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Abstract

The determination of ignition or thermal explosion in an oxidizing porous body of

material, as described by a dimensionless reaction-diffusion equation of the form 6 tw =

V2w + Ae'" over the bounded region Z2, is critically reexamined from a modem

perspective using numerical methodologies. First, the classic stationary model is revisited

to establish the proper reference frame for the steady-state solution space, and it is

demonstrated how the resulting nonlinear two-point boundary value problem can be re-

expressed as an initial value problem for a system of first order differential equations,

which may be readily solved using standard algorithms. Then, the numerical procedure is

implemented and thoroughly validated against previous computational results based on

sophisticated path following techniques. Next, the transient non-stationary model is

attacked, and the full nonlinear form of the reaction-diffusion equation, including a

generalized convective boundary condition, is discretized and expressed as a system of

linear algebraic equations. The numerical methodology is implemented as a computer

algorithm, and validation computations are carried out as a prelude to a broad ranging

evaluation of the assembly problem and identification of the watershed critical initial

temperature conditions for thermal ignition. This numerical methodology is then used as

the basis for studying the relationship between the shape of the critical initial temperature

distribution and the corresponding spatial moments of its energy content integral and an

attempt to forge a fundamental conjecture governing this relation. Finally, the effects of

dynamic boundary conditions on the classic “storage” problem are investigated and the

groundwork is laid for the development of an approximate solution methodology based on

adaptation of the standard stationary model.
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Chapter 1

Introduction

1 .1 Background

Ignition or thermal explosion of a combustible substance occurs when exothermic

reactions evolve heat so rapidly that it is impossible to preserve a stable balance between

heat production and heat loss to the surroundings. This is an essential feature of many

technological devices, which employ auxiliary heat sources as a means of accelerating

internal heat generation and engendering a runaway increase in temperature. On the other

hand, there are numerous industrial processes involving the production and storage of

reactive materials in which self-heating effects can culminate in spontaneous combustion

or explosive effects and the primary concern is avoiding the occurrence of potentially

hazardous circumstances [I].

The archetypal example of self-heating is a porous pile of material in which heat is

internally generated by atmospheric oxidation. If the excess heat in the pile can be

transported and dissipated to the surroundings fast enough, an equilibrium or steady state

can be safely established. Under certain conditions, however, the dissipation mechanism

cannot keep pace with the self-heating rate and spontaneous ignition or explosion will

occur. These critical conditions depend on the size and shape of the pile, the assembly

temperature of the material, and the ambient temperature of the surrounding environment.

Historically, assessment and control of self-heating hazards have been mainly

conducted on an empirical basis as established through long years of experience in the

handling and processing of susceptible materials and products. The contemporary trend,
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however, is towards the development of reliable mathematical models and quantitative

predictive procedures. In fact, the basic theoretical construct may be erected in a rather

straightforward manner using conservation principles and well established descriptions of

the underlying chemical and physical processes. The resulting mathematical formulation

is commonly referred to as the reaction-diffusion equation:

pc p = V(kVT)+H(T) (1.1)
ot

where t is the time, T is the temperature, p is the density, cp is the specific heat, k is the

thermal conductivity, and H(7) is the rate of heat production per unit volume at

temperature T. This nonlinear partial differential equation is a localized expression of the

conservation of energy and implies that the rate of change of thermal energy within a unit

volume element is equal to the net conduction heat transfer through the bounding surface

plus the volumetric heat generation rate.

For most ignition problems of practical importance, it is possible to incorporate certain

simplifying assumptions which make the mathematics more tractable. These include the

following:

• Negligible reactant consumption and reactant diffusion (i.e., “zero order” reaction)

• Constant thermal conductivity

• Arrhenius temperature dependence for exothermic reaction rate

Enforcement of these assumptions yields the following working form for the reaction-

diffusion equation:

a— = V 2T + -e~E“ lKT
(1.2)

dt k

where a = pcplk is the reciprocal of thermal diffusivity, Q is the heat of reaction per unit

mass (i.e., “exothermicity”), A is the pre-exponential factor in the Arrhenius reaction rate

term, Ea is the activation energy, and R is the universal gas constant. When applied over a

bounded region /2, energy conservation principles yield a generalized boundary condition

for convective heat transfer on the smooth surface cEl

k - = h(Ta -T,) (1-3)



3CHAPTER 1 - INTRODUCTION

where ddn is the outward normal derivative on h is the convective heat transfer

coefficient, Ta is the ambient temperature of the surrounding environment, and Ts is the

material surface temperature.

Given the shape and size of a bounded region, appropriate initial/boundary conditions,

and values for the fundamental material properties, the basic objective is to

mathematically exploit the reaction-diffusion equation and determine the critical

parameters and conditions leading to the onset of ignition or thermal explosion. In

particular, we are concerned with predictions for the critical ambient temperature, which

defines an external environmental constraint for safe “storage”, and the critical initial

temperature, which defines an internal constraint for safe “assembly”.

1 .2 Scope and objectives

From a mathematical perspective, there are two fundamental strategies for attacking

the reaction-diffusion equation and determining critical conditions for thermal ignition.

These are the stationary (steady-state) model and the non-stationary (transient) model.

In the stationary model, the time dependent term in equation (1.2) is neglected and

steady-state solutions are sought for which heat losses exactly balance heat production.

This approach assumes unlimited reactants and implies that either a small steady-state

excess temperature will become established in the body or the temperature will increase to

ignition. The principal attraction of the stationary modeling approach is a reduction of the

problem to more amenable ordinary differential equation form, which has facilitated the

development and refinement of standard mathematical methods capable of accounting for

internal spatial temperature distributions and producing reliable estimates for the critical

ambient temperature. Because the stationary model cannot account for time evolution,

however, it has only limited effectiveness in the prediction of critical initial conditions. It

is well known, for instance, that many fires have resulted from the assembly of reactive

material at too high an initial temperature even though the storage conditions were sub-

critical on the basis of steady state theory. See, for example, Bowes [ 1 ] (who refers to this

as thermal explosion of the second kind), Rivers et al [2], and Smedley and Wake [3].
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The non-stationary model, on the other hand, retains the complete time dependent

form of the reaction-diffusion equation and evolves the full temperature history of the self-

heating body. The drawback of this approach is the general need to resort to numerical

analysis and the fact that a full development history must be computed for each

initial/boundary condition of potential interest. The distinct advantage, however, is that it

can fully account for the initial assembly conditions and is therefore able to provide

accurate estimates for the critical initial temperature. Weber et al [4], for instance,

recently conducted a limited computational study of the non-stationary model which

clearly demonstrated that the practical critical assembly temperature may, under certain

circumstances, be 5-10% lower than the critical temperature obtained from steady-state

theory. This has profound industrial implications in the assessment of fire hazards and the

definition of fire safety standards where a clear distinction must be drawn between the

classic “storage” problem, where only steady-state temperatures are important, and the

less recognized “assembly” problem, where the initial temperature threshold for self-

ignition is of vital concern.

Mathematical investigation of the assembly problem can be traced to the pioneering

study of Fujita [5], who worked with the Frank-Kamenetskii form of the reaction-diffusion

equation using the approximate exponential reaction rate function, 0t = V 2 t? + Ae (cf.,

Section 1.3.1). Subsequent work by Lacey and Wake [6], Weber and Barry [7], and Gray

and Scott [8] used the same functional form for the reaction rate source term. Later,

however, the usefulness of the Frank-Kamenetskii exponential reaction rate approximation

began to be critically questioned, and more contemporary efforts have been directed at

numerical solution of the full non-stationary evolution equation using the actual Arrhenius

temperature dependence.

For instance, the study of Weber et al [4], as noted above, provided the first accurate

predictions of the critical ignition threshold curves given non-uniform initial temperature

profiles at the time of assembly. These results were further supplemented by subsequent

contemporary works [9-11], Most recently, Weber and colleagues have reexamined the

reactive hot spot problem with a critical eye on computational accuracy [12], In this work,

the Method of Lines was used to solve the full non-stationary evolution equation, which

had previously been shown to exhibit unexpected behavior, and the results were used to
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demonstrate the use of sensitivity analysis to rigorously determine criticality in this type of

dissipative system.

Physical situations involving dynamical boundary conditions, where the ambient

temperature or surface heat flux has a known time dependent variation, represent an

additional class of problems which require a non-stationary mathematical treatment for the

accurate prediction of critical ignition conditions. Such “dynamic regimes of ignition”

might include the behavior of a combustible material under the action of an igniter with a

predefined heat deposition rate or a reactive industrial stockpile exposed to diurnal

variations in ambient temperature. Clearly, the standard stationary model results for

“static regimes of ignition” are inapplicable to this class of problem and non-stationary

approaches are the only viable course of action at the present time.

The central objective of this research is the development and use of numerical

techniques to investigate the non-stationary solution sets of the full time-dependent

reaction-diffusion equation subject to a general convective boundary condition and to

determine the critical threshold which distinguishes between initial conditions that evolve

to a low temperature steady-state and those that evolve to a high temperature steady-state

attractor (i.e., thermally ignite). This numerical methodology is then used as the basis for

the following three prong research program: (1) conduct a broad ranging numerical study

of the “assembly” problem using a generalized one-parameter power law for the initial

temperature profile; (2) investigate the relationship between the shape of the critical initial

temperature distribution and the corresponding spatial moments of its energy content

integral and attempt to forge a fundamental conjecture governing this relation; and, (3)

investigate the effect of dynamic boundary conditions on the classic “storage” problem

and use the results of the non-stationary model to lay the groundwork for the development

of an approximate solution methodology based on adaptation of the standard stationary

model.

1.3 Dimensionless formulations of reaction-diffusion equation

Evaluation and analysis of the reaction-diffusion equation is facilitated by the

introduction of dimensionless parameters. From a historical perspective, it is important to
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note the traditional grouping of dimensionless variables suggested by Frank-Kamenetskii

in the first comprehensive analytical treatment of the stationary model [13]. This classical

formulation has been highly influential over the years since it facilitates certain

simplifying approximations in the nonlinear Arrhenius rate term making it amenable to

analytical attack, and virtually all subsequent theoretical developments have utilized this

standard form as a common starting point. From a modem perspective, however, an

alternative formulation based on the Bumell-GrahamEagle-Gray-Wake variables provides

less circuitous contact with the primitive variables and enables a more direct physical

interpretation [14], Moreover, the facilitating features of the Frank-Kamenetskii variables

are not necessarily advantageous for comprehensive numerical analyses where there is less

need for simplifying assumptions. Thus, the mathematical treatment in this work will be

constructed exclusively on the modem variable formulation. For the sake of

completeness, however, and to facilitate translation and comparison between the two

frames of reference, both formulations are briefly outlined in the following subsections.

1.3.1 Frank-Kamenetskii variables

The Frank-Kamenetskii grouping of dimensionless variables were originally

introduced as a means of simplifying the temperature dependence of the Arrhenius

reaction rate term to permit the construction of exact analytical solutions. Because they

appeared in the pioneering theoretical developments of the field, however, they became a

de facto standard and tended to permeate all subsequent developments, despite certain

drawbacks in clarity and interpretation. Thus, basic knowledge of the Frank-Kamenetskii

formulation is essential as a frame of reference for understanding previous theoretical

work.

Development of this formulation begins with the definition of parameters for the

dimensionless ambient temperature and the dimensionless reactant temperature

ny  y y
£ - — - and 0 = — ----  - (1.4)

eTa

Note that both parameters include the ambient temperature as a scaling factor and are

therefore coupled. Thus, 9 relates the dimensionless temperature rise (T — Ta ) in the
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material to the characteristic temperature (sTu ). From the above definitions, one may

readily establish the identity

g.  = 1 , 0
RT £ 1 + £0

(1-5)

which leads to a dimensionless expression for the temperature dependence of the

Arrhenius reaction rate term, e -1/£
e

(1+/77) Because f’1 = Ea/RTa is in the range of 10 - 100

for most materials, the nonlinearity exp l+ft?)] is convex for small positive 9 and

concave for 9> (£ƴ-

We next rescale and normalize the spatial and time coordinates by defining the

following dimensionless variables

V t
% = - and r = — (1.6)

L aL~

where the characteristic length L represents the half-width of a symmetrical bounded

region and s is the physical spatial coordinate referenced to the axis of symmetry.

Substitution of the above dimensionless variables into the reaction-diffusion equations

(1.2) and (1.3) yields the Frank-Kamenetskii formulation in conventional compact form

= + in Q (1.7)

and

-----h Bi 0 = 0 on 5Q (1.8)

Here, Bi = hL/k is the dimensionless Biot number and 8 is a dimensionless eigenvalue

parameter given by

§ _ C -£,.IRT„

RTa
2 k

(1.9)

It is convenient at the outset to develop a generalized formulation that is applicable to

all three principal centrosymmetric solids, commonly referred to as the Class A

geometries (i.e., the slab, infinite cylinder, and sphere). This is accomplished by

expanding the Laplacian operator in cartesian, cylindrical, and spherical coordinates and

observing that these can all be represented in the parameterized form

* d?  8,
(1.10)
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where n serves as a geometry selection parameter. That is, n = 0, 1, or 2 for the slab,

infinite cylinder, and sphere, respectively. Hence, the final working form of the reaction-

diffusion equation for class A shapes may be written as

= + in n

dr 8,
(1.11)

and

a
— +Bi0 = O on an (1.12)

The Frank-Kamcnetskii arrangement of the reaction-diffusion equation, in the form

above, contains no additional simplifying assumptions and is appropriate for rigorous

analyses of stationary and non-stationary models of thermal ignition. In fact, it has been

the commonly used formulation in almost all previous mathematical and computational

studies.

Exact analytical attacks on the stationary model, however, require further

simplifications to the nonlinear Arrhenius reaction rate term, and it is of passing historical

interest to note the classic Frank-Kamenetskii approximation valid when £ « 1 and 9 is

not large. Under this assumption, equation (1.5) takes the simpler form

£
-----— ~ ~E + 6

RT
(1.13)

One should note that the distinct advantage of the Frank-Kamenetskii variables, indeed the

fundamental reason for their original introduction, is the simplification provided by this

approximation. Other simplified representations of the Arrhenius term, such as the

quadratic approximation of Boddington et al [15], have been exploited for the

development of exact analytical solutions in the Frank-Kamenetskii variables.

Therefore, these variables have been particularly useful in the construction of

analytical solutions for the stationary model where we are interested in the behavior of 6

under variations in the eigenvalue parameter 8. In carrying out the exact analysis, one

finds that there are two solution branches for #when 8< 8cr ; the lower branch being stable

and the upper branch being unstable. When 3 > 3cr , however, no solutions exist. Thus, 3

may be considered as a bifurcation parameter in the Frank-Kamenetskii formulation such

that 3cr represents the first limit point of the corresponding bifurcation diagram. From a
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physical perspective, 8cr is identified with the onset of ignition since for 8> 8cr no steady-

state solution exists and the temperature of the body will rise in time without bound.

For the approximation s « 1 , the resulting exponential dependence on temperature

also implies that the material temperature will inevitably rise to infinity (i.e.,

mathematically blow-up) whenever the critical initial condition threshold is exceeded.

Blow-up is referred to in Latin as explosion and, in fact, the basic mathematical problem

aims at partially describing explosive phenomena as first posed during the 1940’s within

the context of Semenov’s chain reaction theory, adiabatic explosion, and combustion

theory. From a fundamental perspective, it has been found useful to insert the study of

blow-up in a more general framework by considering it as a special type of singularity that

develops for certain evolution processes. From a modem applied mathematics viewpoint,

however, it is generally preferable to leverage readily available computational resources

and numerically attack the exact equation without simplifying approximations.

1.3.2 Bumell-GrahamEagle-Gray-Wake variables

Despite its predominance in the literature, the traditional Frank-Kamenetskii grouping

of dimensionless variables has the effect of confusing the role of the ambient temperature

when, in fact, it is the most practically significant control parameter in the problem

definition. To circumvent this difficulty, Burnell et al suggested an alternative

dimensionless grouping with temperature rescaled independently of the ambient

temperature [14].

The major distinction in the new grouping is the definition of a dimensionless reactant

temperature and a dimensionless ambient temperature that are completely decoupled

RT RT
u = ---- and U = — a- (1.14)

E a E a

As in the Frank-Kamenetskii formulation, we rescale and normalize the spatial and time

coordinates using the previously defined dimensionless variables 8, = s/L and r = t/aL 2.

Then, substitution of the dimensionless parameters into the reaction-diffusion equations

(1.2) and (1.3) yields the Bumell-GrahamEagle-Gray-Wake formulation in compact form

— = V 2.w + 2e-1/u in Q (1.15)
dr s '

and




































































































































































































































