelerations as it does with high shortening velocities [13],
although there is no experimental evidence. The two-level hierarchical model [31]

used the following performance functional to be minimized during inspiration:

nlw
Jr= fo [Vi+(1AP, V4] dt (3.21)

This criterion may be interpreted as a weighted sum of the average square of vol-
ume acceleration and the mechanical work performed by the respiratory muscles
during inhalation. The coefficient {; is the weighting parameter and we used the
value calculated by [31] ({1=2.5 ] s> mmHg™"). By substituting for AP, and Vj,

we get:
1 1
Ji=nfPvi+ z(IEVT2 + anzl fRV? (3.22)
2
— Component due to Vj
—~ 16 = Component due to AP,V
O\; ' == Weighted cost function
o 1.2¢
S
+~
=
0.8
=
-
n
o)
O 047
0 /

0 5 10 15 20 25 30 35
f (Breath per min)
Fig. 3.7: Weighted cost function and its components as a function of breathing

frequency under normal conditions. Calculations are done using the 6D model
with a sinusoidal pleural pressure. See Table 2, for all values of the parameters.
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In Fig. 3.7, the blue and red lines represent the partition of the cost function due
to square volumetric acceleration and mechanical work respectively, and black
represents the total cost function. It also shows that at a low breathing rate, the
cost function is affected mostly by work done by the respiratory muscles because
the lung is almost maximally inflated due to high tidal volume. However, with
the higher breathing frequency and lower tidal volume, most of the cost function
is due to volumetric acceleration, whereas the work done is reduced due to the
small tidal volume. The weighted cost function of breathing has its lowest value
within the physiological range for normal conditions at rest. However, when we
test this weighted cost function on disease effected lungs, the optimal frequency is
slightly lower than the one under normal conditions which shows a movement of

the optimal breathing frequency in the wrong direction as shown in Fig 3.8.

2.5 | B

a0 == Normal
m: 2r == Diseased i
g
2 15¢
[}
g
=
2 1
)
O
55
= 0.5 1
o0
[}
s

0 5 10 15 20 25 30

f (Breath per min)

Fig. 3.8: Comparison of the weighted cost function (Eq. (3.22)) as a function of
breathing frequency under normal and diseased conditions. Calculations are done
using the 6D model with a sinusoidal pleural pressure. See Table 2, for all values of
the parameters.

3.2.2 Exponential Pleural Pressure

In the previous section we took the pleural pressure as sinusoidal with equal in-
spiration and expiration durations. In mammals, under normal conditions, the

durations of inhalation and exhalation are not the same and expiration is passive.
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Therefore, the sinusoidal function does not represent the breathing pattern ac-
curately. To address this we used an exponential pleural pressure calculated by
coupling a representation of a neural signal to the lungs (see Section 2.1) which

allows for variations in the durations of inspiration and exhalation.

We consider P; as defined in Eq. (2.5). We fix the duration of inspiration to
1.7, and let the variation in the breathing period be entirely due to the change in
the duration of exhalation!. First, we solve Eq. (1.7) and (1.13) and find the tidal
volume at steady state for a particular breathing frequency and k,,. Then we solve
the full system of differential equations (Eq. 1.7 - 1.12) by using the combination
of breathing frequency and k, and their corresponding tidal volume found in the
first step.

0 é 16 1‘5 26 2‘5 30
f (breath per min)
Fig. 3.9: Combinations of k, and breathing frequency (f) that minimize Eq. (3.11).

Calculations are done using the 6D model with the exponential pleural pressure
(see Eq. (2.5)) for normal conditions. See Table 2, for all values of the parameters.

For a particular breathing frequency, the variation in k;, leads to different arterial
partial pressures of oxygen and carbon dioxide. If the arterial partial pressure of O,
and CO, are maintained at 104 mmHg and 40 mmHg respectively (see Eq. (3.11)),
we can calculate the breathing frequency as a function of k;, (Fig. 3.9) and the tidal

volume as a function of breathing frequency (Fig. 3.10).

We then find the optimal combination of breathing frequency and tidal volume

among all the potential combinations shown in Fig. (3.10) for the cost functions

11f T; is not fixed and instead the ratio between T; and T, is fixed, there is no minimum.
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Fig. 3.10: Combinations of V7 and f that minimize Eq. (3.11). Calculations are
done using the 6D model with the exponential pleural pressure (see Eq. (2.5)) for
normal conditions. See Table 2, for all values of the parameters.

discussed in Section 3.2.1. Unlike the case of a sinusoidal pleural pressure, for the
exponential pleural pressure, there is no explicit analytical expression for those
cost functions. So, we solved numerically the complete system of differential equa-
tions (Eq. 1.7 - 1.12) and computed V, at steady state. This enabled us to find
the volumetric acceleration by numerical differentiation. We then computed the
different cost functions by numerical integration; for this we used MatLab built-in

function trapz.

0.14r == Normal 1
== Diseased
T 042 1
= 01 |
g
é 0.08 - 1
=
0.06 - 1
0.04 ‘ | | | |
0 5 10 15 20 25 30

f (Breath per min)

Fig. 3.11: Comparison of W; as a function of breathing frequency under normal
and diseased conditions. Calculations are done using the 6D model with an expo-
nential pleural pressure. See Table 2, for all values of the parameters.
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Fig. 3.12: Total work as a function of breathing frequency for (a) normal and (b)
diseased conditions. Calculations are done using the 6D model with an exponential
pleural pressure. See Table 2, for all values of the parameters.

Fig. 3.11, 3.12, and 3.13 show the work rate during inhalation, the total work and
weighted cost function respectively, all as functions of the breathing frequency.
They show that the optimal breathing frequencies associated with work rate and
the weighted cost function are within the physiological range (12-18 breaths per
minute) while the optimal frequency associated with the total work is slightly
higher under normal conditions. However, the optimal breathing frequencies

associated with these cost functions are lower than expected for diseased lungs.
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Fig. 3.13: Comparison of the weighted cost function as a function of breathing
frequency under normal and diseased conditions. Calculations are done using the
6D model with an exponential pleural pressure. See Table 2, for all values of the
parameters.
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3.3 Calculation Using the 2D Model

In this section, we consider F(f) as a predefined function. We solve the 2D lin-
ear model analytically, and also find the optimal V7 and T that minimizes the
given cost function, while maintaining a constant average value of Y.. As we
have Y, = D.f, (E + K1) — D:K», where D, E, K; and K> are constants (see Section
2.2.2),maintaining a constant average value of Y is equivalent to maintaining a

constant average value of concentration of CO, in the lungs, f..

3.3.1 A Sinusoidal F(¢)

Let
VT . aVT
F(t):?(wsmwt—acoswt)+7+aB (3.23)

where, B represents the volume of the lungs at its minimum under the action of

F(t). From equation (2.17), the alveolar volume is:
Vr
Va(t) :B+7(1—coswt) (3.24)

It is clear from equation (3.24) that V4(?) is an increasing function in the interval

no2n
0’ w

t € (0,Z) and a deceasing function in the interval ¢ € (2, 2Z) with a period T = 2Z.

By solving equation (2.19) we get an expression of Y;:

t

IA

ly =

2(f%+w?)

G e-ﬁt+w[ﬁsinwt—wcoswt] ;0
C2 e ) w

<
<t

IA

where, C; and C; are constants. By imposing the conditions of continuity at t = %
and periodicity of Y, Y,(0) = Y (2£), we get C; and C; as:

(Vr -V, )wze%ﬁ (Vr -V, )wze¥
Yoo p and C = yrop

Cl:Z(w2+ﬁ2)(e%ﬁ—l) 2(w2+/32)(e%ﬁ—1)'

Let Y,, be the average value of Y, that we have to maintain during each period at

steady state.

w (5
Yo = —f Y.(t)dt (3.26)
21 Jo
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By substituting (3.25) into (3.26), the period T can be expressed as:

_y(Vr - Vp)
- BYaw

T (3.27)
This gives a linear relationship between T and V (with V> Vp) that maintains
the specified average value Y,,. This relationship shows that the alveolar minute
ventilation (VT;TVD) is constant, which is one of the assumptions used by Otis et
al. [53]. Fig. 3.14 shows the solution for the alveolar volume V4 and variable Y, for
two different combinations of V7 and T that satisfy Eq. (3.27).

| | | |m— V7 =0.40 ]
2.87 — V7 =0.65
26 ]

2.4
2.2

Va (1)

0 2 4 6 8 10 12
Time(s)
X1 0'3‘

Yo (s7)
o

Time(s)

6.2

6.1

fe (%)

6.0 | | | | | |
0 2 4 6 8 10 12
Time(s)

Fig. 3.14: Solutions of V4(t), Y.(¢) and f.(¢) for two different values of Vr. Both
solutions maintain a specific value of Y,, = —0.0013, which is equivalent to f, =
6.1%. Calculations are done using the 2D model with a sinusoidal F(#). See Table
2, for all values of the parameters.
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The total work for the given sinusoidal function is:

T 1 , T’RVp?
W=R| FVydt=-RuoV*= (3.28)
0 4 2T

Among all combinations of T and V7 that satisfy Eq. (3.27), we need to find the
combination that minimizes the cost function (3.28). By substituting (3.27) into

(3.28), the cost function can be represented in terms of Vr only.

_ nzﬁ R YavVT2

(3.29)
2y(Vr —Vp)

0.5

0.4r

0.3}

021

0.1

Total Work (mmHg 1)

Fig. 3.15: Total work (W) as a function of Vr for the 2D model (see Eq. (3.29)). See
Table 2, for all values of the parameters.

For the optimal V7, we set STWTZO which implies that the optimal V7 is:
Vi =2Vp (3.30)

and the corresponding optimal period T is:

_ ¥

T" =
BYav

(3.31)

As can be seen, the optimal amplitude, only depends on the dead space, Vp, while

the optimal period, T*, depends on the dead space (Vp), the average value of Y,
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and the constant % Fig. 3.16 shows a comparison of the total work done during

each breath as a function of the tidal volume for the 6 D model and the 2D linear
model. The concentration of CO, f., was maintained at 6.1% and the driving
forces for both models are sinusoidal functions (see Eq. 3.4 and 3.23). As can be

seen both models have a minimum at Vy = 0.3 [ which is V; = 2Vp.

0.3+ mm 2D Linear Model i
= == 6D Model
> L
~ 0.25
g
£ 02
4
S 0.15)
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0 0.2 0.4 0.6 0.8 1
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Fig. 3.16: Comparison of total work as a function of V for the 6D model and 2D
linear model. For both models, the driving forces are sinusoidal and the average
values of CO, concentrations are maintained at 6.1%. See Table 2, for all values of
the parameters

3.3.2 AlLinear F(?)

In the previous section, we considered F(¢) as a sinusoidal function, in which the
duration of inhalation is half of the breathing period. In this section, we consider
F(t) as asimple linear function in which both the breathing period and the duration
of inhalation are free. The motivation for choosing this function will become clear

in Section 4.2. Let

(3.32)

aB+YL(1+atb) © 0<t<T;
F(t):{ Tl‘ 1

I_Q+ar—aT) ; Ti<t<T

aB+ To—T
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Substituting Eq. (3.32) into equation (2.17) and solving for the alveolar volume we

0<t<T;
(3.33)
T,<t=<T

get:
Vr .
B+ T t ;

Va(t) =
Al {B+T‘ZTTi(T—t) ;

The function V,(#) is increasing in the interval 0 < ¢ < T; and decreasing in the

interval T; < t < T. From equation (2.19) we get:
Cy e P4 10D ; 0<t<T;
Yo =4 pTi ’ (3.34)
Cye Pt ; Ti<ts<T

where, C3 and C, are constants. By imposing the conditions of continuity at ¢ = T;

and periodicity of Y, Y (0) = Y(T), we get C3 and C; as:
_y(Vp—Vp)ePT (1-ePTi)

Vr — Vp) (ePT — ePTi
C3 = Y( r D) ( ) and C4
BT;(1-ePT) BTi(1-ePT)
As Y,, is the average value of Y, (#) that we maintain during each period at steady
state:
1 T
Yoo = —f Y.(t) dt (3.35)
T Jo
By substituting Eq. (3.34) into Eq. (3.35) and solving for the period T we get:
Vr =V,
T = u (3.36)
ﬁ Ydl/

The relationship between T and V7 in this case is the same as we got when F(t)

was sinusoidal (see Eq. (3.27)).

The total work is:
r . RTVrp?
W:Rf FVpdt = ——— (3.37)
0 TT;-T;
By substituting T from Eq. (3.36) into Eq. (3.37), we get:
(3.38)

W YRV7?(Vy — D)
T;(y(Vr = Vp) = BTiYay)

By differentiating W with respect to V7 and T; separately and equating the deriva-
tives to zero we get the optimal amplitude V: = 2Vp and the duration of inhalation
Substituting V. into Eq. (3.36) gives the optimal duration T* = /gf,, .

YVb

* __
L = 357y
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The optimal amplitude V7 only depends on the dead space and the optimal dura-
tion of inhalation T;" is half of the period of breathing, which are the same results

as when F(t) was sinusoidal.

7 ‘ ‘ ‘ = Sinusoidal

265+ == [inear
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[, 55 ]
6
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Fig. 3.17: Trajectories of F(t) and solutions of V,(#) and Y,(f) when F(¢) is sinu-
soidal and linear. Both solutions maintain a specific value of Y,;, = —0.0013, which
is equivalent to f. = 6.1%. Calculations are done using the 2D model. See Table 2,
for all values of the parameters.

The solutions obtained when F(f) was linear and sinusoidal, are shown in Fig.
3.17 and the associated cost functions are plotted in Fig. 3.18. Notably, the phase
difference between F(t) and V4(¢) that is seen in the sinusoidal case does not exist
in the linear case. However, the linear function is discontinuous at £ =0, ¢t = T; and

t = T. Fig. 3.18 also shows that for every Vr, the linear function gives a lower total
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work per breath than the sinusoidal function.

0.6

05l == Sinusoidal

== [inear

0.4

0.3

0.2f

Total Work (mmHg 1)

0.1

0 0.2 0.4 0.6 0.8 1
Vr (1)

Fig. 3.18: Comparison of the total work as a function of V; when F(?) is sinusoidal
and linear. Both solutions maintain a specific value of Y,, = —0.0013, which is
equivalent to f; = 6.1%. Calculations are done using the 2D model. See Table 2, for
all values of the parameters.

3.4 Effect of Breathing Pattern on Gas Exchange for
the 2D Model

Eq. (3.27) and (3.36) show that the relationship between the tidal volume and the
breathing period is the same for two different breathing patterns for our 2D linear
model. In this section, we consider the alveolar volume (V) as a general Fourier
series and aim to find the relationship between T and V7 that maintains a specific
average value of Y, y,,, while satisfying the continuity and steady state conditions
for V4 and Y.

Let us consider V,(t) as a Fourier series:

Va(t) = ag+ Y [ancos(nwt) + by sin(nwt)] (3.39)

n=1
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Here we assume that the Fourier series converges and can be differentiated term

by term; note that this will be the case for a wide range of functions.

By substituting Eq. (3.39) into (2.19), and solving the differential equation for

Y., we get:
_ Vr-V,
Cre Pt + 7’(TV—TD) © % [ (nwan + Bby) cos (nw?)
Ye() = +(nwb, — Bay) sin (nwt) 0<r<T;
Cye Pt T;<t<T
(3.40)

where C; and C; are constants. By imposing the conditions of continuity at ¢ = T;
and periodicity of Y, Y.(0) = Y.(T), we get C; and C as:

Y(Vr—=Vp) & nw
- >

= Vr (1—ePT) i=p B2+ n? w?

(an nw+ by P) (eﬁT — ePTi cos(na)Ti))
- (bpnw-ay p) ePTisin (nwi) ] (3.41)

and

_ Y(Vr—Vp) i nw
Vi (1-ePT) iz B? + n? w?

+ (bp nw-ay p) ePlisin (nwi) ] (3.42)

C

(an nw+ by, B) (eﬁT" cos(nwT;) — 1)

Let Y,, be the average value of Y, that is maintained during each period at steady

state. . T
Yav = __f Y () dt (3.43)
T Jo

By substituting Y. (¢) from Eq. (3.40) into Eq. (3.43) and using (3.41) and (3.42), we
get:

Yav :M Z [an (cos(nwT;)—1) + b, sin(nwT;) (3.44)
Tﬂ Vr n=1

From the condition V,4(0) = B we get:

o0
ap+ ) an=B (3.45)
n=1
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and from the condition V4 (T;) = B + V1 we get:

ao+ Y_ lancos(nwT;) + bysin(nwT;)] =B+ Vr (3.46)

n=1

Subracting Eq. (3.45) from (3.46) we get:
Z la,, (cos(nwT;) — ay) + b, sin(nwT;)] =Vr (3.47)
n=1

Subtituting Eq. (3.47) into (3.44), and after rearrangement we get:

:Y(VT - Vp)
BYav

T (3.48)
This relationship between the tidal volume and the breathing period is linear and
independent of any Fourier coefficient. This shows that in the 2D linear model, the
average levels of CO; in the lungs are only affected by the tidal volume and the pe-
riod of breathing and are not affected by the shape of the driving force. This result

supports the physiological hypothesis that constant effective minute ventilation,
Vr—Vp

, could represent constant gas exchange in the lungs [66], [53] and [47].






Chapter 4
Optimal Control Problem

In the previous chapter, we defined and solved the optimization problem when the
driving force was a given function, and the optimal values of V7 and T (or alterna-
tively f~!) were unknown. In this chapter we develop the necessary conditions for
the solution of the optimal control problem, which enables us to find the optimal
driving force with optimal duration of whole breath (7) and inhalation (7;) for a

given V7.

4.1 Solution of the Optimal Control Problem
Consider a piecewise system of ordinary differential equations

gl(t)xr u) , t0< < Ti
x(0) = (4.1)
gtxu) ; Ti<t<T

where, x(¢) and u(t) are the state and control variables respectively, such that
x(t) € IR"” and u(t) € IR. Let us assume that u is periodic with period T, that is
u(t) = u(t+ T), and that x(¢) has some specified values at t = #p, T; and T.

We would like to find u(#) and T; such that the cost function W = |, [Z J(t,x,u)dtis

minimized subject to the following constraints:

i The differential system (4.1) is satisfied.

ii The system is in steady state. For our purpose this means periodic with period

T, thatis, x(ty) =x(tp + T).
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Following ideas from [42], we assume that there exists an optimal solution u* ()
and T} such that the cost function W is minimized, and that x* (¢) is the optimal
solution of the differential equations associated with u* () and T;". Suppose h(t)
is an arbitrary function and € and 6 are small scalar parameters. A non-optimal
u(t) can then be represented as u(t,€) = u* (t) + e¢h(t) and the non-optimal value
of T; can be represented as T; = T;" + 6. The corresponding solution of the dif-
ferential equations (4.1) is x(¢,¢,0), and € = § = 0 provides the optimal solution
x(t,0,0) =x* ().

This representation of u(t,¢€,8), x(t,€,6) and T;(6) leads to W being a function
of € and §. In addition, we add to the integrand the quantity: ATg(t,x,u) —A"x=0
where A(t) is an unknown vector function in the interval [#y, T']. The cost function

is then:

T;
W(e,6)=f [J(t,x1, u1) + A] () g1 (£, %1, u1) — A{ () %, ] dt
1

0

T
+f [](t,xz,u2)+)l2T(t) g (£,%, Up) — A5 (1) Xo|dt (4.2)

4

here, x; and u, represent the state and control variable in the interval ty < t < T;
respectively, whereas X, and u, represent these variables in the interval 7; <t < T.

We construct new quantities: H; = J+ A{ g1 and H, = J+ A, g, and get:

T;
Wie, ) =f [Hy (5,x1,u1,A1) - A] (%] dt
7
’ T
+/ [HZ(t)XZ) uZ)AZ) _A';— (t)XZ] dat (43)
T;

Asu=u*,x=x"and T; = Tl.* are optimal at e =6 =0, W (e, §) is optimal when the
variation in W (e, §) with respect to € and 6 is zero ate = 6 = 0. That is:

dW (e, 0) 0,520 0 (4.4)

where:

ow ow
dW (e, 0) —Ed(f‘l‘gd& (4.5)
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Differentiating Eq. (4.3) with respect to €, by using Leibniz’ integral rule,” we get

[
0€_t0

6H1 6x1 6H1 6u1 T 6X1]
—_— 4 A (H)— | dt
ox, 0c Ou; 0 1 (1) 5e

0H2 6xz 0H2 aug axZ
— - —-— 4.6
+f dxz 66+0u2 Oe 2() (4.6)
Using integration by parts we have:
OW 6 X1 0X2 0X2
— AL (T +A] () —| Ay (D) —=| +A, (T;

66 (T3) — de =1, 1(0) F) 1, 2( ) de T (T3) — de T,

f 6H1 le 6H1 Gul 0X1

+ +——+ (t)—

to 6x1 66 6u1 oe
4.7)

0H2 6X2 6H2 6Lt2 s T X2
—2E TR AT (=2 de
0x, 0c¢ Ou, Oe€ 2 (D) Oe

T
+f
T;

Now, differentiating eq (4.3) with respect to §, as T; = Ti* + 6, and using Libnitz

rule, we get:
OW T . T .
Fr3 =Hy (T;) = Ay (T)Xy (T;) — Ho (T3) + Ay (T) X2 (T7)
f 0H1 6X1 0H1 6u1 éxl
L GRS I
fo 0x1 ED ou; 06
T 6H2 aXZ 6H2 auz 0x2
e e 4.8
+le. o 3 Tom 205 (4.8)
Using integration by parts we have:
ow T . T .
Fri Hy (T;) = Ay (T)xy (T;) — Ho (T3) + Ay (T3) X2 (T)
0X1 0X2 0X2
~A! (T; Al () —| —A (T +AJ (T;
()a5tT+ (0)05tt0 2()66 2()55rT,~
6H1 6x1 6H1 ou T ]
— /’l —|dt
+ft0 ox, 06 ' ou 06 0
6X2
(4.9)

6H26X2 6H26u s T ]
A 22 ar
ox, 06 " ow e T2 W55

J,

Leibniz’s rule for differentiation under the integral sign states that
v of (x, 1)
! dt

d [vw dv d
I " f(x,t)dt—f(x,v(x))a—f(x,u(x))a +fu(x) PP
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By using Eq. (4.7) and (4.9), Eq. (4.5) can be written as:

AW (€,8) = Hi (T3) — H> (T7)] d6
— AL (1) ldx (T7) +% (T7) dO]
+Aj () ldxo (T7) + %o (T7) dO]
+ Ay (fo) dXily=g, — Ay (T) dXils=7

0H 0H )
+f o e+ 2 e AT (1 ax | ar
to Oxl ou
H.
+f O 2+Qdu+;t2 (D dxz|d (4.10)
OXZ ou
From Eq. (4.4), the optimal d W (e, 6) is:
dW (e, 6)|e:0,6:0 = [Hl (T*) ( l*)] as
AL(T7) [dx (T]) +%a (T7) 48]
+AT( ) dxz (T) + %2 (T7) d5]
+A] (to) Aaxili=gy — Ay (T) dxyl =1
0H 0H :
+f —Lax) + —du+A] () dx, | dt
to le 0
OH. OH.
+f ——2dx, + 2du+7t2 (D dxz|dt=0 (4.11)
0X2 ou

Borrowing ideas from [43] and [73], we note that the variation in the optimal x* (¢)
attime T7" is (see Fig. 4.1):
ox

ax(T}) =x(T}) -x"(T]) = — .

de+%

déd 4.12
35 (4.12)

t=T7
i

and the overall variation from the optimal state at T} is:

dxr, =x(T; +6) - x*(T}) (4.13)
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To estimate the variation dxr, we expand the function x(7;" + 6) around x(T;") by
using Taylor approximation and obtain:

dxr, = x(T}) +X(T})8 —x"(T})
= dx(T}) +x(T}) & (4.14)

Fig. 4.1: A graph showing the variation of the variable x from the optimum x* at
time T.
14

Therefore, Eq. (4.11) can be written as:

AW(e,8) = [Hy (T}) - Hy (T})] d6 - A (T})dxiz, + A, (T}) dxor,
+A[ (1) dxi (o) = Ay (T) dxy (T)

T [0H o0H :
+f —Ldx + —duy + Al (D dx, | dt
fo 6X1 0u1
T[0H: OH. .
+f 0% o+ 222 Gy + AT (1) dxo | dt (4.15)
Ti* 0X2 Oug

For Eq. (4.4) to be satisfied the following conditions are required:

. aHl .. T 5H1
—1_o Ar=-_1

) 6u1 (1) 1 axl
e 6H2 . - 6H2
(lll) a_uz:O (ZU) A;—:_a_)(z

() A () dxy (o) — Ay (T)dx2(T) =0

wi) Al (TF)dxir,— A, (T})dxer, =0
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(i) H(T})-Hy(T])=0

Conditions (i) and (iii) are used to find ©; and u, as functions of xand A. Conditions
(ii) and (i v) are used to construct additional differential equations for the Lagrange
multiplier functions in the interval 0 < < T; and T; < t < T respectively. If the state
variable x is fixed at any boundary point(fy, T; and T), then dx at this point is zero
and the associated Lagrange multiplier function at that point is free (unknown).
If the state variable is free at any boundary point, then the Lagrange multiplier
function at this point needs to be set to zero. However, if the boundary conditions
are periodic, that is dx; (fy) = dx2(T), condition (v) implies that A; (%) = A2(T).
Similarly, if the state variable is continuous and unknown at ¢ = T;, then we expect
that dx; 7, = dxz 7, and condition (vi) implies that 1, () = A2 (T;").

4.2 Calculating an Optimal Driving Force for the 2D
Model

In chapter 3 we solved the optimal problem defined in chapter 2 when F(f) was a
given function, and the optimal values of V; and T were unknown. We now use
the conditions developed in Section (4.1) to solve the optimization problem when
F(1), T; and T are unknown for a given V. We would like to minimize the cost
function: r

W:f0 F(O)Va(t)dt (4.16)

which is equivalent to minimizing the total work done by the respiratory muscles
during one whole breath (see Eq. (3.28), where R is a constant), subject to the

following constraints:
i The differential equations (Eq. 2.17 and 2.19) are satisfied.

ii The system of equations is in periodic steady state with period T, thatis V4(0) =
V4(T) and Y, (0) = Y.(T).

iii The initial value and amplitude of V4(t) are given as B and V7 respectively. That

is, V4(0) = B and V4(T;) = B + Vr, where T; is the time to reach a maximum V4.

iv The average value of Y, is a given fixed value, y,, = :lr fOT Y.(t) dt, where y,, is

a constant.
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The constraint (iv) can be replaced by the differential equation

dM

— =Y, 4.17
TR (4.17)

with the boundary conditions M(0) =0and M(T) =T yg4-

Following the general discussion in Section (4.1), let H; and H, be the Hamil-
tonians of the problem over the intervals 0 < ¢ < T; and T; < t < T respectively
such that:

Hy =F1 Va1 + A1 (D) Var + A12(0) Yo + A13(0) 21 (4.18)
Hy =Fo Vo + A21 () Vag + Ao () Yoo + A3 (£) 22 (4.19)

Here, A;; are unknown adjoint functions of time (sometimes known as Lagrange

multipliers).

For the interval 0 < ¢t < T; we can construct three additional differential equa-

tions for Lagrange multipliers (see condition (ii) of section 4.1):

. 0H
A=-— ! =aF; +al; +)A//112 (4.20)

oVar

. 0H;
Ao =— =PA1p—-A 4.21
127 =5y PA12 — 13 (4.21)

. 0H,;
Az3=——=0 4.22
13 oM, (4.22)

where y = %;VD) By using the condition 0 H;/0F; = 0 (see condition (i) of section

4.1), we get:

Fy==(aVa1 — 11 —TA12) (4.23)

N =
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Substituting Eq. (4.23) into the differential equations (2.17), (2.19), (4.17) and
(4.20)-(4.22) yields the following system of differential equations:

¢ o o -1 I o]
ay T 7
-2 B 0 -5 -7 0
. 0 1 0 0 0 0
A= a2 « ay A (4.24)
@ o o ¢ 4 9
0 o 0 0 g -1
| 0 0O 0 0 0 0
T

where A; = | Vg Y M A1 A2 A3

Similarly, for the interval T; < r < T we can construct three additional differential

equations for Lagrange multipliers (see condition (i v) of section 4.1):

. 0H,
Ao = — =aF, +al 4.25
21 Wi abF;+aly ( )

. 0H,
Aoo = — =l —A 4.26
2= "5y P22 — A2z (4.26)

. 0H;
Aoa = ——— =0 4.27
23 o, ( )

By taking the condition 0 H,/dF, = 0 (see condition (iii) of section 4.1), we get:
1
Fy=2(aVaz - A21) (4.28)

Substituting Eq. (4.28) into the differential equations (2.17), (2.19), (4.17) and
(4.25)-(4.27) yields the following system of differential equations:

: . :
¢ 0 0o -1 0o o0
o - 0 0 0 0
0 1 0 0 0 0
A= . . A, (4.29)
@ 0 0 ¢ 0o o0
o o o o g -1
(o 0 o o0 0 0]

where Az = VAZ YCZ M2 121 /122 AZS
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By solving the equations (4.24) and (4.29), we obtain:

. ) .
VAl:—C2l+C3€_C4 [2+C4él‘—csleﬁt (4.30)
ap ¥ ay Y 2p
82
Y1 = Cy— Csfe Pt — Cg L et 4.31)
4
4 B 7 s
M;=Ci—— +C3+ Cyt+Cse P — Cg——=eF? 4.32
1=Crp gt et 5€ 512 e (4.32)
A1=-C3 aAﬁ —Cy aAﬂt+Cﬁﬂeﬁt (4.33)
Y Y 2p
1
A2 = CZB + Cseﬁt (4.34)
AMz=Cy (4.35)
Cg 2Cy Cot
Vi = ——=2 —29 _ 9 (4.36)
a a a
Yoo = —Cy e P! (4.37)
My = Cyjp+Cpre P (4.38)
Ao1=Cg+ Cot (4.39)
C
Aop = =% + CpeP? (4.40)
Aoz =C; (4.41)

We also have the following 12 boundary conditions (see section 4.1 for more details):

Va1(0) =B, Va(Ty) =B+ Vr,
VAZ(T) = B} YC].(O) = YCQ(T))
MI(O):O) Ml(Ti):MZ(Ti))

AMa(T7) = Ao (T7), AMs(T;) = A3 (Ty),

Va2(T;) = B+ Vr,
Yo (1) =Y, (T7),
A12(0) = Ap2(T),
Ai3(1) =0

(4.42)

Recall that 1, A, and A3 are the Lagrange multipliers associated with thevariables

Va, Y. and M respectively. As V, is fixed at £ =0, T; and T, the Lagrange multiplier

A, is free at these boundary points (see conditions (v) and (vi) of section 4.1). The

variable Y, is periodic and free hence A, is also periodic and free (see conditions

(v) of section 4.1). Y, and M are continuous and free at ¢ = T;, therefore 1, and

A3 are also continuous and free at ¢ = T; (see conditions (vi) of section 4.1). The

variable M is fixed at t =0, and free at t = T, so Az isfreeat t =0and zeroat t = T.
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This allows us to find the coefficients C; to C;» by using conditions 4.42. We

get:
_ VT(Zﬁ—(a+2ﬁ)eﬁT+aeﬁTi) _
Cl - sz + ﬁT,-(eﬁT—l) ’ C2 - (‘)/; A
Cs = gpr @Vr +aBTy), Cy =57
_ VrjePT-efTi) _
Cs = “pren Co=0,
C7:0, CSZ—GCB—%];}_Z),
_ aVr v, Vrp(efli-1)
Co=7—F ClO—T"‘W,
VrjePT (1-ehTi)
Cn = ey Cr2=0

Substituting C; to Cy, into Egs. (4.30) - (4.41), and by using Egs. (4.23) and (4.28)

we then obtain the optimal function F(¢) for a given Vr:

aB+VTlT(1+aL‘) : 0<t<T;
F(t) = (4.43)
aB+VTj(aT—at—1) i Ti<t<T

From the conditions uy(T) = T y,, and H;(T;) = H»(T;), the optimal durations T

and T; are found:

T = M (4.44)
B Yav
yVr—=Vp) T
l 2B Yav 2

The optimal solution is linear and the optimal period we get by using optimal con-
trol theory is the same as that obtained when F(#) was a given function. Likewise,

the optimal Tj is half the period, which is the same as was found in Section 3.4.

4.3 Numerical Solution of the Optimal Problem

The algorithm shown in Fig. 4.2, allows us to find the optimal combinations of
tidal volume (Vr), breathing period (T) and duration of inhalation (7;) numerically.
First, we provide a range of values for Vr, such that Vr,,;, < V1 < V7,4, For
each value of V7, we initially guess T and T; and solve the piecewise differential
equations (4.24) and (4.29) with boundary conditions (4.42) by using the Matlab
built-in function bvp4c. We then check the conditions M>(T) — T - y4, < € and
H;(T;)- H»(T;) <€, where € is the error tolerance (¢ = 108 in all our computations).
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If these conditions are not satisfied, we use Newton’s method to correct the values

of T and T;.

Given
VT min ., VT max , dVT 1€
and W*

Guess T and T

Vi =Vr+dVy Solve Differential
Equations (4.24) and

y) (4.29) with boundary (—l
conditions (4.42)

Newton's Method
Update T and T;

A

M(T)-T*Yav <¢
and
H1(Ti)-H2(Ti) <€

Compute Cost
Function W using

(4.1)

w*=w

(T*, Ti*, Ve*)=(T, Tj, V1)

NO

Is
VT >VT max )<
?

Fig. 4.2: Flowchart of the numerical algorithm.

In order to do this we define the intial guesses as T'and Tl.1 and the subsequent
corrcetions as T"and T l.”, where n represents the n'" iteration. We also define
™m=[T" Tl."]T and e" = [e], eg]T, where e]' = Mo(T")—T" -y, and e} = Hl(Tl.”) -
Hz(Tl."). We then compute k™ such that J* - k™ = e™, where J" is the Jacobian matrix
computed by numerical differentiation, and update T" and T} using the equation:

™! = 7" K. The boundary value problem is solved for each iteration n untill e}’

and e} are less thane.
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Finally, W is calculated by numerical integration (we used the trapezoidal rule in
all our numerical calculations). Each time W is calculated for a new value of Vr,
we compare it with the value of W* previously calculated (initially we provide a
high value of W*). If it has a lower value, we record it along with the corresponding
values of Vr, T and T;. The values we obtain at the end of this process are the
optimal values W*, V7, T* and Tl.*. Fig. 4.3 shows a comparison between the
optimal numerical solution and the optimal analytical solution. As can be seen,

there is a good agreement between these two solutions.

== Analytical
7 | | === Numerical

Time (s)

Fig. 4.3: Comparision of the solutions F(f), V4(¢) and Y.(¢) when calculated nu-
merically and analytically for the 2D linear model (Eq. (2.17) and (2.19). See Table
2, for all values of the parameters.

As we discussed in Chapter 1, the 5D model approximates the 6D model. The

same combination of breathing frequency and amplitude gives slightly a higher



4.3 Numerical Solution of the Optimal Problem

61

level of concentration of CO, in the lungs for the 5D model. To be able to compare
the optimal amplitude and frequency of both models, we chose to maintain the
concentration of CO» in the lungs at about 6.1% in the 5D model. If the same am-
plitude and frequency we used in the 5D model with a sinusoidal pleural pressure
were used in the 6D model with a sinusoidal pleural pressure, the lung concentra-
tion of CO, would be 5.2%.

= 2D Linear Model

= 5D Model
E :
é 754 \ 7
o
753 | | | |
0 1 2 3 4 5
Time (s)

261 1
= 2.4r ]
N

2'2‘ | | | | ]

0.062
0.061
“~ 0.06
0.059
0 1 2 3 4 5
Time (s)

Fig. 4.4: Comparison of the optimal solution of Py, V4 and f, for the 2D, 3D and
5D models when Vr =0.4 [ and T = 4.82 s. Here we fixed T and T; which leads

to different average levels of f.. For the 2D model, P; = P,, — RF (see Section 2.3).

See Table 2, for all values of the parameters.

Next we solve the optimal control problem for the 3D and 5D models. We have
obtained the optimal control problem for these models numerically, as the models

are nonlinear. First, we observe how these different models effect the average value
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of f. for a given fixed Vr, T; and T. Fig. 4.4 shows that the average value of f, for
the 3D and 5D models is approximately the same, but, for the 2D linear model the
average value is slightly different. However, we have also observed an interesting
fact that the optimal driving force (pleural pressure) is the same for all models with
the given cost function (see Fig . 4.4). The simulations shown in Fig. 4.5 are for
maintaining the concentration of CO; at 6.1%. This supports the hypothesis of a
constant effective minute ventilation for all models, as the relationship between

Vr and T is linear for the 2D model and almost linear for the other models.

25
== 2D Linear Model _
20 = = 3D Model Z
5D Model

—
(&)
T

10 -

Fig. 4.5: Relationship between the tidal volume and breathing period for the 2D,
3D and 5D models.

We found in this chapter that the optimal volume has a triangular shape with a
constant flow rate (see Fig. 4.4). We showed in Fig. 3.18 that for any V1 > Vp,
the sinusoidal pleural pressure (Pr) consumes about twenty-three percent more
energy than the optimal P;. However, the optimal Py is discontinuous. This sug-
gests that the work of breathing is not the optimization criterion for selecting a
particular breathing pattern. Nevertheless, some observational data show that the
human breathing pattern during exercise is triangular [69]. Thus, the criterion
of minimum total work of breathing could predict the human breathing pattern

under exercise conditions but not at rest.



Chapter 5
Solutions for other Cost Functions

In chapter 4, we found the optimal breathing pattern that minimizes the total work
done by the respiratory muscles during each breath using optimal control theory.
This gave an optimal pleural pressure that is discontinuous in time, and an optimal
duration of inspiration equal to the duration of expiration. In this chapter we
discuss some other mechanical cost functions that have been proposed previously

in the literature for respiratory control optimization.

First, we define a weighted function that merges several of the previously sug-
gested cost functions, specifically, the average square volumetric acceleration,
work rate and average square force developed by the respiratory muscles. We then
solve several special cases in which some of the functions are neglected. We show
that the breathing pattern optimised by considering the work rate only is discon-
tinuous and there is no optimal solution which minimizes the average square
force. Finally, we find the breathing patterns associated with different weighting

coefficients.

5.1 Weighted Cost Function

Héamadldinen and Viljanen [31] were the first to discuss two separate mechanical
cost functions for the inhalation and exhalation phases of respiration. During
inhalation, they merged weighted functions of the average square volumetric
acceleration and work rate. During expiration they replaced the work rate term
with the average square of the respiratory pressure. In this section, we consider

various mechanical cost functions used previously to find the optimal breathing
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pattern, as weighted functions in a single expression. The single cost function is

represented as:

1 T . .

]1=?f0 [771VA2+772 (Pm—Pr)Va+ns (Pm—PL)Z]dt, (5.1)
1 T . .

]E:?j;" [771V§+172RV§+173(Pm_PL)2]dty (52)

1

J1 and Jg represent the cost function during inhalation and exhalation respec-
tively. These cost functions interpreted as the weighted sum of the average square
volumetric acceleration, work rate and the average square force developed by
the respiratory muscles. During exhalation, the respiratory muscles relax and
release the elastic energy that was stored during inhalation. So, there is no need
to consider the elastic work during exhalation and we only consider the work
caused by the airflow resistance during exhalation. The parameters 111, 172 and 13
represent the weights for the average volumetric acceleration, work rate and the
average square force respectively. The parameters 1;, 172 and n3 have the units
172s*, mmHg 'I"'s and mmHg? respectively. This gives a non-dimensional

cost function.

The cost function includes Vy, so we present V, in terms of other variables. By

differentiating Eq. (2.6) with respect to time and substituting V,, we get:

. E? E 1.
VA_EVA_E(PWZ_PL)_EPL (5.3)

Now, we can represent Eq. (5.3) as a system of two first order differential equations.
Let:

P;=-G (5.4)
Va=W (5.5)

this implies that Eq. (5.3) can be written as:

. E? E
W:EVA—E(P,”—PL)+G (5.6)
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Here, W represents the airflow rate and G is the input control variable with condi-
tions W(0) = W(T;) = W(T) =0and Pr(0) = Pr(T).

For the 2D model, the cost functions (5.1) and (5.2) are represented as:

1 % . .

Ir :?fo [mVAZ +n2FVA+n3F2] dt, (5.7)
| R .2 5

JE :?L [1]1VA+172RVA+173F ]dt, (5.8)

and Eq. (5.5) is the same as for the 5D model, however, Eq. (5.4) and (5.6) are
replaced with:

F=G (5.9)
W=a’Vy—aF+G (5.10)

with conditions W (0) = W(T;) = W(T) =0 and F(0) = F(T).

We solve the optimization problem for the 2D model that minimizes the cost
function (5.7) and (5.8) when G(t), T; and T are unknown for a given Vr during

one whole breath, subject to the following constraints:

i The differential equations (Eq. (2.19), (5.5), (5.9) and (5.10)) are satisfied.

ii The system of equations is in a periodic steady state with period T, that is
Va(0) = Va(T), W(0) = W(T), Yc(0) = Yc(T) and F(0) = F(T) .

iii The initial value and amplitude of V4(¢) are given as B and V7 respectively. That

is, V4(0) = B and V4(T;) = B + Vr, where T; is the time to reach a maximum V.

iv The average value of Y, is a given fixed value, y,, = % fOT Y.(t) dt,where y,, isa
constant. (Recall that the variable Y, provides a measure of CO, concentration
in the lungs, Y, = D.(E + K1) f — D:K>, see Section 2.2.2).

The constraint (i v) can be replaced by the differential equation

M

— =Y, 5.11
PTERRG (5.11)

with the boundary conditions M(0) =0and M(T) =T yg,.
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5.2 Average Square Volumetric Acceleration

In this section, we first derive the optimal breathing pattern that minimizes the
average square volumetric acceleration for the 2D model. By substitutingn; =1,

12 =0and 3 =0 into Egs. (5.1) and (5.2), we get the cost function:

1 (7.
J= ?fo V2dt, 5.12)

Let H; and H; be the Hamiltonians during inhalation (0 < ¢ < T;) and exhalation

(T; < t < T) respectively, that is:
H :?le + A1 (O F1 + A12(0) Var + Ai3(0) Wi + A14(8) Yer + A1s(8) My (5.13)
H, :?sz + A1 (O Fo 4+ Aoa (£) Vag + Aoz (£) Wo + Aoa () Yeo + A5 () Mo (5.14)

where, A;; are unknown adjoint functions of time (known as Lagrange multipli-
ers). During inhalation (0 < ¢ < T;), we can construct five additional differential

equations for the Lagrange multipliers (see condition (ii) of section 4.1):

An = _?3[1:“[11 =— 2;2 F+ 2;3 Var+ z?acl +alis (5.15)
A2 = —2‘211 22;3 Fy - 2;4 Var— ¥G1 —a®Ais (5.16)
iz = —Z—VI& == A2 +7Ma (5.17)
Ay = _25;1 =pr1a— 15 (5.18)
Ms = —Z—ZII =0 (5.19)

Similarly, during exhalation (7; < t < T), we can construct differential equations

for the Lagrange multipliers (see condition (i v) of section 4.1):

i O _ 20°, 200, | 2a. o4 (5.20)
12 — an - T 2 T A2 T 2 23 .
: 0H, 2a° 2at 2a? )
Aoo = — = F>— Vip——Go—a“A 5.21
22 W T 2=~ Var = =G 23 ( )
. OH.
Apz= ——=2 == Ap (5.22)
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. 0H,

Aog = — =BAos— A 5.23
24 Ve PA2g — A2s ( )
. 0H,

Aor = ——= =0 5.24
25 oM, (5.24)

where G; and G; are the control variables during inhalation and exhalation respec-
tively. By using the conditions 0H;/0G; = 0 and 0H»/0G> = 0 (see condition (i)
and (iii) of section 4.1), we get:

T T

G1 :aF1 - CKZ VAl - E/hl - 5/113 (5.25)
T T
G2 :(XFZ - (Xz VAZ - 5/121 — 5/123 (5.26)

By using (5.25) and (5.26), we get the following differential system:

\S)

(@ -a® 0 o - o - o o]
0 0 1 00 0 0 0 0
o 0 00 0-Z 0 -2 0 0
o 0 -0 0 0 0 0 O
g |0 0 01 00 0 0 0 0f 5.27)
0O 0 0 0 0 -a 0 0 0 O©
0 0 0 0 0 a* 0 0 0 0
O 0 0 0 0 0 -1 0 -7 O
0 0 0 0 0 0 0o p -1
0o 0 0 0 0 0 0 0 0]
(@ -a® 0 o - o -T 0o o]
0 0 1 00 0 0 0 0
o 0 oo o0o-2 0o - o0 o0
0 0 0-p0 0 0 0 0 O
g,-|0 0 0100 0 000 5.28)
0 0 00 0 -a 0 0 0 0
0 0 00 0 a> 0 0 0 O
0 0 00 0 0 -1 0 0 0
0 0 0 0 0 O 0 B -1
0 0 0 0 0 0 0 0 0]
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_ T
Wheref”:Y(VTV—TVD), Bl:[Fl Vae Wi Yo My An Az s e Ags

T
and B, = [FZ Vap Wo Yoo My Axp Az Azz Aoa Aps| . Wealso have the
following 20 boundary conditions for the state variables and Lagrange multipliers,
/11' j-

F1(0) = F»(T), Fi(Ty) = F(T)), Va1(0) = B,
Va2(T) = B, Var(Ty) = B+ Vr, Va2(Ti) =B+ Vr,
w1(0) =0, Wi(T;) =0, Wa(T;) =0,
W»(T) =0, Y1(0) = Yo (T), Ye1(T3) = Yo (Ty),
u(0) =0, u (T3) = ua(Ty), A11(0) = A1(T),
A (Ti) = Ao (Ti), A14(0) = Ap4(T), Ma(T) = A24(T),
Ms(Ty) = A25(T), A25(T) = 0.

Recall that A4, A2, A3, A4 and A5 are the Lagrange multipliers associated with the
variables F, V4, W, Y. and M respectively (see Egs. (5.13) and (5.14)). As V4 and
W are fixed at t =0, T; and T, it follows that A, and A3 are free at these boundary
points (see conditions (v) and (vi) of section 4.1). The variables F and Y, are
periodic and free, hence A; and A4 are also periodic and free (see conditions (v) of
section 4.1). F, Y, and M are continuous and free at ¢t = T;, therefore A;, 1, and
A3 are also continuous and free at t = T; (see conditions (vi) of section 4.1). The

variable M is fixed at t =0, and free at t = T, so Az isfreeat t =0and zeroat t = T.

Solving the differential equations (Eq. (5.27) and (5.28))and using the above condi-

tions, we get the optimal driving force F(¢) for a given V7:

_T. 2 .
aB — ethT(g T) , aVrt (T33T, 2t) . 0<i=<T,
i i
F(t) = (5.29)
_6Vr(t=T(t=T) , aVr(t=T)>@BT;-2t-T) -
aB Tt 173 ; Ti<t<sT
and the corresponding alveolar volume:
2 L
B+Vvpti=l (3;’_3 20 ; 0<1=<T;
1
Valt) = (5.30)
—TY2(3T;—2¢—
B+ vy U=T2GT =201 C Ti<t<T

(T;=T)°
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Fig. 5.1: Comparisons between trajectories of F(f), Va(t), W(t) and Y,(¢) for sinu-
soidal and optimal airflows that minimizes Eq. (5.12). Calculations are done using
the 2D linear model and both solutions maintain a specific value of Y,, = —0.0013,
which is equivalent to f, = 6.1%. See Table 2, for all values of the arameters.

Using the conditions M»(T) = T y,, and H,(T;) = H»(T;), the optimal durations T

and T; are: VoV
- YVr=-Vp) (5.31)
B Yav
YyWr=Vp) T
T. =11 U _ - (5.32)
l 2B Yav 2

The optimal solution is a piecewise cubic function of time and the optimal T;
is half the period, which is the same result as when the total work was taken as
the cost function. Figure (5.1) shows a comparison between trajectories derived
for a sinusoidal airflow and the optimal piecewise cubic function constrained to
maintaining the average concentration of CO; at 6.1%. The optimal airflow is

symmetrical as is the sinusoidal signal, but it has a slightly lower peak.

Next we solve this optimal control problem for the 5D model. Figure 5.2 shows a
comparison of the solutions of the 2D and 5D models for a given Vr and T. As can

be seen, the shape of the breathing pattern is the same for both models, however,
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the average level of concentration of CO; in the lungs is slightly lower for the 5D
model. Figure 5.3 shows the optimal solution of the 2D and 5D model when the
concentration of CO2 in the lungs is maintained at 6.1%. In order to achieve the
same optimal duration, the breathing amplitude is lower for the 5D model (V7 =
0.375 1) than for the 2D model (V7 =0.4 1).
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754 | 24
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~
Q
753.5) 22
0 1 2 3 4 5 0 1 2 3 4 5
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027 0.062
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Q
= 0 =
= 0.06
ozl 0.059
0.058
0 1 2 3 4 5 0 1 2 3 4 5
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Fig. 5.2: Comparison of the optimal solution for the 2D linear model and 5D model
for Vi =0.4 I and T = 4.82 s that minimizes Eq. (5.12). Here we fixed T and T;
which leads to different average levels of f. For the 2D linear model, P; = P,, — RF
(see Section 2.3). See Table 2, for all values of the parameters.

The optimal average square volume acceleration, when we solve the 2D model is:

192fYcqy VA

T
]_—f JRap= — DT (5.33)
TJo 47 yA(vr—Vp)?

For maintaining the same levels of CO,, the average square volume acceleration

for the sinusoidal airflow pattern is:

2 BYcav Vi 195BYcan Vi

— ~ (5.34)
Y*(Vr=Vp)*  y*(Vr-Vp)!
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It is clear from Egs. (5.33) and (5.34) that for every tidal volume, V7, the optimal
function gives a lower average square volumetric acceleration than the sinusoidal
function. The average square volumetric acceleration is a strictly decreasing func-

tion of Vr (if V7 > Vp), therefore there is no optimal V7 that minimizes Eq. (5.33).
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Fig. 5.3: Comparison of the optimal solution for the 2D linear model and 5D model
for Vr = 0.4 [ that minimizes Eq. (5.12). For the 2D linear model, P; = P,, — RF
(see Section 2.3). Both solutions maintain a specific value of f. = 6.1%. See Table 2,
for all values of parameters.

5.3 Work Rate

In this section, we derive the optimal breathing pattern that minimizes the work

rate during a whole breathing period. By substitutingn; =0, 72 =1 and 73 = 0 into
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Eq. (5.1) and (5.2), the cost function becomes:

1 7% .

Jr=— f F(H)Vadrt, (5.35)
T Jo
17T .

JEz—f RVAdt, (5.36)
TJr,

Let H, and H> be the Hamiltonians of the problem over the intervals 0 < ¢ < T; and

T; < t < T respectively such that:

1 . ) ) '
H :?Fl(t) Va, (1) + A11(0) Va, (1) + A12(8) Yo, (8) + A13(2) M (1) (5.37)
1 . ) ) .
H) :?Rvj2 + A21 (D) Va, () + A2 () Y, (8) + Aoz (£) M (1) (5.38)

By using the conditions 0 H;/0F; =0 and 0 H»/dF, = 0, we get:

1
Fi=7 (@Var —TA11 +7TA12) (5.39)

T
F=aVp——A 5.40
2 a2 = 5pha ( )

We can construct additional differential equations for the Lagrange multipliers, A,

during inhalation, T; < £ < T, (see condition (i) of section 4.1):

. 6H1 (07

—— =—F —ay 41
A WV T 1+ad —ayld (5.41)

. 0H,;
Ao = — =fA1p—A 5.42
125 =5y PA12— A3 (5.42)

. 0H;
Aia=—— =0 5.43
13 oM, ( )

Similarly, during exhalation, T; < < T, we can construct differential equations for

the Lagrange multipliers (see condition (iv) of section 4.1):

0H, 2aR 2a%R

Ap=-— = F,— Va, + al 5.44
12 W T 2 T VA an (5.44)
. 0H,

Aoo = — =PFAr»p—A 5.45
22 Y0 P22 —A23 (5.45)
. OH-

Aoz = ——=2 =0 (5.46)
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Substituting Eq. (5.39) and Eq. (5.40) into the differential equations (2.17), (2.19),
(4.17) and (5.41)-(5.46) yields the following systems of differential equations:

1~
<>
)\]

-2 0 0 -1 5 0
ay yT AT
2 B0 T -5 0
A 0 1 0 0 0 0 A (5.47)
1= 2 af 1 .
L o0 0 £ - oo
0 0 0 O g -1
0 0 0 0 0 0 |
and
i , .
0 0 0 —5= 0 0
0 -0 0 0 O
. 01 0 0 0 O
A = A (5.48)
0 0 0 0 0 O
0 0 0 0 B -1
0 0 0 0 0 O

We solve the differential equations (5.47) and (5.48) with boundary conditions
(4.42) and obtain the optimal function F(¢) for a given V7:

aB+VTlT(1+at) ; 0<t<T;

F(p) = (5.49)
aB+H@T-at-1) ; T;<t<T

From the conditions M>(T) = T y,, and H,(T;) = H»(T;), the optimal durations T

and T; are found:

T= W (5.50)
T, = %}VD) = g (5.51)

The optimal solution and duration that minimizes the total work rate are the same
as that which minimizes the total work done by the respiratory muscles (see Eq.
4.43).
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5.4 Average Square Force

Here we derive the optimal breathing pattern that minimizes the average square
force developed by the respiratory muscles. By substituting n; = 0, n2 = 0 and
13 = 1 into Eq. (5.1) and (5.2), the cost function becomes:

1 T
]:? fo F(p)%dr, (5.52)

Let H; and H, be the Hamiltonians of the problem over the intervals 0 < ¢t < T; and

T; < t < T respectively such that:

1 _ _ _
H :?Ff(t) + A1 (D) Va, (1) + A2 (8) Ve, () + Ay3 (1) M (2) (5.53)

1 _ ‘ _
H, :?Fzz(t) + A21(8) Vi, (£) + Aoo (1) Y, (8) + Aos () M> () (5.54)

By using the conditions 0H;/0F, =0 and 0H,/0F, = 0, we get: (see conditions (i)
and (iii) of section 4.1)
Fi == (A +7A12) (5.55)

A21 (5.56)

NN

Fp=

We can construct additional differential equations for the Lagrange multipliers, A;

during inhalation, T; < £ < T, (see condition (i) of section 4.1):

. 0H,;

A1 =— =al;; —ayd 5.57
11 Ay ar —ayAr (5.57)
. 0H,;

Ao = — =fA12+ A 5.58
12 A PA12+ A3 (5.58)
. 0H;

Adja = ——— =0 5.59
13 oM, ( )

Similarly, during exhalation, T; < ¢ < T, we can construct differential equations for

the Lagrange multipliers (see condition (iv) of section 4.1):

. 0H,

Ao = — =al 5.60
12 Vs ala ( )
. OH.

Agp = -2 =PA2 + A23 (5.61)
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Aoa = ——= =0 5.62
23 oM, ( )

Substituting Eq. (5.55) and Eq. (5.56) into the differential equations (2.17), (2.19),
(4.17) and (5.57)-(5.62) yields the following systems of differential equations:

1~
<>
H

- 0 0 ) 72 0
N PT P2T
af —p 0 I LT o
. 0 1 0 O 0 0
A, = A (5.63)
0 0 0 a -—-ay O
0 0 0 0 B -1
0 00 0 0 0
and
—a 0 0 - 0 o]
0 -0 0 0 0
. 0 1 0 0 0 O
Ay = Ay (5.64)
0 0 0 a 0 O
0 0 0 0 B -1
(0 0 0 0 0 0]
1T
where, A; = [VAl Yo M A A2 A3

T
and Az = [VAZ Yo M2 Az Ax 123]
By solving the differential equations (5.63) and (5.64), we get:

_ T ByT
Vi = Cze % — Cp—e% — Cs—1 - Pt 5.65
Al 3 Ly 52(a2—,62) ( )
Co _ 7o Ty 2T
Yu=C-—ef_C ey —1 ey Cs—L Pt (566
v Ty 72T
My=Ce Pty gat oy TV _jar, o PTT g (5.67)
a-p 4(a+p) 4(a®-p?)
Mi=—C P P BT o (5.68)
14 2p

Ce

L6 (5.69)

Ao = C5€‘Bt +
p

M3 =Cp (5.70)
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T
VAg = C7e_‘”—C10—e‘” (5.71)
4
Y = Coe P! (5.72)
C
M, =Cg— fe‘ﬁ‘ (5.73)
A21 = Crpe®’ (5.74)
C
Ao = % +CypeP? (5.75)
A2z =Cr2 (5.76)

We have the same boundary conditions as Eq. (4.42). In terms of coefficients, the

equations generated from those conditions are linear, so the augmented matrix is:
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(LL°9)

© O O o o o o o

Q

a+v
a+v

—

— QL [ —

o o o o o o o o

¥yo o o o o o o o

o O O O

S O o o o o o

© O O o O o o o

Io-

'To—

© ©O O o ©o o o O -l O

0 0 0 0
0 0 0 0
11g° 0 0 0
T 0 0 0
(z—z0)7  (g+o)op g-» g
L 9] NAA .Nrmﬁmrm% N&E\m\(ﬁ .Nhnlm
@%{3« (g+0)y g-» g
LA dr 4 [
(I-0F%  (+0)¥ g-o
NrHQwrN NAﬁQ .ﬁ@%rﬁ% .QB\Q\(A“G NrNQl
(zd—z0)% (g+0)v g-n I
I A9 I4 4v
0 0 0 0
0 0 0 0
(z0—29)2 oy
Loidd eI un? 0
(P=af) vy _
I4d z I 0

- - O O O O

o O©O O O O O
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In order to solve for the coefficients we performed row operations on the aug-

mented matrix that yields:

10000000 K1 0000
i(a+P)-TBR_A_ ia
01000000 ¥V Ibeah oo g
2 Tia—TB(_ T (q2— B2
00100000 -S——CrJE) oo
4e~TP(-1+e"h)(B?-a?)
00010000 o 0000
00001000 0 0000
00000100 0 000[0]| 57
00000010 0 0000
000000011 K1 0000
00000000 0 1000
00000000 0 010/0
00000000 0 0010
00000000 0 00 0|1
where,
_ 2_R2\(,BT _ 2aT; _
Kg=—a+ﬁ—2ﬂeTf(“+ﬁ)+(a+,3)ezaTi andKlz—egT((a .B)(eakzl)(e 1)+1).

The reduced augmented matrix shows that there is no combination of coefficients
that satisfies all the boundary conditions. We therefore conclude that there exists

no optimal solution that minimizes the average square force only.

5.5 Solution of the Weighted Cost Function

In section 5.2, we showed that there is no optimal V7 that minimizes the average
volumetric acceleration. We also found that the optimal pleural pressure that
minimizes the total work rate is discontinuous (see section 5.3) and no optimal
solution exists that minimizes the average square force developed by the respira-
tory muscles (see section 5.4). None of these cost functions can account for the

breathing pattern by themselves.

In this section, we discuss how the weighted sum of these cost functions affects
the breathing pattern. We solve the optimization problem for the 5D model that
minimizes Eq. (5.1) and (5.2), subject to the following constraints:
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i The differential equations (Egs. (1.8), (1.9), (1.19), (1.20), (5.4), (5.5) and (5.6))

are satisfied.

ii The system of equations is in a periodic steady state with period T, that
is V4(0) = Va(T), PL(0) = PL(T), W(0) = W(T), fc(0) = fc(T), fo(0) = fo(T),
Pc(0) = p(T) and p,y(0) = po(T).

iii The initial value and amplitude of V4(¢) are given as B and V7 respectively. That

is, V4(0) = B and V4(T;) = B + Vr, where T; is the time to reach a maximum V.

iv The average value of the concentration of CO; in the lung, f, is a given fixed

value, f.,, =+ [/ fo(t) dt, where f,,, is a constant.

The constraint (i v) can be replaced by the differential equation

dM
—— =l (5.79)

with the boundary conditions M(0) =0 and M(T) =T f¢,,.

Let H; and H; be the Hamiltonians of the problem during inhalation and ex-

halation respectively such that:

Hy =m V5, + 12 (P — P11) Var + 13 (P — PL)® + A (D Py + A12(0) Var + Mis(O W4
+ 2148 fey + A15(8) ey + A16(8) for + A17(D Poy + A1g(£) My (5.80)

Hy =11 Vi, + 102 R V3, + 103 (P — P12)% + A21 (D) Pra + Aoa (£) Vaz + Aoz (£) Wa + Ao (8) feo
+ A25(8) Py + A6 (1) fop + A27(8) Poy + Aog (1) M (5.81)

Here subscripts 1 and 2 represent the variables in the interval 0 < ¢ < T; (inhalation)
and T; < t < T (exhalation) respectively and A;; are the Lagrange multipliers. As
G; and G; are the control variables during inhalation and exhalation respectively,
by using the conditions 0 H;/0G; = 0 and 0 H»/0G> = 0 (see condition (i) and (iii)

of section 4.1), we find G; and G, as:

RT E

Gy =— (M3 —RA1)+ = (Pr1— Py +EVya)) (5.82)
2171 R
RT E

Go =— (A23 — RA21) + = (P12 — P + EVyo) (5.83)
2172 R
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We construct sixteen additional differential equations (eight for each phase) for

the Lagrange multiplier, 1;; (see conditions (i) and (iv) of section 4.1).

: 0H, 2mE UE
AMi=——= RGy—-E(P;;—P EV —W —(1-2P 2P
11 9Py, R4T( 1—E(Pr1—Pp+ Al))+ T 1+ T( L1 +2P)
D D
— =2 fo1 (faia+ (for = 1) Mis) = —— fer (fordie + (fe1 = 1) Ara)
Vai Vai
1 (DoforA17 Dcfcl/hs) E
— + -—A 5.84
Cy VC o O R (5.84)
: 0H, 2771 E (Dofoiri7  Defeidis

Mp=-———t = R Gy —E(Pry — Py +EVa)) + +

12 Vi RIT ——(RG1—E(Pr1— P 1)) Cch( p o

D

2 > (fatia+ (for = 1) Mie) (for (Pr1 = Pw) = Por)

A
EZ
V2 = (for e+ (for = 1) A1a) (fer (Pry = puw) — pe1) — R2/113
Vb

Vz (fc1ﬂ14+(fo1—fom)/lla)(l—V—T) (5.85)
. 8H, 1 V5

AMz=——=—(P P)+—|1- A — A A

3575 T( 11— Pm) VAI( VT)(fcl 14+ (for = fom) A16) — A1z
(5.86)
. 0H P —PLl—EVAl
Ag=——"t= (P ) (Do forA14+ DeforA1e+ De (2fe1 — 1) A14)
Ofc1 Va
D, AMa
C VC/IIS(pw_PLl_EVAl)“'i(Dcpcl+Dopol) Mg
wi i
(1__) 144 (5.87)
Vr] Va

A5 =— = + A5+ — —1)Ag+ fo1 A 5.88
15 9per (hlgTL CooV) 5Ty “((fer = 1) A1a+ forA1e) (5.88)
: 0H Pw—Pr1—EVpy

Ag=—=—r = (P )(Dofc1/114+Dcfc1/116+Do (2fo1 —1) A16)

0fo1 Vai
D, A6
A P EV — D D
Cu 7 17(Pw L1~ A1)+VA1( cPc1 + oPol)
%P
(1__) 146 (5.89)
Vr] Va
. aHl Do Do 4Th /

A7 =— = A+ -DA A7+ A278 5.90
A (fcl 14+ (for = DAsg) + Coov Tt o A (Po1) (5.90)
. 0H,

AMg=-——r=0 (5.91)



5.5 Solution of the Weighted Cost Function 81

. 6H2 21’]1E 13
A1=————=——(RG,—E(P;p-P,,+EV, +—(1-2P;,+2P
21 3P., R4T( 2 — E(Pr2—Pp A2)) T( 12 m)

50 foo(feaAoa + (for —1) Aag) — %fcz (forAas + (fez —1) A2d)
A2 A2

_ 1 (Doforher , DCfCM%)—%Ms (5.92)
c,V, o O R
. aHg 21]1E2 E (Dofoz/l27 Dcf02/125
Ap=—-——==——RGy—E(P;p— Py, + EV, + +
2= 5y T RiT (R G2~ E (P12~ Pny 42)) CoV. p o
D
+ V—zo(fczﬂm + (foz — 1) A26) (fo2 (Pr2 — Pw) — Po2)
A2
D, E?
+ —(forAze + (fez — 1) A2a) (fe2 (P12 — Pw) — Pe2) — =5 A2z (5.93)
V2 R?
A2
. OH. 2
A2z = __OWZ = - %sz — A2 (5.94)
2
) 0H- Pw—Pr2—EVy
Aoy = _0f2 = ( 2 V2 )(Dof02/124+Dcf02/126 + D, (chz - 1) A24)
c2 2
Py (pw—-Pra—EV, )+@(D +DoPo2) — A
CooV. 25 \Pw L2 A2 Vi cPc2 oPo2 28
(5.95)
. 6H2 ) Dc Dc

Aog = — = + Aos + —1) Aog + fr2d 5.96
5= 5n0 by Cuoeve) BV ((fez=1) A2a + forA26) (5.96)
. 0H. Pw—Pr2—EVa

A26 = _afz = (P Vi ) (Do feoA2a+ DefeoAog + Do(2 for — 1) A2e)

0]
D, A6
+ CooVe /127 (pw — Pry— EVAz) + V_AZ (Dcpcg + Dopog) (5.97)
0H, D, D, 4Ty /

Ao7=— = Aog + — D) + Aoz + Ao7S 5.98
2 e Vg (feaA2a + (for — DAz) Coov 21t g M (Po2)  (5.98)
. OH-

Aog = _ﬁ =0 (5.99)

2

We also have the following 32 boundary conditions (see section 4.1 for more de-

tails):

Pr1(0)=Pra(T),  Pn(Ty) =Pro(Ty), Va(0) =3B, Va2(T) =B,
Vai(Ti)) =B+ Vr, Va(T))=B+Vy, W;i(0)=0, Wi (T;) =0,
W>(T;) =0, W>(T) =0, Jfe1(0) = feo(T),  fer1(Ty) = feo(T7),

Pc1(0) = pea(T), Pei(Ti) = pea(Ty),  fo1(0) = foo(T), Jo1(Ty) = fo2(T7),
Po1(0) = poa(T),  por1(Ti) = po2(Ty), M;(0) =0, M (T;) = M (Ty),
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A110) =Ao1 (1),  A11(Ty) = A21(T7),  A14(0) = A24(T), A1a(T7) = A4 (T)),
AMs5(0) = Aos5(T),  Ais5(T3) = A25(T7),  A16(0) = A6(T), Me(T7) = Aas(T)),
M7(0) = Ao7(T),  A7(T3) = Ao7(T7),  Aig(T;) = Aog(T7),  Apg(T) =0.

From Egs. (5.80) and (5.81), we know that A1, A2, A3, A4, A5, A6, A7 and A5 are the
Lagrange multipliers associated with variables Py, V4, W, f;, D¢, fo, Po and M
respectively. As V4 and W are fixed at ¢t =0, T; and T, it follows that A, and A3
are free at these boundary points (see conditions (v) and (vi) of section 4.1). The
variables P;, f., pc, fo and p, are periodic and free, hence 1, A4, 15, g and 17
are also periodic and free (see conditions (v) of section 4.1). Py, f¢, Pc, fo, Po and
M are continuous and free at ¢t = T;, therefore A;, A4, A5, A6, A7 and Ag are also
continuous and free at ¢t = T; (see conditions (vi) of section 4.1). The variable M is

fixedat t=0,and freeat t=T,so Azisfreeat t=0and zeroat t=T.
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Fig. 5.4: The optimal solution for different values of 7, with n; =1 and n3 = 0 that
minimizes Eq. (5.1) and (5.2) for V7 = 0.4 [. All solutions maintain a specific value
of f; = 6.1%. All calculations are done using the 6D model. See Table 2, for all

values of the parameters.

Figure (5.4) shows that for all values of the weighting parameter associated with the
work rate (7)2), the optimal airflow, W is symmetric. As 1, increases, the optimal

airflow peak reduces and the optimal volume approaches a triangular shape. For
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all values of the weighting parameter associated with average square force (3 > 0),
the optimal airflow is not symmetric during inhalation (the peak of the optimal
airflow shifts from the middle) as shown in Fig. (5.5). As 13 increases, the airflow
peak increases; there is no solution when 73 is high enough. We have also found
that the optimal value of T associated with V7 such that f;,, is maintained at a
given value, does not vary due to changes in 77, and 13 and the optimal duration of

inhalation (7;) is half of T for all cases.
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Fig. 5.5: The optimal solution for different values of the n3 whenn; =1andn, =0
that minimizes Eq. (5.1) and (5.2) for V7 = 0.4 [. All solutions maintain a specific
value of f, =6.1%. All calculations are done using the 6D model. See Table 2, for
all values of the parameters.

Fig. (5.6) shows the optimal solution of the special case that minimizes the sum of
Eqg. (5.1) and (5.2), when the weights associated with each component has equal
magnitude, 77 =1, 72 = 1 and n3 = 1. Once again the optimal solution has equal
durations of inhalation and exhalation. This breathing pattern is similar to the one
we got when 71, = 0. This shows that in equal weights the cost is dominated by the

volumetric acceleration and the average square force.
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Fig. 5.6: The optimal solution that minimizes Eq. (5.1) and (5.2) while maintaining
feat6.1% for Vr =0.4 I whenn; =1, 12 =1 and n3 = 1. All calculations are done
using the 6D model. See Table 2, for all values of parameters.



Chapter 6
Conclusion

The main aim of this thesis was to check the hypothesis that an observed com-
bination of breathing frequency and amplitude is optimal with respect to some
objective function. Many previous studies of the respiratory system considered
neural control of breathing as a black box and used the total minute ventilation
(product of rate and amplitude of breathing) as a variable, hence did not distin-
guish between the amplitude and frequency of breathing. Studies concerning
the question at the centre of this thesis, were able to find optimal amplitude and
frequency within physiologically acceptable range. However, this was achieved
with different objective functions and by using 1D models that do not take into

account gas exchange directly.

The models we used in this thesis ranged from 2D to 6D. We used the previ-
ously published 6D and 5D models that explain more accurately the coupling
between lung mechanics and gas exchange (see Sections 1.3 and 1.4). We modified
the pleural pressure (driving force) to portray better the neural signal (see Section
2.1). We then reduced the 5D model to 3D and 2D models, which we presented
in this thesis for the first time (see Section 2.3). The simplest 2D model consists
of two piecewise linear differential equations. We showed that this simple model
is a good approximation of the more complex 5D model of gas exchange and gas

transport (see Section 2.3).

The use of higher dimension models required the formulation of a new opti-
mization problem as minimizing a given objective function subject to several

constraints, such as satisfying the differential equations and maintaining one of
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the variables at a given average value. The last constraint stems from the physio-
logical observation that the average arterial partial pressure of CO; is maintained
at a constant value. We solved the optimization problem in two cases: (1) when
the shape of the pleural pressure was given (see Chapter 3) and (2) when the shape

of the pleural pressure was unknown (see Chapters 4 and 5).

For the given pleural pressure, we tested three different cost functions: (i) the
work rate during inhalation; (ii) the total work done during a whole breath and
(iii) the weighted sum of volumetric acceleration and work rate during inhalation.
All three cost functions were studied on healthy and diseased affected lungs using
the 6D model with two different predefined pleural pressures: sinusoidal and
exponential (see Chapter 3). In both cases the optimal frequency obtained for
the work rate and weighted cost functions was within the physiological range for
healthy humans (12-18 breaths per minute); it was slightly higher for the total work.
For diseased lungs, the optimal frequencies for the work rate and the weighted
cost functions were significantly lower than those under normal conditions for
both sinusoidal and exponential pleural pressures (see Figs. 3.5, 3.8, 3.11 and
3.13), which shows a movement of the optimal breathing frequency in the wrong
direction. However, the optimal frequency was almost the same for healthy and
diseased lungs when the cost function was taken as the total work over one breath
and the pleural pressure was sinusoidal (see Fig. 3.6), and slightly lower when the

pleural pressure was exponential (see Fig. 3.12).

The optimization problem for the 2D linear model was solved analytically with
sinusoidal and linear predefined driving forces (see Chapter 3). The calculation
was done when the cost function was taken as the total work during a whole breath.
We found that the relationship between the tidal volume and the breathing period
is linear. The same result was obtained for the sinusoidal and the linear breathing
patterns (see Eq. (3.27) and (3.36)). By considering a generalized breathing pattern
described by a Fourier series, we showed that in the 2D linear model, the average
levels of CO, in the lungs are only affected by the tidal volume and the period of
breathing and are not affected by the shape of the driving force (see Section 3.4).

The solution of the optimization problem when the driving force was not given

required the development of a new methodology. We developed the necessary
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conditions for the solution of the optimal control problem when the constraints
consisted of a piecewise system of differential equations. Other constraints in-
cluded unknown durations of phases with an interior point constraint (see Section
4.1). We solved the optimal problem analytically for the 2D linear model when the
total work was minimized (see Section 4.2). The optimal forcing function, F(f) was
found to be piecewise linear and discontinuous with optimal durations of time
that are the same as for the sinusoidal case (see Fig. 4.3). We also developed a
numerical algorithm and verified it by comparing the numerical calculation with
the analytical solution (see Section 4.3). The numerical algorithm we developed
was then used to solve the more complex models (the nonlinear 2D model and the
3D and 5D models). We still found that the optimal forcing function, Py (t) was
discontinuous and that the optimal duration of inhalation was half of the duration

of a whole breath.

Our new methodology allowed us to solve the optimization problem for different
cost functions that have previously been suggested in the literature. When taking
the volumetric acceleration as a cost function, the optimal pattern was very close to
being sinusoidal, although the airflow had a lower peak compared to the sinusoidal
breathing pattern (see Fig. 5.1). For work rate, the optimal alveolar volume was
triangular, the same as for total work (see Section 5.3) and there was no optimal so-
lution that minimized the average force developed by the respiratory muscles (see
Section 5.4). We also considered a weighted cost function of average volumetric
acceleration, work rate and square force, and found an optimal breathing pattern
in which the driving force (P;) was continuous. However, the optimal duration
of inhalation and exhalation was the same (see Section 5.5). In the physiological
context, the time duration of the first phase is expected to be shorter than that of

the second phase.

Our study does not support the hypothesis that an observed combination of breath-
ing frequency and amplitude is optimal with respect to some objective function.
In all the cases we checked, when the pleural pressure was a given function the
optimal frequency of the diseased lungs moved in the wrong direction. When the
optimal shape of the pleural pressure was calculated, inspiration time was found

to be equal to expiration time, which is different from physiological observations
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under normal conditions. However, this outcome might change by altering the

model as we discuss below.

6.1 Limitation of the Study and Future Directions

As is the case for most studies, our study also has some limitations. In all the
models we used in this study, the relationship between the respiratory pressure
and the volume was considered as a linear differential equation due to the as-
sumption that the resistance to airflow was static (constant). However, adding
nonlinear resistance to the model could potentially change the model outcome.
For example, three types of resistances were discussed in [63]: linear (resistance
due to laminar airflow), quadratic (resistance due to turbulence) and dynamic
(where the resistance to airflow varied with a change in lung volume). The study
tested two objective functions: work rate and average force using a 1D model.
When work rate was taken as a cost function, the optimal airflow was found to be
constant for a linear and quadratic resistances, however, it was no longer constant
for a dynamic resistance. When taking the average force as a cost function, there
were no optimal solutions for linear and dynamic resistances, however, an optimal
solution existed for a quadratic resistance. It was shown in [38] that imposing
different resistances to airflow during inhalation and exhalation could affect the
optimal ratio between the durations of both phases, making them unequal (see
Eq. 1.28). An unequal optimal inhalation-to-exhalation ratio could also result from
adding resistance due to turbulence (see Eq. 1.28). We note however, that Otis.
et al. [53] did include resistance due to turbulence, but the optimal frequency
they obtained when minimizing the work rate during inhalation with a sinusoidal

breathing pattern was similar to our results.

Future directions following this thesis could include adding a dynamic resistance
to the different models, and computing the effect of it on the optimal solution when
the weighted cost function is minimized. The heart function and the interaction

between the heart and the lungs could also be taken into account.
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