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aged by Royal Society Te Apārangi, that supported my Ph.D. work.

Indranil Ghosh

iv



Abstract

Piecewise-linear maps describe the dynamical behaviour of a wide variety of physical sys-

tems that switch between different modes of evolution, such as optimal control systems,

mechanical systems with contact events, and social and economics systems involving de-

cisions or constraints. This thesis focuses on a canonical form for two-dimensional con-

tinuous piecewise-linear maps, known as the border-collision normal form. Recent work

showed that where the normal form is orientation-preserving it can exhibit chaotic dynam-

ics that is robust in the sense that it occurs throughout an open region of four-dimensional

parameter space. In this thesis we �rst use renormalisation to partition this region by the

number of connected components of the chaotic attractor, revealing previously undescribed

bifurcation structure in a succinct way. Next, we prove that in part of this region the

attractor satis�es Devaney's de�nition of chaos, strengthening existing results. Here we

also show that the one-dimensional stable manifold of a �xed point densely �lls a two-

dimensional area of phase space, and identify a heteroclinic bifurcation, not described pre-

viously, at which the attractor undergoes a crisis and may be destroyed. We then generalise

the results to the orientation-reversing and non-invertible parameter regimes of the normal

form by developing new ways of constructing trapping regions and invariant expanding

cones that establish the existence of chaotic attractors. Bifurcations of the attractor are

explored numerically by using Eckstein's greatest common divisor algorithm and compar-

ing the results to those generated through renormalisation. Finally we extend the study to

higher dimensional maps by constructing a novel trapping region for theN -dimensional

border-collision normal form.

v





Contents

List of Figures ix

List of Tables xiii

1 Introduction 1

2 Background 10

2.1 Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2 Fixed points, invariant sets, and stability . . . . . . . . . . . . . . . . . . . 11

2.3 Periodic solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.4 Attractors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.5 Stable and unstable manifolds . . . . . . . . . . . . . . . . . . . . . . . . 15

2.6 Lyapunov exponents and chaos . . . . . . . . . . . . . . . . . . . . . . . . 17

2.7 Bifurcations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.8 Renormalisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.9 The border-collision normal form . . . . . . . . . . . . . . . . . . . . . . 19

3 Renormalisation of the two-dimensional border-collision normal form. 30

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.2 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.3 The stable and unstable manifolds of the �xed points . . . . . . . . . . . . 38

3.4 The second iterate off � . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.5 The geometry of the boundary ofR 0 . . . . . . . . . . . . . . . . . . . . . 43

3.6 Dynamics of the renormalisation operator . . . . . . . . . . . . . . . . . . 50

3.7 Positive Lyapunov exponents . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.8 Implementing the renormalisation recursively . . . . . . . . . . . . . . . . 57

vii



4 Robust Devaney chaos in the two-dimensional border-collision normal form. 62

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.2 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

4.3 The stable and unstable manifolds of the �xed points . . . . . . . . . . . . 67

4.4 Invariant expanding cones . . . . . . . . . . . . . . . . . . . . . . . . . . 69

4.5 Expanding line segments . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.6 Dynamics of the inversef � 1
� . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.7 Devaney chaos . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5 Robust chaos in the orientation-reversing and non-invertible settings. 79

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.2 Suf�cient conditions for a chaotic attractor . . . . . . . . . . . . . . . . . . 80

5.3 A forward invariant region and a trapping region . . . . . . . . . . . . . . . 87

5.4 Invariant expanding cones . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.5 Further remarks on the parameter regions� trap and� cone. . . . . . . . . . . 99

6 Renormalisation in the orientation-reversing and non-invertible settings. 103

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6.2 Two-dimensional piecewise-linear maps with two saddle �xed points . . . . 104

6.3 Renormalisation in two dimensions . . . . . . . . . . . . . . . . . . . . . . 104

6.4 The orientation-preserving case . . . . . . . . . . . . . . . . . . . . . . . . 108

6.5 A component counting algorithm. . . . . . . . . . . . . . . . . . . . . . . 111

6.6 The orientation-reversing case . . . . . . . . . . . . . . . . . . . . . . . . 113

6.7 The non-invertible case� L > 0, � R < 0. . . . . . . . . . . . . . . . . . . . 116

6.8 The non-invertible case� L < 0, � R > 0 . . . . . . . . . . . . . . . . . . . 120

6.9 Reduction to one dimension . . . . . . . . . . . . . . . . . . . . . . . . . 125

7 Extension to higher-dimensional maps. 129

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

7.2 TheN -dimensional border-collision normal form . . . . . . . . . . . . . . 130

7.3 Asymptotic calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

8 Conclusions 138

Bibliography 141

viii



List of Figures

2.1 Stability triangle of the mapf � . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.2 Cobweb diagrams showing the attractor of the skew tent map (2.16) with

two different combinations of the parameter values. . . . . . . . . . . . . . 23

2.3 A two-parameter bifurcation diagram of the skew tent map family (2.16). . 24

2.4 A typical phase portrait off � . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.1 A sketch of the phase space off � (2.21) with� 2 � BYG . . . . . . . . . . . 32

3.2 The preimage of the closed right half-plane (3.4). . . . . . . . . . . . . . . 33

3.3 Two-dimensional cross-sections of the parameter regionsR n . . . . . . . . . 35

3.4 Numerically computed attractors off � with � = � ex, (3.16). . . . . . . . . . 38

3.5 A bifurcation diagram off � with � R = � 1:12, � L = � R = 0:01, and using

� L as the bifurcation parameter. . . . . . . . . . . . . . . . . . . . . . . . . 39

3.6 A sketch of the phase space off � with � 2 � BYG . . . . . . . . . . . . . . . 40

3.7 Sketches of phase space with� 2 R 0 in panel (a) and� 2 R n with n � 1

in panel (b). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.8 A sketch of� 0(� ) = 0 and� 1(� ) = 0 (equivalently� (� ) = 0 and ̂ (� ) = 0 )

in � slice(� L ; � R) with 0 < � L < 1 and0 < � R < 1. . . . . . . . . . . . . . . 44

3.9 A sketch of� ( ~� ) = 0 and ̂ ( ~� ) = 0 where~� = g(� ) with 0 < ~� L < 1 and

0 < ~� R < 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.1 A phase portrait of (2.21) with� = (1 :5; 0:2; � 2; 0:5) which corresponds a

point inR 0, see Fig. 4.2(a). . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.2 Two-dimensional slices of parameter space de�ned by �xing� L = 0:2 and

� R = 0:5 in panel (a) and� L = 0:64and� R = 0:7 in panel (b). . . . . . . . 65

4.3 Phase portraits of (2.21) with� L = 0:2, � R = 0:5, � L = 1:3, and three

different values of� R as indicated. . . . . . . . . . . . . . . . . . . . . . . 67

ix



4.4 A sketch of the forward invariant region
 that is constructed using kinks

of the unstable manifold ofY (red). . . . . . . . . . . . . . . . . . . . . . 68

4.5 A sketch of the phase space of (2.21) with� 2 � and � (g(� )) � 0 to

support the proof of Lemma 4.7. . . . . . . . . . . . . . . . . . . . . . . . 73

4.6 A sketch of the phase space of (2.21) with� 2 � and� (g(� )) < 0 illustrat-

ing the de�nition of � 0 (shaded). . . . . . . . . . . . . . . . . . . . . . . 77

5.1 Phase portraits off � (2.21) for four different parameter combinations� =

(� L ; � L ; � R ; � R) 2 � trap \ � cone. . . . . . . . . . . . . . . . . . . . . . . . 81

5.2 Four different two-dimensional cross-sections of� trap , de�ned by (5.10). . 84

5.3 Two-dimensional cross-sections of� cone, de�ned by (5.14). . . . . . . . . . 86

5.4 The triangle
 and its image underf with � L = 1:6, � R = � 1:5, and six

different values of� L and� R . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.5 The trapping region
 " and its image underf . . . . . . . . . . . . . . . . . 91

5.6 Cobweb diagrams of the slope mapsGL (m) andGR(m) (5.22) with� L =

1:6, � R = � 1:5, and six different values of� L and� R . . . . . . . . . . . . . 95

5.7 The shaded region shows where cross-sections of� trap and� cone, de�ned

by �xing the values of� L and� R , are both non-empty. . . . . . . . . . . . . 99

5.8 Further sample cross-sections of� trap (panels (a) and (b)) and� cone (panels

(c) and (d)). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

5.9 A two-parameter bifurcation diagram of (1) with� L = 1:7 and� R = � 1:9. . 101

6.1 Phase portraits of the two-dimensional border-collision normal form (2.21)

for four different parameter combinations. . . . . . . . . . . . . . . . . . . 105

6.2 Phase portraits of (2.21). . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

6.3 Phase portraits of (2.21) with� L = 0:1, � R = 0:1, � R = � 2 and three

different values of� L . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

6.4 Two-dimensional slices of the orientation-preserving parameter region� (1) . 111

6.5 Phase portraits of (2.21) with� L = � 0:2, � R = � 0:2, � R = � 1:8, and

three different values of� L . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

6.6 Two-dimensional slices of the orientation-reversing parameter region� (2) . . 116

6.7 Phase portraits of (2.21) at the parameter points� (2)
ex andg

�
� (2)

ex
�
. . . . . . . 117

6.8 Phase portraits of (2.21) with� L = 0:3, � R = � 0:4, � R = 2:4 and three

different values of� L . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

6.9 Phase portraits of (2.21) with� L = 0:3, � R = � 0:4, � L = 3, and three

different values of� R . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

x



6.10 Two-dimensional slices of the non-invertible parameter region� (3) . . . . . 120

6.11 Phase portraits of (2.21) at the parameter points� (3)
ex andg

�
� (3)

ex
�
. . . . . . . 121

6.12 Phase portraits of (2.21) with� L = � 0:4, � R = 0:4, � R = � 2:8, and three

different values of� L . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

6.13 Phase portraits of (2.21) with� L = � 0:4, � R = 0:4, � R = � 1:8, and three

different values of� L . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

6.14 Two-dimensional slices of the non-invertible parameter region� (4) . . . . . 124

6.15 A magni�ed version of Fig. 6.14-b. . . . . . . . . . . . . . . . . . . . . . . 125

6.16 Phase portraits of (2.21) at the parameter points� (4)
ex andg

�
� (4)

ex
�

. . . . . . 126

6.17 Attractor of (2.21) at the given parameter point which belongs toR (3)
0 and

the restriction off � to the attractor. . . . . . . . . . . . . . . . . . . . . . . 127

7.1 A heat map showing the value ofr critical (7.20). . . . . . . . . . . . . . . . 137

xi





List of Tables

1.1 A list of manuscripts complementing this thesis. . . . . . . . . . . . . . . . 9

3.1 The �rst few words in the sequence generated by repeatedly applying the

symbolic substitution rule (3.13) toR. . . . . . . . . . . . . . . . . . . . . 36

xiii





Chapter 1

Introduction

Dynamical systemsrefer to behaviour evolving in time.Dynamicsrefers to the fact that the

system either settles to a steady-state, keeps repeating in cycles, or exhibits more compli-

cated behaviour, and is somethingdynamicistsanalyze and study. Dynamical systems as a

subject emerged in the mid-1600s with the development of differential equations by Isaac

Newton in regards to his discoveries of laws of motion and universal gravitation [133].

In this way the dynamics of natural phenomena can be studied in terms of mathematical

models. In applied mathematics and natural sciences, the termmathematical modelrepre-

sents a description of a system (an ensemble of interacting elements that act according to a

prescribed set of rules) using mathematical concepts. Usually, mathematical models [136]

can be realised in many forms like dynamical systems, statistical models, or game theoretic

models. Notable examples include mathematical models describing the motion of planets,

the swinging of a pendulum, �uid �ow, and population growth, to name a few.

Many dynamical systems are described withordinary differential equations, where time

is a continuous variable, given by

dX
dt

= f (X; t ); (1.1)

or difference equations, where time is a discrete variable, given by

X t = f (X t � 1; t): (1.2)

Difference equations are sometimes referred to asiterated mapsor simply mapsif the

variablet does not exist on the right side of (1.2). Maps arise as Poincaré maps of ordinary

differential equations. For any pointx on a cross sectionS, we follow the solution to the

ordinary differential equations around to its next intersection withS, P(x), giving us the
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Poincaré mapP. Other representations of dynamical systems includepartial differential

equations, delay differential equations, andcellular automata, which are not within the

scope of this thesis.

In the above equations the variablesX andX t are the state variables of the systems and

can be either a scalar or a vector quantity. The functionf represents the rule according to

which the systems evolve over time. The model formulation (1.1) assumes that the rate of

change ofX is determined by the value ofX , and the value oft. Also for (1.2) the value

of X at the current time step is determined by its value at the previous time step, and the

value oft.

In the following discussion we assume for simplicity that the equations (1.1) and (1.2)

de�ne unique solutions (forwards in time, and given a suitable initial point). To determine

the behaviour of solutions to (1.1) or (1.2) it is helpful to work inphase space, which

is the space of all possible values ofX . In this space solutions are curves, for (1.1), or

sets of points, for (1.2), parameterised byt. Each is called anorbit or atrajectory, and the

representation of these orbits in the phase space is called thephase portraitof the dynamical

system. An orbit can beperiodicwhen the solution of the dynamical system repeats over

time. We also see alimit cyclewhich is a periodic orbit that is isolated from other periodic

orbits. But when analysing a mathematical model the researcher should always keep the

famous quote by statistician George Box in mind: “All models are wrong, but some are

useful”. For example, a pendulum may be modelled by

m
d2�
dt2

+ k sin(� ) = 0 ; (1.3)

wherem is the mass,
q

k
m is the natural frequency of motion, and� (t) is the angle of

displacement. This model disregards friction and displacements outside the plane so is an

approximation to reality but allows us to understand the behaviour of pendulums quanta-

tively.

One is often interested in the long term behaviour. The behaviour can be constant,

periodic or more “complicated”, meaning that the solution is an irregular function of time.

For the differential equation (1.1) azero of f where dX
dt = 0 is called anequilibrium,

whereas for the map (1.2) a solution tof (X ) = X is called a�xed point. Equilibria and

�xed points are the simplest kinds ofinvariant sets, de�ned precisely in Chapter 2.

The notion ofstability is also de�ned precisely in Chapter 2 but we outline it here. A

�xed point is stableif for any initial condition close to the �xed point, the orbit remains

in the vicinity of the �xed point. If it is not stable it isunstable, meaning there exists an
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initial condition close to the �xed point from which the orbit will diverge away from the

vicinity of the �xed point. More generally an invariant set is anattractor if all nearby orbits

converges to it and it satis�es an indivisibility property.

Even when (1.1) and (1.2) have a unique attractor, the value ofX at large and interme-

diate values oft can be highly sensitive to the initial condition, making long term prediction

of the system behaviour impossible, even though the systems are deterministic in nature.

This behaviour in general is described aschaos. The high sensitivity to initial conditions

is popularly known as thebutter�y effect. This term emerges from the Edward Lorenz

paper:Predictability: Does the Flap of a Butter�y's Wings in Brazil set off a Tornado in

Texas?[91]. Chaotic dynamics has applications in �elds including sociology, computer

science, ecology, economics, physics, biology, and more. One application of particular sig-

ni�cance to this thesis is in the �eld of cryptography, where the encryption algorithms use

the initial conditions of different chaotic maps as their keys [16]. The chaos provides an

effective and ef�cient way to scramble a message in a way that seems random but is deter-

ministic so can be deciphered given knowledge of the chaotic map. A type of bio-inspired

computing, known as DNA computing, exploits chaos theory for image encryption pur-

poses and has several applications in the computational sciences [9]. Another application

area of chaos theory is population dynamics which exhibits a wide array of chaotic be-

haviours [42, 90], useful in predicting how a population evolves within an ecosystem over

time. In economics and �nance, chaos theory can be applied to improve models [21,77,84],

given the fact that economic and �nancial systems are often highly stochastic in nature.

Quantum physicists often try studying the dynamics of chaotic classical systems in terms

of quantum theory and mechanics giving rise to the �eld ofquantum chaos[17,65]. Chaos

theory has also been extensively applied to correctly describe the dynamics of planetary

motions [100].

A dynamical system usually depends on a set of parameters and the qualitative structure

of the system can change under the variation of one or more parameters. Examples of

qualitative changes include the creation and destruction of �xed points or a change in their

stability. These abrupt qualitative changes are referred asbifurcationsand the parameters

at which they occur are calledbifurcation points. The number of distinct parameters that

must be varied for a bifurcation to occur generically is thecodimensionof the bifurcation.

One of the simplest codimension-one bifurcations is thesaddle node bifurcationwhere

two �xed points move towards each other, collide and mutually annihilate. All types of

bifurcations can broadly be placed into one of the following two groups:

1. Local bifurcation: A bifurcation is local if the change in dynamics occurs in an

3



arbitrarily small part of phase space.

2. Global bifurcation: A bifurcation is global if it is not local.

In many mathematical models, such as the above pendulum model, the equations of

motion are smooth. This thesis concerns models for which the equations of motion are

piecewise-smooth (PWS) [35]. A PWS map on a phase spaceS 2 RN is a map of the form

x i +1 = f J (x i ); x i 2 SJ ; (1.4)

whereSJ are regions that partitionS. Also eachf J is asmooth function, i.e., it has con-

tinuous derivatives up to some order inSJ . PWS equations apply to physical systems with

switches, impacts, and other abrupt events. These kinds of systems are pervasive in nature,

ranging from diverse engineering applications [8] to gene switching [45] and cryptogra-

phy [79]. Maps of the form (1.4) arise as Poincaré maps of PWS differential equations,

with speci�c applications including systems from mechanics with friction [8,18,20], power

electronics [12, 76, 144], and ecology [6, 31, 111]. For example, objects in contact switch

between being stuck due to static friction and sliding across one another, giving rise to

PWS equations of motion. In ecology, PWS models describe population dynamics with

selective switching between alternative habitats or diets. PWS maps have also been used to

model a wide variety of discrete-time phenomena in economics [23, 70, 86]. A signi�cant

example is the Hicksian trade cycle model. Hicks used a piecewise-linear model of a trade

cycle to popularise the idea that endogeneous �uctuations could be coupled in a nonlinear

phenomenon with a growth process, see [50,114]. Other application areas of PWS systems

include neurodynamics [29, 118] (adding non-smoothness to the model helps mimic the

dynamics of individual neuron spikes associated with the corresponding bursts) and game

theory [107]. Also, from a theoretical perspective, PWS systems can exhibit complicated

dynamics yet are relatively amenable to an exact analysis. For this reason, they provide a

useful tool for us to explore complex aspects of dynamical systems, such as chaos.

This thesis revolves around a piecewise-linear family of maps for which phase space is

separated into two regions by a linearswitching manifold. The family will be de�ned later

but here we motivate it by considering an arbitrary PWS map onRN . Under parameter

variation an invariant set of the map can collide with a switching manifold. This type

of bifurcation is unique to PWS systems and termed adiscontinuity induced bifurcation.

The simplest kind of such bifurcation is aborder-collision bifurcation(BCB) which occurs

when a �xed point collides with a switching manifold [35,126]. This is a local bifurcation

and our focus is on understanding what dynamics is created in the bifurcation, which, as
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will be explained shortly, leads us to the piecewise-linear maps that will be studied. Note

that the term BCB was coined by Nusse and Yorke in 1992 in their pioneering paper [102],

but BCBs were considered much earlier e.g. [22, 47, 48] and termed C-bifurcations in the

Russian literature. Experimental demonstrations of BCBs can be found in both circuit

systems [11,74] and mechanical systems [106].

Next we describe three ways by which BCBs arise in Poincaré maps. First, let us con-

sider a PWS ODE or a hybrid system (i.e. a combination of ODEs and maps), and let us

suppose that under parameter variation a limit cycle collides tangentially (grazes) a switch-

ing manifold. This is called agrazing bifurcationor asliding bifurcationif sliding motion

is involved (sliding motionrefers to a novel type of evolution constrained to a switching

manifold) [49,126,138]. Poincaré maps associated with grazing and sliding bifurcations are

PWS. Different sorts of grazing and sliding bifurcations give different degrees of severity

in the nonsmoothness of the map, e.g. many give a square-root singularity. Of the various

sorts, the so-called grazing-sliding bifurcation gives a continuous map that is asymptoti-

cally piecewise-linear and hence relevent to the map studied in this thesis. One application

of grazing-sliding bifurcation has been reported in an application in power system elec-

tronics [26]. In another study, it was reported that sliding bifurcations play a vital role

in understanding the dynamics of dry friction oscillators [39]. Other applications where

grazing-sliding bifurcations have been identi�ed include relay control systems [30,37].

Many PWS ODE models have several switching manifolds that intersect or have a

corner. For example, simple mathematical models of DC/DC power converters include two

switching manifolds, one for periodic switching events and the other for where the current

is brought to pause. These manifolds intersect and form a corner [34, 144], and when a

periodic orbit collides with the corner the resulting PWS Poincaré map is continuous and

asymptotically piecewise-linear so provides a second scenario where our BCBs arise. This

is because at a corner collision there is no smooth component of the switching manifold

that is tangent to the periodic orbit and so no square-root term arises [25,36,126].

Third, hybrid dynamical systems, when subjected to a time delay in the switch, have

solutions with corners occurring at points beyond the switching manifolds [123]. Except

under parameter variation as a codimension-one bifurcation, termed anevent collision,

these corners can occur on switching manifolds when the time delay is non-zero [124].

Poincaré maps for event collisions are also continuous and asymptotically PWL.
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Now consider a continuous, asymptotically piecewise-linear map

x i +1 =

8
<

:
f L (x i ); s(x i ) � 0;

f R(x i ); s(x i ) � 0;
(1.5)

wheres is a smooth function de�ning the switching manifold andf L andf R represent the

functional components of (1.4) for pieces of the map either side of the switching manifold.

Let us suppose a BCB occurs atx = 0 when a parameter� = 0. We apply a coordinate

transformation to (1.5) and Taylor expandf L andf R to �rst order by assumingf L andf R

areC1 to get the form

x i +1 = f (x i ; �; � ) =

8
<

:
AL (� )x i + b(� )� + o(kx i k; � ); eT

1 x i � 0;

AR(� )x i + b(� )� + o(kx i k; � ); eT
1 x i � 0;

(1.6)

where� represents other parameters of the map,o(kx i k; � ) contains the higher order non-

linear terms. Becausex and� are small, the linear terms dominatef J , with J = L; R .

Then, by dropping the nonlinear terms the following piecewise-linear approximation can

be obtained:

x i +1 = f (x i ; �; � ) =

8
<

:
AL (� )x i + b(� )�; e T

1 x i � 0;

AR(� )x i + b(� )�; e T
1 x i � 0:

(1.7)

Note that by the assumed continuity of the mapAL andAR differ only in their �rst column.

A second coordinate change can be employed to transformAL andAR to companion ma-

tricesCL andCR respectively, andb to the vectore1. This is always possible unless (1.7)

has a degeneracy (non-observable) as explained in Chapter 2. This form is now a normal

or canonical form, given by

x i +1 =

8
<

:
CL x i + e1�; e T

1 x i � 0;

CRx i + e1�; e T
1 x i � 0;

(1.8)

where the companion matrices are

CJ =
�
� M J

�
�
�

I
0: : : 0

�
; (1.9)

where,M J 2 RN , andI is the(N � 1) � (N � 1) identity matrix. This form is called
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the border-collision normal formand includes (up to a change of variables) almost all

continuous, piecewise-linear maps with two pieces, and does so with a minimal number of

parameters [102,129]. In the two-dimensional case, which is very central to this thesis, we

can write the companion matrices as

CJ =

"
� J 1

� � J 0

#

; (1.10)

where� J is the trace ofCJ and� J is the determinant ofCJ . The dynamics of the border-

collision normal form can be very rich even in only two dimensions, see [10,54,125].

Banerjee, Yorke, and Grebogi in their pioneering paper [14] identi�ed an open pa-

rameter region� BYG � R4 (to be de�ned below) throughout which the two-dimensional

border-collision normal form has a chaotic attractor [58]. This is an example ofrobust

chaosin the sense that it occurs throughout an open region of parameter space [143]. Ro-

bust chaos does not occur for generic families of smooth one-dimensional maps as these

have dense windows of periodicity [139], but is typical for systems with suf�ciently many

dimensions [60, 61], a well-known example being the Lorenz system [64, 137]. One can

impose further requirements on the robustness, such as that the attractor varies continu-

ously with respect to Hausdorff distance [57] or with respect to its invariant measure [5].

Robust chaos is a desirable phenomenon in practical applications that exploit chaos. For

example, in chaos-based cryptography [79], robust chaos is favoured as periodic windows

in the key space can be taken over by an attacker to break the encryption [4]. Robust chaos

can be useful to devices that have advantageous functional characteristics when operated in

a chaotic regime, for example, power converters [28], optical resonators [89], and energy

harvesters [82].

The motivating goal of this thesis is to study the bifurcation structure within� BYG

and beyond to show how the family of maps they considered naturally subdivides through

renormalisation[93, 122]. Renormalisation was the key mathematical tool used in the

1970's to explain the period-doubling route to chaos by analysing the dynamics of families

of unimodal maps. Renormalisation involves showing that, for some member of a family of

maps, a higher iterate or induced map is conjugate to different member of the same family.

It has also been used in understanding the bifurcation structure of skew-tent maps [72]

and, particularly relevant to our studies, has been applied to a two-parameter family of

two-dimensional, piecewise-linear maps by Pumariñoet al. [112].

By applying renormalisation to� BYG we are able to explain features of the dynamics

described previously by other researchers in a more concise manner, and reveal and ex-
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plain dynamics not reported previously. We further show how the robustness extends more

broadly to orientation-reversing and non-invertible cases via explicit constructions of trap-

ping regions and invariant expanding cones and how the renormalisation can be extended

as well. An extension of these methods to higher dimensions appears promising and this

will be touched upon. It is hoped that this thesis will be useful to future researchers because

it unfolds many mysteries in the robust chaos parameter region in terms of the topology of

the attractor. The fact that any non-degenerate, continuous, piecewise linear map can be

transformed to the normal form under some coordinate transformation, emphasises the fact

that the results can be applied to all kinds of applications.

The thesis is organised as follows: In Chapter 2 we review the relevant topics and the

background material in a more mathematically precise manner than given above. In Chap-

ter 3 we study the region� BYG , where the map is invertible, orientation-preserving, and

dissipative (for the most part). We apply renormalisation to partition this region by the num-

ber of connected components of the chaotic attractor. This reveals previously undescribed

bifurcation structure in a succinct way. Next, in Chapter 4 we further strengthen the ex-

istence of robust chaos by identifying a subregion where the attractor satis�es Devaney's

de�nition of chaos. We further show that the stable manifold of a saddle �xed point, de-

spite being a one-dimensional object, densely �lls an open region containing the attractor.

We also identify a heteroclinic bifurcation (where the unstable manifold of a saddle �xed

point and the stable manifold of a period-3 solution form an intersection), not described

previously, at which the attractor undergoes a crisis and may be destroyed. This can also

be interpreted as a homoclinic bifurcation where the stable and the unstable manifolds of

the period-three solution also form an intersection.

In Chapter 5 we construct a trapping region in phase space and an invariant expanding

cone in tangent space, showing that the normal form exhibits a chaotic attractor throughout

an open region of parameter space, this time generalising the construction to include the

non-invertible and orientation-reversing cases. The resulting parameter region is again

open so the chaos is robust within this family of maps. The boundaries of the parameter

region are where the construction fails in some way: three of these boundaries correspond

to bifurcations where the chaotic attractor is destroyed. In Chapter 6, we further extend

the application of renormalisation to the non-invertible and orientation-reversing cases. In

Chapter 7 we begin to generalise the constructions to theN -dimensional border-collision

normal form, but a completion of this task remains for future work. Finally in Chapter 8 we

provide conclusions and direct the reader to future directions. Note that the content in each

of Chapters 3–6 has been published (or hopefully will be published) as a regular journal
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article, as shown in Table 1.1.

Chapter Paper title Status

3

I. Ghosh and D.J.W. Simpson, "Renormali-
sation of the two-dimensional border-collision
normal form" in Int. J. Bifurcation Chaos,
32(12):2250181, 2022.

Published

4
I. Ghosh and D.J.W. Simpson, "Robust Devaney
chaos in the two-dimensional border-collision
normal form." inChaos, 32:043120, 2022.

Published

5

I. Ghosh, R.I. McLachlan, and D.J.W. Simp-
son, "Robust chaos in orientation-reversing
and non-invertible two-dimensional piecewise-
linear maps." Submitted to:J. Nonlinear Sci.

Under Review

6

I. Ghosh, R.I. McLachlan, and D.J.W. Simpson,
"The bifurcation structure within robust chaos
for two-dimensional piecewise-linear maps." in
Commun. Nonlinear Sci. Numer. Simul., 134,
2024

Published

Table 1.1: A list of manuscripts complementing this thesis.
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Chapter 2

Background

This chapter provides background on theoretical aspects of discrete-time dynamical sys-

tems, i.e., maps. For more details the interested reader is encouraged to look in Abraham

et al. (1997) [1], Galor (2007) [51], Sandefur (1990) [119], etc. We �rst reintroduce what

a map is, but in a more technical form. Then we go on to introducing all the background

of this thesis, for example, stability, stable and unstable manifolds, attractors, Lyapunov

exponents, chaos, renormalisation, and the border collision normal form.

2.1 Maps

For any set� in RN and any continuous functionf : � ! � , i.e, from� to itself, amapis

given by

x 7! f (x); (2.1)

where� is thephase spaceof the map. The mapf de�nes evolution of the dynamical

system by composition with itself. Given,x0 2 � , let x1 = f (x0). Then,

x2 = f (x1) = f (f (x0)) = f 2(x0):

For all natural numbersn 2 N , we have,

xn = f (xn� 1) = f (f (xn� 2)) = f (f (: : : f (f (x0)) : : :))
| {z }

n times

= f n (x0);

for the composition off with itself n times. The pointf n (x) is thenth iterateof x under

f .
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2.2 Fixed points, invariant sets, and stability

This section focuses on �xed points and how their stability can be understood in terms of

the eigenvalues of the Jacobian matrix of the �xed point.

De�nition 2.1. A �xed point of (2.1) is a pointx � 2 � for which f (x � ) = x � .

We writeB � (x) for the ball of radius� > 0 centred at a pointx 2 RN .

De�nition 2.2. A �xed point x � of (2.1) isLyapunov stableif for all � > 0, there exists

� > 0, such thatf n (x) 2 B � (x � ) for all x 2 B � (x � ) and alln � 0.

De�nition 2.3. A �xed point x � of (2.1) isasymptotically stableif it is Lyapunov stable

and there exists� > 0 such thatf n (x) ! x � asn ! 1 for all x 2 B � (x � ).

Note thatunstablemeans not Lyapunov stable. Now we are going to examine stability

in the simplest case that the invariant set is a �xed point. The above de�nition can be

discussed in terms of approximation of the map (2.1) near the �xed pointx � from the af�ne

approximation

A(x) = Df (x � )(x � x � ) + x � ;

which assumesf is C1 at x � . Here, Df denotes theN � N Jacobian matrix of �rst

derivatives. Now notice that ifDf (x � )v = �v , wherev 2 RN and� 2 R, then we have

A m (x � + v) = x � + � mv;

for all m � 0. Here� is an eigenvalue ofA andv is a correspondingN dimensional

eigenvector. If� > 0, the forward orbit of any point on the line throughx � with directionv

will remain on one side of the �xed point, while if� < 0, the forward orbit hops back-and-

forth over the �xed point. Also, at least for the af�ne approximationA , the forward orbit

of x � + v will converge to the �xed pointx � if j� j < 1 and will diverge away fromx � if

j� j > 1.

For a complex eigenvalue� 2 C, f is invariant on the two-dimensional subspace

spanned by the real and imaginary parts of an eigenvectorv 2 CN . On this subspace

the forward orbits converge to the �xed point ifj� j < 1 and diverge ifj� j > 1.

For any point (close tox � ), the action off can be decomposed into a sum involving a

set ofN linearly independent eigenvectors ofDf (x � ), assuming such a set exists. If all
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the eigenvalues ofDf (x � ) have modulus less than1, thenx � is asymptotically stable. If

at least one of the eigenvalues of the Jacobian matrix has modulus greater than1, thenx �

is unstable. Formally these results are a direct outcome of the Hartman-Grobman theo-

rem [66] given below. Before we state the theorem we need the following de�nitions. Note

that the eigenvalues ofDf (x � ) are also referred to as thestability multipliersof x � .

De�nition 2.4. A �xed point x � is said to behyperbolicif it has no stability multipliers

with modulus equal to1.

De�nition 2.5. A function h : U ! U, with U � RN , is a homeomorphismif it is

continuous, one-to-one, onto and there exists an inverseh� 1 which is also continuous.

Theorem 2.1(Hartman-Grobman Theorem). Let the mapf beC1 and the �xed pointx � be

hyperbolic. Then there exists a neighbourhood ofx � within whichf is conjugate toA(x).

De�nition 2.6. For a hyperbolic �xed pointx � , if all stability multipliers ofx � have mod-

ulus less than1 thenx � is attracting, if all the stability multipliers have modulus greater

than1 thenx � is repelling, otherwise it is asaddle.

The eigenvalues ofDf (x � ) for a two-dimensional map can be determined from its trace

and determinant, which we denote� = trace(Df (x � )) and� = det( Df (x � )) respectively.

The eigenvalues� are the solutions of the characteristic equation given by

� 2 � � � + � = 0: (2.2)

Solvingj� j = 1 produces three cases:

• � = 1, where� = � � 1,

• � = � 1, where� = � � � 1, and

• � = ei� for some� 2 (0; � ), where� = 1 and� 2 (� 2; 2).

The �xed pointx � is attracting in the(�; � )-plane bounded by the lines� = � � 1, � = � � � 1

and� = 1. We get saddle �xed points in two cases:

• � > � � � 1 and� < � � 1, and

• � > � � 1 and� < � � � 1.

Elsewhere it is repelling, see Fig. 2.1.

A �xed point can be generalised to an invariant set.

De�nition 2.7. A set� � � is invariantunderf , if f (�) = � .
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2.3 Periodic solutions

This section shows how the above elementary theory for �xed points extends easily to

periodic solutions.

De�nition 2.8. For anyx 2 � , if there exists a positive integerp such thatf p(x) = x, then

x is called aperiodic pointof the mapf .

De�nition 2.9. An orbit of the mapf given byf x; f (x); f 2(x); : : : ; f p� 1(x)g is said to be

aperiodic solutionof periodp � 2, if

f j (x) 6= x;

for all j < p and

f p(x) = x:

The periodic pointx in De�nition 2.8 is a �xed point of f p. In this way the stability

of �xed points and their classi�cation as attracting, saddles, or repelling can be extended

to periodic solutions. The Jacobian matrix off p at x is a product of the Jacobian matrices

(0; � 1)

(� 2; 1) (2; 1)� = 1

�

�

�
=

�
�

�
1�

=
�

�
�

1

Repelling

Repelling

Attracting

Saddle Saddle

Figure 2.1: The stability of a �xed point of two-dimensionalC1 mapf in terms of� and�
calculated at the �xed point.
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evaluated at each point of the periodic solution, speci�cally

Df p(x) = Df (f p� 1(x)) : : : Df (f (x))Df (x): (2.3)

In fact each pointf k(x) in the periodic solution of De�nition 2.9 is a �xed point off p. The

corresponding Jacobian matrixDf p(f k(x)) is a product of thep matrices on the right-hand

side of (2.3) but arranged under different cyclic permutation. Importantly the eigenvalues

are the same for all cyclic permutations thus these eigenvalues are an inherent property of

the periodic solution; they are the stability multipliers of the solution.

2.4 Attractors

In this section we start by de�ning a forward invariant set and a trapping region followed

by the de�nition of attracting set in terms of a trapping region. We also de�ne topological

attractors and Milnor attractors.

Note we writeint( � ) for the interior of the set� .

De�nition 2.10. A set
 � � is

1. forward invariantif f (
) � 
 , and

2. is atrapping regionif it is non-empty, compact, andf (
) � int(
) .

For a forward invariant set
 � � , the restriction off to 
 is a map on
 . This is denoted

by f j 
 . All the theories developed for maps naturally apply to the restrictions of maps to

forward invariant sets. Furthermore, the iterationf i +1 (
) � f i (
) for all i � 0 (which

follows from 1), means the setsf i (
) form a nested sequence.

De�nition 2.11. An invariant set� � � is said to be anattracting setof f if it has a

trapping region
 such that

� =
1\

i � 0

f i (
) : (2.4)

De�nition 2.12. An attracting set containing a dense orbit is said to be atopological at-

tractor.

The above de�nition ensures that attractors do not contain smaller attracting sets [63].

De�nition 2.13. The set of all points whose forward orbits converge to an invariant set�

is called thebasin of attractionB(�) of � .
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Theorem 2.2. Let � � � be an attracting set of a continuous mapf : � ! � . Then� is

non-empty, compact, and invariant.

For a proof of the above theorem, refer to [43]. Next, we de�neMilnor attractors[98]

in the following way:

De�nition 2.14. An invariant set� � � is said to be aMilnor attractor if

1. the basin of attractionB(�) has positive Lebesgue measure, and

2. for any closed, invariant, proper subset� 0 � � , B (�) n B(� 0) also has positive

Lebesgue measure.

The basin of attraction has positive measure ensures that the orbits of some random

initial conditions converge to the attractor and hence is the structure that we will actually

observe. The second condition guarantees that every part of the attractor plays an important

role. This points towards the fact that a Milnor attractor is not always a topological attrac-

tor, because its basin of attraction does not need to contain a neighbourhood of the attractor.

The Feigenbaum attractor [98] corresponds to the limit point of the period-doubling cas-

cade in the logistic family of maps and is a nice example of a Milnor attractor that is not a

topological attractor.

2.5 Stable and unstable manifolds

In this section we �rst de�ne what an invertible and a non-invertible map is, before delving

into stable and unstable manifolds. These manifolds, being the simplest global invariant

manifolds, play quite a substantial role in de�ning the global dynamics of the map.

De�nition 2.15. A mapf : � ! � is invertibleif it is one-to-one and onto. Otherwise, the

map is non-invertible.

If f is invertible, a backward orbit can be generated by iterating the points underf � 1.

This brings us to the de�nition of apreimage.

De�nition 2.16. A preimageof a pointx 2 � is a pointz 2 � for which f (z) = x.

The mapf could be locally invertible, even though it is non-invertible. From theinverse

function theoremit could be said that iff is C1 andDf (x) is invertible atx 2 int( � ), then

there exists a neighbourhoodN � � of x such thatf : N ! f (N ) is a diffeomorphism.
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De�nition 2.17. If det(Df (x)) > 0 throughoutN thenf is orientation-preservingon N ,

and if det(Df (x)) < 0 throughoutN thenf is orientation-reversingonN .

De�nition 2.18. Let � � � be an invariant set off . Thestable manifoldof � is

W s(�) = f x 2 � j f n (x) ! � asn ! 1g ; (2.5)

and theunstable manifoldof � is

W u(�) = f x 2 � j x has a sequence of preimages converging to� g: (2.6)

If W s(�) andW u(�) intersect, their intersection giveshomoclinic orbitsthat converge

to � both asn ! 1 andn ! �1 . Orbits that belong to the stable manifold of one set

and the unstable manifold of a different set are calledheteroclinic orbits. A point on a

homoclinic orbit is said to be ahomoclinic pointand a point on a heteroclinic orbit is said

to be aheteroclinic point.

If a �xed point x � of the mapf is repelling, it is plausible that its stable manifold

W s(x � ) consists of more than just the pointx � whenf is non-invertible. Moreoverx � can

have a homoclinic orbit, and this can imply chaos under certain conditions, wherex � is

termed asnap-back repeller[95,96].

Next we de�ne the stable and the unstable subspaces that explain how stable and unsta-

ble manifolds emanate from �xed points. These refer to generalised eigenvectors which are

needed to accommodate Jacobian matrices that are non-diagonalisable, i.e. the geometric

multiplicities of their eigenvalues are not all equal to the algebraic multiplicities. Recall,

if � is an eigenvalue of a matrixA with algebraic multiplicityk, any non-zero vector in

the nullspace of(�I � A)k is a generalised eigenvector corresponding to� . EveryN � N

matrixA has a set ofN linearly independent genearlised eigenvectors, see [104].

De�nition 2.19. Let A 2 RN � N and letv1; v2; : : : ; vN be a linearly independent set of

generalised eigenvectors ofA. We can writevk = uk + iwk and denote the corresponding

eigenvalue as� k 2 C.

1. Thestable subspaceof A, given byE s, is the span of alluk andwk for which j� k j <

1, and

2. theunstable subspaceof A, given byE u, is the span of alluk andwk for which

j� k j > 1,
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If f is linear, thenW s andW u are the linear subspacesE s andE u respectively. Then,

the number of stable and unstable eigenvalues give their dimensions respectively. For a

hyperbolic �xed pointx � andA = Df (x � ) if f is nonlinear thenW s(x � ) emanates from

x � tangent toE s. This works similarly forW u(x � ).

2.6 Lyapunov exponents and chaos

The concept of chaos has been introduced in a qualitative way in Chapter 1. In this sec-

tion we try to understand chaos in a more mathematical way, �rst in terms of maximum

Lyapunov exponents and then providing a de�nition by Devaney. Various non-equivalent

de�nitions of chaos have been also used in the literature, see [120].

The Lyapunov exponentmeasures the asymptotic rate of separation of in�nitesimally

close orbits of a dynamical system, i.e., the rate at which nearby orbits converge or diverge.

This rate varies for different alignments of the initial separation vector. Oseledet's theo-

rem [52] says that there exists a spectrum of Lyapunov exponents, equal to the number of

dimensions of the dynamical system. Of these Lyapunov exponents, the largest one is said

to be themaximal Lyapunov exponent. A positive maximal Lyapunov exponent refers to an

exponential instability and is indicative ofchaos.

De�nition 2.20. According to Devaney [15,32], for an invariant set� � � , a mapf is said

to bechaoticif the following conditions are satis�ed:

1. f is transitive, i.e, for any two open sets� 1; � 2 � � with � 1\ � 6= ? and� 2\ � 6= ? ,

there existsn � 0, such thatf n (� 1) \ � 2 6= ? ,

2. periodic points off are dense in� , and

3. f displays sensitive dependence on initial conditions, i.e., there exists a positive real

number� such that for every pointx 2 � and every neighbourhoodN of this point

x, there existsy 2 N andn � 0 such that the distance betweenf n (x) andf n (y) is

greater than� .

Note that condition (3) is redundant, see [15].

2.7 Bifurcations

We have already de�ned what abifurcation is in Chapter 1. The simplest types of bi-

furcations take place when the stability of a �xed point changes, or more generally the
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dimension of its unstable manifold changes. The three generic ways this can happen are

when an eigenvalue attains the value1 (saddle-node bifurcation),� 1 (period-doubling bi-

furcation), ore� i� for some0 < � < � (Neimark-Sacker bifurcation) [83]. These are all

codimension-one bifurcations.

At a saddle-node bifurcation two �xed points collide and annihilate. At a period-

doubling bifurcation, on the other hand, under parameter variation a period-2 solution is

created, whose stability matches that of the �xed point on the other side of the bifurcation.

The bifurcation is termed asubcritical bifurcationwhen the period-2 solution coexists with

the �xed point when� > � 1, and called asupercritical bifurcationwhen the period-2 solu-

tion coexists with the �xed point when� < � 1. Finally, at a Neimark-Sacker bifurcation,

there exists a complex conjugate pair of eigenvaluese� i� with 0 < � < � for a �xed

point. Under parameter variation, excepting some disallowed values of� called strong

resonances[83], an invariant circle is created at the bifurcation.

These bifurcations can also be recognised on the(�; � )-plane (see Fig. 2.1):

1. saddle-node bifurcations occur on the line� = � � 1,

2. period-doubling bifurcations occur on the line� = � � � 1, and

3. Neimark-Sacker bifurcations occur on the line� = 1 with � 2 < � < 2.

2.8 Renormalisation

Renormalisation [122] was famously employed by Feigenbaum in the 1970's to prove that

the bifurcation values in period-doubling cascades converge at a rate that is independent of

the equations of motion. That is, this rate is a universal constant. Below we explain this

and how we intend to apply renormalisation to families of piecewise-linear maps.

Let a one-parameter family of maps be denoted byf � where� 2 R is the bifurcation

parameter. Suppose this family has an in�nite sequencef � ng of period-doubling bifur-

cations where, at each� n , a period-2n solution emerges. Such a sequence is called a

period-doubling cascadeand these are a common mechanism by which chaotic dynam-

ics is created under parameter variation. Such cascades occur over �nite parameter ranges,

meaning the sequence converges to some value� 1 . Usually the convergence occurs mono-

tonically and between any two consecutive bifurcations,� n and� n+1 , there is a point where

the period-2n has a stability multiplier of0.
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Discovered by Feigenbaum in the 1970's, although in fact described earlier by Myr-

berg, see e.g. [101], theFeigenbaum constantF is a universal constant for period-doubling

cascades. The constantF is the limiting value of� n � � n � 1

� n +1 � � n
and given byF � 4:669.

To brie�y indicate where this number comes from, letU denote the collection of all

unimodal mapsf : [� 1; 1] ! [� 1; 1], that attain their maximum value atx = 0, and with

f (0) = 1 . Then, therenormalisation operatorR : U ! U is given by,

(Rf )(x) = �
1
a

f 2(� ax); (2.7)

provided,a = � f (1), b= f (a), 0 < a < b < 1 andf (b) < a . Given some memberf of U,

R generates another member that is conjugate to the second iteratef 2. We can think ofR

as an in�nite-dimensional map. It has a �xed point corresponding to a particular member

of U that relates to the limit� 1 . It is known that this �xed point is hyperbolic and has

exactly one positive (unstable) eigenvalue. This eigenvalue is Feigenbaum's constantF .

2.9 The border-collision normal form

Now the focus of this background chapter shifts from maps in general to piecewise-linear

maps. Applications of piecewise-linear maps were discussed in Chapter 1. The piecewise-

linear map that we focus on in this thesis is theborder-collision normal form. As given

earlier by (1.8), theN -dimensional border-collision normal form is

x i +1 =

8
<

:
CL x i + e1�; e T

1 x i � 0;

CRx i + e1�; e T
1 x i � 0;

whereCL andCR are companion matrices ande1 is the �rst standard basis vector ofRN .

Also recall from Chapter 1 we obtained the more general form

x i +1 = f (x i ; �; � ) =

8
<

:
AL (� )x i + b(� )�; e T

1 x i � 0;

AR(� )x i + b(� )�; e T
1 x i � 0;

as (1.7) to describe the dynamics near a border-collision bifurcation. This form assumes

the bifurcation happens atx = 0 when� = 0. The matricesAL andAR and the vector

b are arbitrary exceptAL andAR differ in only their �rst columns for the continuity off .

Except in special cases, the map (1.7) can be transformed to (1.8) via an af�ne change of
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coordinates. Here we explain this precisely.

Let us write an arbitrary af�ne coordinate transformation as

x 7! Tx + q�; � 7! a�; (2.8)

whereT 2 RN � N , q 2 RN anda 2 R. In order for (2.8) to be invertible and not disrupt

the switching manifold we require

1. eT
1 T = eT

1 ,

2. eT
1 q = 0,

3. det(T) 6= 0, and

4. a 6= 0.

Actually in condition (1) we only requireeT
1 T = �e T

1 for some� > 0 but if this is possible

we can always impose� = 1 by scaling.

The existence of such a transformation requires us to consider the �xed points of (1.7).

If the matricesI � AL andI � AR are nonsingular, there are two possible �xed points given

by

xJ = ( I � AJ )� 1b�; (2.9)

for J = L; R . Each of these two �xed points is said to beadmissibleif it lies on the

appropriate side of the switching manifold or on it. Otherwise it is said to bevirtual. Let

� T = eT
1 adj(I � AJ ); (2.10)

whereadj(M ) denotes theadjugateof a matrixM (for any square matrixM the adju-

gate exists and satis�esadj(M )M = M adj(M ) = det( M )I ). By multiplying both sides

of (2.9) byeT
1 on the left, we get

eT
1 xJ =

� T b
det(I � AJ )

�: (2.11)

As the parameter� is varied from zero, both the �xed points move from the switching

manifold if and only if � T b 6= 0, which is therefore a non-degeneracy condition for the

BCB at� = 0, see [126].
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The coordinate change that we aim to achieve is only possible if (1.7) satis�es an `ob-

servability' condition [33]. The pair(AL ; eT
1 ) is said to beobservableif the matrix

OJ =
h
eT

1 AN � 1
J : : : eT

1 AJ eT
1

i
; (2.12)

is invertible forJ = L. This property refers to the linear mapx 7! AL x. For more detailed

discussion see [126]. The following result shows that observability is exactly the condition

we need in order to be able to transform the left piece of the general map (1.7) to the left

piece of the normal form (1.8).

Lemma 2.1. There exists an invertible matrixT with eT
1 T = eT

1 , such thatTAL T � 1 is a

companion matrix of the formCJ , if and only ofOL is non-singular.

The next result shows that the same transformation applies to the right piece of (1.7).

This is a consequence of the continuity of (1.7).

Lemma 2.2. SupposeT is invertible witheT
1 T = eT

1 andTAL T � 1 is a companion matrix.

If AR differs fromAL in only its �rst column thenTART � 1 is also a companion matrix.

These results lead us to the following theorem that provides explicit formulas for the

components of the transformation (2.8). Again, see [126] for a more detailed discussion.

Theorem 2.3.SupposeOL is nonsingular. Let

T = [ AN � 1
L O� 1

L e1j : : : jAL O� 1
L e1jO � 1

L e1]� 1; (2.13)

q = ( I � C)� 1(e1� T � T)b; (2.14)

a = � T b; (2.15)

for any companion matrixC with I � C non-singular. Then under the transformation(2.8),

the map(1.7) transforms to(1.8).

The idea is that (1.7) approximates the dynamics of a general piecewise-smooth map for

small values ofx and� (i.e. near the border-collision bifurcation). Since (1.7) is piecewise-

linear, the magnitude of� 6= 0 can be scaled to unity, so, for purposes of understanding the

dynamics of (1.7) with� 6= 0, it suf�ces to consider� = 1.

Next, we discuss the border-collision normal form in one dimension, followed by the

normal form in two-dimensions.

21



2.9.1 The border-collision normal form in one-dimension

The border-collision normal form in one dimension consists of skew tent maps

x 7!

8
<

:
� L x + 1; x � 0;

� Rx + 1; x � 0:
(2.16)

As we will see this corresponds to the two-dimensional border-collision normal form in the

special case� L = � R = 0, and it is helpful to view the bifurcation structures described in

later sections as extensions or perturbations from the structure that arises in one dimension.

Here we focus on slopes� L > 1 and � R < � 1. For any values of the parameters� L

and� R for which (2.16) has an attractor, this attractor is unique. The attractor exists if a

certain condition on the parameters� L and� R is satis�ed, i.e.,� 0(� L ; � R) > 0 (� 0 is de�ned

below). However, proving the uniqueness of the attractor is a tedious task and has been

reported by Itoet al. [72,73]. Fig. 2.2 shows typical examples of the attractor using� L > 1

and � R < � 1 with which (2.16) is piecewise-expanding, so the attractor is chaotic in a

strict sense by the results of Lasota and Yorke [85] and Li and Yorke [88]. In panel (a) the

attractor is the interval[� R + 1; 1] whose endpoints are the �rst and second iterates of the

switching valuex = 0. In panel (b) the attractor is a disjoint union of four intervals whose

endpoints are the �rst through eighth iterates ofx = 0.

For all values of� L and� R the nature of the attractor is well understood [94,103,134].

Fig. 2.3 shows how the part of the(� L ; � R)-plane that is relevent to us divides into regions

according to the number of intervals that comprise the attractor. In the top-left region

labelledLR the map has a stable period-two solution. This solution has one point in the

left half-plane and one point in the right half-plane, so is termed anLR -cycle. This region

is bounded by the curve� 0(� L ; � R) = 0 , where

� 0(� L ; � R) = � L � R + 1; (2.17)

which is where theLR -cycle loses stability by attaining a stability multiplier of� 1. The

boundary in the lower-right part of the �gure is a homoclinic bifurcation wherex = 0

maps in two iterations to the �xed point of (2.16) inx < 0. This occurs on the curve

� 0(� L ; � R) = 0 , where

� 0(� L ; � R) = � L � R + � L � � R : (2.18)
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As shown by Itoet al. [72, 73] the remaining boundaries can be identi�ed through

renormalisation as follows. Suppose there exists an interval neighbourhoodI of x = 0

that maps intox > 0 then, on the second iteration, back intoI . In this case the restriction

of the second iterate of (2.16) toI is piecewise-linear with two pieces. Thex < 0 piece

corresponds to iterates with symbolic itineraryLR and has slope� L � R < � 1, while the

x > 0 piece corresponds to iterates with symbolic itineraryRR and has slope� 2
R > 1, i.e.,

the interval always maps to the right piece of the map. Thus the second iterate of (2.16) on

I is conjugate to (2.16) with� 2
R in place of� L and� L � R in place of� R . This corresponds to

thesubstitution rule(L; R ) 7! (RR; LR ), and induces therenormalisation operator

g0(� L ; � R) = ( � 2
R ; � L � R): (2.19)

By using the preimages of the homoclinic bifurcation boundary we de�ne the sequence of

regions

R n =
�

(� L ; � R)
�
� � R < � 1; � 0(gn (� )) > 0; � 0

�
gn+1 (� )

�
� 0; � 0(� L ; � R) < 0

	
; (2.20)

shown in Fig. 2.3. These are non-empty for alln � 0 and converge to(� L ; � R) = (1 ; � 1)

asn ! 1 . In R 0 the attractor consists of one interval:

x

f � (x)

x

f � (x)

(a) (� L ; � R) = (1 :3; � 2). (b) (� L ; � R) = (1 :1; � 1:1).

Figure 2.2: Cobweb diagrams showing the attractor of the skew tent map (2.16) with two
different combinations of the parameter values. In (a) the attractor is an interval; in (b) the
attractor is the union of four disjoint intervals. The maps are also instances of the two-
dimensional border-collision normal form (2.21) with� = (1 :3; 0; � 2; 0) in panel (a) and
� = (1 :1; 0; � 1:1; 0) in panel (b).
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Theorem 2.4. For any (� L ; � R) 2 R 0 with � L � 1, the interval[� R + 1; 1] is the unique

attractor.

A simple proof of Theorem 2.4 can be found in the work by Veitch and Glendinning

[140]. The condition� L � 1 is needed because for some0 < � L < 1 and � R < � 1

the attractor is periodic. This condition can be weakened but this is not needed for our

purposes.

To characterise the attractor in the other regionsR n we �rst make the following obser-

vation that follows simply from the de�nitions ofg andR n .

Proposition 2.1. If (� L ; � R) 2 R n with n � 1, theng0(� L ; � R) 2 R n� 1.

Thus if (� L ; � R) 2 R n then gn (� L ; � R) 2 R 0. Theorem 2.4 can be applied at this

parameter point because any point below� R = � 1 maps underg to the right of� L = 1.

Moreover, the above conjugacy can be shown to hold under alln applications ofg, see

1 2 3
� L

� 3

� 2

� 1

� R R 0

R 1

� R = � 1

� 0(� L ; � R) = 0

� 0(g(� L ; � R)) = 0

� 0(� L ; � R) = 0
R 2R 3

LR

0

0

0

0

0

0
0

Figure 2.3: A two-parameter bifurcation diagram of the skew tent map family (2.16). In
the part ofR 0 that is shown the attractor of (2.16) is an interval. In eachR n with n � 1
the attractor is comprised of2n disjoint intervals. Below� 0(� L ; � R) = 0 the map has no
attractor; above� R = � 1 it has a stable �xed point inx > 0; in the top-left region it has a
stableLR -cycle (period-two solution). The triangles indicate the parameter values used in
Fig. 2.2.
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Ito et al. [72, 73], thus the2n -iterate of (2.16) has an interval attractor. The images of this

interval under (2.16) give2n disjoint intervals and hence the following result.

Theorem 2.5. If (� L ; � R) 2 R n with n � 1, then(2.16)has a unique attractor comprised

of 2n disjoint intervals.

2.9.2 The border-collision normal form in two dimensions

In two dimensions it is convenient to writex = ( x; y) 2 R2. The normal form (1.8) can be

written as

(x; y) 7! f � (x; y) =

8
>>>>>><

>>>>>>:

2

4
� L x + y + 1

� � L x

3

5; x � 0;

2

4
� Rx + y + 1

� � Rx

3

5; x � 0;

(2.21)

for the left and right pieces of (2.21), where

� = ( � L ; � L ; � R ; � R): (2.22)

From here on we write

f L;� (x; y) =

"
� L x + y + 1

� � L x

#

; (2.23)

and

f R;� (x; y) =

"
� Rx + y + 1

� � Rx

#

: (2.24)

The family (2.21) was originally formulated by Nusse and Yorke [102] with an additional

parameter� that when varied through zero brings about a border-collision bifurcation [10].

The simplicity of (2.21) belies the incredible complexity of its dynamics; it can exhibit two-

dimensional attractors [54, 56], large numbers of coexisting attractors [112, 125, 130], and

Arnold tongues with a unique sausage-string geometry [128]. In the special case� L = � � R

and� L = � R , (2.21) reduces to the Lozi family [92].
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At any point withx 6= 0 the derivative of (2.21) has determinant

det
�
(Df � )(x; y)

�
=

8
<

:
� L ; x < 0;

� R ; x > 0:

Consequently we have the following cases.

• If � L > 0 and � R > 0 then f � is orientation-preserving. This is the most natural

case to consider from an applied perspective because Poincaré maps derived from

time-reversible �ows onRN are necessarily orientation-preserving [142].

• If � L < 0 and � R < 0 thenf � is orientation-reversing. This case was considered

in the seminal work of Misiurewicz [99] for the Lozi map. Such maps can be em-

bedded into higher dimensional orientation-preserving maps and in this way help us

understand high-dimensional chaos in physical systems [78].

• If � L and � R have opposite signs thenf � is non-invertible with the left and right

half-planes mapping onto either the top or the bottom half-plane. Such maps, ex-

cept piecewise-smooth instead of piecewise-linear, apply to a wide range of power

converters [13, 41, 144]. For instance, the boost converter described by Banerjeeet

al. [14] regulates output voltage via a switch that is activated whenever the current

reaches a threshold value. This causes the �ow (in phase space) to fold back over

itself resulting in a stroboscopic map that is piecewise-smooth (due to the switch)

and non-invertible (due to the folding) [27,46].

• If one of � L and � R is zero thenf � is non-invertible with one half-plane mapping

onto a line [80]. Such maps arise as leading-order approximations to grazing-sliding

bifurcations in relay control systems [38] and mechanical systems with stick-slip fric-

tion [40, 135]. This is because trajectories of the differential equations become con-

strained to a codimension-one discontinuity surface causing the range of one piece of

the Poincaré map to have one less dimension than the domain of the map [38]. This

also occurs for the Hicksian trade cycle model of Puuet al. [114] and the in�uenza

outbreak model of Robertset al. [115].

Let

� =
�

� 2 R4
�
� � L > j� L + 1j; � R < �j � R + 1j

	
(2.25)

denote the set of all� for which f � has two saddle �xed points (Lemma 2.3). Banerjeeet

al. [14] considered� 2 � in the orientation-preserving case and showed that on one side of
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a homoclinic bifurcation the stable manifold of one �xed point has transverse intersections

with the unstable manifolds of both �xed points and argued that this implies the existence

of a chaotic attractor. Their conclusion was veri�ed rigorously by Glendinning and Simp-

son [58] using the methodology of Misiurewicz [99]. First, a forward invariant region


 � R2 was identi�ed by using one of the unstable manifolds, and this was perturbed into

a trapping regionthat necessarily contains a topological attractor. Second, aninvariant ex-

panding cone	 � TR2 (see §5.4) was constructed by using eigenvectors of the two pieces

of Df � . The existence of this object implies that nearby forward orbits diverge exponen-

tially and that the attractor is chaotic in the sense of having a positive Lyapunov exponent.

In general this approach works brilliantly for piecewise-linear maps because the invariance

and expansion properties can be veri�ed by simple, explicit computations. For more com-

plicated constructions the veri�cation is best done on a computer [59]. The construction is

robust to nonlinear perturbations to the pieces of the map and has been used to show that

chaos persists for intervals of parameter values beyond border-collision bifurcations [131].

Recently this approach has also been applied to piecewise-smooth maps with a square-root

singularity that arise for mechanical systems with hard impacts [97]. Further techniques

can reveal more properties of the attractor, such as sensitive dependence on initial condi-

tions, continuity with respect to� [5,81], and the presence of an SRB measure [55].

For any� 2 � the mapf � has �xed points

X =
�

� 1
� R � � R � 1

;
� R

� R � � R � 1

�
; (2.26)

Y =
�

� 1
� L � � L � 1

;
� L

� L � � L � 1

�
; (2.27)

whereX is in the right half-plane andY is in the left half-plane, see Fig 2.4 for a typical

phase portrait of (2.21) consisting of the �xed pointsX and Y along with an attractor

� . The stability multipliers associated withX andY are the eigenvalues of the Jacobian

matrices

AL =

"
� L 1

� � L 0

#

; AR =

"
� R 1

� � R 0

#

: (2.28)

Since� 2 � , AL has eigenvalues� s
L 2 (� 1; 1) and� u

L > 1, while AR has eigenvalues

� s
R 2 (� 1; 1) and� u

R < � 1. This impliesX andY are saddles. In fact,� is the set of all

parameter combinations for whichf � has two saddle �xed points:

Lemma 2.3. The mapf � has two saddle �xed points if and only if� 2 � .
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Proof. If � L = � L � 1 thenf L has no �xed points, while if� L 6= � L � 1 thenf L has the

unique �xed pointY, given by (2.27). Similarly if� R = � R � 1 thenf R has no �xed points,

while if � R 6= � R � 1 thenf R has the unique �xed pointX , given by (2.26).

If � 2 � then X and Y are saddle �xed points off � , as noted above. Conversely,

supposef � has two saddle �xed points. By the above remarks, these must beX andY.

Since they are �xed points off � , Y is in the left half-plane, so� L > � L + 1 by (2.27),

andX is in the right half-plane, so� R < � R + 1 by (2.26). Since they are saddles, also

� L > � (� L + 1) and� R < � (� R + 1) , hence� 2 � .

Let P be one of the saddle �xed pointsX or Y. The stable manifold ofP is de�ned as

W s(P) =
�

z 2 R2
�
� f n

� (z) ! P asn ! 1
	

: (2.29)

For all� 2 � (1) the mapf � is invertible so the unstable manifold ofP is de�ned analogously

as

W u(P) =
�

z 2 R2
�
� f � n

� (z) ! P asn ! 1
	

: (2.30)

SinceP is a saddle,W s(P) andW u(P) are one-dimensional. As with smooth maps, from

P they emanate tangent to the stable and unstable subspacesE s(P) andE u(P). These

Y

X

�

x

y

Figure 2.4: A typical phase portrait off � . We have shown the �xed pointsX andY. The
black dots show 2000 iterates of the forward orbit of the origin after transient dynamics has
decayed.
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subspaces are the lines throughP with directions given by the eigenvectors ofDf � (P). But

sincef � is piecewise-linear,W s(P) andW u(P) in factcoincidewith E s(P) andE u(P) in

a neighbourhood ofP. Globally they have a piecewise-linear structure:W s(P) has kinks

on the switching linex = 0 and on the backward orbits of these points;W u(P) has kinks

on the image of switching line,y = 0, and on the forward orbits of these points.

In the next chapter, we consider the part of� for which the border-collision normal

form is orientation-preserving and introduce a renormalisation operator that divides the

parameter space according to the number of components of a chaotic attractor.
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Chapter 3

Renormalisation of the two-dimensional

border-collision normal form.

3.1 Introduction

The two-dimensional border-collision normal form introduced in Chapter 1 given by

f L;� (x; y) =

"
� L x + y + 1

� � L x

#

;

and

f R;� (x; y) =

"
� Rx + y + 1

� � Rx

#

;

with (x; y) 2 R2 and � 2 R4, has the border-collision bifurcation parameter (denoted

by � ) scaled to1. Banerjeeet al. [14] identi�ed an open parameter region� BYG � R4

(de�ned below) throughout whichf � has a chaotic attractor, and this was shown formally

by Glendinning and Simpson [58].

While it is known from the work of Glendinning and Simpson [58] thatf � has a

chaotic attractor throughout� BYG , the attractor undergoes bifurcations (more speci�cally,

crises [62]) as the value of� is varied within� BYG . The purpose of this chapter is to reveal

the bifurcation structure within� BYG and we achieve this via renormalisation. Renormal-

isation has also been applied to subfamilies of (2.21) by Pumariñoet al. [112, 113] and

Ou [108].

In this chapter, we apply renormalisation to (2.21) in the following way. On the preim-

age of the closed right half-plane, denoted� � , the second iterate off � is conjugate to
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an alternate member of (2.21). That is,f 2
� is conjugate tof g(� ) for a certain function

g : R4 ! R4. By repeatedly iterating a boundary of� BYG backwards underg, we are

able to divide� BYG into regionsR n , for n = 0; 1; 2; : : :. We then show that throughout

eachR n the mapf � has a chaotic Milnor attractor with2n connected components.

The analysis required to achieve these results is signi�cantly more dif�cult than those of

skew tent maps in §2.9.1 because the dimension of the renormalisation operator,f � 7! f g(� ) ,

is four not two. It is necessary to characterise certain aspects of theglobaldynamics of the

four-dimensional quadratic mapg and show that the relevant dynamics off � occurs entirely

within � � . While the novel calculations in this chapter are not mathematically technical,

they were certainly challenging to derive.

Our main results are presented in §3.2, see Theorems 3.1–3.3. Sections 3.3–3.8 work

toward proofs of these results. First §3.3 describes the phase space of (2.21), primarily

saddle �xed points and their stable and unstable manifolds. Then in §3.4 we consider the

second iteratef 2
� on � � and construct a conjugacy tof g(� ) . In §3.5 we derive geometric

properties of the boundaries ofR 0 and in §3.6 study the dynamics ofg.

Chaos is proved in the sense of a positive Lyapunov exponent. This positivity is

achieved for all points in the attractor, including points whose forward orbits intersect the

switching line wheref � is not differentiable. This is achieved by using one-sided directional

derivatives which are always well-de�ned in our setting, §3.7. A recursive application of

the renormalisation is performed in §3.8.

3.2 Main results

In this section we motivate and de�ne the parameter region� BYG and the renormalisation

operatorf � 7! f g(� ) , then state the main results. First Theorem 3.1 clari�es the geometry

of the regionsR n � R4. Next Theorem 3.2 describes the dynamics off � in R 0. Finally

Theorem 3.3 describes the dynamics off � in R n for anyn � 0and follows from a recursive

application of the renormalisation to Theorem 3.2.

3.2.1 The parameter region� BYG

For any� 2 � (1) , where

� (1) =
�

� 2 R4
�
� � L > � L + 1; � L > 0; � R < � (� R + 1) ; � R > 0

	
; (3.1)
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the �xed pointsX andY have one-dimensional stable and unstable manifolds. Fig. 3.1

illustrates the stable (blue) and unstable (red) manifolds ofY. These intersect if and only

if � (� ) � 0, where

� (� ) = � R � (1 + � R)� L +
1
2

�
(1 + � R)� L � � R � � L � � R

�
�

� L +
q

� 2
L � 4� L

�
: (3.2)

Equation (3.2) can be derived by directly calculating the �rst few linear segments of the

stable and unstable manifolds ofY as they emanate fromY, see [58]. As a bifurcation,

� (� ) = 0 is a homoclinic corner [127] and is analogous to a `�rst' homoclinic tangency for

smooth maps [110]. Banerjeeet al. [14] observed that an attractor is often destroyed here,

so focussed their attention on the parameter region

� BYG =
�

� 2 � (1)
�
� � (� ) > 0

	
; (3.3)

where the stable and unstable manifolds ofY do not intersect (except atY itself). Indeed

for all � 2 � BYG , f � has a trapping region and therefore a topological attractor [55].

x

y

Y

D

f � (D )
X

W s(Y )

W u (Y )
�

Figure 3.1: A sketch of the phase space off � (2.21) with � 2 � BYG . We have shown
the �xed pointsX andY and the initial parts ofW s(Y) (blue) andW u(Y) (red) as they
emanate fromY (these manifolds do not intersect when� (� ) > 0). The small black dots
show1000iterates of the forward orbit of the origin after transient dynamics has decayed.
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3.2.2 The renormalisation operator

On R2 the second iteratef 2
� is a continuous, piecewise-linear map with four pieces. But if

we restrict our attention to the set

� � =
�

f � 1
� (x; y)

�
� x � 0

	
; (3.4)

thenf 2
� has only two pieces:

f 2
� (x; y) =

8
<

:
(f R;� � f L;� )(x; y); x � 0;

f 2
R;� (x; y); x � 0:

(3.5)

As shown in Fig. 3.2, the boundary of� � intersects the switching line at(x; y) = (0 ; � 1)

and has slope� � L < 0 in x < 0 and slope� � R > 0 in x > 0. For any� 2 � (1) , the map

(3.5) is af�nely conjugate to the normal form (2.21) (see Proposition 3.3). This is because

the switching line of (3.5) satis�es the non-degeneracy conditions mentioned in §2.9.

When the af�ne transformation to the normal form is applied, the matrix parts of the

pieces of (3.5) undergo a similarity transform, thus their traces and determinants are not

changed. The matrix part of thex � 0 piece of (3.5) isAR(� )AL (� ), which has trace

� L � R � � L � � R and determinant� L � R . The matrix part of thex � 0 piece of (3.5) is

AR(� )2, which has trace� 2
R � 2� R and determinant� 2

R . Hence (3.5) can be transformed to

f g(� ) where

g(� ) =
�
� 2

R � 2� R ; � 2
R ; � L � R � � L � � R ; � L � R

�
: (3.6)

Notice we are transforming the left piece of (3.5) to the right piece off g(� ) and the right

(0, -1)

y
=

�
� R

x
�

1

y
=

�
�

L x
�

1

� �

x

y

Figure 3.2: The preimage of the closed right half-plane (3.4).
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piece of (3.5) to the left piece off g(� ) . This ensuresg(� ) 2 � (1) (see Proposition 3.7) so

our renormalisation operatorf � 7! f g(� ) produces another member of the family (2.21) in

� (1) . Also observe

� � = (1 ; 0; � 1; 0) (3.7)

is a �xed point ofg and lies on the boundary of� (1) .

3.2.3 Division of parameter space

For all n � 0 let

� n (� ) = �
�
gn (� )

�
: (3.8)

The surface� n (� ) = 0 is annth preimage of� (� ) = 0 underg. We now use these surfaces

to form the regions

R n =
�

� 2 � (1)
�
� � n (� ) > 0; � n+1 (� ) � 0

	
; (3.9)

for all n � 0. The following result (proved in §3.6.2) gives properties of these regions.

Theorem 3.1.TheR n are non-empty, mutually disjoint, and converge tof � � g asn ! 1 .

Moreover,

� BYG �
1[

n=0

R n : (3.10)

Being four-dimensional theR n are inherently dif�cult to visualise. Fig. 3.3 shows two-

dimensional cross-sections obtained by �xing the values of� L > 0 and� R > 0. For any

such cross-section only �nitely manyR n are visible because asn ! 1 they converge to

f � � g for which � L = � R = 0. NoticeR 1 contains some points that do not belong to� BYG .

For this reason the two sets in (3.10) are not equal.

3.2.4 A chaotic attractor with one connected component

The next result showsf � has a chaotic, connected Milnor attractor for all� 2 R 0 when

� R < 1. This is proved in §3.7.3 and based on the results of [58]. The attractor is the

closure of the unstable manifold ofX ,

�( � ) = cl( W u(X )): (3.11)
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Theorem 3.2.For the mapf � with any� 2 R 0,

1. �( � ) is bounded, connected, and invariant,

2. everyz 2 �( � ) has a positive Lyapunov exponent, and

3. if � R < 1 there exists forward invariant� � R2 with non-empty interior such that

1\

n=0

f n
� (�) = �( � ): (3.12)

Lyapunov exponents for (2.21) are clari�ed in §3.7. Stronger notions of chaos have

been obtained on subsets ofR 0, see [55, 58]. While we have not been able to prove that

�( � ) is a topological attractor, (3.12) shows it contains the! -limit set of all points in� .

The set� has positive Lebesgue measure, thus�( � ) is a Milnor attractor [98]. If� is a

trapping region (i.e. it maps to its interior) then�( � ) is an attracting set by de�nition [117].

If � is the trapping region of [58] (there denoted
 trap ) then (3.12) appears to be true for

some but not all� 2 R 0. We expect the extra condition� R < 1 is unnecessary but is

included in Theorem 3.2 because our proof utilises an area-contraction argument.

1 10 100

� L

� 0:8

� 1:0

� 1:2

� 1:4

� 1:6

� R

� 0 = 0� 1 = 0

� 2 = 0

R 0

R 1

R 2

R 4
R 3

� R = � (� R + 1)

� L = � L + 1

0

0

0

0

0

0

0

(a) � L = � R = 0:01 (b) � L = � R = 0:5

Figure 3.3: Two-dimensional cross-sections of the parameter regionsR n . In panel (a)R n

is visible for all n = 0; 1; : : : ; 4; in panel (b) onlyR 0 andR 1 are visible. In both panels
� BYG is bounded by the vertical line� L = � L + 1, the horizontal line� R = � � R � 1, and
the curve� 0 = 0. See Fig. 3.5 for a one-parameter slice through panel (a) at� R = � 1:12.
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3.2.5 A chaotic attractor with many connected components

For any� 2 R n we havegn (� ) 2 R 0 (see Lemma 3.8), while Theorem 3.2 describes the

dynamics inR 0. Thus by combining the renormalisation with Theorem 3.2 we are able to

describe the dynamics off � with � 2 R n .

In view of the wayg is constructed, our renormalisation corresponds to the substitution

rule

(L; R ) 7! (RR; LR ); (3.13)

which is identical to that described in §2.9.1 for skew tent maps. Given a wordW com-

prised ofL 's and R's of length k, let F (W) be the word of length2k that results from

applying (3.13) to every letter inW. If an orbit of f g(� ) has symbolic itineraryW, the

corresponding orbit off � has symbolic itineraryF (W).

The attractor of Theorem 3.2 is the closure of the unstable manifold ofX . Consequently

for � 2 R n the corresponding attractor is the closure of the unstable manifold of a periodic

solution with symbolic itineraryF n (R), see Table 3.1.

Theorem 3.3. Let n � 0 and� 2 R n . Thengn (� ) 2 R 0 and there exist mutually disjoint

setsS0; S1; : : : ; S2n � 1 � R2 such thatf � (Si ) = S(i +1) mod 2 n and

f 2n

�

�
�
Si

is af�nely conjugate tof gn (� )

�
�
�( gn (� ))

(3.14)

for eachi 2 f 0; 1; : : : ; 2n � 1g. Moreover,

2n � 1[

i =0

Si = cl( W u(
 n )) ; (3.15)

where
 n is a saddle-type periodic solution off � with symbolic itineraryF n (R).

Numerical explorations suggest that (3.15) is the unique attractor of (2.21) for any� 2

Table 3.1: The �rst few words in the sequence generated by repeatedly applying the sym-
bolic substitution rule (3.13) toR.

n F n (R)
0 R
1 LR
2 RRLR
3 LRLRRRLR
4 RRLRRRLRLRLRRRLR
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R n . Theorem 3.3 tells us it has2n connected components and is the closure of the unstable

manifold of a saddle-type period-2n solution. Each componentSi is invariant under2n

iterations off � . Equation (3.14) tells us that the dynamics off 2n

� onSi is equivalent (under

an af�ne coordinate change) to that off gn (� ) on�( gn (� )) . Sincegn (� ) 2 R 0, the properties

listed in Theorem 3.2 apply tof 2n

� onSi . Thus (3.15) is a chaotic Milnor attractor off � .

As an example, considerf � with

� ex = (1 :15; 0:01; � 1:12; 0:01) 2 R 2 : (3.16)

Fig. 3.4-a shows1000points of the forward orbit of the origin after transient behaviour

has decayed. As expected these points appear to converge to a chaotic attractor with four

connected components. By Theorem 3.3 each component is af�nely conjugate to�( g2(� ))

which is approximated in Fig. 3.4-b by again iterating the origin. The set�( g2(� )) has a

complicated branched structure but this is not visible in Fig. 3.4-b because the determinants

are extremely small.

3.2.6 Consequences for one-parameter bifurcation diagrams

Fig. 3.5 shows a numerically computed one-parameter bifurcation diagram obtained by

varying the value of� L from � ex. This corresponds to a horizontal slice through Fig. 3.3-a.

Each time we cross some� n = 0, pairs of connected components coalesce. So as we cross

� 2 = 0 the number of connected components decreases from four to two, and after� 1 = 0

the attractor has a single connected component. The attractor is destroyed at� 0 = 0 past

which typical forward orbits diverge.

Within � BYG other one-parameter bifurcation diagrams should have a similar structure.

This is because, by the de�nition of the regionsR n and the fact they are mutually disjoint

(Theorem 3.1), eachR n can only abutR n� 1 (if n 6= 0) and R n+1 (except possibly at

isolated points, but this doesn't appear to be the case, see Fig. 3.3). Thus as parameters are

varied the number of connected components of the attractor is expected to only either halve

or double.
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3.3 The stable and unstable manifolds of the �xed points

In this section, we discuss the stable and unstable manifolds of the saddle �xed pointsX

andY. Here and throughout this chapter

0 < � s
L < 1 < � u

L (3.17)

denote the eigenvalues ofAL , and

� u
R < � 1 < � s

R < 0 (3.18)

denote the eigenvalues ofAR . These are functions of� with � 2 � (1) .

3.3.1 Stable and unstable manifolds of piecewise-linear maps

In the remainder of this section we reproduce the geometric constructions of [58] that will

be needed below.

a) � = � ex b) � = g2(� ex)

Figure 3.4: Numerically computed attractors off � with � = � ex, (3.16), in panel (a), and
� = g2(� ex) in panel (b). In panel (a) the four small triangles are the points of a periodic
solution with symbolic itineraryF 2(R) = RRLR .
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3.3.2 The stable and unstable manifolds ofY

Since the eigenvalues ofAL are positive,W s(Y) andW u(Y) each have two dynamically

independent branches. LetD denote the �rst kink of the right branch ofW u(Y) as we

follow it outwards fromY, see Fig. 3.6. NoticeD is the intersection ofE u(Y) with y = 0.

Now let B denote the intersection ofE u(Y) with the line throughf � (D) and parallel to

E s(Y). Then let
( � ) be the closed compact triangle with verticesD, f � (D), andB.

The following result says
( � ) is forward invariant underf � . This was proved by direct

calculations by Glendinning and Simpson [58]. The key observation is thatf � (D) lies to

the right ofE s(Y) because� (� ) > 0.

Proposition 3.1. For any� 2 � BYG , f � (
( � )) � 
( � ).

The next result tells us that the attractor of Theorem 3.2 is contained in
( � ).

Lemma 3.1. For any� 2 � BYG , �( � ) � 
( � ).

Proof. Since
( � ) is forward invariant we only need to showX 2 
( � ). By direct calcu-

Figure 3.5: A bifurcation diagram off � with � R = � 1:12, � L = � R = 0:01, and using� L

as the bifurcation parameter. A log-scale is used for� L as in Fig. 3.3-a. For many values of
� L we are plotting several points of the forward orbit of the origin after transient dynamics
has decayed. The bifurcations at which� i = 0 for 0 � i � 3 are indicated. See Fig. 3.4-a
for a phase portrait with� L = 1:15.
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lations we �nd that the line throughD andf � (D) is y = `(x) where

`(x) =
� R

� s
L � � R

�
x �

1
1 � � s

L

�
:

From (2.26) we obtain, after much simpli�cation,

X 2 � `(X 1) =
� R

�
� s2

L � � R � s
L + � R

�

(� R + 1 � � R)( � s
L � � R)(1 � � s

L )
:

In view of (3.1) and (3.17), each factor in this expression is positive, thusX lies above the

line throughD andf � (D). Also X 1 > 0 andX 2 < 0, thusX 2 
( � ) as required.

3.3.3 The stable and unstable manifolds ofX

Since the eigenvalues ofAR are negative,W s(X ) andW u(X ) each have one dynamically

independent branch. LetT denote the intersection ofE u(X ) with y = 0 and letV denote

the intersection ofE s(X ) with x = 0, see Fig. 3.7. It is easily shown that

T =
�

1
1 � � s

R
; 0

�
: (3.19)

Figure 3.6: A sketch of the phase space off � with � 2 � BYG . The triangle
( � ) is shaded.
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If f 2
� (T) lies to the left ofE s(X ), as in Fig. 3.7-a, thenW s(X ) and W u(X ) intersect

transversely. Iff 2
� (T) lies to the right ofE s(X ), as in Fig. 3.7-b, thenW s(X ) andW u(X )

have no intersection. The following result was obtained by Glendinning [55] by calculating

f 2
� (T) explicitly.

Proposition 3.2. For any� 2 � (1) , f 2
� (T) lies to the left ofE s(X ) if and only if (� ) > 0,

where

 (� ) = ( � L � R � � R)� u
R +

�
� L

� R
+ � L � 1

�
� s

R � � L (1 + � R) + � R(1 � � L ): (3.20)

As a bifurcation, (� ) = 0 is a homoclinic corner for the �xed pointX . This is analo-

gous to the surface� (� ) = 0 for the �xed pointY as discussed in §3.2.1.

a) � 2 R 0 b) � 2 R n ; n � 1

Figure 3.7: Sketches of phase space with� 2 R 0 in panel (a) and� 2 R n with n � 1
in panel (b). The set� 0 in panel (a) is introduced in §3.7.3. The set
 0 in panel (b) is
introduced in §3.8.1.
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3.4 The second iterate off �

As discussed in §3.2.2, on� � the second iterate off � is a continuous, piecewise-linear map

with two pieces, (3.5). Next in §3.4.1 we provide the af�ne transformation that converts

(3.5) to the normal form (2.21). Then in §3.4.2 we show that the bifurcation surface (� ) =

0 of the previous section is in fact identical to� 1(� ) = � (g(� )) = 0 .

3.4.1 A transformation to the normal form

Any continuous, two-piece, piecewise-linear map onR2 can be transformed to (2.21) under

an af�ne coordinate transformation, see §2.9.

The switching line of (3.5) satis�es this condition for any� 2 � (1) . As clari�ed by

Proposition 3.3, the required coordinate transformation is

h� (x; y) =
1

� R + � R + 1

"
x

� Rx + � Ry � � R

#

: (3.21)

Proposition 3.3. For any� 2 � (1) ,

f 2
� = h� 1

� � f g(� ) � h� ; (3.22)

on � � .

Proof. By directly composing (2.21) and (3.21) we obtain

h� � f 2
� =

8
>>>>>><

>>>>>>:

1
� R + � R + 1

2

4
(� 2

R � � R)x + � Ry + � R + 1

� � 2
Rx

3

5; x � 0;

1
� R + � R + 1

2

4
(� L � R � � L )x + � Ry + � R + 1

� � L � Rx

3

5; x � 0;

and it is readily seen thatf g(� ) � h� produces the same expression.

Write (~x; ~y) = h� (x; y). Notice thatx and~x have opposite signs, i.e.

sgn(x) = � sgn(~x): (3.23)

This is because� R + � R + 1 < 0 by (3.1). Thus the left piece off g(� ) corresponds to the

right piece off 2
� in (3.5), and this is consistent with howg was introduced in §3.2.2.

42



3.4.2 A reinterpretation of  

In §3.3.3 we saw that the �xed pointX of f � has a homoclinic corner when (� ) = 0 . The

same is true forf 2
� : its �xed point X has a homoclinic corner when (� ) = 0 . NoticeX

is a �xed point of f 2
R;� , which is transformed under (3.22) tof L;g (� ) , which has the �xed

point Y. Thus, while the stable and unstable manifolds ofX lie in � � , they transform to

the stable and unstable manifolds ofY for f g(� ) . The latter manifolds have a homoclinic

corner when� (g(� )) = 0 , which suggests that (� ) = 0 and� (g(� )) = 0 are the same

surface. The following result tells us that this is indeed the case.

Lemma 3.2. For any� 2 � (1) ,

� (g(� )) = � R � u2

R  (� ): (3.24)

Proof. Equation (3.2) can be written as

� (� ) = (1 + � R)� u2

L � (� R + � L + � R)� u
L + � R : (3.25)

To evaluate� (g(� )) , in (3.25) we replace� L with � 2
R , � R with � L � R , and� R with � L � R �

� L � � R , see (3.6). Also we replace� u
L with � u2

R because� u2

R is the unstable eigenvalue

of A2
R (which has trace and determinant given by the �rst two components of (3.6)). It is

a simple (though tedious) exercise to show that upon performing these substitutions and

simplifying we obtain� R � u2

R  (� ).

3.5 The geometry of the boundary ofR 0

The regionR 0 � R4 is bounded by� 0(� ) = � (� ) = 0 , � 1(� ) = � (g(� )) = 0 , and the

hyperplanes speci�ed in (3.1). Since parameter space is four-dimensional these are dif�cult

to visualise. We can bene�t from the fact that the� L and� R components ofg are decoupled

from � L and� R . Thus two-dimensional slices

� slice(� L ; � R) = f (� L ; � R) j � L > � L + 1; � R < � � R � 1g; (3.26)

de�ned by �xing the values of� L and� R , map to one another underg. In any such slice

� 0(� ) = 0 and� 1(� ) = 0 are curves. In this section we show that for any values0 < � L < 1

and0 < � R < 1, these curves have the geometry shown in Fig. 3.8.
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Observe� 0(� ) = 0 is the same as� (� ) = 0 , while, by Lemma 3.2,� 1(� ) = 0 is the

same as (� ) = 0 . However, we �nd the scaled function

 ̂ (� ) = � u
R  (� ); (3.27)

easier to work with than (� ). By (3.24) the sign of̂ (� ) is the same as that of� 1(� ). From

(3.20) we obtain

 ̂ (� ) = � � L

�
� u2

R � 1
�

+ � u
R

�
� u2

R � 1
�

� L + (1 � � R)� u2

R : (3.28)

The remainder of this section is organised as follows. First in §3.5.1 we study the curve

� (� ) = 0 . We then derive analogous properties for ̂ (� ) = 0 and obtain some additional

bounds, §3.5.2. Lastly we show these curves intersect at a unique point in� slice, §3.5.3.

Figure 3.8: A sketch of� 0(� ) = 0 and� 1(� ) = 0 (equivalently� (� ) = 0 and ̂ (� ) = 0 ) in
� slice(� L ; � R) with 0 < � L < 1 and0 < � R < 1. The curve� R = � 1

� L
� � R � 1 is shown

dashed.
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3.5.1 The curve� (� ) = 0

We �rst show the curve� (� ) = 0 does not exist in� slice(� L ; � R) if � L � 1.

Lemma 3.3. Let � 2 � (1) . If � L � 1 then� (� ) < 0.

Proof. We can rearrange (3.25) as

� (� ) = ( � R + � R + 1) � u
L (� u

L � 1) � � R

�
� u2

L � 1
�

+ (1 � � L )� u
L : (3.29)

By inspection the �rst two terms in (3.29) are negative and if� L � 1 then the last term is

less than or equal to zero.

The next result shows that� (� ) = 0 appears roughly as in Fig. 3.8.

Proposition 3.4. Let 0 < � L < 1 and � R > 0. There exists a uniqueC1 functionG :

(�1 ; � � R � 1] ! (� L + 1; 1 ) such that

�
�
G(� R); � L ; � R ; � R

�
= 0; (3.30)

for all � R 2 (�1 ; � � R � 1]. Moreover,G is strictly increasing,G(� R) ! � L + 1 as

� R ! �1 , andG(� � R � 1) = � + � L
� where� 2 R is the largest solution to

� � R � 2 + (1 � � L )� + � R = 0 : (3.31)

Proof. First �x � R � � � R � 1. With � L = � L + 1 we have� u
L = 1 and so (3.25) simpli�es

to � (� ) = 1 � � L > 0. As � L ! 1 we have� u
L ! 1 and so� (� ) ! �1 (because the

� u2

L -coef�cient in (3.25) is negative). Thus by the intermediate value theorem there exists

� L = G(� R) > � L + 1 satisfying (3.30).

To demonstrate the uniqueness ofG we differentiate (3.25) to obtain

@�
@�L

= (2(1 + � R)� u
L � (� R + � L + � R))

@�uL
@�L

: (3.32)

It is a simple exercise to show that@�uL
@�L

= � u
L

� u
L � � s

L
. Also if � = 0 then by (3.25) we can

replace(� R + � L + � R) in (3.32) with � R
� u

L
+ (1 + � R)� u

L to obtain

@�
@�L

�
�
�
�
� =0

=
�

(1 + � R)� u
L �

� R

� u
L

�
� u

L

� u
L � � s

L
: (3.33)
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By inspection @�
@�L

�
�
� =0

< 0. ThusG is unique (because if� = 0 for two distinct values of

� L > � L + 1 then @�
@�L

� 0 at at least one of these values).

Since� (� ) is C1 the functionG is C1 by the implicit function theorem. From (3.25)

we obtain
@�
@�R

= � u
L (� u

L � 1); (3.34)

which is evidently positive. ThusdG
d� R

= �
@�

@�L
@�

@�R

�
�
�
� =0

> 0, soG is strictly increasing.

Also G(� R) ! � L +1 as� R ! �1 because if we �x� L = � L +1+ ", then� (� ) ! �1

as� R ! �1 for any" > 0. Finally, by substituting� R = � � R � 1 into (3.25) we obtain

� (� )
�
�
� R = � � R � 1

= � � R � u2

L + (1 � � L )� u
L + � R : (3.35)

Since� L = � u
L + � L

� u
L

we haveG(� � R � 1) = � + � L
� .

3.5.2 The curve ̂ (� ) = 0

The arguments presented here for ̂ mirror those above for� . We �rst show ̂ (� ) = 0 does

not exist in� slice(� L ; � R) if � R � 1.

Lemma 3.4. Let � 2 � (1) . If � R � 1 then ̂ (� ) < 0.

Proof. By inspection the �rst two terms in (3.28) are negative and if� R � 1 then the last

term is less than or equal to zero.

We now show ̂ (� ) = 0 appears roughly as in Fig. 3.8.

Proposition 3.5. Let � L > 0 and 0 < � R < 1. There exists a uniqueC1 functionH :

[� L + 1; 1 ) ! (�1 ; � � R � 1) such that

 ̂
�
� L ; � L ; H (� L ); � R

�
= 0; (3.36)

for all � L 2 [� L +1; 1 ). Moreover,H is strictly increasing,H (� L ) ! � � R � 1 as� L ! 1 ,

andH (� L + 1) = � + � R
� where� 2 R is the smallest (most negative) solution top(� ) = 0

where

p(� ) = (1 + � L )� 3 + (1 � � L � � R)� 2 � (1 + � L )� + � L : (3.37)
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Proof. Fix � L � � L + 1. With � R = � � R � 1 we have� u
R = � 1 and so (3.28) simpli�es

to  ̂ (� ) = 1 � � R > 0. Also  ̂ (� ) ! �1 as� R ! �1 , thus, by the intermediate value

theorem, there exists� R = H (� L ) < � � R � 1 satisfying (3.36).

From (3.28),

@̂ 
@�R

=
�

3� L � u2

R + 2(1 � � L � � R)� u
R � � L

� � u
R

� u
R � � s

R
;

and if  ̂ (� ) = 0 this can be simpli�ed to

@̂ 
@�R

�
�
�
�
 ̂ =0

=
�

� L

�
1 + � u2

R

�
�

2� L

� u
R

�
� u

R

� u
R � � s

R
; (3.38)

which is positive. HenceH (� L ) satisfying (3.36) is unique for all� L � � L + 1. Moreover,

H is C1 becausê is C1 . From (3.28),

@̂ 
@�L

= � u
R

�
� u2

R � 1
�

< 0;

thus dH
d� L

= �
@^ 

@�R
@^ 

@�L

�
�
�
 ̂ =0

> 0, i.e.H is strictly increasing.

We haveH (� L ) ! � � R � 1 as� L ! 1 because if� R = � � R � 1� " then ̂ (� ) ! �1

as � L ! 1 for any " > 0. Finally, by substituting� L = � L + 1 into (3.28) we obtain

 ̂ (� )
�
�
� L = � L +1

= p(� u
R) and soH (� L + 1) = � + � R

� as required.

Next we obtain upper bounds on the values of� and� + � R
� . These are the values of

� u
R and� R for the point at which the curvê (� ) = 0 meets the boundary� L = � L + 1, see

Fig. 3.8.

Lemma 3.5. Let � L > 0 and 0 < � R < 1. The value of� in Proposition 3.5 satis�es

� > � 1+
p

5
2 and� + � R

� > � 2.

Proof. The functionp can be rewritten as

p(� ) = � L (� � 1)2(� + 1) � � R � 2 + �
�
� 2 + � � 1

�
: (3.39)

The �rst two terms of (3.39) are negative, so sincep(� ) = 0 the last term of (3.39) must be

positive. This requires� > � 1+
p

5
2 .

47



Also p can be rewritten as

p(� ) =
�
(� + 1)

�
1 �

1
�

��
1 + � L �

� L

�

�
+ (1 � � R)

�
� 2:

Thusp(� ) = 0 implies

� (� + 1) =
1 � � R�

1 � 1
�

��
1 + � L � � L

�

� : (3.40)

Since� < 0 the denominator of (3.40) is greater than1 and so� (� + 1) < 1 � � R . Thus

(� + 1) 2 < (1 � � R)2 which can be rearranged as� 2 + � R < � 2� � � R(1 � � R). Since

0 < � R < 1 this can be reduced to� + � R
� > � 2.

Lastly we show that the curve� R = � 1
� L

� � R � 1 lies below ̂ (� ) = 0 , as in Fig. 3.8.

This result is used later in the proof of Proposition 3.8.

Lemma 3.6. Let � L > 0, 0 < � R < 1, and� L � � L + 1. Then

H (� L ) > �
1
� L

� � R � 1: (3.41)

Proof. By iterating (3.19) underf R;� andf L;� we obtain

f 2
� (T) =

�
� L

�
� R

1 � � s
R

+ 1
�

�
� R

1 � � s
R

+ 1; � � L

�
� R

1 � � s
R

+ 1
��

: (3.42)

The second component of (3.42) is clearly positive with any� R < � � R � 1. The �rst

component of (3.42) can be rearranged as

f 2
� (T)1 =

�
� L �

(� R + � R)� s
R � 1

� R + � R + 1

��
� R

1 � � s
R

+ 1
�

: (3.43)

If � L = � 1
� R + � R +1 (equivalently� R = � 1

� L
� � R � 1) then (3.43) simpli�es to a quantity that

is clearly negative. In this casef 2
� (T) is located in the second quadrant ofR2, so certainly

it lies to the left ofE s(X ). Thus (� ) > 0 by Proposition 3.2, sô (� ) < 0.

We have shown� R = � 1
� L

� � R � 1 implies ̂ (� ) < 0. Therefore if ̂ (� ) = 0 (equiva-

lently � R = H (� L )), then� R > � 1
� L

� � R � 1, as required.
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3.5.3 The curves� (� ) = 0 and  ̂ (� ) = 0 intersect at a unique point

Proposition 3.6. Fix 0 < � L < 1 and0 < � R < 1. There exist unique� L > � L + 1 and

� R < � � R � 1 such that� (� ) =  ̂ (� ) = 0 .

Proof. By Propositions 3.4 and 3.5 the curves� (� ) = 0 and ̂ (� ) = 0 must intersect. To

show this intersection is unique it suf�ces to show that at any point of intersection the slope
d� R
d� L

of � (� ) = 0 is greater than that of̂ (� ) = 0 .

From the calculations performed in the proof of Proposition 3.4, the slope of� (� ) = 0

is �
dG
d� R

� � 1

=
� (1 + � R)� u

L + � R
� u

L

(� u
L � 1)(� u

L � � s
L )

:

Consequently �
dG
d� R

� � 1

> �
� u

R + 1
� u

L � 1
; (3.44)

because� R < � u
R , � R > 0, and� s

L > 0. From the calculations performed in the proof of

Proposition 3.5, the slope of̂ (� ) = 0 is

dH
d� L

=

�
� u2

R � 1
�

(� u
R � � s

R)

� L
�
1 + � u2

R

�
� 2� L

� u
R

:

Consequently

dH
d� L

< �
� u

R

�
� u2

R � 1
�

� u
L

�
� u2

R + 1
� ; (3.45)

because� L > � u
L , � L > 0, and� s

R < 0.

Now suppose for a contradiction that
�

dG
d� R

� � 1
� dH

d� L
at a point where both� (� ) = 0

and ̂ (� ) = 0 . By (3.44) and (3.45) this implies

�
� u

R + 1
� u

L � 1
< �

� u
R

�
� u2

R � 1
�

� u
L

�
� u2

R + 1
� ;

which can be rearranged as

�
(� u

R + 1)[ � u
L (� u

R + 1) + � u
R(� u

R � 1)]
� u

L (� u
L � 1)

�
� u2

R + 1
� < 0:
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For this to be true the term in square brackets must be negative, and this implies

� u
L (� R + 1) < � 2; (3.46)

because� R < � u
R and� u

R(� u
R � 1) > 2. However,� (� ) = 0 , so by applying the quadratic

formula to (3.25) we obtain

� R + � L + � R �
p

(� R + � L + � R)2 � 4(1 + � R)� R = 2� u
L (� R + 1) :

Thus (3.46) implies

� R + � L + � R �
p

(� R + � L + � R)2 � 4(1 + � R)� R < � 4;

which can be rearranged as

� R <
� 2� L � 3� R � 4

2 + � R
:

Since� L ; � R > 0 this implies� R < � 2. But the curve ̂ (� ) = 0 increases with� L , thus

on  ̂ (� ) = 0 the value of� R is greater than its value at the boundary� L = � L + 1 where

it equals� + � R
� . So the bound� + � R

� > � 2 of Lemma 3.5 provides a contradiction.

Therefore
�

dG
d� R

� � 1
> dH

d� L
at any point where� (� ) = 0 and ̂ (� ) = 0 intersect, hence the

intersection point is unique.

3.6 Dynamics of the renormalisation operator

In this section we study the dynamics ofg on � (1) , where

� (1) =
�

� 2 R4
�
� � L > � L + 1; � L > 0; � R < � (� R + 1) ; � R > 0

	
:

We �rst show that any� 2 � (1) maps underg to another point in� (1) .

Proposition 3.7. If � 2 � (1) theng(� ) 2 � (1) .
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Proof. Write g(� ) =
�

~� L ; ~� L ; ~� R ; ~� R

�
. By (3.6) and the assumption� 2 � (1) we obtain

~� L �
�

~� L + 1
�

= � 2
R � 2� R �

�
� 2

R + 1
�

= � 2
R � (� R + 1) 2 > 0;

~� L = � 2
R > 0;

~� R + ~� R + 1 = � L � R � � L � � R + � L � R + 1

< � (� L + 1)( � R + 1) � � L � � R + � L � R + 1

= � 2(� L + � R) < 0;

~� R = � L � R > 0;

which impliesg(� ) 2 � (1) .

Next in §3.6.1 we consider the subset of� (1) for which  ̂ (� ) < 0. We show that any

point in this subset maps underg to another point in this subset. This result is central

to showing that the regionsR n are mutually disjoint and proving Theorem 3.1 in §3.6.2.

Recall, the sign of̂ (� ) is the same as that of� 1(� ) by (3.27).

3.6.1 The subset of� (1) for which  ̂ (� ) < 0

We �rst show that the point at which the curvê (� ) = 0 meets� L = � L + 1 maps underg

to a point below the dashed curve of Fig. 3.8 in the corresponding slice� slice(~� L ; ~� R).

Lemma 3.7. Let � L > 0 and0 < � R < 1. Let � 0 = ( � L + 1; � L ; � + � R
� ; � R) where� is as

given in Proposition 3.5. Writeg(� 0) =
�

~� L ; ~� L ; ~� R ; ~� R

�
. Then

~� R < �
1
~� L

� ~� R � 1: (3.47)

Proof. The inequality (3.47) is equivalent to

~� L

�
~� R + ~� R + 1

�
+ 1 < 0: (3.48)

By (3.6) we have~� L = � 2
R � 2� R , ~� R = � L � R � � L � � R , and~� R = � L � R ; also� L = � L + 1.

Upon substituting these into (3.48), after simpli�cation the left-hand side of (3.48) becomes

! = (1 + � L )� 3
R + (1 � � L )(1 � � R)� 2

R � 2� R(1 + � L )� R � 2� R(1 � � L )(1 � � R) + 1 : (3.49)
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Thus it remains for us to show that! < 0.

Into (3.49) we substitute� R = � + � R
� to obtain, after much rearranging,

! = p(� ) + q(� ) + � L � R � (� + 2) + (1 � � L )( � + 1) + � 2
R(1 + � L )

�
� +

� R

�

�
1
� 2

; (3.50)

wherep is given by (3.37) and

q(� ) =
�
� L (2 � � R) + � R

�
� + � 2

R(1 � � L )(1 � � R)
1
� 2

: (3.51)

Since� < � 1 we have

q(� ) < �
�
� L (2 � � R) + � R

�
+ � 2

R(1 � � L )(1 � � R)

< �
�
� L (2 � � R) + � R

�
+ � 2

R(1 � � R)

= � � L (2 � � R) � � R
�
� 2

R � � R + 1
�

< 0:

Also p(� ) = 0 and by inspection the last three terms of (3.50) are negative (because� +1 <

0 and� + 2 > 0 by Lemma 3.5). Therefore! < 0.

We now use Lemma 3.7 to show that the subset of� (1) for which  ̂ (� ) < 0 is forward

invariant underg.

Proposition 3.8. Let � 2 � (1) . If  ̂ (� ) � 0 then ̂ (g(� )) < 0.

Proof. Write g(� ) =
�

~� L ; ~� L ; ~� R ; ~� R

�
. Since� 2 � (1) we have� L ; � R > 0.

First suppose0 < � R < 1. If ~� R � 1 then certainly ̂ (g(� )) < 0 by Lemma 3.4, so

let us suppose~� R < 1. Since~� L = � 2
R < 1, by Proposition 3.6 the curves� = 0 and

 ̂ = 0 intersect at a unique point in� slice(~� L ; ~� R), call it ~� int , see Fig. 3.9. With� = � 0 as in

Lemma 3.7, the inequality (3.47) implieŝ (g(� 0)) < 0 by Lemma 3.6. Also� (g(� 0)) = 0 ,

becausê (� 0) = 0 , thusg(� 0) lies on� = 0 and below~� int , as in Fig. 3.9.

Now if  ̂ (� ) � 0 and� 6= � 0, theng(� ) lies in the shaded region of Fig. 3.9. The curve

 ̂ = 0 does not enter this region because the intersection point~� int is unique. Thusg(� )

lies below the curvê = 0, that is ̂ (g(� )) < 0.

Second suppose� R � 1. Then

~� R = � L � R � � L � � R < � (� L + 1)( � R + 1) � � L � � R < � 3;
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Figure 3.9: A sketch of� ( ~� ) = 0 and ̂ ( ~� ) = 0 where~� = g(� ) with 0 < ~� L < 1 and
0 < ~� R < 1. The point~� int is the unique intersection of� ( ~� ) = 0 and ̂ ( ~� ) = 0 . The point
� 0 is as in Lemma 3.7.

where we have used� L > 0 and� R � 1 to produce the last inequality. Thus~� R < � 2 and

sog(� ) lies below ̂ = 0 by Lemma 3.5. That is,̂ (g(� )) < 0.

3.6.2 Arguments leading to a proof of Theorem 3.1

Here we prove Theorem 3.1 after a sequence of lemmas.

Lemma 3.8. Let � 2 R n for somen � 1. Thengi (� ) 2 R n� i for all i = 1; 2; : : : ; n.

Proof. We have� n (� ) > 0and� n+1 (� ) � 0by (3.9). Thus� n� i (gi (� )) > 0and� n� i +1 (gi (� )) �

0 by (3.8). Alsogi (� ) 2 � (1) by Proposition 3.7. Thusgi (� ) 2 R n� i by (3.9).

Lemma 3.9. Let � 2 � (1) with g(� ) 2 R n� 1 for somen � 1. Then� 2 R n .

Proof. We have� n� 1(g(� )) > 0 and� n (g(� )) � 0 by (3.9). Thus� n (� ) > 0 and� n+1 (� ) �

0 by (3.8). So� 2 R n because also� 2 � (1) .
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Lemma 3.10.Let � 2 R n for somen � 1. Then� 0(g(� )) > 0.

Proof. We have� n (� ) > 0 by (3.9), thus� 1(gn� 1(� )) > 0 by (3.8). Thus� 1(� ) > 0 by

Proposition 3.8 (recall the sign of� 1 is the same as that of̂ ). That is,� 0(g(� )) > 0.

Lemma 3.11. Let � 2 � (1) and writegi (� ) = ( � L;i ; � L;i ; � R;i ; � R;i ) for eachi . Then� L; 2 >

� 2
L � 2

R and� R;2 < � L � R .

Proof. By (3.6),

� L; 2 = � 2
R;1 � 2� R;1 = ( � L � R � � L � � R)2 � 2� L � R ;

which can be rearranged as

� L; 2 = ( � L � R � � L )2 + ( � L � R � � R)2 � � 2
L � 2

R :

Then from the bounds in (3.1) we obtain� L; 2 > � 2
L � 2

R . Also

� R;2 = � L; 1� R;1 � � L; 1 � � R;1 < � L; 1� R;1 :

By substituting� L; 1 > 1 and� R;1 > � L � R we obtain� R;2 < � L � R .

Proof of Theorem 3.1.Suppose for a contradiction that theR n arenot mutually disjoint.

So there exists� 2 R m \ R n for some0 � m < n . This impliesgn� 1(� ) 2 R 1 by Lemma

3.8, and so ̂ (gn� 1(� )) > 0 (the sign of� 1 is the same as that of̂ ). Also gm (� ) 2 R 0,

so  ̂ (gm (� )) � 0. By Proposition 3.8, ̂ (gm+ i (� )) � 0 for all i � 0. In particular

 ̂ (gn� 1(� )) � 0, and this is a contradiction. Therefore theR n are mutually disjoint.

Now choose any� 2 � BYG . To verify (3.10) we show there existsn � 0 such that

� 2 R n . Certainly this is true if ̂ (� ) � 0, because in this case� 2 R 0, so let us assume

 ̂ (� ) > 0. In view of Lemma 3.11, we consider the map~g : R2 ! R2 de�ned by

~g(� L ; � R) =
�
(� L � R)2; � L � R

�
:

For anyj � 1 thej th -iterate of~g is given explicitly by

~gj (� L ; � R) =
�

(� L � R)2k j ; (� L � R)k j

�
;

wherekj = 3 j � 1. Then Lemma 3.11 implies� R;2j < (� L � R)k j (using the notation of

Lemma 3.11) and so� R;2j ! �1 asj ! 1 . Thus there existsm � 0 such that� R;m �
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� 2. Then ̂ (gm (� )) < 0 by Lemma 3.5. Now letn 2 f 1; 2; : : : ; mg be the smallest integer

for which  ̂ (gn (� )) � 0. Then ̂ (gn� 1(� )) > 0, so� (gn (� )) > 0. That is,gn (� ) 2 R 0.

Hence� 2 R n , by n applications of Lemma 3.9. This completes our veri�cation of (3.10).

To show thatR j is non-empty for allj � 0, �rst observe ̂ (� � ) > 0. Also R 0 is

certainly non-empty. So for anyj � 1 we can choose� 2 � BYG suf�ciently close to� �

that  ̂ (gi (� )) > 0 for all i = 0; 1; : : : ; j � 1. Again letn � 1 be the smallest integer for

which  ̂ (gn (� )) � 0. Thenn � j andgn (� ) 2 R 0. Thusgn� j (� ) 2 R j (by again using

Lemma 3.9), i.e.R j is non-empty.

Finally, choose any" > 0 and letB " (� � ) be the open ball inR4 centred at� � and

with radius" using the Euclidean norm. We now show there existsm � 1 such that

R n � B " (� � ) for all n > m . This will prove thatR n ! f � � g asn ! 1 . Choose any

� 2 � (1) with � =2 B " (� � ). It is simple exercise to show thatj� L � R j � 1 + "p
2
. Thus, as

above, there existsm � 0 such that� R;m � � 2 and� 2 R n for somen � m. Hence for

anyn > m the regionR n contains no points outside ofB " (� � ). That isR n � B " (� � ) for

all n > m and thereforeR n ! f � � g asn ! 1 .

3.7 Positive Lyapunov exponents

For smooth maps Lyapunov exponents are usually de�ned in terms of the derivative of the

map. The border-collision normal formf � is not differentiable onx = 0, so instead we

work with one-sided directional derivatives, §3.7.1. We then de�ne Lyapunov exponents in

terms of these derivatives, §3.7.2. This de�nition coincides with the familiar interpretation

of Lyapunov exponents as the asymptotic rate of separation of nearby forward orbits [129].

Then in §3.7.3 we prove Theorem 3.2.

3.7.1 One-sided directional derivatives

De�nition 3.1. Theone-sided directional derivativeof a functionF : R2 ! R2 at z 2 R2

in a directionv 2 R2 is

D+
v F (z) = lim

� ! 0+

F (z + �v ) � F (z)
�

; (3.52)

if this limit exists.

The following result tells us that one-sided directional derivatives of thenth iterate of

(2.21) exist everywhere and for alln � 1. This follows from the piecewise-linearity and
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continuity of (2.21). For a proof see [129].

Lemma 3.12.For any� 2 R4, z 2 R2, v 2 R2, andn � 1, D+
v f n

� (z) exists.

3.7.2 Lyapunov exponents

In view of Lemma 3.12 we can use the following de�nition.

De�nition 3.2. TheLyapunov exponentof f � at z 2 R2 in a directionv 2 R2 is

� (z; v) = lim sup
n!1

1
n

ln
� 


 D+

v f n
� (z)




 �

: (3.53)

If the forward orbit ofz does not intersectx = 0, thenDf n
� (z) (the Jacobian matrix of

f n
� at z) is well-de�ned for all n � 1. Moreover,D+

v f n
� (z) = D f n

� (z)v, so, in this case,

(3.53) reduces to the usual expression given for smooth maps.

The following result is Theorem 2.1 of [58], except in the work only forward orbits that

do not intersectx = 0 were considered. The generalisation to one-sided directional deriva-

tives is elementary so we do not provide a proof. The proof in the work by Glendinning

and Simpson [58] is achieved by constructing an invariant expanding cone for multiplying

vectorsv under the matricesAL andAR , and we will do this later in Chapter 5.

Proposition 3.9. For any� 2 � BYG , z 2 R2, andv = (1 ; 0),

lim inf
n!1

1
n

ln
� 


 D+

v f n
� (z)




 �

> 0: (3.54)

3.7.3 Arguments leading to a proof of Theorem 3.2

We are now ready to prove Theorem 3.2. Once we have constructed the set� , the equality

(3.12) follows from the arguments given in the proof of Lemma 6.2 of [58]. We reproduce

these arguments here for convenience.

Proof of Theorem 3.2.The set�( � ) is bounded becauseX 2 
 and 
 is bounded and

forward invariant (Proposition 3.1). Also�( � ) is connected and invariant by the de�nition

of an unstable manifold. Withv = (1 ; 0) and anyz 2 �( � ), the Lyapunov exponent� (z; v)

is well-de�ned by Lemma 3.12. Moreover� (z; v) > 0 by Proposition 3.9 and because the

supremum limit is greater than or equal to the in�mum limit.
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It remains for us to prove part (iii). Here we assume� R < 1; also� L < 1 by Lemma

3.3. Since� 2 R 0 we have� 1(� ) � 0 and so (� ) � 0 by (3.24). Thusf 2
� (T) lies on or to

the left ofE s(X ) by Proposition 3.2. LetZ denote the intersection ofE s(X ) with T f 2
� (T)

(the line segment connectingT andf 2
� (T)). NoticeXT andTZ are subsets ofW u(X )

while ZX is a subset ofW s(X ).

Let � 0 be the �lled triangle with verticesX , T, and Z , see Fig. 3.7-a. Also let

� =
S 1

n=0 f n
� (� 0). The set� is forward invariant, by de�nition, and has non-empty

interior because it contains� 0. As in the work by Glendinning and Simpson [58], let
~� =

T 1
n=0 f n

� (�) .

We now show�( � ) � ~� . Choose anyz 2 �( � ). Let f zkg be a sequence of points in

W u(X ) with zk ! z ask ! 1 . For eachk, f � n
� (zk) ! X asn ! 1 , thus there exists

nk � 1 such thatf � nk
� (zk) 2 XT . Thusf � nk

� (zk) 2 � 0, sozk 2 � . This is true for allk,

thusz 2 � . But z 2 �( � ) is arbitrary, thus�( � ) � � . Also �( � ) is forward invariant, thus

�( � ) � ~� .

Finally we show~� � �( � ). The determinants� L and� R of the pieces off � are both

less than1, thus the area (Lebesgue measure) off n
� (�) converges to0 asn ! 1 . Now

choose anyz 2 ~� . Thenz 2 f n
� (�) for all n � 0 and so the distance ofz to the boundary

of f n
� (�) converges to0 asn ! 1 . The boundary of� 0 consists ofXZ , which lies

in the part ofW s(X ) that converges linearly toX , and two line segments inW u(X ).

Consequently the boundary off n
� (� 0) is contained inXf n

� (Z ) [ W u(X ) for all n � 0.

Thus the boundary of� is contained inZf � (Z ) [ W u(X ), so the boundary off n
� (�) is

contained inf n
� (Z )f n+1

� (Z ) [ W u(X ) for all n � 0. But f n
� (Z )f n+1

� (Z ) converges toX ,

hence the distance ofz to W u(X ) must be0. Thusz 2 �( � ). But z 2 ~� is arbitrary, thus
~� � �( � ). This completes our demonstration of (3.12).

3.8 Implementing the renormalisation recursively

In this section we work towards a proof of Theorem 3.3. First in §3.8.1 we use the unstable

manifold ofX to construct a triangle
 0(� ) that maps to
( g(� )) under the af�ne transfor-

mationh� for convertingf 2
� to f g(� ) . In particular we show that
 0(� ) is a subset of both


( � ) and� � and this allows us to implement the renormalisation recursively in §3.8.2.
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3.8.1 Properties of the set mapping to
( g(� ))

Suppose� 2 � (1) with � 1(� ) > 0 (equivalently (� ) < 0). Thenf 2
� (T) lies to the right of

E s(X ) by Proposition 3.2. Thusf 3
� (T) lies to the left ofE s(X ) (because� u

R < 0). Now

let Q denote the intersection ofE u(X ) with the line throughf 3
� (T) and parallel toE s(X ),

see Fig. 3.7-b. Then let
 0(� ) be the �lled triangle with verticesf � (T), f 3
� (T), andQ.

Lemma 3.13.Let � 2 � (1) with � 1(� ) > 0. Then

1. 
 0(� ) � � � ,

2. 
 0(� ) \ f � (
 0(� )) = ? ,

3. f � (
 0(� )) �
�

(x; y) 2 R2
�
� x > 0

	
,

4. h� (
 0(� )) = 
( g(� )) ,

5. and if� 0(� ) > 0 then
 0(� ) � 
( � ).

Proof. Let � R =
�

(x; y) 2 R2
�
� x > 0

	
denote the open right half-plane and let	 be the

triangle with verticesX , f � (T), andV. We now prove parts (1)–(5) in order.

1. Observef � (X ) = X 2 � R , thusX 2 � � by (3.4). Similarlyf � (V) 2 � R , thus

V 2 � � . Also f 2
� (T) 2 � R , thusf � (T) 2 � � . That is, all vertices of	 belong to� � ,

thus	 � � � because these sets are convex.

From (3.19) and (3.42) we �nd that the slope of the line throughT and f 2
� (T) is

� � L
� L � � s

R
, which is negative, thusf 2

� (T) lies to the left ofT. Consequentlyf 3
� (T) lies

abovef � (T). Also f � (T) lies aboveV because

f � (T)2 � V2 =
1 � � R

(1 � � s
R)

�
1 � 1

� u
R

� > 0:

Thereforef 3
� (T) 2 	 . Thus
 0(� ) � 	 � � � .

2. Observef � (	) is the quadrilateral with verticesX , f � (V), f 2
� (T), andT. Thus	

andf � (	) intersect only atX . But 
 0(� ) � 	 does not containX , thus
 0(� ) \

f � (
 0(� )) = ? .

3. The left-most point off � (	) is X 2 � R , thusf � (
 0(� )) � f � (	) � � R .
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4. For the mapf 2
� , the �xed point X is a saddle with positive eigenvalues. Thus its

unstable manifold has two dynamically independent branches. The branch that em-

anates to the left has its �rst and second kinks atf � (T) andf 3
� (T). Let B denote this

branch up to the second kink, that isB is the union of the line segmentsXf � (T) and

f � (T)f 3
� (T).

By the conjugacy relation (3.22),h� (B) is part of one branch of the unstable manifold

of the analogous �xed point off g(� ) . Sinceh� �ips points across the switching line

(3.23),h� (B) is part of the unstable manifold ofY (for the mapf g(� )). This branch

has its �rst and second kinks atD andf g(� )(D), thush� (B) is the union of the line

segmentsY D andDf g(� )(D). By similar reasoningQ maps underh� to the pointB

of f g(� ) . This veri�es part (4).

5. The �rst components ofT andD areT1 = 1
1� � s

R
andD1 = 1

1� � s
L

. Observe0 < T 1 <

D1, thusT lies between(0; 0) andD. By iterating these underf R;� we have that

f � (T) lies on the line segment connecting(1; 0) andf � (D).

Now suppose� 0(� ) > 0. Thenf � (T) 2 
( � ) because(1; 0) 2 
( � ), f � (D) 2 
( � ),

and 
( � ) is convex. Moreover,f 3
� (T) 2 
( � ) because
( � ) is forward invariant

(Proposition 3.1). AlsoX 2 
( � ) by Lemma 3.1. Thus the triangle with vertices

f � (T), f 3
� (T), andX is contained in
( � ) (again by the convexity of
( � )). This

triangle contains
 0(� ), thus
 0(� ) � 
( � ) as required.

3.8.2 Arguments leading to a proof of Theorem 3.3

Proof of Theorem 3.3.Let I n = f 0; 1; : : : ; 2n � 1g. We use induction onn to prove Theo-

rem 3.3 and show that

if � 0(� ) > 0 thenSi � 
( � ) for all i 2 I n : (3.55)

With n = 0 the statements in Theorem 3.3 are true trivially withS0 = �( � ). Also (3.55) is

true because� 0(� ) > 0 (since� 2 R 0) andS0 � 
( � ) by Lemma 3.1.

Now suppose the result is true for somen � 0; it remains for us to verify the result for

n +1. Choose any� 2 R n+1 . Theng(� ) 2 R n by Lemma 3.8. By the induction hypothesis

applied to the pointg(� ), we havegn+1 (� ) 2 R 0 and there exist mutually disjoint sets
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~S0; ~S1; : : : ; ~S2n � 1 � R2 with f g(� )

�
~Si

�
= ~S(i +1) mod 2 n and

f 2n

g(� )

�
�

~Si
is af�nely conjugate tof gn +1 (� )

�
�
�( gn +1 (� ))

(3.56)

for all i 2 I n . Also � 0(g(� )) > 0 by Lemma 3.10, thus by (3.55) the induction hypothesis

also gives~Si � 
( g(� )) for all i 2 I n .

Let S2i = h� 1
�

�
~Si

�
for eachi 2 I n (these sets are mutually disjoint becauseh� is a

homeomorphism). LetS2i +1 = f � (S2i ) for eachi 2 I n (these sets are mutually disjoint

becausef � is a homeomorphism). For anyi; j 2 I n we haveS2i � 
 0(� ) by Lemma

3.13(4) andS2j +1 \ 
 0(� ) = ? by Lemma 3.13(2), soS2i \ S2j +1 = ? . Therefore the sets

S0; S1; : : : ; S2n +1 � 1 are mutually disjoint.

For eachi 2 I n , S2i � � � by Lemma 3.13(1), so

f 2
�

�
�
S2i

is af�nely conjugate tof g(� )

�
�

~Si
(3.57)

by Proposition 3.3. Alsof 2
� (S2i ) = S2i +2 mod 2 n +1 , sof � (S2i +1 ) = f R;� (S2i +1 ) = S2i +2 mod 2 n +1

using also Lemma 3.13(3). Thus

f 2
�

�
�
S2i +1

is af�nely conjugate tof 2
�

�
�
S2i

usingf R;� as the af�ne transformation. By further use of (3.22) we have thatf 2n +1

�

�
�
S2i

and

f 2n +1

�

�
�
S2i +1

are af�nely conjugate tof 2n

g(� )

�
�

~Si
, thus also tof gn +1 (� )

�
�
�( gn +1 (� ))

by (3.56) (this

veri�es (3.14) forn + 1).

The induction hypothesis also implies

2n � 1[

i =0

~Si = cl( W u(
 n )) ; (3.58)

where
 n is a periodic solution off g(� ) with symbolic itineraryF n (R). By (3.22),h� 1
� (
 n )

is a periodic solution off 2
� . Sinceh� �ips the left and right half-planes, see (3.23), the

symbolic itinerary ofh� 1
� (
 n ) is obtained by swappingL andR's in F n (R). Then
 n+1 =

h� 1
� (
 n ) [ f �

�
h� 1

� (
 n )
�

is a periodic solution off � and sincef �
�
h� 1

� (
 n )
�

is contained in

the right half-plane (Lemma 3.13(3)) its symbolic itinerary is obtained by further replacing

eachL with LR and eachR with RR, hence
 n+1 has symbolic itineraryF n+1 (R). Also
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by (3.57) and (3.58),
2n +1 � 1[

i =0

Si = cl( W u(
 n+1 )) ;

which veri�es (3.15) forn + 1. Finally, if � 0(� ) > 0 then for alli 2 I n we haveS2i � 
( � )

by Lemma 3.13(5) andS2i +1 � 
( � ) because
( � ) is forward invariant verifying (3.55)

for n + 1.
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Chapter 4

Robust Devaney chaos in the two-dimensional

border-collision normal form.

4.1 Introduction

In Chapter 3, we used renormalisation to partition a region slightly larger than� BYG into

subregionsR 0; R 1; R 2; : : :. We showed that if� 2 R n for somen � 0, thenf � has a

chaotic attractor with2n connected components. Heref � is the border-collision normal

form given by

f L;� (x; y) =

"
� L x + y + 1

� � L x

#

;

and

f R;� (x; y) =

"
� Rx + y + 1

� � Rx

#

;

with the set� = f (0; y)jy 2 Rg – they-axis as the switching manifold off � . For any

� 2 R4, its imagef � (�) is thex-axis. Fig. 4.1 shows the attractor for typical� 2 R 0 where

it has one connected component and is the closure of the unstable manifold of a saddle �xed

point X i.e., � = cl( W u(X )), see (3.11). We were further able to show that if� 2 R n

for somen � 1, thenf 2n

� is conjugate tof � for some� 2 R 0. In this way, anything one

can prove about the dynamics inR 0 immediately extends to everyR n with n � 1. For this

reason, it is helpful to better understand the dynamics inR 0.

Already it is known thatf � has a chaotic attractor for all� 2 R 0, but only in the sense

of a positive Lyapunov exponent. In this chapter we extend a result of Glendinning and
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Figure 4.1: A phase portrait of (2.21) with� = (1 :5; 0:2; � 2; 0:5) which corresponds a
point inR 0, see Fig. 4.2(a). There are two saddle �xed points,X andY. The �gure shows
numerical computations of the stable (blue) and unstable (red) manifolds ofX . The closure
of the unstable manifold ofX , denoted� , is a chaotic attractor; by Theorem 4.2 the map
exhibits Devaney chaos on� . The stable manifoldW s(X ) can be `grown' by iterating
a certain line segmentf � (V)f � 1

� (V) backwards underf � , see §4.3, and this �gure shows
this line segment and its subsequent eight preimages (forming the densely �lled manifold
illustrated in blue). By Theorem 4.1,W s(X ) is dense in a region containing� .

Simpson [58] and show that throughout a relatively large subset ofR 0 the attractor satis�es

Devaney's de�nition of chaos: transitivity, dense periodic orbits, and sensitive dependence

on initial conditions [32], see §2.8. In view of the renormalisation, these properties also

hold in the corresponding subsets ofR n with n � 1.

The key objects that we employ to verify Devaney chaos areinvariant expanding cones.

These allow us to obtain a lower bound for the rate at which line segments grow under

iteration by either piece off � . Indeed such cones have been used to verify transitivity in

other families of piecewise-linear maps [99,121].

Below we also show that the stable manifold ofX is dense in an open region containing

the attractor. This is illustrated in Fig. 4.1 where we have numerically grownW s(X )

outwards for eight iterations beyond its �rst kink with the switching manifold,x = 0.

Already we can see the manifold is leaving only small gaps; by iterating further we have

observed that the size of the gaps steadily reduces further. ThusW s(X ) behaves like a two-

dimensional object, when really it is one-dimensional. This is reminscent of ablenderthat

for smooth invertible maps only occurs for maps that are at least three-dimensional [68].

Blenders are a central feature of hetero-dimensional cycles and useful for explaining the

breakdown of uniform hyperbolicity [19].
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The remainder of this chapter is organised as follows. The main results are presented

in §4.2. Here we also show that the chaotic attractor can persist beyond� BYG and even

outsideR 1. It appears that if the attractor is not destroyed at the curved boundary of� BYG ,

then it is destroyed in a heteroclinic bifurcation where the unstable manifold ofX develops

an intersection with the stable manifold of a period-three solution.

In §4.3 we introduce essential features of the phase space off � , then in §4.4 identify

invariant expanding cones on the tangent space off � . We put these together in §4.5 to prove

statements about how line segments map underf � . In §4.6 we establish related results for

the inverse off � , then in §4.7 prove transitivity and the denseness of periodic solutions.

Sensitive dependence follows immediately as it is a redundant aspect of Devaney's de�ni-

tion [15].

Throughout this chapter, whenever we de�ne a point, for exampleP, the notationP1

andP2 denote thex and they-components ofP, until speci�ed otherwise.

4.2 Main results

In this section we brie�y discuss some of the concepts introduced in the last chapter before

moving onto the main results.

4.2.1 A division of parameter space

The robust chaos parameter region of Banerjee, Yorke, and Grebogi [14] is the set

� BYG = f � 2 � j � (� ) > 0g; (4.1)

where

� (� ) = � R � (� R + � L + � R � (1 + � R)� u
L )� u

L : (4.2)

Note that the above equation has a different notation than (3.2) because in (3.2) we had not

introduced the eigenvalues yet. We introduced the renormalisation operatorg : � ! � in

the last chapter de�ned by

g(� ) =
�
� 2

R � 2� R ; � 2
R ; � L � R � � L � � R ; � L � R

�
;

For all n � 0, let

R n =
�

� 2 �
�
� � (gn (� )) > 0; �

�
gn+1 (� )

�
� 0

	
: (4.3)
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Sample two-dimensional slices of the setsR n were shown in Fig. 3.3. Fig. 4.2 shows two

more slices with some additional curves that will be important below.

We now state the main results. These are proved in later sections and involve the func-

tions

J1(� ) =
� u

L � u2

R

� u
L + j� u

R j
; (4.4)

J2(� ) = max

(

� s
L ;

p
2� s

L

� s
L + 1

)

+ max

(

j� s
R j;

p
2j� s

R j
j� s

R j + 1

)

: (4.5)

Since the eigenvalues� s
R and� u

R are negative we have used absolute values to make the

signs of the various quantities readily apparent. The results here tell about the dynamics of

f � in R 0 becauseJ1(� ) > 1 implies� 2 R 0 for any� 2 � BYG , see Lemma 4.7.

Theorem 4.1. Let � 2 � BYG and supposeJ1(� ) > 1 and� s
L + j� s

R j < 1. ThenW s(X ) is

dense in a triangular region containing� .

Theorem 4.2. Let � 2 � BYG and supposeJ1(� ) > 1 andJ2(� ) < 1. Thenf � is chaotic in

the sense of Devaney on� .

(a) � L = 0:2, � R = 0:5 (b) � L = 0:64, � R = 0:7

Figure 4.2: Two-dimensional slices of parameter space de�ned by �xing� L = 0:2 and
� R = 0:5 in panel (a) and� L = 0:64 and� R = 0:7 in panel (b). The regionsR 0 andR 1

are coloured yellow and grey respectively. The curved boundary� (� ) = 0 intersects the
horizontal boundary� R = � � R � 1 at � L = � � + � L

� � , where� � is the largest root of the
quadratic� � R � 2 + (1 � � L )� + � R , see Chapter 3 where this root was denoted� . The
striped regions are where Theorems 4.1 and 4.2 apply. The dashed curves labelled HT are
heteroclinic bifurcations discussed in §4.2.2. In panel (a) the black square indicates the
parameter values of Fig. 4.1; the black triangles indicate the parameter values of Fig. 4.3.
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Notice J2(� ) < 1 is a stronger condition than� s
L + j� s

R j < 1. The striped regions in

Fig. 4.2 show where the conditions of Theorem 4.2 hold for the given �xed values of� L

and� R . As mentioned above these are necessarily subsets ofR 0. In panel (a) the condition

J2(� ) < 1 does not in�uence the boundary of the striped region because this condition is

satis�ed automatically when the values of� L and� R are suf�ciently small. In panel (b)

we have chosen values of� L and � R that highlight the nonsmoothness of the constraint

J2(� ) < 1.

The conditionsJ1(� ) > 1 andJ2(� ) < 1 arise quite naturally. FirstJ1(� ) > 1 ensures

the second iteratef 2
� is expanding in some directions, whilstJ2(� ) < 1 ensures the inverse

f � 1
� is expanding in some other directions. Below we use these expansion properties to

verify Devaney chaos. Nevertheless, numerical explorations suggest that these conditions

are sub-optimal and that� in fact has Devaney chaos for all� 2 R 0. A proof of this

remains for future work.

4.2.2 A heteroclinic bifurcation involving �

For the most part� appears to vary continuously as� is varied continuously withinR 0,

but jumps in size when it develops intersections with the stable manifold of a period-three

cycle. This is illustrated in Fig. 4.3. By decreasing the value of� R an intersection �rst

occurs at� R � � 1:727455. This heteroclinic bifurcation is an example of acrisis [62]. It

also clearly portrays the homoclinic bifurcation where the unstable manifold of the period-

three cycle converges to the chaotic attractor.

Numerically we have computed curves in Fig. 4.2 (labelled HT) where the heteroclinic

bifurcation occurs. This was a computationally intensive task because, unlike the simple

corner intersections associated with� (� ) = 0 for example that involve the �rst couple of

linear pieces ofW s(Y) andW u(Y) as they emanate outwards fromY, the corner inter-

sections associated with the heteroclinic bifurcation involve the limiting outer-most part of

W u(X ) as is it grown outwards fromX inde�nitely. Curves of such bifurcations were con-

sidered by Osinga [105] where it was argued that other bifurcations may contribute to the

crisis. It remains to be seen whether or not such bifurcations are present in our piecewise-

linear setting.

The attractor� appears to persist to the right of� (� ) = 0 in the narrow strip bounded

above by� (g(� )) = 0 and bounded below by the heteroclinic bifurcation curve. From a

point within this strip, if we cross� (g(� )) = 0 we enterR 1 and� is replaced by an attractor

with two connected components, while if we cross the heteroclinic bifurcation forward
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a) � R = � 1:7 b) � R = � 1:727455 c) � R = � 1:8

Figure 4.3: Phase portraits of (2.21) with� L = 0:2, � R = 0:5, � L = 1:3, and three different
values of� R as indicated. These parameter combinations are shown in Fig. 4.2. In each
plot the three green triangles are the points of a saddle-typeLRR -cycle, denoted
 LRR . The
stable manifold of the period-three cycle is denoted in blue, whereas the chaotic attractor
is denoted by red. The black dot representsX .

orbits of points nearX are able to diverge soW u(X ) suddenly becomes unbounded and

the attractor is destroyed. Numerical investigations suggest this occurs for any values of

� L > 0 and� R > 0, that is, it is always the stable manifold of theLRR -cycle (period-three

solution with symbolic itineraryLRR ) that is responsible for the crisis.

4.3 The stable and unstable manifolds of the �xed points

Recall from Chapter 3 that �rst kink of the right branch ofW u(Y), as we follow it outwards

from Y, occurs at the point

D =
�

1
1 � � s

L
; 0

�
; (4.6)

see Fig. 4.4. For all� 2 � , D lies to the right of(1; 0), whereasf � (D) lies in the left

half-plane. LetU denote the intersection ofDf � (D) with � . The right branch ofW u(Y)

contains the line segmentsY D andDf � (D) and can be `grown' by iteratingDf � (D) under

f � because this line segment, minus one of its endpoints, is afundamental domain[110] for

this branch of the manifold.

As in Chapter 3 letB denote the intersection ofY D with the line throughf � (D) and

parallel to the stable subspaceE s(Y), see Fig. 4.4. Recall from Proposition 3.1 that the

triangle
 with verticesD, f � (D), andB is forward invariant underf � for any� 2 � BYG .

In this chapter the geometry off � (
) , see Fig. 4.4, will be particularly important.
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The �rst kink of W s(X ) occurs at the point

V =
�

0;
� � u

R

� u
R � 1

�
; (4.7)

see again Fig. 4.4. The stable manifoldW s(X ) containsV f � 1
� (V) � E s(X ) and can be

grown by iteratingf � (V)f � 1
� (V) underf � 1

� . This is becausef � (V)f � 1
� (V), minus one of

its endpoints, is a fundamental domain forW s(X ).

The next result clari�es howV f � 1
� (V) intersects the regionf � (
) and is used below

to prove Lemma 4.8. Speci�cally Lemma 4.1 impliesf � (V) lies to the left off � (U);

consequentlyV f � 1
� (V) cutsf � (
) into three pieces.

Lemma 4.1. Let � 2 � . If � s
L + j� s

R j < 1 thenU2 > V2.

Proof. By iterating (4.6) underf � we �nd that Df � (D) has slope � R
� s

L � � R
and consequently

U =
�

0;
� � R

(� s
L � � R)(1 � � s

L )

�
: (4.8)

Figure 4.4: A sketch of the forward invariant region
 that is constructed using kinks of
the unstable manifold ofY (red). We also show its imagef � (
) and parts of the stable
manifolds ofX andY (blue).
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By subtracting the second component of (4.7) from that of (4.8) and factorising, we obtain

U2 � V2 =
j� u

R j(1 � � s
L + � s

R)( � s
L � � u

R)
(1 � � s

L )(1 � � u
R)( � s

L � � R)
: (4.9)

If � s
L + j� s

R j < 1 then each bracketed factor in (4.9) has a positive value, thusU2 > V2.

4.4 Invariant expanding cones

In this section we construct invariant expanding cones for the Jacobian matricesAL and

AR .

De�nition 4.1. A nonempty setC � R2 is aconeif tv 2 C for all v 2 C andt 2 R.

De�nition 4.2. Let A be a real-valued2 � 2 matrix.

(i) A coneC � R2 is invariant if Av 2 C for all v 2 C.

(ii) The cone isexpandingif there exists an expansion factorc > 1 such thatkAvk �

ckvk for all v 2 C.

Given an intervalK � R, the set

	 K =

(

t

"
1

m

# �
�
�
�
�
m 2 K; t 2 R

)

; (4.10)

is a cone. The vectorv =

"
1

� � s
L

#

is an eigenvector ofAL corresponding to the eigenvalue

� u
L . Thus

kAvk = � u
L kvk: (4.11)

It is a simple exercise to show that (4.11) holds withv =

"
1

m

#

for exactly one other value

of m 2 R, namely

mcrit = � s
L +

2� L

� u2

L � 1
; (4.12)

and noticemcrit > 0. It is not dif�cult to show thatkAvk � � u
L kvk for all v =

"
1

m

#

with

� � s
L � m � mcrit . The following result generalises this observation.
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Lemma 4.2. Suppose� L > � L + 1 and� L > 0. LetK = [ � � s
L ; mmax ] for somemmax � 0.

1. If mmax � mcrit then	 K is invariant and expanding forAL with expansion factor

� u
L .

2. If mmax � 1 then 	 K is invariant and expanding forAL with expansion factor

cL = min
n

� u
L ; � u

L +1
p

2

o
.

Proof. Choose anyv 2 	 K . Thenv = t

"
1

m

#

for somem 2 K andt 2 R. If t = 0 then

AL v 2 	 K trivially, otherwise the slope ofAL v is G(m) = � � L
� L + m . NoticeG(� � s

L ) = � � s
L .

Also G is increasing and negative-valued on[0; 1 ). ThereforeG(m) 2 [� � s
L ; 0) � K and

soAL v 2 	 K . That is,	 K is invariant forAL .

For anyc > 1 andt 6= 0,

H (m) = kAL vk2 � c2kvk2 = t2
� �

1 � c2
�
m2 + 2� L m + � 2

L + � 2
L � c2

�
; (4.13)

is a concave down quadratic function ofm. Thus, onK , H achieves its minimum at an

endpoint ofK . With m = � s
L or m = mcrit we have

kAL vk2

kvk2
= � u2

L : (4.14)

Thus withmmax � mcrit andc = � u
L , thenH (m) � 0 for all m 2 K . That is,	 K is

expanding with expansion factor� u
L . With insteadm = 1 we have

kAL vk2

kvk2
=

(� L + 1) 2 + � 2
L

2
>

(� u
L + 1) 2

2
: (4.15)

Thus if mmax � 1 andc2 is the minimum of (4.14) and the bound in (4.15) then again

H (m) � 0 for all m 2 K . That is,	 K is expanding with expansion factorcL .

Next we state a result forAR that is analogous to Lemma 4.22. This can be obtained in

the same way so we do not provide a proof.

Lemma 4.3. Suppose� R < � � R � 1 and� R > 0. LetK = [ mmin ; j� s
R j] for somemmin 2

[� 1; 0]. The cone	 K is invariant and expanding forAR with expansion factorcR =

min
n

j� u
R j; j � u

R j+1
p

2

o
.
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Next we provide a simple lower bound for the value ofmcrit . We then use this, and

Lemmas 4.2 and 4.3, to construct a cone that is invariant and expanding for bothAL and

AR .

Lemma 4.4. Let � 2 � BYG . Thenmcrit > 2� R .

Proof. Treatmcrit as a function of� L and� L . By directly differentiating (4.12) we obtain

@mcrit

@�L
= �

"
� L

� u2

L

+
2
�
� u2

L + 1
�

�
� u2

L � 1
� 2 +

2� L
�
3� u2

L � 1
�

� u2

L

�
� u2

L � 1
� 2

#
@�uL
@�L

:

By inspection the quantity in square brackets is positive (because� L > 0 and� u
L > 1).

Also @�uL
@�L

> 0, therefore, for any �xed� L > 0, mcrit is a decreasing function of� L .

As shown in Chapter 3, in the(� L ; � R)-plane the curve� (� ) = 0 intersects� R = � � R � 1

at � L = � � + � L
� � , where� � is the larger of the two solutions to

� � R � 2 + (1 � � L )� + � R = 0; (4.16)

as indicated in Fig. 4.2. Since the curve� (� ) = 0 has positive slope everywhere (see

Proposition 3.4), for any� 2 � BYG the value of� L is less than� � + � L
� � . So, sincemcrit is a

decreasing function of� L , mcrit > m �
crit (� L ; � R) where

m�
crit (� L ; � R) =

� L

� �
+

2
�
� � + � L

� �

�

� � 2 � 1
;

is obtained by replacing� L in (4.12) with� � + � L
� � .

It remains to show thatm�
crit (� L ; � R) > 2� R for all 0 < � L < 1 and� R > 0 because to

have� 2 � BYG we must have� L < 1, see Chapter 3. First observem�
crit (0; � R) = 2� �

� � 2 � 1

and in view of (4.16) this reduces tom�
crit (0; � R) = 2 � R . Also

@m�
crit

@�L
=

1
�

+
2

� (� 2 � 1)
�

@��

@�L

� � 2 (� � 2 � 1)2

h
� L

�
� � 4

+ 4� � 2
� 1

�
+ 2� � 2

�
� � 2

+ 1
�i

:

By inspection the quantity in square brackets is positive (because� L > 0 and� � > 1). It is

a simple exercise to show@��

@�L
< 0, therefore, for any �xed� R > 0, m�

crit is an increasing

function of� L . Thusm�
crit (� L ; � R) > m �

crit (0; � R) = 2 � R , as required.

Lemma 4.5. Let � 2 � BYG . With K = [ � � s
L ; j� s

R j], the cone	 K is invariant forAL and

AR . Moreover, it is expanding forAL with expansion factor� u
L and expanding forAR with

expansion factorcR = min
n

j� u
R j; j � u

R j+1
p

2

o
.
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Proof. Observej� s
R j < � R < 2� R < m crit using Lemma 4.4. Thus the right end-point

of K is bounded above bymcrit , hence the result forAL follows from Lemma 4.21. Also

� 1 < � � s
L thus the result forAR follows from Lemma 4.3.

4.5 Expanding line segments

In this section we use invariant expanding cones to study how line segments map underf �

and to prove Theorem 4.1.

Given pointsP; Q 2 R2, let � = PQ � R2 be the line segment connectingP andQ.

Also if Q = P + v then the length of� is j� j = kvk. We say� crosses� if it contains

points on both sides of� . If � does not cross� , then all points in� map under the same

piece off � . In this casef � (� ) is another line segment and

jf � (� )j = kAJ vk; (4.17)

with J = L or J = R accordingly.

If � crosses� , thenf � (� ) consists of two line segments connected at a point onf � (�) .

The next result (inspired by Lemma 2.1 of Veitch and Glendinning [140]) provides a lower

bound on the length of the longer of these two segments.

Lemma 4.6. Let s be the length of the longest line segment inf � (� ) and letcL ; cR > 0. If

kAL vk � cL kvk andkARvk � cRkvk, then

s �
cL cR

cL + cR
j� j: (4.18)

Proof. Let � L denote the part of� in the closed left half-plane and� R denote the part of�

in the closed right half-plane. Thenj� L j = tj� j andj� R j = (1 � t)j� j for somet 2 [0; 1].

Observejf � (� L )j = kAL (tv)k � tcL j� j andjf � (� R)j = kAR((1 � t)v)k � (1 � t)cR j� j.

Thuss � maxf tcL ; (1 � t)cRgj� j. This length is smallest whentcL = (1 � t)cR . That is,

t = cR
cL + cR

, giving (4.18).

We are now able to show that the conditionJ1(� ) > 1 implies� 2 R 0 for any� 2 � BYG .

This is because if� 2 � BYG then � (� ) > 0, so if also� (g(� )) < 0 then � 2 R 0 by

de�nition, (3.9).

Lemma 4.7. Let � 2 � . If J1(� ) > 1 then� (g(� )) < 0.
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Proof. Let � 2 � and suppose� (g(� )) � 0. It remains to showJ1(� ) � 1. Let T 2 f � (�)

denote the �rst kink ofW u(X ) as we follow it outwards fromX , see Fig. 4.5. As shown in

Chapter 3,� (g(� )) � 0 impliesf 2
� (T) lies on or to the right of the stable subspaceE s(X ).

The slope ofE s(X ) is j� u
R j, wherej� u

R j < 1+
p

5
2 because� (g(� )) � 0, see Chapter 3.

The slope ofT f � (T) is j� s
R j. This slope belongs to the intervalK = [ � � s

L ; j� s
R j] of

Lemma 4.5, thus by the invariance of	 K the slope ofT f 2
� (T) also belongs to this interval.

Thus the slope ofT f 2
� (T) is at least� � s

L , which is greater than� 1. Also f 2
� (T) lies above

f � (�) (thex-axis) becausef � (T) lies to the left of� . By putting these observations together

we conclude thatf 2
� (T) must belong to the shaded region of Fig. 4.5. It is then a simple

exercise in geometry to show that the distance of any point in this region toT is less than

the distance ofX to T. Thusf 2
� (T) is closer toT thanX is.

Now let � = Xf � (T). Thenf � (� ) = XT [ T f 2
� (T). We have just shown that the

longest line segment inf � (� ) is XT . By Lemma 4.6 this has length

s �
� u

L j� u
R j

� u
L + j� u

R j
j� j; (4.19)

using also Lemma 4.5 withcR = j� u
R j becausej� u

R j < 1+
p

5
2 . SinceXT is aligned with

the unstable direction ofX ,
�
�f � (XT )

�
� = j� u

R js. But f � (XT ) = � , thus (4.19) implies

j� j �
� u

L j � u
R j2

� u
L + j � u

R j j� j. That is,J1(� ) � 1.

Next we prove that, under certain conditions, when we iterate a line segment under

Figure 4.5: A sketch of the phase space of (2.21) with� 2 � and� (g(� )) � 0 to support
the proof of Lemma 4.7. The shaded region is bounded by thex-axis, the line throughX
with slope1+

p
5

2 , and the line throughT with slope� 1.
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f � we must eventually intersectV f � 1
� (V) — the initial linear piece ofW s(X ) as it em-

anates fromX . Then only a few more arguments are required to establish the denseness of

W s(X ).

Lemma 4.8. Let � 2 � BYG and supposeJ1(� ) > 1 and � s
L + j� s

R j < 1. Let � � 
 be a

line segment with slope inK = [ � � s
L ; j� s

R j]. Then there existsn � 1 and pointsP 2 �

andQ 2 f � (�) such thatPQ � f n
� (� ). Moreover,PQ intersectsV f � 1

� (V) transversally.

Proof. Let � 0 = � . We construct a sequencef � i g of line segments in
 with slopes inK as

follows. If � i does not cross� , let � i +1 = f � (� i ). Observe� i +1 � 
 because
 is forward

invariant underf � (Proposition 3.1), and� i +1 has slope inK because	 K is invariant for

bothAL andAR (Lemma 4.5). Moreover, withcR as in Lemma 4.5,j� i +1 j � d0j� i j where

d0 = min f � u
L ; cRg > 1.

If � i crosses� , �rst let � i be the longer of the two line segments that comprisef � (� i ).

If � i does not cross� , let � i +1 = f � (� i ). Both � i and� i +1 belong to
 and have slopes in

K by the invariance properties. We now show that the situation of� i not crossing� cannot

always occur.

The endpoint of� i that lies onf � (�) belongs the right half-plane. This is because

� i � f � (
) and the intersection off � (
) with f � (�) is the line segment with endpoints

f � (U) and D, see Proposition 3.1. ButU lies aboveV (Lemma 4.1) because we have

assumed� s
L + j� s

R j < 1, thusf � (U) lies to the right off � (V), which certainly lies to the

right of � in view of the explicit expression (4.7). So the assumption that� i does not cross

� means that� i lies in the closed right half-plane, thusj� i +1 j � cR j� i j by Lemma 4.5.

Also j� i j � � u
L cR

� u
L + cR

j� i j by Lemma 4.6, thereforej� i +1 j � d1j� i j whered1 = � u
L c2

R
� u

L + cR
.

If j� u
R j > 1+

p
5

2 thencR > 1+
p

5
2 and sod1 > 1 (because� u

L > 1). OtherwisecR = j� u
R j

in which cased1 = J1(� ) and so againd1 > 1 (becauseJ1(� ) > 1 by assumption). Now let

d = min f d0; d1g. Thenj� n j � dn j� 0j ! 1 asn ! 1 becaused > 1, but 
 is bounded

so this is not possible. Thus there must existj � 0 such that both� j and� j cross� . Let

P = � j \ � andQ be the endpoint of� j that lies onf � (�) . By constructionPQ � f n
� (� )

for somej + 1 � n � 2j + 1.

Finally, PQ � f � (
) thusP lies on or aboveU while Q lies on or to the right off � (U),

see Fig. 4.4. We now use Lemma 4.1 to show thatPQ intersectsV f � 1
� (V) transversally.

SinceU lies aboveV, P lies to the left of the stable subspaceE s(X ). Sincef � (U) lies to

the right off � (V), Q lies to the right ofE s(X ). ThusPQ intersectsE s(X ) transversally at

some pointS 2 f � (
) . Finally S 2 V f � 1
� (V) becausef � 1

� (V) lies above the line through

f � 1
� (D) andD (which is the case becauseV lies below the line throughD andf � (D)).
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Proof of Theorem 4.1.SinceX 2 
 and
 is compact and forward invariant underf � , we

have� � 
 . Choose any~P 2 
 and" > 0. Let � � B " ( ~P) \ 
 be a line segment with

slope in[� � s
L ; j� s

R j]. By Lemma 4.8 there existsn � 1 such thatf n
� (� ) intersectsW s(X )

at some pointS. Thus ~Q = f � n
� (S) belongs toW s(X ) and lies within a distance" of ~P.

Since ~P 2 
 and" > 0 are arbitrary, we can conclude thatW s(X ) is dense in
 .

4.6 Dynamics of the inversef � 1
�

In this section we identify invariant expanding cones forA � 1
L andA � 1

R . Similar calculations

have been done to verify uniform hyperbolicity in the Lozi map [99]. The results, Lemmas

4.9 and 4.10, are analogous to the results obtained above in §4.4 forAL andAR and can

be proved in the same way. We omit such proofs for brevity but instead provide a novel

proof of Lemma 4.9 that works by convertingA � 1
L , via a change of coordinates, to a matrix

that has the same companion matrix form asAL . We also show that the set of points whose

backward orbits underf � diverge is dense inR2, Lemma 4.11. Consequently the attractor

� cannot contain open sets and this observation is utilised in the next section.

Given an intervalK , the set

	̂ K =

(

t

"
m̂

1

# �
�
�
�
�
m̂ 2 K; t 2 R

)

; (4.20)

is a cone.

Lemma 4.9. Suppose� L > � L + 1 and � L > 0. Let K =
h
� 1

� u
L

; m̂max

i
for some

m̂max 2 [0; 1]. The cone	̂ K is invariant and expanding forA � 1
L with expansion factor

ĉL = min
n

1
� s

L
; 1+ � s

Lp
2� s

L

o
.

Proof. Let P =

"
0 1

1 0

#

and let

BL = PA� 1
L P � 1 =

"
� L
� L

1

� 1
� L

0

#

:

This matrix has the form ofAL with eigenvalues0 < 1
� u

L
< 1 < 1

� s
L

(the same eigenvalues as

A � 1
L by similarity). By Lemma 4.22,	 K is invariant and expanding forBL with expansion

factor ĉL . Multiplication by P corresponds to a re�ection about the liney = x, therefore
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	̂ K (the re�ection of 	 K abouty = x) is invariant and expanding forA � 1
L with same

expansion factor.

Lemma 4.10. Suppose� R < � � R � 1 and � R > 0. Let K =
h
m̂min ; 1

j� u
R j

i
for some

m̂min 2 [� 1; 0]. The conê	 K is invariant and expanding forA � 1
R with expansion factor

ĉR = min
n

1
j� s

R j ;
1+ j� s

R j
p

2j� s
R j

o
.

Lemma 4.11.Let � 2 � and supposeJ2(� ) < 1. The set

� =
�

(x; y) 2 R2
�
� kf � i

� (x; y)k ! 1 asi ! 1
	

: (4.21)

is dense inR2.

Proof. Choose any~P 2 R2 and" > 0. It remains for us to showB " ( ~P) \ � 6= ? .

Let K̂ =
h
� 1

� u
L

; 1
j� u

R j

i
. By Lemmas 4.9 and 4.10,̂K is invariant forA � 1

L andA � 1
R with

expansion factorŝcL andĉR given above. NoticeJ2(� ) < 1 is equivalent to

1
ĉL

+
1
ĉR

< 1: (4.22)

Let � 0 � B " ( ~P) be a line segment with slope in̂K . For eachi � 0, let � i +1 = f � 1
� (� i ) if

this is a line segment, otherwise let� i +1 be the longest line segment inf � 1
� (� i ). Each� i

has slope inK̂ by invariance. Analogous to (4.18), we havej� i +1 j � dj� i j for all i � 0,

where

d =
ĉL ĉR

ĉL + ĉR
:

But d > 1by (4.22), thusj� i j ! 1 asi ! 1 . Thus there exists~Q 2 � 0 with kf � i
� ( ~Q)k !

1 asi ! 1 , so ~Q 2 B " ( ~P) \ � .

4.7 Devaney chaos

In this section we work towards a proof of Theorem 4.2.

As in the proof of Lemma 4.7, letT 2 f � (�) denote the �rst kink ofW u(X ). But now

supposef 2
� (T) lies to the left of the stable subspaceE s(X ). This assumption is equivalent

to � (g(� )) < 0, see Chapter 3, so by Lemma 4.7 occurs whenJ1(� ) > 1. Let Z denote

the intersection ofE s(X ) with T f 2
� (T) and let� 0 be the �lled triangle with verticesX , T,
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andZ , see Fig. 4.6. Also let

� =
1[

i =0

f i
� (� 0); ~� =

1\

i =0

f i
� (�) : (4.23)

We �rst prove the following lemma that extends previous results [58] to a wider range of

parameter values.

Lemma 4.12.Let � 2 � BYG and supposeJ1(� ) > 1 andJ2(� ) < 1. Then� = ~� .

Proof. Here we write@Ffor the boundary of a setF � R2.

By de�nition, @� 0 � XZ [ W u(X ). Consequently@fi� (� 0) � Xf i
� (Z ) [ W u(X ) for

all i � 0. Thus@� � Zf � (Z ) [ W u(X ) and so@fi� (�) � f i
� (Z )f i +1

� (Z ) [ W u(X ) for all

i � 0. Therefore@~� � � becausef i
� (Z ) ! X . In view of its de�nition, ~� is backwards

invariant underf � . Thus ~� \ � = ? , where� is the set (4.21). But� is dense inR2

(Lemma 4.11), thus~� = @~� . Hence~� � � .

To prove� � ~� , choose anyP 2 � . Let f P (k)g be a sequence of points inW u(X )

with P (k) ! P ask ! 1 . For eachk we havef i
� (P

(k)) ! X asi ! �1 , so there exists

i k � 0 such thatf i k
� (P (k)) 2 XT � � 0. ThusP (k) 2 � for all k, soP 2 � . Thus� � � .

But � is forward invariant underf � , thus� � ~� .

Proof of Theorem 4.2.ObserveW u(X ) =
S

i � 0 f i
�

�
XT

�
nf X g. The line segmentXT has

slopej� s
R j which belongs to the intervalK = [ � � s

L ; j� s
R j]. By Lemma 4.5 the cone	 K is

Figure 4.6: A sketch of the phase space of (2.21) with� 2 � and� (g(� )) < 0 illustrating
the de�nition of � 0 (shaded).
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invariant for bothAL andAR , thus eachf i
�

�
XT

�
is a union of line segments with slopes in

K .

Thus for any~P 2 � and" > 0, there exists a line segment� � W u(X ) \ B " ( ~P) with

slope inK . By Lemma 4.8, there existsn1 � 1 such thatf n1
� (� ) transversally intersects

W s(X ) at some pointS. Arbitrarily close toS there exists a non-wandering set associated

with a Smale horseshoe [132]. In the non-wandering set periodic points off � are dense.

Thusf � has a periodic pointPper 2 B " ( ~P) with Pper 2 � becauseW u(X ) is also dense in

the non-wandering set. This shows that periodic points off � are dense in� .

Given any ~Q 2 � , the Lemma [3, 109] implies there exists a pointM 2 f n1
� (� ) such

that the forward orbit ofM underf � eventually entersB " ( ~Q). Sincef � n1
� (M ) 2 B " ( ~P),

this shows thatf � is transitive on� . Lastly, f � exhibits sensitive dependence on� by the

result of [15].
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Chapter 5

Robust chaos in the orientation-reversing

and non-invertible settings.

5.1 Introduction

In Chapter 4 we proved that the attractor forf � satis�es Devaney's de�nition of chaos for

all � 2 � BYG , i.e, the attractor is transitive, has dense periodic orbits and has sensitive

dependence on initial conditions. We have also shown that the chaotic attractor exists

beyond� BYG , outsideR 1.

In this chapter, we extend the construction of [58] to the orientation-reversing and non-

invertible cases. We obtain a subset� trap � � in whichf � has a trapping region and another

subset� cone � � in which f � has an invariant expanding cone. It follows thatf � has a

chaotic attractor for all� 2 � trap \ � cone. This is an open subset of parameter space, hence

the chaos is robust with respect to the familyf � . We expect it is also robust to nonlinear

perturbations to the pieces of the map, as described by Simpson and Glendinning [131].

Boundaries of� trap \ � cone are where some aspect of the construction fails. As shown

below, three of these boundaries correspond to bifurcations where the chaotic attractor is

destroyed. Beyond the other boundaries the chaotic attractor appears to persist and we

believe robust chaos could be veri�ed on a larger subset of parameter space by using a

more complicated construction, e.g. [129], but our aim here is not to optimise the subset,

only to obtain a reasonably large subset for both negative and positive values of� L and� R

by using a construction that is both natural and simple.

The remainder of this chapter is organised as follows. We start in §5.2 by calculating the

stable and unstable manifolds of the �xed points in the more general setting. Constraints

on the geometry of the manifolds as they are extended outwards from the �xed points give

rise to our de�nition of� trap . Here we also de�ne� cone and state our main result (Theorem
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5.1) for the existence of a chaotic attractor. Being four-dimensional the sets� trap and� cone

are dif�cult to visualise; we show a range of two-dimensional cross-sections to give some

impressions of their size and shape.

In §5.3 we use the stable manifold of one of the �xed points to form a region
 � R2

and show it is forward invariant underf � for any � 2 � trap . We then show how
 can be

perturbed into a trapping region for any� 2 � trap . In §5.4 we identify a cone that is both

invariant and expanding for any� 2 � cone and prove Theorem 5.1. In §5.5 we further study

the extent to which� trap and� cone cover parameter space. We show a typical cross-section

of � trap \ � cone and overlay numerical simulations whereby the presence of robust chaos

is estimated from forward orbits. This helps clarify which boundaries of� trap and� cone

correspond to bifurcations and how much of the true robust chaos region is detected by the

straight-forward constructions.

5.2 Suf�cient conditions for a chaotic attractor

Recall, for any� 2 � the mapf � has saddle �xed points

X =
�

� 1
� R � � R � 1

;
� R

� R � � R � 1

�
;

Y =
�

� 1
� L � � L � 1

;
� L

� L � � L � 1

�
:

The stability multipliers ofY are� s
L 2 (� 1; 1) and� u

L > 1, and the stability multipliers of

X are� s
R 2 (� 1; 1) and� u

R < � 1.

5.2.1 The stable and unstable manifolds of the �xed points

As the stable and unstable manifolds ofX andY emanate from these points they do so

on lines with directions given by the eigenvectors ofAL andAR . We will use a subscript

0 to denote the part of each manifold that coincides with the line. These are indicated in

Fig. 5.1 for four different combinations of the parameter values.

Next, we describe some points where the stable and unstable manifolds intersectx = 0

andy = 0 as these are central to our construction in §5.3. As given in Chapter 3,W s
0 (Y)

has an endpoint onx = 0, call it S. SinceW s
0 (Y) has slope� � u

L from the above formula

for Y we obtain

S =
�

0;
� � u

L

� u
L � 1

�
; (5.1)
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(a) � L > 0; � R > 0 (b) � L > 0; � R < 0

(c) � L < 0; � R > 0 (d) � L < 0; � R < 0

Figure 5.1: Phase portraits off � (2.21) for four different parameter combinations
� = ( � L ; � L ; � R ; � R) 2 � trap \ � cone; (a) � = (2 :1; 0:06; � 1:7; 0:18); (b) � =
(2:1; 0:4; � 1:7; � 0:55); (c) � = (2 :2; � 0:3; � 1:7; 0:1); (d) � = (1 :8; � 0:75; � 1:6; � 0:4).
Each plot shows the initial line segments of the stable and unstable manifolds emanating
from the �xed pointsX andY, as well as an additional segment of the stable manifold of
Y. We also show some key points of intersection (S, C, D, T, andZ) of these segments
with the coordinate axes, see (5.1), (5.4), (4.6), (3.19), and (5.16) respectively. Note that
although pointf � 2

� (S) is relevant, we do not show it in this �gure because it lies far away
from the rest of the key intersection points. To illustrate the chaotic attractor the black dots
show iterates of a typical forward orbit after transient dynamics has decayed.
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whereS2 < � 1. The manifoldW s(Y) continues into the right half-plane but now with

slope � 1 (� )
� u

L
, where

� 1(� ) = � R � � R � u
L : (5.2)

Our trapping region construction requires that this linear segment, call itW s
1 (Y), intersects

y = 0. Certainly this is only possible if� 1(� ) > 0. This inequality turns out to be suf�cient

to ensureW s
1 (Y) intersectsy = 0 except in the case� L ; � R < 0 (Fig. 5.1-d). In this case

W s
1 (Y) is the line segment connectingS andf � 2

� (S). So in this case forW s
1 (Y) to intersect

y = 0 we needf � 2
� (S) to lie abovey = 0. A straightforward calculation reveals that the

y-component off � 2
� (S) is � 2 (� )

� s
L (� u

L � 1)� R
, where

� 2(� ) = � R(� s
L + 1) � � u

L (� R + ( � R + � R)� s
L ): (5.3)

Thus we require� 2(� ) > 0 (because with� L ; � R < 0 we have� s
L (� u

L � 1)� R > 0). In any

case, ifW s
1 (Y) intersectsy = 0, it does so at the point

C =
�

1 +
� 3(� )

(� u
L � 1)� 1(� )

; 0
�

; (5.4)

where

� 3(� ) = � R � (� R + � R � (� R + 1) � u
L )� u

L : (5.5)

Our construction also requiresC1 > 1, that is� 3(� ) > 0. Note thatC1 is thex-component

of the pointC.

Now we consider the two unstable manifolds. For all� 2 � , W u
0 (Y) has an endpoint

on y = 0 at D, see Eq. (4.6), andW u
0 (X ) has an endpoint ony = 0 at T, see Eq. (3.19).

These points are indicated in Fig. 5.1.

5.2.2 Homoclinic and heteroclinic bifurcations

From the above formulas forC andD we obtain

C1 � D1 =
� 4(� )

(� u
L � 1)(1 � � s

L )� 1(� )
; (5.6)

where

� 4(� ) = � R � (� R + � L + � R � (1 + � R)� u
L )� u

L : (5.7)
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The condition� 4(� ) > 0 ensures thatC lies to the right ofD as in Fig. 5.1-a, and is

equivalent to the condition� (� ) > 0 of Chapter 3 thatf � (D) lies to the right ofW s
0 (Y).

Recall� (� ) = 0 is a homoclinic corner where the attractor is usually destroyed.

In the orientation-reversing case (� L ; � R < 0) a chaotic attractor can be destroyed when

the pointsC andT collide. Here kinks of the unstable manifold ofX lie on the stable

manifold ofY (and vice-versa). We have

C1 � T1 =
� 5(� )

(� u
L � 1)(1 � � s

R)� 1(� )
; (5.8)

where

� 5(� ) = � R � (� R + � R � (1 + � u
R)� u

L )� u
L : (5.9)

The condition� 5(� ) > 0 ensures thatC lies to the right ofT as in Fig. 5.1-d. In the special

case of the Lozi map,� 5(� ) > 0 simpli�es (signi�cantly) to equation (3) of Misiurewicz

[99].

In view of the above discussion we de�ne

� trap = f � 2 � j � i (� ) > 0; i = 1; : : : ; 5g: (5.10)

Fig. 5.2 shows four different cross-sections of� trap obtained by �xing� L and� R . Broadly

speaking the size of the cross-section decreases as the values of� L andj� R j increase. Notice

the topology of the cross-sections is different for different values of� L and� R . For instance

in Fig. 5.2-a the boundary of the cross-section is formed by� 1(� ) = 0 , � 2(� ) = 0 , and the

boundary of� , whereas in Fig. 5.2-d the boundary is formed by� 1(� ) = 0 , � 3(� ) = 0 ,

� 4(� ) = 0 , � 5(� ) = 0 , and the boundary of� . The �gure also includes curves on which

f � (C) = Y andf � (C) = Z , whereZ = f � (S) is the intersection ofW s
0 (Y) with y = 0.

Together with the� L and � R axes, these curves divide the cross-sections into six parts

corresponding to six cases for the vertices of the region
 that we construct in §5.3.
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(a) � L = 1:6; � R = � 1:3 (b) � L = 1:6; � R = � 1:5

(c) � L = 1:6; � R = � 1:7 (d) � L = 1:6; � R = � 2:1

Figure 5.2: Four different two-dimensional cross sections of� trap , de�ned by (5.10). In
each plot the cross-section is divided into six parts (A)–(F) where
 has certain vertices,
see §5.3.
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5.2.3 Suf�cient conditions for robust chaos

Our construction of an invariant expanding cone	 K requires similar constraints on the

parameter values to those established above for the trapping region. To this end we de�ne

� 1(� ) = ( � L + � R � � L � R)2 � 4� L � R ; (5.11)

� 2(� ) = � 2
L + � 2

L � 1 + 2� L min
�

0; � � R
� R

; qL ; ~a
�

; (5.12)

� 3(� ) = � 2
R + � 2

R � 1 + 2� R max
�

0; � � L
� L

; qR ;~b
�

; (5.13)

where

qL = � � L
2

�
1 �

q
1 � 4� L

� 2
L

�
; qR = � � R

2

�
1 �

q
1 � 4� R

� 2
R

�
;

and

~a =
� L � � R � � L � R �

p
� 1(� )

2� R
; ~b=

� R � � L � � L � R �
p

� 1(� )
2� L

;

assuming� 1(� ) > 0. We then de�ne

� cone = f � 2 � j � i (� ) > 0; i = 1; : : : ; 3g: (5.14)

The condition� 1(� ) > 0 ensures� 2(� ) and � 3(� ) are well-de�ned, and, as explained in

§5.4, the conditions� 2(� ) > 0 and� 3(� ) > 0 ensure that our cone	 K is invariant and

expanding.

Fig. 5.3 shows cross-sections of� cone. Broadly speaking the size of the cross-section

increasesas the values of� L andj� R j increase. Again the topology of the cross-sections is

different for different values of� L and� R . Similar to Fig. 5.2 we have divided the cross-

sections into six parts corresponding to six cases for the boundary of	 K (see §5.4). These

correspond to different cases for the four quantities in each of (5.12) and (5.13) that attain

the minimum (respectively, maximum) value.

Finally, we can state our main result.

Theorem 5.1. For any � 2 � trap \ � cone the normal formf � (2.21) has a topological

attractor with a positive Lyapunov exponent.

This is proved at the end of §5.4. We have found that there are many possibilities for

the topology of cross-sections of� trap \ � cone de�ning by �xing � L and� R , and we do
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(a) � L = 1:6; � R = � 1:1 (b) � L = 1:6; � R = � 1:5

(c) � L = 1:6; � R = � 2:2 (d) � L = 1:6; � R = � 3

Figure 5.3: Two-dimensional cross-sections of� cone, de�ned by (5.14). In each plot the
cross-section has been divided into six parts (I)–(VI) where the cone	 K has different
boundaries, see Fig. 5.6.
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not attempt to catagorise these, although in §5.5 we identify critical values of� L and� R at

which the cross-sections of� trap and� cone vanish entirely.

5.3 A forward invariant region and a trapping region

In this section we construct a triangle
 and show that for any� 2 � trap this region is

forward invariant underf (Proposition 5.1). We then show there exists a perturbation

of 
 that is a trapping region forf (Proposition 5.2). It is important to stress that the

triangle 
 constructed here differs from the triangle constructed in Chapters 3 and 4 for

the orientation-preserving case, and by Misiurewicz [99] for the orientation-reversing case,

so that the non-invertible cases can be accommodated. For clarity we now suppress the

� -dependency and writef instead off � .

The linear segment of the stable manifold ofY that containsY, denotedW s
0 (Y), was

shown in Fig. 5.1 for four different combinations of the parameter values. In any case, this

segment lies on the liney = � � u
L x + S2, whereS2 is they-component ofS, given by (5.1).

The pointS is the right-most point ofW s
0 (Y), and is easy to see that in the other direction

W s
0 (Y) extends to in�nity if � L � 0 and to the preimage ofS under the left piece off

otherwise:

Lemma 5.1. Suppose� L 2 R and� L > j� L + 1j. Then

W s
0 (Y) =

8
<

:

n
(x; y)

�
�
� � S2

� L
� x � 0; y = � � u

L x + S2

o
; � L < 0;

f (x; y) j �1 < x � 0; y = � � u
L x + S2g; � L � 0;

(5.15)

andf (W s
0 (Y)) � W s

0 (Y).

In particularZ = f (S) 2 W s
0 (Y). This point is the intersection ofW s

0 (Y) with y = 0

and given by

Z =
�

� 1
� u

L � 1
; 0

�
: (5.16)

Now recall if � 1(� ) > 0 and� 2(� ) > 0 thenC 2 W s
1 (Y) is given by (5.4).

Lemma 5.2. Let � 2 � with � 1(� ) > 0 and� 2(� ) > 0. Then

Y; Z; f (Z ); f (C); f 2(C) 2 W s
0 (Y) n f Sg: (5.17)
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Proof. CertainlyY; Z 2 W s
0 (Y)nf Sg by construction. Alsof (Z ) 2 W s

0 (Y)nf Sg because

W s
0 (Y) is forward invariant (Lemma 5.1) andZ = f (S) cannot be a preimage ofS.

SinceC1 > 0 we havef (C) = ( � RC1 + 1; � � RC1), and it is a simple exercise to

use the formula (4.6) to show thatf (C) lies on the liney = � � u
L x + S2. Also f (C)

lies to the left ofS becausef (C)1 = (� R + � R )( � u
L � 1)+ � R

(� u
L � 1)� 1 (� ) is negative by inspection, and in

the case� L < 0 the pointf (C) lies to the right of the left-most point ofW s
0 (Y) because

f (C)1 + S2
� L

= � 2 (� )
� � s

L (� u
L � 1)� 1 (� ) is positive. Thusf (C) belongs toW s

0 (Y) and is not an

endpoint ofW s
0 (Y), thusf (C) 2 W s

0 (Y) n f Sg andf 2(C) 2 W s
0 (Y) n f Sg using again

Lemma 5.1.

Given � 2 � with � 1(� ) > 0 and � 2(� ) > 0, let Q and R be the upper-most and

lower-most points off Y; Z; f (Z ); f (C); f 2(C)g, respectively. Then let
 be the compact

�lled triangle with verticesC, Q, andR (except
 is a line segment in the special case

� L = � R = 0). In other words,
 is the convex hull ofY , Z , f (Z ), f (C), f 2(C), andC.

There are six cases for the points that form the vertices of
 . These are shown in Fig. 5.4

and correspond to the six parts of� trap indicated in Fig. 5.2. Fig. 5.4 also shows the set

f (
) . Notice in each casef (
) has vertices at the images of the pointsP andV where the

boundary of
 intersectsx = 0.

Proposition 5.1. Let � 2 � trap . Thenf (
) � 
 .

Proof. The proof is long so we break it into three steps.

Step 1— Characterisef (
) .

The verticesQ andR lie in the left half-plane, whileC lies in the right half-plane. LetP

denote the intersection ofQC (the line segment fromQ to C) with x = 0, andV denote

the intersection ofRC with x = 0, see Fig. 5.4. From the formula (5.4) forC, the y-

components of these points are given in terms ofQ andR by

P2 =
� u

L
3Q2

� u
L

3 + [ � u
L � Q2(1 � � u

L )]� 1(� )
; (5.18)

V2 =
� u

L
3R2

� u
L

3 + [ � u
L � R2(1 � � u

L )]� 1(� )
: (5.19)

So
 is the union of the quadrilateral
 L in the left half-plane with verticesP, Q, R, and

V, and the triangle
 R in the right half-plane with verticesC, P, andV. Thusf (
) =

f (
 L ) [ f (
 R), wheref (
 L ) andf (
 R) are polygons because each piece off is af�ne.

Thus since
 is convex, to provef (
) � 
 it suf�ces to show that the vertices off (
 L )

andf (
 R) belong to
 . These vertices are the pointsf (C), f (P), f (Q), f (R), andf (V).
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(A) � L = 0:3; � R = 0:4 (B) � L = 0:4; � R = � 0:4

(C) � L = 0:4; � R = � 0:6 (D) � L = � 0:3; � R = � 0:4

(E) � L = � 0:5; � R = 0:1 (F) � L = � 0:1; � R = 0:4

Figure 5.4: The triangle
 and its image underf with � L = 1:6, � R = � 1:5, and six
different values of� L and� R . These correspond to parts (A)–(F) of Fig. 5.2-b for different
cases for the two vertices of
 in the left half-plane, denotedQ andR (the third vertex is
alwaysC). In each casef (
) � 
 by Proposition 5.1 because the parameter combinations
belong to
 trap .
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Step 2— ShowC, Q, andR map to
 .

Certainly f (C) 2 
 by the de�nition of 
 . We now showf (Q); f (R) 2 QR (the left

edge of
 ). If � L > 0 then � s
L > 0, so f (Q) 2 QY and f (R) 2 RY so certainly

f (Q); f (R) 2 QR. Also if � L = 0, thenf (Q) = f (R) = Y = Z 2 QR. Finally if � L < 0,

thenf (Q) andf (R) lie belowy = 0, so lie belowZ, and hence belowQ. In this caseQ

is eitherf (C) or Z (becauseY, f (Z ), andf 2(C) lie belowy = 0), thusf (Q) lies on or

aboveR, by the de�nition ofR. Also � s
L < 0, thusf (R) lies abovef (Q), and hence above

R. Thus in any casef (Q); f (R) 2 QR.

Step 3— ShowP andV map to
 .

The pointsf (P) andf (V) lie ony = 0, speci�cally

f (P) =

"
P2 + 1

0

#

; f (V) =

"
V2 + 1

0

#

; (5.20)

whereP2 andV2 are given by (5.18) and (5.19). AlsoV lies aboveS, thusf (V) lies to the

right of Z = f (S). Hence it remains for us to show thatf (P) lies at or to the left ofC, that

is C1 � (P2 + 1) � 0. To do this we consider the various possibilities forQ in turn. There

are three cases:Q is eitherY, Z , or f (C). This is becausef (Z ) cannot lie aboveY, while

f 2(C) cannot lie aboveY if � L > 0 and cannot lie aboveZ if � L � 0.

Case 1: With Q = Z we haveP2 = 0. ThusC1 � (P2 + 1) > 0 = C1 � 1 > 0 because

� 3(� ) > 0.

Case 2: With Q = Y, by substitutingY2, given by (2.27), in place ofQ2 in (5.18) we

obtain

C1 � (P2 + 1) =
�

1 +
� s

L � u
L

2

� u
L

2(1 � � s
L ) + � 1(� )

�
� 4(� )

� 1(� )( � u
L � 1)

:

This case requires� L � 0, thus� s
L � 0. Also C1 � (P2 + 1) > 0 because� 1(� ) > 0 and

� 4(� ) > 0.

Case 3: With Q = f (C) we similarly obtain

C1 � (P2 + 1) =
�

1 +
� s

R � u
L

2

� u
L (� u

L � � R)� 1(� )

�
� 5(� )

� 1(� )( � u
L � 1)

:

This case requires� R � 0 (so thatf (C)2 � 0), thus � s
R � 0. Also � 1(� ) > 0 and

� 5(� ) > 0, thusC1 � (P2 + 1) > 0.
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Figure 5.5: The trapping region
 " and its image underf . This �gure was produced
using� = f 1:6; 0:3; � 1:5; 0:4g, as in Fig. 5.4-A, and" = 0:3 which is small enough that
f (
 " ) � int(
 " ) in accordance with Proposition 5.2.

Proposition 5.2. Let � 2 � trap . Given" > 0 de�ne

C" = C � ("; 0);

Q" = Q + "2(C � R);

R" = R + "2(C � Q);

and let 
 " be the compact �lled triangle with verticesC" , Q" , and R" . Thenf (
 " ) �

int(
 " ), for all suf�ciently small" > 0.

The triangle
 " is shown in Fig. 5.5 for one combination of parameter values. It has

been de�ned so that its left edge lies to the right ofW s
0 (Y) and is parallel toW s

0 (Y). Due

to the saddle nature ofY, this edge shifts further to the right when iterated underf . Also

the left edge is an order"2 distance fromW s
0 (Y) to ensuref (C" ) lies to the right of the

image of this edge.

Proof. Step 1— Characterisef (
 " ).

Assume" > 0 is suf�ciently small thatQ" andR" lie to the left ofx = 0 andC" lies to the

right of x = 0. Then the line segmentC" Q" intersectsx = 0 at a unique pointP" , as does

C" R" at a pointV" . Similar to the previous proof, it remains for us to show thatC" , P" , Q" ,
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R" , andV" map to the interior of
 " .

Step 2— ShowC" maps to the interior of
 " .

Let O = (0 ; 0) denote the origin andI = (1 ; 0) be its image underf . Also let ` = CO.

This line segment maps under the right piece off to the line segment fromf (C" ) to I .

SinceC" 2 ` is an order" distance fromC, its imagef (C" ) 2 f (`) is an order" distance

from f (C), which belongs toQR. SinceQ" R" is an order"2 distance fromQR, f (C" )

must lie to the right ofQ" R" for suf�ciently small " > 0.

Also, f (`) lies inside the triangleQRI . SinceC" lies to the right ofI (because� 3(� ) >

0 and assuming" is suf�ciently small), this triangle lies belowQ" C" and aboveR" C" . Thus

f (C" ) lies belowQ" C" and aboveR" C" . Thusf (C" ) lies inside all three edges of
 " , hence

f (C" ) 2 int(
 " ).

Step 3— ShowP" andV" map to the interior of
 " .

Let A be any point onCZ with A 6= C; Z. Then there exists suf�ciently small" > 0

such thatA 2 int(
 " ). We knowf (P) andf (V) are located onCZ n f C; Zg, because by

constructionZ1 � f (V)1 < f (P)1 < C 1, so belong toint(
 " ) for suf�ciently small " > 0.

The same is true forf (P" ) andf (V" ) becauseP" ! P andV" ! V as" ! 0.

Step 4— ShowQ" andR" map to the interior of
 " .

For brevity we just showf (Q" ) 2 int(
 " ) (f (R" ) 2 int(
 " ) can be shown similarly). Let

d1 > 0 be the distance thatQ" R" lies to the right ofQR, see Fig. 5.5. Thenf (Q" ) lies a

distance� u
L d1 to the right ofQR, asY is a saddle �xed point with stable directionQR and

unstable eigenvalue� u
L . Since� u

L > 1, the pointf (Q" ) lies to the right of the lineQ" R" .

If Q 6= Y, thenf (Q) lies an order1 distance belowCQ, thusf (Q" ) lies belowC" Q"

for suf�ciently small " > 0. Now consider the caseQ = Y. As shown in Fig. 5.5 letd2 be

the vertical displacement fromf (Q" ) upwards to the lineQ" C" (we will showd2 > 0). By

direct calculationsd2 = �" 2 + O("3) where

� = � L (C1 � R1)(C1 + ( � L � 2)Y1) � R2(C1 + ( � L � 1)Y1):

Let p = C1� D1 and noticep > 0by (5.6) because� 4(� ) > 0. Using alsoD1 = (1 � � u
L )Y1

by (2.27) and (4.6), we obtain

� = � L (C1 � R1)(p � Y1(1 � � s
L )) � R2(p � Y1� u

L (1 � � s
L )) ;

which is positive by inspection (e.g.Y1 < 0). This shows thatd2 > 0 for suf�ciently small

values of" , that isf (Q" ) lies below the upper edge of
 " . By similar calculations one can

show thatf (Q" ) lies above the lower edge of
 " , and thereforef (Q" ) 2 int(
 " ).
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5.4 Invariant expanding cones

We consider cones of the form

	 K =

(

�

"
1

m

# �
�
�
�
�
� 2 R; m 2 K

)

; (5.21)

whereK is an interval. Sincev 7! Av is a linear map, to verify invariance and expansion

of a cone	 K , it suf�ces to verify properties (i) and (ii) of De�nition 4.2 for vectors of the

form v =

"
1

m

#

:

Lemma 5.3. If Av 2 	 K for all v =

"
1

m

#

with m 2 K , then	 K is invariant underA.

If there existsc > 1 such thatkAvk � ckvk for all v =

"
1

m

#

with m 2 K , then	 K is

expanding underA.

Now we focus on the Jacobian matrices

AJ =

"
� J 1

� � J 0

#

;

whereJ 2 f L; Rg, of the normal form (2.21). The slope ofv =

"
1

m

#

is m and the slope

of AJ v is

GJ (m) = �
� J

� J + m
; (5.22)

assumingm 6= � � J . Notice

dGJ (m)
dm

=
� J

(� J + m)2
; (5.23)

thusGJ (m) is increasing if� J > 0, decreasing if� J < 0, and �at if � J = 0. In any case,

GJ (m) is monotone and so in order to verify invariance underAJ it suf�ces to consider the

endpoints ofK :

Lemma 5.4.Let� J ; � J 2 R andK = [ a; b] be an interval with� � J =2 K . If a � GJ (a) � b

anda � GJ (b) � b then	 K is invariant underAJ .
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Proof. Since� � J =2 K , by (5.22) and (5.23)GJ (m) is continuous and monotone onK .

Thus for anym 2 K , GJ (m) is equal to or lies between the valuesGJ (a) andGJ (b). Thus

a � GJ (m) � b. That is, the slope ofAJ

"
1

m

#

belongs toK , thusAJ

"
1

m

#

2 	 K . Hence

	 K is invariant underAJ by Lemma 5.3.

Next we introduce the function

HJ (m) =











AJ

"
1

m

#










2

�












"
1

m

#










2

= � 2
J + � 2

J � 1 + 2� J m: (5.24)

It is easy to show that ifHJ (m) > 0 for all m in a compact intervalK , then 	 K is

expanding underAJ . SinceHJ (m) is a linear function ofm it again suf�ces to consider

the endpoints ofK :

Lemma 5.5. Let � J ; � J 2 R andK = [ a; b] be an interval. IfHJ (a) > 0 andHJ (b) > 0

then	 K is expanding underAJ .

Proof. Let h = min[ HJ (a); HJ (b)] > 0. By (5.24),HJ (m) � h for all m 2 K . Then for

anym 2 K the vectorv =

"
1

m

#

satis�es

kAJ vk2 = HJ (m) + kvk2 � h + kvk2 =
�

h
kvk2 + 1

�
kvk2 �

�
h
n

+ 1
�

kvk2;

wheren = maxm2 K (1 + m2). Thus	 K is expanding underAJ (with expansion factor

c =
q

h
n + 1 > 1) by Lemma 5.3.

To prove chaos in (2.21) we need to chooseK = [ a; b] so that	 K is invariant under

AL andAR . This favours the intervalK being relatively large. However, we wantK to be

as small as possible in order to maximise the parameter region over which it is expanding

underAL andAR . This balancing act motivates the following calculations that form the

basis of our de�nition ofK given below in Proposition 5.3.

For eachJ 2 f L; Rg, the �xed point equationGJ (m) = m is quadratic inm. If � J 6= 0

and� J < � 2
J
4 , thenGJ has exactly two �xed points

qJ = �
� J

2

 

1 �

s

1 �
4� J

� 2
J

!

; r J = �
� J

2

 

1 +

s

1 �
4� J

� 2
J

!

: (5.25)

In order for	 K to be invariant underAL andAR , we de�neK so that it containsqL and
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(I) � L = 0:4, � R = 0:4. (II) � L = 0:4, � R = � 0:2.

(III) � L = 0:4, � R = � 0:6. (IV) � L = � 0:5, � R = � 0:5.

(V) � L = � 0:3, � R = 0:2. (VI) � L = � 0:3, � R = 0:4.

Figure 5.6: Cobweb diagrams of the slope mapsGL (m) andGR(m) (5.22) with� L = 1:6,
� R = � 1:5, and six different values of� L and� R . These correspond to parts (I)–(VI) of
Fig. 5.3-b. In each caseK = [ a; b], de�ned by (5.30) and (5.31), is forward invariant under
GL andGR as shown. This implies	 K is invariant underAL andAR (see Lemma 5.4). In
each caseK contains the �xed pointsqL andqR ; in case (IV)K is de�ned using one of the
two period-two solutions.
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qR , see Fig. 5.6. So the smallest interval we consider isK = [ qL ; qR ]. In the orientation-

preserving case (� L ; � R > 0), this interval indeed gives invariance, as shown by Glendin-

ning and Simpson [58]. In the orientation-reversing case (� L ; � R < 0), invariance requires

thatK contains a period-two solution. The equation(GR � GL )(m) = m is quadratic inm

with discriminant

� 1(� ) = ( � L + � R � � L � R)2 � 4� L � R ;

repeating (5.11). So if� 1(� ) > 0 there are two period-two solutions, Fig. 5.6-(IV). Of these

the inner-most solution isf ~a;~bg, where

~a =
� L � � R � � L � R �

p
� 1(� )

2� R
; ~b=

� R � � L � � L � R �
p

� 1(� )
2� L

; (5.26)

satisfyingGL (~a) = ~b andGR(~b) = ~a. So in this case the smallest interval we can take is

K = [~a;~b], as used by Misiurewicz [99].

In the non-invertible cases the slope mapsGL andGR are either both non-negative or

both non-positive, see again Fig. 5.6. Thus a simple and effective choice for one endpoint

of K is m = 0. In this case the smallest interval leading to invariance uses also one ofqL ,

qR , or the image ofm = 0 underGL or GR :

GL (0) = �
� L

� L
; GR(0) = �

� R

� R
: (5.27)

Proposition 5.3 shows that all cases can be accommodated by simply de�ninga andb

as the minimum and maximum of all points suggested above. Recall� cone was de�ned in

§5.2 as the set of all� 2 � for which � 1(� ), � 2(� ), and� 3(� ) are positive. The condition

� 1(� ) > 0 ensures~a and~bare well-de�ned, while, ifa andbare given by (5.30) and (5.31),

� 2(� ) = � 2
L + � 2

L � 1 + 2� L a = HL (a); (5.28)

� 3(� ) = � 2
R + � 2

R � 1 + 2� Rb= HR(b); (5.29)

and� 2(� ) > 0 and� 3(� ) > 0 ensure	 K is invariant and expanding.

Proposition 5.3. Let � 2 � cone andK = [ a; b] where

a = min
h
0; � � R

� R
; qL ; ~a

i
; (5.30)

b= max
h
0; � � L

� L
; qR ;~b

i
: (5.31)
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Then	 K is invariant and expanding underAL andAR .

To prove Proposition 5.3 we �rst establish three lemmas. The �rst of these provides

bounds on the other �xed points,rL andrR , of GL andGR .

Lemma 5.6. Let � 2 � . ThenrL < 1� � 2
L � � 2

L
2� L

andrR > 1� � 2
R � � 2

R
2� R

.

Proof. We have� L + 1 < � L , hence(� L + 1) 2 < � 2
L , and so(� L � 1)2 < � 2

L � 4� L . By

multiplying the last two inequalities together we obtain(� 2
L � 1)2 < � 2

L (� 2
L � 4� L ), so

� 2
L � 1 < � L

p
� 2

L � 4� L which rearranges torL < 1� � 2
L � � 2

L
2� L

using (5.25). The result forrR

follows similarly.

Lemma 5.7. With the assumptions of Proposition 5.3,a = ~a if and only if � L � 0 and

� R � 0; similarly b= ~bif and only if� L � 0 and� R � 0.

Proof. First suppose� L � 0and� R � 0. Then� L � R � L � 0 (also� 1(� ) > 0by assumption),

so we can use (5.26) to obtain

2� R(~a + � L ) = �
p

� 1(� ) �
p

� 1(� ) + 4 � L � R � L < 0:

Thus~a > � � L (because� R < 0). Also~b < � � R by a similar argument.

Notice� L � 0 impliesGL (m) � 0 for all m > � � L , soqL � 0, GL (0) = � � L
� L

� 0, and

GL (~a) = ~b � 0. Similarly GR(m) � 0 for all m < � � R , soqR � 0, GR(0) = � � R
� R

� 0,

andGR(~b) = ~a � 0. Also GL (m) is non-increasing, so~a � 0 impliesGL (~a) � GL (0).

Thus~b � � � L
� L

� 0 � qR , sob= ~b. Similarly ~a � � � R
� R

� 0 � qL , soa = ~a.

Conversely supposea = ~a. Then~a = GR(~b) � 0, so � R � 0. ThusGR(m) is non-

increasing, so~a = GR(~b) � GR(0) implies~b � 0. Thus~b = GL (~a) � 0, so� L � 0, as

required (alsob= ~bimplies� L � 0 and� R � 0 in a similar fashion).

Lemma 5.8. With the assumptions of Proposition 5.3,� � L < a andb < � � R .

Proof. For brevity we just show� � L < a (b < � � R can be shown similarly). Using

� 2(� ) > 0 and Lemma 5.6 we obtain

a >
1 � � 2

L � � 2
L

2� L
> r L : (5.32)

Thus if � L � 0 then

rL + � L =
� L

2

 

1 �

s

1 �
4� L

� 2
L

!

� 0;
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and soa > � � L . Now suppose� L < 0. If � R � 0 thena = 0 > � � L , while if � R < 0 then

a = ~a (by Lemma 5.7) and� � L < ~a as shown in the proof of Lemma 5.7.

Proof of Proposition 5.3.We �rst show GL (a) � a and GL (b) � a. If � L � 0 then

GL (m) � 0 for all m 2 K (using Lemma 5.8), so certainlyGL (a) � a andGL (b) � a.

Now suppose� L > 0. In this caseGL (m) � m for all rL � m � qL (i.e. at and between

the �xed points ofGL ). ObserverL < a � qL by (5.32) and the de�nition ofa, thus

GL (a) � a. Also GL (m) is increasing thusGL (b) > G L (a) � a.

Next we showGL (a) � bandGL (b) � b. If � L � 0 then we haveGL (m) � 0 for all

m 2 K (using Lemma 5.8), so certainlyGL (a) � bandGL (b) � b. Now suppose� L < 0.

If � R � 0 then Lemma 5.7 impliesa = ~a andb= ~b= GL (~a), sob= GL (a), if � R > 0 then

a = 0 andb � GL (0), sob � GL (a). Also GL (m) is decreasing thusGL (b) < G L (a) � b.

Now from Lemma 5.4 we can conclude that� K is invariant underAL . Invariance under

AR can be proved in a similar fashion.

Next we prove expansion. By (5.28),� 2(� ) > 0 impliesHL (a) > 0. Also

HL (b) = � 2
L + � 2

L � 1 + 2� L b= HL (a) + 2 � L (b� a) (5.33)

is positive because� L > 0 andb � a. Thus	 K is expanding forAL by Lemma 5.5. By a

similar argument	 K is also expanding forAR .

Proof of Theorem 5.1.Choose any� 2 � trap \ � cone. By Proposition 5.2 there exists a

trapping region
 " for f . Then
T

n� 0 f n (
 " ) is an attracting set and contains a topological

attractor� . By Proposition 5.3 there exists a non-empty cone	 K that is invariant and

expanding for bothAL andAR with some expansion factorc > 1.

Choose anyz 2 � and letv 2 	 K be non-zero. The Lyapunov exponent� (z; v) for z

in the directionv is the limiting rate of separation of the forward orbits ofz andz + � v

for arbitrarily small� > 0 [141]. If the forward orbit ofz does not intersect the switching

manifold then the derivative of thenth iterate ofz underf is well-de�ned for alln � 1 and

� (z; v) = lim sup
n!1

1
n

ln(kDf n (x)vk): (5.34)

Observe

Df n (x) = D f
�
f n� 1(x)

�
� � � Df (f (x))Df (x);

where each of then matrices on the right-hand side is eitherAL or AR . By the invariance

and expansion of	 K , kDf n (x)vk � cnkvk for all n, so� (z; v) � ln(c) > 0. If instead the
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Figure 5.7: The shaded region shows where cross-sections of� trap and� cone, de�ned by
�xing the values of� L and� R , are both non-empty. As we exit the shaded region through
the lower-right boundaries the cross-section of� trap vanishes; as we exit through the upper
and left boundaries the cross-section of� cone vanishes.

forward orbit ofz intersects the switching manifold,� (z; v) can similarly be evaluated and

bounded using one-sided directional derivatives becausef is piecewise-linear, see [129]

for details.

5.5 Further remarks on the parameter regions� trap and

� cone.

In §5.2 we described two-dimensional cross-sections of� trap and� cone de�ned by �xing

the values of� L > 0 and� R < 0. For the most part larger values of� L andj� R j yield smaller

cross-sections of� trap and larger cross-sections of� cone, see Fig. 5.2 and Fig. 5.3. This is

because with larger values of� L andj� R j the map is more strongly expanding, hence less

amenable for the existence of a trapping region but more amenable for the existence of an

invariant expanding cone.

Fig. 5.7 shows critical curves in the(� L ; � R)-plane where the cross-sections vanish en-

tirely. To explain this �gure we treat the critical curves one by one. First consider(� L ; � R)

at a point just above the critical curve� R = � � L
� L � 1 . Here the� trap cross-section has three

vertices,P (1) , P (2) , and P (3) , as shown in Fig. 5.8-a. It is a simple exercise to show
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(a) � L = 2:7; � R = � 1:5 (b) � L = 2:4; � R = � 2:1

(c) � L = 0:98; � R = � 1:5 (d) � L = 1:6; � R = � 0:98

Figure 5.8: Further sample cross-sections of� trap (panels (a) and (b)) and� cone (panels
(c) and (d)). These use the parameter points(� L ; � R) shown in Fig. 5.7.

that as parameters are varied each vertex reaches the origin(� L ; � R) = (0 ; 0) on the crit-

ical curve. For instance the upper vertex is where� 3(� ) = 0 and� 4(� ) = 0 intersect at

P (1) =
�

0; (� R � (� R +1) � L )� L
1� � L

�
and solvingP (1)

2 = 0 gives� R = � � L
� L � 1 . Thus here the� trap

cross-section contracts to a point and vanishes.

With instead(� L ; � R) at a point just to the left of� R = � 1
� L � 2 , the � trap cross-section

has three vertices at different pointsP (4) , P (5) , andP (6) , as shown in Fig. 5.8-b. Explicit

calculations reveal that each vertex reaches the corner(� L ; � R) = ( � L + 1; � R � 1) when

� R = � 1
� R � 2 . For instance,P (4) =

�
(� L � R � � R +1)( � R � 1)

� 2
R

; � R � 1
�

, and solvingP (4)
1 = � L + 1

gives� R = � 1
� R � 2 . Thus here the� trap cross-section again vanishes.

With � L just less than1 and� R < � 1 the � cone cross-section appears as in Fig. 5.8-

c. As parameters are varied the� cone cross-section vanishes when the verticesP (7) =
�
� L (� R +1) ; � (� R +1)

�
andP (8) =

�
�

p
1 � � 2

L ; � (� R +1)
�

coincide. SolvingP (7)
1 = P (8)

1

yields the critical curve� R = �
� L +

p
1� � 2

L

� L
of Fig. 5.7. Similarly with� L > 1 and� R just
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Figure 5.9: A two-parameter bifurcation diagram of (1) with� L = 1:7 and� R = � 1:9.
The boundary of� trap \ � cone is shown in yellow. The curves� 5(� ) = 0 and� 2(� ) = 0 are
illustrated in purple. The coloured regions show the result of a numerical simulation (white:
no attractor; green: chaotic attractor; other colours: periodic attractor). Some periods are
indicated (e.g. in the large pink region the map has a stable period-2 solution. In the blue
strip at the top the �xed pointX is stable.

greater than� 1 the� cone cross-section appears as in Fig. 5.8-d. The cross-section vanishes

whenP (9) andP (10) coincide on� L = �
� � R +

p
1� � 2

R

� R
.

The geometry and topology of cross-sections of� trap \ � cone admit many possibilities

and a complete analysis is beyond the scope of this chapter. Here we examine one example,

Fig. 5.9. The cross-section of� trap \ � cone is bounded by the following curves (going

anticlockwise): � L = � L � 1, � R = � � R � 1, � 4(� ) = 0 , � 3(� ) = 0 , � 5(� ) = 0 , and

� 2(� ) = 0 (which has a kink at� L = 0). The �rst two of these curves are boundaries of

our overall parameter region� , the next three curves are boundaries of� trap , and the last

curve is a boundary of� cone.

Fig. 5.9 also shows the result of a simple numerical simulation to investigate the nature

of the attractor. For each point in a300 � 300 equispaced grid of(� L ; � R) values, we

computed107 iterates of the forward orbit using a random initial condition. Green points

are where an estimate of the maximal Lyapunov exponent was positive, white points are

where the orbit appeared to diverge (its norm exceeded104), and other points are where

there exists a stable periodic solution (determined by solving for periodic solutions exactly).
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Note the numerical simulation gives an imperfect picture. For example, we believe no

attractor exists immediately to the left of the heteroclinic bifurcation� 5(� ) = 0 , yet some

green points are present here (with small� L > 0 and� 3 < � R < � 2) because orbits often

experience a long transient before diverging and107 iterations are insuf�cient to detect this.

Nevertheless, the numerics effectively highlights the fact that three of the boundaries of

� trap \ � cone are bifurcations where the chaotic attractor is destroyed, so these boundaries

cannot be improved upon. As we cross� R = � � R � 1 the �xed point X becomes stable,

� 4(� ) = 0 is a homoclinic bifurcation where the attractor is destroyed [14], and� 5(� ) = 0

is a heteroclinic bifurcation where the attractor is destroyed. Elsewhere the attractor is

destroyed in a variety of other global bifurcations. Above� 3(� ) = 0 and to the right of

� L = � L � 1 the trapping region construction of §5.3 fails. An alternate construction that

partially deals with this is described by Simpson [129]. Below� 2(� ) = 0 the cone	 K of

§5.4 fails to be expanding. For some parameter combinations below� 2(� ) = 0 it is possible

to construct an invariant expanding cone, and hence verify the presence of chaos, by using

an induced map [59]. In the next chapter we study how renormalisation could be used to

explain some of the bifurcation structure within the robust chaos regions identi�ed here.
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Chapter 6

Renormalisation in the orientation-reversing

and non-invertible settings.

6.1 Introduction

In Chapter 3 we used renormalisation to identify an in�nite sequence of bifurcations where

the number of connected components of a chaotic attractor changes. However, this was only

achieved for parameter values for which the map is orientation-preserving. The purpose of

this chapter to treat the orientation-reversing and non-invertible scenarios. Again we use

renormalisation to �nd bifurcations, but now this approach misses some bifurcations. For

this reason we combine the analytical framework with brute-force numerical simulations

that estimate the number of connected components from the behaviour of forward orbits.

This chapter is organised as follows. We start in §6.2 by brie�y reminding the reader

about the geometry of the stable and unstable manifolds of the �xed pointsX andY. In

§6.3 we reintroduce the renormalisation scheme and describe some basic aspects of this

scheme that hold for all values of� L and� R . Then in §6.4 we summarise the results of

Chapter 3 for the orientation-preserving setting.

Next in §6.5 we describe an algorithm for numerically determining the number of con-

nected components of attractor. The algorithm outputs the greatest common divisor of a

set of iteration numbers required for an orbit to return close to its starting point. The al-

gorithm is effective when the components of attractor are not too close and the dynamics

on the attractor is ergodic. Applied to the orientation-preserving setting it reproduces the

bifurcation structure obtained by renormalisation.

In §6.6, §6.7, and §6.8 we study the orientation-reversing and non-invertible cases and

explain why the same renormalisation scheme should be expected to work in these settings.

Formal proofs are beyond the scope of this thesis because, as evident from Chapter 3, these
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require a detailed analysis of the four-dimensional nonlinear renormalisation operator, plus

will involve additional complexities because now stable period-two and period-four solu-

tions are possible. Also if� L < 0 and� R > 0 the bifurcations that destroy the attractor are

different and more dif�cult to characterise. In §6.9 we describe a special case unique to the

non-invertible settings where the dynamics reduces to one dimension.

6.2 Two-dimensional piecewise-linear maps with two sad-

dle �xed points

Throughout the parameter region� , (2.25), the map (2.21) has two saddle �xed pointsX

andY. Fig.6.1 shows these and parts of their stable and unstable manifolds in four phase

portraits, one for each of the four cases for the signs of� L and� R . Notice if � L > 0 (upper

plots) the left half-plane maps to the upper half-plane, while if� L < 0 (lower plots) the left

half-plane maps to the lower half-plane. Similarly if� R > 0 (left plots) the right half-plane

maps to the lower half-plane, while if� R < 0 (right plots) the right half-plane maps to the

upper half-plane. Each plot indicates the important pointsT, D, andC, where some of the

manifolds intersecty = 0.

6.3 Renormalisation in two dimensions

We �rst identify the subset of� where (2.21) has a stableLR -cycle. Generalising (2.17) we

have that the matrixAL AR (whose eigenvalues are the stability multipliers of theLR -cycle)

has an eigenvalue� 1 when� (� ) = 0 , where

� (� ) = � L � R + ( � L � 1)(� R � 1): (6.1)

If � (� ) > 0 this eigenvalue is greater than� 1. For theLR -cycle to be stable we also need

det(AL AR) < 1, wheredet(AL AR) = � L � R , so we de�ne

P2 = f � 2 � j � L � R < 1; � (� ) > 0g: (6.2)

Proposition 6.1. If � 2 P 2 thenf � has an asymptotically stableLR -cycle.

Proof. Let ~� R = � L � R � � L � � R and~� R = � L � R be the trace and determinant ofAL AR .

All eigenvalues ofAL AR have modulus less than1 if and only if ~� R < 1 and� ~� R � 1 <
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(a) � L > 0; � R > 0 (b) � L > 0; � R < 0

(c) � L < 0; � R > 0 (d) � L < 0; � R < 0

Figure 6.1: Phase portraits of the two-dimensional border-collision normal form (2.21)
for four different parameter combinations: (a)� = (2 :1; 0:06; � 1:7; 0:18); (b) � =
(2:1; 0:4; � 1:7; � 0:55); (c) � = (2 :2; � 0:3; � 1:7; 0:1); (d) � = (1 :8; � 0:75; � 1:6; � 0:4).
Each plot shows the linear segments of the stable and unstable manifolds emanating from
the �xed pointsX andY, as well as an adjoining segment of the stable manifold ofY. We
also indicate some of their intersections withy = 0: T, D, andC; formulas for these are
given by (3.19), (4.6), and (5.4). To illustrate the chaotic attractor the black dots show 2000
iterates of a typical forward orbit after transient dynamics has decayed.
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~� R < ~� R + 1. Certainly~� R < 1 by assumption, and� ~� R � 1 < ~� R by the de�nition of � ;

also

~� R � ~� R � 1 = � L � R � (� L + 1)( � R + 1) < �j (� L + 1)( � R + 1) j � (� L + 1)( � R + 1) � 0

by the de�nition of � .

The composed mapf R � f L is an af�ne map with unique �xed point

P =
� 1

~� R � ~� R � 1

�
� R + � R + 1; � � R(� L + � L + 1)

�
:

Let

Q = f L (P) =
� 1

~� R � ~� R � 1

�
� L + � L + 1; � � L (� R + � R + 1)

�
:

Notice the �rst component ofP is negative while the �rst component ofQ is positive,

thusf P; Qg is a periodic solution off � . Above we showed all eigenvalues ofAL AR have

modulus less than1, hencef P; Qg is asymptotically stable.

If � (� ) < 0 theLR -cycle is unstable. This is always the case if� L + � R � 0:

Proposition 6.2. If � 2 � with � L + � R � 0 then� (� ) < 0.

Proof. Suppose� 2 � with � L + � R � 0. If � L ; � R � � 1 then

� (� ) < � (� L + 1)( � R + 1) + ( � L � 1)(� R � 1) = � 2(� L + � R) � 0;

using the de�nition of� in the �rst inequality. If instead� L < � 1 or � R < � 1 then

� L � R < � 1 because� L + � R > 0, so

� (� ) < (� L + 1)( � R + 1) + ( � L � 1)(� R � 1) = 2( � L � R + 1) < 0:

Now we show that if� (� ) < 0 then the renormalisation operatorg produces another

instance of (2.21) in� .

Proposition 6.3. If � 2 � and� (� ) < 0 theng(� ) 2 � .

Proof. Let ~� L = � 2
R � 2� R , let ~� L = � 2

R , and let~� R and~� R be as in the proof of Proposition

6.1; theng(� ) =
�
~� L ; ~� L ; ~� R ; ~� R

�
. Observe~� L � ~� L � 1 = � 2

R � (� R + 1) 2 > 0 because

� R < � (� R +1) , and~� L + ~� L +1 = � 2
R +( � R +1) 2 > 0 because� R < 0, thus~� L > j~� L +1j.
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Also ~� R � ~� R � 1 = � L � R � (� L + 1)( � R + 1) < 0 because� L > � L + 1 and� R < � R + 1,

and~� R + ~� R + 1 = � (� ) < 0, by assumption, thus~� R < �j ~� R + 1j.

As in Chapter 3, let

� � =
�

f � 1
� (x; y)

�
� x � 0

	
; (6.3)

be the set of all points that map to the right half-plane. On� � the second iteratef 2
� has

only two pieces:

f 2
� (x; y) =

8
<

:
(f R;� � f L;� )(x; y); x � 0;

f 2
R;� (x; y); x � 0:

(6.4)

For any� 2 � (6.4) is af�nely conjugate tof g(� ) . Speci�cally f 2
� = h� 1

� � f g(� ) � h� on � � ,

whereh� 3.21 is the necessary change of coordinates. As another orientation-preserving

example, Fig. 6.2-a shows� � (in the phase space off � ) at the parameter point

� (1)
ex = (1 :5; 0:4; � 1:5; 0:4); (6.5)

while Fig. 6.2-b showsh� (� � ) (in the phase space off g(� )). The mapf g(� ) has an invariant

set � � h� (� � ), so by the results of Chapter 3h� 1
� (�) � � � is an invariant set off 2

� .

Moreover, the union ofh� 1
� (�) and its image underf � is an invariant set off � . It is easy

to infer the number of connected components in this set from the number of connected

components of� . The following results formalises this in a way that incorporates the

orientation-reversing and non-invertible settings.

Proposition 6.4. Suppose� � h� (� � ) is an invariant set off g(� ) . Then~� = h� 1
� (�) [

f �
�
h� 1

� (�)
�

is an invariant set off � . Moreover, ifh� 1
� (�) \ f �

�
h� 1

� (�)
�

= ? then the

number of connected components of~� is twice the number of connected components of� .

Proof. Let S = h� 1
� (�) . SinceS � � � ,

f 2
� (S) = h� 1

�

�
f g(� )(h� (S))

�
: (6.6)

But h� (S) = � andf g(� )(�) = � , so the right-hand side of (6.6) ish� 1
� (�) = S. ThusS

is invariant underf 2
� , soS [ f � (S) is invariant underf � . Sinceh� is invertible the number

of components ofS is the same as the number of components of� . If S \ f � (S) = ?

thenf � (S) also has this many components (for otherwisef 2
� (S) = S would not be possible

becausef � is continuous).
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(a) � = � (1)
ex 2 R (1)

1 (b) � = g
�
� (1)

ex
�

2 R (1)
0

Figure 6.2: Phase portraits of (2.21). Panel (a) uses the example parameter point� (1)
ex given

by (6.5) where the attractor~� has two connected components, one of which lies entirely
in � � (shaded). Panel (b) uses the parameter pointg

�
� (1)

ex
�

where the attractor� has one
connected component inh� (� � ) (shaded).

6.4 The orientation-preserving case

Here we brie�y summarise the results of Chapter 3 in a way that we attempt to mimic for

the orientation-reversing and non-invertible settings. Let

� (1) = f � 2 � j � L > 0; � R > 0g; (6.7)

be the subset of� for which (2.21) is orientation-preserving. In a large part of� (1) an

attractor is destroyed when the pointsC andD coincide, and straight-forward algebra gives

C1 � D1 =
� + (� )

(� u
L � 1)(1 � � s

L )( � R � � R � u
L )

; (6.8)

where

� + (� ) = � R � (� R + � L + � R � (1 + � R)� u
L )� u

L : (6.9)

Note, the function in (6.9) was denoted� in Chapter 3; here we have embellished it with

a plus to distinguish it from a similar function (given below) that arises in the orientation-

reversing setting.
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Fig. 6.3 shows an example. In panel (a) the closure of the unstable manifold ofX ,

� = cl( W u(X )); (6.10)

is a chaotic attractor. As the value of� L is increased the attractor approaches the pointD

and is destroyed at� L � 1:9083when� + (� ) = 0 , panel (b). At larger values of� L almost

all forward orbits diverge, panel (c).

Repeating (3.9) (but now with superscript(1)), we de�ne

R (1)
n =

�
� 2 � (1)

�
� � + (gn (� )) > 0; � + (gn+1 (� )) � 0

	
; (6.11)

for all n � 0. Notice that none of these regions contain points in the period-two regionP2

because by Proposition 6.2, if� 2 � (1) then automatically� (� ) < 0. As shown in Chapter 3

the regionsR (1)
n are disjoint and cover the subset of� (1) for which � + (� ) > 0. Fig. 6.4

shows two-dimensional slices of parameter space de�ned by �xing� L > 0 and� R > 0.

The following results explain the nature of the attractor inR (1)
0 and repeat Theorem 3.2.

Theorem 6.1.For any� 2 R (1)
0 ,

(i) � is bounded, connected, and invariant underf � ,

(ii) has a positive Lyapunov exponent, and

(iii) if � R < 1 there exists a forward invariant set� � R2 with non-empty interior such

that
1\

n=0

f n
� (�) = � : (6.12)

The next result is a special case of Lemma 3.8 that we will replicate below for the

orientation-reversing and non-invertible settings.

Proposition 6.5. If � 2 R (1)
n with n � 1, theng(� ) 2 R (1)

n� 1.

So if � 2 R (1)
n thengn (� ) 2 R (1)

0 where the attractor is connected. Then byn applica-

tions of Proposition 6.4,f � has an attractor with2n connected components as long as the

assumptions of Proposition 6.4 are satis�ed in each application. Theorem 3.3 shows that

this is indeed the case. This result can be expressed brie�y as follows.

Theorem 6.2.For any� 2 R (1)
n with n � 0, f � has a chaotic Milnor attractor with exactly

2n connected components.
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(a) � L = 1 :7 (b) � L � 1:9083

(c) � L = 2 :1

Figure 6.3: Phase portraits of (2.21) with� L = 0:1, � R = 0:1, � R = � 2 and three different
values of� L . These parameter values correspond to the black triangles in Fig. 6.4-a. Panel
(b) uses� L such that� + (� ) = 0 to ten decimal places. In (a)cl(W u(X )) is a chaotic
attractor; in (b)W s(Y) andW u(Y) form a homoclinic corner by intersecting atD = C; in
(c) there is no attractor. The coloured lines illustrate the stable and the unstable manifolds
of the �xed points coloured following the scheme in Fig. 6.1.
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(a) � L = 0:1; � R = 0:1. (b) � L = 0:04; � R = 0:04.

Figure 6.4: Two-dimensional slices of the orientation-preserving parameter region� (1)

showing the curves� (gn (� )) = 0 , for low values ofn, overlaid upon the numerical re-
sults of Eckstein's greatest common divisor algorithm, explained in §6.5. Each point in a
200� 200grid is coloured by the greatest common divisor of a set of close return iteration
numbersJ according to the colour bar on the right. Also points are coloured white if iter-
ates appeared to diverge. The values" = 0:001andM = 106 where used in the algorithm.
The black triangles correspond to the parameter values of Fig. 6.3.

6.5 A component counting algorithm.

To support an extension of the theoretical results of §6.4 to the orientation-reversing and

non-invertible settings, we perform numerical simulations to count the number of con-

nected components of the attractors. There are many methods for estimating the number

of connected components of a set	 from a �nite collectionF of points in	 . For example

Robinset al. [116] connect all pairs of points inF with line segments to form a complete

graph, then base their estimation from a minimal spanning tree. In our setting	 is gener-

ated by a map, so it is more effective to use a method that utilises the dynamics. For this

reason we compute the number of components as the greatest common divisor of a certain

set of computed values. This method originates with Eckstein [44] and is described by

Avrutin et al. [7]. As explained at the end of this section, the effectiveness of the method

relies on the following result.

Lemma 6.1. Suppose a compact invariant set	 of a continuous mapf hask � 2 con-

nected components, andf has an orbit that visits all components. Then the components can

be labelled as	 1; 	 2; : : : ; 	 k such thatf (	 1) = 	 2; f (	 2) = 	 3; : : : ; f (	 k� 1) = 	 k ,

andf (	 k) = 	 1.
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Thus the components of	 are ordered cyclically, each has one `predecessor' and one

`successor'. The following proof is adapted from [7,44]. It uses a small quantity" to avoid

reference to path-connectedness.

Proof of Lemma. 6.1.By assumption there existsP 2 	 whose forward orbit enters all

components. Let	 1 be the component containingP. Suppose for a contradictionf (	 1)

contains points in two different components,T andU. Since	 is compact there exists

d > 0 such that any point inT and any point inU are at least a distanced apart. Since

	 1 is connected, for any" > 0 there existQ; R 2 	 1 with kQ � Rk < " such that

f (Q) 2 T andf (R) 2 U. But kf (Q) � f (R)k > d so this is not possible becausef is

continuous, hencef (	 1) is a subset of one component of	 . This component is not	 1

(because then	 1 would be forward invariant and the forward orbit ofP could not reach

the other components), let us call it	 2. Sof (	 1) � 	 2.

By a similar argumentf (	 2) is a subset of one component, and ifk > 2 this component

is neither	 1 nor 	 2, call it 	 3. Inductively we obtain	 1; 	 2; : : : ; 	 k with f (	 1) �

	 2; f (	 2) � 	 3; : : : ; f (	 k� 1) � 	 k . Also f (	 k) is a subset of one component.

But 	 is invariant, meaningf (	) = 	 . Thus f (	 k) � 	 1, and furtherf (	 1) =

	 2; f (	 2) = 	 3; : : : ; f (	 k� 1) = 	 k , andf (	 k) = 	 1 as required.

Now �x � and supposef � has an attractor� with k � 1 connected components. To

compute the valuek, which is assumed to be unknown to usa priori, the algorithm proceeds

as follows. Fix" > 0 (we used" = 0:001or " = 0:0001) andM > 0 (we usedM = 106)

and letJ = ? . Choose some initial point assumed to be in the basin of attraction of� and

iterate it underf � a reasonably large number of times (we used104 iterations) to remove

transient dynamics and obtain a point in� , or extremely close to� , call it (x0; y0). Iterate

further, and for alli = 1; 2; : : : ; M evaluate the distance (Euclidean norm inR2) between

f i
� (x0; y0) and(x0; y0). If this distance is less than", append the numberi to the setJ .

Finally evaluate the greatest common divisor of the elements inJ — this is our estimate

for the value ofk.

For example using� = � (1)
ex , as in Fig. 6.2-a, the algorithm generated a set of1249

numbers

J = f 1292; 3170; 3778; : : : ; 999930g;

whose elements have greatest common divisor2 (and indeed at this parameter point the

attractor has two components).

Fig. 6.4 shows the output of this algorithm over a200� 200grid of parameter points.

The results show excellent agreement to the theory described in §6.4. For example pa-
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rameter points where the greatest common divisor of the numbers inJ is two are coloured

light red, and the boundary of the light red region indeed appears indistinguishable from

the bifurcation boundaries� (g(� )) = 0 and� (g2(� )) = 0 .

Two principles underlie the effectiveness of the algorithm. First, if the distance between

any two components of� is greater than", then



 f i

� (x0; y0) � (x0; y0)



 < " implies that

f i
� (x0; y0) and(x0; y0) belong to the same component of� (assuming(x0; y0) 2 � ). By

Lemma 6.1 this is only possible ifi is a multiple ofk. Thus the elements ofJ are all

multiples ofk.

Second, assumingf � is ergodic on� , the set of alli > 0giving



 f i

� (x0; y0) � (x0; y0)



 <

" will not be expected to share a multiple larger thank. This is because ergodicity implies

the dynamics off k
� on any component are well mixed (see Haydnet al. [67] and references

within for theory on the probability distribution of the values ofi when" is small). In our

settingM = 106 seems to generate large enough setsJ to ensure the greatest common di-

visor of the numbers inJ is k, instead a multiple ofk. One can also modify the algorithm,

as described by Avrutinet al. [7] and Eckstein [44], to search for a close return to several

reference points, instead of the single point(x0; y0).

6.6 The orientation-reversing case

Let

� (2) = f � 2 � j � L < 0; � R < 0g; (6.13)

be the subset of� for which (2.21) is orientation-reversing. As shown originally by Mi-

siurewicz [99], the closure of the unstable manifold of the �xed pointX can be a chaotic

attractor. This attractor contains the pointT, as shown in Fig. 6.1-d, so under parameter

variation is destroyed whenT = C. This is a heteroclinic bifurcation beyond which the

unstable manifold ofX is unbounded. From the formulas (3.19) and (5.4) we obtain

C1 � T1 =
� � (� )

(� u
L � 1)(1 � � s

R)( � R � � R � u
L )

; (6.14)

where

� � (� ) = � R � (� R + � R � (1 + � u
R)� u

L )� u
L ; (6.15)
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which was given in Chapter 5 as (5.9). An example illustrating the destruction of the

attractor is shown in Fig. 6.5. As the value of� L is increased the attractor is destroyed

whenT = C at � L � 2:0104.

We are now ready to subdivide� (2) into regions based upon the renormalisation opera-

tor g, (3.6). But� 2 � (2) impliesg(� ) 2 � (1) , so we again use the preimages of� + (� ) = 0

underg to de�ne the region boundaries. Speci�cally we let

R (2)
0 =

�
� 2 � (2)

�
� � � (� ) > 0; � + (g(� )) � 0; � (� ) < 0

	
; (6.16)

R (2)
n =

�
� 2 � (2)

�
� � + (gn (� )) > 0; � +

�
gn+1 (� )

�
� 0; � (� ) < 0

	
; for all n � 1.

(6.17)

Fig. 6.6 shows these regions in two typical two-dimensional slices of parameter space.

Unlike in the orientation-preserving setting we need to impose� (� ) < 0 in these regions

so that they don't overlapP2 where a stableLR -cycle exists.

We conjecture that throughoutR (2)
0 the map has a unique chaotic attractor with one

connected component equal to the closure of the unstable manifold ofX , as in Fig. 6.5-a.

In Chapter 5 we proved this to be true on a subset ofR (2)
0 . In the special case� L = � � R

and� L = � R of the Lozi family of maps, the constraint� � (� ) > 0 reduces to equation (3)

of Misiurewicz [99].

The following result is a simple consequence of Propositions 6.2 and 6.3 and (6.17).

Proposition 6.6. If � 2 R (2)
n with n � 1, theng(� ) 2 R (1)

n� 1.

This suggests that for any� 2 R (2)
n (2.21) has an attractor with2n connected compo-

nents. For example

� (2)
ex = (2 :5; � 0:1; � 1:1; � 0:2) (6.18)

belongs toR (2)
1 and indeed the attractor shown in Fig. 6.7-a appears to have two connected

components. One component belongs to� � so Proposition 6.4 applies. Hence this compo-

nent is an af�ne transformation of the attractor of (2.21) at the parameter pointg
�
� (2)

ex
�

that

belongs toR (1)
0 . We know its attractor has one component by Theorem 6.1.

Fig. 6.6 shows that our conjecture is supported by the output of the greatest common

divisor algorithm. The boundaries of theR (2)
n closely approximate the places with the value

of the greatest common divisor changes. This value changes slightly above� + (g(� )) = 0

because here the two components of the attractor are very close and" = 0:0001is insuf-

�cient to detect this difference. Also the reader might noticeR (2)
0 has some pixels erro-
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(a) � L = 1 :8 (b) � L � 2:0104

(c) � L = 2 :2

Figure 6.5: Phase portraits of (2.21) with� L = � 0:2, � R = � 0:2, � R = � 1:8, and three
different values of� L corresponding to the black triangles in Fig. 6.6-b. Panel (b) uses� L

such that� � (� ) = 0 to ten decimal places. In (a)cl(W u(X )) is a chaotic attractor; in (b)
W u(X ) andW s(Y) have corner intersections; in (c) there is no attractor. The coloured
lines illustrate the stable and the unstable manifolds of the �xed points coloured following
the scheme in Fig. 6.1.
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(a) � L = � 0:1; � R = � 0:2. (b) � L = � 0:2; � R = � 0:2.

Figure 6.6: Two-dimensional slices of the orientation-reversing parameter region� (2)

showing the bifurcation curves overlaid upon numerical results obtained using" = 0:0001
andM = 106. The black triangles correspond to the parameter values of Fig. 6.5.

neously corresponding to more than one component because here the attractor is relatively

large andM = 106 iterations is insuf�ciently many for the algorithm to consistently obtain

a greatest common divisor of1.

6.7 The non-invertible case� L > 0, � R < 0.

Here we study the parameter region

� (3) = f � 2 � j � L > 0; � R < 0g; (6.19)

where (2.21) is non-invertible. In this region an attractor of (2.21) can be destroyed by

crossing either the homoclinic bifurcation� + (� ) = 0 or the heteroclinic bifurcation� � (� ) =

0. This is because near these boundaries the attractor contains the pointT and is close to the

point D so is destroyed when one of these points collides withC. For example in Fig. 6.8

T lies to the left ofD, so the attractor is destroyed whenD = C, i.e. when� + (� ) = 0 .

In contrast in Fig. 6.9T lies to the right ofD, so the attractor is destroyed whenT = C,

i.e. when� � (� ) = 0 . For this reason we de�ne

� min (� ) = min[ � + (� ); � � (� )]: (6.20)
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(a) � = � (2)
ex 2 R (2)

1 (b) � = g
�
� (2)

ex
�

2 R (1)
0

Figure 6.7: Panel (a) is a phase portrait of (2.21) at the parameter point� (2)
ex (6.18) where

the attractor has two connected components in the orientation-reversing case. Panel (b)
uses insteadg

�
� (2)

ex
�
.

and

R (3)
n =

�
� 2 � (3)

�
� � min (gn (� )) > 0; � min

�
gn+1 (� )

�
� 0; � (� ) < 0

	
; (6.21)

for all n � 0. Two-dimensional slices of these regions are shown in Fig. 6.10. We con-

jecture that throughout the �rst regionR (3)
0 the map (2.21) has a unique chaotic attractor

with one connected component, and this is supported by the numerical results shown in

Fig. 6.10. To explain the dynamics in the remaining regions we use the following analogy

to Propositions 6.5 and 6.6. Here, however, the result is not trivial, so we provide a proof.

Proposition 6.7. If � 2 R (3)
n with n � 1, theng(� ) 2 R (3)

n� 1.

Proof. Choose any� 2 R (3)
n with n � 1 and writeg(� ) =

�
~� L ; ~� L ; ~� R ; ~� R

�
as in the proof of

Proposition 6.3. By Proposition 6.3 we haveg(� ) 2 � . Further,g(� ) 2 � (3) because~� L =

� 2
R > 0 and~� R = � L � R < 0. Also � min

�
gn� 1(g(� ))

�
> 0 and� min

�
gn (g(� ))

�
� 0. Finally

� (g(� )) = ~� L ~� R + ( ~� L � 1)(~� R � 1) where~� L = � 2
R � 2� R , ~� L = � 2

R , ~� R = � L � R � � L � � R ,

and~� R = � L � R . By substituting� L > � L + 1 and� R < � (� R + 1) (true because� 2 � ) we

obtain (after simpli�cation)

� (g(� )) < � 2
�
1 + � R + � 2

R

�
(� L + � R):

So if � L + � R > 0 then� (g(� )) < 0 (because1 + � R + � 2
R � 3

4 > 0). If instead� L + � R � 0
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(a) � L = 1 :7 (b) � L � 1:7948

(c) � L = 1 :8

Figure 6.8: Phase portraits of (2.21) with� L = 0:3, � R = � 0:4, � R = � 2:4 and three
different values of� L corresponding to the blue triangles in Fig. 6.10-b. The coloured lines
illustrate the stable and the unstable manifolds of the �xed points coloured following the
scheme in Fig. 6.1.
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(a) � R = � 1:1 (b) � R � � 1:2654

(c) � R = � 1:4

Figure 6.9: Phase portraits of (2.21) with� L = 0:3, � R = � 0:4, � L = 3, and three different
values of� R corresponding to the black triangles in Fig. 6.10-b. The coloured lines illustrate
the stable and the unstable manifolds of the �xed points coloured following the scheme in
Fig. 6.1.
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(a) � L = 0:5; � R = � 0:4. (b) � L = 0:3; � R = � 0:4.

Figure 6.10: Two-dimensional slices of the non-invertible parameter region� (3) showing
the bifurcation curves overlaid upon numerical results obtained using" = 0:001andM =
106. The blue [black] triangles correspond to the parameter values of Fig. 6.8 [Fig. 6.9].

then~� L + ~� R = � R(� L + � R) � 0 because� R < 0, so again� (g(� )) < 0 by Proposition 6.2

applied to the parameter pointg(� ).

Proposition 6.7 suggests that throughout eachR (3)
n with n � 1 (2.21) has an attractor

with exactly2n connected components, and Fig. 6.10 supports this conjecture. Fig. 6.11-a

provides an example using the parameter point

� (3)
ex = (3 ; 0:3; � :9; � 0:4); (6.22)

which belongs toR (3)
1 . The attractor has two pieces, one of which belongs to� � , so as

above this piece is an af�ne transformation of the attractor ofg
�
� (3)

ex
�

2 R (3)
0 shown in

Fig. 6.11-b.

6.8 The non-invertible case� L < 0, � R > 0

It remains for us to consider

� (4) = f � 2 � j � L < 0; � R > 0g; (6.23)

where (2.21) is non-invertible. In this region the attractor is usually destroyed before the

boundaries� + (� ) = 0 and� � (� ) = 0 in a heteroclinic bifurcation that cannot be char-
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(a) � = � (3)
ex 2 R (3)

1 (b) � = g
�
� (3)

ex
�

2 R (3)
0

Figure 6.11: Panel (a) is a phase portrait of (2.21) at the parameter point� (3)
ex (6.22) where

the attractor has two connected components in the� L > 0 non-invertible case. Panel (b)
uses insteadg

�
� (3)

ex
�
.

acterised by an explicit condition on the parameter values. This occurs when the attractor

contains points ony = 0 that lie to the right ofD andT and is destroyed when its right-most

point collides withC.

Fig. 6.12 shows an example. In panel (a) the attractor is the closure of the unstable

manifold of X . As we grow the unstable manifold outwards fromX it develops points

on y = 0 that lie further and further to the right, but not beyondC. This occurs as a

consequence of the geometric con�guration afforded byf R being orientation-preserving

andf L being orientation-reversing. As the value of� L is increased the attractor is destroyed

when its right-most point collides withC, panel (b). With a slightly larger value of� L , panel

(c), typical forward orbits diverge even thoughD andT still lie to the left ofC. Fig. 6.13

provides a second example. Here the parameter values are such thatD andT are switched

around but the attractor is destroyed in the same way.

Fig. 6.14 shows the results of numerical simulations applied to two slices of� (4) . The

white areas just to the left of� + (� ) = 0 and� � (� ) = 0 correspond to the phenomenon

that we have just described. These areas are bounded on the left by a curve of heteroclinic

bifurcations. Since we cannot identify this curve with hand calculations, it is natural to

attempt to compute the curve numerically with numerical continuation methods. However,

we do not show the result of such a computation because from the results of Osinga [105]

we suspect that this curve is highly irregular, e.g. non-differentiable at in�nitely many

points.
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(a) � L = 1 :2 (b) � L � 1:3439

(c) � L = 1 :35

Figure 6.12: Phase portraits of (2.21) with� L = � 0:4, � R = 0:4, � R = � 2:8, and three
different values of� L corresponding to the blue triangles in Fig. 6.14-a. The parameter
value used in panel (b) is approximately where the attractor is destroyed. In all three panels
D lies to the left ofT which lies to the left ofC. The coloured lines illustrate the stable
and the unstable manifolds of the �xed points coloured following the scheme in Fig. 6.1.
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(a) � L = 2 (b) � L � 2:2285

(c) � L = 2 :3

Figure 6.13: Phase portraits of (2.21) with� L = � 0:4, � R = 0:4, � R = � 1:8, and three
different values of� L corresponding to the black triangles in Fig. 6.14-a. The parameter
value used in panel (b) is approximately where the attractor is destroyed. In all three panels
T lies to the left ofD which lies to the left ofC. The coloured lines illustrate the stable
and the unstable manifolds of the �xed points coloured following the scheme in Fig. 6.1.
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(a) � L = � 0:4; � R = 0:4. (b) � L = � 0:5; � R = 0:4.

Figure 6.14: Two-dimensional slices of the non-invertible parameter region� (4) showing
the bifurcation curves overlaid upon numerical results obtained using" = 0:001andM =
106. The blue [black] triangles correspond to the parameter values of Fig. 6.12 [Fig. 6.13].

In each plot in Fig. 6.14 the attractor does in fact persist up to where the boundaries

� + (� ) = 0 and� � (� ) = 0 meet. This is because on the curve� s
L = � s

R the right-most point

of the attractor isD andT, which are equal. Also near the plot of panel Fig. 6.14-a the

attractor persists slightly beyond� + (� ) = 0 because here the attractor fails to approachD

so is not destroyed whenD = C at � + (� ) = 0 .

Despite the extra complexities in� (4) it still appears that renormalisation is helpful for

explaining the bifurcation structure. Let

R (4)
0 =

�
� 2 � (4)

�
� � min (� ) > 0; � min (g(� )) � 0; � (� ) < 0

	
: (6.24)

Based on Fig. 6.14 we conjecture that for any� 2 R (4)
0 , if (2.21) has an attractor then this

attractor is chaotic with one connected component. Now let

R (4)
n =

�
� 2 � (4)

�
� � min (gn (� )) > 0; � min (gn+1 (� )) � 0; � (� ) < 0; � (g(� )) < 0

	
:

(6.25)

Unlike in previous sections here we have included the extra constraint� (g(� )) < 0 so that

theR (4)
n do not include the regionP4, de�ned to be where (2.21) has a stable period-four

solution with symbolic itineraryLRRR . This region is visible in Fig. 6.14-b and shown

more clearly in the magni�cation, Fig. 6.15. Note that here we do not show the result of

the numerics because the component counting algorithm does not work ef�ciently close to
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the curve� (g(� )) = 0 . The following result is a trivial consequence of our de�nitions.

Proposition 6.8. If � 2 R (4)
n with n � 1, theng(� ) 2 R (3)

n� 1.

Based on this we conjecture that for any� 2 R (4)
n with n � 1 the map (2.21) has

a chaotic attractor with exactly2n connected components, and this is supported by the

numerics in Fig. 6.14. Fig. 6.16-a shows the attractor of (2.21) for a typical parameter

point inR (4)
1 , speci�cally

� (4)
ex = (2 :2; � 0:4; � 1:5; 0:4): (6.26)

As expected it has two connected components, one of which is contained in� � , and both of

which are af�ne transformations of the single-component attractor of (1.1) withg
�
� (4)

ex
�

2

R (3)
0 shown in Fig. 6.16-b.

6.9 Reduction to one dimension

Finally we address a novelty of the non-invertible settings. In these settings the stable

eigenvalues� s
L and� s

R have the same sign (they are both positive if� L > 0 and� R < 0,

Figure 6.15: A magni�ed version of Fig. 6.14-b showing the regions having a stableLR -
cycle (period-two solution)P2 and a stableLRRR -cycle (period-four solution)P4.
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(a) � = � (4)
ex 2 R (4)

1 (b) � = g
�
� (4)

ex
�

2 R (3)
0

Figure 6.16: Panel (a) is a phase portrait of (2.21) at the parameter point� (4)
ex (6.26) where

the attractor has two connected components in the� L < 0 non-invertible case. Panel (b)
uses insteadg

�
� (4)

ex
�
.

and both negative if� L < 0 and� R > 0), so it is possible for them to be equal. From the

formulas (3.19) and (4.6) for the pointsD andT we have

D1 � T1 =
� s

L � � s
R

(1 � � s
L )(1 � � s

R)
: (6.27)

Thus D and T coincide when the stable eigenvalues are equal. Thus the boundaries

� + (� ) = 0 and � � (� ) = 0 , whereC = D and C = T respectively, intersect where

� s
L = � s

R , and this is evident in Figs. 6.10 and 6.14. Also for eachn � 1 the boundaries

� + (gn (� )) = 0 and� � (gn (� )) = 0 intersect where� s
L = � s

R .

We now show that if� s
L = � s

R then the pertinent dynamics reduces to one dimension,

as in Fig. 6.17.

Proposition 6.9. If � 2 � with � min (� ) > 0 and� s
L = � s

R , thenf � is forward invariant on

the line segment fromT to f � (T). Moreover, on this segmentf � is conjugate to the skew

tent map

z 7!

8
<

:
� u

L z + 1; z � 0;

� u
Rz + 1; z � 0;

(6.28)

on [� u
R + 1; 1].
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(a) � = (2 :323; 0:5; � 1:427; � 0:4) (b) corresponding cobweb diagram

Figure 6.17: Panel (a) shows the attractor of (2.21) at the given parameter point which
belongs toR (3)

0 . This attractor is the line segment fromT to f � (T). The restriction off � to
the attractor is the one-dimensional map (6.28) indicated in panel (b).

Proof. The line segment fromT to f � (T) is

� =
�


 (z)
�
� z 2

�
� u

R + 1; 1
�	

; where
 (z) =
�

z
1 � � s

R
;
(1 � z)� s

R

1 � � s
R

�
;

because puttingz = 1 gives(x; y) =
�

1
1� � s

R
; 0

�
= T by (3.19), while puttingz = � u

R + 1

gives(x; y) =
�

1+ � u
R

1� � s
R

; � � s
R � u

R
1� � s

R

�
which is identical tof � (T) = ( � RT1 + 1; � � RT1) (since

� R = � s
R + � u

R and� R = � s
R � u

R). If z 2 [0; 1] then

f � (
 (z)) = ( � Rx + y + 1; � � Rx) =
�

1 + � u
Rz

1 � � s
R

;
� � s

R � u
Rz

1 � � s
R

�
= 
 (� u

Rz + 1) ;

while if z 2 [� u
R + 1; 1] then

f � (
 (z)) = ( � L x + y + 1; � � L x) =
�

1 + � u
L z

1 � � s
R

;
� � s

R � u
L z

1 � � s
R

�
= 
 (� u

L z + 1) ;

and the result follows.

The map (6.28) has� u
L > 1 and� u

R < � 1, which corresponds in Fig. 2.3 to a point in

someR n , with n � 0. Thus, with this value ofn, the attractor of the skew tent map (6.28)

is comprised of2n disjoint intervals. Consequently the attractor off � is comprised of2n

disjoint line segments. Places where the value ofn changes can be computed by solving
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for where� 0 � gn = 0 in Fig. 2.3. We computed these points numerically and have plotted

them in Figs. 6.10 and 6.14 from which we see that, as expected, these points are where

� + � gn = 0 and� � � gn = 0. In this way the conjectures in §6.7 and §6.8 on the number

of connected components of the attractors are con�rmed in the special codimension-one

scenario that the stable stability multipliers associated withX andY are equal.
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Chapter 7

Extension to higher-dimensional maps.

7.1 Introduction

In this chapter we extend the trapping region construction described in §5.3 from the two-

dimensional border-collision normal form to theN -dimensional border-collision normal

form, for anyN � 2. This paves a way towards understanding the conditions that govern

robust chaos in higher dimensional maps.

To obtain useful results we require some restrictions on the parameters of theN -

dimensional border-collision normal form (1.8). These parameters are coef�cients of the

characteristic polynomials of the left and right Jacobian matricesAL andAR (in (1.8) these

are denotedCL andCR), so it is equivalent to place restrictions on the eigenvalues of these

matrices. In two dimensions we considered the parameter set� (2.25) which can be inter-

preted as follows. It is whereAL has exactly one unstable eigenvalue, and this eigenvalue

is greater than1, while AR also has exactly one unstable eigenvalue, but this eigenvalue is

less than� 1. In this chapter we use this constraint and allow any number of dimensions.
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7.2 TheN -dimensional border-collision normal form

In N dimensions the left and right Jacobian matrices of the normal form are

AL =

2

6
6
6
6
6
6
6
6
6
4

� a1
L 1 0 : : : 0

� a2
L 0 1 : : : 0

� a3
L 0 0 : : : 0

...
...

...
...

...

� aN � 1
L 0 0 : : : 1

� aN
L 0 0 : : : 0

3

7
7
7
7
7
7
7
7
7
5

; (7.1)

and

AR =

2

6
6
6
6
6
6
6
6
6
4

� a1
R 1 0 : : : 0

� a2
R 0 1 : : : 0

� a3
R 0 0 : : : 0

...
...

...
...

...

� aN � 1
R 0 0 : : : 1

� aN
R 0 0 : : : 0

3

7
7
7
7
7
7
7
7
7
5

; (7.2)

with

b=

2

6
6
6
6
6
6
6
6
6
4

1

0

0
...

0

0

3

7
7
7
7
7
7
7
7
7
5

: (7.3)

We will assumeAL has an eigenvalue� 1
L > 1, andAR has an eigenvalue� 1

R < � 1. We will

also assume all other eigenvalues ofAL andAR have modulus less than1. This ensures,

for instance, that the left piece of the map has a unique �xed point. This point isadmissible

(i.e. it is a �xed point of (1.8)), and straight-forward calculations give us the following
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explicit formula for the �xed point:

Y =

 
1

1 +
P N

i =1 ai
L

; �

P N
j =2 aj

L

1 +
P N

i =1 ai
L

; �

P N
j =3 aj

L

1 +
P N

i =1 ai
L

; : : : ; �
(aN � 1

L + aN
L )

1 +
P N

i =1 ai
L

; �
aN

L

1 +
P N

i =1 ai
L

!

:

(7.4)

The stable manifold ofY has dimensionN � 1. As it emanates fromY it is coincident to

the stable subspace

E s(Y) = f x 2 RN juT (x � Y) = 0 g; (7.5)

whereu is the following left eigenvector ofAL corresponding to� 1
L

u =
�
(� 1

L )N � 1; (� 1
L )N � 2; : : : ; (� 1

L )3; (� 1
L )2; � 1

L

�
: (7.6)

Recall that the two-dimensional formula forC (5.4) was obtained by �nding the point

where the stable manifold ofY intersects thex1-axis after experiencing one kink. In fact

this is the unique point on thex1-axis that maps to the stable subspace ofY. Similarly, in

theN -dimensional case, there exists a pointC on thex1-axis

C = ( C1; 0; 0; : : : ; 0); (7.7)

whose imagef � (C) lies on the stable subspace ofY (7.5). AssumingC1 the pointC maps

under the right piece of the map, so

f � (C) =
�
� a1

RC1 + 1; � a2
RC1; � a3

RC1; : : : ; � aN � 1
R C1; � aN

R C1
�
: (7.8)

Note thatC1 is thex1 component of the pointC. By using (7.5) to solvef � (C) 2 E s(Y)

we obtain

C1 =
(� 1

L )N � 1
P N

i =1 ai
L +

P N
k=2 (� 1

L )N � k
P N

j = k aj
L

(
P N

m=1 (� 1
L )N � mam

R )(1 +
P N

i =1 ai
L )

: (7.9)

7.3 Asymptotic calculations

Let us write the stable eigenvalues ofAL andAR as� i
J = r� i

J ; i = 2; 3; : : : ; N , with r =

maxfj � i
L j; j� i

R jg < 1. Our idea is to construct a region that is forward invariant under (1.8)
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assumingr is suf�ciently small. In two dimensions this is equivalent to taking small values

of � L and� R which in Chapter 5 we showed could effectively be accommodated. In the

limit r ! 0 the map (1.8) reduces to the one-dimensional skew tent map with slopes

� 1
L > 1 and� 1

R < � 1. Recall from §2.9.1 that this one-dimensional map has an attractor if

� 0(� 1
L ; � 1

R) > 0 where� 0 = � 1
L � 1

R + � 1
L � � 1

R .

Since the numbers in the �rst column ofAL are the coef�cients of the characteristic

polynomial ofAL , they can be written in terms of� 1
L and� i

L by

a1
L = �

NX

i =1

� i
L = � (� 1

L + r
NX

i =2

� i
L )

a2
L =

X

i 6= j

� i
L � j

L = r� 1
L

NX

i =2

� i
L + O(r 2)

a3
L = � r 2� 1

L

N � 1X

i =2

NX

j = i +1

� i
L � j

L + O(r 3)

...

aN
L = ( � 1)N � 1

L � 2
L : : : � N

L : (7.10)

This enables us to writeY as

Y =
1

1 � � 1
L + O(r )

 

1; � r� 1
L

NX

i =2

� i
L + O(r 2);

r 2� 1
L

N � 1X

i =2

NX

j = i +1

� i
L � j

L + O(r 3); : : : ; (� 1)N � 1� 1
L � 2

L : : : � N
L

!

; (7.11)

Notice Y2 � r � 1
L

� 1
L � 1(N � 1) + O(r 2), Y3 � � r 2 � 1

L
� 1

L � 1
(N � 1)(N � 2)

2! + O(r 3), : : :, Yk �

(� 1)kr k� 1 � 1
L

� 1
L � 1

(N � 1)(N � 2):::(N � k+1)
(k� 1)! + O(r k), : : :, YN � (� 1)N r N � 1 � 1

L
� 1

L � 1 . This motivates
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us to de�ne the quantities

R2 = �
� 1

L

� 1
L � 1

(N � 1)

R3 = �
� 1

L

� 1
L � 1

(N � 1)(N � 2)
2!

...

RN = �
� 1

L

� 1
L � 1

: (7.12)

Now let

H =
�

x 2 RN
�
� jx2j � R2r; jx3j � R3r 2; : : : ; jxN j � RN r N � 1

	

be the set of all pointsx 2 RN whosei th component has a value between� Ri r i � 1 and

Ri r i � 1, for all i = 2; 3; : : : ; N . Next letK be the part ofE s(Y) that belongs toH . Finally

let 
 be the convex hull ofK andC.

Conjecture 7.1. Let � 1
L > 1 and� 1

R < � 1 be such that� 0(� 1
L ; � 1

R) > 0. Let � i
J 2 C with

j� i
J j � 1 for all i = 2; 3; : : : ; N andJ 2 f L; Rg. For all suf�ciently smallr > 0, if AL has

eigenvalues� 1
L and� i

L = r� i
L andAR has eigenvalues� 1

R and� i
R = r� i

R then
 is forward

invariant under(1.8).

In the remainder of this section we perform some calculations that form the �rst step

towards proving Conjecture 7.1. The setK is a convex polytope with2N � 1 vertices

P (i ) =
�

P (i )
1 ; P (i )

2 ; : : : ; P (i )
N � 1; P (i )

N

�

=
�

P (i )
1 ; � (i )

2 R2r; � (i )
3 R3r 2; : : : ; � (i )

N � 1RN � 1r N � 2; � (i )
N RN r N � 1

�
; (7.13)

where� (i ) = � 1 for eachi = 2; 3; : : : ; N and the �rst componentP (i )
1 is determined by
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the requirement thatP (i ) belongs toE s(Y). For example, forN = 4,

P (1) = ( P (1)
1 ; R2r; R 3r 2; R4r 3);

P (2) = ( P (2)
1 ; � R2r; R 3r 2; R4r 3);

P (3) = ( P (3)
1 ; R2r; � R3r 2; R4r 3);

P (4) = ( P (4)
1 ; � R2r; � R3r 2; R4r 3);

P (5) = ( P (5)
1 ; R2r; R 3r 2; � R4r 3);

P (6) = ( P (6)
1 ; � R2r; R 3r 2; � R4r 3);

P (7) = ( P (7)
1 ; R2r; � R3r 2; � R4r 3);

P (8) = ( P (8)
1 ; � R2r; � R3r 2; � R4r 3): (7.14)

By using the expression (7.5) forE s(Y), we obtain the following formula forP (i )
1 :

P (i )
1 =

1

1 +
P N

m=1 am
L

"

1 �
N � 1X

k=1

P N
j = k+1 aj

L

(� 1
L )k

#

�
N � 1X

l=1

� (i )
l+1 Rl+1 r l

(� 1
L ) l

: (7.15)

Also f �
�
P (i )

�
is given by

f � (P (i )) =
�

� a1
L P (i )

1 + � (i )
2 R2r + 1; � a2

L P (i )
1 + � (i )

3 R3r 2;

� a3
L P (i )

1 + � (i )
4 R4r 2; : : : ;

� aN � 1
L P (i )

1 + � (i )
N RN r N � 1; � aN

L P (i )
1

�
: (7.16)

To facilitate further calculations we introduce the quantities� 0 = 1, � 1 =
P N

i =2 � i
L ,

� 2 =
P N

i =2

P N
j = i +1 � i

L � j
L , : : :, � k =

N � k+1X

i =1

: : :
NX

l= j +1
| {z }

k terms

� i
L � j

L : : : � l
L| {z }

k terms

, : : :, � N � 1 = � 2
L � 3

L : : : � N
L| {z }

N � 1 terms

,
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and� N = 0. Then (7.10) can be re-written as

a1
L = � (� 1

L + � 1r )

a2
L = � 1

L � 1r + � 2r 2

a3
L = � (� 1

L � 2r 2 + � 3r 3)
...

ak
L = ( � 1)k(� 1

L � k� 1r k� 1 + � kr k)
...

aN � 1
L = ( � 1)N � 1(� 1

L � N � 2r N � 2 + � N � 1r N � 1)

aN
L = ( � 1)N � N � 1r N � 1: (7.17)

The intersection of
 with the switching manifoldx1 = 0 is a convex polytope with2N � 1

vertices. Each vertex is a pointS(i ) given by where the line throughP (i ) (a point inK ) and

C intersects the switching manifold, thus is given by

S(i ) =

 

0;
C1

C1 � P (i )
1

� (i )
2 R2r;

C1

C1 � P (i )
1

� (i )
3 R3r 2;

: : : ;
C1

C1 � P (i )
1

� (i )
N � 1RN � 1r N � 2;

C1

C1 � P (i )
1

� (i )
N RN r N � 1

!

: (7.18)

The images of these points are given simply by

f �
�
S(i )

�
=

2

6
6
6
6
6
6
6
4

S(i )
2 + 1

S(i )
3
...

S(i )
N

0

3

7
7
7
7
7
7
7
5

: (7.19)

To show that
 is forward invariant underf , it remains to show thatf � (C) and each

point (7.16) and (7.19) lies inside
 . This requires us to consider every face (side) of


which is daunting task, and left for future work. But preliminary calculations are promis-

ing: by de�ning H so that the bounds on the components accumulate powers of the small

quantityr , we expect the vertices of
 to map inside
 because the action of thef shifts

components up one place, as evident, for instance, in (7.19). In fact it appears we can obtain

an explicit valuer critical such that Conjecture 7.1 holds for allr < r critical . Our formula for
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r critical is a minimum of nine quantities. Often only three of these quantities are relevant, in

which caser critical has the form

r critical = min

0

@
1 � 1

�

2N � 1(N � 3) + (2 N � 1 � 1)f �� 1
L 2N � 1 �

�
1 � 1

�

�
g

;

(� 1
L )N

�
1 �

1



�
1

� 1 � � 2 � � 3
;

j� 1
R j


� 1
L R2

"
� 1

L


 j� 1
R j

+
1
�

#!

; (7.20)

where� , � , and
 are parameters satisfying

1 � � < �;

1 � 
 �
� 1

L

(� 1
L � 1)j� 1

R j
; (7.21)

and

� 1 = ( � 1
L )N � 1(� 1

L + 1)(2 N � 1 � 1) + ( � 1
L )N [(� 1

L (N � 1) + N � 3)2N � 2 + 1] ;

� 2 =
(� 1

L )N

j� 1
R j

(2N � 1 � 1)[j� 1
R j + ( � 1

L � � 1
R)2N � 1];

� 3 =
(� 1

L )N 

j� 1

R j

�
1 �

1



�
(� 1

L � � 1
R)(2N � 1 � 1)2N � 1: (7.22)

The valuer critical is plotted in Fig. 7.1 forN = 3. Here we have used� 2
L = 0:07,

� 3
L = 0:087, � 2

R = � 0:04, and � 3
R = � 0:05, and set the three parameter values as


 = 1
2

�
1 + � 1

L
(� 1

L � 1)j� 1
R j

�
, � = 
 , and� = 
 2. Noticer critical tends to zero at the boundary

� 0(� 1
L ; � 1

R) = 0 . Thus our bound is positive over the largest possible range for the values

of the unstable eigenvalues because, as mentioned above, beyond this boundary there is no

attractor in the limitr ! 0.
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Figure 7.1: A heat map showing the value ofr critical (7.20).
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Chapter 8

Conclusions

This thesis has relied mainly on three techniques for understanding the dynamics of piece-

wise-linear maps: trapping regions, invariant expanding cones and renormalisation. Trap-

ping regions are a relatively elementary tool that provide a way for us to prove the map has

an attractor. Invariant expanding cones allow us to show an attractor is chaotic; they are

more niche but have been applied to diverse types of dynamical systems at least since the

work of Alekseev [2]. Renormalisation is used to identify bifurcations and common dy-

namics in different parameter regions. This also is fairly specialised but has been applied

to many problems in dynamical systems, perhaps most famously by Feigenbaum in regards

to period-doubling cascades.

While many papers have studied the dynamics of multi-dimensional piecewise-linear

maps, it seems that few have applied the above techniques. This thesis shows they are

highly effective for piecewise-linear maps. For trapping regions is often suf�ces to consider

simple polygons. For invariant expanding cones the expansion condition only needs to hold

for each piece of the map, which is far easier to check than for smooth maps where the

Jacobian matrix varies throughout phase space. Indeed in Chapter 5 a suitable cone was

constructed by using eigenvectors of the two Jacobian matrices. Finally for renormalisation

in our setting the dimension of the renormalisation operator is �nite.

Speci�cally for the two-dimensional border-collision normal form (2.21) in the orientation-

preserving setting we applied renormalisation in Chapter 3. This enabled us to partition the

parameter space into regionsR n where (2.21) has an attractor with2n connected com-

ponents. It is also interesting to consider the analogy of Feigenbaum's constant in our

setting. The regionsR n converge to� , and the4 � 4 Jacobian matrixDg(� � ) has exactly

one unstable eigenvalue:2. It follows that the diameter ofR n divided by the diameter

of R n+1 tends, asn ! 1 , to the constant2. In contrast, as discussed in §2.8, Feigen-

baum's constant for the rate of convergence of consecutive period-doubling bifurcations is
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approximately4:6692.

In Chapter 4 we strengthened Theorem 3.2 by proving that in a subregion ofR 0,

the attractor satis�es Devaney's de�nition of chaos. In particular we used the condition

J1(� ) > 1 to show that line segments grow suf�ciently quickly when iterated under the

map. It remains to identify different and presumably more powerful methods to verify the

conjecture thatJ1(� ) > 1 can in fact be replaced by the weaker condition� (g(� )) < 0.

Furthermore we extended the construction from the orientation-preserving setting to the

orientation-reversing and non-invertible settings in Chapter 5. Speci�cally we identi�ed an

open parameter region� trap , where the map has a trapping region, and an open parameter

region� cone, where it has an invariant expanding cone, see Figs. 5.2 and 5.3. Throughout

� trap \ � cone the map has an attractor with a positive Lyapunov exponent, Theorem 5.1. At

some boundaries of� trap \ � cone the attractor is destroyed, see Fig. 5.9, in which case our

construction is optimal in that it identi�es bifurcations where the attractor is destroyed. Past

other boundaries the chaotic attractor persists. We expect our construction could be adapted

to verify robust chaos beyond these boundaries, and already this has been achieved in some

cases [59, 129]. Within� trap \ � cone the attractor appears to undergo bifurcations like in

the orientation-preserving case where the number of connected components changes. In

Chapter 6 we explored this numerically and showed how renormalisation appears to re-

main effective in this more general setting, but there are some unique complications such

as stable period-2 and period-4 solutions and the presence of other possibly fractal bifur-

cation curves. It remains to verify the conjectures in §6.6–§6.8 which we believe should

be managable by employing the ideas used in Chapter 3. But we feel this would likely

be a major undertaking because it is necessary to understand in detail the dynamics of the

renormalisation operator by extending the extensive calculations performed in §3.6. Also

it remains to see if renormalisation schemes based on other symbolic substitution rules can

be used to explain parameter regimes where (2.21) has attractors with other numbers of

components, e.g. three components, as described in [57].

We stress that in Fig. 5.9 the cross-section of� trap \ � cone includes a neighbourhood of

(� L ; � R) = (0 ; 0). This is the case for many values of� L and� R and is a signi�cant achieve-

ment because it shows robust chaos is not lost as we cross from the orientation-preserving

setting to the orientation-reversing and non-invertible settings. Thus the presence of ro-

bust chaos is not dependent on the overall topological properties of the map. Moreover,

this provides a path for robust chaos to be demonstrated in higher dimensional maps. This

was explored in Chapter 7 where we considered theN -dimensional border-collision nor-

mal form with two saddle �xed points:X with an eigenvalue� u
R < � 1, andY with an
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eigenvalue� u
L > 1. If all other eigenvalues associated withX andY have modulus at most

r , wherer > 0 is small (which in two dimensions means(� L ; � R) is suf�ciently close to

(0; 0)), and with appropriate constraints on the values of� u
R and� u

L , we believe the map

must have a chaotic attractor. We expect this can be proved by again constructing a trap-

ping region and an invariant expanding cone. Conjecture 7.1 suggests how the trapping

region can be constructed for theN -dimensional setting by choosing verticesP (i ) whose

j th component is proportional tor j � 1. For the cone we expect it will be too dif�cult to

use eigenvectors of the Jacobian matrices as in Chapter 5. Instead we envisage a weaker

construction that again utilises powers ofr . As one application, it is hoped that this could

be used as the key space for an encryption scheme [79].

The main motivation for studying two-piece piecewise-linear maps is that they approx-

imate the dynamics near border-collision bifurcations arising in diverse physical systems.

As explained in Chapter 1 the piecewise-linear form arises from dropping higher order

terms. Naturally we would like assurance that the dynamics we have described for the

piecewise-linear map is retained in the full map. In general the dynamics does appear to

retained typically, but for chaotic attractors this is dif�cult to prove. Recently Simpson and

Glendinning [131] showed that trapping regions and invariant expanding cones are robust

to higher order terms so in case the chaotic attractor persists.

A tantalising avenue of future research would be to apply our methods to maps having

more than two pieces. Such maps have been used as mathematical models in areas such

as neuronal dynamics [71] and economics [24]. Also our methods should apply well to

discontinuous piecewise-linear maps, indeed Liet al. [87] have achieved this for a family

of two-dimensional discontinuous maps.

In regards to higher dimensions as a �rst step we have focussed on the case that the map

has one direction of instability for each piece of the map. But maps with multiple directions

of instability should be just as relevant, giving the possibility of so-called wild chaos [69,

75], and it remains to treat these scenarios. Already Glendinning [53] has considered the

case that all directions are unstable in any number of dimensions and rigorously proven the

existence of a chaotic attractor.

Overall the dynamics of piecewise-smooth maps is extraodinarily rich because they

have an extreme form of nonlinearity. Many open problems remain, as described above,

another example being the uniqueness of the attractor, which seems to be an exciting and

important direction to look into. Remarkably it is still unknown whether or not the normal

form can exhibit more than one attractor throughout the robust chaos parameter region of

Banerjeeet al. [14], and the more generalised parameter seetings where the normal form is
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orientation-reversing and non-invertible.
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