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Abstract

Piecewise-linear maps describe the dynamical behaviour of a wide variety of physical sys-
tems that switch between different modes of evolution, such as optimal control systems,
mechanical systems with contact events, and social and economics systems involving de-
cisions or constraints. This thesis focuses on a canonical form for two-dimensional con-
tinuous piecewise-linear maps, known as the border-collision normal form. Recent work
showed that where the normal form is orientation-preserving it can exhibit chaotic dynam-
ics that is robust in the sense that it occurs throughout an open region of four-dimensional
parameter space. In this thesis we rst use renormalisation to partition this region by the
number of connected components of the chaotic attractor, revealing previously undescribed
bifurcation structure in a succinct way. Next, we prove that in part of this region the
attractor satis es Devaney's de nition of chaos, strengthening existing results. Here we
also show that the one-dimensional stable manifold of a xed point densely lls a two-
dimensional area of phase space, and identify a heteroclinic bifurcation, not described pre-
viously, at which the attractor undergoes a crisis and may be destroyed. We then generalise
the results to the orientation-reversing and non-invertible parameter regimes of the normal
form by developing new ways of constructing trapping regions and invariant expanding
cones that establish the existence of chaotic attractors. Bifurcations of the attractor are
explored numerically by using Eckstein's greatest common divisor algorithm and compar-
ing the results to those generated through renormalisation. Finally we extend the study to
higher dimensional maps by constructing a novel trapping region foNtamensional
border-collision normal form.
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Chapter 1

Introduction

Dynamical system®fer to behaviour evolving in timéynamicgefers to the fact that the
system either settles to a steady-state, keeps repeating in cycles, or exhibits more compli-
cated behaviour, and is somethigdignamicistsanalyze and study. Dynamical systems as a
subject emerged in the mid-1600s with the development of differential equations by Isaac
Newton in regards to his discoveries of laws of motion and universal gravitation [133].
In this way the dynamics of natural phenomena can be studied in terms of mathematical
models. In applied mathematics and natural sciences, thenbatimematical modekpre-

sents a description of a system (an ensemble of interacting elements that act according to a
prescribed set of rules) using mathematical concepts. Usually, mathematical models [136]
can be realised in many forms like dynamical systems, statistical models, or game theoretic
models. Notable examples include mathematical models describing the motion of planets,
the swinging of a pendulum, uid ow, and population growth, to name a few.

Many dynamical systems are described waittiinary differential equationsvhere time

is a continuous variable, given by

daxX _ oL
ot f(X;t); (1.1)

or difference equationsvhere time is a discrete variable, given by
Xt = f(Xt 1,t) (12)

Difference equations are sometimes referred totersited mapsor simply mapsif the
variablet does not exist on the right side of (1.2). Maps arise as Poincaré maps of ordinary
differential equations. For any poirton a cross sectio8, we follow the solution to the
ordinary differential equations around to its next intersection B8itf? (x), giving us the
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Poincaré mag®. Other representations of dynamical systems inclalial differential
equations delay differential equationsandcellular automata which are not within the
scope of this thesis.

In the above equations the variab}sandX, are the state variables of the systems and
can be either a scalar or a vector quantity. The fundtioapresents the rule according to
which the systems evolve over time. The model formulation (1.1) assumes that the rate of
change ofX is determined by the value &f, and the value of. Also for (1.2) the value
of X at the current time step is determined by its value at the previous time step, and the
value oft.

In the following discussion we assume for simplicity that the equations (1.1) and (1.2)
de ne unique solutions (forwards in time, and given a suitable initial point). To determine
the behaviour of solutions to (1.1) or (1.2) it is helpful to workphase spacewhich
is the space of all possible values %f In this space solutions are curves, for (1.1), or
sets of points, for (1/2), parameterisedtbyeach is called aorbit or atrajectory, and the
representation of these orbits in the phase space is callptitise portraiof the dynamical
system. An orbit can bperiodicwhen the solution of the dynamical system repeats over
time. We also see lamit cyclewhich is a periodic orbit that is isolated from other periodic
orbits. But when analysing a mathematical model the researcher should always keep the
famous quote by statistician George Box in mindsll“models are wrong, but some are
useful. For example, a pendulum may be modelled by

d? .
mW+ ksin()=0; (1.3)

q_
wherem is the mass, X is the natural frequency of motion, andt) is the angle of

m
displacement. This model disregards friction and displacements outside the plane so is an
approximation to reality but allows us to understand the behaviour of pendulums quanta-
tively.

One is often interested in the long term behaviour. The behaviour can be constant,
periodic or more “complicated”, meaning that the solution is an irregular function of time.
For the differential equation (1.1) zero of f where‘g—f = 0 is called anequilibrium,
whereas for the map (1.2) a solutionftX ) = X is called axed point. Equilibria and
xed points are the simplest kinds afvariant setsde ned precisely in Chapter 2.

The notion ofstability is also de ned precisely in Chapter 2 but we outline it here. A
xed point is stableif for any initial condition close to the xed point, the orbit remains
in the vicinity of the xed point. If it is not stable it isinstable meaning there exists an
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initial condition close to the xed point from which the orbit will diverge away from the
vicinity of the xed point. More generally an invariant set is attractor if all nearby orbits
converges to it and it satis es an indivisibility property.

Even when/(1.1) and (1.2) have a unique attractor, the valXe afflarge and interme-
diate values of can be highly sensitive to the initial condition, making long term prediction
of the system behaviour impossible, even though the systems are deterministic in nature.
This behaviour in general is describeddmos The high sensitivity to initial conditions
is popularly known as théutter y effect This term emerges from the Edward Lorenz
paper:Predictability: Does the Flap of a Butter y's Wings in Brazil set off a Tornado in
Texas?[91]. Chaotic dynamics has applications in elds including sociology, computer
science, ecology, economics, physics, biology, and more. One application of particular sig-
ni cance to this thesis is in the eld of cryptography, where the encryption algorithms use
the initial conditions of different chaotic maps as their keys [16]. The chaos provides an
effective and ef cient way to scramble a message in a way that seems random but is deter-
ministic so can be deciphered given knowledge of the chaotic map. A type of bio-inspired
computing, known as DNA computing, exploits chaos theory for image encryption pur-
poses and has several applications in the computational sciences [9]. Another application
area of chaos theory is population dynamics which exhibits a wide array of chaotic be-
haviours [42,90], useful in predicting how a population evolves within an ecosystem over
time. In economics and nance, chaos theory can be applied to improve models [21,77,84],
given the fact that economic and nancial systems are often highly stochastic in nature.
Quantum physicists often try studying the dynamics of chaotic classical systems in terms
of quantum theory and mechanics giving rise to the eldjontum chaofl7,65]. Chaos
theory has also been extensively applied to correctly describe the dynamics of planetary
motions [100].

A dynamical system usually depends on a set of parameters and the qualitative structure
of the system can change under the variation of one or more parameters. Examples of
gualitative changes include the creation and destruction of xed points or a change in their
stability. These abrupt qualitative changes are referrdalfascationsand the parameters
at which they occur are calldalfurcation points The number of distinct parameters that
must be varied for a bifurcation to occur generically is thelimensiorof the bifurcation.

One of the simplest codimension-one bifurcations is ghddle node bifurcatiomvhere
two xed points move towards each other, collide and mutually annihilate. All types of
bifurcations can broadly be placed into one of the following two groups:

1. Local bifurcation A bifurcation is local if the change in dynamics occurs in an
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arbitrarily small part of phase space.

2. Global bifurcation A bifurcation is global if it is not local.

In many mathematical models, such as the above pendulum model, the equations of
motion are smooth. This thesis concerns models for which the equations of motion are
piecewise-smooth (PWS) [35]. A PWS map on a phase spa&®N is a map of the form

Xi+1 = f3(Xi); X 2Sy; (1.4)

whereS; are regions that partitioB. Also eachf ; is asmooth functioni.e., it has con-
tinuous derivatives up to some orderSp. PWS equations apply to physical systems with
switches, impacts, and other abrupt events. These kinds of systems are pervasive in nature,
ranging from diverse engineering applications [8] to gene switching [45] and cryptogra-
phy |7¢9]. Maps of the form (1 4) arise as Poincaré maps of PWS differential equations,
with speci ¢ applications including systems from mechanics with friction [3,18,20], power
electronics |1z, 76, 144], and ecology [6,31, 111]. For example, objects in contact switch
between being stuck due to static friction and sliding across one another, giving rise to
PWS equations of motion. In ecology, PWS models describe population dynamics with
selective switching between alternative habitats or diets. PWS maps have also been used to
model a wide variety of discrete-time phenomena in economics |23, 70, 86]. A signi cant
example is the Hicksian trade cycle model. Hicks used a piecewise-linear model of a trade
cycle to popularise the idea that endogeneous uctuations could be coupled in a nonlinear
phenomenon with a growth process, see |50,114]. Other application areas of PWS systems
include neurodynamics [29, 118] (adding non-smoothness to the model helps mimic the
dynamics of individual neuron spikes associated with the corresponding bursts) and game
theory [107]. Also, from a theoretical perspective, PWS systems can exhibit complicated
dynamics yet are relatively amenable to an exact analysis. For this reason, they provide a
useful tool for us to explore complex aspects of dynamical systems, such as chaos.

This thesis revolves around a piecewise-linear family of maps for which phase space is
separated into two regions by a lineavitching manifold The family will be de ned later
but here we motivate it by considering an arbitrary PWS mafRbn Under parameter
variation an invariant set of the map can collide with a switching manifold. This type
of bifurcation is unique to PWS systems and termeatisgontinuity induced bifurcation
The simplest kind of such bifurcation isbarder-collision bifurcationBCB) which occurs
when a xed point collides with a switching manifold [35, 126]. This is a local bifurcation
and our focus is on understanding what dynamics is created in the bifurcation, which, as
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will be explained shortly, leads us to the piecewise-linear maps that will be studied. Note
that the term BCB was coined by Nusse and Yorke in 1992 in their pioneering paper [102],
but BCBs were considered much earlier e.g. [22,47, 48] and termed C-bifurcations in the
Russian literature. Experimental demonstrations of BCBs can be found in both circuit
systems [11,, 74] and mechanical systems [106].

Next we describe three ways by which BCBs arise in Poincaré maps. First, let us con-
sider a PWS ODE or a hybrid system (i.e. a combination of ODEs and maps), and let us
suppose that under parameter variation a limit cycle collides tangentially (grazes) a switch-
ing manifold. This is called grazing bifurcationor asliding bifurcationif sliding motion
is involved gliding motionrefers to a novel type of evolution constrained to a switching
manifold) 49,126,138]. Poincaré maps associated with grazing and sliding bifurcations are
PWS. Different sorts of grazing and sliding bifurcations give different degrees of severity
in the nonsmoothness of the map, e.g. many give a square-root singularity. Of the various
sorts, the so-called grazing-sliding bifurcation gives a continuous map that is asymptoti-
cally piecewise-linear and hence relevent to the map studied in this thesis. One application
of grazing-sliding bifurcation has been reported in an application in power system elec-
tronics [26]. In another study, it was reported that sliding bifurcations play a vital role
in understanding the dynamics of dry friction oscillators [39]. Other applications where
grazing-sliding bifurcations have been identi ed include relay control systems |30, 37].

Many PWS ODE models have several switching manifolds that intersect or have a
corner. For example, simple mathematical models of DC/DC power converters include two
switching manifolds, one for periodic switching events and the other for where the current
is brought to pause. These manifolds intersect and form a corner [34, 144], and when a
periodic orbit collides with the corner the resulting PWS Poincaré map is continuous and
asymptotically piecewise-linear so provides a second scenario where our BCBs arise. This
is because at a corner collision there is no smooth component of the switching manifold
that is tangent to the periodic orbit and so no square-root term arises [25, 36, 126].

Third, hybrid dynamical systems, when subjected to a time delay in the switch, have
solutions with corners occurring at points beyond the switching manifolds [123]. Except
under parameter variation as a codimension-one bifurcation, termestear collision
these corners can occur on switching manifolds when the time delay is non-zero [124].
Poincaré maps for event collisions are also continuous and asymptotically PWL.
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Now consider a continuous, asymptotically piecewise-linear map

8

< . .
Xis = fL(Xi)1 S(Xi) O’ (15)
- fr(Xi); s(xi) G

wheres is a smooth function de ning the switching manifold ahd andf r represent the
functional components of (1.4) for pieces of the map either side of the switching manifold.
Let us suppose a BCB occursxat= 0 when a parameter = 0. We apply a coordinate
transformation to (1.5) and Taylor expahd andfr to rst order by assumind_ andfg
areC! to get the form

8
Ko = F (k0 )= .<AL( )i+ b( ) + okxik; ); e[x; O (16)

CAR( )X+ b))+ okxik; ); efxi O

where represents other parameters of the nuékx;k; ) contains the higher order non-
linear terms. Because and are small, the linear terms domindte, withJ = L;R.
Then, by dropping the nonlinear terms the following piecewise-linear approximation can

be obtained:
8
CSALOXHD); elx O

Xisw = F (X555 )=,
“AR()Xi+tb(); eixi O

(1.7)

Note that by the assumed continuity of the mgpandAr differ only in their rst column.

A second coordinate change can be employed to transfégrandAr to companion ma-
tricesC. andCr respectively, andb to the vectore;. This is always possible unless (1.7)

has a degeneracy (non-observable) as explained in Chapter 2. This form is now a normal
or canonical form, given by

8

< . T .
Cxi+te; e X 0O

Xivg = LA 1 1N (18)
- CrXj+e€; eixi O

where the companion matrices are

CJ = MJ (19)

O:::O;

where,M; 2 RN, andl isthe(N 1) (N 1) identity matrix. This form is called



the border-collision normal formand includes (up to a change of variables) almost all
continuous, piecewise-linear maps with two pieces, and does so with a minimal number of
parameters [102,129]. In the two-dimensional case, which is very central to this thesis, we
can write the companion matrices as

C, = : (1.10)

where ; is the trace ofC; and ; is the determinant o€;. The dynamics of the border-
collision normal form can be very rich even in only two dimensions, see [10, 54, 125].

Banerjee, Yorke, and Grebogi in their pioneering paper [14] identi ed an open pa-
rameter region gyg R* (to be de ned below) throughout which the two-dimensional
border-collision normal form has a chaotic attractor [58]. This is an exampieboist
chaosin the sense that it occurs throughout an open region of parameter space [143]. Ro-
bust chaos does not occur for generic families of smooth one-dimensional maps as these
have dense windows of periodicity [139], but is typical for systems with suf ciently many
dimensions [60), €1], a well-known example being the Lorenz system [64, 137]. One can
impose further requirements on the robustness, such as that the attractor varies continu-
ously with respect to Hausdorff distance [57] or with respect to its invariant measure [5].
Robust chaos is a desirable phenomenon in practical applications that exploit chaos. For
example, in chaos-based cryptography [79], robust chaos is favoured as periodic windows
in the key space can be taken over by an attacker to break the encryption [4]. Robust chaos
can be useful to devices that have advantageous functional characteristics when operated in
a chaotic regime, for example, power converters [28], optical resonators [89], and energy
harvesters [82].

The motivating goal of this thesis is to study the bifurcation structure withijpg
and beyond to show how the family of maps they considered naturally subdivides through
renormalisation[93, 122]. Renormalisation was the key mathematical tool used in the
1970's to explain the period-doubling route to chaos by analysing the dynamics of families
of unimodal maps. Renormalisation involves showing that, for some member of a family of
maps, a higher iterate or induced map is conjugate to different member of the same family.
It has also been used in understanding the bifurcation structure of skew-tent maps [72]
and, particularly relevant to our studies, has been applied to a two-parameter family of
two-dimensional, piecewise-linear maps by Pumasdfial. [112].

By applying renormalisation togyg We are able to explain features of the dynamics
described previously by other researchers in a more concise manner, and reveal and ex-
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plain dynamics not reported previously. We further show how the robustness extends more
broadly to orientation-reversing and non-invertible cases via explicit constructions of trap-
ping regions and invariant expanding cones and how the renormalisation can be extended
as well. An extension of these methods to higher dimensions appears promising and this
will be touched upon. Itis hoped that this thesis will be useful to future researchers because
it unfolds many mysteries in the robust chaos parameter region in terms of the topology of
the attractor. The fact that any non-degenerate, continuous, piecewise linear map can be
transformed to the normal form under some coordinate transformation, emphasises the fact
that the results can be applied to all kinds of applications.

The thesis is organised as follows: In Chapter 2 we review the relevant topics and the
background material in a more mathematically precise manner than given above. In Chap-
ter 3 we study the regiongys , Where the map is invertible, orientation-preserving, and
dissipative (for the most part). We apply renormalisation to partition this region by the num-
ber of connected components of the chaotic attractor. This reveals previously undescribed
bifurcation structure in a succinct way. Next, in Chapter 4 we further strengthen the ex-
istence of robust chaos by identifying a subregion where the attractor satis es Devaney's
de nition of chaos. We further show that the stable manifold of a saddle xed point, de-
spite being a one-dimensional object, densely Ils an open region containing the attractor.
We also identify a heteroclinic bifurcation (where the unstable manifold of a saddle xed
point and the stable manifold of a peri@dsolution form an intersection), not described
previously, at which the attractor undergoes a crisis and may be destroyed. This can also
be interpreted as a homoclinic bifurcation where the stable and the unstable manifolds of
the period-three solution also form an intersection.

In Chapter 5 we construct a trapping region in phase space and an invariant expanding
cone in tangent space, showing that the normal form exhibits a chaotic attractor throughout
an open region of parameter space, this time generalising the construction to include the
non-invertible and orientation-reversing cases. The resulting parameter region is again
open so the chaos is robust within this family of maps. The boundaries of the parameter
region are where the construction fails in some way: three of these boundaries correspond
to bifurcations where the chaotic attractor is destroyed. In Chapter 6, we further extend
the application of renormalisation to the non-invertible and orientation-reversing cases. In
Chapter 7 we begin to generalise the constructions tiNtltBmensional border-collision
normal form, but a completion of this task remains for future work. Finally in Chapter 8 we
provide conclusions and direct the reader to future directions. Note that the content in each
of Chapters| 3-6 has been published (or hopefully will be published) as a regular journal
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article, as shown in Table 1.1.

| Chapter

|

Paper title

| Status

I. Ghosh and D.J.W. Simpson, "Renormali-
sation of the two-dimensional border-collisic

normal form" in Int. J. Bifurcation Chaos
32(12):2250181, 2022.

"bublished

I. Ghosh and D.J.W. Simpson, "Robust Devaney

chaos in the two-dimensional border-collisi
normal form." inChaos, 32:043120, 2022

piPublished

|. Ghosh, R.l. McLachlan, and D.J.W. Sim

son, "Robust chaos in orientation-reversi

p_
ngnder Review

and non-invertible two-dimensional piecewise-

linear maps." Submitted ta@:. Nonlinear Sci.

I. Ghosh, R.l. McLachlan, and D.J.W. Simpson,

"The bifurcation structure within robust cha
for two-dimensional piecewise-linear maps."

DS
ifPublished

Commun. Nonlinear Sci. Numer. Simul., 134,

2024

Table 1.1: A list of manuscripts complementing this thesis.




Chapter 2

Background

This chapter provides background on theoretical aspects of discrete-time dynamical sys-
tems, i.e., maps. For more details the interested reader is encouraged to look in Abraham
et al. (1997) [1], Galor (2007) [51], Sandefur (1990) [1.19], etc. We rst reintroduce what

a map is, but in a more technical form. Then we go on to introducing all the background
of this thesis, for example, stability, stable and unstable manifolds, attractors, Lyapunov
exponents, chaos, renormalisation, and the border collision normal form.

2.1 Maps

For any set in RN and any continuous functidn: ! ,i.e, from to itself, amapis
given by
x 7! f (x); (2.1)

where is the phase spacef the map. The map de nes evolution of the dynamical
system by composition with itself. Giverg 2 , letx; = f (Xg). Then,

X2 = f(x1) = f(f (x0)) = f3(Xo):
For all natural numbem 2 N, we have,

Xn = f(Xn 1) = F(f(Xn 2) = [(f(iiif({fZ(Xo))iii); = f"(xo);

n times

for the composition of with itself n times. The poinf "(x) is then™ iterate of x under
f.
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2.2 Fixed points, invariant sets, and stability

This section focuses on xed points and how their stability can be understood in terms of
the eigenvalues of the Jacobian matrix of the xed point.

De nition 2.1. A xed pointof (2.1) is a poinx 2 for whichf (x )= x .
We write B (x) for the ball of radius > 0 centred at a point 2 RN.

De nition 2.2. A xed point x of (2.1) isLyapunov stablef for all > 0, there exists
> 0,suchthat"(x) 2 B (x )forallx 2 B (x )andalln 0.

De nition 2.3. A xed point x of (2.1) isasymptotically stabld it is Lyapunov stable
and there exists> Osuchthat"(x)! x asn!1 forallx2B (x).

Note thatunstablemeans not Lyapunov stable. Now we are going to examine stability
in the simplest case that the invariant set is a xed point. The above de nition can be
discussed in terms of approximation of the map (2.1) near the xed poififom the af ne
approximation

AX)=Df (x )(x x )+ x;

which assume$ is C! atx . Here,Df denotes theN N Jacobian matrix of rst
derivatives. Now notice that Bf (x )v= v ,wherev2 RN and 2 R, then we have

AM™(x +Vv)=x + My;

forallm 0. Here is an eigenvalue oA andyv is a corresponding dimensional
eigenvector. If > 0, the forward orbit of any point on the line through with directionv
will remain on one side of the xed point, while if< 0, the forward orbit hops back-and-
forth over the xed point. Also, at least for the af ne approximatién the forward orbit
of x + v will converge to the xed poinx if j j < 1 and will diverge away fronx if
ji>1

For a complex eigenvalue 2 C, f is invariant on the two-dimensional subspace
spanned by the real and imaginary parts of an eigenvactdr CN. On this subspace
the forward orbits converge to the xed pointjifj < 1 and diverge if j > 1.

For any point (close ta ), the action of can be decomposed into a sum involving a
set of N linearly independent eigenvectors Df (x ), assuming such a set exists. If all
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the eigenvalues dDf (x ) have modulus less thah thenx is asymptotically stablelf

at least one of the eigenvalues of the Jacobian matrix has modulus greatéy tiemx

is unstable Formally these results are a direct outcome of the Hartman-Grobman theo-
rem |66] given below. Before we state the theorem we need the following de nitions. Note
that the eigenvalues &if (x ) are also referred to as tiséability multipliersof x .

De nition 2.4. A xed point x is said to behyperbolicif it has no stability multipliers
with modulus equal td.

De nition 2.5. A functionh : U ! U, with U RN, is a homeomorphisnif it is
continuous, one-to-one, onto and there exists an iners&vhich is also continuous.

Theorem 2.1(Hartman-Grobman Theorem)et the mag beC? and the xed poink be
hyperbolic. Then there exists a neighbourhood ofithin whichf is conjugate tA (x).

De nition 2.6. For a hyperbolic xed poink , if all stability multipliers ofx have mod-
ulus less thard thenx is attracting if all the stability multipliers have modulus greater
thanlthenx isrepelling otherwise it is asaddle

The eigenvalues ddf (x ) for a two-dimensional map can be determined from its trace
and determinant, which we denote- trace(Df (x )) and = det(Df (x )) respectively.
The eigenvalues are the solutions of the characteristic equation given by

2 + =0: (2.2)

Solvingj j =1 produces three cases:

e =1,where = 1,

1, where = 1, and

¢ forsome 2 (0; ),where =1and 2 ( 22).

The xed pointx is attracting inthé ; )-plane bounded by the lines= 1, = 1
and = 1. We get saddle xed points in two cases:

. > land < 1, and

¢ > land < 1

Elsewhere it is repelling, see Fig. 2.1.
A xed point can be generalised to an invariant set.

De nition 2.7. A set isinvariantunderf , if f () =
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2.3 Periodic solutions

This section shows how the above elementary theory for xed points extends easily to
periodic solutions.

De nition 2.8. Foranyx 2 , if there exists a positive integprsuch thaf P(x) = x, then
X is called gperiodic pointof the mapf .

aperiodic solutionof periodp 2, if
f1(x) 6 x;

forallj<p and
fP(x) = x:

The periodic poink in De nition 2.8 is a xed point of f P. In this way the stability
of xed points and their classi cation as attracting, saddles, or repelling can be extended
to periodic solutions. The Jacobian matrixfdfatx is a product of the Jacobian matrices

Figure 2.1: The stability of a xed point of two-dimension&?! mapf in terms of and
calculated at the xed point.
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evaluated at each point of the periodic solution, speci cally
Df P(x) = Df (fP 1(x)) :::Df (f (x))Df (x): (2.3)

In fact each point ¥(x) in the periodic solution of De nition 2.9 is a xed point df?. The
corresponding Jacobian matid P(f ¥(x)) is a product of thgp matrices on the right-hand

side of (2.3) but arranged under different cyclic permutation. Importantly the eigenvalues
are the same for all cyclic permutations thus these eigenvalues are an inherent property of
the periodic solution; they are the stability multipliers of the solution.

2.4 Attractors

In this section we start by de ning a forward invariant set and a trapping region followed
by the de nition of attracting set in terms of a trapping region. We also de ne topological
attractors and Milnor attractors.

Note we writeint( ) for the interior of the set.

De nition 2.10. A set is
1. forward invariantif f () , and

2. is atrapping regionif it is non-empty, compact, anid( ) int() .

For a forward invariant set , the restriction of to isamap on . This is denoted
by fj . All the theories developed for maps naturally apply to the restrictions of maps to
forward invariant sets. Furthermore, the iteratfoi* () fi() foralli O (which

follows from 1), means the set$() form a nested sequence.

De nition 2.11. An invariant set is said to be arattracting setof f if it has a
trapping region such that

= f'(): (2.4)
De nition 2.12. An attracting set containing a dense orbit is said to bepalogical at-
tractor.
The above de nition ensures that attractors do not contain smaller attracting sets [63].

De nition 2.13. The set of all points whose forward orbits converge to an invariant set
is called thebasin of attractiorB() of
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Theorem 2.2. Let be an attracting set of a continuous mgp ! . Then s
non-empty, compact, and invariant.

For a proof of the above theorem, refer to [43]. Next, we deMignor attractors[98]
in the following way:

De nition 2.14. An invariant set is said to be Milnor attractor if
1. the basin of attractioB () has positive Lebesgue measure, and

2. for any closed, invariant, proper subsét , B() nB( 9 also has positive
Lebesgue measure.

The basin of attraction has positive measure ensures that the orbits of some random
initial conditions converge to the attractor and hence is the structure that we will actually
observe. The second condition guarantees that every part of the attractor plays an important
role. This points towards the fact that a Milnor attractor is not always a topological attrac-
tor, because its basin of attraction does not need to contain a neighbourhood of the attractor.
The Feigenbaum attractor [98] corresponds to the limit point of the period-doubling cas-
cade in the logistic family of maps and is a nice example of a Milnor attractor that is not a
topological attractor.

2.5 Stable and unstable manifolds

In this section we rst de ne what an invertible and a non-invertible map is, before delving
into stable and unstable manifolds. These manifolds, being the simplest global invariant
manifolds, play quite a substantial role in de ning the global dynamics of the map.

De nition 2.15. Amapf : ! isinvertibleif it is one-to-one and onto. Otherwise, the
map is non-invertible.

If f is invertible, a backward orbit can be generated by iterating the points finder
This brings us to the de nition of areimage

De nition 2.16. A preimageof a pointx 2 isapointz 2 for whichf (z) = x.

The mag could be locally invertible, even though it is non-invertible. Fromitiverse
function theorenit could be said that if is C* andDf (x) is invertible atx 2 int( ), then
there exists a neighbourhodd of x suchthaf : N ! f(N) is a diffeomorphism.
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De nition 2.17. If det(Df (x)) > OthroughoutN thenf is orientation-preservingnN ,
and ifdet(Df (x)) < OthroughoutN thenf is orientation-reversingpn N .

De nition 2.18. Let be an invariant set df. Thestable manifoldf is
We()= fx2 jf"(x)! asn!lg ; (2.5)
and theunstable manifol@f is
WY()= fx 2 |x hasasequence of preimages converginggo (2.6)

If WS() andW"Y() intersect, their intersection givé®moclinic orbitshat converge
to bothasn!1 andn! 1 . Orbits that belong to the stable manifold of one set
and the unstable manifold of a different set are cahlleteroclinic orbits A point on a
homoclinic orbit is said to be Bomoclinic pointand a point on a heteroclinic orbit is said
to be aheteroclinic point

If a xed point x of the mapf is repelling, it is plausible that its stable manifold
W3(x ) consists of more than just the poit whenf is non-invertible. Moreovex can
have a homoclinic orbit, and this can imply chaos under certain conditions, whease
termed asnap-back repellej95, 9€].

Next we de ne the stable and the unstable subspaces that explain how stable and unsta-
ble manifolds emanate from xed points. These refer to generalised eigenvectors which are
needed to accommodate Jacobian matrices that are non-diagonalisable, i.e. the geometric
multiplicities of their eigenvalues are not all equal to the algebraic multiplicities. Recall,
if is an eigenvalue of a matrik with algebraic multiplicityk, any non-zero vector in
the nullspace of I  A)X is a generalised eigenvector corresponding.t&veryN N
matrix A has a set oN linearly independent genearlised eigenvectors, see: [104].

generalised eigenvectors Af We can writevx = uk + iwy and denote the corresponding
eigenvalue asy 2 C.

1. Thestable subspacef A, given byE?, is the span of alli, andwy for whichj j <
1, and

2. theunstable subspacef A, given byE"Y, is the span of all, andw for which
> 1
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If f is linear, thenW*® andW" are the linear subspacgés andE" respectively. Then,
the number of stable and unstable eigenvalues give their dimensions respectively. For a
hyperbolic xed pointx andA = Df (x ) if f is nonlinear thetWs(x ) emanates from
X tangent tcE*S. This works similarly forVY(x ).

2.6 Lyapunov exponents and chaos

The concept of chaos has been introduced in a qualitative way in Chapter 1. In this sec-
tion we try to understand chaos in a more mathematical way, rstin terms of maximum
Lyapunov exponents and then providing a de nition by Devaney. Various non-equivalent
de nitions of chaos have been also used in the literature, see [120].

The Lyapunov exponemnheasures the asymptotic rate of separation of in nitesimally
close orbits of a dynamical system, i.e., the rate at which nearby orbits converge or diverge.
This rate varies for different alignments of the initial separation vector. Oseledet's theo-
rem 52 says that there exists a spectrum of Lyapunov exponents, equal to the number of
dimensions of the dynamical system. Of these Lyapunov exponents, the largest one is said
to be themaximal Lyapunov exponerf positive maximal Lyapunov exponent refers to an
exponential instability and is indicative ohaos

De nition 2.20. According to Devaney [15,32], for an invariantset , amapf is said
to bechaoticif the following conditions are satis ed:

1. f istransitive, i.e, for any two open sets; » with {\ 6 ?and ,\ 6 ?,
there exist:i O, suchthat"( )\ ,6 ?,

2. periodic points of are dense in, and

3. f displays sensitive dependence on initial conditions, i.e., there exists a positive real
number such that for every point 2  and every neighbourhodd of this point
X, there existy 2 N andn 0 such that the distance betweet(x) andf "(y) is
greater than.

Note that condition (3) is redundant, see [15].

2.7 Bifurcations

We have already de ned what faifurcation is in Chapter 1. The simplest types of bi-
furcations take place when the stability of a xed point changes, or more generally the
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dimension of its unstable manifold changes. The three generic ways this can happen are
when an eigenvalue attains the valuésaddle-node bifurcation), 1 (period-doubling bi-
furcation), ore ' for some0 < < (Neimark-Sacker bifurcation) [83]. These are all
codimension-one bifurcations.

At a saddle-node bifurcation two xed points collide and annihilate. At a period-
doubling bifurcation, on the other hand, under parameter variation a period-2 solution is
created, whose stability matches that of the xed point on the other side of the bifurcation.
The bifurcation is termed subcritical bifurcatiorwhen the period-2 solution coexists with
the xed pointwhen > 1, and called &upercritical bifurcationvhen the period-2 solu-
tion coexists with the xed point when< 1. Finally, at a Neimark-Sacker bifurcation,
there exists a complex conjugate pair of eigenvakieés with 0 < < for a xed
point. Under parameter variation, excepting some disallowed valuescafled strong
resonance$83], an invariant circle is created at the bifurcation.

These bifurcations can also be recognised or{ the)-plane (see Fig. 2.1):

1. saddle-node bifurcations occur on the line 1,
2. period-doubling bifurcations occur on the line 1, and

3. Neimark-Sacker bifurcations occur on the line 1 with 2< < 2.

2.8 Renormalisation

Renormalisation [122] was famously employed by Feigenbaum in the 1970's to prove that
the bifurcation values in period-doubling cascades converge at a rate that is independent of
the equations of motion. That is, this rate is a universal constant. Below we explain this
and how we intend to apply renormalisation to families of piecewise-linear maps.

Let a one-parameter family of maps be denoted bywhere 2 R is the bifurcation
parameter. Suppose this family has an in nite sequenggy of period-doubling bifur-
cations where, at each,, a period2" solution emerges. Such a sequence is called a
period-doubling cascadand these are a common mechanism by which chaotic dynam-
ics is created under parameter variation. Such cascades occur over nite parameter ranges,
meaning the sequence converges to some valudJsually the convergence occurs mono-
tonically and between any two consecutive bifurcatiopsand .1, there is a point where
the period2" has a stability multiplier o0.
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Discovered by Feigenbaum in the 1970's, although in fact described earlier by Myr-
berg, see e.g. [101], tHeeigenbaum constaift is a universal constant for period-doubling
cascades. The constdnts the limiting value of="—"— and given byF  4:669

To brie y indicate where this number comes from, lgtdenote the collection of all
unimodal map$ : [ 1;1]! [ 1;1], that attain their maximum value at= 0, and with

f (0) = 1. Then, theeenormalisation operatoR : U! Uis given by,
1 2
(RE)(x) = F°C ax); (2.7)

provideda= f(1),b=f(a),0<a<b< landf(b <a.Given some membdrof U,

R generates another member that is conjugate to the second ftératée can think oR

as an in nite-dimensional map. It has a xed point corresponding to a particular member
of U that relates to the limit ; . It is known that this xed point is hyperbolic and has
exactly one positive (unstable) eigenvalue. This eigenvalue is Feigenbaum's cénstant

2.9 The border-collision normal form

Now the focus of this background chapter shifts from maps in general to piecewise-linear
maps. Applications of piecewise-linear maps were discussed in Chapter 1. The piecewise-
linear map that we focus on in this thesis is therder-collision normal form As given

earlier by (1.3), the\ -dimensional border-collision normal form is

8

SCxite; elxi O
Xi+1 =
- CrXj+ €, eixi O

whereC, andCg are companion matrices aeglis the rst standard basis vector B .
Also recall from Chapter 1 we obtained the more general form
8

CSALOXHRC) elx O

Xiern = F(Xi; 5 )=,
CARCX D) elx O

as (1.7) to describe the dynamics near a border-collision bifurcation. This form assumes
the bifurcation happens at = 0 when = 0. The matricesA. andAr and the vector

b are arbitrary excepA, andAg differ in only their rst columns for the continuity of .

Except in special cases, the map (1.7) can be transformeéd 10 (1.8) via an af ne change of
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coordinates. Here we explain this precisely.
Let us write an arbitrary af ne coordinate transformation as

X7 Tx+q; 7" a; (2.8)

whereT 2 RN N g2 RN anda 2 R. In order for (2.8) to be invertible and not disrupt
the switching manifold we require

1. elT = ¢,
2.e[q=0,

3. det(T) 6 0, and
4. a60.

Actually in condition (1) we only require] T = e ] for some > 0 but if this is possible
we can always impose = 1 by scaling.

The existence of such a transformation requires us to consider the xed points/of (1.7).
If the matriced A_ andl Ag are nonsingular, there are two possible xed points given
by

x3=(1 Aj) b; (2.9)

for J = L;R. Each of these two xed points is said to laelmissibleif it lies on the
appropriate side of the switching manifold or on it. Otherwise it is said taiibeal. Let

T=¢ladj(l Ay); (2.10)

whereadj(M ) denotes thedjugateof a matrixM (for any square matri¥ the adju-
gate exists and satis esdj(M )M = Madj(M) = det( M)I). By multiplying both sides
of (2.9) bye] on the left, we get

b

eTx = —
T det(l Ay)

(2.11)

As the parameter is varied from zero, both the xed points move from the switching
manifold if and only if Tb 6 0, which is therefore a non-degeneracy condition for the
BCBat =0, see|125].
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The coordinate change that we aim to achieve is only possible If (1.7) satis es an "ob-
servability' condition [33]. The paitA_ ; €]) is said to beobservabléf the matrix
h [
O;= efAl ! 10 eA; € ; (2.12)

is invertible forJ = L. This property refers to the linear map/! A, x. For more detailed
discussion see [126]. The following result shows that observability is exactly the condition
we need in order to be able to transform the left piece of the general map (1.7) to the left
piece of the normal form (1.8).

Lemma 2.1. There exists an invertible matrik with e] T = €], such thafTA. T !isa
companion matrix of the fori@;, if and only ofO_ is non-singular.

The next result shows that the same transformation applies to the right piece of (1.7).
This is a consequence of the continuity of (1.7).

Lemma 2.2. Supposd is invertible withe] T = e] andTA_T !is a companion matrix.
If Ar differs fromA_ in only its rst column theriT AR T !is also a companion matrix.

These results lead us to the following theorem that provides explicit formulas for the
components of the transformation (2.8). Again, see [126] for a more detailed discussion.

Theorem 2.3. Suppos®, is nonsingular. Let

T=[A} 'O 'ej:::jJALO, 'ejO, 'er] 1 (2.13)
q=(I C) (e T T)b; (2.14)
a= 'b; (2.15)

for any companion matri€ with|  C non-singular. Then under the transformati(ihg),
the map(1.7)transforms tq1.8).

Theideais that (1.7) approximates the dynamics of a general piecewise-smooth map for
small values ok and (i.e. near the border-collision bifurcation). Since (1.7) is piecewise-
linear, the magnitude of 6 0 can be scaled to unity, so, for purposes of understanding the
dynamics of (1.7) with 6 0, it suf ces to consider =1.

Next, we discuss the border-collision normal form in one dimension, followed by the
normal form in two-dimensions.
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2.9.1 The border-collision normal form in one-dimension

The border-collision normal form in one dimension consists of skew tent maps

8

N (2.16)
X /! .
- RX+1: x O

As we will see this corresponds to the two-dimensional border-collision normal form in the
special case,. = g =0, and it is helpful to view the bifurcation structures described in
later sections as extensions or perturbations from the structure that arises in one dimension.
Here we focus on slopes > 1and g < 1. For any values of the parameters

and g for which (2.16) has an attractor, this attractor is unique. The attractor exists if a
certain condition on the parametersand r is satis ed, i.e., o( .; r) > 0( ¢isde ned
below). However, proving the uniqueness of the attractor is a tedious task and has been
reported by Itcet al.[72,73]. Fig. 2.2 shows typical examples of the attractor using 1

and r < 1 with which (2.16) is piecewise-expanding, so the attractor is chaotic in a
strict sense by the results of Lasota and Yorke [85] and Li and Yorke [88]. In panel (a) the
attractor is the intervdl g + 1; 1] whose endpoints are the rst and second iterates of the
switching valuex = 0. In panel (b) the attractor is a disjoint union of four intervals whose
endpoints are the rst through eighth iteratesxof 0.

For all values of | and g the nature of the attractor is well understood [94, 103, 134].
Fig. 2.3 shows how the part of tife_; r)-plane that is relevent to us divides into regions
according to the number of intervals that comprise the attractor. In the top-left region
labelledLR the map has a stable period-two solution. This solution has one point in the
left half-plane and one point in the right half-plane, so is termetRrcycle. This region
is bounded by the curvey( | ; r) =0, where

ol Ly R)= L rR+1; (2.17)

which is where thd.R -cycle loses stability by attaining a stability multiplier ofl.. The

boundary in the lower-right part of the gure is a homoclinic bifurcation where 0

maps in two iterations to the xed point of (2.16) i < 0. This occurs on the curve
ol L; r) =0, where

ol i R)= LrRY L R (2.18)
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As shown by Itoet al. [72, 73] the remaining boundaries can be identi ed through
renormalisation as follows. Suppose there exists an interval neighbourhobd = 0
that maps intox > 0 then, on the second iteration, back imtoln this case the restriction
of the second iterate of (2.16) tois piecewise-linear with two pieces. The< 0 piece
corresponds to iterates with symbolic itinerdf® and has slope, g < 1, while the
x > 0 piece corresponds to iterates with symbolic itinef@f and has slope? > 1, i.e.,
the interval always maps to the right piece of the map. Thus the second iterate of (2.16) on
| is conjugate to (2.16) with2 in place of | and |  in place of . This corresponds to
thesubstitution rulgL; R) 7! (RR;LR), and induces theenormalisation operator

o( 15 R)=( & L R) (2.19)

By using the preimages of the homoclinic bifurcation boundary we de ne the sequence of
regions

Rn= (L;r) RS L o@()>0 00" () 0 ofL; r)<O0; (2.20)

shown in Fig. 2.3. These are non-empty forrall 0and convergetg .; r) = (1; 1)
asn!1l .InRgthe attractor consists of one interval:

Af (¥) Af ()

v

@((L; r)=(1:3 2). )(.; r)=(1:1;, 11).

Figure 2.2: Cobweb diagrams showing the attractor of the skew tent map (2.16) with two

different combinations of the parameter values. In (a) the attractor is an interval; in (b) the

attractor is the union of four disjoint intervals. The maps are also instances of the two-

dimensional border-collision normal form (2,21) with= (1:3;0; 2;0) in panel (a) and
=(1:1;,0; 1:1,0)in panel (b).
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Theorem 2.4.Forany( ; r) 2 Rowith | 1, theinterval[ r + 1;1]is the unique
attractor.

A simple proof of Theorem 2.4 can be found in the work by Veitch and Glendinning
[140]. The condition 1 is needed because for sofle< | < land R < 1
the attractor is periodic. This condition can be weakened but this is not needed for our
purposes.

To characterise the attractor in the other regiBpswe rst make the following obser-
vation that follows simply from the de nitions af andR ,,.

Proposition 2.1.1f ( ; r) 2R, withn 1, thengy( ; r) 2R 1 1.

Thusif( L; r) 2 Ry theng"( L; r) 2 Ro. Theorem 2.4 can be applied at this
parameter point because any point belgw= 1 maps undeg to the right of | = 1.
Moreover, the above conjugacy can be shown to hold under apiplications ofy, see

o(L; R)=0

Figure 2.3: A two-parameter bifurcation diagram of the skew tent map family (2.16). In
the part ofR o that is shown the attractor of (2.16) is an interval. In eRghwithn 1

the attractor is comprised @' disjoint intervals. Below o( _; r) = 0 the map has no
attractor; abover = 1it has a stable xed point ixx > 0; in the top-left region it has a
stableLR -cycle (period-two solution). The triangles indicate the parameter values used in
Fig. 2.2.
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Ito et al.[72, 73], thus the"-iterate of (2.15) has an interval attractor. The images of this
interval under/(2.16) giv@" disjoint intervals and hence the following result.

Theorem 2.5.1f ( .; r) 2 R, withn 1, then(2.16)has a unique attractor comprised
of 2" disjoint intervals.

2.9.2 The border-collision normal form in two dimensions

In two dimensions it is convenient to write= ( X;y) 2 R2. The normal form/(1.8) can be
written as

82 3
xY) 7 f(xy)= _2 3 (2.21)
%4 Rx+y+15, X 0
for the left and right pieces of (2.21), where
=( L5 Ly Ry R) (2.22)
From here on we write
" #
+v+1
fuey)= ST (2.23)
LX
and
" #
+yv+1
fr cy)= © YT (2.24)
rRX

The family (2.21) was originally formulated by Nusse and Yorke [102] with an additional
parameter that when varied through zero brings about a border-collision bifurcation [10].
The simplicity of (2.21) belies the incredible complexity of its dynamics; it can exhibit two-
dimensional attractors ['54, 56], large numbers of coexisting attractors [112, 125, 130], and
Arnold tongues with a unique sausage-string geometry [128]. In the special.case r

and | = R, (2.21) reduces to the Lozi family [92].
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At any point withx 6 O the derivative of (2.21) has determinant

8
<

L; X< 0
det (Df )(xy) = .

R, x> O
Consequently we have the following cases.

«If | > 0and r > Othenf is orientation-preserving. This is the most natural
case to consider from an applied perspective because Poincaré maps derived from
time-reversible ows orRN are necessarily orientation-preserving [142].

If | < 0and r < Othenf is orientation-reversing. This case was considered
in the seminal work of Misiurewicz [99] for the Lozi map. Such maps can be em-
bedded into higher dimensional orientation-preserving maps and in this way help us
understand high-dimensional chaos in physical systems [78].

« If | and r have opposite signs then is non-invertible with the left and right
half-planes mapping onto either the top or the bottom half-plane. Such maps, ex-
cept piecewise-smooth instead of piecewise-linear, apply to a wide range of power
converters |13, 41, 144]. For instance, the boost converter described by Bagterjee
al. [14] regulates output voltage via a switch that is activated whenever the current
reaches a threshold value. This causes the ow (in phase space) to fold back over
itself resulting in a stroboscopic map that is piecewise-smooth (due to the switch)
and non-invertible (due to the folding) [27, 46].

* If one of | and g is zero therf is non-invertible with one half-plane mapping
onto a line [80]. Such maps arise as leading-order approximations to grazing-sliding
bifurcations in relay control systems |38] and mechanical systems with stick-slip fric-
tion [4C, 135]. This is because trajectories of the differential equations become con-
strained to a codimension-one discontinuity surface causing the range of one piece of
the Poincaré map to have one less dimension than the domain of the map [38]. This
also occurs for the Hicksian trade cycle model of lRt@al. [114] and the in uenza
outbreak model of Robertt al. [115].

Let
= 2RY | > +1j; r< ] r+1j (2.25)

denote the set of all for whichf has two saddle xed points (Lemma 2.3). Banergte
al. [14] considered 2 in the orientation-preserving case and showed that on one side of
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a homoclinic bifurcation the stable manifold of one xed point has transverse intersections
with the unstable manifolds of both xed points and argued that this implies the existence
of a chaotic attractor. Their conclusion was veri ed rigorously by Glendinning and Simp-
son [58] using the methodology of Misiurewicz [99]. First, a forward invariant region

R? was identi ed by using one of the unstable manifolds, and this was perturbed into
atrapping regionthat necessarily contains a topological attractor. Seconichvanant ex-
panding cone  TR? (see §5.4) was constructed by using eigenvectors of the two pieces
of Df . The existence of this object implies that nearby forward orbits diverge exponen-
tially and that the attractor is chaotic in the sense of having a positive Lyapunov exponent.
In general this approach works brilliantly for piecewise-linear maps because the invariance
and expansion properties can be veri ed by simple, explicit computations. For more com-
plicated constructions the veri cation is best done on a computer [59]. The construction is
robust to nonlinear perturbations to the pieces of the map and has been used to show that
chaos persists for intervals of parameter values beyond border-collision bifurcations [131].
Recently this approach has also been applied to piecewise-smooth maps with a square-root
singularity that arise for mechanical systems with hard impacts [97]. Further techniques
can reveal more properties of the attractor, such as sensitive dependence on initial condi-
tions, continuity with respect to[5, 81], and the presence of an SRB measure [55].

Forany 2 the mapf has xed points

1 R
X = X X 2.26
R R 1 R R 1 ( )
Y = 1 . - ; (2.27)
L L 1, L L 1 , .

whereX is in the right half-plane and is in the left half-plane, see Fig 2.4 for a typical
phase portrait of (2.21) consisting of the xed poirKsandY along with an attractor

. The stability multipliers associated wiX andY are the eigenvalues of the Jacobian
matrices

n # n #
1 1
A= " : Ar= & : (2.28)
L 0 R 0

Since 2 , A_ has eigenvalues} 2 ( 1;1)and ' > 1, while Agr has eigenvalues
g2 ( Ll)and j < 1 ThisimpliesX andY are saddles. In fact, is the set of all
parameter combinations for whi¢h has two saddle xed points:

Lemma 2.3. The magd has two saddle xed points if and only if2
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Proof. If [ = | 1thenf_ has no xed points, whileif . 6 | 1thenf_ has the
unique xed pointY, given by (2.27). Similarly ifg = r 1thenfg has no xed points,
whileif g 6 g 1lthenfg hasthe unique xed poinX, given by (2.26).

If 2 thenX andY are saddle xed points of , as noted above. Conversely,
supposd has two saddle xed points. By the above remarks, these mu3t laadY .
Since they are xed points of , Y is in the left half-plane, so, > | +1 by (2.27),
andX is in the right half-plane, sor < r + 1 by (2.26). Since they are saddles, also

L> (L+l)andrg< (r+1),hence 2 . ]

Let P be one of the saddle xed poind or Y. The stable manifold d® is de ned as
WS(P)= z2R? f"(z)! Pasn!l (2.29)

Forall 2 ® themag isinvertible sothe unstable manifold@fis de ned analogously
as
WUY(P)= z2R?>f "(z2)! Pasn!l (2.30)

SinceP is a saddleW?*(P) andW"(P) are one-dimensional. As with smooth maps, from
P they emanate tangent to the stable and unstable subsp&@e} andEY(P). These

AY

o X

Figure 2.4: A typical phase portrait of . We have shown the xed point§ andY. The
black dots show 2000 iterates of the forward orbit of the origin after transient dynamics has
decayed.
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subspaces are the lines throwglvith directions given by the eigenvectorsf (P). But
sincef is piecewise-linealVvs(P) andW"(P) in factcoincidewith ES(P) andE"(P) in
a neighbourhood dP. Globally they have a piecewise-linear structwé®(P) has kinks
on the switching linex = 0 and on the backward orbits of these poins? (P) has kinks
on the image of switching ling, = 0, and on the forward orbits of these points.
In the next chapter, we consider the part ofor which the border-collision normal
form is orientation-preserving and introduce a renormalisation operator that divides the
parameter space according to the number of components of a chaotic attractor.
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Chapter 3

Renormalisation of the two-dimensional
border-collision normal form.

3.1 Introduction

The two-dimensional border-collision normal form introduced in Chapter 1 given by

mn #
X+y+1
ey = YT
LX
and
n #
X+y+1
fe (y)= YT
rX

with (x;y) 2 R? and 2 R#* has the border-collision bifurcation parameter (denoted
by ) scaled tol. Banerjeeet al. [14] identi ed an open parameter regiorgyg R*

(de ned below) throughout which has a chaotic attractor, and this was shown formally
by Glendinning and Simpson [58].

While it is known from the work of Glendinning and Simpson [58] tliathas a
chaotic attractor throughoutgyg , the attractor undergoes bifurcations (more speci cally,
crises [62]) as the value ofis varied within gy . The purpose of this chapter is to reveal
the bifurcation structure within gyg and we achieve this via renormalisation. Renormal-
isation has also been applied to subfamilies of (2.21) by Pumatifad. [112, 113] and
Ou |108].

In this chapter, we apply renormalisation to (2.21) in the following way. On the preim-
age of the closed right half-plane, denoted, the second iterate df is conjugate to
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an alternate member of (2/21). That s} is conjugate tdf 4, for a certain function
g : R* ! R% By repeatedly iterating a boundary ofyg backwards undeg, we are
able to divide gyg into regionsR,, forn = 0;1;2;:::. We then show that throughout
eachR, the mapf has a chaotic Milnor attractor with' connected components.

The analysis required to achieve these results is signi cantly more dif cult than those of
skew tent maps in 82.9.1 because the dimension of the renormalisation oder@tafr ),
is four not two. It is necessary to characterise certain aspects gfdbal dynamics of the
four-dimensional quadratic mamand show that the relevant dynamicd obccurs entirely
within . While the novel calculations in this chapter are not mathematically technical,
they were certainly challenging to derive.

Our main results are presented in 3.2, see Theorems 3.1-3.3. Sectjons 3.3-3.8 work
toward proofs of these results. First §3.3 describes the phase space of (2.21), primarily
saddle xed points and their stable and unstable manifolds. Then in 83.4 we consider the
second iteraté > on  and construct a conjugacy fq ). In €3.5 we derive geometric
properties of the boundaries Bfy and in §3.6 study the dynamics @f

Chaos is proved in the sense of a positive Lyapunov exponent. This positivity is
achieved for all points in the attractor, including points whose forward orbits intersect the
switching line wheré is not differentiable. This is achieved by using one-sided directional
derivatives which are always well-de ned in our setting, 83.7. A recursive application of
the renormalisation is performed in 83.8.

3.2 Main results

In this section we motivate and de ne the parameter regigy; and the renormalisation
operatorf 7! fy ), then state the main results. First Theorem 3.1 clari es the geometry
of the regionsR,,  R* Next Theorem 3.2 describes the dynamics$ oin Ro. Finally
Theorem 3.3 describes the dynamic$ oin R, foranyn  0and follows from a recursive
application of the renormalisation to Theorem 3.2.

3.2.1 The parameter region gyg

Forany 2 @ where
W= 2R* | > [ +1; | >0 r< (r+1); r>0; (3.1)
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the xed pointsX andY have one-dimensional stable and unstable manifolds. Fig. 3.1
illustrates the stable (blue) and unstable (red) manifoldg.oT hese intersect if and only
if () O, where

1 9 ——
()= r (1+ R)L+§(l+ R)L R L rR Lt 2 4. : (32

Equation (3.2) can be derived by directly calculating the rst few linear segments of the
stable and unstable manifolds ¥fas they emanate from, see [53]. As a bifurcation,

( ) =0 isahomoclinic corner [127] and is analogous to a " rst' homoclinic tangency for
smooth maps [110]. Banerje al.[14] observed that an attractor is often destroyed here,
so focussed their attention on the parameter region

BYG = 2 W ()>0; (3.3)

where the stable and unstable manifold¥oflo not intersect (except at itself). Indeed
forall 2 gyg,f hasatrapping region and therefore a topological attractor [55].

Figure 3.1: A sketch of the phase space fof (2.21) with 2 zyg. We have shown
the xed pointsX andY and the initial parts o¥Ws(Y) (blue) andW'(Y) (red) as they
emanate fronY (these manifolds do not intersect whefi) > 0). The small black dots
show1000iterates of the forward orbit of the origin after transient dynamics has decayed.
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3.2.2 The renormalisation operator

On R? the second iterate? is a continuous, piecewise-linear map with four pieces. But if
we restrict our attention to the set

= f (xy) x O0; (3.4)
thenf 2 has only two pieces:
8
S(fr fLXY), x O
ooz o ) 35)
- A (XY); x O

As shown in Fig. 3.2, the boundary of intersects the switching line ét;y) = (0; 1)
and has slope | < 0inx < Oandslope g > 0inx> 0. Forany 2 @ the map
(3.5) is af nely conjugate to the normal form (2.21) (see Proposition 3.3). This is because
the switching line of (3.5) satis es the non-degeneracy conditions mentioned in §2.9.
When the af ne transformation to the normal form is applied, the matrix parts of the

pieces of (3.5) undergo a similarity transform, thus their traces and determinants are not
changed. The matrix part of the 0 piece of (3.5) isAg( )AL( ), which has trace

L R L r and determinant, r. The matrix part of the 0 piece of (3.5) is
Ar( )?, which has trace? 2 g and determinant3. Hence (3.5) can be transformed to
fg ) where

a( )= é 2R;|%;LR L Ry L R - (3.6)

Notice we are transforming the left piece of (3.5) to the right piecgyof and the right

AY

A\

AF

7

™

Ny

Figure 3.2: The preimage of the closed right half-plane (3.4).
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piece of (3.5) to the left piece df, ). This ensureg( ) 2 @ (see Proposition 3.7) so
our renormalisation operatér 7! fy ) produces another member of the family (2.21) in
1, Also observe
=(1;0; 1,0) (3.7)

is a xed point ofg and lies on the boundary of?.

3.2.3 Division of parameter space

Foralln Olet
n( )= d"(): (3.8)

The surface,( ) = 0 is ann" preimage of ( ) = 0 underg. We now use these surfaces
to form the regions
Ro= 2 @ ()>0 nu() O; (3.9)

foralln 0. The following result (proved in 83.€.2) gives properties of these regions.

Theorem 3.1. TheR , are non-empty, mutually disjoint, and convergd tog asn ! 1
Moreover,

BYG Rn: (3.10)

Being four-dimensional thR , are inherently dif cult to visualise. Fig. 3.3 shows two-
dimensional cross-sections obtained by xing the values .o 0and r > 0. For any
such cross-section only nitely many,, are visible because as! 1  they converge to
f gforwhich | = g =0. NoticeR; contains some points that do not belong . .
For this reason the two sets in (3.10) are not equal.

3.2.4 A chaotic attractor with one connected component

The next result shows has a chaotic, connected Milnor attractor for al2 R o when
r < 1. Thisis proved in 83.7!3 and based on the results of [58]. The attractor is the
closure of the unstable manifold Xf,

() =cl(WY(X)): (3.11)
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Theorem 3.2. For the mapf withany 2 R,
1. ( ) is bounded, connected, and invariant,
2. everyz 2 () has a positive Lyapunov exponent, and

3. if g < 1there exists forward invariant ~ R? with non-empty interior such that

frO=0 ) (3.12)

Lyapunov exponents for (2.21) are clari ed in 83.7. Stronger notions of chaos have
been obtained on subsets®§, see [55, 58]. While we have not been able to prove that
( ) is a topological attractor, (3.12) shows it contains thimit set of all points in
The set has positive Lebesgue measure, tHus) is a Milnor attractor [98]. If isa
trapping region (i.e. it maps to its interior) then ) is an attracting set by de nition [117].

If is the trapping region o7 [58] (there denoted., ) then (3.12) appears to be true for
some but not all 2 Ry. We expect the extra conditiory < 1 is unnecessary but is
included in Theorern 3.2 because our proof utilises an area-contraction argument.

0:8 1 L= L+l

104

124

144

164

T T
1 10 100
L

(a)|_= r =0:01 (b)L: rR=0:5

Figure 3.3: Two-dimensional cross-sections of the parameter regtandn panel (aR

is visible for alln = 0;1;:::;4; in panel (b) onlyRy andR ; are visible. In both panels
svc IS bounded by the vertical ling = | + 1, the horizontal liner = r 1, and

the curve o = 0. See Fig. 3.5 for a one-parameter slice through panel () at 1:12
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3.2.5 A chaotic attractor with many connected components

Forany 2 R, we haveg"( ) 2 R, (see Lemma 3.8), while Theorem 3.2 describes the
dynamics inR . Thus by combining the renormalisation with Theorem 3.2 we are able to
describe the dynamics of with 2 R ,.
In view of the wayg is constructed, our renormalisation corresponds to the substitution
rule
(L;R) 7! (RR;LR); (3.13)

which is identical to that described in 82.9.1 for skew tent maps. Given a Wombm-
prised ofL's andR's of lengthk, let F (W) be the word of lengtl2k that results from
applying (3.13) to every letter ikV. If an orbit of f4 ) has symbolic itineraryV, the
corresponding orbit of has symbolic itinerary (W).

The attractor of Theorem 3.2 is the closure of the unstable manifold @onsequently
for 2 R, the corresponding attractor is the closure of the unstable manifold of a periodic
solution with symbolic itinerarf "(R), see Table 3/1.

Theorem 3.3.Letn Oand 2 R,. Theng"( ) 2 R and there exist mutually disjoint
setsSy; Sy;::1;Sm 1 R?such thaf (Si) = Ss1ymod2» and

f#  isafnely conjugate td ¢ (o) (3.14)
foreachi 21 0;1;:::;2" 1g. Moreover,
2r 1
Si = cl(W"( n)); (3.15)

i=0
where , is a saddle-type periodic solution bf with symbolic itineraryF "(R).

Numerical explorations suggest that (3.15) is the unique attractor of (2.21) forany

Table 3.1: The rst few words in the sequence generated by repeatedly applying the sym-
bolic substitution rule (3.13) tR.

F"(R)
R
LR
RRLR
LRLRRRLR
RRLRRRLRLRLRRRLR

A WNPEFODS
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Rn,. Theorem 3.3 tells us it h& connected components and is the closure of the unstable
manifold of a saddle-type peric@* solution. Each componer§ is invariant under2"
iterations off . Equation|(3.14) tells us that the dynamicd 6f on'S; is equivalent (under

an af ne coordinate change) to thatff ) on ( g"( )). Sinceg"( ) 2 R o, the properties
listed in Theorem 3.2 apply 1©*" onS;. Thus (3.15) is a chaotic Milnor attractor bf.

As an example, considér with
ex =(1:150:.05;, 1:12001)2R,: (3.16)

Fig. 3.4-a showd4.000points of the forward orbit of the origin after transient behaviour
has decayed. As expected these points appear to converge to a chaotic attractor with four
connected components. By Theorem 3.3 each component is af nely conjugétg’(o))

which is approximated in Fig. 3.4-b by again iterating the origin. The(sgt( )) has a
complicated branched structure but this is not visible in Fig. 3.4-b because the determinants
are extremely small.

3.2.6 Consequences for one-parameter bifurcation diagrams

Fig. 3.5 shows a numerically computed one-parameter bifurcation diagram obtained by

varying the value of . from ¢. This corresponds to a horizontal slice through Fig. 3.3-a.
Each time we cross somg = 0, pairs of connected components coalesce. So as we cross
> = 0 the number of connected components decreases from four to two, and, aftér

the attractor has a single connected component. The attractor is destroyed @tpast

which typical forward orbits diverge.

Within gyg other one-parameter bifurcation diagrams should have a similar structure.
This is because, by the de nition of the regioRs and the fact they are mutually disjoint
(Theorem 3.1), eacR, can only abutR, ; (if n 6 0) andR .1 (except possibly at
isolated points, but this doesn't appear to be the case, see Fig. 3.3). Thus as parameters are
varied the number of connected components of the attractor is expected to only either halve
or double.
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3.3 The stable and unstable manifolds of the xed points

In this section, we discuss the stable and unstable manifolds of the saddle xed Yoints
andY . Here and throughout this chapter

v (3.17)
denote the eigenvalues Af , and
lé < 1< SR <0 (318)

denote the eigenvalues Ak. These are functions ofwith 2 @,

3.3.1 Stable and unstable manifolds of piecewise-linear maps

In the remainder of this section we reproduce the geometric constructicns of [58] that will
be needed below.

ex b) = g?( ex)

&L
I

Figure 3.4: Numerically computed attractors bf with = ¢, (3.16), in panel (a), and
= g%( <) in panel (b). In panel (a) the four small triangles are the points of a periodic
solution with symbolic itinerar§ 2(R) = RRLR.
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3.3.2 The stable and unstable manifolds of

Since the eigenvalues @&f, are positive Ws(Y) andW"(Y) each have two dynamically
independent branches. LBt denote the rst kink of the right branch aVY(Y) as we
follow it outwards fromY, see Fig. 3.6. Notic® is the intersection dE"(Y) withy = 0.
Now let B denote the intersection &"(Y) with the line throughf (D) and parallel to
ES(Y). Thenlet( ) be the closed compact triangle with vertiée@sf (D), andB.

The following result sayq ) is forward invariant undefr . This was proved by direct
calculations by Glendinning and Simpson [58]. The key observation i ti@at) lies to
the right ofE3(Y) because ( ) > 0.

Proposition 3.1.Forany 2 gve,f (( ) ( ).
The next result tells us that the attractor of Theorem 3.2 is containéd n
Lemma3.l.Forany 2 gy, ( ) ( ).

Proof. Since ( ) is forward invariant we only need to shotv 2 ( ). By direct calcu-

Figure 3.5: A bifurcation diagram of with g = 112, | = g =0:01, and using .
as the bifurcation parameter. A log-scale is used faas in Fig. 3.3-a. For many values of

L We are plotting several points of the forward orbit of the origin after transient dynamics
has decayed. The bifurcations at whigh= 0 forO i 3 are indicated. See Fig. 3.4-a
for a phase portrait with, = 1:15.
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lations we nd that the line througB andf (D) isy = "(x) where

. R 1
X) = X
() - 1

From (2.26) we obtain, after much simpli cation,

2
R L

R
(r+1 RN R 3P)

In view of (3.1) and (3.17), each factor in this expression is positive, Xhlies above the
line throughD andf (D). AlsoX; > 0andX, < 0,thusX 2 ( ) asrequired. O]

S
Lt R

X2 (X1)=

3.3.3 The stable and unstable manifolds ok

Since the eigenvalues &fr are negative\Vs(X) andW"(X) each have one dynamically
independent branch. L&t denote the intersection &"(X) with y = 0 and letV denote
the intersection oE®$(X ) with x = 0, see Fig. 3.7. It is easily shown that

T= ;0 (3.19)

Figure 3.6: A sketch of the phase spacefofwith 2 gyg. The triangle( ) is shaded.
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If f2(T) lies to the left ofES(X), as in Fig. 3.7-a, thekvs(X) and WY(X) intersect
transversely. If 2(T) lies to the right ofES(X ), as in Fig| 3.7-b, thelvS(X ) andW(X)

have no intersection. The following result was obtained by Glendinning [55] by calculating
f 2(T) explicitly.

Proposition 3.2. Forany 2 @ f2(T) lies to the left oES(X) if and only if () > O,
where

()=(Lr =r) 4+ —;+ Co1 % L@+ R)* RE@ L) (3.20)

As a bifurcation, ( ) = 0 is a homoclinic corner for the xed poirX . This is analo-
gous to the surface( ) = 0 for the xed pointY as discussed in 8§3.2.1.

a) 2Ry b) 2Rn,;n 1

Figure 3.7: Sketches of phase space witl2 R, in panel (a) and 2 R, withn 1
in panel (b). The set ¢ in panel (a) is introduced in §3.7.3. The sétin panel (b) is
introduced in 83.8.1.
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3.4 The second iterate of

As discussed in 83.2.2, on the second iterate éf is a continuous, piecewise-linear map
with two pieces, (3.5). Next in 83.4.1 we provide the af ne transformation that converts
(3.5) to the normal form (2.21). Then in 83.4.2 we show that the bifurcation surfage=

0 of the previous section is in fact identical tg )= (g( ))=0

3.4.1 A transformation to the normal form

Any continuous, two-piece, piecewise-linear magRsrcan be transformed to (2.21) under
an af ne coordinate transformation, see §2.9.
The switching line of|(3.5) satis es this condition for any2 @& . As clari ed by
Proposition 3.3, the required coordinate transformation is
" #
X

1
y)= —M : 21
NONE T (3.21)

Proposition 3.3. Forany 2 ®,
f2=h?t! fyy, h; (3.22)

on

Proof. By directly composing (2. "1) and (3.21) we obtain

3
2
% (R R *Tls o
Rt Rt l 2X
h f2 R 3
% 4(L R L)X+ RrYy+ R+15; X o
rRT rRT1 L RX
and it is readily seen thét ) h produces the same expression. O

Write (%; ) = h (X;y). Notice thatx andx have opposite signs, i.e.

sgnix) = sgney: (3.23)

This is becausegr + r +1 < 0by (3.1). Thus the left piece dfy ) corresponds to the
right piece off 2in (3.5), and this is consistent with haywvas introduced in §3.2.2.
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3.4.2 A reinterpretation of

In £3.3.3 we saw that the xed poid of f has a homoclinic corner whern( ) =0. The
same is true fof 2: its xed point X has a homoclinic corner when( ) = 0. Notice X

is a xed point off3. , which is transformed under (3.22) to,4( ), which has the xed
pointY. Thus, while the stable and unstable manifolds(ofie in , they transform to
the stable and unstable manifoldsYffor f4 ). The latter manifolds have a homoclinic
corner when (g( )) = 0, which suggests that( ) = 0 and (g( )) = O are the same
surface. The following result tells us that this is indeed the case.

Lemma3.2.Forany 2 O,

@ N= r & () (3.24)

Proof. Equation (3.2) can be written as
()=@Q+ R) " (r+ L+ R) [+ &r: (3.25)

To evaluate (g( )), in (3.25) we replace, with é, r With | g, and g with | r

L r, see [(3.6). Also we replacd' with Y because ¥ is the unstable eigenvalue

of A% (which has trace and determinant given by the rst two components of (3.6)). It is

a simple (though tedious) exercise to show that upon performing these substitutions and
simplifying we obtain g & (). O

3.5 The geometry of the boundary oR g

The regionRy R*is bounded byo( )= () =0, ()= (g()) =0, and the
hyperplanes speci ed in (3.1). Since parameter space is four-dimensional these are dif cult
to visualise. We can bene t from the fact that theand r components of are decoupled

from | and g. Thus two-dimensional slices

sice( Ly R)=F( Ly R)J L> L+1; g< rR 1g; (3.26)

de ned by xing the values of | and g, map to one another undgr In any such slice
ol ) =0 and ;( ) =0 are curves. In this section we show that for any valies | < 1
and0< g < 1, these curves have the geometry shown in Fig. 3.8.

43



Observe o( ) = 0 is the same as( ) = 0, while, by Lemma 3.2,,( ) = 0 is the
same as ( ) = 0. However, we nd the scaled function

()= & () (3.27)

easier to work with than ( ). By (3.24) the sign of () is the same as that of( ). From
(3.20) we obtain

AN

()= & 1+ & & 1 . +Q g)&: (3.28)

The remainder of this section is organised as follows. Firstin 83.5.1 we study the curve
() = 0. We then derive analogous properties f\c(r) = 0 and obtain some additional
bounds, 83.5.2. Lastly we show these curves intersect at a unique poigtdng3.5.3.

Figure 3.8: A sketch of o( ) =0 and 1( ) =0 (equivalently ( )=0 and”( )=0)in
sice( L; R)WIthO< | < land0O< g < 1 Thecurvegr = iL r lis shown
dashed.
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3.5.1 Thecurve ( )=0

We rst show the curve ( ) =0 does not existin gjice( 1; r)If L 1.
Lemma3.3.Let 2 @ If | 1then ()< 0.

Proof. We can rearrange (3.25) as

2

()=(r*+* r*D (! 1 r [ 1 +@Q ) : (3.29)
By inspection the rst two terms in (3.29) are negative and. if 1 then the last term is
less than or equal to zero. O
The next result shows tha{ ) = 0 appears roughly as in Fig. 3.8.
Proposition 3.4.Let0 < | < land g > 0. There exists a uniqué® functionG :
(1 ; r 1]' (_.+1;1)suchthat

G(Rr) i Ry R =05 (3.30)

forall R 2 (1 ; r 1] Moreover,G is strictly increasingG(r) ! | +1 as
r!'1 ,andG( r 1)= + - where 2 Risthe largest solution to

R 2+(1 ) + gr=0: (3.31)

Proof. First x g r L1 With = | +1wehave | =1 andso(3.25) simplies
to ()=1 L>0.As | !1 wehave/!1l andso ()!'1 (because the
Ez-coef cient in (3.25) is negative). Thus by the intermediate value theorem there exists
L = G( r) > _ +1 satisfying (3.30).
To demonstrate the uniquenes<®ive differentiate (3.25) to obtain

@ @,

—=(2(1+ Rr) | (r* L+ Rr) : (3.32)
L @L
It is a simple exercise to show th%LL = L - Also if = 0 then by (3.25) we can
replace( g + |+ r)in(3.32) with—fé +(1+ R) { toobtain
u
@ - gy R L (3.33)
@L =0 L L L
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By inspection@@L _o < 0. ThusG is unique (because if = 0 for two distinct values of

L> L +1 then@@L 0 at at least one of these values).

Since ( )isC?! the functionG is C! by the implicit function theorem. From (3.25)
we obtain

o .
Q@r

rc
—~

L), (3.34)

@
which is evidently positive. Thu§% = 8. . > 0, soG is strictly increasing.
@ =
AlsoG( r)! _+lasgr! 1 becauseifwe x| = | +1+ ", then ()! 1

asr!'1 forany" > 0. Finally, by substitutinggr = r 1into (3.25) we obtain

() _ .= rU+@ ) U+ R (3.35)

R= R

Since . = '+ H-wehaveG( r 1)= + L. O
L

3.5.2 Thecurve™()=0

The arguments presented here fomirror those above for. We rst show A( ) =0 does
notexistin gice( ; r)If r 1

Lemma3.4.Let 2 @ If p 1then”()< 0.

Proof. By inspection the rst two terms ir (3.28) are negative andiif 1 then the last
term is less than or equal to zero. O

We now show”( ) = 0 appears roughly as in Fig. 3.8.

Proposition 3.5.Let | > 0and0 < g < 1. There exists a uniqué® functionH :
[L+1;1)! (1 ; g 1)suchthat

AN

L H( W) R =05 (3.36)

forall | 2[_+1;1 ). MoreoverH is strictly increasingH ( ) ! R las  !1 ,

andH( . +1)= + & where 2 Risthe smallest (most negative) solutiorp{o) = 0
where

p()=(@+ ) 3*+@ L Rr)Z @+ ) + o (3.37)
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Proof. Fix | L+1. With g =

to"()=1 r>0 Also”()!1

theorem, there existg = H( L) <
From (3.28),

rR lwehave § =

1 and so (3.28) simpli es
asg! 1

, thus, by the intermediate value
r 1lsatisfying (3.36).

u
3L %2+2(1 L R) R R

@ _
@r
and if “( ) = 0 this can be simpli ed to

@ 2,

_ u?
@ ., 1T
=0

xc

_ (3.38)

u u
R R R

which is positive. Hencél ( ) satisfying (3.36) is unique for ali

L +1. Moreover,
H isC! because is C! . From [3.28),
Q =4 ¥ o1 <
@ ’
-
thus(‘j—HL = Z@B "~ > 0, i.e.H is strictly increasing.
L
We haveH ( ) ! r las !1 becauseifg = r 1 "then’\()! 1
as [ !1

forany™ > 0. Finally, by substituting

= | +1 into (3.28) we obtain
"O) = = P(R)andsoH( ( +1)=

+ R asrequired. O
Next we obtain upper bounds on the values cdind + -&. These are the values of

r and g for the point at which the curvé( ) = 0 meets the boundary = | +1, see
Fig.3.8.

Lemma §.5. Let | > 0and0 < R < 1. The value of in Proposition 3.5 satis es
> Y Sand + &> 2

Proof. The functionp can be rewritten as

p( )= ( D +1) g2+ %+ 1: (3.39)

The rst two terms of (3.39) arg:' negative, so simfe ) = 0 the last term of (3.29) must be
positive. This requires> -5,
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Also p can be rewritten as
1 L 5
p()= (+1) 1 - 1+, — +(1 Rr) =

Thusp( ) =0 implies

( +1)= (3.40)

111+L_L'

Since < 0the denominator of (3.40) is greaterthhandso ( +1) <1 . Thus

( +1)2< (1 R)?which can be rearranged ag+ g < 2 r(1  R). Since
0< g < lthiscanbereducedto+ &> 2 O
Lastly we show that the curvey = iL r lliesbelow”( ) =0, asin Fig. 3.8.

This result is used later in the proof of Proposition 3.8.

Lemma3.6.Let | > 0,0< r< 1,and L +1. Then
1
H(L,)> — r L (3.41)

L

Proof. By iterating (3.19) undefr. andf_. we obtain

PN = g R _+1 1 R _+1; | —F_+1 (3.42)
R R

The second component of (3\42) is clearly positive with agy< rR 1 The rst
component of (3.42) can be rearranged as

+ > 1
f2(T)1= (RR+RLE1 sl (3.43)
R
If L= ——7 (equivalently g = 1 1)then (3.43) simpli es to a quantity that

is clearly negative. In this cagef(T) is located in the second quadrantRf, so certainly
it lies to the left ofES(X ). Thus ( ) > 0 by Proposition 3.2, s6( ) < 0.

We have showng = - 1implies “( ) < 0. Therefore if*( ) = 0 (equiva-
lently g = H( L)), then g > r 1, asrequired. O

l—ll—‘;U

48



3.5.3 Thecurves ( )=0 and ’\( ) = 0 intersect at a unique point

Proposition 3.6. Fix0< | < 1and0O< g < 1. There exist unique. > | +1 and
R< r 1lsuchthat ()= "“()=0.

Proof. By Propositions 3.4 and 3.5 the curves ) = 0 and "( ) = 0 must intersect. To
show this intersection is unique it suf ces to show that at any point of intersection the slope
4= of ()=0 isgreater thanthatof( )=0.

From the calculations performed in the proof of Proposition 3.4, the slopé o= 0

dc ‘* 1+ r) '+

dr (P (P o)

l—::lJJ

Consequently

dc ! u+1

—_— > - 3.44

dr vl ( )
becauser < %, r > 0,and { > 0. From the calculations performed in the proof of
Proposition 3.5, the slope i ) = 0 is

aH & 1(R R

u2 2
L L1+R L

Consequently
u u?
dH R R 1
< — (3.45)
S
because,. > ', | > 0,and 3 < 0.
1
Now suppose for a contradiction thaf® § at a point where both( ) = 0

and “( ) = 0. By (3.44) and|(3.45) this implies

which can be rearranged as

<0

(r+DI {(r*+D+ r(r 1)
L(E D g+l
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For this to be true the term in square brackets must be negative, and this implies
L(r+1) < 2 (3.46)

becausegr < jand 2( 3 1)> 2 However, ( ) =0, so by applying the quadratic
formula to (3.25) we obtain

p
rRT L+ R (r+ L+ rR)Z? 41+ R)r=2 (r+1):

Thus (3.46) implies

p
RT L+ R (r*+ L+t rR)? 401+ R)rR< 4

which can be rearranged as

2. 3r 4

<
R
2+ R

Since | ; r > Othisimplies g < 2. Butthe curve’\( ) = 0 increases with, thus
on “( ) = 0 the value of g is greater than its value at the boundary= | + 1 where
it equals + &. So the bound + & > 2 of Lemma 3.5 provides a contradiction.

1
Therefore (;’—C; > g—HL at any point where ( ) = 0 and "( ) = 0 intersect, hence the

intersection point is unique. O

3.6 Dynamics of the renormalisation operator

In this section we study the dynamicsgbn @&, where
W= 2R* | > [ +1; (>0 r< (r+1); r>0:

We rst show thatany 2 @ maps undeg to another pointin @,

Proposition 3.7.1f 2 @ theng( )2 .
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Proof. Writeg( )= ~;7.;=w;r - By (3.6) and the assumption2 ) we obtain

+ i+l = % 2g 3+l = 2 (R+1)*>0
= 23>0
=+ RT1l= LR L Rt Lrt1
< (c+D(r+1) L Rt Lrtl
= 2(.+ r)<O
R= LR>0;
which impliesg( ) 2 @, O

Next in §3.6.1 we consider the subset ¢ for which “( ) < 0. We show that any
point in this subset maps undgrto another point in this subset. This result is central
to showing that the regiorR , are mutually disjoint and proving Theorem 3.1 in 83.6.2.
Recall, the sign of () is the same as that of( ) by (3.27).

3.6.1 The subset of @ for which “( ) < 0

We rst show that the point at which the curv’%( ) =0 meets | = | +1 maps undeg
to a point below the dashed curve of Fig. 3.8 in the corresponding slige ; r)-

Lemma3.7.Let | > 0andO< r< 1l Let g=( +1; ; + &; g)where isas

given in Proposition 3.5. Writg( o) = ~;L;®; r - Then

1
<< — R L (3.47)
T
Proof. The inequality (3.47) is equivalent to
T w+ R+l +1<O (3.48)

By (3.6)wehavey = 2 2r,w= LRrR L r.andRr= | g;also = | +1.
Upon substituting these into (3.48), after simpli cation the left-hand side of (3.48) becomes

=1+ () 3+(1 )@ Rr) & 2r@+ )r 2r(Q )@ gr)+1: (3.49)
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Thus it remains for us to show thag 0.
Into (3.49) we substituter = + -& to obtain, after much rearranging,

L=pO)ra)F LR ((+2+@ O( +D+ B+ )+ 2 L (350)
wherep is given by (3.37) and
a )= 2 R+ r * AL A R)iz: (3.51)

Since < 1 we have

q ) < L2 Rt R * AL A R
< L2 Rr)+ R+ é(l R)
= (2 R Rr & =rt1l

<0

Alsop( ) =0 and by inspection the last three terms of (3.50) are negative (becalse
Oand +2 > 0byLemme 3.5). Therefore< O. O

We now use Lemma 3.7 to show that the subset@&f for which '\( ) < Ois forward
invariant undeg.

Proposition 3.8.Let 2 @ _If “() 0then”(g()) < 0.

Proof. Writeg( )= ~;7.;=w; & .Since 2 @ wehave ; g > 0.

First suppos® < g < 1. If R 1lthen certainly'\(g( )) < 0by Lemma 3.4, so
let us supposér < 1. Since = 2 < 1, by Proposition 3.6 the curves = 0 and
" =0 intersect ata unique point ingice(L; "r), call it 5, see Fig. 3.9. With = jasin
Lemma 3.7, the inequality (3.47) implie’\:{g( 0)) < O0by Lemme 3.5. Also (g( ¢)) =0,
because'\( o) =0, thusg( o) lieson =0 and below7,, as in Fig| 3.9.

Now if A( ) Oand 6 ,theng( ) liesinthe shaded region of Fig. 3.9. The curve
™ = 0 does not enter this region because the intersection priris unique. Thusy( )
lies below the curve' = 0, thatis “(g( )) < O.

Second suppose 1. Then

R= LR L R< (c+1)( r+1) L rR< 3
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Figure 3.9: A sketch of () =0 and "(?) = 0 where™= g( )with0< 7 < land
0< 7k < 1. The pointTy is the unique intersection of( ™) = 0 and "(7) = 0. The point
oisasinLemma 3.7.

where we have used > Oand r  1to produce the last inequality. Theg < 2and
sog( ) lies below” = 0 by Lemma 3.5. Thatis, (g( )) < O. O

3.6.2 Arguments leading to a proof of Theorem 3.1

Here we prove Theorem 3.1 after a sequence of lemmas.
Lemma3.8.Let 2R, forsomen 1. Theng()2R, iforalli=1;2;:::;n.

Proof. Wehave n( ) > 0and .1 () 0by(3.9). Thus, i(g'( ) > 0and , i+1(g'( )
0by (3.8). Alsog'( ) 2 @ by Proposition 3.7. Thug' ( ) 2R, ; by (3.9). O

Lemma3.9.Let 2 @ withg( )2R, ;forsomen 1. Then 2R,.

Proof. We have , 1(g( )) > Oand ,(g( )) Oby(3.9). Thus,( )> 0Oand +1()
Oby (3.8). So 2R, becausealso2 @, O
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Lemma 3.10.Let 2R, forsomen 1. Then o(g( )) > O.

Proof. We have ,( ) > 0by (3.9), thus 1(g" *( )) > Oby (3.8). Thus () > Oby
Proposition 3.8 (recall the sign of is the same as that (ﬁ‘). Thatis, o(g( )) > 0. [

Lemma3.11.Let 2 @D andwriteg'( ) =( wi; Li; ri; ri) foreachi. Then .., >

Eéand R2< L R-

Proof. By (3.€),

2 _ 2 .
L2= r1 2r1=(LRrR L R) 2LR;
which can be rearranged as

2 2 2 2.
t2=(Lr )*(LRrR R) L R-
Then from the bounds in (3.1) we obtain, > 2 3. Also
Ri2= L1R;l L1 R;1 < L1 R1-

By substituting ., > 1and g1 > | g Weobtain g, < | r. O

Proof of Theorem 3/1Suppose for a contradiction that tRg, arenot mutually disjoint.
Sothere exists 2R, \R , forsome0 m <n. Thisimpliesg” *( ) 2 R 1 by Lemma
3.8, and so"(g" X( )) > O (the sign of ; is the same as that d). Alsog™( ) 2 R,
so “(g"()) 0. By Proposition 3.8,"(g"*'()) Oforalli 0. In particular
" X)) 0, and thisis a contradiction. Therefore tRg are mutually disjoint.

Now choose any 2 gyg. To verify (3.10) we show there exists 0 such that

2 R,. Certainly this is true if'( ) 0, because in this case2 R o, so let us assume

“(') > 0. In view of Lemma 3.11, we consider the mgpR2! R2de ned by

g(L;R):(LR)Z;LR:
Foranyj 1thej"-iterate ofgis given explicitly by
¢(L; r)= (LR)ij;(LR)kj ;

wherek; = 31 . Then Lemma 3.11 impliesg; < (. r)" (using the notation of
Lemma 3.11) and sor.p ! 1 asj 'l . Thusthere existm 0 such that g.;m
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2. Then A(gm( )) < Oby Lemme 3.5. Now leh 2 f 1;2;:::; mgbe the smallest integer
for which “(g"( )) 0. Then”(g" 1()) > 0,s0 (g"( )) > 0. Thatis,g"( ) 2 Ro.
Hence 2 R, byn applications of Lemma 3.9. This completes our veri cation of (3.10).

To show thatR; is non-empty for alj 0, rst observe "( ) > 0. Also Ry is
certainly non-empty. So for anfy 1 we can choose 2 gyg sufciently close to
that A(gi( )) > Oforalli =0;1;:::;j 1. Againletn 1 be the smallest integer for
which “(g"()) 0. Thenn j andg"( ) 2 R,. Thusg" i() 2 R; (by again using
Lemma 3.9), i.eR; is non-empty.

Finally, choose any > 0 and letB-( ) be the open ball irR* centred at and
with radius" using the Euclidean norm. We now show there exmts 1 such that
R, B«( )foralln>m. This will prove thatR,, ! f gasn!1 . Choose any

2 @ with 2 B-( ). Itissimple exercise to show that rj 1+ p5. Thus, as

above, there exist®% 0 such that g, 2and 2 R, forsomen m. Hence for
anyn > m the regionR, contains no points outside &-( ). ThatisR, B-( ) for
alln > m and therefordr, ! f gasn!l . l

3.7 Positive Lyapunov exponents

For smooth maps Lyapunov exponents are usually de ned in terms of the derivative of the
map. The border-collision normal forin is not differentiable orx = 0, so instead we
work with one-sided directional derivatives, 83/7.1. We then de ne Lyapunov exponents in
terms of these derivatives, 83.7.2. This de nition coincides with the familiar interpretation
of Lyapunov exponents as the asymptotic rate of separation of nearby forward orbits [129].
Then in §3.7.3 we prove Theorem 3.2.

3.7.1 One-sided directional derivatives

De nition 3.1. Theone-sided directional derivativef a functionF : R2! RZatz 2 R2
in a directionv 2 R2 is

D;F (@)= lim Flz+ v) F),

(3.52)
if this limit exists.

The following result tells us that one-sided directional derivatives ohthéterate of
(2.21) exist everywhere and for all 1. This follows from the piecewise-linearity and

55



continuity of (2.21). For a proof see [129].

Lemma3.12.Forany 2 R* z2 R? v2 R? andn 1,D;}f"(z) exists.

3.7.2 Lyapunov exponents

In view of Lemme. 3.12 we can use the following de nition.

De nition 3.2. TheLyapunov exponemtf f atz 2 R? in a directionv 2 R? is
. 1 .
(z;v) =limsup - In Djf"(z) (3.53)
nil

If the forward orbit ofz does not intersect = 0, thenDf "(z) (the Jacobian matrix of
f" atz) is well-de ned for alln 1. Moreover,D| f"(z) = Df"(z)v, so, in this case,
(3.53) reduces to the usual expression given for smooth maps.

The following result is Theorem 2.1 of [58], except in the work only forward orbits that
do not intersecx = 0 were considered. The generalisation to one-sided directional deriva-
tives is elementary so we do not provide a proof. The proof in the work by Glendinning
and Simpson [58] is achieved by constructing an invariant expanding cone for multiplying
vectorsv under the matriced, andAg, and we will do this later in Chapter 5.

Proposition 3.9. Forany 2 gyg,z 2 R?, andv =(1;0),

o1 en _
iminf ~In D}f"(2) > o0: (3.54)

3.7.3 Arguments leading to a proof of Theorem 3.2

We are now ready to prove Theorem 3.2. Once we have constructed thethetequality
(3.12) follows from the arguments given in the proof of Lemma 6.2 of [58]. We reproduce
these arguments here for convenience.

Proof of Theorem 3,2The set( ) is bounded becaus¢ 2 and is bounded and
forward invariant (Proposition 3.1). Als¢ ) is connected and invariant by the de nition
of an unstable manifold. With = (1;0)and anyz 2 ( ), the Lyapunov exponent(z; v)

is well-de ned by Lemma 3.12. Moreover(z;v) > 0 by Proposition 3.9 and because the
supremum limit is greater than or equal to the in mum limit.
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It remains for us to prove part (iii). Here we assume< 1; also | < 1 by Lemma
3.3.Since 2Rywehave () Oandso () Oby(3.24). Thud ?(T) lies on or to
the left of ES(X ) by Proposition 3.2. LeZ denote the intersection &3(X ) with Tf 2(T)
(the line segment connectirig andf 2(T)). Notice XT andTZ are subsets ofvVU(X)
while ZX is a subset ofVs(X).

Let o be the lled triangle with verticesX, T, andZ, see Fig. 3.7-a. Also let
= i:o f"( o). The set is forward invariant, by de nition, and has non-empty
interi_(l)_r because it containsy. As in the work by Glendinning and Simpscn [58], let
= i:o fre) .

We now show( ) ~. Choose anyg 2 ( ). Letfzg be a sequence of points in
WUY(X)withz,! zask!1l . Foreachk,f "(z)! X asn!1l |, thusthere exists
ne 1suchthaf " (z) 2 XT. Thusf "™(z) 2 o, S0z 2 . Thisis true for alk,
thusz2 .Butz?2 ( )isarbitrary, thus( ) . Also ( ) is forward invariant, thus
() -

Finally we show™ (). The determinants, and r of the pieces of are both
less tharl, thus the area (Lebesgue measuref) tf) convergest®asn!1 . Now
chooseanyg 2 ~. Thenz2 f"() foralln 0and so the distance afto the boundary
of f"() convergestdasn ! 1 . The boundary of o consists ofXZ , which lies
in the part ofW3(X) that converges linearly t&, and two line segments iw"(X).
Consequently the boundary bf( o) is contained inXf "(Z) [ WY(X) foralln 0.
Thus the boundary of is contained inZf (Z) [ WY(X), so the boundary of"() is
contained irf "(Z)f "1 (z) [ WY(X) foralln 0. Butf"(Z)f"*'(Z) converges tX ,
hence the distance afto W"(X) must be0. Thusz 2 ( ). Butz 2 ~ is arbitrary, thus
~ (). This completes our demonstration of (3.12). [

3.8 Implementing the renormalisation recursively

In this section we work towards a proof of Theorem 3.3. Firstin 83.8.1 we use the unstable
manifold of X to construct a triangle { ) that maps to( g( )) under the af ne transfor-
mationh for convertingf 2 to f 4 ). In particular we show that{ ) is a subset of both
( )and and this allows us to implement the renormalisation recursively in £3.8.2.
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3.8.1 Properties of the set mapping to( g( ))

Suppose 2 @ with 1( ) > 0(equivalently ( ) < 0). Thenf 2(T) lies to the right of
ES(X) by Proposition 3.2. Thuk3(T) lies to the left ofES(X) (because & < 0). Now
let Q denote the intersection &Y (X ) with the line through 3(T) and parallel t&ES(X),

see Fig. 3.7-b. Then letY ) be the lled triangle with vertice$ (T), f 3(T), andQ.

Lemma3.13.Let 2 @ with 4( ) > 0. Then
1. ) :
2. OV CAN=7,

3F(A)  (xy)2R* x>0,
4. h(A)=(9a0),
5. andif o( )> Othen ) ( ).

Proof. Let g = (x;¥) 2 R? x> 0 denote the open right half-plane and lebe the
triangle with vertices<, f (T), andV. We now prove parts (1)—(5) in order.

1. Observed (X) = X 2 R, thusX 2 by (3.4). Similarlyf (V) 2 g, thus
V2 .Alsof?(T)2 g, thusf (T)2 . Thatis,all vertices of belongto
thus because these sets are convex.

From (3.19) and (3.42) we nd that the slope of the line throdglandf 2(T) is
— which is negative, thut?(T) lies to the left of T. Consequently 3(T) lies

S
R

abovef (T). Alsof (T) lies aboveV because

[ERN
Py

f(T) W=
e 1 4

Thereforef 3(T) 2 . Thus Y )

2. Observe () is the quadrilateral with vertices, f (V), f2(T), andT. Thus
andf () intersect only aiX. But Y ) does not contairX , thus q )\

fFCaN="2.
3. The left-most pointof () isX 2 g, thusf ( 4 )) f () R-
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4. For the magf 2, the xed pointX is a saddle with positive eigenvalues. Thus its
unstable manifold has two dynamically independent branches. The branch that em-
anates to the left has its rst and second kink$ &) andf 3(T). Let B denote this
branch up to the second kink, thaBss the union of the line segments (T) and
f (M),

By the conjugacy relation (3.22), (B) is part of one branch of the unstable manifold
of the analogous xed point of y. Sinceh ips points across the switching line
(3.23),h (B) is part of the unstable manifold of (for the mapf 4 y). This branch
has its rst and second kinks & andfy (D), thush (B) is the union of the line
segmenty’ D andDf 4 y(D). By similar reasonin@) maps undeh to the pointB

of f4( ). This veri es part (4).

5. The rstcomponents of andD areT; = 15 andD; = +15. Observéd < T, <
R L

D,, thusT lies between0;0) andD. By iterating these unddrz. we have that
f (T) lies on the line segment connecti(lg 0) andf (D).

Now supposeg( ) > 0. Thenf (T) 2 ( ) becaus€1;0)2 ( ),f (D)2 ( ),
and () is convex. Moreoverf3(T) 2 ( ) because( ) is forward invariant
(Proposition 3.1). AlsX 2 ( ) by Lemma 3.1. Thus the triangle with vertices
f (T), f3(T), andX is contained in( ) (again by the convexity of )). This
triangle contains { ),thus ) ( ) asrequired.

3.8.2 Arguments leading to a proof of Theorem 3.3

Proof of Theorem 3\3Letl, = f0;1;:::;2" 1g. We use induction on to prove Theo-
rem 3.3 and show that

if o()>0thenS ( )foralli2 Iy: (3.55)

With n = 0 the statements in Theorem 3.3 are true trivially v8§= ( ). Also (3.55) is
true becausey( ) > 0(since 2Rg)andS, ( ) byLemma 3.1.

Now suppose the result is true for some O0; it remains for us to verify the result for
n+1. Chooseany 2 R 1. Theng( ) 2 R, by Lemma 3.3. By the induction hypothesis
applied to the poing( ), we haveg"**( ) 2 R, and there exist mutually disjoint sets
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So0;Sy; S g R? Withfg() S = S(i+l)mod2“ and

f&) s is af nely conjugate td (3.56)

gt () (g )

foralli 2 I,. Also o(g( )) > 0by Lemma 3.10, thus by (3.55) the induction hypothesis
alsogivesS;, ( g()) foralli 2 1,.

LetS, = h 1 S foreachi 2 |, (these sets are mutually disjoint becatisds a
homeomorphism). Le®,,; = f (Sy) for eachi 2 1, (these sets are mutually disjoint
becausd is a homeomorphism). For anyj 2 |, we haveS, Y ) by Lemma
3.13(4) andS5.1 \ A ) = ? by Lemme 3.13(2), s8, \ Sy.1 = ?. Therefore the sets

Foreach 2 1,, Sy by Lemme 3.13(1), so

f2 s, is af nely conjugate td o ) ¢ (3.57)

by PI’OpOSitiOH 3.3. A|S¢)2(52i) = Szi+2 mod 2 n+L ,SOf (82i+1) = fR; (82i+1) = S2i+2 mod 2 n+1
using also Lemma 3.13(3). Thus

f2 s,., is afnely conjugate td 2 S,
usingfr. as the af ne transformation. By further use of (3.22) we have tRat S and
f2"" _ are af nely conjugate td 2' thus also td by (3.56) (this

SZ|+1 g( ) Si’
veri es (3.14) forn + 1).

gt () (gner( )

The induction hypothesis also implies

oI 1
Si =cl(W"( n)); (3.58)
i=0

where , is a periodic solution of 4 y with symbolic itineraryF "(R). By (3.22),h *( )

is a periodic solution of 2. Sinceh ips the left and right half-planes, se& (3/23), the
symbolic itinerary oh *( ) is obtained by swapping andR's in F"(R). Then 4 =
h*)[f h?,) isa periodic solution of and sincd h *( ,) is contained in

the right half-plane (Lemma 3.1.3(3)) its symbolic itinerary is obtained by further replacing
eachL with LR and eactR with RR, hence ,.; has symbolic itinerary§ "** (R). Also
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by (3.57) and(3.58),
onpt g

Si = cl(WY( nh41));
i=0
which veri es (3.15) forn + 1. Finally, if o( ) > Othenforalli 2 I, we haveS,; ()
by Lemma 3.13(5) an&,;+1 () because( ) is forward invariant verifying (3.55)

forn+1. O
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Chapter 4

Robust Devaney chaos in the two-dimensional
border-collision normal form.

4.1 Introduction

In Chapter 3, we used renormalisation to partition a region slightly larger thag into
subregionR ;R 1;R,;:: .. We showed that if 2 R, for somen 0, thenf has a
chaotic attractor witl2" connected components. Hedreis the border-collision normal
form given by

n #
X+y+1
foey)= YT
LX
and
mn #
X+y+1
fr (y)= YT
rX

with the set = f(0;y)jy 2 Rg — they-axis as the switching manifold df . For any

2 R4, itsimagef () isthex-axis. Fig. 4.1 shows the attractor for typica? R o where
it has one connected component and is the closure of the unstable manifold of a saddle xed
pointX i.e., =cl( WY(X)), see (3.11). We were further able to show that ? R
for somen 1, thenf?' is conjugate td for some 2 R . In this way, anything one
can prove about the dynamicsRy immediately extends to eveR, withn 1. For this
reason, it is helpful to better understand the dynamid¢®4n

Already it is known that has a chaotic attractor for all2 R o, but only in the sense

of a positive Lyapunov exponent. In this chapter we extend a result of Glendinning and
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Figure 4.1: A phase portrait of (2.21) with = (1:5;0:2; 2;0:5) which corresponds a
pointinR o, see Fig. 4.2(a). There are two saddle xed poixsandY. The gure shows
numerical computations of the stable (blue) and unstable (red) manifokis Bie closure

of the unstable manifold ok , denoted , is a chaotic attractor; by Theorem 4.2 the map
exhibits Devaney chaos on. The stable manifoldVs(X) can be "grown' by iterating

a certain line segmerit (V)f (V) backwards undefr , see §4.3, and this gure shows
this line segment and its subsequent eight preimages (forming the densely lled manifold
illustrated in blue). By Theorem 4.¥/3(X) is dense in a region containing

Simpson [53] and show that throughout a relatively large subdRt diie attractor satis es
Devaney's de nition of chaos: transitivity, dense periodic orbits, and sensitive dependence
on initial conditions |32], see 82.8. In view of the renormalisation, these properties also
hold in the corresponding subsetsRf withn 1.

The key objects that we employ to verify Devaney chaosras&riant expanding cones
These allow us to obtain a lower bound for the rate at which line segments grow under
iteration by either piece df . Indeed such cones have been used to verify transitivity in
other families of piecewise-linear maps [99, 121].

Below we also show that the stable manifold¥is dense in an open region containing
the attractor. This is illustrated in Fig. 4.1 where we have numerically gréwX )
outwards for eight iterations beyond its rst kink with the switching manifotd= O.
Already we can see the manifold is leaving only small gaps; by iterating further we have
observed that the size of the gaps steadily reduces further.WR($ ) behaves like a two-
dimensional object, when really it is one-dimensional. This is reminscenbleiaerthat
for smooth invertible maps only occurs for maps that are at least three-dimensional [68].
Blenders are a central feature of hetero-dimensional cycles and useful for explaining the
breakdown of uniform hyperbolicity [1.9].
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The remainder of this chapter is organised as follows. The main results are presented
in €4.2. Here we also show that the chaotic attractor can persist beygrd and even
outsideR ;. It appears that if the attractor is not destroyed at the curved boundagyef,
then it is destroyed in a heteroclinic bifurcation where the unstable manifd{dd#velops
an intersection with the stable manifold of a period-three solution.

In €4.3 we introduce essential features of the phase spafce tifen in 84.4 identify
invariant expanding cones on the tangent space.dlVe put these together in 84.5 to prove
statements about how line segments map uhdein §4.6 we establish related results for
the inverse of , then in 84.7 prove transitivity and the denseness of periodic solutions.
Sensitive dependence follows immediately as it is a redundant aspect of Devaney's de ni-
tion [15].

Throughout this chapter, whenever we de ne a point, for exarfpléhe notationP;
andP, denote thex and they-components oP, until speci ed otherwise.

4.2 Main results

In this section we brie y discuss some of the concepts introduced in the last chapter before
moving onto the main results.

4.2.1 Adivision of parameter space

The robust chaos parameter region of Banerjee, Yorke, and Grebogi [14] is the set

syve =f 2 | ()>0g; (4.1)
where
()= r (r*+* L+ r @+ r) D (4.2)
Note that the above equation has a different notation than (3.2) because in (3.2) we had not
introduced the eigenvalues yet. We introduced the renormalisation opgratot in
the last chapter de ned by
g )= & 2r & LR L Ry L R ;
Foralln O, let
Rn= 2 @"()N>0 ¢g*() O0: (4.3)
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Sample two-dimensional slices of the sBts were shown in Fig. 3.:3. Fig. 4.2 shows two
more slices with some additional curves that will be important below.

We now state the main results. These are proved in later sections and involve the func-
tions

2

u u
Ji( )= —F—; 4.4
"2 "3 3
— S. L oS, R .
Jo()=max ; ] +max |j Rj,j 51 (4.5)

Since the eigenvalues; and § are negative we have used absolute values to make the
signs of the various quantities readily apparent. The results here tell about the dynamics of
f inRobecausdy( ) > limplies 2Ryforany 2 gy, SeelLemmad.7.

Theorem 4.1.Let 2 gy and supposdi( ) > 1and § +j &j < 1. ThenW?3(X) is
dense in a triangular region containing.

Theorem 4.2.Let 2 gyg and supposd;( ) > 1andJ,( ) < 1. Thenf is chaotic in
the sense of Devaney on

@ L =02, r=05 (b) L =064, r=0:7

Figure 4.2: Two-dimensional slices of parameter space de ned by xing= 0:2 and

R = 0:5in panel (a) and, = 0:64and r = 0:7in panel (b). The regionRy andR ;

are coloured yellow and grey respectively. The curved boundéry= 0 intersects the
horizontal boundaryr = R lat | = + L, where s the largest root of the
quadratic r 2+ (1 L) *+ R, see Chapter 3 where this root was denotedThe

striped regions are where Theorems 4.1 and 4.2 apply. The dashed curves labelled HT are
heteroclinic bifurcations discussed in 84.2.2. In panel (a) the black square indicates the
parameter values of Fig. 4.1; the black triangles indicate the parameter values of Fig. 4.3.
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NoticeJ,( ) < 1is a stronger condition tharf + j %] < 1. The striped regions in
Fig. 4.2 show where the conditions of Theorem 4.2 hold for the given xed valueg of
and r. As mentioned above these are necessarily subs&s.dh panel (a) the condition
J>( ) < 1ldoes not in uence the boundary of the striped region because this condition is
satis ed automatically when the values qf and r are suf ciently small. In panel (b)
we have chosen values of and g that highlight the nonsmoothness of the constraint
Jo( )< 1.

The conditions);( ) > 1andJ,( ) < 1arise quite naturally. First;( ) > 1 ensures
the second iterate? is expanding in some directions, whilst( ) < 1 ensures the inverse
f 1is expanding in some other directions. Below we use these expansion properties to
verify Devaney chaos. Nevertheless, numerical explorations suggest that these conditions
are sub-optimal and that in fact has Devaney chaos for all2 R . A proof of this
remains for future work.

4.2.2 A heteroclinic bifurcation involving

For the most part appears to vary continuously ags varied continuously withirR o,

but jumps in size when it develops intersections with the stable manifold of a period-three
cycle. This is illustrated in Fig. 4.3. By decreasing the valuegofin intersection rst
occurs at g 1:727455 This heteroclinic bifurcation is an example o€asis [62]. It

also clearly portrays the homoclinic bifurcation where the unstable manifold of the period-
three cycle converges to the chaotic attractor.

Numerically we have computed curves in Fig./ 4.2 (labelled HT) where the heteroclinic
bifurcation occurs. This was a computationally intensive task because, unlike the simple
corner intersections associated with ) = 0 for example that involve the rst couple of
linear pieces oWVs(Y) andWY(Y) as they emanate outwards from the corner inter-
sections associated with the heteroclinic bifurcation involve the limiting outer-most part of
WUY(X) as is it grown outwards frorK inde nitely. Curves of such bifurcations were con-
sidered by Osinga |105] where it was argued that other bifurcations may contribute to the
crisis. It remains to be seen whether or not such bifurcations are present in our piecewise-
linear setting.

The attractor appears to persist to the right of ) = 0 in the narrow strip bounded
above by (g( )) = 0 and bounded below by the heteroclinic bifurcation curve. From a
point within this strip, if we cross(g( )) = 0 we entelR; and is replaced by an attractor
with two connected components, while if we cross the heteroclinic bifurcation forward

66



a) r= 17 b) r= 1727455 ) r= 18

Figure 4.3: Phase portraits of (2.21) with =0:2, g =0:5, | = 1:3, and three different
values of g as indicated. These parameter combinations are shown in Fig. 4.2. In each
plot the three green triangles are the points of a saddleltigse-cycle, denoted, rg . The

stable manifold of the period-three cycle is denoted in blue, whereas the chaotic attractor
is denoted by red. The black dot represeftits

orbits of points neaK are able to diverge s@/"(X) suddenly becomes unbounded and
the attractor is destroyed. Numerical investigations suggest this occurs for any values of

L > 0and g > 0, that s, it is always the stable manifold of thBR -cycle (period-three
solution with symbolic itinerary.RR) that is responsible for the crisis.

4.3 The stable and unstable manifolds of the xed points

Recall from Chapter 3 that rst kink of the right branch\&f“(Y'), as we follow it outwards

fromY, occurs at the point
1

13
see Fig. 4.4. Forall 2 , D lies to the right of(1; 0), wheread (D) lies in the left
half-plane. LetU denote the intersection &ff (D) with . The right branch o¥WU(Y)
contains the line segmentsD andDf (D) and can be ‘grown' by iteratingf (D) under

f because this line segment, minus one of its endpointduisdamental domaifi10] for
this branch of the manifold.

As in Chapter 3 leB denote the intersection &f D with the line throughf (D) and
parallel to the stable subspaBé(Y), see Fig. 4.4. Recall from Proposition 3.1 that the
triangle with verticesD, f (D), andB is forward invariant undefr forany 2 pgyg.

In this chapter the geometry bf() , see Fig. 4.4, will be particularly important.
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The rst kink of WS(X') occurs at the point

u
- 0 R .
V= 0 i1 4.7)

see again Fig. 4.4. The stable manifoltf(X ) containsVf (V) ES(X) and can be
grown by iterating (V)f (V) underf . This is becausé (V)f %(V), minus one of
its endpoints, is a fundamental domain YWe(X).

The next result clari es how f (V) intersects the regioh () and is used below
to prove Lemma 4.8. Specically Lemma 4.1 impliés(V) lies to the left off (U);
consequently f (V) cutsf () into three pieces.

Lemma4.l.Let 2 .If ? + | &j< 1lthenU,>V,.

Proof. By iterating (4.6) undef we ndthatDf (D) has slopeﬁ and consequently

u= 0

R
(7 D) (48)

Figure 4.4: A sketch of the forward invariant region that is constructed using kinks of
the unstable manifold of (red). We also show its image() and parts of the stable
manifolds ofX andY (blue).
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By subtracting the second component of (4.7) from that of (4.8) and factorising, we obtain

e g oa:w.
VST S w) (4-9)

If ?+]j & < 1then each bracketed factor in (4.9) has a positive value,UpusV,. [

4.4 Invariant expanding cones

In this section we construct invariant expanding cones for the Jacobian maigicasd
Ag.

De nition 4.1. Anonempty seC R2?is aconeif tv 2 C forallv2 C andt 2 R.
De nition 4.2. LetA be areal-value@ 2 matrix.

(i) AconeC RZisinvariantif Av 2 C forallv 2 C.

(i) The cone isexpandingf there exists an expansion factor> 1 such thatkAvk

ckvk forallv 2 C.

Given an intervaK R, the set

(" 1# )
Kk = t m2K;t 2R ; (4.10)
m
" #

. 1 : . :
is a cone. The vector = . Isaneigenvector oA, corresponding to the eigenvalue

L

I'. Thus
KAvk = ['kvk: (4.11)

#

: . . : 1
It is a simple exercise to show that (4.11) holds with for exactly one other value
m

of m 2 R, namely

2
Merit = §+ —— (4.12)
L 1
11} #
1
and noticemg; > 0. It is not dif cult to show thatkAvk I kvk for all v = with
m

. m mgi. The following result generalises this observation.
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Lemma4.2.Suppose,. > | +1land | > 0. LetK =[ };Mma] for somempyac 0.

1. Ifmnae Meie then ¢ is invariant and expanding foA_ with expansion factor

u
L-

2. If Mmax , 1theng is invariant and expanding foA_ with expansion factor
CL = min E;—ub%—l .

" #
1
Proof. Choose any 2 . Thenv =t for somem 2 K andt 2 R. If t = 0 then
m
ALv 2  trivially, otherwise the slope ok visG(m) = - NoticeG( )= L

Also G is increasing and negative-valued[Onl ). ThereforeG(m) 2 [ $;0) K and
SOA V2 . Thatis, g isinvariantforA,.
Foranyc > 1andt 6 O,

H(m)= kALvk® cckvk®=1t* 1 & m?+2 m+ 2+ 2 ¢ ;  (413)

is a concave down quadratic functionmf Thus, onK, H achieves its minimum at an
endpoint ofK . Withm = orm = m¢; we have

kAL vk? _

u?.
—ka2 Ll (4.14)

Thus with mp,ay Meic andc = |, thenH (m) Oforallm 2 K. Thatis,  Is
expanding with expansion factof . With insteadm = 1 we have

KALVK® _ (L +1)2+ 2 (0+1)?

kvk2 2 2 (4.15)

Thus if Mpax 1 andc? is the minimum of (4.14) and the bound in (4.15) then again
H(m) Oforallm 2 K. Thatis, g is expanding with expansion factar. O

Next we state a result fagkg that is analogous to Lemma 4,22. This can be obtained in
the same way so we do not provide a proof.

Lemma 4.3. Supposeg < r land g > 0. LetK =[Mpin;] &i] for somemp, 2
[ 1P The coge « is invariant and expanding foAr with expansion factocr =

N A T |
min j gj; 8=
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Next we provide a simple lower bound for the valuenof;; . We then use this, and
Lemmas 4.2 and 4.3, to construct a cone that is invariant and expanding fof pathd
Ar.

Lemmad4.4.Let 2 gyg. Thenmgi > 2 R.

Proof. Treatmg,; as a function of_ and . By directly differentiating (4.12) we obtain

#
@i _ 2 '+1 2.3} 1 @

L
@ u? + u2 2 Uz u2 2 @ :
L L o1 Lo 1 L

By inspection the quantity in square brackets is positive (because O and ' > 1).
Also g—E > 0, therefore, for any xed | > 0, m; is a decreasing function of .

As shown in Chapter 3, inthe_; r)-planethecurve( ) =0 intersectsg = r 1
at | = + -, where isthe larger of the two solutions to
R 2+ (1 L) + r=0; (4.16)

as indicated in Fig. 4.2. Since the curvé ) = 0 has positive slope everywhere (see
Proposition 3.4), forany 2 gyg the value of | islessthan + --. So, sincem;; is a
decreasing function of_, m¢it > m ;. ( ; r) Where

. _ L .
Mei (L3 R)S —+ ————

is obtained by replacing in (4.12) with + ~.

It remains to show thah ; ( .; r) > 2 rforallO< | < land g > 0because to
have 2 gy We must have, < 1, see Chapter 3. First obseme,, (0; g) = %—

1
and in view of (4.16) this reduces to,; (0; r) =2 r. Also

@r@‘it—l+ 2 g_L h 4 2 2 2 I

@, (2 1 271y

By inspection the quantity in square brackets is positive (becauseOand > 1). Itis
a simple exercise to sho@r < 0, therefore, for any xed g > 0, mg; is an increasing
function of . Thusmg; ( ; r) >mM;(0; r) =2 g, asrequired. O

Lemma4.5.Let 2 pgyg. WithK =[ ;] R&i], the cone  is invariant forA_ and
Ar. Moreover, itis expangding foh, with expansion factor' and expanding foAr with
expansion factocg = min | RAj; ’—B‘g—l .
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Proof. Observel & < r < 2Rr < Mg Using Lemma 4.4. Thus the right end-point
of K is bounded above by, hence the result fok, follows from Lemma 4.21. Also
1<} thusthe result foAg follows from Lemma 4.3. O

4.5 Expanding line segments

In this section we use invariant expanding cones to study how line segments map under
and to prove Theorem 4.1.

Given pointsP;Q 2 R%,let = PQ R? be the line segment connectifgandQ.
Also if Q = P + v then the length of isj j = kvk. We say crosses if it contains
points on both sides of. If does not cross, then all points in  map under the same
piece off . In this casd ( ) is another line segment and

it ()i = kAvk; (4.17)

withJ = L orJ = R accordingly.

If crosses ,thenf () consists of two line segments connected at a poirft i .
The next result (inspired by Lemma 2.1 of Veitch and Glendinring [140]) provides a lower
bound on the length of the longer of these two segments.

Lemma 4.6. Lets be the length of the longest line segment i6 ) and letc_;ck > 0. If
kA vk ¢ kvk andkArvk cgrkvk, then

CLCr
CL+Cr

i (4.18)

Proof. Let | denote the part of in the closed left half-plane andzs denote the part of
in the closed right half-plane. Then_j = tj jandj rj=(1 t)j jforsomet 2 [0;1].
Observgf ( )] = kKAL(tv)k tc ] jandjf ( r)] = KAR((Z tV)k (1 tcrj .
Thuss maxftc ;(1 t)crgj j. This length is smallest whein, = (1 t)cg. That s,
t= %= giving (4.18). N

cLtCcr'!

We are now able to show that the conditibyf ) > 1limplies 2 Rgforany 2 gyg.
This is because if 2 gygc then () > O, soifalso (g( )) < Othen 2 R by
de nition, (3.9).

Lemmad4.7.Let 2 .I1fJy( ) > 1then (g( )) <O.
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Proof. Let 2 andsuppose(g( )) O.Itremainstoshow,( ) 1. LetT 2f ()
denote the rst kink ofW"(X) as we follow it outwards fronX , see Fig. 4.5. As shown in
Chapter 3, (g( )) Oimpliesf ?(T) lies on or to the right of the stable subsp&¥X ).
The slope oE®(X) is] Rj, Wwheregj gj < “Tpg because (g( )) O, see Chapter 3.

The slope ofTf (T) isj $j. This slope belongs to the intervidl = [ 3;j $j] of
Lemma 4.5, thus by the invariance of. the slope off f 2(T) also belongs to this interval.
Thus the slope OW isatleast §,whichis greater than 1. Alsof 2(T) lies above
f () (thex-axis)becaust (T) liestothe left of . By putting these observations together
we conclude that 2(T) must belong to the shaded region of Fig. 4.5. It is then a simple
exercise in geometry to show that the distance of any point in this regidrnigdess than
the distance oK to T. Thusf 2(T) is closer toT thanX is.

Now let = Xf (T). Thenf ( ) = XT [ Tf%T). We have just shown that the
longest line segment i ( ) is XT . By Lemma 4.6 this has length

Ll RrJ
Rl 4.19
T+ g ] (4.19)
p— _
using also Lemma 4.5 withy = j kj becausg Bj < +5->2. SinceXT is aligned with
the unstable direction ok, f (XT) = j gjs. Butf (XT) = , thus (4.19) implies

Ui w2
ij Rl Thatisdl() L 0

t+] Rl

Next we prove that, under certain conditions, when we iterate a line segment under

Figure 4.5: A sketch of the phase space of (2.21) witR and (g( )) Oto support
the proof of !,Yemma 4.7. The shaded region is bounded by tharis, the line througtxX

with slope“2 5 and the line through with slope 1.
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f we must eventually intersestf (V) — the initial linear piece ofVs(X) as it em-
anates fronX . Then only a few more arguments are required to establish the denseness of
Ws(X).

Lemma4.8.Let 2 gyc andsupposdi( ) > 1land } +j &j < 1 Let be a
line segment with slope ik =[ ;] }i]. Then there exists 1 and pointsP 2
andQ 2 f () suchthaQ f"( ). MoreoverP Q intersectsVf (V) transversally.

Proof. Let o= . We construct a sequente;gof line segments in with slopesirK as
follows. If ; does notcross, let .3 = f ( ;). Observe i1 because is forward
invariant undeff  (Propositioni 3.1), and;,; has slope irK because  is invariant for
bothA_ andAgr (Lemma 4.5). Moreover, withg asinLemma 4.5, ;1) doj ij where
do =minf ';crg> 1.

If ; crosses , rstlet ; be the longer of the two line segments that compfrige;).
If ; does notcross, let j.; = f ( ;). Both jand :; belongto and have slopesin
K by the invariance properties. We now show that the situation nbt crossing cannot
always occur.

The endpoint of ; that lies onf () belongs the right half-plane. This is because

i f () and the intersection df () with f () is the line segment with endpoints

f (U) andD, see Proposition 3.1. Buf lies aboveV (Lemma 4.1) because we have
assumed} + j & < 1, thusf (U) lies to the right off (V), which certainly lies to the
right of in view of the explicit expression (4.7). So the assumption thabes not cross

means that lies in the closed right half-plane, thiisi;;]  cgrj ij by Lemma 4.5.
Alsoj ij = ijby Lemmc 4.6, therefore i+1] dyj ij whered; = Lok

LR’

u+C

Ifj &j> -5 thencg > 1* 5 and sod; > 1 (because ! > 1). Otherwisecg = j Yj
in which casedl = Jy( )andso agamll > 1 (becausdi( ) > 1byassumption). Now let
d=minfdy;dig. Thenj ,j d"j oj!1 asn!1l becausa > 1, but is bounded
so this is not possible. Thus there must ekist 0 such that both ; and ; cross . Let
P= ;\ andQ be the endpoint of; that lies onf () . By constructiorPQ f"( )
forsomg +1 n 2 +1.

Finally,PQ f () thusP lies on or abové) while Q lies on or to the right of (U),
see Fig. 4.4. We now use Lemma 4.1 to show ?@ intersectsV f (V) transversally.
SinceU lies aboveV, P lies to the left of the stable subspa€é&(X ). Sincef (U) liesto
the right off (V), Q lies to the right of£3(X ). ThusP Q intersect€ (X ) transversally at
some poinS 2 f () . FinallyS 2 Vf (V) becausé *(V) lies above the line through
f (D) andD (which is the case becau¥elies below the line through andf (D)). O
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Proof of Theorem 4.1SinceX 2 and is compact and forward invariant under, we
have . Choose any? 2 and" > 0. Let B-(P)\ be aline segment with
slopein[ ;] &i]- By Lemma 4.3 there exists 1 such thaf "( ) intersect3Vs(X)
at some poinS. ThusQ = f "(S) belongs toWs(X ) and lies within a distancé of P..
SinceP 2 and" > O are arbitrary, we can conclude th&ts(X ) is dense in . O]

4.6 Dynamics of the inversd !

In this section we identify invariant expanding cones4or andA*. Similar calculations
have been done to verify uniform hyperbolicity in the Lozi map [99]. The results, Lemmas
4.9 ano 4.10, are analogous to the results obtained above in 844 fandAr and can

be proved in the same way. We omit such proofs for brevity but instead provide a novel
proof of Lemma 4.9 that works by convertidg *, via a change of coordinates, to a matrix
that has the same companion matrix formAas We also show that the set of points whose
backward orbits unddr diverge is dense iR?, Lemma 4.11. Consequently the attractor

cannot contain open sets and this observation is utilised in the next section.
Given an intervaK , the set

( n # )
A )]
K = t1 m2K;t2R ; (4.20)
is a cone.
h [
Lemma 4.9. Suppose, > | +1land | > 0. LetK = LM for some
L
Mmax 2 [Q; 1] Thebcone’\K is invariant and expanding foA_* with expansion factor
6. = min %;%E—Z :
L L

n #
0 1

Proof. LetP = and let
10

#

I_ll_

1
B.=PA'"P '= T
L
This matrix has the form ok, with eigenvalue® < - < 1< -1 (the same eigenvalues as
L L
A, ! by similarity). By Lemma 4.22,  is invariant and expanding f@&_ with expansion

factor€_. Multiplication by P corresponds to a re ection about the lige= x, therefore
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"¢ (the re ection of  abouty = x) is invariant and expanding fok ' with same
expansion factor. O

h i

Lemma 4.10. Supposer < R land r > 0. LetK = ryn; for some

1
I Rl
Mmin 2 [31; 0] The_ Bone’\K is invariant and expanding foh;* with expansion factor

—_ i 1 .1+ R
¢ = min iéi’p? .

2 &

[0

Lemmad4.1l.Let 2 and supposd,( ) < 1. The set
= (xy)2R% kf '(x;y)k!1 asi!l (4.21)
is dense irR?.

Proof. Choo'ﬁe any 2iR2 and" > 0. It remains for us to shoB-(P)\ 6 ?.
Letk = L. JLUJ . By Lemmas 4.9 and 4.1 is invariant forA ' andAg* with
L R
expansion factor§_. and€g given above. Noticd,( ) < 1is equivalent to

é+é<x (4.22)

Let o B-(P) be aline segment with slope K. Foreacti 0, let .1 = f *( ;) if
this is a line segment, otherwise let.; be the longest line segmentfin( ;). Each ;
has slope ik by invariance. Analogous to (4.18), we have,,j dj jjforalli O,
where

_ Gk
6+

Butd > 1by (4.22),thug ij!1 asi!1l .Thusthereexist§ 2 owithkf "(Q)k!

1 asi!l ,soQ2B-(P)\ . O

4.7 Devaney chaos

In this section we work towards a proof of Theorem 4.2.

As in the proof of Lemma 4.7, 1€k 2 f () denote the rst kink ofW"(X). But now
supposé ?(T) lies to the left of the stable subspa&&(X ). This assumption is equivalent
to (g()) < O, see Chapter 3, so by Lemma 4.7 occurs whgn) > 1. LetZ denote
the intersection oES(X ) with Tf%(T) and let , be the lled triangle with verticeX , T,
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andZ, see Fig. 4.6. Also let

L v
= f'C o) = f'() : (4.23)
i=0 i=0
We rst prove the following lemma that extends previous results [58] to a wider range of
parameter values.

Lemma4.12.Let 2 pgye and supposd.( ) > landJ,( )< 1. Then = ~.

Proof. Here we write@ Ffor the boundary of a sét  R2.
By de nition, @ ¢ XZ [ WY(X). Consequenth@f( o) Xf'(Z)[ WY(X) for
alli 0. Thus@ Zf (Z)[ WY(X) and so@f() fi(Z)f " (Z2)[ WY(X) for all

i 0. Therefore@" becausd(Z) ! X. In view of its de nition, ~ is backwards
invariant underf . Thus~\ = 2, where is the set/(4.21). But is dense inR?
(Lemma 4.11), thus= @ . Hence™

To prove ~, choose any? 2 . LetfP®gbe a sequence of points W"(X)
withP® 1 P ask!1 . Foreactk we havef (P®)! X asi! 1 ,so there exists
i Osuchthaf *(P®) 2 XT o. ThusP® 2 forallk,soP 2 . Thus
But is forward invariant undefr , thus -, O

S o S
Proof of Theorem 4,20bserveNY(X) = ; ,f' XT nfXg. Theline segmerXT has
slopej %j which belongstotheintervdd =[ ;] jl. By Lemma 4.5 the coney is

Figure 4.6: A sketch of the phase space of (2.21) witB and (g( )) < Oillustrating
the de nition of ( (shaded).
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invariant for bothA_ andAg, thus eacti’ XT is a union of line segments with slopes in
K.

Thus foranyP 2 and" > 0, there exists a line segment  WY(X)\ B-(P) with
slope inK . By Lemma 4.3, there exists; 1 such thaff "*( ) transversally intersects
W3(X) at some poin&. Arbitrarily close toS there exists a non-wandering set associated
with a Smale horseshoe [132]. In the non-wandering set periodic poiritsare dense.
Thusf has a periodic poir®pe; 2 B-(P) with Pper 2 becaus&V'(X) is also dense in
the non-wandering set. This shows that periodic poinfs @fre dense in .

Given anyQ 2 , the Lemma [3, 109] implies there exists a pdimt2 f "*( ) such
that the forward orbit oM underf eventually enter8.(Q). Sincef "*(M) 2 B.(P),
this shows that is transitive on . Lastly,f exhibits sensitive dependence orby the
result of [15]. O
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Chapter 5

Robust chaos in the orientation-reversing
and non-invertible settings.

5.1 Introduction

In Chapter 4 we proved that the attractor forsatis es Devaney's de nition of chaos for

all 2 gy, I.e, the attractor is transitive, has dense periodic orbits and has sensitive
dependence on initial conditions. We have also shown that the chaotic attractor exists
beyond gyg, outsideR ;.

In this chapter, we extend the construction of [58] to the orientation-reversing and non-
invertible cases. We obtain a subsegt, inwhichf has atrapping region and another
subset cone in whichf has an invariant expanding cone. It follows thathas a
chaotic attractor forall 2 ap \  cone- This is an open subset of parameter space, hence
the chaos is robust with respect to the faniily We expect it is also robust to nonlinear
perturbations to the pieces of the map, as described by Simpson and Glencinning [131].

Boundaries of a5 \  cone are where some aspect of the construction fails. As shown
below, three of these boundaries correspond to bifurcations where the chaotic attractor is
destroyed. Beyond the other boundaries the chaotic attractor appears to persist and we
believe robust chaos could be veri ed on a larger subset of parameter space by using a
more complicated construction, e.g. [129], but our aim here is not to optimise the subset,
only to obtain a reasonably large subset for both negative and positive valuesiod g
by using a construction that is both natural and simple.

The remainder of this chapter is organised as follows. We start in 85.2 by calculating the
stable and unstable manifolds of the xed points in the more general setting. Constraints
on the geometry of the manifolds as they are extended outwards from the xed points give
rise to our de nition of 4, . Here we also de ne ¢y, and state our main result (Theorem
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5.1) for the existence of a chaotic attractor. Being four-dimensional the ggtsand cone
are dif cult to visualise; we show a range of two-dimensional cross-sections to give some
impressions of their size and shape.

In €5.3 we use the stable manifold of one of the xed points to form a region R?
and show it is forward invariant undér forany 2 ,,. We then show how can be
perturbed into a trapping region for any2 4, . In £€5.4 we identify a cone that is both
invariant and expanding for any2  .one and prove Theorem 5.1. In 85.5 we further study
the extent to which 4, and cone COver parameter space. We show a typical cross-section
of wap ' cone @and overlay numerical simulations whereby the presence of robust chaos
is estimated from forward orbits. This helps clarify which boundaries@f and cone
correspond to bifurcations and how much of the true robust chaos region is detected by the
straight-forward constructions.

5.2 Suf cient conditions for a chaotic attractor

Recall, forany 2 the mapf has saddle xed points

1
X = ; R ;
R R 1R R 1
1
Y = -

L L l’L L 1

The stability multipliers ofy are $ 2 ( 1;1)and | > 1, and the stability multipliers of
Xare 32 ( L;1)and 3 < 1

5.2.1 The stable and unstable manifolds of the xed points

As the stable and unstable manifolds)¢fandY emanate from these points they do so
on lines with directions given by the eigenvectorsfef andAg. We will use a subscript
0 to denote the part of each manifold that coincides with the line. These are indicated in
Fig. 5.1 for four different combinations of the parameter values.

Next, we describe some points where the stable and unstable manifolds irnters@ct
andy = O as these are central to our construction in 85.3. As given in ChapW§ @)
has an endpoint or = 0, call it S. SinceW§(Y) has slope |' from the above formula
for Y we obtain

S= O L. (5.1)



@ _L>0 r>0 (b) L>0;, r<O

() L<0, r>0 d <0 r<0O

Figure 5.1: Phase portraits of (2.21) for four different parameter combinations

= (L LyrRVR) 2 wap V' cone (@ = (2:1,0:06 17,0:18); (b) =
(2:2;0:4; 1:7; 0O55);,(c) =(2:2, 03, 1.7,0:1); (d) =(1:8 075 1.6, 04).
Each plot shows the initial line segments of the stable and unstable manifolds emanating
from the xed pointsX andY, as well as an additional segment of the stable manifold of
Y. We also show some key points of intersecti®& C, D, T, andZ) of these segments
with the coordinate axes, see (5.1), (5.4), (4.6), (3.19), and|(5.16) respectively. Note that
although poinf 2(S) is relevant, we do not show it in this gure because it lies far away
from the rest of the key intersection points. To illustrate the chaotic attractor the black dots
show iterates of a typical forward orbit after transient dynamics has decayed.
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whereS, < 1. The manifoldW?*(Y) continues into the right half-plane but now with
slope-+-), where

u
L

()= r R L: (5.2)

Our trapping region construction requires that this linear segment, ¥dfi(iY ), intersects

y = 0. Certainly this is only possible if;( ) > 0. This inequality turns out to be suf cient
to ensuréV;(Y) intersectyy = 0 except in the case_; r < 0 (Fig. 5.1-d). In this case
W3(Y) is the line segment connectigandf (S). So in this case fow3(Y) to intersect

y = 0 we need %(S) to lie abovey = 0. A straightforward calculation reveals that the

y-component of 2(S) is ﬁ where

o0)= r(0+1)  (r*+(r+ R) D) (5.3)

Thus we require 5( ) > 0 (because with,; r < Owe have {( ' 1) g > 0). Inany
case, ifW;(Y) intersecty = 0, it does so at the point

() . : (5.4)

R ST L

where
()= r (r+* r (r*+1) )5 (5.5)

Our construction also requir€y > 1, thatis 3( ) > 0. Note thatC, is thex-component
of the pointC.

Now we consider the two unstable manifolds. For al , W§'(Y) has an endpoint
ony =0 atD, see Eq. (4.6), and/§' (X ) has an endpointon = 0 atT, see Eq./(3.19).
These points are indicated in Fig. 5.1.

5.2.2 Homoclinic and heteroclinic bifurcations

From the above formulas f&@ andD we obtain

_ a() .
O DA a0 5-6)
where
a()= r (Rt L+ r @+ R) ) I: (5.7)
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The condition 4( ) > 0 ensures thaC lies to the right ofD as in Fig. 5.1-a, and is
equivalent to the condition( ) > 0 of Chapter 3 that (D) lies to the right ofWS(Y).
Recall ( ) =0 is a homoclinic corner where the attractor is usually destroyed.

In the orientation-reversing case ( r < 0) a chaotic attractor can be destroyed when
the pointsC andT collide. Here kinks of the unstable manifold Xf lie on the stable
manifold of Y (and vice-versa). We have

5( ) .
(¢ a3 i)

Cl Tl = (58)

where
s()= r (r*+* r 1+ g) D) (5.9)

The condition 5( ) > Oensures that lies to the right ofT as in Fig. 5.1-d. In the special
case of the Lozi map,s( ) > 0 simpli es (signi cantly) to equation (3) of Misiurewicz
[99].

In view of the above discussion we de ne
wap =1 2 J i()>0i=1;:::;50: (5.10)

Fig. 5.2 shows four different cross-sections gf, obtained by xing | and . Broadly
speaking the size of the cross-section decreases as the valuesolf rj increase. Notice
the topology of the cross-sections is different for different valueg @nd r. For instance
in Fig. 5.2-a the boundary of the cross-section is formed4gy) =0, ,( ) =0, and the
boundary of , whereas in Fig. 5.2-d the boundary is formed hy ) =0, 3( ) =0,

4() =0, s5()=0,andthe boundary of. The gure also includes curves on which
f (C) = Y andf (C) = Z,wherezZ = f (S) is the intersection o¥V(Y) withy = 0.
Together with the | and r axes, these curves divide the cross-sections into six parts
corresponding to six cases for the vertices of the regidhat we construct in 85.3.
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@ .=16 r= 13 (b) L=16, r= 15

(c) L=16 r= 17 d =16 r= 21

Figure 5.2: Four different two-dimensional cross sections gf,, de ned by (5.10). In
each plot the cross-section is divided into six parts (A)—(F) wheteas certain vertices,
see 35.3.
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5.2.3 Suf cient conditions for robust chaos

Our construction of an invariant expanding cong requires similar constraints on the
parameter values to those established above for the trapping region. To this end we de ne

)=+ = LR 4Lk, (5.11)
o0)= 2+ 1+2.min 0; &iq;e&; (5.12)
3()= A+ & 1+2rmax 0, Lir;b; (5.13)
where
q q
a= 51 1 4 k= &1 1 g -
L R
and
P —— p
a= L R L R 1() b: R L L R 1()
2R ’ 2|_ ,

assuming 1( ) > 0. We then de ne
cone=F 2 Ji()>0i=1;:::;30g (5.14)

The condition () > 0ensures,( ) and 3( ) are well-de ned, and, as explained in
€5.4, the conditions,( ) > 0and 3( ) > 0 ensure that our coneg is invariant and
expanding.

Fig. 5.3 shows cross-sections ofyne. Broadly speaking the size of the cross-section
increasesas the values of. andj gj increase. Again the topology of the cross-sections is
different for different values of, and g. Similar to Fig. 5.2 we have divided the cross-
sections into six parts corresponding to six cases for the boundary ¢éee 585.4). These
correspond to different cases for the four quantities in each of/(5.12) and (5.13) that attain
the minimum (respectively, maximum) value.

Finally, we can state our main result.

Theorem 5.1.Forany 2 ap \  cone the normal formf (2.21) has a topological
attractor with a positive Lyapunov exponent.

This is proved at the end of 85.4. We have found that there are many possibilities for
the topology of cross-sections of;ap \  cone de ning by xing | and g, and we do
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@ L.=16 r= 11 (b) L=16, r= 15

(c) L=16 r= 22 d =16, r= 3

Figure 5.3: Two-dimensional cross-sections ofqne, de ned by (5.14). In each plot the
cross-section has been divided into six parts (I)-(VI) where the caopéhas different
boundaries, see Fig. 5.6.
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not attempt to catagorise these, although in 85.5 we identify critical valugsarfd r at
which the cross-sections ofyap and cone Vanish entirely.

5.3 A forward invariant region and a trapping region

In this section we construct a triangle and show that for any 2 4, this region is

forward invariant undef (Proposition 5.1). We then show there exists a perturbation

of that is a trapping region for (Proposition 5.2). It is important to stress that the

triangle constructed here differs from the triangle constructed in Chapters 3/and 4 for

the orientation-preserving case, and by Misiurewicz [99] for the orientation-reversing case,

so that the non-invertible cases can be accommodated. For clarity we now suppress the
-dependency and write instead off .

The linear segment of the stable manifoldYothat containsy, denotedV3(Y), was
shown in Fig, 5.1 for four different combinations of the parameter values. In any case, this
segment lies on the ling= !X+ Sy, whereS; is they-component of5, given by (5.1).

The pointS is the right-most point o¥W3(Y ), and is easy to see that in the other direction
WS(Y) extends to innity if | 0 and to the preimage & under the left piece of
otherwise:

Lemma5.1. Suppose, 2 Rand | > | +1j. Then
g n o
X; 2 x Oy= Ix+S;; <0
W3(Y) = | (xy) = y v 2 L (5.15)
S f(xy)j1l <x QOy= X+ S,0; L0

andf (WS(Y))  WS(Y).

In particularZ = f (S) 2 W§(Y). This point is the intersection &3(Y) withy =0
and given by

Z = T 1;0 : (5.16)
L

Now recall if 1( ) > Oand ,( ) > OthenC 2 W3(Y) is given by (5.4).
Lemmab.2.Let 2 with ( )> 0and ,( ) > 0. Then
Y;Z;f(Z);f(C);f3(C) 2 W§(Y) nfSg: (5.17)
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Proof. CertainlyY;Z 2 Wg(Y)nfSg by construction. Alsd (Z) 2 W§(Y)nfSgbecause

W (Y) is forward invariant (Lemma 5.1) arifl = f (S) cannot be a preimage &f
SinceC; > Owe havef (C) = ( rC;+1; RrC;), and it is a simple exercise to

use the formula (4.6) to show th&(C) lies on the liney = X+ S, Alsof (C)

lies to the left ofS becausd (C); = ¢ R+( ?)(1)E 1(1))+ R is negative by inspection, and in
the case | < 0 the pointf (C) lies to the right of the left-most point aV3(Y) because
f(C) + S—LZ = ﬁ is positive. Thud (C) belongs toW§(Y) and is not an
endpoint ofW$(Y), thusf (C) 2 W§(Y) nfSgandf 2(C) 2 WS(Y) n fSg using again

Lemma 5.1. ]

Given 2 with () > Oand () > 0, letQ andR be the upper-most and
lower-most points of Y; Z;f (Z);f (C);f 2(C)g, respectively. Then let be the compact
lled triangle with verticesC, Q, andR (except is a line segment in the special case
L = r =0). In other words, isthe convex hulloft, Z,f (Z), f (C), f?(C), andC.

There are six cases for the points that form the vertices dhese are shown in Fig. 5.4
and correspond to the six parts of,, indicated in Fig| 5.2. Fig. 5.4 also shows the set
f () . Notice in each case() has vertices at the images of the poiRtandV where the
boundary of intersects< = 0.

Proposition 5.1. Let 2 4, . Thenf ()

Proof. The proof is long so we break it into three steps.

Step 1— Characterisé () .
The verticexQ andR lie in the left half-plane, whileC lies in the right half-plane. LeP
denote the intersection @C (the line segment fron® to C) with x = 0, andV denote
the intersection oRC with x = 0, see Fig. 5.4. From the formula (5.4) far, they-
components of these points are given in term@@ndR by

13Q,
2T Q910 (5.18)
_ 3R,
V, = (5.19)

Fr R 0] ()

So is the union of the quadrilateral_ in the left half-plane with verticeR, Q, R, and
V, and the triangle g in the right half-plane with vertice€, P, andV. Thusf () =

f( L) f( r), wheref ( ) andf ( r) are polygons because each piecé a$ af ne.
Thus since is convex, to prové () it suf ces to show that the vertices of( )
andf ( r) belongto . These vertices are the poiritéC), f (P), f (Q), f (R), andf (V).
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(A) L=0:3 r=0:4 (B) L=014; r= 04

(C) L=014 r= 06 D) L= 03 gr= 04
(E) L= 05 r=0:1 (F) L= 01, g=0:4
Figure 5.4: The triangle and its image under with | = 1:6, g = 1.5, and six

different values of | and r. These correspond to parts (A)—(F) of Fig. 5.2-b for different
cases for the two vertices of in the left half-plane, denote@ andR (the third vertex is
alwaysC). In each casé() by Proposition 5.1 because the parameter combinations

belong to ap .
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Step 2— ShowC, Q, andR map to .

Certainlyf (C) 2 by the de nition of . We now showf (Q);f (R) 2 QR (the left
edge of ). If . > Othen ¥ > 0, sof(Q) 2 QY andf(R) 2 RY so certainly
f(Q);f(R) 2 QR. Alsoif | =0, thenf(Q)=f(R)=Y = Z 2 QR. Finallyif | <0,
thenf (Q) andf (R) lie belowy = 0, so lie belowZ, and hence below. In this caseQ
is eitherf (C) or Z (becauseY, f (Z), andf ?(C) lie belowy = 0), thusf (Q) lies on or
aboveR, by the de nition ofR. Also } < 0, thusf (R) lies above (Q), and hence above
R. Thus in any case(Q);f (R) 2 QR.

Step 3— ShowP andV map to .
The pointsf (P) andf (V) lie ony = 0, speci cally
" # " #
f(py= 2Tt fv= 2Tt (5.20)
0 0

whereP, andV, are given by (5.18) and (5.19). Aldblies aboveS, thusf (V) lies to the
rightofZ = f (S). Hence it remains for us to show tHatP) lies at or to the left ofC, that
isC; (P,+1) 0. Todo this we consider the various possibilities @m turn. There
are three case®) is eitherY, Z, orf (C). This is becausé(Z) cannot lie abové&’, while
f 2(C) cannot lie above if | > Oand cannot lie abov& if | 0.

Case 1 With Q = Z we haveP, =0. ThusC; (P,+1) > 0=C; 1> Obecause
3()>0.
Case 2 With Q = Y, by substitutingY>,, given by (2.27), in place d@, in (5.18) we
obtain

2
_ PoL a() .
Co Perl= I e e .0 Or D

This case requires  O,thus § 0. AlsoC; (P,+1) > Obecause ;( ) > Oand
4()>0.

Case 3 With Q = f (C) we similarly obtain

2
_ R L 5( ) .
Co PerD)= I 50 SO D

This case requiress 0 (so thatf (C);  0), thus § 0. Also ;( ) > 0and
5( ) > 0,thusC; (P,+1) > 0. 0
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Figure 5.5: The trapping region - and its image undef. This gure was produced
using = f1.6;0:3; 1.5;0:4g, as in Fig. 5.4-A, and = 0:3 which is small enough that
f( ») int( -)inaccordance with Proposition 5.2.

Proposition 5.2. Let 2 4. Given"> 0Ode ne

c.=C (%0)
Q =Q+"¥C R);
R-=R+"2(C Q)

and let - be the compact lled triangle with verticeS-, Q-, andR-. Thenf ( )
int( ~), for all suf ciently small" > 0.

The triangle - is shown in Fig| 5.5 for one combination of parameter values. It has
been de ned so that its left edge lies to the righMg§(Y) and is parallel taV5(Y). Due
to the saddle nature of, this edge shifts further to the right when iterated urfdeAlso
the left edge is an order distance fromWgS(Y) to ensuref (C-) lies to the right of the
image of this edge.

Proof. Step 1— Characterisé ( ).

Assume' > 0is suf ciently small thatQ- andR- lie to the left ofx = 0 andC. lies to the
right of x = 0. Then the line segme@- Q- intersectsx = 0 at a unique poinP-, as does
C-R- at a pointV-. Similar to the previous proof, it remains for us to show BatP-, Q-,
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R, andV- map to the interior of -.

Step 2— ShowC- maps to the interior of -.

Let O = (0;0) denote the origin antl = (1;0) be its image undefr. Also let> = CO.
This line segment maps under the right piecd db the line segment fromh(C-) to I.
SinceC- 2 " is an order" distance fronC, its imagef (C.) 2 f (*) is an order" distance
from f (C), which belongs t@QR. SinceQ-R- is an order'? distance fromQR, f (C-)
must lie to the right ofQ-R- for suf ciently small" > 0.

Also, f (7) lies inside the triangl@RI . SinceC- lies to the right ofl (because 3( ) >
0 and assuminy is suf ciently small), this triangle lies beloW®- C. and aboveéR-C.. Thus
f (C) lies belowQ-C- and abovéR-C.. Thusf (C-) lies inside all three edges of., hence
f(C)2int( ).

Step 3— ShowP- andV- map to the interior of -.

Let A be any point orCZ with A 6 C;Z. Then there exists suf ciently small > 0
such thatA 2 int( ). We knowf (P) andf (V) are located oi€Z n fC; Zg, because by
constructiorZ, f(V), <f (P)1 <C4,sobelongtaont( -) for sufciently small" > 0.
The same is true fdr(P-) andf (\.) becausé> ! P andV.! V as"! 0.

Step 4— ShowQ- andR- map to the interior of -.

For brevity we just show (Q-) 2 int( +) (f (R+) 2 int( -) can be shown similarly). Let
d; > 0 be the distance th&-R- lies to the right ofQR, see Fig. 5.5. Theh(Q-) lies a
distance \'d; to the right ofQR, asY is a saddle xed point with stable directid®R and
unstable eigenvalug'. Since ! > 1, the pointf (Q-) lies to the right of the lin&®-R-.

If Q 6 Y, thenf (Q) lies an orderl distance belowC Q, thusf (Q-) lies belowC-Q-
for suf ciently small” > 0. Now consider the cagg@ = Y. As shown in Fig. 5.5 letl, be
the vertical displacement frof(Q-) upwards to the lin€-C. (we will showd, > 0). By
direct calculationsl, = " 2+ O("3) where

= 1(Ci R)(Ci+( L 2)Y1) Ra(Ci+( L 1)Y1):

Letp= C; D;andnoticep > 0by (5.6) becauses( ) > 0. Usingalsd; = (1 AL
by (2.27) and (4.6), we obtain

= 1(C: Ry(p Y1 ) Ra(p Y (@ D))

which is positive by inspection (e.i; < 0). This shows thatl, > 0 for suf ciently small
values of’, that isf (Q-) lies below the upper edge of.. By similar calculations one can
show thaff (Q-) lies above the lower edge of., and thereforé (Q-) 2 int( ). O
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5.4 Invariant expanding cones

We consider cones of the form
(. 1# )
K = m 2Rym2K ; (5.21)
whereK is an interval. Since 7! Av is a linear map, to verify invariance and expansion
of a coner k it suf ces to verify properties (i) and (ii) of De nition 4.2 for vectors of the

formv = :
m
"#
1
Lemmab5.3.If Av 2  forallv = withm 2 K, then g is invariant underA.
m "H
. 1 . .
If there exist > 1 such thatkAvk  ckvk for all v = withm 2 K, then ¢ is
m
expanding undeA.
Now we focus on the Jacobian matrices
" #
1
A; = ’ ;
;3 O
" #
1
whereJ 2 f L; Rg, of the normal form (2.21). The slope of= is m and the slope
m
of Ajvis
_ J .
Gy(m) = T m (5.22)
assumingn 6 ;. Notice
dG;(m) J
= : 2
dm (5 m)? (5:23)

thusG;(m) is increasing if ; > 0O, decreasing if; < 0, and atif ; = 0. In any case,
G;(m) is monotone and so in order to verify invariance undlgiit suf ces to consider the
endpoints oK :

Lemmab.4.Let ;; ; 2 RandK =[a;gbeanintervalwith ; 2K.Ifa G;(a) b
anda G;(b) bthen g isinvariantunderA;.
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Proof. Since ; Z K, by (5.22) and (5.2385;(m) is continuous and monotone 0.
Thus foranym 2 K, G, (m) is equal to er ligs between the valués(a) andG; (b). Thus

. 1 1
a Gj(m) b Thatis, the slope oA; belongs tK , thusA; 2 . Hence
m m

k IS invariant undeA; by Lemme 5.3. ]

Next we introduce the function
#, " #,
1 1 2 2
HJ(m): AJ = J+ J 1+2 am: (524)
m

It is easy to show that iH;(m) > O for all m in a compact intervaK , then g is
expanding undeA;. SinceH;(m) is a linear function oin it again suf ces to consider
the endpoints oK :

Lemmab5.5.Let 5; ; 2 RandK =[a;l be aninterval. IfH;(a) > OandH;(b) > 0
then g is expanding undeA;.

Proof. Leth = min[H;(a)iHxb)] > 0. By (5.24),H;(m) hforallm 2 K. Then for

1 .
anym 2 K the vectow = satis es
m

h
KAVI® = Hy(m) + kvk?  h+ kvi® = gz +1 kvk® S+ 1 kv
Wheaen = maxmzk (1 + m?). Thus g is expanding undeA; (with expansion factor
c= M+1>1)bylLemms5.3. O

To prove chaos in (2.21) we need to cho#se= [a; ] so that  is invariant under
A, andAg. This favours the intervd being relatively large. However, we walit to be
as small as possible in order to maximise the parameter region over which it is expanding
underA,. andAg. This balancing act motivates the following calculations that form the
basis of our de nition ofK given below in Proposition 5.3.
Foreachl 2fL;Rg, the xed point equatiors; (m) = mis quadraticirm. If ; 60
and ; < %2, thenG; has exactly two xed points
S ! S !
4,
7

J 4 J
= =1 1 — ; r= — 1+ 1
qJ ‘121 J 2

5 (5.25)

In order for k to be invariant undeA_ andAg, we de neK so that it containg; and
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(l) L =0:4, R =0:4. (”) L =0:4, R — 0:2.

() (=0:4, r= O086. (V) L= 05 g= OS5

(V) L= 0:3, R = 0:2. (Vl) L= 0:3, R = 0:4.

Figure 5.6: Cobweb diagrams of the slope maps(m) andGgr(m) (5.22) with | = 1:6,

r = 15, and six different values of, and r. These correspond to parts (I)—(VI) of
Fig. 5.3-b. In each cad¢ =[a; [, de ned by (5.30) and (5.31), is forward invariant under
G, andGg as shown. This implies ¢ is invariant undeA_ andAg (see Lemma 5/4). In
each cas& contains the xed pointgp andag; in case (IV)K is de ned using one of the
two period-two solutions.
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(R, see Fig. 5.6. So the smallest interval we consid& is [q ; gr]. In the orientation-
preserving case (; r > 0), this interval indeed gives invariance, as shown by Glendin-
ning and Simpson [58]. In the orientation-reversing case g < 0), invariance requires
thatK contains a period-two solution. The equat{@r G_)(m) = m is quadratic irm

with discriminant

()=(CL+ r LR 4Lr;

repeating (5.11). Soif;( ) > Othere are two period-two solutions, Fig. 5.6-(IV). Of these
the inner-most solution ik&; bg, where

P—— p
a= L R L R 1( )’ b= R L L R 1( )’ (526)
2R 2L

satisfyingG_ (a) = bandGr(b) = &a. So in this case the smallest interval we can take is
K =[#;D], as used by Misiurewicz [99].

In the non-invertible cases the slope m&sandGg are either both non-negative or
both non-positive, see again Fig. 5.6. Thus a simple and effective choice for one endpoint
of K ism = 0. In this case the smallest interval leading to invariance uses also ape of
OR, or the image om = 0 underG, or Gg:

G(0)= —; Gr(0)= —: (5.27)
L R
Proposition 5.3 shows that all cases can be accommodated by simply da mingb
as the minimum and maximum of all points suggested above. Regallwas de ned in
g€5.2 asthesetofall 2 forwhich (), 2( ), and 3( ) are positive. The condition
1( ) > Oensurem andbare well-de ned, while, ifa andbare given by|(5.30) and (5.31),

2()= 2+ ¢ 1+2_a=H.(a); (5.28)
s()= g+ & 1+2gb=Hg(b); (5.29)

and () > Oand 3( ) > Oensure  isinvariant and expanding.

Proposition 5.3. Let 2 e andK =[a;  where
h [
a=min 0; &;q;&a; (5.30)
h " [
b=max 0 —t;qq;b : (5.31)
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Then  isinvariant and expanding undéy, andAg.
To prove Proposition 5.3 we rst establish three lemmas. The rst of these provides
bounds on the other xed points, andrg, of G_. andGg.

2 2
1 7 ¢
2

2 2
1 7 &
2R

Lemma5.6.Let 2 . Thenr_ < andrg >

Proof. We have | +1 < |, hence( L +1)?< 2,andso( . 1)< 2 4..By
multiplying the last two inequalities together we obt&id  1)2 < 2( 2 4 .), so
E 1< | L2 4 | which rearranges tp < % using (5.25). The result farg
follows similarly. O

Lemma 5.7. With the assumptions of Proposition 58~ aif and only if | 0 and
R O similarly b= bifandonlyif | Oand g 0.

Proof. Firstsuppose, Oand g 0.Then_ r . O(also 1( ) > Obyassumption),
SO we can use (5.26) to obtain

2p@+ 0= " 20 "0+ EiRci<oO

Thusa> | (becauser < 0). Alsob < g by a similar argument.

Notice | OimpliesG (m) Oforalm> ,soq 0,G_(0)= - 0, and
G.(8 =b 0. Similarly Gg(m) Oforallm< g,sog 0, Gr(0) = = 0
andGgr(D) =a 0. Also G_(m) is non-increasing, sa 0 impliesG_(a) G (0).
Thusb - 0 0r,sob= b Similarly & = 0 q,soa==a

Conversely supposeg = @. Thena= Gg() 0,so0 r 0. ThusGg(m) is non-
increasing, s& = Ggr(D) Ggr(0) impliest 0. Thusb= G (&) 0,so . O, as
required (als®o= Dimplies | Oand g  0in a similar fashion). O

Lemma 5.8. With the assumptions of Proposition 5.3,, <a andb < .

Proof. For brevity we just show | < a (b < r can be shown similarly). Using
2( ) > 0and Lemma 5.6 we obtain

1 ¢ ¢
a> ————=>r: (5.32)
2L
Thusif | Othen S !
4
N+ .=—1 1 —& 0
2 L
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andsoa> | . Nowsuppose, < 0.If g Othena=0 > L, while if g < Othen
a=4a(by Lemme 5.7) and | < aas shown in the proof of Lemma 5.7. O

Proof of Proposition 5.3We rst show G (a) a and G, (b) a. If 0 then
G.(m) Oforallm 2 K (using Lemma 5.8), so certainfy, (a) aandG_ (b a
Now suppose, > 0. InthiscaseG . (m) mforallry, m q (i.e. at and between
the xed points ofG_ ). Observer, < a g by (5.32) and the de nition of, thus
GL(a) a. AlsoG (m)isincreasingthus (b >G_ (a) a

Next we showG, (a) bandG (b b If | 0Othenwe have&s (m) O for all
m 2 K (using Lemma 5.8), so certainfy, (&) bandG_ (b b Now suppose, < O.
If  OthenLemmab5.7 impliea =-aandb= b= G _(a), sob= G (a),if g > Othen
a=0andb G (0),sob G_(a). AlsoG (m)isdecreasingthus (b <G (a) b

Now from Lemma 5.4 we can conclude that is invariant undeA, . Invariance under
ARr can be proved in a similar fashion.

Next we prove expansion. By (5.28)( ) > OimpliesH_(a) > 0. Also

Ho= 2+ 2 1+2 _ b=H(@+2 (b a) (5.33)

is positive becausg > Oandb a. Thus  is expanding foA; by Lemmz 5.5. By a
similar argument  is also expanding foAg. O

Proof of Theorem 5.1Choose_any 2 4ap \  cone- By Proposition 5.2 there exists a
trapping region - forf. Then | ,f"( ) is an attracting set and contains a topological
attractor . By Proposition 5.3 there exists a non-empty cone that is invariant and
expanding for botlA_ andAr with some expansion factar> 1.

Chooseang 2 andletv 2 « be non-zero. The Lyapunov exponelift;v) for z
in the directionv is the limiting rate of separation of the forward orbitszodndz + v
for arbitrarily small > 0[141]. If the forward orbit ofz does not intersect the switching
manifold then the derivative of th@" iterate ofz underf is well-de ned foralln 1 and

(z;v) = limsup %In(kDf "(x)VvK): (5.34)
nll

Observe
Df"(x)=Df f" }(x) Df (f (x))Df (x);

where each of the matrices on the right-hand side is eitt#gr or Ag. By the invariance
and expansion of ¢ , kDf "(x)vk  c"kvk foralln,so (z;v) In(c) > O. If instead the

98



Figure 5.7: The shaded region shows where cross-sections;gf and cone, de ned by
xing the values of | and g, are both non-empty. As we exit the shaded region through
the lower-right boundaries the cross-section gf, vanishes; as we exit through the upper
and left boundaries the cross-section @f,.. vanishes.

forward orbit ofz intersects the switching manifold(z; v) can similarly be evaluated and
bounded using one-sided directional derivatives becéusepiecewise-linear, see [129]
for detalils. O

5.5 Further remarks on the parameter regions ,p and

cone

In £5.2 we described two-dimensional cross-sectionsy@f and cone de ned by xing
the values of| > Oand g < 0. For the most part larger values gfand;j gj yield smaller
cross-sections of 45, and larger cross-sections of,ne, See Fig. 5.2 and Fig. 5.3. This is
because with larger values qf andj rj the map is more strongly expanding, hence less
amenable for the existence of a trapping region but more amenable for the existence of an
invariant expanding cone.

Fig. 5.7 shows critical curves in tie_; r)-plane where the cross-sections vanish en-
tirely. To explain this gure we treat the critical curves one by one. First congider r)
at a point just above the critical curvg = —. Here the 4, Cross-section has three
vertices,P®, P@  andP® as shown in Fig. 58-a. It is a simple exercise to show
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@ =27, r= 15 (b) L=2:4 r= 21

(c) L=0:98 r= 15 (d) L.=16 g= 098

Figure 5.8: Further sample cross-sections afy, (panels (a) and (b)) andcone (Panels
(c) and (d)). These use the parameter paints r) shownin Fig. 5.7.

that as parameters are varied each vertex reaches the rigik) = (0;0) on the crit-
ical curve. For instance the upper vertex is whege ) = 0 and 4( ) = O intersect at

PO = O;% and solvingP? = 0 gives g = —L;. Thus here the 4

cross-section contracts to a point and vanishes.

With instead( | ; r) at a point just to the left ofg = L—lz the ap Cross-section
has three vertices at different poi$", P®, andP®, as shown in Fig. 5 8-b. Explicit
calculations reveal that each vertex reaches the cgrperg) = ( L +1; 1) when

r = —%;. For instanceP® = (e r Rél)( r Y. o 1 ,andsolving® = | +1
gives r = R—lz Thus here the 4, cross-section again vanishes.

With | justless tharl and R < 1the qne Cross-section appears as in Fig. 5.8-
c. As parameters are varied theonbcross-section vanishes when the vertied8 =
L(r+1); (r+1l) andP® = o 1 2. (r+1) coincide. Solving®\” = P

L+

yields the critical curver = —LlLZ of Fig. 5.7. Similarly with | > 1 and g just
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Figure 5.9: A two-parameter bifurcation diagram of (1) with = 1:7and r = 1.9.

The boundary of yap \  cone IS Shown in yellow. The curvess( ) =0 and ,( ) =0 are
illustrated in purple. The coloured regions show the result of a numerical simulation (white:
no attractor; green: chaotic attractor; other colours: periodic attractor). Some periods are
indicated (e.qg. in the large pink region the map has a stable p2rsodistion. In the blue

strip at the top the xed poinX is stable.

greater than 1the .one Cross-section appc—bars asin Fig. 5.8-d. The cross-section vanishes

2
whenP © andP @9 coincide on | = %

The geometry and topology of cross-sections @f, \  cone @dmit many possibilities
and a complete analysis is beyond the scope of this chapter. Here we examine one example,
Fig. 5.9. The cross-section ofyap \  cone iS bounded by the following curves (going
anticlockwise): , = . 1, r= r L 4)=0, 3)=0, 5()=0,and
2( ) = 0 (which has a kink at, = 0). The rst two of these curves are boundaries of
our overall parameter region, the next three curves are boundaries gf, , and the last
curve is a boundary of ¢one.

Fig./5.9 also shows the result of a simple numerical simulation to investigate the nature
of the attractor. For each point in30 300 equispaced grid of .; r) values, we
computedL(’ iterates of the forward orbit using a random initial condition. Green points
are where an estimate of the maximal Lyapunov exponent was positive, white points are
where the orbit appeared to diverge (its norm excedd®)j and other points are where
there exists a stable periodic solution (determined by solving for periodic solutions exactly).
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Note the numerical simulation gives an imperfect picture. For example, we believe no
attractor exists immediately to the left of the heteroclinic bifurcatigh) = 0, yet some
green points are present here (with smalb Oand 3< g < 2) because orbits often
experience a long transient before diverging a@titerations are insuf cient to detect this.
Nevertheless, the numerics effectively highlights the fact that three of the boundaries of
wap | cone are bifurcations where the chaotic attractor is destroyed, so these boundaries
cannot be improved upon. As we crogss= r 1lthe xed pointX becomes stable,
4( ) = 0 is a homoclinic bifurcation where the attractor is destroved [14], aid) = 0
is a heteroclinic bifurcation where the attractor is destroyed. Elsewhere the attractor is
destroyed in a variety of other global bifurcations. Abow€ ) = 0 and to the right of
L = o 1lthe trapping region construction cf 85.3 fails. An alternate construction that
partially deals with this is described by Simpson [129]. Belg ) = 0 the cone ¢ of
€5.4 fails to be expanding. For some parameter combinations bg{o)= 0 itis possible
to construct an invariant expanding cone, and hence verify the presence of chaos, by using
an induced map [59]. In the next chapter we study how renormalisation could be used to
explain some of the bifurcation structure within the robust chaos regions identi ed here.
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Chapter 6

Renormalisation in the orientation-reversing
and non-invertible settings.

6.1 Introduction

In Chapter 3 we used renormalisation to identify an in nite sequence of bifurcations where
the number of connected components of a chaotic attractor changes. However, this was only
achieved for parameter values for which the map is orientation-preserving. The purpose of
this chapter to treat the orientation-reversing and non-invertible scenarios. Again we use
renormalisation to nd bifurcations, but now this approach misses some bifurcations. For
this reason we combine the analytical framework with brute-force numerical simulations
that estimate the number of connected components from the behaviour of forward orbits.

This chapter is organised as follows. We start in 86.2 by brie y reminding the reader
about the geometry of the stable and unstable manifolds of the xed pXirdedY . In
€6.3 we reintroduce the renormalisation scheme and describe some basic aspects of this
scheme that hold for all values of and r. Then in 86.4 we summarise the results of
Chapter 3 for the orientation-preserving setting.

Next in §6.5 we describe an algorithm for numerically determining the number of con-
nected components of attractor. The algorithm outputs the greatest common divisor of a
set of iteration numbers required for an orbit to return close to its starting point. The al-
gorithm is effective when the components of attractor are not too close and the dynamics
on the attractor is ergodic. Applied to the orientation-preserving setting it reproduces the
bifurcation structure obtained by renormalisation.

In £6.6, 86.7, and 86.8 we study the orientation-reversing and non-invertible cases and
explain why the same renormalisation scheme should be expected to work in these settings.
Formal proofs are beyond the scope of this thesis because, as evident from Chapter 3, these
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require a detailed analysis of the four-dimensional nonlinear renormalisation operator, plus
will involve additional complexities because now stable period-two and period-four solu-
tions are possible. Also ify < 0and r > 0 the bifurcations that destroy the attractor are
different and more dif cult to characterise. In 85.9 we describe a special case unique to the
non-invertible settings where the dynamics reduces to one dimension.

6.2 Two-dimensional piecewise-linear maps with two sad-
dle xed points

Throughout the parameter region (2.25), the map (2.21) has two saddle xed poiKts
andY. Fig 6.1 shows these and parts of their stable and unstable manifolds in four phase
portraits, one for each of the four cases for the signs @&nd r. Notice if | > 0 (upper

plots) the left half-plane maps to the upper half-plane, while ik O (lower plots) the left
half-plane maps to the lower half-plane. Similarly g > 0 (left plots) the right half-plane
maps to the lower half-plane, while ik < 0 (right plots) the right half-plane maps to the
upper half-plane. Each plot indicates the important point® , andC, where some of the
manifolds intersecy = 0.

6.3 Renormalisation in two dimensions

We rstidentify the subset of where (2.21) has a stall® -cycle. Generalising (2.17) we
have that the matriA| Ar (whose eigenvalues are the stability multipliers ofltRe-cycle)
has an eigenvaluelwhen ( ) =0, where

()= vr+(L D(r 1 (6.1)

If () > Othis eigenvalue is greater tharil. For theLR -cycle to be stable we also need
det(A_AR) < 1, wheredet(A_AR) = | r, SOwe de ne

Po=f 2 jLr<1 ()>0g (6.2)
Proposition 6.1.If 2 P, thenf has an asymptotically stableR -cycle.

Proof. Let s = | Rr L r and R = | r be the trace and determinantAf Ag.

All eigenvalues ofA_ Ag have modulus less thanifand only if R < 1and R 1<
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@ .L>0 r>0 (b) L>0 r<O0

) L<0 r>0 d .<0 r<O

Figure 6.1: Phase portraits of the two-dimensional border-collision normal form (2.21)
for four different parameter combinations: (a) = (2:1,0:06, 1.7;0:18); (b) =
(2:1;0:4; 1:7; 0O55),(c) =(2:2, 03, 1.7,0:1); (d) =(1:8 075 1.6, 04).

Each plot shows the linear segments of the stable and unstable manifolds emanating from
the xed pointsX andY, as well as an adjoining segment of the stable manifoM .o0fve

also indicate some of their intersections wytl= 0: T, D, andC; formulas for these are

given by (3.19), (4.6), and (5.4). To illustrate the chaotic attractor the black dots show 2000
iterates of a typical forward orbit after transient dynamics has decayed.
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~+w < r +1. Certainly™s < 1by assumption, and s 1< - by the de nition of ;
also

®* R 1= Lr (L+*D(r+)<j(L+D(r+1)j (L+1(r+1) O

by the de nition of
The composed mafk  f is an af ne map with unique xed point

1

P=——— r+ r+1l; Rr(c+ +1):
®= r 1
Let 1
Q=f(P)= —— .+ (+1;, (r+t r*1):
® Rr 1

Notice the rst component oP is negative while the rst component @ is positive,
thusf P; Qg is a periodic solution of . Above we showed all eigenvalues&f Ag have
modulus less thah, hencef P; Qg is asymptotically stable. O

If ()< OtheLR-cycle is unstable. This is always the case it r O:
Proposition 6.2.1f 2 with |+ g Othen ()<O.

Proof. Suppose 2 with | + g O.If ; R 1then
()< (v+*D)(r+D+( v D(r L= 2(.+ r) O

using the de nition of in the rst inequality. If instead < 1lor g < 1then
L rR< 1lbecause,+ r>0,s0

()<(L+D)(r*+*D+( L Dr D=2 r*+*D <0

]

Now we show that if () < 0 then the renormalisation operatproduces another
instance of (2.21) in .

Proposition 6.3.1f 2 and () < Otheng( ) 2

Proof. Let~ = 2 2Rg,let7 = 2,andletw and™ be as in the proof of Proposition
6.1;theng( ) = ~;1l;=w; R -Observex 7T 1= 2 (r+1)2> 0because
rR< (r+*l),and~ + 7 +1= 2+( r+1)?> Obecauseg < 0, thus~ > j7 +1j.
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Alsox &R 1= L r (L+1)( r+1) <Obecause, > [ +land gr< g+1,
andw+ R+1= ()< 0, byassumption, thuk < | & +1j. .

As in Chapter 3, let

= f 'xy) x 0 (6.3)
be the set of all points that map to the right half-plane. Orthe second iteraté? has
only two pieces: 8

<

fre L )XY), x O
F2xy) = (fr; L )(XY) (6.4)
- A (XY); x O

Forany 2 (6.4)is af nely conjugate td ). Specicallyf? = h 1 fgy hon
whereh 3.21 is the necessary change of coordinates. As another orientation-preserving
example, Fig. 6.2-a shows (in the phase space 6f) at the parameter point

O = (1:5,04; 1:50:4); (6.5)

while Fig. 6.2-b shows () (in the phase space bf )). The magf 4 ) has an invariant

set h (), so by the results of Chapteri8 () is an invariant set of 2.
Moreover, the union oh () and its image under is an invariant set of . It is easy

to infer the number of connected components in this set from the number of connected
components of . The following results formalises this in a way that incorporates the
orientation-reversing and non-invertible settings.

Proposition 6.4. Suppose h () is an invariant set of g y. Then™= h () [
f h () isan invariant set of . Moreover, ith () \ f h () = ? then the
number of connected componentsTas twice the number of connected components.of

Proof. LetS = h () . SinceS ,
f2(S)=h * fgs(h (S)) : (6.6)

Buth (S)= andfy ()= , so the right-hand side of (6.6)s *() = S. ThusS
is invariant undef 2, soS[ f (S) is invariant undef . Sinceh is invertible the number
of components of is the same as the number of components ofif S\ f (S) = ?
thenf (S) also has this many components (for othervi$€S) = S would not be possible
becausé is continuous). O
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@ = &2RY ) =g & 2Rg
Figure 6.2: Phase portraits of (2.21). Panel (a) uses the example parameteréﬁioginen
by (6.5) where the attractor has two connected components, one of which lies entirely

in  (shaded). Panel (b) uses the parameter ppirdY where the attractor has one
connected componentm( ) (shaded).

6.4 The orientation-preserving case

Here we brie y summarise the results of Chapter 3 in a way that we attempt to mimic for
the orientation-reversing and non-invertible settings. Let

W=f 2 j_ >0 g>0g; (6.7)

be the subset of for which (2.21) is orientation-preserving. In a large part P an
attractor is destroyed when the poit@ndD coincide, and straight-forward algebra gives

_ () |
P ETDE (e R D) (68)

where

) L (6.9)

rc

()= r (Rt L+ r (At R)

Note, the function in (6.9) was denotedn Chapter 3; here we have embellished it with
a plus to distinguish it from a similar function (given below) that arises in the orientation-
reversing setting.
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Fig. 6.3 shows an example. In panel (a) the closure of the unstable manifgld of
=cl( WY(X)); (6.10)

is a chaotic attractor. As the value qf is increased the attractor approaches the @int
and is destroyed at  1:9083when *( ) =0, panel (b). At larger values of almost
all forward orbits diverge, panel (c).

Repeating (3.9) (but now with superscr{ft)), we de ne

RO= 2 @ *@()>0 *@""() O0; (6.11)

foralln 0. Notice that none of these regions contain points in the period-two région
because by Proposition 6.2,i2 @ then automatically ( ) < 0. As shown in Chapter 3
the regionsR M are disjoint and cover the subset ofY for which *( ) > 0. Fig. 6.4
shows two-dimensional slices of parameter space de ned by xinge 0 and g > 0.
The following results explain the nature of the attractoRi&ll) and repeat Theorem 3.2.

Theorem 6.1.Forany 2R w.
(i) is bounded, connected, and invariant undéler
(i) has a positive Lyapunov exponent, and

(i) if g < 1there exists a forward invariant set  R? with non-empty interior such
that
\1
f() = : (6.12)
n=0

The next result is a special case of Lemma 3.8 that we will replicate below for the
orientation-reversing and non-invertible settings.
Proposition 6.5.1f 2R O withn 1, theng( ) 2R gl)l.

Soif 2R theng"( ) 2R E)l) where the attractor is connected. Thenrbgpplica-
tions of Proposition 6.4f has an attractor witR" connected components as long as the
assumptions of Proposition 6.4 are satis ed in each application. Theorem 3.3 shows that
this is indeed the case. This result can be expressed brie y as follows.

Theorem 6.2.Forany 2R (" withn 0,f has a chaotic Milnor attractor with exactly
2" connected components.
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(@ =17 (b) . 1:9083

(C) L=2:1

Figure 6.3: Phase portraits of (2.21) with =0:1, R =0:1, R = 2and three different
values of | . These parameter values correspond to the black triangles in Fig. 6.4-a. Panel
(b) uses | such that *( ) = 0 to ten decimal places. In (@(W"(X)) is a chaotic
attractor; in (bW3(Y) andWY(Y) form a homoclinic corner by intersectinglat= C; in

(c) there is no attractor. The coloured lines illustrate the stable and the unstable manifolds
of the xed points coloured following the scheme in Fig. 6.1.
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(@ L =0:1 g=0:1. (b) L =0:04 r =0:04

Figure 6.4: Two-dimensional slices of the orientation-preserving parameter regin
showing the curves(g"( )) = 0, for low values ofn, overlaid upon the numerical re-
sults of Eckstein's greatest common divisor algorithm, explained in 86.5. Each point in a
200 200grid is coloured by the greatest common divisor of a set of close return iteration
numbers] according to the colour bar on the right. Also points are coloured white if iter-
ates appeared to diverge. The vallies0:001andM = 10° where used in the algorithm.
The black triangles correspond to the parameter values of Fig. 6.3.

6.5 A component counting algorithm.

To support an extension of the theoretical results of/86.4 to the orientation-reversing and
non-invertible settings, we perform numerical simulations to count the number of con-
nected components of the attractors. There are many methods for estimating the number
of connected components of a sefrom a nite collectionF of pointsin . For example
Robinset al.[116] connect all pairs of points iR with line segments to form a complete
graph, then base their estimation from a minimal spanning tree. In our setimgener-

ated by a map, so it is more effective to use a method that utilises the dynamics. For this
reason we compute the number of components as the greatest common divisor of a certain
set of computed values. This method originates with Eckstein [44] and is described by
Avrutin et al. [7]. As explained at the end of this section, the effectiveness of the method
relies on the following result.

Lemma 6.1. Suppose a compact invariant setof a continuous map hask 2 con-
nected components, afchas an orbit that visits all components. Then the components can
be labelled as 1; 5;:::; ksuchthatf ( 1) = 2f( 2) = 3::0f( k1) = «
andf ( W)= 1.
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Thus the components of are ordered cyclically, each has one “predecessor' and one
“successor'. The following proof is adapted frcm [7,44]. It uses a small quarttityvoid
reference to path-connectedness.

Proof of Lemma. 6. 1By assumption there exisi8 2  whose forward orbit enters all
components. Let ; be the component containir®). Suppose for a contradictidn( ;)
contains points in two different componen®,andU. Since is compact there exists
d > 0 such that any point if and any point inJ are at least a distanckapart. Since

1 Is connected, for any > 0 there existQ;R 2 ; with kQ Rk < " such that
f(Q) 2 T andf (R) 2 U. Butkf (Q) f(R)k > d so this is not possible becaukas
continuous, hencé( ;) is a subset of one component of This component is not ;
(because then ; would be forward invariant and the forward orbit Bf could not reach
the other components), let us call it. Sof (1) 2.

By a similar argumenrit( ) is a subset of one component, ankl ¥ 2 this component

is neither ; nor ,, call it 3. Inductively we obtain 1; 2;:::; « with f( 1)
xf( 2) it (k1) k- Alsof (k) is a subset of one component.

But is invariant, meanind () = . Thusf ( ) 1, and furtherf ( 1) =
nf( 2= 30 f( k)= «andf( )= 1asrequired. O

Now x and supposé has an attractor with k 1 connected components. To
compute the valuk, which is assumed to be unknown toaugriori, the algorithm proceeds
as follows. Fix" > 0 (we used' = 0:001or" = 0:000) andM > 0 (we usedVl = 10°)
and letJ = ? . Choose some initial point assumed to be in the basin of attractioraof
iterate it underf a reasonably large number of times (we u4étliterations) to remove
transient dynamics and obtain a point inor extremely close to, call it (Xo; Yo). Iterate
further, and for ali = 1;2;:::; M evaluate the distance (Euclidean nornRRf) between
f 1(Xo; Yo) and(xo;Yo). If this distance is less thah append the numbeérto the set].
Finally evaluate the greatest common divisor of the elemenidsr this is our estimate
for the value ok.

For example using = &, as in Fig. 6.2-a, the algorithm generated a set249
numbers

J = 1129231703778 :::;,99993@;

whose elements have greatest common divis(and indeed at this parameter point the
attractor has two components).

Fig. 6.4 shows the output of this algorithm ove2@ 200grid of parameter points.
The results show excellent agreement to the theory described in 86.4. For example pa-
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rameter points where the greatest common divisor of the numbérssitwo are coloured
light red, and the boundary of the light red region indeed appears indistinguishable from
the bifurcation boundaries(g( )) =0 and (g?( ))=0.

Two principles underlie the effectiveness of the algorithm. First, if the distance between
any two components of is greater thari, then f'(Xo;¥o) (Xo;Yo) <" implies that
f 1(xo0; Yo) and(Xo; Yo) belong to the same component of(assumingXo;yo) 2 ). By
Lemma 6.1 this is only possible ifis a multiple ofk. Thus the elements af are all
multiples ofk.

Second, assumirfg is ergodic on , the setofall > Ogiving f'(Xo;Yo) (Xo;Yo) <
" will not be expected to share a multiple larger thkarThis is because ergodicity implies
the dynamics of X on any component are well mixed (see Haydil.[67] and references
within for theory on the probability distribution of the valuesiofhen™ is small). In our
settingM = 10° seems to generate large enough Jetis ensure the greatest common di-
visor of the numbers id is k, instead a multiple ok. One can also modify the algorithm,
as described by Avrutiet al. [7] and Eckstein [44], to search for a close return to several
reference points, instead of the single pdxy; yo).

6.6 The orientation-reversing case

Let
@=f 2 j_ <0 gr<O0g; (6.13)

be the subset of for which (2.21) is orientation-reversing. As shown originally by Mi-
siurewicz [99], the closure of the unstable manifold of the xed pd{ntan be a chaotic
attractor. This attractor contains the pointas shown in Fig. 6.1-d, so under parameter
variation is destroyed whefn = C. This is a heteroclinic bifurcation beyond which the
unstable manifold oK is unbounded. From the formulas (3.19) and (5.4) we obtain

() .
(¢ D@ (e ri)

Cl Tl = (614)

where
()= r (r+* r @+ )DL (6.15)
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which was given in Chapter 5 as (5.9). An example illustrating the destruction of the
attractor is shown in Fig. 6.5. As the value of is increased the attractor is destroyed
whenT = Cat | 20104

We are now ready to subdivide? into regions based upon the renormalisation opera-
torg, (3.6). But 2 @ impliesg( )2 @, sowe again use the preimages 6{ ) =0
underg to de ne the region boundaries. Speci cally we let

RP= 2 @ ()>0 *(@g() 0 ()<O0; (6.16)
R@= 2 @ *@()>0 *g"() 0 ()<O0; foralln 1.
(6.17)

Fig. 6.6 shows these regions in two typical two-dimensional slices of parameter space.
Unlike in the orientation-preserving setting we need to imposg < 0 in these regions
so that they don't overlap, where a stabl&R -cycle exists.
We conjecture that throughoﬁtgz) the map has a unique chaotic attractor with one
connected component equal to the closure of the unstable maniféld a$ in Fig. 6.5-a.
In Chapter 5 we proved this to be true on a subsd®@t. In the special casq = g
and | = g of the Lozi family of maps, the constraint ( ) > 0reduces to equation (3)
of Misiurewicz [99].
The following result is a simple consequence of Propositions 6.2 and 6.3 and (6.17).

Proposition 6.6.1f 2R withn  1,theng( ) 2R ® .

This suggests that for any2 R ¢’ (2.21) has an attractor witt! connected compo-

nents. For example
@ =25 01, L1, 02 (6.18)

belongs taR (12) and indeed the attractor shown in Fig. 6.7-a appears to have two connected
components. One component belongs taso Proposition 6.4 applies. Hence this compo-
nent is an af ne transformation of the attractor of (2.21) at the parameter goiﬁi that
belongs taR . We know its attractor has one component by Theorem 6.1.

Fig. 6.6 shows that our conjecture is supported by the output of the greatest common
divisor algorithm. The boundaries of tRg? closely approximate the places with the value
of the greatest common divisor changes. This value changes slightly abogg )) = 0
because here the two components of the attractor are very close=a0d0001is insuf-
cient to detect this difference. Also the reader might notmg) has some pixels erro-
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(@ =18 (b) L 2:0104

() L=2:2

Figure 6.5: Phase portraits of (2.21) with = 02, R = 02, r = 1.8, and three
different values of | corresponding to the black triangles in Fig. 6.6-b. Panel (b) uses
such that ( ) = 0 to ten decimal places. In (&)(W"(X)) is a chaotic attractor; in (b)
WY (X) andW=(Y) have corner intersections; in (c) there is no attractor. The coloured
lines illustrate the stable and the unstable manifolds of the xed points coloured following

the scheme in Fig. 6.1.
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@ .= 01, g= 02 (b) L= 02 g= 02

Figure 6.6: Two-dimensional slices of the orientation-reversing parameter regién
showing the bifurcation curves overlaid upon numerical results obtained uUsiriy0001
andM = 10°. The black triangles correspond to the parameter values of Fig. 6.5.

neously corresponding to more than one component because here the attractor is relatively
large andM = 10° iterations is insuf ciently many for the algorithm to consistently obtain
a greatest common divisor &f

6.7 The non-invertiblecase, > 0, < 0.

Here we study the parameter region
@=f 2 j_ >0 r<0g (6.19)

where (2.21) is non-invertible. In this region an attractor of (2.21) can be destroyed by
crossing either the homoclinic bifurcatiofi ( ) = 0 or the heteroclinic bifurcation ( ) =

0. This is because near these boundaries the attractor contains th€ pouhis close to the
pointD so is destroyed when one of these points collides @itlor example in Fig. 6.8

T lies to the left ofD, so the attractor is destroyed whBn= C, i.e. when *( ) = 0.

In contrast in Fig. 6.9 lies to the right ofD, so the attractor is destroyed whér= C,
i.,e.when () =0. For this reason we de ne

mn( ) =min[ “(); () (6.20)
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@ = £2RrRY ) =g & 2RY

Figure 6.7: Panel (a) is a phase portrait of (2.21) at the parameter p&nﬁﬁ.l&:) where
the attractor has two connected components in the orientation-reversing case. Panel (b)

usesinstead & .

and
RS\3) = 2 ®) min (gn( )) > 0; min gn+1( ) 0; ( )< 0 (6'21)

foralln 0. Two-dimensional slices of these regions are shown in Fig. 6.10. We con-
jecture that throughout the rst regioR g’) the map (2.21) has a unique chaotic attractor
with one connected component, and this is supported by the numerical results shown in
Fig. 6.10. To explain the dynamics in the remaining regions we use the following analogy
to Propositions 6.5 and 6.6. Here, however, the result is not trivial, so we provide a proof.

Proposition 6.7.1f 2R & withn 1, theng( ) 2R ff)l.

Proof. Choose any 2 R ® withn 1and writeg( ) = ~;7L;=w; r asinthe proof of
Proposition 6.3. By Proposition 6.3 we haye) 2 . Furtherg( ) 2 © because, =
2>0and k= | R< 0. AISO min g" *(g()) > 0and mn g"(g()) O Finally
@ N=~w+(1T 1)(® 1L)wherex = & 2x, 7= 3 R= LR L R
and™g = | r. Bysubstituting, > [ +1land R < ( r+1) (true because2 )we
obtain (after simpli cation)

(9 )< 21+ g+ Z(L+ R)
Soif L+ g > Othen (g( )) < O(becausd+ r+ 2 §1> 0). Ifinstead .+ g O
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(@ =17 (b) L 17948

(c) L=138

Figure 6.8: Phase portraits of (2.21) with = 0:3, r = 04, r = 24 and three
different values of | corresponding to the blue triangles in Fig. 6.10-b. The coloured lines
illustrate the stable and the unstable manifolds of the xed points coloured following the

scheme in Fig. 6/1.
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@ r= 11 (b) r 1:2654

(c) r= 14

Figure 6.9: Phase portraits of (2.21) with =0:3, r = 04, | = 3, and three different
values of g corresponding to the black triangles in Fig. 6.10-b. The coloured lines illustrate
the stable and the unstable manifolds of the xed points coloured following the scheme in

Fig.'6.1.
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@ L =05 r= 04 (b) L =03, r= 04
Figure 6.10: Two-dimensional slices of the non-invertible parameter regith showing

the bifurcation curves overlaid upon numerical results obtained usm@:001andM =
1C°. The blue [black] triangles correspond to the parameter values cf Fig. 6.8 [Fig. 6.9].

thenT + R = r( L+ r) Obecausegr < 0,soagain (g( )) < 0by Proposition 6.2
applied to the parameter poigt ). O

Proposition 6.7 suggests that throughout eal withn 1 (2.21) has an attractor
with exactly2" connected components, and Fig. 6.10 supports this conjecture. Fig. 6.11-a
provides an example using the parameter point

® =(3;03, :9; 04); (6.22)

which belongs tdR (13). The attractor has two pieces, one of which belongs tpso as
above this piece is an af ne transformation of the attractogofy 2 RY shown in
Fig./6.11-b.

6.8 The non-invertiblecase, < 0, > 0
It remains for us to consider
W=f 2 j_ <0 g>0g; (6.23)

where (2.21) is non-invertible. In this region the attractor is usually destroyed before the
boundaries *( ) = 0 and () = 0 in a heteroclinic bifurcation that cannot be char-
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@ = $2RrRY ) =g & 2RY

Figure 6.11: Panel (a) is a phase portrait of (2.21) at the parameter p@rﬂﬁ.zz) where
the attractor has two connected components in the 0 non-invertible case. Panel (b)

usesinstead & .

acterised by an explicit condition on the parameter values. This occurs when the attractor
contains points og = 0 that lie to the right oD andT and is destroyed when its right-most
point collides withC.

Fig. 6.12 shows an example. In panel (a) the attractor is the closure of the unstable
manifold of X. As we grow the unstable manifold outwards frofnit develops points
ony = 0 that lie further and further to the right, but not beyo@d This occurs as a
consequence of the geometric con guration affordedf Rybeing orientation-preserving
andf | being orientation-reversing. As the value ofis increased the attractor is destroyed
when its right-most point collides wit@, panel (b). With a slightly larger value of , panel
(c), typical forward orbits diverge even thoughandT still lie to the left of C. Fig. 6.13
provides a second example. Here the parameter values are subhdhdf are switched
around but the attractor is destroyed in the same way.

Fig. 6.14 shows the results of numerical simulations applied to two slice§€ofThe
white areas just to the left of*( ) = 0 and () = 0 correspond to the phenomenon
that we have just described. These areas are bounded on the left by a curve of heteroclinic
bifurcations. Since we cannot identify this curve with hand calculations, it is natural to
attempt to compute the curve numerically with numerical continuation methods. However,
we do not show the result of such a computation because from the results of Osinga [105]
we suspect that this curve is highly irregular, e.g. non-differentiable at in nitely many
points.
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(@ [ =1:2 (b) . 1:3439

(c) L =1:35

Figure 6.12: Phase portraits of (2.21) with = 04, r =0:4, r = 28, and three
different values of | corresponding to the blue triangles in Fig. 6.14-a. The parameter
value used in panel (b) is approximately where the attractor is destroyed. In all three panels
D lies to the left ofT which lies to the left ofC. The coloured lines illustrate the stable
and the unstable manifolds of the xed points coloured following the scheme in Fig. 6.1.
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(@ L =2 (b) . 2:2285

() L=23

Figure 6.13: Phase portraits of (2.21) with = 04, r =0:4, r = 1.8, and three
different values of | corresponding to the black triangles in Fig. 6.14-a. The parameter
value used in panel (b) is approximately where the attractor is destroyed. In all three panels
T lies to the left ofD which lies to the left ofC. The coloured lines illustrate the stable
and the unstable manifolds of the xed points coloured following the scheme in Fig. 6.1.
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@ .= 04 g=0:4 (b) L= 05 r=0:4

Figure 6.14: Two-dimensional slices of the non-invertible parameter regith showing
the bifurcation curves overlaid upon numerical results obtained usm@:001andM =
1C°. The blue [black] triangles correspond to the parameter values cf Fig. 6.12 [Fig. 6.13].

In each plot in Fig. 6.14 the attractor does in fact persist up to where the boundaries
"()=0and ()=0 meet. Thisis because onthe curfe= & the right-most point
of the attractor iD andT, which are equal. Also near the plot of panel Fig. 6.14-a the
attractor persists slightly beyond ( ) = 0 because here the attractor fails to appro@ch
so is not destroyed whéb = Cat *( )=0.
Despite the extra complexities irf¥ it still appears that renormalisation is helpful for
explaining the bifurcation structure. Let

RO= 2 ® _()>0 m(g() O ()<O: (6.24)

Based on Fig. 6.14 we conjecture that for any R 84), if (2.21) has an attractor then this
attractor is chaotic with one connected component. Now let

RP="2 @ (@ )>0 mn(@*() 0 ()<0 (9())<0:
(6.25)

Unlike in previous sections here we have included the extra constr@g(it)) < 0 so that
theRY” do not include the regioR4, de ned to be where (2.21) has a stable period-four
solution with symbolic itinerar).RRR . This region is visible in Fig. 6.14-b and shown
more clearly in the magni cation, Fig. 6.15. Note that here we do not show the result of
the numerics because the component counting algorithm does not work ef ciently close to
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the curve (g( )) = 0. The following result is a trivial consequence of our de nitions.
Proposition 6.8.1f 2R $’ withn  1,theng( ) 2R ¥,

Based on this we conjecture that for any2 R @ with n 1 the map (2.21) has
a chaotic attractor with exactl®" connected components, and this is supported by the
numerics in Fig! 6.14. Fig. 6.16-a shows the attractor of (2.21) for a typical parameter
point in RW, speci cally

®W=(2:2, 04 1504): (6.26)
As expected it has two connected components, one of which is containedand both of
which are af ne transformations of the single-component attractor of (1.1)gvit£i) 2
R shown in Fig. 6.16-b.

6.9 Reduction to one dimension

Finally we address a novelty of the non-invertible settings. In these settings the stable
eigenvalues § and } have the same sign (they are both positive if> 0 and r < 0,

Figure 6.15: A magni ed version of Fig, 6.14-b showing the regions having a staBle
cycle (period-two solutionlP, and a stabl€ RRR -cycle (period-four solutionlp,.
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(@ = & 2RY () =g & 2RY
Figure 6.16: Panel (a) is a phase portrait of (2.21) at the parameter p&i}rﬂﬁ.ZEi) where

the attractor has two connected components in the 0 non-invertible case. Panel (b)
usesinstead & .

and both negative if. < 0and r > 0), so it is possible for them to be equal. From the
formulas (3.19) and (4.6) for the poirbsandT we have

R (6.27)

ThusD and T coincide when the stable eigenvalues are equal. Thus the boundaries
*()=0and () =0, whereC = D andC = T respectively, intersect where
L = &, andthisis evident in Figs. 6.10 and 6.14. Also for each 1 the boundaries
"(@"())=0and (g"()) =0 intersectwhere} = 3.

We now show that if } = § then the pertinent dynamics reduces to one dimension,
asin Fig. 6.17.

Proposition 6.9.1f 2 with ,n( ) > Oand } = &, thenf isforward invariant on
the line segment fror to f (T). Moreover, on this segmeht is conjugate to the skew
tent map 8

rz+1, z O

z7" (6.28)
- Rz+1l; z O

on[ g +1;1].
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(@) =(2:32305; 1427 04) (b) corresponding cobweb diagram

Figure 6.17: Panel (a) shows the attractor of (2.21) at the given parameter point which
belongs taR 83). This attractor is the line segment fromtof (T). The restriction of to
the attractor is the one-dimensional map (6.28) indicated in panel (b).

Proof. The line segment fror tof (T) is

(z) z2 K{+1;1 ; where (2)= R el
R R
because putting = 1 gives(x;y) = ;0 = T by (3.19), while puttingz = & +1

gives(x;y) = %; f*;* which is identical tof (T) = ( rT: +1; RrT1) (Since

R = E2+ %andR: gg)lsz[O,l]then

1+ UZ S UZ
F@=(rx+y+l; r)= T—i7 < = (RZ+1D);
R R
whileifz2 [ § +1;1]then
1+ 'z 21z
@)= x+y+ly )= T = ({z+1);
R R
and the result follows. O

The map (6.28) has]! > 1and § < 1, which corresponds in Fig. 2.3 to a point in
someR ,, withn 0. Thus, with this value of, the attractor of the skew tent map (6.28)
is comprised oR" disjoint intervals. Consequently the attractorfofis comprised oR"
disjoint line segments. Places where the valua ghanges can be computed by solving
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for where o ¢" =0 in Fig. 2.3. We computed these points numerically and have plotted

them in Figs' 6.10 and 6.14 from which we see that, as expected, these points are where
* g"=0and g" = 0. In this way the conjectures in 86.7 and 6.8 on the number

of connected components of the attractors are con rmed in the special codimension-one

scenario that the stable stability multipliers associated XithndY are equal.
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Chapter 7

Extension to higher-dimensional maps.

7.1 Introduction

In this chapter we extend the trapping region construction described in 85.3 from the two-
dimensional border-collision normal form to tiN-dimensional border-collision normal
form, for anyN 2. This paves a way towards understanding the conditions that govern
robust chaos in higher dimensional maps.

To obtain useful results we require some restrictions on the parameters bdf-the
dimensional border-collision normal form (1.8). These parameters are coef cients of the
characteristic polynomials of the left and right Jacobian matdgeandAg (in (1.8) these
are denote, andCg), so itis equivalent to place restrictions on the eigenvalues of these
matrices. In two dimensions we considered the parameter E&25) which can be inter-
preted as follows. It is wher&, has exactly one unstable eigenvalue, and this eigenvalue
is greater thard, while Ar also has exactly one unstable eigenvalue, but this eigenvalue is
less than 1. In this chapter we use this constraint and allow any number of dimensions.
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7.2 TheN -dimensional border-collision normal form

In N dimensions the left and right Jacobian matrices of the normal form are

2 3
aa 1 0 :::
a2 01 ::0

_ a8 00 ::0

AL . _ Z; (7.1)

and
2 3
at 10 0
az 0 1 0
a 00 0]
ay 1 00 1
al 00 0
with
2 3
1
0
0
b=§ Z: (7.3)
0]
0

We will assuméi| has an eigenvaluq} > 1, andAg has an eigenvalqu < 1. Wewill
also assume all other eigenvaluesfof andAr have modulus less thah This ensures,
for instance, that the left piece of the map has a unique xed point. This paacisssible
(i.e. it is a xed point of (1.8)), and straight-forward calculations give us the following
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explicit formula for the xed point:

Py i N N 1 N N I

y = P1 52 & 5 a L. (& S+ &), F‘;J‘L
1+ a1+ a1+ a0 1+ Lal 1+ g
(7.4)

The stable manifold oY has dimensioftN 1. As it emanates frony it is coincident to
the stable subspace

ES(Y)=fx2RVju'(x Y)=0g; (7.5)
whereu is the following left eigenvector oA, corresponding to !
u= (O HCDY Brn0B00% L (7.6)

Recall that the two-dimensional formula f@ (5.4) was obtained by nding the point
where the stable manifold of intersects thex;-axis after experiencing one kink. In fact
this is the unique point on the-axis that maps to the stable subspac® ofSimilarly, in
theN -dimensional case, there exists a pdhon thex,-axis

C=(Cy0,0;:::;0); (7.7)

whose imagé (C) lies on the stable subspaceYf(7.5). AssumingC; the pointC maps
under the right piece of the map, so

f (C)= akCi+1; aiCi; a3Cy:::; ay 'Cy; aRCy: (7.8)

Note thatC, is thex; component of the point. By using (7.5) to solvé (C) 2 ES(Y)
we obtain

Py . P Py
( &)an Lt ﬁ),_':l “ szka'JL_

C NLCHY mamy@a+ Noal)

Cy = (7.9)

7.3 Asymptotic calculations

Let us write the stable eigenvaluesf andAg as |, = r 1;i =2;3;:::;N, withr =
maxfi |j;j kjg < 1 Ourideais to construct a region that is forward invariant urider (1.8)
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assuming is suf ciently small. In two dimensions this is equivalent to taking small values

of | and r which in Chapter 5 we showed could effectively be accommodated. In the

limit r ' O the map (1.8) reduces to the one-dimensional skew tent map with slopes
L>1and & < 1 Recall from 52.9.1 that this one-dimensional map has an attractor if
ol i &) >Owhere o= [ g+ [ &

Since the numbers in the rst column & are the coef cients of the characteristic
polynomial ofA , they can be written in terms of and | by

1 X\I i 1 X\I i
a = L= (p+r L)
i=1 i=2
2 X 1 )(\I i 2
a_ = LL=r L L+ O(r9)
i6] i=2
3 21 DK . )(\I i 3
a = I~ L1+ O(r)
i=2 j=i+l
al =( DV L2 N (7.10)
This enables us to writé as
Y = 1 1 r 1 )(\l i + O(rZ).
1 t+o( 7 ot 0t ’
- !
2 ZI.DK . )(\I i 3 N 11 2 N
re i L1+0(rd);5( 1 Lt Yo (7.11)
i=2 j=i+l
. 1 1
Notice Y,  r—'5(N 1)+ O(r?), Y5 r2 &Ll('\' N2 4 0(r3), i1, Y
1 1
( 1)krk 2 &L1<N DAL D)+ o), i Y (DN 3. This motivates
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us to de ne the quantities

1

Re= —=(N 1)
L
1
Ro= L (N 1)('N 2)
1 21
Ry = L. 7.12
N~ 1 1 ( )
L

Now let
H= x2RN jxo Rorjxs Rar?:iijxnj RarN 12

be the set of all pointg 2 RN whosei" component has a value betweelR;r' * and
Rir' % foralli =2;3;:::;N. NextletK be the part oES(Y) that belongs tdd . Finally
let be the convex hull oK andC.

Conjecture 7.1.Let 1 > land % < 1besuchthaty( {; &) > 0. Let | 2 Cwith
jij 1foralli=2;3;:::;N andJ 2 fL;Rg. Forall suf ciently smallr > 0, if A_ has
eigenvalues! and | = r | andAg has eigenvalues} and L = r | then isforward
invariant under(1.8).

In the remainder of this section we perform some calculations that form the rst step
towards proving Conjecture 7.1. The #etis a convex polytope wit@" ! vertices

PO = pl:p0:::pl) P

= P PR PRar?i; Ry oM % PR (7.13)
where @ = 1foreachi = 2;3;:::;N and the rst componenP,” is determined by
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the requirement tha® () belongs taE3(Y). For example, foN = 4,

PW = (PY; Ry Rar?; Rard);

P@ =(P?; Rur;R3r%Rard);

P® = (PP Ry, Rar%Rard);

PO =(PY; Ruor; Rar?Rard);

PO = (PO:RyrRar% Ryrd);

P® = (P1(6); RorRar? Ryrd);

PO = (P{";Ror; Rar% Rar®);

P® =(P®; Ro; Rar% Rar): (7.14)

By using the expression (7.5) f&*(Y), we obtain the following formula foIPl(i):

P H# .
(i) _ 1 X1 jN=k+1 a Xt |(JI,)1 Riar!
Pii= Py 1 (< (T (7.15)
1+ o & k=1 L =1 L
Alsof P® s given by
f Py = alP"+ PRy+1; a?P+ {Rsr

a Pl(i) + fli)R4r2; s

al P+ URyrM Loalp (7.16)
To facilitate further calculations we introduce the quantitigss 1, ; = P i=o L
_PN I:)N [ _NXk+1...X\I [ T IR — 2 3... N
2 = i=2 j=i#l L L1 kK — . . |u‘{2_}” N 1_|i{2_|‘}’
|':1 {Z |:J+} k terms N 1terms
k terms
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and y = 0. Then (7.10) can be re-written as

ai= (L+ 1)

= [ oar+ or?

ai = (L a2r*+ ord

al =( DL war t+ )

ail:llz( l)N 1(&N2rN 2+ Ner 1)

al =( DV oy oM n (7.17)

The intersection of with the switching manifolck, = O is a convex polytope wit@Y !
vertices. Each vertex is a poisf) given by where the line through() (a point inK ) and
C intersects the switching manifold, thus is given by

Cy (i) Cy (i)

s = o _ VR,r _ VRar?:
, PO 2T e p0d .
C - C - '
i N R N G ——5 VRarY (7.18)
Cl Pl Cl Pl

The images of these points are given simply by

st +1

f s = : ; (7.19)

To show that is forward invariant undef, it remains to show thdt (C) and each
point (7.16) and (7.19) lies inside. This requires us to consider every face (side) of
which is daunting task, and left for future work. But preliminary calculations are promis-
ing: by de ningH so that the bounds on the components accumulate powers of the small
guantityr, we expect the vertices of to map inside because the action of theshifts
components up one place, as evident, for instance, in (7.19). In fact it appears we can obtain
an explicit value iicar such that Conjecture 7.1 holds for K r iicas . Our formula for
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I'eiicar 1S @ Minimum of nine quantities. Often only three of these quantities are relevant, in
which cas€ qiica has the form

0
1 1
I critical = MIN @ ;

NN J)+(2N 1 pf N1 1 Llg
( 1)N 1 :_L 1 .
- n 1 #1 2 3’
ikt 1
—t — 7.20
LRz R (7.20)

where , ,and are parameters satisfying

1 <
1
L .
Loy (7.21)
and
L=V A EADEY Y D+ DVEN DN 3)2Y 2+1);
1
=L et p2
(N1
e i I G AR (7.22)

The valuer giica is plotted in Fig. 7.1 folN = 3. Here we have used? = 0:07,
3 =0:087 %2 = 004 and 3 = 005 and set the three parameter values as
=31+ ﬁ , = ,and = 2. Noticergiica tends to zero at the boundary
o( t; &) =0. Thus our bound is positive over the largest possible range for the values
of the unstable eigenvalues because, as mentioned above, beyond this boundary there is no
attractor in the limir ! 0.
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Figure 7.1: A heat map showing the value ofiicar (7.20).
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Chapter 8
Conclusions

This thesis has relied mainly on three techniques for understanding the dynamics of piece-
wise-linear maps: trapping regions, invariant expanding cones and renormalisation. Trap-
ping regions are a relatively elementary tool that provide a way for us to prove the map has
an attractor. Invariant expanding cones allow us to show an attractor is chaotic; they are
more niche but have been applied to diverse types of dynamical systems at least since the
work of Alekseev [2]. Renormalisation is used to identify bifurcations and common dy-
namics in different parameter regions. This also is fairly specialised but has been applied
to many problems in dynamical systems, perhaps most famously by Feigenbaum in regards
to period-doubling cascades.

While many papers have studied the dynamics of multi-dimensional piecewise-linear
maps, it seems that few have applied the above techniques. This thesis shows they are
highly effective for piecewise-linear maps. For trapping regions is often suf ces to consider
simple polygons. For invariant expanding cones the expansion condition only needs to hold
for each piece of the map, which is far easier to check than for smooth maps where the
Jacobian matrix varies throughout phase space. Indeed in Chapter 5 a suitable cone was
constructed by using eigenvectors of the two Jacobian matrices. Finally for renormalisation
in our setting the dimension of the renormalisation operator is nite.

Speci cally for the two-dimensional border-collision normal form (2.21) in the orientation-
preserving setting we applied renormalisation in Chapter 3. This enabled us to partition the
parameter space into regioRs, where (2.21) has an attractor witfi connected com-
ponents. It is also interesting to consider the analogy of Feigenbaum's constant in our
setting. The regionR, converge to, and the4 4 Jacobian matribDg( ) has exactly
one unstable eigenvalue. It follows that the diameter oR,, divided by the diameter
of Rh+1 tends, asn ! 1, to the constan®. In contrast, as discussed in §2.8, Feigen-
baum'’s constant for the rate of convergence of consecutive period-doubling bifurcations is
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approximatelyt.6692

In Chapter 4 we strengthened Theorem 3.2 by proving that in a subregi®y,of
the attractor satis es Devaney's de nition of chaos. In particular we used the condition
Ji( ) > 1to show that line segments grow suf ciently quickly when iterated under the
map. It remains to identify different and presumably more powerful methods to verify the
conjecture thaf;( ) > 1can in fact be replaced by the weaker conditig¢g( )) < O.

Furthermore we extended the construction from the orientation-preserving setting to the
orientation-reversing and non-invertible settings in Chapter 5. Speci cally we identi ed an
open parameter regiony,, , Where the map has a trapping region, and an open parameter
region e, Where it has an invariant expanding cone, see FFigs. 5.2 and 5.3. Throughout

wap ' cone the map has an attractor with a positive Lyapunov exponent, Theorem 5.1. At
some boundaries ofap \  cone the attractor is destroyed, see Fig. 5.9, in which case our
construction is optimal in that it identi es bifurcations where the attractor is destroyed. Past
other boundaries the chaotic attractor persists. We expect our construction could be adapted
to verify robust chaos beyond these boundaries, and already this has been achieved in some
cases [59, 129]. Within a5 \  cone the attractor appears to undergo bifurcations like in
the orientation-preserving case where the number of connected components changes. In
Chapter 6 we explored this numerically and showed how renormalisation appears to re-
main effective in this more general setting, but there are some unique complications such
as stable perio@-and period4 solutions and the presence of other possibly fractal bifur-
cation curves. It remains to verify the conjectures in §86.6--86.8 which we believe should
be managable by employing the ideas used in Chapter 3. But we feel this would likely
be a major undertaking because it is necessary to understand in detail the dynamics of the
renormalisation operator by extending the extensive calculations performed in 83.6. Also
it remains to see if renormalisation schemes based on other symbolic substitution rules can
be used to explain parameter regimes where (2.21) has attractors with other numbers of
components, e.g. three components, as described in [57].

We stress that in Fig. 5.9 the cross-section @f, \  cone includes a neighbourhood of
( L; r)=1(0;0). Thisisthe case for many values gfand g and is a signi cant achieve-
ment because it shows robust chaos is not lost as we cross from the orientation-preserving
setting to the orientation-reversing and non-invertible settings. Thus the presence of ro-
bust chaos is not dependent on the overall topological properties of the map. Moreover,
this provides a path for robust chaos to be demonstrated in higher dimensional maps. This
was explored in Chapter 7 where we consideredNhdimensional border-collision nor-
mal form with two saddle xed pointsX with an eigenvalue s < 1, andY with an
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eigenvalue ' > 1. If all other eigenvalues associated wXhandY have modulus at most

r, wherer > 0is small (which in two dimensions meafs ; r) is suf ciently close to

(0;0)), and with appropriate constraints on the valuespfand ', we believe the map

must have a chaotic attractor. We expect this can be proved by again constructing a trap-
ping region and an invariant expanding cone. Conjecture 7.1 suggests how the trapping
region can be constructed for the-dimensional setting by choosing vertide§) whose

j™ component is proportional td !. For the cone we expect it will be too dif cult to

use eigenvectors of the Jacobian matrices as in Chapter 5. Instead we envisage a weaker
construction that again utilises powersrofAs one application, it is hoped that this could

be used as the key space for an encryption scheme [79].

The main motivation for studying two-piece piecewise-linear maps is that they approx-
imate the dynamics near border-collision bifurcations arising in diverse physical systems.
As explained in Chapter 1 the piecewise-linear form arises from dropping higher order
terms. Naturally we would like assurance that the dynamics we have described for the
piecewise-linear map is retained in the full map. In general the dynamics does appear to
retained typically, but for chaotic attractors this is dif cult to prove. Recently Simpson and
Glendinning [131] showed that trapping regions and invariant expanding cones are robust
to higher order terms so in case the chaotic attractor persists.

A tantalising avenue of future research would be to apply our methods to maps having
more than two pieces. Such maps have been used as mathematical models in areas such
as neuronal dynamics [71] and economics [24]. Also our methods should apply well to
discontinuous piecewise-linear maps, indeeet.al. [87] have achieved this for a family
of two-dimensional discontinuous maps.

In regards to higher dimensions as a rst step we have focussed on the case that the map
has one direction of instability for each piece of the map. But maps with multiple directions
of instability should be just as relevant, giving the possibility of so-called wild chaos [69,
75], and it remains to treat these scenarios. Already Glendinning [53] has considered the
case that all directions are unstable in any number of dimensions and rigorously proven the
existence of a chaotic attractor.

Overall the dynamics of piecewise-smooth maps is extraodinarily rich because they
have an extreme form of nonlinearity. Many open problems remain, as described above,
another example being the uniqueness of the attractor, which seems to be an exciting and
important direction to look into. Remarkably it is still unknown whether or not the normal
form can exhibit more than one attractor throughout the robust chaos parameter region of
Banerjeect al.[14], and the more generalised parameter seetings where the normal form is
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orientation-reversing and non-invertible.
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