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ABSTRACT

The estimation of heritabilities, genetic and environmental
variances and covariances, and the prediction of breeding
values, is a major concern among animal breeders. This study
adapts existing statistical methods to provide a new method
of estimating these parameters for categorical traits.

The problems associated with the analysis of categorical data
arise because of the relationship between the mean and
variance of the sampling distribution. The parameters of the
sampling distribution are assumed to be a non-linear function
of values on an underlying scale. It is further assumed that
fixed and random effects are additive on the underlying
scale. This scale cannot be observed and information about

it must be deduced from the observed categorical trait.

A common practice has been to estimate parameters (fixed
effects and variances) on the categorical variable itself and
then to transform these estimates to values applicable to the
underlying scale. This procedure is theoretitally invalid
except for a fully random model in which the only fixed
effect is the mean. The method developed in this thesis
attempts to estimate parameters directly in the underlying
scale by transforming the data before calculating estimates
of the parameters. It is a synthesis of mixed model
procedures (Henderson et al., 1959) and generalized linear
models (Nelder and Wedderburn, 1972) and is called the
generalized linear mixed model. The general method is for
analysing data presumed to arise from a two-stage sampling
procedure when the second sampling has an error distribution
belonging to the single parameter exponential family.

The detailed algebra for applying the new method to binomial
and multinomial traits for the estimation of fixed effects is
presented. The logit transformation is used in this
application and the resulting system of equations is called
the logistic linear mixed mode}. A procedure for estimating
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variances, covariances and the intraclass correlation on the

underlying scale is also developed.

The logistic linear mixed model is evaluated by comparing
parameter estimates from the method with true values used to
generate the data being analysed. Biases appear to be small
except for some extreme combinations of parameters when

assumptions made while developing the algebra break down.

The logistic linear mixed model is applied to two real
problems for which fixed and random effects and variance
components are estimated and comparisons made with parameters
estimated by other methods. The first problem is the
analysis of data on the feet characteristics of 2513 lambs,
the second is the analysis of 1396 lambing performance

records.

The concluding discussion considers the general use of the
logistic linear mixed model and its relationship with other

models.
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Chapter 1. Introduction

Animal breeders aim to improve the genetic merit of herds and
flocks for productive performance by selecting, as parents
for the next generation, those animals most likely to
maximize genetic advance in the population. Genetic merit is
defined by use of a function of the productive traits to be
improved, the selection objective. Traits which might be

included in a selection objective include the total weight of
wool produced by sheep, the total amount of milk or milk fat
produced by cows, the liveweight gain of meat animals,

liability to disease and numbers of progeny.

The selection of animals to be used as parents is usually
made before all the information required by the selection
objective, is available. The assessment of merit must
therefore be made on the basis of the observations that are
available on the candidates for selection and/or their close
relatives. The principal question for animal breeders is:
What function of the observations is the best indicator of
the potential merit of an animal if used as a parent? The
various techniques proposed differ principally in what is
assumed about the observations and the population under
selection. Four situations are readily identifiable
(Henderson, 1973):

1) When the form of the joint distribution of the
observatfons and the variables to be predicted, together with
the actual values of the parameters characterizing that
distribution are known, selection can be on the conditional
mean of the predicted values. This situation rarely occurs
in practice.

2) When the form of the distribution is unknown but means,
variances and covariances of the observations and variables
to be predicted, are regarded as known, the selection index
(Hazel, 1943) is used.



3) When the variances and covariances, but not the means, of
the observations and variables to be predicted, are regarded
as known, best linear unbiased prediction (BLUP) is used.

4) When variances and covariances are unknown, they must be
estimated. BLUP procedures may then be used but will not be
unbiased if the variances are estimated from the same

observations.

Most of the literature on the estimation of breeding values
and genetic parameters, namely genetic variances and
covariances, relates to continuous (quantitative) traits.
However, animal breeders are also interested in categorical
(qualitative) traits such as liability to disease,
reproductive performance measured as number of progeny,

calving difficulty and 'stayability' (number of lactations).

Categorical variables arise when responses are classified into
categories rather than being measured on a continuous scale.
A continuous variable can be converted into a categorical
variable but not vice-versa. For example, the height of
trees can be recorded to the nearest millimeter (a continuous
trait) or simply recorded as low, medium and high (a
categorical trait). Sometimes the categories have a natural
order and can be regarded as different levels of a single
underlying variable as in the height example. This is the
threshold model. When there is no natural order, the
extremal model applies. It assumes each category represents
a different underlying variable. Cause of death with
categories 'accident', 'disease', 'exposure' and 'slaughter',
is an example.

In this thesis, a modified BLUP procedure and a method of
estimating variance and covariance components for categorical

traits, are derived and discussed.



Chapter 2. VLiterature Review

"Farm animals have on the whole been improved by the
simple method of mating best to best. We do not
understand at all clearly - in some cases hardly at all -
the resulting changes in physiological and biochemical
makeup. ... The scientist's contribution has been ...
to clarify what is 'best', and ... at a statistical
level, to indicate how the available information should
be combined to make correct decisions. It is assumed
that many genes are involved which can be manipulated
individually only in rather special cases, and that
genetic improvement is a gradual accumulation of small
effects." (Robertson, 1982)

This review of literature will introduce the concept of
heritability, describe categorical traits and discuss methods
proposed for the analysis of categorical traits in an animal
breeding context. The methods are all based on the
assumption of multifactorial inheritance, i.e. that the
trait is controlled by many pairs of genes, each with small
additive effects. This assumption is unlikely to be strictly
true for any particular trait but in the absence of specific
genetic information, appears to be the most useful basis for
generating general methods.

The ultimate purpose of statistical analysis in animal
breeding is to rank the individuals available for selection.
A secondary purpose is to estimate parameters needed for
assessing the potential for genetic improvement by selection,
and for forming a criterion upon which to rank the
individuals available for selection.

The genetic parameter most widely quoted is heritability
which, in the broad sense (Lush, 1949), is the proportion of
variation in a trait which is genetically determined. As
such, it depends on the magnitude of all the genetic
variation relative to the total genetic and environmental



variation. Heritability, in the narrow sense, is the ratio
of additive genetic variance to the total variance.

The total variation must be partitioned into its components
before heritability, and other genetic parameters, can be
estimated. Searle (1971 a) reviewed methods of variance
component estimation to that time. Harville (1977) presented
a thorough review of more recent methods. The most widely
used methods in animal breeding are those described by
Henderson (1953) for unbalanced data. They estimate variance
components by equating sums of squares from analyses of
variance to their expectations. Other more recent methods,
some based on maximum likelihood, are increasing in

popularity.  More details are given in section 3.1.3.

The principal method for predicting breeding values has been
the selection index (Hazel, 1943). This is based on the
principle of best linear prediction (Henderson, 1973), in
which it is assumed that means and variances are known. This
was extended to the case where means are not known by
Henderson (1963, 1973, 1975) using the technique of best
linear unbiased prediction (BLUP). These techniques are
described in section 3.1.

2.1. Categorical data

Categorical data are data obtained by classification rather
than measurement. Generally the categories are defined by
descriptive names like 'dead' or 'alive', 'easy' or 'hard'
and 'single' or 'multiple'. Some categorical characters
arise from direct Mendelian genetic segregation. For these,
a characteristic occurs only if a particular gene is present
and expressed. Depending on the level of dominance, the gene
combinations AA, Aa and aa might be distinguishable. This
model will not be considered further.

Most categorical traits of interest to animal breeders are

believed to be an expression of unobservable underlying



continuous traits. Two models for multinomial traits (see,
for instance, Bock, 1975, p513) are:

1) Threshold model A characteristic occurs only when the

value of an underlying variable exceeds a threshold value.
There may be several thresholds which generate a trait with
observed states which have an obvious order.

2) Extremal model Each category arises from a different

underlying threshold variable. The observed category depends
on which variable reaches its threshold first.
The extremal and threshold models are equivalent when there

are only two categories, i.e. for all-or-none traits.

Categorical data were commonly regarded as being the result
of Mendelian segregation until Wright (1934 a, 1934 b)
investigated the inheritance of digit (toe) numbers in guinea
pigs. He realized that the number of digits did not follow a
simple Mendelian segregation pattern. Rather, the number of
digits appeared to be related to an underlying variable which
was affected by both genetic and environmental variation.
Wright assumed the underlying variable was normally
distributed and used an inverse probability transformation

to convert frequencies of digit classes to means on the
underlying scale. A revised form of this transformation is
now generally known as the probit transformation

(Bliss, 1935). Wright used tetrachoric correlations
(Pearson, 1901, see equation 2.7) to investigate the effect
of mating-type, sex and age of dam on the relative
frequencies of digit classes. The tetrachoric correlation is
the correlation coefficient for an underlying bivariate
normal distribution which would produce the specified 2 x 2
frequency table if truncated on both axes. By
parent-offspring analysis using tetrachoric correlations, he
showed that continued segregation of three- and four-digit
types in some inbred lines was due to environmental and not
genetic causes.



2.2. Analysis on the binary (0,1) scale

2.2.1. Binomial traits

The method of least squares is a convenient procedure for
analysing binomial traits on the (0,1) scale.

However, for these analyses to be valid, some assumptions
must be satisfied. The principal assumption is that the
error variances are constant (or known) and that errors are
uncorrelated (or have known covariance). In the case of
known variances and covariances, the method of weighted least
squares is appropriate. Assumptions about the distribution
of the data are required where tests of significance are
performed. The method of least squares is known to be quite
robust to departures from normality (Ghosh and Sinha, 1980,
see also Bloomfield and Watson, 1975, and Knott, 1975). It
is for this reason that many animal breeders, and others,

use least squares procedures for analyses of binomial
variables.' By so doing, they often ignore differences in the
error variance which they know exist. Another problem with
the method of least squares, under a mixed model in
particular, is that predicted probabilities are not
constrained within the interval [0,1]). This problem is most
likely to occur when continous covariates are included in the
model. The problems with ordinary least squares have been
noted by Gianola (1980 a) and his list is given in section
2.3.2.

Korkman (1948) used an unweighted analysis of variance of a
binary (0,1) variable to investigate the genetic effects of
twinning in cattle. Variance components for herds,
sires-of-cows, cows and within-cows were obtained by equating
mean squares to their expectations. No attempt was made to
consider an underlying variable or to adjust tor the
dependence between mean and variance in binomial data.

Lush, Lamoreux and Hazel (1948) reported a study 'to measure
the extent or degree to which resistance to disease is



inherited in the fowl'. They analysed binary (0,1) data by
least squares using a random model. The data from each of
four years were analysed separately. Families with less than
ten full sisters were omitted. Analyses of variance were
obtained for three binary traits: mortality from all causes,
mortality from leukosis only and mortality from other causes.
variance components were obtained for sires,
dams-within-sires and full-sisters by equating mean squares
to their expectations. Heritability was estimated from the
correlation between full sisters and from the correlation
between half sisters. Lush EE al. (1948) observed that:
"The actually observed variance in binomial data is
correlated with the mean and hence becomes very small
when the average percentage in either class approaches
zero. This relationship makes the directly observed
estimates of heritability depend in part upon the average
incidence of mortality, unlike the situation in normally
distributed characteristics. Hence correction for
average incidence is required before comparisons can be
made fairly between heritabilities of specific causes of
mortality. This is also necessary for comparing
estimates of heritability from different flocks in which

the average incidence in mortality is not the same.

"Transformation to Bliss' 'probit' scale provides a
reasonable amount of correction for making such
comparisons. ... The basic assumption for this
transformation is that resistance to death among
individual birds is a continuous and normally distributed
variable with death being a threshold which divides the
population into only two fractions. The probit value
locates the population along that scale of real
resistance. Heritability on the actually observed
percentage scale can be transformed into the genetically
more accurate heritability on the probit scale by
multiplying it by 2£1592 where p is the fraction which
z

dies and z is the height of the ordinate which truncates
p of the area of the normal curve."



Most of their discussion relates to heritabilities and
genetic correlations estimated on the binary (0,1) scale.
However, there was "apparent inconsistency" in heritabilities
calculated on the binary scale. The heritability of total
mortality (.22) was higher than for its two components,
leukosis (.14) and other (.03). The problem "is resolved by
the probit transformation. This results from removing the
bias due to different average percentages of mortality in the
three categories."™ The corresponding heritabilities on the
probit scale were .33, .37 and .05 respectively. These
results highlight the importance of using an underlying
probit scale when comparing parameter estimates -from
(sub)populations with different mean incidence. Heritability
on the probit scale is "genetically more accurate" when
multifactorial inheritance applies and the central limit
theorem might reasonably be invoked.

Robertson and Lerner (1949) analysed poultry mortality data
on the (0,1) scale. They ignored half-sib families with less
than 12 birds and full-sib families with less than 5 birds.
They assumed each bird had a genetically-based probability of
surviving to become a parent in the next generation with mean

E and variance 0;. They calculated heritability as
heritability = ----8€ne€tic_improvement _________
phenotypic selection differential
2
n2 - _oP A
P 1-p
x2-(N-1)
e N (2.1)
r k
where x2 is the heterogeneity x2 of the 2 x N data table,

o§ is estimated from an analysis of variance,

r is the difference in genetic relationship between
and within classes and
k is the coefficient of rog in the expression for the
expected value of the sum of squares.
Hill and Smith (1977) commented that this method was not

preferable to the components of variance method.



Robertson and Lerner (1949) discussed the concept of
"heritability on the probit scale" introduced by

Lush et al. (1948). They presented an interpretation of the
probit transformation which applies to mortality from a
"single definite cause". They considered the probit
transformation inappropriate for total mortality, an
unspecified mixture of variously heritable traits, because
"the dosage scale ceases to have any definite meaning". They
showed that the heritability of a trait composed of ten
equi-heritable traits is less than the heritability of just
one of those traits at the same incidence.

Dempster and Lerner (1950) investigated "the conditions ...
under which serious errors are likely to result from use of
the convenient p scale" instead of the underlying scale, the
X scale. They state
"The probit transformation may be satisfactory for ...
comparing heritability values but it is not apparent how
it can be used for devising optimum selection indexes nor
is it at all convenient in many situations for computing
expected rates of gain."
They consider an underlying variable (X) whose value is the
sum of two independent normal variables, g and e, with means
zero and variances h and 1-K respectively. Thus X is
distributed N(0,1). The character is expressed in those
individuals, and only those, in which X exceeds a threshold
Xx'. Gene substitutions are presumed to have individually
small and strictly additive effects on the underlying
variate. The proportion, p, of individuals with the
character is determined from the tail of the normal curve.
"Genetic differences are ... thought of as shifting the
mean of the environmental distribution, the threshold
remaining fixed. Alternatively, they can equally well be
thought of as shifting the threshold abscissa, the mean
of the environmental distribution remaining fixed. Using
either concept, the genotype of an individual on the p
scale is the proportion of environments in which it would

exhibit the character.”
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The relationship between heritability on the underlying scale
and on the p scale, used by Lush et al. (1948), was proved by
Robertson (in an appendix to Dempster and Lerner, 1950). The
relationship, repeated below, assumes a normal distribution
for the underlying variable.

2 i
h - 2--Bo (2.2)
P p(1-p)
where z is the height of the ordinate at x°',
h2 is heritability on the X scale and

hgais heritability (additive) on the p scale.

The accuracy of this relationship between heritability on the
p and X scales was studied empirically by Van Vleck (1972)
and Olausson and R&nningen (1975) in simulation studies. Van
Vleck (1972) concluded
"Heritability on the normal scale generally will be only
slightly over-estimated by multiplying the estimate from
the paternal half-sib correlation from binomial data by
p(1-p)/z? but may be over-estimated substantially if the
estimate from parent-offspring correlation is similarly
adjusted particularly when p is not between .25 and .75.
The over-estimate will be greater when normal
heritability is large than when it is small.

"Genetic gain from mass selection as measured by the
fraction of the population with the character will be
under-estimated when only a small fraction of the
population has the character and when heritability on the

normal scale is high ...."

James and McGuirk (1982) recently considered the estimation
of the heritability of all-or-none characters by
offspring/parent regression. They allowed each generation to

have a different incidence and obtained the relationship
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2 _
hog = ===2-=< (2.3)

where p is the incidence in the parent generation (not the
actual parents),
z is the ordinate corresponding to p and
z0 is the ordinate corresponding to the incidence
in the offspring.

This function is dependent on both parent and offspring
incidences. Plotting showed that the relationship is more
sensitive to changes in offspring incidence than to changes
in parent incidence. This is because it is proportional to
z_ while changes in z are largely compensated by changes in

(0]
p(1-p).

2.2.2. Multinomial traits

When a categorical trait is definitely ordered (as it often
is in animal breeding), it has been common to analyse
category codes as a continuous variable. In sheep research,
fertility traits such as oestrous activity, ovulation rate,
number of lambs born and lambs weaned have traditionally been
analysed as continuous traits (e.g. Hohenboken and Clarke,
1981, Lamberson and Thomas, 1982, Dzakuma, Whiteman and NcNew
1982). 1In dairy cattle, calving difficulty (5 classes) has
been analysed as if continuous (Pollak and Freeman, 1976,

Thompson, Freeman and Berger, 1981).

An alternative approach is to replace the category codes with
scores. Tong, Wilton and Schaeffer (1977) presented a method
of computing scores based on work by Snell (1964) and using

" the logistic distribution. This was used by Schaeffer and
Wilton (1977) and Hudson, Schaeffer and Wilton (1980) to give
ease of calving scores of 100, 50, 30, O for the evaluation
of beef sires. Scores could also be based on monetary value
of the categories. Gianola (1979 a) has shown the
relationship between heritability in the outward (scores)

scale and in an underlying normal X scale to be
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m-1 >
, , [ g zi(ai+1 = a5 ¥ 13
h = h® ccmccmccrrcccccacaaaa (2.4)
°© var(a'p)
where a = {ai} is a vector of m scores,
p & {pi} is a vector of m probabilities,
z. is the ordinate of the normal distribution at the
i th threshold,
hg is the heritability in the outward scale and

h2 is the heritability in the underlying normal scale.
In general, the more categories in the trait, the closer the
heritabilities will be. In the case of only two categories,
equation 2.4 reduces to equation 2.2. The scores which
maximize heritability on the outward scale are proportional

to the means of truncated sections of the normal distribution

i.e. a. = _i-1 1 (2.5)

where z0 and zm are both zero.

Landis and Koch (1977 ¢), in a study of the repeatability of
psychological diagnoses, expressed a categorical trait of L
categories as L binary variables. The categories did not
have a natural order although one could possibly be imposed.
They used multivariate analysis procedures and a one-way
random model. They showed that the usual variance components
procedure could be used to obtain an intraclass correlation
coefficient for each variable. Quaas and Van Vleck (1980)
extended this approach to animal breeding with the estimation
of breeding values utilizing multiple trait mixed model
equations (Henderson 1973). They considered the ordered
trait stayability - the number of seasons a cow remains in a
herd. Famula (1980) suggested this trait is better fitted by
an exponential distribution than a multinomial but his method
does not allow for genetic relationships. Van Vleck and
Karner (1980) used multiple trait mixed model equations on
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L-1 binary variables to evaluate 712 Brown Swiss bulls for
twelve descriptive type traits. While this method makes
allowance for the correlations among categories, it does not
allow for variance differences resulting from different
thresholds on the underlying scale i.e. variance differences
arising from different mean incidences associated with fixed
effects in the model.

2.2.3. Correlation between variables

Several authors have studied the relationship between genetic
and phenotypic correlations estimated between two discrete
variables, or one discrete and one continuous variable, with

the correlation for two underlying continuous variables.

Tate (1955) considered the correlation of a normal variable
and an assumed normal variable underlying a dichotomous
trait. Cox (1974) extended this to a polychotomous trait.
Olausson and Ronningen (1975) considered the genetic
correlation between the underlying variable and another
normal variable. Tallis (1962) considered the correlation on
the underlying normal scale of two threshold characters.
Vinson, White and Kliewer (1976) derived the general
expression for correlation on an underlying scale of two
polychotomous threshold characters.

Mao (1976) estimated genetic and phenotypic correlations

between milk traits before and after recoding into discrete

categories. He concluded
"Phenotypic correlations on the continuous scale
generally were under-estimated in absolute value when one
or both traits were discrete. Under-estimation became
greater as the number of discrete classes decreased and
became substantial (50 %) when data on both traits were
binomial-like. Genetic correlations on the continuous
scale ... were closely estimated", using paternal
half-sib analyses, when one or both traits were discrete.
However, some slight over-estimation occurred and it
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increased when fewer categories were used.
"Over-estimation was greater when the underlying
continuous genetic correlation was negative or small
positive than when the correlation was high positive.
When the underlying correlation was high positive,
neither over- nor under-estimation occurred. 1In all
cases, the fewer the number of categories, the greater

the sampling variation in correlation estimates."”

Similar results were reported by Olausson and Rénningen

(1975) who concluded
"The genetic correlation between two traits, the one
all-or-none and the other normally distributed, can be
estimated by the half-sib correlation method in the
ordinary way without transformation of the estimate
except for low heritability (0.1) and for low incidence
levels (5 and 10 %) of the all-or-none trait. ... The
estimation of the phenotypic correlation ... by the same
method as described for the genetic correlation, gives
considerable bias in estimates."

They gave a correction factor which is a quadratic function

of incidence to convert the estimate using binomial data to

an estimate for the underlying scale.

Rutledge (1977) reported a Monte Carlo comparison of two
estimators of repeatability of a binomial trait. He sampled
from a bivariate normal distribution with equal variances and
correlation parameter ranging 0.05, 0.15, ... 0.85. The
sample correlation was computed before the sample was reduced
to a2 x 2 contingency table by truncating both axes.

Let the 2 X 2 contingency table be represented by

Record 1
0 1 Total
Record 2 O n00 n10 0
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The estimators were:

Lush tL = n11/ By = n01/ ng. (2.6)
1 []
: SO 0. - = f Baah :
and Pearson tP =sin ! T .00 11— 01710 E 2.0
I ]
[ @ “RogRq1 * ¥ BoqPq0 |
which was rediscovered by Plackett (1965) in the form
tP = -cos [y w/(1+y) ] (2.8)
) 172
where v = Noof11/MgqM1g!

The deviation from the true value of the correlation was
regressed against the true value and the threshold values. A
complex fourth power function was required to fit the
deviations satisfactorily but the threshold was the principal
source of bias.

2.2.4. Selection involving categorical traits

Lush et al. (1948) devised strategies for selection against
mortality. Heritability on the probit scale was used as a
basis for assessing the relative efficiency of individual and
family selection at various levels of incidence. They
concluded that family selection will generally be "many times
more effective than mass selection" unless the incidence of
desired animals is close to the proportion to be selected.
However, the selection of families is not straightforward
when they differ in size. They suggested correcting the
average family deviation from the flock mean by
nrh2/(1+t(n-1)) where n is family size, t is the phenotypic
correlation between family members, r is the genetic
relationship between family members and h? is the
heritability on the probit scale.

While genetic variance on the X scale is all additive (by
definition above), the genetic variance on the p scale is
not. Thus predictions based on heritability on the p scale
will be in error. Dempster and Lerner (1950) showed this
error was greater for highly heritable traits than for lowly
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heritable traits and when the incidence is near 0 or 1. The
efficiency of mass selection is low unless the selection
differential is close to the incidence. Efficiency can be
increased by the use of family selection or a correlated
trait.

The gains expected using mass selection have been discussed
more recently by R&nningen (1976). Danell and R8nningen
(1981) investigated the behaviour of a selection index based
on a binomial and a normal trait at 180 combinations of
genetic parameters, economic weights and incidences of the
all-or-none trait. Genetic and phenotypic correlations
between the normal trait and the normal trait underlying the
binomial trait were always equal in the study. The
efficiency of selection was measured as the ratio of the
genetic merit of the group selected on the index, to the
merit of the group which would have been selected using an
index based on the normal trait and the underlying trait.
They concluded
"The varying efficiency of the index showed several
patterns .... In situations with correlations between
traits ranging from strongly favourable to moderately
unfavourable it seemed possible to predict the efficiency
pattern with the help of theoretically obtained
correlations between aggregate genotype and index, plus
what is known from selection on single binomial traits.
For strongly unfavourable correlations the index was very
unstable and the efficiency difficult to predict. ...
Appropriate transformations of heritabilities, genetic
and phenotypic correlations and of economic weights from
the binomial scale to the underlying normal scale are

needed for the predictions."
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2.3. Analysis on the underlying scale

2.3.1. Falconer's liability method

The papers discussed in the preceding section all involved
analyses of binary traits on the (0,1) scale. Three of them
considered the use of an underlying continuous X scale and
used a transformation to convert the heritability estimate on
the p scale to one on the X scale. Ways of estimating
heritability directly on the underlying scale were not
considered.

Falconer (1965,1967) sought to estimate the heritability of
disease in human populations. He called the underlying X
scale 'liability', considering that susceptibility was too
general in concept. He used the selection response method of
Robertson and Lerner(1949) but applied to the X scale. The
procedure requires estimates of the incidences in the general
population and among relatives of affected individuals.
Projecting these incidences on to two normal curves assumed
to have the same variance and same threshold (hence different
origins) enables the mean of the affected individuals, and
the mean of their relatives, to be estimated on the X scale.
The regression on the underlying scale of relatives on
affected individuals is then estimated as

response

selection differential

(mean of relatives - general mean)

o B (2.9)
a -=0

where 0 is mean of population,

a is the mean of the affected individuals,

t is the threshold and

r is the mean of the relatives of affected individuals.
Heritability is then estimated as b/(degree of relationship).
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Distribution for the total population

underlying X scale

Distribution for the relatives of affected individuals

underlying X scale

A difficulty with the model is that since the

affected individuals form the upper tail of a normal
distribution, the distribution of their relatives will be
skewed and of smaller variance - the extent being greater for
higher heritability and closer relationship. Falconer (1965)
believed this error was only serious for monozygous twins.
Edwards (1969) and Smith (1970), however, showed that this
caused Falconer's method to under-estimate heritability by up
to ten percent. Both presented graphs showing the
correlation between relatives given the incidences in the
population and in relatives of affected individuals. Smith

(1970) also gives an approximate algebraic expression for his
graph, namely;

tan((0.25)7(1-r)(1+r°)) = log (pg) - log (pp) (2.10)

where Pp is incidence in relatives of affected individuals,
Pp is incidence in the total population,

r 1is the required correlation and

r5 can be ignored if r is less than .5 (i.e. except for
a highly heritable trait in monozygous twins).

He also gives a correction formula for use when the relatives

are from a different population to the affected individuals.
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Reich, James and Morris (1972) adapted Falconer's (1965)
method by allowing for the variance reduction in the
distribution of relatives of affected individuals. They
applied the method to multiple threshold data and attempted
to distinguish single gene from multifactorial inheritance.

Both Edwards (1969) and Smith (1970) discussed the problem of
bias introduced because of the common familial environment of
affected individuals and their relatives. Smith suggested
this bias can be assessed by comparison of heritabilities
derived from relatives of different degree since more distant

relatives will have different environments.

The advantage of assessing heritability on the liability
scale is demonstrated in the above papers. Sub-populations,
having different incidences, had quite different
heritabilities on the p scale but very similar values on the
X scale. This can, in fact, be a check that the heritability
model being used is appropriate. This was done by Smith,
Falconer and Duncan (1972) for a study of incidence of
diabetes in humans. They used Falconer's original method for

computational convenience, rather than Smith's revised form.

2.3.2. Generalized linear models and other proposals

Gianola (1980 a) summarized the "problems associated with

genetic evaluation of categorical traits by linear models"

as:
"(1) Scores are arbitrarily assigned to response
categories. (2) Mixed model solutions do not incorporate
the restriction in the estimation space that the sum of
response probabilities must total 1 across categories.
(3) The variance in the observed scale is not constant
and depends on the genotypic value of the candidates for
selection. (U4) The additive genetic variance in the
observed scale depends on the mean incidence of the
character in the sub-populations considered in the model.
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(5) Non-~additive genetic variation is present on the
observed scale. (6) Linear relationships fail outside a
restricted range of the data. (7) Ranking optimality of
best linear predictors is lacking when the conditional
expectation of the predictand given the data is not
linear."
He proposed a method of sire evaluation of dichotomies on the
logit scale using empirical logits and weights. Gianola
(1980 b) extended this to polychotomous traits treated as
multiple traits.

Thompson (1979) suggested that generalized linear models
(GLM, Nelder and Wedderburn, 1972) should be of use in animal
breeding settings as they have been used successfully for
dichotomous traits in other applications. He suggested a
method of adapting the mixed model equations to the GLM form.
This procedure offers a solution to the problem referred to
by Dempster and Lerner (1950) of how to use the underlying
scale for optimum selection index calculations. Gianola and
Foulley (1982) have presented a derivation, using an
empirical Bayes approach, of the method suggested by

Thompson (1979).

Outside the area of animal breeding, Griffiths (1973) and
Williams (1975, 1982) have used the beta-binomial for data
with extra-binomial variation. This assumes that the data
arises from binomial sampling where the binomial parameter is
a random variable from the beta distribution. Kupper and
Haseman (1977) discussed the beta-binomial and presented the
correlated-binomial model, an alternative way of analysing

data with extra-binomial variation which assumes the binomial
sampling is not independent.
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2.4. Scope of the thesis

In this thesis, the suggestion of Thompson (1979) mentioned
above, is explored in detail. A general method for analysing
data presumed to arise from a two-stage sampling process,
when the second sampling has an error distribution belonging
to the single parameter exponential family, is derived. This
is a quasi-likelihood method (Wedderburn, 1974).

The general method is used to obtain equations for analysing
binomial, threshold and extremal characters using the logit
transformation. A procedure for obtaining the intraclass
correlation is presented. The procedure is used for sire
evaluation and estimation of heritability in several data
sets and compared with other techniques in one data set.
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Chapter 3. Review of statistical procedures required in

later chapters

3.1. Some statistical procedures used in animal breeding

3.17.1. The selection index

The selection index (Smith, 1936 and Hazel, 1943) is an
optimal linear method for ranking animals available for
selection when information is available on the means and
variances of the traits to be improved and the traits that
have been recoqded. It may be expressed as

= 1 -
By = e e G.1)

where v is a vector of the relative economic weights of the

- traits to be improved (defining the selection

objective),

G is a matrix of genetic variances and covariances
involving the traits in the selection objective and
the traits for which data are available,
is a matrix of phenotypic variances and covariances

1o

among the traits for which data are available and
Yi is the vector of data available on the i th animal

corrected for fixed effects.

The problems with the selection index approach are:

1) The economic weights that are relevant depend on the
prices of future products which are unknown (Williams, 1962).
However, the relative prices of future products may vary less
than the actual prices so that this problem may not be
serious.

2) The appropriate fixed effect correction factors are
usually unknown. Sometimes estimates from independent data
are available but this is unlikely, especially for seasonal
effects which change continually.

3) Genetic and phenotypic variances and covariances are
usually unknown and must be estimated. This problem is
generally not as critical as the preceeding problem because
the variances and covariances are less sensitive to seasonal



23

conditions and independent estimates are more likely
available. Some techniques for this will be mentioned in the

section 3.1.3.

3.1.2. Best linear unbiased prediction

The problem of obtaining appropriate fixed effect correction
factors was overcome with the development of best linear
unbiased prediction (BLUP) by Henderson (1963, 1973, 1975).

Define the linear mixed model
Yy =XB+Zu+e (B,.2)

where B is a vector of unknown fixed effects,
u is a vector of random effects with zero mean and

. 2
variance Ro ,
~"u

=]

is a matrix of additive genetic relationships and

1

is a vector of random effects with zero mean,

o

variance Qci and independent of u.

y is a vector with mean XB and variance (Q + )\ZRZ')O2

~ =5 e e

. 2 w2
and X\ is ou/oe

When u, e and hence y are assumed to be multivariate normal,

the maximum likelihood solution for B, say BO, is given by
R04Q & B 2 ZN-lxgRacxeie B AZ R BT W (3.3)

~ .~ .~ ~

Henderson et al. (1959) derived the same solution for B by
maximizing the joint density function of y and u. This is
f(y,u) = g(yiu) h(u) (3.4)

= € exp(-(y-XB-Zu)'Q-1(Z-gg-Zu)/Zog - u'R_1u/2oi]

~ ~

Differentiating with respect to B and u and equating to zero

y X'Q7y
= - (3.5)

2'Q 'y

gives X'Q-1X X4%Q

TN

1C y 1

7= 2z 'z + r7 /)y [

These are known as Henderson's mixed model equations (MME).
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That they give the same solution for B is proved by
eliminating G from 3.5 to get 3.3 using

= - 1
Q 1 _ Q 1

-1

z + R-Y/0" 127" = (@ + azRZY) (3.6)

-~ -~ o~ —

2(z'Q~

-~

(see Henderson and Searle, 1981).

However, the interpretation of the solution for the random
vector Q in equations 3.5 was the major discovery leading to
BLUP. Henderson (1963) derived the mixed model equations by
imposing linearity, unbiasedness and minimum prediction error
variance, but not normality, on the estimator of random
effects. Thus @ is the best linear unbiased predictor of the
random effects u. He showed that this estimator of random
effects is identical to the selection index estimator of
breeding values when the generalized least squares estimates
of fixed effects are used in place of the true values in the
selection index equations. Henderson (1973) discussed the
range of animal breeding problems which can be usefully
solved using BLUP and Henderson (1975) showed how it

can make allowance for bias arising from previous selection
or culling.

3.1.3. Estimation of variance components

The matrices Q and E in equations 3.5 are usually known. Q
is often an identity matrix and E a matrix of additive )
genetic relationships. But, the variances Oé and 03 are less
likely to be known and must be estimated. Searle (1971)
reviewed variance component estimation methods for balanced
and unbalanced data available at that time. Anderson (1978)

and Harville (1977) reviewed more recent methods.

Henderson (1953) described three methods of variance
component estimation for unbalanced data which have been
widely used in animal breeding. The methods are all based on
equating sums of squares to their expectations. Method one
applies to a fully random model. Sums of squares are formed
by the direct methods applicable for balanced data. Their
expectations are obtained and linear functions of them are
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used to obtain the estimates of variance components. 1In
unbalanced data, 'sums of squares' relating to interactions
derived when using this method are not necessarily positive
and the resulting variance component estimates may be
negative.

Method two is similar to Method one except that it allows for
fixed effects in the model provided there are no interactions
between fixed and random effects. The data is first adjusted
for fixed effects and then Method one applied to the
residuals. The adjustment for fixed effects should be done
using the least squares effects obtained by fitting the full
model including all fixed and random effects.

Method three overcomes the problem of negative 'sums of
squares' while allowing for a mixed model. However, negative
estimates of variance components may still arise. It equates
a true sum of squares with its expectation. The sum of
squares is obtained as 'variation explained by a model
including both fixed and random effects' less 'variation
explained by a sub-model obtained by dropping the random
factor from the full model'.

i.e. For the model in equation 3.2

SS(random|fixed) = y'W(W'W)™ W'y - y'X(X'X)™ X'y

where W = [X Z] T T T o
EMS(random!fixed) = SS(random|fixed) / df

2 2
=] oe + kor

where k = trace( 2'Z - Z'X(X'X)™ X'Z ) / df

df is the dggrees of freedom associated with
SS(randomifixed) and

Z in the evaluation of the trace must be free of

-~

any constraints which might be applied when
obtaining the sum of squares.
One problem with Method three is that for a model with
several random effects, different orderings of the random
effects will usually lead to different estimates of the
variance components.



26

Another method of particular interest to this thesis is the
restricted maximum likelihood (REML) procedure developed by
Patterson and Thompson (1971). The method allows for several
random factors in the model but for the purposes of this
thesis will be described in relation to the simple model of
equation 3.2. Let 0 be that portion of the inverse of the
left hand side of equation 3.5 corresponding to the random
effects 4.

~

1 1,=1

X)7x'Q”

(z'Q~ 'z + R"V/x - 27" \x(x'q”

0

B Yo = ZRSTY™ Ga)

where S = @~ = Q- 'x(x'Q~"x)x'qQ""

and (X'Q'1X)' is a generalized inverse.

~ -

The REML estimators (c.f. Harville, 1977, eqns 6.3 § 6.4) are
N

B = Z'(! - §§ - %g) / (N - p -4q) (3.8)
and 85 = ( 0'0 + trace(T ))/q (3.9)

where N is the number of observations,
p is the rank of X and
q is the length of u.

Since 82 and 83 are involved in both sides of 3.8 and 3.9,

iterative solution is required.

3.2. Other statistical procedures

3.2.1. Logistic distribution

The probit transformation (Bliss, 1935) is often used to map
probabilities [0,1] onto the real line. An alternative, the
logit transformation has recently been promoted by Bock
(1975, p515) because it is "closely similar" to the probit

and easier to compute.
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The logit of a probability, Pj» is

p
t; = 1In ( =====- ) (3.10)

where ti is the distance of a threshold from the mean of a
logistic variable, x, with variance n2/3 and
pi is the probability that random values of x are below
the threshold.
It is important to realize that -ti is the distance from the
threshold to the mean of the variable. When comparing
variables with different proportions, it is convenient to
regard the threshold as the fixed reference point and -ti as

the relative location of the i th mean. Therefore,

comparison of ti values is equivalent to comparison of means.

The standard logistic distribution has mean zero, variance
m2/3 and density function

f(x) ﬁ sech2( ; )

= G ettt vl )

= —=mSiEllieeoy (3.11)
(1 + exp(x))

The corresponding distribution function is

- exp(t)
P( x<t ) = zi-;-gibzzss (3.12)

The logit transformation of 3.10 comes from inverting 3.12.
Table 3.1 shows the relationship between 3.12 and the normal
distribution on the same variance scale. The particular
point of interest is that the logistic distribution is
heavier tailed than the normal distribution.
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Table 3.1 The relationship between the standard normal
and standard logistic distributions when used as
probability transformations. The threshold values
are expressed in standard deviations relative to a
mean of zero for both distributions.

threshold normal logistic

) P(x<t) P(x<t)
0 45 -

1 .841 .860

2 A97H2 L9741
3 .9986 .9957
Y .99997 .99929

The logit transformation has a simple extension for
multinomial data (Bock, 1975, p521).

exp(ti)
Blg & B e For § = W, Wa. e (8 13)
1 + I exp(t.)
J J and c+1 categories,

which rearranges to

Py
ty = In ( zoc-3-- ) @ AL

The marginal distributions are logistic with mean zero and
variance n2/3. The covariance (xi, xj) is w2?/6 and the
corresponding correlation is 1/2. This provides a very close
approximation to the multivariate normal with equal variances

and equal correlations of 1/2.

3.2.2. Log likelihood expectations

The likelihood function for a random sample is the joint
density of the random variables in the sample which is
considered to be a function of the parameters of the joint
density (see, for instance, Mood, Graybill and Boes, 3rd
edition, 1974). The method of maximum likelihood is to find
those parameter estimates which make this likelihood a
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maximum. It is usually more convenient to maximize the
natural logarithm of the likelihood. The log likelihood is
differentiated with respect to the parameters to be estimated
and the resulting expressions equated to zero and solved.

Wedderburn (1974) has defined a quasi-likelihood for the case
when the individual sample densities are not known but a
relationship between the mean and variance is known. He
showed that the quasi-likelihood has properties similar to
log likelihoods. The likelihood method used in this thesis
is, in effect, a quasi-likelihood method although the
formulation is different. A two-stage sampling procedure is
assumed in which the second stage is conditional on the
first. Random variables, u, from the initial sampling are
combined with parameters, 6, to define the parameters of the
distribution for the secona sampling from which variables, z,
are observed. The likelihood can be written -

K
L = E m(z, :8,,u) f(u:¢) (Bhealiod)

While this expression will be called a likelihood, it does
not strictly satisfy the usual definition of a likelihood
since the random variables, u, are not observed and the
samples are not independent, being conditional on u. It is
believed, however, to have most of the properties of a
likelihood although this is not proved. Some expectation
properties are shown below. These require that L satisfies
the usual regularity conditions (see Mood et al., 1974).
When f(u:¢) is null, this reduces to the usual likelihood.
Following Kendall and Stuart (1979, pp8,9)

I o [ 1l dz, ... dz = 1 (3.16)

Differentiating 3.16 inside the integral with respect to 64

[ oo [ 3Ldz ...odz =0
1

1 3 L _
f .o f I: -3-61 & dz 1 dz n- 0
f mem | 353%-5- L @y wne g = O @)
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i.e. E[ 2.10.L_ 3-0 (3.18)
d 01
Differentiating 3.17 with respect to ej,
f foadnl 3L, _plnl gy, dz_ = 0
i 36 365 96 9 85 17 " T
2
[ o o Sedndl. podnl o @ IBE _ y0lam ... deoo= 0
3 63 ERCE 9 8; 9 05 e
2
t.e. E[ 210 L 3lml_ 4 _ _p 3 Inl _, (3.19)

Equations 3.18 and 3.19 are the key results from this
section.

3.2.3. Generalized linear models (GLM)

é;?'3°1' Derivation of the general expressions for members

of the single parameter exponential family

Nelder and Wedderburn (1972) described a general technique
for maximum likelihood estimation of parameters for
distributions from the exponential family. The technique is
presented for distributions from the single parameter
exponential family such as binomial and poisson.

The density function for an observation, z, can be written as
m(z:0) = exp(zo - g(8) + h(z)) (3.20)

where 9 is the parameter of the distribution.

For K independent observations,

K K
L = I m(z :8,) = E exp(z, 6, - g(o,) + h(z,)) (8 N2

K
ln L = E (z By = g(ek) + h(zk)) (3.22)
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Differentiating 3.22 with respect to the parameters, ei,

3_1ln Lw._ '

------- =z, - (8.) (8 .23)

d 04 1 = S e
2

2_-19_5- = - g""(8,) (3.24)

9 03

2

a_in Ll _ _ g for i X j (3.25)
3 619 63

Using 3.18 on 3.23 gives an expression for the mean of z.
E [ z, - g'(ei) = b

i.e. My = E [ zg ] = g'(si) (3.26)
Note also —Q-BE- = 2r1200.) §327)
éd 06 i ’

Using 3.19 with 3.24, 3.25, 3.26 and 3.27,
o InL 3 1ln L

LHS of 3.19 = E [ =—2--c- Z-l-_Co
CH 9 83
=E [ (z; - up) (zj - uJ) ]
= cov(z ,zJ)
3% 1n L
pHs of 3L 19r= T Ceeplsl . ]
3 67 26
Therefore var(z.) = g''(8.) = E-E} (3.28)
1 1 6 03
and cov(zi, zj) = 0 for i % j (3.29)

Equations 3.26, 3.28 and 3.29 are expressions for the mean,
variance and covariance of the observed values, Z5y given as
functions of the parameters to be estimated. This
relationship must be inverted so that the parameters are a
function of the observed values. The problem is generalized
so that the parameter for an observation belongs to a family
of parameters which are related through a linear model.
Thus, each observation has concomitant information on m
independent variables in X.
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A linear predictor, Y = XB (3.30)
is related to the parameter 6 by
a 'link function’', ei = f(Yi). (3mB)

The link function must be specified along with the
distribution and is often the identity 6; = Yi. If a
solution can be obtained for g, say B9, ¥ can be calculated
as ¥BO and 6 can be calculated using the link function. The
problem is thus reformulated to finding the maximum
likelikood solution for §. Equations to estimate QO are
obtained by differentiating 3.22 with respect to g.

Since the observations are independent
5 A (L K3 1lnL doeo, 5 Y

s o BN g 1 NE
9 By k 8 6k 9 Y 38y
K d 6
K 7
308 2z = WS X (3.32)
K k k® d Yk ik
321mL K32 inlL g GF
and -=--===== = § ===e-- - cj————
2 8; 385 k 2 Y,© 3By 98
K 2
3~ 1n L
= L ee—=-- 2 xik X{ =
Jk
k ] Yk
2
9 1In L 0 5 InL d Oy
where -——---- 5= B sess ( mmmmmmm - )
3 Yk 9 Yk ] Bk d Yk
2 2
9 Anm E 1d ek d ek 3 InL d By
o T Mg E U 2”7 a-}_
3 Gk d Yk d Yk ] ek ke
a® o, d o
k k
a® 0, d 8y d uyp (2
= (2, = ) wesey s ( === - ) )< var(z,)
d Yk d My d K
2
d” 8 d u
= (2. = ¥Uy.) . ( i )2 / var(zk)
k k 2
d Yk d Yk

after using 3.30.
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2

8= an L K a0, d 2
E[ -===-=---- ] =32 E[l (z,-p,) === = ( ==== /var(z,) JIx..x
Kk Hk 3 k ik*jk

3 By 3B Kk d Y d Y,

A= T / var(z,) (3.33)

= - - - X. X . var\(z o
ik *jk K
T

after using 3.26 and 3.27.

The maximum likelihood solution for B, say B°, satisfies the
LHS of 3.32 set equal to zero. Since 3.32 may not be linear

0
ip B

initial estimate of B, say t, a Taylor series expansion can

, it may not be easy to solve directly. Using an

be used to provide equationg that can be solved. The problem
of obtaining an initial estimate is discussed in section
3.2.5. It is convenient to write the expansion of 3.32 as
matrices using the notation { } which defines the elements in
the matrices. The first two terms of the Taylor series
expansion about a previous estimate E give

The Fisher-scoring method involves taking the expected value
of 3.34 and solving the resulting equations for g°,
i.e. Solving

2
B 2Rk gy g0 by s g A2RE g (3.35)
9 Bi 3Bj £ % = 9 Bi =

Substituting from 3.32 and 3.33 gives

K 3 u K dek

k 2 0
{z (===2)%_x_/var(z ) } (B°=t) = { 3 (zp -y ) =-== X; }
k Jk al - k i
kK oY, 1k J k d %,

(3.36)
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This is simplified by defining a weight matrix

i d Mg 2
W = diag { ( =—== )" / var(zk) } EFTA)
~ d X
k
where diag { } is a diagonal matrix with elements { 1},

and a vector of scaled residuals,
*

d My
u = 4 (zk - uk) / ( ====)} (3.38)
- d Yk

Equations 3.36 may then be written as

KWK (gomt) =X Wy (3.39)
From 3.30, the current estimate of Y is g = Xk
When premultiplied by 5'!,‘this gives

SAESERALE (3.40)

Adding 3.40 to 3.39 gives the general least squares equations

X' WX gO= X'"Wy (3.41)
where y = % + y*
& d I
= Y % (zk - uk) / (=== ) } (3.42)
d Yk

An intuitive argument for deriving the weighting matrix is
helpful. Assume 3.42 defines a variable to be analysed
where Y is fixed,

-

u = E[ z ] is a known function of Y and
d Uy
--x- is a constant.
d Yk
Since Yk and u, have zero variance, var(yk) is

var(zk)/(d pk/d Yk)z. The weighted least squares analysis of

y requires a weight matrix, W, which is the inverse of this
variance matrix. The argument extends to the more general

case where My is a function of several elements of Y.

-~

A
D where D is {3 u, /3 Ym}

and V is var(z)
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3.2.3.2. Testing the 'goodness of fit' of a proposed model

There are two common measures of 'goodness of fit' used with
categorical data. Both may be tested using the chi-square

distribution. The first 1is the statistic

S

[}
™

= (z - W' (diag(u)™' (z - W) (3.43)
Anothér sEatistic,*Ehe devzancg, is specifically for
likelihood models.

D, = -2 (1n L, - 1n L) (3.44)
where 1n Li is the value of the log likelihood under model 1i,
1n Lc is the value of the log likelihood under the

complete model, i.e. when py = z.
The deviance can be used in a manner a;alaéous to the use of
sums of squares in an analysis of variance to create an
analysis of deviance table. If an extra factor is added to
model i to form model j, the significance of including that
factor may be tested by comparing Dj'Di with a tabulated
chi-square statistic. The statistics in 3.43 and 3.44 are
both affected by class size and will be biased if sample size
is 1 for every sample. If sample size is larger, they
provide a test of the adequacy of the model as well as
enabling the testing of individual factors in the model.

3.2.4. Maximum likelihood solution for parameters of the

multinomial distribution by generalized linear models

The multinomial distibution does not belong to the single
parameter exponential family except in its simplest form, the
binomial. However, Cooney(pers. comm.) has shown how the GLM
procedure described by Nelder and Wedderburn (1972) can be
applied to the multinomial distribution.
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The likelihood function for a multinomial sample of n
observations in c+1 categories is
c z, (n-xz.)
L = constant I pi1 (1 - ij) J (3.45)
i J
where pi is the probability of the i th category and
z4 is the frequency of the i th category.

Taking logarithms,

c c c
ln L = constant + (n - I Zi) In(1 - 2 py) + T z51n(py)
i i i
c c Pj
= constant + n 1n(1 - ¢ pi) A~ ziln( -------- ) (3.46)
i il 1 -z pj
|

This expression needs to be reparameterized into the form of
the exponential family.
Using the multinomial logit from 3.13,

Py .
ei = 1IN cr=mema- ) i3y . . . af (3.47)
J
exp(6;)
implying p, = —----==--2--—- (3.48)
1 1 + I exp(8.)
; J
J)
and mdr 2@ p) = =2n( 1 ¢« z@apl . ) ¥;
o =N : J
J J
equation 3.46 becomes
In B = constant 5 2 ziei - n ln(1 + Z exp(ej)) (3.49)
i J

Differentiating 3.49 and using 3.18 and 3.19 leads to
expressions for the mean and variance of =z.

9 1n L exp(ei)
------- = 2, = N =--==--=S-co- = Z, - NPy (3.50)

3 0, 1 1 + L exp(0;)

i : J
J

2

9" 1n L eXp(ei) exp(6,;)
-------- e b B npipj for i % j (35200
I aej (n = g exp(ek))
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32 ln L exp(ei) (exp(ei))2
——————é- S =l emececccscccceca- H Nl e S S e 2
9 O 1 + Zexp(9,) (1 + I exp(8;))
= - npi(1-pi) (3.92)
Using 3.18 on 3.50 implies E [ z; ] »= np; (3.53)
d1lnL 23 1lnL
LHS of 3.19 = E [ —ccmcme commee- 1
3 85 3 8
= 15 1l (zi - npi) (zj - npj) ]
= cov(zi,zj) using 3.53. (3.54)
Using 3.54 on 3.51 and 3.52 gives
var(zi) = npi(1 - pi)
and cov(zi,zJ) = =npyP;
In matrix notation
n exp(ei)
wie B .2 1e n pe | np; } =2 { memmmeeeeze o } (3.55)
~ - ~ 1 + I exp(6.)
: J
)
V = var(z) = n ( diag(p) - pp' ) (3.56)
9 M . .
{ =-=== )} = V (by differentiating 3.55) (3 ¥572
3 6. =
J

The GLM method requires a link between 6 and a linear model.
Using the identity 1link,

§={ei}={Yi}=(§'gE)~e (3.58)
where Yi is the linear predictor for the i th category,

x' is a vector of q concomitant variables,

-~

B 1is a qc vector of regression coefficients and

-

® represents the right direct product matrix operation.

Maximum likelihood solution for B requires differentiation.
9 1In L 9 In L d 65 9 Y
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9 1n L
I — } = x' g 2z-p) (3.59)
d Bij
The Taylor series expansion of the LHS of 3.59 about a
previous solution for B, say t, is
D" sl E 9 1In L 9 1In L
{ ——mmm-- | }, 4 { =eee- { =emmmee } ) go-t)
Taking expected values and rearranging gives
3 9 1In L o Lhy
E [ ____ { ________ } ]t ( .B‘O_ E ) { -------- }t (3060)
d an a Bij ~ 3 Bij =
2
el L e Ty e
? Bun 2 By 36y 36, d Yy d Xy 3 B35 3 Bpn
32 1n L
T emmm————— X. X
j 'n
3 ei aej
d 3 1InL
Using 3.56, E [ { ==== —ceeee- 1) =xx' 8V (3.61)
Ban 9 Bij
Substituting 3.59 and 3.61 in 3.60 and summing over K
independent samples gives
' Oo_ = ' -
1T Rrpo Bl E=10= 085 iy
k k
which rearranged is
*
(X 8 I)'" V(X ®I)(BO-¢t) =(XpI) Vy (3.62)
where V = z°* Vk
b K -
* -1
and yi =l ¥V Ca =2 4 )
~ *
Let yirse X & Yy
where ¥ = (X @ I) t
Adding (X @ ID)*' V (X ® I) t = (X @® I)'" VY to 3.62
gives (X @ I)' V (X ® I) g%= (X ® ID' V y (S=637)

These equations can be solved iteratively to produce maximum
likelihood estimates of the effects in the linear model.
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3.2.5. Solution of reweighted least squares equations

The weighted least squares equations to be solved may be
expressed as

XK' WXDhem Wy (3.64)
;he;eyxnis ; k;o;n matrix,

Q is a weighting matrix, a known function of b, the

) parameters to be estimated and .

y is a working variable, a known function of b and

the obsevations z.

The problem of starting procedures has been discussed by
several authors (e.g. Nelder and Wedderburn, 1972). For
binomial and multinomial traits, the usual procedure is to
estimate pij and yi. as

z.. + 0.5
PR+ —
pij oo (3.65)
ij
yys = ln = ) (3.66)
1 - & Patie

where ¢ is the number of categories less 1.

The weight matrix W can be approximated using 3.65 and then
equations 3.64 solved. Once the initial value of b is
obtained, it is used in the linear predictor to compute

f = X'b. The weighting matrix, W, and the working variable,
y, are reformed according to the appropriate equations. The
process is repeated until the solution for b is stable

~

between cycles.
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Chapter 4. Generalized linear mixed model

The generalized linear models (GLM) procedure (Nelder and
Wedderburn, 1972) described in section 3.2.3, obtains the

maximum likelihood solution by iterative re-weighted least
squares. That procedure is for the analysis of data sampled
from a distribution belonging to the exponential family when
the parameter of the distribution is a function of a linear
predictor. This chapter outlines two methods of extending
GLM to mixed models. It serves to introduce the concepts
which are applied to multinomial and binomial data in
chapter 5 and as a reference for attempting to apply the
methods to other distributions.

The data are assumed to have arisen by random sampling in a
two-stage sampling process. The distribution for the second
stage is assumed to belong to the exponential family.

The parameter of the distribution is assumed to be a function
of a linear predictor which includes the random variable

obtained from the initial sampling (see section 3.2.2.).

Two alternative systems of equations are derived. The
different approaches may be seen by reference to section
3.1.2 where it was shown that

Y@ 2 2 7 Rz xg® @ning = %R 2oy (4.1)
gives the same solution for Bo as
x'Q~'x  xq7'z 8° X'Q™y
; P P . 4 (4.2)
27X 272 ¢+ B it 29 'y

The first approach for non-normal distributions is to
generalize the method used by Henderson et al. (1959) to
derive equations 4.2. This will be referred to as the
joint-maximization method since it involves maximization with
respect to both the fixed and random effects. The resulting '
equations were suggested by Thompson (1979) for use in animal
breeding and were obtained by Gianola and Foulley (1982)
using a Bayes argument.
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The second approach, the maximization-expectation method, is
to attempt to obtain equations with a structured weight
matrix as in equation 4.1 by taking expectations over the
distribution of u. Equations like 4.2 may then provide a

convenient computing strategy when solving for 80.

4.,19. The joint-maximiaation method

For this method, the distribution of both sampling stages
must be known. The initial sampling is presumed to be from a
normal (0,06) distribution, and the second sampling from a
distribution belonging to the one-parameter exponential
family.

The vector of random variables drawn from N(O,oa) is combined
with several fixed effects in a linear function to give a
mixed model

Y = XB + Zu (4.3)
where Y is a linear predictor of length N. = I Ni’

- il

X is a matrix of concomitant variables of rank p,

1™

is a vector of fixed effects,

TN

is a matrix mapping q random effects to Y,

HE

is the vector of q random effects and

Ni is the number of samples associated with uj -
The vector, 6, of parameters for the second distribution, is
related to the vector l by a 'link function'

eij = f(Yij)
The data, z, are independent samples from a distribution
whose denszty function can be written as

f(zij:eij) = exp[zijeij - g(eij) + h(zij)] (4.4)
The objective is to estimate the fixed effects, B, and the
random effects, u. This is feasible because when the data
are collected at the second sampling, the random effects, u,

from the initial sampling, are in effect fixed.
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Since the elements u; may not have been independently
sampled, their distribution will be expressed as a
multivariate normal (0,G). 1In the animal breeding situation,
g might be Eo; where B is a matrix of additive genetic
relationships. The density function of the total sample can
be expressed as

q N.
i it " e

by = 0f ? { g exP[Zijeij g(eij) + h(zij)]}] C expl u E 2/2]
and taking logarithms,

q N.

- i -1

InL =2 { [Zijeij - g(eij) + h(zij)]} + 1n C - u'G™'u/2

= 9 (4.5)

C is a constant not involving u or 6.

In this method, both Q and u are regarded as parameters to be
estimated by maximum likelihood. The standard GLM procedure
(section 3.2.3) is used directly on U4.5.

Define a mean vector, p = { g'(eij) } (4.6)
a variance matrix, V = diagl g"(eij) } (4.7)
dei'
a change of scale matrix, D = diag { a?-Q } (4.8)
1J
The following results are obtained by differentiating U4.5.
3 1n L
------- e f 2o @d8:) B & & - (4.9)
3 0413 1) & 1) - ~
2
gl i .
i | e } = diag { - g''(8, ) 1} = =¥ (4.10)
363 396 1p 1] -
210 L 4. xip (z - w) (4.11)
o By - .
(230L b2 (- -67N (4.12)
i - B9 5 -
32 ln L
{ Bl | - = P"BViBX (4.13)
3 Bk 9By -~~~
82 In L
§ Se=3tgs= } = - X'DVDZ (4.14)
0 Bk Bui o e

I
N
(w)
<
o
N

I
D

(4.15)
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Taking the Taylor series expansion of the first differential

about prior estimates Bo and u® results in the expression
XD (@ = [ ‘ X'D (z - p)
sl vl 2 - - L In
-1 ) , -1
2D (€ = wh—= @ "u <L 27 (2 - M =16 v g°
- - - - - -t - - - u°
[ -X'DVDX  -X'DVDZ g - g°
] ] -1 ~ (o]
-Z DVDX -Z DVDZ - G u -u

~ o~ ~ o~

which, when set to zero, can be rearranged to give

X'DVDX  X'DVDZ B - B° X'D (z - u)
I ] P PR ECRI
Z'DVDX  Z'DVDZ + G~ U - u Z'D (z - u) - G™'u
Letting v = ¥ + (VD)~! (z - ) (4.17)
where Y = Xg° + zu®
the RHS of 4.16 becomes
X ' DVDy X'DVDX  X'DVDZ g°
Z'DVDy | Z'DVDX  Z'DVDZ + G~ u®
Then rearranging 4.16 gives
X'DVDX  X'DVDZ B X'DVDy
- N = (4.18)
Z'DVDX  Z'DVDZ + G~ u Z'DVDy

~ o~ ~ o~~~ ~ o~~~

It is readily shown that if the distribution of z given u is

N(XB+Zu,Q), w is Y, y is z, V is Q and D is Q"' so that 4.18

'Q'1y
= = W (4.19)

J -1Z

becomes

[ X'Q~x
2'Q” 'x

which are Henderson's mixed model equations (equation 4.2).

-1

<
1O
1N
1<

(] -1 1

1N
1C > 1o

Z + G

1N
1 O
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4.2. The maximization-expectation method

The joint-maximization method has two potential problems in
practice. First, the number of random effects is often
large in animal breeding applications and repeated solution
of a large set of equations may be impractical. Secondly,
the amount of information on a particular random effect 1is
often small and may lead to instability of the iteration.
The maximization-expectation method avoids these by
estimating only the fixed effects by iteration. It uses
weights based on the expected values of functions of the
random effects rather than using functions of the current
solution for the random effects. The estimation of the
random effects, of special interest to animal breeders,

by back solution, is discussed later in this section.

The specification of the problem is similar to that of
the previous section except that the distribution used in
the initial sampling need not be multivariate normal.

The data, z, are independent samples from a distribution

whose density function can be written as

0

' i g ) "
f(zij' ij) = exp[zijeij g(eij) + h(zij)] (4.20)
The joint density function of the sample becomes
q Ni 3 =
= . .0.. - B . : 4.
ks Giexphe, gy, = B ® @, QW0 B DGHEY 1. 21D
where eij = f(Yij + ui)
Y (= XB) is a linear predictor of length N. = 7 N.,
- - il
X is a matrix of concomitant variables of rank p,
B is a vector of fixed effects,
Z is a matrix mapping q random effects to Y,
u is the vector of q random effects with mean zero,

variance G (= Roj}) and density U(u:G),
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R is a matrix of additive genetic relationships and

~

Ni is the number of samples associated with uj -

The log likelihood is

q N. . o
- 1 - c
I L = [ E { g [Zijeij g(eij) + h(zij)] } 1+ 1n (”(9-9))
An informal derivation of the method is attempted.

From 3.26 E[ ziu 1 = { g'(8;,) )

Therefore p =E[ z 1 = E[ { g'(éi.> } ] (4.22)

J

From 3.28 wvar( zlu )

) [

diag{ g"(eiJ

Therefore EI[ z. = E[ {g"(éi - {g'(éij) g'(éij)} ]

3
and V = var(z) = E[ diag{g"(éij)} + var( {g'(éij) } ) (4.23)

The expectations in equations 4.22 and 4.23 are taken over
the distribution of u.

By analogy with 3.42, the variable to be analysed at each

-1 ~

iteration is y = Y + D '(z-u) (4.24)

and Y, D, V and py are all estimated using the most recent

solution for Bo.

By analogy with 3.41, the equations to be solved are

1 X* DV Dy (4.25)

~ ~ .~

X*DV "DX 8

Obviously V has a complex structure and it is of interest to
know under what conditions the structure is such that

equations like 4.2 may be useful when solving 4.25 for B.
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In this regard, interest focuses on the second term in 4.23.
By Taylor series approximation,

g'(eij)

g'( f(Yij + ui) )

g'( f(Yij) ) + uy g''( f(Yij) ) f'(Yij)

(g ( f(Yij) ) - uij)( 'l f(Ylm) ) - ulm)

2
AN IS AU IDEE LI C UL IE SRl AANGE ¢ SPRID IS S¢ SP%)
where ril is an element in R.
= ]
When uij z g'( f(Yij) ik

A = diag{ g''( f(Yij) ) f'(Yij) )} and

- 1
E = Ell g (ei

J) ],

then VaEs@h Z @2° & (4.26)

and 4.25 has the same solution for @ as

X'DE-'DX  X'DE” Az } .
+ 0-1

X'DE” Dy
= e - (4.27)

~ e~ ~ ~ o~

z'AE“1Dy

~ o~ e~

Z'AE~ DX Z'AE"AZ

~ o~~~

1Sy tm)

~ o~

Another approach is to argue in the reverse direction. The
structure in 4.26 can be directly imputed to V by arguing

. . d M s d u
that eev (@™ (0. Jne"te. ) = -1 cov(u.,u_) " (4.28)
1] g d Y 11 gy
ij 1m
This leads to an expression for E[ g"(eij) ], at least for
binomial characters. It follows that
V = Bll% DZGZ "D (4.29)
so that 4.27 becomes
X'DE”'DX X'DE” Dz B x'DE"1Dy
il R sl - = e (4.30)
zDE~'pX  z'0E"'pz + G~! u 2'DE” "Dy

- —— e -~ -~ —~—
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An advantage of this latter approach is that it immediately
extends to multiple random factors in the mixed model. Since
u is not required during the iteration procedure, it can be
absorbed out. The ease of absorption will depend on the
structure of G.

It is readily shown that if the distribution of u is N(0,G)
and of z given u is N(XB+Zu,Q), p is Y, D is I, y is z, E is
Q and that 4.30 becomes

x'Q~'x  xwQ 'z P x1Q~"
2"y 297z + ¢! 0 219”1y

which are Henderson's mixed model equations (equation 4.2).
In this case the equations do not need to be iterated since y
is z and is independent of the solution for B.

In this section, equations 4.27 and 4.30 are proposed as

a computing strategy for solving equations 4.25. Their
obvious similarity to the BLUP equations (3.5) suggests

the solution g would be a predictor of the random effects

on the underlying scale (see equation 4.21). Adapting
equation 6.17 to the notation of equation 4.27, the solution

is 0 = (z'AE Az « ¢tz iz (4.31)

~

This expression would be used to solve for u after a final
solution for the fixed effects had been obtained. The
properties of 4.31 as a predictor of the random effects have

not been investigated.
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Chapter 5. Deriving the logistic linear mixed model

Categorical data encountered in animal breeding research is
often assumed to be sampled from either the binomial or the
multinomial distributions. Multinomial characters may be of
either the threshold type, where an order of categories is
implicit, or the extremal type where the ordering of
categories is arbitrary. This chapter derives the specific
equations required for analysing binomial, extremal and
multiple threshold data by the two methods outlined in
chapter U4; the joint-maximization and the
maximization-expectation methods. The derivations are based
on the logit transformation (section 3.2.1). The name
logistic linear mixed model (LLMM) will be used specifically
for equations obtained by the maximization-expectation method
for binomial and multinomial characters. Equations obtained
by the joint-maximization method will not be utilized in
subsequent chapters and are not included when the name LLMM
is used.

5.1. Mixed model analysis of binomial data

The binomial distribution has density function
ic, p* (1-p)"7%= exp( z 1n(p/(1-p)) + n 1n(1-p) + 1n("C,))

= exp(z g - n 1In(1 + exp(8)) + 1n(nCz))

= exp(z 8 - g(8) + h(z)) (5i.. ™

This is of the one-parameter exponential form of equation 4.4
where z is the binomial frequency of successes in n trials,

p is the binomial probability,

& = 1n(p/(1-p)) and

g(8) = n 1n(1 + exp(B)) (5.2)
Differentiating g(6) with respect to 6 gives

g‘(e) I ¢ B = nop (5'3)
(1 + exp(8))
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and g''(8) = n ----==B222__ 5 = np(1 - p) (5.4)

5.1.1. Solution by the joint-maximization method

From equation 4.3, the linear predictor is Y = XB + Zu (5.5)
Using the link function, eij E Yij’ (8:6)
. exp(ei.)

p may be predicted by p = { =e--ceecZj--- } ()

1 + exp(eij)
From 4.6 p = {n g'(éij)} =10 p (5<8)
= s I} p . 3 - _A
From 4.7 Y e dlag g (eij) } = diag { n pij(1 pij) } WB=9)
§ B, .
From 4.8 D = { ---3d } = 1 (5.10)
~ S Y, . ~
1]
From 4.17 y = Y =+ vo! (z = u) (5= 1)
Inserting these expressions into equation 4.18 gives
X'VX X'VZ B X'Vy
Bl ol T R (5.12)
Z'WX Z'WZ + G u Z'Vy

The iterative solution of these equations is quite

straight-forward following the comments in section 3.2.5.

5.1.2. Solution by the maximization-expectation method

The difficult step with this method is to find satisfactory
expressions for the expected values of g'(éij), g"(éij) and

(g'(eij)g'(élm)) to substitute in equations 4.22 and 4.23.

ie. y= (EI g'(éij) 7 (5. 18)

1 A 1 A 2 2
var(zij) = Elg (eij)] + Elg (ei.) ] (5.14)

L] L] J ) Uij
cov(zij,zlm) = E [g'(eij) g'(elm)] - uijulm (5k-150)
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5 5 n exp(é..) n exp(Y,. + u;)
where g'(8;:) = np, . = RN T M ———— S M 1))
J 1J 1 + exp(eij) 1 + exp(Yij + ui)
(é ) . , . : n exp(éij)
and gL . ) =np..(1-p..) = cccccee—- Lart | S
1J 1 1J (1 + exp(e..))z
1]
n exp(Y,. + u.)
e e (5.17)
(1 + exp(Yij + ui))

Notation: A dot will be used over the symbol p when the
probability is a function of a particular random element us
to distinguish it from a corresponding 'average' p which will
not have a dot.

The three expectations in 5.13, 5.14 and 5.15 can be obtained

as functions of E[ﬁij] and E[bijblm]. The distribution of

uj, or at least its first moments, must be specified for

these expectations to be formed. Three alternatives have

been investigated.

1. u, distibuted N(O,oa).

2 uy distributed with an unspecified symmetric distribution
with mean zero and variance small (say less than 0.3).

u2'

values are obtained from the logistic distribution.

gh uy distributed with mean zero and variance © Expected

5.1.2.1. Using the Normal distribution

From 5.16
: exp(Y.. + u,)
BT Ry d AW mewemsddssalion |
J 1 + exp(Y + ui)
exp(Yi. + ui) 1 —ui
R exp(--%) du, (5.18)
1 + exp(Yij +uy) /2T R, 2

Using the standard series

6... for a < 1. (5.19)

"
'Y
|
[\Y
+
)
|
WY
+
Y
|
[\Y

1 + a



and
e = | X 8-1 + a-2 - a-3 + a
1 + a
but with a = exp(Yij + ui)
implying a < 1 if ui < -Yij
and a> 1 if u, > -Y,..
i ij
allows 5.18 to be written as
El ] j-Yij(- T (<1 Xexp(Y
pij = . 3 p ij
o] o k
+ f (1 -3 (=1)"exp(Y,,
-Y. . k v
1)
=Y. . -]
- f s 3 Wi e, 5%
= K 1J
»f K -3 (-1)kexp(Yi.7k)
.. kK J
1LY
= - 1 (-1K exp(ky, | + k202/2) [
i j u
k
© _)(2
1 i
+ ol . === exp(-=-2) dx;
__1] m 2
%u
+ T (=1 Kexp(-kY, + k26%/2) f
k LJ
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- a for a > 1.
2
K 1 -Yy
+ U;) ) =——--- exp(--z) du.
T oy -
* u.fk) - exp(--%) du,
i - i
/2T o 20u
-u +2uiko
-====- exp(--<-- 2-—--) dui
V2T o 20u
1 -u -2uiko
-=--=- exp(--=-- 2----) du,
/2u a, Lo
a ij'kci
—-cdo—-t ‘xi
b --=- exp(--2) dxi
- V2T 2
” 1 "‘?
g == exp(--=) dx;
Mgy Y 2
o
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=Y. .
S o0 =22 ) (5.20)
Su
& Y. .+k Y, .-ko?
- _o(=-3d___Yyy _ gLy
+ E F(k) [exp( kYij)(1 o ( o )) exp(kYij)¢( o )]

where F(k) = (-1)kexp(k26ﬁ/2)

and after substituting

2
= e kou . . .
xi = L= in the first integral and
u
ui + kou
X; = =——g in the second integral.
u

This expression is not practical computationally because F(k)
quickly becomes large while the associated integrals become

small but the product is not small. Numerical integration
techniques may be feasible in small problems but are likely

to be too demanding, in computing resources, for larger
problems. The same comments apply to the expressions for
E[éijélm] obtained in Appendix B. Computing equations of the
form of equation 4.25 are not derived in this section because

their evaluation is impractical for the reasons just noted.

5.1.2.2. Using the moments of a symmetric distribution

This method requires the nomination of the variance, Uﬁ, but
not the full distribution of uj- It has the restriction that

2
u

derivation. The derivation follows the same principle as the

0% may not be large because of the approximations in the

first method and readily extends to multinomial extremal
characters. The full algebraic development for multinomial
characters is in Appendix C. The principle is outlined here
but the expressions are obtained from the appendix.
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From 5.16
‘ exp(Y.. + u.)
Elpy;1=EL cimmamatdecnatans ] (5.21)
1 + exp(Yij + "i)
Assuming Yij is negative and uj < _Yij enables pij to be
expanded using the series in 5.19
_ _ _ m
E [ p j = E [ i ( exp(Yij + ui)) ]
(O
ZSEL =2 (= (1% g==ddaaaion ) )] (5.22)
m n n!

On taking expectations of the individual terms in 5.22, odd

powers of uj

Further, terms with uj raised to the power of 4 or more are

drop out because of the symmetry assumption.

neglected as being negligible when var(ui) is small. From
equation C.52,

E [ pij] = pij + pij(1-pij) oy (172 - pij) (5.23)
exp(Y..)
where P = R~ - (5.24)
LI exp(Yij)

In similar fashion, from equation C.80

. : 2 1
E[pijplm] = lJplm(1 + ou( (2 P4 )(1-pij) + (é—plm)(1-plm) )
+ 0, 11(1 Ps )(1-p1m) ) (5.25)

where ril is the correlation between ui and ul.

The coefficient B is one when i equals 1 and otherwise it
is usually zero. In the animal breeding context, i and 1
may refer to related sires and rij would be their

additive genetic relationship.

Substituting 5.23 and 5.25 in 5.13, 5.14 and 5.15 gives

2,1
no= { ngPyy + nijpij(1'pij)°u(2'pij) } (5.26)
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Cov(z 1m) = nijpijnlmplm(1
2 1 1
+ ou( (é-pij)(1-pij) + (é—plm)(1—p1m) )
2
+ ouril(1 plj)(1-p1m) )
- nijpijnlmplm(1

*+ 05( (%'pi

y
after dropping a term in 0ye

:
3+ (=P ) (1=py ) D)

= nijpij(1-pij) oy 11M P 1m ' P1m’ (5.27)
for ij % 1m.
var(z,..) = p.. - Eln, ] + E[(n, ) ] - My e
1) 1] lJ lJ lJ ij ij
1
2 2 2
n; g lJ(1 + 20u(1 1j)(2 ij) + ou(1-pij) )
2_ 2 2 2
nijpij(1-pij) 9,
=P 1Py )
2,1 2
nijpij(1'pij)°u(2 “Pyj - pij+2pij - pij(1-pij))
2 2 2 2
nijpij(1-pij) C
= g dp. Mi=p. PG & @0k - . tT=py I0H
i 9% 5.3 u'? 13 1§
2. 2 2 2
+ g 5P 1‘](1 p. J) @ (5.28)

These expressions can be represented in matrix notation

to conform to 4.26 as follows.

_ 2
E S gl nlJle( plj)(1 + gu(z - 3pij(1 plj))) } (5.29)
é = diag { n13p13(1'pij) } (5.30)
G = 02 R where R is a matrix of additive relationships
among the random elements in u,
V = var(z) = E + AZGZ'A (5%81)
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Differentiating 5.26 with respect to Yi

j’
e PR T
d Yy, dp;;dY¥,
d d: 'pLA s
_ 2,1 _1 2 2 3 _oay
e n;§(Pij + oy(mPyy=3P33-P;3*P;13)) s
5 ij
21 2
= nij(1 + ou(z - 3pij + 3pij) ) pij(1-pij)
This is the same as the elements in E so
D of 4.24 = E (Sl
y of 4.24 =Y + D-l(z-u)
=¥ 5 B "Gz=1 (5.33)
Then U4.27 becomes
X'EE"VEX X'EE™ 'AZ g° X'EE” Ey
z2'aE” 'Ex z'AE"'Az + G~ e 2'AE” Ey
which simplifies to
X'EX X'AZ g° X'Ey
o eSS = = W (5.34)
Z'AX ZIEE™ A2 & G u® Z'Ay

In equations 5.26, 5.29, 5.30, 5.32 and 5.33 is a set of
simple expressions which can be easily used in 5.34. The
starting rule suggested in section 3.2.5 may be used. Once
equation 5.34 has been solved, the new solution for BC is
used in the linear predictor, ? = XBO (from equation 4.21),
to set up and solve equation 5?3” ;Eain. The process is
repeated until changes in BO between iterations are
sufficiently small. As noted before, the equations in gomay
be absorbed.

5.1.2.3. Using the logistic distribution

The logistic distribution is described in section 3.2.1. The
simple relationship between probability and threshold forms a

18

convenient basis for obtaining EI[ bij] and EI[ bijblm
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The expression from equation 5.16

P:s = S S S (5.35)

is based on the standard logistic distribution. Under this

distribution, éi‘ is the probability that a random variable,
J
xij’ with mean zero and variance n?/3 has a value less

than Yij+ui' The effect of assuming uj is unknown with mean

zero and variance 03 is to increase the variance on the

underlying scale to w%/3 + oﬁ. The threshold point, Yij’

does not change. It is convenient to assume the distribution

of xij + Uy is still logistic. E[éij] is then obtained as

the probability that xij+ui is less than Yij and is, after a
change of scale,

. exp(s Qi.)
= E[pi) T e ;——— (5-36)

J
1 + exp(s Yij)

Py j

where the scale factor is

3 = 2-3_13_
%/3 & @
= J/1=5 (5 37
and the intraclass correlation is
O2
B 3 _5__-9-_5 (5.38)
‘n/3+ou

The intraclass correlation in this situation is the
correlation between two observations on the underlying scale
which have the same (unknown) random effect.

The second result that is required is an expression for

§ & Bl sl rommes i ]
1 » exp(Yij + Ue) 1+ exp(¥q, + ul)

EL Py iP1p



By definition, under the preceding assumptions,

2
L. )

cov (x, J+u ,x1m+ul)

. n2/3
1-p

where p is the intraclass correlation from 5.37 and

= Fep

Ky is the correlation between u, and u,.
il b il

On the basis of 4.28,

. . d 5ij j
Cov(pij,plm) = 5-;—— Cov (x; J+ul,x1m+u1) a—;
ij 1m
Differentiating 5.36
d p s Y
Py ) exp(s J) i _ _
---------------- 2o s s B0 )
d Yij (1 + exp(s Yij))

Substituting 5.39 and 5.41 in 5.40,

- - P
Cov(p ’plm) = s p..(1-pij) Fgg === /3 s p1 (1- plm)

pij(1'pij) riy @ 7 2/3 Pip(1-P1p)
since, from 5.37, 82 = 1-p

By the definition of covariance,

Elp, 1) = Cov(le,plm) + Elpy ) Elpy,]

1Jp1m

= py ;(1 ) Mix, 216D /3 plm(1 le) i p

ik pl

ij

o7

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

Substituting 5.36 and 5.43 in 5.13, 5.14 and 5.15 gives

PR I P e | e i
£ { it 1 + exp(s Y. .)
1]
Cov(zij,zlm) = COV(nlJ 13 N mPim)
= 13 13(1 ) g @& 0 /3 nlmplm(1 plm)
for ij A 1m
5 12 :

var(zij) = EIH 1] lJ] - E[n13 13 ]+ var[nlJ 1J]

= n, .p - (var(p )+p 2) +n 2-Var‘(l.) )

B SN R N i ij 1] ij

- - - |2
= nijpij(1-pij) + nij(n =dl)pks J( pij)

(5.44)

(5.45)

pw2/3 (5.46)
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These expressions can be represented in matrix notation
to conform to 4.29 as follows.

o _ 5 " 2
E = diag { Ny ; 1‘](1 p )(1 pij(1 pij) p /3 ) } (5.47)
é = diag { nijpij(1 le) } (5.48)
G = p n2/3 R where R is a matrix of additive relationships
among the random elements in u, (5.49)
V = var(z) = E + AZGZ'A
D of 4.24 = s A (5.50)
g of 28 =Y = D_1(z-u)
=Y + A" (2-u)/s (5.51)
Then 4.30 becomes, after dividing by s,
X'AE” AX X'AETAZ g° X'AE™ Ay
= S EE 8 oee me = = e e (5.52)
Z'AE “ax zaElaz 4 67! u® Z'AE” Ay
Writing W = AE 1A
N 4 P C 15D &) 1N D4 a1l D )
. S ___:_gg_zg___-zg--_zg-zg---_zg__?___ )
nlinj(1 le)(1 - le(1 =P ) p m°/3)
BPPEPRE QUL e ¥ NS 5 (5.53)
1 - pij(1 Py ) p- /8

Equations 5.44, 5.48, 5.51 and 5.53 contain the

expressions to be used in 5.52. A starting rule

was suggested in section 3.2.5. Once 5.52 has

been solved, the new solution for B° is used in the linear
predictor, Y = Xg° (from 4.21), to set up and solve 5.52
again. The~pr05;ss is repeated until changes in B° between
iterations are sufficiently small. As noted in sgction 4.2,
the solution for u°is not required during iteration and it
will often be convenient to absorb these equations when
solving for @O.
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5.2. Analysis of multinomial data

The distinction between the two types of multinomial
characters, extremal and threshold, has been discussed in
section 2.1. A threshold character arises when there is a
single underlying variable with several thresholds. An
extremal character arises when there are several underlying
variables, each having a single threshold and each category
corresponding to a variable. Each observation adds a count
to the category of the extremal character that corresponds to
the first underlying variable to reach its threshold. When
there is a single underlying variable with only one
threshold, the extremal and threshold models both reduce to

the binomial situation.

5.2.1. Analysis of extremal characters

The obvious choice of a probability distribution to map the
probabilities associated with each category to an underlying
continuous scale might be the multivariate normal
distribution. A convenient and simple alternative is the
multinomial logit introduced in section 3.2.1.

The development of the equations to analyse an extremal
character by reweighted least squares under a fixed model was

presented in section 3.2.4.

5.2.1.1. Solution by joint-maximization method

The extension of the results of section 3.2.4 to a mixed
model is straight-forward. Following the format of section
5.1.1 with appropriate modification, from section 4.1,

the linear predictor is Y = (X p I) B + (Z g I) u (5.54)

and the link function is eijk = Yijk (5.55)
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where i refers to the i th random vector, ujy,
J refers to the j th sample within i,
k refers to the k th category,

exp(eljk)
From 3.48, p.. = { J } = { emmmmeee i } ¢5.156 )
=2 1J 1+ % exp(ei.n)
n J
. exp(eijk)
rom 3.55 and 4.6, g gp & fyg =msmcmmsiBomes (857 )
1J T 1 4 exp( 8y 5,)
n

From 3.56 and 4.7, V;, = n,, (diag {p; 4} + pyypiy)

and V = ¥ 3* Vij (B.58)
80 " B

From 4.8, D = { et k= A (5.59)
§Y5 i

Prom . 07 v =18 & (o) (5.60)

Let G = R ® £ where R is a matrix of additive relationships
among the vectors, U, and

T is var( ui).

Inserting these expressions in 4.18 gives

L(X@I)' V (X8I) (XgI)' V (ZgI) v BO { (XgD)' Vy |
] el B TS -~ s = =T =
| (Z8D)' V (X8D) (ZsD)' V (zgD) + G7'i 1 u® 1 (zgD)' vy !

(5.61)

These equations are readily solved (see section 3.2.5) but
will often be of large order since the number of equations is

(number of categories less 1) times (rank of [ X Z 1])

5.2.1.2. Solution by the maximization-expectation method

The application of this method to extremal characters is
algebraically cumbersome but straight-forward. The

derivation will be based on section 4.2 but drawing from
section 3.2.4. ”
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Extending equation 3.49 in the fashion of equation 4.21 gives
1n L = constant
q N. c c

il
+ f § (( E zijkeijk ) - nij In(1 + 5 exP(eijn) )
+ 1n(U(u:G)) (5.62)
Pjjk
where 0, ;. = In( ==e== e m———) (5.63)
13k 1 X
npijn
exp(9,.. )
By g = mmmmmmmn K (5.64)
T 1 + I exp(6,. )
iy ijn

and g(eijk) = nij in@l 4+ & exp(eijn)) (5.65)

refers to the i th random vector, us,
refers to the j th sample within i,
refers to the k th of c+1 categories,
=l R X BZ)

is a matrix of additive genetic relationships

1o X G

among the vectors uy and

I is var(ui)

-

From equation 4.22 using equation 3.55

fi=El 2 )
= B[ 1 g'(eijk) }o)
= E[ { nijpijk | (5.66)
From 4.23 using 3.56,
= var( z )
= E + var( { g'(eijk) } ?
+ o+
= f ? Eij + var( { nijpijk ) (5.67)
where Eij = n.lj E[ diag(éij) - Eijéij ] (5.68)
From 4.21, the linear predictor is Y = (X ® I) B (5.69)
and the link function is eijk = Yijk' (5.70)

Equations 5.66 and 5.67 require expressions for E(ﬁi.k) and

E(éi.kél ). In section 5.1.2, three methods of obtaining
mn
thesg expectations were proposed. The first, a strict
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assumption of normality was found impractical and has not
been attempted for this case. The third, a convenient use of
the logistic distribution, has not been attempted but might
lead to useful expressions. The second method, that of
assuming only the moments are known, has been applied to this
case. The algebra is in appendix C. From that appendix,
Equation C.50 gives

_ 1 1
E[lek] = Pijk{1 - 3P{4d + PisEP;5 = Pigo * 3% (5.71)
and equation C.79 gives
- 1
E[lekplmn] = pijkplmn(1 + (oi + 2rilokn + 02)

* 813?8 il § * rllp zplm M p1 iplm

+

1]

- Q(Bij +* Pip)'d - Py 0o * Ty,

- P1alCn * Ti1%) (5.72)
where oi is the k th diagonal element of Z,
o1 is the kn th element of I,

d is the vector with elements {oi}

Cy is the k th column of I,

1 + I exp(Yijn)

Eij is {pijk} and

ril is an element from R.

For use in 5.67

) = ]

covin, 1j lmE[ p1Jkp1mn

E[lek] E[plmn]

j ijk "1 mP1mn

13 "m

"5 " 10P1 jkP1mn"11 Oxn* Pi5ZPim = PijSn ~ PimSk’ (5-73)
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This can be conveniently expressed in matrix notation as

- _ '
var( { nijpijk I B = é ({ ® E) 9 (§ ® E) é (5.74)
_ ot ot
where A = ? ? éij
- - ]
and élj =Ny ( diagl pl\]k } P54 3 ) (5:75)
Proof:

Let M =r 184529

Men = 71175 5(Pi3kS% = PiskPii? Z (P1mndn = PimnPim’Mim
SRS LTS 1Jk lmplmn(ckn L leEElm = SkPim - Eijcn)

= cov(n, ) from 5.73

ij 1Jk lmplmn
with 6k representing the k th column of an identity matrix.

QED

The kn th element in Eij of 5.68, from simplifying 5.72, is

tepnt # = 135 PyguPijnll + é(ck - 2°kn + op) + 3P§ 5ZP; ;
for k% n

The k th diagonal element of E'j’ from 5.71 and 5.76, is

_ _ i
feppl * “ijpijk(1 3Pj4d + PisZPsg — PijCy * 2°k>
2 \ |
- nyy P %1 + 20y + 3p1.Epy5 - piyd - 4pise) (5.77)
Then V = var(z) = E + A (Z ® I)G (Z g I)' A (5.78)
From 5.66 using 5.71,
w= {EL " 3Pijk 1)

1 ; 1 2
{ i 1Jk(1 - EEijg M leEE ij - PijSk * 30y) ) (5.79)
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The matrix D of 4.2U4 is obtained by differentiating 5.79.

The following differentials are required.

d P,
ijk
5_;-J 1le<(1 p13k)
ijk
9 P
and ---2d2 = _p . p. . for k ¥ n
3 Y ijk ijn
ijk
3 Paes
13
e 5-;--- = 1Jk(§k - Eij)
ijk
2 pl.d
——zld~ o _ _ 2 _
3 Y 1Jk(6k Eij)'g = pijk(ck Pljd)
ijk
o pi.e
__=ij-n . _ _
2 Y i 13k(§k ~ij)'9n - pijk(okn Eian)
ijk
o PP JTPiws
——x1d~-1J _ - _ )
and = 2P{ 3208 - P3Pigk = 2Py gk(Rij%k - PijIRyy)
9 Y3k

b il i 1 2
5_;_ T nijpijn(0 - Epijkcck - 139) . 2lek(pIJ k BlJEElJ)
ijk
- lek(okn - 13 cy) )
= NlgdpP p 1 - 1p d + pl.iP:a - Bl . #* 102)
i3¥1jk"i jn 2wl ) Ty ~ijsn 7 2°n
_ 1 By
= nijpijkpijn(1 + ?(Ok + 20k + o ) 2Ei3(c + Sk)
- ' .
pljg + 3913~-1J) for ik .4 (5:80)
UL
ijk . 2
5 Y B nijpijk Epljkcok - EiJE) * 2p13k(p13 k ~13_~1g)
ijk
3 (62 - plic) )
P Bz Ol ® RS GER
+ (1-p Ja p: . d «= p! Fpm., = pllje = 102)
ni3Pijk ijk 2 2 5 ool 25 B (e o ~ijk 20k
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E = - 4
n;Pijel? -~ ZPij9 * PijEPyy - PigC * Eok)
n p..2(1 + 202 - p!.d - Up! + Sp) dpas) (5871)
ijijk k = ~ij= Sk 1 ) (550 b
9 U. s
L for ij * 1m
3y
1mn
Comparison of 5.80 with 5.76, and 5.81 with 5.77 shows
they are identical, i.e. D = E (5.82)
y of .24 =Y + D" (z-p)
=Y + E (z-w) (5.83)
Then 4.27 becomes
(XBI)'E(X8I) (XgI)'A(Z@I) B° | (X®I)'Ey |
] e 1 = -7 =771
(201 ) 'A(X8I) (ze1)'AE" A(zeD) + 6= | u°) 1 (ze1)ray !

(5.84)

Eguations S=T45 (5:76s Saillp 5179 amd 5.88 eemtain the
expressions required to solve 5.84. Once 5.84 has been
solved, the new solution for B is used in the linear
predictor (equation 5.69) to ;et up and solve 5.84 again.

The process is repeated until changes in B between 1terat10ns
are sufficiently small. As before, the equatlons in u may be
absorbed so that the order of the matrix to be 1nverted is

(number of categories less 1) times (rank of X).
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5.2.2. Analysis of multiple threshold characters

Many examples involving multinomial data are of the threshold
type rather than extremal type. The threshold model proposes
a single underlying variable, X, with ¢ threshold values, Yi’
defining c+1 categories of response. The scale of X can be
chosen so that the probability of response in a particular
category relates to a known distribution, typically a normal
or logistic distribution. The situation can be represented

as

Such data are analysed in three ways:
1) Continuation ratios - the multiple categories are analysed
as a series of independent binomial characters.
For example 1 versus 2 § 3 § U
2 versus 3 § 4 omitting 1
3 versus 4 omitting 1 § 2
2) Repeated binomial analysis - the multiple categories are
analysed as a series of binomial characters which are not
independent. For example 1 versus 2 § 3 § 4
1 § 2 versus 3 § 4
1§ 2 § 3 versus 4
3) Simultaneous binomial analysis - the multiple categories
are analysed by multivariate analysis of the binomial
characters of method 2. This form of analysis is outlined by
Bock (1975, p 541).

The first and second methods could be applied using the
results of previous sections. However, neither provides a
convenient basis for analysis of such data by a mixed model
because the binomial characters are analysed separately. An
additive random effect on the underlying scale would shift
all thresholds and so must be estimated in an analysis that
includes all thresholds. The third method does this and is



67

presented in the remainder of this section.

For a single multiple-threshold sample of size n, let
Py be the probability of response in category k,

k
Pk = % P; be the probability of response in the first k
i
categories, (5.85)
z, be the frequency of response in category Kk,
k
Sk =] % z; be the frequency of response in the first k
i
categories and let (5.86)
Pk
Yk = 1In( ==-2-- ) be the k th threshold, implying
1-P
k
exp(Yk)
Pk S mmmemm————— (5587
1 + exp(Yk)

The natural parameters of the multinomial are the
multinomial logits from section 3.2.4.

From 3.47 6. = 1n ( -===3--_)
1 1 - Zp.
j J
exp(ei)
From 3.48 Py Shgomogos oo (5.88)
e B exp(ej)

J
The likelihood of the sample, from 3.45, is

c
L, = censtant ( pi Yy (1 - Pc)(n—Sc)

k
and from 3.46,
c
ln L = constant + ( f Z, ln(pk)) + (n-Sc)ln(1 - Pc) (5.89)

The analysis required, in the light of the introduction to
this section, is linear on the X scale. The natural
parameters, 8, are not linear functions of this scale but the
Y parameters~of equation 5.87 are. The link function
(relating g to {) is not linear but this causes little
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difficulty if the analysis is performed using S and P rather
than z and p.

Equation 3.55 gives El[ zg ]l = np, (5.90)

and equation 3.56 gives var(z) = n (diag(p) - pp') (5.91)

Define F, a matrix of order c¢ with zeroes above the diagonal
and ones on and below the diagonal.

Then S

{Sk}:li.z‘

and E[L 8 ] aELl Fz ] = F El 2 ] =% F p =& nP (5.92)

-~ -~

using 5.85, 5.86 and 5.90.

Similarly, using 5.91,
V = var( S )

-~

var( Fz )

——

= F var(z) F° (5.93)

n
=]

F diagip.Y F' - n FppiE"

-

1
w

Py

P, v 5"

P3

NN -

= n (P (1-P ) F5p El = § (5.94)

5.2.2.1. Fixed effects generalized linear model

To apply the GLM procedure, assume N independent samples.

For a fixed effects model, the linear predictor is

Y = (X® I)B (5.95)
From 5.92 U= { nj ij} (5.96)
From 5.94 Yj = { nj ij(1-Pj1) } for k <= 1 (5.97)

N
and V = ¥ V. since the samples are independent. (5.98)
j -



By analogy with 3.42, the working variable is

gE B D= @ =

9 .
¢ ST g
d le

di . P. (1=-P,
dlag A nJ Jk( Jk) }

Following 3.42, the equations to be solved are

b Xx®@I) B=(X®I)DV Dy

where D

(X ®I)' DV
where V'1 =ty
j -

-1
J

and V31 is a tri-diagonal matrix with

it ol L o )
m Py Piy
and yisi+1 _ i+, 1 11
n p

Proof:
From 5.93 V = n F (diag{pi} - pp' ) F!

=1 =i
(diag{pi} - pp'") L

Now F'1 is zero except for ones on the diagonal and

minus ones on the sub-diagonal.
1

and (diagl{p.} - pp")”' = ( diagl - } ) +
1

P. 1-Pi -
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(5.99)

(5.

(5.

(3

(5.

(5.

(5.
(52

100)

101)

102)

103)

104)

105)
106)

Substituting 5.105 and 5.106 in 5.104 gives the matrix in

5.102 and 5.103.

This result was given by Clayton(1974) but his paper

neglected the minus signs in 5.103.
QED
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It is not immediately obvious that 5.101 is the maximum
likelihood solution since differentiating 5.89 does not
appear to give ( § - u ). However,

3 1n L Z z
= PR ool = D P (1-P,) )
Y p p
3 Kk k k+1
=D v (S -u) (5.107)
and
32 1n L -
A —— I ] (5.108)
BYk BYl

When the RHS of equation 5.107 is premultiplied by (DV_1D)-1,

the result is D-1(S-u) which is the second term in the RHS of

equation 5.99. DV™'

——

D is the weight matrix required and so

equation 5.101 gives the maximum likelihood solution.

5.2.2.2. Mixed model threshold analysis by

joint-maximization method

The results of the previous section extend directly to this
model except that the linear predictor has the form
Y = (X®I)B+ (Z®1)u (5.109)

The 1 vector associated with Z and u in 5.109 occurs because
under the threshold model of a single underlying variable,
the same random effect affects each of the thresholds
associated with the particular observation vector.

The equations to be solved are, from 4.18

(X®I)'DV-1Dy

1m>

(X@I)'DV-1D(X$E) (X®I)'QY_1D(Zaﬂ)

~ o~ .~ ~ . -~ -

(2&1)'DV-'D(X@I) (Z@1)'DV”'D(Z@1)4G ™ (2g1) 'DV™ 'Dy

P

1C>

(5.110)

1

where V of 4.18 is DV- D (defined in 5.98),

D of 4.18 is I,

-~
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is GsR where R is the matrix of additive genetic

1 Q

relationship and Ui is var(ui) and
y of 4.18 is 5.99.

Solution -of ‘5,110, utilizes 5-87; 5.86% 5.97; 5+99 and 5,700.

5.2.2.3. Mixed model threshold analysis by
maximization-expectation method

The requirement for this method is to find satisfactory
expressions for E[ S ] and var[ S ] when the log likelihood

is
q Ni c i v
lnL = K + f ? ( E zijkln(pijk) ) + (nij-Sijc)ln(1-PiJc)
+ 1n(U(u:G)) (S lap)
where p; 5 18 Pijp = Pij(k-1)
" exp(Y + u,)
B EEem—at ) S e (5.112)
1 + exp(Yijk + ug)
o A
and var(ui) = 0,

This implies the random effects are additive on the

underlying scale (the scale of Yi ).

Jjk
Extending the results from section 5.2.2 to take account of
the extra term in the likelihood (compare 5.89 with 5.111),

From 5.92, E[ S, I =EC n; P ) (Br13)

ijk ij 13k

From 5.94, taking expectations of both sides,

EL Sijksijl = nijpijknijpijl i 3 El nijpijk(1-Pijl) ]

for k <=1 (5.114)

These equations require expressions for EI[ Pijk] and

oy J. Either of the methods of sections 5.1.2.2
ijk 1lmn

and 5.1.2.3 could be used. The latter of these is simpler

and is used. It is based on the logistic distribution and
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the rationale is given in that section.

From 5.22,

gy SUBEE ppd & —smesse—sTiEEo (5.115)

iJk 1 + exp(s Yijk)
where the scale factor, from 5.37, is
s = /13p (B'all 16D
c2
and p = —5-9—--—? is the intraclass correlation. (5.117)
T /3 * g,

The second result that is required is an expression for

S TN SR T bt # Sl U AP . . I GO
1J 1 + exp(Yijk + ui) 1 + exp(¥y . # ul)
By definition, under the preceding assumptions,
_ 2
Cov(xijk+ui,xlmn+ul) = ri 9,
- r,. -8- 72/3 (5.118)
il
1-p
where p is the intraclass correlation from 5.117 and
I is the correlation between u, and u,.
il i 1
On the basis of 4.28,
. d P.. d P
> - -1k -..lmn
COV(Pijk’len) 4 dy Eoy (xijk+ui’x1mn+u1) d Y (5.119)
ijk 1lmn
Differentiating 5.115
d P, . s axpls Y..:.)
B __--__------EJB--Q = s Py (1-Fy ) (5.120)
d Yijk (1 + exp(s Yijk))

Substituting 5.118 and 5.120 in 5.119,
L] L] _ E— 2 -—
COV(Pijk’len) = s Pijk(1'Fijk) rip 125 T /3 s Flmn(1 len)

= 2 =
= Pijk(1-Pijk) rip e m /3 P1 B KS=nEan

since, from 5.116, 8% = 1-p

n('I-P

m 1mn
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By the definition of covariance,

EP, ijk lmn] = COV(PIJk’len) + E[Ple] E[len]
= Py 1-Fyq) rag 0 /3 B QB By B (50122)
Substituting 5.115 and 5.122 in 5.113 and 5.114 gives
n,. exp(s Y. . )
wi= A nijpijk } = A | (5.123)
1 + exp(s Yle)
cov(Sle,Slmn) = COV(n13 1Jk’n1mplmn)
ny P 1-Py g ryp 0 /3 n P (B (5.124)
for ij ¥ 1lm
cov(Sijk, n) = E[nlJ 1Jk(‘| PlJn)] + cov[nlJ ijk? nijpijn3
= ijpijk - (cov(P ik lJn) + PlePlJn)
2
+ nlJcov(Ple, Pijn)
=0y 5Py Py gn)
= 2
+ 1J 1)151Jk le)Pijn(1-Pijn) p w /3 (5.125)
for k <= n

These expressions can be represented in matrix notation

to conform to 4.29 as follows.

Eij = { nijpijk(1_Pijn)(1 - Pijn( le) o /3 ) '}
= - 1
= 91j &ijl A 1 éij (5.126)
where X = »p w2/3
91j 3 13 le(1 P ) for k <= n (5.127)
éij = diag { nljpljk(1-Pijk) } (5.128)
Then V = var(z) = E + AZGZ'A (5.129)
where E = ¢ Z+ EL...
+ _+
A=1"1° Ag
|
G = X R where R is a matrix of additive relationships

among the random elements in u.
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D of 4.24 = s A (5.130)
v of 404 = ¥ + D Wz
'Y m A" We—ms (5.131)

Then 4.30 becomes, after dividing by s,

(xeD)'AE"'ACtSD) (XoD)'AET'ACZED | (B [(XeD)'AET Ay
(zo) e~ A CxeL) (ze1)'aETIAGzEwG T (W) Lzep)taET Ay
(5.132)
The weight matrix is block diagonal because E is block
diagonal and A is diagonal. Considering the ij th block,
and omitting those subscipts,
LR
=ACQ-a12a1a) Ny using 5.126
=A@ - QA 1GaeTa - DTTTAeTh A using 3.6
= a07'4 - 7T 1(1raQT A - DTN (5.133)

where Q is of the form of V in 5.97 and

Q-1 is therefore available from 5.102 and 5.103.

The starting rule suggested with section 3.2.5 may be used.
Once 5.132 has been solveg, the new solution for B® is used
in the linear predictor, Y = (X ® E)go (from 4.21;, to set up
and solve 5.132 again. The process is repeated until changes
in BO between iterations are sufficiently small. As noted
pre;iously, the solution for u° is not required during
iteration and it will often b; convenient to absorb these
equations when solving for B°,

It should be recognized that (§ g I) is only one of
several possible structures for the fixed effects.
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Chapter 6. Application of the logistic linear mixed model to

animal breeding

The two topics covered in this chapter are the simultaneous
analysis of categorical and continuous traits by the same
mixed model and the estimation of breeding values and genetic
variances. The discussion is only in relation to the
logistic linear mixed model which was derived in chapter 5 by
use of the maximization-expectation method of section 4.2.

6.1. The simultaneous analysis of categorical and continuous

characters by the same mixed model

For categorical traits, the mixed model equations have the
form, from equation 4.27,
1

' - ' -1
XaPaEd DaXg X4P4Eq4 A4l4 e

-1
1
XaPaEq Dg¥y

-1 -1 -1 -1
L ] L]
ZihaBa DgXq ZGA4E4 A4Z4+Gy U4 Z4RaEq Dg¥q

It is convenient to assume the normal distribution for

(6.1)

© oo

continuous traits. The relevant mixed model equations are,
from equation 4.31,
1 -1 o) J -1

' T ' '

e x w7 201 (%9 %]
-1 0 == = 1 o e i

B By B Y cael e Ze 9 Yo

The simultaneous solution of these equations is obtained

by solving
" - 1 " " - “ " fo) n — ‘I
X'DE DX X'DE AZ B X'DE Dy
i = == adl s ~ = B e N (6.3)
" 1 n " = " - n -
JraE~ DX Z'aE~'AZ 4 G~ u® Z'AE” Dy
where ! E X ® I,) given X, = (X @DId),
Ec = (5 ® Ec)’.
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"
Z=(2Z®H,) given Z , = (Z Q’Hd),
Ec = (E ® Ec)’
b o | 2
S = !
—D 0‘
Dy=I* D, and D = I ~k -~
5 k ~ - k L 6 I
E Tow
[ Ak 0
Ay = T A, and A = il B
. k ~ = K U 9 I
B, €.
E, = il E, and E = gt | -k <k
< KT T Leg
+
g = E Q-
z z
G=(R®ZI) given I = [ ~d -de ]
~ - - - Zé z !
“de %c
Gg = R® 2y,
G, = (5 ® §c)’

R is a matrix of additive genetic relationships,

o o o "
B~ contains Bd and BC arranged as the columns of

~ -~

u® contains ug and uz arranged as the columns of

X,
"
Z,

"
y contains yd and yc arranged as the rows of X.

The two quantities included in 6.3 which do not occur in 6.1
or 6.2 are gk and §dc' It is assumed that gdc is known as it
refers to the covariances between the random effects in the
categorical trait and the continuous trait. A method of
estimating Edc’ indeed all of §’ is considered in section

642,
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6.1.1. Covariance between a binomial character and a normal

character

Using a probit transformation to relate a binomial character,
z, to an underlying standard normal character, x, gives the
following.
Let z be 0 if x<t, and

z be 1 otherwise,
where p = 1 - ¢(t) and t is the threshold.
govi(®,2) = EL ¥ I = EL x ] EL z 1

E[ xz ] since E[ x ] is zero.

oo

= [ x ¢(x) dx
C

= ¢(t), the ordinate at t. (6.4)
The covariance of z with another normal variable v having
variance 03 is

2

cov(v,z) = ¢ a, o(t) (.89
where c 03 is the cov(v,x). (6.6)

The procedures developed in this thesis have consistently
used the logistic distribution as a convenient approximation
to the normal distribution. If x is distributed as a
standard logistic distribution, using equation 3.11,

cov(z,x) = fw X -__559552--_2 d%

v d x 1 + exp(x)
S [ x =SXRUR)__ ° Lo __BfRlx) | gy
1 + exp(x) t t 1 + exp(x)
= [ x ~2XDLx) In(1 + exp(x)) ]
1 + exp(x) &
AS X »> ®» X --959&52-- -+ X and
1 + exp(x)

In(1 + exp(x)) -+ x.
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Therefore, cov(z,x) = 1n(1 + exp(t)) - -L_€XP(E)_
1 + exp(t)
= - 1n(1-p) - p 1n( =B )
1-p
= - p 1ln(p) - (1-p) 1n(1-p) (6.7)
where, by 3.12, p = --8XPLt)__
1 + exp(t)
- (. p 1In(p) + (1=p) 1In(1-p) ) ¢ oy
Thus, coV(V,Z) = mmcmm e (6.8)
/7273

Equation 6.8 makes allowance for the change in variance
between a standard normal and standard logistic but ignores
the small other differences. It applies strictly to the case
of a fixed effects model. In mixed models, it will be
necessary to obtain the expected value of 6.8 with regard to

the random factor. i.e. 1in a mixed model,

- (P 1n(p) + (1-p) 1n(1-p) ) ¢ o2

cov(v,2z) = E[ =eceemeccmcccccc e ccccccc e ] (6.9)
/1273
S exp(Yi E ui)
where, from 5.16, p = SRR N S S (@2TO)
1+ exp(Yij + uy)

The expectation in 6.9 is not easily obtained however and the
following approximation is proposed. The diagonal elements

in matrix Ek (of 6.3) are terms like, from 5.47,

e,. = EI nﬁij(1-5i ) 1= 0By (1B 1 = 2B, (6.11)

] i)
The proposal is that cov(v,z) be evaluated by equation 6.8
using the same 5i. as used in 6.11, and then scaled by the

square root of (1 - f(Eij,p)). it [OR

L

cov(v,z) = - ( Eijln(ﬁij) + (1-5ij)ln(1-5 Y 0 E (6.12)

ij

where F = ¢/ —==-- 5= = .
T /3

Expression 6.12 applies directly to extremal and threshold

characters and provides the equations to fill in the C
matrix of 6.3.
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6.2. Estimation of variances

In the context of animal breeding, particular concern rests
with the estimation of breeding values and variances. In
terms of the general models developed in chapter 5, the
breeding values are the random elements, Up s the variances
are var(gk). The purpose of this section is to show how to
estimate the random effects given the fixed effects and how
to estimate var(gk) = §. Equations 6.3 are solved
iteratively, as discussed in section 4.2, to provide
solutions for ?0. The solutions for EO are not required
during the iteration and would usually not be computed until
the final solution for B° was obtained. The random effects
may be obtained by back:solution from the final fixed
effects. Consider 6.3 rewritten as

HHIMEH

The inverse of a partitioned matrix is

<

1

1

K L Q -QLM™
- ~ = = e (6.14)
L' M Mg M lem Toequu?

o =) -1

K +K LTL'K -K LT
= o -~ v -~ (6,150
=g T
where Q = (K - LM-1L')-1 and
T = (M- L'k Ly~ ',
so [ B® Qv -QLM-1w

4 Mgy ev Twam~ Lo
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Q(v-LM~™ )
s Sl (6.16)
M~ (w-LB®)

The solution to 6.3 is therefore

”
7@ = Wtz aE™! Dy - Z'aE"'pXB°)
" "
- M 'z "pey - XB)
= e
=M ZaE"Tr (6.17)
" lo)

where r = D(y - XB")

.0 -1 W e .
D( XB™ + D "(z-u) - XB~ ) using 4.24

= Z—u

-~ -~

" "
The exact nature of Z, A, E, X, D, y and G will depend

-~ ~

on the particular problem being analysed.

~ ~

One method of estimating the variance, L, is to equate g'g to
E[ U'0 ]. However, equations 6.3 are multiple trait and u® is
made up of several subvectors These subvectors can be )
written as columns of a matrlx U The relationship between

© and g is given by go= vec(U ) The variance of a row of

u
U was givem ifl 63 as I. Let S be a matrix which selects

those elements in go which comprlse the i th column of U

S.luo i th column of U.

hen u.
Then u,

]
s M~ 'Z2aE"r
~] ~

~ ~ o~

(6.18)
Searle (1971 b) gives the expected value of a quadratic form

as E[ x'Ax ] = tr(A var(x)) + u'Ap

T i = ...X....

where M = E[ x ]

Using this result,

A S I S D, E e
8.1 =E[ r'E”AZM" SIS.MTZTAET T ]

J r B AT - - o~
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= tr(E Tazm~Tsrs M 1£'AE‘1 var(r)) (6.19)

~ - -~ ~

pi.nee) B[ = .= /0

Now var(r) var(z) + var(uw - 2 cov(z, )

var(E) - var(u)

From 4.26, var(z) = E + AZGZ'A = V (6.20)
= i = A =
and from 3.6 V™' =z E' - ET'AZ(Z'AET'AZ + G™ )71 ZAE™
- — n o =
g~V - g lazm 12 ag? (6.21)
Also var (8°) = (X'DV™'DX)"
" | n o T M . L -
= (X'DE”'DX - X'DE~'AZM~1Z 1aE" DX)
= (K - LM~ L))" from 6.13 (6.22)
1. =11
So var(u) = DX(K - LM L') X'D (6.23)

Combining equations 6.20 and 6.23,

\
var(r) = V - DX(K - LM 1L') 1X'D

~

N -1 =1 . .
s B AZM SIS M7 Z'AET (V- DX(K - LM™'L*)” 'X'D))

~ o~ o~ ~d ~ ~ ~ ~ -~ ~ - n

Efu'u.]
~ilj

-1 -1 -1n -1 non
= tr( ET AZM S'S.M”'Z'AE” ' (E + AZGZ'A

~ o~ o~ ~ d~ ~ ~ ~ o~ ~ ~ o~~~

- DX(K - LM L ) X'D))

—— -

-1 -1." n -1 .nn -1. " -1
tr‘(S‘SJM ((Z'AE AZ+Z'AE AZGZ'AE 'AZ)M

~ 1~ ~ ~ ~ o~ ~ ~ - ~ o~~~ ~ -~ —— -~

e - ? - " o
_ PoaE~ DXk - v~ 'Ly XpETTazn Yy

-~ —~— —~ ~ -~ ~ —— ———

" -1, =11 " -1.n -1
U S'SJM (Z'AE AZG(G + Z'AE 'AZ)M

~ ~J~ ~ ~ o~ ~ o~ o~ ~ ~ — ~

SL(k - oy
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1 1 1 1

1 n - - -

= tr( SiSjM'1(£'AE AZG - L'(K - LM~ 'Ly 'tm™ 1y )
e -1 -1 -1, =1

- erCsis M lam-cTh 6 s Lran L - o7 )

) . _ S 1 _ ogy=T =1
= er(sgs 6 - sisyrt - mTlanTL - 0T

—~

N . - N =1 y=1
= trC8isy6 - sis 0 - LT

" =0 _3
- 1 - ' '
= (81846 - 518, (2 AET AL

n _‘I " " _1 n __‘l n _1 n _1
- (X'DE "AZ)'(X'DE DX) (X'DE 'AZ)) )

tr( §j§§i Y = tar §jz§£ ) (6.24)

where T is defined in 6.15 and is analagous to T of 3.7.

Eifam 61.8x G = R % 3.

Consideration of the nature of Si and Sj reveals that

SHES = doe

R and

SiTSB Tij which contains only those rows of T relating to

trait i and those columns of T relating to trait j.
Equating G{GJ to its expectation gives

Ty = o, tr(R) - tr(T,.) (6.25)

1= J ~1j

which may be rearranged to give
' . .
1 ~
R = — (6.26)

This estimator is analagous to the restricted maximum
likelihood estimator if it is iterated. The best method of
iterating for estimates of I has not been determined. The
method used to produce results in subsequent chapters is
discussed in section 6.3.2.
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§;3. Implementation of the logistic linear mixed model in a

generalized linear models programme

The analyses reported in subsequent chapters were performed
using REG (Gilmour, 1983). REG is a generalized linear
models programme which has been developed progressively since
1970 within the Biometrical Branch of the New South Wales
Department of Agriculture. It has been expanded at Massey
University to include some mixed model options and the
logistic linear mixed model (LLMM) as defined in sections
5.1.2.3, 5.2.1.2 and 5.2.2.3. The implementation of these
equations assumes an identity relationship matrix and absorbs
the random effects during the formation of the weighted
matrices. Several aspects of the programme including how the
LLMM has been implemented are discussed in the following

sections.

6.3.1. Measurement of 'lack of fit'

REG computes the deviance (equation 3.44) as a measure of
lack of fit of the model. The deviance under the binomial
distribution is

devz -2 I ( z InC Z5) + (n-2) In( zrizs ) ) (6.27)

where p is the maximum likelihood solution.

Subscripts have been omitted but the summation is over the
total sample.

The difference in deviances obtained under different models
is a chi-square variable which may be used to test the

difference between the models.

When extra-binomial variation is present, equation 6.27 is no
longer the proper expression for the deviance since it
ignores the extra variation. The likelihood expression given
in equation 3.15 contains two parts. Equation 6.27 ignores
the second part completely and by so doing creates an
inflated estimate of deviance. REG, however, currently uses
equation 6.27 to define the deviance whether or not
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extra-binomial variation is present. The proper expression
for the deviance has not been worked out because it requires
the full specification of the second part of the likelihood
and this specification has not been required for the
development of the logistic linear mixed model. Differences
between deviances calculated by equation 6.27 should still be
approximate X2 variables even though the deviances themselves
are not when extra-binomial variation is present. An extra
statistic provided by REG is the quantity labelled 'Deviance
after random effects' in tables 8.9 and 8.10. This is the
deviance obtained from 6.27 when the random effects are
included in the linear model along with the fixed effects.
The major difficulty with the statistic is that it is not
obvious how many degrees of freedom are associated with it.
The number of degrees of freedom is not simply the degrees of
freedom remaining after fitting random and fixed effects
because the random effects have been constrained by the use
of the random variance in the model.

6.3.2. Estimation of variance components

REG can set up and solve mixed model equations of moderate
order for continuous characters. Variance components may be
estimated by Henderson's (1953) method 3 or by the REML
equations 3.8 and 3.9. The solutions to these equations are
not automatically iterated and obtaining a REML solution must
be by trial and error.

For categorical traits, REG does not use the full REML-type
equations given in 6.26 as the matrix I is potentially large.
Two approximations have been used. When there is only a
single random factor (a threshold trait), the matrix E has

been replaced by the vector 1 to give
™ o !

= W e w17d = wem~ )" e (6.28)

~ ~ ~ o~
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1 -1

where w = Z'AE~

~ e

D1 and d = 1'DE

~

D1.

1 1

w)/( 1/d = w'M 'w )

$o trlt8 Yy o eetM™YY & Brl W

For a single trait and an identity relationship matrix R,
matrices M, A, D and E are diagonal and tr(I(l)) may be
computed without actually forming T(l). For multiple trait
situations and extremal characters: REG ignores the last term
in equation 6.28 and computes tr(z(z)) where Z(z) = !'1.

This is analagous to ML-type estimators (Harville, 1977).

The effect of both these approximations is to bias the
estimates down, the bias being greater for the latter
estimator.

Which ever form of equation 6.26 is used, some method of
iteration is required. The simplest iterative procedure is
the EM algorithm (Dempster, Laird and Rubin, 1977). This
procedure requires cycling between an Expectation step
represented by equation 6.26, and a Maximization step
represented by equations 6.3. The EM algorithm is guaranteed
to find a maximum, though not necessarily the global maximum,
for an expression. It is however notoriously slow,
especially in the case of several unknowns. Several methods
of speeding up the algorithm are discussed by Dempster

et al. (1977). The method used for this thesis has been to
extrapolate and interpolate from previous iterations to
obtain new trial values rather than just using the most
recent solution as the new trial value. Alternatives to the
EM algorithm would include the Newton-Raphson and Fisher
scoring procedures which probably have forms analagous to
those for normal characters (see Harville, 1977). These have
not been considered in this study.

The application of the EM algorithm to an extremal trait is
very slow to converge because of the number of parameters
involved. The speeding up process used in chapter 9 is
described here for a trait with three categories - dry-or-not
(D), single-or-not (S) and twins-or-not (T). Specification



of D and S implies T and specification of var(D), var(S) and
cov(D,S) implies
var(T) var(D) + var(S) + 2cov(D,S),
cov(D,T) = (var(S) - var(D) - var(T))/2 and
cov(S,T) = (var(D) - var(S) - var(T))/2.

The estimation procedure used was again trial and error but

required many more tries before reasonable estimates were
obtained. Table 9.11 displays some of the solutions and
demonstrates that the values included in table 9.9 are
reasonable.

The problem of solving for several parameters simultaneously,
encountered with the extremal model, is greater in the
multiple trait situation because there is also an
environmental covariance to consider. The procedure adopted
to obtain the solutions presented in tables 9.12 and 9.13
involved three steps.

1) Set the environmental covariance to zero, use the variance
estimates obtained from single trait equations and iterate
towards an estimate of the genetic covariance.

2) Using the genetic correlation obtained from step one,
iterate for revised estimates of the variances, if deemed
necessary.

3) Repeat steps 1 and 2 but using alternative values for the
environmental covariance.

A real danger exists of specifying error correlations which
result in an error matrix which is not positive definite.

The computing procedures used in REG include tests for this
condition.
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Chapter 7. Performance of the logistic linear mixed model in

simulation studies.

This chapter investigates some characteristics of the
logistic linear mixed model (LLMM) for binomial characters
defined in sections 5.1.2.2 and 5.1.2.3. Topics considered
are the validity of approximations used in the derivations
and the precision of the estimates of breeding values and
variances.

T7.1. The behaviour of estimates of mean and variance under

the logistic linear mixed model

( In the derivation of E[ § ] and E[ p? 1 in section 5.1.2.2,
an assumption was made that the random elements, up , were
small enough that powers of Uy greater than 2 could be
ignored. The validity of this assumption is examined by
comparing the resulting expressions with those obtained when
only powers of Uy greater than 4 are ignored and with
expressions from section 5.1.2.3. The expressions retaining
the fourth power are derived in Appendix C. From equation
€.51,

EL p 1= p+o%p(1-p)(3 - PYIT + 62(f - 3pQ1-p)}]  (7.1)
where p = _-SEEil_t_El__,
1 + exp(Y + u)
p = __EEEEXE__,
1 + exp(Y)
5% = var(u) and

Y = 1n( TE)IC-) )

Ignoring the OH term, from C.52,

ELp 1 =p+ o%p(1-p)(5 - p) (7.2)
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Also, from equation C.81,
E[ P2 ] = p2 + ozp(1-p)(2p - 3p2) 5

s Pe@-12p+ 159 01-p)] (7.3)

Therefore

2

El p(1-p) 1 = EL p 1 - E[ p

]

p - p2 + 02p(1-p){é p - 2p + 3p2 +

6®L(3 - p){f - 30(1-p)} + p{f - (2 - 12p + 15p°)(1-p)}])

= p(1-p) + ozp(1-p)[% - 3p(1-p)] +
o*p(1-p)[F = ply - qp + (3 - 3p + 2 - 12p + 155 (1-p) )]

= p(1-p) + o%p(1-p)[4 - 3p(1-p)] +

6*p(1-p)[g - 15p(1-p){g - p(1-p)}]  (7.4)

On ignoring the ou term,

EC p(1-p) 1 = p(1-p) + o%p(1-p)[3 - 3p(1-p)] (7.5)

The equations from section 5.1.2.3 are,

from 5.36, 5 = El p 1 = 7-SXRI30), (7.6)
where s = /125 and
N e
dg = né/3
From 5.43 E[ p2 1 = p2C1-p)2pn2/3 + $2 (7.7)
Combining equations 7.6 and 7.7 gives
EC p(1-p) 1 = p(1-P) - p2(1-p)2 o7 /3 (7.8)

It is important to understand what these expressions
represent. The logistic distribution is being used to map
random sub-populations, with the same variance but different
means, onto the real line. The sub-populations have a
population mean of Y, relative to a fixed threshold, and
individual means of Y + u,- The distance of the i th mean
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from the threshold determines the size of the probability 51
using the logistic distribution (see section 3.2.1). The
non-linear nature of the logit transformation means that if
the distribution of ui is symmetric, Ehe distribution of p
will be skewed towards 0.5. Thus E[ P ], the average of all
Pi- will be between 0.5 and p, the probability associated
with a sub-population whose mean is Y. The three equations,
7.1, 7.2 and 7.6, all behave in the manner just described for
small values of o?. However, equations 7.1 and 7.2
break-down for large o2. When o?p(1-p) is greater than 1,
equation 7.2 estimates E[ ﬁi ] beyond 0.5, which is clearly
wrong.

The average value of the sub-population sampling variances,
E[ﬁi(1-ﬁi)], can also be deduced in a similar way. When the
population mean is far from the threshold, all pi will be
close to 0 (or 1) and the average variance will be larger for
the same reason that E[ éi ] was closer to 0.5. However,
when the population mean is at the threshold, all
sub-populations will be away from the threshold and hence
have smaller variances than the 'average' sub-population.
Equations 7.4, 7.5 and 7.8 all show this pattern for small
values of 02, For large values, equations 7.4 and 7.5
break-down. For instance, equation 7.5 becomes negative for
p = 0.5 and o2 greater than 4, but bi(1-bi) is always
positive.

Equations 7.6 and 7.8 are valid for any value of ¢2 and for
this reason are preferred. Equations 7.1, 7.2, 7.4 and 7.5
break down for large og? because the basic assumption in their
derivation was that o2 was small. Figure 7.1 compares
equations 7.1, 7.2 and 7.6, at a range of probabilities for
variances up to 1, plotted in the form

EL_é_l_:-E
p
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Figure 7.1 Comparison of the scale factors associated with

the three expressions for E[ p ]J. The expressions are
plotted in the form
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p
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Figure 7.2 Comparison of the scale factors associated with

the three expressions for E[ p(1-p) ]. The expressions are
plotted in the form
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Figure 7.2 compares equations 7.4, 7.5 and 7.8 in the form

E[ p(1-p) 1 - p(1-p)
i el

Discussion of figures 7.1 and 7.2

Examination of figures 7.1 and 7.2 quickly establishes that
for 02 less than 0.5, the expressions are nearly equivalent.
Equation 7.1 under-estimates the adjustment by about 0.3 %
when p is less than 0.1 and over-estimates it by about 3 %
when p is between 0.4 and 0.5.

To evaluate the potential importance of these differences,
the range of likely values of o2 must be anticipated. 1In
half-sib analysis, a common animal breeding situation, the
intraclass correlation should not exceed 0.25 and will often
be less than 0.10. These represent values for g2 of 1.1 and
0.34 respectively. All of the expressions are satisfactory
for problems of this type. 1In analyses where the intraclass
correlation may exceed 0.25, as in analyses of repeatability,

only equations 7.6 and 7.8 should be used for E[ p ] and
E[l p(1-p) 1 respectively.

7T.2. The precision of estimates of the threshold and the

intraclass correlation

The usefulness of the LLMM, while partly based on theoretical
rationalization, also depends on precision. Robin Thompson
(pers. comm.) found biases related to family size when the
intraclass correlation was estimated after solving a set of
equations for fixed and random effects. The equations he
solved were similar to those derived by the
joint-maximization method in section 5.1.1 and involved
iterating both random and fixed effects in the model. This
section reports a brief study of the influence of four
factors on the estimates of the threshold and the intraclass
correlation obtained using the LLMM as derived in section
5.1.2.3 by the maximization-expectation method.
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The four factors considered were:

1) family sizes of 2, 3, 4, 6 and 8,

2) threshold values of 0, 0.85, 1.39, 2.20, 2.94, 3.48 and
4.60, corresponding to probabilities of 0.5, 0.7, 0.8,
0.90, 0.95, 0.97 and 0.99 respectively,

3) numbers of families of 100, 1000 and 10,000 and

4) intraclass correlations (p) of 0.8, 0.5, 0.3, 0.2, 0.1,
0.03, 0.01 and 0.003.

Method

A computer programme was written to generate binomial data
with extra-binomial variation and then to obtain estimates of
the parameters for comparison with the true values used to
generate the data. The generation method was to form
percentiles of a standard normal distribution and obtain the
mean of each percentile. These 100 values were scaled by the
square root of pm?/(3(1-p)) and added to a threshold (from 2
above). Each modified threshold was converted to a
probability by the inverse logit transformation. These
probabilities were used to create binomial proportions for
samples of sizes 2, 3, 4, 6 and 8. The 100 sets of
proportions were added and multiplied by 1, 10 or 100 to give
numbers of families of 100, 1000 and 10,000. The result of
this process was a set of frequencies for each combination of
the four factors. From each data set the threshold and
intraclass correlations were estimated utilizing equations
7.6 and 7.8 for the expectations.

Results

The effect of an increase in the number of families was to
reduce the variation in estimates of the intraclass
correlation and of the fixed effects. Family size did not
have any systematic influence on the estimates. This was
true for all combinations of intraclass correlation and
threshold. It is demonstrated for a particular combination
of threshold and intraclass correlation in table 7.1. For
the parameter values represented in table 7.1, both the
thresholds and the intraclass correlations are
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under-estimated. The estimates of the threshold and
correlation are positively correlated since the intraclass
correlation governs the scale of measurement of the
threshold.

Table 7.1 Effects of differing family size and numbers
of families on estimates of the intraclass
correlation and the threshold in binomial

samples with extra-binomial variation.

Intraclass correlation estimates (true value 0.8).

Family sizes Number of

2 3 y 6 8 average families
<R a2 718 g82 gore . i

756 :758 &755 <(56 ~(95 | =D | [ 1000
J758, 753 .758 .788 .758 4 i

Estimates of the threshold (true value 0.85).

Family sizes Number of

2 ] y 6 8 average families
690 724 .736 743 702 | 719 | 100
.678 .679 .681 .684 .686 | 682 | 1,000
4676 HOT6 696 676 .6T7 676 | 10,000

The value of the estimate of the intraclass correlation is
affected by the location of the threshold (figure 7.3), and
vice-versa, the estimate of the threshold is affected by the
size of the intraclass correlation (figure 7.4). Figures 7.3
and 7.4 are based on 10,000 families of size 8 but are
typical of other combinations. Several points arise from
examination of figure 7.3.

1) For very low true intraclass correlations, the estimates
will be low but resolution is not good. It was not possible
to distinquish between intraclass correlations below 0.003.
2) For intraclass correlations below 0.1, the estimates were
very close to the true values.

3) For intraclass correlations above 0.1, the estimates of
the intraclass correlation only seem reasonable for threshold
values less than 2.
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Discussion

There are two possible partial explanations for the lack of
perfect estimation shown in figures 7.3 and 7.4. First,
weights based on average variances become less satisfactory
as the range of true variances increases with increasing
intraclass correlation. This problem is aggravated at
extreme thresholds for then the distribution of true
variances will be quite skewed. Second, the logistic is more
heavily tailed than the normal distribution (see the comments
on table 3.1 in section 3.2.1) and this will push extreme
thresholds even further from the mean than would be the case
for the normal distribution. This problem is aggravated at
high intraclass correlations.

7.3. The estimation of breeding values under the logistic
linear mixed model

The precision of the LLMM for estimating breeding values has
been investigated by comparing it with an analagous BLUP
analysis. The form of the LLMM used in the comparison was
that of section 5.1.2.2; 1i.e. using equations 7.2 and 7.5
for the expectations. The estimates of random effects
obtained from that model are compared with true values and
with estimates obtained from the ordinary mixed model
equations (equation 3.5).

Rewriting those equations,

-1 -1 -1

X' Q X X @ Z B X' Q Z
- - - - = £ - - - (7.9)
Zlr @l g YA Q"1 7 + G- up YA Q"1 z

where Q = diag {niJ}

Method

Binomial data were generated by computer for a simple model
with known parameters and are discussed as if they relate to
a trait measured on unrelated ewes mated to 100 unrelated
rams in a flock. Names for factors in the model are inciden-

tal to the study and are used to make description easier.
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A random sample of 100 normal (0, 0.1) random variables was
drawn to represent the 100 random ram effects. To each of
these was added five fixed effects giving a total of 500
threshold values. The fixed effects were taken in order from
a recurring sequence of sixteen equidistant ordered values
from -4.0 to 4.0. The thresholds were converted to
probabilities using the inverse logit transformation (see
equation 7.1). This whole procedure was repeated to form ten
flocks. The actual means and variances of the ten samples of
100 random effects used to create the flocks, are displayed
in table 7.2.

Table 7.2 Statistics for 10 samples of 100 N(O, .10) random
variables used to define the 10 flocks.

Mean Variance Skewness Kurtosis
(uncorrected) (corrected) (corrected)

Expected value .0000 . 1000 .0000 .0000
Flock 1 -.0173 .1152 -.0047 -.0014
Flock 2 .0050 .0783 -.0191 -.0211
Flock 3 -.0026 .1262 -.0180 -.0532
Flock 4 .0149 . 1280 -.0001 -.0089
Flock 5 -.0020 .1062 .0053 -.0271
Flock 6 -.0047 .0989 .0098 .0029
Flock 7 -.0014 .0929 .0061 -.0492
Flock 8 .0096 .1016 .0258 .0250
Flock 9 .0107 .0860 .0065 -.0010
Flock 10 -.0097 .0833 -.0033 .0281
Standard Error .0100 .0241 .0478
Binomial samples were then drawn for family sizes of n = 1,

2, 3, 4, 5, 25 and 100 ewes in each of the 500 combinations
of fixed and random effects within each flock. 1In addition,
n = 50 was used for five flocks and n=40, 60 was used for the
other five flocks. Two sets of ten flocks with mixed family
sizes were also formed. In these, family size was a uniform
(0,5] and [0,25] random integer variable respectively. All
sets of flocks with fixed family sizes used the same sequence
of 500 probabilities because fixed and random effects were
combined in the same order. However, the two sets with mixed
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family sizes used a different set of probabilities because of
the way the programme dealt with null samples. Random
effects associated with null samples were skipped but fixed
effects were carried forward resulting in different
combinations and hence different probabilities. The computer
programme evaluated the binomial distribution fully for n
less than 11. Otherwise it used a poisson or logistic
approximation depending on the value of the mean.

A total of 105 sets of data representing 10 flocks and 12
family sizes were thus obtained. Each set was then analysed
in four ways:

1 by the mixed model (equation 7.9) with G = .1 I
2 by the logistic linear mixed model with G = .5 I
3 by the logistic linear mixed model with

4 by the logistic linear mixed model with

Analysis 1 used an arbitrary coefficient in G. No attempt
was made to obtain an optimal value. Analyses 2 and 4 were
performed to see how sensitive the LLMM was to the use of a
wrong coefficient in G. The fixed effects included in the
model were the mean agd a covariate which was the fixed
effect used in obtaining the probabilities. 1i.e. The
covariate had 16 possible values ranging from -4 to 4. The
analyses were performed using REG (Gilmour, 1983, see section

6.3).

The analyses have been summarized by extracting the following

ten statistics:

B(.50), B(.10) and B(.02), the regression coefficients for
the covariate from analyses 2, 3 and 4, respectively,

G(.50), G(.10) and G(.02), the estimates of var(u) from
analyses 2, 3 and 4, respectively, N

MASSEY UNIVERSITY
Li8 v
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Correlation of u with analysis 3 solution for u, uos

Correlation of u with analysis 1 solution for u, up,

Correlation of ux with up and

Deviance from analysis 3.

The statisties G(.50), G(.10) and G(.02) are the estimates of
var(g) obtained after a single solution for fixed effects
using prior estimates of .50, .10 and .02, respectively.

These ten statistics are plotted against family size in
figures 7.5 to 7.14. They have also been analysed with a
model testing linear, quadratic and cubic effects of log
family size (LFS), flock and flock.LFS interaction. Where
appropriate, the flock effects have been partitioned into
'due to ram variance differences between flocks' and 'due to
other factors' by including as a covariate in the analysis,
the variances from table 7.2.

Results

B(.50), B(.10) and B(.02) are plotted against family size in
figures 7.5, 7.7 and 7.9 respectively. Family size has an
obvious effect on variance of B in all three figures. The
expected value of B is 1.00. The mean of B(.50) (analysis 2)
was 1.08 showing a substantial positive bias resulting from
using an inflated variance in the LLMM. Flock and LFS
effects were not significant in predicting B(.50). The
average value of B(.10) was 1.01. The flock.LFS interaction
was nearly significant (P<.10) showing a tendency to
distinguish the family characteristics as family size
increases. The Mean of B(.02) was 1.00. The use of an
underestimate of the variance of the random factor does not
appear to bias the estimation of fixed effects. This may not
hold if the fixed and random effects are not independent.

The flock.LFS interaction had a probability of .1006

The variance estimate G(.50) in figure 7.6 was very dependent
on the LFS. Linear, quadratic and cubic components are all
significant (P<.001). The flock.LFS interaction was
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significant (P<.100) . Ninety-nine % of this flock effect
was attributable to differences in the ram variances.

The variance estimate G(.10) in figure 7.8 had a nearly
significant (P<.10) flock.LFS interaction of which 70 % was
due to ram variance differences.

Family size had an obvious effect on the variance estimate
G(.02) in figure 7.10. The flock.LFS effect was nearly

significant (P<.10) and 44 % of this variation was associated
with the differences in ram variances.

Figure 7.11 shows that LFS had a highly significant effect
(P<.001) on the correlation between the random N(0,0.10)
variables used to generate the data for the flock and the
estimate of those variables obtained under the LLMM. Flock
effects were also significant (P<.05) and 71 % of the flock

variation was attributable to differences in ram variances.

The LFS effect is strongly quadratic in figure 7.12
highlighting the inefficiency of BLUP when applied to data
for which the LLMM is more appropriate. The flock effect was
significant (P<.05) but only 9 %, a non significant portion
of it, was attributable to the differences in ram variances.
In figure 7.13, the correlation between the BLUP and LLMM
predictors declines with increasing LFS. The quadratic and
cubic components were significant (P<.001) although only
accounting for 3 % of the variation explained by LFS. Flock
effects were not significant.

The deviance plotted in figure 7.14, includes all variation
attributable to rams. It is only when family size exceeded
25 ewes per ram that this deviance exceeded its expected
value of 499 (assuming the Chi-square distribution). The
deviance values were not related to flock (P>.05) but were
quadratically related to LFS (P<.001).
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Discussion and Conclusions

For family sizes of less than 25 per random effect, the LLMM
did little better than the ordinary mixed model equations at
predicting the random effects - possibly because there was
not enough precision in the data. The LLMM was better at
estimating fixed effects than the ordinary mixed model
equations. With the larger families, the advantage of using
the LLMM increased, especially when there was a range of
levels of fixed effects. The estimation of fixed effects
will be biased if the wrong variance is used. This appears

not to be critical for the ranking of random effects.

If the analyst is not confident of the variance estimate and
has a substantial amount of data, a revised estimate may be
obtained from the data using the iterative procedure
described in section 6.3.2. There appears to be little
advantage in accuracy beyond the first significant digit.
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Chapter 8. A study of foot ailments associated with

Merino-cross sheep grazing damp conditions.

The data analysed in this chapter were collected by M. Alwan
for a research project reported in his thesis submitted for
the degree of M. Agr. Sc. in the Department of Animal Science
at Massey University in 1983. The objective of the work was
to investigate the incidence and inheritance of foot ailments
in Merino-cross sheep and included information on Perendale
sheep as a control. Some comments about the breeds are in
order. The highly prolific Booroola strain of Merino was
used. Current opinion is that the high prolificacy is due to
a major gene complex. The Merino is a breed known to be
susceptible to foot ailments which may lead to management
problems. The Perendale is a New Zealand synthetic breed
based on a Cheviot x Romney cross and is reputed to be less
susceptible to the foot ailments than Merino strains.

The traits studied were foot-shape, foot-scald and foot-rot.
All feet of the sheep were examined. The foot-shape score
was 5 if all feet were of acceptable shape, U4 if there was a
small problem with the shape of at least one digit, and 3 if
there was a more severe distortion. This classification 1is
obviously subjective. The foot-scald score was one if any
feet showed inflamation between the digits and zero
otherwise. The foot-rot score was one if any digits showed
signs of breakdown and zero otherwise.

The data are used here to demonstrate how the logistic linear
mixed model (LLMM) defined in sections 5.1.2.3 and 5.2.2.3
might be used. All analyses reported in this chapter were
performed using REG (Gilmour, 1983, see section 6.3).
Interest centres in these analyses on the use of the
intraclass correlation to estimate repeatability of
assessment in section 8.1 and to estimate heritability in
section 8.2.



8.1. Repeatability of assessment of foot-shape

Alwan (1983) estimated the repeatability of assessment for
foot traits. The feet of 97 (Booroola x Romney) x Perendale
ram hoggets were assessed in the morning and again in the
afternoon by two observers in different random orders. The
data for the three traits are in Appendix tables D.1, D.2 and
D.3. Repeatability was estimated for only one trait,
foot-shape score; there was insufficient variation in the
other two traits for analysis to be meaningful. The data for
foot-shape (table D.1) were analysed both as a continuous
variable (table 8.1) and as a double-threshold variable
(table 8.2).

Table 8.1 Analysis of variance of foot-shape scores.

Source of Variation df mean square E[ mean square ]

Times 1 3528

Observers 1 .312
Times.Observer 1 .023

Hoggets 96 1.359 oi + 402
Residual 288 171 og

Total 387

Table 8.2 Analysis of deviance of foot-shape scores when
analysed as a double-threshold trait with an
intraclass correlation of 0.731.

Source of Variation df deviance

Times 2 T7.23
Observers 2 3.80
Times.Observers 2 .74

Residual 768 690.16
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From the analysis of variance (table 8.1), the intraclass
correlation was calculated as follows. Let

Og = Residual mean square
;2 - Between animals mean square - Residual mean_square (g .q)
a number of obsevations per animal
= IRl TN l;%§§ = w207
e
Then p = Intraclass correlation = xé-géuz (8.2)
oY & &

“11i73lagy = 635

This was compared with the intraclass correlation estimate,
under the LLMM, of 0.731. The latter value is expected to be
larger than the former (0.635) because information is lost by
converting a continuous character (on an underlying scale) to
a threshold character. The ratio between these is 0.869
(=0.635/0.731). The expected magnitude of this ratio is not
readily obtained. Considering the simplified trait,
classified in category 5, with an average incidence of 0.554
(=215/388), the relationship between repeatability on the
underlying scale and on the observed scale, using equation
2.2, is given by

22/p(1-p) = 0.632. (8.3)
This is an under-estimate of the expected value of the ratio
(0.869) since less information is lost by forming 3
categories than by forming 2. Therefore the ratio 0.869 is a
reasonable value.

8.2. Estimation of heritability of incidence of foot

ailments

Alwan (1983) scored 2513 lambs at 5 months of age, for
foot-shape (1, 2, ... 5), presence of foot-scald (0, 1) and
presence of foot-rot (0, 1). The lambs were born in August
(late winter), 1980 and 1981. The ewe lambs from the 1980
lambing were retained and reassessed at 11 months and at 17
months of age. By contrast, ram lambs from the 1981 lambing

were reassessed at 11 months of age. The lambs were from
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five mating-groups.
1) 7 Perendale rams mated to Perendale ewes in 1980,
2) 6 Booroola x Romney rams mated to Perendale ewes in 1980,
3) 3 Booroola rams mated to Romney ewes in 1980,
4) 6 Perendale rams mated to Perendale ewes in 1981, and
5) 12 Booroola x Romney rams (from mating-group 3) mated

to Perendale ewes.
The Booroola x Romney rams in mating-group 2 came from a
different research centre to the Booroola rams used in
mating-group 3. The progeny from mating-groups 2 and 5 were
to form the basis of a new selection flock. The data are in
table D. 4.

The three traits recorded at three ages are labelled
LC i=5% LS IS LE
HC HS54 HS5 HS HR
TC TS TS5 TS TR
where L- is a trait recorded on lambs (5 months),
H- is a trait recorded on hoggets (11 months),

T- is a trait recorded on two-tooth ewes (17 months),
-C is the foot-shape score (1 to 5)

-54 is two binary variables indicating the incidence of
foot-shape categories 5 and U4, respectively,

-5 is a binary variable indicating the incidence of
of foot-shape category 5,

-S is a binary variable indicating the presence of
foot-scald and

-R is a binary variable indicating the presence of
foot-rot.

Method

The data were analysed by ordinary least squares (OLS) and by
the LLMM. The typical full model compared the five
mating-groups, sexes and sex.mating-group interaction (9
degrees of freedom). This reduced to just the mating-group
effects when analysing the hogget and two-tooth data. The
OLS analyses were used to estimate the variance component for
sires using Henderson's (1953) method 3 (see section 3.1.3).
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The breeding values reported for this method are the sire
effects adjusted to a mating-group mean of zero. Only lamb
traits were analysed by OLS. For the LLMM analysis,
relationships between sires were ignored although they were
known to exist. The intraclass correlation under the LLMM
was estimated by the iterative procedure outlined in section
6.2 using the full model, even if some factors were not
significant. Heritability was estimated as four times this
intraclass correlation.

Results and Discussion

A typical sequence of trial values and solutions for
estimating the intraclass correlation under the LLMM using
the EM algoritm (see section 6.3.2) is shown in table 8.3 for
the double~threshold trait L54. The point to note from the
table is that interpolation provides a satisfactory method of
locating the solution once an upper and lower bound have been
identified. The procedure for identifying an upper and lower
bound was ad hoec.. If the initial estimate was too low, a
higher trial value was used. This was 1.5 times the previous
solution subject to the limit of an intraclass correlation of
1. If the initial estimate was too high, the new solution
was halved. By this method, traits with zero intraclass
correlation will have an estimate close to zero - subject to

the precision in the data.

Two analyses of deviance for the same trait, L54, are shown
in table 8.4. The analyses are for an arbitrary (.03) and an
estimated (.043) value of the intraclass correlation. The
differences are minimal. In general, analyses of deviance
were not altered much by changes in the intraclass
correlation because of the way the deviance was computed (see
the discussion in section 6.3). Table 8.5 contains estimates
of the intraclass correlations and heritabilities for all of
the traits based on the assumption that the sire variance is
the same for the Perendale, Booroola and Booroola cross
breeds. The estimates of heritability range from 0.002 to
0.524.
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The heritability estimates for foot-shape were reasonably
consistent. The use of a double threshold instead of a
single threshold had little effect on the estimate of
heritability under the LLMM. It had a greater effect in the
OLS analysis as expected. Nevertheless, the difference
between 0.165 and 0.154 is not as great as was expected using
the theoretical change of scale factor discussed in section

8.1 (see equation 8.3).

The overall average incidence of foot-scald was 0.068
(=17?/2513) which produces a scale factor of 0.245. The
actual factor was 0.202 (=0.106/0.524). Similarly for
incidence of foot foot-rot, the overall average was 0.027
(=67/2513) giving a scale factor of 0.147 compared to an
actual factor of 0.175 (=0.040/0.229). The estimates of
heritability for foot-scald and foot-rot were not very
consistent across ages of assessment. The later assessments
were on fewer animals and were also affected by seasonal
conditions. The high incidence of foot-scald at the hogget
stage in 1980 seems to have obliterated the sire differences
while the low incidence in 1981 prevented its expression.
The estimate for heritability of foot-rot in two-tooth ewes
was poor because of the low numbers of ewes assessed. There
were UL2 ewes assessed, representing 13 sires and with an
average incidence of .09.

Tables D.5 and D.6 contain estimates of breeding value for
the traits assessed on the lambs, and for foot-shape score
assessed on hoggets. The correlations between the breeding
values are in tables 8.5 and 8.6. The sire rankings were
nearly identical and the correlations between breeding values
obtained by LLMM and by OLS were very high. The principal
reason for this concordance was the relatively small
differences in fixed effects. Such agreement would not be
expected if there was an important covariate present which
affected the individuals within mating-groups. 1In this data,
the only factor other than mating-group was sex and the
sex.mating-group interactions were generally not significant.
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This demonstrates one of the essential features of the LLMM:
in the absence of fixed effect differences within
mating-groups, the sire rankings are basically the same as
OLS (or BLUP) and the LLMM since all observations in the
mating-groups are given the same weights. This topic is
discussed furthur in section 10.2.

Tables 8.8 to 8.10 contain analyses of deviance for testing
the fixed effects in the models while tables 8.11 to 8.14
contain analyses of variance for comparison. There were some
differences between the analyses of deviance and analyses of
variance in what was significant. The sex effect for LS54 in
table 8.8 is not quite significant; in table 8.11, sex is
significant. However, sex in table 8.8, is tested on two
degrees of freedom because it allows for different sex
effects on each threshold. Examining the regression
coefficients (-0.1310, -0.2868) shows that the sex effects
were similar for both thresholds and if the sex effect was
partitioned into two separate single degrees of freedom, an
average effect and the difference between the thresholds,
only the former would be significant. This discrepancy is
therefore a consequence of the different formulations of the
model and not a real difference between the analyses.

Another small discrepancy occured for the significance of the
sex.B1 interaction on L5 in tables 8.9 and 8.12. 1In the

analysis of deviance, this interaction was not quite
significant but in the analysis of variance, it was just

significant.

The one case of a substantial difference was in the analysis
of foot-scald. In table 8.10, sex.B1 was not significant
while in table 8.13, it was highly significant. This
difference is a consequence of the non-linear change of
scale. This is apparent in table 8.15 which displays the
incidences of foot-scald for the various sex.mating-group
classes. What to the OLS analysis was a large sex.B1
interaction was part of the sex main effect in the LLMM

analysis.
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Table 8.3 Iterative sequence for estimating the intraclass
correlation for the double threshold trait, L5U
(lamb foot shape score 5, 4 and less than ).

Trial New intraclass

pﬂ2/3 estimate correlation
0.10000 0.11553 0.03512
0.17330 0.15583 0.04737
0.13450 0.13713 0.04168
0.14146 0.14084 0.04281
0.14014 0.14016 0.04260
0.14019 0.14018 0.04261
0.14017 0.14017 0.04261

Table 8.4 Analysis of deviance for the double-threshold trait
L54 (lamb foot-shape score 5, U4 and less than 4).

0=.04261 p=.03000

Source of Variation daf deviance deviance
Year (YR = 1980 v 1981) 2 4109 41.8 *
P v BR, B 1980 (B1 = 1 v 2, 3) 2 63.5 63.8 *
BR v B 1980 (B2 = 2 v 3) 2 30.3 29.8 *
P v BR 1981 (B3 = 4 v 5) 2 18.9 18.9 *
Sex (SX) 2 5.3 5.3 ns
Sex.Year (SX.YR) 2 0.1 0.1 ns
Sex.B1 2 3.7 3.8 ns
Sex.B2 2 0.2 0.2 ns
Sex.B3 2 0.6 0.6 ns
Residual 116 203.8 203.8

where * means the deviance exceeds x22 o5 (= 6.0), and
-

ns means not significant (P>0.05).



Table 8.5 Estimates of intraclass correlation and

Trait

L54
LS
HS54
HS
T54
TS

LS
HS
&5

LR
HR
TR

Table 8.6 Correlation between estimates of breeding value

MLM.L5H4
OLS.LC
MLM.L5
OLS.L5
MLM.H54
MLM.H5

heritability (4 times intraclass correlation)
for 12 sheep foot traits.

Sires

in 1980 in 1981

16
16
16
16
13
13

16
16

1=

16
16
13

Sires Intraclass
correlation

18 .0426
18 0413
18 .0870
18 .0826
- .0512
- .0643
12 .1309
12 .0009
- . 1129
12 <0572
12 .0852
- .0005

heritability

MLM

.170
5168
.348
« 334
.205
257

524
.00y
451

.229
. 341
.002

OLS

A7
. 154

. 106

.040
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for foot-shape score, obtained by various methods.

MLM.L5Y

(I
.9728
- g2
- 9792

. 4995
.14901

OLS.LC

. 9486
. 9592
.5429
.5345

MEMTES

.9904
LUTH
4652

OlS=L5

.u6u7
L4557

MLM .H54

.9942

1
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Table 8.7 Correlation between estimates of breeding value

of 28 sires in four mating-groups for presence

of foot-scald and presence of foot-rot.

MLM.LS
MLM LS 1.
OLS.LS .9827
MLM.LR .5509
OLS.LR . 6234

OLS.LS

.5884
.6643

MLM.LR

1.

.9770

OLS.LR

k.

Table 8.8 Analysis of deviance for foot-shape traits LS54 and
H54, using 34 sires.

Trait

Intraclass correlat

Source of Variation
1980 VS 1981

P v BR, B 1980 (B1)
BR v B 1980 (B2)
P v BR 1981 (B3)
Sex

Sex.Year

Sex.B1

Sex.B2

Sex.B3

Residual

ion

Q
=

-—
-—
(oA NN \C TR O N\ O S\ T \O N\ B \C I U V)

L54

.0426

Deviance

41.
63w
30.
.95
27
.07
.73
20
161
203.

1

O O w O v ™

where * means the deviance exceeds

65
52
27

82

2

X

ns

ns

ns

ns
ns

2,.

ns means not significant (P>0.05).

[NSTE O \C I \C )

58

H54

.0870

Deviance

62.

2
2

30

148.

05 GF 6.0), and

90 *
.23 ns
53 ¥
LU0 *

05
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Table 8.9 Analysis of deviance for foot-shape traits L5 and

H5, using 34 sires.

Trait L5 H5
Intraclass correlation 0.04134 0.08266
Source of Variation daf Deviance daf Deviance
1980 VS 1981 1 22.25 * 1 62.81 #
P v BR, B 1980 (B1) 1 50.06 % 1 1.24 ns
BR v B 1980 (B2) 1 22.79 * 1 12.28 %
P v BR 1981 (B3) 1 2.37 ns 1 30.18 *
Sex 1 4,07 #*

Sex.Year 1 -0.02 ns

Sex.B1 1 3.75 ns

Sex.B2 1 0.17 ns

Sex.B3 1 058" gt

Residual 58 138.98 29 95.86
Deviance after random effects 37 sl 13.18
where * means the deviance exceeds X’ (= 3.84), and

¥ fue0l5
ns means not significant (P>0.05).

Table 8.10 Analysis of deviance for presence of foot-scald
(LS) and presence of foot-rot (LR) in lambs, using

28 sires. Mating-group 4 (Perendale sires in 1981)
was omitted from the analysis because no progeny

had either foot-scald or foot-rot.

Trait LS HR
Intraclass correlation 0.13093 0.05723
Source of Variation daf Deviance daf Deviance
1980 VS 1981 1 3.20 ns 1 0.07 ns
P v BR, B 1980 (B1) 1 32.02 * 1 7.49 %
BR v B 1980 (B2) 1 0.79 ns 1 1.58 ns
Sex 1 23.17 % 1 0.01 ns
Sex.Year 1 0.07 ns 1 0.99 ns
Sex.B1 1 1.74 ns 1 0.00 ns
Sex.B2 1 0.00 ns 1 0.01 ns
Residual 48 104.26 48 59.79
Deviance after random effects 37.28 4i.12
where * means the deviance exceeds X’ (= 3.84), and

1 5 o 0:5
ns means not significant (P>0.05;.



Table 8.11 Analysis of Variance for foot-shape score (LC),

using 34 sires.

Source of Variation
1980 VS 1981

P v BR, B 1980 (B1)
BR v B 1980 (B2)
P v BR 1981 (B3)
Sex

Sex.Year

Sex.B1

Sex.B2

Sex.B3

Sires

Error

Total

where * means the F statistic is significant (P<0.05), and

K coefficient is 73.4388.

df mean square

;
:
,
;
;
;
1
:

;

29
2471
2512

12.
16.
L

3.

O = O O = O =

871506
478943
688408
785004

.899033
.094002
. 222366
.005821
. 323463
.402212
.327616

ns means not significant (P>0.05).

2

E[ mean square ]

o vON

+ Ko?2
u
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Table 8.12 Analysis of Variance for foot-shape trait L5,

using 34 sires.

Source of Variation
1980 VS 1981

P v BR, B 1980 (B1)
BR v B 1980 (B2)
P v BR 1981 (B3)
Sex

Sex.Year

Sex.B1

Sex.B2

Sex.B3

Sires

Error

Total

df

- ) = ) e e =

—

29
2474
2512

mean

-—
O O O O O oo ©uVviowm

square

.121124
448410 *
.190765 *
.545158
.890709
.033005
.856270
.032177
.158112
.832369
.211528

K coefficient is 73.4388.

E[ mean square ]
*

ns

ns

orvO N
cnN

where * means the F statistic is significant (P<0.05), and
ns means not significant (P>0.05).



=29

Table 8.13 Analysis of Variance for presence of foot-scald

(LS) using 28 sires.

K coefficient is 69.7024.

Mating-group 4 (Perendale sires in 1981) was omitted
from the analysis because no progeny had foot-scald.

Source of Variation
1980 VS 1981

P v BR, B 1980 (B1)
BR v B 1980 (B2)
Sex

Sex.Year

Sex.B1

Sex.B2

Sires

Error

Total

daf

24
1928
1959

mean

O O O O O - O NN O

square

.241678
.523417
.097591
.778001
.006284
. 616025
.011092
.219928
.075914

E[ mean square ]
ns

Q
oo N
cnN

where * means the F statistic is significant (P<0.05), and
ns means not significant (P>0.05).



124

Table 8.14 Analysis of Variance for presence of foot-rot (LR)

using 28 sires.

K coefficient is 69.7024.
Mating-group 4 (Perendale sires in 1981) was omitted

from the analysis because no progeny had foot-rot.

Source of Variation
1980 VS 1981

P v BR, B 1980 (B1)
BR v B 1980 (B2)
Sex

Sex.Year

Sex.B1

Sex.B2

Sires

Error

Total

df

_— e ek e e -

24

1928
1959

mean

O O O O o o o o o

square
.002551
.224025
.073370
.000492
.033212
.001080
.002336
.055429
.032698

E[ mean square ]

ns
*

ns
ns
ns
ns

ns

Q
(¢ MNN¢ AN

Ko

cnN

where * means the F statistic is significant (P<0.05), and
ns means not significant (P>0.05).

Table 8.15 Incidence of foot-scald in lambs (5 months) on
percentage and logit scales.

Mating-group

1 (7 Perendales 1980)
(6 Boor.xRom. 1980)
(3 Booroola 1980)
(6 Perendales 1981)
(12 Boor.xRom 1981)

= w N

Percentage scale

Male Female

M
16.
21.

.8

|
2
0
9

D
8.8
9.4
(0]

5

m

diff
1.4
8.7
i 48

Logit scale
Male Female diff

-2.99
-1.59
-1.31

<8
-2.
-2.

omitted from

5.0

-2.25

-3.

35 .36
4 .82
27 .95

analysis
05 .80
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Chapter 9. Reproductive performance of Perendale ewes

The Perendale is a New Zealand synthetic sheep breed derived
by inter-breeding Cheviot x Romney cross animals. The
following information was available on 1396 two-tooth ewes
born in Massey University's registered Perendale flock from
1961 to 1972:

Sire identification See table 9.1

Rearing rank of sire (RRSIRE) (1003 single, 393 multiple).
Dam identification

Dam age (DA) See table 9.2.

Rearing rank of dam (RRDAM) (816 single, 580 multiple).
Year born (YB) (61 to 72) See table 9.3.

Rearing rank of ewe (RREWE) (869 .single, 527 multiple).
Weaning weight of ewe (WW) (mean 23.7 kg, s.d. 3.8 kg).
Hogget weight of ewe (HW) (mean 39.1 kg, s.d. 4.9 kg).

Number of lambs the ewe weaned as a two-year-old (NLW).
(308 nil, 961 single, 127 multiple).
L]
These data were studied by E11iot(1975) and Lewer(1978) who
have discussed the management of the flock. Concerning the

selection of replacements within the flock, Lewer(1978)
states,

"Selection of candidates for entry into the flock is
based on maintaining the Perendale 'type' and involves
culling abnormally coarse woolled sheep or those which
fail to exhibit wool-free points. The selection of fine
wool sheep was given particular emphasis in the early
1960s but recently fertility has been given attention
.+« « Poor conformation or physical unsoundness would
also exclude a ewe for consideration as a replacement.
About half of the hoggets available enter the flock as
two-tooths. Towards the end of the period under
consideration, this proportion represented about 230
sheep, but previously fewer replacements were available,

or required, when the flock was smaller."
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Ram usage (table 9.1) was very uneven. Twenty-seven rams had
10 or less daughters, 30 rams had 11 to 50 daughters and 6

rams had more than 50 daughters. Twenty-three rams were used
in more than one year. Each consecutive pair of years had at
least two rams in common. Eight of the 63 sires, represented

by 178 daughters, were obtained from outside the flock.

Table 9.1 Summary of the number of daughters sired by each of
the 63 rams used in the flock from 1961 to 1972.
RR is the rearing rank of the sire (1=single,
2=multiple) and NoD is the number of daughters.
A * marks those sires born outside the flock.

Ram RR NoD years Ram RR NoD years Ram RR NoD years

11 W 61 ge 2 12 66,67 I3 2 M2 Foufn
el 5] 37 61-63 23 1 35 66-68 uy 1 49 70,71
g 13 62 24 1 10 66 us 1 g MO

y 2 %5 651,66 25 1 75 66-70 ue 2 1 70

5 1 10 61 26 1 4 67 b7 1 ] Weale
6 2 26 61,62 27 2 4 67 48 1 2
- 32 61-63 28" | 9 67 b9 2 2 [l

8 1 4 61 29% | 16 67 50 1 LI
I 25 62,63 30 1 22 68 51 2 5
TGP 1 59 63-65 31 2 11 68 52 2 38 11,72
U 12 64,65 B 2 U5  68-70 g3= 2 T e
2% | 22 64 33 1 9 68 oL e fa

13 1 10 63 34 1 18 68 55 2 & @l
4 1 42 63-66 352 1 30 68,69 56 2 2 1a

9 1 32 64,65 36 2 10 69 57 2 6 T2
L 1 64 BY | 18 69,71 58 2 10 72

'@ 1 24 64-67 B8 N 9 69 B9 2 28 {2

18 1 4 64 39 1 5 69 60 1 92 (!

19 + 85 6u4-68 4o 2 18 69 61 2 13 [2
a0 2 ™ 65 41 2l 69,71 62 2 > 2
21 1 10 68 42 2 16 69 63 1 135 68-70

Table 9.2 Dam age means for weaning weight, hogget weight and
number of lambs weaned.

dam no. of weaning hogget no. of lambs
age ewes weight weight weaned

2 363 2B 53 38.5 0.865

3 365 23.8 39.6 0.862

y 265 24 .1 39.2 0.R79

5 204 23.2 B8 0.902

6+ 209 24.2 39.4 0.852
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Table 9.3 Year means for weaning weight, hogget weight and
number of lambs weaned.

year no. of weaning hogget no. of lambs

born ewes weight weight weaned
61 52 24.8 35.5 0.904
62 76 23.1 39.8 1.013
63 . 21.6 BT . 6 0.948
64 69 2l 1 36.2 0.957
65 M5 20.6 33.6 0.930
66 87 22l 35.6 0.770
67 98 2 .| 35.9 0.918
68 148 24.6 42.8 0.959
69 183 25.1 40.9 0.803
70 149 24 .5 4i.2 0.799
fa 212 23.3 39.6 0.792
72 130 24.7 42.1 0.862

Methods for estimating the heritability of some aspects of
reproductive performance were compared. The trait of primary
importance, NLW, was analysed as a multiple-threshold trait
and as a combination of two traits. The multiple-threshold
model implies that the genetic and environmental factors
which control whether or not a ewe lambs, also control the
number of lambs she actually has. The multiple-threshold
model allows for different factors to control these two
aspects of the trait NLW. The results indicate which of
these models is more satisfactory.

The following traits were derived from NLW.

Dry-or-not (D), a binary trait with 1 indicating the ewe
did not rear any lambs.

Single-or-not (S), a binary trait with 1 indicating the ewe
reared a single lamb.

Twins-or-not (T), a binary trait with 1 indicating the ewe
reared twins.

Lambed-or-not (L), a binary trait with 1 indicating the ewe
reared one or more lambs.
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Genetic analyses of these data may utilize both sire and dam
information. The three factors RREWE, RRDAM and RRSIRE
indicate whether the ewe's dam, maternal grandam and paternal
grandam, respectively, raised a single or twin lambs. These
factors were used to perform parent-offspring regression
analyses on the trait twins-or-not given lambed but with two
qualifications. The factors are conditional on lambed-or-not
since an animal cannot leave progeny if it is not reared.
Secondly, they refer to various (unspecified) dam ages
whereas twins-or-not refers specifically to the two-year-old
lambing. These qualifications would be removed if the
two-tooth reproductive performance records were available on
the dams and grandams.

The sire identification enabled paternal half-sib estimates
of genetic parameters to be obtained. Sires were assumed
unrelated in these analyses since genetic relationships were
not known. RREWE and RRDAM were included as covariates since
the genetic information in them comes from the dam side and
is independent of the sire. RREWE contains a maternal
environment component as well as a maternal genetic

component. This is particularly important for the continuous
traits WW and HW.

No attempt was made to estimate the repeatabilities of any of
these traits over increasing dam ages. Weaning and hogget
weights were analysed as continuous traits which may be
genetically and/or environmentally correlated with
reproductive performance. Dam age (DA) and year born (YB)
were included in the models as fixed effects.

All analyses were performed using REG (Gilmour, 1983, see
section 6.3).
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9.1. Analysis of Perendale data by ordinary multivariate
least squares

The traits WW, HW and NLW were analysed by ordinary
multivariate least squares fitting the factors dam age (DA),
year of birth (YB), rearing rank of ewe (RREWE), rearing rank
of dam (RRDAM) and sires. Sires were included either as
RRSIRE or as 63 individual sire effects. In the latter case,
Henderson's (1953) Method 3 was used to estimate variance and
covariance components (table 9.4) for the factor sires under
the full model. Heritabilities derived from these variance

components are in table 9.5.

Table 9.4 Variance and covariance components estimated by
Henderson's (1953) Method 3. Covariance components

are below and correlations are above the diagonal.

Error components - on 1316 degrees of freedom

Trait weaning hogget number of lambed- twins-

weight weight lambs or-not or-not
Weaning weight 8.60 .516 .027 .036 -.001
hogget weight 5.64 13.9 .020 -.003 .042
no. of lambs .0u2 .04 .288 - -
lambed-or-not .0431 -.0049 - (e d .168
twins-or-not -.0004 .ousy - .020 .082

Sires components - on 62 degrees of freedom
- using k coefficient 17.74

Trait weaning hogget no. of lambed- twins-

weight weight lambs or-not or-not
weaning weight . 321 . 257 S5 -.991 .210
hogget weight . 156 T 15 .386 .065 .551
no. of lambs .0042 .0266 .0041 - -
lambed-or-not -.0031 .0038 - .0030 .089
twins-or-not .0073 .0228 - .00014 .00082

Table 9.5 Heritabilities of five traits by Henderson's (1953)

Method 3.
Trait weaning hogget no. of lambed- twins-
weight weight lambs or-not or-not

Heritability .14 .30 .056 .071 .040
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The conclusions from these analyses are:

1) The weaning and hogget weights of ewe lambs were lower
(P<0.05) if they were reared as a twin than if they were
reared as a single lamb and differed (P<0.05) between years
(year born is fully confounded with year measured).

2) The weaning weight of ewe lambs from two-tooth dams was
lower (P<0.05) than for ewe lambs from older dams.

3) The hogget weights were lower (-0.9 +0.2 kg, P<0.05) for
those ewe lambs whose sire was raised as a twin than for
those ewe lambs whose sire was raised a single lamb. This
suggests a negative genetic relationship between twinning and
hogget weight.

4) None of the factors in the model affected NLW (P>0.05),
the number of lambs weaned, analysed as a continuous trait.
When analysed as two traits, lambed-or-not and twins-or-not,
lambed-or-not was lower (P<.05) for ewes whose dams were
reared as twins. YB differed (P<.05) when fitted before
sires but not when fitted after.

9.2. Analysis of binary traits on the probit scale under a

fixed effects model

Iterative re-weighted least squares with the probit
transformation was used to analyse the binomial traits

lambed-or-not, twins-or-not and twins-or-not given lambed.

The model included the factors YB, DA, RREWE, RRDAM and
RRSIRE. Sires were not included as separate effects in the
model to avoid instability in the iterative process resulting
from few observations per sire and to keep the model small.
The three rearing rank factors, RREWE, RRDAM and RRSIRE, were
coded O for reared as a single and 1 for reared as a twin.
Thus, the corresponding regression coefficients represent the
differences (on the probit scale) between rearing rank

sub-population means.
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None of the factors in the probit analyses were significant
except for YB and RRDAM on lambed-or-not where RRDAM had a
negative coefficient (consistent with the analysis on the 0,1
scale). The frequencies of weaning types for the two RRDAM
classes (unadjusted for year or other effects) were

number of lambs 0 1 2
RRDAM=single 164 (20%) 582 (71%) 70 ( 9%)
RRDAM=twin 144 (25%) 379 (65%) 57 (10%)

There is no immediately obvious explanation as to why ewes
whose mothers were reared as twins were more likely to be dry
than ewes whose mothers were raised as single lambs. This
suggests that NLW is not a double-threshold trait because the
negative sign indicates a negative genetic correlation and
contradicts the concept that the environmental and genetic
factors which control whether a ewe lambs also control the
number of lambs.

Heritabilities on the underlying scale were estimated from
the regression coefficients for RREWE, RRDAM and RRSIRE using
Falconer's (1965) method descibed in section 2.3.1. The
estimates are in table 9.6. Adapting equation 2.9,
heritability is

2 b

h = ?‘_a (9.1)

where b is the mean difference between the relatives of
the 'affected' and the relatives of the 'unaffected'
groups, the response,
d is the difference in mean between 'affected' and
'unaffected' groups, the selection differential, and
r is the coefficient of relationship between the

classified subjects and their relatives.

In this case, the classified subjects were the dams (for
RREWE), the maternal grandams (for RRDAM) and the paternal
grandams (for RRSIRE). The relatives were the two-tooth ewes
with the reproductive performance record. A difficulty with
applying this method to this data arises with the definition
of d, the difference between the means of the 'affected' and
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'unaffected' groups. As emphasized by James and McGuirk
(1983), the relevant proportions to use in calculating these
means are the population proportions, not just the
proportions in the sample. The proportion of twinning
two-tooth ewes was taken as 12% [127/(127+961)]. The
difficulty is that the classification was not made on a
two-tooth lambing reproductive performance record but on a
record from an unspecified age. The incidence of twins in
the mixed age ewes appears to be 23% [263.5/(869+263.5)]
provided there is no differential in survival between lambs
of different sex. Using the population incidence of .121
gives a threshold value of 1.17 and ordinate of .2013 from

the standard normal curve. The difference in means is then

.2013 - .2013
U121 T TUB79TC

1.664 + .229 = 1.893

d

The heritability estimates for lambed-or-not and
twinned-or-not in table 9.6 were calculated assuming a

genetic correlation of 1 between these traits and the trait
twinned-or-not given lambed.

Table 9.6 Heritability on the probit scale by Falconer's
(1965) method.
(r) is the coefficient of relationship.
(b) is the regression coefficient.

(h2) is the heritability estimate using eqn. 9.1.

factor lambed-or-not twins-or-not twins-or-not
given lambed
2 2 2
(r) (b) (h%) (b) g ) (b) (h%)
RREWE .5 .122 .129 .07T1 .075 .059 .062
RRDAM .25 -.192 -.L406 .075 .159 .125 .264
RRSIRE .25 .135 .286 .090 .190 .074  .157

The estimates of heritability in table 9.6 refer to the
underlying normal scale. They were compared with the former
estimates (table 9.5) using the relationship (Dempster and
Lerner, 1950, see equation 2.2)
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2 .2
2 z |h

where hi is heritability on the (0,1) scale,

h2 is heritability on the underlying normal scale,
p is the mean proportion with the trait and
z is the ordinate of the standard normal curve

corresponding to an intregral of p.
The estimates of heritability on the underlying scale, using

this relationship on the values from table 9.5, were 0.140
for lambed-or-not and 0.122 for twins-or-not.

Falconer's method of analysis has the advantage of providing
some insight into the applicability of the model in that the
estimates from various relatives should concur if the model
is appropriate. It also indicates the direction of an

effect; estimation by a variance components approach assumes
a positive intraclass correlation.

The model fitted on the probit scale was revised by the
inclusion of hogget weight as a covariate to adjust for the
maternal effect. The biggest change in the revised estimates
(table 9.7) was that the heritability estimate for
twins-or-not based on RREWE had doubled.

Table 9.7 Heritability on the probit scale using Falconer's
method after including hogget weight as a covariate
and assuming genetic correlations of 1.
(r) is the coefficient of relationship.
(b) is the regression coefficient.

(h2) is the heritability estimate using eqn. 9.1.

factor lambed-or-not twins-or-not twins-or-not
given lambed

2 2 2

(r) (b) (h®) (b) (h®) (b) (h™)

RREWE 15 .125 .132 .123 .130 122 .129
RRDAM .25 -.193 -.408 .069 .146 121 . 256

RRSIRE .25 .136 .288 miz 230 .103 .218
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Sire evaluation

Sires were ranked using the residuals (on the 0,1 scale) from
the probit analysis (residuals on the probit scale will all
be plus or minus infinity). These residuals were reanalysed
in a mixed model analysis using binomial weights calculated

from the expected values obtained from the probit analysis.

Table 9.8 Sires in order of average rank for lambed-or-not
and twins-or-not. Rankings are based on weighted

residuals from the probit analyses.

lambed- twins- lambed- twins-
Sire details or-not or-not Sire details or-not or-not
id NoD RR rank rank id NoD RR rank rank
4o 18 2 2 1 13 10 1 50 14
57 6 2 y 8 25 75 1 41 24
28 9 1 1 L 32 45 2 36 29
15 32 1 18 3 11 12 1 553 13
50 10 1 10 12 45 9 1 5 62
35 30 1 1 21 18 y 1 7 63
48 3 1 i3 10 9 25 1 39 32
27 14 2 12 17 29 16 1 38 34
61 13 2 14 18 10 59 1 21 51
33 9 1 28 6 52 32 2 48 25
fi 32 1 33 5 12 22 1 34 41
22 12 2 23 15 42 16 2 19 56
u7 71 1 20 20 34 18 1 27 52
3 13 1 24 19 14 42 1 32 48
17 24 1 15 31 21 10 1 55 26
2 37 1 37 11 20 15 2 51 35
55 2 2 y7 2 30 22 1 49 40
63 185 1 29 22 8 y 1 40 49
23 35 1 25 2l y 15 2 ul’ 33
6 26 2 9 43 38 9 1 4y 46
3 11 2 46 7 62 5 2 31 59
19 85 1 16 39 41 21 1 62 30
4y 49 1 35 23 53 1 2 60 B
43 102 2 30 28 56 2 2 54 y7
59 23 2 43 16 49 9 2 42 60
46 1 2 22 38 54 2 1 61 42
24 10 1 52 9 39 5 1 59 4s
60 5 1 17 4y 51 5 2 45 61
58 10 2 3 58 5 10 1 58 53
16 1 1 26 36 i 18 1 56 55
1 14 1 8 54 26 y 1 63 50
36 10 2 6 5if
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That is, the equations

X'WX  X'WZ b X 'Wy
e &5 SEIRE. (9.3)
Z'WX  Z'WZ + kI|| s Z'Wy

were solved where E was the 1 vector, E was the sires
incidence matrix, b was a mean, s was a vector of sire
breeding values, y was the vector of residuals, { was an
identity matrix and k was (u-hz)/hz.

This analysis was performed on lambed-or-not and twins-or-not
using k = 25.67 corresponding to a heritability of 0.15. The
results are in table 9.8.

9.3. Analysis of the Perendale data using the logistic
linear mixed model

The data were described in the preceding sections. The model
used in the analyses reported in this section included RREWE,
DA (dam age) and YB (year of birth) as fixed effects, and
sires as a random effects factor. The sires were regarded as
unrelated.

The traits analysed were, in terms of implicit binary

variables:

1) lambed-or-not estimating the probability of lambing,

2) twins-or-not estimating the probability of twinning,

3) lamb-t, a threshold trait estimating the probability of
(1) being dry and (2) being dry or having a single lamb.

4) lamb-e, an extremal trait estimating the probability of
(1) being dry and (2) having a single lamb.

5) WW, the weaning weight of the ewe.

6) HW, the hogget weight of the ewe.

These traits were analysed separately using the appropriate
logistic or usual mixed model equations. The results are
summarized in tables 9.9 and 9.10. The four categorical

traits were then analysed with hogget weight in a multiple
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trait analysis using the genetic variances obtained from the
single trait analyses.

Table 9.11 displays some of the values obtained when
attempting to locate a solution for the variances and
covariances of the extremal trait lamb-e using the method
described in section 6.3.2. It demonstrates that the values
included in table 9.9 are reasonable.

Tables 9.12 and 9.13 contain some results from attempting to
estimate genetic covariances between the four categorical
traits and hogget weight. The method used is described in
section 6.3.2. Environmental error correlations of -0.3, 0.0
and 0.3 were used for the threshold traits and error
correlations of of 0.0 used for the extremal trait.

Discussion

The effect of using different models for a categorical trait
may be seen in table 9.9. The threshold trait lamb-t, is
equivalent to the two binary traits lambed-or-not and
twins-or-not after swapping zeroes and ones. Thus, except
for the change in sign, the regression coefficients are
obviously similar. The deviance used for testing the
significance of fixed effects affecting a threshold trait has
not been partitioned into separate components for each trait
or into average and difference components. This could be
done with more programming. The regression coefficients for
lamb-e appear quite different but this is principally because
of the form of the multinomial logit transformation. The
first variable in lamb-e is dry-or-not which is the opposite
of lambed-or-not. A relationship can be seen by comparing
the coefficients for these traits across factors which are
deviations (RREWE and year of birth).

Table 9.10 contains the estimates of heritabilities obtained
under the logistic linear mixed model (LLMM). These were
compared with those in tables 9.6 and 9.7, based on equation
9.1, and those obtained from table 9.5 using equation 9.2.
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The major difference is that the heritability of

1l ambed-or-not is very small under the LLMM but is 0.14 using
equation 9.2. It could be argued that the lower value is

more likely to be true because this is a trait under
continuous natural selection.

Another interesting aspect of the heritability estimates is
the low heritability of lamb-t despite the value of 0.143 for
twins-or-not. This strongly suggests that the genetic
predisposition to lambing is quite different to the
predisposition to twinning, an observation also evident in
table 9.8.

The heritability estimates under the extremal model were
slightly higher for dry-or-not than they were for
lambed-or-not (its complement). This suggests it is
important to treat number of lambs as an extremal character,
the genetic relationship between the categories does not
follow the threshold model. The other point to note is that
the implicit heritability for twins-or-not (= 1 - dry-or-not
- single-or-not) obtained under the extremal estimates is

(0.02 + 0.03 + 0.03 +# 0.073) = 0.153 which is close to the
direct estimate of 0.143.

The conclusion from this discussion is that there is 1little
scope for genetically increasing the proportion of ewes
lambing as two-tooths but there is scope for increasing the
level of twinning, which has a heritability on the underlying
scale of about 0.15.

The heritability estimates for hogget weight were around 0.3
which is reasonably high. It is of interest to know whether
there is a genetic correlation between hogget weight and
reproductive performance as such a relationship may enable
increases in selection pressure. The only strong genetic
correlations in table 9.12 are for twins-or-not. The
correlation is positive ranging from 0.406 assuming an
environmental correlation of 0.3, to 0.885 assuming an
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environmental correlation of -0.3. The intermediate value of
0.6275 is supported by the correlations under the extremal
model being -0.6 (implying 0.6 for twins-or-not). This is
consistent with the estimate of 0.55 obtained by Henderson's
(1953) Method 3 (table 9.4). The agreement between these
estimates was expected on the basis of the simulation studies
by Olausson and Ronningen (1975) quoted in section 2.2.3.
This correlation is positive however, contrary to the
sire-offspring regression result mentioned as point 3 towards
the end of section 9.1. There is an apparent contradiction
between the positive estimates of genetic correlation and the
negative sire-offspring regression coefficient mentioned
under point 3 towards the end of section 9.1. The unadjusted
hogget weight means for rearing rank of sire were

RRSIRE = single 39.037

RRSIRE = twin 39.139

This difference of 0.102 kg is of opposite sign to the
adjusted mean difference. Table 9.14 shows the breeding
values for twins-or-not and hogget weight obtained under the
assumption of a genetic correlation of 0.625. Table 9.15
shows the correlations between the breeding values and the
rearing rank of the sire. The negative relationship between
rearing rank and hogget weight persists even though the
breeding values for twins-or-not are positively correlated
with both rearing rank and hogget weight. A large component
of the negative correlation is due to sire 58 which had ten
daughters in the data. One of these daughters had a hogget
weight of 25kg. The next lowest was 32kg. It would appear
that the least squares procedures have given special
dominance to this low value. This does not fully explain the
contradiction but does point up the need for using

substantial sets of data when analysing categorical traits.
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Table 9.9 Fixed effects for all traits estimated by maximum
likelihood single trait methods. Statistical
significance (sig.) is indicated by n.s. (P>.05),
% (P<.05) and *%® (P<.01).

Dam age coefficients

lambed- twins- lamb- lamb- weaning hogget
Age or-not or-not threshold extremal weight weight
2 1.20 =-2.54 -1.20 2.46 1.10 2.19 2843 42.2
3 1.18 =-2.70 -1.17 2462 .25 2.35 26.4 43.0
y 1.18 -2.52 -1.18 2.44 1.10 2.18 26.8 43.2
5 1.44 -2.86 -1.44 2.78 1.21 2.58 26.7 42.8
6+ 1.10 =-2.65 -1.08 2.59 1.27 2.27 28 43.4
sig. n.s. n.s. n.s. I, 48 % L

Effect of ewe being raised as a twin rather than as single

lambed- twins- lamb- lamb- weaning hogget
or-not or-not threshold extremal weight weight
RREWE .22 T -.23 -.17 -.32 -.12 -4.1 -1.9
sig. n.s. n.s. Ns'Ss s n.s. LA i

Effect of years relative to year 1 (1972).

lambed- twins- lamb- lamb- weaning hogget
year or-not or-not threshold extremal weight weight
1961 .42 -.31 -.42 .33 -.04 41 o il -6.4
1962 ou| D .61 -.75 -.62 -=-1.17 -.Uu8 -2.0 -2.9
1963 e O .91 -.08 -.82 -.80 -.88 -3.6 -4.6
1964 .22 .67 -.20 -.61 -.74 -.62 =2.7 -6.1
1965 3! BB -.31 -.23 -.49 -.24 -3.8 -8.5
1966 -.21 =1.07 .20 I rx24l e 30 1.09 -2.0 -6.5
1967 .36 .07 -.36 -.03 -.32 .02 55 -6.6
1968 .36 .61 -.38 -.54 -.79 -.51 -.6 .4
1969 -.23 -.27 .23 .27 Luy ok ") -1.5
1970 -.42 .32 41 -.31 .03 -.43 -1.1 -1.9
1971 -.41 o T U -.11 .20 -.2 -1.6 -2.9
sig. * % * % % *% *%
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Table 9.10 Genetic and environmental variances, heritabili-

ties and breeding values estimated by maximum
likelihood single trait methods. Sires marked
an asterisk were raised as twins.

Estimates of genetic and environmental variances

lambed- twins- lamb- lamb- weaning hogget

or-not or-not threshold extremal weight weight

€2 .0033 .1182 .0033 .020 .030 <1917 1.139
£ .030  .073

UE k@i, n.a. sl n.a. n.a. 9.144 14,67

Estimates of heritability

lambed- twins- lamb- lamb- weaning hogget
or-not or-not threshold extremal weight weight
.0040 .1433 .0040 .048 .088 .082 .288

Estimates of breeding values of sires

lambed- twins- lamb- lamb- weaning hogget

sire or-not or-not threshold extremal weight weight
1 .004 -.092 -.001 .035 i (0)s! -.101 -.076

2 -.004 - S .000 -.039 -.108 .036 .236

3 .002 .0u2 -.003 -.004 .000 -.569 . 331

y* -.006 -.006 .005 -.015 -.063 -.206 578

5 -.005 -.064 .006 .003 -.017 Qa3 .789

6* .008 -.069 -.004 .038 . 126 .084 -.660

7 .001 .279 -.009 -.076 -.172 .345 -.891

8 -.001 -.031 .002 . 004 .001 -.079 -.296

9 -.001 -.042 .002 .010 .017 . 245 .376

10 .006 -.179 .001 .063 172 -. 471 . 495
1 -.007 .078 .004 -.039 -.125 -.244 -.470
12 -.001 -.074 .003 .019 042 .143 -.556
13 -.003 .035 . 002 -.018 -.056 .081 -1.243
14 .002 -.356 .009 . 104 .250 -.112 -.508
15 .005 .554 -.021 -.142 -.303 .183 1.486
16 .001 -.017 -.000 .006 .019 -.143 -.518
% .005 -.087 -.002 .036 .110 .019 -.238
18 .002 -.066 -.001 1025 .071 .298 1.026
19 .008 -.327 . 004 - 107 275 -.059 -.366
20% -.005 -.055 2005 .002 -.018 -.197 -.834
21 -.005 -.014 .00y -.010 -.046 -.019 -.177
22% .002 .050 -.003 -.006 -.002 .151 -.816
23 .004 .018 -.005 .006 .037 .397 1.809

continued
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Table 9.10 continued Breeding values for all traits estimated
by maximum likelihood single trait methods. Sires

marked with an asterisk were raised as twins.

Estimates of breeding values of sires

lambed- twins- lamb- lamb- weaning hogget
sire or-not or-not threshold extremal weight weight
24 -.004 .087 .003 -.034 -.100 . 137 . 342
25 -.010 -.056 .010 .001 -.0M .ou44  1.751
26 -.008 -.038 .008 -.014 -.072 .009 -.538
27% .004 .084 -.006 -.009 .000 -.088 -.u63
28 .001 . 142 -.005 -.032 -.068 -.032 .673
29 -.002 -.039 .003 .006 . 004 -.119 -.324
30 -.005 -.077 .006 .010 -.000 .373 -.972
31% -.001 . 170 -.004 -.047 -.114 .032 .128
32% .003 -.010 -.002 .009 .033 -.187 -.926
33 .002 .201 -.007 -.048 -.105 .036 1.068
34 .000 -.125 .003 .035 .084 .024 -.736
35 .018 .ouy -.017 .030 . 157 -.089 .570
36% .005 -.072 -.003 .033 . 104 -.047 -.152
37 -.010 -.129 .012 .006 -.038 -.148 -.108
38 -.002 -.058 .003 .008 .009 -.071 -.209
39 -.005 -.035 .006 -.008 -.0u46 .047 -.572
yo* .012 420 -.021 -.075 -.115 .033 -.276
41 -.021 -.055 .021 -.0417 -.199 .034 -.045
4o .003 -.108 -.001 .037 . 102 -.518 -.569
43% .004 -.050 -.002 .018 .054 5 Sl Lhuy
4y -.005 -.030 .005 -.003 -.030 .125 1.064
45 .006 -.106 -.003 .ouy 131 .04y -,.200
4o* .001 -.011 -.001 .006 .021 -.006 .287
47 .005 .039 -.006 -.001 .021 Rl . 450
48 .002 .064 -.003 -.011 -.017 -.084 . 047
4o#* -.001 -.091 .002 .021 . 045 -.277 -.126
50 .003 .009 -.003 .007 .034 -.123 -.206
51% -.002 -.055 .003 .008 .01 241 .692
52% -.008 .030 .007 -.026 -.096 -.082 . 136
53#% -.003 -.011 .003 -.006 -.028 -.063 .012
54 -.005 -.017 .005 -.012 -.055% -.130 -.418
55 % -.001 .099 -.001 -.029 -.076 -.088 . B3
56 % -.002 -.018 .002 -.001 -.011 . 142 .410
57% .005 .063 -.006 -.002 .020 .024 . 704
58# .007 -.092 -.004 .045 L1 -.517 -2.259
59% -.004 .132 .000 -.043 -.118 .036 -.640
60 .001 -.046 -.000 . 015 .04 .016 -.612
61% .003 .002 -.003 .009 .038 .282 .249
62% .001 -.043 .000 .013 .034 . 195 LU473

63 -.001 .095 -.003 -.030 -.069 .285 1.002
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Table 9.11 Some results from using various trial values for
the variances and covariances associated with an
extremal trait. The composite binary traits are
dry-or-not (D), single-or-not (S) and twins-
or-not (T). All values are multiplied by 10,000.

var(D) cov(D,S) var(S) cov(D,T) cov(S,T) var(T)

Trial 200 306 730 -506 -1036 1541
Result 201 307 729 =507 -1035 1543
Difference 1 1 -1 -1 0 1
Trial 700 299 200 -999 -499 1499
Result 689 297 200 -986 -497 1483
Difference -10 =2 -0 13 3 -16
Trial 500 Loo 500 -900 -900 1800
Result 500 403 505 -904 -908 1812
Difference 0 3 5 ) -8 12
Trial 200 337 700 -537 -1037 1573
Result 201 338 701 -539 -1039 1578
Difference 1 1 1 -2 -3 5
Trial 700 337 200 -1037 -537 1573
Result 691 334 199 -1025 -533 5157
Difference -9 =3 -1 12 y -16
Trial 500 450 500 -950 -950 1900
Result 502 453 504 -955 -958 1913
Difference 2 3 y -5 -8 13
Trial 200 262 700 -462 -962 1424
Result 201 263 698 -464 -961 1425
Difference 1 1 -2 -2 1 1
Trial 700 262 200 -962 =462 1424
Result 688 260 200 -948 =461 1408
Difference -12 -2 0 14 1 -15
Trifatl 500 350 500 -850 -850 1700
Result 499 353 504 -852 -858 1710

Difference -1 3 y =2 -8 10



Table 9.12 Genetic variances and covariances between two

143

binary traits, lambed-or-not and twins-or-not and

hogget weight estimated for three environmental

correlations,

0.8, 9.5

and -0.3.

All values are multiplied by 10,000.

Lambed-or-not (L) and Hogget weight (H)

correlations -

var(L)
Trial 50
Result 50
Diff. -0
correlations -

var(L)
Trial 50
Result 50
Diff. -0
correlations -

var(L)
Trial 50
Result 50
Diff. -0

environmental 0.0,

cov(L,H) var (H)
0 11390

-1 10826

-1 -564

environmental 0.3,

cov(L,H) var(H)
0 11390

=10 11028

-10 -362

environmental -0.3

cov(L,H) var(H)
0 11390
8 11091
8 -299

genetic 0.0 and -0.045

Twins-or-not (T) and Hogget weight (H)

correlations -

var(T)
Trial 1182
Result 1178
Diff. -5
correlations -

var(T)
Trial 1182
Result 1174
Diff. -9
correlations -

var(T)
Trial 1182
Result 1188
Diff. 6

environmental 0.0,

cov(T,H) var(H)
0 11390

236 10826

236 -564

environmental 0.3,

cov(T,H) var(H)
0 11390

152 10690

152 =700

environmental -0.3,

cov(T,H) var(H) |
0 11390
334 11218
334 -172

var(L) cov(L,H) var(H)

50 -34 11390

50 =33 10825

L@ 1 -565
genetic 0.0 and -0.464

var(L) cov(L,H) var(H)

50 -350 11390

50 =344 11013

-0 6 =377
genetic 0.0 and 0.4y

var(L) cov(L,H) var(H)

50 532 11390

50 327 11089

-0 =5 -301
genetic 0.0 and 0.6275

var(T) cov(T,H) var(H)

1182 2303 11390

1179 2254 10943

-y -49 -4y7

genetic 0.0 and 0.406

var(T) cov(T,H) var(H)

1182 1490 11390

1178 1450 10829

a5 -40 -561
genetic 0.0 and 0.885

var(T) cov(T,H) var(H)

1182 3248 11390

1182 3225 11239

-1 -23 -151
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Table 9.13 Genetic variances and covariances between two

categorical traits,
hogget weight,
correlations,

lamb-t and lamb-e,

All values are multiplied .by 10,000.

Lamb-t (t) and

Hogget weight (H)

and

A

estimated for three environmental
0.0, 0.3 and -0.3.

correlations - environmental 0.0, genetic 0.0 and -0.36

var(t) cov(t,H) var(H) var(t) cov(t,H) var(H)
Trial 50 0 11390 50 =272 11390
Result 50 -9 10826 50 -265 10860
Diff. -0 -9 -564 -0 7 -530
correlations - environmental 0.3, genetic 0.0 and -0.98

var(t) cov(t,H) var(H) var(t) cov(t,H) var(H)
Trial 50 0 11390 50 -740 11390
Result 50 -23 11478 51 =749 11528
Diff. -0 -23 88 1 =10 138
correlations - environmental 0.3, genetic -0.9

var(t) cov(t,H) var(H) var(t) cov(t,H) var(H)
Trial 200 -1394 12000 180 -1312 11800
Result 199 -1385 11877 180 -1311 11748
Diff. =\ 9 -123 0 0 -52
correlations - environmental -0.3, genetic 0.0 and -0.0985

var(t) cov(t,H) var(H) var(t) cov(t,H) var (H)
Trial 50 0 11390 50 T4 11390
Result 50 2 10875 50 73 10863
Diff. -0 2 -515 -0 -2 -527
Lamb-e (D,S) and Hogget weight (H)
correlations - environmental 0.0, genetic 0.0 and 0.0

var(D) cov(D,S) var(S) cov(D,H) cov(S,H) var(H)
Trial 200 299 700 0 0 11390
Result 201 301 700 -64 -147 10826
DAL 1 1 -0 -64 - 147 -564
correlations - environmental 0.0, genetic -0.6 and -0.6
var(D) cov(D,S) var(S) cov(D,H) cov(S,H) var(H)

Trial 200 299 700 -906 -1694 11390
Result 200 299 698 -886 -1657 10926
Diff. 0 -0 =2 19 3 -464



Table 9.14

sire

2

-.031
-u0u2

179

.078
.074
.035
.356
.554

e 0 7
. 087
.066
.327
. 055

.04
.050
.018

.087
.056

.038
.084
142

-.039
-.077

.170
.010

145

Comparison of breeding values for lambed-or-not
and hogget weight obtained assuming environmental
correlation of 0.0 and genetic correlations of 0.0
and 0.6275. Sires raised as twins are identified
by an asterisk beside the Sire number.

T0O.0 HO.O TO.6 HO.6 sire TO0.0 HO.O T0.6 HO.6

.092
«115
.042
.006
.064

.069
.279

-.08 -.091 -.16 38 aalf i 0 30l 127
.2 121 .30 34 -.125 -.74 -.225 -.81
Shf . 095 .38 35 .04y .57 . 139 .58
<58 . 104 900 36*% -.072 -.15 -.088 -.23
.79 . 100 .71 37 =-.129 11 -0120 =21

-.66 -.167 -.67 38 -.058 .21 -.088 -.27
-.89 .069 -.69 39 -.035 57 -.145 -.61
-.30 -.088 -.3u4 4o* .420 .28 . 283 .08

250 .024 .34 41 -.055 .05 -.046 -.09

.50 -.072 .40 u2% - ,108 .57 -.193 -.65
-.47 -.021 -.38 43% -.050 LUy . 049 .40
-.56 -.151 -.60 by -.,030 1.06 163 1.01

-1.24 -.200 -1.17 4s  -.,106 -.20 -.125 =-.32
-.51 -.357 -.69 4e* -.011 .29 .0u8 T
1.49 .679 1.76 u7 .039 .45 . 100 U6

e =187 =.55 u8 .06l .05 . 068 .13

-.24 -.106 -.30 4g* -.091 -.13 -.100 -.23
B3 <141 .91 50 .009 -.21 -.030 -.20
-.37 =-.299 -.u8 51% -.055 .69 .088 .60
-.83 -.194 -.87 S2* o036 .14 . 051 .15

-.18 -.043 -.19 53% -.011 .01 -.008 -.01
-.82 -.1217 -.78 54 -.017 -.42 -.100 -.Uuy4
1.81 JB2G LS 55% .099 8. .170 .53

.34 . 136 .40 56% -.018 <41 .066 .38
1.75 .233 1.69 57% 063 .70 . 194 78

-.54 -.141 -.59 58% -.092 -2.26 -.510 -2.31
-.46 -.014 -.37 59% .132 -.64 -.011 -.52

oOff .254 =83 60 -.046 -.61 -.162 -.68
-.32 -.086 -.35 61r* .002 .25 . 049 226
-.97 -.224 -.99 62% -.043 47 . 056 <1

<13 . 169 1T 63 .095 1.00 .235 .99
-.93 -.144 -.90
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Table 9.15 Correlations between breeding values in table 9.14
and the rearing rank of the sire.

RRSIRE TO0.0 HO.0 TO0.6 HO.6

RRSIRE 1.0000 .0871 -.1479° -.,0392 -.1259
TO.0 1.0000 .2463 .7378 . 3650
HO.0 1.0000 .8324 .9910

TO.6 1.0000 .8956
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Chapter 10. General Discussion

This thesis has presented a new method for analysing
categorical data under a mixed model. It has been applied to
binomial and multinomial data. Several questions relating to

this method are now raised and discussed.

10.1. How relevant is an estimate of heritability on the

underlying scale?

The whole basis of the method is that there is an underlying
continuous trait, often called liability. It is assumed that
when measured on a convenient scale, this underlying trait
has an approximately normal distribution and that genetic
effects on this scale are largly additive, at least more
additive than on the categorical scale. If there is no
reasonable biological base for making these assumptions it
would be misleading to use the method. The biology of the
trait may point to different assumptions which require a
completely different kind of solution. This issue has been
discussed by Kidd and Cavalli-Sforza (1973), Elston (1973),
Elston (1977) and Hill and Smith (1977).

10.2. What relationship exists between the logistic linear

Eixed model and the ordinary mixed model analyses?

For a fully random model, the ordinary mixed model equations
and logistic linear mixed model equations are essentially
equivalent except for the change of scale. Quaas and Van
Vleck (1980) described the mixed model analysis of a
multinomial trait under a fully random model. The variances
were assumed known on 'traditional advice'. For comparative
purposes it is sufficient to consider the binomial situation
only. The equations can then be written as

n 12 B il %z
~ - : Py - ~ - (10.1)
Z'1 Z2Z'7Z + kR~ up 7'z

- -~ -~
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02 (4 - h2)
- 1€ _ P
where k = B~ Tt
o] h
u 1%
02 is the environmental variation on the p scale,
oi is the genetic variation on the p scale and
hi is the heritability of the trait on the p scale.
The comparative logistic linear mixed model equations are
nd2/e ad/e 1'Z B d/e 11y
= X £y 02
5 1 = (10.2)
ad/e Z'1 a/e 2'7 + R /g ‘ u ad/e 2'y

where p, the intraclass correlation on the underlying scale,

h? 53 h%
R T 1 , using equation 2.2,
L 4z

hi is the heritability on the underlying scale,

z is the ordinate of the standard normal curve at
the point which corresponds to a probability of p,

s =1 /1= @ Cfrem $-37;

exp(sg.)
P = ———-===-tee- using 5.35,
;I exp(sBx)
§=1'5’
e =pg (1 -pq p n2/3) using 5.47,
a = pq using 5.48,

g = p n2/3 using 5.49,

d = sa using 5.50 and

y =81+ (z - p1)/d using 5.51.

Equations 10.2 may be rearranged into the form of equations
10.1 as follows:

1) multiply throughout by e,

2) divide the first equation by d,

3) divide the remaining equations by a,
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4) replace y by g1 + (z - p1)/d and
5) rearrange the terms.
The result is

[ n 1'2 [ dg,-dB, + P [
I ==
2'1 2'Z + eR™! au

~X

| =
-
!N

|

TN
N

e Pal1l - pa p 1°/3)
where @ 2 ==—=— & ———m—cecpe——g=———ase

e Lo T SR (10.3)
Pq

It is obvious that equations 10.1 and 10.2 are the same when
¢ = k. This occurs when the coefficient of h; im 10399 {13
i.e. when x < 1.003 dmplying p = 0.158 and 2 = 0.2413.

A consequence of the preceeding discussion is the fact that
ordinary BLUP will be nearly as efficient as the LLMM
equations for estimating breeding values whenever there is
little variation associated with fixed effects. However,
when incidences within fixed effect groups are outside the
range of 0.3 to 0.7, the fluctuation in weights associated

with small changes in incidence can be quite large and should
not be ignored.

10.3. What can be done in very large problems where the

iterative procedures would be prohibitively expensive?

When the procedure as defined cannot be used because of
computing technology limitations, it will be necessary to
consider simpler solutions. In the analysis of binomial data
under a fixed model, four strategies are possible. These are
1) Analyse the binary data as if it were a normal

continuous character. This approach ignores the relationship
between mean and variance for binomial characters.

2) Apply a 'variance stabilizing' transformation to the

binary data and then analyse it by ordinary least squares.
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3) Calculate empirtzal weights from the data and analyse it
by weighted least squares on the binomial scale.

4) Used the GLM methodology and analyse the character by
iteratively reweighted least squares on a logit (or other)
scale.

In the mixed model situation, an ordinary BLUP analysis
corresponds to approach 1 while the use of the GLMM
corresponds to approach 4. Approaches 2 and 3 generally
require grouped data. (The use of grouped data for
approaches 1 and 4 is not necessary theoretically but is
advantageous for computing efficiency.) Approach 3 seems to
provide a possibility for simplifying the GLMM procedures in
large data sets. When applying BLUP to large data sets, it
is common to absorb the fixed effects such as
herd-year-season. Provided the herd-year-season groups are
large enough to provide reasonable measures of incidence of
the binary character within the group, the same approach
could be used for categorical data. The incidence in the
group would be calculated and then used to generate the
weights and other quantities required by the GLMM equations.
The fixed effects would then be absorbed and breeding values
predicted from a single pass through the data. The
efficiency of this method has not been investigated but will
obviously depend on the incidences within each

herd-year-season.

10.4. When might it be more efficient to use equations based
on the joint-maximization rather than those based on the
maximization-expectation method?.

Questions of the general efficiency of the methods have not
been investigated. Some points can be made however. In data
with substantial information on both fixed and random
effects, the joint-maximization method may be better at
estimating the random effects. In the case of a single
random factor, it is essentially the number of observations

per group and the mean incidence of the group that determines
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the probability of all individuals in the group being
classified into the same response category. If some effects
in the model have observed proportions of 0 or 100 per cent,
the group mean on the logit scale will rapidly iterate
towards plus or minus infinity and result in failure within
computing routines. This problem is more likely to occur
with the joint-maximization procedure, which iterates both
fixed and random effects, than the maximization-expectation
procedure which iterates only the fixed effects. The force
of this argument is reduced by the fact that the size of the
random effects is restricted, under both procedures, by the
assumption of the variance of the random effects. Table 10.1
shows the probability of all observations being in the same
category for a range of sample sizes and incidences.

Table 10.1 The probability é%at a group of nominated size

and nominated incidence has observations all in
the same category.

incidence in the population sampled.

size of the group 50% 10% 1%
i 1.0 1.0 1J0
2 0.5 0.82 0.98
3 0.25 0.73 0.97
y 0.125 0.656 0.961
8 0.008 0.430 0.92
16 <0.001 0.185 0.85
32 <0.0q1 0.034 0.72

It is immediately obvious that if the incidence of the trait
is low, the sample sizes must be quite high to avoid many
groups having extreme observations.

The essence of the matter is that the joint solution will
only be better when the variance estimate based on the
observations within the group is likely to be closer to the
true variance than an average variance for that group. By
using expected values for the variance, the
maximization-expectation method is likely to give much more
numerically stable results.
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Section 7.2 provided some information on the robustness of
the LLMM equations to small family sizes. Those
investigations were based on having a large number of
families. 1In practical applications, it is possible that
family sizes may be only one. The reliability of any
estimate of breeding value for a categorical trait based on
small family size will always be poor - especially for traits
with incidences outside to range of 10 to 90 percent.

10.5. What further work is required?

The method of solving for variance components used in this
study has been a modified EM algorithm. Newton-Raphson and
Fisher-scoring techniques probably follow directly from their
counterparts in REML estimation for the normal case. These
techniques were preferred by Thompson in his discussion of
the EM technique (Dempster, Laird and Rubins, 1977). No
consideration has been given in this thesis to estimating
confidence bounds for estimates of variance components. The
use of Newton-Raphson or Fisher-scoring techniques for
estimating the variance components would lead to estimates of
the variances of the estimates.

Computational feasability will often control what use is made
of a technique. The additional computing required for using
the LLMM equations rather than BLUP equations has two

components. The iteration component is related to the number

of iterations and may be minimized by absorbing the random
effects since the solutions for these are not required during

the iteration phase. The other component involves an
exponentiation in the retransformation of the logit and the
multiplication of various weight functions. This component
is proportional to the number of records and can be reduced
by grouping the data.
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Some theoretical aspects of the method remain to be
investigated.

Henderson (1963) has shown that BLUP provides a predictor
which, in the class of linear predictors, minimizes the mean
squared error of prediction. Can an analagous result be

shown for the GLMM equations when used for predicting random
variables?

The question of testing 'goodness of fit' of a mixed model

has not been adequately covered in this thesis.

The GLMM method should be able to be used for Poisson data

providing a suitable interpretation of an underlying scale is
developed. |

The issue of when to use the threshold as opposed to the
extremal model for multinomial traits has not been discussed.
The difficulty lies with traits which are coded is if
threshold traits but which have an inadequate biological
basis for that coding. The trait number-of-lambs-weaned
(NLW) is a possible example. It seems likely, in the light
of the results in chapter 9, that whether or not a ewe bears
any lambs is under the control of different genes to those
which control the number of lambs she actually bears, given
that she has at least one lamb. Similarly, the trait
calving-difficulty is coded in categories 'none', 'slight',
'easy pull', 'hard pull' and 'ceasarian'. These categories
may misrepresent the problem which from a biological point of
view may need to consider size of cow, size of calf, whether
the calf is full term and other such matters.

10.6. Conclusion

The generalized linear mixed model, developed in this thesis,
provides a computationally feasible method of analysis for
categorical data under a mixed model. The specific computing
expressions provided for binomial and multinomial characters
have worked satisfactorily on the examples studied.
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Appendix A

Some matrix symbols and operations

(1) Matrix operators

dlag{ak}

Identity matrix of order n.
a vector of n 1s.

)

an 'm ® n matrix 6f 18 (= 9 1°
~m.n

inverse of arbitrary positive definite matrix A.

generalized inverse of 5 (such that é é' é = é).
transpose of arbitrary matrix é.

a matrix with elements aij

a block diagonal matrix with matrices Qk on diagonal
a diagonal matrix with diagonal elements a,

a diagonal matrix with the elements of vector f on
the diagonal.

Right direct product of arbitrary matrices A and B

Hadamard (element by element) product of matrices A
and B (both of the same order)

vector formed by stacking columns of A one beneath
the other.

(A®@ B)(X® Y) = AXQ® BY

(A ®B)~

(A @ B)

= A'@B'1

~ ~

!
>

e
1 o

IF

~

vec(ABC) = (C' @ A) vec B

trace(A'B) = (vec A)' vec B

trace (A ® B) = trace(A).trace(B)
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(2) Matrix differentiation.
a) Derivative of a function with respect to a vector.

Fér f(X) = = x'a (a and x being vectors)

a'x
(x)/3x = a

of
Hence 9Ax/3x = A!

For A symmetric, 3x'Ax/9dx = 2Ax

b) Derivative of a function with respect to a matrix.
For Xm a real matrix of mn independent variables,

af/exX = { Bf/'c)xij } is an mn-matrix of partial derivatives

Lf #(X) a'Xb, then of /3X = a b!

- ~

and for

1 ><

symmetric, 9da'Xa/dX = 2aa' - dg(aa')
where dg(aa') is a diagonal matrix with the

same diagonal elements as aa'.

c) Derivative of a matrix with respect to a scalar.
33/3§ij == { a(qu({)) / axij }, an mn-matrix of partial

derivatives with respect to xij'

d) Derivative of a Determinant.
91Xi1/793X = { xiJ } where xij is the cofactor of xij'

Be. U & Waw § g2 5
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Appendix B.

More expectations for section 5.1.2.1 using the normal
distribution

In similar fashion to section 5.1.2.1, u. and u, are N(0,Z)

i
1 I
where I = o° ! e '
~ |p1l
. exp(Yi. + ui) exp(Y1 + ul)
E [Py Py ] =kl e e el ]
1 + exp(YiJ +ug) 1+ exp(Yy o+ y)
i in e k k 5 n n
= / ( E (-1) exp(Yij+ui) ) ( E (-1)"exp(Y, +u;))f
. 1 (2 (-1 Kexp(Y YKy (143 (=1 exp(Y s
= f} f z (- exp ij+ui +§ - exp(Y, +u,
- Ly
h -Ylm i k k e n n
- j (1+3 (=1)"exp(Y, +u.)") ( £ (-1) exp(Y, +u,) )f
ij 71 Im "1
F. o=y % n
g
+ f f (1+E (-1)kexp(Yij+uifk)(1+§ (-1)nexp(Ylm+ulTn)f
MNewy =
g = (B.1)
-(u5-2pu.u,+u,)
where f = —---J:::- exp ( Wi Sowo ol vle-. % ) du; duy
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For arbitrary p, B.1 would require special numerical

procedures. For p = 1, i.e. when uj; = Uy, and Yij < Yim
B I Pij Pim ]
—Yij N
_ k k = n n
F | ( i (-1) exp(Yij+ui) ) ( g (=1) exp(Y; +u;) Of
=00
Yim
[ <] oo
- f (143 (-1)kexp(Y. »u.Sk) (z (-1)nexp(Y. +u)Mr
” e e = im i
’Yij
-9 <) K -k o0 n <n
+ [ (1+i (-1) exp(Yij+ui) )(1+§ (=1) "exp(Y; +u;) )f
_Yim
1 - ug
where f = —-e-- exp ( ===% ) du

0@ 2 o2

=1 - o ==20)
o
K 2 2 “Tim
+ ¥ (=1)"explk™g /2) { exp(-kYi.) [1 = ¢(==-== + k)]
k J o
=Lan,
+ exp(-kY; ) [1 - @(-6-- + ko)l
-Yim -Yi.
- exp( kY ;) [0(--=7 - ko)-0(--=d - ko)1)
o o
=Y. .
5 2 (-1)k+f exp((k+n)202/2){ exp(kYij+nYim)¢[--£g -(k+n)g]
k n o

=Y.
+ exp(=kY . -nY, )(1-0[-=2T 4+ (k+n)o1)}
ij im o]

-Y.
-exp((n-k)202/2) exp(nYim—kYij){<I>[--c-}T -(n-k)o]

N Y
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When pij = Pip? B.1 reduces to
D) (S
T ETRL —uid
E[p5)=1-0a(-54)

i 3 2 =Y ;
+ I (-15 [ 2 exp(k©g“/2 + kYij) {1 - ol--24 + kg))
k

Y. .
& exp((k+1)252/2) {exp((k+1)¥ij)¢[--ll -(k+1)g]
g

o
+ exp(-(k+1)Yij)(1-¢[-33! +(k+1)g]})
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Appendix C

Derivation of the basic expressions required to apply

the Generalised Linear Mixed Model to Multinomial data

using the Multinomial Logit.

The multinomial logit (Bock 1975,p522) can be expressed

as

exp (6;)
P; = L s (C.1)
1 & P.exp (:%) for @ = 1, - [

J

and c + 1 categories.

Extended to the mixed logit, this becomes

exp (éi)

1 + £ exp (é.)
j )

exp ((—)i + ui)

= E. 2
1 0 . 1
+ ? exp ( OJ + uJ)
Now exp (C*k + uk) = exp (ek) exp (uk)
= B (C.3)
And Vi = exp (uk)
= 1 B W ui/z + uﬁ/6 + ui/24 + ... (C.4)
Define u ='{vk}
= l+Vv+w+tX+y ’ (C.5)
Where v = {uk} (C.6)
w = {ui/Z} (C.7)
i | 5 {ui/6} (C.8)
y = fug} /24} , (C.9)
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Also define

it = {tk} (C.10)
. ti
and p = {tk} = (€.11)
1 + s
where s = It = | |
i ol

exp (ei i ui)

So ﬁ. =
1 1 + 2 exp(ej + uj)
j

- ' (C.12)

The distribution of uy is unspecified but is assumed

to be symmetric with the following expectations.

Bl (ag) = @ (C.13)
E (u;%) = of (C.14)
E (uiuj) = %3 inf uj and uj are in the same group,
=0 b u, and uj are in different groups.
(C.15)
Define § = Var (g) = E (99') = {cij} (C.16)
Sj = bij} = jth column of 2 (C.17)
d = b%} = vector containing diagonal of E

(C.18)
e = E P (C.lg)
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The symbol * is used to denote the Hadamard product

(Rao and Mitra, 1971).

e Aa x b g ?a xb ° { aij bij} B ga % b

~

In expressions where it occurs, this product must be

evaluated before all other matrix products.

Note that for zero kurtosis and zero mean

E (u. u; Uy ul) = 935 1 * 05 %31 + 04q oy (e 207
2 e 2
E (ui uj uk) Oij O - Zcik Ojk €. 21
2 2 = 2 2 2
E (u uj) of of + Zcij ic.24j
3 = 2
E (u1 uj) 3°ij oy (C.23)
E (u.*) = soi“ (C.24)

The following series are required,
1

(1 +s) =1-5+582 -3 + g% . 55+, ... (C.25)
(1 + s)_2 =1 - 2s + 352 - 4s3 + 55" - 6s° + ....(C.26)
[ & s)_a =1 - 3s + 6s2 - 10s3 + 15s"* - ... (C.27)
(1 + s)_l+ =1 - 4s + 10s2 - 20s3 + ... (C.28)
(1 + s)'5 =1 = 58 # 1582 = .. (C.29)

These series are valid only for |s| < 1.

Equation C.25 is now used with C.5 and C.10 to obtain an

expression for the denominator of C.12.



162
Now t'u = t'(l+v+w+Xx+y)

~ ~ ~ ~ =~

s+t' (Vv+w+x+y)
i = o e (C.30)

So, ignoring high powers of u,

(t'u)2 = s2 + 2st'(v+w+x+y) + t'(vv'+2vw'+ww'+2vx') t (C.31)

~ o~

(t'u)3 = s3 +3s52t' (v+w+x+y) +3st'(vv'+2vw'+ww'+2vx') t
+ t'vv'tt' (v + 3w) (C.32)
(t'u)™ = s" +4s3t' (v+w+x+y) + 6s52t'(vv'+2vw'+ww'+2vx') t
+4st'vv'tt' (v+3w) + (t'vv'tt'vv't) (C.33)
(t'u)® = s5+5s%t! (v+w+x+y) + 10s3t' (vv'+2vw'+ww'+2vx') t

~

+10s2t'vv'tt' (v+3w) + 5s t'vv'tt'vv't (C.34)

~ o~ ~ o~ ~ o~

And so, from C.25,

. =1 - (t'u) + (t'w? - (t'u)d + (t'u)* - (t'u)s...
(1 + t'u)
= 1 - S + SZ - S3 + S"* = 55 3
-t' (v+w+x+y) (1-2s+3s2-4s3+5s4-, ..., )

~

+t' (vv'+2vw'+ww'+2vx') t (1-3s+6s2-10s3+....)

-t'vv'tt' (v+3w) (1-4s+10s2?-....)

+st'vvitttvv't (1-58 * .....
P R Vs T i R R PN
1+s (1+s)?2 (1+s)3
t'vv'tt' (v+3w) + t'vv'tt'yvv't
e e e = - -z == = (C.35)
(1+s)* (1+s)5
But f¥onil 'C.010,
t {ti}
= = — = { 1 I = p (C.36)

(1+s) (1+s)
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Frigm G.14,
BLV
- = W |

£ @ fgl

- 2 3/ Y
= P, W & ui/Z L ui/6 + uj/24 )
(1 - p'(v+tw+x+y) + p'(vv'+2vw'+ww'+2vx')p

- PrERRY (TRED ® et b (€.37)

~ ~ ~ ~ =~

Expectation of p.

The expected value of bi is obtained as the expected value
of C.37. In the expansion of C.37, terms with odd powers
(which have expectation zero), and terms with powers of us
greater than 4, have been ignored.

From C.37,

E(p; ) =p; BCL-p'(u+y) + p'(yy'+ww'+2yx’)p

A U I e A LA

u; C p'(v+x) - 2p'vw'p + p'vv'pp'v)

+

uf/z (1 - p'w+ p'vv'p)

u;/6 p'v + u;/24 ) (C.38)

The expected values of each of the terms in C.38 are
derived in equations C.39 to C.48 using equations C.6

to C.24.
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E (p'(wty)) =12p; ECTui+ —u;)
D i
= Mg GEeg Agm
- ¥p'd + g pldnd (C=55)

= 1 u2u2 2| 3
= i § pipj E (uiuj . uiuj % 5 uiuj)
= 2P 2 o
i ? pipj (o ij F (och * Zo ) 3-(301J J))

= p'L p* % p'dp'd + — P 'E xIp * p'd*e (C.40)

~ ~ ~

3
B GRS g SRT By Py R B (G g ]
15 K
_ 3
= 5 YA PR R BL ok, B @okes D)
45 Kk
= % p' ep'd + 3 p' exe (C.41)
E (p vv'pp'vv' P y= T 338 p p Py Py E (u; us uyp uy)
By == ij k1 ] J
= I IIIp;PyPkPy (055 009%053951%931%5%
ily k (L
= 3 p'ep'e (C.42)
' = = 3
By (Guyp Gz ? By F Gy, ¢ o)
- 5 2
) § Py (%55 + 7 935

ptdsc. (C.43)
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= 1l 2
E Bty pyepd = BT D e B 45 g
= I Ipypy (o5 o * 295x 95
j k
= Poh g 8 pigel (C.44)
' [ -
E [, g¥vvipe ) e e R By W0y g up ug)
) j i i Pj Px P1 (055 %1 * %ik %51 * %i1 951
= © pife piey (C.45)

2,2 2 1 2
(oioj & Zoij) + 2? lz(pjpk (oigjk+2°ijcik)

=5 62 - % o} p'd- L pcicyvg o plIprp'c; PCy
- 1 1 1
= 02(3 -3p'd + zp'e) - Ip'ci*c; + plegp'e; (C.46)
3 = R 3
E (u3/6 p'v) 2 ? P; E (u3 uJ)
1
= )2 352
T : P; (30% 013)
_ 1 2
= @ 9.0 (C.47)
4 = AL
E (ui/24 ) = of (€.48)
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Substituting C.39 to C.48 in C.38 gives

B (py) = Py (L-hp'd- ip'dudvp'evip'd p'dvip'iazpep'dse

- 2p'ep'd -3p'exe + 3p'ep'e

- "picCy = ’zp'd*ci # p'c. pd % 2p'ci*e - 3p'ep'ci

2 gl 2 E 2 "Ll s 2 g

J ~ i
~Mplegecy * BIREy < B9)) (& 49
= B & % pigsge = pNey K ey st

if fourth power terms are ignored.

Simplifying to the binomial logit,

= g2 =92 =4d=173 = c.
il i

02 (%(1-p) - p(1-p))

+ 0% (- $.p+(a+%+1) p2- L p3+3ph-1p

+

B @) ¢!

]
o]

+ 3p2-3p?-%p+hp?-%p+p2+ 1))

1]
)

(1+02(1-p) (%-p) + o"*(1-p)( s =f P : p2-3p3))
=p + 0?p(1-p)(%-p)(1+02(%-3p(1-p))

=p + o2pq(%-p)(1+02(%-3pq)) (C.51)

where q

1-p

When the fourth power term is omitted, C.51 becomes

E (p) = p + 0%pq(%4-p) (C.52)
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Expectation of p, ﬁj

The expectation of ﬁi ﬁj is obtained for the most
general situation where bi and bj are assumed to
be from different data records. It is further
assumed that the correlation between uy and uj is
LT where r is a constant which is specific to
the pair of data records.

For convenience, subscripts 1 and 2 are used to
denote different records. Subscripts have been

omitted from v,w,x, and y as the subscript of the

adjacent p applies.

From C.12 and C.37,

t )

i1 tj2 exp(uil+u

(1+t‘1u,)(1+t2‘u2)

P; Pj j2

2/
pilpjz(1+uil+uj2+(uil+ujz) /Zk(uil+uj2)3/6

+(uj *uy,) "/ 24)

(1_p1| (V+W+X+y)+p1 1 (VV'+2VW'+WW'+2VX' )El
-pl 'YY'E’IEI ' (Y+3Y) + 131 'VV'PEH 'VV'El)

(1-p, ' (v+w+x+y) + p,' (vv'+2vw'+ww'+2vX')p,

~ ~ o~

"Dy "VE'B.R, " (THIN) B TUY'RR,'VVIR,) (E.53)

In expanding this expression, terms with odd powers
of u are omitted because they have expectation zero.
Terms with powers of u greater than four are also

omitted.
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Expanding C.53,
E (pil ij) = pj_l pj2
E (1 - p,"(w+ty) -pj(w+y) + p " (vV'+ww'+vx'+xv')p,
+ pl'(VV'+ww'+2VX')p1+p2'(VV'+ww'+2vx')p2

- ' ' ' - ' ' Ty - ' ' '
Spn“RNpRRr - By 'TVTRip Aty = 2R FAVERAD o

~ ~ ~ ~ -~

- SBZ'VV'pzpz'w - EZ'VV'BZEI'W - ZBI'VV'EZEZ'W

~ o~ -~ -~ ~ ~ o~ ~ ~ ~ -~

By e Buen TYEL B ME BB MR

~ ~ ~ ~

+ Pl'vv'plpz'vv‘pz * pl'Yv'gzgz'Vv‘92+?2'vv'gzgz'vv'?2

-~ -~ ~ -~ ~ ~

+(u

11%U52) (-py ' (v+x)-py " (vx)+p, " (vW'+wy')D,

+.i—1j2_ (l_p'w_p'w

1

P, R R 'YYR, * D, YVID)

~ - ~ ~ o -

(2a"¥op, ')

y
v (ugytus,) (C.54)




168

The expectation of many of these terms has
already been obtained in equations C.39 to C.48.

The remaining expectations required are:

' =

E (B1YY'92) = i § Pi Pj 8 (uil ujz)

MhESRE ¥ S5y

= r Bl' Ip, (C.55)

1 — 2

E @imt gt Of B By By % B

- L(g2 o2 P 2

i § p; pj u(ci cj + 27 Oij )
2
T
= B Bt FR I R (C.56)
' = 1 3
8@ B BT g e B
1 2
E § pl pJ 6(31' Ulj Y )

= T pz'dakde1 (C.57)
In similar fashion,
E(y'vv'pipo'W) = % py'Ipyp,'dr r?p, " eyx €, (C.58)

f 1 r L L) L

BRI SR R R e (€69
E (py'VV'P,P,'VV'D,) = 3T p, 'Ip,p,'Ip, Lol)

E (p,"VV'R1R,"VV'R,) = P1IR,B,IR, + 2r7piZp,piZp, (C.

~ o~ ~ ~ —~ -

61)
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il

B Qg BatEl] = % Byl * UF Paleny L)
E (uy, P,'VW'D,) = % E k PPk E (uilujlukz) (C.63)
"W Bl VL S By (C69)
E (uj) P,'VW'P,) = 7 p,'CiP,'d + T p," Cyke, (C.64)
E (u11 pz'vy‘pzpz'v) = 3rp,'Ip,p,'c; (C.65)
B (ujy B,'VV'B,R, 'Y = B,TR,R, "Gy * 27U, IR, 'Cy (€66
E (ujy py'VV'PiP,'V) = T PyIP1PyC; * 27 P, 'Ip,p, "¢y (C.67)
B (g, P, W) = oyt pptd v FUppteyne (c.68)
E Gy Fips T3 - " Boidiny B ¥ opplty Bt B (Ca58)
B R BT DS M By IR, ™ TR B G, WG
E (ul1 ujz) = To; (C.71)
E (W, uj, p,'w) = %Gij p,'d + rop’ Ci#C; el 72
Eluy, Ui, Py vv'p, )= ro;; P,'Ep, <+ 2r p,' ¢, pl'gj (C.73)
E(uy, uj, p'VV'P,)= T20;5P, 2P, + Py'C3P,"C5 * 7P, "C5P,'C
(C.74)
En i %(uil+uj2)3gl'y) = %(oiz+2rcij+oj2)(pl’ci+rp1'cj) (8. 75)
E G (uy, u;,)%) = L (0,2 ¢ 2roy; + 0,2)2 (@.76]
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Substituting C.39 to C.48 and C.55 to C.76 into C.54 gives

B (Pyy Pj2) = Piy Py

ﬁ
o
[ eV
+
@|+~
[ aW
*
[ e ]
—

1= fpo © ippit

-~ -~

* p,' e +71p e, +pye,

-~ -~ -~ -~

7oAy OSy ¥ PyR g (e

+ %(p,' IaIp, * T?pIT4I p, + p,I+Ip,)

+ El'q*el + %r(pl'd*e

o * Py'dxe )+ p,'dre,

- 3('p, 'e,p, 'd+p, ‘e ae1+hp, "e,p, 'd4p, Tesne;)

- -

Exir 1 2 2
Cs py'e P, d4rip e ne vhpy te,p; "derTp, e ke, )

* Ty BBy TR, "By 1By " BaPs 'O RS B M)

* 2APi SaPati TR "SRy " RutER 8200 "eutps "Rapy T 03

+ e ! T 2 ' '
DhiC P, * EISgEesB s gy

~ ~ ~

1 1 1
- C. + rc. + Ldxc. + Lrd=xc.
P (~1 k| e . ~J)

1
SRS lfon & 1G5 B EdRCL « Pailae D

(continued)
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L
P, ' (65+Te))p, " + TP, te (e eTey)

-~ ~ ~

Lp: ; ! 'd + U < FINCE:
3 (Cy*Tei)Ry"d * TRy ey r(gyrrey)

~

'(c.+rcC. 'd + 2p 'e C.+rcC.
p,"'(cy ~J)Ig1 d P, ~1*(J J)

~

P,' (c5+rc;)p,'d + 2p,'e,a(c +re;)

1 1 o 1 (]
3p1 =15 (Si+rfj) 3?2 €0, (§j+r§i)

D,'e ?2'(Sj+rgi)'?2'?291'(Ei+rgj)

TR, "8, Lpy "t legta s dte,  egtre, ))
L (0i2+2roij+oj2)

%0;2(p *p,) "d- %(py+T?py e ey

5 18R ) O Rl g oy

l/zrc’ij(131+?z)'d' r(E1+Eé)?i*§j

4T (0324270, 5+052) py'e, + p,'c; p,lCy

'ce.p 'c. + 1 'c. + 12p ! "o
TRy C4PalCh FPA"Cy P2 r El Ez Sl

q C.
L = - ey

(continued)
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* l’Z(C’iz"kzr"ij”’jz)(131"?1”32"32)

* By Sl fegtlTny) * B8

S5 By'leytare;)

2 1 ' 2 1 '
+ - . * . 2
By Sl 55 T ERy 5P Y

- x5 2 o o .2 '- ' .
12(Oi +2r013+03 )(El Sy * P, SJ)

-~

- 1’21”(‘312"2”ij * °j2)(?1'fj * Py'cy)

d
% E(Giz i zroij i sz)(ciz"' Zroij i sz)) (C.77)

which upon rearrangement equals
L 2 2
pi1pjz{(1+2(°i + Zrcij + oy )Yl ®apy e,

FRy By - - &y - TTEy)

L ?2'(?2 - %d - Cj - r?i))

~ ~

+

- L _ - 2
@, "le; - 4d -¢; - vcy))

P @a'(ey -k gy - oxe;))?

+

P,'(e;-%d-c5-rcs) p,'(e,-kd-c;-1cy)

+

1 2 2y2
3 ( bi +2r°ij+°j ) (El+92)'g*g)
* % (p,'ZaIp, *+ p,'I*Ip, + r’p, 'I4Ip,)

-~ -~ ~

(continued)
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sr(p,'dxe, + p,'dxe ) + pl'd*el + p,'dse

~ -~ ~

2
(3p, + rzgz)'?l*?1 - (3p, + r2p,)'e,*e,
axlpy *Ppd Bi%es ~ Tl * pu)'e Piley
200y "8gPy ey ¥ Ba"BaPa'ee * Tpytespy tep)
35rpy'ez(pi'er + pa'ep)

¥ pi'eiptd * ppteapy'd)

@ (pa7g * Lo * Iyl ¥IEE 2 Uy “ety))

p;'(rey+2e;) = (ci+rc.) + pa'(re;+2ey) % (cj+rci)

p1'(ej+2rey) pl'(Ci+er) - p2'(ez+2re;) Pz'(Cj+rCi]

g pel ety = Rpyrp) e e

r(py + p2)' Ci%C; (C.78)
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Three simplified expressions, derived from C.78, are:
1) General expression neglecting 4th power terms
: - - 2 V)
(Pil P7¢) = Rig Pj2(1 + B Py 4 Zroij * 9y )
* p1'€y * pPylez ¥ rpyYes
1
- %(py + p2)'d
- pl'(ci + er) - p?_'(cj + I‘Ci))
(C.79)

2) Binomial logit expression neglecting 4th

power terms.

E (py P2) = p1 p2 (1 + o2 ((%-p1)(l+r-p;) + Tp1P2

+ (%-p2) (1+r-p,)) (C.80)

3) Binomial logit expression including 4th power

but for

s g P SpPar Pom andig = I9p

E (pp) pp 0 + ¢2q(2-3p)

+o%q(2-14%p + 27p2 - 15p3)

PP + o2pq(2p-3p? + po? (-4%p+2q - 12pq + 15p2q))
(C.81)
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Appendix D.

Some additional tables relating to chapter 8.

Table D.1 Foot-shape scores recorded at two times by
two observers on 97 lambs.

Score pattern ]
observer 1 observer 2 |
am pm am pm ;| frequency

32

WLWWWW s s E s s s s WM
Www ErswF s s s N

wWwwUwuwuww s EEsnEEsvNNE&FEEUWUV
WEVWEUNWEFEVLUVIEVMTEMTEEUV =W
W= 2 W2 =220 20 W

Table D.2 Foot-scald scores recorded at two times by

two observers on 97 lambs.

Score pattern

(]
I
observer 1 observer 2 |
. am pm am pm | frequency
0 0 0 0 | 80
0 1 0 0 | 1
1 0 0 0o | y
1 1 0 0 | 3
1 1 0 T 3 2
1 1 1 o | 1
1 1 1 1 6



Table D.3 Foot-rot scores recorded at two times by

—-—

Score pattern

observer 1

two observers on 97 lambs.

observer 2

i
i
am pm am pm | frequency
0 0 0 0o | 90
1 0 0 0 | 3
1 1 0 0o | 1
1 1 0 1 4 1
1 1 1 o | 2

Table D.4a Experiment data for

YR B1 B2 3 SX SR

1

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

P T S S G W T U T W W T ST Y

R TR TR T T T O Y Y Y J A N IO N I
T S g N S S S

[}
A A At a0 0000000000000 OO

[ T T I |
P

O 0002000202020 2020202020020 20=20-=

WWMNHN =2 0o NTNEEZTWWNH NN 2233000V NEEFWLWWNLND = =

1980 lambing

L5 L4 LS LR HN HS5 HU4 HS
33 6 6 1
41 9 2 0 4738 9 2
30 4 1 0
20 9 0 03026 4 1
21 8 1 0
31 17 4 1 47 33 12 6
23 12 3 0
26 5 1 03230 1 0
23 3 0
19 6 1 12621 5 5
31 3 0 1
23 5 1 12815y 3 1
46 8 1 2
50 4 1 25252 0 2
BRI i@ 38 1
49 11 4 3 57 44 11 15
35 19 13 1
35 17 5 2 54 47 716
33 11 5 1
42 8 4 251 46 5 16
2 ge 7 2
23 15 1 3 4 35 T 13
37 a6 2 3
33 11 4 2 49 41 7 17
27 30 16 U
3022 6 16253 U425
0.9 7 1 |
11 7 1 21915 2 8
10 6 5 2
7 6 2 216 8 7 T
T3 2 |
6 10 2 0 17 10 6 3

HR

TN

36
10
21
18

25
41
23
U6
uy
35
38

57

Ui

TS5 T4 TS TR
28 8 0 1
8 2 0 O
137 3 1
17 1 0 O
& 1 1 3
18 7 1 1
4o 1 0 O
21 26 3 6
25 16 3 §
30 9 0 4
17 12 2 3
26 8 0 4
S8 W5 2 10
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Table D.4b Experiment data for 1981 lambing

YR Bd B2 B3 S5X 3R LNLS L% LS LR HN BS HY HS HR

-1 1 1 8674 21 0 06958 11 0 1
-1 1 @ 855 3911 0 O
-1 1 1 9472716 0 04 36 8 0 O
-1 ] € 8318 g 8 ©
-1 1 1105238 8 0 04944 4 0 0
= 1 010372510 0 O
-1 ] 11 Dez2g 12 0 0gp28 # o @
-1 1 01142712 0 0
-1 ] 10258 172l @ @ H9'm9 20 © 6
-1 1 012512020 0 0
-1 1 193 321612 g @B &5 @ ©
-1 1 013 483013 0 0
-1 =l | w30 p 1@ @ pDEWEI T W B
-1 =1 & fB7 w21 71 0
-1 -1 1 83123 8 2 13021 9 0 0
-1 -1 0 820 13 6 0 1
-1 -1 1 91912 6 0 01812 6 0 1
-1 -1 0 92214 7 0 0
=1 -1 1021 10 5 2259] 8 3 3
-1 -1 0102617 8 5 2
-1 -1 111391517 8 4 40 16 19 3 4
-1 -1 0112015 3 1 0
= =1 Q@120 ¢ 7 2w 42 T 5
-1 -1 0122317 6 2 2
-1 =] (BBl @e 8 ¢ O/BBIGe 7 § 2
-1 -l el B @ 1
-1 -1 114 33 17 14 1 036 18 16 1 2
-1 -1 0 14 4 25 13 0 0
-1 -1 115332013 1 0332012 0 2
=] -1 0152615 9 0 0
-1 -1 116 4 33 11 6 144 2021 2 5
= -1 016 4030 9 3 0
-1 -1 1172214 5 6 42012 4 3 6
-1 -1 017 3% 21 12 3 3
-1 -1 11830 19 10 0 129 1413 0 4
-1 -1 0182414 8 0 1
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Table D.5 Estimates of breeding values for the trait

Sire

—
O\ OO EWN =

—
-

—_
w

— b b
o =

n N PN == =
=W nN—= oOwoo

NN N
O oo

wwwww
sEwWMhH -0

foot-shape score - obtained by various methods.

Method
MLM
L54

. 401
.258
.138
077
-, 082
.285
.U96

481
. 438
.055
.087
=113
.663

.249

= 10
-.139

. 387
.2U45
.240

-.040

.086
« 5

.528
.348
.2L9
179
.022
.030
.034
.059
149
.195
. 1405
454

and Trait
OLS MLM OLS MLM
I£S) L5 LS H54
.093 . 394 .088 .8041
.074 . 252 .069 -.0010
. 037 . 132 .032 -.2286 -
.027 .072 .023 -.1799 -.
-.032 -.083 -.020 .0633
-.080 -.273 -.070 .3618
-.118 -.495 -.122 -.8198 -.
. 166 .us58 3188 .3149
. 143 . 425 .120 -.3998 -.
-.013 -.071 -.021 -.0383 -.
-.027 -.087 -.026 . 1546
-.049 -.085 -.027 - -=.0370 -
-.220 -.639 -.178 .0055
. 146 .204 .08y .3463
-.036 =.227 -.094 -.0769
-.110 .023 .010 -.2694
.164 413 . 129 .5822
. 125 . 198 .064 .0995
.099 .228 .066 L4064
-.015 -.057 -.019 .3676
-.045 -.063 -.021 .0893
-.327 -.718 -.219c -1.5U452 -1
.226 .525 . 192 .4287
127 . 347 . 107 -.2825 -.
.118 .226 . 082 .4785
.079 171 .061 -.4109 -
.012 .019 . 007 . 3266
-.023 -.009 -.004 -.0345
-.015 -.036 -.014 -.1808 -.
-.011 -.088 -.032 .1973
-.053 -.158 -.052 -.1262
-.093 -.179 -.067 -.4844y -
-.210 -.324 -.114 -.5097
-.156 -.493 -.165 .5980

MLM
H5

: 7 987
.0114
.2396

1868

.0527
. 3685

7949

.2977

3932
ou11

. 1359
.0553
.0559

.4021

-.0997
-.3024

.5819
. 1097
.3786
.3438
.0836
4977

.3694

3245

L4175
.3588
.2652
.1109

2080

. 1503
-.1694
.3140
-.4881

.5496
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Table D.6 Estimates of breeding values for the traits
presence of foot-scald and presence of foot-rot,
obtained by two methods.

Method and Trait

MLM OLS MLM OLS
Sire Scald Scald Rot Rot
I -.410 -.022 .314 .021
2 -.366 -.025 .156 .016
3 .804 .050 -.081 -.005
y -.284 -.021 .023 .003
5 -.378 -.026 -.176 -.016
6 .252 .019 -.183 -.016
T <383 .026 -.053 -.004
8 -.215 -.025 -.093 -.009
9 -.U433 -.049 -.027 -.003
10 .113 .04 .066 . 005
11 . 320 .038 -.154 -.013
12 -.294 -.038 1 481 .017
13 .509 .060 .026 .002
14 231 .038 .030 .006
15 -.322 -.055 -.218 -.042
16 .090 .016 . 187 .036
17 not estimated because no lambs in this
22 mating-group had either foot-rot or scald.
23 -.685 -.069 -.116 -.017
24 . 3BV .031 -.267 -.026
25 -.356 -.038 .011 .000
26 .883 .091 .284 .035
27 -.629 -.070 -.226 -.037
28 1.011 .095 .724 .089
29 -.729 -.075 .000 -.001
30 -.582 -.058 -.305 -.038
31 -.629 -.055 -.344 -.037
32 1.258 .129 . 322 .042
33 .700 .072 241 .028
34 -.599 -.054 -.324 -.037
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