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ABSTRACT 

The estimation of heritabilities, genetic and environmental 

variances and covariances, and the prediction of breedina 

values, is a major concern among animal breede r s . This  s tudy 

adapts existing statistical methods to provide a new method 

of estimating these parameters for categorical traits. 

The problems associated with the analysis of categorical data 

arise because of the relationship between the mean and 

variance of the sampling distribution. The parameters of the 

sampling distribution are assumed to be a non-linear function 

of values on an underlying scale. It is further assumed that 

fixed and random effects are additive on the underlying 

scale. This scale cannot be observed and information about 

it must be deduced from the observed categorical trait. 

A common practice has been to estimate parameters (fixed 

effects and variances) on the categorical variable itself and 

then to transform these estimates to values applicable to the 

underlying scale. This procedure is theoretically invali� 

except for a fully random model in which the only fixed 

effect is the mean. The method developed in this thesis 

attempts to estimate parameters directly in the underlying 

scale by transforming the data before calculating estimates 

of the parameters. It is a synthesis of mixed model 

procedures (Henderson et ?1., 1959) and generalized linear 

models (N elder and Wedderburn, 1972) and is called the 

generalized linear mixed model. The general method is for 

analysing data presumed to arise from a two-stage sampling 

procedure when the second sampling has an error distribution 

belonging to the single parameter exponential family. 

The detailed algebra for applying the new method to binomial 

and multinomial traits for the estimation of fixed effects is 

presented. The logit transformation is used in this 

application and the resulting system of equations is called 

the logistic linear mixed model. A procedure for estimating 



iii 

variances, covariances and the intraclass correlation on the 

underlying scale is also developed. 

The logistic linear mixed model is evaluated by comparing 

parameter estimates from the method with true values used to 

generate the data being analysed. Biases appear to be small 

except for some extreme combinations of parameters when 

assumptions made while developing the algebra break down. 

The logistic linear mixed model is applied to two real 

problems for which fixed and random effects and variance 

components are estimated and comparisons made with parameters 

estimated by other methods. The first problem is the 

analysis of data on the feet characteristics of 2 5 1 3  lambs, 

the second is the analysis of 1 3 96 lambing performance 

records. 

The conclu ding discussion considers the general use of the 

logistic linear mixed model and its relationship with other 

models. 
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Chapt e r  1 .  I ntrod u c t ion 

A n im a l  bree d e r s  aim to impr ove  the gen e t i c  mer it  of  herd s and 

f l ocks  for pr odu ctive  p e r form a nce  by  s e lect i n g , a s  p a rents  

for  the n e xt generat i o n , t hose  a n ima l s  most  l i k e l y  to  

m a x im i z e  gen et i c  adv a n c e  i n  the popu l at i on . G enet i c  mer it  i s  

d e fined  b y  use o f  a fun c t i on o f  the  prod u c t ive  t r a i ts  t o  b e  

i mpr ov e d , t h e  s e lect io n  objec t i v e .  T r a i ts wh i ch m i ght  be 

i n cl u d e d  in a s e l ection  o b jec t i v e  i nc l u d e  the t o t a l  wei ght o f  

wool pr oduced b y  she e p , the tot a l  amou nt  o f  m i l k o r  m i l k  fat 

p r od u c e d  by c ows , the l i vewe i g ht  g a i n  of me a t  a n im a l s ,  

l i abi l i t y  to d i se ase and  n umbe r s  o f  pr ogen y .  

The s e l ection  o f  ani m a l s  to  b e  u sed a s  p aren t s  i s  u su a l l y  

m ade be fore  a l l  the in fo rm ation  r equ i red  b y  t h e  s elec t ion  

o b jec t i v e ,  is  a v a ilab l e . The  a s sessmen t  of  me r i t mu s t  

t h erefore  be mad e o n  the  b a sis  o f  the  obs e r v at i on s  that are  

a v ai l a b l e  on  the c and i d a t e s  for s elect i o n  and / o r  the i r  c l ose 

re l a t i ves .  The pr i n c i pa l  q u e s t ion  for an im a l  breed e r s  i s : 

Wh at fun c t ion of  the o bs e r v at i o n s  i s  the b est i nd i c ator  o f  

t he pot e n t i al mer it o f  a n  a nima l  i f  used a s  a p a r e n t ?  The  

v a rious  techn i qu e s  pr o p o s ed d i f f e r  pr inc i pa l l y  i n  wh at i s  

a s sumed  about t h e  obs e r v at ions  a n d  the p o pul a t i on under  

s e l ec t i o n . Fou r  s itu a t i o n s  are  r e ad i l y  i d ent i f i able  

( H en d er son , 1 9 7 3 ) : 

1 )  Wh en the form of  the j o int  d i str ibut ion o f  the 

o b ser v a t ions and the v a r i ables  to be p r ed i cted , t ogether  with  

t h e  actu a l  values  of t he p arame t e r s  char a cter i z i ng that  

d i str i b u t ion are  known , s el e c t i o n  can  be  on  t he c ond i t i o n a l  

m ean o f  the pred i cted v a l ues . T h i s  s i tu at i on r arely  occurs  

J in  pr a c t ice . 

2 )  Whe n  the form of t h e  d i str i b u t ion i s  unknown but means , 

v ar i a n c e s  and c o v ari a n c e s  o f  the obser v a t ions  a n d  v a r i ab l es 

to be p r ed icted , are r e g a rded  as known , the s e l e c t ion  i ndex 

J ( Ha z e l , 1 9 4 3 ) is  u sed . 
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3 )  Wh e n  the v ar i ances a n d  cov a r i ances , but  n o t  t he mean s , o f  

t h e  o b s e r v at i on s  and v a r i ab l e s  to  b e  pred i c t e d , are  r e g arded 

a s  known , best  l i near u n b i ased  pred i c t i on ( BLU P )  i s  u sed . 

4 )  Wh e n  v ar i an c e s  and  c o v ar i a n c e s  are  u n known , they  must  be  

e s t im a t ed . BLU P pro c e d u r e s  may  then be used  b u t  wi l l  not be 

u n b i a s e d  if the v aria n c e s  are  e s t imated from the sam e  

o b ser v a t ions . 

Mo s t  o f  the l iter ature  on  the  e s t i m at ion o f  breed i n g  v a l u e s  

a n d  gen e t i c  param eter s ,  n ame l y  g enet i c  v ari an c e s and 

c o v ar i a n c es , r e l ates to  c ont i nuous  ( qu a n t i t at i v e )  t r a i t s . 

H owe v e r , an i m a l  breed e r s  a r e  a l so i nter ested  i n  categor i c a l  

( qu a l i t a t iv e )  t ra its  s u ch a s  l i ab i l i t y  t o  d i s e a s e , 

r e prod u c tive  p e r forman c e  me asured a s  number o f  pro gen y ,  

c a lv i n g  d iffi cu l ty a nd ' stayab i l ity ' ( number o f  l ac t at ion s ) . 

C ategor i c al v a r iables  a r ise wh e n  re sponses  are  c l a s s i f ied into 

c ategor i es r ather  than  b e ing  mea sured on  a con t i nuou s s c ale . 

A c o n t i nuou s  v ar iable  c an b e  conve r t e d  into a c ategor i ca l  

v a r i a b l e  but n o t  v ice- v e r s a . For e x ample , t h e  h e i g h t  of 

t r e e s  c a n be r ecorded to  t he n e a r e s t  mi l l imet er  ( a  con t i nuou s 

t r a i t ) or  s im p l y  recor d ed a s  low , med ium and h i gh ( a  

c a t ego r i c a l  tra i t ) . Somet imes  the c a t egor i e s  h ave  a n atur a l  

o r d er a n d  c an b e  r egar d ed a s  d i f fe r ent l e v e l s  o f  a s in g l e  

u n d er l y i ng var i a ble  a s  i n  the h e i ght e x ample . Th i s  i s  the 

t h resho l d  mod e l . When t h ere  i s  n o  natur a l  ord e r , the 

e x t r em a l  model a p p l ies . I t  assumes  e ach  cate g o r y  repr e s ents  

a d i f ferent  under l y i ng v a r i able . C ause  o f  d eath  w i th 

c ategor i e s ' a c c iden t ' , ' d i s e ase ' , ' ex posure ' a n d  ' s l a u ghter ' ,  

i s  an e x ampl e . 

I n  this  thes i s , a mod i f i e d  BLUP p r ocedure  and a method o f  

e s t im a t i ng v a r i ance  a n d  c ovar i a n c e  components  f o r  c a t e g or i c a l  

t r a i t s , are  der i v ed and d i scuss e d . 
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Cha p t e r  2 .  L i tera tu r e  Rev i ew 

"Fa r m  an ima l s  have  o n  the wh o l e  been imp r o v ed by  the  

s i mpl e method of  mati n g  best  to  b est . We  d o  n ot 

u nd ers t and  at a l l  c lea r l y  - in  some c a s e s  hard l y  at  a l l  -

t he res u l t ing c h a nges i n  phys i o l og i c a l  a n d  b i o c h e mi c a l  

m akeu p . The s c ient i s t ' s  c ontr i but ion  has  been . • .  

t o  clar i fy what i s  ' be s t ' ,  and  • • • a t  a s tat i s t i c a l  

l evel , t o  ind i c a t e  how t h e  a v a i l able i n forma t i o n  sho u l d  

b e  comb i n ed to ma k e  cor r e c t  dec i s i ons . I t  i s  a s s u med 

that  ma n y  genes  a r e  i n v o l ved wh i ch can  be man i p u l ated 

i n d iv i d u al l y  o n l y  in  r a ther s p e c i al c a s e s , and  that  

g enet i c  i mpr ovement i s  a grad u a l  accumu l at i on of  s ma l l  

e ffec ts . " ( R obert s o n , 1982 ) 

Th i s  r e v iew o f  l i ter a t u r e  w i l l  introd uce  the concept  o f  

h e r i t ab i l ity , d e scribe c ategor i c a l  t r a i t s  and d i scu s s  method s 

p r opo s e d  for the  anal y s i s  of  c ategor i c a l  tra i t s i n  an an i mal 

br e ed ing  con t e x t .  The me thods  are a l l  based on  the 

a s sumpt i on o f  mu l tifac tor i a l  i nher i t ance , i . e .  that the 

t r a i t  i s  cont r o l l ed by  ma n y  p a i r s  of  gen e s , e a c h  w i th sma l l  

add i t i v e  eff e c t s .  Th i s  a ssu mpt i on i s  u n l ike l y  to  b e  s t r ict l y  

t r ue f o r  any p ar t i cul ar  t r ait  b u t  i n  the absen c e  o f  spec i f i c  

g ene t i c  i nfor ma t ion , a p pear s to  b e  t he most u se fu l  b a s i s  for 

gener a t i ng g e n e r a l  metho d s  . . 

Th e u l t ima te  purpose  of  s t a t i s t i c a l  anal y s i s  in  an i ma l  

breed i n g  i s  to  r a nk the i n d ivi d u a l s  a v a i l abl e for  s e l e c t i on . 

A s econd a r y  pur pose i s  t o  est i ma t e  parameter s n e eded  for 

a s ses s i n g  the po t enti a l  for  gen e t i c  improveme n t  by s e l e c t ion , 

and  for formi n g  a cri t e r i on upon wh ich to r ank the  

i nd iv i d u a l s  a v a i l able  for  se l e c t ion . 

The genet ic  p a r ameter mos t  w i d e l y  quoted i s  her i t ab i l it y  

w h i c h , i n  the broad sen s e  ( Lu s h , 1 9 4 9 ) , i s  the  propo r t i on o f  

v ar i at i o n  i n  a t r a i t  wh i c h  i s  g e n e t i ca l l y  deter mined . A s  

s u ch , i t  depe n d s on  the ma gni t u d e  of  a l l  the g en e t i c  

v ari a t i o n rel at i v e t o  t h e  tot a l  g enet i c  a nd e n v i ronme n t a l  



v ari a t i on .  H e r i t ab i l i t y ,  i n  t h e  nar row sens e , i s  the  r atio  

o f  ad d i t i ve g en e t i c  v ar i ance to  the  tot a l  var i an c e . 
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The t o t a l  va r i a t ion mu s t  be p a r t i t ioned  into i t s  compon ent s 

b e fore  h e r itab i l i ty , a n d  other g enet i c  p arame t er s , c an be  

e s ti m a t ed . S e a r le ( 1 9 7 1  a ) r e v iewed  method s of  v ar i ance  

c ompo n ent est i mation t o  that  t ime . H a r v i l l e ( 1 97 7 ) p r esented 

a tho r o u gh re v i ew of mo r e  rec ent  method s .  The  most w i d e l y  

u s ed m e t hods  i n  a n ima l b r eed i n g  a re tho s e  des c r i bed b y  

H ende r son  ( 1 9 5 3 )  fo r u n bal anced  data . They e s t imate  var i an c e  

c ompon e n ts b y  e q u ati n g  s ums o f  s quar es  from an a l yses  o f  

v a r ia n c e  to  the i r  e xpe c t a t ions . Other more  r e c e n t  me thod s ,  

s ome b a s ed on max imum l ik e l ihood , are  increas ing in 
popu l a r i ty . · More  det a i l s  are g iven in s ec t ion 3.1.3. 

The  p r i n c ipa l me thod fo r pred i c t ing  breed ing v a lues  h a s  been 

t h e  s e l e c t ion i n d e x  ( H a z el , 1 9 4 3 ) . Th i s  is b a sed on  the 

p r in c i p l e of b e s t  l in e a r  pred i c t i on ( H enderson , 1 9 7 3 ) , i n  

wh i ch i t  i s  a s s umed t h a t  me ans  and v a r i ances  a r e  known . Th i s  

w a s  e x t e nded t o  t he c a s e  where me ans  are  not  known  by 

H end e r son  ( 1 9 6 3 , 1 9 7 3 , 1 97 5 ) u s i n g  the techn ique  of b est 

l i near  u n biased  pred i c t ion  ( BL U P ) .  These te chn ique s are  

d e s c r i b e d  in s e c t ion 3 . 1 .  

2 . 1 .  C atego r i cal d a t a  

C a t e g o r i c a l  d ata are d ata obta ined by  c l as s i f i c a t i o n  r ather  

t h an m e a s ureme n t . Gen e r a l l y  the  catego r i es  are  def i n e d  by  

d escr i p t ive n am es l ik e  ' d ead ' or  ' a l i v e ' , ' ea s y ' or ' h a r d ' 

and  ' s i n gle ' o r  ' mu l t i ple ' .  Some c ategor i c a l  c h ar a c ter s 

a r i se from d ir ect  Mend e l i an genet i c  seg r e gat i o n . For  these , 

a char a c t er i s t i c  occu r s  o n l y  i f  a par t i c u l ar g e n e  i s  pre sent  

and  e x p r essed . Depend i ng on  the  lev e l  of  dom i n ance , the  gene 

c ombi n a t ions  AA , Aa and  a a  might  be  d i st i n gu i s h able . T h i s  

mode l  w i l l  not b e  cons i d e r ed fu r t her . 

Mo s t  c a tegor i c a l  tra i t s  of  i nterest  to  an imal  bree d e r s  are 

bel i e v e d  to b e  an expr e s s ion  o f  u nobs e r v able  u n d e r l y i n g  



c on t i nuou s t ra its . Two mod e l s  for multinom i al  t r a i t s  ( se e , 

f o r  i n s t a n ce , B o c k ,  1 9 7 5 , p5 1 3 )  a r e : 

1 )  Thr eshold  mod el  A c h a r acter i s t i c  o c c u r s  o n l y  when the 

v a l u e  of  a n  u nder l y i n g  v a r i ab l e  e xceeds  a thr eshold  v a lue . 

T h ere m a y  be sev eral thr e s ho l d s  which  ge ner a t e  a tra i t  w i th 

o bser v ed sta t e s  which h a ve an o b v iou s o r der . 
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2 )  E x t r ema l model  E a c h  c a t e go r y  a r i ses  from a d i fferent  

under l y ing thr eshol d v ar i a b l e . The  observed  c at e g o r y  d epend s 

o n  wh i c h  v ari a b l e  rea c h e s  i ts thr e shol d  f i r st . 

The  e x t r emal and  thr e sho l d  mod e l s  are  equ i v a l ent  wh en  there 

a r e  o n l y two c a t egor i e s , i . e .  for  a l l - or-none  tr a i t s . 

C atego r i cal d a t a  were  c ommon l y  rega r d ed as b e i n g  the r e s u l t  

o f  Me nd e l i an seg regat i o n  un t i l  Wr ight  ( 1 9 34 a ,  1 9 3 4  b )  

i nves t i g ated the  inhe r i t ance o f  d ig i t  ( toe)  numbe r s  i n  gu i n e a  

p i gs .  H e  r ea l i z e d th a t  t h e  num b e r  of  d i g i ts d i d not fo l low a 

s imp l e  Mend e l i a n  seg r e g a t i o n  p a ttern . R ather , the n umber o f  

d i g its  a ppear ed  to  be r e l a t ed t o  a n  under l y i n g  v a r i ab l e  wh ich  

wa s a f fect ed  b y  both g enet i c  a n d  e nv i ronmen t a l  var i a t i on . 

Wr ight  a s sumed the u nd er l y i ng v ar i a b l e  was normal l y  

d i str i b u t ed and  u sed a n  i n ver s e  probab i l ity t r a n s format ion 

to  con v e r t  fr equencies  o f  d ig i t c l as ses  to  me a n s  on the 

u n d er l y i ng sc a l e . A r e v i sed form of  th i s  tran s format i on i s  

n o w  g e n e r a l l y  k nown a s  t he prob i t  tr a n s form a t i o n  

( Bl i s s , 1 93 5 ) . Wr i g h t  used te trachor ic  co r r e l a t i o n s  

( Pear so n , 1 9 0 1 , see e q u a t i o n  2 . 7 )  to  inv e s t i gate  the  effect  

o f  ma t i n g-ty p e , sex and  age  of  d am o n  the  rel at i v e  

f r equ e n c ies  o f  d i git c l a s s es . T h e  tetr a chor i c  corre l a t ion i s  

the cor r e l at i o n  c oeff i c i e nt  for a n  under l y ing  b i var i a te  

n o rma l d i str i b u t ion wh i c h wou l d  prod u c e  the spe c i fi e d  2 x 2 

frequ e n c y  tab l e  i f  tr u n c ated  on  both a x e s . By 

p a ren t - o ffs p r i n g  anal y s i s  u s i ng  tetracho r i c  c or r e l at ions , h e  

s howed t h at con t i nued s e grega t i on o f  th ree- a n d  fou r - d i g i t  

t ypes i n  some i nbr ed l i n e s  w a s  d u e  t o  env i ronmen t a l  and not 

genet i c  c ause s . 



2 . 2 . An a l ys i s  on the b in a r y  ( 0,1 )  sc a l e  

2 . 2 . 1 .  Bi n om ial  tra i ts  

The m e t hod o f  l ea s t  squares  is  a convenient procedure  for  
ana l ys ing b inomial  tra i t s  on the (0,1) scale . 
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H owev er , for these a n a l yses  t o  be  v a l i d , some a ssump t i on s  

must b e  s atisf i ed . Th e p r inc i p a l  assump t i on i s  that the 

e r ror v a r i ance s are  con s t ant  ( or known ) and t h a t  error s  are  

uncor r e l ated ( or have  k n own c ov ar i a n c e ) .  I n  the  c a s e  of 

known  v a r ian c e s  and c ov a r i an c e s , the method of w e i gh t ed l e a s t  

square s  i s  app r opr iat e .  A s sum p t i on s  about the  d i str i b u t i on 

o f  the  da ta  are requ i r ed wher e  t e s t s  o f  s ign i f icanc e are  

p er formed . Th e method of le a s t  squ a r es is  kn own  to be qu ite 

r obu s t  t o  depar t u res fr om n orm a l ity  ( Ghosh and  S i nh a , 1 98 0 , 

s ee al so Bloom f i eld and  Watson , 1 975 , and K n ot t , 1 9 75 ) . It  

is  for th i s  rea s on that m a n y  an im a l  br eed ers , and  othe r s , 
use  l ea s t  squa r e s  procedur e s  foz ana lys e s  o� b inom ial 

vari a b les . By so doi n g , th e y  often i g nore d i f fere n c e s  i n  the 

e rror v a ri ance wh i ch they know ex i st . An other p r oblem wi th 

the m et h od of l e a s t squ a r es , u n d er a mix ed mod e l  i n  

p arti c u l a r ,  i s  t h at pred i cted p r obab i l i t ies a r e  n ot 

c ons t r a i n ed wi t h i n th e i n t erv a l  [ 0 , 1 ] .  Th i s  p r ob l em i s  most 

l i kel y t o  occur  wh en c on t i nou s c ovar i a t es are  i n c lud ed in the 

model . The prob l ems wi th  or d i n a ry l e ast  squ a re s  hav e b een 

n oted b y  G i anol a ( 1 9 80  a )  a n d  h i s  l i s t  i s  giv e n  in  s e c t i on 

2 . 3 . 2 .  

Kor km a n  ( 1 9 4 8 ) u s ed an un wei ghted a n a ly s i s  of v ar i ance of a 

b inary ( 0 , 1 )  v ar iable  t o  i n v e s t ig a t e  the g en e t i c  e ffects  of 

twinn i ng in ca t t l e . V a ri an c e  compon e n t s  for h er d s , 

s i r e s - of-c ows , c ows and w i t h i n - c ows were  obt a i n e d  by equ a t i n g  

mean s qu a res t o  thei r  ex pectat i on s . No  attem p t  w a s  made  t o  

cons i d er an  und erlying  v a r i a b l e  or t o  a d j ust for t he 

depen d en c e  bet we en mean  a nd v a r i ance  in  b inom i a l  d at a . 

Lush , L am ore u x  and H a ze l  ( 1 9 4 8 ) r e ported a s tudy  ' t o measure  

the e x t e n t  or d e g r ee t o  wh i ch �e s i stance  to d i s e a se i s  
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i nher i t ed i n  the  fowl ' .  The y  anal y sed  b inary  ( 0 , 1 )  d a t a  b y  

l east s q u a res u s i n g  a r an d om mode l . Th e d ata from each o f  

four y e a r s  wer e  a n alysed  s epa r a t e l y . Fam i l i e s  w i th l e s s  than  

t en fu l l  s iste r s  were  om i t ted . Ana lyses  o f  var i ance were 
obta i n ed for t h r e e  bi n a r y t r a i t s : mor t a l ity fr om a l l  c au s e s , 

morta l i t y from l euko s i s  o n l y  a n d  mort a l i t y  from other c au ses . 

v ar i a n c e  c ompon ents wer e  obt a i n ed for  s ires , 

d ams- w i t h i n - s i r e s  and  ful l - s i s ter s by equating  m e a n  s q u a r e s  

to the i r  e x pec t a t i on s .  H e r i t a b i l it y  w a s  est i m at ed from the 

c orre l at i on bet ween fu l l  s i s t e r s  and from the c o r r e l a t ion  

betwe e n  h al f  s i s t ers . Lu sh  et  a l . ( 1 9 4 8 ) ob s e r v ed that : 

" The a c tual l y  o b ser v e d  v ar i an c e  i n  b inom i a l  d a ta  i s  

correl a t ed with  the mean  a nd hence  becom e s  v e r y  sma l l  

when the a v erage  percen t a g e  i n  e i ther c l a s s  appr o a ches  

z ero . Th i s  r e l a t i on s h i p  m ake s the  d i r ec t l y  o b s erved  

e s t ima t e s  of her i tabi l i t y  depe n d  i n  part u pon  the ave r a g e  

i n ci d en c e  of mort a l it y , u n like  t he s itua t i on i n  n orma l l y  

d i str i b u ted ch a r acter i s t i c s .  Hence cor r e c t i on for 

av e r a g e  i n c i d ence i s  r equ i red  before  com p a r i sons  c a n  be 

made  f a i r l y  between h e r i t abi l i t i es  of spec i f i c  causes  o f  

mortal it y .  Th i s  i s  al so n eces s a r y  for c om par i n g  

e s t ima te s of her i t abi l i t y  from d i fferent  f locks  i n  wh i ch 

t h e av er a ge in c i d ence  i n  morta l i t y  i s  not  t he s am e . 

" Tr an s form at i on to B l i ss '  ' pr ob i t ' sca l e  p r ov i d e s  a 

r e ason ab l e  amou n t  of c o r r ection  for ma k i n g  su ch  

c ompar i son s . The b a s i c  a ssumpt ion for  t h i s  

t r ansform ation i s  that r e s i st a n c e  t o  death  among  

i nd iv i d u a l  bird s is  a c o n t inuo u s  and  norm a l l y  d i str i b u t ed 

v ar i a b l e  with d e a th be i n g  a thre shold wh i ch d i v i d es  the 

p o pul at i o n  into only  t wo frac t i on s . Th e prob i t  v a l u e  

l ocates  t he popu l at i on a l ong that  scal e o f  r e a l  

r e s istan c e . He r i t ab i l i t y  o n  the  a ct ua l l y  observed 

p e rce nt a g e  sc a l e  c an be  t r ans formed into  the  genet i ca l l y  

m ore a cc u r ate her i t abi l i t y  on the  prob i t  s c a l e  b y  

mu l t ipl y i ng it by Eil�El wh ere  p i s  the  fr act i on· wh i ch 
z 

d i e s and z i s  the h e i ght o f  the ord inate wh i ch t r u n c ates  

p o f  the  a rea o f  t h e  norm a l  cur ve . "  



8 

Most o f  their  d i scus s i o n  r el a t e s  to  her i t ab i l i t i es  and  

g enet i c  c orrel at i ons  e s t i m ated  on  the b i n ar y  ( 0 , 1 )  s c a l e . 

Howe v e r , ther e  was  "ap p arent  i ncon s i sten c y "  i n  her i t ab il i t i e s  

c al cu l a t ed on t h e  bin a r y  s c al e . The her i tabi l i t y  o f  total  

mort a l i t y  ( . 2 2 )  wa s h i gher t h a n  for its  two c ompon e n t s , 

l euko s i s  ( . 1 4 )  a nd other ( . 0 3 ) .  The prob l em "i s r e solved  b y  

t he prob i t  tra n s form a t i on .  Th i s  r e su l t s  from r emov i n g  the 

b i as d u e  to d i fferent a v e rage  p e r cent a g e s  of mor t a l i t y  in the  

t hree c a t egor i es ."  Th e c or re s pond ing  h e r i tab i l it i es  on  the  

p rob i t  s c ale  we r e  . 3 3 , . 3 7  and  . 05 r e spect i v e l y . Th e s e  

r esu l t s  h igh l i g ht the i m port a n c e  of  u s i ng an u n d er l y i n g  

p robi t  s c ale  whe n  c omp a r i ng p a r ameter e s t im a t e s  ·from 

( sub ) popu l at ions  w i t h  d i fferent  mean  i n c i d en c e . Her i t ab i l i t y  

on  the p r obit  s c a l e  i s  " g en et i c a l l y  more  a ccu r a t e "  wh en  

m u l t i f a c t or i a l  i nher i t a n ce a p p l i es and the c e n t r a l  l im i t 

t h eor em m i ght r e a sona b l y be i nv o ked . 

Rober t son and  Lern e r  ( 1 9 4 9 ) anal y sed pou l t r y  mort a l i t y  d ata  

on  t h e  ( 0 , 1 )  sca l e . The y  i g nored  h a l f- s i b  fam i l ies  wi th l e s s  

t h an 1 2  b i rd s  a n d  ful l - s i b  fam i l i es  w i th l e s s  than  5 b i r d s . 

They a s s umed e a ch bird  h ad a g en e t ica l l y-ba s e d  prob a b i l i t y  o f  

s u r v i v i n g  to become  a p a r ent  i n  the  n e x t  gener a t i on w i th mean 

p and v ar i ance a2• They c a l cul ated  her i t ab i l i t y  a s  p 
h e r i t a b i l ity = ----��E����-��P������E�---------­

ph enot y p i c  se l e c t ion d i f ferent i a l  

2 

h2 = -�E 
p 1 -p 

2 X - ( N - 1 )  
= - - - - - - - - - - - -

r k 
( 2 .  1 ) 

wh ere x2 i s  the h e t erogene i t y  x2 o f  the  2 X N d at a  t ab l e , 

a� i s  e s t imat ed from a n  analy s i s  of  v a r i ance , 

r i s  the d i fference  i n  genet i c  r e l a t ion s h i p  betwe e n  

a nd wi th i n  c l a s s e s  and 

k i s  the c o e f f i c i e n t  of r a2 i n  the e x p r e s s i on for t h e  p 
e x pected v a lue  o f  the  sum o f  squar e s . 

H i l l  and  Smith  ( 1 97 7 ) comm e n t ed that  th is  met hod wa s n ot 

p refer a b l e  to t h e  compon ents  o f  v a r i a n c e  method . 



Rob ert son and  Lerner ( 1 94 9 ) d i sc u s s ed the concept o f  

"h eri t a b i l ity  o n  the p ro b i t  sc a l e" introduced b y  

9 

Lu sh et a l . ( 1 9 4 8 ) .  T h ey pres en t ed an i nter p retat i on o f  the  

p rob i t  t r an s f o rmation  wh i ch app l i es t o  mort a l i t y  from a 

"s i ng l e  d efin i t e  c aus e" .  Th ey cons id ered the p robit  

t ra n s formation  i nappro p ri a t e  for total  morta l i t y , a n  

u n sp ec i f i ed m i x t ure o f  v a riou sl y  h eri t ab l e  t ra i t s , b ec au s e  

"th e  d o s a g e  s c a l e  cea s es t o  h a v e  any  d ef i n it e  mea n ing".  Th ey 

s howed t h at the h er i t a b i l ity  o f  a t ra i t  c ompo s ed o f  t en 

equ i- h er itab l e  tra i t s  i s  les s  t h an the  h erit ab i l i t y  o f  j u s t  

o n e  o f  t h o s e  t r a i t s  at  t h e  same  i n c id en c e .  

Demp s t er and L erner ( 1 9 50 ) i n v es t i g ated "t he con d i t ions  

u n d er whi c h  ser i ous  errors are l i k el y  t o  r esu l t  from use  o f  

t h e  c on v en i en t  p scale" i n stead  o f  the u n d er l y i n g  sca l e ,  the  

X s c a l e .  They state  

"The p r obit  t r a n sform a t ion may  be  s a t i sfactory for . . • 

c ompa r i n g  her i t a b i l i t y  v a lues b u t  it  i s  n ot a p p a rent how 

it  c a n  be used for d ev i s ing o p t imum s elec t i on i ndex es nor 

i s  i t  at  a l l  con v en i ent  in  many s i tuat ion s for c om put i n g  

expec t ed r ates o f  ga in . "  

T hey con s i d er an  u n d erl y i ng var i a b l e  ( X )  who s e  v a lue  i s  t he 

sum o f  t wo ind epend en t  normal  v ar i ab l es , g a n d  e ,  with  means  

z er o  and v ari a n c es � a n d  1 -� r espect i v ely . Th u s  X i s  

d i stri b u t ed N ( 0 , 1 ) .  The c ha r act er i s  ex p r es s ed i n  t hose 

i n d i v i d u a ls , a nd onl y  those ,  i n  wh i c h  X ex c eed s a t hres ho l d  

x ' . Gen e  sub st itut i on s  a r e  pr esumed t o  hav e  i nd i v i d u a l l y  

smal l a n d  stri c t l y  ad d i t i v e  effect s  o n  t h e  und er l y i ng 

v ar ia t e .  The pro port i o n , p ,  o f  i nd i v i d u a l s  w i t h  t he 

c h ar a c t er i s  d et erm i n ed from t h e  t a i l  o f  the norm a l  c u rv e . 

"Gen et i c  d i fferen c es a r e  t hought o f  as  s h i f t i ng t h e  

m ean o f  t h e  env i r o nmen t a l  d i str i b u t i on , t h e  t hr esho l d  

remai n i n g  f i xed . A l t ern at i v el y , they c a n  equ a l l y  wel l b e  

t hought o f  a s  s h i fting  t h e  thr eshold  a b s c is s a , t he m ea n  

o f  the en v iron m en t a l  d i s t r ibu t i on r em a i n ing  f i x ed .  U s i ng 

ei ther concept , t he g en o t ype  o f  a n  ind i v idua l o n  t he p 

s c a l e  i s  t he pro port ion o f  env i ronments  i n  wh i c h  i t  wou l d  

exhib i t  t he cha ra ct er . " 



1 0  

Th e rel a t ions h i p  between h eri t a b i l it y  on  the un d erl y i n g  scal e 

a n d  on t h e  p sca l e ,  u sed b y  Lu sh et al . ( 1 948 ) , wa s pro v ed b y  

R obert so n  ( i n a n  appen d i x  to  Dempster a n d  L ern er , 1 9 5 0 ) . Th e 

relat i on ship , repeat ed b elow , a s sum es a n orm a l  d istri b u tion 

for  the u n d erl y i n g  vari ab l e. 

2 z 2 h2 
h = - - -- - ( 2 . 2 ) p a  p ( 1 - p) 

where z i s  the h ei ght o f  t h e  ord i n at e  at  x • ,  

h2 i s  h eritab i l i t y  o n  t h e  X s c a l e  and  

h2 i s  h erit ab i l i t y  ( a dd i t i v e) on  the  p s c a l e .  
p a  

Th e accura c y  of  t h i s  rel a t i onsh i p  between h eri t ab i l i t y  o n  the 

p and  X scal es wa s stu d i ed em p i rical l y  by  Van  V l eck  ( 1 97 2 ) 

a nd O l a u sson and  R 6nn i n g en ( 1 9 7 5 ) i n  s imul at i on stud i es .  Van  

V l ec k  ( 1 972 ) c onclud ed 

"Heri t a b i l ity  on  the n o rmal  s c a l e gen era l l y  wi l l  b e  on l y  

s l igh tl y over- es t i m a t ed by m u l t i p l y i ng the est im a t e  from 

t h e  pat ern al  hal f - s i b  correl at i on from binom i a l  d a t a  by 

p ( 1 -p ) / z 2 but may be o v er- es t imated sub s t a n t i a l l y  if the  

es t i m at e  from paren t -offspring correlat ion  i s  s im i l arl y 

a d jus t ed p art i c u l arl y  wh en p i s  n ot between . 25 and . 75 .  

The  ov er-estimate wi l l  be g reat er wh en norm a l  

h erita b i l ity  i s  l a rg e  t h a n  when i t  i s  sm a l l .  

"Gen et i c  g a i n  from m a s s  sel ec t i on a s  m easured by the 

f ract i o n  of  th e p o pu l a t ion  with  the character wi l l  be 

u nder- est ima t ed wh en only  a sm al l  fra c tion  of  the 

popu l a t i on has  the ch a ra c t er and  when heri tab i l i t y  on th e 

n o rma l s c al e  i s  h i gh " 

Jam es and McGuirk ( 1 9 82 ) rec en t l y  cons i d ered the  est im a t ion  

of  th e h eri tab i l i t y  of  a l l-or- none chara c t ers by 

o ffsp ri n g /paren t reg res s i on . Th ey a l lowed ea ch g en era t i on t o  

h av e  a d i f ferent i nc i d en c e  and o b t ained t h e  rel a t i on s h i p  



2 z zo h = -- - --- -
p ( 1 - p) 

( 2 . 3) 

where p i s  the i n c iden c e  i n  th e p a rent g en erat i on ( not  t h e  

a c tua l  p a r ents ) , 

z i s  the ord inat e c o rrespond ing to p and 

z i s  t h e  o rd in a t e  correspond i n g  t o  the i nc i d en c e  
0 

in t h e  offsp ri n g . 

Th i s  fun c t i on i s  d epen d en t  on both  paren t  and o ffspring  

i n c i d en c es .  P l ot t ing s h owed that  the  rel at i on sh i p  i s  more 

s en s i t i v e  to changes i n  o ffspri n g  inc i d en c e  than  t o  c h a n g es 

i n  paren t i nc i d en c e. Th i s  i s  b ec a u s e  i t  i s  pro p o rt ion a l  to  

z0 whi l e  c hanges in  z ar e l argel y  compen s ated b y  c h an g es i n  

p ( 1 - p ) . 

2 . 2 . 2 . Mu l t inom i a l  tra i t s  

1 1  

Wh en a c a t ego r i ca l  t ra i t  i s  d ef i n i t el y  o rd er ed ( a s i t  o ften 

i s  in  a n i m a l  breed ing ) ,  i t  has  b een c ommon to  a n a l y s e  

cat eg o r y  c od es a s  a c o n t in u o u s  var i ab l e. I n  sheep r es ear ch , 

f ert i l i t y  tra i t s  such a s  o estrou s a ct i v i t y , o v u l a t i on r a t e ,  

n umber o f  lambs  born a n d  l amb s weaned h a v e  t r a d i t i on a l l y  been 

a n a l y s ed a s  con t i nuou s t r a its  ( e . g .  Hohenbo k en and  C l ar k e ,  

1 98 1 , L amber son and Thomas , 1 9 82 , Dzakum a , Wh i t em a n  and N c N ew 

1 982 ) . I n  da i r y  catt l e ,  c al v i n g  d i f f i c u l t y  ( 5  c l a s s es )  h a s  

b een a na l y sed a s  i f  con t i n uo u s  ( Po l l ak a nd Fr eeman ,  1 976 , 

Thomp son , Fr eeman a n d  Berg er , 1 98 1 ) . 

An a l ter nat i v e  appr o a c h i s  to  replace  t h e  cat eg o ry cod es wi th 

s cores . Tong , Wi lton a n d  Sch a effer ( 1 977 ) p r es en t ed a m ethod 

o f comp u t ing s c o r es b a s ed on  wo rk by Sn el l ( 1 9 6 4 ) and  u s i ng 

t h e  l og i s t i c  d i s tr ibu t i on . Th i s  wa s u s ed by Sch aeffer and  

W i l ton ( 1 977 ) and  Hud son , Sch a ef f er and  Wi l ton ( 1 9 8 0 ) to  g i v e  

eas e  o f  c a lving  scores o f  1 00 ,  5 0 , 30 , 0 for t h e  ev a l u at i on 

o f  beef s i r es .  Scores c o u l d  a l so b e  b a s ed on mon et a r y  v a l u e  

o f  the c a t egori es . G i a n o l a  ( 1 9 7 9  a )  h a s  shown the  

rel at i o n ship  between h eri tab i l i t y  i n  the  outwa rd ( sc o r es )  

s c a l e  a n d  in a n  u n d erl y i ng norm a l  X s c a l e  to  b e  



m- 1 
2 [ I z . ( a . 1 - ai ) ] 

= h 2 
-- � --=--:: _________ _ 

var ( a ' p ) 

wh ere a = { ai } i s  a v ector  of  m 

p = {pi
} i s  a vec t o r  o f  m 

( 2 . 4 ) 

scor es ,  

p r obab i l i t ie s ,  

z i i s  the ord inat e o f  the n ormal d i st r i b u t i on at  the  

i th  thresho l d , 

h2 i s  the  her i t a b i l i t y  i n  the ou tward sc ale  and  
0 

1 2  

h 2 i s  the her i t ab i l i t y i n  the  unde r l yi n g  n ormal  sc a l e . 

I n  g e n e r a l , the  more c a t egor i e s  i n  the t r a i t , the  c l o se r  the 

h e r i t a b i l i t i e s  w i l l  be . I n  the  c a se o f  o n l y  two c ategor i e s ,  

e quat i on 2 . 4  reduc es  t o  equa t i on 2 . 2 . T h e  score s wh i ch 

m a x im i ze her i t a b i l i t y  o n  the o u tward  sc ale  a r e  propor t i on a l  

t o  the m e a n s  of  trun c a t ed sect i on s  of  the n orm a l  d i str i b u t i on 

i . e .  a . = l 
z .  1 - z .  1- l 

pi 

whe r e  z
0 

and zm a r e  both z e ro . 

( 2 . 5 )  

Lan d i s  a nd K o ch ( 1 9 7 7  c ) , i n  a stu d y  o f  the repea t a b i l i t y  o f  

p sychol o g ical  d i agno se s ,  exp r e ssed a c a tegor i c a l  t r a i t  o f  L 

c ategor i e s as L b in a r y v a ri a b l e s . The c ategor i e s  d id not 

h ave a n a tural o r d er a l t hough one cou l d  possi b l y  be impo sed . 

They u se d  mul t i v ar i a t e  a nal y si s  proced ures a n d  a one -way 

r a ndom model . They sho wed that  the u su a l  v ar i an c e  componen t s  

p roced u r e  coul e  b e  used t o  obt a i n  an in t r a c l a ss corre l a t i on 

coeff i c i ent for e ach v a r i able . Quaas  and  Van  V l e c k  ( 1 980 ) 

e x ten d e d  this approach  t o  anim a l  breed i ng with  the  est im a t i on 

o f  breed ing  v a l u e s  ut i l i z i n g  mu l t ip l e  t r a i t  m i x ed mod e l  

e quat i o n s  ( He n d er so n  1 97 3 ) . They con sidered  t h e  o r d ered 

t r a i t  st a yab i l i t y  - t h e  num b e r  o f  se a sons a cow  rema i n s  i n  a 

h erd . F amul a ( 1 980 ) suggested  thi s t r ait  i s  better  f i tted  b y  

a n  exp o n ential  d i stri b u t i on t ha n  a mu l t inom i a l  b u t  h i s  method  

d oes not  a l low for  g en e t i c  re l at i on sh i p s .  Van  V l e ck and  

K arner ( 1 980 ) u sed mu l t ipl e t r a i t  m i x ed mod e l  e qua t i on s  o n  



1 3  

L- 1 b i n ary  v a r i ables t o  ev a l u a t e  7 1 2  Brown Swi ss bul l s  for 

t welv e d escr i p t i v e  type t ra i t s .  Whi l e  t hi s  met hod ma k es 

a l lowa n c e  for t he correl a t i on s among c at egor i es ,  i t  d o es not 

a l lo w  for  var i a n c e  d i ff eren c es resu l t i n g  from d i fferent 

t hresho l d s  on t he underl y i ng  sc a l e  i . e . v a ri a n c e  d i f f erences 

a r i si n g  from d i fferent m ean  i n c i d en c es a sso c i a t ed w i t h  f i x ed 

effec t s  i n  the mod el .  

2 . 2 . 3. C o r r el at i on bet ween v a r i ab l es 

S ev er a l  autho r s  hav e  stu d i ed t he rel a t i on shi p between genet i c  

a n d  p hen o t ypic  c orrel a t i on s  est im ated b etween two d i sc r ete 

v ar i a b l es ,  o r  one d isc r et e  and one con t i nuous v a r i ab l e ,  w i t h  

t he correl at i on for two u n d er l y i ng c on t i nuou s v a r i ab l es.  

Tate  ( 1 955 ) c o n sider ed t he corr el at i on of  a n ormal v a r i ab l e  

a n d  an  assumed normal v a r i ab l e  under l y i ng a d i c hotomous  

t r a i t . Cox  ( 1 9 7 4 ) ex t en d ed t hi s  to  a p o l yc ho t omous t r a i t . 

Ol a u sson and  Ronn i n g en ( 1 9 75 ) c o n si d er ed t he gen et i c  

correl a t i on betw een t he under l y i ng v a r i able and  a not her 

n o rma l v a r i ab l e .  Ta l l i s  ( 1 96 2 )  con sid er ed t he c orr el a t ion o n  

t he un d er l ying normal  sc a le o f  t wo t hr eshold cha r a c t er s. 

V i nso n , White  a n d  Kl i ewer ( 1 9 76 )  d er i v ed t he gener a l  

ex pressi o n  for c o rrel a t i on on a n  under l y i ng sc a l e  o f  two 

p o l yc hot omou s t hresho l d  c har a c t er s. 

M a o  ( 1 976 ) est imat ed g en et i c  and phenotypic cor r el a t ions  

b etween m i lk t r a i t s  befo r e  and  a ft er r eced ing  i n t o  d i sc r et e  

c at egor i es .  He  con c l u d ed 

"Phenot ypic  c or r el at i on s  on t he c ont inuous  sc a l e  

g ener a l l y  wer e  u n d er- est im a t ed i n  a b so l ute v a l u e  when o n e  

or  bot h  t r a its wer e  d i sc r et e. U n d er - estima t i on bec ame  

g reat er as  the number o f  d i scr et e  c lasses d ec r ea sed and  

bec ame  su bstant i a l  ( 5 0  % )  when d ata  on  both t r a i t s  wer e 

b i nom i a l - l ik e .  G en et i c  corr el at io n s  on  the c on t in u o u s  

sc ale . . .  wer e  c l o sel y est ima t ed " ,  u si ng p a t ern a l  

hal f- sib  ana l y ses, when one o r  both t r a its  wer e  d isc r et e. 

Howev er , some  sl ig ht o v er - �st im at i on occur r ed and  i t  



i nc r ea s ed when fewer c a t ego r i es wer e u s ed .  

"Ov er - es t i m ation w a s  grea t er wh en the under l y ing  

c ontin u o u s  gen et i c  cor r el a t i o n  w a s  n eg a t iv e  or smal l 

p o si t i v e  than wh en the c or r el at ion  wa s h i gh pos i t i v e .  

W h en t h e  u nder l y i ng c o r r el at i o n  was  h i g h  pos i t i v e, 

n either o v er- nor und er - est i m ation  occurred . I n  a l l  

c a ses , t h e  fewer the number of c a t egor i es ,  the g r eater 

t h e  sam p l ing var i at i on i n  cor r el ation  est im a t es . "  

S im i l a r res u l t s  wer e r epor t ed by O l au s son and  R on n i ng en 

( 1 97 5 ) who c on c lud ed 

1 4  

"Th e  g enet i c  corr el at ion  betw een two tra i t s , the  o n e  

a l l-o r - non e a n d  t h e  o t her n o r m a l l y  d i s tr i b u t ed ,  c an be  

estima t ed by the  half- s ib c or r el at i o n  method i n  th e 

o r d in a r y  way wi thout t r an s fo rm a t ion o f  the es t imate 

ex cept fo r low h er i tab i l i t y  ( 0 . 1 )  and  for l ow i n c i d en c e  

l evel s  ( 5  and 1 0  % )  o f  the a l l - or-none  t r a i t . The 

es tim a t ion  of  th e phen o t y p i c  cor r elat i o n  . . . by  the s am e  

method  as d es c r ibed fo r the g en etic  c o r r el a t ion , g i v es 

c o nsi d er able  b i a s  in est i m ates . " 

T h ey g av e  a cor r ec t ion fa c tor wh i ch is a q u ad r a t i c  func t i on 

o f  inc i d ence  to  c onver t  t h e  es t i m ate u s i n g  b i n om i a l d at a  to  

an  est i m a t e  for the und er l ying  s c ale .  

R u t l ed g e  ( 1 9 77 ) repor t ed a Monte  Carlo  comp ar i son  o f  two 

est im a t o r s  of r epeat a b i l i ty of a b inom i a l tr a i t . He s ampl ed 

fr om a b i v ar i ate  norm a l  d istr i b u t ion w i th equ a l  var i an c es and  

c o rrel a t i on p a r ameter r a nging  0 . 05 ,  0 . 1 5 ,  0 . 8 5 .  The 

s ampl e  c orrel a t ion w a s  c ompu t ed befo r e  the s am p l e w a s  r edu c ed 

t o  a 2 x 2 con t i n g enc y t a ble b y  t r unc a t i ng both a x es .  

L et the 2 X 2 cont i n g en c y  tab l e  be  repr esent ed b y  

R ecor d 1 
0 1 Total  

R ecord 2 0 ! n0 0  n 1 0  n . O  
1 i n0 1  n 1 1  n . 1  

- - T ---- - - - ---- ------- -

T o t a l  / n0 .  n 1 • 
n 



Th e  e s timato r s  wer e : 
Lu sh ( 2 . 6 ) 

a n d  Pe a r s on tp = s i n  ( 2 . 7 ) 
2 

which wa s r ed i s covered b y  Pl a ckett ( 1 965 ) i n  t h e  form 
tp = - cos [1/J n/ ( 1 +1/J )  ] ( 2 . 8 ) 

wh e re 1/1 = [ n00n 1 1 /n 0 1 n 1 0 ] 1 / 2  
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The d e v i at i on from the t r u e  v a l u e  o f  the corre l a t i on was  
r egre s s e d aga i n s t  the t r u e  v a l u e  a nd the  thre shold  v a l u e s . A 

comp l e x  fourth  power funct ion  was  requ ired t o  f i t  the 
d e v iat i on s  sat i s f actor i l y  but  the thre shold  wa s the pr i n c i p a l  
s o u r c e  o f  b ias . 

2 . 2 . 4 .  Se l e c t i on invol v in g  c at egor i ca l  t r a i t s  

Lu s h  e t  al . ( 1 948 ) d e v i se d  s t rateg i e s  for s e l ect ion  again s t  
mort a l i t y .  He r i tab i l i t y  o n  t h e  prob i t  sca le  w a s  used a s  a 
b a sis  fo r a ssess i ng the r e l at i v e  e ffic i e n cy o f  i n d i v i d u a l  and 
f am i l y  s e l ect ion at v ar i ou s  l e v e l s  of i n c i d en c e . Th e y  
c oncl ud ed that family  s e l e c t i on  w i l l  genera l l y  be  "many  t im e s  
more  e ff e c tive  than ma s s  s ele c t i on " u n l e s s  t h e  inc idence  of  
d e s i r e d  a n ima l s  i s  c l o s e  to  the  proport i on to be  s elected . 
Howe v e r , th e s e lect ion  o f  fam i l i es i s  n ot s t r a ight forward 
when they d iffer  in  s i z e . The y  suggested  c or r ect ing  the 
a v era g e  f ami l y  d eviat i on from the  fl ock  mean by  
n r h2/ ( 1 + t (n- 1 ) ) wh e r e  n i s  fam i l y  s i ze , t i s  the  phenotyp i c  
c o r r e l a t ion  be twe en fam i l y  members , r i s  t he genet ic 
r e l a t i onship  betwe en  fami ly memb er s and h2 i s  the 
h e r i t ab i l i ty on the pro b i t  s c al e . 

Wh i l e  g enetic  v ar iance  o n  the X sca le  i s  a l l  ad d i t iv e  ( by 
d e f in i t i on abov e ) , t h e  g enet i c  v ar i an c e  on the  p sca l e  i s  
not . Thu s  pred i c t ion s b a s ed on h e r itab i l i ty  on the  p s c a l e  
w i ll b e  i n  error . Demps ter  a n d  Lerner  ( 1 950 ) showed t h i s  
e r ror  wa s greater  for h i g hly her i t ab l e  t r a i t s  t h a n  for l owl y 
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h er i t a b l e  tr a i t s  and whe n  the i n c i d en c e  i s  near  0 or 1 .  The 
e ffi c i en c y  of m a s s  sel e c t i on i s  l ow u n l e s s  the s e lect ion  
d i ffe r e n t i al i s  c lo se t o  the  inc i d ence . Effi c i en c y  c a n  be  
i n cre a s ed by  the  u se o f  fam i ly s e l ec t i on or  a c or r e l ated  
t r a i t . 

Th e g ains e x pected u s ing m a s s  s e l e c t ion have  been di scu s s ed 
more r e c e ntly  by  R�nn i n g en ( 1 9 7 6 ) .  Danel l  and R�n n i ngen  
( 1 9 8 1 ) i nve s t i g ated t h e  beh a v iour  of  a select ion  index  based  
o n  a b i n om i al  and a norm a l  t ra i t  a t  1 80 combin a t i on s  of  
genet i c  p arame t er s , e conom i c  we i ghts  and  inc i d en c e s  of  the  
a l l-o r -none t rait . Genet i c  and phenotyp i c  c orr e l at i on s  
betwee n  the norm a l  tr a i t  and t h e  norm a l  t r ait und e r l y i ng the 
b inom i a l  tra i t  we re a l wa y s  e qua l  i n  the s tud y . The 
e ffi c i en c y  o f  s e l ection was  mea su r ed as  the r a t i o  o f  the  
g enet i c  mer it o f  the g roup  sel e c t ed on the i nde x , t o  the 
mer it of the group wh i c h  would  h av e  b een sel e c t ed  u s ing an  
i ndex b a s ed on the  norm a l  t ra i t  and the u n der l y i ng tra i t . 
Th e y  c oncl u d ed 

" The v a r y i ng effi c i e n c y  o f  the i ndex showed sev e r a l  
p attern s . . . .  In situ a t i on s  w i t h  corr e l a t i on s  betwe en 
t r a its r an g ing f rom s t ron g l y  f a vourab le to mod e r at e l y  
u n favo u r able it s eemed  po s s i b l e  to pred i ct t h e  e ffi c i ency 
p attern  w i th the help of theor e t i c a l l y  o b ta ined  
c o r rel at i ons  bet ween aggregat e  g enot ype a n d  i n d e x , p l u s  
what i s  known fr om sel e c t i on on s ingle b i n om i a l  t r a it s . 
For  st r on g ly unfa vour a b l e  cor r e l at ions  the  ind e x  wa s v e r y  
u n stab l e  and the e ffi c i en c y  d i f f i cu l t  t o  pred i c t . 
Appropr i ate tran s forma t ions o f  h er i t ab i l i t i e s , gene t i c  
a n d  pheno t ypic c o r re l a t i on s  and  o f  econom i c  we ights  from 
t he  binom i a l  sca l e  to the u nder l y i ng normal  s c a l e  are  
n e eded for the pred i c t i ons . "  
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2 . 3 . Ana l y s i s  on the  under lying s c a l e  

2 . 3 . 1 . Fa l coner ' s l i ab i l i t y  me thod  

The papers  d i s c ussed in the p r e c ed ing s ection all  invo l ved 
analy s e s  of b ina r y  tr a i t s  on the ( 0 , 1 )  scale � Thr e e  o f  them 
c ons i d e r e d  the u s e  of  an unde rl y ing  cont inuous X s c a l e  and 
u s ed a t r ansfo rma t ion to conv e r t  t he h e r i tabi l i t y  e s t imate  on 
the p s c a l e  to one on the X s c a l e . Way s  o f  e st im a t ing 
her itab i l ity  d i r ectl y on the und e r l ying scale were  not 
c onsider e d . 

Fal coner ( 1 965 , 1 967 ) sought  to e s t imate the her i t ab i l i t y  o f  
d i sease  in  human popu l at ions . H e  cal l e d  the und e r l y ing X 

s cale ' l i abi l i t y ' , c onsider i ng that  su scept i b i l i t y  wa s too 
g ener a l  in  concept . He u s ed the  s e lect i on response method of 
Rober t son and Lerner ( 1 949 ) b u t  app l i ed to the X s c a l e . Th e 
procedur e r equir e s  e s t ima t e s  o f  the inc idence s  in the  general 

po pu l ation and among r elat i v e s of  a f fected ind ivid u a l s .  
Proj ect ing the s e  inc i d ences on t o  two normal c u r v e s  a s sumed  
to hav e the  same v ariance and s am e  thr e shold ( h ence d i fferent 
or ig ins ) ena b l es the mean of the a ffe c t ed ind i v i d u a l s ,  and 
the mean o f  the i r  relat i v e s , t o  b e  est im ated on the  X s c a l e . 
The r eg r e s s i on on the under l y ing sca l e  o f  rel a t i v e s  on 
a f fected ind i v i d u als i s  then e s t imated as  

r e sponse  b = ----------------------

se lect i on d i fferent i a l  

( me an o f  r e l a t i v es - g ene r a l  mean ) = - - - - - - - - - - - - - - - - - - - --- - - - - - - - - - - - - - - -- - - - - - - -
( mean of  a ffected  ind i v i dua l s - genera l  me an ) 
r - 0 = - - - --
a - 0 

wh ere 0 i s  mean o f  popu l a t ion ,  
a i s  the mean o f  the a ffec ted ind iv idu a l s ,  
t i s  the t h resho l d  and 

(2 . 9 )  

r i s  the m e an of  the  r e l a t i v es o f  affected  indiv i dual s . 
Herit ab i l ity i s  then e s t imated  a s  b/ ( d eg ree o f  r e l at ionsh i p ) . 
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Di s t r ibut i on for the  t otal populat ion  

u nder l y i n g X s c a l e  

D i st r i b ution for  the r e l at i v e s  o f  affec ted i nd i v idu a l s  

u n d er l y i ng X s c a l e  

A d i f f icul ty with  the mod e l  i s  that s inc e the 
a ffec t e d  ind i v i d uals fo rm  the u p per t a i l  of a n o rmal 
d i str i b u tion , the d i s t r ibut i on of the i r  rel a t i v e s w i l l  be  
s kewed a nd of sm a l ler v a r i ance  - the e x tent b e i n g  gr e a te r  for 
h i g h e r  her i t ab i l i ty  and  c l o s e r  r e l a t i o nsh ip . F a l coner  ( 1 9 6 5 ) 
b e l i e v e d  thi s e r ror was  o n l y  s e r i ous fo r mono z y gous tw i n s . 
Edwa r d s ( 1 9 6 9 ) and Smith ( 1 9 70 ) , howeve r , showed  that th is  
c aus e d  F a lconer ' s  met hod to  under- e s t imate h er i t a b i l i ty  by u p  
to  ten p e r c ent . Both pr e s ent ed g r aph s showing  the 
c orre l a t ion betwe en r e l a t i ves  g i v en the inc i d e n c e s  i n  the 
p o pu 1 a t i on  and i n re  1 at  i v e s o f a f f e c t e d i n d i v i d u a 1 s . S m i t h 
( 1 97 0 ) a l so g i ves  an a pprox imate  a l gebr a i c e x p re s s ion  fo r h i s  
g r aph , n amel y; 

( 2 . 1 0 )  

where p R i s  inc i d e nce  in r e l at iv e s  o f  affec ted i nd i v id u a l s , 
Pp i s  i ncid e n c e  in the total populat i o n , 
r i s  the requ i r ed c or r e l at i on and 
r5 c a n  be ignor ed i f  r i s  l ess than  . 5  ( i . e .  e x c ept fo r 

a high l y  her i t a b l e  tr a i t  i n  monoz ygou s twins ) . 
H e  a lso  g i ves a c orrec t i o n  form u l a  for u s e  whe n  the r e l a t i v e s  
a r e  from a d i f ferent popu l at i o n  to the affected  i nd i v id u a l s . 



R e i c h , J ames a nd Mor r i s  ( 1 9 7 2 )  ad a pted F a l coner ' s  ( 1 9 6 5 ) 

metho d  b y  all ow i ng for t h e  var i a n c e  r e d u c tion i n  the 
d i st r i b u t ion o f  r elat i v e s  of a ffected i n d iv i d u al s . They  
appl i e d  the  method  to mu l t ip l e  thresho l d  data  and  att empted 
to d i s t i n gu i sh  s i ngl e g e n e  from mult i factor i a l  i nhe r i t ance . 
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Both Edwards  ( 1 969 ) and Sm i t h  ( 1 97 0 ) d i s cussed  t h e  problem  of  
b i as i n t r oduc ed  becau s e  of  the  c ommon famil i a l  env i ronment of  
a ffec t e d  i nd i v i d ual s a n d  the i r  r e lat i v e s . Sm i th suggested 
th i s  b i a s can be  asses s ed b y  comp ar i son o f  her i t a b i l i t i e s  
d er i v ed f rom r e l a t ives o f  d i f fe r ent  d eg r ee  s i n c e  mor e  d i s tant 
r e l at i v e s  wi l l  h ave d i f fe r en t  env ironments . 

The a d v antage  o f  asses s i n g  h e r i t ab i l i ty  on the  l i ab i l i t y  
s c al e  i s  demon s t r ated i n  the a b o v e  pape r s . Sub- popu l a t ions , 
h av ing  d i ffer ent  incid e n c es , h ad  qui te  d i ffer e n t  
h e r itab i l it ies  o n  the p s c a l e  b u t  v ery s im i lar v a l ues o n  the 
X sca l e . Th i s  c an ,  i n  f a ct , be a check that the he r i t ab i l ity  
mod e l  being  u s ed i s  app ropr i a te . Th i s  wa s done  by Sm ith , 
F a l cone r  and Duncan ( 1 9 72 ) for  a study  of i n c i d ence o f  
d i abet e s  i n  humans . T h e y  u sed F a l cone r ' s  or i g ina l  method for 
c ompu t a t ional  c onven i e n c e , r ather  than Smi th ' s  rev i s ed form . 

2 . 3 . 2 .  Gen e r a l i z ed  l ine a r  m odel s and  other propo s a l s  

G i ano l a ( 1 9 8 0  a )  summ a r i z e d  the " pr ob lems a s soc i a ted  wi th 
g enet i c  e v al u at ion of c a t egor i c a l  tr a i t s  by l i n e ar mod e l s " 
a s : 

" ( 1 )  S cores  a r e  arb i t r a r i l y  a s s igned to r e sponse  
c ategor i e s . ( 2 )  M i x ed model  s o lutions  do  n ot i ncorpo r ate  
the  r es t r iction in  the e s t imat i on space  that the  sum o f  
r espon s e  probab i l i t i e s  must t o t a l  1 ac r o s s  c at e gor i e s . 
( 3 ) The  var i a n c e  in t he  obse r v ed sca le  i s  not c o n stant 
a nd depend s on the g enotyp i c  v a l u e  of the c and i d ates  for 
s e l ect i o n . ( 4 )  The a d d i t i v e  g enet i c  v a r i an c e  in the 
o b ser ved  scal e d epend s on the me an inc i d ence  of the  
c h arac t e r  i n  the  sub- p o pul a t ions  con s i d er e d  i n  the mod e l . 
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( 5 )  N on-ad d i t ive  g enet i c  v a r i a t i o n  i s  p r e s ent  on the  
o b ser ved  scal e .  ( 6 )  L i near r e l a t ion sh ips  fa i l outs i d e  a 
r e str i c t e d  range o f  the d a ta . ( 7 )  R a n k i ng opt imal i ty  o f  
b e st l i n e ar pr ed i c tor s i s  l ack i n g  when t h e  cond i t ional  
e x pectat ion o f  the pred ic tand  g i v en the d ata is  n ot 
l i near . "  

H e  p ropo s e d  a method of s i r e  ev a l u at ion o f  dichotom i e s  on the 
l og i t  s c al e  u s i n g  emp i r i c al l o g i t s  and w e ight s . G i a n o l a  
( 1 98 0  b ) extend ed th i s  t o  po l y c hotomous  tra i t s  t reated  as 
mult i p l e  tra i t s . 

Thom p s on ( 1 9 7 9 ) su gg e sted that  gen e r a l ized  l i near models  
( GLM , N elder and  Wedd e rburn , 1 972 ) shou l d  b e  of u s e  i n  an imal  
b r eed i n g  sett ing s a s  the y hav e b e en used  succ e s s fu l l y  for  
d i chotomous t r a i t s in other  app l i cat ion s . H e  su ggest ed a 
m e thod o f  adap t i n g  the m i x ed mod e l  equ a t i ons  to  the  GLM form .  
T h i s  pro cedu r e  o ffer s a solut i on  to the prob l em r efe r r ed to 
by Dempster and  Ler n e r  ( 1 9 5 0 ) of how to u se the  und e r l ying  
sca l e  for o pt imum s e l ection  i ndex  c a l c u l a t i on s . G i ano l a  and  
F oul l e y  ( 1 9 8 2 ) have  p r esen ted  a der i v at ion , u s ing a n  
e mpir i c a l  Ba ye s  appr o a c h , of  the  method suggested  by  
T homp son ( 1 9 7 9 ) .  

Out s i d e  the a r e a  of an imal b r eed ing , Gr i f f i th s  ( 1 9 7 3 ) and  
W i l l i am s  ( 1 9 75 , 1 98 2 ) have u s ed the beta- b i nomi a l  for  d at a  
w i th e x t r a-b i nomial v a r i at ion . Th i s  a s sume s  that t h e  dat a  
a r ises  f rom b inom ial  s ampl ing where th e b inom i a l  p a r ameter i s  
a random v ari a b l e  from t h e  bet a d i stri b u t ion . K u pper and  
H a seman  ( 1 97 7 ) d isc u s s ed the b e t a- b i nomi a l a nd pres ented the 
c o rre l a t e d-b i n omial model , a n  a lte r n at ive  way of a n a l y s i ng  
d a ta w i th  extra-binom i a l  var i at ion wh i ch as sumes the  b inom i a l  
s amp l ing  i s  not independ ent . 



2 . 4 . S cope o f  the the s i s  
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I n  th i s  thes i s , the s uggest i o n  o f  Thompson ( 1 9 7 9 ) ment ioned 
above , i s  exp lo r ed in d e t a i l . A gene r a l  metho d  for ana l y s ing 
d ata p r e s umed t o  arise  f r om a two-st age  samp l ing  p roce s s , 
when the  s econ d  s ampl i n g  has an  e rror d i str ibu t ion  be long ing 
to the s i ngle  p a r amete r  e xponent i al f am i ly ,  i s  d er i v ed . Th i s  
i s  a q u a s i -l i k e l ihood method ( Wedd e r burn , 1 9 7 4 ) . 

The g e n e r al method i s  u s ed to  obta in  equations  for ana l y s i ng 
b i nom i a l , thr e shold and e xtremal  char acters u s i n g  the log it  
t r an s fo rmat ion . A procedur e fo r obt a i n ing the i ntrac l a s s  
corr e l a t i on i s  p r esented . Th e p roced u r e  i s  u s e d  for s i r e  
e v alua t i on and e s tima t i o n  o f  her i tabi l i ty i n  s e v eral  d a t a  
s ets a n d  comp a r e d  with o t he r  techn iques i n  one d a ta set . 



Chapte r  3 .  R ev iew o f  stat i s t i c a l  pro cedu r es r equ i r ed i n  
l a ter ch apters 

3 . 1 .  Some stat i s t i c a l  procedures  u sed i n  anima l  breed i n g  

3 . 1 . 1 .  The s e l ec t i o n  ind e x  

The s e l ection i ndex  ( Smith , 1 93 6  a n d  H a z e l , 1 9 4 3 ) i s  a n  
o ptim a l  l inear m e thod fo r rank i ng an im a l s  av a i l ab l e  for 
s e lec t i on  when i n format i on is a v a i l ab l e  on the me ans a n d  
v ar ia n c e s  of the  t ra i t s  t o  be imp r oved a n d  the t r a i t s  t h a t  
h a ve been  r ecor d ed . I t  m a y  b e  e x  pres s ed as 
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'G - 1  I . : v P Y .  1 - - - - 1 ( 3 . 1 ) 

where  v i s  a vector o f  the r e l ativ e e conom i c  wei gh t s  of the  
tra i t s  to  be  improv ed  ( def i n i n g  the s e l e c t i on  
ob j ect i v e )  , 

G i s  a ma t r i x  o f  g enet i c  v ar i a n c e s  and c o v ar i an c e s  
invo l v i ng t h e  tra i t s  i n  the s e l e ction ob jec t i v e  and 
the t r a i ts for  which  d ata a r e  a v ai l ab l e , 

P i s  a ma t r i x  o f  p henotyp i c  var i a n ces and cov a r i a n c e s  
among the t r a its  f o r  wh ich d a t a  are a v a i l a b l e  and 

Y .  i s  the v ector o f  data a v a i l ab l e  on the i th a n i m a l  _ 1  
co r r ected for f i x e d  effe c t s . 

The p rob lems w i th the s e lect ion  i nd e x  a pproach  a re : 
1 )  The  econom i c  we i ght s  th at a r e  r e l e v ant d epend  on the  
p r ices  o f  futu r e  p rodu c t s  whi ch  a r e u nkn own ( W i l l i ams , 1 962 ) . 

H owe v e r , the r e lati v e  p r ic e s  o f  futu r e prod u c t s  may v a r y  l es s  
t h an the a ctua l  p r ices so  that th i s  prob l em may n o t  b e  
s er i ou s . 
2 )  The appropr i at e  f i xed  e ffe ct  c o r r e c t ion fac to r s  a r e  
u sua l l y  unknown . Somet imes e st imat e s  from i nd epen d e n t  d a t a  
a r e  av a i l able b u t  thi s i s  unl ike l y ,  e sp e c i a l l y  for s e a s o n a l  
e ffe c t s  wh ich c h ange c o n t i nua l l y . 
3 )  Gen e t i c  and p h enotyp i c  var i an c e s  a n d  covar i an c e s  a r e  
u s u al l y  unknown  and mu s t  b e  e st imated . Th i s  p roblem i s  
g ener a l l y  not a s  c r i ti c a l  a s  the p r ecee d i n g  pro b l em b ec a u s e  
t h e  v a r i ances a n d  covar i a n ces ar e les s sens i t i v e  to  s e a s o n a l  
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cond i t i ons  and i ndepend ent  e st imates a r e  mor e l ike ly  
a v a i l ab l e . Some  techn i que s  fo r this  wi l l  be  ment ioned i n  the 
s ection  3 . 1 . 3 .  

3 . 1 . 2 . Be st  l inear u nbi a s ed pred i c t ion 

The p r ob l em of obtai n i n g  appropr iate  f i x ed e ffect  correct ion 
:f ac t or s was  overcome with  the devel opment of  bes t l inear 
u n b i a s ed pred i c t ion ( BL UP ) b y  Hender son ( 1 9 6 3 , 1 97 3 , 1 975 ) .  

Defi n e  the l in e a r  mi x ed mode l  
y = X 8 + Z u + e ( 3 . 2 )  

wh e re 8 i s  a v ector o f  unknown  f i xed  e ffec t s , 

u i s  a v ecto r o f  random e ffe cts  w i th z e ro me an and 
2 v a r i anc e R o , ,.. u 

R i s  a ma tr i x  o f  a d d it i v e  gene t i c  r el a t ion sh ip s  and 

e i s  a v ector of random effec t s  with z e ro mean , 

v ar i ance Q o2 a nd i ndependent o f  u .  - e 
y i s  a vector w ith m e a n  X 8  and  v ar i < m c e  ( Q 

a n d  A i s  o2 I o2 
+ AZ R Z  I ) o2 

--- e 

u e 
Whe n u ,  e and hence y a r e  assumed  to be  multi v a r i ate normal , 

t h e  ma x i mum l i k e l ihood  s o lut i on for 8 , s a y  8° ,  i s  g i ven by 

X ' ( Q + A Z R Z ' ) - 1 X 8° = X ' ( Q + A Z R Z ' ) - 1 y ( 3 . 3 ) 

H enderson  et  a l . ( 1 9 5 9 ) der i v e d  the same so l u t ion for § by 
maxim i z i ng the j oint d e n s i ty function of y and u .  Th i s  i s  
f ( y , u ) = g ( y l u ) h ( u )  ( 3 . 4 )  - - -

= c exp [ - ( �-� �-�� ) ' 9 - 1 < r-� §-�� ) /2 o; - � � �- 1 � /2 o� J 

D i ffer ent i at i n g  with r e spect to  8 and u a nd equ a t i ng to z e ro 

g i ve s X ' Q - 1 z 

1 r u§ J = 
Z ' Q -1 Z + R- 1 / A l 

[ � · ��
1
� 1  

Z ' Q 1 y J 
( 3 .  5 )  

Thes e a r e  known as  H en d e r son ' s  mix ed model e quat ions  ( MME ) . 



That they  g i v e  the s ame  sol u t i on  fo r B i s  proved  by 
e l imin at i ng a f rom 3 . 5  to get  3 . 3  u s i n g 
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Q - 1 - Q- 1 z ( Z ' Q - 1 z + R- 1 / A ) - 1 Z ' Q- 1 = ( Q + AZ R Z ' ) - 1 ( 3 . 6 )  

( see H e n d e r son  and Sea r l e , 1 9 8 1 ) .  

Howe v er ,  t h e  i nte rp r etat ion  o f  the so l ut ion for t h e  r andom 
v ector q i n  equ at i ons 3 . 5  w a s  t h e  ma j or  d iscov e r y  l ead ing to  
BLUP . H ender son  ( 1 9 6 3 ) der i v ed the m i x ed mod e l  equ a t i ons  by  
impo s i n g  l in e a r i ty , u nb i ased n e s s  and  m i n imum p r ed i c t ion  e r ror  
v ari anc e ,  but not  norma l ity , o n  the e st imator of  r an d om 
e f fect s . Thus u i s  the b e s t  l i n e a r  unb i a sed pr e d i c tor o f  the 
r andom e ffect s  u .  He showed th at  thi s  e s t imator  o f  r andom 
e ffec ts  i s  iden t i c a l  to the  sel e c t i on i nd e x  est im ator of  
b r eed ing  v alu e s  when the gene r a l i zed least  squ a r e s  e st imates 
of f i x ed  e ffe c t s  are  u sed  i n  p l a c e  of the true v a l ues  in  the 
s e lec t i o n  ind e x  e quat i on s . H e n d erson ( 1 9 73 ) d i sc u s s e d  the 
r ange o f  anim a l  b reed i n g  pro b l ems wh i c h  can be  u se fu l l y 
s o lved u s ing  BLU P and H ender son  ( 1 975 ) showed how i t  
can make a l l owanc e  for b i a s  a r i s i ng from pr ev iou s s e l ect ion  
o r cul l i n g .  

3 . 1 . 3 . E s t imat ion  o f  var i ance component s 

The ma t r i ce s  Q and R i n  equ a t i on s  3 . 5  are usu a l l y known .  Q 

i s  often  a n  i4ent i t y  matr i x  and R a mat r i x  of a d d i t i ve  
genet i c  r el at i onsh ips . Bu t ,  the  var i ances  02  and cr 2 are l e s s  

e u 
l ike ly  t o  be known and must  be  e s t imated . Se a r l e  ( 1 9 7 1 ) 
r eview e d  var i a n c e  comp onent e s t imat ion method s  for b a l anced 
a nd unb a l anced d a ta av a i l ab l e  at  that t ime . A n d e r son  ( 1 97 8 ) 
and H a r v i l l e  ( 1 9 77 ) r e v iewe d  more r ecent  method s .  

Hender son  ( 1 9 5 3 )  d e s c r ibed th r ee  methods  o f  v ar i an c e  
c omponent  est ima t ion for  unb a l an ced d a t a  wh ich  h ave  been  
w i del y u s ed i n  a n imal b r e ed ing . The  methods are  all  ba s ed on 
equat i n g  sums  o f  squ a r e s  to the i r  
appl i e s  t o  a fu l l y  random mod e l . 
b y  the d i rect  me thods appl i c a b l e  

e xpectat ion s .  M ethod one 
Sums of squ a r e s  ar e fo rmed 

for b a l anced d a t a . T h e i r  
e xpec t a t i ons ar e obt a i n ed a n d  l i near functions  o f  them a r e  



u s ed to obtai n t h e  es t i m ates o f  v ar i ance  compon ents . I n  
u nbal a n c ed data , ' sums  o f  s qu a r es ' r e l at ing  t o  int e r a ct ions  
d er ived when u s i n g  th i s  method are  not n e cessar i l y  po s i t i ve 
a nd the r esul t i n g  var i an c e  component e s t imates  may b e  
n egat i v e .  
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Method two i s  s im i lar t o  Method one  e x c ept  that  i t  a l l ows for 
f i xed e ffects  in  the mod e l  prov i d ed the r e  are no i nter a c t ion s  
b e twee n  f i x e d  and  rand om e ffe c t s . Th e d ata i s  f i rs t  ad j usted 
for  f i x ed  effe c t s  and then  Method one app l ied to the 
r esid u a l s .  T h e  ad ju s tment fo r f i xed e f fects should  b e  done 
u s ing the  least squar e s  e f fects  obtai ned by f i t t ing  the fu l l  
model i n c l ud ing  all f i x e d and r a ndom e f fects . 

M ethod three  ov ercomes  the prob l em o f  n egat i v e  ' sums  o f  
s quare s '  wh i l e  a llow i n g  for a m i xed mod e l . H owev e r , n egat i v e  
e stim a t e s  o f  var i ance componen t s  may s t i l l  ar i s e . I t  equates  
a true sum  of squares  w i th its  e x pectat i on . The  sum of  
squ a r e s  is obt a i ned a s  ' var i a t ion e x p l ained b y  a mod e l  
i n clud i n g both  f i xed a n d  r andom e ffect s '  l e s s  ' v ar i a t i on  
e x pl a i n ed by a s u b-mod e l  obt a i ned by d r opp ing  the  r andom 
f acto r f rom the f u l l  mod e l ' .  
i . e .  For  the model  in  e q uation  3 . 2  

S S ( r a n d om : f i x ed ) = y ' W ( W ' W ) - W ' y - y ' X ( X ' X ) - Y. ' y  
w h ere W = [ X Z ]  

- - - - - - - -

E M S ( r a ndom : fi x ed )  = S S ( r andom : f i x ed ) I d f  

= a2 + ka
2 

e r 
w h ere k = trace ( Z ' Z  - Z ' X ( X ' X ) - X ' Z  ) I df  

d f i s  t h e  d egree s  o f  fre ed om assoc i ated w i t h  
S S ( rand om : f i x e d ) and 

Z i n  the eval u a t ion of the t r ace  mu st be f ree  o f  
any c onstra i n t s  wh ich  mi ght b e  appl i e d  whe n  
o b ta i n i n g  the s um  o f  s qu a r e s . 

O ne prob l em w i t h  Me t hod three i s  that for  a mod e l  with  
s e ver a l  r andom e ffec t s , d i ffer ent order i ngs of  the  r andom 
e ffec t s  w i ll u su a l l y  l e a d  to d i f ferent e s t ima t e s  of  the 
v a r iance  c ompon ents . 
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Another  method  of  par t i cul ar i nter e s t  to th i s  the s i s  i s  the 
r e st r i c t ed ma x imum l i k e l ihood ( REML ) procedure  d e v eloped by 
P att e r s on and T hompson  ( 1 9 7 1 ) .  T h e  method a l lows f o r  sev e r a l  
r andom f actor s i n  the mod e l  bu t f o r  the pu r poses  o f  th i s  
thes i s  w i l l  b e  d e s cr ibed  i n  rel at i on  to the s imp l e  mod e l  of  
equat ion 3. 2 .  L e t ! b e  tha t p o r t i o n  o f  the invers e  o f  the 
l e ft hand s id e  o f  equat ion  3 . 5 corresponding to  the random  
e f fects  11 .  

T = ( Z ' Q - 1 Z + R - 1 / A - Z ' Q - 1 X ( X ' Q - 1 X ) -X ' Q- 1 Z ) - 1 

= ( R- 1 / A + Z ' S Z ) - 1 ( 3 .  7 )  

where S = Q - 1 - Q - 1 X ( X ' Q - 1 X ) -X ' Q - 1 

and  (X ' Q - 1 X ) - is a g ener al i z ed i n verse . 

T h e  REML estima tor s (c . f .  Harvi l l e , 1 9 7 7 ,  eqns 6 .3 & 6 . 4 ) are 
.-2 
cre = 

and A2 
cru = 

wh ere N i s  
p i s  
q i s  

y ' ( y - x s - z u )  
( " "' u ' u + t r ace ( T  

the number o f  
the r ank of X 
the l en g th o f  

I ( N  - p - q )  ( 3 .  8 )  

) ) /q ( 3 .  9 )  

o b serv a t i o n s , 
and 

A u .  
"'2 "'2 S i n ce cre and cru are  i nv o l ved in  both s i d e s  of 3 . 8  and  3 . 9 ,  

i t erat i v e  sol u t i on is r equ ired . 

3 . 2 . Other s t a t i st i c a l  procedures  

3 . 2 . 1 . Log i st i c  d i s t r i but ion 

The probit  t ran s format ion  ( Bl i ss , 1 9 3 5 ) i s  often  u s ed to  map 
probab i l i t ies  [ 0 , 1 ] onto the real  l i n e . An a l ternat i v e , t h e  
l ogit t r a n s form a t ion h a s  r ecen t l y  been  promoted  by Bock 
( 1 975 , p5 1 5 ) b e c au s e  i t  i s  " c l o s e l y  s imi l a r "  to  the p r ob i t  
and eas i er to c ompute . 



The l o g it o f  a p roba b i l i t y , p i , i s  

t . = l n  ( 1 
p i 

- - - -- - ) 
1 - p i 
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( 3 . 1 0 ) 

wh ere  t . i s  the d i s t a nce o f  a thre shold  from the mean  o f  a 1 
logist i c  var i ab l e , x ,  w i th var i ance rr2/ 3 and 

p i is the p roba b i l i t y  that  r andom v alu e s  of x a r e  b elow 
the th resho l d . 

I t  is important t o  rea l i z e  tha t  - ti i s  t h e  d i s t a n c e  from the 
th resho l d  to the mean of t he v a r i able . When compar i ng  
v ar i a b l e s  w i th  d i ffer ent  propo r t ions , i t  i s  con v e n i ent  to  
r egard t h e  thr e s hold  a s  the  fi x ed  r efe r e n c e  po i n t  and - ti a s  
the  r e l a t i ve loc at ion o f  the i th  mean . Therefo r e , 
c ompar i son  of t i v a lu e s  i s  equ i v a l ent to  compar i son  o f  me ans . 

The s tand ard l o g i st i c  d i str i but ion has  mean z e ro , v a r i ance  
rr 2 / 3 and  d ensi t y  funct i on  

f ( x ) = J s ech 2 ( � ) 
= 

1 2 ) 2 � ( �;�<=-�)��;�( �) 
e x p ( x ) = (�-:-�;�(;))2 

T h e  cor r e s pond i ng  d ist r i b u tion  function i s  

( ) e x p ( t )  p x < t  = ( l _+_exp1t))  

( 3 . 1 1 )  

( 3 . 1 2 )  

The l og i t  transformat ion  o f  3 . 1 0 comes from inv e r t i n g  3 . 1 2 .  
T able  3 . 1 shows the r e l at i on sh i p  b etween 3 . 1 2 and  the norm a l  
d i str i b u t ion on the same  v ar i an c e  sca l e . T h e  p a r t i cu l ar 
po int o f  i nter e s t  i s  that  the l og i s t i c  d i s t r ibu t i on i s  
h e a v i e r  t a i l ed than t h e  norm a l  d i str i bu t ion . 



28 

T able 3 . 1 The r e l at i onsh i p  b etween the standard  normal  
and  s tan d a r d  log i s t i c  d i st r ibut ions  whe n  u sed as  
probab i l ity  t r a n s format ions . The thr e shold  v a l u e s  
a r e  e x p r e ssed i n  s tan d a r d  dev i a t ions r e l at i v e  t o  a 
me an o f  z ero for both d i s t r ibut i ons . 

thre s h o l d  n o rm a l  log i s t i c  
( t )  P ( x <t ) P ( x< t ) 
0 . 5  . 5  
1 . 84 1  . 86 0  
2 . 97 7 2  . 97 4 1 
3 . 99 8 6  . 99 5 7  
4 . 99 9 9 7 . 9 9 9 2 9 

Th e l ogit t r ansform a t ion h a s  a s imp l e  ex ten s ion fo r 
mu lt inom i al d at a  ( Bo ck , 1 97 5 , p52 1 ) .  

e x p ( t i ) 
p . = ---- - - - - ---- -1 1 + L: exp ( t . ) 

j J 

wh i ch r ea r r anges to  
p .  

t .  = l n  ( - - - - � - - - ) 1 1 + L: p . 
j J 

for i = 1 , . . • c 

and c+ 1  c ate gorie s , 

( 3 . 1 3 )  

( 3 . 1 4 )  

The m a r gin a l  d i str i b u t ions  a re - log i s t i c  wi th mean z e r o  and 
v ar i an c e  n2/3 . The co v a r i ance ( x i , x j ) i s  n2/6 and the 
c or r e s pond ing c o rrel a t i o n  i s  1 /2 . T h i s  prov i d es a v e r y c l o s e  
a ppro x i mation to  the mu l t iv a r i ate  norm a l  w i t h  equa l v a r i an c e s  
a nd equ a l  corr e l a t ion s o f  1 /2 . 

3 . 2 . 2 . Log l i kel ihood  ex pectat ions  

The l i kel ihood fun c t i o n  for  a r andom s ampl e  i s  the j o i nt 
d ens i t y  o f  the r a ndom v a r i ables  i n  the s ample  wh i ch i s  
c ons i d er ed to be  a fun c t ion  o f  t h e  parame t e r s  o f  t h e  j o i n t  
d ensi ty ( see , f o r  in s t a n c e , Mood , G r a yb i l l  a nd  Boe s , 3 r d  
e d it ion , 1 974 ) . T h e  me thod o f  max imum l ik e l ihood i s  to f i nd  
t hose p a r am�te r  e st ima t e s  wh i ch  make th i s  l i ke l i hood a 
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maximu m .  I t  i s  usu a l l y  mor e c onven i e n t  to max imi z e  the  
n atur a l  l ogar i t h m  of  the l ike l ihood . T h e  log  l i ke l ihood  i s  
d i ffe r e n t i ated  w ith r e s pect  to  the  par ameter s to  be e s t imated 
and the r e sult i n g  expre s s ions equated to zero and sol v e d . 

Wedd e r b u rn ( 1 9 7 4 )  h a s  d ef ined  a qua s i - l ike l ihood for  the c a s e  
when t h e  i nd i v i d u a l  s am p l e  d en s i t ie s  a r e  not kn own b u t  a 
r e l at io n s h ip b e twe en the mean and  var i ance  is known .  H e  
showed t h at the q u as i- l i kel ihood has  p r oper t i e s  s im i l ar to 
log l ik e l ihoo d s . The l i kel ihood method used in thi s t h e s i s  
i s , i n  e f fect , a q uas i - l ike l i hood method although the  
fo rmu l a t ion i s  d i ffer en t .  A two- stage  sampl i ng procedur e i s  
a s sumed i n  wh i c h  the s e cond  st age  i s  c ond it ion a l  on the 
f i r st . R andom v a r i ab l e s , u ,  f rom the i n i t i a l  s ampl i n g  are  

-

comb i n ed with p a r amete r s ,  e , to  d ef ine  the  par ameters  o f  the 
d i st r i b u tion fo r  the s e cond s am p l ing  f rom wh i c h  var i a b l e s , z ,  
a r e  ob s e r v ed . T h e  l i ke l i hood c an be wr i t ten 

K 
L = rr n ( zk : ek , ': ) f (  � : . <P )  

k 
( 3  • 1 5 ) 

Wh i l e  th i s  e x p r e ss ion w i l l be c al l ed a l ike l ihood , i t  does  
not str i c t ly  s a t i sfy the  usual  d e f i n i t i o n  of  a l i kel i hood  
s i nce the r andom v ar i ab l e s , � '  a r e  not obs erved a n d  the 
s amp l e s  are not  i ndepen d ent , b e i ng c ond i t i o n a l  on u .  I t  i s  
b e l i e v ed , howe v er ,  to  h ave mo s t  of the prope r t i e s  of  a 
l i kel ihood  al though th i s  i s  not  p roved . Some e x pec t a t ion  
p rope r t i e s ar e s hown b e l ow .  T h e s e  r equ i r e  th at  L s at i s f i e s  
the  u sua l  r egu l a r i ty cond it ions  ( se e  Mood e t  a l . ,  1 9 7 4 ) . 
When f ( � : <jl )  i s  nul l , t h i s  r e duce s  t o  the u s u a l  l ike l i hood . 
F o l lowing  K e n d a l l  and Stu a r t  ( 1 97 9 , pp8 , 9 )  

f . . .  J L d z
1 

. . .  d z n = 1 

D i fferent i at i ng 3 . 1 6  

f f £_ k_ d z  a e i 1 

f . . . J 1 a L 
c -a--e� 
a ln L -------a ei 

f . . . f 

i n s i de  the 

d z n = 0 

L d z  1 • • •  

L d z 1 

integ r al w i th  

d z  n = 0 

d z  = 0 n 

( 3 . 1 6 ) 

r e sp e c t  t o  e . 1 

( 3 . 1 7 )  
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i . e .  a l n  L E [  ------ - ] = 0 
a ei 

( 3 . 1 8 )  

D i f feren t i a t ing 3 . 1 7 w i th res p e c t  to ej , 

f . . .  J ( J-��-k- �-k- + -1=-��-k- L ) d z 1 • • •  d z  = 0 
a ei a e j a ei a e j n 

J . . . J ( ]_!� -�- ]_!� -�- + 1=-�E_k __ ) L d z 1 • • •  d z n = 0 
a ei a e j a ei a e j 

i . e .  a l n  L a l n  L E [ - ---- - - ------- ] = - E [ 
a ei a e j 

a
2 ln L --- ------ ] 

a ei a e j 

E quat i o n s 3 . 1 8  and 3 . 1 9  are  t he ke y  r e sults  from t h i s  
s e ction . 

3 . 2 . 3 .  G ene r a l i ze d  l i near mod e l s  ( GLM ) 

( 3 . 1 9 )  

3 . 2 . 3 . 1 .  D e r i vat i on o f  the gene r a l  expr e s s ions for  member s  
o f the s i n g le  par ameter  e x pone n t i a l fam i l y 

N e l d er and  Wedd e r burn ( 1 9 72 ) d e s c r ibed  a gener a l  t ec hn i que 
for max i mum l i ke l ihood est i m a t ion of p arameter s fo r 
d i str i b u t ions  from the e x ponen t i a l fami ly . The t echn ique i s  
p resen t e d  fo r d i s tr i bu t i ons  f r om  the s i ngle  par amete r  
e x ponen t i a l  f am i l y  s u c h  as  b inom i a l  and po i sson . 

The den s ity fun c t ion for  an obs e r v at ion , z ,  c a n be  w r i tten  a s  
rr ( z : e )  = e x p ( z e - g ( e ) + h ( z ) ) ( 3 . 20 )  

where e i s  the p a r ameter o f  the d i str ibut ion . 
For K i n d ependent  obs e r v at i o n s , 

K K 
L = IT rr ( z k: ek ) = IT e xp ( zk ek k k 

( 3 . 2 1 ) 

K 
( 3 . 2 2 )  
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Di ffer ent i a t i ng 3 . 22 w i th r espe c t  t o  the p a r amet er s , e 1 , 

! _ ! n_k_ = z .  - · g ' C e . )  
a e i 1 1 

a 2 l n  L = - g " ( 8 . )  - - - - - - 2-

1 
a e i 

��-!!!_b __ = 0 
a e 1 a S j  for i � j 

( 3 . 23 ) 

( 3 . 24 ) 

( 3 . 25 )  

U s in g  3 . 1 8  on  3 . 2 3 g i v e s  a n  exp r e s s ion for  the mea n  o f  z .  
E [ zi - g ' ( 8 i ) ] = 0 

i . e .  

N o t e  al so 

U s ing 3 . 1 9 w i th 3 . 24 , 3 . 2 5 ,  3 . 2 6 and 3 . 27 ,  

L H S  of 3 . 1 9 = E [ �-IE-�- �-�E-�- ] 
a e i a e j 

= E [ ( z i - ll i ) ( z j - lJ j ) ] 

= cov ( z . ' z . ) 1 J 
R H S  of 3 . 1 9  a 2 l n  L = - E [ - -- - - - - - - ] 

a e i a e j 
0 

The r e  fore v a r ( z . ) = g " ( 8 . )  = 1 1 0 

a n d  cov ( z . , z . )  = 0 1 J 

ll i  
e . 1 
for i � j 

( 3 . 2 6 ) 

( 3 . 2 7 ) 

( 3 .  2 8 ) 

( 3  . 29 ) 

Equ a t i ons  3 . 26 ,  3 . 28 and 3 . 29 a r e  expr e s s ions  for the mean , 
v a r i ance  and covar i a n c e  o f  the ob served  values , z . ,  g i v e n  as  1 
funct ions  of the parame t e r s  to  be  estimated . T h i s  
r el at ion ship  mu st be i n v erted so  that the paramete r s  a r e  a 
funct i on  o f  the o b s er v e d  v al ues . The prob l em i s  g ener a l i zed 
s o  that the parameter for  an observat i on belongs to a fam i l y  
o f  par ameter s wh i ch a r e  r el a t ed  through  a l i near  mod e l . 
T hus , e a ch ob s er v at i o n  h a s  concomitant i n format ion on m 
i nd epend ent  var i a b les  i n  X .  
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A l inear  pred i c tor , Y = X S  ( 3 . 30 )  -
i s rel ated  to the  p ar amet e r  e by -
a ' l ink funct ion ' ,  6 .  = f ( Y  . ) . ( 3 . 3 1 )  1 1 
T h e  link functi o n  must b e  s peci f i e d  along w i th the 
d i str i but ion and i s  often the i d e n t i ty ei = Y i . I f  a 
s o l ut ion  can b e  o b ta ined  for � .  s a y  �o , ! c an be  c a l c u l ated 
as �§o and � c an be c al cu l ated  u s i ng  the l i nk fun c t i o n . The  
p r oblem i s  thu s r e formu l ated to  f ind ing  the  max imum 
l ikel ik ood s o l u t ion for § ·  Equa t ions  to e stimate  �0 are  
obta ined  by  d i f fe r ent i a t ing 3 . 2 2  w ith  respect  to  § ·  
S ince the obs e r v a tions  a r e  i ndependent  

a l n  L K a l n  L d e k a yk - - ---- - = I: ---- --- d-Y� - - - -a s i k a e k a S i 
K d ek / = I: ( z k - � k ) a-?� x i k k 

a 2 ln L K a 2 ln L a yk 
2 

and - - - ----
- = I: ---- - - � - ---- - ----a s i a s j k a Yk a s i a s j 

K a 2 l n  L = I: - - - - - -�- x i k x jk k a Yk 

a 2 ln L a ln L 
wher e  - - - = -a-�-2 ( ---- - - -

k 

a l n  L 
= - - - ----

d 2 e k 
- - - - - + 
d y 2 

k 

= ( zk - � k ) 

a f t e r  us ing  

- ·( 

( 3 . 3 2 )  

2 a ln L - - - - - - 2 -
a e k 



E [ - - - -----

K d ilk 2 
= - E ( ---- ) x i k x jk I v a r ( zk ) 

k d yk 
a fter u s i n g  3 . 26 and 3 . 27 .  

3 3  

( 3 . 3 3 )  

The m a x imum l ikel ihood so l u t ion for a ,  say a0 , s at i s f i e s  the 
- -

LHS o f  3 . 32 s e t  equal  t o  zero . S in ce  3 . 32 may  not b e  l inear  
i n a0 , i t  may  not b e  e asy t o  s olve d i rectl y . U s i ng  a n  

-

i n iti a l  e stimate  of  8 ,  s a y  t ,  a T a y lor ser ies  e x p ansion  c an  
- -

b e  used  t o  pro v i d e  equat i on s  that  c an be s o lved . The p rob l em 
o f  obt a i n i ng a n  i nit ia l  e st imate  i s  d i sc ussed i n  sec t i o n  
3 . 2 . 5 .  It i s  conven i ent to wr ite the e x pans ion  of 3 . 32 a s  
matr i c e s  u sing the notat i on { } wh i ch defines  t h e  element s  in 
the m at r i ces . The f irst  two t erms of the Tay lor  ser i e s  
e x pan s i o n  about a pre v i o u s  est imate  t g i ve 

{ �-}�-�- } � { 2_}�-�- } t  + ( S O - t )  { £:_}�-�- } 
a s i a S i a S i a s j 

( 3 . 3 4 )  

The F i sher - scor i ng  method invo l v es t ak ing  the e x pected  value  
of  3 . 3 4 and so l v ing the  r esu l t i ng equat ions f o r  s 0 • 
i . e .  S o l v ing 

a
2 ln L - E [ { - - - - - - - ­

a S i a s j 

Subst i tutin g  f r om 3 . 3 2 and 
K 

{ L: ( 
k 

a 11 k 

a yk 

) 2x x . / var ( z . )  i k Jk 1 

3 . 3 3 g i v e s 

} ( S 0 - t ) = { 
K 
L: ( zk-llk ) 
k 

( 3 . 3 5 )  

d e k x ik } d y k 
( 3 . 3 6 )  



Thi s  i s  s impl i fied b y  d efi n i n g  a w e i ght  matr i x  
d ll k 2 W = d i a g { ( ) I v a r ( zk ) } 
d yk 

where d i ag { } i s  a d i agona l  matr i x  w i th e l ements  { } ,  
a nd a v ec tor o f  s c a l ed r e s i dua l s , 

* d llk 
y = { ( z k - ll k ) I ( ) } 

d yk 
Equat ions 3 . 36 m a y  then b e  wr itten  a s  

* 
X '  W X ( S 0- t ) = X '  W y 

F rom 3 . 3 0 ,  the c urre n t  e st im a t e  of Y i s  Y = X t . 

When pr emult ip l i ed b y  X ' W ,  t h i s  gi v e s  
- -
,. 

X '  W X t = X '  W Y 
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( 3 . 3 7 )  

( 3 . 3 8 )  

( 3 . 3 9 )  

( 3 .  4 0 ) 

A d d ing 3 . 40 to 3 . 39 g i ves the  g ene r a l  l east squares  equat i o n s  

X '  W X s o = 
- - -

where  y = 

= 

X '  
-
,. y + 

y + 

w y ( 3 . 4 1 )  
* 

y 

{ ( z  - ll k ) I ( 
d llk ) } k d yk 

( 3 . 4 2 )  

An i ntu i t i ve a rgument  for d er i v i ng the we i ghting  matr i x  i s  
h e l pfu l .  Assume 3 . 4 2 defi n e s  a var i a b l e  t o  b e  ana l y s ed 

,. 

where  Y i s  f i x ed ,  

ll = E [  z J i s  a k nown fun c t ion o f  Y and 

d l.l k 
- - � - i s  a c o nstan t . 
d yk 

S i nce  Yk and l.l k �av� z e ro var i ance , v ar ( yk ) i s  
v a r ( zk ) / ( d  l.l k/d Yk ) . The we ighted  l e a s t  squar e s  anal y s i s  o f  
y r equ i r e s  a w e i ght  mat r i x ,  W ,  

- -

v ari an c e  matr i x . The a r gumen t  
c ase whe r e  l.lk i s  a funct ion  o f  

wh ich i s  t he inv e r s e  o f  t h i s  
e xten d s  t o  the more g ene r a l  

A 

seve r a l  e l ements o f  Y .  
"' 

W = D v- 1 D wher e  D i s  { a  vk / a Y m} 

and V i s  var ( z ) 



3 5  

3 . 2 . 3 . 2 .  Te s t i n g  the ' good n e s s  of f i t ' o f  a propo s e d  model  

T here a r e  two c ommon me a sures of ' goodness  of f i t ' u se d  with 
cate _gor·ical  data . Bo th  may be  t e s ted  us ing the chi - s quare 

d i str i b u t ion . The  fi r s t  is the s tati s t i c  
2 s = L 1�E��r��9_:_;�P�E��gl_ e x pecteu  

= '( z - 11 ) ' ( d i a g ( 11 ) ) - 1 ( z - 11 ) . -
A n o ther s t at ist i c , �he d e v i anc e , i s  spec i f i ca l l y  for 
l i ke l ihood mod e l s .  

( 3 . 4 3 )  

D . = - 2 ( l n L .  - l n  L0 ) ( 3 . 4 4 )  1 1 
where l n  L i i s  the  val u e  o f  the l o g  l ike l ihood under  mod e l  i ,  

ln L i s  the v a lue o f  the l og l ikel ihood und e r  the c 
comp l ete mod e l , i . e .  whe n  11 = z .  - -

The d e v i ance c a n  be u se d  i n  a manner  ana l agou s to the u s e  of 
sums of squar e s  in an an a l ys i s  o f  v ar i ance to c r e a t e  an 
ana l y s is of d e v i an c e  t abl e . I f  an  e x t r a  factor i s  a d d ed to 
model i to  form  model j ,  the s i g n i fi c a nce  of i n c l ud i ng  that 
factor may  be t e s ted b y  c ompar i n g  D

j
-D i with a t abul ated  

c h i- s q u are s t a t i sti c . The s t at i st i c s  i n  3 . 4 3 and 3 . 4 4 a r e  
b oth a ffe cted by  c l ass s i z e and w i l l b e  b i ased i f  s amp l e  s i ze 
i s  1 for eve r y  s amp l e . I f  s amp l e  s i z e  i s  l ar ge r , t h e y  
p rov i d e  a test o f  the ad e q u acy o f  the mod e l  a s  we l l  as 
enab l i n g  the t e s t ing o f  i nd iv id u a l  f a ctors  in the mod e l . 

3 . 2 . 4 .  Ma x i mum l i k e l ihood  solu t i o n  for par amet e r s  o f  the  
mul t i nomial d i s t r ibu t i on by general i z ed l inear  mod e l s  

The mu l t inom i a l  d ist i b u t ion does  not b e long t o  the s i n g l e  
p aramete r  expo n entia l f ami l y  e x cept i n  i ts s imp l est form , the  
b i nom i a l . How e v er , Cooney (p e r s . c omm . ) h a s  shown how  the  GLM  
p roced u r e  desc r i b ed  by  N e l d er and  Wedd e rburn ( 1 9 72 ) can  be  
a ppl i e d  to  the mu ltinom i al  d i s t r ibut i o n . 



The l i k el ihood  func t i o n  for a m u l tinom ial  s amp l e  o f  n 

o b serv a t i ons  i n  c + 1  c a t e gor i e s  i s  

c z .  ( n- I: z . )  
L = con s t a n t  II p 1 ( 1 - I: p . ) J 

i i j J 
wh ere p . i s  t he pr ob a b i l it y  o f  the i t h  cat e go r y  a n d  l 

zi i s  the  frequency  o f  the i th  c ategor y .  

T a k i ng l og ar i thms , 
c c c 

1 n L = c o n stant  + ( n - I: z . ) 1 n ( 1 - I: p 1 )  + I: z 1 1  n ( p i ) 
i l i i 

c c 
= c o n stant + n 1n ( 1  - I: p i ) + I: z i1n (  

p i 
- - - - - - - - ) 

i i 1 - I: p . 
j J 
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( 3 . 4 5 ) 

( 3 . 4 6 ) 

Th i s  expr e s s i on need s to be  r epar ameterized  into the  form o f  

the  expo n enti a l  f ami l y . 

U s i ng the mu l t i nom i a l  l o g i t  from 3 . 1 3 ,  

p i e i 
= l n ( --- - - - -- ) 

1 - I: p . 
i = 1 ,  . . •  c 

j J 
ex p ( e . ) 

i mpl y i n g  p
i 

l = - - - - - - - - - - - - -

1 + E e x p ( e . )  
j J 

and l n  ( 1 - E p . ) = - l n ( 1 + I: e x p (  e j 
) 

j J j 

e quat ion  3 . 4 6  b e comes  

l n  L = con s t a n t + E z . e . - n l n ( 1 + E e x p ( B . ) )  
i 1 1 j J 

) ' 

D i ffer e n t i at i n g  3 . 4 9  and  u s i n g  3 . 1 8  and 3 . 1 9 l e ad s to  

e x pr e s s i ons for  the mean and v a r i ance  of  z .  

a l n  L 
= z . - n 1 

e x p ( e i ) - - - - - - - - - - - - - = 
1 + � e x p ( B j ) 

J 
e xp ( e .  ) e xp ( e . ) 

= n - - - - - � - - - - - - - �- - = 
( 1 + E ex p ( ek

) )  2 
k 

np  . p . 1 J for  i � j 

( 3 . 4 7 )  

( 3 . 4 8 ) 

( 3 . 4 9 )  

( 3 . 5 0 )  

( 3 . 5 1 ) 



e xp (  a . ) 1 
2 

( ex p ( a i ) )  = - n 
1 + � ex p ( a j ) 

J 
n p i ( 1 - p i) 

+ n - - - --- - - - -- - - --� 
( 1  + L e x p (  a . ) ) 

= 
j J 

U s i ng 3 . 1 8 on 3 . 50 i m p l ie s E [ z i ] = np i 

a l n  L a ln L 
LHS o f  3 . 1 9  = E [ - - - - - - - - ------ ] 

a ai a a j 

= E [ ( z 
i 

- n p  i ) ( z j 
- n p  

j
) ] 

= cov ( z . , z  . )  u s i n g  3 . 5 3 . 1 J 
U s i ng 3 . 5 4 on 3 . 5 1  and  3 . 5 2 g i ves  

a nd 

v ar ( z .  ) = np . ( 1 - p .  ) 1 1 1 
cov ( z .  , z  . )  = - np . p . 1 J 1 J 

I n  ma t r i x  not a t ion 

n ex p ( a . ) 1 l.l = E [ z ] = n p = { n p i } = { - - - --- - - - - - --- 1 + L 
j 

V = v a r ( z) = n ( d i a g ( p ) - p p ' ) 

a l.li { } = V ( b y d if f e r e n t i a t i n g  3 . 5 5 )  
a e .  J 

e x p  ( a . )  J 
} 

The GLM  method r equ i r e s  a l i nk  between  e and a l i n ear -
U s ing  t h e ident i ty l i nk , 

e = { e . } = { Y . } = ( X I e I )  s - 1 1 - -
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( 3 . 5 2 )  

( 3 . 5 3 )  

( 3 . 54 )  

( 3 . 55 )  

( 3 . 5 6 )  

( 3 . 5 7 ) 

mod e l . 

( 3 . 5 8 )  

wher e Y . i s  the l ine ar p r ed i c to r  for the i th c at e gor y , 1 
x '  i s  a vector of  q co ncomi t a n t  var i a b l e s , 

S is a q c  vector o f  r e g r e s s io n  co effi c i e n t s  and 

® repr e sent s the r i g h t  d irect  produ ct matr i x  o per at i o n . 

Maximum l ik e l ihood so l ut i o n  for  S requ i r e s  d i f f e r en t i at i on . 

a l n  L a ln  L d ei a Y .  1 - - - - -- - = - - - -- - - - - - - -

a s i j  a e . 1 d Y .  1 a Si j 
= ( z .  - ll . ) 1 X . u s i n g  3 . 50 and  3 . 55 1 1 J 



I n  mat r i x  notat i on , 

a l n  L 
{ ----- - - } = x '  � ( z - � ) 

th e  LHS o f  3 . 5 9 about a T h e  Tay l o r  ser i e s  e xpan s i on of 
p r eviou s solu t i o n  for B , say  t ,  i s  

a l n  L a ln  L 
{ ------- } � { ----- -- } t + { 

a B i j a 8 i j -

{ 
a ln  L 
--- -- -- } } 

a B i j 
T aking  e x pect ed  v alue s and  rea r r an g ing  g ives  

E [ 
a a l n  L 

{ --------

a ln L 

a 8 . . l J  

a 8 . . l J  

a 2 ln L 
= - ---- - - -

a e i a e m 

a 2 ln L 
= ------ - -

a e .  l a e j 
a a 

--- --
d Y . l 

x j x n 

l n  L 
U s ing 3 . 56 , E [ { 

a 8mn a B i j 

d y m 

a l n  L 
{ ------ -- } t a 8 i j 

} ] = X X  I ® V 

( 

S ubst i tu t ing 3 . 5 9 and 3 . 6 1  i n  3 . 6 0 and summ ing over  K 
i ndepend ent samp l es g i v e s  
( � �k � k ® � k ) ( 8 0 - t ) = 

wh ich r e a r r an g e d  i s  

( X  ® I )  I V ( X  ® I )  ( 8°- t )  

wher e V = l:+ 
�k - k 

* 
v- 1  and  y = ( z - � ) 

• 
L et y = y + y 

where Y = ( X  ® I )  t 

* = ( X  ® I )  I V y 

A dd in g  ( X � I ) ' V ( X ® I )  t = ( X ® I ) ' V Y to 3 . 6 2 

g i ves ( X  0 I )  ' V ( X  QJ I )  B 0 = ( X  QJ I )  ' V y 
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( 3 . 59 )  

( 3 . 60 )  

( 3 . 6 1 ) 

( 3 .  6 2 ) 

( 3 . 6 3 )  

T hese equ a t ion s c a n  be so l v ed i ter a t i v e l y  to produce  max imum 
l ikel ihood est i ma te s  o f  the effects  i n  the l in e a r  mod e l . 



3 . 2 . 5 .  So l u t ion  o f  r ewe i g h t ed l e a s t  squ a r e s  equ a t i on s  

The we i g hted l e a s t  squ a r e s  equ a t ions  t o  b e  so l v ed may  be  

e xpre s s e d  as  

39  

X '  W X b = X '  W y ( 3 . 6 4 )  

wh ere X i s  a kn ow n matr i x , 

w i s  a we i ghti n g  m atr i x , a known fun c t i o n  o f  b ,  the 

p ar ameters  t o  b e  est im ated a nd 

y i s  a wo r k i ng v a r i a b l e , a k nown func t i o n  o f  b and  

the o b s e v at i o n s  z .  

The  pro b l em of s tart ing  proced u r e s  has  been d i s c u s sed  by  
. 

s ever a l  autho r s  ( e . g .  N el d e r  a nd Wed derbu r n , 1 972 ) . For 

b i nom i a l  and mu l t inom i a l tra i t s , the u sual  p r o c e d ur e  i s  to 

e stima t e  p . . and y . .  as  1 J 1 J 
z . . + 0 .  5 

p . . = _ 1;.J _ _ _ _ _  _ 

l J  n . . + c 
l J  

y . . = ln ( 
l J  

p . .  

- - - -�� - - -
) 1 

- l: p ik  k 

where c i s  the  number of  c at e gor i e s  l ess  1 .  

( 3 .  6 5 ) 

( 3 . 6 6 )  

The we i ght  ma t r i x  � c a n  be a p p r o x imated u s i n g  3 . 6 5 and  then  

equat i o n s  3 . 6 4  solved . On c e  the  i n i t i a l v a l u e  o f  b i s  

o b tain ed , i t  i s  u s ed i n  t h e  l i n e a r  pred i c tor t o  c ompu te 
"' 

Y = X ' b .  The we i ght i n g  matr i x , � ,  a nd the wor k i ng v a r i ab l e , 

y ,  are r e forme d a ccord i n g  to the  appropr i ate equ a t ion s . The 

proc e s s  i s  re p e a t ed un t i l  the s o l ution  for b i s  s t ab l e  

b e tween c yc l e s . 
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Chapter  4 .  G ener a l i zed l i n e a r  m i x ed model  

The g e n e r al i z e d l i n e a r  mod e l s  ( GLM ) proc edure  ( N e l de r  and  

W edder b u rn ,  1 9 7 2 ) d e s c r ibed in  sect i o n  3 . 2 . 3 ,  o bt a i n s  the  

m ax imum l ike l i hood s o l u tion b y  i ter a t i v e  r e-we i g h t e d  lea s t  

s quar e s . That p r oced u r e  i s  f o r  t he anal y s is o f  d at a  sampled 

from a d i st r i b u t ion  belonging  t o  the e xponent i a l  fam i l y  whe n  

t he par a meter o f  the d i s t r i bu t i o n  i s  a function  o f  a l in e a r  

predic t o r . Thi s  chap ter out l ines  two me thods o f  extending 
GLM to  m ixed mode l s . I t  s e rves  to introduce the  concepts  
which are  app l i ed to  mul t inomi a l  and b inomial  data  in 
chap t e r  5 and a s  a re ference fo r at temp t ing to app ly  the 
methods  to o ther  d i s tribut ions . 

The da t a  are  a s s umed to have ar isen by random s amp l ing in a 
two - s t ag e  s amp l ing proc e s s . The d i s tr ibut ion for  the s econd 
s tage i s  a s sumed to be long to the exponen t i a l  fami ly . 
The parame ter  o f  the di s t r ibut ion i s  a s s umed t o  b e  a func t i on 
of  a l inear predictor  wh ich  inc lude s the random variab l e  
obta ined from the in i t i a l  s amp l ing ( s e e  s ec t ion 3 . 2 . 2 . ) . 

Two a l t ernat i v e  systems o f  e q u ations  are der i v ed .  The  

d i ffe r e n t  app r o a c hes may  be  s een by  reference  to  sect i o n  

3 . 1 . 2  wher e  i t  was shown th at  

X ' (Q + A.  Z R Z ' ) - 1 X S0 = X ' ( Q  + A.  Z R Z ' ) - 1 y ( 4 . 1 )  

g i ves the  same  s o lution  for  B0 a s  

( 4 .  2 )  

The f i r s t  app r o a c h  for n on-normal d i s t r ibu t i o n s  i s  t o  

g ener a l i z e  the m e thod u s e d  b y  H e nderson  et  a l . ( 1 95 9 ) t o  

d er i v e  e quat i o n s  4 . 2 .  Th i s  w i l l  be r e ferred  t o  a s  t he 

j o i nt- m a x im i z a t ion method s i nce  it  i nvolves  m a x im i z a t ion  w i th 

r espe c t  to  bot h  t he fi x e d  a nd r an d om effe c t s . The  r es u l t i ng 

equat i o n s  we re  s ugge s t e d  by Thompson ( 1 979 ) for  use  i n  an ima l 1 
b r eed i n g  and w e r e  obta i n e d  by G i anola  and  Fou l l ey ( 1 9 8 2 )  

u s in g  a B a yes  a r gume n t . 



4 1  

The s ec o nd app r o a ch , the  max im i z at i o n - expectation  method , i s  

t o  attempt  to o b t a in equ a t ions  w i th a s t r u ctur e d  w e i g h t  

m atr i x  a s  in equ a t ion  4 . 1 by t ak i ng e x pectat i o n s  over  t h e  

d istr i b u t ion o f  u .  Equ a t ions l i k e  4 . 2  m a y  t h e n  prov i d e  a 

c onv en i ent  com p u ting  s t r ateg y when s o l v i ng for 8° . 

4 . 1 . The  j o i n t -ma x i miaat i on method 

For t h i s  metho d , the  d i str i b u t ion o f  b o th s ampl ing  s t ages  

must  be k nown . T h e  i n i t i a l  s ampl ing  i s  presumed  to  be  from a 

norma l ( O , cr�) d i s tr ibut i on , a n d  the s e c ond s amp l ing  from  a 

d i str i b u t ion b e l onging  to  the o n e- p a r amet er e x ponen t i al 

fami l y . 

The  vector  of r a n d om v a r i ables  d r awn from N ( O , cr� ) i s  c ombined  

w i th sev eral f i x ed effe c t s  in  a l i near  function  t o  g i v e  a 

m i xed mo d el 

Y = X S  + Zu  

wh ere  Y i s  a l in e a r  pred i c tor  of  l ength  N .  = r N . , 
i 1 

( 4 . 3 ) 

X is a m a t r i x  o f  c oncom i t ant v ar i ables  o f  ran k p ,  

8 is a v e ctor o f  f ixed e f fects , 

Z i s  a m a tr i x  mapp ing  q r andom effec t s  to Y ,  

u is the  v ecto r o f  q r an d om effects  and 

N i i s  t he number of s ampl e s  a s soc iated w i th u i . 

The v e c tor , � '  o f  parameter s for  the second d i s t r i bu t i o n , i s  

r e lated t o  the v e c tor Y b y  a ' l i n k  fu nct ion ' 
" 

e . .  = f ( Y  . .  ) l J l J V 

T h e  data , z ,  a re i ndependent  s am p l es from a d i st r i b u t i on 
-

whose d e n s i ty f u n ction c an be wr i t ten as  
f ( z i j : e i j ) = exp [ z i j e i j  - g ( 8 i j ) + h ( z i j ) J ( 4 . 4 )  

The ob j ect i v e  i s  to e s t imat e t h e  f i x ed e ffec t s , s ,  a n d  t he 

r andom e f fe ct s , � ·  Th i s  i s  fe a s i b l e  bec a u s e  wh e n  the d at a  

a re col l e c t ed a t  the second  samp l i ng , t h e  r andom e ffect s ,  u ,  

from the i nit i a l  s amp l i ng ,  a r e  i n  effect  fi xed . 



S ince  t he el em e nts  u i m a y  not h a v e  been i ndepend e n t l y  

s ampl ed , the i r  d istr i bu t io n  w i l l  be  e x pressed  as  a 

4 2  

mult i v a r iat e  n o rmal C Q , � ) . 
G mig h t  be R cr 2 where  R i s  a - - u -
r e lat i o n s h ip s . The d en s i ty 

I n  the a n imal  breed i n g s i tu a t i o n , 

mat r i x  o f  add i t i ve g en e t i c  

fun c t ion o f  the tot a l  samp l e  can 

be  ex p r e s sed a s  q 
N

i L = [ IT { IT e x p [ z . .  e . j i j 1 J  1 ( e ) h (  ) ] } ] C e x p [ - u ' G- 1
u /2 ] - g . . + z . .  1 J  1 J  

and  tak i n g  q 

l n  L = l: { 
i 

l oga r i thms , 
N .  �1 [ z i j e ij  -

C i s  a c o n s t ant n o t  invol v i ng u or e .  ( 4 . 5 )  

I n  th i s  method , both � a n d � a r e  r egarded  as  par ameter s to  be 

e stim a t ed by m a x imum l ike l ihood . The stand ard  GLM p r oced u r e  

( sect i o n  3 . 2 . 3 ) i s  u s ed d i r e c t l y  on  4 . 5 .  

D e f ine a m e an vec tor , � = { g ' ( e i j ) } ( 4 . 6 )  

a v ar i a n c e  mat r i x , V = d i ag {  g ' ' ( e . .  ) } 1 J  
a cha n g e  o f  s c a l e  matr i x , D 

-

de . .  
= d i a g { a -.!:1  } 

y l j 

( 4 . 7 )  

( 4 . 8 )  

The fol l o w i n g  r esu l t s are  obta i n ed by  d i ffe r en t i at i n g 4 . 5 .  

{ 

{ 

{ 

{ 

{ 

{ 

{ 

a l n  L 
- -----

-a e i j 

a 2 l n  L 
- - -- - - - -a e i j a e 1m  

a l n  L - -
-

--- -a B k 

a ln  L --- - - - -a u .  1 

a
2 

l n  L ------
- -

a B k a B 1 
a

2 l n  L a--s'k-aui 
a 2 ln L -----

- - -a u . a u .  1 J 

} = 

} = 

} = 

} = 

} = 

} = 

} = 

{ z . .  
-1 J 

d i a g  { 

X ' D ( z 
-

Z ' D ( z  -

- X ' DVDX 
- - - - -

- X '  DVDZ 
- - - - -

- Z ' DVD Z 
- - - - -

g '  < e  . .  ) . 1 J } 

-
� ) 

� ) 

-

g " ( e . .  ) 1 J  

-

G - 1  

- 1 G u 

= z - � ( 4 . 9 )  

} = 
-

V ( 4 . 1 0 )  

( 4 . 1 1 ) 

( 4 . 1 2 ) 

( 4 . 1 3 )  

( 4 . 1 4 )  

( 4 . 1 5 )  



43 

T ak i n g  the T a ylor s e r i e s  e x p a n s i o n  of the f i r st d i fferent i a l 

a b out  pr i o r  est im a t es S0 a n d  u0 resu l t s  in the e xp re s s ion 

[ X 'D ( z  - ll ) 

Z ' D ( z  - ll ) -

1 [ X ' D ( z -

a- 1 u � : . : ( : _ 

[ -X ' DVDX 

-Z  ' D V D X  
- - - - -

-X ' DVDZ 
- - - - -

- Z ' DVDZ -
- - - - -

ll ) 

- � - 1� 1 1�� + 
ll ) 

�- 1 ] [ � - t 1 
u - u 0 
- -

w h ich , when set  t o  zero , can be  r earr a n g e d  to g i v e  

[�
·
�
�

�
� 

z I DVDX  
- - - - -

L etting  

the  RHS  

X ' DVD Z 

G - 1 ] [� 
- ::l - - - - - = 

Z ' D VDZ + 
- - - - - -

y = y + ( VD ) - 1  
( z  - ll ) 

wh e r e  y 0 = x a + Zu 0 

o f  4 . 1 6 becom e s  

X ' DVD Z 
- - - - -

r-

·

� 

( z - ll )  

Z ' D ( z  - ll ) -

B
o [ � · ���� 1 - [ � · ���

� l [ Z ' DVD y _ Z ' DVDX Z ' DVDZ + G - 1  0 u 

T hen 

[ 
- - - - - - - - - -

r e a r r ang ing  4 .  1 6  g i ves 

X 'DVD X 
- - - - -

Z 'DVD X 
- - - - -

X ' DVD Z 
- - - - -

Z ' D V D Z  
- - - - -

+ G - 1 

- - - - -

" 

J r_ n  = [ X ' D VD y 
- - - - -

Z ' DVD y 
- - - - -

1 

- 1 ] G u 

] 

( 4 . 1 6 )  

( 4 . 1 7 )  

( 4 . 1 8 ) 

I t  is  r e a d i l y  shown th a t  i f  the d i stribu t ion o f  z g i ven u i s  

N ( X  B+Z u ,  Q ) , 
- - - - -

b e come s 

[ x · o - 1 x 
-

z · o- 1 x 

ll i s  Y ,  y i s  z ,  

x · o- 1 z 
-

z · o - 1 z + G- 1  

V i s  Q and  D i s  Q- 1 so  that  4 .  1 8  

" [ � · �- 1 � 1 ] U l  ( 4 . 1 9 )  = 
Z ' Q- 1 y 

wh i ch a r e  Hen d e r son ' s  m i xed  model  equ a t ions  ( equa t i o n  4 . 2 ) .  



4 . 2 .  The m a x imi z a t i o n- e x p ect at i on method 

The j o int - maximi z a t ion met hod has two po tent i a l  probl ems in 
prac t ice . F i r s t , the number of random e ffects  i s  o ften 
l arge in an ima l breeding app l ic at i on s  and repeated  s o lut ion 
o f  a large s e t  o f  equat ions may be imprac t ical . Secondly , 
the amount o f  in format ion on a part icul ar random e f fe c t  i s  
o ften sma l l  and may l ead to  ins tab i l i ty o f  the i t erat ion . 

The maximi zat i o n - expectat ion me thod avo ids  the s e  by 
e s t imat ing only the f ixed effec t s  by i t erat ion . I t  u se s  
we i ght s bas ed o n  the  expected  values  o f  func t i ons  of  the 
random e ffec t s  rather than us ing  funct i on s  o f  the current 
s o lut ion for the  random e ffec t s .  The e s t ima t ion o f  the 
random e ffec t s , of spec ial  inter e s t  to an ima l breeder s , 
by back so lut i o n , i s  d i s cus s ed l a t e r  in this  s e c t i on . 

The · spec i ficat i on o f  the prob l em i s  s imilar to  t ha t  o f  
the previous  s e c t ion exc ep t that  t he d is tribut ion us ed in 
the ini t i a l  s amp l ing need no t b e  mul tivar iate norma l . 
The dat a , � ;  are independent s amp l es from a d i s t r i but i ori 

whose d e n s ity  f u n c t ion  c a n be wr i tten a s  
. 

4 4  

f ( z  . .  : e  . . ) =  e x p [ z  . . e . .  - g ( e . .  ) + h ( z  . . ) J  l J  l J  1 J  1 J  l J  1 J  ( 4 . 20 )  

T he j o i n t  den s i t y funct i on of  the  samp l e  becomes  

q N .  • 

L = [ IT { II 1e x p [ z  . .  e . .  - g ( 8 1. J. )  + h ( z 1. J. ) ] } ] U ( u : G )  ( 4 . 2 1 ) 
i j 1 J 1 J  

wh e r  e 6 . . = f ( Y . . + u . ) l J  1 J  1 

Y ( =  X S )  i s  a l inear  p r ed i c tor  o f  l ength N .  = E N . , 
i 1 

X i s  a m a t r i x  o f  c oncom i t a nt  va r i a bles  o f  r ank p ,  

8 is  a v ector o f  fixed  e f fects , 

Z i s  a matr i x  mapping  q r andom e ffec t s  to Y ,  
-

u i s  t h e  vector  of  q r a ndom e ffects  w i th me a n  z ero , 

v ar iance  � ( =  � cr�) and d e n s ity  U ( u : G ) , 
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R i s  a ma tr i x  o f  add i t ive  gen et i c  r e l at ion sh i p s  and  

N i i s  the  num b e r  of  s a mples  a s s o c i ated  with  u i . 

The l o g  l ike l i hood i s  

q N .  • 

l n  L = [ n { II1 [ z  . .  e . .  - g ( e i J
. )  + h ( z i J

. ) ] } ] + l n  ( U ( u : G ) ) 
i j l J lJ  

An  i n fo r m al d e r i vat i o n  o f  the m e thod i s  attempted . 
. 

F r om 3 . 2 6 E [  z : u ] = { g ' ( e i j ) } 

. 
T here fo r e  l.l = E [ z ] = E [  { g ' ( 8 i j ) } ] ( 4 . 22 )  

. 
F rom 3 . 28 v a r ( z : u  ) = d i a g { g " ( 8  . .  ) } 

l J  

2 . . . 

Th e r e for e E [  z . . ] = E [  { g " ( e . .  ) } + { g ' ( e i j ) g ' ( e i j ) J  
l J l J 

. 

] 

a nd V =  v a r ( z )  = E [  d i a g { g " ( 8 i j ) } + v a r (  { g ' ( e ij ) } ) ( 4 . 23 )  

T he ex pe c tatio ns  i n  equ a t ions  4 . 22 and  4 . 23 are  t a k e n  over 

the d i s t r ibut i o n  of u .  

B y  a nal o g y  with 3 . 42 ,  t h e  var i able  to  b e  ana l y s ed at  each  

- 1  A 

i ter a t i o n  is y = Y + D ( z- l.l ) ( 4 . 24 )  

where D 

- -

a 1.1 i · = { __ __ .J } 
a Ylm 

a n d  Y ,  D ,  V and l.l a r e  al l e s t ima ted u s i n g  t he mos t  r ecent 

s o l u tion  for 8 ° . 

B y  analogy  w i th 3 . 4 1 ,  the equ a t ions  to  b e  sol ved are  

X '  D v- 1  D X 8 = X '  D v- 1  D y ( 4 . 2 5 )  

O bv ious l y  V h a s  a com p l e x  str u c ture a n d  it  i s  o f  i nte r e s t  to  

know under  wh at cond i t ions  the  stru cture  is  such t h a t  
" 

equa t ions  l ike 4 . 2  may be  us e ful  when s o lv ing 4 . 2 5 fo r � ·  
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In t h i s  reg a r d ,  int e r est  fo c u ses  o n  the second term i n  4 . 2 3 . 

B y  Tay l or ser i e s  app r o x imat i o n , 
. 

g '  < e i j ) = g '  < f < Y ij + u i ) ) 

a n d  E[ 

where 

W hen 

then 

= g ' ( f ( Y . .  ) ) + u 1. g " (  f ( Y  . .  ) ) f ' ( Y  . . ) l J l J l J  
. . 

g ' ( 6  . .  ) g '  ( 6lm ) - 11i j 11lm ) ] l J 
= ( g '  ( f ( Y . . ) ) - llij ) ( g ' ( f ( Y  l m) ) l J 

+ g '  ' ( f ( Yi j ) ) f ' ( Y i j ) 2 r . 1 a 1 u g '  ' ( 

r i l  i s  an e l em ent i n  R .  

lli j = g '  ( f( y . .  ) ) ' l J 
A = d i a g { g '  ' ( f (Y  . .  ) ) f ' ( Y i j ) } and """ l J 
E = E [  g " ( 6 . .  ) ] ' l J 
V = E + A z G z ' A 

- - - -

- 111m ) 

f ( Y lm ) 

and 4 . 2 5 has  the  same s o lut ion for 8 as 
-

X 'DE -1 D X  X ' DE - 1 Az 
,.. 

[ � · � �� , �� ] [ ] [ 1 ] = 

Z 'AE - 1 DX  Z ' AE - 1 AZ - 1 Z ' A E  1 Dy + G 

) f ' ( Y lm ) 

( 4 . 26 ) 

( 4 . 27 )  

Anothe r  a ppr o a c h  i s  to a r gue i n  t he r e ve r se  d i r e c t ion . The  
s tructu r e  i n  4 . 26 c an b e  d i r e c t l y  imputed to  V by a r g u ing 

. . d 11 •  • d lllm  that cov ( g ' ( 6  . .  ) , g ' ( 6 1 ) )  = - - - � .:J cov ( u 1. , u 1) -----l J m d y d y i j lm . 

( 4 . 2 8 )  

Th i s  l ead s t o  an e x p r e ss ion f o r  E [  g '  ' ( 6 . .  ) J ,  at  l e a s t  for l J  
b i nomi a l  char a cter s .  I t  fo l lows  that 

V = E + D ZGZ ' D ( 4 . 29 )  

so  that 4 . 27 becomes 

X ' DE - 1 Dz ] u ] ( 4 . 3 0 )  
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An ad v antage o f  thi s l a tt er a pproach i s  that i t  immed i a t e l y  
e x ten d s  t o  mu l t i ple  r an d om f a c to r s  i n  t he  m i x ed mod e l . S i n c e  
� i s  not  r equi r e d  d ur i n g  the  i t e r at ion procedu r e , i t  c a n  be  
a b sorb e d  out . The  eas e  o f  abs o r p t ion w i l l  depend on the  
s t ruc tu r e  of  G .  

I t  i s  r ea d i l y  shown that  i f  the d is t r ibut ion  o f  � i s  N ( � , q ) 
a nd o f : g iven � i s  N ( � �+�� , � ) ,  � i s ! , D i s  I ,  y i s  : , E i s  
Q and t h a t  4 . 3 0 become s  [ X ' Q - 1 X X 'Q - 1 z 

Z ' Q - 1 X Z ' Q - 1 Z + G - 1  

wh ich a r e  Hen d e r son ' s  m i xed  mode l  e qu a t ions ( equat i o n  4 . 2 ) . 
I n  th i s  c ase the equa t i o n s  do not  need to  b e  iter a ted s i n c e  y 
i s  z a nd i s  ind ep e ndent o f  the so l u t ion for § ·  

In  t h i s  s ect ion , equa t ions  4 . 2 7 and 4 . 3 0 are propo s ed as  
a comput ing s t ra tegy for  s o lving equat ions 4 . 2 5 .  The ir 
obvious  s imi l a r i ty to  the  B LU P  equat ions ( 3 . 5 ) sugge s t s  

A 

the s o l u t ion � would  b e  a p r edictor  o f  the random effec t s  
o n  the under l ying s c a l e  ( s e e  equat ion 4 . 2 1 ) . Adap t ing 
equa t ion  6 . 1 7 to  the no t a t ion of equa t ion 4 . 2 7 , the so lut ion 

( 4 . 3 1 )  

This  exp r e s s ion would  b e  u s ed t o  s o lve for � a fter  a final 
s o l u t ion  for the f ixed e f f e c t s  had been obta ined . The 
prop e r t i e s  of 4 . 3 1 as  a - predi ctor  o f  the random effects  have 
no t b e en inve s t igated . 
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Chapt e r  5 .  D e r i v i n g  the l o g i st i c  l i ne ar m i x ed mod e l  

C ategor i c al d at a  encou n t ered i n  a nima l breed i n g  r e s e a r ch i s  

o ften a s sumed t o  be s am p l ed from e ither  the b i n om i a l  o r  the 

mul t i nom ial d i s tribu t i ons . M u l tinom i a l  char a c t e r s  m a y  be o f  

e i ther t h e  thr e shold  type , wher e  a n  ord e r  of  c at e gor i e s  i s  

i mpl i c i t , or th e extr e m a l  type where the ord e r i n g  of  

c atego r i es is  a r b i trar y .  Thi s  c h apter  d er i v e s  the s pe c i fi c  

equat i o n s  requ i r ed for a n al y s i n g  binom i a l , e x tr emal  a n d  

m ult ip l e  thr e s ho ld d at a  b y  t h e  t wo me thod s o u t l i ned i n  

c hapt e r  4 ;  the j o int- m a x im i � a t ion a n d  the 

m a x i m i z a tion- ex pec tat ion m e thod s . The  der i v at i ons  are  b a s ed 

on the l e g i t  t r a n s form a t ion  ( s e c t ion 3 . 2 . 1 ) .  Th e n ame 

l o gi s t i c  l in e a r  m i xed model  ( LLMM)  w i l l  be u s ed  spe c i f i c al l y  

for equ a t i ons  ob t a ined b y  the m a x imi z a t i on- e x pectat i o n  me thod 

for b inom ial and  mult i nomia l  c h a r acter s .  Equ a t ions  o b t a ined 

b y  the j o int-m a x imi z a t ion me thod w i l l  not be  u t i l i z e d  in  

s ubsequ ent  cha p ters  and are not i nclud ed when  the name  LLMM 

is u s ed . 

5 . 1 .  M i xed model a n a lys i s  o f  b inom i a l  d ata  

The b i n omi a l  d i st r i b u t ion has  d ens i t y  func t i on 

z p ) n- z n ) ( 1 - p = e x p (  z l n ( p / ( 1 -p ) ) + n l n ( 1 -p )  + l n (  C ) z 

n = exp( z e - n  l n ( 1 + ex p ( e ) )  + l n ( C ) ) z 

= exp ( z e - g ( e )  + h ( z ) ) ( 5 . 1 ) 

T h is i s  of  the o n e-par amet er  e x ponent i al form of  e qu a t i on 4 . 4  

w h er e  z i s  the b i nomial  f r eque n c y  of  s u c c es ses  i n  n tr i a l s ,  

p i s  the b inom i a l  prob ab i l i ty , 

e = l n ( p / ( 1 -p ) ) and  

g ( e )  = n l n ( 1 + e x p ( e ) ) 

D i ffe r e n t i at i n g  g ( 6 )  w i th res p e c t  to e g i v e s  

, e x p( 6 )  
g ( 6 )  = n --- - - - - - --- - = n p 

( 1  + e x p ( e ) )  

( 5 . 2 )  

( 5 . 3 )  



a n d  ex p ( e )  
g ' ' ( 8 ) = n - - - - - - - - - - - - 2 = n p ( 1  - p )  

( 1  + e x p ( e ) )  

5 . 1 . 1 .  S o lution  by the j o in t - max imi za t ion me thod 

4 9  

( 5 . 4 )  

From equ ation  4 . 3 ,  the  l i n e a r  pred i c tor i s  Y = X S  + Z u ( 5 . 5 )  
A A 

U s i ng t h e  l ink  f u n ctio n , 8 . .  = Y . . , ( 5 . 6 )  1 J l J 

A ex p ( e . . ) 
p may be pred icted  by  p = { -------.?:�---
- 1 + e x p ( e i j ) 

" 
F rom 4 . 6  � = { n g ' ( 8  . .  ) }  = n p l J  

" 

From 4 . 7 V = d i ag { g ' ' ( 8 . .  ) } = d i ag { 
l J  

0 e . .  
From 4 . 8  D = { _ _ _  _!.J } = I 

0 Y . . l J  
" 

- 1 F r om 4 .  1 7  y = Y + V ( z - � ) 

} 

n 
" " 
p . . ( 1 - p . .  ) l J  1 J 

( 5 . 7 )  

( 5 . 8 ) 

} ( 5 . 9 )  

( 5 . 1 0 )  

( 5 . 1 1 )  

I nser t i n g  these  e xpr es s i ons  i n t o  equat ion  4 . 1 8  g i v e s  

Z ' VZ + G- 1 
( 5 . 1 2 )  [ � ' -�� Z ' VX  

X ' V Z  

T he iter a t i ve s o l ution o f  these  e q uation s i s  q u i t e  

s t r a i g h t - forw a rd fo l l owing  t h e comments  i n  s e c t ion 3 . 2 . 5 .  

5 . 1 . 2 .  So l u t ion by the  ma x i m i za t i on-expectat i o n  method 

The d i f f i cul t s tep w i th thi s m e thod i s  to  f ind  s at i s f a c to r y  

e x pr e s s i on s  fo r the e x p e cted v a l ues o f  g '  ( 8 . . ) ,  g '  ' ( e  . .  ) and  
lJ  l J  

( g ' ( A . .  ) g ' ( e 1 ) )  t o  sub s t i t u t e  i n  equa t i o n s  4 . 22 and  4 . 2 3 .  
l J  m 

. 

i . e .  � = { E [ g ' ( 8  . . ) ] } ( 5 . 1 3 )  
l J  

va r ( z . . ) 
l J  

• • 2 = E [ g " ( 8  . .  ) ]  + E [ g ' ( 8  . . ) ] 
l J  l J  

. . 

2 
� i j  

c ov ( z i j ' z lm ) = E [ g ' ( 8 i j ) g ' ( 8 lm ) ]  - �i j � lm 

( 5 . 1 4 )  

( 5 . 1 5 )  
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• 

• 

where  g '  ( 8 . .  ) 1 J = = -�-:�����.· 12 _ = -�-:���:�J_:_�!: ( 5 . 1 6 )  n p i j  1 + e x p ( 8 i j ) 1 + exp ( Y i j  + u i ) 

• 

and g '  ' ( e . . ) 1 J  
• • n e x p ( l3 . . )  

= n p  . . ( 1 -p . .  ) = - - - - - - - - - i.J - - - 2 
1J 1 J  

( 1 + ex p ( 8 i j ) )  

n e x p (Y1 . + u . ) J 1 = - - - - - - - - - - - - - - - - - - -� 
( 1 + e x p  ( Y  . .  + u . ) )  1 J  1 

( 5 . 1 7 )  

N o t a tion : A dot w i l l  be u se d  over t h e  sym bo l p when  the  

p robab i l ity  i s  a func t i o n  of  a p a r t icu l a r random e leme n t  u . , 
1 

to  d i s t i n gui sh  i t  from a corre s p o n d i n g  ' aver a g e ' p wh i ch w i l l  

n o t  ha v e  a dot . 

Th e t hree e x pectat ions  i n  5 . 1 3 ,  5 . 1 4 and  5 . 1 5  c an b e  obta i ned  

a s  fun c t ions  o f  E [ p . . ] and  E [ p . . p1  ] . The  d i s t r ibut i o n  o f  l J 1 J m u i ,  or at  l east i t s  fir s t  m omen t s , must be  s pec i f i ed for 

t h e se e x pectat i o n s  to be formed . Thr ee a l te r n a t i v e s  h a v e  

b e en i n v est i g at e d . 

1 .  U; d i st i buted N ( O ,  a�, > . 
2 .  u .  d i s t r ibuted w i th an  unspec i f ied symme t r ic d i s t r ibut ion 1 

with  mean z ero  and vari ance sma l l  ( s ay l � s s  than 0 . 3 ) . 

3 .  u i d i str ibuted  with  m e an zero  and v a r i an c e  au 2 • E xp e c t ed 

v al u e s  are  obt a i ned from the l o g ist i c  d i st r i b u t ion . 

5 . 1 . 2 . 1 .  U s ing the Nor m a l  d i s t r ibut ion  

F rom 5 .  1 6  

e xp  ( Y . .  + u . ) 
= E [ _ _ _ _ _ _ _  ll- - - - �- - - ] 

= f 

1 + e x p (Y . . + u . )  l J  1 
e x p ( Y . .  + u . )  1 - - - ---�] _ _ _ _ ! _ _ _ _  - - - - - -

1 + e x p ( Y i j  + u i ) 12 n au 
U s i ng the  stan d a r d  ser i e s  

6 

2 -u . 1 e x p ( - - � ) 
2 a u 

- - �-- = a - a2 + a 3 - a4 + a5 
-

1 + a 
a • . •  for a < 1 . 

( 5 . 1 8 )  

( 5 . 1 9 )  



and 

- -�-- = 1 - a_,  

1 + a 

- 2  + a - 3  -4  -5  a + a - a • • • f o r  a > 1 • 

b u t  wi th  a = ex p ( Y i j  + u i ) 

imply i n g  a < 1 i f  u . < -Y  . .  
1 1 J  

a n d  a > 1 i f  > Y u
i 

-
i j  

a l l ows 5 .  1 8  to  be  wr i t t e n  a s  

- Y  . .  00 . 
E [  p . . ] = I 1 J  < - E ( - 1 )k e x p ( Y i j  + 1 ]  

= 

+ 

+ 

-oo k 

00 00 
k + I ( 1 - E ( - 1 ) exp ( Y  . .  

= 

+ 

00 

E 
k 

I 

00 
E 
k 

-Y  . . 1 J  

-Y . .  
I 1 J < -

- oo 

00 

I ( 1 -
-Y . . 

1 J  

00 

E 
k 

00 

E 
k 

k 1 J  

k k ( - 1 ) e xp ( Y  . .  ) ) 
1 J  

( - 1  ) ke x p ( Y  . . )k ) 1 J  

( - 1  ) k ex p ( kY . .  + 
1 J  k2 a 2/2 ) 

u I 
00 2 - x . 1 d x .  -Y . . e x p ( - -- ) 1 - - � .J  �; 2 

au 

( - 1  ) kexp ( -kY . .  k2 a2/2 ) + f 1 J  

+ 

u . )  k ) 1 

u i
}k ) 

1 -- ----
1�7T a u 

1 ------
��:rr au 

-Y . .  -ka 

2 
1 - u . 

--- - - - exp ( - -� ) ��:rr au 2cr u 

2 
1 - u . 

1 ---- - - e x p ( - -� ) 
/�:rr a u 2cr u 

2 2 -u . +2u . kcr 1 1 u 
e x p ( -- - --�--- - ) 

2cr u 

2 2 - u  . -2u . kcr 1 1 u ) e x p ( - ----�- - - -
2cr u 

2 

__ _!:J _ _ _  '! 2 
au 1 - x . 1 - --- e x p ( -- - ) 

- oo 12 :rr 2 

00 2 - x . 1 1 
2 

e x p ( - -- ) 
-Y . .  +ka � :;r  2 
__ ,!.J ___ � au 

5 1  

d u i 

du . 1 

du . 1 

du i 

d x . 
1 

d x i 



5 2  

-Y  . .  
= 1 - « _ _  !J ) ( 5 . 20 )  

cru 

oo -Y . .  +k ; 
+ E F (k )  [ exp ( - kY . . ) ( 1 - 4l ( - -.!J 

_ _ _  � ) ) 
k l J  cru 

a n d  aft er  s ubst i t ut ing 

2 
u i - k cru x .  = --- - - - -- i n  the f i r s t  i n t e g r a l  and 1 

u .  + k cr
2 

x i 
= -�-- - - - �  in the  second  i ntegr a l . 

cru 

This e x pres s i o n  i s  not p r act i c a l  compu t ation a l l y  b e c a u s e  F ( k )  
q u ickl y becomes  large  wh i le the  a sso c i a t ed i n t e g r a l s  b e come 

s ma l l  but  the p r oduc t i s  not sm a l l . Numer i c a l  i nt e g r at ion 

t e chn i q u e s  ma y be  fea s i b l e  in  sm a l l  problems but  are  l i k e l y  

t o  be  too d e m a n d ing , i n  comp u t ing r e sourc es , for l a r ger  

p robl em s . Th e s ame comments a p p ly t o  the e x p r e s s i o n s  for 
• • 

E [ p . . p 1 J obta i n ed in Append i x B .  Compu t i ng equ a t i o n s  o f  the l J m 
form o f  e quat ion  4 . 25 are  not  d e r i v e d  i n  th i s  s e c t i o n  b ecause  

t h eir ev a luat i o n  i s  imp r acti c a l  for the  reasons  j u st noted . 

5 . 1 . 2 . 2 .  U s ing  the moments  o f  a symmetr i c  d i s t r i b u t i o n  

T h i s  method r e q u i res  the  nom i n a t ion o f  the var i a n c e , cr� , but 

not  the full  d i s t r ibu t i o n  of u i . I t  has  the  r e s t r i c t i o n  t hat 

cr� may not be lar g e  becau se  of the a p prox i m a t io n s  i n  the 

d er i v a t i on . The  der i v a t ion fo l lows the same pr i nc i p l e  as  the 

f i rst m e t hod a nd r ead i l y  e xtend s to  mul t i nom i a l  e xt r e m a l  

c hara c t e r s . The  ful l a l gebra i c  d evelopment f o r  mul t i nom i a l  

c h ara c t e r s  i s  in  Append i x  C .  T h e  pr i n c i p l e  i s  o u t l i n ed here 

but  the e x pre s s ions  are  obta i n e d  from the appen d i x .  



5 3  

From 5 . 1 6 

E [ p . . ] 1 J ( 5 . 2 1 ) 

A ssum i n g  Yi j  i s  n e gati v e  and u i < - Y i j  e nab l e s  p ij  to  b e  

e xpan d e d  using  t he s er i e s i n  5 . 1 9 

n ( Y  . •  + u . )  
= E [ - E ( - ( 1  + E - - � 1  _ _ _ _  ! __ ) )m ] 

m n n !  
( 5 . 22 )  

On t ak i n g  e xpect a t i ons  o f  the i nd i v id u al terms i n  5 . 22 ,  o d d  

powe r s  o f  ui d r o p  out because  o f  t he symmetr y  a s sumpt i on . 

Furth e r , terms  w i th u i r a i sed to  the power of  4 or  mor e a r e  

n egle c t ed as be i ng neg l i g ible  w h e n  va r ( u . ) i s  small . F r om 
1 

equat i o n  C . 5 2 , 

2 = P 1· J. + P · . ( 1 -p . . ) au ( 1 I 2 - p . . ) 
1 J  1 J  1 J  

e x p( Y . .  ) 
w h ere p . .  = _ _ _ _ _ _ _  ,! J.  __ _ 

1 J  1 + e x p( Y i j ) 

I n  sim i l ar fa s h i on , f r om equ a t i o n  C . 8 0 

( 5 . 2 3 )  

( 5 . 2 4 )  

2 1 1 E [ p . .  p 1 ] = p . .  p 1 ( 1  + a  ( ( � - p  . .  ) ( 1 - p . .  ) + ( ,r; - pl ) ( 1 - p 1 ) ) 1 J  m 1 J  m u � 1 J  1 J  � m m 

2 + a  r . 1 ( 1 - p . .  ) ( 1 - p1 ) ) ( 5 . 25 )  
u 1 1 J  m 

w h ere r
i l  i s  the c or r e l at i o n  betw e e n  u

i 
and u

1 . 

T h e  coe ff i c i ent  r i l  i s  one when i e q u a l s  1 and  other w i se i t  

i s  u sual l y  z ero . I n  the an imal b r eed ing c ontex t , i and  1 

m ay refer  to  r e l at ed s i r e s  and r i l  would b e  the i r  

a d d it i v e  g enet i c  r el a t i o n sh i p . 

Subst i tu t i n g  5 . 23 and  5 . 25 i n  5 . 1 3 ,  5 . 1 4 and  5 . 1 5 g i v e s  

2 1 � = { n . .  p . .  + n . .  p . . ( 1 - p . . ) a  ( -:w,- p  . . ) } ( 5 . 26 )  
- 1 J  1 J  1 J  1 J  1 J  u � 1 J  



C ov( z . . , z 1 ) = n . .  p . . n 1 p 1 ( 1  
1 J  m 1 J  1 J  m m 

5 4  

2 1 1 + 0u ( ( 2- p i j ) ( 1 - P i j ) + ( 2- plm ) ( 1 - P lm ) ) 

2 + cr r . 1 ( 1 -p . . ) ( 1 -p1 ) ) u 1 1 J  m 
- ni j p i jn lmP lm ( 1  

2 1 1 
+ 0u ( (�- p i j ) ( 1 - P i j ) + ( 2- Plm ) ( 1 - Plm ) ) )  

ft d . t . 4 
a e r  ropp 1 ng  a e rm  1n cru . 

2 
= n i jp i j ( 1 -Pi j ) 0ur i l nl mp l m( 1 - P lm) 

for i j !irt lm .  
. 2 . 2 2 var ( z . .  ) = J.l • •  - E [ n . .  p . .  ] + E [ ( n . .  p . .  ) J - J11. J. 1 J  1 J  1 J  1 J  1 J  1 J  

2 1 
= ni j P i / 1 + 0u ( 1 -P i j ) ( 2 - p i j ) 

( 5 . 27 )  

- n . .  p . � ( 1  + 2 cr2 ( 1 - p . .  ) ( � - p . .  ) + cr2 ( 1 - p . .  ) 2 ) 1 J  1 J  u 1 J  � 1 J  u 1 J  

2 2 2 2 + n . .  p . .  ( 1 - p . .  ) cr l J  1 J  l J  u 

= n i jP i j ( 1 -p i j ) 

2 1 2 + n i jp ij ( 1 - Pi j ) cru ( � - pi j - P i j+2P i j - P i j ( 1 - P i j ) )  

2 2 2 2 + n i j P i/ 1 -p i j ) cru 

= ni j P i/ 1 -pi j ) ( 1  + cr� < d - 3 Pi / 1 - p i j ) ) )  

2 2 2 2 + n . .  p . .  ( 1 - p . .  ) cr 1 J lJ  1 J u ( 5 . 2 8 )  

T h ese e x p r e s s ion s  c an be  r e pre s e n t ed in  matr i x  n o t a t ion 
to con form to 4 . 26 as  fo l lows . 

E = d ia g { n . .  p . .  ( 1 - p . .  ) ( 1  + 0
2
u < � - 3 p  . .  ( 1 -p . .  ) ) ) } 

1 J  1J  1 J  � 1 J  1 J  

A = 

G = 

V = 

d i ag { n . .  p . .  ( 1 - p . .  ) 1 J 1 J  1 J 
} 

02 R whe r e  R i s  a matr i x  u -
among  the 

var ( z )  = E + AZGZ ' A  - - - - -

o f  a d d i t i v e  r e l at ion s h i p s  

r a ndom e l ement s i n  u ,  -

( 5 . 2 9 )  

( 5 . 3 0 )  

( 5 . 3 1 )  



D i ffer e n t i a t i ng 5 . 26 w ith r e s pe ct to  Yi j ' 

This  

�-�!j 
d p i j  

d 2 1 1 2 2 3 d p . . 
= ----- n 1

.
J
· ( P 1· J

· + a ( "� p . j
- � P · . - p  . .  + p  . .  ) )  _ _ _  !J  u � 1 � l J l J  l J d y d p i j  i j  

n i j ( 1 
2 1 2 

) p i j ( 1 - P i j ) = + cru ( � - 3 p i j + 3p ij ) 

i s  the s am e  a s  the e l ement s  i n  E so  

5 5  

D o f  4 . 24 = E (5  • 3 2 )  

y o f  4 . 2 4 = y - 1  + D ( Z- ll) 

y - 1  = + E ( Z- ll )  ( 5 . 3 3 )  

Then 4 . 27 be comes 

[ � · ��- , �� 
X ' E E- 1 Az ] [ � : ] [ : · � �- , �� ] = 

Z ' A E - 1 E X  Z ' A E - 1 Az - 1  Z ' A E- 1 E y  + G 

wh i c h  s imp l i f i e s  to 

( � � �� Z ' AX  

X 'AZ  X ' Ey ] 
Z ' Ay  

( 5 . 3 4 )  

I n  equ a t ions 5 . 26 ,  5 . 29 ,  5 . 3 0 ,  5 . 3 2 and 5 . 3 3 i s  a set  o f  

s imp l e  e x pre s s ions  wh i c h can  b e  e as i l y  u sed i n  5 . 3 4 .  The 

s t art i n g rul e s u gges ted in s e c t ion 3 . 2 . 5  may be u sed . O n c e  

equat i o n  5 . 3 4  has  been sol v ed , the new  solu t i o n  for B 0 i s  

u s ed i n  t he l ine a r  pred i c tor , Y = XB0 ( from equ a t i o n  4 . 2 1 ) , 

to  se t u p  and so l v e equ a t ion  5 . 3 4 a g a i n . T h e  p r oc e s s  i s  

r e pea t e d  unti l c h anges i n  B
0 betw e e n  iter a t i ons  a r e  

0 s u ffic i e n t ly sm a l l .  As  n oted be fore , t h e equ a t ions  i n  � may 

be ab s o r b ed .  

5 . 1 . 2 . 3 .  U s i ng the l og i s t i c  d i s t r ibut i on 

The l o g i sti c d i stribu t i on i s  d e scr i b ed in s e c t i o n  3 . 2 . 1 .  The 

s imp l e  r elat i o n ship  between p r obabi l i t y  and t h r esho l d  forms a 

c onven i e n t  bas i s  for obt a i n i n g  E [ p . .  ] and E [  p . .  i:>1 ] . 1 J 1 J  m 



Th e e x pre s s i on from e quat i o n  5 . 1 6  

exp ( Y  . .  + u . )  

5 6  

p i j  
= - - - - - - - ��- - - - � - - - ( 5 . 3 5 )  

1 + e x p( Y . . + u . )  1 J 1 
i s  base d o n  the s t a n d ard l o g i st i c  d i str i b u t ion .  U nd er t h i s  

d i str i b u t ion ,  p . .  i s  the p r obab i l i t y  t h a t  a r andom v ar i ab l e , 
1 J  

x . . , wi t h  mean z ero  and var ianc e n 2 / 3 ha s a value l e s s  
1 J  

t h an The e ffec t  o f  assum i n g  u i i s  unknown with  m e an y . . + U . • 
. 1 J 1 

z ero a n d  vari a n c e  cr� i s  t o  i nc re a s e  the v ar i ance  o n  the 

u nder l y i ng s c a l e  to n 2/ 3  + cr 2
• Th e t hresho l d  po i n t , Y . . , u 1 J 

d oes n o t  change . I t  i s  c onven i en t  to a s s ume the  d is t r i b u t i o n  

o f  x . .  + u .  i s  st i l l  l ogi st i c . 1 J 1 
• 

E [ p . . ] i s  then  obt a i ned a s  1 J  
t he pr ob a b i l i t y  that x . .  + u . i s  l e s s  tha n  Y 1. J. and i s , a fter  a 1 )  1 
c h ange o f  sca l e , 

. exp ( s Y . .  ) 
p . . = E [ p . . ] = - - - - - ----1-�- --

1 J  1 J  1 + e x p( s Y . .  ) 1 J  
where the  sca l e  f actor  i s  

s = ��-���� -"2 Jn� 13 + cru 

= /i = p  
and  the i ntrac l a s s  cor r e l at i on  i s  

2 
cru 

p = _ 2  ___ _ _ _  2 
n I 3 + cru 

( 5 . 3 6 )  

( 5 . 37 )  

( 5 . 3 8 )  

The  i n t r ac lass  c orre l a t ion  i n  t h i s  s i t u a t ion i s  the 

c o rre l a t ion between two obse r v a t ions o n  the un d er ly i n g  s c a l e  

wh ich h a v e  the s ame ( unknown ) r andom e ffe ct . 



By d ef i n i t i o n , u nde r  the  pr e c e d ing a ssumpt ion s , 

C ov ( xi j+u i , x lm+u 1 ) = r i l  cr� 
= r i l  

P 1T2/ 3  
1 - p 

where  p i s  the i n t r ac l a s s  c orr e l a t i on from 5 . 3 7 and 
r i l  i s  t h e  corre l a t ion b e tween u i and  u 1 . 

O n  the b a s i s  o f  4 . 28 ,  

• • d p
i j Cov ( p  . .  , p 1 ) = -- .. - -

1 J m y d i j 
D i ffe rent ia t i n g  5 . 3 6 

A 

d p . . s e x p ( s  Y . .  ) 
1 J - 1 J  

- - � -- - - - - - - - - - - - - � - - - -2 
d Y . . ( 1  + e x p ( s  Y . .  ) )  1 J  1 J  

= s p . .  ( 1 -p . . ) 
1 J  1 J  

Subs t i t u t ing  5 . 39 a n d  5 . 4 1  i n  5 . 40 ,  
. . 

C o v ( p  . . , p 1 ) 
1 J  m 

p 2 - - ) = s P i j ( 1 -P i j ) r i l  1T / 3  s P lm ( 1 -P l m  
1 -p 

s i nc e , 

= p . . ( 1 - p . .  ) r . 1 p 
1 J  1 J  1 

2 fr om 5 . 37 ,  s = 1 - p  
By the d e f i n i t ion of cov ar i an c e , 

. . 

2 - -
1T 1 3  Plm ( 1 - P lm ) 

E [ p . . p l ] 
1 J m = Cov ( p  . .  , p 1 ) + 

1 J  m E [ p i j ] E [ p lm ] 

57  

( 5 . 3 9 )  

( 5 . 4 0 )  

(5 . 4 1 ) 

( 5 . 42 )  

= P i / 1 - P i j ) r i l  
5 . 36 and 5 . 4 3 Subst itu t i ng  

P n
2 / 3  P lm ( 1 -Plm ) + P i j P lm 

in 5 . 1 3 ,  5 . 1 4 and 5 . 1 5 g i v e s  

( 5 . 4 3 )  

A 

ll = { n . .  p . . } = { 
- 1 J 1 J  

n . .  e x p ( s  Y . . ) 
-�.J - - - - - - - .... � .J - } 
1 + e x p ( s Y . .  ) 

. . 
1 J  

= Cov ( n  . .  p . .  , n 1 p 1 ) 1 J  1 J  m m 

= ni jp ij ( 1 - Pi j ) r i l  P TI
2 1 3 n lmp l m( 1 - P lm) 

for  ij � lm  
. 2 

v ar ( z  . . ) = E [ n . .  p . .  ] - E [ n  . .  p . . ] + v ar [ n  . .  p . .  ] 
1 J  1J  1 J  1 J  1 J  1 J  1 J  

- • - 2 2 • = n . .  p . .  - n . .  ( v a r ( p . .  ) +p . .  ) + n . .  var ( p  . .  ) 1 J  1 J  1 J  1 J  1 J  l J  1 J  

( 5 . 4 4 )  

( 5 . 4 5 )  

- - - 2 - 2 2 = n 1. J.p 1. J. ( 1 - p1. J. )  + n . .  ( n  . .  - 1 ) p . .  ( 1 - p . .  ) p1T /3  ( 5 . 46 )  
1 J  1 J  1 J  1 J  



The s e  e xpr e s s i ons c a n  be  r e p r e s ented i n  matr i x  not at i o n  
t o  confo rm  to 4 . 29 as  f o l lows . 

5 8  

E = d ia g  { ni j P i/ 1 - pi j ) ( 1 - P i j C 1 - pi j > p 'JT 2 /3 ) } ( 5 . 4 7 ) 

A = d i a g  { 

G = p 'IT2 /3  

n . . p . .  ( 1 -p . .  ) l J lJ l J 
R whe r e  R i s  a 

} ( 5 . 4 8 )  

matr i x  o f  add i t i ve r e l a t ionsh i p s  

among  t h e  random eleme nt s  in  u ,  ( 5 . 4 9 )  

V = var ( z )  = E + A ZGZ ' A  

D o f  4 .  2 4  = s A (5 . 5 0 ) 

y o f  4 . 2 4 

Then 4 . 30 [ � , ��- 1 �� 
Z ' A E - 1 AX 
- - - - -

- 1 = y + D ( Z- ]..1 ) 

- 1 : Y + A ( Z-]..1 ) / s ( 5 . 5 1 )  

becomes , a fter d i v id ing  by  s ,  

( 5 . 52 )  

W r i t ing W = AE- 1A 

= d iag { 

= d iag { 

n . . p . .  ( 1 -p . .  ) n . . p . . ( 1 -p . .  ) 
- - - - - 1� - !� ___ _ ! J  ___ �J _ ! J  ___ _ � J - -�- - - } 
n . .  p . .  ( 1 - p . .  ) ( 1 - p . . ( 1 -p . .  ) p 'IT /3 ) l J  l J  l J  l J  l J  

n . .  p . .  ( 1 -p . .  ) _ _ ___ ll_ ! J  ___ _ ! J  __ � - - } ( 5 . 5 3 )  
1 - p i / 1 - p i j ) p TI / 3  

Equa t ions 5 . 4 4 ,  5 . 4 8 , 5 . 5 1 and 5 . 5 3 c ontain  the 
expres s ions to  be  u s ed in 5 . 5 2 .  A s t art ing rul e  
wa s sug g e s t ed i n  s ec t ion 3 . 2 . 5 . Onc e 5 . 5 2 has 
b een s o l v ed ,  the new so l ution for 8° i s  u s e d  in  the l in e a r  

� -

p r ed i c t o r , y = X 8° ( from 4 . 2 1 ) , to s et  u p  and s o l v e  5 . 52 
a g ai n . The-pro�;ss  i s  r e peated u n til  ch anges i n  8 °  betw e e n  

-
i t erat i o n s  ar e s u ffici e n t l y  sma l l . A s  noted i n  s ect ion  4 . 2 ,  
t h e  so l u t ion for u0 i s  not r equ i r ed dur ing  iter a t i on  and i t  
w i l l  o ft en be con v enient  to  abso r b  the s e  equat i o n s  when  
s o lv i ng  for B 0 � 
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The d i s tinc t i o n  betwee n  the two typ e s  o f  mu l t i nomi a l  
c h arac te r s , e x t r emal and thr e sho l d , h a s  been d i s cussed  i n  
s ecti on  2 . 1 . A thresh o l d  cha r a c ter  a r i s e s  when  the r e  i s  a 
s i ngl e u nderl y i ng var i a b l e  w i th s eve r a l  thresho l d s . A n  
e x trem a l  char a c t e r  ar i s e s  when  t h er e  a r e  s eve r a l  u nd e r l y i ng 
v a r i ab l e s , e ac h  h aving  a s in g l e  thre sho l d  and e a ch c a t egory  
corr e s pond ing  to  a var i a b l e .  E a c h  observat i o n  adds  a c ount 
to the c a tegor y o f  the e x trem a l  char a c t e r  that c or r e spond s  to 
the f i r s t  und er l y i ng var i able  t o  r each  its thr e sho l d . When 
there  is a s ing l e  under l y i ng v a r i able  w ith  on l y  one  
thresho l d , the  e x trema l and thr e shold models  both  r ed u c e  to 
the b i nom ial s i t u ation . 

5 . 2 . 1 .  An a lys i s  o f  e x tr ema l  cha r a c t e r s  

The obv ious cho i c e  o f  a p robab i l i ty  d i s t r ibut i on t o  m a p  the 
prob a b i l i t i e s  assoc i ated w i th each c a tego r y  to an u n d er l y i n g  
c onti n u o u s sc a l e  might b e  the mu l t iv a r i ate normal  
d i str i b u t ion .  A conv e n i ent and s imp l e  a lter n a t i ve i s  the  
m ult inom ial l o g it  int roduced i n  sec t i on 3 . 2 . 1 .  

The d e v elopme n t  of the equat i o n s  to a n a l yse a n  ext r em a l  
c hara c t e r  by r e w e ighted  l east  s q u ares  u n der a f i x ed mod e l  w a s  
p r esented  i n  s e c t i on 3 . 2 . 4 .  

5 . 2 . 1 . 1 .  So lut ion  by jo i nt-ma x im i z a t i on method 

The e x t ension o f  the r e s u lts of s ect ion  3 . 2 . 4  to a m i x ed 
model i s  str a i g h t-fo r ward . F o l low i ng the fo rmat o f  s ect ion 
5 . 1 . 1  w ith a p p ropr i a t e  mod i f i c a t i on , from s e c t ion 4 . 1 ,  

the  l i near  pr e d i c tor i s  Y = ( X  � I ) B + ( Z  � I ) u ( 5 . 5 4 )  

a nd the l i nk fun c tion i s  e . " k = y . " k 1 J l J  ( 5 . 5 5 )  



whe r e  i r ef e r s  to the i th r an d om v e ctor , u i , 
j r efe r s  t o  the j t h  sam p l e  with i n  i ,  
k refe r s  t o  the k t h  cat e go r y ,  
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F r om 3 . 4 8 , p . . = { p . . k } = { - - - =�::�!1�:_ _ _  } ( 5 . 56 )  - 1  J 1 J  

F rom 3 . 55 and 4 . 6 ,  �i j k  ( 5 . 57 ) 

Fr o m 3 . 5 6  and  4 . 7 , V . . = n . . ( d i a g { p . . k } + p . . p ! . ) - 1 J  - 1 J  - 1 J  . - 1 J - 1 J  

and V = L+ E+ V . .  - 1 J  ( 5 . 5 8 )  
i j 

F rom 4 .  8 ,  D = { ��!J� } = I ( 5 . 59 )  
oYi j k  

A - 1 F rom 4 .  1 7 ,  y = y + V ( z  - � ) ( 5 � 6 0 ) - - -
L e t  G = R � L whe re  R i s  a m a t r i x  o f  addit i v e  r el a t i o n sh i p s  

among t h e  ve ctor s ,  � i ' a n d  
L i s v a r ( u . ) .  - 1  

I n sert i n g  these  e x pres s i o n s  i n  4 . 1 8 g i v e s  

( X® I )  I V ( X® I )  ( XQt i ) 1 

( Z ® I ) 1  V ( X(3 I )  ( ZQt I ) I 
V ( Z � I ) 

V ( Z � I )  

I I I I 
G

- 1
� + I 

B0 l ( X�I ) I Vy - I I = 
0 1 U I ( Z� I ) 1  V y  

( 5 . 6 1 )  

T hese e q u atio n s  a re read i l y  s o l v e d ( s e e  sect i o n  3 . 2 . 5 )  but  
w i ll o f ten  be o f  l arge o r d e r s i n c e  the number of  equat i o n s  i s  

( numb e r  of c at e gories  l e ss 1 )  t ime s ( r ank of  [ X Z ] )  

5 . 2 . 1 . 2 .  So l u t ion by t h e  ma x im i zat ion-expe ctat ion  method 

The app l i cat i o n  of t h i s  method to e x t remal c h a r acte r s  i s  
a l geb r a i c a l l y  c umber some bu t s t r a ight- forwa rd . The  
d er iv at i on wi l l  b e  bas ed o n  sec t i on 4 . 2  but d r aw i ng from 
s e ction 3 . 2 .  4 .  
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E x t end ing  equat i on  3 . 4 9 i n  the fash ion  o f  equ at ion  4 . 2 1 g i v e s  
l n  L = con stant 

where 

an d 

q N .  c 
+ r r1 ( ( r 

i j k 
+ l n ( U ( u : G ) ) 

1 + r e xp ( e .  . ) 
n 1J n 

g ( e .  "k ) = n .  . 1 n ( 1 + 1 J  1 J  
i refe r s  t o  the i th 
j r efe r s  to the j th 

r exp (  e ij n ) )  
r andom vec to r , � i ' 
samp l e  wit h i n  i ,  

k r efe r s  t o  the k th  of c+ 1 catego r ies , 
G = R x r ,  

R i s  a matr i x  o f  add i t i ve genet i c  r el a t ion sh ip s  
among  the v e c tors  u .  a n d  - 1  

r i s  v a r ( u . )  - 1  

From e quat ion 4 . 22 u s ing equation  3 . 55 

ll = E [  z ] 

= E [ { g '  < ei j k ) l J 
= E [ { n i jp ijk } J 

F rom 4 . 23 u s ing  3 . 5 6 ,  
V = var ( z ) 

= E + var ( { g ' < e i j k ) 

= L:+ L:+ E . .  + var ( { 
i j - 1  J 

w h ere  E . .  = n . .  E [  d i a g ( p  . . ) - 1 J  1 J  - 1 J  

} ) 
. 

n i j pi j k  } ) 

- p . . p !  . J - 1 J - 1 J  

F r om 4 . 2 1 , the l i n e a r  pr e d i c tor  i s  Y = ( X � I )  B 

( 5 . 6 2 )  

( 5 . 6 3 )  

( 5 . 6 4 ) 

( 5 . 6 5 ) 

( 5 . 6 6 )  

( 5 . 6 7 )  

( 5 . 6 8 )  

( 5 . 6 9 )  

a nd the l ink fun c t ion i s  e i j k  = Y i j k ' ( 5 . 7 0 )  

E q u a t ions  5 . 66 and  5 . 67 r equ i r e  e xpr e s s i ons for E ( p  . .  k )  and  1 J 
E ( p . .  kP l  ) .  I n  s ection  5 . 1 . 2 ,  thr e e  method s o f  obt a i n i n g  1 J mn 
these  e x pectat i on s  were  proposed . The  f ir st , a str i c t  
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as s umption o f  norma l i ty w a s  found impr ac t i c a l  and  h a s  not 
b een a t t empted for th i s  c as e . The th i rd , a c onven i e nt  u se of  
the  log i s t ic d i s t r ibut i o n , h as not  b e en  a ttemp t ed b ut  m ight 
l e ad to  u sefu l  e x pres s i o n s . The s econd  method , that  o f  
a s sum i n g  only t h e  momen t s  are k nown , h a s  been a p p l ied  t o  thi s  
c ase . The  al g eb r a  i s  i n  a ppen d i x  C .  F rom that append i x , 
E quat i o n  C . 50 g i ves 

E [ p . .  k ] = p . .  k ( 1  - � p !  . d  + p ! .�p . j - p !  . ck + � _2 ) l J  l J  � - l J - _ l J - -
1 _ l J - � �  ( 5 . 7 1 ) 

a n d  equ a t i on C . 79 g i ves  

E [ pi j k� lmn ] = P i jkplmn ( 1 + � (  � + 2 ri l  0kn + �) 
+ �f j:� i j + r i l � i j� � lm + �lm� � l m  

1 - � ( � i j + �lm ) ' � - � i j < :k + r i l :n ) 

- pl' ( c + r . 1 ck ) - m _ n 1 -
2 where  crk i s  the  k th d i agon a l  e lemen t  of E ,  

crk n is the  kn th e l ement of E ,  

d i s  the v ector w i th e l ements { cr� } 

ck i s  the k th c olumn o f  E , 

pi jk  = - - - =��2��J��- - -

1 + E exp ( Y . . ) l J n  

� i j is { p i jk } and 

r i l  is a n  e lement from R .  

For  u se i n  5 . 67 

n . .  n l E [ p . .  k p l ] l J  m l J  mn 
- n i j n lm E [ p i jk ] 

( 5 . 7 2 ) 
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T h is c a n  be convenien t l y ·  e xp r e s sed i n  matr i x  notat ion a s  

v a r  ( { ni jp ijk } ) = A ( Z tl I )  G ( Z � I ) '  A 

wh e r e  A =  E+ E+ A . . 

( 5 . 74 )  

i j - l J 
a n d  A . . = n . .  ( d i a g { p .  'k } - p . .  p ! . ) - l J lJ l J - l J - l J 
P roo f :  

L e t  M = r . l A . . r/il  . 1 - l J- - m 
mk n = r i l n i j ( p i jk �k - P i jk�f j ) f ( p lmn�n - Plmn� lm ) nlm  

= r i l n ijp i j kn lmPl mn ( 0 kn + � ij � �l m - :k£lm - � i j : n ) 
. . 

= cov ( n i j p i jk nlmP lmn) f r om 5 . 7 3  

( 5 . 7 5 ) 

w i th �k r ep r e sent i n g  the k t h  column o f  an i d entity  m a tr i x . 

Q E D  

T h e  kn t h  e lemen t  i n  E . . o f  5 . 68 ,  from s i mpl i fy i n g 5 . 72 ,  i s  - l J  

1 2 2 { ek n } = - n i j P i j kp i j n ( 1  + � ( ak + 20kn + 0n ) + 3 � i j ��i j 

- p ! . d - 2p � . ( ck + c ) ) ( 5 . 7 6 )  -l J - - l J _ _ n 

fo r  k � n 

The k t h  d iagon a l  e l ement o f  E . . , 
- l J  

from 5 . 7 1  and  5 . 7 6 ,  i s  
1 { ekk } = n . .  p . .  k( 1  - -2p !  . d  + p !  .L: p . .  -l J  l J  _ l J - - l J - - l J  

1 2 
P ! · c k + 2-0k ) - l J -

- n . . p . . k
2 ( 1 + 2a k

2 + 3 p ! . L: p . .  
l J  l J  _ l J - - l J - p ! . d  - 4 p ! . ck ) ( 5 . 77 )  

- l J - - l J -

T hen V =  var ( z )  = E + A ( Z  ® I ) G ( Z  ® I ) ' A 

F r om 5 • 6 6 us  i n g 5 • 7 1 , 
. 

].l = { E [ n . . p "k ] } l J  l J  

= { n . .  p . ' k ( 1 - �p � . d  
l J lJ .:: - l J -

1 2 + p ! . L: p .  . - p ! . ck + .... ak ) } -l J - - l J  - l J - .:: 

( 5 . 7 8 )  

( 5 . 7 9 )  



The m at r i x  D o f  4 . 24 i s  6bt a i n ed b y  d i ffer ent i a t i n g  5 . 7 9 . 

The follow i ng d i ffe rent i a l s  are  r e q u i red . 
a P i ·k 

__ _ _  .J_ = p . .  k ( 1 - P · . k ) '\ y 1 J 1 J 
0 i j k  

a p . . 
and ___ !.JE = 

P · . k ( 0k - P · · ) 
1 J � � 1 J 

p . .  k < ok - P · . ) ' d 1 J � � 1 J -

for k � n 

6 4  

a p ! . L: p  . .  
a n d  _ _ -:_ _! ,:j - -�.:J = 

a Y i jk 
2 p !  . L: ( ok - p . .  ) p  . .  k = 2p . .  k ( p !  . ck - p !  . L: p . .  ) 

- 1 J- - - l J  1 J 1 J - 1 J - - 1 J - - 1 J 

Diffe r entiat i n g  5 . 7 9 u s i n g  t hese e x press ions  g i v e s  
a J.l · . 

___ !.J� = 
a Y . . k 

p !  . d ) + 2p . .  k ( p !  . ck- p !  . L:p . .  ) 
- 1 J - 1 J - 1 J - - 1 J - - 1 J 

1 J 

= 

a ll · .k 
- - - �.:J-

= 
a .Y 

i j k  

- P i j k ( ak n - � I j :k ) ) 

- n . .  p . .  k p . .  ( 1 
1 J 1J 1 J n 

n . .  p . .  kp .  . ( 1 + 
1 J  1 J 1 J n 

1 1 2 - 2- p ! . d  + p !  . L:p . .  - p !  . c  + � an ) 
_ 1 J - - 1 J - - 1 J - 1 J - n  c 

1 2 2 
2 < ak + 2akn + an ) - 2� i j < :n + :k ) 

- p !  .d + 3 p ! . L: p  . .  ) 
_ 1 J - - 1 J - - 1 J 

for k � n ( 5 . 8 0 )  

2 
- P i j k ( ak - � I j :k ) ) 

1 1 2 
+ n . .  p . .  k ( 1 - p . .  k ) ( 1  - ,..p !  . d  + p !  . L; p . .  - p !  . ck + "'ak ) 

1 J 1 J 1 J L - 1 J - - 1 J - - 1 J - 1 J - L 



( 1  1 ' d ' [ ' 1 2 ) = n . . p . . k - � p . . + p . . p . . - p . . c k + � crk l J  l J � - l J - - l J - - l J - l J - � 
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2 2 
- n . . p . . k ( 1 + 2 crk - p !  . d - 4 p ! . c k + 3 p ! . E p . . ) ( 5 • 8 1 ) 

l J  l J  - l J - - l J - - l J - - l J 

a � i jk - - - -- - = 0 for i j � lm 
a Y lmn 
Compar i son o f  5 . 8 0  w i th 5 . 76 ,  a n d  5 . 8 1  w i th 5 . 77 shows 
t hey a r e  i dent i c a l , i . e .  D = E ( 5 . 8 2 )  

y o f  4 . 2 4  = y + o - 1 ( z- � ) 

= Y + E- 1 ( z- � ) 

Then 4 . 27 be comes 

I (X�I ) ' � ( � ®� ) 

( Z0I ) ' A ( X ®I ) - - - ( X5]: ) ' A ( Z ®I ) 

( Z ®I ) ' AE -l A ( Z ®I )  

( 5 . 8 3 ) 

+ �- 1) [ �:) = 
( X �I ) ' E y 

( Z ®I ) ' A y  

( 5 .  8 4 ) 

E quat i on s  5 . 7 4 ,  5 . 7 6 ,  5 . 77 ,  5 . 79 and  5 . 8 3 cont a i n  the 
e x p r e ss ions  r equ i r e d  to s o l v e  5 . 8 4 .  On c e  5 . 8 4 has been  
s o lved , the new s o lut ion  for B i s  u sed i n  the  l in e a r 
p r ed i c t o r  ( equ a t i on 5 . 6 9 ) to  s et  up a n d  sol v e  5 . 84 a g a i n . 
T h e  p rocess  i s  r e peated u n t i l  changes  i n  B betwe en  i t e r a t ions  - " a r e  s u f f i c i en t l y sma l l . As  b e fore , t h e  equ a t i o n s  in  u m a y  b e  
a b sorb ed s o  that the o r d e r  o f  the matr i x  t o  be inv erted  i s  
( number  o f  cat e g o r ie s  l e s s  1 ) t imes ( r ank  o f  X ) .  
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5 . 2 . 2 . An a lys i s  o f  mul t iple  thr e shold  characte r s  

Many e x amp l e s  i nvo l v i ng  mu l t i nom i a l  d ata a r e  of the  thresho l d  
t ype r a the r  th an  e xtrem a l  type . T h e  t h r e shol d  model  p r opose s 
a s ing l e  u nder l y i ng v ar i ab l e , X ,  w ith c thre sho l d  v a l u e s , Y . ,  1 
d efin i ng  c+ 1 c a t egor i e s  of r e s ponse . The s c a l e o f  X c a n  be  
chosen s o  tha t  the prob ab i l it y  of r espo n s e  in  a p ar t i c u l ar 
c atego r y  r el a t e s  to a known d i s t r i but ion , typ i c a l ly a n orma l  
o r  log i s t i c  d i s t r ibut i on . The  s i tu a t i o n  can b e  r epr e s e n ted 
as 

p2 p 3 p4 - - - - - - ---- - - ---- - - -

y 1 y2 y 3 
- - X 

S uch d at a  a re ana  1 ysed in  three w a y s :  
1 ) Co nt inuat i o n  rat i os  - the m u l ti p l e  c atego r i e s  a r e  anal ys e d  
a s a s er i e s  of ind epend ent  b inom i a l ch a r a cter s . 
For  e xam p l e  1 v ersus  2 & 3 & 4 

2 v e r sus  3 & 4 om it t i n g  1 
3 vers u s  4 omi t t i ng 1 & 2 

2 )  Repe a t ed b i nom i al ana l y s i s  - the mu l t ip l e  c ategor i e s  a r e  
a n al y s e d  as  a s e r i es o f  b i nom i a l  c har a cters  wh i ch are  not 
i ndepend ent . For  e xamp l e  1 v e r sus  2 & 3 & 4 

1 & 2 versus  3 & 4 
1 & 2 & 3 v e r sus 4 

3 )  S imu l tan eous  b inom i a l  an a l ys i s  - the mu l t i p l e  c ategor i e s  
a r e  an a l y sed b y  mu lt i v a r iate a n al y s i s  o f  t h e  b i nomi a l  
c h aracte r s  o f  method 2 .  T h i s  form o f  a n a l y s i s  i s  outiined by 
Bock ( 1 9 75 , p 54 1 ) .  

The fir s t  and second method s cou l d  be appl i ed u s i n g  the 
r e su l t s  o f  pr e v i o us s e c t ions . H owev e r , ne ither  pro v i d e s  a 
c onven i e n t  b a s i s  for an a l ys i s  o f  such d ata by a m i xed  mode l  
b ecause  t he b inom ial cha r acte r s  a re a n a l ysed s e pa r at e l y . A n  
addit i v e  r andom e ffec t  o n  the u n de r l y i ng  sca l e  wou l d  sh i ft 
a l l  thr e s hold s and  so mu st  be e s t imat ed i n  an a n a l ys i s  th at 
i nclud e s  all th r e shol d s . The t h i rd m ethod does  th i s  and i s  



pre s e n t ed in the  rem a i n d er o f  t h is sec t i on . 

For a s i n g le mu l t ip l e- thr eshold  s amp l e  o f  s i z e  n ,  l e t  
pk b e  the p robab i l i t y  o f  r e spon s e  i n  cat egory  k , 

k 
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Pk = E p .  b e  the  prob a b i l i ty  o f  respon se  in  the  fir s t  k 
i 1 

c ategor i e s , 

zk be  the frequ e n c y of r e sponse i n  cate go r y k , 
k 

S k = E z i be  t he fre q u e ncy o f  r e spon se  i n  the f i r st k 
i 

c ategor i e s  a n d  l et 
pk = ln( - - - --- ) b e  the k th thre sho l d , i mp l ying  

1 - p k 
e x p ( Yk ) 

1 + e x p (Y k ) 

The  n atu r al par amete r s  o f  the mu l tinom i a l  are  the  
m u lt i nom i al log i ts from sect i on  3 . 2 . 4 .  

Fr om 3 . 4 7 8 .  = ln ( 
1 

p i - - - -- - - - ) 
1 - L: p . 

j J 

From  3 . 4 8  p . = 1 
e x p ( 8 . ) 1 

---- - - --- -- - -
1 + E e x p ( 8 . ) 

j J 

The l i kel ihood of the  s ampl e ,  from 3 . 4 5 ,  i s  

L = const ant 

and from 3 . 4 6 , 
c 

l n  L = c o n stan t + ( E z k ln ( p k ) )  + ( n-S c ) l n ( 1 - Pc ) 
k 

( 5 . 8 5 )  

( 5 . 8 6 )  

( 5 . 87 )  

( 5 . 8 8 )  

( 5 . 8 9 )  

The  ana l y s i s  requ i r e d , i n  the l i ght of the introduct ion to  
this  s e c t ion , i s  l ine ar on the � s c ale . The  natu r a l  
p arame t e r s , � '  a r e  not l i n e a r  fun c t ions  o f  thi s s c al e  bu t the 
Y par am eters of e quat i o n  5 . 8 7 are . T h e  l i nk func t i o n  
( r elat i n g  e to Y )  i s  not l i near b u t  thi s  c auses  l i t t l e  
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d iff i c u l ty i f  t he an a l y s is i s  p e rformed us ing  S and P r a th e r  
th an z and  p .  

- -

E quat i on  3 . 5 5 g i ve s  E [  z .  ] = np . 
1 1 

a nd equ a t i on 3 . 5 6 g iv e s  v ar ( z )  = n ( d i ag ( p ) - pp ' )  
( 5 . 90 )  
( 5 . 9 1 ) 

D ef i ne  F ,  a matr i x  o f  order  c w i th zeroes  abo v e  the d i agona l  
-

and o ne s  on and below the d i agonal . 

Then S = { Sk } = F z  

a nd E [  S ] = E [  F z  ] = F E [  z ] = n F p = nP 

u s i ng 5 . 85 ,  5 . 86 and  5 . 90 . 

S imi l ar l y ,  u s i n g  5 . 9 1 , 
V = v ar ( S ) = v a r ( Fz ) 

= F v ar ( z ) F '  

= n F d i a g { p . }  
1 

p 1 p 1 p 1 
= n p 1 p2 p2 

p 1 p 2 p3 

= n { P . ( 1 -P . ) }  
1 J 

F '  - n F p p ' F ' 
- - - -

- n pp ' 

for i < =  j 

5 . 2 . 2 . 1 .  F i x ed e ffe cts g e n eral i z e d  l i n e a r  mod e l  

( 5 . 92 ) 

( 5 . 9 3 )  

( 5 . 9 4 ) 

To app l y  the GLM  procedur e , a s sume N i nd ependent s amp l e s . 
F or a f i x ed effe c t s  mode l , the l i near pr edictor  i s  
Y = ( X  ® I )  B 
From 5 . 92 ]..l = 
From 5 .  94 V .  = 

- J 
N 

and  V = L+ V .  
j - J 

{ n . 
J 

{ n .  
J 

s i nce 

p jk} 

p j k ( 1 -P j l ) } 

the  samp l e s  

for k < =  1 

are i n d epende n t . 

( 5 . 9 5 )  

( 5 . 9 6 )  

( 5 . 97 )  

( 5 . 98 )  



By an a l o gy with  3 . 42 ,  the wo r k ing v a r i able i s  

y = Y + D - 1 ( S - ll) 

where D 
a ll · k = { _ _ _ J _ } 
a Y j l  

= d i a g  { n j P jk ( 1 -P j k ) } 

Fol lowi n g  3 . 4 2 , the equ a t ions  to  be sol v ed a r e  

( X �  I ) ' DV- 1 D ( X ® I )  B = ( X ® I )  DV- 1 D y 

h V- 1 
__ �+ v-. 1 w ere L. 

j - J 

- 1 and V . i s  a t r i-d i a gonal m a tr i x  w i th 
- J 

and v i , i+ 1 = v i+ 1 , i  = 1 1 
n P i+ 1 

P roo f :  
From 5 . 9 3  V = n F ( d i ag { p . }  - pp ' ) F '  

1 

so v- 1 = 2 ( F ' ) - 1 ( d iag { p . }  - pp ' ) - 1 F- 1 
n 1 

Now F- 1 i s  z e r o  except for  on e s  o n  the d i agon a l  and 

mi nu s ones 
and ( d i a g { p . } - pp ' ) - 1 = ( 

1 

o n  the s ub- diago n a l . 
d i ag { 1_ } ) + � 1 1 '  

p i 1 -P i 
- -

6 9  

( 5 . 9 9 )  

( 5 . 1 0 0 )  

( 5 . 1 0 1 )  

( 5 . 1 02 )  

( 5 . 1 0 3 )  

( 5 . 1 04 ) 

( 5 . 1 05 )  
( 5 . 1 0 6 )  

S ub st i t u t ing 5 . 1 05 and 
5 . 1 02 and 5 . 1 0 3 .  

5 . 1 0 6  in 5 . 1 04  g i v e s  th e m a t r i x  i n  

Thi s r e su lt w a s  given by  C l ayton ( 1 9 74 ) but h is p ape r  
n egle c t e d  the m i nus  s i g n s  i n  5 . 1 0 3 .  
Q ED 



I t  i s  not immed i at e l y  o bv i ous  that 5 . 1 0 1 i s  the max imum 
l ikel i hood so l u t ion s i n c e d i fferent i a t i ng  5 . 8 9 does  not  
a ppear t o  giv e ( s - B ) . H owe v e r , 

a l n  L z k z k+ 1 { ------- } = ( - - --- ) P k ( 1 -P k ) } 
a yk pk pk+ 1 

7 0  

= 0 v- 1 ( s - l-1 ) ( 5 . 1 0 7 )  

a n d  

a 2 ln L 
E [  { - - - - ----- } ] = - 0 v- 1 0 

a y k a Y 1  
( 5 . 1 08 )  

When the  RHS of e qua t i on 5 . 1 0 7 i s  p r emult ipl ied by  ( DV- 1 0 ) - 1 , 

t h e  r esul t  i s  o- 1 ( S - l..l )  wh i c h  i s  the s econd t e rm i n  the  RHS o f  

equa t i on 5 . 9 9 .  D V- 1 D i s  t h e  we i ght  mat r i x  r equ i r e d  and s o  

e q uation 5 . 1 0 1 g i ves t h e  max imum l i ke l ihood so lut ion . 

5 . 2 . 2 . 2 . M i xed mod e l th re shold  an a l ys i s  by 
jo int-ma x i m i zat i o n  method 

The r e su l ts of the p r e v ious  s e c t ion e x t end d i r e c t l y  to  t h i s  
model e x cept t h a t  the l i nea r  pr ed i ctor has  the form 
Y = (X ® I )  B + ( Z ® 1 ) u ( 5 • 1 09 ) 

T he 1 vector a s s o c iat ed w i th � an d � i n  5 . 1 09 occur s b e c au s e  
u nder t h e  thresho ld  mode l  o f  a s i n g l e  under l y i ng var i a b l e , 
t he s ame r andom e ffec t a f fects  e a ch of  the thr e sho l d s  
a s soc i ated w i th the p a r t i cul ar obse r v a t ion vector . 
T he equ at ions to  be so lved are , from 4 . 1 8  [ (�®: ) ' ��- 1 � ( �®! ) 

( Z®1 ) ' DV- 1 0 ( X«JJ ) 

(X®I ) ' OV - 1 0 ( Z®1 ) l 
( �®; ) ' ��- 1 � ( �®; ) +G - 1 

whe r e  V of 4 . 1 8  i s  ov- 1o ( d e fined  i n  5 . 9 8 ) , 

D of 4 . 1 8 i s i ,  

= [( �®! ) ' ��� 1 ��] 
( Z®1 ) ' DV 1 Dy 

( 5 . 1 1 0 )  



G i s  cr2R whe r e  R i s  the matr i x  o f  add i t i v e  genet i c  U -
r e l ation sh i p  and  cr2 i s  var ( u . )  a nd  u 1 

y o f  4 . 1 8  i s  5 . 99 .  

7 1  

So l u t ion o f  5 . 1 1 0 u t i l i z e s  5 . 87 ,  5 . 9 6 , 5 . 97 ,  5 . 99 a nd  5 . 1 00 .  

5 . 2 . 2 . 3 .  M i x ed mod el  thr e shold a n a l ys i s  by  
m a x im i z a t ion- e xpectat ion method  

The  r eq u i r eme n t  for thi s method i s  to  f i nd sat i s factory  
e x press i on s  for  E [  S ] and  v a r [ S ] whe n  the log  l ike l ihood 
i s  

l n  L 
q N .  c 

= K � �
1

< � 
1 

< ) ) < s ) 1  c 1  P ) + L.. L.. L.. z . · k n P · · k + n i J.- i J· c n - i J· c  i j k l J  l J 

+ l n ( U ( u : G ) ) 

where p i j k  i s  P i j k - P i j ( k- 1 )  
e x p ( Y  . . k + u . )  

= - -- - - - - �J _ _ _ _ _  ! _ _  _ 

1 + exp ( Y i jk + u i ) 
2 and var ( u .  ) = a 1 u 

T h i s  imp l i es the r andom e ffec t s  a r e  add i t ive o n  the  
u nder l y i ng s c a l e  ( the s c ale  o f  Y i j k ) .  

( 5 . 1 1 1 )  

( 5 . 1 1 2 )  

E x tend i n g  the r e s u lts f r om sec t i on 5 . 2 . 2 to t ake a ccount  o f  
the  ex t r a  t erm i n  the l ik e l ihood  ( compa r e  5 . 8 9 w i th 5 . 1 1 1 ) ,  

. 
F r om 5 . 9 2 ,  E [  S i jk J = E [  n i j p i jk J 
F rom 5 . 94 ,  t ak i ng e x p e ctat i o n s  o f  both sid e s , 

. 
E [  S . .  kS . .  1 - n . .  P . .  kn . .  P . .  1 ] 

1 J  l J l J l J 1 J l J 

. . 
= E [  n i jp i j k ( 1 - P i j l ) ] 

fo r  k < = 
1 

T hese e q u a t ion s r equ ire  e x pre s s i on s  for E [  P i j k ] a n d  
. 

( 5 . 1 1 3 )  

( 5 . 1 1 4 )  

E [  P . .  k P l ] . E i ther  o f  the m e thod s o f  sect i o n s  5 . 1 . 2 . 2  
l J mn 

and 5 . 1 . 2 . 3  cou l d  be  u se d . The  l atter  of the s e  i s  s im p l e r  
a n d  i s  u s ed . I t  i s  based o n  the l og i st i c  d i str i b u t ion a n d  
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the r a t iona l e  is given in  that s ect ion . 

F rom 5 .  2 2 , 
. ex p ( s  Y . .  k ) 

� i j k  = E [ P i j k ] = - - - - - - - - -
�J _ _ _  _ ( 5 . 1 1 5 )  

1 + e x p ( s  Y i j k ) 

where  the s cale  fa ctor , from 5 . 37 ,  i s  

a n d  i s  the i n tracl a s s  corr e l a t ion . 

( 5 . 1 1 6 ) 

( 5 . 1 1 7 )  

The  s e c o nd resu l t  that i s  r equ i r e d  is 
. • e x p ( Y  . . k + u . )  

E [ P . .  kP l ] = E [ - - -----�.J ____ _ _! _ _  _ 

an e xpr e s s i on  for 
e xp ( Y lmn + u l ) 

----------- ------- ] l J  mn 1 + e x p ( Y i j k  + u i ) 1 + e x p ( Y lmn + u 1 ) 

B y  d e f i n i t ion , u nder t h e  preced i ng a s sumpt i on s , 
2 C o v ( x i j k+u i , x lmn+u l ) = r i l  cru 

= r i l  _E_ 1r21 3  ( 5 . 1 1 8 ) 
1 -p 

where p i s  the i ntr a c l a s s  c orre l at ion  from 5 . 1 1 7 and 
r i l  is the corre l a t i on b etween u i a n d  u 1 • 

O n  the ba s i s of 4 . 28 , 
• • d P .  i k d p lmn C ov ( P i jk ' Plmn ) = -

d
--��- C o v  ( x i j k+ u i , x lmn+u 1 ) ------ ( 5 . 1 1 9 )  
y i j k  d y lmn 

D i ffe r en t i at i n g  5 . 1 1 5  

d � .  " k 
- - -�.J- = 
d yi j k  

( 5 . 1 20 )  

S ub st i tut i ng 5 . 1 1 8 and  5 . 1 20 i n  5 . 1 1 9 ,  
. . 

c o v ( P . . k , P l ) l J  mn = � ( 1  P ) r -E- 2 1 3  s P ( 1  P ) s i j k  - i j k  i l  1 - p 7T lmn - lmn 

- 2 - -= P i jk ( 1 -P i j k ) r i l  P 7T 13 p lmn ( 1 -P lmn ) < 5 · 1 2 1 ) 

s i n c e , from 5 . 1 1 6 , s 2  = 1 - p 



By the d e fini t i on of c ov a r ian c e , 
. . . . . . 

E [ P i j kp lmn ] = Cov ( P i jk ' p lmn ) + E [ P i jk ] E [ P lmn ] 

7 3  

= � i j k ( 1 -�i j k ) r i l  P � /3 �lmn ( 1 -P lmn ) + p i j k� lmn < 5 • 1 22 )  

S ub st i tu t ing  5 . 1 1 5 a n d  5 . 1 22 in  5 . 1 1 3 and  5 . 1 1 4 g i v e s  
n . .  e x p ( s Y . . k ) 

ll = { n . . J5 . . k } = _,:,J ____ ____ ,:,J_ _  ( 5 . 1 23 )  l J  l J  1 + e x p ( s  Y • .  k ) l J  
. . 

c ov (S i jk ' Slmn ) = c o v ( n i j p i j k ' n lmplmn ) 
2 = n i jp ijk ( 1 -P i j k ) r i l  P rr /3  n lmp lmn ( 1 -P l mn ) < 5 · 1 24 )  

for  i j � l m  
. . . . 

cov ( S  . .  k ' S . . ) = E [ n . .  P . .  k ( 1 -P . . ) ] + cov [ n  . .  P . .  k ' n . .  P . .  ] l J  l J n  l J  l J  l Jn l J  l J  lJ l J n  . . 
= n i jp i jk - n i j ( co v ( P i j k ' p i j n ) + P i j kp i jn ) 

2 • • 
+ n i j cov ( P i j k ' P i j n ) 

= n i j � i jk ( 1 -P i j n ) 
2 + n . . ( n  . .  - 1 ) 15 . .  k ( 1 - P . .  k ) P i . ( 1 -P . .  ) p rr / 3  ( 5 . 1 2 5 ) l J lJ l J  lJ J n  l J n  

for k < =  n 

Thes e  e x pre s s i ons c an b e  repr e s ented i n  mat r i x  not a t i on 
t o  con form to 4 . 29 as f o l lows . 

E . .  - l J = { n i jp i j k ( 1 -P i j n ) ( 1 

: Q  . . - A  . .  1 A 1 ' A . .  - l J -l J - - - l J  
whe r e  A = p rr2 /3 

Q . . - l J  
A . . - l J  

Then V = 

wh e r e  E = 

A = 

G = 

= n i j pi j k ( 1 -P ij n ) for k 

= d iag { 

var ( z )  = E 

E+ E+ E . .  
i j - l J  

E+ E+ A . . 
i j - l J  

A R where  

n . .  P . . k ( 1 -P . .  k ) l J  l J  l J  
+ A Z G Z ' A  

R i s  a matr i x  

< =  

} 

of  
among t h e  r andom 

( 5 . 1 26 )  

n ( 5 .  1 27 ) 

( 5 . 1 2 8 )  

( 5 . 1 2 9 )  

add i t i v e  r el at io n sh i p s  
e l emen t s  in  u .  



7 4  

D of 4 . 24 = s A ( 5  . 1 30 )  

o f  4 . 2 4 y + - 1 y = D ( Z- l.l) - - -
- 1 = y + A ( S - l.l) /s ( 5 . 1 3 1 )  

Then 4 . 30 b e c omes , a fter d i v id i ng  b y  s ,  

(
(�e! ) ' �� - 1

� ( �®! ) ( X®l ) ' AE - 1 A ( Z®1 )  -1 
< :«71_ ) ' �� - 1 

� ( �®! ) (�®; ) ' ��- 1 � ( �®; ) +� _ ,  
= [( �®! ) ' ��

- 1 
��] 

( Z®1 ) ' AE- 1 Ay 
- - - - - -

( 5 . 1 32 )  

The  we i g ht mat r i x  is b l o ck d i a go n a l  because  E i s  b lock 

d i agon a l  and A i s  d iagon al . Con s i der ing  the i j t h  block , 

and omitt i n g  those subsc i p t s , 

W = A E- 1 A 

= A  ( Q - A 1 A 1 ' A  ) - 1 A u s i ng 5 . 1 26 
- - - - - -

= A  (Q - 1 - Q- 1 A 1 ( 1 ' AQ- 1 A 1  2 ) - 1 1 ' A Q- 1 ) A u s in g  3 . 6  - - - -- A - - -

= A Q- 1 A - AQ - 1 A 1 ( 1 ' A  Q - 1 A 1 2 ) - 1 1 ' A  Q - 1 A ( 5 . 1 3  3 )  - - - - - A 
where Q i s  o f  the form of  V in  5 . 97 and 

Q- 1 i s  t herefo r e  ava i l a b l e  from 5 . 1 02 and 5 . 1 0 3 .  

Th e star t i n g  rule  s uggested  w i th s e c t i on 3 . 2 . 5  may  b e  used . 
Once 5 . 1 32 h a s  been s o l ved , the  new s o lut ion for B 0  i s  used 
i n  the l i n e ar pred ictor , i = ( �  ® � ) � 0  ( from 4 . 2 1 ) ,  to s et  up  
and sol v e  5 . 1 3 2 aga i n . The p r ocess  i s  r epeated  unt i l  changes  
i n B0 betwe en iter at ions  a r e  su f f i c ient l y  smal l .  A s  not ed 

-

previou s l y , the  solu t i on for �0 i s  not r e qui red d u r in g  
i terat i on  and it w i l l  o ften b e  conven i ent  t o  a b s o r b  the s e  
e quat ion s  whe n  s o l v ing  f o r  �0 • 

I t  shoul d  b e  recogn i z ed that  (� � ! )  i s only one o f  
several po s s ib l e  s t ruc tur e s  for  the f ixed effec t s . 
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Chapter  6 .  App l icat i o n  o f  the l og is t i c  l inea r  m i xed mod el  to 
a n imal  b r eeding 

The  two top i c s  covered i n  thi s c h apter  are the s imu l t aneous 
a n al y s i s  of c ategor i c a l  a nd con t i nuous t r a i t s  b y  the s ame 
m i xed mod e l  and the est i m a t ion of b reed ing  val u e s  a nd genet i c 
v ar ian c e s . The d iscu s s i on is o n l y in re l at ion to  the 
l ogist i c  l ine a r  m i xed mod el wh i c h  was der i v ed i n  chapter 5 by  
use  of  the max im i zat i on- e xpect at ion method of  sec t i o n  4 . 2 . 

6 . 1 .  The s imultaneous  a n a l y s i s  o f  c ategor i c a l and c ont inuous  
c h ara c t e r s  b y  the  same m i x ed mod e l  

F o r  c at e gor i c a l  trai t s , t he m i x e d mode l  equat i o n s  have  the 
form,  f r om equ a t i on 4 . 27 ,  ] ( 6 . 1 )  

I t  is conveni ent  to  a s s ume  the n o rmal d i s t r ibu t i on  for 
c ont inuous  tra i t s . T he  r e l ev ant  m i x ed mod el  equat ions  are , 
from equat ion 4 . 3 1 ,  [ X '  - 1 X X '  - 1  z l [ : : ] [ X '  Q- 1 ] Q Q �c  - C  - C  - C  - - C  _ c  - ( 6 .  2 )  = 

z ' Q - 1 x z ' Q - 1 z + G - 1  z '  Q- 1 
� c  _ c  - _ c  _ c  - _ c  _ c  _ c  _ c  -

The s im u l taneous  so l u t ion  of these  equ a t i ons  i s  obta i n ed 

b y  sol v i n g  [ � ���- 1 �� 
" - 1  " Z ' AE D X  

" 1 " X ' D E- A Z  

where  � = ( � ® � t ) g i v e n  � d = ( � ® �d ) , 

� c = ( X  ® � c ) ' . 
t = d + c ,  

( 6. 3 )  



" 
z = ( Z ® � t ) g i ven � d = ( � ® �d ) , 

� d = r+ � k a nd D 
k 

�d = r+ � k and A 
k 

Z = ( Z  ® I ) , _c _ c 
�d = �d o r  �d ' 

= r+ 

k 

G = ( R ® l: )  g i v en l: = [ � d �d e ] 
-

l: '  l: _ de  _ c  ' 

G = ( R ® l:  ) ,  _ c  _ c  

R i s  a matr i x  o f  add i t i v e g enet i c  r e l at i onsh i ps , 
" 

8
0 0 0 

cont a i n s  8
_ d and 8 arr a n g ed as  the columns  o f  X ,  

- C 

0 0 0 " 
u cont a i n s  �d and � c a rrang e d  as  the co lumn s o f  Z ,  

" 
y cont a i ns �d and � c a r r a nged a s  the rows  o f  � ·  

7 6  

The  two q u anti t i e s  inc l u d ed in  6 . 3  wh i ch do not  o ccur i n  6 . 1  

or  6 . 2  are Ck and  l: d • I t  i s  assumed  that rd 
i s  known a s  i t  - - c - c 

r e fers  to  the cov ar ian c e s  b etween  the random e ffe ct s  i n  the 
c ategor i c al tr a i t  and the  cont i n u o u s  tra i t . A method of 
e st imating  l:

d , i n d eed all  of  l: ,  is  c ons i de red  in  s e c t ion  - c 
6 . 2 .  
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6 . 1 . 1 . Cov a r i ance  between a b inom i al  char a c t e r  and a normal 
c haracter  

U s i n g  a prob i t  tran s format i on to  r e l ate a b inom i a l  cha r acter , 
z ,  to an  u nd erl y i n g  stand a r d  norma l  char acter , x ,  g iv e s  the 
follow i n g .  
L et z b e  0 i f  x < t ,  and 

z be 1 otherw i s e , 
wh e r e  p = 1 - � ( t )  a n d  t i s  t he thr e shold . 
c ov ( x , z )  = E [  x z  ] - E [  x J E [  z J 

= E [  x z  ] s in c e  E [  x ] i s  zero . 
00 

= J x q, ( x )  d x  
t 

= <f> ( t ) , the ord i n ate a t  t .  ( 6 . 4 )  
T h e  cov a r i anc e o f  z w i th a nother  n o rmal v a r i ab le  v h av i ng 
v ar i a n c e  cr 2 i s  V 

c ov ( v , z )  2 = c CJ q, ( t )  
V 

2 whe r e c a i s  the  cov ( v , x ) .  
V 

( 6 . 5 )  

( 6 .  6 )  

T h e  proced ures d e v e loped i n  thi s  t h e s i s  h a v e  con s i s t entl y 
u s ed the l og ist i c  d i str i b u t i on a s  a conve n i e nt  appr o x imat ion  
t o  the no rmal d i s t r ibut i o n . I f  x i s  d i s t r i buted a s  a 
s t and ard  l og i s t i c  d is t r i b ution , u s ing equ at ion 3 . 1 1 ,  

00 

cov ( z , x ) = J x - - - ��Ei�l - - - � d x  
t ( 1  + ex p ( x ) )  

A s  x ++ oo 

00 d e x p ( x )  = J x ( --- - ------ - -- ) d x  
t d x 1 + e xp ( x )  

= [ x --!�Ei�l _ _  ]
00 

- Joo --!�E� � l  _ _  d x  
1 + e x p ( x )  t t 1 + e xp ( x )  

= [ x --��Ei�l _ _  - l n ( 1 + exp ( x ) ) ]
00 

1 + e xp ( x )  t 
e xp ( x )  X - - - - - - - - - - -+ X and 

1 + e x p ( x )  
l n ( 1  + e x p ( x ) ) -+ x .  



T here for e ,  cov ( z , x ) = l n ( 1  + e x p ( t ) ) - -�- ��E�!2_ 
1 + ex p ( t )  

= - l n ( 1 -p )  - p l n (  _ E_ ) 
1 -p 

= - p ln ( p ) - ( 1 - p )  l n ( 1 -p )  

wher e , b y  3 . 1 2 ,  p = - -�����2 - -

Thus , c o v ( v , z )  = 

1 + exp ( t ) 
- ( p 1 n ( p ) + ( 1 - p ) 1 n ( 1 -p ) ) c cr� 

11f'2 7j 

7 8  

( 6 . 7 )  

( 6 . 8 )  

E quat ion 6 . 8  m ake s  a l l owance for the change i n  v a r i a n c e  
b etween a stand a r d  norma l and s t a n d ard log i s t i c  b u t  igno r es 
the  sma l l  othe r  d i ffer e n c e s . I t  appl ies  s t r i c t l y to  the case 
o f  a f i x e d  effe c t s  mod e l . In m i x ed mod e l s , i t  wi l l  be 
n eces s a r y  to obt a i n the e x pected v alue of 6 . 8  w i th r eg a r d  to 
the r andom fac to r . i . e .  i n  a m i x ed mod el , 

c ov ( v , z )  = E [  
- ( p l n ( p )  + ( 1 - p )  l n ( 1 - p )  ) c a2 
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - � ] 

.;;27j  
ex p ( Y . . + u . )  

where , from 5 . 1 6 ,  p = - - - - - - - �� - - - - � - - -

1 + exp ( Y i j + u i ) 

( 6 . 9 )  

( 6 . 1 0 )  

The e x p ectat i on i n  6 . 9  i s  not e a s i l y  obtai ned howeve r  and the 
follow i ng appro x imat ion  is propo sed . The d i agon a l  el ements 
i n  matr i x  �k ( o f 6 . 3 ) a re  term s l ike , from 5 . 4 7 ,  

. 
e . . = E [ n p  . .  ( 1 -p . . ) ] = np . . ( 1 -p . .  ) ( 1 - f ( p . .  , p ) )  1 1  1 J 1 J  1 J  1 J  1 J  ( 6 . 1 1 ) 

T he proposal i s  t hat cov ( v , z ) b e  eva l u a ted by equat ion 6 . 8 
u s ing  the s ame  p i j a s  u s ed in  6 . 1 1 ,  a nd then s c a l e d  b y  the 
s quare root of ( 1  - f ( p i j ' p ) ) .  i . e .  

cov ( v , z )  = - ( p . .  l n ( p  . .  ) + ( 1 - p . .  ) ln ( 1 -p . .  ) ) F 1 J  1 J  1 J  1 J  

wh er e  F = c �����;;;�������� 
( 6 . 1 2 )  

Expr e s s ion 6 . 1 2 app l ies d i r e c t l y  t o  extrem a l  and t h r e shold  
c har acter s and prov ides the equ a t i o n s  to f i l l  i n  the  � 
m atr i x  o f  6 . 3 . 
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6 . 2 .  Est ima t ion of v ar i ances  

In  the  conte x t  of  anim a l  breed i ng , p ar t i cul a r  con c e r n  rests  
w i th the e s t imat ion of b re ed ing  v a l ues and var i an c e s . I n  
t e rms o f  the g e n e r a l  mod e l s  dev e l o ped i n  chapter 5 ,  the 
b r eed ing  v al u e s  are  the r a ndom e l ement s , �k ; the v ar i ances  
a r e  var ( �k ) .  T h e  pur po s e  of t h i s s ect ion  i s  to  s how  how t o  
e st imate  the r an dom effec t s  g i v en  the f i x ed effe c t s  and how 
to est im a t e  var ( �k ) = � ·  Equat i o n s  6 . 3  are so l v ed 
i terat i v e l y , a s  d iscus s ed  in s ec t i on  4 . 2 ,  to p r o v ide  
so lut ions  for B0 • The s o l ut ions  for  u0 ar e not  r eq u i r ed 
d uring the ite r a t ion and woul d u su a l l y not be computed unt i l  
t h e  fi n a l  sol u t ion  for B 0 w a s  o bt a i n ed .  Th e random effect s  
m ay be o b t a i ned b y  back- so lut i o n  from the fin a l  f i x ed 
e ffect s . Cons i d er 6 . 3  rewr i t t e n  a s  

The i n v er se o f  a par t i t i oned m a t r i x  i s  [ K 
L '  

where 

: r= [ Q 

= 

Q = ( K  

T = ( M  

[ �- 1 +� -\ ! �  ' �  -K- 1 LT 

1 -TL ' K - 1 T 

- LM - 1 L ' ) - 1 a n d  

- L ' K - \ ) - 1 • 

Qv 

- 1 -M L ' Q V 

-QLM - 1 w 1 
- - - -

- 1 - 1 - 1 +M W+M L ' QLM w 

( 6 . 1 3 )  

( 6 . 1 4 )  

( 6 . 1 5 )  
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= f 9 <

�

-

� �

- 1

�

) ] ( 6 . 1 6 ) 
M- 1 ( w-L B0 ) - - - -

The  sol u t ion to  6 . 3  i s  t her e fo r e  
" - 1 11 0 Z ' A E  DXB ) 

1 "  - 1 11 0 
= M- Z ' AE D ( y - X B  ) 

where  r " 0 = D ( y  - XB ) 

= :-1! 
" " 

" 0 XB ) u s ing 4 .  24 

T h e  exa c t  n ature o f  Z ,  A ,  E ,  X ,  D ,  y and G w i l l  depend  
- - -

on the parti c u l ar probl em be i n g  a nal y s e d . 

( 6 . 1 7 )  

One met hod qf est imat i n g  the v ar i ance , � '  i s  t o  e qu a t e  � � � t o  

E [  � � Q ] .  However , e quat i o n s  6 . 3 a r e  m u l t i p l e  t r a i t  and �0 
i s  

m ade u p  o f  sever a l  subv e c to r s . These  subvecto r s  c an b e  
" 

w r i t t e n  a s  c o l umn s o f  a ma t r i x U .  T h e  r e l a t i o n s h i p  b e t w e e n  

u
0 

a n d  U i s  g i ven b y  u
0 = v e c (u • ) . T h e  v a r i anc e o f  a r o w  o f  - - - -

" 
V w a s  g i ve n  i n  6 . 3  a s  � .  L e t  S .  b e  a ma t r i x  wh i c h  s e l e c t s  - - - 1  
t ho s e  e l eme n t s  i n  �

0 
wh i c h c o mp r i s e  t he i t h  c o l umn o f  U .  

T he n  u .  = S . u
0 

= i t h  c o l umn o f  6 .  - 1 - 1 -
- 1 " 1 = S . M Z ' A E - r - 1 - ( 6 . 1 8 )  

S e arle ( 1 9 7 1 b )  g i ves the  e xpected  val ue o f  a quad r at i c  fo rm  

a s  E [ x ' A x ] = tr ( A  v ar ( x ) ) + � ' A� - X - - X  

where  � = E [ x ] - X 

U s ing t h i s  res u l t , 

E [  u ! u . J = E [  r ' E - 1 AZM- 1 S ! S . M- 1 Z ' A E- 1 r J - 1 - J  - 1 - J -



s i nce E [  r ] = 0 

Now v a r ( r )  = var ( z ) + var ( ll) - 2 cov ( z ,  11> 

= v ar ( z )  - var ( 11> 

" " 
F rom 4 . 26 ,  v ar ( z ) = E + AZGZ ' A  = V 

So 

( - 1 ) - 1 = K - L M  L '  from 6 . 1 3  

C omb i n i n g  equ a t i ons 6 . 20 and  6 . 23 , 
" - 1 1 "  v ar ( r )  = V - DX ( K - LM L 1 ) - X ' D 

E [u 1. U  . ]  - 1 - J 
1 " - 1 - 1 " 1 = t r (  E - AZM S ! S . M  Z ' A E- ( V  - - - - - 1 - J - - - - -

" DX ( K  

= t r ( E - 1 A Z M- 1 S 1• S . M - 1 z 1 A E- 1 ( E + A Z G Z 1 A - - - - - 1 - J - - - - - - - - - -

8 1  

( 6 . 1 9 )  

( 6 . 20 ) 

( 6 . 2 1 ) 

( 6 . 22 )  

( 6 . 2 3 )  

- DX ( K  - L M- 1 L 1 ) - 1 X ' D ) ) 

= tr < s •. s  .M- 1 « Z' ' AE - 1 A z + z · A E- 1 AzG z ' AE - 1 A z ) M- 1 
- 1- J - - - - - - - - - - - -

- Z 1 AE - 1 D X ( K  - LM- 1 L · ) - 1 X ' DE - 1 A ZM- 1 ) ) 

= t r (  1 " - 1 " 1 " 1 " 1 S ! S .M - ( Z ' AE A ZG ( G - + Z 1 AE- A Z ) M -
- 1 - J - - - - - - - -

- L '  ( K - LM- \ '  ) - 1 LM- 1 ) ) 



= tr ( 

= t r (  

= tr ( 

= tr ( 

= t r ( 

1 " 1 " S ! S  .M - ( Z ' AE - A Z G  - 1 - J- - - - - - - - L '  ( K  - LM - 1 L '  ) - 1 LM - 1 ) ) 

S !  S .M- 1 ( ( M-G - 1 ) - 1 - J - - - G - + L ' ( LM- 1 L •  -

S ! S  .G - S !  S . ( M- 1 - M - 1 L '  ( LM - 1 L '  - 1 - J - - 1 - J  -

� i� j� - S ! S . ( M - L ' K - 1 L ) - 1 ) - 1 - J -

S ! S  . G  - S ! S . ( Z ' A E - 1 AZ+G- 1 
- 1 - J - - 1- J - - - - - -

K ) - 1 LM- 1 ) ) 

- K )  - \M- 1 ) 
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) 

= tr (  S .GS ! ) - t r  ( S .TS .' ) - J - - 1  - J - - 1  ( 6 . 24 )  

where  T i s  d efined i n  6 . 1 5  and i s  analagous  to T o f  3 . 7 .  

From 6 . 3 , G = R x L .  

C onsi d e r a t ion of the n atu r e  of � i a nd � j r e v e a l s  that  

S .  GS '· = a . .  R and - 1 - - J  1 J  -

S TS ' = T . .  wh i c h  con t a i n s  on l y  those rows of T r e l at i ng to - i - - j - 1 J 
t r ait  i a n d  those  c o lumn s o f T r e l a t ing to t r ait j .  

E quat ing � ! � . to its e x p e c t a t i on  gives - 1 - J  
A "\ u ! u . = a . . tr ( R )  - tr ( T  . .  ) - 1 - J  1 J  - - 1 J  

wh ich may  be r e a r r anged t o  g ive  

a . . 1 J  

..... i\ 
u ! u . + tr ( T  . .  ) 

= - =- �- - - - - - =;�_ 

t r ( R ) ..., 

( 6 . 25 )  

( 6 . 26 )  

This  est imator i s  anal a gous t o  t he res t r i c ted m a x imum 
l ikel ihood est im ator i f  i t  is i te r a ted . The  bes t method o f  
i terat ing  for est imates o f  � has not been d e t ermi ned . The 
m ethod u s ed to produce r e s u l ts i n  subsequent  chapte r s  i s  
d i scus sed in sec t i on  6 . 3 . 2 .  
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6 . 3 .  Impl em entat i o n  o f  t h e  l o g ist i c  l inear m i x ed mod e l  in  a 
gener a l i z ed l in e a r  mod e l s progr amme 

The a n a l yses r e ported  i n  sub s e qu ent c h apter s w e r e  per formed 
u s ing REG (G i lmour , 1 98 3 ) . R EG i s  a g ener a l i z ed l i n e ar 
model s p rogramme wh ich h a s  been d e v eloped  prog r e s s i ve l y  s ince 
1 970 w i t h i n  the B i ometr i c a l  Branch  of the New South Wa l e s  
D epar tment of  A gr icu l tu r e . I t  h as b e e n  expand ed at Ma s se y  
U n iv er s i ty to i n cl ud e  s ome m i x ed mode l  optio n s  a nd t h e  
logist i c  l inear m i x ed mod e l  ( LLMM ) a s  d e fined i n  s ect i o n s  
5 . 1 . 2 . 3 , 5 . 2 . 1 . 2 a nd 5 . 2 . 2 . 3 .  T h e  impl ementat i on o f  the s e  
e quat i o n s  assume s  an id e n t i ty r e l a t ion sh ip  mat r i x  and absorbs  
the r andom  eff e c t s  dur i n g  the format ion  of  the we i ghted 
matr ic e s . Sev er a l  aspec t s  of the progr amme inc l u d ing how  the 
LLMM has been i m p l emented  are d i s cussed  in the fo l low i n g  
s ection s . 

6 . 3 . 1 .  Measur ement  of  ' l ack o f  f i t ' 

REG comput e s  the d e v i ance ( eq uat i o n  3 . 4 4 )  a s  a me a su r e  o f  
l ack o f  f i t  o f  the  model . T h e  d ev i ance und e r  the b i nom i a l  
d i str i but ion i s  

d ev = -2 L z n - z z ln ( ) + ( n - z )  l n (  - T � - - � ) ) np  n , 1 -p J 
wher e p i s  the m a x imum l i ke l i hood  sol u t ion . 

( 6 . 27 )  

Subsc r i p ts  ha v e  b een om i tted but  the summation i s  over the  
total sam ple . 
The d i f ference  i n  dev i a n c e s  obt a i ned u n der d i fferent  mod e l s  
i s  a chi - squ a r e v ar i ab l e  wh i c h  may  b e  u s ed to t e s t  the 
d i ffer en ce  between  the mod e l s . 

When e x tra- b i nom i a l  var i a t i on  i s  p re sent , e q u a t i on  6 . 27 i s  no 
longer the prop e r  expr e s s ion for the d ev i ance  s i n c e  it 
ignores  the e x t r a  var i a t i on . T h e  l ike l ihood e x pr e s s ion  g i ven 
in equat ion  3 . 1 5 conta i n s  two p a r t s . Equat ion  6 . 27 i gnores  
the second par t c ompl ete l y  and b y  so doing  c r e a t e s  an  
i n flated  estim a t e  of dev i ance . R EG , h owever , c u r ren t l y  uses  
equat ion 6 . 27 to define  the  d e v i an c e  whether or  not 
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ext r a- binom i a l  var i a t i on i s  p r esent . The p r o p e r  e xpr e s s ion 
for the d e v i ance  has  not b e en wor k ed out because  it  r equ i r e s  
the fu l l  spec i f i c a t ion o f  the s e cond  par t o f  the l i k e l ihood 
a nd th i s  spec if i c a t ion h a s  not been  r equ i r ed for the  
d evelopm ent of  the  log i s t i c  l i near  mix ed mode l . D i ffer ences  
b etween  d ev i a n c e s  cal c u l ated b y  e quat i on 6 . 27 shou l d  s t i l l  be  
a pprox im ate x 2  v ar i ables e v en tho u gh  the d e v i an c e s  thems e l ves  
a r e  not when e x t r a-binom ial  v a r i at ion  is  pre s e n t . A n  e x tra  
s t at i s t i c  pro v i d ed by REG  is  the  quan t i t y  l ab e l l ed ' De v i ance  
a fter r a ndom effects ' in  t ab l e s  8 . 9  and 8 . 1 0 .  Th i s  is  the  
d ev i a n c e  obt a i ne d  from 6 . 27 when  the  r andom e ffects  a r e  
i nc lud ed i n  the l i near mod e l  al o n g  w ith t h e  f i x ed e ffec t s . 
The  ma j o r  d iffi c u l ty w i t h  the s t a t i st i c  i s  that i t  i s  not 
obv iou s how many  d egr e e s  of fr e e dom are  a s so c i a t ed with  i t .  
The num ber of deg rees o f  freedom i s  not s imply  the  d eg r e e s  of 
fr eedom rema i n i n g  aft e r  f i tt ing  r andom and f i x ed e ffe c t s  
b e cause t h e  random effe c t s  h ave b e e n  cons t r a ined b y  the u s e  
o f  the r a n d om var i ance i n  t he mod e l . 

6 . 3 . 2 .  E s t imat ion  of v ar i a n ce components 

REG c a n  set up and  sol v e  m i xed mod e l  equ a t i o n s  o f  moder a te  
o rder fo r cont i n uous cha r a c ter s . V ar i ance  component s  m a y  be 
e s timat ed by Henderson ' s  ( 1 9 5 3 ) method 3 or b y  the R EML 
e quat i o n s  3 . 8  and 3 . 9 .  The s o l ut i o n s  to the s e  equ a t i ons  are  
not  automat ica l l y  ite r a t ed and obt a i n ing a R EML  s o l ut ion  mu st 
b e  by t r i a l  and e r ror . 

For c a tegor i c a l  trai t s , R EG does  not use  the f u l l  REML-type 
equat i o n s  g iven in 6 . 2 6 as  the m a t r i x  T i s  pot e n t i a l l y  l arge . 
Two app ro x ima t i ons  hav e b een u s e d . When the r e  i s  only  a 
s i ngle r andom fac tor ( a  t h r esho l d  trai t ) , the mat r i x  X h a s 
b een r e p l aced by  the v e c t o r  1 to  g ive  

T ( 1 )  
= ( M - ww ' /d ) - 1 

- 1 - 1 - 1 - 1 - 1 = M + M w ( 1 /d - w ' M  w )  w ' M  ( 6 . 2 8 )  
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- 1 - 1 wh ere w = Z ' AE D 1  and d = 1 ' DE D 1 . 

F or a s in g l e  tr a i t  a nd an i d en t i t y  r el at i onsh ip  m a t r i x  R ,  
m atr i c e s  M ,  A ,  D a nd  E a r e  d iagonal  and tr C I ( l ) ) m a y  be

­

c omputed  � ithout actu;l l y  form i n g  T ( l ) . For mu l t i p l e  t r a i t  
s i tuat i o n s  and e x trema l  charac te r s , R EG i g nor e s  t he l as t  t e rm 
i n  equ a t i on 6 . 28 and c ompute s  t r (! ( Z ) ) where  ! ( 2 )  = � - 1 .  
Th i s  i s  anal agou s  to ML- type e st imato r s  ( H a r v i l l e , 1 977 ) . 
T h e  effe c t  of both these  a p prox imations  i s  to b i a s  the 
e st imat e s  down , t he b i a s  being  g r eater for the l a t ter 
e s t ima t o r . 

Whi ch  e ver form of  e qu a t ion 6 . 26 i s  u s ed , some method o f  
i terat i o n  is r equ i r ed .  T h e  s imp l est i t e r a t i v e  p roced u r e  i s  
the EM a l gor ithm ( D emp st e r , L a i r d  and R ub i n , 1 9 77 ) . T h i s  
proced u r e  requ i r e s c y c l i ng between a n  E x pecta t i o n  step  
r epres e n ted by  equat ion 6 . 26 ,  and  a Ma x imiz at ion  step  
rep r e s ented by  equa t i on s  6 . 3 .  The EM a l gor ithm i s  g u a r a n t e e d 

to  find a max imum , though  not n e ces s a r i l y  the g lobal  ma x imum , 
for an e x pres s i on . I t  i s  howev e r  notor ious ly  s l o w ,  
e spec i a l l y  i n  t h e  case o f  s ever a l  unknown s .  S e v e r a l method s 
o f  speed ing  up t h e  algor i t hm a r e  d i scu s s ed by D empster  
e t  al . ( 1 977 ) . The  method used  for th i s  thes i s  has  been  to  
e xtrap o l ate and  i nter po l ate  from pre v i o u s  ite r a t ions  to 
obtain new tr ial  v a lues  r a ther than just  u s ing the most 
r ecent so lution a s  the new tr i a l  v a lue . A l ter n a t i v es to  the 
EM a l gor i thm wou l d  includ e the N ewton- R aphson and  F i sher  
s cori ng  proced ur e s  wh ich  prob ab l y  h ave  forms a n a l agou s to  
those fo r normal c harac t e r s  ( se e  Harv i l l e , 1 9 77 ) . Th e s e  h a v e  
not bee n  c on s id e r e d  i n  th i s  stud y .  

The app l i cation  o f  the EM a l gor i thm to an  e x trem a l  t r a i t  i s  
v ery s l o w  to conv e r ge b e c a u s e  o f  the number  of p a r amete r s  
i n vol ved . The s p eed ing u p  pro c e s s  used  i n  chap t e r  9 i s  
d escr ibed  her e fo r a tra i t  w i t h  three  cat egor i e s  - dry-or- not  
( D ) , s i ngle-or-not  ( S )  a nd twi n s -or- not  ( T ) . Sp e c i f i c a t i o n  



of D a n d  S imp l i es T and  spec i f i c a t ion of  var ( D ) , v ar ( S )  and  
c ov (D , S ) imp l i es 

v a r (T ) = var ( D ) + v ar ( S )  + 2 cov (D , S ) , 
c ov ( D , T ) = ( v ar ( S )  - v ar ( D )  - v ar ( T ) ) / 2  and  
cov ( S , T ) = ( v ar ( D )  - v ar ( S )  - var ( T ) ) /2 .  

The es t i m ation p r oced u r e  u sed w a s  aga in  t r i a l  a n d  error b u t  
r equi r ed many m o r e  tri es  b e fore  r e a sonable  e st i m a t es we r e  
o b tained . Tab l e  9 . 1 1  d i s p l a y s  some o f  the so l u t ions  and  
d emon st r a tes  tha t  the v a l u e s  i n c l u d ed i n  tab l e  9 . 9  a r e  
r e asona b l e . 

The p rob l em o f  solv ing  for s e v e r a l  par ameter s s imu l taneou s l y ,  
encoun t e r ed with  the e x t r emal mod el , i s  greater  i n  the 
mu l t i p l e  tra i t  s i tuat ion bec a u s e  the r e  is a l so  a n  
en vironm ental  c o v ar i ance  t o  con s i d er . T h e  pro c e d u r e  ad opted 
to obt a i n  the s o l u t ions p r esented  i n  tables  9 . 1 2  and 9 . 1 3 
i nvol v ed three  s t eps . 
1 )  Set the  en v i r onment a l  cov a r i ance to zero , u s e  the v a r i ance  
est ima tes  obt a i ned from s in g l e  tra i t  equat i on s  and  i te r a t e  
toward s a n  est i m ate o f  the  gen e t i c  cov ar iance . 
2 )  U s i n g  the gen e t i c  cor r e l at i o n  obtai ned from s t e p  one , 
i t erat e fo r  rev i s e d est im ates  o f  the var iances , i f  deemed 
necess a r y . 
3 )  Repe a t  steps 1 and 2 but  u s i n g a l ternat i ve v a l u es  for the 
environmenta l c o vari ance . 
A r eal d a n ger  ex i s t s  of sp e c i fy ing  e rror cor r e l at i ons  wh i ch 
r e sult  i n  an er r o r  matr i x  wh ich i s  not pos i t i ve d e f i n i t e . 
The comp u t ing p r ocedur e s  u sed i n  R EG i n c lude t e s t s  for t h i s  
cond it i o n . 
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Chapt e r  7 .  P e r forma n c e  of the  l og i s t i c  l ine a r  m i xed model  in  
s imul at i on stu d i e s . 

Th i s  c h a pter i n v est i g a t e s  som e  c har a c t e r i st i c s  o f  the 
logist i c  l inea r  m i xed mod e l  ( LLMM ) for b inom i a l  char a c t e r s  
d e fined  i n  sec t i o n s  5 . 1 . 2 . 2  a n d  5 . 1 . 2 . 3 .  Top i c s  con s i d er ed 
a r e  the v al id i t y  o f  app r o x ima t i o n s  used  in  the d er i v at i o n s  
and the p r ec is i on o f  the e s t imat e s  o f  breed i n g  v a l u e s  and  
v ar ian c e s . 

7 . 1 .  T h e  beha v iour o f  e st i m a tes  o f  mean and v a r i an c e  under  
the  log i s t i c l i n e a r  mi x ed model  

I n  the d er i vat ion  of E [  � J and E [ p 2  J in s e c t ion  5 . 1 . 2 . 2 ,  
a n  assumpt ion w a s  mad e t h a t  the r a ndom e l emen t s , uk , we r e  
small  eno ugh that  power s o f  u k gr e ater than 2 cou l d  be  
i gnor ed . The v a l i d i ty  of th i s  a s sumpt ion i s  e x am ined by  
c ompa r i n g  the r e s u l ti n g  e x pre s s i on s  w ith  tho s e  obta ined  when 
on l y  power s  o f  uk gr e a t e r  th an  4 are i g nored and with 
e x pres s i ons  from sect i o n  5 . 1 . 2 . 3 .  The expr e s s i on s  r e ta i n i n g 
the fou r t h  power  are d e r i v ed in  A p pend i x  C .  F rom e qu a t i o n  
c .  5 1 ' 

E [  p J = p + a 2p ( 1 - p ) ( ; - p ) [ 1 + a2 { J - 3p ( 1 - p ) } ]  

wher e p = --�!E��-=-�2 _ _  
1 + exp ( Y  + u )  

p = __ :.:E��l  _ _  
1 + exp ( Y )  

a 2 
= var  ( u )  and 

Y = l n (  ":1'1?_ ) .  1 - p 

I g nor i ng  the 

E [  p J = p + 

4 a term , from C . 52 ,  
2 1 a p ( 1 -p ) ( � - p )  

( 7 . 1 ) 

( 7 . 2 )  



Also , from equ a t ion C . 8 1 , 

E [  �2 J = p2 + a2 p ( 1 - p ) ( 2 p - 3p 2 ) + 

a4 p ( 1 - p ) p [ - t + (2 - 1 2 p + 1 5 p2 ) ( 1 - p ) ] 

T h er efore  

E [  � ( 1 -� ) ] = E [
.
p ] - E [  �2 ] 

2 2 1 2 
= p - p + a p ( 1 - p ) { � - p - 2p + 3 p  + 

8 8  

( 7 . 3 )  

2 1 a [ ( - -2 
1 p ) { Ii - 3 p ( 1 -p ) } + p { E - ( 2  - 1 2 p + 1 5 p 2 ) ( 1 - p ) } ] }  

= p ( 1 - p )  

4 1 1 
a p ( 1 - p ) [ - - p { -8 4 

2 1 
+ a p ( 1 - p ) [ - -2 

1 3 
4p + ( - - 3 p  2 

3 p ( 1 -p ) ] + 

+ 2 - 1 2p + 

= p ( 1 - p )  + a2p C 1 - p ) [ � - 3p ( 1 -p ) J + 

2 1 5 p ) ( 1 - p ) } ]  

4 1 1 a p ( 1 -p ) [ B - 1 5 p ( 1 -p ) { � - p ( 1 -p ) } ]  ( 7 . 4 )  

On i gnor ing 
. . 

E [  p ( 1 -p )  ] 

4 the a t erm , 
2 1 

= p ( 1 - p )  + a p ( 1 - p ) [ 2 - 3 p ( 1 -p ) ] 

The equat ions  fr om s ec t i o n  5 . 1 . 2 . 3  a r e , 
e x p ( sY )  from 5 . 3 6 , P = E [  P J = ,-+-exprsY1 

F rom 5 . 4 3 

wh e re s = /i:p  and 
2 

a 
p = _ 2 _ _ _ _  2 _ _  

a + 'TT 13 
. 2 -2 - 2 2 -2 E [ p ] = p ( 1 - p )  P TI  I 3 + p 

Combi n i n g  equa t i o n s 7 . 6  and 7 . 7 g i v e s  

E [  � ( 1 -� ) ]  = p ( 1 -p ) - p2 C 1 -p ) 2 p; / 3  

( 7 . 5 )  

( 7 . 6 )  

( 7 .  7 ) 

( 7 . 8 )  

I t  is import ant t o  under s t and wh at  the s e  e x pr e s s i o ns 
r epre s ent . Th e l og i s t i c  d istr i b ut ion is being u s ed to m a p  
r andom s u b-popu l at i o n s , with the  same v arian c e  b u t  d i f f e r ent  
means , o n to the r e a l  l i ne . The  s ub-populat i o n s  have a 
p opul a t i o n  mean o f  Y ,  r e l a t i v e  to  a f i x ed thresho l d , and  
i n d iv i d u a l  mean s  of  Y + u . .  The  d i s t ance of  the i th  mean 1 
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from t h e  thre sho l d  det e rm ines  t h e  size  o f  the pr o b ab i l i t y  P · 1 
u si ng the logi st i c  d is t r i b ution  ( see  s e c t i on  3 . 2 . 1 ) .  The 
non- l i near  n a tu re  o f  the log i t  t r ansformat ion  means that i f  
t he  d i s t r i but ion  o f  u .  i s  s ymme t r i c , t h e  d i str i but ion o f  p 1 • 
w i ll b e  s k ewed toward s 0 . 5 .  T hu s  E [ p .  ] ,  t h e  aver age  o f  a l l  
• 1 
P i ' wi l l  b e  betwee n  0 . 5  and p ,  the  probab i l i t y  a s soc i a ted  
w i th a su b-popu lation  whose  m e a n  is Y .  The three  equ at i ons , 
7 . 1 ,  7 . 2 and  7 . 6 ,  a l l  b eh a v e  i n  the manner j ust  d e s c r ibed  for 
s mal l v a l u es of cr 2 • Howe v er ,  e q u a t ions 7 . 1 and 7 . 2  
b r e ak- down for l arge  cr 2 • When cr 2p ( 1 -p )  i s  g r e ater  than 1 ,  
e quat i on  7 . 2  e s t imat e s  E [  � ·  ] b eyond 0 . 5 ,  wh ich i s  c le ar l y  1 
wrong . 

Th e aver a g e  value o f  the sub-popu l at ion sampl i n g  v ar i an c e s , 
E [ p . ( 1 -p . ) ] ,  can a l s o  be d ed u c ed in  a s imi l a r  way . Wh en the 1 1 
p o pu l a t i o n  me an i s  far f rom the thresho l d , a l l  p .  w i l l  be  1 
c lose to 0 ( or 1 )  and the ave r a g e  var i a nce  wi l l  b e  l arger  for 
t he s ame  r eason that E [ p .  ] w a s  c l oser to 0 . 5 .  Howe v e r , 1 
when  the po pu l ation m ean i s  a t  the thr e shold , a l l  
s ub-p o pul at ions  wi l l  b e  away f r om the t hresho l d  and hen c e  
h ave sma l ler var i ances t h an the ' aver ag e '  sub- popu l a t i on . 
E quat i on s  7 . 4 ,  7 . 5  and  7 . 8  al l show thi s p a ttern  for sma l l  
v a lue s o f  cr 2 • For l arge v a l ue s , e q u a t ions 7 . 4  a n d  7 . 5 
b reak-down . For i n s t a n c e , e qu a t ion 7 . 5  becomes n e g a t i v e for 
p = 0 . 5  and cr 2 g r e a t e r  than  4 ,  but p . ( 1 - p . )  i s  a l ways 1 1 
pos i t i v e . 

Equat ions  7 . 6  and 7 . 8  are  v a l id for any v a l u e  of a 2 and for 
t h i s  r ea s o n  are p r e fer red . Eq u a t ions  7 . 1 ,  7 . 2 , 7 . 4  and 7 . 5  
b r eak down for l a r g e  cr 2 b e c au s e  the bas ic  a s sumpt ion  in  the i r  
d er i v a t i o n  wa s t h at cr 2 wa s small . F i gure 7 . 1  compar e s  
e qu at i ons  7 . 1 ,  7 . 2  a n d  7 . 6 ,  a t  a r a nge o f  p r o b ab i l i t i e s  for 
v ar i an c e s  up  to 1 , p l o t t e d  in t he  form 

. 
E [ n ] - n 
- - - � - - - � - � 

p 



s 
c 
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f 
a 
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t 
0 
r 

. 7  + 
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• 6 + 

... .... 2 a -. 1 • 0 

. 5  
I I 
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. 4  + 

I I 
. 3  + 
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. 2  + 
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I .  I I I 
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1 . 0 
. 00 
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' 

.. , 
·. ' 

. 0 2 
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·. ' 

' 

. 0 8 • 1 8 
p ( plotted  on squ a r e  root s c al e )  

. 3 2 . 5 0 

F i gu r e  7 . 1  Compar i son  o f  the s c a l e  factors  asso c i ated w i th  
the  three  e x pre s s i o n s  fo r E [  p ] .  The  expre s s ions  a re  
p l otted i n  the fo r m  

E [ n ] - n _ _ _  t:, _____  .£: 

from 7 . 1 ,  - - - -

from 7 . 2 ,  

f r om 7 .  6 , · · • · · · · · 

p 
2 1 2 1 = a < 2 - p ) ( 1  + a [ 4 - 3 p ( 1 -p ) ] ) ( l - p ) 

2 1 = a < 2 - p )  ( 1 -p ) 

= P_:_I?_ 
p 
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p ( plotted  on squ a r e  root sca l e )  

F i gu r e  7 . 2  Compar i son  of the s c a l e  facto r s  a s so c i ated w i th 
the three e x pres s i o n s  for E [ p ( 1 -p ) ] .  The e x pr e s s ions  a r e  
p l otted i n  the form 

0 0 

E [  p ( 1 -p )  ] - p ( 1 - p )  - - - - - - -p( 1 :p) _ _ _ _ __ _ 
from 7 . 5 ,  -------- = a 2 < � - 3 p ( 1 -p ) ) 

fr om 7 .  4 ,  

f rom 7 . 8 ,  . . . . . . . . 

2 1 2 1 1 = a  [ 2- 3 p ( 1 -p )  + a { B - 1 5 p ( 1 -p ) ( � -p ( 1 -p ) ) } J 
- ( 1 -- ) - -2 ( 1 - - ) 2 TI2f 3  = E __ _ e _ _  P1��p)_E _ _  Q ____ - 1 
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Figu r e  7 . 2  c ompar e s  equ a t i o n s  7 . 4 ,  7 . 5  and  7 . 8  i n  the  form 

D i scuss i o n  of f igures  7 . 1 a n d  7 . 2  
E x amina t ion  o f  f i gures  7 . 1  a n d  7 . 2  q u i c k l y  estab l i sh e s  that  

for  cr 2 l e s s  t han 0 . 5 , the e xpre s s i ons  are  near l y  e qu i v a l e n t . 

Equa t i o n  7 . 1 u nder- e stimat e s  the ad j u stment  by  a b o u t  0 . 3 % 
when p i s l es s  than  0 . 1  and  ov er- est i m a t es i t  b y  about 3 %  
when p i s  between 0 . 4  and  0 . 5 .  

To ev al u ate the poten t i a l  impo r t a nce  o f  these  d i fferen c e s , 

the ran g e  of  l ike l y  v a l u e s  o f  cr 2 mu s t  be an t i c i p a t ed . I n  

h a l f- s i b  ana l y s i s , a common an i m a l  breed ing s i t u a t ion , the  

i ntrac l a s s  cor r e l at ion should  not  exceed  0 . 25 and  w i l l  o ften  

b e  less  t h an 0 . 1 0 .  The s e  rep r e s e nt v a l u es for cr 2 of  1 . 1  and  

0 . 34 r e s pec t i v e l y .  A l l  of  the  e xpr e s s ions are  s a t i s f a c t o r y  

for pro b l ems o f  t h i s  type . I n  a n a l yses  where the  i ntr a c l as s  

c orrel a t i on m a y  e xceed 0 . 25 ,  a s  i n  a n a l yses  o f  r ep e a t ab i l i t y , 

on l y  equat i o n s  7 . 6  and  7 . 8  shou l d  be u s ed for E [  p ] and  

E [  p ( 1 - p )  J r e spec t i v el y .  

1 . 2 .  The p r e c i s ion  o f  est i m a t es  o f  the thr esho l d  a n d  the 

i ntrac l a s s  cor r e l a t ion 

The u s e fu l n e s s  of  the  LLMM , wh i l e  par t l y  b a s e d  on  theor e t i c a l  

r at ion a l i zat i on , a lso  d e pends  o n  prec i s ion . R o b i n  Thom p son  

( pers . c omm . ) found b i a ses  r e l ated  to  fam i l y  s i ze when the 

i ntrac l a s s  co r r e l at ion  w a s  est i m ated a fter  so l v i n g  a set o f  

equat i o n s  for f i x ed and r a nd om e ffects . The equ a t i ons  h e  

so l ved w e r e  s imi l ar t o  tho s e  der i ved by  the  

j o int- m a x im i z a tion method i n  s e c t ion 5 .  1 . l  and  i n v o l ved 

i terat i n g  both r a ndom and  f i x ed e f fects  in  the mod e l . Th i s  

s ection r eports  a brief  s t u d y  o f  the i nflue nce o f  four 

facto r s  o n  the e s t imates  o f  the t h r e sho l d  and t h e  i ntrac l a s s  

c orre l a t ion  obt a i ned u s i n g  the L L MM a s  d er i ved i n  s ec t i o n  

5 . 1 . 2 . 3  b y  t h e  max im i zat i o n - e x p e c t a t ion  method . 



The four fac tor s con s i d ered  were : 

1 )  fam i l y  s i z e s  o f  2 ,  3 ,  4 ,  6 and  8 ,  
2 )  thr e sh o l d  values  o f  0 ,  0 . 8 5 ,  1 . 3 9 ,  2 . 20 ,  2 . 9 4 ,  3 . 4 8 and  

4 . 60 ,  c orres pond i n g  t o  probab i l i t i e s  of  0 . 5 ,  0 . 7 ,  0 . 8 , 
0 . 90 ,  0 . 95 , 0 . 97 a n d  0 . 9 9 respe c t ive l y , 

3 )  num ber s of  fam i l i e s  o f  1 00 , 1 000  and  1 0 , 00 0  and  

4 )  intr a c l as s  c o r r e l a t i o n s  ( p ) of  0 . 8 ,  0 . 5 ,  0 . 3 ,  0 . 2 , 0 . 1 , 
0 . 03 ,  0 . 0 1  and  0 . 0 0 3 .  

Method 
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A c om puter programme was wr itten  to gener ate  b inom i al d a t a  

w i th e x t r a-b inomial v a r i a t i o n  a n d  then to  obt a i n  est imates  o f  

the  param eter s for  com p a r i son w i th the true v a l u e s  used to  

g ener a t e  the d ata . The  g e nerat i on method  w a s  to  f o rm 

p erce n t i l es of  a s t and a r d  n orma l  d i str i but ion  a n d  obta i n  the  

m ean o f  e ach per c e n t i l e . These 1 0 0  values  we re  s c aled b y  the 

s quar e  r oot of pn 2/ ( 3 ( 1 - p ) ) and a d d ed to a t hresho l d  ( fr om 2 
a bove ) . Each mod i fi e d  t hresho l d  was con verted t o  a 

prob a b i l ity  b y  the i n v e r s e  l o g i t  tr ans format i o n . T h e s e  

p robab i l i t ies were  u se d  t o  cre a t e  b inom i a l pro po r t ions  f o r  

s ampl es  o f  s i z e s  2 ,  3 ,  4 ,  6 and  8 .  The  1 00 s e t s  of  

propo r t i ons  we r e  add ed  and  mu l t i p l i ed b y  1 ,  1 0 or  1 0 0  to  g ive  

n umbe r s  o f  fam i l ies  o f  1 0 0 ,  1 0 0 0  and  1 0 , 000 . The  r e s u l t  o f  

t h i s  pro c e ss was a set o f  fr equenc i es for e a ch comb i n a t i o n  o f  

the  fo ur  factor s .  From e a ch d a t a  s et the  thresh o l d  and 

i n tr a c l a s s  cor r e l at i o n s  w ere est imated u t i l i z i n g  equ a t i ons  

7 . 6 a n d  7 . 8  for the e x pectat i o n s . 

R esu l t s 

The  effe c t  of  an i n c r e a s e  i n  the number of  fam i l i e s  was to  

r educe  t h e  var i at ion  i n  e s t imat e s  of  t he i nt r ac l a s s  

c orrel at i o n  and o f  the f i x ed effec t s . F am � l y  s i z e d id not 

h a ve any  s ystemat i c  in f l u ence  on  the est imates . T h i s  w a s  

t r ue fo r a l l  comb i n at io n s  o f  intr a c l a s s  c o r r e l a t i o n  and 

thresho l d . It  is d emo n s t r ated  for a p ar t i cu l ar comb i n a t i on 

o f  thr e s h o l d  and i nt r a c l a s s  cor r e l a t ion i n  tab l e  7 . 1 .  For  

the  par a m eter v a l ues  r e p r e sented  i n  tab l e  7 . 1 ,  both  the  

thresho l d s  and the  intr a c l a s s  cor r e l at io n s  are  



under- estim a t ed . T h e  estim a t es of  the  thr esho l d  and  

correl a t i on are po s i t i v e l y  cor r e l a ted s i n c e  the  i n t r a c l a s s  

c orrel at i on gov e r n s  the s c al e  o f  m e asurement  of  the  

thresho l d . 

Table  7 . 1  E f fects  o f  d i f fer i n g  fam i l y  s i ze a n d  numbe r s  

of  f amil i e s  o n  est i m a tes o f  t he intr a c l as s  

c orrel at i on and t h e  thr e sho l d  i n  b inom i a l  

s ampl es  w ith e x t r a-b i nomial  v a r iat ion . 

I n tr ac l a s s  cor r e l a t i o n  e s t im a t e s  ( tr u e  v alue  0 . 8 ) . 

2 

. 777 

. 756 

. 753  

F amil y s i zes  
3 4 6 

. 775  . 77 3  . 782 

. 7 5 5  . 75 5  . 756  

. 75 3  . 75 3  . 75 3  

E s tima t e s  of  the thresho l d  

2 

. 690 

. 678 

. 676 

F amily  s i zes  
3 

. 7 2 4  

. 6 7 9  

. 6 7 6  

4 

. 7 3 6  

. 68 1  
. 6 7 6  

6 

. 74 3  

. 684  

. 67 6  

8 

. 77 0  I I 
. 7 55  I I 
. 75 3  I I 

( true  

8 

. 7 02  

. 6 86  

. 677  

Number o f  
aver a g e  fam i l ies  

. 77 5  I 1 00 I 

. 75 5  I 1 00 0  I 

. 75 3  I 1 0 , 000 I 

value  0 . 8 5 ) .  

ave r a g e  

. 7 1 9  

. 6 82  

. 67 6  

Number o f  
fam i l i e s  

1 0 0 
1 ' 000  

1 0 , 000  

9 4  

The v a l ue of the e st i m a t e  o f  the int r a c l ass  cor r e l a t i o n  i s  

a ffec ted  b y  the l oc a t i o n  o f  the t h r e sho l d  ( f igu r e  7 . 3 ) , and 

v i ce- v e r s a , the est i m a t e  of the thr e s h o l d  is a f fec ted by the 

s i ze of the int r a c l a s s  co r r e l a t i o n  ( f i g u r e  7 . 4 ) . F i gures  7 . 3  

and  7 . 4  are b a sed  on 1 0 , 000 famil i e s  o f  s i ze  8 but are  

t ypical  of  other c omb in a t i o ns . Sever a l  p o i nts  a r i s e  from 

e x amin a t i on of  f i gure 7 . 3 .  

1 )  For v ery  l ow t rue i n t r a c l a s s  corr e l a t i ons , t h e  est imates  

wi l l  be  l ow but r e so lu t i o n  i s  not  good . I t . w as  n o t  po s s i b l e  

to  d is t i nqu ish be tween i n t r ac l a s s  cor r e l a t ions  b e l ow 0 . 00 3 . 

2 )  For i ntrac l a s s  cor r e l at i ons  be low 0 . 1 ,  the  est imates  were  

v ery  c l o s e  to  the  t rue v a l ues . 

3 )  For i ntrac l a s s  cor r e l at ions  above 0 . 1 ,  the  e st im a t e s  o f  

t h e  intr a c l ass  c o r r e l at ion  onl y s eem r e a sonab l e  for thr e s h o l d  

v alues l ess  than 2 .  
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i n t r ac l a ss  cor r e l a t i o n  ( on squ a r e  root s c a l e )  

F i gu r e  7 . 4  R e l at io n s h i p  be tween a c t u a l  and e s t i m a t e d  value s 1 

o f  the thr e s hold  fo r var i ou s  i ntr a c l a s s  cor r e l at i o n s . 

o - e s t imates o f  the  thr e s h o l d  

l ine o f  true thresho l d  values 
l ine l inking e s t imat e s  o f  the  thresho l d  
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D i s cuss ion  

There  are  two po s s i b l e  p a r t i a l  e x p l an a t ions for the  l ac k  o f  

perfe c t  e st im a t i on shown  i n  f i g u r es 7 . 3  and 7 . 4 .  F i r s t , 

weights  based o n  avera g e  v ar i a n c e s  become l e s s  s at i s fa c t o r y  

a s  the r a nge  o f  t r ue v a r i a n c es i n c r e ases  w i th i n c r e a s i n g  

i n trac l a s s  corr e l at ion . T h i s  p r o b l em i s  aggr a v a t ed a t  

e x treme t hresho l d s  for t h e n  the d i str ibution  o f  t r ue 

v a r i an c e s  wil l  b e  qui t e  s k ewed . S e cond , the l o g i s t i c  i s  more 

h e av i l y  tail ed  t h a n  the normal  d i str ibut ion ( see  the c omment s 

o n  tab l e  3 . 1 i n  sect ion  3 . 2 . 1 )  and  t h i s  wi l l  push e x t r eme 

thresho l d s  even further  from the mean than wou l d  b e  the c a s e  

f o r  the n ormal d i s tribu t i on . Th i s  problem i s  a g g r a v ated  a t  

h i gh i n t r ac l a s s  c orrel a t i ons . 

7 . 3 .  The e s t i mat i o n  o f  b reed ing  v a l ue s  und e r  the l o g i s t i c  

l i near m i xed mod e l  

The  pr e c i s ion  o f  the  LLMM for est imat ing  breed i n g  v a l u e s  has  

been i nvest i g a t ed b y  c ompa r i n g  i t  w i t h an a n a l a gou s BL U P  

a n aly s i s . The f o rm o f  t h e  LLMM u s ed in  the comp ar i son w a s  

t h at of  s e c t ion 5 . 1 . 2 . 2 ; i . e .  u s i n g  equat i o n s  1 . 2  and  7 . 5  

for  the e x pect a t i o ns . T h e  est i m a tes  o f  r andom e f fects  

obta i n ed from that  mod e l  a r e  com p a r ed w ith true  v a lues  and  

w i th est i mate s o b t a ined  f r om the  o rd in ary  m i x ed mod e l  

equat i o n s  ( eq u a t ion 3 . 5 ) .  

R ewr i t i n g  tho s e  equat i o n s , 

[ X ' Q - 1  X X '  Q - 1  Z 

Z '  o - 1  X Z '  Q - 1  Z + G - 1 

where Q = d i ag  { n . .  } 
- l J  

Method 

( 7 . 9 )  

B i nom i a l dat a w e r e  gener a ted by  comput er for a s impl e  mod e l  

w i th known parameters  a n d  are d i s cussed  a s  i f  they  rel a t e  to 

a tra i t  measu r e d  on un r e l a t ed ewe s mated to 1 00 u n r e l at e d  

r ams in  a flock . N ames f o r  fac t o r s in  the model  a r e  inc i d en­

t a l to the stud y a nd are  u s ed to  make  des c r i pt ion  e a s i er . 
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A r andom  samp l e  o f  1 0 0  normal ( 0 ,  0 . 1 )  r andom var i ab l e s wa s 

d r awn to  r epre s e n t  the 1 0 0 r andom r am e f fects . To  each  o f  

t hese wa s added f i ve f i x ed effe c t s  g iv in g  a tot a l  o f  500 

t hr esho l d  values . The  f i xed effects  we r e  taken in ord er  from 

a r ecur r i ng  sequ e n c e  o f  s i xteen equid i s t a n t  or d e r ed v a l u e s  

from -4 . 0  to 4 . 0 .  T h e  thr e s h o l d s  w e r e  conver t ed t o  

p r ob ab i l i t ies  u s i n g  the i nv er s e  l og i t  t r a n s form a t ion  ( see  

e quat i o n  7 . 1 ) .  Th i s  whole  pro c edure  was  rep e a t e d  to  form ten  

f l ocks . The actu a l  me a n s  and  v a r i ances  of  the t e n  s amp l e s  o f  

1 00 r an d om effec t s  used  to  cre a t e  the f l o c k s , a r e  d is p l a y e d  

i n tab l e  7 . 2 . 

T a b l e  7 . 2  Stat i s t i c s  for 1 0  s amp les o f  1 00 N ( O , . 1 0 )  r andom 

var i a bles  u s ed to d e f i ne the  1 0  fl o c k s . 

E xpec t e d  val ue 

F l ock 1 
F l ock 2 
Fl o c k  3 
F l ock 4 
F lock 5 
F lo ck 6 
F l o ck 7 
F lock 8 
F l ock 9 
F lock 1 0 

S tand a r d  Erro r 

Mean 

. 0000 

- . 0 1 7 3 
. 00 5 0  

- . 0 0 26 
. 0 1 4 9 

- . 0 0 2 0  
- . 00 4 7  
- . 00 1 4  

. 009 6 
. 0 1 07 

- . 0 0 9 7  

. 0 1 00 

V a r i ance  
( unco r r ected ) 

. 1 000 

. 1 1 5 2 

. 07 8 3  
. 1 2 62  
. 1 280  
. 1 0 62  
. 09 89  
. 0929  
. 1 0 1 6 
. 0860  
. 08 3 3  

Skewn ess  Ku r t o s i s  
( corr e c t e d ) ( co r r e c t e d ) 

. 0000 . 0000  

- . 0 0 4 7  - . 00 1 4  
- . 0 1 9 1  - . 02 1 1 
- . 0 1 80 - . 0 5 3 2  
- . 000 1 - . 0 0 8 9  

. 005 3 - . 0 2 7 1 

. 00 9 8  . 00 2 9  

. 006 1 - . 0 4 9 2  

. 025 8  . 0250  

. 0065  - . 00 1 0  
- . 0 0 3 3  . 0 2 8 1 

. 024 1 . 047 8 

B i nom i a l  s amp l e s  wer e t h en dr awn for fam ily  s i z es  o f  n = 1 ,  

2 ,  3 ,  4 ,  5 ,  25  and 1 0 0 ewe s i n  each o f  the 5 0 0  comb i n a t ions  

of  fi xed  and random effec t s  w ithin  each  flock . I n  add i t i o n , 

n = 50 w a s  used f o r  fi v e  f l ocks  and  n = 4 0 , 60  w a s  u sed for  the 

o ther f i v e floc k s . Two s e t s  of ten fl o c k s  with m i xed fam i l y  

s i zes  were  al so formed . I n  these , f am i l y  s i z e  was  a un i form 

[ 0 , 5 ]  and  [ 0 , 25 ]  r a n d om i n t e g er var i ab l e  r e s p e c t i v e l y .  A l l  

s ets o f  f l ocks w i t h  fi x ed fam i l y  s i zes  u s ed  the s ame  sequ e n c e  

o f  5 0 0  pr obab i l i t i es  b e c ause  f i x ed a n d  r andom e ff e c t s  w e r e  

c ombi n e d  i n  the s ame o r d e r . How ever , the  two s e t s  w i t h  m i xed 
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fam i l y  s izes  u s ed a d i fferent  set  o f  probab il i t i e s  bec au s e  of  

the  way  the pro g r amme d e a l t  with  n u l l  s amples . R andom 

e ffects  a s soc i a t e d  with n u l l  s am p l es were  sk i pp e d  but f i x ed 

effec t s  were c a r r i ed forward r e s u l ti n g  i n  d i f f e r e n t  

c ombi nat i ons a n d  hence d i f ferent probab i l it ies . T h e  c om puter 

progr amme ev a l u ated the b inom i a l d i s t r i bution  fu l l y  f o r  n 

' l es s  than  1 1 .  O therwi s e  i t  u sed  a poi sson  or l o g i st i c  

approx imation  d epend i n g  o n  the v a lue o f  the m e a n . 

A tot a l  o f  1 05 s e t s  of  d a t a  repr e s e n t i n g  1 0  f l o c k s  and 1 2  

f amil y s i zes we r e  thu s o b t a ined . E a ch s e t  was then  ana l y s ed 

i n  four  ways : 

1 by the  mixed  model  ( e quat ion 7 . 9 )  w i th G = . 1 I 

2 by the l og ist i c  l inear  m i xed mod e l  with G = . 5  I 

3 by the l og ist i c  l inear  m i xed mod e l  wi th G = . 1 I 

4 by the l og ist i c  l inear  m i xed mod e l  wi th G = . 02 I 

An a l y s is  1 u s ed an arb i trary  c oeffi c i e nt in G .  No  a t t empt 

w a s  mad e to obt a i n  an opt imal v a l ue . Ana lyses  2 and 4 were  

p e r formed  to s e e  how s en s i t i ve  the  LLMM was to  the  use  of  a 

w r ong co e ff i c i e n t  in G .  The  fi x ed effe cts  i nc l u d ed in  the 

m odel we r e  the me a n  and a c o v ar i a t e  which was  the f i x ed 

e ffect  u s ed in o b t aining  the prob a b i l i t i e s . i . e .  The  

c ovar i a t e  had  1 6  poss i b l e  val u e s  r an g i n g  from -4  to  4 .  The  

a n a l y s e s  were  p e r form ed u sing  R E G  ( G i lmour , 1 9 8 3 , see  sec t i on 

6 .  3 ) . 

The  ana l y s e s  have  been summar i z ed  b y  extr a c t ing  the  fo l l owing  

t en st a t i s t i c s : 

B ( . 50 ) , B ( . 1 0 )  and  B ( . 0 2 ) , the r e g r e s s i on coe f f i c i e n t s  for 

the cov ar i ate from ana l y s e s  2 ,  3 and  4 ,  r es p e c t i v el y , 

G ( . 50 ) , G ( . 1 0 )  and  G ( . 02 ) ,  the e s t im ates  o f  v ar ( u )  f r om 

a n a l y s e s  2 ,  3 a n d  4 ,  r e s pect i v e l y , 

MASSEY UNIVERSITY 
LI9RA?Y 



Corr e l a t i o n  o f  u w i th anal y s i s  3 so l u t ion for u ,  u , _ x  

Correl a t ion  o f  u w ith a n a l ys i s  1 sol u t ion  for u ,  � p ' 

Corre l a t ion  o f  u with  u and  - X  - P 
Dev iance  from an a l ys i s  3 .  

1 00 

The s ta t i s t i c s  G ( . 50 ) , G ( . 1 0 )  and  G ( . 02 )  are the  est imates  o f  

v ar ( u ) obta i ned  after  a s ing l e  s o lut i o n  for f i x ed effec t s  

u s ing pr i or est im ates o f  . 50 ,  . 1 0 and  . 02 ,  r es pe c t i v e l y . 

These t e n  sta t i s t i cs a r e  p lot t e d  a g a i n s t  fami l y  s i ze i n  

f i gure s  7 . 5  to  7 . 1 4 .  They h a v e  a l s o  been a n a l ysed  w i th a 

model t e s t i ng l i n ear , q u a d rat i c  and  cub i c  effe c t s  of  l o g  

famil y  s i ze ( LF S ) ,  f l ock and  f lock . LF S  i nter a c t i o n . Where  

a ppropr i a t e , the  f lock  e f fec t s  have  been  par t i t i o ned i n t o  

' due to  r am va r i a n c e  d i f fe r e n c e s  b etwe en flock s '  a nd ' d ue  to 

other f a c tors ' by inc l u d ing  as a cov a r i a te in the  ana l ys i s , 

the v ar i a n ces from tab l e  7 . 2 .  

Resu l t s  

B ( . 5 0 ) , B ( . 1 0 )  a n d  B ( . 02 )  a r e  p l otted  aga inst  fam i l y  s i ze i n  

f i gur e s  7 . 5 ,  7 . 7  and  7 . 9  r e s p e c t i v e l y . Fam i l y  s i ze h a s  an  

' o bvio u s  e ffec t on  var i a n c e  of  B i n  a l l  three  f igur es . Th e 

e x pected  v alue o f  B i s  1 . 0 0 .  The mean  of  B ( . 5 0 )  ( a n a l y s i s  2 )  

w as 1 . 0 8 show i n g a s ub s t a nt i a l  pos i t i v e  bias  r e su l t i n g from 

us ing  an  i nfl a t ed var i a n c e  i n  the LLMM . F l ock a n d  LFS 

e ffec t s  w e re not s i gni f i c an t  in p r ed i ct i ng B ( . 5 0 ) . The 

aver a g e  v alue o f  B ( . 1 0 )  was 1 . 0 1 . The floc k . LF S  i n ter a c t ion  

was  n e a r l y  s i g n i f i c ant  ( P < . 1 0 )  show i n g  a tendency  to  

d i st in gu i sh the family  c h ar acter i s t i c s  as fam i l y  s i ze  

increa s e s . Th e M e an o f  B ( . 0 2 )  was  1 . 00 . The  use  o f  an  

under e s t i mate of  the v a r i ance  o f  the  r andom fac to r  does  not  

a ppear t o  b ias the  estim a t i o n  of  f i x ed effe c t s . Th i s  m a y  not  

hold if  t he fi xed  a nd r an d om effe c t s  are n o t  i nd e pe nd ent . 

The f l oc k . LFS  i n ter a c t i o n  had a probab i l ity  o f  . 1 006  . 

The v ar i ance  e s t imate G ( . 50 )  i n  f i g u r e  7 . 6  w a s  v e r y  dependent  

on the  L F S . L i n e a r , q u a d r a t i c  a n d  cub i c  c ompo n en t s  are  a l l  

s ign i f i c a nt ( P < . 00 1 ) .  The f l ock . LF S  i nter a c t i on w a s  



s i gn i f i c an t  ( P < . 1 0 0 ) . N i n e t y-n i n e % of  th i s  fl o c k  e ffec t  

w a s  attr i b utab l e  t o  d i fferences  i n  the r am v ar i an c e s . 

1 0 1 

r The v ar i ance  e s t imate G ( . 1 0 )  i n  f i g u r e  7 . 8  had a n e a r l y  

s i gn i f i c an t  ( P < . 1 0 )  flock . LF S  i n t er ac t i o n  o f  wh i ch 7 0 % w a s  

d ue to r am var i a n c e  d i fference s . 

F am il y  s i ze h ad a n  obv ious  e ff e c t  on  the var i a n c e  e s t imate  

G ( . 0 2 ) in  f i g u re 7 . 1 0 .  Th e f lock . LF S  e ffec t  wa s n e a r l y  

s i gn i f i c an t  ( P < . 1 0 )  and  4 4  % o f  t h i s v ar i at i o n  wa s a s so c i ated 

w i th the d i ffer e n c es i n  r am var i a n c e s . 

F i g u r e  7 . 1 1  shows t h at LF S h ad a h i g h l y  s i g n i f i c an t  e ffec t  

( P < . 0 0 1 ) on  t h e  cor r e l a t ion b e tween t h e  random N ( O , O . l O )  

v ar iab l e s  u sed  t o  gener ate  the d a t a  for the flo c k  a nd the 

e s t imat e  of tho s e  v ar i ab l es obt a i ned  under  the L LMM . F l o c k  

e ffec t s  w e r e  a l s o  s ign i f i c ant  ( P < . 0 5 ) and 7 1  % o f  the  f lock 

v ar i at i o n  was  a t t r ibuta b l e  to d i f ferences  in r am v ar i an c e s . 

Th e LFS e ff e c t  i s  s t rongl y q u adr a t i c  i n  f igu r e  7 . 1 2 

h i ghl i g h t i ng the i neff i c i en c y  o f  BLUP when  app l i ed to  d at a  

for wh i c h  the LLM M i s  mor e a ppro p r i ate . The fl o c k  e ffec t  w a s  

s igni f i c a n t  ( P < . 05 )  b u t  o n l y 9 % ,  a n on s ign i f i c an t  port ion  

of  it , was  att r i b u table  to  the d i f ferences  i n  r am v ar i anc e s . 

I n  fi gu r e  7 . 1 3 ,  the correl a t i o n between  the B L U P  and  LLMM 

pred i c t o r s  dec l i nes  w i t h  i ncr e a s i ng LFS . The q u a d r a t i c  and  

c ubic c o mpon e n t s  were  s i gn i f i c a n t  ( P < . 00 1 ) a l th o u g h  onl y 

accoun t i ng fo r 3 % of  the v ar i a t i o n  ex p l a i ned b y  LFS . F l ock  

e ffec t s  were  not  s ign i f i c ant . 

The d e v i an c e  p l otted  i n  f igu r e  7 . 1 4 ,  i nc l u d e s  a l l  v ar i at i o n  

a t tr ib u t a b l e  t o  r ams . I t  i s  o n l y when fam i l y  s i z e exceed ed 

25 ewe s  per ram t hat th i s  d ev i a n c e  e xceeded  i t s  e x pected 

v alue o f  4 9 9  ( a s suming  the  Ch i - s qu a r e  d istr i b u t i o n ) .  Th e 

d ev i an c e  v alues  were not  r el at e d  to  flock ( P > . 05 )  but  were 

quadr a t i c a l l y r e l ated to LFS ( P < . 00 1 ) .  
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D i scus s ion  a n d  Conc l u s i ons  

For  fam i l y  s i z e s  o f  less  than  2 5  per  random effe c t , the  LLMM 

d id l i t t l e  bet t e r  than the ord i n ar y m i x ed mod e l  e q u a t io n s  a t  

pred i c t i n g the r a ndom e f f e c t s  - poss i b l y  becau s e  there  w a s  

n o t  eno u g h  prec i s i on i n  t h e  d at a . The LLMM was  b e t ter  at  

e s t ima t i n g  f i x ed e ffec ts  t han  the  ord in a r y  m i x ed mod e l  

equat i o n s . W i th the l ar g e r  fam i l ies , t he advan t a g e  o f  u s i n g  

t h e  LLMM incr e a s ed , e s p e c i al l y  when t h e r e  was a r ange o f  

l evels o f  f i xed e f fects . The e s t imat i o n  o f  f i x ed e ffec t s  

w i ll be  b i a s ed i f  the wr on g var i an c e  i s  u sed . Th i s  appe a r s  

n o t  to be  c ri t i c a l  for the r an k i n g  o f  r andom effec t s . 

I f  th e a n a l ys t  i s  not con f i d en t  o f  the var i ance  e s t imate a nd 

h as a s u b stant i a l  amoun t o f  d a t a , a rev i s ed es t i m a t e  may  b e  

o btai n e d  from the  data u s i n g the i t er ative  proce d u r e  

d escr i b e d  i n  sec t i on 6 . 3 . 2 .  There a p p e ars  to  b e  l it t l e  

a d vant a g e  i n  a c c u r acy b e y o nd t h e  f i rst  s i g n i f i c a n t  d i g i t . 
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Chapt e r  8 .  A s tudy o f  foot  a i l ments  a s s o c i at e d  w ith 

M e r ino- c ross  s h eep gr a z i ng d amp cond i t ions . 

1 1 0 

The d at a  ana l ysed  in th i s  chapter  were  col l e c t e d  by  M .  A lwan 

for a research  proj ect r eported in h i s  the s i s  submi tted  for 

the deg r ee of  M .  A gr .  Se . in the Depar tment of A n imal  S c ience  

at  Mas s e y  Uni v e r s i ty i n  1 983 . The  obj e c t ive  of  the wo r k  was 

to i nv e s t i gate the inc i d e n c e  and  i nher i t ance  of foot a i lments  

in  Mer ino-cro s s  sheep  a n d  i n c l u d ed i n format i o n  o n  P e r end a l e  

sheep a s  a cont rol . Some c ommen t s  about  the breed s a r e  i n  

o r d er . The highl y prol i f i c  Boo r o o l a  s t r a in o f  M e r ino  w a s  

u sed . C u r r ent o p i n ion i s  that t h e  h igh pr o l i fi c a c y  i s  due  t o  

a maj or gen e  com p lex . T h e  Mer i n o  i s  a b r eed known  to  b e  

su s c ept i b l e  t o  foo t  ai lmen t s  wh i ch m a y  l ead to  m a n a g ement  

p robl em s . The  Per end a l e  i s  a N ew Z e a l a n d  syn th e t i c  b r e ed 

b a s ed on a Chev i o t  x Rom n e y  cros s and i s  r eputed  t o  b e  l e s s  

su scept i b l e  to t h e  foot a i l ments than  Mer ino  str a i n s . 

Th e t r a its  s t u d ied w e r e  foo t - sh ape , foot-sc a l d  and  foo t- rot . 

A l l  fee t  o f  the s heep we r e  exam i n ed . The foot- shape  s core  

w a s  5 i f  a l l  feet  were of  a ccept a b l e  shape , 4 i f  t here w a s  a 

small  problem w i th the s h a p e  of  a t  least  one  d i g i t , and 3 i f  

t here w a s  a more  s evere d i stor t i o n . Th i s  c l a s s i f i c a t ion  i s  

obviou s l y  subj e c t ive . The  foo t - s c a l d  score  w a s  one i f  any 

feet showed i n f l amat i o n  between  the d i g i ts a n d  zero  

other w i s e . The foot- r o t  score  was one  if  any  d i g it s  showed 

s i gns of breakdown and z ero  otherwi s e . 

The d at a  are  u sed  her e  t o  d emon s t r ate how the l og i s t i c  l in e ar  

m i xed mod e l  ( LLMM ) d e f i n ed in  s e c t ions  5 . 1 . 2 . 3  and  5 . 2 . 2 . 3  

m ight b e  u s ed . A l l  an a l y s e s  r e po r t ed i n  t h i s  chapter  were  

p e r formed us ing  R EG ( G i lmour , 1 98 3 , see  sec t i o n  6 . 3 ) .  

I nter e s t  cent r e s  in t he s e  anal y s e s  on t he use  o f  t h e  

i nt r ac l as s  cor r e l ation  t o  est i m a t e  repeatab i l i t y  o f  

a s sessm ent in s e c t i on 8 . 1  a n d  to  est imate  her i t a b i l i t y  in  

s ection  8 . 2 . 



8 . 1 . R epeatab i l ity o f  ass e s s m e nt o f  foot- shape 

1 1 1 

A lwan ( 1 983 ) e s t im a t e d  the r e pe atab i l i t y  of  a s s e s sm e n t  for 

foot t r a i ts .  T h e  feet o f  9 7  ( Booroo l a  x Romn e y )  x P e r e n d a l e  

r am hog g e t s  we r e  a sses sed  i n  the morn i n g  and  ag a i n  i n  the  

a fternoon  by two obser v e r s  in  d i fferent  r andom o r d er s . T h e  

d ata f o r  the thr e e  tra i t s  a r e  i n  A pp end i x  t ables  D . 1 , D . 2 a n d  

D . 3 .  R e peatab i l i t y  w a s  e st i m a t ed f o r  o n l y  o n e  t r ai t , 

foot- sh a pe scor e ; t h e r e  was  i n su ff i c i e n t  var i a tio n  i n  t he 

o ther two  tra i t s  for a na l y s i s  to  b e  mea n i ng ful . The  d at a  for 

foot- s h a pe ( t a b l e  D . 1 )  we r e  a na l y s e d  both as a con t i n uou s 

v ar i ab l e  ( tabl e 8 . 1 )  a nd a s  a d oub l e - th r e sho ld  v a r i a b l e  

( tabl e  8 . 2 ) . 

T a ble  8 . 1 A n a l y s i s  o f  v ar i an c e  o f  foot- shape scor e s . 

S ourc e o f  Var i a t ion  d f  mean  squ a r e  E [  mean squ a r e  

T imes 1 3 . 5 2 8  

Ob ser v ers  1 . 3 1 2  

T imes . Observer  1 . 02 3  

H ogget s  9 6  1 .  3 5 9  2 4 2 
a e + a a 

R e s id u a l 2 88 . 1 7 1 2 ae 

Total 3 87 

] 

T a b l e 8 . 2  Anal y s i s  o f  dev i ance  of  foot- shape s c o r e s  wh e n  

an a l y sed a s  a doub l e -thre sho l d  tra i t  w i th a n  

i n trac l a s s  cor r e l at ion o f  0 . 7 3 1 . 

Sour c e  o f  Var i a t ion  d f  d ev i an c e  

T imes 2 7 . 2 3 

Observers  2 3 . 80 

T imes . Ob server s 2 . 7 4 

R e s idual  768  6 9 0 . 1 6 



From t h e  ana l y s i s  of v a r i ance  ( t able  8 . 1 ) ,  t h e  i n tr a c l as s  

c orre l at ion  w a s  c alcu l a t ed 
" 2  0 = e R e s idu a l  mean squ a r e  

a s  fo l lows . Let  

1 1 2 

"2  
cra = ������� -����

0
a!� -�;2Er�g��

t
r�-=-����9��1-�1e��-�9��r� ( 8 .- 1 )  num e r  0 1  o us e v a  1 o n s  p e r  an 1 m a  

1 . 359 - . 1 7 1  
= _ _ _ _ _ _  Ii _ _ _ _  _ 

1 . 1 88 
= - -It-- = . 29 7  

Then  p = I nt r ac l a s s  cor r e l a t ion 

" 2  
oa 

= ��---"'� 
(J + 0 

( 8 . 2 )  

e a 

T h i s  w a s  compared  with t h e  i ntr a c l a ss  cor r e l at i o n  e s t i m a t e , 

u nder t h e  LLMM , o f  0 . 7 3 1 . The l atter v a lue i s  e x pe c t ed to be  

l arger  than  the  fo rmer ( 0 . 6 3 5 ) becau s e  inform at ion  i s  l ost b y  

c onver t i n g a cont i nuou s c haracter  ( on an  under l y i ng  s c a l e )  to  

a thr e s h o l d  char a c ter . The  r at i o  b etwe en  the s e  i s  0 . 8 6 9  

( : 0 . 6 3 5 /0 . 7 3 1 ) .  T h e  expe c t ed  ma g n i tude of  t h i s  r a t i o  i s  n o t  

r e ad i l y  obtai ned . Con s i d er i n g  t h e  s imp l i fied  t r a i t , 

c l ass i f i ed i n  c a t e gory 5 ,  w i th a n  aver age  i nc i d e n c e  o f  0 . 5 54  

( : 2 1 5 /38 8 ) , the r e l at ion sh i p  betwe e n  repeat ab i l i t y  on  the  

un d er l y i ng sc a l e  a nd o n  the  obs e r v ed s c a l e , u s i n g  e quat i o n  

2 . 2 , i s  given by 
z 2/ p ( 1 -p )  = 0 . 6 3 2 . ( 8 . 3 )  

T h i s  i s  a n  und er- est i m a te  o f  the expe c t ed va l u e  o f  the r a t i o  

( 0 . 8 6 9 ) s i n c e  l ess i n fo rma t i on i s  l os t  b y  form i ng 3 

c ategor i es than b y  for m i n g  2 .  Therefore  the r a t i o 0 . 8 6 9  i s  a 

r e ason a b l e  value . 

8 . 2 . E s t ima t i on of  her i t ab i l i ty o f  i nc ide n c e  o f  foot 

a i lmen t s  

A lwan  ( 1 983 ) s cored 2 5 1 3  l ambs a t  5 months o f  a ge ,  for  

foot- s h ape ( 1 ,  2 ,  . . .  5 ) ,  p r esence of  foot- s c a l d  ( 0 ,  1 )  a nd  

p r esen c e  of  foot- rot ( 0 , 1 ) .  

( l ate w i n ter ) , 1 9 80  a n d  1 9 8 1 . 

The l am b s  we r e  b o rn i n  A u gu s t  

T h e  e w e  l ambs  f r om the  1 980  

l ambi n g  were ret a i ned a n d  r ea s s e s sed  at  1 1  mon t h s  and  a t  1 7  

month s o f  age . B y  cont r a s t , r am l ambs from the 1 9 8 1  l am b i n g  

were r e a s sessed  a t  1 1  months  o f  a g e .  The l ambs  we�e from 



1 1 3 

f ive  m a t i ng- g r oups . 

1 )  7 P e r end a l e  r ams  mated to  Perend a l e  ewe s i n  1 9 80 , 

2 )  6 Boo r oola  x R omney r ams mated to Pe rend a l e  ewes i n  1 980 , 

3 )  3 Boo r oola  r am s  mated to  Romney  ewe s i n  1 9 8 0 , 

4 )  6 Pe r e nd al e  r ams mated  to P e r e nd al e ewes i n  1 9 8 1 , a n d  

5 ) 1 2  B o o rool a x R omney  r ams ( fr om m a t i ng- g r o u p  3 )  m a t ed 

� t o  Per en d al e  ewe s .  

T h e  Boo r oola  x R omney  r ams  i n  m a t i ng- g r oup 2 c ame  from  a 

d i ffe r e n t  res e a r c h  cen t r e  to  t he B ooro o l a  r ams u s e d  i n  

m ati ng- group 3 .  The  progen y from m a t i ng-groups  2 and  5 were  

to  form the  bas i s  o f  a n ew s el ec t i o n  flock . The  d a t a  are  i n  

t a ble  0 . 4 .  

The t h r e e  tra i t s  rec o r d ed at thr e e  ages  are l ab e l l ed 

L C  L54 L 5  LS L R  

HC  H 5 4  H 5  HS  H R  

TC  T54  T5  TS T R  

where L- is  a t r a i t  recor ded  on  l ambs ( 5  months ) ,  

Method  

H- i s  a tr a i t  r ecor d ed on  hog g e t s  ( 1 1  mont h s ) ,  

T - is a t r ai t  r ec o r d ed on  two- tooth  ewe s ( 1 7  months ) , 

- C  i s  the  foot- shape s c o r e  ( 1  to  5 )  

- 5 4  i s  two  bin a r y  v ar i a b l es i n d i c a t ing the  inc i d e n c e  o f  

foot-sh ape  c ategor i e s  5 and  4 ,  r espe c t i v e l y , 

- 5  is  a b i n ar y  v a r i able  i n d i c a t i n g  the i n c i d en c e  o f  

o f  foot- shape c a tegor y 5 ,  

- S  i s  a b i n ary  v a r i able i n d i c at i n g  the p r e s ence o f  

foot- s c a l d and  

-R  i s  a b in a r y  v ar i a b l e  i nd i c a t i n g  the p r e s e n c e  of  

foot- r o t . 

The d at a  were  a n a l y s e d  by o r d i nary  l e a s t  squ a r e s  ( OLS ) a nd  by  

the LLMM . The t y p i c al fu l l  mod e l  c omp a r e d  the f i v e  

m ating- group s , s exes  a n d  sex . mat ing- group  i n t er ac t i o n  ( 9  

d egree s o f  freedom ) .  T h i s  r ed u c ed t o  j u s t  the m a t ing�group  

e ffec t s  when ana l y s i n g  the hog g e t  a nd two - tooth d at a . The  

OLS a n a l y ses we r e  used to est i m a t e  the v a r iance c ompo n e n t  for 

s i res  u s i n g  Hender son ' s  ( 1 95 3 )  method 3 ( s ee s ec t i o n  3 . 1 . 3 ) . 



1 1 4 

The b r e e d ing v a l ue s  r e p o rt ed fo r thi s  method a r e  the s i r e  

e f fect s a d just ed  t o  a m a t i n g-gr o u p  mean  o f  zero . On l y  l amb 

tra its  w ere a n a l y sed b y  OLS . For the LLMM ana l y s i s ,  

r el at io n ships  b e tween s i r e s  we r e  i gnored  a ltho u g h  the y  were  

k nown to  exi s t . The  i nt r ac la s s  c orre l at io n  under  the  LLMM 

w a s  est i m ated b y  t he i te r a t ive  p r ocedur e  outl i n ed i n  s e c t i on 

6 . 2  u s i ng the f u l l  mod e l , e v e n  i f  some factor s were  n o t  

s i gn i f i c a n t . H e r i t ab i l i t y  wa s e s t imated a s  four  t im e s  t h i s  

i ntra c l as s  cor r e l a t ion . 

R e sul ts a nd D i s c u s s ion  

A t yp i c a l  sequ e n c e  of  tr i a l  val u e s  and  so l u t i o n s  for  

e s tima t i ng the i n tr ac l a s s cor r e l a t ion  u n d er the LLMM u s i n g  

t he EM a l gor i tm ( s e e  sec t i o n 6 . 3 . 2 ) i s  shown i n  table  8 . 3  for  

the  dou b l e -thr e s h o l d  tr a i t  L54 . T h e  p o i n t  to n o t e  from t h e  

t able i s  that  i nt e r polat i o n  prov i d e s a sat i s fa c t o r y  meth od  of  

l ocat i n g  the so l u t ion  o n c e  an upp e r  and l ower b o u n d  have b e en 

i d ent i f i ed .  T h e  proced u r e  for i d ent i fy i ng an  u p per  a n d  l ower 

boun d  was ad h o c  . .  I f  the  i n i t i a l  e st imate w a s  too l o w , a 

h igh er  tr i al v a l u e  w a s  u sed . Th i s  w a s  1 . 5 t imes  the  p r ev i o u s  

s olut i o n  subj e c t  t o  the l imit  of  a n  i nt r a c l ass  c o r r e l at i o n  o f  

1 .  I f  the  in i t i a l  est i m a t e  was t o o  h i g h , the n ew solut i o n  

w as  hal v e d . B y  t h i s  me tho d ,  t r a i t s  with  z ero i nt r a c l a s s  

c orrel a t i on wi l l  h ave  an  e s t imate  c lo s e  t o  zero - sub j e c t  t o  

t h e  prec i s ion i n  t he d at a . 

Two a n a l yses o f  d ev i an c e  for the s ame t r a i t , L 5 4 , a re  s hown 

i n  tab l e  8 . 4 .  The  a na l yses  a r e  for an  a rb i tr u r y  ( . 0 3 )  and  an  

e s t imated  ( . 0 4 3 ) v a l u e  o f  the  i nt r ac l a s s  cor r e l a t ion . The  

d i ffer e n ces  are  m i n im a l . I n  gener a l , a n a l y s e s  o f  dev i an c e  

were  not  a ltered  much b y  changes  i n  the i n t r ac l a s s  

c orrel at i o n  bec a u s e  o f  the  way the d ev i ance  was  c omputed  ( see 

t he d i s c u ssion  i n  sec t i o n  6 . 3 ) . T ab l e  8 . 5 c o nt a i n s  e s t im a t e s  

o f  the i n t r acl a s s  c orr e l a t ions  a n d  her i t ab i l i t i e s  for a l l  o f  

t he t r a i t s  based  o n  the a s s umpt i o n  that the s ir e  v a r i a n c e  i s  

t he same for the P erend a l e , Boo r o o l a  a n d  Boor oo l a  cro s s  

b r eed s . The est i m ate s o f  her i t a b i l ity  r ange  from 0 . 0 0 2  t o  

0 . 52 4 . 



1 1 5 

The h e r i t ab i l i t y  est im a t es for  foot- shape w e r e reaso n a b l y  

c ons i s t e n t . T h e  u se o f  a d oub l e  threshold  i nste a d  o f  a 

s ingl e  t hr esho l d  h ad l it t l e  effect  on the e s t i m a t e  o f  

h eritab i l ity u n d e r  the LLMM .  I t  had  a g r e a t e r  e ff e c t  i n  the  

O LS a n a l y s i s  a s  e x pected . Never thele s s , the d i f fe ren c e  

b etwee n  0 . 1 6 5  a n d  0 . 1 5 4 i s  n o t  as g r e a t  as w a s  e xpec t e d  u s i n g  

t he theo r e t ic a l  c h ange o f  scal e f a ctor d is c u s s e d  i n  s e c t i o n  

8 . 1  ( s e e  equat i on 8 . 3 ) .  

The o v erall  av e rage i n c id en c e  o f  foot- sc a l d  w a s  0 . 0 6 8  
( = 1 7? / 2 5 1 3 )  wh i ch prod uces a s c ale  f a c tor  o f  0 . 24 5 . The  

a c tua l  f a ctor wa s 0 . 202 ( =0 . 1 0 6 /0 . 524 ) . S imi l a r l y  for 

i nc id e n c e  o f  foo t foot- rot , t he over a l l  aver a g e  w a s  0 . 0 27 
( = 67 /2 5 1 3 ) g i v ing  a s c a l e  factor  o f  0 . 1 47 com p ar ed to  a n  

a c tua l f a ctor o f  0 . 1 7 5  ( =0 . 0 4 0 /0 . 22 9 ) .  T h e  es t i m ates  o f  

h e r itab i l i t y  for foot- s c a l d  and  foot-rot  wer e  n ot v e r y  

c o ns i s t e n t  acr o s s  a ges  o f  assessm e n t . T h e  l at e r  a s sessments  

were o n  f ewer an i mal s a n d  were a l so a ffected b y  s e ason a l  

cond i t i ons . T h e  high  i nc id e n c e  o f  foo t - sc a l d  at t h e  hogget 

s t age in  1 980  s e ems to  h a v e  obl i t er ated  the s i r e  d i f f e r e n c e s  

wh i l e  the  low i n c i d ence  i n  1 9 8 1  p r ev e n t e d  its  e x pr es s i o n . 

The  es t i m ate for her i t ab i l ity  o f  foot - r o t  in  two-tooth  ewe s 

w a s  poo r  bec ause o f  the l o w  numbe r s  of  ewe s a ss e s s e d . The r e  

were 4 42 ewe s a s sessed , r epr e s e n t in g  1 3  s ir e s  a nd w i th a n  

avera g e  i nc id en c e  o f  . 0 9 .  

Tabl es  D . 5  and  D . 6  c o n t a i n  e s t imat e s  o f  breed i n g  v a l u e for 

the  tr a i t s  asses s e d  on the l ambs , a nd for  foot- s h a pe s c o r e  

a sses s e d  o n  hog g e t s .  T h e  c orre l at ions  b etween t h e  breed i n g  

v alues  a r e i n  tab l eS 8 . 5  and 8 . 6 .  T h e  s ire  r a n k i n g s  were  
� 

n e ar l y  i d ent i c a l  and the c orr e l a t ions  b e t ween b r e ed i n g  v a lues  

obta ined  b y  LLMM a nd b y  OLS  we r e  v er y  h ig h � T h e  p r i n c i p a l  

r e ason fo r thi s c o ncord a n c e  wa s t h e  r el a t i v ely  sm a l l  

d i f ferenc e s  in fixed  e ffec t s . Such agreement would  no t b e  
e x pec ted  i f  there  w a s  a n  i m portant  cov a r i ate pr e s e n t  wh i c n  

a ffected  the i nd i v idual s w ith i n  mating- groups . I n  t h i s  d at a , 

the  onl y f actor o t her than  m at i n g- gro u p  w as s e x  a nd the 

s ex . ma t i ng- group  i nt e r ac t i o n s  were g e n er a l l y  n ot s i g n i fi c a n t . 
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Thi s  d e monst r a t e s  one  o f  the e s s e n t i a l  fe atur e s  o f  the L LMM : 

i n  the ab sence o f  f ixed e ffect  d i f ferenc e s  with i n  

m ating- g roup s , t he s ir e  r ank i n g s  are  bas i c a l l y  t h e  same  a s  

OLS ( o r BLUP ) a n d  the LLMM s in c e  a ll o b s e r v at i o n s  i n  t h e  

m at i ng- g roups a r e  g i v e n  the s am e  we i g h t s . Th i s  top i c  i s  

d i scu s s e d  fur t h u r  i n  s ec t i o n  1 0 . 2 . 

T abl e s  8 . 8  to  8 . 1 0  cont a i n  a nalys e s  o f  dev i ance  fo r t es t i ng 

t he f i x ed effe c t s  i n  the m o d e l s  wh i l e tabl e s  8 . 1 1  to  8 . 1 4  

c onta i n  a n alys e s  o f  v ar i a n c e  for c ompar i so n . Th e r e  we r e  s ome 

d i ffe r e n c e s  between the  a n a l y s e s  o f  d ev i ance  a n d  ana l y s e s  o f  

v ar i a n c e  i n  what w as s i g n i fi cant . T h e  s e x  effe c t  for L 5 4  i n  

t able 8 . 8  is  n o t  qu i t e  s ign i f i c ant ; i n  t ab l e  8 . 1 1 ,  s e x  i s  

s i gni f i c ant . H o wever , sex  i n  t able  8 . 8 ,  i s  tested  o n  two 

d egre e s  o f  freed om  bec a u s e  i t  a l l ows for  d i ffer e n t  sex  

e ffec t s  o n  each  t h resho l d . E x a m i n i n g  the regr e s s ion  

c oeff i c i ents  ( - 0 . 1 3 1 0 ,  -0 . 2 8 6 8 ) shows  that  the  sex  e f fec t s  

w e r e  s im i l ar for b oth t h r e s hold s a n d  i f  t h e  sex e f fect  wa s 

par t i t i oned i n to two s e parate  s i ngl e d e grees o f  freed om , a n  

a v erag e e ffe ct  a n d  the d i fference  between  the th r e sho l d s , 

o n ly the  former w ould  be  s ig n i f i c an t . Th i s  d i s c r e p a n c y  i s  

t here fo r e  a con se q uenc e o f  the d i f feren t  formu l a t ions  o f  the  

m odel and  not a r e al d i ffe r e nce between the  ana l y s e s . 

Another  sma l l  d is cr e p a n c y  o cc u r ed for  the s i g n i f i c a n c e  o f  the  

s e x . B 1  i nter ac t i on  o n  L5  i n  t a b l e s  8 . 9  and 8 . 1 2 .  In  the  

a n a l y s i s  of  dev i ance , t h i s  i n t e r a c t i o n  w a s  not qu ite  
s i g n i f i c a n t  but i n  the  a n a l y s i s  o f  v ar i ance , i t  w a s  just  

s i gn i f i c a n t . 

The o n e  case o f  a sub s t an t i a l  d i ffer e n c e  wa s i n  the an a l ys i s  

o f  foo t - s c a l d . I n  t a b l e  8 . 1 0 ,  sex . B 1 w a s  not  s i g n i f i ca n t  

wh i l e  i n  t able  8 . 1 3 ,  i t  w a s  h i g h l y  s i g n i f i c an t . Th i s  

d i ffer e n c e  i s  a c o n sequ e n c e  o f  the non- l i near  change  o f  

s c a l e . T h i s  i s  a p parent  i n  tab l e  8 . 1 5  wh ich d i s p l ay s  the  

i nc iden c e s  of  fo o t- s c a l d  for the  var i o u s  sex . m at in g- group  

c l as ses . What to  t he OLS  a nal y s i s  was  a l a rge s e x . B 1 

i nter a c t ion  was p art  o f  the  sex  m a i n  effect  i n  the  LLMM 

a n al y s i s .  



Table  8 . 3  I terat i v e  s equ e n c e  for e s t imat i ng the i n t r a c l a s s  

corr e l at i on for the  d oubl e  thresho l d  tra i t ,  L 5 4  

( l amb foot  shape  s core  5 ' 4 and  l es s  t h a n  4 ) . 

Tr i al N ew i n tr ac l a s s  

p7T 2 /3 e s t imate corre l at ion  

0 . 1 0000  0 . 1 1 5 5 3  0 . 03 5 1 2  
0 .  1 73 3 0  0 . 1 55 8 3  0 . 0 4 7 3 7  
0 . 1 34 5 0  0 . 1 37 1 3  0 . 04 1 68 
0 . 1 4 1 4 6 0 . 1 4 0 8 4  0 . 0 428 1 
0 . 1 40 1 4  0 . 1 4 0 1 6  0 . 04260  
0 . 1 40 1 9  0 . 1 4 0 1 8  0 . 0 426 1 
0 .  1 40 1 7  0 . 1 4 0 1 7  0 . 0426 1 

1 1 7 

Tab le  8 . 4  A n a l ys i s  o f  dev i anc e for the dou b l e ·thr e shold  t r a i t  

L 5 4  ( l amb foot- s h a pe scor e 5 ,  4 and  l e s s  than 4 ) .  

p : . 04 2 6 1 p : . 0 3 0 00 
Sour ce  o f  Var i a t ion  d f  d e v i ance  d e v i ance  

Year  ( YR = 1 9 8 0  V 1 9 8 1 ) 2 4 1 . 6  4 1 . 8  * 

p v BR , B 1 980 ( B 1  = 1 V 2 '  3 )  2 63 . 5  6 3 . 8  * 

BR V B 1 980 ( B 2 = 2 V 3 )  2 30 . 3  2 9 . 8  * 

p v BR 1 98 1  ( B 3 = 4 V 5 )  2 1 8 .  9 1 8 .  9 * 

S e x  ( SX )  2 5 . 3  5 . 3  n s  
S ex . Ye a r  ( S X . YR )  2 0 .  1 0 .  1 n s  
Sex . B 1  2 3 . 7  3 . 8 n s  
Sex . B2 2 0 . 2  0 . 2 n s  
S ex . B 3 2 0 . 6 0 . 6 n s  
R es id ua l 1 1 6 20 3 . 8  20 3 . 8  

where  * means  the d e v ia n c e  e x ceed s x z  2 ' • 0 5 ( : 6 .  0 )  ' a nd  

n s  means  not  s ign i f i cant  ( P >0 . 05 ) . 
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Table  8 . 5  E s t imates  o f  i n t r a c l a s s  corre l a t i on and  

her i ta b i l i t y  ( 4  t imes i n t r a c l as s  c o r r e l a t i o n )  

for 1 2  sheep  foo t tra i t s . 

T r a i t  S i res S i r es I n trac l a s s  her i t ab i l i t y  

i n  1 980 i n  1 9 8 1  corr e l a t i on  MLM OLS 

L54 1 6  1 8  . 04 2 6  . 1 7 0 . 1 7 1 

L 5  1 6  1 8  . 04 1 3  . 1 65 • 1 54 

H 54 1 6  1 8  . 0 8 7 0  . 3 4 8  

H 5  1 6  1 8  . 08 2 6  . 33 1  

T 54 1 3  . 05 1 2  . 205 

T 5  1 3  . 06 4 3  . 257  

LS  1 6  1 2  • 1 3 09  . 5 24  . 1 06 

H S  1 6  1 2  . 00 0 9  . 004  

T S  1 3  • 1 1 2 9  . 45 1  

LR  1 6  1 2  . 0572  . 229  . 04 0  

H R  1 6  1 2  . 08 5 2  . 34 1  

T R  1 3  . 0005  . 002 

Table  8 . 6  Corre l at i on  between est imates  o f  breed i n g  v a l u e  

for foot- shape s c o r e , ob ta i ned by v ar i o u s  method s .  

MLM . L54  OLS . L C MLM . L 5  OLS . L 5 MLM . H 5 4  

MLM . L5 4  1 .  
OLS .LC . 9728 1 . 

MLM . L5 . 99 1 2  . 9486  1 .  

OLS . L5 - 9792  . 95 9 2  . 99 0 4  1 .  

M LM . H 5 4  . 4995  . 5429  . 474 1 . 4 647  1 . 

M LM . H 5  . 490 1 . 5345  . 4 652  . 4 5 5 7  . 99 4 2  1 



T able  8 . 7 Correl a t i o n  betwe en  est im a t e s  of  breed i n g  va lue  

o f  28  s i r e s  i n  four  mat i n g - grou ps  for  p r e s en c e  

o f  foo t - s c a l d  a n d  pr e s e n c e  o f  foot- r o t . 

MLM . LS OLS . LS MLM . LR OLS . L R 

M LM . LS 1 .  

OLS . LS . 9827  1 .  

MLM . LR . 5509  . 5884  1 . 

OLS . LR . 6234  . 6 6 4 3  . 97 7 0  1 .  

1 1 9 

Table  8 . 8  A n alys i s  o f  dev i anc e for foot- shape t r a i t s  L 5 4  and  

H 5 4 , u s i n g  3 4  s i r e s . 

T r a i t  L54  H54  

Intrac l a ss  cor r e l at i o n  . 04 2 6  . 08 7 0  

Sourc e o f  Var i a t i o n  d f  Dev i an c e  d f  D e v i a n c e  

1 98 0  v s  1 98 1  2 4 1 . 6 5 * 2 6 2 . 90 * 

p v BR , B 1 980  ( B 1 )  2 63 . 52 * 2 2 . 2 3 n s  

B R  v B 1 9 80  ( B2 )  2 3 0 . 27 * 2 1 2 . 5 3 * 

p v BR 1 9 8 1  ( B 3 )  2 1 8 . 9 5 * 2 30 . 4 0  * 

S e x  2 5 . 27 ns  

S e x . Ye a r  2 0 . 07 n s  

S e x . B 1  2 3 - 7 3 ns  

Sex . B 2 2 0 . 20 n s  

Sex . B 3 2 0 . 6 1  n s  

R e s id u a l  1 1 6 2 0 3 . 82 5 8  1 4 8 . 05 

where * the dev i a n c e  2 ( = 6 .  0 )  ' means e xceed s X 2 , . 0 5 a n d  

n s  means  not  s i g n i f i c a n t  ( P >0 . 05 ) . 
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T able  8 .  9 A n a l ys i s  o f  deviance : for foot-shape  tr a i t s  L5  and  

H 5 , u s ing  3 4  s i r e s . 

T r ait  L5  H 5  
I ntracl  a s s  cor r e l at ion  0 . 04 1 3 4 0 . 0 8 26 6  

Source  o f  Var i ation  d f  Dev i ance  d f  Dev i an c e  
1 980 vs 1 98 1  1 22 . 25 * 1 6 2 . 8 1 * 

P v BR , B 1 980  ( B 1 ) 1 5 0 . 06 * 1 1 .  24  n s  
B R  v B 1 980  ( B2 )  1 2 2 . 79 * 1 1 2 . 28 * 

p V BR 1 98 1  ( B 3 ) 1 2 . 37 n s  1 30 . 1 8  * 

S e x  1 4 . 07 * 
S ex . Ye a r  1 - 0 . 02 n s  
S e x . B 1 1 3 . 75 ns  
S ex . B2 1 0 .  1 7  n s  
Sex . B3 1 0 . 58 n s  
R e s idual  58  1 3 8 . 98 29  95 . 86 
D e v i an c e  a fter  r andom e f fects  3 7 . 87 1 3 .  1 8  

where * means the d ev ia n c e  2 ( :  3 . 8 4 ) ,  e x ceed s X a n d  
1 ' • 0 5 

n s  means  not  s i g n i f i c a n t  ( P >0 . 05 ) . 

T able  8 . 1 0 A n alys i s  of  deviance for p r e s e n c e  o f  foot- s c a l d  

( LS )  a n d  pres e n c e  o f  foot-rot  ( L R ) i n  l ambs , u s i n g  

2 8  s i r es . M a t i ng- g roup 4 ( P erend a l e  s i r e s  i n  1 9 8 1 ) 

w as omi t t ed from the an a l ys i s  b e c a u s e  n o  proge n y  

had either  foot- s c a l d  o r  foot- rot . 

T r a i t  LS H R  
I ntrac l a s s  cor r e l ation  0 . 1 30 9 3  0 . 0 5 7 2 3  

Sour ce  of  Va r i a t i on d f  De v i ance  d f  Dev i a n c e  
1 980 vs 1 98 1  1 3 . 20 n s  1 0 . 07 n s  
p v BR , B 1 980 ( B 1 )  1 3 2 . 02 * 1 7 . 4 9 * 

B R  V B 1 980  ( B2 )  1 0 . 7 9 n s  1 1 . 5 8 n s  
S ex 1 23 . 1 7  * 1 0 . 0 1 n s  
Sex . Y e a r  1 0 . 07 n s  1 0 . 9 9 n s  
Sex . B 1  1 1 .  74 n s  1 0 . 00 n s  
Sex . B 2 1 0 . 00 n s  1 0 . 0 1  n s  
Resid u a l 48 1 0 4 . 26 4 8  59 . 7 9 
D evian c e  after  r andom e f fe c ts 3 7 . 28 4 1 . 1 2  

where  * means  the d ev iance  e x ceed s x 2 
1 ' 0 0 5 < =  3 . 84 ) , a n d  

n s  means  not  s i g n i f i c a n t  ( P >0 . 05 ) .  



Table  8 . 1 1  A n alys i s  o f  Var i an c e  for  foot- sh a pe s c o r e  ( L C ) , 

u s i ng 3 4  s i r es . K coef f i c i ent  i s  7 3 . 4 3 8 8 . 

1 2 1  

Sour ce  o f  Var i a t ion  d f  mean  s quare  E [  mean  s qu are  ] 

1 980  vs 
p V BR , 

B R  v B 

p V BR 

S ex 

S e x . Y e a r  

S e x . B 1 

S ex . B2 

S ex . B3 

S i res 

E rror 

T otal  

1 9 8 1  

B 1 980 

1 98 0  

1 9 8 1  

1 

( B 1 ) 1 

( B2 )  1 

( B 3 ) 1 

1 

1 

1 

1 

1 

2 9  

2474  

25 1 2  

1 2 . 87 1 5 0 6  * 

1 6 . 4 7 8 9 4 3  * 

1 0 . 6 8 8 4 0 8  * 

3 . 7 85004  * 

1 . 89 9 0 3 3  * 

0 . 0 9 4 002  n s  

1 . 222366  n s  

0 . 0 0582 1 n s  

0 . 3 2 3463  n s  

1 . 4 0 2 2 1 2  a z 
e + Ka 2 

u 
0 . 3276 1 6  a z 

e 

where * means the F s t a t i s t i c  i s  s ign i f i c a n t  ( P <0 . 0 5 ) , a nd  

ns  means  not s i gn i f i c a n t  ( P > 0 . 05 ) . 
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T able  8 . 1 2 A n a l ys i s  o f  Var i an c e  for foot- shape  tra i t  L5 , 

u s i ng 3 4  s i r e s . K coeffi c i ent  is  7 3 . 4 3 8 8 . 

Sour c e  o f  Var i a t ion  

1 9 80  vs 1 9 8 1  

d f  mean square  E [  mean square  ] 

P v BR , B 1 980 ( B 1 ) 

B R  v B 1 980  ( B2 )  

P v BR 1 9 8 1  ( B 3 ) 

S ex 

S e x . Year  

S e x . B 1  

S e x . B2 

S e x . B 3 

S i r e s  

E rror 

T o t a l  

1 

1 

1 

1 

1 

1 

1 

1 

2 9  

2 4 7 4  

2 5 1 2  

5 . 1 2 1 1 24 * 

1 0 . 44 8 4 1 0  * 

5 .  1 90 7 6 5  * 

0 . 54 5 1 5 8  n s  

0 . 89 0 7 0 9  * 

0 . 0 3 3 0 05  n s  

0 . 856270  * 

0 . 0 32 1 77 n s  

0 . 1 5 8 1 1 2  n s  

0 . 8 32 3 6 9  a 2 
e + Kcr 2 

u 
0 . 2 1 1 5 2 8  cr 2 

e 

where * means  the F s t a t i s t i c  i s  s ign i f i c a n t  ( P <0 . 0 5 ) , a n d  

ns  m e a n s  not s i gn i f i c a n t  ( P > 0 . 05 ) . 
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T abl e 8 . 1 3 A n a l ys i s  o f  Var i a n c e  for presen c e  o f  foo t - sc a l d  

( LS ) u s i n g  2 8  s i r es . K c o e ff i c i e n t  i s  6 9 . 7 024 . 

M ating- group 4 ( P er end ale  s i r e s  in  1 9 8 1 ) w a s  omitted  

f r om the a n a lys i s  becau s e  n o  prog e n y  had  foot- s c a l d . 

S ou r c e  of  V ar i at ion  d f  mean s quare  E [  mea n  s quare  

1 980  vs 1 9 8 1  1 0 . 24 1 6 7 8  n s  

p v BR , B 1 980  ( B 1 ) 1 2 . 52 34 1 7  • 

B R  v B 1 9 80  ( B2 )  1 0 . 097 5 9 1  n s  

S e x  1 1 . 77 80 0 1  • 

S e x . Y e a r  1 0 . 0 0 6 2 84 n s  

S e x . B 1  1 0 . 6 1 6025  • 

S e x . B2 1 0 . 0 1 1 092  n s  

S i res  24  0 . 2 1 9928  0 2 
e + Ko 2 

u 
E r ror 1 928  0 . 0759 1 4  0 2 

e 
T otal  1 95 9  

where  • mean s t h e  F s t a t i s t i c  i s  s ign i f i c an t  ( P <0 . 05 ) , and  

ns  means  not  s i gn i f i c a n t  ( P >0 . 05 ) . 

] 
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Table  8 . 1 4 A n a l ys i s  o f  Var i ance  for pres en c e  o f  foo t - r o t  ( L R ) 

u s i ng 2 8  s i r e s . K coe f f i c i ent  i s  6 9 . 7 0 2 4 . 

M a t ing- group 4 ( Pe r end a l e  s i r e s  in  1 9 8 1 ) w a s  omi tt e d  

f r om the a n a l ys i s  becau s e  no  prog e n y  h a d  foo t- rot . 

Sour c e  o f  Var i at i on d f  mean  s quare  E [  mean square  ] 

1 98 0  vs 1 9 8 1  1 0 . 0025 5 1 n s  

P v BR , B 1 980 ( B 1 )  1 0 . 224025  • 

B R  v B 1 9 80  ( B2 )  1 0 . 073370 n s  

S e x  0 . 000492  n s  

S ex . Ye a r  0 . 0 3 3 2 1 2  n s  

S e x . B 1  1 0 . 00 1 080  ns  

S e x .  B2  1 0 . 002336  n s  

S i r es  24  0 . 0 55429  0 2 
e + Ko 2 

u 
E r ror 1 928  0 . 0326 9 8  0 2 

e 
T o t a l  1 9 59  

whe r e  • mean s the  F s t a t i s t ic  i s  s ig n i f i c a n t  ( P <0 . 0 5 ) , and  

ns m e a n s  not s i gn i f i c a n t  ( P > 0 . 05 ) . 

T able 8 . 1 5 I n c iden c e  o f  foot - s c a l d  i n  l am b s  ( 5  mo n th s )  on  

percentage  and  log i t  s c a l e s . 

Percen t a ge s c a l e  L o g  i t  s c a l e  

M at ing- group M a l e  Female  d i f f  M a l e  Female  d i ff  

( 7  P e r e n d a l e s  1 980 ) 4 . 8  3 . 4  1 . 4 -2 . 9 9 - 3 . 3 5 . 3 6 

2 ( 6  Boor . x Rom . 1 98 0 ) 1 6 .  9 8 . 2  8 . 7  - 1  . 5 9  - 2 . 4 1  . 82 

3 ( 3  Boorool a 1 9 80 ) 2 1  . 2 9 . 4  1 1 . 8 - 1  . 3 1  -2 . 27 . 95 

4 ( 6  Perend a l e s  1 98 1  ) . 0  . 0 om i t ted from a n a l ys i s  

5 ( 1 2 Boor . x Rom 1 98 1  ) 9 . 5 4 . 5  5 . 0  -2 . 25 - 3 . 05 . 80 
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Chapter  9 .  R eproduct ive  per form a n c e  o f  Per e n d a l e  ewes 

The P e r en da l e  i s  a New Z eal a n d  s ynth e t i c  she e p  b reed d e r i ved 

by inte r - breed i n g  Chev i ot x Romney c ro s s  an i m al s . T h e  

follo w i n g  inform ation w a s  av a i l a b l e  on  1 3 96 two- too th  ewes 

born in M a ssey  U n i ver s i t y ' s  r eg i st e r ed Per e n d a l e  f l o c k  from 

1 96 1  to  1 972 : 

� 3  S i r e  i d en t i f i c a t ion  S e e  table  9 . 1 

R ear ing  r ank o f  s i re  ( R RS I R E ) 

D am i d e n t i fi c at i on 

( 1 0 03  s i n g l e , 3 9 3  mu l t i p l e ) . 

D am age ( DA ) See  t a b l e  9 . 2 .  

R eari n g  r ank o f  d am ( R R D A M )  

Y e a r  born  (YB ) ( 6 1  t o  7 2 ) 

R e ar i n g  r ank o f  e we ( R R EWE ) 

Wean i n g  weight  o f  ewe ( WW )  

Hogget weight  o f  ewe ( HW )  

( 8 1 6  s i ng l e , 5 80 mu l t i p l e ) . 

S e e  table  9 . 3 . 

( 8 6 9  . s i n g l e , 5 2 7  mu l t i p l e ) . 

( me an 2 3 . 7  k g , s . d .  3 . 8  k g ) . 

( mean  3 9 . 1  k g , s . d .  4 . 9  k g ) . 

N umber o f  lam b s  the ewe w eaned  a s  a two-year - o l d  ( NLW ) . 

( 3 0 8  n i l , 9 6 1  s i n g l e , 1 27 mu l t i p l e ) . 
• 

Th e s e  d a t a  were  stud i ed b y  E l l iot ( 1 975 ) and  Lewer ( 1 9 7 8 ) who 

h ave d i s c ussed the man a g emen t o f  the flock . C o n c ern i n g  the 

s e l ec t i o n  of repl acemen t s  w i th i n  the f lock , Lewer ( 1 9 7 8 ) 

s tates , 

"Se l e ction  o f  cand i d a t e s  for entry  i nto the f l ock  i s  

b a sed  on m a i nta i n i ng the Peren d a l e  ' type ' and  i n vol v e s  

c u l l i n g  a bnormal l y  co a r s e  woo l l ed she ep o r  tho s e  wh i c h  

f a i l  to e x h i b i t  wool- fr e e  po i n t s . The s e l ec t i on  of  f i n e  

wool she e p  was g i ven p a r t i c u l a r  emphas i s  i n  the e a r l y  

1 960s  but recen t l y  fe r t i l ity  h a s  been g i ven  att e n t i on 

P o o r  con format i o n  or phy s i c al un s o u n d n e s s woul d  

al so exc l ude a ewe for c o n s i d e r a t i on a s  a r epl a c ement . 

About hal f o f  the hogg e t s  ava i l a b l e  ent e r  the f l o c k  a s  
two- tooths . Toward s t he end  o f  the per i od under  

consider a t ion , th is  p r o p o rt io n  r eprese n t ed abou t 2 3 0  

sheep , but  prev iously  f e wer r e p l acemen t s  we r e  av a i l ab l e , 

or  requi r ed , wh en the f l o c k  w a s  smaller . " 
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R am u s a g e  ( tab l e  9 . 1 )  was v e r y  unev en . Twe n t y- s e v en r am s  had 

1 0  or  l es s  daughter s , 30 r am s  h ad 1 1  to 50 d au g hte r s  and 6 

r ams h a d  more than  50  d au ghter s .  Twe n t y-three  r am s  were  used  

in  mor e  t han  one y e ar . Each  cons e c u t i v e  pair  of  y e a r s  h a d  at  

l east t w o  r ams i n  common . E ight  o f  the 6 3  s i r e s , repr e s ented 

by  1 78 d au ghter s ,  wer e  obt a i ned  from out s ide  t h e  f l o c k . 

Table 9 . 1  Summary  o f  t he num b e r  of d au ghters  s ired  b y  e ac h  o f  

R am R R  

1 1 
2 *  1 
3 1 
4 2 
5 1 
6 2 
7 1 
8 1 
9 1 

1 0 *  1 
1 1 1 
1 2 * 1 
1 3  1 
1 4  1 
1 5  1 
1 6  1 
1 7  1 
1 8  1 
1 9 1 
2 0  2 
2 1  1 

the  6 3  rams used i n  the f l o c k  from 1 9 6 1  to  1 97 2 . 

R R  i s  the r ear i n g  r ank  o f  t he s ir e  ( 1 = s i n g l e , 

2 =mu l t i p l e )  and  NoD i s  the number o f  d aught er s . 

A * mar k s  tho se  s i r e s  bo r n  out s i d e  the f l o c k . 

NoD  y e a r s  

1 4  6 1  
3 7  6 1 -63  
1 3  62  
1 5  6 5 , 66 
1 0  6 1  
26 6 1  , 62 
32 6 1 -63  
4 6 1  

25 62 , 63 
5 9  6 3-65 
1 2  6 4 , 65 
2 2  6 4  
1 0  6 3  
4 2  6 3 -66 
32 6 4 , 65 

1 6 4  
2 4  6 4-67 

4 6 4  
8 5  6 4-68 
1 5  6 5  
1 0  6 8  

Ram R R  

2 2  2 
2 3  1 
24 1 
25  1 
26 1 
27  2 
2 8 *  1 
29 * 1 
3 0  1 
3 1  2 
3 2  2 
3 3  1 
34 1 
3 5  * 1 
3 6  2 
37 1 
3 8  1 
39  1 
4 0  2 
4 1  1 
42 2 

NoD years  

1 2  6 6 , 6 7  
35  6 6 - 6 8  
1 0  6 6  
75  6 6 -70  

4 67  
1 4  6 7  
9 67  

1 6  6 7  
22 68  
1 1  6 8 
45 6 8 -70  

9 6 8  
1 8  68  
3 0  6 8 , 69 
1 0  6 9  
1 8  6 9 , 7 1  
9 6 9  
5 6 9  

1 8  6 9  
2 1  69 ' 7 1  
1 6  69  

R am RR  

43  2 
4 4  1 
4 5  1 
4 6  2 
4 7  1 
4 8  1 
4 9  2 
5 0  1 
5 1  2 
5 2  2 
5 3 *  2 
5 4 *  1 
5 5  2 
5 6  2 
57  2 
5 8  2 
5 9  2 
60 1 
6 1  2 
6 2  2 
6 3  1 

NoD  y e a r s  

1 0 2 70 , 7 1  
4 9  70 , 7 1 

9 70  
1 70  

7 1  7 1 , 72 
5 7 1  
9 7 1  

1 0  7 1  
5 7 1  

3 2  7 1 , 7 2 
1 7 2  
2 7 2  
2 7 1  
2 7 2  
6 7 2  

1 0  7 2  
2 3  7 2  

5 7 1  
1 3  7 2  

5 7 2  
1 35 6 8 -7 0  

Tab l e  9 . 2 Dam age me ans  for w e an in g  w e i ght , h o g get we i ght  a n d  

number o f  l ambs wea ned . 

d am 
a g e  

2 
3 
4 
5 
6 +  

no . o f  
ewe s 

363  
355 
265 
204 
209 

we a n i n g  
we ight 

2 3 . 3  
2 3 . 8  
2 4 . 1 
2 3 . 2  
2 4 . 2  

hogget  
we ight  

3 8 . 5  
3 9 . 6  
3 9 . 2  
38 . 7  
3 9 . 4  

no . o f  l am b s  
wean ed  

0 . 8 65  
0 . 8 62  
O . R 7 9  
0 . 9 02  
0 . 85 2  
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Table  9 . 3  Year  means  for w e an i n g  w e i ght , hogget  w e i ght and  

number o f  l ambs w e a n e d . 

year n o . o f  w e an ing ho g g et n o . o f  l am b s  
born ewe s  wei g h t  we i gh t  weaned I 

6 1  52 24 . 8  3 5 . 5  0 . 904  
' 

62  76 23 . 1  3 9 . 3  1 .  0 1 3 
6 3  77 2 1 . 6  3 7 . 6  0 . 94 8  
6 4  6 9  22 . 1 3 6 . 2  0 . 95 7  
6 5  1 1 5 20 . 6  3 3 . 6  0 . 930  
66  87  22 . 7  3 5 . 6  0 . 770 
6 7  98 25 . 3  3 5 . 9  0 . 9 1 8  
6 8  1 48 24 . 6  4 2 . 8  0 . 959  
6 9  1 83 25 . 1 4 0 . 9  0 . 80 3  
7 0  1 49 24 . 5  4 1 . 2  0 . 799  
7 1  2 1 2  23 . 3  3 9 . 6  0 . 792  
7 2  1 30 24 . 7  4 2 . 1 0 . 862  

Metho d s  for e s t im a t i n g  the her i t ab i l ity  of  s om e  a s pe c t s  o f  

r eprod u c t i ve p e r formance  we re  compar ed . Th e t r a i t  o f  p r imar y 

i mpor t a n c e , NLW , was an a l ysed  a s  a mu l t i pl e- th r e s h o l d  tra i t  

and a s  a comb i n a t ion o f  two t r a i t s . Th e mu l t i p l e- thr esho l d  

model impl ies t h a t  the g e n e t i c  and  env i ronmen t a l  fac t o r s  

w h i ch cont rol  wh ether or n o t  a e w e  l ambs , a l so c o n trol  the 

n umber o f  lambs  she actu a l l y  h as . The mu l t i p l e - threshold  

model al l ows for  d i ffe r e n t  fac t o r s  to control  the s e  two 

a spec t s  o f  the t r a i t  NLW . The  r e s u l ts i nd i c a t e  wh i ch o f  

these mod e l s  i s  more sat i s factor y .  

The fo l l owing  t r a i ts w e r e  der i v ed from NLW . 

Dry-or-not  ( D ) , a b i n a r y  t r a i t  w i th 1 i n d i c at i n g  the ewe 

d id not r e ar an y l ambs . 

S ing l e- or-not  ( S ) ,  a b i n a r y  t r a i t  w i th 1 i n d i c a t i n g  the ewe 

reared a s ingle  l amb . 

Twins- or- not ( T ) , a b i n a r y  tra i t  w i th i n d i c at i ng the ewe 

r e ared tw i ns .  

L ambe d - or- no t ( L ) , a b i n a r y  tra i t  w i th 1 i n d i c a t i n g the ewe 

r e ared o n e  or mor e l amb s . 
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Genet i c  anal yse s of  these  data  m a y  u t i l i ze  both s i r e  and  d am 

i n form a t ion . T h e  thre e  facto r s  R REWE , R RDAM � n d  R RS I R E  

i nd icate  whether  the ewe ' s  d am , mate r n a l  gr and am and  p a te r n a l  

g r andam , r es pec t i vel y , r a i s ed a s i n g l e  or  twi n  l ambs . These  

facto r s  were  used  to per form parent-offspr i n g  r egre s s i o n  

analyse s  o n  the t r a i t  tw i n s-or- not g i ven l ambed  b u t  w i th two 

q u al i f i c a t i on s . The f a c t o r s ar e c o nd i t i on a l  o n  l ambed - or - n o t  

s ince a n  an imal c a nnot l e a v e  prog e n y  i f  i t  i s  n o t  r e ar ed . 

Second l y ,  they r e fer to v ar ious  ( un sp e c i fied ) d am ages  

wherea s twi ns- or-not  refer s s p e c i fi c a l ly to t h e  two - y e a r - o l d  

l ambi n g . These qual i f i c a t io n s  would  b e  remov e d  i f  the 

two-tooth  repr o d uc t i v e  per form ance r e cords  w e r e  a v a i l ab l e  on  

t he dam s  and  gr a n d ams . 

Th e s i r e  id ent i f i c a t ion  enab l ed pat e r n a l  hal f- s i b  e st im a t e s  

o f  gen e t i c  par ameters  to  b e  obt a i ned . S i r e s  we r e  a ssumed 

unrel a t ed in the s e  anal y s e s  s in c e  g enet i c  r e l at i o n sh i p s  w e re 

not  known . R R EWE  and R R DAM wer e  i nc l u d ed a s  c o v a r i at e s  s ince  

the  g e n e t i c  i n forma t i on  in  them  com e s  from the  d am s i d e  and 

i s  i nd e pendent  of the s i r e . R REWE cont a i n s  a m a t e r n a l  

env ironment  com ponent a s  we l l  a s  a maternal  ge n e t i c  

c ompo n e n t . Th i s  i s  par t i c u l a r l y  impo r tant fo r the con t i nuous  

t r a i t s  WW and HW . 

No  attempt was  made  to  e s t imate  the r epeat ab i l i t i e s  o f  a n y  o f  

these tr a i ts o v e r  incre a s i ng d am a ges . We an i n g  and  hog g e t  

weigh t s  were a n a l ysed a s  cont i n uous  t r a i t s  wh i ch may b e  

g enet i c a l l y  and / or env i r onmen t a l l y  corr elated w i th 
r eprod u c t i ve per forman c e . Dam  age  ( DA )  and  y e ar born  { YB )  

were  i n c l uded i n  the mod e l s  a s  f i x ed effe c t s . 

A l l  a n a l yses  w e r e  per fo rmed u s i n g  REG { G i lmou r , 1 9 8 3 , s e e  

s e c t i o n  6 . 3 ) .  
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9 . 1 .  Anal y s i s  of  P e r e nd a l e  d at a  by  o r d inar y mul t i v a r i ate 

l east  squ a r es 

The t r a i ts WW , HW and  NLW we r e  anal ysed  by ord i n a r y  

m u l t i v a r i at e  l e as t  squ a r e s  f i t t i ng the fac tors  d am a g e  ( DA ) , 

y e a r  of  b i r th ( YB ) , r e ar ing  r a n k  o f  ewe ( R R EWE ) , r e a r i n g  r a n k  

o f  dam ( R R DAM ) a n d  s i r e s . S i r e s  were i n c l u d ed e i ther  a s  

R RSIRE  o r  a s  6 3  i nd i v i d u a l  s i r e  e ffec t s . I n  t h e  l atter  c a s e , 

H e nderson ' s  ( 1 9 5 3 ) Method 3 w a s  u s e d  to est imate  v a r i an c e  and  

covar i a n c e  components  ( t able  9 . 4 )  for the f a c tor  s i r e s  und e r  

t h e  ful l model . H er i ta b i l i t i e s  d er ived from the s e  v a r i an c e  

c ompo n e n t s  a r e  i n  tab l e  9 . 5 .  

T a b l e  9 . 4  V a r i an c e  and covar i an c e  compon en t s  e s t i m a t ed by 

H e n d erson ' s  ( 1 9 5 3 ) Method  3 .  Covar i an c e  components  

are  bel ow and co r r e l at i o n s  are  above  the  d i agon a l . 

E r ror 

T r a it  

compone n t s  - on  1 3 1 6  d eg r e e s  o f  freedom 

we an i n g  hogge t  n umber o f  l ambed -

Wean ing  w e i ght  
hogget we ight 
n o . of  l ambs 
l ambed -or- n o t 
t wins- or-not  

we i ght we i g ht  l ambs  or- n o t  

8 . 60 . 5 1 6  . 027 . 0 3 6  
5 . 64 1 3 . 9  . 0 20 - . 0 0 3  
. 0 42  . 0 4 1  . 288 

. 04 3 1  - . 0 0 4 9  
- . 00 0 4  . 04 5 4  

. 1 6 7 

. 0 2 0  

S i res com ponen t s  - on 6 2  
- us ing  

deg r e e s  of  freedom 
k coeff i c i en t  1 7 . 7 4 

T r ait 

wean ing  we i ght  
hogget we i ght 
no . o f  l ambs 
l ambed - or - n o t  
twins- o r - n o t  

wean i n g  
we ight 

. 32 1  

. 1 56  
. 0042  

- . 00 3 1 
. 007 3 

hogg e t  no . o f  l ambed -
w e i ght l ambs or - n ot 

. 25 7  
1 • 1 5  

. 02 6 6  

. 0 0 3 8  

. 0228  

. 1 1 5 

. 3 86 
. 004 1 

- . 9 9 1  
. 0 65  

. 0 0 3 0  
. 00 0 1 4  

twi n s ­
or-not  

- . 0 0 1  
. 0 4 2  

. 1 6 8  
. 08 2  

twi n s ­
or-not  

. 2 1 0  

. 55 1  

. 0 8 9  
. 00 0 8 2  

Table  9 . 5  H e r itab i l i t i e s  o f  f i v e  t r a i t s  b y  H e n d e r son ' s  ( 1 9 5 3 ) 

M e t hod 3 .  

T r a i t  

H er itab i l ity  

we a n i n g  
w e ight 

. 1 4  

ho g g e t  
w e i ght 

. 3 0 

no . o f  l ambed ­
l ambs o r - not  

. 056 . 07 1  

twi n s­
or-not  

. 04 0  
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T h e  conc l u s i o n s  from the se  a n a l ys e s  are : 

1 )  The wean i n g  a nd hogget  we i g h t s  o f  ewe l ambs  were  l ower  

( P <0 . 05 )  if  t he y  wer e  reared  as  a twi n  than i f  the y w e r e  

r eared a s  a s i n g l e  l amb and  d i ff e r e d  ( P <0 . 05 )  betwe e n  years  

( year  born  is  fu l l y  con found ed w i th ye ar  mea s u r ed ) .  

2 )  The wean i n g  we ight o f  ewe l ambs  from two- tooth d am s  w a s  

l ower ( P <0 . 05 )  than for ewe l ambs from older  d ams . 

3 )  The hogget w e i ghts w e r e  lower  ( -0 . 9  +0 . 2  kg , P < 0 . 05 )  for 

tho se ewe l ambs who s e  s ir e  w a s  r a i s ed a s  a t w i n  t h a n  for 

those ewe l ambs  who se s i r e  wa s r a i s ed a s i n gle  l am b . Th i s  

s uggests  a neg a t i ve gen e t i c  r e l a t i onsh i p  betwe en  twi nn i n g and 

hogget we i ght . 

4 )  None  o f  the fac tors  i n  the mod e l  a ffected  NLW ( P >0 . 05 ) , 

the number  of  l ambs we aned , a n a l y sed  a s  a cont i n uous  t r a i t . 

When anal y sed a s  two tr a i ts , l ambed-or-not a nd tw i n s - or-not , 

l ambed -or- n o t  was l ower ( P < . 05 )  for  ewes  who se  d ams  w e r e  

r e ared a s  twin s . YB  d i ffered  ( P < . 05 )  wh en f i t t e d  before  

s i r e s  but not  when f i t t ed aft e r . 

9 . 2 .  A nal y s i s  of b i n a r y  tra i t s  on the prob i t  s c a l e  u n d e r a 

f i xed e f f e c ts mod e l  

I t erat i v e  re-w e i ghted  least  s q u a r e s  w i th the prob i t  

t r ansformation  was  used t o  an a l y s e  the b i nom i a l  t r a i t s  

l ambed- or- no t , twi n s-or-not  a n d  twins-or-not  g i v e n  l ambed . 

The mod e l  inc l u d ed the f actors  Y B , DA , R REWE , R R DAM and  

R RS I RE . S i res  wer e not i n c l ud ed a s  separ ate  e f fe c t s  i n  the  

mod el  to  a v o id i n s t ab i l i t y  i n  the  i t erat i v e  proc e s s  resu l t i ng 

from few obse r v at i ons per  s i r e  a n d  to keep  the mod e l  sm a l l .  

The thr e e  rear ing  r ank f a ctor s , R REWE , R R DAM and  R RS I R E , wer e 

coded 0 f o r  r e ared as a s i n g l e  and  1 for r e ared a s  a t w i n . 

Thus , t h e  corr espond ing  regres s i o n  coef f i c ient s r e p r e s e n t  the 

d i fferen c e s  ( on the prob i t  s c a l e )  between rear i n g  r an k  

sub-popu l at i o n  mean s . 
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N one o f  the fac t o r s  i n  the  prob i t  a n a l y s e s  were  s i gn i f i c ant  

e xcept for  YB  a n d  RRDAM o n  l ambed-or- not  whe r e  RRDAM h a d  a 

n e gat i v e  coe f f i c i ent  ( co n s i s t e n t  w i t h  the anal ys i s  o n  t h e  0 , 1 

s c a le ) . The f r equenc i e s  of  w e a n i ng types  for the  two R R DAM 

c l asses  ( un ad j u s t ed fo r year o r  o ther e f fects ) wer e  

n umber o f  l ambs  

R RDAM: s i ngle  

R RDAM : twin  

0 

1 6 4 ( 20 % ) 

1 4 4 ( 25% ) 

1 

5 82 ( 7 1 % ) 

3 79  ( 6 5 % )  

2 

7 0  ( 9 % )  

5 7  ( 1 0% )  

T h ere  i s  no i mme d i ate l y  obvious  e x p l a n a t ion a s  to why ewes  

whose mo thers  were  reared  a s  tw i n s  were  more  l i k e l y  to be  d r y  

t h an ewe s  who s e  mothe r s  were  r a i s ed a s  s in g l e  l am b s . Th i s  

s ugge s t s  that NLW i s  not  a doub l e - thr e shold  tr a i t  bec a u s e  the 

n egat i v e  s i g n  i nd i c ates  a nega t i v e  g e ne t i c  cor r e l at i on and  

c ontr ad i c t s  the c oncept  that  the e n v i ronmen t a l  and  gene t i c  

f actors  whi ch con trol  wh e ther a e we l ambs a l so co n t r o l  the  

n urn  be r o f  1 am b s . 

H e r itab i l i t i e s  on  the u n d er l y i n g  s c a l e  were est imated  from 

the r egres s i o n  coe ff i c i ents  for  RREWE , RRDAM and  R RS I R E u s i n g  

F alconer ' s  ( 1 9 6 5 )  method  desc i bed  i n  s ect ion  2 . 3 . 1 .  The 

e st imates  are in  table  9 . 6 . Ad apt i n g  equat i o n  2 . 9 ,  

h e r itab i l ity  i s  

2 b 
h = - - ­r d 

( 9 .  1 ) 

wh ere  b i s  t h e  mean d i ffer e n c e  betwe e n  the r e l at i v e s  o f  

the ' a f fe cted ' and  the r e l at i v e s  o f  the ' un a f f e c ted ' 

groups , t he res ponse , 

d i s  the d i ffer ence  in  mean  between ' affected ' a n d  

' unaffec ted ' gro ups , t h e  sel e c t ion  d i f f e r e nt i a l , and  

r i s  the  c o e ff i c i e n t  of  r e l at i on s h i p  between  the  

classi f i ed  sub j e c t s and  the i r  r e l a t i ves . 

I n  th i s  case , the  c l a s s i f ied s u b j ects  were  the d ams  ( fo r  

R R EWE ) , the m a t e r nal g r an d ams ( for  R R DAM ) a nd  the p a t e r n a l  

g r an d ams  ( fo r  R RSIRE ) .  The r e l at i v e s  were t h e  two - tooth ewe s 

w i th the reprod u c t ive  p e r forma n c e  reco rd . A d i ff i c u l t y  w ith  

a pply ing  thi s m e thod to  this  d ata  ar i se s  w i th the d e f i n i t i on  

o f  d ,  the  d iffe r e nce bet ween the  mean s o f  the  ' a f f e c ted ' and  
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' un a f fec ted ' g rou p s . As  emphas i ze d  b y  J ames and M cGu i r k  

( 1 983 ) , the r e l e v ant p r o port i o n s  t o  u s e  i n  c a l c u l at i n g  these 

means are  the popu l at ion  proport i o n s , n ot just the 

p r opo r t i o n s  i n  the samp l e .  Th e p r opor t i o n  of  t w i nn in g  

two-tooth ewe s  was  taken  a s  1 2 % [ 1 27 / ( 1 27+9 6 1 ) ] .  T h e  

d i ff i c u l t y  i s  t h a t  the c l as s i fi c a t io n  w a s  not mad e on a 

two- tooth l am b i n g  reproduc t i v e  per fo rmance  r ecord  b u t  o n  a 

r ecord  from an  u n s p ec i f i ed age . The  i n c id ence  o f  twi n s  i n  

t h e  mixed  age  ewes  appe a r s  t o  b e  2 3 J  [ 2 6 3 . 5 / ( 8 6 9 +26 3 . 5 ) ]  

p rov ided the r e  i s  no d i f ferent i a l  i n  s u r v ival  b e tween l ambs  

o f  d i fferent  s e x . U s i n g  the  po pu l at i o n  i nc i d e n c e  o f  . 1 2 1  

g ives a thresh o l d  value o f  1 . 1 7 and o r d inate  o f  . 20 1 3  from 

the  stand ard normal  c u r v e .  Th e d i ffer e nce  in m e a n s  i s  then  

. 20 1 3 - . 20 1 3 d = -:121 - - : 8 7 9 - -
= 1 . 664  + . 229  = 1 . 89 3  

Th e her i t ab i l i t y  est imates  for l am b e d - or- not and 

twinned -or- n o t  in  tab l e  9 . 6  were  c a l c u l ated assu m i n g a 

ge n e t i c  cor r e l ation  o f  1 be tween t h e s e  tra i t s  and t h e  tra i t  

t w i nned - or- not  g i v en l ambed . 

T a ble 9 . 6 H e r i t ab i l i ty  on the prob i t  scale  b y  F a lcon e r ' s  

( 1 9 6 5 ) method . 

f a ctor 

R R EWE 
R RDAM 
R R SIRE  

( r )  i s  the coe f f i c ient  o f  rel at ionsh i p . 

( b ) i s  the  regr e s s ion coe f f i c ient . 

( h
2

) i s  the h e r i t ab i l i t y  est imate  u s i n g  eqn . 9 . 1 .  

l ambed - or- not  

( r ) ( b )  ( h2 ) 

. 5 . 1 22 . 1 29  

. 25 - .  1 92 - . 406  

. 25 . 1 35 . 286 

twi n s-or- not  

( b ) ( h 2 ) 

. 07 1  . 075  

. 075 . 1 59 

. 090  . 1 90 

tw i n s-or-not  
g i v en l ambed 

( b )  ( h2 ) 

. 05 9  . 062  

. 1 25 . 264  

. 07 4  . 1 57  

The  est imates  of  her i t ab i l i t y  in  t ab l e  9 . 6 r e fe r  to t h e  

u nder l y i n g norm a l  sca l e . They w e r e  compared w i t h  t h e  former 

e st imates  ( t a b l e  9 . 5 )  u s i n g  the r e l a t ionsh i p  ( Dem p s t e r  and  

L erner , 1 950 , s e e  equa t i on  2 . 2 ) 
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h 2 z2 h2 
( 9 . 2 )  = I>r;:p ) p 

where h 2 i s  her i t ab i l it y  o n  the ( 0 ' 1 ) s c a l e , p 

h 2 i s  her i t a b i l i t y  o n  the u n d er l y i n g  norma l  s c al e , 

p i s  the m ean pro p o r tion  w i th the t r a i t  a n d  

z i s  the o r d i nate o f  the s t a n d ard  normal  c u r v e  

c orrespond ing t o  an  intr e g r a l  o f  p .  
The  est im ates o f  h er itab i l ity  o n  the under l yi n g  s c a l e , u s i ng 

t h i s  re l a t ionsh i p  on the v alues  f rom t a b l e  9 . 5 ,  were  0 . 1 40 

for  l ambed-or- not and  0 . 1 22 for tw i n s-or-no t . 

F a l coner ' s  method of  a n a l ys i s  has  th e advan t a g e  o f  p ro v id i n g  

s ome  i n s i ght i n t o  the a p p l i c ab i l i t y  o f  t h e  mod e l  i n  t h a t  t h e  

e st im a t e s  from v ar iou s r e l at i v e s  sho u l d  concur  i f  t h e  m o d e l  

i s  app r o pr i at e . I t  a l s o  ind i c a t e s  the d i r e c t i o n  o f  a n  

e ffect ; est im a t i o n  by  a v ar i an c e  component s a pp r o a c h  a s sumes  

a pos i t i v e  intr a c l ass  c o r r e l at i o n . 

Th e mod el f i t ted on the  prob i t  s c a l e  w a s  rev i s ed  by the  

i n clus i o n  of  hog g e t  we i g h t  as a c o v ar i ate  to  ad j u s t  for the  

m ater n a l  effec t . The b i g gest c h a n g e  i n  the rev i s ed  est im ates  

( t able  9 . 7) was  that the her i t ab i l i t y  est imate  for 

t wins- or-not b ased  on  R REW E h ad doub l ed .  

Table  9 . 7 H e r i t ab i l i t y  on the prob i t  scale  u s i n g  F a l coner ' s  

method after  inc l u d i ng ho g g et we i g h t as  a c o v ar i a te  

and  assum ing gen e t i c  cor r e l ations  o f  1 .  

f actor  

R REWE 
R RDAM 
R RSIRE  

( r ) i s  the  coe f f i c ient  of  r el at i o n sh i p . 

( b ) i s  the  reg r e s s ion  c o e f f i c i e n t . 

( h
2

) i s  the her i t abi l i t y  est imate  u s i n g  eqn . 9 . 1 .  

l ambed -or-not  twi n s-or- not tw i n s - o r - not  
g i v en l ambed 

( r )  ( b ) ( h2 ) ( b )  ( h 2 ) ( b ) ( h2 ) 
. 5 . 1 2 5  . 1 32 . 1 23 . 1 3 0  . 1 2 2  . 1 29 
. 25 - .  1 9 3 - . 4 0 8  . 069 . 1 46 . 1 2 1  . 25 6  
. 25 . 1 3 6 . 288 . 1 1 2 . 2 3 7  . 1 0 3  . 2 1 8  
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S i r e  ev a l u at ion 

S i r e s  were r anked  u s ing  the  r es i d u a l s  ( on the 0 , 1  s c al e )  from 

the prob i t  ana l y s i s  ( r e s i d ual s o n  the p r ob i t  s c a l e  wi l l  a l l  

b e  p lus  o r  minus  i n fin i t y ) . T h e s e  r e s i dual s w e r e  r ea n a l ysed 

i n  a m i x ed mod e l  a n a lys i s  us ing  b in om i a l  we i gh t s  c a l c u l a ted 

from the e xpe c t e d  value s obt a i n e d  from the prob i t  ana l y s i s . 

T ab l e  9 . 8 S i r es i n  order  o f  a ver a g e  r an k  for l ambed - or-not  

and  twins - or- not . R a n k i n g s  a r e  b ased  on  weigh ted  

r es idua l s  from the  pro b i t  analyse s .  

l ambed - twi n s - l am b e d - tw i n s-
S i re d e t a i l s  o r -not or -not S i re d e tai l s  o r- n o t  o r-not  
i d  NoD RR r an k  r ank i d  NoD R R  r an k  r a nk 

4 0  1 8  2 2 1 1 3  1 0  1 5 0  1 4  
5 7  6 2 4 8 2 5  7 5  1 4 1  2 4  
2 8  9 1 1 1 4 3 2  45 2 3 6  29  
1 5  32 1 1 8  3 1 1 1 2  1 5 3  1 3  
5 0  1 0  1 1 0  1 2  4 5  9 1 5 62 
35  3 0  1 1 2 1  1 8  4 1 7 6 3  
4 8  5 1 1 3  1 0  9 25 1 3 9  32  
27  1 4  2 1 2  1 7  2 9  1 6  1 3 8  34  
6 1  1 3  2 1 4  1 8  1 0  59  1 2 1  5 1  
3 3  9 1 28 6 5 2  32 2 4 8  25 

7 32 1 3 3  5 1 2  22 1 3 4  4 1  
2 2  1 2  2 23  1 5  4 2  1 6  2 1 9  5 6  
4 7  7 1  1 20 20  3 4  1 8  1 2 7  5 2  

3 1 3  1 2 4  1 9  1 4  42 1 3 2  4 8  
1 7  24 1 1 5  3 1  2 1  1 0  1 5 5  26 
2 37 1 37 1 1  2 0  1 5  2 5 1  35 

5 5  2 2 4 7  2 3 0  22 1 4 9  4 0  
6 3  1 35 1 29  22  8 4 1 4 0  4 9  
2 3  35 1 25 2 7  4 1 5  2 5 7  3 3  

6 26 2 9 4 3  3 8  9 1 4 4  4 6  
3 1  1 1  2 4 6  7 6 2  5 2 3 1  5 9  
1 9  85 1 1 6  3 9  4 1  2 1  1 6 2  3 0  
4 4  4 9  1 35 23  5 3  1 2 6 0  37  
4 3  1 02 2 30 28 5 6  2 2 5 4  4 7  
5 9  2 3  2 4 3  1 6  4 9  9 2 4 2  6 0  
4 6  1 2 22 38 5 4  2 1 6 1  4 2  
2 4  1 0  1 52 9 3 9  5 1 5 9  4 5  
6 0  5 1 1 7  44  5 1  5 2 4 5  6 1  
5 8  1 0  2 3 58  5 1 0  1 5 8  5 3  
1 6  1 1 26 36  37  1 8  1 5 6  5 5  

1 1 4  1 8 54  2 6  4 1 6 3  50  
3 6  1 0  2 6 57 



That  i s , the equ a t ions  

X ' WZ [ � � �� Z ' WX Z ' WZ + 

( 9 . 3 )  

w e r e  sol v ed  whe r e  X was the  1 v ector , Z was  the s i r e s  

i n c i d ence  matr i x , b was a mea n , s was  a vector  o f  s ir e  

br eed i n g  v alue s , y was t h e  vector o f  r e s i d u a l s , I w a s  a n  

i d entity  m at r i x  a n d  k was  ( 4-h
2) !h 2

• 
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T h i s  an a l ysis  w a s  perfo rm ed on l ambed- or-not a nd twi n s - or- not  

u s ing  k = 25 . 67 corr espond in g to a her i tab i l i t y  o f  0 . 1 5 .  The  

r e sul ts  are  in t a b l e  9 . 8 .  

9 . 3 .  Analys i s  o f  the Perend a l e  d at a  u s i ng the  l og i s t i c  

l inear  m i xed mod e l  

The  d at a  were d e s c r ibed i n  the p r e c ed ing  s e c t i o n s . The mod e l  

u sed  i n  the ana l y s es  r e po r ted in  th i s sec t i on i n c l uded  R R EW E , 

DA ( d am age ) and  YB ( ye a r  o f  b i r th ) a s  fi x ed effe c t s , a n d  

s i r e s  a s  a ran d om e ffe c t s  factor . T h e  s i r e s  w e r e  r e g ar d ed a s  

u n r e l a t ed . 

The t r a i t s  an a l ysed we r e , i n  terms o f  impl i c i t  b inar y 

v ar iab l e s : 

1 )  l ambed -or- n o t  e st imat i ng the prob a b i l i t y  o f  l amb i ng , 

2 )  twi n s -or-not  est imat ing  the  proba bi l i t y  of  tw i n n i n g , 

3 )  l amb- t ,  a thr esho l d  t r a i t  est imat i n g  the probab i l i t y  o f  

( 1 )  be ing  d r y  a n d  ( 2 )  b e i ng d r y  or  hav i n g  a s i n g l e  l amb . 

4 )  l amb- e ,  an  e x trema l  t r a i t  e s t imat i n g  the p r o b ab i l i t y  o f  

( 1 )  b e i n g  d r y  a n d  ( 2 )  hav ing  a s i ngle  l amb . 

5 )  WW ,  the wean i n g we i g h t  of  the ewe . 

6 )  HW , the  hog get  we ight  o f  the ewe . 

The s e  tra i t s  were  analysed s eparately  us ing the approp r i a t e  
l o g i s t ic o r  usual  mixed model  equa t ions . The resul t s  a r e  

s ummar i zed in  t ab l es 9 . 9  a n d  9 . 1 0 .  The four  categ o r i c a l  

t r a i t s  were  then  anal y s ed with hogget  we i ght  i n  a mu l t i p l e  
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tra i t a nalys i s  u s ing  the  genet i c  v ar i a n c es obt a i n ed from the 

s ingle  t r a i t  a n a l yses . 

Tabl e  9 . 1 1  d i s p l a y s  some o f  the v a l ue s  o bta i n ed when  

a ttempt i ng to  l o c ate  a s o l ution  for  the  v ar i an c e s  and  

covar i a n c e s  o f  t he extremal  t r a i t  l amb- e u s i n g  the  method  

d escr i b e d  in s e c t ion  6 . 3 . 2 . It  demon s t r ates  that  the  v al u e s  

incl ud ed i n  tab l e  9 . 9  a r e  r ea s o n ab l e . 

Tabl e s  9 . 1 2 and  9 . 1 3  cont a i n  some r e s u l t s  from a t t empt i n g  to  

e stimate  genet i c  cov a r i a n ces  be tween the four  c at egor i c a l  

t r a i t s  and  hogg e t  weight . The me thod u s ed i s  d e s c r i b ed i n  

· s ection  6 . 3 . 2 .  Env i r onmen t a l  error  c orrel a t i o n s  o f  - 0 . 3 , 0 . 0  

and 0 . 3  were u s ed for the  thr e sho l d  t r a i t s and  error  

corre l a t ions o f  of  0 . 0  u s ed for  the e x t r emal tr a i t . 

D i sc u s s ion 

The e ffect  o f  u s i n g  d i ffer e n t  mod e l s for a c ategor i c a l  t r a i t  

may b e  seen i n  t able  9 . 9 .  The  thr e s ho l d  tr a i t  l amb- t , i s  

equ i v al ent  to the  two b i n ar y  t r a i t s l ambed-or-not  and  

twins- or-not a fter s w a p p i n g  zeroes and  ones . Thus , e x cept  

for  the change  in  s ign , t h e  reg r e s s i o n  coeffi c i e n t s  are  

o b v iou s l y  s im i l ar .  The  d ev i a n c e  used  for  tes t i n g the 

s i g n i f i c ance  of f i x ed ef fects  affe c t i n g  a thre sh o l d  t r a i t  has  

not been  part i t i oned  i nto  sepa r a t e  com p o nents  for  each t r a i t  

o r  i nto average  and d i f f e r ence c omponen t s . Th i s  cou l d  b e  

done w i th more p r o gr amm i n g . The r egre s s ion coe f f i c ien t s  for 

l amb- e appe ar q u i te d i f f erent but th i s  i s  pr i n c i p a l l y  b e c au s e  

o f  the form  of  the mul t i nom i al le g i t  tr a n s forma t i on . T h e  

f i rst  v a r i able i n  l amb- e i s  d r y-or- n o t  wh i c h  i s  t h e  o ppos i t e  

o f  l ambed-or- not . A r e l at i o n s h i p  c an b e  seen  b y  comp ar i ng 

the coe f f i c ien t s  for the s e  tr a i t s  a c r o s s  facto r s  wh i c h  a r e  

d ev i a t i o ns  ( R R EWE  a n d  y e ar of  b ir t h ) . 

Tabl e 9 . 1 0 co n t a i n s  the est imates  o f  her itab i l i t i e s  o bt a i n ed  

under the log i s t i c  l i near  m i x ed model  ( L LMM ) . These  were  

compared  with those  in  t a b l es 9 . 6  and  9 . 7 ,  b a s ed on  e qu a t i o n  

9 . 1 ,  and  those  o bta i ned from tab l e  9 . 5  u s i n g  e q u a t i o n  9 . 2 .  



1 3 7 

The m a j or  d i f f e r ence  i s  that  the h e r i t ab i l ity  o f  

l ambed - or-not  i s  ver y smal l un der the  LLMM b u t  i s  0 . 1 4  u s i n g  

e quat ion  9 . 2 .  I t  cou l d  b e  argued th a t  the lowe r v a l ue i s  

more l ik e l y  t o  b e  true  b e c a u s e  th i s  i s  a t r a i t  under  

n c ontinuous  nat u r a l  s e l ec t i on . 

Another inter e s t i n g  a s p e c t  o f  the her i t ab i l i t y  e s t im a t e s  i s  

the l ow heritab i l i t y  o f  l amb- t d es p i t e  the v al u e  o f  0 . 1 4 3 for  

twins- or-no t .  Th i s  s trong l y  s ugge s t s  that  the  genet i c  

pred i s po s it ion t o  l amb i n g  i s  qu i t e  d i fferent  t o  the  

p red ispo s it ion to  twi nn i n g , an o b s e r v a t ion also  ev ident  i n  

t able  9 . 8 . 

The h e r i tab i l i t y  est imates  u n d er the e x trem a l  mod e l  we r e  

s l ightl y higher f o r  d r y -or-not  than t h e y  we r e  for  

l ambed-or-not  ( it s  c omplement ) .  Th i s  suggests  it  i s  

i mportant  t o  t r e a t  number o f  l ambs a s  a n  e x tr em a l  char a c t e r , 

the gene t i c  rel a t i on sh i p  between the  categor i e s  d o e s  n o t  

fol l ow the thr e sho ld  mod e l . T h e  other  p o i n t  to  n o t e  i s  that  

the  imp l i c i t  her i t ab i l i t y  for t w i n s-or-not ( = 1 - d r y-or- n o t  

- s in g l e-or- not ) o b t a ined u n d e r  t h e  e x trem a l  est im a t e s  i s  

( 0 . 02 + 0 . 03 + 0 . 03 + 0 . 07 3 ) = 0 . 1 5 3 wh ich i s  c lo s e  t o  t h e  

d irect  est imate o f  0 . 1 4 3 .  

The c o n c lusion  from th i s  d i s c u s s ion  i s  that t h e r e  i s  l i t t l e  

s cope for  gen et i c a l l y  i n c r e a s i n g the p r o port i o n  o f  ewe s  

l ambing a s  two- tooth s b u t  there  i s  s cope  for i n c r e a s i n g  the 

l evel o f  twinn i n g , wh i c h  has a h e r i tab i l i ty  on  the und e r l y i ng  

, s cale  of  about 0 . 1 5 .  

The her itab i l i t y  est imat e s  for hogg e t  we ight  we r e  around  0 . 3  

which  i s  reason a b l y  h igh . I t  i s  o f  i nt e r e s t  to know wh e t h e r  

there i s  a genet i c  c orr e l a t i on bet ween h o g g e t  we i ght a n d  

r eprod u c t i v e  per formance  a s  s u c h  a r e l a t ionsh i p  may  enab l e  

increases  i n  s e l e c t i on p r e s sur e . The  onl y s trong  gen e t i c  

c orre l a t ions  i n  t ab l e  9 . 1 2 a re  for twins-or-not . The 

c orrel at ion  is  p o s i t i ve  r a n g ing fr om 0 . 406  a s su m i n g  an  

e nv iro nmental  c o r r e l at i o n o f  0 . 3 ,  to  0 . 885 a s su m i n g  an  
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env i r o nmen t a l  corr e l a t ion o f  -0 . 3 . The i n termed i ate  v a l u e  o f  

0 . 6275  i s  suppo r t ed b y  the corr e l at io n s  under  t h e  e x t r em a l  

model be i n g -0 . 6  ( im p l ying  0 . 6  for t w i n s- or-not ) .  Th i s  i s  

consi s t e n t  with t h e  estimate  of  0 . 55 obt a i ned b y  Hend e r s o n ' s  

( 1 953 ) Method 3 ( tab l e  9 . 4 ) . The a g r eement between these  

e s t imates  was e x p e c t ed on the  bas i s  of  the  s imu l at ion  s tu d i es 

b y  Ol au s son  and Ron n i n gen  ( 1 975 ) quo t ed i n  s e c t i on 2 . 2 . 3 . 

T h i s  c o r r e l ation  i s  po s i t i v e however , c o n t r a r y  to  the 

s i re- o ffspr ing  r e g r e s s ion res u l t  men t i o ned as  p o i n t  3 t o wa r d s  

t h e  end o f  sect i o n  9 . 1 .  There  i s  an  apparent  c o n t r ad i c t i o n  

betwee n  t h e  po s i t i v e  e s t imates  o f  gene t i c  cor r e l a t ion  a n d  the 

n egat i v e  s ire-offspr i n g  reg r e s s ion  c o e f f i c ient  ment ioned 

under po i n t  3 towards  the end o f  s e c t i o n  9 . 1 .  The un ad j u s ted 

hogget we i ght me a n s  fo r r e ar i ng rank of  s i r e  wer e  

R RS I R E  = s i ngle  3 9 . 037 

R RS I R E  = twin  3 9 . 1 39 

T h i s  d i fference o f  0 . 1 02 k g  i s  o f  oppo s i t e  s i g n  to  the 

ad justed  mean d i f feren c e . Tabl e 9 . 1 4  shows the breed i n g  

val u e s  for twi n s-or-not  a n d  hogget  w e i ght obta i n ed under  the  

a s sumpt ion  of  a g enet i c  correl a t i o n  of  0 . 625 . Table  9 . 1 5 

s hows the correl a t ions  be tween the  breed i n g  v a l u e s  and t h e  

r ear ing  r ank of  the  s ire . T h e  n e g a t i v e  r e l at i o n s h i p  be tween  

r e ar ing  r ank and  hogget  we i ght pe r s i s t s  e v en tho u gh the 

b r eed i n g  values  for twi n s - or- not are  po s i t i v e l y  cor r e l a t e d  

w i th both r ear i n g  r ank  and  hogget w e i ght . A l ar g e  compo n e n t  

o f  the negat ive  c o r r e l a t ion  i s  due  to  s i r e  5 8  wh i ch h a d  ten  

d augh t e r s  in  the d a ta . One  of  the s e  d aught e r s  had  a ho g g e t  

we ight of  25kg . Th e n e x t  lowe s t  w a s  32kg . I t  wou ld  a p p e a r  

t hat the l e ast s q u a r e s proced u r e s  h a v e  g i ven s pe c i a l  

d ominance  t o  th i s  low v a l ue . Th i s  does  not  ful l y  e x p l a i n  the  

c ontrad i c t ion but  does  po i nt up  the  need fo r u s i n g  

s ubst a n t i a l s e t s  o f  d ata  wh en an a l y s i n g  c a tegor i c a l  tr a i t s . 
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Tab l e  9 . 9 F i x ed e f f e c t s  for a l l  tr a i t s  est imated b y  m a x imum 

l i k e l ihood  s ingle  t r a i t  method s .  S t a t i s t i c a l  

s i gn i f i c a nce ( s i g . )  i s  i nd i c a t ed by n . s . ( p > • 05 ) , 
• ( P< .  0 5 ) and  • •  ( P < . 0 1 ) . 

D am age coe ff i c i en t s  

l ambed- twin s - l amb- l amb- wean i n g  hog g e t  
A ge  or- not or- not  thr e sho l d  e x trem a l  we i g h t  we i g h t  

2 1 . 2 0 -2 . 5 4 - 1 . 20 2 . 4 6 1 • 1 0 2 .  1 9  2 5 . 3  4 2 . 2  
3 1 . 1 8  -2 . 70 - 1 . 1 7  2 . 62 1 .  25 2 . 3 5 26 . 4  4 3 . 0  
4 1 .  1 8  -2 . 52 - 1 .  1 8  2 . 4 4 1 . 1 0 2 .  1 8  2 6 . 8  4 3 . 2 
5 1 .  4 4  -2 . 8 6 - 1 . 44 2 . 7 8 1 . 2 1  2 . 5 8 26 . 7  4 2 . 8  
6+  1 .  1 0  -2 . 6 5  - 1 . 0 8  2 . 59 1 . 21 2 . 27 27 . 3  4 3 . 4  
s i  g .  n .  s .  n . s .  n . s . n .  s .  • •  • •  

E f fect o f  ewe b e i n g  r a i sed as  a twin  rath er  than  a s  s in g l e  

l ambed - twin s - l amb- l amb- wean i n g  hog get  
o r-not o r-not  thresho l d  extr emal we i ght we i ght 

R REWE . 22 . 1 7  - . 23 - .  1 7  - . 32 - .  1 2  -4 . 1 - 1 . 9  
s i g .  n . s . n .  s .  n . s .  . n .  s .  * *  * *  

E f fect  of  years  r e l a t i v e  t o  year 1 ( 1 972 ) . 

l ambe d- tw i n s- l amb- l amb- w e a n i n g  hog get  
year or- not or - n ot t h r e sho l d  extr emal  we i g ht  we i g h t  

1 9 6 1  . 4 2 - . 3 1  - . 42 . 3 3  - . 0 4 . 4 1  . 1 -6 . 4  
1 962 . 7 5 . 6 1 - . 75 - . 62 - 1  . 1 7  - . 4 8 -2 . 0  -2 . 9  
1 9 63  . 0 1 . 9 1  - . 08 - . 82 - . 80 - . 8 8 - 3 . 6  - 4 . 6  
1 9 64 . 22 . 67 - . 20 - . 6 1  - . 74 - . 6 2 -2 . 1 -6 . 1 
1 9 65 . 3 1  . 3 3 - . 3 1  - . 2 3 - . 4 9 - . 24 - 3 . 8  -8 . 5  
1 9 66 - . 2 1 - 1  . 0 7  . 20 1 .  27 1 . 30  1 .  09  -2 . 0  - 6 . 5  
1 9 67 . 3 6 . 01 - . 36 - . 0 3 - . 32 . 02 . 5 - 6 . 6  
1 968 . 3 6 . 6 1  - . 38 - . 5 4 - . 7 9 - . 5 1  - . 6  . 4 
1 969 - . 23 - . 27 . 23 . 27 . 4 4 . 23 . 5 - 1 . 5  
1 970 - . 4 2 . 3 2 . 4 1  - .  3 1  . 0 3 - . 4 3 - 1 . 1  - 1  . 9 
1 97 1  - . 4 1 . 1 7 . 4 1  - . 1 1  . 20 - . 2 4 - 1  . 6 -2 . 9  

s i g .  * *  * * *  * *  * *  * *  
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Table  9 . 1 0 G e netic  a n d  env i r o nmen t a l  v ar i a n c e s , h e r i t ab i l i­

t i e s  and b r e ed ing  v a lues e s t imated b y  m a x i mum 

l ikel i h o od s ing l e  tra i t  m e thod s .  S i r e s  m arked 

an  aster i s k  were  r a i sed  as twi n s . 

E st ima t es of genet i c  a n d  env i r o nmen t a l  v ar i a n c e s  

�2 
u 

1 ambed - twin s­
o r -not o r-not  

. 0 0 3 3  . 1 1 82 

n . a .  n . a .  

l amb­
thresho l d  

. 003 3 

n . a .  

l amb­
e x t r emal 

• 020 • 0 3 0  
. 0 3 0 . 07 3 

n . a .  n . a .  

E s t imat e s  o f  her i t a b i l i t y 

l ambed - twins- l amb-
o r-not o r-not  thresho l d  

. 0040 . 1 4 33  . 0040  

l amb­
e x t r emal 

. 04 8  . 08 8  

E s tima t es of breed ing  v a lues o f  s ir e s  

l ambed- twi n s - l amb- l amb-
s i re or- not  or-not  t h r e sho l d  e x tremal  

1 
2 
3 
4 *  
5 

6 *  
7 
8 
9 

1 0  

1 1 
1 2  
1 3 
1 4  
1 5  

1 6  
1 7  
1 8 
1 9 
2 0 *  

2 1  
2 2 *  
2 3  

. 0 0 4  
- . 0 0 4  

. 002  
- . 0 0 6  
- . 005  

. 00 8  

. 00 1 
- . 0 0 1  
- . 0 0 1  

. 006 

- . 0 0 7  
- . 00 1  
- .  0 0  3 

. 0 02  

. 0 05  

. 0 0 1  

. 00 5  

. 00 2  

. 0 0 8  
- . 0 05  

- . 0 05  
. 0 0 2  
. 00 4  

- .  0 9 2  
. 1 1 5 
. 042 

- . 0 0 6  
- . 0 6 4  

- . 06 9  
. 279 

- . 0 3 1 
- . 0 4 2  
- .  1 79 

. 07 8  
- . 0 7 4  

. 0 3 5  
- . 3 5 6  

. 554 

- . 0 1 7 
- . 0 8 7  
- . 06 6  
- . 32 7  
- . 0 5 5  

- . 0 1 4  
. 050  
. 0 1 8  

- . 0 0 1  
. 000 

- . 00 3  
. 0 05  
. 00 6  

- . 0 0 4  
- . 009 

. 002  

. 002  

. 00 1  

. 004 

. 00 3  
. 002 
. 009 

- . 02 1  

- . 00 0  
- . 0 02  
- . 00 1  

. 004 

. 0 0 5  

. 004  
- . 00 3  
- . 005  

. 03 5  
- . 0 3 9  
- . 004  
- . 0 1 5 

. 003  

. 03 8  
- . 076  

. 004 

. 0 1 0  

. 06 3  

- . 03 9  
. 0 1 9  

- . 0 1 8  
. 1 04 

- .  1 42 

. 006  

. 03 6  

. 025 
. 1 07 
. 00 2  

- . 0 1 0  
- . 00 6  

. 006 

. 1 03 
- .  1 08 

. 000  
- . 06 3  
- . 0 1 7  

. 1 26 
- .  1 72 

. 0 0 1  

. 0 1 7  

. 1 7 2  

- .  1 25 
. 042  

- . 056  
. 25 0  

- . 30 3  

. 0 1 9  

. 1 1 0 

. 07 1  

. 27 5  
- . 0 1 8  

- . 04 6  
- . 002  

. 0 3 7  

wean i n g  hog g e t  
we i ght we i ght  

. 1 9 1 7  1 . 1 3 9 

9 . 1 44 1 4 . 6 7 

wean i n g  hogg e t  
we i ght we i ght  

. 0 82 . 288  

wean i n g  
we i g h t  

- .  1 0 1 
. 0 3 6  

- . 5 6 9  
- . 20 6  

. 27 3  

. 0 8 4  

. 3 4 5  
- . 0 7 9  

. 24 5  
- . 4 7 1  

- . 244 
. 1 4  3 
. 0 8 1 

- .  1 1 2 
. 1 8 3  

- .  1 4  3 
. 0 1 9  
. 2 9 8  

- . 0 5 9  
- .  1 97 

- . 0 1 9  
. 1 5 1 
. 3 9 7  

hog g e t  
we i g h t  

- . 07 6  
. 2 3 6  
. 3 3 1  
. 578  
. 7 8 9  

- . 6 6 0  
- . 8 9 1  
- . 2 9 6  

. 376  

. 4 9 5  

- . 4 70 
- . 5 5 6  

- 1 . 24 3  
- . 5 0 8  
1 • 4 8 6  

- . 5 1 8  
- . 2 3 8  
1 .  0 2 6  
- . 3 6 6  
- . 83 4  

- .  1 77 
- . 8 1 6  
1 . 80 9  

c o n t i nued  
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Table  9 . 1 0 continued Breed ing  v a l u e s  for  al l t r a i t s  e st imated  
by  max imum l i k e l ihood s i ngle  tr a i t method s .  S i r es 
marked w ith a n  a s te r i s k  were r a i s ed as  t w i n s . 

E st ima t es of  b r eed ing  v alues o f  s ires  

l ambed- twins­
s i re or- not o r - not 

2 4 
2 5  
2 6  
27 * 
2 8  

2 9  
3 0  
3 1 *  
3 2 *  
3 3  

3 4  
3 5  
3 6 *  
3 7  
3 8  

3 9  
4 0*  
4 1  
4 2 *  
4 3 * 

4 4  
4 5  
4 6 * 
4 7  
4 8  

4 9 *  
5 0  
5 1 * 
5 2 *  
5 3 *  

5 4  
5 5 *  
5 6 *  
5 7 *  
5 8 * 

5 9 *  
6 0  
6 1 *  
6 2 *  
6 3  

- . 0 0 4  
- .  0 1 0  
- . 0 0 8  

. 004  
. 00 1  

- . 0 0 2  
- . 0 0 5  
- . 00 1  

. 00 3  

. 002 

. 0 0 0  

. 0 1 8 

. 0 05  
- . 0 1 0  
- . 0 0 2  

- . 0 0 5  
. 0 1 2  

- . 0 2 1  
. 0 0 3  
. 0 04  

- . 0 0 5  
. 0 0 6  
• 0 0 1 
. 0 05  
. 002 

- . 00 1 
. 0 0 3  

- . 002  
- . 0 0 8  
- . 003  

- . 0 0 5  
- . 0 0 1 
- . 0 02 

. 0 05  

. 0 0 7  

- . 004  
. 00 1  
. 0 0 3  
. 00 1  

- . 0 0 1  

. 087  
- .  0 56  
- . 0 3 8  

. 084  
. 1 42 

- . 0 3 9  
- . 0 7 7  

. 1 70 
- . 0 1 0  

. 20 1  

- .  1 2 5 
. 044 

- . 07 2  
- .  1 2 9 
- . 0 5 8  

- . 0 3 5  
. 420  

- . 05 5  
- .  1 08 
- . 0 5 0  

- .  0 3 0  
- .  1 0 6 
- .  0 1 1  

. 03 9  

. 064 

- . 09 1  
. 009 

- . 05 5  
. 0 3 0  

- .  0 1 1 

- . 0 1 7  
. 09 9  

- . 0 1 8  
. 06 3  

- . 0 9 2  

. 1 32 
- . 046  

. 00 2  
- . 0 4 3  

. 09 5  

l amb­
t h r e shol d  

. 003 

. 0 1 0  

. 008  
- . 006  
- .  005 

. 00 3  

. 006  
- . 0 04  
- . 002  
- . 007 

. 003  
- .  0 1 7  
- . 00 3  

. 0 1 2  

. 00 3  

. 006  
- . 02 1  

. 02 1  
- . 0 0 1  
- . 0 02  

. 005  
- . 0 0 3  
- . 00 1 
- . 006  
- . 003 

. 0 02  
- . 003  

. 0 0 3  

. 007  

. 0 0 3  

. 00 5  
- . 00 1  

. 002  
- . 006  
- . 0 0 4  

. 00 0  
- . 00 0  
- . 00 3  

. 000  
- . 00 3  

l amb- wean i n g  hogget  
e x trem a l  we i g h t  we i g h t  

- . 034  
. 00 1  

- . 0 1 4  
- . 00 9  
- . 032 

. 006 

. 0 1 0  
- . 0 4 7  

. 00 9  
- . 048  

. 035 

. 0 30 
. 03 3 
. 006  
. 008 

- . 00 8  
- . 075  
- . 04 1 

. 0 37  

. 0 1 8 

- . 00 3  
. 04 4  
. 006  

- . 00 1  
- . 0 1 1 

. 02 1  

. 007 

. 00 8  
- . 026  
- . 006  

- . 0 1 2  
- .  0 2 9  
- . 00 1  
- . 00 2  

. 04 5  

- . 04 3  
. 0 1 5  
. 009 
. 0 1 3  

- . 03 0  

- .  1 00 
- .  0 4 1  
- . 07 2  

. 00 0  
- . 068  

. 004  
- . 000 
- .  1 1  4 

. 03 3  
- .  1 05 

. 0 8 4  

. 1 5 7 
. 1 04 

- . 038  
. 009  

- . 04 6  
- .  1 1 5 
- .  1 9 9 

. 1 02 

. 054 

- . 03 0  
. 1 3 1  
. 02 1  
. 0 2 1  

- .  0 1 7  

. 045  

. 0 3 4  
• 0 1 1  

- . 096  
- . 0 28  

- . 0 5 5  
- . 0 7 6  
- . 0 1 1 

. 020 

. 1 4 1 

- . 1 1 8 
. 0 4 1  
. 0 38  
. 0 3 4  

- . 069  

. 1 37 

. 04 4  
. 009 

- . 088  
- . 0 32  

- .  1 1 9 
. 37 3  
. 032  

- .  1 87 
. 0 36  

. 02 4  
- . 0 8 9  
- . 047 
- .  1 48 
- . 07 1  

. 047 
. 0 3 3  
. 0 34 

- . 5 1 8  
- 372  

. 1 25 
. 0 4 4  

- . 006 
. 0 8 3  

- .  0 84 

- .  277 
- .  1 2 3 

. 24 1  
- . 082 
- . 0 6 3  

- .  1 30 
- . 0 8 8  

. 1 42 

. 024 
- .  5 1 7 

. 0 36 
. 0 1 6  
. 2 82  
. 1 9 5 
. 285 

. 3 4 2  
1 .  7 5 1 
- . 5 38 
- . 4 63  

. 673  

- . 324  
- . 97 2  

. 1 28 
- . 926 
1 . 0 68  

- . 7 3 6  
. 570  

- .  1 52 
- .  1 08 
- . 209  

- . 572 
- . 276  
- . 045 
- . 569  

. 4 4 4  

1 . 064  
- . 2 0 0  

. 2 8 7  

. 4 5 0  

. 0 4 7  

- .  1 26 
- . 206  

. 6 9 2  

. 1 36 

. 0 1 2  

- . 4 1 8  
. 37 3  
. 4 1 0  
. 7 0 4  

-2 . 259  

- . 640  
- . 6 1 2  

. 24 9  

. 47 3  
1 . 002 
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Table  9 . 1 1  S ome  r esu l ts from u s i n g  v ar ious t r i a l  v a l ues  for 

t h e  var i a n c e s  and c o v ar i a n c e s  asso c i a t ed w i th an 

e x trem a l  tra i t . The  c omposi t e  b i nary  t r a i t s  a r e  

d r y-or - not ( D ) ,  s i n g l e-or-not ( s )  a n d  twi n s-

o r -not ( T ) . A l l  v a l u e s  ar e mu l tip l i e d  by 1 0 , 000 . 

v ar (D ) c ov ( D , S ) v ar ( S )  cov ( D , T )  cov ( S , T ) v ar ( T )  

T r ial  200  3 0 6  7 3 0  - 5 0 6  - 1 0 3 6  1 54 1  
R esu l t  20 1 3 07 729  -507  - 1 0 3 5  1 5 4 3  
D i ffer e n c e  1 - 1  - 1  0 1 

T r i a l  7 0 0  2 9 9  200  -9 9 9  -4 9 9  1 4 99 
Resu l t  6 89 2 97 200  -986  - 4 9 7  1 4 83  

D i ffer e n c e  - 1 0  -2 - 0  1 3  3 - 1 6  

T r ial 5 00 4 0 0  500  -900  -900  1 800 
Resu l t  500 4 0 3  505  -904  - 9 0 8  1 8 1 2  

D i ffer e n c e  0 3 5 - 4  -8  1 2  

Tr ial  200 3 3 7 700  -537  - 1 0 3 7  1 573  
Resu l t  20 1 3 3 8  7 0 1  - 539  - 1 0 3 9  1 578  
D i ffe r e n c e  1 1 -2 -3 5 

Tr i a l  700 3 37 200  - 1 037  -5 37  1 5 7 3  
R esul t 69 1 3 3 4  1 99 - 1 025  - 5 3 3  1 557  

D i ffer e n c e  -9 -3 - 1  1 2  4 - 1 6  

Tr ial  5 00 450  500  - 950  - 950  1 9 00 
Resu l t  502 4 5 3  5 04 -955  -9 5 8  1 9 1 3  

D i ffe r e n c e  2 3 4 -5  -8  1 3  

T r i a l  200  262  700  -462  - 9 6 2  1 4 24 
Resul t 20 1 2 6 3  698  -464  -9 6 1 1 425 

D i fferen c e  1 -2 -2 

Tr ial  700  262  200  -962  -4 6 2  1 4 24 
Resu l t  688 260  200 -9 4 8  -4 6 1  1 4 08  

D i ffer e n c e  - 1 2  -2 0 1 4  1 - 1 5  

Tr ial 5 0 0  350  500  -85 0 -850  1 7 00 
Resu l t  499 3 5 3  5 04 -852  - 8 5 8  1 7 1 0  

D i ffer e n c e  - 1  3 4 -2 -8  1 0  
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Table  9 . 1 2 G en e t i c  v ar i an c e s  and  cov ar iances  betw e e n  two 

b i n ar y  t r a i t s , l ambed - o r - not and twi n s -or-not  and 

ho gget we i ght est imated  for  thr e e  env i r o nmen t a l  

c orrel at i o n s , 0 . 0 , 0 . 3  a n d  -0 . 3 .  

A l l  v a l u e s  are  mu l ti p l i ed by 1 0 , 000 . 

L ambe d - or-n o t  ( L ) and H o g g et we i gh t  ( H )  

correl a t i o n s  -
v ar (L ) 

T r i al 5 0  
R esul t  5 0  

D i ff .  - 0 

c orrel at i o n s  -
v ar ( L ) 

T r ial 5 0  
R esul t 50  
D i ff .  -0 

c orrel at i ons  -
v ar ( L ) 

T r ial 5 0  
Re su l t  50  

D i ff . -0 

e n v ironm e n t a l  0 . 0 , 
c ov ( L , H )  v ar ( H )  

0 1 1 3 9 0  
- 1  1 0 826  

- 1  - 5 64 

e n v ironm ental  0 . 3 ,  
c o v ( L , H )  v ar ( H )  

0 1 1 3 9 0  
- 1  0 1 1 02 8  

- 1 0  - 3 62 

e n v ironmental  - 0 . 3  
cov ( L , H ) v ar ( H )  

0 1 1 3 9 0  
8 1 1 09 1 

8 - 2 9 9  

g e n e t i c  0 . 0  and  - 0 . 04 5  
var (L )  cov ( L , H ) v ar ( H )  

5 0  - 3 4  1 1 3 90  
50  -3 3  1 0 825  

-0  1 -5 65  

g e n e t i c  0 . 0  and  - 0 . 4 6 4  
var ( L ) cov ( L , H ) v ar ( H )  

5 0  - 3 5 0  1 1 3 90  
50  -3 4 4  1 1 0 1 3 

-0  6 - 3 7 7  

g enet ic  0 . 0  a n d  0 . 4 4 
var ( L )  cov ( L , H )  v ar ( H )  

5 0  
50  

-0  

3 3 2  
3 2 7  

- 5  

1 1 3 9 0  
1 1 089 

-3 0 1  

Twins- or-no t ( T )  and  Hog g e t  we i g h t  ( H )  

correl a t i o n s  -
v a r ( T ) 

T r i al 1 1 82 
R e su l t  1 1 78 

D i ff .  - 5  

c orrel at i on s  -
v ar ( T )  

T r ial 
R esul t 

D i ff .  

1 1 82 
1 1 74 

- 9 

c orrel a t i ons  -
v ar  (T ) 

T r ial  1 1 82 
R e su l t  1 1 88 

D i ff . 6 

e n v i ronmental  0 . 0 ,  
c ov ( T , H )  v ar ( H )  

0 1 1 3 9 0  
2 3 6  1 0826  

2 36  - 5 64 

e n v ironmental  0 . 3 ,  
cov ( T , H )  v ar ( H )  

0 1 1 3 9 0  
1 5 2 1 06 9 0  

1 52 - 7 0 0  

e n v ironm e n tal - 0 . 3 , 
c ov ( T  , H )  v ar ( H )  

0 1 1 3 90  
3 3 4  1 1 2 1 8  

334 - 1 72 

g enet ic 0 . 0  and  0 . 6 2 7 5  
var ( T )  cov ( T , H )  v a r ( H )  

1 1 82 2 3 0 3  1 1 3 90  
1 1 79 2 2 5 4  1 0 9 4 3  

-4 - 4 9  - 4 4 7  

g en e t i c 0 . 0 and 0 . 4 06  
var ( T ) cov ( T , H )  v ar ( H )  

1 1 82 
1 1 78 

-5  

1 4 9 0  
1 4 5 0  

- 4 0  

1 1 3 90  
1 0 8 2 9  

- 5 6 1 

g enet ic  0 . 0  and  0 . 88 5  
var ( T ) cov ( T , H )  v ar ( H )  

1 1 82 3 2 4 8  1 1 3 90  
1 1 82 3 22 5  1 1 2 3 9  

- 1  - 2 3  - 1 5 1  
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T able 9 . 1 3 G en e t i c  v a r i ances  a n d  cov a r i ances  b etween  two 

c a t egor i c a l  tra i t s , l amb- t and l amb- e , and  · :-,. 

h o gget w e i ght , e s tima t e d  for thr ee  env i r o nmen t a l 

c o rr el a t i o n s , 0 . 0 , 0 . 3  and  - 0 . 3 . 

A l l  v a l u e s  are  mu l t i p l i ed .by 1 0 , 000 . 

L amb- t ( t ) a n d  Hog g e t  wei g h t  ( H ) 

c orre l a t i o n s  - e n v ironmen t a l  0 . 0 ,  
cov ( t , H )  v ar ( H )  

g enet i c  0 . 0  and  - 0 . 36 
v ar ( t )  

T r i a l  5 0  
R esu l t  50  

D i ff .  - 0  

c o rrel a t i o n s  -
v ar ( t )  

T r ia l  5 0  
R esu l t  50  

D i ff . -0 

c orre l a t i on s  -
v ar ( t )  

T r ia l  2 0 0  
Re su l t  1 99 

D i ff . - 1  

c orrel at i o n s  -
v ar ( t )  

T r ia l  
R esu l t  

D iff .  

5 0  
5 0  

- 0  

0 1 1 3 9 0  
- 9  1 0 826 

-9 - 5 6 4  

e n v ironmental  0 . 3 ,  
cov ( t , H )  v ar ( H )  

0 1 1 3 9 0  
- 2 3  1 1 478  

-2 3 8 8  

e n v ironmental  0 . 3 ,  
c ov ( t , H )  v ar ( H )  

- 1 3 9 4  1 20 0 0  
- 1 385  1 1 8 7 7  

9 - 1 2 3 

environment a l  -0 . 3 ,  
c ov ( t , H )  v ar ( H )  

0 1 1  3 9 0  
2 1 0 8 7 5  

2 - 5 1 5  

L amb- e ( D , S )  and Hogget  we i ght ( H )  

v ar ( t )  c ov ( t , H )  v ar ( H )  

5 0  -272  1 1 3 9 0  
5 0  -265  1 0860  

-0  7 - 5 3 0  

g e netic  0 . 0  a n d  - 0 . 9 8 
v ar ( t )  cov ( t , H )  v ar ( H )  

5 0  - 7 4 0  1 1 3 9 0  
5 1  -7 4 9  1 1 52 8  

- 1 0  1 3 8 

g enetic  -0 . 9  
v ar ( t )  cov ( t , H )  

1 80 - 1 3 1 2  
1 80 - 1 3 1 1 

0 0 

v ar ( H )  

1 1 8 0 0  
1 1 7 48  

-52  

g enet ic  0 . 0  and  - 0 . 0 9 85 
v a r ( t )  cov ( t , H )  v ar { H )  

5 0  7 4  1 1 3 9 0  
5 0  7 3  1 0 8 6 3  

-0 - 2  -527  

c o rrel a t i o n s  - env ironme n t a l  0 . 0 ,  g enet ic  0 . 0  and  0 . 0  

T r ia l  
R esul t 

D i ff .  

v ar ( D )  cov ( D , S ) v ar ( S )  cov (D , H )  cov ( S , H )  v ar ( H ) 

2 0 0  
2 0 1 

1 

2 9 9  
3 0 1 

7 0 0  
700  

-0  

0 
-64  

-64  

0 
- 1 4 7 

- 1 47 

1 1 3 90  
1 0 826  

- 5 6 4  

c o rrel at i on s  - e n v ironmental  0 .  0 ' g enet ic  - 0 . 6  and  - 0 . 6  
v ar ( D ) cov ( D , S ) v a r { S )  cov ( D , H )  cov ( S , H )  v ar ( H ) 

T r ial  2 0 0  299  7 0 0  - 9 0 6  - 1 69 4  1 1 39 0  
R e su l t  200  2 9 9  6 9 8  - 8 8 6  - 1 6 5 7  1 09 2 6  

D i ff . 0 -0 -2  1 9  3 7  - 4 64 
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Tabl e 9 . 1 4 Compa r i s o n  of  b r e ed ing  v a l u e s  for l ambed - or-not  

and  hogget  weight  o b t a i n e d  a ssum i n g  env i r o nmen t a l  

c o rrel a t ion  of  0 . 0  and g enet i c  c orre l a t i on s  o f  0 . 0  

and  0 . 6 2 75 . S i r es r a i s ed a s  twi n s  a r e  i d en t i f i e d  

b y an a s t e r i sk b e s i d e  t h e  s ire  number . 

s i re TO . O  H O . O  T0 . 6  H 0 . 6  s i r e  TO . O  H O . O  T 0 . 6  H 0 . 6  

1 - . 0 9 2  - . 0 8  - .  09 1 - .  1 6  3 3  . 20 1  1 .  07  . 3 7 4  1 .  2 7  
2 . 1 1 5  . 24 . 1 2 1 . 30 3 4  - . 1 25 - . 7 4  - . 225 - . 8 1 
3 . 042  . 33 . 095  . 38 3 5  . 04 4  . 57 . 1 3 9 . 5 8 
4 *  - . 0 0 6  . 58 . 1 04 . 5 5 3 6 *  - .  072 - .  1 5  - . 0 8 8  - . 23 
5 - . 06 4  . 79 . 1 00 . 7 1 3 7  - . 1 2 9 - .  1 1  - .  1 2 0 - . 2 1  

6 *  - . 0 6 9  - . 6 6 - .  1 67 - . 67 3 8  - . 05 8  - . 2 1  - . 08 8  - . 27 
7 . 279 - . 8 9 . 069  - . 6 9 3 9  - . 0 35 - . 57 - .  1 4 5 - . 6 1 
8 - . 0 3 1 - . 30 - . 088  - . 34 4 0 *  . 420  - . 28 . 2 8 3  . 0 8 
9 - . 0 4 2  . 38 . 0 2 4  . 3 4 4 1  - . 0 5 5  - . 0 5 - . 0 4 6  - . 09 

1 0 - .  1 7 9 . 50 - . 072 . 4 0 4 2 *  - .  1 08 - . 57 - .  1 9 3 - . 6 5 

1 1  . 07 8  - . 47 - . 02 1  - . 38 4 3 *  - . 050  . 44 . 04 9  . 4 0 
1 2  - . 0 7 4  - . 5 6  - .  1 5 1  - . 60 4 4  - . 0 3 0  1 .  0 6  . 1 63 1 .  0 1  
1 3  . 0 3 5  - 1 . 24 - . 200  - 1 . 1 7 4 5  - . 1 0 6 - . 20 - .  1 25 - . 32 
1 4  - . 3 5 6  - . 5 1  - . 3 5 7  - . 6 9  4 6 *  - . 0 1 1 . 29 . 048  . 27 
1 5  . 5 5 4  1 . 49  . 679  1 .  7 6  4 7  . 03 9  . 4 5 . 1 00 . 4 6 

1 6  - . 0 1 7  - . 5 2  - .  1 2 1  - . 55 4 8  . 064  . 05 . 0 6 8  . 1 3 
1 7  - . 0 87 - . 24 - .  1 0 6  - . 3 0 4 9 *  - .  0 9 1  - .  1 3  - .  1 00 - . 23 
1 8  - . 0 6 6  1 .  0 3  . 1 4 1 . 9 1  5 0  . 009  - . 2 1 - . 0 3 0  - . 2 0 
1 9  - . 3 2 7  - . 3 7 - . 29 9  - . 48 5 1 *  - . 055  . 69 . 088  . 60 
2 0 *  - . 0 5 5  - . 8 3 - . 1 9 4 - . 8 7 5 2 *  . 0 30  . 1 4 . 05 1  . 1 5  

2 1 - .  0 1 4  - . 1 8  - .  04 3 - .  1 9  5 3 *  - . 0 1 1 . 0 1 - . 008 - . 0 1 
2 2 *  . 0 50  - . 8 2 - .  1 2 1  - . 7 8 5 4  - . 0 1 7  - . 4 2 - . 1 00 - . 4 4 
2 3  . 0 1 8  1 .  8 1  . 329  1 .  77 5 5 *  . 099 . 37  . 1 70  - 5 3 
2 4  . 0 87  . 34 . 1 3 6  . 4 0 5 6 *  - . 0 1 8  . 4 1  . 066  . 3 8 
2 5  - . 0 5 6  1 .  7 5  . 23 3  1 .  6 9  5 7 * . 063  . 70 . 1 9 4  . 7 8 
2 6  - . 0 3 8  - . 5 4 - .  1 4 1  - . 59 5 8 *  - . 092  -2 . 2 6 - . 5 1 0  -2 . 3 1  
2 7 *  . 0 8 4  - . 4 6 - . 0 1 4  - . 37 5 9 *  . 1 32  - . 6 4 - .  0 1 1 - . 5 2 
2 8  . 1 4 2 . 67 . 25 4  . 8 3 6 0  - . 046  - . 6 1 - .  1 6 2 - . 6 8 
2 9  - . 0 3 9  - . 3 2 - . 086  - . 35 6 1 *  . 002  . 25 . 0 4 9  . 2 6 
3 0  - . 0 7 7  - . 9 7 - . 22 4  - . 99 6 2 *  - . 0 4 3  . 4 7 . 05 6  . 4 1  

3 1 *  . 1 7 0 . 1 3  . 1 6 9 . 3 1 6 3  . 0 9 5  1 .  0 0  . 2 35 . 9 9 
3 2*  - . 0 1 0  - . 9 3 - . 1 4 4 - . 9 0 
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T able 9 . 1 5 C o r r e l at i o n s  between  br e e d ing  v a l u e s  i n  t a b l e  9 . 1 4  

a n d  the r e a r ing  r a n k  o f  the  s ire . 

R RSI R E  TO . O  H O .  0 T0 . 6  H 0 . 6  

R RSIR E  1 . 0000 . 087 1 - . 1 47 9 · - . 0 392  - .  1 25 9  
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TO . 6 1 . 00 0 0  . 89 5 6  
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Chapter  1 0 .  G ener a l  D i s cu s s ion  

T h i s  the s i s  has  presented  a new m e thod for  a na l y s i n g  

c ategor i c a l  d at a  under a m i xed m o d e l . I t  has  b e e n  a pp l i e d  to 

b inomi a l  and mu l t inom i a l  dat a . S e v e r a l  que s t i o n s  r e l a t i ng to 

t h i s  method are now r a i s e d  and d i s c u ssed . 

1 0 . 1 .  How r e l ev ant i s  an  e st i mate  o f  h eritab i l i ty o n  the  

under l y i ng s c a l e ?  

The whol e  b as i s  o f  the method i s  that  there i s  a n  u n d e r l y i ng 

contin u o u s  t r a i t , often c a lled  l i ab i l i t y . I t  i s  a s sumed  that 

when mea sured  on a conven i ent s c a l e , t h i s  under l y i n g  tr a i t  

h a s  an a p prox ima tely  normal d i s t r i bu t i o n  and t h a t  gen et i c  

e ffect s  o n  thi s  s c a l e  are  l ar g l y  a d d i tive , a t  l e a s t  mor e 

a d d it i v e  than o n  the cate gor i c a l  s c ale . I f  the r e  i s  no  

reason ab l e  bio l o g ical  base  for m a k i ng these  a s sumpt i o n s  it  

woul d be m i s l e a d ing  to u s e the  m e thod . The b i o l o g y  o f  the  

tra i t  may  p o i n t  to d i ff e r ent a s s umpt i o n s  wh i c h  r equ i r e  a 

c ompl et e l y  d i f fe r ent k i n d  of s o l u t i on . Th i s  i s s u e  has  b e e n  

d iscu s s e d  b y  K i d d  and C a v al l i - S fo r z a  ( 1 97 3 ) , E l s t o n  ( 1 9 7 3 ) , 

E l ston ( 1 977 ) and H i l l  and Sm i th ( 1 977 ) .  

1 0 . 2 .  Wha t  r e l at i ons h i p  ex i s t s  between the l og i s t i c  l i near  

m i xed mod e l  an d the  ord i n a r y  m i x e d mod el a n a l y s e s ?  

For a fu l l y  r a n d om mod e l , the o r d inary  m i xed mod e l  equ a t ions  

and log i s t i c  l i near  mi x ed mod e l  eq uat ions  are  e s s e n t i a l l y  

equiv a l e n t  ex c e p t  for the chan g e  o f  sca l e . Qu a a s  a nd Van  

V leck ( 1 980 ) d e s cr ibed the m i x ed mod e l  anal y s i s  o f  a 

mult i nom i al t r a i t  und e r  a ful l y  r andom model . The  v a r i a nces  

were a ssumed kn own on ' tr ad i t i o n a l  ad v i ce ' . For  comparat i v e  

purpo s e s  i t  i s  su f f ic ient  to  con s i d er the b i nom i a l  s it u a t i on 

o n ly . T h e  equ a t i o n s  c an then  be  w r itten a s  

1 ' z  

Z ' Z  + kR - 1  

1 ' z  1 

Z ' z 
( 1 0 . 1 )  



2 ( 4 - h2 ) 
wh ere  k 

cre _ _ _ _ 2 __ p_ = �2 = 
h u p 

02 i s  the  e nv ironmental  v a r i at i o n  on the  p s c al e , 
e 

2 
i s  the g e n e t i c  v a r i a t ion the s c a l e  a n d  cr o n  p 

u 

h 2 i s  the h e r itab i l i t y  o f  t h e  tra it o n  the p s c a l e . 
p 

Th e comparat i v e  l o g ist i c  l i near  m i x ed mod e l  equat i o n s  a r e  

nd /e ad I e 1 ' Z  

1 48 

[ 2 

2 - 1  1 [ :: ] [ d 2/ e  1 ' y ] = 
a d / e  � ' �  ( 1 0 • 2 ) 

a d /e Z '  1 a /e Z ' Z + R / g  

where p ,  the  int r a c l ass  c o r r e l at i o n  on the u n d er l y i n g  sca l e , 

h� pq h� 
= = ----- u s ing  e q u a t i o n  2 . 2 ,  

4 4 z 2 ' 

h2 i s  t h e  her itab i l i t y  on  the under l y i n g  s c a l e , 
X 

z i s  t he ord i n a t e  o f  the  sta n d a r d  norm a l  cur v e  at  

the p o int  wh i c h  cor r e s pond s to  a prob a b i l i ty  o f  p ,  

s = ;r-=-P from 5 . 3 7 ,  

e x p ( s s ) 
- X u s ing 5 . 3 5 ,  p = -

- - - - - - --- - -+ ex p ( s S ) 
X 

q = 1 - p ,  
- - 2 e = pq ( 1  - pq p n /3 ) u s i n g 5 . 4 7 ,  

a = pq u s ing  5 . 4 8 , 

2 g = p n / 3  us i n g  5 . 4 9 ,  

d = sa  u s i ng 5 . 5 0 and 

y = 8 1 + ( z  - p 1 ) / d u s i n g  5 . 5 1 .  
X -

Equat ions  1 0 . 2  may  be  r e arr a n g e d  into  the form o f  equ a t i ons  

1 0 . 1  a s  fol l ows : 

1 )  mul t i p l y throu ghou t b y e ,  

2 )  d i v i d e  the f i r st eq u a t ion  b y  d ,  

3 )  d iv i d e  the r em a ining  eq uatio n s  by  a ,  



4 )  r epl a c e  y by 8 1 + ( z - p 1 ) /d and  
- X - -

5 )  r ea r r a n g e  the t erms . 

The  res u l t  i s  

r n 

l z '  1 

1 ' z  

Z ' Z 

1 4 9 

1 ' z  1 

Z ' z 

( 1 0 . 3 )  

I t  i s  o bv ious  that equ a t ions  1 0 . 1 and  1 0 . 2  are  the  s ame wh en  

c = k .  T h i s  occ u r s  wh en  t h e  coe f f i c ient  of  h 2 i n  1 0 . 3  i s  1 ,  p 
i . e .  wh en  x = 1 . 00 3  i m p l y i n g  p = 0 . 1 5 8 and z = 0 . 2 4 1 3 .  

A con s e q u ence o f  the p r e c e e d i n g  d iscu s s i on i s  the  fac t t h a t  

ord i n a r y  BLU P  w i l l  be  n ear l y  a s  eff i c i ent  a s  t h e  LLMM 

e qu at i o n s  for e s t imat i n g  breed i n g  values  when e v er the re  i s  

l ittl e v a r i at ion a sso c i a ted  w i t h  f ixed e f fects . H owev e r , 

when i n c i d ences w i thin  f i x ed e ffect  grou p s  are ou t s ide  t h e  

r a nge o f  0 . 3  t o  0 . 7 ,  t he f l u c tuat ion  i n  we i g h t s  a s s o c i a ted 

w i th sm a l l  chan g e s  in  i nc i d ence  can  be qu i te l ar g e  and shou l d  

n o t  be i g nored . 

1 0 . 3 .  Wh at can be  d one  in  very  l arge  prob l ems wh ere  the 

i tera t i v e  proced u res  w o u ld be  pr ohib i t i v el y  e xpens i v e ?  

When the  proced u r e  as  d e f i ned c a nnot  b e  u s ed bec a u s e  o f  

c omput i n g techn o l ogy  l im itat i o n s , i t  w i l l  b e  n e c e s s a r y  to  

c onsi d e r  s impl e r  sol u t i o n s . I n  the  a n a l y s is of  b i nom i a l  d ata  

u nder a f i xed mod e l , four  s tr ateg i es are  poss i b l e . T h e s e  are  

1 )  An a l y se the  b i nary  d a t a  a s  i f  i t  were  a norm a l  

c o nt inuo u s  char a c ter . Th i s  appr o ach i g nores  t h e  r e l at i o n sh i p  

betwe e n  mean a n d  v ar i an c e  for b i nom i a l  charac t e r s . 

2 )  Ap p l y  a ' v a r i ance s t a b i l i z i n g ' t r a n s form a t ion  to  the  

b i nar y d a ta  and t h e n  an a l y s e  it  b y  ord i n a r y  least  squar e s . 
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3 )  C a l c ulate  empir t � a l  wei gh t s  from t h e  dat a  a n d  ana l y s e  it  

b y  we i g hted l e a s t  squ a r e s  on the b inom i a l  s ca l e .  

4 )  U sed the GLM method o l o g y  and  ana lyse  the c h a r a cter  b y  

i terat i v e l y  rew e i ght ed  l east  squ ares  o n  a l og i t  ( or other ) 

s cale . 

I n  t h e  m i x e d  mod e l  s i tuat i o n , an o r d i n ary  BLUP  a n a l y s i s  

c orre s po nd s  t o  a p proach  1 whi l e  t he u s e  of  the GLMM 

c orres p o n d s  to a p proach 4 .  Ap pro a ches  2 and 3 gener a l l y  

r equ i r e  g rouped d a ta . ( The u s e  o f  gro u p ed data  for  

appro a c h e s  1 and  4 i s  not  nece s s a r y  theoret i c a l l y  but  i s  

a d vant ag eous for c omput i n g eff i c i e n c y . )  Appr o a ch 3 s e ems t o  

prov i d e  a poss i b i l ity  fo r s impl i fy i ng the  GLMM p roced u r e s  i n  

l arge d a t a  set s . When a p p l ying  B L U P  to  large  d at a  set s , i t  

i s  common t o  ab s o r b  the f i x ed effe c t s such a s  

h erd- y e ar- s e a son . P r ovid ed  the her d - year- s e a s o n  groups  a r e  

l arge enough to  prov i d e  r easo n ab l e  me a s u res  o f  i n c id e n c e  o f  

the b i n a r y  cha r a c ter  w i t h i n  the g r oup , t h e  s ame  a p proach  

cou l d  be used  for  cate g o r ical  d a ta . The  i nc i d e n c e  in  t h e  

g roup wo u ld b e  c a l culated  and th e n  used t o  gene r a t e  the 

weights  and other  quan t i t i e s  r e qu i r ed by the G LMM equ a t i o n s . 

The f i x ed effe c t s  wou l d  then be a bsorbed  and b r e e d i ng v a l ues  

pred i c te d from a s ingle  pass  th r o u gh t h e  d ata . The  

e ffi c i e n c y  of  th i s  method  has  not  been  in v e s t i g ated but  w i l l  

obvio u s l y  depend  on the i nc idenc e s  with in each 

herd- y e ar- s e a son . 

1 0 . 4 .  Wh en m ight i t  be mor e eff i c i en t  to u s e equ a t i o n s  b a s ed 

on the jo i nt-m a x imi z at i on rather than  t hose b a sed  on the  

maxim i z at ion- e x pe c t a t ion  method? . 

Que s t i o ns  of the  gener a l  effi c i en c y  o f  the meth o d s  h a v e  not  

been inv estig a t e d . Som e po i n t s  c an b e  made howe v er . In  d a t a  

w i th subs tant i a l  i nfo rm a t ion o n  both f i xed  a n d  r a ndom 

effec ts , the j o i nt-max imiz a t i on me thod  may b e  better  a t  

e st imat i ng the r a ndom e f f e c t s . I n  the c a s e of  a s i n g l e  

r andom fa ctor , i t  is  e s s e n t i al l y  t h e  n umber o f  o b serv a t i o n s  

p e r  group  and t h e  mean i n c i d ence o f  the g r o u p  that  d eterm i n es  
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the pr obab i l it y  o f  all  i n d i v id u a l s  i n  the group  b e ing  

c l ass i f i ed i nto  the  same r espo n s e  c ategory . I f  some  e ff e c t s  

i n  the m o d e l  h a v e  obser v ed pro por t i ons  o f  0 or  1 00 p e r  c e nt , 

the g r o u p  mean o n  the l e g i t  sc a l e  w i l l  r a p i d l y  i t e r ate  

toward s plus  or  m inu s i n f i n i t y  and resu l t  in  f a i l ure  w i t h i n  

c omput i n g  rout i n es . Th i s  pro b l em i s  mor e l ike l y  t o  o c c u r  

w i th the  j oint - m a x im i z a t ion  pr o cedur e ,  whi c h  i t er at e s  both 

f i xed  and rand om e ffec t s , than the ma x im i zat i o n - e x p e c t a t i o n  

proced u r e  whi c h  i terat e s  only  the  f ixed e ffect s .  The for c e  

o f  thi s  a r gume n t  i s  red u c ed b y  t h e  fact  that  the s i ze  o f  t h e  

r andom e f fects i s  restr i c t e d , u n d e r  both proced u r e s , b y  t h e  

a ssump t i on o f  t h e  var i a n c e  o f  the r andom e ffec t s . T a b l e  1 0 . 1 

shows the  probab i l ity  o f  a l l  o b s e r v at ions  be i n g  i n  the same  

c ateg o r y  for a r a nge of  s ample  s i zes  and i nc id en c e s . 

Table 1 0 . 1 T h e  probab i l i ty  £�a t  a group  of  n om i n ated s i z e 

I t  

i s  

s i ze o f  

1 

2 

3 

4 

8 

1 6  

3 2  

a n d  nom i n a t ed inc i d ence h a s  obser v a t io n s  a l l  in 

the s ame  c ategor y .  

inc i d ence in  t he po pu l at io n  s ampl e d . 
t h e  group 5 0 %  1 0 % 1 %  

1 . 0  1 . 0 1 . 0 

0 . 5 0 . 82 0 . 9 8 

0 . 25 0 . 7 3 0 . 97 

0 . 1 25 0 . 656  0 . 9 6 1  

0 . 0 0 8  0 .  4 3 0  0 . 9 2  

<O . 0 0 1  0 .  1 8 5 0 . 8 5 

<O . 0 0 1  0 . 0 34  0 . 7 2 

i s  imm ed iat e l y  obv i o u s  ufat i f  the inc i d ence  o f  the t r a i t  

low , t he samp l e  size s must be q u i te h i g h  to  a v o i d  many 

groups h a v ing  e x t r eme o b s e r v a t i o n s . 

The e s s en ce o f  the ma t t e r  is  that  the j o i n t  so l u t ion  w i l l  

o n l y  b e  b e tt er wh e n  the v a r iance e s t imate b ased  o n  t he 

obser v at i ons w i t h i n  the g roup i s  l ikel y t o  be  c l o s e r  to  the  

t rue v a r i ance t h a n  an a v e r age  v ar i ance fo r that  g r oup . By  

u s i ng e x p ected v a l ues for  the  v a r i a nce , the  

m a x im i z a t ion- e x pec t a t i o n  method  i s  l ikely  t o  g i ve  m u c h  mor e  

numer i c a l l y  s t ab l e  resu l t s . 
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Section  7 . 2  pr ov ided some i n fo rmat i o n  on the robu s t n e s s  o f  

the LLMM equat i o n s  to  sm a l l  fam i l y  s i z e s . Tho s e  

i nvest i g at ions w e re based  o n  hav i n g  a l arge number  o f  

fami l i e s . I n  p r act i c a l  a pp l i c a t ions , i t  i s  po s s ib l e  t h a t  

famil y s i zes m a y  b e  on l y  one . The  rel i a b i l ity  o f  a ny 

e s t imate  of b r e e d i ng v a l ue for a c atego r ical  t r a i t  based  on  

smal l family  s i z e w i l l  a lways  b e  poor - espec i a l l y  fo r t r a i t s  

w i th inc i d ences  o u t s i d e  t o  r ange  o f  1 0  to  9 0  p e r c e n t . 

1 0 . 5 .  What fu r ther work i s  r equ i r ed ? 

The method of s o l v ing  for  v ar i an c e  componen t s  u sed i n  t h i s  

study h a s  been a mod i f i e d  EM a l go r i t hm .  N ewton - R a ph s o n  and 

F i sher- scor i n g  techn iques  p r o b a b l y  fo l l ow d i re c t l y  from the i r  

counter parts  i n  R EML e s t i mat ion  for t h e  normal  c ase . T h e s e  

techn iques  we r �  prefer r e d  b y  Thompson i n  h i s  d i s cuss i o n  o f  

the E M  techn i que ( D emps t e r , L a i rd a n d  Rubins , 1 9 77 ) . N o  

cons i d e r a t ion h a s  been g i v en i n  t h i s  the s i s  t o  est i mat i n g  

con f i dence bou n d s  for e st im a t e s  o f  v a r i ance c ompon en t s . The  

u se of  Newton - R aphson  o r  F i sh e r - s c o r i n g  tec h n i q u e s  for 

estima t i n g  the v a r i ance  c ompo n e n t s  wo u l d  lead  to est imates  of 

the var i a nces  of the e s t i m ates . 

Computational  fea s a b i l i t y  wi l l  o ften  contr o l  what  u s e  i s  made  

o f  a techn ique . The  ad d i t ional  c omput ing  requ i r ed for u s i ng 

the LLMM equat i o n s  rath e r  than  B L UP equat ions  h a s  two 

componen t s . T h e  i ter a t ion  component  i s  rel ated  to the number 

o f  iterat ions  and may be  m i n im i z ed by abso rbing  the r an d om 

e ffec ts  s i nce  the  solut i o n s  for t h e s e  are not  requ i r ed dur i n g  

t h e  iter at ion  pha s e .  T h e  other c omponent inv o l v e s  an  

e x ponent i at i o n  in  the  r e t r a n s fo rm a t i o n  of the l e g i t  and  the  

mul t i p l icat i o n  of  var i o u s  we i g h t  fun c t ions . Th i s  component  

is  propo r t i o n a l  to  the  number  of  r ecords  and c an b e  r ed u c ed 

b y  group ing  the d ata . 



Some theor e t i c a l  a s p e c t s  of t h e  method r em a i n  t o  be  

i nvest i g a ted . 
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H e n d e r so n  ( 1 96 3 ) h a s  shown that  BLU P  prov i d e s  a p r e d i c t o r  

wh ich , i n  the c l a s s  of l i n e a r  pr ed i ctor s , m inim i z e s  t h e  m ean  

s quar ed e r ror of  pred i c t ion . Can  an  a n a l agous  r e s u l t  be 

s hown for the GLMM equ a t ions  whe n  u sed for  pred i c t i n g  r an d om 

v ar i a b l e s ?  

The qu e st ion o f  test i n g  ' good n e s s  o f  f i t ' o f  a m ix ed mod e l  

h a s  not b een adequ atel y c overed i n  thi s  t h e s i s . 

The GLMM method sho u l d  be a b l e  to  be u s ed for Po i s so n  d at a  

p r ov id i n g  a s u i t a b l e  i nt e rpre t a t ion  o f  a n  under l y i ng sc a l e  i s  

d evelop e d . 

The i s s ue of  wh en to u s e  the thr e shold  a s  oppo s e d  to the  

e x trem a l  model  for  mu l t i nomi a l  t r a i t s  has  not  been  d is c u s s ed . 

The d i fficu l t y  l ie s  w i th tr a i t s  wh i ch a re c od ed  i s  i f  

thr esho l d  tra i t s  b u t  wh i c h  hav e a n  i nad equ a t e  b io l og ic a l  

b as i s  f o r  that cod i n g . The  tr a i t numbe r - o f- l ambs-weaned  

( NLW ) i s  a po s s i b l e  e x ampl e . It  seems l ikel y ,  in  the  l ight  

o f  the r e sults  in  cha p t e r  9 ,  t h a t  whe ther or not  a ewe b e a r s  

a n y  l am b s  i s  und e r  the con t rol  o f  d i ffe r e n t  gen e s  t o  tho s e  

wh ich c o n t rol  t h e  number o f  l ambs  she act u a l l y  b e a r s , g i v e n  

t hat s h e  h as a t  l e a st one l amb . S im i l ar l y , the t r a i t 

c alv i n g - d if f i c u lty  i s  coded i n  c ategor i es ' non e ' , ' s l i ght ' , 
' easy p u l l ' , ' hard  pu l l ' a n d  ' ce a s a r i an ' . The s e  c ategor i e s  

m a y  m i s r e present  the prob l em wh i ch from a b io l o g i c a l  po i n t  o f  

v i ew m a y  need t o  c on s i d e r s i z e  o f  cow , s i ze o f  c a l f ,  whet h e r  

t h e  c a l f i s  ful l  t erm and o ther s u c h  ma t t e r s .  

1 0 . 6 .  Conc l u s ion 

The gene r a l i zed  l inear  m i x ed mod e l , d e v e l oped in t h i s  t h es i s , 

p r ov i d e s  a compu t at io n a l l y  fe a s i b l e  method  o f  a n a l ys i s  for  

c atego r i c al dat a under  a m i xed mod e l . The  s pe c i f i c  compu t i n g  

e xpr e s s i ons  prov i d ed f o r  b inom i a l  a n d  mu l t inom i al char a c t e r s  

h ave w o r k ed sat i s factor i l y  on  t h e  e xamp l e s  s t u d i e d . 



Appe nd i x  A 

Some matr i x  symbo l s  and ope r at ions  

( 1 )  M a t r i x  oper ator s 
I I dent i ty matr i x  o f  o r d er n .  
-n  

1 a vec tor  o f  n 1 s .  -n  

J a n  m x n m a t r i x  o f  1 s  ( = 1 1 ' ) .  
_mn _m_n 

A- 1  i nver s e  o f  arb i t r ar y  po s i t iv e  d e fi n i t e  m atr i x  A .  

A- gene r a l ized  i n vers e  o f  A ( su c h  that  A A A =  A ) . 

A '  t r a n s pose  o f  arb i t r a r y  matr i x  A .  

{ a  . .  } a m a tr i x  w i th el em e nts  a . .  l J  l J  
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� +D a b l o c k  d i agonal  mat r i x  w i th matr i c e s  �k on  d i agonal  
k -k  

d i ag { a
k

} a d i a g o n al ma tr i x  w ith  d i agon a l  e lemen t s  ak 

d iag ( a )  a d i a g onal ma t r i x  w i th the e l ements  o f  v ector  a on  

A �  B 

A *B 

vecA  

the  d i agonal . 

R i ght d irect p r oduc t o f  arb i t r ary  m a t r i c es  A a nd B 

H a d am a r d  ( elem e n t  by el ement ) prod u c t o f  ma tr i c es  A 

and B ( bo th of  t h e  same o r de r )  

vector  formed b y  s t a c k ing  c o l umns o f  A o n e  beneath  

the oth er . 

( A � B ) ( X  � Y )  = AX () BY  

( A ®  B ) - = A- ® B - 1  

( A ® B ) - 1  = A- 1  ® B - 1  

' A  ® B ' ' A ' r 
' B ' P : I I I I ' - P P  _rr ' 

( A ® B ) ' = A '  <J B '  

vec ( ABC ) = ( C '  � A ) vec  B 

t r a c e ( A ' B ) = ( v ec A ) ' v ec B 

t r a c e  ( A ® B )  = t race ( A ) . t r a c e ( B )  



( 2 )  Matr i x  d i fferent i a t ion . 

a )  Der i v at i v e  o f  a fun c t ion w i th respect  to a v e c tor . 

F o r  f ( x )  = a ' x  = x ' a  ( a  and x b e ing v e c tors ) 

a f ( x ) l ax = a 

H e n ce aAx l a x  = A '  

For  A s ymmet r i c , ax ' A x l a x  = 2Ax  

b )  Der i v at i v e  of  a fun c t ion w i th r e s pect  to  a matr i x . 

F or X a r e a l  matr i x  o f  mn ind e p e n d ent v a r i ables , 
-mn 
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3 f i 3X = { 3 f l 3 x  . . } i s  a n  mn- matr i x  o f  p art i a l  d er i v a t i ves  
l J 

I f  f ( X ) = a ' X b ,  then  a f  1 ax  = a b '  

and  for X s ymmet r i c , aa ' X al aX = 2 aa '  - d g ( a a ' ) 

where d g ( aa ' ) i s  a d iago n a l  mat r i x  wi th  t he 

same d i agon a l  e lemen t s  a s  a a ' . 

c )  Der i v a t i v e  o f  a matr i x  with r e s pect to a s ca l a r . 

a Y ia x  . .  = { a ( f  (X ) )  I a x 1. J
. } ,  a n  mn-matr i x  o f  par t i a l  

- 1 J pq -

d e r i v at i v e s  with r espe c t  t o  

d )  De r i v at i v e  o f  a Dete rmin a n t . 

a : x : ; ax = { x i j } w h e r e  x ij  i s  the  cofactor  o f  x i j . 

i . e .  x - 1  = 1 . 1 : x : { x i j  } 

X • •  • 
l J  



Append ix  B .  

More  expe c t at i o n s  for s ec t ion 5 . 1 . 2 . 1 u s ing the  n o r m a l  

d istr i bu t ion 
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In  s i m i lar f a s h i on to  s e c t ion 5 . 1 . 2 . 1 ,  u i and  u 1 are  N ( O , E ) 

where E = a2 1 p 
p 1 

e x p ( Y  . .  + u . )  
E [ p lm ] = E [ _ _ _ _ _ _ _  ,!.J _ _ _ _  ,! _ _  _ p

i j  1 + exp  ( Y .  . + u 1. )  1 J  

e x p ( Y l m  + u 1 ) 
---- - - - - ---- - -- -- ] 
1 + e x p ( Y lm  + � ) 

-Y . . -Y 1 1 J  m 
= f f ( 

- oo  - oo 

-Y . .  1J  00 00 00 

- ! J  f k k n T n ( 1: ( - 1 )  exp ( Y  . .  +u . )  ) ( 1 + E ( - 1 ) e xp C Y 1m+u 1 J ) f  
k 1 J  1 n 

- I 

+ f 

- oo -Y l m  

00 
-Y lm oo 

I ( 1 + E ( - 1 ) ke x p ( Y  . .  +u . }k ) 
00 

-Y .  . - oo 1 J  
00 00 

k 1 J  1 

00 00 

I k ,k n T n ( 1 + E  ( - 1 )  e x p ( Y . .  + U . J  ) ( 1 + E  ( - 1 ) e x p ( Y l m+ U l J ) f  
k 1 J  1 n - y . . -Y 1 1 J  m ( B . 1 ) 

where f 



For  arb i t r ar y  p ,  B . 1 wou l d  requ i r e  spe c i a l numer i c a l  
p roced u r e s . F o r  p = 1 , i . e .  when u i = u 1 ,  a n d  Y i j  < Y im  
E [ P i j P im ] 

-Y . . l J  00 k k 00 n n = f ( E ( - 1 )  e x p ( Y  i j+U i ) ) ( E ( - 1 )  e x p ( Y i m+u i ) ) f  
k n 

-oo 

-Y .  l m  oo k k oo n n - f ( 1 + E  ( - 1 ) e x p ( Y  i lu i'Y ) ( r ( - 1 )  e x p ( Y im+u i ) ) f  
k n 

-Y . . l J 
00 00 k -k oo n ,n  + f ( 1 + E ( - 1 )  e x p ( Y  . .  +u . ) ) ( 1 + E ( - 1 )  e x p ( Y im+u i ; ) f  

-Y . k l J  1 n 

= 

1m 

1 2 - u .  
where  f = - - - - - exp  ( 1 

-Y .  _ � ( 1m ) 
a 

cr hrr 

-Y .  liD + e x p ( -kY im) [ 1  - �( -0-- + k a) J 
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-Y .  -Y i j - e x p (  kY im) [ � ( --�� - k cr) - � ( ---- - k cr) J } 
(J (J 

k 2 2 -Y i j 
+ E E ( - 1  ) + f ex p ( ( k + n )  a 1 2 ) { e x  p ( k Y . .+ n Y . ) � [ ---- - ( k + n ) cr J 

k n l J  1m 0 

-Y .  liD + e x p ( - kY . .  -nY . ) ( 1 - � [ ---- + ( k+n ) cr ] ) }  l J  liD (J 

-Y 
2 2 i m  -ex p ( ( n-k ) cr /2 ) e x p ( nY im-kY i j ) { � [ -0-- - ( n-k ) cr ] 

-Y . .  
- � [ --: J  - ( n-k ) cr J } ]  a 



When p i j = p im ' B . 1 r educ e s  to 

• 2 -Y . .  

E [ p . . ] = 1 - � ( - -02-J ) 
l J  
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+ ; ( - 1 �  [ 2 e x p ( k2cr2/2  + kY . . ) { 1 - � [ :::!J + k cr] } 
k l J  

-k e x p ( ( k+ 1 > 2 cr2/2 )  { e xp ( ( k+ 1 ) Y  . .  ) � [ :::! J  - ( k+ 1 ) cr ] l J  cr 

-Y . .  

+ e x p ( - ( k+ 1 ) Y . .  ) ( 1 - � [ --�:J + ( k+ 1 ) cr ] } ] 
l J  cr 
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Appendix C 

Der ivat ion o f  the bas ic  expr e s s i ons required  to  app ly 

the Genera l is ed L in ear Mixed Model  to  Mul t inomial  data 

us ing the Mul t inomi a l  Logi t . 

The mul t inomial  l o g i t  (Bock  1 9 7 S , p 5 2 2 )  can be  expr e s s ed 

a s  

P ·  l = 
1 + E exp ( e. ) for i = 1 ,  . . .  c ( C . 1 )  

j J 
and c + 1 categor i e s . 

Ext ended t o  the mixe d  l o g i t , th i s  become s 

Now 

And 

P · l = 

= 

= 

exp ( El .  ) l 
. 

1 + � exp ( ej ) 
J 

exp ( e. + u . )  l l 
1 + E exp ( 8 . + u .  ) 

j J J 

= 

= 

exp ( \) exp (uk ) 

tk vk 

= 1 + uk + u�/ 2  + u�/ 6  + u�/ 2 4 + . . . • . 

De f ine u = ' {vk } 

= 1 + V + W + X + r 
Where  

w = {u�/ 2 }  

X = {ui/ 6 }  

y = {u� } I 2 4 }  

( C . 2 ) 

( C . 3 )  

( C . 4 ) 

( C . 5 )  

( C . 6 )  

( C . 7 )  

( C . 8 )  

( C . 9 )  



Al s o  define 

t = 

and p = 

where  s = 

So P ·  = 1 

= 

1 

1 

t .  1 
+ 

1 
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{tk } ( C . l O )  

t .  
{ tk } = 1 ( C . l l )  

1 + s 

I: t . = t "' 1 
i 1 

exp C e. + u . ) 1 1 
I: exp ( e . u . ) + + 
j J J 

v .  1 
I: t .  v .  
j J J 

t .  v .  1 1 ( C . 1 2 )  
+ t ' u 

The d i s t r ibut i on o f  u .  i s  unspec i f i e d  but i s  a s sumed 1 
to  be  symme t r i c  wi th the fo l l owing  expect a t i ons . 

E (u . ) = 0 ( C . 1 3 )  1 
E (u . 2 ) = cr ?  ( C . 1 4 )  l l 
E (u . u . ) = cr . . i f  u . and u .  a r e  in the s ame group , l J l J l J 

= 0 i f  u .  and u .  a r e  in d i f ferent group s . l J 
( C . l S )  

De f ine 2: = Var (u )  = E (uu ' ) = {cr • •  } ( C . l 6 )  l J 
c .  = {cr . .  } = - J l J j th co l umn o f  I: ( C . 1 7 )  

d = {a ? } = ve c t o r  containing diagonal  o f  I: l 
( C . 1 8 )  

e = L £ ( C . 1 9 )  
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The symb o l  * i s  used t o  deno t e  the Hadamard product  

(Rao and  Mi tra , 1 9 7 1 ) . 

i e  A * B _ a  x b _ a  x b 
= { a . .  b . .  } 1 J 1 J = c _ a  x b 

In  exp r e s s i ons where i t  occur s , thi s  produc t mus t  b e  

evaluat e d  b e fo r e  a l l  o ther  mat r ix p roducts . 

Note  that  for z ero kurtos i s  and zero  mean 

E (u .  u .  uk ul ) = 

(J . . (J k l  + (J i k  (J j l 
+ 

(J i l  (J j k ( C . Z O )  1 J 1 J 
E Cu . u .  u 2 ) = 

(J . 
. cr 2 + 2 cr i k  (J j k ( C . 2 1 ) 1 J k 1 J k 

E (u ? u? ) = cr ? cr ?  + 2 cr . ?  ( C . 2 2 )  1 J 1 J 1 J 
E (u . u ? ) = 3 (J . .  cr ?  ( C . 2 3 )  1 J 1 J J 
E (u .  4 )  = 3 cr . 4 ( C . 2 4 )  1 1 

The fo l l owing s eries  are requ i red , 
- l 

s 2 s 3  s 4  s s  ( 1  + s )  1 s + - + - + ( C . 2 5 ) 
- 2 

( 1  + s )  = 1 Z s  + 3 s 2 4 s 3 + S s 4 6s 5 + . . . .  ( C . 2 6 )  
- 3 ( 1  + s )  = 1 3 s  + 6s 2 1 0 s 3 + 1 S s 4 - (C . 2 7 )  
- 4 ( 1  + s )  = 1 4s  + 1 0 s 2 2 0 s 3  + ( C . 2 8 )  
- 5 

1 S s 2 ( 1  + s )  = 1 S s  + ( C . 2 9 )  

The s e  s e r i e s  a r e  va l id only  for  I s  I < 1 .  

Equat ion C . Z S i s  now used  wi t h  C . S and C . l O  t o  obtain an 

expre s s ion fo r the denomina t o r  of C . l 2 .  
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Now ! 1 � = ! 1 ( !+ �+�+ �+r) 

= s + t 1 (v+w+ x+y) 
( C . 3 0 )  - - - - -

So , i gnor ing h i gh powe rs  o f  u ,  

( t 1 u ) 2 = s 2 + 2 s t 1 (v+w+x+y )  + t 1 (vv 1 + 2vw 1 +ww 1 + 2vx 1 ) t ( C . 3 1 )  

( t 1 u ) 3 = s 3  + 3 s 2 t 1  (v+w+x+y)  + 3 s t 1 (vv 1 + 2vw 1 +ww 1 + 2vx 1 ) t 

+ t 1 VV 1 tt 1 (v  + 3w) ( C . 3 2 )  - - - .... .... .... -
( t 1 u ) 4 = s 4 + 4 s 3 t 1 (v+w+x+y)  + 6s 2 t 1  ( vv 1 + 2vw 1 +ww 1 + 2vx 1 ) t 

+ 4 s t  1 VV 1 t t  1 (v+ 3w ) + ( t  1 vv 1  t t  1 VV 1 t )  ( C . 3 3 )  

( t 1 u ) 5 = s 5 + 5 s 4 t 1 (v+w+x+y)  + 1 0s 3 t 1  (vv 1 + 2vw 1 +ww 1 + 2vx 1 ) t 

+ 1 0 S 2 t I VV I t t I ( V+ 3W) + 5 S t I VV I t t I VV I t ( C , 3 4 )  

And s o , from C . 2 5 ,  

1 = 1 - ( t 1 u ) + ( t 1 u ) 2 - ( t 1 u ) 3 + ( t 1 u ) 4 - ( t 1 u ) s . . .  

( 1  + t 1 u ) 
= 1 - s + s 2 - s 3  + s 4 - s 5  + . . . .  

- t  1 (v+w+x+y )  ( 1 - 2 s + 3 s 2 - 4 s 3 + 5 s 4 - . . . . .  ) 

+ t 1 (vv 1 + 2vw 1 +ww 1 + 2vx 1 ) t ( 1 - 3 s + 6 s 2 - 1 0 s 3 +  . . . .  ) 

- t I VV I t  t I (V+ 3W) ( 1 - 4 S + 1 0  5 2 - , , , , ) 
+ t 1 vv 1 t t 1 VV 1 t  ( 1 - 5 s + . . . . .  

1 t 1 (v+w+x+y )  + t 1  (vv 1 + 2vw 1 +ww 1 + 2vx 1 ) t 
= 

1 + s  ( 1 + s ) 2 

t 1 VV 1 t t  1 (v+ 3w) 

( 1 + s ) 4 

But from C . 1 1 ,  
t { t .  } 1 

= 

( 1 + s )  ( 1 + s )  
{ p i } :: _£ 

( 1 + s ) 3 
+ t 1 VV 1 t t 1 VV 1 t  - - - - - - - -

( 1 + s ) 5 
( C . 3 5 ) 

( C . 3 6 )  



From C . l 2 ,  

P ·  = 1 
t . v . 1 1 

( 1  + t ' u )  

= p .  ( 1 + u .  + u � / 2  + u � / 6  + u � / 2 4  ) 1 1 1 1 1 . 
c 1 - r ' c�+�+�+r) + r ' c �� ' + 2�� , +� ' + 2�� ' ) r 

- r ' �� ' rr ' C�+ 3�) + r ' �� ' rr ' �� ' r ) 

Expe c t a t i on o f  pi 
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( C . 3 7 )  

The expected  value o f  p .  i s  o b t a ined as  the exp e c t e d  value 1 
o f  C . 3 7 .  In the expans i on o f  C . 3 7 ,  terms w i th odd powe r s  

(which  have expectat ion z e ro ) , and terms with  p ower s  o f  u .  1 
greater  than 4 ,  have been i gnored . 

From C . 3 7 ,  

- 3£ ' �� ' ££ ' � + E ' �� ' EE ' �� ' E  
- u i ( 2 ' (�+ � ) - 2£ ' �� ' £  + £ ' �� ' ££ ' � ) 
+ u f / 2 ( 1 - £ ' � + £ ' �� ' £ ) 
- u � / 6  n ' v  + u � / 2 4  ) ( C . 3 8 )  1 � - 1 

The exp e c t e d  values  of each o f  the te rms in C . 3 8 are  

derived in  equations C . 3 9 t o  C . 4 8 us ing equat ions  C . 6  

to  C . 2 4 .  



E 

E 

E 

E 

E 

(p I (w+y ) ) = 

= 

= 

(p I ( vv I + ww l 

= 

= 

= 

( 3p 1 VV 1 pp 1 w) = - - - - - -

( p 1 VV 1 pp 1 VV 1 p 
- - - - - - -

( u . p 1 (v+x ) )  1 - - -

-

= 

= 

1 6 4  

.. 
E P ·  E (  .l. u ?- + _1 u .  ) 
i 1 2 1 2 4 1 

E p .  (1. a ?  + _3_ a � )  
i 1 2 1 2 4 1 

t � � � 1 p 1 d* d ( C . 3 9 )  + "'8'" - - -

+ 2vx 1 ) p  ) 

E (u . u .  1 u?u?  2 u .  u � ) L: L: p . p . + -1 J 1 J + 4 1 J 6 1 J i j 
E E P · P ·  ( cr  . . +� ( a ? a ?- + 2 a ? . )  +� ( 3cr . .  a ? ) )  1 j 

1 J 1 ]  1 J 1 ]  1 ]  J 
p i E + 1 p 1 dp 1 d + 1 p i E * L:p + p 1 d * e  ( C . 4 0 )  p 4 2 - - - - - - - -

3 E E L: E ( u . u2 ) - P ·  P ·  pk u .  2 j k 1 J 1 J k 1 
3 E L: L: ( (J •

• 
a 2 + 2 cr i k  (J j k

) 2 P · p .  pk i j k 1 J 1 ]  k 

3 p i  p l d + 3 p i ( C . 4 1 )  e e * e 2 - - - -

) = E L: L: E P ·  P ·  pk p 1 E ( u . u .  uk u1) 
i j k 1 1 J 1 J 

= L: L: L: L: P ·  P ·  pk p 1 ( (J • •  0 k1
+ 0 i k0 j 1 + 0 i 1 °

j k ) 
i k 1 1 J 1 ]  J 

= 3 � � � 
= E P · 

j J 
= L: p .  

j J 
= p l c .  - _ 1  

� � � 
E ( u . u .  + .!.. u .  u �) 1 J 6 1 J 
(a . . 1 ]  + 

1 2 )  
2 ° i j 0 j  

+ � p 1 d*c .  - - _ 1  

( C . 4 2 )  

( C . 4 3 ) 



E 

E 

E 

E 

E 

(2u . p 1 vwp ) = 1 - - - -
= 

= 

(u . 12 I �� I 1212 I '!) = 1 
= 

= 

2 

2 L  L p .  
j k J 

L L P ·  
j k J 

p k E (u . 1 

pk ( er  • .  cr 2 
1 ]  k 

u .  J 
+ 

.!. u 2 ) 2 k 

2 o i k  cr j k ) 

p l c . p l d + 2 p 1 c . * e  - _ 1  - _ 1  -
L L L P ·  p k p l E (u . u . uk u 1 ) 
j k 1 J 1 J 

L L L P ·  p k p 1 ( er  • .  0kl + 0 i k  
j k 1 J 1 ) 

3 p i e p l c . - _ 1  

1 6 5  

( C . 4 4 )  

cr j 1 + 0 i l er j k) 

( C . 4 5 ) 

( u . / 2 ( 1  - p l w + p 1 VV 1 p ) )  1 

( u ? / 6  1 

C u � / 2 4  1 

= .!.{ E 2 

= 1 a ?  2 1 

p l v) = 

= 

= 

) = 

....... ....... ...... ....... 
( u ? )  L P . E ( .!.u ? u ? ) +- L L p . P k E ( uf u .  Uk ) } 1 . J 2 1 J k J J 

1 -
6 

1 
b 

1 
2 

1 
8 

J j 
1 L p . ( a ? a ?  + 2 cr . ? ) + -2

1 L L p . p k ( a ? a . k+ Z a . .  cr . k) 4 j J 1 J 1 ) j k J 1 J 1 ]  1 

� a ?  p 1 d - l p 1 c� c . + � a ?  p 1 L p +p 1 c . p 1 c . 1 - - 2 - - 1 - 1 2 1 - - - - - 1  - - 1  
- .!.p I d + ; P I e ) .!.p I C • * C · + P I C · P I C • ( C • 4 6 ) 4 _  - - - 2 - - 1 - 1 - - 1 - - �  

L E (u ? u . )  p .  
j J 1 J 

L ( 3 a ?  er . .  ) p . 
j J 1 1 ) 

0 � p l c . 1 - - 1 ( C . 4 7 )  

(1 �  1 ( C . 4 8 )  



1 6 6  

Sub s t i tut ing  C . 3 9 to  C . 4 8 in C . 3 8 g ives 

+P 1 d* d+p 1 e + �p 1 d p 1 d+ �p 1 E * Ep + p 1 d * e 8 � � � - - � � � - � � - - - � -

- p 1 c .  - �p 1 d*c .  + p 1 c . p ' d + 2p 1 c . * e - 3p 1 ep 1 c . - - 1  - - � 1 � _ 1  - � � � 1  - � - �  _ 1  

+ �cr ? ( 1 - �p 1 d  + p 1 e - p 1 c . ) 1 � - - - - � 1 
1 4 ) SO ·  1 

= P • ( 1 - � P I d + P I e - P I C · + �cr ?  ) 1 - � 1 1 

i f  fourth power t e rms are i gnored . 

(C . 4 9 )  

( C . S O )  

S imp l i fy ing  t o  the b inomia l  l o g i t , 

= cr 2 = cr ?  = d = E = c .  1 1 

E cP ) = p (1 + cr 2 (� ( 1 -p )  - p ( l -p ) )  

+ cr 4 ( - t . p +  (�+�+ 1 )  p 2 - f p 3 + 3p 4 - �p 

+ 3p 2 - 3p 3 - �p + �p 2 - �p+p 2 + 1 - ) ) 8 ' 

= p ( l + cr 2 ( 1 -p ) (� - p )  + cr 4  ( 1 - p ) ( ! - z p+  � p 2 - 3p 3 ) ) 8 4 2 
= p + cr 2p ( 1 - p ) ( � - p ) ( l + cr 2 ( � - 3p ( 1 - p ) ) 

= p + cr 2pq ( � - p ) ( 1 + cr 2 (� - 3pq ) ) ( C . 5 1 )  

whe re q = 1 - p 

When the fourth power t erm i s  omitted , C . S l b e c ome s 

E (p )  = p + cr 2 pq ( � - p )  ( C . 5 2 )  



. . 
Exp e c t a t i on o f  p .  pj 
The e xp e c t a t i on o f  p i p j i s  o b t a ined for t h e  mo s t  

gene r a l  s i tu a t i on whe r e  p .  and p .  are a s s ume d t o  1 J 
b e  from d i f f e r en t  da t a  r e co r ds . I t  i s  fur t h e r  

a s s um e d  t h a t  t h e  c o r r e l at i o n  b e tween u .  a n d  u .  i s  1 J 
r a . . whe r e  r i s  a con s t an t  whi c h  i s  spec i f i c  t o  1 ]  
the p a i r  o f  d a t a  r e c o r d s . 

F o r  c onve n i e nc e , s ub s c r ip t s  1 and 2 are us e d  t o  

den o t e  d i fferent r e c o r d s . Sub s cr ip t s  have b e e n  

omi t t ed from v , w , x ,  and y a s  the s ub s cr i p t  o f  the 

adj a c en t  p app l i e s . 

From C . 1 2 and C . 3 7 ,  

. . 
P ·  P ·  1 J = 

1 6 7 

= P i l p j 2 ( 1 + u i l + uj 2 + (u i l + uj 2 ) 2 / Z � ( ui 1 + uj 2 ) 3 / 6 

+ (u i 1 + uj 2 ) 4 / 2 4 ) 

( 1 - p  1 (v+w+x+ y ) +p 1 (vv 1 + 2 vw 1 +ww 1 + 2 vx 1 ) p  _ l  - - - - _ 1 - - - - - - - - - 1  

- p 1 1 VV 1 p 1 p 1 1 ( v+ 3w) + p 1 1 VV 1 pp 1 1 VV 1 p ) - - - - - - - - - - - - - - - 1 
( 1 - p  1 (v+w+ x + y ) + p 2 1 ( vv 1 + 2vw 1 +ww 1 + 2 vx 1 ) p  _ 2 - - - - - - - - - - - - - _ 2 

I n  e xp anding t h i s  expr e s s i o n , t e rms with odd p owe r s  

o f  u a r e  omi t t e d  b e c au s e t h e y  have exp e c t a t i o n  z e ro . 

T e rms w i th p owe r s  o f  u g r e at e r  t han four a r e  a l s o  

omi t t e d . 



1 6 8  

Exp and ing C . S 3 ,  

E 0 . \ 1 P
j 2 ) = P i l P j 2 

E ( 1 - p 1 (w+y )  - p ; Cw+y )  + p 1 (vv 1 +ww 1 + Vx 1 + xv 1 ) p 2 _ l  - - - - - - 1  - - - - - - - - -

+ p 1 (vv 1 +ww 1 + 2 vx 1 ) p +p 1 ( vv 1 +ww 1 + 2vx 1 ) p _ l  - - - - - - _ l  _ 2  - - - - - - _ 2  

- 3p 1 1 VV 1 p 1 p 1 w - p 1 Vv 1 p p 1 W - 2p 1 Vv 1 p p 1 W  - - - - _ l  - _ 1  - - _ 1 _ 2  - _ l  - - - 2 _ l  

- 3p 1 VV 1 p p 1 W  - p 1 VV 1 p p 1 W  - 2p 1 VV 1 p p 1 w _ 2  - - _ 2 _ 2  - _ 2 - - _ 2 _ 1  - _ 1 - - _ 2 _ 2  -

+ p 1 VV 1 p p 1 VV 1 p + p 1 VV 1 p p 1 VV 1 p - 1 - - - 1 - 1 - - - 1 - 1 - - - 1 - 1 - - - 2 

+ (u . + u . ) ( - p 1 ( v+ x ) - p 2 1 ( v + x ) +p 1 (vw 1 +wv 1 ) p 2 1 1  J 2  _ 1 - - - - - _ 1 - - - - -
+ 2p 1 Vw 1 p + 2p 1 Vw 1 p -p 1 VV 1 p p 1 v) _ 1 - - _ 1  _ 2 - - _ 2 _ 1  - - _ 1 _ 1  -

( u . +u . ) 2 + 1 1  J 2  
( 1 - p l w  - p l w  

2 - 1 - - 2 -

( u . + u .  ) 3  + 1 1  J 2  
6 

( u  + u ) 4 + i 1 j 2 
2 4 

) ( C . 5 4 )  



The exp e c t at i on o f  many o f  the s e  t e rms has  

a l r e ady b e en o b t a ined i n  equa t i on s  C . 3 9 t o  C . 4 8 .  

The r ema i n in g  expec tat i o n s  r e qu i r ed are : 

E (p ' vv ' p ) = 
_ 1 _ _  - 2 

= I: l: P ·  P · r a . .  1 J 1 J 1 J 
= r � 1 

I E 1! 2  -

E CJl i � ' Jl 2 ) = I: l: p .  p .  � E ( u . 2 u . 2 ) 1 J 1 J 1 1  J 2 

= t l: P · P · � ( a ?  (1 �  + 2 r 2 a . .  2 ) J 1 J 1 J 1 J 
= 

E (p ' vx ' p ) = 
_ 1 - - _ 2 

!-.-p ' d 
4 - 1 - p ' d _ 2  -

I: l: P · P ·  1 J 1 J 
I: l: P ·  p .  1 J 1 J 

+ 
2 .!:. p 1 ' E * E 2 - - -

..!.. E 6 ( u i 1  

� 2 

uj � )  
1 (1 • 

2 ) -( 3r  (1 • •  6 1 J J 
r. p ' d * d e  
2 _ 2  - _ _  1 

I n  s imi l ar f a s h i on , 

E (p 1 ' vv ' p p ' vv ' p ) = 3 r  p ' E p 2p 2 ' Ep 2 - - - _ 2 _ 2 - - _ 2 - 1  - - - - -

1 6 9  

( C . S S )  

( C . 5 6 )  

( C . 5 7 )  

( C . 5 8 )  

( C . S 9 )  

( C . 6 0 )  



E ( U · u .  uk 2 ) 1 1  J 1 

1 7 0  

( C . 6 2 )  

( C . 6 3 )  

( C . 6 3 )  

E ( u1. 1 p_ 2 ' v_ w_ ' p_ 2) = r p ' c . p ' d + r p ' C - * e 2 _ 2  _ 1 _ 2  - _ 2  _ 1  _ 2  ( C . 6 4 )  

( C . 6 5 )  

E ( u . p ' vv ' p p ' v) = p ' Ep p ' c . + 2 r 2p ' E p p ' c . ( C . 6 6 )  1 1  - 2 - - - 2 - 1 - - 2 _ _  2 _ 1 _ 1  _ 1  _ _  2 _ 2 _ 1  

E ( ku .  2 p ' w ) �cr . 2 � 2
· � + = 

2 1 1  _ 2  - 1 

E ( ku 2p ' vv ' p ) r 2 p ' Ep = -cr . 
2 i 1  _ 1 - - _ 2 2 1 - 1  _ _  2 

r 2 
2 

+ r 

p 2 ' C - * C ·  - _ 1  _ 1  

P ·  ' c .  _ 1  - 1  � 2 

( C . 6 8 )  

I ( C . 6 9 )  c .  _ 1  

E ( �u . 2 p 2 ' vv ' p :)  = � cr . 2 p ' E p + r 2 p ' c .  p ' c .  ( C . 7 0 )  1 1  - - - - 1 _ 2  _ _  2 _ 2  _ 1  _ 2  _ 1  

E 

= r cr  . .  1 )  

(u 1. 1 uJ. 2 p ' w ) = - 1 - + r p ' c . * c . _ 1  _ 1  - J  

( C . 7 1 )  

( C . 7 2 )  

E ( u i 1 u . 2 p_ 1 ' v_ v_ ' p_ 1 )= r cr  . .  p 1 ' r p 1 + Z r  p_ 1 ' c .  p 1 ' c .  ( C . 7 3 )  J 1 )  - - - _ 1  - - J 

E ( ui 1  u j 2 � 1 � �� � � 2 )= r 2 cr i j � 1 � � � 2 + � 1 1 � i� 2
1

� j + r 2 � 1
1 � j � 2

,
� i  

( C . 7 4 )  

E ( i c u . 1 + u . 2 ) 3 p ' v ) = � ( cr . 2 + 2 r cr  . . + cr . 2 ) (p ' c . + rp ' c . )  ( C . 7 5 )  1 J - 1  - 1 1 )  J 1 1 1 J 

� ( cr . 2 + 2 r cr . .  + cr . 2 ) 2 
8 1 1 )  J ( C . 7 6 )  



1 7 1 

Sub s t i tut ing C . 3 9 to C . 4 8 and C . S S t o  C . 7 6 into  C . 5 4 g ive s 

E ( p i l  i> j 2 ) = p i l  P j 2 

1 (� 1 + p 2 ) ' ( � d  + 1 d * d )  -

- 8 

11 

+ 

+ � (p ' dd ' p _ 1 - - _ 1  + p 2 ' dd ' p ) - - - _ 2  

+ 

+ 

+ p 1 e 1p e + 2 r 2 p 1 e p 1 e _ 1 _ 1 _ 2 _ 2 _ 1 _ 2 _ 1 _ 2  

- p 1 ( c . + re . + �d * c . + !zrd * c . )  _ 1  _ l - J - _ l - - J  

- p 1 (c .  + re .  + !z d * c . + !zrd * c · )  _ 2  - J  _ l - - J  - _ l  

( con t i nu e d )  



+ �p 1 ' (c . + r c . ) p 2 ' d  + rp ' e  * ( c . + rc . ) - _ 1  - J - - _ 2 _ l - J  _ 1  

+ �P ' ( c . + rc . ) p 1 ' d  + rp 1 ' e 2 * ( c . + r c . ) _ 2  - J  _ 1  - - - - _ 1  - J  

+ p ' (c . + r c . ) p ' d  + Zp ' e  * (c . + rc . ) 
- 1  - 1 - J - 1 - - 1 - 1 - 1 - J  

- 3p ' e  p ' ( c . + r c . ) - 3p ' e  p ' ( c . + rc . ) - 1  - 1 - 1  _ 1  - J  _ 2  _ 2 _ 2  - J  _ 1  

- p ' e  p ' ( c . + r c . ) - p ' e  p ' ( c . + rc . )  _ l  - 1 - 2  - J  _ 1  _ 2  - 2 - 1  _ 1  - J  

+ � ( a . 2 + 2 r a  . .  + a . 2 ) 1 1 J  J 

- � a . 2 (p + p ) ' d - � (p 1 + r 2 p � 'C . * C -1 _ l  _ 2 - - _ 1 _ 1 

- �ra . .  (p +p ) ' d - r (p +p 1 'c - * c ·  1 J  _ l  _ 2  _ 1  - �  _ 1  - J 

+ �r ( a . 2 + 2 r a  . .  + a . 2 ) p ' e  + p ' c .  p ' c .  1 1 J  J _ 1  _ 2 _ 1  _ 1  _ 2  - J 

+ rp 1 ' c . p 2 ' c .  + rp 1 ' c .  p 2 ' c . + r2 p ' c . p ' c .  - _ 1 _ _ 1  - - J  - - J  _ l  - J  _ 2  _ 1  

1 7 2  

( c on t inued)  



+ � ( o . 2 + 2 r o  . .  + o . 2 ) (p ' e  +p ' e ) 1 1 )  J _ 1 _ 1 _ 2  _ 2  

- � ( o . 2 + 2 r o  . .  + o . 2 ) (p ' c . + p ' c . )  1 1 )  J _ 1  _ 1 - 2 - J  

- � r ( o . 2 + 2 r o  . .  + o . 2 ) (p ' c . + p 2 ' c . )  1 1 )  J _ 1 - J - _ 1 

+ � ( o . 2 + 2 r o  . .  + o . 2 ) ( o . 2 + 2 r o  . .  + o . 2 ) )  
8 1 1 )  J 1 1 )  J 

wh i ch up on r earran g ement e qual s 

p .  p .  { ( l + � ( o . 2 + 2 r o . .  + o . 2 ) )  (1  + rp ' e 1 1 ) 2 1 1 )  J _ 1 _ 2  

+ 

+ 

+ 

+ 

+ 

- �d - c .  - re . )  _ 1  - J  

+ � 2 I ( : 2 - �d - c .  - re . ) ) - J _ 1  

- �d - c .  - r c . ) ) 2 _ 1 - J  

(p_ 2 ' C : 2 - �d - c . - r c . ) ) 2 
- - J - 1 

1 ( (o . 2 + 2 r o . . + o . 2 ) 2 - ( p + p ) ' d * d )  8 1 1 )  J - 1  - 2 - -

1 7 3  

( C . 7 7 )  

( co n t i nu e d )  



+ �r (p 1 ' d* e 2 + p 2 ' d* e 1 ) + p 1 ' d* e 1 + p 2 ' d* e 2 - - - - - - - - - - - -

- ( 3p + r 2p ) ' e * e - ( 3p + r 2p ) ' e * e  � 1 _ 2 _ 1 � 1 _ 2 _ 1 � 2 _ 2 

- � (p 1 ' d  * ( e . + re .  ) + p 2 ' d  * ( e . + re . ) ) - - _ 1 - J  � - � J  _ 1 

1 7 4  

- r (p 1 + P 2 ) '  e - * e . ( C . 7 8 )  _ 1 - J  



1 7 5  

Three  s imp l i fi e d  exp r e s s ions , der ived from C . 7 8 ,  a r e : 

1 )  Gene r a l  exp r e s s i on neg l e c t ing 4 t h  power terms 

E (p . i> j 2 ) = p i 1 p j 2 ( 1 + � ( o 2 . + 2ro . .  + o . 2 ) 1 1 1 1 J  J 
+ P 1 ' e 1 + P 2 ' e2 + rp 1 ' e 2 

- � (p 1 + P 2 ) ' d 

P 1 ' (c  · + re . )  - P 2 ' ( c . + re i ) ) 1 J J 
( C . 7 9 )  

2 )  Binom i a l  l o g i t expre s s ion neg l e c t ing 4 t h  

power t erms . 

( C . 8 0 )  

3 )  B inom i a l  l o g i t  exp r e s s ion  inc l uding 4 t h  power 

but for  

r = 1 ,  p = p 1 = p 2 , and q = 1 - p 

E ( pp) = pp 0. + o 2 q ( 2 - 3p ) 

+ o 4 q ( 2 - 1 4!.ip + 2 7p 2 - 1 Sp 3 ) 

= pp + o 2pq ( 2p - 3p 2 + p o 2 ( - !.ip+2q - 1 2pq + 1 5p 2q ) ) 

( C . 8 1 )  
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Append i x  D .  

S ome  add i t i on a l  t ab l e s  r e l a t i ng t o  c hapter  8 .  

Tabl e D . 1 F o o t- shape sco r e s  rec o r d ed a t  two t im e s  b y  

two obser v e r s  on 9 7  l ambs . 

S core  patt ern  
ob server  1 obser v e r  2 

am pm am pm fr eque n c y  

5 5 5 5 32 
5 5 5 4 3 
5 5 4 5 7 
5 5 4 4 7 
5 4 4 4 2 
4 5 5 5 5 
4 5 5 4 1 
4 5 4 5 6 
4 5 4 4 4 
4 4 5 5 1 
4 4 4 5 2 
4 4 4 4 1 1  
4 4 3 4 4 
4 4 3 3 I 1 
4 3 5 5 1 
3 4 3 4 3 
3 4 3 3 1 
3 3 5 5 1 
3 3 3 4 2 
3 3 3 3 3 

Tab l e  D . 2  F o o t - sc a l d  sco r e s  r ecor d e d  a t  two t imes b y  

two o bser v e r s  on 9 7  l ambs . 

Score  pattern  
observ e r  1 obse r v er 2 

am Qm am Qm freguency 

0 0 0 0 80  
0 1 0 0 1 
1 0 0 0 4 
1 1 0 0 3 
1 1 0 1 2 
1 1 1 0 1 
1 1 1 1 6 



Tab l e  D . 3  F oot-rot  scor es  r ecord ed at  two t imes b y  

two obser v e r s on 9 7  l ambs . 

Score  p attern  
observ e r  1 obs er v er 2 

am Qm am QID fr eguenc� 
0 0 0 0 90  
1 0 0 0 3 
1 1 0 0 1 
1 1 0 1 1 
1 1 1 0 2 

Tab l e  D . 4a E xper i m ent  d ata  for 1 9 80  l amb i n g  
NIJ Y\J ".) 

Y R B 1  B 2  3 sx SR  L N  L5 L 4  L S  LR H N  H 5  H 4  H S  H R  TN  

1 1 0 1 1 3 9  33 6 6 1 
1 1 0 0 1 5 0  4 1  9 2 0 4 7  3 8  9 2 1 3 6  
1 1 0 1 2 35  30  4 1 0 
1 1 0 0 2 2 9  20 9 0 0 3 0  2 6  4 1 0 1 0  
1 1 0 1 3 2 9  2 1  8 1 0 
1 1 0 0 3 4 8  3 1  1 7  4 1 47 3 3  1 2  6 6 2 1  
1 1 0 1 4 3 5  23 1 2  3 0 
1 1 0 0 4 3 2  26 5 1 0 32  30  1 0 1 8  
1 1 0 1 5 26  2 3  3 0 0 
1 1 0 0 5 25  1 9  6 1 1 26 2 1  5 5 0 8 
1 1 0 1 6 3 4  3 1  3 0 1 
1 1 0 0 6 2 8  23 5 1 1 28 2 4  3 2 25 
1 1 0 1 7 54  4 6  8 1 2 
1 1 0 0 7 5 4  50 4 1 2 52 5 2  0 2 0 4 1  
1 - 1  1 1 1 43 3 3  1 0  3 1 
1 - 1  1 0 1 6 1  4-9 1 1 4 3 57 4 4  1 1  1 5  1 2  5 3  
1 - 1  1 1 2 57 35 1 9  1 3  1 
1 - 1  1 0 2 53  35  1 7  5 2 54  4 7  7 1 6  4 4 6  
1 - 1  1 1 3 44 3 3  1 1  5 1 
1 - 1  1 0 3 5 0  42  8 4 2 5 1  4 6  5 1 6  1 1 4 4  
1 - 1  1 1 4 49  32  1 2  7 2 
1 - 1  1 0 4 3 8  23 1 5  1 3 42 3 5  7 1 3  3 3 5  
1 - 1  1 1 5 6 4  3 7  2 6  1 2  3 
1 - 1  1 0 5 4 6  33  1 1 4 2 49 4 1  7 1 7  1 0  3 8  
1 - 1  1 1 6 6 2  27 3 0  1 6  4 
1 - 1  1 0 6 5 6  30  22  6 1 62 5 3  4 25 8 5 7  
1 - 1  - 1  1 1 22 1 0  1 0 7 1 
1 - 1  - 1  0 1 1 9  1 1  7 1 2 1 9  1 5 2 8 3 
1 - 1  - 1  1 2 2 3  1 0  6 5 2 
1 - 1  - 1  0 2 1 6  7 6 2 2 1 6  8 7 7 6 
1 - 1  - 1  1 3 2 1  7 1 3 2 1 
1 - 1  - 1  0 3 1 8  6 1 0  2 0 1 7  1 0 6 3 1 

I ( 11b0 

) r, ,.,  S •A..( 

1 7 7  

T 5  T 4  TS  TR  

28  8 0 1 

8 2 0 0 

1 3  7 3 1 

1 7  0 0 

6 1 1 1 

1 8  7 

4 0  1 0 0 

2 1  2 6  3 6 

25 1 6  3 8 

3 0  9 0 4 

1 7  1 2  2 3 

2 6  8 0 4 

3 3  1 5  2 1 0  
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Tab l e  D . 4b E x per iment  d a t a  f or 1 9 8 1  l amb i n g  

YR  B 1  B 2  B3  s x  SR  LN L5  L 4  L S  L R  H N  H5 H 4  H S  H R  

- 1  1 1 8 67  40  2 1  0 0 69 5 8  1 1 0 1 
- 1  1 0 8 55  3 9  1 1 0 0 
- 1  1 1 9 4 7  27 1 6  0 0 46 3 6  8 0 0 
- 1  1 0 9 3 1  2 3  7 0 0 
- 1  1 1 1 0  5 2  38 8 0 0 4 9  4 4  4 0 0 
- 1  1 0 1 0  37 2 5  1 0  0 0 
- 1  1 1 1 1  40 20 1 2  0 0 36 28  7 0 0 
- 1  1 0 1 1  43 27  1 2  0 0 
- 1  1 1 1 2  50 1 7  2 1  0 0 49 1 9  24 0 0 
- 1  1 0 1 2  5 1  20  2 0  0 0 
- 1  1 1 1 3  32  1 6  1 2  0 0 28 2 4  4 0 0 
- 1  1 0 1 3  48 3 0  1 3 0 0 
- 1  - 1  1 7 30 1 7  1 2  0 0 28 2 1  7 0 0 
- 1  - 1  0 7 37 1 4  2 1  1 0 
- 1  - 1  1 8 3 1  2 3  8 2 1 30 2 1  9 0 0 
- 1  - 1  0 8 20 1 3  6 0 1 
- 1  - 1  1 9 1 9  1 2  6 0 0 1 8  1 2  6 0 1 
- 1  - 1  0 9 22 1 4  7 0 0 
- 1  - 1  1 1 0 24 1 1  1 0  5 2 25  1 1 8 3 3 
- 1  - 1  0 1 0  26 1 7  8 5 2 
- 1  - 1  1 1 1 39 1 5  1 7  8 4 40  1 6 1 9  3 4 
- 1  - 1  0 1 1  20 1 5  3 1 0 
- 1  - 1  1 1 2  3 1  2 0  9 7 2 28 1 2  1 2  0 5 
- 1  - 1  0 1 2  23  1 7  6 2 2 
- 1  - 1  1 1 3  23 20  3 0 0 23 1 6  7 1 2 
- 1  - 1  0 1 3  27 2 1  5 0 1 
- 1  - 1  1 1 4  33 1 7  1 4 1 0 3 6  1 8 1 6  1 2 
- 1  - 1  0 1 4  40 2 5  1 3 0 0 
- 1  - 1  1 1 5  33 20  1 3 1 0 3 3  2 0  1 2  0 2 
- 1 - 1  0 1 5  26 1 5  9 0 0 
- 1  - 1  1 1 6 46 3 3 1 1 6 1 44  2 0  2 1  2 5 
- 1  - 1  0 1 6  40 3 0  9 3 0 
- 1  - 1  1 1 7 22 1 4  5 6 4 20 1 2  4 3 6 
- 1  - 1  0 1 7  34 2 1  1 2  3 3 
- 1  - 1  1 1 8 30 1 9  1 0 ·a 1 2 9  1 4  1 3  0 4 
- 1  - 1  0 1 8 24 1 4  8 0 1 
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Table D . 5  E s t imates  o f  breed i n g  val u e s  for t h e  t r a i t  
foo t - shape  sco r e  - obt ai ned  by  v ar i o u s  m e thod s . 

M e thod a n d  Tr a i t  
MLM OLS MLM OLS MLM MLM 

S i re L 5 4  LS L 5  L 5  H 54 H 5  

1 . 40 1  . 093  . 3 94  . 08 8  . 80 4 1 . 7 8 8 7  
2 . 25 8  0 074 . 25 2  . 06 9  - . 0 0 1 0  0 0 1 1 4  
3 . 1 3 8  0 037 . 1 3 2 . 0 3 2  - . 2 2 8 6  - . 2 3 96 
4 . 07 7  . 027 . 0 72  . 0 2 3  - . 1 7 9 9  - . 1 8 68  
5 - . 0 9 2  - . 0 3 2  - . 0 8 3  - . 02 0  . 06 3 3  . 0527  
6 - . 28 5  - . 080  - . 27 3  - . 07 0  . 36 1 8  . 3685 
7 - . 4 9 6  - 0 1 1 8 - . 4 9 5  - 0 1 22 - . 8 1 9 8 - . 7 9 4 9  

8 . 4 8 1  0 1 66 . 4 5 8  0 1 3 3 . 3 1 4 9 . 29 7 7  
9 . 438  0 1 43 . 4 2 5  0 1 20 - . 3 9 9 8  - . 3 9 3 2  

1 0  - . 0 5 5  - . 0 1 3  - . 0 7 1  - . 0 2 1  - . 0 3 8 3  - . 0 4 1 1 
1 1  - . 0 8 7  - . 0 2 7  - . 0 8 7  - . 0 2 6  0 1 5 4 6  . 1 3 5 9  
1 2  - 0 1 1  3 - . 0 4 9  - . 0 8 5  - . 027  - . 0 3 7 0  - . 0 5 5 3  
1 3  - . 6 6 3  - . 2 2 0  - . 6 3 9  - . 1 7 8 . 00 5 5  0 055 9  

1 4  0 24 9 0 1 46 . 20 4  . 0 84  . 3 4 6 3  . 4 02 1 
1 5  - 0 1 1  0 - . 0 3 6  - . 22 7  - . 0 9 4  - . 0 7 6 9  - . 0 9 9 7  
1 6  - 0 1 3  9 - 0 1 1  0 . 02 3  . 0 1 0  - . 26 9 4  - . 30 2 4  

1 7  . 3 8 7  . 1 6 4  . 4 1 3  0 1 29 . 5 822  . 5 8 1 9  
1 8  . 24 5  . 1 25 . 1 98 . 0 64  . 0 9 9 5  . 1 0 9 7  
1 9 . 24 0  . 099 . 228  . 0 6 6  . 4 0 6 4  . 37 8 6  
2 0 - . 0 4 0  - . 0 1 5 - .  0 5 7  - . 0 1 9  . 36 7 6  . 34 3 8  
2 1  - . 0 8 6  - . 0 4 5  - . 0 6 3  - . 0 2 1  . 08 9 3  . 08 3 6  
2 2 - . 7 4 5  - . 3 2 7  - 0 7 1 8  - . 2 1 9 c  - 1 . 5 4 5 2  - 1 . 4 977 

2 3  . 52 8  . 226 . 525 . 1 92 . 4 2 8 7  . 3 6 9 4  
2 4  . 3 4 8  . 1 27 . 347  . 1 07 - . 2 8 2 5  - . 3 245  
25  . 24 9  . 1 1  8 . 226  . 082 . 4 7 8 5  . 4 1 75 
2 6  . 1 79  . 079 . 1 7 1  . 0 6 1  - . 4 1 09 - . 3 5 8 8  

. 2 7  . 0 22 . 0 1 2  . 0 1 9  . 007 . 3 2 6 6  . 2 6 5 2  
2 8  - . 0 3 0  - . 02 3  - . 0 0 9  - . 00 4  - . 0 3 4 5 . 1 1  0 9 
2 9  - . 0 3 4  - . 0 1 5 - . 0 3 6  - . 0 1 4 - .  1 8 0 8 - . 2 0 8 0 
3 0 - . 0 5 9  - .  0 1 1 - . 0 8 8  - . 0 3 2  . 1 9 7 3 . 1 5 0 3  
3 1  - . 1 4 9 - . 0 5 3  - .  1 5  8 - . 0 5 2  - . 1 2 6 2  - . 1 6 9 4  
3 2  - .  1 9 5 - . 0 9 3  - . 1 7 9 - . 0 6 7  - . 4 8 4 4  - . 3 1 4 0 
3 3  - . 4 0 5  - . 2 1 0 - . 3 2 4  - .  1 1 4 - . 5 0 9 7  - . 4 8 8 1 
3 4  - . 4 5 4  - .  1 5  6 - . 4 9 3  - . 1 6 5 . 59 8 0  . 54 9 6  



1 80 

Tab l e  0 . 6  E s t imates  o f  breed i n g  v a l u e s  for t h e  tra i t s  

pr e s ence o f  f oot- s c a l d  and presen c e  o f  foot- rot , 

o b tained  b y  two m e thod s .  

Me thod and Tr a i t 
MLM OLS 

S i r e  S c a l d  S c a l d  

1 
2 
3 
4 
5 
6 
7 

8 
9 

1 0  
1 1 
1 2  
1 3  

1 4  
1 5 
1 6  

- .  4 1 0  
- .  3 6 6  

. 80 4  
- . 28 4  
- .  3 7 8  

. 252 

. 38 3 

- . 2 1 5  
- . 43 3  

. 1 1 3 

. 32 0 
- . 2 9 4  

. 50 9  

. 23 1  
- .  3 2 2  

. 090  

- . 022  
- . 0 2 5  

. 050 
- . 02 1  
- . 0 2 6  

. 0 1 9  

. 026 

- . 02 5  
- . 04 9 

. 0 1 4  

. 038 
- . 0 3 8  

. 060 

. 038 
- . 0 5 5  

. 0 1 6  

MLM 
Rot 

. 3 1 4  

. 1 5 6  
- . 08 1  

. 023  
- .  1 7 6 
- .  1 83 
- . 053  

- . 0 9 3  
- . 02 7  

. 06 6  
- .  1 54 

. 1 8 1  

. 026  

. 0 30  
- . 2 1 8 

. 1 87 

OLS 
Rot  

. 021  

. 0 1 6  
- . 005 

. 003 
- . 0 1 6  
- . 0 1 6  
- . 004 

- . 0 0 9  
- . 00 3  

. 005 
- .  0 1 3  

. 0 1 7  
. 002 

. 00 6  
- . 04 2  

. 03 6  

1 7  n o t  est im a ted bec a u s e  n o  l ambs in  t h i s  

22 m a t ing- group h a d  e i th er foot- rot  or s c a l d . 

2 3  
2 4  
2 5  
2 6  
2 7  
2 8  
2 9  
3 0  
3 1  
3 2  
3 3  
3 4 

- . 6 8 5  
. 357  

- . 3 5 6  
. 8 8 3  

- . 6 2 9  1 • 0 1 1  
- .  7 2 9  
- . 5 82 
- .  6 2 9  
1 .  25 8 

. 70 0  
- . 5 9 9  

- . 0 6 9  
. 03 1  

- . 0 3 8  
. 09 1  

- . 0 7 0  
. 095 

- . 0 7 5  
- . 05 8  
- . 0 5 5  

. 1 29 

. 072 
- . 0 5 4  

- .  1 1 6  
- . 267 

. 0 1 1 

. 284 
- . 22 6  

. 724 

. 00 0 
- . 3 0 5  
- . 3 4 4  

. 322  

. 24 1  
- . 3 2 4  

- . 0 1 7  
- . 026 

. 000 
. 0 35 

- . 0 37  
. 0 89  

- . 00 1  
- . 0 38  
- . 0 37  

. 0 42  

. 0 2 8  
- . 0 3 7  
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